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Abstract

This thesis investigates the development of a compliant 3D-printed robotic fin-

ger actuated by a shape memory alloy (SMA) coil actuator. In this work the design,

manufacturing, and characterization of the compliant finger mechanism, the SMA

coil actuators, and an integrated prototype using both analytical and experimental

methods is presented. The compliant finger mechanism is designed via a static

wrench analysis to close at a specific force and 3D-printed using commercial fila-

ment. The SMA actuator is designed using a static two-state model, based on the

required actuation stroke between discrete force-displacement coordinates. SMA

coils are manufactured and characterized to obtain the actuator profiles for the

SMA in martensite and austenite phases. The experimental profiles for the ac-

tuator and structure are used to predict the equilibrium points between the two

hysteresis curves. A dynamics model of the complete system is derived and used to

predict integrated behaviour. The final robotic finger, with an SMA coil actuating

the compliant finger mechanism is tested, and the experimental results show the

actuation stroke and bias distance closely match the predictions from the analysis.
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1 Introduction

A shape memory alloy (SMA) is a smart material that demonstrates shape

memory behaviour. Through its reversible phase change process between two crys-

tal states, martensite and austenite, an SMA can recover from severe deformations

to restore a trained shape. The restoration force generated and the macro-scale

shape changes during this process allow for SMAs to be used as actuators. SMAs

have some advantages over traditional actuators such as DC motors due to their

high energy density, light weight, small volume, large force, and linear motion. This

makes them attractive for use in some robotics applications, such as in biologically

inspired mechanisms.

SMA actuators are analogous to muscles in organisms. Similar to an organic

muscle contracting with an electrical stimulus, an SMA wire can contract from the

Joule heating of an electric current. With their high energy density, short SMAs can

produce relatively large forces, similar to the energy dense muscles of small animals

and insects. This allows for biologically inspired robotics designs where the SMAs
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can act as artificial muscles. However SMA actuators have some limitations, one of

which is the requirement for an antagonist force. The shape memory effect requires

an antagonist to deform the SMA from it’s memorized shape. This antagonist force

is usually achieved by pairing the SMA with a bias spring, however this requires

additional mounting and assembly. This does present an opportunity to design a

mechanism so that the stiffness of the structure itself acts as an antagonist to the

SMA actuator.

The antagonist force can be achieved by designing the robotic structure as a

compliant mechanism. Compliant mechanisms are structures where joint mobility

is derived from local flexible regions. These flexible joints have some advantages

over rigid body joints, such as reduced friction and ease of manufacture. Compliant

joints also reduce assembly requirements, enabling monolithic design. The bending

of flexible joints is similar to the bending of torsional springs, where the deflection

of the flexible member is opposed by the elastic energy stored within the joint.

Pairing SMA actuators with compliant antagonists enables a smart structure

design, where the joint stiffness integrated with the one way shape memory effect

enables two-way, repeatable motion. However, SMAs and some flexure joints will

exhibit hysteresis profiles in the force-displacement domain, so the actuator and

structure must be carefully designed to match each other for effective actuation

and biasing.
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As an application of this concept, this thesis discusses the design of a robotic

finger for grasping tasks that utilizes shape memory alloy coils as artificial muscles,

and compliant joints as antagonists. The SMA coil acts as an artificial muscle,

contracting and pulling on the finger as it is activated. The flexible joints will bias

the SMA, resisting the motion and resetting the finger after actuation. The en-

tire structure is designed to be 3D-printable, enabling rapid prototyping, reducing

manufacturing time, and simplifying assembly. This work presents the engineering

design process for the finger structure and flexible joint geometry, the design, fab-

rication, and characterization of SMA coil actuators, the dynamical model of the

integrated finger, and the results of the final integrated mechanism.

There are many potential applications for an SMA-compliant gripper such as

this finger. The use of compliant joints eliminates the need for external antagonist

assemblies, reducing actuator mass and volume, which lends itself well to small

scale robotics. The force-displacement trade off of the SMA enables for soft grip-

ping, where the grip force from the SMA and structural design is matched to the

resistance of its environment. This has industrial applications such as in agricul-

ture and medicine which require delicate handling tasks. Other soft robotics often

use pneumatic actuation systems, which are bulky and expensive, whereas SMA

actuators are much smaller, lightweight, and energy dense. The finger design also

contributes to the development of SMA actuated prosthetics, which are trending
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towards underactuated, simplified designs.

1.1 Shape Memory Alloys

Shape memory alloys are a unique class of smart materials that demonstrate

two characteristic properties, super-elasticity (SE) and the shape memory effect

(SME) [3, 9–19]. Super-elasticity refers to the materials ability to recover from

extreme deformations while in the austenite phase, through the transformation

to stress-induced martensite. The shape memory effect is the phenomenon where

the material will re-shape itself after deformation to return to a pre-configured

configuration. The SME is triggered by external stimuli such as heat. Both the

SME and SE are derived from the material’s reversible phase transition process

between the martensite and austenite phases of the alloy [3, 11–13,15–17].

The high temperature austenite phase has a cubic crystal lattice structure,

whereas the low temperature martensite phase exhibits a tetragonal, or monoclinic

structure [3, 11–13, 15–17, 19]. Martensitic SMA can be in either a twinned, or de-

twinned state (referring to the symmetry of the crystal lattice) [3, 11–13, 15–17],

which can be seen in Figure 1.1 for a reference illustration of the crystal lattice

structure at different phases. When below the austenite start temperature (TAs),

the SMA is in it’s martensite phase and the crystal lattice shifts to form a twinned

pattern [3, 11, 15, 18]. When in this twinned martensite state, applied stress will
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(a) Depiction of the crystal lattice of SMA

structure for each phase

(b) Three dimensional representation of

the lattice structure

Fig. 1.1 Shape memory alloy crystal lattices throughout the SME cycle [3]

shift the lattice to the de-twinned shape. This stress also creates macro scale dis-

placements in the materials configuration. The shape memory effect occurs when

de-twinned martensite SMA transitions to austenite. During this phase transfor-

mation, the crystal lattice reorients itself from the tetragonal lattice to the cubic

pattern. The changing crystal lattice also causes the macroscopic structure of the

SMA to re-shape itself to its remembered state [3, 11–18].

In addition to heating and cooling, the transition process between the two phases

can also be induced by stressing the material when already above the austenite fin-

ish temperature (TAf
) [3,11,15–18]. The application of sufficient stress (sometimes

called the critical stress [18]) to an austenitic SMA creates stress-induced marten-
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(a) Temperature domain [18] (b) Stress-strain domain [14]

Fig. 1.2 Hysteresis curves for SMA phase changes in different domains

site, and upon unloading, the reverse transformation occurs and the material tran-

sitions back to austenite [3, 11, 15, 18]. Straining of the stress-induced martensite

will lead to elastic loading, which the material will fully recover from upon transi-

tion to austenite [3, 15, 16, 18]. This ability to recover from large induced strain is

the SE property. There is a three dimensional relationship between stress, strain,

and temperature that influences the crystal lattice, as illustrated in Figure 1.1(b).

The cycle between martensite and austenite can also be seen as a two dimen-

sional relationship, either between temperature and state, or between stress and

strain. This planar view reveals a cyclical history-dependent state profile, similar

to hysteresis behaviour. The hysteresis curves for an SMA are commonly depicted

with illustrations such as Figure 1.2. The temperature hysteresis curve in Figure

1.2(a) indicates the temperature boundaries for the phase transition. TAs indicates
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the temperature where martensite to austenite phase transition starts, TAf
is the

austenite finish temperature, meaning that the material is fully austenite above this

temperature. TMs indicates the start of austenite to martensite phase transition,

and TMf
is the temperature below which the material is fully martensite.

Although solid-phase transformations and shape memory behaviour was recog-

nized as early as 1932 [20], it was not until the discovery1 of nitinol by William J.

Buehler at the U.S Naval Ordnance Laboratory in 1959 that SMAs became prac-

tical to produce and commercially available to researchers and inventors [3,21,22].

Buehler continued research into the behaviour of this material alongside the sci-

entist Frederick E. Wang [21]. The material, named nitinol (for Nickel Titanium

Naval Ordnance Laboratory) was studied over the subsequent period, and the alloy

was tested for suitability in various applications. Wang believed that the material

could be used as an energy source, operating as a solid-state heat engine, converting

thermal energy to mechanical or electrical energy [23–26]. Many different nitinol

engine prototypes were designed, commonly using a temperature gradient across

a nitinol belt loop to drive a gear system. These nitinol heat engines worked by

warming a segment of the belt under hot water so that it would warm to austenite

transition and attempt to straighten itself out, this produced a torque and drove

the belt loop [21,24]. The U. S. Energy Department spent some years investigating

1Accidentally discovered by playing with NiTi and a cigar lighter during a project management
meeting [21]
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nitinol-engine power sources, seeking cost-effective and energy efficient alternatives

to nuclear or photo-voltaic power [27]. Although some studies suggested that niti-

nol engines could be more cost effective per kilowatt than nuclear power [27] the

research ultimately did not lead to any use for nitinol engines in the power sector.

The potential of shape memory alloys was recognized and adapted to many

diverse applications in the 1970s and 1980s. Nitinol found success in medical appli-

cations, such as assisting in mending bone fractures, SMA stents to reinforce arteries

and veins, and blood-clot filters [21, 22, 28]. It was also employed in orthodontics,

nitinol being used as the expanding wire and mounts in braces to adjust teeth posi-

tion [21,28]. For engineering applications, nitinol was put to very effective use as a

self-sealing coupler in hydraulic fluid lines for F-14 jets [21,22]. Several other alloy

systems besides nickel-titanium were identified that share shape memory prop-

erties with nitinol, significantly copper-zinc-aluminum, gold-cadmium, and some

others [3,19,21,22]. In the 1990s, advances were made in the field of shape memory

to identify shape memory polymers [3,17,19,29,30]. Overall, shape memory alloys

saw employment in a variety of engineering applications, across many fields. Today

they are common in medical applications [28], aerospace [19], automotive, consumer

goods, and even civil structures [31]. SMA actuators are especially prominent in

novel mechanism designs [32–35] and in robotics applications.
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1.1.1 SMA Actuators

The shape memory effect is especially attractive in engineering contexts because

it can be exploited as a means for the SMA to act as an actuator. Shape memory

alloy actuators can be in different configurations, but linear actuators are typically

in the form of wires, or wires that have been coiled to form a helical spring. The

operating principle is based on the SME. A simple linear SMA actuator will be

trained, through the manufacturing process, to have a certain length or extension

in the austenite phase. Deforming the SMA when in martensite phase, such as

by elongating a coil along its directional axis, will change the lattice to detwinned

martensite. At this point, inducing a phase transformation will cause the actuator

to return to its original position through the SME. For wire or coil configurations

this creates a true linear actuator, without the need for a conversion from rotational

to linear motion.

Using the shape memory effect for actuation requires an external force to deform

the SMA from its memorized shape and to de-twin the martensite. This external

force is referred to as an antagonist force, or bias. For repeated actuation cycles,

the SMA must be repeatedly biased. Typically SMA actuators are paired with

an antagonist mechanism. These antagonist mechanisms are arranged such that

they constantly pull against the SMA, deforming it from its configured shape. The
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antagonist force is overcome during actuation, where the SMA restores itself to

its memorized shape, but upon cooling the antagonist will again deform the SMA

and allow for the SME to be triggered once again. The bias function is commonly

performed by pairing the SMA with a passive mechanical resistance, such as a

spring. Instead of external mechanisms, there are examples in the literature of

pairing two or more SMAs in an antagonistic configuration, whereby the actuation

of one SMA will provide the bias force to deform another [3, 13, 36]. There is also

a unique class of shape memory alloys which do not require an antagonist. These

utilize the two way shape memory effect (TWSME), in which the alloy exhibits a

reversible shape change process during the phase transitions, at the cost of reduced

actuation stroke and force [3, 17,18,37].

SMA actuators are most commonly found as wires, or as coils. There are ex-

amples in the literature of alternative SMA forms, such as sheets or ribbons (SMA

lengths with thin, rectangular cross sections) [3, 15,30], but the overwhelming ma-

jority of applications use wires or coils. SMA wire will typically be employed as

a unidirectional actuator, extending and contracting along the axis of the straight

wire, experiencing deformation in their tensile mode [11]. Wires can have an ac-

tuation stroke from 6-8% of their original length [3, 11]. SMA coils are essentially

just wires that have been formed into a helical spring pattern, typically with mem-

orized shapes in the contracted state. SMA coils experience deformation in the
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shear mode [11], as the local wire segments along the coil are strained. SMA coils

have a much greater stroke than wires, and can extend more than 50-100% of their

length [11, 36]. It has also been shown that linear SMA actuators oriented in dif-

ferent directions can be superposed, changing the force direction (similar to vector

addition) and allowing for more complex actuation motion [38].

Commercially available shape memory alloys are commonly in NiTi, CuAlNi or

other alloy mixtures. It is common for researchers to manufacture their own coils

from commercially available SMA wire. Manufacturing a SMA coil involves winding

the wire in some way to create a helical coil shape. The actuator characteristics of

the coil are related to geometric parameters, such as the pitch angle, coil diameter,

wire diameter, and number of loops [2,11,14,36,39,40]. In order to have the SMA

memorize this new coil shape, they are heat treated or annealed. The characteristics

of an SMA are dependent on its alloy composition and manufacturing, but they can

be further affected by the annealing process. For SMA coils, the annealing profile

can alter material properties such as the shear modulus [36].

The shape memory effect requires an external trigger to initiate phase trans-

formation. This is usually achieved by heating the material above TAf
. The most

common method of achieving this is through resistive heating [3, 41]. Resistive

heating (also known as Joule heating) is the process where a material conducting

electric current begins to heat due to the power dissipated by its electrical resis-

11



tance. SMAs typically have low resistances (nitinol wire can have resistances around

100 µΩ/cm [1]) so they require a higher current to generate the power required for

heating. The resistance of the SMA will fluctuate during the phase change process,

due to the changing crystal lattice and local transition behaviour [42, 43]. There-

fore it is more common to control Joule heating through an applied current, rather

than an applied voltage. Although Joule heating can be achieved with a direct

current, some research has suggested that pulse width modulation activation leads

to a more uniform and steady heating of SMA wires [6, 41, 44], however this is not

widely accepted.

Since actuator motion is coupled with the SME, the actuation frequency of

an SMA is limited by the duration of the required heating and cooling periods.

Heating is generally achieved through the use of Joule heating, so the heating time

will depend on the applied current and the materials electrical resistance. Cooling

can be achieved through a variety of methods, but in most robotic applications the

SMA is left to cool from passive convective heat transfer to the environment. The

cooling period depends on the current load, the ambient conditions, how long the

SMA was conducting, and the thickness of the wire. Surveys have shown that the

fastest actuation period (complete heating-cooling cycle) for a nitinol type actuator

is about 2-3 seconds [3]. However, the cooling process can also be expedited through

design of the coil geometry to increase exposed surface area, aiding in heat transfer.
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Some researchers have shown that designing actuators with a large coil index and

pitch angle will reduce cooling times [11, 45]. However designing coils with these

parameters may also reduce the maximum force output or stroke [2, 11].

A shape memory alloy based actuator displays several key advantages over tradi-

tional actuators. First, they are very lightweight, and do not occupy much volume.

This makes them attractive for applications like small scale robotics, where bigger

and bulkier actuators (such as a DC motor) hinder performance. Additionally, they

have a fantastic energy density. Nitinol has been measured to have work density

outputs from 1.2 kJ/kg [3, 36] to 4 kJ/kg [18], or in terms of volume 10 J/cm3 [3],

and it is also known that SMAs can generate forces up to 150 times greater than

hydraulics and 400 times greater than magnetic actuators (for the same actuator

volume) [46, 47]. Of course, this will depend on many factors, including the spe-

cific manufacturing and design of the SMA in question, but overall SMA actuators

exhibit incredible energy density compared to traditional actuators of the same

size. SMAs are also robust materials, that can endure high stresses, extreme elastic

deformations, are resistant to chemical erosion [21, 27], and have high wear resis-

tance [3,17,18,21,27]. Secondary benefits, such as how their self-driving nature can

greatly simplify mechanical design, and their silent actuation, give them additional

advantages in niche design applications, such as in biologically inspired robotics.

This is not to say, however, that shape memory alloys are without their prob-
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lems. The behaviour of this material is history-dependent, and effort must be made

to account for hysteresis in control system design for SMAs. This, combined with

the non-linear response of SMAs, has presented a unique dynamic modelling chal-

lenge. There are established SMA dynamic models, such as Tanaka [9], and Rogers

and Liang [10] which present constitutive equations from a thermo-mechanical per-

spective. Key features of these dynamic models include the representation of the

phase transition state through state variables. Liang and Tanaka have been the

foundation for numerous other models [16, 17, 29, 37, 48–56]. In engineering ap-

plications, researchers are often more concerned with how to adapt these models

for designing SMA actuators with desirable characteristics [2, 12–15, 30, 36, 57–60].

For robotics applications, SMA actuator design usually focuses on the required

actuation stroke, force outputs, and heat transfer.

Another challenge with designing SMA actuators is parameter uncertainty. In

addition to the inherent assumptions and simplifications in the thermo-mechanical

models, these models often rely on the use of SMA material properties. These

material properties are dependant on the alloying process, manufacturing, actuator

design, and annealing. Some of these properties must be experimentally determined

for a given sample, through the use of tensile tests or other means. However SMAs

also display strain rate dependant behaviour [43, 61] and will respond differently

between a quasi-static tensile test and a dynamic activation. Another point of con-
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sideration is the state history of a given sample. Rigorous testing on an individual

SMA, such as blocked force austenite tests, run the risk of partially resetting the

austenite memorized shape configuration.

There are some SMA models which propose for feedback control using state vari-

ables such as displacement [13,62], temperature [12,14,15], or output force [13,62] .

Typically, SMAs are controlled via micro controllers or other circuits that will pulse

the material with high currents (using Joule heating to induce the transformation),

and a variety of external sensors will monitor those aforementioned parameters for

feedback. More recent research, such as a novel hybrid thermomechanical model

proposed by Cortez-Vega et al. [12] simplify the feedback monitoring and also claim

very accurate motion and force approximations. Other recent research proposes a

novel method of measuring actuator displacement via the inductance of an SMA

coil [11, 39]. Although these and other techniques are not yet widespread, the lit-

erature in general shows a trend towards streamlining SMA actuator design and

control for engineering applications.

1.1.2 SMA in Bio-Inspired Robotics

SMA actuators lend themselves well to applications where scalability, low mass,

and small size are prioritized [63,64]. Thus it is of no surprise that SMAs have been

used to great advantage in biologically inspired robotics, particularly in designs
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based off of small animals or insects. In this application, the SMA is utilized as

an artificial muscle (AM) [63, 64]. In operation, a contracting and extending SMA

wire or coil is analogous to biological muscles. With this parallel, the anatomy

or biological designs of creatures can be replicated with SMA as the substitute

for muscle fibres (hence, artificial muscle). Small scale SMA robots are sometimes

grouped with a field called “soft robotics”, in which smart materials and compliant

structures are utilized in the design to mimic biological features. This section will

briefly discuss some examples of using SMA as AM in bio-mimetic robotic designs.

A small robot inspired by caterpillar locomotion was developed by Trimmer

et al. [65] that utilized SMA coils for the motion of body segments. This group

identified the potential for SMA actuators to be used analagous to the muscle

fibres in a caterpillars body, for twisting and crawling motion. They bonded nitinol

springs to inner body walls, for extension of body segments, and relied on the

elasticity of the flexible wall material to bias the individual SMA coils.

A similar crawling robot was developed by Koh and Cho [66], using SMA coils

for a soft inchworm robot. This design also used SMAs for discrete actuation

of body segments, allowing for crawling locomotion. The SMA coils are paired

antagonistically through a four-bar linkage, such that the activation of one side of

the body will bias the SMAs on the other side. This design also utilized flexible

material for motion, with compliant joint design in the linkage.
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A small jumping robot was developed by Noh et al. [38] using SMA springs

to mimic the catapult-like jumping motion of a flea. This group used an array of

three SMA springs with a bar mechanism to replicate the musculature of a flea leg.

This used an antagonistic pairing between the SMAs for the bias mechanism. This

design highlights the advantages of SMAs being lightweight and energy dense, like

organic muscle. The same research group also developed an insect inspired water

jumping robot [67], using nitinol ribbons. This design also took advantage of the

superelasticity of SMA, enabling repeated bending without permanent deformation.

1.1.3 SMA Actuated Robotic Hands

The potential for SMA to act as artificial muscles has also been recognized

in robotic hand design. The Hitachi Hand was demonstrated in 1984 to use a

hybrid of SMA wires and springs to power three anthropomorphic fingers and a

thumb [6, 68, 69]. This design claimed to have a load capacity of 4.4 foot-pounds,

with 0.02 mm diameter wires, however the hand was not very dexterous and was

limited to one DOF grasping capability [6, 69]. The Hitachi model served as a

convincing proof of concept, and since its debut there have been many more SMA

designs by researchers globally.

There are a variety of intended functions for SMA hands, such as for industrial

applications, research demonstrations, or for potential prosthetics uses. These de-
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signs commonly utilize underactuation for grasping, which has been recognized as

an effective approach for anthropomorphic hand designs [70, 71]. In terms of pros-

thetics, SMA actuated designs are attractive as potential alternatives for common

actuators in bionic hands, such as DC motors [72,73]. This is mostly due to SMAs

low mass, noiseless operation, and biocompatability. Hand designs commonly em-

ploy SMA actuators as artificial muscles for actuating individual finger segments,

or entire digits. This section will discuss key features of some of these designs, sam-

pling developments over the past few decades. A summary is presented in Table

1.1.

The Rutgers hand [69] identified SMA actuators as attractive alternatives to

DC motors in prosthetic hands. This design has bundles of SMA wires operating in

parallel to act as AM. It uses internal routing channels to connect SMA actuators

to joints. Each finger has four SMA wire bundles, two to the distal joint and

two to the proximal joint. Each bundle consists of two distinct SMA wires in an

antagonist pair, operating so that one may be used for flexion, and one for recovery.

The actuator bundles produce a maximum fingertip force of 6.67 N. The Rutgers

hand was a mechanical proof of concept design, meant to validate the then-novel

concept of rapid prototyping, and as such it does not discuss problems such as

thermal isolation, actuation speed, control, or sensor implementation.

The Price hand [4] (pictured in Figure 1.3) is a three finger design with 9 DOF.

18



Fig. 1.3 Price SMA hand [4]

It utilizes Flexinol brand nitinol wire from Dynalloy with 0.015” diameter. The

wire was annealed at 600◦C for 2 hours, in order to relieve residual stress. The

wire actuators are mounted to the joints with a 5% pre-strain, such that thermal

activation triggers finger contraction. It uses torsion springs on the joints as a

biasing force against the SMA. The design of this hand places emphasis on the

control systems aspect, and this paper presents a kinematic model that treats the

three fingers as serial manipulators working cooperatively. As the design sought

to establish better finger position control, it finds that a sigmoidal control signal

minimizes overshoot error. This group concluded that steady state error could be

reduced by introducing a PWM offset component into the control algorithm.

Bundhoo [44] sought to use SMA actuators as AM to reproduce the full range

of motion of a human finger, as well as to develop an accurate kinematic model.
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It used off the shelf SMA wire actuators attached to transmission cables, called

tendons, for its actuation mechanism. Like the Rutgers hand, it uses a differential

pair of actuators for each finger segment, one for extension and another for flexion.

The actuators are biased with a spring mounted in series with the SMA. This

experimental setup had all of the SMA actuators mounted separately from the finger

on an optical table, whilst the extending tendons linked to the finger joints. A single

finger was tested, employing a PWM-PD voltage control method. The closed loop

tests shows variable current draw as the SMAs activate, with a maximum current of

about 1.5 A. There was a slow 20-30 second cooling period for the joints to return

to their un-actuated positions. The paper identifies this long cooling time to be

exacerbated by the design choice to tightly pack the SMA wires between plastic

plates. The paper also comments that this actuator mounting setup resulted in high

friction, and in some cases the plastic plates melted and restrained the actuators.

Farias et al. [5] developed an anthropomorphic hand with four fingers and one

thumb. It used Flexinol NiTi SMA coils, which were wound onto screws and an-

nealed at 600◦C for five minutes, and rapidly cooled with water. The mechanical

design of the hand featured magnetic latching mechanisms, such that the SMA coils

are not required to exert force to maintain a position. The SMAs were mounted in

antagonistic bias pairs, for finger flexion and extension. This design required the

use of six individual SMA coils per finger, each with discrete electrical connections
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Fig. 1.4 Farias SMA hand [5]

to the controller, as seen in Figure 1.4. This group demonstrated hand grasping

for light objects, but further experimental results concerning actuation force and

cooling time remain to be seen.

The Andrianesis design [6] sought to develop a functional hand with fast actu-

ation time, suitable for grasping objects. It employed 0.25 mm diameter Flexinol

SMA wires in a pulley mechanism, attached to a finger. The SMA coils are routed

through a heat sink block to aid in cooling, tied to tendons which connect to the

finger. A helical spring was used for biasing, as shown in Figure 1.5. It used voltage

PWM activation of the SMAs, as with the Bundhoo design. The actuation time for
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Table 1.1 Performance metrics of SMA robotic fingers surveyed

Researchers SMA Alloy SMA Activation Actuation
Type Force Period

Price et al. [4] wire NiTi 10 N 2 A for 10s x
Bundhoo [44] coil NiTi 10 N 1.4 A for 10s 30s

Andrianesis et al. [6] wire NiTi x x 3s
Kaplanoglu et al. [74] coil NiTi 17N 0.8 A for 1.5s x

Lee et al. [75] wire NiTi 2 N x 24s
Silva et al. [76] wire NiTi 10 N 0.9 A for 20s 40s
Deng et al. [8] coil NiTi 1.11 N 0.5 A for 4-6 s 8 s

Fig. 1.5 Andrianesis SMA finger test bed [6]

a finger to fully extend from rest is 0.9 seconds, and a 2.5 second period for cooling.

The design featured an under actuated approach, whereby the limited number of

actuators control a larger number of DOF. For control, it was found that on-off

type actuation is more suitable than proportional control. However in this work

grasping experimental results remain to be seen.

Kaplanoglu [74] used SMA coils mounted to tendons with an under actuated

design. The hand model called for a hybrid utilization of SMA actuators in some
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fingers, and a DC motor for the thumb. This design used an antagonist pair of SMA

wires, one for flexion and one for extension, each connected to the distal joint. The

design uses compliant joints, but had embedded torsional springs for each joint for

SMA biasing, in addition to the antagonist pair. The little and ring fingers in this

model were found to have a maximum fingertip force of 11 N and 17 N.

The Lee model [75] designed a finger with SMA wires attached to the end points

of each link via a tendon pulley mechanism. The tendons were routed through hol-

low channels in the finger. This design had individual SMA coils for each link (three

per finger). The range of motion for each link was limited by contact with phys-

ical stoppers. The primary goal of this hand was to achieve grasping motion and

force, without consideration to position control or other such dynamic modelling

concerns. The antagonist force is achieved with a bias spring connected to each of

the joints by a tendon, to pull the finger back into the neutral pose after grasping

actuation. The full hand is controlled by an array of coils and tendons for each of

the fingers, controlled with DC voltage pulses.

The Silva finger design [76] used SMA wires that were trained to use the two

way shape memory effect. This finger uses ‘H alloy’ commercial NiTi wire from

Memory-Metalle inc. The wires were annealed for 20 minutes at 450◦C before

recieving TWSME training. TWSME behaviour was induced by subjecting the

NiTi wire to hundreds of loaded thermal cycles. Although SMA with the TWSME
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typically display less actuation strain, the lengths of these wires were quite long

ranging from 680 mm to 1065 mm. The SMA wires were attached to the finger

links through a pulley and tendon mechanism. Silva et al. reported a better range

of motion and stabilization time than De Laurentis and Bundhoo [44, 69] through

the use of computer vision feedback, but identifies issues such as high temperature

before suitable for use in prosthetics.

The Soriano-Heras hand [7] took some different design approaches. Where the

previous research models discussed all attempted to reproduce the serial revolute

chain of a human finger, the Soriano-Heras hand uses a multi-bar linkage with a gear

mechanism. This design only uses two digits, achieving object grasping between

the index finger and thumb (as in Figure 1.6(a)). The actuation mechanism uses

Flexinol NiTi wire fixed to a stainless steel beam, shown in Figure 1.6(b). When

the SMA is activated, its contraction causes the free end of steel beam to flex, and

rise from the base of the mount. A nylon wire is attached from the beam via a

pulley to a gear system inside the palm of the hand, which causes the index finger

to rotate and approach the thumb. Biasing is achieved through a torsional spring

attached to the gear mechanism, in addition to the elasticity of the flexible beam.

The hand successfully gripped various objects, however there is no data on power

efficiency, actuation time, or grip strength.

Simone et al. [77] present an SMA finger design that uses a bundle of SMA
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(a) SMA hand gripping an object

(b) SMA wire actuator mounted to steel

beam external from hand

Fig. 1.6 Soriano-Heras SMA finger mechanism [7]

(a) SMA hand assembly

(b) Compliant finger with antagonist

SMA pair

Fig. 1.7 Deng and Yang SMA hand [8]

wires. The bias force is provided by a spring mounted in series with the SMA

actuator. This research presents the kinematics of the mechanism, and derives

dynamic model for the SMAs heating and thermal activation based on the Müller-

Achenbach-Seelecke model [51]. With a complete dynamic model for the prototype,

they validate the model by comparing experimental trajectories to the simulation,
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with some agreement. This group noted that parameter identification is necessary

for accurate SMA modelling, and observed that the thermomechanical behaviour

for an SMA will also be influenced by the structure it actuates.

Deng and Yonas [8] recently developed a SMA coil actuated hand which utilizes

flexible joints. This group identified the advantages of compliant mechanism design

for fabrication, including ease of assembly, and rapid prototyping. The hand uses

Flexinol 0.2 mm diameter nitinol wire, wound around piano wire into very thin coils.

The coils are annealed at 350◦C for 45 minutes. The bias force is achieved through

an antagonistic pair of SMAs, using one for flexion and one for extension, as shown

in Figure 1.7(b). Although this is one of the first examples of a fully compliant

SMA hand design in the literature, this work focuses on the manufacturing rather

than the engineering design process for the compliant mechanism. This model also

shows limited grasping mobility, and uses very long SMA coils for the required

actuation strokes.

There have been some developments in SMA actuated robotic hand design over

the years, but there are still areas for improvement. Some earlier designs used

an overactuated approach, with at least one or more SMAs per finger segment

[4, 5, 44]. However it has been shown that underactuation is adequate for grasping

[6–8, 70–72, 74, 75, 77]. Some designs use SMA wires with a pulley tendon system,

however it has been shown that using SMA coils are more effective than wires due
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to their longer actuation strokes. An underactuated approach with a coil-tendon

system simplifies design, reduces assembly requirements, and reduces control effort.

It is common in the literature to see researchers manufacture their own coils

and proceed to discuss performance, without covering their design methodology

for the coils. SMA coil design is included more regularly in the biological robotics

literature [36, 66], but isn’t as prevalent with SMA hand research. This is a large

research gap, where some researchers treat the SMA as an off-the-shelf actuator

without designing the coil to meet their functional needs.

This survey also showed that it is quite common for these designs to use antag-

onist SMA pairs for the flexion and extension motions, however it has been shown

that a torsional spring on the finger joints is just as effective. From the insect robot

literature, it has also been shown that SMAs can be biased using the stiffness of

the mechanism itself, with compliant mechanism design. Although there are some

examples of designing an SMA hand with compliant joints [8], there is a potential

to use the joints themselves as bias mechanisms, reducing the need for external

springs or additional SMAs.

1.2 Compliant Mechanisms

Compliant mechanisms are mechanical systems which exploit the reduced stiff-

ness of structural regions for selective motion in a mechanism [78]. These flex-

27



ible regions are referred to as compliant joints or flexure joints. Flexure joints

have some advantages over rigid body joints, such as reduced friction, no backlash,

monolithic design, ease of manufacture, and they are easy to miniaturize [78–81].

This makes flexures preferable to conventional joints in certain use cases, and they

have seen a wide range of applications. Flexure-based design is standard in mi-

croelectromechanical systems (MEMS), where assembly of micro-scale components

would otherwise be very expensive and difficult [80, 81] and compliant joints are

also commonplace in soft robotics [81,82].

1.2.1 Flexure Design

Flexure hinges commonly appear in different morphologies, such as beam, cir-

cular notch, elliptical notch, and crossed beam [78–80, 83]. The joint geometry of

each flexure hinge type affects its stiffness characteristics and mobility. Thus, flex-

ure hinge design consists of reconciling the geometry parameters with the desired

stiffness and range of motion for the joint. There are different design method-

ologies and equations such as in the form of tabulated parameters based on joint

type [80,83], as well as analyses based on compliance or Castigliano’s displacement

theorem [79,84–88].

The pseudo-rigid body model (PRBM) is a method for analyzing compliant

mechanisms. The PRBM models the deflection of the flexible members by rep-
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resenting them as rigid bodies with equivalent characteristics [78, 79, 89]. Rather

than representing the structure as having rigid links connected by flexible members,

the PRBM representation reduces each compliant joint to a single pin joint with a

torsional spring constant corresponding to the force-deflection relationship of the

compliant segment.

The key factors in employing a PRBM representation are the location and stiff-

ness of the pseudo-rigid joint. The position of the pseudo-rigid pin joint along the

flexible member is referred to as the characteristic radius [78,79,90]. The torsional

stiffness of the pseudo-rigid joint is typically equivalent to the bending stiffness of

the flexible member.

1.2.2 Compliant Fingers

In recent years there has been a growing interest in designing robotic fingers

with flexure hinge joints. Lotti and Vassura [91] put forward the possibility of

designing a compliant finger using a kinetostatic analysis of the PRBM. Mutlu et

al. [92] investigated the design and performance of 3D-printed elliptical notch flexure

hinges for a compliant finger with an anthropomorphic range of motion. Multiple

works have also investigated designing compliant finger grasping mechanisms for

industrial [93] and prosthetic [94–97] applications, in general without consideration

of the actuator forces required. Garcia et al. [98] presented the design for a cross
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beam flexure for transmission of grasping force in a compliant hand mechanism.

Zhou et al. [99] designed a servo actuated compliant prosthetic hand with embedded

sensors and anthropomorphic hand gesture capabilities. Although there has been

great interest in designing compliant hands with anthropomorphic characteristics,

previous works have not demonstrated how to integrate joint design with actuator

force requirements.

Compliant joints can also be exploited to act as passive bias mechanisms for one-

way linear actuators, such as shape memory alloy coils. As flexible members, the

joints will store elastic potential energy as they are deformed. When the actuation

is complete, this elastic potential energy may be used to restore the mechanism to

its neutral position. Previous works have indicated in discussion that this property

could be used to extend fingers after grasping [95, 96, 99]. The challenge in this

case is in designing the joints so that they have the appropriate stiffness for a given

linear actuator force-displacement profile. Joints that are too compliant may not

be able to bias against the full actuator motion, meaning that they will not be able

to restore the mechanism to its initial pose. If the compliant joints are too stiff,

then the mechanisms range of motion will be limited and it may not be able to

achieve a desired pose.
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1.3 Research Objectives and Contributions

This research focuses on the development of a 3D printable SMA actuated

robotic finger with compliant joints. Pairing an SMA actuator with a compliant

antagonist allows for simplified mechanism design, reducing the need for external

antagonist assemblies. The integration of shape memory alloys with the elastic-

ity of the structure itself shall combine two separate one-way processes to produce

two-way repeatable motion. Compliant design also enables additive manufacturing

techniques, where the structure can be 3D-printed as a monolithic body. Further-

more, SMA coils can achieve longer actuation strokes than wires. This reduces the

need for tendon-pulley assemblies or other mechanical amplifiers, which have been

seen in other robotic hands using SMA wires.

In addition, this work presents the compliant joint design process from an ana-

lytical basis. Although there are other compliant grippers and hands in the liter-

ature, there is a lack of documentation showing how to integrate flexure geometry

with the intended actuator profiles. In the same vein, the literature for SMA robotic

hands does not demonstrate how one may design a coil actuator appropriate for

the mechanism. Hence, this thesis will present the engineering design process for

designing and matching a SMA coil actuator for a 3D-printed compliant antagonist

structure.
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With these research gaps in mind, the objectives of this research are as follows:

1. Design a compliant finger mechanism to bias a given actuator at a specified

final pose

2. Design, fabricate, and characterize SMA coils for given actuation requirements

3. Investigate the effectiveness of pairing designed SMA actuators with a de-

signed compliant antagonist structure for a robotic finger

1.4 Organization

This thesis is organized into six main parts. Chapter 2 presents the design and

validation of the compliant finger mechanism. This begins with a static analysis

of the mechanism with a pseudo-rigid body model, discusses the connection to

flexure geometry, and validates the design through finite element analyses and force-

displacement experiments. Chapter 3 discusses the design, manufacturing, and

characterization of the SMA coil actuators. This covers the theory and application

of a static two-state actuator model from the literature, and presents the in-house

manufacturing and testing of SMA actuators. Chapter 4 derives the dynamics of

the finger, defines the activation characteristics of the SMA coil, and integrates

them to model the dynamics of the full system. Chapter 5 presents the results of

integrated prototype experiments. Finally, the conclusion in Chapter 6 summarizes
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the findings of this research and discusses directions for future work.
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2 Quasi Static Model and Finger Design

This chapter discusses the design process for the compliant finger structure.

Modelled after a human index finger, the design will be a serial chain of three

rigid segments connected by three compliant revolute joints. The kinematics of

the mechanism are derived, and a static wrench analysis is used to determine the

required flexure joint design for a given actuator and desired grip position. This

method is then applied to design and 3D print finger mechanisms for different

actuator loads, which are then experimentally verified for joint performance.

2.1 Pseudo-Rigid Body Model

The design of the finger employs rectangular beam flexures for the compliant

joints. These beam flexures are chosen to have a uniform thickness across their

length, with no filleted corners. In general, beam flexure designs will be much

simpler to compute than those with more complicated geometry, and can be in-

corporated into the early design phases of a compliant mechanism. These simple
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flexures can then act as a baseline for further design iterations, where the geometry

can be modified for more desirable performance. In [90] an analysis for the large

nonlinear deflection of beams was proposed based on the PRBM. A similar pseudo

rigid representation will be used for the static analysis of this mechanism. The

PRBM used here will use a characteristic radius of 0.5. This will reduce the flexible

joints to pin joints, such that the position of the pseudo-rigid revolute joint will be

located halfway along the flexure beam length. With these assumptions, the design

equations for the mechanism can now be derived.

2.2 Kinematics of a 3R Planar Mechanism

The kinematics of a mechanism describes the motion of the mechanism without

consideration of the forces and torques that cause the motion. The kinematic

description is therefore a geometric one. This section will describe the forward

and inverse kinematics for a serial planar chain with three revolute joints (3R).

Kinematic derivations for mechanisms such as a 3R chain can be found in standard

robotics textbooks [100,101].

A robot manipulator is composed of a set of links, connected by joints. A serial

manipulator with n joints will have n + 1 links. The joints are numbered from 1

to n, and the links are numbered from 0 to n, starting from the base. By this

convention, joint i connects link i − 1 to link i. Each joint Ji has an associated
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joint variable, denoted as θi. In the case of revolute joints, the joint variable is an

angle of rotation. For a 3R mechanism, there will be three angular joint variables,

denoted as

θ =

θ1θ2
θ3

 (2.1)

The position and orientation of the end effector is denoted as

Q =

Qx

Qy

Θ

 (2.2)

where (Qx, Qy) denotes the cartesian coordinates of the end effector with respect

to the base frame (as defined below), and Θ denotes the angle between the end

effector axis and the base frame axis xo.

To perform the kinematic analysis, a coordinate frame is attached to each link.

In particular the frame oixiyizy is attached to link i. The origin of the frame oi is

located at the base of link i, coincident with Ji. The frame o0x0y0z0 is attached

to the robot base, this is referred to as the base frame or inertial frame. The

position of any frame oixiyizy can be expressed as the result of a transformation from

oi−1xi−1yi−1zi−1. Generally, the transformation between frames can be described

by a homogeneous transformation matrix, but for a serial revolute chain the use of

simple rotation matrices is adequate.
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2.2.1 Forward Kinematics

The forward kinematics of a manipulator is concerned with determining the

position of the end effector through knowledge of the joint variables. For a 3R

planar manipulator, this is achieved by performing consecutive transformations

from the inertial frame along the serial chain to the end effector. Each joint is a

revolute joint, with one degree of freedom allowing for rotation about a single axis.

The revolute joint variable θi is the angular displacement from the neutral axis of

link i−1 to the neutral axis of link i, as depicted in Figure 2.1. The transformation

from frame oi−1xi−1yi−1zi−1 to oixiyizi is described with the rotation matrix

Ri =

[
cos(θi) − sin(θi)
sin(θi) cos(θi)

]
(2.3)

For a link of length L, the cartesian coordinates of the next joint in the chain can

be described by; [
xi

yi

]
= Li

[
cos(θi) − sin(θi)
sin(θi) cos(θi)

] [
xi−1

yi−1

]
(2.4)

The position (Qx, Qy) and orientation Θ of the end effector with respect to the base

frame are found by chaining together rotations along each link in series

Qx = L1 cos(θ1) + L2 cos(θ1 + θ2) + L3 cos(θ1 + θ2 + θ3)

Qy = L1 sin(θ1) + L2 sin(θ1 + θ2) + L3 sin(θ1 + θ2 + θ3)

Θ = θ1 + θ2 + θ3

(2.5)
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Fig. 2.1 A 3R planar manipulator with static wrench load

2.2.2 Inverse Kinematics

The problem of inverse kinematics is to find the joint variables in terms of the

end effectors pose. This is generally more difficult than the forward kinematics

problem. The equations are nonlinear and complex, and so the analysis will be

more involved than the previous discussion. This section will rely heavily on the

use of the trigonometric functions sine and cosine, so we introduce the shorthand

notation, where c123 denotes cos(θ1 + θ2 + θ3), s123 denotes sin(θ1 + θ2 + θ3) and

similar notation is employed for other subscripts on c and s.

To begin, the solution is derived by examining equation (2.5).The orientation
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of the third link is known with respect to the base as θ1 + θ2 + θ3 is equal to the

orientation of the end effector, Θ. Thus the variable θ3 can be eliminated from

equation (2.5).

Qx = L1 cos(θ1) + L2 cos(θ1 + θ2) + L3 cos(Θ)

Qy = L1 sin(θ1) + L2 sin(θ1 + θ2) + L3 sin(Θ)

(2.6)

The position of joint 3 will be denoted as P , with components Px and Py. Assuming

rigid links for this analysis, since P and Q are separated by a distance equal to the

length of link 3 at an angle of Θ, the position of point P is determined through

simple trigonometry. Point P is also found from the forward kinematic analysis.

Px = L1 cos(θ1) + L2 cos(θ1 + θ2) = Qx − L3 cos(Θ)

Py = L1 sin(θ1) + L2 sin(θ1 + θ2) = Qy − L3 sin(Θ)

(2.7)

The components of equation (2.7) are squared and summed to simplify and reduce

the system

P 2
x = L2

1c
2
1 + 2L1L2c1c12 + L2

2c
2
12

P 2
y = L2

1s
2
1 + 2L1L2s1s12 + L2

2s
2
12

(2.8)

P 2
x + P 2

y = L2
1(c

2
1 + s21) + L2

2(c
2
12 + s212) + 2L1L2(c1c12 + s1s12) (2.9)

P 2
x + P 2

y = L2
1 + L2

2 + 2L1L2(c1c12 + s1s12) (2.10)

At this point, the trigonometric angle-sum identity is introduced to further simplify

cos(α) cos(β) + sin(α) sin(β) = cos(α− β) (2.11)
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cos(θ1 + θ2) cos(θ1) + sin(θ1 + θ2) sin(θ1) = cos(θ1 + θ2 − θ1) = cos(θ2) (2.12)

Substituting equation (2.11) into equation (2.10) yields

P 2
x + P 2

y = L2
1 + L2

2 + 2L1L2c2 (2.13)

The system has been reducedto a single equation with only one unknown. This can

be easily rearranged to isolate for the cos(θ2) term, and solve for the angle.

θ
(a,b)
2 = cos−1

(
P 2
x + P 2

y − L2
1 − L2

2

2L1L2

)
(2.14)

The revolute joint variable for joint 2 has been obtained, however it is important

to keep in mind that there are two solutions for this angle. The same pose of a 3R

mechanism can be achieved with a set of two manipulator configurations. These

two solutions will have different joint variables for joints 1 and 2, denoted as θ
(a,b)
1

and θ
(a,b)
2 . The primary solution to (2.14) would be in quadrants 1 or 2 of the

cartesian plane, while the secondary solution is the angle within quadrants 3 or 4.

Since cosine is an even function, the two solutions are related with

θb2 = −θa2 (2.15)

These correspond to the so-called “elbow up” and “elbow down” configurations for

the manipulator. This analysis shall always asssume the elbow up solution.

Now, the identity in equation (2.11) may be employed into equation (2.7) to
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obtain an expression for θ
(a,b)
1 in terms of θ

(a,b)
2 .

Px = L1c1 + L2c12

Py = L1s1 + L2s12

(2.16)

Px = L1c1 + L2(c1c2 − s1s2)

Py = L1s1 + L2(s1c2 + c1s2)

(2.17)

Px = (L1 + L2c2) cos(θ1)− (L2s2) sin(θ1)

Py = (L2s2) cos(θ1) + (L1 + L2c2) sin(θ1)

(2.18)

Equation (2.18) is of the following form

E = A cos(α)−B sin(α)

F = B cos(α) + A sin(α)

(2.19)

Which is solved by a single angle α that satisfies both equations. These simultane-

ous equations can be re-arranged and solved as follows

cos(α) =
AE +BF

A2 +B2

sin(α) =
AF −BE

A2 +B2

(2.20)

tan(α) =
AF −BE

AE +BF
(2.21)

Substituting the corresponding terms in equation (2.18) forA, B, E and F , equation

(2.21) is used to solve for θ
(a,b)
1 .

tan(θ
(a,b)
1 ) =

(L1 + L2 cos(θ
(a,b)
2 ))Py − (L2 sin(θ

(a,b)
2 ))Px

(L1 + L2 cos(θ
(a,b)
2 ))Px + (L2 sin(θ

(a,b)
2 ))Py

(2.22)
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Where the tan(θa1) solution corresponds to a θa1 input on the right hand side, and

vice versa. Finally, with the joint 1 and 2 variable sets, the final joint variable is

found from the definition of the end effector orientation Θ in equation (2.5)

θ
(a,b)
3 = Θ− θ

(a,b)
1 − θ

(a,b)
2 (2.23)

Equation (2.23) concludes the inverse kinematic analysis of a 3R mechanism. This

presents a complete description of the mechanism configuration, from the basis of

end effector position and orientation.

2.2.3 Instantaneous Kinematics

An expression for the end effector velocity components can be found from the

time derivative of the forward kinematics in equation (2.5). This is assuming that

all joint angles are changing in time, with unchanging link lengths.

Q̇x = −L1θ̇1s1 − L2(θ̇1 + θ̇2)s12 − L3(θ̇1 + θ̇2 + θ̇3)s123

Q̇y = L1θ̇1c1 + L2(θ̇1 + θ̇2)c12 + L3(θ̇1 + θ̇2 + θ̇3)c123

Θ̇ = θ̇1 + θ̇2 + θ̇3

(2.24)

The expressions in equation (2.24) can be expressed in matrix form asQ̇x

Q̇y

Θ̇

 =

−L1s1 − L2s12 − L3s123 −L2s12 − L3s123 −L3s123
L1c1 + L2c12 + L3c123 L2c12 + L3c123 L3c123

1 1 1

θ̇1θ̇2
θ̇3

 (2.25)

The 3×3 matrix in equation (2.25) is the Jacobian, where the elements of the matrix

express the partial rates of change of the end effector coordinates with respect to

42



the joint parameters.

J =
δQ

δθ
=

−L1s1 − L2s12 − L3s123 −L2s12 − L3s123 −L3s123
L1c1 + L2c12 + L3c123 L2c12 + L3c123 L3c123

1 1 1

 (2.26)

The column vector in equation (2.25) represents the joint angular velocities

θ̇ =

θ̇1θ̇2
θ̇3

 (2.27)

As shown in equation (2.25), the product of the Jacobian and the joint angular

velocities yields the end effector velocities. This relationship is put simply as

Q̇ = Jθ̇ (2.28)

If the Jacobian matrix is non-singular, equation (2.28) can be re-written to obtain

an expression for the joint velocities in terms of the end effector velocities.

θ̇ = J−1Q̇ (2.29)

However, this is only true when the Jacobian is non-singular. The Jacobian may be

singular if the determinant is equal to zero or if the matrix is non invertible. The

conditions under which the Jacobian is singular should be examined. To begin, the

determinant of the Jacobian matrix

|J | = (−L1s1 − L2s12 − L3s123)((L2c12 + L3c123) · 1− (L3c123) · 1)

− (−L2s12 − L3s123)((L1c1 + L2c12 + L3c123) · 1− (L3c123) · 1)

+ (−L3s123)((L1c1 + L2c12 + L3c123) · 1− (L2c12 + L3c123) · 1)

(2.30)
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Cancelling out some like terms, it simplifies slightly

|J | = (−L1s1 − L2s12 − L3s123)(L2c12)

− (−L2s12 − L3s123)(L1c1 + L2c12)

+ (−L3s123)(L1c1)

(2.31)

Expanding all factors

|J | = −L1L2s1c12 − L2
2s12c12 − L2L3s123c12

+ L1L2s12c1 + L2
2s12c12 + L1L3s123c1 + L2L3s123c12

− L1L3s123c1

(2.32)

This can be simplified greatly to

= L1L2(s12c1 − s1c12) (2.33)

This can be simplified further with the following trigonometric angle sum identity

sin(α) cos(β)− sin(β) cos(α) = sin(α− β) (2.34)

Employing this identity into equation (2.33) yields

|J | = L1L2 sin(θ2) (2.35)

Thus it is clear that the determinant of the Jacobian is a function of the sec-

ond joint angle alone. The matrix will be singular when this angle is either 0 or

180 degrees. This is physically represented as the second joint being either fully
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extended or fully flexed. The implications of this for kinematic analysis are that

the manipulator can follow a desired end effector velocity as long as it avoids going

through this configuration. When the manipulator is fully extended, such as in a

rest state, the kinematic relation in equation (2.29) can not be used to find the

joint angular velocities.

2.2.4 Static Analysis of a 3R Serial Chain

The end effector will be under some load that consists of in-plane forces and mo-

ments, as depicted in Figure 2.1. All external loads can be expressed by orthogonal

force components Fx, Fy, and moment M .

F =

Fx

Fy

M

 (2.36)

This load can be generalized to a single force and moment, sometimes referred

to as a wrench. This end effector wrench will apply torques to each joint in the

system. As the external load displaces the end effector, it causes infinitesimal

torques and displacements throughout the system. The total work done by the

sum of these infinitesimal loads is denoted as the virtual work. The virtual work

can be calculated by considering the infinitesimal torques on each joint, as well as

the total force and moment on the end effector. For a three jointed manipulator
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this is given by

δWj = τ1δθ1 + τ2δθ2 + τ3δθ3 (2.37)

δWQ = FxδQx + FyδQy +MQδΘ (2.38)

δW = δWj + δWQ (2.39)

Where δWj is the virtual work on each joint, δWQ is the virtual work on the end

effector, and δW is the total virtual work in the system. Reorganizing terms into

matrix containers, the virtual work is

δW = τT δθ − F T δQ (2.40)

where τ , δθ, δQ are 3×1 vectors containing the joint torques, infinitesimal joint

angular displacements, and infinitesimal end effector displacements, respectively.

The differential relationship between finite joint displacements and finite end

effector displacements is given by the jacobian.

δQ = Jδθ (2.41)

Which was derived in equation (2.26). It is desired for the joint torques to be in

static equilibrium with the external load from the actuator at the desired pose.

Hence, the equilibrium condition is imposed on equation (2.40). The Jacobian

relation from equation (2.41) can also be substituted in for simplification.

0 = τT δθ − F TJδθ (2.42)
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0 = (τT − F TJ)δθ (2.43)

For all end effector displacements, this gives the final result

τ = JTFτ1τ2
τ3

 = JT

Fx

Fy

Mz

 (2.44)

Equation (2.44) allows for the equivalent joint torque τi on each joint to be calcu-

lated using only the desired end effector pose and the known actuator load.

2.2.5 Determining Equivalent Joint Stiffnesses

In Eq. (2.44) the equivalent joint torques necessary to balance the system for

a given end effector load are given. It is desired to design the flexure joints so that

they have the appropriate stiffness for the known end effector load. The equivalent

joint stiffnesses associated with these equivalent torques can be found with the

torsional stiffness relation

Ki =
τi
θi

(2.45)

where Ki gives the stiffness for the ith joint. The flexure joints are beams, so their

torsional stiffnesses can also be approximated via the PRBM

Ki =
EiIi
Lfi

(2.46)

whereKi is the beams bending stiffness, Ei is the flexure material’s elastic modulus,

Ii is the bending moment of inertia and Lfi is the length of the beam. For a
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rectangular cross section the bending moment of inertia is

Ii =
wit

3
i

12
(2.47)

where wi and ti are the width and thickness of the ith cross section. By substituting

the expressions for joint stiffness Eq. (2.45), and the beam inertia of Eq. (2.47)

into Eq. (2.46), the relationship between flexure beam geometry and equivalent

joint torques can now be established as

τi
θi

=
Eiwit

3
i

12Lfi

(2.48)

where τi is determined by Eq. (2.44) through the jacobian and applied loads. With

the assumption that there is a fixed flexure length and width, this can be expressed

in terms of flexure thickness.

ti =
3

√
12Lfi

Eiwi

τi
θi

(2.49)

The flexure thickness equation given by Eq. (2.49) allows for the flexure design to

be driven directly by design space requirements, such as the required manipulators

size, shape, actuator load, and end pose.

2.2.6 Investigating PRBM Accuracy Over Varying Flexure Lengths

This approach has some simplifications, including the PRBM’s assumption of

midpoint characteristic radius. As such it is expected to see the joints performance

under load deviate from the analytical basis. The PRBM also reduces each flexure
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to a pin joint, so it is expected that there will be larger errors with longer flexures.

It is desired to investigate how well this simple joint design performs over a range

of flexure lengths, to approximate the range of valid inputs. Using the method

described above, several 3R mechanisms were designed for the same pose and load,

but with decreasing flexure lengths. The flexure length Lf ranges from a long

flexure of 20 millimetres, to a small flexure length of 0.2 millimetres approximating

a pin joint. For each model, the link lengths were changed accordingly to maintain

a constant mechanism length. A finite element analysis (FEA) was performed using

Abaqus to determine the response of these designs to the intended load. The FE

models for the varying flexure lengths are displayed in Figure 2.2.

The joint stiffnesses and end effector position were measured from the FEA

results and used to calculate relative error in the analytical model. The position

and stiffness errors for decreasing flexure lengths are presented in Figure 2.3. As

expected, long flexure lengths lead to larger end effector position errors. The effect

of flexure length on position error can also be seen in Figure 2.2, as the shorter

flexures allow for a better approximation of a 3R pose. Note that self contact was

not considered for this analysis, and in reality the joint angles would be limited by

links in contact. For all cases the measured stiffness has a slight error, but even for

the longest flexures the stiffnesses are within a 0.5% error margin.
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(a) Lf = 20mm (b) Lf = 10mm (c) Lf = 5mm

(d) Lf = 2.5mm (e) Lf = 1mm (f) Lf = 0.2mm

Fig. 2.2 Compliant joint performance for decreasing different lengths
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Fig. 2.3 FEA results of simple beam PRBM accuracy over varying flexure lengths

for the 3R mechanism
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2.3 Prototype Design

The prototype fingers are actuated by a linear actuator, the SMA coil, which

is attached to a tendon which is routed through the links via a routing hole, and

attached to the end effector. A displacement at the end of the tendon will induce

a moment on each of the joints and cause rotation of the compliant joint, as shown

in Figure 2.4. As the tendon is run parallel to the length dimension of the finger

the end effector load is a pure moment M , with Fx = Fy = 0. Since the tendon

is restricted by the routing hole, the moment arm will be from the height of the

routing hole Hr to the midpoint of the flexures in the thickness direction. As the

equivalent moment is dependent on thickness, and the thickness is dependent on

the load, there is a recursive relationship. Similar coupling exists between the joint

angles, minimum flexure lengths, and flexure thicknesses. Without restricting one

or more parameters, an iterative calculation process can be employed to determine

the required parameters for a given set of design parameters such as end effector

position, load, and link sizes.

1. Compute the inverse kinematics

2. Assume an initial thickness to for each joint ti = to

3. From the expected linear actuator force, compute the load vectorFx

Fy

M

 =

 0
0

Factuator(Hr − to/2)


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4. The minimum flexure lengths are dependent on the required joint angles, and

the arc segment caused by two links in contactLf1

Lf2

Lf3

 =

(H − t1)θ1
(H − t2)θ2
(H − t3)θ3


5. Calculate the equivalent joint torquesτ1τ2

τ3

 = JT

 0
0
M


6. Determine the required joint thicknesses for this iteration

ti =
3

√
12Lfi

Ew

τi
θi

7. Repeat steps 3 through 6 until the flexure thickness and flexure length converge

Using the algorithm described above, two prototypes were designed for a 10 N

and 15 N linear actuator load respectively. In this implementation of the design

algorithm the flexure thicknesses were constrained to produce a single thickness pa-

rameter for each joint, with corresponding flexure lengths. For the flexure material,

commercial TPU 95A filament from Ultimaker was selected due to its excellent flex-

ibility, with a flexural modulus of 78.7 MPa [102]. The flexure design parameters

for the prototypes are tabulated in Table 2.1.

It is also necessary to consider how the physical 3D prints differ from the design

parameters. The accuracy of the part dimensions is limited by the resolution of the

printer. The 3D printer used for manufacturing these prototypes was an Ultimaker
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S5, which has a nominal layer height of 100 microns for TPU 95A. Hence, the

3D-printed flexures for the prototypes can only be printed to a layer height of 100

microns, which can lead to discrepancies between the required thicknesses and the

prints. The measured dimensions of the printed parts are given in Table 2.2.

F⃗actuator

Ji

Mi

H
Hr

ti

Lfi

1
2Lfi

Fig. 2.4 Tendon induced moment on the PRBM joint

2.4 Experimental Results

2.4.1 Experimental Setup

A linear displacement test is conducted to see the prototype fingers performance

under load. Figure 2.5 shows the experimental setup for the test. A coated copper

wire acts as the tendon, routed through the links and attached to the end effector

with a stopper. The finger base is fixed to a mount, while a Thor Labs LT1/M

linear displacement stage pulls the muscle tendon. The tensile force of the wire

is measured with a Transducer Techniques MDB-25 high precision load cell, while
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Table 2.1 Calculated design parameters for the fingers

Parameter Design 1 Design 2
F (N) 10 15

Qx (mm) 15 15
Qy (mm) 6 6
Θ (deg) 270 270
t (mm) 1.8807 2.1208

Lf1 (mm) 12.281 11.918
Lf2 (mm) 15.118 14.670
Lf3 (mm) 10.863 10.542

Table 2.2 3D-printed finger measurements

Dimension 10N Print 15N Print
t1 (mm) 1.85±0.016 2.21±0.004
t2 (mm) 1.84±0.013 2.20±0.009
t3 (mm) 1.84±0.011 2.20±0.012
L0 (mm) 33.76±0.009 33.87±0.070
L1 (mm) 18.69±0.029 19.07±0.010
L2 (mm) 14.71±0.009 15.01±0.022
L3 (mm) 14.53±0.020 14.67±0.017
Lf1 (mm) 12.30±0.044 11.97±0.048
Lf2 (mm) 15.04±0.018 14.66±0.037
Lf3 (mm) 10.84±0.017 10.56±0.031

the stage’s displacement is measured with a Keyence LK-H082 optical laser sensor.

The sensor data is acquired using Speedgoat hardware with an IO133 DAQ module,

using Matlab version R2021b. A video recording of each experiment is combined

with a motion tracking program to measure the link motions during displacement
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as well as the final pose. Figure 2.6 shows the camera view of the finger during a

displacement test.

Fig. 2.5 Displacement test experimental setup

(a) Pose at d = 18.72 mm,

F = 2.8 N

(b) Pose at d = 31.91 mm,

F = 5.56 N

(c) Pose at d = 40.52 mm,

F = 9.31 N

Fig. 2.6 10 N finger during the linear displacement test

2.4.2 Displacement Test Results

The average close force and end effector positions are given in Table 2.3. The two

finger designs consistently achieve their final pose around 8.9 N and 14.2 N, slightly

less than their designed-for actuator forces of 10 and 15 N. The two fingers show
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an end effector position error of less than 10 millimetres for both Qx and Qy, which

also affects the end effector orientation. This corresponds with the position error

predictions in Figure 2.3 for flexure lengths in the range of 10 to 15 millimetres. The

force and position data from the sensors was used to create the force-displacement

(F-D) plots in Figs. 2.7(a) and 2.7(b). These show a substantial hysteresis curve,

with distinct profiles for the pull, the motion from neutral to curled, and return

segments of the motion.

During the pull segment, the F-D curve is approximately linear for the majority

of the motion, but the force per millimetre increases nonlinearly as the finger ap-

proaches the final position. There is a steep decrease in force as the return segment

begins due to energy loss in the flexure material. After the initial drop the F-D

relationship again becomes approximately linear, with a more gradual slope than

before. The experiments also showed that during the return segment, some defor-

mation in the joints keep the end effector slightly raised as the finger approaches its

neutral position. This results in the tendons tensile force reaching zero before the

linear translation stage fully returns to its initial position. This can also be seen in

the motion tracked trajectory plot in Figure 2.8.

The motion tracking of the finger was performed using the MATLAB computer

vision toolbox to track eigenfeatures on the link edges. As can be seen in the

trajectory plot in Figure 2.8, the pull and return segments display asymmetric tra-
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Table 2.3 Summary of displacement test results

Average Measurement 10 N 15 N

F̄ ± σ 8.927 ± 0.554 N 14.177 ± 0.631 N
Q̄x ± σ 13.01 ± 1.03 mm 11.19 ± 1.88 mm
Q̄y ± σ 10.43 ± 1.29 mm 13.62 ± 1.90 mm
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Fig. 2.7 Experimental force-displacement profiles for the finger designs

jectories. This path deviation is most pronounced in the end effector. The end

effector’s trajectory is heavily influenced by the behaviour of all previous joints in

the serial chain. The trajectory plot shows that the end of the first rigid link (shown

in yellow) has little to no path deviation, thus it is joint 2 and joint 3 which expe-

rience different bending motions during the pull and return segments, affecting the

trajectory of the second and third links. The motion tracking also displays a slight

57



-120 -100 -80 -60 -40 -20 0

X Position (mm)

0

10

20

30

40

50

60

Y
 P

o
si

ti
o
n
 (

m
m

)

Fig. 2.8 Motion tracking of finger links during the linear displacement test

cyclic motion in the link positions through time, due to the incremental adjust-

ment of the translation stage. However this reveals that the joints are displaying

a relaxation effect. As previously observed, the finger structure experiences some

deformation at the end of the return segment which slowly decays over time, and

does not appear to affect the close force or F-D profile.

The deformation and force drop in the return segment indicates some energy

loss in the flexure joints. The joints did not have the expected restoration forces

expected due to the hysteresis of the flexure material. This energy loss would

impact the effectiveness of the bias mechanism against a linear actuator like the

shape memory alloy coil, as it lacks the required restoration force to fully return an
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actuator to its initial position. This can be resolved by designing the joints for a

larger force than normally desired, or by careful selection of a material with smaller

hysteresis behaviour.

The experimental results show that the mechanism design is able to balance a

known actuator load near the desired force and position. This indicates that the

flexure joints have the appropriate stiffnesses as designed to balance the end effector

load. The validity of the PRBM assumptions and joint design equations were also

confirmed via FEA. The energy loss observed in the flexures may affect the bias

distance for the actuator, however this may be improved through design. These

results indicate that a compliant structure will functionally work as an antagonist

mechanism to an SMA actuator.

59



3 SMA Modelling, Design, and Characterization

In this chapter, the methodology for designing, fabricating, and testing a shape

memory alloy coil actuator is discussed. Unlike using off the shelf actuator com-

ponents, it is necessary to determine the actuation characteristics of the SMA coil.

This is because the actuator profile will be affected by the coil geometry and the an-

nealing process. Some of characteristics of interest are the coil’s force-displacement

(F-D) profile, current to force (activation) time, and cooling times.

3.1 Designing an SMA Coil Actuator

Many models of SMA behaviour are based on the work by Tanaka et al. [9]. The

Tanaka model presents a thermomechanical description for materials in the process

of solid to solid phase transition. It introduces the use of internal state variables

to describe the unidirectional strain, temperature, and extent of phase transition.

This model was expanded and modified by subsequent studies, such as Rogers and

Liang [10]. Some works looked at modelling the micromechanical behaviour of SMA
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and its effect on macro-scale motion [42,48,103,104]. Building on these constitutive

thermomechanical models, many researchers have incorporated state-based models

into the design of SMA wire or coil actuators [11,14,15,36,45,53,66,105–108].

3.1.1 Cho Static Two State Model

Cho et al. [2] presented design methodology for SMA coil actuators using a

static two state model. This model utilizes the SMA thermomechanical constitutive

equations established by previous studies, such as Tanaka [9] and Rogers & Liang

[10]. This design methodology establishes different force-deflection relationships for

the SMA at full martensite, and full austenite. From an analysis of shear stress-

strain behaviour within a coil, this model puts forward relationships between the

geometry and the axial force of the coil, for each phase. An important aspect of this

model is that it relies on experimental characterization of the material to determine

some physical parameters, such as critical stresses and residual strain. The Cho

model design method does not consider interphase behaviour and focuses only on

the force and deflection requirements for the endpoints of a stroke, as shown in

Figure 3.1. This is meant to simplify coil design for use as actuators [2]. This

section will briefly outline the key points of the Cho model, before applying it to

design the required SMA coil actuators for this work.

Cho [2] identifies four major coil design parameters. They are the wire diameter

61



Fig. 3.1 SMA stroke between required martensite and austenite forces on two-state

FD curves [2]

Fig. 3.2 SMA coil design parameters [2]

d, the coil diameter D, the pitch angle α, and the number of active coils n. The

design parameters are shown in Figure 3.2. The pitch angle refers to the half

angle between two loops of the coil. The coil diameter is taken across the coil

between the midpoints of the wire thickness. It is assumed that the pitch angle is

consistent across the active coil length. However it is important to note that some
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of these parameters are not static. The pitch angle and diameter are related to the

displacement δ (or deflection) of the coil, which means the coil length displacement

with respect to the austenite trained length, li. As the coil is stretched out, the

pitch angle between two coil loops will increase, and the coil diameter will contract.

So the following notation is introduced, where αi denotes the initial pitch angle (i.e

at δ = 0) and αf denotes the pitch angle at some displacement δ.

The force profiles for each state are given by

FA =
GAd

4

8D3n

cos3(αi)

cos2(αAf
)

(
cos2(αAf

) +
sin2(αAf

)

1 + ν

) × δ

FM =
GMd4

8D3n

cos3(αi)

cos2(αMf
)

(
cos2(αMf

) +
sin2(αMf

)

1 + ν

) × δ − πd3GMγLξ

8D

(3.1)

It is important to note that the martensite force profile contains a term not present

in the austenite profile,
πd3GMγLξ

8D
. This term is meant to model the martensite

crystal lattice shifting from a twinned state to a detwinned state. This detwinning

term includes the detwinned martensitic volume fraction, ξ. This represents the

volume ratio of detwinned martensite to the total volume of SMA.

ξ =



0, for τ < τ crs

1
2
cos
(

π(τ−τcrf )

τcrs −τcrs

)
+ 1

2
, for τ crs ≤ τ ≤ τ crf

1, for τ > τ crf

(3.2)
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Here the detwinning behaviour is modelled using a sinusoidal pattern. The de-

twinning process occurs between the starting detwin critical stress τ crs and the final

detwin critical stress τ crf . The detwinning behaviour can be seen in the martensite

stress strain relationship shown in Figure 3.3, as well as in the martensite force

profile in Figure 3.1. The detwinned volume fraction also depends on the shear

stress, τ .

τA = GAγ

τM = GMγ −GMγLξ

(3.3)

Where γ is the shear strain for the coil at this deflection, and γL is the maximum

residual strain. The shear strain can be described in terms of the pitch angle

γ =
d

D

cos2(αi)(sinαf − sinαi)

cos2(αf )(cos2(αf ) + sin2(αf )/(1 + ν))
(3.4)

where the pitch angle αf for a deflection δ is given by

αf = sin−1
(
δ
cosαi

πnD
+ sinαi

)
(3.5)

3.1.2 Application of the Static Two State Model

There is a complex nonlinear relationship between the equations for this design

methodology. Thus it is important to note that rather than predicting SMA be-

haviour, the purpose of this model is to output the required coil geometry for given
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Fig. 3.3 Stress strain behaviour of two states, austenite and martensite, with key

parameters [2]

force and stroke requirements. The design process flow is as follows. First, the user

inputs the minimum required forces for the actuator at both ends of the stroke, at

full austenite FA and at full martensite FM . The ratio between the required forces

and the critical stress for that state are calculated and compared between the two

states, to determine the greater of the two.

(Fr, τr) = max (FA/τ
cr
A , FM/τ crM ) (3.6)

After determining the required force, at least two design parameters must be

pre-selected from the set of (d, D, αi, n). After pre-selecting two design parameters,

the remaining parameters are calculated. For example, the coil diameter can be

found from the conventional force output of a spring, equation (3.7). However
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in practical terms, most of these parameters are not completely free. The wire

diameter and coil diameter are limited by the availability of commercial wire, and

the winding tools used to create the coil. The pitch angle is also quite difficult to

accurately control, so it can be assumed to be some small angle. This typically

leaves only the coil length to be determined once other selections are made.

D = τrπ
d3

8Fr

(3.7)

Once the two state FD equations are solved to determine the corresponding

pitch angle to the required stroke forces. These are found by re-expressing the FD

equations in terms of pitch angle alone, eliminating δ from the equation.

FA =
GAd

4π

8D2

cos2(αi)(sin(αAf
)− sin(αi))

cos2(αAf
)

(
cos2(αAf

) +
sin2(αAf

)

1 + ν

)

FM =
GMd4π

8D2

cos2(αi)(sin(αMf
)− sin(αi))

cos2(αMf
)

(
cos2(αMf

) +
sin2(αMf

)

1 + ν

) − πd3GMγLξ

8D

(3.8)

Solving these equations for αAf
and αMf

gives the pitch angles corresponding to

the required forces FA and FM . The pitch angles are related to the displacement δ

from the initial pitch angle αi

δ =
πnD

cosαi

(sinαf − sinαi) (3.9)

Therefore the actuation stroke of the coil can be expressed as the displacement
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between the pitch angles at 100% martensite and 100% austenite

δstroke =
πnD

cosαi

(sinαMf
− sinαAf

) (3.10)

For a given stroke requirement, and the pitch angles at the required force endpoints,

this allows for the number of coil loops n to be isolated

n =
cosαi

πD(sinαMf
− sinαAf

)
δstroke (3.11)

The coil loop number is easily translated into coil length, with the knowledge of

other geometric parameters

li = n(πD tanαi + d) (3.12)

It should also be noted that for a given coil, the length l will vary as the coil is

extended. Thus the following notation is introduced, where li indicates the austenite

coil length with corresponding pitch angle αi. This completes the set of equations

required to determine the geometric parameters for a coil.

3.1.3 Coil Designs

The shape memory alloy used for this research is commercially available 0.015”

(391µm) diameter NiTi (50%/50%) wires from Dynalloy (branded as Flexinol). In

order to use the Cho static two state design methodology, it is required to obtain

material properties for the alloy. The manufacturer data [1] does not supply all the
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required information, so the material characterization requires specialized tensile

test equipment. However there are examples in the literature of characterization

data for NiTi coils [2, 11, 14]. The characterization data from [2] will be used, as

shown in Table 3.1

For the purposes of this thesis, coils were designed using the Cho methodology

as follows. These coils are intended to match with the compliant finger. We select

the maximum austenite force to be 15N (FA = 15N), this will be the force required

to pull the compliant finger mechanism to its closed position. The martensite force

requirement is low, as seen from the finger F-D characterization (see Figure 2.7(b)),

the initial force to deform the finger mechanism is near zero. However, as the force

output is related to the coils shear strain, having a very low force requirement at

a large deformation required the coil length to be quite long. In order to keep the

coil length relatively short, a martensite force requirement such as 5N (FM = 5N)

Table 3.1 NiTi flexinol coil material properties [1, 2]

Parameter Value Units Description
d 381 µm wire diameter
GA 18.26 GPa austenite shear modulus
GM 6.98 GPa martensite shear modulus
ν 0.33 poissons ratio
γL 5 % residual strain
τ crA 183 MPa austenite critical stress,
τ crMs

72.4 MPa martensite detwinning start stress
τ crMf

114 MPa martensite detwinning finish stress
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can be selected. Now with the maximum forces for each state selected, the ratios

between the required force and critical stress for each state (from Table 3.1) are

compared to determine the larger of the two.

max(FA/τ
cr
A , FM/τ crM ) = max

(
15 N

183 · 106 Pa
,

5 N

114 · 106 Pa

)
=

15 N

183 · 106 Pa

→ (Fr, τr) = (15 N, 183 · 106 Pa)

(3.13)

The austenite ratio is greater than martensite, which sets the austenite parameters

as the required force and shear stress.

The coil diameter D will be determined by the wire diameter d and the diameter

of the winding rod used. From inspection of simple coil force relation (3.7) it is

clear that a lower spring index (D/d) will increase force output. Thus it is desirable

to wind on a small diameter rod. However during the winding process, rods that

are too thin are liable to bend or break (see Section 3.2). As a middle ground,

1/16” winding rods are selected. This gives a coil diameter of

D = d+ 1/16′′ = 0.391 mm+ 1.58 mm = 1.961 mm (3.14)

During winding there is no way to maintain a precise pitch angle, hence it is chosen

to be packed in as tight as can be. From manufacturing tests, the pitch angle

was calculated from measuring the coil length of n consecutive loops from equation

(3.12). With this winding technique the pitch angle is usually around 0.10◦. Thus
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with the design parameters d, D, and αi pre selected, the required coil length can be

determined. It is also important to note here that instead of mounting the SMA coil

in line with the tendon, the coil will be doubled back. Therefore instead of finding

the full length of the actuator, it is necessary to find the length for each half to

supply half the required force. From the F-D equations in (3.8) the corresponding

pitch angles to the required forces were found

FA = 15 N/2 = 7.5 N → αAf
= 10.7◦

FM = 5 N/2 = 2.5 N → αMf
= 21.1◦

(3.15)

The function of the SMA coil is to pull on the compliant finger such that the links

fully close down in a gripped state. The required stroke length for this is dependent

on the flexure geometry. As described in Chapter 2, the range of motion of the joints

will be dependent on the arc segment created by the flexures bending and two links

coming into contact. Designing the coil actuator to match the 15 N finger, a stroke

length of 37 mm is desired (δstroke = 37 mm). Therefore, equations (3.11) and

(3.12) can be used to find the required number of loops and the corresponding coil

length as

n =
cosαi

πD(sinαMf
− sinαAf

)
δstroke

=
cos(0.10◦)

π1.961 · 10−3 m (sin(21.1◦)− sin(10.7◦))
37 · 10−3 m

= 34 → li = 13.5 · 10−3 m

(3.16)
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This result shows that the half coil must have an austenite trained length of 13.5

mm in order to provide a 37 mm stroke from 2.5 N to 7.5 N. Thus this gives the

full coil length requirement of 27 mm. This design methodology gives the required

coil geometry to match the actuator for the 15 N finger. The graphic in Figure 3.4

shows the theoretical FD coil profile (from equation (3.1)) matching the hysteresis

of the 15N finger.

3.2 SMA Coil Manufacturing

Multiple coil samples were fabricated according to these specifications. The

SMA is commercially purchased in wire configuration, so they must be manually

wound into coils with the desired geometry. After winding, the coils are trained to

remember this configuration as their memorized shape.

3.2.1 Winding

First the coil is wound using a drill and rod. The winding rod used is a 0.16”

steel rod (4140 alloy). As the SMA displays superelastic behaviour, it is in fact

quite difficult to work with. Even after severe deformation and bending, the SMA

will elastically attempt to restore its straight wire shape. So to hold the SMA into

place, two washers are clasped tightly onto the rod to hold the SMA down. They are

held together with a nut and bolt. The SMA wire is fed through a custom tensioner
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Fig. 3.4 Theoretical F-D curves for actuator design to match finger profile

tool and onto the rod, where it is initially wound by hand. Using the handheld drill,

and maintaining tension on the wire, the wire is slowly wound around the rod. This

technique does not allow for precise control of the pitch angle, but by maintaining

tension and careful movement of the tensioner tool, the coil can be packed tightly.

After winding to the desired length, the final coil loops are fixed with a second

washer clip. A sample wound SMA coil is shown in Figure 3.5.
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Fig. 3.5 Custom SMA coil wound on rod

3.2.2 Annealing

With the coil held in the desired shape, it is necessary to train the SMA so that

it remembers this configuration. This requires transitioning the SMA to austenite

phase while restricting movement. As the SMA fully transitions to austenite and

is held in this configuration for some time, the crystal lattice will shift to the cubic

structure. This effectively resets the shape memory, so that when the SME is trig-

gered the coil will now attempt to restore this shape, instead of the manufactured

straight wire configuration.

To accomplish this, the coil is annealed in a high temperature furnace. The

austenite finish temperature for this alloy is listed at 90◦C, but to ensure complete
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phase transition and effective training it must be annealed at a higher temperature.

These coils were heated to 400◦C for annealing. Using a programmable furnace

(Figure 3.6), the coils were heated from room temperature to 400◦C over 30 minutes,

and held at 400◦C for one hour.

(a) Furnace view (b) SMA coil ready for annealing

Fig. 3.6 The SMA coil in the programmable high temperature furnace used for

annealing
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3.2.3 Cutting and crimping

As the winding process determines the coils pitch angle α and coil diameter D,

and the wire diameter d is fixed, then the last step is to cut the coil to length. The

wires were wound in coils much longer than required, so that multiple samples could

be collected from one manufacturing batch. From a trained coil rod, the desired

length was measured and then cut using wire cutters. This gives a fully functional

SMA coil actuator.

The coil end points will be inserted into electrical terminals for the experimental

setup. For a more secure connection, metal crimps were attached to the coil ends.

This is achieved by straightening out the end loops as much as possible, inserting

into the open crimp, and using a crimping tool to secure the coil within the crimp

mounts. Commercial 1.25 mm crimps were used for this. It was found during

blocked force experiments that the SMA could generate enough force to break free

of the mount, if it is not crimped properly. Hence, it is important to ensure that

there are at least three points of contact between the crimp bands and the coil,

as shown in Figure 3.7(a), on the fully manufactured coil that is shown in Figure

3.7(b).
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(a) Microscope view of crimp placement (b) SMA coil with crimps

Fig. 3.7 The SMA coil after all manufacturing steps

Several coils were fabricated in this way. The coil samples used for the character-

ization tests are listed in Table 3.2. Although all three of these samples are meant

to follow the design derived in Section 3.1.3, they have slightly different designs due

to small errors in fabrication. The pitch angles for each coil are calculated using

the coiled length measurement and the number of coil loops, according to equation

(3.12).
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Table 3.2 Coil samples manufactured

Parameter Coil 1 Coil 2 Coil 3
d (µm) 391 391 391
D (mm) 1.961 1.961 1.961
αi (deg) 0.11 0.06 0.31
li (mm) 25 27 28

n 62 68 66

3.3 Characterization Test Setup

3.3.1 Voltage to Current Circuit

The alloy being used is commercial NiTi from Dynalloy. The datasheet for this

material lists TAf
as 90◦C. The phase transition from martensite to austenite will be

thermally activated through Joule heating, meaning that the SMA will warm from

room temperature to TAf
and beyond due to the resistive heating of the current.

Although some examples in the literature describe controlling the SMA in terms

of an input voltage, it is more accurate to control the input current. As shown

in later results (see Figure 3.17) the phase change process will affect the electrical

resistance of the SMA. Thus it is preferable to heat the SMA through Joule heating

with a controlled input current. For this purpose, a voltage to current (V-to-I)

circuit was designed and manufactured. A voltage to current converter allows for

better control of the SMA current, using a voltage control signal to drive the input

current.
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Fig. 3.8 Voltage to current circuit schematic

The V-to-I circuit is used as an interface between the control signal source

and the SMA coil. The circuit takes the control signal voltage, and utilizes a

high performance op-amp (TI OPA549) to drive the SMA with the corresponding

current. An electrical schematic of the circuit is shown in Figure 3.8. This is a non

inverting op-amp configuration, where the output current io is determined by the

load resistor RL.

io =
vin
RL

(3.17)

The load resistor is a low impedance power resistor, which carries the op-amp

output current to ground. During experiments a few different resistors were used,

before settling on a 1Ω power resistor. This gives a 1:1 input voltage to output

current ratio. The feedback resistor is selected as a high impedance component,
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for this setup a standard 10kΩ resistor is used. The op-amp is powered by a power

supply unit, with bypass capacitors in place to help suppress supply noise.

With this schematic a printed circuit board (PCB) was designed and manu-

factured. A major design consideration for the PCB was component heating. The

op-amp and the power resistor are mounted on opposite ends of the board with large

heatsinks (shown in Figure 3.12). For the op-amp especially, prolonged operation

at high current levels runs the risk of thermal damage, so multiple heatsinks were

stacked onto each other and bonded with thermal epoxy. The PCB has connection

terminals for the op-amp power supply, the control signal voltage, and for external

wiring to the SMA . There are also two voltage monitor terminals, for the SMA

and the load resistor.

The PCB is mounted to an optical table through a custom made mount, with

bottom surface coverings for electrical isolation (Figure 3.9(b)). The op-amp is

powered with a high power benchtop power supply unit (BK Precision 9103). The

op-amp input voltage is connected to the Speedgoat IO133 module, which serves

as the control signal for the SMA. The voltage monitors are also connected to the

Speedgoat IO module and read in against time.
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(a) Top view of the circuit board (b) Side view

Fig. 3.9 Populated voltage to current PCB

3.3.2 Mounting

For these characterization experiments, the crimps on the SMA coil ends are

inserted into binding posts on the mounting block. Banana sockets on top of the

binding posts are connected to the SMA terminal on the V-to-I PCB through 8

AWG wires. The mounting block is placed on a ThorLabs NRT 100/M linear trans-

lation stage, which is controlled with a BSC201 benchtop stepper motor controller.

With the end points mounted, the coil is connected to a Transducer Techniques

MDB-25 load cell. As shown in Figure 3.10, the coil is looped around through

a bolt on an isolation block, which keeps the load cell electrically and thermally

isolated from the SMA.

Initially, the SMA is mounted such that there is no displacement of the coil.
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This configuration is the zero deflection, δ = 0 for the experiment. From here,

movement of the translation stage will cause the SMA coil to deform. The load cell

measures the tension force of the SMA coil pulling on the isolation block.

3.4 Characterization Experimental Results

The manufactured coils were tested to obtain their force-displacement charac-

teristics in both the martensite and austenite phases. The austenite F-D profile

was obtained by performing static blocked force activation tests at discrete dis-

placements. At each position the force output of the SMA was measured as it

transitioned from martensite to austenite. These blocked force tests were repeated

multiple times in each position. The average maximum force of the SMA for each

displacement was used to create the force-displacement profile.

For the martensite F-D profile, the force output from the coil was measured as

the coil was slowly displaced to a maximum of δ = 90 mm. The analytical model

used for the coil design is static, and it is known that SMA behaviour is strain-rate

dependent, so these tensile tests were performed at a slow rate of 0.5 mm/s using

the motorized stage.
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Fig. 3.10 SMA characterization experimental setup

3.4.1 Coil 1 Profile

The martensite experimental F-D profile is shown in Figure 3.12(b), with an

overlay from the analytical model predictions. This curve is an average of sev-

eral experimental runs. The shaded area around the curve indicates the standard

deviation of the multiple data sets, for that displacement index. The individual

martensite experiments showed some severe force drops, as the SMA occasionally

deformed around the bolt attachment. This is due to coil loops slipping on the

pin as the coil is strained and the pitch angles increase. However this only occurs

sporadically, and does not affect the average profile.

The austenite force profile was obtained by performing blocked force tests start-

ing at δ = 0 mm up to δ = 90 mm. At each displacement, multiple tests are

82



conducted to determine the required current and load time for the SMA to fully

transition. For this coil, activation was achieved with a constant 2 A input current

for 6 seconds. However at larger displacements of δ ≥ 77.5 mm, this conduction

time was not long enough for the SMA to fully transition, so conduction time was

increased to 8 seconds. One set of experimental data from a single run for coil 1 is

shown in Figure 3.11. These plots show the measurements for the SMA generated

force, as well as the SMA voltage and the input control voltage. The resulting

austenite F-D profile is presented in Figure 3.12(a), alongside the analytical model

predictions and markers indicating discrete test results. The shaded area for the

austenite curve also indicates the standard deviation between experimental results.

These tests put the shape memory alloy through considerable stress, as it is

attempting to recover its memorized shape but is restricted from movement. There

was some concern that too many of these tests at larger displacements would begin

to “burn out” the SMA. In other words the intense thermomechanical loading would

partially retrain the material to remember a new shape, as the temperature of the

SMA is not directly controlled. This turned out to be true, as after going through

the characterization tests it was found that the coil sample had memorized a slightly

deformed shape and was no longer able to retract all the way to its initial fabricated

length. This prevented further testing with the same coil sample.
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(a) Voltage at δ = 22.5mm (b) Force at δ = 22.5mm

(c) Voltage at δ = 55mm (d) Force at δ = 55mm

(e) Voltage at δ = 77.5mm (f) Force at δ = 77.5mm

(g) Voltage at δ = 90mm (h) Force at δ = 90mm

Fig. 3.11 One set of experiments for coil sample 1 austenite characterization data
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(a) Austenite (b) Martensite

Fig. 3.12 Coil sample 1 force-displacement profiles

3.4.2 Coil 2 Profile

Austenite test data for the second coil sample is shown in Figure 3.13. After

observing from coil 1 that the austenite tests lead to SMA burn out, it was decided

to test this coil with the extreme deformations first, to be confident in the force

data for the largest displacements. That is to say, these static tests began at

δ = 90 mm, and then moved to lower displacements. Also building on the data

from the first coil tests, austenite activation was achieved with a lower current for

a longer period. This was estimated to accomplish phase transition without grossly

exceeding the transformation temperature TAs . These tests were performed with

1.7A for conduction periods of 12 to 14 seconds.

It was found after δ = 55 mm that the SMA had already begun to have it’s
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shape reset, and was no longer able to retract. The resulting F-D curve is presented

in Figure 3.14. The partial reset of coil 2 also impacted the martensite data. The

martensite tests were planned to be conducted after concluding the austenite tests.

However a martensite profile could not be obtained after the SMA had been partially

reset and re-trained to an extended shape. Therefore there is no martensite profile

available for coil sample 2.

Although this occurred, the austenite data collected for coil 2 is kept for a num-

ber of reasons. Of the three coils tested, this is the only dataset which begins with

the extreme deflection. This gives higher confidence that no burnout is occurring in

the force measurement at δ = 90 mm. The data also shows a high correlation with

the model profile at δ = 90 mm and δ = 77.5 mm. The individual experimental

runs also show little deviation between tests, as illustrated in Figure 3.14 by the

overlapping data points for each displacement. For these reasons, the coil 2 data is

presented alongside coil 1 and 3 to contribute to the austenite characterization.
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(a) Voltage at δ = 55mm (b) Force at δ = 55mm

(c) Voltage at δ = 77.5mm (d) Force at δ = 77.5mm

(e) Voltage at δ = 90mm (f) Force at δ = 90mm

Fig. 3.13 One set of experiments for coil sample 2 austenite characterization data
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Fig. 3.14 Coil sample 2 austenite F-D characteristic

3.4.3 Coil 3 Profile

The third SMA coil test sample was tested for the martensite profile first. This

martensite characteristic curve is shown in Figure 3.16(b). After obtaining the

martensite data, the blocked force tests were conducted. It was decided to again

start at δ = 0 mm and work up towards δ = 90 mm for this coil. For these tests, the

input current was 1.7 A, with conduction periods of 8 to 10 seconds. The austenite

test data for the third coil sample is shown in Figure 3.15, with the corresponding

F-D curve in Figure 3.16(a).
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(a) Voltage at δ = 22.5mm (b) Force at δ = 22.5mm

(c) Voltage at δ = 55mm (d) Force at δ = 55mm

(e) Voltage at δ = 77.5mm (f) Force at δ = 77.5mm

(g) Voltage at δ = 90mm (h) Force at δ = 90mm

Fig. 3.15 One set of experiments for coil sample 3 austenite characterization data
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(a) Austenite (b) Martensite

Fig. 3.16 Coil sample 3 force-displacement profiles

3.5 SMA Coil Characterization Discussion

The experimental data from these characterization tests show some interesting

SMA behaviour. The martensite force profiles have a sinusoidal shape, this is likely

to be evidence of the detwinning process. In the literature, martensite detwinning

is often represented mathematically as a sinusoidal function [2, 9, 10]. Within the

framework of the Cho coil design model [2], the detwinning fraction ξ is represented

as having a cosine region between two linear regions, bounded by the martensite

critical stresses. The martensite profiles in Figures 3.12(b) and 3.16(b) show some

agreement with this model, however they consistently deviate when the model ex-

ceeds the detwinning finish stress τ crMf
. It appears from inspection that the actual
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SMA is still in the detwinning process up until around δ = 80 mm. This is a

clear indicator that there is a mismatch between the assumed nitinol coil material

properties, and the actual properties of the coil samples.

As stated before, the mechanical properties of the SMA coils were not obtained

during these experiments, but were taken from other sources with the same SMA

wire and annealing technique [2]. It can be seen that the SMA design equations rely

on knowledge of some of these parameters, mostly GM and GA, but is then mostly

focused on coil geometry. Also for the austenite profile, inspection of FA in equa-

tion 3.1 shows that the only material properties required for a force profile are GA

and Poissons ratio. In contrast, the martensite profile relies heavily on knowledge

of material properties. In particular the coupling between ξ and τM is complex,

and depends on the martensite critical stresses τ crMs
, τ crMf

, and residual strain γL.

The investigation in [109] also found that the Liang model, which these F-D equa-

tions derive from, is very sensitive to parameter uncertainty. A thermomechanical

investigation by Grandi et al. [43] found the relationship between material phase

and shear stress to be more complex, with local martensite volume wavefronts that

manifest and travel along the length of an SMA wire, rather than a homogeneous

detwinning.

It is also known that SMA demonstrates strain rate dependant behaviour [43,

52,61]. The Cho model used for design [2] is a static model, and does not consider
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these strain rate effects. So it may not be fully appropriate to expect this model

to match the quasi-static martensite data. Another aspect of this model is that

the F-D curves are for 100% martensite and 100% austenite volumes. However,

it is possible that the SMA coils during these austenite tests may have had local

volumes of stress-induced martensite [43].

The blocked force data clearly shows the coil’s force output dropping as the

input current is halted, for example in Figure 3.15(h). This is due to the phase

transition back to martensite as the SMA cools. The temperature of the SMA at

this point depends on the current, and how long it was applied for, which varied

slightly between tests. It can also be seen that the SMA cools faster at larger

displacements, which is likely due to the increase in exposed surface area as the coil

loops are stretched apart, which assists the ambient convective heat transfer. These

observations can be used to assist in the derivation of the heat transfer dynamics

described in Section 4.2.

The phase change behaviour from martensite to austenite can be observed

through the SMA’s changing voltage. During the austenite static tests the SMA

voltage monitor shows some fluctuation during a constant current load, as shown

in Figure 3.17. This indicates a change in the SMA electrical resistance, likely due

to the solid phase change transformation. The local minimum in resistance at 3.6

seconds appears to coincide with an inflection point in the force profile at the same
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time. This may indicate a second order relationship between the electrical resis-

tance and the phase state. Similar to the detwinning observed in the martensite

profile, it is very common to see a phase change state variable represented with a

sinusoidal function. While the changing resistance does show this waveform, it is

interesting to note the apparent change in wave amplitude and frequency, which

is a more complex function than the common cosine representation. The voltage

also appears to level off asymptotically with the coil force, indicating phase change

completion.

(a) SMA resistance during phase change (b) SMA force during phase change

Fig. 3.17 SMA during martensite to austenite phase transition

In summary, SMA behaviour is quite complex, and all actuator models come

with inherent assumptions and simplifications. It is not expected for the experimen-

tal results to completely match the model predictions. However the experimental
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data obtained is more than enough to form an actuator profile for the coil. This

characterization allows for an integration with the F-D profiles already obtained for

the compliant antagonist design. In addition, although there is slight deviation in

the martensite force profiles, the coil design process relies on the austenite profile

for the required force. The martensite F-D represents the passive profile, which

affects the start point for the actuation stroke.

The austenite F-D profiles are not linear, but a linear approximation can be

used to determine the coils active stiffness, or force-displacement trade off. This

can be used for dynamic modelling of the actuator, and for establishing the force

output of the SMA as it contracts and pulls on the finger. The martensite data can

be used to determine the initial tension exerted by the SMA on the finger, as well

as the equilibrium point after actuation as the finger biases the martensite coil.
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4 Dynamic Modelling

This chapter discusses the dynamics of the compliant structure driven by the

thermal activation of a SMA coil actuator. First the dynamics of the finger itself

are derived from the Lagrangrian of the system. The SMA actuator dynamic model

is derived from the heat transfer dynamics, phase transition, and the coil character-

ization data measured in Section 3.4. Simulations of the full system dynamics are

used to predict the behaviour of the SMA integrated with its compliant antagonist.

4.1 Dynamics of a Serial 3R Chain With Elastic Joints

4.1.1 Lagrangian Dynamics Derivation

This section will derive the dynamics of a revolute serial chain subject to an

end effector load. The same PRBM as in Chapter 2 is employed, with the flexible

joints reduced to revolute pin joints located at the midpoint of the flexure length.

The stiffness of the flexures is represented by assigning a torsional stiffness to each

joint. The dynamics will be derived from a Lagrangian basis [110]. The Lagrangian
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L is defined as

L = T − P (4.1)

where T denotes the total kinetic energy of the system, and P denotes the total

potential energy. For n generalized coordinates qi the Lagrangian equations of

motion are

τi =
d

dt

∂L
∂q̇i

− ∂L
∂qi

(4.2)

where τi denotes the ith element of the n × 1 vector containing the generalized

forces and torques in the system. For a serial chain with three revolute joints, there

are n = 3 generalized coordinates. The generalized coordinates for this system are

defined here as the total angle between each link and the x axis of the base frame,

as shown in Figure 4.1. q1q2
q3

 =

 θ1
θ1 + θ2

θ1 + θ2 + θ3

 (4.3)
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Fig. 4.1 Generalized coordinates for 3R dynamics

The center of mass (COM) of each link i is assumed to be at the midpoint of

the link length Li. Beginning with the forward kinematics, as derived in Section

2.2.1, the cartesian coordinates with respect to the inertial frame for each COM are

x1 =
1

2
L1 cos(q1)

y1 =
1

2
L1 sin(q1)

(4.4)

x2 = L1 cos(q1) +
1

2
L2 cos(q2)

y2 = L1 sin(q1) +
1

2
L2 sin(q2)

(4.5)

x3 = L1 cos(q1) + L2 cos(q2) +
1

2
L3 cos(q3)

y3 = L1 sin(q1) + L2 sin(q2) +
1

2
L3 sin(q3)

(4.6)
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The linear velocities for each of these components are

Vi =
√

ẋ2
i + ẏ2i (4.7)

and the angular velocities are simply

ωi =
d

dt
qi = q̇i (4.8)

The kinetic energy for each link is the sum of the linear and angular kinetic energies

Ti =
1

2
miV

2
i +

1

2
Jiq̇

2
i (4.9)

where Ji indicates the mass moment of inertia for link Li. Each link is rotating

about the revolute joint at the link base. Thus, the rotating axis is at a distance of

Li

2
from the COM for each link. From the parallel axis theorem, the mass moment

of inertia for short beams rotating at this distance is

Ji =
mi

12
(L2

i +H2) +
1

4
miL

2
i (4.10)

where H indicates the height of each link, as defined in Chapter 2, which is constant

for all links.

The potential energy for the system consists of elastic potential energy terms

Ue, as well as gravitational potential Ug

P = Ue + Ug (4.11)
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The gravitational potential energies are defined with respect to the x axis of the base

frame. Hence, the potential height for each COM is simply its vertical coordinate

yi

Ugi = migyi (4.12)

The elastic potential energy terms consider the joints as torsional springs, with

stiffness Ki resisting the angular displacement between two links

Uei =
1

2
Ki(qi − qi−1)

2 (4.13)

where in the case of the first link, q1 − q0 = q1 − 0 = q1.

The Lagrangian can be assembled by first obtaining the linear velocities from

the instantaneous rate of change of the cartesian coordinates. Beginning with the

first link

V 2
1 = ẋ2

1 + ẏ21

=

(
−1

2
L1 sin(q1)q̇1

)2

+

(
1

2
L1 cos(q1)q̇1

)2

=
1

4
L2
1q̇

2
1

(4.14)

With the linear velocity expressed as such, the relation from equation (4.9) can be

used to find the total kinetic energy of the first link

T1 =
1

2

(
m1

1

4
L2
1q̇

2
1 + J1q̇

2
1

)
=

1

2

(m1

4
L2
1 + J1

)
q̇21

(4.15)
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The gravitational potential energy for the first link is

Ug1 = m1gy1 = m1g
1

2
L1 sin(q1) (4.16)

and the elastic potential energy is

Ue1 =
1

2
K1(q1)

2 (4.17)

so that the total potential energy is

P1 =
1

2

(
K1q

2
1 +m1gL1 sin(q1)

)
(4.18)

This process is repeated for the second and third links. The intermediate calcula-

tions are tedious and will not be shown explicitly, but after much simplification the

resulting energy terms for the second link are

T2 =
1

2

(
m2

(
L2
1q̇

2
1 +

1

4
L2
2q̇

2
2 + L1L2q̇1q̇2 cos(q2 − q1)

)
+ J2q̇

2
2

)
(4.19)

P2 =
1

2
K2 (q2 − q1)

2 +m2g

(
L1 sin(q1) +

1

2
L2 sin(q2)

)
(4.20)

and for the third link are

T3 =
1

2

(
m3

(
L2
1q̇

2
1 + L2

2q̇
2
2 +

1

4
L2
3q̇

2
3 + 2L1L2q̇1q̇2 cos(q2 − q1)

+ L2L3q̇2q̇3 cos(q3 − q2) + L1L3q̇1q̇3 cos(q3 − q1)

)
+J3q̇

2
3

) (4.21)

P3 =
1

2
K3(q3 − q2)

2 +m3g

(
L1 sin(q1) + L2 sin(q2) +

1

2
L3 sin(q3)

)
(4.22)
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Substituting the above energy terms into the Lagrangian from equation (4.1)

gives

L = (T1 + T2 + T3)− (P1 + P2 + P3)

=
1

2

(
q̇21

(
1

4
m1L

2
1 + J1

)
+q̇21(m2L

2
1) + q̇22

(
1

4
m2L

2
2 + J2

)
+m2L1L2q̇1q̇2 cos(q2 − q1) + q̇21(m3L

2
1) + q̇22(m3L

2
2)

+ q̇33

(
1

4
m3L

2
3 + J3

)
+m3L2L3q̇2q̇3 cos(q3 − q2)

+m3L1L3q̇1q̇3 cos(q3 − q1) + 2m3L1L2q̇1q̇2 cos(q2 − q1)

)
− 1

2

(
K1q

2
1 +m1gL1 sin(q1)

)
−
(
1

2
K2(q2 − q1)

2 +m2g

(
L1 sin(q1) +

1

2
L2 sin(q2)

))
−
(
1

2
K3(q3 − q2)

2 +m3g

(
L1 sin(q1) + L2 sin(q2) +

1

2
L3 sin(q3)

))
(4.23)

At this point, the equations of motion can be derived from equation (4.2). The

first equation is given by

τ1 =
d

dt

∂L
∂q̇1

− ∂L
∂q1

= q̈1

(
J1 + L2

1

(
m1

4
+m2 +m3

))
+q̈2

(
L1L2 cos(q2 − q1)

(
m2

2
+m3

))
+ q̈3

(
L1L3 cos(q3 − q1)m3

)
+ q̇22

(
L1L2 sin(q2 − q1)

(
m2

2
+m3

))
+q̇23

(
L1L3 sin(q3 − q1)

m3

2

)
+ L1g cos(q1)

(
1

2
m1 +m2 +m3

)
+K1q1 +K2(q2 − q1)

(4.24)
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The second equation of motion is given by

τ2 =
d

dt

∂L
∂q̇2

− ∂L
∂q2

= q̈1

(
L1L2 cos(q2 − q1)

(
m2

2
+m3

))
+q̈2

(
J2 + L2

2(
m2

4
+m3)

)
+ q̈3

(
L2L3 cos(q3 − q2)

(
m3

2

))
+ q̇21

(
−L1L2 sin(q2 − q1)

(
m2

2
+m3

))
+q̇23

(
L2L3 sin(q3 − q2)m3

)
+ L2g cos(q2)

(
m2

2
+m3

)
+K2(q2 − q1) +K3(q2 − q3)

(4.25)

The third equation of motion is given by

τ3 =
d

dt

∂L
∂q̇3

− ∂L
∂q3

= q̈1

(
L1L3 cos(q3 − q1)m3

)
+q̈2

(
L2L3 cos(q3 − q2)

(
m3

2

))
+ q̈3

(
J3 + L2

3

m3

4

)
+ q̇21

(
−L1L3 sin(q3 − q1)

(
m3

2

))
+q̇22

(
−L2L3 sin(q3 − q2)

(
m3

2

))
+ L3g cos(q3)

(
m3

2

)
+K3(q3 − q2)

(4.26)

The set of equations (4.24 - 4.26) describe the dynamics of the serial revolute chain.

The three equations describe the resulting motion in terms of the angles qi for the

input torques τi. These can be sorted into the following matrix containers.

The mass matrix
[
M
]
is of size n × n, thus for an n = 3 system it is of size

3 × 3. The mass matrix contains the terms that have linear relations to the joint
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accelerations q̈i. This includes terms related to the link masses and inertias.

[
M
]
=

 J1 + L2
1

(
m1

4
+m2 +m3

)
L1L2 cos(q1 − q2)

(
m2

2
+m3

)
L1L3 cos(q1 − q3)

m3

3

L1L2 cos(q1 − q2)
(
m2

2
+m3

)
J2 + L2

2

(
m2

4
+m3

)
L2L3 cos(q2 − q3)

m3

2

L1L3 cos(q1 − q3)
m3

2
L2L3 cos(q2 − q3)

m3

2
J3 + L2

3
m3

4


(4.27)

The stiffness matrix
[
K
]
is also of size 3 × 3, and it contains the terms which

have a linear relation to the joint angles qi. These will be the terms related to the

torsional stiffness of the joints.

[
K
]
=

K1 +K2 −K2 0
−K2 K2 +K3 −K3

0 −K3 K3

 (4.28)

The gravity matrix
[
G
]
, is of size 3 × 1 and contains the terms related to the

gravitational potential energy of the system. These have no linear relation to the

joint angles q. [
G
]
=

L1 cos(q1)(
m1

2
+m2 +m3)

L2 cos(q2)(
m2

2
+m3)

L3 cos(q3)
m3

2

 (4.29)

The matrix
[
C
]
is called the centrifugal, or coriolos matrix. This 3× 1 matrix

contains the terms with joint velocity products, such as q̇1q̇2. These terms also have

no linear relation to the joint angles.

[
C
]
=

−q̇22
(
L1L2 sin(q2 − q1)

(
m2

2
+m3

))
− q̇23

(
L1L3 sin(q3 − q1)

m3

2

)
q̇21
(
L1L2 sin(q2 − q1)

(
m2

2
+m3

))
− q̇23L2L3 sin(q3 − q2)

m3

2

q̇21(L1L3 sin(q3 − q1)
m3

2
) + q̇22(L2L3 sin(q3 − q2)

m3

2
)

 (4.30)

With the above definitions, the dynamics can be expressed as

τ1τ2
τ3

 =
[
M
] q̈1q̈2

q̈3

+
[
K
] q1q2

q3

+
[
C
]
+ g

[
G
]

(4.31)
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4.1.2 Damping

The dynamics relation in equation (4.31) has no damping component. The

undamped system will have free oscillation, with no energy dissipation. In real-

ity there will be internal structural damping effects which attenuate the energy

within the system. This can be modelled by introducing a Rayleigh damping term.

Rayleigh damping is a form of viscous damping, which is proportional to the mass

and stiffness of the system. Using a classical Rayleigh damping formulation, this is

given by

[
B
]
= α

[
M
]
+ β

[
K
]

(4.32)

Where the damping matrix
[
B
]
is related to the mass and stiffness matrices

through the chosen coefficients α and β. These coefficients are related to the modal

damping of the system ζ and the modal frequency ω.

ζ =
1

2

(α
ω
+ βω

)
(4.33)

The modal frequencies can be determined from a modal analysis of the mech-

anism, using finite element analysis tools such as Abaqus. For two given modes

ω1, ω2, with corresponding damping conditions ζ1, ζ2, the corresponding damping
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coefficients can be found by solving the following system

ζ1 =
1

2

(
α

ω1

+ βω1

)
ζ2 =

1

2

(
α

ω2

+ βω2

) (4.34)

For equal damping conditions, ζ1 = ζ2, this system reduces to

1

2

(
α

ω1

+ βω1

)
=

1

2

(
α

ω2

+ βω2

)
ζ1 =

1

2

(
α

ω1

+ βω1

) (4.35)

which allows for the damping coefficients to be computed for a given damping ratio.

With the damping matrix formulated, the full equations of motion for the 3R finger

mechanism are

τ = Mq̈ +Bq̇ +Kq + C + gG (4.36)

4.1.3 Simulation

As detailed in Chapter 2, the joints in the structure are designed with an appro-

priate stiffness to hold equilibrium for a specified pose and load. The quasi-static

analysis and experiments from that chapter validated these joint stiffnesses. Now

the derived dynamic representation can be investigated to see if it shows similar

results.

The dynamics of the 3R mechanism is simulated using MATLAB/Simulink. A

forward dynamics function is used to calculate the joint accelerations q̈(t) for the
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input torque vector τ(t) and state feedback for q(t) and q̇(t). The block diagram

for this model is shown in Figure 4.3. The equations of motion stated in equation

(4.36) was populated with the properties for the 15 N finger design from Section

2.3. The damping properties were obtained for a critically damped condition using

Abaqus, as summarized in Table 4.1. This damping analysis was conducted with

the finger in an unflexed, neutral state. As such, in the forward dynamics function

the damping matrix B is defined with respect to M at q = 0, and is not updated

dynamically.

(a) Motion of finger in XY-plane (b) Joint space

Fig. 4.2 Simulated trajectory for 15 N finger

Table 4.1 Finger damping parameters with Ultimaker TPU 95A

Parameter Value
α 396.49
β 1.893 · 10−3

ζ 1
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The simulation applies an input torque to the third joint with an equivalent

moment to a 15 N load applied to the end effector, ramping from zero to the full

load in one second. The simulated trajectory is shown in Figure 4.2(a), with the

motion of the individual joint angles shown in Figure 4.2(b). The mechanism is

in static equilibrium with the end effector coordinates (15.25 mm, 5.27 mm), with

respect to the base frame. There is some slight deviation from the static model, in

which these stiffnesses are designed to hold the end effector at (15, 6) mm. The end

effector coordinates between the static and dynamic model are quite close. This is

not surprising, since the PRBM representation is identical to the one used for the

flexure design in the static analysis.

Now that the dynamics of the mechanism has been defined, the dynamics of the

actuator can be included to identify its effect on the system.

Fig. 4.3 Simulink model for finger dynamics
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4.2 SMA Dynamics

The SMA coil is heated from the Joule heating of the current conducted along

its wire length. The power generated by the resistance of the wire, in the form of

thermal energy per unit time is

P = i2(t)R (4.37)

this power is dissipated via convection to the surrounding environment through the

exposed surface area A of the wire, with the temperature gradient between the wire

T and the environment Tamb

Q = Ah(T − Tamb) (4.38)

where h is the convective heat transfer coefficient. Treating the wire as a cylindrical

body with diameter do and length Lo, the lateral surface area is given by

A = πdoLo (4.39)

The net heat flow will be the difference between the power generated by Joule

heating, and the heat dissipated to the environment

Φ = P −Q

Φ = i2(t)R− πdoLoh(T − Tamb)

(4.40)
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The thermal energy from the net heat flow will affect the temperature of the wire,

according to its mass m and specific heat c.

Φ = mcṪ (4.41)

the mass can be re-expressed in terms of the wires density ρ and cylinder geometry

m = ρ
πd2oLo

4
(4.42)

which can now be substituted into equation (4.41) to get the expression for wire

heating

Φ =
1

4
ρcπd2oLoṪ (4.43)

Now the net heat flow from equation (4.40) and the wire heating from equation

(4.42) can be equated to give the heat transfer relationship

1

4
ρcπd2oLoṪ = i2(t)R− πdoLoh(T − Tamb) (4.44)

Some of these parameters can be determined from the design of the SMA coil,

and from its characterization data. For example the heat transfer coefficient h can

be estimated from the cooling times observed in Section 3.4. Other values, such

as the heat capacity, are given by the alloy manufacturer [1]. The values used for

these parameters in the simulation are listed in Table 4.2

The solid to solid phase transition between martensite and austenite will be

triggered through heating of the SMA. Considering the phase change from marten-

site to austenite, the process will begin once the SMA temperature reaches the
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Table 4.2 Heat transfer parameters for the SMA

Parameter Value Units
Tamb 293 K
R 3.8 Ω
h 100 W/m2 ·K
c 836.8 J/kg ·K
ρ 6450 kg/m3

TAs 70 K
TAf 90 K

austenite start temperature TAs, and will be complete as the temperature reaches

the austenite finish temperature TAf .

Similar to the Liang model, an austenite activation parameter ϵa is introduced.

This indicates the transformation state of the SMA, where ϵa = 0 indicates full

martensite and ϵa = 1 indicates full austenite. This activation parameter follows a

cosine function during the phase change process, as in [10]

ϵa =



0, for T < TAs

1
2

(
1− cos

(
π T−TAs

TAf−TAs

))
, for TAs ≤ T ≤ TAf

1, for T > TAf

(4.45)

The force output of the SMA depends on a number of factors. The maximum

actuator force will depend on the phase state of the material. For a given displace-

ment, the SMA will generate a minimum force at full martensite, and a maximum

force at full austenite. A linear relationship can be assumed between the force
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output and the phase, using the activation parameter ϵa

F = ϵaFAu (4.46)

where FAu is the maximum austenite force of the SMA for a given displacement.

There is a force-displacement trade off in the actuator profile. As discussed

in Chapter 3, the austenite force output of the SMA drops as it recovers from

deformation and approaches its memorized length. This is also experimentally

shown in the SMA characterization tests, for example the coil 2 austenite profile

in Figure 3.14. Therefore the actual force output of the SMA actuator will be a

function of its displacement as well as the extent of phase transition. The force-

displacement trade off can be modelled by introducing an active stiffness term k∆δ

that describes the force-displacement curve of the SMA coil actuator

F = ϵaFAu − k∆δ = ϵaFAu − k(δmax − δ) (4.47)

where k is the active stiffness of the SMA coil, and ∆δ represents the extent of the

actuation stroke from a maximum deflection δmax. Therefore this model takes the

maximum austenite force FAu as the force at deflection δ = δmax.

The active stiffness can be identified from the austenite force-displacement pro-

file as the slope of a first order line. Taking the characterization data from Section

3.4 an average linear F-D curve can be found, as shown in Figure 4.4. The average
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maximum force at δ = 90 mm is FAu = 23.0886 N. This gives an active stiffness of

k =
23.0886N

90 · 10−3m
= 256.54N/m (4.48)

Thus, the actuator dynamics of the SMA coil are described. The input cur-

rent i(t) heats the SMA according to the heat transfer relationship in equation

(4.44), where the temperature of the SMA will induce phase transition according

to equation (4.45), which controls the SMA force output according to (4.47).

4.3 Dynamics of The Complete Integrated Mechanism

The activated SMA will pull on the end effector as it attempts to restore its

memorized contracted length. This linear force is transmitted along the tendon to

the mounting point on the end effector. Due to the tendon being mounted at a

distance away from the neutral axis of the third link, this creates a moment arm

from the line of action of the SMA to the third joint. Thus the output force of the

SMA is applied to the mechanism as a torque

τ1τ2
τ3

 =

 0
0
Fd

 (4.49)
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Fig. 4.4 Coil austenite F-D trade offs, with average profile

From the geometry of the structure, this moment arm distance d will run from the

height of the routing hole to the midpoint of the flexure thickness.

τ1τ2
τ3

 =


0
0

F

(
Hr −

t

2

)
 (4.50)

where Hr is the height of the routing hole, and t indicates the beam flexure thick-

ness, as illustrated in Figure 2.4.

This joint torque vector is what will drive the equations of motion for the finger

mechanism in equation (4.36). This allows for the dynamics of the SMA actuator to

couple into the motion of the finger mechanism, for a complete integrated dynamic

model.
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4.3.1 Simulated Results

A model of the full dynamics is created using Matlab/Simulink. The input to

this model is the current i(t) which will be conducted along the SMA coil. As

the Simulink block diagram in Figure 4.5 shows, separate dynamics functions are

used for the SMA heating and force output. The force output of the SMA is

fed into the dynamics of the 3R mechanism, according to equation (4.50). The

joint angle states are used to calculate the extent of SMA stroke, based on the

bending of each flexure joint, which feeds back into the SMA force. The dynamic

parameters of the 3R finger mechanism was populated with the 15 N finger design

from Table 2.1, and the SMA actuator dynamics is based on the characterization

data, as described in Section 4.2. It is assumed that the SMA is mounted in a

fully martensite state that has been stretched out to the maximum with an initial

displacement of δmax = 90mm.

The simulation is run with an input current step of 2 A, applied for eight seconds.

During this time the SMA heats rapidly, as shown in Figure 4.7(b). Once the SMA

Table 4.3 End effector equilibrium positions

Model Qx (mm) Qy (mm)
3R Quasi-Static 15 6
3R Dynamic 15.26 5.27

SMA Integrated Dynamic 10.25 16.35
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Fig. 4.5 Simulink model for complete system dynamics

temperature exceeds the TAs threshold the phase change process begins, as shown

more closely in Figure 4.8(b). The SMA force increases with the phase transition

to austenite, actuating the finger and driving the joint angles in Figure 4.7(f). It

can be seen that the output force of the SMA rapidly increases until it peaks, and

then decreases until settling. This is shown more closely in Figure 4.8(c). This is

due to both the active stiffness of the SMA causing a force dropoff, and the increase

in finger resistance as it is pulled beyond the designed-for equilibrium point. The

effect of pulling beyond equilibrium can also be clearly seen in Figure 4.8(d), as the

θ3 profile resembles an overshoot before settling at steady state.

As shown in Figure 4.6(a), the system reaches equilibrium when the resistance

of the finger joints balance with the SMA output force. The position of the end

effector here is (10.25 mm, 16.35 mm) mm. This is very different than the dynamic

results of the 3R mechanism alone. The different end effector equilibrium positions

for these models are summarized in Table 4.3. This is because the system reaches

equilibrium at an SMA force of F = 13.32 N. This is the point where, due the
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(a) At equilibrium (b) After biasing

Fig. 4.6 Simulated trajectory for thermally activated SMA pulling finger

actuator force-displacement trade off, the SMA is not able to output quite enough

force at this deflection to pull the finger any further.

The simulation shows the SMA temperature is saturated beyond TAf
, and so it

takes several seconds for the SMA to begin transitioning back to martensite after

the input current is stopped. The SMA gradually cools through radiation to the

environment. As the SMA transitions to martensite, the force output also rapidly

drops, and the resistance of the joints in the finger mechanism become dominant.

The trajectory of the finger as it biases the SMA is shown in Figure 4.6(b).

The dynamic model results show that the integration of the SMA with the fin-

ger structure will lead to different behaviour than was seen with the static model.

This allows us to predict the behaviour of an integrated test, and plan accordingly.
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(a) Input current (b) SMA temperature

(c) Activation parameter (d) SMA output force

(e) Applied torque by SMA (f) Joint angles

Fig. 4.7 Integrated SMA-finger dynamic simulation results
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(a) Temperature (b) Activation parameter

(c) SMA output force (d) Joint angles

Fig. 4.8 Simulation results during SMA activation period

Rather than attempting to re-design the actuator, it will be much simpler to use

these results to re-design the finger structure. That is to say, we can use the static

model developed in Chapter 2 to re-design to passive structure to match the actu-

ator. Of course this simulation has some major assumptions and simplifications,

for example this model takes the resistance of the SMA to be static, rather than a
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changing resistance which would affect the heat transfer behaviour. Also the SMA

force in this simulation does not account for the martensite force component, which

will change the biasing distance. In addition, this model uses a PRBM represen-

tation, and of course the physical mechanism will have long flexible joints, which

may lead to some different end effector positions. In any case, these results shall

act as a baseline for the final design iterations of the final assembly.
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5 Integration of the SMA Actuator and

Compliant Finger

This chapter discusses the integration of the SMA coil actuator with the com-

pliant antagonist robotic finger mechanism. The design of the finger is revisited to

improve performance, to incorporate the actuator profile of the SMA coil, and to

accommodate for the predicted behaviour shown in the dynamic model simulations.

The final design is manufactured and assembled with the SMA acting as an arti-

ficial muscle. High-speed camera footage of the robotic finger is used to evaluate

the performance of the final design.

5.1 Final Compliant Finger Design

The finger designs from Chapter 2 acted as a baseline design. Now with knowl-

edge of the SMA actuator profile from Chapter 3, and the predictions of the inte-

grated system dynamics from Chapter 4, the passive structure can be redesigned

to better match the actuator.
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First, looking at the actuator force output in Figure 4.7(d), it is observed that

the SMA actuator balances with the joint stiffnesses at 13.1 N. This simulation was

run with the 15 N finger design, but the end effector is not quite closed down at the

desired position as the austenite SMA can not produce high enough forces at that

displacement to pull the tendon the remaining amount. Therefore the finger can

be re-designed for a 13 N end effector load at close, to account for the F-D tradeoff

of the actuator.

In addition, it may be desirable to increase the flexure lengths of the finger.

Where previously the flexure lengths were calculated for the minimum required

joint angles, observations during additional testing has shown how the 3D print

resolutions may reduce the actual flexure length. Link boundaries coming into

contact too soon lock down the mechanism and prevent further flexure bending.

In addition, having increased flexure length allows for the possibility of increased

bending curl. As a gripper, it is beneficial to have additional bending available

for the manipulator to adapt to different objects. The additional flexure length

is achieved by adding a static flexure length offset to the algorithm described in

Section 2.3. However, as explored in Section 2.2.6, the flexible members being too

long may impact the desired pose approximation. Therefore a small length offset

such as 0.5 mm is chosen for each flexure
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Lfi = (H − ti) · θi + 0.5mm (5.1)

It is also necessary to consider the joint stresses during bending. The stress σ

in a beam bending with a moment load is given by

σ =
My

I
(5.2)

where M is the bending moment about the beams neutral axis, I is the moment of

inertia for the beam cross section about the neutral axis, and y is the distance from

the neutral axis to a point on the beam. From this formula, the maximum stresses

in the flexures will be at the top and bottom flexure faces, where the beam is in full

compression or tension. For these beam flexures, the moment arm can be expressed

as half of the flexure thickness y = t/2. The beam moment can also be expressed

in terms of the end effector actuator force and the distance from the routing hole

to flexure midpoint M = F (Hr − t/2) . This gives the maximum flexure stress as

σmax =
6Ft(Hr − t/2)

wt3
(5.3)

The material used for this compliant mechanism will again be TPU 95A from

Ultimaker. The manufacturer specifies the yield stress for this material as 8.6 MPa.

Therefore it is desirable to design the finger such that the maximum joint stresses

remain below this yield point. Considering the stress relation in equation (5.3), it
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is seen that for a given flexure thickness and actuator force the beam stress can be

reduced by decreasing the routing hole height or increasing the width of the beam.

However, this design process is iterative. As discussed in Chapter 2, there is a

recursive relationship between many of these parameters. Altering the routing hole

height or beam width according to equation 5.3, or the flexure length according to

equation (5.1) will all affect the joint stiffnesses and other design parameters. In

addition, the design of the finger for aesthetic reasons is still desired to be relatively

anthropomorphic, which restricts the design from being overly wide or tall.

With all of these additional design considerations, the compliant finger design

was tweaked several times before settling on a final design. This design slightly

increased the width of the entire mechanism to reduce the joint stresses, and in

proportion it slightly increased the height of the links and routing hole to avoid

overly long flexures. This is meant to balance a 13 N load from the SMA in a closed

down end effector position. The parameters for the final design are listed in Table

5.1. The model was printed using an Ultimaker S5 3D-printer, with measurements

of the manufactured part presented in Table 5.2.

5.1.1 Compliant Antagonist Profile

The force-displacement profile of the redesigned finger mechanism was obtained

using a similar experimental setup to that described in Chapter 2. The resulting
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Table 5.1 Design parameters for compliant finger

Parameter Value
F 13 N
Qx 15 mm
Qy 6 mm
Θ 270 deg
H 11 mm
w 18 mm
t1 2.088747 mm
t2 2.084393 mm
t3 2.091766 mm
Lf1 13.978551 mm
Lf2 17.100158 mm
Lf3 12.418647 mm

Table 5.2 3D-printed finger measurements

Dimension Measurement
t1 2.068 ± 0.0075 mm
t2 2.077 ± 0.0225 mm
t3 2.055 ± 0.0138 mm
Lf1 14.098 ± 0.1586 mm
Lf2 17.103 ± 0.1804 mm
Lf3 12.668 ± 0.1895 mm

F-D curve for this design is presented in Figure 5.1(a). The experimental results

show that the finger consistently closes down at 12.71 N. The F-D profile still shows

the same hysteresis behaviour, with a significant drop in force during the return

segment.

The integration of the compliant finger and the SMA coil is designed with the

hysteresis profiles of both the actuator and the antagonist in mind. As shown in
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(a) Experimental force-displacement pro-

file for final finger design

(b) Hysteresis matching of antagonist pro-

file with experimental SMA F-D profiles

Fig. 5.1 Antagonist F-D characteristic and expected hysteresis matching

Figure 5.1(b), there will be three distinct equilibrium points during the actuation

cycle, labelled as A, B, and C. The initial state before actuation is marked as A,

where the martensite force is expected to be dominant and pull on the finger until

the actuator and antagonist are in equilibrium at point A. The phase change of

the SMA to austenite will actuate the finger to point B, where the antagonist and

actuator are again at an equal force-displacement point. After actuation is complete

and the SMA cools back to martensite, the hysteresis in the antagonist will result

in a different intersection point with the martensite curve. This point C will be the

mechanism state after biasing is completed.
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5.2 Experimental Setup

The integration test is conducted with the SMA coil actuator mounted to the

robotic finger. The SMA coil is connected to the tendon through a floating isolation

mount, as shown in Figure 5.2(a). The coil loops through a short aluminum tube in

the mount, which keeps the tendon electrically isolated from the SMA, and prevents

the SMA from melting into the mount casing. The end of the SMA are connected to

binding posts on a ThorLabs NRT 100/M motorized stage. The compliant finger is

mounted in line with the stage, with the tendon running from the SMA connection

to the end effector. The connections are done with no displacement of the SMA

coil while maintaining tension in the tendon. Using the motorized stage the SMA

is displaced to δ = 90 mm, with the finger constrained to ensure SMA deflection

and prevent motion in the finger as shown in Figure 5.2(b).

Similar to the experimental setup described in Chapter 3, the input current to

the SMA is controlled by the Speedgoat IO133 module via a custom made voltage

to current circuit board. Voltage monitors on the PCB measure the voltage across

the SMA during the experiment. A Chronos 2.1 high-speed camera from Krontech

is mounted parallel to the experimental setup, as seen in Figure 5.3. The high-speed

camera is controlled by the Speedgoat, such that the video footage is synchronized

with the experiment. The video is recorded at 240 frames per second, with a
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(a) SMA to tendon connection (b) Experimental components labelled

Fig. 5.2 Integration test experimental setup

resolution of 1920×1080 pixels. The high-speed video is then used with a Matlab

motion tracking script to output the trajectory of the finger links and SMA coil.

5.3 Experimental Results

The initial tension from the SMA before actuating leaves the end effector at a

position of (101.97 mm, 38.76 mmm) and orientation of Θ = 57◦, which corresponds

to a tendon pull of 11.1 mm for the finger. Therefore the initial displacement for

the SMA in martensite is δM = 90 − 11.1 = 78.9 mm, which matches closely with

position A in Figure 5.1(b). The SMA is thermally activated by conducting 1.7 A

of current for 3 seconds, beginning at initial time t = 0. Video footage shows that

the SMA begins contracting almost immediately upon conduction of current. Time

lapse images of the experiment are provided in Figure 5.5, and a trajectory of the
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Fig. 5.3 High-speed camera view of experimental setup

finger mechanism is shown in Figure 5.4(a). The SMA coil continues to actuate

the finger until t = 3.25 seconds (0.25 seconds after the current has been shut off),

where the stiffness of the joints balance with the SMA actuator. A summary of the

experimental results is provided in Table 5.3.

Motion tracking of the SMA-to-tendon mount allows for accurate measurement

of the SMA stroke during the experiment, shown in Figure 5.4(b). The SMA coil

Table 5.3 Summary of integration test results

Parameter Value
Actuation Stroke 33.39 mm
Bias Distance 15.17 mm

Activation Time 3.25 s
Cooling Time 8.10 s

(Qx, Qy) (8.27 mm, 13.02 mm)
Θ 248.52◦
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(a) Trajectory of finger in XY plane (b) Actuator displacement over time

Fig. 5.4 Motion tracking of finger and SMA during the integration test

pulls the mechanism from an initial martensite displacement of δM = 78.9 mm to a

final austenite displacement of δA = 45.51 mm, resulting in an actuation stroke of

δstroke = 33.39 mm. This matches closely with the predicted stroke from equilibrium

points A to B shown in Figure 5.1(b). The initial 11 mm displacement combined

with the 33 mm actuation stroke results in a total linear displacement of 44.39 mm

for the compliant finger, which is slightly over the designed close stroke of 43.79 mm

for this finger design. The results show that the finger mechanism reaches an end

effector position of (8.27 mm, 13.02 mm) with respect to the base frame, with an

orientation of Θ = 248.52◦. This has some slight position error with the designed

end effector coordinates of (15 mm, 6mm, 270◦).

After actuation, the mechanism is held in the grip position for several seconds.
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(a) t = 0 (b) t = 1 s

(c) t = 2 s (d) t = 3 s

(e) t = 21.8 s (f) t = 42 s

Fig. 5.5 Time lapse images of the SMA coil actuating the finger
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As shown in the motion tracking for the SMA in Figure 5.4(b), there is a very

slight bias motion after actuation as the joint forces pull against the SMA. The

compliant mechanism is held like this for about 7 seconds, before the joint forces

become dominant at t = 11.10 seconds and the rate of bias motion increases.

This indicates that the SMA takes about 8 seconds after current conduction to

cool from convective heat transfer enough for the phase change from austenite to

martensite to begin. The biasing motion begins at an approximately linear rate,

with a maximum bias speed of 0.74 mm/s. This linear region occurs for about 15

seconds before levelling off asymptotically. The decrease in bias speed indicates the

system is approaching an equilibrium point between the force-displacement profiles

of the martensite coil and antagonist structure.

The compliant joints bias the SMA from a displacement of δ = 45.51 mm to

δ = 60.68mm, indicating a bias distance of 15.17 mm. The relatively short bias

distance indicate that the force-displacement profile of the finger is not dominant

over the martensite coil for a large region. This asymmetry in the finger F-D profile

is likely due to energy loss in the compliant joints, as shown in Figure 5.1(a). The

measured bias distance does not completely reset the mechanism after the actuation

stroke, but it does exceed the predicted bias distance at point C in Figure 5.1(b).

The experimental results showed a total heating-cooling period of 11.35 seconds.

The 8 second cooling time is an indication that the temperature of the SMA greatly
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exceeded the austenite finish temperature of the material. This passive cooling by

convection can be expedited by shaping the current input or introducing temper-

ature feedback, to minimize temperature saturation. This would allow for a much

faster transition to the return phase.

The results of the integration test match very closely with the predictions from

the dynamics simulations and the hysteresis matching. The video footage shows

that the flexure joints still have some room for greater bending, which indicates

that the end effector is held in equilibrium due to the joint stiffness rather than

from physical contact. This confirms the results from the Chapter 2 experiments,

where it was shown that this flexure design method enables stiffness matching for

a known actuator. This also validates the SMA coil design and characterization,

as the hysteresis matching correctly predicted that the SMA austenite force would

drop to 13 N at a displacement of 45.5 mm.
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6 Conclusions and Future Work

In this work, the engineering design process to match a compliant antagonist

structure to an SMA coil actuator was presented in order to create a robotic finger.

The use of flexible joints allows for the structure of the mechanism to bias the SMA

actuators, eliminating the need for external bias assemblies. This is accomplished

by design and characterization of both the actuator and the structure to achieve

equilibrium at the desired SMA stroke lengths. This principle is applied to the

design, manufacturing, and testing of a compliant finger gripper with an SMA coil

acting as an artificial muscle.

Through use of a static wrench analysis on the pseudo-rigid body model, a

relationship between flexure geometry and pseudo-rigid joint torques was estab-

lished. This allowed for calculation of the flexure geometry required to match the

desired actuator load to the mechanism pose. The stiffness based design of the

beam flexures were verified through linear displacement tests.

Characterization of the actuator and compliant structure allowed for a hysteresis
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matched final design. By measuring the F-D relationships of the SMA coil in

austenite and martensite phases, the finger was re-designed to establish equilibrium

points at desired positions in the actuation cycle. The derivation of a dynamic

model for both the actuator and mechanism also allowed for better prediction of

integrated behaviour.

The experimental results in Chapter 5 showed the successful integration of an

SMA coil actuator with the 3D-printed compliant robotic finger. The SMA austen-

ite force balances with the flexible joint stiffnesses such that the mechanism reaches

equilibrium near the designed-for grip pose. Upon cooling to martensite, the stored

elastic energy in the antagonist joints are able to partially bias the SMA coil. Due to

energy loss in the joints, the bias distance does not completely recover the actuation

stroke.

6.1 Future Work

As seen in the integrated tests, the entire actuation stroke is not recovered by

the antagonists. This is likely due to energy loss in the flexure material, which in

this work was a commercial thermoplastic polyurethane 3D printer filament. The

antagonist bias distance can be improved by selecting a different material for the

compliant structure, ideally one with better elastic energy storage or less hysteresis

behaviour.
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Another path for future work is temperature control of the SMA. As shown in

the dynamic simulations, the temperature of the SMA is likely greatly exceeding the

austenite finish temperature. This thermal saturation increases the time it takes

for the coil to cool down to martensite. This limits the actuation frequency of the

SMA. It may be possible to use the characterization data and dynamics simulations

to better shape the input for quick heating to the austenite finish temperature and

holding it there, or to introduce temperature sensors for feedback control.

The mechanism in this work is a single finger, but this can easily be expanded

into a multi-digit gripper. The compliant antagonist design method presented in

Chapter 2 can be applied to multiple digits with different load and pose require-

ments to produce the design of a more complex gripper. This can be an under-

actuated mechanism, only requiring one SMA coil per digit. Refinement of the de-

sign could also allow for better integration of the SMAs and compliant antagonists

to better replicate human muscle characteristics. It would also be interesting to

introduce haptic sensors, possibly with conductive pads on the digit end-effectors to

determine contact conditions. This could contribute to the development of a more

anthropomorphic prosthetic hand, with SMAs acting as artificial muscle, with sim-

ilar behaviour to that of a human hand.
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