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Abstract—The Variable Material Properties (VMP) method of
elastoplastic analysis for axisymmetric problems is extended to
the applications of the cold expansion problem for magnesium
sheets exhibiting asymmetric hardening behavior. To
investigate the effect of hardening asymmetry in the stressstrain results, a detailed 3D finite element (FE) model with
symmetric material properties was also generated for the cold
expansion problem. Comparison between the results of the
VMP and the FE model revealed the significant effect of
hardening asymmetry.
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I.

INTRODUCTION

Lightweighting, as an effective approach to improve fuel
efficiency and reduce greenhouse gasses emissions, has been a
major strategy in the transportation industry [1]. Magnesium, as
the lightest structural metal, has been a candidate for replacing
the existing heavier materials in this industry. Magnesium
application in the aerospace industry goes back to early aircraft
development in 1930s, mostly for non-load bearing components,
such as gearbox casing [2]. Recently, it has been considered also
for structural components [3].
In aerospace structures, fastened joints are the most common
assembly technique [4]. Rivet joints, causing stress
concentration in structures, are highly susceptible to fatigue
failure [5]. One of the approaches to improve the fatigue life is
to create compressive residual stress around the hole by plastic
expansion. There are several ways of expanding the hole, such
as hole edge expansion, ball expansion and tapered mandrel.
Due to the surface damage caused by these methods [4], they
have been replaced by a more advanced method called split
sleeve cold expansion. This method, which consists of pulling a
tapered mandrel covered with split sleeve through the hole [6],
is now widely used in aerospace industry as the fatigue life
improvement technique [7]. From the design point of view,
determination of the residual stress due to cold expansion is key
to estimation of fatigue life. Such stresses have been shown to
strictly depend on the stress-strain material model employed in
the calculation/simulation [8]. Current calculation/simulation
models for cold expansion process, either finite element models
[9], [10] or analytical models [11], [12] are based on simple
material models, which can only consider symmetric yield and

hardening behaviors. The variable material property (VMP),
with capability of considering actual material behavior [13]–
[15], is proven to be able to consider the asymmetric behavior
([16]).
Wrought magnesium alloys, show asymmetric behavior,
which is defined as different yield strength and hardening
behavior under tension and compression. Such asymmetry is
arising from twinning deformation [17] and is different from
hydrostatic stresses-associated strength-differential effect seen
in high strength steels [18]. In addition, wrought magnesium
alloys exhibit anisotropy, i.e., the material behavior varies in
different orientations. It has been shown that in rolled AZ31B,
asymmetric behavior is dominant, and anisotropy is not
significant [19].
In this paper, a simple numerical method based on the VMP
approach [20], with the capability of considering the asymmetric
hardening behavior, is implemented to model the cold expansion
process. A detailed 3D finite element model assuming
symmetric hardening behavior is developed for the same
problem. A comparison is made between the asymmetric
solution from the VMP method and the symmetric solution from
the FE analysis, to investigate the effect of material symmetry.
II.

MATERIAL AND MODELING

A. Split sleeve cold expansion process
In split sleeve cold expansion process, a tapered mandrel
surrounded with a split sleeve, is pulled through the hole. Since
the summation of the maximum diameter of the mandrel and
split sleeve thickness is greater than the initial hole diameter,
the hole expands. Upon removal of the mandrel elastic region
around the hole springs back, which creates compressive
residual stress around the hole. Schematic illustration of the
split sleeve cold expansion process is shown in Fig. 1. Details
of the geometry of different parts that are used in this study is
given in Table 1. Sheet material is AZ31B with properties given
in [21].
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In which, the “eff” subscript stands for the effective value.

Figure 1. Schematic illustration of the split sleeve cold expansion process
Table 1. Geometry of different parts used in the cold expansion model
Part

dimension

size (mm)

Mandrel

Major diameter

5.84

Split sleeve

Thickness

0.20

Workpiece

Thickness

4.00

Workpiece

Initial hole diameter

6.00

B. VMP approach
First, a brief review of the VMP method is presented here.
Total strain in a body subjected to general force can be written
as:

𝜀𝑖𝑗 = 𝜀𝑖𝑗 𝑒 + 𝜀𝑖𝑗 𝑝


in which e andp stand for total strain, elastic strain, and
 to Hook’s law:
plastic strain, respectively. According


𝜀𝑖𝑗 𝑒 =

1+𝑣

𝜎𝑖𝑗 −

𝑣

𝜎𝑘𝑘 𝛿𝑖𝑗




To solve an axisymmetric boundary value problem, such as
a cylinder subjected to an internal pressure, Fig. 2, the body is
discretized into a finite number of annuli. The VMP method,
being an iterative solution, starts with a fully elastic solution in
the first iteration. Then, the equivalent stress is calculated for
all the elements. For the elements where the equivalent stress is
higher than the yield strength of the material, the values of
effeff are updated according to Equation (4), which are used
in the next solution iteration. The effective Young’s modulus at
each element is found from the projection method, illustrated in
Fig. 2(b). According to the projection method, the effective
Young’s modulus is the secant modulus at the strain value
obtained in the previous iteration, point b' in Fig. 2(b).
Eliminating in Equation (4) gives the effective Poisson’s
ratio. Then, the elastic solution in each iteration is obtained
from the well-known Lame’s solution in the plane stress
condition [20]. This procedure is repeated until the equivalent
stress and strain values for all the elements match the uniaxial
stress-strain curve. In case of the cold expansion problem, the
process is modeled as a cylinder, with inside diameter equal to
the hole diameter and outside diameter which is five times the
hole diameter, subjected to radial displacement at inner radius.
As mentioned earlier, in magnesium alloys uniaxial tension and
compression curves are not the same. To consider the
asymmetric behavior, the Cazacu-Barlat yield criterion [22]
was implemented to calculate the equivalent stress in the VMP
method iterations. This criterion is given by:

𝑣
𝐸
where  are Poisson’s ratio, Young’s modulus,

Kronecker
delta, and stress components. According to the

Hencky’s
total deformation theory:
𝑝

𝜀𝑖𝑗 = 𝜙𝑆𝑖𝑗
1
𝑆𝑖𝑗 = 𝜎𝑖𝑗 − 𝜎𝑘𝑘 𝛿𝑖𝑗
3





𝑝

3 𝜀𝑒𝑞
2 𝜎𝑒𝑞
where S stands for deviatoric stress and is a scalar value,
obtained from uniaxial stress-strain curve. Combining “(3)”and
“(2)” with “(1)” results in:
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Figure 2. (a) Pressurized thick-walled cylinder discretized into finite number
of annuli, (b) demonstraion of the projection method
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To obtain the residual stress field created by cold expansion
two steps of loading and unloading are required. The unloading
solution is similar to the loading part, but now each element has
a specific unloading behavior defined by the level of loading
strain. For the unloading phase, a pressure with the same value
as the pressure at the end of the loading step with an opposite
sign is applied to the inner radius of the cylinder. The negative
pressure in the unloading step simulates the removal of the
mandrel. Since in the Cazacu-Barlat yield criteria, tension and
compression curves need to be determined. For the unloading
solution, second part of the tension-compression curve (Fig. 4b)
is considered as tensile curve. Likewise, the second part of the
compression-tension (Fig. 4a) is considered as compression
curve as the input for the VMP method. Simple interpolation
method was used to generate the curves that are in between
unloading curves shown in Fig. 4. After solving the unloading
part, the residual stress field was obtained by:
𝑅𝑒𝑠
𝜎𝑅𝑎𝑑𝑖𝑎𝑙

=

𝑙𝑜𝑎𝑑
𝜎𝑅𝑎𝑑𝑖𝑎𝑙

+

𝑈𝑛𝑙𝑜𝑎𝑑
𝜎𝑅𝑎𝑑𝑖𝑎𝑙





𝑅𝑒𝑠
𝑙𝑜𝑎𝑑
𝑈𝑛𝑙𝑜𝑎𝑑
𝜎𝐻𝑜𝑜𝑝
= 𝜎𝐻𝑜𝑜𝑝
+ 𝜎𝐻𝑜𝑜𝑝



In which, Res ,LoadUnloadare residual
stress, stress in the

loading step, and the stress in the unloading step, respectively.
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Figure 3. Uniaxial tension and compression behavior of rolled AZ31B [21]
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In which, yt ycJ2 and J3 are tension and compression yield
strenghts, second and third invariants of deviatoric stress tensor,
respectively. For the case of symmetric materials, i.e. yt yc,
this yield criterion reduces to the Von-Mises criterion. The
asymmetry parameter, c, determines the shape of the yield locus.
The parameter c at a given plastic strain is obtained from the
ratio of stresses on the uniaxial tension and compression curves
(Fig. 3) in that plastic strain. Therefore, the shape of the yield
locus for the Cazacu-Barlat criterion evolves during the plastic
deformation, while it is fixed for the Von-Mises criterion. It is
noteworthy that for both the symmetric (Von-Mises criterion)
and asymmetric (Cazacu-Barlat criterion) solutions, only the
uniaxial tension curve is used in the projection method. For the
asymmetric solution, the evolution of the parameter c accounts
for the compression hardening curve being different than the
tension curve.
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Figure 4. (a) Compression-tension and (b) tension-compression behavior for
rolled AZ31B ([21],[23])

C. Finite element
ABAQUS finite element software was used in this study to
simulate the cold expansion process (Fig. 5). In order to apply a
more realistic boundary condition, the support of the workpiece
was also included in the model. Owing to the symmetry, only
half of the structure was modeled. Boundary conditions of the
model are shown in Fig. 6. On the X-Y plane, movement of the
external edges of the workpiece and the support were
constrained. Mandrel was considered rigid, while the split
sleeve and steel support were linear elastic material with the
Young’s modulus of 200 GPa and Poison’s ratio of 0.3. The
workpiece followed the tensile curve (Fig. 3) for the loading
step, and the hardening behavior was assumed to be isotropic for
the unloading step. Three surface-to-surface contacts were
applied to the model: between mandrel and split sleeve, split
sleeve and workpiece, and workpiece and support. They all were
considered as frictionless contact. Hexahedral linear brick
elements with 8 nodes and one integration point, C3D8R, were
used to construct the workpiece. Because the most important
region of the workpiece is the area close to the hole, the mesh
size was biased towards the hole.
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Figure 5. Assembly view of the 3D model
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Figure 8. Residual hoop and radial stress distribution assuming symmetric
hardening behavior
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III.

RESULT AND DISCUSSION

To validate the results of the VMP solution, a comparison
between the VMP and the ABAQUS results using only the
tension curve and assuming isotropic hardening in both VMP
and ABAQUS was made. Fig. 7 and Fig. 8 show the loading and
residual stress distributions, respectively. The results from
ABAQUS is for the mid-plane of the workpiece and far from the
position of split. As expected, the results are in good agreement.
The difference can be attributed to the fact that ABAQUS is a
3D model that considers more detail such as effect of support for
workpiece, contact between mandrel and split sleeve and
workpiece, while the VMP models the process as a 2D uniform
expansion. Fig. 9 and Fig. 10 show the effect of considering
asymmetric behavior in loading and unloading in stress
distribution.
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Figure 9. Hoop and radial stress distribution at the end of loading assuming
symmetric hardening in the ABAQUS and asymmetric hardening in the VMP
solution
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Figure 6. Boundary condition of the model
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Figure 10. Residual hoop and radial stress distribution assuming symmetric
hardening in the ABAQUS and asymmetric hardening in the VMP solution
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Figure 7. Hoop and radial stress distribution at the end of loading assuming
symmetric hardening behavior

In Fig. 9 and Fig. 10, the results of VMP is obtained with
asymmetric material model, while in ABAQUS, symmetric
behavior was assumed.
Hoop stress distributions close to the hole in loading and
unloading steps were significantly different between the
symmetric ABAQUS and asymmetric VMP solutions. Close to
hole, which is the area of interest for the cold expansion problem,
the VMP predicts the value of hoop stress to be close to zero,
Fig. 9. Likewise, the residual hoop stress distribution is
meaningfully different. ABAQUS predicts the reverse yield
zone to be close to the hole, while Asymmetric VMP model
predicts the reverse yield zone to be larger, i.e. farther from the
hole (Fig. 10). This can be explained by different unloading
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curves used in ABAQUS and VMP. VMP considers actual
material unloading behavior (Fig. 4), in which reverse yield in
the unloading part, happens at lower stress, while in ABAQUS
model, the unloading curve is constructed using the isotropic
hardening assumption. Moreover, considering the actual
unloading behavior of the material by VMP and assuming
isotropic hardening rule by ABAQUS, also contributed to the
difference between the calculated residual stress field. The
difference in residual stress distribution is also due to difference
in the hoop stress distribution in the loading step. The plastic
strain obtained from VMP around the hole during the loading
step is shown in Fig. 11, for symmetric and asymmetric
behavior. The larger plastic strain in the asymmetric solution is
due to compression behavior accounted for in this solution.
Because the yield stress in compression is smaller than that in
tension (Fig. 3), it is expected that the plastic strain close to hole
to be higher in the asymmetric model compared to the symmetric
model.

plastic strain
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