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Abstract — In the present study, the free vibration response of
symmetric  thickness-and-width-tapered  (doubly-tapered)
laminated composite beams is investigated. Considering the
continuous-plies-interspersed ply drop-off configuration, called
herein as taper configuration D, both conventional and
hierarchical finite element formulations are developed based on
the cylindrical bending theory of laminated beam. Natural
frequencies of different types of internally-tapered composite
beams are determined. Comparison of the hierarchical finite
element solution with the Rayleigh-Ritz solution and a higher-
order finite element solution is performed. A parametric study
is conducted to investigate the effects of width-taper-ratio and
the thickness-taper-ratio (or equivalently thickness-tapering
angle) on the free vibration response of doubly-tapered
laminated composite beams.
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1. INTRODUCTION

Composite material refers to material that is created by the
synthetic assembly of two or more organic or inorganic materials
in order to obtain specific material properties such as high
strength and stiffness to weight ratios, corrosion resistance,
thermal properties, fatigue life, wear resistance and increased
tolerance to damage [1]. In some specific applications of
composite structures such as helicopter yoke or turbine blades,
the laminate needs to be stiff at one location and flexible at
another location. This type of structure is created by terminating
or dropping-off selected plies at specific locations to reduce the
stiffness, and is called as the tapered composite structure [2].

Finite Element Method (FEM) is one of the most accurate
and powerful tools used to study the response of complex
mechanical structures such as the vibration of laminated
composite beams. The convergence and accuracy of the results
determined using finite element formulation depend strongly on
the selected type of element. The type of element that is
considered for the finite element formulation in this study has
two degrees of freedom per node (deflection and rotation) and
two nodes per element. In Conventional Finite Element Method
(CFEM), interpolation or shape functions are determined based
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solely on these degrees of freedom. In the Hierarchical Finite
Element Method (HFEM), a number of trigonometric terms are
added to these interpolation functions in a hierarchical manner.

There are several studies on the free vibration of laminated
composite beams, mostly on the subject of uniform-thickness
uniform-width beams. Free vibration of uniform laminated
composite beams was studied by Abarcar and Caniff [3],
Chandrashekhara et al. [4], Marur and Kant [5] and Miller and
Adams [6]. Reddy [7], Berthelot [8], Whitney [9], and Jones [10]
have given the exact solutions for the free vibrations of uniform
laminated composite beams. Vinson and Sierakowski [11]
determined the exact natural frequencies of a simply-supported
uniform composite beam based on classical laminate theory.

There are selectively few studies conducted on tapered
composite beams. He et al. [12] have conducted a review of the
works on tapered laminated composite structures. Ganesan and
Zabihollah have studied thickness-tapered laminated composite
beams [13, 14] using a higher-order but conventional finite
element formulation and performed a parametric study. Ahmed
[2] has studied and conducted experiments on free and forced
vibration response of thickness-tapered composite beams
including the effects of axial force and damping. Badagi [15]
conducted the free and forced vibration analysis of thickness-
and-width-tapered laminated composite beams using Rayleigh-
Ritz method. Farghaly and Gadelrab [16] have studied the free
vibration of stepped uniform-width thickness-tapered
Timoshenko composite beams. Salajegheh and Ganesan [17]
have studied the vibrations of thickness-and-width-tapered
laminated composite beams with rigid and elastic supports using
a higher-order but conventional finite element.

Hierarchical Finite Element Method (HFEM) has been used
in the following works. Zienkiewicz [18], Cook [19] and Reddy
[20] have described the use of HFEM to analyze the vibration of
metallic and composite beams. Ganesan and Chen [21] have
studied the free vibration response of thickness-tapered
composite beams using HFEM and Rayleigh-Ritz method. Lees
and Thomas [22] conducted a modal analysis on a clamped-
clamped Timoshenko beam using HFEM. Bardell [23]
conducted a free vibration analysis of a rectangular plate using
the HFEM. Yu et al. [24] studied a multivariable HFEM for
static and vibration analysis of beams. Ribeiro and Petyt [25]
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studied the non-linear free and forced vibrations of composite
laminated plates using HFEM.

It is learnt that although there are several works on the study
of uniform composite beams, works on the vibration of tapered
composite beams are scarce to find in the literature. Also, due to
its accuracy and efficiency, HFEM seems the appropriate choice
to employ for vibration analysis of composite beams. In the
present work, doubly-tapered composite beam is studied for its
free vibration response using HFEM.

II.  FINITE ELEMENT FORMULATION

The composite beam has a large length-to-thickness ratio as
shown in Fig. 1, and therefore by applying the cylindrical
bending theory and considering classical laminate theory, one
can get the equation of motion in variational form as:

[ b0 D (@) (‘j%) (%) ax- | b0 M, () (L)

L (HJ2
—w? f f p b(x) wéwdxdz = 0 |
o J-ny2 (1)

In which it is assumed that the deflection in (transverse) z-
direction can be expressed as:

w(x,t) = W(x)el®t (2)

In (1), L is the length of the beam, b(x) is the width of the beam
at each cross section along the length of the tapered part of the
beam ( b(x) = (bg — b )x/L + b, ), N, is the compressive axial
force (if present), H is the thickness of the beam, p is the beam
density. D, (x) is the coefficient of bending stiffness of the
laminated composite beam [8] and it can be calculated as:

n

Dy (x) = Z [tkzlf - tlLZ] (511),( €)

k=1

where t; denotes the thickness of k” ply and (@, ), denotes the
transformed reduced stiffness coefficient of the & ply.

A. CFEM formulation

In Conventional Finite Element Method (CFEM), the
structure is divided into a number of Euler-Bernoulli beam
elements. Each element can have a number of nodes, which are
the critical points. In this study, two nodes per element and two
degrees of freedom per node are used in the formulation as
shown in Fig. 1.

L, 7
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Figure 1. Global and local co-ordinates (top), and nodal displacements and
rotations (bottom)

Having four degrees of freedom per element, a third-order
polynomial is required for the expression of deflection to satisfy
the boundary conditions as below:

W(x) =c +cox + c3x? 4 ¢ux3 “)

After determining and using corresponding interpolation
functions and following the CFEM, the equation of motion
becomes:

[ | D1 INHITIN] — N[N [N
0

le

—wzfo b(x)(ppHy, + prHy ) [INW]T[NW]dx|{u} = 0 (5)
In (5), [N"] is the shape function matrix and [N¢] and [N"] are
the first and second derivatives of [N"], respectively. p,, is the
density of the ply, p, is the density of resin, [, is the length of
the element and H,, and H, are the equivalent thicknesses of the
resin and ply in each element, respectively. For example, if an
clement has a cross-sectional area of A = Apy, + Agesin and
clement length of I, , therefore H,, = Ap,y /1, and H, = Apegin/
L,.

Stiffness [k] and mass [m] matrices are defined for each
element as:

le
] = [ "D NMITINY — N NI ©
0

L
[l = [ BCO(pyty + oyt IV IN]dx ™
0

One can assemble global stiffness [K] and mass [M] matrices of
the beam using element matrices by enforcing deflection and
rotation continuity conditions. As a result, (5) transforms into:

[[K] - w?*[M]]{u} =0 ®)

Equation (8) is an eigenvalue problem and can be solved to
determine the natural frequencies and mode shapes of the beam.

B. HFEM formulation

In the CFEM formulation, a cubical displacement function
was assumed in Equation (4). In the Hierarchical Finite Element
Method (HFEM) the displacement function is modified by
adding trigonometric or polynomial functions [7]. In this study,
the trigonometric hierarchical functions are used as:

W(x) =c; +cpx + c3x? + cux® + X it sinillr—x, i=123.. (9
in which [, is the length of the element and N is the number

of hierarchical terms. Equation (9) can be expressed as:

W = [Ky,l[c] (10)

X Nmx
K, =1 x x> x3sin— ... sin
le le

(1)
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In the same manner, rotation (6) can be expressed as:

6 = [Kp][c] (13)

d(Ky) , T nx Nm  Nnux
Ky I 01 2x 3x I cos L L cos I (14)

The displacement matrix in local coordinate system is:
Wi
6,
L)
{u} =10
Ay

= [K,]{c} (15)
Ay
in which A4i are the hierarchical degrees of freedom

corresponding to hierarchical terms and [K,,| can be written as
[21]:
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The procedure to determine the stiffness [k] and mass [m]
matrices for each element from the variational statement of
equations of motion, (1), is analogous to that described for
CFEM. The algorithm to assemble the global stiffness [K] and
global mass [M] matrices is described in the Appendix.

Table I. Material Properties

Mechanical properties of ply Mechanical properties of resin

Longitudinal modulus (E1) | 113.9 GPa | Elastic Modulus (E) | 3.93 GPa

Transverse modulus (Ez) 7.985 GPa | Shear modulus (G) | 1.03 GPa

Es;=Ex 7.985 GPa | Poisson’s ratio (v) 0.37

In-plane shear modulus (G12) | 3.138 GPa | Density of resin (pr) |1000 kg/m’
Major Poisson’s ratio (vi2) 0.288
Minor Poisson’s ratio (v21) 0.178

Density of ply (pp) 1480 kg/m?

III. FREE VIBRATION ANALY SIS AND DISCUSSION

A. Validation and convergence of HFEM solution

The material chosen in this study is NCT-301 graphite-epoxy
prepreg which is available in the laboratory of Concordia Centre
for Composites (CONCOM). The mechanical properties of the
ply and the resin are given in the Table I. The beam has [0/90]os
laminate configuration unless specified otherwise.

In order to validate the HFEM formulation, a uniform-
thickness uniform-width laminated composite beam is
considered. The beam is composed of 36 plies. Individual ply
thickness (#) is 0.125 mm and the beam thickness () is 4.5 mm.
Free vibration analysis is carried out using both CFEM and
HFEM for clamped-free boundary condition.
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Figure 2. The comparison between results obtained using CFEM and HFEM

The first three natural frequencies are given in Fig. 2 for
CFEM, HFEM with one hierarchical term (HFEM(1)) and
HFEM with two hierarchical term (HFEM(2)) alongside the
exact values of the natural frequencies [8].

As it is shown in Fig. 2, HFEM provides a better accuracy
than CFEM with less number of elements that will significantly
reduce the time required for the computations and reduce
significantly the discontinuities in stress distributions across the
nodes. In addition, there is no significant difference between the
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results when the second hierarchical term is added. As a result,
in this study HFEM with one trigonometric hierarchical term is
considered.

In order to validate the accuracy of the HFEM model, a
comparison with the results obtained using R-R (Rayleigh-Ritz
method) [15] and a HOFEM (Higher-Order Finite Element
Method) [17] is performed. The values of the first three natural
frequencies using HFEM are presented alongside the results
obtained using R-R and HOFEM methods in Table A.I in
Appendix.

The comparison shows that HFEM provides accurate results
within 0.2% of difference from the above-mentioned methods,
which is very acceptable and appealing.

B. Parametric Study

As shown in Figure 3 (not to scale), a thickness-and-width-
tapered composite beam composed of 36 plies at the thick (left)
side and 12 plies at the thin (right) side, is considered. Thickness
of each ply is 0.125 mm and therefore the thick side beam
thickness is 4.5 mm as opposed to 1.5 mm beam thickness at the
thin side. The beam has a width of 15 mm at the wide section
(bL) and 7.5 mm at the narrow section (br), which leads to a
width-taper-ratio (br/br) of 0.5. The beam has a length of 25 cm
and [0/90]ss laminate configuration. The material properties are
given in Table I. The beam has a simply supported boundary
condition.

S
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Figure 3. Doubly-tapered composite beam in simply-supported boundary
condition

The following is a parametric study to determine the effect
tapering on natural frequencies. In each section one variable is
considered while all other variables remain constant with the
values mentioned above as the base values.
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Figure 4. Uniform-thickness and width-tapered composite beam
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Figure 5. Thickness-taper configuration D

First, the effect of width-tapering, as shown in Figure 4 (not
to scale), on the first three natural frequencies is considered.
Then, the effect of thickness-tapering for taper configuration D,
as shown in Figure 5 (not to scale), on the first three natural
frequencies is investigated. Finally, the first three natural
frequencies are calculated for a doubly-tapered composite beam.

C. Discussion

Figure 6 shows the effect of width-taper-ratio on the natural
frequency ratio of a uniform-thickness and width-tapered
composite beam, for the first three natural frequencies. Natural
frequency change is the ratio of the corresponding natural
frequency for a given width-taper-ratio minus natural frequency
of the uniform composite beam over the natural frequency of the
uniform composite beam. As it is shown in Figure 6, The first
natural frequency slightly decreases as the width-taper-ratio
decreases. However, even by having a width-taper-ratio of 1/3,
only 1.06% decrease is observed. However, For the second and
third natural frequencies, by decreasing the width-taper-ratio,
the natural frequencies slightly increase (less than 0.2 %).

Effect of Width-Tapering on Natural Frequencies
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Figure 6. Effect of width-taper-ratio on the first three natural frequencies

In Figure 7, the effect of thickness-tapering on the natural
frequencies of thickness-tapered composite beams is plotted.
Here, the natural frequency change is the ratio of the
corresponding natural frequency for a given thickness-ratio
minus natural frequency of the uniform composite beam over the
natural frequency of the uniform composite beam. Thickness-
ratio is the ratio of the thickness of the thin side over the
thickness of the thick side. For this study thickness ratios of 1/3,
1/2, 2/3, 5/6 and 1 are considered which corresponds to
thickness-taper angles of 0.344°, 0.258°, 0.172°, 0.086° and 0°,
respectively. As it is shown in Figure 7, as the thickness ratio
decreases, the first natural frequency decreases drastically. For a
thickness ratio of 1/3 (or equivalently thickness-taper angle of
0.344°), the first natural frequency decreases by 39.82%. The
second and the third natural frequencies show similar drastic
reductions. This can be interpreted by the fact that by removing
ply material along the thickness of the composite beam, the
value of D11 decreases cubically, which results in the drastic
reduction of stiffness of the beam. Moreover, thickness-tapering
introduces packets of resin along the thickness of the beam
which would also result in the decrease in stiffness of the beam
and consequently the decrease of the natural frequencies.
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Figure 7. Effect of thickness-taper-ratio (or equivalently thickness-taper-
angle) on the first three natural frequencies

Figure 8, shows the effect of width-tapering on a thickness-
tapered composite beam with the thickness ratio of 1/3 (or
equivalently thickness-taper angle of 0. 344°). It can be seen
from Figure 8 that by having no width-tapering (width-tapering-
ratio = 1) the reduction of 39.82% in the first natural frequency
is present. By decreasing the width-tapering-ratio we see an
additional decrease in natural frequencies (up to 3.27% for
width-taper-ratio = 1/3). However, as it was observed before,
the second and the third natural frequencies are slightly
increased (less than 0.9 % compared to the case of thickness-
tapered-only) by decreasing the width-taper-ratio.

Effect of Double-Tapering on Natural Frequencies
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Figure 8. Effect of double-tapering on the first three natural frequencies —
thickness-taper-ratio = 1/3

IV. CONCLUSION

Hierarchical Finite Element Method (HFEM) provides a
better accuracy than Conventional Finite Element Method
(CFEM) with less number of elements and this will
significantly reduce especially the stress/strain discontinuities
across nodes. In addition, there is no significant difference
between the results when the second hierarchical term is added.
Moreover, a comparison with other published results obtained
using R-R (Rayleigh-Ritz method) and a HOFEM (Higher-
Order Finite Element Method) shows that HFEM provides
accurate results within 0.2% of difference from the above-
mentioned methods, which is very acceptable.

A parametric study on the effect of boundary conditions,
width-taper-ratio and thickness-taper-ratio (or equivalently

thickness-taper angle on the free vibration response of doubly-
tapered laminated composite beams is conducted and the
following are concluded:

e  Width-tapering has a small effect (1% decrease for a
width-taper-ratio of 1/3) on first natural frequency of a
simply supported composite beam. This effect is even
less significant for the second and the third natural
frequencies (less than 0.2% increase).

e  Thickness-tapering on the other hand has a significant
effect (9.73% decrease for thickness-taper-ratio of 5/6
39.82% decrease for thickness-taper-ratio of 1/3) on the
first natural frequency of a simply supported composite
beam. This effect is similar for the second and the third
natural frequencies.

e Addition of width-tapering to a thickness-tapered
composite beam has a slight effect on its first natural
frequency (1.97% decrease for width-taper-ratio of 1/2).
However, this effect is insignificant on the second and
the third natural frequencies (0.54% and 0.38%
increase, respectively).
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Table A.I. Comparison between the natural frequencies obtained using HFEM, HOFEM and R-R method for different width-taper-ratios (bL=1.66 cm)

br/bL= 0.4 br/bL= 0.6
HOFEM Diffe‘rence Diffe‘rence Diffe‘rence Diffe‘rence
R-R[15] [17] HFEM with with R-R HOFEM | HFEM with with
R-R (%) HOFEM (%) R-R (%) HOFEM (%)
1 (rad/s) 1259.9 1261.39 1261.4 0.12 0.00 1266.5 1267.88 1267.88 0.11 0.00
S-S 2 (rad/s) 5085.7 5091.9 5092.02 0.12 0.00 5081.5 5087.07 5087.18 0.11 0.00
3 (rad/s) 11439 11453.15 11455.45 0.14 0.02 11432 11444.15 11446.53 0.13 0.02
1 (rad/s) 2835.8 2839.29 2839.27 0.12 0.00 2864.6 2867.75 2867.75 0.11 0.00
C-C | o2 (rad/s) 7873.7 7883.45 7883.8 0.13 0.00 7915.2 7923.87 792432 0.12 0.01
3 (rad/s) 15485 15504.47 15511.12 0.17 0.04 15533 15549.98 15557.16 0.16 0.05
1 (rad/s) 589.8 590.5 590.52 0.12 0.00 527.05 527.62 527.63 0.11 0.00
C-F | o2 (rad/s) 3089.8 3093.44 3093.58 0.12 0.00 2974.1 2977.28 2977.36 0.11 0.00
3 (rad/s) 8200.2 8209.93 8211.02 0.13 0.01 8075.8 8084.5 8085.48 0.12 0.01
1 (rad/s) 341.34 341.77 341.76 0.12 0.00 386.35 386.79 386.77 0.11 0.01
F-C | o2 (rad/s) 2599.3 2602.53 2602.46 0.12 0.00 2701.1 2704.12 2704.08 0.11 0.00
3 (rad/s) 7708.9 7718.54 7718.95 0.13 0.01 7809.6 7818.32 7818.89 0.12 0.01
br/bL=0.8 br/bL= 1
Difference Difference Difference Difference
R-R HOFEM HFEM with with R-R HOFEM | HFEM with with
R-R (%) HOFEM (%) R-R (%) HOFEM (%)
1 (rad/s) 1269.2 1270.44 1270.44 0.10 0.00 1270 1271.06 1271.06 0.08 0.00
S-S 2 (rad/s) 5079.9 5084.81 5084.92 0.10 0.00 5080 5084.23 5084.34 0.09 0.00
3 (rad/s) 11429 11440.43 11442.84 0.12 0.02 11430 11439.52 11441.93 0.10 0.02
1 (rad/s) 2875.9 2878.71 2878.72 0.10 0.00 2879 2881.34 2881.35 0.08 0.00
C-C | o2 (rad/s) 7931.3 7938.96 7939.44 0.10 0.01 7936 7942.54 7943.03 0.09 0.01
3 (rad/s) 15552 15566.62 15573.99 0.14 0.05 15558 15570.55 15577.96 0.13 0.05
1 (rad/s) 484.13 484.6 484.6 0.10 0.00 452.44 452.81 452.81 0.08 0.00
C-F | o2 (rad/s) 2895.1 2897.87 289791 0.10 0.00 2835.4 2837.71 2837.73 0.08 0.00
3 (rad/s) 7996.6 8004.25 8005.11 0.11 0.01 7939.1 7945.68 7946.46 0.09 0.01
1 (rad/s) 422.33 422.74 422.73 0.09 0.00 452.44 452.81 452.81 0.08 0.00
F-C | o2 (rad/s) 2776 2778.65 2778.65 0.10 0.00 2835.4 2837.71 2837.73 0.08 0.00
3 (rad/s) 7881.6 7889.28 7889.97 0.11 0.01 7939.1 7945.68 7946.46 0.09 0.01
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Table A.Il shows the assembly algorithm of K and M matrices in CFEM for a composite beam divided into 6 elements. Each
element has 2 nodes and each node has 2 degrees of freedom (wi and 6i). Each color represents an element’s k or m matrix. In the
areas where two matrices overlap, the two corresponding matrix elements are being added together.

Table A.Il. Assembly algorithm of K and M matrices in CFEM

1 2 3 4 5 6 7 8 9 1011 12 13 14

wi
0,

w2

0|

w3

05|

Wy

0,]

Ws

05|

We

04|

wz

0|

O 00 N N W R W~

—
o

—
—

In HFEM with one trigonometric term, each element’s stiffness (k) or mass (m) matrix is a 5x5 matrix. The fifth row and the fifth
column are the hierarchical terms corresponding to hierarchical non-physical degree of freedom (Ai) to complete the form of a square
matrix. As it is shown in Table A.III, the global stiffness (K) and mass (M) matrices are assembled in the same manner as CFEM for
the first four rows and columns and the hierarchical terms fill the rest of the matrix.

Table A.IIL. Assembly algorithm of K and M matrices in HFEM with one hierarchical term

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20

1 [wi ]
2 2
3 w2 |
4 0,
5 [ws |
6 65|
7 |
8 6]
9 [ws |
10 65|
11 s |
12 16|
13 Wy |
14 I
15 (A |
16 A |
17 A |
18 A
19 | As |
20 F; | As|
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