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Abstract

Hybrid electric propulsion is a new technology that combines electrostatic and
electromagnetic propulsions. The goal of this engineering study is to design a hybrid
electric propulsion system that can provide a specific impulse that is higher than chemical
thrusters, but uses less than 20 watts of power such that it can be used effectively in
nanosatellites. This thesis describes RF electrothermal and electromagnetic thruster
experiments that were undertaken to test the performance of gas mixtures, testing initially
at lower temperatures a few hundred degrees above room temperature. A helium-nitrogen
gas mixture is chosen in place of hydrazine because the mixture is non-toxic and does not
require any heating equipment. In the study’s electrothermal testing, the 50% nitrogen —
50% helium gas mixture is shown to have a specific impulse of 96.3 seconds. In the
propulsion system’s electromagnetic mode, 50% argon — 50% helium and 50% nitrogen —
50% helium gas mixtures have specific impulses of 603 and 801 seconds, respectively. In
electrostatic propulsion mode, a 50% argon — 50% helium gas mixture has a specific
impulse of 575 seconds, and 50% nitrogen — 50% helium gas mixture has a specific
impulse of 805 seconds. The thesis describes subsequent experiments performed with the
hybrid electric thruster operating in both electrostatic and electromagnetic propulsion
modes over the course of two independent test cycles. The thesis provides a discussion on
the expected performance of a space-based device utilizing the approaches studied in this

investigation.
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1 Introduction

Electric propulsion is a technology that uses plasma as the propellant. It typically
has a higher specific impulse, or fuel efficiency, than conventional chemical rockets.
Work on electric propulsion was initiated in 1906 by R. Goddard [Choueiri, 2004].
Significant experimental research on electric propulsion was not started until the mid-
1960s. Electric propulsion currently has the potential to revolutionize space utilization. It
can, for example, shorten interplanetary travel times between Earth and Mars, as with the
VASIMR engine [Chang-Diaz et al, 1999; Arefiev and Breizman, 2004; Glover, 2011]
and the NSTAR’s ion engine [National Aeronautics and Space Administration, 1999;

Polk et al, 2000].

Electric propulsion, or EP, is an effective choice for deep space missions and long
term orbital station-keeping. The type of electric propulsion system required is dependent
on its primary function. An electrothermal (ET) thruster is a type of electric thruster that
uses a conventional rocket nozzle with an inert (or reactive) fluid as the propellant [Jahn,
1968]. This type of thruster has the lowest specific impulse of the three main EP types but
yields a significant amount of thrust [Sutton & Biblarz, 2010]. An electrostatic (ES)
thruster uses electrostatic grids to accelerate ions. The resulting propulsive force is
comparatively small, typically millinewtons [Goebel & Katz, 2008]. This small force is
enough to propel many spacecraft operating in low gravitational environments, making it
ideal for deep-space missions because of its high specific impulse and efficiency
[Martinez-Sanchez, 2004a]. An electromagnetic (EM) thruster is a thruster that the
plasma (a hot, electrically neutral mixture of electrons, positive ions and neutral atoms or

1



molecules) is propelled from the Lorentz force (refer to section 2.5.5 for more details) ;
this enhances specific impulse while yielding a relatively high level of thrust [Martinez-
Sanchez, 2004a; Haag et al., 2007]. These definitions, along with other definitions, are

explained in the Glossary.

The doctoral research undertaken here investigates a type of thruster that is
potentially versatile in both fuel efficiency and thrust, and capable of being operated in
augmented-thrust mode (e.g. electromagnetic). The engine should fit within a
nanosatellite and use less than 20 watts of power. The engine should be light-weight, less
than two kilograms dry mass, and should have a higher specific impulse than
conventional chemical rockets. The propellant it uses must not be cumbersome in storage,
or toxic in use [Quine, 2010]. In large spacecraft, there are onboard chemical and ion
thrusters; therefore, there is no need for an EM thruster. However, in a nanosatellite, the
EM thruster is necessary since the chemical thruster would take up too much power and

resources.

This research also investigates the use of gas mixtures in electric thrusters. The
conventional rocket monopropellant hydrazine (N.H;) appears to be an excellent
candidate for electrothermal propulsion systems. However, it is toxic to humans, and its
use requires special equipment for safe storage and special conditions. Thus, it is
impractical for some laboratory experimentations [Anonymous, Chronic Toxic Summary:
Hydrazine, 2000; Sutton & Biblarz, 2010]. Instead, various helium-nitrogen gas mixture
compositions are investigated as an alternative to hydrazine. Researchers often use inert

helium in electrothermal thrusters because of its high specific impulse resulting from its
2



lower molecular mass. The major problem with helium is its viscosity. High fluid flow
viscosity causes a loss in the resulting performance of the thruster [Bar-Meir, 2011].
Nitrogen, by contrast, has relatively low viscosity, which yields a higher efficiency in its
engine performance [Bar-Meir, 2011]. A helium-nitrogen gas mixture is investigated in
this study with the use of an aluminum-based convergent-divergent (C-D) exhaust nozzle
for the ET unit. An electrothermal thruster built for this study is shown in Figure 1.1. The
use of such a gas mixture is studied, with the expectation that it may yield a better

efficiency in the thruster than using helium or nitrogen alone.

Figure 1.1: ET Thruster manufactured for this research

A helium-argon gas mixture is also investigated, in part because argon has one of
the lowest ionization energy in the group of gases tested. The electrothermal thruster is
capable of employing either gas mixture. As per figure 1.2, a glass exhaust nozzle was

also used, and applied for running in ES and EM modes of propulsion.



Figure 1.2a: Hybrid Electric Thruster Model of prototype built for this study (1) Glass C-
D Nozzle (2) Reheating Element (3) Gas Inlet (4) Capacitive Electric Discharge for

Plasma Production (5) Screen Electrode (6) Acceleration Electrode

Figure 1.2b: Hybrid Electric Thruster Ignition Test

The hybrid electric thruster developed for this study combines elements of the ES
and EM thrusters and use a conventional glass nozzle to accelerate the plasma. A
conventional glass C-D nozzle outfitted with a solenoid at the throat is used to reheat the

gas and hence for ES and EM operation to maximize the heating of the gas (towards



producing a high-temperature plasma). A major challenge with plasma production is the
high heat loss from the radio-frequency (RF) supply dissipating wasted energy.
Therefore, connecting a solenoid from the RF supply to the nozzle is evaluated as a
means to provide a higher performance for the thruster. The second component to be
evaluated is a capacitive discharge chamber. This component acts both as a plasma
production chamber for the electrostatic thruster and as an electromagnetic thruster. An
electrostatic thruster component incorporates a screen and an acceleration electrodes for
ES propulsion, and is designed for any low-thrust manoeuvres that might be required. The
electromagnetic thruster component is designed for high-thrust manoeuvres, such as
orbital station-keeping. This thruster is unique in its mass class because of its dual modes.
Results for the hybrid electric thruster are presented for operations as one or more of three

possible thruster types, illustrating a versatile new approach to electric propulsion design.

1.1 Thesis Organization

The thesis is organized into six chapters. The introductory chapter presents
research objectives. The background chapter provides a brief overview of the history of
electric propulsion and a literature review of the various types of electric propulsion. The
background of plasma physics theory and electric propulsion engineering are also
presented. Plasma physics theory covers atomic physics, plasma properties, collision
theory, plasma in an electric field, and plasma generation. This chapter also describes the
continuous fluid and plasma dynamics models needed in order to understand the flow of
gas and plasma in the thruster. It concludes with a discussion of the function and the

engineering of all three main types of electric propulsion systems.



The methodology chapter describes the design of the electrothermal thruster and
hybrid electric thrusters, along with the procedures utilized in the simulation and
experimental research undertaken here. This chapter also discusses the design criteria for
this research. Solid mechanics models of the thrusters, both in the static and dynamic
cases, are presented. Schematics of the electronics and the electromagnetic radiation
encapsulation are presented. Simulations using the MacCormack method to demonstrate
the fluid flow in the electrothermal thruster and the hybrid electric thruster are outlined.
Experiments conducted using a thermal vacuum chamber in both medium and high
vacuum conditions are described, along with the experiments using of a free-balance
pendulum and a Langmuir probe. Results and conclusions are discussed thereafter in

separate chapters.



2 Background
This chapter is divided into two sections: a discussion of the history and progress
of electric propulsion research, and a summary of the theory used in the research

undertaken here.

2.1 History

2.1.1 The Early Years of Electric Propulsion

The original concept of electric propulsion was proposed by Dr. Robert Goddard
in 1906 [Choueiri, 2004]. He theorized that electrons could be used to propel a spacecraft.
The primary challenge to his idea was that the mass of the electrons are too small to
provide any substantial thrust. The use of electrons would also charge the spacecraft.
When he published his article in September 1906, he failed to calculate the amount of
energy required for the electrons to attain a velocity near the speed of light. Although
Goddard never considered using ions (much heavier than electrons) as the main
propellant of electrostatic propulsion, this original theory initiated research into electric
propulsion. After Goddard’s study of electric propulsion, numerous scientists, such as

Oberth and Glushko, started researching the study of electric propulsion [Choueiri, 2004].

In 1918, Hermann Julius Oberth theorized the potential for electric engines to
propel large spacecraft. He also envisioned the development of manned spaceflight.
Oberth proposed a two-stage rocket for spaceflight that used an alcohol-oxygen
liquid-propellant engine in its first stage and hydrogen-oxygen liquid-propellant engine in

its second stage. This was discussed in his book Wege zur Raumschiffahrt (Ways to



Spaceflight), published in 1929. A chapter on electric propulsion, titled Das elektrische
Raumschiff (The Electric Spaceship), explained the fuel savings of an electric engine used

for deep space missions [Choueiri, 2004].

In 1929, Valentin Glushko tested the first electrothermal engine at the Laboratory
Gas Dynamics located in Leningrad, USSR. Electrothermal propulsion creates thrust
using a high-temperature gas (typically liquid in storage) as a propellant. The test was
conducted on a standard test stand where the thrust or propulsive force was measured

[Stuhlinger, 1964; Choueiri, 2004].

2.1.2 The Space Race

In 1958, the first ion engine model was demonstrated at Rocketdyne. In early
1959, another model was demonstrated at Electro-Optical-Systems. In 1960, the first full
size electrostatic ion engine was tested at the National Aeronautics and Space
Administration (NASA) Lewis (now Glenn) Research Center [Stuhlinger, 1964;
Anonymous, NASA, 1999]. In early 1964, the first sub-orbital flight using an ion engine
was performed by the United States. Later that same year, the first electric engine used in
an interplanetary probe was developed by the Soviets [Stuhlinger, 1964; Anonymous,

NASA, 1999].

During the mid-1960s, NASA Glenn Research Center developed the
magnetoplasmadynamic (MPD) propulsion system. The MPD research was intermittent
because of limited access to high-power electric supplies [Lapointe and Mikellides, 2001;

Anonymous, NASA, 2004].



2.1.3 Deep Space 1

In October 1998, the first ion thruster designed for deep space missions came into
operation on Deep Space 1, a spacecraft developed by Jet Propulsion Laboratory (JPL).
The mission was to perform a flyby around the asteroid 9969 Braille. JPL and NASA
worked on NSTAR (NASA Solar Electric Power Technology Application Readiness
program) to develop the ion engine for Deep Space 1. The spacecraft completed its
mission flying by a near-Earth asteroid in July 1999 and comet Borrelly in September
2001, reaching a record-breaking maximum change of speed at 4000 m/s without the use
of gravitational assistance [Anonymous, NASA, 1999]. In June 2010, NASA’s Dawn
spacecraft broke Deep Space 1’s speed record, reaching its maximum change of speed at

4300 m/s [Agle, 2010].

Figure 2.1: Deep Space 1

[Anonymous, NASA, 1999]

2.2 Progress of Electric Propulsion Research
Electric propulsion technology may be divided into three main types:

electrothermal, electrostatic, and electromagnetic. Electrothermal propulsion uses fluid



(liquid or gas) as a heated propellant in a conventional nozzle [Sutton & Biblarz, 2010].
Electrostatic propulsion uses Coulomb-force electric fields to accelerate positive ions
[Serway & Jewett, 2004; Goebel & Katz, 2008]. Electromagnetic propulsion uses Lorentz
forces to propel the plasma [Jahn, 1968; Serway & Jewett, 2004]. Overall, electric
propulsion offers a promising method to improve the performance of space propulsion
systems, increase the fuel efficiency of these thrusters, and lower overall the cost of
spacecraft. Table 2.1 displays the performance of the different propulsion technologies, in
terms of specific impulses. Specific impulse is, in the vacuum of space, the change in
momentum per unit mass. A higher specific impulse indicates higher performance, as

explained in Section 2.3.

Table 2.1: Types of Electric Engines on a Standard Spacecraft Ordered by
Specific Impulse [Sutton & Biblarz, 2010]

Propulsion Type Acceleration Propellant Specific Thrust
Type Impulse (s) (mN)

Monopropellant Rocket Chemical NoHy 200-250 30-10°
Resistojet Electrothermal ~ NHs, NoHy4, H» 200-350 200-300
Arcjet Electrothermal V[ '\lile“’ M2 400-1000  200-1000

2

Pulsed Plasma Thruster  Electromagnetic Teflon 600-2000 0.05-10
Hall Thruster Electrostatic Xe, Ar 1500-2000 0.01-2000

lon Thruster Electrostatic Xe, Kr, Ar, Bi ~ 1500-8000  0.01-500

Magnetoplasmadynamic ~ Electromagnetic ~ Ar, Xe, H,, Li ~ 2000-5000  10°-2000

2.2.1 Electrothermal Propulsion
A high-temperature gas may be created in electrothermal engines using either a

direct current (DC) or an alternating current (AC) power supply. DC-based electrothermal
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thrusters use a battery-like power source to heat the propulsion gas. An example of a
DC-based thruster is the resistojet, which uses a resistance element (material which heats
up readily when an electric current is passing through it) to heat up the gas. The active
resistance element (fabricated from a high-temperature material, like tungsten) heats up
the gas as it passes through; the gas maybe ionized from the heat [Jahn, 1968; Martinez-

Sanchez, Space Propulsion, 2004; Sutton & Biblarz, 2010].

Figure 2.2: Resistojet Electrothermal Thruster

However, resistojets have a low efficiency because heating the gas for ionization requires
a large power source [Jahn, 1968; Sutton & Biblarz, 2010]. The efficiency of a resistojet
is further limited when the gas passes through the resistor and cools the resistor [Jahn,

1968].

An arcjet thruster is a DC-based electrothermal thruster that uses two electrodes
and a high potential difference, typically 400 V at the minimum, to ionize the gas. The
ionization is caused by an electrical arc created between the electrodes [Jahn, 1968;

Martinez-Sanchez, 2004].
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Figure 2.3: Arcjet Electrothermal Thruster. The lines represent the fluid path.

[Figure 6.19 in Jahn, 1968]

There is a considerable amount of research into arcjet thrusters. One of the reasons this
technology is popular is its simplicity. The technology requires only a cathode tip, an

anode nozzle, and a high-voltage power source [Jahn, 1968].

As an alternative to DC-based arcjet propulsion, AC-based electrothermal
thrusters can use alternating currents to heat and potentially ionize the propellant gas. The
amount of power required to sufficiently heat the gas depends inversely on the input
frequency [Lieberman, 2003; Dinklage, 2005]. AC-based electrothermal thrusters are a
better alternative to DC-based electrothermal thrusters because of their lower power

requirement [Sutton & Biblarz, 2010].

AC electrothermal thrusters use an alternating current frequency with a range
typically between 10 kHz and 10 GHz. The most common frequency used for producing
plasma in the RF region is 13.56 MHz. AC electrothermal thrusters require shielding to

carefully isolate the RF power plant from the rest of the system and controllers [Hrbud et

12



al., 2007; Takao et al., 2007; Batishchev, 2009; Stein et al., 2008; Takahashi et al., 2009;

Takahashi et al., 2011].

The principal operation of the AC electrothermal thruster is similar to the standard

electrothermal thruster. Figure 2.4 illustrates the capacitive plasma discharge.
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Figure 2.4: RF Electrothermal Thruster Schematic [Hrbud et al., 2009]

Purdue University has developed a miniature RF electrothermal thruster. Their work has
shown that the temperature of the plasma increases as the input of either the frequency or
power increase [Hrbud et al., 2007]. At Kyoto University, a team has simulated and
developed a microplasma thruster using a microwave antenna. They conclude that the
performance increases as the mass flow rate increases [Takahashi et al., 2009; Takahashi

etal., 2011].

Inductive plasma discharge is a method in which a solenoid is attached to a RF
generator to produce plasma. The advantage of this method is that its lifespan of the

device is longer than that of the capacitive discharge method [Jahn, 1968].
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Figure 2.5: Inductive Plasma Discharge in a channel [Figure 6.31b in Jahn, 1968]

This solenoid configuration, shown in Figure 2.5, is commonly used for RF discharge. An
example of such research, an inductively coupled plasma source was developed at Boise

State University [Browning et al., 2011].

Another type of antenna which is commonly used in AC heating is the helicon
antenna. Helicon antenna is a specialized antenna shaped such that there is a high axial

magnetic field; refer to Mulchany et al. for further information [Mulchany et al., 2009].

.
Figure 2.6: Example of a Helicon Antenna [Mulchany et al., 2009]

This configuration assists in the prevention of energy loss inside the plasma; thus,
increasing ionization efficiency over its inductive counterpart. This method is very
difficult to perfect, and design imperfections can cause the ionization efficiency to drop

significantly. Douglas Palmer and Mitchell Walker of Georgia Institute of Technology
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have conducted a performance analysis on the helicon thruster. Their research attempted
to determine an optimal frequency for maximum performance, and they found that the

lowest input frequency in their experiment produced the best results [Palmer et al., 2008].

2.2.2 Electrostatic Propulsion
Electrostatic propulsion uses electric (electrostatic) fields to accelerate ions. There
are two types of electrostatic propulsion systems: Hall and ion. According to Goebel &

Katz, a Hall thruster is a

[...] type of electrostatic thruster utilizes a cross-field discharge described by the
Hall effect to generate the plasma. An electric field established perpendicular to
an applied magnetic field electrostatically accelerates ions to high exhaust
velocities, while the transverse magnetic field inhibits electron motion that would
tend to short out the electric field. Hall thruster efficiency and specific impulse is
somewhat less than that achievable in ion thrusters, but the thrust at a given power
is higher and the device is much simpler and requires fewer power supplies to
operate [Goebel & Katz, 2008].

The PPS-1350 Hall thruster was developed by SNECMA for the SMART-1 spacecraft,

which launched on November 13, 2004.

Figure 2.7: PPS-1350 Hall Thruster [Snecma, 2012]
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The thruster provides a thrust of 68 mN with a specific impulse of 1640 s using 1.5 kW of

power [Foing, 1999; Foing, 2003].

According to Goebel & Katz, an ion thruster uses two electrostatically charged
grids with a large potential difference to accelerate the ions. The plasma generator in
these thrusters can be either a DC or an AC power plant [Goebel & Katz, 2008]. A DC
generator was used initially for ion propulsion during the early development between the
1960s and the late 1990s [Stuhlinger, 1964; Dryden 1967; NASA, 1999]. The DC
generator consists of a hollow cathode that ejects electrons into a chamber. These
electrons collide with the gas particles causing ionization. Around the plasma chamber,
magnets are mounted to further ionize the gas particles by electron cyclotron resonance.
This causes the electrons to spiral around the magnetic fields, increasing the chance of
ionization [Goebel & Katz, 2008]. Over time, AC power sources have become more

popular due to their higher longevity and lower power requirement.

lon propulsion depends on the charge potential difference between the electrically
charged grids. The performance of the electrostatic thruster depends on the mechanical
and electrical configurations of the grids [Goebel & Katz, 2008]. This propulsion system
type has been extensively researched with the potential for miniaturization without
sacrificing performance [Wirz et al., 2006; Yamamoto et al., 2006; Nakayama et al.,

2007; Mueller et al., 2008; Lubey et al., 2011].

Researchers from NASA [Mueller et al., 2008], California Institute of Technology

[Wirz et al. 2006], and Pennsylvania State University [Lubey et al., 2011] have worked
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on how to maximize the performance of the ion thruster without the use of a large power
source. NASA recently conducted a survey on the current state of miniaturized propulsion

technology under research and development [Mueller et al., 2008].

MiXl in Operation in JPL Test Lab

- s Figure 2.8b: MiXI in Operation at NASA'
Figure 2.8a: Miniature Xenon lon g peration a s

Jet Propulsion Laboratory Test Facility
[Mueller et al., 2008]

Thruster Relative Size to a Penny
[Mueller et al., 2008]

At the Jet Propulsion Laboratory, researchers have developed a miniature xenon ion
thruster (MiX1) which has a specific impulse between 2500 and 3000 seconds. The power
required for the MiXI is between 13 W and 50 W [Mueller et al., 2008]. A major
challenge with the MiXI thruster is the cost of the propellant [Mueller et al., 2008].
Xenon is an expensive gas, priced at approximately $120 per 100g, or $34,500 per

cylinder tank [Brown, 2011; Chemicool.com, 2012].

Researchers from Pennsylvania State University have designed and built a

microwave-powered ion thruster which consumes only 1 W of power, and uses argon and

17



xenon as its propellants [Lubey et al., 2011]. The specific impulse of the ion thruster is

approximately 5500 seconds [Lubey et al., 2011].

Figure 2.9a: Relative Size of This
Figure 2.9b: Miniature Microwave lon
Miniature Microwave lon Thruster
Thruster in Operation [Lubey et al., 2011]
[Lubey et al., 2011]

They used both a Langmuir probe and a Faraday cup to measure the performance of the
thruster. The Langmuir probe measures the electron temperature of a gas. It is a useful
tool in electrostatic ion propulsion research for estimating thrust. A Faraday cup is a
device which measures the number of charged particles in a plasma. The researchers have
concluded by using both the Langmuir probe and the Faraday cup, the exhaust velocity

was approximately 54 km-s™, indicating the performance of the thruster to be high at a

specific impulse of 5500 seconds [Lubey et al., 2011].

2.2.3 Electromagnetic Propulsion
There are three major electromagnetic thrusters which are being investigated at
the moment: pulsed-plasma thruster, magnetoplasmadynamic thruster, and the variable

specific impulse magnetoplasma rocket (VASIMR). Despite the difficulties in the
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associated research, electromagnetic propulsion is theorized to be the most promising
electric propulsion technology available [Anonymous, NASA, 2004]. It operates using
predominately the Lorentz (EM) force for propulsion thrust [Jahn, 1968; Martinez-

Sanchez, 2004a; Anonymous, NASA, 2004; Sutton & Biblarz, 2010].

A pulsed plasma thruster (PPT) is an electromagnetic thruster which typically uses
capacitive discharge and a propellant, such as polytetrafluoroethyelene (PTFE) or inert
gases. A high voltage source, such as a spark plug, ionizes the surface of the propellant.
The capacitors then discharge an electric current between the electrodes, with the
transient EM field then accelerating the resulting plasma. A PPT is typically a short-burst
thruster with a thrust efficiency (see section 3.9 for further information) of less than 10%
[Cassady et al., 2000]. Despite its low efficiency, the specific impulse of the engine is
around 3000 seconds, which is much higher than that of chemical rockets. Consequently,
PPTs are designed for use during space manoeuvres rather than to provide the continuous
thrust required for deep space applications [Jahn, 1968; Choueiri & Ziemer, 2001; Nawaz
et al., 2005; Cassibry, 2008]. The PPT is widely developed industrially, in part because of

the simplicity of the relative technology.

u

Figure 2.10: Pulsed Plasma Thruster [Cassady et al., 2000]
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The magnetoplasmadynamic (MPD) thruster is another type of electromagnetic
thruster. A MPD thruster produces and propels plasma with the use of a large direct
current electric supply. The main difference between the MPD and the PPT is that the
MPD power supply runs continuously. This method requires a large power source, in the
order of megawatts, to have a sustainable propulsion at a relatively high thrust delivery
(for an EP system). An alteriative implementation, similar to the PPT method, modifies
the MPD thruster to a quasi-steady state propulsion by fast-switching capacitors
[Guarducci et al., 2011]. Quasi-steady state is a state which the thruster operates in
pulses. The period of the pulses are typically 1 ps. One siginficant issue with MPD
propulsion is the degradation of the materials of the surrounding structure because of the
high input power and ionization levels. Superalloys and other specialized materials that
can withstand the high input power may find an application in MPD technology [Jahn,

1968; Herdich et al., 2006; Guarducci et al., 2011].
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Figure 2.11: Magnetoplasmadynamic Thruster [Figure 8.15a in Jahn, 1968]
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Some research on electromagnetic propulsion is focused on the use of a solenoid as an

external magnet, to actively produce the magnetic field [Domonkos et al., 1995].

Additionally, an external magnetic field, such as a solenoid, in an arcjet thruster
may be applied [Miyasaka et al., 2001]. With a magnetic field present, the arcjet becomes
an applied-field electromagnetic thruster. Depending on the force produced by the
electromagnetic (EM) effects, the EM force may be substantially larger than the
electrothermal force, resulting in a de facto magnetoplasmadynamic thruster [Jahn, 1968;

Miyasaka et al., 2001; Hoyt, 2005; Kagaya & Tahara, 2005].

Former astronaut and founder of the Ad Astra Rocket Company in the United
States, Franklin Chang-Diaz, developed the VASIMR. It uses radio frequencies to ionize
the gas and increase the resulting plasma temperature to over a million kelvins. At the
exhaust, the magnetic nozzle EM field accelerates the plasma. The thrust of the rocket is a
mixture of electrothermal and electromagnetic effects [Chang-Diaz et al., 1999; Arefiev

& Breizman, 2004; Ahedo & Merino, 2011; Glover, 2011; Squire et al., 2011].
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Figure 2.12: Operation of the VASIMR [Chang-Diaz et al., 1999]
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This propulsion system is theorized to transport a spacecraft from Earth to Mars in 39
days. On September 30, 2009, the VASIMR prototype VX-200 became the most
powerful electric engine to be demonstrated in operation to date. The thrust of the engine
is approximately 0.5 N using a 200 kW power supply. The company is currently

improving the performance of the engine [Chang-Diaz et al., 1999].

Figure 2.13: VX-200 in operation [Chang-Diaz et al., 1999]

2.3 Propulsion Basics

A primer on propulsion basics is necessary for understanding how electric
thrusters work. The mass ejected from the thruster has an equal and opposite force effect
to the spacecraft, according to Newton’s 3™ law. The thrust, Fus;, is described as the
product of the exhaust velocity and the mass flow rate, [Goebel & Katz, 2008; Sutton &

Biblarz, 2010],

dm (2.1
Finrust = —Vex d_tp ’
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where Ve, is the exhaust velocity, and m, is the mass of the propellant. The total mass of
the spacecraft, M, is the sum of the propellant and the body, my,, masses [Goebel & Katz,

2008; Sutton & Biblarz, 2010],

M = my + my, (2.2)
When the propellant mass is depleted, the total mass of the spacecraft is reduced to its
body mass with the associated change in velocity. The change in velocity, Av, of the
spacecraft is the product of the exhaust velocity of the propellant and the logarithmic full-
depleted mass ratio [Goebel & Katz, 2008; Sutton & Biblarz, 2010],

m, +m

9 = g tn (272), e3)
my

After the expenditure of the propellant, the depleted mass of the spacecraft is [Goebel &

Katz, 2008; Sutton & Biblarz, 2010]

Av
my =M-exp<——>.

ve X

(2.4)

Specific impulse describes the fuel efficiency of a jet, rocket, or space engine. In
space, it is the exhaust velocity of the propellant divided by the Earth’s gravitational
acceleration at sea level; or, more generally in the atmospheric or space flight, the amount
of thrust divided by the reference weight flow rate of the propellant [Goebel & Katz,
2008; Sutton & Biblarz, 2010],

j— Fthrust — % (2-5)
°P mgo 9o
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Specific impulse indicates how efficiently the engine uses its fuel for propulsion. The
higher the specific impulse (in units of seconds), the more fuel efficient the thruster is. A
higher mass flow rate (mh = ni,) or exhaust velocity increases the thrust [Goebel & Katz,

2008; Sutton & Biblarz, 2010].

If an engine is going to lift off from the Earth’s surface to low-Earth orbit (LEO),
the energy per kilogram required to overcome gravitational forces is [Quine, Seth, & Zhu,

2009]

1 2.6
E = g(har = h) +5 Wors = vex)?) -

where g is the effective (mean) gravity, hy; is the altitude of the orbit, h is the current
position of the spacecraft relative to the surface, and v is the orbital velocity [Quine,
Seth, & Zhu, 2009]. Neglecting atmospheric effects, the thrust of the engine has to

overcome the Earth’s gravitational field,

Fenruse =M -a = mpvex — Mg. (2.7)
In order for the spacecraft to hover, the product of the specific impulse from the thruster

and the mass flow rate of the propellant must equal to the total weight of the spacecraft,

M = Ig,ni,. (2.8)

The kinetic power, Py, is the rate of change of the kinetic energy from the propellant,

1 2.9
Pre = Empvezx- ( )

The kinetic power determines the thrust efficiency at a given input power.
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For example, if a magnetoplasmadynamic thruster with a specific impulse of 3000
seconds is going to hover a spacecraft with a mass of 10 kg, the required mass flow rate is
3.3 g-s. However, the energy required to hover the 10 kg spacecraft is approximately
1.4 MW. Currently, this is only attainable if the spacecraft has a large power plant or by

use of conventional chemical rockets.

2.4 Ionization and Dissociation
lonization energy, E;, is the amount of energy required to remove an electron from

its parent atom [Jahn, 1968]:

A+E o At +e. (2.10)
Noble gases typically have higher ionization energies relative to those of other elements
in the periodic table. For example, helium has the highest ionization energy at 24.6 eV,
whereas monatomic hydrogen has an ionization energy at 13.6 eV. Bond dissociation is
the process of the bond breaking apart in a molecule. The energy required to dissociate
the bonds, Dy, varies among different molecules. Table 2.2 shows the ionization energies
and dissociation energies of various gases [Jahn, 1968; Bose, 2004; Haynes 2012a;

Haynes, 2012b].

25



Table 2.2: Gases and their lonization Energy and Dissociation Energy [Haynes, 2012]

Element lonization Energy Bond Dissociation Energy
(eV/particle) (eV/particle)

Hydrogen 13.598 4.519
Helium 24.587 N/A
Nitrogen 14.536 9.764
Oxygen 13.618 5.121
Neon 21.567 N/A
Argon 15.762 N/A
Xenon 12.132 N/A

Ideally, xenon would be a good choice among the noble gases for plasma generation

because of its relatively low ionization energy [Goebel & Katz, 2008].

Diatomic nitrogen has a dissociation energy that is lower than its ionization
energy. Therefore, the molecule is typically dissociated first before being ionized [Jahn,

1968],

N, + Dy = 2N 2.11)
2N + E; » 2N+t — 2e™.

Hence, the total energy needed to ionize nitrogen is 24.3 eV/particle, which is comparable
to that of helium. lonization can also occur from the diatomic phase of nitrogen. The

ionization energy without dissociation for nitrogen is 15.52 eV [Haynes, 2012].
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Figure 2.14: Density of each nitrogen atom and ion with respect to
the pressure [Thorsteinsson & Gudmundsson, 2009]
Figure 2.14 illustrates the global model of the density of each nitrogen species with
respect to the pressure of the nitrogen. The significance of this diagram is to show what
species of nitrogen exist in the plasma at various pressures [Thorsteinsson &

Gudmundsson, 2009].

2.5 Plasma Physics

2.5.1 Plasma Properties

The fundamentals of plasma physics are necessary to design and build an electric
thruster. These are developed from the ideal gas law, electricity and magnetism, and
statistical chemistry. Given the values of the power, voltage input, input frequency, type
of gas, pressure, mass flow rate, and the geometry of the generator, a detailed analysis of
the plasma may be developed [Howard, 2002, Lieberman, 2003, Bellan, 2004; Dinklage

et al., 2005, Goebel & Katz, 2008].

Let n be the particle density of an incoming gas:
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p (2.12)

where p and T are the given pressure (Pa) and temperature (K) respectively. The
Boltzmann constant, kg, is defined as the constant that relates thermal energy with

temperature as 1.381-10% J-K™ [Goebel & Katz, 2008].

The electron temperature, T, may be expressed in eV and in K. The conversion
between eV and K is

T.(eV)-e (2.13)

Te(K): k ’
B

where e is the absolute value of an electron charge as 1.602-:10™ C [Lieberman, 2003].

The Saha function describes the ratio of the square of the number of electrons (n)
to the number of neutral atoms or molecules (n,). The equation was developed in order to
explain the light spectrum from stars. The equation uses the temperature of the bulk
plasma to solve the Saha function. However, this assumes the bulk plasma temperature is
approximately equal to the electron temperature. In a cold plasma where ionization occurs
using radio-frequencies, the electron temperature is ten to hundred times higher than the
bulk plasma temperature. Therefore, the Saha function uses the electron temperature

[Jahn, 1968; Howard, 2002; Dinklage et al., 2005; Takao, 2006],

2 (214)
e kBTe,

n2 . (2mm kgT,
S =t =g I (e

n q‘l’l

where g; and g, are the ground-state degeneracy of an ion and a neutral respectively, me is

the mass of the electron at 9.109-107! kg, and the Planck’s constant, h, is given as
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6.626:10% J-s. The ground state degeneracies are dependent on the element [Dinklage et
al., 2005]. For example, ground state degeneracy for an ion and a neutral in hydrogen are
one and two, respectively [Howard, 2002; Martinez-Sanchez, 2004a]. The Saha equation
was initially used in the simulations to find the temperature of the plasma. However, it
has been removed. The full derivation of the Saha equation is in appendix A. The

remenance of the equation is in the code, shown in appendix H.

2.5.2 Collision Theory

Collision theory is the study of particle collisions by a plasma (full discussion is in
appendix B). The particle collisions determine the conductivity in the plasma. Collisions
are described in terms of thermal speed; it is the speed at which the individual species are
moving in a plasma. However, the overall plasma group velocity is the bulk velocity. This
is analogous to a swarm of bees. The velocities of the individual bees may be very fast,
yet the bulk velocity of the swarm could be very slow. The average thermal velocity, ce,

of an electron is [Howard, 2004; Dinklage et al., 2005]

 [owr, (2.15)
Co = T m

The Debye length (ip), or characteristic length, is the distance over a plasma in

which the electric field of the charged particle is shielded from the thermal motion of the

other charged particles [Howard, 2004; Dinklage et al., 2005],

e kT, (2.16)

nee? ’

D=

29



where €, is the permittivity of free space, 8.854- 10 F-m™.

The plasma parameter, A, is a dimensionless quantity that characterizes the

unmagnetized plasma,

A=4m-n, A3, (2.17)
Strongly coupled plasma has the plasma parameter less than one. This means the potential
energy of particles inside the plasma is more significant than the kinetic energy. Weakly
coupled plasma has the plasma parameter more than one. In this case, the kinetic and
thermal energy is significantly higher than the potential energy. Often, the plasma
parameter is higher than one. The parameter is cubically proportional to the Debye length.
The logarithmic of the plasma parameter, In(A), is called the Coulomb parameter;

normally, this value is between 6 and 16 [Howard, 2002; Dinklage et al., 2005].

The collision frequency, f,, depends on the number of particles in the first species
(electron, ion, or neutral atoms or molecules), the thermal energy of the first species, and
the cross-sectional area of the collisions from the two species [Howard, 2002; Dinklage et
al., 2005]. The collision frequency of a typical electron-ion scattering is [Howard, 2002]

n;Z%e*In(A) (2.18)

2medm2c

fv,ei =

The corresponding cross-sectional area for electron-ion scattering is

Z?e*In(A) (2.19)

Ocross section—ei — Znegmgcg '
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Collisions also occur between the electrons and neutral atoms and molecules (or
simply neutrals). The collision frequency between the two is the same as to the electron-
ion collision frequency, without the chance of recombination or having any electric forces

[Howard, 2002; Dinklage et al., 2005]

fren = MnCeThiy . (2.20)
The radius of the electron is much smaller than the radius of the neutral atom or molecule;
therefore, the radius of the electron may be neglected in the equation. The cross-sectional
area, 7y, is approximated to 10™*° m?, depending on the gas. With the electron-neutral
and electron-ion collision frequencies, the collision frequency of the electrons in a given

plasma is [Howard, 2002; Dinklage et al., 2005]

ﬁ/,e = fv,ei + fv,en . (2.21)
One of the objectives in the present research is to use gas mixtures in the thruster.
In a plasma comprised of a gas mixture, the simplest model to use is to assume that the

two species ionize individually without any collision [Jahn, 1968],

A+E o A" +e, (2.22a)
B+E e B*+e, (2.22b)
where A and B represent any two atomic species. The Saha functions (from equation

2.14) of the two species are [Jahn, 1968]

e, 4 (2.23a)

“kgT
e B e,A’

N| W

qia (Zﬂme,AkB Te,A)

SA(Te,A) - 2 : hz

Qn,A
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EEi,B (223b)

e kBTeB.

3
diB (ane,B kg Te,B>2

SB(TG,B) = 2 - hz

qn,B
The electron density in a mixture is comprised from each of the individual elements

[Jahn, 1968]

ne = ni,A + ni’B . (224)
The ion densities depend on the Saha functions in equations 2.23a and 2.23b. Introducing
the heavy particle density, it is the density of the ions and neutrals. The density of the

heavy particles for each element is given as [Jahn, 1968]

NMpa =MNjg+Npa, (2.25a)
Npp =Nig + Ny p. (2.25b)
Hence, there are five species in a two-element gas mixture: ne, Nia, Nig, Nha, Nng.

Expanded to three or more elements, the number of species in a gas mixture are

as = 2% +1, (2.26)
where ag and ag are the number of species and the number of elements, respectively. In a
low-temperature plasma, the ionization of the gas mixture is less than the ionization of the
two elements mutually exclusive to each other. The physical reason for this phenomenon
is that the electrons can be readily recombined from either of the ion elements of the gas

mixture [Jahn, 1968; Dinklage et al., 2005].

Collision theory in gas mixtures is similar to the collision theory in a pure gas. In
a two-element gas mixture plasma, the electron-ion collision frequency is modified such
that it takes into account elements A and B [Jahn, 1968; Howard, 2002],
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Z%e*In(A) (2.27)

= (n: 4 +n: —_—.
fv,el ( ,A l,B) 2ne§m§ce3

The electron-neutral particle collision frequency is also taken into account for multiple

species [Jahn, 1968; Howard, 2002]:

ﬁ/,en = Ce (nn,AT[Tr%,A + nn,BT[rr%,B) . (2-28)

2.5.3 Plasma in an Electric Field

The dielectric constant (e,) in a plasma, which depends on the collision
frequency, solves for the conductivity of the plasma. It also determines the polarization of
the electric field in a plasma, which describes whether the Lorentz force of the plasma can

be used. The dielectric constant of a plasma is [Lieberman, 2003]

. (1 Whe ) (2.29a)
=€ (\l——F—7"F7=)
p w(w — lfv_e)
e2n, (2.29b)
Wpe = oy’

where oy IS the electron plasma frequency, and o is the value of the input frequency
from the RF power plant. The value, f, ., is the collision frequency of the electron-ion and
electron-neutral interactions. The dielectric constant is typically complex and coupled
with the electron-ion and electron-neutral collision frequencies [Howard, 2002;

Lieberman, 2003; Bellan, 2004].

The current density, J, is defined as [Howard, 2002; Bellan, 2004; Goebel & Katz,

2008],
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] = —njev; + n.ev,. (2.30)

The current density is linearly proportional to the electric field, E, [Lieberman, 2003]

J=iw(e, — €)E. (2.31)
When there is an input frequency from a power generator, the direction of the electric
field is opposite of the current [Lieberman, 2003]. Figure 2.15 illustrates the electric field

in a plasma.
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Figure 2.15: Illustration of a Negative Dielectric Constant Through the Plasma Medium

[Lieberman, 2003]

The electric field is much smaller inside the plasma than in the sheath between the plasma
and the electrode. For further information, please see Lieberman 2003. The plasma
conductivity is determined as the product of the frequency and the plasma dielectric

constant [Lieberman, 2003],

o, = lw(€, — €p). (2.32)
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Combining equation 2.29 with equation 2.32, the plasma conductivity is [Lieberman,
2003]

B e’n, (2.33)
m, (fv,e + iw)'

Op
Similar to the plasma dielectric constant, the plasma conductivity is typically a complex
number. Only in a pure DC discharge is the plasma conductivity a real number

[Lieberman, 2003; Dinklage et al., 2005],
_e’n, (2.34)

Op,pc = m-
2.5.4 Plasma Generation

Ohmic, or Joule, heating is the process in which the propellant inside a vessel is
heated by an electrical current. There are two methods of Ohmic heating: capacitive and
inductive [Howard, 2004]. Capacitive heating involves two electrodes with a potential
difference. In a DC power supply, the potential difference must be in hundreds to tens of
thousands of volts, depending on the gas pressure, in order to cause a plasma arc. An AC
power supply does not require such a high potential difference in order to cause a plasma
discharge. Inductive heating involves a solenoid carrying a high current to produce a
magnetic field to cause a plasma discharge [Howard, 2002; Bellan, 2004; Goebel & Katz,

2008].

Ohmic heating is the current density and the electric field [Howard, 2002;

Bellan, 2004; Goebel & Katz, 2008],
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Paps = f‘“'(L"Edt> av zf“)'gl“pEzdt) - (2.35)

14 74 w

where Pqps IS the absorbing power. Ohmic heating is the dot product of the current density
and the electric field, integrating over time multiplied by the angular frequency, being
integrated over a specific volume. Using the method of contour integration, the absorption
power for both capacitive and inductive heating can be simplified using the DC plasma
conductivity and the phasor equivalent of the electric field [Lieberman, 2003;

Howard, 2004; Goebel & Katz, 2008],

1.2 vz,e (2-36)
Pabs = leEl UP'DCm dV
14

2.5.5 Plasma as a Fluid

The purpose of modeling the plasma as a fluid is to simulate its flow in the electric
engine. The behaviour of the plasma is described by the Navier-Stokes (NS) equations
such that the fluid is considered electrically conductive. If the plasma is magnetized by a
high current or if there is an external magnetic field, the equations are considered to be
the magnetohydrodynamic (MHD) equations [Goebel & Katz, 2008; Bar-Meir, 2011].
The full discussion of the plasma modeled as a fluid (continuum mechanics) is discussed

in appendix C.
The NS equations are written as [Goebel & Katz, 2008; Bar-Meir, 2011]

ap . 2.37a
ate‘l"U'Vpe:pe' ( )
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ap+ Vp=p
ac TP =R
dpv ) 2
7+v-va=—Vp+,uV v—V(guV-v)+pq(E+vxB)—pfv,e(v—vo),
28 2
E+v-Vé§=V-®+ uV-v—(yN-v) v+ pE-v+Rg -v+0Q5 -,
0B (2.37e)

VXE= ——.
ot

The density continuity, equation 2.37b, prescribes that the total density is dependent on
the rate of compression of the fluid, (9 = —p - (V- v)) [Hutchinson & Friedberg, 2003;
Goebel & Katz, 2008]. The electron continuity, equation 2.37a, describes the temporal
and spatial changes in the electron density with respect to the production rate, p,. The

production rate is the amount of electrons produced in the plasma during the discharge,

pe = pnpeo-impact,ice . (2-38)
The impact ionization cross-section area, gimpacti, 1S the area at which collisions cause
ionization and excitation. This value depends on the atomic element [Goebel & Katz,

2008].

The plasma momentum, equation 2.37c, prescribes that the change in momentum
in a plasma depends on the pressure gradient, viscous flow at subsonic speed, viscous
flow at supersonic speed, Lorentz force density, and collision transfer momentum
[Goebel & Katz, 2008]. The Lorentz force describes the force acting on the plasma due to

electromagnetism [Martinez-Sanchez, 2004a],
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2.39
Frorentz = ff (PqE +]J X B) dv. ( )
%4

The electric field, E, is nonzero only whenever a capacitive discharge occurs [Martinez-

Sanchez, 2004a].

The energy of the plasma, equation 2.37d, equals to the divergence of the heat
flux, Ohmic heating, momentum change of a particle due to collisions, and the heat
exchange between particles. The energy density, &, is the summation of the internal

energy, the kinetic energy, and the energy of the magnetic field [Sankaran et al., 2002]

p 1 B-B (2.40)
&= — —pv- :
=] + 2pv v + 2

. . ——
Internal Energy  Kinetic Energy  pmagnetic Field Energy
Note that vy is the specific heat capacity ratio of the propellant gas. The energy of the
magnetic field is assumed to be produced from either the plasma by an external magnetic

field.
The heat flux is denoted as [Goebel & Katz, 2008]

0 =—xVT. (2.41)
The thermal conductivity, x, of the plasma is strongly dependent on the electron

temperature and the collision frequency [Goebel & Katz, 2008],

nekgT, 2.42
K =3.2 Be ( )

. fv,eme .
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R, is the rate of momentum change per volume in the collisions. The subscripts s;
and s, denote the primary and secondary species (electrons, ions and neutral atoms or
molecules), respectively [Goebel & Katz, 2008],

2.4
R$1 == Z nslmslﬁlvsl’sz (1751 - 1752). ( 3)

S2
Also, ¥ is the rate of energy loss per volume due to inelastic collisions such as

ionization and excitation [Goebel & Katz, 2008],

_ebs, - (2.44)
mg,

¥,

Qs, is the rate of heat exchange between particles per volume. The heat exchange consists

of frictional, QF, and thermal, Q", energies, [Goebel & Katz, 2008]

Qs, = Q& +0Q7,, (2.452)
QF = - Z Rys, Vs, (2.45b)
S2
m 3 (kgTs, kgTs, (2.45¢)
le = Z 2n51m_:ﬁ/,51,52§< es _TS>
S2

The right hand sides of the NS equations can be converted to fluxes in order to
apply them to the computational fluid dynamic model. The Lorentz force density can be
expressed as the sum of divergence of the Maxwell stress tensor and the temporal
derivative of directional energy flux density. The Maxwell stress tensor is [Sankaran et

al., 2002]
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The Lorentz force is the sum of the volumetric integration of the divergence of the
Maxwell stress tensor and the temporal derivative of directional energy flux density

[Sankaran et al., 2002],

Fiorentz = f f f (v B - 60%(]5 X B)) dv . (2.47)
%4

In equation 2.37e, Faraday’s law can be expressed as a flux. Using Ohm’s law, the
electric field yields two terms. The first term is the convective diffusion of the magnetic
field. This is written as the antisymmetric tensor of the magnetic field and the velocity of

the particle [Sankaran et al., 2002],

V- (vB—-Bv). (2.48)
The second term is the resistive diffusion. This term is represented as the divergence of

the resistive diffusion tensor, Eres, and it is the curl of the electric field [Sankaran et al.,

2002],

V-8, =-VXE. (2.49)

The final term of flux conversion is the energy inside the plasma,
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(2.50)
2 B x (E+ v X B)
V-q=V- ,qu—(—,uV-v) v+ + 0 .
3 Ho Cond\::ction/

Viscous Heating Ohmic Heating

The first term is the viscous heating, the second is Ohmic heating, and the third term is
thermal conductivity [Sankaran et al., 2002]. Hence, the NS equations in a flux model is

now represented as

e PeV
; [f;] [ ] (2.51)
T pvi+V | pvv I
& v—B-v
B vB — Bv
[ 0 | be
| o I 0 ]
g b4 . a
=V B+ B+ uvr = (547 v) |+ €05, (EXB) = pfye(v —vo) |
| q | 0
| 8. ] 0

For the simulations, equation 2.51 is simplified to optimize the numerical
calculations. The stress due to the walls of the nozzle, the force due to collisions, the

temporal derivative of directional energy flux density, and external forces are ignored

[Sankaran et al., 2002],

p pv [0 ] (2.52)
Olevl vl P2 |y |B7P
at| & Ev—B-v| a |
LB/ vB — Bv Eres
Y Xconv Xdiss

The electron production equation is separated and entered in the plasma
generation equations, which describe the temperatures and densities of the electrons, ions,

and neutral particles,
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(2.53a)

ane(t) =N, ,
d (3 B (2.53b)
E(Ene(t)kBTe(t)> - Qabs -¥,
. (2.53¢)
Enn(t) =N ,
(2.53d)

d (3 _
a(z nn(t)kBTh(t)> - Qheat ’

where Qaps, Qneat and Ty, are the absorption power density, the heat exchange between
particles, and the temperature of the heavy particles, respectively. The temperature of the
heavy particles is comprised of the temperatures of the ions and neutral particles. The
absorption power density is the absorption power (equation 2.35) per unit volume

[Goebel & Katz, 2008].

N, = npyne * (AT} + BT2 + CT? + DT, + E) , (2.54a)
Oupe = Paps (2.54b)
abs % ’
Y =en,E; , (2.54¢)
m kgT, kgTy 2.54d
Qnear = 31, m_efv,e ( e < - P ) . ( )

n

The production rate is simplified to a quartic formula for computational purposes. The

values A, B, C, D, and E are element-specific; the values are in appendix D.

The electron density and temperature are entered in the heat equation to solve for

the overall temperature of the plasma. The boundary conditions are the nozzle wall
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temperature is kept constant, Cemp, and the aluminum tip is adiabatic [Bose, 2004,

Wendt 2009],

d_T ~0 (2.55)
dr r=cathode wall

T ()| r=anode wau = Ctemp
The heat equation is simplified to solve for the steady state of the plasma, and the

equation varies along the radial direction such that [Bose, 2004],

10 ( LT (2.56)

el U §>+Qabs =0,
where the value « is the thermal conductivity of the plasma from equation 2.42. After
solving for the plasma temperature, the value is entered in the plasma dynamics

equation 2.52.

2.6 Computational Fluid Dynamics
The computational fluid dynamic model solves the fluid equations from Section
2.5.5. The meshing of the numerical model is transformed from a standard rectangular
grid (X, y) to a nozzle-shaped grid (&, ) [Wendt, 2009],
§=x (2.57)
n=y-f71x
The function, f(x), goes along the curve of the nozzle. This characterizes the nozzle-
shaped grid in the physical plane as a rectilinear grid in the computational plane, as seen

in figure 2.16. This method is called a boundary-fitted coordinate system [Wendt, 2009].

43



t,Upner boundary

7
y=flr) prrsl d . e

] b

T
'\

a g ¥ouf “\Center Line . g 3
Figure 2.16: Boundary-Fitted Coordinate System [Figure 6.5 in Wendt, 2009]
Equation 2.52 can be written in the divergence form [Sankaran et al., 2002],

ov 2.58
E-i_v'xconvzv'xdiss, ( )

where V is the solution vector. Also, Xcon and Xgiss are the convective and dissipative flux
tensors, respectively. These tensors are decoupled into two flux tensors, X and Y, such
that, [Wendt, 2009]
ov 90X oY (2.59)
—+—+—=0.
ot T ox oy
The MacCormack method is a modified version of the Lax-Wendroff method that

is simpler to implement in the present simulation. This method has a predictor and a

corrector. The predictor step solves for the estimated value vl”]? by using the forward

difference method [Wendt, 2009],

_ xm . — x no_yn 2.60
Z}j+1 n —At'< i+1,j i,j +y1,]+1 yl,]>. ( )

[V
LJ
Axstep Aystep
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Note that x; and y; are the steps in the ¢ and # direction in the nozzle-shape grid. The

corrector corrects the predicted value v{fl by using the backward difference method

[Wendt, 2009],

n n n n

n+l _ 1 n AFT A, (X T Xy Yij T Yij- (2.61)

vij - Uij + Uij At + .
' 2 , , AxStep Aystep

Equations 2.60 and 2.61 employ the MacCormack’s method. This ensures that the final

value does not overshoot [Wendt, 2009].
2.7 Electrothermal Propulsion

2.7.1 Ideal Nozzle Conditions

The basis of the hybrid electric thruster is firstly the design of the electrothermal
propulsion system. Electrothermal propulsion is the simplest form of electric propulsion
since it uses thermodynamic expansion to accelerate the plasma [Sutton & Biblarz, 2010].
In rocketry, nozzle theory follows from basic thermodynamics. The basic thermodynamic
principles are the temperature, pressure, volume, enthalpy, and entropy [Sutton & Biblarz,

2010],

T, (pz)yT_l (Vl)y‘l (2.62)
Ty - b1 - 2 .
Equation 2.62 shows the relations between temperature, pressure, and volume in an

isentropic flow. In the theory of an ideal nozzle, several assumptions are made [Sutton &

Biblarz, 2010]:
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1) The propellant in the rocket is homogeneous: The density of the fluid is uniform
throughout.

2) The propellant is in a gaseous state.

3) The propellant nominally obeys the ideal gas law.

4) The flow is adiabatic. This means that there is no significant change in
temperature of the walls in comparison to that of the fluid.

5) Friction along the walls is negligible.

6) There are no flow discontinuities.

7) The flow is steady.

Within an isentropic and adiabatic flow, the relative entropy of the propellant is zero; thus

no irreversible energy loss [Sutton & Biblarz, 2010].

2.7.2 Isentropic Nozzle

The isentropic nozzle employed for this study is a conical C-D nozzle design.

Exhaust Holl Angle Inlet
@ 65 Thr@at &
“ == propellant:
- Density
H - Enthalpy
Length of Cone / N g

. . Radius of Curvature
Ambient Environment

Figure 2.17: C-D Nozzle and its properties
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A C-D nozzle has a converging section between the inlet and throat, and a diffuser
between the throat and the exhaust. The throat is the point where the cross-sectional area
of the nozzle is the smallest. At that point, the velocity of the propellant may be sonic if
there is sufficient pressure coming from the inlet (choked flow condition). The ambient
pressure ranges from standard (sea level) pressure on Earth to very low ambient pressure
in space. For the usage of electric propulsion, the ambient environment is assumed to be

in celestial space (pressure is less than 10™ Torr) [Sutton & Biblarz, 2010].

In the sixth assumption discussed above for the performance of the nozzle, the
pressure ratio of the inlet to atmosphere, or ambient environment, must be at least ten in
order to avoid flow discontinuity (e.g., shock wave standing in the nozzle expansion) and
to achieve supersonic exhaust speeds. Following Sutton & Biblarz, the exhaust Mach
number, Ma,, is dependent on the cross-sectional area ratio of the exhaust, A, and the

throat, A, and the specific heat capacity ratio of the propellant gas, y, [Sutton & Biblarz,

2010]
A+l (2.63)
-1 2r-1
A, 1 1+ VT - Ma,?
A, Ma, y+1
2

Solving for the Mach number given the ratio of the exhaust to the throat area yields two
possible solutions (subsonic and supersonic). The Mach number is greater than one

(supersonic) for the present case.

The throat-inlet pressure ratio depends only on the specific heat ratio of the fluid

when the flow is choked,
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4
pi \v+1
Equation 2.64 assumes that the inlet flow speed is zero (Ma; = 0). The expansion ratio at

the nozzle exhaust exit plane depends on the specific heat ratio and the exit flow Mach

number,

r\! (2.65)

The exhaust velocity of the thruster, vey, is the velocity of the propellant as it ejects from
the nozzle. This velocity depends on the ratio of the exhaust pressure to the throat

pressure. The equation includes the inlet temperature, T;, of the propellant,

y—1) (2.66)
v = T . 5 . 2_)/ . — (&) y
ex l m y + 1 pi
The ideal mass flow rate determines the most efficient thrust possible in a thruster,
NS (2.67)
y—-1
i — Ay (y+1) 7
ideal tbiV yﬂ%Ti .
Therefore, the ideal vacuum thrust in an efficient thruster is
Fthrust,ideal = mideal *Vex - (2-68)
The calculation of the thrust in non-vacuum conditions is
Finpuse =m- Vexeff = M= Vey + (pe - pa) A . (2.69)
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The effective exhaust velocity, Vexer, takes into account the difference between the

exhaust exit and atmospheric pressures,

A 2.70
Vex,eff = Vex + (pe - pa) ' Ee . ( )

The specific impulse of the thruster, as seen in equation 2.5, is the effective exhaust

velocity divided by Earth’s gravitational acceleration at sea level [Sutton & Biblarz,

2010].

The direction of the exhaust velocity is not completely in the axial component if
using a conical nozzle. The radial direction of the exhaust velocity does not contribute to
the thrust. Therefore, there is loss in performance because of the divergence of the conical
nozzle. To achieve the best performance, the angle of rise, arice (i.€. the cone half-angle),
has to be less than 15 degrees. Knowing the angle of rise, the radii of the throat, r;, and

exhaust, re, the length of the cone is [Komerath, 2004; Sutton & Biblarz, 2010]

2.71
Leone = <Tt (T_e - 1) +1.5- rt(sec(arise) - 1)) ’ COt(arise)- ( )

Te

The value, 1.5, is the radius of curvature, shown in figure 2.18.
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Figure 2.18: Exhaust Expansions

Figure 2.18 shows the different possible exhaust expansions in a nozzle. If the exhaust
pressure is higher than the atmospheric pressure, then the nozzle is said to be
underexpanded. This indicates that the inlet pressure is higher than required. If the
exhaust pressure and atmospheric pressure are equal, then the nozzle is said to be fully
expanded. This means the engine is operating under ideal conditions. If the atmospheric
pressure is greater than the exhaust pressure, then the nozzle is said to be overexpanded

[Sutton & Biblarz, 2010].

The exhaust flow of the engine forms a standing diamond pattern of shocks and
expansion waves, which can be explained in part from the Prandtl-Meyer expansion

equation which gives the flow deflection angle, vpy [Darmofal, 2005]:
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Y +1 y—1 (2.72)
vpy(M) = |——-tan™! |——(Ma? — 1) —tan"'y/Ma? — 1,
Yy — y+1

Opm = vpu(Maz) — vpy(May), (2.73)
where Gpy is the net deflection angle of the local flow in passing through an expansion
wave fan. The specific heat capacity ratio and local flow Mach number determine the
value of the angle. The angles of the shocks that appear in the diamond pattern can be as

seen from shock theory or numerical flow calculations [Martinez-Sanchez, Rocket

Propulsion, 2004; Darmofal, 2005].

2.8 Electrostatic Propulsion

The primary limitation of electrothermal thrusters is that their specific impulse is
dependent on the temperature of the gas or plasma. For small spacecraft where the
maximum power allocated to the propulsion system is 20 W, the temperature of the
heated gas would be around 100 to 200 degrees above room temperature. Electrostatic
propulsion does not depend on the temperature of the plasma, but on the high voltage
electrodes used to propel the ions [Goebel & Katz, 2008; Sutton & Biblarz, 2010].
Therefore, the hybrid electric thruster for this study utilizes the electrostatic thruster mode

for sustained low-power low-thrust propulsion mission segments.

Electrostatic propulsion is involves accelerating ions between two electrodes that
have an electric potential difference between them. The typical thrust range is between
0.01 mN and 500 mN, yet the specific impulse ranges in the thousands of seconds. In

small spacecraft, the low thrust produced from the electrostatic thruster is sufficient when
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integrated over time to perform large-scale orbital manoeuvres. A problem with
electrostatic propulsion is the negative charge accumulation by the spacecraft from the
positive ion exhaust. To rectify this problem, a neutralizer emits electrons to neutralize

the ions [Martinez-Sanchez, 2004a; Goebel & Katz, 2008; Sutton & Biblarz, 2010].

2.8.1 Ion Optics

lon optics involves focusing plasma beams through a set of charged electrodes.
The first electrode, which is called the screen electrode, has a high positive potential. This
extracts the ions from the plasma. The second electrode, which is called the acceleration
electrode, has a low negative potential. The potential difference between the first and
second electrodes accelerates the ions [Martinez-Sanchez, 2004a; Goebel & Katz, 2008;

Sutton & Biblarz, 2010].
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Figure 2.19: Electrostatic Thruster Configuration [Figure 5.3 from Goebel & Katz,

2008]

Figure 2.19 illustrates the configuration of the screen and electrodes, along with
the plasma generation chamber and the electronics schematic. If the potential difference
between the screen and acceleration electrodes is less than the electron temperature of the
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plasma, then a Debye sheath is formed at the screen electrode. The Debye sheath is the

boundary that contains high amount of ions and confines the escaping electrons. A small

amount of electrons exist in the Debye sheath. However, if the potential difference is

greater than the electron temperature, then a Child-Langmuir sheath is formed. In a Child-

Langmuir sheath, the electrons are sufficiently repelled from the sheath that the boundary

is saturated with ions. Therefore, almost no electrons exist in this sheath [Goebel & Katz,

2008]. Discussion on the plasma sheath is discussed in appendix E.

Child-Langmuir Length (cm)
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Figure 2.20: Child-Langmuir sheath length versus ion mass for two ion current densities

at 1500-V acceleration voltage [Figure 5.1 from Goebel & Katz, 2008]

Figure 2.20 illustrates the Child-Langmuir sheath length versus the ion mass with

relation to the current density. The graph shows that the heavier ions and the higher

current density produce a shorter sheath length [Goebel & Katz, 2008].
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Figure 2.21: Schematic of the ion optics of one aperture in an electrostatic thruster

[Lecture 13-14, Figure 2 from Martinez-Sanchez, 2004a]

Figure 2.21 illustrates how the ions accelerate through the electrodes to give
propulsion [Martinez-Sanchez, 2004a]. In front of the screen electrode, a Child-Langmuir

sheath is formed with high amounts of ions [Martinez-Sanchez, 2004a].

Following Goebel & Katz, the maximum possible ion beam current, the current at
which the ions accelerate from the electrodes, is limited to the perveance, Ppermax , at a

given total voltage, Vr, [Goebel & Katz, 2008]

(2.74)

N|w

Ipmax = Pper,maxVT .
The perveance is the amount of current an accelerator can extract and focus into a beam
relative to the total voltage. The total voltage is the amount of voltage applied between

the screen and the acceleration electrodes [Goebel & Katz, 2008],

Vi = [Vscreenl + |Vacc|- (2.75)

The maximum Child-Langmuir current density is derived as
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3 2.76
_ 4‘60 2e VT2 ( )
]max - 9 ml lg )

where m; is the mass of the ions. The sheath thickness, I, is dependent on the gap and the

dimensions of the screen aperture [Goebel & Katz, 2008],:

(2.77)

d2
l, = j(lgap + 1:5)2 + Ts'

Given the Child-Langmuir equation, the maximum ion beam current is

3 2.78
4ey [2e VZ (md? (2.78)
Ibmax === m 1z \z )

The exhaust velocity of the ion depends on the net voltage, Vy,

 [ev, (2.79)

vex,i - ms .
i

The net, or beam, voltage is the absolute value of the difference of voltages of the screen

electrode to the ground potential,

Vp = |Vscreen - Vground . (2.80)

The maximum thrust is given by

MVeri I 8 1, v, vp? o (2.81)
Fbeam,max = NapertureAactive]max ’ ' I_ = NapertureAactive ’ 660 ' I_ ’ V_ ’ l_ )
e i i T e

where Agcive IS the area of the acceleration aperture, and Naperure 1S the number of
apertures in the electrode [Goebel & Katz, 2008]. The total ion current, I;, is the positive

current inside the plasma chamber. Equation 2.81 shows the maximum thrust is
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dependent on that the maximum current density possible under ideal conditions.
Therefore, the force of the ion thruster is calculated by the measured current density, J,
[Wirz, 2006; Lubey, 2011],

M;Vey . Ib (2-82)

e Ii.

Fpeam = NapertureAactive ]
The measurement of the current density is discussed in Section 2.10.
2.8.2 Electron Backstreaming

Electron backstreaming is defined as electrons from the neutralizer going back to

the plasma generation chamber [Goebel & Katz, 2008].

@ Electron
® lon
O Neutral

Figure 2.22: The Directions of the lon and Electron flow

Electron backstreaming causes the ions and electrons recombining in the plasma
chamber, hindering the performance in electrostatic thrusters. It occurs when the ratio of
the net voltage (the potential between the screen electrode and the ground) to the total
voltage (the total positive potential between the screen and acceleration electrodes) of the

electrodes is near unity [Goebel & Katz, 2008]. The barrier from the accelerator electrode
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is too weak to prevent the electrons streaming back to the generator. H.R. Kaufmann
developed a theoretical maximum for the net-total voltage ratio to prevent backstreaming

[Martinez-Sanchez, 20044a],

Ké) 1 | (2.83)

2.8.3 Neutralizing the lons

The ions from the exhaust attach to any metallic surface on the spacecraft.
Therefore, the spacecraft becomes charged, and many components may encounter
electrical problems. In order to avoid this problem, a neutralizer is attached at the end of
the engine, emitting electrons to neutralize the ions [Martinez-Sanchez, 2004a; Goebel &

Katz, 2008].

There are two methods to emit electrons: heated tungsten filament and hollow
cathode. The heated tungsten filament is a simple device to develop, but a large amount
of energy is required to heat the filament [Martinez-Sanchez, 2004a; Goebel & Katz,

2008].

An alternative to a heated tungsten filament is a hollow cathode. A hollow cathode
is comprised of a cathode insert, such as barium-oxide, inside a nozzle, where the heating
coil is wrapped around the nozzle. There is research being dedicated to improving hollow
cathodes for electrostatic thrusters. However, this is not a focus of the current research

here since it is more suited for research by material engineering experts. Below is a table
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of the different neutralizers and their current densities [Goebel & Katz, 2008]. Note that

the neutralizer is illustrated in figure 3.20.

Table 2.3: List of Neutralizers and their Current Densities

Neutralizer Current Density (A/cm?)

Tungsten Filament (1950 C) 0.018
Tungsten Filament (2450 C) 2.110
Tungsten Filament (2950 C) 59.885

BaO Hollow Cathode (1000 C) 3.000

BaO Hollow Cathode (1300 C) 100.000

LaB¢ Hollow Cathode (1100 C) 0.010

LaBg Hollow Cathode (1350 C) 1.000

2.9 Electromagnetic Propulsion

The hybrid electric thruster also has an electromagnetic propulsion system mode
to give higher levels of thrust when necessary. Electromagnetic propulsion uses magnetic
fields to accelerate the plasma [Jahn, 1968; Martinez-Sanchez, 2004a]. The magnetic field
can come from the plasma itself (self-generated or induced field) or it can come from a
separate magnetic source (applied field). This section covers only the self-generated field.
The hybrid electric thruster for this study does not use external magnetic sources to

accelerate the plasma [Martinez-Sanchez, 2004a].
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A self-generated field is defined as the magnetic field is produced by the plasma.
This phenomenon is explained by the examination of Ampére’s law [Serway & Jewett,

2004],

o) =VXB (2.84a)

jB-d[= o jsj].ds_ (2.84b)

The current in a coaxial thruster flows from the anode to the cathode. The direction of the
resulting magnetic field is azimuthal. According to equation 2.84b, the surface integral of
the current density of the total charge is the current going through the plasma. Thus, the
magnetic field, which has only azimuthal direction, in the plasma is [Jahn, 1968;
Martinez-Sanchez, 2004a]

Bg(r,z) = g—;;i (1 - ZZ—O> , (2:85)
where | is the current, r is the radial position between the electrodes, z is the axial position
relative to electrodes (see figure 2.23), and z, is the total length of the electrode. In figure

2.23, the current flows in the radial and axial direction [Martinez-Sanchez, 2004a].
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Figure 2.23: Magnetic Field, Current Density, and Force direction in the Plasma

[Lecture 22, Page 11 of Martinez-Sanchez, 2004a]

The plasma formed inside the thruster induces electron flow from the cathode to the

anode because of the electric conductivity in the plasma.

Maecker’s Law is a simple formula that is derived from the Lorentz force
(magnetic force only) in equation 2.37 and the magnetic field in equation 2.85. The
formula determines the force of the self-generated field electromagnetic coaxial thruster
[Martinez-Sanchez, 2004a],

2
Fusster =2 (1 (%) + ) 256
where r, and r¢ are the radii of the anode and cathode of the coaxial thruster, respectively.
The current | is the total current which comes across from the cathode to the anode
through the plasma. The constant Cy, has a value between 0 and 0.75. Its value is
determined by the examination of the integral form of Ampeére’s law, equation 2.84b

[Jahn, 1964; Martinez-Sanchez, Space Propulsion, 2004a].
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(A)

(B)

Figure 2.24: The Cathode Tip Configuration. Configuration A Yields a Cyj, Value of Zero.

Configuration B Yields a Cy, Value of 0.75.

Configuration B for the cathode tip can be easily manufactured using metals such as

aluminum and steel. The configuration of the cathode tip is discussed in section 3.5.

In a quasi-steady state, the performance is measured in impulses. Impulse is the
amount of force integrated over time, or the change in momentum. An impulse bit is the

impulse per pulse. This is analyzed when the thruster is running in quasi-steady state,

0 0

where I(t) is the time-dependent current inside the plasma.

The exhaust velocity from the thruster reaches its peak velocity when the gas is
fully ionized. A peak velocity is achieved when the kinetic energy is equal to the
ionization energy of the particle. This velocity is called Alfven’s critical velocity

[Choueiri, 1998; Martinez-Sanchez, 2004],
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E (2.88)

Vcritical = |2 E
2.10 Langmuir Probe
A Langmuir probe measures the electron temperature, electron density, and
current density of the plasma by measuring the current and voltage. In turn, these values
determine the thrust of the ion thruster. The actual thrust coming out of the thruster is too
small for noticeable movements in the thruster using an pendulum. A Langmuir probe is
used in many ion propulsion experiments, and it is proven to be effective to indirectly

measure the thrust, within 10 nN. Figure 2.25 shows the schematic of a triple Langmuir

probe [Eckman et al., 2001].
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Figure 2.25: Triple Langmuir Probe Schematic

A triple Langmuir probe is a three-electrode probe that has all the electrodes having
identical lengths and surface areas. This configuration is ideal for most electron
temperature readings due to the simple setup. In a three-electrode probe, there are voltage
biases on the two probes. The voltage biases are positive (V) and negative (V.) of the

given voltage from the power supply. The absolute values of the voltages must be higher
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than the estimated electron temperature, typically above 10 V. The third electrode is
floating (Vy); once the ion beam passes through the electrodes, the floating electrode
conducts, giving a voltage. Since the third electrode is floating, it filters out the RF
interference from the plasma. The following equations use the thin-sheath current
collecting model. This is assuming the thin-sheath is collisionless. The difference
between the positive bias voltage and the floating voltage electrodes yields the electron

temperature, in electron volts [Chen & Sekiguchi, 1965; Eckman et al., 2001],

Vi = Vg (2.89)
In(2)

The Langmuir probe can also be used to measures the current of the plasma. An ammeter

T,(eV) =

is placed between the positive and negative electrodes, parallel to a small resistance, r.
The current, along with the dimensions of the electrodes and electron temperature, yields
the current density and the ion density of the plasma [Eckman et al., 2001],

— 1 (2.90)

Vio=Vip '
exp (‘ To(eV) )‘ 1

] =

active

With the current density, the ion density is [Eckman et al., 2001],

e (%) | (2.91)

n, = ————=—
e /e -—Ter(rf_v)
l

The thrust is measured by the results of the current density. It is then calculated using
equation 2.82. Details of the construction of the triple Langmuir probe and how the thrust

is calculated are discussed in Section 3.10.
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2.11 Ingestion in Plasma Propulsion
When the thruster is running in a finite pressure environment, ingestion has to be
taken into account. Ingestion is dependent on the ambient temperature and the mass of the

ion [Goebel & Katz, 2008; Goebel, 2012],

-‘Z _133.2 8kBT Aactive (292)
ingested ™ g T |'wm; 4.479-1023 °

The ingested flow rate is added to the total volumetric flow rate of the gas [Goebel &

Katz, 2008; Goebel, 2012].
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3 Methodology

A major constraint for this research is the development of a thruster which uses a

maximum input power of 20 Watts. Sections 3.2 through 3.6 discuss the engineering

design and development of the thruster. Section 3.7 discusses the simulation procedures.

Sections 3.8 through 3.10 discuss the experimental procedures. The engineering section

covers the nozzle design, ion optics, cathode-anode design, the RF electronics, and the

DC discharge electronics. After the conditions are met, the systems are constructed with a

bread-board electronic layout and encapsulated by a Faraday cage.

3.1 Design Criteria

Table 3.1: Design Criteria [Quine, 2010]

Criterion Constraint
Maximum Power Usage 20 watts
Size of Spacecraft 1 kg —10 kg
Survival Temperature Range -40°C — +85°C

Vibration (Experimental Parameters)

Encapsulation Required

Minimum Specific Impulse
(Deep Space)

Minimum Specific Impulse
(Maneuvers)

15g Amplitude

20 Hz to 2000 Hz Random and Sinusoidal
Frequency

Yes

500 seconds

100 seconds
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Table 3.1 shows the target design criteria for the propulsion system. The
maximum operating power of the propulsion system is 20 W; the ideal operating power of
the propulsion system is 10 W. This system must produce enough thrust to have utility for
manoeuvring a nanosatellite with a mass between 1 kg and 10 kg. A goal in the
propulsion system is to have a minimum specific impulse of 500 seconds to ensure that
the system is fuel efficient [Quine, 2010]. By comparison, miniature cold-gas thrusters
and chemical thrusters have nominal specific impulses of approximately 65 seconds and

250 seconds, respectively [Sutton & Biblarz, 2010].

The operational temperature ranges between -40°C and 85°C, nominal for any
nanosatellite. The typical structural vibration frequencies that must be avoided are
between 60 Hz and 200 Hz [Quine, 2010]. The range of the vibration frequency shown in
Table 3.1 is for mechanical vibration testing for failure analysis. Most standard
electronics can withstand these temperature and vibration ranges. The mechanical parts,
such as the nozzles and the electrodes, are simulated using CATIA® from Dassault

Systems for the structural analyses [Anonymous, Dassault Systems, 2012].

3.2 Nozzle Design

The nozzle design is separated into two parts. The first part is the isentropic
nozzle design. It takes into consideration the conical nozzle with the cone half-angle of
6 degrees. The second part is the structural analysis. This involves evaluating the
mechanical properties of the nozzle. Two structural materials are used in the nozzle

simulation analyses: aluminum and glass.
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3.2.1 Nozzle Design - Fluid Dynamics
The exhaust-throat area ratio of the nozzle is important in the determination of the
exhaust velocity and specific impulse. This is determined by equation 2.63 in section

2.7.1 and charted below for various values of y [Sutton & Biblarz, 2010],

r
Nitrugen//

P
1
.

Helium,

Exhaust-Throat Ratio

Meon,
2 Argon
]. -1 — 1
1 3
Mach Number
— Heat Capacity Ratio= 1.34 Heat Capacity Ratio = 1.42 Heat Capacity Ratio = 1.50
—— Heat Capacitv Rato = 1.58 Hear Capacity Ratio = 1.66

Figure 3.1: Exhaust-Throat Area Ratio vs. Exit Flow Mach Number

Figure 3.1 shows how the exhaust-throat area ratio depends on the heat capacity ratio. As
the heat capacity ratio increases, the throat area required to obtain the same exit Mach
number decreases. The heat capacity ratio, vy, is dependent on the type of gas used and the
temperature of the gas. The Mach number increases significantly as the heat capacity ratio

increases. Table 3.2 shows the specific impulse at different exhaust-throat area ratios,
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assuming the use of nitrogen gas at an arbitrary inlet temperature of 500 K, which is

typical for an electrothermal thruster.

Table 3.2: Exhaust-Throat Area and Specific Impulse Given a 500 K nitrogen gas

Exhaust-Throat Area Ratio Specific Impulse (seconds)
4 82.723
8 88.800
16 92.904
32 95.795

The exhaust-throat area ratio chosen for the current study’s nozzle is four, meeting thrust

and Ig, requirements within the available volume of the nanosatellite.

As per equation 2.65, the exhaust-inlet pressure ratio is between 0.24 and 0.29 if
the fluid just reaches sonic speed (Ma; = 1). The ratio drops to 0.028 with the exit fluid

speed just exceeding Mach 3. Figure 3.2 illustrates this behaviour.
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Figure 3.2: Exhaust-Inlet Pressure Ratio vs. Mach Number

The fluid speed depends on the inlet pressure of the gas. If the inlet pressure is too low in
comparison to the exhaust pressure, the fluid does not go into supersonic speed. As the
fluid moves faster than the speed of sound, the impact on the performance from the heat

capacity ratio decreases.

The exhaust velocity depends on the heat capacity ratio of the fluid, and the heat
capacity ratio depends on the type and temperature of the fluid as per equation 2.66. The
specific heat ratio, y, decreases as the temperature of the fluid increases. Figure 3.3

illustrates this behaviour.
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Figure 3.3: Exhaust Velocity vs. Mach Number

The exhaust velocity is dependent on the molecular mass, 771, of the fluid. If a fluid with a
lower molecular mass is used, the exhaust velocity increases as the square root of it, as

shown in equation 2.66.

3.2.2 Nozzle Structural Analysis - Static
The static structural analysis focuses on the static stresses experienced on the
structure from external forces. The general stress tensor in the right-hand Cartesian

coordinates of any material is shown in equation 3.1 [Norton, 2000],

70



Oxx Txy Txz (3_1)
o=|Tyx Oyy Tyz|.

Tzx Tzy Ozz
The stress components along the diagonal, oij, are the normal stresses. These stresses act
normal to the surface of the material. The stress components not acting along the
diagonal, zj|i #/, are the shear stresses. These components act tangential to the surface.

The shear stresses are symmetrical, zjj = 7ji. Figure 3.4 shows the stress tensor graphically.

e 'L
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/ XX

Figure 3.4: Stress Tensor on a Volumentric element[Mechanics of Fibre-Reinforced

Composites, 2008]

The Von Mises stress, oy, Is the equivalent stress which has the distortion energy

equivalent to all the individual stresses combined. The Von Mises stress is a scalar

quantity, defined as [Norton, 2000]:
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(3.2)

oy = j(axx — ayy)z + (ayy — O'ZZ)Z + (0,, — 04 )? + 6(1,%3, + 15, + rgx) '
2

One of the main requirements for the propulsion system is to withstand 15 g, or
approximately 150 m/s?, of acceleration [Quine, 2010]. During the research, two types of
nozzles were manufactured, one made out of aluminum and one made out of glass. The
aluminum nozzle is designed for the electrothermal thruster while the glass nozzle is
designed for the hybrid electric thruster. Both of these nozzles are clamped to a rigid
surface, such as an acrylic support. Two types of meshing are used in the structural
loading simulations: coarse and fine of lengths 5 mm and 2.5 mm, respectively. The
linear solid elements are used in finite element analysis. Figure set 3.5 shows the

locations where vibration load is applied in simulation, to produce a bending of the nozzle

structure. Note that the load is distributed across the nozzle; these are not point loads.

Figure 3.5a: Aluminum Nozzle with Figure 3.5b: Glass Nozzle with Loading
Loading Conditions Conditions
Table 3.3 shows the dimensions and material properties of the aluminum and glass

nozzles; the nomenclature is defined in figure 2.17.

72



Table 3.3: Dimensions and Material Properties of the Aluminum and Glass Nozzles

Properties Aluminum Glass
Exhaust Diameter (mm) 20
Throat Diameter (mm) 10
Inlet Diameter (mm) 15
Thickness (mm) 1
Length of Cone (mm) 46
Half-Angle (degrees) 6
Total Length (mm) 58 86
Material Type Aluminum 6061 Silica Glass
Young’s Modulus (GPa) 68.9 68.0
Ultimate Strength (MPa) 117 33
Poisson’s Ratio 0.33 0.19

The full mechanical drawings of the nozzles, along with the rest of the components, are in

appendix F. The data obtained from the static (structure not undergoing any acceleration)

simulation on the aluminum nozzle using coarse meshing is shown in figure 3.6.
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Figure 3.6: Results of the Static Loading Simulation on the Aluminum Nozzle using
Coarse Meshing.
The largest Von Mises stress in the aluminum nozzle under static conditions is 218 kPa

located at the throat portion of the nozzle. The ultimate tensile strength of aluminum is
between 40 and 50 MPa. The safety factor is the ratio of the ultimate strength to Von
Mises stress [Norton, 2000]. The safety factor in this model is 196. Therefore, it is safe to

assume that the aluminum nozzle can withstand 15 g acceleration.

Figure 3.7 shows the results of the static simulation on the aluminum nozzle using

fine meshing.
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Figure 3.7: Results of the Static Simulation on the Aluminum Nozzle Using Fine Meshing.

In the fine mesh model, the highest Von Mises stress is 294 kPa at the throat, which

converges to the results of the coarse mesh model. The safety factor in this model is 189.

The fine mesh verifies that the simulation is accurate for the aluminum model.

The simulation result of the glass nozzle using coarse meshing is shown in figure

3.8. The largest Von Mises stress is 273 kPa located at the inlet and throat portion of the

nozzle. The ultimate strength for glass is lower than that of aluminum; it is around 33

MPa.
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Figure 3.8: Results of the Static Loading Simulation on the Glass Nozzle Using Coarse Meshing.
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Figure 3.9: Results of the Static Loading Simulation on the Glass Nozzle Using Fine
Meshing.
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Figure 3.9 shows the stress analysis results of the glass nozzle using fine meshing.
In the fine meshing case, the largest Von Mises stress is 352 kPa. It is higher than the
coarse mesh counterpart. However, the VVon Mises stress in the static condition is still

substantially lower than the ultimate strength of glass.

3.2.3 Nozzle Structural Analysis - Dynamic

A dynamic structural analysis was conducted to determine the natural frequencies
of the structure. Finding the natural frequencies in a structure is important because the
structure can fracture when the input frequency matches its natural frequency. A
mechanical vibration model describes the nodal form of the structure. Equation 3.3

describes a single degree of freedom (SDOF) representation of a structure [Norton, 2000],

mxX +bx+kx=F, (3.3)
where m, b, k, and F are the mass, damping coefficient, stiffness, and input force
respectively. One key element in mechanical vibration for the dynamic analysis wa the

natural frequency, w, [Norton, 2000],

\F (3.4)
Wy = [— .
m

A multiple degree of freedom (MDOF) equation model has the mass, damping,
and stiffness values in nxn matrices and the force becomes an nx1 vector. The material
damping is not required in order to find the natural frequency. Equation 3.5 shows the

resulting matrix form [Norton, 2000],
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Mx + Kx = F. (3.5)
Solving this system gives the values of the nodal positions, x. The natural frequencies are

obtained by finding the eigenvalues of K — »?M [Norton, 2000; Damaren, 2010],

K — w*M| = 0. (3.6)

Previously, figure set 3.5 showed the load conditions applied to the aluminum and

glass nozzles in simulation. The same conditions are applied for the frequency analysis to
find the natural frequencies of the structure. The simulations are performed using both
coarse and fine meshing. Figure 3.10 shows the first modal frequency response meshing

for the aluminum nozzle.

Figure 3.10: First Mode of the Aluminum Nozzle Using Coarse Meshing

The result shows that the first natural frequency of the nozzle is 1953 Hz, 2.4% below the
upper limit of the experimental vibration frequency. The fine mesh model gives a
fundamental frequency of 1824 Hz, 6.6% lower than its coarse mesh counterpart. This
fine mesh analysis indicates that the results are not affected significantly by mesh size.
Averaging the modal participation factor from all six degrees of freedom, it is above 80%.

Therefore, displaying the first natural frequency in this model is valid. The total strain
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energy, the potential energy from the static deflection, of the nozzle is 544 nJ, and the
corresponding peak deflection from a vibration of 1824 Hz is 0.86 um [Norton, 2000].
This analysis indicates that structural failure would occur at an acceleration load

exceeding 500 g.

Figure 3.11 shows the first modal frequency response meshing for the glass

nozzle.

Figure 3.11: First Mode of the Glass Nozzle Using Coarse Meshing

The first natural frequency of the glass nozzle is 2075 Hz, 3.8% above the upper
frequency limit constraint. The fine mesh model shows the fundamental frequency to be
1945 Hz, 6.3% lower than its coarse mesh counterpart. Averaging the modal participation
factor from all six degrees of freedom, it is above 80%; thus, it is justify to use the first
natural frequency. The strain energy in the glass nozzle is 386 nJ, and the corresponding
deflection of this vibration is 0.75 um. This analysis indicates that structural failure would
occur at acceleration load exceeding 250 g.
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3.3 RF Electronics Design

RF plasma generation is selected because of its low-power requirement for
ionization of a propellant medium. The RF circuit used for the heating is a standard Clapp
oscillator. To minimize parasitic inductance and capacitance in the circuit, the leads
lengths are minimized; the circuit is placed on an aluminum block. The transistor used in
the Clapp oscillator circuit is a BLF245 n-channel enhanced MOSFET [Anonymous,
Phillips Semiconductors, 2003]. This high power MOSFET has the frequency output
rating of 175 MHz, and its maximum voltage from the drain to source is 60 V. Figure

3.12 shows the Clapp oscillator circuit [Horowitz, 2001; Brown, 2010].
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Figure 3.12: Clapp Oscillator used for Plasma Generation
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There is a 270 pF capacitor that is in parallel with the 5.6 Q resistor to by-pass the AC

[Brown, 2010]. It prevents the loss of AC power across that resistor. The 330 nF capacitor
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before the electrothermal thruster blocks the voltage surging which would go back to the
circuit. The values Ry, Ry, Ci, Cp, L and Vi, are the resistances, capacitances, the
inductance, and the input DC voltage of the circuit. The optimal values for the resistors,

capacitors and the inductor are shown in table 3.4.

Table 3.4: Values of the Resistors, Capacitors and the Inductor

Component Value
R1 Resistance 6.8 kQ
R, Resistance 10 kQ

C, Capacitance 20 pF
C, Capacitance 47 pF
L Inductance 330 nH

This circuit has output fundamental frequencies between 78 MHz and 112 MHz. The
range of the DC voltage power supply used in the RF circuitry is between 10 V and 15 V;
the corresponding current is between 0.25 A and 0.4 A. This particular voltage range fits

the maximum power requirement of 20 W required in the development of the thruster.

3.4 Ion Thruster Design
For deep-space missions, the propulsion system must have a high specific
impulse. Since the minimum design specific impulse for deep-space missions is set at 500

seconds, the electrostatic propulsion mode is ideal for this situation.
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The neutralizer in the ion thruster has been omitted because the performance in
testing is expected to be about 1% higher without the use of a neutralizer. The main
concern in designing the neutralizer is that the electron beam must have the same current
density as the ion beam [Martinez-Sanchez, 2004a]. In order to ensure this balance, the
neutralizer would have the same design as the ion thruster, with the exception that the
voltages of the electrodes would be reversed. This would be similar to an electron emitter

from a cathode-ray tube television.

3.4.1 Ion Optics Design

The ion optics design for the electrostatic propulsion has a few constraints. There
is a cost limitation in this research. The maximum allocated funding for this research was
$10,000. This cost includes manufacturing from the machine shop, the materials, and
additional human resources. The manufacturing and material limitations include the size
of the holes in the screen and acceleration electrodes, and the durability of the material.
The electrodes have a thickness of less than 1 mm:; ideally, the higher the number of holes
in the electrodes, the higher the thrust and specific impulse. The number of holes in the
screen and acceleration electrodes is seven, as a reasonable compromise between
performance and cost. The corresponding sizes of the holes in the screen and acceleration
electrodes are 3 mm and 2.5 mm, respectively. The thicknesses of the electrodes are 0.5

mm and 1 mm, respectively. Finally, the separation between the electrodes is 0.5 mm.

The maximum current density is dependent on the total voltage of the electrodes

and the sheath thickness. Figure 3.13 shows the variation of current density with respect
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to the input total voltage and the ion velocity versus the beam voltage, for various

molecular masses.

The total and net voltage constraints are based on the available equipment and the
possibility of eliminating electron backstreaming. The maximum ratio of the total to net

voltage is 0.814 according to electron backstreaming equation 2.83 [Martinez-Sanchez,
2004a].
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Figure 3.13a: Current Density vs. Total Voltage for Various Molecular Masses
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Figure 3.13b: lon Velocity vs. Beam Voltage for Various Molecular Masses

The voltages of the screen and acceleration electrodes were designed to be 1000 V
and -200 V, respectively. However, the power voltage supply from the laboratory offered
a more limited range; the voltages of the screen and acceleration electrodes were set to
600 V and -60 V, respectively. The voltage of the screen electrode is varied between
200 V and 600 V to observe the effects of the beam voltage on the performance of the
thruster. If a neutralizer were to be used, the charged grids would have to be 200 V

and -1000 V respectively in order to match the current density of the ion beam.

Using equation 2.82, the corresponding force per aperture of the ion beam
computed is 1.214 puN. With seven apertures, the total force of the ion beam is 8.5 uN.
The ion beam velocity is approximately 82.7 km-s™. Thus, the theoretical specific impulse

of the thruster using nitrogen is 8430 seconds, using a 0.14 pg-s® mass flow rate.
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Inefficiencies in the system may include plasma generation, the efficiency of the power

supplies, the manufacturing of the thruster, and the input mass flow rate.

3.4.2 Structural Analysis
For this analysis, the screen electrode is clamped at both outer circular edges
while the acceleration electrode is clamped at one outer circular edge. The pressure on

both electrodes is 500 Pa. The constraints of the screen and acceleration electrodes are

shown in figure 3.14.

Figure 3.14a: Screen Electrode with Figure 3.14b: Acceleration Electrode with
Loading Conditions Loading Conditions

The results of both analyses are shown in figure set 3.15.
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Figure 3.15a: Results of the Static Loading  Figure 3.15b: Results of the Static Loading

Simulation on the Screen Electrode. Simulation on the Acceleration Electrode.
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Both of the results show that the location of highest stress is on the central apertures of
the respective components. The Von Mises stresses for the screen and acceleration
electrodes are 54.0 kPa and 34.7 kPa respectively. The ultimate tensile strength for brass
is 550 MPa; therefore, the electrodes will not be damaged. The corresponding deflection
displacements for the screen and acceleration electrodes are 11.00 um and 3.65 um,
respectively. Both of these deflections occur at the centre of the electrodes but should not
hinder the performance of the thruster. The natural frequencies for both the screen and
acceleration electrodes are 42.7 kHz and 49.8 kHz, respectively. The corresponding strain
energies are 33.8 pJ and 61.1 pJ, respectively. Since the natural frequencies are over 40
kHz above the upper frequency limit (~2 kHz), there would not be any risk of mechanical

failure.

3.5 Electromagnetic Thruster Design

The electromagnetic (EM) thruster design is simpler than the previous designs
since it involves only a cathode-anode mechanical design and a circuit design. A
structural analysis of the EM components is not necessary because they are the least

fragile components of the hybrid electric thruster.

3.5.1 Cathode-Anode Design

The radius of the anode is selected to be 7.3 mm because the anode needs to be
inserted into the glass nozzle. The corresponding radius of the cathode is 4 mm with a tip.
The tip increases the electromagnetic force, as per equation 2.86 [Jahn, 1968; Martinez-

Sanchez, 2004a]. The constant Cp is 0.75 because the cathode has a sharp end
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(configuration B in figure 2.24). The relationship between the electromagnetic force and
the induced current, |, is shown in figure 3.16. The force increases as the square of the
induced current. Therefore for more thrust, it is recommended to have a high induced
current. As most power supplies cannot provide a high current, an alternative approach is
to use capacitors, and run the thruster in quasi-steady state. Quasi-steady state is a state

where the thruster operates in pulses at 1 us intervals.
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Figure 3.16: Electromagnetic Force vs. Induced Current

3.5.2 Circuit Design
The capacitors in the EM-mode thruster operate the thruster in quasi-steady state.

The electronic configuration of the thruster is shown in figure 3.17 [Brown, 2012].
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+5V

Figure 3.17: Electronic Configuration of the EM-mode thruster

The voltage supply for the EM, Vuep, charges the capacitors, Cy, ..., Cy,, and produces an
arc in the thruster. The silicon-controlled rectifier (SCR) restricts the current when the
gate (G) is off; when the gate is on, the current flows from the cathode (K) to the anode
(A) of the SCR. Therefore, the capacitors discharge and deliver a high current to the EM

thruster [Brown, 2012].

The model for the time-dependent of the total charge in the system is [Jahn, 1968]

dZQ har (t) dQ har (t) 1 (37)
Ling '% Ryes - = thge + ) Qcharge(t) = Vupp,

Ceap
where Qcharge(t) is the total charge in the capacitors at time t, Ling is the internal
inductance, Rres is the resistance, and Ccqp is the capacitance. Normally, the internal
resistance and inductance in capacitors are very low. There are 33 capacitors in the
circuit; each of them has a capacitance of 100 nF and a rated voltage that of 1000 V. The
minimum voltage to produce a plasma arc between two surfaces separated by 3.3 mm
with the gas pressure of one Torr is 400 V. In the mathematical model, it is assume that
the internal inductance and resistance are to be 100 nH and 1 Q, respectively. The

predicted result for the current versus time is shown in figure 3.18.
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Figure 3.18: Current vs. Time Resulting From Equation 3.7

The maximum induced current from the capacitors is 920 A, this yields the maximum
propulsive force of 80.15 mN. Integrating the force over time yields the overall impulse

bit at 154.8 nN-s. The switch from figure 3.17 triggers the gate of the SCR.

89



3.6 Propulsion Schematics

3.6.1 Electrothermal Thruster Electronic Schematic

DCVoltage Power Source | | | | ‘ | |
1

RF Circuit \

Electrothermal Thruster

Figure 3.19: Electrothermal Thruster Electronic Schematic

The electronic schematic of the electrothermal thruster consists of a DC voltage
power source, RF circuit and the electrothermal thruster itself. The RF circuit is used to
heat and ionize the gas between the two electrodes. This system has been tested during
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the research for a proof-of-concept design, and to experimentally investigate different gas
mixtures. The results for the electrothermal thruster are discussed in chapter four. The

mass of the thruster, the support, and the RF circuit is 0.11 kg.

3.6.2 Hybrid Electric Thruster Electronic Schematic

The electronics of the hybrid electric thruster in ion (ES) propulsion mode is
comprised of the power source entering the RF circuit. The RF circuit ionizes the gas
between the electrodes. Also, the RF circuit powers the neutralizer, when used. The
power source charges the grids at the same time. There are DC-to-DC converters at the
grids to increase the voltage from the power source to +1000 V and -200 V to the screen

and acceleration grids, respectively.

The electronics of the MPD (EM) propulsion mode are comprised of the power
source being converted to a voltage of 1000 V from the DC-to-DC converter. The power
source charges the MPD capacitor banks, and the charged capacitor banks are isolated by
the SCR. Once the SCR is activated, the capacitors are discharged and the current goes to
the electrodes. In the RF circuit, there is a large capacitor which blocks the DC voltage of
up to 1600 V; therefore, the RF circuit is protected. In the hybrid electric thruster, there is
a 12-turn solenoid at the throat. The solenoid reheats the plasma to improve the overall
performance. The mass of the thruster, the support, and the electronic components is 0.61

kg.
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This propulsion system is a hybrid electric thruster utilizing RF ion (ES) and
magnetoplasmadynamic (EM) propulsion modes. The operations of the two propulsion

modes have been explained earlier in Sections 2.8 and 2.9.

— | Power Source

MPD Capacitor Bank

Hybrid Thruster

Figure 3.20: Hybrid Electric Thruster Electronic Schematic
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3.6.3 Encapsulation

The propulsion systems emit high frequency radio waves when plasma is formed,
thus having the potential to interfere with the other equipment in the spacecraft. In order
to counter this problem, the RF generator and the capacitor banks are encapsulated with a
Faraday cage to prevent RF wave propagation. The nozzle and tip of the thruster still emit
RF radiation. However, the encapsulation should substantially reduce interference from

the equipment.

3.7 Simulation
Flow simulations were conducted in order to calculate the fluid velocities in the
thruster. The simulations are based on equation 2.52. [Sankaran et al., 2002; Bar-Meir,

2011].

The plasma generation is calculated by using the plasma production
equations 2.53a-d. Solving for the plasma generation equations in the time domain
simplifies the calculations and demonstrates the rate at which the electrons are produced.
This portion of the code was completely written by the author of this dissertation (Stoute).
The graphs of the electron temperatures and densities are provided in appendix B. The
program is given a set of initial values for electron temperature (eV), inlet pressure (Pa),
voltage amplitude (V) and the input frequency (Hz). The initial electron temperature for
all gases is set to 1 eV. The initial value of the pressure is set to 1 Torr (133 Pa). The
voltage amplitude and input frequency depends on the propulsion system itself. For the

RF electrothermal thruster and ion thruster modes, the voltage amplitude and frequency
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are 15 V and 100 MHz, respectively. The voltage of the MPD thruster mode is set to
1000V DC. In order to verify that the Navier-Stokes equations can be used in the

simulations, the Knudsen number must be calculated. The Knudsen number is

Kn = Amfp _ 1 . 1 ~ kgT . 1 (3_8)
Lenar M Ocross section Lchar 10_19}9 21, ’

The characteristic length Lcnar is the diameter of the exhaust of the nozzle. The Knudsen
number calculated under the inlet pressure and temperature conditions is 0.007. This
means the fluid is in a continuum; therefore, the simulation can use the Navier-Stokes

equations.

Figure 3.21 illustrates the algorithmic approach for modelling of the plasma
production. Once the plasma temperature is calculated, equation 2.52 is calculated using
the program which has been modified from the Navier-Stokes steady-state numerical
computational fluid dynamics (CFD) model by Britton Olson of Stanford University
[Olson, 2009]. The program, named the Olson-Stoute plasma propulsion simulator, solves
the plasma fluid equations using the MacCormack method, described in Section 2.6
[Wendt, 2009]. The Olson-Stoute plasma propulsion simulator adds the full exhaust
section of the nozzle, reformed the nozzle from a bell-shape to a conical shape, and adds

the plasma fluid equations. Appendix H shows the full program.
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Figure 3.21: Flow Chart of Plasma Production and Fluid Dynamics in The Simulation
The program simulates the radio-frequency electrothermal thruster (RFET), and

the hybrid electric thruster. The gases used in the RFET simulation are:

e Helium
e Neon

e Nitrogen
e Argon
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e 10% Nitrogen — 90% Helium (0.1N, — 0.9He)
e 20% Nitrogen — 80% Helium (0.2N, — 0.8He)
e 50% Nitrogen —50% Helium (0.5N, — 0.5He)
e 80% Nitrogen — 20% Helium (0.8N, — 0.2He)

Since the ET nozzle is made of aluminum, the wall temperature must be kept at or below
500 K. This temperature compensates for the thermal conductivity of the nozzle due to
the plasma and the capacitive heating from the RF circuit. The input voltage and current
of the RFET are 15 V and 0.4 A, respectively. The RF curcit has very little effect on the
behaviour of the plasma other than heating. The gas mixtures used in the hybrid electric

thruster simulation are:

e Helium
e Nitrogen
e Argon

e 50% Nitrogen — 50% Helium (0.50N;, — 0.50He)
e 50% Argon —50% Helium (0.50Ar — 0.50He)

The flow simulation maps the entire nozzle flow from the entrance to the exhaust. The
heating element at the throat of the nozzle experiences the electromagnetic effects of the
plasma. The nozzle of the hybrid electric thruster is made of glass, so only the plasma is
affected by the electromagnetic field. The numerical CFD results are compared to the
one-dimensional results calculated from this chapter to show the inaccuracies in the one-

dimensional model. They are shown in section 4.1.
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3.8 Electrothermal Thruster Experiment

The electrothermal thruster experiment is comprised of two setups:
medium-vacuum chamber with a laser, and high-vacuum chamber with a light-emitting
diode (LED). Initial experiments use the medium-vacuum chamber with a laser to
measure the thrust. However, to improve the accuracy of the measurements, a LED and a
photodiode are used in the high-vacuum chamber. The high-vacuum chamber is larger
than the medium-vacuum chamber, so the LED and photodiode could be inside the
chamber.

The medium vacuum chamber setup is shown in figure 3.22.

Figure 3.22: Experiment Setup for the Electrothermal Thruster Experiment. (1) Thermal
Vacuum Chamber [TVAC] (2) Plasma Thruster and Its Structure (3) Compressed

Nitrogen Gas (4) Green HeNe Laser (5) DC Power Supply for the RF Circuit
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The pressure inside the thermal-vacuum chamber, or TVAC, for this experiment is 1 Torr
(133 Pa). The reason for the relatively high pressure is due to the limitations of the TVAC
chamber pumping performance. The thruster is attached to a simple pendulum without a
counterweight. The laser, which acts as a guide to determine the thrust, is sensitive
enough to detect the motion of the pendulum; the laser reflects off a mirror attached to the
thruster. The reflected beam is then projected on the wall. A ruler is used to measure the
beam deflection. A camera with a built-in UV filter is placed on the outside of the TVAC
chamber, close to the glass opening in order to take photos of the thruster. Figure 3.23

illustrates this setup.
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Figure 3.23: Pendulum-Laser Schematic

The angle of the thrust, 6, is calculated,
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6 =— (arctan( ) - arctan(
2 lmirror—laser + llaser—wall lmirror—laser + llaser—wall

Once the angle is calculated, the thrust is calculated as the product of the weight of the

1 Maser final Riaser initial )) 3.9)

thruster, Wrnruster, @and the sine of the angle,

Frnrust = Wrnruster * sin(6). (3.10)
The bar of the pendulum is very light in comparison to the thruster such that its mass is

neglected.

The high vacuum chamber setup is shown in figure 3.24.

Figure 3.24: Experiment Setup for the Electrothermal Thruster Experiment. (1) Thermal
Vacuum Chamber [TVaC] (2) Compressed Nitrogen Gas (3) DC Power Supply for the
RF Circuit (4) Plasma Thruster and Its Structure (5) Photodiode and the Data
Acquisition Hardware and Software
The ambient pressure inside the thermal-vacuum chamber, or TVaC, for this experiment

is 10™ Torr or 133x10° Pa with the exception of helium. The TVAC cannot remove
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helium from its cryogenic pump. Thus, the ambient pressure is close to 10™ Torr or 13.3

Pa.

Figure 3.25: Cradle Pendulum. (1) The Cradle (2) The Support Structure (3) The Gas
Tubes (4) The Counterweight
Figure 3.25 shows the cradle system used in the electrothermal experiments. The thruster
is mounted on the cradle, with a LED on top of the thruster. The pivots resting on the
knife edges ensure little or no friction is introduced to the pendulum. The gas tubes are
mounted such that there would not be any interference between them and the pendulum.
At the top of the pendulum, there is a counterweight to magnify the moment of the
pendulum. Figure 1.1 (repeated) shows how the gas is fed to the thruster. The tubes are
installed away from the pendulum with significant slack in order to have little or no
friction. The pendulum motion is tested by allowing it to oscillated and observe the time

required for it to make a complete stop.
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Figure 1.1: ET Thruster manufactured for this research

Figure 3.26 illustrates these points.
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Figure 3.26: Pendulum-LED Schematic
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The total thrust from the engine is

FThrust = (WThruster + Wbar - WCounterweight ) h
Thruster

h - 3.11
Counterwetght) . sin(9) , ( )
where hcounterweight and hrnruster are the center-of-mass distances of the counterweight and
thruster, respectively. The weight of the bars, Wy, IS taken into account since it affects
the measurement of the thrust. The counterweight, Wecounterweight, and its position determine

the measured thrust.

Outside of the cradle, there is photodiode to read the input light intensity from the
LED. The light spread of the LED is assumed to be a Gaussian distribution. The charge
potential difference from the photodiode is recorded in the computer with a data
acquisition (DAQ) board. A MATLAB program reads the voltage and converts it to force

and specific impulse.

LED Readout

DAQ Board | -~ | Photodiode | —-sosiifjmm | LED Attached

’ to Pendulumm

Zomputer

Figure 3.27: Schematic of the Readout Mechanism
Figure 3.27 shows the schematic of the readout mechanism. The LED readout needs to be
calibrated for each experiment. To calibrate the readout, an accelerometer-based level is

attached to the pendulum. The initial position of the pendulum is the zero, and at different
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angles, the LED readout indicates a certain voltage. After taking several readings, a linear

regression line is fitted into the curve, yielding a linear voltage equation given the angle,

0=aV +b, (3.12)

where a and b are the slope and the y-intercept resulting from the linear regression.

The experiment determines the specific impulse of each gas, as well as of the
nitrogen-helium gas mixture. The individual gases tested in this experiment are helium,
nitrogen, neon and argon. The nitrogen-helium gas mixtures are tested using the
following compositions: 0.1N, — 0.9He, 0.2N;, — 0.8He, and 0.5N; — 0.5He. The specific

impulse is calculated from the mass flow rate of the system and the output thrust.

The performance is described by the modified specific impulse formula, shown in

equation 3.12,

(3.13)

1 FThrust
I =(—-+)- 1+C
=\ T ( )

The constant C is the uncertainty constant in the experiment. The experimental errors
include calibration error and the parasitic forces in the pendulum. The uncertainty was
calculated from the data collected in the experiments. The uncertainty constant is 0.10

calculated from the data.

3.9 Hybrid Electric Thruster Experiment: Magnetoplasmadynamic Propulsion
Mode

The first of the two tests in the hybrid electric thruster experiment is the EM or
magnetoplasmadynamic (MPD) propulsion test. This test determines the performance and
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efficiency of the so-called higher-thrust, short-term augmented-thrust mode of the thruster
using the jet engine analogy. This test would run simultaneously with the ion propulsion.
Because of the limited equipment available, this MPD test runs in quasi-steady state,

without the ion propulsion system active.

Voo = C-"°C, Z

MPD =—= 1 == =—p="=) =—

Figure 3.28: Schematic of MPD-mode test
Figure 3.28 illustrates the electronic circuit for the MPD test. It is similar to the
MPD thruster circuit in figure 3.17, with the exception of the triggering. The function
generator replaces the manual switch as the trigger, so that the thruster can run in quasi-

steady state. It produces a +5 V pulse at 5.00 kHz.
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Figure 3.29: Experiment Setup for the MPD Thruster Experiment. (1) TVAC (2)

Compressed Gases (3) DC Power Supply for the MPD Circuit (4) Function Generator
(5) Computer for data acquisition (6) Hybrid electric Thruster and Its Structure (7)
Photodiode and the Data Acquisition Hardware (8) Capacitors for the MPD Thruster

Figure 3.29 shows the experimental setup for the MPD thruster. The compressed
gases for this experiment are nitrogen, argon, and helium; the mixture compositions are
0.5N, — 0.5He and 0.5Ar — 0.5He. The thruster is mounted on a pendulum and the
experiment measures the propulsive force. In order to measure the thrust performance
using helium gas, the experiment is performed under medium vacuum, between 10 Torr

and 1.0 Torr.

The thrust efficiency is calculated using a ratio of the kinetic energy pulse to the

capacitors’ potential energy [Guarducci, 2011],

My V2 (3.14)
N = C—Z'
cap ¥ volt

Low efficiencies are typical for a quasi-steady-state thruster.
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3.10 Hybrid Electric Thruster Experiment: lon Propulsion Mode
The second hybrid electric thruster experiment test is the ion, or electrostatic (ES),
propulsion mode. This test measures the overall performance of the ion propulsion system

only. Figure 3.31 shows the experiment setup for the ion propulsion run.

Figure 3.30: Experiment Setup for the lon Drive Experiment. (1) TVAC (2) Compressed

Gases (3) DC Power Supply for the RF Circuit and Langmuir Probe (4) DC Power
Supply for the Screen Electrode (5) DC Power Supply for the Acceleration Electrode (6)
Hybrid electric Thruster and Its Structure (7) Langmuir Probe
The additional two DC power supplies are for the screen and acceleration electrodes.
These are high-voltage power supplies, yet the values of the current for both are within
the milliamp range. The current is not important since the only purpose of the power
supply is to charge the electrodes. The pendulum in this experiment is locked so that there

is an accurate reading of the electron temperature.

The triple Langmuir probe is constructed using tin-coated copper wires, since the

temperature of the plasma is not hot enough to melt the wires. The dimensions of the
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cylindrical exposed tips are 1 cm in length by 1.5 mm in diameter, and the tips are facing
towards the thruster, as seen in Figure 3.30. The wires are insulated and wrapped together
such that none of the probes have contact with each other. The common sources of error

and how they are rectified in the Langmuir probe are the following:

o Electron reflection: Low-energy electrons may reflect off the surface of the
electrode. There is an assumption that all particles which strike the electrodes
are annihilated [Laframboise, 1996].

e Contaminated electrodes: This problem causes resistance in the probe and
limits the current in the probe. Cleaning the tips rectify the problem.

e RF Interference: In a triple Langmuir probe, the RF interference is filtered out
since there is a floating potential. To ensure the best results, wires from the

Langmuir probe are connected in a separate line in the TVAC.

The Langmuir probe construction is shown in Figure 3.31.

Figure 3.31: Triple Langmuir Probe Constructed in the Laboratory
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Since this research focuses on the thruster design and performance in isolation, the
ion thruster does not utilize a neutralizer. The performance of the thruster is not
significantly affected, as observed by Yamamoto et al. (2006) and Koizumi & Kuninaka
(2010); the performance difference is expected to be less than 1%. As mentioned in
section 2.8.3, the neutralizer purpose is to prevent a negative charge build-up on the
spacecraft. The test determines the overall performance of the hybrid electric thruster
when it is in so-called lower-thrust, long-term sustained-thrust mode using the jet engine
analogy.

The thrust is calculated by the current density measured in the Langmuir probe.
The propulsive force of the ion thruster is calculated with the current density measure, as
seen in equation 2.82. The ion beam current is the product of the current density
measured and the area of the apertures in the acceleration electrode.

The power efficiency of the thruster is calculated as the ratio of the beam power to
the total power of the system [Goebel & Katz, 2008],

__ % (3.15)
Ibe + Pinput.

Mp
This determines how efficient the power is used in ion thruster. Also, the mass efficiency
of the thruster is calculated as the ratio of the ionized mass flow rate to the total mass

flow rate [Goebel & Katz, 2008],

mionized (3-16)

Nm = m

This determines the ionization efficiency of the plasma chamber. The overall thrust

efficiency in a ion thruster is the product of the power efficiency and the mass efficiency,

Ne = Np * M- (3.17)
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4 Results and Analysis

This chapter focuses on the results of the simulations and experiments for the RF
electrothermal thruster and the hybrid electric thruster. The results of the RF
electrothermal thruster simulations and experiment were published in the 2012 Australian
Space Science Conference proceedings (peer-reviewed) published in June 2013 [Stoute,

C.A. B.etal, 2013].

4.1 Propulsion Simulations

Results from the RF electrothermal thruster simulations that are presented for the
nozzle flow illustrate the fluid dynamics of the plasma, including the influence of gas
properties and the Prandtl-Meyer expansion fans. Results from the hybrid electric thruster
simulations illustrate the effects of the reheating of plasma. The simulation also shows
what occurs when there is an external magnetic field present in the plasma flow. The
results are presented in a RGB colour scheme and coded such that they show the speed of
the plasma flow; the vector fields in the results show the direction of the flow. In order to
distinguish the nozzles and the internal exhaust flow, the nozzles are outlined in white.
The numerical results of the computational fluid dynamics model are compared to the

results of the one-dimensional analyses in tables 4.1, 4.2, and 4.3.

4.1.1 RF Electrothermal Thruster
Figure 4.1 shows the results for the RF electrothermal thruster using different
gases. Helium has the highest exhaust speed at 1959 m-s™. The exhaust speed for neon is

less than half of the one from helium, at 867 m-s™. Argon and nitrogen show similar
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performance results at 706 and 784 m-s™, respectively. The performance difference

between argon and nitrogen is 10%.
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The exhaust profiles in all four simulations are the result of an overexpanded
nozzle. The ambient pressure in the space environment is less than 10 Torr. Because of
the finite precision of the machine (software model limit), the ambient pressure in the
simulation cannot go below 10 Torr. The ratio of the inlet pressure to the ambient
pressure is normalized to 10:1 in order to match the experimental results. As mentioned in
Section 3.7, the viscous forces are omitted to simplify the calculations. Figure 4.2
compares the temperature and pressure distribution of the exhaust of helium in the
simulation and in the experiment. The temperature plot in figure 4.2a illustrates how the
temperature of the plasma cools as the volume expands. The light emitted in figure 4.2c is
the photons released from the ionized gas. Refer to Jahn for more details on this

phenomenon [Jahn, 1968].
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Figure 4.2a: Temperature Model of the Helium Thruster

114



10 1500 Pa
»

[0]

T

g 1000 Pa
=

T 500 Pa
©

c -5

(e

1% 20 40 60 go? Pa

Axial - Millimeters

Figure 4.2b: Pressure Model of the Helium Thruster

Figure 4.2c: Helium Experiment
Figure 4.1b shows the exiting flow angle in nitrogen is larger than in the other test gases.
This is because it has a higher specific heat capacity at constant pressure, 29.185 kJ-kmol
LK™ in comparison to 20.195 kJ-kmol™K™ for helium, neon, and argon. The Prandtl-
Meyer expansion fan (equation 2.72-73) and the exhaust velocity (equation 2.66) explain
the diamond pattern, as discussed in Section 2.7.2. The angle of the fan increases as the

heat capacity ratio, y, lowers from 1.66 for the inert gases to 1.4 for the nitrogen gas.
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Table 4.1: Specific Impulse and Force Performance for Different Elements

Element CFD Ig, (seconds) ~ One-Dimensional  Error (%) Force (mMN)
Isp (seconds)

Helium 199 208 -4.5 3.54
Neon 88 92 -4.6 3.54
Nitrogen 80 83 -3.8 3.65
Argon 72 66 +8.3 3.54

Table 4.1 shows the specific impulses from the simulations, both in the CFD
model and the one-dimensional model. The error compares the CFD model to the one-
dimensional model assuming that the one-dimensional model is precise. Also, Table 4.1
shows the propulsive force calculated from the CFD model. Helium, neon and argon have
the error of 4.5%, 4.6%, and 8.3%, respectively. Nitrogen has the lowest error, at 3.8%.

Also, nitrogen has the highest propulsive force in the CFD model at 3.65 mN.
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Figure 4.3 shows the helium exhaust at various inlet-ambient pressure ratios. The
nozzle is overexpanded. The simulations also show that the velocities increase

significantly as the inlet pressure increases.

Figure 4.4 shows the local speeds of the nitrogen-helium gas mixtures. As
expected, the higher helium content yields higher exhaust velocity. All of the exhaust
fluid flows outward, thus all the simulations show overexpanded nozzles. The nitrogen

content determines the exiting flow angle of the exhaust.

Table 4.2 Specific Impulse and Force Performance for Different Gas Mixtures

Gas Mixture CFD Igp One-Dimensional ~ Error (%)  Force (mN)
(seconds) Isp (seconds)
10% N, — 90% He 155 167 -1.7 3.53
20% N, — 80% He 131 145 -10.7 3.58
50% N; — 50% He 95 101 -6.3 3.57
80% N, — 20% He 89 88 +1.1 3.63

Table 4.2 shows the specific impulses and forces with different gas mixtures; the
error compares the specific impulses of the two models. Regarding Table 4.2, the CFD
models in all of the mixtures show lower specific impulses than their one-dimensional
results, except for the 0.8N, — 0.2He. Also, the 0.8N, — 0.2He has the highest force in the

CFED model at 3.63 mN.
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One effect that the model does not show is electron ionization. Since helium has a higher
ionization energy (24.6 eV) than monatomic and diatomic nitrogen (14.3 eV and
15.52 eV), the ion production in helium is far less than in nitrogen. The ion current,
equation 2.53a calculated using ions, for helium and nitrogen are 57.2 mA and 176 mA,

respectively.

4.1.2 Hybrid Electric Thruster - Glass Nozzle

Figure 4.5 shows the results of the hybrid electric thruster simulation test using
various gases. The simulation shows the velocity vector field when the MPD thruster
mode is activated. The exhaust velocities of the electromagnetic thruster are assumed to
be at the Alfven critical speed (equation 2.88). The results show helium to have the
largest exhaust velocity at 33.4 km/s; 50% nitrogen — 50% helium at 16.0 km/s; 50%

argon — 50% helium at 12.1 km/s; nitrogen at 10.9 km/s; and argon at 8.6 km/s.

Figures 4.5a, c-f show the velocities throughout the nozzle. Figure 4.5b shows the
the inlet section from 4.5a of the plasma flow using helium as the propellant. There are
standing shock waves appearing as the supersonic plasma enters 5 mm into the inlet; the
entrained shock waves continue throughout the inlet. After the plasma exits the throat of
the nozzle, it exhibits conventional diffusing at supersonic speeds. The exhausts from all
five gases show that the nozzles are overexpanded. This shows that the exhaust pressure

is higher than the atmospheric pressure, as seen previously in Section 4.1.1, figure set 4.1.
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Table 4.3: Specific Impulse and Force Performance for Different Gas Mixtures

Gas Mixture CFD Isp One Dimensional Error Force (mN)
(seconds) Isp (seconds) (%)
Helium 3410 3501 -2.6 9.32
50% N3 - 50% He 1628 1566 +4.0 7.59
50% Ar - 50% He 1232 1354 -9.9 7.86
Nitrogen 1116 1024 +8.9 6.04
Argon 876 889 -1.5 6.08

Table 4.3 shows the specific impulses from the one-dimensional model and the
CFD model, and the propulsive force from the CFD model. The results show that the
error magnitudes between the five pairs of results for the specific impulse are on average

4.7%. The 50% Ar - 50% He exhibits the highest computational error, at 9.9%.

The purpose of modelling the nozzle is to demonstrate the effects of reheating and
magnetic field on the hybrid electric thruster. The nozzle throat is wrapped with a
solenoid, as stated in chapter three, such that it reheats the gas at the throat in order to
improve the performance of the thruster. Figure 4.6 shows the performance of the hybrid
electric thruster under different external magnetic fields at the throat, showing only the
exhausts to better visualize the events at the exhaust. These results show that there is an
increase in the exhaust velocity as the magnetic field increased. The specific impulse

increases as the square of the magnetic field intensity.
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Table 4.4: Specific Impulse of Argon at Different Magnetic Field Strengths

e, SOl OO or) enmcanen
0 876 889 -15 N/A
1.3 932 892 +4.5 6.4
12.5 954 920 +3.7 8.9
50.0 1029 1016 +1.3 175

Table 4.4 shows the computation errors between the one-dimensional and CFD
model of the reheating of the plasma; the average error is approximately 2.8%. When the
magnetic field is above 12.5 mT, there is a significant increase in the performance. The

performance increase between 0 and 1.3 mT is 6.4%.

4.2 RF Electrothermal Thruster Experiment
The experimental results of the electrothermal thruster show the performance of
the individual gases, as well as the nitrogen-helium gas mixtures. The pure gases are

shown as a proof-of-concept reference for the thruster.
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4.2.1 RF Electrothermal Thruster — Pure Gases
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Figure 4.7a: RF Plasma Graph for Individual Gases in the Small TVAC in Medium
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Figure 4.7b: RF Plasma Graph for Individual Gases in the Large TVAC in High Vacuum

Figure 4.7 shows the specific impulses of each gas tested. The trend lines follow
the exhaust velocity equation 2.66 divided by gravity. Those from the medium-vacuum
test are similar to the those from high-vacuum test. The reason for this is that the
medium-vacuum test used a laser, a mirror, and ruler scale to find the propulsive force
and, consequently, the specific impulse. A factor which contributes to inaccuracies in the
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measurements is the position of the laser relative to the ruler on the wall of the room and
to the small TVAC. However, in the large TVAC, the accuracy improves by
approximately 8%. The inaccuracies are corrected by using a LED and a photodiode. The
LED/photodiode is required to be calibrated before each experiment run. This method has
proven to be more accurate than the laser method, since the photodiode is reading the
position of the LED, rather than the wall. In addition, the trendlines agree with the
uncertainty from the small TVAC results. The Table 4.5 shows the force and mass flow
rate for each gas.

Table 4.5: Force and Mass Flow Rate of Gases at Nozzle Exit

Gas Force (MN) Mass Flow Rate (mg/s)
Helium 6.59 3.95
Neon 3.26 4.81
Nitrogen 4.05 5.04
Argon 1.83 2.87

Using the results from the large TVAC, helium shows the highest specific impulse
at 170 seconds. Nitrogen has a specific impulse of 82 seconds. Neon is shown to have a
specific impulse of 69 seconds. Argon has the lowest specific impulse at approximately
65 seconds. In addition, comparing the specific impulses from the simulation to the
experimental results for nitrogen, the difference is less than 2.5%.

Figure 4.8 shows the exhausts of the thruster using the different gases under
medium vacuum. With a pressure inlet-to-atmosphere ratio of 10:1, the exhaust pressure

is lower than the atmospheric pressure (see equation 2.69); therefore, the exhausts shown
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are experiencing overexpansion. The white lines represent the outline of the nozzle. The
gases shown in the figure are helium, neon, and nitrogen-helium mixtures. In figure 4.8c,
the helium in the nitrogen-helium plasma enhances the image of the exhaust. Pure
nitrogen plasma is not readily visible with a camera due to a built-in UV filter in the
camera. The exhausts of the all the thrusters indicate overexpansion. This means, as stated
earlier, that the exhaust pressure is too low in comparison to the ambient pressure in the

chamber.

Figure 4.8a: Helium Thruster

Figure 4.8b: Neon Thruster
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Figure 4.8c: Nitrogen-Helium Thruster

4.2.2 RF Electrothermal Thruster — Nitrogen-Helium Gas Mixture
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Figure 4.9: Specific Impulse of Nitrogen-Helium Gas Mixture

Figure 4.9 shows the specific impulses for various average molecular masses. The
trendline in that figure follows to the exhaust velocity equation 2.66. The graph illustrates
that the specific impulse from each propellant is related to the gas mixture ratio. Table 4.6

shows the corresponding force and mass flow rate of the gas mixtures.
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Table 4.6: Force and Mass Flow Rate of Nitrogen-Helium Gas Mixtures

Gas Mixture Force (mN) Mass Flow Rate (mg/s)
Helium 6.59 3.95
10% N, — 90% He 4.89 3.56
20% N, — 80% He 4.77 3.74
50% N, — 50% He 4.76 5.06
Nitrogen 4.05 5.04
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Figure 4.10: Difference in Specific Impulse as a Percentage Compared to Cold Gas.
Figure 4.10 shows the improvement over cold gas for different gas mixtures. The
experiment shows that the highest gain in specific impulse is the one with pure nitrogen.
This is possibly due to the dissociation of the diatomic structure before ionization. Even
though the ionization energy of diatomic nitrogen is 15.52eV, not all the ionized nitrogen

would be dissociated. Therefore, both monatomic and diatomic nitrogen ions exist; the
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free electrons from the ionized nitrogen may help ionize the helium by electron

bombardment.

4.3 Hybrid Electric Thruster Experiment

4.3.1 Magnetoplasmadynamic Propulsion for an Augmented-Thrust Mode
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Figure 4.11: Specific Impulse of Argon-Helium and Nitrogen-Helium Gas Mixtures in
MPD Thruster Mode. Mass flow rates - Helium: 21mg/s; 0.5N,-0.5He: 46mg/s;

0.5Ar-0.5He: 55mg/s; Nitrogen: 40mg/s; Argon: 57mg/s

Figure 4.11 shows the specific impulses of the MPD thruster using argon-helium
and nitrogen-helium mixtures with the trendline that follows equation 2.66. The specific
impulses of all the gases are above 500 seconds. This shows that the MPD portion of the
propulsion system works well. Figure 4.11 illustrates that helium performed the best

while argon performed the worst.
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The 50% argon — 50% helium mixture has results comparable with argon. This
means that there is marginal increase in the specific impulse when mixing with helium.
The 50% nitrogen — 50% helium mixture shows a major improvement over the 50%
argon — 50% helium mixture.

Table 4.7: Thrust Efficiency (Equation 3.14)

Gas Mixture Thrust Efficiency
Helium 15.3%
50% N3 - 50% He 19.8%
50% Ar - 50% He 15.4%
Nitrogen 11.3%
Argon 11.6%

Table 4.7 shows the thrust efficiency (equation 3.14) of the gas mixtures. The
thruster efficiency table shows that nitrogen and argon have the lowest efficiencies. The
pure helium and the 50% mixture show similar thrust efficiency. The helium — nitrogen
mixture, notably, has the highest efficiency. The low efficiencies show that the amount of
energy put in does not convert completely into usable thrust, possibly because of the

energy transfer loss from the capacitors to the plasma for acceleration.
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Table 4.8: Impulse Bit (Equation 2.87)

Gas Mixture Impulse Bit (UN"s)
Helium 2.84
50% N - 50% He 6.29
50% Ar - 50% He 6.51
Nitrogen 5.05
Argon 5.75

Table 4.8 shows the impulse bit of the gas mixtures. The impulse bit is the force
integrated over 200 ps, as seen in equation 2.87. The impulse bit is significant in
determining the change in momentum over a period of time. The argon-helium mixture
shows the highest impulse bit. For spacecraft, the argon-helium mixture shows the highest
change in momentum. In augmented-thrust mode, this mixture helps accelerate the

spacecraft to the target velocity.

Table 4.9: lonization Fraction

Alfven’s Critical Specific Specific Impulse lonization

Gas Mixture Impulse (s) from Experiment (s) Fraction (%)
Helium 3410 1374 40%
50% N - 50% He 1628 801 49%
50% Ar - 50% He 1232 603 49%
Nitrogen 1116 572 51%
Argon 876 514 59%
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Table 4.9 shows how much the gas was ionized by comparing the experimental
specific impulses to the theoretical maximum specific impulse from Alfvén’s critical
velocity (equation 2.88). The ionization fraction shows how much of the gas has been
ionized for electromagnetic propulsion. The results show that helium has the lowest

ionization fraction at 40% while argon has the highest at 59%.

4.3.2 Ion Propulsion for Sustain-Thrust Mode
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Figure 4.12: Ideal Specific Impulse of Nitrogen-Helium and Argon-Helium Gas
Mixtures at Different Net Voltages
Figure 4.12 shows the ideal specific impulse from equation 2.79 of the ES (ion)

thruster with the nitrogen-helium and argon-helium gas mixtures. In an ideal chemical or
ET thruster, helium is deemed to have the best specific impulse, much higher than the rest
of the gases, due to its low molecular mass. As the beam voltage increases for ES

propulsion, the specific impulse of each gas mixture increases almost proportionally. A
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key issue that arises with helium is its high ionization energy and the associated higher

power requirement, which makes it impractical to use it as a main ES propellant for this

application.
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Figure 4.13a: Current Density of Nitrogen-Helium and Argon-Helium Gas Mixtures

at Different Net Voltages
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Figure 4.13b: Actual Specific Impulse of Nitrogen-Helium and Argon-Helium Gas
Mixtures at Different Net Voltages
Figure set 4.13 shows the current density and the specific impulse as measured in

the laboratory.

R

Figure 4.14: lon Thruster in Operation. The white outline represents the nozzle of the

hybrid thruster.
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Figure 4.14 shows the ion thruster in operation. The current density determines the

performance of the thruster, as calculated from equation 2.82. The mass flow rate

includes the input and ingested mass flow (section 2.11). Figure 4.13b shows that pure

nitrogen has the highest specific impulse, at 1703 seconds. Argon also has a high specific

impulse, at 1558 seconds. Pure helium has the worst performance in the ion thruster

category.

Table 4.10: Power Efficiency at different beam voltages
Gas Mixture 200V 400 V 600 V
Helium 24.1% 52.8% 71.6%
50% He - 50% N, 15.7% 42.8% 68.9%
50% He - 50% Ar 14.1% 45.1% 68.9%
Nitrogen 18.3% 52.8% 73.7%
Argon 27.2% 62.7% 75.5%

Table 4.10 shows the power efficiencies at different beam voltages. Note that the

power efficiencies do not include the theoretical neutralizer power input, which is

approximately 1% of the total performance. The efficiency increases as the beam voltage

increases. A significant result is that the mixtures have the lowest efficiencies. At higher

beam voltages, the power efficiencies of all the gases are within reasonable values.
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Table 4.11: Mass Efficiency at Different Beam Voltages

Gas Mixture 200V 400 V 600 V 600 V
(Normalized to 25 pg's™)

Helium 3.3% 2.5% 2.2% 10.0%

50% He - 50% N, 10.1% 8.5% 9.8% 22.8%

50% He - 50% Ar 7.4% 7.9% 8.2% 23.2%

Nitrogen 26.7% 28.4% 27.5% 44.1%

Argon 31.4% 30.0% 30.1% 48.2%

Table 4.11 shows the mass efficiencies of the thruster. The normalized column

represents the mass efficiency when the mass flow rate is at 25 pg-s™ without any

ingestion. The efficiencies across the different beam voltages are similar to each other.

The mass efficiencies in pure nitrogen and argon are the highest. It was also observed that

the mass efficiencies at all three beam voltages are similar to each other. Thus, the mass

efficiency is almost independent of the beam voltage.
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5 Discussion

Both the RF electrothermal thruster and the hybrid electric thruster have shown
promising experimental data results for both manoeuvres and deep-space missions. Table
5.1 shows the delta-V and the kinetic power, both explained in section 2.3, of the
spacecraft using different gases and thruster types. The calculations assume that the dry
mass of the spacecraft is 10 kg and the total mass of the propellant on board is 5 kg, with
methods adopted from Goebel & Katz and Sutton & Biblarz.

Table 5.1: Delta V and Kinetic Power

Mass Flow Rate Delta V Kinetic Power Thrust

Type of Engine Gas Mixture ] ) Efficiency
in Operation  (m/s) (watts)
(%)
RF Argon 5 mg/s 256 0.998 13.3
Electrothermal Nitrogen 4.7 mg/s 326 1.527 20.4
Thruster 50% N; - 50% He 4.8 mg/s 382 2.141 28.5
) ) Argon 25 pg/s 6195 2.918 33.3
Hybrid electric )
Nitrogen 25 pg/s 6775 3.490 35.5
Thruster - lon
50% Ar - 50% He 25 pg/s 2288 0.398 15.7
Thruster
50% N, - 50% He 25 ug/s 3200 0.779 11.2
) ) Argon 500 ng/s 2045 6.40 11.6
Hybrid electric
50% Ar - 50% He 500 pg/s 2400 8.80 154
Thruster - MPD
50% N, - 50% He 500 pg/s 3182 154 19.8
Thruster ]
Helium 200 ng/s 5465 18.4 15.3

In a situation where neither the ion thruster nor the MPD thruster is operational and the
only operational electronics in the propulsion system is the RF power plant, the RF
electrothermal thruster would provide a sufficient delta-V for the spacecraft. The MPD

thruster using helium gas mixtures provides a better delta-V and kinetic power than using
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argon or nitrogen. However, the MPD thruster has a high mass flow rate, resulting in a
low specific impulse, as seen in equation 2.5, and depleting the fuel supply quickly.
Because the thruster requires high power for continuous operation, the MPD thruster
should only be used for a quick change in vehicle velocity, as designed.

Table 5.2: Specific Impulses According to Author, with other data from Takao (2007)
and Takahashi (2011)

Gas & Specific Impulse

Author Helium Argon
(Stoute, 2013) 100MHz — 7.5W 170 70
(Takahashi, 2011) 6GHz — 3W 150 N/A
(Takahashi, 2011) 6GHz — 6W 250 N/A
(Takao, 2007) 6GHz — 6W N/A 79

Table 5.2 compares the results of the electrothermal thrusters from other work.
Takahashi and Takao both used 6GHz as their input frequency, and their input power was
between 3 and 6 W. In the helium test, Takahashi 3 W thruster results are comparable to
the RF electrothermal thruster results with a difference of approximately 10%.
Conversely, Takahashi 6 W thruster has a specific impulse of 250 s, a 47% difference
from the RF electrothermal thruster. There is a 13% difference in specific impulses
between Takao and the RF electrothermal thruster using argon [Takao, 2007; Takahashi,
2011].

The hybrid electric thruster results show that a combination of electrostatic and
electromagnetic propulsion is possible. The electromagnetic propulsion provides the high
propulsive force for a short period of time for the augmented-thrust phase, while the
electrostatic propulsion provides the high specific impulse for deep space missions

(sustained-thrust period).

153



6 Conclusion

In combining the findings from the electrothermal, electromagnetic, and
electrostatic propulsion results, the optimal gas mixture is determined experimentally as
50% nitrogen — 50% helium, as seen in chapter four. This result can be explained
theoretically because of its high Reynolds number, a satisfactory specific impulse, and a
high thrust efficiency. These conclusions are analyzed under a power-limited, mass-
unlimited spacecraft. Under a mass-limited, power-limited spacecraft, it is recommended
to use pure helium. For a nanosatellite, power is a limiting factor since the maximum
power available is 20 W. The recommendations for operating an electric thruster using

helium and nitrogen also include the following suggestions:

e Partition the gas mixtures in separate tanks: The nature of the gases mixed in the same
tank may not be as expected when the hybrid electric thruster is in operation.

e Directly inject the gases from the two separate tanks into the thruster: This ensures the
proper mixture of nitrogen and helium. The injected gases can be independent or in

tandem.

In full operation, the thruster operates in low Earth orbit, and the voltages of the
screen and acceleration electrodes are +1000 V and -200 V respectively. The size of the
thruster is 20 mm in diameter at the exhaust, 10 mm in diameter at the throat. The length
of the nozzle is 86 mm. The nozzle is made of glass while the plasma chamber and
electrodes are made of copper. The full mechanical details of the thruster are in sections

3.2.2,3.2.3,and 3.4.2.
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The extrapolated performance results at these voltage levels are:

The specific impulses of the hybrid electric thruster in sustained-thrust (ES) and
augmented-thrust (EM) modes are approximately 1400 and 800 seconds, respectively.
The corresponding propulsive force outputs from both ES and EM modes are 34.3 uN
and 3.92 mN, respectively.

The approximate power inputs required to give this performance are approximately
10 W in sustained-thrust mode and 20 W in augmented-thrust mode. The energy
outputs per kilogram for both modes are respectively 94.3 MJ and 0.18 MJ in deep
space. The delta-Vs for a 10 kg spacecraft with 5 kg of fuel are 5568 m/s and

3200 m/s. This is sufficient for the spacecraft to leave Low Earth Orbit.

6.1 Future Work

The hybrid electric thruster has been shown to have performance characteristics

that would make it a suitable thruster for small spacecraft. The different operational

modes of the engine offer versatility in performance. Optimisation of the design of the

thruster may improve its performance further. A list of future optimisation work may

include:

Plasma Generation: The hybrid electric thruster could be refitted using alloys to
reduce material fatigue and to improve the performance of the thruster. Additionally,
the chamber could utilise permanent magnets to improve ionization for the ion
thruster mode using electron cyclotron resonance to increase the degree of ionization

by electron bombardment.
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Nozzle Design: The nozzle could be refitted with a range of exhaust-throat area ratios
to determine the optimal design. As a cost of increasing that ratio, the nozzle might
experience structural problems due to the force of the fluid. The nozzle could also be
redesigned with a variable-geometry inlet.

Electrostatic grids: The acceleration grids in the electrostatic thruster mode could be
improved by using a different type of mesh grid. The mesh grid could be varied in
geometry, porosity, and material choice.

Addition of gas species: There is a possibility that the addition of another inert gas,
such as argon, may further increase the performance of the thruster.

Exposing the nozzle to solar radiation to reheat the plasma: Doing this may improve
the performance of the thruster. The disadvantage of this is that the method only
works when there is sufficient solar radiation. For deep-space missions to Mars and

beyond, the solar radiation may be too weak for reheating.

Solar Radiation ' Plasma In

Spacecraft

' Plasma Out

Figure 6.1: Reheating from Solar Radiation
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Glossary

The following are selected definitions in the field of electric propulsion in alphabetical
order. The definitions are direct quotes from the books used in this study.

Arcjet

An arcjet is also an electrothermal thruster that heats the propellant by passing it though a
high current arc in line with the nozzle feed system. While there is an electric discharge
involved in the propellant path, plasma effects are insignificant in the exhaust velocity
because the propellant is weakly ionized. The I, is limited by the thermal heating to less
than about 700 s for easily stored propellants [Goebel & Katz, 2008].

Electromagnetic Thruster

The acceleration of a body of ionized gas by the interaction of currents driven through the
gas with magnetic fields established either by those currents or by external means
[Jahn, 1968].

Electrostatic Thruster

Electrostatic thrusters accelerate heavy charged atoms (ions) by means of a purely
electrostatic field. Magnetic fields are used only for auxiliary purposes in the ionization
chamber [Martinez-Sanchez, 2004a].

Electrothermal Thruster

Electrothermal propulsion comprises all techniques whereby a propellant gas is heated
electrically and then expanded through the nozzle to convert its thermal energy to a jet of

direct kinetic energy [Jahn 1968].
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Hall Thruster

This type of electrostatic thruster utilizes a cross-field discharge described by the Hall
effect to generate the plasma. An electric field established perpendicular to an applied
magnetic field electrostatically accelerates ions to high exhaust velocities, while the
transverse magnetic field inhibits electron motion that would tend to short out the electric
field. Hall thruster efficiency and specific impulse is somewhat less than that achievable
in ion thrusters, but the thrust at a given power is higher and the device is much simpler
and requires fewer power supplies to operate [Goebel & Katz, 2008].

lon Thruster

lon thrusters employ a variety of plasma generation techniques to ionize a large fraction
of the propellant. These thrusters then utilize biased grids to electrostatically extract ions
from the plasma and accelerate them to high velocity at voltages up to and exceeding
10 kV. lon thrusters feature the highest efficiency (from 60% to >80%) and very high
specific impulse (from 2000 to over 10,000 s) compared to other thruster types [Goebel &
Katz, 2008].

Magnetoplasmadynamic Thruster

Magnetoplasmadynamic (MPD) thrusters are electromagnetic devices that use a very high
current arc to ionize a significant fraction of the propellant, and then electromagnetic
forces (Lorentz J x B forces) in the plasma discharge to accelerate the charged propellant.
Since both the current and the magnetic field are usually generated by the plasma

discharge, MPD thrusters tend to operate at very high powers in order to generate
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sufficient force for high specific impulse operation, and thereby also generate high thrust
compared to the other technologies described above [Goebel & Katz, 2008].

Pulsed Plasma Thruster

A pulsed plasma thruster (PPT) is an electromagnetic thruster that utilizes a pulsed
discharge to ionize a fraction of a solid propellant ablated into a plasma arc, and
electromagnetic effects in the pulse to accelerate the ions to high exit velocity. The pulse
repetition rate is used to determine the thrust level [Goebel & Katz, 2008].

Resistojet

Resistojets are electrothermal devices in which the propellant is heated by passing
through a resistively heated chamber or over a resistively heated element before entering
a downstream nozzle. The increase in exhaust velocity is due to the thermal heating of the

propellant, which limits the I, to low levels (<500 s) [Goebel & Katz, 2008].
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Appendix A: Saha Equation Derivation

We derive the Saha equation derivation (section 2.5.1) following Laframboise
1996 lecture notes. Inside a cube of size L with periodic boundary conditions on the
walls, neutral atoms with a density n, are place with a corresponding temperature T. Some
of them ionize at this temperature, producing equal amount of ions (n;) and electrons (ne),
assuming that neither neutrals nor ions possess internal degree of freedom [Laframboise

1996].

In local thermodynamic equilibrium, the (un-normalized) probability of finding an
individual neutral in any non-degenerate state of the total energy, &, is [Laframboise

1996]

&
B (A.1)

The total probabilities of the ionized and neutral configurations must be solved. If

the atom is not ionized, it is considered to be a quantum-mechanical free particle. If the

atom is ionized, the ion and electron are treated as free particles [Laframboise 1996].

If a neutral atom has a mass m and momentum g, then & = p*(2m)™ and the

probability of finding it with this momentum is

p’ :
e 2mKkgT. (A-2)

And the probability of finding the ion and electron with these momenta is

eE; 'ng P2 (A 3)
e kgT . e 2m;kgT . e 2mekBT_
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The atoms are considered to be confined within the cubic box which has the length L

under periodic boundary conditions for each atom’s wave function on all box surfaces.

The possible values of the momentum vector are given by p = hk/2x with the wave vector

k = 2L (Nx, Ny, N;), where Ny, Ny, and N, are integers. To each distinct triad of these

integers corresponds a single wave function (ignoring spins) [Laframboise 1996].

If L is large, then these states are closely spaced in momentum and for the total

number of states in the momentum interval dpxdpydp,

L*dp,dp,dp,

d*N = dN,dN,dN, - 3

The total probability for the non-ionized state is then [Laframboise 1996]

‘ngNyNz (ngNyNZ
n 3, e

L3 __»
el e

3
2

2mmkgT
=( n2 )LS'

The total probability for the ionized state is [Laframboise 1996]

_ONaxplINzg le[ Nz, ngNyNz
eSS S [ [ emen,

Nye;:Ny;:Nz; NicgNyg Nz, Too —oo

-EH [ kT o o) (5 ] e ),

(A.4)

(A.5)

(A.6)
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The relative probabilities of finding a single atom ionized or non-ionized are then Pje and
Pn. The ratio Pi/P, then also equals the relative proportions of ion-electron pairs and
atoms in or box. Also Pje = PiPe, and P o nL? for e, i, and n. Thus the probabilities
yield [Laframboise 1996]

B, P, n,L3

Pie _ PP, (niL*)(nL%) (A.7)

Therefore the Saha’s equation in its simplest form is

3
nin, 2mrm kgT\2 _£Ei (A7)
=( n2 ) el

Nn

Equation A.7, the simple Saha’s equation, is derived under local thermodynamic
equilibrium, such as a thermal plasma. According to J. Meichner in Dinklage et al., in a
low-temperature plasma where the temperature of the electron is much higher than the
heavy particles, the Saha’s equation is derived under partial thermodynamic equilibrium.
Under a partial thermodynamic equilibrium, the elastic collisions between the electrons
and the heavy particles, and the heavy particle confine time have small kinetic energy
transfers. The temperature of the heavy particles are in room temperature under low-
pressure because of the low collision frequencies between the electrons and the heavy

particles [Dinklage et al., 2005].
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Appendix B: Classical Coulomb Collision Theory

Expanding from section 2.5.2, Coulomb collision theory is based on Coulomb
forces between two charged particles. The collision between the two particles in a plasma
is an elastic process. The Coulomb force between the two test charges eq and eq is

[Howard, 2002]

€q€q (B.1)
Aegr?

Feoutomp =

The Debye sheath in a plasma limits the Coulomb force such that an effective cross-
section can be solved (see section 2.5.2 for details on cross-section). To produce an
effective momentum transfer, which occurs when the angle between the colliding
particles is 90°, requires a densely populated plasma. Thus, calculating the mean free path
would determine the statistical probability of collision occurring in the plasma. The mean
free path, Amms, IS the reciprocal of the product of the cross-sectional area,
Ocross section—sy,s,» aNd the particle density, ng_, of the specific species [Howard, 2002],

1 (B.2)

N, Ocross section—sy,s;

A

mfps =

where s; and s, are the species (electron, ion, or neutral) colliding with each other

[Howard, 2002].

Thermal speed is the speed at which the individual species is moving in a plasma.

The average thermal velocity of a species is [Howard, 2002]
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[BkgT (B.3)
=

The mass m; is specific for each species; whether it is an electron, ion or neutral [Howard,

2002].

The plasma frequency is formed from microscopic deviations from the plasma in a
quasi-neutral state. The plasma frequency is derived from the motion of the electron
inside a static electric field. Thus, within the static and planar electric field, the plasma

frequency for a species is [Howard, 2002]

— (B.4)

€oMs .
The Debye length, or characteristic length, is the distance over a plasma in which

the electric field of the charge particle is shielded from the thermal motions of the other

charged particles [Howard, 2002],

eoksT, (B.5)

nee?
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X Unperturbed path

Impact
parameter

Figure B.1: lllustration of two charged particles and their paths [Figure 2.9 of Howard,

2002]

In a plasma, as two particles approach each other, their paths perturbed due to
their charge. The impact parameter, b, is the distance between the unpertured paths of the
two particles. The perpendicular force is proportional to the impact parameter [Howard,

2002],

_ %% b (B. 6a)
LT 4megr?r

Note that r is the radius between the two particles, which can be represented as

Nezaryes (B.6b)

Taking the impulse of the perpindular force over infinite distance and time yields,

o

j‘oF df = equb f dx (B.7)
e 4me,,

.
o (x2 + b2)2
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Integrating both yields the impulse,

x (B.7)
- <b2\/xz—+bz> _oo>'

Taking the limit of x as it approaches to positive infinity yields the change in velocity of

5 _eqeqb ( x )
" T e, \\p2vaz 1 b2

the particle as

2eqeq (B.8)

v, =———.
L7 4meymub

Taking the statistical average over the distribution of the collsions (see Howard 2002 for

more information), the closest approach for two test particles in a collision is

2e4€q (B.9)
Amegmuv?

bmin -
The test particle does not experience an electric charge outside its Debye length.
Therefore, byax IS Ag. The plasma parameter, A, is the ratio of the Debye length and the
minimum impact parameter [Howard, 2002],

Aa (B.10)

bmin

A=4m-n, A3 =

The Coulomb parameter In(A) is the logarithmic of the plasma parameter.

The collision frequency is described as [Howard, 2002]

fv,5152 = Mg, Cs, Ocross section—sy,5,. (B- 11)
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The frequency depends on the number of particles in the first species, the thermal energy
of the first species, and the cross-section area between the two species. The cross-
sectional area, O¢ross section—s, s, 1S the value at which scattering occurs between the two
species. The effective cross section occurs when the two species collide at 90°. The

collision frequency of a typical electron-ion scattering is

n;Z?e*In(A) (B.12)
f'l/,ei = 7 5.3

2meimicd

Since fy ei = Niocross section-eiCe, then the cross section for electron-ion scattering is

Z%e*In(A) (B.13)

Ocross section—ei —
2meiméct

The electron-ion collision frequency is the same as the electron-electron collision

frequency, assuming that the plasma is quasi-neutral,

ne.Z%e*In(A) (B.14)
fv,ei = 7 5 3

2meimicd
For an ion-ion and ion-electron scattering, the collision frequency is linearly proportional

to the electron-ion collision frequency [Howard, 2002]

M, nizze4 ln(A) (B. 15a)
fvii = Fvei |77 = 3

, 1
2,022 3
2megmimgc,

e miZ%e*In(A) (B.15b)

; ; m
vie = Jvei = .
m; 2meimym,cd
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Under cold plasma, the gas is not fully ionized. In most cold plasma, only a
fraction of the gas is ionized; the rest of the gas contains neutral atoms. The collision

frequency between two neutrals in a homogeneous gas is [Howard, 2002]

B.16)
8k,T (
fomn = MnCp * 2112 = 2npmn? |— 5

n

Typically, the neutral-neutral collision frequency is very low due to the nature of its
temperature. The neutral-ion collision frequency is similar to the neutral-neutral

frequency since both species are nearly the same mass and temperature [Howard, 2002].

Electron-neutral collisions occur frequently in a partially ionized plasma. The
collision frequency between the two is similar to the electron-ion collision frequency,
without the chance of recombination or having any electric forces. Thus, this can be

treated as the neutral-neutral collision of two different species,

fren = MnCeTTiE . (B.17)
The radius of the electron is much smaller than the radius of the neutral; therefore, the

radius is neglected in the equation. The cross section area can, nry?, can be approximated

to a degree of 10™*® m? [Howard, 2002].
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Appendix C: Continuum Theory of Plasma

In this appendix we derive the continuum theory of plasmas.. However, in this
appendix, the theory goes more into detail. This model considers the plasma as three
interpenetrating fluids (electrons, ions, neutrals). Collision frequencies are introduced in
the model to represent the collision effects in the plasma. The model is analogous to the

Navier-Stokes equations in section 2.5.5.

The first equation in the continuum theory is mass continuity in the plasma,

ap
a_tS"' V- (psvs) = 0.

(C.1)

This indicates that there is no change in the mass of the particle, or the number of total
particles (electron, ion, neutral) in the fluid. The equation V(p,v,) can be represented as,

V- (psvs) = v - Vpg +  ps(V-v). (C.2)

convective derivative rate of compression
The convective derivative represents the change of the density due to motion. The rate of
compression represents the change of the volume due to the motion of the density

[Laframboise, 1996; Howard, 2002; Hutchinson & Friedberg, 2003].

The second equation is the momentum continuity in the plasma,

0psVs
ot

(C.3)

X 2
+ v Vpsvs = =Vp + uVov, -V (g”v ’ vs) + pq(E + v, XB) — psfv,slsz (vsl - vsz)-
The variables on the left hand side of the equation are the material derivative of the
moving particle. The right hand side of the equations shows the pressure gradient of the

given particle, the shear stress at subsonic speed, the shear stress at supersonic speed, the
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Lorentz force, and the collisions between any of the two species. The collisions between
the two particles are the frictional effects due to the collisions [Laframboise, 1996;

Howard, 2002].

The final equation is the energy continuity,

Vps = Vo sVPs) (C.4)
where Vig s IS the isothermal sound speed. The energy continuity shows the gradient of the
pressure is proportional to the gradient of the density of the fluid [Laframboise, 1996;

Howard, 2002].

In a partially ionized plasma, the current density in a plasma is the difference in

bulk velocities between the electrons and ions [Howard, 2002],

] = —njev; + n.ev, = e(l, — I}), (C.5
where I’ and T are the electron and ion flux quantities, respectively. The overall particle

flux describes the net velocity of particles in a species [Howard, 2002],

I = U snsE — DVng,. (C.6)
The first quantity of the particle flux describes the mobility of the particles in an electric
field. The mobility is the ratio of the specific charge to the collision frequency inside the

plasma [Howard, 2002],

e (C.7)
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The second quantity in equation G.6 is Fick’s Law of Diffusion. Fick’s Law describes the
flux of particles from a highly dense region to a lower one assuming there are either

uncharged particles or no significant electric field present [Howard, 2002],

Trick'ss = —DsVns. (C.8)
Note that Ds is the diffusion coefficient of the given species. The diffusion coefficient

describes the step length of the particles in a medium at a given collision frequency

[Howard, 2002],

kgTs

Dg = ~A2 e fosis,s
s MV mfp,sJv,s152

(C.8)

Ambipolar diffusion, D,, is the diffusion effect of both the electrons and ions
within an electric field. The ambipolar diffusion contributes to the loss energy due to
recombination [Howard, 2002],

_ :um,eDi - .um,iDe (C' 9)

D,
.um,i + .um,e

This can occur in a magnetic field, but the assumption in this manner is the magnetic field
is negligible in the calculation. Qualitatively, the particle diffusion describes the

divergence of Fick’s first law of diffusion [Howard, 2002].
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Appendix D: Constants for the Production Rate Quartic Equation

Ne = nyn, - (AT} + BT? — CT? + DT, — E)

Gas Type A B C D E
Helium® +2:10°% -9-10%° +2:10% -2-10% +5-1078
Neon? +3-107% -2:107%° +4:10% -3-10% +1-10™"

Nitrogen® +1-10% -6:107%° +9:10% -6:10% +2:10%
Argon* +1-10°% -6:10%° +9:-107%° -7-104 +2:10
Xenon® +1-10°% +4-107% -1-10% +1-107%° -5-10™

Table D.1: Constants for the Production Rate Quartic Equation. Note that these are all

approximations within 15% of the values. (Cited in Section 2.5.5)

1. Kimetal.,, 2004

2. Almeieda et al., 1995
3. ltikawa, 2005

4. Phelps, 1990

5. Goebel & Katz, 2008
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Appendix E: Sheath and Probes

This appendix was cited in section 2.8.1 of the dissertation. There is a region
between the electrodes and the plasma when the gas undergoes a capacitive discharge.
The sheath is a region where there is high amount of ions due to the electrons charging
the walls of the electrodes. The region confines the escaping electrons electrostatically.
Since the thermal velocity of the electrons is faster than the thermal velocity of ions, the
electrons quickly stick to the walls, thus yielding a negative potential. Note that in the
region, the quasi-neutrality assumption cannot hold [Howard, 2002; Goebel & Katz,
2008].

Considering a plasma which is in contact with this electrode wall, the maximum
potential of the plasma shown in figure E.1 is at the centre; where the warm ions are. The

cold ions, which are near the walls, have a lower potential.

llem Aszepunog

Sheath

Plasma

Figure E.1: Plasma in contact with a boundary wall [Figure 3.3 of Goebel & Katz, 2008]
The ionic current density entering the sheath edge can be found from the substance
density at the sheath edge and its ion velocity. At the sheath edge, the plasma density
decreases due to high amount of positive ions along the wall. This can be explained with

the Boltzmann behaviour [Howard, 2002; Goebel & Katz, 2008]
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Ne =Ny e(%) (E 1)

where ng is the particle density in the potential free region, and ¢ is the potential across
the plasma. At the sheath’s edge, the ion’s Bohm velocity is [Howard, 2002]

T, (E.2)

mi'

Upio =

Where m; is the mass of the positive ion. Substituting ¢ as the electron temperature of the
plasma in equation E.1 and combining the results with E.2, the current density of the ions
entering the sheath is [Lieberman, 2003; Goebel & Katz, 2008]

1 |kgT, (E.3)

=—n
]Sheath 2 e

m;
The Child-Langmuir sheath is the simplest case of a sheath in a plasma. This case
occurs when the potential across the sheath is significantly large such that the electrons

repel from the sheath. Equation E.4 states that the current density which can pass through

a planar sheath is limited by the space-charge effects [Goebel & Katz, 2008]

3
_4ey |2e V2 (E.4)
]max - 9 ml le )

where V is the potential difference between the electrodes. The corresponding potential

along the plasma wall is plasma potential along the wall is [Howard, 2002]

. = o In (27;me)' (E.4)

i

where ¢y is the potential along the wall of the electrode (see figure E.1) [Howard, 2002].
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Studying the behaviour of the sheath within an electrode, there can be an analysis
of the behaviour of the Langmuir probe. The initial assumption is the probe has a negative

bias voltage such that all the ions are collected at the electrode and the electrons are

repelled.
Plasma ~ |
Sheath |
ea
>4
®— H
S b @
= 1
777777777W7¢k
Cathade

Figure E.2: Schematic Drawing Showing the Potential Drops Around the Plasma Circuit
[Figure 3.12 of Howard, 2002]
The ion current density which is collected is J; and the ion current is
I = nyvp;oeA, (E.5)
where A is the area collected. There is a potential drop @oo - o in the pre-sheath to
accelerate the ion to Bohm speed

1 (E.6)

1
—eps = —e(Py — Poo) = Emivé,i,o = EkBTe

where ¢ is the sheath edge potential, and ¢qo is the potential along the wall. The electron
density at the edge is described as the Boltzmann behaviour in equation E.1. The ion
saturation current is

(E.7)

N| =

1 ksT,
ISi = novB‘i‘oeA = EnOOeA< m )

i
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Thus, the probe measures the particle density of the plasma given the electron
temperature [Howard, 2002].
Consider a probe potential V,, =V —V, where V,, is the plasma potential V, = ¢@u-

The current of the electrons at the probe is

eVpp E.8a
I = I eksTe, ( )
Aeny(v) (E.8b)

se — T

The value I is the electron saturation current. For a positive probe bias, all the electrons

are collected and | = Is.. Note that

I m (E.7)
Xx —>»1
Isi me

The current — voltage characteristic in a Langmuir probe is shown in figure E.3 [Howard,

l

2002].
Jp A
ELECTRON
SATURATION
Jeo
% 1

ION i 7 0 @
SATURATION ]‘ |
|
|

—————— IONS~— ~ =~ >kt —— —— = ——E ECTRONS = — — — —

COLLECTED I COLLECTED
|

Figure E.3: The Langmuir probe I — V characteristic showing the electron and ion

contributions and the plasma.[Figure 3.13 of Howard, 2002]
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Appendix F: Mechanical Drawings

The following are the mechanical drawings of the electrothermal thruster and the
hybrid electric thruster (cited in Section 3.2.2). Note that the drawings are not to scale
because they must fit within the given margins. Section F.1 contains the drawings of the
electrothermal thruster. Section F.2 contains the drawings of the hybrid electric thruster.

The properties of the materials used in the electrothermal thruster are described in table

F.1, and the hybrid electric thruster are described in table F.2.

Component Material Young’s Ultimate Poisson’s Ratio
Modulus Strength
(GPa) (MPa)
Support Acrylic 3.3 40 0.37
Nozzle Aluminum 6061 68.9 117 0.33
Tip Aluminum 6061 68.9 117 0.33

Table F.1: Material Properties for the Electrothermal Thruster

Component Material Young’s Ultimate Poisson’s Ratio
Modulus Strength
(GPa) (MPa)

Support Acrylic 3.3 40 0.37
Nozzle Silica Glass 68.0 33 0.19
Anode Annealed Copper 110.0 210 0.34
Tip Aluminum 6061 68.9 117 0.33
Ring Acrylic 3.3 40 0.37
Electrode | Annealed Copper 110.0 210 0.34

Table F.2: Material Properties for the Hybrid Electric Thruster
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F.1 Electrothermal Thruster Mechanical Drawings
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F.2 Hybrid Electric Thruster Mechanical Drawings
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Appendix G: Glow Discharge Graphs
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Figure G.1: Electron Temperature vs. Time (Cited in Section 3.7)
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Figure G.2: Electron Density vs. Time (Cited in Section 3.7)
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Appendix H: Programming Code Used in Simulations

This section of the dissertation has been cited in section 3.7.

H.1 Glow Discharge

This program is written completely by the author of this dissertation, C. A. B.
Stoute, using Maple software. The calculated results from the program have been applied

to the computational fluid dynamic program.

> restart; with(plots) : with(linalg) : with(ArrayTools) : Setup(mathematicalnotation = true) :
with(VectorCalculus) : with(DETools) : with(PDETools) :

Setting the Variables

> NE = ne0-ne(t); NN := nn0-nn(t); TE := Te(t)-Te0; TH = Th(t) -Th0; U := u(t) -u0; EO

s ; EF := E0-cos(w-?)

NE = nelne(t)
NN :=nn0nn(t)
TE =Te(t) Te0
TH := Th(¢) Tho

U:=u(t) u0
D
EOQ = -
radius
EF o @COS((L)t)
radius
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Plasma Generation Equations

> 3
o ) 32 (met+mn\\ 2 (U . __u ;
kiz == [S] sqrt[ o (—me-mn )] (kB-TE) ( > 4B-TE + 1) exp( B-TE ]],

S1 = 4E—3;

g0 =1
gl = 0.5;
3 -1
oo | | A 2:g] ( 2mmekBTE ) [_ Ui ) ,
Tz g0 72 PUT kB TE ’
#nedot:=kiz-NN-NE—kre- (NE)>;
i U L u
o me 4+ mn 3/2 i kB Te(1) Te
kiz=481 2 ——— (kBTe(t) TeO - +1
* V2 T memn ( e(t) Ted) [2 kB Te(t) Te0 je
S1:=0.004
g0:=1
gl =0.5

me + mn 3/2( 1 Ui
0.008000000000 /| ————— (kB Te(t) TeO —— +1
_ J Tmemn ( elt) Te0) ( 2 kBTe(t) Te0 * )

kre .=
% me kB Te(t) Te0 )
h2
3/2
kB-TE
NE-¢*-In| 4-1-NE 80]‘—2] ]-n
> voi e . NE-¢ )
128 &0’ kB TE> ’
ven = 6. 1020.Ng- 7 - | KBTE
TT-me

ve := Vei + ven; U i == E i-e; Ui :== U i

3/2
neQne(t) 841n[4nne0ne(t) [ML(Z)T;O] ]n
neOne(t) e

1
128 e0” kB* Te(t)2 Tel?

kB Te(t) Te0
T me

vei .=

ven := 6.000000000 102° neOne(r) 2
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3/2
nelne(t) €4ln[4nne0ne(1) [W] ]n

1 nelne(t) o

128 SOZkB2 Te(t)2 Tel?

kB Te(t) Te0
T me

Ve =
+ 6.000000000 102° neOne(t) V2.

Ui=Eie

Ui=E ie

> o= [ 3.2-e-kB-TE-(NE + NN) ) o = [ 3.2-e-kB-TH-(NE + NN) ]
ve-me ’

>

Vi-mi

ke = (3.2ekBTe(t) TeO (neOne(t) + nnOnn(t)))

neOne(t) &t ln[4nne0ne(t) [ 5
nelOne(t) e

128 802kB2 Te(t)2 Tel?

0 kB Te(t) Te0 j”] .

kB Te(t) TeO
T me

+ 6.000000000 102° neO ne(t) V2

_ 3.2ekBTh(t) ThO (neOne(t) + nnOnn(t))

Kh —
Vi mi
2
> Qabs = NEC. 2(ve) 1502’
me-ve ¢ 4 (ve)> 2

211



3/2
neOne(r) ¢* ln[47tn60ne(t) [SOICL([)T;OJ ]

1 nelne(t) e

Qabs = % nelOne(t) &

128 802 kB Te(t)2 Tel?
+6.000000000 102 ne0ne(r) 2 | KL Tel | 4 me | o
T me

3/2
BT T
nelOne(t) & ln[4nn80ne(t) [w ] s

n 1 nelne(t) e
128 802k32 Te(t)2 Te?
2
+6.000000000 102 ne0ne(r) y2 | KBTI T | | b
T me

> Qelas == 3-%-NE-Ve-k3-(TE — TH);

3/2
neOne(t) ¢* ln[4nne0ne(t) ij ] -
neOne(t) e

1
128 802/(82 Te(Z)2 Te(?

Qelas .= 1 3 menelne(t)
mn

\/— kB Te(t) Te0

+ 6.000000000 102° ne0 ne (¢ kB (Te(t) Te0 — Th(t) ThO)

T me

> UN := 0-10° : Ul := UN: Ren = -NE-me-ven-(U — UN) : Rei *=-NE-me-vei-(U— UI) :

Rin :=-NE-mn-vin-(U — UN) : Rne :=-Ren : Rie ‘== -Rei : Rni := -Rin : Qfrici ‘== -Rin
Ul — Rie-Ul — Rni-UN — Rne-UN : Qfrici_on = 1:

> HI1 := diff(NE, ¢) -f0 = nedot,

HI :=ne0 [ % ne(t) )ﬂ?= nedot

> H2 = dsz[ ‘NE-kB-TE, tj -f0 = Qabs — e-nedot-E i
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H2 = (i ne( (— ne(t)j kB Te(t) TeO + % neOne(t) kB (% Te(t)j Te())ﬂ)

nelne(t) ét ln[4ﬂ:n60ne(t) [ 5
neOne(t) e

128 802sz Te(t)2T602

+6.000000000 102 ne0ne(r) 2 | KBTeD) Tel | 4 / me | o
Tme

0 kB Te(r) Te0 )"
2

0 kB Te(t) Te ]3/2] ;

nelne(t) ¢t ln(4 T nelne(t) [

1 neOne(t) e
BT 2 2
&0 kB Te(t)? Te0?
2
+6.000000000 102 ne0ne(r) y2 | ABLTE0 | 1 b | — enedotE i
T me

> H3 = diff (NN, t) -f0 =-nedot;
d
H3 :=nn0 [E nn(t) ij = -nedot

> H4 = diﬁ"[%-(NE + NN)-kB-TH, t)-ﬂ)=0-Qelas

((% [ i (t)) + %nnO(%nn(r))jkETh(f} ThO + [%neOne(l‘)

+ % nnOnn(t)j kB [% Th(t)) ThO)f0=0

Initial Values

> ne0 == 10'%; nn0 = 10%%; Te0 == 11620; Tho = 293; f0 := 100-10%; u0 == 10°;
# Parameters which works

ne( :=1000000000000000
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nn0 :=10000000000000000000000
Te0 := 11620
ThO =293
10 :== 100000000
u0 := 1000

3.5
> = f0-2-1; ® :=-15; jus = ———
o = f0-2-m; 5; radius 1000

® :=200000000 1
d:=-15
radius :=0.003500000000

> n = m-mp + m-me;, # mass of the atom

mi == m-mp + m-me — me; # mass of an ion
q = -e# Charge of an electron

mn = mmp + mme
mi = mmp + mme — me

q:=-e
Standard Constants Used

>
€0 == 8.85E—12: 10 == 4-1-10"" : e := 1.602E—19 : me = 9.109E—31 : mp = 1.6726
10727 mp me = 2L p = 6.6262-10* : h_bar = evalf(L.) £ c0 == 2.9979
me 2-pi
108 : a0 == 5.2918-10"'" : 4_atomic = evalf(m-a0?) : p0 == 101.33E3 : kB
1
= 1.38E—23 : Torr i= ———= :atm := 101.34E3 : B0 := 5.67TE—8 : b
= 2.897E—3 : g0 = 9.8066 : R := 8.314: R1000 := R-1000 :

Solving for the ODEs

> IC :=ne(0)=1,Te(0) =1,nn(0) =1,Th(0) =1

IC :=ne(0) =1,Te(0) =1,nn(0) = 1, Th(0) =1
> timer = 1.5-10"°
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timer :=0.000001500000000

> timesteps = f0-timer

timesteps := 150.0000000
Nedot is a Quadric Function

> CpMol 2372.3
HHe = Mol = 20. =0.1782,m=4, kk=—=L"2% _ F j=
e subs( CpMol=120.786,p =0.1782, m =4, kk CpMol — R’ L 96.435 , nedot
= NE-NN-((2E-34-TE* — 9E-30-TE® + 2E—25-TE> — 2E—21-TE 4+ 5E—18)) |, [H1,
H2, H3, H4])[ ]
> CpMol _2080.7
HNe = Mol = 20. =0.9002, m = 20.1 = P2 g -
'Ne subs([Cp 0l=20.786, p = 0.9002, m =20.179, kk oMol —R i 96,485
nedot= NE-NN-((3E—34-TE* — 2E—29-TE® + 4E—25 -TE> — 3E—21-TE
+1E—17)) |, [H1, H2, H3, H4])[ ] :
> . B _ B _ CpMol . _
HN2 = subs( [CpMol— 29.12,p=1.251,m =28, kk = CpMol —R ,E i=15.52, nedot=NE
NN-((1B—33-TE* — 6E—29-TE> 4+ 9E—25-TE> — 6E—21-TE + 2E—17)) |, [H1, H2,
13, H4]][ ]
> a _ _ _ __ CpMol . 1520.6
HAr - subs[ [CpMol 20.786,p = 1.784, m = 39.986, kk oMol —R i 96,485 °
nedot = NE-NN-((1E—33-TE* — 6E—29-TE> + 9E—25-TE> — TE—21-TE
+2E—17)) ], [HI, H2, H3,H4])[ ] :
> _ B _ _ CpMol .
HXe := Mol = 20. =5.804, m=131.2 =—=P2% _pi=12.12
e subs( [Cp 0l=20.786,p =5.894, m = 131.293, kk CpMol —R i 7,

nedot= NE-NN-((1E—33-TE* + 4E—30 - TE> — 1E—24-TE*> + 1E—20-TE
—5E—17)) |, [H1, H2, H3, H4])[ ] :

Nedot is independent and Motion of Electron
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> _ _ _ ___ CpMol . 23723
HHe:= Mol = 20. =0.1782, m=4, kk= —2L=2%— [ j=22==
#HHe subs[[Cp 0l=20.786,p =0.1782, m =4, kk CoMol —R 1= 56.485 , [HI,

H2, 13, H4]j[ ]:

> — _ _ _ _ _ CpMol ._ 2080.7

#HNe subs( CpMol=20.786, p = 0.9002, m =20.179, kk CpMol —R = 56485
LH1, H2, H3, H4]j[ ]
>

_ _ _ _ __CpMol . . _
#HNZ-—subs[[CpMol 29.12,p = 1251, m =28, kk = P 15.52}, [HI, H2,

H3,H4]][ 1:

> L _ _ _ __ CpMol ._ 1520.6
H#HAr: subs( [CpMol 20.786,p = 1.784, m = 39.986, kk CpMol —R ,E i 96.435 |
[HI, H2, H3, H4]j[ 1:
> _ _ _ _ CpMol .
HXe:= Mol =20. =5.894, m=131.2 =——7F i=12.12
#HXe subs([Cp 0l=20.786,p =5.894, m=131.293, kk CpMol — R’ i 71,
LH1., H2. H3, H4]j[ ]
Solving
>

HEHe := dsolve([HHe, IC ;
HENe = dsolve([HNe, IC], type = numeric);
HEN? := dsolve([HN2, IC], type = numeric);
HEAr := dsolve([HAr, IC], type = numeric);

HEXe = dsolve([HXe, IC], type = numeric);

], type = numeric);
I,

HEHe = proc(x_rkf45) ... end proc
HENe = proc(x_rkf45) ... end proc
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HEN2 = proc(x_rkf45) ... end proc
HEAr == proc(x_rkf45) ... end proc
HEXe = proc(x_rkf45) ... end proc

rhs(HENe(timesteps)[1]) )
S0

> ¢ = evalf(

¢ :=0.000001500000000
Electron Temperature Results

>
pl = odeplot(HEHe, [ 10° 0 ! -t, Te(t), color= orange], t =0 ..timesteps, legend
= "Helium") :
p2 = odeplot(HENe, [ 10% 0 L, Te(t), color= red], t=0..timesteps, legend = "Neon") :
p3 = odeplot(HENZ, [106 f0° ! -t, Te(t), color= "Purple"],t =0 ..timesteps, legend
= "Nitrogen") :
pd = odeplot(HEAr, [ 10° f0° ! -t,Te(t), color = "BlueViolet"], t=0..timesteps, legend
= "Argon") :
ps = odeplot(HEXe, [ 10° 0" ! -t, Te(t), color= "Blue"], t =0 ..timesteps,legend = "Xenon") :
>

plots[displayl({pl, p2, p3, p4, p5},labels = [ "Time (microseconds)",
"Electron Temperature (eV)"], labeldirections = [ horizontal, verticall, titlefont = | TIMES,
ROMAN, 24, font = [ TIMES, ROMAN, 241);

-
Laa LA
M B

b2
LA
1

Electron Temperature (eV)
oy
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Hean Helimn —— Himogem —— frgon —— Henom |
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Electron Density Results

>

pl = odeplot(HEHe, [10° -ﬂTl -t,nn0-nn(t), color= orange], t =0 ..timesteps, legend
= "Helium") :

p2 = odeplot(HENe, [ 10° f0° ! -t,ne0-ne(t), color = red], t =0..timesteps, legend
= "Neon") :

p3 = odeplot(HENZ, [10° 0" L, nn0-nn(t), color= "Purple"],t = 0..timesteps, legend
= "Nitrogen") :

pd = odeplot(HEAr, [ 10° 0" ! -t,ne0-ne(t), color= "BlueViolet"], t=0..timesteps, legend
= "Argon") :

pS = odeplot(HEXe, [106 f0° ! -t,ne0-ne(t), color = "Blue"], t =0 ..timesteps, legend
= "Xenon") :

> plots[displayl({pl, p2, p3, p4, p5},labels = ["Time (microseconds)",
"Electron Density (electrons/m”3)"], labeldirections = | horizontal, vertical], titlefont
— [ TIMES, ROMAN, 241, font = [ TIMES, ROMAN, 241);

C: 15 1
“g 1x10 7]
g i
§ 14 ]
T 95%x10 ]
= ]
g 9x10 ]
=]
]
= 14 7
885x10
5 i
0.0 0.5 1.0 1.5
Time (microseconds)
|— Nitrogen Neon Helum Fenon Argnnl

> IpHe=1.05-10"°-10%-(2E-34-0.33* — 9E-30-0.33> + 2E—25-0.33?> — 2E—21-0.33
4+ SE—18)-¢-1.864-10 -

nidotHe = 0.000001567510268
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> pN2=8.1-10"*10?%-(1E—33-3.55* — 6E—29-3.55° + 9E—25-3.55 — 7TE—21-3.55
+2E—17)-¢-1.864-10 -t

nidotHe = 0.000004831519477
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H.2 MATLAB Code for Simulations

The MATLAB code for the computational fluid dynamic model of the thruster
have been modified from the original author Britton Jeffery Olson. Olson have developed
three files: nozzle.m, noz_mesh.m, noz_cfd.m, and solver.m. Three of the four files have

been modified by Stoute:

e The nozzle.m has not been modified.

e The noz_mesh.m has been modified to include an exhaust section of the nozzle.
Also, the nozzle has been changed from a bell-shaped nozzle to a conical nozzle, a
full converging-diverging nozzle, and an inlet.

e The noz_cfd.m has been modified to include the magnetoplasmadynamic (MPD)
equations (see section 2.5.5). The program has been adjusted to the RFET and to
the Scramjet models.

e The solver.m has been modified to include the MPD equations embedded to find
the solution. There is also a minimum timestep in the solver to prevent the
program from crashing. Finally, the boundary conditions have been extended to

include the ambient environment.

In addition to the modification to the original files, the author added files to compliment

the CFD simulations. These include RFET.m and scramjet.m.
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RFET.m

function [rho] = rfet(T ¢, T amb, P ¢, P amb, Cp, W, mu fO0, kthO, h exh,
h th, h tip, V. dc, I dc, I ext, freq, activate rail, Gas_Name)

o\

Modified Navier-Stokes CFD solver using Magnetoplasmadynamic
equations for electrothermal thruster

o

o\

Author Modified the Program:

C. A. Barry Stoute

Ph.D. Candidate

York University

Department of Earth and Space Science and Engineering

o 0o oe

o

o

Original Author of Program:
Britton Jeffrey Olson

Ph.D. Candidate

Stanford Univeristy
Department of Aero/Astro

o o oe

o

o
o

$5%%%%%% Introduction and Background from Original Author $%%%%%%%
This program gives the ideal nozzle geometry using the method of
characteristics for a Quasi-2D Diverging Nozzle. Assume gas 1is
exhausting from a combustion chamber that has no mass flow rate in.
Using 2D nozzle flow relations, an optimal throat area is found that
will produce the max amount of thrust for the given ambient pressure

o o° o° o° o

oe

% and combustion chamber parameters. This Area 1is automatically set
and
% fed into the method of charactertistics portion of that code. The
% method of characteristics also uses the exit Mach number that
% corresponds to the ideal exit area.
3%%%%%%% Introduction and Background from Modified Author 3%%%%%5%%
% Note, DO NOT call the returning Magnetic Field vector B, it will
crash
% the simulation. Suggested name: Bmag
3%%%%%%% Directions for running the program 3%%%%%%%
% Put in the desire values in the following order
% T ¢ = Temperature in the combustion chamber (K)
% T amb = Ambient temperature (K)
% P ¢ = Pressure in the combustion chamber (Pa)
% P amb = Ambient pressure (Pa)
Cp = Specific Heat (Pressure)

o° oo

W = Molecular Mass

width = The diameter of the exhaust

h th = The diameter of the throat

h tip = The diameter of the tip (Cathode)

V_dc = The nominal input of the DC voltage to the circuit

o° oo oo

o\
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o\

I dc = The nominal output of the DC current from the circuit
I ext = External current supplying to the solenoid
freq = The desire frequency

o

o\

% Figure(l): Static thrust as function of exit area

% Figure(2): Nozzle design and plots of Mach number & Pressure vs
Length

% Figure(3): CFD simulation of designed nozzle (Mach Number)

% Figure(4): CFD simulation of designed nozzle (Magnetic Field)

oe

Note, 1lst row is the x direction (axial), 2nd row is the y direction
radial, 3rd row is the z direction

oe

oe

From nozzle.m

o

clear all;

% clc;

% T _c = Temperature in the combustion chamber (K)
% P _c = Pressure in the combustion chamber (Pa)

% P _amb = Ambient pressure (Pa)

% T amb = Ambient temperature (K)

% Cp = Specific Heat of Argon (Pressure)

%global P _amb
global gamma x y cfl Vol T ¢ nnoz R maxspeed minspeed boxex total time
P amb dx dy

rt = 0.5*h _th;
re = 0.5*h exh;
width = rt;

o)

% Problem parameters
Torr = 133;

P ¢ = P c*Torr;

P amb = P _amb*Torr;

gamma = Cp/ (Cp-8.314); % Ratio of Specific Heats Cp/Cv (Gamma)
gammak = gamma;

mu0 = 4*pi*10"~(-7);
e0 = 8.85E-12;

alpha noz = 6;

noz_ length = (rt* (re/rt-1)+1.5*rt* (sec(alpha noz*pi/180) -
1)) /tan(alpha noz*pi/180);

Q

% Speed Range
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maxspeed 3000;
minspeed = 500;

% Mesh Parameters

conical =
boxex = 0;
d element = 1;
total time = 0;

1;

3 CEFD Portion parameters

cfl = 0.8; % Courant-Friedricks-Lewy stability factor (<1) (Default:
0.8)

tt = 400/cfl; % Number of time steps to take

init = 1; % Initialize or use previous run's data? [l1-init O0-
previous]

% visit = 0; % Output viz file? [l-yes 0-no]

E = [0; -V_dc/(0.5*h_th-0.5*h_tip)];

Bb = [0*muO0*I ext*50/noz_ length; 0*mulO*I dc/ (2*pi*re)];
Bb0 = muO*I ext*50/noz_ length;

EB = 0.5* (e0*E'*E4+mu0” (-1) *Bb "' *Bb) ;

Max stress = (1/(4*pi))*[e0*E (1) *E (1) +mu0” (-1) *Bb (1) *Bb (1) -EB
e0*E (1) *E(2) 4mu0” (-1) *Bb (1) *Bb (2); e0*E(2) *E(1)+mu0” (-1)*Bb(2) *Bb (1) -EB
e0*E (2) *E (2) +mu0” (-1) *Bb (2) *Bb (2) —~EB] ;

Res dif = [E(1) 0; 0 E(2)];

visc tens = [mu f0 0; 0 mu f0]; % Viscosity Tensor
kth = [kth0 0; 0 kth0]; % Thermal Conductivity Tensor
nozzle

noz_mesh

noz_cfd

median_ speed = median (Speeds,1);
median density = median(rho,1);

median mag = median (Bmag,1);
for j = l:size(u,?2)
for i = l:size(u,1)
if isnan(S_dir(i,Jj))
S dir(i,3j) = 0;
B dir(i,J) 0;
end
if Speeds(i,j) > median speed(j)*2
Speeds (i,]J) = median speed(]);
end
if rho(i,j) < O
rho(i,3) = 0;
Speeds (i,73) = 0;

elseif rho(i,Jj) > median density(j)*3
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rho(i,j) = median density(Jj):;

else

end

if Bmag(i,j) > median mag(j)*2
Bmag(i,j) = median mag(Jj):;

elseif isnan (Bmag(i, 7))
Bmag (i, J) = 0;

end
u(i,j) = Speeds(i,])*cos(S dir (i, )
v(i,]j) = Speeds(i,j)*sin(S_dir(i, )

Bx(i,3J) = Bmag(i,Jj)*cos(B dir(i
By(i,3j) = Bmag(i,Jj)*sin(B dir(i
end

3)
3)

Ij));

Ij))'

’

end

Isp = mean (Speeds(end, :))/9.81

d° od° = o° o° o° d° d° od° o

o

A A° A° o0 A° O A° A A A° A° A A° A° O A A O° o° oo <

o° oo

o\

o
°

4

(

o

°

Plot the Velocity Vector field
figure(12);clf;

colormap (jet) ;

quiverc(x.*1000,y.*1000,u(l:size(p,1)-1,1:size(p,2)-1),v(l:size(p, 1)~

l:size(p,2)-1));%view (0, 90);
hold on;
plot (nacelle(:,1),nacelle(:,2),'Color','w', 'LinewWidth"', 3);

quiverc(x.*1000,-y.*1000,u(l:size(p,1)-1,1:size(p,2)-1),~-

l:size(p,1)-1,1l:size(p,2)-1));%view (0, 90);

hold on;

plot (nacelle(:,1),-nacelle(:,2),'Color','w', 'LineWidth', 3);
axis ([0 noz(end,1)*1020 -re*1100 re*1100]);

h = colorbar;
set (gca, 'CLim', [minspeed maxspeed]) ;

set (gcf, 'Position', [1 1080 1920 1080]);
set (gcf, 'PaperPositionMode', "auto"') ;

ylabela = get(h, 'YTickLabel');
meterspersecond = repmat (' m/s',length(ylabela),l);
ylabela = [ylabela meterspersecond];

set (gca, 'Position', [0.0975 0.1335 0.7389 0.7915], 'FontSize',

set (h, 'YTickLabel',ylabela, 'FontSize', 48);

xlabel ('Axial - Millimeters');ylabel ('Radial - Millimeters');

scrsz = get (0, 'ScreenSize');

print ('-£f12"', '-djpeg', ['Velocity Vector Field of ' Gas Name]);
Plot the Pressure

figure (13);clf;

48) ;
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d° 0° o 0 0 O° A° O Ad° A° A O O° O° O° O° O A° A o° e

oe

d° A A 0° 0 O° A° OO O A A A O A O° O° ] O A° A° F A ° O° O° d° d° o
=y

o\

%

surf (x.*1000,y.*1000,p(1l:size(p,1)-1,1:size(p,2)-1));
view (0, 90) ;

hold on;

surf (x.*1000,-y.*1000,p(l:size(p,1)-1,1:size(p,2)-1));
view (0, 90) ;

colormap (jet) ;

set (gcf, 'Position', [1 1080 1920 1080]);

set (gcf, 'PaperPositionMode', 'auto') ;

h = colorbar;

set (gca, 'CLim', [0 600]);

ylabela = get(h, 'YTickLabel');

meterspersecond = repmat (' Pa',length(ylabela),l);

ylabela = [ylabela meterspersecond];

set (gca, 'Position', [0.0975 0.1335 0.7389 0.7915], 'FontSize', 48);
set (h, 'YTickLabel',ylabela, 'FontSize', 48);

xlabel ('Axial - Millimeters');ylabel('Radial - Millimeters');
print ('-£f13"', '-djpeg', [ 'Pressure of ' Gas Namel);

% Plot the Force
figure (14);clft;

Fu=u."2.rho.*((0.0025%2) *pi*0.25);
Fv=v."2.rho.*((0.0025%2) *pi*0.25);

quiverc(x.*1000,y.*1000,F u(l:size(p,1)-1,1:size(p,2)-
), F v(l:size(p,1)-1,1:size(p,2)-1));%view(0,90);
hold on;
plot (nacelle(:,1),nacelle(:,2),'Color','w', 'LinewWidth"', 3);
quiverc(x.*1000,-y.*1000,F u(l:size(p,1)-1,1:size(p,2)-1),-

v(l:size(p,1)-1,1:size(p,2)-1));%view(0,90);

hold on;
plot (nacelle(:,1),-nacelle(:,2),'Color','w', 'LineWidth',3);
axis ([0 noz(end,1)*1020 -re*1100 re*110017);

= colorbar;
% set(gca, 'CLim', [minspeed maxspeed]) ;

set (gcf, 'Position', [1 1080 1920 1080]);
set (gcf, 'PaperPositionMode', '"auto"') ;

ylabela = get(h, 'YTickLabel');

meterspersecond = repmat (' N',length(ylabela),l);

ylabela = [ylabela meterspersecond];

set (gca, 'Position', [0.0975 0.1335 0.7389 0.7915], 'FontSize', 48);
set (h, 'YTickLabel',ylabela, 'FontSize', 48);

xlabel ('Axial - Millimeters');ylabel('Radial - Millimeters');
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o\

scrsz = get (0, 'ScreenSize');
print ('-£f14"', '-djpeg', ['Force Vectors of ' Gas Name]) ;

o

[

% Plot the Temperature
figure (15);clf;

o° oo oe

o\

surf (x.*1000,y.*1000,T(l:size(p,1)-1,1:size(p,2)-1));
view (0, 90) ;

o° oo

o

hold on;

o

o

surf (x.*1000,-y.*1000,T(l:size(p,1)-1,1:size(p,2)-1));
view (0, 90) ;

o° oP

oe

colormap (hot) ;

set (gcf, 'Position', [1 1080 1920 1080]);

set (gcf, 'PaperPositionMode', "auto"') ;

h = colorbar;

set (gca, 'CLim', [200 5007);

ylabela = get (h, 'YTickLabel');

meterspersecond = repmat (' K',length(ylabela),1l);

ylabela = [ylabela meterspersecond];

set (gca, 'Position', [0.0975 0.1335 0.7389 0.7915], 'FontSize', 48);
set (h, 'YTickLabel',ylabela, 'FontSize', 48);

d° 0° 0 0 A° 0° d° d° d° P

o

xlabel ('"Axial - Millimeters');ylabel ('Radial - Millimeters');

o

oe

print ('-£f15', '-djpeg', [ 'Temperature Distribution of ' Gas Name]);

o
o

clear global

NOZZLE.m

o)

% Method of Characteristics

num = 15; % Number of Characteristic lines
theta 1 = .03; % Initial step in theta

plotter ; % Set to 'l' to plot nozzle

Il
o
~

dh = h th/100;
max_iter = 10000;
R = 8314/W;

% Part A

$find where P becomes u
h(1l) = h th;
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A star = h th*width;

M =1;

aMl = .1;

for i=1: max iter
h(i) = h(1) + (i-1)*dh;
Ae (i) = h(i)*width;
A Asq = (Re(i)/A_star)”"2;
A ratio(i)=sqgrt (A Asq);

%$Newton Rhapson on Eg. 5.20 - Anderson text

res = 1;
if 1 > 1

M = Ma(i-1);
end

while res > .001
M2 = M + dM1;
funal = -A Asqg + (1/M"2)* ((2/ (gamma+1) ) * (1+ (gamma-

1)*M"~2/2)) " ((gamma+1) / (gamma-1)) ;

funa?2 = -A Asq + (1/M272)* ((2/ (gamma+1) ) * (1+ (gamma-

1)*M272/2)) " ((gamma+1) / (gamma-1)) ;

dv_dm = (funa2-funal)/dMl;

M =M - funal/dv_dm;
= abs (funal);

% Find Pressure
P(i) = P_c*(1l+(gamma-1)*Ma(i)"2/2)" (-gamma/ (gamma-1)) ;

[

% Find thrust for each point

Te(i) = T c/(l+(gamma-1)*Ma(i)"2/2);

Tt (i) = T c/(1+(gamma-1)/2);

Ve (i) = Ma (i) *sgrt (Te (i) *gamma*R) ;

Vt(i) = sqrt (Tt (i) *gamma*R) ;

rhot (1) = P(i)/ (R*Te (1)) ;

mdot (i) = rhot (i) *Ve (i) *Ae (i) ;

TT (i) = mdot(i)*Ve(i) + (P(i) - P_amb)*Ae(i);

if P(i) < P_amb
Sbreak
%Calculate the pressure if shock wave exists at the exit plane
P exit = P(i)*(1+(gamma*2/ (gamma+l))* (Ma(i)"~2-1));

if P _exit <= P_amb
P(i) = P_exit;
break

else

end
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else
end

end

o\

figure (2)

plot (Ae, TT)

title ('Thrust curve')
xlabel ("Exit Area (m"2)")
ylabel ('Thrust (N)")

o° oo oe

o

o

Part B
Determine the nominal exit area of the nozzle
to maximize thrust

o

oe

a,bl=max (TT) ;
Over or Underexpand the nozzle
b = b;
A max = Ae(b);
Max thrust = TT (b);
hold on;
plot (A max,Max thrust, 'r*"')
legend ('Thrust Curve', 'Max Thrust')

d° A 0° o° o° O° —

oe

oe

Part C
Method of Characteristics

oe

M e = Ma(b); $Mach number at ideal exit

$Find theta max by using equation 11.33

$theta max = (180/pi) * (sgrt ((gamma+1l) / (gamma-1)) *atan ( (sqrt ( (gamma-
1)*(M e”2-1)/ (gamma+l))))-atan(sqrt (M e”2-1)))/2;

theta max = 15;

Q

% D _theta for each char line
del theta = (theta max - theta i)/ (num-1);

% Find

for i=1:num

Q

% Initialize mach numeber

for j=1l:num

if i==
$Theta for each line (first lines)
theta(i,J) = theta i + del theta*(j-1);
nu(i,j) = theta(i,]):;
K m(i,Jj) = theta(i,J) + nu(i,]);
K p(i,Jj) = theta(i,j) - nu(i,J):
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elseif i > 1
K p(i,Jj) = -K m(1,1);

% Find Thetas

if 3 >= 1
theta(i,J) = del theta*(j-i);
else
stheta(i,j) = theta(j,i-1);
theta(i,j) = theta(j,i);
end
nu(i,j) = theta(i,j) - K p(i,J);
K m(i,j) = theta(i,J) + nu(i,3j);
end

% Prandtl-Meyer function (using Newton Rhapson)

dM = .1; % Leave at about .1
if J =1

M ex(i,3j) = 1.00;
else

M ex(i,J) = Mex(i,j-1);
end

res = 1;
while res > .01
M2 =M + dM;

funvl = (-nu (i, j)*(pi/180)+ (sgrt ( (gamma+1l) / (gamma-
1)) *atan ((sqgrt ( (gamma-1)* (M"2-1) / (gamma+1))))-atan (sqrt (M"2-1))));
funv2 = (-nu (i, j)*(pi/180)+ (sgrt ( (gamma+1l) / (gamma-
1)) *atan ((sqgrt ( (gamma-1)* (M272-1) / (gamma+1))))-atan (sqrt (M2"2-1))));
dv_dm = (funv2-funvl) /dM;
M =M - funvl/dv_dm;
res = abs (funvl);
end
M ex(i,J) = M;

end

% Find the angle mu
mu(i,j) = (180/pi)*asin(l/M ex(i,Jj));

end

% Add last point to char line

theta (i, num+1) = theta (i, num);
nu (i, num+1l) = nu(i,num);
K m(i,num+l) = K m(i,num);

K p(i,num+l) K p(i,num);
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char = zeros (num,num+1,2);
for i=1:num

for j=l:num+l

o)

% Draw points of intersection
% Point 1 of all char lines
if j ==
char(i,j,1) = 0;
char(i,j,2) = h th/2;
end

3 Where first line hits the symmetry line
if i =1 & j==
char(i,3j,1) = (-h_th/2)/tan((pi/180)* (theta(1l,j-1)-mu(l,j-

char(i,j,2) = 0;

end
% Where all other lines hit the symmetry line
if j == i+l & j>2
char(i,j,1) = -char(i-1,3,2)/tan((pi/180)* (.5*theta (i, -
2)-.5*(mu(i,j-2)+mu(i,j-1)))) + char(i-1,7,1);
char(i,3,2) = 0;
test(i,3) = (theta(i,j-2)-.5*(mu(i,j-2)+mu(i,j-1)));
testpty(i,j) = char(i-1,3,2);
testptx(i,j) = char(i-1,3,1);

end

% All other data points for char 1 calculated

if 1 ==1 & J>2 & J ~= i+l
C p = tan ((pi/180) * (.5* (theta (i, j-2)+theta (i, -
1))+.5*(mu(i,j-2)+mu(i,j-1))));
C m = t n((pi/180)* (.5* (theta(j-1,1)+theta(i,j-1))-.5* (mu(j-
1,1)+mu(i,j-1))));
A= 1[1,-Cm1,-Cpl;
B = [char(l ,1, ) - char(1,1,1)*C m;
char(1,j-1,2) - char(l,3j-1,1)*C p]l;
iterm (1, :)=inv (A) *B;
char(i,J,1) = iterm(1,2);
char(i,j,2) = iterm(1l,1);
end
% All other points for all char lines calculated
if 1 > 1 & j~=i+1 & 3>2
Cp = tan ((pi/180) * (.5* (theta (i, j-2)+theta (i, -
1))+.5* (mu(i,j-2)+mu(i,j-1))));
C m = tan((pi/180) * (.5* (theta (i-1,Jj-1)+theta(i,j-1))-
LS5* (mu(i-1,j-1)+mu(i,j-1))))

[1,-C m;1,-C pl;
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B = [char(i-1,3,2) - char(i-1,3,1)*C_m; char(i,j-1,2)
char(i,j-1,1)*C pl;

iterm(1l,:) = inv(A) *B;
char(i,3,1) iterm(1,2);
char(i,j,2) = iterm(1l,1);
end
end
end

o)

% Fill in similar points (where char lines share points)
for i = 2:num
for j=2:num
char(j,i,1) = char(i-1,3+1,1);
char(j,1i,2) char(i-1,3j+1,2);
end
end

o)

% *xxx**Make the nozzle shape and extend the char lines to wall****x*xx*

% Initial start point of the nozzle (at throat)
noz(l,1) = 0;
noz(1,2) = h th/2;

% Find all the points of the nozzle

o

s** This is where the shape of the nozzle is determine (Conical, Bell

[

Setc...)

for i = 2 : num
% Find different slopes and points to intersect
ml = tan((pi/180) * (theta (i-1,num)+mu(i-1,num)));
if 1 ==
m2 = (pi/180)*theta max;
else
m2 = ((pi/180)* (theta (i-1,num+1)));
end
m3 = ((pi/180)* (theta(i-1,num)));

m4 = tan((m2+m3)/2);

A= [1,-m4; 1,-ml];

4

B = [noz (1i-1,2) - noz(i-1,1)*m4; char (i-1, num+1,2) - char (i-

1,num+1,1)*ml];

iterm(1l,:) = inv(A) *B;
noz(i,1) = iterm(1,2);
noz(i,2) = iterm(1,1);

% Extend char lines to wall
char (i-1,num+2,1)= noz(i,1);
char (i-1,num+2,2)= noz (i, 2);

end
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$Last line
ml = tan((pi/180)* (theta (num, num)+ mu (num,num))) ;
m2 = ((pi/180)* (theta (num-1,num)));

m3 = ((pi/180)* (theta (num, num+1))) ;

m4 = tan((m2+m3)/2);

A= [1,-m4; 1,-ml];

B = [noz (num, 2) - noz (num, 1) *m4; char (num, num+1, 2) -

char (num, num+1,1) *ml];

iterm(1l,:) = inv(A) *B;
noz (num+1,1) = iterm(1,2);
noz (num+1, 2) iterm(1,1);

% Extend char lines to wall
char (num, num+2, 1)= noz (num+1,1);
char (num, num+2, 2)= noz (num+1,2);
if plotter ==

% Plot the nozzle shape

% figure(l);clf;

% subplot(2,1,1);

% plot(noz(:,1),no0z(:,2),"'k"', 'LineWidth"', 3)
% hold on;

% [a,b] = max(noz);

% plot(a(l),A max/width/2,'g*")

3% Plot for loop for char lines

% for i =1 : num

% figure (1)

% hold on;

% plot(char(i,:,1),char(i,:,2))

% hold on;

% plot (char(i,:,1),-char(i,:,2))

% end

3% Plot the nozzle shape (bottom side)

% figure (1)

% subplot(2,1,1)

% hold on;

% plot(noz(:,1),-noz(:,2),"'k"', 'LineWidth"', 3)

% hold on;

% plot(a(l),-A max/width/2,'g*")

% title('Max Thrust (minimum length) Nozzle Design')
% xlabel ('Nozzle length (m)"'")

% ylabel ('Nozzle height (m)"')

% legend('Nozzle shape', 'Area e x i t(predicted)', 'Char. Lines')
else

end
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o\

Find % errors in A/A* and Mexit
error Area = 100* (width*2*noz (num,2) - A_max)/(A_max);
error Mach = 100* (M e - M ex(num,num))/M e;

o

o

% Plot Mach Number and pressure through nozzle using the quasi-1D
% area relations. (Isentropic expansion through nozzle)

Mnoz (1) = 1.0; % Choked Flow
M = Mnoz (1) ;
for i=1: size(noz,1)

Ae (i) = 2*noz(i,2)*width;

A Asq = (Re(i)/A _star)"2;

A ratio(i)=sgrt (A Asq);

%$Newton Rhapson on Eg. 5.20 - Anderson text
res = 1;
if i > 1

M = Mnoz (i-1);

while res > .001
M2 = M + dM1;

funal = -A Asqg + (1/M"2)* ((2/ (gamma+1) ) * (1+ (gamma-—
1)*M"~2/2)) " ((gamma+1) / (gamma-1)) ;

funa?2 = -A Asqg + (1/M272) * ((2/ (gamma+1) ) * (1+ (gamma-
1)*M272/2)) " ((gamma+1) / (gamma-1)) ;

dv_dm = (funa2-funal)/dM1;

M =M - funal/dv_dm;

res = abs (funal);

end

Mnoz (i) = M;

end

% Find Pressure

Pnoz (i) = P_c*(1l+(gamma-1) *Mnoz (i)"2/2) " (-gamma/ (gamma-1)) ;
end
% figure(l);

o\

subplot(2,1,2)
plot(noz(:,1),Mnoz, 'r*")

o\

% hold on;

% plot(noz(:,1),Pnoz/P amb, 'b*")

% hold on;

% plot (noz(size(noz,1),1),M e, 'go’")
% hold on;

o\

plot (noz(size(noz,1),1),1,"'go")
xlabel ('Nozzle length (m)"')
ylabel ('Mach number and P/P c')

o oe

o\

legend ('Mach
Number','P/P a m b','M e x i t(predicted)','P_ a m b/P a m b'")
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NOZ_MESH.m (For RFET Only)

o

**xxxxx See nozzle.m for instructions ***x*xx*
Program to extrapolate the data points from nozzle design and make a
uniform grid spacing in the x-direction
Change nothing... simply run this script

o° oo

o\

o

Find the minimum spacing given by the method of characteristics
and set as the dx wvalue

oe

left edge = 0;
top_edge = 0;

right edge 0;
if conical ==
noz(1,1) = 0;
noz(l,2) = rt;
for 1 = 2:num+1l
noz(i,1) = noz(l,1) + i*noz length/ (num+l);
noz(i,2) = rt + (re-rt)*(i)/ (num+l);
end
else

end

nacelle = noz.*1000;

noz_edge = size(noz,1);
if boxex == 1; % Include Exhaust Box?
exbox(1,1) = noz(end,1);

exbox (1,2)

noz (end, 2) ;
left edge = size(exbox,1);

for i = left edge:left edge+num+l
exbox (i,1) = exbox (left edge, 1) + 1.25*h _exh* (i-
left edge)/ (num+l);
exbox (i,2) = exbox(left edge,?2);
end

top edge = size (exbox,1);
noz = vertcat(noz,exbox);

else
end
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dx = 0;
for i=1: size(noz,1l)-1
len = noz(i+1,1) - noz(i,1);
if (len < dx || 1 == 1)
if len > O
dx = len;
end
end

% Explicitly give the dx value here
dx = max(noz(:,1))/ceil (max(noz (:,1))/dx);
dx = dx/d_element;

nnoz = ceil (max(noz(l:noz edge,l))/dx);

n = ceil (max (noz(:,1))/dx);

$ len = max (noz(:,1));

s n = 50; % Note # of points is actually n+l1

o

dx = len/n

o\°

Pick m points in y as some factor of x points
yfactor = 0.8;
m = ceil (yfactor*n);

[

% Make uniform x-distribution of points

xmax = 0;
i=1;
while xmax < max(noz(:,1))
xmax = dx*(i-1);
X (i,1:m) = xmax;
if (xmax - noz(noz edge,l) <= dx)
noz edge x = 1i;
end
i = 1i+1;
end

o\

Make the y-points and extrapolate linearly from closest points to fit
the nozzle geometry

oe

% Initialize and assign last value

y(l:size(x,1),1l:size(x,2)) = 0; & y = zeros(size(x,1),size(x,2))
y(l,size(y,2)) = noz(l,size(noz,2)); % First row - Last Column of y is
equal to the first row - last column on noz (i.e. the y direction)
y(size(y,1),size(y,2)) = noz(size(noz,1l),size(noz,2)); % Last row - Last

Column of y is equal to the last row - last column of noz
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% Barry's Modification: Changed the y meshing such that it takes care of
% the nozzle only.

for i = 1 : size(x,1)-1 % iteration of i from 1 to the size of the rows

[

of x minus 1 % Changed from minus 1 to minus 2

j=1;
while x(i,1) >= noz(j,1) % finding the smallest box of x
x1l = noz(j,1l);
X2 = noz(j+1 1)
yl = noz(3j,2);
(

y2 = noz j+1 2);

J=3+ L
end
slope = (y2 - yl)/(x2 - x1); % finding the slope
y(i,size(y,2)) = yl + slope*(x(i,1)-x1); % ith row - last column is

the vy = mx + b such that b is yl and x is the ith row of 1st column

%$Fill in mesh
dy = y(i,size(y,2))/(size(y,2)-1); % dy 1s derived from the ith
row and last column divide by the number of column in y - 1
dy = dy/d _element;
for k = 1: size(y,2)
y(i,k) = dy*(k-1); % this progress of dy over the columns
end

end
% Comment left off
% Fill in mesh
dy = y(size(y,1),size(y,2))/(size(y,2)-1); % filling bottom mesh
for k = 1: size(y,2)
y(size(y,1),k) = dy*(k-1);

end

NOZ_ CFD.m

oe

*xxxxx See nozzle.m for instructions ****xx
With the given grid from the nozzle code solve the flow
using MacCormack's finite volume method

oe

o\°

oe

Make some variables global %% Barry's Mod: Brought globals at top

o

global gamma R x y cfl Vol T ¢ nnoz
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% Initialize the domain here

if (init == 1)

n = size(x,1);

m = size(x,2);

p(l:n+l,1:m+l) = P c*(l+(gamma-1)/2)" (-gamma/(gamma-1)); % change
n+l to nnoz+l to represent the edge of the nozzle
% p(nnoz+2:n+l1,1l:m+1) = P_amb;%*(1+(gamma—1)/2)A(—gamma/(gamma—l));

% add 26+2:n+l to represent the open air

T(l:n+l,1l:m+1) = T_c*(l+(gamma—l)/2); % change n+l to nnoz+l to
represent the edge of the nozzle
% T (nnoz+2:n+l,1:m+1) = T amb; % add 26+2:n+l to represent the open
air

u(l:n+l,1l:m+1) = 1.25*M e*sqrt (gamma*R*T c) ; % change n+l to nnoz+l
to represent the edge of the nozzle DEFAULT: 1.25*M e*sqgrt(gamma*R*T c)

v(l:n+l,l:m+1l) = 0;

rho = p./(R.*T);

Bx(l:nnoz+1l,1:m+1) = Bb(1l);

By (l:nnoz+1l,1l:m+1) = Bb(2);

Bx (nnoz+2:n+1,1:m+1) = 0;

By (nnoz+l:n+l,1:m+1) = 0;

e = p/(gammak-1) + (1/2)*rho.*(u.*u + v.*v) + (1/2)* (10" (-

7)) *(Bx.*Bx + By.*By)/ (mu0) ;

o\°

Cast into conservation form

Q(:,:,1) = rho; % Conservation of Mass
Q(:,:,2) = rho.*u; % Conservation of X-Momentum
Q(:,:,3) = rho.*v; % Conservation of Y-Momentum
Q(:y:,4) = e; % Conservation of Energy
Q(:,:,5) = Bx; % Faraday's Law in X-Direction
Q(:,:,6) = By; % Faraday's Law in Y-Direction
% Get and store the volumes and surface flux terms
Vol (l:size(x,1)+1,1:size(x,2)+1) = 1;
for i=1 : n-1
for §j=1 : m-1
sidel = ( x(i,]J)-x(i+1,73) )*y(i+1,3+1) + ( =x(i+l,7)-x(i+1,3+1)
)*y(i,3) ...
+ ( x(i+41,3+1)-x(i,3) ) *y(i+1,3);
side2 = ( x(i,3)-x(i+1,3+1) )*y(i,j+1) + ( x(i+1,3+1)-x(i,]+1)
)*y(i,3) ...
+ (x(1,3+1)-x(1,3) ) *y(i+1,3+1);
Vol (i+1,3+1) = (1/2)*( abs(sidel) + abs(side2) );
end
end
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end

% Main iteration loop for integration in time
for k = 1: tt
Q = solver(Q, E, Bb, EB, Max stress, Res dif, visc_tens, kth, tt,

freq); % Call the solver to advance one time step

% k; % Leave here for iteration counter
% rho = Q(:,:,1);

% u=09Q(:,:,2)./rho;

% v = Q(:,:,3)./rho;

% e = Q(:,:,4);

% Bx = Q(:,:,5); % MPD

e By = Q(:,:,6); % MPD

% Speeds = sgrt(u.”2 + v.”2);

% S dir = wrapToPi (atan(v./u));

% p = (gamma-1)* (e-(1/2)*rho.* (u.*u+v.*v));

% figure (5);clft;

% set (gcf, 'renderer', 'ZBuffer');

% surf (x.*1000,y.*1000, Speeds (l:size(p,1l)-1,1l:size(p,2)-

1)) ;view (0, 90);
hold on;surf(x.*1000,-y.*1000,Speeds (l:size(p,1)-1,1:size(p,2)-

o\°

1)) ;view (0, 90);

% colormap (jet) ;colorbar;

% xlabel (' (S) Axial - Millimeters');ylabel (' (S) Radial -
Millimeters');title (k) ;

end

rho = Q(:,:,1);

u=0Q(:,:,2)./rho;

v =0Q(:,:,3)./rho;

e = Q(:,:,4);

Bx = Q(:,:,5); $ MPD

By = Q(:,:,6); % MPD

p = (gamma-1)* (e-(1/2)*rho.* (u.*u+v.*v));
T = p./ (R*rho) ;

ss = sqrt (abs (gamma*R*T)) ;

Mach = sqgrt(u.”2 + v."2)./ss;

Bmag = sqrt(Bx.”2 + By."2) + eps;

B dir = wrapToPi(atan(By./Bx));

Speeds = sqgrt(u.”2 + v."2) + eps;

S dir = wrapToPi (atan(v./u));

m dot = Speeds.*rho* (0.0025%2)*pi*0.25;
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Force = m _dot.*Speeds;
SOLVER.m (For RFET only)

**xx*k*%* See nozzle.m for instructions ****x*%*
solver.m

o\

o

% Solver for the macormack method
function [Q] = solver(Q, E, Bb, EB, Max stress, Res dif, visc tens, kth,
tt, freq)

global gamma R

[u,v,rho,p,e,Bx,By,T,ss,F,G] = flowvars (Q, E, Bb, EB, Max stress,
Res dif, visc tens, kth, tt, freq); % MPD are Bx By

% Take one MacCormack step

[Q] = mac(Q, E, Bb, EB, Max stress, Res dif, visc_tens, kth, tt, freq);
end

$5%5%5%%%% flowvars $5%5%5%%%%

function [u,v,rho,p,e,Bx,By,T,ss,F,G] = flowvars (Q, E, Bb, EB,

o)

Max stress, Res dif, visc tens, kth, tt, freq) % MPD are Bx By
global gamma R viscosity Csuth Tsuth

% Calculate the actual flow variables at each time step
rho=Q( 7 Il);

u Q(:I 12) /rhO,

V_Q(:/ 13) /rhO,

e = Q(:,:,4);

Bx = Q(:,:,5); % MPD

By = Q(:,:,6); % MPD

Esin = E;%*sin (freg*2*pi*tt*10"(=-7));

p = (gamma-1)* (e-(1/2)*rho.* (u.*u+v.*v));
T = p./ (R*rho) ;
ss = sqgrt(abs (gamma*R*T)) ;

mu0 = 4*pi*10"(-7);
e0 = 8.85E-12;

mu_f = viscosity* ((Tsuth+Csuth) ./ (T+Csuth)).*(T/Tsuth).”(3/2);

% visc _tens = [mu £ 0; 0 mu f];
Hall = mu0” (-1) * [Bb (2) * (Bb(2) .*u-Bb (1) .*v); - (Bb (1) * (Bb(2) .*u-

Bb (1) .*v))];
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MPD e = [ (Max stress(l,1)-visc tens(1l,1)).*u+(Max stress(1l,2)-
visc tens(1l,2)).*v-Hall(l); (Max stress(2,1)-
visc tens(2,1)).*u+(Max stress(2,2)-visc tens(2,2)).*v-Hall(2)];

dx = 0.001; dy = 0.001;

ux = diff (u)./dx; ux = vertcat (ux, rand(l,size(ux,2)));
uy = diff (u)./dy; uy = vertcat(uy, rand(l,size(uy,2)));
vx = diff(v)./dx; vxXx = vertcat(vx, rand(l,size(vx,2)));
vy = diff(v)./dy; vy = vertcat(vy, rand(l,size(vy,2)));
stress xx = -2/3*mu_f.* (uxtvy) + 2*mu_f.* (ux);
stress_yy = -2/3*mu_f.* (uxt+vy) + 2*mu_f.* (vy);
stress xy = mu_ f.* (uy+vx);

stress yx = stress xy;

% Continuity
(:,:,1) = rho.*u;
(:,:,1) = rho.*v;

@ 1

% X Momentum

F(:,:,2) = rho.*u.*u + p;% - l*stress xx - Max stress(l,1);
G(:,:,2) = rho.*u.*v;% - l*stress xy - Max stress(2,1);

% Y Momentum

F(:,:,3) = rho.*u.*v;% - l*stress yx - Max stress(l,2);

G(:,:,3) = rho.*v.*v + p;% - l*stress yy - Max stress(2,2);

% Energy

F(:,:,4) = (etp).*u - (MPD e(1));% - O*u.*stress xx - O*v.*stress xy;
G(:,:,4) = (etp).*v - (MPD e(2));% - O*u.*stress yy - O*v.*stress yx;

% X Faraday
F(:,:,5) = -Esin(1); % MPD
G(:,:,5) = Bb(l).*v-Bb(2).*u; % MPD

% Y Faraday

F(:,:,6) = -Bb(2).*u-Bb(l).*v; % MPD

G(:,:,6) = -Esin(2); $ MPD

end

$%%%%%%% mac $%%%%%%%

function [Q] = mac(Q, E, Bb, EB, Max stress, Res dif, visc tens, kth,
tt, freq)

global gamma R %E Bb EB Max stress Res dif visc tens kth
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% Forward flux

[Qflux,dt] = flux mc(Q,-1,
kth, tt, freq);

Qbar = Q - dt*Qflux;

Q = Qbar;

E,

[Q] =
freq);

boundary(Q, E, Bb, EB,

% Backward flux
[0flux,dt] = flux mc(Q,O0,
kth, freq)'

Q = (Q0 + Qbar -

E,
tt,

(1/2) dt*Qflux

Q] =
freq);

boundary(Q, E, Bb, EB,

flux mc 3553555

function [Qflux,dt] =
visc tens, kth, tt, freq)
global x y Vol cfl total time

[u,v,rho,p,e,Bx,By,T,ss,F,G] =
Res dif, visc_tens, kth, tt,
nx = size(x,1);
ny = size(x,2);

(l:nx+1l,l:ny+l) =
(l:nx+1,1:ny+1) =
(l:nx+1,1:ny+1) = 0;
flux(l:nx+1,1l:ny+1,1:6) = 0;

o

’

(@)

’

a
b
c

O

Q

o\°

Get the fluxes

for i = 2: size(x,1)
for j = 2: size(x,2)
ii = i-1;
i3 = 3-1;

% Right face

Bb,

Bb,

)7

flux mc(Q,

flowvars (Q,
freq);

EB,

Max stress,

EB,

Max stress,

dd,

E,

Max stress,

Res dif,

Max stress,

Res dif,

Bb, EB,

E,

Max stress,

Bb,

Res dif, visc tens,

visc_tens, kth, tt,

Res dif,

visc tens,

visc_tens, kth, tt,

Res dif,

EB, Max stress,
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end

inv
dt

if

end

sfpx = y(ii+l,3J+1)-y(ii+1,33);
sfpy = - ( x(ii+1,33+1)-x(ii+1,33) );

% Left face

sfmx = - ( y(ii,3jj+1) - y(ii,33) );
sfmy = ( x(ii,3Jj+1)-x(ii,33) );

% Top face

sgpx = - ( y(ii+l,jj+1) - y(ii,Jjj+1) );
sgpy = x(ii+1,3j+1) - x(ii,jj+1);

% Bottom face
sgmx = ( y(ii+l,33)-y(ii,33) );
sgmy = - ( x(ii+1,33) - x(ii,33) )

% Get the flux
Qflux(i,j,:) = ( F(i+1l+dd,j,:)*sfpx + G(i+1l+dd,j,:) *sfpy +
F(i+dd,j, :) *sfmx + G(i+dd,j,:)*sfmy + F(i,j+1+dd, :) *sgpx

+ G(i,j+1+dd, :) *sgpy + F(i,J+dd, :)*sgmx + G(i,Jj+dd, :) *sgmy );

[

% Normalize by Volume
Qflux(i,J,:) = Qflux(i,J,:)./Vol(i,]J);

% CFL terms

a(i,j) = abs(u(i,j)*sfpx + v(i,])*sfpy);

b(i,J) abs(u(i,j)*sgpx + v(i,]J) *sgpy);

c(i,3) = ss(i,3)*sgrt(abs( sfpx"2 + sfpy"2)
+ abs( sgpx"2 + sgpy"2) );

end

dt = max (max((a+b+c)./Vol));
= c¢fl/invdt;
dt < 107 (-12/cfl)

dt = 0;
t
999900909090000000909000000000090000
OO0OOOOOOOOODODOODODODODODODOODODOODODOODO™©
$%%%% boundary $%%%%%%%
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function [Q] = boundary(Q, E, Bb, EB, Max stress, Res dif, visc tens,
kth, tt, freq)

global x y gamma R P amb T amb T ¢ boxex nnoz vel mpd
[u,v,rho,p,e,Bx,By,T,ss,F,G] = flowvars (Q, E, Bb, EB, Max stress,
Res dif, visc_tens, kth, tt, freq);

% Barry's Modification: This is nozzle with exhaust
if boxex ==

% see Red Book of Vector Calculus & Partial Differential Equations
for

o)

% Gamma boundaries

% Problem boundary conditions here
nx = size(x,1);
= size(x,2);

o]
=
|

zx = nnoz; % Edge of Nozzle
zy = ny; % Edge of Nozzle

% Top Wall
p(:,ny+l) = p(:,ny);

% p(zx+l:end,ny+1) P amb;
v(:,ny+l) = 0;
u(:,ny+1l) = 0;
rho(:,ny+1l) = rho(:,ny);
% Symmetry line
p(:,1) = p(:,2);
v(:, 1) = -v(:,2);
u(:,1) = u(:,2);
rho(:,1) = rho(:,2);
Bx(:,1) Bx(:,2); $ MPD
By(:,1) = -By(:,2); % MPD
% Inflow-shouldn't change from initialization
u(l,:) = sgrt(gamma*R*T c);
vi(l,:) = v(2,:);
Bx(l,:) = Bx(2,:); % MPD
BY(]-/ ) - BY(ZI )/ % MPD
% Out flow - set to upstream cells
u(nx+l,:) = u(nx,:);
v(nx+l,:) = v(nx,:);
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p(nx+l,:) =
p(zx+1,:)
p(nx+1, :)

o\

o

rho (nx+1, :)

p(nx,:);
= p(zx,:);
P amb;

= rho(nx, :);

% Bx (nx+1,:) = Bx(nx,:); % MPD
% By (nx+1l,:) = By(nx,:); % MPD

% EOS

mul = 4*pi*10"(-7);

e = p/(gamma-1) + (1/2)*rho.*(u.*u + Vv.*v)
By.*By) /mu0;

Q(:,:,1) = rho;

Q(:,:,2) = rho.*u;

Q(:,:,3) = rho.*v;

Q(:,:,4) = e;

Q(:,:,5) = Bx; % MPD

Q(:,:,6) = By; % MPD

% Barry's Modification:

else

% Problem boundary conditions here

nx = size(x,1);

ny = size(x,2);

% Top Wall

p(:,ny+tl) = p(:,ny);

v(:,nytl) = 0;

u(:,nyt+l) = 0;

rho (:,ny+1)

Bx(:,ny+1) Bx

By (:,ny+1l) = By(:,ny); % MPD
% Symmetry line

p(:,1) = p(:rz);

v(:,1) = -v(:,2);

u(:,1) = u(:,2);

rho(:,1) = rho(:,2);

Bx(:,1) Bx(:,2); % MPD
By(:,1) = -By(:,2); $ MPD

% Inflow-

shouldn't change from initialization

(1,:) = sgrt(gamma*R*T c);

u
v(l,:) = v{(

Bx(1l,:) = Bx(2,:);

2,:);

o\°

MPD

By (l,:) = By(2,:); $ MPD

% Oout flo

w - set to upstream cells

(nx+1,:) = u(nx,:);

u
v(nx+1l,:) =

v(nx,:);

0.5* (Bx.*Bx

+

This is the nozzle from the original program
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p(nx+l,:) =
rho (nx+1, :)

Bx (nx+1,:) = Bx(nx,:); $ MPD
By (nx+1,:) = By(nx,:); $ MPD
S EOS
mu0 = 4*pi*10"(-7);
e = p/(gamma-1) + (1/2)*rho.*(u.*u + v.*v) + 0.5*(Bx.*Bx +
By.*By) /mu0;
Q(:,:,1) = rho;
Q(:,:,2) = rho.*u;
Q(:,:,3) = rho.*v;
Q(:,:,4) = e;
Q(:,:,5) = Bx; % MPD
Q(:,:,6) = By; % MPD
end
end
SCRAMJET .m
function [Speeds] = scramjet(T ¢, T amb, P c, P amb, Cp, W, mu f0,

h exh, h th, h tip, V. dc, I dc, I ext, freq, is mpd, is es, Gas_ Name,
He Content, E i)

o\°

Modified Navier-Stokes CFD solver using Magnetoplasmadynamic
equations for electrothermal thruster

o\°

o\°

Author Modified the Program:

C. A. Barry Stoute

Ph.D. Candidate

York University

Department of Earth and Space Science and Engineering

o° o oe

oe

Original Author of Program:
Britton Jeffrey Olson

Ph.D. Candidate

Stanford Univeristy
Department of Aero/Astro

o° oo

o° oo

oe

o
o
o
o
o
o
o
o

//////// Introduction and Background from Original Author $5%%%%%%
This program gives the ideal nozzle geometry using the method o
characteristics for a Quasi-2D Diverging Nozzle. Assume gas 1is
exhausting from a combustion chamber that has no mass flow rate in.

Using 2D nozzle flow relations, an optimal throat area is found that
will produce the max amount of thrust for the given ambient pressure

o\
o\
o\
o\
o\
o\
o\
o\

o

h

o° oo

o\

o\
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and combustion chamber parameters. This Area is automatically set

and

% fed into the method of charactertistics portion of that code. The

% method of characteristics also uses the exit Mach number that

% corresponds to the ideal exit area.

3%%%%5%%% Introduction and Background from Modified Author 3%%%%5%%%
% Note, DO NOT call the returning Magnetic Field vector B, it will
crash

% the simulation. Suggested name: Bmag

3%%%5%%%% Directions for running the program 3%%%5%%%%

% Put in the desire values in the following order

% T ¢ = Temperature in the combustion chamber (K)

% T amb = Ambient temperature (K)

% P ¢ = Pressure in the combustion chamber (Pa)

% P amb = Ambient pressure (Pa)

% Cp = Specific Heat (Pressure)

% W = Molecular Mass

% width = The width of the nozzle

% h th = The diameter of the throat

% h exh = The diameter of the exhaust

% h tip = The diameter of the tip (Cathode)

% V_dc = The nominal input of the DC voltage to the circuit

% I dc = The nominal output of the DC current from the circuit

% I ext = External current supplying to the solenoid

% freq = The desire frequency

% Figure(l): Static thrust as function of exit area

% Figure(2): Nozzle design and plots of Mach number & Pressure vs
Length

% Figure(3): CFD simulation of designed nozzle (Mach Number)

% Figure(4): CFD simulation of designed nozzle (Magnetic Field)

oe

oe o\

o 0o oe oe oe

o\

o\

Note, 1lst row is the x direction (axial), 2nd row is the y direction
radial, 3rd row is the z direction

From nozzle.m

clear all;

clc;

T ¢ = Temperature in the combustion chamber (K)
P ¢ = Pressure in the combustion chamber (Pa)

P _amb = Ambient pressure (Pa)

T amb = Ambient temperature (K)

Cp = Specific Heat of Argon (Pressure)
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global gamma x y cfl Vol T ¢ nin ns na ng nout R maxs mins boxex P_amb
omega k BbO v0 sigma dc impulse time mi rt

% Thruster's Physical Properties

rt = 0.5*h_th;

re = 0.5*h exh;

width = h th;

inlet length 5/1000; %25mm
inlet radius = 7.5/1000;

entrance _height = inlet radius-rt;
entrance length = 15/1000; %15mm
mid length = 10/1000; % 3mm

Lchar = 4*pi*0.005"2/(2*pi*0.005) ;

ra inlet radius;

rc = 0.5*h tip;

rg = ra-rc;

cmpd = 2*pi* (ratrc)/2;

% Problem parameters
Torr = 133;

P ¢ = P c*Torr;

P amb = P _amb*Torr;

\o

gamma = Cp/ (Cp-8.314); > Ratio of Specific Heats Cp/Cv (Gamma)
gammak = gamma;

impulse time = 0;

muQ = 4*pi*10"(-7);
e0 = 8.85E-12;

dh = h th/100;

max_iter = 10000;

R = 8314/W;

omega = freg*2*pi*1076;

kB = 1.38*10"(-23);

epsilon0 = 8.85*10"(-12);

me = 9.109*%10" (-31);

mp 1.672600000*10" (=-27) ;

mi = mp*W;

h planck = 6.626200000%10" (-34);
e charge = 1.602*10"(-19);

oe
oe

% Meshing
conical = 1;
boxex = 1;

d element = 1;

% CFD Portion parameters
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cfl = 0.07; % Courant-Friedricks-Lewy stability factor (<1) (Default:
0.8)

tt = 500; % Number of time steps to take (Default: 500)

init = 1; % Initialize or wuse previous run's data? [l-init O-
previous]

CFD_weight = 12;% The program crashes when the velocity gets too high.
The mach number is calculated under heated gas. However, the speed of
sound in plasma is completely different. See thermal velocity of a
plasma. To ensure proper velocities, this weight function is
implemented.

%% Electromagnetic Propulsion

Fmaeckers = I dc”(2)*mu0*log(ra/rc+0.75)* (4*pi)"(-1);

m _dot = 5*10"(-6);

% alpha ionization =
(mi/ (e _charge*E 1i))* (4/(9*sqrt(3)))* ((cmpd/rg)* (mu0*I dc”2)/m dot)"2;

vel mpd = sqgrt(2*E_i*e charge/mi)
alpha noz = 6;

noz length = (rt*(re/rt-1)+1.5*rt* (sec(alpha noz*pi/180) -
1)) /tan(alpha noz*pi/180);

%% Min and Max Limits of the Colormap
v0 = vel mpd;
maxspeed = 50;
minspeed 10;

E = [0; O0];

EO0 = sqgrt(E(1)"2+E(2)"2);

Bb = [0.5*mu0*12*I ext/0.003; 0];
Bb0 = sqrt(Bb (1) "2+Bb(2)"2)

EB = 0.5%(e0*(E (1) "24E(2) "2) +mu0” (-1) * (Bb (1) *2+Bb (2) *2) ) ;

Max stress = (1/(4*pi))*[e0*E (1) *E (1) +mu0” (-1) *Bb (1) *Bb (1) -EB
e0*E (1) *E(2) 4mu0” (-1) *Bb (1) *Bb (2) ; e0*E(2) *E(1)+mul0” (-1)*Bb (2) *Bb (1) -EB
e0*E (2) *E(2) 4mu0” (-1) *Bb (2) *Bb (2) -EB] ;

Res dif

Il
=
=
o
-~
o
=
)
—
<

[

visc _tens = [mu _f0 0; 0 mu £0]; % Viscosity Tensor

%% Finding the Plasma Conductivity and the Thermal Energy
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Te = 1.7;

T e = Te*e charge/kB;

n0 N = (1-He Content)*P c/(kB*T_ amb) ;
n0 He = He Content*P c/ (kB*T amb);

n0 = n0 N+nO He;

SahaN = 2.410E21 * T e”(3/2)*exp(-e _charge*15.8/ (kB*T e));
SahaHe = 2.410E21 * T e”(3/2)*exp(-e charge*24.59/(kB*T e));

ni N = n0 N/ (l+sgrt(1+n0_N/SahaN));
nn N = ni N*ni N/SahaN;

ni He n0 He/ (l+sqrt (1+n0_He/SahaHe));
nn He = ni He*ni He/SahaHe;

ne = ni N + ni He;
ni = ne;
nn = nn He+nn Ny

ce = sqrt(8*kB*T e/ (pi*me));
lambda d = sqrt(Te*epsilonO/(e_charge*ne));

big lambda = (4*pi*ne*lambda d"3);

nu _ei = ni*e charge”4*log(big lambda)/ (2*pi*epsilon0”2*me”2*ce”3);

nu_en = nn*ce*2*10"(-19);

nu e = nu ei+nu en;

sigma dc = ne*e charge”2/(me*nu_e);

k = 3.2*e charge*kB*T e*n0/ (nu_e*me);

kth = [k 0; 0 kI;

Pabs -

0.5* (100E6*2*pi*rt/ (2*sqgrt (2)) *Bb0) “2*sigma dc* (nu_e”2)/ ((100E6*2*pi) "2+
nu e”2);
Maggy = Bb0"2*rt”"2*pi*0.003/ (2*mul) ;

o
°

o
e
nozzle

noz_mesh

noz_cfd

median speed = median (Speeds,1);
median density = median(rho,1);
median mag = median (Bmag,1);

for j = l:size(u,?2)
for i = l:size(u,1)

if isnan(S_dir(i,Jj))
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s dir(i,3) = 0;

B dir(i,j) = 0;
end
if Speeds(i,j) > median speed(Jj)*5
Speeds (i,]) = median_speed(J);
end
if rho(i,3) < 0
rho(i,j) = 0;
Speeds (i,73) = 0;
elseif rho(i,Jj) > median density(j)*5
rho(i,Jj) = median density(Jj):;
else
end
if Bmag(i,j) > median mag(j)*2
Bmag(i,j) = median mag(Jj):;
elseif isnan (Bmag(i, 7))
Bmag(i,j) = 0;
end
u(i,j) = Speeds(i,J)*cos(S_dir(i,j));
v(i,]j) = Speeds(i,Jj)*sin(S_dir(i,j)):;
Bx(i,3J) = Bmag(i,Jj)*cos(B dir(i,j));
By(i,3j) = Bmag(i,Jj)*sin(B dir(i,j));

end
end

vex = mean (Speeds (noz_edge, :))
Ibit = vex*m dot*impulse time

o\°

% mbit = impulse time*m dot

% Isp = vex/9.81

% mRe = muO*Lchar*sigma dc*vex
Impulse = impulse time*m dot*Speeds;
Iu = rho.*u;

Iv = rho.*v;

%% Plot the Velocity vector field
figure(12);clft;

maxs = maxspeed;
mins = minspeed;

colormap (jet) ;

quiverc(x.*1000,y.*1000,u(l:size(p,1)-1,1l:size(p,2)-
1)./1000,v(l:size(p,1)-1,1:size(p,2)-1)./1000);%view(0,90);
hold on;
plot (nacelle(:,1),nacelle(:,2), " 'Color','w', 'LineWidth"', 3);
if I ext > 0

plot (heater(:,1),heater(:,2),'Coloxr','r', 'LinewWidth', 3);
end

o oP

o
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quiverc (x.*1000,-y.*1000,u(l:size(p,1)-1,1:size(p,2)-1)./1000, -
v(l:size(p,1)-1,1:size(p,2)-1)./1000);%view(0,90);

hold on;

plot (nacelle(:,1),-nacelle(:,2), 'Color','w', 'LineWidth',3);

I°3
°

o\

o\

axis

h

if I ext > 0
plot (heater(:,1),-heater(:,2), 'Color','r', 'LineWidth', 3) ;
end
([0 noz(end,1)*1050 -re*1100 re*1100]);

= colorbar;

set(gca, 'CLim', [mins maxs]);

set (gcf, 'Position', [1 1080 1920 1080]);
set (gcf, 'PaperPositionMode', 'auto');

ylabela = get (h, 'YTickLabel");

meterspersecond = repmat (' km/s',length(ylabela),l);

ylabela = [ylabela meterspersecond];

set (gca, 'Position', [0.0975 0.1335 0.7389 0.7915], 'FontSize', 36);
set (h, 'YTickLabel',ylabela, 'FontSize', 36);

xlabel ('Axial - Millimeters');ylabel ('Radial - Millimeters');
B

SCrsz

get (0, 'ScreenSize');

print('-f12"', '-djpeg', ['Velocity Vector Field of ' Gas Name]);

A 0 A° o° 00 = dO A A° @ ° A° A° O A° O o° oe

o\

Iv

o 0P d° oP° oe

o

Plot the Impulse Density
figure(13);clft;

maxmag = Ibit;
minmag = 0;

maxs = maxmag;
mins minmag;

colormap (jet) ;

quiverc(x.*1000,y.*1000,Iu(l:size(p,1)-1,1:size(p,2)-
,Iv(l:size(p,1)-1,1:size(p,2)-1));%view(0,90);
hold on;
plot (nacelle(:,1),nacelle(:,2),"'Color','w', 'LineWwidth', 3) ;
if T ext >0
plot (heater(:,1) ,heater(:,2),'Color','r', 'Linewidth', 3);
end
quiverc(x.*1000,-y.*1000,Tu(l:size(p,1)-1,1:size(p,2)-1),~-
(l:size(p,1)-1,1:size(p,2)-1));%view(0,90);
hold on;
plot (nacelle(:,1),-nacelle(:,2),'Color','w', 'LineWidth',3);
if T ext > 0
plot (heater(:,1),-heater(:,2), 'Color','r', 'LineWidth', 3) ;
end
axis ([0 noz(end,1)*1050 -re*1100 re*110017);
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o\

o

h = colorbar;
set(gca, 'CLim', [mins maxs]);

o 0o oe

o\

set (gcf, 'Position', [1 1080 1920 1080]);
set (gcf, 'PaperPositionMode', "auto"') ;

o° o

o\

ylabela = get(h, 'YTickLabel');
meterspersecond = repmat (' Ns/m"3',length(ylabela),l);
ylabela = [ylabela meterspersecond];

o o° oe

o

set (h, 'YTickLabel',ylabela, 'FontSize', 44);

o° oo

oe

sScrsz get (0, 'ScreenSize');
print ('-£f13', '-djpeg', [ 'Impulse Density of

o° o

o

clear global
clear variables

oe

NOZ MESH.m (for SCRAMJET ONLY)

o

*xkxk % See nozzle.m for instructions ***x**x%*

o

oe

uniform grid spacing in the x-direction
Change nothing... simply run this script

oe

%% BARRY'S ADDON: Adjusting Nozzle to incorporate inlet
cnoz = noz; % Renaming the original nozzle

clear noz

% Adding Inlet to Nozzle

noz(1l,1) = 0;

noz(1l,2) = inlet radius;

noz(2,1) = inlet length;

noz(2,2) = noz(1,2);

inlet i = size(noz,1);

noz(3,1) = noz(2,1) + entrance length;
noz(3,2) = rt;

entrance i = size(noz,1);

noz(4,1) = noz(3,1) + mid length;
noz(4,2) = noz(3,2);

set (gca, 'Position', [0.0975 0.1335 0.7389 0.7915], 'FontSize',

xlabel ('Axial - Millimeters');ylabel('Radial - Millimeters');

Gas_Name]) ;

44) ;

Program to extrapolate the data points from nozzle design and make a
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mid i = size(noz,1);

%% Barry's Addon: Replacing Bell Nozzle with Conical Nozzle

if conical ==

for i = 5:num+l
noz(i,1) = noz(4,1) + i*noz length/ (num+l);
noz(i,2) = rt + (re-rt)*i/ (num+l);
end
elseif conical ==
else
% Shifting the nozzle
noz = vertcat(noz,cnoz);
for i = 4:size(noz,1)
noz(i,1) = noz(i,1l)+noz(4,1);
end

o)

% Shifting char lines

% for 1 = 1l:size(char,1)

% for j = l:size(char,?2)

% char(i,j,1) = char(i,j,1l) + noz(4,1);
% end

% end

end

noz_edge = size(noz,1);

nacelle = noz*1000;

heater = noz(3:4,1:2)*1000;

if boxex == 1;
exbox(1,1) = noz(end,1l);
exbox(1,2) = noz(end,?2);
left edge = size(exbox,1);

for 1 = left edge:left edget+num+l
exbox (i, 1) = exbox (left edge, 1)
left edge)/ (num+l);
exbox (i,2) = exbox(left edge,2);
end

top edge = size(exbox,1);
noz = vertcat(noz,exbox);

else

+

1.25*h exh* (i-
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end

o
o

o

% and set as the dx wvalue
dx = 0;
for i=1: size(noz,1l)-1
len = noz(i+1,1) - noz(i,1);
if (len < dx || 1 == 1)
if len > O
dx = len;
end
end
end

o
o

% Explicitly give the dx value here
dx = max(noz(:,1))/ceil (max(noz(:,1))/dx);

if dx < 0.003
dx = 0.003;

else

end

dx = dx/d element;

%dx = 0.001;

nshift = 2;

ninlet = ceil (max(noz(l:inlet i,1))/dx) - nshift;
nentrance = ceil (max(noz(l:entrance i,1))/dx) - nshift;
nmid = ceil (max(noz(l:mid i,1))/dx) - nshift;

nnoz = ceil (max(noz(l:noz edge,1l))/dx);

n = max(noz(:,1))/dx;

% len = max(noz(:,1));

% n = 50; % Note # of points is actually n+l1

% dx = len/n;

oe

Pick m points in y as some factor of x points
yfactor = .8;
m = ceil(yfactor*n);
% Make uniform x-distribution of points
xmax = 0;
i=1;
while xmax < max(noz(:,1))
xmax = dx* (i-1);
x(i,1l:m) = xmax;
i = i+1;
end

Find the minimum spacing given by the method of characteristics

254



o)

$xmax = 0.03;

o

o

the nozzle geometry

% Initialize and assign last value

y(l:size(x,1),1l:size(x,2)) = 0;
y(l,size(y,2)) = noz(l,size(noz,2));
y(size(y,1),size(y,2)) = noz(size(noz,1l),size(noz,2));
for i =1 : size(x,1)-1
j=1
while x(i,1) >= noz(j,l)
x1 = noz (J
X2 = noz(j+1 1
yl = noz(3j,2);
y2 = noz(j+1 2);
jo=73 + 1;
end
slope = (y2 - yl)/(x2 - x1);
y(i,size(y,2)) = yl + slope*(x(i,1)-x1);

$F1ill in mesh
dy = y(i,size(y,2))/(size(y,2)-1);
for k = 1: size(y,2)
y(i,k) = dy*(k-1);
end

end

$Fill in mesh
dy = y(size(y,1),size(y,2))/ (size(y,2)-1);
for k = 1: size(y,2)
y(size(y,1),k) = dy*(k-1);
end

NOZ CFD.m (For SCRAMJET ONLY)

oe

Axkxk* See nozzle.m for instructions **x*x*

oe

oe

using MacCormack's finite volume method

o\

Initialize the domain here

n = size(x,1);
m = size(x,2);
p(l:n+l,1:m+l) = P_c*(l+(gamma-1)/2)" (-gamma/ (gamma-1));

With the given grid from the nozzle code solve the flow

Make the y-points and extrapolate linearly from closest points to fit
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T(l:n+l,l:m+l) = T c*(l+(gamma-1)/2);

rho = p./(R.*T);

u(l:n+l,1:m+l) = (vO+e_ charge*BbO*rt/mi);
u(l:nmid+1l,1l:m+1) = 0.8*(v0+e charge*Bb0*rt/mi);
u(l:nentrance+l,1l:m+1) = (v0);

v(l:n+l,1:m+1) = 0;

Bx(l:n+1l,1:m+1) = 0; % MPD

By(l:n+l,1l:m+1) = 0; $ MPD

Bx (nentrance-1:nmid+1,1:m+1) Bb (1) ; % MPD
By (nentrance-1:nmid+1,1:m+1) = Bb(2); $MPD

e p/ (gammak-1) +

By.*By) / (mu0) ;

) ;
%

[

% St = fO0*Lchar/v0; % St is scalar

% Eu = (Pthroat-P _amb) ./ (rho0.*v0"2
% Mst = Max stress0./(rho0.*v0"2);

% Mv = v0/ (f0*Lchar); % Mv 1is scalar
% Ea = Lchar.*e0*f0./ (rho0*v0"3) ;

% Eb = ee0./(rho0.*v0"2);

o\°

Cast into conservation form

(

(

% Eu is a matrix
Mst is a matrix

o\°

oe
==
g
w)

x(i+l,3J) -x(i+1,3+1)

x(1i+1,3+1)-x(1i,3+1)

);

Q(:,:,1) = rho; % Conservation of Mass
Q(:,:,2) = rho.*u; % Conservation of X-Momentum
Q(:,:,3) = rho.*v; % Conservation of Y-Momentum
Q(:,:,4) = e; % Conservation of Energy
Q(:,:,5) = Bx; % Faraday's Law in X-Direction
Q(:,:,6) = By; % Faraday's Law in Y-Direction
% Get and store the volumes and surface flux terms
Vol (l:size(x,1)+1,1l:size(x,2)+1) = 1;
for i=1 n-1
for j=1 m-1

sidel = ( x(i,]J)-x(i+1,3) )*y(i+1,3+1) +

)*y(i,3) ...
+ ( x(i+1,3+1)-x(i,3) ) *y(i+l,3);

side2 = ( x(i,3)-x(i+1,3+1) )*y(i,j+1) +

)*y(i,3) ...
+ ( x(i,3+1)-x(i,3) )*y(i+l,3+1);
Vol (i+1,3j+1) = (1/2)*( abs(sidel) + abs(side?2)
end

end
% Main iteration loop for integration in time
for k = 1: tt
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Q = solver(Q, E, Bb, EB, Max stress, Res dif, visc_tens, kth, x, vy,
v0, Vol, I ext); % Call the solver to advance one time step
rho = Q(:,:,1);
u = CFD weight.*Q(:,:,2)./rho;
v = CFD weight.*Q(:,:,3)./rho;

o 0P o o°

o\

Speeds = sqgrt(u.”2 + v.”2);

o

o

figure (5);clft;
set (gcf, 'renderer', 'ZBuffer');
surf (x.*1000,y.*1000, Speeds (1l:size(p,1)-1,1:size(p,2)-

o

oe

1)) ;view(0,90);

% hold on;surf(x.*1000,-y.*1000,Speeds (l:size(p,1)-1,1l:size(p,2)-
1)) ;view (0, 90);

% colormap (jet) ;colorbar;

% xlabel (' (9) Axial - Millimeters');ylabel (' (S) Radial -
Millimeters');

% title (k) ;

end

% Get the flow variables back from conserved variables

rho = Q(:,:,1);

u=09Q(:,:,2)./rho;

v = Q(:,:,3)./rho;

e = Q(:,:,4);

Bx = Q(:,:,5); % MPD

By = Q(:,:,6); % MPD

p = (gamma-1)* (e-(1/2)*rho.* (u.*u+v.*v));

T = p./ (R*rho) ;

ss = sqrt (abs (gamma*R*T)) ;

Mach = sqgrt(u.”2 + v."2)./ss;

Bmag = sgrt(Bx.”2 + By."2);

B dir = wrapToPi(atan(By./Bx));
Speeds = sqgrt(u.”2 + v."2);

S dir = wrapToPi (atan(v./u));

SOLVER.m (FOR SCRAMJET ONLY)

*x*kx*k* See nozzle.m for instructions ***x**x%*
solver.m

o\

o\

o)

% Solver for the macormack method

function [Q] = solver(Q, E, Bb, EB, Max stress, Res dif, visc_ tens, kth,
X, y, v0, Vol, I ext)

global gamma R

[u,v,rho,p,e,Bx,By,T,ss,F,G] = flowvars (Q, E, Bb, EB, Max stress,
Res dif, visc tens, kth, x, y, v0, Vol, I ext); % MPD are Bx By
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% Take one MacCormack step
[0] = mac(Q, E, Bb, EB, Max stress, Res dif, visc tens, kth, x, y, vO,
Vol, I ext);

end

$%%%%%%% flowvars $%%%%%%%

function [u,v,rho,p,e,Bx,By,T,ss,F,G] = flowvars (Q, E, Bb, EB,
Max stress, Res dif, visc_ tens, kth, x, y, v0, Vol, I ext) % MPD are Bx
By

global gamma R omega cfl k sigma dc mi ninlet nentrance nmid nnoz

nx = size(x,1);
ny = size(x,2);
ix = ninlet;

ex = nentrance;
mx = nmid;

ZX = Nnoz;

iy = ny;

ey = ny;

my = ny;

Zzy = ny;

oe

Calculate the actual flow variables at each time step using
% STATIC MAGNETIC FIELD
rho = Q(:l:ll);

o\°

o\°

% u=20Q(:,:,2)./rho;

$ v =20(:, ) ./rho;

S e =0Q(:,:,4);

$ Bx = Q(:,:,5); % MPD

% By = Q(:,:,6); % MPD

% p (gamma-1) * (e=(1/2) *rho.* (u.*u+v.*v));
% T = p./(R*rho) ;

% ss = sqgrt (abs (gamma*R*T)) ;

o\

oe

mu0 = 4*pi*10"(=7);
e0 = 8.85E-12;

oe

o° oo

Max stress xx = mu0”(-1)*(Bb(1)*Bb(l) - 0.5*(Bb(1l)"2+Bb(2)"2));
% Max stress xy = muO”(-1)*Bb(1l)*Bb(2);
% Max stress yx = muO”(-1)*Bb(1l)*Bb(1l);
% Max stress yy = muO”(-1)* (Bb(2)*Bb(2) - 0.5*(Bb(1l)"2+Bb(2)"2));

o° oo

MPD e x Max stress xx.*u + Max stress xy.*v;3
MPD e y = Max stress yx.*u + Max stress yy.*v;%

kth(1,1) .*T;

+
+ kth(2,2).*T;

o\
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o\

% F(:,:,1) = rho.*u;

% F(:,:,2) = rho.*u.*u + p - Max stress(1l,1);
% F(:,:,3) = rho.*u.*v - Max stress(1l,2);

$ F(:,:,4) = (e+p).*u-(MPD e x);

S F(:,:,5) = -E(2); % MPD

% F(:,:,6) = (Bb(1l).*u-Bb(l).*Vv); % MPD

$ G(:,:,1) = rho.*v;

% G(:,:,2) = rho.*u.*v - Max stress(2,1);

% G(:,:,3) = rho.*v.*v + p - Max stress(2,2);
% G(:,:,4) = (et+p).*v-(MPD e vy);

% G(:,:,5) = (Bb(l).*v-Bb(2).*u); % MPD

S G(:,:,6) = -E(1); % MPD

%% DYNAMIC MAGNETIC FIELD

rho = Q(:,:,1);

u = 0Q(:,:,2)./rho;

v = Q(:,:,3)./rho;

e = Q(:,:,4);

Bx Q(:,:,5); % MPD

By = O(:,:,6); % MPD

o) (gamma-1) * (e—=(1/2) *rho.* (u.*u+v.*v)) ;

T = p./(R*rho);

ss = sqrt(abs (gamma*R*T)) ;

mul = 4*pi*10~(=-7);

e0 = 8.85E-12;

e charge = 1.602E-19;

Max stress xx = mul0” (-1)*(Bx.*Bx - 0.5*(Bx."2+By."2));
Max stress xy = muO”(-1)*Bx.*By;

Max stress yx = muO”(-1)*By.*Bx;

Max stress yy = muO”(-1)* (By.*By - 0.5* (Bx."2+By."2));

MPD e x
MPD e y

% Continuity

F(:,:,1) = rho.
G(:,:,1) = rho.
% X Momentum

F(:,:,2) = rho.
G(:,:,2) = rho.
% Y Momentum

F(:,:,3) = rho.
G(:,:,3) = rho.

*u;
*V;

*u.
*u.

*u.
*Vv.

Max stress xx.*u + Max
Max stress yx.*u + Max stress yy.

*u
*v

p - Max s
Max stres

*v
*v

Max stres
p - Max s

_stress xy.

tress xx;
S_Xy;

S_yx;
tress yy;

*V;
*V,’
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% Energy

F(:,:,4) (etp) .*u - (MPD_e x);
G(:,:,4) = (etp).*v - (MPD_e_y);
% X Faraday

F(:,:,5) = -E(2); $ MPD
G(:,:,5) = Bx.*v-By.*u; $ MPD
% Y Faraday

F(:,:,0) By.*u-Bx.*v; % MPD
G(.I 16) __E(l)/ % MPD

end

00000000000000000000000000000000

o)
mac ICICRCRCRCRCRCRG]

function [Q] = mac(Q, E, Bb, EB,
y, v0, Vol, I ext)
global gamma R

Q0 = Q;

% Forward flux

[0flux,dt] = flux mc(Q,-1, E, Bb, EB, Max stress, Res dif,
kth, x, y, v0, Vol, I ext);

Qbar = Q - dt*Qflux;

Q = Qbar;

[0] = boundary(Q, E, Bb, EB, Max stress, Res dif, visc tens,
v0, Vol, I ext);

% Backward flux

[0flux,dt] = flux mc(Q,0, E, Bb, EB, Max stress, Res dif,
kth, x, y, v0, Vol, I ext);

Q = (1/2)*(Q0 + Qbar - dt*Qflux );

[Q] = boundary(Q, E, Bb, EB, Max stress, Res dif, visc_ tens,
v0, Vol, I ext);

end

Max stress, Res dif, visc_ tens,

kth, x,

visc tens,

kth, x, vy,

visc_tens,

kthl Xy Yy
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%% Barry's Note:

$%%5%5%5%%% flux mc 355%5%5%%%

function [Qflux,dt] = flux mc(Q, dd, E, Bb,
visc tens, kth, x, y, v0, Vol, I ext)

global cfl impulse time

[u,v,rho,p,e,Bx,By,T,ss,

Res dif, visc_tens, kth,
nx = size(x,1);
ny = size(x,2);
a(l:nx+1l,1l:ny+1) 0;
b(l:nx+1,1l:ny+1) = 0;
c(l:nx+1,1l:ny+1l) = 0;
Qflux(l:nx+1,1:ny+1,1:6)
% Get the fluxes
for 1 = 2: size(x,1)

for §J = 2: size(x,2)

ii = i-1;

jj = 3-1;

% Right face
sfpx = y(ii+1l,33+1)
sfpy = —(

% Left face

F,G] =
Xy Yy VO/

flowvars (Q,
Vol, I ext);

= 0;

-y (ii+1,33) 7
x (1i+1,39+1)

~x(1i+1,39) );

sfmx = -( y(ii,jj+1) - y(ii,33) );
Sfmy = ( X(llljj+l)_x(llljj) );

% Top face

sgpx = - ( y(ii+l,33+1) - y(ii,33+1) );
sgpy = x(ii+1,33+1) - x(ii,jj+1);

% Bottom face

sgmx = ( y(ii+1l,3j)-y(ii,33) ):

sgmy = - ( x(ii+l,33) - x(ii,33) );

% Get the flux
Qflux( /j/-) = (
F(i+dd,j,:)

+ G(i,3+1+dd, :)

F(i

*sfmx + G(i+dd, 7, :)
*sgpy + F (i,

+1+dd, j, )

j+dd, )

% Normalize by Volume

Qflux(i,J,:) = Qflux(i,J,:)./Vol(i,]J);

% CFL terms

a(i,j) = abs(u(i,j)*sfpx + v(i,J) *sfpy):

b(i,j) = abs(u(i,j)*sgpx + v (i,]) *sgpy):;

c(i,j) = ss(i,])*sqgrt(abs( sfpx"2 + sfpy”2)
+ abs( sgpx"2 + sgpy”2) );

EB,

E,

*sfpx + G(i+l+dd,j, :)
*sfmy + F (i
*sgmx + G(i

,Jj+1l+dd, ) *

Max stress,
Bb, EB,
*sfpy +

,J+dd, )

sgpx
*sgmy

Finite Difference Method used in finding the Flux of Q

Res dif,

Max stress,

);
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end
end

invdt = max (max ((atb+c)./Vol));
dt = cfl/invdt;
if dt < 107 (-12)

dt = 0;
end
% dt
impulse time = impulse time + dt;
end
oo
[ORNe)
00 000000000000000000000000000O0O0

0000000000000000000000000000000

35%%%%%% boundary 35%%%%%%

function [Q] = boundary(Q, E, Bb, EB, Max stress, Res dif, visc tens,
kth, x, y, v0, Vol, I ext)

global gamma R nentrance nmid ninlet nnoz mi
[u,v,rho,p,e,Bx,By,T,ss,F,G] = flowvars (Q, E, Bb, EB, Max stress,
Res dif, visc_tens, kth, x, y, v0, Vol, I ext);

% Problem boundary conditions here
nx = size(x,1);

ny = size(x,2);

ix = ninlet;

ex = nentrance;

mx = nmid;

ZX = nnoz;

mul0 = 4*pi*10”~(=7);
e charge = 1.602E-19;

iy = ny;
ey = ny;
my = ny;
zy = ny;

% Top Wall

p(:,ny+l) = p(:,ny);
v(:,ny+l) 0;
u(:,ny+1l) = 0;

rho(:,ny+1) rho (:,ny);
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Bx(:,iy+1) = 0; % MPD

By (:,iy+1) = 0; % MPD

Bx (ex:mx,iy+l) = Bx(ex:mx,iy); % MPD
By (ex:mx,iy+l) = By(ex:mx,iy); % MPD
% Symmetry line

p(:,1) = p(:,2);

vi(:,1) -v(:,2);

u(:,1) = u(:,2);

rho(:,1) = rho(:,2);

Bx(:,1) Bx(:,2); % MPD

By(:,1) = By(:,2); % MPD

3 Inflow-shouldn't change from initialization
u(l,:) = v0/CFD _weight;

if I ext > 0
Bb0 = 0.5*mu0*12*I ext/0.003;

u(mx,:) = u(ex,:) + (e_charge*BbO*0.00S/mi);
end
V(l,:) _V(2I )I
% Bx (1, :) Bx (2, :); $ MPD
% By (1, :) By (2,:); % MPD

u(nx+1l,:) = u(nx,:);
v(nx+l,:) = v(nx,:);
p(nx+l,:) = p(nx,:);

rho (nx+1, :)
Bx (nx+1, :)
By (nx+1l,:) = By(nx,:); % MPD

% EOS

mul = 4*pi*10~(=-7);

e = abs(p)/(gamma-1) + (1/2) *rho.* (abs (u.*u)
0.5* (abs (Bx.*Bx) + abs (By.*By))/mu0;

Q(:,:,1) = rho;
Q(:,:,2) = rho.*u;
Q(:,:,3) = rho.*v;

Q( 1:14) = ey
Q(:,:,5) = Bx; % MPD
Q(:,:,6) = By; % MPD

SCRAMJET .m (COMPONENTS)
function [Speeds] = scramjet(T ¢, T amb, P c,
h exh, h th, h tip, V. dc¢, I dc, I ext, freq, is mpd,

He Content, E i)

P amb, Cp, W,

+ abs (v.*v)) +

mu_f0,

is_es, Gas_Name,
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Modified Navier-Stokes CFD solver using Magnetoplasmadynamic
equations for electrothermal thruster

Author Modified the Program:

C. A. Barry Stoute

Ph.D. Candidate

York University

Department of Earth and Space Science and Engineering

Original Author of Program:
Britton Jeffrey Olson

Ph.D. Candidate

Stanford Univeristy
Department of Aero/Astro

$%%% Introduction and Background from Original Author

This program gives the ideal nozzle geometry using the metho
characteristics for a Quasi-2D Diverging Nozzle. Assume gas
exhausting from a combustion chamber that has no mass flow r
Using 2D nozzle flow relations, an optimal throat area is fo

is
ate in.
und that

will produce the max amount of thrust for the given ambient pressure

and combustion chamber parameters. This Area is automatic
and
% fed into the method of charactertistics portion of that code
% method of characteristics also uses the exit Mach number tha
% corresponds to the ideal exit area.
$%%%%%%% Introduction and Background from Modified Author
% Note, DO NOT call the returning Magnetic Field vector B,
crash

o

o° oo

o° oo

d° d° d° o° oe

o\

o° o

o 0P o° o°

the simulation. Suggested name: Bmag
3355 Directions for running the program 333%5%5%5%%

Put in the desire values in the following order

T ¢ = Temperature in the combustion chamber (K)
T amb = Ambient temperature (K)

P ¢ = Pressure in the combustion chamber (Pa)

P amb = Ambient pressure (Pa)

Cp = Specific Heat (Pressure)

W = Molecular Mass

width = The width of the nozzle

h th = The diameter of the throat

h exh = The diameter of the exhaust

h tip = The diameter of the tip (Cathode)

V_dc = The nominal input of the DC voltage to the circuit

I dc = The nominal output of the DC current from the circuit
I ext = External current supplying to the solenoid

freq = The desire frequency

ally set

. The
t

it will
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o

o

o

o d° o oe

oe

gl

Figure(l): Static thrust as function of exit area

Figure(2): Nozzle design and plots of Mach number & Pressure vs
ngth
Figure(3): CFD simulation of designed nozzle (Mach Number)
Figure(4): CFD simulation of designed nozzle (Magnetic Field)

Note, 1lst row is the x direction (axial), 2nd row is the y direction
radial, 3rd row is the z direction

From nozzle.m

clear all;

clc;

T ¢ = Temperature in the combustion chamber (K)
P ¢ = Pressure in the combustion chamber (Pa)

P amb = Ambient pressure (Pa)

T amb = Ambient temperature (K)

Cp = Specific Heat of Argon (Pressure)

obal gamma x y cfl Vol T ¢ nin ns na ng nout R maxs mins boxex P_amb

omega k BbO vl sigma dc impulse time mi rt nentrance nmid

%%
rt
re
wi

in
in

Thruster's Physical Properties
= 0.5*h_th;

= 0.5*h_exh;
dth = h th;

let length 5/1000; %25mm
let radius = 7.5/1000;

entrance height = inlet radius-rt;
entrance length = 15/1000; %15mm

mi

Lc

ra
rc =
rg

d length = 10/1000; % 3mm
har = 4*pi*0.005%2/ (2*pi*0.005);
= inlet radius;

0.5*h tip;
= ra-rcy

cmpd = 2*pi* (ratrc)/2;

rr = 133;
c = P c*Torr;
amb = P amb*Torr;

gamma = Cp/ (Cp-8.314); % Ratio of Specific Heats Cp/Cv (Gamma)
gammak = gamma;

impulse time = 0;
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mul0 = 4*pi*10"(-7);
e0 = 8.85E-12;

dh = h th/100;

max_iter = 10000;

R = 8314/wW;

omega = freg*2*pi*1076;

kB = 1.38*10"(-23);

epsilon0 = 8.85*10"(-12);

me = 9.109*10"(-31);

mp 1.672600000*10"(-27) ;

mi = mp*W;

h planck = 6.626200000*10" (-34) ;
e charge 1.602*10"(-19);

% Meshing

conical = 1;

boxex = 1;

d element = 1;

%% CFD Portion parameters

cfl = 0.065; % Courant-Friedricks-Lewy stability factor (<1)
(Default: 0.8)

tt = 400/cfl; % Number of time steps to take (Default: 500)

init = 1; % Initialize or wuse previous run's data? [l-init O-
previous]

%% Electromagnetic Propulsion

Fmaeckers = I dc”(2)*mul*log(ra/rc+0.75)* (4*pi)~(-1);

m dot = 5*10"(-6);

alpha ionization =
(mi/ (e _charge*E i))* (4/(9*sqrt(3)))* ((cmpd/rg)* (mu0*I dc”2)/m dot)"2;

if alpha ionization > 1

vel mpd = sqgrt(2*E_i*e charge/mi);
else

vel mpd = alpha ionization*sqrt (2*E i*e charge/mi);
end

alpha noz = 6;

noz length = (rt*(re/rt-1)+1.5*rt* (sec(alpha noz*pi/180) -
1)) /tan(alpha noz*pi/180);

%% Magnetic Acceleration
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EO sqrt (E (1) "2+E (2) "2);
Bb = [mu0*12*I ext/0.003; 0];
Bb0 = sqgrt(Bb(l)“2+Bb(2)"2);

EB = 0.5*(e0*(E (1) "24+4E(2) "2)+mu0”" (-1) * (Bb (1) *2+Bb (2) *2)) ;
Max_stress = (1/ (4*pi)) *[e0*E (1) *E (1) +mu0” (-1) *Bb (1) *Bb (1)
e0*E (1) *E(2) +mu0” (-1) *Bb (1) *Bb (2); e0*E(2)*E (1) +mul0”(-1)*Bb(2) *Bb (1)
e0*E (2) *E(2) +mu0” (-1) *Bb (2) *Bb (2) -EB] ;

Res dif = [E(1) 0; O E(2)];

visc tens = [mu f0 0; 0 mu fO0];

%% Min and Max Limits of the Colormap

v0 = vel mpd;

maxspeed = 40; %12 for Reheat, 40 for different mixtures

minspeed = 0; % 6 for Reheat, 0 for different mixtures

Te = 1.7;

T e = Te*e charge/kB;

n0 N = (1-He Content)*P c/(kB*T_ amb) ;

n0 He = He Content*P c/ (kB*T amb);

n0 = n0 N+nO_ He;

SahaN = 2.410E21 * T_eA(3/2)*exp(—e_charge*15.8/(kB*T_e));

SahaHe = 2.410E21 * T_eA(3/2)*exp(—e_charge*24.59/(kB*T_e));

ni N = n0 N/ (l+sgrt(1+n0_N/SahaN));

nn N = ni N*ni N/SahaN;

ni He = nO0 He/ (l+sqrt (1+n0_He/SahaHe));

nn He = ni He*ni He/SahaHe;

ne = ni N + ni He;

ni = ne;

nn = nn He+nn N;

ce = sqrt(8*kB*T e/ (pi*me));

lambda d = sqgrt(Te*epsilon0/ (e charge*ne));

big lambda = (4*pi*ne*lambda d"3);

nu ei = ni*e charge”4*log(big lambda)/ (2*pi*epsilon0”2*me”2*ce”3);
nu_en = nn*ce*2*10"(-19);

nu e = nu ei+nu en;

sigma dc = ne*e charge”2/(me*nu_e);

k
kth

S
°

*e charge*kB*T e*n0/ (nu_e*me);

3.2
= [k 0; 0 kI;

o\

-EB
-EB
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o

Pabs =
0.5* (100E6*2*pi*rt/ (2*sqgrt (2)) *Bb0) "2*sigma_dc* (nu_e”2)/ ((L00E6*2*pi) "2+
nu e"2);

% Maggy = Bb0"2*rt”2*pi*0.003/ (2*mu0) ;

o

o3
o

nozzle

noz mesh inlet
noz cfd inlet

o

o

noz_mesh exhaust
% noz_ cfd exhaust

NOZ MESH INLET.m

o

*xxxxx See nozzle.m for instructions ***x**xx*
Program to extrapolate the data points from nozzle design and make a
uniform grid spacing in the x-direction
Change nothing... simply run this script

o° o

o\°

%% BARRY'S ADDON: Adjusting Nozzle to incorporate inlet

[

cnoz = noz; % Renaming the original nozzle
clear noz

1,1) = 0;

1,2) = inlet radius;

2,1) = inlet length;

2,2) = noz(l,2);

i = 3:num+l

noz(i,1) = noz(2,1) + i*(entrance length)/ (num+l);
noz(i,2) = ra + (rt-ra)*(i)/ (num+l);

inlet edge = size(noz,1);

noz (num+2,1) = noz (num+l,1)+mid length;
noz (num+2, 2) noz (num+1,2) ;

noz_edge = size(noz,1l);
heater = noz(inlet edge:noz_edge, :)*1000;

nacelle = noz*1000;

o\
o\
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% Find the minimum spacing given by the method of characteristics

% and set as the dx value
dx = 0;

for i=1: size(noz,1l)-1
len = noz(i+1,1) - noz(i,1);
if (len < dx || 1 == 1)
if len > O
dx = len;
end
end
end

% Explicitly give the dx value here

dx = max(noz(:,1))/ceil (max(noz(:,1))/dx);

dx = dx/d _element;

nshift = 2;

nentrance = ceil (max(noz(l:inlet edge, 1)) /dx)
nmid = ceil (max(noz(l:noz edge,1l))/dx) - nshift;
n = ceil (max(noz(:,1))/dx);

% len = max(noz(:,1));

% n = 50; % Note # of points is actually n+1

oe

dx = len/n

o\°

yfactor = 0.8;

m = ceil (yfactor*n);

% Make uniform x-distribution of points
xmax = 0;

i=1;

while xmax < max(noz(:,1))
xmax = dx* (i-1);
x(i,1:m) = xmax;

if (xmax - noz(noz _edge,l) <= dx)
noz edge x = 1i;
end

i = 1i+1;

end

o\

o

the nozzle geometry

o\

Initialize and assign last value

- nshift;

Pick m points in y as some factor of x points

Make the y-points and extrapolate linearly from closest points to fit
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y(l:size(x,1),1l:size(x,2)) = 0; $ y = zeros(size(x,1l),size(x,2))

y(l,size(y,2)) = noz(l,size(noz,2)); % First row - Last Column of y is
equal to the first row - last column on noz (i.e. the y direction)
y(size(y,1l),size(y,2)) = noz(size(noz,l),size(noz,2)); % Last row - Last

Column of y is equal to the last row - last column of noz

% Barry's Modification: Changed the y meshing such that it takes care of
% the nozzle only.

for i = 1 : size(x,1)-1 % iteration of i from 1 to the size of the rows

[

of x minus 1 % Changed from minus 1 to minus 2

j=1;
while x(i,1) >= noz(j,1) % finding the smallest box of x
x1 = noz(j,1);
X2 = noz(j+1 1)
yl = noz (j
(

y2 = noz j+l 2

j=3+1;
end
slope = (y2 - yl)/(x2 - x1); % finding the slope
y(i,size(y,2)) = yl + slope*(x(i,1)-x1); % ith row - last column is

the v = mx + b such that b is yl and x is the ith row of 1lst column

%$Fill in mesh
dy = y(i,size(y,2))/(size(y,2)-1); % dy 1s derived from the ith
row and last column divide by the number of column in y - 1
dy = dy/d _element;
for k = 1: size(y,2)
y(i,k) = dy*(k-1); % this progress of dy over the columns
end

end

% Comment left off

o\°

Fill in mesh
dy = y(size(y,1),size(y,2))/(size(y,2)-1); % filling bottom mesh
for k = 1: size(y,2)

y(size(y,1),k) = dy*(k-1);
end

NOZ CFD_INLET.m

o\

*xxxx%x See nozzle.m for instructions ***x**xx*
With the given grid from the nozzle code solve the flow
using MacCormack's finite volume method

o\

o
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o

=i}
|

u(l
V(1

Bx (
By (

e
By.

o\°

N o OR O O ©)

%

Vol
for

) *y

) *y

end

o\°

for

1,

oo oo <

Initialize the domain here
size(x,1);

= size(x,2);

Vol, I ext); % Call the solver to advance one time step
rho = Q(:,:,1);
u = CFD weight.*Q(:,:,2)./rho;

:n+l,1l:m+l) = P c*(1l+(gamma-1)/2)" (-gamma/ (gamma-1));
:n+l,l:m+l) = T c*(1l+(gamma-1)/2);
= p./(R.*T);
= v0;
:n+l,l:m+l) = vl;
:n+l,1l:m+1) = 0;
l:n+l,1l:m+1) = 0; % MPD
l:n+l,1l:m+1) = 0; % MPD
= p/ (gammak-1) + (1/2)*rho.*(u.*u + v.*Vv) + (1/2)* (Bx.*Bx +
*By) / (mu0) ;
Cast into conservation form
:,:,1) = rho; % Conservation of Mass
:,:,2) = rho.*u; % Conservation of X-Momentum
:,:,3) = rho.*v; % Conservation of Y-Momentum
y:1,4) = e; % Conservation of Energy
:,:,5) = Bx; % Faraday's Law in X-Direction % MPD
:,:,6) = By; % Faraday's Law in Y-Direction % MPD
Get and store the volumes and surface flux terms
(l:size(x,1)+1,1l:size(x,2)+1l) = 1;
i=1 : n-1
for §=1 : m-1
sidel = ( x(i,3)-x(i+1,73) )*y(i+1,3+1) + ( x(i+1,73)-x(i+1,7+1)
(i,3) ...
+ ( x(i+1,3+1)-x(i,3) ) *y(i+1,3);
side2 = ( x(i,3)-x(i+1,3+1) )*y(i,j+1) + ( x(i+1,3+1)-x(i,3+1)
(1,3) ...
+ ( X(llj+1)_x(llj) )*Y(l+1,]+1);
Vol (i+1,3j+1) = (1/2)*( abs(sidel) + abs(side2) );
end
Main iteration loop for integration in time
k =1: tt
Q = solver(Q, E, Bb, EB, Max stress, Res dif, visc_tens, kth, x, vy,
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o\

v = CFD weight.*Q(:,:,3)./rho;

o

o

Speeds = sqgrt(u.”2 + v."2);

o

o\

figure (5);clf;
set (gcf, 'renderer', 'ZBuffer');

o° oo

[

)) ;view (0, 90) ;

o

1)) ;view(0,90);

% colormap (jet) ;colorbar;

% xlabel (' (9) Axial - Millimeters');ylabel (' (S
Millimeters');

% title (k) ;

end

Get the flow variables back from conserved variables

o

rho = Q(:,:,1);

u=0Q(:,:,2)./rho;

v =Q(:,:,3)./rho;

e = 0Q(:,:,4);

Bx = Q(:,:,5); % MPD

By = Q(:,:,6); % MPD

p = (gamma-1)* (e-(1/2)*rho.* (u.*u+v.*v));
T = p./ (R*rho) ;

ss = sqrt (abs (gamma*R*T)) ;

Mach = sqrt(u.”2 + v.”"2)./ss;

Bmag = sgrt(Bx.”2 + By."2);

B dir = wrapToPi(atan(By./Bx));
Speeds = sqgrt(u.”2 + v."2);

S dir = wrapToPi (atan(v./u));

oe
oe

median_speed = median (Speeds,1);
median density = median(rho,1);
median mag = median (Bmag,1l);

for j = l:size(u,2)
for i = 1l:size(u,1)
if isnan(S dir(i,Jj))
S dir(i,3j) = 0;
B dir(i,3) = 0;
end

if Speeds(i,j) > median speed(Jj)*3
Speeds (i,]j) = median speed(3J);
end
if rho(i,3) < O
rho(i,3) = 0;
Speeds (i,73) = 0;

)

Radial

surf (x.*1000,y.*1000, Speeds (1l:size(p,1)-1,1:size(p,2)-

hold on;surf(x.*1000,-y.*1000,Speeds (l:size(p,1)-1,1l:size(p,2)-
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elseif rho(i,Jj) > median density(j)*3

rho(i,j) = median density(Jj):;
else
end
if Bmag(i,j) > median mag(j)*2
Bmag (i, j) = median mag(Jj);

elseif isnan (Bmag(i, 7))
Bmag(i,j) = 0;

end

u(i,j) = Speeds(i,])*cos (S _dir(i,])
v(i,J) Speeds (i,3) *sin(S dir(i,J)
Bx(i,3J) = Bmag(i,Jj)*cos(B dir(i,j))
By(i,J) = Bmag(i,J)*sin(B dir(i,J))

end
end

);
).

’

’

’

vthroat avg = mean (Speeds(end, :));
vhtroat = Speeds(end, :);

vthroat ratio = vthroat avg/v0
pcompression = mean(p(l,:))/mean (p(end, :))

%% Plot the Velocity vector field
figure (12);clf;

maxs maxspeed;
mins = minspeed;

colormap (jet) ;

quiverc(x.*1000,y.*1000,u(l:size(p,1)-1,1:size(p,2) -
1)./1000,v(l:size(p,1)-1,1:size(p,2)-1)./1000);%view(0,90);
hold on;
plot (nacelle(:,1),nacelle(:,2), " 'Color','w', 'LineWidth"', 3);
if T ext > 0 && I ext <1

plot (heater(:,1),heater(:,2),'Color','b', 'Linewidth', 3);
elseif I ext > 1 && I ext < 10

plot (heater(:,1),heater(:,2), "'Color','g', 'LinewWidth', 3);
elseif I ext > 10 && I ext < 100

plot (heater(:,1) ,heater(:,2),'Color','r', 'LinewWidth', 3);
end
quiverc (x.*1000,-y.*1000,u(l:size(p,1)-1,1:size(p,2)-1)./1000,-
v(l:size(p,1)-1,1:size(p,2)-1)./1000);%view(0,90);
hold on;
plot (nacelle(:,1),-nacelle(:,2), 'Color','w', 'LineWidth',3);
if T ext > 0 && I ext <1

plot (heater(:,1),-heater(:,2), 'Color','b', 'LineWidth', 3);
elseif I ext > 1 && I ext < 10

plot (heater(:,1),-heater(:,2), 'Color','qg', 'LineWidth', 3) ;
elseif I ext > 10 && I ext < 100

plot (heater(:,1),-heater(:,2), 'Color','r', 'LineWidth', 3);
end
axis ([0 noz(end,1)*1050 -re*1100 re*1100]);

o P o o° o° o°

oe

o° 0° o o° o° o°

o
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h = colorbar;
set (gca, 'CLim', [mins maxs]);

set (gcf, 'Position', [1 1080 1920 1080]);
set (gcf, 'PaperPositionMode', "auto');

ylabela = get(h, 'YTickLabel');

meterspersecond = repmat (' km/s',length(ylabela),1);

ylabela = [ylabela meterspersecond];

set (gca, 'Position', [0.0975 0.1335 0.7389 0.7915], 'FontSize', 36);
set (h, 'YTickLabel',ylabela, 'FontSize', 36);

scrsz get (0, 'ScreenSize');

xlabel ('Axial - Millimeters');ylabel('Radial - Millimeters');
print ('-f12', '-djpeg', ['Inlet Velocity Vector Field of ' Gas Name]);

NOzZ MESH EXHAUST.m

o

**xxxx*x See nozzle.m for instructions ***x*xx*
Program to extrapolate the data points from nozzle design and make a
uniform grid spacing in the x-direction
Change nothing... simply run this script

o° oo

oe

o\°

Find the minimum spacing given by the method of characteristics
and set as the dx wvalue

oe

left edge = 0;
top _edge = 0;
right edge = 0;
clear noz

clear nacelle

clear x

clear vy

if conical == 1
noz(1,1) = 0;
noz(1l,2) = rt;

mid edge = 1;

for i = 2:num+l
noz(i,1l) = noz(1l,1) + i*noz_length/(num+l);
noz(i,2) = rt + (re-rt)*(i)/ (num+l);
end
else
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end

nacelle = noz.*1000;

noz _edge = size(noz,1l);

if boxex == 1;
exbox(1l,1) = noz(end,1);
exbox (1,2) = noz(end,?2);
left edge = size(exbox,1);

for i = left edge:left edge+num+l
exbox (i,1) = exbox (left edge, 1)
left edge)/ (num+l);
exbox (i,2) = exbox(left edge,?2);
end

top edge = size(exbox,1);
noz = vertcat (noz,exbox);

else
end

dx = 0;
for i=1: size(noz,1)-1
len = noz(i+1,1) - noz(i,1);
if (len < dx || 1 == 1)
if len > 0
dx = len;
end
end
end

% Explicitly give the dx value here
dx = max(noz(:,1))/ceil (max(noz(:,1))/dx);

dx = dx/d_element;

nshift = 2;

nmid = 1;

nnoz = ceil (max(noz(l:noz edge,l))/dx);

n = ceil (max(noz(:,1))/dx);

% len = max(noz(:,1));

% n = 50; % Note # of points is actually n+l
% dx = len/n

o\

Pick m points in y as some factor of x points
yfactor = 0.8;
m = ceil(yfactor*n);

1.25*h _exh* (i-
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o)

% Make uniform x-distribution of points

xmax = 0;
i=1;
while xmax < max(noz(:,1))
xmax = dx*(1i-1);
x(i,1l:m) = xmax;
if (xmax - noz(noz edge,l) <= dx)
noz _edge x = 1i;
end
i = 1i+1;
end

o

Make the y-points and extrapolate linearly from closest points to fit
the nozzle geometry

o

% Initialize and assign last value

y(l:size(x,1),1l:size(x,2)) = 0; % y = zeros(size(x,1),size(x,2))
y(l,size(y,2)) = noz(l,size(noz,2)); % First row - Last Column of y is
equal to the first row - last column on noz (i.e. the y direction)
y(size(y,1),size(y,2)) = noz(size(noz,1l),size(noz,2)); % Last row - Last

Column of y is equal to the last row - last column of noz

% Barry's Modification: Changed the y meshing such that it takes care of
% the nozzle only.

Q

for i = 1 : size(x,1)-1 % iteration of i from 1 to the size of the rows
of x minus 1 % Changed from minus 1 to minus 2

j = 1;
while x(i,1) >= noz(j,1) % finding the smallest box of x
x1 = noz(j,1);
%2 = noz (j+1,1);
yl = noz(j,2);
y2 = noz (j+1,2);
J=3+ L
end
slope = (y2 - yl)/(x2 - x1); % finding the slope
y(i,size(y,2)) = yl + slope*(x(i,1)-x1); % ith row - last column is

the vy = mx + b such that b is yl and x is the ith row of 1st column

%$Fill in mesh

dy = y(i,size(y,2))/(size(y,2)-1); % dy 1is derived from the ith
row and last column divide by the number of column in y - 1

dy = dy/d element;

for k = 1: size(y,2)
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y(i,k) = dy*(k-1); % this progress of dy over the columns
end

end

% Comment left off

% Fill in mesh

dy = y(size(y,1),size(y,2))/(size(y,2)-1); % filling bottom mesh
for k = 1: size(y,2)

y(size(y,1),k) = dy*(k-1);
end

NOZ CFD EXHAUST.m

o

*xxxx*x See nozzle.m for instructions ***x**xx*
With the given grid from the nozzle code solve the flow
using MacCormack's finite volume method

oe

oe

oe

Initialize the domain here

n = size(x,1);

m = size(x,2);

p(l:n+l,1:m+l) = P c*(l+(gamma-1)/2)" (-gamma/ (gamma-1));
T(l:n+l,l:m+1l) = T c*(1+(gamma-1)/2);

rho = p./(R.*T);

vl = vthroat avg;

u(l:n+l,1l:m+1) = vl;

v(l:n+tl,l:m+1) = 0;

Bx(l:n+l,1:m+1) = 0; $ MPD

By(l:n+l,1l:m+1l) = 0; $ MPD

Bx (nentrance-1:nmid+1,1:m+1) = Bb(1l);%/CFD weight; % MPD

By (nentrance-1:nmid+1,1:m+1) = Bb(2);%/CFD weight; SMPD

e = p/(gammak-1) + (1/2) *rho.* (u.*u + v.*V) + (1/2) * (Bx.*Bx

By.*By) / (mu0) ;

clear Q
clear Vol

% Cast into conservation form
Q(:,:,1) = rho; % Conservation of Mass
Q(:,:,2) = rho.*u; % Conservation of X-Momentum

+
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Q(:,:,3) = rho.*v; % Conservation of Y-Momentum

Q(:,:,4) = e; % Conservation of Energy

Q(:,:,5) = Bx; % Faraday's Law in X-Direction % MPD
Q(:,:,6) = By; % Faraday's Law in Y-Direction % MPD
% Get and store the volumes and surface flux terms

Vol (l:size(x,1)+1,1l:size(x,2)+1) = 1;

for i=1 : n-1
for j=1 : m-1
sidel =
Y*y(i,3) ...

( x(i,3)-x(i+1,3) )*y(i+1l,3+1) + ( =x(i+1,3)-x(i+1,3+1)

+

x(1+1,3+1)-x(1,3) ) *y(i+l,3);
( x(i,3)-x(i+l,3+1) )*y(i,3+1) + ( x(i+l,3+1)-x(i,3+1)

0n
-
Q.
[0)
N
Il

+ (x(1,341)-x(1,3) ) *y(i+1,3+1);
Vol (i+1,3j+1) = (1/2)*( abs(sidel) + abs(side2) );
end
end

o)

% Main iteration loop for integration in time
for k = 1: tt
Q = solver(Q, E, Bb, EB, Max stress, Res dif, visc tens, kth, x, vy,
vl, Vol, I ext); % Call the solver to advance one time step
rho = Q(:,:,1);
u = CFD weight.*Q(:,:,2)./rho;
v = CFD weight.*Q(:,:,3)./rho;

d° 0P o° oe

oe

Speeds = sgrt(u.”2 + v.”2);

oe

o\°

figure (5);clft;
set (gcf, 'renderer', 'ZBuffer');
surf (x.*1000,y.*1000, Speeds (l:size(p,1)-1,1:size(p,2)-

o° oo

=

));view(0,90);
hold on;surf(x.*1000,-y.*1000,Speeds (l:size(p,1)-1,1l:size(p,2)-

oe

1)) ;view (0, 90);

% colormap (jet) ;colorbar;

% xlabel (' (S) Axial - Millimeters');ylabel (' (S) Radial -
Millimeters');

% title (k) ;

end

oe

Get the flow variables back from conserved variables

rho = Q(:,:,1);

u = 0Q(:,:,2)./rho;

v = Q(:,:,3)./rho;

e = Q(:,:,4);

Bx = Q( :,5); % MPD

By = Q(:,:,6); % MPD

p = (gamma-1)* (e-(1/2)*rho.* (u.*u+v.*v));
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T = p./(R*rho);
ss = sqrt (abs (gamma*R*T)) ;
Mach = sqrt(u.”2 + v."2)./ss;

Bmag = sgrt(Bx.”2 + By."2);

B dir = wrapToPi(atan(By./Bx));
Speeds = sqgrt(u.”2 + v."2);

S dir = wrapToPi (atan(v./u));

clear O

oo
0 ©

median_ speed = median (Speeds,1);
median density = median(rho,1);
median mag = median (Bmag,1);

for §J = l:size(u,?2)
for 1 = 1l:size(u,1)
if isnan(S _dir (i,
S dir(i,3) =
B dir(i,Jj) =
end
if Speeds(i,j) > median speed(j) *3
Speeds (i,]) = median_ speed(J);
end
if rho(i,j) < O
rho(i,3) = 0;
Speeds (i,3) = 0;
elseif rho(i,Jj) > median density(j)*3
rho(i,j) = median density(Jj):;
else
end
if Bmag(i,j) > median mag(j)*2
Bmag (i, j) = median mag(Jj):;
elseif isnan (Bmag (i, Jj))
Bmag (i,3) = 0;
end
u(i,j) = Speeds(i,]J)*cos(S dir(i,]J)
v(i,]J) = Speeds(i,j)*sin(S_dir(i,3])
Bx(i,3) = Bmag(i,j)*cos(B_dir(i,J));
By(i,j) = Bmag(i,3j)*sin(B_dir(i,]))
end
end
vex = mean (Speeds (noz_edge, :));
Ibit = vex*m dot*impulse time;
mbit = impulse time*m dot;
Isp = vex/9.81
mRe = muO*Lchar*sigma dc*vex;

7))
0;
O.

’

)I
);

’

Impulse = impulse time*m dot*Speeds;
Iu = rho.*u;
Iv = rho.*v;
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%% Plot the Velocity vector field
figure (12);clf;

maxs maxspeed;
mins = minspeed;

colormap (jet) ;

quiverc(x.*1000,y.*1000,u(l:size(p,1)-1,1:size(p,2) -
1)./1000,v(l:size(p,1)-1,1:size(p,2)-1)./1000);%view(0,90);
hold on;

plot (nacelle(:,1),nacelle(:,2),'Color','w"', "LineWidth', 3);
quiverc (x.*1000,-y.*1000,u(l:size(p,1)-1,1:size(p,2)-1)./1000,-
v(l:size(p,1)-1,1:size(p,2)-1)./1000);%view(0,90);

hold on;

plot (nacelle(:,1),-nacelle(:,2), 'Color','w', 'LineWidth',3);
axis ([0 noz(end,1)*1050 -re*1100 re*1100]);

h = colorbar;
set (gca, 'CLim', [mins maxs]);

set (gcf, 'Position', [1 1080 1920 10801]);
set (gcf, 'PaperPositionMode', "auto"') ;

ylabela = get(h, 'YTickLabel');

meterspersecond = repmat (' km/s',length(ylabela),1);

ylabela = [ylabela meterspersecond];

set(gca, 'Position', [0.0975 0.1335 0.7389 0.7915], 'FontSize', 36);
set (h, 'YTickLabel',ylabela, 'FontSize', 36);

scrsz get (0, 'ScreenSize'");

xlabel ('Axial - Millimeters');ylabel ('Radial - Millimeters');
print ('-£f12', '-djpeg', ['Exhaust Velocity Vector Field of ' Gas Name]);

SOLVER.m (FOR SCRAMJET EXPONENTS ONLY)

o\

*x*kx*k* See nozzle.m for instructions ***x**x%*
solver.m

o\

% Solver for the macormack method
function [Q] = solver(Q, E, Bb, EB, Max stress, Res dif, visc_ tens, kth,

X, y, vl, Vol, I ext)
global gamma R

[u,v,rho,p,e,Bx,By,T,ss,F,G] = flowvars (Q, E, Bb, EB, Max stress,
Res dif, visc_tens, kth, x, y, vl, Vol, I ext); % MPD are Bx By
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% Take one MacCormack step
[Q] = mac(Q, E, Bb, EB, Max stress, Res dif, visc_tens, kth, x, y, vl,
Vol, I ext);

end
3%%%%%%% flowvars 3%%%%%%%
function [u,v,rho,p,e,Bx,By,T,ss,F,G] = flowvars (Q, E, Bb, EB,

Max stress, Res dif, visc_tens, kth, x, y, vl, Vol, I ext) % MPD are Bx

By

global gamma R omega cfl k sigma dc mi ninlet nentrance nmid nnoz
Calculate the actual flow variables at each time step using

% STATIC MAGNETIC FIELD

rho = Q(:,:,l);

o° oo

oe

S u = 0Qf(: ./rho;

S v = Q(:,: ) /rho;

5 e =0Q(:,:,4);

$ Bx = Q(:,:,5); $ MPD
$ By = Q(:,:,6); % MPD

o

o

o) (gamma-1) * (e=(1/2) *rho.* (u.*u+v.*v)) ;
T = p./(R*rho);
ss = sqgrt(abs (gamma*R*T)) ;

o° o oe

o

mulQ = 4*pi*10"(-7);
e0 = 8.85E-12;

o

o

% Max_ stress xx = muO”(-1)*(Bb(1l)*Bb(1l) - 0.5*(Bb(1l)"2+Bb(2)"2));
% Max_stress xy = muO”(-1)*Bb(1l)*Bb(2);

% Max stress yx = muO”(-1)*Bb(1l)*Bb(1);

% Max stress yy = muO”(-1)* (Bb(2)*Bb(2) - 0.5*(Bb(1l)"2+Bb(2)"2));
% MPD e x = Max stress xx.*u + Max stress xy.*v;% + kth(l,1).*T;
% MPD e y = Max stress yx.*u + Max stress yy.*v;% + kth(2,2).*T;
% F(:,:,1) = rho.*u;

% F(:,:,2) = rho.*u.*u + p - Max stress(1l,1);

% F(:,:,3) = rho.*u.*v - Max stress(1l,2);

s F(:,:,4) = (etp).*u-(MPD e x);

$ F(:,:,5) = -E(2); % MPD

% F(:,:,6) = (Bb(1l).*u-Bb(1l).*v); % MPD

$ G(:,:,1) = rho.*v;

% G(:,:,2) = rho.*u.*v - Max stress(2,1);

% G(:,:,3) = rho.*v.*v + p - Max stress(2,2);

% G(:,:,4) = (etp).*v-(MPD e vy);

% G(:,:,5) = (Bb(1l).*v=-Bb(2).*u); % MPD

$ G(:,:,6) = -E(1); % MPD

%% DYNAMIC MAGNETIC FIELD
rho = Q(:,:,1);
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u=09(:,:,2)./rho;

v =0Q(:,:,3)./rho;

e = Q(:,:,4);

Bx = Q(:,:,5); % MPD

By = Q(:,:,6); % MPD

p = (gamma-1)* (e-(1/2)*rho.* (u.*u+v.*v));

T = p./(R*rho);

ss = sqrt (abs (gamma*R*T)) ;

mul = 4*pi*10~(=-7);

Max stress xx = mu0”(-1)* (Bx.*Bx - 0.5* (Bx.
Max stress xy = mul0” (-1)*Bx.*By;

Max stress yx = mul0” (-1)*By.*Bx;

Max stress yy = mu0”(-1)* (By.*By - 0.5* (Bx.

~"2+By.

~"2+By.

MPD e x Max stress xx.*u + Max stress xy.*v;
MPD e y = Max stress yx.*u + Max stress yy.*v;

% Continuity
(:,:,1) = rho.*u;
(:,:,1) = rho.*v;

@ =

% X Momentum
(:,:,2) = rho.*u.*u + p - Max stress xx;
(:,:,2) = rho.*u.*v - Max stress xy;

@ ™

% Y Momentum

F(:,:,3) = rho.*u.*v - Max stress_yx;
G(:,:,3) = rho.*v.*v + p - Max stress yy;
% Energy

F(:,:,4) (e+p) .*u - (MPD_e x);

G(:,:,4) = (etp).*v - (MPD e y);

% X Faraday

F(:,:,5) = -E(2); $ MPD
G(:,:,5) = Bx.*v-By.*u; % MPD
% Y Faraday

F(:,:,6) = By.*u-Bx.*v; % MPD
G(:,:,6) = -E(1); % MPD

[N) o
©0000000 mac ©0000000

n2))

n2))
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function [Q] = mac(Q, E, Bb, EB, Max stress, Res dif, visc_tens, kth, x,
y, vl, Vol, I ext)
global gamma R

Q0 = Qs
% Forward flux
[0flux,dt] = flux mc(Q,-1, E, Bb, EB, Max stress, Res dif, visc_ tens,

kth, x, y, vl, Vol, I ext);
Qbar = Q - dt*Qflux;
Q = Qbar;

[0] = boundary(Q, E, Bb, EB, Max stress, Res dif, visc tens, kth, x, vy,
vl, Vol, I ext);

% Backward flux

[0flux,dt] = flux mc(Q,0, E, Bb, EB, Max stress, Res dif, visc tens,
kth, x, y, vl, Vol, I ext);

QO = (1/2)*(Q0 + Qbar - dt*Qflux );

[Q] = boundary(Q, E, Bb, EB, Max stress, Res dif, visc tens, kth, x, vy,

vl, Vol, I ext);

%% Barry's Note: Finite Difference Method used in finding the Flux of Q
$%%%%%%% flux mc $%%%%%%%

function [Qflux,dt] = flux mc(Q, dd, E, Bb, EB, Max stress, Res dif,
visc_tens, kth, x, y, vl, Vol, I ext)

global cfl impulse time

[u,v,rho,p,e,Bx,By,T,ss,F,G] = flowvars (Q, E, Bb, EB, Max stress,
Res dif, wvisc_tens, kth, x, y, vl, Vol, I ext);
nx = size(x,1);
ny = size(x,2);
a(l:nx+1,1l:ny+1) 0;
b(l:nx+1,1:ny+1) = 0;
c(l:nx+1,1l:ny+1l) = 0;
Qflux(l:nx+1,1l:ny+1,1:6) = 0;
% Get the fluxes
for i = 2: size(x,1)
for j = 2: size(x,2)
ii = i-1;
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o

°

sfpx
sfpy

o

°

Right face

y(1i+1l,33+1) -y (1i+1,33);

-( x(ii+1,33+1)-x(ii+1,37)

Left face

sfmx =
sfmy

%

sSgpy

%

o

°

- y(ii,33+1)

( x(ii,jj+1)-x(ii,33)

Top face
sgpx = - ( y(ii+1l,33+1)
x(ii+1,33+1)

Bottom face
sgmx =
sgmy

Get the flux

( Y(ii+1:jj)—Y(iirjj)

-( x(ii+1,33)

Qflux(i,j,:)

o

°

( F(i+1+dd,j,:) *sfpx + G(i+1+dd, 3, :)*sfpy +
F(i+dd,j, :) *sfmx + G(i+dd,j,:)*sfmy + F(i,j+1+dd, :) *sgpx
+ G(i,j+1+dd, :) *sgpy + F(i,j+dd, :)*sgmx + G(i,Jj+dd, :) *sgmy );

- Y(ii/jj)

)7

) ;

) ;

- Y(iiljj+1)
- x(ii,J3+1);

)7

- x(1ii,33)

Normalize by Volume
Oflux(i,3,:)

= abs(u(i,J) *sfpx + v (i, ]J) *sfpy);
abs(u(i,Jj) *sgpx + v (i,]) *sgpy);
ss(i,7) *sgrt(abs( sfpx*2 + sfpy”2)

= Qflux(i,j,:)./Vol(i,]j);

sgpx"2 + sgpy”2)

max (max ( (a+b+c) ./Vol)) ;

% CFL terms
a(i,j)
b(llj) =
c(i,j) =
+ abs (

end

end

invdt =

dt = cfl/invdt;

if dt < 107 (-15)
dt = 0;

end

% dt

impulse time

dt > 1

) ;

impulse time + dt;

) ;

)7
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[ [

3%%%%%%% boundary 3%%%%%%%

function [Q] = boundary(Q, E, Bb, EB, Max stress, Res dif,
kth, x, y, vl, Vol, I ext)

global gamma R nentrance nmid mi

[u,v,rho,p,e,Bx,By,T,ss,F,G] = flowvars (Q, E, Bb, EB,
Res dif, visc tens, kth, x, y, vl, Vol, I ext);

% Problem boundary conditions here
nx = size(x,1);

ny = size(x,2);

ex = nentrance;
mx nmid;

mul = 4*pi*10~(=-7);
e charge = 1.602E-19;

% Top Wall

p(:,nytl) = p(:,ny);
v(:,ny+l) = 0;

u(:,ny+l) = 0;

rho(:,ny+1l) = rho(:,ny);
Bx(:,ny+l) = Bx(:,ny); % MPD
By(:,ny+1l) = By(:,ny); % MPD
% Symmetry line

p(:,1) =p(:,2);

v(:,1) = -v(:,2);

u(:,1) =u(:,2);

rho(:,1) = rho(:,2);

Bx(:,1) = Bx(:,2); % MPD
By(:,1) = By(:,2); % MPD

% Inflow-shouldn't change from initialization
% u(l,:) = sgrt(gamma*R*T c);
u(l,:) = vl;

if I ext >0
Bb0 = 0.5*mu0*12*I ext/0.003;

u(mx,:) = u(l,:) + (e charge*Bb0*0.005/mi);
end
v(l,:) = v(2,:);
Bx(1l,:) = Bx(2,:); $ MPD
By(l,:) = By(2,:); % MPD
% Out flow - set to upstream cells
u(nx+l,:) = u(nx,:);
v (nx+1, :) v(nx, :);
p(nx+l,:) = p(nx,:);
rho (nx+1,:) = rho(nx,:);
Bx (nx+1,:) = 0; % MPD

visc_ tens,

Max stress,

285



By (nx+1l,:) = 0; % MPD

% EOS
mu0 = 4*pi*10~(=-7);
e = p/(gamma-1) + (1/2)*rho.*(u.*u + v.*v) + 0.5* (Bx.*Bx + By.*By)/mu0;

Q(:,:,1) = rho;
Q(:,:,2) = rho.*u;
Q(:,:,3) = rho.*v;
Q(:I’I4) = ey
Q(:,:,5) = Bx; $ MPD
Q(:,:,6) = By; % MPD
end

QUIVERC.m

function hh = quiverc(varargin)
Modified version of Quiver to plots velocity vectors as arrows
with components (u,v) at the points (x,y) using the current colormap

o

o

o

Bertrand Dano 3-3-03
Copyright 1984-2002 The MathWorks, Inc.

o

$QUIVERC Quiver color plot.
QUIVERC (X,Y,U,V) plots velocity vectors as arrows with components
u,vVv)

o° —~ o°

at the points (x,y). The matrices X,Y,U,V must all be the same size
% and contain corresponding position and velocity components (X and Y
% can also Dbe vectors to specify a wuniform grid). QUIVER
automatically

o\

scales the arrows to fit within the grid.

o° o

QUIVERC (U,V) plots velocity vectors at equally spaced points in
the x-y plane.

o° oo

oe

QUIVERC (U,V,S) or QUIVER(X,Y,U,V,S) automatically scales the
arrows to fit within the grid and then stretches them by S. Use
S=0 to plot the arrows without the automatic scaling.

o° oo

o\

o\

QUIVERC(...,LINESPEC) uses the plot linestyle specified for

the velocity vectors. Any marker in LINESPEC is drawn at the base
instead of an arrow on the tip. Use a marker of '.' to specify

no marker at all. See PLOT for other possibilities.

o 0o oe

o\

o\

QUIVERC(...,'filled') fills any markers specified.

o

H = QUIVERC(...) returns a vector of line handles.

o° oo

o\

Example:
[x,y] = meshgrid(-2:.2:2,-1:.15:1);

o\
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% z = X .* exp(-x."2 - y."2); [px,py]l = gradient(z,.2,.15);
% contour(x,y,z), hold on
% quiverc(x,vy,px,py), hold off, axis image

% See also FEATHER, QUIVER3, PLOT.

% Clay M. Thompson 3-3-94

% Copyright 1984-2002 The MathWorks, Inc.

% SRevision: 5.21 $ $Dhate: 2002/06/05 20:05:16 $

global maxs mins

set (gca, 'color', 'blue');

o)

% Arrow head parameters

alpha = 0.33; % Size of arrow head relative to the length of the vector

beta = 0.23; % Width of the base of the arrow head relative
length

autoscale = 1; % Autoscale if ~= 0 then scale by this.
plotarrows = 1; % Plot arrows

Sym= ”;

filled = 0;

ls = "="';

ms = '';

col = "";

1lw=1;

nin = nargin;

o)

% Parse the string inputs

while isstr (varargin{nin}),

vv = varargin{nin};

if ~isempty(vv) & strcmp(lower(vv(l)),'f")
filled = 1;

nin = nin-1;
else
[1,c,m,msg] = colstyle(vv);

if ~isempty (msg),

error (sprintf ('Unknown option "%s".',vv));
end
if ~isempty(l), 1ls = 1; end
if ~isempty(c), col = c; end
if ~isempty(m), ms = m; plotarrows = 0; end
if isequal(m,'.'), ms = ''; end % Don't plot '.'
nin = nin-1;
end

end

error (nargchk (2, 5,nin));

to the
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% Check numeric input arguments

[

if nin<4, % quiver(u,v) or quiver (u,v,s)

[msg,x,y,u,v] = xyzchk(varargin{l:2});
else

[msg,x,y,u,v] = xyzchk(varargin{l:4});
end

if ~isempty(msg), error (msg); end

if nin==3 | nin==5, % quiver(u,v,s) or quiver(x,y,u,v,s)

autoscale = varargin{nin};
end

[

% Scalar expand u,v
if prod(size(u))==1, u = u(ones(size(x))); end
if prod(size(v))==1, v v (ones (size(u))); end

if autoscale,

o o oe

o

spacing i1f x and y are vectors.

if min(size(x))==1, n=sqgrt(prod(size(x))); m=n;
end

delx = diff([min(x(:)) max(x(:))]1)/n;

dely = diff([min(y(:)) max(y(:))])/m;

len = sqgrt((u.”2 + v."2)/(delx.”2 + dely.”2));

autoscale = autoscale*0.9 / max(len(:));

u = u*autoscale; v = v*autoscale;
end

minrangespeed = mins*autoscale;

[

% Define colormap
vr=sgrt (u.”2+v."2);
vrangle = wrapToPi (atan(v./u));

for 1 = 1l:size(u,1)
for §J = 1l:size(u,?2)
if isnan(vrangle(i,Jj))
vrangle(i,j) = 0;
end
if vr(i,j) < minrangespeed
vr(i,j) = minrangespeed;
u(i,j) = minrangespeed*cos (vrangle(i,j));
v(i,Jj) = minrangespeed*sin(vrangle(i,Jj));
end
end
end
% vrn=round (vr/max (vr (:)) *64);

Base autoscale value on average spacing in the x and y
directions. Estimate number of points in each direction as
either the size of the input arrays or the effective square

[m,n]=size(x

)7
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maxrangespeed = maxs*autoscale;
vrn=round (vr/maxrangespeed*64) ;
for i = l:size(vrn,1)
for j = l:size(vrn,2)
if vrn(i,j) > 64
vrn(i,j) = 64;
end
end
end
CC=colormap;
ax = newplot;
next = lower (get (ax, 'NextPlot'));
hold state = ishold;

% Make velocity vectors and plot them

x =x(:).";y = y(:).";
u = u(:).";v ;
vrn=vrn(:)."';

uu = [x;x+u;repmat (NaN,size(u))]l;
vv = [y;y+tv;repmat (NaN,size(u))];
vrnl= [vrn;repmat (NaN, size (u)) ;repmat (NaN,size(u))];

I
<
—_
o
-
~

uui=uu(:); vvi=vv(:); vrnl=vrnl(:); imax=size (uui);
hold on

for i= 1:3:imax-1
1i=int8 (round (vrnl (i)));
if ii==0; ii=1; end
cl= CC(ii,1); c2= CC(ii,2); c3= CC(ii, 3);
plot(uui(i:i+1),vvi(i:i+1), 'linewidth', 1w, 'color', [cl c2 c31);
end

[

% Make arrow heads and plot them
if plotarrows,

hu = [x+u-alpha* (utbeta* (v+eps)) ;x+u;
x+u-alpha* (u-beta* (vt+eps) ) ;repmat (NaN, size (u))];
hv = [y+v-alpha* (v-beta* (uteps)) ;ytv;
ytv-alpha* (vt+beta* (uteps) ) ; repmat (NaN, size(v)) ];
vrn2= [vrn;vrn;vrn;vrn];
uui=hu(:); vvi=hv(:); vrn2=vrn2(:); imax=size(uui);
for i= 1l:imax-1
ii=int8 (round (vrn2(i)));
if ii==0; ii=1; end
cl= CC(ii,1); c2= CC(ii,2); c3= CC(ii, 3);

plot(uui(i:i+l),vvi(i:i+1), 'linewidth',1lw, 'color', [cl c2 c31);
end

289



[

if ~isempty(ms), % Plot marker on base
hu = x; hv = y;

hold on

h3 = plot(hu(:),hv(:), [col ms]);

if filled, set (h3, 'markerfacecolor',get(hl, 'color')); end
else

h3 = [1;
end

if ~hold state, hold off, view(2); set(ax, 'NextPlot',next); end

if nargout>0, hh = [hl;h2;h3]; end

set(gca, 'color', [0 O 0], '"Xcolor','k','Ycolor','k");
set (gcf, 'color', [1 1 1171);

set (gcf, 'InvertHardCopy', 'off');
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