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Abstract

We present the development of a new technique for rapidly measuring the masses of
airborne particles confined in free space optical dipole force traps. This technique
employs an ultrafast CMOS sensor with a wide field of view to image the real
time motion of trapped particles on timescales in which diffusive Brownian motion
predicted by Einstein makes a transition to ballistic motion. The technique relies
on direct imaging of drop-and-restore experiments without the need for a vacuum
environment. In these drop-and-restore experiments, the trapping light is rapidly
shuttered with an acousto-optic modulator causing the particle to be released from
and subsequently recaptured by the trapping force. The trajectories from the falls
and restorations are combined to infer the particle mass, which we also corroborate
using an analysis of position autocorrelation functions of the trapped particles.
Using the drop-and-restore technique, we report a statistical uncertainty of less
than 2% for masses on the order of 5 x 107* kg, using a data acquisition time

of approximately 90 seconds. We also show that the measurement of a ballistic
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mean-squared displacement can be used for a preliminary estimate of the mass of a
trapped micro-particle. Furthermore, we show that even the capacity to detect the
timescale at which the transition to ballistic motion occurs, in combination with a
measurement of particle size, can provide a similar mass estimate, consistent with
the more rigorous mass determinations developed in this thesis. Ultimately, the
methods presented here constitute simple, effective, and competitive alternatives
for characterizing trapped particles and measuring their masses, in comparison with

more elaborate standard techniques.
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1 Introduction

The main goal of this thesis is to discuss the development of a new technique for
measuring the mass of airborne particles confined in free space optical dipole force
(ODF) traps, also known as optical tweezers. The technique involves observing the
trajectories of a trapped particle as it is released (dropped) from and recaptured
(restored) to the equilibrium position of the trap to infer the mass of the particle [1].
At the heart of this technique is an ultrafast CMOS sensor with a wide field of view
that is used to image the real time motion of trapped and freely-falling particles on
fast timescales. In pursuit of mass determinations, we leverage the fast time res-
olution to investigate the transition regime where diffusive Brownian motion gives
way to ballistic inertial motion. This work presents simple and competitive alter-
natives to more elaborate, conventional techniques for both characterizing trapped

particles and measuring their masses.



1.1 Optical Tweezers, Video Microscopy, and Precise Mass

Measurements

The development of ODF laser traps to confine dielectric particles [2-6] has had
an incredibly wide-spread effect on scientific research. The myriad applications for
ODF traps range from the development of far-off resonance traps (FORTS) for con-
fining atoms [7, 8], to the manipulation of biological molecules with optical tweezers
[9]. ODF traps have been used in experiments to generate three-dimensional optical
crystals [10, 11], as well as to make measurements of bond strengths [12] and protein
synthesis inside living cells [13, 14]. However, despite all of these other pursuits,
one of the most fruitful avenues of research that optical tweezers has advanced is
the investigation of single particle motion.

With ever-improving bandwidth [15] and spatial resolution [16] in positional
detectors, optical tweezers experiments have been able to push the boundaries of
investigation to shorter time and length scales. The natural progression of this
field has led to powerful experiments investigating the diffusive kinematics of single
particles trapped in fluids and free space. The pioneering experiments in references
[17-21] have probed the timescales on which diffusive Brownian motion transitions
to ballistic motion. Other lines of inquiry have focused on particle kinematics

to study the nature of the ODF itself [22-24], the colour of the stochastic force



associated with Brownian motion [25], the development of precise force sensors
[26], as well as measurements of fluid viscosity [27, 28] and the polarizability [29]
of trapped particles. These experiments have employed complementary techniques,
such as analyses of power spectra [30, 31] and autocorrelation functions of the
particle motion [17, 19].

Recently, there has also been widespread interest in employing optical tweez-
ers to perform precise mass measurements of trapped particles [1, 32-36]. Table
1.1 shows a representative compilation of such tweezers related techniques. The
most sensitive and accurate mass measurement involving optical tweezers has been
obtained using underdamped ODF traps operated in a vacuum environment [35].
In reference [35], the trapped particle is driven using an alternating electric field
and the mass is determined by fitting to the power spectral density (PSD). This
technique has been successful in characterizing masses of ~ 4 x 10~ kg, with
a precision of 0.25%. Other examples of tweezers-based mass determinations in
the range of 1071 — 10~ kg involve photophoretic traps [33] and have achieved
precision at the level of a few percent [32, 37].

In the body of this thesis, I will discuss a simple free space optical tweezers set-up
in which scattered light from trapped particles can be directly imaged using high-
speed video microscopy. I will investigate the prospects of using such an apparatus

as a tool to study Brownian motion at the onset of the ballistic regime of micro-



Table 1.1: Summary of contemporary tweezers-based mass measurements. The last column shows the statistical
(Stat.) and systematic (Syst.) uncertainties associated with each measurement technique. * Indicates a measurement
performed in a vacuum environment. ** Indicates a solution based measurement. *** Indicates a photophoretic

trapping experiment in free space. VACF stands for velocity autocorrelation function.

Reference Year Technique Mass (kg) Stat. & Syst. Uncertainty
Huang et al. [17]** | 2011 Continuous VACF analysis 1.26 x 1074 <10% and <10%

Lin et al. [32]*** 2017 Optically forced modulation 9.00 x 10713 2% and 6%

Chen et al. [33]*** | 2018 Dynamic power-modulation 6.3 x 1071 Not estimated
Blakemore et al. [34] | 2019 Electrostatic co-levitation 8.40 x 1071° 1% and 1.8%

Ricci et al. [35]* 2019 | Electrostatically driven resonance | 4.01 x 107'# 0.25% and 0.5%
This work [1] 2020 Drop-and-restore 5.58 x 1071 1.4% and 13%




particle motion, as opposed to other indirect measurement techniques. I will also
show how measurements of such ballistic motion can be used, independently and
in combination with particle size determinations, to infer preliminary estimates of
the mass of trapped particles. Building on this work, I will demonstrate that the
use of such an apparatus to track the release and recapture of particles held in a
single-beam gradient trap can result in a simple technique for the rapid and precise
determination of the particle masses. Using methods that are similar to techniques
for studying the ballistic expansion of ultracold atomic samples [38], we track the
centroid of particles dropped in free space to infer the damping rate and analyze
the trajectory of the recaptured particle to determine the particle mass. This
methodology relies on the precise timing for the release and recapture of trapped
particles, enabled by laser amplitude modulation using an acousto-optic modulator
(AOM). As a result, we can combine the advantages of tight confinement in an
ODF trap and the capacity to observe the free space kinematics sensitively as in the
drop tower studies of [39]. In contrast with our investigations of ballistic Brownian
motion using the same apparatus, we average uncorrelated repetitions of these drop-
and-restore measurements so that the effect of Brownian noise on short timescales
is suppressed, thereby, increasing the signal-to-noise ratio even at very short camera
exposure times. This leads to a measurement with a unique combination of short

time resolution and high signal-to-noise ratio from which a highly precise mass



determination can be extracted. To further support these findings, I also present
a corroboration of these measurements through separate studies of the position
autocorrelation function (PACF), that are more in line with conventional single
particle techniques. I will show that masses on the order of 107* kg associated
with resinous particles with diameters of a few micrometers can be determined
with a statistical precision of ~ 2% in measurement times on the order of 1 minute,
results that suggest the technique is suitably competitive.

In Chapter 2, I describe the theoretical framework for particle kinematics and
the features of the PACFs which feature in this work. Chapter 3 describes the
experimental set-up, and the main results of these investigations are presented in
Chapter 4, while Chapter 5 summarizes the work and outlines some future directions

of inquiry.



2 Theory

This chapter consists of three sections in which I outline the basis for the rest of
this thesis. First, in Section 2.1, I present some of the theory governing optical
tweezers, including a derivation of the relevant forces in the Rayleigh scattering
limit, as well as a discussion of extensions to both the geometric optics and Mie
scattering regimes. Next, in Section 2.2, I discuss Brownian motion in more detail,
both in general and in relation to optically trapped particles. I review the theory
which underpins Brownian motion and estimate the timescales for ballistic and
diffusive motion. Finally, in Section 2.3, I present the kinematics most relevant to
the drop-and-restore mass determination technique, which rests on the intersection

of optical tweezers and Brownian motion.

2.1 Basic Theory of Optical Tweezers

The derivation of the forces involved in optical tweezers has been a point of con-

tention since the inception of the technique.



There are two distinct schools of thought on how to describe these forces and
each depends on the answer to a key question: “What is the size of the particle a,
in relation to the wavelength of the light, \7”

The first of these arguments addresses the so-called “geometric limit”, where
the size of the particle greatly exceeds the wavelength of light (a > ). Arthur
Ashkin developed a highly accurate description for his experiments on the basis
of ray optics, where individual rays of light are refracted by the particle [40]. In
this formulation, the ensuing momentum changes of these rays due to the relative
indices of refraction of the surrounding medium (air) and the particle are calculated.
Then, by assuming an opposing force imparted on the particle, the net optical dipole
force on the particle can also be computed. A brief schematic of this approach for
a dielectric sphere in a vertically focussed Gaussian beam is shown in Figure 2.1.
Variations of this sort of framework have been shown to work quite well even as
the particle size becomes as small as 5\, but these treatments break down near the
beam focus [41].

The second, and perhaps simpler approach to understanding the ODF, involves
the “Rayleigh approximation”, which considers particles that are much smaller than
the wavelength of light (a < A) and deals with the induced dipole moment of the
particle. A complete treatment in this limit is presented in reference [42], where

for a dielectric particle of radius ry and dielectric constant €1, we can describe the



Focussing Objective

Axial Displacement

(Above Focus)

Radial Displacement

(Away from Focus)

Beam Propagation
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Figure 2.1: Schematic diagram of an ODF trap in the geometric regime. Here, the
pale blue circle indicates a trapped dielectric sphere and the red lines indicate the
paths of two rays of focussed laser light. The dashed lines indicate the original (un-
refracted) path leading to the geometric focus of the beam. The cyan lines indicate
the reaction forces on the sphere resulting from momentum transfer imparted by

light and the dark blue lines indicate the net force on the sphere.



induced dipole moment as:

(2.1)

where E(f, t) represents the electric field of the laser as a function of generalized
position co-ordinate Z and time ¢, while €5 is the dielectric constant of the medium
surrounding the particle, and p,, = ny/ns is the ratio of the indices of refraction for
the particle (n;) and the surrounding medium (ns).

The laser field exerts an intensity dependent force on this dipole, that is con-
ventionally broken down into two components:

—

F(Z,t) = Fop + Fgp (2.2)

Fop is known as the optical dipole or gradient force and Frp is known as the
scattering or radiation pressure force. Since the first term in equation 2.2 is of
greater interest in the context of this thesis, I next present a brief derivation of the
optical dipole force, and simply state the result for the scattering force as developed

in reference [42].

2.1.1 Gradient Force

We begin with the force on the induced dipole, which is written as:

Fop(#,t) = (p(#,1) - V) E(,1) (2.3)
10



where, by taking the time average over many periods of the electric field, (denoted
by (...)x/c) we find that the force scales as the gradient of the laser intensity, VI(Z):

po — 11
TpE 422

V<E(fv t)2>)\/c

— mn2egr? fo — 1V|E(:E)|2 (2.4)
S+ 2

= aVI(Z)

2mnaeors p2—1
¢ pEt2o

with a coupling constant a = proportional to the polarizability of the
sphere.

We note one important feature common to all these theoretical methods which is
particularly evident in equation 2.4, namely that the dipole force acts as a restoring
force towards the location of maximum laser intensity. This holds true in situations
where the index of refraction of a particle is higher than that of the surrounding
media, which is to say u, > 1. For cases where the index of the particle is lower
than that of the medium, the force changes sign and is no longer restorative. In

both cases, the force remains proportional to the gradient in the light intensity. As

such, we turn our attention in the next section to a description of the laser field.
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2.1.1.1 Discussion of Intensity Gradients

For a Gaussian laser beam (TEMjo) propagating along the z direction, we can
model the intensity profile as:

—or?

I(r,z) = Iy(2)e®? (2.5)

where Iy(z) represents the peak intensity of the beam, w’(z) represents the beam
waist, and r represents the radial co-ordinate.
Assuming that the total power P in an axial direction is conserved, we can

write:

P / / I(r, 2)drd6 = Wz(z)Qfo(z) (2.6)

where as the beam propagates, the radius of the beam obeys:

W(2) = wmq 1+ (2—0)2 (2.7)

with zy representing the Rayleigh range and w,, indicating the minimum 1/e? beam
radius.

Accordingly, equation 2.5 can be re-written as:

0P e
1022 = e

—2'r2
— 2P ew’(z)2 (28)

mwn (14 (5)?)
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In this manner, the intensity gradients along both the axial and radial directions

can be determined by differentiating equation 2.8, yielding:

0 —4r

EI(T’ 2) = w/(Z)QI(T’ z) (2.9a)
0 —220.)7271 B 22 .
51(7’, Z) = Z(Q)w,(Z)Q (1 w’(z)Q) ]( ) ) (29b)

Here, we can see the negative signs in both equations demonstrating the position-

dependent nature of the ODF described by equation 2.4.

2.1.2 Scattering force

In contrast to the gradient force, the radiation pressure force always points in the
same direction, namely along the direction of beam propagation, z. This can be
shown by writing the force in terms of a scattering cross-section o, and the Poynting

vector S(, t):
. S(,t
Frp(i,t) = 7pS(,t) (2.10)

c/ngy
By again taking the time average over many periods of the laser’s electric field

we can arrive at the expression:

S onalS 1)) x/e
<FRP(«T7 t)>)\/c _ P 2< (C ))/\/ (2 11)
n20-p —\ A~ .
= 1
% 1(7)z
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To compare this force with the optical dipole force given by equation 2.4, we

can write out this cross section as in reference [42]:

8 (2mry\* o (12 —1 2
ap—g( 3 ) s (M%‘i‘? (2.12)

py—1
na+2

Here, we see that only the square of the fraction appears, resulting in a

unidirectional force, independent of the index of refraction of the particle.

2.1.3 General Remarks

Taking both of the force components into consideration, we can then rewrite equa-

tion 2.2 as:

= Na0p

F(Zt)=aV - I(Z) +

[(7)7 (2.13)

C

Unfortunately, while equation 2.13 is instructive as to the qualitative behaviour
of an optical trap, it cannot be used to make meaningful magnitude estimates of the
trapping forces discussed in this thesis, where the particle size is slightly larger than
the wavelength of light (a > ). Despite its compact notation, the Rayleigh approx-
imation, like the geometric limit, does not extend easily over the range of particle
sizes typically used in optical tweezers experiments (a ~ A). This “in-between”
size scale has been approached from either side with higher order corrections to
both Mie-Lorentz and Rayleigh scattering formalisms [43-46]. However, due to the
complexity of these treatments, the nature of the light matter interaction is more

14



readily quantified empirically in practical optical tweezers experiments.

To second order, most, if not all, of these treatments yield harmonic oscillator-
like potentials. Accordingly, when particles trapped in such potentials are buffeted
from collisions with the surrounding medium, they undergo confined random walks.
Thus to better approach this problem, we turn our attention to the behaviour of
these harmonically confined microscopic particles, rather than further investigate
the light-matter interaction. In what follows, we will develop a more complete
understanding of the kinematics on the time and length scales of Brownian motion,
and examine how this Brownian behaviour changes when constrained in a tweezers-

like potential.

2.2 Brownian Motion
2.2.1 Unconstrained Brownian Motion

The behaviour of simple diffusive Brownian motion, was perhaps most concisely
phrased by Langevin’s equation of motion [47] which is given by:

0%z Ox

where m is the mass of the particle, v is the Stokes damping coefficient, and F(t)
is the stochastic force responsible for Brownian motion.

Equation 2.14, captures the trajectories and mean-squared displacement (MSD)

15



initially observed by Brown [48], while also including the inertia of Brownian parti-
cles, previously omitted from the statistical description predicted by Einstein [49].
From a general perspective, the MSD can be derived from the position-time

series of a particle z(t):

([Az()]?) = ((x(to +t) — z(t0))?)
(2.15)
= ((w(to + 1) = 2(a(to + t)(to)) + x(t0)*))
where, %y is some initial time relative to t. If, however, the process governing the

motion is truly stochastic, then there will be no difference between any two average

positions (z(ty)) and (z(t)), such that:

([Ax(®)]) = (2= (to +1)* — 2(to + t)2(to)))
(2.16)
= 2a(to +1)*) — 2w (to)x(to + 1))
where, the first term is just the variance of particle motion, and the second term
in this equation is known as the position auto-correlation function (PACF), which
is the Fourier transform of the power spectral density (PSD) [30].
For the case of unconstrained Brownian motion, the full MSD is given by:

([Ax (1)) = ((x(to +1) — 2(t0))*)

QkBTm _at
(=)

(2.17)

= Qk’BT’}/_lt —

for to = 0, where kp is the Boltzmann constant and 7" is the temperature [50].

For this type of unconstrained random walk, equations 2.17, and by extension
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2.16, both have simple behaviours at long times:

([Ax(t > 0)]*) ~ 2kpTy 't
(2.18)

~ 2Dt
where, D = kgT'/~ is the diffusion constant. In effect, this is the statistical result
predicted by Einstein [49]. An illustration of equations 2.17 and 2.18 is shown in
Figure 2.2, highlighting the agreement of both descriptions for a random walker at
t>0.

However, if such a random walker is confined in a harmonic potential, as shown
in Figure 2.3, the trajectory of the particle, particularly at long times, is drastically
altered. Unsurprisingly, the confinement causes a similarly prominent change in the
long-time behaviour of the MSD. To better understand this, in the next section,
we focus on the case of constrained Brownian motion, and reserve discussion of the
deviations from Einstein’s predictions at short times to Section 2.2.3 where we will

look more closely at this inertial motion.

2.2.2 Constrained Brownian Motion

With the advent of lasers and optical tweezers, the observation of confined single
particles became not only possible, but also fairly easy to realize. As noted in
the introductory section, this has lead to significant advancements in the field of

Brownian kinetics based on the details of looking deeply at a stochastically driven
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Figure 2.2: Hlustration of the theoretical MSD for a Brownian particle. The black
line shows the statistical prediction of Einstein (equation 2.18), while the blue curve
models the case including particle inertia using equation 2.17. These curves assume

T =300K,m=>5x10"" kg, and v = 7.6 x 1071? kg/s.
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Figure 2.4: MSD and PACF of the simulated constrained random walker shown in
Figure 2.3. The dashed lines show scalar multiples of the variance on the same unit

scale. See Appendix A for a discussion of the MSD of discrete time series.

particle trapped in a harmonic potential, as described by:
— + I —+ —z=A() (2.19)

where I' = - is the damping rate, « is the spring constant of the ODF trap, and

A(t) = F(t)/m is the random acceleration associated with the stochastic force.
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When considering the MSD for such a system, it is convenient to independently
consider the two terms in equation 2.16. For a sufficiently long time series, the
variance for a harmonically constrained random walk will flatten out to a stable
level which characterizes the strength of the confinement. Typically, this steady-

state variance is described by a version of the equipartition theorem given by [51]:
5 1
—r(z(t)?) = §kBT (2.20)

where, the potential energy of the ODF trap is equated to the thermal energy of the
particle defined by the Boltzmann constant and the temperature 7. In contrast,
the autocorrelation function approaches zero at long times, due to the continued
random nature of the steps about the equilibrium position in the trap. These two
constituent parts lead to an MSD of the form illustrated in Figure 2.4.

The specific behaviour of both the PACF and PSD, have been calculated [50, 52]
for the overdamped, underdamped, and critically damped regimes of harmonic
traps. The level of damping is typically characterized by the parameter b =
%\/m , where wy = \/E is the natural angular frequency of the trap [53].

Systems involving airborne micro-particles at atmospheric pressure are usually
highly overdamped, meaning that b can be shown to have real roots [19, 51]. A
simple estimate of the damping, for a particle of mass m ~ 107!3 kg and radius

rs ~ 3 um, can be found in Section 2.2.4. The resulting overdamped PACF, which
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is of interest in the free-space experiments discussed in this thesis, is given by:

kgT

ezt (cosh(bt) + —— sinh(bt)) (2.21)

(alto)a(ta +1)) = 2 e
To investigate ballistic Brownian motion, one can also easily derive the re-
lationship between such PACFs and their accompanying velocity autocorrelation
functions (VACFs) [53]. These types of calculations have been of great value in mea-
surements of instantaneous velocities, particularly in under-damped cases where the
effects of the trapping potential on the particle motion are less apparent [19]. The
reconstruction of correlation functions with high time-resolution has proven to be
a highly effective method for determining particle size and mass [17]. In the work
presented in this thesis, we use a version of the overdamped PACF to corroborate
the mass measurements obtained through our drop-and-restore experiments.
Given that our work describes a highly overdamped case (I'? > 4w?), it is

possible to further approximate equation 2.19 by omitting the inertial term, as in

reference [54], so that the equation of motion becomes:

Oz
g + kx = F(t) (2.22)

resulting in the simplified autocorrelation function:

kT
mwo

(z(to)z(to + 1)) = et/ (2.23)

with a well defined time constant, known as the correlation time 75 = .
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Figure 2.5: Illustration of the overdamped PACF described by equation 2.23. Each
curve represents the PACF of a particle confined in an ODF trap with a different
spring constant. The correlation time constants are shown at the base of the dashed
lines. The expected % trend in the correlation time as a function of trap spring

constant is shown as an inset.
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An illustration of overdamped PACFs and the expected dependence of the cor-
relation times on trap stiffness is shown in Figure 2.5. Due to the simple functional
form of equation 2.23, 7y can easily be extracted from PACFs for ODF traps of
different spring constants, leading to a precise determination of the damping coef-
ficient v from fits similar to the type shown in the inset of Figure 2.5.

Even though this degree of simplicity is not present for all levels of damping, the
correlation time ratio 7/k is relevant in all tweezers experiments as it determines
the timescale on which the confining force interrupts the motion of the particle.
Accordingly, we can see that before this interruption time, the behaviour of a con-
strained walker remains relatively unchanged compared to unconstrained Brownian
motion [19]. It is for this reason that tweezers can serve as such an effective tool
in the study of not only constrained but also free Brownian motion, if the required
time resolution requirements can be met. This task has been greatly simplified
by improvements in technology that have made it possible to track particles on

increasingly short time and length scales.

2.2.3 Short-time Brownian Motion

Despite the elegance and simplicity of his 1905 paper [49], Einstein predicted that
his scaling law, derived from a statistical treatment of gases, would ultimately break

down at short times due to the inertial term included in the Langevin equation
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(equation 2.14).

A complete treatment of such a random process including particle inertia was not
long in development for both free and harmonically constrained stochastic particles
[50, 52]. In both cases, the PACF (and thereby the MSD) were shown to deviate
from Einstein’s scaling law at short times.

An intuitive illustration of this phenomenon can be developed by first consid-
ering a particle moving in a vacuum. If moving at a constant speed, the particle
displacement proceeds ballistically, which is to say, it scales as t, and the resulting
MSD becomes quadratic. When this particle is instead placed in some media, col-
lisions between the particle and the media restrict this ballistic motion. However,
there still exists a period of time before the collisions can successfully damp the
otherwise ballistic motion of the particle. It is this time scale which is often referred
to as the momentum relaxation time 7.

A computational demonstration is shown in Figure 2.6, where the simulated
constrained Brownian motion from Figure 2.3 is displayed with the random steps
broken up into a more continuous path representing the trajectory at a finer time
resolution. In Figure 2.6a, each macroscopic random step is partitioned into ten
smaller time steps simulating a straight line trajectory that the particle would
follow. The corresponding MSD for this motion is also shown in Figure 2.6b. We

can clearly see a non-linear component of the MSD at times shorter than those of
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Figure 2.6: (a) Simulated trajectory excerpt for the harmonically constrained
damped random walker shown in Figure 2.3. Random walk steps are shown as
yellow points, linked with a curvilinear path (shown in black dots) representing the
approximately linear ballistic short timescale motion of the same random walker.
(b) The yellow points show the MSD computed from a random walk of the type
shown in part (a). The blue data points show a simulation of the unconstrained
random-walker shown in Figure 2.3. The black points show the MSD for the short-
time resolution shown in black in part (a). The red line indicates a slope of 1 on the
Log-Log graph consistent with diffusive Brownian motion (MSD ~ 2Dt), while the
green line shows a slope of 2, consistent with ballistic motion governed by equation

2.17. A discussion of the MSD for discrete time series is presented in Appendix A.
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the macroscopic random steps. This manifests on the Log-Log graph by a slope
greater than 1 (in fact, here as in true ballistic motion, the slope is 2). The inertial
motion captured on these higher time resolutions suggests that it should be possible
to observe ballistic motion in real particles.

The advent of tweezers has allowed a great deal of headway to be made in
this area. Compared with previous investigations in bulk media [55-58], the di-
rect observation of single particles has greatly improved the ability of experiments
to directly measure positions and velocities. There are also more rigorous treat-
ments, which apply higher order corrections to the equations of motion at very
short timescales. These formulations also take into account hydrodynamic memory
effects, stemming from the inertia of the fluid being displaced by the Brownian par-
ticle [59-61]. The work in references [59-61], initially arising from the observation
of long time-tails in the velocity autocorrelation function [62-64], has led to some
of the most precise measurements of Brownian motion [17].

Most investigations into such stochastic systems have centered upon the study
of the PACF and the PSD [19], where the characteristic timescale on which Brow-
nian motion transitions to ballistic motion is defined by the momentum relaxation
time, 7, = % Details of the kinematics on timescales much smaller than 7, have

been investigated by references [18, 20, 21] in both underdamped and overdamped

regimes by direct computation of correlation functions. In comparison, numerous
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experiments to extract physical properties such as the color of the stochastic force
[25], the viscosity of the fluid [27], the polarizability [29] and the mass of particles
[35] have relied on measurements of the PSD.

Much of the work described above has involved the implementation of very
fast quadrant detectors or differential photodiodes and fiber bundles, which due
to their high bandwidth, have become the state-of-the-art [15]. This has led to
such sensors replacing conventional direct imaging which has played a vital role in
tweezers experiments since the inception of ODF laser traps [3]. However, with the
recent availability of high-speed cameras, direct imaging has had a resurgence [65].

In order to observe ballistic Brownian motion, a direct imaging system requires
a temporal resolution, or a frame rate, comparable to 1/7,. It is such an ultra-
fast sensor that provides the necessary time resolution to perform the precise mass
measurements that we describe in Chapter 4. As a result of the acquisition rates
accessible to these types of cameras, in Section 4.1.3, we also present a brief demon-
stration of video microscopy with a fast CMOS sensor to observe the transition from
ballistic to diffusive Brownian motion.

Since both the confining potential and the surrounding fluid play very little role
in particle motion on this very short timescale, the MSD in the ballistic regime can

be directly related to the kinetic energy of a Brownian particle.
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We can define the mean-squared velocity of such a particle to be:

(w(1)?) = <(x(t0 +1) — J;(to))2>

(to+1) —to

(2.24)
_ {(=(to+1t) — x(t))?)
= 3
and by using equation 2.15, we can relate this to the MSD:
A 2

t2
By invoking an alternate version of the equipartition theorem (equation 2.20),
we can equate the kinetic energy of a particle in the ballistic regime with its thermal

energy to write:
1 1
§m<v(t)2> = §kBT
1 ([Az(®)?) 1
—m——7>>— = —kgT
2" o B
In this way, a measurement of the MSD, on a timescale of ¢ < 7, can be used

(2.26)

to generate an initial estimate of particle mass.

Furthermore, since the momentum relaxation time can also be expressed as
a function of the damping coefficient, 7, = %7 a simple measurement of 7, can
be combined with particle size measurements to make an alternate preliminary
estimate of particle mass. In order to understand this second calculation, it is
instructive to build up a quantitative understanding of the momentum relaxation
time from more basic principles. Therefore, we digress in this next section to discuss

an estimate of 7, in the context of our free space experiments.
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2.2.4 Comments on Viscosity

To estimate the timescale set by 7, for our experiments, in room temperature
(T =300 K) air, we must find an expression to represent this damping coefficient,
7.

This problem is most easily tackled in the context of a Stokes’ flow system,
which is to say, a relatively stationary or resting fluid that responds to external
forces instantaneously. In this regime, we can represent the damping on a sphere
of radius r4 by invoking Stokes’ drag coefficient, v = 67nr,, where n is the dynamic
viscosity of the fluid. However, the use of Stokes’ law requires an expression for the
viscosity of the fluid.

To this end, a simple approximation can be made on the basis of the equiparti-
tion theorem and the kinetic theory of gases where colliding particles are treated as
hard spheres [66]. For this approximation, we define the viscosity to be the coupling
parameter between the force on an object and the velocity of the fluid around it.

We begin with what is known as Newton’s law of viscosity, which can be used
to describe the flow of a fluid near a solid surface at a position y moving in the
direction, as shown in Figure 2.7. Given this orientation, the flux of Z-momentum

computed along the y direction, ¢, is proportional to the fluid velocity gradient
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Figure 2.7: Demonstration of Newton’s law of viscosity for a fluid near a solid

surface. In this instance, the surface is in the xz-plane, moving in the positive -
direction, and generating a velocity gradient ‘fii; in the fluid along the y-direction.
The inset shows the partitioning of space in the fluid about a given zz-plane (y').
The circles show fluid particles approaching 3’ with the velocities (v,|,15) that they

obtained from their most recent collisions at 3’ £ 4.
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along 7; which is to say:

dy
where 7 is the coupling parameter called the viscosity.
We consider an otherwise non-interacting gas with a Maxwell-Boltzmann veloc-
ity distribution defined by an equilibrium temperature T'. For the case of a gas with
number density n, that is made up of spherical molecules of radius r, and mass m,,

we can define an average speed of a gas molecule:

|8kpT
7=/l (2.28)
7rmp

We can then also define the rate of collisions for such a gas per unit area of a

stationary surface as:

7 =-nv (2.29)

and the mean free path as:

l (2.30)

B V32mr,n

This allows us to partition a space of dimension § = 2[/3, near any zz-plane,
where ¢ is the distance at which, on average, a gas molecule experiences its most
recent collision before passing through the plane.

Then, as shown in the inset of Figure 2.7, we consider a gas flowing parallel

CZJ;|y,.

to an xzz-plane at position y* where the fluid velocity gradient is The net

momentum passing through 3/ is then simply the difference between the momentum
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of particles travelling in each direction on either side of the plane:
quy = vaz‘ly’—5 — vaa:’y’—i—é (231)

where we assume that each molecule is moving at the velocity it attained due to

its most recent collision, which implies:

dv,
Um|y’:i:5 = Ua:|y’ + 5d_y (232)

Therefore, we can write the rate of momentum transfer as:

dv, dug
Guy = ZM (Vg |y — 6d_y — (Vgly + 5d—y))
dv
= Zm(=262 2.33
m( a0 ) (2.33)
-1 _  _dvu,
= 7nvm(5 a0

Comparing this with Newton’s law of viscosity (equation 2.27), we can define

the viscosity as:

1
n = —nomd
2
(2.34)
o 1 kBTmp
B 612 3

While this treatment greatly simplifies the interaction between the molecules,
it can be expanded to include the so-called Lennard-Jones potential to improve
the accuracy of the prediction [66]. For nitrogen gas at room temperature (m, ~
4.6 x 10720 kg and 7, ~ 155 pm) we can use equation 2.34 to estimate the viscosity

as ~ 17 pPa-s; which is nearly the same as the empirical viscosity of air measured

to be 18 pPa-s [67].
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Thus by invoking Stokes’ law to define the damping coefficient, we can show

that
7, =1/T

T, =m/7y (2.35)
Tp :m/(671'7“s’l7)
where, 7 is the size of our particle. Which can easily be rearranged to define the

particle mass as:
m =T7,067r,n (2.36)

Therefore, if we have an accurate measurement of the particle size, the obser-
vation of the transition from diffusive to ballistic motion can be used to infer a
value of 7,, which in turn can be used to derive a simple estimate for the mass of
a trapped particle.

Similarly, in the reverse process, we can also make an estimate of the momentum
relaxation time for a Brownian particle (m ~ 107! kg and r, ~ 3 ym) by again
invoking Stokes’ law to define the damping such that 7, = m/(6mnrs), which for
alr at room temperature air gives: 7, ~ 100 pus.

Using equation 2.35, this value of 7, can also help estimate the level of damping
for a constrained Brownian particle. Given a typical optical trap stiffness of xk ~
1075 N/m, we can show that while I ~ 10% Hz, the resonant frequency of the trap

gives 4w? only on the order of ~ 10" Hz, demonstrating the overdamped nature of
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the system described by equation 2.21.

From a practical standpoint, however, this value of 7, also suggests the frame
rates at which our experiments need to operate to capture the transition from
ballistic to diffusive Brownian motion. Moreover, this calculation predicts the type
of motion we should expect our particle to be undergoing at various time intervals.

To observe ballistic motion, the camera frame rate must be chosen such that
the exposure time of a single frame is comfortably below this timescale. This also
identifies the repetition rates that will ultimately be necessary in the drop-and-
restore experiments, where the average of uncorrelated repetitions are needed to

increase the signal-to-noise ratios of the trajectories.

2.3 Drop and Restore Kinematics

As mentioned at the outset, the mass determination technique that I have developed
relies on averaging uncorrelated repetitions of particle motion during release and
recapture from an ODF trap. The technique is underpinned by precise timing
control of the turn-off and turn-on of the trapping potential using an AOM. We
track a particle’s trajectory as it is dropped from and subsequently restored to the
equilibrium position in the ODF trap in two distinct measurements.

In the first of these experiments, the so-called “drop”, the trapped particle is

repeatedly released from the ODF trap. The motion of the particle falling in gravity
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Figure 2.8: . Three restoration curves (solid lines modelled by equation 2.40) show
the expected trajectory of a particle being restored to the equilibrium position in
the ODF trap (position = 0) when the laser force is re-engaged after various drop
times (dashed lines). The restorations begin with the expected recapture velocities
and fall positions for a falling particle described by equation 2.38 with v, = 0, as

shown in black.
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is modelled by:

0%z ox

— 4+ I— —g=A(t 2.37

ot? * ot (t) (2:37)
where ¢ = —9.8 m/s? is the acceleration due to gravity in this coordinate system.

Here, since we average uncorrelated repetitions, the stochastic driving term plays
no role and the resulting solution to equation 2.37 is given by:

vy

0= (L 2y - 1) (2.38)

NS

r
as derived in Appendix B.1, where v, represents the initial velocity of the released
particle, which should average to zero over many uncorrelated repetitions. Conse-
quently, a fit to the displacement-time graph of a falling particle can be used to
extract the value of I'. A visualization of the expected trajectory is shown in Figure
2.8.

In the subsequent experiment, the so-called “restore”, when the laser confine-
ment is turned on, the particle is restored, from its fallen position, to the trap
center. This behavior is modelled by:

Px Oz
el + Fa +wiz — g = A(t). (2.39)

Once again, since numerous uncorrelated restorations are averaged, the stochas-
tic drive does not contribute to the effective solution of equation 2.39, which is given
by:

- F -
x(t) = woe2 [cosh(bt) + % sinh(bt)] + %[eTt sinh(bt)] (2.40)
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as shown in Appendix B.2, where, z( is the initial position and and vy is the
recapture velocity, which is to say the velocity of the particle at the time when the
laser force is turned on to initiate the restoration.

Combining all of these pieces, it is possible to infer the value of m from a fit to
equation 2.40, using values of I" from the drop experiments, and « from independent
measurements of the trap spring constant. By repeating the drop-and-restore over
a range of drop times we are able to extract an even more precise value for the
mass of the trapped particle. We show a theoretical illustration of several of these
restoration trajectories, given an initial particle velocity of 0, in Figure 2.8.

Next, we comment on the expectations for the recapture velocity vy in equation
2.40. We note that for drop times ¢ > 7,, vy can be estimated as the sum of the
terminal velocity and the effect of the ODF during the first frame of exposure. The

variation in the recapture velocity as a function of drop time can be modelled by

vo(ta) = vr — tegpha(ty)/m, (2.41)

where vy = £ is the terminal velocity of the particle, t.,, is the exposure time for
a single frame of acquisition, and z(t4) is the trajectory described by equation 2.38
as a function of drop time t,.

Using equation 2.41, it is theoretically possible to reduce equation 2.40 to an

expression where the particle mass is the only one free parameter. However, in

order to more accurately model the observed motion of the particle, we leave both
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the recapturel velocity and the mass as free parameters. This means that we can
extract both quantities (m and vg) from our fits to equation 2.40. A discussion of

the resulting trends in vy is presented in Section 4.2.
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3 Experimental Details

3.1 Apparatus

The experiments were carried out with a homebuilt laser system operating at 780
nm, consisting of a master oscillator and semiconductor waveguide tapered am-
plifier (TA) placed on a pneumatically-isolated optical table. A schematic of the
experimental set-up is shown in Figure 3.1. The power stability of the master os-
cillator has a characteristic Allan deviation of 5 x 107% at 10 s [68] and the TA
has an output power of ~ 2 W [69]. The output of the TA was fiber coupled and
gently focused through an AOM driven at 80 MHz so that the diffracted beam
could be turned off or on in ~150 ns. As a result, it was possible to rapidly release
the trapped particle in a gravitational field, and subsequently restore the particle
to its equilibrium position. The turn-on and turn-off of the diffracted beam from
the AOM were controlled by a pulse generator operated at repetition rates ranging
from 0.5-20 Hz. The pulse width that defines the free-fall time of the particle is

precise to the level of 1 ns. The maximum power in the diffracted beam (250 mW)
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Figure 3.1: Schematic diagram of the experimental set up. The focal lengths of the
beam shaping lenses are: [; ~ 45 cm and ls ~ 30 cm. The mirrors in between the
acousto-optic modulator (AOM) and the 10x objective act as a periscope such that
the beam entering the objective is directed downward along the vertical direction.

Here TA represents the tapered amplifier, A/2 represents a half-wave plate, and

CMOS represents the camera.
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Figure 3.2: Intensity gradients along the vertical (light blue) and horizontal (red)

directions. The straight lines indicate the linear (harmonic) ranges of the trapping

potentials.

42



was controlled with a waveplate and polarizing cube beam splitter. The diffracted
beam was expanded and focused through a 10x microscope objective (NA 0.25) so
that the focus of the beam was ~ 5 mm from the end face of the objective lens.
The intensity gradients associated with the ODF trap were characterized using a
scanning knife edge spatial profiler as shown in Figure 3.2. The focal region was
surrounded by a tightly-sealed enclosure with sliding glass windows to reduce air
currents. In this free space configuration, the trapped particles were introduced by
ablating from the tip of a permanent marker inserted into the enclosure. We note
that this is a simple and effective technique for introducing particles into a free space
optical tweezers set-up since the ablated particles have near zero velocity. Other
techniques for introducing trapped particles are described in [3, 18, 19, 22, 70, 71].
The light scattered from the trapped particle in the transverse direction was imaged
onto a CMOS sensor using a simple two-lens telescope with a variable magnification
ranging from ~ 40 x — 80x. The CMOS sensor (see Figure 3.3a) consisted of an
800 x 1280 pixel array with an overall size of 2.24 cm x 3.58 ¢m, which amounts to
a pixel size of 28 ym. The camera was operated in continuous mode at a variable
frame rate ranging from 1 x 10* to 2 x 10° frames per second (fps). The imaging
system was calibrated by photographing a ruled micrometer slide placed in the
object plane of the telescope. The calibration, as shown in Figure 3.3b, involved

fitting the profiles of successive rulings in the image plane to Gaussians and deter-
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Figure 3.3: (a) Phantom UHS-12 v2012 high speed camera, loaned from Delta
Photonics for one week of measurements. Image acquired from reference [72]. (b)
The total intensity per column of pixels across an image of a micrometer slide
(shown as an inset) and Gaussian fits (red) to the rulings. This spatial calibration

of the sensor area yields a conversion factor of 0.67 pm/pixel.

mining their separations in pixel units. Image sequences were stored in on-board
memory and transferred to a computer for data processing. For the drop-and-
restore experiments, 100 independent image sequences were averaged to improve
the signal-to-noise ratio. In contrast, investigation of ballistic motion and PACF
measurements relied on a continuous record length of images. To compensate for
the lack of averaging in the PACF measurements, an intensity filter was used to

reduce the effect of broadband background noise due to light entering the telescope.
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3.2 Direct and Indirect Imaging

When measuring the kinematics of a trapped particle, one of the obvious first steps
is to unambiguously determine the position of this particle, or target object. As
I have outlined, there are two primary classes of identification, which I call direct
and indirect imaging. In optical tweezers experiments, direct imaging normally
employs a CCD or other sensor to capture images of the target particle. This can
be done either with scattered light [38, 73] or by observing the shadow cast by the
particle “down-stream” in the trapping beam path [54]. Indirect imaging involves
the division of either down-stream or scattered light in at least two directions to
generate a differential signal which reveals the position of the target image relative
to the point of division. The classic example of this type of detection is a quadrant
position detector (QPD) [51], but high-bandwidth set-ups have been realized using
simple photodetectors and a light-dividing mirror [19].

Compared to indirect high-bandwidth detectors, such as differential photodi-
odes or fiber bundles, direct imaging on a CCD or CMOS sensor presents several
advantages but also raises some additional challenges. One of the primary advan-
tages is, of course, the ease of visualizing the target object. This luxury is often
the reason that tweezers experiments frequently employ a direct imaging device in

parallel with higher-bandwidth indirect detectors [74, 75].

45



The second main benefit of direct detection, is the simplicity of spatial calibra-
tion. Some common differential detectors require the rastering of a target object
using a piezoelectric crystal, in order to calibrate the voltage read-outs of the devices
[27, 51]. Similarly, split fiber bundles that are used to quantify three-dimensional
motion of particles trapped in optical tweezers require detailed mapping of the
spatial efficiency of the detector to have confidence in excursions of the particle
(target object) from the center of the detector. Details of a version of this more
precise form of calibration can be found in references [74, 75]. Conversely, direct
imaging devices can often be calibrated simply by calculating the magnification of
the imaging system and knowing the pixel size of the detector, or more rigorously
by measuring the distance between calibrated rulings placed in the plane of the
target object, as shown in Figure 3.3b.

A third benefit is the increased level of information provided by direct detection.
This is because it is possible to extract the position, size, and shape of an object
by processing a recorded image.

However, we must also note one of the short-comings of this approach, namely
that it can only determine particle position within the target object plane and
is (largely) insensitive to movements in the direction perpendicular to this plane.
Often, a second direct imaging device is needed to image along the perpendicular

direction. In contrast, more sophisticated indirect imaging techniques have been

46



developed to allow a single detector to infer information about motion in all three
dimensions [74]. It would seem that a similar approach could be taken with direct
imaging but this has, to my knowledge, not been demonstrated.

Another challenge presented by direct imaging, is that the position of a target
object is not immediately known upon acquisition of this image. The image must
first be analyzed and the center of the target object must be “found”. This process
of particle tracking is a field of research in and of itself. However, in this work,
we utilized very simple tools which should be readily accessible to anyone setting
up an optical tweezers experiment. Accordingly, we devote the next section to a

discussion of the center-finding techniques which are used in the rest of this work.

3.2.1 Comments on Particle Tracking

A number of years ago, a large scale effort was undertaken to determine if a con-
sensus could be found in terms of the most effective particle finding and tracking
algorithm [76]. The results were expectedly mixed. However, it was established
that the so-called center-of-mass (CoM) algorithms proved to be the fastest, while
more comprehensive fitting routines proved slightly more accurate especially at
higher signal-to-noise ratios. In reference [76], the task was broken down into two
phases, identifying particles and linking trajectories. This is to say finding all of

the particles in a given frame by discriminating against background noise and then
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Figure 3.4: Schematic diagram of image processing sequence, whereby the initially
acquired image is cropped around a region of interest, filtered with a cut-off thresh-
old of pixel brightness, and then integrated along the two cardinal directions of the

frame to generate particle profiles, which can be fit to extract position information.

determining which particle in a subsequent frame corresponded to each particle in
the previous frame. Fortunately, in our case, and in the case of most tweezers exper-
iments, single particle finding is the principal objective, which greatly reduces the
complexity when compared to other forms of microscopy since there is no chance
of confusing particles from frame to frame.

Instead of identification and linking, our techniques can be broken down into
three distinct steps: (1) Region of Interest (ROI) selection (2) Image Filtration (3)
Particle Location

Below, I briefly describe each of these steps, visualized in Figure 3.4, in greater
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detail.

ROI selection: This is the first step in our process. We crop the frame of the
image to roughly 4-5 particle widths around the particle, which we identified as the
brightest section of pixels in the frame. Since our particles were confined and, in
general, moved across a span of only a few particle widths throughout observation,
this cropping procedure could be done manually for each video, or even as the video
was being recorded by restricting the active sensor size on the camera. For our
drop-and-restore experiments, this procedure sometimes involved analyzing longer

columns of pixels to encompass the full range of drop distances.

Image Filtration: Next, as the name would suggest, we imposed an intensity
filter upon each of the images that we acquired based upon noise levels near the
edges of a particular frame. This filter subtracted a stock pixel intensity value
from all frames with a minimum final pixel intensity value allowed of 0. Rather
than work in somewhat abstract pixel value units of our 12-bit camera resolution,
our filtration system is characterized by a level number ranging from 0 to 15 that
identifies the threshold as a fraction of the maximum pixel intensity in an average
frame (see Table 3.1). After imposing this threshold filter on an acquired image,

we then employed the last step of our center-finding procedure.
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Table 3.1: Image processing threshold filter level legend. Table indicates the cut-oft
value, as a fraction of the maximum pixel value in a frame, at which pixels were

identified as dark (i.e. set to 0) for the purposes of particle identification.

Filter Level Threshold [Fraction of Maximum Pixel Intensity]
0 0.000
1 0.053
2 0.107
3 0.160
4 0.213
13 0.694
14 0.747
15 0.800
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Particle Location: For our work, we concentrated on three primary techniques
to identify the location of particles: (i) fitting pixel amplitude with a Gaussian
function (ii) fitting pixel amplitude to a Sinc? function (iii) the employment of a
CoM algorithm.

In general, both the Sinc and Gaussian methods were performed in the same
manner. The pixels along the two cardinal directions of the frame were summed to
generate a particle profile and the appropriate function was fit to this sum.

For the CoM algorithm, the same type of ROI was initially selected, and after
summing along a direction, a weighted average was performed based upon the pixel
column/row intensities to determine the center position. However, it has been
noted that such conventional CoM algorithms have inherent bias that scales with
the relative size of the ROI as compared to the target object [77]. To address
this issue, our CoM-finding algorithm was augmented with a three-fold shrinking
window similar to that recommended in reference [77]. Here, after initially finding
the particle position by weighted average (CoM1), the ROI is reduced (by ~ 1/2)
symmetrically about the implied center position. Then, a second weighted average
was tabulated yielding a second position (CoM2), around which the ROI was again
reduced for the third repetition, which ultimately yielded a final CoM position
(CoM3).

In order to determine the most effective particle location technique to employ, we
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Figure 3.5: (a) Trajectory of a virtual random walker (black points) superimposed
with the instantaneous position measurements made using Gaussian fitting and
center-of-mass fitting algorithms. (b) PACFs calculated from 1000-frame samples
of a virtual random walk and the instantaneous position measurements shown in
part (a). All images have an image signal-to-noise ratio of 0.5 and an imposed

intensity Filter Level of 10 (i.e. 0.6 times the maximum pixel intensity value).

tested each of these methods on a series of virtual Brownian particles. We generated
images of such particles performing constrained random walks with various signal-
to-noise ratios to identify any inherent noise or uncertainty associated with each
protocol. Here, the signal-to-noise ratio was changed by adding white noise of
increasing amplitude to the virtual Brownian particle images. A sample of one such
virtual random-walk is shown in Figure 3.5a, along with the calculated trajectory

from two of our fitting algorithms.
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Figure 3.6: The average variance of various center finding algorithms as a function
of background signal-to-noise ratio for 1000-frame random-walks of virtual particles.
Here, CoM1 indicates a large window center-of-mass calculation, while CoM2 and
CoM3 indicate the iterated CoM calculations with respectively shrinking ROIs.

(“%)4 and Gaussian both represent routines which fit to integrated particle profiles.
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All three routines perform qualitatively well and can be used to calculate PACF's
based on equation 2.15 which are also quite accurate, as shown for the CoM and
Gaussian techniques in Figure 3.5b. However, to quantify the effectiveness of each
protocol, we calculated the variance of each algorithm relative to the positions of a
virtual particle over walks consisting of 1000 frames (Figure 3.6).

Despite the three-fold nature of our CoM procedure, we still found (as alluded
to in reference [76]) that CoM detection was the fastest of the three methods, and
that it was highly competitive with fitting routines for images with high signal-to-
noise ratios. We also found that the accuracy of our CoM began to break down at
lower signal-to-noise ratios (see Figure 3.6). Given this, we largely employed the
CoM method, particularly for the drop-and-restore measurements where sequence
averaging ensured a higher signal-to-noise ratio. However, in order to extract par-
ticle size information and for frames with very short exposure or those which were
identified to have a low signal-to-noise levels, the Gaussian fitting algorithm was
prefered.

In general, with all three of our center finding algorithms, we found that the
particle center could be tracked with an uncertainty of just under one tenth of a
pixel (~ 40 nm at a magnification of 40x), which is comparable to other direct
imaging work with tweezers [22, 41, 78] and represents the inherent uncertainty

that we quote for our instantaneous position measurements.
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Figure 3.7: (a) Effect of the imposed intensity filter on (a) the radius measured and
(b) the measured centroid position of a virtual particle using a Gaussian fit to the

particle profile.

Of note, we found no dependence of any of our center finders on the initial
intensity filter that we applied, up to 0.8 of the maximum pixel value of a given
frame. For filter levels larger than 0.8, we attribute the decrease in accuracy to in-
sufficient signal. This is of importance in our discussion of autocorrelation functions
(see Section 4.3). We further examine this effect in Figure 3.7, where we observe
that while the radius of a particle identified with our center finders is affected by
the filter level employed, both the accuracy of the position and the position itself
were unaffected. We attribute this primarily to the fact that all of the expected
intensity dependent effects (motional blur, pixel blooming, limited resolution etc.)

are symmetric, meaning, for example in the case of motional blur, that the mean
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Figure 3.8: Particle profile as a result of intensity filtering. Here, each pixel rep-
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indicate incremental steps in threshold from 0 (Level 1) up to 0.8 (Level 15) of the

maximum pixel value in a frame.
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Figure 3.9: Schematic diagram of sequence averaging used for drop-and-restore
measurements. Here, uncorrelated drop-and-restore frame sequences were parti-

tioned and then averaged to increase the signal-to-noise ratio.

position of the particle would still have a maximum intensity at the same location
with “dimmer wings” indicating the range of motion during the exposure time.
Naturally, this should cause some intensity dependence in measurements of the ra-
dius, as the lower intensity “wings” are clipped (see Figure 3.8), but should leave
the position or center of mass determination unchanged.

For the drop-and-restore experiments, there was an additional level of com-
plexity to the position determination. Since uncorrelated iterations of the drops

were performed and then averaged, the prescription for analysis became (1) ROI
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Selection (2) Image Filtration (3) Sequence Averaging (4) Particle Location

In this new third step, all 100 iterations of a particular drop were partitioned

and every frame for each timestamp ¢; = t,ecapture + @ (Where t,ecqprure indicates the

time when the particle was first recaptured) were subsequently averaged to improve

the signal-to-noise ratio before integration and particle location fitting. A visual

representation of this process is shown in Figure 3.9. It is through this procedure

that the effects of Brownian motion are effectively averaged over in the drop-and-

restore experiments. As a result, the modified forms of equations 2.37 and 2.39 can

be written as:

and

respectively.

0*x Ox
£l + FE —g=0 (3.1)
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4 Results and Discussion

In this chapter, I will outline the major experimental results of the thesis. These
measurements, all made using video microscopy to observe micro-particles trapped
in free space optical tweezers, consist of three main types: apparatus calibration,
drop-and-restore mass measurements, and corroborating PACF-based mass mea-
surements. While the latter two measurements can be explained based on the
background in Chapter 2, the calibration measurements involve spatial determina-
tions of particle size and measurements of the trap spring constant based on the
equipartition theorem. Additionally, this chapter includes tests of short-time res-
olution and investigations into direct imaging of ballistic motion. We show that
measurements of the MSD in the ballistic regime can be used to estimate the mass
of micro-particles. Furthermore, we show that the capacity to detect the timescale
at which the transition to ballistic motion occurs can be combined with measure-
ments of particle size to provide an even simpler estimate for the mass of a trapped

particle. These estimates are validated by the results of the drop-and-restore and
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PACF based mass measurements. All of the results presented in this chapter are
based on using the CoM3 particle finding technique (outlined in Chapter 3), with
the exception of the discussion of particle size where the Gaussian fitting algorithm

is employed to extract an intuitive particle radius.

4.1 Initial Measurements and Calibrations

4.1.1 Spring Constant Determination

Figure 4.1 shows the measurement of the spring constant of the ODF trap as a
function of laser power. For each laser power, the spring constant was obtained
from a Gaussian fit to the histograms of instantaneous positions (inset in Figure

4.1). The Gaussian fit has a functional form:

H.ZCQ

G(z) = Ce *oT (4.1)

where z is the instantaneous position and C' is a normalization constant [51]. Equa-
tion 4.1 predicts that as x increases, the spread in the instantaneous position (z?)
will decrease, due to the restriction imposed by equation 2.20.

Here, the particle positions were recorded with an exposure time of 10 us on
a suitably long timescale (f > 7y) to ensure uncorrelated measurements. This
method of determining the trap spring constant is independent of measurements

of the damping or the particle mass, in contrast with alternative approaches that
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Figure 4.1: Trap spring constant as a function of laser power along the horizontal
(left-red axis) and vertical (right-light blue axis) directions. The linear fits to the
two data sets give k = [(1.49 £ 0.04) x 1078 Z—Vrél] P+ [(1.36 £5.61) x 107%] N/m
along the horizontal direction and x = [(1.87 £ 0.07) x 107 M= p 4 [(1.11 +
4.16) x 107%] N/m, along the vertical, where P is the laser power in mW. Inset
shows examples of position histograms in the vertical (light blue bar) and horizontal
(red bar) directions for a representative laser power (77.5 mW). The black lines
show Gaussian fits to equation 4.1, whose widths are used to calculate the spring

constants.
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rely on the power spectrum [51]. From linear fits in Figure 4.1, we obtain spring
constants of 1.49 x 1075 N/m in the horizontal direction and 1.87 x 10~7 N/m in
the vertical direction, for a typical laser power of 100 mW. We note that the offsets
predicted by the fit equations in Figure 4.1, which are small, can be used to estimate
the inherent noise in the detection system [54]. We also note that relative values
of the spring constant in each direction is consistent with the relative magnitudes
of intensity gradients along the same directions (see Figure 3.2). In all results that
follow, the spring constant of the trap is varied by changing the laser power. We
observe the behaviour of our optical tweezers to be highly consistent with an ODF
trap and see no strong evidence to suggest any photophoretic component to the
trapping forces acting on the resinous particles. Specifically, we see no consistent
axial translation of the equilibrium position of the trap as the laser power is changed,

a feature which has been closely tied to photophoretic trapping [32, 33, 79, 80].

4.1.2 Particle Size Estimation

One of the advantages of direct visualization is that, in addition to position, it
should also provide information regarding the particle shape and size. While the
CoM method was largely used in this work, the other two fitting routines provide
more easily understandable metrics for the particle radius. For example, using our

Gaussian fitting algorithm we can measure a 1/e? radius for our particle to be
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Figure 4.2: Uncertainty in the radius inferred from direct imaging using a Gaussian
fit to the vertical particle profile as a function of the radius measured. Here, the

radius was varied by changing the imposed intensity filter as in Figure 3.7.

2.5+ 0.2 ym. However, the accuracy of this process is complicated by the fact
that the particle in question is moving, even if in the limited way that constrained
Brownian particles move.

Nevertheless, we can still make a reasonably good measurement of the particle
size by examining images from our direct visualization. Here, we must address three
distinet effects: (1) the absolute resolution of the camera including effects like pixel
blooming, (2) motional blur in the target object plane, and (3) depth of field (DoF)

infringement arising from motion perpendicular to the target object plane.
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The first of these issues is quite tractable, but involves one subtlety. As explained
in the Section 3.2.1, with respect to the center-finding algorithms that we employed,
the first step was to impose an intensity filter across the entirety of the frame. We
noted that the filter had essentially no effect on the particle position as shown in
Figure 3.7b, but that the same could not be said for the particle radius, which
reduced as the filter threshold level was increased (see Figure 3.7a). This can be
explained by thinking of the particle’s spread as a Gaussian, which as the threshold
level is increased, begins to have its wings “clipped” to zero (see Figure 3.8), thereby
influencing the veracity of the fit. To address this issue, we vary the filter level and
record the resulting radius as well as the uncertainty in this radius as shown in
Figure 4.2. Here, we take the minimum in the uncertainty to represent the filter
level (level 6) at which the noise begins to dominate the measurement.

To address the case of motional blur, we perform another simple test, we increase
the exposure time, averaging together a number of sequential frames and measure
the change in radius as a function of exposure time. We then estimate what the
particle radius would be at zero exposure time (i.e. an instantaneous measurement),
as shown in Figure 4.3. This effect results in an average increase in the particle
radius of ~ 15 nm for the exposure time of 10 us used in our standard measurements.

To combat the third issue, we would ideally have a second camera to visual-

ize the trap from the perpendicular direction and perform a similar motion blur
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Figure 4.3: Inferred particle radius from Gaussian fits as a function of camera
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65



Table 4.1: Summary of the corrections made to particle size determination from

video microscopy.

Processing step Particle radius  Correction
Initial (uncorrected) particle observation 3.25 pm

Absolute resolution/Image filtration -755 nm
Motional blur compensation -15 nm
DoF excursions -60 nm
Final determination 2.42 pm

experiment. However, such a set-up was not at our disposal !. As such, we must
first determine this DoF and understand how far our particle will move in and out
of this field. Following reference [81], we can determine the DoF to be ~ 2 pum.
Since the particle itself has a radius of ~ 2 pum, we should expect minor blurring
on the basis of reference [81]. This expectation arises by comparing the DoF with
the average motion of the particle in the radial direction. We find that the particle
moves through a range of roughly 10% of the DoF. Accordingly, we approximate
the blurring effect from this motion as ~ 10% of the absolute resolution of the

imaging system, ~ 0.06 um, as estimated in reference [73].

!The key measurements presented in this thesis were completed over a period of one week by
borrowing a single high-speed camera.
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Combining all three of these relatively minor corrections, shown in Table 4.1,
we can arrive at our best estimate for the particle radius of 2.4 + 0.3 pm. We note
that the final quoted uncertainty represents the size of half of a single camera pixel
at the working magnification, and that this result was remarkably consistent across

all of the resin particles observed as part of these investigations.

4.1.3 Brownian Motion Investigation

In Section 2.2.4, we calculated the momentum relaxation time for a 3 pm particle
to be ~ 100 ps. Since our imaging system is capable of acquiring images with
exposure times of under 10 us, we are able to demonstrate the capability to observe
the onset of ballistic motion of optically trapped particles. We detect this onset
as in Figure 2.6b, by recording the positions of a trapped particle and calculating
the MSD. A discussion of MSD calculation for this type of discrete time series is
presented in Appendix A.

As shown by equation 2.16, a measurement of the MSD is essentially identical
to the construction of the PACF for the same time series. Figure 4.4 shows an ob-
served MSD where we can see the characteristic behaviour of constrained Brownian
motion. The MSD does not indefinitely scale a ! as in free diffusion (shown by the
red line). Thus the slope deviates from the free diffusion value of 1 and tends to

zero on long timescales.
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Figure 4.4: MSD of a confined resin particle. Images were acquired at 10° fps and
with a trap spring constant of 3x 10~7 N/m. The red line has a slope of 1, consistent
with diffusive Brownian motion in the absence of a confining potential (equation
2.18). The blue line shows the theoretical MSD in the highly overdamped limit
described by equations 2.16 and 2.23. The green line shows a slope of 2, consistent
with ballistic motion, illustrating the slope of the short timescale measurements.
The black line shows the theoretical predictions of constrained ballistic motion
defined by equations 2.16 and 2.21. Each prediction assumes v = 8.38 x 1071° kg /s,

m=>5.5x 10" kg, and k = 3 x 1077 N/m.
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On short timescales, where the motion is expected to transition to the ballistic
regime, the MSD disagrees with the prediction based on equations 2.16 and 2.21.
We attribute this discrepancy to insufficient time resolution leading to the inabil-
ity of the MSD to simultaneously fit the behaviour on short and long timescales.
This mirrors the difficulty described in Section 4.3, surrounding the modelling of
PACFs using equation 2.21. The limitations posed by inadequate time resolution
in analysing such data have been described in references [30] and [82].

Despite this shortcoming, we can still see a distinct change in the behaviour of
the MSD, with the slope of 2 (green line) indicating non-diffusive Brownian motion.
We can estimate the value of 7, as ~ 70 us, where we observe a clear deviation
from the slope of 1, indicative of the diffusive predictions. This inference agrees
with our estimate, in Section 2.2.4, of 7, ~ 100 us. In addition to demonstrating
the ability of the direct imaging setup to detect the transition from diffusive to
ballistic motion, we can also use this data to obtain preliminary estimates of the
particle mass.

Here, the relatively limited time resolution of the experiment presents a chal-
lenge for safely picking a timescale where ¢ < 7,, in order to make a mass determi-
nation using equation 2.26. If, for example, we choose t = 30 us, then we only have

t ~ 7,/2, which does not entirely satisfy the necessary limit. Nevertheless, taking
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the observed value of the MSD at 30 s, we can use equation 2.26 to show:

kel
([z(®)]?)
(1.38 x 1072 mke) 998 K
(1.13 x 10-16 m?)

(30 ps)? (4.2)

~ 35x 107" kg

However, since this estimate relies on the absolute value of the MSD at these
short times, the overall accuracy of such a calculation may be somewhat ques-
tionable due to the limitations imposed by the time resolution. To gain a better
understanding of this determination, we can estimate the associated uncertainty
by calculating the variation in m corresponding to the average MSD inferred from
t = 25 ps and t = 35 us, which gives a value of dm ~ 1.8 x 107! kg, or roughly 50%.
Thus, we can see that without improvements to the time resolution of our experi-
ments, it is likely that this determination may only serve as an order of magnitude
estimate for the particle mass.

Alternatively, the inferred value of 7, from the data in Figure 4.4 can also be
used to estimate the mass of the trapped particle on the basis of equation 2.36. If
we invoke Stokes’ law for the damping coefficient, as given by v = 6mnr,, where r;

is the radius of the particle measured in the previous section, we can estimate the
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mass of the trapped particle as

m = T,67Tn

m ~ (70 us)6m(2.4 um)(18 uPa - s) (4.3)

m~ 5.7x 107" kg
with an uncertainty of ém ~ 1.5 x 10~ kg, or roughly 25%, with a large portion of
this uncertainty stemming from the particle size measurement discussed in Section
4.1.2.

Since this mass estimate, unlike the previous approach, only relies on observing
a general trend in the MSD rather than on the absolute value of the function,
the accuracy may be slightly more reliable than the determination in equation 4.2.
However, the precision of the mass determination in equation 4.3 is ultimately
limited by the qualitative nature of the estimation of 7,.

When considering preliminary determinations, such as these, it is encouraging
that they agree within their associated uncertainties, despite the relatively large
magnitudes of the uncertainties themselves. Taken together, we can use these
initial estimates to verify the validity of the two more rigorous experimental tech-
niques for mass determination presented in this thesis, namely, the drop-and-restore
method and the PACF-based measurements. The next sections describe these two

measurement techniques in more detail.
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4.2 Mass Determination from Drop-and-Restore Experi-

ments

In this section, I present the results of the drop-and-restore experiments for mass
determination. Here, all of the particle position data is the result of the four-step
procedure outlined at the end of Chapter 3, using the CoM algorithm.

Figure 4.5a shows the position of the released particles as a function of “drop
time” (i.e. the time after release from the trap). The position after each drop time
is determined by averaging 100 individual uncorrelated repetitions. This free-fall
data is fit to equation 2.38 to determine I', with a statistical uncertainty of ~1%.
Since the system is highly damped, the trajectory is dominated by the linear term
in equation 2.38, the slope of which defines the terminal velocity vp.

Figure 4.5b shows representative trajectories of particles that are being restored
to the equilibrium position of the trap, after various drop times. The overall data
collection time for a set of 13 drop-and-restore experiments was ~ 90 seconds.
The restoration trajectories are fit to equation 2.40 on the basis of known values
for k from the calibration (see Figure 4.1), as well as I'" and zg from the drop
experiment (see Figure 4.5a). Combining all of these measurements, we are able
to determine the mass of the falling particle from a two-parameter fit involving m

and the recapture velocity vy.
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Figure 4.5: (a) Shows the fall distance as a function of drop time and a fit to equa-
tion 2.38 with I' = 15.14+ 0.1 kHz and v, = 0.7£0.5 £2. (b) Shows the restoration
trajectories along the vertical axis of the trapping beam, for a representative set
of drop times. Fits to equation 2.40 are superimposed on the data in black. The
spring constant for these restorations was k = 2.2 x 1077 N/m. The data for both
the drop and the restore experiments represent averages of 100 independent repeti-
tions and the error bars indicate the standard deviation of these repetitions. Here,

we take the value of g to be -9.80 m/s?.
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Figure 4.6: Mass determined using the drop-and-restore technique for various drop
times. The restoration fits were performed using the values I' = 1.511 x 10* Hz from
the drop experiment and x = 2.2 x 1077 N/m (circles) and x = 4.2 x 1077 N/m
(triangles) from the vertical spring constant measurements. The fit line for k =
2.2 x 1077 N/m gives an offset value of (5.58 4 0.08) x 10~'* kg and a slope which
is consistent with zero as expected, namely, (2.74 + 9.86) x 10717 kg/ms. The fit
line for kK = 4.2 x 1077 N/m gives an offset value of (5.55 +0.12) x 107" kg and a

slope which is also consistent with zero, (—1.1 £+ 4.0) x 107'® kg/ms.
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Figure 4.7: Fit values of vy from equation 2.40 as a function of drop time (lower
axis) and recapture position with respect to the trap center (upper axis). The two
horizontal axes are linearly dependent as described by the drop trajectory in Figure
4.5a. For k = 2.2 x 107" N/m (circles), the solid fit line, which models the data
as a function of drop time, gives an offset value of vo(t = 0) = (0.5+0.1) &2, and
an acceleration given by the slope of (0.63 + 0.03) £5. For x = 4.2 x 107" N/m
(triangles), the dashed fit line, which models the data as a function of the drop
time, gives an offset value of vo(t = 0) = (1.2 4+ 0.2) £2, and an acceleration given
by the slope of (1.2840.07) £%. The predicted value of the recapture velocity, also

as a function of drop time, as defined by equation 2.41, is shown by the light gray

trendline.

5



Figure 4.6 shows the mass extracted from the restoration trajectories for drop
times ranging from 0.5 - 14 ms. The error bars represent the statistical uncertainty
for each individual fit. For the 13 point data set (blue circles), corresponding to
the drop times shown in Figure 4.5a, we find no systematic dependence on the drop
time. From these measurements, we report a mass measurement of 5.58 x 1074 kg,
with a statistical uncertainty of 1.4%.

We estimate the overall uncertainty in m by numerically varying the parameters
k, ', and x¢ within experimental error, finding the statistical variation in m from the
resulting trajectory fits, and combining these individual uncertainties in quadrature.
In this manner, we infer a systematic uncertainty in m of 6 x 107'° kg (~ 13%).

To further investigate the effect of trap stiffness, we repeated the drop-and-
restore experiments for a subset of drop times, with a significantly larger (~ x2)
spring constant. We find that these mass measurements are consistent with those
obtained with a smaller spring constant, as shown in Figure 4.6. Specifically, from
these secondary measurements, we find a mass of 5.55 x 1074 kg, with a similar
statistical uncertainty of ~ 2%, and once again, no systematic dependence of the
mass on the drop time. This abbreviated study as a function of spring constant
helps to demonstrate the insensitivity of the drop-and-restore technique to changes
in the trap stiffness.

Figure 4.7 shows the fit values of the recapture velocity as a function of the
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Figure 4.8: Drop data from Figure 4.5a in black, superimposed upon simulations

of drop trajectories following equation 2.38 with various values of v,.
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drop time, for each of the mass determinations shown in Figure 4.6. The fit lines
(dashed and solid) show that the initial recapture velocity continues to increase as
the particle is allowed to fall further from the equilibrium position. Figure 4.7 also
shows the predicted value of the recapture velocity, as defined by equation 2.41
(solid light gray line). We attribute the differences between the two trend lines
and the prediction to an impulse proportional to the distance from the trap center
imparted by the turn-on and -off of the AOM that produces a transient, uneven
illumination of the particle.

Our conjecture is supported by the drop experiments, shown in Figure 4.5a,
where the fit to equation 2.38 yields a small initial velocity, v,. The data in Figure
4.5a suggests that there is a small impulse associated with the AOM turn-off since
the measured fall distances agree with the predictions of equation 2.38, with a small
release velocity. Figure 4.8 shows the extent to which a change in initial (release)
velocity can alter the trajectory of a falling particle. Here, we note that the change
in position calculated on the basis of equation 2.38 does not vary appreciably even
for an initial (release) velocity that is double the value suggested by the fit in Figure
4.5a. Given these factors, we are confident that any impulse due to the AOM does
not impact the mass determination.

Additionally, we note that the effect, indicative of a small impulse in the drop

data, is consistent in magnitude with the offset extracted from the fit in Figure
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4.7. This suggests that the same phenomenon could be responsible for both the
release force and the short-drop restoration kicks. We propose that these features
of the data arise because the resultant impulse imparted scales with distance from
the beam focus (trapping zone) due to the position dependent nature of the ODF.

During the turn-off, or during the turn-on following a short drop time, the
particle is near the uniformly illuminated region around the equilibrium position
of the trap. In contrast, when the AOM is turned on after longer drop times,
the particle is at increasing distances from the trap center where any uneven and
transient illumination due to the AOM will have a larger effect. Therefore, the
linear dependence of the recapture velocity on the drop time in Figure 4.7 can be
attributed to the combined effects of the laser force, the impulse from the AOM,
and gravity.

We also note that the recapture velocities measured with a higher trap spring
constant exhibit a larger slope, as a function of drop time, in comparison to data
obtained with a smaller spring constant. This behaviour further supports our con-
jecture that larger recapture velocities arise from the combination of a stronger

laser force and the impulse from the AOM.
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Figure 4.9: Restoration trajectories from a 5 ms drop for different spring constants.
Fits to equation 2.40 are superimposed in black. The values of mass, recapture
position, and initial recapture velocity are (5.5 4 0.1) x 1071* kg, 3.43 4 0.11 um,
and (7.4 £ 0.4) pm/ms for k = 4.2 x 107" N/m and (5.53 &+ 0.09) x 10~'* kg,

3.50 + 0.09 ym, and (2.7 £ 0.3) pm/ms for k = 2.2 x 1077 N/m.
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4.2.1 Additional Trajectory Information

4.2.1.1 Spring Constant Effects

The conjecture that a small vertical kick is associated with the release of the par-
ticle is also supported by a closer examination of experiments in which the spring
constant of the trap is varied. Figure 4.9 shows two restoration trajectories from 5
ms drops of the same particle with different trap spring constants. As expected, the
restoration with a higher spring constant occurs on a more rapid timescale. Sim-
ilarly, we note the proportional change in vy associated with increasing the spring
constant of the trap, an effect which was qualitatively predicted in the simple model
of equation 2.41. However, we also observe that the mass determinations and re-
capture positions extracted from the fits remain in agreement despite the disparity
in laser power. These results highlight the trends in Figures 4.6 and 4.7, namely
that the mass determinations obtained using the drop-and-restore technique are
not sensitive to changes in the spring constant.

With that being said, from a practical standpoint, the effect of this more rapid
initial velocity and shorter restoration period also mean that for the same acqui-
sition frame rate, there are fewer points on the restoration curve with which the
trajectory can be fit. While it may be possible to suppress impulses due to the

turn-off and turn-on of the AOM using a double-pass configuration [83], the data
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also suggests that using a higher laser intensity will reduce the sensitivity of the

technique in the configuration of the experiment that was used for this thesis.

4.2.1.2 Horizontal Trajectories

Since our apparatus employs direct imaging, we simultaneously acquire information
about the horizontal trajectory of the particle during the drop-and-restore exper-
iments. In an effort to better our understanding of the effect of trap stiffness and
potential transient AOM-related forces, we examine trajectories in the horizontal
direction. We show this in Figure 4.10, where we can see a consistently non-zero
horizontal recapture position across many drop times. Each data point represents
the horizontal co-ordinate of a released particle during the first frame of acquisition
following turn-on of the trapping force. Like the vertical position measurements,
these data also represent the average of 100 uncorrelated repetitions.

Although the horizontal displacement does not vary with drop time, it is clearly
sensitive to changes in the spring constant of the trap. However, the extent of the
change in the horizontal displacement can be anticipated based on the larger spring
constant along this direction (see Figure 4.1). In attempt to quantify this effect,
we solve a version of equation 2.37 for a damped particle given an initial velocity

(g—f(t = 0) = vy0) in the absence of any other external forces. The modified version
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Figure 4.10: Initial horizontal displacement as a function of drop time for traps of
different stiffness. Here, the trap spring constants indicate the value of the vertical
trap stiffness, consistent with Figure 4.9. Fits to equation 4.5 are shown, which
give an initial velocity value of (69 + 1) ym/ms for k = 4.2 x 1077 N/m and
(154 1) um/ms for k = 2.2 x 10~7 N/m respectively. The error bars represent the
standard deviation in the 100 independent repetitions which make up each data

point.
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of equation 2.37 can be written as:

0%z ox
e (4.4)

which, given a release position of 2(0) = x, and an initial velocity of g—f(t =0) = v,

has the relatively simple solution:

2(t) = 2, + %(1 _ T (4.5)

Despite the fits to this function in Figure 4.10 showing behaviour consistent with
an initial velocity imparted to the particle, it is unclear whether the trend in the
data is exclusively the result of the turn-off or turn-on of the AOM. When compared
to the vertical direction, we see a bigger effect in the horizontal direction that likely
stems from the geometry of the beam relative to the AOM crystal, resulting in a
more obvious uneven horizontal illumination during the rise and fall times of the
AOM. This aspect could produce a much more pronounced and systematic impulse-
related effect as the trapping beam “sweeps” on or off. It seems most likely that
the effect that we see is the sum of a larger turn-off and turn-on kick than in the
vertical direction, due both to the beam geometry and the greater spring constants
in the horizontal direction (see Figure 4.1).

We also note another interesting feature of the data, namely a greater uncer-
tainty in recapture positions when employing traps of higher spring constants (as

shown by the error bars in Figure 4.10). This increasing level of positional uncer-
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tainty further supports the notion that using a higher laser intensity may ultimately
reduce the sensitivity of the technique. We suggest that this spread is in fact the
same type of statistical uncertainty present in the data corresponding to the ver-
tical direction, but exacerbated by the more rapid speeds at which the particle
is moving, as shown by the horizontal velocities extracted from fits to equation
4.5. Specifically, greater transient impulses from the AOM would lead to more
motional blurring in the first frame of acquisition which would eventually begin to
compromise the position measurement.

This uncertainty in the horizontal trajectory makes it more difficult to confi-
dently extract information from these data sets. Nevertheless, further investigation
appears worthwhile as more information about this horizontal impulse may lead
to a more thorough understanding of the effects of amplitude modulating an ODF
trap with an AOM and help shed light on the origin of the vertical impulses and
any effect that they may have on the drop-and-restore experiments.

As mentioned in the previous section, we expect that the magnitude of these
impulses can be significantly suppressed by employing a dual-pass AOM [83], or by
using two synchronized AOMs oriented with counter-propagating sound waves to
symmetrically shutter the trapping beam. We also anticipate that synchronization
of the camera trigger with the AOM trigger will reduce the effect of motional blur

and improve the measurements.
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Figure 4.11: (a) PACF of particle motion at various laser powers. The black lines
show fits to equation 2.23, based on the overdamped approximation. Part (b) shows
the resulting 7y from the PACF fits for a range of trap spring constants. The fit

function is of the form 75 = «/k, from which we obtain y = (8.3840.23) x 107! kg/s.

However, in order to further improve our confidence in the drop-and-restore
technique, we examine another method for mass measurement, one that does not
rely on amplitude modulating our trapping potential with an AOM. In the next
section, I discuss the use of PACFs, developed in Chapter 2, to corroborate the

mass determinations that we have presented thus far.

4.3 Mass Determination from Autocorrelation Functions

Figure 4.11a shows representative examples of PACFs, generated from data sets
that are several seconds in duration with an exposure time of 10 us (frame rate of
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10° fps). This data, obtained at various laser powers, represents the time-domain
analog of other techniques for mass determination that rely on measurements of the
PSD [32, 35]. Here, however, the smoothness of the PACF suffers due to the record
length, which was restricted to match that of the drop-and-restore experiments.
While the PACFs can be fit to equation 2.21, the complex functional form results in
an overestimate of the uncertainty in the mass. The large uncertainty persists even
if the values of I" and « are constrained on the basis of independent experiments.
To combat this, we model our data instead with the autocorrelation function in the
large damping limit given by equation 2.23, since it has a much simpler functional
form. Before doing so, however, we explicitly check the level of damping in our
system to test the validity of this approximation.

By considering a typical trap spring constant, as determined in Section 4.1.1
(k=22 x 107" N/m) in combination with the damping rate (I' = 15.1 kHz) and
particle mass (m = 5.58 x 107 kg) measured in Section 4.2, we can show that
['? ~ 33(4w?). This comparison not only demonstrates the decidedly overdamped
nature of the ODF trap (I > 4w?), but also justifies the invocation of the large
damping limit (I'? > 4w?) to describe our measurements. From the resulting
fits to equation 2.23, we extract correlation time constants with a precision of
approximately 3%.

Figure 4.11b shows the resulting fit values for the correlation time constant
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Table 4.2: Summary of mass and particle size measurements based on various

techniques. Here, !

indicates the mass estimate made using equation 2.26 and the

MSD at t = 30 us, while ? represents the mass determination from the 13 drop-

and-restore measurements taken with £ = 2.2 x 1077 N/m. With reference to the

PACFS, note that ? indicates the mass determined by combining the time constants

of PACFs in Figure 4.11b and the damping rate measured in drop experiments

(Figure 4.5a), whereas * indicates particle size measurements inferred from Stokes’

law using the same PACF time constants.

Mass determination

Technique Mass (kg)

Particle size measurement

Technique Radius (pm)

Ballistic (v(¢)*) ' (3.5 £1.8) x 107
Inference of 7, (5.7+1.5) x 1071

Drop-and-restore 2 (5.58 4 0.08) x 1074

PACF & Drop ®  (5.55 £0.16) x 10~
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Direct Observation 244+0.3

PACF & Stokes * 2.3+0.1




To = 7/K, as a function of trap spring constant (which is varied by adjusting the
laser power). The error bars displayed in this figure represent the total uncertainty
due to the intensity filter used to reduce the background noise in the PACFs and
the inherent uncertainty in the exponential fits. This data, which exhibits the
predicted inverse power dependence described in Chapter 2, can be used to extract
a damping coefficient v = (8.38 + 0.23) x 107!° kg/s. Combining this result with
the damping rate I' measured in the drop experiments, we find a mass value of
(5.55 £ 0.16) x 10~'* kg, which corroborates the determination from the drop-and-
restore experiments discussed earlier (see Table 4.2). Furthermore, we can see that
both of these mass measurements are also in good agreement with the preliminary
estimate of the particle mass made in Section 4.1.3 based on observations of 7,.

The outlier with respect to mass determination, appears to be the estimate made
using equation 2.26 and the MSD at t = 30 us, which just barely agrees with the two
more rigorous determinations (drop-and-restore and PACF-based measurements)
within a very large error bar. However, this discrepancy is almost certainly affected
by the limited time resolution of our experiments and the questionable absolute
accuracy of the MSD at the short times, as discussed in Section 4.1.3.

As another point of comparison, we can cross-check the experimentally deter-
mined values of 7, for self-consistency. Here we can see that the drop experiments

yield a value of 7, = 1/I" ~ 66 us, which is consistent with the momentum re-
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laxation time, 7, = m/y ~ 67 ps, calculated using the combination of the mass
from the drop-and-restore experiments (see Table 4.2) and the damping coefficient
measured using the PACFs (see Figure 4.11b). We also note that both of these
momentum relaxation time values are in broad agreement with the observed time
constant, 7, ~ 70 us, reported in Section 4.1.3.

Lastly, if we consider the same damping coefficient, extracted from Figure 4.11b,
and assume Stokes’ law, we can find the particle size to be (2.3 +0.1) pum. This is
comparable to the radius inferred from images of the particle (2.4 £0.3 ym). As in
Section 4.1.2, we note that this latter value, which is also shown in Table 4.2, takes
into account the effects of calibration uncertainties such as absolute resolution,
motional blurring, and DoF' corrections. By combining this radius with the mass
determined from the drop-and-restore experiments, we can infer a particle density
of (1.1 +0.1)x10% kg/m?, which is consistent with the density of resins used in

common permanent markers [84].
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5 Conclusions and Future Directions

The work presented in this thesis outlines simple and effective alternatives,
compared to more elaborate conventional methods, for both visualizing trapped
particles and measuring their masses and damping coefficients. Firstly, we have
demonstrated the potential of direct imaging for observing short timescale Brow-
nian motion in a simple apparatus and inferring masses of particles by detecting
the transition to the ballistic regime. Secondly, we have presented a simple and
effective technique based on drop-and-restore experiments in a gravitational field
to determine the masses and damping rates of particles confined using free space
optical tweezers. The mass determination, which has a statistical uncertainty of
< 2%, has been corroborated by position autocorrelation measurements, and is also
in agreement with preliminary mass estimates based on ballistic Brownian motion
observation (see Table 4.2).

In contrast with other techniques (see Table 1.1), our experiments do not require

the use of secondary lasers, feedback systems, or vacuum environments. Instead,
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our measurements rely on direct imaging of scattered light with a fast CMOS sensor
and a straightforward spatial calibration procedure.

We anticipate that the precision of this technique can be further improved by
using higher laser powers and a larger Rayleigh range for the focused beam. This
combination will increase the recapture range, defined by the turning points of the
axial intensity gradient and allow the available field of view to be fully exploited.
However, potential complications may arise from heating and local changes in the
viscosity of the medium, which should be accounted for at higher laser intensities
[37, 85, 86]. Additionally, we expect that the impulses attributed to the AOM
can be significantly suppressed by employing a dual-pass AOM [83] and that the
overall uncertainty in the measurement of initial velocities can be reduced by syn-
chronizing the AOM and camera triggers to reduce the effect of motional blurring.
It is also possible to further reduce the estimated systematic uncertainty by us-
ing faster frame rates to improve instantaneous position measurements. Similarly,
the accuracy of spring constant measurements can be improved by actively sta-
bilizing the power output of the AOM using an RF feedback loop and by using
temperature-insensitive polarizers.

Our drop-and-restore method may also be used to study highly absorbing par-
ticles confined in photophoretic traps provided the effects of amplitude modulation

in such traps are carefully modeled [32, 33]. Other extensions could involve the
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investigation of particulates trapped in liquids or media of higher viscosity. Based
on the statistical precision, we expect that this technique should be applicable to
the discrimination of contaminants in flue gases as well as biological agents such as
pollen and pathogens trapped in free space and liquid cultures [79, 87-89]. Given
the simplicity of the apparatus, the competitive precision, and the data acquisition
time of approximately 90 s, we anticipate that this work will open the door for the
rapid determination of relative masses for a variety of trapped particles in future
studies.

Perhaps the most attractive feature of the drop-and-restore experiments is this
versatility. While we tentatively propose its use in photophoretic traps, this proto-
col can easily be integrated into ODF experiments which employ alternative particle
introduction methods, like those mentioned in Section 3.1 or with alternative imag-
ing systems. The most promising untapped feature of this technique could be its
integration with high-bandwidth indirect detection methods. The main limitation
with the combination of the drop-and-restore technique with many indirect detec-
tors is the more limited field of view due to the need for careful spatial calibration.
However, if this were accomplished and the field of view were large enough to acco-
modate drops of significant duration, then such an apparatus would allow for both
very short timescale investigation of Brownian motion and also ultra-precise mea-

surements of the mass through observations of the drop-and-restore trajectories.
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A Computation of MSD for Discrete Time

Series

For a particular time-varying function z(t), the MSD can be represented as a version

of equation 2.15:

([Az()]*) = ((2(t) — z(t))*) (A1)
where, t' and ty are arbitrary time values separated by a time t. Thus, we can
conceptualize the MSD as the average square difference of z(t) at a particular time
separation t.

For a discrete time series of M points, x = {zg, x1, T2, ..., Tpy_1}, the ex-
pectation value in equation A.1 can be replaced with a sum, such that the MSD

becomes:

(8afty =y Gz nl (A2)
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Figure A.1: Tllustration of the differences used in the MSD calculation for a discrete
time series x (yellow dots). Pairs of points separated by horizontally visualized
timesteps: (a) t =1, (b) t = 2, (¢) t = 3, and (d) t = 4 are connected by dashed
lines. The differences in x (shown as vertical separation) associated with these

timesteps are indicated with solid lines.
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Here, we can see that the MSD represents the average square difference of points
in z at a particular time (index) separation ¢.

We note, that for a discrete time series, the MSD will show more variation from
the continuous case as t — M. In this limit, the sum in equation A.2 is a poor
approximation for the expectation value in equation A.1. This is a consequence
of there being fewer differences separated by ¢t ~ M in x to average together. An
illustration of these types of differences is shown in Figure A.1 for an arbitrary time
series. Due to the equivalence shown in equation 2.16, this dependence of the MSD
on record length is mirrored in the PACF, as discussed in section 4.3. Practically,
it is this condition which necessitates the acquisition of long record lengths in order

to accurately compute both the MSD and the PACF.
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B Derivation of Drop-and-Restore Trajectories

B.1 Drop Trajectory

We begin with equation 2.37, for a particle falling in gravity, which we will rewrite

here as:

— +T— —g=At) (B.1)

Since the experiments rely on the average of uncorrelated repetitions, we take
the expectation value of both sides, denoted by ( ). Due to the stochastic nature

of A(t), this reduces to equation 3.1, which we re-label:

0%z ox

7T %y —qA

<8t2 +I'5 g) = (A(t)) B2)
82_51,’ + I‘% _ — 0
oz ot 9T

We can re-cast this equation, with a simple change of variables, to describe the

. . _ d .
particle velocity v = S
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This first-order equation can readily be solved using separation of variables:

/giivl“v :/dt (B.4)

1
fln(g—Fv):t+C

where, C' is a constant of integration.

From here we can easily solve for v(t):

ot) = g~ Ae™) (B.5)

where, A = €€

can be defined in terms of the initial velocity v(0) = v, such that
A=g—To,.

By returning to the original variables, we can show:

ox 1

— = Z(g— A"
g; 1; (B.6)
5 f(g —(g—Tuv)e ™)

By using separation of variables again, we are able to find an expression for the

position z(t):
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/dq: = / %(g — (g —Tw.)e Mdt

g g—Tu _p (B.7)
A J - B
x(t) Ft + T2 e+
g g Ur\ _1¢
A ~J o _ T B
x(t) t+( 5 Je '+ B,

where B is another integration constant.
If we consider the equilibrium position of the trap to be z(0) = 0, then we arrive
at the expression: B = % — .

T

This then leaves:

which is the solution given by equation 2.38.

B.2 Restoration Trajectory

For this derivation, we begin with equation 2.39, that models the motion of a
particle being restored to the equilibrium position of an ODF trap. We rewrite this
description as:

0z oz

el + Fa +wiz — g = A(t). (B.9)

Once again, since the restoration experiments rely on the average of uncorrelated

repetitions we take the expectation value of both sides:
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(ng + F% +wiz — g) = (A(t)). (B.10)

which reduces equation B.10 to equation 3.2, identified here as:

0? 0
8—;+Fa—f+w§x—gzo (B.11)

To solve this inhomogeneous linear equation, we must first find the complemen-

tary solution z.(t), by solving the homogeneous equation:

0%z Ox
w+ra+w§x=o (B.12)

B.2.1 Finding x.(t)

Assuming a solution proportional to e*, for some constant k, we can show that

equation B.12 can be written as:

MR+ Tk +wl) =0 (B.13)

which, since e** # 0, yields the characteristic polynomial:

E+Tk+wi=0 (B.14)
with roots:
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For the overdamped case, which is to say ['?/4 > w?, we have two real roots and

a resulting solution of the form:

z.(t) = e + et

ch(t) = €_gt(cle+% V T2 /4—wit + 026—%\/F2/4—w(2)t>

(B.16)

Next, we must find a particular solution to equation B.11, z,(t), using the

method of undetermined coefficients.

B.2.2 Finding x,(t)

Since the inhomogeneity in equation B.11 is an n'* order polynomial with respect

tot (n = 0), we can use a particular solution that is also an n'* order polynomial:

z,(t) = apt’

(B.17)
= CLO
Using this, we can then calculate the derivatives of the polynomial ay:
dey(t) d
= —ay
¢ dt (B.18a)
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d?x,(t) B d_2

0
at*  dt? (B.18b)
—0

which we can then substitute into equation B.11 as the particular solution (equation

B.17) to show:

02, (t Ox,(t
(91};; ) +T 8pt( ) + wor,(t) —g =0
(0) +T(0) + wiag — g =0 (B.19)
ag = i
W

The full solution to B.11 is then the sum of the general solution (equation B.16)

and the above particular solution:

2(t) = 2o(t) + 7,(t) = 1Mt + cpeht + L
“o (B.20)
:e—gt(cle—kbt_’_@e—bt)_}_%
w

0

with b= 1/T2 — 4w2.

Here, we note that the addition of the x,(t) only results in a constant offset to
the complete solution, which represents the shifting of the equilibrium position of
the trap due to gravity. Accordingly, we can redefine our co-ordinate system, like
we did for equation B.8, so that x = 0 represents the equilibrium position. This
means that in order to find a complete solution to the problem, we need only solve

equation B.16 by finding the unknown coefficients ¢; and c,.
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B.2.3 Finding x(t)

To complete the calculation and solve equation B.16, we first take z(0) = ¢ in

order to find our first bounding value:

To = m(O) = 65(0) (Cle-i-b(o) + Cz€_b(0))
(B.21)

:C1—|—CQ

Next, in pursuit of a second boundary condition, we take the derivative of x(t):

0 0

v(t) = ax(t} = ge_gt(cle%t + cpe™™)
T _
= TeTFt(cleH’t + cpe™P) + be*gt(cleﬂ’t — cpe™ ) (B.22)
-y =L +bt —bt +bt —bt
=e 2 [T(Cle + coe ) + b(C1€ — (g€ )]

We can then use this and define the initial velocity vy:

—I

v = v(0) = 7O (= (1670 4 2670 4 ey e — et
2
(B.23)
— b= t) — b+ 5)
=C 2 Co 2

Plugging in the result from equation B.21, we have:

r r
Vo = (.1'0 — Cg)(b — 5) — Cg(b"— 5)

r r r
=a(b—3) —elb—5) — b+ ) (B.24)

s I NG

= l’o(b — 5) — 2b02
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which then yields:

Zo r Vo
_ — b —_—) = —
e=g50b-5)-5 (B.25)
<1 _ F ) _ Vo
P T T

and, in combination with equation B.21, gives:

[wo(s — 2y 2
Ch =2y — |Po\=z — =) — =
2 2b 2b
B.26
Cor (B.26)

=noly ) T
By substituting B.25 and B.26 into equation B.16 we arrive at the full solution:

2(t) = e 2'[cr et + coe ]

1 I, w 1 I, w (B27)
_ LIt L Z0N _+bt R T A P
= e 2 llao(g )+ e+ (wlg = gp) = gp)e]
which we can re-group to read:
T 1 T Vo 1 r Vo. _
£) — o5t 2. 20 +bt e W U T
1 r v
_ ~ (bt —bt S bt bt Y0 bt bt
= ol (e ) DM = )] 4 Dot )
and rewrite again using the Euler relations to be:
r
2(t) = aolcosh(bt) + - sinh(b)] + %0 sinh(bt)) (B.29)

which is precisely the result described by equation 2.40.
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C Research Contributions

C.1 Publications

Technique for rapid mass determination of airborne microparticles based on release
and recapture from an optical dipole force trap, G. Carlse, K. B. Borsos, H.
C. Beica, T. Vacheresse, A. Pouliot, J. Perez-Garcia, A. Vorozcovs, B. Barron, S.
Jackson, L. Marmet, and A. Kumarakrishnan, Physical Review Applied, 14, 024017

(2020).

C.2 Conference Presentations

Optical tweezers experimen with home built laser systems, K. B. Borsos, G. Carlse,
H. C. Beica, J. Perez-Garcia, A. Pouliot, T. Vacheresse, L. Marmet, and A. Ku-

marakrishnan, York University NSERC USRA Conference, Toronto, August 2019.
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