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Abstract

Enterprises are adopting machine learning to gain knowledge from the vast amount

of data, which are normalized and stored in relational databases. All the features

required in different relations must be combined through join operations and fed

to machine learning processes. As a result, redundancy avoided by normalization

is reintroduced, which incurs additional costs. This thesis proposes the factorized

algorithms (F-GMM, F-NN and F-PPCA) for three widely used scenarios (GMM,

NN and PPCA) in machine learning to eliminate the redundancy introduced by

the joins. The training process can be conducted much faster without any loss in

accuracy for the exact decomposition. The efficiency improvement depends on the

relative redundancy of the original relations. Finally, we design extensive experi-

ments on both synthetic and real datasets to evaluate the performance of the pro-

posed algorithms by varying parameters of interest. The factorized method yields

significant efficiency improvements, which increases with redundancy growth.
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1 Introduction

1.1 Motivation

With the rapid development of data analysis and storage technologies, machine

learning (ML) and data management are integrated closely during the enterprise’s

business process, such as discovering the value of data to support decision-making.

Most enterprises adopt traditional relational databases that use tables to store data

in rows and columns, and represent their relationships among data [1]. In relational

databases, the normalized data is stored in separate minimal relational tables de-

signed following strict normal forms, such as 2NF and 3NF, to avoid repetition,

improve data consistency and retrieve information efficiently. Each table stores

data of a particular subject, and there is no transitive dependency for them. They

are linked to other tables with primary/foreign-key relationships. The primary key

uniquely identifies a row in a table and the value of a foreign key corresponds to

the values of the primary key in another table [1].

When data analysts take advantage of ML for enterprise data analysis, they
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often select features scattered in various tables. However, most existing ML algo-

rithms are assumed to take a single table as the input. To integrate all the required

features, the traditional approach performs join operation for the normalized ta-

bles via primary/foreign key to get a new materialized table on the disk to feed

the ML algorithms. Some adverse effects arise after such an operation. First of all,

the new table reintroduces the redundancy removed by the normalization. As a

result, it increases the repetitive computation costs on the redundant data during

the training process. Besides, due to the enormous amount of data, materializing

this new table imposes more storage space and the enterprise requires overheads to

maintain it. Furthermore, the learning process is continuous as the data are up-

dated frequently; thus, conducting joins for every exploration is time-consuming.

Therefore, unnecessary costs from learning after joins lead to low efficiencies for the

interaction application between database and ML.

Consider the example shown in Figure 1.1. The analysts intend to model cus-

tomers’ shopping trends in a store. Some features are the order details stored in

the table Orders (OrderID, CustomerID, ItemID, Time, Amount), where OrderID

is the primary key, and the other features are the items information stored in the

table Items (ItemID, Price, Size, Colour, Category), where ItemID is the primary

key. ItemID is a foreign key from Orders referencing Items. The original tables

have four rows and five columns, two rows and five columns, respectively. After
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the join operation, two small tables become one big table with four rows and nine

columns. In the new table after joins, we can see that one row where ItemID = 002

in Items repeatedly appears two times for the matched tuples in Orders, and so

does the row where ItemID = 001.

Figure 1.1: An example of redundant data

It is essential to find an effective way to avoid the additional costs of joining

during the input stage. Recently, some studies have recognized this issue and utilize

factorized ways to reduce redundancy in specific scenarios. They were initially

aimed at for the linear models [2] and executed various linear algebra operations

[3]. The follow-up articles explore the same issue for different models, such as

Independent Gaussian Mixture Models (IGMM) [4] and Support Vector Machines
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(SVM) with Gaussian Kernels [5]. However, the algorithms of ML are diverse and

applicable to different scenarios. We pay more attention to whether the factorized

method applies to other application scenarios.

In this thesis, we focus on two nonlinear ML models and a dimensionality re-

duction method to analyze whether they can be performed over normalized data.

Our proposal is the factorized algorithm based on the original datasets instead of

materializing the results after joins to push the computation. As far as we know,

there is not any work considering the general case of Gaussian Mixture Models

(GMM), various forms of Neural Networks (NN) and Probabilistic Principal Com-

ponent Analysis (PPCA) executed over normalized input. Specifically, GMM is a

training method used for clustering, while NN is one classical model to solve classifi-

cation or regression problems. GMM is prevalent in financial analysis, quantitative

finance, astronomy and banking applications, especially dealing with the returns of

asset classes. NN is one widely used model to solve complex problems like pattern

recognition or facial or handwriting recognition, weather prediction, and signal pro-

cessing. Besides, we choose an iterative dimensionality reduction algorithm named

PPCA to explore the application of data prepossessing. For the enterprise datasets

we mentioned before, the features are in different relations. Most of the time, we

cannot recognize which information is useful or not by experience. After the joins,

all the features from different tables will be considered in reducing dimensionality
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before getting the final low-dimensional data for the training process. We can di-

rectly utilize the data from the normalized relations to reduce the high-dimensional

data and improve efficiency by removing the redundant part from the joins. One

typical characteristic of these application scenarios is the training process needs

complicated calculations. Therefore, there is a potential to improve efficiency when

removing the joining step to reduce the redundant computations.

The challenge is how to decompose the computation precisely without reducing

the quality of the outcomes or the scalability of the algorithms. Any approximation

will affect the training quality and produce a model different from the original ones.

Thus, the focus of this work is to provide the detailed decomposition steps for the

training processes of specific algorithms to achieve exact decomposition.

1.2 Methodology

Based on the previous paper[6], we design three alternative methods to construct

the above three ML application scenarios and analyze the performance improvement

from both theoretical and experimental aspects.

There are two baseline approaches presented for comparison. The materialized

method (M-algorithm) is the standard way to deal with this issue by materializing

the join results on the disk. For GMM, NN and PPCA, the corresponding algo-

rithms are M-GMM, M-NN and M-PPCA. The streaming method (S-algorithm) is

5



computing the joins in batches on the fly without storing the join results and we

also provide the algorithms (S-GMM, S-NN and S-PPCA) for each ML case.

Our proposal is one factorized method (F-algorithm) that using the normalized

data directly to calculate the equations after decomposition. In the algorithms of

F-GMM, F-NN and F-PPCA, we factorize the training process step by step to sep-

arate the input data from different normalized tables and indicate which parts can

bring savings. The target is to explore whether the factorized method is more effec-

tive than the other two baseline methods. Specifically, for F-GMM, we use the EM

algorithm to train the parameters during E-step and M-step utilizing the reused cal-

culation effectively. For the case of NN, the proposed F-NN algorithm demonstrates

the training process can be decomposed to take normalized data into account. Sig-

nificant benefits can be achieved between the input layer and the first hidden layer

during forward and backward propagation. However, we do not continue pursuing

this at higher layers of the network because we can no longer guarantee the exact-

ness of the decomposition for different activation functions. As to PPCA, the best

choice for training is also the EM algorithm. The probabilistic latent variables in

PPCA are continuous, so the decomposition process in F-PPCA is entirely differ-

ent from that in F-GMM but reusing calculation still brings considerable efficiency

improvement.

In general, the factorized approach’s cost savings come from two sources: I/O
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savings and computation savings. Firstly, F-algorithm removes the step of ma-

terializing the join results on the disk and instead executes the probing process

on the fly in batches, bringing significant I/O savings. Secondly, we eliminate re-

dundant computation by factorizing the calculation for the parameter updates. In

F-algorithm, the partial parameter update equation that only involves the features

in the dimension table can be calculated just once for all matching feature vec-

tors from the fact table by primary/foreign-key relationship. In addition, various

trade-offs between F-algorithms and baseline algorithms are compared. Thus, we

can determine the efficiency improvement by qualitatively analyzing these two as-

pects before and after the decomposition. Besides, we also investigate how the

differences of characteristics in the underlying relations involved affect the benefits

of our proposal. The general conclusion is the more redundancy brings the more

benefits.

To explain the process more clearly, all the algorithms are derived for binary

joins in detail. Then, to prove its applicability, it is generalized to multi-way joins

as well.

1.3 Contributions and Outline

In summary, we make the following contributions:
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• Motivated by the linear models, we formally define the problem of three pop-

ular applications of ML over normalized data. To the best of our knowledge,

this is the first work to address the general form of GMM, NN and PPCA.

• For each application of GMM, NN and PPCA, we present three algorithms to

analyze their performance for binary joins. In particular, F-GMM, F-NN and

F-PPCA are the factorized algorithms utilizing normalized data to explore

the reuse of computation.

• We analyze the reason for performance improvement qualitatively depending

on the characteristics in the relations, including the I/O cost savings and the

calculation savings.

• We generalize the solution of binary joins to multi-way joins by taking GMM

as an example.

• For the case of NN, we analyze the impact of different activation functions

on sharing computations during the training phase. We investigate the com-

putation cost at higher layers of the network and indicate the limitation of

F-NN.

• We experimentally quantify the effectiveness of our proposal and present the

results of a thorough evaluation testing the impact of different dataset param-
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eters using synthetic datasets. We also utilize publicly available real datasets

demonstrating impressive performance improvement.

The rest of the thesis is organized as follows. Chapter 2 reviews related work. In

Chapter 3, we present background material for GMM, NN and PPCA as well as the

notations required in the training process. Chapter 4 formally defines the problems

and notations we focus on in this thesis and introduce the algorithm frameworks for

our proposed method as well as the baseline approaches. In Chapter 5, we present

three algorithms for GMM and the detailed decomposition process in algorithm

F-GMM for both binary and multi-way joins. In Chapter 6, we introduce the

three algorithms for training NN and the limitations existing in F-NN. Chapter 7

starts with two baseline algorithms for PPCA and then provides F-PPCA with the

decomposition process. Chapter 8 illustrates the results of a thorough experimental

evaluation of the proposed algorithms and the baseline algorithms across a variety

of cases. Finally, Chapter 9 summarizes the conclusion in this thesis and discusses

avenues for this research area in the future.
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2 Literature Review

In this section, we organize the existing studies related to the problem into five

general threads.

2.1 Machine Learning on Big Data

ML is the core of artificial intelligence and data science, which are fast-growing

technical fields. Meanwhile, the rapid development of big data has also attracted

widespread attention and applications from industry, academia, government, and

organizations. Zhou et al. [7] introduced an extensive data ML framework to

analyze its opportunities and challenges. It is centered on ML following the pre-

processing, learning, evaluation stages and composes of big data, users, domain

systems. The availability of high-quality intensive data will improve the result of

ML. Elgohary et al. [8] combined compression techniques and sparse matrix repre-

sentations to be compressed linear algebra to study many popular ML algorithms in

memory. Khamis et al. [9] indicated in-database learning is more efficient than out-
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of-database for costly data export loop and introduced the algorithms for training

some models in relational databases using sparse tensors.

However, in many cases, a large part of the information in the data has not

been exploited. Al-Jarrah et al. [10] proposed a sustainable data modeling to un-

derstand the large amount of data related to their field by discovering patterns

and correlations effectively and efficiently. With its development, there is a list

of the critical data processing issues caused by the ML pipelines deployed in pro-

duction from understanding, validating, cleaning, and enriching data. To increase

the quality of the models, the most common way is adding new features via joins

[11]. Besides, Jan et al. [12] pointed out that the combination of deep learning

technology and high-speed data processing mechanism will bring some limitations

because it is not general and cannot learn features in big data. However, proposing

a method to compare various deep learning techniques to process big data proves

that using supervised and unsupervised training techniques is an excellent method

to build deep learning.

2.2 Machine Learning and Data Management

It is a critical issue to deal with the extensive amount of data using appropriate

data management techniques. The integration of ML technology with data man-

agement has attracted many researchers in academia. Miao et al. [13] illustrated
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some significant data management challenges during the process of learning and

managing deep learning models and presented the ModelHub system, including

command-line version management tool and domain-specific language to address

them. Cai et al. [14] applied SQL-based specification, simulation, and querying of

database to Bayesian ML. Kraska et al. [15] designed MLbase following the idea

of the database system to make ML applicable to datasets of various sizes. Mlog

[16] is a declarative language that integrates ML into data management systems to

deal with the data processing related to ML by operating over tensors with linear

algebra. Kara et al. [17] explored the stochastic coordinate-descent method for the

integration of ML into a column-store database to train generalized linear models.

More and more specific open-source platforms are designed to support ML al-

gorithms and make them more scalable based on RDBMS or distributed platforms.

Many academic papers provided the design and description for the projects recog-

nized and applied in the industry. Gao et al. [18] proposed a concise declarative

language named BUDS to implement ML algorithms on distributed computing plat-

forms. MADlib [19] is a library used to provide SQL-based algorithms for ML that

run at scale within a database engine. SystemML [20] provided an end-to-end de-

scription of declarative ML to run ML algorithms transparently on Spark. Apache

Mahout [21] is a distributed linear algebra framework primarily used for creating

scalable ML algorithms. Spark MLlib [22] is a scalable library to make practical

12



ML easy.

2.3 Machine Learning Optimization

The latest advances in ML are supported by new algorithms, availability of big

explosive data, and continuous improvements in computing efficiency [23]. With the

widespread application of ML, more and more people pay attention to its efficiency.

Through reviewing and commenting on numerical optimization algorithms in ML

applications, Leon, Frank and Jorge [24] explained how optimization problems arise

for the ML area and their challenges. Dunjko et al. [25] from the perspective of

quantum, proposed a method to improve the efficiency of ML. Park et al. [26]

designed a specialized computing stack for supporting the scale-out acceleration

of many ML algorithms and allowing programmers to break away from hardware

design. Snoek, Larochelle and Adams [27] described their automatic method to

optimize the performance of any given learning algorithm on the problem through

the framework of Bayesian optimization and showed dramatic improvement on some

widely used ML models. Mahajan et al. [28] integrated DAnA with PostgreSQL

to realize an efficient hardware accelerator, which can map in-database advanced

analytics queries for various ML algorithms. To deal with the repeatedly changing

workflows of ML and shorten the time to attain the desired results, Xin et al. [29]

designed a system that can accelerate the iteration and feedback intelligently.
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2.4 Factorized Database

Factorized database is one exact representation for relational data utilizing the law

of relational algebra to share the redundant data and reduce the computation in the

query result, such as the Cartesian product over union [30]. Bakibayev, Olteanu

and Zavodny [31] used compact factorized representations at the physical layer to

reduce data redundancy and apply the queries for the in-memory datasets. Bak-

ibayev et al. [32] expanded the factorized database to support a broader range of

queries with aggregates and ordering by proposing new optimization and evaluation

techniques. Rendle [33] proposed a method for linear regression and factorization

machine models to encode the repeating patterns in the feature vectors to the pre-

dictor variables generated from relational data to get a considerable speed-up in the

computation, but it only supports the in-memory datasets. Olteanu and Zavodny

[34] applied two methods of factorized representations: namely f-representations

and d-representations, for results of equi-join queries and compared their succinct-

ness. Olteanu and Schleich [35] illustrated a system named F for building regres-

sion models over the computation and representation of materialized views to avoid

redundancy by factorizing data and computation in memory. The factorized rep-

resentation provides the basic idea to represent relations with join dependencies

using algebraically equivalent forms. Here we will generalize this idea to applying

14



the ML algorithms for the data stored in the database.

2.5 Machine Learning over Normalized Data

As to learning the models over normalized datasets, scholars have made some con-

tributions. Most of these works focus on specific ML algorithms. Kumar, Naughton

and Patel [2] recognized the problems existing in the results after joins and devel-

oped specific algorithms to build generalized linear models using the factorized com-

putation. Although their application scenarios are limited, it provides a standard

direction for subsequent research. Schleich, Olteanu and Ciucanu [36] exploited a

new structure to rewrite the objective function for the linear regression to decouple

the co-factors computation of model parameters. Their factorized approach can

be applied to complex user-defined aggregate functions instead of joins and simple

aggregates. Chen et al. [3] utilized linear algebra operators to develop a new frame-

work for generalizing the benefits of factorized ML over normalized data in a unified

way and yielded significant speed-ups on several ML algorithms such as Linear Re-

gression and K-Means clustering. In the following article, Li, Chen and Kumar [37]

extended nonlinear operators for optimizing quadratic feature interactions within

the factorized linear algebra framework for the ML over normalized data. Khamis

et al. [38] implemented a gradient descent solver to optimize problems by iteratively

improving the solution using normalized data. Cheng and Koudas [4] presented an

15



algorithm to factorize construction over normalized data focusing on the restricted

case of Independent Gaussian Mixture Models (IGMM). Yang et al. [5] investigated

the case of learning Support Vector Machines (SVM) via factorizing Gaussian ker-

nel over normalized data from the view of linear algebra operations. However, their

research did not involve the nonlinear models we have chosen or any dimensional-

ity reduction method. This thesis intends to provide a more enlightening analysis

system to expand its application scope further. It is the extension of our work [6]

adding the new ML application scenario (PPCA) with more detailed theoretical

analysis and thorough experimental reports.

At the same time, some articles discussed the feasibility and applicability of ML

on normalized data. Kumar et al. [39] theoretically identified avoiding features

brought in by joins may cause a decrease in accuracy for some cases and provided

rules to measure the effects through simulations. They also conducted experiments

to validate their rules for determining when it is safe to avoid joins. Kumar et al.

[40] demonstrated an integrated toolkit for databases and models named Santoku.

It is used to decide whether to denormalized the ML datasets based on factorized

learning.
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3 Preliminaries

This section will present materials about three ML application scenarios (GMM, NN

and PPCA) discussed in the following thesis and introduce the notations involved.

These are three standard ML models with different applicable scopes. We take

the most common training method for each of them suitable for the factorized

idea. This thesis only focuses on the efficiency improvement before and after using

factorization for a specific application scenario. We do not consider comparing

efficiency among different training methods in the same application scenario or

different ML application scenarios.

3.1 Gaussian Mixture Models (GMM)

GMM is an unsupervised data clustering method for comprising a fixed number

of Gaussian distributions [41]. The purpose of model learning is to estimate the

parameters of the individual normal distribution components. Different from the

previous paper [4], in this thesis, we consider the most general case for GMM with
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arbitrary covariance matrices. Table 3.1 gives the notations used in the GMM.

Table 3.1: Notations used in GMM

Symbol Meaning

K Number of clusters

µk Mean of component k

Σk Covariance of component k

πk Mixing coefficients of component k

z Latent variable

γk Probability that x is generated by component k

Assume we are given N training data points x(n), 1 ≤ n ≤ N with dimension d.

The probability density function of the k-th Gaussian component in the mixture

model is:

N (x(n)|µk,Σk) =
1√

(2π)d|Σk|
e−

1
2 (x(n)−µk)T Σ−1

k (x(n)−µk) (3.1)

The distribution of a mixture of K Gaussian components is:

P(xn) =

K∑
k=1

πkN (x(n)|µk,Σk) s.t.

K∑
k=1

πk = 1 (3.2)

Expectation-Maximization (EM) algorithm is one of the most widely used meth-

ods to calculate the parameters [42]. It applies an iterative way to identify the

maximum likelihood when the model contains an unobserved latent variable. The

process includes two steps: estimation step (E-step) and maximization step (M-

step). E-step is to estimate the expected value for each latent variable and M-step
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is to optimize the parameters in the distribution using maximum likelihood. The

EM algorithm starts with initial values of parameters and iteratively updates these

values through repeating E-steps and M-steps until the convergence criteria are

met.

For GMM, z is a latent variable, which means the probability of a given data

point x(n) from component k. In the E-step, the posterior distribution of z(n) is

updated using the current parameters µk, Σk and πk:

γ
(n)
k = P(z(n) = k|x(n)) =

πkN (x(n)|µk,Σk)∑K
j=1 πjN (x(n)|µj ,Σj)

(3.3)

In M-step, µk, Σk and πk are re-estimated using Maximum Likelihood Estimation

(MLE) given the current γk using the following equations:

µk =
1

Nk

N∑
n=1

γ
(n)
k x(n) (3.4)

Σk =
1

Nk

N∑
n=1

γ
(n)
k (x(n) − µk)(x(n) − µk)T (3.5)

πk =
Nk
N

with Nk =

N∑
n=1

γ
(n)
k (3.6)

One general criterion to judge convergence is the difference of the log-likelihood

between two consecutive iterations is less than a threshold set in advance. The

log-likelihood function can be represented as:

lnP(x|π, µ,Σ) =

N∑
n=1

ln(

K∑
k=1

πkN (x(n)|µk,Σk)) (3.7)
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3.2 Neural Network (NN)

A neural network is composed of simple adaptable units for simulating the re-

action of the biological nervous system to real-world objects [43]. Nowadays, this

framework is used in the ML area, applying a series of algorithms to identify the re-

lationships between large amounts of data. NN is one supervised regression model,

which has gained popularity recently in data analysis with the development of deep

learning [44]. Table 3.2 gives the notations used in the NN.

Table 3.2: Notations used in NN

Symbol Meaning

hj Hidden unit in first layer

lk Hidden unit in second layer

pj Input value of hj

qk Input value of lk

wji Weight between xi and hj

wkj Weight between hj and lk

b Bias

nh Number of units in first layer

nl Number of units in second layer

no Number of units in output layer

O Output of the network

Y Learning target

α Learning rate

The input value of j-th hidden unit in first layer, where j ∈ {1 . . . nh}, can be
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described as a sequence of linear transformations shown in Equation 3.8. For one

input data point x(n) with dimension d, xi
(n) is one input feature, where i ∈ {1 . . . d}.

The superscript [1] denotes the corresponding parameters at the first hidden layer

of the network.

p
(n)
j =

d∑
i=1

w
[1]
ji xi

(n) + b
[1]
j where j ∈ {1 . . . nh} (3.8)

After receiving the input value, the first hidden unit generates output value through

a differentiable activation function f :

h
(n)
j = f(p

(n)
j ) (3.9)

The most widely used activation functions include Sigmoid, σ(a) = 1
1+exp(−a)

,

ReLU, ReLU(a) = max(0, a), and Tanh, tanh(a) = 2σ(2a) − 1. All the outputs

of the first hidden layer are combined through similar linear transformations to be

the input value of the hidden unit in the second hidden layer:

q
(n)
k =

nh∑
j=1

w
[2]
kjhj

(n) + b
[2]
k where k ∈ {1 . . . nl} (3.10)

Then, we can get the outputs of the second layer by applying the activation func-

tion. In this way, a multi-layer network will be calculated and the output value

O(n) of the last layer is the final output of the whole neural network. The training

process determines the weights and the bias between two adjacent layers according

to the training data.

21



The Backward Propagation (BP) algorithm is an excellent method to mini-

mize the error function for updating the parameters. It is based on Gradient De-

scent(GD) method, which includes Batch Gradient Descent, Mini-batch Gradient

Descent and Stochastic Gradient Descent. There is no potential to explore the re-

dundancy among different data points for Stochastic Gradient Descent because the

parameters are changing when training every data point. BP is also an iterative

learning process, which includes two phases. The first phase, also called the forward

propagation phase, provides data to the input layer and forwards the signal layer

by layer utilizing the current weights w and bias b until getting the output O to

calculate the error E. One of the most commonly used ways to calculate E is to get

the cumulative error of N data points, which can be represented as the following

error function:

E =
1

2N

N∑
n=1

no∑
m=1

(O(n)
m − Y (n)

m )2 (3.11)

The second phase, also called the backward propagation phase, is to propagate

the error back to the hidden layer units to calculate the gradients of the units and

update all the parameters w and b between each two adjacent layers of the network:

w = w + ∆w where ∆w = −α∂E
∂w

(3.12)

b = b+ ∆b where ∆b = −α∂E
∂b

(3.13)

∂E
∂w

is the derivative of error with respect to weights evaluated by applying the
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chain rule [44]. For example, suppose there is only one hidden layer, to update wkj:

wkj = wkj − α
∂E

∂wkj
∂E

∂wkj
=

∂E

∂Om

∂Om
∂qk

∂qk
∂wkj

(3.14)

The further expansions of the gradients depend on the choice of the activation

function. When the error reaches the expected small value, the iteration will stop.

3.3 Probabilistic Principal Component Analysis (PPCA)

Dimensionality reduction is a critical part of the data preparation in ML, which

refers to the technologies that map the data points in the original high-dimensional

space to the low-dimensional space. The significance lies in the extraction of useful

information and the facilitation of data visualization. Principal component analysis

(PCA) is one of the most prevalent dimensionality reduction techniques [45]. The

target is to calculate the orthogonal projection of the original data onto a lower

principal subspace of lower dimensionality by looking for the maximum variance of

the projected data or the minimum average projection cost.

One effective way to solve PCA is to regard it as the maximum likelihood

solution of a probabilistic latent variable model. Thus, the Probabilistic PCA

(PPCA) technique is proposed [44]. PPCA is the optimized algorithm for regular

PCA to estimate the principal axes without the intermediate steps to calculate the

complex data covariance matrix [46] and provide the probabilistic distribution of
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the data. It is more flexible and efficient than regular PCA when the dataset is

huge or exists missing data. Table 3.3 provides the notations used in PPCA.

Table 3.3: Notations used in PPCA

Symbol Meaning

p Dimension after reduction

z Gaussian lalent variable (p× 1)

W Principal axes (d× p )

µ Mean

ε Zero-mean noise variable

σ Residual variance

Specifically, for a data point x(n) with dimension d, we aim to find a latent vari-

able z(n) with lower dimension p. Thus, x(n) is defined by the linear transformation

of z(n) plus d-dimensional Gaussian noise:

x(n) = Wz(n) + µ+ ε where ε ∼ N (0, σ2I) (3.15)

The prior distribution over z(n) is defined as following, which is a zero-mean unit-

covariance Gaussian:

P(z(n)) = N (0, I) (3.16)

The conditional distribution for x(n) can be presented as:

P(x(n)|z(n)) = N (Wz(n) + µ, σ2I) (3.17)

Thus, it is a typical example of the linear Gaussian framework, because all of the

marginal and conditional distributions are Gaussian. The purpose for training is

24



to determine the parameters W , µ and σ2 in the model. The exact closed-form

solution of µ is derived by the log likelihood [44]:

µ = x =
1

N

N∑
n=1

x(n) (3.18)

However, getting the exact closed-form solutions for W and σ2 is computationally

intensive. As each data point x(n) corresponds to a latent variable, we can utilize

the EM algorithm to calculate parameters through maximum likelihood estimation.

According to Equation 3.16 and 3.17, the log-likelihood function can be get:

lnP(x, z) =

N∑
n=1

{
P(x(n)|z(n)) + P(z(n))

}
(3.19)

For PPCA, in E-step of EM algorithm, we use the previous parameters W and

σ2 to get the expectation with respect to the posterior distribution of z(n) and

z(n)z(n)T
:

E[z(n)] = M−1WT(x(n) − x) (3.20)

E[z(n)z(n)T
] = σ2M−1 + E[z(n)]E[z(n)]T (3.21)

where M = WTW + σ2I

In M-step, we maximum the likelihood function with respect to W and σ2 to get

the equations of new value:

Wnew =

[
N∑
n=1

(x(n) − x)E[z(n)]
T

][
N∑
n=1

E[z(n)z(n)T
]

]−1

(3.22)
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σ2
new =

1

ND

N∑
n=1

{
‖x(n) − x‖

2
− 2E[z(n)]

T
Wnew

T(x(n) − x)

+ tr(E[z(n)z(n)T
]Wnew

TWnew)
}

(3.23)

Similarly, the E-step and M-step will be repeated until meeting a convergence

criteria.
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4 Problem Description and Algorithm

Frameworks

In this chapter, we first formally define the problem we focus on in this thesis and

then introduce three algorithms involved in our analysis.

4.1 Problem Description

In order to make the problem more clear, we mainly consider scenario of binary

join over normalized data. Following the style presented in [2], there are two rela-

tions S(SID,XS, FK) and R(RID,XR) with a primary/foreign-key relationship

(S.FK refers to R.RID), where XS and XR are the feature matrices in S and R

respectively. We assume that relation S has nS tuples and relation R has nR tuples

satisfying nS > nR. There are dS features in n-th feature vector xS
(n) of XS and dR

features in xR
(n) of XR. The feature matrix X in join result is the concatenation

of the features from the joining tuples of S and R. There are N feature vectors

in X where N = nS and each vector x(n) has d features satisfying d = dS + dR.

When learning a GMM or using PPCA to reduce dimensionality, the result of the
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projected equi-join table T can be expressed as:

T(SID,RID,X) = T(SID,RID, [XSXR])← ΠSID,RID,XS ,XR
(R ./RID=FK S) (4.1)

For the case of NN, relation S(SID, Y,XS, FK) has an additional attribute Y ,

which is the target for learning purpose, so the projected schema becomes T

(SID,RID, Y, [XSXR]). Table 4.1 summarizes the notations used in this paper.

We generalize the binary case to multi-way case and take GMM as an example

to analyze the factorized method in Section 5.3. There are q attribute tables Ri

where i ∈ {1 . . . q} to join with S, which has q foreign keys. To ease notation, we

denote S as R0 and dS as dR0 . Therefore, we perform the factorization over a join

sequence for Ri where i ∈ {0 . . . q}, which can be represented as:

T(SID,RID, [XR0
XR1

. . .XRq
])

← ΠSID,RID,XR0
,XR1

...XRq
R1 ./RID1=FK1 . . .Rq ./RIDq=FKq R0 (4.2)

The data in table S and R is represented in a normalized way, but table T

reintroduces the redundancy back due to the join via the relationship between

S.FK and R.RID. In the following discussion, we will explore the effective way to

eliminate the negative impacts. All the proposed algorithms are equally applicable

to all types of joins, such as block nested-loop join and hash join.
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Table 4.1: Notations used in the algorithms

Symbol Meaning

R Relation

S Relation

Ri i-th bach of R

Si i-th bach of S

T Join result table

|R| Number of pages in R

|S| Number of pages in S

|T | Number of pages in T

Y Target

nR Number of tuples in R

nS Number of tuples in S

N Number of tuples in T (N = nS)

dR Number of features in R

dS Number of features in S

d Number of features in T (d = dR + dS)

X Feature matrix in T

XR Feature matrix in R

XS Feature matrix in S

x(n) n-th feature vector in T

x
(n)
R The part from R in x(n)

x
(n)
S The part from S in x(n)

x
(n)
i i-th feature in x(n)

Iter Number of iterations in training algorithm

m Number of times reading data in one iteration

4.2 Three Algorithm Frameworks

In this part, we introduce the frameworks for the baseline approaches (M-algorithm

and S-algorithm) and our proposal method (F-algorithm) from a general perspec-
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tive. For GMM, NN and PPCA, the corresponding algorithms will be concreted

in Chapter 5, 6 and 7, such as M-GMM, S-GMM and F-GMM. We also analyze

the costs to show the trade-offs may exist and the efficiency improvement for the

factorized way.

4.2.1 Framework for M-algorithm

M-algorithm is the baseline algorithm to materialize the join results on the disk,

which most data analysts widely use, as we introduced before. Its process is depicted

in Figure 4.1. Essentially, we need to get a new table T after the join of the

normalized tables S and R involved, materializing all the results in T on the disk,

and reading them subsequently to complete the training process of the target model.

For the cost of the M-algorithm, we analyze it from two aspects: I/O cost and

CPU cost. More specifically, I/O cost includes the time to fetch data from table

S and R for joins, write it back to the database and read data from table T for

training. CPU cost includes the time of a series operation for S and R during

the join process and the computation time for updating the parameters during the

training process.

For I/O cost, during the phase of data preparation, it needs to get table S and

R from the database by reading |R|+ |R||S| pages for nested loop join. As to block

nested loops join and hash join, that will be |R|+ |R|
BlockSize

|S| pages and 3(|R|+ |S|)
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Figure 4.1: M-algorithm framework

pages, respectively. We refer to this time as joinIOcost. After completing the join

operation, |T | pages should be written back to the database. When training the

model, we need to read all the tuples from T into memory m times during one

iteration, which is determined by the training algorithm. For example, in GMM,

all the data points will be read three times in one iteration because there are three

parameters in the model and the update of each parameter requires all tuples to

participate. In summary, the total I/O cost of M-algorithm is joinIOcost + |T | +

iter ×m× |T |.

As to CPU cost, different join methods consume different computation time in
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the join process, which refer to joinCPUcost. Taking hash join as an example,

joinCPUcost includes the time of partitioning tables, constructing hash and com-

paring keys. When updating the parameters using ML method, N × d fields of T

involved in the calculation because there are N tuples in T and d features in each tu-

ple. Denote the time for one field to do the calculation in ML is mlCPUcost. Thus,

the total CPU cost of the M-algorithm is joinCPUcost+ (N × d)×mlCPUcost.

4.2.2 Framework for S-algorithm

S-algorithm is another baseline approach computing the joins in batches on the fly,

adopting the idea of stream. Its aim is to eliminate the impact of materialization

in the M-algorithm, but it still needs to feed non-normalized data into the training

model. Specifically, we perform the joins of S and R on the fly by reading one

batch of R, retrieve tuples from S and form one sub-table of final join results in

the memory to compute the model parameters immediately. In this way, we read

all batches of R sequentially to execute the joins operation with S and compute

the ML model. The whole process does not rewrite the join results on the disk so

that there is no table T. Figure 4.2 illustrates how the data be fed to the model,

where Si and Ri are the i-th batches of S and R respectively.

Since the join results are not stored, we need to fetch data from the original

tables to execute the join operation for m times in one iteration. The intermediate
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Figure 4.2: S-algorithm framework

results of the data will be fed to the model intermediately until the end of the train-

ing involving them. So, the total I/O cost for S-algorithm is iter×m×joinIOcost.

Compared with M-algorithm’s I/O cost, when joinIOcost < iter×m+1
iter×m−1

× |T |, S-

algorithm has less I/O cost.

Meanwhile, the joinCPUcost during the join process will increase iter × m

times. We can find that the difference between S-algorithm and M-algorithm only

exists in the data preparation phase. All the N tuples with d features after the join

will participate in calculating the model no matter whether the tuples are stored

in the disk or not. That is to say, S-algorithm has the same computation cost
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for updating the ML model with M-algorithm. Therefore, the total CPU cost for

S-algorithm is iter×m× joinCPUcost+ (N × d)×mlCPUcost, which will be no

less than that of the M-algorithm.

4.2.3 Framework for F-algorithm

To improve the efficiency of the ML applications by avoiding the redundancy bring

by joins, we propose our solution named F-algorithm. Compared with the data

preparation phase of the M-algorithm or S-algorithm, the actual computation and

storage of the join results do not take place. This approach turns the previous task

into finding the matching tuples from normalized tables according to the matching

primary-key and foreign-key. In the process of training, instead of feeding every

entire joined tuple to the ML algorithm, we factorize the initial equations for cal-

culating required parameters into independent parts involving the feature vectors

from the corresponding normalized tables, respectively.

The general idea of the F-algorithm is described in Figure 4.3. We read one

batch Ri from table R in the database, which is only used to probe table S and

identify the matching tuples (Si) in it. Then, take the feature matrices XSi
and XRi

from Si and Ri as the input to the training process. Parameters are independently

computed for the parts of the factorized equations involving XSi
or XRi

. The final

result is obtained by recombining the two parts according to the matched foreign
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key. Thus, in this way, there is no need to get every entire tuple after joins for

calculation.

Figure 4.3: F-algorithm framework

For the costs of the F-algorithm, we also analyze them from two aspects. During

the phase of data preparation, it reads the data from S and R to do the matching

operation iter × m times due to the results not be saved. Thus, the total I/O

cost is iter × m × joinIOcost, the same as S-algorithm. Although it simplifies

the calculation of join operation that to find tuples matching the tuples in the S

referring the target primary-keys in R, the actual time of CPU for this probing

process is almost joinCPUcost. However, obvious efficiency improvements exist
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in the calculation process of the model. Since only the data in two normalized

tables S and R are involved in the calculation for ML, the total number of fields

is nS × dS + nR × dR, where nS = N and nR < N . Thus, the total CPU cost for

F-algorithm is iter ×m× joinCPUcost+ (nS × dS + nR × dR)×mlCPUcost.

To guarantee the correctness of this approach, the critical issue is to make sure

all the steps in the training process needing feature matrices are exactly decomposed

and have no approximate calculation. Besides, other factors, such as the input data,

the estimation of parameters, and the number of iterations required for training,

cannot be changed. Therefore, we display the decomposition process in detail for

all the ML application scenarios considered in this thesis to prove its feasibility and

accuracy.
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5 Algorithms for GMM

In this chapter, we apply the frameworks of three approaches in Section 4.2 for

the general case of GMM with arbitrary covariance matrices. We formally intro-

duce the baseline algorithms (M-GMM and S-GMM) and then give the detailed

decomposition and analysis for the computation in F-GMM.

5.1 Baseline Algorithms: M-GMM and S-GMM

As we introduced in Section 4.2.1, M-GMM is the baseline algorithm adopted nowa-

days to training the model. Algorithm 1 describes how to prepare the data and how

to apply the EM algorithm in GMM. Before calculating the parameters, we execute

joins in the database for table S and table R. The results are materialized in a large

table T, which is also stored in the database. Due to memory limitations, it reads

T subsequently in batches with the appropriate size to the memory as input data

points. Then, follow the steps in Algorithm 1 to update the parameters until it

meets the condition of termination. According to the training process, in Lines 8,

14 and 20, feature vectors x(n) participate in the calculation. Parameters µk and
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σk are updated through the sum for all N data points in the equations. Therefore,

we need to read table T three times in each iteration, respectively, in Lines 6, 12

and 18.

Algorithm 1 Algorithm M-GMM
1: Data preparation: Apply join of table S and table R in the database and materi-

alize the results (table T) on the disk.

2: Initialize µk, Σk and πk :

3: repeat

4: E-step:

5: for i in [1 : number of batches] do

6: Read batch i of T into memory

7: Update the posterior distribution of z:

8: γ
(n)
k = πkN (x(n)|µk,Σk)∑K

j=1 πjN (x(n)|µj ,Σj)
∀n ∈ batch i

9: end for

10: M-step:

11: for i in [1 : number of batches] do

12: Read batch i of T into memory

13: Update the sum results of µk:

14: Sumµk+ =
∑batchsize

n=1 γ
(n)
k x(n)

15: end for

16: Update µk = 1
Nk
Sumµk

17: for i in [1 : number of batches] do

18: Read batch i of T into memory

19: Update the sum results of σk:

20: SumΣk
+ =

∑batchsize
n=1 γ

(n)
k (x(n) − µk)(x(n) − µk)T

21: end for

22: Update Σk = 1
Nk
SumΣk

23: Update πk = Nk
N with Nk =

∑N
n=1 γ

(n)
k

24: until Convergence

The only difference between algorithm S-GMM and M-GMM is S-GMM exe-
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cutes joins on the fly. So the calculation process is essentially the same as Algorithm

1, but the way to obtain data has changed. It does not perform Line 1, which is

materializing the table T in the database. In addition, in Lines 6, 12 and 18, instead

of reading i-th batch from table T, it computes joins for Si and Ri (as described in

Figure 4.2) using the primary/foreign-key relationship. It gets the sub-table in the

memory as the input to update the parameters in Lines 8, 14 and 20.

5.2 Algorithm F-GMM and Decomposition Process

In this section, we will provide the improved algorithm F-GMM to analyze how

the Algorithm 1 to be factorized for the computation. The difference from S-GMM

is that, instead of feeding every joined tuple to the model for updates of γ
(n)
k , µk

and Σk in Lines 8, 14 and 20, we factorize the equations into two parts involving

the features from S and R respectively. Such factorization is required during the

E-step as well as the M-step. We will give a detailed analysis for them.

5.2.1 E-step

In Line 8, γ
(n)
k involves the feature vectors x(n) for calculating N (x(n)|µk,Σk), which

is given in Equation 3.11. They are not required in the calculation of 1√
(2π)d|Σk|

, but

in the part of (x(n)−µk)TΣ−1
k (x(n)−µk). To make the equation more intuitive and

clear, we ignore the subscript k in the expanded equations for all the parameters

belonging to the kth Gaussian component and denote Σ−1 as I. The decomposition
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process is as follows :

(x(n) − µk)T Ik(x(n) − µk)
1×1

=
[
x

(n)
1 − µ1 x

(n)
2 − µ2 · · · x

(n)
d − µd

]
1×d

×


I1,1 I1,2 · · · I1,d

I2,1 I2,2 · · · I2,d
...

...
. . .

...

Id,1 Id,2 · · · Id,d


d×d

×


x

(n)
1 − µ1

x
(n)
2 − µ2

...

x
(n)
d − µd


d×1

(5.1)

To ease notation, we denote the first dS dimensions of vector x(n) − µk as PFS,

in which features come from table S, and the remaining dR dimensions as PFR.

Therefore, x(n) − µk can be split into two parts due to d = dS + dR:

PFS
dS×1

=


x

(n)
1 − µ1

x
(n)
2 − µ2

...

x
(n)
dS
− µdS

 PFR
dR×1

=


x

(n)
dS+1 − µdS+1

x
(n)
dS+2 − µdS+2

...

x
(n)
d − µd

 (5.2)

Similarly, Ik can be divided into four parts:

ISS
dS×dS

=


I1,1 · · · I1,dS
I2,1 · · · I2,dS

...
. . .

...

IdS ,1 · · · IdS ,dS

 ISR
dS×dR

=


I1,dS+1 · · · I1,d

I2,dS+1 · · · I2,d
...

. . .
...

IdS ,dS+1 · · · IdS ,d



IRS
dR×dS

=


IdS+1,1 · · · IdS+1,dS

IdS+2,1 · · · IdS+2,dS

...
. . .

...

Id,1 · · · Id,dS

 IRR
dR×dR

=


IdS+1,dS+1 · · · IdS+1,d

IdS+2,dS+1 · · · IdS+2,d

...
. . .

...

Id,dS+1 · · · Id,d

 (5.3)

We denote:

SS = PFS
T × ISS × PFS (5.4)

SR = PFS
T × ISR × PFR (5.5)

RS = PFR
T × IRS × PFS (5.6)

RR = PFR
T × IRR × PFR (5.7)
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Thus, the expansion in Equation 5.1 can be written as the sum of four parts:

(x(n) − µk)T Ik(x(n) − µk) = SS + SR + RS + RR (5.8)

Equations 5.4-5.7 are the multiplication of three small matrices consisted by PFS

or PFR. Thus, in Equation 5.8, we successfully decompose the multiplication of

three big matrices in Equation 5.1 into the parts that can be calculated use the

feature vectors x
(n)
S and x

(n)
R from table S or table R instead of the entire tuple

x(n) in table T. As we know, each tuple in table R can match several tuples in

table S through the primary/foreign-key relationship. Thus, in Equations 5.5 and

5.6, the results of PFR can be reused for the matching PFS to calculate SR and

RS. In Equation 5.7, as RR only involves PFR not PFS, the results of RR can

be calculated only once and reused for the matching SS, SR and RS. Finally,

We can obtain the same calculation result of Equation 5.1 by computing PFR

and RR for nR tuples in table R and combining all the matching results involved

PFS. After decomposition, there is no need to use the join results to calculate

the parameters and it brings the potential for significant savings by removing the

repeated calculations.

5.2.2 M-step

In M-step, there are three parameters that need to be updated: µk, Σk and πk.

From Equation 3.6 we can see that πk does not involve the feature vectors of data

41



points and can be calculated using the current γk. For µk, Equation 3.4 can be

decomposed into two parts containing features vectors from S or R:

µk
d×1

=
1

Nk

N∑
n=1

γ
(n)
k x(n)

=
1

Nk
×

N∑
n=1

×


γ

(n)
k x

(n)
S

dS×1

γ
(n)
k x

(n)
R

dR×1

 (5.9)

However, γ
(n)
k changes with n and there is no opportunity to reuse the calculation

results of γ
(n)
k x

(n)
R for all the matching x

(n)
R in S. But Equation 5.9 can be updated

directly using the feature vectors from S and R based on the decomposition.

Then we focus on how to update Σk using Equation 3.5. We aim to calculate

(x(n) − µk)(x(n) − µk)T in a factorized way before multiplying γ
(n)
k and summing

over all data points. Similarly, subscript k is ignored in the following expansions

for simplifying notation:

(x(n) − µk)(x(n) − µk)T

d×d
=


x

(n)
1 − µ1

x
(n)
2 − µ2

...

x
(n)
d − µd


d×1

×
[
x

(n)
1 − µ1 x

(n)
2 − µ2 · · · x

(n)
d − µd

]
1×d

(5.10)

=

 UL
dS×dS

UR
dS×dR

LL
dR×dS

LR
dR×dR

 (5.11)

where:

UL = PFS × PFST (5.12)

UR = PFS × PFRT (5.13)

LL = PFR × PFST (5.14)

LR = PFR × PFRT (5.15)
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In Equation 5.10, the big matrix with dimension d×d can be factorized according to

the source of feature vectors into four matrices with smaller dimensions in Equation

5.11: UL(upper left matrix), UR(upper right matrix), LL(lower left matrix) and

LR(lower right matrix). Similarly, each of them can be represented as the simple

multiplications of the intermediate results in Equation 5.2 calculated by x
(n)
S or x

(n)
R

from S or R directly. For each unique x
(n)
R , calculating the parts involved it and

combining the parts involved x
(n)
S for all the matching cases. In particular, PFR

and LR are the parts only involved x
(n)
R . Thus, they can be computed only once

and then reused for any matching results, although they are not materialized on

the disk or in the memory.

To measure the gains more clearly, we take (x(n) − µk)(x(n) − µk)T as an exam-

ple to analyze the computational savings due to factorization and how redundancy

influences its performance. Firstly, when we use the data from table T to calculate

Equation 5.10, one tuple in T requires d subtractions and d2 multiplications. τs

and τm are used to represent the time required for one subtraction and one multi-

plication operation respectively. Thus, for all N tuples in T, the computation time

τ is:

τ = Nd(τs + dτm) (5.16)

Next, we consider the changes after decomposition by F-GMM in Equation 5.11.

PFR is only calculated for nR tuples in R and PFS is calculated for nS tuples in
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S. We execute nSdS +nRdR subtractions for PFS and PFR. In Equation 5.12-5.15,

there are nSdS
2, nSdSdR, nSdRdS and nRdR

2 multiplications respectively. Thus the

total computation time τ , can be represented as:

τ , = (nSdS + nRdR)τs + (nSdS
2 + 2nSdSdR + nRdR

2)τm (5.17)

As N = nS and d = dS + dR, the time saving is:

∆τ = τ − τ , = (nS − nR)dR(τs + dRτm) (5.18)

and the saving rate is:

r =
∆τ

τ
=
nS − nR
nS

dR
dS + dR

τs + dRτm
τs + (dS + dR)τm

(5.19)

Equation 5.19 explains the underlying factors that influence the saving rate for

this factorized method. On the one hand, assuming dS, dR and nR are fixed, with the

increase of nS, r grows. Thus, the factorized approach enjoys more computational

cost savings over the baseline algorithms. Correspondingly, if the nS is fixed, the

decrease of nR will bring the same trend. On the other hand, when nS, nR and dS

are fixed, the saving rate will rise with the increase of dR. Similarly, if dR is fixed

and decreases dS, the result will be consistent. As we introduced before, for two

tables S and R that need to be joined, if R has fewer tuples than that of S (i.e.

nR < nS) and more features than that of S (i.e. dR > dS), more redundancy exists

in the join result. Thus, the efficiency improvement for our proposal depends on

the redundancy after joins and the more redundancy, the more benefits.
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Notice that the correctness of all the calculations can be guaranteed because

they are exactly decomposed to covert the large matrix operation into several small

parts, and no approximation is involved. Although M-GMM reads the i-th batch

from T and S-GMM/F-GMM reads the i-th batch from R for probing and then

training, the values of parameters updated in each iteration are the same. All N

tuples are involved in calculating the parameters in Lines 8, 14, and 20, regardless

of the number of matching tuples in each batch. Thus, the parameters are the same

after training and the accuracy of the models does not change for the algorithms

M-GMM, S-GMM and F-GMM.

5.3 F-GMM for Multi-way Joins

For complex business, the required features for ML are scattered in more than two

relations of the enterprise database. Thus, it is essential to generalize multi-way

joins based on binary joins. We take F-GMM as an example to give the detailed

steps. Similar decomposition of other ML cases for multi-way joins can be carried

out following its pattern. We have introduced the problem setting and notations

for the multi-way joins in section 4.1.

5.3.1 E-step for Multi-way Joins

Similar to the binary joins, the E-step involves data from tables S (R0) to Rq when

calculating Equation 5.1. Denote the first dR0 dimensions in x(n) − µk as PFR0
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and the remaining dimensions can be decomposed into q parts corresponding to

relations R1 to Rq as PFRg , where g ∈ {1 . . . q} and dg =
∑g

i=0 dRi
. Thus, the

vector x(n) − µk can be divided into q + 1 parts.

PFR0

dR0
×1

=



x
(n)
1 − µ1

x
(n)
2 − µ2

...

x
(n)
d0
− µd0


PFRg

dRg×1

=



x
(n)
dg−1+1 − µdg−1+1

x
(n)
dg−1+2 − µdg−1+2

...

x
(n)
dg
− µdg


(5.20)

Similarly, Ik can be divided into (q+1)2 parts, where g ∈ {1 . . . q} and h ∈ {1 . . . q}:

I00
dR0

×dR0

=


I1,1 · · · I1,d0
I2,1 · · · I2,d0

...
. . .

...

Id0,1 · · · Id0,d0

 I0h
dR0

×dRh

=


I1,dh−1+1 · · · I1,dh
I2,dh−1+1 · · · I2,dh

...
. . .

...

Id0,dh−1+1 · · · Id0,dh



Ig0
dRg×dR0

=


Idg−1+1,1 · · · Idg−1+1,d0

Idg−1+2,1 · · · Idg−1+2,d0

...
. . .

...

Idg,1 · · · Idg,d0

 Igh
dRg×dRh

=


Idg−1+1,dh−1+1 · · · Idg−1+1,dh

Idg−1+2,dh−1+1 · · · Idg−1+2,dh

...
. . .

...

Idg,dh−1+1 · · · Idg,dh


(5.21)

For unified expression, they are denoted as PFRi
with dimension dRi

and Iij with

dimension dRi
× dRj

where i ∈ {0 . . . q} and j ∈ {0 . . . q}. Then Equation 5.8 can

be represented as:

(x(n) − µk)T Ik(x(n) − µk) =

q∑
i=0

q∑
j=0

PFTRi
IijPFRj (5.22)

In Equation 5.22, (x(n) − µk)T Ik(x(n) − µk) is decomposed into a sum of (q + 1)2

smaller matrices. The opportunity to eliminate redundancy exists in PF T
Ri
IijPFRj

,

when i = j 6= 0. Furthermore, ∀g ∈ {1 . . . q}, for each feature vector in Rg, PFRg
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only needs to be calculated once and reused for the matching cases. As the number

of tables that need to be joined increases, there is more space to improve efficiency

by eliminating redundancy.

5.3.2 M-step for Multi-way Joins

In the M-step, because x(n) is combined by the features vectors from table S (R0)

and tables R1 to Rq, we can decompose µk in Equation (3.4) as follows:

µk =
1

Nk

N∑
n=1

γ
(n)
k x(n) (5.23)

=
1

Nk
×

N∑
n=1

×



γ
(n)
k x

(n)
R0

γ
(n)
k x

(n)
R1

...

γ
(n)
k x

(n)
Rq


(5.24)

As to Σk, (x(n) − µk)(x(n) − µk)T for multi-way joins can be written as:

(x(n) − µk)(x(n) − µk)T =


M00 M01 · · · M0q

M10 M11 · · · M1q

...
...

. . .
...

Mq0 Mq1 · · · Mqq

 (5.25)

where:

Mij
dRi

×dRj

= PFRi

dRi
×1

PFRj

T

1×dRj

(5.26)

In Equation 5.25, we decompose the big matrix with dimension d× d into (q+ 1)2

blocks of much smaller matrices. It is evident that there are large savings if we
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reuse the computation of PFRi
(i 6= 0) and Mij (i = j 6= 0) by getting the features

from tables S and R1 to Rq directly for the factorized equation.
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6 Algorithms for NN

In this chapter, three algorithms, M-NN, S-NN and F-NN, are provided. In F-NN,

we decompose the training process during forward and backward propagation to

explore the space for efficiency improvement. Assuming this is a fully connected

network and we adopt mini-batch gradient descent in the BP algorithm. The

parameters will be updated according to the accumulated error calculated by the

data points in one batch.

6.1 Baseline Algorithms: M-NN and S-NN

We also start by introducing the algorithm M-NN and the detailed steps are de-

picted in Algorithm 2. Lines 7 and 12 involve the feature vectors x(n), which are

read from the join results table T on the disk in batches. Because we choose the

mini-batch gradient descent in the BP algorithm, all the tuples need to be read

once in Line 5 in each iteration. All the parameters (w and b) will be updated

many times in one iteration, which is determined by the number of batches. For

algorithm S-NN, the differences exist in Lines 1 and 5; It reads one batch from
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table R and gets the matching tuples in S to do joins on the fly without storing

the join results on the disk.

Algorithm 2 Algorithm M-NN
1: Data preparation: Apply join of table S and table R in the database and materi-

alize the results (table T) on the disk.

2: Initialize all the w and b :

3: repeat

4: for t in [1 : number of batches] do

5: Read batch t of T into memory

6: Calculate the output value for each node j in input layer:

7: h
(n)
j = f(

∑d
i=1wjix

(n)
i + bj) ∀n ∈ batch t,

8: Propagate forward to each hidden layer until get the output O(n) of the network

9: Calculate the accumulated error:

10: E = 1
2batchsize

∑batchsize
n=1

∑no
m=1(O

(n)
m − Y (n)

m )2

11: Propagate the error backward using chain rule to calculate the gradient for all

the w and b:

12: ∆w = −α∂E∂w ∆b = −α∂E∂b
13: Update all the w and b:

14: w = w + ∆w b = b+ ∆b

15: end for

16: until Convergence

6.2 Algorithm F-NN and Decomposition Process

The factorized algorithm derived from Algorithm 2 for NN is called F-NN. As

in S-GMM, materializing table T in Line 1 is not required but reading the data

from table R and S in batches to calculate the factorized equations in Lines 7 and

10. Next, we will discuss the detailed decomposition for the training process from

forward propagation and backward propagation.
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6.2.1 Forward Propagation

We start with the first hidden layer, which contains nh hidden units and receives d

features from input layer. As shown in Equation 3.8, before applying the activation

function f , p
(n)
j is the input value for a single hidden unit calculated by the n-th

feature vector x(n) in table T, where j ∈ {1 . . . nh}. In order to make it clearer,

we use the form of matrix for d features and nh units to re-represent Equation

3.8, where W is the weight matrix and b is the bias vector. Thus, vector p(n) is

Wx(n) + b and it can be decomposed as:

p(n)

nh×1
= Wx(n) + b

=


w1,1 w1,2 · · · w1,d

w2,1 w2,2 · · · w2,d

...
...

. . .
...

wnh,1 wnh,2 · · · wnh,d


nh×d

×


x

(n)
1

x
(n)
2
...

x
(n)
d


d×1

+


b1

b2
...

bnh


nh×1

=


w1,1 w1,2 · · · w1,dS

w2,1 w2,2 · · · w2,dS

...
...

. . .
...

wnh,1 wnh,2 · · · wnh,dS


nh×dS

×


x

(n)
1

x
(n)
2
...

x
(n)
dS


dS×1

+


w1,dS+1 w1,dS+2 · · · w1,d

w2,dS+1 w2,dS+2, · · · w2,d

...
...

. . .
...

wnh,dS+1 wnh,dS+2 · · · wnh,d


nh×dR

×


x

(n)
dS+1

x
(n)
dS+2

...

x
(n)
d


dR×1

+


b1

b2
...

bnh


nh×1

= WSx
(n)
S + WRx

(n)
R + b (6.1)
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In Equation 6.1, all the features can be divided into two vectors: x
(n)
S and x

(n)
R

respectively. For each iteration, the values of the weights and biases are constant

and each tuple in R may match several tuples in S. The result of partial inner

products WRx
(n)
R +b only needs to be calculated once, which can bring calculation

savings in F-NN and we will quantify the benefits in the experimental section. After

applying activation function on the result, we obtain the output matrix h(n) =

f(p(n)) for the hidden units in the first layer. As depicted in Figure 6.1, we read

tuples directly in batches from R and probe S for matching tuples so that the two

partial computations of W from the feature vector of S and R (WS and WR) will

be combined and pushed to the activation function.

Figure 6.1: Forward Propagation

Afterwards, we discuss the calculation of the next layer with nl hidden units.

The input value for every unit is shown in Equation 3.10. Due to h
(n)
j = f(p

(n)
j ),

we replace p
(n)
j with Equation 3.8 to get:
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q
(n)
k =

nh∑
j=1

w
[2]
kj f(

d∑
i=1

w
[1]
ji x

(n)
i + b

[1]
j ) + b

[2]
k (6.2)

If we use the idea of decomposition to separate Equation 6.2, f must be an additive

function, which means a solution to the Cauchy functional form: f(x+y) = f(x)+

f(y). In this case, we can factorize q
(n)
k as:

q
(n)
k =

nh∑
j=1

(w
(2)
kj f(

dS∑
i=1

w
(1)
ji x

(n)
i ) + w

(2)
kj f(

d∑
i=dS+1

w
(1)
ji x

(n)
i + b

(1)
j )) + b

(2)
k (6.3)

=

nh∑
j=1

w
(2)
kj f(T1) +

nh∑
j=1

w
(2)
kj f(T2) + b

(2)
k (6.4)

=

nh∑
j=1

w
(2)
kj f(T1) + T3 (6.5)

where:

T1 =

dS∑
i=1

w
(1)
ji x

(n)
i (6.6)

T2 =

d∑
i=(dS+1)

w
(1)
ji x

(n)
i + b

(1)
j (6.7)

T3 =

nh∑
j=1

w
(2)
kj f(T2) + b

(2)
k (6.8)

Here T1 and T2 are the parts that have been computed in the first hidden layer

and easily to save and reuse. T3 is the value only involved the features from table

R multiplying the weights in the second layer. Similarly, according to the principle

of the factorized algorithm, T3 is computed when one tuple in table R appears for

the first time and reused for all the matching tuples in table S subsequently.

However, q
(n)
k can be decomposed in this way based on the assumption that

the activation function is the additive function. Popular activation functions are

53



empirically restricted to certain choices such as sigmoid, tanh and Relu, which have

been highly successful in ML and deep learning areas primarily due to its simplicity

and low overhead during optimization [47]. It is easy to prove that sigmoid and

tanh are not additive functions. If the NN adopts them, there are no opportunities

to factorize the calculation in the second layer and share the repeated part. The

Relu function is a piece-wise linear function so that if T1 and T2 have the same sign,

it is an additive function. Thus, this requirement of the function is the limitation

for the usage in the second hidden layer.

Furthermore, suppose we choose one additive function as activation function, let

us consider the total operations after decomposition in Equation 6.3. T1 and T2 have

been calculated in the first layer. In Equation 6.5, it requires nh multiplications

and nh additions to sum up the results of multiplication (w
(2)
kj f(T1)) and add T3.

For T3 in Equation 6.8, it requires another nh multiplications and nh additions for

for nR feature vectors in R before they can be reused. In other words, the total

cost after decomposition is 2nh multiplications and 2nh additions. Compared with

the operations required before decomposition, we only need nh multiplications and

nh additions once we received the value of h
(n)
j to calculate the input values of

second layer. Therefore, if we attempt to reuse the result computed from S and R

respectively at the second hidden layer, the computation cost is higher than before.

Following the analysis in this way, this cost is going to increase even further at higher
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layers, which eventually outweighs the savings brought by the decomposition in the

first layer.

In conclusion, during the process of forward propagation, F-NN can make sense

beyond the first layer only when we choose additive activation functions. Even

though the equations in the higher layers can be decomposed, the additional com-

putation incurred by it may render any attempt to share the reused parts at higher

layers unattractive, even will bring more costs.

6.2.2 Backward Propagation

Before utilizing gradient descent algorithm to calculate w and b, we should get the

result of error function (E) in Equation 3.11. Backward propagation starts from

the output layer and proceeds to the lower layers. In the entire process, feature

vectors are involved in the computation only once when computing the gradient of

the weights between the input layer and the first hidden layer. Therefore, we only

consider the decomposition in this step.

For the reason that we adopt the mini-batch gradient descent, the new value

of the w is determined by the average of ∆w after calculating all the gradient of

the weights (∂E
∂w

) for one batch tuples. Let XB to denote the feature matrix of one

batch tuples after joins consisted of B feature vectors. In this batch, XBS and XBR

are the feature matrices from S and R respectively. ∂E
∂p

is the gradient of the error
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concerning the value before the activation function between the input and hidden

layer, which is obtained via the chain rule. Thus, the calculation for the ∂E
∂w

can be

presented in the matrix form:

∂E

∂w
nh×d

=
∂E

∂p
XB

T (6.9)

=



∂E

∂p
(1)
1

∂E

∂p
(2)
1

· · · ∂E

∂p
(B)
1

∂E

∂p
(1)
2

∂E

∂p
(2)
2

· · · ∂E

∂p
(B)
2

...
...

. . .
...

∂E

∂p
(1)
nh

∂E

∂p
(2)
nh

· · · ∂E

∂p
(B)
nh


nh×B

×



x
(1)
1 · · · x

(1)
dS

x
(1)
dS+1 · · · x

(1)
d

x
(2)
1 · · · x

(2)
dS

x
(2)
dS+1 · · · x

(2)
d

...
. . .

...
...

. . .
...

x
(B)
1 · · · x

(B)
dS

x
(B)
dS+1 · · · x

(B)
d


B×dS B×dR

(6.10)

=

[
PGS
nh×dS

PGR
nh×dR

]
(6.11)

where

PGS =



∂E

∂p
(1)
1

∂E

∂p
(2)
1

· · · ∂E

∂p
(B)
1

∂E

∂p
(1)
2

∂E

∂p
(2)
2

· · · ∂E

∂p
(B)
2

...
...

. . .
...

∂E

∂p
(1)
nh

∂E

∂p
(2)
nh

· · · ∂E

∂p
(B)
nh


nh×B

×



x
(1)
1 x

(1)
2 · · · x

(1)
dS

x
(2)
1 x

(2)
2 · · · x

(2)
dS

...
...

. . .
...

x
(B)
1 x

(B)
2 · · · x

(B)
dS


B×dS

=
∂E

∂p
XBS

T (6.12)

PGR =



∂E

∂p
(1)
1

∂E

∂p
(2)
1

· · · ∂E

∂p
(B)
1

∂E

∂p
(1)
2

∂E

∂p
(2)
2

· · · ∂E

∂p
(B)
2

...
...

. . .
...

∂E

∂p
(1)
nh

∂E

∂p
(2)
nh

· · · ∂E

∂p
(B)
nh


nh×B

×



x
(1)
dS+1 x

(1)
dS+2 · · · x

(1)
d

x
(2)
dS+1 x

(2)
dS+2 · · · x

(2)
d

...
...

. . .
...

x
(B)
dS+1 x

(B)
dS+2 · · · x

(B)
d


B×dR

=
∂E

∂p
XBR

T (6.13)

In Equation 6.11, even though we can decompose the computation into PGS

and PGR, there are no opportunities to explore redundancy in the computation.

For PGR, each row in ∂E
∂p

multiplies the corresponding column of XT
BR not XBR.
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As we known, the redundancy exists among different columns of XB, such as

[x
(a)
1 x

(a)
2 · · ·x

(a)
d ]T and [x

(b)
1 x

(b)
2 · · ·x

(b)
d ]T, due to sharing the same part of XBR. In other

words, there is no redundancy among the columns of XT
B, such as [x

(1)
i x

(2)
i · · ·x

(B)
i ]T

and [x
(1)
j x

(2)
j · · ·x

(B)
j ]T. Thus, the decomposition in this part does not bring any

efficiency improvement due to the reused calculation.

Figure 6.2: Backward Propagation

However, decomposing the matrix into two parts in the backward propagation

will bring I/O cost savings. In Equation 6.13, XT
R is a matrix with B rows and some

of them are repeated. Actually, after decomposition, there is no need to read all

the B rows but obtaining features vectors in batches directly from table R. Then,

we can use the primary/foreign-key relationship to retrieve corresponding features

from S and populate XT
BR. As shown in Figure 6.2, for a feature vector (a) in R,

the matching feature vectors (2), (3) and (5) in S populate XT
S . Then the feature
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vector (a) is inserted in the positions corresponding to XT
S in XT

R. Specifically,

both XT
BS and XT

BR have B rows, where B is the cardinality of XBS. Instead of

retrieving B× (dS +dR) fields in one batch of T, we only need nBS×dS +nBR×dR

fields where nBS = B and nBR < B. If taken all tuples required in training into

consideration, nS × dS +nR× dR fields will be much less than N × (dS + dR) fields.

Therefore, even through there are no reused calculations, I/O cost can be saved due

to getting data directly from the normalized tables S and R. That is the another

one benefit from the factorized approach.

In summary, although algorithm F-NN has many limitations, considerable sav-

ings can be achieved between the input layer and the first hidden layer during

forward and backward propagation. However, we do not continue pursuing it at

higher layers of the network because we no longer guarantee the exactness of the

decomposition for different types of activation functions. We will experimentally

evaluate the efficiency improvement for the F-NN with one hidden layer in Chapter

8.
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7 Algorithms for PPCA

In this chapter, we give the description and analysis for the baseline algorithms and

the factorized way about PPCA.

7.1 Baseline Algorithms: M-PPCA and S-PPCA

Algorithm 3 shows the training process of M-PPCA. We carry out the joins for

table S and table R to get table T stored in the database. In the EM algorithm of

PPCA, the calculations for Wnew and σ2
new both require to be calculated using all

N tuples in table T. We only consider one-batch tuples for each loop and divide the

polynomials of Equation 3.22 and 3.23 into several partial sum results. Specially,

in Line 15, Wnew can be written as the concatenation of WPart1 and WPart2 , which

is represented in Lines 11 and 13, while in Line 26, σ2
new is the combination of

σ2
Part1

, σ2
Part2

and σ2
Part3

as calculated in Lines 20, 22 and 24. In this process, the

calculation of σ2 will use the new value of W so that we should read all N data

points twice in each iteration. In addition, the intermediate results E[z(n)] and

E[z(n)z(n)T
] will be both used in calculation of Wnew and σ2

new but they cannot be
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stored due to the limitation of memory under our setting. Therefore, in Line 18,

we should take x(n) as the input to calculate E[z(n)] again.

The construction method for S-PPCA is in the same way as S-GMM and S-NN;

reading the data from normalized tables directly in Line 1, getting the sub-tables

of the join results on the fly in the memory and using them as the input in Lines

7, 11, 18, 20 and 22 sequentially for calculating parameters.

7.2 Algorithm F-PPCA and Decomposition Process

In this section, all the detailed decomposition steps will be provided for algorithm

F-PPCA. It is derived from Algorithm 3; Line 1 for materializing the table is not

required and relation R is processed in batches, probing S for matching tuples using

the primary/foreign key. However, instead of storing and feeding every joined tuple

for updating the parameters in Lines 7, 11, 20 and 22, we factorize the equations

into two parts involving XS and XR respectively.

7.2.1 Calculating Wnew

In Line 7, we calculate the expectations of z(n) using Equation 3.20. Because W

and σ2 are initialized parameters, M−1WT is an invariant matrix with dimension

p× d, which does not change for different n. To ease notation, we denote M−1WT

as G, so E[z(n)] can be represented into the form of a matrix:
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Algorithm 3 M-PPCA
1: Data preparation: Apply join of table S and table R in the database and materi-

alize the results (table T) on the disk.

2: Initialize W and σ2 :

3: repeat

4: for i in [1 : number of batches] do

5: Read batch i of T into memory

6: Update the expectations of z(n):

7: E[z(n)] = M−1WT(x(n) − x) with M = WTW + σ2I ∀n ∈ batch i

8: Update the expectations of z(n)z(n)T
:

9: E[z(n)z(n)T
] = σ2M−1 + E[z(n)]E[z(n)]T ∀n ∈ batch i

10: Update the first partial sum results of Wnew:

11: WPart1+ =
∑batchsize

n=1 (x(n) − x)E[z(n)]
T

12: Update the second partial sum results of Wnew:

13: WPart2+ =
∑batchsize

n=1 E[z(n)z(n)T
]

14: end for

15: Update Wnew = WPart1WPart2
−1

16: for i in [1 : number of batches] do

17: Read batch i of T into memory

18: Update E[z(n)] and E[z(n)z(n)T
] in Lines 7 and 9 respectively.

19: Update the first partial sum results of σ2
new:

20: σ2
Part1

+ =
∑batchsize

n=1 ‖x(n) − x‖2

21: Update the second partial sum results of σ2
new:

22: σ2
Part2

+ =
∑batchsize

n=1 2E[z(n)]
T
Wnew

T(x(n) − x)

23: Update the third partial sum results of σ2
new:

24: σ2
Part2

+ =
∑batchsize

n=1 tr(E[z(n)z(n)T
]Wnew

TWnew)

25: end for

26: Update σ2
new = 1

ND (σ2
Part1

− σ2
Part2

+ σ2
Part3

)

27: W = Wnew

28: σ2 = σ2
new

29: until Convergence
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E[z(n)]
p×1

= G(x(n) − x) (7.1)

=


G1,1 G1,2 · · · G1,d

G2,1 G2,2 · · · G2,d

...
...

. . .
...

Gp,1 Gp,2 · · · Gp,d


p×d

×


x

(n)
1 − x1

x
(n)
2 − x2

...

x
(n)
d − xd


d×1

(7.2)

In Equation 7.2, we divide G into two small matrices GS and GR with dimension

p× dS and p× dR respectively, which can be represented as:

GS
p×dS

=


G1,1 G1,2 · · · G1,dS

G2,1 G2,2 · · · G2,dS

...
...

. . .
...

Gp,1 Gp,2 · · · Gp,dS

 GR
p×dR

=


G1,dS+1 G1,dS+2 · · · G1,d

G2,dS+1 G2,dS+2 · · · G2,d

...
...

. . .
...

Gp,dS+1 Gp,dS+2 · · · Gp,d

 (7.3)

Then, we denote the first dS dimensions of x(n) − x as PD
(n)
S and the remaining

dR dimensions as PD
(n)
R :

PD
(n)
S

dS×1

=


x

(n)
1 − x1

x
(n)
2 − x2

...

x
(n)
dS
− xdS

 PD
(n)
R

dR×1

=


x

(n)
dS+1 − xdS+1

x
(n)
dS+2 − xdS+2

...

x
(n)
d − xd

 (7.4)

Therefore,

E[z(n)] =
[
GS GR

]
×

PD
(n)
S

PD
(n)
R

 (7.5)

= GS × PD(n)
S +GR × PD(n)

R (7.6)

In Equation 7.6, E[z(n)] is factorized perfectly as the sum of two parts. GR×PD(n)
R

is the part that only involves x
(n)
R and can be reused. For all the matching tuples

in table S that have the same foreign-key with the primary-key in table R, they
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just need to add the same value of GR × PD(n)
R . Thus, we can reduce the cost of

calculation for E[z(n)].

In Line 11, feature vectors are involved in the calculation of (x(n) − x)E[z(n)]
T

before summation. Here, E[z(n)]
T

has been calculated in Line 7 and the decompo-

sition equation is as follows:

(x(n) − x)E[z(n)]
T

d×p
=


PD

(n)
S

dS×1

PD
(n)
R

dR×1

× E[z(n)]
1×p

T
(7.7)

=

PD
(n)
S × E[z(n)]

T

PD
(n)
R × E[z(n)]

T

 (7.8)

Similarly, for x(n) − x, we can divide it into PD
(n)
S and PD

(n)
R . PD

(n)
R can be eas-

ily reused as the intermediate results following the previous calculation to remove

the redundancy for the matching tuples. However, in Equation 7.8, the values of

E[z(n)]
T

are varied for different n. There are no possibility to reuse the multiplica-

tion results for PD
(n)
R × E[z(n)]

T
.

7.2.2 Calculating σ2
new

From Equation 3.23, σ2
new is updated with E[z(n)], E[z(n)z(n)T

] and Wnew, thus we

cannot calculate it before getting the final value of Wnew. Besides, due to the

limited memory, the intermediate results of E[z(n)] and E[z(n)z(n)T
] in Lines 7 and

9 cannot be used for σ2
new and need to be calculated again. Calculating Line 7
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will bring more potential to reduce computational cost based on our analysis for

Equation 7.6.

For σ2
part1

in Line 20, the calculation of ‖x(n) − x‖2
can also be divided into two

parts using our factorized method. ‖PD(n)
R ‖

2
is the part that we expect to reuse

for saving the calculations. The process for the decomposition is:

‖x(n) − x‖
2

= (x
(n)
1 − x1)2 + · · ·+ (x

(n)
d − xd)2

=

ds∑
i=1

(x
(n)
i − xi)2 +

d∑
i=ds+1

(x
(n)
i − xi)2

= ‖PD(n)
S ‖

2
+ ‖PD(n)

R ‖
2

(7.9)

The last part involved feature vectors is the equation for calculating σ2
part2

in

Line 22. E[z(n)]
T

changes with different n, but Wnew has been calculated in the

previous step as a constant matrix for all the feature vectors. Thus, according to

the associative law of matrix multiplication, we can regard Wnew
T(x(n) − x) as a

whole equation to decompose firstly and then multiply E[z(n)]
T

:

E[z(n)]
T
Wnew

T(x(n) − x) = E[z(n)]
T

(Wnew
T(x(n) − x)) (7.10)

The process of Wnew
T(x(n) − x) is similar as Line 7 and its steps are as follows:
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Wnew
T(x(n) − x)
p×1

=


Wnew1,1

Wnew2,1
· · · Wnewd,1

Wnew1,2
Wnew2,2

· · · Wnewd,2

...
...

. . .
...

Wnew1,p
Wnew2,p

· · · Wnewd,p


p×d

×


x

(n)
1 − x1

x
(n)
2 − x2

...

x
(n)
d − xd


d×1

(7.11)

=
[
WnewS

T WnewR

T
]
×

PD
(n)
S

PD
(n)
R


= WnewS

T × PD(n)
S +WnewR

T × PD(n)
R (7.12)

where:

WnewS

p×dS

T =


Wnew1,1

· · · WnewdS,1

Wnew1,2
· · · WnewdS,2

...
. . .

...

Wnew1,p
· · · WnewdS,p

 WnewR

p×dR

T =


WnewdS+1,1

· · · Wnewd,1

WnewdS+1,2
· · · Wnewd,2

...
. . .

...

WnewdS+1,p
· · · Wnewd,p

 (7.13)

The original big matrix in 7.11 can be decomposed to the sum equations for

two separate parts involved the feature vectors from S and R in Equation 7.12.

Based on this decomposition, we can remove the redundancy for the calculation of

WnewR

T × PD(n)
R to get significant savings.

After decomposing GMM, NN and PPCA in Chapter 5, 6 and 7, we can con-

clude several common laws. Firstly, we should decompose all the equations that

contain the feature vectors into two parts: one only involves the features from table

S and the other only involves the features from table R. Secondly, if the equations

contain both feature vectors and other elements, we should determine whether the

parts after decomposition can be reused among different data points. The most

suitable case for decomposition is that the rest of the equation is constant for all
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data points, such as the parameter Wnew in Equation 7.12. If some elements are dif-

ferent for each data point, we only can take the remaining part as the reused part,

such as the decomposition in Equation 7.8. However, as long as the equations can

be decomposed, we can benefit from I/O cost savings. Because instead of reading

the results after the joins containing much redundancy, we fetch the data directly

from the original tables. Thirdly, different types of models may require different

processing methods. They may not be decomposed due to the complicated calcula-

tion or may bring extra costs due to decomposition. Taking NN as an example, we

cannot pursue the benefits of decomposition at higher layers in forward propagation

for both these two reasons.
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8 Experiments

In this chapter, we present a thorough experimental evaluation for all the algorithms

we have discussed before to compare their performance using synthetic and real

datasets. Besides, we vary the parameters of interest to explore the underlying

factors that impact our proposal.

8.1 Settings

8.1.1 Environment

All experiments are conducted on the machine with 16 Intel Xeon E5630 2.53 GHz

cores, 96 GB RAM and 338 GB disk with CentOS 6.2. Our codes are implemented

in Python 3.8. We use the NumPy library for all the matrix calculations and

the Psycopg2 library for operating PostgreSQL. All the relations are stored in

PostgreSQL and the algorithms are implemented on top of it.

8.1.2 Parameters

As we discussed in Section 5.2.2, the amount of redundancy for the table after

joins impact the performance of our proposals when conducting ML algorithms

67



over the original normalized data. Thus, we choose two main parameters of inter-

est that can essentially measure the redundancy introduced by joins: tuple ratio

of S and R, denoted as tr = nS/nR, and feature ratio of R and S, denoted as

fr = dR/dS. Besides, the values of hyper-parameters in each application scenario

may also influence their efficiency, so we take them into consideration. We vary the

number of clusters(K) for GMM, the number of hidden units(nh) for NN and the

dimension after dimensionality reduction(p). Therefore, we not only compare the

performance of three algorithms designed for GMM, NN and PPCA, but also inves-

tigate the underlying relations that essentially quantify the impact of normalization

in eliminating redundancy.

The performance measurement is the runtime of each algorithm on different

datasets, which includes the time for acquiring the data and the time for training the

parameters. As long as we guarantee the exact decomposition, factorized algorithm

and the two baseline algorithms will reach the same training results. Because it

takes a long time to get convergence, all the algorithms are trained for ten epochs as

the iteration’s terminal condition. For NN, based on the analysis in Section 6.2.1,

we design the network with one single hidden layer.
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8.1.3 Datasets

We generate a series of synthetic datasets and also verify them on real datasets.

Although the issue investigated in this research is very common in enterprises, it

is not easy to find the large open-source real datasets that satisfied the primary

and foreign key relationship. We utilize synthetic datasets to vary the parameters

of interest in a controlled way and explore their trends. All the synthetic datasets

are normalized generated from multiple Gaussian distributions and added random

noise. Table S and its corresponding table R satisfy the primary and foreign key

relationship. The values of the primary key in R are evenly distributed in the

column of the foreign key in S. According to the parameters we selected in Section

8.1.2, all the cases considered for GMM, NN and PPCA are listed in Table 8.1,

Table 8.2 and Table 8.3, respectively.

Table 8.1: Synthetic datasets with varied parameters for GMM

Cases nS nR tr(nS/nR) dS dR fr(dR/dS) K

vary tr Varied 1000 Varied 5 5 and 15 1 and 3 5

vary fr 106 and 5× 106 1000 1000 and 5000 5 Varied Varied 5

vary K 106 1000 1000 5 15 3 Varied

Table 8.2: Synthetic datasets with varied parameters for NN

Cases nS nR tr(nS/nR) dS dR fr(dR/dS) nh

vary tr Varied 1000 Varied 5 5 and 15 1 and 3 50

vary fr 106 and 5× 106 1000 1000 and 5000 5 Varied Varied 50

vary nh 106 1000 1000 5 15 3 Varied
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Table 8.3: Synthetic datasets with varied parameters for PPCA

Cases nS nR tr(nS/nR) dS dR fr(dR/dS) p

vary tr Varied 1000 Varied 2 2 and 6 1 and 3 3

vary fr 106 and 5× 106 5000 200 and 1000 2 Varied Varied 3

vary p 106 1000 1000 2 6 3 Varied

The real datasets are the Expedia, Walmart and Movies datasets from the Ham-

let Plus Project1. We choose the suitable tables as S and R to be our experimental

group. Expedia1 dataset is by joining R1 Hotels (R) with S Listings (S) and Expe-

dia2 dataset is by joining R2 Searches (R) with S Listings ( S). For the Walmart

dataset, we join R1 Indicators (R) with S Sales (S) and for the Movies dataset,

we join R2 movies (R) with S ratings (S). The dimensions of every real datasets

are available in Table 8.4. For NN, we use the one-hot representation of the data,

which can also be found in Hamlet Plus Project.

Table 8.4: Data dimensions of real datasets

Dataset nS dS nR dR

Expedia1 942142 7 11938 8

Expedia2 942142 7 37021 14

Walmart 421570 3 2340 9

Movies 1000209 1 3706 21

Since the dimension in the real datasets is limited, we construct datasets derived

from the Expedia1 dataset with larger parameters of interest. These are constructed

by picking some tuples from S Listings and R1 Hotels to increase tr, and repeating

1Available at https://adalabucsd.github.io/hamlet.html
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features with random Gaussian noise to increase fr. The augmented datasets are

depicted in Table 8.5 as Expedia3 to Expedia5 along with their associated charac-

teristics.

Table 8.5: Data dimensions of augmented real datasets

Dataset nS dS nR dR

Expedia3 634133 7 2899 29

Expedia4 634133 7 2899 78

Expedia5 634133 7 2899 218

8.2 Results

8.2.1 Results on Synthetic Datasets

We depict the results of all the cases listed for GMM, NN and PPCA in Table 8.1,

Table 8.2 and Table 8.3 for three algorithms introduced in Chapter 5, 6 and 7.

They are M-GMM, S-GMM, F-GMM for GMM, M-NN, S-NN, F-NN for NN, and

M-PPCA, S-PPCA, F-PPCA for PPCA.

The results for GMM are shown in Figure 8.1. In all cases, F-GMM is the

fastest among all the approaches and S-GMM is a bit slower than M-GMM. For

the parameters of interest, in Figure 8.1(a), no matter fr = 1 or fr = 3, with the

increase of tuple ratio (tr), the runtime of the F-GMM grows more slowly than

the other two algorithms. In other words, the benefit of F-GMM will become more

obvious as tr increases. Besides, we compare the difference of this trend between
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two different fr. For tr = 1000, when fr = 1, F-GMM is 2 times faster than

S-GMM, which becomes 2.4 times faster when fr = 3. As to Figure 8.1(b), it is

easily found that when tr = 1000, the benefits of F-GMM rise from 2 times to 2.4

times and when tr = 5000, the range of benefits is from 2.1 times to 2.6 times.

Thus, the efficiency will keep on increasing as we increase tr or fr. Finally, Figure

8.1(c) illustrates that the benefits of F-GMM will drop from 2.8 times to 1.9 times

when varying K from 1 to 10 for fixed tr and fr. So the number of clusters will

affect the amount of efficiency improvement. When K reaches a large value, the

benefit may disappear.

The performance improvement for the case of NN is shown in Figure 8.2. It

can be seen that the savings of F-NN are more obvious for all the selection of

parameters, but this is based on our setting that only one hidden layer is in our

neural network. Figure 8.2(a) presents the results when increasing tr. For fr = 1,

F-NN becomes more than 2 times faster than S-NN. These savings will keep a

slight upward tendency as tr increases further. For fr = 3, F-NN is around 3 times

faster than S-NN and gradually rises with the increase of tr. Figure 8.2(b) reveals

the corresponding experiments varying fr. With the growth of fr, performance

advantages vary increasingly from 2 times to 3 times faster for tr = 1000 and

from 2.1 to 3.2 times for tr = 5000. Besides, Figure 8.2(c) presents the results for

increasing nh in the network. For fixed tr and fr, as nh increases, F-NN still gains
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(a) Varying tr

(b) Varying fr

(c) Varying K

Figure 8.1: Results for GMM algorithms varying parameters of interest
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obvious benefits. Even when nh = 90, it is 2.7 times faster than S-NN. Besides,

although nh increases 9 times, the runtimes for them only have a small difference.

For the results of PPCA, Figure 8.3 describes the runtimes for all the cases.

The overall trend is the same as the previous two models. As to varying tr in

Figure 8.3 (a), with the rise of tr, all three algorithms will increase their runtimes,

but F-PPCA always gains the fastest one than the other two and the benefits will

be more and more obvious. When fr = 1, it changes from 1.5 times (tr = 1000)

to 2.4 times (tr = 50000). When fr = 3, it becomes 1.9 times (tr = 1000) to

3 times (tr = 50000) and the benefit of it is more than the case of fr = 1. In

Figure 8.3 (b), the differences among the results of F-PPCA are tiny when varying

fr between 1 and 9. However, both M-PPCA and S-PPCA increase significantly

with the growth of fr. Thus, compared with M-PPCA and S-PPCA, F-PPCA

gains more time savings. Specifically, for tr = 200, it is 1.2 times to 3 times faster

than others and for tr = 1000, its range is from 1.3 times to 3.3 times. Obviously,

the larger tr brings more benefits. Figure 8.3(c) represents the performance for

different choices of p. The changes are not significant for all the algorithms for the

fixed tr and fr. Therefore, the choice of p has no great effect on our experimental

results.
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(a) Varying tr

(b) Varying fr

(c) Varying nh

Figure 8.2: Results for NN algorithms varying parameters of interest
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(a) Varying tr

(b) Varying fr

(c) Varying p

Figure 8.3: Results for PPCA algorithms varying parameters of interest
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8.2.2 Results on Real Datasets

The following figures show the performance for the real datasets. F-GMM, F-NN

and F-PPCA gain much more significant advantages than the other two baseline

approaches.

The results of GMM are shown in Figure 8.4(a). The performance benefits of

F-GMM for different datasets are up to 3.4 times faster than others. When we use

the augmented datasets to repeat the same experiment for Expedia3, Expedia4 and

Expedia5 datasets, the benefits of F-GMM range from 2.4 to 3.4 times faster as

both tr and fr have been changed while as to Expedia1, it is 2.2 times.

For the cases of NN, we can see more benefits from Figure 8.4(b). Due to

the reason that we use sparse datasets, the redundancy ratio is high after being

encoded. As we have demonstrated on the synthetic datasets, the performance

benefits of our approach become larger as redundancy increases. Specifically, F-NN

demonstrates 52 times faster execution for the Expedia dataset, 8.1 times faster

execution for Walmart dataset and 4.5 times faster execution for Movies dataset.

As demonstrated using real datasets, these results attest to the significance of

our proposals given the enormous recent interest in NN and associated learning

technologies in academia and industry.

As to PPCA in 8.4(c), the benefit of performance for F-PPCA is most significant
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for the Walmart dataset with up to 3.9 times faster than other algorithms. For the

Movies dataset, it is 3.1 times, which is also a critical improvement.

(a) For GMM (b) For GMM (Augmented)

(c) For NN (d) For PPCA

Figure 8.4: Results on real datasets

As introduced before, for the results of the experiments, we only compare the

speed improvement among our proposed factorized algorithm and baseline algo-

rithms for one specific ML application scenario. Differences in efficiency among

GMM, NN and PPCA (for example, why PPCA is faster than NN) are determined

by the training algorithms themselves and not within our consideration.
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9 Conclusions and Future Work

9.1 Conclusions

This thesis focuses on ML over normalized data without materializing the table

after joins as the input.

Firstly, we have proposed a factorized approach suitable for three applications

in ML area, based on previous studies about linear models. It utilizes the original

normalized data before joins for training directly without storing the join results

on the disk or in the memory to eliminate the redundancy existing in the input

table for ML, which is usually obtained by joining normalized tables. In the mean-

time, we conclude that as the characteristics of the underlying datasets change, the

performance of this method can gain more benefits.

Secondly, to compare the effectiveness of the factorized way, we also have de-

signed two baseline approaches to analyze the efficiency improvement. One is mate-

rializing the join results on the disk and feeding the tuples after joins to the models.

The other one is performing joins on the fly to directly provide the sub-results of

joins in the memory to the models.
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Thirdly, we have adopted Gaussian Mixture Models (GMM), Neural Networks

(NN) and Probabilistic Principal Component Analysis (PPCA) as specific examples

to prove the feasibility and correctness of our proposed method. We give the three

alternative algorithms for each, including two baseline algorithms and one factorized

algorithm (F-GMM for GMM, F-NN for NN and F-PPCA for PPCA). Meanwhile,

we analyze how the factorized algorithms improve efficiency when obtaining the

normalized data and calculate the training process compared with the other two.

Fourthly, to make the proposed algorithms more applicable, we use binary joins

to give the decomposition process and then generalize the solutions for multi-way

joins.

Lastly, we have designed and conducted a series of experiments on synthetic and

real datasets to measure the efficiency quantitatively among all the cases introduced

and explore the factors that influence the benefits of our proposed algorithms. The

results show that the factorized algorithms significantly outperform the baseline

methods in terms of efficiency improvement. The amount of redundancy existing

in the two joined tables is critical in determining efficiency improvement.

9.2 Future Work

While ML application scenarios require different treatment, we expect some of

the principles adopted in this work will apply to broader fields. Each of these
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algorithms has its merits in specific application scenarios and this would be the

case for algorithms relying on the factorization concepts proposed herein. It is an

excellent direction to build a library of such implementations of ML scenarios. We

can make the initial contributions but anticipate it to evolve into an open-source

project with broad involvement from the community. For managing the model

implementation in the community, we can adopt a UDF library approach, similar

to MADLib, and deliver the algorithms with native implementations, similar to

SparkML.
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