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ABSTRACT 

The Global Navigation Satellite System (GNSS) Precise Point positioning (PPP) technique 

benefits from not needing local ground infrastructure such as reference stations and accuracy attained is 

at the decimetre-level, which approaches real-time-kinematic (RTK) performance.  However, due to its 

long position solution initialization period and dependence on the receiver measurements, PPP finds 

limited utility in obstructed areas. The emergence of low-cost, high-performance micro-

electromechanical sensor (MEMS) inertial measurement units (IMUs) has prompted research in 

integrated navigation solutions with GNSS PPP augmentation. In this study, novel research is performed 

using a low-cost, dual- and triple-frequency (DF and TF) GNSS and, MEMS IMU to attain decimetre 

to sub-metre accuracy in challenging environments. New-generation applications demand decimetre-

level positional accuracy while using low-cost equipment. PPP that does not need any local 

infrastructure has become a promising technique to be used for such mass-market applications. 

The objectives of the research are to examine the effect of sensor constraining to improve 

position accuracy, assess the performance of TF PPP and MEMS IMU algorithm in open-sky and 

simulated outages, and use adaptive filtering to maintain decimetre to sub-metre-level accuracy in all 

environments using low-cost sensors. An uncombined GNSS PPP solution was integrated with MEMS 

IMU using tightly-coupled architecture. The novelty addressed by this research is the combination of 

the low-cost hardware and the software constraining that is used together to provide significantly 

improved continuous and accurate navigation in the urban environment, which has not been examined 

previously in the PPP + IMU research area. Furthermore, to achieve sub-metre level horizontal accuracy, 

modification to the traditional robust adaptive Kalman filter (RAKF) is proposed. Data collected in open 

sky, as well as urban environments, were assessed for the performance in simulated as well as real urban 

outages.  
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The integrated system performs with less than a decimetre-level accuracy in open-sky and sub-

metre-level in simulated environment. Sub-metre-level rms results were attained by using the novel 

modified RAKF in urban areas. The outcomes of this research are reassuring towards achieving 

continuous navigation solutions with decimetre to sub-metre level accuracy for modern applications that 

demand higher accuracy in all environments while using low-cost equipment.  

Keywords: PPP, PPP + IMU, low-cost navigation, urban navigation, dual-frequency PPP, triple-

frequency PPP, adaptive filtering 
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1 INTRODUCTION   

Position, velocity and timing (PVT) along with attitude data from a navigation system is critical 

information for various next-generation applications, e.g., drones, virtual realty, and low-cost 

autonomous applications. The flight management or flight control system can be used to steer an aircraft, 

a driver can use the navigation receiver in a car for turn-by-turn navigation and timing information can 

be used by banks and power grids for time stamping and control. The various forms of navigation 

include: pilotage, dead-reckoning, celestial navigation, radio navigation, and inertial navigation (Grewal 

et al. 2007). The Global Navigation Satellite System (GNSS) is a form of radio navigation technology 

and is the most common aid used in various applications to obtain accurate PVT information. GNSS 

comprises of navigation satellites from various constellations including GPS, Galileo, GLONASS and 

BeiDou. A GNSS receiver uses the trilateration technique and thus needs at least 4 satellites to compute 

a basic PVT solution. However, positioning is not always accurate and precise by using the GNSS 

receiver alone when the available number of satellite signals is not sufficient. When a navigation system 

is used with a GNSS receiver alone, the accuracy of the position solution can vary from decimetres to 

hundreds of metres during a partial GNSS outage. Required Navigation Performance (RNP) parameters 

specified for navigation performance according to civil aviation committee include: accuracy, 

availability, continuity, and integrity (Department of Defense et al. 2008). Navigation performance 

parameters are briefly explained below.  

¶ Accuracy is the degree of conformance of the estimated position with the true position at a given 

point in time. A measure of uncertainty is associated with the accuracy performance as it is a 

statistical measure. Assuming that the position error follows Gaussian distribution, 95th percentile 

(2-sigma) accuracy specification for a receiver means that 95% of the time, the average estimated 

position is within the specified uncertainty from the true position (Department of Defense et al. 

2008; Groves 2013).  
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¶ Availability is the measure of the percentage of time the services of a navigation system can be used 

by the user by meeting the specified accuracy requirements (Department of Defense et al. 2008; 

Groves 2013)..  

¶ Continuity is the ability of the navigation system to operate and perform without any interruption. 

Continuity is specified in terms of the probability of the navigation system maintaining the specified 

performance for the period of operation (Department of Defense et al. 2008; Groves 2013). 

¶ Integrity is the ability of the system to provide a timely warning to the user when the system cannot 

be used for navigation purposes and the trustworthiness of the navigation solution provided by the 

system. Integrity is measured in terms of protection levels (Department of Defense et al. 2008; 

Groves 2013).  

Position accuracy depends on the type of GNSS receiver used (hardware capability), the geometry of 

satellites, GNSS measurement processing technique and the quality of measurements tracked by the 

antenna. Some applications such as surveying, mapping, autonomous vehicles and others demand a 

precise navigation solution, and integrating GNSS receiver with other sensors becomes mandatory.  

1.1 Introduction to sensor-based navigation and applications 

For land vehicles, UAVs etc., accurate, precise and continuous navigation is required in all sorts of 

environments including areas covered with foliage and obstructions due to buildings (i.e., in urban 

areas), tunnels etc. Therefore, it becomes a necessity to integrate the GNSS receiver with another self-

reliant sensor in order to achieve accurate navigation in difficult environments. One of the most popular 

sensors used in integrated navigation is the Inertial Measurement Unit (IMU). An IMU is a self-reliant 

sensor with a triad of accelerometers and gyroscopes. GNSS and IMU sensors are complimentary to 

each other, as GNSS data has lower sample rate with higher accuracy for long periods and an IMU 
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sensor operates at higher data rate and can deliver higher accuracy for short periods of time. Other 

sensors used include the odometer, altimeter, LiDAR and camera to name a few.  

The choice of GNSS receiver and its integration with different grades of IMU varies based on the 

accuracy, integrity and continuity requirements of the target application. For a survey application, 

geodetic grade equipment is used and on the other side of the spectrum for most recent and modern 

applications, such as low-cost autonomous applications, UAVs, virtual reality, etc., there is a demand 

for continuous decimetre-level accuracy and not all applications require cm level accuracy. Table 1-1 

(Vana et al. 2019a) gives a summary of various requirements that are considered for ground vehicle 

positioning (Stoilova 2014; Onishi et al. 2017). The statistical details mentioned in Table 1-1 are only 

regarding position accuracy and is not classified based on the technology used. The Society of 

Automotive Engineers (SAE) international standard J3016 has published the automotive industry 

requirements that are strict in order to maintain safety and integrity for specific applications such as 

autonomous driving, crash warning, lane departure, etc. 

Table 1-1: Positioning requirements for automotive applications (Vana et al. 2019a) 

Automotive 

application 

Requirement for vehicle positioning 

Position accuracy 

(m) 

Latency Area coverage 

Automated driving  0.1 to ~0.3 ~0.02 seconds Everywhere 

Crash warning 0.5 to ~1.5 0.5 to ~1 second Possibly everywhere 

Turn -by-turn 

navigation 

~5 ~1 second 

Road pricing 5 to ~10 10 seconds - 

~1minute 

Targeted region 

Stolen vehicle 

tracking 

25 to ~50 ~1 minute Possibly everywhere 

Emergency call 50 to ~100 ~5 minutes 
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The benefit of integrating sensors for navigation is that they complement each other to achieve 

continuous and accurate navigation during instances of reduced performance and/or failure of one of the 

sensors. In the past, a GNSS receiver coupled with sensors such as an IMU, odometer, and/or barometer 

have been explored by many authors (El-Sheimy et al. 1995; Scherzinger 2000; Shin et al. 2005; Abdel-

Hamid et al. 2006; Yang et al. 2014). Sensors used for navigation and aiding have evolved over time: 

GNSS receivers have evolved from being able to track single-frequency, single constellation to tracking 

multi-frequencies and multi-constellations; IMUs have evolved from gimbal-based to strapdown and 

from optical (optical accelerometers, Ring Laser Gyros, Fibre-Optic Gyros) to microelectromechanical 

(MEMS) IMUs; odometers; low-cost cameras and LIDARs (King 1998; Bisnath et al. 2018b). Due to 

advancements in microelectronics and computing capabilities, sensors have evolved into less complex 

systems and the cost of the sensors continues to decrease. 

Low-cost sensor manufacturing efforts over the past two decades have expanded the horizon for many 

more low-cost applications to use multiple sensors and achieve higher accuracy. The use of multi-sensor 

navigation systems is pertinent for achieving accurate navigation solution using low-cost sensors. Figure 

1-1 is a representation of the multi-sensor integrated system that is gradually becoming the industry 

standard to achieve precise and continuous navigation solutions. 

Applications such as autonomous navigation (Asari et al. 2016; Almeida et al. 2019), robotics, UAVs 

(Kwon et al. 2020), and next-generation intelligent vehicle systems (Atia and Waslander 2019) demand  

low-cost navigation sensors with high accuracy and reliability (Bisnath et al. 2018b). These 

requirements make it difficult to maintain the demanded accuracies in challenging environments. 

Different processing techniques such as augmenting with Precise Point Positioning (PPP), adaptive 

Kalman filtering, and stochastic modelling such as measurement quality-based weighting based on 

signal-to-noise ratio (SNR) can be used to achieve the required accuracies, which are the foci of the 

presented research. 
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Figure 1-1: Future multi-sensor integrated system components. After GNSS (2013) 

1.2 Intro duction to GNSS precise positioning 

The key to achieving higher accuracy using a GNSS receiver is to reduce the errors associated with the 

GNSS signals during transmission. Both hardware and software solutions impact the accuracy that a 

receiver can attain. With new constellations and satellites that are launched by various organizations, 

multi-constellation and multi-frequency signals are available to be tracked and used. Using multiple 

frequency signals is an efficient method to remove or mitigate the ionosphere error which is one of the 

largest errors that affects the position solution. Availability of many signals which in turn results in 

improved measurement geometry even in difficult environments such as urban areas or obstructed 

environments in general has resulted in improved position solution accuracy. The recent L5/E5a signal 

has the inbuilt capability to mitigate multipath and noise (Simsky et al. 2008; Circiu et al. 2017). Multi -

frequency signal processing when L5/E5a is included makes it an efficient combination to minimize the 

position error. Aside from the availability of multi-signal and multi-constellation measurements, 

different techniques can be used to mitigate errors based on the accuracy requirement of the user. Some 

of the techniques used in modern receivers are briefly discussed in this section. 
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Differential GNSS (DGNSS) is a differential positioning technique that uses code measurements for 

processing with a base and rover setup. The base station position is surveyed to a high degree of 

accuracy. Using the base position, ranges are formed between the base station and the satellites. The so-

formed residuals are attributed to the satellite clock, ephemeris, and atmosphere errors. The residual 

errors are transmitted to the rover via datalink. The accuracy of the DGNSS technique is in the order of 

cm to sub-metre level (all values referring to horizontal position uncertainty (1ů)) (Parkinson and Spilker 

1996; Groves 2013).  

Real-Time Kinematic (RTK) is similar to DGNSS in the sense that the common systematic errors 

between the base and rover are removed but RTK uses carrier phase measurements which are much 

more precise than code measurements. The RTK technique is used by applications that demand cm-

level accuracy. The measurements are sent via the datalink from the base station to the rover where 

single- and double-differencing of the measurements is performed to mitigate the common systematic 

errors between base and rover. Further, ambiguity resolution (AR) is applied to fix the whole number of 

carrier phase cycles, which makes the RTK technique unique to achieve a cm level accuracy in a few 

seconds (Parkinson and Spilker 1996; Groves 2013). 

Precise Point Positioning (PPP) is a technique wherein a global network of stations are used to broadcast 

precise satellite clock and orbit products which can be used by standalone receivers (Zumberge et al. 

1997). The downside of PPP is that it takes a few minutes to a few tens of minutes for the position 

solution to converge to the decimetre level. However, there is a lot of interest that is diverting towards 

PPP-based GNSS navigation, as well as sensor integration with PPP because of the techniqueôs ability 

to offer decimetre-level accuracy without requiring local reference infrastructure. The presented 

research uses PPP augmentation for the GNSS receiver to achieve precise positioning because of being 

able to achieve cm-dm-level accuracy without having to invest on local infrastructure.  
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1.3 Evolution of navigation sensor integration  

In the past decade, many manufacturers such as u-blox, Broadcom, MediaTek, Qualcomm (Wang 2018; 

European GNSS Agency 2018), and others have retailed single-frequency (SF) GNSS receivers. The 

accuracy produced by such low-cost SF GNSS systems is at the metre-level. Dual-frequency (DF), as 

well as recently triple-frequency (TF) GNSS receivers, were limited to high-accuracy applications such 

as agriculture, avionics, crustal deformation, remote sensing, geodetic control surveying etc., where cm-

level accuracy is required. Along with changing trends in GNSS technology, some manufacturers such 

as SwiftNav, Unicore communications, u-blox, and others have started showcasing low-cost DF 

receivers, evolving in the low-cost receiver space. Septentrio and Unicorecomm are the first among the 

few to release a TF low-cost GNSS receiver. The accuracy achieved by these receivers is at the cm-dm-

level with RTK processing depending on static or kinematic mode.  

Although there are GNSS receivers available in the market that can perform exceptionally well in terms 

of software processing (positioning solution), the performance of the receiver is largely restricted by the 

quality of the antenna (Sun et al. 2017) and in turn quality of measurements, the antenna can sense. The 

low-cost applications targeted by this research require an antenna that can be used as a rover, more 

portable, and less expensive. Therefore, a patch antenna was a natural choice. Patch antennas have been 

used widely by SF receivers as they closely possess the GNSS signal characteristics to receive L1 band 

signals. However, recently companies including Tallysman, Amotech and others have released DF and 

TF patch antennas (Panther 2012) with good multipath rejection capacity compared to the previous 

generation of low-cost patch antennas.   

While GPS/GNSS and sensor integration is a popular topic of research, GNSS PPP and IMU integration 

is a more recent area of study and application. Work conducted by Gao et al. (2017a, b); Elsheikh et al. 

(2020) used high-precision GNSS receivers such as a Trimble NetR9 with MEMS-based IMU with 

tightly-coupled (TC) integration. The authors claim that the algorithm achieves a dm-level accuracy 
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during simulated outages. These studies achieved dm-level accuracy for short outages such as 3-10 

seconds. For longer period outages (10 seconds to a few minutes), the authors concluded that accuracy 

varied from sub-metre- to 10s- of metres. The results presented by these studies changes based on the 

number of satellites used for the solution during the outage. Decimetre-level accuracies are expected 

because of the high-quality hardware used as the primary sensor for navigation. Elsheikh et al. (2019) 

studied low-cost, SF-PPP and MEMS-IMU i ntegration using a loosely-coupled (LC) architecture in 

urban environments in real-time. The authors explicated that the LC algorithm sustained sub-metre level 

accuracy during short outages such as due to underpasses. The study also considered a long outage by 

driving in an underground parking for 3 minutes, where the solution performed with a few metres of 

error. Low-cost DF PPP + IMU using a geodetic antenna was earlier analysed by Vana et al. (2019b) 

and the authors concluded that the accuracy performance of the system remains in at the decimetre-level 

even during 30 seconds of the simulated outages. Elmezayen and El-Rabbany (2021a) experimented in 

the low-cost DF GNSS PPP and MEMS IMU using TC and ionosphere-free combination of the 

measurements. The authors stated that the combination of hardware and software algorithm performed 

with a sub-metre level accuracy in open-sky environment and a metre-level accuracy in challenging 

environments. 

Research in the PPP + IMU area explored so far is either related to integrating a high-precision DF 

GPS/GNSS receiver with a low-cost MEMS IMU or low-cost SF PPP integrated with MEMS-IMU. 

Cheng et al. (2018) conducted research using a low-cost TF GNSS and MEMS IMU. The research 

assesses the accuracy performance using the BeiDou constellation in RTK mode with a short baseline 

of 5 km. With the emergence of next-generation low-cost, TF receivers in the market, it becomes an 

interesting part of GNSS PPP + IMU research to assess the performance of a low-cost, TF GNSS 

receiver with a low-cost MEMS IMU. DF/TF GNSS receivers are more attractive for PPP processing 

than SF ones, as ionosphere refraction (one of the major contributors to GNSS signal error) can be 
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mitigated and DF/TF GNSS PPP position solutions typically converge faster than SF GNSS PPP 

solutions. 

The low-cost sensors must be complemented with optimal estimation algorithm. Including adaptability 

in a Kalman filter (KF) becomes necessary while dealing with harsh environments such as urban setting. 

Adaptive filters and Robust adaptive KF (RAKF) have been explored by various researchers (Yang and 

Gao 2006; Yang and Cui 2008; Yang 2010) for various applications. In a recent publication by Lotfy et 

al. (2022), the authors worked on generating an equivalent weight model that is statistically robust by 

the chi-square test for adaptive observation model for multiple observations. The work claims 

improvement in PPP accuracy by 15-45% and convergence time.  

1.4 Overview of York GNSS PPP and IMU integration software 

York-PPP software is a modular and scalable software processor written in C++ on the Microsoft .NET 

platform. The software is coded in the C++ language to ensure reusability. York University GNSS Lab 

has together contributed to the development of the PPP processer and the project consists of hundred 

thousand lines of code with several projects and classes. In this overview section, the developmental 

stages of York-PPP are presented and the introduction of sensor integration to the processor is explained.  

Represented in Figure 1-2 is the York- PPP+IMU architecture. The input segment consists of GNSS, 

IMU, odometer data and configuration settings to the processer. As part of the GNSS data, GNSS 

observation data and related augmentation information such as satellite clock, orbit and bias, atmosphere 

corrections, and satellite and receiver antenna corrections are fed into the software corrections. The input 

information related to the IMU sensor is the accelerometer and gyroscope raw observations and the 

odometer data consists of the speed of the receiver measured by the car dashboard odometer sensor.   

The incoming sensor data are pre-processed and forwarded to the estimation engine. The York-

PPP+IMU system has the capacity to process multi-constellation and multi-frequency GNSS data. The 
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GNSS error corrections and the estimated IMU drift are compensated and input to the filters. When only 

GNSS data are being processed, a sequential least squares estimator is used when fusing different sensor 

information, an Extended Kalman filter (EKF) is used. The estimated parameters include receiver 

position, velocity, clock and biases, troposphere delay, ionosphere delay, ambiguities and IMU biases. 

The output parameters are the log files generated for analysing the processed data. The output data 

includes, estimated parameters, processing parameters, solution quality indicators and satellite 

information. 

  

Figure 1-2: Architecture of York-PPP + IMU processing engine 

1.5 Dissertation problem statement  

The demand for decimetre-level navigation solution accuracy by various low-cost applications such as 

low-cost automotive and autonomous applications, smart devices, drones, etc., have prompted for 

research using low-cost, multi-sensor navigation.  The current research uses a dual-frequency as well as 

triple-frequency, low-cost GNSS and MEMS IMU, along with software enhancements to achieve 

continuous, accurate and precise navigation solution. To address these needs, various software features 

such as constraining of measurements of the sensors based on known facts of physics are applied and 

adaptive filtering is developed to weight the sensor measurements appropriately in urban environments. 
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The challenge in the field begets multiple research questions and the current research effort is to 

understand and solve a few of these challenges. 

Research question 1: The quality of low-cost MEMS IMU measurements are biased and the 

mechanized solution drifts in time if the biases are not corrected during the estimation process of Kalman 

filtering. Based on known physical facts and the environment, the IMU biases can be constrained. IMU 

measurements are affected more when the vehicle is stationary and partial, or complete, GNSS signal 

outages occurs. The key questions are: 

1. How does zero angular rate update (ZARU) constraint impact attitude correction when the 

vehicle is stationary?  

2. How does zero velocity update (ZUPT) and land vehicle (LV) constraining affect vehicle 

velocity estimation when the vehicle is stationary? 

3. How does height constraining help in increasing the degrees of freedom during short GNSS 

signal outage? 

4. Does applying all constraints, i.e., ZARU, ZUPT, LV and height constraining have greater 

impact than applying any one constraint?  

Research question 2: Low-cost DF GNSS PPP and MEMS IMU is a defecto standard in the market for 

various applications. However, the introduction of low-cost TF GNSS into the market has marked a new 

milestone in the navigation world. The usage of a third frequency for GNSS processing helps in faster 

convergence and re-convergence, while the MEMS IMU bridges the gaps during partial or complete 

GNSS outages. The key research questions are:  

1. What is the accuracy performance of low-cost TF GNSS PPP and MEMS IMU in an open sky 

environment?  
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2. How does the accuracy performance of low-cost TF GNSS PPP with MEMS IMU compare with 

DF PPP and MEMS IMU, which is an industry standard for many applications? 

Research question 3: The objective of this research follows from the previous research question to 

assess if stochastically constraining the navigation solution helps to improve convergence and re-

convergence time and initial accuracy. Does ionosphere constraining using a-priori knowledge such as 

Global Ionosphere Maps (GIM) help? The goal is to determine if applying ionosphere constraining (IC) 

helps to improve initial accuracy and if re-convergence times reduces. The key research questions are:  

1. How does ionosphere-constraining (IC) impact convergence and re-convergence time for TF 

PPP + IMU when compared to DF PPP + IMU in open sky environment? 

2. How does ionosphere-constraining (IC) impact convergence and re-convergence time for TF 

PPP + IMU when compared to DF PPP + IMU during simulated outages? 

3. Does IC improve the initial horizontal accuracy? 

Research question 4: The key advantage of integrating an IMU with a GNSS receiver is to have 

accurate and continuous navigation during partial and complete GNSS signal outages. In order to 

analyze the performance of the TF PPP + IMU algorithm with constraints (GNSS, as well as IMU) 

during complete and partial GNSS signal outages, simulated outages are generated and tested. The 

following questions are answered: 

1. What is the performance of TF PPP + IMU when outages are introduced for half a minute 

compared to DF PPP + IMU? 

2. What is the performance of TF PPP + IMU with IC during half a minute outage compared to 

DF PPP + IMU and SF PPP + IMU?                                                                                                                                                                                                                                         
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Research question 5: Testing in simulated environments is not equivalent to real-environment outages, 

because when the satellites gradually return after a real outage, the GNSS signals are prone to multipath 

and cause large jumps in the position solution. To deal with urban area outages, adaptive filtering needs 

to be adopted specifically to deal with satellites that arrive and disappear frequently in urban 

environments. To detect instances where the adaptive filtering must be applied, system innovations-

based statistic and variance component ratio-based statistical methods are used. The key questions are: 

1. Does robust adaptive Kalman filtering (RAKF) help in achieving better than a metre-level 

accuracy in urban environments? Does applying RAKF help in improving the accuracy 

performance of the algorithm without RAKF applied? 

2. What is the accuracy comparison of system innovations based statistical versus variance 

component ratio based statistical?  

Earlier work involving RAKF was mainly focussed on empirically detecting the epochs where adaptive 

filtering needs to be applied. RAKF can help in minimizing the jumps in position error and maintain 

continuous and accurate navigation solution. In the presented research, the novelty comes from two 

aspects: 1) using RAKF technique on complete low-cost hardware which hasnôt been published before 

and 2) removing dependency on empirical values and relying on number of satellites while processing 

the data. 

1.6 Novelty, contributions, and significance 

The current research effort is to develop algorithms and models for low-cost, multi-frequency GNSS 

PPP and MEMS IMU integration using the TC technique and to assess algorithm performance in 

simulated, as well as real urban environments. The contributions from this research are extensions of 

the work conducted by other groups  e.g., (Gao et al. 2017a, b; Elsheikh et al. 2019, 2020). The focus of 
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this research is to improve accuracy, availability and precision of the position solution in difficult 

environments. The following are the research contributions:  

1. Assessment of accuracy improvement achieved by applying software constraining (vehicle motion 

constraints and ionosphere constraining) on low-cost DF GNSS-PPP +MEMS IMU algorithm,  

2. Analysis of low-cost TF GNSS PPP+MEMS IMU algorithm in terms of accuracy, continuity, and 

precision, 

3. Accuracy performance analysis of low-cost TF GNSS-PPP +MEMS IMU algorithm in an urban 

canyon environment during various simulated and real signal outage scenarios, 

4. Analysis of the integrated algorithm in urban/semi-urban areas with multiple and frequent GNSS 

outages by applying an RAKF. 

The novelty of this research lies in two areas:  

1. The combination of using low-cost hardware along with software constraining and adaptive filtering 

to achieve sub-metre-level position accuracy and continuity in urban environments.  

2. Improvements applied to the traditional RAKF estimation to make the estimation process free from 

empirical dependency.  

The outcomes of this research work are important for various low-cost navigation applications that 

require continuous decimetre- to sub-metre-level accuracy. Also, for future low-cost autonomous, 

insurance parties etc., it is important to develop a secure, intelligent and reliable navigation system.  

1.7 Dissertation outline 

Chapter 2 introduces GNSS processing techniques and the prominence of PPP processing. The 

discussion is followed by PPP error models and description of challenges due to hardware and 
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environment. The later part of the chapter introduces IMU errors, grades of IMU and IMU 

mechanization.  

Chapter 3 dives into the details of low-cost GNSS PPP and MEMS IMU fusion using tightly-coupled 

architecture that is implemented in this research. The details of system model, measurement model and 

stochastic modelling are discussed followed by a brief introduction to ionosphere-constraining.  

In Chapter 4, methods to constrain a MEMS IMU are discussed. Various vehicle motion constraining 

methods are explained and assessed to conclude that improvements that can be achieved by applying 

vehicular motion constraining.  

Chapter 5 discusses on analyzing the accuracy performance of low-cost TF PPP with the MEMS IMU 

integrated solution. The performance is compared to the DF PPP and IMU. Algorithm performance is 

assessed for various test cases such as open sky and simulated data. Finally, the TF PPP and IMU 

integrated algorithm is assessed when applying ionosphere constraints. 

Chapter 6 introduces the challenges faced by a low-cost navigation solution particularly in an urban 

environment and how the challenges are handled by applying RAKF. A couple of different learning 

statistics are used to detect the epochs to apply RAKF. The effect of two RAKF statistical approaches 

is analyzed and compared.  

Chapter 7 provides summary of the research work and recommendations for future research. 
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2 GNSS PRECISE POINT POSITIONING  AND 

INERTIAL MEASUREMENT UNIT  

Navigation has been used throughout human history. The science of navigation has evolved enormously 

from using landmarks to using artificial satellites. Currently GNSS is used as a default navigation aid 

either with or without other sensors. Navigation sensors continue an evolution to attain a greater 

accuracy using low-cost equipment. In this chapter, an introduction to precise positioning using GNSS 

and IMU sensors are described.  

2.1 Global Navigation Satellite System (GNSS) Precise Point 

Positioning (PPP) 

There are three different techniques used to determine position and velocity estimates using GNSS 

signals. The most widely used technique in low-cost positioning is Single Point Positioning (SPP). The 

second technique is relative positioning and third one is Precise Point Positioning (PPP). The three 

techniques are briefly discussed in the following section.  

2.1.1 GNSS measurement processing techniques 

In SPP processing, SF code pseudorange measurements are used by a single GNSS receiver to compute 

the position estimate. The accuracy of SPP is at the few metre-level. The estimation technique used in 

SPP is least squares solution computed each epoch by using GNSS satellite broadcast clock and orbit 

information. Since it is an epoch-by-epoch least squares estimation method, the solution is noisy 

compared to the other techniques, as no filtering over time is performed (Kaplan 1996; NovAtel 2015). 

The second processing technique is relative positioning including DGNSS and Real-Time Kinematic 

(RTK). DGNSS is briefly described already in subsection 1.2. In RTK technique, code and carrier phase 

pseudorange measurements are used along with one or more base stations to correct for common 

systematic errors. Near instantaneous cm-level positioning is possible. One caveat is that accuracy 
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depends on the baseline length between base and rover. As the distance between the base and rover 

increases, the accuracy decreases as the atmosphere errors decorrelate. Therefore, as the distance 

between the base and rover increases, residual atmospheric errors need to be estimated to maintain the 

required accuracy (Kaplan 1996; Hoffmann et al. 2004).  

The third measurement processing technique is the Precise Point Positioning (PPP) augmentation 

method. In PPP, the pseudorange and carrier phase measurements are used but, in a standalone- receiver 

mode. Precise satellite orbit, clock and bias corrections are computed from a global network of stations 

and broadcast to the user. The PPP technique benefits from not needing local ground infrastructure, such 

as reference stations, and accuracy attained is at the dm-cm-level, approaching RTK performance. The 

measurement model details of the PPP method used in this research is described in the following section 

(Zumberge et al. 1997). 

2.1.1.1 Why use PPP? 

The purpose and the applications targeted by RTK, and PPP were different and therefore were developed 

independently. PPP was initially developed as a replacement for network static relative positioning 

(Zumberge et al. 1997). PPP comes in handy when base stations are not available or installing such base 

stations is financially and logistically burdensome. In such locations, the alternative to using a RTK is 

PPP to attain cm-dm level accuracy of the position solution. The main advantages of PPP when 

compared to RTK are (Choy et al. 2016) : 

1. The non-requirement of local ground-based infrastructure and usage of precise products to 

obtain a precise and accurate position solution.  

2. Provides ñabsoluteò positioning information. 

These reasons make PPP a very desirable alternative to RTK/relative positioning. The disadvantage of 

using PPP is the long convergence time period. Using PPP, it takes 10-15 mins to achieve a cm level 

accuracy in stationary mode. There are various techniques used to decrease the convergence time for a 
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PPP technique such as constraining the ionospheric delayôs estimation using Global Ionospheric Maps 

(GIM), ambiguity resolution, sensor integration and others.  

2.1.1.2 PPP processing technique 

In this research, an uncombined measurement model is used, where no linear combination of the 

measurements is formed unlike the ionosphere-free combined. The uncombined mode of processing is 

preferred as it allows easy scalability to more frequencies and allows for the use of external ionospheric 

information, e.g., Global Ionospheric Maps (GIM). The code and carrier-phase pseudorange 

measurements of the three GNSS frequencies can be expressed in the form of Equations (2.1) and (2.2) 

(Zumberge et al. 1997; Hofmann-Wellenhof et al. 2007; Naciri and Bisnath 2021).  

ὖ  ” ὧὨὸ Ὠὸ Ὕ ‎Ὅ ὄ ὄ Ὡ                      (2.1) 

•  ” ὧὨὸ Ὠὸ Ὕ ‎Ὅ ‗ ὔ ὄ ὄ   Ὡ              (2.2) 

In Equations (2.1) and (2.2), s represents a satellite, i = 1, 2 and 5 represents the first, second and third 

signal frequencies, ” is the geometric range between a satellite and the user position, Ὠὸ is the receiver 

clock errors, Ὠὸ is the satellite clock error, Ὕ is troposphere delay, ‎   is the ratio of frequencies 

applied to the first frequency ionosphere delay Ὅ at frequency i, ὄ  and ὄ  are the receiver and satellite 

hardware biases, respectively,  ὄ  and ὄ  are the receiver and satellite phase biases, respectively, and 

Ὡ  and Ὡ  represent the receiver noise and multipath, respectively. Observations are corrected for 

relativity, Earth rotation, satellite antenna phase centre offset (PCO) and variation (PCV), phase-wind 

and solid Earth tides. The troposphere delay consists of dry and wet delay (Zumberge et al. 1997). The 

dry component is corrected by using an a priori model and the wet component is estimated as a random 

walk process. The latterôs components are modelled using the Global Mapping Function (Boehm et al. 

2006). One ionosphere state per satellite is estimated as white noise and is sometimes constrained with 

GIM to shorten the initial convergence and re-convergence time. ‗ = c/Ὢ is the signal wavelength per 
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satellite and ὔ is the integer ambiguity on each frequency. While performing TF GNSS PPP + IMU 

integration, if only two frequency satellite data are available, such a satellite measurement is still used 

in DF mode in combination with the other satellites that have TF signals (Naciri and Bisnath 2021).  

2.1.1.3 PPP error models 

Most errors are commonly dealt with in (Kaplan 1996; Misra and Enge 2004) all the processing 

techniques (SPP, RTK, and PPP). In the case of SPP, the navigation solution is performed using code 

pseudoranges, therefore an accuracy better than a metre is not expected. In the RTK technique, most 

common systematic errors cancel out in shorter baselines. However, in PPP, as global corrections are 

used to mitigate the errors, the errors that contribute to cm-level position error are also required to be 

modelled or corrected to attain cm-level positioning.  The PPP-related error sources are briefly described 

below. 

Satellite Orbit and clock errors ï In the case of the SPP and RTK processing techniques, broadcast 

ephemeris Keplerian elements and corrections are used to compute the orbit parameters, and the 

polynomial coefficients broadcast in the navigation message are used to compute the transmitter clock 

offset. In the case of PPP, precise orbit and clock products are transmitted directly from analysis centres 

for real-time operation.  

Broadcast orbit accuracy is in the order of metres in both radial and along track components, whereas 

the precise orbit products accuracy is less than 5 cm. Likewise, the broadcast clock accuracy is a few 

metres in range and the precise clock products accuracy is cm-level in range. The accuracy measure of 

the precise products are the so called final products (Leick 1995; Hofmann-Wellenhof et al. 1997).  

Troposphere error ï As a GNSS signal passes through the troposphere, the signal slows down and its 

direction changes. Troposphere error cannot be directly observed by GNSS, therefore predicting 

troposphere error with precision is challenging. Troposphere delay consists of hydrostatic ñdryò and 

ñwetò parts. The dry delay depends on atmospheric pressure and temperature, while the wet delay is a 
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function of water vapour pressure and temperature. The dry component constitutes 90% of the total 

troposphere delay and is predictable. However, the 10% of wet delay is irregular. In PPP processing, 

wet delay is estimated. There are various standard models to compute the troposphere delay (Leick 1995; 

Hofmann-Wellenhof et al. 1997).  

Ionosphere error ï While the GNSS signal travels through the ionosphere, the signal refracts and this 

refraction is inversely proportional to the signal frequency. Therefore, when two or more signal 

frequencies are used, ionosphere delay can be mitigated to a large extent. The code and carrier part of 

the GNSS signal are affected differently. Ionosphere delay is a function of frequency, time of delay, user 

latitude, solar activity, elevation angle to satellite and height of the user. As ionosphere error is one of 

the limiting factors to quick convergence in PPP. Using external information, such as Global ionosphere 

maps (GIMs) helps to shorten the convergence time (Leick 1995; Hofmann-Wellenhof et al. 1997).  

Multipath ï As the name implies, when a GNSS signal is received by the antenna from multiple paths 

than just a direct line-of-sight, it causes multipath phenomenon. When a part of the GNSS signal bounces 

off of near-by buildings or ground, such signals can interfere with the signal that is directly received by 

the antenna. A skewed correlation peak is formed when such an interference happens. The multipath 

effect can cause 10s of metres of error in code pseudorange measurements. The effect of multipath error 

on code pseudorange measurements is a few magnitudes higher than it is on carrier phase measurements. 

There are various mitigation techniques to deal with multipathï (1) Narrow correlator receiver 

technologies, (2) Stochastic modelling ï down-weighting the low elevation satellite data, and (3) use of 

antennas that have multipath rejection capability, e.g., choke ring antenna (Leick 1995; Hofmann-

Wellenhof et al. 1997). 

Antenna offsets ï Antenna offset errors apply to the transmitting and receiving antennas. The antenna 

offset errors include antenna phase center offset and phase centre variation. Due to imperfect 

manufacturing processes, the antenna phase centre cannot be defined perfectly.  If the phase centre 
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compensation is not applied, the height coordinate is affected the most and shows an error of many cm. 

Phase centre variation refers to the change in effective phase centre with respect to sensing orientation. 

Phase offset and phase variation of an antenna can be measured with an antenna on a robotic arm in an 

anechoic chamber or outdoors (Leick 1995; Hofmann-Wellenhof et al. 1997).    

Instrumental delays ï The causes for instrumental delays are due to receiver hardware delay, which is a 

result of electronics and delay specific to the receiver irrespective of the tracked satellite. Instrumental 

delays are often modelled as an additional term added to the code and phase equations. Instrument delays 

include: differential code bias (DCB), differential phase bias (DPB), relative code bias (RCB) and code 

phase bias (CPB) (Leick 1995; Hofmann-Wellenhof et al. 1997). 

Site displacements ï Site displacements are earth-based motions that affect GNSS position within an 

earth-fixed reference frame. Site displacement phenomena are not the actual error sources in GNSS. The 

error effect due to site displacement is at the cm-dm level and therefore is not noticed in SPP. These 

errors cancel out in DGNSS, RTK, and network RTK (NRTK). The following effects are part of site 

displacements (Leick 1995; Hofmann-Wellenhof et al. 1997; Altamimi et al. 2011): 

¶ Plate tectonics ï Tectonic plates move with respect to each other. These plates move at different 

rates at plate edges compared to interiors. The displacement can be many cm-dm/year.  

¶ Solid Earth tides ï Gravitational forces affect the solid Earth. Solid Earth is represented by 

spherical harmonic expansion and coefficients. The solid Earth tide displacement is a function of 

gravitational motion of the Earth, Moon, and Sun, horizontal station position and time. It is 

compensated by using look-up tables. The magnitude of displacement is up to 30 cm in vertical 

(sinusoidal) and up to 5 cm in horizontal (sinusoidal).  

¶ Ocean loading ï The ocean loading effect is larger in coastal regions and is caused by the weight 

of the ocean tides. The displacement correction is computed per GNSS station and is a function of 
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ï lunar position, tidal constituents, horizontal station position and time. Look-up tables are used 

for correcting the ocean loading effect. The displacement magnitude is 5 cm in vertical and 2 cm 

horizontal.  

¶ Earth rotation ï From the time the signal is transmitted to the time signal was received by the 

receiver, in ~70 msec, the Earth rotates, and this effect needs to be compensated.  

Relativistic effects ï Relativistic effect is related to the correction due to velocity of the satellite in orbit 

with respect to the user on Earth. The error is corrected based on instantaneous satellite position and 

velocity.  

Carrier-phase wind up ï Any rotation along the signal, i.e., from transmitting or receiving antenna 

boresight causes an increase or decrease in recorded carrier-phase measurement. Wind-up error does not 

affect the code pseudorange measurements (Leick 1995; Hofmann-Wellenhof et al. 1997; Kouba 2009).  

Receiver clock offset ï Receiver clock parameter needs to be estimated in all processing techniques 

unless single/double differencing is performed. The clock parameter can be estimated as white noise or 

a similar process and is treated as a nuisance parameter (Leick 1995; Hofmann-Wellenhof et al. 1997; 

Kouba 2009). 

Carrier phase ambiguities ï At the start of carrier phase signal tracking, an arbitrary counter is set for 

carrier phase cycle tracking which biases the measurements in an unbroken sequence of satellite carrier 

phase observation measurements. Ambiguities are estimated using techniques such as LAMBDA. In 

PPP, estimating the ambiguities and fixing them is the key to achieving a cm-dm level accuracy(Leick 

1995; Hofmann-Wellenhof et al. 1997; Kouba 2009). 

Receiver noise ï Receiver noise is typically modelled as an uncorrelated error source. Receiver noise is 

a direct result of thermal noise, dynamic stress, oscillator performance, etc. Although receiver noise 
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term is inevitable, the contribution of the error term to the GNSS error budget is typically negligible 

(Leick 1995; Hofmann-Wellenhof et al. 1997; Kouba 2009). 

2.1.2 Challenges in using GNSS 

Typically, while using a GNSS receiver, the user receiver needs to have line-of-sight to the GNSS 

satellites. When the line-of-sight to a satellite is lost or if the signals get reflected off any other surface 

causing multipath, either signals are lost, or they become biased and/or noisy. Therefore, the 

environment is one of the major factors that determines the position accuracy of a GNSS receiver. In an 

open sky environment, the satellite line-of-sight is maintained and a good horizontal dilution of precision 

(DOP) aids in attaining the required accuracy. DOP is a dimensionless metric that indicates the effect 

of relative satellite geometry on the accuracy of position solution. When the satellites are well spread 

out, DOP is lower indicating higher precision in position solution computation. DOP can indicate a 

particular type of precision components such as position DOP (PDOP), horizontal DOP (HDOP), 

vertical DOP (VDOP), and geometric DOP (GDOP). PDOP is the most commonly used parameter to 

indicate the relative satellite geometry (NovAtel 2015). The accuracy requirements are based on the 

application. When the same quality receiver hardware is taken into obstructed environment, such as 

urban areas, forest, or an underpass, the accuracy performance will severely degrade due to poor 

visibility to satellites or multipath errors affecting the signals. As the signals are obstructed often, the 

satellites appear and disappear frequently as GNSS receiver suffers from loss of lock often. This 

behaviour causes the DOP to increase and results in poor accuracy performance. As discussed, due to 

PPP's slow initial convergence, every time a partial or complete GNSS signal outage happens, re-

convergence takes time.  

Figure 2-1 is an attempt to explain the performance of the GNSS receiver in different environments. 

GNSS data using multi-constellation, multi-frequency low-cost equipment including Septentrio Mosaic-

x5 and Tallysman TW7972 multi-frequency patch antenna were collected on DOY 2, 2021 by mounting 
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the equipment on a car. The car was initially stationary for 20 minutes and then started moving. As 

indicated in Figure 2-1, the first 35 minutes of data were collected in an open-sky environment. Then, 

the car passed through an urban environment. As shown in Figure 2-2, in the open-sky area, the average 

number of satellites is 21 and the average PDOP is 1.25. The total number of satellites average and 

PDOP indicate that the satellite availability and geometry was very good. 

 

Figure 2-1: Plot of accuracy performance of GNSS receiver in open-sky and urban environments 

The horizontal rms of the position solution in the open sky is 10 cm. After the car entered urban area, 

the average number of available satellites reduced to 16. More importantly, the number of satellites fell 

to zero at a few epochs as seen in Figure 2-2. The horizontal rms in the urban area is 9 m and the 

maximum errors range up to 150 m. The PDOP shoots up to 20 when there are insufficient number of 

satellites. 

The accuracy and total number of satellites availability clearly exemplify the performance of the GNSS 

receivers in open-sky versus challenging environments. Therefore, using GNSS alone in harsh 
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environments is not an ideal solution for applications that seek decimetre-level accuracy in all sorts of 

environments. 

 

Figure 2-2: Plot of number of satellites and PDOP in open-sky and urban environments corresponding 

to  Figure 2-1 

The second limitation concerning GNSS positioning is the hardware used for the receiver, and 

specifically the antenna that senses the GNSS signals. Most high-precision applications such as 

surveying, agriculture or mapping use a high-quality antenna, preferably with multipath rejection 

capacity (such as the antennas with choke ring). These antennas are large in size and, high in price and 

power consumption. The most commonly used type of GNSS antenna is the patch or helix antenna. 

Rooftop applications such as automotive, UAVs, etc. use a patch antenna. Helix antennas are preferred 

by some hand-held devices (Kaplan 1996). In the case of ultra-low-cost applications, such as 

smartphones, tape antennas are used, where the signal attenuation is much higher and multipath rejection 

is poorer. Position solution accuracy depends on the type of antenna used, the chipset as well as the 

algorithm/processing technique used.  
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Figure 2-3 shows the horizontal position error results of the field test conducted in stationary mode to 

evaluate the performance of the geodetic-grade versus low-cost hardware. The geodetic grade hardware 

includes NovAtel OEM7 receiver connected to NOV-850 geodetic antenna, while low-cost hardware 

includes the Mosaic-x5 receiver connected to the TW7872 low-cost patch antenna. A base station was 

set up at a known location at York University, Toronto, Canada. The two datasets were post-processed 

using the York-PPP engine. The reference solution was generated using the Inertial Explorer software 

by post-processing in RTK mode and the solution was smoothed. The statistics related to the results 

represented in Figure 2-3 are shown in Table 2-1.  

 

Figure 2-3: Horizontal position error comparison between geodetic-grade and low-cost hardware 

Table 2-1: Statistics for the field test related to geodetic-grade and low-cost hardware represented in 

Figure 2-3 

 Geodetic antenna NOV-850 

with OEM7 receiver 

Tallysman low-cost antenna 

with Mosaic-x5 receiver 

Convergence time [min] 8 53 

Horizontal rms [cm]  5 8 
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From Figure 2-3, the geodetic grade hardware has a faster convergence period when compared to low-

cost hardware. As indicated in Table 2-1, the receiver data processed by using geodetic hardware has a 

convergence time of 8 mins and a horizontal accuracy of 5 cm after reaching the convergence threshold. 

The convergence accuracy considered in this case is when the solution reaches 10 cm accuracy and 

remains below 10 cm throughout. On the other hand, the low-cost hardware takes close to an hour to 

attain convergence and the horizontal accuracy is 8 cm (after convergence). Therefore, the results from 

the experiment clearly indicate that using geodetic hardware produces better horizontal accuracy as well 

as quicker convergence time over low-cost hardware. 

2.2 Inertial Measurement Unit (IMU)  

An Inertial Measurement Unit (IMU) is a self-reliant device consisting of a triad of accelerometers and 

gyroscopes. The accelerometers measure specific force, and the gyroscopes measure the angular rate of 

an object the IMU is attached to. Some recent MEMS IMUs also include magnetometers to measure the 

surrounding magnetic field. When an IMU is initialized with position, velocity, and attitude information, 

the device is capable of performing navigation without any external aiding. However, the accuracy of 

navigation achieved depends on the quality of the accelerometers and gyroscopes used (El-Sheimy and 

Youssef 2020; VectorNav 2021).  

Today, four constellations make up GNSS, and numerous augmentation services as well. The 

requirement of the GNSS receiver to have line-of-sight to the satellites makes it challenging to obtain 

an accurate position solution in difficult environments such as downtown areas, areas covered with 

foliage, tunnels, etc. An IMU sensor can be integrated with GNSS as it can complement the GNSS 

receiver to provide navigation information continuously in all sorts of environments (El-Sheimy and 

Youssef 2020; VectorNav 2021).  

An accelerometer measures specific force or change in velocity over time. An accelerometer can be of 

different types such as: mechanical, quartz and MEMS. In a MEMS type accelerometer, a proof mass is 



28 
 

attached to a spring as shown in Figure 2-4(a). Sensitivity axis is the direction in which the proof mass 

can move. Applying a linear acceleration to the accelerometer causes the proof mass to move to one 

side. The distance moved by the proof mass is proportional to the acceleration.  

A gyroscope sensor is used for measuring rotation of an object with respect to the inertial frame. There 

are different types of gyroscopes: displacement gyroscopes that measure rotation angle and rate 

gyroscopes that measure the rate of rotation (Grewal et al. 2007). Based on the application, the quality 

of the gyroscope used varies. Applications such as guidance, navigation, and control (GNC) systems 

require higher performance. Such applications typically use optical gyroscopes (navigation grade IMUs) 

and are capable of providing unaided navigation performance for an extended period of time.  Optical 

gyroscopes include Ring Laser Gyros (RLG) and Fiber Optic Gyros (FOGs). MEMS gyros are low-

quality gyroscopes and are used in low-cost applications, such as automotive, drones, smartphones etc.  

Two types of MEMS-based gyroscope models are shown in Figure 2-4(b) and (c). Figure 2-4 (b) 

represents single mass gyroscope, where a mass is attached to the X- axis. The driving force on X-axis 

causes oscillations on the X-axis. When the object is moving, an angular velocity ɤ is applied about the 

Z axis, which causes the mass to experience a force in the Y direction. The force in the Y-direction is a 

consequence of Coriolis effect. Coriolis effect is the force experienced by the mass m moving with 

velocity v and rotating in a reference frame with angular velocity ɤ is given by F = -2m( ɤxv) (El-

Sheimy and Youssef 2020; VectorNav 2021).  
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a) Accelerometer 

 

 

b) Single mass gyroscope 

 

 

c) Tuning fork configuration 

gyroscope 

A more common gyroscope configuration used in MEMS IMUs is the tuning fork configuration as 

shown in Figure 2-4 (c). Coriolis force acts in opposite directions on each mass and the change in 

capacitance is directly proportional to the angular velocity. In case of linear acceleration, the masses 

experience movement in the same direction and the measured angular rate is zero. This configuration 

helps in reducing the sensitivity to shocks, vibrations, and tilts (El-Sheimy and Youssef 2020; 

VectorNav 2021). 

2.2.1 Error sources 

All sensor measurements are susceptible to errors. IMU measurements are integrated over time to 

compute position, velocity, and attitude. Since the measurements are integrated, the error in the 

measurements will grow as a power of the time interval. Therefore, the errors are studied and estimated 

to correct them during the IMU mechanization process. An IMU sensor suffers from 

systematic/deterministic and random/stochastic errors. A classification of different types of IMU 

systematic errors is: - bias, scale factor error, scale factor non-linearity, and cross-coupling of sensitive 

axes measurements. Not all errors are important for analysis, as some are very small and can be ignored 

(Groves 2013; El-Sheimy and Youssef 2020; VectorNav 2021). The most common errors that are 

discussed and modelled while using an IMU are represented in Figure 2-5. 

Figure 2-4: Pictures of 1D accelerometer and gyroscope (After VectorNav 2021)) 
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Figure 2-5: Figurative representation of IMU errors (After (NovAtel 2015)) 

¶ Bias ï Bias is the offset between the actual measurement value and the sensor output. For instance, 

when the IMU is stationary, one would expect the accelerometer Z axis to measure gravity as 9.81 

m/s2 and 0 turn rate as there is no movement. However, typically this is not the case. The difference 

between the measured gravity or the turn rates and the actual measurement is the bias offset. Bias 

can be characterized using two components: bias repeatability and bias stability (Groves 2013; El-

Sheimy and Youssef 2020; VectorNav 2021). 

o Bias repeatability: When an IMU is turned on, if the initial bias can be repeated each time, 

then the repeatable bias of the IMU is good and enables faster convergence and estimation. If 

the bias changes each time the IMU is turned on, it is difficult to estimate for every power up. 

Changes could happen due to change in the physical properties or initial conditions of signal 

processing. The unit for bias repeatability for accelerometers is m/s2 and deg/hr for gyroscopes 

(Groves 2013; El-Sheimy and Youssef 2020; VectorNav 2021). 

o Bias stability: Bias stability is also known as the in-run bias. The initial bias of the IMU drifts 

over time. The reason for the drift could be due to temperature, or due to mechanical stress on 

the system. The in-run bias is usually estimated in the estimation filter and compensated for 

in the IMU measurements during the mechanization process. Some IMUs are manufactured 

with temperature compensation, which enhances bias stability. The unit for bias stability for 
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accelerometers is m/s2 /hr and deg/hr/hr for gyroscopes(Groves 2013; El-Sheimy and Youssef 

2020; VectorNav 2021). 

¶ Scale factor: Typically, it is expected that the IMU sensor input-to-output ratio should be equal to 

1. However, the ratio of input to output is not 1 in reality. The multiplicative factor that allows the 

input-to-output ratio to equalize to 1 is called the scale factor (Groves 2015). The unit of scale factor 

is denoted by ppm (Groves 2013; El-Sheimy and Youssef 2020; VectorNav 2021). 

¶ Scale factor non-linearity : The input-to-output ratio of the scale factor is assumed to be linear. 

However, this may not be the case due to external factors such as environmental effects and 

sometimes due to sensor design. Such, non-linearity should be taken care of as scale factor is 

affected most during high acceleration or rotation (Groves 2013; El-Sheimy and Youssef 2020; 

VectorNav 2021).  

¶ Cross-coupling of sensitive axes measurements: While performing the manufacturing mounting 

of the IMU sensor axis, misalignment is a common problem that causes cross-coupling errors. These 

errors are sometimes called misalignment errors or cross-axis sensitivity. Due to misalignment 

issues, residual inertial measurements from another axis that is orthogonal to its sensitive axis are 

measured (El-Sheimy and Youssef 2020). 

¶ g-sensitivity: When a gyroscope is subjected to linear acceleration, the gyroscope experiences a 

bias shift due to acceleration sensitivity. Gyroscopes are typically tested for sensitivity experienced 

due to linear acceleration (Groves 2013; El-Sheimy and Youssef 2020; VectorNav 2021). 

Sensor measurements are always affected by random noise. Accelerometers and gyroscopes are affected 

by random errors because of electrical and mechanical errors. The noise cannot be calibrated and needs 

to be stochastically modelled. Random noise is also called random walk, because integrating a noisy 

signal to determine attitude will cause the integration to drift over time and, that drift will seem like a 

random walk. There are two types of random walk for an IMU: angle random walk (ARW) for 

gyroscopes (deg/ЍὬὶ) and velocity random walk (VRW) for accelerometers (m/s/ЍὬὶ. The random 
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walk which is the effect of random noise affects the performance of GNSS and IMU integrated solutions 

during partial or complete GNSS outages, especially in static conditions, as IMU measurements tend to 

drift when calibration is not performed.   

The impact of measurement errors on performance of an IMU is dependent on the technology used to 

manufacture and design and the design itself. The performance of an IMU depends on the magnitude of 

deterministic and random errors in the measurements. Therefore, IMUs are categorized based on their 

accuracy and performance. 

2.2.2 IMU grades 

The cost and underlying technology used to manufacture an IMU drives its performance. The 

availability of a wide variety of IMU sensors in the market based on the sensor performance gives the 

customer the luxury to choose the IMU sensor that is suitable for the application. However, the spectrum 

of choices available may also become a cause for confusion, as there is no standard categorization. In a 

broader sense, IMUs are categorized into the following types as indicated in Table 2-2: a) Strategic b) 

Navigation c) Tactical d) Industrial e) Consumer. The IMU classification in Table 2-2 is based on in-

run bias stability and random walk errors, as they are two of the major factors in determining inertial 

navigation performance (VectorNav 2021).  

Although accelerometers and gyroscopes can be used as individual sensors in aiding navigation, 

grouping them improves inertial navigation performance. As a result, gyroscope in-run bias is a quick 

indication of the quality of IMU performance. The driving factors to choose a particular IMU for an 

application are the expected type of navigation solution accuracy and budget constraints (VectorNav 

2021). 
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Table 2-2: Classification of different grades of IMUs based on Gyro angle random walk and 

accelerometer bias error (modified from Vector Nav Library 2008; El-Sheimy and Youssef 2020) 

Grade Accelerometer 

Bias Error 

[mg] 

Velocity 

random 

walk 

[m/s/Ѝ▐►] 

Gyro 

bias 

[deg/hr] 

Gyro 

Angle 

Random 

Walk 

(ARW) 

[deg/Ѝ▐►] 

Applications Price 

Strategic 0.0001-0.001 - 0.0001-

0.001 

- Submarines, 

intercontinental 

ballistic 

missiles 

~$1 million 

Navigation 0.01 0.01 0.01 0.01 Military, 

precision 

geofencing, 

mapping 

~$100,000 

Tactical 0.1 0.03 1-10 0.05 Smart 

munitions 

$2,000-

$50,000 

Industrial  1 0.1 10 0.2 UAVs $100-

$1000 

Consumer 10 1 100 2 Research, low-

cost 

navigation, 

pedometers, 

anti-locking 

breaking, 

active 

suspension, 

airbags, 

smartphones 

<$10 
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Figure 2-6 shows the categorization of accelerometers and Figure 2-7 shows the categorization of 

gyroscopes based on the type of sensors and their in-run bias stability. There are two types of 

accelerometers: mechanical and quartz/MEMS accelerometers. Mechanical accelerometers have an in-

run bias of about 1 µg, whereas quartz/MEMS accelerometers can range from 1000 µg to 1 µg for all 

grades of IMUs except navigation grade. Fiber-optic gyroscopes (FOG) are available in all four 

performance categories, while quartz and MEMS gyroscopes are used by consumer-grade, industrial 

grade, and tactical-grade applications. Ring laser gyroscopes (RLG) consist of in-run bias stability 

ranging from 1°/h to 0.001 °/h. Mechanical gyroscopes have in-run bias stability less than 0.0001 °/h, 

which makes them high-performance sensors. 

 

Figure 2-6: Accelerometer performance grades (after Vector Nav Library 2008, El-Sheimy and 

Youssef 2020)  
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Figure 2-7: Gyroscope performance grades (after Vector Nav Library 2008, El-Sheimy and Youssef 

2020)) 

2.2.3 Mechanization 

The triad of accelerometers and gyroscopes in an IMU measures specific force and angular rates. The 

measurement model for accelerometer and gyro measurements with errors is given in Equations (2.3) 

and (2.4) (Farrell 2008). Ὢ  is the actual accelerometer measurement vector that accounts for all 

measurement errors, ‏ὛὊ is the accelerometer scale factor error, ‏ὦ is the accelerometer bias, ‏ὲὰis 

the accelerometer non-linearity error vector, and ὺ is the measurement noise vector. ‫  is the actual 

gyro measurement vector accounting for all measurement errors, ‏ὛὊ is the gyro scale factor, ‏ὦ is 

gyro biases, ‏Ὧ represents gyro g-sensitivity, and ὺ is measurement noise. Ὢ  and  ‫  are obtained 

in the body-frame. 

Ὢ Ὅ ὛὊ Ὢ‏  ὦ‏ ὲὰ‏  ὺ                      (2.3) 
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‫ Ὅ ὛὊ‏ ‫ ὦ‏  Ὧ‏  ὺ                       (2.4) 

IMU mechanization is the technique of converting the raw IMU measurements into position, velocity, 

and attitude information. The inputs to the mechanization process are the body frame specific force and 

angular rate vectors from the IMU, initial position, velocity, and attitude along with the gravity vector. 

The IMU mechanization in the Earth-Centred, Earth-Fixed (ECEF) frame is pictorially represented in 

Figure 2-8. The following steps give a summary of the process (Groves 2013): 

1. Attitude update 

2. Conversion of specific force from the body frame to ECEF frame 

3. Velocity update, which includes converting specific force into acceleration with aid of a gravity 

model and compensating for Coriolis effect 

4. Position update 

 

Figure 2-8: Inertial mechanization in ECEF frame (after (Titterton et al. 2004) and (Groves 2013)) 
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In this research, the ECEF frame has been chosen, because it is easy to perform the integration for a 

tightly-coupled architecture, where the measurements are in terms of ranges. The mathematical 

representation of the mechanization process in the ECEF frame is given in Equation (2.5) (Farrell 2008). 

ὶ
ὺ

Ὑ
 

ὺ
ὙὪ Ὣ ςɱ ὺ

Ὑ ɱ  ɱ

                (2.5) 

Dot on the quantity represents the time derivative of the respective quantity. ὶ is the 3D position vector, 

ὺe is the 3D velocity vector and Ὑ  is the attitude matrix. ɋ is the skew-symmetric matrix with 

gyroscope measurements Ὢ .‫  is the specific force measurement vector. Where, ɱ  = Ὑɱ  and local 

gravity vector is Ὣ Ὃ ὶ  ɱ ɱ ὶ. Ὃ ὶ is the acceleration due to gravity. Initial conditions 

for position (ὶ π), velocity (ὺ π) and attitude (Ὑ (0)) need to be supplied (Farrell 2008). The 

transformation matrix from ECEF to body frame (Ὑ  cannot be computed directly. Therefore, ECEF 

to local navigation frame is computed and transformed into Ὑ  using Ὑ  as shown in Equation (2.6). 

Ὑ ὙὙ

Ὑ Ὑ
 

(2.6) 

The mechanization process in different frames and more details can be found in, e.g., Grewal and 

Andrews (2001), Farrell (2008); Groves (2013). 
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3 LOW-COST GNSS-PPP AND IMU FUSION  

Using low-cost sensors to achieve accurate and precise navigation solution is challenging due to the type 

of hardware used and the quality of measurements sensed by the sensors. In order to achieve a decimetre-

level position accuracy targeted by the application in this research, software constraining is used to 

compensate for the shortcomings of the hardware used. In this chapter, a brief introduction of different 

types of GNSS and IMU integration techniques, extended Kalman filter system and measurement 

models used, and ionosphere-constraining are discussed. In the next chapter, IMU measurements 

constraining based on vehicle dynamics are explained. 

3.1 Integration techniques 

An EKF is typically used for the estimation process in the case of GNSS and IMU integration as the 

measurement equation is in a non-linear form. In an EKF, linearization is performed along the trajectory 

that is updated from state estimates resulting from the measurements. Three methods of integration are 

primarily used to combine GNSS and IMU data (Godha (2006) and Falco et al. (2012)). The first 

technique is called loosely-coupled (LC) integration, wherein the difference of processed position and 

velocity from GNSS and IMU are used as measurements. LC integration involves a smaller number of 

states as well as measurements. The second technique is tightly-coupled integration, where raw 

measurements from GNSS (code and carrier phase) and IMU (specific force/turn rates or the predicted 

code/carrier phase) derived counterparts are combined in the EKF. The latter means that more states are 

involved in the estimation process. The third type of integration is deeply-coupling, where the IMU is 

calibrated by the GNSS updates and, in turn, the IMU assists the receiver tracking loops when there is 

interference or low signal strength (Li et al. 2017b). Detailed explanations of these architectures can be 

found in reference texts such as Farrell (2008) and Groves (2013). 
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3.1.1 Loosely-coupled integration 

The most common architecture of a loosely-coupled Kalman filter uses processed data from different 

sensors rather than raw measurements. For instance, the GNSS-based navigation solution is integrated 

with the IMU-based navigation solution as shown in Figure 3-1. The GNSS measurements are processed 

by applying the PPP technique and IMU measurements are converted into position, velocity, and attitude 

by using the mechanization process. The difference between the GNSS PPP position and IMU 

mechanized position form the error measurements, which is the input to the EKF. A complimentary 

Kalman Filter is used and error correction for the IMU is performed, which closes the loop (Brown and 

Hwang 1997). 

 

Figure 3-1: Loosely-coupled architecture 

3.1.2 Tightly -coupled integration 

In this research, the TC approach has been used because TC architecture can estimate position and 

velocity with better accuracy when the number of available measurements is fewer than the number of 

unknown states.   
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Figure 3-2 is the block diagram of the software architecture used to integrate GNSS PPP measurements 

with those from a low-cost, MEMS IMU. Precise orbit, clock, and code bias corrections, along with 

corrections such as the earth rotation, atmosphere, relativistic, and phase wind up are applied to the 

GNSS measurements. The corrected GNSS measurements (code and carrier phase pseudoranges) are 

represented by ”  ὥὲὨ • , respectively.  

 

Figure 3-2: GNSS-PPP MEMS IMU tight integration block diagram 

Specific force and turn rates from the IMU are represented by ὪὥὲὨ ύ . ὪὥὲὨ ύ  are transformed 

into position ὖ , velocity ὠ  and attitude ὃ  from a known initial position, velocity, and attitude 

(determined approximately using GNSS measurements). Using ὖ , ὠ  and the satellite coordinates 

in ECEF predicted IMU code and carrier-phase measurements ”  ὥὲὨ •  are formed. The 

residuals/misclosure between the GNSS measurements (”  ὥὲὨ • ) and the predicted IMU 

measurements ”  ὥὲὨ •  form the measurement input to the EKF. Ionosphere constraining is 

applied for the GNSS measurements using the GIM data to aid with quicker initial convergence and re-

convergence. As the applications targeted by this research do not require centimetre-level accuracy at 

95th percentile, ambiguities are not resolved and estimated as float values. Multi -constellation and multi-
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frequency GNSS measurements used are sufficient to achieve the desired goal of this research. The 

output from the EKF are corrected IMU position ‏ὖ, velocity ‏ὺ, attitude ‭ȟ biases for accelerometers‏ 

ὦȟ and biases for turn rates ὦȢ The error states ‏ὖȟ‏ὺȟ‭ȟ‏ὦ ὥὲὨ ‏ὦ are fed back to inertial‏ 

mechanization to correct errors. The corrected position, velocity, and attitude of the IMU are 

ὖ ȟὠ  ὥὲὨ ὃ .  

Based on knowledge of the vehicle motion, zero velocity updates, zero angular rate updates, land vehicle 

constraints, and height constraining help in minimizing unexpected behaviour from the IMU 

measurements while the vehicle is stationary as well as in motion. The details and benefits of motion 

constraints are explained in Chapter 4 as well as Vana et al. (2020). Due to the inherent drifts of IMU 

measurements, constant calibration is necessary. Vehicle motion constraints can be applied to IMU 

measurements in an LC architecture as well. Since TC integration is adopted in this work, vehicle motion 

constraints are explained with respect to TC architecture.  

The third popular integration technique is known as deeply-coupled integration, where GNSS and IMU 

measurements are fused at the signal processing level. IMU raw measurements (specific force and turn 

rates) are used to assist in the receiver tracking algorithm and the IMU errors are estimated using the 

GNSS measurements. Since the algorithm interacts with the tracking loops of the receiver software and 

requires access to the firmware/receive software, deeply-coupled integration is the most complicated 

integration technique of all (Mark G 2008). Therefore, the focus of this dissertation is tightly-coupled 

GNSS and IMU integration. 

3.2 Extended Kalman Filter 

A complimentary Extended Kalman filter (EKF) is used in this research. The system model consists of 

the navigation states, IMU states, and GNSS-only states (Jekeli 2012; Groves 2013; Abd Rabbou and 

El-Rabbany 2015).  
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3.2.1 System model 

The system Equation for a discrete Kalman filter Equation is given by Equation (3.1) (Ding et al. 2007; 

Groves 2013) ï  

ὼ  ɮ ὼ ύ   (3.1) 

where, ὼ is the ὲὼρ state vector, ɮ  is the state transition matrix of size ὲὼὲ, ύ  is the 

uncorrelated white Gaussian process noise. 

The state vector comprises of the terms as shown in Equation (3.2).  

ὼ‏ ὸ‏‐‏ὺ‏ὖ‏  ὸ‏ Ὠ ὦ ὦ ὔ ȣ ὔ Ὅ ὶ                 (3.2) 

ὖ‏  ὺ‏ .ὤ is the error in the position represented in the ECEF frame‏ὣ‏ὢ‏ 

ὠ‏  ὠ‏ ὠ‏  is the error in velocity represented in the ECEF frame. ‏ ‐‏‐ ‐‏ ‐‏  is the 

attitude error in roll pitch and yaw. Ὠ  troposphere wet delay, ὦ is the accelerometer bias, ὦ is the 

gyroscope bias, ὔ ï is the carrier phase ambiguity for satellite i, ‏ὸ is the GNSS receiver clock drift 

error, Ὅ is the estimated ionosphere per satellite, and ὶ   is the receiver DCB per constellation (Park 

2004).   

3.2.2 Measurement model 

The measurement Equation is given by Equation (3.3). 

ᾀ Ὄὼ ὺ  (3.3) 

ᾀ is the measurement vector of size mὼρ, Ὄ  is άὼὲ design matrix, and ὺ is the uncorrelated white 

Gaussian measurement noise. 

As explained in the previous section, the residuals between the PPP corrected GNSS measurements 

(code and carrier phase pseudoranges) and the predicted IMU measurements (code and carrier phase 

pseudoranges), and the GIM-constrained ionosphere measurements are the inputs to the EKF as 
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represented in Equation (3.4). Doppler measurements from the GNSS receiver are not used as code and 

carrier phase measurements provide accurate enough velocity estimates for the target application that is 

propagated through dynamic model.  
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(3.4) 

In Equation (3.4), ”  represent the code pseudorange measurement of i th satellite, ”  is the 

predicted code pseudorange measurement for the i th satellite, •  represent the carrier phase 

pseudorange measurement of i th satellite, •  is the predicted carrier phase pseudorange measurement 

for the i th satellite, Ὅ  is the slant ionosphere delay, and ὶ  is the receiver DCB and ὋὍὓ  is the 

GIM product. 

The design matrix H is shown in Equation (3.5). It consists of the design model for GNSS-related 

states.  
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(3.5) 

The first three columns are the partial derivates of the 3D vector position coordinates with respect to 

each satellite followed by 1x3 velocity and attitude vector entries.  The next column has an entry ñ1ò 

for clock bias followed by clock drift. The troposphere dry component is modelled and the wet 

component is estimated according to Boehm et al. (2006) to reduce the impact of errors in the estimation 

process. ‗ is a partial derivative for the ambiguity terms ὔ‗. The last two columns are ionosphere and 

receiver DCB related entries for ionosphere constraining (IC). 
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3.3 Ionosphere constraining 

One bottleneck that causes longer convergence time using the PPP technique is the estimation of 

ionosphere error. To improve ionosphere estimation during initialization, as well as re-convergence after 

signal loss, usage of Global Ionospheric Map (GIM) correction IC has been explored by various 

researchers including Cai et al. (2017a), Aggrey (2018), and Banville et al. (2019). The previous research 

claims to decrease the convergence time by ~40-50%. In this research, the ionospheric parameters have 

been constrained using GIM using one-day predicted GIM by the Center of Orbit Determination in 

Europe (CODE). Typically, in PPP processing, ionospheric estimates contain a receiver Differential 

Code Bias (DCB)/code hardware delay lumped into it. In order to be able to perform constraining with 

GIM, the receiver DCB needs to be estimated. Therefore, ionosphere delay can be expressed as:  

Ὅ Ὅ ὶ  (3.6) 

In Equation (3.6), Ὅ  is the ionosphere delay combined with receiver DCB, Ὅ  is the slant ionosphere 

delay, and ὶ  is the receiver DCB. The constraining is achieved by forming pseudo-observations 

between the estimated ionosphere delay, GIM products, and the estimated ὶ . The misclosure for the 

pseudo-observable is shown in Equation (3.7). 

ὡ Ὅ ὶ ὋὍὓ  (3.7) 

3.4 Stochastic Modelling 

Stochastic modelling for any estimation filter forms an important aspect to attain results closer to reality. 

Measurement weighting needs to be adopted according to the quality of the hardware of the sensors used 

and the process noise has to be implemented based on the level of understanding of the dynamics of the 

system. Both measurement uncertainty and system dynamics are key to achieving optimal estimation 

results.  
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3.4.1 Measurement noise modelling 

Figure 3-3 shows that both code and phase residuals depend on satellite elevation angle with high-

elevation satellites having less noise than low-elevation ones. Therefore, an elevation-dependent 

weighting scheme is used as shown in Equation (3.8) which is improvised from Eueler and Goad (1991). 

 

Figure 3-3: Dependence of code and phase residuals on elevation angle for a sample 24-hour SwiftNav 

Piksi dataset 

ʎ
ʎ

ὥ ρ ὥίὭὲὉ
 (3.8) 

ʎ  is the measurement standard deviation when the satellite is at the zenith, ὥ is set to 0.15. The value 

for ὥ was chosen based on various tests that were conducted by varying the values for ὥ, and Ὁ which 

is the elevation angle of the satellite. The key to good weighting is therefore the choice of ʎ . To 

estimate the accurate value of ʎ ȟ a calibration is performed based on the type of receiver measurements 

used (geodetic, low-cost, smartphone etc.). To do so, it is postulated that both code and phase residuals 

represent the measurement noise and that most other errors are correctly estimated. The least-squares 
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adjustment model in Equation (3.9) is used for the estimation of both ʎ  and ʎ  (Eueler and Goad 

1991). 
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(3.9) 

3.4.2 System modelling 

The IMU state transition matrix and process noise modelling are discussed in this section. The IMU 

states estimated in the ECEF frame are represented in Equation (3.10). 
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(3.10) 

ὶ‏  is the 3D- position error vector, ‏ὺ  is the 3D-velocity error vector, ‏‪  is the 3D attitude error, 

ὦ is the accelerometer biases vector and ὦ is the gyroscope biases vector. The superscript e denotes 

the ECEF frame. In a discrete form, the transition matrix is shown in Equation (3.11). The complete 

derivation of the state transition matrix is given in (Groves 2013).  
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In Equation (3.11), Ὂ ὅὪ ,ͮ Ὂ  
ȿ ȿ

. ὅ  is the estimated direction cosine 

matrix that can convert the Ὢ  specific force from body frame to ECEF frame. ὒ  is the estimated 

latitude solution from the previous epoch. 

The variance matrix of process noise (Q) is an important factor to tune the EKF in an integrated 

navigation system involving an IMU sensor. The main contributing factors to the process noise 

involving an IMU are the random walk of velocity error due to noise in specific force measurements 

and the random walk error of attitude due to noise in the angular rate measurements. The in-run bias 

states for the accelerometer and the gyroscope are modelled as white noise when they are not separately 

estimated (Groves 2013). The process noise can be approximated as shown in Equation (3.12). † is the 

state propagation interval. Ὓ  and Ὓ  represented in Equation (3.13) are the power spectral densities 

for accelerometer and gyroscope noise while Ὓ  and Ὓ  represented in Equation (3.14) are the 

power spectral densities for accelerometer and gyroscope bias. „  and „  are the accelerometer and 

gyroscope measurement noise standard deviations. 
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  (3.12) 

 

 

Ὓ „ὶὥ
ς†Ὥ ;  Ὓ „ὶὫ

ς†Ὥ (3.13) 

Ὓ   ; Ὓ   
(3.14) 

† is the interval between the output of the accelerometer and gyroscope to the inertial navigation 

equations. „  and „  are the accelerometer and gyroscope dynamic biases, respectively. The scale 

factor error, cross-coupling error, and g-sensitivity errors are not modelled or estimated, and rather they 
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are approximately compensated for by assigning large modelled accelerometer and gyro random noise 

(Groves 2013). Therefore, an approximated gyro and accelerometer modelled random noise is increased. 

The ionosphere and clock states are assigned large process noise ~ 105 m while the float ambiguity states 

are estimated as constants.  

While considering using an IMU for navigation purposes, the first thought is the drift that is induced by 

the biases in the measurements that needs to be taken care of. Especially with low-cost IMUs, the biases 

in the measurements increase as lower-cost components are used. In order to constrain the drift in the 

IMU measurements, vehicle motion constraints need to be used. The details and further results are 

discussed in the next chapter.  
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4 BENEFITS OF MOTION CONSTRAINING 

FOR ROBUST NAVIGATION  

The results presented in Vana et al. (2019b) assessed the accuracy performance of a low-cost DF GNSS 

+ IMU integration and its performance during a GNSS signal loss. The study proved that a TC algorithm 

produces decimetre-level integration results and accuracy remains at the decimetre-level, even when 

there are only 3 or 4 satellites available for use in the navigation solution. However, IMU measurements 

drift with time and need to be calibrated promptly. As a continuation to Vana et al. (2019b) zero velocity 

updates (ZUPT), zero angular rate update (ZARU), land vehicle (LV) constraints, and height constraints 

are applied to assess if such mathematical/physical constraining benefits low-cost DF GNSS PPP + 

MEMS IMU integration. The research discussed in this Chapter is published in Vana et al. (2020) 

ZUPT is applied in the Extended Kalman Filter (EKF), once the algorithm detects that the vehicle is 

stopped. There are various ways to determine if the navigation system is stationary based on the 

application. Non-holonomic constraints (NHC) or motion constraints take advantage of physics 

knowledge in regard to movement of a vehicle to calibrate the IMU (Groves 2013). NHC or motion 

constraints also known as LV constraints are based on the fact that a vehicle does not skid or fly. The 

erroneous estimations by the filter can be corrected based on physical knowledge. The details of ZUPT, 

ZARU, LV, and height constraining are explained in detail in Sukkarieh (2000), Shin et al. (2005), 

Godha (2006), and Angrisano (2010).  

Duong et al. (2017) discuss the benefits of applying ZUPT on a low-cost GNSS and IMU integrated 

system. The authors demonstrate that applying NHC and ZUPT to a low-cost GNSS/IMU system brings 

~70% improvement to the position and velocity solution and 46% betterment to the yaw angle. Various 

works such as Godha and Cannon (2007), Cai et al. (2017b), Li et al. (2017a), and others also discuss 

constraining the solution based on NHC and physical knowledge but do not involve PPP augmentation. 

Research in GNSS PPP + IMU such as Niu et al. (2012), Elsheikh et al. (2018) and, Liu et al. (2018) 
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discuss and explain ZUPT, LV constraints; however, they do not explain and quantify the impact 

constraining makes on the accuracy or continuity of the estimation/solution. In the current research 

(Vana et al. 2020), details of the constraining will be explained for a tightly-coupled (TC) architecture 

and the impact of these constraints will be discussed. The objective of this research is to assess how 

constraints help in improving the position, velocity, and attitude solution accuracy for a TC integrated 

low-cost DF GNSS PPP + IMU system. The improvements contributed by constraining will be 

quantified based on hardware and field tests conducted in this research work. The novelty in this research 

comes from analyzing the impact of constraining the user position solution while using low-cost sensors 

involving DF GNSS, augmented with PPP and a MEMS IMU, which is a unique combination not 

evaluated by any other published work so far. 

Many next-generation applications such as low-cost autonomous vehicles, location-based services, low-

cost augmented reality, robotics, etc. seek a high accuracy position solution using low-cost hardware. 

The accuracy requirement of such applications is at the decimetre-level (Bisnath et al. 2018b). 

Constraining certain states in the estimation procedure can help in achieving decimetre-level accuracy 

using low-cost sensors, which is otherwise attained only by using expensive sensors. Since software-

based solutions are usually more affordable than hardware ones, software-based enhancements such as 

constraining the solution based on sensor knowledge help in reducing overall hardware expenses used 

in a system. Since this work is targeted toward low-cost autonomous, UAVs, and other mass-market 

applications, the position accuracy requirement targeted is the decimetre-level. 

The hardware used for this part of the work are SwiftNav Piksi GNSS receiver, geodetic grade GPS1000 

antenna and Inertial Sense uINS. The measurements from GNSS receiver are used in DF uncombined 

mode and fused with the IMU using TC integration. 
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4.1 Zero velocity update and zero angular rate update 

ZUPTs and ZARUs are performed when a vehicle is stationary. However, the impact of ZARU/ZUPT 

is more evident during partial/complete GNSS signal loss. Since the navigation system uses MEMS 

IMU, short periods of the stationary condition of the vehicle help in calibrating IMU errors. There are 

various techniques to detect the stationary motion of the application for which the integrated system is 

being used. In the case of land vehicles, the estimated horizontal velocity itself can be used with a 

threshold to compare against. The threshold will depend on the quality of the IMU. Since a MEMS IMU 

is used in this research work, 0.5 m/s is used as the threshold to detect if the vehicle is stationary 

(Aggarwal et al. 2010). 0.5 m/s has been chosen for the horizontal velocity threshold based on literature 

(Aggarwal et al. 2010) and experiments. The method to detect a stationary condition varies if used in 

robotics or pedestrian navigation (Venable 2009; Ramanandan et al. 2010).  

Equations (4.1) and (4.2) represent the misclosure and design matrix for ZUPT, respectively (Groves 

2013).  

ᾀ  π ὠ                                                                   (4.1) 

Ὄ  π Ὅ π  π π π            (4.2) 

The misclosure in Equation (4.1) is formed with the assumption that when a stationary condition is 

detected, then the estimated vehicle velocity should be zero. The negative identity matrix entry for the 

velocity state in the design matrix (Equation (4.2)) is a result of the partial derivative of the misclosure 

with respect to estimated velocity ὠ state. 

Over a time interval Ўὸ, if the IMU biases are not compensated for, the position solution drifts by Ўὸ, 

which implies that when the vehicle is stationary, the velocity information is more accurate than the 

position information. Therefore, calibrating velocity computed by the IMU aids in attaining improved 

state estimates, while stopped and during GNSS signal outages. 
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Based on the application, ZARU can be applied in various contexts. However, for a land-based vehicle, 

it makes sense to apply only when it is stationary. ZARU can also be applied when the vehicle is moving, 

but along one direction: heading. The direction of movements needs to be detected. In this research, 

ZARU is applied only when the vehicle is stationary. The attitude correction in the EKF estimate can 

be constrained by applying ZARU (Groves 2013) as shown in Equations (4.3) and (4.4).  

ᾀ  ύ                              (4.3) 

Ὄ  π  Ὅ ȣ                     (4.4) 

The measurement noise covariance for ZARU consists of the standard deviation due to vibrations and 

disturbances when the vehicle is stationary or when a zero angular rate output is expected (Groves 2013). 

When the vehicle is stopped, the angular rate is theoretically expected to be zero. If the gyroscope 

measures any non-zero value, it is expected to be the bias in the measurements. In other words, when 

the vehicle is stopped, the gyroscope bias can be calibrated and adjusted. 

4.2 Land vehicle constraining 

The calibration and estimation of IMU states depends on the GNSS states. To improve the accuracy in 

estimating the IMU states during loss of GNSS signals, certain constraints can be imposed by 

understanding the type of application in which the GNSS PPP and MEMS IMU integration will be used. 

Since this research is performed for an automotive application, vehicles do not move sideways or in a 

vertical direction in the body frame. In other words, a car typically will not skid to any great extent or 

fly. Therefore, in the body frame, the y and z-axis velocities should practically be zero (Sukkarieh 2000; 

Godha 2006; Groves 2013; Chiang et al. 2013). In other words, all axes perpendicular to the forward 

motion will be zero. Figure 4-1 shows the representation of the body frame on the vehicle. The X-axis 

is along the forward motion of the car, the z-axis points downwards, and the y-axis completes the right-

handed system.  
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Figure 4-1: Figure indicating body frame axes on a land vehicle 

Equation (4.5) states that all velocities except the forward velocity should be zero. 

ὠ πȠὠ π                                                     (4.5) 

In order to apply the LV constraint, ECEF mechanized IMU velocity should be converted to body frame 

velocity, which can be performed using Equation (4.6). ὠ is the velocity in ECEF frame and ὅ  is the 

direction cosine matrix (DCM) to convert the Earth frame to the body frame. To compute ὅ  attitude is 

first transformed from ECEF frame to local-navigation and then from local-navigation frame to body 

frame. However, for simplicity, the final DCM matrix is represented in Equation (4.6). The details of 

the transformation is explained in subsection 2.2.3. 

ὠ ὅὠ                                                         (4.6) 

Adding perturbations to Equation (4.6) gives Equation (4.7). Ὁ  is the skew symmetric matrix of 

misalignment error states. Simplifying Equation (4.7) results in Equation (4.8). Details of the derivation 

can found in Sukkarieh (2000), Godha (2006), Groves (2013) and, Chiang et al. (2013). ὠὼ is the 

skew symmetric matrix of ὠ.  

ὠ  ‬ὠ Ὅ Ὁ ὅ ὠ  ‬ὠ                               (4.7) 

‬ὠ ὅ‬ὠ ὅ ὠὼ‐                         (4.8) 

Measurement misclosure for the LV constraints is given in Equation (4.9). 

Vbx  

Vbz  

Vby  
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Measurement noise for ᾀ  should be assigned based on misalignment errors (Shin 2001). LV 

constraints, equivalent to the ZUPT is applied to only two axes. However, LV constraints can be 

continuously applied during processing and not just when the vehicle is stopped (Groves 2013).  

4.3 Height constraining 

For a land-based application, while driving in a relatively flat region, one does not expect a variation 

larger than a few metres in the topography of the road surface over short horizontal distances. Therefore, 

in the case of an outage, a reference height can be used to constrain the height parameter in the estimation 

process.  Constraining one of the states in the estimation process helps in removing one unknown 

parameter and aids in improving horizontal accuracy as well. Implementing such a constraint is useful 

in environments such as urban canyons, tunnels, etc., where the change in topography, as well as 

available satellite measurements for the solution, are limited (Godha 2006; Angrisano 2010).  ᾀ  in 

Equation (4.10) is the misclosure for height constraining, which is the difference between the reference 

height and the height computed from IMU mechanization in local-navigation (LLH) coordinate frame. 

ᾀ  Ὤ Ὤ                                                                                                                                           (4.10) 

The measurement in Equation (4.10) is in local-navigation (LLH) coordinate frame while the system 

error states are in ECEF reference frame. The measurement model needs to be derived by computing 

partial derivatives relating to the geodetic and Cartesian coordinates as shown in Equation (4.11) Godha 

(2006). 

ὶ ὔ Ὤὧέί‗ ὧέί ‰

ὶ ὔ Ὤὧέί‗ ίὭὲ ‰

ὶ ὔρ Ὡ ὬίὭὲ ‗

 

(4.11) 
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In Equation (4.11), ὶ, ὶ and ὶ are x, y and z Cartesian coordinates, ‰ is the latitude, ‗ is the longitude 

and Ὤ is the height, ὔ is the Prime vertical radius and Ὡ is the eccentricity. The formula for N is given 

in Equation (4.12).  

ὔ ὥȾρ ὩÓÉÎ‰ (4.12) 

In Equation (4.12), a is the semi-major axis equivalent to Earthôs mean equatorial radius in World 

Geodetic System 1984 (WGS 84) frame. The design matrix for error in Cartesian coordinate z is given 

by Equation (4.13). For simplicity, only z coordinate is given in Equation (4.13). 

ὶ‏  Ὄ Ὤ‏

Ὄ  ὃρ Ὡ ÓÉÎ‰ ὔρ Ὡ ÃÏÓ‰ ὬÃÏÓ‰ π ÓÉÎ‰
 

(4.13) 

In Equation (4.13), ‏ is the error and A is given by Equation (4.14). 

ὃ  
ὥὩÓÉÎ‰ÃÏÓ‰

ρ ὩÓÉÎ‰
 

(4.14) 

The final design matrix to apply the constraint is given by the inverse of the H matrix in Equation (4.13). 

4.4 Case studies on impact of using vehicle constraints 

To evaluate the benefits of the DF GNSS PPP + IMU integration by applying the ZUPT/ZARU, LV, 

and height constraints, kinematic data were collected by driving around the York University campus in 

Toronto, Canada. The low-cost sensors used were a SwiftNav Piksi-Multi GNSS receiver and a uINS 

MEMS IMU from Inertial Sense. The SwiftNav Piksi is capable of offering 1 cm level positioning 

accuracy in RTK mode with two Piksi-Multi receivers (SwiftNav 2012). The Piksi-Multi provides multi-

frequency and multi-constellation data. The uINS is a tactical grade MEMS IMU (Vector Nav Library 

2008). The specifications of the uINS are summarized in Table 4-1. The uINS also contains a uBlox SF 
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GNSS receiver and magnetometer. The antenna used for the rover was a geodetic grade antenna (model  

GPS1000) as an extension to (Vana et al. 2019b).  

The base station was set up on campus at a known location using another Piksi-Multi with a GPS1000 

geodetic antenna. The description of the setup used at the rover (the car) is shown in Figure 4-2. The 

Piksi and uINS were placed in the car trunk and a geodetic antenna was placed on the car roof. Data 

were collected on 17 June 2019 (DOY 169). The GNSS sampling rate was 5 Hz, whereas the IMU data 

were collected at 100 Hz. Raw GNSS and MEMS IMU data collected were post-processed using the 

York PPP + IMU software.  

Table 4-1: Specifications of Inertial Sense uINS MEMS IMU 

Sensor IMU -Gyros IMU -Accels 

Bias Repeatability <0.2°/sec <5 mg 

In-Run Bias Stability < 10°/hr <40 ɛg 

Random Walk 0.15°/Ѝ▐► 0.07 m/s/Ѝ▐► 

Figure 4-3 is the track of data collected for kinematic testing. The vehicle was stationary for the first 4 

minutes and then it was driven around the city. At the end of the track, the vehicle was stationary for a 

few more minutes. The yellow rectangular box on the track shows the area where there was an underpass 

and the number of satellites available dropped to one for a few epochs. The reference solution is derived 

from NovAtelôs Inertial Explorer software by post-processing the base and rover files in RTK mode in 

both forward and backward mode and then smoothed. 
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Figure 4-2: Rover equipment setup diagram with geodetic grade GNSS antenna (model GPS1000) and 

SwiftNav Piksi 

 

Figure 4-3: Track of the data collected using Piksi-Multi and uINS 

Tests conducted are assessed for the performance of the algorithm with and without constraining (ZUPT, 

ZARU, LV, and height constraining) of the solution. When there is no GNSS signal outage, the GNSS 

1 km 
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PPP + IMU algorithm performs with a horizontal accuracy of 9 cm and vertical accuracy of 25 cm after 

a 15-minute convergence period. 

Figure 4-4 is the horizontal position solution of the data collected by post-processing with the GNSS 

PPP + IMU TC algorithm. The colour bar on the right side of Figure 4-4 represents the horizontal 

accuracies along the track. It can be noticed that when the vehicle moved out of the parking lot, which 

is in the right bottom corner, the accuracy is at the metre level and then the accuracy slowly reduces to 

less than a decimetre as the PPP GNSS + IMU solution converges. As highlighted in Figure 4-3, there 

is a solution gap when the vehicle passes through the underpass and the accuracy also decreases to the 

sub-metre level and gradually reconverges again to the decimetre-level.  

 

Figure 4-4: Figure representing track with accuracies 

4.4.1 Zero angular rate update 

Applying ZARU aids in calibrating the yaw angle when the vehicle is stationary. Figure 4-5 is the 

heading estimate with and without ZARU constraint applied. The vehicle is stationary for the first four 
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minutes and last two minutes while waiting in the parking lot. It is evident that with no ZARU constraint 

applied, the heading drifts. The maximum drift in the yaw angle when no constraints are applied is 180º. 

After the constraint is applied, the maximum drift is 15.1º over the initial stationary period.  While there 

is no GNSS signal outage, the position and velocity accuracy remains at 0.1 m and 0.1 m/s, respectively.  

When ZARU was not applied in the initial period while the car was parked in the open sky parking lot, 

the rms of the yaw angle was 113.1º. After applying the ZARU constraint, the rms error was reduced 

dramatically to 15.4º.  Therefore, by applying ZARU on the DF GNSS PPP + IMU algorithm, there is 

an 86% improvement in the heading estimation rms for the data processed. Duong et al. (2017) claim a 

46% improvement in heading after applying ZARU. The improvement in attitude solution helps in 

calibrating the gyroscope measurements. Although low-cost equipment has been used in the current 

research, PPP augmentation and appropriate measurement weighting has made a positive impact on the 

solution accuracy. 

 

Figure 4-5: Plot of yaw angle before and after applying ZARU 
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4.4.2 ZUPT and LV constraining 

A 30 seconds partial GNSS signal outage is simulated after 1200 seconds in the data to assess how the 

horizontal and vertical solution performs while the vehicle is stationary. The partial signal outage 

simulated in this part of the work is implemented by excluding measurements for processing during 

post-processing. While there is a GNSS signal loss, there are not enough measurements to compute all 

the unknown states. Therefore, the accuracy with which the states are calculated, specially IMU states, 

will  suffer because IMU states need frequent calibration from another sensor such as GNSS. During the 

simulated partial signal loss, the performance of the solution with only four as well as three satellites 

was tested. Figure 4-6 shows a comparison of horizontal position error when: 1) there is no GNSS signal 

loss; 2) when there is a signal loss (only three satellites are available) but ZUPT constraints are not 

applied; 3) when there is a signal loss and ZUPT constraints are applied while there were only four 

satellites available; and 4) when there is a signal loss and ZUPT constraints are applied while there were 

only three satellites available. Figure 4-7 gives statistics of the horizontal/vertical position rms during 

the signal outage period. During the signal loss, if no constraining is applied, the horizontal rms spikes 

to 1.4 m when there are only three satellites available to compute the position solution. Whereas, when 

ZUPT constraining is applied during the signal loss, the rms remains at the decimetre-level: 21 cm when 

there are three satellites available and 15 cm when four satellites are available to compute the solution. 

Therefore, for this particular test, applying ZUPT makes the solution 10 times better by reducing the 

metre-level error to the decimetre-level. Results show that applying constraints helps the integrated 

solution behave as per requirements (decimetre-level) in GNSS denied environment with aid from an 

IMU. 
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Figure 4-6: Plot of horizontal error with GNSS signal loss with constraining and without constraining 

It is also interesting to note that, after the outage, the solution does not immediately revert to the pre-

outage level of accuracy. An EKF depends on the information from the previous epoch to conduct the 

prediction portion of the filter. Therefore, re-convergence depends on the geometry of the available 

satellites and the covariances of the states during the outage. Convergence after the outage also depends 

on the number of satellites that were available during the signal outage. The statistics for the solution in 

Figure 4-6 is given in Figure 4-7, including the horizontal and vertical accuracies from different 

scenarios.  When compared to no-constraining, applying ZUPT to the solution demonstrates an 85-89% 

improvement in the horizontal and 89-93% betterment in the vertical, depending on the number of 

satellites available during the outage. 
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Figure 4-7: Comparison of horizontal and vertical rms in different scenarios 

LV constraining is tested by choosing a portion of the data when the vehicle is stationary for some time 

and then moves. The impact on velocity estimation by applying LV constraints was examined by 

introducing a 30-second GNSS signal outage after 1500 seconds of data collected. Figure 4-8 is a 

horizontal velocity estimation plot during the period of partial GNSS signal loss. Table 4-2 shows a 

summary of the velocity estimation accuracy in different scenarios. During the signal loss, there were 

only four satellites available. It can be seen that horizontal velocity has the most impact when there is a 

signal loss.  

By applying the LV constraint during the signal loss, the horizontal velocity rms is 12 cm/sec and when 

there is no signal loss, the velocity accuracy is 11 cm/sec. Therefore, this test proves that the velocity 

estimate during a signal loss is comparable to when there is no GNSS signal loss. The standard deviation 
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of measurements considered in this experiment is 0.03 m/sec. It is chosen based on the heading accuracy 

the IMU can attain.  

 

Figure 4-8:2D velocity error comparison when ZUPT and LV constraints are applied 

Table 4-2: rms values for position and velocity with and without ZUPT and LV constraining 

 With signal loss 

and constraining 

With signal loss 

and no 

constraining 

No signal loss 

Horizontal velocity rms [cm/s] 12 21 11 

Vertical velocity rms [cm/s] 20 21 20 

4.4.3 Height constraining 

The impact of imposing height constraining on the position solution is assessed in this section. After 

1200 seconds in the data collection, a 30-second data outage with only 4, as well as only 3 visible 

satellites were introduced. The partial signal outage simulated in this part of the work is implemented 

by excluding measurements for processing during post-processing.  Constraining height not only helps 

in improving the vertical position solution but also in the horizontal solution. Figure 4-9 and Figure 4-10 

illustrate the horizontal and vertical errors when 1) GNSS signal loss was simulated and there was no 

height constraining imposed in the solution, 2) when GNSS signal loss was simulated and height 
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constraining was imposed (when three and four satellites were available), and 3) when there was no 

simulated signal loss. The position solution with no constraints applied during the simulated outage has 

only three satellites available.  

 

Figure 4-9:Horizontal error comparing with and without height constraining 
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Figure 4-10: Vertical error comparing with and without height constraining 

When height constraining is not imposed during GNSS signal loss on the solution, the maximum 

horizontal drift in the solution is 3 m (when only three satellites are available for the estimator). When 

the constraint is applied, it remains at the decimetre-level in both three and four satellites availability 

cases. In the case of vertical error, when the height constraint is not used during the GNSS signal outage, 

the maximum vertical position drift is 7.5 m, whereas when the height constraint is applied, it is limited 

to a sub-metre level. 

Figure 4-11 summarizes rms of the behaviour of the DF GNSS PPP + IMU solution during the GNSS 

signal loss with and without height constraint being imposed. Both horizontal and vertical rms remains 

at the decimetre level while the height constraint is applied. When a simulated signal outage was created, 

the algorithm performs very well, producing a positioning accuracy of 19 cm in horizontal and 30 cm 

in vertical, when only three satellites were available for position computation. When four satellites were 

available to compute the position solution, the algorithm performs at a horizontal accuracy of 15 cm and 

20 cm in the vertical direction. These results prove that, for this dataset, using a vertical component 
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constraining definitely improves both the horizontal and vertical solution accuracy and keeps the 

solution within the expected and required accuracy levels.  

  

Figure 4-11: Comparison of horizontal and vertical rms in different scenarios 

From Figure 4-11, when height constraint is applied, the rms improves by 87% and 89% in horizontal 

when three satellites and four satellites are available, respectively, compared to when no constraining is 

applied. In the vertical direction, the improvement is around 90% in both three and four satellites 

availability cases compared to the solution with no constraining. 

The measurement noise chosen in this experiment is 0.2 m. This value was chosen because the outage 

occurred when the car was moving in a straight line on a relatively flat path and the duration of the 

outage is also small. The standard deviation needs to be chosen based on the land profile and duration 

of expected GNSS signal loss. 

4.4.4 All constraints 

The above sections explain the effect and result of applying each of these constraints individually on the 

navigation solution. In this subsection, the benefits of applying all constraints during a simulated outage 

is examined. Figure 4-12 presents the horizontal and vertical position solution errors when compared to 
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the solution that is not constrained during a GNSS signal outage and when there is no GNSS signal 

outage at all. The constraints applied to the solution are the ZUPT, ZARU, LV, and height constraints. 

During the simulated partial GNSS signal outage, two scenarios were tested: 1) three satellites available 

during the outage and 2) four satellites available during the outage. The position solution with no 

constraints applied during the simulated outage had only three satellites available. 

Figure 4-13 shows the rms comparison of the various scenarios tested for evaluating the solution when 

all the constraints were applied. Applying all the constraints when there is a signal outage shows a 

significant improvement in the solution when compared to the unconstrained solution. 

   

Figure 4-12: Horizontal and vertical error comparing with and without all constraints a applied 

From Figure 4-13, the horizontal solution exhibits 89% improvement when all three constraints are 

applied to the solution when compared to no-constraining on the solution during a GNSS signal outage. 

In terms of the vertical solution, applying all constraints attains 92- 93% betterment compared to the 

solution without any constraining. When the constraints ZUPT, ZARU, LV, and height constraints are 

applied together, the solution changes from metre-level to decimetre-level accuracy. It has been 

observed that adding a height constraint to the solution that is already constrained with ZUPT/ZARU 

and LV constraints does not bring a significant improvement in the solution accuracy, as the velocity 

and attitude are already corrected for by the ZUPT/ZARU and LV constraining. The same conclusion 
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was drawn in the research conducted by Godha and Cannon (2007). However, decimetre-level accuracy 

improvement is noticed in the vertical direction when all constraints are applied to the solution compared 

to each individual constraint. This observation is especially valid when there are only three satellites 

available for the position estimation.  

 

Figure 4-13: Comparison of horizontal and vertical rms in different scenarios when all constraints are 

applied 

4.5 Summary 

In this research, the prominence of applying vehicle motion constraints on a low-cost, DF GNSS PPP + 

IMU algorithm is assessed and quantified. Typically, software algorithms come at a cheaper price than 

hardware. Using a low-cost GNSS receiver with PPP processing (that does not need any additional local 

infrastructure), integrated with a low-cost MEMS IMU, can be put to best use by applying constraints 

such as, ZUPT, ZARU, LV constraint, and height constraints. Due to in-built biases in a MEMS IMU, 

some non-zero acceleration and angular rate measurements are observed by the sensor while at rest. 

Constraining this behaviour based on physical facts makes the integrated solution less noisy and 

divergent. Applying such constraints is most helpful when there is a partial or complete GNSS signal 

loss, as there would be less measurement redundancy in the epoch estimation. To evaluate the impact 
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that ZUPT, ZARU, LV, and height constraining can bring to DF GNSS PPP + IMU, low-cost SwiftNav 

Piksi multi-GNSS receiver, geodetic antenna GPS1000 (SwiftNav), and Inertial Sense uINS MEMS 

IMU were used in the experiments. Experiments were conducted in an urban environment by driving in 

a car for ~40 minutes. The conclusions presented in this work are based on the hardware and fieldwork 

conducted.  Further evaluation and analysis will be performed to assess the algorithm further by using 

additional data and different hardware. The following research questions have been considered and 

addressed. 

What are the benefits of applying ZARU to low-cost DF-GNSS-PPP+IMU integration? 

Based on the physics when a vehicle is stationary, one would expect the gyroscope to measure 0 turn 

rates. However, due to the presence of bias errors, this is not the case. In one test conducted, the vehicle 

was stationary for approximately 4 minutes and the yaw angle drifted by 180º. After applying the ZARU 

constraint, yaw drift drastically reduced to 15.1º. As heading is an integral part of vehicle navigation, it 

needs to be estimated with greater accuracy. The rms error was reduced by 86%.  

What are the benefits of applying ZUPT/LV constraining to low-cost DF GNSS PPP + IMU integration? 

ZUPT and LV constraining can be considered as the same topic, as vehicle constraining is continuously 

applied to reject ñwrongò (physically meaningless) measurements from an IMU in the local y and z axes. 

ZUPT is applied only when the vehicle is stationary, as one would expect the accelerometer Z axis to 

measure gravity as 9.81 m/s2 and gyroscopes to measure 0 turn rates. However, due to the presence of 

bias errors, this is not the case. Applying ZUPT constraining during 30 seconds of simulated GNSS 

signal outage, significantly improved the horizontal position by 85-89% and 89-93% in the vertical 

direction compared to the no-constraining solution. Applying LV constraining, the velocity accuracy 

improved from 0.2 m/s to 0.1 m/s. This magnitude of improvement in position and velocity state 

estimates represents an enormous impact in low-cost sensor integration given the performance quality 

of such hardware. Work conducted by Duong et al. (2017) indicates ~70% improvement in position 
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solution when compared to 85-89% improvement with current work where PPP augmentation is used. 

ZUPT makes the solution 10 times better when the constraint is applied compared to no-constraining. 

What are the benefits of applying height constraining to low-cost DF GNSS PPP + IMU integration? 

From the results of specific road tests, vertical component constraining not only improves vertical 

accuracy, but horizontal accuracy as well. By imposing vertical component constraining, both the 

horizontal and vertical accuracies remain at the decimetre-level, as opposed to metre-level accuracy with 

no such constraining.  

Does applying all constraints to low-cost DF GNSS PPP + IMU integration help in improving the 

solution accuracy? 

During a partial GNSS outage, when ZUPT, ZARU, and LV constraints are applied, there is a significant 

positive impact on the position solution accuracy as explained in the previous inferences. When height 

constraining is also applied while ZUPT, ZARU and LV constraints are already functioning, there is no 

significant further improvement observed in the horizontal positioning solution whereas, a decimetre-

level betterment was noticed in the vertical solution.  

Novel research contributions through this work are assessing and quantifying the influence of 

constraining the solution based on physics and minimizing the effect of physically meaningless 

measurements from contaminating the estimation process. Constraining the solution for a DF GNSS 

PPP + IMU has been discussed in other papers (Elsheikh et al. 2018; Liu et al. 2018), however, these 

papers only discuss the efficiency of the entire algorithm and do not focus on the benefits the algorithm 

gains just due to constraining. Godha and Cannon (2007) also discuss the improvements achieved by 

using constraining on the solution, but the positioning method used is DGPS (Differential GPS) which 

requires additional infrastructure. The PPP technique used in this paper is a standalone technique with 

no additional infrastructure investment involved.  
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Applying mathematical/physical constraints on the low-cost hardware: GNSS and IMU in the integrated 

solution improves the solution from metre-level accuracies to decimetre-level accuracy during a partial 

GNSS signal loss. Modern applications such as low-cost autonomous, augmented reality, robotics etc. 

that require decimetre-level accuracies can potentially find the DF GNSS PPP + IMU integrated solution 

with constraining most useful instead of investing in more expensive hardware.  

With the introduction of TF low-cost GNSS receivers in the market, in the next chapter, TF GNSS PPP 

+ IMU solution accuracy is assessed in the open sky as well as in simulated outages environment. To 

further lower the cost of the hardware, a multi-frequency sensitive patch antenna, and industrial-grade 

MEMS IMU are used. In an attempt to meet the decimetre-level accuracy demands by next-generation 

applications, motion constraints discussed in the current chapter and IC for GNSS measurements are 

applied. 
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5 PERFORMANCE OF LOW -COST SENSORS IN 

SIMULATED URBAN ENVIRONMENT  

In the previous Chapter, low-cost DF GNSS receiver and tactical grade MEMs IMU measurements were 

fused to examine the accuracy performance and the vehicle motion constraining. In recent times, low-

cost TF GNSS receivers appearing in the market mark a new beginning for achieving accurate and 

precise positioning using low-cost hardware. In this Chapter, low-cost hardware including TF GNSS 

receiver, patch antenna and industrial grade MEMS IMU are used to further lower the hardware costs. 

The performance accuracy of the low-cost hardware and software constraining (including motion 

constraining and IC) are analyzed in the open sky and by introducing simulated outages. Novel research 

contribution in this section comes from the distinctive combination of the low-cost hardware and 

software constraining used to achieve decimetre-level accuracy. The research discussed in this Chapter 

is published in (Vana et al. 2019b; Vana and Bisnath 2020; Vana 2021; Vana and Bisnath 2023). The 

TC integration and, IC background are discussed in Chapter 3 while vehicle motion constraining is 

described in Chapter 4.  

Field tests were conducted by collecting kinematic data in the vicinity of the York University main 

campus in Toronto, Canada. The GNSS receivers used in the setup are the Septentrio Mosaic-x5 GNSS 

module ï multi-band, multi-constellation, and triple frequency. The MEMS IMU used is the XSens 

MTi-7, which consists of an SF u-blox GNSS receiver, magnetometer, and a MEMS IMU. The 

specifications of the XSens MTi-7 are provided in Table 5-1. Based on these specifications and the 

specifications in VectorNav (2021), one can consider the XSens MTi-7 IMU to be an industrial-grade 

MEMS IMU. The antenna used in the setup is a triple-band patch antenna from Tallysman TW7972. 



73 
 

The patch antenna is capable of sensing GPS L1/L2/L5, GLONASS G1/G2/G3, Galileo E1/E5/E6, and 

BeiDou B1/B2 signals and has a good multipath rejection capacity.  

Table 5-1: Specifications of XSens MTi-7  

Sensor IMU gyros  IMU accels 

Operating Range +/-2000°/sec +/-16 g 

g-sensitivity 0.007°/sec/g - 

In-Run Bias Stability < 10°/hr 30 ɛg 

Non-linearity  0.1 % FS 0.5 % FS 

Noise Density 0.007°/s/ЍὌᾀ 120 ɛg/ЍὌᾀ 

 

Figure 5-1 is a pictorial representation of the setup used for the data collection. The Mosaic-x5 and MTi-

7 were placed on the car roof rack along with the Tallysman TW7972 antenna. In order to have a post-

processed RTK reference solution, a base station and a rover were set up using NovAtel PwrPak7 SPAN 

(enclosure including NovAtel OEM7 receiver and Epson IMU with low measurement noise) receiver 

connected to a NovAtel NOV-850 geodetic antenna. The base station was set up at a known location, 

while the rover high precision system was set up on the car roof beside the low-cost sensors. The 

frequency of GNSS data collected is 5 Hz and 100 Hz for the IMU. The raw GNSS and MEMS IMU 

data are post-processed with the York-PPP+IMU software.  
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Figure 5-1: Pictorial representation of data collection setup in the vehicle and at the base stat 

The experiment set up on the car roof is shown in Figure 5-2. The box on the car roof rack contains the 

low-cost sensors as well as the NovAtel PwrPak7 SPAN (an enclosure including NovAtel OEM7 

receiver and Epson IMU with low measurement noise). 

The geodetic antenna for rover reference, as well as the low-cost patch antenna, are placed on top of the 

box. The lever arm between the antenna and the IMU is measured accurately. Data were collected on 

January 02, 2021, DOY 002. Constellations used for processing are GPS, GLONASS, Galileo, and 

BeiDou. An elevation mask angle of 10° and German research centre for Geosciences (GFZ) rapid 

satellite correction products (ftp://ftp.gfz-potsdam.de/GNSS/products/mgex) have been used for 

processing. Rapid PPP products include satellite orbits and clock data published with a latency of one 

day. 

ftp://ftp.gfz-potsdam.de/GNSS/products/mgex
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Figure 5-2: Rover experiment setup on car roof 

Data collection was performed for about 40 minutes on surface roads and highways with some 

occasional stops at traffic signals in a suburban environment. The distance between the base station and 

rover was maintained at less than 6 km. Figure 5-3 shows the vehicle track. NovAtelôs Inertial Explorer 

software was used to post-process the data in RTK smoothed mode to provide a reference solution. 

  

Figure 5-3: Track of the collected data on Jan 02, 2021, near York University, Toronto, Canada 

Start 

End 

1.5 km 
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5.1 Multi -frequency GNSS PPP and MEMS IMU performance ï no 

outages 

Using the data collected on Jan 2, 2021, DF and TF GNSS PPP with MEMS integration has been 

assessed. First, the integrated solution with single-, dual-, and triple-frequency PPP + IMU performance 

in the open sky is analysed and in the following section, the accuracy performance of TF PPP + IMU 

with introduced outages has been examined. The horizontal error plots comparing DF PPP + IMU and 

TF PPP + IMU with and without IC are shown in Figure 5-4. The convergence threshold assumed in 

this case is the time taken for the horizontal rms to reach an accuracy of 10 cm. The convergence 

threshold of 10 cm is chosen based on the target applications specification under consideration in this 

research. The car was stationary for the initial 15 mins and then started moving.  

 

Figure 5-4: Horizontal rms plot of DF GNSS PPP+ IMU and TF PPP +IMU  

Table 5-2 summarizes the horizontal rms of the various integrated solutions under investigation. The 

benefit of IC is a reduction in the initial rms in both the DF and TF PPP integrated with IMU. The total 

rms of DF PPP + IMU and TF PPP +IMU with and without IC are different only by a few cm. However, 






































































































































