Scattering Amplitude Techniques in Classical
Gauge Theories and Gravity

by

Yilber Fabian Bautista Chivata

A Dissertation Submitted to
The Faculty of Graduate Studies
In Partial Fulfilment of the Requirements
for the Degree of
Doctor of Philosophy

Graduate Program in Physics
York University

Toronto, Ontario

July 2022

© Yilber Fabian Bautista Chivata, 2022



Abstract

In this thesis we present a study of the computation of classical observables in gauge theories and gravity
directly from scattering amplitudes. In particular, we discuss the direct application of modern amplitude
techniques in the one, and two-body problems for both, scattering and bounded scenarios, and in both,
classical electrodynamics and gravity, with particular emphasis on spin effects in general, and in four
spacetime dimensions. Among these observables we have the conservative linear impulse and the radiated
waveform in the two-body problem, and the differential cross section for the scattering of waves off classical
spinning compact objects. Implication of classical soft theorems in the computation of classical radiation
is also discussed. Furthermore, formal aspects of the double copy for massive spinning matter, and its
application in a classical two-body context are considered. Finally, the relation between the minimal
coupling gravitational Compton amplitude and the scattering of gravitational waves off the Kerr black

hole is presented.
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Chapter 1

Introduction

The more than 100 years old prediction made by Einstein for the existence of Gravitational Waves (GWs)
[8]', and the recent direct confirmation by the LIGO and VIRGO collaborations [9], started the so called
era of gravitational wave astronomy. This new window into the universe not only allows us to test GR to
an unprecedented degree of accuracy, but also permits observational investigation of theories of modified
gravity [10], while adding important new elements to the multi-messenger astronomy club, the latter
of which aims to look for the existence physics beyond the standard model [11]. In a nutshell, GWs
are perturbations of space and time that propagate through the universe carrying energy, linear and
angular momentum which can be measured in terrestrial detectors. Since the first event detected by the
LIGO collaboration in the fall of 2015, an order of 100 binary events have been subsequently detected
including events from BBH [9], Binary Neutron Star (BNS) [12], and the more exotic, Black Hole-Neutron
Star (BH-NS) system [13].

LIGO/VIRGO successful direct detection of GWs accounts for just the beginning of the gravitational
wave era. Indeed, it is of common knowledge an upgrade of the LIGO/VIRGO detectors will take place
within the next decade; this will be known as the era of the advance LIGO and VIRGO detectors,
A+ /Virgo+, and as a result, earth base gravitational wave instruments expect to observe an order of
10 binary events every two weeks [14], increasing the statistical power in the measurement of classical
gravitational observables in terrestrial detectors. Furthermore, the near future space-based LISA mission
is expected to join the Gravitational-Wave (GW) instruments club in the couple of decades, bringing
into the table access to binary merges of super massive black holes happening at large red-shift values
(z ~ 7) [15]; such events will be further added to the BBH gravitational wave catalog. Additional
GW observatories such as KAGRA [16], LIGO-India [17], the Einstein Telescope [18] and the Cosmic
Explorer [19], will make of GW astronomy a highly active area of research in the coming decades. These
will be instruments aiming to prove larger portions of the GW spectrum, ranging from frequencies of

10®H 2 (Sound frequencies) to 1073 Hz (the m-sound ) 2.

In order to analyze data obtained from these different observatories, more refined theoretical predic-

L Although see The Secret History of Gravitational Waves, for an interesting narrative on the development of the theory
of Gravitational waves.

2For a related discussion see Salam Distinguished Lectures 2022: Lecture 1: "What Gravitational Waves tell us about
the Universe", by A. Buonanno.


https://www.lisamission.org/articles/lisa-mission/lisa-mission-gravitational-universe
https://www.americanscientist.org/article/the-secret-history-of-gravitational-waves
https://www.youtube.com/watch?v=M_bbZttuJeE
https://www.youtube.com/watch?v=M_bbZttuJeE

tions — which are the basis of GW templates production — will be needed. Traditionally, the production
of GW template has been a collaborative effort that takes elements from Numerical Relativity (NR) [20],
BHPT and Gravitational Self-Force (GSF) [21,22], the PN formalism [23,24] and the Effective One
Body (EOB) method [25-28]. More recently, however, efforts have been focused on the BBH scattering
problem, in order to connect classical computations performed in the context of the PM theory [29-42],

with those approaches based on the classical limit of QFT scattering amplitudes [7,43-63].

The theoretical predictions relevant for GW observatories fall into the category formed by the so
called two-body. The two-body problem for coalescing compact objects — describing events such as those
observed in LIGO/VIRGO detectors — is customary divided into three stages. The earliest one is known
as the inspiral stage. This phase comprehends the majority of the coalescing process and is characterized
by the non-relativistic motion of the binary components; in addition, the gravitational attraction between
the two bodies falls into the weak regime which makes of perturbation theory a suitable candidate to
deal with the problem. The next stage is the merge. In this phase the two body collapse due to their
strong gravitational pull; the objects move with relativistic velocities and the problem becomes non-
perturbative, making of NR the, so far, suitable tool to study the complex dynamics of the system. The
final phase is known as the ring down, where a Kerr BH is formed from the combination of the two
coalescing compact bodies. This BH radiates GWs product of the excitation of its quasi-normal modes
until a static configuration is reached. The main tool tho study this final stage is BHPT. See Figure 1.1
for a reconstruction example of the coalescing process for the first GW detection GW150914.

To be more precise, the let us consider in more detail several of the scales involved in the two-body
problem. As already mentioned, a significant part of the observed GW signal is encapsulated by the
inspiral phases where there are ~ 10° cycles for the two bodies going around each other. This makes the
use of NR computationally expensive and therefore, analytic methods are more suitable to study such a
phase. The traditional method to deal with such endeavor has been the PN formalism. It assumes both
a weak field approximation (expanding in powers of G, the Newton constant, or more precisely GM /c?b,
with b the separation between the bodies), as well as a non-relativistic approximation (expansion in
powers of v2/c?, with v the typical velocities of the coalescing bodies). The current state of art results
for the two-body (conservative) dynamics is 5PN order [64] (See also Figure 1.3). Let us now imagine
the scenario where one of the compact objects is much more massive than its companion, i.e. where
the mass ratio condition mq/mgo > 1 is satisfied. Systems with such a property are known as extreme
mass ratio systems. A more suitable tool to study them is GSF, where the problem is effectively reduced
to solve for the geodesic motion of the small massive object in the gravitational background field of its
massive companion. One of the advantages of GSF over the PN approximation is that in principle GSF is
non-perturbative in the sense it only assumes an expansion in powers of my /ma, but can keep all orders in
G if desired, therefore accounting for parts of higher PN orders. See Figure 1.2 for typical systems where
these methods are used. An alternative analytic approach to the two-body problem in the inspiral stage
is provided by the PM approximation, which assumed the problem can be treated using an expansion in
powers of GM /c?b only. In reality, this approach is more suitable for the scattering problem as opposite
to the bounded orbits scenario. Nevertheless, since the PM approximation contains all powers in the

velocity expansion, it naturally encapsulates PN information for the bounded scenario by means of the
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Figure 1.1: GW150914 signal interpretation as as seen at Hanford observatory. The three stages of the
coalescing process are indicated. The lower plot shows the velocity of the components as function of their
spatial separation. Figure reproduced from [2].

virial theorem GM/c?b = v?/c? (See Figure 1.3). PM methods include worldline and classical methods,
as well as the more recent QFT approach as mentioned above. Let us finally mention the EOB method
(now days enlarged by the Tutti-Frutti method [64]) is the formalism that allows to put together the

information provided by the different approximations to the problem.

Of special interest for this thesis is the scattering amplitudes treatment of the two-body problem.
This approach has recently gained attention since it provides with a scalable way of dealing with the
two-body problem to very high orders in perturbation theory, while including spin [54,55,57] and tidal
effects [65]. This is possible due to having at hand all of the QFT machinery developed for particle
colliders such as double copy [66,67], unitarity methods [51], leading singularity computations [7], the
spinor helicity formalism [68], integration by parts identities [69, 70] and differential equations [71-75]
for loop integration, among some others. This arsenal of tools makes of scattering amplitude methods
a great candidate for hard core computations in gravity, and although these methods are valid only in
scattering scenarios, extrapolations to bounded scenarios are partially understood [36,37,76]; we will get

back to this in a moment.

At first it might seem a bit odd to use the QFT machinery to deal with problems which are of a purely
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Figure 1.2: Validity of the different methods producing gravitational wave templates in a typical BBH
system. Figure reproduced from [3].

classical nature. Let us however remember the correspondence principle states classical physics should
emerge from quantum physics in the limit of large quantum numbers; that is, in the limit of macroscopic
conserved charges such as mass, electric charge, orbital angular momentum, spin angular momentum,
etc. In the context of the two-body problem, the transition from quantum to classical physics has been
extensively studied [46,77], and with the introduction of the KMOC formalism [78], a more precise map
from the classical limit of scattering amplitude to classical observables in gauge theories an gravity has

been established. Among the objectives of the amplitudes program in the two-body problem we have [4]:

e The production of state of the art predictions for the inspiral stage of the two-body problem in

General Relativity and its possible modifications.

e Unraveling of hidden theoretical structures in the gravity, while looking for a scalable framework

for computing classical observables beyond the inspiral phase.

e The connection of non-perturbative solutions in classical gravity, to perturbative scattering ampli-

tudes realizations.

From a QFT setup, classical compact objects are understood as point particles dotted with a spin
multipole structure. Additional finite size effects such as tidal deformability can be taken into account
by including higher dimensional (non-minimal coupling) operators in the QFT description [65,79]. Then,
the amplitudes formulation of the two-body problem relies mostly (but not only) on the computation of

the 2 — 2 and 2 — 3 scattering amplitudes for spinning massive particles interchanging and radiating
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Figure 1.3: State of the art results for the GR two-body conservative potential. The horizontal lines in
the red box indicate the state of the art PM results, whereas the vertical lines correspond then to the PN
information currently available from PM methods. The dark blue triangle indicate the state of the art
PM-PN overlap analytic information available for gravitational wave template production, whereas the
light triangle indicates the required orders in v and G, needed by future detectors. Figure reproduced
from [4].

gravitons:

N\ N
My = . My

. (1.1)
PA/ \Kp2 Y

The classical limit of these amplitudes are then associated to conservative and radiative effects in the
two-body problem, respectively [78,80]. These will be some of the main objects of study for the present
thesis. Here it is precise to mention, for BHs, this Effective Field Theory (EFT) description can so far
only account for physics happening away from the BH’s horizon. In fact, the amplitudes description
of a Kerr BH actually describes a naked singularity rather than an actual BH, whose radius a, agrees
with the spin vector of the Kerr BH [81]. This means dissipation effects at the horizon are yet to be
understood in a QFT formulation of the problem, although there are already some hints from the classical
worldline approach [40, 82,83], as well as the amplitudes formulation of the scattering of waves off the

Kerr BH [84, 85].

In practice, the two-body dynamics is studied in two separated sectors as given by the two amplitudes
in (1.1): The first one corresponds to the conservative sector where not radiative effects are accounted
for (although radiation reaction effects are encapsulated in the conservative amplitude®). One of the
greatest achievements from the amplitudes computation is the solution for the conservative dynamics
at 4PM order (3 loops), for binary systems composed of scalar objects [86,87], and at 2PM including
spin effects up to quartic order [88], with recent new results at 3PM at the spin quadrupole level [89].
Preliminary results at 2PM but up to fifth [90] and seventh [91] order in spin have recently appeared.

The second sector corresponds to the radiative sector which has into account radiation effects encoded

3Radiation reaction reefers to radiation that is emitted by the binary system, but subsequently reabsorbed by the same
system.



GR QED
quantum: Ae ~ % Ao ~ %
. . . - - &Qf
classical particle size: | r¢ = 2GM | rqg = ¢
particle separation: b b

Table 1.1: Parameter comparison for the two-body problem in GR and electrodynamics. Here we have
used units in which ¢ = 1. Table adapted from [1].

in the energy and angular momentum emitted from the binary towards future null infinity in the form of
GWs. The current state of art from the amplitudes approach to the radiative dynamics is 3PM order for

scattering scenarios [92-94].

In the conservative sector, the transition from scattering to bounded systems can be made in several
ways. Without a particular hierarchy, the first path one could take is by computing the Hamiltonian
of the two-body system. The instantaneous potential for the gravitational interaction between the two
bodies can be calculated for instance via a UV-EFT scattering amplitude matching procedure [44, 46],
or via the scattering angle and the radial action [36,37], or by using a relativistic Lippmann-Schwinger
equation [49], or the spinor helicity variables in conjunction with the holomorphic classical limit [55,57].
The second way for transitioning from scattering to bounded orbit systems is via a direct analytically

continuation of the scattering observables [36, 37, 76].

The radiative sector is a bit more complicated. The traditional way of including radiation effects
for coalescing compact objects in a Hamiltonian is via the EOB method. In this method, radiation
reaction forces are included "by hand" in the particles Equations of Motion (EoM) [95]. This is an effect
entering at the 2.5-PN order at the level of the EoM, and a 5-PN effect at the level of the radiated
energy flux — one of the important radiation observable —. These terms added "by hand" in the EoM are
dictated by balance equation [96], which have into account the lost of linear and angular momentum in
the form of radiation emitted in the coalescing process. Once such terms are included in the EoM, they
can also be added to the two-body Hamiltonian, the latter of which is the object used to compute all
other observables for a given — bounded or unbounded — system. From an amplitude perspective, for the
radiative dynamics, analytic continuation methods applied to scattering observables seem to still be valid
when including radiation effects in the PM worldline EFT [97]. However, at 5PN order, back reaction
makes non universal the unbounded and bounded problems, leading to non local in time terms; these
are also known as tail terms [98-100], and it still needs to be understood how to account for them from
an amplitudes approach. This then motivates to look for alternative continuation methods that can deal
with the radiative bounded scenario directly from the scattering amplitudes. In this thesis we will take
the first steps towards finding one of such methods, following the ideas of the authors in [101]; we will

come back to this discussion below.

From the discussion above it might seen as if the amplitude methods are useful only for the two
body problem in gravity. Let us take the opportunity to stress however, amplitude computations in-
deed extended beyond the two-body problem. In fact, with the introduction of the KMOC formalism,
a variety of classical problems in gauge theories and gravity can now be approached from a pure QFT

perspective. For instance, computation of related problems in classical electrodynamics as a toy model



for gravity are now doable in a QFT setup [1,78,92,102]. Perhaps the closest scenario to the discussion
above is the relativistic two-body problem now in classical Electrodynamics. That is, one can compute
classical observables for the relativistic scattering of two point-charges, in what is been called the PL
expansion by the authors of ref. [1]. In Table 1.1 we have drawn a parallel of the relevant scales available
for the two-body problem in GR and Electrodynamics, when approached from a QFT perspective. The
scale controlling the quantum effects is the Compton wavelength of the participating particles A., which
is related to the Plank constant and the particle’s mass. The typical classical particle size rg and rq
corresponding to the Schwarzschild radius and charge radius, respectively. Finally, we have the particles
separation b. Extracting classical information from a QFT scattering process in the PM approximation
requires Ao < rs < b as mentioned above. The first inequality corresponds to take the point particle
limit, whereas the second inequality is equivalent to a large angular momentum expansion, which effec-
tively permits to deal with the problem in a perturbative fashion. The electrodynamics analog to the PM
expansion is then the PL expansion, which corresponds to the regime where A\, < rgo < b. Additional
considerations have to be made when including radiation and spin effects. For the former, one requires
the wavelength of the emitted wave to be much bigger than the size of the system; this in turn allows
to recover the source multipole expansion for the radiation field. For the latter, combinations of the BH
spin and the frequency of the emitted wave of the form wa should remain finite. This then translates to

take the large spin limit, as required by the correspondence principle.

Other problems in GR with immediate analog in classical electrodynamics include Gravitational and
electromagnetic Bremsstrahlung radiation in a 2 — 3 scattering process [1,78,92,102]. The map of the
3-particle amplitude to the linearized effective Kerr metric [58,103] and the root Kerr charge configuration
[104], the Thomson scattering [105], and the scattering of waves off the Schwarzschild/Kerr black hole [84,
85] in bounded scenarios, the computation of the Maxwell dipole and the Einstein quadrupole radiation
formulas directly from scattering amplitudes [31,101] , the memory effect in gravity and electrodynamics
[102, 106, 107], among some others. In this thesis we will approach several of these problems, with

particular interests in spin effects both, in electrodynamics and in classical gravity.

Let us now take the opportunity to summarize the content of this thesis, while highlighting the
contributions made by the author towards approaching some of the aforementioned problems. We however
stress that if it is true a vast majority of the content of this thesis will be aimed to provide results relevant
to the two-body problem, this thesis also aims to provide a more general understanding of the QFT
description of purely classical problems, but at the same time, to provide some formal derivations in pure

QFT scenarios, specially in the context of the double copy.

This thesis is organized as follows: In chapter 2 we present a preliminary compilation of several modern
amplitude methods that are relevant for understanding the main body of this thesis. In particular, in
§2.2 we review the KMOC formalism in the context of the two body problem. This will provide us
with a robust framework for computing observables in (classical) gauge theories and gravity directly
from the (classical limit of) QFT amplitudes. In this section we provide a detail discussion on how
to take the classical limit of QFT formulas in order to obtain the desired classical information. We

focus on two main observables: The first one is the linear impulse acquired by a classical object in a



2 — 2 scattering process, at generic order in perturbation theory. This observable is directly related
to the scattering angle and therefore to the Hamiltonian of the system, as discussed above, so it is of
main importance for the two-body problem. The second observable we discuss is the radiated classical
electromagnetic/gravitational field in an inelastic 2 — 3 scattering process, similarly, to generic order in
perturbation theory. This will give us directly the waveform emitted from the scatter objects towards
future null infinity. This waveform can be used to compute the (gravitational) wave energy flux, which is
one of the main observables measured in a (gravitational) wave observatory. We then move to §2.3 where
we introduce some generalities of the Double copy for massless particles. In particular, we introduce
the concept of Yang-Mills (YM) partial amplitudes and discuss their double copy formulation in the
KLT form. We also discuss the color-kinematics duality and the BCJ formulation of the double copy
of YM amplitudes. We provide simple examples for the double copy of the 3 and 4-point amplitudes.
Understanding of the double copy for massless particles will be of special use when formulating the
double copy for massive particles with spin, specially in chapter 5, chapter 7, and chapter 8. We move
then to §2.4 where we review the spinor helicity formalism for both massless and massive particles in 4
dimensions. We discuss the spinor helicity representation of massless and massive momenta, as well as
polarization vectors. In the massless case we discuss how little group arguments fix completely the all
helicity 3-point amplitude. In the massive case we discuss the exponential representation of the minimal
coupling 3-point and the Compton amplitudes for spinning particles. Spinor-helicity variables will be
of special use in chapter 7, chapter 8 and appendix B. We conclude in §2.5 with a small outlook of the
chapter.

Having acquired some preliminary knowledge of several of the modern amplitude techniques intro-
duced in chapter 2, as a warm up in chapter 3 we begin the study of classical observables in SQED
from an amplitudes setup. This will provide some flavour on the amplitude formalism when dealing
with classical observables, while avoiding the complications introduced by spin or higher Lorentz index
structures. We start in §3.2 by deriving from the SQED Lagrangian the three level amplitudes for a
scalar matter line emitting one or two photons. We give this amplitudes special names A,, n = 3,4,
since they will be the building blocks for more complex amplitudes, as well as the topic of extensive
studies in the proceeding chapters. We discuss immediate application of these amplitudes in a classical
context. In particular, for A3 we discuss how despite this being an amplitude with photon emissions, it
does not carries any radiative content in Lorentz signature. For the case of A4, we connect its classical
limit to the Thomson scattering process in classical Electrodynamics (The analogous process in GR will
be studied in chapter 8). Additional properties of these amplitudes such as soft exponentiation and the
definition of orbit multipole moments are discussed. The latter correspond to the amplitude analog of
the multipolar expansion in classical electrodynamics. It is then argue that A4 has indeed non trivial
orbit multipoles as opposite to As, which makes A, carry radiative degrees of freedom that Az does
not possess. Soft exponentiation then allows us to argue these amplitudes can be derived directly from
soft theorems and Lorentz invariance, without the need of a Lagrangian formulation. We move then to
§3.3 where a first application of the A,, amplitudes in the two-body problem in SQED is introduced. At

leading order in perturbation theory, we show how the classical content of the conservative and radiative



two-body amplitudes is controlled by A, from the factorization properties:

X A > n A
{‘U_l}=>}\-q ~{< (Ms) = ﬁ-£-c<+ (14+2). (1.2)
i pa2x A x

These factorization properties are indeed more universal, and holds for spinning particles in both
Quantum Electrodynamics (QED) and Gravity, which unify the computation of leading order radiation
in classical electrodynamics and gravity in the compact formula (3.45). One can then obtain many of
the physical features of the two-body problem from understanding the universality (and double copy )
properties of A, amplitudes. For instance, we show how the soft exponentiation of A, induces an all
orders soft exponentiation of the two-body radiative amplitude, whose leading soft piece reproduces the
memory waveform in SQED This memory waveform is universal (independent of the spin of the massive
matter), for both QED and GR, as it is dictated only by the Weinberg soft theorem (In chapter 5 we
argue how this universality can be seen from the spin multipole expansion for both QED and GR). We
illustrate the computation of the leading order (§3.3) and Next to leading order (§3.4) classical impulse
in a 2 — 2 scattering process, using the KMOC formalism, and introducing some integration techniques
that will be used in chapter 4. This allows us to shows how one can recover the classical result of Saketh
et al [76] for the 2PL linear impulse, purely from amplitudes arguments. We also show how 3PL radiation
results reproduce known classical results for colorless radiation computed from the worldline formalism

by Goldberger and Ridgway [80]. Finally, we conclude in §3.5 with an outlook of the chapter.

Continuing with the SQED theme, in chapter 4 we study low energy Bremsstrahlung radiation for the
scattering two-body problem, from an amplitudes perspective. It is well known classical soft theorems
predict the form of the wave emitted in a N-particle scattering process in the limit in which the frequency
of the emitted wave is much smaller than the momenta of the other objects involved. Classical soft
theorems are non perturbative statements and to prove them from perturbative approaches becomes
a highly non-trivial task. However, they can also be used to probe perturbative approaches to the
computation of classical radiation, in particular, on the KMOC formula for classical two-body radiation
as discussed in chapter 2 and chapter 3. In this chapter we show that classical soft theorems impose an
infinite series of constraints on KMOC formula. These constraints relate the expectation value of certain
monomials of exchange momenta, to the linear impulse classical objects acquire due to the exchange of
photons/gravitons in the scattering process, at arbitrary order in perturbation theory. We start in §4.1
by reviewing some facts from classical soft theorems, and summarizing the main results of the chapter.
Next we move to §4.2 where we show explicit the prediction form classical soft theorem for the form of the
radiated field in a 2 — 3 scattering process to leading order in the soft expansion, and subleading order in
perturbation theory. In §4.3 we provide a formal derivation of the constraints imposed by the Weinberg
soft theorem on the KMOC formula for the radiated field, which we then verify in §4.4 up to NLO in
the perturbative expansion, matching the expected results introduced earlier in §4.2. In §6.4 we provide
an outlook of the chapter. Here we argue that although the soft constrains presented in this thesis were

derived in the context of SQED , and to leading order in perturbation theory, analogous constraints follow



for the gravitational case [102,107], both at leading and subleading orders in the soft expansion* [109].
In fact, in chapter 5 we show how the leading soft constrains in the gravitational context at Leading
Order (LO) in perturbation theory recover the burst memory waveform of Braginsky and Thorne [110].
Soft theorem are non perturbative statements and in principle can inform about radiation to higher
orders in perturbation theory, in fact, they are already used to compute radiation reaction effects in the
high energy (eikonal) approximation of the two-body problem [53,77,111,112]. Finally in appendix A
we provide some computational details on the verification of the soft constraints at NLO in perturbation

theory.

By then, the reader should had gained some familiarity with the amplitudes approach to obtaining
classical physics from SQED. The natural thing to do next is to use the amplitude machinery to approach
more complicated problems. There are several directions one could follow. For instance, one could
introduce spin effects from QED, or study classical observables in gravitational physics involving scalar
and spinning® compact objects (minimally) coupled to gravity. These will be in fact the topics of study
of chapter 5. Continuing the study of our favorite A, amplitudes, in §5.2 we show when introducing
spin effects, these amplitudes can be written in a spin multipole decomposition in generic spacetime
dimensions. We differentiate two types of spin multipole moments: covariant, and rotation multipole.
The former corresponds to irreducible representations (irreps.) of the Lorentz group in general dimension,
SO(D — 1,1), whereas the latter are irreps. of the rotation subgroup SO(D — 1); these are the ones
describing actual classical rotating objects. We compute the multipole decomposition for amplitudes
involving particles of spin 0, %, and 1, which are computed from the SQED , QED and Maxwell-Proca
Lagrangians respectively. We show A,, amplitudes can be written in terms of the Lorentz generators J,
in the spin s representation, with the multipole coefficients being universal functions (independent of the
spin of the scattered particles). For Az, we show how for spin 1/2, QED predicts the electron ( tree level)
gyromagnetic factor g = 2, whereas for spin 1, the Proca Lagrangian predicts ¢ = 1 (We will revisit the
g-factor in chapter 7, from double copy arguments, and argue g = 2 for spin 1 particles, where the massive
vector particles are actually W-bosons). From unitary arguments, we show A4 can be constructed from
Aj in a spin multipole form, with an exponential structure analog to the soft exponentiation of the scalar
amplitude. These amplitudes can then be used to compute two-body observables in electrodynamics
from the factorization properties (1.2). One can easily recover known linear in spin results [117]. In
§5.3 we introduce a covariant spin multipole double copy in generic space-time dimensions for the A,
amplitudes. This double copy prescription has the property of preserving the spin multipole structure of
the gravitational amplitudes, which can be used to compute two-body radiation from (1.2). This in turn
implies leading order gravitational radiation can be computed from the double copy of photon radiation
avoiding the complications form colour radiation. Using double copy arguments and universality of the

coupling of matter to gravity, we show the 3-point amplitude for a massive spinning particle of generic

4See also “Soft theorems and classical radiation”, where the author argues non-linear Christodoulou memory effect [108],
can be obtained directly from the KMOC formula in Gravity. Non linear memory originates from gravitational waves that
are sourced by the previously emitted waves [15]. From the amplitudes approach, this is a two-loop effect under current
investigation by the author [109].

5Spin effects are important since they encode information regarding the formation mechanism of the binary system (see
for instance [113-115]). For nearly extremal Kerr BHs, the individual spins of the binary’s components are expected to be
measured with great precision by LISA [116], and therefore, it is important to have perturbative results for both conservative
and radiative dynamics to high powers in the spin expansion.
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spin takes an exponential structure (this exponential will be matched to the linearized Kerr metric in
chapter 8). For the case of A4 in gravity, we compute its covariant multipole decomposition up to quartic
order in spin and show it agrees with the more lengthy Feynman diagrammatic computation from minimal
coupling Lagrangians. We further decompose the Compton amplitude in terms of irreps. of SO(D —1,1)
by introducing the Ricci decomposition method, which allows to decompose the products of two Lorentz
generators into the correspondent irreps. In order to make contact with actual classical rotating compact
objects, we write the amplitudes in terms of the multipole moments for the rotation subgroup SO(D —1).
We show this is achieved by aligning spinning particles polarization tensors — which have different little
group transformation properties — towards canonical polarizations with the same little group scaling for
incoming and outgoing matter. This is done by fixing a condition on the spin tensor that goes by the
name of the Spin Supplementary Condition (SSC) [118,119]. This alignment also goes by the name of
Hilbert space matching [56]. In D = 4, we obtain up to quadratic in spin, a vector representation of
the classical gravitational Compton amplitude, which has the property of factorizing into the product of
the scalar amplitude and the spinning s-amplitude in QED, as dictated by the equivalence principle (In
chapter 8 we show it reproduces results for Gravitational wave scattering off Kerr BH up to quadratic
order in spin). Having understood the double copy properties of the A, amplitudes when including spin
effects, as well as how to take their classical limit, in §5.3.2 we show double copy of A,, amplitudes induce
a classical double copy formula for the two-body amplitudes (1.2), including spin effects. We use this
formulas to compute radiation for scalar, linear and quadratic in spin, recovering known result in the
literature [6,61,80,117,120]. In addition, we show for scalar matter an exponential soft theorem for the
two-body radiation amplitude in gravity can be obtained, analog to the electromagnetic case of chapter 3,
whose leading order allows to recover the memory waveform derived by Braginsky and Thorne [110]. We
also show that spin effects in My are subleading in the soft expansion, and therefore recovering the
universality of the Weinberg soft theorem. We conclude in §5.4 with an outlook of the chapter. In
appendix B we provide some spinor helicity formulas to connect vectors results in this chapter to those

given in spinor form in the literature.

In chapter 6 we do a transition from scattering to bounded scenarios. In particular, we show the
inspiral waveform for two Kerr black holes orbiting in general (and quasi-circular orbits), whose spins
are aligned with the direction of the system’s angular moment, and to leading and subleading order
in the velocity expansion, can be obtained directly from the spinning amplitudes derived in chapter 5.
Using an empiric formula for the waveform inspired by previous computations [31,121], we propose such
formula could modifies KMOC formula for the radiated field (2.18), to allow objects to move in generic
trajectories. Particles EoM at leading order in velocity, but to all orders in spin, are analogously obtained
from the conservative 4-point amplitude, via a modification of the KMOC formula for the linear impulse
(2.12). We start this chapter in §6.1 with a small introduction and summary of our results. We then
move to §6.2 where we provide a classical derivation of the gravitational waveform using the multipolar
PM formalism [23,122-125]. In this section, we review the classical Lagrangian description of a spinning
BH focusing on the conservative sector, where object’s EoM are derived, and provide explicit solutions
to the EoM for the quasi-circular orbits scenario. We then use them into the multipolar expansion of the

radiated field, obtaining solutions for the leading and subleading in velocity contributions to the waveform
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for binary systems in both, general and quasi-circular orbits, to all orders in spin. We move then to the
amplitudes formulation of the problem in §6.3. Introducing the general formalism, we write the formulas
for the radiated field as well as particles equations of motion in terms of the non-relativistic limit of two-
body scattering amplitudes. We review how to obtain the scalar waveform, reproducing the well known
Einstein quadrupole radiation formula, and then provide spin corrections to it. For generic orbits, we
show there is a one to one correspondence between the scalar amplitude and the source mass quadrupole
moment, and in the same way, the linear in spin amplitude is in direct correspondence with the current
quadrupole moment. We then show that at quadratic order in spin, and leading order in velocity, the
radiated field acquires a vanishing contribution from the spin quadrupole radiation amplitude. The all
orders in spin waveform at leading order in velocity is then obtained from the solutions to the particles
EoM. We obtain the first subleading order in velocity correction to the quadrupole formula in the spinless
limit, and show it agrees with the classical derivation obtained in §6.2. We argue that although in general
waveforms derived from different methods can differed one from the other by a time independent constant,
physical observables such as the gravitational wave energy flux or the radiation scalar are insensitive to
such a constant, as they can be computed from time derivatives of the waveform. This is a manifestation
of a residual gauge freedom present in the waveform, which can be eliminated for physical observables.
We conclude in §6.4 with an outlook of the chapter. In appendix D we include some useful integrals and

identities used for several computations in this chapter.

In chapter 7 we start a more formal study of the double copy for amplitudes involving massive spinning
matter in generic space-time dimensions. In this chapter we aim to, on the one hand, provide a formal
derivation of the double copy prescriptions introduced in chapter 5, and on the other hand, to derive
the gravitational Lagrangians for the theories obtained from such double copies. We star in §7.1 with a
small introduction and a summary of the main results of the chapter. We argue double copy of spin s
with spin § matter, leads to universal coupling of the resulting (s, 3) massive particles to the graviton —
as required by the equivalence principle — but in general the coupling to the dilaton and the two-form
(axion) potential are not universal. For interactive spin 1 particles in gravity, this allows us to define
two independent gravitational theories which we name the 0 ® 1 and the % ® % theories. We provide
general dimension tree-level Lagrangians in the Einstein frame for one and two spinning matter lines.
Theory % ® % is a simpler theory as compared to the 0 ® 1 counterpart, since on the one hand, it does not
include quartic terms in the two matter lines Lagrangian, and on the other hand, one can consistently
truncate the double copy spectrum to remove the coupling of matter to the two-form potential. On the
other hand, in D = 4 and in the massless limit, the 0 ® 1 theory reproduces the bosonic interaction of
N = 4 Supergravity, which arises from the double copy N’ = 4 Super Yang-Mills and YM theories. In
general dimensions, this theory is the QFT version of the worldline double copy model constructed by
Goldberger and Ridgway in [32,80] and extended to include spin effects in [31,117]. In §7.2 we derive the
massive double copy formulas, for the theories consider, from dimensional reduction and compactification
of the massless counterparts. We provide a variety of examples of amplitudes derived from such double
copy formulas for one matter line emitting radiation. Furthermore, we show explicitly how to obtain

the multipole double copy prescription introduced in chapter 5 from these dimensionally reduced double

copy formulas. In the same section we discuss how setting g = 2 for the gyromagnetic factor removes the
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divergences of the Compton amplitude in the massless limit. Such amplitude coincides with the minimal
coupling® Compton amplitude written in spinor helicity variables in §2.4. We continue in §7.3 where
we construct massive Lagrangians both for Quantum Chromodynamics (QCD) and the gravitational
theories from Kaluza-Klein (KK) reduction and compactification. For spin 1 in QCD, we introduce a
modification of the Proca Lagrangian to set g = 2 which is characteristic of the W-boson. We then show
that QCD amplitudes A,, for generic n, entering in the double copy formulas derived in §7.2, are obtained
from the compactification of their massless counterpart. This is the reason these amplitudes possessa
well defined high energy limit. In §7.3.2 we derive the Lagrangians for one matter line for the 0 ® 1
and % ® % gravitational theories. In §7.4 we study the massive double copy construction for spinning
amplitudes including two matter lines. We use the massive version of the BCJ prescription introduced in
§2.3, providing the two-matter lines gravitational Lagrangians for the different double copy prescriptions.
For inelastic scattering, we probe there is a Generalized Gauge Transformation that allow to recover the
classical double copy formula for the radiation amplitude obtained from the factorization (1.2), this time
directly from the quantum BCJ double copy. We finalize in §7.5 with an outlook of the chapter. In
appendix E.1 we prove our general dimensional % ® % gravitational Lagrangian agrees with the D = 4
derivation obtained in [126]. In appendix E.2 we study the unitarity properties of the % ® % amplitudes

at four points.

Up to this point, we would have claimed the classical limit of amplitudes for massive spinning matter
minimally couple to gravity actually describes the Kerr BH. Perhaps the strongest hint is given by the
computation of the waveforms for bounded systems described in chapter 6. However, the spin structure of
the non-relativistic waveforms derived there follows mostly from Az whose classical limit now days is well
known encode all the spin multipoles of the linearized Kerr metric. The natural question to ask is whether
Ay has actually anything to do with Kerr. In chapter 8 we show that Ay is indeed very related to Kerr as
it describes the low energy regime for the scattering of gravitational waves off the Kerr BH. We start this
chapter with a small introduction and a summary of the results in §8.1. We stress finding the connection
of A, amplitudes to Kerr is important since they are the building blocks for the two-body amplitudes. In
particular, it is important to prove the 2PM scattering angle for aligned spin computed in [58] actually
describes the scattering of two Kerr BHs and not other classical compact objects. In §8.2 we show how
to take the classical limit of A,, amplitudes written in spinor helicity form. For n = 3 we indeed recover
the Linearized Kerr metric, whereas for n = 4, up to quartic order in spin, the gravitational Compton
amplitude can be written in an exponential form for both, same and opposite helicity configurations
of the external graviton legs, in agreement with the classical heavy particle effective theory derivation
of [60]. In §8.2.2 we use A4 amplitude to study the scattering of gravitational waves off Kerr, obtaining
the differential cross section for generic spin orientation of the BH, recovering the linear in spin results
of [127] for polar scattering. Spin induced polarization of the waves is discussed in §8.2.3, which to
linear order in spin recovers the BHPT results of [127] and therefore clarifying the mismatch from the
Feynman diagrammatic computation of [128,129]. The solution of the discrepancy comes by including

all the Feynman diagrams contributing to the Compton amplitude and not just the graviton exchange

6Following [68], minimal coupling amplitudes are those which have a well defined high energy limit. This definition
of minimal coupling differs from the usual definition of minimal coupling of promoting partial derivatives to covariant
derivatives.
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diagram, as done by the authors in [128,129] [128,129]. The quartic in spin result for the differential
cross section provides a highly non-trivial prediction, pushing the linear in spin state of the art result
of [127] since 2008, while providing a way to resum the partial infinite sums appearing from BHPT for
generic orientation of the spin of the BH. In appendix F we provide a detail derivation of the differential
cross section up to quartic” order in spin from BHPT, finding perfect agreement with the amplitudes
computation, therefore showing the Compton amplitude indeed possessthe same spin multipole structure
as that of the Kerr BH when perturbed by a gravitational wave. In §8.3 we show the classical limit of
the Compton amplitude derived in here indeed can be used to compute the 2PM aligned spin scattering
angle for the scattering of two Kerr BHs, therefore confirming the validity of the predictions of [58]. We
close with an outlook of this chapter in §8.4.

We finalize this thesis with at general discussion in chapter 9.

"Higher order in spin results required a more careful analysis but nevertheless will be shown in [85].
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Chapter 2

Prelimimaries

2.1 Introduction

In this chapter we will introduce some aspect of scattering amplitudes that will be of great use for the
present thesis. We start in §2.2 reviewing some features of the KMOC formalism [78], which is a robust
frame for the computation of (classical) observable directly from the (classical limit of the) scattering
amplitudes. In this thesis we will be interested in 2 KMOC observables: 1) The linear impulse in a
2 — 2 elastic scattering process, and 2) The radiated field at future null infinity from a 2 — 3 inelastic
scattering process. This section will be of great use for most of the content of the present thesis, specially
for chapter 3,chapter 4, chapter 5. In chapter 6 we motivate a modification of KMOC formalism to study
two-body systems for bounded orbits. Next, we move to §2.3 where we introduce some general aspects
of the double copy [66,67]. In particular, we focus on the massless double copy of Yang Mills amplitudes
in both, the KLT and the BCJ representations. Intuition from the massless double copy will be of great
use when formulating double copy prescriptions for massive particles with and without spin, presented
in chapter 5 and chapter 7. Finally, in §2.4 we introduce the spinor-helicity formalism for massless and
massive particles. In particular, we will review how helicity arguments fix the 3 and 4 point amplitudes
for massive/massless spinning particles. Knowledge of this formalism will be of great use through several

chapters of this thesis, in particular when discussing higher spin amplitudes in chapter 8.

2.2 The Kosower, Maybee and O’Connell formalism (KMOC)

In this section we start by introducing the KMOC formalism. As already mentioned, the KMOC formal-
ism [59,78,93,130-132], provides us with a robust framework for the computation of (classical) observables
in gauge theories and gravity, directly from (the classical limit of ) QFT scattering amplitudes. It has
become one of the cornerstone in the amplitude program in classical physics, and is directly relevant to
understand the content of this thesis. In this formalism, classical compact objects are described in an
effective way as point particles, whose finite size effects can be mapped into intrinsic properties of the

elementary particles used in the EFT description. In what follows we review some of the most relevant
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2.2. THE KOSOWER, MAYBEE AND O’CONNELL FORMALISM (KMOC) 16

aspects of this formalism. For a nice review, the reader is recommended to consult the original KMOC

work, as well as the recent reference [133].

In the KMOC formalism, the expectation value for the change of a quantum mechanical observable,

AO, due to a scattering process is computed from the scattering matrix through the formula
AO = i, (U[STOS|W)in — 1n(¥|O| )iy, (2.1)

This corresponds to the difference of the measurement of the given operator in the final and initial state,
where we have relied on S as a time evolution operator determining the form of the asymptotic final state

of the system |¥)_ . = S|¥), . The connection of AO to the a QFT scattering amplitude is done in two

out

steps: First, we need to split the S-operator in the usual way, S = 1 + T, after which, exploding the

unitarity condition, ST = 1, allows us to rewrite (2.1) in the form:
AO = in<w‘[T7i@]|\I’>in + in<1/}|TT[©a T]|\I]>in : (2.2)

Second, we need to specify the system’s initial state. For the moment let us assume it can be decompose
into multi-particle plane wave states, which in momentum space are proportional to |p,--- ,pn). These
states are the tensor product of individual momentum eigenstates a; |0}, where a; is the creation operator
for state of momentum p. The conjugate states are labeled by (p},---pl,|, and together with T, define

the QFT scattering amplitude via

A(pry -+ 3 = Phy o D)0 p1 + - pp = Dy — - pl) = DL, D T iy pn) - (2.3)

where gd(pl + -+ pp —py — -+ ph,) is the momentum conserving delta function in general dimension (we
will specialize to d = 4 in several parts of this thesis below, for the moment let us keep the generic

dimension approach).

The extraction of classical information in this formalism has two main ingredients to be taken in
mind: 1) A parameter that controls the classical expansion, and 2) The choice of suitable wave functions
describing the multi-particle initial state of the system. For the former, it is natural to use A as the
parameter that controls the classical expansion. It appears in two main places in the computations:
First, in the coupling constants, which by reintroducing % # 1, are to be re-scaled via g — g/v/h, and
second, the wave numbers associated to massless momenta for the force carriers, which are introduced as
g = hq. We will discuss in detail below how to extract the classical limit of (2.2), as well as the choice of
suitable on-shell initial state, for a given observable. For the moment, the classical classical piece (O)!
of the observable, can be formally defined as

(AO) = lim 770 | 3 (W|[T,iO][W)in + 1a(¥|TT[O, TN V)i | | (2.4)
here —f» is the power of the LO-piece in the h-expansion of the quantities inside the square brackets,

which depends on the specific observable, as well as on the theory considered. Then, the factor of % in

1We use (...) to imply that the classical limit for the given observable is taken.
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this formula then ensures (O) ~ h°, i.e. classical scaling. For instance, for the radiated photon field, we

have Bp = %, whereas for the linear impulse we use 8o = 1.

In this thesis we are interested in two observables: 1) The conservative linear impulse (Ap) (a global
observable, i.e. independent of the particles positions), acquired by classical compact objects in a 2 — 2
scattering process in Electrodynamics/Gravity. 2) The classical radiated electromagnetic/gravitational
field (A")/(h**) (a local "observable', i.e. dependent on the particles positions ) in a non-conservative

2 — 3 scattering process.

2.2.1 Linear impulse in 2 — 2 scattering

At the classical level, the linear impulse dictates the total change in the momentum of one of the particles
after the scattering process. At the quantum level, the impulse corresponds to the difference between
the expected outgoing and the incoming momenta of such particle, as given by the KMOC formula (2.4).

For this observable it is convenient to choose the initial state of the system |¥);,, as follows
|U)in = /H [dpid™) (7 — mZ)pi(pi)e™ /"] [p1p2) (2.5)

where we have employed the notation of the original reference [78], however, unlike for the original work,
and to be more general, we have move to a frame where both particles are displaced by the positions
b;, with respect to such reference frame. Then, the difference by — by = b, corresponds then to the
impact parameters, which is the distance of closest approach between the particles during the scattering
process. Notice |¥);, is built from on-shell states, of positive energy, as dictated by S(H(pf —m?) =
(27)0(p? — m2)O(p°) , there O(z) is the heaviside step function. ¢;(p;), corresponds to relativistic wave
functions associated to the incoming massive particles, whose classical limit shall result into the point

particle description of the compact objects. We will come on this below.

The system’s initial states is assumed to be normalized to the unit i, (¢)[t))in, = 1. From this, it follows

the normalization condition for the wave functions,

/ 0, (p:)|bi (i) = 1. (2.6)

Here we have written the on-shell phase-space measure as d®(p;) = dip; 6+ (p? — m?).

i i
The next task is to relate the observable (2.4) to the scattering amplitude using (2.3), together with
the initial two-particle state (2.5). Notice in general the computation of an observable will have the
contribution of two terms, one which is linear in the amplitude, whereas the second one is quadratic.
This is in general true to all orders in perturbation theory, except for the leading order, where the latter
is subleading. Let us for the moment focus on the contribution linear in the amplitude. At (n)-order in

perturbation theory it reads explicitly

10" = /dq’(pl,pz)d‘P(p’l7p’g)¢1(p1)¢z(p2)¢1‘(p’l)cbé(p’z)i(pl“—pﬁ‘)ei(pl'b1+p2'b2) (Pi5) T papa)™ (2.7)
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Here we have used p; |p;, pj) = pi |pi, pj), and d®(p;, p;) = d®(p;)d®(p;). In addition, we have labeled the
conjugate states with primed variables as mentioned above. Next we can replace (pjp5| T |p1p2) in terms
of the scattering amplitude as given by (2.3), this will introduce a d-fold delta function that will allow
us to perform d-integrals in the previous formula. Introducing the momentum miss-match ¢; = p} — p;,
and changing the integration variables from p, — ¢;, and further using the momentum conserving delta

function to do perform the integration in gq, followed by the relabel ¢; — ¢, (2.7) becomes

160" = [ avipn,po)dad(-2pa + )5 + 2O + 0008 - o) -
2.8

D1 (p1) @5 (1 — q)ba(p2)ds (p2 + q)ighe P A™ (p1,pas — p1 — ¢, p2 + q)

Before discussing how to take the classical limit of this expression, let us analyze the analogous
expression for the term quadratic in the amplitude, entering in the KMOC formula (2.4). Since there are
two factors of T' in this term, we need to introduce a complete set momentum eigenstates between the
two factors of T" in such way we can extract a momentum eigenvalue when the momentum operator hits

the momentum eigenstates. At (n) order in perturbation this can be done as follows

n—1 X 2
13" = 3 [ T1 darm) [T a0 o006 (006: (e (= o)
X=0 m=0 i=1

n—1-X (29)

—a—X-—1
Xy (4. 5| T | Ry, R, rx )\ (Ry, Ro,rx | T [papa) ™ !,
a=0
Here we have used py |R1, Re,7x) = Ry |R1, Ra,rx), where rx represent additional massless states prop-
agating through the cut. They only appear at sub-sub-leading (two loops) order in perturbation theory.
We now proceed in an analogous way to the linear in amplitude computation, that is. we need to replace
the dependence of the scattering amplitude via (2.3). Defining the momentum mismatch ¢; = p; — p;,
as well as the momentum transfer w; = R; — p;, allows us to change the integration variables p, — ¢;
and R; — w;. In addition, we can use the momentum conserving delta function for each amplitude to

perform the integration in ¢ and ws, which followed by the relabeling wy; — w and g; — ¢ results into

n—1 X 2
160" =37 /Czdw‘jdq 11 d®(rm) [T d®(i)0(~2p1-q + ¢*)0(2p2-q + ¢*)e ™" Pw*
X=0 m=0 i=1

5(—2p1-w 4+ w?)d(2pa-w + w?) 1 (p1) Pk (p1 — ) ba(p2) by (P2 + q)

x O(p1 +w)O(p2 — w)O(p1 + ¢)O(p2 — q) (2.10)
n—1-X

X Z Al H (py, py—pr—w, pytw, rx) |
(11:0

x An=a=X=Dx oy potw, rx—p1 — q,p2 + q)

This is the analog to (2.8). With these two contributions at hand, the quantum mechanical impulse
particle 1 acquires during the scattering process, at (n)-order in perturbation theory is simply given by
the sum

Aph = I+ 1) (2.11)
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Classical limit

We now proceed to extract the classical piece in the QM-impulse (2.11). This is done through a series
of steps: 1) The factors of h are restored in the formulas through the rescaling of the coupling constant
g—g/ vl and the massless momenta ¢ — gh and w — wh. 2) There are 3 length scales to consider in
the problem. The first one is defined by the size of massive particles, given by the Compton wavelength
Ae = h/m (which in the classical context traduces to the radius of the classical charge/Black hole given
by rqg = €2Q?/(4mm) / or rg = 2GM). The second scale corresponds to the spread of the relativistic
wave function [, and third, the separation between the particles b. In the classical limit, the following
approximation should hold A\, <« Iy < b, which holds true if b scales as b — b/h. The first part
of the inequality simply imposes the effective point particle description of the classical objects, the
second on the other hand ensures a non-overlapping of the particles’ wave functions (typical of the long
range scattering in classical physics), finally, the approximation A. < b in the classical context becomes
€2Q?/4(mm) < b the Post-Lorentzian (PL) approximation, which allows us to compute observables order
by order in perturbation theory (In the gravitational context this is 2GM < b, which corresponds to the
PM approximation ). 3) In the case in which there is the emission of external radiation (as will be the
case for the waveform emission), the massless momenta of the photon/graviton need to also be re-scaled
analogously as k — kh. This is equivalent to ask for long wavelength radiation (which in the bounded

system scenario allows to recover the source multipole expansion).

After this considerations, the previous discussion is equivalent to approximate the wave functions
oi(pi + hq) = ¢i(p;), followed by a Laurent-expansion of all of the components of the integrands, in
powers of . At this stage, the explicit dependence of the wavefunction can be integrated out, leaving us

with the classical observable

(ApfV") = fim [/Cqug(—%r g+ ¢*)0(2p2 - -q + ¢?)ighe TP A(pr, pa — p1 — ¢, P2 + q)

h
n—1 X
+ Z /cfdwcqu H A®(r,n)0(—2p1-q + 36 (2pa-q + ¢*)e ™ T PwH S (—2p1-w + w?)d (2p2-w + w?)
X=0 m=0
n—1-X
X A B (py, py—pr—w, potw,rx) x AT XTI (p—w, pytw, rx—p1 — g, p2 + Q)}
a1=0

(2.12)

As mentioned, in general we will have to Laurent-expand in £ both, the on-shell delta functions, as well
as the reduced amplitudes. At leading order (n = 0), only the term linear in the amplitude contributes
to the impulse, in that case we can drop the ¢ factor inside the delta functions, since no singular terms
in h appear in the amplitude. However, at higher orders in the perturbative expansion, possible singular
terms arise in the amplitude. This singular terms are expected to be cancelled between the linear and
quadratic in amplitudes terms. In chapter 4 we will see and explicit example of this cancellation. There

is however no formal proof this cancellation happens to any order in perturbation theory.

We conclude then that the classical linear impulse is controlled basically by the (n)-Loop 4-point
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amplitude A(p1,p2 — p1 — q,p2 + q), as well as the 4 + X-cut amplitudes from the iterated piece.

2.2.2 The radiated field in 2 — 3 scattering

We now move to the analysis of the computation of the radiated photon/graviton field in a 2 — 3
scattering process. This will be analog to the previous example, whit a few interesting features arising
from the non-conservative dynamics. Here we will be interested in computing the expectation value of the
photon/graviton field operator A*(x)/h#*(z). This unlike the case for the impulse is a local observable,
depending on the position x at which the field is measured. In particular, we are interested in the
asymptotic for of the radiated field at future null infinity?, which scales as 1/R, with R = |Z|. This
scaling follows naturally from the mode integration of the field operator. In what follows we focus on the

electromagnetic case, but the results can be easily generalized to the gravitational case.

We want to compute the expectation value of the field operator, whose mode expansion is

At (z) = Re Z /d@(k)eﬁ‘,e_ik“a;(kz) (2.13)

n=+1
here the sum over 7 is a sum over the photon polarization, and ai,(k) are creation operators for photons of
momentum k and helicity 7. The next step is to put this operator inside our favorite KMOC formula (2.4).
Since this is a 2 — 3 scattering process, we can reuse (2.5) as our two-particle initial state. Although
no initial radiation is present in the initial state, a:g(k:) creates a particle of momentum k and helicity 7,

when acting on the conjugate states (p1, p5, ky|.

We then have as usual two contributions to the radiated field. The first one linear in the amplitude,
however, since there is the creation of such massless momenta state, the controlling amplitude in this case
at (n)-Loop order is the 5-point amplitude A(p1,p2 — p1 — q1,P2 — ¢2, ky). Analogously, the quadratic
in amplitude part will be controlled by the 5+ X-amplitudes as shown below. At this stage, the classical
limit outlined in previous section can be implemented straightforwards. This in turn integrates out the
dependence on the particles wave functions, leaving us with an expression analog to (2.12), inside the
radiated photon phase space. That is, writing the radiated field in (2.13) as an effective source integrated

over the massless photon phase space,
(A*(x)) = Re / d®(k)e= = (Jr(k)) (2.14)

where the angular brackets indicate the classical limit has been taken. At (n)-order in perturbation

theory, we naturally identify the source as given by the sum of two terms as follows

(JM )y = RO E(K) + ™ #(k), (2.15)

2The radiative field is an observable as it is defined at null infinity where (small) spatial gauge transformations vanish.
There could still be some residual gauge due to time integration of the source (2.18). That is, in general two waveforms
A’f(R7 Tr,n) and AS(R, Tr,n) can differ by a time independent constant AT(R7 Tr,n) — AEL(R7 Tr,n) = C*(R,n). Ob-
servables such as the field strength tensor, the Newman-Penrose scalar, or the wave energy flux can be computed from time
derivatives of the waveform, therefore insensitive to CH*(R, 7). We see this explicitly in chapter 6.
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which have the explicit recursive form

2
R (k) = ¢ lim h? /H d*qi0(2pi-ai — )™ 0 (qu+qa — k) AT (p1, po—p1—q1,p2—a2, k) , (2.16)
i=1

and

h—0

n-1 . X 2
CME(k) = lim h3 Z/ H d®(ry,) H wid ;6 (2ps-i—q2) 0 (2ps-wi—w?) e e
X=0 m=0 i=1

X 54(w1+w2+rx—k)54(w1+w2+rx+ql+QQ)
n—1-X
X Z Alea)n (p1, p2—=p1—w1, p2—w2,rx, k)

a10

(2.17)

< A(nfmefl)*(pl_wl’p2—w2,TX—>p1 —q1,p2 — q2)

where the x in one of the amplitude indicates complex conjugation. We refer to the C(”)“(k) term
as the cut-boxr contribution, to indicate that it is given by the cut of higher loop amplitudes. In this
expression, rx denotes the collection of momenta {rq,--- ,rx} carried by additional particles propagating
thorough the cut, whose momentum phase space integration has been explicitly indicated by d®(r,,) =
ci4rm5 (+)(r72n). For n = 0 and 1, no additional photons propagate thought the cut, since they only appear

starting from N2LO in the perturbative expansion (i.e. two-loops).

(JM K (k)Y can then be interpreted as a classical source entering into the RHS of the field equations,
and is computed directly from the scattering amplitudes. It is particularly remarkable how the classical
field is controlled by single photon emission amplitudes, while the classical field should be composed from
many photon. In [134], it was shown such amplitudes parametrize the high photon occupation number as
expected for a classical field. An analogous expression for the source in the gravitational case (7 # (k))
follows from the scattering amplitudes. The difference is in the double Lorentz index characterizing the

graviton polarization tensor.

In this thesis we will mostly be interested in the computation of the previous source in both, the
electromagnetic and the gravitational case. We do not perform explicitly the photon/graviton phase
space integration in (2.14) although a simple proof can be found in the review [133]. Here we just
mention the integration in k£ can be made in an almost independent way from the amplitude. The result
is then to just bring down a power of R in the denominator which ratifies the radiative nature of the
classical field. There is additional exponential factor from the retarded nature of the radiation. In d = 4

one can show (2.14) becomes

(A*(2)) = mRe/dwe_i“TRU“(w,ﬁ» (2.18)

where we have used k = w(1,7), with 7 = Z/R, is the unit direction of emission of the radiation, and

Tr =t — R is the retarded time.
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2.3 A few worlds on the double copy

Let us now move to study some generalities of the so called double copy of scattering amplitudes. The
program of the double copy originally started from the observation by KLT in [135] that n-point tree-
level closed string scattering amplitudes can be computed from the sum of products of n-point open
string partial amplitudes, with coeflicients that depend on the kinematic variables. This program has
however seen many incarnations, ranging from perturbative QFT realizations [67], to the understanding
the double copy structure of non perturbative solutions classical gravity [104,136-143] . The double copy
colloquially goes by the slogan GR = YM?, which is the simple observation that amplitudes involving
massless gravitons in GR can be directly obtained from products of amplitudes for the scattering of
gluons in non abelian gauge theories. Currently, we understand the double copy is much more general
feature of QFT amplitudes [144,145], and is naturally realized in classical sectors as well. Indeed, in this
thesis we will learn how to connect classical and quantum versions of the double copy, including spinning

massive particles chapter 7.

In the remaining of this section we give a brief introduction to the computation of GR amplitudes
from the double copy of their YM counterparts. For that, let us first recall the color decomposition of

YM amplitudes, it will be useful when studying the KLT formulation of the double copy below.

Color Decomposition

n-gluon scattering amplitudes can be factorized into two pieces. The firs piece contains the information
of the color structure, whereas the second one containing only kinematics information of the scattering
process. This factorization is known as color decomposition of gauge theory amplitudes [146,147]. More
precisely, for n-external gluon legs, the tree level® n-point scattering amplitude is written in terms of

(n — 1)! single-trace color structures as follows:

AT gy, gn) = Y (DT T ) A(L 0, o) - (2.19)
og€Sp_1
The sum here runs over non-cyclic permutations of the indices {1,2,--- ,n}, corresponding to the set of

inequivalent traces, and T%" are the gauge group generators in the adjoint representation. We have use
cyclic invariance of the trace to fix one of the entries. A(1,09, - ,0,) are known as partial amplitudes
or color ordered amplitudes , and are gauge invariant [149] objects, depending only on the momenta
and polarization vectors of the particles in the scattering process. They are computed from the Feynman
diagrams that respect the order of the momentum labels (in other words, planar diagrams), using Feynman

rules that respect such a order [148].

Since there is only (n —1)! independent color factors, these partial amplitude basis is over completed.
Indeed, partial amplitudes satisfy linearly constraints that allow us to reduce the number of independent

elements to (n — 2)!. These constraints are known as Kleiss-Kuijf relations [150, 151], the simplest of

3Color decomposition can be generalized to higher loops, where there will be double and higher trace contributions to
the color decomposition, see for instance [148].
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which is the U(1) decoupling identity
A(1’2a37"’ ,TL) +A(17332a"' 7n) +o +A(1’3a"' ,TL72) =0, (220)

which follows from the 7% — 1 replacing of the generators in (2.19). See [152] for a discussion of the
additional relations. Kleiss-Kuijf relations are not the only constraints on the partial amplitudes, indeed,
there are additional relations known as the BCJ relations [67], which impose a series of constraints that
reduces the number of independent partial amplitudes to (n — 3)!. Let us stress here the choice of partial
amplitudes basis is not unique since we could have chosen any other pair of legs in replacement of the

reference legs 1,n, in (2.19).

2.3.1 KLT representation of the double copy

Now that we understand the concept of partial amplitudes, we are ready to present a first form of
the double copy of YM amplitudes, this is the KLT form of the double copy. It says n-point axio-
dilaton-gravity scattering amplitudes can be obtained from the sum of two copies of n-point partial YM

amplitudes. More precisely

ASR =3 " KogA™M(, - ) AM(1, - n) (2.21)

af
The sum over «, 8 ranges over (n — 3)! orderings, corresponding to the number of independent partial
amplitudes, and K, g is the standard KLT kernel [135,153,154]. Let us emphasise formula (2.21) is valid
in general space-time dimensions. Notice in addition, as natural from string theory, a graviton state come
accompanied by an antisymmetric tensor B*”, and a scalar, the dilaton. Amplitudes computed using

(2.21) have therefore these additional states in the spectrum. We will see a more detailed discussion of

this fact in §5.3.

Let us provide a simple example of how to use formula (2.21). The simplest double copy amplitude
is indeed given for the n = 3 case. The partial amplitude for the scattering of 3-gluons, with momentum

conservation p; — pa + p3 = 0, and p;-¢; = €2 = 0, is simply given by
AYM(1,2,3) = 2g(p1-€3€1-€2 — p1-€xer-€3 + p3-€r€n-es). (2.22)

Formula (2.21) allows us to compute the 3-graviton scattering amplitude in general dimensions, and is
given by the squaring of this simple amplitude. The KLT kernel at three-points is simply K3 = x/(4¢?).

pnv

We can choose graviton polarization tensors to be given e/ = el'el.

AsGR = k(p1-€3€1-€2 — p1-€2€1-€3 + P3'61€2'€3)2 . (2.23)

See chapter 7 for a discussion on how to obtain amplitudes for dilaton scattering.

As a further example we can compute the 4-graviton scattering amplitude from the double copy of

the 4-gluon scattering amplitude. In this case there is also one independent partial YM amplitude, say
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AYM(1,2,3,4), which for momentum conservation p; + pa = ps + py is simply given by

2 261 €2
AM(1,2,3,4) = pgpi;pﬂ [PrpstaFgﬁ,p‘f'Pl'P4F5aF£M+F§BP1'F4'p2+FfBP1'F3'p2+p1-F3'F4'p177a6] -
1'P3 P1°P4

(2.24)

Here we have used F"" = 2p£” ei”]. In this case, the 4-graviton scattering amplitude in general dimension

is simply

ASR = Ky AYM(1,2,3,4)?, (2.25)
where the 4-point KLT kernel is simply K, = %.

2.3.2 The BCJ representation of the double copy

We have seen how the KLT formula (2.21) allows us to compute GR amplitudes in a straightforward
manner. The formula however becomes quite non-trivial to use when the number of external legs become
big, this because we will have, as seen, (n — 3)! independent partial amplitudes to compute. On the other
hand, this formula is only valid for tree-level amplitudes. In this subsection we introduce a different
representation of the double copy that overcomes these problems. This is the BCJ [67] double copy
formulation, which is one of the main computational tools in the modern amplitudes program in gravity

[144].

The Color-Kinematic duality

The BCJ form of the double copy was originated from the following observations: A given n-point YM

amplitude can always be written in the following fashion

AYM _ gn-2 N Gl 2.26

where the sum run over trivalent graphs?, d; are kinematic denominators contains physical poles, and
are made of ordinary scalar Feynman propagators, ¢; encode the color structure and n; are kinematics

numerators. For a given triplet (4, 7, k), the color factors satisfy the Jacobi identity

¢ ¢ =%y, (2.27)
then the numerators can be arrange in such a way they satisfy an analog kinematic relation

n; £n; = E£nyg. (2.28)

This is relation is known as the color-kinematic duality.

4Contributions from any diagram which has quartic or higher-point vertices can be introduced to these graphs by
multiplying and dividing by appropriate missing propagators
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(1) (2) (3)

Figure 2.1: Feynman diagrams that contribute to the 4-gluon amplitude in the BCJ representation.
Figure adapted from [5]

The BCJ proposal is then that gravitational amplitudes can be computed by replacing the color

factors ¢; by a second copy of kinematics numerators 7n; as follows

ACR — ”d” . (2.29)
T 7

The two gauge theories can in general be different, and only one of theme is required to satisfy the color-

kinematic duality (2.28) in order for the gravitational amplitude (2.29) to be gauge invariant [155,156].

Let us remark although originally this formulation was done in the massless YM sector, it has been
extended to include both massless and massive matter, including spin effects. We will revisit this formu-
lation in chapter 7 in the context of spinning matter. Also, there is analogous formulation of the BCJ

double copy at higher orders in perturbation theory [144].

Let us as an example recompute the 4-graviton scattering amplitude (2.25) using the BCJ double copy
formula (2.29). For this case, the YM amplitude has the contribution of 3 color structures, as associated

to each of the graphs in Figure 2.1.

The s—channel color factor is simply given by the contraction of the colour structure constant asso-
ciated to each 3-vertex

¢y = for02b pbasas (2.30)

The corresponding numerator is
ns = |€1-€2p) + 2€1-pach — (1 > 2)} |:€3'€4p§ + 2e3-paely — (3 ¢ 4)} + s {61'63 €9°€4 — €1°€4 62'63:| (2.31)

The additional numerators follow from index-relabeling as in Figure (2.1). It is easy to show the color
factors satisfy (2.27), as it is just the usual Jacobi identity for the structure constants of the gauge group.
Explicit computation also shows the numerators satisfy the analog relation (2.28), and can therefore be

used in (2.29) to compute the 4-graviton amplitude, which will agree with the KLT result (2.25).

We have then two alternative constructions for the double copy, which we will explore further through

the body of this thesis.
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2.4 The spinor-helicity formalism

In this final section we introduce the spinor-helicity formalism, which is convenient to use when dealing

5

with observables in 4 spacetime dimensions®. This formalism is based on the simple observation that

spin-1 vectors transforms as (%7 %) representations of the Lorentz group in 4 spacetime dimensions and
can therefore be represented as a bi-spinors, where each component acts on its respective % representation.
Naturally, particles momenta p* are Lorentz vectors, and can indeed be represented in this spinorial form
p®®. There is a distinction however between massive and massless momenta which we need to take into

account.

Recall under Wigner’s classification [159], particles correspond to irreducible, unitary representations
of the Poincare group. In this sense, massless and massive particles are fundamentally different and need
to be distinguished when written in their spinorial form. This is because they have associated different
little group. Remember the little group is defined as the set of Lorentz transformations that leave particles
momenta invariant. Each particle has its own little group. For instance, for massless particles we can
choose a frame in which the momentum vectors are of the form p* = w(1,0,0,1), and therefore the little
group corresponds to the group of rotations in the x-y plane, SO(2) =U(1). For massive particles on the
other hand, one can choose the particle’s rest frame where p* = (m,0,0,0). This allow us to identify the

little group as the three-spatial rotations group SO(3) ~SU(2).

With this distinction between massless and massive particles in mind, let use introduce their corre-
spondent spinor helicity formalism in a separate way. For the former we follow the conventions of [160]

(see also [152]), whereas for the latter we follow the seminal work in [68].

2.4.1 Massless particles

The transition from the vector to the spinorial representation of particle’s momenta is done thought the

su(2) sigma matrices o = (I, 0%), via

0 3 1 n2
. . — —p +1
prd = goapp = | P TE TR (2.32)
_pl _ Zp2 pO + p3

in this matrix notation, the on-shell condition becomes
p* = det(p®®) = pg —pi —p3 —p5 =0, (2.33)

The two-dimensional momentum matrix p® has therefore rank 1 and can be written as the outer product
of two vectors

P = NN (2.34)

5Extensions of this formalism to higher dimensions are also available, see for instance [157,158].
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a and & are SU(2) indices, which can be raised and lower with the invariant e-tensor

. 0 1
- , (2.35)
-1 0

A possible parametrization of these spinors in terms of the momentum vector components is

0 3 —1
z p =D <4 z .
—— L e ( p’ —p® —pl +ip? ) (2.36)
pT =D —p —ip pT—=p

>
Q
|
|

with p° = /p? + p2 + p2. Notice we have include a general scaling constant z. This is because under
the little group transformation, A — zA and A — 2z~ 1), the matrix p®® remains invariant. For real
kinematics \* = (:\O")Jr and therefore the factor z becomes a pure phase. z = €**. For Complex momenta,

X and ) are unrelated one to the other.

We can analogously defined the conjugate matrix pao = (64)aapt, with 6 = (I, —c?). It is further-
more convenient to introduce the bracket notation Ay = |p) and :\g‘ = [p| to represent the spinor-helicity

variables. In this way the momentum matrices become

p**=1p)Ipl,  Paa = Ip] (|- (2.37)

In this notation, the Lorentz product of two vectors, p and ¢, becomes

2p-q = tr(pq) = tr(qp) = tr(|p] (v |) [q]) = (pg) [gp] = (ap) [pq] - (2.38)

Here we have denoted the contractions (pq) = )\g)\g €ap, and analogously [pq] = 5\2‘5\5 €44+ This implies

(pq) = — (gp) and [pq] = —[gp], and therefore, for any massless momentum p, we have (pp) = [pp] = 0.
Non surprisingly, massless polarization vectors (as well as Dirac spinors) can also be put into a

spinorial form. Recall they satisfy the transversality condition e-p = 0. This condition allows us to write

positive and negative helicity polarizations matrices in terms of the spinors for their associated massless

momentum as follows

[pr] (rp)

here |r) and [r| are two reference spinors (when computing amplitudes, they cancel out from the final

answer), whose freedom to be chosen is the manifestation of the gauge freedom one has to shifting massless

polarization vectors, with vectors proportional to their correspondent momentum €, — €, + [T\/E]pua in

a physical scattering amplitude. Notice polarization vectors defined in (2.39) carry little group weights.

That is, under a little group transformation, e~ — 2%¢~ and et — 27 2¢t. Finally, polarization vectors

+ .+

satisfy the usual conditions e;-e;‘ =—1,and €, ¢, = ef -p=0.

Any scattering amplitude in 4-dimensions can be written in terms of inner products of spinor-helicity
variables. Since reference spinors are little group invariant, the little group rescaling of an amplitude

is fixed only by the external polarizations. This impose strong constrains on the permitted form of an



2.4. THE SPINOR-HELICITY FORMALISM 28

amplitude, since arbitrary inner products of spinors must have the correct little group rescaling in order
for the amplitude to describe the desired scattering process. Indeed, in [161] it was shown that for complex
momenta®, on-shell 3-particle S-matrices of massless particles of any spin can be uniquely determined
from helicity arguments. This is where the power of the spinor helicity formalism overcomes the use
of usual polarization tensors. That is, for a given particle of any spin, the spin structure is completely

contained in the spinors {|p), |p]}. We will see this is also the case for massive spinning particles in §2.4.2.

Massless 3-point amplitude

For the 3-point amplitude of massless particles with generic spin (or helicity A = s), and momentum
conservation p; + pz + p3 = 0, p? = 0, with p;-p; = 0, Lorentz invariance impose the amplitude to be
generic function of spinorial combinations (ij) and [ij], with 4,7 = 1,2,3. At 3-points, the most generic

function is split into a holomorphic and anti-holomorphic contributions [161]:

As({i, hi}) = rp (12)% (23" (31)% + g 4[12] 7% [23] 791 [31] %=, (2.40)

where Kk, k4 are constant coefficients and

dy =hy — hy — hy (2.41)
dy=hy —hs —hy (2.42)
ds = hs — h1 — hy (2.43)

Imposing As({i, h;}) has correct physical behaviour in the limit of real kinematics ((ij) = 0 and [ij] = 0),
implies that if d; +ds +d3 > 0, one needs to set k4 = 0, and analogously if d; +ds +ds > 0 then kg = 0.

In this work we consider dy + ds + d3 # 0 only, as for zero sum, the two contributions need to be kept.

As an example, we can compute the 3-point amplitude for a massless state of helicity h emitting a

We will come back to this amplitude in chapter 7 and chapter 8.

massless particle of spin hgz:

2.4.2 Massive particles

Let us now introduce the spinor helicity formalism for massive particles. We have learned that massless
particles are labeled by their helicity weight, h. Massive particles on the other hand transform under some
spin S representation of SU(2). The transition from vector to spinors notation can be done analogously
to the massless case (2.32). Since the on-shell condition for massive particles is p? = m?, the matrix p®
is now of rank 2, instead of rank 1. This means, it can be written as the sum of two rank 1 matrices as

follows

6For real kinematics, 3-particle amplitudes vanish, see for discussion around (3.6)
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pd = AN I=1,2, (2.45)

The massive on-shell condition now translates into

p> =m? = det X x det(\) = m?. (2.46)

For massless particles, little group transformations were given by rescaling of the massless spinors.
In the case of massive particles, the indices I, are SU(2) indices (no to be confused with the spinorial
SL(2,C) indices «, &), and the little group transformation correspond to 3-dimensional rotations of these
indices. The transformation rules for the massive spinors are then \*7 = W})\“J, and \¢ = (W‘l){j\g,
with W1 € su(2). Of course I indices can be raised and lowered with the €/7 ,e;; invariant tensors of
SU(2). Let us analogously to the massless case, introduce the bracket notation for massive spinors as

follows AST = Ip)", and A7 = [p|’, so that the massive momentum matrices now become
; I
p** = p)" [plers- (2.47)
Angular and square brackets can be traded one to the other by means of the Dirac equation

; I _ I
Pl =m )™, Paa D)™ =mlpl} . (2.48)
In addition to the helicity labels for massless particles, scattering amplitudes of massive spin-S par-

ticles are given by totally symmetric tensors of rank 2S5.

(e}

MiTeTes} — )\111 . )\[IlzzssM{oq.--ags} , (2.49)

where M{@1225} i totally symmetric in the a; indices. Notice here we have chosen the angular as
opposite to the square brackets basis to represent the scattering amplitudes. This is always possible since
one can always convert from one basis to the other using (2.48). Let us also remark that massive spinor
naturally recover their massless counterparts in the high energy (m — 0) limit. Let us not go into this

discussion here but readers interested can see for instance [68].

Minimal coupling massive 3-particle amplitude

Let us analogously to the massless case, consider the 3-particle amplitude for a massive spin-S state,
emitting a helicity A massless particle. We use the momentum conservation conventions p3 = p1 + ko.
This amplitude is completely fixed by the little group, and minimal coupling arguments [68]7. Let us

introduce the notation for the spin-s polarization states, using totally-symmetric tensor products of spin

"Minimal coupling in the sense of [68], is the statement that under the high energy limit, the 3-point amplitude (2.57)
reduces to the massless version (2.44)
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1/2 spinors

1
le1) zﬁu(“l) ®...®[1929)), (2.50)

1
1] =—s 1] @... @ 1], (2.51)

which are two different choices for a basis of 25 4 1 states. They can be mapped to each other using the
operator (2.48). In this notation, the minimal coupling 3-point amplitude for the emission of a positive

or negative helicity h particle is [68]

—Ih|

2 leseal, (2.52)

B
+|h|,S &€ —|h|,S
AP = (1IN s fege) A = (M
m
where we have used the usual z-variable notation for massive spinors as follows:

oo Ulmilkal [l ) 25

m{rks) ’ m(rks]

with |r) and |r] reference spinors, associated to the massless particle polarization, as introduced in (2.39).
In this sense, we can think of the z-variables as proportional to the massless particles polarization tensors;

or more precisely z ~ e*-p; and 7! ~ e -py.

Consider for instance the case S = 1/2. |e1) = —=[1). In [58] (see also [60]), it was shown that in
terms of the spinorial realization of the spin 1/2 Lorentz generators J** = (o** @ I+ 1® o*”), where the
angular momentum operator can be put in terms of the standard SL(2, C) matrices, o* = ol#5*1/2, the

previous amplitudes can be written in the following way (take for instance |h| = 2):

_9.5— ko€, JH
AT () 3] (14 P ) (2.54)
p1-€
where one has to use
ko, e JHY ko) (k ko) (k
2y T _ (ko) el | g TR Ral (2.55)
p1-€ mx me

Analogously for the opposite polarization, we change angle to squared brackets, and do k5 — —k4. The
trick to write the amplitudes (2.57) in terms of the spin operator is, for instance for the minus helicity
one, to change from the chiral (square brackets) to the inti-chiral basis (angular brackets) using the Dirac

equation (2.48), and analogously for the other helicity.

The infinite spin generalization of (2.54) was also introduced in [58]. In this case, the spin-j general-

ization of (2.55) is

®jJ .
S |k2)(k _ .
ko€, JHY N\ ©i (z(g*f)j)! (‘ 272(552') ©I®2577 - j <28
(=) - (250
P 0, j>28
which leads immediately to an exponential representation of the 3-point amplitude
_ _Ihl.S= Fy,, JH
AT = A s e () e (2.57)
2e5 -1
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where we have used F1” = 2kle; ) and A;"5=0 = (¢=-p;)I". We will continue studding these 3-point

amplitude in chapter 8 (see also chapter 3 and appendix B). Naively we might think this amplitude have
unphysical poles for S > h, when one expands the exponential function. In chapter 8 we will prove this
is not the case, and indeed, we will show how it’s classical limit recovers the linearized effective metric

for the Kerr BH, as originally shown in [58,103].

The Compton amplitude in spinor-helicity form

Let us finalize this section by commenting on the spinor helicity form of the Gravitational Compton
amplitude. As we will see in chapter 3, this amplitude can be constructed from soft theorems, without
the need of a Lagrangian. In [68], up to spin S = 2, it was also shown that it can be completely fixed
using unitarity, and the 3-point amplitudes shown above, which are themselves fixed from little group,
and minimal coupling arguments. In spinor helicity form, with momentum conservation p; + ko = ko +p4,

and for incoming (outgoing) graviton helicity +2 (—2), the gravitational Compton amplitude reads

(2/1]3)*
p1-kapr-kgka - ks

([1°2](34°) + (1°3)[4b2])" . (2.58)

=2
A=

Using arguments along the same lines above, the authors of [58] showed this amplitude can be written

in terms of the spin generators in the form

_ 5= Ey ., JH
AF7% = ATT570 % (4] exp 2 ) ey) (2.59)
2¢2-m

where the scalar amplitude is simply

(21/3]*
D1 - kapr-kska ks )

AFTP70 = (2.60)
Unlike for the 3-point amplitude, (2.59) is valid only up to spin S < 2. For S > 2, this amplitude has the
unphysical pole ea2-p; ~ (2|1]3], which cancels from the scalar amplitude for lower spins. Up to S = 2,
this amplitude agrees with the Lagrangian derivation. We will comment on this in §7.2.1. For the QCD
(single copy ) amplitude, the spinor-helicity amplitude

2
AQEPE=2 m ([192](34°) + (1°3)[4%2])” . (2.61)

agrees with the ¢ = 2 form factor choice for S = 1/2,1, but disagrees with the Lagrangian minimal
coupling amplitude, where g = 1 for S = 1 Proca particles. In §7.2.1 we argue that double copy criteria
fixes g = 2 for QCD for the named spin values. Furthermore, in chapter 8 we will show in the classical
limit, amplitude (2.59) corresponds to an effective description for the scattering of Gravitational waves

off the Kerr BH in the low energy regime, traditionally studied using BHPT.
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2.5 OQOutlook of the chapter

In this chapter we have introduced some modern amplitude techniques that will facilitate the understand-
ing for most of the content of this thesis. These techniques are some of the cornerstones of the modern
amplitudes program in classical gauge theories and gravity, and have shown remarkable simplifications
at the moment of performing hard core computations. This chapter was intended as a short review but

readers interested in a more pedagogical introduction can consult the reference cited through the chapter.



Chapter 3

Classical E&M observables from
SQED amplitudes

3.1 Introduction

As motivated in the Introduction and in §2.2, the main ingredients in the computation of two-body
classical observables in gauge and gravity theories are the conservative 4-point (M,) and radiative 5-point
(Ms) scattering amplitudes (1.1). These amplitudes have been subject of exhaustive studies in the last
decade, including matter with and without spin in gauge theories, as well as scalar and spinning sources in
gravitational scenarios. Remarkable modern amplitudes techniques are used in the computation of these
objects, aiming to simplify the calculations and extract the relevant contributions needed for classical
physics at the earliest possible stage of the computation. Among some of these techniques we have spinor
helicity variables introduced in §2.4, generalized unitarity , the double copy briefly introduced in §2.3,
which we will expand in chapter 7, as well the use of integration techniques developed for the computation
of QCD cross sections, many of which will be used in the body of this thesis. In this chapter we provide
a pedagogical introduction to the computation of these amplitudes in the simplest scenario, that is, for
scalar particles minimally couple to the photon field, otherwise known as SQED. This will allow us to
introduce many of the ingredients needed in more complicated scenarios including spinning sources both
in QED (QCD) and Gravity, while avoiding the complications introduced by the latter. We postpone the
study of spin for both gauge and gravity theories for chapter 5 .

In the first part of this chapter we will concentrate on the computation of My and My at lowest orders
in perturbation theory, that is, at 2PL and 3PL order respectively. We will show that as suggested by (1.2),
these amplitudes can be obtained from elementary building blocks given by the 3 and 4-point amplitude
for one massive line emitting photons (gravitons) . We provide a Lagrangian derivation of these building
blocks and give some of their simple applications in classical physics: As first application we will discuss

how no radiative content propagates to future null infinity from the 3-point amplitude. Secondly, we show

ILet us stress here that factorization (1.2) is in fact more general (including spinning particles) and holds for both gauge
and gravity theories.

33
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how the classical Thomson scattering of electromagnetic waves off structure-less compact charge objects
can be obtained from the classical limit of the Compton amplitude. We further point out interesting
properties of these building blocks as soft exponentiation and the orbit multipole decomposition. This
then allows us to argue the same amplitudes can be constructed directly from soft theorems and Lorentz
symmetry of the scattering matrix, without the need of a Lagrangian. Furthermore, we will check how the
soft exponentiation of the Compton amplitude induce an all order exponential soft decomposition of the
classical 5-point amplitude. We proceed by illustrating the computation of simple two-body observables,
including the 2PL linear impulse, the 3PL radiated photon field in a 2 — 3 scattering process in SQED
at leading order in the frequency of the radiated photon and show that it agrees with the well known
Weinberg soft theorem [162], whose universality is a consequence of the spin universality of the mentioned

building blocks, which we study in more detail on chapter 5.

As advertised in previous sections, one of the main subjects of this thesis is the computation of
gravitational radiation from the classical limit of quantum scattering amplitudes. These gravitational
amplitudes can be computed with the help of the double copy, as we have stressed several times in
previous sections. We have however introduced the double copy in the context of Yang Mills theories
with the slogan GR = YM? in §2.3. The reason we chose to discuss electromagnetic radiation in this
chapter as opposite to color radiation is that, as we will show in chapter 5 and chapter 7, the double
copy of the electromagnetic amplitudes discussed in this section will be enough to compute the classical
gravitational radiation in the two-body problem at LO in perturbation theory, avoiding the complications
arising from the non-Abelian nature of YM theory. This is somehow a different approach to the one taken
in the work of Goldberger and Ridgway in [80], and Luna et al [6], where the LO gravitational 5-point
amplitude was computed from the BCJ double copy of scalar-YM. Of course these two approaches are
equivalent as we will explicitly show in chapter 7, with the reason behind this equivalence being the

agreement of Az and A4 amplitudes, with YM partial amplitude; we will expand on this in chapter 7.

We finalize this chapter with the explicit computation of the 2PL (1-loop) linear impulse for the
scattering of two structure-less, charged compact objects interacting through the exchange of electro-
magnetic waves, recovering the classical results of Saketh et al [76]. For this we make use of the integral
representation of the linear impulse derived in [78], and use integration technique introduced in §3.3

below.

This chapter takes elements of previous work by the author [84,102,106], and for completeness, the

discussion in §3.2.1 is done along the lines of [163].

3.2 Scalar Electrodynamics

As a warm up, let us study the simple theory describing the minimal coupling between a charge scalar
complex field and the photon field. This will avoid all of the complication arising from spin, while

capture many interesting features of radiation, also present for spinning bodies. For one matter line, the
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interaction is described by the scalar-QED Lagrangian
1
Lsqep = *ZF;WFW + D, oD " —m?|¢?, (3.1)

where we have introduced the position space photon field strength tensor F),, = d,A, — 0, A,,, whereas
the covariant derivative is D, = 0,, + iQeA,,, with Q) the charge of the scalar field, and e is the electron
charge. It is a straightforward task to derive the Feynman rules from this Lagrangian. For instance, the

3-point vertex and the seagull vertex are given respectively by

1
S B G (5:2)
P 2
M v
,v, =2e2Q* (3.3)
p 14

The simplest scattering amplitude one can compute with this Feynman rules is the reduced 3-point

amplitude Az, for a massive scalar emitting a photon
AFED — i2e QT opy (3.4)

where the momentum conservation condition reads ps = p1 — ¢, and e* corresponds to the polarization
vector for the emitted photon.

We can also consider the amplitude for the 2 — 2 scattering of our scalar particle with a photon.

AEQED

That is, the scalar Compton amplitude , which for momentum conservation p; + ko = k3 + pq4, is

simply given by
Fy-Ffpy
ABQED _ gp2q2 L7275 L 3.5
* p1-kap1-ks (3:5)

where, with some abuse of notation, we have introduced the momentum-space photon field strength
= oklre),

These will be the main building blocks in the computation of classical electromagnetic (gravitational)
two-body observables, as we will shortly see. Before going into that, let us first comment on two direct
applications of this amplitudes in the computation of classical radiation. As first example we will show
how although the 3-point amplitude contains an external photons, it does not carry any radiative degrees
of freedom (DoF) in Minkowski space-time. The second example will be the direct use of the classical

limit of the Compton amplitude to describe the Thomson scattering process in classical electrodynamics.

3.2.1 Radiation scalar and the 3-pt amplitude

The radiative content in a classical scattering process is encoded in the so called Radiation Newman-
Penrose scalars [164]. These correspond to solutions of the classical field equations, which decay as 1/R

at past and future null infinity, with R the distance from the position in which the scattering process took
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place, and the position of the detector. From a classical perspective, the momentum space scattering
amplitude with external massless particles can be interpreted as the source entering into the right hand
side of the field equations, and therefore are directly related to the radiation scalars. For instance, at the

level of the 3-point amplitude, the photon emission is capture by the Maxwell spinor [165]
\/5 I& 8 —q-x
o) = LoRe [ @03 q) (g A5, (36)

Here we have introduced the massive particle four-velocity ut = %p”, whereas |q) (q| = o*q,. We have
also used & (u-q) to represent the on-shell condition for the outgoing massive particle (Notice we have use
the on-shell condition ¢? = 0 for the emitted photon). This integral is straightforward to evaluate in the
rest frame for the massive particle, where u* = (1,0,0,0) (or = (7,0,0,0)), where the on-shell condition
) (u-q) for the outgoing massive particle becomes the zero energy condition w = 0, for the emitted photon,
which in Minkowski space time, ¢* = w(1,0,0,1) is solved for ¢g* = 0 identically. We conclude then that
¢(z) = 0 and therefore 3-point amplitude contains no radiative modes in (1, 3) signature. This is an
statement that holds to all orders in perturbation theory, and for generic massless emission at 3-points.

Interestingly, in split signature (2, 2), ¢(z) is a non-vanishing object, containing radiative modes as shown

in [163], whose interesting properties are beyond the scope of the present thesis.

This is the reason a charged massive particle cannot emit radiative Degrees of Freedom (DoF) towards
future null infinity unless it is disturbed by an additional entity, for instance, an additional charged
particle, or an electromagnetic wave. Let us however remark that although the amplitude (3.4) does
not provide radiative DoF, it will be an important building block in the constriction of higher point
amplitudes, which do carry radiate DoF. As a final remark, let us stress the Maxwell spinor (3.6) can

also be determined using the methods described earlier in §2.2.

3.2.2 The classical electromagnetic Compton amplitude and Thomson scat-

tering

Let us now proceed with a first direct application of our scalar Compton amplitude (3.5) in the low energy
description of the scattering of light off a charged particles in classical electrodynamics. This is known
as the Thomson process where the incoming wave hits the charge making it accelerate and therefore
emitting a wave with the same frequency of the incoming wave (see Figure 3.1 for our conventions used
in (3.9)). The observable for this process is the classical differential cross section which can be obtained

from the classical (here equivalent to the low energy limit) limit of the Compton amplitude.

In what follows we introduce some general notation that will be used not only for the scattering of
electromagnetic waves in QED, but also will be used in the context of the scattering of waves of general

helicity h off scalar and rotating Black holes, which will be studied in great detail in chapter 8.

In order to define the classical piece of the QFT A, amplitude and link it to a wave scattering
process, we proceed as follows. The null momenta of the massless particles, k;, is to be identified with

the classical wavenumbers, k;, as dictate by the KMOC formalism §2.2, and corresponds to the direction
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—I\\
0

Figure 3.1: Wave scattering in an Amplitudes setup. A incoming plane wave traveling along the z-axis,
hits a classical compact object at rest. The wave gets scattered with outgoing momentum lying in the
x — z plane. We have introduced a spin vector oriented in a generic direction, preparing for the process
of gravitational wave scattering off Kerr BH, treated in chapter 8.

of wave propagation. Thus, this allows us to write
ki = hki, [ki] = [1/L], (3.7)

as i — 0. This scaling will be sufficient for QFT amplitudes involving a single matter line (see also
[61,78,102]). For such case, this also implies that internal massless momentum ¢ = ), £k; has the same

h-scaling, ¢ = hq.

Consider now the Compton amplitude (3.5), representing the four-point scattering amplitude of two
massive scalar legs of momenta p; and ps and two massless legs of momenta ko and k3. In the classical
interpretation, the massive momenta will be associated to initial and final states of classical charged
compact objects (or BHs in the gravitational case), whereas the massless momenta ko and k3 represent
the incident and scattered wave respectively. The classical limit of (3.5) is the achieved by taking the

leading order term in the i — 0 expansion of the amplitude,
<A4> = ;lil_IR) A4 . (38)

We choose to evaluate our classical amplitude in the reference frame for which the massive particle is
initially at rest and the scattering process is restricted to the x — z plane. By adopting the scaling given

in (3.7) and the rest frame for p;, the momenta of the particles read explicitly (see Figure 3.1)

pllL = (M507O7O)a

k= hw(1,0,0, 1),
Fuw(1,sin 6,0, cos 6) (3.9)
1+ 2% sin?(0/2)

Ky =

with the form of the energy for the outgoing wave of momentum k3, fixed by the on-shell condition for

the outgoing massive particle. Here 6 corresponds to the scattering angle. The independent kinematic
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invariants are

hw
o= (k=02 (14257 )

4h2w? sin? (0/2)
1+ 25 5in?(0/2)

(3.10)
t= (ks —k2)* = —

which for the case of electromagnetic scattering only receive contribution from the s—channel, from the
identity
s—M?~ M?*—u+O(h), (3.11)

hiding in the classical limit, the latter can then be taken as the limit in which fuwv/M << 1. This
is equivalent to a multi-soft limit, for which the momenta of the incoming and outgoing photon are
much smaller than the mass of the scalar particle. It will also be convenient to introduce the optical

parameter [84]:
M?

= sin? . .
(5 = M2)(u = M2 = (0/2) (3.12)

&=

We will make use of this parametrization for particles momenta in chapter 8 when discussing the scattering

of waves off rotating BHs.

The next task is to relate the classical amplitude to the classical observable, in this case, the differential
cross section. For that we use the well known formula for the differential cross section in QFT, and then
proceed to take its classical limit according to our prescription. Let us assume that the incoming massless
particles have fixed helicity h, whereas the outgoing massless particle can in general have a different

helicity A’ = h. Then, the unpolarized differential cross section will be given by

Z |Ag(h — I')|2dLIPS,

3.13
2E12E2|1}1 — 1)2‘ ’ ( )

where the sum runs over all the polarization states for the outgoing massless particle, and the two particle

Lorentz invariant phase space has the simple form

s — M?

Noting that in the classical limit k5§ — w(1,sin@, 0, cosf), the differential cross section simply becomes

[(Asg(h — 1'))[?
e 3.15
R (3.15)
The impinging wave can also be unpolarized. In such case, the helicity states for both the incoming and
the outgoing waves allow us to define the elements of the scattering matrix as follows
Al Al
Al = :* : : (3.16)
Ar AR
where the sub-indices denote the polarization of the incoming and outgoing wave respectively, and h

denotes the nature of the wave. We associate +h (—h) states with circular left (right) wave polarizations.
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Motivated by the discussion of wave spin induce polarization in the next sections, specially in the context
of spinning black holes in chapter 8, we will refer to the diagonal elements Ai e AP as helicity preserving
amplitudes, and to the off diagonals Ai_, Al + as helicity reversing. An important caveat here is that the
helicity of particle k3 appears flipped with respect to somewhat standard conventions: As k3 is outgoing

with helicity A it is equivalent to an incoming particle with helicity —h'.

We are now in good position to evaluate the classical amplitude (3.8), given by the classical limit of

the Compton amplitude (3.5). The corresponding polarization directions are

1
e =m = E(O,COS 0,i,—sinf),
1 (3.17)
€3 =— M = —5(0,0089, —i,—sin#).
Analogously for the incoming wave
1
e; =—=(0,1,4,0),
2
1 (3.18)
e =——=(0,1,—4,0).

V2

Using previous prescription for the kinematics of the problem, one can easily show that the elements
of the scattering matrix (3.16) for the scattering of a electromagnetic wave off a scalar charged massive

particle read

<AASL?£D> = (AZSLEEP> = 2¢? cos? (Z) ; (3.19)

whereas for the off-diagonal elements we have
h=2 h=2 9 . of0
(A357) = (A4~ ) = 2e”sin 5 (3.20)
One can immediately obtain the unpolarized classical differential cross section

d(UCSZ‘;ED> B <4§j\4)2 {6084 (Z) 4 sint (Z)} (3.21)

which recovers the well known unpolarized differential cross section for the Thomson scattering [105]. A

similar scattering amplitude approach was taken in [131] reproducing the Thomson result analogously.
Notice this differential cross section does not diverges in the § — 0 limit, and is a consequence of the
form of the classical amplitude, which reduce to a contact term of the form <AfQED> ~ 2¢e2%ey-€5. This
is due to the fact classical electrodynamics is a Linear theory, unlike the case for gravitational, where
the non linearity nature allows to write non-contact diagrams with poles of the form W), these are
basically t-channel poles, as we will see in detail in chapter 8. As final observation, the cross section for

the Thomson process

o= ?rg, (3.22)

where 7 is the classical radius of the charged particle (see Table 1.1), is independent of the energy of

the incoming wave and only depends on the radius of the charge particle.
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3.2.3 Soft exponentiation and orbit multipoles

Another way one can understand why Az does not carries radiative DoF is through the orbit multipole
moments. As we have seen above, A3 corresponds to a classical on-shell current entering into the r.h.s. of
the classical field equations, and although it can be used to evaluate conservative effects in the two-body
problem, it is not enough for the computation of radiative effects [32,166]. This can be understood from
the fact that it does not possess orbit multipoles, in contrast with A4. We define the orbit multipoles as
each of the terms appearing in the soft-expansion of A,, for n = 3,4, with respect to an external photon
(or graviton as we will illustrate in chapter 7)2. Such expansion is trivial for A3 as seen from (3.4). For
Ay, however, it truncates at subleading order for photons [167,168]. As a consequence, both amplitudes
can be directly constructed via Soft Theorems without the need for a Lagrangian. The only seed is the
three point amplitude (3.4) which is can be fixed up to a constant using 3-point. kinematics arguments

as we illustrated in §2.4. Let us then write the soft expansion of A4 with respect to k3 — 0 as

€2Pq 2F3Ja p 2 42 | PréFk F
Aph — €Q e € Pa AP = 2¢ Q — R (323)
* a;4 k3 pa K p1-kspaks prks
where F3-J, = F§"J,,,, is the action of the angular momentum operator J£ = [p, A 9,,]*, on its

corresponding massive particle [169]. We have also introduced the variables Fj, = py-F3-ko, F. = p1-F3-€o.
This exponential representation of the four point amplitude will be use when we discuss radiation in the
two-body problem, where the exponential expansion of A4 induces and all order soft exponentiation of

the 5-point amplitude (1.2), for both QED and Gravity.

3.3 1PL linear impulse and 3PL photon radiation in SQED

With the previus building blocks at hand, we are now in position to compute simple classical observables
in the scalar two-body problem in classical electrodynamics, for structure-less charged compact objects.
In this section we will illustrate the computation of two main observable, the leading order linear im-
pulse(2.12), and the radiated photon field in (2.15), as provided by the KMOC formalism. The former
was originally computed in [78], and we include it here for completeness, whereas the latter was computed

by the author in [102,106] at leading order in the soft expansion.

Leading order electromagnetic impulse

Let us start with the computation of the linear impulse at 1PL order. For that we need the classical
limit of the amplitude M4S QED, for the scattering of two massive scalar interchanging one photon. The

quantum amplitude can be easily computed using the Feynman rules (3.2) and (3.3), together with the

2The soft expansion is the analog to the multipole expansion of a classical source [105], and therefore the name orbit
multipoles.



3.3. 1PL LINEAR IMPULSE AND 3PL PHOTON RADIATION IN SQED 41

photon propagator

A

u.\/W\N\/\/‘. 1 ’L"I’]’uy

= . 3.24
_> q2 + ’iG ( )
q
Explicitly we have
Do + q2
MEQEP — 402, @, A2 T L 3.25
h e“Q1Q2 1 ic (3.25)

From the KMOC prescription (see §2.2), the classical limit of this amplitude can be taken by recalling
q — hq, and take the leading order as A — 0. This amounts to simply drop the term ¢? in the numerator
of the previous expression (effectively removing contact terms, and therefore the classical expansion can
be interpret as the large impact parameter expansion). Notice by doing so, the classical amplitude
can be alternative computed from the unitary gluing of two three point amplitudes (3.4), where the
internal photon is on-shell, as indicated in (1.2). This is in general the usual approach taken when
computing higher multiplicity, as well as higher loop amplitudes, needed for the two-body problem,;
that is, amplitudes are computed using generalized unitarity from lower order building blocks (see for

instance [51]).

Back to the 4-point amplitude, the classical piece simply reads

MSQED — 4e2 P1-D2 . 3.96
( 4 ) € QlQ2qQ_H.6 ( )

With this amplitude at hand, the 1PL linear impulse can then be computed from the formula (2.12),

and reads explicitly

Apgo) "=e*Q1Q2p1p2 /34(18(101'(1)3(1)2@) e lat, (3.27)

q% + ie
Let us finish this example, by the explicit evaluating this integral, although it has been evaluated
in several previous works (see for instance [58,78]). We aim however to introduce some notation and

conventions that will be further used in chapter 4 and other parts of this work.

We start by noticing that since there are two delta functions inside the integral (3.27), they allow us
to evaluate the integrals in the time and longitudinal directions of gq. Let us now remember the role of
the ie prescription is to ensure that the energy integral, ¢, does not diverges when ¢° hits any of the

singular values (remember ¢° runs from —oco to +00).

1 1
Pric @ +1a+ie)q —1d —ie)

(3.28)

however, since we have at least one delta function, say ) (p2-q), we can chose to evaluate the integral in
the reference frame of particle 2, then, 5(p2~q) — mi?S(qO), which localizes the ¢° integral to ¢° = 0, in

that case, the propagators evaluate to

1
(191 +ie)(=1q1 — ie)

(3.29)
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which leaves us with denominators no longer divergent an therefore we can drop the ie. We have learned
then that when there is at least one delta function & (pi-q), and a delta function, one cal always ignore the
ie prescription for the massless ( radiation) poles, which in turn implies that the result for the impulse
will be the same irrespective of whether we used the Feynman or the Retarded propagator 3. This is of

course expected in this example since this is a computation purely in the conservative sector.

Let us however take a more covariant approach for the explicit computation of the integral. For that

we decompose the momentum ¢ in terms of the massive momenta p;, and the transverse momentum ¢, ,

as follows
¢" = aopf +oaph + ¢, pirqr =0, (3.30)
where
1 2 1 2
M =5 [p1poxi—mizs], ap= D [p1-pawa—mszs]. (3.31)

Here we have introduced the dimension-full quantities x; = p;-q, and the Jacobian factor D, given by
D= (Pl'p2)2 - m%m%. (3.32)

Notice the decomposition (3.30) is generic and does not assume any conditions on the z; variables. With

the change of variables (3.30), the integral measure in (3.27) becomes simply diq = %cpq L dxrdzs.

In general, in latter sections we will have to evaluate integrals of the form

1 s s .
I= ﬁ/CZQC]le‘ldJ}Q(S(n)(Z’l)(S(m)(J)Q)f(xl,l‘g,ql,a), (3.33)

that is, with a certain number of derivatives acting over the on-shell delta functions. We can use integra-
tion by part multiple times in order to remove the derivatives acting over the delta functions, transporting
them to act over the integrand function f(x1,72,q1,0) *; once we have the on-shell delta functions free
of derivatives, we can use the latter to evaluate the x;-integrals. At that point, the calculation would
have been reduced to evaluate the lower-dimensional integrals of the form

1 on o™
_(_1\ymtn_— 72 ~
=D VD /d 1 oz} awgbf(th’qbg)

(3.34)

x1=x2=0

Going back to the computation of the leading order impulse integral (3.27), for this case the evaluation
of the integrals in the time and longitudinal directions simply reduces to fixing a; = as = 0. We are left

then with a two-dimensional integral

-
) o
ApOH Q1Q2p1°p2 P2qe—as QQL

5 2 (3.35)

which can be evaluated by trading the momentum ¢, in the numerator by a derivative w.r.t the transverse

impact parameter. Afterwards, the two dimensional integral can be evaluated in polar coordinates as

3However, this will not be the case for all of the integrals that we will find in this work.
4Here we have use o to represent additional momenta, masses and impact parameter labels.
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(a) Diagram A (b) Diagram B (e) Diagram C

m=q k P2 = g2 PL=d P2 =2
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(d) Diagram D (e) Diagram E

Figure 3.2: Feynman diagrams that contribute to the 5-point radiation amplitude in SQED. Figure
adapted from [6]

follows
Ap(O);L QIQQ pip2 L qu— de zqibL 0059 (3 36)
1 \/T) 7r ;L—>0 .
b
_ QlQ\;%l ‘D2 7817“ lim / qu jO(Zi J—) , (337)
m

1 QiQ2pip2 . 2 2
oy hg%ab,,, In (—b%p?) . (3.38)

In the second line Jy(x) corresponds to the order zero Bessel functions of the first kind. Evaluating
the remaining derivative and trivially computing the p — 0 limit, leads to the well know result for the
leading order electromagnetic impulse, first computed by Westpfahl in [170] by explicilty solving the

classical particles’ equations of motion (EoM)

2 Q1Q2 p1-p2 B* B2 — 2

0
Apg)l“_ 6 271_\/* b2, = —0",

(3.39)

where b is the two dimensional impact parameter.

Leading order radiation

The second example we provide in this section is the computation of the classical radiated photon field
at 3PL order, for the scattering of two interacting classical compact charged objects. At this order in
perturbation theory, only the linear in amplitude part of the radiated field (2.16) contributes, whereas
the second term contributes to higher PL orders as we will see explicitly in chapter 4. Analogous to the
computation of the linear impulse, we first need to provide the relevant amplitude M, S QED, for which we
will use the momentum conventions given in Figure 3.3, and then proceed to take its classical limit using

the KMOC prescription.

The natural path for obtaining this amplitude would be by the use of Feynman diagrams, there are

five of them as shown in Figure 3.2 , and for SQED these are very easy to compute. Let us however take
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PL=P— G k Ph=p2— G2

P1 P2

Figure 3.3: Bremsstrahlung radiation (outgoing photon) emitted during the scattering of two massive
charge particles thought the exchanging electromagnetic waves.

an alternative road which uses what we have learned from the computation of the leading order impulse
in the previous example. That is, in the classical limit, the amplitude can be obtained from the unitarity
gluing of lower multiplicity amplitudes. This is nothing but the well known fact that up to contact
terms (although in some cases they are not present), the scattering amplitudes can be reconstructed from
unitary cuts, where the internal particles become on-shell, and the amplitude factorizes into the product

of two on-shell amplitudes [171].

For the case of My, at leading order we in the PL (PM) expansion, the classical piece of the amplitude

can then be computed from the formula

Nh
D E
q2

(M) = (3.40)

where ny, is a local numerator. This form of the 4-point amplitude is general, and works for the elec-
tromagnetic and gravitational theory, including spin effects as we will see in chapter 5. For the case of
the classical 4-point amplitude at leading PL order, we can identify the scalar numerator by caparison

to (3.26). npn = 4€2Q1Q2 p1-p2

For the case of the five point amplitude, the relevant factorization channel that encapsulate the
classical contribution, are those for which the amplitudes factorizes into the product of our favorite

3-point (3.4) and the scalar Compton amplitude (3.5), as follows

o Ak /
(M5} -, 72 F (1l 2), (3.41)
Pax

that is, the channels for which ¢ = 0 and ¢5 = 0. We stress this factorization enclose the classical

contribution even in the presence of spin as we will see in chapter 5.

Let us now see how this factorization allow us to recover the Bremshrtralugh radiation formula for

scalar objects. At the first factorization channel, ¢3 = 0, the residues can be computed via

ResM?QED (3.42)

L, R,v
= <A4 M As )

2

q5 =0 q%:O
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where

AR 900yt (3.43)
2e2Q)?

Abor = TR (4 g0 FHO — phgyF- ) 3.44

! (p1-k)(p1-q2) (b1t Fp1e — P Fop1) g3=0 40

Now, the on-shell condition for the outgoing massive particles imply p;-q1 = ¢3/2 and pe-q2 = ¢3/2. This
shows that, although the products p;-g; naively scale as ~ h, they in fact scale as ~ h? and are therefore
subleading in the classical limit. Notice also that momentum conservation dictates pi-go = p1-k — ¢2/2,
where the second factor can be dropped in the classical limit The analog result follows for the factorization

channel ¢? = 0.

We have learned then that in the classical limit, the Bremsstrahlung amplitude has the following form:

(a) (b)
w1 ny, I
(Mg >_(q.k)h71 (q2—q-k)(p1-k)? +(-1) (@ +qk)(pak) | | (3.45)

where we have further write the momentum transfer ¢; in the symmetric variable ¢ via ¢ = ©5%. Here
we have written h = 1,2 to denote the photon and graviton emission, since, as we will argue in chapter 5
and chapter 7, this formula also holds for gravity, even in the presence of spin. For the time being we

can just set h = 1 as it is the case we are here interested in.

The scalar numerators for photons emission, can be rearrange in the form

ng,l;h:‘l@gQ?QzPl'RS'F'Pla nélj)h:4€3Q1Q§p3'Rl'F'p37 (3.46)

where we have introduced the notation Rf'/:py‘(nﬂq—k)”], with n; = 1 and o = —1. We have to keep in

mind this numerators are valid on the support of the on-shell condition for the outgoing massive particles.

To be more precise, we can now write the radiated photon field for the scattering of two scalar charged

particles in SQED, as given by our KMOC formula (2.16) as follows

(a) (®)
"0.ph "0.ph (3.47)

@k k)2 | (Prak)pak)? |

2
AP (k) = ekt / chq H 5(2pi-q)6_iq'b
i=1

where we have use b = %(bl + b2), and we have defined the impact parameter b = bs — b1. One can show
this formula recovers the classical result of Goldberger and Ridgway [80] for colourless charges, upon the

change of variables Iy = ¢+ k/2 and lo = —q + k/2, and set by = 0.

Photon exponential soft theorem

We will not evaluate explicitly integral (3.47) here, but will study a very interesting feature that arise if
the photon emission is soft ®, namely, the soft exponentiation of the scalar classical 5-point amplitude.

This will also be a feature for the gravitational case as we will show in chapter 5. For this we make use of

5By soft we means the limit in which the energy of the emitted photon is much smaller that the momentum of the
massive particles.
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the exponential form of the Compton amplitude (3.23) to read exponential form of numerators entering
in the 5-point amplitude (3.45). This is, the numerators n(()"lr))h can be read off directly from (3.23) as
follows: Replacing €; by p2, powers of the orbit multipole F, translate to powers of Fj,=p;-F-ps, whereas
Fy, now becomes Fj,=n;(p;-F-q), with m1=—1,72 = 1. The soft expansion (3.23) with respect to ks = k

becomes
(a) *&(Pl'k)% 2
Ngpn = Flg eQre Ma (P1-p3) [46 Q1 Qap1 'pz] . (3.48)

+q-k2

Further writing m =e Wq% turns (3.45) into

MSQED Z SSQED, "L( I o W*qk )<M§QED> (3.49)

where is given in (3.26). We have defined SSQEDi:eQi(;%i}Z)Q . This expression can be used to obtain
<M5S QEDY from (M;9P) as an expansion in the photon momentum k* to any desired order in the soft

expansion (sub-subleading orders were studied in [172-174]).

One can check explicitly that S; + Sy corresponds to the i — 0 limit of the Weinberg Soft Factor for
the full Ms [175]. The first order of the exponential analogously corresponds to the i — 0 limit of the
subleading soft factor of Low [167,176].

Let us focus for simplicity on the leading order of (3.49). As we will see in chapter 6, for bounded orbits
w ~ ¥ the wave frequency expansion becomes a non-relativistic expansion [31], where the Maxwell dipole
emission formula (an analogously the Einstein quadrupole formula) can be derived from the Weinberg
soft theorem. For classical scattering we can use the leading soft term to obtain the Memory Effect as

R—o0. Plugging (3.49) into (3.47) we get

. ig-b SQED
/W5(2q~p1)5(2q.p2)eq Y s, | (ugeny

i=1,2

as k — 0. Evaluating the sum and using (3.27) as a definition of the linear impulse Ap; = —Aps we

obtain

e A

1 eQ1p1 €Q2p2> 0
B + -F-Ap+O(k°), 3.50
p1-kpak ( p1-k pa-k PO (8:50)

which at leading order in Ap (or e) becomes

eQipy  eQaph
AH =A . .51
() { <A e (3.51)

This is nothing but the classical leading soft factor for two incoming and two outgoing massive particles

[177]

Nin Nout
A2 (R) = D Qs —pl Z Qz_—p, 7 (3.52)
1=1 Di

once we write the outgoing momenta as a perturbative expansion in powers of the impulse acquired by
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the massive particles order by order in perturbation theory®

Phow = Pl + D #EHD (2p")} (3.53)

L=0
and take the leading order in the coupling e (i.e. L = 0). We have then connected non-perturbative
results for classical soft theorems to the perturbative scattering amplitude approach to the computation
of classical radiation. In general, we will show in chapter 4 that classical soft theorems impose and
infinite tower of constraints on KMOC computations, where the tower arises from the loop expansion of

the outgoing momenta (3.53).

As last comment, it is well known that the leading and subleading soft theorems QED are universal,
independent of the details of the computation, as well as the matter content [172,173,177-179]. In
this section we have reproduced the leading soft theorem starting from the scattering of scalar charge
particles only. This means adding intrinsic structure to the particle such as spin, should not change the
result (3.52) for the radiated photon field. This, as we will see in chapter 5, is a consequence of the spin

universality of A3 and A4 amplitude, which is inherited by the two-body radiative amplitude Ms.

3.4 2PL linear impulse in SQED

In the final part of this chapter we do the explicit evaluation of the 2PL linear impulse integral for scalars
particles. This integral was derived using the KMOC formalism in the original paper by the authors [78],
whose final result was left implicit, and can be obtained directly from the Feynman diagrams 1-loop
diagrams in SQED. We will use integration techniques outlined in §3.3 to show the final result agrees

with the classical computation of Saketh et al [76].

As shown by the authors [78], the classical impulse receives contribution from only of the triangle,
boxes and cross-box diagrams 1-Loop diagrams. After carefully taken the classical limit of each con-
tribution as described in §2.2, the authors show superclassical fragments cancel between the linear and
quadratic in amplitude contributions to the linear impulse (2.12). As for the classical contribution, the

authors arrive at the following integral:

ApiVH = i/cf‘*qns(pi-q)e’ib'q (74 + T4 + T4], (3.54)

where the 7! integrals resemble the contributions to the 4 point amplitude from the different Feynman

diagrams. The firs one comes from the contribution from the triangle diagrams
N
0 o4 2 34 mi(;(pil)
I =2e" (Q1Q2)" ¢" % /d lm . (3.55)

Next we have the contribution coming from the Boxes, which once by canceling the term Z in (4.53),

SWe note that from the classical perspective, this expansion is convergent as final momenta are well defined.
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using the cut-Box diagram, reads

~

L(l—q) 6@l
I = 2¢’ p2)’ ¢" / d"l : :
5 =2€" (Q1Q2p1'p2)" ¢ Z | (1= g2 (pid +ie)2" (3.56)
1,5 7]
Finally, we have the 4 point cut-box contribution
, s (=) 14 A s A
74 = —2ict (@ Qaprp)” [ A [Bn 03(0) — S1 0 )] (3.57)

Let us start with the computation of the triangle diagrams which corresponds to the first term in

(3.54). Using (3.55), we have

~ 3 4 A ~ A~ A # . a -~
If = T (@iQn)? / R R e s [m2d(p1-0) + m3d(pa1)| (3.58)

We can do the integral in 1° by going to the rest frame of particle 1 (or 2) then getting §(1°) as the zero
energy condition. Notice that we can also set ¢° = 0 by using one of the on-shell delta functions in g.
With this in mind the previous integral takes the form
o 2 54 3R 2 " —igb
Iy = —(@1Q2)"(m1 +m2) [ d*qd’l6(p1-q)o(p2-q) 5—=———e "7 (3.59)
: B~
The integral in d®] is easy to evaluate using Schwinger parameters, see for instance eq. (7.9) in [46] .

Using those results we get
iet

v =
Y 16vD

o
(Q1Q2)*(my +mz)/cfqu%6_iQL'b7 (3.60)

where we have further evaluated two of the dg integrals using the expansions for the momenta (4.3).
Evaluation of the remaining integral can be done in polar coordinates, upon trading ¢/ in the numerators

by a derivative w.r.t. the impact parameter. The final answer will be

N 4 Q1Q5)? b
It = 3627T(m1+m2)(1\/52)|b|3. (3.61)

Next we move to the evaluation of the last term in (3.54) using (3.57),

64 PN N (]— . N A A N
74 = G (@) [ dadBm dpa) gt " )3 -Sm D D), (362

where the tilde over Z3 indicates inclusion of the ¢ integration. To evaluate this integral we can expand
the momentum [ in an analogous way to the ¢ momentum in (3.30 - 3.31), with say «; — f;, and

x; = y; = p; - I. The resulting integrand takes the form (3.33), and therefore we can evaluate the time



3.4. 2PL LINEAR IMPULSE IN SQED 49

and longitudinal components using integrating by parts one time (3.34). That is, we can write

74 \F/d“qc; P1-0)0(pa-q)d*L 1 dyrdyse™ 0 |§D (y1)6© (y) — 3(0)(111)3(1)(112)} £y, 2,11, 0),
(3.63)

with the identification of the integrand function

o (Bap1+B1p2 +10)* ((Bep1+B1p2)?+I2 —11-qL)
((Bap1+61p2)%+13 ) ((Bapr+B1p2)%+(11—q1)?)

4
e
oy, y2,l1,0) = 5(@1@2]?1'1?2)

where in addition to the l-expansion, we have used the expansion for the g-momentum (3.30), and set
x; — 0 using the support of the delta functions 5(pi'q) . Next, to use (3.34) after integration by parts we

need to evaluate the derivatives of the form

B 4et B a)li-(lL—qr)
- fuij = (&i&ypi- P T 3.64
Qy; " yi=y;=0 D (Q:Qupis)" s, 13 (1L —qu)? (3.64)
With all the tools at hand, it is then direct to show that the integral (3.63) simplifies to
2
= : —ibq li-(li—qu)
i = et (@Q1Qaprp) (2,94 p} oy /d"z A2yt LTI :
3 e D2 D2,8P2 pl —P1,8P1 P2 qgiLa-tie lﬁ_(lJ_—CIJ_)Q (3 65)
Next we do the usual change of variables ¢, = ¢, + 1, so that
N et 8 al B all |Q1Q2p1'P2 [ 2 s, _ipg, 4L 2
I3 = ) {pz pP3 P1 —P1,6P1 P2 ] { o) d°qud®lie qﬂg : (3.66)

in the big bracket we recognize the Leading order impulse (3.35), which in turn allow write the final result

as

Fu_ 1 (Q1Qa2p1-p2)?

3 = ¢ 8m2D2|p[2 [(m? + p1op2) P — (m3 + p1-p2) P - (3.67)

The final task the evaluation of the e box and cross-box diagrams from integral (3.56). We now show
they provide vanishing contribution in the conservative sector. We can see this by first dropping the
term proportional to [ - [ in the numerator of (3.56) since it give rise to non local contributions. Next,
using the same philosophy of [39], we can write 21 - q = [? + ¢* — (I — ¢)?, and discarding again non local

contributions; the integral (3.56) becomes

' (Q1Qap1p2)* ¢" > g /d4 O;-1) —> (3.68)

. 2
i G i —q)*(pi-l + i€)

using the fact that at NLO no net four-momentum is radiated, radiation poles do not contribute to the
integral, we can choose a contour in the opposite half of the plane were (3.56) has the double poles
(p-l +i€)?, and then getting a vanishing integral. Indeed this was also done for the gravitational case

in [38] eq. (4.26). In conclusion, the NLO electro-magnetic impulse is the sum of (3.61) and (3.67),

4 2 2 2
~ ~ : +p2)?|b]
ApE — g e C (@@ [ pr 4 4 PLP2)" (01 p 3.69
P1 1T 3 327T2|b|3 D T (ml +m2) + D p ) ( )
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where we have introduced the center of mass momentum p* via

mimsa ma  P1-P2 miy P1-Dp2
Ho— % -z B —= 4 =22 | pt 3.70
p (pl +p2)2 |:<m1 + m1m2) P1 (m2 + m1m2> p2:| 3 ( )

and therefore recovering the classical result of Saketh et al [76].

3.5 Outlook of the chapter

In this chapter we have introduced some of the main ideas in the computation of classical observables
directly from the classical limit of scattering amplitudes, in company of the KMOC formalism. In
particular, we have focused in interactive, structure-less compact charge objects, both, tree, and 1-loop
level. We have seen how the main ingredients A,,, n = 3.4, in the computation of two body amplitudes
M,,, m = 4,5, have very interesting properties that are inherited by the latter. In addition, we have
seen how soft theorems play a crucial role in the computation of low energy bremhstralugh radiation. In
chapter 4, we will continue exploring some interesting properties regarding the computation of classical
soft radiation in SQED to higher orders in perturbation theory. In chapter 6 we will show how soft
theorems are actually also important in the computation of radiation for bounded orbit scenarios, where

the soft expansion is closely connected to the source multipole moment expansion.

Many of the tools learned in this chapter will be of used in the remaining ones, specially when we
discuss interacting spinning massive matter, and the covariant spin multipole double copy in chapter 5.
The discussion regarding the Thomson scattering will be generalized for the scattering of waves off

spinning black holes in chapter 8.



Chapter 4

Soft constraints on KMOC for

electromagnetic radiation

4.1 Introduction

In chapter 3 we have started the study of classical radiation directly from the classical limit of QFT
scattering amplitudes through the KMOC formalism. In particular, we have seen that the radiated photon
field in a classical 2 — 3 scattering process, at leading order in the frequency expansion of the emitted
wave, is entirely capture by the classical limit of the so called Weinberg soft theorem [175]. In this chapter
we extend the discussion of classical soft theorems, and in particular, we will discuss the implication they
have on the computation of classical soft radiation directly from perturbative amplitudes, to all orders
in perturbation theory. We will show that to a given order in perturbation theory, the classical leading
soft photon theorem impose an infinite tower of constraints on the expectation value of the product of

monomials of exchange momenta in the KMOC formula for radiation (2.15).

Before going into the main computation, let us in the remaining of this section, review some facts
about classical soft theorems and summarize the main results of this chapter. This chapter is mostly

based on previous work by the author [106].

Facts from classical soft theorems and summary of the results of the chapter

Classical soft photon (graviton) theorems [172,173,177-179] are exact statements about soft radiation
emitted during a generic electro-magnetic (gravitational) scattering process. As shown in the seminal
works by Sahoo and Sen [173], Saha, Sahoo and Sen [177], and Sahoo [180], in four dimensions if we
expand the electro-magnetic (or gravitational) radiative field in the frequency of the emitted radiation,

then the following terms in the expansion have a universal analytic form independent of the details of

51



4.1. INTRODUCTION 52

the scattering dynamics or even spins of the scattering particles

2
N 1 -1, I+1,
Ap(w, ) = — A (R) + > wl(Inw) AR (A) + - (4.1)
I=1
Here 71 is a unit vector pointing towards the direction of observation, and - -- indicate sub-sub-leading

terms in the soft expansion. It was conjectured in [180] that even among the sub™-leading terms the

1 . . . . .
"1 ,n > 3 are universal while other terms in the soft expansion are non-universal

coefficients of w™ In
and depend on the details of the dynamics. In [181], first such non-universal soft factor proportional to

wInw was computed and was shown to depend on the spin of the scattering particles.

Each coefficient in the above expansion is a function of incoming and outgoing momenta and charges
of the scattering particles. For example, the leading coefficient Al“j_l(ﬁ) is simply the Weinberg soft

photon factor (3.52), which we reintroduce here for the reader’s convenience

Nin 1 Nout 1
—1
(2) ;Qpi.npz ;Qpi.npz (4.2)
Here {(Q1,p1), -, (Qs,p;) } is the collection of the charges and momenta of scattering particles, and

n* = (1,7). Although the exact expressions for sub-leading and higher order log soft factors in eqn.(4.1)
are more complicated, they are all functions of asymptotic data, namely charges and momenta of scat-
tering particles, which we do not show here explicitly'. The form of (4.2) can be obtained by computing
the early and late time electromagnetic waveform emitted during the scattering of the charged particles
involved. The computation requires then to solve the classical EoM for all of the particles involved, ob-
taining x4(0+), with o,m the incoming/outgoing particles proper time. Having these solutions at hand,

we can then compute a electromagnetic current of the form j#(z) ~ 3, [dod*(z — z4(0)) %, which

enters as a source for electromagnetic waves, as given by (2.18), whose LO behaviour in the low energy
expansion result into (4.2). For a detail computation see Section 4.1 in [177]. The key observation is
this probe assumes all particles momenta to be independent one from another, and in this regard, the

solution is valid to all orders in perturbation theory.

From the perspective of scattering dynamics, these theorems are rather non-trivial as they are non
perturbative in the coupling ans we just mentioned.? If we consider a class of scattering processes which
can be analysed perturbatively (such as large impact parameter scattering, as we have seen in previous
section, with N;, = Ny, = N) then every outgoing momenta admits the perturbative expansion (3.53),

in terms of the incoming momenta 3

Py =i+ ) ST (ap)y, (4.3)
L=0

where e is the coupling constant, and (Ap(L))“ is the linear impulse evaluated at L-th order in the

perturbation theory (L = 0 being the LO impulse which we explored in previous chapter). This expansion

1Readers interested are refer to the original works on soft theorems (172,173,173,177,177-179].

2In an interesting recent work [182], an attempt has been made to analyse the infinite set of constraints on the gravita-
tional dynamics from asymptotic symmetries which are in turn related to classical soft theorems.

3We note that from the classical perspective, this expansion is convergent as final momenta are well defined.
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is just a fact that in a large impact parameter scattering process, particles’ outgoing momenta are
determined by the incoming momenta plus the equations of motion governing the dynamics of the system.

We thus see when expanded in the coupling, the Weinberg soft photon factor has a rather intricate

structure
. N n n+l—z
A(;i (ﬁ) = Z e Qs Z e?n ) Z VS#OQ Qg Z ( (Ap(L1))a1 e (Ap(Li_H))aH—l ) ) (4~4)
s=1 n=0 1=0 Li+-+L;i41=0
(L1+Lit1)+(i+1) =n
where the sum ZTLLiI-ifLi+1:O|(L1+Li+1)+(i+1):n is over products of impulses at Lq, ---, L;41 orders in

the coupling respectively. In the above equation we have defined the tensors

G+1)! o, 1

R P W

V;#al'"awl = (_1)1 [W (aq M2 pg ko‘l ko‘iﬂ ) (4'5)

which are the remainders from doing the perturbative expansion of Weinberg soft factor.

Classical Soft photon (or graviton) theorem are independent of the details of the hard scattering and
are applicable to perturbative scattering at finite impact parameter as well as collisions. However, to prove
the classical soft theorems via perturbative analysis (even in the case where hard scattering can be treated
perturbatively) is a highly non-trivial task as one has to resum the perturbation series. But the discussion
above demonstrates that, due to their universality, classical soft theorems can serve as powerful tool for
any method which computes electro-magnetic (or gravitational) radiation using (perturbative) scattering
amplitudes. For one, it can serve as a strong diagnostic for the perturbative results of radiation kernel
and when used in conjunction with the perturbative results (such as analytic expressions for impulse in
the PL and PM expansions), it can produce interesting insights such as providing analytical formulae for
classical radiation in terms of incoming kinematic data order by order in perturbation theory, an example

of which we saw in previous section in the discussion around (3.51)

One such methods aforementioned, was developed by KMOC [78], as it is now familiar for us from
§2.2, which allows to compute classical electromagnetic (gravitational) observables from the classical limit
of quantum scattering amplitudes, as exemplified in previous chapter. In this chapter we initiate a study
of the implications of classical soft theorems for KMOC formalism. As we will show, consistency with
the leading classical soft theorem imposes an infinite hierarchy of constraints on KMOC observables. In

order to state these constraints we introduce following conventions.

The scattering process we consider is a 2 — 2 scattering process in which two incoming charged
particles with momenta p1, ps and charges @1, @2 scatter via electro-magnetic interactions as well as any
other higher derivative interaction which is long range such that the KMOC formalism applies to this
scattering. As the classical soft theorems are universal and independent of the details of the scattering,
classical limit of the radiation kernel should generate the soft factors for any perturbative amplitude

involving charged particles in the external states and a photon.

To each of the two massive particles we can associate certain classical observables defined as follows:
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(1) Let V&' ..., be the projection operator (4.5), associated to particle 1, that is

7! 1
0 I
o B) 6(m Koy Koy — Wpl kay -+~

Volfl---a,; — (71)i+1 [

(2) Now consider certain moments of the exchange momenta

T = [Zf Czﬂq g - g e T M™ (pypo — p1—q.p2 +q)
+ E'f)l(—:lo f Hi:o d(I)(’I“m) Czﬂq CZ/.Lw,X'U)al ce Qi eiab

n=1-X 7 r(a;) (4'7)
XD gm0 M (p1,p2 = p1—w,p2 +w, rx)

x M= =X=1x(p) —w py +w, rx — p1—q,p2 +q)| ,

where b is the impact parameter in the 2 — 2 scattering process. In the above equation we have introduced

the following notations which will be used throughout this chapter.

o M@ (pi, py — p{ , pg ) is the (stripped) amplitude for a 4 point scattering at a-th order in pertur-

bation theory, and analogously for the other amplitudes with additional momentum labels.

e The integral measure Juq is defined via

dpg = d*qd(2p1-q — ¢*)0(2p2-q + ¢°). (4.8)

where cz4q = djr‘)14, and the hat on é-fn. indicates it is defined as

2
S(x):_z[x—lie_x-ll-ie]’ (4.9)
and analogous for cfuw, X,
dpw,x = d*qd(2p1-w — w?)d(2pe-(w + 7x) + (w + rx)?) (4.10)
o The sum over X is a sum over number of intermediate photons with momenta {ry --- , rx }. Even

though integration over the momentum space of these photons is indicated explicitly by d®(r,,) =

d*rpd (+)(r2)), we assume that the sum over X includes the sum over intermediate helicity states.

o It is understood that for n = 0, the second term in (4.7) vanishes.

All of these conventions arise naturally from the KMOC formalism of §2.2, and we will see how they

naturally emerge in our computation below.

As we will show in §4.3.1, consistency of KMOC with the classical leading soft photon theorem [177],

implies that at n-order in perturbative expansion we have the following identities

e Yn>0and V1 <1 < n:

hhmo m Vof‘l e T ar-ai _ gym ¢ {1, ,n+1—1i}, (4.11)
-
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e andVnandV1l <i¢<n+4+1:
s ay oy n o n—(Li++Li—1)\a;
Jim VT = AU S (At (apy TR ()
Li+ -+ L;i—1=0

The first set of identities eqn.(4.11), arise by demanding that all the super-classical fragments in the
radiated field vanish as mandated by consistency of KMOC formalism. The second set on the other hand
(eqn. (4.12)), relate the classical limit of the (expectation value) of the monomials with perturbative
coefficients of the classical soft factor. These constraints were shown to be satisfied at tree-level in the
earlier work of [102,107], as we showed explicitly in (3.51), where at LO in the coupling, leading and
sub-leading classical soft photon theorem was derived from KMOC formula, which we will review in §4.4.1

for the leading soft result.

Notice for ¢ = 1, and to any order in perturbation theory, constraints (4.11) and (4.12) are trivial
prove using KMOC definition for the linear impulse (2.12) . That, is, for i = 1, rme — Apgn)a, which is
a well defined classical object, with no superclassical fragments in it. This also hints that identities (4.11)
and (4.12) might be valid removing the support of the projector tensors V,,,. We will check this explicitly
to be true up to 1-loop below, but conjecture to be true to all orders in perturbation theory. With the
removal of the V-projectors from these identities, they could then be used to simplify complicate KMOC
expectation values integrals, as we know the result is fixed by certain powers of linear impulse, at the

desired perturbative order.

This chapter is organized as follows: In §4.2 we review perturbative results for classical soft photon
theorem at leading and subleading orders in the soft expansion. We then move to the derivation of
identities (4.11) and (4.12) in §4.3.1.In §4.4 we show how the KMOC formula indeed satisfies these
constraints at leading §4.4.1 and next to leading §4.4.2 order in the coupling, by working with amplitudes
in scalar QED. That is, contribution of the tree-level and one loop amplitudes to the % coefficient of the
radiative field indeed matches with eqn. (4.4). Finally, in §4.5 we provide some outlook of the chapter.

For computational details in §4.4.2, we refer the reader to appendix A.

4.2 Soft Radiation in Classical Scattering

In this section, we analyse the classical radiated soft photon field at leading order in soft expansion and
NLO in the coupling in terms of explicit expressions for the linear impulse. For that we use the results
in [76], in conjunction with classical soft theorem to write the radiative field at the desired order. That
is, we compute A‘;fl (7)) to NLO in the coupling in a classical scattering involving two charged particles

with masses mq, mo which are interacting only via electro-magnetic interactions.

4.2.1 Leading soft factor

Leading order radiation:

Let p;|i = 1,2 be the momenta for in incoming massive particles, moving in the asymptotic free

trajectories b* + v#7 in the far pass. If we denote the null vector (1,7) as n* we can write the leading
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soft factor at tree level from formulas (4.4) and (4.5), that is

Aplo) Iz Ap(o) moy

AO){L n) = e? i
Z =€ ZQ (p n)2 pz )

(4.13)

where the leading order linear impulse we computed explicitly in previous section (3.39)

This simple examples shows explicitly how the radiated field to leading order in the soft expansion
is determined only from asymptotic data, and in particular for perturbation theory, from only incoming
data since the outgoing momenta are determined by the perturbative expansion (4.3), which we have

truncated at leading order in the coupling.

Sub-Leading order radiation

At NLO, the radiated field has a more interesting form, since as indicated in (4.4) and (4.5), both,

the leading and subleading impulse enter into the field. Indeed, it explicitly reads

(1 1 0 )
A(l)u 52621 Ap n Apg)-n wo Apg)-nA (0)M+ (APE n)? . (4.14)

T e T ey T (pem)?

At this order, it is still true that Apﬁl) "= —Apgl) # where the NLO impulse was obtained similarly in

the previous section (3.70).

4.3 KMOC radiated photon field : A Soft Expansion

In this section we will study the R (2.16) and C (2.17) contributions to the radiated field in the KMOC
formalism at leading and subleading order in the soft expansion in 4-dimensions. We will show that
consistence of the KMOC formalism with the soft theorems at the orders considered, generates a hierarchy

of constraints on the expectation value of several operators.

4.3.1 Leading soft constraints

The aim of this part of the chapter is to derive the set of identities (4.11) and (4.12). Our idea now is to
use KMOC formalism of §2.2, in conjunction with quantum soft theorems to obtain radiation kernel in
the soft limit. In other words, we start with the exact formula for the radiated photon field in KMOC
form (2.15). We then follow the theme from §3.3 where we showed that taking the soft limit before
the classical limit generates the leading soft expansion of the radiated field in KMOC form at LO in
the perturbative expansion, we generalize this approach to all orders in perturbation theory. That is,
to a given order in soft expansion, we can apply quantum soft photon theorems to factorise the 5-point

amplitude in terms of a 4 point amplitude and a soft factor.

At higher orders in the loop expansion, one also has to take into account the order between loop
integration and soft expansion. If we first do a soft expansion and then loop integration, then one can use

the tree-level soft theorems to factorise the loop integrand into a soft factor and a Four point integrand.
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However, as it was shown in a seminal paper by Sahoo and Sen [173], the two operations do not commute
in Four dimensions beyond the leading order in soft expansion. That is, the soft expansion done after
integrating over loop momenta results in In soft factors which are absent in the soft expansion of the loop
integrand. At leading order however, this subtlety does not enter as Weinberg soft photon theorem is a

universal statement in all dimensions.

Let us then substitute the soft photon theorem in equs. (2.16, 2.17), and use the momentum conserving
delta functions to do the integrals in ¢ and wsq, we get *

R{VH (k) = @ Jm n /‘zﬂqefib'qs(o)“(pl, 4, k)M ™ (p1, pa—p1 — ¢,p2 +q) - (4.15)

We have additionally defined the impact parameter by b = bo—by, and used (4.8) to rewrite the momentum

measure. Analogously, for the C-term we have

h—0

(k) = lim h? Z / H AP (rp, ) dprg dpty x e~

n—

= (4.16)
X SO 1 (py,w, k)M @) (py, py—p1—w, pat(w +rx), rx) .
al—O

x M= =X=Dx(p) i pot-(w 4 1x), rx—P1 — q1,D2 — G2) ,

with cz,uw,X given in (4.10).

The Weinberg soft factor has the following “quantum” expansion when expressed in terms of exchange

momenta. For the first particle (with charge and mass Q1,m1)

S(O)“(phpl—q,k) =Q [Z g ... gt Vo’fl o | (4.17)
=0

where Vg, ... is defined in (4.6). We see that the i-th term inside the square bracket in (4.17), scales

Qi1
as h' in the KMOC sense.

We will now derive the constraints proposed in eqns. (4.11) and (4.12) by associating the soft limit
of the radiated field written in KMOC form, with the classical soft factor at all orders in the coupling.
The first contribution R§") "(k) can be written as

RUH(k) =i lim h3 e Qy 2D
h—0
no. , B (4.18)
Vo ai Z/d“q e g gt MM (py, py—pr — ¢, p2 +q)
=0

where the bar over the amplitude indicates that we have striped the coupling constant. Notice here we

have restricted the sum over i at n (where n is the order of the loop expansion). This can be argued

4We only consider the radiation emitted by the first particle, as the radiative field emitted by the outgoing particles is
additive. We will denote this contribution as RY (k).
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using A scaling arguments. The KMOC scaling implies that

3 _2(n+1 1
h?e("'*)ewﬁ,

(4.19)
VN

o . Qj41 7
Loy g q q ~ h :

Additionally, we now notice that at n-th order in the loop expansion, the 7 scaling of the perturbative

amplitude is quantified by KMOC as follows

M (py, pa—pr — g, p2 + @) =t T (p1,p2 = p1 — ¢, p2 + q)

1 1
N[ﬁ‘*‘ﬁ‘*‘o(ho)k
) “ L (4.20)
dﬂth[ﬁ +O(g)] )
bq~ K.

It can be immediately verified that if the sum ), in eqn. (4.18) goes beyond i = n, the right hand
side (b — 0 limit) vanishes. In fact, these scaling arguments can be used to immediately verify that the

h expansion of the moments are
n 2 % —ib- @ a; —(n o 1
o2 +1)6Q1 B2 ‘/1#C>41---oz,;+1 / d4uqe bq(q l...gq +1) M™ = ; h—BSfﬂ —|—O(ﬁ). (4.21)
=0
The contribution of C(™ #(k) at leading order in the soft limit can be analysed as in eqn.(4.18).

n n—1 X
My — 1 3 5.3 —ib-
Gy (k) = ilblg%)hz ; Vo,fl g );)/Eodq)(rm)dﬂq A, xe™ "1
X

n—1

) ) 4.22
y (W1 -+ W) MO (py pyspr—w, pat-(w + )y rx) 2

0

ai

x M= =X=D% () pot-(w + rx), Tx—=P1L — @1, D2 — G2) -

Once again, h-scaling arguments can be used to immediately verify that the quadratic in amplitude

2n+3

contribution to the moments at e order in the perturbative expansion can be written as

n—1 X
3 5003 —ib-
A g QI Vs 3 [ TL a0y o e
X=0 m=0
n—1-X _
% Z (wom wai+1) M(a1)(p17p2_>p1—w7p2+(w + TX), Tx)
a1:0
x M= =X=Dx(p) p pot-(w 4 7x), rx—=P1 — 1,2 — G2)
n—
3 L
he b
B=0

(4.23)

Here the sum over X is constrained by the order (in the coupling) at which we are evaluating the

C-contribution.
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We finally see that for each 1,

3
.

1
T(n) o1 Qg1 Z hiﬁ ('SZB + SZ/B)M + O(h) . (424)
=0

w
Ve

Q41

™

Thus, at a given order in the perturbative expansion V&' ...a,,, T () a1 ait1 hag a hierarchy of super-
classical terms which scales as 75 |3 € {1, -+ ,n —i}. As the classical limit in KMOC formalism must
be smooth, we thus conclude that to n-th order in the loop expansion and for each i, one has a tower of

constraints which state that all the super-classical terms must vanish
Sls+Sig=0v8e{l,---,n—i}, n>0[1<i+1<n. (4.25)

This is precisely the first identity (4.11), written in a slightly different notation.

We now analyse the classical 8 = 0 contribution explicitly. We can schematically write it in a form
which makes the £ scaling of various terms manifest. This can be done by isolating all the terms which
do not have an h expansion. In particular: (1) we separate the measure factor du, = d*qd(q), and (2)
we isolate all the measure factors over loop momenta and the (n 4+ 1) massless propagators. As can be

)

checked, this implies that in the classical term, 3(q) Ii" should scale as W

Let us illustrate this with S'5_, =: S}.

7

SH =
2t 9@ h3 Vluoq Qg f 624(] eiba (g™ - q™) (4.26)
n 3 N (n)
J = d'; Tz (lzlm_q)z (DT (prop2 = 1= p2+ )]
One can write such a formal expression for S!* " analogously.
The classical soft theorem is then a statement that Vn and V1 < i < n+1,
n+1—1
n)u /(n) 1 n « i (7}
Si( )k +5¢( Ju o 2(nt1) VE o Z((Ap(m)) 1 "'(AP(L +1)) 1), (4.27)

Li+ -+ Lity1=0
(Li+Lip1)+(i+1)=n

which in turn recovers identity (4.12).

In §4.4.1 and §4.4.2, we verify identities (4.11) and (4.12) up to subleading order in the perturbative

expansion, i.e. n =0 and n = 1.

Monomials of linear impulses

In the previous section we expressed the soft radiation kernel as sum over certain classical moments.
Classical soft theorem implies that (expectation value) of each such moments is sum over products of
linear impulses. We can thus ask if S + SZ{“ is an expectation value of certain observable. It is easy

to see that the answer is indeed affirmative. The tensor V', can be thought of as a map from

Qg1

symmetric rank i + 1 tensor to a vector. It has a kernel spanned by p§* - pi**". We can hence consider



4.4. LEADING SOFT CONSTRAINTS VERIFICATION UP TO NLO 60

following quantum operators. Let

1
I = 04 + —5 PY Pia - (4.28)
my
Now consider a quantum operator,
Pl =, P (4.20)

with P the momentum operator for particle 1. The identities (given in eqn.(4.27) implied by consistency

with classical soft theorem is then a statement that

n+l—z:
ti00 Vg oy (P 22 PO ) = Vg 30 (ApI0) e (apbeyrs) o

Li+-+Liy1=0
(Li+Lit1)+(i+1) =n

4.4 Leading Soft Constraints Verification up to NLO

Let us in the remaining of this chapter to provide some specific tests for identities (4.11) and (4.12), at

leading (n = 0) and subleading (n = 1) orders in perturbation theory.

4.4.1 Tree-level leading soft moments

We have already shown in §3.3 that at tree level and to leading order in the soft expansion, the KMOC
formula for radiation recovers the result from the classical leading soft photon theorems. Let us however
comment on this using the language of the soft constraints. At tree-level (n = 0), there is not superclassical
term and therefore (4.11) does not impose any constrain. On the other hand, since the number of exchange
momenta, ¢, is bounded by n, via ¢ < n+ 1, at this order there is only one classical moment contributing,
that is for i = 1, only 7 @ survives in (4.7). Proving the soft constraints means then that in the classical
limit we just need to show limp_,o 7 (@ = 2 Apgo)’a as required by (4.12). We have already pointed out
in the discussion around (4.12), that for ¢ = 1, to any order in perturbation theory, the soft constraints
is trivially to prove by means of the definition of the linear impulse (2.12). To be more precise, let us see

how this emerge from our definition of the moments (4.7).

Since we are taking the classical limit, the following expansion for the momentum measure (4.8) will

be useful for us

dpg = dp g+ dpag + -, (4.31)
dprq = d*q0(2p1-9)8(2pa-q), (4.32)
dpzg = —d*qq” |8'(2p1-9)0(2pa-q) — 5(2p1-q)3’(2p2-q)} : (4.33)

To compute 7@ we will need the classical piece of the tree-level 4 point amplitude, given in (3.26).

With all these ingredients at hand, the only non-vanishing contribution to the moment 7 in the
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classical limit, can be obtained by replacing (4.32) and (3.26) into (4.7), after which it follows

hhm yrT©a —eQV“/d4q5 p1-0)8(p-q) Q1Q22P1 “P2g” emith
-0 e (4.34)

= eQV“Ap(O) ,

which indeed satisfies the identity (4.12) for n = 0, as expected. In the second line we have used (3.27)
to identify the LO linear impulse.

4.4.2 One-loop leading soft moments

At NLO in the perturbative expansion the contributing moments are 7@ and T8 We then
need to show that limj_,o 7 = 64Ap§1)a, recovering the NLO impulse, whereas limp_o 7" @F =

e*Ap (0) aAp(O) P as suggested by the second identity (4.12). Combination of these two results allow us to
recover the one loop contribution to the radiated field given explicitly in (4.14). Of course the verification
of the soft constraints for the former are trivial as we have pointed out several times, whereas for the

latter there is more work to do.

At NLO, the radiated field scales as e® and therefore the moments receive contributions from both
the R and the C terms, given by the first and second line of (4.7), respectively. However, at this order no
extra photons propagate through the cut and we can simply set X = 0 in (4.7), which also implies that
ciuw’ x = dAuw in (4.10). In addition, we will show that superclassical terms give vanishing contribution
as suggested by the first identity (4.11). Indeed, this corresponds to a cancellation between the R and
the C contributions to the aforementioned moments, which are consequence of the cancellations of the
superclassical terms for the computation of the 1-loop impulse [78]. Since only the moment T @ will
have potential superclassical contributions, coming from the superclassical piece of the 4 point amplitude
at 1-loop [78], we only have to show that for m = 1, limy_,0 A T @ = 0, as for higher values of m, this

identity is trivially satisfied.

Let us split the computation as follows: For the potentially superclassical contributions we will com-

pute
lim hV”T(l)a = hm % T T(l) } (4.35)
h—0
where
T _ m5/2/dm =iba go A (g) (4.36)
T(l)a = 55/2/JM1qJM1w e P w MO * (w — q) MO (w). (4.37)

Here Ms(c1 )(q) is the superclassical piece of the 1-loop, 4 point amplitude, which we will write explicitly
below. The tree level amplitudes in the second line are given by (3.26), where we have removed the

massive momenta labels to alleviate notation.

Next, we will have to compute the classical contributions, from the one and two index moment. For
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the former we have

2

Jim VETO = him Ve T T T 77 (4:38)

with each term computed as follows

TR = i / dprg e g™ MM (q), (4.39)
TR = in? / dpag e q*MP(q), (4.40)
72(11)a _ hg/Q/Julqcfugwe_ib'q waM(O)*(w . q)M(O)(w), (4.41)
Tc(zl)a = hg/g/qu At w e 1w MO *(w — q) M© (w). (4.42)

In the first line, Mc(l) (¢) is the classical part of the 1-loop 4 point amplitude, which we will write explicitly

in a moment.

Finally, the classical contribution from the two-index moment will be computed from

m VE TR _ k[0 es | a8
Jim VE,TO0 = lim v [T 4 T80 (4.43)

with the respective terms evaluated via

Te, "7 = i / dprge™q% " MP(q), (4.44)
,7-6(31) aB h3/2 /dA,LLhI dA/llw e 4y wBM(O)*(,w _ q)M(O)(w) , (4'45)

By explicit evaluation, we will show that the actual terms contributing to the radiated photon field are
(4.39), (4.40) and (4.44) — as suggestively written in (4.21) — with the first two giving the NLO impulse,
and the last one giving the square of the leading order impulse. As for the remaining contributions we

show that they canceling among themselves. In what follows we will adventure in this computation.

The superclassical fragments

Let us start by computing the superclassical fragments (4.36) and (4.37). As we will see, these terms are
IR divergent, in analogy to the IR divergent integrals appearing in the computation of the 2PM two-body
potential [44,46], and the cancellation here is the KMOC analog of the cancellation for the EFT and
full theory amplitudes matching [44, 46]. Indeed, we will see that analogous comparisons follow for the

different terms appearing in the 2PM two-body potential as we will see below

The 4 point amplitude at 1-loop was computed in [78]. The superclassical contribution Mb(c1 ) (q), arises
from the addition of superclassical parts in the box B_1, and cut-box C_; diagrams, given by eq. (5.31)
in [78],

Ms(cl)(Q) = (Bfl + Cfl)h—l =2ie! (Qle Pl‘p2)2/£4lng(pi'l)ﬁ' (4'46)
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Using it into (4.36), together with the measure (4.32), (4.36) becomes

e _ L p2)? [ @18 T 8pi D3 (pig) 5t emita 44
Tr 5€ (Q1Q2 p1-p2) / ql:[ (pi-1)d(pi Q)P(z — q)2e , (4.47)
where we see that the explicit dependence in A drops away by using the KMOC h-rescaling mentioned
in §2.2. We can now do the change of variables ¢ = [ + q. This in turn factorizes the integrals into two

factors corresponding to a vector, and a scalar integrals; that is

A “ i .,iq*a —zb -q
T(l) (Q1Q2p1 p2) g,ml l/ d4qH6(pi~q)e bq?] [/ d41H6 pi-l ] , (4.48)
where the change of variables has produced a factor of 2 that canceled the § overall factor in (4.47) °
In the integral on the left, we recognize the leading order impulse (3.27), whereas for the integral on
the right, we obtain an IR-divergent expression, which can be evaluated along similar steps used for the

computation of the leading order impulse (3.38), obtaining

—zbl 1

/d4lH6 i (—p2b?) . (4.49)

Here we have introduced the IR-regulator . Then, the first superclassical contribution becomes

TWa _ _a@1@apip \ a0 oo 7 4.50
Ro 1m/D D1 (—p7b%) (4.50)

Let us now evaluate the C-contribution (4.37). For that we just need the tree-level 4 point amplitude

(3.26), as well as the measure factors (4.32); we arrive at

A ) @

(1) @ 2 4 74 —ib
Te, " = 16¢* (Q1Qop1-p2) /d qd ZH 6(2pi-q)0(2pi-l)e qm (4.51)
After doing the same change of variables ¢ = [ + ¢, we can analogously identify the leading order impulse
from the l-integral, whereas the g-integral will result into the IR-divergent expression (4.49). We finally

get

T — e Mf:\pﬁwz AP In (—2?), (4.52)

which is equal to (4.50) but with opposite sign. This explicitly shows that the r.h.s of (4.35) evaluates
to zero, as demanded from the first identity (4.11).

Classical one-index moment at 1-loop

Let us move to evaluate the classical contribution from the one-index moment (4.38). We start from
term (4.39). For that, we need the classical contribution to 4 point amplitude at 1-loop. Likewise for the
superclassical term, we obtain it from the sum (B + Cy) + (B-1 + C_1) + T12 + To1, where the different

components where evaluated in eqs. (5.21) and (5.34) in [78]. This gives

5Note that formally the change of variables implies that we should had changed 3(pi.q) — 3(pi.q — pi-l), however, the
delta functions S(pyq) allow us to set p;-I — 0.
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54
MM (q) = 2¢* (Q1Q2P1'P2)2/dl{l-(lq)

S(P?l) + 3(]91'1) ]

12(1—q)* (p1-l+ie)?  (pa-l—ie)
T 2[mgs(pQ.Z)+m§3(p1.Z)}}+Z, (4.53)
(Pl'p2)
with
. 2 d*l o [ . . .
Z =i @Quri) [ izl [ o Di )~ D8 D] (@59

By introducing all these definitions we can check that the computation of (‘.f) R, Inin (4.39), toghether
with the measure (4.32), can be rearrange to give exactly the NLO impulse (3.54) plus an additional

contribution coming from adding and subtracting the 4-pt cut-Box diagram
’7'7%11) * = e4Ap§1) “ 4 [cut—box] e, (4.55)

with the extra contribution [cut—box]* given by

(Apgo)) 2
L,

(8

feut—box] V' = ¢ [p1,apl"p’ — pa,pl'} | (4.56)

The proof of this statement is lengthy and we therefore postpone it to be discussed in Appendix A.l.
For the moment, let us notice that the first term of eq. (4.55) gives exactly the expected result from
the second identity (4.12). Therefore, to conclude the proof we simply need to show that the remaining

terms in (4.38) together with (4.56), add up to zero. In fact, also in Appendix A.1 we will show that

T + Jeut—box] Ve = 0, (4.57)

whereas 72(11) * and ’7'C(21) * evaluate to zero individually.

Classical two-index moment at 1-loop

The remaining task to complete the proof of identity (4.12) at 1-loop is to evaluate two-index moment
(4.43). Similar to previous computation, we start from its first term, given by (4.44), and after inserting

the measure (4.32), and the superclassical amplitude (4.46), we arrive at

a8
Wap _ 14 2 3454 3 2 —ibg 494
TRa =3¢ (Q1Q2p1-p2) /d qd’l Ill o(pirq)o(pi-l)e qip([ —E (4.58)

Next we can do our usual change of variables ¢ =1+ ¢

o 1 o TT A e iy (190 (P47
7'7%13) b= —564 (Qngpl-pg)z/d4qd4lH6(pi-q)5(pi~l)e ib-qp—ibil 121?(2 ) (4.59)

We recognize the square of the leading order impulse (3.27) coming from the crossed terms. On the other

hand, the non-crossed terms give us the product of two integrals, one is them is the usual IR-divergent
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integral I; in (4.49), whereas the second one corresponds to the derivative of the leading order impulse
w.r.t. the impact parameter; notice there is a factor of two for each case, which cancels the overall 1/2
factor. That is

7'7(;3)“’6 = 64Ap§0) aApgo) Bt (Q1Q2 p1-p2) 11 Opa Apgo) A (4.60)

The change of the sign for the first term comes from inserting a factor of i? both, in the numerator and
denominator, and absorb it for the former, to complete the square of the leading order impulse. Using

(4.49) and the derivative of the leading order impulse

Q1Q2p1-p2
271'\/5

1

Oper Apgo)ﬁ = pi’

(%" — 2b°b°) (4.61)
and dropping the term proportional to n®? , using the on-shell condition for the photon momentum and

gauge invariance, we finally arrive at

T7(z13)a6 _ e4Ap§0)aAp§O)ﬁ + j?’(l)aﬁ, (4.62)
where
jg(l) aB _ 9t Ap(lo) OéApgo)/B In (7N2b2) . (463)

Similar to the previous subsection, to complete the proof of the second identity for the two-index
moment at 1-loop, we simple need to show that the second term in (4.43) added to (4.63) evaluates to

zZero

Tl gheP —o. (4.64)

3
We leave the proof of this equation for Appendix A.2.

With this we have concluded the proof of identity (4.12) at NLO in the perturbative expansion. Let
us notice that the appearance of the square of the leading order impulse is a result of g-expansion of the
Weinberg soft factor, iterated with the superclassical contributions from the box and cross box diagrams.
However, remnants from the IR-divergent contributions as appearing in (4.63), are nicely canceled by
the C—contribution to the radiated field, in analogy to the cancellation of IR-divergent integrals from the

EFT and full theory amplitudes matching [44, 46].

4.5 Outlook of the chapter

In this chapter, we have analyse implications of classical soft theorems for KMOC formalism through
which radiative field can be computed using on-shell techniques. As we have argued, classical soft
theorems impose a tower of an infinite hierarchy of constraints on expectation values of a class of composite
operators in the KMOC formalism. At leading order in the soft expansion, these operators are constructed

from monomials of momentum operators.

At leading order in perturbation theory, these constraints were verified in [102], as we show explicitly
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in §3.3 and §4.4.1, and at sub-leading order in the soft expansion by [107]. In this chapter, we have also
verified them at NLO in the coupling and at leading order in the soft expansion in scalar QED with no
higher-derivative interactions. We note that addition of other interactions will not change the structure
of classical soft factor but will change the analytic expressions for the outgoing momenta in terms of
incoming kinematics and impact parameter. Verifying the sub-leading soft constraints at higher orders
in the perturbative expansion requires a deeper investigation into the integration regions involving the

loop momenta. This analysis out of the scope of this thesis.

At NLO, the verification of the leading soft constraint is analogous to the EFT and full theory
amplitudes matching procedure for the computation of the 2PM two-body potential [44,46]. A difference
between the two computations is in the treatment of super-classical terms. In the soft constraints derived
from KMOC formalism, the IR divergent terms cancel by the addition of the C-contributions to the
radiative field (4.22), in contrast to the matching procedure. We have also seen that the powers of
the leading order impulse were the analogs to the iterated tree-level amplitudes appearing in the 2PM
potential. Furthermore, contribution to the NLO impulse coming from the triangle and cut-box integrals
have the respective counterpart in the 2PM potential. Viewed in this light, the classical soft theorems
impose constraints in the conservative dynamics of the two-body problem. Indeed, once the frequency of
the radiated photon (graviton) is fixed, soft-theorems become an statement on the conservative sector.
At 3PM for instance, the appearance of iterative 1-loop and tree-level contributions to the potential
[39,46,183], will be the analogs of products of the form Ap(").Ap(®) appearing at two loops in (4.4), in
addition to the cubic appearance of the tree-level amplitude, which will be the analog of (Ap(o))3, and
analogously for the 4PM result [47,184]

In this chapter we have solely focused on soft electromagnetic radiation. We believe that the leading
soft constraints can be generalised to gravitational interactions directly at NLO. Beyond NLO order,
classical soft graviton factor will receive contribution from finite energy gravitational flux. On the other
hand if we take classical limit after applying Weinberg soft theorem inside the radiation kernel, the
result will be once again turn out to be in terms of monomials of linear impulses. We believe that this
result once again should be equated to the contribution to the classical soft graviton factor only from
outgoing massive particles. However this remains to be shown. As KMOC naturally takes into account

the dissipative effects in computation of linear impulse, we expect this procedure to be consistent. ¢ 7

It will be interesting to prove the leading and sub-leading soft constraints within KMOC formalism
for perturbative scattering with large impact parameter. Universality of classical soft theorems imply
that the proof is likely to involve ideas along the lines of the classical proof in [177], in which it was
only assumed that the interactions outside a “hard scattering region" (which can be parametrized as
a space-time region bounded in spatial and temporal directions by +ty for some sufficiently large tg)
are simply the Coulombic interactions. However formulating the quantum dynamics in this fashion may
require use of the time-ordered perturbation theory [185] which has in fact also been adopted to hard-soft

factorisation in the seminal paper by Schwartz and Hannesdottir [186].

SWe thank Ashoke Sen for discussion on this issue.

"The generalisation of the sub-leading soft constraints may be even more subtle as the classical log soft factor in gravity
has an additional contribution effect of space-time curvature on soft radiation. These terms may not simply arise from
sub-leading soft graviton theorem for the integrands [173].



Chapter 5

Spinning particles and the multipole

double copy

5.1 Introduction

In chapter 3 and chapter 4 we have shown in great detail how to use scattering amplitudes to compute
classical observable for interacting charged and structure-less compact objects in classical electrodynamics,
at leading and subleading orders in perturbation theory. In this chapter we aim to generalize that
discussion for the case in which the classical objects have structure such as classical spin associated to
them. This in turn introduces a rich new set of structures not present for the scalar case. In particular,
in §3.2.3 we saw that the Compton amplitude can be fully determined from soft theorems, with the
seed Ag’s completely fixed by Lorentz invariant arguments. For the spin case, this seed is not unique
and contains a soft expansion encoding corrections to Ag’o [58,167,176,187]. This soft corrections are
present as operators of the form g,€,J"”, where ¢ is some massless momentum, with € is corresponding
polarization, and J** corresponds to the angular momentum operator, which in 4-dimensions can be
mapped to the Pauli-Lubanski spin operator s#. This is a general feature for electromagnetic h = 1, and

gravitational amplitudes h = 2, as we shall see in this chapter.

In this chapter we organize our favorite amplitudes A,, for n = 3,4 in a covariant spin multipole
expansion, where the spin multipole, are operators of the Lorentz group SO(D — 1,1). We then take the
classical limit for amplitudes written in this fashion, and argue that in order to interpret our results in
a classical context for compact objects with a given classical spin structure, the covariant spin multipole
moments need to be branched into the rotation multipole moments, which are irreducible representations

of the rotation subgroup SO(D — 1).

Furthermore, we will also start the study of the computation of classical observables in gravity through
the spin multipole double copy. In particular, we will show how to obtain a classical double copy formula
for the two-body amplitudes My and Ms, which follows as a consequence of the factorization (1.2), and

from the KLT double copy of the A,, amplitudes. This classical double copy formula can be constructed

67
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directly from the classical limit of the BCJ double copy as we will show explicitly in chapter 7. We
provide explicit example of how to use this formula in the context of scalar, as well as spinning black
holes. In the scalar case, we show how a soft exponentiation of the gravitational amplitude, analog to
the electromagnetic case (3.45) arises from the soft exponentiation of the scalar gravitational Compton
amplitude. At leading order in the soft expansion, this amplitude allows us to recover the burst memory
waveform derived by Braginsky and Thorne [110]. For the spinning case we obtain amplitudes up to
quadrupole level both in terms of the covariant, as well as the rotation multipole moments. Amplitudes
written in the latter fashion will be used in chapter 6 to study radiation in the two-body problem for

Kerr black holes in bounded orbits.

This chapter combines elements introduced by the author in [102] and further extended in [101]
and [85].

5.2 Amplitudes involving spinning particles in QED

In this chapter we will study a richer sector for the scattering amplitudes discussed in previous chapter,
which arises from allowing massive particles to have spin. At the level of the electromagnetic theory, in
this section we will compute scattering amplitudes for spin 1/2 and spin 1 massive particles minimally
coupled to the photon field. These amplitudes will be written in a spin multipole fashion, whose multipole
structure will be kept unchanged when using the double copy. As we mentioned by the end of chapter 3,
studying the electromagnetic sector will be enough for describing gravitational radiation in the two-body
problem from low-multiplicity amplitudes, and at the lower orders in perturbation theory. In chapter 7
we will generalize to the non-abelian case, by studying the double copy for massive particles with spin,

in more generality.

Let us start, in analogy to (3.1), introducing the Lagrangians we will use to compute amplitudes for

each case. For spin 1/2 particles we will use the standard QED Lagrangian
1 ny NS
Lqep = _EF“”F + (" Dy —m)y, (5.1)

whereas v# correspond to the Dirac gamma matrices, and the covariant derivative is once again D, =

Ou +1eQA,,. In the same way, for a spin 1 particles we use the Maxwell-Proca Lagrangian
1 ny 1 * * v n 2 ok u
Lyip =~ Fu F" = 5(DuB;, — Dy B;)) (DuB” — D,BY) — m*B}B" . (5.2)

which describes the interaction between charged complex vector field and the photon. In chapter 7 we will
promote these theories to their non-abelian analogs, i.e. QCD, and non-abelian Gluon-Proca theories, in

order to study more in greater detail the double copy for massive spinning matter.

Derivation of the Feynman rules from these Lagrangians is a straightforward task and we will not

show them explicitly here ( readers interested can see for instance [188] ).
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5.2.1 3-point amplitude and the spin multipole decomposition

The simplest amplitude one can compute from these Lagrangians is the 3-point amplitude for a massive
particle emitting a single photon. Starting with the QED theory, this amplitude is simply given by
AJED — temQe uay uq (5.3)
where uq /u2 are Dirac spinors associated to the incoming/outgoing massive particle, whereas € is the
polarization vector for the emitted photon, which satisfies the condition e-¢ = 0. Here we have use the
momentum conservation condition po = p; — ¢. In the same way, for the spin 1 theory the 3-point

amplitude reads

AP = 2zeQ(p1-e e1-€5 + §(q-51 €€5 — P1-Ey 6-51)) , (5.4)

with €;/€5 the massive polarization state, which satisfy the condition £1-p; = €5-p2 = 0. Notice this
formula is almost the same as the 3-gluon partial amplitude (2.22) except for the 3 factor. This factor

has very interesting consequences as we will discuss below and more formally in §7.3.1.

By inspection of these two amplitudes, it is not really clear these amplitudes have anything in common,
except for the photon polarization vector. As it turns out, these two amplitudes actually correspond to
the same object, satisfying hidden properties when written in the usual QFT language. We now aim to
unravel these interesting properties, among of which we have the covariant multipole decomposition, the

universality of the multipole expansion, and the spin exponentiation amplitudes in the helicity basis.

The spin multipole decomposition

As spin is the only quantum number available to characterize the massive state, it is natural to think
amplitudes (5.3) and (5.4) can be written as as a function of the intrinsic angular-momentum operator
J*. Let us then be more general and propose this can be done for any particle multiplicity n, in both,
the electromagnetic as well as the gravitational theory. That is, at the operator level, we can write
amplitudes for one spinning matter line emitting n-photons (or gravitons) in a covariant spin multipole

expansion of the form !
A T) = Hor XD WA gy S o T2 (5.5)
§=0

)

where the spin multipole moments are SO(D —1, 1) operators, J#¥, acting on spin-s states, and wfﬁl...w‘?

correspond to multipole coefficients which are functions of particles kinematic quantities only. In this
formula, products of J#¥ are understood to be symmetrized since, due to the Lorentz algebra, [Js, Js] ~ Js
can be put in terms of lower multipole moments. The sum is then guaranteed to truncate due to the
Cayley-Hamilton theorem. The prefactors H,, are functions encoding the helicity structure of the emitted

photons/gravitons (that is, h = 1 or h = 2 respectively).

Let us explicitly see how this works for our previous amplitudes (5.3) and (5.4) . The spin generator

1Formally, this can be argued via the generalized Wigner-Eckart theorem of e.g. [189], even if the group is non-compact.
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corresponds to nothing but to the Lorentz generator written in the spin-s representation. For particles

of spin 1/2, they can be put in terms of the Dirac Gamma matrices J{% = % = %7[“7”]7 whereas

po

for spin 1 representation, we have (J4' ”)“ﬁ = "G — n”“ng . For the fermionic case, rewriting of the
amplitude (5.3) in terms of J#¥ is usually achieved by employing the support of the Dirac equation and

the momentum conservation condition, whereas for the vector case, no new manipulations are needed.

With this considerations at hand, one can easily checked that in terms of the J*” operators, amplitudes

(5.3) and (5.4) take a unified form
ARY = (pa,ea| AR [e1), = s (2] i€ Q (2p1-€ — ge(uan JI) [p1en), - (5.6)

Here we have used a Dirac bracket notation to represent the massive particle polarization states in the
spin-s representation, which for our case corresponds to Dirac spinors for the s = 1/2 case, and to
massive polarization vectors for the s = 1 case. We will concentrate on Agh as an operator acting on the
polarization states. The (tree-level) value for the form factor g = 2 is fixed for a Dirac spinor coupled to a
photon/gluon. For the Proca field we have actually g = 1. In chapter 7 we see that in order to set g — 2,
as required from the double copy, the Proca theory needs to be modified to become the W-boson model in
QCD. We will then argue that it is this double copy criteria what fixes g = 2 for generic spins, both, in the
electromagnetic (or QCD for the non abelian generalization), and the gravitational theory [102,190,191].
Let us for the moment assume we can set g = 2 for both theories and come back to the 3-pt amplitude

in §7.3.1.

By direct comparison of (5.6) to the general multipole expansion (5.5), we can identify Hs = 2ie @ pa-,

whereas the multipole coefficients , which are universal for our minimal coupling theories (5.1) and (5.2),

) (2) _ _ g €wmy

= —2-222  Notice then our 3-point seeds in any dimension

=1 and W3 3 pre

are given explicitly by w§0

can be simply put as
€udu S

AyPP = 2ieQe-p (I+J,), Jo= P
" M1

(5.7)

This indeed hints an exzponential structure for the 3-point amplitude e”, for higher spinning particles,
and truncates at the 2s order. We will return to this exponentiation in appendix B (see also chapter 8)
in the context of the massive spinor helicity variables introduced in §2.4, and in chapter 8 we will show
this exponential is indeed achieved in a helicity basis, using the spinor helicity formalism introduced in

§2.4.

It is useful to introduce some diagrammatic notation to refer to the covariant SO(D — 1, 1) multipole
moments operators. This is done by assigning each multipole operator to the corresponding SO(D —1,1)
Young diagram, i.e.

1=1, g=J (5.8)

As mentioned above, the scalar 3-point seeds have been corrected by soft the soft operator %

This is indeed a property that holds also to higher multiplicity amplitudes as we shall see soon, and

to higher spins. In fact, as an spoiler alert, we will see that the same exponential structure holds for

the gravitational 3-point amplitude, where in the classical limit, the spin of the massive particle can be
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mapped to the spin of the Kerr BH, whose linearized metric expansion encapsulates an infinite tower of

classical soft multipole moments in it. We will come back to this discussion in chapter 8.

5.2.2 The spinning Compton amplitude, a multipole decomposition

What is the meaning of the exponential e”s? It corresponds to a finite Lorentz transformation induced by
the massless emission. That is, po = e”*p;, hence for generic spin it maps the state |p;,e1) into |pa, &2),
where &, # £ is another polarization for p,. This means e’ is composed both of a boost and a SO(D — 1)
Wigner rotation. The boost can be removed in order to match SO(D — 1) multipoles in the classical

J

theory, as we will see in §5.3.1. Also, as e” is a Lorentz transformation, |e3) must live in the same irrep

as |e1). This means that a projector is not needed when these objects are glued through unitarity. A

corollary of this is a simple formula for the full factorization in the massive poles of A% e.g.

ﬁ.‘g I\‘_'1. Jr"Ji—l
= H(2i eQ Pr€;)! (eale”sn 1 e 2]ey) = H(QieQPi'Ei)h<€2|§2>a
P Py i

(5.9)

Kip€iv

where Py =p1 +ka+ ...+ k; and Js; = Pﬁ”. Each 3-pt. amplitude here maps P; to P;; and

€

their composition maps p; to pa. The state |€2) depends on all {k;,¢; ?;21 as well as their ordering. In

particular, we can use this factorization formula to reconstruct the spinning Compton amplitude in the
QED for spinning matter up to contact terms. This can be seen from theories (5.1) and (5.2), where the
Compton amplitude only has two factorization channels with massive propagators only. To see this, we

use the Baker-Campbell-Hausdorff formula in (5.9) and get the form

P1-€2P4 €3

J1+J27%[J1,J2]+..‘|€1> + P4-€2P1°€3 <€2‘6J{+Jé+%[J{,Jé]+.A.‘51> +et.|.
p1-k2

A= Q? Pa-ke

(e2le

(5.10)

This is the spin analog of (3.23), where the exponential tracks the desired order. The role of the contact

term in (5.10) is to restore gauge invariance.

Setting 7—[4:% in (5.5), and by requiring the scalar piece (J = 0) recovers the result for the

scalar Compton amplitude (3.23), one finds c.t. = e2-¢3 and
(0 = p)-Fy-Fy- 5.11
Wy =Pp1rio-l'3pr- (5.11)
This gives for s<1 the multipole decomposition for the Compton amplitude
AP = 30 [0 S0 e 0 2, o] 512

where the spin multipoles are Jé(o) =1, Jﬁl)”y = J# and Jﬁz)ﬂypg = {J#v, Jr7}, as required from the
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symmetrization mentioned in (5.5). The remaining multipole coefficients w(® read explicitly

. Fy. 5 -F3- y (ko+k
wi :%Fé‘ +2 23 PL v 21 ( Z+ 3)[F2,F3}“”, (5.13)
2) pvpo kl'k2 v o v o
wi)up:_T(F; FP7 4 FIY Ry (5.14)

These are universal for the theories (5.1) and the abelian sector of (7.66), the W-boson theory (correcting
the Proca theory (5.2)). Already for spin—% it is clear that this decomposition of the Compton amplitude
is not evident at all from a Feynman-diagram computation [192,193], whereas here it is direct. A key
point of this splitting is that under the double soft deformation ko = ks, ks = Tks, the multipole w2 is
O(77), whose leading order will be the classical contribution to the amplitude in the KMOC sense. An
explicit computation of the Compton amplitude for theories (5.1) and the abelian sector of (7.66), show
exact agreement with the result (5.12)

Note now that while J§0) and Js(l)“ " are irreducible representations of the Lorentz group SO(D —1,1),

JHPT s the symmetries of the Riemann tensor and can be further decomposed into

the operator JS(2
irreducible SO(D — 1, 1) representations . This decomposition goes by the name of Ricci decomposition

which we outline as follows:

Ricci decomposition: Let R*P? be a Riemannian tensor. The Ricci decomposition is the statement

that RM“P? can be split in the following form?:
RHVPT = SHYPO  EHVPO 4 CHVPT (5.15)

where S, E and C corresponds to the scalar, symmetric and Weyl parts of the tensor, respectively defined

by:

SHvpo — T (pHTpVP _ pHP Vo 5.16
By ). (5.16)

1
EHVPo — VP RO _ php RVO KO RVP _ Vo RIP 517
OED) (n 7 +7 " ), (5.17)
CHVYPT — RHVPO _ QUVPT __ VPO (5.18)

Here R* = RPF71,, is the Ricci curvature tensor, whereas R = R*"n,, corresponds to the scalar of

curvature. It is also useful to know that the Riemann of a tensor T, can be computed by [194]

1
Riemann(T)*"P7 = E(T’“”’U — THYoP _ THPOV L TROPY _ VPG 4 TVRIP 4 VPR _ VTP
(5.19)
— TPHVT L TPVHT  TPORV POV ORVP _ OVRP _ OPRY | OPVR

Let us apply this decomposition to the quadratic in Jg contribution to the Compton amplitude. For

that we use the following notation

1owi] + W)@, s=1,

s

(2) J@pvpo _
1 2 Nyl
L i) 4 D 777, 5 = 5,

Wy pvpos

(5.20)

2See for instance the Wikipedia article https://en.wikipedia.org/wiki/Ricci_decomposition
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where g;;upa _ JS(Q)[HDPO'] — E’ and

nv
7 JS»MVJS

v v 4 vy
I, = S QU == {2, T+ S (5:21)

We then identify Q#” with the traceless Ricci tensor, whereas 1, corresponds to the scalar curvature.

Notice remarkably, (5.12) does not possess a Weyl contribution. This will be important when we discuss

the double copy below. In addition, for spin 1/2 we get a totally antisymmetric contribution due to the

non commutativity nature of the Dirac gamma matrices.

We have also introduced the notation [wf)] ) [wf)] uv and [wf)] uvpo for the corresponding projections
(2)pvpo

of the multipole coefficient w, . The explicit form for the first two read
(2) = L (2) ulp,olv — ﬂF Fl“’ 29
[w4 ] D(D _ 1)("')4#1470'77 n D(D _ 1) 2,prd’3 (5 )
@,  koks
[W4 LLV = mFQ (U‘ng‘V) 5 (523)
(uvpo]

whereas for the latter we simply have [wflz)]“”p” = wf) . We refer to the irreducible operators of
SO(D — 1,1) as the covariant spin multipole moments. This then allows us to identify the covariant

traceless spin quadrupole moment Q%" existing only for spin 1 particles in QED.

5.2.3 Bremsstrahlung radiation for spinning sources

Now that we have studied our 3-point and 4-point amplitudes for spinning particles in great detail, it is
natural to ask how the Bremsstrahlung radiation amplitude of Figure 3.3 changes in the presence of spin.
In §3.3 we have argued that formula (3.45) is indeed more general and can be used to compute photon
and gravitational Bremsstrahlung radiation, even in the presence of spin. To compute the numerators
entering in (3.45), in the presence of spin, we use the same unitarity method of (3.41), i.e. the numerators
for the 5-point amplitude are given by the residues of M5 at the null momenta ¢; for ¢ = 1,2. This then
corresponded to the unitary gluing of the Compton to the 3-point amplitude on the support of null
momenta ¢; for the respective factorization channel. For instance, at linear order in J, and introducing

the notation
RE™ = 2(2miq = k)T (2000 — K)o (5.24)
recall n; = —1 and 7y = 1, the Bremsstrahlung radiation numerators have the form

nl) = =26 [prRo KTy = Fig B Jo+p ok [F, Rol oy — proFoRoypn | 5
; 5.25

0 = 10026 [p Rack ey o= FagRy-Jo ook [, Ra)-Jua = porF-Ryps)

where the scalar numerators were obtained in (3.46), and follow naturally from the universality of Aj
and Ays. We have also introduced the commutator notation [F, Rg]-J,; = (F*, R5® — R‘QL’VFVO‘)(JSVZ‘)#Q.
These numerators follow analogously from the gluing of the electromagnetic spin-1/2, 3-point (5.7) and

4-point (5.12) amplitudes. Using variables (5.24) to rewrite the numerators trivializes the check for gauge
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invariance. Notice on the other hand, the spin contribution in the R; terms emerges purely from the
linear-in-spin piece of the 3-pt amplitude, whereas the linear-in-spin Compton amplitude is responsible

for the remaining terms.

Finally, the quadratic order in spin numerators are given in appendix C by equations (36) and (37).
These, again, follow from the electromagnetic quadratic-in-spin 3-pt and 4-pt amplitude, the latter ob-
tained from the single copy in (5.54). For simplicity, at this order we have restricted to the case in which

only one particle has spin, while the other is scalar.

Classical Limit

We have already seen that by replacing the numerators (3.46)% into the general formula (3.45), we recover
the classical photon radiation amplitude for the scattering of two colorless scalar charges, as computed by
Goldberger and Ridgway in [80]. This is of course true since we have already taken the classical limit of
the amplitude using the KMOC prescription. In the presence of spin however, additional considerations
need to be taken in order to: 1) Extract the correct classical contribution, and 2) Extract the spin

multipole moments that correctly describe classical rotating objects.

To solve 1), notice that when scaling the scalar numerators in (5.25) using the KMOC prescription,
q — hqg and k — hk, the leading order contribution of ng)lp{}l:) ~ k2. However, by doing the same scaling, the
linear in spin terms in (5.25) scale now as ~ A%. Naively one might think this is a quantum contribution
and can be discarded in the classical limit. This would however also discard any spin information, and we
know classical rotating objects have associated a classical rotation tensor which is not present in the scalar
contribution. To solve this discrepancy, [58] (see also [58,61,103,130]) proposed the Lorentz generators
J#¥ need to also have an & scaling in such way there exist a classical spin structure extracted from the
Quantum amplitude. Then, it is natural to take J* — %, which will make the scaling of the spin
contributions in (5.25) to be of the same order in & as the scalar part. This scaling of the spin follows
naturally from generalizing KMOC for spin [130], as dictated by the correspondence principle mentioned

in the general Introduction.

To solve 2) one needs to recall that we have thought of the spinning amplitudes A,,, as a SO(D —1, 1)
operator acting on spin-s states of the form |p;,e;). One needs to recall however these states transform
under different representations of the little group, as indicated by the massive momentum labels. Then,
in order to interpret the results for the previously computed amplitude as those for the interaction of
a the same incoming and outgoing classical spinning object in electrodynamics, we need to choose a
reference frame — which can be fixed by choosing a time-like vector u* satisfying the SSC — so that the
massive polarization states are aligned towards the same canonical polarization states*. When doing
so, the SO(D — 1,1) generator J#¥, which consist of a SO(D — 1) Wigner rotation plus a boost, JH =
Sk oyl K1 can be interpret as a classical spin tensor for the rotating object, once the boost component
is removed. The SSC to be satisfied is simply u,S*” = 0. After this is done, the polarization states

can be removed, leaving us with a classical object, which we will interpret as the classical amplitude.

3These numerators have the support of §(p;-(n:q — k)), which imposes the on-shell condition for the outgoing massive
particles in the classical limit.
4These alignment of the polarization states also goes by the name of Hilbert space matching [56]
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This alignment effectively induces a map of the SO(D — 1,1) covariant multipoles moments towards the

SO(D — 1) rotation multipole moments, we will expand on this map in §5.3.1.

At the linear order in spin, the effect of choosing a reference frame results into simply setting .J. 5 L=
St followed by the removal of the polarisation states. Only by then, S#” can be interpreted as a
classical spin tensor characterizing the intrinsic rotation of the compact object. The reference vector wu;
can be taken to be either the incoming, outgoing or the average momentum for each matter line, in the
classical limit they reduce to taking u; = p;/m;. This in turn implies the SSC to satisfy is p; , S = 0.
One can easily check that by changing J — S in (5.25), and replacing the resulting numerators into the
general formula for radiation (3.45), we recover the classical result of Li and Prabhu [117], computed

from classical Worldline theory arguments.

Let us finish this section by commenting on the resulting form of the radiated electromagnetic field in
the soft (large wavelength) limit. In (3.51) we showed at leading order in the soft, the waveform is entirely
capture by the Weinberg soft factor, which corresponds to a universal, and in fact, non-perturbative
result, as we extensively studied in chapter 4. This universality translates into zero spin corrections
to the low energy waveform. One then might wonder whether the spin structure in the numerators
(5.25) indeed provides zero contribution to the waveform (3.47) in the soft limit. As can be explicitly
checked, the spin contribution in (5.25) is indeed subleading in the soft expansion k — 7k, 7 — 0.
This is nothing but a consequence of the universality of A3 and A4. That is, as we discussed above,
spin corrections of Az correspond to a tower of subleading™ soft operators. This is indeed also the case
for A4 as can be seen from (5.12) and (5.9), where each multipole coefficient scales with an additional
power of 7, in for instance the soft expansion in the outgoing massless momentum ks — 7k3. That is

ASED ~ Hy %J}(O)J(O)—I—TO o g 1 52 @me ] where the tilde indicates we need to keep only

.4 4 s Wy s Wa pupos
the soft 7 — 0 contribution. This then show the leading soft contribution is exactly given by the scalar
piece, which is present for for all of the spin—s amplitudes, above, and therefore, no spin-correction will

be added to the leading soft waveform (3.51).

5.3 The spin multipole double copy

So far we have been concerned with the computation of observables for the electromagnetic theory. We
have discussed in great detail the scalar case both, at tree and loop levels, emphasising the power soft
theorems have in the computation of radiation at leading order in the soft expansion. Furthermore, in
the first part of this chapter we have introduced spin effects and argued that the main building blocks
Az and A4 have universality properties that are carried over My and Ms. This discussion is indeed more
general and can be extended to the gravitational case as we will see now. In the remaining of this chapter
we will start the study of classical observables for the gravitational theory, using double copy arguments.

In chapter 7 we will provide a more formal study of the double copy for massive spinning matter.

We introduced the double copy of massless particles in §2.3. In particular, we have seen that two
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copies of S = 1 massless polarization tensors have the Clebsh-Gordon decomposition

D+1)(D -2 D—-1)(D -2
PP GRS R GRS LR} -
where the first two terms in the r.h.s. correspond to S = 2 (graviton ) and S = 0 (dilaton) respectively,
whereas the third piece is the antisymmetric piece ( Kalb-Ramond field), which for D = 4 can be dualized
to an S = 0 pseudo-scalar, the axion. We will indistinctly refer to this two-form as axion or Kalb-Ramond

field.

Explicitly, if e* and é* correspond to two copies of an S = 1 representation, then the Clebsh-Gordon

decomposition reads

ere¥ + eVer €€ €€ ete¥ — Vet
rev — - Tiad nhv e 5.27
e < 2 D-1" )+D—177 +< 2 > (5:27)

For integer S, the representations are always isomorphic to transverse, traceless-symmetric tensors, which

dimension is given by dimg = (D73J§!2(%(_%;4+S)!, (which reduces to the familiar expression 25 + 1 in

D = 4) [194]. For instance, for S = 1 we have the vector representation dimg—; = D — 1. The tensor
representations are constructed from direct products of lower ones. The simplest example is the S = 2
tensor which can be constructed from two copies of S =1 as given by (5.27). This decomposition is the

reason we can obtain the graviton amplitudes from S = 1 amplitudes.

The double copy for massive particles — as we will formally discuss in chapter 7 — can be constructed
using analogous KLT formulas for their massless counterparts. This is due to the fact that for a single
matter line emitting gravitons/dilatons/axions, massive double copies can be obtained from compactifi-
cations of their massless higher dimensional analogs. In this section we will concentrate on the double
copy for our favorite amplitudes A,,, n = 3,4, involving one spinning matter line emitting one and two
gravitons, respectively. This will be sufficient to also induce a double copy formula for M, and M5, due

to the factorization (1.2).

We will use the ® symmetric product to denote the double copy of the amplitudes written in a spin-
multipole expansion. To begin, let us consider then the photon emission amplitudes for s € {0, %, 1}, as
given in the previous sections, and define their double copy. From two multipole operators X and X'

acting on spin-s states, we introduce an operator X ® X’ acting on spin-2s as

Xx X', 25=0
XoX' =¢ 27PRlgy(Xx¢ X¢,), 2s=1, (5.28)
Grim (XILXL) G422, 25 =2,

where ¢ and ¢ are the respective massive polarizations and X denotes charge conjugation. In chapter 7
we will prove this multipole operation naturally arises from the KLT double copy, and show furthermore
it can be used to obtain scattering amplitudes in a gravity theory of a massive spin-2s field. Let us for

simplicity in this chapter assume it as a valid double copy operation.
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For our favorite amplitudes, the double copy formula will read
K VAT = APRS © APPS =34, (5.29)

where K,, corresponds to the massive KLT kernel for the n-point amplitude which is simply given by the
inverse of the biadjoint amplitude involving two massive scalars of the same species ( see e.g. [195] for

details on this theory ).

The case s = 0, § # 0 was introduced by Holstein et al. [190,192]. It was used to argue that the
gyromagnetic ratios of both AP™! and A2%! must coincide, setting g = 2 as a natural value [103,190].
We introduce the case s, 5 # 0 as a further universality condition, and find it imposes strong restrictions
on AP for higher spins. More importantly, it can be used to directly obtain multipoles in the classical

gravitational theory.

For (5.29) to hold we need to put A"* into the form (5.5), which we have done in the first part of
the present chapter (although we will lift this restriction chapter 7). The coefficients w27 are universal

once we consider minimal-coupling amplitudes, which are obtained from QED at s = 5 and from the

1
2
W*-boson model at s = 1 [190], as seen above. In a diagramatic notation, the operation (5.28) gives the

rules

L,O1;=1a, 1 @H = %B , (5.30)
s 2s

H @H = Hﬂz + [T by + 1o, (5.31)

which are a subset of the irreducible representations allowed by the Clebsch-Gordan decomposition. Rule
(5.31) is nothing but the Ricci decomposition of the symmetric product of two multipole operators J#,
and is analog to the decomposition (5.20) above, but with non-vanishing Weyl component. Indeed, the
first term we denote by X#*P? and has the symmetries of a Weyl tensor, i.e. is the traceless part of
{J#¥  Jr?}. For instance, the s = 2, 3-point gravitational amplitude as obtained from (5.29), and using

two copies of the 3-point seed (5.7), and the double copy operation (5.30) and (5.31), results into

JH W
Agr,2 _ ) 2, i €nqdu nvafB Ew/aﬁ ) 5.39
s K (ep1)” g | I+ s +4(e-p1)2 b1, (5.32)

where Wy,ap = qués)qacp) is the Weyl tensor of the graviton. We have also used K3 = ;%5 for the
3-point KLT kernel, with x = /327G and G the Newton Constant. (j)?ﬁ are massive spin-2 polarization
tensors, built from spin-1 polarization vectors; in D = 4 they have 5-independent components. One can
show the same amplitude can be computed from the covariantization of the Fierz-Pauli Lagrangian [196].
The classical limit of this amplitude reproduces the expected Weyl-quadrupole coupling [103,197-200],
as we will discuss in §5.3.1.

To deeper understand these results, let us demand A§"° to be constructible from the double copy

(5.29) for any spin:
AR ) = ARSI © AR () (5:33)

where J# @ JH is the generator acting on a spin s+ § representation. This relation yields the condition
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Ay° AL = Ay"T°AyY on the J# operators. Using that [J,J] = 0 and assuming the coefficients in (5.5)

to be independent of the spin leads to
Al () = gn (ep) x e h=1,2 (5.34)

with w,, = qgf—;l”] and Hs = (e~p1)h fixed by the previous examples. Here g; = 4e? and g» = . This
easily recovers such cases and matches the Lagrangian derivation [196] for s € {%, 1,2} in any dimension
D. After some algebra, (5.34) leads to the D=4 photon-current derived in [201,202] for arbitrary spin
via completely different arguments. On the gravity side, its classical limit matches the Kerr stress-energy
tensor derived in [81], as we will discuss in chapter 8, together with its spinor-helicity form found in [58],
as we show in appendix B. For s > h and D > 4, (5.34) contains a pole in ep which reflects such
interactions being non elementary [68]. In §5.3.1 we show such pole cancels for the classical multipoles

and provide a local form of (5.34).

Now, the full quantum double copy amplitude A%"? for s = 2 can be obtained by simply squaring
(5.12) for s = 1, and using the rule given in the third line of (5.28), which similar A8"2, can be obtained
from the covariant Fierz-Pauli Lagrangian [196]. In a multipole decomposition, it will contain terms
up to hexadecapole order. However, in general there is not a known prescription to obtain the spin
multipole expansion in terms of irreducible representations of SO(D—,1,1), and we therefore write the
full amplitude in terms of polarization vectors (i.e. not in an operator language), as follows

2
A2 = K2 wflo)slfz—kwil;yal-Jl(l)“”-aj‘—kwgypgsl-J1(2)WM~5Z} , (5.35)

where we need to use the KLT kernel

262 k‘g'kg
= 5.36
TRZ proka proks (5.36)

and the polarization tensor for the massive spin 2 states will be given by e/ = e!'e?, and satisfy e/ p; , =

0, for i = 1,4, and the traceless condition &}, = 0. For the massless gravitons we have €/ = ¢/'¢}, with
*[3

analog properties to the massive polarizations. Here we use the contractions e1-J}" ¢} = c1a(J1")3ey",

and analog for 61-J1(2)'u”p0'61 =e1{(J1")§, (Jfa)?a}fzﬂ'

Notice when written in terms of (5.11), (5.13) and (5.14), the spin 2 gravitational Compton amplitude
(5.35), becomes dimension-independent. In fact, if we think of p; and ps as massless momenta, with £/
their correspondent massless polarization tensors, one recovers the 4-point amplitude for the scattering
of 4 gravitons in General Relativity. This is of course not a coincidence, and is a consequence of the fact
this amplitude can be written from a compactification of its massless higher dimensional counterpart, as

we will show explicitly in chapter 7.

In this chapter we are interested in computing the spin quadrupole radiation amplitude and for that
we can simply take the double copy of two spin-1/2 amplitudes and apply the second line of (5.31). In a

multipolar expansion, and up to quadrupolar order, the gravitational amplitude is given then by:

e The scalar piece
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_ 2 0),(0)
APer =5 % (5.37)
8 ka-kz (p1-k2) (p1-k3)
e The spin dipole piece
0), ,(1) yuv
4 8 ko-ksz (p1-k1) (p1-k2)
e And finally quadrupolar piece
Aer _K° L1,
* 8 ko-k3z (p1-k2) (p1-ks3) (5.39)
2 L, 1 ‘
v Woo

vpo 1 oV
Zyup Jr777[ [ Qﬁb]/}]Jr

1 A
+ = = polvpuleq
8 k‘Q'k‘g (pl'k‘g) (p1~k3) 4 1 D-2 —1)77 " !

2D(D

Here we have omitted the contribution from §, since it does not contribute to the classical amplitude.

We have used that (5.31) reads

1 vpo «@ oV
JE @ I = T P QY

22 [v,ulpq
oV " 1 . .
53 70 s (5.40)

]
* 2D(D-1
The normalizations ap, Sp depend solely on D. However, it cancels out in the full computation and
1 1

hence we set ap=Fp=1 hereafter. Similarly, the condition Aih’ 2 Aih’ 2 :Aih’oAZh’l, as implied by (5.29),
for the quadrupole tensor @57, can be traced at this order to [wfll)wfll)] o = [wf)] Wwio), which shows
the universality of the quadrupole, and holds up to terms subleading in the double soft limit.

Notice when doing the double copy of the massless spin-1 polarization vectors we have always projected

1 = el'e”. Then, the removal of the dilaton and axion component is trivial

the graviton component via e
and does not require additional subtraction schemes, or the introduction of ghost particles [203]. This
is a general feature of amplitudes for one matter line emitting n-massless particles, as we will see in
chapter 7. In addition, since M§" and Mg" are built from these amplitudes via the factorization (1.2),

the removal of the dilaton and axion states from these amplitudes is also straightforwards by using the

graviton propagator.

5.3.1 From SO(D —1,1) to SO(D — 1) multipoles

As mentioned in §5.2.3, in order to compare spinning amplitudes with classical results for spinning bodies
it is sometimes necessary to choose a frame through the SSC. Let us show how this arises from our setup,

and make more formal the discussion introduced by the end of §5.2.3.

We have shown that the spin multipoles correspond to finite SO(D — 1, 1) transformations which map
p1 — p2. Such Lorentz transformations are composed of both a boost and a SO(D — 1) Wigner rotation.
Spin multipoles of a massive spinning body are defined with respect to a reference time-like direction
and form irreps. of SO(D — 1) acting on the transverse directions [200,204]. Hence, it is natural to
identify such action with Wigner rotations of the massive states entering our amplitude. A simple choice

for the time-like direction is the average momentum u = £ = plzitfz. In this frame boosts are obtained
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as K¥ = u,J" whereas Wigner rotations read S** = J* — 2ult K], Adopting S as classical spin
tensor then corresponds to the covariant SSC, ie. u,S"™ = 0 [81,205,206] (another choice was used

in [103,207]). The momenta p; and ps can be aligned canonically to p through the boost,
pr=em p  py=e i lp, (5.41)
which defines canonical polarization vectors g, € for p through (recall ps is outgoing):
elzeﬁ'Ke , sgzéeﬁ'K. (5.42)

This replacement can then be applied to the multipole expansion (5.5), yielding an extra power of ¢ for

each power of J, hence preserving the fi-scaling. We find

€162 = €-€+%qusK“é+O(K2), (5.43)

g1 JMey = eSMetoulteKVe+
%5{[(“,5“”}5—&—(’)([(2) , (5.44)
el {JH , JP% ey = e{S*,SP7}E+O(K), (5.45)

(for generic spin K and S are independent). In terms of irreducible representations this decomposition
can be thought of as branching SO(D — 1,1) into SO(D — 1) [194]. For instance, the dipole branches as
E] — E] + [, which is a transverse dipole plus a transverse vector irrep, K*. In the same way, in general
the EH irrep. of SO(D — 1,1) also contains a (17 piece for SO(D — 1). This is the reason we can extract
a quadrupole from Weyl piece in (5.31), namely by combining (5.45) with the replacement rule

2 _ _
{5,877} = 5— (ﬁ”[“Q”]p—ﬁ”[“Q”]"> + other irreps (5.46)

where 7" = n#* — utu”. Thus we have the identity (c.f. [208,209])

Wavpe 217 = [Wivpe (1 { T, J77 }Hea)
4 (5.47)

= 53wl Q" u” + O(K).

For instance, we extract a quadrupole contribution from Ag’s in (5.32):

AQ’S|Q:Z (e-p1) (5.48)

Of course, the SO(D — 1,1) quadrupole present in AZ’S also contains a SO(D — 1) quadrupole. It

follows from (5.45). Similarly, the 1 piece in (5.31) also have a contribution proportional to S?. We can
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summarize the map in the following way

T s S
. - PP DA
QI = Q" + 51" - 5h
. (5.49)
YHYPT D_3 Su”Q“pu”

N 1
1; — 55/“,5“”,

In general the SO(D — 1) multipoles defined through the covariant SSC are given directly from the
SO(D—1,1) ones, up to O(K) terms. Due to unitarity, one expects the latter to drop from the amplitude,
at least for As. Let us show explicitly how this happens. Note that 3-pt. kinematics implies [¢-K, g-J-€] =
0 and hence the spin piece of the 3-pt. amplitude (5.34) reads

qJ-e ~ € Jl“/ K* ~
€1€ €P g9=EexXp q””i—kq“i e =éee
€D m

_ qu€, 5"
-3 (e

where one can check that the sum truncates at order 2s. Thus the boost (5.41) is effectively subtracted

(5.50)

from the finite Lorentz transformation leading to the interpretation of the 3-point formula as a little-group
rotation induced via photon/graviton emission. We end with a comment on the case s > h and D > 4:
Note that the pole € - p cancels in (5.48) for any dimension. This means we can provide a local form of

the 3-pt. amplitude which contains the same multipoles as the exponential. For instance,

v S qud v (€D)
AP = (2ee-p) - [ T+ 24 o JDoteop,— VLN i gy ) 5.51
e eep) o (14 20 e tenp, -5 P () oo G5)
also yields (5.48) and reduces to (5.34) in D = 4.(Recall ¢{1ﬁ are polarization tensors for the spin 2 matter
fields.) In general the 2"-poles [81,204] of (5.50) are obtained by performing | % | traces with the spatial
metric 7*? appearing in (5.46). The result takes the local form

oo

Ah,s _ h qMGVS“V 1 o
As =g (e-p) Z <an+ﬂne'p> X Q(n) o @ gt (5.52)

2n_ 1 3
poles oy

where a,,, 3, depend on the dimension D, and Q™ are the transverse multipoles. In four dimensions we

—2n m—2n

find Q™ to be a tensor product of the Pauli-Lubanski vector S* [103,204], and o, = Gor Pr = Grr-
Spin-multipoles for D=/.

Let us finish this section by extracting the classical limit of the gravitational Compton amplitude, up
to quadratic order in spin. Now, since we are interested in making contact with the scattering of waves off
the Kerr BH, as we will see in chapter 8, we specify the spin multipoles for the D = 4 scenario. As already
pointed out, the spin dipole can be written in terms of the Pauli-Lubanski vector, via S** = e***?p, ,a,,
where a* corresponds to the radius of the Kerr ring singularity. We will expand on this in chapter 8, for

the moment we can think of it as a classical spin tenor representing the intrinsic rotation of the K BH.
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In the same way, the spin quadrupole can be put in terms of a* via
o714 20 W, v 1 —pv 2
Q" =m*(a’a” — 37"a ), (5.53)

where now the SSC is satisfied by the spin vector p;,a* = 0. Finally we have to do the usual A scaling
of the massless momenta, k; — fiky, and in the same way for the spin vector a* — a*/h. Where we have
also identified v, with the incoming massive object’s four-velocity. In that form, one can explicitly check

that the final classical amplitude up to quadratic order in spin can be written as:

0
2 (W)

gqey = e )
(A 8 ko-k3(p1-ka)?

(W) + (WY popfa” + (@10 g)a®a®| + O(a?) (5.54)

where the angles indicate the classical limit of the corresponding multipole coefficients given in (5.11)
and (5.13). We have also identify the classical multipole coefficient for the quadratic in spin amplitude

in classical electromagnetism as

o _ kykam? /=, e )
@) = | py-Fy-Fy-py (k1—ks) y PP (ky —ka),, + %(P“ o 4 %)Fé“"ng‘ %M] , (5.55)

nuanub’ + ,]7;1,04771/[3

ﬁuvaﬂ —
2

-y (5.56)

Notice remarkably that after summing up all the rotation spin multiple contributions, the classical GR
amplitude has the factorization form A" = (AP") x (APM) as suggested by the authors in [54], and
reflecting the universality of the coupling of matter to the graviton. The quadratic in spin contribution
and its unitarity gluing with the 3-point amplitude, recovers the quadratic in spin two-body radiation

amplitude obtained in [120], as we will explicitly show in §5.3.2.

5.3.2 Spin multipolar expansion of M, and M;

Let us in the remaining of this chapter compute the gravitational M, and M5 amplitudes up to the spin
quadrupole level from the double copy. Let us recall at leading order in the perturbative expansion,
the h—0 limit of the amplitudes is captured by the cuts of My and Mj5 given in (1.2). My can then be
computed from the formula (3.40), whereas for Ms, the key point is to introduce the average momentum

transfer ¢ =

422 as done for the electromagnetic case §3.3, after which one expects the same con-
struction to apply. This leave us then with the formula (3.45), which we now use in the gravitational

context.

Classical Double Copy

As the numerators in eqs. (3.40) and (3.45) correspond to A”* amplitudes, the multipole double copy
can be directly promoted to (My) and (Ms). From a classical perspective, the factorization of (1.2)
implies that the photon numerators can always be written as npn = tq,th where t, and ¢, only depend

on kinematics for particle 1 and 2 respectively. The simplest example is the scalar piece in (M} h>, where
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t, = p1 and t, = po. The KLT formula (5.29) translates to

‘ Ngr = Nph © Nph — tr(nph ® nph) ‘ (5.57)

where we defined the trace operation as tr(n®n) = %. By combining (5.57) with egs. (3.40)

and (3.45), this establishes for the first time a classical double-copy formula that can be directly proved
from the standard BCJ construction as we will see in chapter 7. Moreover, up to this order it only requires
as input Maxwell radiation as opposed to gluon color-radiation [32,80] and contains no Dilaton/Axion
states [6,32,203], the latter of which are removed by the trace subtraction in (5.57). Since the formula
for the radiative amplitude for the gravitational case (3.45) follows from the gravitational Compton
amplitude, the spurious pole q%ﬂ arises from the t-channel of the Compton amplitude, and its cancellation

from the final result provides an strong check of our double copy formula.

Let us in the following provide some examples of how to use this double copy formula (5.57). Starting

with (My): The simplest example is the scalar amplitude, for which, as we already mention ngh = p1-p2,

then ¢, = p1 and t, = p3, so that tr(npn © npn) = %. This then leads to the scalar gravitational
amplitude
327G m?m2
(0).ry _ Mer _ )2 — T 5.58
(00 = e = 20G [y ] (5.59

where the factor of D — 2 arises from the graviton propagator. In D = 4 we can evaluate (2.12) to recover
the 1PM scattering angle as in [48], first derived in the classical context by Portilla [210,211].
Next we can consider the quadratic in spin contribution. To keep notation simple consider only particle

ph

a to have spin. From (5.7) we find that at the dipole level the numerator for (M}fh> isni" = nSh—i—pg-Ja-q.
2
The gravity result follows from (5.57) by dropping contact terms in ¢?. The rules (5.30) readily scalar as

we just saw, as well as the dipole parts. let us compute the more interesting quadrupole part; rule (5.40)

gives
(p3'Ja'q) © (p3'Ja'Q) - tI‘(- : ) — lp?)u(Jup?)aQBzg”aﬁ (5 59)
q2 4 q2 ’ :
Using (5.47), the SO(D — 1) quadrupole [198,200,212] reads
1 p3,quP3agsSh’®” o mim3\ ¢ Qa-q
- . — . 5.60
1 2 = (P1p2) D-2 ) 2(D-3)¢*>m?2 ( )

Up to this order this agrees with the D = 4 computation [58,81,213]. Agreement to all orders in spin is
obtained from the formula (5.52).

Let us now move to compute the classical numerators for the gravitational (Ms) amplitude. We start
with the scalar case, for which the gravitational numerators can be computed from putting the photon

numerators (3.46) into the double copy formula (5.57)

a 113 m2m2

(b) K3 . (5.61)
Mogr = T (P1p2Fog + p2-kFy)” — PETREAR
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where we have used Fi; = n;(pi-F-q), and F,, = p1-F-ps. Analogous to the electromagnetic numerators,
this can also be obtained from the gluing of the scalar, 3-pt and 4-pt amplitudes through the graviton
propagator. These numerators can be introduced in the general formula (3.45), to recover the result for

the classical limit of the gravitational amplitude for scalar particles [6,61,80].

In analogy to the electromagnetic case, the gravitational 5-point amplitude for scalar sources can also
be put in an all order exponential soft expansion. This is a consequence of the soft exponentiation of the

gravitational Compton amplitude, in analogy to its electromagnetic counterpart (3.23),

1 (€3 pq)? 2Fsta [ (p1-€2)? gP1-€2 Da-ks3
Agr: ————¢€ €3'Pa Agr = X 2 F F F2 .
4 Z 2 k3-pa 37 2hkyks prkapaks ¥ piks pl'k:s ¢ (5.62)

Pa=DP1,P2,k2

which induces the exponentiation for the scalar numerators (5.61)

F2 o (g2 2m3
n = It iy (P1R) 5 5 {(pl.pzy . glm;} . (5.63)
Further writing m = (PMaksm ql turns (3.45) into
i| Fo B sy + ~ki) .
(ME") = ZSffe"( o T TR ) (M) (5.64)
i=1,3

2
where now the soft factor are Sfr:%mi%. This is the gravitational analog of (3.49). Similarly to the
electromagnetic case (3.51), we can show to leading order in the soft expansion, amplitude (5.64), when

used into (2.15) leads to the memory waveform. That is

D
/ ’ S 56(2q- p1)6(2g - pa)e Ot [ 37 | (M)

(2 ) i=1,3
as k — 0. Evaluating the sum using Ap; = —Aps we obtain
Fy/2 b1
e TH = —2L ( - ) F-Ap+O(K° 5.65
g p1-kpak \pr-k  pa2-k PO, (5.65)

which at leading order in Ap (or G, if restored) becomes

T (k) = V837G x A {pﬁp? + pgpg]TT . (5.66)
pirk  pak

In position space this gives the burst memory wave derived by Braginsky and Thorne [110] in D = 4

(a 425 factor arises from the ret. propagator as R—oo, see §2.2 and [80,133,214]), see also [215-217]

for D > 4. Here we have provided a direct connection with the Soft Theorem in the gravitational case,

alternative to the expectation-value arguments of [218,219]. This can also be seen as the Black Hole

Bremsstrahlung of [136,220] generalized to consistently include the dynamics of the sources.

Next, the gravitational numerators to linear-order in spin can analogously be computed. For that

we use a copy of the scalar numerators (3.46), and one of the linear in spin numerators (5.25), into our
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double copy formula (5.57). We get

3
“ K

n(;gr = g{ (P1p2Fiq — p1-kEy) [(p1-p2 ¢k + p1-k pa-k) F-Jos 1 —F1gRo-Jas 1+p1-k [F, Ra]-Jos 1]

miF,

+ —21a [F1q(2q—k)-Jos 1-p1—miq-k F-Jos 1 + p1-k(2g—k)-F-Jas 1p1 },
D -2
3 (5.67)
K

n(;)gr = *g{ (p1-p2Foq + p2-kFy) (Faq(2q + k) Jas 1-p2 — p2-k pa-F-Jos 1-(2q + k))

+ @(211#%)']2 1‘p1}
D -2 5 '

Here we remark the generators Jos 1 act in the gravitational theory rather than in the electromagnetic
counterpart. Similarly to the scalar case, these numerators can be placed in (3.45) to recover the corre-
sponding gravitational amplitude. To obtain the full amplitude for both particles with spin, we utilize

the symmetrization mappings
my 4 Mo, P14 P2, q— —q, Jas1 — Jas.2, (5.68)

in the final formula. The resulting amplitude recovers the spinning amplitude in dilaton gravity computed
in [117] for classical spinning sources, once we remove the terms proportional to m; in the numerators
in (5.67), which arise from the graviton projection, and branch J#¥ — S#”. This provides a strong

cross-check of our method.

Using (5.40) we can also compute the quadrupolar order. For instance, the Q** piece can be computed
from two copies of the linear in spin numerators (5.25). Let us again for simplicity consider only particle

a with spin.

2
_Mmy

(D-2)

(P1p2Fig—p1k Fp) {R2,F'}-Q1 + (F1{F.Y}Q1—2p1-kpi-F-Q1-F-q)|,

(5.69)

with Y# = p[1”(2qfk)”], whereas n(b)|Q = 0. As before, we have dropped contact terms in ¢> and used
the support of §(p;-¢;). This result can be shown to agree with a much more lengthy computation of the
full ME" using Feynman diagrams. At this order, M2" contains classical quadrupole pieces and quantum
scalar and dipole pieces. Interestingly, while the scalar part is trivial to identify, we have found that the
dipole part can be cancelled by adding the spin-1 spin-0 interaction (B#G"gb)z to the Lagrangian, which

signals its quantum nature.

Let us stress the numerators (5.67) and (5.69) are written in terms of the SO(D — 1, 1) multipole
operators. Furthermore, for the quadrupolar contribution, the full amplitude includes the additional
irreps. ( Weyl and trace pieces in (5.31)). In order to use the radiative amplitude in a more realistic
context, as for instance for two coalescing KBHs, as we will study in chapter 6, the amplitude needs to
be computed in terms of the spin multipoles of the rotation group SO(3), in D = 4, where all the irreps.
can be written in powers of the Pauli-Lubanski vector s# = m x a*. This is achieved through the map

(5.49), where the rotation quadrupole moment in 4-dimensions is given in (5.53).

In D = 4, at the quadrupole level we can however take an alternative route in the computation of
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the full ME". Since we already have the classical gravitational Compton amplitude written in terms of
at as given in (5.53), we can glue it to the classical 3-point amplitude (5.52) as given by the unitary
prescription of eq. (1.2). This in turn will allow us to identify the gravitational numerators entering in
(3.45) in a simpler way. We arrive at the following numerators given in (38) and (39) in appendix C They
agree with the more involving computation of the irreps in (5.31). In chapter 6, we will use numerators
(5.61), (5.67), (38) and (39) to compute the gravitational waveform at leading and subleading order in
the velocity expansion for the coalescing of two KBHs in general closed orbits, whose spins are aligned
with the angular momentum of the system. We will then specialize to circular orbits where the waveform

can be computed to all orders in the BHs’ spins.

5.4 Outlook of the chapter

We have shown that key techniques of Scattering Amplitudes such as soft theorems and double copy
can be promoted directly to study classical phenomena arising in GWs . These techniques drastically
streamline the computation of radiation and spin effects; both are phenomenologically important for
Black Holes, which are believed to be extremely spinning in nature [221,222]. In that direction, one could
for instance apply our formalism to derive the hexadecapole (s = 2) order in radiation [223,224] to LO

in G but all orders in 1/c.

Soft Theorem/Memory Effect: Tt would be interesting to understand the meaning of the higher orders
of (3.49), considering for instance the Spin Memory Effect [225,226]. Motivated by the infinite soft
theorems of [227,228] one could expect the corrections are related to a hierarchy of symmetries. One may
also incorporate spin contributions and study their interplay with such orders [214]. In the applications
side, it is desirable to further investigate (3.49) at loop level [229,230], which could lead to a simple way
of obtaining (Mj5) from (My).

Generic Orbits: For orbits more general than scattering 7 (k) does not have the support of §(2p;-¢;),
as will become clear in chapter 6 [31,166]. In fact, for bounded orbits it contains the subleading terms
pi-q; ~ w. Very nicely, by keeping such terms in the classical calculation we have checked they match
with egs. (3.46),(5.25), which in turn arise from the form in (5.14) via a natural "F—R replacement".
As we will show in chapter 6, one can use the amplitudes computed in the present chapter to approach
the two-body problem in General Relativity at lower orders in the velovoty expansion, where the terms

removed by the on-shell conditions do not contribute to the waveform.



Chapter 6

Bounded systems and waveforms

from Spinning Amplitudes

6.1 Introduction

So far we have been concerned with the computation of classical observables for bodies moving in scatter-
ing orbits. However, more realistic scenarios, as for instance, the coalescing of compact objects observed
by the LIGO/Virgo Collaboration [9], require the study of observables for bodies moving in general closed
orbits. The first approach to this problem was done in the early days of general relativity, by Einstein
predicting the existence of gravitational waves [8] and cast the emission from a compact system into
the, now famous, Quadrupole formula for gravitational radiation. A little while later, in a spectacular
breakthrough the LIGO/Virgo Collaboration [9] confirmed Einstein’s prediction by directly detecting the
gravitational waves emitted from a BBH. Higher order corrections to Einstein’s Quadrupole formula
in the context of the quasi-circular orbit general relativistic two-body problem — needed to enable such
detections — have traditionally been obtained in the PN [23,24] formalism, within numerical relativity [20]
and black hole perturbation theory [21,22], as well as models combining these approaches [25-27]. More
recently, however, efforts have been focused on the BBH scattering problem, in order to connect classical
computations performed in the context of the PM theory [29-42], with those approaches based on the
classical limit of QFT scattering amplitudes [7,43-63].

Until recently, the scattering amplitudes approach to the two-body scattering problem had mostly
focused it’s efforts in the conservative sector, although in this work we have shown how the radiative
sector to leading orders in perturbation theory can be similarly approach from scattering amplitudes. In
addition, soft theorems [177,178,181] suggest that the full radiative sector can be approached from the
classical limit of a 5-point scattering amplitude, as we have seen in previous chapters. The introduction of
the KMOC formalism [78], enabling the computation of classical observables directly from the scattering
amplitude, proved to be extremely useful in determining radiative observables as extensively exemplified
in during the body of this thesis, ranging from the leading in G memory waveform from hyperbolic, soft

encounters was presented chapter 5 , to the prediction of the waveform to all orders in perturbation theory,

87
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but to leading order in the soft expansion. In this same formalism, the computation of the full leading
PM order radiated four-momentum was recently presented in [92, 93]; these results were subsequently
confirmed by other methods in [77,231,232]. Simultaneously, using a worldline-QFT formalism [233], the
computation of the gravitational waveform valid for all values for the momentum of the emitted graviton,
was computed in [234] (see also [235]), and extended to include spin effects in [120]. Analogously, the
scattering amplitudes approach has been employed to study radiation scattering off of a single massive
source [131,236], where a novel connection between scattering amplitudes and black hole perturbation
theory has emerged [84], shedding light on how to obtaining the higher-spin gravitational Compton
amplitude [237], as we will expand in chapter 8 (see also [238,239]).

Even with the powerful scattering amplitudes techniques at hand, so far, radiative information from
bodies moving on bounded orbits has been obtained only via analytic continuation [36,37] of radiation
observables of scattering bodies [76,93,184] (applying mainly in the large eccentricity limit). However,
the almost 40 year old derivation of the Einstein quadrupole formula from a Feynman diagrammatic
perspective by Hari Dass and Soni [121], and the more recent derivation by Goldberger and Ridgway using
the classical double copy [31], suggest that scattering amplitudes can indeed be used to derive gravitational
radiation emitted from objects moving on general closed orbits (including the zero eccentricity limit, i.e.,
quasi-circular orbits). In this chapter we follow this philosophy to compute the gravitational waveform
emitted from an aligned spin BBH on general and quasi-circular orbits, up to quadratic order in the
constituents spin at the leading order in the velocity expansion and to sub-leading order in the no-spin
limit, from the classical 5-point scattering amplitude derived in chapter 5. We contrast and compare
these results to the analogous classical derivation of the corrections to the Einstein quadrupole formula

using the well-established multipolar post-Minkowskian formalism [23,122-125].

We find perfect agreement between the classical and the scattering amplitudes derivation of all radia-
tive observables we consider, to the respective orders in the spin and velocity expansions. Furthermore,
we show that at leading order in the BBH velocities, there is a one-to-one correspondence between the
BBH source’s mass and current multipole moments, and the scalar and linear-in-spin 5-point scattering
amplitude, respectively. At quadratic order in the spin of the black holes, we demonstrate explicitly
that the corresponding contribution from the quadratic-in-spin scattering amplitude does not provide
additional spin information at the level of the waveform; hence, we conjecture this to hold for higher-spin
amplitudes as well, based on the aforementioned correspondence. Then, the leading in velocity, all orders-
in-spin waveform, is obtained purely through the solutions to the EoM of the conservative sector of the
BBH. Furthermore, the gauge dependence of gravitational radiation information at future null infinity
is a potential source of difficulty when comparing results obtained by different approaches. In this work,
we provide evidence that gauge freedom partially manifests itself in the integration procedure appearing
in the computation of the waveform directly from the scattering amplitude. For quasi-circular orbits, the
orbit’s kinematic variables are subject to certain relations, such that the gravitational waveform can take
different forms without affecting the gauge invariant information contained in the total instantaneous

gravitational wave energy flux.

This chapter is organized as follows: In §6.2, we begin by reviewing the classical derivation of the
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conservative sector of the spinning BBH to all orders in the spins at leading PN. In §6.2.2, we derive the
associated gravitational wave emission from this system to all order in the BHs’ spins. We then proceed
with the scattering amplitudes derivation of the waveform in §6.3, with the general formalism outlined in
§6.3.1. In §6.3.2 we us the classical spinning amplitudes My and M5 obtained in chapter 5 for explicitly
determining the waveform. In section §6.3.3, we briefly discuss the computation of the gauge invariant
energy flux, and comment on the manifestation of the gauge freedom. We conclude with a outlook of
the chapter in §6.4. In this chapter we use Greek letters o, 8 ... for spacetime indices and Latin letters
i,7 ... for purely spatial indices. Furthermore, we use G = ¢ = 1 units throughout, assume €123 = 1,

and use the 2V, Vgw, = Rup,"w, Riemann tensor sign convention.

This chapter is based on the work by the author [101].

6.2 Classical derivation

In order to approach the bound orbit from a classical point of view, we utilize an effective worldline action
[30,198-200,204,205,212], parametrizing the complete set of spin-induced interactions of the two spinning
BHs in the weak-field regime, at linear order in the gravitational constant, i.e. at PM order. As we are
interested in bound, as opposed to unbound, orbits, we will be focusing on the leading PN contribution to
the 1PM conservative sector at each order in the BHs’ spins. In the following, we first briefly summarize
the necessary conservative results established in Refs. [118,196,212,223,224,240-249]. Using these results,
we then tackle the radiative sector, utilizing the multipolar post-Minkowskian formalism [24, 122-125]

(see also Ref. [23] and references therein). We derive the transverse-traceless (TT) pieces of the linear

TT

metric perturbations, h,;,

and the total instantaneous gravitational wave power, F, radiated by this
source to future null infinity. We achieve this, considering all orders in the spins, both for an aligned
spin system on general orbits at leading order in velocities, as well as specialize to quasi-circular orbits
at leading and first sub-leading orders in velocities. In this section we work in the — 4+ ++ signature for

the flat metric.

6.2.1 Classical spinning Binary black hole

Let us begin by briefly reviewing the approach to the conservative sector of the BBH dynamics at the
respective orders in the weak-field and low-velocity regimes using an effective worldline action. We start
by presenting the necessary spin-interactions to describe a rotating BH, and then move to review how an

effective spinning BBH action, needed for the computation of the radiation field, can be derived.

Effective binary black hole action

An effective description of a rotating BH, obeying the no-hair theorems, as a point particle with suitable
multipolar structure in the weak-field regime rests solely on its worldline and spin degrees of freedom

[30,199,200,223,250]. The former are given by a worldline z#(\) of mass m, with 4-velocity u* = dz*/d\,
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while the latter are encoded in the BH’s (mass-rescaled) angular momentum vector! a*, and local frame
e (N). An effective worldline action, S, that entails the dynamics of such a BH (or, more generally, a
compact object) in the weak-field regime was developed in Refs. [198-200, 205, 212]; see Ref. [204] for
further details. This action S[h, K], describing a rotating compact object, is built considering all possible
couplings of gravitational, h = {h,,}, and object specific degrees of freedom, K = {z*,u*, a*, €'},
requiring covariance, as well as reparameterization and parity invariance [200,204,251,252]. At the 1PM
level, a matching procedure between the linearized Kerr metric [81,249,253] and the gravitational field
h,., emanating from a generic compact object described by S[h, K], leads to a unique set of non-minimal
couplings between h and K. This ultimately results in an effective 1PM BH worldline action Sgy[h, K].

This action can be extended to higher orders in G in spins (see for instance Refs. [254-257]).

It was shown in Ref. [81] that for a harmonic gauge linearized Kerr BH the infinite set of spin-couplings
present in the 1PM effective worldline action Sgg[h, K] can be resummed into an exponential function.
In a linear setup, a BH of mass m traveling along the worldline z#()), sources the gravitational field,
guy - n#y + hffsrr + O(h2), With [81]

hff,f” = 473#,,6‘*37;%‘3” , ’7:5,6" =mexp(a* ), ) up. (6.1)

S| =

Here we define (a x 9)*, = e#mﬁaaaﬁ and introduced the trace reverser Puag = (Muatvg + Mvallus —
Nuwas)/2 2. Additionally, # labels the proper distance between the spacetime point 2 and the worldline
z" (), within the slice orthogonal to u* [81]. In the following, we restrict ourselves to the leading PN part
of the 1PM ansatz, since this is the natural setting for closed orbits in the weak field regime. However,
while we are expanding in epxy ~ v?/c? ~ GM/rc?, we consider all orders in the spins, i.e., consider
€spin ~ XGM /rc? non-perturbatively (here, y the black hole’s dimensionless spin parameter). To that
end, we choose the Minkowski coordinate time ¢ to parameterize the worldline z#, i.e., A — ¢, and expand
the 4-velocity u# = (1,v)* + O(v?), with 2* = dz*/dt = v®. Given this and utilizing the three-dimensional

product (a x 9); = g;j,a7 9%, the metric (6.1) reduces to its leading PN form:

pKerr (2cosh(a x ) — 4v; sinh(a x 8)1) % +O0(v?),

hES™ = (4v; cosh(a x 9) — 2sinh(a x 9);) i + 0?), (6.2)
7

R = (26,5 cosh(a x 9) — 4v(; sinh(a x 9);)) % +O0?).

Note that even at zeroth order in velocity, the solution contains non-trivial gravito-magnetic contri-
butions, hEe™, due to the presence of the BH spin. Conversely, an effective stress-energy distribution T,
can be derived that yields (6.2) via the linearized Einstein equations® thff” = —167P,,**Tys. This

distribution has support only on the worldline 2*(t) and, with the above parameterization, is given by

Ty (t2") = TR 3@ — 2(1)) + O(6%). (6.3)

IThis angular momentum vector a* = s“l,agu”So‘ﬁ/(Qm) emerges from the spin tensor S*? assuming the covariant spin
supplementary condition, p,S*¥ = 0, and a local body-fixed frame eff\()\). See, for instance, Ref. [250] for details.

2This is not to be confused with the P#¥*# tensor defined in (5.56) .

3At leading PN order, the spacetime effectively decomposes into space and time parts, yielding a simplification of the
linearized Einstein equations: O} Ty, — AT}, (see Ref. [23] for details).

ret.
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Collecting these within the worldline action, we can construct an effective binary BBH Sgpy that
encodes the conservative dynamics with the complete spin information at the leading PM level [81] or
leading PN level [224,249]. That is, given two worldlines z{',, with velocities uj ,, masses m1 o, and two
spin vectors a‘ﬁz — conveniently collected in the sets i 2 — the spin interactions within the binary are
obtained by integrating out the gravitational field in a Fokker-type approach [258]. Following [81,224], in
practice, the effective action for the second BH Sgyh, K] (containing this BH’s degrees of freedom Ks)
is evaluated at the metric of the first BH h — hy, such that Sgulh, K2] — Spulhi, K2]. However, since
the metric hy, explicitly given in (6.1), is effectively a map from the gravitational degrees for freedom
into that BHs’ degrees of freedom, i.e., hy — K, the BBH action Sgu[h; — K1,Ks] = Spen[K1, Ka],

solely depends on the BHs’ degrees of freedom.

Conservative dynamics

In order to write out the effective BBH action Sgau[K1, K2] explicitly, let us define the spatial separation

r* = 2z} — 25, with r = |r|, between the two worldlines, as well as the spin sums a’ = a + a$ and
i

¢ = a} — ab. The angular velocity? 3-vectors Q’IQ are introduced for completeness, however, the

a_
aligned-spin dynamics are independent of 9112 Finally, we define the center of mass frame velocity
vl = 7 = v} — vl In Refs. [224,249] it was shown that after integrating out the gravitational degrees
of freedom, as described in the previous section, the effective BBH action Sgpy reduces to the two-body
Lagrangian

mi o my 5 TM1mme

U + TEijkaﬁv{ijf +myatQy,; + (1« 2)] + [cosh(a+ x 0) + 2v; sinh(ay X 9) )
r

LBBH =

(6.4)

at the leading PN level. Note that here and in the remainder of this section 9;r=! = 9r=1/92% =
—0r=1/024. So far, we have assumed a leading PN treatment at each order in spin, but kept the
dynamics unrestricted. In the following we assume that the spin degrees of freedom are fixed, i.e., the
spin vectors are independent of time, a; » = 0, and aligned with the orbital angular momentum of the
system: aﬁjQ o< L*; hence, the motion is confined to the plane orthogonal to L. For later convenience,
we define the unit vector ¢, such that L! = |L|¢*. Varying this action with respect to the worldline 2%,

the classical EoM of the system are® [224,249)
v = <6i— 5ijka’fvlﬁlaj> cosh(ay x 8)% +2 (v;0" — 5§vk8k) sinh(ay x 8)j% + O(v?). (6.5)

A geometric approach using oblate spheroidal coordinates [81,249,253] or an algebraic approach, exploit-
ing properties of the Legendre polynomials [224], under the assumption that the motion takes place in

the plane orthogonal to the spin vectors, can be used to resum the series of differential operators in (6.5).

In order to present the contribution of the conservative sector needed for the radiative dynamics, we

specialize to the center of mass frame for the rest of this section. The transformation into the center of

4The angular velocity tensor Q¥ = et . De¥ /d\ is defined by means of the body fixed frame ei(k) along the worldline.
The corresponding angular velocity vector is then given by Q¢ = Eijkﬂjk/z See, for instance, Ref. [250] for details.
5The corresponding equation for —0% emerges from the right hand side of (6.5) under the replacement aj < aj.
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mass variables 7 based on (6.4) (and using the total mass M = mj + mz), is corrected by the presence
of the spins only at sub-leading orders in velocities:

9

. . mi
7 7 2
2] = —71r" =1, 2y = ———

, , 1 . . .
e b*, b= Meljk(v{Sf + v} S5). (6.6)
In this center of mass frame, the EoM are readily solved for quasi-circular motion. In that scenario, the
separation r¢ is related to its acceleration 7 by r* = —i/w?, where w is the system’s orbital frequency.
This ansatz picks out the quasi-circular orbits allowed by the BBH EoM (6.5) and is equivalent to finding

a relation between the frequency x = (Mw)2/3, the BHs spins a’m, and the separation of the binary r.

This relation, at the leading PN order at each order in the BHS’ spins, is given by [224]

[ M2 3PM 7%+ 2ay
r(x) =4/ — +a? (1 - = ) , (6.7)
x2 + 3 M2 +22%a3

where ¢* = (moay + miag)/M and we defined a1 2 = aﬁyz&. It should be emphasized that the even-

in-spin part of (6.7) contains only O(v°) information, while the odd-in-spin pieces are non-zero only at
first sub-leading order in velocities, at O(v!). This solution can then be used to compute gauge invariant

quantities of the conservative sector, such as the total binding energy and angular momentum [224].

6.2.2 Linearized metric perturbations at null infinity

With the conservative results in hand, in this subsection, we compute the gravitational waves from the
BBH system at future null infinity. We start by briefly reviewing the general approach of mapping the
source’s multipole moments into the radiation field, and then move to the derivation of the TT part of

the linear metric perturbations (the gravitational waves) at null infinity utilizing this mapping.

General approach

A natural choice of gauge invariant quantity capturing the radiative dynamics at null infinity is the
Newman-Penrose Weyl scalar Wy. This contains both polarization states, hy and hy, of the emitted
waves, which are the observables measured by gravitational wave detectors. Upon choosing a suitable

null tetrad, the TT part of the gravitational field, hIT, can be related to Wy:

%

Uy~ hy —ihy = mtm b, (6.8)
The complex conjugate pair {m®*, m®} is typically defined with respect to the flat spherically symmetric
angular coordinate directions m = (© + i®)/v/2. With this choice in place, we restrict our attention to

TT

the spatial components h;;", as these contain the full information of Wy, i.e., the radiative, non-stationary,

degrees of freedom®.

In the previous section, we summarized the leading PN conservative dynamics of a spinning BBH to all

orders in their spins. Given this, the well-established multipolar post-Minkowskian formalism [23,122-125]

6 As we will see below, this choice of purely spatial m® is equivalent to choosing a gauge, in which the graviton polarization
tensor is also purely spatial.
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is ideally suited to determine the time-dependent metric perturbations at null infinity. Within this
framework, the stress energy distribution of the source, 7,7, is mapped into a set of mass and current
symmetric and trace free (STF) source multipole moments Z;, . ;,(t) and J;, 4, (t). We denote (i ... %)
as the STF projections of the indices ¢; . ..4,. Then the STF multipole moments evaluated at the retarded
time Tk =t — R are defined by [23]

Liyip = /dﬂ (062 (iy.i0) S — Fr00041% iy i) X7 + fo,00042T 150y iy 27 ) (@, T + 27),

(6.9)
Tivooiy = /dﬂ Eabliy (60miy iy S — 910004120, i1y X)) (2, TR + 27),
where x;, i, = Tiy ... Tiy,
420+ 1) 220 + 1) 2+ 1
_ 7 - , o+t 6.10
fe (C+1)(20+3) fas (C+1)(+2)(20+5) L= 0+ 2) 20+ 3) (6.10)

and the integration measure [dy = FP [ d3x f_ll dz. The source energy-momentum distribution enters
in ¥, via (valid only at leading PN orders)”

Y =T%+ 15, ¥ =T1% Y4 =T, (6.11)
The source’s finite-size retardation effects are contained in the z-integral with §; = d,(2) in (6.9), which
are given explicitly in eq. (120) of Ref. [23]. At the orders considered in this work, at the leading PN
orders, finite size-retardation effects vanish and the z-integral trivializes: fil dz 6¢(2) f(x, T + 1rz) =
f(z,Tr) + O(v?). We discuss in §6.3.1, how a similar structure as in (6.9) appears in the scattering
amplitudes approach, as well as what precisely encapsulates the “finite size" retardation effects in that
context. The lowest order moments Z, Z;, and J; are constants of motion representing the total conserved
energy, center of mass position and total angular momentum, respectively. Only for ¢ > 2, do the

multipoles contribute non-trivially.

A matching scheme enables to directly relate these functionals for the source’s stress-energy distribu-

tion, to the radiation field at null infinity (at 1PM order)® [23]

> (—1)¢ . 2 .
hij=—4Y ( zi) [ail---iuzij“"'“_QRl + maah-~~i4725ab(i~7j)b“'“ZHR*l : (6.12)
=2 ’

Here 9,R™! = —N,/R? is to be understood as the derivative in the background Minkowski spacetime,
where N, is radially outwards pointing from the source to spatial infinity, with N,N* = 1. To solely
focus on the radiation at null infinity, we work to leading order in the expansion in R~'. Therefore, the
spatial derivatives in (6.12) act purely on the source multipole moments, and there, can be traded for
time derivatives: d,f(t — R) = —fN,. Similarly, the total instantaneous gravitational wave energy flux

F can be derived directly from the source multipole moments [23].

7At sub-leading PN orders, the stress energy of the emitted gravitational waves contributes to X.
8Beyond linear theory, corrections to these multipole moments are necessary [23].
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Gravitational radiation from spinning binary black hole

At the 1PM level, non-linear effects vanish such that the energy-momentum of the BBH is simply the
superposition of two linearized Kerr BHs’ energy momentum distributions (6.3), T3 = Tfﬁf’”’l +
T ﬁff“’g. This superposition holds in the conservative sector, while the radiative dynamics are derived
directly from derivatives acting on T;;7"“® in the manner described in the previous section. From the
scattering amplitudes perspective, this superposition is reflected in the only two-channel factorization
of the classical 5-point amplitude, into the product of a 3-pt amplitude and the gravitational Compton

amplitude as given in (1.2).

Leading order in wvelocities — As the radiative quantities thT and F depend on time derivatives of
the source multipole moments, we focus on time-dependent terms after fixing the angular momentum
dynamics. For the case of the above spinning BBH with aligned spins, at the leading PN order, we
expand the source T;;7"® analogously to (6.2). Given this, the resulting leading-in-velocity contributions

to the source multipole moments, utilizing (6.9), are [223,224, 259

I, =mis? + (1 2), T3 = gsl“z{> +(162), (6.13)
where (0) indicates the order in velocities. It should be stressed that these are all the multipoles needed
for the gravitational waveform to all orders in the BHs’ spins, at leading order in velocity [224]. From the
amplitudes perspective, this will be reflected in the need for only the scalar and linear-in-spin scattering
amplitudes at the leading orders in velocities. While all higher-order spin terms in the source multipole
moments vanish identically, spin contributions to the waveform at arbitrary order in the spin expansion
could enter through the solution to the EoM (6.7). We see below that this solution to the classical EoM

(6.5) introduces non-zero contributions at arbitrary orders in the BHs’ spins for quasi-circular orbits.

Given (6.13), the metric perturbation at null infinity, for general orbits at zeroth order in velocities,

assuming aligned spins, is

oy ((d2 [, o
h§l (Tp, R, N, 21, 25) = 1{dt2 [Zizﬂ + pg"° (a{)vi} + U{)aif) Nq}

2 +(1+2), (6.14)

t=Tgr

i.e. the Einstein Quadrupole formula with spinning corrections for a binary system. We specialize to

quasi-circular orbits by introducing the orthogonal unit vectors
n' = r'/r = (coswt,sinwt,0)*, N =o' /v = (—sinwt, coswt, 0)*, (6.15)

in the center of mass frame that rotate with frequency w in the orbital plane. The spin vectors aﬁ’Q 4
are aligned orthogonal to the orbital plane, ni)\jsijk = (¥ such that ¢ = (0,0, 1)". Furthermore, the TT

projector
i P 1,
%, = PPy — §P T Py (6.16)

is defined relative to N,, where P;; = §,; — N;N;. Utilizing (6.6), together with the solution (6.7) to the
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EoM, as well as (6.13), the gravitational waves emitted by the spinning BBH to all orders in the BHs’

spins is conveniently written as

2 .
hig' (Tr) = EM M35 hap ) (6.17)
where at leading order in velocities, we have ?ng);) = ilfl%)’u + Bg(;),n’ with
~2 2
RO = 9y (1 + GJJ\F/;; ) (nany — XaXp)
6.18
7(0),J2 a?a_ ata? k Ky ATl (019
hab = — Vi 1+ M2 Ekl(a(fb)n +nb)£ )N

Notice that here, the odd-in-spin contribution, ilg%)’JQ, is a series that has non-zero coefficients at
arbitrary orders in spin, arising from the odd part of the solution (6.7), while, on the other hand, the
even-in-spin part, ﬁfl%)’m, provides coefficients that vanish for O(a*Z?). This is analogous to the cancella-
tions observed in the conservative and radiative sectors reported in Ref. [224]. We find agreement with the
results reported in Refs. [259-261] to the respective finite order in spin. To check for consistency to all or-
ders in spin, the gravitational wave modes are extracted from the spatial part of the metric perturbations,
in (6.18), by projecting onto a suitably defined basis of spin-weighted spherical harmonics, oY, (0, ®).
Explicitly, the gravitational wave modes h‘™ are defined to be ™ = [ d2 oY (O, @)m“m”hEVT . These
modes, obtained from (6.18) in conjunction with the above defined polarization tensor m®m?, agree with

the results in Ref. [224] to all orders in the BHs’ spins at leading order in their velocities.

Sub-leading order in velocities — The sub-leading corrections to the above radiation field are obtained
in much the same way. The additional contributions to the source multipole moments, beyond the leading
pieces (6.13), at sub-leading orders in velocities are [223, 224, 259]

T 4 agb_. (i J) agb_. (i, j)
0 =3 (21115'16@1) 2y — 21 S7€ap " v ) + (1« 2),
iy i 3 i
IZ{;C = my2{" — m—Sf Sz + (1 2),
! (6.19)
)

ij a i 1 a iQd
J(f) = my2f0beq, 2] + - v S eap S{> + (14 2),
1

Ty = 25278 4 (16 2).

Also here, we focused only on those pieces that are time-dependent, i.e., that will contribute non-vanishing
terms in hl(»;)TT. Additionally, as pointed out above, these are all necessary contributions for the full
all orders-in-spin information at sub-leading orders in velocities (at leading PN order) [224]. Using this,
together with the mapping (6.12), the decomposition (6.17), and ﬁgll)) = ﬁflt)’m + 71,(1%,)"}2 + /Azl(llb)’IS + ﬁt(llb)’JB,

the sub-leading contribution h%)TT to all orders in spin from a spinning binary black hole on quasi-circular
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orbits are

R 5/2
HI2 _ 4z°/” (2a4 M? + (M? = 2r22%) 6*) (nany — AaXp) ,

ab - 3M3

. 5/2

Wi = ?jﬁ [2r2226m + a_ M (2a4 (M? — r22®) + 3r22%5 + M?5*)]

X Epg(aNT (nPLly) + nyy (P) (6.20)

RS rec?’? 15a.,.a_ M, 0\ 25m (30X ;g Ap gy — 105 A )] N*

ab = qegpr 150+ MLalodey = r2dm (30X ApAey — 105nampA )| N*,

. 487r29/25*
hglb)"lg S Mqu(aéb)kn(k)\pﬁe)N(}Ne-

6M3

Here r, = (a% + M?/ x2)/2 which is just the leading-in-velocities (even-in-spin) solution to the classical
EoM (6.7) for quasi-circular orbits. We check the gravitational wave modes obtained from (6.20) with
those presented in Ref. [224] and find agreement to all orders in spin. Additionally, we compute the
gauge invariant gravitational wave energy flux with the above result together with the leading-in-velocities
radiation field and find agreement with results reported in [223,224] (see also a detailed discussion in
§6.3.3 below). Finally, in order to compare to the scalar amplitude at first sub-leading orders in the BHs’
velocities in §6.3.2, we also present the radiation field of a non-spinning BBH system on general orbits,

to sub-leading order in velocities:

%3 2 i . a
h‘(slo):T]T = %H”ab {45,7,1(‘1{8f(scde)z{vf56<bzf>)}]\fq + Nkaf’(z§ zi’z?) + (1< 2). (6.21)

6.3 Scattering Amplitudes derivation

In the previous sections, we obtained the form of the gravitational waves emitted from a spinning BBH on
general closed orbits with aligned spins, to leading order in the BHs’ velocities (6.14) [and on quasi-circular
orbits given in (6.18)], whereas at sub-leading order in v, and for quasi-circular orbits, we derived (6.20),
at each order (and to all orders) in the BHs’ spins. In the following, we show that these results follow
directly from the classical limit of the spinning 5-point scattering amplitudes derived in chapter 5. More
precisely, at leading order in velocity there is a one-to-one correspondence between the source’s mass and
current multipole moments (6.13), and the scalar and linear-in-spin contribution to the scattering ampli-
tude, respectively. This correspondence allow us to derive the linear in spin, general orbit result for the
radiated gravitational field (6.14), from an amplitudes perspective. At quadratic order in the BHS’ spins,
and for quasi-circular orbits, we demonstrate that the contribution from the quadratic in spin amplitude
is canceled by the contribution of the scalar amplitude in conjunction with the O(S?)-piece of the EoM
(6.5). This leaves only the quadrupole field, (6.44), supplemented with the solution to the EoM (6.7), to
enter at quadratic order in spin. Although we explicitly demonstrate the cancellation for quasi-circular
orbits and up to quadratic order in spin only, we expect this theme to continue to hold for more compli-
cated bound orbits, as well as to higher spin orders in the 5-point scattering amplitude, as suggested by
the classical multipole moments (6.13). At sub-leading orders in the BHs’ velocities the situation becomes
more complicated; there, we demonstrate the matching of the amplitudes to the classical computation in

the spin-less limit for quasi-circular orbits, and briefly comment on extensions to higher orders in spin.
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In this section, we use the mostly minus signature convention for the flat metric n,,,, = diag(1, —1, -1, —1).

6.3.1 General approach

To compute the radiated field at future null infinity from the BBH system we follow the approach used
by Goldberger and Ridgway in [31] to derive the Quadrupole formula, and extend it to include relativistic
and spin effects. This approach is based on the classical EoM for the orbiting objects in combination with
the corresponding 5-point (spinning) scattering amplitude (see Figure 3.3). It is valid for BBHs whose
components have Schwarzschild radii r1 3 = 2m; 2 much smaller than their spatial separation r, i.e.,
r1,2 < r, while the radiation field wavelength is much bigger than the size of the individual components
A > my o, as well as the size of the system A > r?. Therefore, we expect our results to be situated in

the PN regime of the binary inspiral'®.

Let us start by noting that in the limit in which R — oo, where R is the distance from the source
to the observer (i.e., the radial coordinate in Bondi-Sachs gauge) as defined above, the time-domain

waveform at retarded time Tg, has the asymptotic form [263] (see also (2.18))

Wi (Tr, R, N, 21, 25) = ﬁl’[”ab/d&)e—iaTRT“b(cD,NJl,zQ). (6.22)
Here k2 = 327 (recall we set G = 1), @ is the frequency of the radiated wave with four momentum
k* = NH* = w(1, N)*, and 119, is the TT-projector defined in (6.16). As above, the locations of the
binary’s components are denoted by 212 Analogous to the previous section, we focus only on the spatial
components of A*¥, which contain all the radiative degrees of freedom. In what follows we also simplify
the notation for the source T (&, N, z1, 22) — T%(k, 21, z2), where it is understood that k* has implicit

the dependence in both, w and IN.

The source T (k, z1, z2), is related directly to the 5-point scattering amplitude in Figure 3.3; there-
fore, in order to focus on the spatial components, it is sufficient to work in a gauge in which the graviton
polarization tensor e*¥ = e*€”, is the tensor product of two purely spatial polarization vectors ¢”. From
the classical perspective, this choice of gauge is analogous to the conjugate pair {m®,m®} (defined in
§6.2.2) to be purely spatial. Notice, however, the radiation field computed from a 5-point scattering am-
plitude, and the corresponding field computed classically in the previous section, can in general differ by
a time independent constant, for which, gravitational observables such as the gravitational wave energy
flux, or the radiation scalar will be insensitive to, since they are computed from one or two time deriva-
tives of the waveform. As shown below, this is directly related to a freedom in choice of an integration

by parts (IBP) prescription in (6.22).

We proceed by writing the explicit form of the source T% (k, 21, z2) in terms of the classical 5-point

scattering amplitude. In the classical computation, T% corresponds to the source entering on the right

91n the long distance separation regime, radiation reaction effects can be neglected, since they become important only
when the separation of the two bodies is comparable to the system’s gravitational radius [262] eq. 36.11.

10We stress that even though we concentrate mostly in the computation of gravitational waveform, an analogous derivation
follows for electromagnetic radiation, as already pointed out in [31].
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hand side of field equations, at a given order in perturbation theory. To leading order, for scalar particles,
it was shown in [31] that the source can be rearranged in such a way, so that the scalar 5-point amplitude
can be identified as the main kinematic object entering the graviton phase space integration, as well as
the integration over the particles proper times (which account for the particles history). In this thesis we

propose that formula to also hold for spinning particles. That is,

Tij (]f, Z1, 22) = /dTldT2624qld4QQg4 (k —q1 — QQ) eiq1»21 eiqz-zz <ng (fh, q2, k)> (623)

mimso

Here (ng ) is the classical 5-point amplitude . Conventions for the particles’” momenta and the spins

are shown in Figure 3.3, with the condition for momentum conservation ¢; + g2 = k. We have used the
A 4 A

notation d*q; = (dqu)i, and similarly for the momentum-conserving delta function 6*(p) = (27)*§%(p), in

analogy to the notation used in §2.2.

This notation was in fact selected for a good reason. To motivate this formula, although this is by
no means a formal derivation, as already observed in [31] for the tree-level amplitude, we can take the
expression for the linear in amplitude contribution to the radiation field in KMOC form for scattering

scenarios (2.16) for the gravitational case

. 1
J = lim
h—0 M1My2

</ﬁ |:Ci4QiS(’Ui-qi - q%/(Qmi))eibi‘qi} 54(]6 —q1 — q2)]\45>7 (6.24)

and use the integral representation for the on-shell delta functions 6(z) ~ [ dye™Y. Identifying the

asymptotic trajectories for the particles z;(7;) = bt + v!';, plus a quantum correction zé (13) = — 52y,
and upon restoring the h-counting in the exponential, the radiation kernel can be rewritten as
1 2
= 1i ( [drid gie™s G0N §1(k — gy — g2) M3 ). 6.25
T =l /1‘[1 rd'gie (ka1 — 42) M5 (6.25)

In the classical limit, and to leading order in perturbation theory, we can simply drop quantum correction
to the particles trajectories 2)(7;), and recover the formula (6.23) upon promoting 2;(7;) to be valid for
generic time dependent orbits. A similar argument can be given to derive the BHs’ EoM directly from
the amplitude, in this case, an instantaneus impulse, starting from the linear in amplitude contribution

to the linear impulse (2.12).

ApY /J4q dry dTQiq“eﬂ'(”(72)7'21(71))"](M4> . (6.26)

- 4m1m2
Below we will show how to use this formula to obtain the BHs EoM to leading order in the velocity

expansion.

The position vectors are z/y = (74,24)", with A = 1,2, as described in §6.2.1, where the proper
times 74, parametrize the BHs’ trajectories. Here the product of the exponential functions, [], e’4#4,
represents the two-particles initial state where each particle is taken to be in a plane-wave state. This
is nothing but the Born approximation in Quantum Mechanics (See also [121]). Here we emphasize

formulas (6.23) and (6.26) are valid up to subleading order in the velocity expansion, as we are dropping
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the quantum corrections 2, (7;). In addition, the notice the delta functions 5(vi-qs — g2/ (2my)) effectively
impose the on-shell condition for particles in a scattering scenario. For general trajectories, outgoing

particles are no longer on-shell and therefore the on-shell condition cannot be imposed in the amplitude.

We have striped away the graviton polarization tensor in (6.23), assuming there exists the aforemen-
tioned gauge fixing for which the graviton polarization tensor is purely spatial. We can further rewrite
the source using the symmetric variable ¢ = (¢1 — ¢2)/2, as well as exploiting the momentum conserving

delta function to remove one of the g;-integrals. The result reduces to

T (k, 21, 22) = / dridryd*qet* e =21 (MY (q, k), (6.27)

mims
where Z = (21 + 22)/2 and zp4 = zp — z4. Since we are interested in the bound-orbit problem, we take
the slow-motion limit. Therefore, we can write the momenta of the BHs moving on closed orbits in the
form pf, = mi 2v{'y. As noted above, we choose the frame in which v}y = (1,v12)" + O(v7 5), where
v} 5 = dz} 5/dt, i.e. with the proper times 71 o replaced by the coordinate time (see details below). On
the other hand, in the closed orbits scenario the typical frequency of the orbit w, scales with v as w ~ v/r,
where w = v/r for quasi-circular orbits (see also (6.15)). In this bound-orbits case, the integration in ¢
is restricted to the potential region (technically, as an expansion in powers of ¢"/|q|), where the internal
graviton momentum has the scaling ¢ ~ (v/r,1/r), while the radiated graviton momentum scaling is
k ~ (v/r,v/r) = @(1,N) (with @ ~ w). Integration in the potential region ensures that from the

retarded propagators,

1 1 1
~—— + O 6.28
(go +1i0)? — g> - v2(qo +i0)? — g2 q? O, (6.28)

entering in the scattering amplitude, retardation effects only become important at order O(v?), which
we do not consider here. At subleading orders in velocities, the amplitude <M5” (¢,k)) has no explicit
dependence on ¢°. This takes care of the ¢ -integration in (6.27), which results in the delta function
§(ta —t1); this can be used to trivialize one of the time integrals'!. With all these simplifications in hand,

the source (6.27) becomes

1

1Ok 2, 20— [ dtdPqe 1= M0 (q. )+ MO (0,0 + ML (@, @) (629)

mims

where the amplitude was written in a spin-multipole decomposition. The superscript () indicates that we
restrict these to the leading-in-v contribution to the scattering amplitude (See §6.3.2 for the computation

at the first sub-leading order in velocities contribution, for spinless BHs ).

Instantaneous impulse and particles EoM

In the seminal work of Dass and Soni [121], it was claimed the conservative 4-point amplitude can be

used to reproduce the particles EoM for scalar sources. In this section we will show that indeed, the

11 As a connection with the classical computation, the source multipole moments [given in (6.13)] contain the finite size and
retardation effects of the binary, though, at leading and sub-leading orders in velocities, these effects vanish (see e.g., [23]),
which is equivalent to the replacement 71 2 — ¢ above.
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instantaneous impulse formula (6.26) can be used to reproduce the particles EoM (6.5), to leading order
in velocity, but to all spin orders from the conservative amplitude. For that we will first have to compute
the classical conservative (M5') amplitude to all orders in spin. At leading order in perturbation theory
this is just given by the t-channel cut as indicated in (1.2). We will then need the classical limit of the
3-point amplitud to all orders in spin. In chapter 8 we will show the spin exponentiation of the classical
gravitational 3-point amplitude (5.34), in 4-dimensions in terms of the Kerr BH spin vector a* takes the

form

(A5% (p1,qF)) = K(p1-eF)?e™, (6.30)

where we have included explicitly the helicity of the emitted graviton. The classical 4-point amplitude

can be computed then following the theme of [57,58].

r 1 al gr —_ az gr al gr az gr -
(M) = =[5 (01,07)) > (A5 (s =) + (A5 1) X (AP =) (63D)
2 2
_mame 1 gay . Y2 —qay 2
e [x%e + ]ﬁe (6.32)

where we have summed over the helicities of the exchanged graviton, and set ay = a; + as. We have
also used the well known x;-helicity variables from the spinor helicity formalism [68], by fixing the little

group rescaling of the internal graviton as follows [57]

Ty = \/ﬁpz'e (—9) _ _\@pzf -1 (6.33)
mo mo

which implies

.€+ €
xt = VoL vy —-v), x= —Vole (1 +wv),, (6.34)
mq my
where 7 = ——2— = 222 Uging the on-shell identity i€, o pip5qPa® = mima+/72 — 1g-a, and defining
7= V2 T mama nvpoP1P2 Y

P as a unit vector in the direction of the relative momentum in the acCoM, the classical amplitude simply

becomes
2
(MEy =L 7;127”2 2371 4 v)2etiaxpar (6.35)
q +
gr /@Qm%mg 2 2 +4ig; xa’
(M3 = 52 (1 w)etaixas (6.36)
q T

where in the second line we have specialized to the aligned spin scenario. In the Center of Mass (CoM)
frame, ¢ is purely spatial. We can then use (6.35) into (6.26), the ¢° integral results into the delta function
0(t1 —ta), reflecting non-retardation effects in the conservative sector at this order in perturbation theory.
Finally, the particles EoM result from g-integration, and to leading order in the velocity expansion, and

after using the fundamental theorem of calculus'?, with AAptl = m01, results into

v = 0" cosh(ay x 8)? (6.37)

12Here we assume boundary terms do not contribute. At leading order in the velocity expansion seems to be a valid
assumption since the amplitudes recover the correct results for the EoM.
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where we used |z21| = r. This recovers the leading in velocity contribution to the particles EoM (6.5),

directly from the scattering amplitude and the instantaneous impulse.

6.3.2 Computation of the radiated field

In the previous sections, we built up the 5-point gravitational spinning scattering amplitude up to
quadratic order in the BHs’ spins. With this, we can now return to (6.22) to successively construct
the emitted classical gravitational radiation from the spinning BBH at increasing PN order. First, we
compute the gravitational waveform to leading order in velocity up to quadratic order in the BHs’ spins,
while turning to the computation of the waveform at sub-leading order in the BHs’ velocities in the

spin-less limit in §6.3.2.

Scalar waveform

The derivation of the Einstein quadrupole formula from scattering amplitudes was first done by Hari
Dass and Soni in [121]; more recently, it was derived by Goldberger’s and Ridgway’s classical double
copy approach [31]. In the following, we re-derive the scalar term of the waveform in the Goldberger and
Ridgway setup, for completeness. This, in turn, will outline the formalism used throughout the remaining
sections to arrive at the corrections to the quadrupole formula. Expanding the scalar amplitude — obtained
by replacing the scalar numerators (5.61) into the general formula (3.45) — to leading order in velocities
v, we find (one can check that actually the non-relativistic limit of the leading order in the soft expansion

produce the same result)

2,,2 a b
0) ab — .mim : q q 1 a a
(My3i™ (q. @) = —i— 5" [2(14 g vi’ﬁq%m)} , (6.38)

where vap = v4 — vp. Substituting this amplitude into the scalar source (6.29), and integrating over g

using (42), the non-spinning source reduces to

327 73

u K3 mam 24
Ts(g) b(k,zhzg):—/dte’“t— Z ATE {(zﬁ‘BziB—rQé“b) + = (zj‘,leUf’q—kzj‘Z,Bv%)} : (6.39)
AB

Here, and in the following, single label sums are understood to run over the two massive particle labels,

doa= Z2A=1’ while the double sum is performed imposing the constraint A # B: }° , 5 := Z2A¢B;A7B=1.

Notice that the term proportional to 6?° in (6.39) vanishes under the action of the TT-projector in
(6.22). Therefore, in the following, we remove this term from the source and focus only on those parts
contributing non-trivially to the TT radiated field. Now, we use the non-spinning part of the EoM (6.5)

to rewrite the second term in the square bracket of (6.39):

a - K2mamp 2% 5 2% 27 . .
Ts(g) b(k,zl,zg) = —/@/dte“”t Z 32A7r B AJiSAB - 52771,4 (V5o + 0404 | - (6.40)
A,B A

The second term of this expression can be further integrated, since v49% + v49% = 4 (v40Y). As for
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the first term, this can be rewritten using

2

K ZAB%AB sa b a zb
E mp22~4A5 _ _ E m + 6.41
397 < BmA B 7‘3 — A (ZAZA ZAZA) ) ( )

)

derived from the scalar EoM. Putting these ingredients together into (6.40), we find the scalar source to

be
Ts(g) ab(k, z1,29) = H/dt(ﬁia}t ZmA (,'z'aAzZ + 2435 + ZUZ,UZ) . (6.42)
A

. . 2 . . . .
Using the relation 2v%0% = j? (2%2%) — (2%2% + 242Y ), the above expression can be put into the more
compact form

o d?
Ts(g) ab(k, Z1,29) = /{/dte“*’t ZmA@ (z“AzZ) , (6.43)
A

which in turn implies that the radiated field (6.22) for a non-spinning BBH takes the familiar Einstein

quadrupolar form:

2 2
(0) ij K s d b
hTT, S0 (TR, R, N, zZ1, 22) = 7167TRH” ab AE ma [dt2 (ZZZA):| . . (644)

The sequence of Fourier transforms in the source (6.43) and (6.22) leads to the evaluation of the emitted
gravitational radiation at retarded time T'r, therefore, recovering the classical result (6.14) in the no-
spin-limit. As a quick remark, notice when restoring Newton’s constant G the quadrupole radiation is
linear in G, as opposed to gravitational Bremsstrahlung, which is quadratic [264-267]. This is of course

just a feature of using the EoM to rewrite the source.

Linear-in-spin waveform

In the previous section, the main components of the derivation of the gravitational waveform from a com-
pact binary system were outlined. In particular, we have seen that the classical EoM play an important
role in recovering the quadrupole formula. Going beyond this, at linear order in the BHs’ spins, there are
two contributions to the waveform. First, the scalar amplitude could be iterated with the linear-in-spin
part of the classical EoM (6.5); this contribution, however, is sub-leading in velocity as made explicit in
(6.5). Secondly, the linear-in-spin amplitude, in conjunction with the non-spinning part of the EoM gives
rise to a leading in BHs’ velocities and linear-in-their spins contribution to the waveform. To determine
the latter, we start from the linear-in-spin amplitude obtained by replacing the linear in spin numera-
tors (5.67) into the general formula (3.45), setting J/ — S# = L emropl ST where the leading-in-v

contribution is given by

3

b _ mimokK
(MU (q,0)) = ——22

’ ek (maSt—miS5) NI (5ﬂa5b<ﬁ+5ﬂb5a0) %. (6.45)
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Analogous to the scalar case, we can substitute this amplitude into (6.29) to get the linear-in-spin source

TS(?) 0 After integrating over g, utilizing (42), this source simplifies to
3 o c
T8 ™ (b, 21, 22) = o—cepn (maSt—mi 55) N (71200 o705 ) / dte= ! 2L, (6.46)
T r

Powers of 7 in the denominator can be removed by using the scalar limit of the classical EoM (6.5). Then,

analogous to the scalar computation, the linear-in-spin source is
TPk, 21, 25) = Kepp SENT (5f1aab0+5f1b5“) / dte’® b + (1 ¢ 2). (6.47)

Finally, the linear in spin corrections to the Einstein quadrupole formula, derived from the above ampli-

tude, obtained from (6.47), together with (6.22), are

2
ij K ij e a sbe ac\ rc
Wy’ (Tr, Ry N, 21, 20) = T ey Sh [N[ (5f1 steyaflbs )UA]
A

(6.48)

16mR Tr

At this stage, this correction is valid, similar to the quadrupole formula, for general closed orbits. We
find a perfect match of these spinning corrections at linear order in the objects’ spins, with the classical
derivation, (6.14), using the identity (40). The linear-in-spin scattering amplitude is universal [102,
192], therefore, so is the radiated gravitational field (6.48). Equivalently, the classical spin dipole of a
point particle is universal, describing any spinning compact object at leading order. Therefore, non-
universality of the waveform at higher spin orders may enter only through a solution to the classical
EoM for a particular compact binary system. We showed in §6.2.2 that the closed orbits waveform (6.14)
contains all possible spin effects at leading order in the BHs’ velocities, before specializing the constituents’

75022 = 0 Therefore, we expect to find cancellations at higher orders in spins at

trajectories; i.e.,
the level of the scattering amplitude for ¢ > 1. Finally, as claimed above, there exists a one-to-one
correspondence between source multipole moments and spinning scattering amplitudes: Z;; <+ <M5(?S)oab>
and J;; + (M, é?s)lab). This holds in the sense that both Z;; and (Mé?s)oab> produce the quadrupole formula

(and similarly for the linear-in-spin waveform).

Cancellations at quadratic order in spin

In the previous section, we showed that the gravitational waveform emitted from a spinning BBH at
leading order in its velocities is entirely contained in the linear-in-spin radiation field (6.14). Equivalently,
this waveform is obtained only using the scalar and linear-in-spin amplitude. The remaining all orders
in spin result (6.18) emerges solely from the solution (6.7) for quasi-circular orbits. To confirm this from
the scattering amplitudes perspective, we are left to show that higher spin amplitudes do not provide
additional non-trivial contributions to the general closed orbit results presented above. In this section, we
demonstrate the cancellation at the quadratic order in the BHs’ spins, by specializing to circular orbits

and by focusing on the S; # 0,52 — 0 limit.

At leading order in the BHs’ velocities, there are two distinct contributions to the radiated field from

our approach. There is the quadratic-in-spin part of the amplitude on the one hand — obtained from
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replacing the classical numerators (38) into the general formula (3.45) — leading to Tl(OS);j , and the scalar

part (6.38) in conjunction with the quadratic-in-spin part of the classical EoM (6.5), yielding Téos)zij , on

the other hand'3; both combine as
TS(S) Uk, 21, 22) = Tl(,og?zij(k?, z1,22) + TQ(?S)2ij(k7 z1,22). (6.49)

Focusing first on the contribution from the quadratic-in-spin part of the amplitude, to leading order in v
it reads
(0)ab, - L. 5 skl |vrab ¢‘q’ ab

<M57s2 (q,W)> = Z MoK Sl Sl Vk:l,df? + Ck:l 5 (650)
where we have defined the tensor Vk“lf’df = 5kl(5§5§’c - %(5kd (5;5? + 6fb51“), and C’,‘;lb is a contact term, which
we discard, as it is irrelevant for the gravitational waveform. As before, we insert this amplitude into the
source (6.29), and perform the g-integrals aided by (42). The first contribution to the source TS(S) ERT
then

1 mar® 1

0) ab a W
Tl(,S)2 (k721722) = —1 7m147TSfSinl?df /dte tr75 |:'I"25df — 3231251} . (651)

Using the scalar part of the EoM (6.5) to remove three powers of  in the denominator, the above reduces

to

; : df (d_f) .(d_f)
(0) ab _ _aM2 ok ciyrab iwt L | (V2212 V10221 0 Uy 21y 01 230
T} g (k,zl,zQ)7—3m1nslslvklydf/dte > Kml i >3 N\t )| (652)

which, for quasi-circular orbits (6.15), reads

T %" (k, 21, 22)

= —2/@@2u6%/dt6im [2nanb - )\“)\b] . (6.53)
circular

Recall the definition for the symmetric mass ratio g = mymsg /M, and a; = Si¢; /m;, with ¢! perpendicular
to both n’ and \’. Note, the solution to the classical EoM, r(z), in the numerator, cancels with the two

powers of r in the denominator.
We now turn to the second contribution to the source: TZ(OS)QU . To that end, we first rewrite (6.39) by

expanding the sums and removing those terms that vanish under the TT projection:

C
¢ M1M2219

0) ab iw
T2(,s)2a (kyz1,22) = *HS/dte 16713

,
ey + B 050

Next we use the classical EoM to quadratic order in spin, which can be written in the following form (see

appendix D.2)

2,1 i qJ
4 Mak” 2y 3 515) 0212,i%12,j g M2 e mo .
R TT—i_Zm%f/Q 6”_7 vl_milvz +20(; Ul,j)_Evz,j) . (6.55)

Combining this with (6.54), the scalar part will recover the Einstein quadrupole radiation formula (6.44).

We stress that although the quadrupole formula appears to be spin-independent for general orbits, spin

information arises through a specific solution to the EoM, as pointed out above. In particular, for

13Notice, the linear-in-spin part of the EoM is sub-leading in v, and therefore, when convoluted with the linear-in-spin
amplitude, the resulting quadratic in spin contribution is pushed to sub-leading order in velocities.
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quasi-circular orbits the Einstein quadrupole formula provides the quadratic-in-spin result (6.18). Let us,

therefore, focus in the remaining contribution of (6.55), which is

u 3 _ 2i 1
T2(OS)2 Pk, 21, 20) = —SkSES! /dte““t 50(“211’)2 + Tléc(“vll’)z X
g 4 W myr?
5 (6.56)
212,k%12,1 . Mo .. c . ma . ma
|:<5kl_'['2> (Ul_TnlUQ) +25(k (vl’l)_')’mv2’l)> +m71(1 L d 2):| .

Using the center of mass parametrization'* (6.6), the quasi-circular orbits condition # = —wr, and the

unit vectors (6.15), the source reduces to
TS (k, 21, 22)| = 3nepa / dte’ [nn® +i(A*n® + \n®)] (6.57)

In order to remove the imaginary part of the source, we proceed as before and use an IBP prescription.
Notice, since (A%n® + Abn®) = —L 4 (Xa)\b) the IBP yields

TQ(?S)zab(k:, Z1,22) = 3kw?pa? /dtei@t [nanb — )\a)\b] . (6.58)

circular

This has the familiar form found in (6.18). Unlike this form, in (6.53) an extra factor of two appears in
the nn® term. This obscures the desired cancellation between (6.58) and (6.53) in Ts(g) Y To address
this subtlety, we emphasize the degeneracy in choice of the IBP prescription. For instance, the relations
of the kinematic variables in the center of mass frame results in — % (A*A%) = & (n9nb) = w(A"nb 4+ Abn?).
Using the latter equality, the IBP performed in (6.58) results in 2n%n®, instead of n®n® — \*\b. A priori,
neither of these two choices are preferred. The solution is to notice that the freedom in the choice of
the IBP prescription is a manifestation of the gauge redundancy of the gravitational waveform at null
infinity. That is, below in §6.3.3 we show that either choice yields the same result for the gauge invariant
gravitational wave energy flux. For now, we note only that at the level of the gauge invariant energy flux,
one factor of n®n® in (6.53) is equivalent to n®n® — (n®n® — A®AY), and postpone the justification to
§6.3.3. Therefore, both (6.53) and (6.58) yield the same result, but with opposite sign. This implies the
desired cancellation of the waveform contributions at the quadratic order in BHs’ spins. Equivalently,
using the waveform derived from (6.53) and (6.58) to determine the energy flux from each contribution,
we see that both contributions are identical up to an overall sign, hence, cancelling at the level of the

gauge invariant gravitational wave energy flux as well (more on this below).

Scalar waveform at sub-leading order in velocities

So far we have dealt with leading in BHs’ velocities spinning corrections to the Einstein quadrupole
formula (6.44). In this section, we go beyond this restriction and consider a non-spinning BBH at the
first sub-leading order in velocities, therefore, demonstrating the applicability of our approach (6.22) to
determine the radiated gravitational waves also in this regime. At this order, the scalar 5-point amplitude
is also independent of q°, therefore, arguments made above in §6.3.1 concerning the time integration still

holds. In this case, however, the first relativistic correction, in our Born approximation, as coming

14Note, the linear-in-spin corrections of this parametrization is sub-leading in velocities.
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from the product of the plane wave functions in (6.27), appears in the source through the kinematic

exponential e~**% and therefore contributes to the sub-leading source Té(l)) ab, due to the scaling w ~ v.
That is, after time integration, the exponential function reduces as e** — 1 —iON-z2 + O(v?) =

1—L0N-(z1+22)+0O(v?); hence, the source is built from the order-v® non-spinning scattering amplitude,

T;gf b, as well as from the v'-amplitude, Tl(lgf ®. More concretely, the sub-leading source decomposes
asl?
TS0 ™ (k, 21, 22) = T\ 3" (k, 21, 22) + Ty 36 (k. 21, 23), (6.59)
where
; 3
(1) ab _ L iwt d d _iqz (1) ab -
T k = dt —e "TE2 ()], 6.60
0z, m) = i [t [ e (s, 5)), (6.60)
and
T(l)(lb k _ 1 d it d3q 7iq-z21a)N M(O) ab . 6.61
550 (K, 21,22) = S te Wé 5 (214 22) (M g0 (q,W)). (6.61)

Notice the superscripts in the amplitude. First, we focus on the relativistically corrected scalar amplitude.
Analogous to before, we insert (5.61) into (3.45), but now keep the non-trivial order O(v') contributions

to the 5-point amplitude:

a _ im2m3k> qlqm ql
(M (a,@)) = = =55 N 7 8 (v1+v)” + 20q° (vfvr = v503)

(6.62)
+ g (vlv(aéb) — vlv(aéb))
(Dqg 11 Ym 2Y2 Ym .
Subsequently, the source (6.60), after the g-integration, takes the form
a K3 i mamp |1
Tl(}s)ob(hzhzz) = 167Nl /dte“”t Z iff : [2 (240" =2 g2 hg) 0 (vatup)”
e (6.63)

—%zj}m (5;vgvg+25mgvifagg) ] .

In order to remove the powers of z4p ~ r in the denominator, we use the scalar part of the EoM (6.5),

to obtain

a W 1 . m__m a
T1(,1520 *(k, 21, 22) = 26N, /dte ' [ -3 D ma(vazapd™—i42hp) 6 (vatop)”
B (6.64)

=5 maiy (5;1;3@%25;%54@5;‘55’,1) ] .
w A

15In principle, the classical EoM (6.5) also contain higher-order-in-v corrections, which could be used in an iterative
manner, starting purely from the leading in v-scalar amplitude. However, these velocity corrections vanish in the no-spin
limit considered in this section.
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The term in the second line can be integrated utilizing the relation o (5@027&—&—25?0%@%5%) =4 (yiv)oly).

With this, this piece of the sub-leading scalar source simplifies to

w0 maA .. m__sm a a
Tl(’lgfb(k, z1,29) = —QANl/dte ¢ [Z - (Vazapd™ =izl 5) 8l (va+vp)?— ZmAvilvAvg] .
A.B A

(6.65)

We now address the second term in (6.59) — the computation of the second contribution (6.61) to the
sub-leading scalar source. The g-integration is identical to the one used leading up to (6.40). Starting
from the latter, using the relation (6.41), and multiplying the sub-leading prefactor —$0N-(z1 + z2) we
arrive at

T;};ﬁb(k,zl,zQ) = —/i/dteimN-(zl + z2) ZmA {i@éffz? - 27)1(;1}?4) . (6.66)
A

Lastly, with the replacement w — i% the first term is integrated. The gravitational radiation field is
then determined by putting the two sources together in (6.59), and substituting this into (6.22), to end
up at the first sub-leading in BH velocities non-spinning correction to the Einstein quadrupole formula:

nzml

 87R

oI m e\ s(a .
h(Tl%,fqo (Tr,R,N,z1,22) = I 4, Ny [2 (912128 =07 2L,) 58 (v1 + v9)?) —vlvsl

(6.67)
+(1+2).

1/d o a.
~5 (dt (z% z?)(zl + zz)l) +2(z + zz)lv§ v?)

Based on our derivation, this result is valid for generic closed orbits, provided the corresponding EoM.
However, the form of this waveform is different from the compact classical result in (6.21). This is not
surprising since, as illustrated above, there is always the freedom of choice of IBP prescription, which
casts the waveform into different forms. Finding the prescription, for which both the amplitude’s and
the classical waveforms match, could be cumbersome for generic closed orbits. Therefore, we specialize
to the quasi-circular setting (6.15); In the latter, we find perfect agreement between (6.67) and (6.21).
We close with a remark on the correspondence between the classical source multipole moments leading
to the gravitational radiation via the multipolar post-Minkowskian approach, and our ansatz to compute
the associate gravitational waves using spinning scattering amplitudes. We saw in §6.2.2, the sub-leading
order result (6.20) is built from both Z;;; and [J;;. While at leading order in the BHs’ velocities (see
§6.3.2), there exists a certain one-to-one correspondence between the source multipole moments, at sub-

leading orders in velocities, no trivial correspondence can be extracted from our results.

6.3.3 Radiated gravitational wave energy flux

hET

In the previous sections, we showed explicitly that the radiated gravitational field, h;;",

computed using a
classical approach and utilizing a 5-point spinning scattering amplitude, agree in the aligned spin, general
(and quasi-circular) orbit setup at the considered orders in the velocity and spin expansions. These are
the gravitational waves emitted at an instant in the binary’s evolution. Information about the frequency

dynamics of the radiation is contained in the emitted gauge invariant gravitational wave energy flux.

The latter is ultimately responsible for the inspiral of the two BHs and for the characteristic increase in
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gravitational wave frequency towards the merger, therefore, a crucial ingredient for gravitational wave

search strategies.

In this section, we derive the instantaneous gravitational wave energy flux F using the TT metric
perturbations at null infinity computed in the previous subsections to the respective orders in the spin
and velocity expansions. In general, the total instantaneous energy loss F can be obtained with

RQ

1 TT{TT,ij
= 327/52 dQ h’L] h ’Z]. (6.68)

Let us return here to the justification for the replacements and claims made in §6.3.2. The time depen-
dence of h;-ij is solely contained in the center of mass variables n* and A®, which, in the center of mass

a,b

frame and for circular orbits, are related by %(n nt)y=14

14 (nonb — X\*XP). Since only the time derivative

of the radiated field, h};T, enters in (6.68), this justifies the replacement n®n’ — 1(n®n® — A?A%) made
in §6.3.2 at the level of the radiated field. Furthermore, this also shows that the gauge invariant energy
flux is, in fact, independent of the IBP prescription discussed in §6.3.2. Therefore, the latter can be
viewed as a manifestation of the gauge freedom in the emitted waveform. Indeed, this extends to the
Newman-Penrose scalar Uy ~ m/‘m“ﬁEVT in an identical fashion. Exploiting this, the gravitational wave
energy flux is obtained by combining the scalar, (6.44), and linear-in-spin, (6.48), metric perturbations
hiTjT at leading order in the BHs’ velocities, in (6.68). For quasi-circular orbits (6.7), together with (41),
we find the energy loss

O 32 2ptat

cireular — 5 A2 T 5 )2

(3203 + a?) + O(a} 5, a1a2). (6.69)

Recall from above that = (Mw)?/3. This matches perfectly with the results reported in Refs. [223,
224,245, 259-261] to the respective orders in spin. In addition to this match at leading order in the
black holes velocities, the metric perturbations computed in (6.67) and (6.21) specialized to circular
orbits reproduce the correct no-spin gravitational wave energy flux ]—'C(ilr)Cular = 0 at the first sub-leading
order in velocities; this is, again, consistent with the leading no-spin PN gravitational wave power (see,
e.g., [261]). Notice, we explicitly computed the quadratic-in-spin contributions only for one BH with
spin: S1 # 0,55 — 0. However, as noted above, the classical derivation in §6.2.2 revealed that the
high-order-in-spin contributions to the circular orbit h;ro emerge solely from the solution to the EoM,
indicating that (6.69) already contains the ajas-type interactions; this is the case, as can be seen in, for
instance, [223,224], or from using (6.17) together with (6.68). At the level of the transverse traceless
metric perturbations h;FjT, the classical derivation showed that (6.14) contains the complete all orders-in-
spin information at leading order in velocities, since the remaining contributions to the radiation field —

. (0)TT
ie. hijysg22

confirmed this explicitly up to £ = 1, since (6.44) and (6.48) agree with (6.14) (exploiting (40)), and we

= 0 — vanish, without a specific solution to the EoM. In the scattering amplitudes setting, we

showed the necessary cancellation for ¢ = 2 in §6.3.2. Therefore, we conjecture such cancellations to occur
at arbitrary order in spin, such that the solution to the EoM provides the remaining spin-information, at
leading order in velocities. The complete all-orders in spin gravitational power result partially presented

in (6.69) was determined in [224].
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6.4 Outlook of the chapter

In this chapter we studied the relationship between the radiative dynamics of an aligned-spin spinning
binary black hole from both, a classical, and a scattering amplitude perspective. For the former we
employed the multipolar post-Minkowskian formalism, whereas for the latter we proposed a dictionary
built from the 5-point QFT scattering amplitude extensively studied in chapter 5. More precisely, the
dictionary maps the classical limit of the 5-pt scattering amplitude of two massive spinning particles
exchanging and emitting a graviton, to the source entering in Einstein’s equation. Furthermore, we
included information of the conservative dynamics using the classical equations of motion, which we
obtained from the instantaneous impulse formula which takes as main input the conservative two-body
amplitude. We worked in linearized gravity, i.e., at tree-level, and to leading order in the black holes’
velocities, but to all orders in their spin, as well as present preliminary results at sub-leading orders in
velocities (in the no-spin limit). To leading order in the system’s velocities, we showed that there exists
a one-to-one correspondence between the source’s multipole moments, and the scattering amplitudes.
That is, the mass quadrupole in (6.13) corresponds to the scalar amplitude (6.38), while similarly, the
current quadrupole in (6.13) is associated with the linear-in-spin amplitude (6.45). This correspondence
was made explicit in the computation of the transverse-traceless part of the linear metric perturbations
emitted to null infinity, as well as on the gauge invariant gravitational wave energy flux. The latter agrees
for quasi-circular orbits with the existing literature [223,224,260,261], both at the considered leading and
sub-leading orders in the black holes’ velocities. Therefore, gravitational waveforms and gauge invariant
powers needed for detecting gravitational waves from inspiraling black holes can be consistently computed

from the classical limit of quantum scattering amplitudes.

The gravitational waveform is, in general, a gauge-dependent object, which makes a comparison be-
tween the classical and the scattering amplitude’s derivations potentially difficult. In particular, and
especially for general orbits and with spin effects, finding the corresponding gauge to undertake such
comparisons can become cumbersome. In this chapter, we found evidence that such gauge freedom is
related to the integration procedure used in the source for Einstein’s equation, within the scattering
amplitudes derivation. We demonstrated this explicitly for quasi-circular orbits, as this restriction sim-
plifies the problem drastically. Importantly, we find that while the form of the gravitational radiation
field is dependent upon the integration procedure used, the gauge-invariant gravitational wave power is

independent of such a prescription — as desired.

In this chapter, we focused entirely on the derivation of radiative degrees of freedom from the 5-
point scattering amplitude, and show classical EoM for the system follow directly from the conservative
amplitude, providing then a self-contained amplitudes derivation for the radiated field at leading and
subleading order in the velocity expansion, but to all orders in spin. This expand the claims for scalar

sources made by Dass and Soni in [121].

The amplitudes-based construction of the radiated field (6.22), provided in this chapter, has implicitly
used the on-shell condition for the outgoing massive particles d(p;-¢;), which discards terms quadratic in
the velocities as indicated by the quantum corrections to the particles trajectories zg(7;) in (6.25). These

corrections can become important if convoluted with superclassical terms coming from loop amplitudes.
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This then hints that at higher orders in perturbation theory, a subtraction scheme would be needed to
cancel those superclassical contributions at the level of the gauge invariant observable, which in this case
corresponds to the radiated energy flux F ~ [ dwh® hij; in addition, it would be desirable to study the

connection of our approach and that of analytic continuation methods of scattering observables [36,37,93]

Besides, exploring gauge fixing procedures that allow to match the general orbit result (6.67) to the
classical result (6.21), as well as the inclusion of spin effects at sub-leading order in velocity is left for
future work. Furthermore, in the context of scattering amplitudes, higher orders in velocities are naturally
included. However, for closed orbits, these corrections are consistent only — by virtue of the virial theorem
— when also higher orders in the gravitational constant G are considered. For instance, at quadratic order
in the BHs’ velocities, the radiated field could contain contributions from both the tree-level and the one-
loop 5-pt scattering amplitudes. One might wonder whether the amplitudes approach could reproduce

the higher-order corrections to the energy flux for non-spinning binary black holes [23].

Finally, the source (6.23) was written in the Born approximation, where the initial state consists of
two particles in their plane-wave states. However, the long-range nature of the gravitational interactions
renders the Born approximation to be invalid in this setting. Although this is expected to be a higher-
G-effect (or equivalently a higher-v-effect in the closed orbit case), it plays an important role in the
determination of the correct gravitational waveform. A modification to the Born approximation was
proposed in [121], and claimed to contain all non-perturbative aspects of the S-matrix elements. We

leave the exploration of this proposal for future work.



Chapter 7

The double copy for massive

spinning matter

7.1 Introduction

In §2.3 we have briefly introduced the BCJ double copy program [67], and show how certain gravitational
quantities can be obtained as a square of gauge-theory ones. This was done in the context of massless
particles, where the slogan was GR= YM?2. However, to test the extent of the double copy, and to study
phenomenologically relevant setups, it is desirable to introduce fundamental matter in the construction.
This has already been explored in the context of standard QCD [203,268-272]. Also a number of other
interesting cases has been considered,! including quiver theories with bifundamental matter [275-277]
and theories with spontaneously broken symmetries [278,279]. On the other hand the classical double
copy, in its many realizations, inherently contains massive matter and hence it is important to clarify the

connection between the quantum and classical approaches.

In chapter 5 we have taken several steps in this direction, where we introduced a classical double
copy prescription for fundamental matter with spin, which connects gravitational wave phenomena with
the spin-multipole expansion and soft theorems, whose classical amplitudes were used in chapter 6 to
study gravitational radiation for systems in bounded orbits. In this chapter we will thoroughly expand
on the spin multipole double copy, and show how it arises in a purely QFT framework. We will consider

tree-level double copy of massive particles with generic spins and explore several interesting cases.

One of the main results of chapter 5 was to obtain graviton-matter amplitudes from double copy at
low multiplicities but generic spin quantum number s. For a single matter line, the double copy was
summarized in the operation (5.29). Amplitudes constricted in this way, and their higher multiplicity
extensions are relevant for a number of reasons as we have pointed out in chapter 5, and we recall here:
First, they have been recently pinpointed to control the classical limit where the massive lines correspond

to compact objects [45,102,280]. Second, they have an exponential form in accord with their multipole

IFor matter-coupled YM theory the gravitational D = 4 Lagrangians were first obtained from double copy in [273], see
also [274].
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expansion [58,59,102-104] (see also appendix B). Third, they are dimension-independent and are not
polluted with additional states arising from the double copy such as dilaton and axion fields [102]. This
will become even more evident once we provide the corresponding Lagrangians. Fourth, they are the
building blocks in the two body problem, whose double copy properties are inherited by the two-body
amplitudes via (5.57).

In this chapter we will rederive and extend (5.29), mainly focusing on the simplest cases with s,§ < 1.
For this spin values, interactions are fundamental in the sense that their amplitudes have a healthy
high-energy behaviour [68]. By promoting QED to QCD?, studying higher multiplicity amplitudes and
the relevant cases for two massive lines, we will identify the gravitational theories obtained by this
construction. In order to do this we must observe that formula (5.29) has implicit a rather strong
assumption, namely the fact that the Left Hand Side (LHS) only depends on the quantum number s + §
and not on s, § individually. For instance, this means that for gravitons coupled to a spin-1 field, it should

hold that

1 1
ASRL & AP E ) ATOPE = AQOD0 ) 4QCDL (7.1)

(we have changed QED to QCD in preparation for n > 4). This means A%"! not only realizes the
equivalence principle in the sense of Weinberg [281] but extends it to deeper orders in the soft expansion
[59,102]. In the classical limit, the A8"* amplitudes so constructed will reproduce a well defined compact
object irrespective of its double copy factorization. In chapter 5 we exploited condition (7.1) at arbitrary
spin to argue that the 3-point amplitude should indeed take an exponential structure, which has recently
been identified as a characteristic feature of the Kerr black hole in the sense of [81], we will expand on
this in chapter 8. Here we will argue that despite having arbitrary spin, this 3-pt. amplitude can still be

considered fundamental as it is essentially equal to its high-energy limit, which in fact implies (5.29)-(7.1).

A simple instance of (5.29) for gravitons was verified explicitly by Holstein [190,191] (see also [192]) for
s =0,5 < 1. He observed that as gravitational amplitudes have an intrinsic gravitomagnetic ratio g = 2,
the double copy (5.29) can only hold by modifying A:?EDJ away from its “minimal-coupling” value of
g = 1. This modification yields the gyromagnetic ratio g = 2 characteristic of the electroweak model and
was proposed as natural by Weinberg [187]. As observed long ago by Ferrara, Porrati and Telegdi [282]
this modification precisely cancels all powers of 1/m?2 in AP (see (7.45)), which otherwise prevented
the Compton amplitude to have a smooth high-energy limit. This is a crucial feature, as it hints that the
theories with a natural value g = 2 have a simple massless limit, and indeed can be obtained conversely
by compactifying pure massless amplitudes at any multiplicity. Furthermore, it was pointed out in [283]
(and recently from a modern perspective [68]) that the appearance of 1/m? can be avoided up to s = 2 in
the gravitational Compton amplitude ASR’S since it corresponds to fundamental interactions. By working
on general dimensions, we will see that indeed all such fundamental amplitudes follow from dimensional
reduction of massless amplitudes, and ultimately from a compactification of a pure graviton/gluon master
amplitude. This is the underlying reason they can be arranged to satisfy (5.29), which in turn simplifies

the multipole expansion we exploited in chapter 5.

2For the lower multiplicity cases n = 3,4, one can choose QCD partial amplitudes to coincide with QED amplitudes.
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On a different front, as we argued in chapter 5, the squaring relations in the massless sector yield addi-
tional degrees of freedom corresponding to a dilaton ¢ and 2-form potential B,,,,, which is a consequence
of the Clebsh-Gordon decomposition (5.26). Their classical counterparts also arise in classical solutions
(e.g. string theory backgrounds [284-287]) and therefore emerge naturally (and perhaps inevitably) in the
classical double copy [6,80,136,138]. It is therefore natural to ask whether the condition (7.1) also holds
when the massless states involve such fields. As we have explained this is a non-trivial constraint, and
in fact, it only holds for graviton states! To exhibit this phenomena we are led to identify two different

1

gravitational theories, which we refer to as 5 ® % and 0 ® 1 theories for brevity. The corresponding tree

amplitudes will be constructed as

AZZE AR @ AR 4081 L 4QOD0 g AQOP (7.2)
We conjecture that at all orders in kK = v/327wG such tree-level interactions follow from the more general
Lagrangians,
L£3%3 2 (d—2) 1 s W M kg ,
NG _ —?R—F T(6¢)2 _ Zez(d 4>¢F;{uF} + 7162(11 2)¢A{LAII , (7.3)
and
L£oet 2 (d—2) e e vy SR v
7 TRt 00 — g Hu (" A
1 — ke il v m:; I g .
-1 F, F" + TAMAI + quartic terms, (7.4)

where H = dB is the field strength of a two-form B. Here a sum over I = 1,2, the flavour index, is
implicit and "quartic terms" denote contact interactions between two matter lines that we will identify
in §7.4. These actions will be constructed in general dimensions from simple considerations such as 1)
classical behaviour and 2) massless limit/compactification in the string frame. These methods were cross-
check against the corresponding QFT amplitudes in [61] using modern tools such as massive versions of
CHY [145,288-290] and the connected formalism [291-293]. In the massless limit, the 1 @ 1 Lagrangian
is known as the Brans-Dicke-Maxwell (BDM) model with unit coupling [294]. This theory is simpler
than 0 ® 1 in many features, for instance in that the B-field is not sourced by the matter line and it
does not feature quartic interactions. Not surprisingly, in d = 4 and in the massless limit the 0 ® 1
theory reproduces the bosonic interactions of N’ = 4 Supergravity [295,296], which is known to arise
as the double copy between N' = 4 Super Yang-Mills (SYM) and pure YM theories [156,297,298]. In
general dimension we will see that the 0 ® 1 theory is precisely the QFT version of the worldline model
constructed by Goldberger and Ridgway in [32,80] and later extended in [31,117] to exhibit a classical
double copy construction with spin. This explains their findings on the fact that the classical double
copy not only fixes g = 2 on the YM side, but also precisely sets the dilaton/axion-matter coupling on

the gravity side.

As explained in §2.2, and extensively exemplified in previous chapters, the long-range radiation of a

two-body system, emerging in the classical double copy, has been directly linked to a 5-point amplitude
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at leading order [6,78,102,299]. We show that by implementing generalized gauge transformations [67]
one can define a BCJ gauge in which the i — 0 limit is smooth, i.e. there are no "superclassical" ~ %
contributions to cancel [78]. The result precisely takes the form derived in (3.45). This then allows
us to translate between the QFT version of the double copy and a classical version of it. We employ
this formulae to test double copy in several cases, including the computation of dilaton-axion-graviton

radiation with spin [31,117].

This chapter is organized as follows. In §7.2 we introduce the double copy for one matter line by
studying its massless origin, focusing on the % ® % theory and later extending it in more generality. In
§7.3 we construct the Lagrangians for both QCD and Gravity from simple arguments, which are then
checked against the previous amplitudes. In §7.4 we extend both the amplitudes and the Lagrangian
construction to two matter lines and define the classical limit to make contact with previous results. In
the appendices we provide some further details on the constructions, and perform checks such as tree-level
unitarity, and consistency with the d = 4 formulation of the 2 ® £ double copy in [126]. This chapter is
mostly based on previous work by the author [61].

7.2 Double Copy from Dimensional Reduction

In this section we will introduce the double copy construction by considering a single massive line. In this
case one should expect the double copy to hold for massive scalars as their amplitudes can be obtained via
compactification of higher dimensional amplitudes [45,46,192]. Here we will explicitly demonstrate how
this holds even for the case of spinning matter as long as such particles are elementary. This means we
consider particles of spin s < 2 coupled to GR and particles of spin s < 1 coupled to QCD, in accordance
with the notion of [68], see also [283,300]. The fact that these amplitudes can be chosen to have a smooth
high-energy limit can be used backwards to construct them directly from their massless counterparts. On
the other hand, once the double copy form of gravitational-matter amplitudes is achieved one may use it

to manifest properties such as the multipole expansion of chapter 5, we will expand on this in Sec 7.2.1.

7.2.1 The %@% construction

Let us consider first the case s = § = % in (5.29) and relegate the other configurations for the next
section. For D = 4 massless QCD, the double copy procedure was first studied by Johansson and
Ochirov [203]. In particular they observed that Weyl-spinors in QCD can be double copied according to
the rule 2@ 2 = 2@ 1 @ 1, where the two new states correspond to a photon 4+ and the remaining ones
to axion and dilaton scalars. This implies that we can obtain amplitudes in a certain Einstein-Maxwell

theory directly from massless QCD. More precisely, for two massive particles we can write (see also (7.9))

l@l _ —
AR (O Hy o Haf) = D KasIAZCP (99 DUARE" (9 -9) 2], (7.5)
apf
here we have used the massless Weyl spinors v; = |1) and 43 = [2| for matter particles (See §2.4). A here

denotes charge conjugation, which will be relevant in the massive case. In the gravitational amplitude
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the two photon states 'yf' 72 make a matter line while interacting with the “fat” states H;. The latter
are obtained from the double copy of the gluons g;, and can be taken to be either a Kalb-Ramond field?,
a dilaton or a graviton by projecting the product representation into the respective irreps. as dictated

by the Clebsh-Gordon decomposition (5.26):

pv prv _ [psv] n ~ (p~v) v -
H; —>€i€i—€i€i+D_2€i'€i+ €& — g% ). (7.6)
Burv S———
i —2 o

D2
The sum over «, 8 in (7.5) ranges over (n — 3)! orderings, where K, g is the standard KLT kernel
[135,153,154].* This construction can be implemented because for a single matter line we can take the
matter particles to be either in the fundamental or in the adjoint representation and the basis of partial
amplitudes will be identical [203]. In §7.4 we will switch to a more natural prescription for the case of

two matter lines.

The Right Hand Side (RHS) of (7.5) exhibits explicitly the helicity weight +1 associated to the Weyl
spinors. This means the operators AQCP and ARCP | defined as the amplitude with such spinors stripped,

do not carry helicity weight. They can be written as products of Pauli matrices o*, 6* where the free

Lorentz index is contracted with momenta p!" or gluon polarizations €/, as we will see in the examples of
the next section. We can alternatively write them in terms of the corresponding spinor-helicity variables

as in [268].

Quite generally, the LHS of (7.5) defines a gauge invariant quantity due to the fact that it is constructed
from partial gauge-theory amplitudes. It also has the correct factorization properties (see e.g. [155,301]).
Furthermore, by providing the Lagrangian it will become evident that when the states H; are chosen to
be gravitons the amplitude we get for a single matter-line is that of pure Einstein-Maxwell theory, where
the dilatons and axions simply decouple. This decoupling is one of the key properties of these objects,
which we have exploited in chapter 5. Similarly, the decoupling of further matter particles will be treated

in appendix E.2.

In order to extend (7.5) to the massive case we rewrite it in a way in which it is not sensitive to the
dimension, and then use dimensional reduction. This can be done by introducing polarization vectors for
the photons 7*. Recall from the spinor helicity section §2.4, that a photon polarization vector can be
taken to be e;a” = \/i% where [p] is a reference spinor carrying the gauge freedom, and analogously

€, 0t = ﬁl‘[ﬁgfl. We then have the identity

To(X 1) [1pa ] (1]Y [2](2012)|2])
(1p1](242) 7

1 &5
= iTr(Xplelngeg), (7.8)

21X [1)(1]Y]2] (7.7)

3In D = 4 this field can be dualized to an axion pseudoscalar. We will indistinctly refer to the two-form By, as axion
or Kalb-Ramond field.

4\We define the KLT kernel with no coupling constants and absorb the gauge theory coupling § into the generators T
as §gT'* — T®. We also absorb the overall factors of i in the definition of the amplitudes and use the conventions for the
metric to be in the mostly minus signature.



7.2. DOUBLE COPY FROM DIMENSIONAL REDUCTION 116

where the bottom line now can be naturally extended to higher dimensions.® It is manifestly gauge
invariant since the shift ¢, — €; + p; is projected out due to the on-shell condition for massless particles
pipi = 0.

Using this identity, the double copy (7.5) can be uplifted to dimension D = 2m as
lgl N 1 T _
AZTH (s Hyys) = 5 ) KagTr(ARP (g 9)mren 757 (97 -g)p22)- (7.9)
af

Note that the operators AQCP ASCD in (7.5) are defined under the support of the Dirac equation. This
means that they can be shifted by operators proportional to p; or ps. The insertion of py,ps in (7.9)
certainly projects out these contributions by using the on-shell condition pp = pp = 0. For instance, if the
matrix operator ASCP is shifted by p2uot the QCD amplitude 2 AYCPy; is invariant, and consistently

(7.9) picks up no extra contribution, i.e.

Tr(paprer A (g - 9)pada) = —Tr(papaprar A5 (g g)ea) = 0, (7.10)

where we used paé; = —eopy. This kind of manipulations are usual when bringing the QCD amplitude
into multipole form as explored in chapter 5 to make explicit the corresponding form factors.

We now proceed to dimensionally reduce our formulae in order to obtain a KLT expression for massive

spin—% particles. This follows from a standard KK compactification on a torus, as we explain in the next

section. In terms of momenta, we can define the d = D — 1 components p; and p, via

Pl = (m7p1)7
P, = (7map2)7 (711)

R:(Oakl)a 7’6{357”}

which trivially satisfies momentum conservation in the KK component, which we take with minus signa-
ture. We also take all momenta outgoing. In terms of Feynman diagrams, the reduction induces the flow
of KK momentum through the only path that connects particles p; and ps. The propagators in this line

are deformed to massive propagators as

;IQ _ p§_1m2’ (7.12)
where Py = (m,py) is the internal momentum. The procedure works straightforwardly when compact-
ifying more particles as long as the KK lines do not cross (i.e. we will not allow interactions between
massive particles), as we will explain in the case of two matter lines.

By applying these rules to (7.9) the amplitudes A%", AQCP now contain massive lines and lead to a

(gravitational) Proca theory and the massive QCD theory in d = D — 1 dimensions, respectively. This

12 _
5We represent the Dirac algebra in terms of the 2°/2 x 2P/2 matrices 'y = ( 69‘ Gé:’ ) and define X = X, 0%, X =
D

X uf_’g etc. The extension of (7.8) to general dimension simply states that linear combinations cabugﬁﬁ’ of the Weyl spinors

can be replaced as cabv;lﬂ’i’ = p;€; for some particular choice of ef depending on c¢4p. A formula for general dimension is of
course obtained by replacing o#,a* — I'*, which in D = 4 also reduces to (7.8).
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can be observed easily by applying the dimensional reduction to the Lagrangian as we do in §7.3. In the
case of the spin-1 theory we choose the polarization vectors €;,e5 to be d-dimensional, i.e. € — (0,¢), so
that the transverse condition ¢-P = 0 now imposes ¢-p = 0. In the QCD case we note that the Dirac

equation now becomes

(PuI)u=mu,
(7.13)
(pﬂfg)v = —mu,

where we have used

op — (]I, Fd) 5 E'D = (—H, Fd) 5 (714)

in the chiral representation. Denoting by W and W* the Proca fields obtained from the photons, the

construction (7.9) now reads

AZPE (Wi Hy - H, W)= ZzLﬁfg‘flTerCD( 9)(p,—m)E AP (g9 (p,—m)dy),  (7.15)

where the normalization factor follows from the Dirac trace tr(I) = 212/2), Even though our derivation
used that d = 2m — 1 for the reduction procedure, our final result is written explicitly in terms of d-
dimensional Dirac matrices so we assume it to be valid in generic dimensions. To confirm this we will

indeed compute both sides of (7.15) from generic-dimensional Lagrangians and find a precise agreement.

From now on we refer to the double-copy theory as the % ® % theory because it is constructed from
two (conjugated) copies of massive QCD. As in the massless case, the role of the projectors p, £mis to
put the QCD amplitudes on the support of the massive Dirac equation. With a slight abuse of notation,
we have left here the symbol K, for the massive KLT kernel, which we used in chapter 5 for the 3 and
4-point amplitudes.

We have thus derived an explicit KLT relation for massive amplitudes of one matter line, (7.15) as
a direct consequence of the massless counterpart. The resulting theory will be extended to two matter
lines in Section 7.4. The partial amplitudes AQSP are associated to Dirac spinors in general dimension,
as opposed to Majorana ones, and hence the resulting spin-1 field is a complex Proca state coupled to
gravity. Moreover, it follows from the massless case that when all the gravitational states H; are chosen
as gravitons, the dilaton and axion field decouple and the theory simply corresponds to Einstein-Hilbert
gravity plus a covariantized (minimally coupled) spin-1 Lagrangian. We will see that this holds quite

generally and is consistent with the observations made around eq. (5.29) for generic spin.

In our formula the states H; denote the fat gravitons (7.2.1) characteristic of the double copy con-

struction. However, a particular feature arises in that amplitudes with an odd number of axion fields

vanish. This can be traced back to the symmetry in the two QCD factors of the % ® % construction. To

see this, let us slightly rewrite (7.15) as

1ol
A'IZL®2 (Wlelyl- . .Hgiizl/n 21V ZKGB AQCD Thn-2 ) (ASED)W'”V"_Q , (7.16)
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where

X @Y = s T (), (p,-m)fy). (77)

It is not hard to check that (see for instance the explicit form in (7.5))
(AS’(;D)HI"'PML—Q ® (ASED)mmunfz — (AS%D)”T"”"” ® (Agy(iD)Ml"'ﬂn—Z ) (7.18)

Now, since the Kernel K,p in (7.16) can be arranged to be symmetric in « <> §, this implies that the
RHS of (7.16) is symmetric under the exchange of all u; <> v; at the same time, namely (u1, po...) <
(v1,v2...). However, if we antisymmetrize an odd number of pairs {ug, g}, i.e. compute the amplitude
for an odd number of axions, and symmetrize the rest of the pairs, we obtain an expression which is
antisymmetric under the full exchange (p1, 2 ...) <> (v1,v2...). Hence amplitudes with an odd number

of axions must vanish.

The above considerations imply that the axion field is pair-produced and cannot be sourced by the
Proca field. This is also true for amplitudes with no matter (i.e. the massless double copy) and even for
amplitudes with more matter lines: For e.g. two matter lines, provided a double copy formula as in §7.4,
we can test axion propagation by examining all possible factorization channels. Since the factorization
always contains amplitudes with either one or none matter lines we conclude that the axion will not
emerge in the cut unless introduced also as an external state. The argument carries over for an arbitrary
number of matter lines. This is the reason we were able to remove axionic states from the double copy

amplitudes in chapter 5.

The previous fact is surprising from the gravitational perspective since it is known that the axion
couples naturally to the spin of matter particles. We interpret this fact as an avatar of the spin—% origin
of the construction. In appendix E.1 and appendix E.2 we will specialize the construction to d = 4:
In particular we will show that being a pseudoscalar, the axion can only be sourced when the Proca
field decays into a massive pseudoscalar as well, as considered in [126]. In the massless theory such
field is obtained by selecting anticorrelated fermion helicities in the RHS of (7.5) which leads to massless
(pseudo)scalars instead of photons 4 [203]. The analysis becomes more involved in higher dimensions.
For our purposes here we can neglect these processes and simply keep the theory containing a Proca
field, a graviton and a dilaton as a consistent tree-level truncation of the spectrum in arbitrary number

of dimensions.

A further clarification is needed regarding the compactification and the dilaton states. In the massless

case these are obtained via the replacement

nh
- ——s (7.19)

ﬂ~
€

RN

where we have denoted the indices as 1, 7 to emphasize that the trace is taken in D = d 4+ 1 dimensions.

However, after dimensional reduction we have ¢ — ¢, and we extract the corresponding dilaton via

ntY

el'el — (7.20)
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This means that taking the dimensional reduction does not commute with extracting dilaton states, as
e.g. terms of the form P, - € P, - € are projected to P, - Py = p; - po +m? in the first case and to p; - po
in the second case. In order to match certain results in the literature (e.g. [80]) we find that we need to
adopt the second construction: first implement dimensional reduction on the fat states, and then project

onto either dilatons or gravitons.

Let us close this section by providing some key examples of this procedure for n = 3,4. The 3-point.

dilaton amplitude from (7.15), using (7.2.1), gives

i®i o 2K3 L _
A3 TP (WigWy) = Wﬁf(ﬁ%¢1(}/ﬁ1*m)A3#¢2(;¢2*m)),
K
= 722€-€+d74k~5k~5, 791
2m(m12( )3132) ( )
where we have use the momentum conservation p; +ps + k3 = 0, and the dilaton projection eg & — n::Q'

This example will exhibit one of the main differences between the % ® % construction and the other cases,
namely that the dilaton (and the axion) fields couple differently to matter in each case, as opposed to
gravitons which couple universally, as we will see when obtaining explicitly the Lagrangians (7.2) and(7.3)

below.

Now we can move on to n = 4. The only independent QCD amplitude can be computed from the

Feynman rules derived from the QED® Lagrangian (5.1), and reads

1 (py s —m)yis 1 ks (P, g —m)yHe

Ry —— - = . 7.22
o 4 (p1+k3)* —m? 4 (p1+ k) —m? (7.22)

Analogously, the charge conjugated amplitude is
AHsHa 71’7% (}”1+k3+mh”“ B 17”4 (¢1+%4+m)7“3 (7.23)

41324 = T (p1 + k3)?2 — m? 4 (p1+kg)2—m2 "’
where the conjugated amplitude is obtained by inverting the direction of the massive line. Note that this
ordering corresponds to the Compton amplitude in QED (5.12) for spin 1/2.

The full Compton amplitude for fat gravitons can be computed from the double copy (7.15),

1ol v v * 1 AV3V.
A42®2 (W1H§L3 3Hf4 4W2) = WK1324’1324 tr [AZ3”4¢1(p1+m)A43 4¢2(¢2+m) , (724)

where the massive KLT kernel takes the compact form

2p1-k3 p1-ka

2
skt (7.25)

K1324,1324 =

For instance, the two-dilaton emission amplitude reads

6Since, as already mentioned, at 4-points the QED and the partial order QCD amplitude coincide, we can use the
Feynman rules derived from the QED Lagrangian.
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11 11281 &5
AZ%2 (W by W)= 272, d—4)252,—16(d—2)p; -kzpg-k:
4 ( 1¢3¢4 2) 32(d—2)p1]€3p1k4k3k4 {[( ) 834 6( )pl 3P2 5} X
[pl-k3kgk§+p2-k3(kgkf+pl-kgnaﬂ)} +2m2ss, [4p1-k3 (kgk;gf —kSKD (7.26)

+2p2-ksn®?) +sas (A=) (k5 +RERT) — 2R3 kG +m® ")) |},

which again exhibits explicit mass dependence in accord with our discussion. On the other hand, ex-

tracting the pure graviton emission from (7.2.1) gives

5251@5’2‘75

1ol
AZ%2 (Wyhghy W) pr-Fy-Fup [props FY O FY 4

B 2p1-k3 p1-ka k3 ky (7.27)
PrkaFYOFy A+ FSPpy Fypy+ FyP py-Fypaytpy - Fs-Fypi®™) .

Quite non-trivially, we find that the Dirac trace leads to a factorized formula. The underlying reason is
of course that the graviton amplitudes are universal as announced in (7.3) and (7.4). This means these
results can also be obtained via the 0 ® 1 factorization that we will introduce in the next subsection, but

we can already guess it is given by the double copy of the s = 0 and s = 1 part of (5.12).

Exempli Gratia: The Multipole double copy revisited

We have introduced the operation (7.15) with a slight modification in (5.28). This is because the main
utility of this construction is not the fact that we can build gravitational amplitudes by squaring those
of QCD (we have just seen that the former follow from a dimensional reduction of the Einsten-Maxwell
system), but the fact that by rearranging the massive QCD amplitudes in a multipole form we obtain a

multipole expansion on the gravitational side [198-200,204—206,212].

Consider two spin 1/2 multipole operators X,Y of order p, ¢ respectively, namely X ~ (y**)P and
Y ~ (y#")? acting on Dirac spinors. As they involve an even number of gamma matrices, and the Dirac

trace vanishes for an odd number of such, we have
Tr(X(g-- -g)(pl—m)¢1§7(g~ . -g)(p2—m)¢2) = Tr(Xp1€1§7p252) + m2Tr(X€11752), (7.28)

where the conjugated operator Y is obtained by v** — —~*”. In the cases studied in chapter 5 (for
n = 3,4) both terms in the RHS of previous equation coincide and hence we defined the double copy
product simply as

XoY = Tr(Xe,Yey), (7.29)

1
2LD/2]

i.e. using twice the second term. At s = % we explicitly tested this definition for operators up to the

quadratic order in v#¥. Let us here just recall the example of A3, given in (5.7), which exhibits an explicit

exponential form and we write we for the reader’s convenience

ﬂgA?CDvl x €-py X use’ vy, (7.30)
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where J is a Lorentz generator that reads

J = 7]63#631/ JH — 7k3p¢631/ LW (731)

€3 P1 €3-p1 2
The exponential form for s = % generators is only linear in this case since higher multipoles vanish.
Note now that while the second equality holds for s = %, the generator J itself makes sense in any
representation [102]. In the representation (J**)§ = 77“[“6;] we can check that (e?)p¢ = (p1+k)°P = —pl)

and hence the generator acts as a boost p; — —ps. Now we can plug the operator (7.30) and its conjugate

in (7.28) and check that in fact both terms yield the same contribution:

A3QCD & A(3QCD x Tr(eJ(%_m)¢167'](p2_m)¢2)’

Tr(e‘]ple_‘]e‘]sle_‘]pgsg) + mQTr(eJele_‘]eg),

= —TI‘(pgfgngg) + m2T1"(8~282) = 2m2Tr(]I)§2 - €2, (732)

where €5 = (eJ)gsf is a new polarization state for ps, that is, it satisfies ps - €2 = 0. Thus we obtain the

gravitational (Proca) amplitude as

1 1

A32®2 X €3 P1 X EQ - (-;’J €1 = €3 - P1€E€2 'El—kguegyé“g(bf‘uu)gé‘lg, (733)

where higher multipoles also vanish for s = 1, in contrast with higher spins (see (7.36)).This simple
example shows that the exponential form is preserved under double copy (this is particular of n = 3), but
more importantly it shows the general fact that, as observed in chapter 5, the gravitational amplitude
is obtained in multipole form as well. For n = 3,4, the multipole operators can be double copied
via the general rules (5.30), and in turn the resulting multipole expansion can be used to decode the
classical information contained in the amplitude by comparison to either one body observables such as
the linearized Kerr metric and the scattering of gravitational waves off the Kerr black hole, as we will do
in chapter 8, or by computing two-body observables for unbounded chapters 3 to 5, or bounded scenarios

as in chapter 6.

Detour: Arbitrary spin at n =3

The massless origin of all these constructions should be by now clear. Let us take a brief detour to
emphasize some remarkable properties at n = 3. In D = 4, in §2.4 we learned the massless three-point

amplitude is fixed from helicity weights as in (2.44),
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for a state of arbitrary helicity h emitting a gluon (hs = 1) or a graviton (hg = 2). Consequently, it
directly satisfies the double copy relation

AE hth _ AQCD hAQCD h (7.35)

On the other hand, by implementing the multipole expansion, in chapter 5 we have found that the same

relation can be imposed for massive amplitudes of arbitrary spin, and fixes their full form as

2 k €31
AL ~ (e5 - p1)"ez- exp ( 63‘65 JW) ‘€1, (7.36)
3 D1

where JH is the generator in e.g. (7.31) naturally adapted to higher spin s.” Observe that this form does
not depend explicitly on the mass and, as noted in [57], reduces to (7.34) when written in terms of the
D = 4 spinor helicity variables.® Hence (7.36) is nothing but the natural extension of (7.34) to generic
dimension and helicities, whose dimensional reduction in the sense of the previous section is trivial.
Curiously, when interpreted as a D = 4 massless amplitude this object is known to be inconsistent with
locality for |h| > 1 (or analogously s > 1) whereas in the massive case it has the physical interpretation
given in [58,103,104]. On the other hand, these inconsistencies will only appear in the “four-point
test” [68,161], namely by computing A?CD or A". In the massive case they can be cured by including
contact interactions [103], as we will see in chapter 8. In the same chapter, we will see how to take the

classical limit of (7.36) recovering which recovers the linearized metric for the Kerr BH.

Arbitrary multiplicity at low spins

From the above discussion we see that at least at low spins we can extend the relation (7.35) and its
compactification to arbitrary multiplicity, since the massless theory is healthy. The starting QCD theories

for scalars, Dirac fermions and gluons are standard and catalogued in the next section. Let us then write
~ _ B P r
ARG Hy - Hypy ") Z Kag AP (0l gs - -gnps AT (olgs - -gns™), (7.37)

where we have denoted by ¢! the state of helicity h and particle label i. This extends the relation (7.5) for
the cases h, h < 1. We can also uplift it to arbitrary dimensions. Following the previous section we first
rewrite the amplitudes in terms of the corresponding polarization vectors/spinors and the implement the
tensor products ® between representations. For simplicity of the argument we regard (7.37) as a definition

of the object A", and we claim that it corresponds to a tree-level amplitude in a certain QFT coupled

7A local form of this amplitude can be found in [102,201,202], which however features 1/m divergences.
h
8For a quick derivation of this fact write the polarization tensors as e1 o (m[”ﬁ‘) and €2 x (%) , together with

. [Tua 2
3u€3v 12 .
%J“” = %(3%) as in e.g. [169]. Then,

(12) (21) 5 h
e2 e T OB gy = (ugle T ATy (ﬁ)
(1p1){p22)

- (6 - 230" ()" ()"

_M2) 5 0
where we have used that e 2 Bany) acts as a Lorentz boost on |1), see appendix B. Finally, the h3 dependence is also
the same in (7.34) and (7.36).
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to gravity. We recall from the previous section that this is because 1) diffeomorphism (gauge) invariance
and crossing-symmetry are manifest and 2) tree-level unitarity follows from general arguments [155,301].
This means that we just need to construct a corresponding Lagrangian to identify the theory, which we

will do for most cases in Section 7.3.

We have already explained how under the dimensional reduction D = d + 1 — d we obtain massive
momenta and the corresponding propagators. We have also shown how the D-dimensional polarization
vectors/spinors of the compactified particles, eé# and u®, can now be regarded as satisfying the corre-
sponding massive wave equations. The result of (7.37) after this procedure leads to the general formula

for one-massive line

AP (oY Hy - Huy ™) = ZKaﬁAQCD (395 gnp3) © A" (195" gn03): (7.38)

which holds for s,5 < 1 and has a smooth high-energy limit by construction. Thus, this gives a double-

copy formula for the minimally-coupled partial amplitudes defined in the sense of [68].

Even though we have not yet specified the theory, let us momentarily restrict the states H; to gravitons.
We have explicitly checked, by inserting massive spinor-helicity variables, that in D = 4 we can obtain
the gravitational and QCD amplitudes given in [68] for n = 3,4, see (7.47) below. This establishes a
D = 4 double-copy formula between these amplitudes, analogous to the one studied in Appendix E.1.
In general dimensions, we have also checked that this agrees with the amplitudes and double copy for
s = 0,3 # 0 pointed out in [192]. We remark that these are precisely the gravitational amplitudes used
to obtain perturbative black hole observables in [57-59,130,196], and that for the all-graviton case the

LHS of (7.38) is unique given the sum s + 3.

We now provide simple examples to illustrate these points. In the rest of this section we shall

indistinctly use 2 or €5 to refer to the (conjugated) polarization of the outgoing massive state.

Non-universality of Dilaton Couplings

As opposed to gravitons, we have anticipated that the dilaton field couples differently in the 0 ® 1 than
in the % ® % case. So let us compute the amplitude Az(W1¢W5) via double copy of s = 0 and s = 1.

This is to say, we take the trace of

ASPY (W HM W) = AP0 (01 00) AFP = (Whg" W) (7.39)

i.e. the 0®1 double copy, and contrast it with (7.21) from the 1 ® 2 double copy. The spin-1 QCD factor
arising from dimensional reduction is equivalent to a covariantized Proca action plus a correction on the

gyromagnetic ratio g, see next section. Explicitly,

AFOPTT W gh W3 ) = pller - 62 — €9 (J™) deapkan (7.40)
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where we used that (J#")3 = no‘["ég] according to our conventions in (7.33). Recalling that for spin-0

AR o pl' | the trace of (7.39) gives

K

vd—2

AN (WioW3) = (mPe1-es + kseer kze2), (7.41)
where we restored the coupling x in order to be more precise. We now observe that this differs from (7.21)
in a term proportional to e;-k3 £2-k3, controlled by a coupling ¢F? with the matter field that we derive
in the next section. At first this may look like a contradiction given that we pinpointed the massless
origin of this double copy, namely eq. (7.35). Here A5(W;¢W5) should be uniquely fixed by little-group
as happened for the graviton case (7.36). The difference however lies in the coupling constant, which
vanishes in the d—4,m—0 limit for A§®%(W1¢W2’") but not for A3®*(W,¢W3). Hence the reason why
graviton amplitudes are the same in both %@% and 0® 1 double-copies is not only because of its massless

form (7.34), but also because the coupling k is fized by the equivalence principle.

A final and crucial remark is as follows. From general considerations it is known that the dilaton
cannot couple linearly to the spin of a matter line [32,117]. This is consistent, as we will see that (7.41)
contains only a quadrupole ~ J? term, but appears in contradiction with the fact that A*=! in (7.40),
which carries the spin dependence, seems to have a dipole and no quadrupole. The resolution of this
puzzle comes from distinguishing two types of multipoles. The first type are the covariant multipoles
carrying the action of the full Lorentz group SO(d — 1,1), as generated by J*”. The second type are
the rotation multipoles defined by the condition p,S*” = 0 with respect to e.g. the average momentum

%. They generate the SO(d — 1) rotation subgroup and in the classical limit represent the

p =
classical spin-tensor of compact objects. The relation between the two multipoles is the decomposition
SO(d —1,1) — SO(d — 1) explained in §5.3.1, such that one can write J,, = S,,, + boost terms. Using

this, (7.40) can be written as

_ k3, SH*S Yk
AQCD,S_L;L — ot (1 3p aV3v ) quv y 42
3 P + mz(d — 3) S k3 3 (7 )

where the quadrupole term S**S ) is obtained precisely from the boost piece and we have stripped

polarization states.” The double copy now gives

k3 SHS Y ks,
ASEY (W W) = 1+3ﬁ;&X3)W%4

i [ (1

Kkm? k3, SHS ) ks,
= d_2(1+ e —3) ) (7.43)

Comparing this to our previous result, it is clear that the term ks-e1ks-2 in (7.41) is in direct correspon-

dence with the quadrupole operator. A similar argument holds for the % ® % theory: In this case there

is genuinely no quadrupole contribution in the QCD factor,

—1
AFEPS T g gy (7.44)

9Here the massive polarization vectors have been removed and the quantum amplitude is understood to be an operator
acting on them. On the other hand, in the classical context, S#” is interpreted as a spin tensor (c-number) describing the
intrinsic rotation of the classical object.
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whereas in the double copy Az®3 the linear-in-spin terms again cancel due to p,S*” = 0. We are left
again with a quadrupole term ~ S2, as can be also seen from (7.21). We conclude that the % ® % and
0 ® 1 theories differ in the dilaton coupling only at the level of the matter quadrupole. We come back to
this point during §7.4.3 in the context of classical double copy.

Compton Amplitude and the g factor

Moving on to n = 4, we can explore the interplay between the double copy and the multipole expansion.
Let us first quote here the spin-1 QCD result for general gyromagnetic factor g computed by Holstein
in [190]

_ 1 - preg - - Daes -
AQCP =1 (1304 =4{—251~52 {63 Piéa Py | €3 P2€a P +63_€4]

pr-ks p1-ka
ol i) e GRS
+g° {21)1 e B Fie - 2p11- e Fr Fg.gz] (.45
1

T e Fy-prea- I3 'Pl} }7

where F!'" = 21@1[“ e;j]. Here all momenta are outgoing and satisfy the on-shell conditions p? = p3 = m?
and k2 = k7 = 0. The covariantized Proca theory is obtained by setting g = 1 and hence contains a 1/m
divergence. On the other hand, if the Proca field is identified with a W* boson of the electroweak model
we obtain ¢ = 2 and completely cancel the 1/m term. This is a general feature of the g = 2 theory at any
multiplicity [282]. Moreover, in this case we observe not only a well behaved high energy limit, but also
not apparent dependence on m at alll This means that the amplitude is essentially equal to its massless
limit, which corresponds to a n = 4 color-ordered gluon amplitude. This is essentially the single copy

amplitude we refereed to in the discussion around (5.35) above.

From the above we find that for this amplitude setting g = 2 will automatically yield to the double
copy relation (7.38). This is the underlying reason for the result found in [190,191] for the natural
value of g. The converse is also true as gravitational amplitudes always have g = 2, thus imposing
the same value on its QCD factors. The universality of g is a feature of the gravitational Lagrangians,
independently of the covariantization or the couplings considered. It was checked explicitly in [103] and is
a direct consequence of the universal subleading soft theorem in gravity [102]. This contrasts to QCD in
that only the leading soft factor is universal there and hence g becomes a parameter. Finally, it can also
be understood from the fact that both rotating black hole or neutron stars also yield g = 2 indistinctly
in classical GR [302].

Let us elaborate on the relation between (7.45) and the 4-gluon amplitude. Pretend that (7.45) (with
g = 2) is indeed the massless amplitude. As we compactify we must send p; — P; = (p;, £m) and

k; — (k;,0), while setting the polarizations ¢;, ¢; to lie also in D — 1 dimensions. As the amplitude itself
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only depends on p; through P; - k; and P; - ¢; the extra dimensional component of P; drops and the mass
m simply does not appear. More generally, the reader can convince themselves that the only appearances
of m are through 1) Py - P, = p1 -pa + m? or 2) Py - P, - €;, which we have seen lead to p; - po after

dilaton projection. In the first case we can use momentum conservation to write Py - Py = >, _. k;-k; and

i<j
effectively cancel the mass dependence. Hence, if we choose a basis of kinematic invariants that excludes
P, - P, the compactification will be trivial: The amplitudes A,, will essentially be identical to their massless
limit ezcept in the cases of dilaton amplitudes, since they contain terms like p; - py = —m? + Dic j ki-kj.
The same observation applies to the KLT construction (7.38) and the KLT kernel introduced in the

previous section. We will extend these observations to more matter lines in §7.4.

Note also that the explicit mass dependence can as well be hidden by means of d = 4 massive spinor-

helicity variables.!® For instance, using these variables eq. (7.45) with g = 2 reads

(3[1]4)?

AQCP5=1(1394)
4 ( ) p1-k3pr - ks

([1°3](42") + (1°4)[2¢3]) (7.46)

In this form the double copy can be performed as in appendix E.1. For instance, from two copies of the

previous spin-1 amplitude we obtain the following spin-2 amplitude:

(3[1]4)*

Agr,s:? x
: p1-kapr - kaks-ky

([1°3](42°) + (1°4)[2°3])* (7.47)

This result has been used to construct observables associated to the Kerr BH in [58,103], in fact, as
reviewed in §2.4, the Compton amplitude can be written in an exponential form, we will use such formula
in chapter 8 to show it matches the classical solutions of the Teukolsky equitation for the scattering
of gravitational waves off the Kerr BH. Here we can conclude that such amplitude is nothing but the
4-graviton amplitude in higher dimensions. Again, since there are no massless higher spin particles in
flat space, this framework provides a natural explanation for the fact that A5"*>% and ASCD’DI must

contain + divergences.
m

7.3 Constructing the Lagrangians

In this section we will provide the Lagrangians associated to the previous constructions, covering all the
QCD theories and mainly focusing on the % ® % and 0 ® 1 gravitational cases. This will allow us to gain
further insight in the corresponding amplitudes. On the QCD side we will employ the compactification
method to obtain the actions. On the gravity side we will construct them from simple considerations
in the string frame, including classical regime. For two matter lines some of these Lagrangians acquire

contact terms which we further study in §7.4.

10See [68] for the details on this formalism and [58,102] for a construction of these amplitudes via soft factors.
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7.3.1 QCD Theories

We start by considering the QCD factors associated to the double copy. The cases of spin-0 and spin—%
are standard and we can provide the Lagrangian for more than one matter line straight away. The case

of the QCD theory of spin-1 [190,191] is more interesting and will be treated in a separate subsection.

Spins s =0, %

We have explained in the previous section how the scalar theory coupled to QCD arises from a partic-
ular compactification both in momenta and polarization vectors. The compactification in polarization
vectors is obtained by considering a pure gluon amplitude and setting €; = (0, ...0|1) where the non-zero
component explores an “internal space”. We can immediately ask what happens if the internal space is

enlarged to N slots, namely the scalars are obtained by setting

ei=(0,...,0]0,...1,...,0). (7.48)
D N

This construction is well known from string theory and the resulting amplitudes correspond to N scalars
in QCD. In other words, letting I,J = 1,..., N the resulting amplitudes for any number of scalar lines

are given by the aforementioned “special” Yang-Mills scalar theory:

- 1 o1 1
Ly = —ztr(FwF“ )+ Qtr(Du@ID“@I)—ZU([<PI7 o' ler, vJ))- (7.49)

The proof of this compactification is very simple and illustrative so we briefly outline it here. It follows

from decomposing the gluon polarization in D + N dimensions as

AH_> (AH|S017~-~730N)7 (750)

which implies

Fur=Dyupr, Frj=len e, (7.51)

together with the D dimensional F),,, components. Then, the resulting Lagrangian (7.49), just follows
from expanding tr(F£?). Note that the fields only depend on D coordinates (see e.g. [303]). Two key
remarks which will be useful later are as follows: First, the extra dimensional (scalar) modes are always
pair-produced and hence will assemble into matter lines in the Feynman diagrams. In particular this
means that even after dimensional reduction the pure gluon amplitudes coincide with the ones of YM
theory. Second, as already pointed out in the original construction [304] of the compactified Yang-Mills
action, the action (7.49) indeed corresponds to the bosonic sector of N/ = 4 Super Yang-Mills theory (in
that case D = 4 and N = 6).

Let us now provide masses to the scalars in the Lagrangian (7.49). This requires to consider complex
fields as is standard in KK reductions. There are a number of ways to achieve this. For instance, still

following [304], we can consider an even number of compact dimensions N after which the scalars can be

grouped as ¢ = oy + ipr41.
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Here we will instead take an alternative route that connects more directly to our previous amplitudes
discussion, and therefore extends to particles with spin. Recall that so far we have constructed the
double-copy formula for a single matter line (7.38). We can also consider scattering amplitudes for more
matter lines as long as they have different flavors, a restriction that we impose throughout this chapter.
Now, for a given flavor I, the Lagrangian (7.49) takes the form £p D 1¢D¢! (without summation)
where D is a Hermitian operator that can depend on other fields. This Lagrangian generates the same
Feynman rules than ¢3De!, which is the previous statement that the scalar fields are pair-produced.

Repeating the argument for I, J =1,..., N, we conclude that we can replace

5= 1 v * * *
L5 = = tr(Fu ) + tr(Dup D" —tr([o™, 0" lier, 0.1]). (7.52)

carrying a U(1)N flavour. After providing masses to the complex fields, they can be turned into real fields
again via the same argument. We will use this procedure in the remaining compactifications presented

in this chapter.

We now proceed then via KK reduction on a torus, Mp = R% x TV, and we let each of N scalars to

have a non-zero momentum in one of the circles S*,
SOI(xv 0) = eim191 @I (1’), (753)

where 0 < 0 < 31—7; The gluon field has no momenta on TV, i.e. is f-independent, and its only

non-zero components are A, (x), where now p = 0,...,d — 1. By acting with the derivative d;, where

p=0,...,D—1=d+ N —1, we can read off the momentum of the flavour ¢;:

pz('/é):(p’iu|07"'am1a-~"0)' (754)
T

Thus the on-shell condition becomes (p!)? = p? — m? = 0 and, for N = 1, this procedure is equivalent
to the one described in the previous section. It generalizes it to more massive lines by imposing that the
momenta of scalars of different flavour are orthogonal in the KK directions, i.e. pl@ : ng) = p; - p; for

I # J. By integration on TV we find the corresponding massive action:

_ 1 1 1 1
/ dedN oL o« / dd:ctr(—ZFWF”” + §DH¢1D“¢I + imigom’—z[so’,wﬂ leor, v1])s (7.55)

which corresponds to a scalar QCD theory, with a sum over flavours I implicit. Here the scalars inherit
the adjoint representation from the higher-dimensional gluons. For one matter line we can nevertheless
take them in the fundamental representation (see sec. 7.3.1 below) and also drop the quartic term from
the Lagrangian: The double copy of the resulting theory has been studied in [6] and we will come back to
it in §7.4. On the other hand, by keeping the last term we have a non-trivial contact interaction between
flavours. In the massless case the double copy of this theory with itself corresponds to Einstein-YM as

first observed in [305]. In our case we will be interested in the double copy of (7.55) with the spin-1 theory
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constructed in the next subsection, leading to the 0 ® 1 gravitational theory. In the classical regime we

also anticipate that this distinction is irrelevant and both cases can be regarded as equivalent.

Finally, we note that we can also apply the reduction procedure to massless QCD in order to get the
massive theory, as discussed previously from the amplitudes perspective. Using the splitting (7.14) we

obtain, after dropping some irrelevant KK modes,

/ dzdN oLy / d%tr( —F,, F" + ip T, DFap! —m¢,¢1> (7.56)

In d = 4 and for a single fermion line, we note that this reproduces the fermion amplitudes of N’ = 4

SYM in the Coulomb branch.

Spin s =1

We now consider in detail the case of spin-1, that is, a complex Proca field coupled to QCD. In order to
motivate this theory we will reproduce here the argument given by Holstein in [190] regarding the natural
value of g, which we used in chapter 5 to derive the three-point amplitude for spinning particles in QED,

but here we consider a slightly more general setup by promoting QED to QCD amplitudes.

Consider first the (complex) Proca theory minimally coupled to SU(N) Yang-Mills theory,

L= EFSVF;“’ - fo WH 4 —W“W’ (7.57)

where we have distinguished color indices I, I to emphasize that (W) W transforms in the (anti)fundamental
representation. This is just a formal feature since for now we will only consider one matter line (note

also that the mass does not depend on I). Here

Wy, = D W, — D,W,,

(7.58)
DWI=0a,Wl+ATW,;
Now consider the three point amplitude obtained from (7.57),
A3QCD’1(W1[A§WQJ) = 2717 x X (€3 pie1- €5 — €3uk3v5[1 5;’/])’ (7.59)

which is equivalent to (5.4) with the additional colour generators from the non-abelian structure of QCD.
By recalling the example of (5.6) we can easily identify the scalar and dipole pieces in these two terms.
Note that e; - J# - &5 = 25[1”631'] and hence we obtain g = 1. This is consistent with the value of g = 1
obtained for minimally covariantized Lagrangians as conjectured by Belinfante [306]. We then proceed

to modify the value of g by adding the interaction
Lint = BFLTIWIWY, (7.60)

This interaction was studied in e.g. [190] restricted to the context of QED. In such case we can take
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T! J 5 5+t and Lin: arises from the spontaneous symmetry breaking in the W*-boson model (with
B =1). In our case we need to promote this to QCD so that we can perform the double copy at higher
multiplicity. In any case, this term precisely deforms the value of the dipole interaction to g = 1+ £,
because

Lint = —2BT1 x €5,k elte3”) . (7.61)

Now, we claim that in order for A3QCD to be consistent with the double copy for the graviton states we

will need to set g = 2, i.e. 8 =1 as in the electroweak model. This is because only in such case we find'!

A?(?CD7O X ASQCD,]. ~ A§r71(W1 h3W2)7

~ €3-p1 X (63 *P1€1 E; -2 63Hk3y€[1'u€;y]) (762)

Here we have stripped the coupling constants to make the comparison direct and written the graviton
polarization as 5" = efe for simplicity, which can then be promoted to a general polarization e5”. The
fixing of g = 2 follows then from the fact that gravitational amplitudes for any spin will always lead to

g = 2 as we outlined in the Compton example in (7.45).

The fact that the double copy is satisfied for the W-boson model but not for the “minimally coupled”
Proca action is not a coincidence. As we have explained, the concept of minimal coupling that we attain
here does not necessarily agree with the covariantization of derivatives in (7.57). Our condition for
minimal coupling, and that of [68], is that the m — 0 limit of AQCP is well defined at any multiplicity n.
The W-boson model arises from spontaneous symmetry breaking in SU(2);, x U(1)y gauge theory, and
as such, will be deformed back to Yang-Mills as we take m — 0. This will precisely fix § =1 in (7.61)

and we now show how.

From a Feynman diagram perspective, we have already explained how the QCD amplitudes we are
after can be obtained from massive compactification of YM amplitudes. In the case of spin-1 and a single
matter line, we interpret the cubic Feynman diagrams of AYM as associated to a color factor made of
fundamental and adjoint structure constants, following [203]. As an example, for partial amplitudes in the

half ladder (DDM) basis, we will consider the color factor associated to the ordering o = (15 ... 8,-22)

as
b1 b b by —: Iy Jy iy J: Jn—3sl
poramb phramte _ phiosts,gor o pHATH 2 ol (7.63)
where particles in {f1,...,3,} are gluons and particles 1 and 2 are bosons Wi, Wi respectively. The

same operation can be repeated in any cubic color numerator of YM, which in general means to replace
fobe 1! 7 for matter vertices or just leave them as f**¢ for the 3-gluon vertices. This means we identify
three types of color indices: A = (a,I,1).'?> After relabelling the structure constants and the fields
accordingly, the field strength ]-";‘V can be split into the components

1 This is a slight simplification of the argument, which is what we used in [102] at n = 3, arbitrary spin. Actually,
Holstein [191] studied the double copy of A?ED with the purpose of showing the 1/m cancellations which are equivalent to
g = 2 as we saw in (7.45). Of course, the amplitude Air did not feature any such divergences.

2Formally we take T({j = —Tujl as in [203]. One must also be careful in that the structure constants {T({j7 febe} do
not form a Lie algebra (except in the SU(2) case) and hence cannot be used as an input to construct a pure YM action.
However, the inconsistency appears in the Jacobi relation T(,{jTaKE + ... which is associated to two matter lines, which we
are not interested here: We drop such interactions in our resulting Lagrangian.
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Fo, = Fo, +2ToWLW) FL o =wl,, FlL=wl, (7.64)

where W, is defined in (7.58). Now consider the YM action after relabelling
Lra g _ Lpa g Lyt gy o puvipa_yyiyy 7 7.65
Z#VA—Z#Ua‘FZM,[‘FaIj#l,-i-..., ()

where we have dropped the term with four W-bosons. Repeating the compactification procedure, this
time on a single circle S!, gives
o=t = _Lpe pu Lyt e o m—QW”WI — prere iy (7.66)
Ty ma 4 HI 9 Ik a “rJ"uvo :
which is indeed the deformation of (7.57) by the “spin-dipole” coupling (7.60). Thus, we have shown

that the massive spin-1 theory yielding the g = 2 interaction when coupled to QCD is precisely the

compactification of Yang-Mills theory for a single matter line, as described in Section 7.2.

7.3.2 Proposal for Gravitational Theories

Let us now introduce the gravitational Lagrangians. We begin by a construction of both 0 ® 1 and % ® %
theories in the string frame, following some simple guidelines. First, let us assume momentarily that the
base massless theory, leading to the amplitudes A& (y~hs---h,y") is indeed Einstein-Maxwell in both
1®1and 0®1 cases,

2 1
»Cbasc = _\/,a |:I*€2R + QFSVFNV] . (767)

This allow us to signal the crucial difference between the % ® % and 0® 1 theories in the dilaton coupling.

Following [307], in the string frame this can be generated by adding the kinetic term and promoting

Vg — \/§e_%d’. Thus we propose

o 21 1

Lome = Voe %° {—KQR+ 5(00) = SF,, F" ] (7.68)
l@l _5g 2 1 9 1 .

£§a562 = \/§€ 2 |:_I€2R + 5(8@5) :| - \/§ X iFuVFHV' (769)

We now see the difference lies in the fact that the Maxwell term has been added before and after
incorporating the dilaton, respectively. The coupling of the dilaton is simpler and in a sense trivial in
the % ® % theory, which is characteristic of the Brans-Dicke-Maxwell action [308]. In fact, we can take

such theory into the so-called Jordan frame by setting
2
o= - In ®, (7.70)

which leads to the standard Brans-Dicke theory [309]

02 K 1.
5~ g X g FmF| (7.71)

lgl 2
Lind = V0 |[~2R+
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On the other hand, our proposal that the 0® 1 action involves a non-trivial coupling to the dilaton arises
from a careful consideration of the classical results of [32], which construction we further realize in §7.4

as a double copy of a spinning source (e.g. s = 1) in QCD with a scalar theory (s = 0).

At this point we can generate a mass term by performing the compactification on a circle, Mp =

R? x S!, letting the Proca field to have a non-zero (quantized) momentum on S*
Au(x,0) = ™A, (), (7.72)

whereas the remaining fields have not, i.e. hy,(z) and ¢(z) are -independent. Notice we have also

implicitly restricted the polarizations to lie in d = D — 1 dimensions. For instance, the full metric reads
K
9ur = Naw + §hﬁﬁ ; (7.73)

but h;p only has non-zero components h,,. This relies on the assumption, exemplified in section 7.3.1,
that additional KK components will assemble into matter lines and hence can be decoupled. The only
exception is the dilaton field, which would in principle obtain a contribution from the extra component
hpp in hjpp. The reason we set this component to zero beforehand is precisely to reproduce our prescrip-
tion (7.20) as opposed to (7.19) (which would lead to the standard dimensional reduction of the dilaton
amplitudes).

After this clarification we can now readily perform the integration of the action over the compact

direction, leading to

“3¢ [ ZR-L(0¢)2—LF* Fr4m2A* A+ for 0®1
1 e K2 LV )
?/ddxdeﬁbaSQZ/ddx\/ﬁ [ 2( ) 271 2 ] (774)
7

e

[S]E

¢ [~ 2 R-$(09)2] —LF5, Frvem2AL AP for L@}

2 pv

The key point here is that we have performed the compactification in the string frame, where the dilaton
o
coupling is trivial. We can move to the Einstein frame by setting g, — e~ -2 g,,. Perturbatively, this

is equivalent to a change of basis in the asymptotic states, given by

¢
huy — hp,l/ - mmw + O(H)a (775)

which means the amplitudes in this frame can be computed as linear combinations of the string frame

ones. Returning to the Lagrangian, we use

e d— d—1k?

_ 1
R — e T3(R- R 2D2¢ - mzamf)a“ﬁb) (7.76)
after which we perform a trivial rescaling (¢ — (d — 2)¢) to get
191 2 (d—2) 2 L sty e v 2 5(d—2)¢ 4%
£292 = /g _?Rq- 5 (0¢)° — ¢ F, F" +me? ALAR| (7.77)
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and

d 2)

L0 — /g —R—i— ( (9¢)? — = _”¢F;VF“” —l—m2AZA” . (7.78)

Note that only in d = 4 the dilaton is not sourced by matter in the % ® % theory. Indeed, consider
momentarily the massless limit m = 0. A general Einstein-Maxwell-Dilaton theory in four dimensions
can be classified in the Einstein frame from the coupling e #**¢F?2, with 0 < a < /3 [310,311]. The
Brans-Dicke theory corresponds to a = 0 whereas the low-energy limit of string theory yields o = 1. This
is not surprising as we will soon identify the 0 ® 1 with a dimensional extension of N' = 4 Supergravity.
We should mention that the o« = v/3 case is characteristic of the well-known five dimensional KK theory,

whose double copy structure was considered in [305].

These actions would be enough for amplitudes involving only gravitons, dilatons and two Proca fields
as external states. However, in the case of the 0 ® 1 theory we have seen that axions can be sourced
by matter. Keeping the classical application in mind, this means that for two matter lines we will need
to compute such contributions, as they will appear as virtual states. We begin by constructing the

interaction that reproduces single matter-line amplitudes with external axions.

In order to introduce the axion coupling in the 0 ® 1 theory we again resort to the classical results

of [32], which found that in the string-frame the axion couples to the matter through

I‘i/dT H,ppvt S7P. (7.79)

Here S*” is the spin operator as introduced in section 7.2.1. This coupling can be reproduced in QFT

by computing a “three-point” amplitude between the dipole and the axion,
ALY rplt x SvIP dp, (7.80)

where ¢" and p* are the momentum of the axion and the matter line respectively. As predicted, we

identify the first factor as the scalar 3pt. amplitude A5~ 0

o p* and the second factor as the dipole of
the spin-1 amplitude Ag’sfl J x S*Pq, [102], which signals this corresponds to the 0 ® 1 theory. The
overall proportionality factor can be adjusted accordingly. The QFT 3-pt. vertex leading to (7.80) is
then the direct analog of (7.79), That is, after identifying S* — J* up to longitudinal terms, (7.79)

becomes

L EINZ K‘ " x|V * L 1%
— B (q) x sph A" (p2) APN(p1)q, — §pral A AP = 4 H,,, AT EVP. (7.81)

Attaching then the canonically normalized kinetic term H wpHPYP we can readily take this vertex into

the Einstein frame (also applying the aforementioned rescaling to ¢),

K

1 1
Jae 5% x GHW(HWu . B (AFYPtcc)) = Jge 2 x GHWp(H’“”’+ . N (AR yec)). (7.82)

Note that this term is not deformed by the massive compactification since the derivatives in F*” are
contracted with H,,,, living in d = D — 1 dimensions. We note that the complex character of the fields is
important for the following compactification. However, once the compactification is done we are left with

a quadratic action in the Proca field, which can then be turned into real invoking the argument above
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(7.52). Thus we finally arrive at the action principle presented in the introduction for one matter line:

—2K¢

6

2

2R (d—2 1
_2R, dY) Hm,p(H“"”JrggA“F””)—le*"“ﬁ’FWF“”+m7AHA“ (7.83)

£0®1::
V9 H2+ 2

(99)°—S

Note that the massless sector corresponds to N = 0 Supergravity [307] as seen also in [32]. We will
rederive this result from a pure on-shell point of view in the following subsubsection, and extend it to
two-matter lines. We will also perform various checks in our proposals for both % ® % and 0 ® 1 actions.
We can also already draw some conclusion regarding the interactions: Even though the axion is sourced
by the Proca field, it is pair produced in the massless sector. This means that the axion is projected out
in amplitudes involving external gravitons and dilatons with a single matter line, just as in the % ® %
theory. More importantly, an analogous reasoning can be applied to dilatons to show that in both 0 ® 1
and % ® % theories the graviton emission amplitudes are precisely the same, as we observed first in [102].
Now, as we have mentioned, when the dilaton is included as an external state its coupling differs in both
theories: In particular, it follows from (7.77) that in the massless four dimensional case the dilaton is not

sourced by the photon in the % ® % theory, see e.g. the 4-pt. example in [203].

7.4 Two matter lines from the BCJ construction

So far we have used the KLT double copy mostly to compute the amplitudes A,,, i.e. those involving
one matter line. To test the extent of the double copy it is important to include more matter lines
transforming in the fundamental representation. In our case it will be enough to consider two matter
lines of different flavours in order to make contact with the classical results of previous chapters. The
full quantum amplitudes lose many nice features of the A,, amplitudes: For instance we cannot trivially
remove the dilaton-axion propagation nor write the multipole expansion of chapter 5 directly. We shall
anyhow conclude that the relevant classical information is already contained in the A, amplitudes, as
pointed out in e.g. [280], which we have used to remove the dilaton/axion from the classical perspective

in chapter 5.

For more than one matter line a basis of amplitudes based on Dyck words was introduced by Melia
[312,313] and later refined by Johansson and Ochirov [268,314].1% Since we only consider here two matter
lines we choose to resort instead to the BCJ representation we introduced in §2.3, thereby extending the
approach of [6]. The equivalence between the approaches has been detailed, including spin—% applications,

in e.g. [270].

Consider the two matter lines to have mass m, and my, and spin s, and s,. For QCD scattering,
the two massive particles have different flavours, and we restrict their spins to lie in {0, %, 1}. These
amplitudes are defined by the Lagrangians provided in Section 7.3: For the spin-0 case we use the scalar
QCD Lagrangian (7.55) with the removed quartic term as per our previous discussion; for spin-1 we use

the W—boson model (7.66) and for spin-1/2 we use the standard QCD Lagrangian for massive Dirac
fermions (7.56).

13The amplitudes in Melia basis satisfy a restricted set of BCJ relations [268,269], and consequently a generalized KLT
construction has been recently introduced in [126,271], see also [270]. For loop level extensions of colour-kinematics duality
in this context see [315-318].
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Following the BCJ prescription we arrange the QCD amplitudes into a sum of the form

. n(.sa,ysb)
MROP =N (7.84)
= i
running over the set I' of all cubic diagrams, with denominators d;. The superscript (s,, $) here denotes
the spin of the lines and may be omitted. For a given triplet (i, j, k), if the color factors satisfy the Jacobi
identity
C; + Cj = :|:C]€7 (785)

then colour kinematics duality requires there is a choice of numerators n; such that
n; £nj = tny. (7.86)

The gravitational amplitudes can be computed starting from (7.84) by replacing the color factors with
further kinematic factors, which can be associated to a different QCD theory. In this section we will
explore some of the choices for QCD theories, and write the explicit form of the resulting gravitational
Lagrangians. With this in mind, the n—point gravitational amplitude, where now the massive lines have

spins s, 4+ 8, and s, + 3§ respectively, reads

(5a,5b) ~(5a,5b)
M (8a®8a,5008,) Z n ®n;
)
. i€l d;

(7.87)

where the product ® depends on the spin of the massive particles in the QCD theory. For instance, for
Sa = 84 = Sp = §p = 1/2 we define it in an analogous way to the case of only one matter line (7.17);
that is: consider the spin % operators X; and );, entering in a QCD numerator nQCP with four external

fermions whose momenta we choose to be all outgoing as follows

n(2:2) = Gy Xjv s Yivs, (7.88)
analogously, the charge conjugated numerator reads

7i1(202) = @y XyvatisYyva. (7.89)

We define the spin-1 gravitational numerator as the tensor product of the two QCD numerators as follows:

1 . _
)= 92[d/2]—2 tr [Xi¢1(?1+ma)xi¢i(]ﬁ2+ma)] tr [yi¢3(]ﬁ3+mb)yi¢4(]ﬁ4+mb) , (7.90)
This is the analog double copy numerators of the multipole double copy in (5.57). Notice that the
generalization of (7.90) to an arbitrary number of massive lines could be done analogously by introducing

one Dirac trace for each matter line.

In this section we focus on elastic scattering, given by M, and inelastic scattering, given by M5, firstly
from a QFT perspective and then from a classical perspective. Nevertheless, we propose Lagrangians for

arbitrary multiplicity as long as we keep two matter lines.
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Setting conventions, the momenta of the particles are taken as follows: For the 2 — 2 elastic scattering,
the two incoming momenta are p; and ps, and the outgoing momenta are po = p; — ¢ and py = p3 + q,
for ¢ the momentum transfer. For the 2 — 3 inelastic scattering, again the two incoming momenta are p;
and ps3, whereas the momenta for the two outgoing massive particles are po = p1 — q1 and ps = p3 — g3,

and the outgoing gluon or graviton has momentum k.

7.4.1 Elastic scattering

The simplest example of the scattering of two massive particles of mass m, and my , and spin s, and s,
is the elastic scattering, which we call Mis‘“sb) amplitudes. Let us illustrate how the double copy works

for some choices of s, and sy.

Case s, =s,=0+1

The gravitational scattering amplitude (7.87) at four points can be obtained from the double copy of

0.9 and the spin-1 numerator n(*1). This numerator can be computed from the

the scalar numerators n'
gluon exchange between two massive spin-0,1 fields, each described by the matter part of (7.66), and

results into

n®0 = —¢ (4pyps +¢*),  di=q> (7.91)
1

nhh = —4¢? 1 (4p1-ps+q°) e1-e2 6364 — (p1-€3 p3-catpr-€3 q-€a) €1-62
- (p1'€2 P3-€1—P3-€2 Q'€1> €3°€4+ P1-€2P3-E4E1°E3 (7-92)

— ('€1Q€E3E2EL — P3-€E4LQELE2ES T P1-E2GEIELEY|-

The gravitational Lagrangian for this theory has a more intricate structure than the one for a single
matter line, which is natural due to additional propagation of the axion coupling to the spin of the

matter lines. It can be shown that the Lagrangian is given by

2(d—2 —4¢
(d )(a¢)2 - 66 2 HMVPHHVP
K

2
08108 — f V|- K2 R+ K2
o (7.93)

At~ Le2op,  pie Ty gt
e S T &

where the flavour index I € {1,2}, and once again the masses m; = m, and mg = my;. The contact

interaction Lagrangian for this case has the form

Lot ~ \/§[2A1-A2 (OpA1,,—30,A1,,)0" Ay — 249 -Fy-F>- Ay

(7.94)
— QAQ‘BMA‘f‘AgayAl,a—A’fauAg‘AT&,Aga—A‘f@aAlyuAgaaAg,,,} ,
where the product of field strength tensors reads explicitly
Ay -Fy-Fy-Ay = A0, ATO0 As )y AT — AL 0% Ay 1,00 As ) AY ( )
7.95

—ALOLAYD, Ay o AY — ALO™ A 0, Ay o AY.
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Thus in this case, for two particles including spin, we have found an elevated level of complexity even for

the four-point terms in the Lagrangian, not present in the single matter line case.

Casesa:sb:%—ké

We finish the discussion for the elastic scattering considering the simplest gravitational theory for both
of the massive lines with spin-1. As we mentioned previously, this theory is dictated by the factorization

Sq = Sp = %—i—% The gravity amplitude (7.87) at 4 pt. is computed from the double copy of the QCD

1

spin 5 numerator n(%’%), and its charge conjugated pair. They have a simple form

(2:2)

[N
N|=

)

2 — —
=e U27HU1U4’MU37

3

(7.96)
7(33) = 2517 09037,
4,

where we use the condition for momentum conservation ps = p;—q and ps = ps+q. Now, using the

double copy operation for two matter lines (7.90), the gravitational amplitude takes the compact form

MY e S b (b ma ot Dy (BBt (79T

Notice the momenta p; and p3 are incoming, therefore the sign in the projector changes. After taking

the traces the amplitude reads

MEOEIY LA (A6 (-2t 8) —pr-s (d—6)e P (d-2)cps)
4 e 1°€2 P1D2 P1DP2) —P1-€2 1P2 1P2

pa-er ((d—6)pYeb+(d—2)pieh) + ((d—6)p1-pa+(d—4)m) (eh'eh —e1-can™) (7.98)
+ ((d—2)p1-po+dm?) elieh+(d—6)p1-ea p2-c1n] x [linea — line b] W},
where the change [linea — line b} means to do [1 — 3,2 —=>4,a — b]. Likewise for the two previous
cases, we can write the gravitational Lagrangian for this theory, surprisingly it has a very simple form

2(d—2)

cdebied — /g —%m (8¢)2—ie(d_4)¢F1,WF;fV+;e(d_Q)‘i’mfAmAﬂ , (7.99)
We say that this is the simplest theory for spinning particles coupled to gravity in two senses: First, even
thought the two massive lines have spin, there is no propagation of the axion. This confirms that in the
% ® % double copy setup the spin-1 field does not source the axion. Second and more importantly, there
is no need for adding a contact interaction between matter lines, a feature we will confirm also in M5.
This is the only gravitational theory we have found for which this happens and reflects its underlying

fermionic origin.

7.4.2 Inelastic Scattering

Moving on to the inelastic scattering, we consider the emission of a gluon or a (fat) graviton in the final

state. The relevance of this amplitude is that it allows us to make contact with classical double copy
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introduced in chapter 5.

The QCD amplitude obtained from Feynman diagrams can be arranged into the color decomposition

(7.84) with only five terms as shown in Figure 3.2. The color factors and denominators given by

a=TeTHTE,  di=qk (2mk—ai+d3),

e = (TYTOT3,  dy = —2(p1-k) g3,

cs = fOTITS, ds = ¢2¢2, (7.100)
co = (T3 TTY,  da=qi (2psk+4i —63),

cs = (T9.T5)TY. ds = =2 (ps-k) G5,

they satisfy the Jacobi relations

Cl —Cp = —C3, C4 — C5 = C3, (7101)

and in the same way, the numerators can be arrange to satisfy the same algebra
ny —ng = —MN3, Ng — N5 = N3. (7102)

The gravitational amplitude will be given again by (7.87), with the sum running from 1 to 5. The product

of polarization vectors of the external gluon €,€, corresponds to a fat graviton state Hs. To extract the

graviton amplitude we replace €,€, — GEE i.e. the symmetric, transverse and traceless polarization

tensor for the graviton. If on the other hand we want to compute the dilaton amplitude, we replace

€€y — \/"5‘%2. Finally, in the case of the 0 ® 1 theory, there will be also the existence of axion radiation

which can be obtained by taking the antisymmetric part, €[, €,;.

In order to make direct contact with the classical double copy introduce in chapter 5, we choose
however to write the 5-point, and therefore the numerators entering into the amplitude for the different

theories in more convenient generalized gauge.

7.4.3 Generalized Gauge Transformations and Classical Radiation

As we have seen in previous chapters, the 5-poitn amplitude encodes information regarding the classical
radiated momentum in a 2-3 scattering process, which is carried by long range fields (photons, gravitons,

dilatons and axions) to null infinity [78,80]. This momentum is determined by a phase space integral,
KW = /dLIPS(k) k" J(R)?, (7.103)

as outlined in §2.2, where J(k) is the radiative piece of the stress energy tensor (or current) related
to the amplitude via the LSZ formula. This also requires to implement a prescription for the classical
limit, J(k) = limp_—0 M5 a la KMOC. In light of the promising developments of [166,220,299,319] it is
desirable to understand how a double copy structure turns out to be realized in classical radiation, and

more specifically, how it follows from the BCJ construction in QFT.
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We would like to extract the classical piece of the amplitude in such a way that the double copy
structure is preserved untouched in the final result. Taking the classical limit of (7.87) however does not
show explicitly the double copy form of the classical amplitude in (3.45), as we will see in a moment.
This was first observed for scalar sources in [6], but is also true for the spinning case. We find that the
problem can be fixed if we write the double copy for inelastic scattering in a more convenient generalized

gauge.

Classical radiation from the standard BCJ double copy

Here we will use the usual KMOC approach to take the classical limit. For that, it is convenient to

introduce the average momentum transfer ¢ = 259

as we did in previous chapters. The re-scaled
momenta can be interpreted as a classical wave vector ¢ — hqg. Notice that momentum conservation
implies that the radiated on-shell momenta needs to be re-scaled as well k — hk. For spinning radiation
the classical limit was outlined in chapter 5 and requires to introduce the angular momentum operator,
performing the multipole expansion as we have described in the previous sections. We then scale such
operator as J — h~1J [58,102] and strip the respective polarization states [59]. Finally, for the case of
QCD amplitudes, one further scaling needs to be done in order to correctly extract the classical piece.

In reminiscence of the color-kinematics duality, we find that the generators of the color group 7% must

also scale as those of angular momentum, i.e. 7% — ™17,

In order to motivate our procedure let us first consider the 5-pt. amplitudes for both QCD and grav-
ity in the standard BCJ form we have provided. In other words, we want to see how the ingredients in
(7.84) and (7.87) behave in the fi-expansion. By inspection, the leading order of the numerators n; goes
as hY, and the sub-leading correction is of order A. Let us denote the expansion of the numerators as
n; = (n;) + én;h + - --. The denominators can also be expanded as d; = (d;)h3 + 6d;h* + - --. At leading
order, it is easy to check that (n3)=0, (n1) = (n2) and (n4) = (ns), whereas for the denominators we
have (d1) = —(d2) and (d4) = —(ds5). At sub-leading order ddy = dds = 0. Finally, for the color factors

we have ¢; — h3¢; for i =1,2,4,5 and ¢35 — A 2cs.

With this in mind, the classical piece of the QCD amplitude for gluon radiation reads

o0dy  dni—in (n1) ong (ng) (ng)ddy Omg—ons
MQCDy _ (n1)ddy _ dmy 2} _ [__ - — , 7.104
WEE = T @y T ) e ] T T @ (7104
where (M,,) : =limp_o M,. A similar expansion can be done for the gravitational amplitude given by
the double copy (7.87)
<M59,,.> _ <n1> (24 <§L1>6d1+ <TL1> X (5&1—5’&2) + ((5%1—57@) ® <’ﬁ,1> +5’ﬂ3 (24 (Sng
(d1,0) (d1) (ds) (7.105)
B <’I'L4> ® <ﬁ4>5d4+<n4> ® (5ﬁ475ﬁ5) + (5n475n5) X <ﬁ4> .
(da,0)? (ds)

Hence, we find that the classical piece of the gravitational amplitude (7.105) does not reflect the BCJ

double copy structure as expected. This can be traced back to the presence of % terms which will still
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contribute to the expansion even though the overall leading order (as i—0) cancels. We shall find a way

to make such limit smooth and preserve the double copy structure.

Generalized gauge transformation

In order to rewrite the quantum amplitudes (7.84) and (7.87) in a convenient gauge we proceed as follows.
Observe that the non-abelian contribution to the QCD amplitude (7.84) comes from the diagram whose
color factor (7.100) is c3, which is proportional to the structure constants of the gauge group. We can
however gauge away this non-abelian piece of the amplitude using a Generalized Gauge Transformation
(GGT) [67]. Recall that a GGT is a transformation on the kinematic numerators that leaves the amplitude
invariant. This transformation allow us to move terms between diagrams. For the case of the inelastic

scattering, consider the following shift on the numerators entering in (7.84)

n) =n; — ady,
nh = ng + ads,
ny =ng — ads + vds, (7.106)
ny = ng — vdy,

ng = ng + vds.

This shift leaves invariant the amplitude (7.84) since under it,
AM5QCD =—afc; —ca+e3) —v(eg — 5 —e3) =0, (7.107)

where we have use the color identities (7.101) in the last equality. We can now solve for the values of «

and v that allow to impose n5 = 0, while satisfying the color-kinematic duality for the shifted numerators

ny —ny=—-ny =0, nj—ng=nj=0. (7.108)
The solution can be written as
di +do+d
:fL’ ’Y:*ME- (7.109)
dy + do di +do ds

Explicitly these parameters take the simple form

ns ns

a=—"3 S E— 7.110
2q-k (¢>—q-k) 7T 20k (P qk) ( )

Importantly, this solution is general and independent of the spin of scattered particles as we wish to make

contact with the classical formula (3.45).

The new numerators (7.106) will be non-local since they have absorbed ns. However, they exhibit nice
features: They are independent, gauge invariant, and in the classical limit they will lead to a remarkably

simple (and local!) form. Indeed, the QCD amplitude (7.84) for inelastic scattering takes already a more
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compact form

MQACP — |G 2 1A S 7.111
5 d1+d2 n1+ d4+d5 n4 ( )

The gravitational amplitude (7.87) then is given by the double copy of (7.111) as follows

W@, @,

ME = , 7.112
where
d1d2 d4d5
dy = , = ) 7.113
V7 dy 4+ dsy 1T dy+ ds ( )
Explicitly, this gives
1 . 1 .
- = ak - ak (7.114)

dy prka(q—k) 2gk—2pi-k)’ dy  pskq(q+k) (2qk+2psk)

When performing the double copy, there will in principle be a pole in ¢-k both in (7.112) and in the
classical formula (7.116) below, which is nevertheless spurious and cancels out in the final result. This is
the spurious pole we saw in (3.45), arising from the t-channel of the gravitational Compton amplitude.
Notice we have reduced the problem of doing the double copy of five numerators to do the double copy of
just two (the dimension of the BCJ basis). Indeed, now we can take c5 — 0, setting co — ¢1 and ¢5 — ¢4.

Further fixing ¢; = ¢4 = 1 we obtain the QED case (see (7.100)) with

li /
M M

The double copy formula (7.112) agrees with (7.87). Remarkably, we can use (7.115) as a starting
point for the (classical) double copy since the numerators nj and n/, can be read off from MgED from its
pole structure. This has the advantage that the classical limit of the amplitude will be smooth and will

preserve the double copy form.

Classical limit and Compton Residue

In the gauge (7.106), extracting the classical piece of the gravitational amplitude (7.112) is straight-
forward. The shifted numerators scale as n, = (n}) + on;h, whereas the denominators scale as d; =

(d})h? + 6d.h3. With this in mind, the classical piece of the gravitational amplitude (7.112) is simply

I (Sa,: ~/(8q,8 /(Sa,s ~1(8q,8
<Mé3a®§a73b®gb)> _ <n1( 9b)> ® <n1(s 9b)> N <n4(9 b)> ® <n4( 3b)>

{d1) (dy) ’

(7.116)

which shows explicitly the double copy structure. Indeed, the classical limit of the QED amplitude is
naturally identified as the single copy in this gauge:

/ (sa,sb)
QED,(sa,sp)\ (7 )
M = +
s ) (dy) (dy)

(™)

(7.117)
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Taking the classical piece of the denominators (7.114) leads to

L gk 1 ¢k
() 2(pk)* (2 —qk) (di) 2(psk) (¢ + k) (7.118)

As a whole, the formulas (7.116), (7.117) and (7.118) correspond to the construction given in chapter 3

there

7\ _ _2 _there
) n i

and chapter 5. The conversion can be done via (n} T ¢, where n is a local numerator in

(3

the classical limit. We have thus found here an alternative derivation which follows directly from the

standard BCJ double copy of M5, up to certain details we now describe.

Suppose first that the numerators (n’) do not depend on ¢2. Then we find they can be read off from
the QED Compton residues at ¢> — +¢ - k. Indeed, using that (7.117)-(7.118) should factor into the
Compton amplitude A4 together with a 3-pt. amplitude As, we get

Sa,S 2(pk 2 s s
<n;((a,(b)> _ (p k) <A?ED, Y <A§2ED, bt ) (7.119)

q-
where the contraction in p denotes propagation of photons. This guarantees the same is true for the

gravitational numerators in (7.116), that is

<n{(8a78b)> ® <n;(3a73b)> _

7

A(p-k)4 - -
_ (p-k) <Aia®3aa,ul/> % <A§b®3bvl“/> (7.120)

9

where the contracted indices denote propagation of fat states. Thus we conclude that the classical limit
is controlled by Ay and As via the Compton residues provided the numerators do not depend on ¢2.
Considering the scaling of the multipoles J — A~ '.J and that ¢ — Ag, we see that this is true up to dipole

~J order. We will confirm this explicitly in the cases below.

At quadrupole order ~.J?, associated to spin-1 particles, we will find explicit dependence on ¢? in the
numerators. Nevertheless, it is still true that the classical multipoles are given by the Compton residues
as we have extensively exemplified previous chapters, specially chapter 5. Indeed, as a quick analysis
shows, the ¢? dependence in M5 that is not captured by them can only arise from 1) contact terms in M
or 2) contact terms in My entering through the residues at p-k — 0. Both contributions can be canceled
by adding appropriate (quantum) interactions between the matter particles. Note that canceling such

contributions in the QCD side will automatically imply their cancellation on the gravity side.

Let us now provide some specific examples of how to write the amplitudes (7.112) and their classical

pieces (7.116)-(7.117), in the gauge (7.106), for both, the 1 ® 1 and the 0 ® 1 theories.
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Case s, = s, =0+1

We want to compute the gravitational amplitude for inelastic scattering M5(0®1’0®1) using (7.112). The

scalar numerators are given by

nll(o,o) _ 3 8pi-k (p1-F-p3—q-F-p3) +2 (4pz'k—4p1'p3—4'(q —k))q-F-p ’ (7.121)
q.

n/©0) _ 38psk (p1-F-ps—q-F-p1) +2 (4p;~k—4p1~p3—q-(q tk)aFps (7.122)
q-

Observe these numerators contain ¢? dependence. Nevertheless it is completely quantum as the only

classical piece is the leading order in ¢ where Ré‘”:p[”(nﬂqfk)”], and m=—1,n73 = 1. The numerators

for the spinning case are constructed following the considerations of Sec. 7.4.1 and give

2¢3
’“’”qk{ [(*—q-k+4p1-p3) ¢ F-pr+4(g—p1)-kp1-F-ps] e1-e2€3-c4+

{8 (q=p1) -k qe2 quel Fou +4[qk (201,00 +(q—p1) ko) +p1°k kpqy] e1-Frea+
4q, (2q-1 p1-k—k-e1 q-k) €5 Fop— [4]71-/6 qakgagasg]—i—q-k k-e1 (2¢9—k) ~52} F.+

[2(q—p1) -k (4qupT Foa+pi-k Fu) +4p1u (29 — k), g-F-p1] e1-e2—

(7.123)
4 (p1-k qpF*7 +q-kp1,F42¢° q-F-p1) €1u€20) (2—k), —4q-k q-F-e162, (2¢—Fk), }
X 5[“52]—% 4q-e2 (q—p1) -k ps-F-e142 (2q-c1 p1-k—q-k k-e1) p3-F-e9
—8p3uquq-F-p1€[1”€Z] - 2p1-kp3-61q-F-€2—4q'kpSHP?Faua[f&Z]—
2(2q—p1) ‘kps-eaq-Frer + (qk (¢ —q-k+4p1-ps) — 2 (q—p1) -k ps-k) 51~F~52]53-54}.
The numerator nifl’l) is given by exchanging particles a <> b in n;(l’l), with ¢ — —q. The result expressed

in terms of these numerators is far more compact than the Feynman diagram expansion obtained from
the covariantized Lagrangian (7.93).

Now, by taking the classical limit of the numerators (7.123) we can compute the amplitude <M5(0®1’0®1))

via (7.116), using also (7.125) and (7.118). In the multipole form of the previous section, the numerators

read, up to dipole order,

<n/1(1,1)> _ <n'1(0’0)>7463 [pl.Rg.kF.JlfquRg.Jl+pl.]€ [F, R3].J1 *pl'F'ﬁs'pl} ,

L ) (7.124)
<n21( ' )> = <”:1(070)>*463 {PS'Rl'kF'J3*F3qR1'J3+p3'k [F, Ri]-J3 *P3'F'R1'p3} .
where
8e3 8e3
("N =""p1-Ry-Fpr, (nf*”)=""ps-Ry-F-ps, (7.125)

Tk Tk
Notice up to the spurious pole g¢-k, which cancel in formulas (7.117) and (7.116) via (7.118), these
numerators agree with the classical ones provided in (3.46) and (5.25). This indeed provides the direct

connection for the derivation of classical radiation using the BCJ or the Compton residues of chapter 3.
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Casesa:sb:%Jr%

The final case for inelastic scattering in the gauge (7.106) is given by the factorization of the gravitational
amplitude (7.112) as s, = s = % —+ % For the QCD theory, the shifted numerators entering in (7.111)

are

11y 4e3F, _ _ _ _ qk _ _

”/1(2 = 7{},,{ z [q[apf]Uﬂ“muﬂuus‘f'(q—m)'k UzV[aUWMB]US—TL Uﬂ[aﬁ’ﬁ]WUWNMUS]» (7.126)
11y 4e3F, _ _ _ _ gk _ _

ny?? = qk 2 (gl pS tay ugtiyy,u +(q+ps)k gy ugtinyus 4 ay 'y Iy ugta ). (7.127)

Analogously, their charge conjugated pairs read

3,1y 4ed _ _ _ _ gk _ _
A ak aﬂ[q[‘)‘pf}uw“vzvswvﬁ(q—m)-kvw[avzvswﬁ]vﬁjvw‘ My gy, (7.128)
_i(3.4) _ 4 I T 550,51y P oy L G pn s Bl
iy = e s [0 Py U3y 0017, 02+ (q+ps) -k D37 Y va01y U2+TUSW Yoy gty (7.129)

lgl lgl
The gravitational amplitude M5( 292:292) o he computed from the double copy of the above numer-
ators with their charge conjugated pairs, using the operation defined in (7.90). The result is in complete
agreement with the Feynman diagrammatic computation from the Lagrangian (7.99).

On the classical side, although the classical limit of these QCD numerators agrees with (7.124) (with

1ol lgl
appropriate conjugated numerators and up to dipole order), it is clear that the double copy (M, 5( 293393 )>

091,091
M ))

differs from ( . For instance, as the double copy for the former is symmetric in the numerators

the axion field has no radiative amplitude, whereas for the latter it is unavoidably present.

19l lgl
We do not provide the explicit result for <M5(2®2’2®2)>, but let us mention that it is naturally
computed using the symmetric double copy product defined in chapter 5 which preserves the multipole

structure of the amplitude, and recovers the results of previous chapters.

7.5 Outlook of the chapter

Based on the analysis performed along refs. [187,190,302,320,321] and in the current work we can draw

an equivalence for lower spins between the following three statements:

1. The cancellation of # divergences in the tree-level high-energy limit of single matter lines.
2. The “natural value” of the gyromagnetic ratio g = 2.

3. The double copy construction for the single matter line (A,,) amplitudes.

Let us remark that this equivalence not only seems to show up in QFT amplitudes but also in classical
solutions [302]. One instance of this is the so-called vKerr solution in electrodynamics which has been
the focus of recent studies [59,104]. This EM solution can be double-copied into the Kerr metric via the

Kerr-Schild ansatz [322], and also features g = 2. Since these classical solutions contain the full tower of
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spin-multipoles, and so do higher spin particles in QFT, a natural question that arises is: How much of

the above equivalence can be promoted to higher spins?

A hint of the answer may come from the 3-pt amplitudes first derived in [68] which are directly related
to the aforementioned classical solutions [55,57-59,103,104], at least at leading order in the coupling.
In chapter 3 and chapter 5 we have emphasized their double copy structure, which fixes not only g = 2
but also the full tower of multipoles in both gravity and QCD side. Here we have pointed out that these
objects are in correspondence with higher spins massless amplitudes, thereby providing an underlying
reason for double copy. Quite paradoxically, the latter are known to be inconsistent [161] whereas the
former have an striking physical realization. To elucidate this contradiction we recall that massless higher

spin amplitudes only fail at the level of the "4-particle" test [68,161].

Indeed, the higher spin 4-point (Compton) A4 amplitudes suffer from ambiguities in the form of
contact terms and from % divergences, although recent progress to understand these has been made
in [55,58,102,103], we will go back to this point in chapter 8. The importance of this object at higher
spins was emphasized in [57] and proposed to control the subleading order associated to gravitational and
EM classical potentials. These potentials emerge in the two-body problem [55,103,130,188,207,280, 323]
(particularly outside the test body limit) and hence their understanding could have not only theoretical
but practical implications. In fact, the relevance of the full tower of A,, amplitudes lies in that they have
been proposed to control the classical piece of conservative potentials at deeper orders in the coupling

[44-46,280, 324].

In chapter 3 and chapter 5 we demonstrated the latter fact is true also for radiation: At least at order
~r3 and at spins s < 2 the non-conservative observables are controlled by A4 and As instead of the full
My amplitude. Here we have rederived this construction from a BCJ double-copy perspective and use it
to make contact with the results of Goldberger et al. [31,32,80,117,325] for the full massless spectrum
including dilatons, axions and gravitons. As we have mentioned it is remarkable how via QFT double
copy we have found the precise couplings of these fields to matter, besides the aforementioned g = 2
condition. On the practical side it is important to evaluate the relevance of these additional fields, as well
as string theory corrections, from the perspective of effective classical potentials arising from amplitudes,

see e.g. [326,327] for recent related results.



Chapter 8

Spinning amplitudes and the Kerr
Black Hole

8.1 Introduction

In previous chapters we have studied classical electromagnetic and gravitational observables directly from
the classical limit of spinning quantum amplitudes. We have learnt how to approach the conservative
and radiative sectors for both, unbounded and bounded scenarios to leading and subleading orders in
the perturbative expansion, but keeping spin effects. In particular, chapter 5 we have learned how the
burst memory waveform for the hyperbolic scattering of classical astrophysical objects is controlled by
the universality of the gravitational Weinberg soft factor. In the same way for the bounded scenario,
in chapter 6 we have shown how the spinning 5-point amplitude encapsulates the radiative dynamics
of a coalescing BBH with Kerr components, whose spins are aligned with the direction of the angular
momentum of the binary. These amplitude description of classical processes hints a strong correspondence
between the SO(3) spin multipole moments of the minimal coupling classical gravitational amplitudes,

and the spin multipole moments of the Kerr acBH.

Currently, it is in general widely accepted that minimal coupled spinning amplitudes indeed encode
vast part of the information encoded in the Kerr BH. In particular, and since as already mentioned, the
exponential structure of the gravitational 3-point amplitude can be mapped to the exponential structure
of the linearized effective metric for the Kerr BH in momentum space, as shown in the seminal works
[58,103,104], which were at the same time inspired by previous work by [188,196,207]. This fact was then
used to construct two-body observables for the conservative sector up to 2PM and to quartic order in
spin [58,88,101], whose results are in agreement with other approaches to the two-body problem such as
the worldline EFT approaches (see for instance [89,257,328,329] ) and EFT approaches [54,330] . In [257]
it was shown how the predictions for the aligned spin 2PM scattering function of [58] agree up to third

order in the BH’s spins result expected from self-force computation'. However, a deeper understanding of

n this approximation, the two-body problem is assumed to have one black hole of mass M and the other with mass
m, so that m/M < 1.

146
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Figure 8.1: Triangle leading-singularity configuration [7]. The gravitational Compton amplitude is glued
to two 3 point amplitudes, where the internal lines are on-shell. The Leading singularity corresponds
to the loop integration of this amplitude, where internal gravitons are soft as compared to the external
massive lines.

the agreement of this different approaches to the two-body problem is needed. If it is true we understand
very well how the 3-point amplitude contains all the spin structure of the Kerr BH, we have learned that
it is not the only building block in the construction of two-body amplitudes, but instead we have a full
tower of A, amplitudes which can be used to construct unitarity cuts to higher orders in perturbation

theory.

This then calls for a study of these A,, amplitudes and their direct correspondence to the Kerr BH. In
this chapter we aim to initiate such study for the simple cases n = 3,4. In particular, we will review how
for n = 3 we reproduce the expected linearized Kerr metric solution, whereas for n = 4, we will argue A,
is an effective description of the low energy regime for the scattering of gravitational waves off the KBH,
the latter of which is traditional studied using BHPT. At 2PM, these amplitudes are sufficient to obtain

the aligned spin scattering function thought the triangle Leading-Singularity [7, 58], of Figure 8.1

This chapter is organized as follows: In §8.2 we study in more detail amplitudes A, for n = 3.4
in spinor-helicity variables, and show in the infinite spin limit, they can be arranged in an exponential
form, as originally proposed by [58,60]. In §8.2.1 we show how to extract the classical information of such
amplitudes. For A3 we indeed recover the exponential form of the linearized Kerr effective metric, whereas
for A4 we recover the classical exponential form suggested by the on-shell heavy particle EFT of [60] .
In §8.2.2 we use the classical Compton amplitude to study the low energy limit for the scattering of a
gravitational wave off the Kerr BH, up to fourth order in the spin of the BH. Spin induced polarization of
the wave after the scattering process is discussed. In §8.3 we show the classical A4 can indeed be used to
reproduce the 2PM scattering angle computation of [58]. We leave for appendix F Teukolsky formulation
for the scattering of the gravitational wave off Kerr, and argue it agrees with the amplitudes derivation

of the present chapter up to fourth order in spin.

This chapter is mainly based on work [84], as well as work in progress [85].
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8.2 Exponential 3 and 4 point spinning amplitude

Following [58], and as reviewed in §2.4, in terms of the angular momentum operator in spinor helicity
variables, the gravitational 3-point and 4-point amplitudes can be put into the exponential form (2.57)
and (2.59) respectively. For As, in chapter 5 we saw how an analogous formula holds in covariant notation
up to quadratic order in spin, and in §5.3.1 we provided a local form of the 3-point amplitude to all orders
in spin in D = 4. For the 4-point amplitude in covariant form, such exponentiation is not evident, whereas

in spinor-helicity variables it is immediate to get as given in (7.47) for the opposite helicity configuration?.

In this section we aim to extract the classical limit of amplitudes (2.57) and (2.59), and show they
agree with the classical description of the Kerr BH. Let us rewrite explicitly the amplitudes (2.57) and
(2.59) for the reader’s convenience

oy I Py J*
AS = A0 i/ AS = A0 ZZpve 1
§x (alewp (2200 ) le) AT = 43 x (alenp (22200 ) ey 1)

Recall that the graviton polarization vector is given by €., = €,€, and we have defined F,, = 2k €.

Let us also use momentum conservation, respectively for the 3-point and 4-point amplitudes as follows:

ps = p1t+k
pa = pr+ketks. (8.2)

In both cases we assume the graviton associated to ks to have negative helicity, and for n = 4 the graviton

k3 has positive helicity®. The gauge is fixed, in spinor-helicity variables, as [58]

V2132l V203)2]
GQZWO(€3:W. (8.3)

The operator J,, in (8.1) is a Lorentz generator in the spin-s representation. In this case we will realize
it as a fully quantum operator acting linearly on the representation |e). The exponential series truncates
at order 2s in the expansion of the exponential. The pole € - p will cancel in the cases treated here. As
anticipated, this effectively restricts S < 2 in the Compton amplitude Ay, since as mentioned in §2.4,
unphysical poles, which we shall not discuss in this thesis, arise from the exponent in the 4-point case
which cannot be canceled by the scalar amplitude. In previous amplitudes we have introduced a factor

of 7 in the exponent and defined the Lorentz generators with that extra factor.

As explained in §5.3.1, in order to extract the classical piece of the spinning amplitude, we need
to align the polarization states towards the same little group. We therefore introduce a four-velocity
vector u* together with a generic mass scale m. They will be mapped to the four-velocity and rest frame
mass of the classical object, respectively. However, the identification with the kinematic momenta in the
Compton amplitude is ambiguous, some choices are u = 2L P4 P (with m = M in the former cases,

and m? = p%,p = % in the latter), which will all coincide after we take the classical limit. Now, in

2 An analogous formula can be found for the same helicity configuration as we will discuss below.

3This is somehow opposite to the conventions used in chapter 3, where the k3 graviton had opposite momentum as
compared to conventions here, to connect to previous section, we simply take k3 — —k3 here, which also flips its helicity
from positive to negative.
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order to parametrize the degrees of freedom associated with spin in four dimensions we introduce the
Pauli-Lubanski operator

1 vpo
at = %6” Py Jpo (8.4)

This will play the role of the spin vector introduced in previous sections. However, this gives us only a
classical relation between J*” and the spin vector a*. Using spinor-helicity variables we can find an exact
quantum relation between operators. For this, note that in (8.1) the field strength F3" is self-dual since
the graviton k» has negative helicity. Consequently, the generator J,,,, is also self-dual and it is associated
with the chiral basis (2.50), i.e. JH = %e“””"JpU. 4 We use this property to rewrite the exponents of
(8.1) in terms of the spin vector (8.4) as follows. Following the discussion of §5.3.1 , for a given 4-velocity

ut we decompose the full Lorentz generator J*¥ into a spin and a boost operator:

BF = JWy,, S .= JH 9 nBY] (8.5)

One can easily check that u,S*” = 0, hence S* generates little group transformations on states |¢) and

shall be related to the Pauli-Lubanski vector a*. Indeed, from (8.4) one easily finds
1
a' = —e"Pu, S, & S = —me"Pu,a, . (8.6)

Furthermore, due to the self-dual condition on J*¥, it turns out that the boost and spin parts are indeed

related. From (8.4) and (8.5) we find:

B" = ima'. (8.7)

We can now decompose the exponent of (8.1). We proceed for both n = 3,4 at the same time, introducing

the generic field strength F),, = 2k,¢,). Using (8.6) and (8.7) we have

FuJ" = F,,S5" 4+ 2u,F"B,

= —me"PFuya, + 2tmu,F* a, . (8.8)
Regarding F},, as self dual, which follows from the contraction with J#” on the LHS, we finally get
Fy J" = acPM4imu,F" a, . (8.9)

The =+ sign accounts for self-duality or anti self-duality of the Lorentz generator J,,,, or equivalently, the
helicity associated to F),,. We remark that the classical limit has not yet been applied. Note that the
LHS does not depend on the four-vector u#, which we are free to choose. In any case, for v = £, 2 2

we can now rewrite (8.1) as

4More precisely, we have [58]

Fy 0, JH F3 0, JH
(eal exp (7) le1) = [ea exp | 2227 1y,
2i€2 - p1 2ie3 - p1

i.e. using the negative helicity graviton also changes the chirality of the Lorentz generator.
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A5 = AY x (e3]exp <2uza> le1), A7 = A x (e4] exp (2uza> le1) (8.10)
U - €2 u - €9

For n = 3 we have u - ko = 0 from the on-shell conditions. This automatically implies that the pole u - €5

cancels and we have

Ag = A x (53|e_2k2’“|51>. (8.11)

For n = 4, the pole does not cancel in the exponential, as u - ks # 0 generically. Since the prefactor A9
contains a term (u-e)?, the form (8.10) is valid only up quartic order in the expansion of the exponential,

i.e. up to spin S = 2. We can encode the unphysical pole in the vector

poo Wk 8.12
w u - 62 62 ’ ( : )

so that
A = AY x (g4]e2wrahza) gy (8.13)

The polarization states |e1), (¢4] are associated with initial and final momentum, p1, ps respectively.

— D

It will be convenient to rewrite them as associated to the 4-velocity u*. For instance, taking u = £, we

can write

py = einMkatha) By, efuM2<kz+ks)-ap1 7 (8.14)

Here p is a scalar which explicit expression we do not need, but which is given explicitly in [59]. The

analogous formula holds for n = 3; in this case three-particle kinematics yields uM? = 1, hence

ps=e "y, (8.15)

This implies that we can write
lea) = e ), n=3 (8.16)
lea) = emmMthatharalhy - p =y (8.17)

where |¢]) is a polarization state associated to p; = Mwu. Thus we have the following QFT amplitudes

A5 = AY x (e ]|eFroe™ k2 ) = AY x (¢h|e F2 ey, (8.18)
and
A§ = A x (g} |erM" (Ratha)ag2wka)alc,). (8.19)

The constraint u-a = 0 implies that the Pauli-Lubanski vector a* only yields three independent operators.

In the rest frame of u* they satisfy [a’, a’] = €% ay, or covariantly
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[ak,a”] = M~1SH = PP qu, . (8.20)

In eq. (8.18) only the combination ks-a appears. Furthermore, note that in this case the boost component
ek2¢ commutes with the amplitude e~2*2'¢, This is not the case for eq. (8.19) where indeed all three
combinations ks - a, k3 - a,w - a appear and do not commute. As the spin is the only quantum number
available, we assume that in general these combinations span a basis of operators in the space of states

associated to u*, namely |e1), (¢]].

8.2.1 Classical Limit

As argued in the previous section, the operator O in the contraction (¢ |Ole1) can be attributed a classical

nature. We note that the three-point amplitude (8.18) is invariant under such limit

(A5) = (Ag)er=, (8.21)

whereas for the four-point (8.19) we obtain

wh kS kY ~h, a' ~1/h. (8.22)

where the scaling of w* follows from its definition (8.12). Together (8.20) this implies

[(kz + kd) - a, (w - kg) . a] ~ h (823)

i.e. the exponents of (8.19) commute in the classical limit. Furthermore, from the explicit expression

in [59] we see that uM? = 1+ O(h), hence the limit of (8.19) becomes

A3 = A} x (e |e@utha=ka)alc )y L O(R) = | (A]) = (A}) x eZwtka—hz)-a, (8.24)

This result agrees with the one obtained in [60] from Heavy Particle EFT. This is expected since we have
argued in [84] that the limits & — 0 and M — oo are equivalent. Note that in the last step of (8.24) we
have stripped off the polarization states |e1),|e]). In this case, a* is interpret as a classical spin-vector

and not an operator.

In an analogous way, one can show that the classical limit for the same helicity configuration of the

gravitational Compton amplitude is simply given by

(A7) = (AD)elkatha)e, (8.25)

which agrees with the result of [60] from Heavy Particle EFT.
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Figure 8.2: Left: Schematic representation of the correspondence between the spin multiple moments of
the Kerr BH and the minimal coupling 3 pt amplitude. Right: Graphic representation for the scattering
of a plane wave of helicity h, off the Kerr BH.

8.2.2 Gravitational wave scattering

Amplitude (8.21) precisely agrees with the exponentiated spin structure of the linearized Kerr metric as
shown in the seminal work [58]. The natural question to ask is, what does A4 have to do with the Kerr
BH? In the follows, and in appendix F we will argue that (8.24) corresponds to a effective description of

the low energy regime of the a gravitational wave scattering off the Kerr BH.

For that let us consider the gravitational analog of the Thomson scattering process in QED as reviewed
in chapter 3. In Figure 8.2 (right) we do a schematic representation of the process from an amplitudes

perspective (see also Figure 3.1): A wave of helicity h = 2 is scattered off the Kerr BH.

In terms of the kinematics (3.9)° in the classical limit, and using a generic orientation for the spin

vector a* = (0, ay, ay,a,), in the BH rest frame, amplitudes (8.24) and (8.25) become

~ k2M?cos?(0/2) 1 5, 1 1 4
(AfT) = I (0)2) 1+ F(w,a,0)+ 5Jf(w,a,@) + 5Jf(w,a, 0)% + JJT(w,a,@) l. (826
(A7) =[Ain ] L. (8.27)
_._ K*MZ%sin"(0/2) 1 5 1 1 4
<AZ > = 4$m2—(9/2)[g(w,a,9) + ag(w,aﬁ) + gg(w,a,e)g + Ig(w,a,ﬁ) ] s (828)
(AT =[(AT )]sy (8.29)

where we have truncated the expansion at a* (S = 2), where the Compton amplitude has physical

meaning, and we have further used

Flw,a,0) = —2a,wsin®(0/2)+ a,wsind — 2(a, — ia,)wtan(/2), (8.30)

G(w,a,0) = 2a.wsin®(0/2) — aywsind. (8.31)

which come naturally from rewriting the exponent in (8.24) and (8.25) respectively, in terms of the
scattering angle, using kinematics (3.9). We have in addition written all of the helicity configurations
entering into the scattering matrix (3.16), which follow from changing the direction of the massless
momenta. Up to a?, one can easily show that the same result can be obtained starting from the quadratic

in spin classical Compton amplitude derived from the covariant spin multipole double copy, and written

5Here we take k3 — —k3 to use the conventions p; + k2 = k3 + p4.
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in vector notation in (5.54), once we use (3.17) and (3.18) as the polarization states for the incoming
and outgoing wave, respectively, and the kinematics (3.9) in the classical limit. This provides a strong
consistency check for the amplitudes written in both, vector and spinor notation, and the validity of the

spin multipole double copy introduced in chapter 5.

Using (3.15) we can then compute the unpolarized differential for the scattering of gravitational waves

off the Kerr BH. Up to quartic order in spin it is simply given by

- 2772 . F)2 F)3 Pt
d >: G*M [c088(9/2)(1+2f+(2§) +(2;) +(2;))

dQ sint(6/2)
2 3 4
+sin®(0/2) (1426 + (2;) + (25!) + (QZ) )]+ o),

(8.32)

where F = .7-'|a _o» and we have used k? = 321G. We then see the a, component of the spin corresponds
y=

to just a phase in the amplitude, unimportant for the cross section, as one could have guessed from

the exponential structure of the amplitude. Interestingly, the only spin components contributing to the

actual observables are those with non zero projection on the scattering plane.

The first difference we notice when comparison to the Thomson differential cross section for the
scattering of electromagnetic waves off charge compact objects (3.21) (set f,g — 0 for the moment) is
that unlike for the latter, (8.32) does diverge in the § — 0 limit. This is a forward divergence and is due
to the long range nature of the gravitational potential. There is a second difference when spin is included,

which manifests in a spin induced polarization of the incoming wave as we now discuss.

8.2.3 Spin-induced Polarization

In general, incoming waves can be linearly polarized, that is, they can be written as a superposition of
circularly polarized waves. When impinging on the black hole, waves of different circular polarization can
scatter by a different angle. This in turn will induce a polarization of the wave after scattering, which
will be reflected in the difference between elements of the scattering matrix (3.16). To see this explicitly

we compare the scattering cross-sections for a left (+) and right (=) circularly polarized incoming wave:

do4)

64772M2W = (Ap ) (A )" + (A (A )"
do) (8.33)
6ar22? D) 4yl Al Ay

We have found from (8.26-8.29) that opposite helicity amplitudes are related via (A) — (A)*, accompanied
by the expected time reversal w — —w, map. This is more transparent in the spinor-helicity formalism,
and can be seen as a consequence of CPT/crossing symmetry: Opposite helicities are related by chiral
(i.e. complex) conjugation in the amplitude. This induces a parity transformation which flips the sign of
a*, which corresponds to a pseudovector as it describes the orientation of the rotating black hole. Due
to the fact that spin only enters through the combination aw the map a* — —a* is of course equivalent

tow = —w.

From the above discussion, using (8.33), we easily conclude that
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d<dUQ+> - {dizggq (8.34)
(w——w)
Following [127,129,331] we also introduce the polarization measurement
L~
aQ aQ

According to (8.34) the numerator of the polarization depends only on odd powers of aw in the cross-
section, and in particular vanishes for the Schwarzschild case. Let us for simplicity restrict here to the
polar scattering case, where the impinging wave moves along the direction of the spin of the BH, i.e.
a; = ay = 0. Let us also consider the linear in spin term. Extension to general spin orientation is
straightforwards to compute using the full expression for the differential cross section (8.32). In this case,

the spin induced polarization simply reads

cos®(6/2) — sin®(6/2)
cos®(6/2) + sin®(6/2) ’

P = — (4a.|w|sin*(0/2)) (8.36)

which for § — 0 becomes P = —a,|w|#? and thus recovers the classical result using BHPT [127] (see also
appendix F). It however disagrees with the prediction of [128,129] to linear order in spin. The reason for
this mismatch is that [128,129] only considered the graviton exchange diagram between the wave and the
BH, whereas in here we have shown in order to recover the classical result computed BHPT, one needs
to consider the full classical gravitational Compton amplitude. Indeed, in appendix F we argue the cross
section (8.32) indeed matches in a spectacular way the classical result obtained by solving the Teukolsky
equation. This then allows us to conclude confidently the minimal gravitational Compton amplitude is
indeed a equivalent description of the scattering of gravitational waves off the Kerr BH. Let us stress this
is the first time a direct connection between the classical piece of the gravitational Compton amplitude
and the Kerr BH is made. Up to linear order in spin, the wave scattering process is independent whether
the compact object corresponds to a Kerr BH or any other spinning of object; by the fact the results for
the spin monopole and dipole are universal. However, at quadratic and higher order in spins, the minimal
coupling Compton amplitude uniquely describes Kerr BH and not any other compact object, due to its

unique spin multipole structure.

8.3 2PM Scattering Angle and the Holomorphic Classical Limit

Let us in the remaining of this chapter show the classical result for the gravitational Compton amplitude

can indeed be used to derive the aligned spin scattering angle for the scattering of two Kerr BHs, at order

4

G? and up to a*. This will recover the result obtained from the Holomorphic Classical Limit (HCL)

computation in [58].

Our aim is to compute the triangle leading singularity of Figure 8.1

i [ oy

= ST o g A (P Pa kKD AS™ (Py =L =k (AT (< Pasl kD). (337)
LS

My
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where the brackets indicate that we take the classical limit of the indicated amplitudes. It gives the
scattering angle via the two dimensional Fourier transform from momentum space k; = (ks — k)1 to
impact parameter space b (see eq. (1.11) in [58]). The reason we can reproduce the HCL computation
starting from the classical amplitudes is that as it turns out, the HCL (i.e. § — 1 below) is contained
in the classical limit, and it corresponds to the special case where the momenta for the two internal
gravitons become proportional to each other®; this then implies that ks o k3 v w, which in turn makes
the basis for the spin directions with 3 elements to get degenerated to include only one element, which

corresponds to the direction in which the spins of the two BHs are aligned.

Let us start our computation by considering that the two incoming black holes have momenta P; and
P5 and spin a, and ay, respectively; likewise, the outgoing BHs will have momentum P, and Py, with
their spins unchanged. The HCL parametrization for the momenta of the massive particles in the center

of mass frame is [57,103]

Pr=[a] (Al + A (7],

Pa = 1] (A1 + 1A Gl + I3 3.

Py =[] (Al + A (n], (8.38)
Pa = B} (M + 5 (rl + A1

K =R (3] +0(8-1) = N (Al + 08— 1),

where K is the complex momentum transfer. The on-shell conditions Pf = Pf = m2 and Py = P} = m?,
impose the normalization for the spinors (Af)) = [Aj] = m, and (An) = [Ay] = m,. For the internal

gravitons the spinor helicity variables read

1 1 1
) = 5y (2= 0= 2 ) kel = 5 (8 = ) i + (4 B
4 b+l (8.39)
_ 1 B -1 1-y _ 1 2 2 '
) = o (S5 + ) el = g (88 - D+ (1= ).
We define the variables U, V and - from the massive momenta as follows
U=[AP1In),
V=[nlPL|X), (8.40)
PPy 1

T amy  VIo o2

SEffectively, the HCL is a complexification of the classical limit which allow us to align k2 and k3 without having to take
the scat angle (£) in (8.45) to zero, ass opposite to the case in which the we enforce k2 o k3 in the standard classical limit.
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which satisfy the useful identities [103] :

(B-1)?
e
[Py m) NPy A = UV — mim.

mi 4 (1—-B)\V + EU,

PN = — 3 (8.41)

The HCL is achieved by taking 8 — 1 (or equivalently 5’ — 1). In this limit, the variables U and V are
related to v via

U =mamy(1 — )7, (8.42)

V =memp(l+v)y.

To evaluate the LS (8.37), let us consider first the non spinning piece of the amplitudes entering in the
integral. The classical piece for the scalar Compton amplitude (2.60), in the gauge (8.3), is simply given
by

(€2 - )’ (é3 - )’ (sc —mg)®

G =

where s. = (P + ko)?, and t = (P, — P,)?, i.e. the t-channel for the Compton amplitude coincides with

(AY(Py, — Py, ki k) = 320Gm? (8.43)

2
mst

that for the massive 4-pt amplitude. We have taken the classical limit of the optical parameter £ as given

in (3.12) by means of the classical identity (3.11). In the HCL the Compton Mandelstam invariants read

2
—1
Sc:mrzzfmamb’yyz (671)3
512 4 (8.44)
t:mgi( — ) .

Then, we can easily check that in the HCL parametrization (8.38) and (8.39):

2, 2(1— y2)2
— - 4
(&) = —"v Iy (8.45)
and in the gauge (8.3), the scalar classical Compton amplitude becomes
QN — 1 2\\4A,2
(AP, — Py, ki ky)) = 3amGm2 Y =L+ y7))y" (8.46)

¢ 16022 (1 — y?)?

In the same way, it is straightforwards to see that in the HCL, the scalar piece of the 3-pt amplitudes
evaluates to

(AS(Ps, —1,—k3 ) (A (= Py, 1, —k])) = 8rGmj. (8.47)

We now turn our attention to the spinning pieces of the amplitudes. For that, it is useful to write the

classical spin vector for the BHs in terms of the SL(2,C) sigma matrices

(") = = [(0")aau® — uaa(3*)*] + O(h), (8.48)

1
4
where as mentioned before, u can be chosen to be the velocity of the initial or the final BH, or the
average velocity. Quantum mechanical corrections arise if we include contributions to u coming from the

gravitons momenta.
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Let us choose for instance u = %. Then, using (8.12) as the definition for w*, and the kinematics in
the HCL (8.38-8.39), together with (8.48), it is straightforward to show that to leading order in 1 — §,

the classical basis of spin {w - a, k3 - a, k3 - a} maps to

v(1-9?)°

4y (v — 2y + vy?)

2
ko — iK(ll_iy), (8.49)
Y

w — 1K

1—
ks — —iK(i,
4y
note that in the HCL k3 — ko = K = |A)[A|, which turns take the exponential piece in (8.24) into

. 14y —2vy g
(2w th3—k2)an _y oTig, iy B e (8.50)

and analogous the product of two exponential for the 3-pt amplitudes (8.21) becomes

(8.51)

Putting all these ingredients together, the LS (8.37) evaluates to

i2m2GPm2mi~> dy[2y —v(1 + y?)]* . ( 1+y%—2vy Ko (1 +9?)

Keay ), 8.52
v2y/—t s 2my3(1 —y?)? "y —o(1+4?) 2y ab) (8.52)

which recovers the result of [58] up to a}. The evaluation of the integral was done in the same reference.

As last comment, in principle in the computation of the leading singularity in Figure 8.1, a sum over
the exchange graviton polarization is needed. This means, the same helicity Compton amplitude (8.25)
needs to be included in the computation. One can however check explicitly such configuration produces

vanishing contribution to the scattering angle in the aligned spin setup.

8.4 Outlook of the chapter

In this chapter we have argued the minimal coupling classical amplitudes A, for n = 3,4 are indeed
very related to the Kerr BH by means of the unique spin multipole structure fixed for minimal coupling
amplitudes, which map directly to the spin multipole moments of the Kerr BH. This matching further
clarifies the mismatch between the Feynman diagram prediction for the spin induced polarization made
by Barbieri and Guadagnini [128,129] to those of BHPT by Dolarn [127] at linear order in spin. In

particular, the spin induced polarization, had the simple pattern for haves of helicity h < 2

P = _phsinh (4a.|w|sin*(0/2)) [cosh2 (2a|w| sin*(0/2)) + h? sinh? (2a.|w|sin*(6/2))] - ,  (8.53)

as computed by the author of this thesis and collaborators in [84], which for § — 0 is simply ph) —
—ha,|w|6?, disagrees with the BHPT result (8.36) if extrapolated to h = 2. The solution to this dis-
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agreement is of course to include the additional diagrams that restore gauge invariance of the amplitude.
Result (8.53) recovers those in [129,331] for A < 2 at linear order in spin, which needed only from the

one graviton exchange diagram.

In appendix F we check explicitly amplitudes (8.26) and (8.28) match exactly the classical result for
the scattering of a gravitational wave off the Kerr BH, using BHPT. Amplitudes computed from this
QFT approach are written in a closed form which in turn re-sums the infinite sums appearing from the

partial wave expansion as required from usual classical wave physics.

For spin S > 2, amplitude (8.24) needs to be modified. In particular, the unphysical poles arising
from w-a, can be removed by adding contact terms with unfixed coefficients. In [85] it was shown that
by matching to higher spin solutions of the Teukolsky equation, these coefficients can be fixed for the
Kerr BH. Explicit results up to spin S = 3 are provided, but their interpretation are beyond the scope
of this thesis. The BHPT solutions however disagree with the recent proposal in [91], where the free
coefficients of an ansatz for the higher spin gravitational Compton amplitude were fixed by imposing that
for the conservative 2PM binary black hole amplitude, certain spin structure observed at lower spins, is

conserved (see also [90]).



Chapter 9

(General Discussion

In this thesis we have presented a study addressing the computation of classical observables in classical
gauge theories and gravity directly from the classical limit of QFT amplitudes, using modern amplitudes
techniques such as double copy [67,135,144], spinor-helicity variables [68,152,160], leading singularities
and the HCL [57, 58], the KMOC formalism [59, 78, 78, 93, 130-132], the amplitudes to the Kerr BH
correspondence [58,84,85,103,104]. We have presented a detail study of amplitudes for a massive spinning
line emitting photons/graviton, 4,, both in (S)QED (QCD) and Gravity as they are the main building
blocks to compute two-body observables at leading and subleading orders in perturbation theory. Such
building blocks possess many remarkable properties such as soft exponentiation, universal covariant spin
multipole expansion, multipole preserving double copy, healthy high energy limit due to the fact they can
be constructed from dimensional reduction and compactifications arguments, and they are not polluted
with additional massless degrees of freedom (dilaton, axion) from the double copy. In addition, we have
shown the classical limit of A, amplitudes can be directly associated to represent classical processes in
both electrodynamics and general relativity. For n = 3, and in the (electromagnetic) gravitational case,
this amplitude encodes the same spin multipole structure of the (root) Kerr BH, as shown by the seminal
work of [58,103,104]. The n = 4 case on the other hand, describes the low energy limit for the scattering of
waves off classical compact objects with and without spin structures. For instance, in the electromagnetic
case, A4 recovers results for the differential cross section for the well known Thompson process, whereas
for gravity, A4 encodes the information for the scattering of gravitational waves off the Kerr BH. This in
turn open a new amplitudes-BHPT correspondence [84,85] , allowing to study complicated gravitational

scattering problems from simple QFT derivations.

We presented a detailed study of amplitudes in the electromagnetic theory, and show how soft theorems
provide an infinite tower of constraints on the KMOC formula for the computation of radiation. These
constraints can naturally be generalized to the gravitational theory and extended to subleading orders
in the soft expansion [109]. Understanding soft radiation is important since it encodes the so called
Gravitational Memory Effect (GME), as dictated by the infrared triangle [219]. This is a strong gravity
effect and although it has not yet been detected in the current GW observatories, preliminary analysis

[332] of available data from the LIGO/VIRGO GW catalog suggest that GME is very likely to be observed

159
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in the era of the advance LIGO/VIRGO detector, where an order of 2000 events will be needed to say
something conclusive. In addition, positive LISA prospects for measuring of the GME from the coalescing
of super massive BH even at red-shift values of ~ 5 for BHs masses of order 10° —10 M, are expected [15].
Furthermore, soft theorems being non perturbative can give information about radiation, and radiation
reaction to higher orders in perturbation theory [53,77,109,111,112,172,173,177-179]. On the other
hand, studding electromagnetic radiation rather than color radiation, simplifies the computations as
it avoids the complications introduced by the non abelian character the colour group, and permits to
obtain two-body gravitational radiation from KLT double copy properties of A,, theories at lower orders
in perturbation theory, which at the same time permits to easily remove extra degrees of freedom product

of the double copy.

Inspired by the early work of Holstein [188,207], Vaidya [196], Cachazo and Guevara [7,57] for
the study of spin effects in the conservative sector of the two body problem from minimal coupling
amplitudes (see also [58,103] ), we have introduced a detailed study for inclusion of spin effects in the
electromagnetic and gravitational theories for the radiative sector, as well as for one-body wave scattering
processes through the spin multipole double copy. Results for lower orders in the covariant spin multipolar
expansion naturally recover results from classical worldline computations [6,80,80,117], and extend them
quadrupolar order!. Extraction of the spin structure from QFT amplitudes in a vector notation in
general is a non-trivial task, and it is therefore more suitable to use spinor-helicity variables for such
endeavors, as we have exemplified through several parts of the body of this thesis, in particular, in the
identification of Compton amplitude with low energy solutions of the Teukoslky equation in chapter 8 and
appendix F. Additional approaches to include spin effects in vector notation such as the EFT formulation
of spin [54] or the worldline theory [89, 120,197,256, 328, 333-335] are also techniques of current use.
Studying spin effects is important since they encode information regarding the formation mechanism of
the binary system (see for instance [113-115]), and for nearly extremal Kerr BHs, the individual spins of

the binary’s components are expected to be measured with great precision by LISA [116].

Motivated by the non-universality of the bounded-unbounded character of the two-body problem
[4,97], we initiated the program of computing classical observables for systems in bounded orbits directly
from scattering amplitudes. Formulas for the radiated field were motivated by the classical worldline
computation [31] and the Feynman diagrammatic approach of [121], but we argued they can be seen as
a promotion of KMOC formalism to include generic particles trajectories. It is desirable to probe these
formulas from first principles as they could naturally account for radiation reaction forces captured by
the conservative amplitude (and therefore by the bodies EoM), which are added from balance equations
arguments to the objects’ EoM in the EOB formalism when addressing the radiative sector [95]. Guidance
from the Worldline QFT [233], or the in-in formalism [336,336-338], might be of great use in this endeavor.
In addition, it would be interesting to establish a precise dictionary between the soft expansion and the
source multipole decomposition for the bounded orbit problem. The reason for this is that soft theorems
are non perturbative and therefore encode all orders in perturbation theory, and higher velocity corrections

to the waveform, as dictated by the virial theorem.

n principle expansion up to hexadecapole order are possibles using the methods described in chapter 5.
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On the formal side of the double copy for spinning matter, we have shown how graviton coupling
to matter produce universal term in the Lagrangian description, whereas coupling of additional double
copy states such as dilaton and two-form field have non universal coupling. This led us to identify two
independent double copy theories producing spin 1 massive matter couple to gravity, we refereed to them
as the % ® % and the 0 ® 1 theories, as introduced explicitly in chapter 7. The former is a simpler theories
since it does not need quartic terms for the two matter line case, whereas for the latter, identification of
such contact terms was shown explicitly. The double copy spectrum of the % ® % theory was consistently
truncate, and shown to agree with the 4-dimensional double copy of [126]. It is nevertheless desirable
to complete the double copy spectrum for the case of general dimensions, and surpass the complications
introduced by higher Dirac structures, when allowing matter coupling to the two-form potential (See
appendix E.2). In addition, we have shown that double copy arguments fixes the gyromagnetic factor
g = 2, for spin 1-particles, in both, QCD and gravity. This in turn allows to identify spin 1 particles in the
QCD theory as W-bosons and not Proca fields [61,126,190], allowing in addition to remove divergences
in the amplitudes in the massless limit. A well-defined high-energy behaviour is then explained from
the fact massive amplitudes with a direct double copy application can be obtained from dimensional

reduction and compactification arguments.

Finally, in this thesis we have presented the first direct connection of the minimal coupling gravita-
tional Compton amplitude and the Kerr BH. We have shown how it perfectly describes the low energy
regime for the scattering of gravitational waves off the Kerr BH up to quartic order in spin. This pro-
vides a non-trivial connection of minimal coupling amplitudes and Kerr, and provides the basis of the
amplitudes-BHPT correspondence [84,85]. This is however just the beginning of this correspondence as
computing higher order spin corrections [85,90,91], extracting higher multiplicity amplitudes from BHPT,
understanding BH horizon dissipative effects [40, 82,83], as well as the description of BH quasi-normal
modes [339] from a QFT perspective remains to be open problems. Of particular importance are the
extraction of higher spinning amplitudes from Kerr, since this provides with guides for approaching the
problem interactive higher spin particles in QFT [340], and the extraction of higher multiplicity ampli-
tudes from BHPT, these are expected to be contained in higher G solutions to the Teukolsky equation,
which can be classified into loop corrections to the gravitational Compton amplitude, and higher mul-
tiplicity tree-level amplitudes, both of which are building blocks for computing two-body observables

involving spinning black holes.
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Appendices

A Computational details NLO radiation

In this appendix we walk through the computational details of several integrals given in section §4.4.2

A.1 Cancellations in the classical one-index moment at 1-loop
In this section we fill in the computational details for the cancellations announced by the end of §4.4.2.
e Proof of eq. (4.56)

Let us begin by walking through the proof of the statement of equation (4.56). We start from
1 o ~ .
feut-box = 1 [ g [[opeae ™15~ "2 = U7). 1)
where the integrand has the explicit form

74 feY
0" = =2 (@uQurn)” [ i [F o 0a )53 ()] 10 - e+ Drg-)| . 2

To evaluate this integral we can expand the momentum [ in an analogous way to the ¢ momentum in
(3.30 - 3.31), with say a; — f;, and @; — y; = p; - I. The resulting integrand takes the form (3.33),
and therefore we can evaluate the time and longitudinal components using integrating by parts one time

(3.34). That is, we can write

1 PN ~ ~ N A
U= / @2 dyadys (60 (528 (v2) = 3O )8 (w2)] 12 (12,11, ), (3)
with the identification of the integrand function

(Bop1+B1p2 +11)* ((Bap1+B1p2)*+13 —11-q1)
((B2p1+B1p2)%+17) ((Bopr+B1p2)?+(1L—q1)?)
((Bepr+B1pa)*+17 —211-q1) %

T Gom g2 ) (Bapr i Bipe - | Y

Fo Y1, yo, 1, 0) = —2¢* (Q1Qap1-po)’ l

where in addition to the l-expansion, we have used the expansion for the g-momentum (3.30), and set

z; — 0 using the support of the delta function §(p;-g) in (1). Next, to use (3.34) after integration by

184
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parts we need to evaluate the derivatives of the form

9 o

4g* o le-(le —qu)
GT/ w,ij = ?(Qz@jpi'pj) pj, 5p£6pz]l2(57, (5)

_ 2
N qL)

where one can check that only the first line of (4) contributed to (5). With all the tools at hand, it is
then direct to show that the integral (1) simplifies to

box]Me = g 1(@Q1Qop1-p)° 8, o] 8,0l [ 52 52 —ibg l-(i—gq1)
[cut—box] = [pz,ﬁpzpl —P1sP1 pz} dqrdlpe E0—q.) (6)

Next we do the usual change of variables ¢, = ¢q, + 1, so that

4 — 2
Da 9 B al B all |Q1Q2p1'P2 [ 59 s, _ipg, 4L

[eut—box] (Ve = = {pz,ﬁpz Py =p1,spy Dy } {ﬂ—) d’q d’l e ‘“zqi} : (7)

in the big bracket we recognize the Leading order impulse (3.35), which in turn allow us to recover the

announced result (4.56).

Apgo)) 2

[cut—box]V* = —g* [pl,gp[lﬂpg] — pogpy pi’]} (D , (8)

e Proof of eq. (4.57)

Next we move to prove the cancellation (4.57). For that we still need to compute T((.f) r, Starting from

(4.40), and using (4.33) for the integral measure, and (3.26) for the 4 point amplitude. We get

1 ib-
T7(z2) 9" (Q1Q2p1-pa) /d4lH5 (pil i
£ (9)
X [5/(171'Q)5(p2'Q)—(S(prLI)a/(pz'LI)} Bl—qp2’
where we have used §'(2p;-q) = ié’ (pi-q). To proceed in the calculation, we follow the philosophy of the
previous subsection for the computation of integrals involving derivatives of the Dirac delta function, i.e.
using integration by parts. Doing the change of variables (3.30) (and the analogous change for ¢ — [ and

x; = y; ), and evaluating the integrals in (p;-l) = y;, using the corresponding delta function, we arrive at

o 1 d l . « N
77 = 5 [ o T [ o [3w)btan) -5 @) v (10)
where we have defined
1 2 _ig, b ((a2p1+a1p2)® + 1 ) (copr+aipa+q.)®
YO( — _ 4 . e iqy b L s 11
17 (Q1Q2prp2) (op1+aip2)?+(lL — q1)? (1)
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recalling that a; are function of x;. We then get an integral of the form (3.33). Using

2

1, 2 qa; v, o] —ig,-b
24" (01Q p1- RN , 12
2g ( 12 P1 p2) D(ll_ ql)zpjv pj pz € ( )

0
yo
Ox; Y

xr1=x2=0

for doing the integration by parts procedure, we can write (10) as follows

Do 1g* (Q1Q2p1p2)° 5 a 8 o o qReminh
Téz) ~ 9 p2 (pl,ﬁpg p2]_p27ﬂp[2 pl]) d*q.d ZLm:jz . (13)

Let us now evaluate the integral J5 in the square brackets. Doing the usual shift ¢, = ¢, + 1, so that

=2 2 = —iq1-b,—il b

_ + 15 + 20 -q))e M 0eTHL

Tz = / #q e L ;‘1;2) . (14)
1411

From the crossed terms we identify the integral representation for the leading order impulse, whereas the

remaining terms are contact integrals which we drop assuming b # 0. We finally get

( (O))2 r
SR o 0 , 15
L72 4( L o D1 2)2 ( )

which can be replace back into (13) to finally give

2
80 18 aqw_

7,7%12)(1 =g [p1,ﬁp1 Py —P2,P3 Py D (16)
We note that this simply gives 7'7(312) “ = —[cut—box]™M < and therefore this concludes the proof of (4.57).

o Vanishing of 72(11)'1

This is a very simple proof since this term give us a contact integral. Our starting point is the definition
(4.41), and using (4.32) and (4.33) for the integral measure in ¢ and ! respectively, and (3.26) for the 4

point amplitude, we get

,7.6(11)a = 16g% (Q1Qap1p2)? /624(](24[641;.(1 HS(Qpi'Q)

o (17)

X [3/(2}91-1)3(2192.l)—3(2pl'1)3/(2p2'1)} Pla—1?

which gives us indeed a contact integral for the [-variable, unimportant for long classical scattering, since
b # 0.

o Vanishing of 7‘6(21)0‘

Here we carry out the final piece of the computation for the one-index moment. As usual, we start from
the definition (4.42), and use (4.33) and (4.32) for the integral measure in ¢ and [ respectively, and (3.26)
for the 4 point amplitude. This gives

T = /3461341]_[3(191'1) [3/(1)1'q)g(pz~q)*3(p1'q)3/(pz'q)} X, (18)
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where we have defined
21«

1 2 ql —ib-
X*=__g . ———e 1. 19
59 (Q1Q2p1p2) E—2" (19)
Showing that this integral gives zero contribution is a straightforward task. We do the usual change
of variables (3.30), and doing the integrals in y; using the delta functions. However, since we will use

integration by parts, we need to evaluate the derivative of X* w.r.t. x; or xo, which after evaluating

1 = x9 = 0, vanish identically. We therefore conclude that ’T(Cl‘) ¢, = 0, as announced in §4.4.2

A.2 Cancellations in the classical two-index moment at 1-loop

In the final part of this appendix we proof the cancellations announced in (4.64). Recall we already
obtained J5 in (4.63). All that is left is to compute explicitly 7'(';)B s As usual we start from the
definition (4.45). Use (4.32) for the integral measure in both ¢ and [ variables, and (3.26) for the 4 point
amplitude, to get

118

pnzt (20)

T = g (@QuQaprpa)® [ d'adt [ 8(pio0)5(0:)

Doing our usual shift ¢ = ¢ + [, allows us to factorize out the IR-divergent integral - for the [ variable -

(4.49). This becomes

@ 4 =% —\ ¢ — lalﬁ —ib-q
TP = g (QuQoprp)* I / A8 o103 () e (21)
which can be further rewritten as
T = g4 (Q1Qopr-p2) 19y APV . (22)

The computation of the derivative of the leading order impulse w.r.t. the impact parameter was given in

(4.61). Using it leads to

T, = 20" 897 Ap1" I (—470?) (23)
which is nothing but j?fl)aﬁ as given in (4.63) but with opposite sign. Thus we simply conclude that

7;:(31)aﬁ + «73(1)(15 =0, as required from (4.64).

B Spinor-Helicity Formulae

Here we show the exponential forms presented here for spin-multipoles contain as particular cases the
ones of [58], which implemented massive spinor-helicity variables in D = 4 [68]. Consider first A§"": For

plus helicity of the graviton, the expression derived in [58] reads

2 kyey JHY

(2e™ 7 (1), (24)

gr,s __ (p-e)
A3ff_ m2s
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where e=¢* carries the graviton helicity and |A\)?* stands for the product |A(@1),, ---|\?22)),, of SL(2,C)
spinors associated to each massive particle. The generator J#¥ in the exponent acts on such chiral
representation. The labels a; are completely symmetrized little-group indices. The explicit construction
of the massive spinors is not needed here (c.f. [68]), but solely the fact that spin-s polarization tensors
can be expressed compactly as

1 1
=—[1)*11)°, ea=—[2)°[2] 25
=PI, =212, (25)

where [1%]5 and |2%]4 live in the antichiral representation of SL(2,C). Inserting them into (5.34) we

obtain
(ol o)=L a1 1y 2 e (26)
where J* and JH are given by
T = %O-l“’ QI®6-V4T %O-AW QI®G=D 4. (27)
g = %5;“/ QI®"VyI® %(ﬂw QI®G=2) 4. .. , (28)

with o = ¢#5¥! and 6 = 5lFo¥!. They satisfy the self-duality conditions

g = Ly, gL, 29)

As it is well known, choosing the graviton to have plus helicity leads to a self-dual field strength tensor,
which in turn implies that k[uej] J# = 0. Then (26) reads

. €)? kpey JHY
ey = B o5 . (30)

(el dg

JHY

kyev
We can now plug the identity [21]°=(2|%€¢ E [1)® from [58] to obtain:

‘ (p'e)z Ky ey JHY Ky ey JHY
(ool A5 e0)= g (21 5 1) (e F 1y (31)
which has the structure of our formula (5.33), now in "spinor space'. Extending the generators J*¥ to

act on 2s slots, i.e. J* @1° +1° @ J* — JH, then recovers (24). Consider now Af"’ for s < 2 as

given in [58], where (4+—) denotes the helicity of the gravitons k; = |1](1] and ke = |2](2],

_ (1A2]tm
D1-k1p1-ko k1Ko

ar,s

(2P T 1) (32)

In order to match this we double copy our formula (5.10). The sum in (5.10) exponentiates if we impose
[J1, J2] = 0, which in turn is only possible if the polarizations are aligned, i.e. €1 x e3. When the states

have opposite helicity this can be achieved via a gauge choice. This yields

klluEl,,J/“j + kQHEQVJHV . ]fﬂﬁlujuu

P1-€1 b2 - €2 p-€a
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where k = k1 + k2. Expression (5.10) thus becomes

_ prr€e1paexkyko Fpucay T

APhos e1le” e |ea). 34
b lexes p1-k1p1-ko el le2) 34)

(note that ct = ¢; - €2 drops out). The formula (5.29) gives

, (p1-€1)?(pa-€2)? ky-ko kuety MY
Aéglr S|610<62 = pl'kl pl'kQ <€1|€ pret |€2> 3 (35)

for s < 2. This can be shown to match (32) following the same derivation as before and fixing ¢; = Diel ,

o (12]
= |<11> 5' Note finally that, even though in any dimension D there is an helicity choice such that (5.10)

becomes (35), the factorization of (1.2) requires to sum over all helicities of internal gravitons.

C Quadratic in spin results

In this appendix we write explicit formulae for some quadratic in spin numerators written in vector

notation which where used in chapter 5 when writing the radiation amplitude (3.45).

C.1 Electromagnetic case

Let us start with the quadratic in spin numerators for the electromagnetic case. The first numerator,

consider only particle 1 has spin, is given by

@ _ ¢

1 1 1
ny on = — §k.p1k.p2 (k.S1) Zepr + 3 (k.p1)? (k.S1) 2epo + §k.p1 (k.S1) 2g.ep1.p2

£
mi
- %k.q (k.S1) *ep1p1.p2 +2(q.51) ® (—k-prk.pae.p1 + (k.p1) *e.p2 + k.p1g.epr.p2 — k.qe.pip1.p2)
— 2k.q (k.S1) 2e.pom? + 2k.qk.pok.S1e.S1m3 — 4k.qk.S1q.epo.S1m? + 4(k.q)%€.S1p2.S1m?
+2q.51 (—k.plk.pgk.Sle.pl + (k.p1) 2k.S1€e.ps + k.p1k.S1q.€p1.pa — k.qk.S1€.p1p1.po
+2k.qk.S1e.pomi — 2k.qk.pre.S1m?) — dk.q (—k.pik.pae.pr + (k.p1) *e.p2 + k.p1g.€p1.p2

—k.qe.p1p1.p2 — k.pag.em? + k.qe.pgm%) Sﬂ

(36)
and for the other numerator we analogously have
(b) e 2 2
Mph = 5,3 (k.S1 +2¢.51) (— (k.p2)” e.p1 + k.pr1k.pe€.p2 + k.p2q.€p1.p2 — k.qe.pgpl.pg) (37)
1
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C.2 Gravitational case

In the gravitational case, once again considering only particle 1 has spin, the first numerator reads

3
a K
ng,;r = 392 (8k.qk.p1k.pok.Sy (—k.pae.pr + k.pre.p) €.S1m7 — 8m3(k.q)* (k.p1)? (e.51) >m}
1

— 16(k.q)2kz.p1k.pge.ple.Slpg.Slm% + 16(k.q)2 (k.p1) Qe.pge.Slpg.Slm%

— 16k.qk.p1k.S1(q.€)*p1.pap2.S1m3 + 16(k.q)*k.p1g.ce.S1p1 .pape.S1m?

— 16(k.q)*€.p1€.S1p1.p2p2.S1m3 + 4k.qk.p1k.S1q.€ (m3k.p1e.S1 + 2k.pae.S1p1.pa
+4k.poe.p1p2.S1 — 4k.prepops.S1) m? — 4(k.q)*k.Sie.py (—3m§k‘.p16.51
+2k.p2e.S1p1.p2 — 4q.€p1.pap2.S1) mi + 4(k.q)* (¢.51) % (€.p1) * (2 (p1.p2) > — mam?)
— 8k.gk.p1 (¢.51) *ep1 (=2k.pa2e.pip1.p2 + 2k.pre.pap1.p2 + 2q.€ (p1.p2) * — mig.em?)
+ (k.p1)? (k.S1 +2¢.51) % (2 (k.p2) ® (ep1) ® — dk.p1k.pae.preps + 2 (k.p1) ? (e.p2)
—4k.pag.ce.pipr s + 4k.pig.ce.papr.ps + 2(q.€)° (p1.p2) > — m3(q.€)*m?)

— 4k.qk.p1 (k.S1) 2 (—k.poe.p1 + k.pre.p2) (e.plpl.pg + 26.p2m%)

— 2k.qk.py (k.S1)2q.€ (Qe.pl (p1.p2) % + mie.pym? + 4e.p2p1.p2m%)

+ (k.q)? (k.51) *e.p1 (2€.p1 (p1.p2) 2 — Smie.pim? + 8e.pap1.pamy) (38)
+ 4(k.q)%q.S1e.p1 (2k-S1e.p1 (p1.p2) 2 + m3k.Siepimi — 2m3k.pre.Sim?
—4k.516.p2p1.p2m% + 4k.p26.51p1.p2mf) — 8k.qk.p1q.51 (—Qk.pgk.Sl (e.p1) 2p1.po
+ 2k.p1k.S1€e.pre.pap1.pa + 2k.S1q.€e.p1 (p1.p2) 24 2k.p2k.516.p16.p2mf
— 2k.p1k.Sy (e.p2) *m3 — m3k.prq.ce.Sym7 — 2 (k.po) 2e.pre.S1m? + 2k.p1k.pae.pae.Sym?
—2k.S1q.€e.papy.pam? + 2k.p2q.ee.51p1.p2m§) + (—16k:.q (k.p1)? (—k.pae.p1 + k.pre.p2)?
— 32(k.q)*k.p1k.p (e.p1) *p1.p2 + 32(k.q)* (k.p1) *e.pre.pap1 .pa
— 16k.q (k.p1) *(q.€)? (p1.p2) * + 32(k.q)*k-prg.ce.pr (p1.p2) 2 — 16(k.q)° (1) ? (p1.p2)
+ 16(k.q)*k.p1k.pre.pre.pom? — 16(k.q)* (k.p1) % (e.p2) *m?
+ 16k.gk.p1k.pa(q.€)*p1.pam? — 16(k.q)*k.pag.ce.pipr.pam]
— 16(k.q)?k.p1g.ce.pap1.pami + 16(k.q)>e.pre.papr.pam?
—16k.qk.p1qg.€ (—k.pae.p1 + k.pre.pa) (2k.p1p1.p2 — k.pgmf)) Sf)
and similarly for the second numerator
"= 327 (k.81 +2¢.51) 2 (2 ((k.p2) *e.p1 — k.p1k.pae.p> — k.paq.ep1.p2 + k.qe.pap1.p2) )

+ (—k.pag.€ + k.qe.ps) *mim3)
D Tools for bounded systems

In this appendix we provide some useful tools in the computation of bounded orbits radiation.
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D.1 Useful integrals and identities

Here we write out the identity used in §6.3.2 for the comparison of the gravitational waveforms at
linear order in spin. That is, given two vectors a’ and b, and the TT projector defined in (6.16), we

have [259,261]
;07 e jpa® N* = 1 0% 1 b NE. (40)

Furthermore, the following identity [263], was used in the computation of the energy flux in §6.3.3

4r
/;2 dQ Nil‘..iQZ = m(6111261314 e 6i2£71i2g + e ). (41)

In addition, the following integrals were used during the computation of gravitational radiation from the

amplitudes perspective:

d’q iqz q'¢ 1 ij ij
/ (2m)3°¢ ! @  AnlzP (1276 —32"27] , (42)
d - iqd 1
/(2 ‘53 ezq-zqi]1 _ < ‘ |3 [| ‘251j ZZZ]} ,
T q |z
/ @ iqzd'dd" _ i (122 (2707 + 276%% 4 2F5%7) — 32727 2F] .
¢ @ smap

D.2 The quadratic in spin EoM

In this appendix, we expand the classical equations of motion in (6.5) to quadratic order in the black
holes’ spins (used in §6.3.2). After setting Sy = 0, and expanding to second order in S7, as well as taking

the leading order in velocity, the equation of motion reduce to

2 1.1
) —Mmak” | 219 1 i i Al 1
= —= 4+ —=81570'0,0;—| . 43
e 327 {73 +2m§ 11 Ty (43)

The spatial derivatives acting on 1/r result in contractions of a symmetric trace-free tensor

1 3 212521252}
l l l 12,i<12,5<12
8 @@; = ’]"5 |:(57;j2'12 + 2(5(1»212’]‘) — 5 7‘2 J :| . (44)

Furthermore, we use these equations recursively, to remove powers of 1/r2. Since we are interested in
the quadratic-in-spin contribution only, we consider only the scalar part of (43) (as well as the analogous
equation for v4) to rewrite (44) as follows

1 327 3 521277;2'127' . mo . . ma .
alaiaj; S - |:<5”_2]> <'Ul1—7n1vé> +26éz <U1’j)_’)’n1v2’j)>:| +O(Sl2)a (45)

K2 2mar? r

2By restoring Newton’s constant G, the equations of motion can be used to remove powers of G in the numerator.
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Notice a factor of 1/3 arises from symmetrization. This, then finally allows us to write the quadratic-in-

spin equations of motion as

2 1 i QJ
g MmaK” z1y 3 515% 0212,i212,j g M2 . me .
N = s Tamze (00T )\ % ) 1206 (P T )| (46)

And analogously we also find

22, 3818 5212,i%12,
= T2y SILT(5y - Bmtna ) (o Mat) o () - 2hay )] )

32m 3 4mir? 72 ma

E Double copy for spinning particles

E.1 Double Copy in d =4

In this appendix we outline the % ® % construction in d = 4. It is interesting to make connection with
the spinor formalism for massive particles introduced in §2.4 ( see also [68]), recently implemented for
obtaining a massive double copy in [126]. Let us briefly sketch how our operation will read in such

variables. For this, observe that we can write

a \/i a ao ~ \/Q a
Eptat = =0 Eptet = =) (48)

where E2" is a spin-1 polarization vector, E.P = 0, with the little group indices {a, b} = {1,1},{2,2}, {1,2}.

Note its spinors satisfy the Dirac equation

Plp*) =mlp®], Plp*] = m|p®), (49)

where P = P,o* and P = P,é". Then it is true that [1%,1°] = —me®, and (1%,1°) = me®® Now, in

terms of the Dirac matrices note that

o mlaxs P 0 |1(a](1%)]
(P +mlixa) BV = - , (50)
P mlaxe |1()[10)| 0

>

I
>

1[I0 [1e) (1) 1)
1@ Jieyan) |

1@
= v ) oy, (52
1t
= V2ul"d?, (53)
where u and v are Dirac spinors satisfying Pu = mu, Pv = —muv, as follows from (49). Note that the

spin-1 polarization can be recovered from (53) via

El‘jb = oy, u?. (54)

1
\/Em



E. DOUBLE COPY FOR SPINNING PARTICLES 193

In this sense the spin-1 polarization vector is constructed out of spin—% polarizations. We see that in

d = 4 the choice of polarizations given by (48) turns the product (7.17) into
X @V = ol Xul® x 0?70l (55)

which is simple multiplication together with symmetrization over the spin—% states. Since this operation

coincides with the one given in [126] we conclude that the amplitudes for a spin-1 field will agree in d = 4.

For instance, for one matter line we will write
A%r(E?lbl,ESQbQ) _ Z Kaﬂ (Aq%gD) (a1 (b2 (AS,%D) ag)bl). (56)
a,B

which exhibits the symmetry properties of the indices explicitly. In particular it can be used to streamline

the argument given in Section 7.2 for axion pair-production.

—I 0
In an analogous way to (50), in the representation where v° = 2z , we have
0 Ioxo

—mll 1]%(1|%e
(P + mlixa)?® = 2z ML ea (57)
|1>a[1|b€ab mlayo

= ul"geyy . (58)

By inserting the projector on the LHS instead of (50) into our double copy, we find that antisymmetriz-
ing little group indices from the Dirac spinors leads to a pseudoscalar. This antisymmetrization will
necessarily require an odd number of axion fields in (56). Hence the axion can be sourced by matter if
the Proca field decays to a pseudoscalar, which is again consistent with the Lagrangian of [126]. Further

analysis in general dimensions is done in the next Appendix.

Lagrangian comparison with [126]

The results of [126] consider the full spectrum of the 1/2®1/2 double copy restricted to four-dimensions.
In contrast, our work shows that there exists a truncated spectrum in general dimensions. It is interesting
to analyze the overlap by comparing the interactions in our Lagrangian (7.3) with a truncated version of
the one in [126]. Note that in principle the matching at the level of amplitudes does not guarantee such
an off-shell agreement due to diverse field redefinitions. However, in our case it is possible since 1) both
actions are written on the Einstein frame for the graviton-dilaton couplings and 2) It can be shown that
the axion and massive pseudoscalar fields decouple in the amplitudes of [126], hence the corresponding

interaction terms can be ignored in their Lagrangian.

With the previous considerations the Lagrangian of [126] leads to the following explicit couplings of
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the dilaton to the Proca field at O(x?)

2 0, Z0"7Z 1 K K2 -
L =——_R+ —H — __ _F* W 2ArAr (1 -2 (Z+Z — 77+ 0O(K? 59
QCD? 12 +(1—%2ZZ) o +mA, ( 2( +2)+ B) + O(x?) (59)

The kinetic term for Z can be cast into the standard form when we identify the dilaton component.

Indeed, recall the field Z was defined by

2 i(e72¢ — 1
— %_ (60)
2a +i(e 2¢ + 1)
Where the axion corresponds to the parity-odd piece, i.e. the field a. Setting a — 0 implies Z = Z =

—tanh ¢. Doing the further field redefinition Z — §Z, the Lagrangian (59) becomes

2 4 1 . v * ‘
Lacpe = — 5 R+ ?(8@2 = Fn T+ m? A A" (14 2tanh ¢ + 2(tanh ¢)* + O(x?)) . (61)

Finally, we do the field re-definition ¢ — ¢, expanding up to second order in ¢, which is the order of
the validity of the Lagrangian (59); in addition, we turn A* into a real field using the argument made

above (7.52), to arrive at
2 , 1 M K2 3
‘CQCD? = —?R + (8¢) — EFMVF + 714“14 1 + K¢ + ?(ﬁ + O(H ) 5 (62)

which precisely agrees with the Lagrangian (7.3) for d = 4 if we truncate at O(k?).

E.2 Tree-level Unitarity at n =4

In this appendix we compute the residues of the gravitational amplitude A§®% . The aim of this is twofold.
On the one hand this checks explicitly that the operation (7.15) defines a QFT amplitude for n = 4 and
outlines the argument for general n. On the other hand, we want to find the matter fields that propagate
in a given factorization channel. For two dilaton emissions we find only the propagation of the Proca
field, which is consistent with our Lagrangian (7.77). For two axion emissions we find the propagation
of tensor structures of rank four and five. The former can be interpreted as a pseudoscalar in d = 4. In
general dimension, the propagation of these structures makes it more involved to write the Lagrangian
of the full % ® % theory including axions.

Consider then the Compton amplitude from the % ® % theory (7.15)

1@l vs prpavapey  151324,1324 CD, e ~QCD,vsv
AZ : (WIH:I;S jHi 4W2) = Wtr [A21324MH4¢1 (9’1+m) A213243 4¢2 (95"'7”)} ’ (63)
where the 4 pt. QCD partial amplitudes are given in (7.22), and the massive KLT kernel at four points
was given in (7.25).
We have claimed that (63) defines a tree-level amplitude. First, from the standard argument it is clear

that the RHS is local. Let us then argue that unitarity of the gravitational amplitude follows from the
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unitarity of the QCD amplitudes. Consider for instance the factorization channel 2p;-ks — 0. We know

that in such case the QCD amplitude factorizes as

1
AQCD,pspa QCD 3 ( ) QCD,M 64
4,1324 91k Pis— +- (64)

Analogously, the charge conjugated amplitude factorizes as

AQCD,v3v QCD v 7QCD,v.
Afqson " 2p1~k3A ! (]”13 + m) Asg U H (65)
This implies that (63) behaves as
1

1ol —
A42®2 (WlHétgusHZz;mWQ*) N tr |:A3Q,SD)M4¢1 (H/l‘f'm) A3Q£D,V4 (p13 + m)

- 2p1.k32\_d/2J71

(66)
QCDV3¢2 (1},2+m) QCDuz <p13_m):|+'” ,

We can examine the inner spectrum in the factorization channel by using the Fierz relations for the

product of two matrices M and N [341],

[d]

1 IEd d for even d
tr[M x N] = Z el [MT, )t [NT7],  [d = (67)
2l4/2] /]! A1
%5~ for odd d
where {T = T,y y®192 ... @i} ig the Clifford algebra basis, with a; < as < -+ < a,. The

gravitational amplitude (66) then takes the form

[d]

1 (= 4QCD s QD r
_4p1~k322Ld/2J—2Z B tr [AGED 7, (o) AT (pry +m) D] ¢
J

(68)
tr {A?SD”’% (potm) AFRPHe (pw - m) FJ} e

Now it is clear that each trace corresponds to the double copy for the 3pt amplitudes, therefore we have

[d]

-
-

PI(WLHE D) x AZSE (07 HIWE). (69)

m\»a

AP WH S B WS) = — e 3 D
SEVTi

Hence, we have shown that the gravitational 4-pt. amplitude factorizes into the product of two 3-pt.
amplitudes. Moreover, @ ; indicates all possible Lorentz structure propagating in the given factorization
channel. We can expand the sum to see the explicit form of some of these structures propagating in
this channel. To do so, first notice that since (}/)13 +m)]1 = p% (}/)13 + m) ~v%, we can identify the

contribution from the terms |J| = 0 and |J| = 1 with the transverse and longitudinal modes of the spin-1
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field. With this consideration (69) takes the form

1 CD, 1QCD,v. o
© prks22L47] {tr AR () ATEP (py +m) 97 Diwas

e [AG52 4, (o) AR (4, = m) ]

+ %tr [A?,(LJD’M% (pi+m) AFTP (:7)13 + m) ,y/w] (70)
Mol atr [A:RE;QCD’VS% (potm) AZR" (?13 - m) 7‘1’3} o },
where
Dw.ap = Tap — %’ ()
and the --- indicate the terms with higher value of |.J|.

A similar analysis can be made at higher multiplicity starting from (7.15). The additional complication
is that we have to deal with the factorization of the KLT kernel K,g, which is however standard. Once

the dust settles we obtain

[d]
1 (_1)”‘ QCD 7QCD
= Sy (g Kesott [ AR, A Giom) ATD, (py +m) 1] >

(72)
Konputr [ASCD, £, (p+m) AZD (p, —m) 7] 4+

nR,BR nR,BR

1l
as p7 — m?, for p; any internal massive momenta. This means that unitarity of AZ2®? should follow

from that of AQCP provided we correcltly account for the tensor structures I'/ as particles propagating

in this channel.

Let us leave the analysis for general multiplicity for future work, and here instead focus in the internal
spectrum at n = 4. Next we consider two such cases and determine the fields propagating in this channel.
The first is the gravitational amplitude for a massive line emitting two dilatons, whereas the second one

corresponds to the amplitude for the emission of two axions.

Dilaton emission

For this explicit example the sum truncates at |J| = 3. Moreover, it can be checked that the terms
|J] =2 and |J| = 3 add up exactly to the contributions given by the |J| = 0 and |J| = 1 terms, namely,
they account for a propagating spin-1 field. With this in mind, (69) gives

I{Q

A%@’% *
0D > hy@d) |

(d—4) p§ p3~51—|—2m28?] Dyw,ap [(d—4) pg p4~52—|—2m2€§} . (73)

It can be also checked that the same residue is computed starting from (7.26).
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Axion emission

Let us move on to the slightly more complicated example corresponding to the emission of two axions
by a massive line. As we mentioned, the matter spectrum of the % ® % double copy can be truncated to
massive vector fields once we consider the emission of gravitons or dilatons, but not axions. On the other
hand, via double copy we showed that the matter line can only produce axions in pairs. An example of
this is the four point amplitude for two axions:

A§®%(W133B4W2*) = Wz_lfﬁsm,wm (Affgg;[‘fj/iffifﬂ]) €Byuavs€p,

Studying tree-level unitarity in this object leads to consider additional matter fields. For instance,
consider the channel 2p;-k3 — 0 given by (69). For two axion emissions, the sum truncates at |J| = 5.
The sum of the contributions for |J| = 0 and |J| = 1 cancels out, therefore no Proca field will propagate
in this channel, as expected since A3%®% (W1 BW3) = 0. We can check that the sum of the contributions
for |J] = 2 and |J| = 3 equals the sum of the contributions for |J| = 4 and |J| = 5. Therefore, in this
factorization channel there is the propagation of particles associated to the structures {y#1:#2 ~rH#1h213} or
equivalently {yH1H2Hska ~kik2pstialis 1 The propagation of these structures is what makes more involved
to write down a Lagrangian including the additional fields in general dimension. We leave this task for
future work. In d = 4 however there is a simplification since the form ~#1#2¢34 can be dualized to a
pseudoscalar, whereas the form ~#t#2H3Haks yanishes. The propagation of this pseudoscalar (as obtained

in [126]) was pointed out in the previous Appendix, as obtained from antisymmetrization of spinors in

d=4.

F Gravitational wave scattering, Teukolsky formulation

In this appendix we approach the classical problem of the scattering of a gravitational wave off the Kerr
BH from BHPT. We aim to show the classical solutions of Teukolsky equation, indeed agree with the
amplitudes derivation of the differential cross section (8.32). For the spinless problem, the problem of
the scattering of waves off the Schwarzschild BH is approached by means of solutions to the so called
Regge-Wheeler (RW) equation [342] (see also [343]), which shows how the Schwarzschild black hole was
stable under small perturbations caused by the wave. In the case of the Kerr BH, an analogous equation
was derived by Teukolsky [344], by applying the Newman-Penrose formalism [345], to the problem of
perturbations of of Kerr. This formalism allows to write separation of variables solutions for the equation
for the perturbation in terms of the radial and angular part, while keeping all orders in the Newton’s
constant and the BH’s spin. The Teukolsky equation is the cornerstone of modern BHPT, used to

approach problems for both one and two-body processes in general relativity.

The setup for this part is to consider a PW incoming into the Kerr BH, and subsequently scatter into
a wave (S), which can be written as the superposition between the incoming plane wave and the outgoing
spherical wave. In this computation we use the conventions for the wave and black hole momenta as

indicated in Figure la. For vacuum perturbations, the Teukolsky scalar (radiation scalar) _ot = g%y,
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/‘ '
" A I

(a) Initial BHPT setup (b) Rotated BHPT setup

Figure 1: Gravitational wave scattering in the BHPT setup. (a) An incoming PW (purple) impinges on
the BH at an angle v with respect to the direction of the BH spin (& = a2). The outgoing scatter wave
(green) moves in a general direction with angles ¥ and ¢ with respect to eh Z and X axis respectively.
(b) Rotated frame. In this frame, the incoming PW (purple) moves along the vertical axis, whereas the
spin of the BH is rotated at an angle v with respect to Z’. The outgoing scatter wave (green) now moves
in the general direction ', ¢’ with respect to the Z’ and X’ axis respectively.

contains all the information of the radiative dynamics and will be the main objects of study in this section.

m, with r- and 9 the spatial coordinates of the scattering problem. The radiation scalar

Here o =

satisfies the homogeneous Teukolsky equation [344]

(r?2 + a?)? 9 . 9 8271/1 4Mar 9%y af2 1 0%y —s 0 [\ s100
{ A e T T el N [ v Gl
1 0 (. 0¢ a(r — M) icosd| Oy M(r? — a?) ) oY
sind 9V <Smﬂaﬁ) 28 [ A Tantolos % A r—dacosd]
+s(scot?9 — 1)y =0, (74)

where s corresponds to the spin of the perturbation, which for gravitational wave scattering simply fixes

s = —2. This equation is separable in the frequency domain via
_ot(t,m, 9, p) = Z/dwefi“’t_Qngw_gRgmw(r)_Qng(ﬂ,go,aw). (75)
m

Here, _9Z}m,, are normalization coefficients. R (r) are solutions to the homogeneous radial Teukol-
sky equation, and S, (9, ¢, aw) are the spin-weighted spheroidal harmonics with respective defining

equations

d d\ K2 —2is(r— MK
{AS <A5“dr) + ”(A” K | fisor — sxlm} sRimo(r) =0, (76)

1 d )2
{ — (Sin 19) —a’w?sin? 9 — % — 2aws cos Y + s + 2maw + s)‘l7n:| Sim (9, p;aw) =0,
sin

(77)
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where K = (r?2 4+ a?)w — am, and ,\;,, is the spheroidal eigenvalue. We will come back to the Teukolsky
equation in a moment. Let us in the mean time provide the classical definition of the differential cross
section for the gravitational wave scattering process, which will be the observable to compare with the
QFT computation. It corresponds to the outward energy flux from the scattered wave (S) normalised
by the energy per unit area in the incoming plane wave (PW). In Kerr spacetime, the differential cross-

section for the scattering of a plane gravitational wave can be expressed in the following form

do

- = @)l + 99,47, (78)

where f and g are respectively the complex helicity preserving and helicity reversing scattering amplitudes.

Using a partial wave expansion they are given by the expressions

F@0) =" Y 2Sum(7,0;a0) - 2Sim (¥, 9; aw) frmes, (79)
=2 m=—00
= Z Z 725lm('7, 0; GW),QSlm(’ﬂ' - ?97 ®3 aw)glmw (80)

=2 m=—o00

where v is the angle between the incoming wave vector and the axis of rotation of the Kerr BH (see

Figure 1a). The amplitude modes can be obtained by

2m 2i6F )
mw = — E Oim — 1), 81
L w ( (81)

P=+1

21
G = -2 Z P(—1)Hm+2 ( 268, 1) (82)

w
P=+1

where 511; are the phase shifts in a standard scattering process. These are computed by solving the radial
Teukolsky equation (76) [84,127]. Let us see. For our needs we will require a vacuum Teukolsky solution,
typically labelled ¢RI . which satisfies the physical boundary condition of purely ingoing waves at the

horizon, namely

—QRémw( ) BngESA2€7i&r*7 Ty, (83)

where r,. = M ++/M? — a? is the location of the outer horizon of Kerr, @ = w — and B0 is the

2M7" ’
so called transmission coefficient. Imposing this boundary condition fixes the asymptotic form at radial
infinity for each ¢, m mode to be

*2Rémw( ) Bmc -1 —zwn +Bref 3 zwn7 r— 00, (84)

tmw? tmw”

where B}nnfw and Bﬁffm are the incident and reflection coefficients. Solutions to the radial Teukosky equa-
tion can be written as infinite series of hypergeometric functions or confluent hypergeometric functions,

depending on the required asymptotic boundary conditions [346-349]. Investigation of the asymptotic
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behaviour of these infinite series yields expressions for the incident and reflection coefficients:

Bz‘;rfw :wil K, — ’L‘eiiﬂ-u s%n 7T(1/ — S5+ 'LE) K , 4 A_V‘refi(eln 67%6)7 (85)
sinm(v + s — ie)
BEgrf;w :w7172s [KV + ieiﬂuK_V_l] Iélliez'((-:lneflg“e)7 (86)
with
_m. m; _ _ o F(V+1—S—|—ZE) =
AY = Te 27,(1/+1 5)2 1+s—ie v ]7
tTe e I‘(y+1+s—ie)n;ma”’ (87)
+00 :
11— e — T4 _ +1+S*ZE)
AY =9 1—s+ie 21(1/+1+s) Te 1 n(y n _y S8
- ‘ ‘ n;oo( ) (V+1_S+i€)nam (88)
and
o €' (2ek)* 727" T (1 — s — 2ieq )['(r + 2v + 2)
" Tr4 v+ 1l—s+iel(r+ v+ 14+in)0(r +v+ 1+ s+ ie)
y i(_l)n Cntr+2v4+)Tntv+lts+igln+v+ltin) ,
ot (n—r7)! Pin+v+1l—-s—ie)T’n+v+1—ir) "
—1
. (=)™ (v+1+s—ie),

v . 89
% <n_Z:OO (r—n)(r+2v+2), (u+1—s+ie)na” (89)

Here r is a free parameter (not to be confused with the radial coordinate) we set to be 0, € = 2GMw,
K=V1—-0a*? a" = g5, 7= and ex = EiTT In these expressions the series coeflicients a?, satisfy
3 term recurrence relations and the ‘renormalised angular momentum’ v is determined by insisting the

series all converge. The phase shifts are then simply given by

ref
2065, — (_1 l+1B;mw 90
b = ()T e (90)

Solving the Teukolsky equation then means to solve for B¢ and Bji¢ | and therefore for the phase
shift (90) which can be use to compute the scattering amplitudes modes (81) and (82). The differential
cross section can be obtained by performing the infinite sums (79) and (80), which can then be replaced
in (78), and compare to the amplitudes result (8.32). In general, solving for this infinite sums is a very

non-trivial task, and we will have to engineer a method to compare to the closed form solutions from the

QFT computation. We will come bake to this in appendix F.2.

In general, and as mentioned above, solutions of the Teukolsky equation encapsulate all orders in
perturbation theory (all orders in G), and all orders in the BH’s spin. In practice solving for this
conditions, this can become a non trivial task, however calculating the low frequency expansions of Bin¢

Imw

and B’ ultimately come down to determining low frequency expansions of a”, and v. These have been
extensively studied (see e.g. [349,350]), and so we will not discuss this problem here. The relevant results
will soon be available in the Black Hole Perturbation Toolkit [351]. Comparison to the QFT computation
requres a further expansion of the results in powers of the BH’s. This is a simple task up to a* which is

the order we are interested in this thesis 3.

3Starting at order a® and higher, a more careful treatment of the spin expansion is needed since terms of the form
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F.1 Low energy expansion

The matching to the QFT computation can actually be done at the level of the scattering amplitude,
which up to a phase should coincide with the BHPT result. We calculate the partial wave amplitudes in a
long wavelength limit GMw < 1. For this, it is crucially important that 0 < =7; < 1 when constructing
the long wavelength expansion, so that we can use the tools of black hole perturbation theory. When
opr > 1 the BH ceases to have an horizon and standard methods for solving the Teukolsky equation are
not clearly defined. In this thesis, we will be interested to compute the partial waves up to order a?,

where the final result is independent of whether 0 < =47 <1 or 557 > 1.

We first construct the low frequency expansion of the harmonic modes of the amplitude functions,

holding a* = &7 <1 fixed. This is essentially a two step process.

1. Calculate fine and gpme as a Taylor expansion in € = 2GMw. This can be given order-by-order in
closed form as a function of a*. Further, for all [ greater than some value li,, the solutions can also
be written as a function of | and m. ly;, is determined by the order in € to which one is working. For
example, up to €® only [ = 2 differs from the closed form general Im expressions. At higher orders,
successively higher values of [ will disagree with the general forms.

2. Project the spin-weighted spheroidal-harmonic representation on to a basis of spin-weighted spherical

harmonics. This is fairly straightforwardly done since in a low frequency limit one can write

—2S£m(19; ®, (ILLJ) = Z dfm—2n+i,m(197 90) (aw)i (91)
+i

where the coefficients df, are well known. See e.g. Appendix B of [350].

As a matter of computational complexity, this procedure is more or less independent of whether one
is dealing with polar (v = 0) or non-polar (v # 0) scattering; for non-polar we simply need to keep all

m-modes.

We now give some explicit details of the calculations of f). Significant detail of such a calculation,
and for g, can also be found in [127] where the author computed the first correction in aw for the polar

(v = 0) case. We will compute up to and including (aw)? the relevant im modes. As was noted in [127],

ref

when calculating the expansion of g?;'g“ in small € = 2GMw, the complicated function K, as given above,
£mw

appears only in the schematic form 1+ % Explicit computation shows that K;(“’l ~ €2=1 This

implies for our calculation it can only be relevant for £ = 2,3. As we will see below this leads to a

correction to the partial wave series at a*® only for £ = 2, which are not relevant for the present thesis *.

Omitting the cumbersome intermediate expansions we arrive at the following expression for the am-

v/1 — a*?2 needs to be analytically continue from a < a* < 1, to a* > 1. This then introduces a branch pick. In addition,
a this spin order, there is the presence of abortive terms (entering as complex components to the phase shift) that are not
present at a* and lower orders. These issues will be discussed in more detail in [85].

4To correctly account for this we would need to treat the amplitudes in two parts, a generic-l expansion which ignores

%, and a specific | piece which includes it. See [85]

v

all contributions from
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plitude modes

F'¢—1—ie)T(¢+3)
mw — . mw 2
fe I'(l+3+ie) (¢ — )52 (92)
where B, has the form
Bum =1+ Z Bime'- (93)

The I-function prefactors in (92) absorb a significant amount of complicated structure in the low fre-
quency expansion of fy,.,, so that the BEQL are relatively simple. We find explicitly that for i < 5 the ﬁe;)l

are polynomials in a* of order ¢ — 1.

The downside of the I'-function prefactors is that the projection onto spherical harmonics is contains

some subtlety. Schematically, writing the low frequency expansion of the harmonics as

sSlm(§a§07aw) =sYim +s S( )q€+ 5(2)(] € +. (94)

Sim(0,0,a0) = N9 + NWge + N Vg2 4 (95)

where the N 1(2 are constants.

Both of the above expansions are available open source in the SpinWeightedSpheroidalHarmonics

package of the Black hole perturbation toolkit [351]. The full amplitude function is then

Fl—1—ie)T(L+3) /. (0 (1) (1) %2,

N, + N~ a* Ny a*
100) =25 (013 +ie) (0 - 1)( + et o) (96)
X (SYlm + SS(l a¥e+ 35'1(2 a*e® + . ) (1 + ﬁéfg? + .. ) (97)

1 Pl—1—ie)T(L+3) (0) 0) o(1) (1)

= — N 7Y N, Yim N,
iw Z T(l+3+ie)T(L—1) ™m* [N 55t + 5 mlo’ (98)
[5<2>N},?39Y1m + (NS + N2 Vi + NS Va ]e T } (99)

We we will be investigating the large-a* limit of this expression. Knowing that ﬁé;)l is at most O(a*(—1)
in this limit, one might naively conclude that the dominant, and relevant contribution comes entirely
from the cross terms of the expansions of the spheroidal harmonics. However, when we project onto the

spherical harmonics, an explicit calculation reveals that

T(l—1—1ie) T(€+3) 0) (1) (
+ Y] Y, dQ ~ 1
T€+3+ze F(E—l)/[ Nim s50m im N, ] imd$2 ~ O(e), (100)
re—1 26) L+3) (0) ¢(2) (2) (1) (1)
E N + N Y + N Y dQ) ~ 101
~T((+3+ie) I'(¢—1) /( tm s St tm im#S1m )5V imd (), (101)

so that the pure cross terms get an ‘order bump’ in the frequency expansion upon projection to spherical
harmonics. This pattern continues as far as we have checked. The end result is that the relevant terms

in the large-a* expansion will be these cross terms and the leading order behaviour of the ﬂén functions.

For the generic-I contribution we find explicitly that the ,Bé;)l are polynomials in a*. In particular
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6,52 is an (¢ — 1)th order polynomial in a*. Thus the highest power of a* in each ﬂé:r)l gives the O(G)

contribution we seek; all other terms are higher order in G. Focusing purely on these terms we will write

Bfm =1 =+ Z /Bfn’]((i)a*(i_l)Ei. (102)
=2
For example, for m = 2 we find
G,(2) 24
=— 103
£ I(1+1)’ (103)
G 184305+ 31" 4+ 1° — 801 — 801 — 48) (104)
2 203(1 4 1)3(21 — 1)(21 + 3) ’
G _ i (1'% 4509 4 318 — 1817 + 7516 + 3091° — 1511* — 8481% — 16961% — 12161 — 384) (105
2 (=D +1)5(1+2)(20 —1)(21 + 3) ’ )
B = : (12020 + 12009 + 263"

8(1— )I7(1+1)7(1+ 2)(21 — 3)(21 — 1)3(21 + 3)3(21 + 5)
— 105317 — 2076716 — 1267641'° — 1224881 4 11998961'3 + 261204012 — 50815581
—222347751"0 — 225824431° 4- 292496511% + 1234628101 4- 1425078081° + 334916161°
— 651232641* — 637463041> — 10990080% -+ 92620801 + 4147200),

(106)

and analogously for other harmonics.

F.2 Matching procedure: BHPT and QFT amplitudes

In order to match our QFT amplitudes with the results from BHPT it is convenient to now project the

previous amplitude function (79) onto spin weighted spherical harmonics as in (91)

im
where fi,, = fN + fl(;l)z + fl(f@)z2 + ... and z = a*¢ = 2aw. While there are some subtleties in the

projection as discussed in Sec. 4.3.1. of [127], we will omit such details here.

An important feature emerges for polar scattering, which is obtained by setting v = 0. One finds that

only the modes fl(g) are non-trivial and
fl(é)(o):(), for i =2k+1 or fori <l. (108)

This means that, other than the Newtonian term, for polar scattering the infinite sum over the spherical
harmonics reduces to a finite sum for each power of z. This has been noted in [127] for the case of GW

scattering in Kerr.

In the off-axis case where v # 0, no such simplification occurs, and we find it convenient to compare
with the 4-pt amplitudes (8.26) , by working mode-by-mode. To do this we first need to align our

coordinates by a rotation.
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Let us see how this works. The amplitude function (107) is written as a sum over the spin weighted
spherical harmonics _oY),, (¢, ), where (¢, ) is the direction of the outgoing wave in a coordinate
system where the spin direction is ¢ = 0, i.e. the +Z direction, and the incoming wave is in the direction

(9,¢) = (7,0) (in the X-Z plane), so that v is the angle between the spin and the incoming wave.

Now let us rotate our (¢, 9)—~(X,Y,Z) coordinate system about the Y axis (the same as the new
Y’-axis) by an angle v, to bring the incoming wave direction to the new +Z’ direction, and call the new
coordinates (6, ¢") (X', Y', Z') (see Figure 1b). This is still not the same as the (8, ¢)—(z, y, z) coordinate
system used in eq. (8.26), but now the z-axes are the same. The rotation of the spin weighted spherical

harmonics is known to be accomplished by
Yim(0',0") = Dl (v) —2Yi (9, ), (109)

where D!, is the (complex conjugate) Wigner D-matrix with Euler angles (0,7, 0),

« « m! 47
Dinm/(r}/) = Dinm/(ov’ﬁo) = (71) m—m'Ylm(%O) (110)
Now the amplitude (107) takes the form
F=" Y@ &) fln (), (111)
m
with
, (112)

fl/m(’y) = ZDz/m(W) flm/(’y)

where we relabeled m <> m’ after substituting. Now, in this new (', ¢') coordinate system, with corre-
sponding (X', Y’, Z’), the spin vector is @ = a(— sin~, 0, cos¥), the incoming wave vector is ko = (0,0,w),
and the outgoing wave vector is ks = w(sin @ cos @', sin B’ sin ¢’, cos §’).

Finally, we have the third (6, ¢)—(x, y, z) coordinate system used in (8.26), where k3 is in the z direction
(same as Z' direction) and k3 is in the z-z plane at an angle 6 from EQ, and this is the same 6 = 6’ from

the second coordinates. To translate the result (8.26) into the (8, ¢') coordinates, we use § = 6§’ and do

a rotation by an angle of ¢’ around the z-axis. This simply amounts to take
a, =acosvy, a;=—asinycos¢’, a, = —asinysing, (113)

as can be confirmed by comparing the values of @ - Eg, a- E3 and Eg - E3.

It is most convenient to compare our amplitudes results from (8.26) using (0, ¢) to our BHPT re-
sults using (14, ¢) by comparing the amplitudes of their spin weighted spherical harmonic modes in the

intermediate (6, ¢’) coordinates as in (111).

We recall that the amplitude function f at the leading order in € (at fixed aw = a*¢/2), coming from

the tree-level scattering amplitude (8.26), is
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K2M? cost(6/2)

1 2 1 3 1 4
4SIH2(9/2> [1"’_]:(0*)7@79) + i]:(o‘%a?G) + a]:(wﬂ]wa) + E]:(w?awe) ] (114)

f=

which is expressed in terms of (6’, ¢’) by using § = 6" and (113). Its mode amplitudes f/,, from (111) are

given by integrals over the 2-sphere,

(115)

finl) = / 4 oY (0,8 (1.6, 8)

and depend only on the angle v between the incoming momentum and the spin, and on the parameters
e and a*. Then, matching of the BHPT results to the QFT results translates to show (115) and (112)

agree for all £, m.

In general, let us write these as an expansion in €, focusing on the leading order in the large a*

expansion at each order in ¢,
Fow = D€ [ flmna™ + 0@ V)] (116)

n=0

We find that this pattern also holds for the analytically continued BHPT amplitudes in the large a*

expansion for the orders considered here, i.e. up to a*.

At linear order in spin, from (114), we find
f(/JO,l =0,
{f{m,l} = {07 07 0}7
{fém,l} = \/§{07 07 07 3 SiD’Y, —2cos 7})

. [T [T
{fém,l} :SIH’Y{O7OaOaOa ﬁa07 ?}7

and so on, with m = {—1[,...,l}. From (114) at quadratic order in spin, we find

(117)

f(/)0,2 =0,
{f{m,Q} - {07 Ov 0}7

1 /57 . 2 I . 1 /r
{fém,2} = {0707 Z 6 SIHQ Ys _3\/;COS7SID'% 24 \/;(9 CO5(27) - 5)}7 (118)
1 /3w 1 /= 1 T

do) = ~y /= sin?y, =4/ = sin(2y), ==/ = 29) + 1), =y — si

{f3m,2} {0707()’ 4 70 s 7y, 6 70 SlIl( 7)) 24 \/;(3 COS( 7) + )a 49 sm’ycos’y},
1 /r 3 m

/ a2 - i 2 7

{f4m,2} = S 7{05070707 ] 10a0a0707 16 \/;}7

and so on. At cubic order in spin, it follows
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féo,s =0,
{f{m,B} = {07 Oa 0}3

. 2 /2 1
{fam.3} = 10, %\/571' sin® ~, 2 / % cos 7y sin? 1y, 336 \/ g(l + 39 cos 2) sin v,

L 23 —31cos2 (119)
20l fcosy( cos 2v)},

1
{fam3} = 10,0, 96” n3~y, - \/ cosmysm v, — 192,/%(17+390052'y)sin'y,
1
144 7(11C082’7 7)cosv,64,/ (90082’}/—1)8111’}/}

and so on. Finally, at quartic order in spin we have

f(l)074 = Oa
{f{m,él} = {07 Oa 0},

769 T . 67 |m e .
{foma} = {10752 \/; int~, —m\/gcos'ysm 7 306 \/;(37 + 103 cos 2) sin? v,

1 1
2688 (17 41 cos 27) sin 27y, —— 13008 \/;(77 — 156 cos 2y + 143 cos 4v) },

233 1
{f3m.a} = {0, 23040\[ n"vy, - \/7(305’}/5 T 1153 0(97+179c0527)51n v,

1 1 1
Tid %(7 cos 2y — 2) sin 2, ~Tsaza\ 7 (33 76 cos 2y + 107 cos 47), a1 / (sm 2v —sindy)},

(120)

and so on. Remarkably, also continuing to large values of [, we find that all of these (ea*)?, fori = 1,2,3,4
terms in the mode amplitudes from the (minimal) tree-level scattering amplitude (114) precisely match
those computed from the analytically continued BHPT theory amplitudes as described above. Amplitude
(114) in turn provides a closed form for the infinite partial waves from BHPT. An analogous mode
expansion can be made for the amplitude (8.28) and show it agrees with the BHPT computation up to

quartic order in spin.



