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Abstract The paper studies the stability and control
of radial deployment of an electric solar wind sail with
the consideration of high-order modes of elastic
tethers. The electric solar wind sail is modeled by
combining the flexible tether dynamics, the rigid-body
dynamics of central spacecraft, and the flexible-rigid
kinematic coupling. The tether deployment process is
modeled by the nodal position finite element method
in the arbitrary Lagrangian—Eulerian framework. A
symplectic-type implicit Runge—Kutta integration is
proposed to solve the resulting differential-algebraic
equation. A proportional—derivative control strategy is
applied to stabilize the central spacecraft’s attitudes to
ensure tethers’ stable deployment with a constant
spinning rate. The results show the electric solar wind
sail requires thrust at remote units in the tangential
direction to counterbalance the Coriolis forces acting
on the tethers and remote units to deploy tethers
radially successfully. The parametric analysis shows
the tether deployment speed and the thrust magnitude
significantly impacts deployment stability and tether
libration, which opens the possibility of successful
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deployment of tethers by using optimal control.
Finally, the analysis results show that radial deploy-
ment is advantageous due to the isolated deployment
mechanism, and a jammed tether can be isolated from
affecting the deployment of rest tethers.
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1 Introduction

Electric solar wind sail (E-sail) is an innovative
propellantless propulsion technology for interplane-
tary exploration [1-4]. Typically, an E-sail consists of
a central spacecraft connected with multiple long and
thin conductive tethers in a hub-spoke like configura-
tion [5]. The geometrical configuration is maintained
and stabilized by pulling tethers radially with the
centrifugal forces resulting from spinning tethers
around the central spacecraft. These spinning tethers
are positively charged by the central spacecraft to form
an electrostatic field over a large circular area—the
spin plane, which deflects the trajectory of incident
protons in the solar wind to generate thrust [5-7].
Although the E-sail has been studied extensively
[2, 4, 8-10], less attention has been paid to the

@ Springer


http://orcid.org/0000-0002-0149-0473
http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-020-06067-7&amp;domain=pdf
https://doi.org/10.1007/s11071-020-06067-7

482

G. Li et al.

dynamic process of tether deployment from the central
spacecraft. There are two deployment schemes pro-
posed in Ref. [11] to deploy the tethers either
tangentially or radially. Each deployment
scheme has its pros and cons. For the tangential
deployment of the flexible tethers, the tethers are pre-
wound up on the exterior of the central spacecraft and
then deployed by spinning the central spacecraft in a
predefined spin trajectory. The deployment dynamics
has been well studied in Refs. [12, 13]. It is noted that
the jamming of any one of the tethers will cause the
tether tangling leading to the failure of the deploy-
ment. In case of the radial deployment, each tether is
stored in an individual spool. The tethers could be
either pulled out by the thruster at the remote units at
the end of tethers with an initial push by the spring
forces [14] or be pushed out by individually controlled
active spool and then pulled the tethers straight by
spinning the central spacecraft [11]. Substantial engi-
neering analysis has recently shown that the radial
deployment scheme has the advantage of low failure
risk of tether tangling over the tangential deployment
scheme. However, the Coriolis force, induced by
either the orbital motion of E-sail or the spin of E-sail
in the latter case of radial deployment, may cause the
tether librate about its equilibrium positions and
eventually tangle each other. Many control laws for
the space tether deployment have been proposed to
suppress the libration motion caused by the Coriolis
force that is induced by the deployment velocity
[15—17]. Furthermore, the thruster in the remote unit at
the tip of tether is proposed to deploy the tethers to
their equilibrium positions faster [18]. It is noted that
the central spacecraft is assumed as a lumped mass
without the consideration of attitude dynamics. How-
ever, for an E-sail system, studies suggest that the
attitude motion of central spacecraft should be regu-
lated to make it rotating around its principal axis in a
predefined trajectory [6, 11]. In the current work, we
assume the tethers are deployed by reeling them out of
the central spacecraft. The deployed tethers are kept
straight in the radial direction by spinning the central
spacecraft. The reel and spin rates controlled individ-
ually to ensure the tethers are deployed in the radial
direction safely.

The novelty of current work is the dynamic model-
ing and characterization of the radial tether deployment
process considering high-order modes of elastic tethers.
The central spacecraft is modeled as a six-degree-of-
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freedom (DOF) rigid body, while the tethers are
modeled with 2-noded bar elements with variable
lengths and zero compressive stiffness. Recently, three
different beam models of the tether for the E-sail have
been tested based on the Abaqus software, and its
impact on the transient response of the tether is
investigated [19]. In the current paper, all tethers are
treated as flexible elastic tensile members in the
deployment process. Two approaches deal with the
variation of tether length in discretized tether models
[20, 21]. In the first approach, the total numbers of
elements in the model are kept constant to ease
programming and implementation. The tether deploy-
ment is represented by increasing the lengths of either
all elements at the same rate [22] or selected elements at
different rates [23]. In the second approach, the total
numbers of elements in the model vary as the tethers are
deployed. As the tether length increases in the deploy-
ment process, the element connected to the central
spacecraft increases. Once the length of this variable-
length element is longer than a preset element length,
this element is divided into two elements: a variable-
length element and a new constant-length element
[24-26]. This process is achieved in the Arbitrary
Lagrangian—Eulerian (ALE) framework [24, 25, 27].
The second approach is superior to the first approach for
the current study due to the easy implementation of
kinematic constraints of the connection relationship
between the central spacecraft and multiple tethers.
Recently, the authors proposed a nodal position finite
element method in the ALE description (NPFE-
M_ALE) to study the variable-length tether problem
in the space elevator with moving climbers [21, 28, 29].
Furthermore, the finite element model of variable-
length tether embedded with the second approach is
also used for the space tether systems [24, 27].
However, it is found that the previous models cannot
be directly applied in the current study due to the
following limitations: the neglection of orbital motion
and gravity gradient along the tether [24], the neglec-
tion of the transverse flexural motion of tether [27], and
the wuse of an inappropriate time integration
scheme leading to the violation of constraint conditions
at the interface of central spacecraft and tether [25, 27].
For the E-sail, the orbital motion of the central
spacecraft around the Sun is at the order of
1077 rad/s when the E-sail is at 1 Astronomical Unit
(AU) from the Sun, which is at the same numerical
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order of the convergence tolerance of implicit solvers
employed in the program, such as the first-order
Backward Euler and the second-order generalized
alpha methods. This leads to the violation of constraint
equations in the differential equations and generates
unreliable results [27]. To address these mentioned
limitations, the NPFEM_ALE model of the space
elevator [21, 25, 28, 29] is extended and applied to the
tether deployment problem of E-sail. Furthermore, a
framework of an implicit Runge—Kutta implicit time
integration with s stages and a symplectic property for
solving the differential-algebraic equations is
developed.

2 Mathematic formulation of electric solar wind
sail

2.1 Finite element discretization of flexible tethers

Consider the central spacecraft shown in Fig. 1 that
deploy flexible tethers by rotating about its principal

Fig. 1 Schematic diagram
of radial deployment of
E-sail tethers a coordinate
definition, b radial
deployment mechanism of
an E-sail

Remote unit

axis at a constant spinning rate. The central spacecraft
is modeled as a 6-DOF rigid body with attitude
dynamics, while the remote units located at the tip of
each tether are assumed as lumped masses without
attitude dynamics. The motion of the E-sail is
described in two coordinate systems, the heliocen-
tric—ecliptic inertial frame O X,Y,Z, and the body-
fixed frame 0,X,Y,Z;,. The definition of the helio-
centric—ecliptic inertial frame can be found in our
previous works [6, 30]. The origin of the body-fixed
frame (0,X,Y,Z;) is located at the center of mass of
the central spacecraft with the 0,Z; axis pointing to
the normal direction of spinning plane of the E-sail,
the 0,Y}, axis pointing to the direction of the cross
product of OyZ, and Oy,Z,, and the 0,X; axis
completing a right-handed frame. Also, two additional
frames are introduced. One is to describe the libration
motion of flexible tethers with the origin at each
tether’s anchor points on the central spacecraft.
Another is used to apply the thrust conveniently with
the origin at the remote unit. Their definition will be
given in the following sections.

X,
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The equations of motion (EOM) of the tethers are
derived from the generalized D’Alembert principle
[20, 29]. From the virtual work principle, the sum of
virtual work of all the applied and inertial forces on an
arbitrary virtual displacement of the tethers should be
zero at an arbitrary moment. The virtual work of the
kth element is written as,

SWi = OW,i + W + 0Wip =0 (1)

where 0 is the variational operator, and 6W, x, W, «,
and oW, denote the virtual work done by the elastic,
gravitational, and inertial forces, respectively.

Phk+1
Wei = — / deT6Adp = — / Aroelodp
Pk

—0X} Fey (2)

Pk+1
Wy = / OX ) if o xArdp = / OX ) if o kArdp
Pk
= 0X,  Fyu

Wi = /5X2k(—pkAkX)dp =

Pi+1 .
- / OXT piAiX dp (4)

Pk
= _5X£k (Me,kXe,k + Fp,k)

X = Ne,kXe,k +apx (5)
1- é(t) aNsz 1+ é(t) 6]Vak
Ne = I; - Xa ) 17 : Xa
! ( 2 ) et
and Ny = [1 fzc(t) L] +2~f(t) I}

(6)

aNak . aIVak . ) :
app =2 - +—= Xok
? ( Opr P Opit1 Prew ¢

Nk *Nux N s )
+ A2 K pipe ot ) X
( ot T g PP T g P )R
(7)

Xok = (X, Y, Ze, a1, Yirr, Zisr)' and
Xox = (Xi, Y, Zi iy Xecrt, Y1, Zir1, pisr) - are the
position vectors of element nodes and material point,
respectively, p;(j = k,k + 1) is the material coordi-
nate with the subscript indicating the connecting node,
E(t) = s/Lex(—1<&(f) < 1) with s being the arc-

where
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length of the kth element measured from the beginning
of each element, I is a diagonal identity matrix with
3 x 3 dimension, L, is the stretched length, p and A are
the material density and cross-section area of element,
o and ¢ are the vectors of stress and strain, respec-
tively, f, , is the vector of gravitational force per unit

length. The overhead dots () and () denote the first-
and second-order time derivatives.
Substituting Egs. (2)—(7) into Eq. (1) yields,

Me,kXe,k = Fe,k + Fg7k - Fp,k (8)

with

Ly [
Me,k = %/ pkAszkNe,kdé
—1

L ! de \'
Fe,k = %’k EkAkS (6X ) d§
-1 ek

L 1
ngk :%J(/INZkfgﬁkdé

L 1
Fpi= %k 1 AN @y dE

where M. is the mass matrix of element, F and F, are
the force vectors of the elastic and gravitational forces,
respectively, Fp, is the force vector caused by the
mass transportation across the element boundaries due
to tether deployment, which vanishes when the
material coordinate of the tether is fixed
[21,28,29,31]. L,y = pi+1 — px is the element length
due to variation of material coordinate. In the current
paper, the tether damping is not considered due to the
lack of data in space [25].

For an E-sail containing m > 2 tethers as shown in
Fig. 1, the tether is divided into n elements with n + 1
nodes. Thus, there are a total of m X n tether elements.
By assembling the EOM of all elements with the
standard procedure in the finite element method
[32, 33], the EOMs of all tethers become,

MX, =F.+F,—F, (10)

where M, is the mass matrix of tethers with detailed
form in Ref. [25], X, is the position vector of tethers,
F., F,, and F, are the force vectors acting on tethers
[21, 28]. The lumped masses of the remote units are
added into the mass matrix M, of the tethers in the
corresponding places for the connecting nodes [25].
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2.2 Translation and attitude motions of the central
spacecraft

The central spacecraft is assumed as a 6 DOF rigid
body. First, the EOM of translation dynamics of the
central spacecraft is derived in the global inertial
coordinate system by Newton’s second law directly,

MX,=F,, +F,, (11)

where M = diag(my, my, m;) is the mass matrix of the
central spacecraft with m; being the mass of the central
spacecraft, X; = (X;, Yy, ZS)T is the position vector of
the center of mass of the central spacecraft with
overhead dot representing time derivative, while Fj
and F;, are the external force vectors due to the
gravitational and other perturbative forces, respectively.

The equation of attitude motion of the central
spacecraft is described in the body-fixed coordinate
system 0,X,Y;Z;, via the Euler’s equations of motion
(271,

0=J0)o (12)
Ho+ox (How)=M,,+M, +M,,

1 c s¢sf  cosb
JO)=—1| 0 copch —s¢ch (13)

cf 0 s¢ 1)

where 0 = (¢, 0,)" is the Euler angle vector with ¢,
0, and  denoting the roll, pitch, and yaw angle,
respectively. It is noted that the singularity condition,
0 = 90°, will never happens. @ = (o, @y, wZ)T is the
angular velocity vector, Hy = diag(Ix,Iy,I;) is the
angular inertial matrix of the central spacecraft with
Ix, =1y, = %ms (3rf + hz) and I, = %mxrf, ryand h
are the radius and height of the cylindrical central
spacecraft, respectively. M., M, and M, are the
torque vectors due to the gravitational, perturbative,
and control input forces, respectively. The symbols
c and s in Eq. (13) represent the cosine and sine
functions.

2.3 Coupling constraint equations
between the tether and central spacecraft

The constraint equations due to the kinematic coupling
between the tethers and the central spacecraft are
written as,

Ci =X, + Tip(0)X}; — X1y =0( =1,...,m)
(14)

cycl  cysOsdp — copsy copcy + spsy
Tyg(0) = | cOsyy  cpcy + sOspsyy  —cpsd + cpsOsy

—s0 cls¢ cOce
(15)
where X?

anc; 18 the position vector of anchor points
with the superscript b representing the body-fixed
frame and the subscript j = (1 ~m) representing the
number index of the tether. They will be given in
numerical simulation section. T,(0) is the transfor-
mation matrix of the central spacecraft from the body-
fixed frame O0,X,Y;,Z;, to the global inertial frame
O,X,Y,Z,, X, is the position vector of anchor point
for the jth tether in the global inertial frame.

2.4 Constraint equations for tethers

There are two types of tether nodes used in the
proposed model: the moving node and the normal
finite element node. The moving node represents the
tether deployment process [21, 29]. As shown in
Fig. I, a drum-type deployment mechanism is
assumed here, where two drums are used to control a
tether’s deploying speed. It is assumed (1) there is no
slippage between the drum and the tether, (2) the
momentum of the rotating drum does not affect the
attitudes of the central spacecraft, and (3) all tethers
are deployed at the same speed. The tether deployment
process is modeled as the following: (1) the nodes of
tethers connecting to the central spacecraft are defined
as the moving nodes, (2) the material coordinate p of
the moving node follows a prescribed trajectory or
deploying speed. The constraint equations for the
moving nodes are defined as,

C2 = Pj — Pjpre = 0 (16)

where pjpre = pjini + DjpreAt is the material coordi-
nate of a predefined trajectory with the subscript j
representing the jth node. Here, for simplicity, the
tether is deployed at a constant speed p; .., where
Djpre <O represents the tether deployment, and
Djpre > 0 represents the tether retrieval.

For the self-content and remodeling purpose for the
interested readers, the necessary process of dividing an
element is given here. The interested reader can find
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detailed information from our previous works
[21, 25, 29]. As shown in Fig. 2a, where the E-sail is
connected with four tethers, the nodes of anchor points
of the tethers are defined as the moving nodes, and the
elements connected to the moving nodes at one end are
defined as the variable-length elements. The lengths of
variable-length elements increase at the spacecraft
side as the tethers are deployed out from the central
spacecraft. Once the variable-length element’s length
exceeds a preset value, the element will be divided into
a variable-length element and a constant-length ele-
ment by adding one node.

In the deployment process, only the dividing of
elements happens. Two parameters, the standard L
and upper bound (L;,,x) lengths are defined for this
process. The variable-length element will be divided
into two elements if its length exceeds the upper bound
Lax. For example, as shown in Fig. 2b, the first node
is a moving node representing the tether deployed out
from the central spacecraft in the arrow direction. If
the condition

Ly = ps — p1 2 Linax (17)

is satisfied, then the variable-length element is divided
into two new elements by adding a new node between
the first and second nodes. The position, velocity, and
acceleration of the newly added node are obtained by
linear interpolation. After that, the nodes and elements
after the second node must be renumbered. The length

10
O Moving nodes
Normal nodes 9
Inserted normal nodes 8
—— Variable-length elements
Constant-length elements 7

Fig. 2 Illustration of dividing of tether elements
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of the new variable-length element is L; — L, and the
second new element is a constant-length element with
a standard length L.

Moreover, the mass conservation at the central
spacecraft should satisfy the following equation to
account for the loss or gain of mass by the deployment
of tether, such that,

Mg = M init + ijpreA]ijt (18)
j=1

where m; ;¢ 18 the mass of the central spacecraft before
the deployment, m represents the number of tethers
while A and p are the cross-section area and material
density of tethers.

The process of dividing of element happens simul-
taneously for each tether when the deployed speed of
each tether is the same. So the standard lengths of each
tether Ly (j = 1,...,m) are set slightly different L, =
[14+0.01(G—1)]L,(j=2,...,m) to avoid the
phenomenon.

Except for the moving nodes, all other nodes of
tethers are the normal nodes in the finite element
method with constant material coordinates [24, 25].
The constraint equations of these normal nodes are,

C3=pj —pjini =0 (19)

where p;ini is the material coordinate of jth normal
node with the subscript “ini” indicating the constant.

[9%)
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2.5 Equation of motion of the E-sail

The EOM of the E-sail is obtained by combining
Egs. (8)—(19) by the Lagrangian multiplier method,
that is,

MX,+Cly i =F, +F,,
0=J0)o
Ho + o x HIw) + Cl jds = My, + M, + M,
.. 3
MX + Y Ciyi=F.+F,—F,
k=1

Ci = X + Ting(0)X0y; —
C=pi—DPjpe =0
C3; =p;—pjini =0

XtJZO

(20)

where C| x, = (0Cy/ 0X,)" is the Jacobian matrix of
constraint equation with respect to the position vector
of the central spacecraft, the superscript T represents

the transpose of a matrix, C{(, is the Jacobian matrix of
the constraint equation with respect to the attitude of

T
Cix, =
(0C/0X,)" (k =1,2,3) is the Jacobian matrix of
constraint equations with respect to the position

vectors of the tether, and Ay(k=1,2,3) are the
Lagrangian multiplier vectors.

the central spacecraft,

3 Time integration method

The differential-algebraic equations in Eq. (20) are
solved numerically by an implicit s-stage Runge-
Kutta integration scheme with symplectic property,
which ensures the numerical model’s stability or
energy conservation for the long-term integration
process [20]. However, Ref. [20] applied the implicit
s-stage Runge—Kutta integration scheme to solve the
differential equations of tethers without constraint
equations and requires the inverse of the tether’s mass
matrix. With the introduction of material coordinate p,
the mass matrix of tethers is rank-deficient and not
invertible. Thus, a Newton—Raphson iteration algo-
rithm is used to solve these algebraic equations [32].
The scheme is explained as follows.

First, the second-order differential equations in
Eq. (20) is reduced to the first-order differential
equations, that is,

X, =V,
MV +Cly i =F +F,,
0=J0)o
H + o X (Hw) + Cl ghy = My + M, + M,
Xt =V, 3
MV, + IZ Cly 4 =F.+F,—F,

=1

Ci =X, + Tiy (0)X),.; —
C2 = Pj — Pjpre = 0
Cs=p; —Ppjini =0

X[JZO

(1)
where V and V, represent the velocity vectors of the
central spacecraft and tether, respectively.

Second, define a new vector Z =
(X, Vs, 0,0, X, V)" to simplify Eq. (21) as,

A(Z)Z =f(Z)
{C(Z) —0 (22)
where
I 0 0 0 0 0
0 Mg 0 0 0 0
0o 0 I 0 0 0
A= and
0 0 0 H, 0 0
0o 0 0 0 I 0
0 0 0 0 0 M,

(23)

It should be pointed out that the matrix A in Eq. (23)
is a singular matrix due to the rank-deficient submatrix
M, [28]. Thus, the matrix A is not invertible in a
traditional way [20], and the implicit s-stage Runge—
Kutta integrator is used, that is,
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s s
g1=A <t”+c|At,Z”+AtZa.JK,->K. —f (t"+cht.Z”+AtZauK,) =0
J J

g, =A (z” +c,At,Z" +AZZaA..jK_,-> K,—f (l” +c,At,Z" +AZZaA..jK_,-> =0
i i

oc
8st1 :ﬁKl =0
oC
gs».v:ajK;:o
(24)
where At is the time step size, a;;(i,j=1,...,s) is the

integration matrix, and ¢;(i=1,...,s) is the integration
nodes [20]. Their values are taken from the Butcher
tableau form, i.e.

Cy
ayp apz -t dlg
Cliay ax -+ ay
c dg (229 cer g
5
25
by b, --- b ( )

The algebraic equation (24) with unknown B =
(Ky,---,K;) is solved by the Newton—Raphson iter-
ative algorithm. Denote B? as an approximate solution
after the gth iteration, the true solution can be written
as,

Buue = BY + ABY (26)

where the AB? is the correction to the approximate
solution.

Substituting Eq. (26) into (24) and expanding it into
a Taylor series by ignoring higher-order terms yield,

0 = g(B) = g(B' + ABY) ~ g(BY) + JIAB!  (27)

where J? = 0g/0B|p, is the Jacobian matrix of these
algebraic equations with respect to the vector B?. The
detailed expressions of the Jacobian matrix J? are
given in “Appendix A”. Solve for the correction AB?

iteratively until the residual

’g( O o ) ’/(2(461(;1 4 1) +24)) <emax O
the iteration number reaches the maximum allowed
iteration gpax.

Once the solution B = (K}, . . ., K}) is obtained, the
state in the next time step Z"! becomes,

converges & —

2 =7+ At biK; (28)
J
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where b;(i = 1,-- -, s) are the weight coefficients, and
they are taken from Eq. (25) [20].

4 Attitude controller for the central spacecraft

In this section, a proportional-derivative (PD) control
strategy is developed to ensure the central spacecraft’s
spinning rate remains stable in the tether deployment
process. Rewrite the first equation in Eq. (12) as,

o=J(0)0 (29)

where J;(0) = J~'(0).

Substituting Eq. (29) into the second equation of
Eq. (12) gives,
M(0)0+N(0)0 =u (30)

with

M(0) = J(0)H.J\(6) |
N(0) = J{ (O)H.J1(0) + 1 (0)S(J1(0)0)H.J ()
u—JT(o)( vg+Ms,p+Ms,c)

(31)

where S() is used to represent the skew-symmetric
matrix [34].
Define the attitude errors of the central spacecraft

as,
ey = 0— 0d
6(-) = 0 Hd (32)
eg = 0 0d

where the subscript d denotes the desired value.
Substituting Eq. (32) into Eq. (30) yields,

M(e)é + N(e)é =u' (33)

where u' = u — M0; — NO,,.
Define the PD controller for Eq. (33) is as for Ref.
[34], that is

u’ = 7er — KDe (34)

where Kp and K, are gain matrices of the proportional
and derivative terms, respectively. The detailed
expression will be given in the numerical simulation
part.

Substituting Eq. (34) into Eq. (31) yields the control
torque M, . of the central spacecraft,
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/. Remote unit Table 2 Pos}tionv vectors Name Values
/ of anchor points in the
// body-fixed frame X];nc,l (m) (2,0,0)
/
/ Xlz:nc,z (m) (07 2, O)
'®/‘ / Contral X},.5 (m) (=2,0,0)
spaceeraft hub
= Xinea (m) (0,-2,0)
Remote unit = _
f[ lb’ \R::nolc unit 0 ;= 0 (Z‘n —|— At) 0 i = 0 (tn + At) Ild
| d,/"_ d \! Cj sy Udj — Yd Cj , &
: Odj =0, (tn + CjAt)
l (36)
zy I
|y . . .
— Y : where ¢;(j = 1,...,s) represent the integration nodes
= %@ Rémote unit of the s-stage Runge—Kutta method [20].

Fig. 3 Libration motion of flexible tethers of the E-sail and
their simplified expressions

M, =] [—KV (6= 04) — K, (0 — 0,) + MUy + N0,
- 5.8 Ms,p
(35)

Here, the desired attitude trajectory of the central

spacecraft (0,, éd, éd) is calculated for the given
desired angular velocity w, at the internal stages of the
s-stage Runge—Kutta integration method,

5 Libration motion of flexible tethers

The libration motion of flexible tethers of an E-sail is
described in the coordinate system O'X,Y,Z, as
shown in Fig. 3. Different from the rigid tether or
dumbbell model of tether, there will be n sets of
libration (in-plane and out-of-plane) angles for each
tether if it is divided into n elements [33, 35]. This
makes libration control difficult for the tether. To
address this challenge, virtual in-plane and out-of-
plane angles are introduced here by a virtual straight

tether AB (red dot line) in Fig. 3, which connects the
first and last nodes of each flexible tether. Thus, the
libration motion of the tether is approximated by the

Table 1 Physical

Parameters Values
parameters of the E-sail
system Mass of central spacecraft (kg) 400
Shape of central spacecraft Cylinder
Height of central spacecraft (m) 2.0
Radius of central spacecraft (m) 2.0
Initial orbit of E-sail Circle
Position of central spacecraft O, (AU) 1.0
Number of tethers of E-sail 4
Density of tether material (kg/m®) 1440.0
Diameter of tether (m) 7.38 x 1073
Elastic module of tether (GPa) 70.0
Initial location in solar system (AU) (1,0,0)
Initial length of each tether (m) 10.0
Initial angular velocity of central spacecraft (deg/s) & 1.141 x 1073
Initial angular velocity of central spacecraft (deg/s) w? 0.48
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Table 3 Parameters of numerical simulation cases

Case Deployment velocity ~ Thrust at remote unit High-order flexural modes of tether included Tether 1 jammed (after
name (m/s) (N) (yes/no) 100 s*)
Case A 0.00 0.000 No (one element per tether) No
Case B 0.20 0.000 No (one element per tether) No
Case C 0.20 0.000 Yes (multiple elements per tether) No
Case D 0.20 0.005 No (one element per tether) No
Case E 020 0.005 Yes (multiple elements per tether) No
Case F 0.10 0.005 Yes (multiple elements per tether) No
Case G 040 0.005 Yes (multiple elements per tether) No
Case H 0.20 0.010 Yes (multiple elements per tether) No
Case [ 0.20 0.002 Yes (multiple elements per tether) No
Case J 0.20 0.005 Yes (multiple elements per tether) Yes

*100 s is chosen arbitrayly

libration motion of the virtual tether AB in terms of in-
plane (in-plane angle, rotating around the Z';, axis) and
out-of-plane angle (rotating around the Y”, that is the
Y’, axis after the first rotation), that is,

o =tan" (Ry, , /Rop )
p; = tan™! [RjB_b,/RiB_b, cos a; + Ry, sin %]
Gj=1,2,....m)

(37)
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Fig. 4 Relative error and iteration numbers a ¢, b iteration
number in Case A
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R 1y j=Tiop (01),T 025(0)Rap_g
Rap_oj= (Xp_gj—Xa_¢js Yb_gj—

G=12,....m)

T
YA ¢ ZB g _ZA_gJ>

(38)
where m represents the total number of tether of an E-
T
sail, and Ry ;= (Rig 1 Rp R ;) i the
vector of line AB expressed in the coordinate system
T
O/be Yb/Zb/, and ngb(a) = szg(()).
Thop (61) ; is the transformation matrix from the

In addition,

coordinate system at CM O,X,Y,Z, to the coordinate
system with the origin of the coordinate system
(O'XyYyZy);(j=1,2,...,m) at the anchor point of
each tether as shown in Fig. 3,
cf casp solsp
Toop(0)) = | sp cdcf  sdcf (39)
0 —sod/ cf

T
where X° (Xb Yb 7P is the position

ancj — anc,j’ © anc,j’ ““anc,j
vector of the anchor point of the jth tether,
o = cos” (anc i/ Yo J and

2
b
ﬁ - SlIl anCJ/\/ anc,/ Yanc,/)

6 Simulation results and discussion

The system parameters of the E-sail in the simulation
are given in Table 1 [6, 30]. The E-sail is initially
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assumed in a circular orbit with orbital radius
R =1 AU. Its initial position is at (X,, Y, Z,) = (1
AU, 0, 0) in the global frame. It orbits in the positive
direction of O,Z, axis in the global frame with an
orbital angular velocity, W = ©* = \/us/R> =
1.141 x 1073 °/s. Here, ug = 1.3271244 x 10*° m*/
s? is the gravitational constant of the Sun. At the same
time, the E-sail also spins about the O,Z, axis in the
positive direction at 0.48 deg/s. Thus, the initial
angular velocity vector of the central spacecraft is
o= (0, 0", %) = (1141 x 1075,0,0.48)". The
position vectors of the anchor points of tethers are

listed in Table 2. Other perturbative forces except for
the gravity of the Sun are not considered in the study.
Besides, the two stages Gauss—Legendre Runge—Kutta
with fourth-order accuracy is applied, and the Butcher
table is listed in Eq. (40).

1/2-+/3/6 1/4 1/4—/3/6
1/24+3/6|1/4+/3/6 1/4
1/24+V3/2 1/2—+3)2
Based on the trial and error, the iteration control

parameters, &max and gmax, are defined as 10719 and
100, respectively. The iteration will stop if either the

(40)
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Fig. 6 Case A a tether length, b tether tension, ¢ calculated
angular velocity of remote unit (tether 1), d in-plane libration
angle o, of tether 1, and e out-of-plane libration angle f3; of
tether 1

conditions & < é&max OF ¢ < gmax are satisfied. If both
conditions are not satisfied, the simulation is deemed
failed and stops. The unit of the central spacecraft’s
angular velocity is in rad/s in the simulation and is
presented as deg/s in the results for reading
convenience.

The initial conditions for the tethers and remote
units are calculated by a special process by assuming
the same angular velocities of the remote units and the
central spacecraft initially about the 0,Z, axis
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direction. The detailed process can be found in the
authors’ work in [6].

6.1 Validation of proposed method

The proposed method is first validated by simulating
an E-sail with constant-length tethers (deployed speed
is zero), which is the Case A in Table 3. The PD
controller is applied to stabilize the central space-
craft’s attitude to avoid the loss of attitude stability of
the central spacecraft caused by the oscillation of the
tether [34]. The detailed implementation of the PD
controller for the central spacecraft’s attitude in the
implicit Runge—Kutta integrator can be found in
Section IV. The diagonal terms of the gain matrices
Kp and Kp are chosen as 10°. The desired angular

velocity of the central

(1.141 x 10‘5,0,0.48)T deg/s. For simplicity, each
tether is modeled by one element only in the validation
case, and the time step size is 0.0005 s. The total
simulation period is 750 s.

The results of residual error ¢ and the iteration
number m over the time are shown in Fig. 4, where the
maximum iteration number never exceeds 18, much
less than the maximum allowed iteration number
Mmmax = 100, while the residual error is controlled
below 107'° successfully. This indicates the proposed
implicit s-stage Runge—Kutta time integrator works
well. Figure 5 shows that the PD controller works
successfully to control the central spacecraft spinning
along the O,Z,-axis with a constant rate of 0.48 deg/s.
It also shows the large gains in the PD controller are
necessary to decrease the response time of the E-sail,
see in Fig. 5a and c. As expected, the angular velocity
of remote units is in phase with that of the central
spacecraft if no tether is deployed, see Fig. 6. For
example, Fig. 6¢ shows the calculated angular veloc-
ity of the remote unit in the 0,Z,;, axis is equal to the
spinning rate of the central spacecraft in the O,Z;, axis.
The tether experiences a low tension, which suggests a
heavy remote unit may be needed to increase the
tether’s tension resulting from the centrifugal effect
for stability if the tether is getting slack [30]. Also, as
shown in Fig. 6d and e, the tether’s libration angles are
small in out-of-plane without tether deployment,
which is expected. In conclusion, the proposed high-
fidelity model of E-sail with the PD controller is
validated for the central spacecraft’s attitude control.

spacecraft is ;=
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The kinematic constraints for the coupling of the
flexible tether and the rigid body of central spacecraft
work very well.

6.2 Tether deployment without thrust at remote
units

Two numerical simulation cases (B and C listed in
Table 3) are conducted to examine the effect of the
tether’s transverse flexural motion in the deployment
process. The tethers are modeled with one element
only in Case B and multiple elements in Case C. In
Case C, the process of the dividing of an element is
activated when the tether deployment causes the
length of the variable-length element longer than the
upper bound of the elemental length (L,,..). Based on
the trial and error, the standard element length and
upper bound L., are set as L;=20m and
Linax = 1.65L.

Each tether’s deployment speed is assumed the
same as 0.2 m/s for all tethers in both cases. The time
step size and total simulation time are 0.0005 s and
750 s, respectively. The simulation terminates when
the libration angles (in-plane and out-of-plane angles)
exceed 90°, which implies the tether wraps around the

central spacecraft leading to the failure of tether
deployment.

The simulation results are shown in Figs. 7 and 8.
Figure 7 shows the snapshots of the tether configura-
tions in the deployment process. The tethers start to
bend immediately after deployment due to the Coriolis
forces acting on the deployed tethers and remote units.
It is because the tether does not have the bending
rigidity to resist the bending moment caused by the
Coriolis forces. However, the Coriolis forces are
counter affected by the centrifugal forces on the same
bodies to form a dynamic balance, which prevents the
tether from immediately wrapping around the central
spacecraft. When the length of the deployed tether is
short, say less than or equal to the upper bound of the
elemental length L., the results of these two cases
are the same. After the length of deployed tether is
greater than the L,.x, a new element is generated and
added to the tether discretization. The model in case C
shows the flexural mode of the tether, which cannot be
captured in case B with a single element as expected. It
shows the multiple elements are needed to capture the
flexural modes in the deployment dynamics of tether.
The simulation stops at 231 s when the tether wraps
around the central spacecraft. The corresponding
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Fig. 8 Results of cases B and C (a) in-plane libration angle o,
b out-of-plane libration angle f3;, ¢ spin velocity of remote unit
(tether 1)

deployed tether length is 46.2 m, which shows that the
tether deployment fails.

Next, Fig. 8 shows the in-plane and out-of-plane
libration angles and the calculated spin velocity of
remote units relative to the central spacecraft. It is
noted that the results of one and multiple elements
models of the tether are remarkably close. Figure 8a, b
shows that the in-plane libration is the dominated
libration mode. Two reasons can be attributed: (1) the
Coriolis and centrifugal forces are in the plane of
rotation, and (2) the perturbative forces that generate
the out-of-plane component force are not considered
in the current study. As a result, the tethers’ out-of-
plane libration angles will not be plotted in the
following analysis because it is negligible when the
other perturbative forces are not considered. Figure 8a
and c show the in-plane angle of the first tether, and the
spin velocity of the tip node of tether gradually
increases and decreases, respectively, as the tether is
deployed. It illustrates the remote units cannot keep in
phase with the central spacecraft because the Coriolis
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force slows down the spin velocity of the remote units
in the tether deployment process. The moment of
Coriolis force increases as the tether length increases,
which leads to tethers wrapping around the central
spacecraft eventually. The results indicate that the
external force, such as thrust at the remote unit, is
needed to cancel the Coriolis effect to ensure
successful tether deployment [36].

6.3 Tether deployment with thrust at remote unit

A tangential thrust is applied at the remote unit to
avoid the tether wrapping of the central spacecraft.
The direction of the thrust is along the opposite
direction of the Coriolis force in the spin plane. A
body-fixed frame OpX}'Y",Z"; is introduced at the
location of the remote units to implement the appli-
cation of thrust. As shown in Fig. 3, the body-fixed
frame OpX)'Y",Z"), is parallel with the body-fixed
frame 0,X}'Y",Z";, and is attached at point A. The
tangential thrust (0.005 N) is applied in the positive
direction of the OgY”}, axis at point B. To examine the
effect of the transverse flexural motion of tether in the
deployment dynamics, two cases (D and E in Table 3)
are considered. Here, the standard-length L, of case E
is set as 50 m to reduce the computational loads. The
standard element length and upper bound L, are set
as Ly = 20 m and L,,x = 1.65L, which is the same as
that in Case C. The results are shown in Figs. 9 and 10
and Table 4.

As shown in Fig. 9, the E-sail can deploy more
tether with wrapping the central spacecraft when a
constant tangential thrust is applied at the remote
units. Refs. [5, 11] show that a typical E-sail with
tether length is ranging from 10 to 25 km. Based on
the results of the deployed 160 m tether, it can be
estimated that the tether will eventually wrap (in-plane
libration angle reaches 90°) the central spacecraft in
cases of D and E, see in Table 4. It is because the
resultant Coriolis force from the deployed tether and
remote unit increases continuously as the tether length
increases. The moment of the Coriolis force will
eventually exceed the counterbalance moment by the
constant tangential thrust. For instance, the in-plane
angle reaches 90° when the tether is 7515 m long in
the case D (single element per tether) and 9104 m long
in the case E (multiple elements per tether). This is
because the effective spin radius of the remote unit is
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6.4 Parametric study of the E-sail deployment

To further investigate the effects of tether deployment
speed and thrust magnitude on the E-sail’s deployment

Fig. 10 Results of cases D and E (tether 1) a in-plane libration
angle oy, b spin velocity of remote unit, and c tether tension at
the remote unit

dynamics, five numerical simulation cases (E-I) are
conducted, see Table 3. In all cases, the tethers are
discretized into multiple elements per tether. The
standard-length L, upper bound L., and time step
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Table 4 Deployed length versus libration angle (average value of four tethers)

Deployed length (m) 110 130 160 1600 (estimation) 7515 (estimation)
Case D libration (°) - 1.14 —1.38 — 1.74 — 19.00 — 90.00
Deployed length (m) 110 130 160 1600 (estimation) 9104 (estimation)
Case E libration (°) - 093 — 1.16 — 1.39 — 15.79 —90.00
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size are set the same as those in Case D. In all cases, z 3.0 Case 0.5
the magnitudes of the thrust are kept constant, such £ ‘ //
that 0.005 N in cases (E, F, G), 0.010 N in case H, and 5 o0 it D 0% 65
0.002 N in case L 10 80 160
Figure 11 shows the variation of the deployed (e) Tether length (m)

tether length versus the in-plane libration angle and the
spin velocity of the remote unit. The results reveal that
a proper choice of the thrust and deployment speed is
critical in suppressing the libration motion of flexible
tethers to achieve the E-sail’s successful deployment.

Figure 12 shows the tension of the variable-length
element of the first tether. It illustrates that the tether is
in the low-tension region, and the phenomenon of
tether slack occurs. For example, Fig. 12a shows the
variable-length element’s tension varies between 0
and 0.2 N in the tether deployment process. It infers
that the central spacecraft’s spin rate controller should
be applied to avoid the tether slack.
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Fig. 12 Tether tension of the tether 1 at the central spacecraft
6.5 Tether deployment with tether jammed

As listed in Table 3, a numerical simulation case J is
conducted. It is assumed that the deploying mecha-
nism for tether one is jammed at 100 s after the central
spacecraft starts to deploy tethers. The thrust on tether
one is stopped accordingly. The other parameters in
case E are assumed the same as those in case E. The
results are shown in Figs. 13 and 14.

Figure 13 shows the changes caused by the jammed
tether in the libration angle. The spin velocity of the
remote unit associated with the jammed and
unjammed tethers varies significantly from the case
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Fig. 14 Geometric
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E, where the tether is not jammed. For example, as
shown in Fig. 13b and d, the spin velocity of the
remote unit and tension associated tether one drops
sharply when the tether is jammed. It is because the
additional external forces, such as the Coriolis and
thrust at the remote unit, disappears when the tether is
jammed. As aresult, the first tether’s response in case J
is quite different from the case E, where the first tether
one is not jammed. For the second tether, Fig. 13c and
e shows the second tether’s responses for the cases E
and J are remarkably similar as expected because the
second tether is not jammed. Finally, Fig. 14 shows
the E-sail successfully deploys the targeted tether
length for the rest three tethers. It shows the failure of a
single tether could be isolated from the rest tethers
when each tether has an isolated deployment mech-
anism, and the failure of tether deployment is isolated
from other tethers. Therefore, the radial deployment
method’s deployment success rate is high because
each tether has an isolated deployment mechanism.

7 Conclusions

In this study, the dynamics and control of radial tether
deployment of a spinning E-sail are studied by a high-
fidelity three-dimensional model. In the model, the
effects of flexible elastic tether dynamics, rigid-body
dynamics of the central spacecraft, and the kinematic
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coupling between the flexible tethers and the rigid-
body central spacecraft are included. Our results show
that the proposed implicit Runge—Kutta integration
scheme with a symplectic property can ensure the
kinematic constraint conditions is precisely satisfied.
The proportional-derivative controller is applied to
stabilize the attitudes of the central spacecraft by
rotating at a constant spin rate. The results show the
E-sail cannot deploy long tethers without thrust at the
remote units in the radial deployment mode. Tangen-
tial thrust is required at the remote units to counter-
balance the Coriolis forces acting on the tethers and
remote units to deploy tethers in the radial deployment
mode successfully. Moreover, the parametric analysis
shows the tether deployment speed and the thrust
magnitude significantly affect deployment stability,
which opens the possibility of successfully deploying
tethers by advanced control strategies such as optimal
control. Finally, the analysis shows the radial deploy-
ment is advantageous in isolating the failure of a single
tether jammed in the deployment process from the
successful deployment of the rest tethers.
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Appendix: Expression of Jacobian matrix

The Jacobian matrix J of Eq. (27) are as,

) )
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