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Abstract

This thesis introduces a way to generalize of peak algebra. There are several
equivalent definitions for the peak algebra. Stembridge describes it via
enriched P-partitions to generalize marked shifted tableaux and Schur’s Q
functions. Nyman shows that it is a the sum of permutations with the same
peak set. Aguiar, Bergeron and Sottile show that the peak algebra is the odd
Hopf sub-algebra of quasi-symmetric functions wusing their theory of

combinatorial Hopf algebras.

In all these cases, there is a very natural and well-behaved Hopf algebra
morphism from quasi-symmetric functions or non-commutative symmetric
functions to their respective peak algebra, which we call the theta map. This
thesis focuses on generalizing the peak algebra by constructing generalized

theta maps for an arbitrary combinatorial Hopf algebra.

The motivating example of this thesis is the Malvenuto-Reutenauer Hopf
algebra of permutations. Our main result is a combinatorial description of all
of the theta maps of this Hopf algebra whose images are generalizations of
the peak algebra. We also give a criterion to check whether a map is a theta
map, and we find theta maps for Hopf sub-algebras of quasi-symmetric
functions. We also show the existence of theta maps for any commutative
and cocommutative Hopf algebras. From there, we study the diagonally
symmetric functions and diagonally quasi-symmetric functions. Lastly, we

describe theta maps for a Hopf algebra V on permutations.
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Chapter 1

Introduction

Let k[[x]] be the set of power series in variables x = x1, 9, x3, ... of bounded
degrees. The symmetric functions are the set of invariant power series under

permutation of variables i.e. the set of elements f such that

f(r1, 20,23, ...) = f(To1), To(2), To3) - - -)

for all bijections o : {1,2,...} — {1,2,...} that fix all but finitely many
numbers. Bases elements of the space of symmetric functions are indexed
by partitions A = (Ag, Ag,..., Ax) such that A\;y > Ay > --- > Ay > 0. The
monomial symmetric function m, is the sum of the monomials in the orbit of

A1 Ak
Il .. xk ) e.g-

2 2, 2 2 2
ma1(X) = xixe + x125 + vixs + vlag + xiws + - - -



Symmetric functions inherit the regular multiplication from power series, and

they have a co-multiplication given as follows

f(x) = f(x,y) = Z fi(x) foly) = Z [1® fa.

J1,f2 f1,f2

For example,

Mar(x,y) = B3y + o47d 4 b2y e+ mgE ey e

= Mgy (X) + ma(X)my(y) + mi(x)ma(y) + ma(y)

The symmetric functions can be shown to satisfy the conditions of a Hopf
algebra. The symmetric functions are core objects in algebraic
combinatorics. They are isomorphic as a Hopf algebra to the class functions
of the symmetric groups via Frobenius characteristic map [44]. They also
represent special Schubert classes in the colomology of flag varieties and

Grassmanians [39].

These applications lead to the fundamental basis of symmetric functions,
known as the Schur basis {s,}. This is a self-dual basis of Sym i.e. we have a
bilinear form (—,—) : Sym x Sym — Kk, called Hall inner product, such that
(8, Su) = 0, where 6 is the Kronecker delta. In the other words, we have an
isomorphism between Sym and its dual space Isym : Sym — Sym® that maps

sy — s. This is an Hopf isomorphism that preserves product and coproduct.

The Schur function s, is the generating function for the semi-standard Young

tableaux of shape A i.e. tableaux whose rows are weakly increasing and



columns are strictly increasing. For example,

[y

1]1] 1]2] 1]3] 2 |
2 + |2 + |2 + 3 +

S21 (X) =

P2ry  +  mTE 4 Timox3 + TTex3 +

There are combinatorial rules for the product of a Schur with a Schur
function (Littlewood-Richardson rule), Schur function with a complete
symmetric function (Pieri rule), Schur function with a power sum generator
(Murnaghan-Nakayama rule) [25]. The structure constants for these products
are weighted sums of tableaux with certain properties. And these can be
restated as the product formula for irreducible characters of symmetric

groups, intersection formula for certain Schubert cells, etc.

In 1911, Schur defines the @ functions in the study of projective
representations of symmetric groups and alternating groups [47]. The Q
functions show great importance in several different contexts including
representation theory of Lie superalgebras, certain cohomology classes, and
they play a similar role in projective representations of symmetric groups as
the Schur functions do in representation theory of symmetric groups [31, 42].
The @ functions are also known to play the role of Schur functions in
Hecke-Clifford algebra i.e. the @ functions correspond to simple

Hecke-Clifford modules [33].

Combinatorially, the @ functions are indexed by strict partitions
(A1, Ag, ..., Ag) such that Ay > Ay > --- > A, > 0. They are generating
functions for marked shifted tableaux [44, 54] i.e. tableaux that are filled

with {1,1°,2,2’,...} such that each z (x) appears at most once in each row



(column), e.g.

Lr]r]v L[r]r]2] 1r]2]2
212 + 2|2 + 2|2 +
Qi = 3 3 3
ririrs +  atadrs 4+ ziadas +

The Schur’s Q functions are known satisfy analogous Pieri rule and Littlewood-

Richardson rule.

Consider the algebra morphism Osyy, : Sym — Sym, which maps s, — Q,, and
extend the map multiplicatively. This completely defines the map since {s,}
is a set of generators of Sym. We call this map the theta map for symmetric
functions. It is not only an algebra morphism, but also a Hopf morphism
that is self-adjoint with respect to the Hall scalar product. In the language of
combinatorial Hopf algebra, it is the unique lifting of the odd character of (sym
[5]. We will explain later in detail. This is our starting point of the theory of

theta maps.

The P-partitions and quasi-symmetric functions (QSym) are introduced as
one of the most important generalizations of semi-standard Young tableaux
and symmetric functions [20, 49]. They are generating functions for partially
ordered sets whose covering relations are labeled with < or < that satisty
certain transitivity properties (P-partitions can be equivalently defined as

poset P with labeled vertices). For example, consider the labeled poset P



<
(2) (3)
N S
(1)
Lp = Z Wt = Tr(1)Tr(2)Tr(3)Tr(4)
‘P-partitions m w(1)<7(2),m(1)<7(3)<m(4)

2,.2 2 3 2 2
= 2725 + X]X2x3 + T1X5 + 12503 + L1504 + - - -

The linear space spanned by P-partitions is the space of quasi-symmetric
functions (QSym). The quasi-symmetric functions can be multiplied as power
series, and co-multiplied via introducing a mnew set of variables
T < X9 < --- < Yy < Yy < --- similar to the way that the coproduct is
defined on Sym. Then, QSym also form a Hopf algebra. Note that
semi-standard Young tableaux can be views as a partially ordered set whose
rows are labeled with < and columns are labeled with <. We have an
embedding ¢ : Sym — QSym. In Stanely’s thesis, he gives a fundamental
lemma that states that {Lp : P is totally ordered} forms a basis of QSym.
Hence, in the degree n component of QSym, the basis elements are indexed

by the places where < occur, i.e. subsets of {1,2,...,n —1}.

In the groundbreaking paper by Stembridge [51], he defines enriched
‘P-partitions and the peak algebra that are generalizations of marked shifted
tableaux and Schur’s @ functions. An enriched P-partition is a filling of a

labeled poset with 1 < 1'< 2 < 2’< - -+ such that no 2’< 2’ or x < x occurs.



Then, Kp is the generating function for enriched P-partitions where both
and ¢’ contribute to x;. For example, consider the same poset P in the

previous example of P-partitions, the following are samples of enriched P

partitions
1’ 1’ 2
S‘ S‘ S‘
1’ 1 1’ 1’ 1’ 1’
N S N N
1 1 1
2’ 2’ 1’
. . .
1’ 2 1’ 2’ 2’ 1’
NS N N
I8 1’ 1’
Kp = Z ) = 20 + 203wy + 22723 + - -

enriched P-partitions 7

In the paper of Stembridge, he shows that the linear span of {Kp}, denoted
by II, is spanned by {Kp : P is totally ordered}. Moreover, for two totally
ordered sets P and P’, Kp = Kp/ if and only if the places of occurrence of
intervals of length 2 with labels a < b < ¢in P and P’ are the same. Therefore,
a basis of II is indexed by intervals of length 2 with labels a < b < ¢, which
is called peak. Hence, II is called the peak algebra, indexed by the peak sets,

and the dimension of the degree n component is the n-th Fibonacci number.

Consider the natural map Z 2™ o Z 2 e

‘P-partitions m enriched P-partitions 7



Lp — Kp for any labeled poset P. This map is called the theta map for
QSym, Oqsym : QSym — QSym, as 6 is the symbol Stembridge uses. This
map is compatible with Osyy, via the inclusion map ¢ : Sym — QSym.
Moreover, Oqsym is a Hopf morphism and II is a Hopf algebra [16]. Further
more, the dual of the image of ©qsym, is the image of the dual map of Oqsym.
In [17], the authors give the connection between peak algebra and the
representation theory of the 0-Hecke-Clifford algebras, analoguous to the
isomorphism between QSym and representation theory of 0-Hecke algebra
[34]. In the language of combinatorial Hopf algebras, Oqsym is the unique

lifting of the odd character of {qsym [5].

The graded dual of QSym is the non-commutative symmetric functions
(NSym) [22]. We will explain it in terms of Malvenuto-Reutenauer Hopf
algebra of permutations (6Sym) [40]. The Hopf algebra GSym live in the
ring k(Xi, Xs,...) of power series of bounded degree in non-commuting
variables. As a vector space, &Sym has basis indexed by permutations as

follows, for each permutation o € G,,, we define

F, = > Xy Xy - Xo,

std(w1,w2,...,wn)=0"1

where std is the standardization of a word to make it a permutation. Let
std(w) = o for some word w and permutation o, then for any i < j, w; < w;,

if 0; < 0j; w; > wj if 05 > 0.



For example,

F231 - Z Xw1Xw2Xw3

std(w1 ,wa,w3)=312

= > XX, X,

w2 <wz<wi

= Xo X0 X5 + X3 X0 X + X3 X0 Xo + X3 Xo X+ -+

With the same method of introducing a new set of variables, &Sym has a
co-multiplication structure and it forms a Hopf algebra. Moreover, by making
the variables commutative, we obtain a Hopf morphism D : GSym — QSym.
It is not hard to see that the image of F, only depends on the descent set of
o, Des(o) = {i : 0(i) > o(i + 1)}. In fact, D(F,) = Lpess). Hence, D is

frequently referred to as the descent map.

Dually, the graded dual of QSym, i.e. NSym, is a Hopf sub-algebra of GSym.
Its degree n component is indexed by subsets of {1,2,...,n — 1}. For each

subset S C {1,2,...,n — 1}, the embedding is

RS — Z F:

Des(o)=S,0€6,

where {F}} is the dual basis of {F,,} and {Rg} is the basis dual to {Lg}. This

embedding is denoted by D* as it is the dual map of the descent map D.

Moreover, when making the variables commutative, NSym is projected to the
symmetric functions Sym, and this projection 7 is dual to the embedding

¢t : Sym — QSym. Then, we obtain the following classical commutative square



NSym D—) GSym
T D

Sym — QSym

The dual map of ©qsym is the theta map for NSym, Onsym : NSym — NSym.

In particular, its image is the space spanned by
Z Fr:SC{1,2,...,n—1} where the peak set is
oeBGp

peak(o)=S
peak(c) ={i:o(i—1) <o(i) >o(i+1)}.
The original construction of peak algebra is combinatorial. But after its
introduction, it inspired a series of researches and surprising results that
connected a number of area together and there have been many attempts at

generalizations.

In [15], the authors relate the enriched P-partitions to chains in Eulerian
posets and their cd-index. They give a combinatorial interpretation of when a
function in II can be expressed positively in enriched P-partitions. Then, they
studied the theta map Oqsym as operators of certain posets and in particular,

they show that ©qsym is diagonalizable on II.

In [41], Nyman proves that the dual of the space of enriched P-partitions is
isomorphic to the sub-algebra of the Hopf algebra of permutations spanned by
elements of the form Z FZ where S C {1,2,...,n—1}. In addtion, when

ccGp
peak(o)=S

we identify &Sym with the group ring k& = @ k&,,, then its subspace NSym

n>0



is given an internal multiplication for which it is closed under multiplication.
The space NSym is isomorphic to Solomon’s descent algebra [48]. And Nyman
shows that the peak algebra also forms a sub-algebra of Solomon’s descent

algebra and has many properties analoguous to the descent algebra.

From the relation between descents and peaks, the peak algebra is extended
to Coxeter groups of type B in papers [6]. The peak algebra of type B also
has a Hopf algebra structure similar to NSym and &Sym, and a descent-to-
peak theta map is constructed in [29]. And then in [14], the authors further
generalize the peak algebra to Mantaci-Reutenauer Hopf algebra of G-colored
symmetric groups. However, no similar construction is known for other types

of Coxeter groups.

From the combinatorial perspective, in [32], the authors generalize the
combinatorics of marked shifted tableaux and enriched P-partitions further
to Poirier-Reutenauer Hopf algebra of standard Young tableaux [43]. They
introduced the shifted Poirier-Reutenauer Hopf algebra. However, there is no
natural ways to give a nice analoguous theta map that is compatible with
their construction. The authors give two candidates, but neither is a Hopf

morphism.

Many other authors have also explored the Hopf algebra and representation
theoretical structure of the peak algebra (see for instance [16, 46]). As listed
above, the peak algebra and its generalizations appear in the form of Schur’s
Q functions, enriched 7P-partitions, sum of elements in certain Coxeter
groups with given peak set, shifted standard Young tableaux, etc. Each of

these constructions, both combinatorial and algebraic, has certain interesting

10



properties. The problem is then as follows, is there a unified way of
describing these peak algebras? Can we generalize the peak algebra to an
arbitrary Hopf algebra in a meaningful way, and obtain analogous

combinatorial and algebraic properties?

In this thesis, we will partially answer this question from the angle of theta
maps. More precisely, given a Hopf algebra H with a Hopf morphism ¥ : H —
QSym, we define a theta map to be a Hopf morphism Oy : H — H that makes

the following diagram commute.

NSym > H*

Onsvm @7‘ KR
\ ’ p, H

NSym —— * (y
T 171' .

Sym*
h L

Sym — QSym

[S\ / 9stm\‘ l

: > QSym

Then the image of O is a generalized peak algebra. Moreover, if H is self-
dual, we want © to be self-adjoint, in which case the two self-adjointness
squares in bottom-left and top-right can be omitted and the diagram becomes

a cube. Usually, making ©4 self-adjoint simplifies the calculations a lot.

The importance of the theta maps comes from the theory of combinatorial
Hopf algebras developed in [5]. A combinatorial Hopf algebra is a graded

connected Hopf k-algebra H equipped with a multiplicative and linear map

11



¢ : H — k called character. The set of characters forms a group. Two
characters can be multiplied via convolution product, and the inverse of a
character ¢ is ¢ o Sy where Sy is the antipode of H. Let ¢ be the character
such that ¢(h) = (—1)%8™((h) for homogeneous h. Then y = (~1( is called

the odd character of ¢ as ¥ = x L.

Consider the canonical character for Hopf algebras in power series via
evaluation ((f(x1,z2,...)) = f(1,0,0,0,...), both in commuting and
non-commuting variables. When restricted to Sym, QSym, NSym and &Sym,
we obtain (sym, (Qsym, (Nsym and (ssym respectively. In [5], the authors show
that (QSym, (qsym) is the terminal object in the category of combinatorial
Hopf algebras i.e. for any pair (#, (), there exists a unique Hopf morphism
® : 'H — QSym such that ( = (qsym © ®. And similarly, (Sym, (sym) is the
terminal object in co-commutative combinatorial Hopf algebras. In
particular, (sym, (Qsym, (Nsym; Cesym are compatible with the classical square

i.e. the maps are combinatorial Hopf morphism.

The theta maps for Sym and QSym are the unique combinatorial Hopf
morphisms for <Sym,ﬁ§sym>, (QS}”“,@CQSWT‘) respectively. Under this
construction, the space of Schur’s Q functions and peak algebra are the odd
Hopf sub-algebras of Sym and QSym that satisfy the generalized
Dehn-Sommerville relations introduced in [10]. By choosing appropriate
combinatorial Hopf algebras, relations among flag vectors in Eulerian posets
can be obtained from the generalized Dehn-Sommerville relations. For NSym,
although it is not a terminal object, its theta map also comes from the odd
character i.e. @CNSW = (NSym © Onsym, and the image is the odd Hopf

sub-algebra of (NSym, (nsym)-

12



Our first result is that for any combinatorial Hopf algebra (H,(), a Hopf
morphism O : H — H is a theta map if and only if it is obtained from the
odd character i.e. (~1¢ = ¢ 0 Oy. Moreover, the image of any theta map must
lie inside the odd Hopf sub-algebra of (#,(¢). From this result, we compute

theta maps for different combinatorial Hopf algebras.

The central candidate of combinatorial Hopf algebras, and our main
motivation for considering this problem, is the Malvenuto-Reutenauer Hopf
algebra of permutations, also known as the free quasi-symmetric functions. It
is a non-commutative, non-cocommutative, self-dual and graded Hopf
algebra. Its sub and quotient Hopf algebras contain Sym, QSym, NSym, the
peak algebra, the Loday-Ronco Hopf algebra of binary trees, the
Poirier-Reutenauer Hopf algebra of standard Young tableaux and many

other central objects in algebraic combinatorics.

Our main result is that we are able to give a combinatorial description the
theta maps for GSym. In fact, there are infinitely many, and we will give
an algorithm to construct all of them. The tool we use is monomial basis
introduced in [8]. The monomial basis gives a set of free generators of GSym.
We also heavily use the combinatorics of the peak set, global descents and the

weak order on permutations.

In addition to this, we also prove related results on other combinatorial Hopf

algebras.

In Chapter 2, we provide the background, definitions and notation needed in

this thesis.

13



In Chapter 3, we will study odd Hopf subalgebra of an arbitrary
combinatorial Hopf algebra. = We give an algorithm to find the odd
subalgebra, and we show that the image of a theta map, if it exists, will be
contained in the odd subalgebra. In particular, it satisfies the generalized
Dehn-Sommerville relations. A main part of this chapter comes from the

paper [7] that is a joint work with Farid Aliniaeifard.

In Chapter 4, we first provide the connection between theta maps and
characters. Using that, we show that for any Hopf subalgebra of QSym, the
theta map, if it exists, must be unique. We also give theta maps for any Hopf
algebras that are commutative and cocommutative, and we use the
diagonally symmetric functions DSym as example. In particular, we
construct a non-trivial Hopf sub-algebra of DSym. After that, we extend it to
diagonally quasi-symmetric functions. We also have a structural result on the
quasi-symmetric analogue of the diagonal harmonics. We leave it in
appendix as it is not directly related with theta maps. Some sections of
chapter 4 are also found in my joint paper with Farid Aliniaeifard [7] and

some other sections are in [35]. The appendix is from the paper [36].

Then, we study another Hopf algebra of permutations, called V [53], which is
the coradical filtration of &Sym. We give the theta maps for V. And we find
a particular theta map, whose image is exactly the peak algebra. After that,
we will construct and describe the theta maps for the Malvenuto-Reutenauer

Hopf algebra of permutations.

14



Chapter 2

Background

In this section, we provide some the definitions and background used in this
thesis to make it self-contained as possible. For more details, a good reference

would be [25].

2.1 Hopf algebras

A Hopf algebra H is a k-vector space with the following k-linear maps.

e product m : H®H — H that is associative i.e. mo(m®id) = mo(id®m).
e unit u : k — #H such that u(1) is the identity element for multiplication.

e coproduct A : H — H ® H that is coassociative i.e. (A ®id) o A =

(id® A)oA. It is sometimes convenient to write the coproduct as A(c) =

e counit € : H — k such that > m(c1 ® €(z)) = c.

15



These maps satisfy the following compatibility axioms

1. Aom=(m®m)o (id® T ®id) o (A® A) where T is the transposition
a®b—b®a

2. mo(e®e)=com
3. Aou=(u®u)oA

4. eou =1d

And there exists a linear map called antipode S : H — H such that

Z(c) S(er)ez = u(e)(c) = Z(c) c15(c2).

A Hopf algebra H is graded if

1. the underlying vector space is graded i.e. H = @Hm ‘H,, is called the
n>0
graded component of degree n.

2. given two homogeneous elements hy € H; and hy € H;, then m(hy ®hsy) €

Hitj,

3. given a homogeneous element h € H,,, A(h) € @ H; @ H;.

1+j=n
A Hopf algebra is graded and connected if it is graded and Hy = k.

In this thesis, all Hopf algebras will be graded and connected, and the
dimensions in all graded component are finite. In this case, we can drop the

antipode axiom because it always exists via the Takeuchi formula [52]

S = Z(_l)nm(n—l)f@)nA(n—l)

n>0

16



where f =id —ue, m™' =u, A~ =€ and m® = A = id.

Given two Hopf algebras H and H’', we say a map ¢ : H — H' is a Hopf

morphism if it is a linear map that preserves the product and coproduct i.e.

l.pom=mo(p® )

2. Aop=(p®¢p)oA.

Similarly, a map is an algebra morphism or coalgebra morphism if it is linear

and it preserves the product or coproduct respectively.

Given a graded connected Hopf k-algebra H = @ ‘H,,, we can define its graded

n>0

dual, denoted by H* = EBHZ where H; is the set of all linear maps from H
n>0
to k such that all homogeneous elements h € H; are mapped to 0 unless n = 7.

The graded dual space H* is a graded connected k-vector space and we have

a bilinear scalar product

that takes a pair (f,h) € H* x H to f(h).

For each linear map ¢ : H — H, there is a unique adjoint map ¢* : H* — H*

such that for all a € H,b € H*, we have (b, ¢(a))y = (¢*(a),b)x.

The graded dual space has a Hopf structure where the product on H* is the
adjoint map of the coproduct on ‘H and the coproduct on H* is the adjoint

map of the product on H with respect to the scalar product (—, —).

17



It is not hard to check that the product and coproduct on H* satisfy the

compatiblility axioms of Hopf algebra with its grading.

Let {b1,bs,...} be a homogeneous basis of #H, then there is a homogeneous
dual basis {b7, 5 ... } for H* such that (b}, b;)y = J;; where §;; = 1 when i = j,

and otherwise ¢;; = 0.

A Hopf algebra H is called self-dual if it is isomorphic to its graded dual space

as Hopf algebras.

Given two Hopf algebras A, B and a Hopf morphism ¢ : A — B, we have
the dual map ¢* : B* — A* such that ¢*(f)(a) = f(¢(a)). If B = A*, then

the dual map ¢* is the adjoint map of ¢ with respect to the scalar product

<_7_>A'

Given a Hopf algebra H and two Hopf morphisms f, g : H — H, we define their
convolution product, denoted by f*g, to be the map composition mo(f®g)oA.
The convolution product is a linear map, but it fails to be a Hopf morphism

in general.

Remark 2.1.1. The convolution product can be defined for any linear maps
between a coalgebra C' and an algebra A. In fact, it makes Hom(C, A) an

algebra. But we will not use it in this thesis.

The rest of this section recalls the central Hopf algebras we will use in this
thesis including the symmetric functions (Sym), the quasi-symmetric functions
(QSym), the non-commutative symmetric functions (NSym), the free quasi-
symmetric functions (&Sym) and Vargas Hopf algebra of permutations (V).

For more details, we refer to [25].

18



2.1.1 The Hopf algebra of symmetric functions

In this section, we recall symmetric functions and their basis properties. More

details can be found in [45, 3§]

A partition A of n, written A - n is a finite tuple of positive integers (A1, ..., Ay)
such that Ay +---+ XAy =nand \; > Xy > --- > \;. We say the length of A is
((\) = ¢ and the size of A is |A| = n.

For partitions p, v, and positive integer s, we say p < v, or v/ is a horizontal
s-strip, if

Lo|v| = [ul +s,

2. p; <wjforall 1 <j</{(u),

3. If v; > p; and v; > p; for two different integers 4, j, then either v; < p;

or v; < ;.

By convention, we let p; = 0 for j > £(pu).

The ring of symmetric functions, Sym = @ Sym
n>0
series k[[x1, 2, . .. ]| with bounded degree that are fixed under symmetric group

is sub-ring of the power

n’

action where Sym,, is the space of homogeneous symmetric functions of degree
n. More precisely, f € Sym if f(z1,22,...) = f(To1), To(2),...) for all o €
S () Where G is the set of all bijections from the set of positive integers to

itself that fix all but finitely many numbers.

The symmetric functions clearly form a graded vector space, and the degree

n component is clearly has a basis, called the monomial basis m,, the sum of
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all monomials in the orbit of 2} x)? - - xz\f /{;), for all A - n.

Example 2.1.2. Forn = 3, we have

¢ M (x) =i+ oyt agt
o m1)(X) = 23wy + 123 + viay + v23 + - -

e M(11,1)(X) = T102%3 + T1ToTy + T1T3T4 + -+

The symmetric functions form a ring with the regular multiplication of power
series. It is, in fact, a free commutative ring with generators {hi, ho,...}
where h,, = Z my. The {h,} are called the complete homogeneous functions.

AFn
For a partition A\, we denote hy = hy, hy, - - h/\é’(A)'

Proposition 2.1.3. [/5] {hy : A+ n} is a basis of Sym,,.

We define the coproduct on Sym to be A(h,) =>_ h; ® h; and extended

i+j=n

multiplicatively. Then Sym becomes a Hopf algebra.

We will then define the most important basis {s,} using tableaux.

Definition 2.1.4. A tableau is a finite collection of cells, arranged in left-

justified rows and filled with positive integers e.g.

1]1]2]

2[3]

Let T be a tableau. The shape of T', denoted by sh(T), is the integer vector
whose i-th entry is the length of row i, reading from top to bottom. The

content of T, denoted by ¢(T), is the integer vector whose j-th entry is the
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number of times j appears in 7. Since all but finitely many of the entries
in sh(T) and ¢(T) are zero, we identify them with a finite sequence of non-

negative integers.

The reading word of T, denoted by read(T), is the word of entries read
starting in the top row from right to left, then proceeding down the rows. In
the example above, sh(T) = (3,1,2), c¢T) = (2,3,1), and
read(T) = (2,1,1,2,3,2).

For compositions «, 5 with «; > §; for all i, a skew tableau of shape «/f is a

tableau of shape a with cells of 8 removed from the upper left corner e.g.

DoH

T/

has skew shape (4, 3,2)/(1,2).

In this case, (3 is called the inner shape of T and « is called the outer shape

of T, denoted by outsh(T").

A tableau is called semi-standard if its rows are weakly increasing from left to
right and its columns are strictly increasing from top to bottom. A tableau
is said to be tmmaculate if its rows are weakly increasing from left to right
and its first column is strictly increasing from top to bottom. A tableau T is
called Yamanouchi if in read(T), for every positive integer j and every prefix

d, there are at least as many occurrences of j as there are of j + 1 in d.

All the definitions above for tableaux apply verbatim to skew tableaux.

Definition 2.1.5. The Schur functions s)(x) = Z x“") where

semi-standard tableaux
T of shape A
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T — xi(T) (T2

1 ¢
Ty

Example 2.1.6.

1]1] 1]2] 1]3] 1]2]
2 + |2 + |2 + 3 +

Sgl(X) =
2ry  +  mTE 4+ Timox3 + TToxz +
Proposition 2.1.7. ([25], Proposition 2.11) The Schur functions are

symmetric i.e. sy € Sym. Moreover, {s) : A n} forms a basis of Sym,,.

The Schur functions are positive, self-dual basis. Let A, pu,r be partitions
and c;\w be the number of skew semi-standard Yamanouchi tableaux of shape
A/ and content v. Then we have the following Pieri rule and Littlewood-

Richardson rule that are nicely explained in [25].

Theorem 2.1.8. ([25], Theorem 2.58) For a partition p and a positive integer

n,

sphy, = Z Sx.

/J%nA

Theorem 2.1.9. [37] For partitions A, i and v,

_ A
5,5, = E CluSA-

A=+ |

A(sy) = Z ci‘wsu ® Sy

AF |+ ||

These show that Sym is a self-dual Hopf algebra via the isomorphism

Isym : Sym — Sym*

*
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and we have the Hall scalar product on Sym, (—, —) : Sym x Sym — k such

that <S)\,Su> = <h)\,mu> = (5)\“.

The importance of positivity and self-duality was studied by Zelevinsky and
that results in beautiful descriptions of irreducible representations of many
families of finite groups including the symmetric groups and general linear

groups.

One can also obtain Schur functions directly using the homogeneous basis via

the Jacobi-Trudi formula.

Theorem 2.1.10. [30] For a partition A = (A1, Aa, ..., Ax),

h, Pyxis1 o haggr—
Px,—1 hy, o haggr—2 .
sy = det _ _ _ = E (—1) h/\1+0171,...,)\k+0k7k
: . . : o€y
h)\kkarl h,\k—k+2 T h‘)\k

where for convinience we use o; to denote o(i) and the same notation is used

later.

Another important class of symmetric functions is the Schur’s @ functions,

defined using marked shifted tableaux.

A shifted tableau of shape A is a tableau of shape A whose row ¢ is shifted to
the right by ¢ — 1 for all rows i.e. of  shape
(A4 (0,1,...,6(N) —1))/(0,1,...,£(N) — 1) A marked shifted tableau is a
shifted tableau that are filled with {1,1’,2,2’/3,3’,-- -} such that

1. both rows and columns are weakly increasing with respect to the ordering
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1<1’<2<2<3<3<--,

2. there can be at most one z in each row and at most one z’ in each column

for all numbers z.

The content of a marked shifted tableau is the regular content by reading z’

as x for all numbers x.

Definition 2.1.11. The Schur’s Q functions is Q) = Z x¢(T)

marked shifted tableaux
T of shape A\
c(T c(T
where xT) = xl( )19[;2( 2

Example 2.1.12.

1|r]r|r] 1|r]r]2] 1r]2]2
212 + 2|2 + 2|2 +
Qo = 3 3 3
ririrs + r3xdxs + ririzs +

The Schur’s Q functions form a subspace of Sym, with a basis {Q) : A} > Ay >
-++ > Ay} indexed by strict partitions. The set {Q,} is a set of generators

of the space of Schur’s Q functions [38].

The Schur’s Q functions play a central role in the projective representations of
symmetric groups, similar to Schur functions in regular representation theory.

They also have analogous Pieri rule and Littlewood-Richardson rule.

Consider the algebra morphism Osym, : Sym — Sym that sends h,, = Q,, and
extended multiplicatively. This map is in fact a self-adjoint Hopf morphism
with respect to the Hall scalar product i.e. Osyy preserves the coproduct, and

it makes the following diagram commute.
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[Sym %
Sym =———— Sym
®Sym Ggym

]Sym %
Sym ———— Sym

It is not hard to see that Q,, = 2 Z S(k,1,1,..,1) Where each term has n —k 1’s.
k=1
Therefore, we may write Ogsym(hy,) = 2 Z S).

hook A of size n
2.1.2 The Hopf algebra of quasi-symmetric functions

A composition « of n, written a |= n, is a finite tuple of positive integers
(v, ..., cq) where ag +. ..+ oy = n. We say the length of «, ¢(a)) = ¢ and the

size of a, |a] = n.

For compositions «, 3, and positive integer i, we say o C; [ if

L8] = lal +1,

2. a; < Bjforalll <j</l(a),

3. 0(B) < l(a)+ 1.
Denote by Q,, the set of all subsets of [n — 1] := {1,2,...,n — 1}. There is
a one-to-one correspondence I between Q,, and the set of compositions of n,

where

I{a) = {aj, a1 +as, ..., +...+0Zg(a)_1}.
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Then we have a refinement order on the set of compositions of n. For two

compositions «, f = n, a < fif I(«) C I(B). For a composition « of n, let

- ar | M)
M, = E Tiy i

11<...<lg(q)

This is an element of the commutative algebra of formal power series in
variables {z;};>1. By convention, My = 1, where () denotes the unique
composition of 0 with no parts. The multiplication is inherited from the ring

of power series.

The ring of quasisymmetric functions is denoted by QSym and is defined as

follows

QSym = P QSym,,

n>0

where

QSym,, = k-{M,, : a = n}.

The ring of quasisymmetric functions is indeed a Hopf algebra with

co-multiplication

AMy)= > M@ M,
a=pey

where 8 ® 7 is the concatenation of compositions 5 and v i.e. a composition

of length ¢(/3) + £(~) whose i-th entry is 3; if # < £(3) and 7;_¢s) otherwise.

Example 2.1.13. (2,1,3) ® (3,1) = (2,1,3,3,1) and

A(Mpa3) =1® M3+ Mgy @ Mag) + M1y @ M) + M3 @ 1.
Clearly, QSym is commutative but not co-comutative.
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The Hopf algebra QSym contains Sym has a Hopf sub-algebra as follows.
my = Z Ma
sort(a)=A

where sort(«) is the partition obtained by reordering entries of « in decreasing

order. This gives a natural embedding

¢t Sym — QSym .

Another well-known linear basis of QSym,, is obtained by defining for each
aE=n,
Lo=Y _ M;.

a<lp

The sum is over all § that refines a. The set {L,} is called the fundamental

basis that can be more naturally described using the theory of P-partitions.

Let P be a finite labelled partially ordered set whose underlying vertices are
totally ordered. For convenience, we assume the underlying set is some finite

set of integers.

This definition is equivalent to the definition in introduction where edges of P
are labeled by < and <. Because the inequalities on the edges are determined

by the labellings on the vertices.

Definition 2.1.14. A P-partition is a function f : P — {1,2,3,...} such

that

1. i <pjand i <z j implies f(i) < f(j),
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2. i <pjandi >z jimplies f(i) < f(j).

Example 2.1.15. Consider the following poset P, then a P partition f must

satisfy
2 f(2)
<
4 1 f(4) ey
NS N
3 f(3)

The generating functions

Lp= > xW= 3 (Hw>

‘P-partitions f ‘P-partitions f \i€P

are quasi-symmetric functions.

When P is totally ordered, we obtain the fundamental basis Ljpesip)) = Lp.
Without loss of generality, we can write P as a permutation o of [n] i.e.
o(1) <pa(2) <p--- <po(n). We say o has a descent at i if o(i) > o(i + 1).

Let Des(o) ={i:0(i) > o(i+ 1)} denote the descent set of o, then,
Lp = Li-1(pes(o))-

Example 2.1.16. Let P be the totally ordered set 35412. Then its descent set
18 {2, 3} and Lp = L(27172).

The next proposition is the Stanley’s main lemma in P-partition theory.

Theorem 2.1.17. [49] Let P be a poset and L(P) be the set of all linear
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extensions of P, then

Lp= Y L.

o€L(P)

The semi-standard tableaux can be viewed as special labelled posets and its
generating Schur functions can be written as linear combinations of the

fundamental basis in QSym.
In 1995, Stembridge gave a analogous generalization for Schur’s Q functions
using enriched P-partitions.

Definition 2.1.18. Consider the totally order set 1 < 1'< 2 < 2'< -
Given a labelled poset P, an enriched P-partition is a function f : P —

{1,1°,2,2’ ...} such that for all i <p j, we have

L f(i) < f()-
2. f(i) = f(j) and f(7) is of the form z’ for some number x implies i <z j.
3. f(i) = f(j) and f(¢) is not of the form z’ for some number z implies

Z>Zj

The enriched P-partitions generalize the marked shifted tableaux and its

generating functions,

Kp = > x) = >, (H fo())

enriched P-partitions f enriched P-partitions f \i€P

where f(7) is the underlying integer of f (i), generalize the Schur’s Q functions.

We also have the following fundamental lemma.

Lemma 2.1.19. [51] Let P be a poset and L(P) be the set of all linear
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extensions of P, then
Kp= Y K,

o€L(P)

It is still true that K, depends only on the peak set of o where the peak set

is peak(o) ={i:0(i—1) <o(i) >o(i+1)}.

Therefore, the space of enriched P-partitions is a linear subspace of QSym

whose degree n component is the n-th Fibonacci number (1,1,2,3,5,8,...).

Moreover, the results by Stembridge [51] and Bergeron et al. [16] show that it

is also closed under product and coproduct inherited from QSym.

Theorem 2.1.20. [16] The space of enriched P-partitions is a Hopf

sub-algebra of QSym.

Therefore, it is also referred to as the peak algebra.

In fact, it is the image of the map Oqsym : QSym — QSym that sends Lp to
Kop for all labelled poset P.

The map Oqsym is a Hopf morphism, and it is also compatible with ©s,m via

the embedding i.e. we have the following commutative diagram.
Sym ;) QSym
Osym Oqsym
Sym ;) QSym

We will work with the space enriched P-partitions and ©qsym extensively in

30



this thesis, and try to generalize them into other Hopf algebras.

Another basis of QSym we will use is the shuffle basis {5, }, first introduced in
[40]. In this case, we assume k contains Q as a sub-field. For two compositions
1
a,fEnand a < B, let dj = —————— where § = (ay + -+ au,, Gy 1 +
n1!n2! c. nk‘
st Anytngs - -y OUp—pp+1 + -+ a@(a))-

Definition 2.1.21.

Sa =Y _diM;.
B<a
Example 2.1.22.
1
Sy = May + 5Me).

By triangularity, {S,} forms a basis of QSym. And its Hopf structure is

isomorphic to the shuffle algebra.

Let Shy,m be the following subset of permutation group &,,4,,

{0 €6 im0 (1)<} (2)< <o t(n)jo ' (n+l) <--- <o Hn+m)}

For two compositions «, 8 of length n, m respectively, we define arLLI 3 to be the
multi-set {Wy(1), Wo(2); - - -, Wo(ntm) : 0 € Shy,,} where w is the concatenated

composition o ® .

Proposition 2.1.23. /28]

SaSs= Y 5,

YEaLLB

AS.)= Y S®S,

a=p0oy
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Example 2.1.24.

S1-S1=M,-M, = 2M 1y + My = 25(1,1)
1
A(Sa)) = A Maqy + §M2
1 1
:1®M(1,1)+M1®M1+M(171)®1+§®M2+M2®§
== 1 ® 5(1,1) -+ Sl ® Sl -+ S(l,l) ® 1

2.1.3 The Hopf algebra of non-commutative symmetric functions

The graded dual of QSym is the non-commutative symmetric functions, NSym.

The dual basis of {M,} is denoted by {H,} i.e. (Hy, M) = 0ap-

In fact, NSym = (H, Hy,---,) is the non-commutative algebra freely
generated by infinitely many elements {H,},>1. The algebra NSym is a

graded connected Hopf algebra with comultiplication
A(H,) =Y H®H,
i+j=n

For a composition a = (o, ..., ), let Hy, = H,, ... H,,, and by convention

we let Hy = 1. Then we have

NSym = @ NSym,,

n>0

where

NSym,, = k-Span{H, : o = n}.
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Recall that there is an embedding ¢ : Sym — QSym. Dually, we have a

surjective Hopf morphism.
m: NSym — Sym
H, +— h,

Hence, {H,} is called the homogeneous basis of NSym.

The dual basis of {L,} is called the non-commutative ribbon basis { R, } with

(R, L) = dop. Their relate with homogeneous basis in the following way

H, = Rp,

BLla

BLa

If we dualize the map ©qsym, We obtain Onsym : NSym — NSym. It maps H,

to 2 Z R1,...1,k) where each term has n — &k 1’s.
k=1

This map is compatible with Os,, i.e. it makes the following diagram
commute.
s
NSym ————— Sym

@NSym C'_')Sym

T
NSym ————— Sym
Moreover, the image of ©nsym, as a Hopf algebra, is isomorphic to the graded
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dual of the image of ©qsym.

In [12], the authors introduced a new basis {&,} for NSym, called the
immaculate basis. This basis is one of the best non-commutative analogues

of the Schur functions.

The Schur functions can be defined using the Jacobi-Trudi formula, and {&,}

admits a very similar expression. For a composition « of length k,

GQ = Z (_1)U Oél+0'1—1,...,04k+0'k—k' (21)

oeBy

The immaculate basis also satisfies a formula analogous to the Pieri rule

Theorem 2.1.25. ([12] Theorem 3.5) For a composition a and a positive
mnteger s,

G H, =) &

acsﬁ
It also has an analogous Littlewood-Richardson rule.

Theorem 2.1.26. ([12] Theorem 7.3) For composition o and partition X,
G.8i= > (L6,
YElal+[Al

where CZA s the number of skew immaculate Yamanouchi tableaux of shape

v/a and content A.

Unfortunately, we do not have a nice formula for general structure constants
because they could be negative, and no general cancellation-free formula is

known for a composition [ in the place of a partition A.
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Example 2.1.27.

62694 = 6314+ 6224+ 6323 — G535 —Guzi.

However, we have a cancellation free formula for the left Pieri rule. We will

introduce it in section 4.2.

2.1.4 Malvenuto-Reutenauer Hopf algebra of permutations

Let &,, denote the set of permutations on {1,2,...,n}. The elements 0 € G,
are viewed as word o(1),...,0(n). We denote the length of a word w by |w|. If
o, T are two words, 0 ©® 7 = w is the word such that w(i) = o(i) for 1 < i < |o|
and w(i) = 7(i — |o]|) for ¢ > |o|. If 0,7 are permutations, o\7 = w is the
permutation such that w(i) = o (i) + |7| for 1 < ¢ < |o| and w(i) = 7(i — |o]|)

for i > |o].

Let w be a word of N such that w(i) # w(j) for all i # j. The set of inversions
of wis Inv(w) = {(a,b) : a < byw(a) > w(b)}. The descent set of w is
Des(w) = {i : w(i) > w(i+ 1)}. The set of global descents of w is GD(w) =
{i : w(a) > w(b) for all @ < i < b}. The peak set of w is peak(w) = {i :

wi—1) <w(i) >w(E+1)}.

The standardization of w, denoted by std(w) is the unique permutation in &y,
such that Inv(w) = Inv(std(w)). We have a weak order, <, on &, by 0 < 7
if Inv(o) C Inv(7). If 0,7 are permutations, their shifted shuffle, denoted by
o7, is the set of w € Sio|+]y such that std(w™(c(1)),...w (o(|o]))) =0

and std(w (o] +7(1)),...w o] + 7(|7])) = 7.
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The Malvenuto-Reutenauer Hopf algebra, denoted by &Sym, is the graded
Hopf algebra GSym = @ GSym,, that GSym,, = k-Span{F, : 0 € G, }.

n>0

The product formula is

The coproduct formula is

A<Fa> = Z Fstd(,u) ® Fstd(w)-

nOw=o

The product and coproduct formula are obtained from the operations on power
series in non-commuting variables, defined in the introduction. They satisfy
the axioms of Hopf algebra [40]. In the rest of this thesis, we only use these

shifted shuffle and deconcatenation formula to do calculation.

A second basis, introduced in [8], is defined as

M, = Z w(o, 7)F;

T>0

where u(o, 7) is the Mébius function on the weak order.

By Mobius inversion formula,
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The M basis has a particularly nice coproduct formula

A(M,) = Z Mta(o(1),....00) @ Ma(it1),...o(0))-
1€GD(o)U{0,|a|}

Let {F}} and {M}} denote the dual bases of F' and M bases respectively, we

have
M;=> F;
<o
and
M- M: =M,

The self-duality of &Sym follows from the isomorphism lgsym : GSym —
SSym*

IGSym(Fo) = a**l'

We have a surjective descent map D : GSym — QSym

D(Fcr) = LDes(cf)-

The dual map is D* : NSym — GSym”
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As a result, D*(H,) = Z F> and D*(R,) = Z Fr.
I-1(Des(0))<a I-1(Des(o))=a

Example 2.1.28.

D*(H13)) = Fiio3 + Fi1o4 + Foy4 + Flozy

D*(R3)) = Fiias + Fio4 + o4

In this sense, NSym is equivalent to the Solomon descent algebra as vector

space.

Consider the elements Z F* 3. They form a basis for the image

I—1(peak(c))=a
space of Onsym. Therefore, the image of Onsym is called the peak algebra.

Moreover, &GSym fits nicely into the following commutative square

NSym D—) GSSym
s D

Sym ;) QSym

2.1.5 Vargas Hopf algebra of permutations

In this section, we present another Hopf structure on permutations, the Hopf

algebra V [53]. Tt also appears as associated graded Hopf algebra to &Sym [9].
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Let

V=V

n>0
where

V, = C-Span{v, : 0 € &,,}.

By convention when n = 0, & is the set of the permutation of empty set and

Vo = C-Span{1}.

For each permutation o, there is a unique way of writing it as o;\o2\ - - - \on
such that each o; is a permutation with no global descents and o; is the

standardization of the subword
(o(or] + [o2] + -+ |oia| + 1), ... o([or| + [o2| + - + |oi])).

Example 2.1.29. The permutation 6743521 corresponds to 12\213\1\1.

Assume that o = o1\ -+ \o, and § = 01\ - - - \d,,. Let

01\02\ . \Cn-l—m = 01\ . \Un\(;l\ . \§m‘

We define the shuffle of ¢ and  to be the shuffle of blocks,

0‘1\ cee \0‘n L 51\ s \5m = {07(1)\67(2)\ cee \C,y(n+m) Ty € Shmm}
We define the product and coproduct for V' by
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VU5 = g UV

wET\ - \onWd1\ - \0m

and
n

A(UU) = Z Vo \o-\oy & Vo i1\ \om

i=0
respectively. By this product and coproduct, V is a Hopf algebra. In face, V
is a shuffle algebra. This follows e.g. from the fact that quasi-symmetric is a
Hopf algebra, and it is isomorphism to shuffle algebra [40, 28]. And we have a

surjective Hopf morphism.

U )% — QSym
Voi\\ow = S(lo]fon])
Remark 2.1.30. The Hopf algebra V is the coradical filtration of &Sym.
Hence, it is isomorphic to the graded dual of Grossman-Larson Hopf algebra

of heap ordered trees [24]. The connection can be found in [9].

2.2 Combinatorial Hopf algebras

Combinatorial Hopf algebras usually refer to Hopf algebras that arise from

combinatorial objects.

In this thesis, we will follow the definition in [5]. A combinatorial Hopf algebra
is a pair (H, () where H is a graded connected Hopf k-alegbra and ¢ : H — k

is a multiplicative and linear map. The map ( is called a character of H.
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Let H = @7—[” With abuse of notation, we write (|y, to be the function
n>0
that maps a homogeneous element h to ((h) if h € H,,, and 0 otherwise. Then,

Clu, € H,

The set of characters of H forms a group, with convolution product ¢ * ' =
mo ((®(")oA. For simplicity, we usually write multiplication of characters as
C¢’. The identity element is the counit e, the inverse is given by (7! = ( o Sy
where Sy is the antipode of H. We define ¢ to be the character such that
Cla, = (=1)"Clp,. Note that ¢ = (. For more details about the group of

characters of a combinatorial Hopf algebra, refer to [5].

The class of combinatorial Hopf algebras forms a category. A combinatorial
Hopf morphism between two combinatorial Hopf algebras (H1, (1) and (Ha, (3)
is a Hopf morphism ® : ‘H; — H, such that (; = (5 0 P.

Consider the canonical linear map ¢ : k[[z1, x9, ... ]| — k satistying ((z;) = ;1.

Restricting this character to Sym and QSym gives (sym : Sym — k, where

1 if A= (n)or (),
Csym(my) = and (qsym : QSym — k, where
0 otherwise
1 if a=(n)or (),
CQSym(Ma) =

0 otherwise.

Theorem 2.2.1. [5, Theorem 4.1] For any combinatorial coalgebra (Hopf
algebra) (H,(), there exists a unique morphism of combinatorial coalgebras

(Hopf algebras)
U (H,¢) — (QSym, (qsym)-
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Moreover, V is explicitly given as follows. For h € H,,

U(h) = (M,
aFEn

where, for o = (aq, ..., ), (o is the composite
A(k—1)

Rk
WD W Wy ... © Hay, S K,

where the unlabelled map is the canonical projection onto a homogeneous

component. Also, if H is cocommutative, then W(H) C Sym.

The theorem above is to say that (QSym, (qsym) is the terminal object in the

category of combinatorial Hopf algebra.

2.2.1 0Odd Hopf sub-algebras

Definition 2.2.2. A character { of a graded Hopf algebra H is said to be even
if

and it is said to be odd if

Given a character ¢ of H, let S_(H, () be the largest graded coalgebra of H
such that
Vh € 5_(H,¢),C(h) = ¢\ (h),
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or equivalently

vh € S_(H,(),(C(h) = e(h).

Indeed, by [5, Proposition 5.8] S_(H,() is a Hopf algebra and is called the
odd Hopf subalgebra of (H, (). Also, S_(H, () is the set of all elements h € H

satisfying one of the following equivalent relations:

(id® (¢ —¢71) @id) o A*(h) = 0,

(id ® (x — €) ®id) o A*(h) =0,
where x = (¢ and € is the counit of H.

These are called the Generalized Dehn-Sommerville relations for the
combinatorial Hopf algebra (H,(). When we choose (H,() to be

(QSym, (qsym), We obtain the relations introduced in [10].

2.3 Theta maps

We have already introduced Osym, Oqsym and Onsym. In this section, we will

describe them in terms of combinatorial Hopf algebras.

Consider the combinatorial Hopf algebra (QSym, CgslymCstm) According to

the universal property, we have a unique combinatorial Hopf morphism ¢ :
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QSym — QSym that can be described as follows.

Let odd(3) be the composition obtained by adding the entries within each
maximal segment of § of the form (even, even, ..., odd). For example,

0dd(3,4,2,1,3,2,1) = (3,7,3,3). Then by [5, Example 4.9] we have

(

1 if 8= (),
(Mg) = (—1)I8I+EB) Zagodd(ﬁ) 21 M1, if the last part of 8 is odd,

0 otherwise.

\

In fact, this map ® is exactly the map Oqsym according to a result by Hsiao
[19]. Moreover, its image, the space of enriched P-partitions, is the odd Hopf

sub-algebra of (QSym, (qsym)-

Similarly, for the combinatorial Hopf algebra (Sym,C’S_y}“Cg,ym>7 we obtain a
universal combinatorial Hopf morphism ¥ : Sym — Sym (as Sym is
co-commutative). And this map W is exactly the map Osym. Moreover, its

image, the space of Schur’s Q functions, is the odd Hopf sub-algebra of
(Sym7§5ym)'

Let (nsym = (sym © m. Clearly, this is a character for NSym. Then, the image

of Onsym, the peak algebra, is the odd Hopf sub-algebra of (NSym, {nsym)-

Up to this point in the thesis, we have the following commutative diagram.
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NSym

V\ISym

NSym

. |7

o* Sym*

Sym — QSym

fs\ PN

: > QSym

We now can define theta maps for an arbitrary combinatorial Hopf algebra. Let
(H, () be a combinatorial Hopf algebra, and ¥ : H — QSym be the universal
combinatorial Hopf morphism. A map Oy : H — H is called a theta map if

it is a Hopf mophism that makes the following diagram commute.

NSym u > H*

Onsym @7
\ T 1
NSym ———— H* (y
T lﬂ'

Sym*
y %ym v v
h L

Sym — QSym

ym
Js\ / Oasm, |

: > QSym

Moreover, if H is self-dual, we want ©4 to be self-adjoint. In this case, the

diagram above can be reduced to a cube.
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It is not hard to see that, because of duality, ©4 is a theta map if the following

square commutes
()
H—-—>H
\ v

Oqsym
QSym =, QSym

The image of ©4 will be a lifting of the space of enriched P-partitions. The
main objective of this thesis is to study possible ways to lift Oqsym to Oy
and study their images which are potentially generalizations of enriched P-

partitions and the peak algebra.
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Chapter 3

The odd Hopf subalgebras for

combinatorial Hopf algebras

In this section we analyze the image of combinatorial Hopf morphisms, more
specifically, we show that the image of a theta map is contained in odd Hopf
subalgebra. We will extensively use the map Oqsym, and we will denote its
image, the space of enriched P-partitions, by II. A main part of this section

comes from the paper [7].

Any graded Hopf algebra H carries a canonical automorphism

h— h:=(-1)"h

for homogeneous elements h € H,,. This is an involution: 7 = h. Therefore,

it induces an involution ¢ — ¢ on the character group of H, with

o(h) = (=1)"¢(h) for h € H,.
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The image of Theta maps for Sym, QSym and NSym are the algebra of Q-
Schur functions, the Peak algebra and the dual of peak algebra, respectively,
and they are the corresponding odd Hopf subalgebras. We will show that if ©
is a Theta map for (#, (), then the image of © must be in S_(H, (). Before
that we need following theorem which also help us to find a strategy for finding

the odd Hopf subalgebra of any combinatorial Hopf algebra.

Theorem 3.0.1. Let (H,¢) and (H',¢') be combinatorial Hopf algebras. Let

a:(H, Q) — (H',¢) be a combinatorial Hopf morphism.

1. Let I be a Hopf ideal of H such that I C ker(¢). Then (H/I,(r) is a
combinatorial Hopf algebra where (;(h + I) = ((h) for every h € H.

2. Let I be a Hopf ideal of H such that I C ker(¢). Then S_(H/I,(;) =
S_(H.)/1.

3. If o is surjective, then a(S_(H,¢)) = S_(H, ().
4. S_(H,¢) = a " (S_(H, ), where a Y(S_(H',()) = {h € H : a(h) €

S-(H,¢)}

Proof. (1) We first show that (; is well defined. For all ¢ € I C ker(¢), we

have (;(1) = (i(g + 1) = ((g9) = 0.

Since I is a Hopf ideal, H /I is a Hopf algebra. Also, (; is a character of H /I

because

C((h+D)(g+1)) = C(hg + 1) = C(hg) = C(h)C(g) = Gu(h+ 1) (g + 1)
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(2) Let
p: (HaC) - (H/IaCI)
h +— h+1I.

This is a Hopf morphism and by [5, Proposition 5.6(a)l,
p(S—(HaC)) g S—(H/]’ g[) i'e'a

(S-(H, Q)+ /T € S_(H/I, ).

Since S_(H/1,(;) is a Hopf subalgebra of # /I ([5], Proposition 5.8), there is
a graded coalgebra A of H such that

S_(H/I,¢) = A/l

The Hopf algebra S_(H/I,(;) is the largest graded Hopf subalgebra of H
contained in ker(y; — €;) where €; is the counit of H/I and x; = GC[ is the

Euler character of H#/I. Let a be a homogeneous element in A. Note that

S_(H/I,() = AJI, thus

x(a) —e(a) =xi(a+1)—e(a+1)=0.

Therefore,

ACS (H,Q).

Since (S_(H,()+1)/I C S_(H/I,(;) = A/I, we conclude that S_(H, () C A,
and so

(3) Since « is a combinatorial Hopf morphism, ¢’ o o = ¢. Thus, we have
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ker(a)) C ker(¢), and so (H/ker(a), Cer(a)) is @ combinatorial Hopf algebra.

Therefore,
[ (H/ ker(a)a Cker(oz)) - (H/? C/)
h + ker(a) = alh).

is well defined and is a Hopf algebra isomorphism. Furthermore, by (2),

a(S-(H, ¢)) = AUS_(H/ker(a), Grere))) = S-(H, ().

(4) We first show that a(S_(H,()) = S_(H',{') Na(H). By [5, Proposition
5.6], we have

O./(S— (,H> C)) g S_ (Hl> C/)

and therefore

a(S_(H,0)) C S_(H, ) Nna(H).

For the other direction, observe that S_(H',{') N «a(H) is a graded
sub-coalgebra of a(H). Moreover, for all m € S_(H',{') N a(H), we have
m € S_(H,{) and by definition, ('(m) = (L(m). Therefore,
S_(H,{)Nna(H) € S_(a(H),(|am) = a(S—(H,()) as the last equality

follows from (3).
If a(h) € S_(H',{’) for some h € H, we have
a(h) € S_(H',¢') Na(M) = a(S_(H,())

i.e. there exists some k € S_(H,() such that a(h) = «a(k), or equivalently
h — k € ker(a). But we know that ker(a) C ker(¢) C S_(H, () because ker(()

is a graded sub-coalgebra of H and for all g € ker(¢), ¢(g9) = ¢"'(g9) = 0.
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Hence, h € S_(H,() ie. o *(S_(H',{")) € S_(H,(). The other direction,
S (H,¢) Ca Y (S_(H,¢)), follows from [5, Proposition 5.6(a)].

We now show that the image of a theta map for (#,() is in the odd Hopf
subalgebra of (H, ().

Corollary 3.0.2. Let © be a theta map for (H,(). Then the image of © is in
S-(H. Q).

Proof. A Theta map for a combinatorial Hopf algebra (#, () is a Hopf algebra
map

O H—-H

that makes the following diagram commutative.

O
H—-—-—"H

v v

©qsym
QSym =, QSym

Therefore, we have W o O(H) C II. Since II is the odd Hopf subalgebra of
QSym, by Theorem 3.0.1 (4) we have ©(H) C S_(H, ().
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3.1 A Strategy for finding S (#,()

In [5, Sections 6,7,8], the authors give dimensions of the odd Hopf subalgebra
of Sym, QSym, NSym, GSym, and LR. In the following, we present a strategy to
find an explicit basis for the odd combinatorial Hopf subalgebra of an arbitrary

combinatorial Hopf algebra.

1. By [5, Theorem 4.1], there is a combinatorial Hopf morphism W : (#, () —
(stm7 CQSym)‘

2. By [5, Proposition 5.8],

S*(Img(\p)a CQSym’ker\I!) = [mg(\If) N II.

3. We have (H/ker ¥, (ierv) = Img(¥). So by Theorem 3.0.1 (3),

S_(H,C)/ ker ¥ = S_(Img(¥), ((qsym)kerw) = Img(¥) N 1L

4. Let {v; : i € I} be a basis for Img(V) N1II. Pick a set {s; : i € I} such
that U(s; + ker ¥) = v;.

5. Pick a basis {k; : j € J} for ker W.

6. The set {s;, k;j:i € 1,j € J} is a basis for S_(#H, ().

In the next sections, we apply this strategy to find S_H, ( for &Sym and V.
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3.2 The odd Hopf subalgebra of GSym

We now use the above steps to find the odd Hopf subalgebra of (&Sym, (ssym)-

For permutations 0 € &, and 7 € &, recall that we write p = o\7 when

p=0(l)+q0o(2)+q,-,0p) +q¢7(1),7(2), - ,7(q)

Every permutation o can be decomposed to permutation with no global

descent, i.e.,

p:o’l\...\o'k’

where each o; has no global descent. Let k(o) := k.

Let D be the surjective descent map from &Sym to QSym. Assume that

o € G, by [8, Proposition 1.4] we have that

M(oq ..... ag) if o= idal \idQQ\ s \’idak,
0 otherwise.
Therefore,

ker D = @KGn

n>2

where
K&, = C-Span{M,, : 0 # idy, \idy,\ - - - \idy,, for all (aq,...,a;) En}.

A composition a = (aq,...,q;) of n is said to be odd if each part a; of « is
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odd. Given an odd composition 3, set
77,8 = Z 2e(a)Ma7
asp

where £(«) is the length of « and the sum is over all compositions o < 3 in
the weak order. In [5, Proposition 6.5] it was shown that {1z} s cdq is a basis
for II. A permutation o is said to be odd if 0 = id,, \ ... \id,, and each n; is

odd. Given an odd permutation o, set

Ny = Z p e

T7<0

Note that for an odd permutation o = id,,\ ... \id,,, we have

D(n,) = D <Z 2’“<T>MT> = 2"D(;)

<o 7<o

We see that D(M,) = 0 if 7 # ida, \ida,\ - - - \id,,, for all (ay,..., o) = n.
Also, if 7 = ida, \ida, \ - - - \idy,,, for some a = (aq,...,ax) = n, then k(1) =
l(a). Therefore,

D(%) = Z2k(T)D(MT) = Z 2l(a)Ma =g,

<o a<p

where 5 = (nq,...,n). To see the equality in the middle, since the sum is over
all 7 whose inversion set is a subset of that of o, the only 7 such that D(M,) =0

are those of the form 7 = ida, 1. ya; \ida; 41+ tou, \** \ioy, 4+ tan,-

We conclude that

{M, : 0 #idy \idy,\ - - \idy,, for all (aq,...,ar) En}U{Ns}e odd
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is a basis for S_(&Sym, (ssym), and also

S_(6Sym, (ssym) = ker D & C-Span{n, }, odd-

3.3 The odd Hopf subalgebra of V

Let o1\ - - - \o, be the unique decomposition of a permutation such that each

o; has no global descent. We define the following function,

CV: V — C

Voi\-\own F7 1/n!.

Lemma 3.3.1. The function (y is a character for V.

Proof. To show the character is multiplicative, we compute

W (Vors) = > C(vy) = > ﬁ —

wET\ - \onWd1\ - \Om wET\ - \onWd1\\Om

1 (m + n) _ 1% = () Cv(vs).

(m+n)!\ n

For each composition a = (a1,...,qa,) < 3, let dj = ﬁ where (ag +

ceiF Q1 Qg ey Qg1+ - .+ p). By Theorem 2.2.1, the

character (y yields a Hopf algebra morphism ¥ from V to QSym as follows

v % — QSym

Upi\\pn 7 S(pal lpnl)s
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where for every composition o = (ay, ..., a,),

Sa =Y _djM;.

BLa

Since {S, : a |=n} is a basis for QSym,,, we can write

Ma = Z C%Sﬂ
BEn

for some coefficients 3 in C.
If 0 € G, let |o| := n. Define a new basis {M, : 0 € U,>0S,} for V, where

ZIB':” Cgo‘ﬂ ..... ‘ak‘)yidﬁl\“'\idﬁl(ﬁ) lf o= Zd|a_1|\ oo \Zd‘a'k‘

Vor\-\ow = Vidjgy |\ \ids, | otherwise.

Moy, o) 0 =idjg, |\ - \id)oy

0 otherwise.

Therefore,
ker U = P KV,

n>2

where

KV, = C-Span{M, : 0 # idy, \ida,\ - - - \idy,, for every (ay,...,ax) = n}.

Note that if we restrict ¥ to (C—Span{Midm\...\idnk :n; € Nk € Ng} we have a
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Hopf algebra isomorphism, thus we have
C—Span{Midnl\...\idnk :n; € NJk € Ng} =2 QSym .

Also,
YV =kerV¥ @ C—Span{Midnl\...\idnk :n; € Nk € Ng}.

Given an odd permutation o = id,, \ ... \id,,, set

V. 1€
Ny = Z 2!( )Midal\...\idal(a>-

Note that for an odd permutation o = id,,\ ... \id,,, we have

T(nY) = W( Z Ql(a)Midal\...\idal(Q)): Z Ql(a)lp(Midal\--\idal(a)):

We conclude that
{M, : 0 #idy,\idy,\ - - - \idy,, for every (ai,...,ax) En} U{ns}o oda
is a basis for S_(V, (y), and also
S_(V,¢v) = ker ¥ ® C-Span{n)} 5 oaa,

where

T C—Span{ng}g odd-
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Chapter 4

Theta maps for combinatorial

Hopf algebras

In this section, the necessary and sufficient conditions for existence of a Theta
map will be presented. Later on, we will find Theta maps for several families

of Hopf algebras and also ¥ and GSym. A part of this chapter comes from the

paper [7].

The following theorem gives the necessary and sufficient conditions for a Hopf

map to be a Theta map.

Theorem 4.0.2. Let (H,(y) be a combinatorial Hopf algebra and let ¥ :
(H,Cx) — (QSym, (qsym) be the canonical Hopf morphism. There exists a
combinatorial Hopf morphism Oy : (H, C(sslym(’stm oW) — (H,(x) if and only

if the following diagram commutes,
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)
H——-—H
v v

©qsym
QSym =, QSym

i.e., H has a theta map.

Proof. We have
Cc_)slymCQSym oW =(_y0034 (O isa combinatorial Hopf morphism)

)

U is a combinatorial Hopf morphism

CasymCasym © ¥ = Cqsym © ¥ 0 Oy
and so ¢y = (qsym © ¥

)

CQSym o @QSym oV = CQSym oVo @H (because CaslymCQSym - CQSym o 6QSym)
i
@stm oV ="Vo 67-[-

The last equation is because there is a unique combinatorial morphism from
(H,Cx) to (QSym,(qsym) for any character (3. We have Oqsym o U and
U o O are combinatorial Hopf morphisms from (H,(qsym © ©qsym © ¥) to

(QSym, (qsym), thus they must be equal.
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4.1 Theta map for NSym in the immaculate basis

In this section, we study the map Onsym in terms of the immaculate basis. We
begin with proving some nice properties. A main part of this section comes

from the paper [35].

In [18], the authors gave a formula for left Pieri Rule using the dual Hopf
algebra, quasi-symmetric functions (QSym). We will give another proof of

that using a combinatorial approach.

Unlike the commutative case, for immaculate functions, the left Pieri rule is
much different from the right Pieri rule. As shown in Example 2.1.27, the

structure constants could be negative.
We start with the following property.

Let C 5 be the multiplicative structure constants for immaculate basis i.e.
G.Gs=> (1,6,
gl

Theorem 4.1.1. For compositions «, 3,7, v with {(v) < {(«), we have C’;”B =

Y+tv
C ﬂc

a-+tv,

Proof. Let = (P1,...,Bm). Using the definition (2.1) of &4, we have

665 = Z (—=1)7SaHp +01-1,8+02-2,...fm+om—m-

O’EGm

An iterative use of the right Pieri rule (Theorem 2.1.25) gives
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G H.= > 6,

sh(T)=~/
c(T)=1

where 7 is an integer vector and the sum is over all skew immaculate tableaux

T.

Combining the two equations above yields

GBp= > >  (-1)6,

0€S,, sh(T)=v/«
o(T)=B+o—1Id

Let T2 be the set of skew immaculate tableaux of inner shape « for which
c(T) — B + Id is a permutation in S,, (in one-line notation), where Id =
(1,2,....,m). In this case, entries in 7" must be in {1,2,...,m} and ¢(T)
means the content vector of length m by padding 0’s. Let o(7T") = ¢(T)—p+1d,

we have:

Gas= > (—=1)"DSuancr) (4.1)

el

Example 4.1.2. Let a = (1), 8 =(1,3,1), then

2

= [1]2]2] ¢ g8

and o(T) = (1,4,0) — (1,3,1) + (1,2,3) = (1,3,2).

For each T' € T2 with sh(T) = 7/, we move each of the first £(v) rows of T' to
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the right by a certain number of steps, namely, the i-th row by v; steps, where
v = (v1,V2,..., V). By this construction, we obtain a tableau 1" € ‘Z§+v
with sh(T") = (7 4+ v)/a, and vice versa. Since £(v) < ¢(«a), the first column
is preserved under this map. Moreover, ¢(T") = ¢(T") and hence o(T') = o(T").

Then, the result follows. O

In the case that v —« has negative entries, Cgﬁ must be zero by equation (4.1).
Therefore, in order to understand C’gﬂ, it suffices to understand those when «

is the n-tuple (1,1,...,1) for n € N.
Example 4.1.3. Let « = (1,1,2), 6 =1(2,1,3), v = (1,2), then

3l el & e’

2
E 3 oty

Theorem 4.1.1 tells that formulating the left Pieri rule is equivalent to
understanding H165 = 6,65  Equation (4.1) gives a combinatorial
interpretation of the coefficients, but with a sign. In [12], the authors proved
Theorem 2.1.26 by using a sign-reversing involution. Inspired by that, we
now modify that involution and obtain a cancellation-free formula for the

coefficients.

Fix a composition 8 with £(3) = n. For any composition a, we define T2 to
be the set of all skew immaculate tableaux 7" with inner shape «, entries in
{1,2,...,n} and ¢(T) —  + Id is a permutation in S,, (written in one-line

notation), where Id = (1,2,...,n). We define an involution from T? to itself.

Definition 4.1.4. For each tableau T € %8

P, we construct a tableau y(7') as

follows. For every cell of content r in the ¢-th row of T', we put a cell of content
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i in the o(T)(r)-th row of y(T"). We sort the entries of the rows of y(T") in
non-decreasing order. In general, y(7') is to be a straight-shape tableau, and

might have empty rows.

We define a function Y that maps T € T¥ to the pair (y(T),o(T)). Note that
Y is injective i.e. fixing a, we can recover T' from (y(T'),o(T")). We define
Y1 to be the reversed construction from a pair (7”,0) to T where T" is a
tableau with at most n rows and ¢ is a permutation in S,,. More precisely,
T =Y 1((T",0)) is constructed as follows: for every cell of content r in the

i-th row of T", we put a cell of content o=1(i) in the r-th row of T'.

Here, Y~ is not the inverse map of Y because Y }(T,0) may not be

immaculate i.e. the domain of Y is not equal to the image of Y 1.

In this case, Y "'oY is the identity map while Y o Y ~! is not because Y ~! has

a much larger domain.

Definition 4.1.5. We say a cell x not in the first row with value a is nefarious

if the cell above x is either empty or it contains b with b > a i.e.

o I

Example 4.1.6. Let o = (1,2) and B = (2,2,2). Let

[1]1]2]

Note that o(T) = ¢(T) — p+ Id = (2,3,1) — (2,2,2) + (1,2,3) = (1,3,2),
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hence,

1]1]

y(T) =

=W

2[3]

and the nefarious cells in y(T) are the three cells in the third row.

The next definition defines a key involution that is a modified version of the
Lindstrom-Gessel-Viennot swap, which is usually illustrated on lattice paths,
but can be applied to tableaux equally. Details about

Lindstrom-Gessel-Viennot swap can be found in chapter 4.5 of [45].

Definition 4.1.7. For each (y(T),o(T)) € Y(%9) that contains a nefarious

cell z, we define a tableau 0,(y(T")) and a pair ©,(y(T"),o(T)) as follows:

Let the cell x appear in the (r + 1)-th row of y(T).

1. If the cell y above z is not empty, then define ,(y(T")) to be the tableau

obtained from y(7") by moving:

(a) all the cells strictly to the right of x into row r;

(b) all the cells weakly to the right of y into row r + 1.

2. Otherwise, move all the cells strictly to the right of x into row 7.

TOW T e Y v ‘ 0, U
s

row r +1 e U ‘ x|y| v

I‘OW"" ... OT ... u
—s

row r + 1 B U ‘ x‘

Let t, = (1,2,...,7r— 1,r+ 1,r,r+ 2,7+ 3,...,n) be the transposition of r
and r + 1. Then, ©, maps the pair (y(7),0(T)) to (0.(y(T)),t, o o(T)).
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Example 4.1.8. Let x be the second cell in row 2. Then, 6, maps

2]2[3] = [2]2]2]3]

or

1
2[2]3] = [2]2

Definition 4.1.9. For 1 <r < /(a) and a cell z in row r of y(T"), we say that
x is the most nefarious cell in row r if it is the left-most nefarious cell in row
r such that Y ™' 0 ©, o Y(T) has the same first column of T. In particular,

Y 10O, oY (T) is immaculate.

Then, for each 1 < r < n we can define a map P, : “Zg — Ig by either
P,.(T) =Y 100, 0Y(T) where z is the most nefarious cell in row r of y(T'),

or T is fixed by ®, if there is no most nefarious cell in row r of y(7T').

For every r, ®, has the following properties.

Lemma 4.1.10. For each T € %5,

1. If there exists a most nefarious cell x in row r of y(T), then it must be

the left-most nefarious cell in row r.
2. @, is an involution i.e. ®? = id.
3. T and ®,.(T) have the same shape.

4. If T is not fived by ®@,., then o(T) and o(®,.(T)) have opposite sign.

Proof. For simplicity, we denote o(T) by o.
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(1) Suppose z is the most nefarious cell in row r of y(T"), as shown in Figure
1, with entry c¢(z). Let ¢(z) denote the entry in cell z in y(7T'). To obtain
®,.(T) from T, it suffices to do the following. For every cell z in row r of y(7T')
which lies weakly to the left of x, we replace a o~!(r) in row ¢(z) of T by a
o~ (r —1). For every cell z in row r — 1 of y(T') which lies strictly to the left

of x, we replace a o~ !(r — 1) in row ¢(z) of T by a o~ !(r).

Since Y ™! 0 ©, o Y fixes the first column of 7', and if a cell @; is nefarious,
then we claim that Y ™' 0 ©, oY also fixes the first column of T, because we
interchange less cells. If ¢(by) > c(z), Y1 0O, o Y changes some o~ (r — 1)
to o71(r) in row c(by,) of T while keeping the first column unchanged. That
means the first entry of row ¢(by) of T is no bigger than o=*(r) and o= (r — 1).
Therefore, if we interchange less cells as in Y ™! 0 ©,, o Y, the first column
remains untouched as the rows in 7" are weakly increasing and first column is
strictly increasing. The argument for the case c(z) > ¢(by) is almost identical,
just switching o~ !(r) and o~ (r —1). Therefore, if z is the most nefarious cell,

it must be the left-most nefarious cell.

row c(b;) | o l(r—1) | ‘ y rowr—1 byl o b w ‘
row c(a;) e | 0_1(7“) ‘ - row r ai| " |ag| ® | v
row ¢(z) e | o '(r) | e ‘
& row r —1 byl - | by v ‘ 2 row c¢(b;) | 071(7,) |
row r ail 0 |ak :C| U ‘ row c(a;) | *-- | o tr—1) ‘
row c(z) e | o tr—1)

Figure 4.1: ¢=1(r),0~(r — 1) are entries while a;, b; and z stand for cells

(2) If there is no most nefarious cell in row r, then ®,.(T) = T and ®*(T) = T.
Otherwise, since ®, preserves the first column of T, Y (0, 0y(T),t,00(T)) €

7% and hence, Y ' oY = id. By part (1), the most nefarious cell remains
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unchanged under 6,. Therefore, ®*(T) = T as ©2(T) = T, and ®, is an

involution.
(3) sh(T) = c¢(y(T')) and ©, preserves the content of y(7").

(4) By the definition of O,, if ®,(T") # T, then o(®,.(T)) =t,_100(T). O

Before we continue, consider the case where o = 0. Since Gy = 1, we know
that §yG3 = Gp. On the other hand, we can also express 6,63 using (4.1).
Hence, there must exist a sign-reversing involution on ‘Zg that cancels
everything except the tableau corresponding to &g, namely the unique
immaculate tableau of shape § and content 5. For simplicity, we call this

involution ®.

Now, we characterize the tableaux that are fixed by all ®,.. For simplicity, for
a = (1), a composition 3 and T € T2, we define 6(T) as (s + 1,01,...,6,)
where n = ¢(), s is the number of non-empty cells in the first row of T, and
0; is the length of row that starts with ¢, not including the first row as it starts
with empty cell. Here, §(T") is an integer vector, it may not be a composition

as some 6; could be 0. Then, sh(T') = v/a = comp(§(T'))/a where comp(6(T))

is the composition obtained from 6(7") by removing the zeroes.

Lemma 4.1.11. Fiz o = (1). Let T € ¢ with outer shape vy be fized by all
O, and 0(T) be defined as above, then

1. All entries in the first row of T must be the same, say k, and o(k) = 1.

In particular, all 1’s in y(T') appear in its first row.

2. If By > s, then all entries in the first row of T are 1, and 6; < (.
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3. If 51 < s, then o(1) =2 and 6; > f.
4. If By = s, then

(a) (1) =1 and 6; = p; for alli > 1, or

(b) o(1) =2 and 6; > fy.

5. If 6 > B, and if k is an entry in the second row of T and k # 1, then k

appears in the first row of T.

In particular, the positions all 1°s in T are determined.

Proof. (1) Let ky, ..., k, be the m distinct entries in the first row of 7. Let
r = max{o(k;)} and suppose r > 1. Then, the first cell in row r of y(T) is
1, which must be the most nefarious cell: It is clearly the left-most nefarious
cell, and (if we denote it by x) the map Y10 ©, oY fixes the first column of
T (since it only changes a single entry in the first row of T, but the first row

of T' does not intersect the first column).

Applying ®, gives an involution that cancels it, because in ®,.(7T), there is a
o~ 1(r — 1) in row 1, and that cell again corresponds to a most nefarious cell
and r is still the new max{t,_1 o o(k;)} for ®,.(T). Therefore, @, is indeed a
involution, T' # ®,.(T'), they have opposite sign and get canceled by ®,.. This

contradict to our choice of T'.

(2) If B; > s and the entries in the first row of 7" is k # 1, then all 1’s must
be in the second row of T, because T" is immaculate. We claim that (1) = 2.
If not, o(1) > 2, and the first 2 in row o(1) of y(T") is the most nefarious cell.
The involution @, fixes the first column because there are at least two 1’s

in the second row of T', but only one of them is changed to o~ (a(1) — 1).
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That means in y(7), there are at least 51 +1 > s+ 2 many 2’s in row 2. Since
there are only s 1’s appearing in y(T'), the s+ 1 cell, counting from the left, in
row 2 must be the nefarious cell. Applying ®5 gives an involution that maps
it to the following situation, that is, we have (¢; o 0)(1) = 1, all s entries in
the first row are changed 1, and s + 1 1’s in the second row are changed to

o~1(1). Therefore, the first column of 7' remain unchanged.

In this case, we have o(1) = 1, all entries in the first row are 1 and the
remaining 1’s are in the second row. Now, we can consider the 1’s as empty
cells, and we are in a similar situation where o/ = 8, — s, 8 = (52, ..., n)
and s = 6; — 1 + s. By part (1), if it is fixed by all @, all entries in the
second row must be the same k and o(k) = 2. That means there are s’ 2’s in
the second row of y(7"). But there are s 1’s in the first row of y(7°). If §; > f,
then s’ > s and the s+ 1 cell in the second row of y(7T") becomes the most
nefarious cell. The first column of T is fixed under ®, because the smallest
entry in the second row is always 1. Therefore, the only tableaux that are

fixed by ®, are those as defined in the statement.

(3) If 81 < s, then it is not possible to fill the first row with 1 while keeping
o(1) = 1 since ¢(T') = o(T) + B — Id. Therefore, all the 1’s in 7" must appear
in the second row. Using the same argument as in the proof of part 2, we must
have o(1) = 2 Moreover, since there are 51 + 1 1’s in the second row of T, we

must have d; > (.

(4) If B; = s, then there are two cases. If (1) = 1, then all 1’s appear in
the first row of 7' and we are in the case that o = 0 and ' = (B, ..., Bn)-

Applying ®( gives the desired result.
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If 0(1) > 1, then we are in the same case as (3). Hence, o(1) =2 and 6; > .

(5) If 01 > By, by (2),(3) and (4), we have (1) = 2 and all 1’s in T" appear
in its second row. Therefore, if there is some k in the second row of T that
k # 1 and k does not appear in the first row of 7', we must have o(k) > 2.
In this case, let k to be the one with maximal o(k) among all entries j in the
second row. It corresponds to a 2 in row o(k) of y(T"). This must be the most
nefarious cell because by (1), all 1's in y(7") are in the first row of y(T"). P,
also fixes the first column of T" because the first entry in the second row of T

remains 1.

We now use Lemma 4.1.11 iteratively. If a tableau T is in situation (2) of
the Lemma, we can consider all the 1’s in 7" as empty cells. To be precise,
we consider the tableau 7" € ‘ZE% """ ) obtained in the following way. Start
with T', remove all but one 1’s in the second row of T, then remove its first
row, and finally relabel the entries (1,2,...,n) to (empty cell, 1,2,...,n—1).
Clearly, T' can be obtained from (sh(7"),7"). We can now apply Lemma 4.1.11

to determine the 1’s in 7", which leads to the 2’s in T'.

Suppose a tableau T is in situation (3). By claim (5), there must be exactly
two types of entries in the first two rows, let them be 1 and k. We consider
the tableau 7" € ‘ZE%Q """ #) obtained in the following way. Start with 7', move
all the k’s in its first row (the same as all non-empty cells in the first row) to
the second row, remove all but two 1’s in the second row, change one of the

I’s into k, then remove its first row, and finally relabel the entries (1,2,...,n)

to (empty cell, 1,2,...,n—1). Again T can be obtained from (sh(7T),T") and
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we can apply Lemma 4.1.11 to determine the 1’s in 7", which leads to the 2’s
in T. The involutions on 7" can be transferred to involutions on 7' because

the first column will remain unchanged.

Corollary 4.1.12. If a = (1), let T € T8 with outer shape «y be fized by all
®,., and 0 be defined as above, then,

1. if B; <5—|—Z ), then B; < 6;, o(T)(i) =i+ 1 and all i’s in T are

m rowz—l—l

7

2.zfﬁz>s+z — B;), then B; > 6 >

D8 =,
Jj=1 J=1 J
0

i—1
B -
j=1
i—1
A(T)(0) = max{k+1|k<z@>s+z ~ ) ork = }
j=1

cells above row i+ 1 in T are filled with {1,2,...,1}.

and all

-1

3. if Bi=s Z , then

(a) B; < 6;, o(T)(i) =i+ 1 and alli's in T are in row i + 1. (same as
case 1), or
(b) 6; =0, o(T)(3) is the same as in case 2 and for alli < j <n, B; = 0,

o(j) =7 and all j's are in row j+ 1 of T.

Let Z} be the set of all integer vectors §(T') = (s + 1,61,...,0,) that satisfy

these three conditions and comp(§) = v, then we have C] 5 = Z sgn(f —9),
0EZy
where sgn(B — §) = (=1)* and k is the number of negative terms in 3 — 6.

Proof. (1) In the iterative use of Lemma 4.1.11 as mentioned above, in both

cases, after we fill in entry 7, we remove f; cells. That means if §; < s +
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i—1
Z((Sj — f3;), then after filling in {1,2,...,7 — 1}, we are in the situation of
j=1

claim (3) of Lemma 4.1.11. Hence, §; < 6;, 0(T) =i+ 1 and all i’s appear in

row ¢ + 1.

i—1

(2) Similarly, if 3; > s + Z(éj — f3;), that means after filling {1,2,...,i— 1},
j=1

we are in the situation of claim (2) of Lemma 4.1.11. Hence, 8; > §;. And

A 1—1
0; > Z B — Z d; — s because we need enough space to put {1,2,...,4} into

j=1 j=1
the first ¢ + 1 rows of T". To find (i), we need to trace back and find the last

time where o(k) # k + 1 among all k < i, or 1 if k& does not exist. Therefore,

i—1
o(T)(i) :max{k+1 |k <i,p; >s+2(5j—ﬁj) or k:zO}.

J=1

i—1
B)If B =s+ Z(éj — B;), that means after filling {1,2,...,7— 1}, we are in
j=1

the situation of claim (4) of Lemma 4.1.11, and the result follows.

To sum up, each time we have a §; < §;, that corresponds to a o(i) =i + 1.

Therefore, the sign of o(T) is sgn(5 — 0). O

Clearly, if ¢(y) < £(B) or £(y) > £(B) + 1, then Z} = 0. If {(y) = ((B) + 1,
then either Z; = () or Z3 = {v}. If £(y) = {(B), it could happen that J # &'

but comp(d) =comp(d’).

Suppose § = (d1,...,0,) € Z3 and £(5) = £(B). Let 1 <k < n be the smallest
integer such that §; = d; for all j > k. Let & < r < n be the largest integer

such that 3; < 41 forall k < j <.

Since 6 € ZJ, the composition (d1,...,0k,0,0k41,...,0,) will satisfy the

conditions in Corollary 4.1.12. If 8y < Bri1 = dx+1, by condition (3), we can
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always interchange o(k) to k + 1 and obtain (d1,...,0k:11,0,0k42,...,0n)
which also satisfies the conditions in Corollary 4.1.12. However, for j > r, we
cannot have the composition because condition (3.a) fails at row r. Since the
compositions proceed in alternating signs, they cancel each other in pairs.
Therefore, if » — k is odd, then everything cancels and if » — k is even, the

first composition is left.

Finally, we have the following criterion to determine the structure constants,
and Lemma 4.1.11 and Corollary 4.1.12 give an algorithm to construct the
corresponding tableau. At each step of filling numbers, if Corollary 4.1.12
fails, then Lemma 4.1.11 gives a corresponding @, that cancels it, or an implicit
involution using &y. Therefore, combining with the argument above, we can
assign each tableau in the above cases their corresponding involutions, and
the remaining tableaux in T2 are left fixed. This indeed gives an involution
because all the cases are disjoint and the involution sends the tableaux into

tableaux in the same case, clear from the construction in Lemma 4.1.11.

For each outer shape <, there can be at most one tableau fixed by this

involution, which shows the left-Pieri rule is multiplicity free.

Theorem 4.1.13. For o« = (1) and a partition B of length n,
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6,65 = X:C’/;TG7 and

Y

(

sgn(B1r = Y2, -+, B — Y1) i L(y) =L(B) + 1 and v € ZE

sgn(B1 — Y2, -y Br—1 — ) i L(y) =(B),r — k is even and
(717"'a’7k7077k+17"-7771) € Zg

\ 0 otherwise

where k and r are as defined above.

Example 4.1.14. Let o = (1), = (3,1,4) and v = (2,3,2,2). As shown
below, since y1 — 1 < By and vy < By, we have o(1) =1 and all 1’s appear in
rows 1 and 2 of T. Then, since y5 — 2 = By and v3 > P2, we have 0(2) = 3
and all 2’s appear in row 8 of T. Finally, 0(3) = 2. Therefore, o = (1,3,2)
and C} 5 = —1 =sgn(1,-1,2).

[ ] 11T 1[1] ] 1

— = 2712 —

W | = | =

This result is equivalent to the one in [18], but here we give an explicit
combinatorial interpretation and an algorithm for constructing the tableaux

corresponding to the structure constants.

We now give the theta map in terms of the immaculate basis.

74



Proposition 4.1.15.

Proof. We first claim that ©Onsym(H,) = QZR(LL...,M) with n — k 1’s. This

k=1
follows from the adjointness

2 ifa=(1,1,...,1,k)
<@NSym(Hn)7Lo¢> - <Hn7 @QSym(LOé)> =
0 otherwise

The last equality comes from the definition of enriched P partitions. If a has
a peak, then it is not possible to label the poset with only x and z’ for any
x. Whereas if a has no peak, then we can label the poset with only x and 2,

and we can use either z or x’ at the bottom.

For example, consider the following totally ordered set P and possible enriched

P partitions

1 1
< <
1 1
> >
1 1
> >
1 1

Then, we use a result from [12]. An immaculate tableau is standard if its
content is (1,1,...,1). A standard immaculate tableau 7" has a descent at i

if the row that contains ¢ + 1 is strictly lower than the row that contains 1.

(0]



We write Des(T") to be the set of descents of T'. Let L, g be the number of
standard immaculate tableaux with shape a and descent set corresponding to

the composition 5. Then,

Rs =Y LasSa.
For example,
2 2[5] 1]2[4]5]
3l4[5] * [3 + [3
Ros = —
Gas + Gs2 + Su

In our case, when 5 = (1,1,...,1,k), the only possible tableaux must be of
height £(3), first column is filled with 1,2,...,¢(3), and the rest numbers are
filled increasingly from bottom to top. And there is exactly one tableau of

each shape.

Therefore, let (1,1,...,1,k) be a hook of size n, we have

R,k = Z S,

ak=n,f(a)=£(8)

Summing up all possible hooks, we get the proposition

@NSym (Hn) = 2 Z R(lvlv""Lk) = 2 Z 6a'
k=1 afn
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4.2 Theta maps for Hopf subalgebras of QSym

We show that the theta map of any combinatorial Hopf sub-algebra of

(QSym, Cqsym), if it exists, is unique.

Theorem 4.2.1. Let (H, () be a combinatorial Hopf algebra, and assume there
is a one-to-one combinatorial Hopf morphism [ from (H, () to (QSym, {qsym)-
Then (H,C) has a Theta map if and only if Img(f3) is Oqsym-invariant (i.e.,
Oqsym(Imyg(B)) € Img(B)). Moreover, the Theta map for (H,() is S~ o

Oqsym © B, and it is unique.

Proof. Let
5 : (H><> — (Img(ﬁ>7CQSym|Img(ﬂ))
h B(h).

Then f is an isomorphism. The map ©qsym is a combinatorial Hopf morphism,

thus the following diagram commutes.

o —L 5 Ing() —— QSym

ﬂ_l o @QSym o B @QSym @QSym

H —6> Img(3) — QSym

7



therefore, the following diagram commutes,

H —B) QSym
B! o Oqsym © 3 OQqsym
5

H ——> QSym

and so 710} is the theta map for (H, ().

Conversely, assume that (H,() has a Theta map ©. Then the following

diagram commutes.
5
H ———> QSym

@’H @QSym

n—0b QSym

i.e., Oqsym(B(H)) = B(Ox(H)). Therefore, Img(f) is Oqsym-invariant.

Furthermore, if (H,() has a Theta map, then ©qsym © 5 = [ 0 O, and so

Bt oOqsym o = O. This shows that there is a unique Theta map for (H, ¢).

]

78



4.3 Theta maps for commutative and co-commutative

Hopf algebras

In the case of symmetric function this theta map originate from plethysm and

is defined as follows

Osym : Sym — Sym
2p, mn is odd,
Pn =
0 n is even.

We can see that
65ym<pn) =mo (S o R,1 @ Zd) © A<pn)

where R_,(f) = (—1)def) f,

We will show that for every commutative and co-commutative combinatorial

Hopf algebra m o (S o R_; ® id) o A is a theta map.

Lemma 4.3.1. If H is commutative and co-commutative, then ® = mo (S o

R_1 ®1id) o A is a Hopf morphism.

Proof. We first show that & is an algebra morphism. Let a,b be two

homogeneous elements in H, then

mo®@®(a@b) =m [ [ Y (=)™ S(ar)ay | @ | Y (=1)*CIS(b)by
(a) (b)

= Z (—1)d€g(al+bl)S(a1)a25(b1)bg.
(a),(b)
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On the other hand,
®om(a,b) =mo(SoR_1®id)oAom(a®b)
=mo(SoR_1®id)o(m®m)o (id®T ®id)o (A® A)(a®b)

= mo (S 0] R_1 & ’Ld) Z a1b1 X a,2b2
(a),(b)

= Z (—1)deg(a1+b1)5(a1b1)(l2b2.
(a),(b)

The two sides are the same when H is commutative. Hence, ® is an algebra

morphism.
The proof of coalgebra morphism is similar so it is omitted. O
Theorem 4.3.2. Let (H,() be a commutative and co-commutative

combinatorial Hopf algebra (or mo (So R_; ®id) o A be a Hopf morphism),

then there is a theta map for (H,() as follows,

@(ch) = mo (S o R_l X Zd) o A

Proof. Since (H,() is a combinatorial Hopf algebra by [5, Theorem 4.1] we

have a combinatorial Hopf algebra morphism ¥ from (H,¢) to (Sym, (qsym)-

Note that
mo(SoR_1®id)oAoV =

mo(SoR 1 ®id)o(PR@V)oA=

mo(SoR_ 10V ®idoW¥)oA=
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mo (PR W)o(SoR 1 ®id)oA =
Vomo (SoR_1®id)oA,

i.e., the following diagram commutes.
v
H ——> Sym
mo (SoR_1®id)oA mo (SoR_1®id)oA
v
H —> Sym

]

Corollary 4.3.3. Let (H,() be a commutative and co-commutative

combinatorial Hopf algebra. Then there is a theta map as follows

Oy (h) = Y (1)) S(hy)ha,
(h)

where A(h) =3,y h1 @ ha.

Remark 4.3.4. From definition, the theta maps are dependent on the
character of combinatorial Hopf algebras. In the case of commutative and
co-commutative Hopf algebra, the map & is always a theta map regardless of

the choice of character.

Remark 4.3.5. Even though in the case of non-commutative symmetric
functions , m o (S o R_; ® id) o A(H,) = Onsym(Hy) = > 1o 2Rk nk):
mo (SoR_; ®id)oA is not the Theta map for NSym since otherwise the
dual must be the Theta map for QSym, but the following example shows that
mo (SoR_1®id)oA is not the Theta map for QSym.
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Example 4.3.6. The map mo (S o R ® id) o A is not the theta map for
QSym.

The theta map for QSym takes Msy to 0, i.e., ©Oqsym(Ms2) =0 (see 2.3).

But,
m o (S e} R_1 X Zd) e} A(Mgg) ==

mo(SOR,1®Zd)(M32®1+M3®M2+1®M32) =
So R_l(M32) + So R_l(Mg)MQ + M32 =
— Moz — Ms + MsMy + Msy =

—M23 — M5 + M32 + M23 + M5 —|— M32 - 2M32 # O

4.3.1 Theta maps for diagonally symmetric functions

In this section, we provide an example of a commutative and co-commutative

Hopf algebra.

. . . Air Az o Ak
A bipartition A of length £ is a 2 x k matrix A = such

)\21 )\22 )\Qk

that the columns are ordered in lexicographic order and no column is (8). The
size of A, denoted by |\|, is the sum of all its entries. If the size of A is n, we
write A F n. There also exists a generalized bipartition with length 0 and size

0, called the zero bipartition, denoted by (8).

Let A, u be two bipartitions, we say their disjoint union, AWy is the bipartition
obtained by taking the disjoint union of columnns of A and p, and re-order in

decreasing order.
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Let k[[x,y]] = k[[z1,x2,...,y1,¥2,...]] be the set of power series in two sets

of variables with bounded degree.

The diagonally symmetric functions, DSym = @ DSym_, is sub-ring of the
n>0

power series k[[x,y]] that are fixed under diagonal action of the symmetric

n?

group. More precisely, f € DSym if

f(xlwx?? e Y1, Y2, - ) = f(xcr(l)7$o(2)7 o Yo(1), Yo (2) - - )

for all 0 € () where G is the set of all bijections from the set of positive

integers to itself that fix all but finitely many numbers.

The diagonally symmetric functions clearly form a graded vector space, and
the degree n component is spanned by the monomial basis m) indexed by
bipartitions, the sum of all monomials in the orbit of

A A1 A21 12 Aag Ate(n)  A2e(n)
XA = a2y - a s for all A

Example 4.3.7. For n = 2, we have

empy =22t a3 bl d e
(3)

4 m(l) = T1y1 + T2yY2 + T3Yys + - -

1

4 m(lo) = T1Y2 + oy + T1Yz + - -

01

The main reason why DSym is interesting is that the quotient space
k[[x,y]]/(DSym™) over the ideal generated by diagonally symmetric functions
with positive degree is known as the diagonal harmonics. The central result
is by Garsia and Haiman [23, 26] where it was used to prove the n!

conjecture and Macdonald positivity.
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The product is the regular multiplication of power series. The coproduct is as

follows

It is not hard to see that DSym is a commutative and co-commutative Hopf

algebra. We have a projection given by (\ is a bipartition)

p: DSym — Sym

my = Msort(A11+A21, 12+ X22,, Ae(0) FAze(0))
and an embedding () is a partition)
i: Sym — DSym

T OE)

Then, the map © = ¢ 0 Osym, 0 p is a theta map for DSym. The image of O is

isomorphic to the image of ©sym, the space of Schur’s Q functions.

According the theorem 4.3.2, we have a non-trivial theta map
Opsym =mo (S o R_1 ®id)oA.

The image of Opsym is a generalization of Schur’s Q functions into two sets of

variables. We now describe the image in more details.

We begin with defining two sets of diagonally symmetric functions

Definition 4.3.8. For each pair (a,b), we define the homogeneous and
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elementary functions h(a), e(a) via the following generating functions
b b

)

_ ath __ 1
H(S,t) —;h(z)st _H—l—xis—yit’

E(s,t) = Ze(a)s“tb = H(l + x5 + yit).

b .
a,b A

For a bipartition A,

h ...h
u) Q) Q)

€\ = €<§;>6(§£) e(iiigi;)

These functions are introduced by Gessel [21], and he showed that they are

bases for DSym.

Remark 4.3.9. Gessel also defined a third multiplicative bases, the power
sum {p,} where p(z) = m<g).

Now we study the antipode of DSym. We start with the following observations.

Lemma 4.3.10. For each pair (a,b), we have the following coproduct formula

. (%:)) = 2L e Eey

i+j=a,k+0=b

Proof. This follows from the fact that e(a) = m(lmwmo) with a copies of ((1))

b 0...01...1

and b copies of ((1)) n

Proposition 4.3.11. The antipode S of DSym is S <e<a)) = (—1)“+bh(a).
b

b

Proof. From the generating functions H(s,t) and E(s,t), it is not hard to see
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that
1=H(s,t)E(—s,—t) = (Z h(z)s“tb> <Z e(a) (—s)“(—t)b> :

Then, for any pair (a,b) # (0,0), we have

2 ey =0

i+j=ak+l=b

On the other hand, from the coproduct formula of e basis, we know that the

antipode is determined by the relation

> 8(egy) e =t

i+j=ak+0=b

for all pair (a,b) # (0,0). Compairing these two equations, we will obtain the

desired result via induction. O

Therefore, we have the following formula for ©psym.

o (¢()) = 5y

i+j=a,k-+0=b

Its generating function is

1428 +y,t
Q(S,t) :Z@DSym (@(a)> Satb:H#ﬁ_Zy/i.
ab i i

b .
)

We denote Opsym (e (a)> by ¢ (a) . We now give some properties of these ¢ (a)
b

b b
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that are analoguous Schur’s Q functions ¢, = Osym(ey,).

Proposition 4.3.12. Assuming the base field k is of characteristic 0. The
image space Opsym(DSym) is generated by {q(a) ca+b s odd}

b
Proof. Since Q(s,t) = E(s,t)H(s,t), we have that Q(s,t)Q(—s,—t) = 1.
Therefore, for each (n,m) # (0,0), we have

a+c=n
b+d=m

When n + m is even, we have

2 = - —1)et?
Q(n) a+c_§d_m (-1 Q(Z)CI(;)
(a,0)#(0,0),(c,d)#(0,0)

n a

Therefore, by induction, q( ) ck {q( ) ca<n,b<m,a+bisodd|. O]
m b

Remark 4.3.13. It presents no difficulty in generalizing this construction to

diagonally symmetric functions in more sets of variables.

4.3.2 Theta maps for diagonally quasi-symmetric functions

3 i1 Qap oN - . . .
An element a = € N is called a generalized bicomposition
Q91 Qg
if all but finitely many (&1, o) are (0,0). Let k& be the maximum number
such that (&, dax) # (0,0). The length of &, denoted by ¢(&), is k. The size

of &, denoted by |&|, is the sum of all its entries. For simplicity, we usually

ail - Qg

write & as ( - )
Q21 - Gk

There also exists a generalized bicomposition with

length 0 and size 0, called the zero bicomposition, denoted by (8).
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Every monomial in R can be expressed as X = z{1y{? - - - a3 yp?* for some
generalized bicomposition @. A generalized bicomposition « is called a

bicomposition if £(a) = 0 or (v, ;) # (0,0) for all 1 < j < {(a).

In this section, we use Greek letters to denote bicompositions, and Greek

letters with tilde to denote generalized bicompositions.

Let &, § and 7 be non-zero generalized bicompositions. We write & = B’y if
Q= Bij for all 1 < j < {(a) — (7), Bl-j = 0 for all j > ¢(&) — ¢(¥) and
Gije@)—e) = iy for all j > 1. We write & = ()5 if &1y = @21 = 0 and

di(j+1) — BU for all] 2 2.

Note that for each generalized bicomposition & that is not a bicomposition,
there is a unique way to decompose it into a = 3(8)7 for some generalized

bicomposition B and bicomposition .

The algebra of diagonally quasi-symmetric functions, DQSym, is a subalgebra

of k[[x, y]] spanned by monomials indexed by bicompositions

_ 11, Q21 | .Qlk, 02k
M, = E ;g Tty

1 <o <l

As a graded algebra, DQSym = @DQSymn where DQSym,, = span-{},, :
n>0

|a| = n} is the degree n component.

The quotient space k[[x,y]]/(DQSym™) over the ideal generated by

diagonally  quasi-symmetric  functions with positive degree is a

quasi-symmetric analogue of the diagonal harmonics. It is introduced in [3]

where the quotient is called the diagonal Temperley-Lieb harmonics. In [36],

we studied the linear structure of this quotient space, and we give a
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description of its Hilbert basis. This result is not directly related to theta

maps, so we leave it in appendix.

Similar to DSym, the space of DQSym admits a Hopf algebra structure where
the product is the regular multiplication of power series, and the coproduct is

given by deconcatenation

A(My) = > My® M,

a=py

This gives a commutative but not co-commutative Hopf structure, and we

have a projection given by (« is a bicomposition)
p: DQSym — QSym
M, = M(a11+a21,Oé12+a227~~~,a1e(a)+a2g(a))
and an embedding (« is a composition)

i: QSym — DQSym
M, — M(

0‘10‘2"'0‘£(a))

Then, the map © = i 0 Oqsym © p is a theta map for DQSym. The image of ©

is isomorphic to the image of Oqsym, 1I.

It is yet unknown whether there exists a theta map for DQSym that is

compatible with ©pgym.
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4.4 Theta maps for V

Some combinatorial Hopf algebras can have many theta maps. We show that

when a Hopf morphism can be a theta map for (V, (y).

Recall that we defined the basis {M, : 0 € U,>0S,} for (V,{y), where

..... o) i 0 =idjgy)\ - - \idjy

0 otherwise.

Moreover, since ¢y = (qsym © ¥, for o = 01\ - - - \ o) we have that

Casym (Mo |,..fox)) 1 0 =idjg\ -+ \idjgy
CV(MO') == CQSymO\II(Mm\-"\Gk) =

0 otherwise.

Since

1 ifk=1oroce &,
Casym(M(joy),...lon])) =

0 otherwise,

we can conclude that

1 ifo=id, or o € G,
CV(MO') =
0 otherwise.

Proposition 4.4.1. Let ©y, : V — V be a Hopf morphism and let

(= chslymCQSym oW. Then the following statements are equivalent.

1. Yo Oy = 0Oqsym o ¥, i.e., Oy is a Theta map for V.

2. CZQVO@V.
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3. 0%, : V' = V* satisfies that Mj; — Clv, -

4. U* o @NSym = @T; o ¥,

Proof. Note that (1) and (4) are equivalent by duality, and by Theorem 4.0.2,

(1) and (2) are equivalent.

Now, ¢ = (y 0Oy if and only if ((M,) = (0 Oy (M,) for all 0. Fix a 0 € &,
we have that ((M,) = (|ssym, (M), thus

v 0 Oy(M,) = (Oy(M,), Mg, ) = Oy, (Mg, ) (Mo).

Therefore, ( = {y 0 Oy if and only if ©3,(My )(Ms) = (v, (M,) for all o if
and only if ©3,(Mj; ) = Cly,. Therefore, (2) and (3) are equivalent. O

Let QV := C-span{ M4, \..\id,, }- Recall that QV is isomorphic to QSym via
the isomorphism [ = ¥|qy. And V = QV @ ker(V).

For all b € ker(¥), U o ©y(b) = Oqsym © ¥(b) = 0 i.e. ©(b) € ker(V).

For all a € QV, Yo Oy (a) = Oqsym © ¥(a) = Oqsym © I(a). Therefore, Oy (a) =

Oqsym © I(a) + b for some b € ker(V).

Consider the case that ©y,(b) = 0 for all b € ker(V) and ©y(a) = Oqsym 0 I(a)
for all a € QV, then ©y : V — V is a Hopf morphism. Therefore, we have a

theta map for V whose image is isomorphic to the peak algebra II.
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4.5 Theta maps for Malvenuto-Reutenauer Hopf

algebra

We now denote ¢ = C&éymCQSym oD and (gsym = (qsym © D. In particular,

C|65ymn: Z QF;'

ocESn
peak(o)=0

Proposition 4.5.1. Let © : GSym — &Sym be a coalgebra morphism. The

following are equivalent.
1. DO@=@stmOD,
2. C = <GSym o @7
8. ©* : 6Sym* — &Sym” satisfies that My + (|esym,, ,
4. D*o @NSym = O*o D*.

Proof. The same as Proposition 4.4.1. We only need to check that (gsym =

Cqsym © D maps M, to 1 when o = id,, and 0 otherwise. O

Definition 4.5.2. A map © : GSym — GSym is said to be self-adjoint if

©* o ]GSym = IGSym 00.

Proposition 4.5.3. If © : GSym — GSym is a self-adjoint coalgebra

morphism, then it is a Hopf morphism.

Proof. All we need to show is that © is an algebra morphism. If © is a coalgebra
morphism, then ©* is an algebra morphism. And the result follows from the

composition of algebra morphisms © = Igslym 0 0" o Igsym- []
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We will construct graded maps O*

properties:

o Pl: @*(M;n) =

oESn
Peak(o)=0

e P2: ©* is self-adjoint.
e P3 :0* is an algebra morphism,;

Lemma 4.5.4. ©OF 18

(O (F2), Fy) = (O°(FY), Fyr).
Proof. We know that
(Fy Tssym(FY)) = (Fy, F.
Hence, we have

(O7(F7), Frm1) = (F;, 0

o

and

1) = Oprt = Gpgr = (F7, Fye

= (O*(F}) Ieslym Fy)) =

. 6Sym® — GSym*® that has three

self-adjoint if and only if

= (F7, Igsym (F})).

<F* @OIéSym F*)>

<F* IéSym (F*)>

Therefore, in terms of the structure coefficients, the three properties are as

follows:

o Cl: (O%(F} ), F,) =

if peak(o) =10

0 otherwise



o C2: (O(F¥), Fr1) = (O(FY), F,);

e C3: If 0 = p\v has global descent, and M; = M - M;;, where p and v

are non-empty, then
YO E) = (O°(M;),F) = (O°(M;)-0"(M;),F,) is
<o

determined by structure coefficients in lower degrees.

Definition 4.5.5. We choose a total order <; on S,, that satisfies the following

two relations:

e if 0 < 7 in the weak order, then o <; 7.

e if GD(0) =0 and GD(7) # (), then o <; 7.

We need the following lemma to show that <, is well defined.

Lemma 4.5.6. Foro,7 € S, ifoc <7 and GD(c) # 0, then GD(1) # (.

Proof. This follows from the fact that {(a,b) : a < i,b > i} C Inv(o) if and

only if i € GD(0), and ¢ < 7 if and only if Inv(o) C Inv(T). O

We construct ©* inductively with respect to degree. In degree 1, ©*(F}) =
2F}, which satisfies all three conditions. Suppose we have constructed ©* for
degree 1,...,n — 1, in degree n, we also use induction with respect to <; as
follows:

2 if peak(o) =10

L (6°(Fy,). Fy) - ;
0 otherwise

2. (0%(F}), Fu,) = (0%(Fy,), Fomr);

3. if GD(0) = GD(7) = 0 and o <; 7, then (©*(F}), F,-1) is a free variable;
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4.if GD(o) = GD(r) = 0 and o > 7, then
(O7(F7), Fr1) = (O7(F7), Fomr);
5. if GD(0) # 0 and GD(7) = 0, then (©*(F), Fr-1) = (©*(M}), Fr-1) —

D (O (F)). Frov):

<o

6. if GD(0) = 0 and GD(7) # 0, then (©*(F}), Fet) = (©*(F*), F,—1);

7. if GD(0o) # 0 and GD(7) # 0, then (©*(F%), F.-1) = (©*(M?}), Fr-1) —

S (e (F), Fo)

y<o
where o and 7 in steps (3) — (7) are not id,,.

Example 4.5.7. The following tables are structure coefficients in degree 2 and

3. The entry at row F} and column F; is (©*(FX), F}).

Degree 2:
Fio Fxn
Fy, 2 2
Ey 2 2
Degree 3:

F123 F132 F213 F312 F231 F321

Fly 2 0 2 2 0 2
Fi 0 a b 4—a 4-b 0
Fys 2 b c 2—-b 2—c 2
Fysp 2 4—a 2—-b a—2 b 2
Fye 0 4-0b 2—c b c+2 0
Fyh 2 0 2 2 0 2
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This construction defines ©*, in order to show that ©* satisfies the three

properties, it suffices to check the following:

1. when GD(0) # 0, (©*(M}), F,4,) satisfies property 3;

2. when GD(o) # 0 and GD(1) # 0, (©*(F2), F,-1) satisfies property 2.

Proof of (1).
By comstruction,  (©°(M),Fq,) = 3 (O°(F),Fa) =

Z (0" (Fy,), Fr) =2 {7 < o :peak(r™") = 0}|.

T7<0

When GD(o) # 0, My = M;; - M; for some i, v non-empty. In this case,

property 3 states that

(07(M;), Fia,) = (67 (My) - ©°(M), Fia, )

= (0°(M;) ® ©°(M;), A(Fy,))
= (67(M;) © ©°(M;), Fu, © Fig,, )
(M), Fay, ) - (67 (M), Fig, )

{7 < p:peak(v™") = 0}| -2 |{r < v:peak(r™") =0}

where the last equality is by induction on degree. Then, the following lemma

completes the proof.

Lemma 4.5.8. If M; = M} - M;

v’

o €S, and u,v non-empty, then
{7 <o:peak(r™") =0} =2|{r < p:peak(r™") =0} |{r < v:peak(r") = 0}].

Proof. If 7 € S,, and peak(t™') = 0, then 77'(1) = n or 77'(n) = n. Hence,
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7(n) =1 or n.

Case 1: o(n) = 1. Assume that p € S, that u(i) = (i) — 1 and v = 1.

Then it suffices to show

‘{TSO’:pe&k(Tfl) :(Z)}’ 22’{T§M1P€a/€(771) :@H-

We construct two bijections. One is between
{r<o:7(n)=1,peak(r™) =0} and {7 < p:peak(r™) =0}. The other
one is between {7 < p:peak(t71) =0} and

{r <o:7(n)=n,peak(r™1) = 0}.

For each 7 € {7 < p: peak(t™') = 0}, we assign two elements 7 = 7\1 and

T =70On.

Since Inv(7') = Inv(T), Inv(T) = Inv(T) U{(a,n) : 1 < a < n}, Inv(r) C

Inv(p) and Inv(o) = Inv(p)U{(a,n) : 1 <a <n}, we have 7 < g and 7/ < 0.

Since 7(i) = 7(i) + 1 for 1 < i < n—1 and 7(n) = 1, we have 771(i) =
771 — 1) for 2 <4 < n. Since 2 & peak(7') as 771(1) = n, it follows that
FHi—1) <776) > 7 i+ 1) ifand only if 771 (i —2) < 77 (i —1) > 771(d)

for 3 <7 <n — 1. Hence, peak(771) = 0.

Since 7(1) = 7(i) for 1 <i < n—1 and 7(n) = n, we have 771(i) = 771(2)
for 1 <i <n-—1. Since n — 1 ¢ peak(7~') as 7~ 1(n) = n, it follows that
Pi—1) <77 Mi) > 7 Hi+1) ifand only if 771 (i—1) < 771(4) > 771 (i+1)

for 2 < i <n — 2. Hence, peak(7~1) = 0.

Conversely, for each 7 € {7 <o :peak(r™) =0}, if 7(n) = 1, we assign
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7 € S,_q that 7(i) = 7(i) — 1, if 7(n) = n, we assign 7 € S,,_; that 7(i) = 7(4).
By a similar argument, 7 € {7 < p: peak(77!) = 0}. And they are clearly

inverse of each other.

If M} = M, - My for some non-empty w, then by induction
{7 <vipeak(r™") =0} =2 {7 S w:peak(r™") = 0}
and
{7 < p\w:peak(r™") =0} =2|{7 < pu: peak(r™") = 0}| - [{r < w: peak(r
Therefore,

2‘{T§u:peak(7 —(Z)}‘ }{T<V peak(T —(Z)}‘
=4|{7 < p:peak(r™") =0} - [{r Sw: peak(r™") =0}
=2|{7 < p\w : peak(r™"

) =
=|{7 <o :peak(r™") = 0}]|.

Case 2: o(n) > 1. In this case, |v| > 2. For simplicity, let v = std(c(1)®---©®
o(n—1)) and w = std(v(1) ©®--- @ v(|v| — 1)).

Claim 1: if 7 < o, then 7(n) > 1. If not, (¢7'(1),n) ¢ Inv(s) but
(c71(1),n) € Inv(r).

Claim 2: 7 < ¢ and 7(n) = n if and only if 7 < y®n. First, y ©n < o as
Inv(y®n) = Inv(o) \ {(a,n) : 1 <a <n-—1}. Second, if 7 < v ®n and
7(n) < n then (771(n),n) € Inv(t) but (r71(n),n) & Inv(y ®n). Therefore,
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if 7 <~ ®n, then 7 < ¢ and 7(n) = n. Conversely, if 7 < ¢ and 7(n) = n,

then Inv(r) C Inv(o) \ {(a,n): 1 <a<n-—1}=Inv(y®n)ie. 71<y0On.

Therefore, {7 <o :peak(r™')=0} = {7<~yOn:peak(r™') =0} as

peak(T) = 0 only if 7(n) =1 or n.

We also know that [{7 <~y ®n: peak(t™1) =0} = |[{r < v :peak(t™!) = 0}

from Case 1. Hence, by induction, we have

2|{7 < i peak(r™) = 0}| - {7 < v : peak(z™") = B}
—2|{r < i+ peak(r! —@}\ {7 <wov|: peak(r™") = 0}|
—2|{r < u: peak(r _(z)}\ {7 <w:peak(r™") = 0}

=|{r < p\w : peak(r™") = 0}|

= {1 <7 : peak(r —(ZJ}\

=|{r <yon:peak(r™) =0}

—|{r <o : peak(r~) = 0}|.

Proof of (2).

Lemma 4.5.9. The map ©* is a coalgebra morphism  1i.e.
(0* ® O%) o (A1 (MZ)) = Agp 0 OF(M]) for all s,t > 1, s+t = |o|, where
Ay + 6Sym, , — GSym,®6&Sym, is the co-multiplication followed by

projection to degree s and degree t components.

Proof. The equality clearly holds when ¢ = 1. Suppose |o| > 2 and we use

induction on degree.
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Case 1: GD(o) = (. The equality clearly holds when o = id,, in which
case it is equivalent to that ©nsym is a coalgebra morphism. When o # id,,, by

induction on <4, it suffices to prove that (0*®@0*)o (A, (Fy)) = A 0O*(FY).

Let Agy(F,—1) = Fs @ F.. For all p € S;, v € S, we have

(Auy0 O (F)). F, @ F,) = (0°(F}). F, - F)
(O (Fjs - Fy), o)
= (0" ®O")(Fys ® Fi), Avy(Fyr))
= (O°(Fy1), Fy) - (07 (F ). F)
— (0" ® ") (3 ® F2) Fu® )

= <<@* X @*) o As,t(F:)>Fu ® Fu>>

Case 2: GD(o) # (). Let o = p\v, then by induction on degree,

A(O*(My)) = A(O*(M) - © (M)
= A(O"(M))) - A(O" (M)
= ((0"®0") 0 A(M)) - (6" ® ©") 0 A(M}))
= (0" ®6%) o (A(M) - A(M)))

= (0" ®0O%) o (A(M))).

Let 0,7 € S, and GD(0) # 0, GD(7) # (). Let 0 = p\v and 7 = §\e where
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1, v, 0, € are non-empty. By construction,

<@*<F;)7FT*1> = <@*(M:),F7_71> - Z<@*(F;)7FT*1>

= (07 (M;), Fr1) = Y _(O7(F)), Fya)
= (07(M;), Fr1) = ) (O7(M]), Fyr) + ) (O7(F)), Fyi).

p<T

Similarly,

(O (F2), Fy) = (08 (M2), Fyr) = S (O (M), i) + 3 (O (F

<T p<T
P <o

Therefore, by induction on <, (©*(F}), Fr-1) = (©*(F}), F,-1) if and only if

SO (M), Fys) = SO (M), Fya).

v<o P<T
Let Ay (M;) = > CO My @ My and Ay (M) = > Coy 5 M2 @ Mj,.
o ﬁ o B/
Then
A (M7) = A (M; - M) = > C Moo @ Mg\ -
a,B,a/ B

By induction on degree, we get
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D (O (My), Fymr) = Y (07 (My), Lggym (F7)) = (©7 (M), Iggym (M)

= (O"(M}) - O (M), Igg,m (M]))
= (07(M;) @ O (M), Ay (Tatym (M)
= (0" (M) @ O (M), (Igsym © Lasym) © (D (M)

= Z Ci,ﬁcg/,ﬁ’ <@*(M;)7 Iéslym( o*z\a’)> <@*(M1j)7 Iéslym(ME\ﬁl)>
067570/75/

= Y CasCap (O (M), Lsgym (M) (87 (M 5), Tsgym (M)
Oé,ﬁ7a,7ﬁ/

= (0" ®0") o (A (M) . (Igsym (M) ® (Igsym (M)
= (D) (07 (M]), (Issym (M) © (Tssym (M)

= (0" (M) Igdm (M) =D (O (M), Igd,m (F3)) =D (O7(M]), F,).

<o v<o

4.6 Convolutions of theta maps

In this section, we study an operation on the set of theta maps.

Let (H,(3) be a combinatorial Hopf algebra, and ©1, 0, be two of its theta

maps.

The most natural way of combining two maps is to consider their convolution
product O x Oy : H — H. Unfortunately, ©; * O, is not a theta map because

it is not compatible with ©qsym.

However, if we take the commutator [©1, O3] = O1%x0;—0,+0;. This is a non-

trivial map in general, when H is not co-commutative. But when projected
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down to the level of QSym, it is the commutator of ©qsym with itself, which
is the 0 map. Therefore, if we take any theta map ©, we obtain an infinite

family of maps 7' = © + k[O1, O] that is compatible with ©qsym.

Theorem 4.6.1. Let (H,(y) be a combinatorial Hopf algebra with Hopf
morphism V¥ : H — QSym and ©,0{,0, be its theta maps. Then

T = O + k[©1, O3] makes the following square commute.

T
H—-—--—H
v v

Oqsym
QSym =, QSym

Proof. Since ©1 and O, are theta maps, we have

Wo(Or%0,) = TUomo (0, ®605)0A
=mo(TRWV)o (0, ®06;)0A
—mo (P00, ®Wo0,)o0A
=m0 (Oqsym © ¥ ® Oqsym 0 ¥) 0 A
= m o (Oqsym @ Oqsym) © (¥ @ ¥) 0 A
=m o (Ogsym ® Oqsym) c Ao ¥

- (@stm * @stm) oV,
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Therefore,

Vo [0,0;] =To (0 %0y)— Vo (Oyx0)

= (Oqsym * Oqsym) © ¥ — (Oqsym * Oqsym) o ¥

=0

and

‘IIOT:‘I}O<@+I€[@1,@2]):\Ifo@—i—k\po[@l,@g]:\POGIGQSymO\D.

]

Moreover, when H is self-dual, then T is self-adjoint.

Lemma 4.6.2. If H is a self-dual graded Hopf algebra with isomorphism I :
H — H*, and we have two self-adjoint map f,qg : H — H, then af + bg is

self-adjoint for any constant a,b.

Proof. For any h € H,k € H*, we have

((af +bg)*(k), h) = (k, (af +bg)(h)) = alk, f(h)) + bk, g(h))

= a{f*(k), h) + blg" (k). h) = {(af* + bg")(k), b)

Hence, we have (af + bg)* = af* + bg* and

To(af +bg) =a(lo f)+b(Iog) =alf o I)+blg" o)

=(af*+bg*)ol = (af +bg) ol
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Proposition 4.6.3. When H is a self-dual combinatorial Hopf algebra, with
isomorphism I : H — H*, and ©,01,04 are self-adjoint theta maps. Then
T = 0O + k[©1,05] is self-adjoint i.e. [oT =T*o 1.

Proof. By Lemma 4.6.2, it suffices to show that ©; x O, is self-adjoint.

For any h € H, k € H*, we have

((©1%02)"(k), h) = (k, (01 % O2)(h))
= (k,mo (0; ® ©y) o A(h))
= (A(k), (61 ® ©3) 0 A(h))
= (01 ® 63) o A(k), A(h))
= (mo (0] ® 63) o A(k), h)

= (01 * ©3)(k), h).

Hence, (01 x ©9)* = OF x ©F, and we have

[0(01%6s)=Tomo (0, ®6,)0A
—mo(I®I)o(0,®0,)0A
—mo (@03 o(Ix®I)oA
—mo (0 ®0)oAo]

In general, when H is not co-commutative, the commutator is non-trivial.

Example 4.6.4. Consider the Hopf algebra &Sym. We described its theta
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maps in the previous section. Consider two theta maps whose multiplicative

structure constants on degree 3 are

Fiy, 0 2 2 0
Fh, 2 2 0 0 2 2
Fh 2 2 0 0 2 2
Fh, 0 2 2 2 2 0
Fh 2 0 2 2 0 2

62 F123 F132 F213 F312 F231 F321
Fhe 2 0 2 2 0 2

Fiyy 0 4 0 4 0
Fh, 2 0 2 2 0 2
Ffy 2 0 2 2 0 2
Ff 0 4 0 0 4 0
Fh 2 0 2 2 0 2

Then, the commutator [©1, O] is non-trivial because (Fiy,s, [©1, O2)(F3142)) =
4 0.

Remark 4.6.5. These maps in general are not Hopf morphisms. They fail
to be algebra morphism and co-algebra morphism because algebra morphisms
and co-algebra morphisms are not additive. The best we can do right now is
to define them on generators, and extend the map multiplicatively, that give

an algebra morphism.
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Appendix A

Diagonally quasi-symmetric

functions

In this section, we study the diagonally quasi-symmetric functions DQSym.

This appendix comes from the paper [36].

In the polynomial ring Q[x,] = Q[z1,...,z,] with n variables, the ring of
symmetric polynomials (cf. [38, 44]), Sym,,, is the subspace of invariants under

the symmetric group S,, action

o f(x1, 2, 20) = f(Toq), To@) - Tom))-

The quotient space Q[x,]/(Sym') over the ideal generated by symmetric
polynomials with no constant term is thus called the coinvariant space of
symmetric group. Classic results by Artin [1] and Steinberg [50] asserts that

this quotient forms an S,-module that is isomorphic to the left regular
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representation. Moreover, considering the natural scalar product

(f,9) = (f(Oz1,...,0z,)(g(x1, ..., 2,)))(0,0,...,0),

this quotient is equal to the orthogonal complement of Sym, . In particular,
the coinvariant space is killed by Laplacian operator A = 9% + -+ + 0x22.

Hence, it is also known as the harmonic space.

One can show that {hg(zg,...,x,) : 1 < k < n} forms a Grébner basis of
(Sym") with respect to the usual order x; > -+ > x,,, where hy, is the complete
homogeneous basis of degree k. As a result, the dimension of Q[x,]/(Sym})

is nl.

One generalization is the diagonal harmonic space. In the context of
Qxn,¥n] = Q[z1,..., 20, y1,...,Yn], the diagonally symmetric functions,

DSym,,, is the space of invariants under the diagonal action of S,

o fl@r, . T, Y1, Yn) = f(@o)s - Totn), Yo(1)s - - - Yo(n))-

The diagonal harmonics, Q[x,,y,]/(DSym;), was studied by Garsia and
Haiman [23, 26] where it was used to prove the n! conjecture and Macdonald
positivity. In particular, its dimension turns out to be (n + 1)"~!. More

interesting results and applications can be found in [11, 13, 27].

The ring of quasi-symmetric functions, QSym, was introduced by Gessel [20]
as generating function for Stanley’s P-partitions [49]. It soon shows great

importance in algebraic combinatorics e.g. [5, 22]. In our context, QSym,, can
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be defined as the space of invariants in Q[x,] under the S,-action of Hivert

ai ak) __ a1 ak

s (xil i J Jk

where i1 < -+ <ig, j1 < -+ < jgand {j1,...,Jk} = {o(i1),...,0(ix)}.

In a series of papers by Aval, F. Bergeron and N. Bergeron, the authors
studied the quotient Q[x,]/(QSym}) over the ideal generated by
quasi-symmetric polynomials with no constant term, which they called the
super-covariant space of S,,. Their main result is that a basis of this quotient
corresponds to Dyck paths, and the dimension of the quotient space is the

n-th Catalan number C,, [2, 3].

After that, they extended QSym to diagonal setting, called diagonally
quasi-symmetric functions, DQSym [4]. They described a Hopf algebra

structure on DQSym, and made a conjecture about the linear structure of

Q[xn, yn]/<DQSymz>'

In this appendix, we continue the study of the linear structure. We start with
the case where there are infinitely many variables i.e. R = Q[[x,y]] is the
ring of formal power series where X = x1,z9,... and 'y = y1,¥s,.... The main
result is that we give a description of a Hilbert basis for the quotient space R/
where [ = W is the closure of the ideal generated by DQSym without
constant terms. This Hilbert basis gives an upper bound on the degree of
Q[xn,yn)/(DQSym;). We then use it to compute the second column of the

Hilbert matrix, which coincides with the conjecture in [4].
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A.1 The F basis

We define a partial ordering < on bicompositions: a =< [ and § covers « if

there exists a 1 <k < {(a) — 1 such that either aop = 0 or ay(,41) = 0, and

Qi vt Qie—1) 00k T Qk41) Qi) T Qlg(a)

Qa1 0 Qg(k-1) Q2k + Q2(ky1) Q2(k42) 0 Q2¢(a)

By triangularity, { F, = ZMﬂ} forms a basis for DQSym. This basis is
a=p
originally introduced in [4]. For example,

By =My ™Mo M) Y

2 2 02 02

)Moy Mooy T oy M (a0,

110 20
002 11 01 011

For convenience, we set F(O) = 1. This basis has the following easy but
0

important properties:

If 17 > 1 and aq; + ao; > 2, then

Fa= $1F(&11_1 gy - au(a)) * Fa(x27x3a s Y2, Y3, - )3 (1'1)

agl  agy - Agy(q)
If 11 = 1 and a9 = 0, then
F, = xlF(am au(a))(xg,xg, Y2, Y3y ) Fa (e, 3, Y2, Y3, - ); (1.2)
a2 Agp(a)

If 11 = 0 and 91 2 2, then

Fa - ylF( 0 oo e O‘lé(a)) + Fa(,fz,l’g, < Y2, Y3, - )7 (13)

ag1—1 agy roagpiq)
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If 11 = 0 and g1 = ]_, then

Fa = ylF(a12 alz(a)>($2,$37. s Y2,Ys3, . .)—i-Fa(J]Q,Ig,. s Y2,Ys3, . ) (14)

@2 v Qp(q)

A.2 The G basis

In this section, we define a basis {G:} indexed by generalized bicompositions

for Q[[x, y]].

Base cases: G (0) = 1 and G; = Fr if € is a bicomposition. Otherwise, let
0

€ = &({)B where 3 is a non-zero bicomposition. Let k = ¢(€) — ¢(8) — 1.
If 511 >0,

Gg = G&IB — xk‘*‘lGd(Bll*l Bra - Bll(ﬁ))' (21)

Ba1 B2z - Bagp)

If 611 = 07

Gg = Gdg — yk+1Gd( 0 Big - 314([::))‘ (2.2)

Ba1=1 B2z - Bay(p)

Inductively, {G¢} is defined for all generalized bicomposition €. Clearly G is
homogeneous in degree |é|. Hence, we have a notion of leading monomial of
Ge, denoted by LM (G;) with respect to the lexicographic order with z; >
Y1 > Ty > Yo > ---. To show that {G¢} forms a basis, it suffices to prove the

leading monomial of G¢ is X°.

Lemma A.2.1. Let a = (‘;)B be a generalized bicomposition,

1. ZfCl:b:O, then Gd :GB(mg,xg,...,yQ,yg,...),

2. ifa>0, then G&:$1G(a,1)B+P(fE27x3a'-'7y27y3a"')7
b
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3. ifa=0 and b >0, thenGd:ylG( 0 )B+P(x2,:v3,...,y2,y3,...)

b—1

for some P € Q[x,y]].
Proof. We prove by induction on the length of a.

1. Ifa= (8), then G5 = 1 and we are done.
2. If B = 8 is a bicomposition,

(a) if a = b= 0 and [ non-zero,

i. if 11 > 1 and B + Po1 > 2, using (1.1) and (2.1), we get

G& = Gﬂ - le(Bufl B12 BIZ(B))

Ba1 B2z - Boy(p)

= Fﬂ - xlF(ﬁu*l B12

BM(B))
Ba1 B2z - Bay(p)

:Fg(l’g,.l‘g,...,yg,y:g,...) :GB(I27$3,...,y2,y3,...)

and the lemma follows.

ii. if B3 = 1 and fBy; = 0, using (1.2), (2.1) and induction on £(3),

we get

Gs=Gs— CE1G(0 Big - ﬁlz(ﬁ))

0 B2z - Payp)

= Gﬁ - le(Blg Ble(ﬁ)) (.I'Q, T3y Y2,Y3, ... )
P2z - P

= B_xlF(ﬂlz Ble(g))(x27x37-"7y27y3)"')
B2z = Bau(p)

:Fﬁ(dfg,xg,,...,yg,yg,...) :Gﬁ(l’g,l‘g,...,yg,yg,...)

and the lemma follows.
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iii. if 517 = 0 and [y > 2, using (1.3) and (2.2), we get
Gd = Gﬁ — ylG( 0 Bla - 615(5))
B2a1—1 B2z -+ Baoy(p)

= Fﬂ - ylF( 0 B1o - Blé(ﬁ))
Ba1—1 B2z -+ Boy(p)

:F5($2,$3,...,y2,y3,...) :G5($2,$3,...,y2,y3,...)

and the lemma follows.

iv. if 811 = 0 and B9 = 1, using (1.4), (2.2) and induction on ¢(3),

we get

Gs = Gﬂ - ylG(O Bia - BIZ(B))

0 Bag -+ ﬁgz(ﬁ)

= Gﬂ — ylG(612 614(@)) (ZEQ,Ig, ey Y2, Ys, - )
B2z Payp)

— FB — ylF(/@lz gle(ﬁ))<l’2,l’3, ey Y2, Y3, - )
B2z Payp)

:F5<$2,$3,...,y2,y3,...) :Gﬁ($2,$37...,y27y3,...)

and the lemma follows.

(b) if a > 1 and a + b > 2, by definition Gg = F5. Using (1.1), we get

Ga =I5 = ﬂle(a_l)B + Fs(wo, T3, ..., Y2, Y3, - -+ )
b

and the lemma follows, with P = Fj5(z2, 23, ...,Y2,Y3,-..).

(c) if a =1 and b = 0, by definition G5 = F5. Using (1.2) and (2a). we
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Gd:Fd:IlFB(ZEQ,Ig,...,yg,yg,...)+F&(l‘2,[)’}3,...,y2,y3,...>

:le(O)B+Fd($2,$3,--~7?/2,y3,---)

0

and the lemma follows with P = F5(z2, x3,...,Y2,93, .. ).

(d) if @ =0 and b > 2, by definition G5 = Fj. Using (1.3), we get
Gd:Fd:ylF( a )5+Fd($2,$3,---,y2>y3,---)

b—1

and the lemma follows, with P = Fj5(z2,23,...,Y2,Y3,- .- ).

(e) if @ =0 and b = 1, by definition G5 = Fj5. Using (1.4) and (2a). we

get

Ga=Fs =y Fp(xo, 23, Y2, Y3, ) + Falwo, 23, .., Y2, 43, )

= ylG(O)ﬁ + F&<l’2,l’3, ey Y2, Y3, - )
0

and the lemma follows with P = Fj3(za,x3,...,Y2, Y3, .- ).

3. In the general case, let & = 1(8)5 where 3 is a non-empty bicomposition

and k = ((a) — ¢(B) — 1. We prove by induction on k. If k = 1, then we

are back in case (2a) above. Hence, we assume k > 1 and 5 = () /.

(a) Ifa =b=0,
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i. if f1; > 1, by induction and (2.1), we have

G&:G0~0 :G0~_G0~11*112
(2)a(8)s — 7 (8)as — T (9)a(P s

B21 B2z
:Gﬂﬁ(l’g, T3y---5,Y2,Y3, ... )

— $(k,1)+1Gﬂ(@11,1 Bla - gu(ﬂ))(xg, T3, ...
Ba1 B2z - Bag(p)

:Gﬂ(o)ﬁ(l’%x?ﬂ s Y2, s, - )

0

and the lemma follows.

ii. if B1; = 0, by induction and (2.2), we have

Gd:G0~0 :Go~_GO~0 12
(0)“(0)’8 (0)“5 Yk (0)“(521—1 522

:Gpﬁ(iCQ,l’g, e Y2,Ys3, - )

_y(k—l)‘f'lGﬁ( 0 Bia - 512([3))(1’2,1'3,...
B21—1 B2z - Bayp)

:Gﬁ(0)5($2’x37 < Y2, Y3, - )

0

and the lemma follows.

(b) If a > 1,
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i. if f1; > 1, by induction and (2.1), we have

o =0 ()a(2)s = “5)a ~ MO () 2 o)

b 0 b b Ba1  Baog o B2£(B)

:le(agl)ﬂﬁ —+ Pl(IQ,ZE:;, e Y2,Ys3, - )

— Tk <$1G<a1)ﬁ(5111 Bz - BM(B))

b Bo1 Bog -+ 3%(@

—|—P2<I2,$3,...,y2,y3,.~)>

<G<a;>w RCUCRES ?zﬁzzz>>
+P<x2ux37"'7y27y3"")

:le(afl)ﬂC))ﬁ —+ P(I2,$3, e Y2,Ys3, - )

b 0

and the lemma follows with P = P, — x, P.
ii. if B11 = 0, by induction and (2.2), we have

R O 6 e O L O (N S )

b 0 b b Bo1—1 Bog - 62@(,8)

:I’lG(a;l)ﬂﬁ + Pl([EQ,JZg, e Y2, Ys, L )

- yk<$1G(a1)ﬁ< 0 Big - Blﬁ(ﬁ))

b B21—1 Bag -+ Bay(p)

+P2(I27:E37--'ay27y37"')>

= G — G
X1 < (agl)ﬂﬁ Yk (a;1)ﬂ<ﬁ2<1_1 52122 5215((5;))
+P(I‘2,$37...,y2,y3,...)

:le(afl)ﬂ(O)ﬁ —+ P(xg,l‘g, ey Y2, U3, )

b 0

and the lemma follows with P = P; — y,. P>.
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(c) Ifa=0and b>1,
i. if B13 > 1, by induction and (2.1), we have

R OO i O OLC S TR

b b b Bo1  Bao - 624(3)

:ylG( 0 )ﬂﬁ +P1($27$37---7y273/3a---)

b—1

— Tk (ylG( 0 )ﬂ(ﬁlrl Bz - 31e<5))

b—1 Ba1  B22 - Bag(p)

+P2(x27'r37"'Jy27y37"'>>

=1 (G(b01>ﬂﬁ B ka(bgl)ﬂ(ﬂlggl 2;; Z;jg?ﬁ)
¢ Pl )

:ylG( o )ﬂ(o)ﬁ+P(I27$3,...,y2,y3,...)

and the lemma follows with P = P, — 2, P».

ii. if #1; = 0, by induction and (2.2), we have
Ga =G/, . =G\ — UG oy
()a3)e — 7 (2)as — T ()i, i o)

:ylG( 0 )I:Lﬂ +P1(172,$37--~7?/2a937--~)

b—1

— Yk (?JlG( 0 )ﬁ( 0 Big - ﬁu(ﬂ))

b—1 Ba1—1 B2z - Bag(p)

+P2(I2,1)3,...,yg,yg,...)>

= |G -G
o (S it 22
+P($2,$3,...,y2,y3,...)

:ylG( o )ﬂ(o)ﬁ —l—P(xQ,:Ug,...,yg,yg,...)

b—1 0
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and the lemma follows with P = P, — y,. P.

Corollary A.2.2. Let € be a generalized bicomposition, then the leading
monomial of Gz is X¢. Hence, {Gs} forms a Hilbert basis for R.

Proof. We prove by induction on ¢(€) and |é]. If € = (J), by definition G¢ =

1 = X¢ Otherwise, let € = (Z)B

1. If a = b = 0 and 8 non-zero, by induction on ¢(€) and Lemma A.2.1, we

have

LM(Gg) = LM(GB((L’Q,ZE:;, ey Y2,Ys3, - )) = (IQ,Ig, ey Y2, Ys, - )'é = Xg.

2. If a > 1, by induction on |é| and Lemma A.2.1, we have

LM(G:) = LM (le(a_l)B) = X°.

b

3. If a=0and b > 1, by induction on |é| and Lemma A.2.1, we have

LM(G:) = LM (ylG(bol)B) = X%,
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A.3 The Hilbert Basis

The set {%Fj} is a spanning set of the ideal I. For each & and 3, we write

2%Fs in terms of the G basis by the following rules.
(1) We reorder the product z®Fj as - - - (953‘21 (yg‘22 (xf‘” (yf‘QlFB)))).

(2) We reduce the above product recursively using (2.1)

Gy =G o N=Gro 5 0.y =G o510 3.1
TGy = TG gy ) T Oy ) TG (0 myn (3.1)

or using (2.2) when 4;; = 0 for some i,

yiG5 = yzG( o) T G( ) T G( 0 g ) (3.2)

e Fgg e o Fgitl e o 0 gl -
(3) When 74y; = a > 0, we reduce y;G5 as

ylezin(“ a ) =Y (G(i:o a

a—1

l‘f (%G 0 a—k o )—Fxf (yzG 0 . )
e (v 95r) (o0

The “---7 above means 11 -+ Y1-1), V1(i+1) **° VieF), Y21 - V2(i-1) OF
Yoai+1) -+ Yiy) With respect to their positions in the generalized
bicomposition.
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For example,

ey = (G + 76 ) ~np +omSy

0 00 0

=61 =Sy = () ~Say)
e TG T TE) e Ty

10 010 1 01 01

For each of the above rule, we choose a leading basis element G as follows.

We define a function ¢ from ({z;} x {G5}) U ({y:} x {G5}) to {G5}.

Definition A.3.1. In the case of rules 3.1, 3.2, we choose

o (x;,G5) = G( 0y ) and ¢ (v;,G5) = G( 0 g ) In the case of

0 A9y e ©0 0 Ao+l

rule 3.3, we choose ¢ (y;,G5) = ¢ (qu(..‘ 0 a )) = G( 00 a )

<0 Agp 01 Fg; -

In the other words, at each step of the expansion, we choose the

lexicographically smallest 7) such that Gj; appears as a term in the expansion.

Lemma A.3.2. The process of choosing in Definition A.3.1 is invertible, i.e.

¢ 18 injective.

Proof. Since each time we multiply x; or y;, the chosen term contains a (g)
at position i. Combining this fact with the rule that we have to multiply y;

before z;, we have the following inverse function.

Let i be the largest number that (1;,%2;) = (0,0) and 0 < i < £(7).

(1) If 5/1(1;+1) > 0, then ¢_1 (G( 0 :Yl(i+1) )) - .CEZG( :,1(Z.+1)_1 )

.. 0 '72(7;—0—1) . '72(7;—0—1)

(2) If F13i11) = 0 and, F1(i42) = 0 or a1y > 1, then
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TG0 N =UG -
¢ ( (g e )) UG (- e )

(3) If Y1(i+1) = 0, F23i+1) = 1 and 42y > 0, then
¢—1 (G( 00 ¥(;42) )) = ylG( F1(it2) ) 0
01 Aggiyoy “ Agiga)

Then, we can construct amap ® : {X*Fs : |8] > 1} — {G} that is defined by
“composing” ¢ with itself (|&| — 1) times. By the above Lemma, we also have
® is injective. For simplicity, we define ¢~ (G5) (or ®~'(G5)) to be X*G; (or
X%Fp) if o(XGj) = G5 (or ®(X*Fp) = G5 respectively).

Lemma A.3.3. In the expansion of X®Fj in the G basis using the rules
8.1, 8.2 and 3.3, the term ®(X*Fg) appears only once. In particular, it has

coefficients 1 or —1.

Proof. We begin with the claim that if i # 7, then ¢(z,Gj) and ¢(y;G) do

not appear in the expansion of x;G; and y;G; respectively.

Let k be the smallest integer such that (fig1, fixz) # (Pk1, Pk2). In rules (4.1),
(4.2) and (4.3), for all G5 in the expansion of z;Gj or y;Gj, the first ¢ — 1

columns of ¥ is the same as that of ji. Hence, the claim follows if k < 3.

If k =4, and if we are multiplying «; using rules (4.1) or (4.2), then the claim
holds because either the i-th or the ¢ + 1-th columns of z;Gj; will be different
from terms in expansions of x;G5. If we are multiplying by ¥;, then note that
if the ¢ — th column of y is (0,0), then s ;1)1 must be 0 because otherwise,
that means we multiplied an z; or z; or y; with j > 7 before y;, which violates

our rule. And the same condition applies to v. With this restriction, it is easy
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to check that the claim holds.

If £ > 4, in both cases, if we choose any term in the expansion that is not
o(2;G3) or ¢(y;G5), then the ¢ or i + 1 column of its index must be different
from that of ¢(x;G;) or ¢(y;Gz). If we choose ¢(z,Gy) or ¢(y;Gs), we also
have ¢(2;G) # ¢(x:G5) and ¢(y;Gp)P(yiGr) because p # v.

Since each term in the expansion of X%Fjs corresponds to a sequence of choice
using rules (4.1), (4.2) or (43), if at some point, we choose a term that is
different from the choice in @, then a recursive use of the claim asserts that

®(X*Fj) will not appear again. O

We now define an order (<) on the set of generalized bicompositions as follows

1. If @ and B are bicompositions, then a <g B if @ <jer B
2. If & is a bicomposition and f is not, then & <¢ f.

3. Ifa=pn ) B = 17( )6’ where o and ' are bicompositions, let u =
(@) — (/) — 1, v =€(&) — £(f') — 1, then & <¢ ( if
(a) u <w, or
(b) u=wv, &}; >0 and 1, =0, or
/ / / !/ AN A
(c) u=wv,a}y >0, B >0 (oray; =0, B, =0) and ¢ (Gaz) <¢ ¢ (Gp)
where we define ?(G;) to be ¥ if ¢(x;G5) = G5 or ¢(y;G5) = G for

some ¢.

Lemma A.3.4. The order <¢g is a total order on the set of generalized
bicompositions such that if G5 = ®(X%Fp), then for all G that appears in

the expansion of X“Fs, we have ¥ >¢ 5.
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Proof. Clearly this is a total order. If @ < § by (1) or (2), then § cannot

appear in the expansion of ®~!(a) = a.

If & < B by (3a), that means ¢~'(&) = 2,1 1G5 or yu41G5 for some 4. Hence,
B cannot appear in the expansion of ®~1(a) because B(Uﬂ)l = B(U+1)2 =0

cannot be created.

If & < 3 by (3b), that means ¢~'(&) = x,,1G for some 7. Hence, § cannot
appear in the expansion of ®~!(&) because it is not in that of z,,1G5 for any

5. O

With this ordering, there is a unique leading G for each expansion of X% Fj.

Theorem A.3.5. The set A ={Gs | Ga ¢ Img(®)} forms a Hilbert basis for

the quotient space R/I.

Proof. For any polynomial p in R, we write p in terms of the G basis with <g
order. For each term G5 € Img(®), we subtract p by ®71(G5) € I and G5 is
cancelled. If we repeat this process (possibly countably many times), we can

express p as a series of A. O]

A.4 Finitely many variables case

In the case that there are finitely many variables,
R, = Qx1, .- s Tn,Y1,---,Yn], the above  constructions  of
DQSym(z1,...,%n,Y1,.--,Yn), the F, G bases and the ideal

I, =< DQSym*(x1,...,Zn,%1,...,yn) > Temain the same by taking
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z; = y; = 0 for ¢ > n. In this case, LM(G5) = X whenever {(&) < n and

hence {Gs : £(&) < n} spans R,.

Let R: be the span of {X® : {(&) < n,Y>., Gi1x = 4, , Qox = j}. Since

I,, is bihomogeneous in x and y, I, = EBI;J where I»7 = [, N R%  and

V)
R, /I, = @ Vi where V9 = R, /I, N RY.
i?j

The Hilbert matrix corresponding to R,/I, is the matrix
M, (i, j) = dim(V,;77).

The goal of this section is to compute the second column of the Hilbert matrix.

The proof is slight generalization of the one in [3].

Lemma A.4.1. The set {Ga | Ga ¢ Img(®),l(&) < n} spans the quotient
R,/1I,.

Proof. Among all & such that G5 € Img(®), {(&) < n and G4 cannot be

reduced to 0, let B be the smallest one with respect to the <4 order. Then,
GB = GB — (I)*l(GB) + (I)fl(GB)
=G5 -G mod I,
But since G is the leading term in ®~'(G), terms in Gz — & 1(Gj) are

strictly smaller than Gj, and thus they reduce to 0. This contradicts to our

assumption on B . ]

k
Let B,, be the set of generalized bicompositions {&} such that Z(d“ +ay;) <

i=1
k for all 1 < k < n and ¢(a) < n. Clearly from the definition of G basis, if

& ¢ B,, then G4 € I,. Therefore, the set {X® : & € B,} spans R, /I,, the
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proof is essentially the same as Lemma A.4.1. In particular, X% € I, for all

|a| > n.

Lemma A.4.2. The set {X%Fs:a € B,,|3] > 0} spans R,,.

Proof. We already have X¢ = Z X% mod I, which means X°¢ = Z X4
&E€Bn a€Bn
Z PgFj for some polynomial Pg. If we reduce each monomial Ps using the

[B1>1
above rule, and write the product of F' basis in terms of F' basis, the claim

will be satisfied in a finite number of steps. O]

For a generalized bicomposition & with (&) < n, we define its reverse @ to be
the generalized bicomposition such that @i; = &q—it1) and @y = Qo(n—it1)

forall 1 < <n.

We denote the set {X® : @ € B,} by A,. The endomorphism of R, that
sends x; to x,_;+1 and y; to y,_;11 is clearly an algebra isomorphism that
fixes DQSym(x,y), in fact, it sends M, to M, where o is the reversed

bicomposition of a. Therefore, by Lemma A.4.2, the set

{X%Fs:a € A,,|B| >0} spans R,.

Hence, I,, = (F, : |y| > 1) is spanned by {X®F3F, : & € A,,|B] > 0,]y| > 1},

which means it is spanned by {X%Fs : & € A, || > 1}.

Lemma A.4.3. For X®Fs € R: with a € A, |B] > 1 and |&| + |B] < n, let
G5 = ®(XFp), then ((7) < n.

Proof. First, rules (4.1) and (4.2) increase the length by 1 while (4.3) increase

the length by 2. Now, we need to track ). If J45) comes from () and
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gets shifted, since we can use (4.3) at most once, we can make at most |&| + 1

steps to the right. Therefore, (%) < |a|+1+£(5) < |a|+ 1+ 8] < n.

If Y5y is 1 which comes from multiplying  or yx to Gt with k > ((€), since
a € A,, we have Zizk(dli + @) < n—k+ 1. In this process, we use rules
(4.1) and (4.2) only and each increases the length by 1. Therefore, 745, can

be shifted to at most position &k +n — k = n. O

Corollary A.4.4. Let M, be the Hilbert matric of R,/I,, then
1/2n—2
My(n — 1,2) = —<” ) MJi,2) = Y Maa(ik) for

n\n—1 &
1< <i,1<k<2
1<i<n-—2, and M,(2,1) =0 fori>n.

Proof. Lemma A.4.1 shows that C; = {Gs € V"' : G5 ¢ Img(®)} spans

Vil Suppose there is a linear dependence P = Z azGs € I"'. Since
Ga€eC;
51 is spanned by D = {X%F; € Ryl : & € Ay, |8 > 1}, we have P =

Z bapX &Fﬁ. This means the leading term of P when we expand in G
X&FzeD
basis is some G5 such that 4 € Img(®) and by Lemma A.4.3 ¢(7) < n, which

is absurd. Therefore, C; is a linear basis for V"'

Now, M,(i,1) = dimV/"'! = |C;_4|. Let G5 € V;*! and k be the unique
number that 42 = 1. First, from definition of G, ¥ ¢ B,, implies G5 € I,, and
G5 € Img(®P).

If i =n—1, then |y =n—1. If k£ < {(7), since Z Y1 > n—k, we will

j=k+1
be using rules (4.3) when applying ¢~!. This reduces the length by 2 while

the size by 1, which means G5 € Img(®). If kK = £(¥), we only use rules (4.1)

and (4.2) when applying ¢~ '. In this case, G5 ¢ Img(®) whenever 5 € B,,.
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1/2n—2
Therefore, |C),_5| is the Catalan number —< " ) )
n\n-—

If1<i<n-2 |3 <n-—2 From the definition of ¢, G5 ¢ Img(®P) if

and only if G(m A1)

J21 ’7/2(,1,1)

Therefore, M,(i,2) = > Mu_1(j k) for 1<i<n-—2. O

1<j<i,1<k<2

) e V25 \ Img(®) for some 1 < j < i,1 < k < 2.

By the symmetry M, (a,b) = M, (b, a), we obtain the first to rows of the Hilbert
1/2n—2
i ly M,(2,n—1) = — M,(2,i) = M, _ '
matrix, namely M, (2,n — 1) n(n—l)’ n(2,1) Z n—1(k,7)
1<5<i, 1<k<2

for 1 <i<n-—2,and M,(2,7) =0 for i > n.

This method can be applied directly to some other terms. To be more specific,
for 2i + j < n, the set {Gs | Ga ¢ Img(®), (&) < n} is a linear basis in V.
Therefore, the formula for each column stabilizes when the number of variables

is large enough. However, it fails in some other terms and this set is not a

linear basis in general.
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