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Abstract— As an industrial practice, complex structures are
analyzed under a large set of dynamic operating conditions from
which design load cases are selected. During design
optimization, response tracking mechanisms based on modal
participation factors could lead to large computational savings.
In this paper we review the use of static modal participation
factors as an inexpensive method to approximate the modal
response of a dynamic system and extend the analysis to
estimate the peak modal response when the structure is subject
to a shock or pulse disturbances. A case study is presented as a
proof of concept where the derived approximate peak loads are
also estimated.
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L INTRODUCTION

In practice, complex structures must be analyzed under a
large set of dynamic operating conditions to ensure that the
design will meet prescribed requirement.

During optimization, a relatively small number of such
operating conditions are selected as critical and are used to
minimize or maximize the objective function. However, the
dynamic response is strongly dependent on the physical
characteristics of the structure and thus the use of a deterministic
set may lead to unexpected dynamic behaviors during different
stages of design optimization.

To alleviate some of this issues, constraints such as
frequency range, displacement and stresses were sometimes
imposed in the optimization algorithms to tailor the structures
dynamic response [1-3]; other approach was to specify a certain
amount of material to attain a specific natural frequency [4].
These approaches relay heavily on a deterministic set of
dynamic responses and could often lead to conservative and
even off-optimal-performance designs.

Alternatively, several researchers [5-7] considered the
inclusion of the dynamic behavior within the optimization
problem through equivalent static load (ESL) sets that were
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computed using the solution of the transient analysis or
approximated using modal analysis.

In the same spirit as [5-7], the dynamic behavior of any
multi-degree of freedom system can be approximated through
static modal participation factors (SMPF) as shown in [8]. The
SMPF are inexpensive to compute and allow to assess the
importance of a mode in the solution. Changes in modes with
large participation factors, will then, induce large changes in the
dynamic response. Thus, a response tracking mechanism based
on static modal participation factors could lead to large
computational savings and improve the optimization process by
monitoring the dynamic response and the internal peak load of
elements.

In this paper, an improved method based on SMPF is
presented to approximate the modal peak responses when the
structure is subjected to a shock or pulse disturbances. A case
study is presented as a proof of concept, where the approximated
peak out of plane bending moment at the wing root of an aircraft
is approximated using SMPF.

II.  MODAL CONTRIBTION FACTORS

The complex response of a dynamic structural system can be
deconstructed into a set of simple harmonic motions ¢;(t), also
known as modal responses, linearly coupled with amplitude
ratios. This transformation is achieved by finding the system
modal pairs in the form of natural frequencies ®; and mode
shapes @; that satisfy the characteristic equation of undamped
free vibration system which are employed to find the system
response as the following variable change:

u(t) = dq(t) (1)

Where u(t) is the nodal vector of physical displacements, and
@ is the modal matrix of column concatenated eigenvectors.

Expanding (1) in a summation form we obtain:

Un(t) = dn1qi(0) + ... + dnigi(t) 2

From (2), the modal contribution can be defined as the
quantity of movement that each mode contributes to the total
nodal response [9, 10]. In other words, it is the product between
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the modal response qi(t) and the amplitude ratio ¢y, denoted here
with the Greek letter gamma (y) as:

ni(t) = On,iqi(t) 3)

The amplitude of each modal response can be expressed as
the product of a constant called modal participation factor I'i and
a time dependent term Dj(t) [9-11] which is expressed as:

qi(t) = I Di(t) 4

Though in general the time history of the response may be of
interest, it is the value of the maximum displacement that will be
used for the sizing or the design optimization of a structure.
Thus, from (5), the maximum value of the response is directly
proportional to the maximum dynamic response which is
expressed as:

u’= @ID° (5)

Where u’ is the vector of maximum nodal displacements, D°
is the dynamic modal response vector subjected to a unitary load
and I is the diagonal matrix of modal participation factors.

Appropriate expressions for I' and D° can be found through
static modal decomposition as addressed in the next section.

III.  STATIC MODAL PARTICIPATION FACTORS

The distribution of external forces acting on the structure can
be expressed as a time invariant vector f and a time dependent
expression p(t).

F(t)y=fp(t) (6)

Since the vector f is independent of time we can try to
estimate a static modal deflection caused by the distribution of
the forces by expanding f into a matrix of static forces f acting
at each node j and within each mode i; where the sum of the
columns of * is equal to the magnitude of the j-th component of
the vector f [8-11] which is expressed as:
st fori=1,2,...,N
fi,i_ri,id)j,i { forj=1,2,...,n )

Where n and N are the number of nodes and number of
modes retained in the solution, respectively

I'=diag(®T5H (8)

When the eigenvectors are normalized with respect to mass,
the vector of total static displacement can be found by the use of
Hooke’s law, which yields to:

T
st_yN _iLi g
U; i=1 miZ ¢J,1

The vector of total static displacement can then be related to
the vector of total dynamic displacements by introducing (9) into
(5) which results in:

fori=1,2,...,N )

w=u'e; DY (10)

To derive an appropriate expression for D° we begin by
recalling the classical equation of motion in the modal
coordinates, where the eigenvectors have been mass-
normalized:

q(O+olq(®) =0"f p(t) (11)

Where the operator () denotes the second derivative with
respect to time.

By introducing (4) and (8) into (11), we obtain (12), where
the term I is factored out of the resulting expression resulting in:

DO+ofD(®) = p(t) (12)

Equation (12) is simply the modal equations of motion
subjected to a unit dynamic load; thus, depending on the form
of the excitation force p(t), a particular method can be selected
to find an analytical solution to (12) and consequently D,

A. Steady-state Response

When p(t) is a periodic function, a dynamic amplification
factor R; can be defined as the ratio between the amplitudes of
the dynamic response D{ and the static response D' [9]
expressed as:

DY
1 Di_%t

R (13)
The amplitude of the static response is found by neglecting
the contribution of the acceleration term in the well-known
mass-normalized modal equations of motion, yielding to (14).
Di'=— (14)
The dynamic amplification factor is the steady-state
amplitude of an undamped system subjected to a unit periodic
function which is expressed as:
1

NG =

By introducing (13-15) into (10), we find the inexpensive
expression, i.e. (16) that allows to estimate the maximum
amplitude of the nodal physical displacements during steady-
state vibration, which is expressed as:

u=u*R (16)

To compare the output of this method with respect to the
proposed methodology, a steady-state modal participation
fraction L' is defined in (17). This fractional number allows to
compare the relative amplitudes of the modal responses g; for a
given design and loading condition.

_mpf| _ ri/(e}ei-e?)

L= =
bOENeD gNIn/ e ed-o2)]|

(17

B. Transient Response |

The steady participation factors neglect the contribution of
the transient components of the time domain solution. When the
global maximum is of particular interest, we aim here to estimate
the maximum dynamic amplitude of system response computed
as:

D"™*=max(D(1)) (18)

The transient participation fraction Lt* can then be defined
similarly to the steady participation fraction as the ratio between
the maximum amplitude of the harmonic solution and the sum
of the maximum amplitude of all the modes retained in the
system which is expressed as:
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(19)

C. Transient Response Il — Analytical solutions

To obtain (19) the solution of the modal equations of motion,
necessary for (18) calculations, is required a priori. As shown in
[12] the solution of (18) was approximated using a quasi-static
solution. Here we introduce a new participation factor based on
the closed form solution of a Single Degree of Freedom System
(SDOF).

Since this method requires the analytical solution of the
modal equations of motion in the time domain, we use here the
definition given in (20) as an example of an excitation signal
which represent the analytical model of Tuned Discreet Gust
(TDG) of an aero structure. However the methodology is
applicable for any forcing function where a closed form solution
exists.

p(t) =1-cos(wt) (20)
where o is the forcing frequency.

The analytical solution in the time domain for an undamped
SDOF system subjected to a unitary pulse, as shown in (20), is
given by:

03%2(1 -cos(m;t))- 032%03-2 sin <(mi;-m)t> sin <(wi;»)t>

i

0<t<t

D; = miiz[cos(wi(t-r)) -cos(mit)]+m [cos((w-wi)ﬁmit) -cos(coit)] -

1"'031) [cos((mﬂoi)r—mit) - cos(wit)] =<t

" 20i(0
21

Where t is the pulse length. From the classical theory of
shock, the maximum response will occur during the application
of the pulse whenever the forcing frequency is smaller than twice
the natural frequency of the system [13]. Thus, the solution for
the maximum amplitude of the dominant elastic mode and the
time t{"** at which it occurs can be estimated by differentiating
(21) with respect to time during the application of the pulse and
finding the roots of the derivative; alternatively, computing the
complete time response of the dominant mode using (21) and
extracting the peak values.

Then, the rest of the dynamic responses can be estimated by
computing (20) at t]***, that is:

D" = Dy(t"*) (22)

The transient response II participation fraction is defined
similar to equations (17) and (19) as:

tsIl_ IriDimaXI 23
i ZmriDlinaxl ( )

D. Internal load Participation Factor

For point loads, the element internal forces are computed as
the product of the element stiffness matrix K. and the
corresponding displacement vector Uc(t) of the nodes that
conform the element in the global coordinate system.

When the element and global coordinate systems do not
coincide a rotation matrix CT is necessary to ensure that the

internal forces computed, Ne(t), are expressed in the element
coordinate system as:

Ne(H)=CTK.Us(t) 24)

Where K. and Uc(t) are the element stiffness matrix and the
vector of nodal displacements in the global coordinate system.,
respectively.

We can expand equation (24) into its modal components as:
Ne(t) = CTKDcq(t) = CTK D ['D(t) (25)

Equation (23) gives an important insight into the variables
that affect the internal loads sustained by each element. The term
I’ is constant for a given loading conditions and its magnitude
depends on the matrix of eigenvectors. On the other hand, the
magnitude of D(t) is strongly dependent on the initial conditions
and the ration between the forcing and the natural frequencies of
the system. The magnitude of I'D(t), thus, determines the
dominance of a mode in the solution, whereas the product
2=C"K.D. determines the impact of such mode in the r
component of the element load where re{1:6}. A participation
factor can then be defined as:

[ load_ |2, i D

R (26)

IV. CASE STUDY

An aircraft stick model based on a Bombardier Aircraft
platform was created to assess the performance of each of the
methods described herein. The model is excited by a forcing
vector f with a linear distribution of a 1000 N on the wing root
and 480 N on the wing tip of the form given in equation (20).
The modal responses were calculated in MSC Nastran [14] and
the normalized results are displayed in Figure 2.

Figure 1.

Case study: airplane stick model.
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Figure 2. Normalized modal responses.

The modal participation factors of the free-free airplane
model were computed using (17), (19) and (23) and the results
are presented in Table I.

The results are well in agreement with the transient response
of Figure 1; the first elastic mode dominates entirely the
response, followed by the elastic modes 7, 8 and 10. The peak
out of plane bending moment of the wing root was estimated also
in MSC Nastran, and approximated using (25) with (17), (19)
and (23). The percentage of error is shown in figure 3.

TABLE 1. MODAL PARTICIPATION FACTORS
Modal Participation Fractions
Elastic mode Lt Lt L
1 94.67% 95.41% 95.93%
2 0.00% 0.00% 0.00%
3 0.00% 0.00% 0.00%
4 0.00% 0.00% 0.00%
5 0.00% 0.00% 0.00%
6 0.00% 0.00% 0.00%
7 0.21% 0.18% 0.16%
8 0.27% 0.22% 0.20%
9 0.00% 0.00% 0.00%
10 0.31% 0.27% 0.24%

Both of the transient approximations present better results
than that of the steady-state participation factor, which has an
error of 32%. This result is expected since the modal amplitude
computed using (17) treats the excitation as a periodic function.

That is, even though the participation factor obtained using
L} is well in agreement with Figure 1, the actual magnitude of
the modal response is not. This large variation is reflected in the
large error of the estimated out of plane bending moment.

The static modal participation factor Lt was computed using
the time domain solution of the modal response extracted from

Nastran; its associated error is due an implicit assumption of
equation (18): the modal responses are considered to be in phase.
This means that the recovered amplitudes are not time
consistent, thus the method tends to either over or underestimate
the value of the internal load, even when the exact solution is
known.
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Figure 3. Normalized modal responses.

In the case of L' the approximation could be improve by
considering modal damping in the derivation of the analytical
solution (23).

Finally, the modal participation fraction of the out of plane
bending moment at the wing root were computed using (26) with
(17), (19) and (23). The results are shown and compared in Table
1I.

TABLE II. ELEMENT INTERNAL LOAD MODAL PARTICIPATION FACTORS
Out of Plane Bending Moment at wing root contribution fractions
Elastic mode Lt L{SH L
1 92.449% 93.444% 94.263%
2 0.000% 0.000% 0.000%
3 0.000% 0.000% 0.000%
4 0.000% 0.000% 0.000%
5 0.000% 0.000% 0.000%
6 0.000% 0.000% 0.000%
7 0.196% 0.168% 0.152%
8 0.195% 0.159% 0.150%
9 0.000% 0.000% 0.000%
10 0.056% 0.049% 0.043%

Once again, the first elastic mode dominates entirely the
response. However, it is noticed that the participation of the
modes shown in Table II decrease. This means that term X, from
equation (25) increased the participation of higher order modes.

V. CONCLUSIONS AND FUTURE WORK

Static modal participation factors have the potential to be used
as response tracking mechanisms during structural design
optimization, since they are inexpensive to compute and allow
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to estimate the peak internal load of the elements. Thus, large
design spaces could be easily updated without the need to run
any dynamic analysis.

The methodology presented herein is applicable for systems
with concentrated nodal forces, however, in aerospace
applications we mostly encounter distributed loads such as
aerodynamic and inertia loads. The extension of this
methodology for aeroelastic response analysis is of particular
interest and will be addressed in our future work.
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