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Abstract

In this thesis we present a study of the computation of classical observables in gauge theories and gravity

directly from scattering amplitudes. In particular, we discuss the direct application of modern amplitude

techniques in the one, and two-body problems for both, scattering and bounded scenarios, and in both,

classical electrodynamics and gravity, with particular emphasis on spin effects in general, and in four

spacetime dimensions. Among these observables we have the conservative linear impulse and the radiated

waveform in the two-body problem, and the differential cross section for the scattering of waves off classical

spinning compact objects. Implication of classical soft theorems in the computation of classical radiation

is also discussed. Furthermore, formal aspects of the double copy for massive spinning matter, and its

application in a classical two-body context are considered. Finally, the relation between the minimal

coupling gravitational Compton amplitude and the scattering of gravitational waves off the Kerr black

hole is presented.
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Chapter 1

Introduction

The more than 100 years old prediction made by Einstein for the existence of Gravitational Waves (GWs)

[8]1, and the recent direct confirmation by the LIGO and VIRGO collaborations [9], started the so called

era of gravitational wave astronomy. This new window into the universe not only allows us to test GR to

an unprecedented degree of accuracy, but also permits observational investigation of theories of modified

gravity [10], while adding important new elements to the multi-messenger astronomy club, the latter

of which aims to look for the existence physics beyond the standard model [11]. In a nutshell, GWs

are perturbations of space and time that propagate through the universe carrying energy, linear and

angular momentum which can be measured in terrestrial detectors. Since the first event detected by the

LIGO collaboration in the fall of 2015, an order of 100 binary events have been subsequently detected

including events from BBH [9], Binary Neutron Star (BNS) [12], and the more exotic, Black Hole-Neutron

Star (BH-NS) system [13].

LIGO/VIRGO successful direct detection of GWs accounts for just the beginning of the gravitational

wave era. Indeed, it is of common knowledge an upgrade of the LIGO/VIRGO detectors will take place

within the next decade; this will be known as the era of the advance LIGO and VIRGO detectors,

A+/Virgo+, and as a result, earth base gravitational wave instruments expect to observe an order of

10 binary events every two weeks [14], increasing the statistical power in the measurement of classical

gravitational observables in terrestrial detectors. Furthermore, the near future space-based LISA mission

is expected to join the Gravitational-Wave (GW) instruments club in the couple of decades, bringing

into the table access to binary merges of super massive black holes happening at large red-shift values

(z ∼ 7) [15]; such events will be further added to the BBH gravitational wave catalog. Additional

GW observatories such as KAGRA [16], LIGO-India [17], the Einstein Telescope [18] and the Cosmic

Explorer [19], will make of GW astronomy a highly active area of research in the coming decades. These

will be instruments aiming to prove larger portions of the GW spectrum, ranging from frequencies of

103Hz (Sound frequencies) to 10−3Hz (the m-sound ) 2.

In order to analyze data obtained from these different observatories, more refined theoretical predic-
1Although see The Secret History of Gravitational Waves, for an interesting narrative on the development of the theory

of Gravitational waves.
2For a related discussion see Salam Distinguished Lectures 2022: Lecture 1: "What Gravitational Waves tell us about

the Universe", by A. Buonanno.

1

https://www.lisamission.org/articles/lisa-mission/lisa-mission-gravitational-universe
https://www.americanscientist.org/article/the-secret-history-of-gravitational-waves
https://www.youtube.com/watch?v=M_bbZttuJeE
https://www.youtube.com/watch?v=M_bbZttuJeE


tions – which are the basis of GW templates production – will be needed. Traditionally, the production

of GW template has been a collaborative effort that takes elements from Numerical Relativity (NR) [20],

BHPT and Gravitational Self-Force (GSF) [21, 22], the PN formalism [23, 24] and the Effective One

Body (EOB) method [25–28]. More recently, however, efforts have been focused on the BBH scattering

problem, in order to connect classical computations performed in the context of the PM theory [29–42],

with those approaches based on the classical limit of QFT scattering amplitudes [7, 43–63].

The theoretical predictions relevant for GW observatories fall into the category formed by the so

called two-body. The two-body problem for coalescing compact objects – describing events such as those

observed in LIGO/VIRGO detectors – is customary divided into three stages. The earliest one is known

as the inspiral stage. This phase comprehends the majority of the coalescing process and is characterized

by the non-relativistic motion of the binary components; in addition, the gravitational attraction between

the two bodies falls into the weak regime which makes of perturbation theory a suitable candidate to

deal with the problem. The next stage is the merge. In this phase the two body collapse due to their

strong gravitational pull; the objects move with relativistic velocities and the problem becomes non-

perturbative, making of NR the, so far, suitable tool to study the complex dynamics of the system. The

final phase is known as the ring down, where a Kerr BH is formed from the combination of the two

coalescing compact bodies. This BH radiates GWs product of the excitation of its quasi-normal modes

until a static configuration is reached. The main tool tho study this final stage is BHPT. See Figure 1.1

for a reconstruction example of the coalescing process for the first GW detection GW150914.

To be more precise, the let us consider in more detail several of the scales involved in the two-body

problem. As already mentioned, a significant part of the observed GW signal is encapsulated by the

inspiral phases where there are ∼ 105 cycles for the two bodies going around each other. This makes the

use of NR computationally expensive and therefore, analytic methods are more suitable to study such a

phase. The traditional method to deal with such endeavor has been the PN formalism. It assumes both

a weak field approximation (expanding in powers of G, the Newton constant, or more precisely GM/c2b,

with b the separation between the bodies), as well as a non-relativistic approximation (expansion in

powers of v2/c2, with v the typical velocities of the coalescing bodies). The current state of art results

for the two-body (conservative) dynamics is 5PN order [64] (See also Figure 1.3). Let us now imagine

the scenario where one of the compact objects is much more massive than its companion, i.e. where

the mass ratio condition m1/m2 ≫ 1 is satisfied. Systems with such a property are known as extreme

mass ratio systems. A more suitable tool to study them is GSF, where the problem is effectively reduced

to solve for the geodesic motion of the small massive object in the gravitational background field of its

massive companion. One of the advantages of GSF over the PN approximation is that in principle GSF is

non-perturbative in the sense it only assumes an expansion in powers of m1/m2, but can keep all orders in

G if desired, therefore accounting for parts of higher PN orders. See Figure 1.2 for typical systems where

these methods are used. An alternative analytic approach to the two-body problem in the inspiral stage

is provided by the PM approximation, which assumed the problem can be treated using an expansion in

powers of GM/c2b only. In reality, this approach is more suitable for the scattering problem as opposite

to the bounded orbits scenario. Nevertheless, since the PM approximation contains all powers in the

velocity expansion, it naturally encapsulates PN information for the bounded scenario by means of the
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Figure 1.1: GW150914 signal interpretation as as seen at Hanford observatory. The three stages of the
coalescing process are indicated. The lower plot shows the velocity of the components as function of their
spatial separation. Figure reproduced from [2].

virial theorem GM/c2b = v2/c2 (See Figure 1.3). PM methods include worldline and classical methods,

as well as the more recent QFT approach as mentioned above. Let us finally mention the EOB method

(now days enlarged by the Tutti-Frutti method [64]) is the formalism that allows to put together the

information provided by the different approximations to the problem.

Of special interest for this thesis is the scattering amplitudes treatment of the two-body problem.

This approach has recently gained attention since it provides with a scalable way of dealing with the

two-body problem to very high orders in perturbation theory, while including spin [54, 55, 57] and tidal

effects [65]. This is possible due to having at hand all of the QFT machinery developed for particle

colliders such as double copy [66, 67], unitarity methods [51], leading singularity computations [7], the

spinor helicity formalism [68], integration by parts identities [69, 70] and differential equations [71–75]

for loop integration, among some others. This arsenal of tools makes of scattering amplitude methods

a great candidate for hard core computations in gravity, and although these methods are valid only in

scattering scenarios, extrapolations to bounded scenarios are partially understood [36,37,76]; we will get

back to this in a moment.

At first it might seem a bit odd to use the QFT machinery to deal with problems which are of a purely
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Figure 1.2: Validity of the different methods producing gravitational wave templates in a typical BBH
system. Figure reproduced from [3].

classical nature. Let us however remember the correspondence principle states classical physics should

emerge from quantum physics in the limit of large quantum numbers; that is, in the limit of macroscopic

conserved charges such as mass, electric charge, orbital angular momentum, spin angular momentum,

etc. In the context of the two-body problem, the transition from quantum to classical physics has been

extensively studied [46,77], and with the introduction of the KMOC formalism [78], a more precise map

from the classical limit of scattering amplitude to classical observables in gauge theories an gravity has

been established. Among the objectives of the amplitudes program in the two-body problem we have [4]:

• The production of state of the art predictions for the inspiral stage of the two-body problem in

General Relativity and its possible modifications.

• Unraveling of hidden theoretical structures in the gravity, while looking for a scalable framework

for computing classical observables beyond the inspiral phase.

• The connection of non-perturbative solutions in classical gravity, to perturbative scattering ampli-

tudes realizations.

From a QFT setup, classical compact objects are understood as point particles dotted with a spin

multipole structure. Additional finite size effects such as tidal deformability can be taken into account

by including higher dimensional (non-minimal coupling) operators in the QFT description [65,79]. Then,

the amplitudes formulation of the two-body problem relies mostly (but not only) on the computation of

the 2 → 2 and 2 → 3 scattering amplitudes for spinning massive particles interchanging and radiating
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Figure 1.3: State of the art results for the GR two-body conservative potential. The horizontal lines in
the red box indicate the state of the art PM results, whereas the vertical lines correspond then to the PN
information currently available from PM methods. The dark blue triangle indicate the state of the art
PM-PN overlap analytic information available for gravitational wave template production, whereas the
light triangle indicates the required orders in v and G, needed by future detectors. Figure reproduced
from [4].

gravitons:

(1.1)

The classical limit of these amplitudes are then associated to conservative and radiative effects in the

two-body problem, respectively [78, 80]. These will be some of the main objects of study for the present

thesis. Here it is precise to mention, for BHs, this Effective Field Theory (EFT) description can so far

only account for physics happening away from the BH’s horizon. In fact, the amplitudes description

of a Kerr BH actually describes a naked singularity rather than an actual BH, whose radius a, agrees

with the spin vector of the Kerr BH [81]. This means dissipation effects at the horizon are yet to be

understood in a QFT formulation of the problem, although there are already some hints from the classical

worldline approach [40, 82, 83], as well as the amplitudes formulation of the scattering of waves off the

Kerr BH [84,85].

In practice, the two-body dynamics is studied in two separated sectors as given by the two amplitudes

in (1.1): The first one corresponds to the conservative sector where not radiative effects are accounted

for (although radiation reaction effects are encapsulated in the conservative amplitude3). One of the

greatest achievements from the amplitudes computation is the solution for the conservative dynamics

at 4PM order (3 loops), for binary systems composed of scalar objects [86, 87], and at 2PM including

spin effects up to quartic order [88], with recent new results at 3PM at the spin quadrupole level [89].

Preliminary results at 2PM but up to fifth [90] and seventh [91] order in spin have recently appeared.

The second sector corresponds to the radiative sector which has into account radiation effects encoded
3Radiation reaction reefers to radiation that is emitted by the binary system, but subsequently reabsorbed by the same

system.
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GR QED
quantum: λc ∼ ℏ

m λc ∼ ℏ
m

classical particle size: rS = 2GM rQ = e2Q2
i

4πm

particle separation: b b

Table 1.1: Parameter comparison for the two-body problem in GR and electrodynamics. Here we have
used units in which c = 1. Table adapted from [1].

in the energy and angular momentum emitted from the binary towards future null infinity in the form of

GWs. The current state of art from the amplitudes approach to the radiative dynamics is 3PM order for

scattering scenarios [92–94].

In the conservative sector, the transition from scattering to bounded systems can be made in several

ways. Without a particular hierarchy, the first path one could take is by computing the Hamiltonian

of the two-body system. The instantaneous potential for the gravitational interaction between the two

bodies can be calculated for instance via a UV-EFT scattering amplitude matching procedure [44, 46],

or via the scattering angle and the radial action [36, 37], or by using a relativistic Lippmann-Schwinger

equation [49], or the spinor helicity variables in conjunction with the holomorphic classical limit [55,57].

The second way for transitioning from scattering to bounded orbit systems is via a direct analytically

continuation of the scattering observables [36,37,76].

The radiative sector is a bit more complicated. The traditional way of including radiation effects

for coalescing compact objects in a Hamiltonian is via the EOB method. In this method, radiation

reaction forces are included "by hand" in the particles Equations of Motion (EoM) [95]. This is an effect

entering at the 2.5-PN order at the level of the EoM, and a 5-PN effect at the level of the radiated

energy flux – one of the important radiation observable –. These terms added "by hand" in the EoM are

dictated by balance equation [96], which have into account the lost of linear and angular momentum in

the form of radiation emitted in the coalescing process. Once such terms are included in the EoM, they

can also be added to the two-body Hamiltonian, the latter of which is the object used to compute all

other observables for a given – bounded or unbounded – system. From an amplitude perspective, for the

radiative dynamics, analytic continuation methods applied to scattering observables seem to still be valid

when including radiation effects in the PM worldline EFT [97]. However, at 5PN order, back reaction

makes non universal the unbounded and bounded problems, leading to non local in time terms; these

are also known as tail terms [98–100], and it still needs to be understood how to account for them from

an amplitudes approach. This then motivates to look for alternative continuation methods that can deal

with the radiative bounded scenario directly from the scattering amplitudes. In this thesis we will take

the first steps towards finding one of such methods, following the ideas of the authors in [101]; we will

come back to this discussion below.

From the discussion above it might seen as if the amplitude methods are useful only for the two

body problem in gravity. Let us take the opportunity to stress however, amplitude computations in-

deed extended beyond the two-body problem. In fact, with the introduction of the KMOC formalism,

a variety of classical problems in gauge theories and gravity can now be approached from a pure QFT

perspective. For instance, computation of related problems in classical electrodynamics as a toy model
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for gravity are now doable in a QFT setup [1, 78, 92, 102]. Perhaps the closest scenario to the discussion

above is the relativistic two-body problem now in classical Electrodynamics. That is, one can compute

classical observables for the relativistic scattering of two point-charges, in what is been called the PL

expansion by the authors of ref. [1]. In Table 1.1 we have drawn a parallel of the relevant scales available

for the two-body problem in GR and Electrodynamics, when approached from a QFT perspective. The

scale controlling the quantum effects is the Compton wavelength of the participating particles λc, which

is related to the Plank constant and the particle’s mass. The typical classical particle size rS and rQ

corresponding to the Schwarzschild radius and charge radius, respectively. Finally, we have the particles

separation b. Extracting classical information from a QFT scattering process in the PM approximation

requires λC ≪ rS ≪ b as mentioned above. The first inequality corresponds to take the point particle

limit, whereas the second inequality is equivalent to a large angular momentum expansion, which effec-

tively permits to deal with the problem in a perturbative fashion. The electrodynamics analog to the PM

expansion is then the PL expansion, which corresponds to the regime where λc ≪ rQ ≪ b. Additional

considerations have to be made when including radiation and spin effects. For the former, one requires

the wavelength of the emitted wave to be much bigger than the size of the system; this in turn allows

to recover the source multipole expansion for the radiation field. For the latter, combinations of the BH

spin and the frequency of the emitted wave of the form ωa should remain finite. This then translates to

take the large spin limit, as required by the correspondence principle.

Other problems in GR with immediate analog in classical electrodynamics include Gravitational and

electromagnetic Bremsstrahlung radiation in a 2 → 3 scattering process [1, 78, 92, 102]. The map of the

3-particle amplitude to the linearized effective Kerr metric [58,103] and the root Kerr charge configuration

[104], the Thomson scattering [105], and the scattering of waves off the Schwarzschild/Kerr black hole [84,

85] in bounded scenarios, the computation of the Maxwell dipole and the Einstein quadrupole radiation

formulas directly from scattering amplitudes [31,101] , the memory effect in gravity and electrodynamics

[102, 106, 107], among some others. In this thesis we will approach several of these problems, with

particular interests in spin effects both, in electrodynamics and in classical gravity.

Let us now take the opportunity to summarize the content of this thesis, while highlighting the

contributions made by the author towards approaching some of the aforementioned problems. We however

stress that if it is true a vast majority of the content of this thesis will be aimed to provide results relevant

to the two-body problem, this thesis also aims to provide a more general understanding of the QFT

description of purely classical problems, but at the same time, to provide some formal derivations in pure

QFT scenarios, specially in the context of the double copy.

This thesis is organized as follows: In chapter 2 we present a preliminary compilation of several modern

amplitude methods that are relevant for understanding the main body of this thesis. In particular, in

§2.2 we review the KMOC formalism in the context of the two body problem. This will provide us

with a robust framework for computing observables in (classical) gauge theories and gravity directly

from the (classical limit of) QFT amplitudes. In this section we provide a detail discussion on how

to take the classical limit of QFT formulas in order to obtain the desired classical information. We

focus on two main observables: The first one is the linear impulse acquired by a classical object in a
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2 → 2 scattering process, at generic order in perturbation theory. This observable is directly related

to the scattering angle and therefore to the Hamiltonian of the system, as discussed above, so it is of

main importance for the two-body problem. The second observable we discuss is the radiated classical

electromagnetic/gravitational field in an inelastic 2 → 3 scattering process, similarly, to generic order in

perturbation theory. This will give us directly the waveform emitted from the scatter objects towards

future null infinity. This waveform can be used to compute the (gravitational) wave energy flux, which is

one of the main observables measured in a (gravitational) wave observatory. We then move to §2.3 where

we introduce some generalities of the Double copy for massless particles. In particular, we introduce

the concept of Yang-Mills (YM) partial amplitudes and discuss their double copy formulation in the

KLT form. We also discuss the color-kinematics duality and the BCJ formulation of the double copy

of YM amplitudes. We provide simple examples for the double copy of the 3 and 4-point amplitudes.

Understanding of the double copy for massless particles will be of special use when formulating the

double copy for massive particles with spin, specially in chapter 5, chapter 7, and chapter 8. We move

then to §2.4 where we review the spinor helicity formalism for both massless and massive particles in 4

dimensions. We discuss the spinor helicity representation of massless and massive momenta, as well as

polarization vectors. In the massless case we discuss how little group arguments fix completely the all

helicity 3-point amplitude. In the massive case we discuss the exponential representation of the minimal

coupling 3-point and the Compton amplitudes for spinning particles. Spinor-helicity variables will be

of special use in chapter 7, chapter 8 and appendix B. We conclude in §2.5 with a small outlook of the

chapter.

Having acquired some preliminary knowledge of several of the modern amplitude techniques intro-

duced in chapter 2, as a warm up in chapter 3 we begin the study of classical observables in SQED

from an amplitudes setup. This will provide some flavour on the amplitude formalism when dealing

with classical observables, while avoiding the complications introduced by spin or higher Lorentz index

structures. We start in §3.2 by deriving from the SQED Lagrangian the three level amplitudes for a

scalar matter line emitting one or two photons. We give this amplitudes special names An, n = 3, 4,

since they will be the building blocks for more complex amplitudes, as well as the topic of extensive

studies in the proceeding chapters. We discuss immediate application of these amplitudes in a classical

context. In particular, for A3 we discuss how despite this being an amplitude with photon emissions, it

does not carries any radiative content in Lorentz signature. For the case of A4, we connect its classical

limit to the Thomson scattering process in classical Electrodynamics (The analogous process in GR will

be studied in chapter 8). Additional properties of these amplitudes such as soft exponentiation and the

definition of orbit multipole moments are discussed. The latter correspond to the amplitude analog of

the multipolar expansion in classical electrodynamics. It is then argue that A4 has indeed non trivial

orbit multipoles as opposite to A3, which makes A4 carry radiative degrees of freedom that A3 does

not possess. Soft exponentiation then allows us to argue these amplitudes can be derived directly from

soft theorems and Lorentz invariance, without the need of a Lagrangian formulation. We move then to

§3.3 where a first application of the An amplitudes in the two-body problem in SQED is introduced. At

leading order in perturbation theory, we show how the classical content of the conservative and radiative
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two-body amplitudes is controlled by An from the factorization properties:

(1.2)

These factorization properties are indeed more universal, and holds for spinning particles in both

Quantum Electrodynamics (QED) and Gravity, which unify the computation of leading order radiation

in classical electrodynamics and gravity in the compact formula (3.45). One can then obtain many of

the physical features of the two-body problem from understanding the universality (and double copy )

properties of An amplitudes. For instance, we show how the soft exponentiation of An induces an all

orders soft exponentiation of the two-body radiative amplitude, whose leading soft piece reproduces the

memory waveform in SQED This memory waveform is universal (independent of the spin of the massive

matter), for both QED and GR, as it is dictated only by the Weinberg soft theorem (In chapter 5 we

argue how this universality can be seen from the spin multipole expansion for both QED and GR). We

illustrate the computation of the leading order (§3.3) and Next to leading order (§3.4) classical impulse

in a 2 → 2 scattering process, using the KMOC formalism, and introducing some integration techniques

that will be used in chapter 4. This allows us to shows how one can recover the classical result of Saketh

et al [76] for the 2PL linear impulse, purely from amplitudes arguments. We also show how 3PL radiation

results reproduce known classical results for colorless radiation computed from the worldline formalism

by Goldberger and Ridgway [80]. Finally, we conclude in §3.5 with an outlook of the chapter.

Continuing with the SQED theme, in chapter 4 we study low energy Bremsstrahlung radiation for the

scattering two-body problem, from an amplitudes perspective. It is well known classical soft theorems

predict the form of the wave emitted in a N -particle scattering process in the limit in which the frequency

of the emitted wave is much smaller than the momenta of the other objects involved. Classical soft

theorems are non perturbative statements and to prove them from perturbative approaches becomes

a highly non-trivial task. However, they can also be used to probe perturbative approaches to the

computation of classical radiation, in particular, on the KMOC formula for classical two-body radiation

as discussed in chapter 2 and chapter 3. In this chapter we show that classical soft theorems impose an

infinite series of constraints on KMOC formula. These constraints relate the expectation value of certain

monomials of exchange momenta, to the linear impulse classical objects acquire due to the exchange of

photons/gravitons in the scattering process, at arbitrary order in perturbation theory. We start in §4.1

by reviewing some facts from classical soft theorems, and summarizing the main results of the chapter.

Next we move to §4.2 where we show explicit the prediction form classical soft theorem for the form of the

radiated field in a 2 → 3 scattering process to leading order in the soft expansion, and subleading order in

perturbation theory. In §4.3 we provide a formal derivation of the constraints imposed by the Weinberg

soft theorem on the KMOC formula for the radiated field, which we then verify in §4.4 up to NLO in

the perturbative expansion, matching the expected results introduced earlier in §4.2. In §6.4 we provide

an outlook of the chapter. Here we argue that although the soft constrains presented in this thesis were

derived in the context of SQED , and to leading order in perturbation theory, analogous constraints follow
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for the gravitational case [102, 107], both at leading and subleading orders in the soft expansion4 [109].

In fact, in chapter 5 we show how the leading soft constrains in the gravitational context at Leading

Order (LO) in perturbation theory recover the burst memory waveform of Braginsky and Thorne [110].

Soft theorem are non perturbative statements and in principle can inform about radiation to higher

orders in perturbation theory, in fact, they are already used to compute radiation reaction effects in the

high energy (eikonal) approximation of the two-body problem [53, 77, 111, 112]. Finally in appendix A

we provide some computational details on the verification of the soft constraints at NLO in perturbation

theory.

By then, the reader should had gained some familiarity with the amplitudes approach to obtaining

classical physics from SQED. The natural thing to do next is to use the amplitude machinery to approach

more complicated problems. There are several directions one could follow. For instance, one could

introduce spin effects from QED, or study classical observables in gravitational physics involving scalar

and spinning5 compact objects (minimally) coupled to gravity. These will be in fact the topics of study

of chapter 5. Continuing the study of our favorite An amplitudes, in §5.2 we show when introducing

spin effects, these amplitudes can be written in a spin multipole decomposition in generic spacetime

dimensions. We differentiate two types of spin multipole moments: covariant, and rotation multipole.

The former corresponds to irreducible representations (irreps.) of the Lorentz group in general dimension,

SO(D − 1, 1), whereas the latter are irreps. of the rotation subgroup SO(D − 1); these are the ones

describing actual classical rotating objects. We compute the multipole decomposition for amplitudes

involving particles of spin 0, 1
2 , and 1, which are computed from the SQED , QED and Maxwell-Proca

Lagrangians respectively. We show An amplitudes can be written in terms of the Lorentz generators Js

in the spin s representation, with the multipole coefficients being universal functions (independent of the

spin of the scattered particles). For A3, we show how for spin 1/2, QED predicts the electron ( tree level)

gyromagnetic factor g = 2, whereas for spin 1, the Proca Lagrangian predicts g = 1 (We will revisit the

g-factor in chapter 7, from double copy arguments, and argue g = 2 for spin 1 particles, where the massive

vector particles are actually W-bosons). From unitary arguments, we show A4 can be constructed from

A3 in a spin multipole form, with an exponential structure analog to the soft exponentiation of the scalar

amplitude. These amplitudes can then be used to compute two-body observables in electrodynamics

from the factorization properties (1.2). One can easily recover known linear in spin results [117]. In

§5.3 we introduce a covariant spin multipole double copy in generic space-time dimensions for the An

amplitudes. This double copy prescription has the property of preserving the spin multipole structure of

the gravitational amplitudes, which can be used to compute two-body radiation from (1.2). This in turn

implies leading order gravitational radiation can be computed from the double copy of photon radiation

avoiding the complications form colour radiation. Using double copy arguments and universality of the

coupling of matter to gravity, we show the 3-point amplitude for a massive spinning particle of generic
4See also “Soft theorems and classical radiation”, where the author argues non-linear Christodoulou memory effect [108],

can be obtained directly from the KMOC formula in Gravity. Non linear memory originates from gravitational waves that
are sourced by the previously emitted waves [15]. From the amplitudes approach, this is a two-loop effect under current
investigation by the author [109].

5Spin effects are important since they encode information regarding the formation mechanism of the binary system (see
for instance [113–115]). For nearly extremal Kerr BHs, the individual spins of the binary’s components are expected to be
measured with great precision by LISA [116], and therefore, it is important to have perturbative results for both conservative
and radiative dynamics to high powers in the spin expansion.
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spin takes an exponential structure (this exponential will be matched to the linearized Kerr metric in

chapter 8). For the case of A4 in gravity, we compute its covariant multipole decomposition up to quartic

order in spin and show it agrees with the more lengthy Feynman diagrammatic computation from minimal

coupling Lagrangians. We further decompose the Compton amplitude in terms of irreps. of SO(D− 1, 1)

by introducing the Ricci decomposition method, which allows to decompose the products of two Lorentz

generators into the correspondent irreps. In order to make contact with actual classical rotating compact

objects, we write the amplitudes in terms of the multipole moments for the rotation subgroup SO(D−1).

We show this is achieved by aligning spinning particles polarization tensors – which have different little

group transformation properties – towards canonical polarizations with the same little group scaling for

incoming and outgoing matter. This is done by fixing a condition on the spin tensor that goes by the

name of the Spin Supplementary Condition (SSC) [118, 119]. This alignment also goes by the name of

Hilbert space matching [56]. In D = 4, we obtain up to quadratic in spin, a vector representation of

the classical gravitational Compton amplitude, which has the property of factorizing into the product of

the scalar amplitude and the spinning s-amplitude in QED, as dictated by the equivalence principle (In

chapter 8 we show it reproduces results for Gravitational wave scattering off Kerr BH up to quadratic

order in spin). Having understood the double copy properties of the An amplitudes when including spin

effects, as well as how to take their classical limit, in §5.3.2 we show double copy of An amplitudes induce

a classical double copy formula for the two-body amplitudes (1.2), including spin effects. We use this

formulas to compute radiation for scalar, linear and quadratic in spin, recovering known result in the

literature [6, 61, 80, 117, 120]. In addition, we show for scalar matter an exponential soft theorem for the

two-body radiation amplitude in gravity can be obtained, analog to the electromagnetic case of chapter 3,

whose leading order allows to recover the memory waveform derived by Braginsky and Thorne [110]. We

also show that spin effects in M5 are subleading in the soft expansion, and therefore recovering the

universality of the Weinberg soft theorem. We conclude in §5.4 with an outlook of the chapter. In

appendix B we provide some spinor helicity formulas to connect vectors results in this chapter to those

given in spinor form in the literature.

In chapter 6 we do a transition from scattering to bounded scenarios. In particular, we show the

inspiral waveform for two Kerr black holes orbiting in general (and quasi-circular orbits), whose spins

are aligned with the direction of the system’s angular moment, and to leading and subleading order

in the velocity expansion, can be obtained directly from the spinning amplitudes derived in chapter 5.

Using an empiric formula for the waveform inspired by previous computations [31,121], we propose such

formula could modifies KMOC formula for the radiated field (2.18), to allow objects to move in generic

trajectories. Particles EoM at leading order in velocity, but to all orders in spin, are analogously obtained

from the conservative 4-point amplitude, via a modification of the KMOC formula for the linear impulse

(2.12). We start this chapter in §6.1 with a small introduction and summary of our results. We then

move to §6.2 where we provide a classical derivation of the gravitational waveform using the multipolar

PM formalism [23,122–125]. In this section, we review the classical Lagrangian description of a spinning

BH focusing on the conservative sector, where object’s EoM are derived, and provide explicit solutions

to the EoM for the quasi-circular orbits scenario. We then use them into the multipolar expansion of the

radiated field, obtaining solutions for the leading and subleading in velocity contributions to the waveform
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for binary systems in both, general and quasi-circular orbits, to all orders in spin. We move then to the

amplitudes formulation of the problem in §6.3. Introducing the general formalism, we write the formulas

for the radiated field as well as particles equations of motion in terms of the non-relativistic limit of two-

body scattering amplitudes. We review how to obtain the scalar waveform, reproducing the well known

Einstein quadrupole radiation formula, and then provide spin corrections to it. For generic orbits, we

show there is a one to one correspondence between the scalar amplitude and the source mass quadrupole

moment, and in the same way, the linear in spin amplitude is in direct correspondence with the current

quadrupole moment. We then show that at quadratic order in spin, and leading order in velocity, the

radiated field acquires a vanishing contribution from the spin quadrupole radiation amplitude. The all

orders in spin waveform at leading order in velocity is then obtained from the solutions to the particles

EoM. We obtain the first subleading order in velocity correction to the quadrupole formula in the spinless

limit, and show it agrees with the classical derivation obtained in §6.2. We argue that although in general

waveforms derived from different methods can differed one from the other by a time independent constant,

physical observables such as the gravitational wave energy flux or the radiation scalar are insensitive to

such a constant, as they can be computed from time derivatives of the waveform. This is a manifestation

of a residual gauge freedom present in the waveform, which can be eliminated for physical observables.

We conclude in §6.4 with an outlook of the chapter. In appendix D we include some useful integrals and

identities used for several computations in this chapter.

In chapter 7 we start a more formal study of the double copy for amplitudes involving massive spinning

matter in generic space-time dimensions. In this chapter we aim to, on the one hand, provide a formal

derivation of the double copy prescriptions introduced in chapter 5, and on the other hand, to derive

the gravitational Lagrangians for the theories obtained from such double copies. We star in §7.1 with a

small introduction and a summary of the main results of the chapter. We argue double copy of spin s

with spin s̃ matter, leads to universal coupling of the resulting (s, s̃) massive particles to the graviton –

as required by the equivalence principle – but in general the coupling to the dilaton and the two-form

(axion) potential are not universal. For interactive spin 1 particles in gravity, this allows us to define

two independent gravitational theories which we name the 0 ⊗ 1 and the 1
2 ⊗ 1

2 theories. We provide

general dimension tree-level Lagrangians in the Einstein frame for one and two spinning matter lines.

Theory 1
2 ⊗ 1

2 is a simpler theory as compared to the 0⊗1 counterpart, since on the one hand, it does not

include quartic terms in the two matter lines Lagrangian, and on the other hand, one can consistently

truncate the double copy spectrum to remove the coupling of matter to the two-form potential. On the

other hand, in D = 4 and in the massless limit, the 0 ⊗ 1 theory reproduces the bosonic interaction of

N = 4 Supergravity, which arises from the double copy N = 4 Super Yang-Mills and YM theories. In

general dimensions, this theory is the QFT version of the worldline double copy model constructed by

Goldberger and Ridgway in [32,80] and extended to include spin effects in [31,117]. In §7.2 we derive the

massive double copy formulas, for the theories consider, from dimensional reduction and compactification

of the massless counterparts. We provide a variety of examples of amplitudes derived from such double

copy formulas for one matter line emitting radiation. Furthermore, we show explicitly how to obtain

the multipole double copy prescription introduced in chapter 5 from these dimensionally reduced double

copy formulas. In the same section we discuss how setting g = 2 for the gyromagnetic factor removes the
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divergences of the Compton amplitude in the massless limit. Such amplitude coincides with the minimal

coupling6 Compton amplitude written in spinor helicity variables in §2.4. We continue in §7.3 where

we construct massive Lagrangians both for Quantum Chromodynamics (QCD) and the gravitational

theories from Kaluza-Klein (KK) reduction and compactification. For spin 1 in QCD, we introduce a

modification of the Proca Lagrangian to set g = 2 which is characteristic of the W-boson. We then show

that QCD amplitudes An for generic n, entering in the double copy formulas derived in §7.2, are obtained

from the compactification of their massless counterpart. This is the reason these amplitudes possessa

well defined high energy limit. In §7.3.2 we derive the Lagrangians for one matter line for the 0 ⊗ 1

and 1
2 ⊗ 1

2 gravitational theories. In §7.4 we study the massive double copy construction for spinning

amplitudes including two matter lines. We use the massive version of the BCJ prescription introduced in

§2.3, providing the two-matter lines gravitational Lagrangians for the different double copy prescriptions.

For inelastic scattering, we probe there is a Generalized Gauge Transformation that allow to recover the

classical double copy formula for the radiation amplitude obtained from the factorization (1.2), this time

directly from the quantum BCJ double copy. We finalize in §7.5 with an outlook of the chapter. In

appendix E.1 we prove our general dimensional 1
2 ⊗ 1

2 gravitational Lagrangian agrees with the D = 4

derivation obtained in [126]. In appendix E.2 we study the unitarity properties of the 1
2 ⊗ 1

2 amplitudes

at four points.

Up to this point, we would have claimed the classical limit of amplitudes for massive spinning matter

minimally couple to gravity actually describes the Kerr BH. Perhaps the strongest hint is given by the

computation of the waveforms for bounded systems described in chapter 6. However, the spin structure of

the non-relativistic waveforms derived there follows mostly from A3 whose classical limit now days is well

known encode all the spin multipoles of the linearized Kerr metric. The natural question to ask is whether

A4 has actually anything to do with Kerr. In chapter 8 we show that A4 is indeed very related to Kerr as

it describes the low energy regime for the scattering of gravitational waves off the Kerr BH. We start this

chapter with a small introduction and a summary of the results in §8.1. We stress finding the connection

of An amplitudes to Kerr is important since they are the building blocks for the two-body amplitudes. In

particular, it is important to prove the 2PM scattering angle for aligned spin computed in [58] actually

describes the scattering of two Kerr BHs and not other classical compact objects. In §8.2 we show how

to take the classical limit of An amplitudes written in spinor helicity form. For n = 3 we indeed recover

the Linearized Kerr metric, whereas for n = 4, up to quartic order in spin, the gravitational Compton

amplitude can be written in an exponential form for both, same and opposite helicity configurations

of the external graviton legs, in agreement with the classical heavy particle effective theory derivation

of [60]. In §8.2.2 we use A4 amplitude to study the scattering of gravitational waves off Kerr, obtaining

the differential cross section for generic spin orientation of the BH, recovering the linear in spin results

of [127] for polar scattering. Spin induced polarization of the waves is discussed in §8.2.3, which to

linear order in spin recovers the BHPT results of [127] and therefore clarifying the mismatch from the

Feynman diagrammatic computation of [128, 129]. The solution of the discrepancy comes by including

all the Feynman diagrams contributing to the Compton amplitude and not just the graviton exchange
6Following [68], minimal coupling amplitudes are those which have a well defined high energy limit. This definition

of minimal coupling differs from the usual definition of minimal coupling of promoting partial derivatives to covariant
derivatives.
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diagram, as done by the authors in [128, 129] [128, 129]. The quartic in spin result for the differential

cross section provides a highly non-trivial prediction, pushing the linear in spin state of the art result

of [127] since 2008, while providing a way to resum the partial infinite sums appearing from BHPT for

generic orientation of the spin of the BH. In appendix F we provide a detail derivation of the differential

cross section up to quartic7 order in spin from BHPT, finding perfect agreement with the amplitudes

computation, therefore showing the Compton amplitude indeed possessthe same spin multipole structure

as that of the Kerr BH when perturbed by a gravitational wave. In §8.3 we show the classical limit of

the Compton amplitude derived in here indeed can be used to compute the 2PM aligned spin scattering

angle for the scattering of two Kerr BHs, therefore confirming the validity of the predictions of [58]. We

close with an outlook of this chapter in §8.4.

We finalize this thesis with at general discussion in chapter 9.

7Higher order in spin results required a more careful analysis but nevertheless will be shown in [85].
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Chapter 2

Prelimimaries

2.1 Introduction

In this chapter we will introduce some aspect of scattering amplitudes that will be of great use for the

present thesis. We start in §2.2 reviewing some features of the KMOC formalism [78], which is a robust

frame for the computation of (classical) observable directly from the (classical limit of the) scattering

amplitudes. In this thesis we will be interested in 2 KMOC observables: 1) The linear impulse in a

2 → 2 elastic scattering process, and 2) The radiated field at future null infinity from a 2 → 3 inelastic

scattering process. This section will be of great use for most of the content of the present thesis, specially

for chapter 3,chapter 4, chapter 5. In chapter 6 we motivate a modification of KMOC formalism to study

two-body systems for bounded orbits. Next, we move to §2.3 where we introduce some general aspects

of the double copy [66,67]. In particular, we focus on the massless double copy of Yang Mills amplitudes

in both, the KLT and the BCJ representations. Intuition from the massless double copy will be of great

use when formulating double copy prescriptions for massive particles with and without spin, presented

in chapter 5 and chapter 7. Finally, in §2.4 we introduce the spinor-helicity formalism for massless and

massive particles. In particular, we will review how helicity arguments fix the 3 and 4 point amplitudes

for massive/massless spinning particles. Knowledge of this formalism will be of great use through several

chapters of this thesis, in particular when discussing higher spin amplitudes in chapter 8.

2.2 The Kosower, Maybee and O’Connell formalism (KMOC)

In this section we start by introducing the KMOC formalism. As already mentioned, the KMOC formal-

ism [59,78,93,130–132], provides us with a robust framework for the computation of (classical) observables

in gauge theories and gravity, directly from (the classical limit of ) QFT scattering amplitudes. It has

become one of the cornerstone in the amplitude program in classical physics, and is directly relevant to

understand the content of this thesis. In this formalism, classical compact objects are described in an

effective way as point particles, whose finite size effects can be mapped into intrinsic properties of the

elementary particles used in the EFT description. In what follows we review some of the most relevant
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aspects of this formalism. For a nice review, the reader is recommended to consult the original KMOC

work, as well as the recent reference [133].

In the KMOC formalism, the expectation value for the change of a quantum mechanical observable,

∆Ô, due to a scattering process is computed from the scattering matrix through the formula

∆Ô = in⟨Ψ|S†ÔS|Ψ⟩in − in⟨Ψ|Ô|Ψ⟩in , (2.1)

This corresponds to the difference of the measurement of the given operator in the final and initial state,

where we have relied on S as a time evolution operator determining the form of the asymptotic final state

of the system |Ψ⟩out = S |Ψ⟩in. The connection of ∆Ô to the a QFT scattering amplitude is done in two

steps: First, we need to split the S-operator in the usual way, S = 1 + iT , after which, exploding the

unitarity condition, SS† = 1, allows us to rewrite (2.1) in the form:

∆Ô = in⟨ψ|[T, iÔ]|Ψ⟩in + in⟨ψ|T †[Ô, T ]|Ψ⟩in . (2.2)

Second, we need to specify the system’s initial state. For the moment let us assume it can be decompose

into multi-particle plane wave states, which in momentum space are proportional to |p1, · · · , pn⟩. These

states are the tensor product of individual momentum eigenstates a†
p |0⟩, where a†

p is the creation operator

for state of momentum p. The conjugate states are labeled by ⟨p′
1, · · · p′

m|, and together with T , define

the QFT scattering amplitude via

A(p1, · · · , pn → p′
1, · · · , p′

m)δ̂d(p1 + · · · pn − p′
1 − · · · p′

m) = ⟨p′
1, · · · , p′

m|T |p1, · · · , pn⟩ . (2.3)

where δ̂d(p1 + · · · pn − p′
1 − · · · p′

m) is the momentum conserving delta function in general dimension (we

will specialize to d = 4 in several parts of this thesis below, for the moment let us keep the generic

dimension approach).

The extraction of classical information in this formalism has two main ingredients to be taken in

mind: 1) A parameter that controls the classical expansion, and 2) The choice of suitable wave functions

describing the multi-particle initial state of the system. For the former, it is natural to use ℏ as the

parameter that controls the classical expansion. It appears in two main places in the computations:

First, in the coupling constants, which by reintroducing ℏ ̸= 1, are to be re-scaled via g → g/
√
ℏ, and

second, the wave numbers associated to massless momenta for the force carriers, which are introduced as

q = ℏq̄. We will discuss in detail below how to extract the classical limit of (2.2), as well as the choice of

suitable on-shell initial state, for a given observable. For the moment, the classical classical piece ⟨O⟩1

of the observable, can be formally defined as

⟨∆Ô⟩ = lim
ℏ→0

ℏβO
[

in⟨Ψ|[T, iÔ]|Ψ⟩in + in⟨Ψ|T †[Ô, T ]|Ψ⟩in

]
, (2.4)

here −βO is the power of the LO-piece in the ℏ-expansion of the quantities inside the square brackets,

which depends on the specific observable, as well as on the theory considered. Then, the factor of ℏβO in
1We use ⟨...⟩ to imply that the classical limit for the given observable is taken.
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this formula then ensures ⟨O⟩ ∼ ℏ0, i.e. classical scaling. For instance, for the radiated photon field, we

have βO = 3
2 , whereas for the linear impulse we use βO = 1.

In this thesis we are interested in two observables: 1) The conservative linear impulse ⟨∆p̂⟩ (a global

observable, i.e. independent of the particles positions), acquired by classical compact objects in a 2 → 2

scattering process in Electrodynamics/Gravity. 2) The classical radiated electromagnetic/gravitational

field ⟨Âµ⟩/⟨ĥµν⟩ (a local "observable", i.e. dependent on the particles positions ) in a non-conservative

2 → 3 scattering process.

2.2.1 Linear impulse in 2 → 2 scattering

At the classical level, the linear impulse dictates the total change in the momentum of one of the particles

after the scattering process. At the quantum level, the impulse corresponds to the difference between

the expected outgoing and the incoming momenta of such particle, as given by the KMOC formula (2.4).

For this observable it is convenient to choose the initial state of the system |Ψ⟩in, as follows

|Ψ⟩in =
∫ ∏

i

[
d̂dpiδ̂

(+)(p2
i −m2

i )ϕi(pi)eibi·pi/ℏ]|p1p2⟩ (2.5)

where we have employed the notation of the original reference [78], however, unlike for the original work,

and to be more general, we have move to a frame where both particles are displaced by the positions

bi, with respect to such reference frame. Then, the difference b2 − b1 = b, corresponds then to the

impact parameters, which is the distance of closest approach between the particles during the scattering

process. Notice |Ψ⟩in is built from on-shell states, of positive energy, as dictated by δ̂(+)(p2
i − m2

i ) =

(2π)δ(p2
i −m2

i )Θ(p0) , there Θ(x) is the heaviside step function. ϕi(pi), corresponds to relativistic wave

functions associated to the incoming massive particles, whose classical limit shall result into the point

particle description of the compact objects. We will come on this below.

The system’s initial states is assumed to be normalized to the unit in⟨ψ|ψ⟩in = 1. From this, it follows

the normalization condition for the wave functions,

∫
d̂Φi(pi)|ϕi(pi)|2 = 1 . (2.6)

Here we have written the on-shell phase-space measure as dΦ(pi) = d̂dpiδ̂
+(p2

i −m2
i ).

The next task is to relate the observable (2.4) to the scattering amplitude using (2.3), together with

the initial two-particle state (2.5). Notice in general the computation of an observable will have the

contribution of two terms, one which is linear in the amplitude, whereas the second one is quadratic.

This is in general true to all orders in perturbation theory, except for the leading order, where the latter

is subleading. Let us for the moment focus on the contribution linear in the amplitude. At (n)-order in

perturbation theory it reads explicitly

I
(n) µ
(1) =

∫
dΦ(p1, p2)dΦ(p′

1, p
′
2)ϕ1(p1)ϕ2(p2)ϕ∗

1(p′
1)ϕ∗

2(p′
2)i(p

′µ
1 − pµ

1 )ei(p1·b1+p2·b2) ⟨p′
1p

′
2|T |p1p2⟩(n) (2.7)
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Here we have used p̂i |pi, pj⟩ = pi |pi, pj⟩, and dΦ(pi, pj) = dΦ(pi)dΦ(pj). In addition, we have labeled the

conjugate states with primed variables as mentioned above. Next we can replace ⟨p′
1p

′
2|T |p1p2⟩ in terms

of the scattering amplitude as given by (2.3), this will introduce a d-fold delta function that will allow

us to perform d-integrals in the previous formula. Introducing the momentum miss-match qi = p′
i − pi,

and changing the integration variables from p′
i → qi, and further using the momentum conserving delta

function to do perform the integration in q2, followed by the relabel q1 → q, (2.7) becomes

I
(n) µ
(1) =

∫
dΦ(p1, p2)d̂dqδ̂(−2p1·q + q2)δ̂(2p2·q + q2)Θ(p0

1 + q0)Θ(p0
2 − q0)

ϕ1(p1)ϕ∗
1(p1 − q)ϕ2(p2)ϕ∗

2(p2 + q)iqµe−iq·bA(n)(p1, p2 → p1 − q, p2 + q)
(2.8)

Before discussing how to take the classical limit of this expression, let us analyze the analogous

expression for the term quadratic in the amplitude, entering in the KMOC formula (2.4). Since there are

two factors of T in this term, we need to introduce a complete set momentum eigenstates between the

two factors of T in such way we can extract a momentum eigenvalue when the momentum operator hits

the momentum eigenstates. At (n) order in perturbation this can be done as follows

I
(n) µ
(2) =

n−1∑
X=0

∫ X∏
m=0

dΦ(rm)
2∏

i=1
dΦ(Ri)dΦ(pi)dΦ(p′

i)ϕi(pi)ϕ∗
i (p′

i)eipi·bi(Rµ
1 − pµ

1 )

×
n−1−X∑

a=0
⟨p′

1, p
′
2|T |R1, R2, rX⟩(a) ⟨R1, R2, rX |T † |p1p2⟩(n−a−X−1)

,

(2.9)

Here we have used p̂1 |R1, R2, rX⟩ = R1 |R1, R2, rX⟩, where rX represent additional massless states prop-

agating through the cut. They only appear at sub-sub-leading (two loops) order in perturbation theory.

We now proceed in an analogous way to the linear in amplitude computation, that is. we need to replace

the dependence of the scattering amplitude via (2.3). Defining the momentum mismatch qi = p′
i − pi,

as well as the momentum transfer wi = Ri − pi, allows us to change the integration variables p′
i → qi

and Ri → wi. In addition, we can use the momentum conserving delta function for each amplitude to

perform the integration in q2 and w2, which followed by the relabeling w1 → w and q1 → q results into

I
(n) µ
(2) =

n−1∑
X=0

∫
d̂dwd̂dq

X∏
m=0

dΦ(rm)
2∏

i=1
dΦ(pi)δ̂(−2p1·q + q2)δ̂(2p2·q + q2)e−iq·bwµ

δ̂(−2p1·w + w2)δ̂(2p2·w + w2)ϕ1(p1)ϕ∗
1(p1 − q)ϕ2(p2)ϕ∗

2(p2 + q)

× Θ(p1 + w)Θ(p2 − w)Θ(p1 + q)Θ(p2 − q)

×
n−1−X∑

a1=0
A(a1) µ(p1, p2→p1−w, p2+w, rX) ,

× A(n−a1−X−1)⋆(p1−w, p2+w, rX→p1 − q, p2 + q)

(2.10)

This is the analog to (2.8). With these two contributions at hand, the quantum mechanical impulse

particle 1 acquires during the scattering process, at (n)-order in perturbation theory is simply given by

the sum

∆pµ
1 = I

(n) µ
(1) + I

(n) µ
(2) (2.11)
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Classical limit

We now proceed to extract the classical piece in the QM-impulse (2.11). This is done through a series

of steps: 1) The factors of ℏ are restored in the formulas through the rescaling of the coupling constant

g → g/
√
ℏ and the massless momenta q → q̄ℏ and w → w̄ℏ. 2) There are 3 length scales to consider in

the problem. The first one is defined by the size of massive particles, given by the Compton wavelength

λc = ℏ/m (which in the classical context traduces to the radius of the classical charge/Black hole given

by rQ = e2Q2/(4πm) / or rS = 2GM). The second scale corresponds to the spread of the relativistic

wave function ls, and third, the separation between the particles b. In the classical limit, the following

approximation should hold λc ≪ ls ≪ b, which holds true if b scales as b → b/ℏ. The first part

of the inequality simply imposes the effective point particle description of the classical objects, the

second on the other hand ensures a non-overlapping of the particles’ wave functions (typical of the long

range scattering in classical physics), finally, the approximation λc ≪ b in the classical context becomes

e2Q2/4(πm) ≪ b the Post-Lorentzian (PL) approximation, which allows us to compute observables order

by order in perturbation theory (In the gravitational context this is 2GM ≪ b, which corresponds to the

PM approximation ). 3) In the case in which there is the emission of external radiation (as will be the

case for the waveform emission), the massless momenta of the photon/graviton need to also be re-scaled

analogously as k → k̄ℏ. This is equivalent to ask for long wavelength radiation (which in the bounded

system scenario allows to recover the source multipole expansion).

After this considerations, the previous discussion is equivalent to approximate the wave functions

ϕi(pi + ℏq̄) ≈ ϕi(pi), followed by a Laurent-expansion of all of the components of the integrands, in

powers of ℏ. At this stage, the explicit dependence of the wavefunction can be integrated out, leaving us

with the classical observable

⟨∆p(n) µ
1 ⟩ = lim

ℏ→0

[ ∫
d̂dqδ̂(−2p1· · ·q + q2)δ̂(2p2· · ·q + q2)iqµe−iq·bA(p1, p2 → p1 − q, p2 + q)

+
n−1∑
X=0

∫
d̂dwd̂dq

X∏
m=0

dΦ(rm)δ̂(−2p1·q + q2)δ̂(2p2·q + q2)e−iq·bwµδ̂(−2p1·w + w2)δ̂(2p2·w + w2)

×
n−1−X∑

a1=0
A(a1) µ(p1, p2→p1−w, p2+w, rX) × A(n−a1−X−1)⋆(p1−w, p2+w, rX→p1 − q, p2 + q)

]
(2.12)

As mentioned, in general we will have to Laurent-expand in ℏ both, the on-shell delta functions, as well

as the reduced amplitudes. At leading order (n = 0), only the term linear in the amplitude contributes

to the impulse, in that case we can drop the q2 factor inside the delta functions, since no singular terms

in ℏ appear in the amplitude. However, at higher orders in the perturbative expansion, possible singular

terms arise in the amplitude. This singular terms are expected to be cancelled between the linear and

quadratic in amplitudes terms. In chapter 4 we will see and explicit example of this cancellation. There

is however no formal proof this cancellation happens to any order in perturbation theory.

We conclude then that the classical linear impulse is controlled basically by the (n)-Loop 4-point
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amplitude A(p1, p2 → p1 − q, p2 + q), as well as the 4 +X-cut amplitudes from the iterated piece.

2.2.2 The radiated field in 2 → 3 scattering

We now move to the analysis of the computation of the radiated photon/graviton field in a 2 → 3

scattering process. This will be analog to the previous example, whit a few interesting features arising

from the non-conservative dynamics. Here we will be interested in computing the expectation value of the

photon/graviton field operator Âµ(x)/ĥµν(x). This unlike the case for the impulse is a local observable,

depending on the position x at which the field is measured. In particular, we are interested in the

asymptotic for of the radiated field at future null infinity2, which scales as 1/R, with R = |x⃗|. This

scaling follows naturally from the mode integration of the field operator. In what follows we focus on the

electromagnetic case, but the results can be easily generalized to the gravitational case.

We want to compute the expectation value of the field operator, whose mode expansion is

Âµ(x) = Re
∑

η=±1

∫
dΦ(k)ϵµηe−ik·xa†

η(k) (2.13)

here the sum over η is a sum over the photon polarization, and a†
η(k) are creation operators for photons of

momentum k and helicity η. The next step is to put this operator inside our favorite KMOC formula (2.4).

Since this is a 2 → 3 scattering process, we can reuse (2.5) as our two-particle initial state. Although

no initial radiation is present in the initial state, a†
η(k) creates a particle of momentum k and helicity η,

when acting on the conjugate states ⟨p1, p
′
2, kη|.

We then have as usual two contributions to the radiated field. The first one linear in the amplitude,

however, since there is the creation of such massless momenta state, the controlling amplitude in this case

at (n)-Loop order is the 5-point amplitude A(p1, p2 → p1 − q1, p2 − q2, kη). Analogously, the quadratic

in amplitude part will be controlled by the 5 +X-amplitudes as shown below. At this stage, the classical

limit outlined in previous section can be implemented straightforwards. This in turn integrates out the

dependence on the particles wave functions, leaving us with an expression analog to (2.12), inside the

radiated photon phase space. That is, writing the radiated field in (2.13) as an effective source integrated

over the massless photon phase space,

⟨Âµ(x)⟩ = Re
∫
dΦ(k)e−ik·x⟨Jµ(k)⟩ (2.14)

where the angular brackets indicate the classical limit has been taken. At (n)-order in perturbation

theory, we naturally identify the source as given by the sum of two terms as follows

⟨J (n) µ(k)⟩ = R(n) µ(k) + C(n) µ(k), (2.15)
2The radiative field is an observable as it is defined at null infinity where (small) spatial gauge transformations vanish.

There could still be some residual gauge due to time integration of the source (2.18). That is, in general two waveforms
Aµ

1 (R, TR, n̂) and Aµ
2 (R, TR, n̂) can differ by a time independent constant Aµ

1 (R, TR, n̂) − Aµ
2 (R, TR, n̂) = Cµ(R, n̂). Ob-

servables such as the field strength tensor, the Newman-Penrose scalar, or the wave energy flux can be computed from time
derivatives of the waveform, therefore insensitive to Cµ(R, n̂). We see this explicitly in chapter 6.
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which have the explicit recursive form

R(n) µ(k) = i lim
ℏ→0

ℏ
3
2

∫ 2∏
i=1

d̂4qiδ̂(2pi·qi − q2
i )eibi·qi δ̂4(q1+q2 − k)A(n) µ (p1, p2→p1−q1, p2−q2, k) , (2.16)

and

C(n) µ(k) = lim
ℏ→0

ℏ
3
2

n−1∑
X=0

∫ X∏
m=0

dΦ(rm)
2∏

i=1
d̂4wid̂

4qiδ̂(2pi·qi−q2
i )δ̂(2pi·wi−w2

i )eibi·qi

× δ̂4(w1+w2+rX−k)δ̂4(w1+w2+rX+q1+q2)

×
n−1−X∑

a1=0
A(a1) µ(p1, p2→p1−w1, p2−w2, rX , k)

× A(n−a1−X−1)⋆(p1−w1, p2−w2, rX→p1 − q1, p2 − q2) ,

(2.17)

where the ⋆ in one of the amplitude indicates complex conjugation. We refer to the C(n) µ(k) term

as the cut-box contribution, to indicate that it is given by the cut of higher loop amplitudes. In this

expression, rX denotes the collection of momenta {r1, · · · , rX} carried by additional particles propagating

thorough the cut, whose momentum phase space integration has been explicitly indicated by dΦ(rm) =

d̂4rmδ̂
(+)(r2

m). For n = 0 and 1, no additional photons propagate thought the cut, since they only appear

starting from N2LO in the perturbative expansion (i.e. two-loops).

⟨J (n) µ(k)⟩ can then be interpreted as a classical source entering into the RHS of the field equations,

and is computed directly from the scattering amplitudes. It is particularly remarkable how the classical

field is controlled by single photon emission amplitudes, while the classical field should be composed from

many photon. In [134], it was shown such amplitudes parametrize the high photon occupation number as

expected for a classical field. An analogous expression for the source in the gravitational case ⟨T (n) µν(k)⟩

follows from the scattering amplitudes. The difference is in the double Lorentz index characterizing the

graviton polarization tensor.

In this thesis we will mostly be interested in the computation of the previous source in both, the

electromagnetic and the gravitational case. We do not perform explicitly the photon/graviton phase

space integration in (2.14) although a simple proof can be found in the review [133]. Here we just

mention the integration in k can be made in an almost independent way from the amplitude. The result

is then to just bring down a power of R in the denominator which ratifies the radiative nature of the

classical field. There is additional exponential factor from the retarded nature of the radiation. In d = 4

one can show (2.14) becomes

⟨Âµ(x)⟩ = 1
4πRRe

∫
dωe−iωTR⟨Jµ(ω, n̂)⟩ (2.18)

where we have used k = ω(1, n̂), with n̂ = x⃗/R, is the unit direction of emission of the radiation, and

TR = t−R is the retarded time.
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2.3 A few worlds on the double copy

Let us now move to study some generalities of the so called double copy of scattering amplitudes. The

program of the double copy originally started from the observation by KLT in [135] that n-point tree-

level closed string scattering amplitudes can be computed from the sum of products of n-point open

string partial amplitudes, with coefficients that depend on the kinematic variables. This program has

however seen many incarnations, ranging from perturbative QFT realizations [67], to the understanding

the double copy structure of non perturbative solutions classical gravity [104,136–143] . The double copy

colloquially goes by the slogan GR = YM2, which is the simple observation that amplitudes involving

massless gravitons in GR can be directly obtained from products of amplitudes for the scattering of

gluons in non abelian gauge theories. Currently, we understand the double copy is much more general

feature of QFT amplitudes [144,145], and is naturally realized in classical sectors as well. Indeed, in this

thesis we will learn how to connect classical and quantum versions of the double copy, including spinning

massive particles chapter 7.

In the remaining of this section we give a brief introduction to the computation of GR amplitudes

from the double copy of their YM counterparts. For that, let us first recall the color decomposition of

YM amplitudes, it will be useful when studying the KLT formulation of the double copy below.

Color Decomposition

n-gluon scattering amplitudes can be factorized into two pieces. The firs piece contains the information

of the color structure, whereas the second one containing only kinematics information of the scattering

process. This factorization is known as color decomposition of gauge theory amplitudes [146, 147]. More

precisely, for n-external gluon legs, the tree level3 n-point scattering amplitude is written in terms of

(n− 1)! single-trace color structures as follows:

Atree(g1, · · · , gn) =
∑

σ∈Sn−1

tr(T a1T aσ2 · · ·T aσn )A(1, σ2, · · · , σn) . (2.19)

The sum here runs over non-cyclic permutations of the indices {1, 2, · · · , n}, corresponding to the set of

inequivalent traces, and T an are the gauge group generators in the adjoint representation. We have use

cyclic invariance of the trace to fix one of the entries. A(1, σ2, · · · , σn) are known as partial amplitudes

or color ordered amplitudes , and are gauge invariant [149] objects, depending only on the momenta

and polarization vectors of the particles in the scattering process. They are computed from the Feynman

diagrams that respect the order of the momentum labels (in other words, planar diagrams), using Feynman

rules that respect such a order [148].

Since there is only (n− 1)! independent color factors, these partial amplitude basis is over completed.

Indeed, partial amplitudes satisfy linearly constraints that allow us to reduce the number of independent

elements to (n − 2)!. These constraints are known as Kleiss-Kuijf relations [150, 151], the simplest of
3Color decomposition can be generalized to higher loops, where there will be double and higher trace contributions to

the color decomposition, see for instance [148].
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which is the U(1) decoupling identity

A(1, 2, 3, · · · , n) +A(1, 3, 2, · · · , n) + · · · +A(1, 3, · · · , n, 2) = 0, (2.20)

which follows from the T a → 1 replacing of the generators in (2.19). See [152] for a discussion of the

additional relations. Kleiss-Kuijf relations are not the only constraints on the partial amplitudes, indeed,

there are additional relations known as the BCJ relations [67], which impose a series of constraints that

reduces the number of independent partial amplitudes to (n− 3)!. Let us stress here the choice of partial

amplitudes basis is not unique since we could have chosen any other pair of legs in replacement of the

reference legs 1, n, in (2.19).

2.3.1 KLT representation of the double copy

Now that we understand the concept of partial amplitudes, we are ready to present a first form of

the double copy of YM amplitudes, this is the KLT form of the double copy. It says n-point axio-

dilaton-gravity scattering amplitudes can be obtained from the sum of two copies of n-point partial YM

amplitudes. More precisely

AGR
n =

∑
αβ

KαβA
YM(1, · · · , n)ĀYM(1, · · · , n) (2.21)

The sum over α, β ranges over (n − 3)! orderings, corresponding to the number of independent partial

amplitudes, and Kα,β is the standard KLT kernel [135,153,154]. Let us emphasise formula (2.21) is valid

in general space-time dimensions. Notice in addition, as natural from string theory, a graviton state come

accompanied by an antisymmetric tensor Bµν , and a scalar, the dilaton. Amplitudes computed using

(2.21) have therefore these additional states in the spectrum. We will see a more detailed discussion of

this fact in §5.3.

Let us provide a simple example of how to use formula (2.21). The simplest double copy amplitude

is indeed given for the n = 3 case. The partial amplitude for the scattering of 3-gluons, with momentum

conservation p1 − p2 + p3 = 0, and pi·ϵi = ϵ2i = 0, is simply given by

AYM
3 (1, 2, 3) = 2g(p1·ϵ3ϵ1·ϵ2 − p1·ϵ2ϵ1·ϵ3 + p3·ϵ1ϵ2·ϵ3) . (2.22)

Formula (2.21) allows us to compute the 3-graviton scattering amplitude in general dimensions, and is

given by the squaring of this simple amplitude. The KLT kernel at three-points is simply K3 = κ/(4g2).

We can choose graviton polarization tensors to be given ϵµν
i = ϵµi ϵ

ν
i .

AGR
3 = κ(p1·ϵ3ϵ1·ϵ2 − p1·ϵ2ϵ1·ϵ3 + p3·ϵ1ϵ2·ϵ3)2 . (2.23)

See chapter 7 for a discussion on how to obtain amplitudes for dilaton scattering.

As a further example we can compute the 4-graviton scattering amplitude from the double copy of

the 4-gluon scattering amplitude. In this case there is also one independent partial YM amplitude, say
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AYM
4 (1, 2, 3, 4), which for momentum conservation p1 + p2 = p3 + p4 is simply given by

AYM
4 (1, 2, 3, 4) = 2g2ϵ1,αϵ2,β

p1·p3 p1·p4

[
p1·p3F

µα
4 F β

3,µ+p1·p4F
µα
3 F β

4,µ+Fαβ
3 p1·F4·p2+Fαβ

4 p1·F3·p2+p1·F3·F4·p1η
αβ
]
.

(2.24)

Here we have used Fµν
i = 2p[µ

i ϵ
ν]
i . In this case, the 4-graviton scattering amplitude in general dimension

is simply

AGR
4 = K4A

YM
4 (1, 2, 3, 4)2 , (2.25)

where the 4-point KLT kernel is simply K4 = p1·p3p1·p4
8g4p3·p4

.

2.3.2 The BCJ representation of the double copy

We have seen how the KLT formula (2.21) allows us to compute GR amplitudes in a straightforward

manner. The formula however becomes quite non-trivial to use when the number of external legs become

big, this because we will have, as seen, (n− 3)! independent partial amplitudes to compute. On the other

hand, this formula is only valid for tree-level amplitudes. In this subsection we introduce a different

representation of the double copy that overcomes these problems. This is the BCJ [67] double copy

formulation, which is one of the main computational tools in the modern amplitudes program in gravity

[144].

The Color-Kinematic duality

The BCJ form of the double copy was originated from the following observations: A given n-point YM

amplitude can always be written in the following fashion

AYM
n = gn−2

∑
Γ

cini

di
, (2.26)

where the sum run over trivalent graphs4, di are kinematic denominators contains physical poles, and

are made of ordinary scalar Feynman propagators, ci encode the color structure and ni are kinematics

numerators. For a given triplet (i, j, k), the color factors satisfy the Jacobi identity

ci ± cj = ±ck , (2.27)

then the numerators can be arrange in such a way they satisfy an analog kinematic relation

ni ± nj = ±nk . (2.28)

This is relation is known as the color-kinematic duality.
4Contributions from any diagram which has quartic or higher-point vertices can be introduced to these graphs by

multiplying and dividing by appropriate missing propagators



2.3. A FEW WORLDS ON THE DOUBLE COPY 25

Figure 2.1: Feynman diagrams that contribute to the 4-gluon amplitude in the BCJ representation.
Figure adapted from [5]

The BCJ proposal is then that gravitational amplitudes can be computed by replacing the color

factors ci by a second copy of kinematics numerators ñi as follows

AGR =
∑

Γ

niñi

di
. (2.29)

The two gauge theories can in general be different, and only one of theme is required to satisfy the color-

kinematic duality (2.28) in order for the gravitational amplitude (2.29) to be gauge invariant [155,156].

Let us remark although originally this formulation was done in the massless YM sector, it has been

extended to include both massless and massive matter, including spin effects. We will revisit this formu-

lation in chapter 7 in the context of spinning matter. Also, there is analogous formulation of the BCJ

double copy at higher orders in perturbation theory [144].

Let us as an example recompute the 4-graviton scattering amplitude (2.25) using the BCJ double copy

formula (2.29). For this case, the YM amplitude has the contribution of 3 color structures, as associated

to each of the graphs in Figure 2.1.

The s−channel color factor is simply given by the contraction of the colour structure constant asso-

ciated to each 3-vertex

cs = fa1a2bf ba3a4 . (2.30)

The corresponding numerator is

ns =
[
ϵ1·ϵ2pµ

1 + 2ϵ1·p2ϵ
µ
2 − (1 ↔ 2)

][
ϵ3·ϵ4pµ

3 + 2ϵ3·p4ϵ
µ
4 − (3 ↔ 4)

]
+ s
[
ϵ1·ϵ3 ϵ2·ϵ4 − ϵ1·ϵ4 ϵ2·ϵ3

]
(2.31)

The additional numerators follow from index-relabeling as in Figure (2.1). It is easy to show the color

factors satisfy (2.27), as it is just the usual Jacobi identity for the structure constants of the gauge group.

Explicit computation also shows the numerators satisfy the analog relation (2.28), and can therefore be

used in (2.29) to compute the 4-graviton amplitude, which will agree with the KLT result (2.25).

We have then two alternative constructions for the double copy, which we will explore further through

the body of this thesis.
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2.4 The spinor-helicity formalism

In this final section we introduce the spinor-helicity formalism, which is convenient to use when dealing

with observables in 4 spacetime dimensions5. This formalism is based on the simple observation that

spin-1 vectors transforms as ( 1
2 ,

1
2 ) representations of the Lorentz group in 4 spacetime dimensions and

can therefore be represented as a bi-spinors, where each component acts on its respective 1
2 representation.

Naturally, particles momenta pµ are Lorentz vectors, and can indeed be represented in this spinorial form

pαα̇. There is a distinction however between massive and massless momenta which we need to take into

account.

Recall under Wigner’s classification [159], particles correspond to irreducible, unitary representations

of the Poincare group. In this sense, massless and massive particles are fundamentally different and need

to be distinguished when written in their spinorial form. This is because they have associated different

little group. Remember the little group is defined as the set of Lorentz transformations that leave particles

momenta invariant. Each particle has its own little group. For instance, for massless particles we can

choose a frame in which the momentum vectors are of the form pµ = ω(1, 0, 0, 1), and therefore the little

group corresponds to the group of rotations in the x-y plane, SO(2) =U(1). For massive particles on the

other hand, one can choose the particle’s rest frame where pµ = (m, 0, 0, 0). This allow us to identify the

little group as the three-spatial rotations group SO(3) ∼SU(2).

With this distinction between massless and massive particles in mind, let use introduce their corre-

spondent spinor helicity formalism in a separate way. For the former we follow the conventions of [160]

(see also [152]), whereas for the latter we follow the seminal work in [68].

2.4.1 Massless particles

The transition from the vector to the spinorial representation of particle’s momenta is done thought the

su(2) sigma matrices σµ = (I, σi), via

pαα̇ = σαα̇
µ pµ =

 p0 − p3 −p1 + ip2

−p1 − ip2 p0 + p3

 (2.32)

in this matrix notation, the on-shell condition becomes

p2 = det(pαα̇) = p2
0 − p2

1 − p2
2 − p2

3 = 0 , (2.33)

The two-dimensional momentum matrix pαα̇ has therefore rank 1 and can be written as the outer product

of two vectors

pαα̇ = λαλ̃α̇ . (2.34)
5Extensions of this formalism to higher dimensions are also available, see for instance [157,158].
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α and α̇ are SU(2) indices, which can be raised and lower with the invariant ϵ-tensor

ϵαβ = −ϵαβ = ϵα̇β̇ = −ϵα̇β̇ =

 0 1

−1 0

 . (2.35)

A possible parametrization of these spinors in terms of the momentum vector components is

λα = z√
p0 − p3

 p0 − p3

−p1 − ip2

 , λ̃α̇ = z−1√
p0 − p3

(
p0 − p3 −p1 + ip2

)
(2.36)

with p0 =
√
p2

1 + p2
2 + p2

3. Notice we have include a general scaling constant z. This is because under

the little group transformation, λ → zλ and λ̃ → z−1λ, the matrix pαα̇ remains invariant. For real

kinematics λα = (λ̃α̇)† and therefore the factor z becomes a pure phase. z = eiϕ. For Complex momenta,

λ and λ̃ are unrelated one to the other.

We can analogously defined the conjugate matrix p̄α̇α = (σ̄µ)α̇αp
µ, with σ̄µ = (I,−σi). It is further-

more convenient to introduce the bracket notation λα
p = |p⟩ and λ̃α̇

p = [p| to represent the spinor-helicity

variables. In this way the momentum matrices become

pαα̇ = |p⟩ [p| , p̄α̇α = |p] ⟨p| . (2.37)

In this notation, the Lorentz product of two vectors, p and q, becomes

2p·q = tr(p̄q) = tr(q̄p) = tr(|p] ⟨p| |q⟩ [q|) = ⟨pq⟩ [qp] = ⟨qp⟩ [pq] . (2.38)

Here we have denoted the contractions ⟨pq⟩ = λα
pλ

β
q ϵαβ , and analogously [pq] = λ̃α̃

p λ̃
β̇
q ϵα̇β̇ . This implies

⟨pq⟩ = − ⟨qp⟩ and [pq] = −[qp], and therefore, for any massless momentum p, we have ⟨pp⟩ = [pp] = 0.

Non surprisingly, massless polarization vectors (as well as Dirac spinors) can also be put into a

spinorial form. Recall they satisfy the transversality condition ϵ·p = 0. This condition allows us to write

positive and negative helicity polarizations matrices in terms of the spinors for their associated massless

momentum as follows

ϵ−p =
√

2 |p⟩ [r|
[pr] , ϵ+p =

√
2 |r⟩ [p|

⟨rp⟩
, (2.39)

here |r⟩ and [r| are two reference spinors (when computing amplitudes, they cancel out from the final

answer), whose freedom to be chosen is the manifestation of the gauge freedom one has to shifting massless

polarization vectors, with vectors proportional to their correspondent momentum ϵµ → ϵµ +
√

2
[pr]pµ, in

a physical scattering amplitude. Notice polarization vectors defined in (2.39) carry little group weights.

That is, under a little group transformation, ϵ− → z2ϵ− and ϵ+ → z−2ϵ+. Finally, polarization vectors

satisfy the usual conditions ϵ−p ·ϵ+p = −1, and ϵ±p ·ϵ±p = ϵ±p ·p = 0.

Any scattering amplitude in 4-dimensions can be written in terms of inner products of spinor-helicity

variables. Since reference spinors are little group invariant, the little group rescaling of an amplitude

is fixed only by the external polarizations. This impose strong constrains on the permitted form of an
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amplitude, since arbitrary inner products of spinors must have the correct little group rescaling in order

for the amplitude to describe the desired scattering process. Indeed, in [161] it was shown that for complex

momenta6, on-shell 3-particle S-matrices of massless particles of any spin can be uniquely determined

from helicity arguments. This is where the power of the spinor helicity formalism overcomes the use

of usual polarization tensors. That is, for a given particle of any spin, the spin structure is completely

contained in the spinors {|p⟩ , |p]}. We will see this is also the case for massive spinning particles in §2.4.2.

Massless 3-point amplitude

For the 3-point amplitude of massless particles with generic spin (or helicity h = s), and momentum

conservation p1 + p2 + p3 = 0, p2
i = 0, with pi·pj = 0, Lorentz invariance impose the amplitude to be

generic function of spinorial combinations ⟨ij⟩ and [ij], with i, j = 1, 2, 3. At 3-points, the most generic

function is split into a holomorphic and anti-holomorphic contributions [161]:

A3({i, hi}) = κH ⟨12⟩d3 ⟨23⟩d1 ⟨31⟩d2 + κA[12]−d3 [23]−d1 [31]−d2 , (2.40)

where κh, κA are constant coefficients and

d1 = h1 − h2 − h3 (2.41)

d2 = h2 − h3 − h1 (2.42)

d3 = h3 − h1 − h2 (2.43)

Imposing A3({i, hi}) has correct physical behaviour in the limit of real kinematics (⟨ij⟩ = 0 and [ij] = 0),

implies that if d1 +d2 +d3 > 0, one needs to set κA = 0, and analogously if d1 +d2 +d3 > 0 then κH = 0.

In this work we consider d1 + d2 + d3 ̸= 0 only, as for zero sum, the two contributions need to be kept.

As an example, we can compute the 3-point amplitude for a massless state of helicity h emitting a

massless particle of spin h3:

Ah3,h
3 ∼

(
⟨13⟩
⟨23⟩

)2h( ⟨13⟩⟨32⟩
⟨12⟩

)h3

, (2.44)

We will come back to this amplitude in chapter 7 and chapter 8.

2.4.2 Massive particles

Let us now introduce the spinor helicity formalism for massive particles. We have learned that massless

particles are labeled by their helicity weight, h. Massive particles on the other hand transform under some

spin S representation of SU(2). The transition from vector to spinors notation can be done analogously

to the massless case (2.32). Since the on-shell condition for massive particles is p2 = m2, the matrix pαα̇

is now of rank 2, instead of rank 1. This means, it can be written as the sum of two rank 1 matrices as

follows
6For real kinematics, 3-particle amplitudes vanish, see for discussion around (3.6)
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pαα̇ = λα I λ̃α̇
I , I = 1, 2, (2.45)

The massive on-shell condition now translates into

p2 = m2 ⇒ detλ× det(λ̃) = m2 . (2.46)

For massless particles, little group transformations were given by rescaling of the massless spinors.

In the case of massive particles, the indices I, are SU(2) indices (no to be confused with the spinorial

SL(2,C) indices α, α̇), and the little group transformation correspond to 3-dimensional rotations of these

indices. The transformation rules for the massive spinors are then λαJ = W I
Jλ

αJ , and λ̃α̇
I = (W−1)J

I λ̃
α̇
J ,

with W I
J ∈ su(2). Of course I indices can be raised and lowered with the ϵIJ , ϵIJ invariant tensors of

SU(2). Let us analogously to the massless case, introduce the bracket notation for massive spinors as

follows λαI
p = |p⟩I , and λ̃α̇I = [p|I , so that the massive momentum matrices now become

pαα̇ = |p⟩I [p|JϵIJ . (2.47)

Angular and square brackets can be traded one to the other by means of the Dirac equation

pαα̇|p]Iα̇ = m |p⟩αI
, p̄α̇α |p⟩αI = m|p]Iα̇ . (2.48)

In addition to the helicity labels for massless particles, scattering amplitudes of massive spin-S par-

ticles are given by totally symmetric tensors of rank 2S.

M{I1···I2S} = λI1
α1

· · ·λI2S
α2S

M{α1···α2S} , (2.49)

where M{α1···α2S} is totally symmetric in the αi indices. Notice here we have chosen the angular as

opposite to the square brackets basis to represent the scattering amplitudes. This is always possible since

one can always convert from one basis to the other using (2.48). Let us also remark that massive spinor

naturally recover their massless counterparts in the high energy (m → 0) limit. Let us not go into this

discussion here but readers interested can see for instance [68].

Minimal coupling massive 3-particle amplitude

Let us analogously to the massless case, consider the 3-particle amplitude for a massive spin-S state,

emitting a helicity h massless particle. We use the momentum conservation conventions p3 = p1 + k2.

This amplitude is completely fixed by the little group, and minimal coupling arguments [68]7. Let us

introduce the notation for the spin-s polarization states, using totally-symmetric tensor products of spin
7Minimal coupling in the sense of [68], is the statement that under the high energy limit, the 3-point amplitude (2.57)

reduces to the massless version (2.44)
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1/2 spinors

|ε1⟩ = 1
mS

|1(a1⟩ ⊗ . . .⊗ |1a2S)⟩ , (2.50)

|ε1] = 1
mS

|1(a1 ] ⊗ . . .⊗ |1a2S)] , (2.51)

which are two different choices for a basis of 2S + 1 states. They can be mapped to each other using the

operator (2.48). In this notation, the minimal coupling 3-point amplitude for the emission of a positive

or negative helicity h particle is [68]

A
+|h|,S
3 = (−1)2S+|h|x

|h|

mS
⟨ε3ε1⟩ , A

−|h|,S
3 = (−1)|h|x

−|h|

mS
[ε3ε1] , (2.52)

where we have used the usual x-variable notation for massive spinors as follows:

x = ⟨r| p1|k2]
m ⟨rk2⟩

, x−1 = [r|p1 |k2⟩
m[rk2] , (2.53)

with |r⟩ and |r] reference spinors, associated to the massless particle polarization, as introduced in (2.39).

In this sense, we can think of the x-variables as proportional to the massless particles polarization tensors;

or more precisely x ∼ ϵ+·p1 and x−1 ∼ ϵ−·p1.

Consider for instance the case S = 1/2. |ϵ1⟩ = 1
m/2 |1⟩. In [58] (see also [60]), it was shown that in

terms of the spinorial realization of the spin 1/2 Lorentz generators Jµν = (σµν ⊗ I+ I⊗σµν), where the

angular momentum operator can be put in terms of the standard SL(2,C) matrices, σµν = σ[µσ̄ν]/2, the

previous amplitudes can be written in the following way (take for instance |h| = 2):

A
−2,S=1/2
3 ∼ (ϵ−·p1)2 ⟨3|

(
1 + k2µϵ

−
ν J

µν

p1·ϵ−
)

|1⟩ . (2.54)

where one has to use
k2µϵ

−
ν J

µν

p1·ϵ−
= |k2⟩ ⟨k2|

mx
⊗ I + I ⊗ |k2⟩ ⟨k2|

mx
. (2.55)

Analogously for the opposite polarization, we change angle to squared brackets, and do kµ
2 → −kµ

2 . The

trick to write the amplitudes (2.57) in terms of the spin operator is, for instance for the minus helicity

one, to change from the chiral (square brackets) to the inti-chiral basis (angular brackets) using the Dirac

equation (2.48), and analogously for the other helicity.

The infinite spin generalization of (2.54) was also introduced in [58]. In this case, the spin-j general-

ization of (2.55) is

(k2µϵ
−
ν J

µν

p1·ϵ−
)⊙j

=


(2S)!

(2S−j)!

(
|k2⟩⟨k2|

mx

)⊗j

⊙ I⊗2S−j , j ≤ 2S

0 , j > 2S
(2.56)

which leads immediately to an exponential representation of the 3-point amplitude

A
−|h|,S
3 = A

−|h|,S=0
3 × ⟨ε3| exp

(
F2µνJ

µν

2ϵ−2 · p1

)
|ε1⟩ (2.57)
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where we have used Fµν
2 = 2k[µ

2 ϵ
−,ν]
2 , and A−|h|,S=0

3 = (ϵ−·p1)|h|. We will continue studding these 3-point

amplitude in chapter 8 (see also chapter 3 and appendix B). Naively we might think this amplitude have

unphysical poles for S > h, when one expands the exponential function. In chapter 8 we will prove this

is not the case, and indeed, we will show how it’s classical limit recovers the linearized effective metric

for the Kerr BH, as originally shown in [58,103].

The Compton amplitude in spinor-helicity form

Let us finalize this section by commenting on the spinor helicity form of the Gravitational Compton

amplitude. As we will see in chapter 3, this amplitude can be constructed from soft theorems, without

the need of a Lagrangian. In [68], up to spin S = 2, it was also shown that it can be completely fixed

using unitarity, and the 3-point amplitudes shown above, which are themselves fixed from little group,

and minimal coupling arguments. In spinor helicity form, with momentum conservation p1 +k2 = k2 +p4,

and for incoming (outgoing) graviton helicity +2 (−2), the gravitational Compton amplitude reads

Agr,s=2
4 ∝ ⟨2|1|3]4

p1 · k2 p1 · k3 k2 · k3

(
[1a2]⟨34b⟩ + ⟨1a3⟩[4b2]

)4
. (2.58)

Using arguments along the same lines above, the authors of [58] showed this amplitude can be written

in terms of the spin generators in the form

A+−,S
4 = A+−,S=0

4 × ⟨ε4| exp
(
F2,µνJ

µν

2ϵ2 · p1

)
|ε1⟩ (2.59)

where the scalar amplitude is simply

A+−,S=0
4 = ⟨2|1|3]4

p1 · k2 p1 · k3 k2 · k3
. (2.60)

Unlike for the 3-point amplitude, (2.59) is valid only up to spin S ≤ 2. For S > 2, this amplitude has the

unphysical pole ϵ2·p1 ∼ ⟨2|1|3], which cancels from the scalar amplitude for lower spins. Up to S = 2,

this amplitude agrees with the Lagrangian derivation. We will comment on this in §7.2.1. For the QCD

(single copy ) amplitude, the spinor-helicity amplitude

AQCD,s=2
4 ∝ ⟨2|1|3]2

p1 · k2 p1 · k3

(
[1a2]⟨34b⟩ + ⟨1a3⟩[4b2]

)2
. (2.61)

agrees with the g = 2 form factor choice for S = 1/2, 1, but disagrees with the Lagrangian minimal

coupling amplitude, where g = 1 for S = 1 Proca particles. In §7.2.1 we argue that double copy criteria

fixes g = 2 for QCD for the named spin values. Furthermore, in chapter 8 we will show in the classical

limit, amplitude (2.59) corresponds to an effective description for the scattering of Gravitational waves

off the Kerr BH in the low energy regime, traditionally studied using BHPT.
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2.5 Outlook of the chapter

In this chapter we have introduced some modern amplitude techniques that will facilitate the understand-

ing for most of the content of this thesis. These techniques are some of the cornerstones of the modern

amplitudes program in classical gauge theories and gravity, and have shown remarkable simplifications

at the moment of performing hard core computations. This chapter was intended as a short review but

readers interested in a more pedagogical introduction can consult the reference cited through the chapter.



Chapter 3

Classical E&M observables from

SQED amplitudes

3.1 Introduction

As motivated in the Introduction and in §2.2, the main ingredients in the computation of two-body

classical observables in gauge and gravity theories are the conservative 4-point (M4) and radiative 5-point

(M5) scattering amplitudes (1.1). These amplitudes have been subject of exhaustive studies in the last

decade, including matter with and without spin in gauge theories, as well as scalar and spinning sources in

gravitational scenarios. Remarkable modern amplitudes techniques are used in the computation of these

objects, aiming to simplify the calculations and extract the relevant contributions needed for classical

physics at the earliest possible stage of the computation. Among some of these techniques we have spinor

helicity variables introduced in §2.4, generalized unitarity , the double copy briefly introduced in §2.3,

which we will expand in chapter 7, as well the use of integration techniques developed for the computation

of QCD cross sections, many of which will be used in the body of this thesis. In this chapter we provide

a pedagogical introduction to the computation of these amplitudes in the simplest scenario, that is, for

scalar particles minimally couple to the photon field, otherwise known as SQED. This will allow us to

introduce many of the ingredients needed in more complicated scenarios including spinning sources both

in QED (QCD) and Gravity, while avoiding the complications introduced by the latter. We postpone the

study of spin for both gauge and gravity theories for chapter 5 .

In the first part of this chapter we will concentrate on the computation of M4 and M5 at lowest orders

in perturbation theory, that is, at 2PL and 3PL order respectively. We will show that as suggested by (1.2),

these amplitudes can be obtained from elementary building blocks given by the 3 and 4-point amplitude

for one massive line emitting photons (gravitons) 1. We provide a Lagrangian derivation of these building

blocks and give some of their simple applications in classical physics: As first application we will discuss

how no radiative content propagates to future null infinity from the 3-point amplitude. Secondly, we show
1Let us stress here that factorization (1.2) is in fact more general (including spinning particles) and holds for both gauge

and gravity theories.
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how the classical Thomson scattering of electromagnetic waves off structure-less compact charge objects

can be obtained from the classical limit of the Compton amplitude. We further point out interesting

properties of these building blocks as soft exponentiation and the orbit multipole decomposition. This

then allows us to argue the same amplitudes can be constructed directly from soft theorems and Lorentz

symmetry of the scattering matrix, without the need of a Lagrangian. Furthermore, we will check how the

soft exponentiation of the Compton amplitude induce an all order exponential soft decomposition of the

classical 5-point amplitude. We proceed by illustrating the computation of simple two-body observables,

including the 2PL linear impulse, the 3PL radiated photon field in a 2 → 3 scattering process in SQED

at leading order in the frequency of the radiated photon and show that it agrees with the well known

Weinberg soft theorem [162], whose universality is a consequence of the spin universality of the mentioned

building blocks, which we study in more detail on chapter 5.

As advertised in previous sections, one of the main subjects of this thesis is the computation of

gravitational radiation from the classical limit of quantum scattering amplitudes. These gravitational

amplitudes can be computed with the help of the double copy, as we have stressed several times in

previous sections. We have however introduced the double copy in the context of Yang Mills theories

with the slogan GR = YM2 in §2.3. The reason we chose to discuss electromagnetic radiation in this

chapter as opposite to color radiation is that, as we will show in chapter 5 and chapter 7, the double

copy of the electromagnetic amplitudes discussed in this section will be enough to compute the classical

gravitational radiation in the two-body problem at LO in perturbation theory, avoiding the complications

arising from the non-Abelian nature of YM theory. This is somehow a different approach to the one taken

in the work of Goldberger and Ridgway in [80], and Luna et al [6], where the LO gravitational 5-point

amplitude was computed from the BCJ double copy of scalar-YM. Of course these two approaches are

equivalent as we will explicitly show in chapter 7, with the reason behind this equivalence being the

agreement of A3 and A4 amplitudes, with YM partial amplitude; we will expand on this in chapter 7.

We finalize this chapter with the explicit computation of the 2PL (1-loop) linear impulse for the

scattering of two structure-less, charged compact objects interacting through the exchange of electro-

magnetic waves, recovering the classical results of Saketh et al [76]. For this we make use of the integral

representation of the linear impulse derived in [78], and use integration technique introduced in §3.3

below.

This chapter takes elements of previous work by the author [84, 102, 106], and for completeness, the

discussion in §3.2.1 is done along the lines of [163].

3.2 Scalar Electrodynamics

As a warm up, let us study the simple theory describing the minimal coupling between a charge scalar

complex field and the photon field. This will avoid all of the complication arising from spin, while

capture many interesting features of radiation, also present for spinning bodies. For one matter line, the
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interaction is described by the scalar-QED Lagrangian

LSQED = −1
4FµνF

µν +DµϕD
µϕ∗ −m2|ϕ|2, (3.1)

where we have introduced the position space photon field strength tensor Fµν = ∂µAν − ∂νAµ, whereas

the covariant derivative is Dµ = ∂µ + iQeAµ, with Q the charge of the scalar field, and e is the electron

charge. It is a straightforward task to derive the Feynman rules from this Lagrangian. For instance, the

3-point vertex and the seagull vertex are given respectively by

= −ieQ(p+ p′)µ (3.2)

= 2e2Q2ηµν (3.3)

The simplest scattering amplitude one can compute with this Feynman rules is the reduced 3-point

amplitude A3, for a massive scalar emitting a photon

ASQED
3 = i2eQ ϵ±·p1 , (3.4)

where the momentum conservation condition reads p2 = p1 − q, and ϵ± corresponds to the polarization

vector for the emitted photon.

We can also consider the amplitude for the 2 → 2 scattering of our scalar particle with a photon.

That is, the scalar Compton amplitude ASQED
4 , which for momentum conservation p1 + k2 = k3 + p4, is

simply given by

ASQED
4 = 2e2Q2 p1·F2·F ⋆

3 ·p1

p1· k2p1·k3
, (3.5)

where, with some abuse of notation, we have introduced the momentum-space photon field strength

Fµν
i = 2k[µ

i ϵ
ν]
i .

These will be the main building blocks in the computation of classical electromagnetic (gravitational)

two-body observables, as we will shortly see. Before going into that, let us first comment on two direct

applications of this amplitudes in the computation of classical radiation. As first example we will show

how although the 3-point amplitude contains an external photons, it does not carry any radiative degrees

of freedom (DoF) in Minkowski space-time. The second example will be the direct use of the classical

limit of the Compton amplitude to describe the Thomson scattering process in classical electrodynamics.

3.2.1 Radiation scalar and the 3-pt amplitude

The radiative content in a classical scattering process is encoded in the so called Radiation Newman-

Penrose scalars [164]. These correspond to solutions of the classical field equations, which decay as 1/R

at past and future null infinity, with R the distance from the position in which the scattering process took
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place, and the position of the detector. From a classical perspective, the momentum space scattering

amplitude with external massless particles can be interpreted as the source entering into the right hand

side of the field equations, and therefore are directly related to the radiation scalars. For instance, at the

level of the 3-point amplitude, the photon emission is capture by the Maxwell spinor [165]

ϕ(x) =
√

2
m

Re
∫
d̂Φδ̂(u·q) |q⟩ ⟨q| e−q·xASQED

3 . (3.6)

Here we have introduced the massive particle four-velocity uµ = 1
mp

µ, whereas |q⟩ ⟨q| = σµqµ. We have

also used δ̂(u·q) to represent the on-shell condition for the outgoing massive particle (Notice we have use

the on-shell condition q2 = 0 for the emitted photon). This integral is straightforward to evaluate in the

rest frame for the massive particle, where uµ = (1, 0, 0, 0) (or x = (τ, 0, 0, 0)), where the on-shell condition

δ̂(u·q) for the outgoing massive particle becomes the zero energy condition ω = 0, for the emitted photon,

which in Minkowski space time, qµ = ω(1, 0, 0, 1) is solved for qµ = 0 identically. We conclude then that

ϕ(x) = 0 and therefore 3-point amplitude contains no radiative modes in (1, 3) signature. This is an

statement that holds to all orders in perturbation theory, and for generic massless emission at 3-points.

Interestingly, in split signature (2, 2), ϕ(x) is a non-vanishing object, containing radiative modes as shown

in [163], whose interesting properties are beyond the scope of the present thesis.

This is the reason a charged massive particle cannot emit radiative Degrees of Freedom (DoF) towards

future null infinity unless it is disturbed by an additional entity, for instance, an additional charged

particle, or an electromagnetic wave. Let us however remark that although the amplitude (3.4) does

not provide radiative DoF, it will be an important building block in the constriction of higher point

amplitudes, which do carry radiate DoF. As a final remark, let us stress the Maxwell spinor (3.6) can

also be determined using the methods described earlier in §2.2.

3.2.2 The classical electromagnetic Compton amplitude and Thomson scat-

tering

Let us now proceed with a first direct application of our scalar Compton amplitude (3.5) in the low energy

description of the scattering of light off a charged particles in classical electrodynamics. This is known

as the Thomson process where the incoming wave hits the charge making it accelerate and therefore

emitting a wave with the same frequency of the incoming wave (see Figure 3.1 for our conventions used

in (3.9)). The observable for this process is the classical differential cross section which can be obtained

from the classical (here equivalent to the low energy limit) limit of the Compton amplitude.

In what follows we introduce some general notation that will be used not only for the scattering of

electromagnetic waves in QED, but also will be used in the context of the scattering of waves of general

helicity h off scalar and rotating Black holes, which will be studied in great detail in chapter 8.

In order to define the classical piece of the QFT A4 amplitude and link it to a wave scattering

process, we proceed as follows. The null momenta of the massless particles, ki, is to be identified with

the classical wavenumbers, k̂i, as dictate by the KMOC formalism §2.2, and corresponds to the direction
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Figure 3.1: Wave scattering in an Amplitudes setup. A incoming plane wave traveling along the z-axis,
hits a classical compact object at rest. The wave gets scattered with outgoing momentum lying in the
x− z plane. We have introduced a spin vector oriented in a generic direction, preparing for the process
of gravitational wave scattering off Kerr BH, treated in chapter 8.

of wave propagation. Thus, this allows us to write

ki = ℏk̂i , [k̂i] = [1/L] , (3.7)

as ℏ → 0. This scaling will be sufficient for QFT amplitudes involving a single matter line (see also

[61,78,102]). For such case, this also implies that internal massless momentum q =
∑

i ±ki has the same

ℏ-scaling, q = ℏq̂.

Consider now the Compton amplitude (3.5), representing the four-point scattering amplitude of two

massive scalar legs of momenta p1 and p4 and two massless legs of momenta k2 and k3. In the classical

interpretation, the massive momenta will be associated to initial and final states of classical charged

compact objects (or BHs in the gravitational case), whereas the massless momenta k2 and k3 represent

the incident and scattered wave respectively. The classical limit of (3.5) is the achieved by taking the

leading order term in the ℏ → 0 expansion of the amplitude,

⟨A4⟩ := lim
ℏ→0

A4 . (3.8)

We choose to evaluate our classical amplitude in the reference frame for which the massive particle is

initially at rest and the scattering process is restricted to the x− z plane. By adopting the scaling given

in (3.7) and the rest frame for p1, the momenta of the particles read explicitly (see Figure 3.1)

pµ
1 = (M, 0, 0, 0),

kµ
2 = ℏω(1, 0, 0, 1),

kµ
3 = ℏω(1, sin θ, 0, cos θ)

1 + 2ℏω
M sin2(θ/2)

,

pµ
4 = pµ

1 + kµ
2 − kµ

3 ,

(3.9)

with the form of the energy for the outgoing wave of momentum k3, fixed by the on-shell condition for

the outgoing massive particle. Here θ corresponds to the scattering angle. The independent kinematic
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invariants are

s = (p1 + k2)2 = M2
(

1 + 2ℏω
M

)
,

t = (k3 − k2)2 = − 4ℏ2ω2 sin2 (θ/2)
1 + 2ℏω

M sin2(θ/2)
,

(3.10)

which for the case of electromagnetic scattering only receive contribution from the s−channel, from the

identity

s−M2 ≈ M2 − u+ O(ℏ) , (3.11)

hiding in the classical limit, the latter can then be taken as the limit in which ℏω/M << 1. This

is equivalent to a multi-soft limit, for which the momenta of the incoming and outgoing photon are

much smaller than the mass of the scalar particle. It will also be convenient to introduce the optical

parameter [84]:

ξ−1 := − M2t

(s−M2)(u−M2) = sin2(θ/2) . (3.12)

We will make use of this parametrization for particles momenta in chapter 8 when discussing the scattering

of waves off rotating BHs.

The next task is to relate the classical amplitude to the classical observable, in this case, the differential

cross section. For that we use the well known formula for the differential cross section in QFT, and then

proceed to take its classical limit according to our prescription. Let us assume that the incoming massless

particles have fixed helicity h, whereas the outgoing massless particle can in general have a different

helicity h′ = ±h. Then, the unpolarized differential cross section will be given by

dσ =
∑
h′

|A4(h → h′)|2dLIPS2

2E12E2|v⃗1 − v⃗2|
, (3.13)

where the sum runs over all the polarization states for the outgoing massless particle, and the two particle

Lorentz invariant phase space has the simple form

dLIPS2 = s−M2

32π2s
dΩ . (3.14)

Noting that in the classical limit kµ
3 → ω(1, sin θ, 0, cos θ), the differential cross section simply becomes

d⟨σ⟩
dΩ =

∑
h′

|⟨A4(h → h′)⟩|2
64π2M2 . (3.15)

The impinging wave can also be unpolarized. In such case, the helicity states for both the incoming and

the outgoing waves allow us to define the elements of the scattering matrix as follows

Ah
4 =

 Ah
++ Ah

+−

Ah
−+ Ah

−−

 , (3.16)

where the sub-indices denote the polarization of the incoming and outgoing wave respectively, and h

denotes the nature of the wave. We associate +h (−h) states with circular left (right) wave polarizations.
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Motivated by the discussion of wave spin induce polarization in the next sections, specially in the context

of spinning black holes in chapter 8, we will refer to the diagonal elements Ah
++, A

h
−− as helicity preserving

amplitudes, and to the off diagonals Ah
+−, A

h
−+ as helicity reversing. An important caveat here is that the

helicity of particle k3 appears flipped with respect to somewhat standard conventions: As k3 is outgoing

with helicity h′ it is equivalent to an incoming particle with helicity −h′.

We are now in good position to evaluate the classical amplitude (3.8), given by the classical limit of

the Compton amplitude (3.5). The corresponding polarization directions are

ϵ+3 =m = 1√
2

(0, cos θ, i,− sin θ) ,

ϵ−3 = − m̄ = − 1√
2

(0, cos θ,−i,− sin θ) .
(3.17)

Analogously for the incoming wave

ϵ+2 = 1√
2

(0, 1, i, 0) ,

ϵ−2 = − 1√
2

(0, 1,−i, 0) .
(3.18)

Using previous prescription for the kinematics of the problem, one can easily show that the elements

of the scattering matrix (3.16) for the scattering of a electromagnetic wave off a scalar charged massive

particle read

⟨ASQED
4,++ ⟩ = ⟨ASQED

4,−− ⟩ = 2 e2 cos2
(
θ

2

)
, (3.19)

whereas for the off-diagonal elements we have

⟨Ah=2
4,+−⟩ = ⟨Ah=2

4,−+⟩ = 2 e2 sin2
(
θ

2

)
. (3.20)

One can immediately obtain the unpolarized classical differential cross section

d⟨σSQED⟩
dΩ =

(
e2

4πM

)2 [
cos4

(
θ

2

)
+ sin4

(
θ

2

)]
(3.21)

which recovers the well known unpolarized differential cross section for the Thomson scattering [105]. A

similar scattering amplitude approach was taken in [131] reproducing the Thomson result analogously.

Notice this differential cross section does not diverges in the θ → 0 limit, and is a consequence of the

form of the classical amplitude, which reduce to a contact term of the form ⟨ASQED
4 ⟩ ∼ 2 e2ϵ2·ϵ⋆3. This

is due to the fact classical electrodynamics is a Linear theory, unlike the case for gravitational, where

the non linearity nature allows to write non-contact diagrams with poles of the form 1
sin2(θ/2 ), these are

basically t-channel poles, as we will see in detail in chapter 8. As final observation, the cross section for

the Thomson process

σ = 8π
3 r2

Q , (3.22)

where rQ is the classical radius of the charged particle (see Table 1.1), is independent of the energy of

the incoming wave and only depends on the radius of the charge particle.
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3.2.3 Soft exponentiation and orbit multipoles

Another way one can understand why A3 does not carries radiative DoF is through the orbit multipole

moments. As we have seen above, A3 corresponds to a classical on-shell current entering into the r.h.s. of

the classical field equations, and although it can be used to evaluate conservative effects in the two-body

problem, it is not enough for the computation of radiative effects [32,166]. This can be understood from

the fact that it does not possess orbit multipoles, in contrast with A4. We define the orbit multipoles as

each of the terms appearing in the soft-expansion of An for n = 3, 4, with respect to an external photon

(or graviton as we will illustrate in chapter 7)2. Such expansion is trivial for A3 as seen from (3.4). For

A4, however, it truncates at subleading order for photons [167,168]. As a consequence, both amplitudes

can be directly constructed via Soft Theorems without the need for a Lagrangian. The only seed is the

three point amplitude (3.4) which is can be fixed up to a constant using 3-point. kinematics arguments

as we illustrated in §2.4. Let us then write the soft expansion of A4 with respect to k3 → 0 as

Aph
4 = eQ

∑
a=1,4

ϵ2·pa

k3·pa
e

2F3·Ja
ϵ3·pa Aph

3 = 2e2 Q2
[

p1·ϵ2Fk

p1·k3 p4·k3
− Fϵ

p1·k3

]
, (3.23)

where F3·Ja = Fµν
3 Jaµν , is the action of the angular momentum operator Jµν

a = [pa ∧ ∂pa
]µν , on its

corresponding massive particle [169]. We have also introduced the variables Fk = p1·F3·k2, Fϵ = p1·F3·ϵ2.

This exponential representation of the four point amplitude will be use when we discuss radiation in the

two-body problem, where the exponential expansion of A4 induces and all order soft exponentiation of

the 5-point amplitude (1.2), for both QED and Gravity.

3.3 1PL linear impulse and 3PL photon radiation in SQED

With the previus building blocks at hand, we are now in position to compute simple classical observables

in the scalar two-body problem in classical electrodynamics, for structure-less charged compact objects.

In this section we will illustrate the computation of two main observable, the leading order linear im-

pulse(2.12), and the radiated photon field in (2.15), as provided by the KMOC formalism. The former

was originally computed in [78], and we include it here for completeness, whereas the latter was computed

by the author in [102,106] at leading order in the soft expansion.

Leading order electromagnetic impulse

Let us start with the computation of the linear impulse at 1PL order. For that we need the classical

limit of the amplitude MSQED
4 , for the scattering of two massive scalar interchanging one photon. The

quantum amplitude can be easily computed using the Feynman rules (3.2) and (3.3), together with the
2The soft expansion is the analog to the multipole expansion of a classical source [105], and therefore the name orbit

multipoles.
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photon propagator

= iηµν

q2 + iϵ
. (3.24)

Explicitly we have

MSQED
4 = 4e2Q1Q2

p1·p2 + q2

q2 + iϵ
. (3.25)

From the KMOC prescription (see §2.2), the classical limit of this amplitude can be taken by recalling

q → ℏq, and take the leading order as ℏ → 0. This amounts to simply drop the term q2 in the numerator

of the previous expression (effectively removing contact terms, and therefore the classical expansion can

be interpret as the large impact parameter expansion). Notice by doing so, the classical amplitude

can be alternative computed from the unitary gluing of two three point amplitudes (3.4), where the

internal photon is on-shell, as indicated in (1.2). This is in general the usual approach taken when

computing higher multiplicity, as well as higher loop amplitudes, needed for the two-body problem;

that is, amplitudes are computed using generalized unitarity from lower order building blocks (see for

instance [51]).

Back to the 4-point amplitude, the classical piece simply reads

⟨MSQED
4 ⟩ = 4e2Q1Q2

p1·p2

q2 + iϵ
. (3.26)

With this amplitude at hand, the 1PL linear impulse can then be computed from the formula (2.12),

and reads explicitly

∆p(0) µ
1 = e2 Q1 Q2 p1·p2

∫
d̂4qδ̂(p1·q)δ̂(p2·q) iqµ

q2 + iϵ
e−iq·b . (3.27)

Let us finish this example, by the explicit evaluating this integral, although it has been evaluated

in several previous works (see for instance [58, 78]). We aim however to introduce some notation and

conventions that will be further used in chapter 4 and other parts of this work.

We start by noticing that since there are two delta functions inside the integral (3.27), they allow us

to evaluate the integrals in the time and longitudinal directions of q. Let us now remember the role of

the iϵ prescription is to ensure that the energy integral, q0, does not diverges when q0 hits any of the

singular values (remember q0 runs from −∞ to +∞).

1
q2 + iϵ

= 1
(q0 + |q⃗| + iϵ)(q0 − |q⃗| − iϵ) (3.28)

however, since we have at least one delta function, say δ̂(p2·q), we can chose to evaluate the integral in

the reference frame of particle 2, then, δ̂(p2·q) → 1
m2
δ̂(q0), which localizes the q0 integral to q0 = 0, in

that case, the propagators evaluate to

1
(|q⃗| + iϵ)(−|q⃗| − iϵ) (3.29)
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which leaves us with denominators no longer divergent an therefore we can drop the iϵ. We have learned

then that when there is at least one delta function δ̂(pi·q), and a delta function, one cal always ignore the

iϵ prescription for the massless ( radiation) poles, which in turn implies that the result for the impulse

will be the same irrespective of whether we used the Feynman or the Retarded propagator 3. This is of

course expected in this example since this is a computation purely in the conservative sector.

Let us however take a more covariant approach for the explicit computation of the integral. For that

we decompose the momentum q in terms of the massive momenta pi, and the transverse momentum q⊥,

as follows

qµ = α2p
µ
1 + α1p

µ
2 + qµ

⊥, pi·q⊥ = 0, (3.30)

where

α1 = 1
D
[
p1·p2x1−m2

1x2
]
, α2 = 1

D
[
p1·p2x2−m2

2x1
]
. (3.31)

Here we have introduced the dimension-full quantities xi = pi·q, and the Jacobian factor D, given by

D = (p1·p2)2 −m2
1m

2
2. (3.32)

Notice the decomposition (3.30) is generic and does not assume any conditions on the xi variables. With

the change of variables (3.30), the integral measure in (3.27) becomes simply d̂4q = 1√
D d̂

2q⊥d̂x1d̂x2.

In general, in latter sections we will have to evaluate integrals of the form

I = 1√
D

∫
d̂2q⊥d̂x1d̂x2δ̂

(n)(x1)δ̂(m)(x2)f(x1, x2, q⊥, σ), (3.33)

that is, with a certain number of derivatives acting over the on-shell delta functions. We can use integra-

tion by part multiple times in order to remove the derivatives acting over the delta functions, transporting

them to act over the integrand function f(x1, x2, q⊥, σ) 4; once we have the on-shell delta functions free

of derivatives, we can use the latter to evaluate the xi-integrals. At that point, the calculation would

have been reduced to evaluate the lower-dimensional integrals of the form

I = (−1)m+n 1√
D

∫
d̂2q⊥

∂n

∂xn
1

∂m

∂xm
2
f(x1, x2, q⊥, σ)

∣∣∣∣∣
x1=x2=0

. (3.34)

Going back to the computation of the leading order impulse integral (3.27), for this case the evaluation

of the integrals in the time and longitudinal directions simply reduces to fixing α1 = α2 = 0. We are left

then with a two-dimensional integral

∆p(0) µ
1 = Q1Q2 p1·p2√

D

∫
d̂2q⊥e

−iq⊥·b iq
µ
⊥
q2

⊥
, (3.35)

which can be evaluated by trading the momentum q⊥ in the numerator by a derivative w.r.t the transverse

impact parameter. Afterwards, the two dimensional integral can be evaluated in polar coordinates as
3However, this will not be the case for all of the integrals that we will find in this work.
4Here we have use σ to represent additional momenta, masses and impact parameter labels.
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Figure 3.2: Feynman diagrams that contribute to the 5-point radiation amplitude in SQED. Figure
adapted from [6]

follows

∆p(0) µ
1 = Q1Q2 p1·p2√

D
1

2π∂bµ lim
µ→0

∫ ∞

µ

dq⊥

q⊥

∫ 2π

0

dθ

2π e
iq⊥b⊥ cos θ , (3.36)

= Q1Q2 p1·p2√
D

1
2π∂bµ lim

µ→0

∫ ∞

µ

dq⊥
J0(q⊥b⊥)

q⊥
, (3.37)

= − 1
4π

Q1Q2 p1·p2√
D

lim
µ→0

∂bµ ln
(
−b2µ2) . (3.38)

In the second line J0(x) corresponds to the order zero Bessel functions of the first kind. Evaluating

the remaining derivative and trivially computing the µ → 0 limit, leads to the well know result for the

leading order electromagnetic impulse, first computed by Westpfahl in [170] by explicilty solving the

classical particles’ equations of motion (EoM)

∆p(0) µ
1 = −e2Q1Q2 p1·p2

2π
√

D
bµ

b2 , b2 = −b⃗2, (3.39)

where b⃗ is the two dimensional impact parameter.

Leading order radiation

The second example we provide in this section is the computation of the classical radiated photon field

at 3PL order, for the scattering of two interacting classical compact charged objects. At this order in

perturbation theory, only the linear in amplitude part of the radiated field (2.16) contributes, whereas

the second term contributes to higher PL orders as we will see explicitly in chapter 4. Analogous to the

computation of the linear impulse, we first need to provide the relevant amplitude MSQED
5 , for which we

will use the momentum conventions given in Figure 3.3, and then proceed to take its classical limit using

the KMOC prescription.

The natural path for obtaining this amplitude would be by the use of Feynman diagrams, there are

five of them as shown in Figure 3.2 , and for SQED these are very easy to compute. Let us however take
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Figure 3.3: Bremsstrahlung radiation (outgoing photon) emitted during the scattering of two massive
charge particles thought the exchanging electromagnetic waves.

an alternative road which uses what we have learned from the computation of the leading order impulse

in the previous example. That is, in the classical limit, the amplitude can be obtained from the unitarity

gluing of lower multiplicity amplitudes. This is nothing but the well known fact that up to contact

terms (although in some cases they are not present), the scattering amplitudes can be reconstructed from

unitary cuts, where the internal particles become on-shell, and the amplitude factorizes into the product

of two on-shell amplitudes [171].

For the case of M4, at leading order we in the PL (PM) expansion, the classical piece of the amplitude

can then be computed from the formula

⟨Mh
4 ⟩ = nh

q2 , (3.40)

where nh is a local numerator. This form of the 4-point amplitude is general, and works for the elec-

tromagnetic and gravitational theory, including spin effects as we will see in chapter 5. For the case of

the classical 4-point amplitude at leading PL order, we can identify the scalar numerator by caparison

to (3.26). nph = 4e2Q1Q2 p1·p2

For the case of the five point amplitude, the relevant factorization channel that encapsulate the

classical contribution, are those for which the amplitudes factorizes into the product of our favorite

3-point (3.4) and the scalar Compton amplitude (3.5), as follows

(3.41)

that is, the channels for which q2
1 = 0 and q2

2 = 0. We stress this factorization enclose the classical

contribution even in the presence of spin as we will see in chapter 5.

Let us now see how this factorization allow us to recover the Bremshrtralugh radiation formula for

scalar objects. At the first factorization channel, q2
2 = 0, the residues can be computed via

ResMSQED
5

∣∣∣
q2

2=0
=
(
AL ,µ

4 ηµν A
R ,ν
3

)∣∣∣
q2

2=0
(3.42)
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where

AR ,ν
3 = 2eQ2 p

ν
2 , (3.43)

AL ,µ
4 = 2e2Q2

1
(p1·k)(p1·q2) (p1·q2 F

µαp1α − pµ
1 q2·F ·p1)

∣∣∣
q2

2=0
. (3.44)

Now, the on-shell condition for the outgoing massive particles imply p1·q1 = q2
1/2 and p2·q2 = q2

2/2. This

shows that, although the products pi·qi naively scale as ∼ ℏ, they in fact scale as ∼ ℏ2 and are therefore

subleading in the classical limit. Notice also that momentum conservation dictates p1·q2 = p1·k − q2
1/2,

where the second factor can be dropped in the classical limit The analog result follows for the factorization

channel q2
1 = 0.

We have learned then that in the classical limit, the Bremsstrahlung amplitude has the following form:

⟨Mh
5 ⟩= 1

(q·k)h−1

[
n

(a)
h

(q2−q·k)(p1·k)2 + (−1)h+1 n
(b)
h

(q2+q·k)(p2·k)2

]
, (3.45)

where we have further write the momentum transfer qi in the symmetric variable q via q = q1−q2
2 . Here

we have written h = 1, 2 to denote the photon and graviton emission, since, as we will argue in chapter 5

and chapter 7, this formula also holds for gravity, even in the presence of spin. For the time being we

can just set h = 1 as it is the case we are here interested in.

The scalar numerators for photons emission, can be rearrange in the form

n
(a)
0,ph=4e3Q2

1Q2p1·R3·F ·p1, n
(b)
0,ph=4e3Q1Q

2
2p3·R1·F ·p3, (3.46)

where we have introduced the notation Rµν
i =p[µ

i (ηi2q−k)ν], with η1 = 1 and η2 = −1. We have to keep in

mind this numerators are valid on the support of the on-shell condition for the outgoing massive particles.

To be more precise, we can now write the radiated photon field for the scattering of two scalar charged

particles in SQED, as given by our KMOC formula (2.16) as follows

Aµ(k) = iek·b̃
∫
d̂Dq

2∏
i=1

δ̂(2pi·q)e−iq·b

[
n

(a)
0,ph

(q2−q·k)(p1·k)2 +
n

(b)
0,ph

(q2+q·k)(p2·k)2

]
, (3.47)

where we have use b̃ = 1
2 (b1 + b2), and we have defined the impact parameter b = b2 − b1. One can show

this formula recovers the classical result of Goldberger and Ridgway [80] for colourless charges, upon the

change of variables l1 = q + k/2 and l2 = −q + k/2, and set b2 = 0.

Photon exponential soft theorem

We will not evaluate explicitly integral (3.47) here, but will study a very interesting feature that arise if

the photon emission is soft 5, namely, the soft exponentiation of the scalar classical 5-point amplitude.

This will also be a feature for the gravitational case as we will show in chapter 5. For this we make use of
5By soft we means the limit in which the energy of the emitted photon is much smaller that the momentum of the

massive particles.
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the exponential form of the Compton amplitude (3.23) to read exponential form of numerators entering

in the 5-point amplitude (3.45). This is, the numerators n(a)
0,ph can be read off directly from (3.23) as

follows: Replacing ϵ1 by p2, powers of the orbit multipole Fϵ translate to powers of Fp=p1·F ·p2, whereas

Fk now becomes Fiq=ηi(pi·F ·q), with η1=−1, η2 = 1. The soft expansion (3.23) with respect to k2 = k

becomes

n
(a)
0,ph = F1q eQ1 e

− Fp
F1q

(p1·k) ∂
∂(p1·p3)

[
4e2Q1 Q2p1·p2

]
. (3.48)

Further writing 1
q2±q·k = e

±q·k ∂
∂q2 1

q2 turns (3.45) into

⟨MSQED
5 ⟩ =

∑
i=1,2

SSQED
ie

ηi

(
Fp

pi·k

Fiq

∂
∂(p1·p3) +q·k ∂

∂q2

)
⟨MSQED

4 ⟩ (3.49)

where is given in (3.26). We have defined SSQED
i=eQi

Fiq

(pi·k)2 . This expression can be used to obtain

⟨MSQED
5 ⟩ from ⟨MSQED

4 ⟩ as an expansion in the photon momentum kµ to any desired order in the soft

expansion (sub-subleading orders were studied in [172–174]).

One can check explicitly that S1 + S2 corresponds to the ℏ → 0 limit of the Weinberg Soft Factor for

the full M5 [175]. The first order of the exponential analogously corresponds to the ℏ → 0 limit of the

subleading soft factor of Low [167,176].

Let us focus for simplicity on the leading order of (3.49). As we will see in chapter 6, for bounded orbits

ω ∼ v
r the wave frequency expansion becomes a non-relativistic expansion [31], where the Maxwell dipole

emission formula (an analogously the Einstein quadrupole formula) can be derived from the Weinberg

soft theorem. For classical scattering we can use the leading soft term to obtain the Memory Effect as

R→∞. Plugging (3.49) into (3.47) we get

∫
dDq

(2π)D−2 δ(2q · p1)δ(2q · p2)eiq·b

∑
i=1,2

Si

 ⟨MSQED
4 ⟩

as k → 0. Evaluating the sum and using (3.27) as a definition of the linear impulse ∆p1 = −∆p2 we

obtain

ϵµA
µ = 1

p1·k p2·k

(
eQ1 p1

p1·k
+eQ2 p2

p2·k

)
·F ·∆p+O(k0), (3.50)

which at leading order in ∆p (or e) becomes

Aµ(k) = ∆
[
eQ1 p

µ
1

p1·k
+ eQ2 p

µ
2

p2·k

]
. (3.51)

This is nothing but the classical leading soft factor for two incoming and two outgoing massive particles

[177]

Aω−1

µ (n̂) =
Nin∑
i=1

Qi
1

pi · n
pµ

i −
Nout∑
i=1

Qi
1

pi · n
pµ

i , (3.52)

once we write the outgoing momenta as a perturbative expansion in powers of the impulse acquired by
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the massive particles order by order in perturbation theory6

pµ
i out = pµ

i in +
∑
L=0

e2(L+1) (△p(L))µ
i , (3.53)

and take the leading order in the coupling e (i.e. L = 0). We have then connected non-perturbative

results for classical soft theorems to the perturbative scattering amplitude approach to the computation

of classical radiation. In general, we will show in chapter 4 that classical soft theorems impose and

infinite tower of constraints on KMOC computations, where the tower arises from the loop expansion of

the outgoing momenta (3.53).

As last comment, it is well known that the leading and subleading soft theorems QED are universal,

independent of the details of the computation, as well as the matter content [172, 173, 177–179]. In

this section we have reproduced the leading soft theorem starting from the scattering of scalar charge

particles only. This means adding intrinsic structure to the particle such as spin, should not change the

result (3.52) for the radiated photon field. This, as we will see in chapter 5, is a consequence of the spin

universality of A3 and A4 amplitude, which is inherited by the two-body radiative amplitude M5.

3.4 2PL linear impulse in SQED

In the final part of this chapter we do the explicit evaluation of the 2PL linear impulse integral for scalars

particles. This integral was derived using the KMOC formalism in the original paper by the authors [78],

whose final result was left implicit, and can be obtained directly from the Feynman diagrams 1-loop

diagrams in SQED. We will use integration techniques outlined in §3.3 to show the final result agrees

with the classical computation of Saketh et al [76].

As shown by the authors [78], the classical impulse receives contribution from only of the triangle,

boxes and cross-box diagrams 1-Loop diagrams. After carefully taken the classical limit of each con-

tribution as described in §2.2, the authors show superclassical fragments cancel between the linear and

quadratic in amplitude contributions to the linear impulse (2.12). As for the classical contribution, the

authors arrive at the following integral:

∆p(1) µ
1 = i

4

∫
d̂4q

∏
i

δ̂(pi·q)e−ib·q [Iµ
1 + Iµ

2 + Iµ
3 ] , (3.54)

where the Iµ
i integrals resemble the contributions to the 4 point amplitude from the different Feynman

diagrams. The firs one comes from the contribution from the triangle diagrams

Iµ
1 = 2e4 (Q1Q2)2

qµ
∑

i

∫
d̂4l

m2
i δ̂(pi·l)

l2(l − q)2 . (3.55)

Next we have the contribution coming from the Boxes, which once by canceling the term Z in (4.53),
6We note that from the classical perspective, this expansion is convergent as final momenta are well defined.
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using the cut-Box diagram, reads

Iµ
2 = 2e4 (Q1Q2p1·p2)2

qµ
∑

i,j i̸=j

∫
d̂4l

l·(l − q)
l2(l − q)2

δ̂(pj ·l)
(pi·l + iϵ)2 , (3.56)

Finally, we have the 4 point cut-box contribution

Iµ
3 = −2ie4 (Q1Q2p1·p2)2

∫
d̂4l

l·(l − q)lµ
l2(l − q)2

[
δ̂′(p1·l)δ̂(p2·l) − δ̂(p1·l)δ̂′(p2·l)

]
. (3.57)

Let us start with the computation of the triangle diagrams which corresponds to the first term in

(3.54). Using (3.55), we have

Ĩµ
1 = ie4

2 (Q1Q2)2
∫
d̂4qd̂4lδ̂(p1·q)δ̂(p2·q) qµ

l2(l − q)2 e
−iq·b

[
m2

1δ̂(p1·l) +m2
2δ̂(p2·l)

]
. (3.58)

We can do the integral in l0 by going to the rest frame of particle 1 (or 2) then getting δ̂(l0) as the zero

energy condition. Notice that we can also set q0 = 0 by using one of the on-shell delta functions in q.

With this in mind the previous integral takes the form

Ĩµ
1 = ie4

2 (Q1Q2)2(m1 +m2)
∫
d̂4qd̂3 l⃗δ̂(p1·q)δ̂(p2·q) qµ

l⃗2(⃗l − q⃗)2
e−iq·b . (3.59)

The integral in d̂3 l⃗ is easy to evaluate using Schwinger parameters, see for instance eq. (7.9) in [46] .

Using those results we get

Ĩµ
1 = ie4

16
√
D

(Q1Q2)2(m1 +m2)
∫
d̂2q⊥

qµ
⊥
q⊥
e−iq⊥·b, (3.60)

where we have further evaluated two of the d̂4q integrals using the expansions for the momenta (4.3).

Evaluation of the remaining integral can be done in polar coordinates, upon trading qµ
⊥ in the numerators

by a derivative w.r.t. the impact parameter. The final answer will be

Ĩµ
1 = − e4

32π (m1 +m2) (Q1Q2)2
√
D

bµ

|b|3
. (3.61)

Next we move to the evaluation of the last term in (3.54) using (3.57),

Ĩµ
3 = e4

2 (Q1Q2pq·p2)2
∫
d̂4qd̂4lδ̂(p1·q)δ̂(p2·q) l·(l−q)

l2(l−q)2 l
µe−iq·b[δ̂′(p1·l)δ̂(p2·l)−δ̂(p1·l)δ̂′(p2·l)], (3.62)

where the tilde over I3 indicates inclusion of the q integration. To evaluate this integral we can expand

the momentum l in an analogous way to the q momentum in (3.30 - 3.31), with say αi → βi, and

xi → yi = pi · l. The resulting integrand takes the form (3.33), and therefore we can evaluate the time



3.4. 2PL LINEAR IMPULSE IN SQED 49

and longitudinal components using integrating by parts one time (3.34). That is, we can write

Ĩµ
3 = 1√

D

∫
d̂4qδ̂(p1·q)δ̂(p2·q)d̂2l⊥d̂y1d̂y2e

−iq·b
[
δ̂(1)(y1)δ̂(0)(y2) − δ̂(0)(y1)δ̂(1)(y2)

]
fα

u (y1, y2, l⊥, σ),

(3.63)

with the identification of the integrand function

fα
u (y1, y2, l⊥, σ) = e4

2 (Q1Q2p1·p2)2 (β2p1+β1p2 + l⊥)α
(
(β2p1+β1p2)2+l2⊥−l⊥·q⊥

)
((β2p1+β1p2)2+l2⊥) ((β2p1+β1p2)2+(l⊥−q⊥)2) .

where in addition to the l-expansion, we have used the expansion for the q-momentum (3.30), and set

xi → 0 using the support of the delta functions δ̂(pi·q) . Next, to use (3.34) after integration by parts we

need to evaluate the derivatives of the form

∂

∂yi
fα

u,ij

∣∣∣∣∣
yi=yj=0

= 4e4

D
(QiQjpi·pj)2

pj,βp
[β
j p

α]
i

l⊥·(l⊥ − q⊥)
l2⊥(l⊥ − q⊥)2 , (3.64)

With all the tools at hand, it is then direct to show that the integral (3.63) simplifies to

Ĩµ
3 = −e4 (Q1Q2p1·p2)2

D2

[
p2,βp

[β
2 p

α]
1 −p1,βp

[β
1 p

α]
2

] ∫
d̂2q⊥d̂

2l⊥e
−ib·q⊥

l⊥·(l⊥−q⊥)
l2⊥(l⊥−q⊥)2 . (3.65)

Next we do the usual change of variables q⊥ = q̄⊥ + l⊥, so that

Ĩµ
3 = −e4

D

[
p2,βp

[β
2 p

α]
1 −p1,βp

[β
1 p

α]
2

] [Q1Q2p1·p2√
D

∫
d̂2q⊥d̂

2l⊥e
−ib·q⊥i

q̄⊥

q̄2
⊥

]2
. (3.66)

in the big bracket we recognize the Leading order impulse (3.35), which in turn allow write the final result

as

Ĩµ
3 = e4 (Q1Q2p1·p2)2

8π2D2|b|2
[(
m2

1 + p1·p2
)
pµ

2 −
(
m2

2 + p1·p2
)
pµ

1
]
. (3.67)

The final task the evaluation of the e box and cross-box diagrams from integral (3.56). We now show

they provide vanishing contribution in the conservative sector. We can see this by first dropping the

term proportional to l · l in the numerator of (3.56) since it give rise to non local contributions. Next,

using the same philosophy of [39], we can write 2l · q = l2 + q2 − (l− q)2, and discarding again non local

contributions; the integral (3.56) becomes

Iµ
2 = −e4 (Q1Q2p1·p2)2

qµ
∑

i,j i̸=j

q2
∫
d̂4l

δ̂(pj ·l)
l2(l − q)2(pi·l + iϵ)2 , (3.68)

using the fact that at NLO no net four-momentum is radiated, radiation poles do not contribute to the

integral, we can choose a contour in the opposite half of the plane were (3.56) has the double poles

(p·l + iϵ)2, and then getting a vanishing integral. Indeed this was also done for the gravitational case

in [38] eq. (4.26). In conclusion, the NLO electro-magnetic impulse is the sum of (3.61) and (3.67),

∆p(1) µ
1 = Ĩµ

1 + Ĩµ
3 = − e4

32π2|b|3
(Q1Q2)2

D

[
π

√
D(m1 +m2)bµ + 4(p1·p2)2(p1+p2)2|b|

D
pµ

]
, (3.69)
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where we have introduced the center of mass momentum pµ via

pµ = m1m2

(p1 + p2)2

[(
m2

m1
+ p1 · p2

m1m2

)
pµ

1 −
(
m1

m2
+ p1 · p2

m1m2

)
pµ

2

]
, (3.70)

and therefore recovering the classical result of Saketh et al [76].

3.5 Outlook of the chapter

In this chapter we have introduced some of the main ideas in the computation of classical observables

directly from the classical limit of scattering amplitudes, in company of the KMOC formalism. In

particular, we have focused in interactive, structure-less compact charge objects, both, tree, and 1-loop

level. We have seen how the main ingredients An, n = 3.4, in the computation of two body amplitudes

Mm, m = 4, 5, have very interesting properties that are inherited by the latter. In addition, we have

seen how soft theorems play a crucial role in the computation of low energy bremhstralugh radiation. In

chapter 4, we will continue exploring some interesting properties regarding the computation of classical

soft radiation in SQED to higher orders in perturbation theory. In chapter 6 we will show how soft

theorems are actually also important in the computation of radiation for bounded orbit scenarios, where

the soft expansion is closely connected to the source multipole moment expansion.

Many of the tools learned in this chapter will be of used in the remaining ones, specially when we

discuss interacting spinning massive matter, and the covariant spin multipole double copy in chapter 5.

The discussion regarding the Thomson scattering will be generalized for the scattering of waves off

spinning black holes in chapter 8.



Chapter 4

Soft constraints on KMOC for

electromagnetic radiation

4.1 Introduction

In chapter 3 we have started the study of classical radiation directly from the classical limit of QFT

scattering amplitudes through the KMOC formalism. In particular, we have seen that the radiated photon

field in a classical 2 → 3 scattering process, at leading order in the frequency expansion of the emitted

wave, is entirely capture by the classical limit of the so called Weinberg soft theorem [175]. In this chapter

we extend the discussion of classical soft theorems, and in particular, we will discuss the implication they

have on the computation of classical soft radiation directly from perturbative amplitudes, to all orders

in perturbation theory. We will show that to a given order in perturbation theory, the classical leading

soft photon theorem impose an infinite tower of constraints on the expectation value of the product of

monomials of exchange momenta in the KMOC formula for radiation (2.15).

Before going into the main computation, let us in the remaining of this section, review some facts

about classical soft theorems and summarize the main results of this chapter. This chapter is mostly

based on previous work by the author [106].

Facts from classical soft theorems and summary of the results of the chapter

Classical soft photon (graviton) theorems [172, 173, 177–179] are exact statements about soft radiation

emitted during a generic electro-magnetic (gravitational) scattering process. As shown in the seminal

works by Sahoo and Sen [173], Saha, Sahoo and Sen [177], and Sahoo [180], in four dimensions if we

expand the electro-magnetic (or gravitational) radiative field in the frequency of the emitted radiation,

then the following terms in the expansion have a universal analytic form independent of the details of

51
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the scattering dynamics or even spins of the scattering particles

Aµ(ω, n̂) = 1
ω
Aω−1

µ (n̂) +
2∑

I=1
ωI(lnω)I+1 AlnI+1

µ (n̂) + · · · . (4.1)

Here n̂ is a unit vector pointing towards the direction of observation, and · · · indicate sub-sub-leading

terms in the soft expansion. It was conjectured in [180] that even among the subn-leading terms the

coefficients of ωn lnn+1 ω , n ≥ 3 are universal while other terms in the soft expansion are non-universal

and depend on the details of the dynamics. In [181], first such non-universal soft factor proportional to

ω lnω was computed and was shown to depend on the spin of the scattering particles.

Each coefficient in the above expansion is a function of incoming and outgoing momenta and charges

of the scattering particles. For example, the leading coefficient Aω−1

µ (n̂) is simply the Weinberg soft

photon factor (3.52), which we reintroduce here for the reader’s convenience

Aω−1

µ (n̂) =
Nin∑
i=1

Qi
1

pi · n
pµ

i −
Nout∑
i=1

Qi
1

pi · n
pµ

i . (4.2)

Here {(Q1, p1), · · · , (Qi, pi) } is the collection of the charges and momenta of scattering particles, and

nµ = (1, n̂). Although the exact expressions for sub-leading and higher order log soft factors in eqn.(4.1)

are more complicated, they are all functions of asymptotic data, namely charges and momenta of scat-

tering particles, which we do not show here explicitly1. The form of (4.2) can be obtained by computing

the early and late time electromagnetic waveform emitted during the scattering of the charged particles

involved. The computation requires then to solve the classical EoM for all of the particles involved, ob-

taining xa(σ±), with σpm the incoming/outgoing particles proper time. Having these solutions at hand,

we can then compute a electromagnetic current of the form jµ(x) ∼
∑

a

∫
dσδ4(x − xa(σ)) dxa

dσ , which

enters as a source for electromagnetic waves, as given by (2.18), whose LO behaviour in the low energy

expansion result into (4.2). For a detail computation see Section 4.1 in [177]. The key observation is

this probe assumes all particles momenta to be independent one from another, and in this regard, the

solution is valid to all orders in perturbation theory.

From the perspective of scattering dynamics, these theorems are rather non-trivial as they are non

perturbative in the coupling ans we just mentioned.2 If we consider a class of scattering processes which

can be analysed perturbatively (such as large impact parameter scattering, as we have seen in previous

section, with Nin = Nout = N) then every outgoing momenta admits the perturbative expansion (3.53),

in terms of the incoming momenta 3

pµ
i + = pµ

i − +
∑
L=0

e2(L+1) (△p(L))µ
i , (4.3)

where e is the coupling constant, and (△p(L))µ is the linear impulse evaluated at L-th order in the

perturbation theory (L = 0 being the LO impulse which we explored in previous chapter). This expansion
1Readers interested are refer to the original works on soft theorems [172,173,173,177,177–179].
2In an interesting recent work [182], an attempt has been made to analyse the infinite set of constraints on the gravita-

tional dynamics from asymptotic symmetries which are in turn related to classical soft theorems.
3We note that from the classical perspective, this expansion is convergent as final momenta are well defined.
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is just a fact that in a large impact parameter scattering process, particles’ outgoing momenta are

determined by the incoming momenta plus the equations of motion governing the dynamics of the system.

We thus see when expanded in the coupling, the Weinberg soft photon factor has a rather intricate

structure

Aω−1

µ (n̂) =
N∑

s=1
eQs

∑
n=0

e2(n+1)
n∑

i=0
V µ

s α1 ··· αi+1

n+1−i∑
L1+ ···+ Li+1=0

(L1+Li+1)+(i+1) =n

( (△p(L1))α1 · · · (△p(Li+1))αi+1 ) , (4.4)

where the sum
∑n+1−i

L1, ··· , Li+1=0 | (L1+Li+1)+(i+1) =n is over products of impulses at L1, · · · , Li+1 orders in

the coupling respectively. In the above equation we have defined the tensors

V µ
s α1 ··· αi+1

= (−1)i
[ (i+ 1) !

(ps · k)i+1 δ
µ
(α1

kα2 · · · kαi+1) − 1
(ps · k)i+2 p

µ
s kα1 · · · kαi+1

]
, (4.5)

which are the remainders from doing the perturbative expansion of Weinberg soft factor.

Classical Soft photon (or graviton) theorem are independent of the details of the hard scattering and

are applicable to perturbative scattering at finite impact parameter as well as collisions. However, to prove

the classical soft theorems via perturbative analysis (even in the case where hard scattering can be treated

perturbatively) is a highly non-trivial task as one has to resum the perturbation series. But the discussion

above demonstrates that, due to their universality, classical soft theorems can serve as powerful tool for

any method which computes electro-magnetic (or gravitational) radiation using (perturbative) scattering

amplitudes. For one, it can serve as a strong diagnostic for the perturbative results of radiation kernel

and when used in conjunction with the perturbative results (such as analytic expressions for impulse in

the PL and PM expansions), it can produce interesting insights such as providing analytical formulae for

classical radiation in terms of incoming kinematic data order by order in perturbation theory, an example

of which we saw in previous section in the discussion around (3.51)

One such methods aforementioned, was developed by KMOC [78], as it is now familiar for us from

§2.2, which allows to compute classical electromagnetic (gravitational) observables from the classical limit

of quantum scattering amplitudes, as exemplified in previous chapter. In this chapter we initiate a study

of the implications of classical soft theorems for KMOC formalism. As we will show, consistency with

the leading classical soft theorem imposes an infinite hierarchy of constraints on KMOC observables. In

order to state these constraints we introduce following conventions.

The scattering process we consider is a 2 → 2 scattering process in which two incoming charged

particles with momenta p1, p2 and charges Q1, Q2 scatter via electro-magnetic interactions as well as any

other higher derivative interaction which is long range such that the KMOC formalism applies to this

scattering. As the classical soft theorems are universal and independent of the details of the scattering,

classical limit of the radiation kernel should generate the soft factors for any perturbative amplitude

involving charged particles in the external states and a photon.

To each of the two massive particles we can associate certain classical observables defined as follows:
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(1) Let V µ
α1 ··· αi be the projection operator (4.5), associated to particle 1, that is

V µ
α1 ··· αi

= (−1)i+1
[ i!

(p1 · k)i
δµ

(α1
kα2 · · · kαi) − 1

(p1 · k)i+1 p
µ
1 kα1 · · · kαi

]
. (4.6)

(2) Now consider certain moments of the exchange momenta

T (n) α1 ··· αi := ℏ 3
2

[
i
∫
d̂µq q

α1 · · · qαi e−iq·b M (n)(p1, p2 → p1 − q, p2 + q)

+
∑n−1

X=0
∫ ∏X

m=0 dΦ(rm) d̂µq d̂µw,Xw
α1 · · · wαi e−iq·b

×
∑n−1−X

a1=0 M (a1)(p1, p2 → p1 − w, p2 + w, rX)

×M (n−a1−X−1)⋆(p1 − w, p2 + w, rX → p1 − q, p2 + q)
]
,

(4.7)

where b is the impact parameter in the 2 → 2 scattering process. In the above equation we have introduced

the following notations which will be used throughout this chapter.

• M (a)(pi
1, p

i
2 → pf

1 , p
f
2 ) is the (stripped) amplitude for a 4 point scattering at a-th order in pertur-

bation theory, and analogously for the other amplitudes with additional momentum labels.

• The integral measure d̂µq is defined via

d̂µq = d̂4qδ̂(2p1·q − q2)δ̂(2p2·q + q2), (4.8)

where d̂4q = d4q
(2π)4 , and the hat on δ-fn. indicates it is defined as

δ̂(x) = −i [ 1
x− iϵ

− 1
x+ iϵ

] , (4.9)

and analogous for d̂µw,X ,

d̂µw,X = d̂4qδ̂(2p1·w − w2)δ̂(2p2·(w + rX) + (w + rX)2) (4.10)

• The sum over X is a sum over number of intermediate photons with momenta {r1 · · · , rX }. Even

though integration over the momentum space of these photons is indicated explicitly by dΦ(rm) =

d̂4rmδ̂
(+)(r2

m), we assume that the sum over X includes the sum over intermediate helicity states.

• It is understood that for n = 0, the second term in (4.7) vanishes.

All of these conventions arise naturally from the KMOC formalism of §2.2, and we will see how they

naturally emerge in our computation below.

As we will show in §4.3.1, consistency of KMOC with the classical leading soft photon theorem [177],

implies that at n-order in perturbative expansion we have the following identities

• ∀n > 0 and ∀ 1 ≤ i ≤ n :

lim
ℏ→ 0

ℏm V µ
α1 ··· αi

T (n) α1···αi = 0 ∀m ∈ {1, · · · , n+ 1 − i} , (4.11)
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• and ∀n and ∀ 1 ≤ i ≤ n + 1 :

lim
ℏ → 0

V µ
α1 ··· αi

T α1 ··· αi

(n) = e2(n+1) V µ
α1 ··· αi

n∑
L1+ ···+ Li−1=0

(△pL1
1 )α1 · · · (△p

n−(L1+···+Li−1)
1 )αi . (4.12)

The first set of identities eqn.(4.11), arise by demanding that all the super-classical fragments in the

radiated field vanish as mandated by consistency of KMOC formalism. The second set on the other hand

(eqn. (4.12)), relate the classical limit of the (expectation value) of the monomials with perturbative

coefficients of the classical soft factor. These constraints were shown to be satisfied at tree-level in the

earlier work of [102, 107], as we showed explicitly in (3.51), where at LO in the coupling, leading and

sub-leading classical soft photon theorem was derived from KMOC formula, which we will review in §4.4.1

for the leading soft result.

Notice for i = 1, and to any order in perturbation theory, constraints (4.11) and (4.12) are trivial

prove using KMOC definition for the linear impulse (2.12) . That, is, for i = 1, τ (n)α = ∆p(n)α
1 , which is

a well defined classical object, with no superclassical fragments in it. This also hints that identities (4.11)

and (4.12) might be valid removing the support of the projector tensors Vαi . We will check this explicitly

to be true up to 1-loop below, but conjecture to be true to all orders in perturbation theory. With the

removal of the V -projectors from these identities, they could then be used to simplify complicate KMOC

expectation values integrals, as we know the result is fixed by certain powers of linear impulse, at the

desired perturbative order.

This chapter is organized as follows: In §4.2 we review perturbative results for classical soft photon

theorem at leading and subleading orders in the soft expansion. We then move to the derivation of

identities (4.11) and (4.12) in §4.3.1.In §4.4 we show how the KMOC formula indeed satisfies these

constraints at leading §4.4.1 and next to leading §4.4.2 order in the coupling, by working with amplitudes

in scalar QED. That is, contribution of the tree-level and one loop amplitudes to the 1
ω coefficient of the

radiative field indeed matches with eqn. (4.4). Finally, in §4.5 we provide some outlook of the chapter.

For computational details in §4.4.2, we refer the reader to appendix A.

4.2 Soft Radiation in Classical Scattering

In this section, we analyse the classical radiated soft photon field at leading order in soft expansion and

NLO in the coupling in terms of explicit expressions for the linear impulse. For that we use the results

in [76], in conjunction with classical soft theorem to write the radiative field at the desired order. That

is, we compute Aω−1

µ (n̂) to NLO in the coupling in a classical scattering involving two charged particles

with masses m1,m2 which are interacting only via electro-magnetic interactions.

4.2.1 Leading soft factor

Leading order radiation:

Let pi | i = 1, 2 be the momenta for in incoming massive particles, moving in the asymptotic free

trajectories bµ + vµτ in the far pass. If we denote the null vector (1, n̂) as nµ we can write the leading
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soft factor at tree level from formulas (4.4) and (4.5), that is

A
(0) µ
ω−1 (n̂) = e3

2∑
i=1

Qi

[
∆p(0) µ

i

pi·n
− ∆p(0) µ

i · n
(pi·n)2 pµ

i

]
, (4.13)

where the leading order linear impulse we computed explicitly in previous section (3.39)

This simple examples shows explicitly how the radiated field to leading order in the soft expansion

is determined only from asymptotic data, and in particular for perturbation theory, from only incoming

data since the outgoing momenta are determined by the perturbative expansion (4.3), which we have

truncated at leading order in the coupling.

Sub-Leading order radiation

At NLO, the radiated field has a more interesting form, since as indicated in (4.4) and (4.5), both,

the leading and subleading impulse enter into the field. Indeed, it explicitly reads

A
(1) µ
ω−1 (n̂) = e5

2∑
i=1

Qi

[
∆p(1) µ

i

pi·n
− ∆p(1)

i · n
(pi·n)2 pµ

i − ∆p(0)
i · n

(pi·n)2 ∆p(0) µ
i + (∆p(0)

i · n)2

(pi·n)3 pµ
i

]
. (4.14)

At this order, it is still true that ∆p(1) µ
1 = −∆p(1) µ

2 , where the NLO impulse was obtained similarly in

the previous section (3.70).

4.3 KMOC radiated photon field : A Soft Expansion

In this section we will study the R (2.16) and C (2.17) contributions to the radiated field in the KMOC

formalism at leading and subleading order in the soft expansion in 4-dimensions. We will show that

consistence of the KMOC formalism with the soft theorems at the orders considered, generates a hierarchy

of constraints on the expectation value of several operators.

4.3.1 Leading soft constraints

The aim of this part of the chapter is to derive the set of identities (4.11) and (4.12). Our idea now is to

use KMOC formalism of §2.2, in conjunction with quantum soft theorems to obtain radiation kernel in

the soft limit. In other words, we start with the exact formula for the radiated photon field in KMOC

form (2.15). We then follow the theme from §3.3 where we showed that taking the soft limit before

the classical limit generates the leading soft expansion of the radiated field in KMOC form at LO in

the perturbative expansion, we generalize this approach to all orders in perturbation theory. That is,

to a given order in soft expansion, we can apply quantum soft photon theorems to factorise the 5-point

amplitude in terms of a 4 point amplitude and a soft factor.

At higher orders in the loop expansion, one also has to take into account the order between loop

integration and soft expansion. If we first do a soft expansion and then loop integration, then one can use

the tree-level soft theorems to factorise the loop integrand into a soft factor and a Four point integrand.
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However, as it was shown in a seminal paper by Sahoo and Sen [173], the two operations do not commute

in Four dimensions beyond the leading order in soft expansion. That is, the soft expansion done after

integrating over loop momenta results in ln soft factors which are absent in the soft expansion of the loop

integrand. At leading order however, this subtlety does not enter as Weinberg soft photon theorem is a

universal statement in all dimensions.

Let us then substitute the soft photon theorem in eqns. (2.16, 2.17), and use the momentum conserving

delta functions to do the integrals in q2 and w2, we get 4

R(n) µ
1 (k) = i lim

ℏ→0
ℏ

3
2

∫
d̂µqe

−ib·qS(0) µ(p1, q, k)M (n) (p1, p2→p1 − q, p2 + q) . (4.15)

We have additionally defined the impact parameter by b = b2−b1, and used (4.8) to rewrite the momentum

measure. Analogously, for the C-term we have

C(n) µ
1 (k) = lim

ℏ→0
ℏ

3
2

n−1∑
X=0

∫ X∏
m=0

dΦ(rm)d̂µq d̂µw,Xe
−ib·q

×
n−1−X∑

a1=0
S(0) µ(p1, w, k)M (a1)(p1, p2→p1−w, p2+(w + rX), rX)

×M (n−a1−X−1)⋆(p1−w, p2+(w + rX), rX→p1 − q1, p2 − q2) ,

(4.16)

with d̂µw,X given in (4.10).

The Weinberg soft factor has the following “quantum" expansion when expressed in terms of exchange

momenta. For the first particle (with charge and mass Q1,m1)

S(0)µ(p1, p1−q, k) = Q1

[ ∞∑
i=0

qα1 · · · qαi+1 V µ
α1 ··· αi+1

]
, (4.17)

where V µ
α1 ··· αi+1 is defined in (4.6). We see that the i-th term inside the square bracket in (4.17), scales

as ℏi in the KMOC sense.

We will now derive the constraints proposed in eqns. (4.11) and (4.12) by associating the soft limit

of the radiated field written in KMOC form, with the classical soft factor at all orders in the coupling.

The first contribution R(n) µ
1 (k) can be written as

R(n) µ
1 (k) = i lim

ℏ→0
ℏ

3
2 eQ1 e

2(n+1)

V µ
1 α1 ··· αi+1

n∑
i=0

∫
d̂µq e

−ib·q qα1 · · · qαi+1 M̄ (n) (p1, p2→p1 − q, p2 + q) ,
(4.18)

where the bar over the amplitude indicates that we have striped the coupling constant. Notice here we

have restricted the sum over i at n (where n is the order of the loop expansion). This can be argued
4We only consider the radiation emitted by the first particle, as the radiative field emitted by the outgoing particles is

additive. We will denote this contribution as Rµ
1 (k).
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using ℏ scaling arguments. The KMOC scaling implies that

ℏ 3
2 e2(n+1) e ∼ 1

ℏn ,

V µ
1 α1 ··· αi+1

qα1 · · · qαi+1 ∼ ℏi .
(4.19)

Additionally, we now notice that at n-th order in the loop expansion, the ℏ scaling of the perturbative

amplitude is quantified by KMOC as follows

M̄ (n) (p1, p2→p1 − q, p2 + q) =: I(n)
4 (p1, p2 → p1 − q, p2 + q)

∼ [ 1
ℏ2 + 1

ℏ
+ O(ℏ0) ] ,

d̂µq ∼ ℏ4[ 1
ℏ2 +O( 1

ℏ3 ) ]2 ,

b·q ∼ ℏ0 .

(4.20)

It can be immediately verified that if the sum
∑

i in eqn. (4.18) goes beyond i = n, the right hand

side (ℏ → 0 limit) vanishes. In fact, these scaling arguments can be used to immediately verify that the

ℏ expansion of the moments are

e2(n+1) eQ1 ℏ
3
2 V µ

1 α1 ··· αi+1

∫
d̂4µq e

−ib·q ( qα1 · · · qαi+1 ) M̄ (n) =
n−i∑
β=0

1
ℏβ

Sµ
i β +O(ℏ) . (4.21)

The contribution of C(n) µ(k) at leading order in the soft limit can be analysed as in eqn.(4.18).

C(n) µ
1 (k) = lim

ℏ→0
ℏ

3
2

n∑
i=1

V µ
α1 ··· αi+1

n−1∑
X=0

∫ X∏
m=0

dΦ(rm)d̂µq d̂µw,Xe
−ib·q

×
n−1−X∑

a1=0
(wαi1 · · · wαi+1)M (a1)(p1, p2→p1−w, p2+(w + rX), rX)

×M (n−a1−X−1)⋆(p1−w, p2+(w + rX), rX→p1 − q1, p2 − q2) .

(4.22)

Once again, ℏ-scaling arguments can be used to immediately verify that the quadratic in amplitude

contribution to the moments at e2n+3 order in the perturbative expansion can be written as

e2(n+1) g Q1 ℏ
3
2 V µ

1 α1 ··· αi+1

n−1∑
X=0

∫ X∏
m=0

dΦ(rm)d̂µq d̂µw,Xe
−ib·q

×
n−1−X∑

a1=0
(wαi1 · · · wαi+1) M̄ (a1)(p1, p2→p1−w, p2+(w + rX), rX)

× M̄ (n−a1−X−1)⋆(p1−w, p2+(w + rX), rX→p1 − q1, p2 − q2)

=
n−i∑
β=0

1
ℏβ

S ′ µ
i β

(4.23)

Here the sum over X is constrained by the order (in the coupling) at which we are evaluating the

C-contribution.
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We finally see that for each i,

V µ
α1 ··· αi+1

T (n) α1 ··· αi+1 =
n−i∑
β=0

1
ℏβ

(Si β + S ′
i β)µ + O(ℏ) . (4.24)

Thus, at a given order in the perturbative expansion V µ
α1 ··· αi+1 T (n) α1 ··· αi+1 has a hierarchy of super-

classical terms which scales as 1
ℏβ |β ∈ {1, · · · , n − i}. As the classical limit in KMOC formalism must

be smooth, we thus conclude that to n-th order in the loop expansion and for each i, one has a tower of

constraints which state that all the super-classical terms must vanish

Sµ
i β + S ′

i β = 0 ∀β ∈ {1, · · · , n− i} , n > 0 | 1 ≤ i+ 1 ≤ n. (4.25)

This is precisely the first identity (4.11), written in a slightly different notation.

We now analyse the classical β = 0 contribution explicitly. We can schematically write it in a form

which makes the ℏ scaling of various terms manifest. This can be done by isolating all the terms which

do not have an ℏ expansion. In particular: (1) we separate the measure factor d̂µq = d̂4q δ̂(q), and (2)

we isolate all the measure factors over loop momenta and the (n + 1) massless propagators. As can be

checked, this implies that in the classical term, δ̂(q) I(n)
4 should scale as 1

ℏn+i−1 .

Let us illustrate this with Sµ
i β=0 =: Sµ

i .

Sµ
i =

e2(n+1) g Q1 ℏ
3
2 V µ

1 α1 ··· αi+1

∫
d̂4q e−ib·q ( qα1 · · · qαi+1 )∫ ∏n

j=1 d̂
4lj

1∏n

m=1
l2
m (
∑

lm−q)2 [ δ̂(q) I(n)
4 (p1, p2 → p1 − q, p2 + q) ] 1

ℏn+2+i−1
.

(4.26)

One can write such a formal expression for Sµ′
i analogously.

The classical soft theorem is then a statement that ∀n and ∀ 1 ≤ i ≤ n+ 1,

S(n) µ
i + S ′(n) µ

i = e2(n+1) V µ
s α1 ··· αi+1

n+1−i∑
L1+ ···+ Li+1=0

(L1+Li+1)+(i+1) =n

( (△p(L1))α1 · · · (△p(Li+1))αi+1 ) , (4.27)

which in turn recovers identity (4.12).

In §4.4.1 and §4.4.2, we verify identities (4.11) and (4.12) up to subleading order in the perturbative

expansion, i.e. n = 0 and n = 1.

Monomials of linear impulses

In the previous section we expressed the soft radiation kernel as sum over certain classical moments.

Classical soft theorem implies that (expectation value) of each such moments is sum over products of

linear impulses. We can thus ask if Sµ
i + S ′µ

i is an expectation value of certain observable. It is easy

to see that the answer is indeed affirmative. The tensor V µ
1 α1 ··· αi+1

can be thought of as a map from

symmetric rank i+ 1 tensor to a vector. It has a kernel spanned by pα1
1 · · · pαi+1

1 . We can hence consider
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following quantum operators. Let

Πµ
α = δµ

α + 1
m2

1
pµ

1 p1α . (4.28)

Now consider a quantum operator,

Pµ
1 = Πµ

1 α P̂
α
1 , (4.29)

with P̂1 the momentum operator for particle 1. The identities (given in eqn.(4.27) implied by consistency

with classical soft theorem is then a statement that

limℏ→ 0 V
µ

1 α1 ··· αi+1
⟨⟨ Pα1 · · · Pαi+1 ⟩⟩(n) = V µ

s α1 ··· αi+1

n+1−i∑
L1+ ···+ Li+1=0

(L1+Li+1)+(i+1) =n

( (△p(L1))α1 · · · (△p(Li+1))αi+1 ) . (4.30)

4.4 Leading Soft Constraints Verification up to NLO

Let us in the remaining of this chapter to provide some specific tests for identities (4.11) and (4.12), at

leading (n = 0) and subleading (n = 1) orders in perturbation theory.

4.4.1 Tree-level leading soft moments

We have already shown in §3.3 that at tree level and to leading order in the soft expansion, the KMOC

formula for radiation recovers the result from the classical leading soft photon theorems. Let us however

comment on this using the language of the soft constraints. At tree-level (n = 0), there is not superclassical

term and therefore (4.11) does not impose any constrain. On the other hand, since the number of exchange

momenta, i, is bounded by n, via i ≤ n+ 1, at this order there is only one classical moment contributing,

that is for i = 1, only T (0) α survives in (4.7). Proving the soft constraints means then that in the classical

limit we just need to show limℏ→0 T (0) α = e2 ∆p(0),α
1 as required by (4.12). We have already pointed out

in the discussion around (4.12), that for i = 1, to any order in perturbation theory, the soft constraints

is trivially to prove by means of the definition of the linear impulse (2.12). To be more precise, let us see

how this emerge from our definition of the moments (4.7).

Since we are taking the classical limit, the following expansion for the momentum measure (4.8) will

be useful for us

d̂µq = d̂µ1 q + d̂µ2 q + · · · , (4.31)

d̂µ1 q = d̂4q δ̂(2p1·q)δ̂(2p2·q), (4.32)

d̂µ2 q = − d̂4q q2
[
δ̂′(2p1·q)δ̂(2p2·q) − δ̂(2p1·q)δ̂′(2p2·q)

]
. (4.33)

To compute T (0) α, we will need the classical piece of the tree-level 4 point amplitude, given in (3.26).

With all these ingredients at hand, the only non-vanishing contribution to the moment T (0) α in the
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classical limit, can be obtained by replacing (4.32) and (3.26) into (4.7), after which it follows

lim
ℏ → 0

V µ
α T (0) α = e2V µ

α

∫
d̂4qδ̂(p1·q)δ̂(p2·q) iQ1Q2 p1·p2q

α

q2 + iϵ
e−iq·b ,

= e2V µ
α ∆p(0) α

1 ,

(4.34)

which indeed satisfies the identity (4.12) for n = 0, as expected. In the second line we have used (3.27)

to identify the LO linear impulse.

4.4.2 One-loop leading soft moments

At NLO in the perturbative expansion the contributing moments are T (1) α and T (1) α β . We then

need to show that limℏ→0 T (1) α = e4∆p(1) α
1 , recovering the NLO impulse, whereas limℏ→0 T (1) α β =

e4∆p(0) α
1 ∆p(0) β

1 , as suggested by the second identity (4.12). Combination of these two results allow us to

recover the one loop contribution to the radiated field given explicitly in (4.14). Of course the verification

of the soft constraints for the former are trivial as we have pointed out several times, whereas for the

latter there is more work to do.

At NLO, the radiated field scales as e5 and therefore the moments receive contributions from both

the R and the C terms, given by the first and second line of (4.7), respectively. However, at this order no

extra photons propagate through the cut and we can simply set X = 0 in (4.7), which also implies that

d̂µw,X = d̂µw in (4.10). In addition, we will show that superclassical terms give vanishing contribution

as suggested by the first identity (4.11). Indeed, this corresponds to a cancellation between the R and

the C contributions to the aforementioned moments, which are consequence of the cancellations of the

superclassical terms for the computation of the 1-loop impulse [78]. Since only the moment T (1) α will

have potential superclassical contributions, coming from the superclassical piece of the 4 point amplitude

at 1-loop [78], we only have to show that for m = 1, limℏ→0 ℏm T (1) α = 0, as for higher values of m, this

identity is trivially satisfied.

Let us split the computation as follows: For the potentially superclassical contributions we will com-

pute

lim
ℏ→0

ℏV µ
α T (1) α = lim

ℏ→0
V µ

α

[
T (1) α

R0
+ T (1) α

C0

]
, (4.35)

where

T (1) α
R0

= iℏ5/2
∫
d̂µ1 q e

−ib·q qα M (1)
sc (q) , (4.36)

T (1) α
C0

= ℏ5/2
∫
d̂µ1 q d̂µ1 w e

−ib·q wαM (0) ⋆(w − q)M (0)(w) . (4.37)

Here M (1)
sc (q) is the superclassical piece of the 1-loop, 4 point amplitude, which we will write explicitly

below. The tree level amplitudes in the second line are given by (3.26), where we have removed the

massive momenta labels to alleviate notation.

Next, we will have to compute the classical contributions, from the one and two index moment. For
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the former we have

lim
ℏ→0

V µ
α T (1) α = lim

ℏ→0
V µ

α

[
T (1) α

R1
+ T (1) α

R2
+ T (1) α

C1
+ T (1) α

C2

]
, (4.38)

with each term computed as follows

T (1) α
R1

= iℏ3/2
∫
d̂µ1 q e

−ib·q qα M (1)
c (q) , (4.39)

T (1) α
R2

= iℏ3/2
∫
d̂µ2 q e

−ib·q qαM (1)
sc (q) , (4.40)

T (1) α
C1

= ℏ3/2
∫
d̂µ1 q d̂µ2 w e

−ib·q wαM (0) ⋆(w − q)M (0)(w) , (4.41)

T (1) α
C2

= ℏ3/2
∫
d̂µ2 q d̂µ1 w e

−ib·q wαM (0) ⋆(w − q)M (0)(w) . (4.42)

In the first line, M (1)
c (q) is the classical part of the 1-loop 4 point amplitude, which we will write explicitly

in a moment.

Finally, the classical contribution from the two-index moment will be computed from

lim
ℏ→0

V µ
α βT (1) α β = lim

ℏ→0
V µ

α β

[
T (1) α β

R3
+ T (1) α β

C3

]
, (4.43)

with the respective terms evaluated via

T (1) α β
R3

= iℏ3/2
∫
d̂µ1 q e

−ib·q qα qβ M (1)
sc (q) , (4.44)

T (1) α β
C3

= ℏ3/2
∫
d̂µ1 q d̂µ1 w e

−ib·q wα wβM (0) ⋆(w − q)M (0)(w) , (4.45)

By explicit evaluation, we will show that the actual terms contributing to the radiated photon field are

(4.39), (4.40) and (4.44) – as suggestively written in (4.21) – with the first two giving the NLO impulse,

and the last one giving the square of the leading order impulse. As for the remaining contributions we

show that they canceling among themselves. In what follows we will adventure in this computation.

The superclassical fragments

Let us start by computing the superclassical fragments (4.36) and (4.37). As we will see, these terms are

IR divergent, in analogy to the IR divergent integrals appearing in the computation of the 2PM two-body

potential [44, 46], and the cancellation here is the KMOC analog of the cancellation for the EFT and

full theory amplitudes matching [44, 46]. Indeed, we will see that analogous comparisons follow for the

different terms appearing in the 2PM two-body potential as we will see below

The 4 point amplitude at 1-loop was computed in [78]. The superclassical contribution M (1)
sc (q), arises

from the addition of superclassical parts in the box B−1, and cut-box C−1 diagrams, given by eq. (5.31)

in [78],

M (1)
sc (q) = (B−1 + C−1)ℏ−1 = 2i e4 (Q1Q2 p1·p2)2

∫
d̂4l
∏

i

δ̂(pi·l)
1

l2(l − q)2 . (4.46)
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Using it into (4.36), together with the measure (4.32), (4.36) becomes

T (1) α
R0

= −1
2e

4 (Q1Q2 p1·p2)2
∫
d̂4ld̂4q

∏
i

δ̂(pi·l)δ̂(pi·q)
qα

l2(l − q)2 e
−ib·q , (4.47)

where we see that the explicit dependence in ℏ drops away by using the KMOC ℏ-rescaling mentioned

in §2.2. We can now do the change of variables q = l + q̄. This in turn factorizes the integrals into two

factors corresponding to a vector, and a scalar integrals; that is

T (1) α
R0

= ie4 (Q1Q2 p1·p2)2
Sµ

α,ω−1

[∫
d̂4q̄

∏
i

δ̂(pi·q)e−ib·q̄ iq̄
α

q̄2

][∫
d̂4l
∏

i

δ̂(pi·l)
e−ib·q

l2

]
, (4.48)

where the change of variables has produced a factor of 2 that canceled the 1
2 overall factor in (4.47) 5.

In the integral on the left, we recognize the leading order impulse (3.27), whereas for the integral on

the right, we obtain an IR-divergent expression, which can be evaluated along similar steps used for the

computation of the leading order impulse (3.38), obtaining

I1 =
∫
d̂4l
∏

i

δ̂(pi·l)
e−ib·l

l2
= − 1

4π
√

D
ln
(
−µ2b2) . (4.49)

Here we have introduced the IR-regulator µ. Then, the first superclassical contribution becomes

T (1) α
R0

= −ie4Q1Q2 p1·p2

4π
√

D
∆p(0) α

1 ln
(
−µ2b2) , (4.50)

Let us now evaluate the C-contribution (4.37). For that we just need the tree-level 4 point amplitude

(3.26), as well as the measure factors (4.32); we arrive at

T (1) α
C0

= 16e4 (Q1Q2p1·p2)2
∫
d̂4qd̂4l

∏
i

δ̂(2pi·q)δ̂(2pi·l)e−ib·q lα

l2(q − l)2 . (4.51)

After doing the same change of variables q = l+ q̄, we can analogously identify the leading order impulse

from the l-integral, whereas the q̄-integral will result into the IR-divergent expression (4.49). We finally

get

T (1) α
C0

= ie4Q1Q2 p1·p2

4π
√

D
∆p(0) α

1 ln
(
−µ2b2) , (4.52)

which is equal to (4.50) but with opposite sign. This explicitly shows that the r.h.s of (4.35) evaluates

to zero, as demanded from the first identity (4.11).

Classical one-index moment at 1-loop

Let us move to evaluate the classical contribution from the one-index moment (4.38). We start from

term (4.39). For that, we need the classical contribution to 4 point amplitude at 1-loop. Likewise for the

superclassical term, we obtain it from the sum (B0 +C0) + (B−1 + C−1) + T12 + T21, where the different

components where evaluated in eqs. (5.21) and (5.34) in [78]. This gives
5Note that formally the change of variables implies that we should had changed δ̂(pi.q) → δ̂(pi.q̄ − pi·l), however, the

delta functions δ̂(p1·q) allow us to set pi·l → 0.
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M (1)
c (q) = 2e4 (Q1Q2 p1·p2)2

∫
d̂4l

l2(l−q)2

{
l·(l−q)

[
δ̂(p2·l)

(p1·l+iϵ)2 + δ̂(p1·l)
(p2·l−iϵ)2

]

+ 1
(p1·p2)2

[
m2

2δ̂(p2·l)+m2
1δ̂(p1·l)

]}
+ Z, (4.53)

with

Z = ie4 (Q1Q2 p1·p2)2
∫

d̂4l

l2(l−q)2 (2l·q−l2)
[
δ̂′(p1·l)δ̂(p2·q)−δ̂(p1·l)δ̂′(p2·l)

]
. (4.54)

By introducing all these definitions we can check that the computation of T α
(1),R1

in in (4.39), toghether

with the measure (4.32), can be rearrange to give exactly the NLO impulse (3.54) plus an additional

contribution coming from adding and subtracting the 4-pt cut-Box diagram

T (1) α
R1

= e4∆p(1) α
1 + [cut−box](1) α, (4.55)

with the extra contribution [cut−box]µ given by

[cut−box](1) α = −e4
[
p1,βp

[β
1 p

α]
2 − p2,βp

[β
2 p

α]
1

] (∆p(0)
1

)2

D
, (4.56)

The proof of this statement is lengthy and we therefore postpone it to be discussed in Appendix A.1.

For the moment, let us notice that the first term of eq. (4.55) gives exactly the expected result from

the second identity (4.12). Therefore, to conclude the proof we simply need to show that the remaining

terms in (4.38) together with (4.56), add up to zero. In fact, also in Appendix A.1 we will show that

T (1) α
R2

+ [cut−box](1) α = 0 , (4.57)

whereas T (1) α
C1

and T (1) α
C2

evaluate to zero individually.

Classical two-index moment at 1-loop

The remaining task to complete the proof of identity (4.12) at 1-loop is to evaluate two-index moment

(4.43). Similar to previous computation, we start from its first term, given by (4.44), and after inserting

the measure (4.32), and the superclassical amplitude (4.46), we arrive at

T (1) α β
R3

= −1
2e

4 (Q1Q2 p1·p2)2
∫
d̂4qd̂4l

∏
i

δ̂(pi·q)δ̂(pi·l)e−ib·q qαqβ

l2(l − q)2 . (4.58)

Next we can do our usual change of variables q = l + q̄

T (1) α β
R3

= −1
2e

4 (Q1Q2 p1·p2)2
∫
d̂4q̄d̂4l

∏
i

δ̂(pi·q̄)δ̂(pi·l)e−ib·q̄e−ib·l (lα+q̄α)
(
lβ+q̄β

)
l2q̄2 . (4.59)

We recognize the square of the leading order impulse (3.27) coming from the crossed terms. On the other

hand, the non-crossed terms give us the product of two integrals, one is them is the usual IR-divergent
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integral I1 in (4.49), whereas the second one corresponds to the derivative of the leading order impulse

w.r.t. the impact parameter; notice there is a factor of two for each case, which cancels the overall 1/2

factor. That is

T (1) α β
R3

= e4∆p(0) α
1 ∆p(0) β

1 − e4 (Q1Q2 p1·p2) I1∂bα∆p(0) β
1 . (4.60)

The change of the sign for the first term comes from inserting a factor of i2 both, in the numerator and

denominator, and absorb it for the former, to complete the square of the leading order impulse. Using

(4.49) and the derivative of the leading order impulse

∂bα∆p(0) β
1 = −Q1Q2p1·p2

2π
√

D
(
b2ηαβ − 2bαbβ

) 1
b4 , (4.61)

and dropping the term proportional to ηαβ , using the on-shell condition for the photon momentum and

gauge invariance, we finally arrive at

T (1) α β
R3

= e4∆p(0) α
1 ∆p(0) β

1 + J (1) αβ
3 , (4.62)

where

J (1) α β
3 = −2e4 ∆p(0) α

1 ∆p(0) β
1 ln

(
−µ2b2) . (4.63)

Similar to the previous subsection, to complete the proof of the second identity for the two-index

moment at 1-loop, we simple need to show that the second term in (4.43) added to (4.63) evaluates to

zero

T (1) α β
C3

+ J (1) α β
3 = 0 . (4.64)

We leave the proof of this equation for Appendix A.2.

With this we have concluded the proof of identity (4.12) at NLO in the perturbative expansion. Let

us notice that the appearance of the square of the leading order impulse is a result of q-expansion of the

Weinberg soft factor, iterated with the superclassical contributions from the box and cross box diagrams.

However, remnants from the IR-divergent contributions as appearing in (4.63), are nicely canceled by

the C−contribution to the radiated field, in analogy to the cancellation of IR-divergent integrals from the

EFT and full theory amplitudes matching [44,46].

4.5 Outlook of the chapter

In this chapter, we have analyse implications of classical soft theorems for KMOC formalism through

which radiative field can be computed using on-shell techniques. As we have argued, classical soft

theorems impose a tower of an infinite hierarchy of constraints on expectation values of a class of composite

operators in the KMOC formalism. At leading order in the soft expansion, these operators are constructed

from monomials of momentum operators.

At leading order in perturbation theory, these constraints were verified in [102], as we show explicitly
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in §3.3 and §4.4.1, and at sub-leading order in the soft expansion by [107]. In this chapter, we have also

verified them at NLO in the coupling and at leading order in the soft expansion in scalar QED with no

higher-derivative interactions. We note that addition of other interactions will not change the structure

of classical soft factor but will change the analytic expressions for the outgoing momenta in terms of

incoming kinematics and impact parameter. Verifying the sub-leading soft constraints at higher orders

in the perturbative expansion requires a deeper investigation into the integration regions involving the

loop momenta. This analysis out of the scope of this thesis.

At NLO, the verification of the leading soft constraint is analogous to the EFT and full theory

amplitudes matching procedure for the computation of the 2PM two-body potential [44,46]. A difference

between the two computations is in the treatment of super-classical terms. In the soft constraints derived

from KMOC formalism, the IR divergent terms cancel by the addition of the C-contributions to the

radiative field (4.22), in contrast to the matching procedure. We have also seen that the powers of

the leading order impulse were the analogs to the iterated tree-level amplitudes appearing in the 2PM

potential. Furthermore, contribution to the NLO impulse coming from the triangle and cut-box integrals

have the respective counterpart in the 2PM potential. Viewed in this light, the classical soft theorems

impose constraints in the conservative dynamics of the two-body problem. Indeed, once the frequency of

the radiated photon (graviton) is fixed, soft-theorems become an statement on the conservative sector.

At 3PM for instance, the appearance of iterative 1-loop and tree-level contributions to the potential

[39, 46, 183], will be the analogs of products of the form ∆p(1)·∆p(0), appearing at two loops in (4.4), in

addition to the cubic appearance of the tree-level amplitude, which will be the analog of (∆p(0))3, and

analogously for the 4PM result [47,184]

In this chapter we have solely focused on soft electromagnetic radiation. We believe that the leading

soft constraints can be generalised to gravitational interactions directly at NLO. Beyond NLO order,

classical soft graviton factor will receive contribution from finite energy gravitational flux. On the other

hand if we take classical limit after applying Weinberg soft theorem inside the radiation kernel, the

result will be once again turn out to be in terms of monomials of linear impulses. We believe that this

result once again should be equated to the contribution to the classical soft graviton factor only from

outgoing massive particles. However this remains to be shown. As KMOC naturally takes into account

the dissipative effects in computation of linear impulse, we expect this procedure to be consistent. 6 7

It will be interesting to prove the leading and sub-leading soft constraints within KMOC formalism

for perturbative scattering with large impact parameter. Universality of classical soft theorems imply

that the proof is likely to involve ideas along the lines of the classical proof in [177], in which it was

only assumed that the interactions outside a “hard scattering region" (which can be parametrized as

a space-time region bounded in spatial and temporal directions by ± t0 for some sufficiently large t0)

are simply the Coulombic interactions. However formulating the quantum dynamics in this fashion may

require use of the time-ordered perturbation theory [185] which has in fact also been adopted to hard-soft

factorisation in the seminal paper by Schwartz and Hannesdottir [186].

6We thank Ashoke Sen for discussion on this issue.
7The generalisation of the sub-leading soft constraints may be even more subtle as the classical log soft factor in gravity

has an additional contribution effect of space-time curvature on soft radiation. These terms may not simply arise from
sub-leading soft graviton theorem for the integrands [173].



Chapter 5

Spinning particles and the multipole

double copy

5.1 Introduction

In chapter 3 and chapter 4 we have shown in great detail how to use scattering amplitudes to compute

classical observable for interacting charged and structure-less compact objects in classical electrodynamics,

at leading and subleading orders in perturbation theory. In this chapter we aim to generalize that

discussion for the case in which the classical objects have structure such as classical spin associated to

them. This in turn introduces a rich new set of structures not present for the scalar case. In particular,

in §3.2.3 we saw that the Compton amplitude can be fully determined from soft theorems, with the

seed Ah,s
3 completely fixed by Lorentz invariant arguments. For the spin case, this seed is not unique

and contains a soft expansion encoding corrections to Ah,0
3 [58, 167, 176, 187]. This soft corrections are

present as operators of the form qµϵνJ
µν , where q is some massless momentum, with ϵ is corresponding

polarization, and Jµν corresponds to the angular momentum operator, which in 4-dimensions can be

mapped to the Pauli-Lubanski spin operator sµ. This is a general feature for electromagnetic h = 1, and

gravitational amplitudes h = 2, as we shall see in this chapter.

In this chapter we organize our favorite amplitudes An for n = 3, 4 in a covariant spin multipole

expansion, where the spin multipole, are operators of the Lorentz group SO(D − 1, 1). We then take the

classical limit for amplitudes written in this fashion, and argue that in order to interpret our results in

a classical context for compact objects with a given classical spin structure, the covariant spin multipole

moments need to be branched into the rotation multipole moments, which are irreducible representations

of the rotation subgroup SO(D − 1).

Furthermore, we will also start the study of the computation of classical observables in gravity through

the spin multipole double copy. In particular, we will show how to obtain a classical double copy formula

for the two-body amplitudes M4 and M5, which follows as a consequence of the factorization (1.2), and

from the KLT double copy of the An amplitudes. This classical double copy formula can be constructed

67
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directly from the classical limit of the BCJ double copy as we will show explicitly in chapter 7. We

provide explicit example of how to use this formula in the context of scalar, as well as spinning black

holes. In the scalar case, we show how a soft exponentiation of the gravitational amplitude, analog to

the electromagnetic case (3.45) arises from the soft exponentiation of the scalar gravitational Compton

amplitude. At leading order in the soft expansion, this amplitude allows us to recover the burst memory

waveform derived by Braginsky and Thorne [110]. For the spinning case we obtain amplitudes up to

quadrupole level both in terms of the covariant, as well as the rotation multipole moments. Amplitudes

written in the latter fashion will be used in chapter 6 to study radiation in the two-body problem for

Kerr black holes in bounded orbits.

This chapter combines elements introduced by the author in [102] and further extended in [101]

and [85].

5.2 Amplitudes involving spinning particles in QED

In this chapter we will study a richer sector for the scattering amplitudes discussed in previous chapter,

which arises from allowing massive particles to have spin. At the level of the electromagnetic theory, in

this section we will compute scattering amplitudes for spin 1/2 and spin 1 massive particles minimally

coupled to the photon field. These amplitudes will be written in a spin multipole fashion, whose multipole

structure will be kept unchanged when using the double copy. As we mentioned by the end of chapter 3,

studying the electromagnetic sector will be enough for describing gravitational radiation in the two-body

problem from low-multiplicity amplitudes, and at the lower orders in perturbation theory. In chapter 7

we will generalize to the non-abelian case, by studying the double copy for massive particles with spin,

in more generality.

Let us start, in analogy to (3.1), introducing the Lagrangians we will use to compute amplitudes for

each case. For spin 1/2 particles we will use the standard QED Lagrangian

LQED = −1
4FµνF

µν + ψ̄(iγµDµ −m)ψ , (5.1)

whereas γµ correspond to the Dirac gamma matrices, and the covariant derivative is once again Dµ =

∂µ + ieQAµ. In the same way, for a spin 1 particles we use the Maxwell-Proca Lagrangian

LMP = −1
4FµνF

µν − 1
2
(
DµB

∗
ν −DνB

∗
µ

)(
DµB

ν −DνB
µ
)

−m2B∗
µB

µ , (5.2)

which describes the interaction between charged complex vector field and the photon. In chapter 7 we will

promote these theories to their non-abelian analogs, i.e. QCD, and non-abelian Gluon-Proca theories, in

order to study more in greater detail the double copy for massive spinning matter.

Derivation of the Feynman rules from these Lagrangians is a straightforward task and we will not

show them explicitly here ( readers interested can see for instance [188] ).
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5.2.1 3-point amplitude and the spin multipole decomposition

The simplest amplitude one can compute from these Lagrangians is the 3-point amplitude for a massive

particle emitting a single photon. Starting with the QED theory, this amplitude is simply given by

AQED
3 = iemQϵµū2γ

µu1 , (5.3)

where u1/ū2 are Dirac spinors associated to the incoming/outgoing massive particle, whereas ϵ is the

polarization vector for the emitted photon, which satisfies the condition ϵ·q = 0. Here we have use the

momentum conservation condition p2 = p1 − q. In the same way, for the spin 1 theory the 3-point

amplitude reads

AMP
3 = 2ieQ

(
p1·ϵ ε1·ε∗

2 + 1
2(q·ε1 ϵ·ε∗

2 − p1·ε∗
2 ϵ·ε1)

)
, (5.4)

with ϵ1/ϵ
∗
2 the massive polarization state, which satisfy the condition ε1·p1 = ε∗

2·p2 = 0. Notice this

formula is almost the same as the 3-gluon partial amplitude (2.22) except for the 1
2 factor. This factor

has very interesting consequences as we will discuss below and more formally in §7.3.1.

By inspection of these two amplitudes, it is not really clear these amplitudes have anything in common,

except for the photon polarization vector. As it turns out, these two amplitudes actually correspond to

the same object, satisfying hidden properties when written in the usual QFT language. We now aim to

unravel these interesting properties, among of which we have the covariant multipole decomposition, the

universality of the multipole expansion, and the spin exponentiation amplitudes in the helicity basis.

The spin multipole decomposition

As spin is the only quantum number available to characterize the massive state, it is natural to think

amplitudes (5.3) and (5.4) can be written as as a function of the intrinsic angular-momentum operator

Jµν . Let us then be more general and propose this can be done for any particle multiplicity n, in both,

the electromagnetic as well as the gravitational theory. That is, at the operator level, we can write

amplitudes for one spinning matter line emitting n-photons (or gravitons) in a covariant spin multipole

expansion of the form 1

Āh,s
n (J) = Hn ×

∞∑
j=0

ω
(2j)
n µ1···µ2jJ

µ1µ2
s · · · Jµ2j−1µ2j

s , (5.5)

where the spin multipole moments are SO(D−1, 1) operators, Jµν
s , acting on spin-s states, and ω(2j)

n µ1···µ2j

correspond to multipole coefficients which are functions of particles kinematic quantities only. In this

formula, products of Jµν
s are understood to be symmetrized since, due to the Lorentz algebra, [Js, Js] ∼ Js

can be put in terms of lower multipole moments. The sum is then guaranteed to truncate due to the

Cayley-Hamilton theorem. The prefactors Hn are functions encoding the helicity structure of the emitted

photons/gravitons (that is, h = 1 or h = 2 respectively).

Let us explicitly see how this works for our previous amplitudes (5.3) and (5.4) . The spin generator
1Formally, this can be argued via the generalized Wigner-Eckart theorem of e.g. [189], even if the group is non-compact.
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corresponds to nothing but to the Lorentz generator written in the spin-s representation. For particles

of spin 1/2, they can be put in terms of the Dirac Gamma matrices Jµν
1/2 = γµν

2 = 1
4γ

[µγν], whereas

for spin 1 representation, we have (Jµν
1 )α

β = ηµαην
β − ηναηµ

β . For the fermionic case, rewriting of the

amplitude (5.3) in terms of Jµν
s is usually achieved by employing the support of the Dirac equation and

the momentum conservation condition, whereas for the vector case, no new manipulations are needed.

With this considerations at hand, one can easily checked that in terms of the Jµν operators, amplitudes

(5.3) and (5.4) take a unified form

Aph
3 = s ⟨p2, ε2| Āph

3 |ε1⟩s = s ⟨ε2| ieQ
(
2p1·ϵ− gϵ[µqν]J

µν
s

)
|p1, ε1⟩s . (5.6)

Here we have used a Dirac bracket notation to represent the massive particle polarization states in the

spin-s representation, which for our case corresponds to Dirac spinors for the s = 1/2 case, and to

massive polarization vectors for the s = 1 case. We will concentrate on Āph
3 as an operator acting on the

polarization states. The (tree-level) value for the form factor g = 2 is fixed for a Dirac spinor coupled to a

photon/gluon. For the Proca field we have actually g = 1. In chapter 7 we see that in order to set g → 2,

as required from the double copy, the Proca theory needs to be modified to become the W-boson model in

QCD. We will then argue that it is this double copy criteria what fixes g = 2 for generic spins, both, in the

electromagnetic (or QCD for the non abelian generalization), and the gravitational theory [102,190,191].

Let us for the moment assume we can set g = 2 for both theories and come back to the 3-pt amplitude

in §7.3.1.

By direct comparison of (5.6) to the general multipole expansion (5.5), we can identify H3 = 2ieQ p2·ϵ,

whereas the multipole coefficients , which are universal for our minimal coupling theories (5.1) and (5.2),

are given explicitly by ω
(0)
3 = 1 and ω

(2)
3 µν = − g

2
ϵ[µqν]
p1·ϵ . Notice then our 3-point seeds in any dimension

can be simply put as

Ās,ph
3 = 2i eQ ϵ · p1 (I + Js) , Js = ϵµqνJ

µν
s

ϵ · p1
, (5.7)

This indeed hints an exponential structure for the 3-point amplitude eJ , for higher spinning particles,

and truncates at the 2s order. We will return to this exponentiation in appendix B (see also chapter 8)

in the context of the massive spinor helicity variables introduced in §2.4, and in chapter 8 we will show

this exponential is indeed achieved in a helicity basis, using the spinor helicity formalism introduced in

§2.4.

It is useful to introduce some diagrammatic notation to refer to the covariant SO(D− 1, 1) multipole

moments operators. This is done by assigning each multipole operator to the corresponding SO(D− 1, 1)

Young diagram, i.e.

1 = I , = Jµν
s (5.8)

As mentioned above, the scalar 3-point seeds have been corrected by soft the soft operator ϵµqν Jµν
s

ϵ·p1
.

This is indeed a property that holds also to higher multiplicity amplitudes as we shall see soon, and

to higher spins. In fact, as an spoiler alert, we will see that the same exponential structure holds for

the gravitational 3-point amplitude, where in the classical limit, the spin of the massive particle can be
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mapped to the spin of the Kerr BH, whose linearized metric expansion encapsulates an infinite tower of

classical soft multipole moments in it. We will come back to this discussion in chapter 8.

5.2.2 The spinning Compton amplitude, a multipole decomposition

What is the meaning of the exponential eJs? It corresponds to a finite Lorentz transformation induced by

the massless emission. That is, p2 = eJsp1, hence for generic spin it maps the state |p1, ε1⟩ into |p2, ε̃2⟩,

where ε̃2 ̸= ε2 is another polarization for p2. This means eJ is composed both of a boost and a SO(D−1)

Wigner rotation. The boost can be removed in order to match SO(D − 1) multipoles in the classical

theory, as we will see in §5.3.1. Also, as eJ is a Lorentz transformation, |ε2⟩ must live in the same irrep

as |ε1⟩. This means that a projector is not needed when these objects are glued through unitarity. A

corollary of this is a simple formula for the full factorization in the massive poles of Ah,s
n , e.g.

=
∏

i

(2i eQPi·ϵi)h⟨ε2|eJs,n−1 · · ·eJs,2 |ε1⟩ =
∏

i

(2i eQPi·ϵi)h⟨ε2|ε̃2⟩,

(5.9)

where Pi = p1 + k2 + . . . + ki and Js,i = kiµϵiν Jµν
s

ϵi·Pi
. Each 3-pt. amplitude here maps Pi to Pi+1 and

their composition maps p1 to p2. The state |ε̃2⟩ depends on all {ki, ϵi}n−1
i=2 as well as their ordering. In

particular, we can use this factorization formula to reconstruct the spinning Compton amplitude in the

QED for spinning matter up to contact terms. This can be seen from theories (5.1) and (5.2), where the

Compton amplitude only has two factorization channels with massive propagators only. To see this, we

use the Baker-Campbell-Hausdorff formula in (5.9) and get the form

Āph,s
4 =2e2 Q2

[
p1·ϵ2p4·ϵ3
p1·k2

⟨ε2|eJ1+J2− 1
2 [J1,J2]+...|ε1⟩ + p4·ϵ2p1·ϵ3

p4·k2
⟨ε2|eJ′

1+J′
2+ 1

2 [J′
1,J′

2]+...|ε1⟩ + c.t.
]
.

(5.10)

This is the spin analog of (3.23), where the exponential tracks the desired order. The role of the contact

term in (5.10) is to restore gauge invariance.

Setting H4= 2e2Q2

p1·k2p1·k3
in (5.5), and by requiring the scalar piece (J = 0) recovers the result for the

scalar Compton amplitude (3.23), one finds c.t. = ϵ2·ϵ3 and

ω
(0)
4 = p1·F2·F3·p1 . (5.11)

This gives for s≤1 the multipole decomposition for the Compton amplitude

ĀQED
s,4 = H4

[
ω

(0)
4 J (0)

s +ω(1)
4 µνJ

(1)µν
s +ω(2)

4 µνρσJ
(2)µνρσ
s

]
, (5.12)

where the spin multipoles are J (0)
s = Is, J (1)µν

s = Jµν
s and J

(2)µνρσ
s = {Jµν

s , Jρσ
s }, as required from the
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symmetrization mentioned in (5.5). The remaining multipole coefficients ω(i) read explicitly

ω
(1) µν
4 =p1·F2·p4

2 Fµν
3 +p1·F3·p4

2 Fµν
2 +p1·(k2+k3)

4 [F2,F3]µν , (5.13)

ω
(2) µνρσ
4 = − k1·k2

16 (Fµν
2 F ρσ

3 + Fµν
3 F ρσ

2 ) . (5.14)

These are universal for the theories (5.1) and the abelian sector of (7.66), the W-boson theory (correcting

the Proca theory (5.2)). Already for spin- 1
2 it is clear that this decomposition of the Compton amplitude

is not evident at all from a Feynman-diagram computation [192, 193], whereas here it is direct. A key

point of this splitting is that under the double soft deformation k2 = τ k̂2, k3 = τ k̂3, the multipole ω(2j) is

O(τ j), whose leading order will be the classical contribution to the amplitude in the KMOC sense. An

explicit computation of the Compton amplitude for theories (5.1) and the abelian sector of (7.66), show

exact agreement with the result (5.12)

Note now that while J (0)
s and J (1)µν

s are irreducible representations of the Lorentz group SO(D−1, 1),

the operator J (2)µνρσ
s has the symmetries of the Riemann tensor and can be further decomposed into

irreducible SO(D − 1, 1) representations . This decomposition goes by the name of Ricci decomposition

which we outline as follows:

Ricci decomposition: Let Rµνρσ be a Riemannian tensor. The Ricci decomposition is the statement

that Rµνρσ can be split in the following form2:

Rµνρσ = Sµνρσ + Eµνρσ + Cµνρσ , (5.15)

where S,E and C corresponds to the scalar, symmetric and Weyl parts of the tensor, respectively defined

by:

Sµνρσ = R

D(D − 1)(ηµσηνρ − ηµρηνσ) , (5.16)

Eµνρσ = 1
(D − 2)(ηνρRµσ − ηµρRνσ + ηµσRνρ − ηνσRµρ) , (5.17)

Cµνρσ = Rµνρσ − Sµνρσ − Eµνρσ . (5.18)

Here Rµν = Rρµνσηρσ is the Ricci curvature tensor, whereas R = Rµνηµν corresponds to the scalar of

curvature. It is also useful to know that the Riemann of a tensor T , can be computed by [194]

Riemann(T )µνρσ = 1
12(Tµνρσ − Tµνσρ − Tµρσν + Tµσρν − T νµρσ + T νµσρ + T νρσµ − T νσρµ

− T ρµνσ + T ρνµσ + T ρσµν − T ρσνµ + Tσµνρ − Tσνµρ − Tσρµν + Tσρνµ)
(5.19)

Let us apply this decomposition to the quadratic in Js contribution to the Compton amplitude. For

that we use the following notation

ω
(2)
4 µνρσJ

(2)µνρσ
s =

 1̂s[ω(4)
4 ] + [ω(2)

4 ]µνQ
µν
s , s = 1,

1̂s[ω(2)
4 ] + [ω(2)

4 ]µνρσℓ
µνρσ, s = 1

2 ,
(5.20)

2See for instance the Wikipedia article https://en.wikipedia.org/wiki/Ricci_decomposition

https://en.wikipedia.org/wiki/Ricci_decomposition
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where ℓµνρσ
s = J

(2)[µνρσ]
s = , and

1̂s = Js,µνJ
µν
s

2 , Qµν
s = = {Jµρ

s , J ν
s,ρ} + 4

D
ηµν 1̂s . (5.21)

We then identify Qµν
s with the traceless Ricci tensor, whereas 1̂s corresponds to the scalar curvature.

Notice remarkably, (5.12) does not possess a Weyl contribution. This will be important when we discuss

the double copy below. In addition, for spin 1/2 we get a totally antisymmetric contribution due to the

non commutativity nature of the Dirac gamma matrices.

We have also introduced the notation [ω(2)
4 ] , [ω(2)

4 ]µν and [ω(2)
4 ]µνρσ for the corresponding projections

of the multipole coefficient ω(2)µνρσ
4 . The explicit form for the first two read

[ω(2)
4 ] = 4

D(D − 1)ω
(2)
4 µνρση

µ[ρησ]ν = k2·k3

D(D − 1)F2,µνF
µν
3 (5.22)

[ω(2)
4 ]µν = k2·k3

D − 2F2 (µ|ρF
ρ
3 |ν) , (5.23)

whereas for the latter we simply have [ω(2)
4 ]µνρσ = ω

(2) [µνρσ]
4 . We refer to the irreducible operators of

SO(D − 1, 1) as the covariant spin multipole moments. This then allows us to identify the covariant

traceless spin quadrupole moment Qµν
s existing only for spin 1 particles in QED.

5.2.3 Bremsstrahlung radiation for spinning sources

Now that we have studied our 3-point and 4-point amplitudes for spinning particles in great detail, it is

natural to ask how the Bremsstrahlung radiation amplitude of Figure 3.3 changes in the presence of spin.

In §3.3 we have argued that formula (3.45) is indeed more general and can be used to compute photon

and gravitational Bremsstrahlung radiation, even in the presence of spin. To compute the numerators

entering in (3.45), in the presence of spin, we use the same unitarity method of (3.41), i.e. the numerators

for the 5-point amplitude are given by the residues of M5 at the null momenta qi for i = 1, 2. This then

corresponded to the unitary gluing of the Compton to the 3-point amplitude on the support of null

momenta qi for the respective factorization channel. For instance, at linear order in J , and introducing

the notation

R̂µν
i = 2(2ηiq − k)[µJ

ν]α
s,i (2ηiq − k)α, (5.24)

recall η1 = −1 and η2 = 1, the Bremsstrahlung radiation numerators have the form

n
(a)
1
2 ,ph = n

(a)
0,ph−2e3

[
p1·R2·kF ·Js,1−F1qR2·Js,1+p1·k [F,R2]·Js,1 − p1·F ·R̂2·p1

]
,

n
(b)
1
2 ,ph = n

(b)
0,ph−2e3

[
p2·R1·kF ·Js,2−F2qR1·Js,2+p2·k [F,R1]·Js,2 − p2·F ·R̂1·p2

]
,

(5.25)

where the scalar numerators were obtained in (3.46), and follow naturally from the universality of A3

and A4. We have also introduced the commutator notation [F,R2]·Js,i = (Fµ
νR

να
2 − Rµ

2,νF
να)(Js,i)µα.

These numerators follow analogously from the gluing of the electromagnetic spin-1/2, 3-point (5.7) and

4-point (5.12) amplitudes. Using variables (5.24) to rewrite the numerators trivializes the check for gauge
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invariance. Notice on the other hand, the spin contribution in the R̂i terms emerges purely from the

linear-in-spin piece of the 3-pt amplitude, whereas the linear-in-spin Compton amplitude is responsible

for the remaining terms.

Finally, the quadratic order in spin numerators are given in appendix C by equations (36) and (37).

These, again, follow from the electromagnetic quadratic-in-spin 3-pt and 4-pt amplitude, the latter ob-

tained from the single copy in (5.54). For simplicity, at this order we have restricted to the case in which

only one particle has spin, while the other is scalar.

Classical Limit

We have already seen that by replacing the numerators (3.46)3 into the general formula (3.45), we recover

the classical photon radiation amplitude for the scattering of two colorless scalar charges, as computed by

Goldberger and Ridgway in [80]. This is of course true since we have already taken the classical limit of

the amplitude using the KMOC prescription. In the presence of spin however, additional considerations

need to be taken in order to: 1) Extract the correct classical contribution, and 2) Extract the spin

multipole moments that correctly describe classical rotating objects.

To solve 1), notice that when scaling the scalar numerators in (5.25) using the KMOC prescription,

q → ℏq and k → ℏk, the leading order contribution of n(a/b)
0,ph ∼ ℏ2. However, by doing the same scaling, the

linear in spin terms in (5.25) scale now as ∼ ℏ3. Naively one might think this is a quantum contribution

and can be discarded in the classical limit. This would however also discard any spin information, and we

know classical rotating objects have associated a classical rotation tensor which is not present in the scalar

contribution. To solve this discrepancy, [58] (see also [58, 61, 103, 130]) proposed the Lorentz generators

Jµν
s need to also have an ℏ scaling in such way there exist a classical spin structure extracted from the

Quantum amplitude. Then, it is natural to take Jµν
s → Jµν

s

ℏ , which will make the scaling of the spin

contributions in (5.25) to be of the same order in ℏ as the scalar part. This scaling of the spin follows

naturally from generalizing KMOC for spin [130], as dictated by the correspondence principle mentioned

in the general Introduction.

To solve 2) one needs to recall that we have thought of the spinning amplitudes Ān, as a SO(D− 1, 1)

operator acting on spin-s states of the form |pi, εi⟩. One needs to recall however these states transform

under different representations of the little group, as indicated by the massive momentum labels. Then,

in order to interpret the results for the previously computed amplitude as those for the interaction of

a the same incoming and outgoing classical spinning object in electrodynamics, we need to choose a

reference frame – which can be fixed by choosing a time-like vector uµ satisfying the SSC – so that the

massive polarization states are aligned towards the same canonical polarization states4. When doing

so, the SO(D − 1, 1) generator Jµν
s , which consist of a SO(D − 1) Wigner rotation plus a boost, Jµν

s =

Sµν −2u[µKν], can be interpret as a classical spin tensor for the rotating object, once the boost component

is removed. The SSC to be satisfied is simply uµS
µν = 0. After this is done, the polarization states

can be removed, leaving us with a classical object, which we will interpret as the classical amplitude.
3These numerators have the support of δ(pi·(ηiq − k)), which imposes the on-shell condition for the outgoing massive

particles in the classical limit.
4These alignment of the polarization states also goes by the name of Hilbert space matching [56]
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This alignment effectively induces a map of the SO(D − 1, 1) covariant multipoles moments towards the

SO(D − 1) rotation multipole moments, we will expand on this map in §5.3.1.

At the linear order in spin, the effect of choosing a reference frame results into simply setting Jµν
s,i →

Sµν
i , followed by the removal of the polarisation states. Only by then, Sµν can be interpreted as a

classical spin tensor characterizing the intrinsic rotation of the compact object. The reference vector ui

can be taken to be either the incoming, outgoing or the average momentum for each matter line, in the

classical limit they reduce to taking ui = pi/mi. This in turn implies the SSC to satisfy is pi,µS
µν
i = 0.

One can easily check that by changing J → S in (5.25), and replacing the resulting numerators into the

general formula for radiation (3.45), we recover the classical result of Li and Prabhu [117], computed

from classical Worldline theory arguments.

Let us finish this section by commenting on the resulting form of the radiated electromagnetic field in

the soft (large wavelength) limit. In (3.51) we showed at leading order in the soft, the waveform is entirely

capture by the Weinberg soft factor, which corresponds to a universal, and in fact, non-perturbative

result, as we extensively studied in chapter 4. This universality translates into zero spin corrections

to the low energy waveform. One then might wonder whether the spin structure in the numerators

(5.25) indeed provides zero contribution to the waveform (3.47) in the soft limit. As can be explicitly

checked, the spin contribution in (5.25) is indeed subleading in the soft expansion k → τk, τ → 0.

This is nothing but a consequence of the universality of A3 and A4. That is, as we discussed above,

spin corrections of A3 correspond to a tower of subleadingn soft operators. This is indeed also the case

for A4 as can be seen from (5.12) and (5.9), where each multipole coefficient scales with an additional

power of τ , in for instance the soft expansion in the outgoing massless momentum k3 → τk3. That is

ĀQED
s,4 ∼ H̃4

[
1
τ ω̃

(0)
4 J

(0)
s +τ0ω̃

(1)
4 µνJ

(1)µν
s +τ1 ω̃

(2)
4 µνρσJ

(2)µνρσ
s

]
where the tilde indicates we need to keep only

the soft τ → 0 contribution. This then show the leading soft contribution is exactly given by the scalar

piece, which is present for for all of the spin−s amplitudes, above, and therefore, no spin-correction will

be added to the leading soft waveform (3.51).

5.3 The spin multipole double copy

So far we have been concerned with the computation of observables for the electromagnetic theory. We

have discussed in great detail the scalar case both, at tree and loop levels, emphasising the power soft

theorems have in the computation of radiation at leading order in the soft expansion. Furthermore, in

the first part of this chapter we have introduced spin effects and argued that the main building blocks

A3 and A4 have universality properties that are carried over M4 and M5. This discussion is indeed more

general and can be extended to the gravitational case as we will see now. In the remaining of this chapter

we will start the study of classical observables for the gravitational theory, using double copy arguments.

In chapter 7 we will provide a more formal study of the double copy for massive spinning matter.

We introduced the double copy of massless particles in §2.3. In particular, we have seen that two
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copies of S = 1 massless polarization tensors have the Clebsh-Gordon decomposition

(D − 1) ⊗ (D − 1) = (D + 1)(D − 2)
2 ⊕ 1 ⊕ (D − 1)(D − 2)

2 , (5.26)

where the first two terms in the r.h.s. correspond to S = 2 (graviton ) and S = 0 (dilaton) respectively,

whereas the third piece is the antisymmetric piece ( Kalb-Ramond field), which for D = 4 can be dualized

to an S = 0 pseudo-scalar, the axion. We will indistinctly refer to this two-form as axion or Kalb-Ramond

field.

Explicitly, if εµ and ε̃µ correspond to two copies of an S = 1 representation, then the Clebsh-Gordon

decomposition reads

ϵµϵ̃ν =
(
ϵµϵ̃ν + ϵν ϵ̃µ

2 − ε·ε̃
D − 1 η̄

µν

)
+ ε·ε̃
D − 1 η̄

µν +
(
ϵµϵ̃ν − ϵν ϵ̃µ

2

)
. (5.27)

For integer S, the representations are always isomorphic to transverse, traceless-symmetric tensors, which

dimension is given by dimS = (D−3+2S)(D−4+S)!
S!(D−3)! , (which reduces to the familiar expression 2S + 1 in

D = 4) [194]. For instance, for S = 1 we have the vector representation dimS=1 = D − 1. The tensor

representations are constructed from direct products of lower ones. The simplest example is the S = 2

tensor which can be constructed from two copies of S = 1 as given by (5.27). This decomposition is the

reason we can obtain the graviton amplitudes from S = 1 amplitudes.

The double copy for massive particles – as we will formally discuss in chapter 7 – can be constructed

using analogous KLT formulas for their massless counterparts. This is due to the fact that for a single

matter line emitting gravitons/dilatons/axions, massive double copies can be obtained from compactifi-

cations of their massless higher dimensional analogs. In this section we will concentrate on the double

copy for our favorite amplitudes An, n = 3, 4, involving one spinning matter line emitting one and two

gravitons, respectively. This will be sufficient to also induce a double copy formula for M4 and M5, due

to the factorization (1.2).

We will use the ⊙ symmetric product to denote the double copy of the amplitudes written in a spin-

multipole expansion. To begin, let us consider then the photon emission amplitudes for s ∈ {0, 1
2 , 1}, as

given in the previous sections, and define their double copy. From two multipole operators X and X ′

acting on spin-s states, we introduce an operator X ⊙X ′ acting on spin-2s as

X ⊙X ′ =


X ×X ′, 2s = 0

2−⌊D/2⌋tr(X/ε1X̃
′/ε2) , 2s = 1,

ϕ1µ1ν1

(
Xµ1

µ2
X ′ν1

ν2

)
ϕµ2ν2

2 , 2s = 2,

(5.28)

where ε and ϕ are the respective massive polarizations and X̃ denotes charge conjugation. In chapter 7

we will prove this multipole operation naturally arises from the KLT double copy, and show furthermore

it can be used to obtain scattering amplitudes in a gravity theory of a massive spin-2s field. Let us for

simplicity in this chapter assume it as a valid double copy operation.
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For our favorite amplitudes, the double copy formula will read

K−1
n Agr,s+s̃

n = Aph,s
n ⊙Aph,s̃

n , n = 3, 4 . (5.29)

where Kn corresponds to the massive KLT kernel for the n-point amplitude which is simply given by the

inverse of the biadjoint amplitude involving two massive scalars of the same species ( see e.g. [195] for

details on this theory ).

The case s = 0, s̃ ̸= 0 was introduced by Holstein et al. [190, 192]. It was used to argue that the

gyromagnetic ratios of both Aph,1
n and Agr,1

n must coincide, setting g = 2 as a natural value [103, 190].

We introduce the case s, s̃ ̸= 0 as a further universality condition, and find it imposes strong restrictions

on Ah,s
n for higher spins. More importantly, it can be used to directly obtain multipoles in the classical

gravitational theory.

For (5.29) to hold we need to put Ah,s
n into the form (5.5), which we have done in the first part of

the present chapter (although we will lift this restriction chapter 7). The coefficients ω(2j) are universal

once we consider minimal-coupling amplitudes, which are obtained from QED at s = 1
2 and from the

W±-boson model at s = 1 [190], as seen above. In a diagramatic notation, the operation (5.28) gives the

rules

1s ⊙ 1s = 12s , 1s ⊙
s

= 1
2 2s

, (5.30)

s

⊙
s

=
2s

+ 2s + 1̂2s , (5.31)

which are a subset of the irreducible representations allowed by the Clebsch-Gordan decomposition. Rule

(5.31) is nothing but the Ricci decomposition of the symmetric product of two multipole operators Jµν
s ,

and is analog to the decomposition (5.20) above, but with non-vanishing Weyl component. Indeed, the

first term we denote by Σµνρσ and has the symmetries of a Weyl tensor, i.e. is the traceless part of

{Jµν , Jρσ}. For instance, the s = 2, 3-point gravitational amplitude as obtained from (5.29), and using

two copies of the 3-point seed (5.7), and the double copy operation (5.30) and (5.31), results into

Agr,2
3 = κ (ϵ·p1)2

ϕ2·
(
I+ϵµqνJ

µν

ϵ·p1
+ Wµναβ

4(ϵ·p1)2 Σµναβ

)
·ϕ1 , (5.32)

where Wµναβ := q[µϵν]q[αϵβ] is the Weyl tensor of the graviton. We have also used K3 = κ
4e2 for the

3-point KLT kernel, with κ =
√

32πG and G the Newton Constant. ϕαβ
i are massive spin-2 polarization

tensors, built from spin-1 polarization vectors; in D = 4 they have 5-independent components. One can

show the same amplitude can be computed from the covariantization of the Fierz-Pauli Lagrangian [196].

The classical limit of this amplitude reproduces the expected Weyl-quadrupole coupling [103, 197–200],

as we will discuss in §5.3.1.

To deeper understand these results, let us demand Agr,s
3 to be constructible from the double copy

(5.29) for any spin:

Agr,s+s̃
3 (Jµν ⊕ J̃µν) = Aph,s

3 (Jµν) ⊙Aph,s̃
3 (J̃µν) , (5.33)

where Jµν ⊕ J̃µν is the generator acting on a spin s+ s̃ representation. This relation yields the condition
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A1,s
3 A1,s̃

3 = A1,s+s̃
3 A1,0

3 on the Jµν operators. Using that [J, J̃ ] = 0 and assuming the coefficients in (5.5)

to be independent of the spin leads to

Āh,s
3 (J) = gh (ϵ·p1)h × eωµν Jµν

, h = 1, 2 (5.34)

with ωµν = q[µϵν]
ϵ·p1

and H3 = (ϵ·p1)h fixed by the previous examples. Here g1 = 4e2 and g2 = κ. This

easily recovers such cases and matches the Lagrangian derivation [196] for s ∈ { 1
2 , 1, 2} in any dimension

D. After some algebra, (5.34) leads to the D=4 photon-current derived in [201, 202] for arbitrary spin

via completely different arguments. On the gravity side, its classical limit matches the Kerr stress-energy

tensor derived in [81], as we will discuss in chapter 8, together with its spinor-helicity form found in [58],

as we show in appendix B. For s > h and D > 4, (5.34) contains a pole in ϵ·p which reflects such

interactions being non elementary [68]. In §5.3.1 we show such pole cancels for the classical multipoles

and provide a local form of (5.34).

Now, the full quantum double copy amplitude Agr,2
4 for s = 2 can be obtained by simply squaring

(5.12) for s = 1, and using the rule given in the third line of (5.28), which similar Agr,2
3 , can be obtained

from the covariant Fierz-Pauli Lagrangian [196]. In a multipole decomposition, it will contain terms

up to hexadecapole order. However, in general there is not a known prescription to obtain the spin

multipole expansion in terms of irreducible representations of SO(D−, 1, 1), and we therefore write the

full amplitude in terms of polarization vectors (i.e. not in an operator language), as follows

Agr,2
4 = K−1

4 H2
4

[
ω

(0)
4 ε1·ε∗

4+ω(1)
4 µνε1·J (1)µν

1 ·ε∗
4+ω(2)

4 µνρσε1·J (2)µνρσ
1 ·ε∗

4

]2
, (5.35)

where we need to use the KLT kernel

K4=2e2

κ2
k2·k3

p1·k2 p1·k3
, (5.36)

and the polarization tensor for the massive spin 2 states will be given by εµν
i = εµ

i ε
ν
i , and satisfy εµν

i pi,µ =

0, for i = 1, 4, and the traceless condition εµ
i µ = 0. For the massless gravitons we have ϵµν

i = ϵµi ϵ
ν
i , with

analog properties to the massive polarizations. Here we use the contractions ε1·Jµν
1 ·ε∗

4 = ε1α(Jµν
1 )α

βε
∗β
4 ,

and analog for ε1·J (2)µνρσ
1 ·ε∗

4 = ε1,α{(Jµν
1 )α

δ , (Jρσ
s )δ

β}ε∗β
4 .

Notice when written in terms of (5.11), (5.13) and (5.14), the spin 2 gravitational Compton amplitude

(5.35), becomes dimension-independent. In fact, if we think of p1 and p4 as massless momenta, with εµν
i

their correspondent massless polarization tensors, one recovers the 4-point amplitude for the scattering

of 4 gravitons in General Relativity. This is of course not a coincidence, and is a consequence of the fact

this amplitude can be written from a compactification of its massless higher dimensional counterpart, as

we will show explicitly in chapter 7.

In this chapter we are interested in computing the spin quadrupole radiation amplitude and for that

we can simply take the double copy of two spin-1/2 amplitudes and apply the second line of (5.31). In a

multipolar expansion, and up to quadrupolar order, the gravitational amplitude is given then by:

• The scalar piece
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Ā
(0)gr
4 = κ2

8
ω(0)ω(0)

k2·k3 (p1·k2) (p1·k3) (5.37)

• The spin dipole piece

Ā
( 1

2 )gr
4 = κ2

8
ω(0)ω

(1)
µν J

µν
1/2

k2·k3 (p1·k1) (p1·k2) (5.38)

• And finally quadrupolar piece

Ā
(1)gr
4 =κ2

8

1
2ω

(0)[ω(2)]1̂1

k2·k3 (p1·k2) (p1·k3)

+ κ2

8
ω

(1)
µν ω

(1)
ρσ

k2·k3 (p1·k2) (p1·k3)

[1
4Σµνρσ

1 + 1
D−2η

[σ[νQ
µ]ρ]
1 + 1

2D(D−1)η
σ[νηµ]ρ1̂1

] (5.39)

Here we have omitted the contribution from , since it does not contribute to the classical amplitude.

We have used that (5.31) reads

Jµν
s ⊙ Jρσ

s =1
4Σµνρσ

2s + αD

D−2η
[σ[νQ

µ]ρ]
2s + βD

2D(D−1)η
σ[νηµ]ρ1̂2s . (5.40)

The normalizations αD, βD depend solely on D. However, it cancels out in the full computation and

hence we set αD=βD=1 hereafter. Similarly, the condition Aph, 1
2

4 A
ph, 1

2
4 =Aph,0

4 Aph,1
4 , as implied by (5.29),

for the quadrupole tensor Qµν
2s , can be traced at this order to [ω(1)

4 ω
(1)
4 ]µν = [ω(2)

4 ]µνω
(0)
4 , which shows

the universality of the quadrupole, and holds up to terms subleading in the double soft limit.

Notice when doing the double copy of the massless spin-1 polarization vectors we have always projected

the graviton component via ϵµν
i = ϵµi ϵ

ν
i . Then, the removal of the dilaton and axion component is trivial

and does not require additional subtraction schemes, or the introduction of ghost particles [203]. This

is a general feature of amplitudes for one matter line emitting n-massless particles, as we will see in

chapter 7. In addition, since Mgr
4 and Mgr

5 are built from these amplitudes via the factorization (1.2),

the removal of the dilaton and axion states from these amplitudes is also straightforwards by using the

graviton propagator.

5.3.1 From SO(D − 1, 1) to SO(D − 1) multipoles

As mentioned in §5.2.3, in order to compare spinning amplitudes with classical results for spinning bodies

it is sometimes necessary to choose a frame through the SSC. Let us show how this arises from our setup,

and make more formal the discussion introduced by the end of §5.2.3.

We have shown that the spin multipoles correspond to finite SO(D − 1, 1) transformations which map

p1 → p2. Such Lorentz transformations are composed of both a boost and a SO(D − 1) Wigner rotation.

Spin multipoles of a massive spinning body are defined with respect to a reference time-like direction

and form irreps. of SO(D − 1) acting on the transverse directions [200, 204]. Hence, it is natural to

identify such action with Wigner rotations of the massive states entering our amplitude. A simple choice

for the time-like direction is the average momentum u = p
m = p1+p2

2m . In this frame boosts are obtained
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as Kν = uνJ
µν whereas Wigner rotations read Sµν = Jµν − 2u[µKν]. Adopting Sµν as classical spin

tensor then corresponds to the covariant SSC, i.e. uνS
νµ = 0 [81, 205, 206] (another choice was used

in [103,207]). The momenta p1 and p2 can be aligned canonically to p through the boost,

p1 = e
q

2m ·Kp , p2 = e− q
2m ·Kp , (5.41)

which defines canonical polarization vectors ε, ε̃ for p through (recall p2 is outgoing):

ε1=e
q

2m ·K ε , ε2=ε̃ e
q

2m ·K . (5.42)

This replacement can then be applied to the multipole expansion (5.5), yielding an extra power of q for

each power of J , hence preserving the ℏ-scaling. We find

ε1·ε2 = ε·ε̃+ 1
m
qµεK

µε̃+O(K2) , (5.43)

ε1J
µνε2 = εSµν ε̃+2u[µεKν]ε̃+

qα

m
ε{Kα,Sµν}ε̃+O(K2) , (5.44)

ε1{Jµν ,Jρσ}ε2 = ε{Sµν ,Sρσ}ε̃+O(K) , (5.45)

(for generic spin K and S are independent). In terms of irreducible representations this decomposition

can be thought of as branching SO(D − 1, 1) into SO(D − 1) [194]. For instance, the dipole branches as

→ + , which is a transverse dipole plus a transverse vector irrep, Kµ. In the same way, in general

the irrep. of SO(D − 1, 1) also contains a piece for SO(D − 1). This is the reason we can extract

a quadrupole from Weyl piece in (5.31), namely by combining (5.45) with the replacement rule

{Sµν , Sρσ} = 2
D−3

(
η̄σ[µQ̄ν]ρ−η̄ρ[µQ̄ν]σ

)
+ other irreps (5.46)

where η̄µν = ηµν − uµuν . Thus we have the identity (c.f. [208,209])

ωµνρσΣµνρσ = [ω]µνρσ⟨ε1|{Jµν ,Jρσ}|ε2⟩ ,

= 4
D − 3 [ω]µνρσu

νQ̄µρuσ +O(K) .
(5.47)

For instance, we extract a quadrupole contribution from Ah,s
3 in (5.32):

Ah,s
3 |Q̄=1

4 (ϵ · p1)h q · Q̄ · q
D − 3 . (5.48)

Of course, the SO(D − 1, 1) quadrupole present in Ah,s
4 also contains a SO(D − 1) quadrupole. It

follows from (5.45). Similarly, the 1̂ piece in (5.31) also have a contribution proportional to S2. We can
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summarize the map in the following way

Jµν
1 → Sµν

Qµν
1 → Q̄µν + 1

D − 1 η̄
µν 1̂1 − 1

D
1̂1

Σµνρσ → 4
D − 3u

νQ̄µρuσ

1̂1 → 1
2SµνS

µν ,

(5.49)

In general the SO(D − 1) multipoles defined through the covariant SSC are given directly from the

SO(D−1, 1) ones, up to O(K) terms. Due to unitarity, one expects the latter to drop from the amplitude,

at least for A3. Let us show explicitly how this happens. Note that 3-pt. kinematics implies [q·K, q·J ·ϵ] =

0 and hence the spin piece of the 3-pt. amplitude (5.34) reads

ε1e
q·J·ϵ

ϵ·p ε2=ε̃ exp
(
qµϵνJ

µν

ϵ · p
+qµK

µ

m

)
ε = ε̃eSε

=
∞∑

n=0

1
n! ε̃

(
qµϵνS

µν

ϵ · p

)n

ε ,

(5.50)

where one can check that the sum truncates at order 2s. Thus the boost (5.41) is effectively subtracted

from the finite Lorentz transformation leading to the interpretation of the 3-point formula as a little-group

rotation induced via photon/graviton emission. We end with a comment on the case s > h and D > 4:

Note that the pole ϵ · p cancels in (5.48) for any dimension. This means we can provide a local form of

the 3-pt. amplitude which contains the same multipoles as the exponential. For instance,

Aph,2
3 = (2eϵ·p)ϕ2·

(
I+ϵµqνJ

µν

ϵ·p
+ qµqρ

4m2 ϵ·p
×
[
ϵνpσ+ϵσpν−ηνσ (ϵ·p)

D−3

]
{Jµν ,Jρσ}

)
·ϕ1 , (5.51)

also yields (5.48) and reduces to (5.34) in D = 4.(Recall ϕαβ
i are polarization tensors for the spin 2 matter

fields.) In general the 2n-poles [81,204] of (5.50) are obtained by performing
⌊

n
2
⌋

traces with the spatial

metric η̄αβ appearing in (5.46). The result takes the local form

Āh,s
3

∣∣∣
2n−poles

=gh (ϵ·p)h
∞∑

n=0

(
αn+βn

qµϵνS
µν

ϵ·p

)
× Q̄(n)

µ1...µ2n
qµ1 · · ·qµ2n , (5.52)

where αn, βn depend on the dimension D, and Q̄(n) are the transverse multipoles. In four dimensions we

find Q̄(n) to be a tensor product of the Pauli-Lubanski vector Sµ [103,204], and αn = m−2n

(2n)! , βn = m−2n

(2n+1)! .

Spin-multipoles for D=4.

Let us finish this section by extracting the classical limit of the gravitational Compton amplitude, up

to quadratic order in spin. Now, since we are interested in making contact with the scattering of waves off

the Kerr BH, as we will see in chapter 8, we specify the spin multipoles for the D = 4 scenario. As already

pointed out, the spin dipole can be written in terms of the Pauli-Lubanski vector, via Sµν = ϵµνρσp1ρaσ,

where aµ corresponds to the radius of the Kerr ring singularity. We will expand on this in chapter 8, for

the moment we can think of it as a classical spin tenor representing the intrinsic rotation of the K BH.
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In the same way, the spin quadrupole can be put in terms of aµ via

Q̄µν = m2(aµaν − 1
3 η̄

µνa2), (5.53)

where now the SSC is satisfied by the spin vector p1µa
µ = 0. Finally we have to do the usual ℏ scaling

of the massless momenta, ki → ℏk1, and in the same way for the spin vector aµ → aµ/ℏ. Where we have

also identified uµ with the incoming massive object’s four-velocity. In that form, one can explicitly check

that the final classical amplitude up to quadratic order in spin can be written as:

⟨Agr
4 ⟩ = κ2

8
⟨ω(0)

4 ⟩
k2·k3(p1·k2)2

[
⟨ω(0)⟩ + ⟨ω(1)µν

4 ⟩ϵµνρσp
ρ
1a

σ + ⟨ω(2)
4 αβ⟩aαaβ

]
+ O(a3) , (5.54)

where the angles indicate the classical limit of the corresponding multipole coefficients given in (5.11)

and (5.13). We have also identify the classical multipole coefficient for the quadratic in spin amplitude

in classical electromagnetism as

⟨ω(2)αβ
4 ⟩ =

[
p1·F2·F3·p1(k1−k2)µP̄µναβ(k1−k2)ν + k1·k2m

2

2

(
P̄µναβ + ηµνηαβ

2

)
F

(µ|δ
2 F

γ|ν)
3 ηγδ

]
, (5.55)

P̄µναβ = ηµαηνβ + ηµαηνβ

2 − ηµνηαβ . (5.56)

Notice remarkably that after summing up all the rotation spin multiple contributions, the classical GR

amplitude has the factorization form Agr = ⟨Aph
0 ⟩ × ⟨Aph

s ⟩, as suggested by the authors in [54], and

reflecting the universality of the coupling of matter to the graviton. The quadratic in spin contribution

and its unitarity gluing with the 3-point amplitude, recovers the quadratic in spin two-body radiation

amplitude obtained in [120], as we will explicitly show in §5.3.2.

5.3.2 Spin multipolar expansion of M4 and M5

Let us in the remaining of this chapter compute the gravitational M4 and M5 amplitudes up to the spin

quadrupole level from the double copy. Let us recall at leading order in the perturbative expansion,

the ℏ→0 limit of the amplitudes is captured by the cuts of M4 and M5 given in (1.2). M4 can then be

computed from the formula (3.40), whereas for M5, the key point is to introduce the average momentum

transfer q = q1−q2
2 , as done for the electromagnetic case §3.3, after which one expects the same con-

struction to apply. This leave us then with the formula (3.45), which we now use in the gravitational

context.

Classical Double Copy

As the numerators in eqs. (3.40) and (3.45) correspond to Ah,s
n amplitudes, the multipole double copy

can be directly promoted to ⟨M4⟩ and ⟨M5⟩. From a classical perspective, the factorization of (1.2)

implies that the photon numerators can always be written as nph = taµt
µ
b where ta and tb only depend

on kinematics for particle 1 and 2 respectively. The simplest example is the scalar piece in ⟨Mph
4 ⟩, where
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ta = p1 and tb = p2. The KLT formula (5.29) translates to

ngr = nph ⊙ nph − tr(nph ⊙ nph) (5.57)

where we defined the trace operation as tr(n⊙n) = (taµ⊙tµ
a )(tbµ⊙tµ

b
)

D−2 . By combining (5.57) with eqs. (3.40)

and (3.45), this establishes for the first time a classical double-copy formula that can be directly proved

from the standard BCJ construction as we will see in chapter 7. Moreover, up to this order it only requires

as input Maxwell radiation as opposed to gluon color-radiation [32, 80] and contains no Dilaton/Axion

states [6, 32, 203], the latter of which are removed by the trace subtraction in (5.57). Since the formula

for the radiative amplitude for the gravitational case (3.45) follows from the gravitational Compton

amplitude, the spurious pole 1
q·k arises from the t-channel of the Compton amplitude, and its cancellation

from the final result provides an strong check of our double copy formula.

Let us in the following provide some examples of how to use this double copy formula (5.57). Starting

with ⟨M4⟩: The simplest example is the scalar amplitude, for which, as we already mention nph
0 = p1·p2,

then ta = p1 and tb = p3, so that tr(nph ⊙ nph) = m2
1m2

2
D−2 . This then leads to the scalar gravitational

amplitude

⟨M (0),gr
4 ⟩ = ngr

q2 = 32πG
q2

[
(p1·p2)2 − m2

1m
2
2

D − 2

]
, (5.58)

where the factor of D−2 arises from the graviton propagator. In D = 4 we can evaluate (2.12) to recover

the 1PM scattering angle as in [48], first derived in the classical context by Portilla [210,211].

Next we can consider the quadratic in spin contribution. To keep notation simple consider only particle

a to have spin. From (5.7) we find that at the dipole level the numerator for ⟨Mph
4 ⟩ is nph

1
2

= nph
0 +p3·Ja·q.

The gravity result follows from (5.57) by dropping contact terms in q2. The rules (5.30) readily scalar as

we just saw, as well as the dipole parts. let us compute the more interesting quadrupole part; rule (5.40)

gives
(p3·Ja·q) ⊙ (p3·Ja·q) − tr(· · · )

q2 = 1
4
p3µqνp3αqβΣµναβ

a

q2 , (5.59)

Using (5.47), the SO(D − 1) quadrupole [198,200,212] reads

1
4
p3µqνp3αqβΣµναβ

a

q2 →
(

(p1·p2)2−m2
1m

2
2

D−2

)
q · Q̄a · q

2(D−3)q2m2
a

. (5.60)

Up to this order this agrees with the D = 4 computation [58, 81, 213]. Agreement to all orders in spin is

obtained from the formula (5.52).

Let us now move to compute the classical numerators for the gravitational ⟨M5⟩ amplitude. We start

with the scalar case, for which the gravitational numerators can be computed from putting the photon

numerators (3.46) into the double copy formula (5.57)

n
(a)
0,gr = κ3

4

[
(p1·p2F1q − p1·kFp)2 − m2

1m
2
2

D − 2F
2
1q

]
,

n
(b)
0,gr = −κ3

4

[
(p1·p2F2q + p2·kFp)2 − m2

1m
2
2

D − 2F
2
2q

]
,

(5.61)
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where we have used Fiq = ηi(pi·F ·q), and Fp = p1·F ·p2. Analogous to the electromagnetic numerators,

this can also be obtained from the gluing of the scalar, 3-pt and 4-pt amplitudes through the graviton

propagator. These numerators can be introduced in the general formula (3.45), to recover the result for

the classical limit of the gravitational amplitude for scalar particles [6, 61,80].

In analogy to the electromagnetic case, the gravitational 5-point amplitude for scalar sources can also

be put in an all order exponential soft expansion. This is a consequence of the soft exponentiation of the

gravitational Compton amplitude, in analogy to its electromagnetic counterpart (3.23),

Agr
4 =

∑
pa=p1,p2,k2

1
2

(ϵ3 · pa)2

k3 · pa
e

2F3·Ja
ϵ3·pa Agr

3 = 1
2k2·k3

×
[

(p1·ϵ2)2

p1·k3p4·k3
F 2

k − 2 p1·ϵ2
p1·k3

FkFϵ + p4·k3

p1·k3
F 2

ϵ

]
. (5.62)

which induces the exponentiation for the scalar numerators (5.61)

n(a)
gr =

F 2
1q

2 e
− Fp

F1q
(p1·k) ∂

∂(p1·p2)

[
(p1·p2)2 − m2

1m
2
2

D − 2

]
. (5.63)

Further writing 1
q2acP Mq·k = e

acP Mq·k ∂
∂q2 1

q2 turns (3.45) into

⟨Mgr
5 ⟩ =

∑
i=1,3

Sgr
i e

ηi

(
Fp

pi·k

Fiq

∂
∂(p1·p2) +q·k ∂

∂q2

)
⟨Mgr

4 ⟩ (5.64)

where now the soft factor are Sgr
i = ηi

2
F 2

iq

(pi·k)2q·k . This is the gravitational analog of (3.49). Similarly to the

electromagnetic case (3.51), we can show to leading order in the soft expansion, amplitude (5.64), when

used into (2.15) leads to the memory waveform. That is

∫
dDq

(2π)D−2 δ(2q · p1)δ(2q · p2)eiq·(b1−b2)

∑
i=1,3

Si

 ⟨Mgr
4 ⟩

as k → 0. Evaluating the sum using ∆p1 = −∆p2 we obtain

ϵµνT
µν = Fp/2

p1·kp2·k

(
p1

p1·k
+ p2

p2·k

)
·F ·∆p+O(k0), (5.65)

which at leading order in ∆p (or G, if restored) becomes

Tµν(k) =
√

8πG× ∆
[
pµ

1p
ν
1

p1·k
+ pµ

2p
ν
2

p2·k

]TT

. (5.66)

In position space this gives the burst memory wave derived by Braginsky and Thorne [110] in D = 4

(a 1
4πR factor arises from the ret. propagator as R→∞, see §2.2 and [80, 133, 214]), see also [215–217]

for D > 4. Here we have provided a direct connection with the Soft Theorem in the gravitational case,

alternative to the expectation-value arguments of [218, 219]. This can also be seen as the Black Hole

Bremsstrahlung of [136,220] generalized to consistently include the dynamics of the sources.

Next, the gravitational numerators to linear-order in spin can analogously be computed. For that

we use a copy of the scalar numerators (3.46), and one of the linear in spin numerators (5.25), into our
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double copy formula (5.57). We get

n
(a)
1
2 ,gr = κ3

8

{
(p1·p2F1q − p1·kFp) [(p1·p2 q·k + p1·k p2·k)F ·J2s,1−F1qR2·J2s,1+p1·k [F,R2]·J2s,1]

+ m2
2F1q

D − 2
[
F1q(2q−k)·J2s,1·p1−m2

1q·k F ·J2s,1 + p1·k(2q−k)·F ·J2s,1·p1
] }
,

n
(b)
1
2 ,gr = −κ3

8

{
(p1·p2F2q + p2·kFp) (F2q(2q + k)·J2s,1·p2 − p2·k p2·F ·J2s,1·(2q + k))

+
m2

2F
2
2q

D − 2 (2q+k)·J2s,1·p1

}
.

(5.67)

Here we remark the generators J2s,1 act in the gravitational theory rather than in the electromagnetic

counterpart. Similarly to the scalar case, these numerators can be placed in (3.45) to recover the corre-

sponding gravitational amplitude. To obtain the full amplitude for both particles with spin, we utilize

the symmetrization mappings

m1 ↔ m2, p1 ↔ p2, q → −q, J2s,1 → J2s,2, (5.68)

in the final formula. The resulting amplitude recovers the spinning amplitude in dilaton gravity computed

in [117] for classical spinning sources, once we remove the terms proportional to mi in the numerators

in (5.67), which arise from the graviton projection, and branch Jµν → Sµν . This provides a strong

cross-check of our method.

Using (5.40) we can also compute the quadrupolar order. For instance, the Qµν piece can be computed

from two copies of the linear in spin numerators (5.25). Let us again for simplicity consider only particle

a with spin.

n(a)|Q
q·k

=(32πG) 3
2

8(D−2)

[
(p1·p2F1q−p1·k Fp) {R2,F}·Q1 + m2

2
(D−2) (F1q{F ,Y }·Q1−2p1·k p1·F ·Q1·F ·q)

]
,

(5.69)

with Y µν = p
[µ
1 (2q−k)ν], whereas n(b)|Q = 0. As before, we have dropped contact terms in q2 and used

the support of δ(pi·qi). This result can be shown to agree with a much more lengthy computation of the

full Mgr
5 using Feynman diagrams. At this order, Mgr

5 contains classical quadrupole pieces and quantum

scalar and dipole pieces. Interestingly, while the scalar part is trivial to identify, we have found that the

dipole part can be cancelled by adding the spin-1 spin-0 interaction (Bµ∂
µϕ)2 to the Lagrangian, which

signals its quantum nature.

Let us stress the numerators (5.67) and (5.69) are written in terms of the SO(D − 1, 1) multipole

operators. Furthermore, for the quadrupolar contribution, the full amplitude includes the additional

irreps. ( Weyl and trace pieces in (5.31)). In order to use the radiative amplitude in a more realistic

context, as for instance for two coalescing KBHs, as we will study in chapter 6, the amplitude needs to

be computed in terms of the spin multipoles of the rotation group SO(3), in D = 4, where all the irreps.

can be written in powers of the Pauli-Lubanski vector sµ = m × aµ. This is achieved through the map

(5.49), where the rotation quadrupole moment in 4-dimensions is given in (5.53).

In D = 4, at the quadrupole level we can however take an alternative route in the computation of
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the full Mgr
5 . Since we already have the classical gravitational Compton amplitude written in terms of

aµ as given in (5.53), we can glue it to the classical 3-point amplitude (5.52) as given by the unitary

prescription of eq. (1.2). This in turn will allow us to identify the gravitational numerators entering in

(3.45) in a simpler way. We arrive at the following numerators given in (38) and (39) in appendix C They

agree with the more involving computation of the irreps in (5.31). In chapter 6, we will use numerators

(5.61), (5.67), (38) and (39) to compute the gravitational waveform at leading and subleading order in

the velocity expansion for the coalescing of two KBHs in general closed orbits, whose spins are aligned

with the angular momentum of the system. We will then specialize to circular orbits where the waveform

can be computed to all orders in the BHs’ spins.

5.4 Outlook of the chapter

We have shown that key techniques of Scattering Amplitudes such as soft theorems and double copy

can be promoted directly to study classical phenomena arising in GWs . These techniques drastically

streamline the computation of radiation and spin effects; both are phenomenologically important for

Black Holes, which are believed to be extremely spinning in nature [221,222]. In that direction, one could

for instance apply our formalism to derive the hexadecapole (s = 2) order in radiation [223, 224] to LO

in G but all orders in 1/c.

Soft Theorem/Memory Effect: It would be interesting to understand the meaning of the higher orders

of (3.49), considering for instance the Spin Memory Effect [225, 226]. Motivated by the infinite soft

theorems of [227,228] one could expect the corrections are related to a hierarchy of symmetries. One may

also incorporate spin contributions and study their interplay with such orders [214]. In the applications

side, it is desirable to further investigate (3.49) at loop level [229,230], which could lead to a simple way

of obtaining ⟨M5⟩ from ⟨M4⟩.

Generic Orbits: For orbits more general than scattering J (k) does not have the support of δ(2pi·qi),

as will become clear in chapter 6 [31, 166]. In fact, for bounded orbits it contains the subleading terms

pi·qi ∼ ω. Very nicely, by keeping such terms in the classical calculation we have checked they match

with eqs. (3.46),(5.25), which in turn arise from the form in (5.14) via a natural "F→R replacement".

As we will show in chapter 6, one can use the amplitudes computed in the present chapter to approach

the two-body problem in General Relativity at lower orders in the velovoty expansion, where the terms

removed by the on-shell conditions do not contribute to the waveform.



Chapter 6

Bounded systems and waveforms

from Spinning Amplitudes

6.1 Introduction

So far we have been concerned with the computation of classical observables for bodies moving in scatter-

ing orbits. However, more realistic scenarios, as for instance, the coalescing of compact objects observed

by the LIGO/Virgo Collaboration [9], require the study of observables for bodies moving in general closed

orbits. The first approach to this problem was done in the early days of general relativity, by Einstein

predicting the existence of gravitational waves [8] and cast the emission from a compact system into

the, now famous, Quadrupole formula for gravitational radiation. A little while later, in a spectacular

breakthrough the LIGO/Virgo Collaboration [9] confirmed Einstein’s prediction by directly detecting the

gravitational waves emitted from a BBH. Higher order corrections to Einstein’s Quadrupole formula

in the context of the quasi-circular orbit general relativistic two-body problem – needed to enable such

detections – have traditionally been obtained in the PN [23,24] formalism, within numerical relativity [20]

and black hole perturbation theory [21,22], as well as models combining these approaches [25–27]. More

recently, however, efforts have been focused on the BBH scattering problem, in order to connect classical

computations performed in the context of the PM theory [29–42], with those approaches based on the

classical limit of QFT scattering amplitudes [7, 43–63].

Until recently, the scattering amplitudes approach to the two-body scattering problem had mostly

focused it’s efforts in the conservative sector, although in this work we have shown how the radiative

sector to leading orders in perturbation theory can be similarly approach from scattering amplitudes. In

addition, soft theorems [177, 178, 181] suggest that the full radiative sector can be approached from the

classical limit of a 5-point scattering amplitude, as we have seen in previous chapters. The introduction of

the KMOC formalism [78], enabling the computation of classical observables directly from the scattering

amplitude, proved to be extremely useful in determining radiative observables as extensively exemplified

in during the body of this thesis, ranging from the leading in G memory waveform from hyperbolic, soft

encounters was presented chapter 5 , to the prediction of the waveform to all orders in perturbation theory,

87
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but to leading order in the soft expansion. In this same formalism, the computation of the full leading

PM order radiated four-momentum was recently presented in [92, 93]; these results were subsequently

confirmed by other methods in [77,231,232]. Simultaneously, using a worldline-QFT formalism [233], the

computation of the gravitational waveform valid for all values for the momentum of the emitted graviton,

was computed in [234] (see also [235]), and extended to include spin effects in [120]. Analogously, the

scattering amplitudes approach has been employed to study radiation scattering off of a single massive

source [131, 236], where a novel connection between scattering amplitudes and black hole perturbation

theory has emerged [84], shedding light on how to obtaining the higher-spin gravitational Compton

amplitude [237], as we will expand in chapter 8 (see also [238,239]).

Even with the powerful scattering amplitudes techniques at hand, so far, radiative information from

bodies moving on bounded orbits has been obtained only via analytic continuation [36, 37] of radiation

observables of scattering bodies [76, 93, 184] (applying mainly in the large eccentricity limit). However,

the almost 40 year old derivation of the Einstein quadrupole formula from a Feynman diagrammatic

perspective by Hari Dass and Soni [121], and the more recent derivation by Goldberger and Ridgway using

the classical double copy [31], suggest that scattering amplitudes can indeed be used to derive gravitational

radiation emitted from objects moving on general closed orbits (including the zero eccentricity limit, i.e.,

quasi-circular orbits). In this chapter we follow this philosophy to compute the gravitational waveform

emitted from an aligned spin BBH on general and quasi-circular orbits, up to quadratic order in the

constituents spin at the leading order in the velocity expansion and to sub-leading order in the no-spin

limit, from the classical 5-point scattering amplitude derived in chapter 5. We contrast and compare

these results to the analogous classical derivation of the corrections to the Einstein quadrupole formula

using the well-established multipolar post-Minkowskian formalism [23,122–125].

We find perfect agreement between the classical and the scattering amplitudes derivation of all radia-

tive observables we consider, to the respective orders in the spin and velocity expansions. Furthermore,

we show that at leading order in the BBH velocities, there is a one-to-one correspondence between the

BBH source’s mass and current multipole moments, and the scalar and linear-in-spin 5-point scattering

amplitude, respectively. At quadratic order in the spin of the black holes, we demonstrate explicitly

that the corresponding contribution from the quadratic-in-spin scattering amplitude does not provide

additional spin information at the level of the waveform; hence, we conjecture this to hold for higher-spin

amplitudes as well, based on the aforementioned correspondence. Then, the leading in velocity, all orders-

in-spin waveform, is obtained purely through the solutions to the EoM of the conservative sector of the

BBH. Furthermore, the gauge dependence of gravitational radiation information at future null infinity

is a potential source of difficulty when comparing results obtained by different approaches. In this work,

we provide evidence that gauge freedom partially manifests itself in the integration procedure appearing

in the computation of the waveform directly from the scattering amplitude. For quasi-circular orbits, the

orbit’s kinematic variables are subject to certain relations, such that the gravitational waveform can take

different forms without affecting the gauge invariant information contained in the total instantaneous

gravitational wave energy flux.

This chapter is organized as follows: In §6.2, we begin by reviewing the classical derivation of the
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conservative sector of the spinning BBH to all orders in the spins at leading PN. In §6.2.2, we derive the

associated gravitational wave emission from this system to all order in the BHs’ spins. We then proceed

with the scattering amplitudes derivation of the waveform in §6.3, with the general formalism outlined in

§6.3.1. In §6.3.2 we us the classical spinning amplitudes M4 and M5 obtained in chapter 5 for explicitly

determining the waveform. In section §6.3.3, we briefly discuss the computation of the gauge invariant

energy flux, and comment on the manifestation of the gauge freedom. We conclude with a outlook of

the chapter in §6.4. In this chapter we use Greek letters α, β . . . for spacetime indices and Latin letters

i, j . . . for purely spatial indices. Furthermore, we use G = c = 1 units throughout, assume ε0123 = 1,

and use the 2∇[α∇β]ωµ = Rαβµ
νων Riemann tensor sign convention.

This chapter is based on the work by the author [101].

6.2 Classical derivation

In order to approach the bound orbit from a classical point of view, we utilize an effective worldline action

[30,198–200,204,205,212], parametrizing the complete set of spin-induced interactions of the two spinning

BHs in the weak-field regime, at linear order in the gravitational constant, i.e. at PM order. As we are

interested in bound, as opposed to unbound, orbits, we will be focusing on the leading PN contribution to

the 1PM conservative sector at each order in the BHs’ spins. In the following, we first briefly summarize

the necessary conservative results established in Refs. [118,196,212,223,224,240–249]. Using these results,

we then tackle the radiative sector, utilizing the multipolar post-Minkowskian formalism [24, 122–125]

(see also Ref. [23] and references therein). We derive the transverse-traceless (TT) pieces of the linear

metric perturbations, hTT
µν , and the total instantaneous gravitational wave power, F , radiated by this

source to future null infinity. We achieve this, considering all orders in the spins, both for an aligned

spin system on general orbits at leading order in velocities, as well as specialize to quasi-circular orbits

at leading and first sub-leading orders in velocities. In this section we work in the − + ++ signature for

the flat metric.

6.2.1 Classical spinning Binary black hole

Let us begin by briefly reviewing the approach to the conservative sector of the BBH dynamics at the

respective orders in the weak-field and low-velocity regimes using an effective worldline action. We start

by presenting the necessary spin-interactions to describe a rotating BH, and then move to review how an

effective spinning BBH action, needed for the computation of the radiation field, can be derived.

Effective binary black hole action

An effective description of a rotating BH, obeying the no-hair theorems, as a point particle with suitable

multipolar structure in the weak-field regime rests solely on its worldline and spin degrees of freedom

[30,199,200,223,250]. The former are given by a worldline zµ(λ) of mass m, with 4-velocity uµ = dzµ/dλ,
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while the latter are encoded in the BH’s (mass-rescaled) angular momentum vector1 aµ, and local frame

eµ
A(λ). An effective worldline action, S, that entails the dynamics of such a BH (or, more generally, a

compact object) in the weak-field regime was developed in Refs. [198–200, 205, 212]; see Ref. [204] for

further details. This action S[h,K], describing a rotating compact object, is built considering all possible

couplings of gravitational, h = {hµν}, and object specific degrees of freedom, K = {zµ, uµ, aµ, eµ
A},

requiring covariance, as well as reparameterization and parity invariance [200,204,251,252]. At the 1PM

level, a matching procedure between the linearized Kerr metric [81, 249, 253] and the gravitational field

hµν , emanating from a generic compact object described by S[h,K], leads to a unique set of non-minimal

couplings between h and K. This ultimately results in an effective 1PM BH worldline action SBH[h,K].

This action can be extended to higher orders in G in spins (see for instance Refs. [254–257]).

It was shown in Ref. [81] that for a harmonic gauge linearized Kerr BH the infinite set of spin-couplings

present in the 1PM effective worldline action SBH[h,K] can be resummed into an exponential function.

In a linear setup, a BH of mass m traveling along the worldline zµ(λ), sources the gravitational field,

gµν = ηµν + hKerr
µν + O(h2), with [81]

hKerr
µν = 4Pµν

αβ T̂ Kerr
αβ

1
r̂
, T̂ Kerr

µν = m exp(a ∗ ∂)(µ
ρuν)uρ. (6.1)

Here we define (a ∗ ∂)µ
ν = ϵµναβa

α∂β and introduced the trace reverser Pµναβ = (ηµαηνβ + ηναηµβ −

ηµνηαβ)/2 2. Additionally, r̂ labels the proper distance between the spacetime point x and the worldline

zµ(λ), within the slice orthogonal to uµ [81]. In the following, we restrict ourselves to the leading PN part

of the 1PM ansatz, since this is the natural setting for closed orbits in the weak field regime. However,

while we are expanding in ϵPN ∼ v2/c2 ∼ GM/rc2, we consider all orders in the spins, i.e., consider

ϵspin ∼ χGM/rc2 non-perturbatively (here, χ the black hole’s dimensionless spin parameter). To that

end, we choose the Minkowski coordinate time t to parameterize the worldline zµ, i.e., λ → t, and expand

the 4-velocity uµ = (1,v)µ +O(v2), with żi = dzi/dt = vi. Given this and utilizing the three-dimensional

product (a× ∂)i = εijka
j∂k, the metric (6.1) reduces to its leading PN form:

hKerr
00 =

(
2 cosh(a× ∂) − 4vi sinh(a× ∂)i

) m
r̂

+ O(v2),

hKerr
0i = (4vi cosh(a× ∂) − 2 sinh(a× ∂)i)

m

r̂
+ O(v2),

hKerr
ij =

(
2δij cosh(a× ∂) − 4v(i sinh(a× ∂)j)

) m
r̂

+ O(v2).

(6.2)

Note that even at zeroth order in velocity, the solution contains non-trivial gravito-magnetic contri-

butions, hKerr
0i , due to the presence of the BH spin. Conversely, an effective stress-energy distribution Tµν

can be derived that yields (6.2) via the linearized Einstein equations3 □hKerr
µν = −16πPµν

αβTαβ . This

distribution has support only on the worldline zi(t) and, with the above parameterization, is given by

Tµν(t, xi) = T̂ Kerr
µν δ3(x − ẑ(t)) + O(v̂2). (6.3)

1This angular momentum vector aµ = εµ
ναβuνSαβ/(2m) emerges from the spin tensor Sαβ assuming the covariant spin

supplementary condition, pµSµν = 0, and a local body-fixed frame eµ
A(λ). See, for instance, Ref. [250] for details.

2This is not to be confused with the P̄µναβ tensor defined in (5.56) .
3At leading PN order, the spacetime effectively decomposes into space and time parts, yielding a simplification of the

linearized Einstein equations: □−1
ret.Tµν → ∆−1Tµν (see Ref. [23] for details).
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Collecting these within the worldline action, we can construct an effective binary BBH SBBH that

encodes the conservative dynamics with the complete spin information at the leading PM level [81] or

leading PN level [224,249]. That is, given two worldlines zµ
1,2, with velocities uµ

1,2, masses m1,2, and two

spin vectors aµ
1,2 – conveniently collected in the sets K1,2 – the spin interactions within the binary are

obtained by integrating out the gravitational field in a Fokker-type approach [258]. Following [81,224], in

practice, the effective action for the second BH SBH[h,K2] (containing this BH’s degrees of freedom K2)

is evaluated at the metric of the first BH h → h1, such that SBH[h,K2] → SBH[h1,K2]. However, since

the metric h1, explicitly given in (6.1), is effectively a map from the gravitational degrees for freedom

into that BHs’ degrees of freedom, i.e., h1 → K1, the BBH action SBH[h1 → K1,K2] → SBBH[K1,K2],

solely depends on the BHs’ degrees of freedom.

Conservative dynamics

In order to write out the effective BBH action SBBH[K1,K2] explicitly, let us define the spatial separation

ri = zi
1 − zi

2, with r = |r|, between the two worldlines, as well as the spin sums ai
+ = ai

1 + ai
2 and

ai
− = ai

1 − ai
2. The angular velocity4 3-vectors Ωi

1,2 are introduced for completeness, however, the

aligned-spin dynamics are independent of Ωi
1,2. Finally, we define the center of mass frame velocity

vi = ṙi = vi
1 − vi

2. In Refs. [224, 249] it was shown that after integrating out the gravitational degrees

of freedom, as described in the previous section, the effective BBH action SBBH reduces to the two-body

Lagrangian

LBBH =
[
m1

2 v2
1 + m1

2 εijka
i
1v

j
1v̇

k
1 +m1a

i
1Ω1,i + (1 ↔ 2)

]
+
[

cosh(a+ × ∂) + 2vi sinh(a+ × ∂)i

]
m1m2

r
,

(6.4)

at the leading PN level. Note that here and in the remainder of this section ∂ir
−1 = ∂r−1/∂zi

1 =

−∂r−1/∂zi
2. So far, we have assumed a leading PN treatment at each order in spin, but kept the

dynamics unrestricted. In the following we assume that the spin degrees of freedom are fixed, i.e., the

spin vectors are independent of time, ȧ1,2 = 0, and aligned with the orbital angular momentum of the

system: ai
1,2 ∝ Li; hence, the motion is confined to the plane orthogonal to Li. For later convenience,

we define the unit vector ℓi, such that Li = |L|ℓi. Varying this action with respect to the worldline zi
1,

the classical EoM of the system are5 [224,249]

v̇i
1 =

(
∂i− εi

jka
k
1v

l∂l∂
j
)

cosh(a+ × ∂)m2

r
+ 2

(
vj∂

i − δi
jv

k∂k

)
sinh(a+ × ∂)jm2

r
+ O(v2). (6.5)

A geometric approach using oblate spheroidal coordinates [81,249,253] or an algebraic approach, exploit-

ing properties of the Legendre polynomials [224], under the assumption that the motion takes place in

the plane orthogonal to the spin vectors, can be used to resum the series of differential operators in (6.5).

In order to present the contribution of the conservative sector needed for the radiative dynamics, we

specialize to the center of mass frame for the rest of this section. The transformation into the center of
4The angular velocity tensor Ωµν = eµ · Deν/dλ is defined by means of the body fixed frame eµ

A(λ) along the worldline.
The corresponding angular velocity vector is then given by Ωi = εi

jkΩjk/2. See, for instance, Ref. [250] for details.
5The corresponding equation for −v̇i

2 emerges from the right hand side of (6.5) under the replacement ai
1 ↔ ai

2.
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mass variables ri based on (6.4) (and using the total mass M = m1 +m2), is corrected by the presence

of the spins only at sub-leading orders in velocities:

zi
1 = m2

M
ri − bi, zi

2 = −m1

M
ri − bi, bi := 1

M
εi

jk(vj
1S

k
1 + vj

2S
k
2 ). (6.6)

In this center of mass frame, the EoM are readily solved for quasi-circular motion. In that scenario, the

separation ri is related to its acceleration r̈i by ri = −r̈i/ω2, where ω is the system’s orbital frequency.

This ansatz picks out the quasi-circular orbits allowed by the BBH EoM (6.5) and is equivalent to finding

a relation between the frequency x = (Mω)2/3, the BHs spins ai
1,2, and the separation of the binary r.

This relation, at the leading PN order at each order in the BHs’ spins, is given by [224]

r(x) =
√
M2

x2 + ā2
+

(
1 − x3/2M

3
σ̄∗ + 2ā+

M2 + x2ā2
+

)
, (6.7)

where σ̄∗ = (m2ā1 + m1ā2)/M and we defined ā1,2 = ai
1,2ℓi. It should be emphasized that the even-

in-spin part of (6.7) contains only O(v0) information, while the odd-in-spin pieces are non-zero only at

first sub-leading order in velocities, at O(v1). This solution can then be used to compute gauge invariant

quantities of the conservative sector, such as the total binding energy and angular momentum [224].

6.2.2 Linearized metric perturbations at null infinity

With the conservative results in hand, in this subsection, we compute the gravitational waves from the

BBH system at future null infinity. We start by briefly reviewing the general approach of mapping the

source’s multipole moments into the radiation field, and then move to the derivation of the TT part of

the linear metric perturbations (the gravitational waves) at null infinity utilizing this mapping.

General approach

A natural choice of gauge invariant quantity capturing the radiative dynamics at null infinity is the

Newman-Penrose Weyl scalar Ψ4. This contains both polarization states, h+ and h×, of the emitted

waves, which are the observables measured by gravitational wave detectors. Upon choosing a suitable

null tetrad, the TT part of the gravitational field, hTT
µν , can be related to Ψ4:

Ψ4 ∼ ḧ+ − iḧ× = m̄µm̄ν ḧTT
µν . (6.8)

The complex conjugate pair {mα, m̄α} is typically defined with respect to the flat spherically symmetric

angular coordinate directions m = (Θ + iΦ)/
√

2. With this choice in place, we restrict our attention to

the spatial components hTT
ij , as these contain the full information of Ψ4, i.e., the radiative, non-stationary,

degrees of freedom6.

In the previous section, we summarized the leading PN conservative dynamics of a spinning BBH to all

orders in their spins. Given this, the well-established multipolar post-Minkowskian formalism [23,122–125]
6As we will see below, this choice of purely spatial mα is equivalent to choosing a gauge, in which the graviton polarization

tensor is also purely spatial.
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is ideally suited to determine the time-dependent metric perturbations at null infinity. Within this

framework, the stress energy distribution of the source, T source
µν , is mapped into a set of mass and current

symmetric and trace free (STF) source multipole moments Ii1...iℓ
(t) and Ji1...iℓ

(t). We denote ⟨i1 . . . iℓ⟩

as the STF projections of the indices i1 . . . iℓ. Then the STF multipole moments evaluated at the retarded

time TR = t−R are defined by [23]

Ii1...iℓ
=
∫
dµ
(
δℓx⟨i1...iℓ⟩Σ − f1,ℓδℓ+1x⟨ii1...iℓ⟩Σ̇i + f2,ℓδℓ+2x⟨iji1...iℓ⟩Σ̈ij

)
(x, TR + zr),

Ji1...iℓ
=
∫
dµ εab⟨iℓ

(
δℓxi1...iℓ−1⟩

aΣb − g1,ℓδℓ+1xi1...iℓ−1⟩c
aΣ̇bc

)
(x, TR + zr),

(6.9)

where xi1...iℓ
= xi1 . . . xiℓ

,

f1,ℓ = 4(2ℓ+ 1)
(ℓ+ 1)(2ℓ+ 3) , f2,ℓ = 2(2ℓ+ 1)

(ℓ+ 1)(ℓ+ 2)(2ℓ+ 5) , g1,ℓ = 2ℓ+ 1
(ℓ+ 2)(2ℓ+ 3) , (6.10)

and the integration measure
∫
dµ = FP

∫
d3x

∫ 1
−1 dz. The source energy-momentum distribution enters

in Σ, via (valid only at leading PN orders)7

Σ = T 00 + T ijδij , Σi = T 0i, Σij = T ij . (6.11)

The source’s finite-size retardation effects are contained in the z-integral with δℓ = δℓ(z) in (6.9), which

are given explicitly in eq. (120) of Ref. [23]. At the orders considered in this work, at the leading PN

orders, finite size-retardation effects vanish and the z-integral trivializes:
∫ 1

−1 dz δℓ(z)f(x, TR + rz) =

f(x, TR) + O(v2). We discuss in §6.3.1, how a similar structure as in (6.9) appears in the scattering

amplitudes approach, as well as what precisely encapsulates the “finite size" retardation effects in that

context. The lowest order moments I, Ii, and Ji are constants of motion representing the total conserved

energy, center of mass position and total angular momentum, respectively. Only for ℓ ≥ 2, do the

multipoles contribute non-trivially.

A matching scheme enables to directly relate these functionals for the source’s stress-energy distribu-

tion, to the radiation field at null infinity (at 1PM order)8 [23]

hij = −4
∞∑

ℓ=2

(−1)ℓ

ℓ!

[
∂i1...iℓ−2 Ïij

i1...iℓ−2R−1 + 2ℓ
ℓ+ 1∂ai1...iℓ−2ε

ab
(iJ̇j)b

i1...iℓ−2R−1
]
. (6.12)

Here ∂aR
−1 = −Na/R

2 is to be understood as the derivative in the background Minkowski spacetime,

where Na is radially outwards pointing from the source to spatial infinity, with NaN
a = 1. To solely

focus on the radiation at null infinity, we work to leading order in the expansion in R−1. Therefore, the

spatial derivatives in (6.12) act purely on the source multipole moments, and there, can be traded for

time derivatives: ∂af(t − R) = −ḟNa. Similarly, the total instantaneous gravitational wave energy flux

F can be derived directly from the source multipole moments [23].
7At sub-leading PN orders, the stress energy of the emitted gravitational waves contributes to Σ.
8Beyond linear theory, corrections to these multipole moments are necessary [23].
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Gravitational radiation from spinning binary black hole

At the 1PM level, non-linear effects vanish such that the energy-momentum of the BBH is simply the

superposition of two linearized Kerr BHs’ energy momentum distributions (6.3), T source
µν = TKerr,1

µν +

TKerr,2
µν . This superposition holds in the conservative sector, while the radiative dynamics are derived

directly from derivatives acting on T source
µν in the manner described in the previous section. From the

scattering amplitudes perspective, this superposition is reflected in the only two-channel factorization

of the classical 5-point amplitude, into the product of a 3-pt amplitude and the gravitational Compton

amplitude as given in (1.2).

Leading order in velocities – As the radiative quantities hTT
ij and F depend on time derivatives of

the source multipole moments, we focus on time-dependent terms after fixing the angular momentum

dynamics. For the case of the above spinning BBH with aligned spins, at the leading PN order, we

expand the source T source
µν analogously to (6.2). Given this, the resulting leading-in-velocity contributions

to the source multipole moments, utilizing (6.9), are [223,224,259]

Iij
(0) = m1z

⟨ij⟩
1 + (1 ↔ 2), J ij

(0) = 3
2S

⟨i
1 z

j⟩
1 + (1 ↔ 2), (6.13)

where (0) indicates the order in velocities. It should be stressed that these are all the multipoles needed

for the gravitational waveform to all orders in the BHs’ spins, at leading order in velocity [224]. From the

amplitudes perspective, this will be reflected in the need for only the scalar and linear-in-spin scattering

amplitudes at the leading orders in velocities. While all higher-order spin terms in the source multipole

moments vanish identically, spin contributions to the waveform at arbitrary order in the spin expansion

could enter through the solution to the EoM (6.7). We see below that this solution to the classical EoM

(6.5) introduces non-zero contributions at arbitrary orders in the BHs’ spins for quasi-circular orbits.

Given (6.13), the metric perturbation at null infinity, for general orbits at zeroth order in velocities,

assuming aligned spins, is

h
(0)ij
S∞ (TR, R,N , z1, z2) = 2m1

R

{
d2

dt2

[
zi

1z
j
1

]
+ εpq

(i
(
a

j)
1 v̇

p
1 + v̇

j)
1 a

p
1

)
Nq

}∣∣∣∣
t=TR

+ (1 ↔ 2), (6.14)

i.e. the Einstein Quadrupole formula with spinning corrections for a binary system. We specialize to

quasi-circular orbits by introducing the orthogonal unit vectors

ni = ri/r = (cosωt, sinωt, 0)i, λi = vi/v = (− sinωt, cosωt, 0)i, (6.15)

in the center of mass frame that rotate with frequency ω in the orbital plane. The spin vectors ai
1,2 ∝ ℓi

are aligned orthogonal to the orbital plane, niλjεij
k = ℓk, such that ℓi = (0, 0, 1)i. Furthermore, the TT

projector

Πij
kl = P i

kP
j

l − 1
2P

ijPkl (6.16)

is defined relative to Na, where Pij = δij −NiNj . Utilizing (6.6), together with the solution (6.7) to the
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EoM, as well as (6.13), the gravitational waves emitted by the spinning BBH to all orders in the BHs’

spins is conveniently written as

hTT
ij (TR) = 2µ

R
Πij

abĥab

∣∣∣
t=TR

, (6.17)

where at leading order in velocities, we have ĥ(0)
ab = ĥ

(0),I2
ab + ĥ

(0),J2
ab , with

ĥ
(0),I2
ab = − 2x

(
1 +

ā2
+x

2

M2

)
(nanb − λaλb)

ĥ
(0),J2
ab = − x2ā−

M

√
1 +

ā2
+x

2

M2 , εkl(a(ℓb)n
k + nb)ℓ

k)N l.

(6.18)

Notice that here, the odd-in-spin contribution, ĥ(0),J2
ab , is a series that has non-zero coefficients at

arbitrary orders in spin, arising from the odd part of the solution (6.7), while, on the other hand, the

even-in-spin part, ĥ(0),I2
ab , provides coefficients that vanish for O(aℓ≥3). This is analogous to the cancella-

tions observed in the conservative and radiative sectors reported in Ref. [224]. We find agreement with the

results reported in Refs. [259–261] to the respective finite order in spin. To check for consistency to all or-

ders in spin, the gravitational wave modes are extracted from the spatial part of the metric perturbations,

in (6.18), by projecting onto a suitably defined basis of spin-weighted spherical harmonics, −2Yℓm(Θ,Φ).

Explicitly, the gravitational wave modes hℓm are defined to be hℓm =
∫
dΩ −2Ȳℓm(Θ,Φ)m̄µm̄νhTT

µν . These

modes, obtained from (6.18) in conjunction with the above defined polarization tensor m̄αm̄β , agree with

the results in Ref. [224] to all orders in the BHs’ spins at leading order in their velocities.

Sub-leading order in velocities – The sub-leading corrections to the above radiation field are obtained

in much the same way. The additional contributions to the source multipole moments, beyond the leading

pieces (6.13), at sub-leading orders in velocities are [223,224,259]

Iij
(1) = 4

3

(
2va

1S
b
1εab

⟨iz
j⟩
1 − za

1S
b
1εab

⟨ivj⟩
)

+ (1 ↔ 2),

Iijk
(1) = m1z

⟨ijk⟩
1 − 3

m1
S

⟨i
1 S

j
1z

k⟩
1 + (1 ↔ 2),

J ij
(1) = m1z

a
1v

b
1εab

⟨iz
j⟩
1 + 1

m1
va

1S
b
1εab

⟨iS
j⟩
1 + (1 ↔ 2),

J ijk
(1) = 2S⟨i

1 z
jk⟩
1 + (1 ↔ 2).

(6.19)

Also here, we focused only on those pieces that are time-dependent, i.e., that will contribute non-vanishing

terms in h
(1)TT
ij . Additionally, as pointed out above, these are all necessary contributions for the full

all orders-in-spin information at sub-leading orders in velocities (at leading PN order) [224]. Using this,

together with the mapping (6.12), the decomposition (6.17), and ĥ(1)
ab = ĥ

(1),I2
ab + ĥ

(1),J2
ab + ĥ

(1),I3
ab + ĥ

(1),J3
ab ,

the sub-leading contribution h(1)TT
ij to all orders in spin from a spinning binary black hole on quasi-circular
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orbits are

ĥ
(1),I2
ab = 4x5/2

3M3

(
2ā+M

2 +
(
M2 − 2r2

ex
2) σ̄∗) (nanb − λaλb) ,

ĥ
(1),J2
ab = x5/2

3M4re

[
2r4

ex
2δm+ ā−M

(
2ā+(M2 − r2

ex
2) + 3r2

ex
2σ̄ +M2σ̄∗)]

× εpq(aN
q
(
npℓb) + nb)ℓ

p
)
,

ĥ
(1),I3
ab = rex

9/2

15M4

[
15ā+ā−Mℓ⟨aℓbλk⟩ − r2

eδm
(
30λ⟨aλbλk⟩ − 105n⟨anbλk⟩

)]
Nk,

ĥ
(1),J3
ab = − 48r2

ex
9/2σ̄∗

6M3 ϵpq(aδb)kn
(kλpℓe)NqNe.

(6.20)

Here re = (ā2
+ +M2/x2)1/2, which is just the leading-in-velocities (even-in-spin) solution to the classical

EoM (6.7) for quasi-circular orbits. We check the gravitational wave modes obtained from (6.20) with

those presented in Ref. [224] and find agreement to all orders in spin. Additionally, we compute the

gauge invariant gravitational wave energy flux with the above result together with the leading-in-velocities

radiation field and find agreement with results reported in [223, 224] (see also a detailed discussion in

§6.3.3 below). Finally, in order to compare to the scalar amplitude at first sub-leading orders in the BHs’

velocities in §6.3.2, we also present the radiation field of a non-spinning BBH system on general orbits,

to sub-leading order in velocities:

h
(1),ij
S0,TT = 2m1

3R Πij
ab

[
4εpq

(a
{
∂2

t (εcd
e)zc

1v
d
1δe

⟨bz
p⟩
1 )
}
Nq +Nk∂

3
t (z⟨a

1 z
b
1z

k⟩
1 )
]

+ (1 ↔ 2). (6.21)

6.3 Scattering Amplitudes derivation

In the previous sections, we obtained the form of the gravitational waves emitted from a spinning BBH on

general closed orbits with aligned spins, to leading order in the BHs’ velocities (6.14) [and on quasi-circular

orbits given in (6.18)], whereas at sub-leading order in v, and for quasi-circular orbits, we derived (6.20),

at each order (and to all orders) in the BHs’ spins. In the following, we show that these results follow

directly from the classical limit of the spinning 5-point scattering amplitudes derived in chapter 5. More

precisely, at leading order in velocity there is a one-to-one correspondence between the source’s mass and

current multipole moments (6.13), and the scalar and linear-in-spin contribution to the scattering ampli-

tude, respectively. This correspondence allow us to derive the linear in spin, general orbit result for the

radiated gravitational field (6.14), from an amplitudes perspective. At quadratic order in the BHs’ spins,

and for quasi-circular orbits, we demonstrate that the contribution from the quadratic in spin amplitude

is canceled by the contribution of the scalar amplitude in conjunction with the O(S2)-piece of the EoM

(6.5). This leaves only the quadrupole field, (6.44), supplemented with the solution to the EoM (6.7), to

enter at quadratic order in spin. Although we explicitly demonstrate the cancellation for quasi-circular

orbits and up to quadratic order in spin only, we expect this theme to continue to hold for more compli-

cated bound orbits, as well as to higher spin orders in the 5-point scattering amplitude, as suggested by

the classical multipole moments (6.13). At sub-leading orders in the BHs’ velocities the situation becomes

more complicated; there, we demonstrate the matching of the amplitudes to the classical computation in

the spin-less limit for quasi-circular orbits, and briefly comment on extensions to higher orders in spin.
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In this section, we use the mostly minus signature convention for the flat metric ηµν = diag(1,−1,−1,−1).

6.3.1 General approach

To compute the radiated field at future null infinity from the BBH system we follow the approach used

by Goldberger and Ridgway in [31] to derive the Quadrupole formula, and extend it to include relativistic

and spin effects. This approach is based on the classical EoM for the orbiting objects in combination with

the corresponding 5-point (spinning) scattering amplitude (see Figure 3.3). It is valid for BBHs whose

components have Schwarzschild radii r1,2 = 2m1,2 much smaller than their spatial separation r, i.e.,

r1,2 ≪ r, while the radiation field wavelength is much bigger than the size of the individual components

λ ≫ m1,2, as well as the size of the system λ ≫ r9. Therefore, we expect our results to be situated in

the PN regime of the binary inspiral10.

Let us start by noting that in the limit in which R → ∞, where R is the distance from the source

to the observer (i.e., the radial coordinate in Bondi-Sachs gauge) as defined above, the time-domain

waveform at retarded time TR, has the asymptotic form [263] (see also (2.18))

hij
TT(TR, R,N , z1, z2) = κ

16πRΠij
ab

∫
dω̄e−iω̄ TRT ab(ω̄,N , z1, z2). (6.22)

Here κ2 = 32π (recall we set G = 1), ω̄ is the frequency of the radiated wave with four momentum

kµ = ω̄Nµ = ω̄(1,N)µ, and Πij
ab is the TT-projector defined in (6.16). As above, the locations of the

binary’s components are denoted by zi
1,2. Analogous to the previous section, we focus only on the spatial

components of hµν , which contain all the radiative degrees of freedom. In what follows we also simplify

the notation for the source T ab(ω̄,N , z1, z2) → T ab(k, z1, z2), where it is understood that kµ has implicit

the dependence in both, ω̄ and N .

The source T ab(k, z1, z2), is related directly to the 5-point scattering amplitude in Figure 3.3; there-

fore, in order to focus on the spatial components, it is sufficient to work in a gauge in which the graviton

polarization tensor ϵµν = ϵµϵν , is the tensor product of two purely spatial polarization vectors ϵν . From

the classical perspective, this choice of gauge is analogous to the conjugate pair {mα, m̄α} (defined in

§6.2.2) to be purely spatial. Notice, however, the radiation field computed from a 5-point scattering am-

plitude, and the corresponding field computed classically in the previous section, can in general differ by

a time independent constant, for which, gravitational observables such as the gravitational wave energy

flux, or the radiation scalar will be insensitive to, since they are computed from one or two time deriva-

tives of the waveform. As shown below, this is directly related to a freedom in choice of an integration

by parts (IBP) prescription in (6.22).

We proceed by writing the explicit form of the source T ij(k,z1, z2) in terms of the classical 5-point

scattering amplitude. In the classical computation, T ij corresponds to the source entering on the right
9In the long distance separation regime, radiation reaction effects can be neglected, since they become important only

when the separation of the two bodies is comparable to the system’s gravitational radius [262] eq. 36.11.
10We stress that even though we concentrate mostly in the computation of gravitational waveform, an analogous derivation

follows for electromagnetic radiation, as already pointed out in [31].
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hand side of field equations, at a given order in perturbation theory. To leading order, for scalar particles,

it was shown in [31] that the source can be rearranged in such a way, so that the scalar 5-point amplitude

can be identified as the main kinematic object entering the graviton phase space integration, as well as

the integration over the particles proper times (which account for the particles history). In this thesis we

propose that formula to also hold for spinning particles. That is,

T ij(k,z1, z2) = i

m1m2

∫
dτ1dτ2d̂

4q1d̂
4q2δ̂

4 (k − q1 − q2) eiq1·z1eiq2·z2⟨M ij
5 (q1, q2, k)⟩. (6.23)

Here ⟨M ij
5 ⟩ is the classical 5-point amplitude . Conventions for the particles’ momenta and the spins

are shown in Figure 3.3, with the condition for momentum conservation q1 + q2 = k. We have used the

notation d̂4qi = d4qi

(2π)4 , and similarly for the momentum-conserving delta function δ̂4(p) = (2π)4δ4(p), in

analogy to the notation used in §2.2.

This notation was in fact selected for a good reason. To motivate this formula, although this is by

no means a formal derivation, as already observed in [31] for the tree-level amplitude, we can take the

expression for the linear in amplitude contribution to the radiation field in KMOC form for scattering

scenarios (2.16) for the gravitational case

J = lim
ℏ→0

1
m1m2

〈∫ 2∏
i=1

[
d̂4qiδ̂(vi·qi − q2

i /(2mi))eibi·qi

]
δ̂4(k − q1 − q2)M5

〉
, (6.24)

and use the integral representation for the on-shell delta functions δ(x) ∼
∫
dyeixy. Identifying the

asymptotic trajectories for the particles zi(τi) = bµ
i + vµ

i τi, plus a quantum correction zµ
Q(τi) = − qi

2mi
τi,

and upon restoring the ℏ-counting in the exponential, the radiation kernel can be rewritten as

J = lim
ℏ→0

1
m1m2

〈∫ 2∏
i=1

[
dτid̂

4qie
iqi·(zi(τi)+ℏzQ(τi))

]
δ̂4(k − q1 − q2)M5

〉
. (6.25)

In the classical limit, and to leading order in perturbation theory, we can simply drop quantum correction

to the particles trajectories zµ
Q(τi), and recover the formula (6.23) upon promoting zi(τi) to be valid for

generic time dependent orbits. A similar argument can be given to derive the BHs’ EoM directly from

the amplitude, in this case, an instantaneus impulse, starting from the linear in amplitude contribution

to the linear impulse (2.12).

∆pµ
1 = 1

4m1m2

∫
d̂4q dτ1 dτ2iq

µe−i(z2(τ2)−z1(τ1))·q⟨M4⟩ . (6.26)

Below we will show how to use this formula to obtain the BHs EoM to leading order in the velocity

expansion.

The position vectors are zµ
A = (τA, zA)µ, with A = 1, 2, as described in §6.2.1, where the proper

times τA, parametrize the BHs’ trajectories. Here the product of the exponential functions,
∏

A e
iqA·zA ,

represents the two-particles initial state where each particle is taken to be in a plane-wave state. This

is nothing but the Born approximation in Quantum Mechanics (See also [121]). Here we emphasize

formulas (6.23) and (6.26) are valid up to subleading order in the velocity expansion, as we are dropping
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the quantum corrections zµ
Q(τi). In addition, the notice the delta functions δ̂(vi·qi − q2

i /(2mi)) effectively

impose the on-shell condition for particles in a scattering scenario. For general trajectories, outgoing

particles are no longer on-shell and therefore the on-shell condition cannot be imposed in the amplitude.

We have striped away the graviton polarization tensor in (6.23), assuming there exists the aforemen-

tioned gauge fixing for which the graviton polarization tensor is purely spatial. We can further rewrite

the source using the symmetric variable q = (q1 − q2)/2, as well as exploiting the momentum conserving

delta function to remove one of the qi-integrals. The result reduces to

T ij(k,z1, z2) = i

m1m2

∫
dτ1dτ2d̂

4qeik·z̃e−iq·z21⟨M ij
5 (q, k)⟩, (6.27)

where z̃ = (z1 + z2)/2 and zBA = zB − zA. Since we are interested in the bound-orbit problem, we take

the slow-motion limit. Therefore, we can write the momenta of the BHs moving on closed orbits in the

form pµ
1,2 = m1,2v

µ
1,2. As noted above, we choose the frame in which vµ

1,2 = (1,v1,2)µ + O(v2
1,2), where

vi
1,2 = dzi

1,2/dt, i.e. with the proper times τ1,2 replaced by the coordinate time (see details below). On

the other hand, in the closed orbits scenario the typical frequency of the orbit ω, scales with v as ω ∼ v/r,

where ω = v/r for quasi-circular orbits (see also (6.15)). In this bound-orbits case, the integration in q

is restricted to the potential region (technically, as an expansion in powers of q0/|q|), where the internal

graviton momentum has the scaling q ∼ (v/r, 1/r), while the radiated graviton momentum scaling is

k ∼ (v/r, v/r) = ω̄(1,N) (with ω̄ ∼ ω). Integration in the potential region ensures that from the

retarded propagators,

1
(q0 + i0)2 − q2 → 1

v2(q0 + i0)2 − q2 ≈ − 1
q2 + O(v2), (6.28)

entering in the scattering amplitude, retardation effects only become important at order O(v2), which

we do not consider here. At subleading orders in velocities, the amplitude ⟨M ij
5 (q, k)⟩ has no explicit

dependence on q0. This takes care of the q0-integration in (6.27), which results in the delta function

δ(t2 − t1); this can be used to trivialize one of the time integrals11. With all these simplifications in hand,

the source (6.27) becomes

T (0) ij(k,z1, z2)= i

m1m2

∫
dtd̂3qeiω̄ t−iq·z21⟨M (0) ij

5,S0 (q, ω̄)+M (0) ij
5,S1 (q, ω̄)+M (0) ij

5,S2 (q, ω̄)⟩+ · · · , (6.29)

where the amplitude was written in a spin-multipole decomposition. The superscript (0) indicates that we

restrict these to the leading-in-v contribution to the scattering amplitude (See §6.3.2 for the computation

at the first sub-leading order in velocities contribution, for spinless BHs ).

Instantaneous impulse and particles EoM

In the seminal work of Dass and Soni [121], it was claimed the conservative 4-point amplitude can be

used to reproduce the particles EoM for scalar sources. In this section we will show that indeed, the
11As a connection with the classical computation, the source multipole moments [given in (6.13)] contain the finite size and

retardation effects of the binary, though, at leading and sub-leading orders in velocities, these effects vanish (see e.g., [23]),
which is equivalent to the replacement τ1,2 → t above.
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instantaneous impulse formula (6.26) can be used to reproduce the particles EoM (6.5), to leading order

in velocity, but to all spin orders from the conservative amplitude. For that we will first have to compute

the classical conservative ⟨Mgr
4 ⟩ amplitude to all orders in spin. At leading order in perturbation theory

this is just given by the t-channel cut as indicated in (1.2). We will then need the classical limit of the

3-point amplitud to all orders in spin. In chapter 8 we will show the spin exponentiation of the classical

gravitational 3-point amplitude (5.34), in 4-dimensions in terms of the Kerr BH spin vector aµ takes the

form

⟨Aa gr
3 (p1, q

±)⟩ = κ(p1·ϵ±)2e±a·q , (6.30)

where we have included explicitly the helicity of the emitted graviton. The classical 4-point amplitude

can be computed then following the theme of [57,58].

⟨Mgr
4 ⟩ = 1

q2

[
⟨Aa1 gr

3 (p1, q
−)⟩ × ⟨Aa2 gr

3 (p2,−q+)⟩ + ⟨Aa1 gr
3 (p1, q

+)⟩ × ⟨Aa2 gr
3 (p2,−q−)⟩

]
(6.31)

= m1m2

q2

[x2
1
x2

2
eq·a+ + x2

2
x2

1
e−q·a+

]
(6.32)

where we have summed over the helicities of the exchanged graviton, and set a+ = a1 + a2. We have

also used the well known xi-helicity variables from the spinor helicity formalism [68], by fixing the little

group rescaling of the internal graviton as follows [57]

x2 =
√

2p2·ϵ−(−q)
m2

= −
√

2p2·ϵ−

m2
= 1 (6.33)

which implies

x−1
1 = −

√
2p1·ϵ+

m1
= γ(1 − v) , x1 = −

√
2p1·ϵ−

m1
= γ(1 + v), , (6.34)

where γ = 1√
1−v2 = p1·p2

m1m2
. Using the on-shell identity iϵµνρσp

µ
1p

ν
2q

ρaσ = m1m2
√
γ2 − 1q·a, and defining

p̂ as a unit vector in the direction of the relative momentum in the acCoM, the classical amplitude simply

becomes

⟨Mgr
4 ⟩ = κ2m2

1m
2
2

2q2 γ2
∑

±
(1 ± v)2e±iq×p·a+ , (6.35)

⟨Mgr
4 ⟩ = κ2m2

1m
2
2

2q2 γ2
∑

±
(1 ± v)2e±iqi×ai

+ . (6.36)

where in the second line we have specialized to the aligned spin scenario. In the Center of Mass (CoM)

frame, q is purely spatial. We can then use (6.35) into (6.26), the q0 integral results into the delta function

δ(t1 −t2), reflecting non-retardation effects in the conservative sector at this order in perturbation theory.

Finally, the particles EoM result from q-integration, and to leading order in the velocity expansion, and

after using the fundamental theorem of calculus12, with ∆p1
∆t = m1v̇1, results into

v̇i
1 = ∂i cosh(a+ × ∂)m2

r
(6.37)

12Here we assume boundary terms do not contribute. At leading order in the velocity expansion seems to be a valid
assumption since the amplitudes recover the correct results for the EoM.
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where we used |z21| = r. This recovers the leading in velocity contribution to the particles EoM (6.5),

directly from the scattering amplitude and the instantaneous impulse.

6.3.2 Computation of the radiated field

In the previous sections, we built up the 5-point gravitational spinning scattering amplitude up to

quadratic order in the BHs’ spins. With this, we can now return to (6.22) to successively construct

the emitted classical gravitational radiation from the spinning BBH at increasing PN order. First, we

compute the gravitational waveform to leading order in velocity up to quadratic order in the BHs’ spins,

while turning to the computation of the waveform at sub-leading order in the BHs’ velocities in the

spin-less limit in §6.3.2.

Scalar waveform

The derivation of the Einstein quadrupole formula from scattering amplitudes was first done by Hari

Dass and Soni in [121]; more recently, it was derived by Goldberger’s and Ridgway’s classical double

copy approach [31]. In the following, we re-derive the scalar term of the waveform in the Goldberger and

Ridgway setup, for completeness. This, in turn, will outline the formalism used throughout the remaining

sections to arrive at the corrections to the quadrupole formula. Expanding the scalar amplitude – obtained

by replacing the scalar numerators (5.61) into the general formula (3.45) – to leading order in velocities

v, we find (one can check that actually the non-relativistic limit of the leading order in the soft expansion

produce the same result)

⟨M (0) ab
5,S0 (q, ω̄)⟩ = −im

2
1m

2
2

4 κ3
[
2q

aqb

q4 + 1
ω̄q2

(
qavb

12 + qbva
12
)]
, (6.38)

where vAB = vA − vB . Substituting this amplitude into the scalar source (6.29), and integrating over q

using (42), the non-spinning source reduces to

T
(0) ab
S0 (k, z1, z2)=−

∫
dteiω̄ t κ

3

32π
∑
A,B

mAmB

r3

[(
za

ABz
a
AB−r2δab

)
+ 2i
ω̄

(
za

ABv
b
A+za

ABv
a
A

)]
. (6.39)

Here, and in the following, single label sums are understood to run over the two massive particle labels,∑
A :=

∑2
A=1, while the double sum is performed imposing the constraint A ̸= B:

∑
A,B :=

∑2
A ̸=B;A,B=1.

Notice that the term proportional to δab in (6.39) vanishes under the action of the TT-projector in

(6.22). Therefore, in the following, we remove this term from the source and focus only on those parts

contributing non-trivially to the TT radiated field. Now, we use the non-spinning part of the EoM (6.5)

to rewrite the second term in the square bracket of (6.39):

T
(0) ab
S0 (k, z1, z2) = −κ

∫
dteiω̄ t

∑
A,B

κ2mAmB

32π
za

ABz
a
AB

r3 − 2i
ω̄

∑
A

mA

(
vb

Av̇
a
A + va

Av̇
b
A

) . (6.40)

The second term of this expression can be further integrated, since vb
Av̇

a
A + va

Av̇
b
A = d

dt

(
va

Av
b
A

)
. As for
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the first term, this can be rewritten using

κ2

32π
∑
A,B

mAmB
za

ABz
a
AB

r3 = −
∑

A

mA

(
z̈a

Az
b
A + za

Az̈
b
A

)
, (6.41)

derived from the scalar EoM. Putting these ingredients together into (6.40), we find the scalar source to

be

T
(0) ab
S0 (k, z1, z2) = κ

∫
dteiω̄ t

∑
A

mA

(
z̈a

Az
b
A + za

Az̈
b
A + 2va

Av
b
A

)
. (6.42)

Using the relation 2va
Av

b
A = d2

dt2

(
za

Az
b
A

)
−
(
z̈a

Az
b
A + za

Az̈
b
A

)
, the above expression can be put into the more

compact form

T
(0) ab
S0 (k, z1, z2) = κ

∫
dteiω̄ t

∑
A

mA
d2

dt2
(
za

Az
b
A

)
, (6.43)

which in turn implies that the radiated field (6.22) for a non-spinning BBH takes the familiar Einstein

quadrupolar form:

h
(0) ij
T T, S0(TR, R,N , z1, z2) = κ2

16πRΠij
ab

∑
A

mA

[
d2

dt2
(
za

Az
b
A

)]
t=TR

. (6.44)

The sequence of Fourier transforms in the source (6.43) and (6.22) leads to the evaluation of the emitted

gravitational radiation at retarded time TR, therefore, recovering the classical result (6.14) in the no-

spin-limit. As a quick remark, notice when restoring Newton’s constant G the quadrupole radiation is

linear in G, as opposed to gravitational Bremsstrahlung, which is quadratic [264–267]. This is of course

just a feature of using the EoM to rewrite the source.

Linear-in-spin waveform

In the previous section, the main components of the derivation of the gravitational waveform from a com-

pact binary system were outlined. In particular, we have seen that the classical EoM play an important

role in recovering the quadrupole formula. Going beyond this, at linear order in the BHs’ spins, there are

two contributions to the waveform. First, the scalar amplitude could be iterated with the linear-in-spin

part of the classical EoM (6.5); this contribution, however, is sub-leading in velocity as made explicit in

(6.5). Secondly, the linear-in-spin amplitude, in conjunction with the non-spinning part of the EoM gives

rise to a leading in BHs’ velocities and linear-in-their spins contribution to the waveform. To determine

the latter, we start from the linear-in-spin amplitude obtained by replacing the linear in spin numera-

tors (5.67) into the general formula (3.45), setting Jµν → Sµν = 1
2mϵ

µνρσpρ
1S

σ
1 , where the leading-in-v

contribution is given by

⟨M (0) ab
5,S1 (q, ω̄)⟩ = −m1m2κ

3

8 εefk

(
m2S

k
1 −m1S

k
2
)
N [e

(
δf ]aδbc+δf ]bδac

) qc

q2 . (6.45)
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Analogous to the scalar case, we can substitute this amplitude into (6.29) to get the linear-in-spin source

T
(0) ab
S1 . After integrating over q, utilizing (42), this source simplifies to

T
(0) ab
S1 (k, z1, z2) = κ3

32π εefk

(
m2S

k
1 −m1S

k
2
)
N [e

(
δf ]aδbc+δf ]bδac

)∫
dteiω̄ t z

c
21
r3 . (6.46)

Powers of r in the denominator can be removed by using the scalar limit of the classical EoM (6.5). Then,

analogous to the scalar computation, the linear-in-spin source is

T
(0) ab
S1 (k,z1, z2) = κεefkS

k
1N

[e
(
δf ]aδbc+δf ]bδac

)∫
dteiω̄ tv̇c

1 + (1 ↔ 2). (6.47)

Finally, the linear in spin corrections to the Einstein quadrupole formula, derived from the above ampli-

tude, obtained from (6.47), together with (6.22), are

h
(0) ij
T T, S1(TR, R,N , z1, z2) = κ2

16πRΠij
abεefk

∑
A

Sk
A

[
N [e

(
δf ]aδbc+δf ]bδac

)
v̇c

A

] ∣∣∣
TR

. (6.48)

At this stage, this correction is valid, similar to the quadrupole formula, for general closed orbits. We

find a perfect match of these spinning corrections at linear order in the objects’ spins, with the classical

derivation, (6.14), using the identity (40). The linear-in-spin scattering amplitude is universal [102,

192], therefore, so is the radiated gravitational field (6.48). Equivalently, the classical spin dipole of a

point particle is universal, describing any spinning compact object at leading order. Therefore, non-

universality of the waveform at higher spin orders may enter only through a solution to the classical

EoM for a particular compact binary system. We showed in §6.2.2 that the closed orbits waveform (6.14)

contains all possible spin effects at leading order in the BHs’ velocities, before specializing the constituents’

trajectories; i.e., h(0),ij

T T,Sℓ≥2 = 0. Therefore, we expect to find cancellations at higher orders in spins at

the level of the scattering amplitude for ℓ > 1. Finally, as claimed above, there exists a one-to-one

correspondence between source multipole moments and spinning scattering amplitudes: Iij ↔ ⟨M (0) ab
5,S0 ⟩

and Jij ↔ ⟨M (0) ab
5,S1 ⟩. This holds in the sense that both Iij and ⟨M (0) ab

5,S0 ⟩ produce the quadrupole formula

(and similarly for the linear-in-spin waveform).

Cancellations at quadratic order in spin

In the previous section, we showed that the gravitational waveform emitted from a spinning BBH at

leading order in its velocities is entirely contained in the linear-in-spin radiation field (6.14). Equivalently,

this waveform is obtained only using the scalar and linear-in-spin amplitude. The remaining all orders

in spin result (6.18) emerges solely from the solution (6.7) for quasi-circular orbits. To confirm this from

the scattering amplitudes perspective, we are left to show that higher spin amplitudes do not provide

additional non-trivial contributions to the general closed orbit results presented above. In this section, we

demonstrate the cancellation at the quadratic order in the BHs’ spins, by specializing to circular orbits

and by focusing on the S1 ̸= 0, S2 → 0 limit.

At leading order in the BHs’ velocities, there are two distinct contributions to the radiated field from

our approach. There is the quadratic-in-spin part of the amplitude on the one hand – obtained from
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replacing the classical numerators (38) into the general formula (3.45) – leading to T (0) ij
1,S2 , and the scalar

part (6.38) in conjunction with the quadratic-in-spin part of the classical EoM (6.5), yielding T (0) ij
2,S2 , on

the other hand13; both combine as

T
(0) ij
S2 (k, z1, z2) = T

(0) ij
1,S2 (k, z1, z2) + T

(0) ij
2,S2 (k,z1, z2). (6.49)

Focusing first on the contribution from the quadratic-in-spin part of the amplitude, to leading order in v

it reads

⟨M (0) ab
5,S2 (q, ω̄)⟩ = 1

4 im
2
2κ

3Sk
1S

l
1

[
V ab

kl,df

qdqf

q2 + Cab
kl

]
, (6.50)

where we have defined the tensor V ab
kl,df = δklδ

a
dδ

b
f − 1

2δkd

(
δa

fδ
b
l + δfbδa

l

)
, and Cab

kl is a contact term, which

we discard, as it is irrelevant for the gravitational waveform. As before, we insert this amplitude into the

source (6.29), and perform the q-integrals aided by (42). The first contribution to the source T (0) ij
S2 is

then

T
(0) ab
1,S2 (k,z1, z2) = −1

4
m2κ

3

m14πS
k
1S

l
1V

ab
kl,df

∫
dteiω̄ t 1

r5

[
r2δdf − 3zd

21z
f
21

]
. (6.51)

Using the scalar part of the EoM (6.5) to remove three powers of r in the denominator, the above reduces

to

T
(0) ab
1,S2 (k, z1, z2) = −3m2

m1
κSk

1S
l
1V

ab
kl,df

∫
dteiω̄ t 1

r2

[(
v̇2·z12

m1
+ v̇1·z21

m2

)
δdf

3 −

(
v̇

(d
2 z

f)
12

m1
+ v̇

(d
1 z

f)
21

m2

)]
, (6.52)

which, for quasi-circular orbits (6.15), reads

T
(0) ab
1,S2 (k, z1, z2)

∣∣∣
circular

= −2κω̄2µā2
1

∫
dteiω̄t

[
2nanb − λaλb

]
. (6.53)

Recall the definition for the symmetric mass ratio µ = m1m2/M , and ā1 = Si
1ℓi/m1, with ℓi perpendicular

to both ni and λi. Note, the solution to the classical EoM, r(x), in the numerator, cancels with the two

powers of r in the denominator.

We now turn to the second contribution to the source: T (0) ij
2,S2 . To that end, we first rewrite (6.39) by

expanding the sums and removing those terms that vanish under the TT projection:

T
(0) ab
2,S2 (k, z1, z2) = −κ3

∫
dteiω̄tm1m2z

c
12

16πr3

[
δc(az

b)
12 + 2i

ω̄
δc(av

b)
12

]
. (6.54)

Next we use the classical EoM to quadratic order in spin, which can be written in the following form (see

appendix D.2)

v̇l
1 = −m2κ

2

32π
zl

12
r3 +3

4
Si

1S
j
1

m2
1r

2

[(
δij−5z12,iz12,j

r2

)(
v̇l

1−m2

m1
v̇l

2

)
+2δl

(i

(
v̇1,j)−

m2

m1
v̇2,j)

)]
. (6.55)

Combining this with (6.54), the scalar part will recover the Einstein quadrupole radiation formula (6.44).

We stress that although the quadrupole formula appears to be spin-independent for general orbits, spin

information arises through a specific solution to the EoM, as pointed out above. In particular, for
13Notice, the linear-in-spin part of the EoM is sub-leading in v, and therefore, when convoluted with the linear-in-spin

amplitude, the resulting quadratic in spin contribution is pushed to sub-leading order in velocities.
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quasi-circular orbits the Einstein quadrupole formula provides the quadratic-in-spin result (6.18). Let us,

therefore, focus in the remaining contribution of (6.55), which is

T
(0) ab
2,S2 (k,z1, z2) = −3

4κS
k
1S

l
1

∫
dteiω̄t

[
δc(az

b)
12 + 2i

ω̄
δc(av

b)
12

]
× 1
m1r2[(

δkl−
5z12,kz12,l

r2

)(
v̇c

1−m2

m1
v̇c

2

)
+2δc

(k

(
v̇1,l)−

m2

m1
v̇2,l)

)
+m2

m1
(1 ↔ 2)

]
.

(6.56)

Using the center of mass parametrization14 (6.6), the quasi-circular orbits condition r̈ = −ω̄r, and the

unit vectors (6.15), the source reduces to

T
(0) ab
2,S2 (k,z1, z2)

∣∣∣
circular

= 3κω̄2µā2
1

∫
dteiω̄t

[
nanb + i(λanb + λbna)

]
, (6.57)

In order to remove the imaginary part of the source, we proceed as before and use an IBP prescription.

Notice, since (λanb + λbna) = − 1
ω

d
dt (λaλb), the IBP yields

T
(0) ab
2,S2 (k, z1, z2)

∣∣∣
circular

= 3κω̄2µā2
1

∫
dteiω̄t

[
nanb − λaλb

]
. (6.58)

This has the familiar form found in (6.18). Unlike this form, in (6.53) an extra factor of two appears in

the nanb term. This obscures the desired cancellation between (6.58) and (6.53) in T
(0) ij
S2 . To address

this subtlety, we emphasize the degeneracy in choice of the IBP prescription. For instance, the relations

of the kinematic variables in the center of mass frame results in − d
dt (λaλb) = d

dt (nanb) = ω(λanb +λbna).

Using the latter equality, the IBP performed in (6.58) results in 2nanb, instead of nanb − λaλb. A priori,

neither of these two choices are preferred. The solution is to notice that the freedom in the choice of

the IBP prescription is a manifestation of the gauge redundancy of the gravitational waveform at null

infinity. That is, below in §6.3.3 we show that either choice yields the same result for the gauge invariant

gravitational wave energy flux. For now, we note only that at the level of the gauge invariant energy flux,

one factor of nanb in (6.53) is equivalent to nanb → 1
2 (nanb − λaλb), and postpone the justification to

§6.3.3. Therefore, both (6.53) and (6.58) yield the same result, but with opposite sign. This implies the

desired cancellation of the waveform contributions at the quadratic order in BHs’ spins. Equivalently,

using the waveform derived from (6.53) and (6.58) to determine the energy flux from each contribution,

we see that both contributions are identical up to an overall sign, hence, cancelling at the level of the

gauge invariant gravitational wave energy flux as well (more on this below).

Scalar waveform at sub-leading order in velocities

So far we have dealt with leading in BHs’ velocities spinning corrections to the Einstein quadrupole

formula (6.44). In this section, we go beyond this restriction and consider a non-spinning BBH at the

first sub-leading order in velocities, therefore, demonstrating the applicability of our approach (6.22) to

determine the radiated gravitational waves also in this regime. At this order, the scalar 5-point amplitude

is also independent of q0, therefore, arguments made above in §6.3.1 concerning the time integration still

holds. In this case, however, the first relativistic correction, in our Born approximation, as coming
14Note, the linear-in-spin corrections of this parametrization is sub-leading in velocities.
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from the product of the plane wave functions in (6.27), appears in the source through the kinematic

exponential e−ik·z̃, and therefore contributes to the sub-leading source T (1) ab
S0 , due to the scaling ω̄ ∼ v.

That is, after time integration, the exponential function reduces as eik·z̃ → 1 − iω̄N ·z̃ + O(v2) =

1− i
2 ω̄N ·(z1+z2)+O(v2); hence, the source is built from the order-v0 non-spinning scattering amplitude,

T
(1) ab
2,S0 , as well as from the v1-amplitude, T (1) ab

1,S0 . More concretely, the sub-leading source decomposes

as15

T
(1) ab
S0 (k, z1, z2) = T

(1) ab
1,S0 (k,z1, z2) + T

(1) ab
2,S0 (k,z1, z2), (6.59)

where

T
(1) ab
1,S0 (k,z1, z2) = i

m1m2

∫
dteiω̄ t

∫
d3q

(2π)3 e
−iq·z21⟨M (1) ab

5,S0 (q, ω̄)⟩, (6.60)

and

T
(1) ab
2,S0 (k,z1, z2) = 1

m1m2

∫
dteiω̄ t

∫
d3q

(2π)3 e
−iq·z21

ω̄

2 N ·(z1 + z2)⟨M (0) ab
5,S0 (q, ω̄)⟩. (6.61)

Notice the superscripts in the amplitude. First, we focus on the relativistically corrected scalar amplitude.

Analogous to before, we insert (5.61) into (3.45), but now keep the non-trivial order O(v1) contributions

to the 5-point amplitude:

⟨M (1) ab
5,S0 (q, ω̄)⟩ = − im2

1m
2
2κ

3

2 Nl

[
qlqm

q4 δ(a
m (v1+v2)b) + ql

2ω̄q2

(
va

1v
b
1 − va

2v
b
2
)

+ qm

ω̄q2

(
vl

1v
(a
1 δ

b)
m − vl

2v
(a
2 δ

b)
m

)]
.

(6.62)

Subsequently, the source (6.60), after the q-integration, takes the form

T
(1) ab
1,S0 (k, z1, z2) = κ3

16πNl

∫
dteiω̄ t

∑
A,B

mAmB

r3

[
1
2
(
z2

ABδ
lm−zl

ABz
m
AB

)
δ(a

m (vA+vB)b)

− i

ω̄
zn

AB

(
δl

nv
a
Av

b
A+2δm

n v
l
Av

(a
A δ

b)
m

)]
.

(6.63)

In order to remove the powers of zAB ∼ r in the denominator, we use the scalar part of the EoM (6.5),

to obtain

T
(1) ab
1,S0 (k,z1, z2) = 2κNl

∫
dteiω̄ t

[
− 1

2
∑
A,B

mA

(
v̇A·zABδ

lm−v̇m
A z

l
AB

)
δ(a

m (vA+vB)b)

+ i

ω̄

∑
A

mAv̇
n
A

(
δl

nv
a
Av

b
A+2δm

n v
l
Av

(a
A δ

b)
m

)]
.

(6.64)

15In principle, the classical EoM (6.5) also contain higher-order-in-v corrections, which could be used in an iterative
manner, starting purely from the leading in v-scalar amplitude. However, these velocity corrections vanish in the no-spin
limit considered in this section.
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The term in the second line can be integrated utilizing the relation v̇n
A

(
δl

nv
i
Av

j
A+2δm

n v
l
Av

(i
Aδ

j)
m

)
= d

dt (vi
Av

j
Av

l
A).

With this, this piece of the sub-leading scalar source simplifies to

T
(1) ab
1,S0 (k, z1, z2) = −2κNl

∫
dteiω̄ t

[∑
A,B

mA

2
(
v̇A·zABδ

lm−v̇m
A z

l
AB

)
δ(a

m (vA+vB)b)−
∑

A

mAv
l
Av

a
Av

b
A

]
.

(6.65)

We now address the second term in (6.59) – the computation of the second contribution (6.61) to the

sub-leading scalar source. The q-integration is identical to the one used leading up to (6.40). Starting

from the latter, using the relation (6.41), and multiplying the sub-leading prefactor − i
2 ω̄N ·(z1 + z2) we

arrive at

T
(1) ab
2,S0 (k, z1, z2) = −κ

∫
dteiω̄ tN ·(z1 + z2)

∑
A

mA

[
iω̄z̈

(a
A z

b)
A − 2v(a

A v̇
b)
A

]
. (6.66)

Lastly, with the replacement ω̄ → i d
dt the first term is integrated. The gravitational radiation field is

then determined by putting the two sources together in (6.59), and substituting this into (6.22), to end

up at the first sub-leading in BH velocities non-spinning correction to the Einstein quadrupole formula:

h
(1) ij
TT,S0(TR, R,N , z1, z2) = −κ2m1

8πR Πij
abNl

[
1
2
(
v̇1·z12δ

lm−v̇m
1 z

l
12
)
δ(a

m (v1 + v2)b)−vl
1v

a
1v

b
1

− 1
2

(
d

dt

(
z̈

(a
1 z

b)
1 (z1 + z2)l

)
+ 2(z1 + z2)lv

(a
1 v̇

b)
1

)]
+ (1 ↔ 2).

(6.67)

Based on our derivation, this result is valid for generic closed orbits, provided the corresponding EoM.

However, the form of this waveform is different from the compact classical result in (6.21). This is not

surprising since, as illustrated above, there is always the freedom of choice of IBP prescription, which

casts the waveform into different forms. Finding the prescription, for which both the amplitude’s and

the classical waveforms match, could be cumbersome for generic closed orbits. Therefore, we specialize

to the quasi-circular setting (6.15); In the latter, we find perfect agreement between (6.67) and (6.21).

We close with a remark on the correspondence between the classical source multipole moments leading

to the gravitational radiation via the multipolar post-Minkowskian approach, and our ansatz to compute

the associate gravitational waves using spinning scattering amplitudes. We saw in §6.2.2, the sub-leading

order result (6.20) is built from both Iijk and Jij . While at leading order in the BHs’ velocities (see

§6.3.2), there exists a certain one-to-one correspondence between the source multipole moments, at sub-

leading orders in velocities, no trivial correspondence can be extracted from our results.

6.3.3 Radiated gravitational wave energy flux

In the previous sections, we showed explicitly that the radiated gravitational field, hTT
ij , computed using a

classical approach and utilizing a 5-point spinning scattering amplitude, agree in the aligned spin, general

(and quasi-circular) orbit setup at the considered orders in the velocity and spin expansions. These are

the gravitational waves emitted at an instant in the binary’s evolution. Information about the frequency

dynamics of the radiation is contained in the emitted gauge invariant gravitational wave energy flux.

The latter is ultimately responsible for the inspiral of the two BHs and for the characteristic increase in
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gravitational wave frequency towards the merger, therefore, a crucial ingredient for gravitational wave

search strategies.

In this section, we derive the instantaneous gravitational wave energy flux F using the TT metric

perturbations at null infinity computed in the previous subsections to the respective orders in the spin

and velocity expansions. In general, the total instantaneous energy loss F can be obtained with

F = R2

32π

∫
S2
dΩ ḣTT

ij ḣTT,ij . (6.68)

Let us return here to the justification for the replacements and claims made in §6.3.2. The time depen-

dence of hTT
ij is solely contained in the center of mass variables na and λa, which, in the center of mass

frame and for circular orbits, are related by d
dt (nanb) = 1

2
d
dt (nanb −λaλb). Since only the time derivative

of the radiated field, ḣTT
ij , enters in (6.68), this justifies the replacement nanb → 1

2 (nanb − λaλb) made

in §6.3.2 at the level of the radiated field. Furthermore, this also shows that the gauge invariant energy

flux is, in fact, independent of the IBP prescription discussed in §6.3.2. Therefore, the latter can be

viewed as a manifestation of the gauge freedom in the emitted waveform. Indeed, this extends to the

Newman-Penrose scalar Ψ4 ∼ m̄µm̄ν ḧTT
µν in an identical fashion. Exploiting this, the gravitational wave

energy flux is obtained by combining the scalar, (6.44), and linear-in-spin, (6.48), metric perturbations

hTT
ij at leading order in the BHs’ velocities, in (6.68). For quasi-circular orbits (6.7), together with (41),

we find the energy loss

F (0)
circular = 32

5
µ2x5

M2 + 2
5
µ2x7

M2 (32a2
+ + a2

−) + O(a3
1,2, a1a2). (6.69)

Recall from above that x = (Mω)2/3. This matches perfectly with the results reported in Refs. [223,

224, 245, 259–261] to the respective orders in spin. In addition to this match at leading order in the

black holes velocities, the metric perturbations computed in (6.67) and (6.21) specialized to circular

orbits reproduce the correct no-spin gravitational wave energy flux F (1)
circular = 0 at the first sub-leading

order in velocities; this is, again, consistent with the leading no-spin PN gravitational wave power (see,

e.g., [261]). Notice, we explicitly computed the quadratic-in-spin contributions only for one BH with

spin: S1 ̸= 0, S2 → 0. However, as noted above, the classical derivation in §6.2.2 revealed that the

high-order-in-spin contributions to the circular orbit hTT
ij emerge solely from the solution to the EoM,

indicating that (6.69) already contains the a1a2-type interactions; this is the case, as can be seen in, for

instance, [223, 224], or from using (6.17) together with (6.68). At the level of the transverse traceless

metric perturbations hTT
ij , the classical derivation showed that (6.14) contains the complete all orders-in-

spin information at leading order in velocities, since the remaining contributions to the radiation field –

i.e. h(0)TT
ij,Sℓ≥2 = 0 – vanish, without a specific solution to the EoM. In the scattering amplitudes setting, we

confirmed this explicitly up to ℓ = 1, since (6.44) and (6.48) agree with (6.14) (exploiting (40)), and we

showed the necessary cancellation for ℓ = 2 in §6.3.2. Therefore, we conjecture such cancellations to occur

at arbitrary order in spin, such that the solution to the EoM provides the remaining spin-information, at

leading order in velocities. The complete all-orders in spin gravitational power result partially presented

in (6.69) was determined in [224].
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6.4 Outlook of the chapter

In this chapter we studied the relationship between the radiative dynamics of an aligned-spin spinning

binary black hole from both, a classical, and a scattering amplitude perspective. For the former we

employed the multipolar post-Minkowskian formalism, whereas for the latter we proposed a dictionary

built from the 5-point QFT scattering amplitude extensively studied in chapter 5. More precisely, the

dictionary maps the classical limit of the 5-pt scattering amplitude of two massive spinning particles

exchanging and emitting a graviton, to the source entering in Einstein’s equation. Furthermore, we

included information of the conservative dynamics using the classical equations of motion, which we

obtained from the instantaneous impulse formula which takes as main input the conservative two-body

amplitude. We worked in linearized gravity, i.e., at tree-level, and to leading order in the black holes’

velocities, but to all orders in their spin, as well as present preliminary results at sub-leading orders in

velocities (in the no-spin limit). To leading order in the system’s velocities, we showed that there exists

a one-to-one correspondence between the source’s multipole moments, and the scattering amplitudes.

That is, the mass quadrupole in (6.13) corresponds to the scalar amplitude (6.38), while similarly, the

current quadrupole in (6.13) is associated with the linear-in-spin amplitude (6.45). This correspondence

was made explicit in the computation of the transverse-traceless part of the linear metric perturbations

emitted to null infinity, as well as on the gauge invariant gravitational wave energy flux. The latter agrees

for quasi-circular orbits with the existing literature [223,224,260,261], both at the considered leading and

sub-leading orders in the black holes’ velocities. Therefore, gravitational waveforms and gauge invariant

powers needed for detecting gravitational waves from inspiraling black holes can be consistently computed

from the classical limit of quantum scattering amplitudes.

The gravitational waveform is, in general, a gauge-dependent object, which makes a comparison be-

tween the classical and the scattering amplitude’s derivations potentially difficult. In particular, and

especially for general orbits and with spin effects, finding the corresponding gauge to undertake such

comparisons can become cumbersome. In this chapter, we found evidence that such gauge freedom is

related to the integration procedure used in the source for Einstein’s equation, within the scattering

amplitudes derivation. We demonstrated this explicitly for quasi-circular orbits, as this restriction sim-

plifies the problem drastically. Importantly, we find that while the form of the gravitational radiation

field is dependent upon the integration procedure used, the gauge-invariant gravitational wave power is

independent of such a prescription – as desired.

In this chapter, we focused entirely on the derivation of radiative degrees of freedom from the 5-

point scattering amplitude, and show classical EoM for the system follow directly from the conservative

amplitude, providing then a self-contained amplitudes derivation for the radiated field at leading and

subleading order in the velocity expansion, but to all orders in spin. This expand the claims for scalar

sources made by Dass and Soni in [121].

The amplitudes-based construction of the radiated field (6.22), provided in this chapter, has implicitly

used the on-shell condition for the outgoing massive particles δ(pi·qi), which discards terms quadratic in

the velocities as indicated by the quantum corrections to the particles trajectories zQ(τi) in (6.25). These

corrections can become important if convoluted with superclassical terms coming from loop amplitudes.



6.4. OUTLOOK OF THE CHAPTER 110

This then hints that at higher orders in perturbation theory, a subtraction scheme would be needed to

cancel those superclassical contributions at the level of the gauge invariant observable, which in this case

corresponds to the radiated energy flux F ∼
∫
dωḣij ḣij ; in addition, it would be desirable to study the

connection of our approach and that of analytic continuation methods of scattering observables [36,37,93]

.

Besides, exploring gauge fixing procedures that allow to match the general orbit result (6.67) to the

classical result (6.21), as well as the inclusion of spin effects at sub-leading order in velocity is left for

future work. Furthermore, in the context of scattering amplitudes, higher orders in velocities are naturally

included. However, for closed orbits, these corrections are consistent only – by virtue of the virial theorem

– when also higher orders in the gravitational constant G are considered. For instance, at quadratic order

in the BHs’ velocities, the radiated field could contain contributions from both the tree-level and the one-

loop 5-pt scattering amplitudes. One might wonder whether the amplitudes approach could reproduce

the higher-order corrections to the energy flux for non-spinning binary black holes [23].

Finally, the source (6.23) was written in the Born approximation, where the initial state consists of

two particles in their plane-wave states. However, the long-range nature of the gravitational interactions

renders the Born approximation to be invalid in this setting. Although this is expected to be a higher-

G-effect (or equivalently a higher-v-effect in the closed orbit case), it plays an important role in the

determination of the correct gravitational waveform. A modification to the Born approximation was

proposed in [121], and claimed to contain all non-perturbative aspects of the S-matrix elements. We

leave the exploration of this proposal for future work.



Chapter 7

The double copy for massive

spinning matter

7.1 Introduction

In §2.3 we have briefly introduced the BCJ double copy program [67], and show how certain gravitational

quantities can be obtained as a square of gauge-theory ones. This was done in the context of massless

particles, where the slogan was GR= YM2. However, to test the extent of the double copy, and to study

phenomenologically relevant setups, it is desirable to introduce fundamental matter in the construction.

This has already been explored in the context of standard QCD [203, 268–272]. Also a number of other

interesting cases has been considered,1 including quiver theories with bifundamental matter [275–277]

and theories with spontaneously broken symmetries [278, 279]. On the other hand the classical double

copy, in its many realizations, inherently contains massive matter and hence it is important to clarify the

connection between the quantum and classical approaches.

In chapter 5 we have taken several steps in this direction, where we introduced a classical double

copy prescription for fundamental matter with spin, which connects gravitational wave phenomena with

the spin-multipole expansion and soft theorems, whose classical amplitudes were used in chapter 6 to

study gravitational radiation for systems in bounded orbits. In this chapter we will thoroughly expand

on the spin multipole double copy, and show how it arises in a purely QFT framework. We will consider

tree-level double copy of massive particles with generic spins and explore several interesting cases.

One of the main results of chapter 5 was to obtain graviton-matter amplitudes from double copy at

low multiplicities but generic spin quantum number s. For a single matter line, the double copy was

summarized in the operation (5.29). Amplitudes constricted in this way, and their higher multiplicity

extensions are relevant for a number of reasons as we have pointed out in chapter 5, and we recall here:

First, they have been recently pinpointed to control the classical limit where the massive lines correspond

to compact objects [45, 102, 280]. Second, they have an exponential form in accord with their multipole
1For matter-coupled YM theory the gravitational D = 4 Lagrangians were first obtained from double copy in [273], see

also [274].
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expansion [58, 59, 102–104] (see also appendix B). Third, they are dimension-independent and are not

polluted with additional states arising from the double copy such as dilaton and axion fields [102]. This

will become even more evident once we provide the corresponding Lagrangians. Fourth, they are the

building blocks in the two body problem, whose double copy properties are inherited by the two-body

amplitudes via (5.57).

In this chapter we will rederive and extend (5.29), mainly focusing on the simplest cases with s, s̃ ≤ 1.

For this spin values, interactions are fundamental in the sense that their amplitudes have a healthy

high-energy behaviour [68]. By promoting QED to QCD2, studying higher multiplicity amplitudes and

the relevant cases for two massive lines, we will identify the gravitational theories obtained by this

construction. In order to do this we must observe that formula (5.29) has implicit a rather strong

assumption, namely the fact that the Left Hand Side (LHS) only depends on the quantum number s+ s̃

and not on s, s̃ individually. For instance, this means that for gravitons coupled to a spin-1 field, it should

hold that

AGR,1
n ∼ A

QCD, 1
2

n ⊙A
QCD, 1

2
n = AQCD,0

n ⊙AQCD,1
n , (7.1)

(we have changed QED to QCD in preparation for n > 4). This means Agr,1
n not only realizes the

equivalence principle in the sense of Weinberg [281] but extends it to deeper orders in the soft expansion

[59,102]. In the classical limit, the Agr,s
n amplitudes so constructed will reproduce a well defined compact

object irrespective of its double copy factorization. In chapter 5 we exploited condition (7.1) at arbitrary

spin to argue that the 3-point amplitude should indeed take an exponential structure, which has recently

been identified as a characteristic feature of the Kerr black hole in the sense of [81], we will expand on

this in chapter 8. Here we will argue that despite having arbitrary spin, this 3-pt. amplitude can still be

considered fundamental as it is essentially equal to its high-energy limit, which in fact implies (5.29)-(7.1).

A simple instance of (5.29) for gravitons was verified explicitly by Holstein [190,191] (see also [192]) for

s = 0 , s̃ ≤ 1. He observed that as gravitational amplitudes have an intrinsic gravitomagnetic ratio g = 2,

the double copy (5.29) can only hold by modifying AQED,1
3 away from its “minimal-coupling” value of

g = 1. This modification yields the gyromagnetic ratio g = 2 characteristic of the electroweak model and

was proposed as natural by Weinberg [187]. As observed long ago by Ferrara, Porrati and Telegdi [282]

this modification precisely cancels all powers of 1/m2 in AQED,1
4 (see (7.45)), which otherwise prevented

the Compton amplitude to have a smooth high-energy limit. This is a crucial feature, as it hints that the

theories with a natural value g = 2 have a simple massless limit, and indeed can be obtained conversely

by compactifying pure massless amplitudes at any multiplicity. Furthermore, it was pointed out in [283]

(and recently from a modern perspective [68]) that the appearance of 1/m2 can be avoided up to s = 2 in

the gravitational Compton amplitude AGR,s
4 since it corresponds to fundamental interactions. By working

on general dimensions, we will see that indeed all such fundamental amplitudes follow from dimensional

reduction of massless amplitudes, and ultimately from a compactification of a pure graviton/gluon master

amplitude. This is the underlying reason they can be arranged to satisfy (5.29), which in turn simplifies

the multipole expansion we exploited in chapter 5.
2For the lower multiplicity cases n = 3, 4, one can choose QCD partial amplitudes to coincide with QED amplitudes.
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On a different front, as we argued in chapter 5, the squaring relations in the massless sector yield addi-

tional degrees of freedom corresponding to a dilaton ϕ and 2-form potential Bµν , which is a consequence

of the Clebsh-Gordon decomposition (5.26). Their classical counterparts also arise in classical solutions

(e.g. string theory backgrounds [284–287]) and therefore emerge naturally (and perhaps inevitably) in the

classical double copy [6,80,136,138]. It is therefore natural to ask whether the condition (7.1) also holds

when the massless states involve such fields. As we have explained this is a non-trivial constraint, and

in fact, it only holds for graviton states! To exhibit this phenomena we are led to identify two different

gravitational theories, which we refer to as 1
2 ⊗ 1

2 and 0 ⊗ 1 theories for brevity. The corresponding tree

amplitudes will be constructed as

A
1
2 ⊗ 1

2
n ∼ A

QCD, 1
2

n ⊗A
QCD, 1

2
n , A0⊗1

n ∼ AQCD,0
n ⊗AQCD,1

n (7.2)

We conjecture that at all orders in κ =
√

32πG such tree-level interactions follow from the more general

Lagrangians,

L 1
2 ⊗ 1

2

√
g

= − 2
κ2R+ (d− 2)

2 (∂ϕ)2 − 1
4e

κ
2 (d−4)ϕF I

µνF
µν
I + m2

I

2 e
κ
2 (d−2)ϕAI

µA
µ
I , (7.3)

and

L0⊗1
√
g

= − 2
κ2R+ (d− 2)

2 (∂ϕ)2 − e−2κϕ

6 Hµνρ(Hµνρ + 3κ
2 Aµ

IF
νρ
I )

− 1
4e

−κϕF I
µνF

µν
I + m2

I

2 AI
µA

µ
I + quartic terms , (7.4)

where H = dB is the field strength of a two-form B. Here a sum over I = 1, 2, the flavour index, is

implicit and "quartic terms" denote contact interactions between two matter lines that we will identify

in §7.4. These actions will be constructed in general dimensions from simple considerations such as 1)

classical behaviour and 2) massless limit/compactification in the string frame. These methods were cross-

check against the corresponding QFT amplitudes in [61] using modern tools such as massive versions of

CHY [145,288–290] and the connected formalism [291–293]. In the massless limit, the 1
2 ⊗ 1

2 Lagrangian

is known as the Brans-Dicke-Maxwell (BDM) model with unit coupling [294]. This theory is simpler

than 0 ⊗ 1 in many features, for instance in that the B-field is not sourced by the matter line and it

does not feature quartic interactions. Not surprisingly, in d = 4 and in the massless limit the 0 ⊗ 1

theory reproduces the bosonic interactions of N = 4 Supergravity [295, 296], which is known to arise

as the double copy between N = 4 Super Yang-Mills (SYM) and pure YM theories [156, 297, 298]. In

general dimension we will see that the 0 ⊗ 1 theory is precisely the QFT version of the worldline model

constructed by Goldberger and Ridgway in [32, 80] and later extended in [31, 117] to exhibit a classical

double copy construction with spin. This explains their findings on the fact that the classical double

copy not only fixes g = 2 on the YM side, but also precisely sets the dilaton/axion-matter coupling on

the gravity side.

As explained in §2.2, and extensively exemplified in previous chapters, the long-range radiation of a

two-body system, emerging in the classical double copy, has been directly linked to a 5-point amplitude
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at leading order [6, 78, 102, 299]. We show that by implementing generalized gauge transformations [67]

one can define a BCJ gauge in which the ℏ → 0 limit is smooth, i.e. there are no "superclassical" ∼ 1
ℏ

contributions to cancel [78]. The result precisely takes the form derived in (3.45). This then allows

us to translate between the QFT version of the double copy and a classical version of it. We employ

this formulae to test double copy in several cases, including the computation of dilaton-axion-graviton

radiation with spin [31,117].

This chapter is organized as follows. In §7.2 we introduce the double copy for one matter line by

studying its massless origin, focusing on the 1
2 ⊗ 1

2 theory and later extending it in more generality. In

§7.3 we construct the Lagrangians for both QCD and Gravity from simple arguments, which are then

checked against the previous amplitudes. In §7.4 we extend both the amplitudes and the Lagrangian

construction to two matter lines and define the classical limit to make contact with previous results. In

the appendices we provide some further details on the constructions, and perform checks such as tree-level

unitarity, and consistency with the d = 4 formulation of the 1
2 ⊗ 1

2 double copy in [126]. This chapter is

mostly based on previous work by the author [61].

7.2 Double Copy from Dimensional Reduction

In this section we will introduce the double copy construction by considering a single massive line. In this

case one should expect the double copy to hold for massive scalars as their amplitudes can be obtained via

compactification of higher dimensional amplitudes [45, 46, 192]. Here we will explicitly demonstrate how

this holds even for the case of spinning matter as long as such particles are elementary. This means we

consider particles of spin s ≤ 2 coupled to GR and particles of spin s ≤ 1 coupled to QCD, in accordance

with the notion of [68], see also [283,300]. The fact that these amplitudes can be chosen to have a smooth

high-energy limit can be used backwards to construct them directly from their massless counterparts. On

the other hand, once the double copy form of gravitational-matter amplitudes is achieved one may use it

to manifest properties such as the multipole expansion of chapter 5, we will expand on this in Sec 7.2.1.

7.2.1 The 1
2 ⊗ 1

2 construction

Let us consider first the case s = s̃ = 1
2 in (5.29) and relegate the other configurations for the next

section. For D = 4 massless QCD, the double copy procedure was first studied by Johansson and

Ochirov [203]. In particular they observed that Weyl-spinors in QCD can be double copied according to

the rule 2 ⊗ 2 = 2 ⊕ 1 ⊕ 1, where the two new states correspond to a photon γ± and the remaining ones

to axion and dilaton scalars. This implies that we can obtain amplitudes in a certain Einstein-Maxwell

theory directly from massless QCD. More precisely, for two massive particles we can write (see also (7.9))

A
1
2 ⊗ 1

2
n (γ−

1 H3· · ·Hnγ
+
2 ) =

∑
αβ

Kαβ [2|AQCD
n,α (g· · ·g)|1⟩⟨1|ĀQCD

n,β (g· · ·g)|2], (7.5)

here we have used the massless Weyl spinors v−
1 = |1⟩ and ū+

2 = [2| for matter particles (See §2.4). Ā here

denotes charge conjugation, which will be relevant in the massive case. In the gravitational amplitude
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the two photon states γ+
1 ,γ−

2 make a matter line while interacting with the “fat” states Hi. The latter

are obtained from the double copy of the gluons gi, and can be taken to be either a Kalb-Ramond field3,

a dilaton or a graviton by projecting the product representation into the respective irreps. as dictated

by the Clebsh-Gordon decomposition (5.26):

Hµν
i → ϵµi ϵ̃

ν
i = ϵ

[µ
i ϵ̃

ν]
i︸ ︷︷ ︸

Bµν

+ ηµν

D − 2ϵi · ϵ̃i︸ ︷︷ ︸
ηµν ϕ√

D−2

+
(
ϵ

(µ
i ϵ̃

ν)
i − ηµν

D − 2ϵi · ϵ̃i
)

︸ ︷︷ ︸
hµν

. (7.6)

The sum over α, β in (7.5) ranges over (n − 3)! orderings, where Kα,β is the standard KLT kernel

[135, 153, 154].4 This construction can be implemented because for a single matter line we can take the

matter particles to be either in the fundamental or in the adjoint representation and the basis of partial

amplitudes will be identical [203]. In §7.4 we will switch to a more natural prescription for the case of

two matter lines.

The Right Hand Side (RHS) of (7.5) exhibits explicitly the helicity weight ± 1
2 associated to the Weyl

spinors. This means the operators AQCD and ĀQCD , defined as the amplitude with such spinors stripped,

do not carry helicity weight. They can be written as products of Pauli matrices σµ, σ̄µ where the free

Lorentz index is contracted with momenta pµ
i or gluon polarizations ϵµi , as we will see in the examples of

the next section. We can alternatively write them in terms of the corresponding spinor-helicity variables

as in [268].

Quite generally, the LHS of (7.5) defines a gauge invariant quantity due to the fact that it is constructed

from partial gauge-theory amplitudes. It also has the correct factorization properties (see e.g. [155,301]).

Furthermore, by providing the Lagrangian it will become evident that when the states Hi are chosen to

be gravitons the amplitude we get for a single matter-line is that of pure Einstein-Maxwell theory, where

the dilatons and axions simply decouple. This decoupling is one of the key properties of these objects,

which we have exploited in chapter 5. Similarly, the decoupling of further matter particles will be treated

in appendix E.2.

In order to extend (7.5) to the massive case we rewrite it in a way in which it is not sensitive to the

dimension, and then use dimensional reduction. This can be done by introducing polarization vectors for

the photons γ±. Recall from the spinor helicity section §2.4, that a photon polarization vector can be

taken to be ϵ+µ σµ =
√

2 |µ⟩[p|
⟨µp⟩ where [µ| is a reference spinor carrying the gauge freedom, and analogously

ϵ−µ σ̄
µ =

√
2 |µ]⟨p|

[µp] . We then have the identity

[2|X|1⟩⟨1|Ȳ |2] = Tr(X|1⟩[1µ1]⟨1|Ȳ |2]⟨2µ2⟩|2])
[1µ1]⟨2µ2⟩

, (7.7)

= 1
2Tr

(
Xp̄1ϵ1Ȳ p2ϵ̄2

)
, (7.8)

3In D = 4 this field can be dualized to an axion pseudoscalar. We will indistinctly refer to the two-form Bµν as axion
or Kalb-Ramond field.

4We define the KLT kernel with no coupling constants and absorb the gauge theory coupling g̃ into the generators T̃ a

as g̃T̃ a → T a. We also absorb the overall factors of i in the definition of the amplitudes and use the conventions for the
metric to be in the mostly minus signature.
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where the bottom line now can be naturally extended to higher dimensions.5 It is manifestly gauge

invariant since the shift ϵi → ϵi + pi is projected out due to the on-shell condition for massless particles

pip̄i = 0.

Using this identity, the double copy (7.5) can be uplifted to dimension D = 2m as

A
1
2 ⊗ 1

2
n (γ1H3 · · ·Hnγ

∗
2 ) = 1

2
∑
αβ

KαβTr(AQCD
n,α (g· · ·g)p̄1ϵ1Ā

QCD
n,β (g· · ·g)p2ϵ̄2). (7.9)

Note that the operators AQCD
n , ĀQCD

n in (7.5) are defined under the support of the Dirac equation. This

means that they can be shifted by operators proportional to p1 or p2. The insertion of p1, p2 in (7.9)

certainly projects out these contributions by using the on-shell condition pp̄ = p̄p = 0. For instance, if the

matrix operator AQCD
n is shifted by p2µσ

µ the QCD amplitude ū2A
QCD
n v1 is invariant, and consistently

(7.9) picks up no extra contribution, i.e.

Tr(p2p̄1ϵ1Ā
QCD
n,β (g · · · g)p2ϵ̄2) = −Tr(p2p2p̄1ϵ1Ā

QCD
n,β (g · · · g)ϵ2) = 0, (7.10)

where we used p2ϵ̄2 = −ϵ2p̄2. This kind of manipulations are usual when bringing the QCD amplitude

into multipole form as explored in chapter 5 to make explicit the corresponding form factors.

We now proceed to dimensionally reduce our formulae in order to obtain a KLT expression for massive

spin- 1
2 particles. This follows from a standard KK compactification on a torus, as we explain in the next

section. In terms of momenta, we can define the d = D − 1 components p1 and p2 via

P1 = (m, p1),

P2 = (−m, p2),

Pi = (0, ki), i ∈ {3, . . . , n}

(7.11)

which trivially satisfies momentum conservation in the KK component, which we take with minus signa-

ture. We also take all momenta outgoing. In terms of Feynman diagrams, the reduction induces the flow

of KK momentum through the only path that connects particles p1 and p2. The propagators in this line

are deformed to massive propagators as

1
P 2

I

= 1
p2

I−m2 , (7.12)

where PI = (m, pI) is the internal momentum. The procedure works straightforwardly when compact-

ifying more particles as long as the KK lines do not cross (i.e. we will not allow interactions between

massive particles), as we will explain in the case of two matter lines.

By applying these rules to (7.9) the amplitudes Agr, AQCD now contain massive lines and lead to a

(gravitational) Proca theory and the massive QCD theory in d = D − 1 dimensions, respectively. This

5We represent the Dirac algebra in terms of the 2D/2 ×2D/2 matrices Γµ
D =

(
0 σµ

D
σ̄µ

D 0

)
and define X = Xµσµ

D, X̄ =

Xµσ̄µ
D etc. The extension of (7.8) to general dimension simply states that linear combinations cabua

i v̄b
i of the Weyl spinors

can be replaced as cabva
i ūb

i = piϵ̄i for some particular choice of ϵµ
i depending on cab. A formula for general dimension is of

course obtained by replacing σµ, σ̄µ → Γµ, which in D = 4 also reduces to (7.8).
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can be observed easily by applying the dimensional reduction to the Lagrangian as we do in §7.3. In the

case of the spin-1 theory we choose the polarization vectors ϵ1,ϵ2 to be d-dimensional, i.e. ϵ → (0, ε), so

that the transverse condition ϵ·P = 0 now imposes ε·p = 0. In the QCD case we note that the Dirac

equation now becomes

(pµΓµ
d )u = mu,

(pµΓµ
d )v = −mv,

(7.13)

where we have used

σD = (I,Γd) , σ̄D = (−I,Γd) , (7.14)

in the chiral representation. Denoting by W and W ∗ the Proca fields obtained from the photons, the

construction (7.9) now reads

A
1
2 ⊗ 1

2
n (W1H3· · ·HnW

∗
2 )=

∑
αβ

Kαβ

2⌊d/2⌋−1 Tr(AQCD
n,α (g· · ·g)(/p1−m)/ε1Ā

QCD
n,β (g· · ·g)(/p2−m)/ε2), (7.15)

where the normalization factor follows from the Dirac trace tr(I) = 2⌊D/2⌋. Even though our derivation

used that d = 2m − 1 for the reduction procedure, our final result is written explicitly in terms of d-

dimensional Dirac matrices so we assume it to be valid in generic dimensions. To confirm this we will

indeed compute both sides of (7.15) from generic-dimensional Lagrangians and find a precise agreement.

From now on we refer to the double-copy theory as the 1
2 ⊗ 1

2 theory because it is constructed from

two (conjugated) copies of massive QCD. As in the massless case, the role of the projectors /pi
±m is to

put the QCD amplitudes on the support of the massive Dirac equation. With a slight abuse of notation,

we have left here the symbol Kαβ for the massive KLT kernel, which we used in chapter 5 for the 3 and

4-point amplitudes.

We have thus derived an explicit KLT relation for massive amplitudes of one matter line, (7.15) as

a direct consequence of the massless counterpart. The resulting theory will be extended to two matter

lines in Section 7.4. The partial amplitudes AQCD
n,α are associated to Dirac spinors in general dimension,

as opposed to Majorana ones, and hence the resulting spin-1 field is a complex Proca state coupled to

gravity. Moreover, it follows from the massless case that when all the gravitational states Hi are chosen

as gravitons, the dilaton and axion field decouple and the theory simply corresponds to Einstein-Hilbert

gravity plus a covariantized (minimally coupled) spin-1 Lagrangian. We will see that this holds quite

generally and is consistent with the observations made around eq. (5.29) for generic spin.

In our formula the states Hi denote the fat gravitons (7.2.1) characteristic of the double copy con-

struction. However, a particular feature arises in that amplitudes with an odd number of axion fields

vanish. This can be traced back to the symmetry in the two QCD factors of the 1
2 ⊗ 1

2 construction. To

see this, let us slightly rewrite (7.15) as

A
1
2 ⊗ 1

2
n (W1H

µ1ν1
1 · · ·Hµn−2νn−2

n−2 W ∗
2 ) =

∑
αβ

Kαβ(AQCD
n,α )µ1···µn−2 ⊗ (AQCD

n,β )ν1···νn−2 , (7.16)
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where

X ⊗ Y = 1
2⌊d/2⌋−1 Tr(X(/p1−m)/ε1Ȳ (/p2−m)/ε2). (7.17)

It is not hard to check that (see for instance the explicit form in (7.5))

(AQCD
n,α )µ1···µn−2 ⊗ (AQCD

n,β )ν1···νn−2 = (AQCD
n,β )ν1···νn−2 ⊗ (AQCD

n,α )µ1···µn−2 . (7.18)

Now, since the Kernel Kαβ in (7.16) can be arranged to be symmetric in α ↔ β, this implies that the

RHS of (7.16) is symmetric under the exchange of all µi ↔ νi at the same time, namely (µ1, µ2 . . .) ↔

(ν1, ν2 . . .). However, if we antisymmetrize an odd number of pairs {µk, νk}, i.e. compute the amplitude

for an odd number of axions, and symmetrize the rest of the pairs, we obtain an expression which is

antisymmetric under the full exchange (µ1, µ2 . . .) ↔ (ν1, ν2 . . .). Hence amplitudes with an odd number

of axions must vanish.

The above considerations imply that the axion field is pair-produced and cannot be sourced by the

Proca field. This is also true for amplitudes with no matter (i.e. the massless double copy) and even for

amplitudes with more matter lines: For e.g. two matter lines, provided a double copy formula as in §7.4,

we can test axion propagation by examining all possible factorization channels. Since the factorization

always contains amplitudes with either one or none matter lines we conclude that the axion will not

emerge in the cut unless introduced also as an external state. The argument carries over for an arbitrary

number of matter lines. This is the reason we were able to remove axionic states from the double copy

amplitudes in chapter 5.

The previous fact is surprising from the gravitational perspective since it is known that the axion

couples naturally to the spin of matter particles. We interpret this fact as an avatar of the spin- 1
2 origin

of the construction. In appendix E.1 and appendix E.2 we will specialize the construction to d = 4:

In particular we will show that being a pseudoscalar, the axion can only be sourced when the Proca

field decays into a massive pseudoscalar as well, as considered in [126]. In the massless theory such

field is obtained by selecting anticorrelated fermion helicities in the RHS of (7.5) which leads to massless

(pseudo)scalars instead of photons γ± [203]. The analysis becomes more involved in higher dimensions.

For our purposes here we can neglect these processes and simply keep the theory containing a Proca

field, a graviton and a dilaton as a consistent tree-level truncation of the spectrum in arbitrary number

of dimensions.

A further clarification is needed regarding the compactification and the dilaton states. In the massless

case these are obtained via the replacement

ϵµ̄i ϵ̃
ν̄
i → ηµ̄ν̄

√
D − 2

, (7.19)

where we have denoted the indices as µ̄, ν̄ to emphasize that the trace is taken in D = d+ 1 dimensions.

However, after dimensional reduction we have ϵµ̄ → ϵµ, and we extract the corresponding dilaton via

ϵµi ϵ̃
ν
i → ηµν

√
d− 2

. (7.20)



7.2. DOUBLE COPY FROM DIMENSIONAL REDUCTION 119

This means that taking the dimensional reduction does not commute with extracting dilaton states, as

e.g. terms of the form P1 · ϵ P2 · ϵ̃ are projected to P1 · P2 = p1 · p2 + m2 in the first case and to p1 · p2

in the second case. In order to match certain results in the literature (e.g. [80]) we find that we need to

adopt the second construction: first implement dimensional reduction on the fat states, and then project

onto either dilatons or gravitons.

Let us close this section by providing some key examples of this procedure for n = 3, 4. The 3-point.

dilaton amplitude from (7.15), using (7.2.1), gives

A
1
2 ⊗ 1

2
3 (W 1ϕW

∗
2 ) = 2K3

2⌊d/2⌋
√
d− 2

Tr(Aµ
3/ε1(/p1−m)Ā3µ/ε2(/p2−m)),

= κ

2
√
d− 2

(2m2ε1·ε2+(d− 4)k3·ε1k3·ε2), (7.21)

where we have use the momentum conservation p1 +p2 +k3 = 0, and the dilaton projection ϵµ3 ϵ̃ν3 → ηµν

√
d−2 .

This example will exhibit one of the main differences between the 1
2 ⊗ 1

2 construction and the other cases,

namely that the dilaton (and the axion) fields couple differently to matter in each case, as opposed to

gravitons which couple universally, as we will see when obtaining explicitly the Lagrangians (7.2) and(7.3)

below.

Now we can move on to n = 4. The only independent QCD amplitude can be computed from the

Feynman rules derived from the QED6 Lagrangian (5.1), and reads

Aµ3µ4
4,1324 = −1

4
γµ4(/p1+/k3−m)γµ3

(p1 + k3)2 −m2 − 1
4
γµ3(/p1+/k4−m)γµ4

(p1 + k4)2 −m2 . (7.22)

Analogously, the charge conjugated amplitude is

Āµ3µ4
4,1324 = −1

4
γµ3(/p1+/k3+m)γµ4

(p1 + k3)2 −m2 − 1
4
γµ4(/p1+/k4+m)γµ3

(p1 + k4)2 −m2 , (7.23)

where the conjugated amplitude is obtained by inverting the direction of the massive line. Note that this

ordering corresponds to the Compton amplitude in QED (5.12) for spin 1/2.

The full Compton amplitude for fat gravitons can be computed from the double copy (7.15),

A
1
2 ⊗ 1

2
4 (W1H

µ3ν3
3 Hµ4ν4

4 W ∗
2 ) = 1

2⌊d/2⌋−1K1324,1324 tr
[
Aµ3µ4

4 /ε1(/p1+m)Āν3ν4
4 /ε2(/p2+m)

]
, (7.24)

where the massive KLT kernel takes the compact form

K1324,1324 = 2p1·k3 p1·k4

k3·k4
. (7.25)

For instance, the two-dilaton emission amplitude reads
6Since, as already mentioned, at 4-points the QED and the partial order QCD amplitude coincide, we can use the

Feynman rules derived from the QED Lagrangian.
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A
1
2 ⊗ 1

2
4 (W1ϕ3ϕ4W

∗
2 )=

κ2ε1,αε
∗
2,β

32(d− 2)p1·k3 p1·k4k3·k4

{[
(d−4)2s2

34−16(d−2)p1·k3p2·k3
]

×[
p1·k3k

α
4 k

β
3 +p2·k3(kα

3 k
β
4 +p1·k3η

αβ)
]

+2m2s34

[
4p1·k3

(
kα

4 k
β
3 −kα

3 k
β
4

+2p2·k3η
αβ
)

+s34

(
(d−4)(kα

3 k
β
3 +kα

4 k
β
4 ) − 2(kα

3 k
β
4 +m2ηαβ)

)]}
,

(7.26)

which again exhibits explicit mass dependence in accord with our discussion. On the other hand, ex-

tracting the pure graviton emission from (7.2.1) gives

A
1
2 ⊗ 1

2
4 (W1h3h4W

∗
2 ) =

κ2ε1,αε
∗
2,β

2p1·k3 p1·k4 k3·k4
p1·F3·F4·p1

[
p1·p3F

µα
4 F β

3,µ+

p1·k4F
µα
3 F β

4,µ+Fαβ
3 p1·F4·p2+Fαβ

4 p1·F3·p2+p1·F3·F4·p1η
αβ
]
.

(7.27)

Quite non-trivially, we find that the Dirac trace leads to a factorized formula. The underlying reason is

of course that the graviton amplitudes are universal as announced in (7.3) and (7.4). This means these

results can also be obtained via the 0 ⊗ 1 factorization that we will introduce in the next subsection, but

we can already guess it is given by the double copy of the s = 0 and s = 1 part of (5.12).

Exempli Gratia: The Multipole double copy revisited

We have introduced the operation (7.15) with a slight modification in (5.28). This is because the main

utility of this construction is not the fact that we can build gravitational amplitudes by squaring those

of QCD (we have just seen that the former follow from a dimensional reduction of the Einsten-Maxwell

system), but the fact that by rearranging the massive QCD amplitudes in a multipole form we obtain a

multipole expansion on the gravitational side [198–200,204–206,212].

Consider two spin 1/2 multipole operators X,Y of order p, q respectively, namely X ∼ (γµν)p and

Y ∼ (γµν)q acting on Dirac spinors. As they involve an even number of gamma matrices, and the Dirac

trace vanishes for an odd number of such, we have

Tr(X(g· · ·g)(/p1−m)/ε1Ȳ (g· · ·g)(/p2−m)/ε2) = Tr(Xp1ε1Ȳ p2ε2) +m2Tr(Xε1Ȳ ε2), (7.28)

where the conjugated operator Ȳ is obtained by γµν → −γµν . In the cases studied in chapter 5 (for

n = 3, 4) both terms in the RHS of previous equation coincide and hence we defined the double copy

product simply as

X ⊙ Y = 1
2⌊D/2⌋ Tr(Xε1Ȳ ε2), (7.29)

i.e. using twice the second term. At s = 1
2 we explicitly tested this definition for operators up to the

quadratic order in γµν . Let us here just recall the example of A3, given in (5.7), which exhibits an explicit

exponential form and we write we for the reader’s convenience

ū2A
QCD
3 v1 ∝ ϵ · p1 × ū2e

Jv1 , (7.30)
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where J is a Lorentz generator that reads

J = −k3µϵ3ν

ϵ3 · p1
Jµν = −k3µϵ3ν

ϵ3 · p1

γµν

2 . (7.31)

The exponential form for s = 1
2 generators is only linear in this case since higher multipoles vanish.

Note now that while the second equality holds for s = 1
2 , the generator J itself makes sense in any

representation [102]. In the representation (Jµν)α
β = ηα[µδ

ν]
β we can check that (eJ)β

αp
α
1 = (p1+k)β = −pβ

2

and hence the generator acts as a boost p1 → −p2. Now we can plug the operator (7.30) and its conjugate

in (7.28) and check that in fact both terms yield the same contribution:

AQCD
3 ⊗AQCD

3 ∝ Tr(eJ(/p1−m)/ε1e
−J(/p2−m)/ε2),

= Tr(eJp1e
−JeJε1e

−Jp2ε2) +m2Tr(eJε1e
−Jε2),

= −Tr(p2ε̃2p2ε2) +m2Tr(ε̃2ε2) = 2m2Tr(I)ε̃2 · ε2, (7.32)

where ε̃α
2 = (eJ)α

βε
β
1 is a new polarization state for p2, that is, it satisfies p2 · ε̃2 = 0. Thus we obtain the

gravitational (Proca) amplitude as

A
1
2 ⊗ 1

2
3 ∝ ϵ3 · p1 × ε2 · eJ · ε1 = ϵ3 · p1ε2 · ε1−k3µϵ3νε

α
2 (Jµν)β

αε1β , (7.33)

where higher multipoles also vanish for s = 1, in contrast with higher spins (see (7.36)).This simple

example shows that the exponential form is preserved under double copy (this is particular of n = 3), but

more importantly it shows the general fact that, as observed in chapter 5, the gravitational amplitude

is obtained in multipole form as well. For n = 3, 4, the multipole operators can be double copied

via the general rules (5.30), and in turn the resulting multipole expansion can be used to decode the

classical information contained in the amplitude by comparison to either one body observables such as

the linearized Kerr metric and the scattering of gravitational waves off the Kerr black hole, as we will do

in chapter 8, or by computing two-body observables for unbounded chapters 3 to 5, or bounded scenarios

as in chapter 6.

Detour: Arbitrary spin at n = 3

The massless origin of all these constructions should be by now clear. Let us take a brief detour to

emphasize some remarkable properties at n = 3. In D = 4, in §2.4 we learned the massless three-point

amplitude is fixed from helicity weights as in (2.44),

Ah3,h
3 ∼

(
⟨13⟩
⟨23⟩

)2h( ⟨13⟩⟨32⟩
⟨12⟩

)h3

, (7.34)
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for a state of arbitrary helicity h emitting a gluon (h3 = 1) or a graviton (h3 = 2). Consequently, it

directly satisfies the double copy relation

Agr,h+h̄
3 = K3A

QCD,h
3 AQCD,h̄

3 . (7.35)

On the other hand, by implementing the multipole expansion, in chapter 5 we have found that the same

relation can be imposed for massive amplitudes of arbitrary spin, and fixes their full form as

Ah3,s
3 ∼ (ϵ3 · p1)h3ε2· exp

(
−k3µϵ3ν

ϵ3 · p1
Jµν

s

)
·ε1, (7.36)

where Jµν
s is the generator in e.g. (7.31) naturally adapted to higher spin s.7 Observe that this form does

not depend explicitly on the mass and, as noted in [57], reduces to (7.34) when written in terms of the

D = 4 spinor helicity variables.8 Hence (7.36) is nothing but the natural extension of (7.34) to generic

dimension and helicities, whose dimensional reduction in the sense of the previous section is trivial.

Curiously, when interpreted as a D = 4 massless amplitude this object is known to be inconsistent with

locality for |h| > 1 (or analogously s > 1) whereas in the massive case it has the physical interpretation

given in [58, 103, 104]. On the other hand, these inconsistencies will only appear in the “four-point

test” [68, 161], namely by computing AQCD
4 or Agr

4 . In the massive case they can be cured by including

contact interactions [103], as we will see in chapter 8. In the same chapter, we will see how to take the

classical limit of (7.36) recovering which recovers the linearized metric for the Kerr BH.

Arbitrary multiplicity at low spins

From the above discussion we see that at least at low spins we can extend the relation (7.35) and its

compactification to arbitrary multiplicity, since the massless theory is healthy. The starting QCD theories

for scalars, Dirac fermions and gluons are standard and catalogued in the next section. Let us then write

Ah+h̄
n (φh+h̄

1 H3 · · ·Hnφ
−h−h̄
2 ) := 1

2
∑
αβ

KαβA
QCD
n,α (φh

1g3· · ·gnφ
−h
2 )AQCD

n,β (φh̄
1g3· · ·gnφ

−h̄
2 ), (7.37)

where we have denoted by φh
i the state of helicity h and particle label i. This extends the relation (7.5) for

the cases h, h̄ ≤ 1. We can also uplift it to arbitrary dimensions. Following the previous section we first

rewrite the amplitudes in terms of the corresponding polarization vectors/spinors and the implement the

tensor products ⊗ between representations. For simplicity of the argument we regard (7.37) as a definition

of the object Agr
n , and we claim that it corresponds to a tree-level amplitude in a certain QFT coupled

7A local form of this amplitude can be found in [102,201,202], which however features 1/m divergences.
8For a quick derivation of this fact write the polarization tensors as ε1 ∝

( |1⟩[µ1|
[1µ1]

)h
and ε2 ∝

( |2]⟨µ2|
⟨2µ2⟩

)h
, together with

k3µϵ3ν

ϵ3·p1
Jµν = ⟨12⟩

⟨32⟩ ⟨3 ∂
∂λ1

⟩ as in e.g. [169]. Then,

ε2 · e
− ⟨12⟩

⟨32⟩ ⟨3 ∂
∂λ1

⟩ · ε1 = ⟨µ2|e
⟨21⟩
⟨32⟩ ⟨3 ∂

∂λ1
⟩|1⟩h

( [µ12]
[1µ1]⟨µ22⟩

)h

=
(

⟨µ21⟩ −
⟨12⟩⟨µ23⟩

⟨32⟩

)h ( [µ12]
[1µ1]⟨µ22⟩

)h

=
( ⟨31⟩

⟨32⟩

)2h

,

where we have used that e
− ⟨12⟩

⟨32⟩ ⟨3 ∂
∂λ1

⟩ acts as a Lorentz boost on |1⟩, see appendix B. Finally, the h3 dependence is also
the same in (7.34) and (7.36).
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to gravity. We recall from the previous section that this is because 1) diffeomorphism (gauge) invariance

and crossing-symmetry are manifest and 2) tree-level unitarity follows from general arguments [155,301].

This means that we just need to construct a corresponding Lagrangian to identify the theory, which we

will do for most cases in Section 7.3.

We have already explained how under the dimensional reduction D = d + 1 → d we obtain massive

momenta and the corresponding propagators. We have also shown how the D-dimensional polarization

vectors/spinors of the compactified particles, εµ and uα, can now be regarded as satisfying the corre-

sponding massive wave equations. The result of (7.37) after this procedure leads to the general formula

for one-massive line

As+s̃
n (φs+s̃

1 H3 · · ·Hnφ
s+s̃
2 ) := 1

2
∑
αβ

KαβA
QCD
n,α (φs

1g3· · ·gnφ
s
2) ⊗AQCD

n,β (φs̃
1g3· · ·gnφ

s̃
2). (7.38)

which holds for s, s̃ ≤ 1 and has a smooth high-energy limit by construction. Thus, this gives a double-

copy formula for the minimally-coupled partial amplitudes defined in the sense of [68].

Even though we have not yet specified the theory, let us momentarily restrict the statesHi to gravitons.

We have explicitly checked, by inserting massive spinor-helicity variables, that in D = 4 we can obtain

the gravitational and QCD amplitudes given in [68] for n = 3, 4, see (7.47) below. This establishes a

D = 4 double-copy formula between these amplitudes, analogous to the one studied in Appendix E.1.

In general dimensions, we have also checked that this agrees with the amplitudes and double copy for

s = 0, s̃ ̸= 0 pointed out in [192]. We remark that these are precisely the gravitational amplitudes used

to obtain perturbative black hole observables in [57–59, 130, 196], and that for the all-graviton case the

LHS of (7.38) is unique given the sum s+ s̃.

We now provide simple examples to illustrate these points. In the rest of this section we shall

indistinctly use ε2 or ε∗
2 to refer to the (conjugated) polarization of the outgoing massive state.

Non-universality of Dilaton Couplings

As opposed to gravitons, we have anticipated that the dilaton field couples differently in the 0 ⊗ 1 than

in the 1
2 ⊗ 1

2 case. So let us compute the amplitude A3(W1ϕW
∗
2 ) via double copy of s = 0 and s = 1.

This is to say, we take the trace of

A0⊗1
3 (W1H

µνW ∗
2 ) = AQCD,s=0

3 (φ1g
µφ2)AQCD,s=1

3 (W1g
νW ∗

2 ) (7.39)

i.e. the 0⊗1 double copy, and contrast it with (7.21) from the 1
2 ⊗ 1

2 double copy. The spin-1 QCD factor

arising from dimensional reduction is equivalent to a covariantized Proca action plus a correction on the

gyromagnetic ratio g, see next section. Explicitly,

AQCD,s=1
3 (W1g

µW ∗
2 ) = pµ

1ε1 · ε2 − εα
1 (Jµν)β

αε2βk3ν (7.40)
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where we used that (Jµν)α
β = ηα[µδ

ν]
β according to our conventions in (7.33). Recalling that for spin-0

Aµ
3 ∝ pµ

1 , the trace of (7.39) gives

A0⊗1
3 (W1ϕW

∗
2 ) = κ√

d− 2
(
m2ε1·ε2 + k3·ε1 k3·ε2

)
, (7.41)

where we restored the coupling κ in order to be more precise. We now observe that this differs from (7.21)

in a term proportional to ε1·k3 ε2·k3, controlled by a coupling ϕF 2 with the matter field that we derive

in the next section. At first this may look like a contradiction given that we pinpointed the massless

origin of this double copy, namely eq. (7.35). Here A3(W1ϕW
∗
2 ) should be uniquely fixed by little-group

as happened for the graviton case (7.36). The difference however lies in the coupling constant, which

vanishes in the d→4 ,m→0 limit for A
1
2 ⊗ 1

2
3 (W1ϕW

∗
2 ) but not for A0⊗1

3 (W1ϕW
∗
2 ). Hence the reason why

graviton amplitudes are the same in both 1
2 ⊗ 1

2 and 0 ⊗ 1 double-copies is not only because of its massless

form (7.34), but also because the coupling κ is fixed by the equivalence principle.

A final and crucial remark is as follows. From general considerations it is known that the dilaton

cannot couple linearly to the spin of a matter line [32,117]. This is consistent, as we will see that (7.41)

contains only a quadrupole ∼ J2 term, but appears in contradiction with the fact that As=1 in (7.40),

which carries the spin dependence, seems to have a dipole and no quadrupole. The resolution of this

puzzle comes from distinguishing two types of multipoles. The first type are the covariant multipoles

carrying the action of the full Lorentz group SO(d − 1, 1), as generated by Jµν . The second type are

the rotation multipoles defined by the condition pµS
µν = 0 with respect to e.g. the average momentum

p = p1+p2
2 . They generate the SO(d − 1) rotation subgroup and in the classical limit represent the

classical spin-tensor of compact objects. The relation between the two multipoles is the decomposition

SO(d − 1, 1) → SO(d − 1) explained in §5.3.1, such that one can write Jµν = Sµν + boost terms. Using

this, (7.40) can be written as

AQCD,s=1,µ
3 = pµ

(
1 + k3µS

µαS ν
α k3ν

m2(d− 3)

)
− Sµνk3ν , (7.42)

where the quadrupole term SµαS ν
α is obtained precisely from the boost piece and we have stripped

polarization states.9 The double copy now gives

A0⊗1
3 (W1ϕW

∗
2 ) = κ√

d− 2
pµ

[
pµ

(
1 + k3µS

µαS ν
α k3ν

m2(d− 3)

)
− Sµνk3ν

]
= κm2

√
d− 2

(
1 + k3µS

µαS ν
α k3ν

m2(d− 3)

)
. (7.43)

Comparing this to our previous result, it is clear that the term k3·ε1k3·ε2 in (7.41) is in direct correspon-

dence with the quadrupole operator. A similar argument holds for the 1
2 ⊗ 1

2 theory: In this case there

is genuinely no quadrupole contribution in the QCD factor,

A
QCD,s= 1

2 ,µ
3 = pµ − Sµνk3ν , (7.44)

9Here the massive polarization vectors have been removed and the quantum amplitude is understood to be an operator
acting on them. On the other hand, in the classical context, Sµν is interpreted as a spin tensor (c-number) describing the
intrinsic rotation of the classical object.
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whereas in the double copy A
1
2 ⊗ 1

2 the linear-in-spin terms again cancel due to pµS
µν = 0. We are left

again with a quadrupole term ∼ S2, as can be also seen from (7.21). We conclude that the 1
2 ⊗ 1

2 and

0 ⊗ 1 theories differ in the dilaton coupling only at the level of the matter quadrupole. We come back to

this point during §7.4.3 in the context of classical double copy.

Compton Amplitude and the g factor

Moving on to n = 4, we can explore the interplay between the double copy and the multipole expansion.

Let us first quote here the spin-1 QCD result for general gyromagnetic factor g computed by Holstein

in [190]

AQCD,s=1
4 (1324) =1

4

{
− 2ε1 · ε2

[
ϵ3 · p1ϵ4 · p2

p1 · k3
+ ϵ3 · p2ϵ4 · p1

p1 · k4
+ ϵ3 · ϵ4

]
− g

[
ε1 · F4 · ε2

(
ϵ3 · p1

p1 · k3
− ϵ3 · p2

p1 · k4

)
+ ε1 · F3 · ε2

(
ϵ4 · p2

p1 · k3
− ϵ4 · p1

p1 · k4

)]
+ g2

[
1

2p1 · k3
ε1 · F3 · F4 · ε2 − 1

2p1 · k4
ε1 · F4 · F3 · ε2

]
− (g − 2)2

m2

[
1

2p1 · k3
ε1 · F3 · p1ε2 · F4 · p2

− 1
2p1 · k4

ε1 · F4 · p1ε2 · F3 · p1

]}
,

(7.45)

where Fµν
i = 2k[µ

i ϵ
ν]
i . Here all momenta are outgoing and satisfy the on-shell conditions p2

1 = p2
2 = m2

and k2
3 = k2

4 = 0. The covariantized Proca theory is obtained by setting g = 1 and hence contains a 1/m

divergence. On the other hand, if the Proca field is identified with a W± boson of the electroweak model

we obtain g = 2 and completely cancel the 1/m term. This is a general feature of the g = 2 theory at any

multiplicity [282]. Moreover, in this case we observe not only a well behaved high energy limit, but also

not apparent dependence on m at all! This means that the amplitude is essentially equal to its massless

limit, which corresponds to a n = 4 color-ordered gluon amplitude. This is essentially the single copy

amplitude we refereed to in the discussion around (5.35) above.

From the above we find that for this amplitude setting g = 2 will automatically yield to the double

copy relation (7.38). This is the underlying reason for the result found in [190, 191] for the natural

value of g. The converse is also true as gravitational amplitudes always have g = 2, thus imposing

the same value on its QCD factors. The universality of g is a feature of the gravitational Lagrangians,

independently of the covariantization or the couplings considered. It was checked explicitly in [103] and is

a direct consequence of the universal subleading soft theorem in gravity [102]. This contrasts to QCD in

that only the leading soft factor is universal there and hence g becomes a parameter. Finally, it can also

be understood from the fact that both rotating black hole or neutron stars also yield g = 2 indistinctly

in classical GR [302].

Let us elaborate on the relation between (7.45) and the 4-gluon amplitude. Pretend that (7.45) (with

g = 2) is indeed the massless amplitude. As we compactify we must send pi → Pi = (pi,±m) and

ki → (ki, 0), while setting the polarizations εi, ϵi to lie also in D − 1 dimensions. As the amplitude itself
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only depends on pi through Pi · kj and Pi · ϵj the extra dimensional component of Pi drops and the mass

m simply does not appear. More generally, the reader can convince themselves that the only appearances

of m are through 1) P1 · P2 = p1 · p2 + m2 or 2) P1 · ϵiP2 · ϵj , which we have seen lead to p1 · p2 after

dilaton projection. In the first case we can use momentum conservation to write P1 ·P2 =
∑

i<j ki ·kj and

effectively cancel the mass dependence. Hence, if we choose a basis of kinematic invariants that excludes

P1 ·P2 the compactification will be trivial: The amplitudes An will essentially be identical to their massless

limit except in the cases of dilaton amplitudes, since they contain terms like p1 · p2 = −m2 +
∑

i<j ki · kj .

The same observation applies to the KLT construction (7.38) and the KLT kernel introduced in the

previous section. We will extend these observations to more matter lines in §7.4.

Note also that the explicit mass dependence can as well be hidden by means of d = 4 massive spinor-

helicity variables.10 For instance, using these variables eq. (7.45) with g = 2 reads

AQCD,s=1
4 (1324) ∝ ⟨3|1|4]2

p1 · k3 p1 · k4

(
[1a3]⟨42b⟩ + ⟨1a4⟩[2b3]

)2 (7.46)

In this form the double copy can be performed as in appendix E.1. For instance, from two copies of the

previous spin-1 amplitude we obtain the following spin-2 amplitude:

Agr,s=2
4 ∝ ⟨3|1|4]4

p1 · k3 p1 · k4 k3 · k4

(
[1a3]⟨42b⟩ + ⟨1a4⟩[2b3]

)4 (7.47)

This result has been used to construct observables associated to the Kerr BH in [58, 103], in fact, as

reviewed in §2.4, the Compton amplitude can be written in an exponential form, we will use such formula

in chapter 8 to show it matches the classical solutions of the Teukolsky equitation for the scattering

of gravitational waves off the Kerr BH. Here we can conclude that such amplitude is nothing but the

4-graviton amplitude in higher dimensions. Again, since there are no massless higher spin particles in

flat space, this framework provides a natural explanation for the fact that Agr,s>2
4 and AQCD,s>1

4 must

contain 1
m divergences.

7.3 Constructing the Lagrangians

In this section we will provide the Lagrangians associated to the previous constructions, covering all the

QCD theories and mainly focusing on the 1
2 ⊗ 1

2 and 0 ⊗ 1 gravitational cases. This will allow us to gain

further insight in the corresponding amplitudes. On the QCD side we will employ the compactification

method to obtain the actions. On the gravity side we will construct them from simple considerations

in the string frame, including classical regime. For two matter lines some of these Lagrangians acquire

contact terms which we further study in §7.4.
10See [68] for the details on this formalism and [58,102] for a construction of these amplitudes via soft factors.
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7.3.1 QCD Theories

We start by considering the QCD factors associated to the double copy. The cases of spin-0 and spin- 1
2

are standard and we can provide the Lagrangian for more than one matter line straight away. The case

of the QCD theory of spin-1 [190,191] is more interesting and will be treated in a separate subsection.

Spins s = 0, 1
2

We have explained in the previous section how the scalar theory coupled to QCD arises from a partic-

ular compactification both in momenta and polarization vectors. The compactification in polarization

vectors is obtained by considering a pure gluon amplitude and setting εi = (0, . . . 0|1) where the non-zero

component explores an “internal space”. We can immediately ask what happens if the internal space is

enlarged to N slots, namely the scalars are obtained by setting

εi = (0, . . . , 0︸ ︷︷ ︸
D

| 0, . . . 1, . . . , 0︸ ︷︷ ︸
N

) . (7.48)

This construction is well known from string theory and the resulting amplitudes correspond to N scalars

in QCD. In other words, letting I, J = 1, . . . , N the resulting amplitudes for any number of scalar lines

are given by the aforementioned “special” Yang-Mills scalar theory:

Ls=0
D = −1

4tr(FµνF
µν) + 1

2tr(DµφID
µφI)−1

4tr([φI , φJ ][φI , φJ ]). (7.49)

The proof of this compactification is very simple and illustrative so we briefly outline it here. It follows

from decomposing the gluon polarization in D +N dimensions as

Aµ → (Aµ|φ1, . . . , φN ), (7.50)

which implies

FµI = DµφI , FIJ = [φI , φJ ], (7.51)

together with the D dimensional Fµν components. Then, the resulting Lagrangian (7.49), just follows

from expanding tr(F 2). Note that the fields only depend on D coordinates (see e.g. [303]). Two key

remarks which will be useful later are as follows: First, the extra dimensional (scalar) modes are always

pair-produced and hence will assemble into matter lines in the Feynman diagrams. In particular this

means that even after dimensional reduction the pure gluon amplitudes coincide with the ones of YM

theory. Second, as already pointed out in the original construction [304] of the compactified Yang-Mills

action, the action (7.49) indeed corresponds to the bosonic sector of N = 4 Super Yang-Mills theory (in

that case D = 4 and N = 6).

Let us now provide masses to the scalars in the Lagrangian (7.49). This requires to consider complex

fields as is standard in KK reductions. There are a number of ways to achieve this. For instance, still

following [304], we can consider an even number of compact dimensions N after which the scalars can be

grouped as ψ = φI + iφI+1.
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Here we will instead take an alternative route that connects more directly to our previous amplitudes

discussion, and therefore extends to particles with spin. Recall that so far we have constructed the

double-copy formula for a single matter line (7.38). We can also consider scattering amplitudes for more

matter lines as long as they have different flavors, a restriction that we impose throughout this chapter.

Now, for a given flavor I, the Lagrangian (7.49) takes the form LD ⊃ 1
2φIDφI (without summation)

where D is a Hermitian operator that can depend on other fields. This Lagrangian generates the same

Feynman rules than φ∗
IDφI , which is the previous statement that the scalar fields are pair-produced.

Repeating the argument for I, J = 1, . . . , N , we conclude that we can replace

Ls=0
D → −1

4tr(FµνF
µν) + tr(Dµφ

∗
ID

µφI)−tr([φ∗I , φ∗J ][φI , φJ ]). (7.52)

carrying a U(1)N flavour. After providing masses to the complex fields, they can be turned into real fields

again via the same argument. We will use this procedure in the remaining compactifications presented

in this chapter.

We now proceed then via KK reduction on a torus, MD = Rd × TN , and we let each of N scalars to

have a non-zero momentum in one of the circles S1,

φI(x, θ) = eimI θIφI(x), (7.53)

where 0 < θI ≤ 2π
mI

. The gluon field has no momenta on TN , i.e. is θ-independent, and its only

non-zero components are Aµ(x), where now µ = 0, . . . , d − 1. By acting with the derivative ∂µ̄, where

µ̄ = 0, . . . , D − 1 = d+N − 1 , we can read off the momentum of the flavour φI :

p
(I)
iµ̄ = ( piµ︸︷︷︸

d

| 0, . . . ,mI , . . . , 0︸ ︷︷ ︸
N

). (7.54)

Thus the on-shell condition becomes (pI
i )2 = p2

i − m2
I = 0 and, for N = 1, this procedure is equivalent

to the one described in the previous section. It generalizes it to more massive lines by imposing that the

momenta of scalars of different flavour are orthogonal in the KK directions, i.e. p(I)
i · p(J)

j = pi · pj for

I ̸= J . By integration on TN we find the corresponding massive action:

∫
ddxdNθLs=0

D ∝
∫
ddxtr(−1

4FµνF
µν + 1

2DµφID
µφI + 1

2m
2
IφIφ

I−1
4 [φI , φJ ][φI , φJ ]), (7.55)

which corresponds to a scalar QCD theory, with a sum over flavours I implicit. Here the scalars inherit

the adjoint representation from the higher-dimensional gluons. For one matter line we can nevertheless

take them in the fundamental representation (see sec. 7.3.1 below) and also drop the quartic term from

the Lagrangian: The double copy of the resulting theory has been studied in [6] and we will come back to

it in §7.4. On the other hand, by keeping the last term we have a non-trivial contact interaction between

flavours. In the massless case the double copy of this theory with itself corresponds to Einstein-YM as

first observed in [305]. In our case we will be interested in the double copy of (7.55) with the spin-1 theory
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constructed in the next subsection, leading to the 0 ⊗ 1 gravitational theory. In the classical regime we

also anticipate that this distinction is irrelevant and both cases can be regarded as equivalent.

Finally, we note that we can also apply the reduction procedure to massless QCD in order to get the

massive theory, as discussed previously from the amplitudes perspective. Using the splitting (7.14) we

obtain, after dropping some irrelevant KK modes,

∫
ddxdNθLs= 1

2
D ∝

∫
ddxtr

(
−1

4FµνF
µν + iψ̄IΓµD

µψI −mψ̄Iψ
I

)
. (7.56)

In d = 4 and for a single fermion line, we note that this reproduces the fermion amplitudes of N = 4

SYM in the Coulomb branch.

Spin s = 1

We now consider in detail the case of spin-1, that is, a complex Proca field coupled to QCD. In order to

motivate this theory we will reproduce here the argument given by Holstein in [190] regarding the natural

value of g, which we used in chapter 5 to derive the three-point amplitude for spinning particles in QED,

but here we consider a slightly more general setup by promoting QED to QCD amplitudes.

Consider first the (complex) Proca theory minimally coupled to SU(N) Yang-Mills theory,

L = −1
4F

a
µνF

µν
a − 1

4W
Ī
µνW

µν
I + m2

2 Wµ

Ī
W I

µ , (7.57)

where we have distinguished color indices I, Ī to emphasize that (W Ī)W I transforms in the (anti)fundamental

representation. This is just a formal feature since for now we will only consider one matter line (note

also that the mass does not depend on I). Here

W I
µν = DµW

I
ν −DνW

I
µ ,

DµW
I
ν = ∂µW

I
ν +Aa

µT
IJ̄
a WνJ̄ .

(7.58)

Now consider the three point amplitude obtained from (7.57),

AQCD,1
3 (W I

1A
a
3W

J̄
2 ) = 2T aIJ̄ × (ϵ3 · p1ε1 · ε∗

2 − ϵ3µk3νε
[µ
1 ε

∗ν]
2 ) , (7.59)

which is equivalent to (5.4) with the additional colour generators from the non-abelian structure of QCD.

By recalling the example of (5.6) we can easily identify the scalar and dipole pieces in these two terms.

Note that ε1 · Jµν · ε∗
2 = 2ε[µ

1 ε
∗ν]
2 and hence we obtain g = 1. This is consistent with the value of g = 1

s

obtained for minimally covariantized Lagrangians as conjectured by Belinfante [306]. We then proceed

to modify the value of g by adding the interaction

Lint = β F a
µνT

IJ̄
a Wµ

I W
ν
J̄
. (7.60)

This interaction was studied in e.g. [190] restricted to the context of QED. In such case we can take



7.3. CONSTRUCTING THE LAGRANGIANS 130

T IJ̄
a → δ+− and Lint arises from the spontaneous symmetry breaking in the W±-boson model (with

β = 1). In our case we need to promote this to QCD so that we can perform the double copy at higher

multiplicity. In any case, this term precisely deforms the value of the dipole interaction to g = 1 + β,

because

Lint → −2β T IJ̄
a × ϵ3µk3νε

[µ
1 ε

∗ν]
2 . (7.61)

Now, we claim that in order for AQCD
3 to be consistent with the double copy for the graviton states we

will need to set g = 2, i.e. β = 1 as in the electroweak model. This is because only in such case we find11

AQCD,0
3 ×AQCD,1

3 ∼ Agr,1
3 (W1h3W2),

∼ ϵ3 · p1 × (ϵ3 · p1ε1 · ε∗
2 − 2 ϵ3µk3νε

[µ
1 ε

∗ν]
2 ) (7.62)

Here we have stripped the coupling constants to make the comparison direct and written the graviton

polarization as ϵµν
3 = ϵµ3 ϵ

ν
3 for simplicity, which can then be promoted to a general polarization ϵµν

3 . The

fixing of g = 2 follows then from the fact that gravitational amplitudes for any spin will always lead to

g = 2 as we outlined in the Compton example in (7.45).

The fact that the double copy is satisfied for the W -boson model but not for the “minimally coupled”

Proca action is not a coincidence. As we have explained, the concept of minimal coupling that we attain

here does not necessarily agree with the covariantization of derivatives in (7.57). Our condition for

minimal coupling, and that of [68], is that the m → 0 limit of AQCD
n is well defined at any multiplicity n.

The W -boson model arises from spontaneous symmetry breaking in SU(2)L × U(1)Y gauge theory, and

as such, will be deformed back to Yang-Mills as we take m → 0. This will precisely fix β = 1 in (7.61)

and we now show how.

From a Feynman diagram perspective, we have already explained how the QCD amplitudes we are

after can be obtained from massive compactification of YM amplitudes. In the case of spin-1 and a single

matter line, we interpret the cubic Feynman diagrams of AYM
n as associated to a color factor made of

fundamental and adjoint structure constants, following [203]. As an example, for partial amplitudes in the

half ladder (DDM) basis, we will consider the color factor associated to the ordering α = (1β1 . . . βn−22)

as

fa1aβ1 b1f b1aβ2 b2 . . . f bn−3aβn−2 a2 → T I1J̄1
aβ1

T J1J̄2
aβ2

. . . T Jn−3Ī2
aβn−2

, (7.63)

where particles in {β1, . . . , βn} are gluons and particles 1 and 2 are bosons W I1 ,W Ī2 respectively. The

same operation can be repeated in any cubic color numerator of YM, which in general means to replace

fabc → T IJ̄
a for matter vertices or just leave them as fabc for the 3-gluon vertices. This means we identify

three types of color indices: A = (a, I, Ī).12 After relabelling the structure constants and the fields

accordingly, the field strength FA
µν can be split into the components

11This is a slight simplification of the argument, which is what we used in [102] at n = 3, arbitrary spin. Actually,
Holstein [191] studied the double copy of AQED

4 with the purpose of showing the 1/m cancellations which are equivalent to
g = 2 as we saw in (7.45). Of course, the amplitude Agr

4 did not feature any such divergences.
12Formally we take T IJ̄

a = −T J̄I
a as in [203]. One must also be careful in that the structure constants {T IJ̄

a , fabc } do
not form a Lie algebra (except in the SU(2) case) and hence cannot be used as an input to construct a pure YM action.
However, the inconsistency appears in the Jacobi relation T IJ̄

a T KL̄
a + . . . which is associated to two matter lines, which we

are not interested here: We drop such interactions in our resulting Lagrangian.
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Fa
µν = F a

µν + 2T a
IJ̄
W I

[µW
J̄
ν] , FI

µν = W I
µν , F Ī

µν = W Ī
µν , (7.64)

where Wµν is defined in (7.58). Now consider the YM action after relabelling

1
4FA

µνFµν
A = 1

4F
a
µνF

µν
a + 1

4W
Ī
µνW

µν
I + Fµν

a T a
IJ̄
W I

µW
J̄
ν + . . . , (7.65)

where we have dropped the term with four W -bosons. Repeating the compactification procedure, this

time on a single circle S1, gives

Ls=1 = −1
4F

a
µνF

µν
a − 1

4W
Ī
µνW

µν
I + m2

2 Wµ

Ī
W I

µ − Fµν
a T a

IJ̄
W I

µW
J̄
ν , (7.66)

which is indeed the deformation of (7.57) by the “spin-dipole” coupling (7.60). Thus, we have shown

that the massive spin-1 theory yielding the g = 2 interaction when coupled to QCD is precisely the

compactification of Yang-Mills theory for a single matter line, as described in Section 7.2.

7.3.2 Proposal for Gravitational Theories

Let us now introduce the gravitational Lagrangians. We begin by a construction of both 0 ⊗ 1 and 1
2 ⊗ 1

2

theories in the string frame, following some simple guidelines. First, let us assume momentarily that the

base massless theory, leading to the amplitudes Agr
n (γ−h3· · ·hnγ

+) is indeed Einstein-Maxwell in both
1
2 ⊗ 1

2 and 0 ⊗ 1 cases,

Lbase = −√
g

[
2
κ2R+ 1

2F
∗
µνF

µν

]
. (7.67)

This allow us to signal the crucial difference between the 1
2 ⊗ 1

2 and 0 ⊗ 1 theories in the dilaton coupling.

Following [307], in the string frame this can be generated by adding the kinetic term and promoting
√
g → √

ge− κ
2 ϕ. Thus we propose

L0⊗1
base = √

ge− κ
2 ϕ

[
− 2
κ2R+ 1

2(∂ϕ)2 − 1
2F

∗
µνF

µν

]
, (7.68)

L
1
2 ⊗ 1

2
base = √

ge− κ
2 ϕ

[
− 2
κ2R+ 1

2(∂ϕ)2
]

− √
g × 1

2F
∗
µνF

µν . (7.69)

We now see the difference lies in the fact that the Maxwell term has been added before and after

incorporating the dilaton, respectively. The coupling of the dilaton is simpler and in a sense trivial in

the 1
2 ⊗ 1

2 theory, which is characteristic of the Brans-Dicke-Maxwell action [308]. In fact, we can take

such theory into the so-called Jordan frame by setting

ϕ = − 2
κ

ln Φ, (7.70)

which leads to the standard Brans-Dicke theory [309]

L
1
2 ⊗ 1

2
base = 2

κ2
√
g

[
−ΦR+ (∂Φ)2

Φ − κ2

2 × 1
2F

∗
µνF

µν

]
. (7.71)
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On the other hand, our proposal that the 0 ⊗ 1 action involves a non-trivial coupling to the dilaton arises

from a careful consideration of the classical results of [32], which construction we further realize in §7.4

as a double copy of a spinning source (e.g. s = 1) in QCD with a scalar theory (s = 0).

At this point we can generate a mass term by performing the compactification on a circle, MD =

Rd × S1, letting the Proca field to have a non-zero (quantized) momentum on S1

Aµ(x, θ) = eimθAµ(x) , (7.72)

whereas the remaining fields have not, i.e. hµν(x) and ϕ(x) are θ-independent. Notice we have also

implicitly restricted the polarizations to lie in d = D − 1 dimensions. For instance, the full metric reads

gµ̄ν̄ = ηµ̄ν̄ + κ

2hµ̄ν̄ , (7.73)

but hµ̄ν̄ only has non-zero components hµν . This relies on the assumption, exemplified in section 7.3.1,

that additional KK components will assemble into matter lines and hence can be decoupled. The only

exception is the dilaton field, which would in principle obtain a contribution from the extra component

hDD in hµ̄ν̄ . The reason we set this component to zero beforehand is precisely to reproduce our prescrip-

tion (7.20) as opposed to (7.19) (which would lead to the standard dimensional reduction of the dilaton

amplitudes).

After this clarification we can now readily perform the integration of the action over the compact

direction, leading to

1
2π

∫
ddxdθLbase=

∫
ddx

√
g

 e− κ
2 ϕ
[
− 2

κ2R− 1
2 (∂ϕ)2− 1

2F
∗
µνF

µν+m2A∗
µA

µ
]

, for 0 ⊗ 1

e− κ
2 ϕ
[
− 2

κ2R− 1
2 (∂ϕ)2]− 1

2F
∗
µνF

µν+m2A∗
µA

µ , for 1
2 ⊗ 1

2

(7.74)

The key point here is that we have performed the compactification in the string frame, where the dilaton

coupling is trivial. We can move to the Einstein frame by setting gµν → e− κϕ
d−2 gµν . Perturbatively, this

is equivalent to a change of basis in the asymptotic states, given by

hµν → hµν − ϕ

d− 2ηµν + O(κ), (7.75)

which means the amplitudes in this frame can be computed as linear combinations of the string frame

ones. Returning to the Lagrangian, we use

R → e− κϕ
d−2 (R− κ

d− 1
d− 2D

2ϕ− d− 1
d− 2

κ2

4 ∂µϕ∂
µϕ) (7.76)

after which we perform a trivial rescaling (ϕ → (d− 2)ϕ) to get

L 1
2 ⊗ 1

2 = √
g

[
− 2
κ2R+ (d− 2)

2 (∂ϕ)2 − 1
2e

κ
2 (d−4)ϕF ∗

µνF
µν +m2e

κ
2 (d−2)ϕA∗

µA
µ

]
, (7.77)



7.3. CONSTRUCTING THE LAGRANGIANS 133

and

L0⊗1 = √
g

[
− 2
κ2R+ (d− 2)

2 (∂ϕ)2 − 1
2e

−κϕF ∗
µνF

µν +m2A∗
µA

µ

]
. (7.78)

Note that only in d = 4 the dilaton is not sourced by matter in the 1
2 ⊗ 1

2 theory. Indeed, consider

momentarily the massless limit m = 0. A general Einstein-Maxwell-Dilaton theory in four dimensions

can be classified in the Einstein frame from the coupling e−καϕF 2, with 0 ≤ α ≤
√

3 [310, 311]. The

Brans-Dicke theory corresponds to α = 0 whereas the low-energy limit of string theory yields α = 1. This

is not surprising as we will soon identify the 0 ⊗ 1 with a dimensional extension of N = 4 Supergravity.

We should mention that the α =
√

3 case is characteristic of the well-known five dimensional KK theory,

whose double copy structure was considered in [305].

These actions would be enough for amplitudes involving only gravitons, dilatons and two Proca fields

as external states. However, in the case of the 0 ⊗ 1 theory we have seen that axions can be sourced

by matter. Keeping the classical application in mind, this means that for two matter lines we will need

to compute such contributions, as they will appear as virtual states. We begin by constructing the

interaction that reproduces single matter-line amplitudes with external axions.

In order to introduce the axion coupling in the 0 ⊗ 1 theory we again resort to the classical results

of [32], which found that in the string-frame the axion couples to the matter through

κ

∫
dτ Hµνρv

µSνρ. (7.79)

Here Sµν is the spin operator as introduced in section 7.2.1. This coupling can be reproduced in QFT

by computing a “three-point” amplitude between the dipole and the axion,

Aµν
3 ∝ κp[µ × Sν]ρqρ, (7.80)

where qµ and pµ are the momentum of the axion and the matter line respectively. As predicted, we

identify the first factor as the scalar 3pt. amplitude Aµ,s=0
3 ∝ pµ and the second factor as the dipole of

the spin-1 amplitude Aµ,s=1
3

∣∣∣
J

∝ Sµρqρ [102], which signals this corresponds to the 0 ⊗ 1 theory. The

overall proportionality factor can be adjusted accordingly. The QFT 3-pt. vertex leading to (7.80) is

then the direct analog of (7.79), That is, after identifying Sµν → Jµν up to longitudinal terms, (7.79)

becomes

−Bµν(q) × κpµ
2A

∗[ν(p2)Aρ](p1)qρ → κ

2Hµνρ∂
µA∗[νAρ] = κ

4HµνρA
∗µF νρ. (7.81)

Attaching then the canonically normalized kinetic term 1
6HµνρH

µνρ we can readily take this vertex into

the Einstein frame (also applying the aforementioned rescaling to ϕ),

√
ge− κ

2 ϕ × 1
6Hµνρ(Hµνρ + 3κ

2 (A∗µF νρ+c.c.)) → √
ge−2κϕ × 1

6Hµνρ(Hµνρ + 3κ
2 (A∗µF νρ+c.c.)). (7.82)

Note that this term is not deformed by the massive compactification since the derivatives in Fµν are

contracted with Hµνρ living in d = D− 1 dimensions. We note that the complex character of the fields is

important for the following compactification. However, once the compactification is done we are left with

a quadratic action in the Proca field, which can then be turned into real invoking the argument above
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(7.52). Thus we finally arrive at the action principle presented in the introduction for one matter line:

L0⊗1=√
g

[
−2R
κ2 +(d−2)

2 (∂ϕ)2−e−2κϕ

6 Hµνρ(Hµνρ+3κ
2 AµF νρ)−1

4e
−κϕFµνF

µν+m2

2 AµA
µ

]
(7.83)

Note that the massless sector corresponds to N = 0 Supergravity [307] as seen also in [32]. We will

rederive this result from a pure on-shell point of view in the following subsubsection, and extend it to

two-matter lines. We will also perform various checks in our proposals for both 1
2 ⊗ 1

2 and 0 ⊗ 1 actions.

We can also already draw some conclusion regarding the interactions: Even though the axion is sourced

by the Proca field, it is pair produced in the massless sector. This means that the axion is projected out

in amplitudes involving external gravitons and dilatons with a single matter line, just as in the 1
2 ⊗ 1

2

theory. More importantly, an analogous reasoning can be applied to dilatons to show that in both 0 ⊗ 1

and 1
2 ⊗ 1

2 theories the graviton emission amplitudes are precisely the same, as we observed first in [102].

Now, as we have mentioned, when the dilaton is included as an external state its coupling differs in both

theories: In particular, it follows from (7.77) that in the massless four dimensional case the dilaton is not

sourced by the photon in the 1
2 ⊗ 1

2 theory, see e.g. the 4-pt. example in [203].

7.4 Two matter lines from the BCJ construction

So far we have used the KLT double copy mostly to compute the amplitudes An, i.e. those involving

one matter line. To test the extent of the double copy it is important to include more matter lines

transforming in the fundamental representation. In our case it will be enough to consider two matter

lines of different flavours in order to make contact with the classical results of previous chapters. The

full quantum amplitudes lose many nice features of the An amplitudes: For instance we cannot trivially

remove the dilaton-axion propagation nor write the multipole expansion of chapter 5 directly. We shall

anyhow conclude that the relevant classical information is already contained in the An amplitudes, as

pointed out in e.g. [280], which we have used to remove the dilaton/axion from the classical perspective

in chapter 5.

For more than one matter line a basis of amplitudes based on Dyck words was introduced by Melia

[312,313] and later refined by Johansson and Ochirov [268,314].13 Since we only consider here two matter

lines we choose to resort instead to the BCJ representation we introduced in §2.3, thereby extending the

approach of [6]. The equivalence between the approaches has been detailed, including spin- 1
2 applications,

in e.g. [270].

Consider the two matter lines to have mass ma and mb, and spin sa and sb. For QCD scattering,

the two massive particles have different flavours, and we restrict their spins to lie in
{

0, 1
2 , 1
}

. These

amplitudes are defined by the Lagrangians provided in Section 7.3: For the spin-0 case we use the scalar

QCD Lagrangian (7.55) with the removed quartic term as per our previous discussion; for spin-1 we use

the W−boson model (7.66) and for spin-1/2 we use the standard QCD Lagrangian for massive Dirac

fermions (7.56).
13The amplitudes in Melia basis satisfy a restricted set of BCJ relations [268, 269], and consequently a generalized KLT

construction has been recently introduced in [126,271], see also [270]. For loop level extensions of colour-kinematics duality
in this context see [315–318].
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Following the BCJ prescription we arrange the QCD amplitudes into a sum of the form

MQCD
n =

∑
i∈Γ

cin
(sa,sb)
i

di
, (7.84)

running over the set Γ of all cubic diagrams, with denominators di. The superscript (sa, sb) here denotes

the spin of the lines and may be omitted. For a given triplet (i, j, k), if the color factors satisfy the Jacobi

identity

ci ± cj = ±ck, (7.85)

then colour kinematics duality requires there is a choice of numerators ni such that

ni ± nj = ±nk. (7.86)

The gravitational amplitudes can be computed starting from (7.84) by replacing the color factors with

further kinematic factors, which can be associated to a different QCD theory. In this section we will

explore some of the choices for QCD theories, and write the explicit form of the resulting gravitational

Lagrangians. With this in mind, the n−point gravitational amplitude, where now the massive lines have

spins sa + s̃a and sb + s̃b respectively, reads

M (sa⊗s̃a,sb⊗s̃b)
n =

∑
i∈Γ

n
(sa,sb)
i ⊗ ñ

(s̃a,s̃b)
i

di
, (7.87)

where the product ⊗ depends on the spin of the massive particles in the QCD theory. For instance, for

sa = s̃a = sb = s̃b = 1/2 we define it in an analogous way to the case of only one matter line (7.17);

that is: consider the spin 1
2 operators Xi and Yi, entering in a QCD numerator nQCD with four external

fermions whose momenta we choose to be all outgoing as follows

n( 1
2 , 1

2 ) = ū2Xiv1ū4Yiv3, (7.88)

analogously, the charge conjugated numerator reads

n̄( 1
2 , 1

2 ) = ū1X̄iv2ū3Ȳiv4. (7.89)

We define the spin-1 gravitational numerator as the tensor product of the two QCD numerators as follows:

n( 1
2 , 1

2 ) ⊗ n̄( 1
2 , 1

2 ) = 1
22⌊d/2⌋−2 tr

[
Xi/ε1(/p1+ma)X̄i/εi(/p2+ma)

]
tr
[
Yi/ε3(/p3+mb)Ȳi/ε4(/p4+mb)

]
, (7.90)

This is the analog double copy numerators of the multipole double copy in (5.57). Notice that the

generalization of (7.90) to an arbitrary number of massive lines could be done analogously by introducing

one Dirac trace for each matter line.

In this section we focus on elastic scattering, given by M4, and inelastic scattering, given by M5, firstly

from a QFT perspective and then from a classical perspective. Nevertheless, we propose Lagrangians for

arbitrary multiplicity as long as we keep two matter lines.
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Setting conventions, the momenta of the particles are taken as follows: For the 2 → 2 elastic scattering,

the two incoming momenta are p1 and p3, and the outgoing momenta are p2 = p1 − q and p4 = p3 + q,

for q the momentum transfer. For the 2 → 3 inelastic scattering, again the two incoming momenta are p1

and p3, whereas the momenta for the two outgoing massive particles are p2 = p1 − q1 and p4 = p3 − q3,

and the outgoing gluon or graviton has momentum k.

7.4.1 Elastic scattering

The simplest example of the scattering of two massive particles of mass ma and mb , and spin sa and sb,

is the elastic scattering, which we call M (sa,sb)
4 amplitudes. Let us illustrate how the double copy works

for some choices of sa and sb.

Case sa = sb = 0 + 1

The gravitational scattering amplitude (7.87) at four points can be obtained from the double copy of

the scalar numerators n(0,0) and the spin-1 numerator n(1,1). This numerator can be computed from the

gluon exchange between two massive spin-0,1 fields, each described by the matter part of (7.66), and

results into

n(0,0) = −e2 (4p1·p3 + q2) , d4 = q2. (7.91)

n(1,1) = −4e2
[

1
4
(
4p1·p3+q2) ε1·ε2 ε3·ε4 − (p1·ε3 p3·ε4+p1·ε3 q·ε4) ε1·ε2

− (p1·ε2 p3·ε1−p3·ε2 q·ε1) ε3·ε4 + p1·ε2 p3·ε4 ε1·ε3

− q·ε1 q·ε3 ε2·ε4 − p3·ε4 q·ε1 ε2·ε3 + p1·ε2 q·ε3 ε1·ε4

]
.

(7.92)

The gravitational Lagrangian for this theory has a more intricate structure than the one for a single

matter line, which is natural due to additional propagation of the axion coupling to the spin of the

matter lines. It can be shown that the Lagrangian is given by

L(0⊗1,0⊗1) = Lct + √
g

[
− 2
κ2R+2(d−2)

κ2 (∂ϕ)2 − e−4ϕ

6κ2 HµνρH
µνρ

− e−4ϕ

6κ2 HµνρA
µ
IF

Iνρ − 1
4e

−2ϕFI,µνF
Iµν+m2

I

2 AI,µA
Iµ

]
,

(7.93)

where the flavour index I ∈ {1, 2}, and once again the masses m1 = ma and m2 = mb. The contact

interaction Lagrangian for this case has the form

Lct ∼ √
g
[
2A1·A2 (∂µA1,ν−3∂νA1,µ)∂µAν

2 − 2A2·F1·F2·A1

− 2Aµ
2∂µA

α
1A

ν
2∂νA1,α−Aµ

1∂µA
α
2A

ν
1∂νA2α−Aµ

1∂αA1,µA
ν
2∂

αA2,ν

]
,

(7.94)

where the product of field strength tensors reads explicitly

A2·F1·F2·A1 = Aµ
2∂µA

α
1 ∂αA2,νA

ν
1−Aµ

2∂
αA1,µ∂αA2,νA

ν
1

−Aµ
2∂µA

α
1 ∂νA2,αA

ν
1−Aµ

2∂
αA1,µ∂νA2,αA

ν
1 .

(7.95)
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Thus in this case, for two particles including spin, we have found an elevated level of complexity even for

the four-point terms in the Lagrangian, not present in the single matter line case.

Case sa = sb = 1
2 + 1

2

We finish the discussion for the elastic scattering considering the simplest gravitational theory for both

of the massive lines with spin-1. As we mentioned previously, this theory is dictated by the factorization

sa = sb = 1
2 + 1

2 . The gravity amplitude (7.87) at 4 pt. is computed from the double copy of the QCD

spin 1
2 numerator n( 1

2 , 1
2 ), and its charge conjugated pair. They have a simple form

n( 1
2 , 1

2 ) = e2ū2γ
µu1ū4γµu3,

n̄( 1
2 , 1

2 ) = e2v̄1γ
µv2v̄3γµv4,

(7.96)

where we use the condition for momentum conservation p2 = p1−q and p4 = p3+q. Now, using the

double copy operation for two matter lines (7.90), the gravitational amplitude takes the compact form

M
( 1

2 ⊗ 1
2 , 1

2 ⊗ 1
2 )

4 = 4
22⌊D/2⌋

κ2

q2 tr
[
γµ/ε1(/p1−ma)γν/ε2(/p2+ma)

]
tr
[
γµ/ε3(/p3−mb)γν/ε4(/p4+mb)

]
, (7.97)

Notice the momenta p1 and p3 are incoming, therefore the sign in the projector changes. After taking

the traces the amplitude reads

M
( 1

2 ⊗ 1
2 , 1

2 ⊗ 1
2 )

4 = 4κ2

q2

{[
ε1·ε2 ((d−6)pν

1p
µ
2 +(d−2)pµ

1p
ν
2) −p1·ε2 ((d−6)εν

1p
µ
2 +(d−2)εµ

1p
ν
2) −

p2·ε1 ((d−6)pν
1ε

µ
2 +(d−2)pµ

1ε
ν
2) +

(
(d−6)p1·p2+(d−4)m2

a

)
(εµ

1ε
ν
2−ε1·ε2η

µν)

+
(
(d−2)p1·p2+dm2

a

)
εµ

1ε
ν
2+(d−6)p1·ε2 p2·ε1η

µν
]

×
[
line a → line b

]
µν

}
,

(7.98)

where the change
[
line a → line b

]
means to do

[
1 → 3, 2 → 4, a → b

]
. Likewise for the two previous

cases, we can write the gravitational Lagrangian for this theory, surprisingly it has a very simple form

L( 1
2 ⊗ 1

2 , 1
2 ⊗ 1

2 ) = √
g

[
− 2
κ2R+2(d−2)

κ2 (∂ϕ)2−1
4e

(d−4)ϕFI,µνF
µν
I, +1

2e
(d−2)ϕm2

IAIµA
µ
I

]
, (7.99)

We say that this is the simplest theory for spinning particles coupled to gravity in two senses: First, even

thought the two massive lines have spin, there is no propagation of the axion. This confirms that in the
1
2 ⊗ 1

2 double copy setup the spin-1 field does not source the axion. Second and more importantly, there

is no need for adding a contact interaction between matter lines, a feature we will confirm also in M5.

This is the only gravitational theory we have found for which this happens and reflects its underlying

fermionic origin.

7.4.2 Inelastic Scattering

Moving on to the inelastic scattering, we consider the emission of a gluon or a (fat) graviton in the final

state. The relevance of this amplitude is that it allows us to make contact with classical double copy
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introduced in chapter 5.

The QCD amplitude obtained from Feynman diagrams can be arranged into the color decomposition

(7.84) with only five terms as shown in Figure 3.2. The color factors and denominators given by

c1 = (T a
1 .T

b
1 )T b

3 , d1 = q2
3
(
2p1·k − q2

1 + q2
3
)
,

c2 = (T b
1 .T

a
1 )T b

3 , d2 = −2 (p1·k) q2
3 ,

c3 = fabcT b
1T

c
3 , d3 = q2

1q
2
3 ,

c4 = (T a
3 .T

b
3 )T b

1 , d4 = q2
1
(
2p3·k + q2

1 − q2
3
)
,

c5 = (T b
3 .T

a
3 )T b

1 . d5 = −2 (p3·k) q2
1 ,

(7.100)

they satisfy the Jacobi relations

c1 − c2 = −c3, c4 − c5 = c3, (7.101)

and in the same way, the numerators can be arrange to satisfy the same algebra

n1 − n2 = −n3, n4 − n5 = n3. (7.102)

The gravitational amplitude will be given again by (7.87), with the sum running from 1 to 5. The product

of polarization vectors of the external gluon ϵµϵ̃ν corresponds to a fat graviton state H5. To extract the

graviton amplitude we replace ϵµϵ̃ν → ϵTT
µν i.e. the symmetric, transverse and traceless polarization

tensor for the graviton. If on the other hand we want to compute the dilaton amplitude, we replace

ϵµϵ̃ν → ηµν√
D−2 . Finally, in the case of the 0 ⊗ 1 theory, there will be also the existence of axion radiation

which can be obtained by taking the antisymmetric part, ϵ[µϵ̃ν].

In order to make direct contact with the classical double copy introduce in chapter 5, we choose

however to write the 5-point, and therefore the numerators entering into the amplitude for the different

theories in more convenient generalized gauge.

7.4.3 Generalized Gauge Transformations and Classical Radiation

As we have seen in previous chapters, the 5-poitn amplitude encodes information regarding the classical

radiated momentum in a 2-3 scattering process, which is carried by long range fields (photons, gravitons,

dilatons and axions) to null infinity [78,80]. This momentum is determined by a phase space integral,

Kµ =
∫

dLIPS(k) kµ |J(k)|2 , (7.103)

as outlined in §2.2, where J(k) is the radiative piece of the stress energy tensor (or current) related

to the amplitude via the LSZ formula. This also requires to implement a prescription for the classical

limit, J(k) = limℏ→0 M5 a la KMOC. In light of the promising developments of [166, 220, 299, 319] it is

desirable to understand how a double copy structure turns out to be realized in classical radiation, and

more specifically, how it follows from the BCJ construction in QFT.
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We would like to extract the classical piece of the amplitude in such a way that the double copy

structure is preserved untouched in the final result. Taking the classical limit of (7.87) however does not

show explicitly the double copy form of the classical amplitude in (3.45), as we will see in a moment.

This was first observed for scalar sources in [6], but is also true for the spinning case. We find that the

problem can be fixed if we write the double copy for inelastic scattering in a more convenient generalized

gauge.

Classical radiation from the standard BCJ double copy

Here we will use the usual KMOC approach to take the classical limit. For that, it is convenient to

introduce the average momentum transfer q = q1−q2
2 as we did in previous chapters. The re-scaled

momenta can be interpreted as a classical wave vector q → ℏq̄. Notice that momentum conservation

implies that the radiated on-shell momenta needs to be re-scaled as well k → ℏk̄. For spinning radiation

the classical limit was outlined in chapter 5 and requires to introduce the angular momentum operator,

performing the multipole expansion as we have described in the previous sections. We then scale such

operator as J → ℏ−1J̄ [58, 102] and strip the respective polarization states [59]. Finally, for the case of

QCD amplitudes, one further scaling needs to be done in order to correctly extract the classical piece.

In reminiscence of the color-kinematics duality, we find that the generators of the color group T a must

also scale as those of angular momentum, i.e. T a → ℏ−1T a.

In order to motivate our procedure let us first consider the 5-pt. amplitudes for both QCD and grav-

ity in the standard BCJ form we have provided. In other words, we want to see how the ingredients in

(7.84) and (7.87) behave in the ℏ-expansion. By inspection, the leading order of the numerators ni goes

as ℏ0, and the sub-leading correction is of order ℏ. Let us denote the expansion of the numerators as

ni = ⟨ni⟩ + δniℏ + · · ·. The denominators can also be expanded as di = ⟨di⟩ℏ3 + δdiℏ4 + · · · . At leading

order, it is easy to check that ⟨n3⟩=0, ⟨n1⟩ = ⟨n2⟩ and ⟨n4⟩ = ⟨n5⟩, whereas for the denominators we

have ⟨d1⟩ = −⟨d2⟩ and ⟨d4⟩ = −⟨d5⟩. At sub-leading order δd2 = δd5 = 0. Finally, for the color factors

we have ci → ℏ−3ci for i = 1, 2, 4, 5 and c3 → ℏ−2c3.

With this in mind, the classical piece of the QCD amplitude for gluon radiation reads

⟨MQCD
5 ⟩ = −c1

[
⟨n1⟩δd1

⟨d1⟩2 −δn1−δn2

⟨d1⟩

]
−c3

[
⟨n1⟩
⟨d1⟩

−δn3

δd3
−⟨n4⟩

⟨d4⟩

]
−c4

[
⟨n4⟩δd4

⟨d4⟩2 −δn4−δn5

⟨d4⟩

]
, (7.104)

where ⟨Mn⟩ : = limℏ→0 Mn. A similar expansion can be done for the gravitational amplitude given by

the double copy (7.87)

⟨Mgr
5 ⟩ = −⟨n1⟩ ⊗ ⟨ñ1⟩

⟨d1,0⟩2 δd1+ ⟨n1⟩ ⊗ (δñ1−δñ2) + (δn1−δn2) ⊗ ⟨ñ1⟩
⟨d1⟩

+δn3 ⊗ δñ3

⟨d3⟩

− ⟨n4⟩ ⊗ ⟨ñ4⟩
⟨d4,0⟩2 δd4+ ⟨n4⟩ ⊗ (δñ4−δñ5) + (δn4−δn5) ⊗ ⟨ñ4⟩

⟨d4⟩

(7.105)

Hence, we find that the classical piece of the gravitational amplitude (7.105) does not reflect the BCJ

double copy structure as expected. This can be traced back to the presence of 1
ℏ terms which will still
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contribute to the expansion even though the overall leading order (as ℏ→0) cancels. We shall find a way

to make such limit smooth and preserve the double copy structure.

Generalized gauge transformation

In order to rewrite the quantum amplitudes (7.84) and (7.87) in a convenient gauge we proceed as follows.

Observe that the non-abelian contribution to the QCD amplitude (7.84) comes from the diagram whose

color factor (7.100) is c3, which is proportional to the structure constants of the gauge group. We can

however gauge away this non-abelian piece of the amplitude using a Generalized Gauge Transformation

(GGT) [67]. Recall that a GGT is a transformation on the kinematic numerators that leaves the amplitude

invariant. This transformation allow us to move terms between diagrams. For the case of the inelastic

scattering, consider the following shift on the numerators entering in (7.84)

n′
1 = n1 − αd1,

n′
2 = n2 + αd2,

n′
3 = n3 − αd3 + γd3,

n′
4 = n4 − γd4,

n′
5 = n5 + γd5.

(7.106)

This shift leaves invariant the amplitude (7.84) since under it,

∆MQCD
5 = −α(c1 − c2 + c3) − γ(c4 − c5 − c3) = 0, (7.107)

where we have use the color identities (7.101) in the last equality. We can now solve for the values of α

and γ that allow to impose n′
3 = 0 , while satisfying the color-kinematic duality for the shifted numerators

n′
1 − n′

2 = −n′
3 = 0, n′

4 − n′
5 = n′

3 = 0. (7.108)

The solution can be written as

α = − n3

d1 + d2
, γ = −d1 + d2 + d3

d1 + d2

n3

d3
. (7.109)

Explicitly these parameters take the simple form

α = n3

2q·k (q2−q·k) , γ = n3

2q·k (q2+q·k) , (7.110)

Importantly, this solution is general and independent of the spin of scattered particles as we wish to make

contact with the classical formula (3.45).

The new numerators (7.106) will be non-local since they have absorbed n3. However, they exhibit nice

features: They are independent, gauge invariant, and in the classical limit they will lead to a remarkably

simple (and local!) form. Indeed, the QCD amplitude (7.84) for inelastic scattering takes already a more
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compact form

MQCD
5 =

[
c1

d1
+ c2

d2

]
n′

1 +
[
c4

d4
+ c5

d5

]
n′

4. (7.111)

The gravitational amplitude (7.87) then is given by the double copy of (7.111) as follows

Mgr
5 = n′

1 ⊗ ñ′
1

d′
1

+ n′
4 ⊗ ñ′

4
d′

4
, (7.112)

where

d′
1 = d1d2

d1 + d2
, d′

4 = d4d5

d4 + d5
. (7.113)

Explicitly, this gives

1
d′

1
= − q·k

p1·k q·(q − k) (2q·k−2p1·k) ,
1
d′

4
= − q·k

p3·k q·(q + k) (2q·k+2p3·k) , (7.114)

When performing the double copy, there will in principle be a pole in q·k both in (7.112) and in the

classical formula (7.116) below, which is nevertheless spurious and cancels out in the final result. This is

the spurious pole we saw in (3.45), arising from the t-channel of the gravitational Compton amplitude.

Notice we have reduced the problem of doing the double copy of five numerators to do the double copy of

just two (the dimension of the BCJ basis). Indeed, now we can take c3 → 0, setting c2 → c1 and c5 → c4.

Further fixing c1 = c4 = 1 we obtain the QED case (see (7.100)) with

MQED
5 = n′

1
d′

1
+ n′

4
d′

4
, (7.115)

The double copy formula (7.112) agrees with (7.87). Remarkably, we can use (7.115) as a starting

point for the (classical) double copy since the numerators n′
1 and n′

4 can be read off from MQED
5 from its

pole structure. This has the advantage that the classical limit of the amplitude will be smooth and will

preserve the double copy form.

Classical limit and Compton Residue

In the gauge (7.106), extracting the classical piece of the gravitational amplitude (7.112) is straight-

forward. The shifted numerators scale as n′
i = ⟨n′

i⟩ + δn′
iℏ, whereas the denominators scale as d′

i =

⟨d′
i⟩ℏ2 + δd′

iℏ3. With this in mind, the classical piece of the gravitational amplitude (7.112) is simply

⟨M (sa⊗s̃a,sb⊗s̃b)
5 ⟩ = ⟨n′ (sa,sb)

1 ⟩ ⊗ ⟨ñ′ (s̃a,s̃b)
1 ⟩

⟨d′
1⟩

+ ⟨n′ (sa,sb)
4 ⟩ ⊗ ⟨ñ′ (s̃a,s̃b)

4 ⟩
⟨d′

4⟩
, (7.116)

which shows explicitly the double copy structure. Indeed, the classical limit of the QED amplitude is

naturally identified as the single copy in this gauge:

⟨MQED,(sa,sb)
5 ⟩ = ⟨n′ (sa,sb)

1 ⟩
⟨d′

1⟩
+ ⟨n′ (sa,sb)

4 ⟩
⟨d′

4⟩
. (7.117)
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Taking the classical piece of the denominators (7.114) leads to

1
⟨d′

1⟩
= q·k

2 (p1·k)2 (q2 − q·k)
,

1
⟨d′

4⟩
= − q·k

2 (p3·k)2 (q2 + q·k)
. (7.118)

As a whole, the formulas (7.116), (7.117) and (7.118) correspond to the construction given in chapter 3

and chapter 5. The conversion can be done via ⟨n′
i⟩ = 2

q·kn
there
i , where nthere

i is a local numerator in

the classical limit. We have thus found here an alternative derivation which follows directly from the

standard BCJ double copy of M5, up to certain details we now describe.

Suppose first that the numerators ⟨n′
i⟩ do not depend on q2. Then we find they can be read off from

the QED Compton residues at q2 → ±q · k. Indeed, using that (7.117)-(7.118) should factor into the

Compton amplitude A4 together with a 3-pt. amplitude A3, we get

⟨n′(sa,sb)
i ⟩ = 2(p·k)2

q·k
⟨AQED,sa,µ

4 ⟩ × ⟨AQED,sb,µ
3 , ⟩ (7.119)

where the contraction in µ denotes propagation of photons. This guarantees the same is true for the

gravitational numerators in (7.116), that is

⟨n′(sa,sb)
i ⟩ ⊗ ⟨n

′(sa,sb)
i ⟩ = 4(p·k)4

(q·k)2 ⟨AQED,sa,µ
4 ⟩ ⊗ ⟨AQED,s̃a,ν

4 ⟩ × ⟨AQED,sb,µ
3 ⟩ ⊗ ⟨AQED,s̃b,ν

3 ⟩,

= 4(p·k)4

(q·k)2 ⟨Asa⊗s̃a,µν
4 ⟩ × ⟨Asb⊗s̃b,µν

3 ⟩, (7.120)

where the contracted indices denote propagation of fat states. Thus we conclude that the classical limit

is controlled by A4 and A3 via the Compton residues provided the numerators do not depend on q2.

Considering the scaling of the multipoles J → ℏ−1J̄ and that q → ℏq̄, we see that this is true up to dipole

∼J order. We will confirm this explicitly in the cases below.

At quadrupole order ∼J2, associated to spin-1 particles, we will find explicit dependence on q2 in the

numerators. Nevertheless, it is still true that the classical multipoles are given by the Compton residues

as we have extensively exemplified previous chapters, specially chapter 5. Indeed, as a quick analysis

shows, the q2 dependence in M5 that is not captured by them can only arise from 1) contact terms in M5

or 2) contact terms in M4 entering through the residues at p · k → 0. Both contributions can be canceled

by adding appropriate (quantum) interactions between the matter particles. Note that canceling such

contributions in the QCD side will automatically imply their cancellation on the gravity side.

Let us now provide some specific examples of how to write the amplitudes (7.112) and their classical

pieces (7.116)-(7.117), in the gauge (7.106), for both, the 1
2 ⊗ 1

2 and the 0 ⊗ 1 theories.
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Case sa = sb = 0 + 1

We want to compute the gravitational amplitude for inelastic scattering M (0⊗1,0⊗1)
5 using (7.112). The

scalar numerators are given by

n
′(0,0)
1 = e3 8p1·k (p1·F ·p3−q·F ·p3) +2 (4p3·k−4p1·p3−q·(q − k)) q·F ·p1

q·k
, (7.121)

n
′(0,0)
4 = e3 8p3·k (p1·F ·p3−q·F ·p1) +2 (4p1·k−4p1·p3−q·(q + k)) q·F ·p3

q·k
. (7.122)

Observe these numerators contain q2 dependence. Nevertheless it is completely quantum as the only

classical piece is the leading order in q where Rµν
i =p[µ

i (ηi2q−k)ν], and η1=−1, η3 = 1. The numerators

for the spinning case are constructed following the considerations of Sec. 7.4.1 and give

n
′(1,1)
1 =2e3

q·k

{[(
q2−q·k+4p1·p3

)
q·F ·p1+4(q−p1)·k p1·F ·p3

]
ε1·ε2 ε3·ε4+[

8 (q−p1) ·k q·ϵ2 qµϵ
α
1Fαν + 4 [q·k (2p1µqν+(q−p1)µkν) +p1·k kµqν ] ε1·F ·ε2+

4qµ (2q·ε1 p1·k−k·ε1 q·k) εα
2Fαν−

[
4p1·k qαkβε

[α
1 ε

β]
2 +q·k k·ε1 (2q−k) ·ε2

]
Fµν+

[2 (q−p1) ·k (4qµp
α
1Fνα+p1·k Fµν) +4p1µ (2q − k)ν q·F ·p1] ε1·ε2−

4 (p1·k qρF
ρσ+q·k p1ρF

ρσ+2qσ q·F ·p1) ε1[µε2σ] (2q−k)ν −4q·k q·F ·ε1ε2µ (2q−k)ν

]
× ε

[µ
3 ε

ν]
4 +
[
4q·ε2 (q−p1) ·k p3·F ·ε1+2 (2q·ε1 p1·k−q·k k·ε1) p3·F ·ε2

−8p3µqνq·F ·p1ε
[µ
1 ε

ν]
2 − 2p1·k p3·ε1q·F ·ε2−4q·k p3µp

α
1Fανε

[µ
1 ε

ν]
2 −

2 (2q−p1) ·k p3·ε2q·F ·ε1 +
(
q·k
(
q2−q·k+4p1·p3

)
− 2 (q−p1) ·k p3·k

)
ε1·F ·ε2

]
ε3·ε4

}
.

(7.123)

The numerator n′(1,1)
4 is given by exchanging particles a ↔ b in n′(1,1)

1 , with q → −q. The result expressed

in terms of these numerators is far more compact than the Feynman diagram expansion obtained from

the covariantized Lagrangian (7.93).

Now, by taking the classical limit of the numerators (7.123) we can compute the amplitude ⟨M (0⊗1,0⊗1)
5 ⟩

via (7.116), using also (7.125) and (7.118). In the multipole form of the previous section, the numerators

read, up to dipole order,

⟨n′(1,1)
1 ⟩ = ⟨n′(0,0)

1 ⟩−4e3
[
p1·R3·kF ·J1−F1qR3·J1+p1·k [F,R3]·J1 − p1·F ·R̂3·p1

]
,

⟨n′(1,1)
4 ⟩ = ⟨n′(0,0)

4 ⟩−4e3
[
p3·R1·kF ·J3−F3qR1·J3+p3·k [F,R1]·J3 − p3·F ·R̂1·p3

]
.

(7.124)

where

⟨n′(0,0)
1 ⟩=8e3

q·k
p1·R3·F ·p1, ⟨n′(0,0)

4 ⟩=8e3

q·k
p3·R1·F ·p3, (7.125)

Notice up to the spurious pole q·k, which cancel in formulas (7.117) and (7.116) via (7.118), these

numerators agree with the classical ones provided in (3.46) and (5.25). This indeed provides the direct

connection for the derivation of classical radiation using the BCJ or the Compton residues of chapter 3.
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Case sa = sb = 1
2 + 1

2

The final case for inelastic scattering in the gauge (7.106) is given by the factorization of the gravitational

amplitude (7.112) as sa = sb = 1
2 + 1

2 . For the QCD theory, the shifted numerators entering in (7.111)

are

n
′( 1

2 , 1
2 )

1 = 4e3Fαβ

q·k
[
q[αp

β]
1 ū2γ

µu1ū4γµu3+(q−p1)·k ū2γ
[αu1ū4γ

β]u3−q·k
4 ū2γ

[αγβ]γµu1ū4γµu3
]
, (7.126)

n
′( 1

2 , 1
2 )

4 = 4e3Fαβ

q·k
[
q[αp

β]
3 ū4γ

µu3ū2γµu1+(q+p3)·k ū4γ
[αu3ū2γ

β]u1−q·k
4 ū4γ

[αγβ]γµu3ū2γµu1
]
. (7.127)

Analogously, their charge conjugated pairs read

n̄
′( 1

2 , 1
2 )

1 = 4e3

q·k
Fαβ

[
q[αp

β]
1 v̄1γ

µv2v̄3γµv4+(q−p1)·k v̄1γ
[αv2v̄3γ

β]v4+q·k
4 v̄1γ

µγ[αγβ]v2v̄3γµv4
]
, (7.128)

n̄
′( 1

2 , 1
2 )

4 = 4e3

q·k
Fαβ

[
q[αp

β]
3 v̄3γ

µv4v̄1γµv2+(q+p3)·k v̄3γ
[αv4v̄1γ

β]v2+q·k
4 v̄3γ

µγ[αγβ]v4v̄1γµv2
]
. (7.129)

The gravitational amplitude M ( 1
2 ⊗ 1

2 , 1
2 ⊗ 1

2 )
5 can be computed from the double copy of the above numer-

ators with their charge conjugated pairs, using the operation defined in (7.90). The result is in complete

agreement with the Feynman diagrammatic computation from the Lagrangian (7.99).

On the classical side, although the classical limit of these QCD numerators agrees with (7.124) (with

appropriate conjugated numerators and up to dipole order), it is clear that the double copy ⟨M ( 1
2 ⊗ 1

2 , 1
2 ⊗ 1

2 )
5 ⟩

differs from ⟨M (0⊗1,0⊗1)
5 ⟩. For instance, as the double copy for the former is symmetric in the numerators

the axion field has no radiative amplitude, whereas for the latter it is unavoidably present.

We do not provide the explicit result for ⟨M ( 1
2 ⊗ 1

2 , 1
2 ⊗ 1

2 )
5 ⟩, but let us mention that it is naturally

computed using the symmetric double copy product defined in chapter 5 which preserves the multipole

structure of the amplitude, and recovers the results of previous chapters.

7.5 Outlook of the chapter

Based on the analysis performed along refs. [187,190,302,320,321] and in the current work we can draw

an equivalence for lower spins between the following three statements:

1. The cancellation of 1
m divergences in the tree-level high-energy limit of single matter lines.

2. The “natural value” of the gyromagnetic ratio g = 2.

3. The double copy construction for the single matter line (An) amplitudes.

Let us remark that this equivalence not only seems to show up in QFT amplitudes but also in classical

solutions [302]. One instance of this is the so-called
√

Kerr solution in electrodynamics which has been

the focus of recent studies [59,104]. This EM solution can be double-copied into the Kerr metric via the

Kerr-Schild ansatz [322], and also features g = 2. Since these classical solutions contain the full tower of
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spin-multipoles, and so do higher spin particles in QFT, a natural question that arises is: How much of

the above equivalence can be promoted to higher spins?

A hint of the answer may come from the 3-pt amplitudes first derived in [68] which are directly related

to the aforementioned classical solutions [55, 57–59, 103, 104], at least at leading order in the coupling.

In chapter 3 and chapter 5 we have emphasized their double copy structure, which fixes not only g = 2

but also the full tower of multipoles in both gravity and QCD side. Here we have pointed out that these

objects are in correspondence with higher spins massless amplitudes, thereby providing an underlying

reason for double copy. Quite paradoxically, the latter are known to be inconsistent [161] whereas the

former have an striking physical realization. To elucidate this contradiction we recall that massless higher

spin amplitudes only fail at the level of the "4-particle" test [68,161].

Indeed, the higher spin 4-point (Compton) A4 amplitudes suffer from ambiguities in the form of

contact terms and from 1
m divergences, although recent progress to understand these has been made

in [55, 58, 102, 103], we will go back to this point in chapter 8. The importance of this object at higher

spins was emphasized in [57] and proposed to control the subleading order associated to gravitational and

EM classical potentials. These potentials emerge in the two-body problem [55,103,130,188,207,280,323]

(particularly outside the test body limit) and hence their understanding could have not only theoretical

but practical implications. In fact, the relevance of the full tower of An amplitudes lies in that they have

been proposed to control the classical piece of conservative potentials at deeper orders in the coupling

[44–46,280,324].

In chapter 3 and chapter 5 we demonstrated the latter fact is true also for radiation: At least at order

∼κ3 and at spins s ≤ 2 the non-conservative observables are controlled by A4 and A3 instead of the full

M5 amplitude. Here we have rederived this construction from a BCJ double-copy perspective and use it

to make contact with the results of Goldberger et al. [31, 32, 80, 117, 325] for the full massless spectrum

including dilatons, axions and gravitons. As we have mentioned it is remarkable how via QFT double

copy we have found the precise couplings of these fields to matter, besides the aforementioned g = 2

condition. On the practical side it is important to evaluate the relevance of these additional fields, as well

as string theory corrections, from the perspective of effective classical potentials arising from amplitudes,

see e.g. [326,327] for recent related results.



Chapter 8

Spinning amplitudes and the Kerr

Black Hole

8.1 Introduction

In previous chapters we have studied classical electromagnetic and gravitational observables directly from

the classical limit of spinning quantum amplitudes. We have learnt how to approach the conservative

and radiative sectors for both, unbounded and bounded scenarios to leading and subleading orders in

the perturbative expansion, but keeping spin effects. In particular, chapter 5 we have learned how the

burst memory waveform for the hyperbolic scattering of classical astrophysical objects is controlled by

the universality of the gravitational Weinberg soft factor. In the same way for the bounded scenario,

in chapter 6 we have shown how the spinning 5-point amplitude encapsulates the radiative dynamics

of a coalescing BBH with Kerr components, whose spins are aligned with the direction of the angular

momentum of the binary. These amplitude description of classical processes hints a strong correspondence

between the SO(3) spin multipole moments of the minimal coupling classical gravitational amplitudes,

and the spin multipole moments of the Kerr acBH.

Currently, it is in general widely accepted that minimal coupled spinning amplitudes indeed encode

vast part of the information encoded in the Kerr BH. In particular, and since as already mentioned, the

exponential structure of the gravitational 3-point amplitude can be mapped to the exponential structure

of the linearized effective metric for the Kerr BH in momentum space, as shown in the seminal works

[58,103,104], which were at the same time inspired by previous work by [188,196,207]. This fact was then

used to construct two-body observables for the conservative sector up to 2PM and to quartic order in

spin [58,88,101], whose results are in agreement with other approaches to the two-body problem such as

the worldline EFT approaches (see for instance [89,257,328,329] ) and EFT approaches [54,330] . In [257]

it was shown how the predictions for the aligned spin 2PM scattering function of [58] agree up to third

order in the BH’s spins result expected from self-force computation1. However, a deeper understanding of
1In this approximation, the two-body problem is assumed to have one black hole of mass M and the other with mass

m, so that m/M ≪ 1.
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Figure 8.1: Triangle leading-singularity configuration [7]. The gravitational Compton amplitude is glued
to two 3 point amplitudes, where the internal lines are on-shell. The Leading singularity corresponds
to the loop integration of this amplitude, where internal gravitons are soft as compared to the external
massive lines.

the agreement of this different approaches to the two-body problem is needed. If it is true we understand

very well how the 3-point amplitude contains all the spin structure of the Kerr BH, we have learned that

it is not the only building block in the construction of two-body amplitudes, but instead we have a full

tower of An amplitudes which can be used to construct unitarity cuts to higher orders in perturbation

theory.

This then calls for a study of these An amplitudes and their direct correspondence to the Kerr BH. In

this chapter we aim to initiate such study for the simple cases n = 3, 4. In particular, we will review how

for n = 3 we reproduce the expected linearized Kerr metric solution, whereas for n = 4, we will argue A4

is an effective description of the low energy regime for the scattering of gravitational waves off the KBH,

the latter of which is traditional studied using BHPT. At 2PM, these amplitudes are sufficient to obtain

the aligned spin scattering function thought the triangle Leading-Singularity [7, 58], of Figure 8.1

This chapter is organized as follows: In §8.2 we study in more detail amplitudes An for n = 3.4

in spinor-helicity variables, and show in the infinite spin limit, they can be arranged in an exponential

form, as originally proposed by [58,60]. In §8.2.1 we show how to extract the classical information of such

amplitudes. For A3 we indeed recover the exponential form of the linearized Kerr effective metric, whereas

for A4 we recover the classical exponential form suggested by the on-shell heavy particle EFT of [60] .

In §8.2.2 we use the classical Compton amplitude to study the low energy limit for the scattering of a

gravitational wave off the Kerr BH, up to fourth order in the spin of the BH. Spin induced polarization of

the wave after the scattering process is discussed. In §8.3 we show the classical A4 can indeed be used to

reproduce the 2PM scattering angle computation of [58]. We leave for appendix F Teukolsky formulation

for the scattering of the gravitational wave off Kerr, and argue it agrees with the amplitudes derivation

of the present chapter up to fourth order in spin.

This chapter is mainly based on work [84], as well as work in progress [85].
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8.2 Exponential 3 and 4 point spinning amplitude

Following [58], and as reviewed in §2.4, in terms of the angular momentum operator in spinor helicity

variables, the gravitational 3-point and 4-point amplitudes can be put into the exponential form (2.57)

and (2.59) respectively. For A3, in chapter 5 we saw how an analogous formula holds in covariant notation

up to quadratic order in spin, and in §5.3.1 we provided a local form of the 3-point amplitude to all orders

in spin in D = 4. For the 4-point amplitude in covariant form, such exponentiation is not evident, whereas

in spinor-helicity variables it is immediate to get as given in (7.47) for the opposite helicity configuration2.

In this section we aim to extract the classical limit of amplitudes (2.57) and (2.59), and show they

agree with the classical description of the Kerr BH. Let us rewrite explicitly the amplitudes (2.57) and

(2.59) for the reader’s convenience

AS
3 = A0

3 × ⟨ε3| exp
(
F2µνJ

µν

2iϵ2 · p1

)
|ε1⟩ , AS

4 = A0
4 × ⟨ε4| exp

(
F2,µνJ

µν

2iϵ2 · p1

)
|ε1⟩ (8.1)

Recall that the graviton polarization vector is given by ϵµν = ϵµϵν and we have defined Fµν = 2k[µϵν].

Let us also use momentum conservation, respectively for the 3-point and 4-point amplitudes as follows:

p3 = p1 + k2

p4 = p1 + k2 + k3 . (8.2)

In both cases we assume the graviton associated to k2 to have negative helicity, and for n = 4 the graviton

k3 has positive helicity3. The gauge is fixed, in spinor-helicity variables, as [58]

ϵ2 =
√

2|3]⟨2|
[32] ∝ ϵ̃3 =

√
2|3]⟨2|
⟨32⟩

. (8.3)

The operator Jµν in (8.1) is a Lorentz generator in the spin-s representation. In this case we will realize

it as a fully quantum operator acting linearly on the representation |ε⟩. The exponential series truncates

at order 2s in the expansion of the exponential. The pole ϵ · p will cancel in the cases treated here. As

anticipated, this effectively restricts S ≤ 2 in the Compton amplitude A4, since as mentioned in §2.4,

unphysical poles, which we shall not discuss in this thesis, arise from the exponent in the 4-point case

which cannot be canceled by the scalar amplitude. In previous amplitudes we have introduced a factor

of i in the exponent and defined the Lorentz generators with that extra factor.

As explained in §5.3.1, in order to extract the classical piece of the spinning amplitude, we need

to align the polarization states towards the same little group. We therefore introduce a four-velocity

vector uµ together with a generic mass scale m. They will be mapped to the four-velocity and rest frame

mass of the classical object, respectively. However, the identification with the kinematic momenta in the

Compton amplitude is ambiguous, some choices are u = p1
m , p4

m , p
m (with m = M in the former cases,

and m2 = p2, p = p1+p4
2 in the latter), which will all coincide after we take the classical limit. Now, in

2An analogous formula can be found for the same helicity configuration as we will discuss below.
3This is somehow opposite to the conventions used in chapter 3, where the k3 graviton had opposite momentum as

compared to conventions here, to connect to previous section, we simply take k3 → −k3 here, which also flips its helicity
from positive to negative.
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order to parametrize the degrees of freedom associated with spin in four dimensions we introduce the

Pauli-Lubanski operator

aµ := 1
2mϵµνρσuνJρσ (8.4)

This will play the role of the spin vector introduced in previous sections. However, this gives us only a

classical relation between Jµν and the spin vector aµ. Using spinor-helicity variables we can find an exact

quantum relation between operators. For this, note that in (8.1) the field strength Fµν
2 is self-dual since

the graviton k2 has negative helicity. Consequently, the generator Jµν is also self-dual and it is associated

with the chiral basis (2.50), i.e. Jµν = i
2ϵ

µνρσJρσ. 4 We use this property to rewrite the exponents of

(8.1) in terms of the spin vector (8.4) as follows. Following the discussion of §5.3.1 , for a given 4-velocity

uµ we decompose the full Lorentz generator Jµν into a spin and a boost operator:

Bµ := Jµνuν , Sµν := Jµν − 2u[µBν] . (8.5)

One can easily check that uµS
µν = 0, hence Sµν generates little group transformations on states |ε⟩ and

shall be related to the Pauli-Lubanski vector aµ. Indeed, from (8.4) one easily finds

aµ = 1
2mϵµνρσuνSρσ ⇔ Sµν = −mϵµνρσuρaσ . (8.6)

Furthermore, due to the self-dual condition on Jµν , it turns out that the boost and spin parts are indeed

related. From (8.4) and (8.5) we find:

Bµ = imaµ . (8.7)

We can now decompose the exponent of (8.1). We proceed for both n = 3, 4 at the same time, introducing

the generic field strength Fµν = 2k[µϵν]. Using (8.6) and (8.7) we have

FµνJ
µν = FµνS

µν + 2uµF
µνBν

= −mϵµνρσFµνuρaσ + 2imuµF
µνaν . (8.8)

Regarding Fµν as self dual, which follows from the contraction with Jµν on the LHS, we finally get

FµνJ
µν = acPM4imuµF

µνaν . (8.9)

The ± sign accounts for self-duality or anti self-duality of the Lorentz generator Jµν , or equivalently, the

helicity associated to Fµν . We remark that the classical limit has not yet been applied. Note that the

LHS does not depend on the four-vector uµ, which we are free to choose. In any case, for u = p1
M , p4

M , p
m

we can now rewrite (8.1) as
4More precisely, we have [58]

⟨ε4| exp
(

F2,µνJµν

2iϵ2 · p1

)
|ε1⟩ = [ε4| exp

(
F3,µν J̃µν

2iϵ3 · p1

)
|ε1] ,

i.e. using the negative helicity graviton also changes the chirality of the Lorentz generator.
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AS
3 = A0

3 × ⟨ε3| exp
(

2u · F2 · a
u · ϵ2

)
|ε1⟩ , AS

4 = A0
4 × ⟨ε4| exp

(
2u · F2 · a

u · ϵ2

)
|ε1⟩ (8.10)

For n = 3 we have u · k2 = 0 from the on-shell conditions. This automatically implies that the pole u · ϵ2
cancels and we have

AS
3 = A0

3 × ⟨ε3|e−2k2·a|ε1⟩ . (8.11)

For n = 4, the pole does not cancel in the exponential, as u · k2 ̸= 0 generically. Since the prefactor A0
4

contains a term (u ·ϵ2)4, the form (8.10) is valid only up quartic order in the expansion of the exponential,

i.e. up to spin S = 2. We can encode the unphysical pole in the vector

wµ := u · k2

u · ϵ2
ϵµ2 , (8.12)

so that

AS
4 = A0

4 × ⟨ε4|e2(w·a−k2·a)|ε1⟩ . (8.13)

The polarization states |ε1⟩, ⟨ε4| are associated with initial and final momentum, p1, p4 respectively.

It will be convenient to rewrite them as associated to the 4-velocity uµ. For instance, taking u = p1
M , we

can write

p4 = eiµM(k2+k3)·Bp1 = e−µM2(k2+k3)·ap1 , (8.14)

Here µ is a scalar which explicit expression we do not need, but which is given explicitly in [59]. The

analogous formula holds for n = 3; in this case three-particle kinematics yields µM2 = 1, hence

p3 = e−k2·ap1 , (8.15)

This implies that we can write

|ε3⟩ = e−k2·a|ε′
1⟩ , n = 3 (8.16)

|ε4⟩ = e−µM2(k2+k3)·a|ε′
1⟩ , n = 4 (8.17)

where |ε′
1⟩ is a polarization state associated to p1 = Mu. Thus we have the following QFT amplitudes

AS
3 = A0

3 × ⟨ε′
1|ek2·ae−2k2·a|ε1⟩ = A0

3 × ⟨ε′
1|e−k2·a|ε1⟩ , (8.18)

and

AS
4 = A0

4 × ⟨ε′
1|eµM2(k2+k3)·ae2(w−k2)·a|ε1⟩ . (8.19)

The constraint u·a = 0 implies that the Pauli-Lubanski vector aµ only yields three independent operators.

In the rest frame of uµ they satisfy [ai, aj ] = ϵijkak, or covariantly
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[aµ, aν ] = M−1Sµν = ϵµνρσaρuσ . (8.20)

In eq. (8.18) only the combination k2 ·a appears. Furthermore, note that in this case the boost component

ek2·a commutes with the amplitude e−2k2·a. This is not the case for eq. (8.19) where indeed all three

combinations k2 · a, k3 · a,w · a appear and do not commute. As the spin is the only quantum number

available, we assume that in general these combinations span a basis of operators in the space of states

associated to uµ, namely |ε1⟩, ⟨ε′
1|.

8.2.1 Classical Limit

As argued in the previous section, the operator O in the contraction ⟨ε′
1|O|ε1⟩ can be attributed a classical

nature. We note that the three-point amplitude (8.18) is invariant under such limit

⟨AS
3 ⟩ = ⟨A0

3⟩e−k2·a, (8.21)

whereas for the four-point (8.19) we obtain

wµ, kµ
2 , k

µ
3 ∼ ℏ , aµ ∼ 1/ℏ . (8.22)

where the scaling of wµ follows from its definition (8.12). Together (8.20) this implies

[(k2 + k3) · a, (w − k2) · a] ∼ ℏ (8.23)

i.e. the exponents of (8.19) commute in the classical limit. Furthermore, from the explicit expression

in [59] we see that µM2 = 1 + O(ℏ), hence the limit of (8.19) becomes

AS
4 = A0

4 × ⟨ε′
1|e(2w+k3−k2)·a|ε1⟩ + O(ℏ) =⇒ ⟨AS

4 ⟩ = ⟨A0
4⟩ × e(2w+k3−k2)·a . (8.24)

This result agrees with the one obtained in [60] from Heavy Particle EFT. This is expected since we have

argued in [84] that the limits ℏ → 0 and M → ∞ are equivalent. Note that in the last step of (8.24) we

have stripped off the polarization states |ε1⟩, |ε′
1⟩. In this case, aµ is interpret as a classical spin-vector

and not an operator.

In an analogous way, one can show that the classical limit for the same helicity configuration of the

gravitational Compton amplitude is simply given by

⟨ÃS
4 ⟩ = ⟨Ã0

4⟩e(k3+k2)·a . (8.25)

which agrees with the result of [60] from Heavy Particle EFT.
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Figure 8.2: Left: Schematic representation of the correspondence between the spin multiple moments of
the Kerr BH and the minimal coupling 3 pt amplitude. Right: Graphic representation for the scattering
of a plane wave of helicity h, off the Kerr BH.

8.2.2 Gravitational wave scattering

Amplitude (8.21) precisely agrees with the exponentiated spin structure of the linearized Kerr metric as

shown in the seminal work [58]. The natural question to ask is, what does A4 have to do with the Kerr

BH? In the follows, and in appendix F we will argue that (8.24) corresponds to a effective description of

the low energy regime of the a gravitational wave scattering off the Kerr BH.

For that let us consider the gravitational analog of the Thomson scattering process in QED as reviewed

in chapter 3. In Figure 8.2 (right) we do a schematic representation of the process from an amplitudes

perspective (see also Figure 3.1): A wave of helicity h = 2 is scattered off the Kerr BH.

In terms of the kinematics (3.9)5 in the classical limit, and using a generic orientation for the spin

vector aµ = (0, ax, ay, az), in the BH rest frame, amplitudes (8.24) and (8.25) become

⟨A++
4 ⟩ = κ2M2 cos4(θ/2)

4 sin2(θ/2)
[
1 + F(ω, a, θ) + 1

2!F(ω, a, θ)2 + 1
3!F(ω, a, θ)3 + 1

4!F(ω, a, θ)4] , (8.26)

⟨A−−
4 ⟩ =

[
⟨A++

4 ⟩∗]
ω→−ω

, (8.27)

⟨A+−
4 ⟩ = κ2M2 sin4(θ/2)

4 sin2(θ/2)
[
G(ω, a, θ) + 1

2!G(ω, a, θ)2 + 1
3!G(ω, a, θ)3 + 1

4!G(ω, a, θ)4] , (8.28)

⟨A−+
4 ⟩ =

[
⟨A+−

4 ⟩∗]
ω→−ω

, (8.29)

where we have truncated the expansion at a4 (S = 2), where the Compton amplitude has physical

meaning, and we have further used

F(ω, a, θ) = −2azω sin2(θ/2) + axω sin θ − 2(ax − iay)ω tan(θ/2) , (8.30)

G(ω, a, θ) = 2azω sin2(θ/2) − axω sin θ . (8.31)

which come naturally from rewriting the exponent in (8.24) and (8.25) respectively, in terms of the

scattering angle, using kinematics (3.9). We have in addition written all of the helicity configurations

entering into the scattering matrix (3.16), which follow from changing the direction of the massless

momenta. Up to a2, one can easily show that the same result can be obtained starting from the quadratic

in spin classical Compton amplitude derived from the covariant spin multipole double copy, and written
5Here we take k3 → −k3 to use the conventions p1 + k2 = k3 + p4.
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in vector notation in (5.54), once we use (3.17) and (3.18) as the polarization states for the incoming

and outgoing wave, respectively, and the kinematics (3.9) in the classical limit. This provides a strong

consistency check for the amplitudes written in both, vector and spinor notation, and the validity of the

spin multipole double copy introduced in chapter 5.

Using (3.15) we can then compute the unpolarized differential for the scattering of gravitational waves

off the Kerr BH. Up to quartic order in spin it is simply given by

d ⟨σ⟩
dΩ = G2M2

sin4(θ/2)

[
cos8(θ/2)

(
1 + 2F̃ + (2F̃)2

2! + (2F̃)3

3! + (2F̃)4

4!

)
+ sin8(θ/2)

(
1 + 2G + (2G)2

2! + (2G)3

3! + (2G)4

4!

))]
+ O(a5) ,

(8.32)

where F̃ = F
∣∣
ay=0, and we have used κ2 = 32πG. We then see the ay component of the spin corresponds

to just a phase in the amplitude, unimportant for the cross section, as one could have guessed from

the exponential structure of the amplitude. Interestingly, the only spin components contributing to the

actual observables are those with non zero projection on the scattering plane.

The first difference we notice when comparison to the Thomson differential cross section for the

scattering of electromagnetic waves off charge compact objects (3.21) (set f, g → 0 for the moment) is

that unlike for the latter, (8.32) does diverge in the θ → 0 limit. This is a forward divergence and is due

to the long range nature of the gravitational potential. There is a second difference when spin is included,

which manifests in a spin induced polarization of the incoming wave as we now discuss.

8.2.3 Spin-induced Polarization

In general, incoming waves can be linearly polarized, that is, they can be written as a superposition of

circularly polarized waves. When impinging on the black hole, waves of different circular polarization can

scatter by a different angle. This in turn will induce a polarization of the wave after scattering, which

will be reflected in the difference between elements of the scattering matrix (3.16). To see this explicitly

we compare the scattering cross-sections for a left (+) and right (−) circularly polarized incoming wave:

64π2M2 d⟨σ+⟩
dΩ = ⟨A++⟩⟨A++⟩∗ + ⟨A+−⟩⟨A+−⟩∗

64π2M2 d⟨σ−⟩
dΩ = ⟨A−−⟩⟨A−−⟩∗ + ⟨A−+⟩⟨A−+⟩∗

(8.33)

We have found from (8.26-8.29) that opposite helicity amplitudes are related via ⟨A⟩ → ⟨A⟩∗, accompanied

by the expected time reversal ω → −ω, map. This is more transparent in the spinor-helicity formalism,

and can be seen as a consequence of CPT/crossing symmetry: Opposite helicities are related by chiral

(i.e. complex) conjugation in the amplitude. This induces a parity transformation which flips the sign of

aµ, which corresponds to a pseudovector as it describes the orientation of the rotating black hole. Due

to the fact that spin only enters through the combination aω the map aµ → −aµ is of course equivalent

to ω → −ω.

From the above discussion, using (8.33), we easily conclude that
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d⟨σ+⟩
dΩ =

[
d⟨σ−⟩
dΩ

]
(ω→−ω)

(8.34)

Following [127,129,331] we also introduce the polarization measurement

P =
d⟨σ+⟩

dΩ − d⟨σ−⟩
dΩ

d⟨σ+⟩
dΩ + d⟨σ−⟩

dΩ

. (8.35)

According to (8.34) the numerator of the polarization depends only on odd powers of aω in the cross-

section, and in particular vanishes for the Schwarzschild case. Let us for simplicity restrict here to the

polar scattering case, where the impinging wave moves along the direction of the spin of the BH, i.e.

ax = ay = 0. Let us also consider the linear in spin term. Extension to general spin orientation is

straightforwards to compute using the full expression for the differential cross section (8.32). In this case,

the spin induced polarization simply reads

P = −
(
4az|ω| sin2(θ/2)

) cos8(θ/2) − sin8(θ/2)
cos8(θ/2) + sin8(θ/2)

, (8.36)

which for θ → 0 becomes P = −az|ω|θ2 and thus recovers the classical result using BHPT [127] (see also

appendix F). It however disagrees with the prediction of [128,129] to linear order in spin. The reason for

this mismatch is that [128,129] only considered the graviton exchange diagram between the wave and the

BH, whereas in here we have shown in order to recover the classical result computed BHPT, one needs

to consider the full classical gravitational Compton amplitude. Indeed, in appendix F we argue the cross

section (8.32) indeed matches in a spectacular way the classical result obtained by solving the Teukolsky

equation. This then allows us to conclude confidently the minimal gravitational Compton amplitude is

indeed a equivalent description of the scattering of gravitational waves off the Kerr BH. Let us stress this

is the first time a direct connection between the classical piece of the gravitational Compton amplitude

and the Kerr BH is made. Up to linear order in spin, the wave scattering process is independent whether

the compact object corresponds to a Kerr BH or any other spinning of object; by the fact the results for

the spin monopole and dipole are universal. However, at quadratic and higher order in spins, the minimal

coupling Compton amplitude uniquely describes Kerr BH and not any other compact object, due to its

unique spin multipole structure.

8.3 2PM Scattering Angle and the Holomorphic Classical Limit

Let us in the remaining of this chapter show the classical result for the gravitational Compton amplitude

can indeed be used to derive the aligned spin scattering angle for the scattering of two Kerr BHs, at order

G2 and up to a4. This will recover the result obtained from the Holomorphic Classical Limit (HCL)

computation in [58].

Our aim is to compute the triangle leading singularity of Figure 8.1

M4 = i

8mb

√
−t

∫
ΓLS

dy

2πy ⟨A(sa)
4 (P1,−P2, k

+
3 , k

−
4 )⟩⟨A(sb)

3 (P3,−l,−k−
3 )⟩⟨A(sb)

3 (−P4, l,−k+
4 )⟩. (8.37)
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where the brackets indicate that we take the classical limit of the indicated amplitudes. It gives the

scattering angle via the two dimensional Fourier transform from momentum space k⊥ = (k3 − k4)⊥ to

impact parameter space b⊥ (see eq. (1.11) in [58]). The reason we can reproduce the HCL computation

starting from the classical amplitudes is that as it turns out, the HCL (i.e. β → 1 below) is contained

in the classical limit, and it corresponds to the special case where the momenta for the two internal

gravitons become proportional to each other6; this then implies that k2 αk3 αw, which in turn makes

the basis for the spin directions with 3 elements to get degenerated to include only one element, which

corresponds to the direction in which the spins of the two BHs are aligned.

Let us start our computation by considering that the two incoming black holes have momenta P1 and

P3 and spin aa and ab, respectively; likewise, the outgoing BHs will have momentum P2 and P4, with

their spins unchanged. The HCL parametrization for the momenta of the massive particles in the center

of mass frame is [57,103]

P1 = |η̂] ⟨λ̂| + |λ̂] ⟨η̂| ,

P2 = β′|η̂] ⟨λ̂| + 1
β′ |λ̂] ⟨η̂| + |λ̂] ⟨λ̂| ,

P3 = |η] ⟨λ| + |λ] ⟨η| ,

P4 = β|η] ⟨λ| + 1
β

|λ] ⟨η| + |λ] ⟨λ| ,

K = −|λ̂] ⟨λ̂| + O(β − 1) = |λ] ⟨λ| + O(β′ − 1),

(8.38)

where K is the complex momentum transfer. The on-shell conditions P 2
1 = P 2

2 = m2
a and P 2

3 = P 2
4 = m2

b ,

impose the normalization for the spinors ⟨λ̂η̂⟩ = [λ̂η̂] = ma and ⟨λη⟩ = [λη] = mb. For the internal

gravitons the spinor helicity variables read

|k2⟩ = 1
β + 1

((
β2 − 1

)
|η⟩ − 1 + βy

y
|λ⟩
)
, |k2] = 1

β + 1
((
β2 − 1

)
y|η] + (1 + βy)|λ]

)
,

|k3⟩ = 1
β + 1

(
β2 − 1
β

|η⟩ + 1 − y

y
|λ⟩
)
, |k3] = 1

β + 1
(
−β
(
β2 − 1

)
y|η] + (1 − β2y)|λ]

)
.

(8.39)

We define the variables U , V and γ from the massive momenta as follows

U = [λ|P1 |η⟩ ,

V = [η|P1 |λ⟩ ,

γ = P1 · P3

mamb
= 1√

1 − v2
,

(8.40)

6Effectively, the HCL is a complexification of the classical limit which allow us to align k2 and k3 without having to take
the scat angle ⟨ξ⟩ in (8.45) to zero, ass opposite to the case in which the we enforce k2 ∝ k3 in the standard classical limit.
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which satisfy the useful identities [103] :

[λ|P1 |λ⟩ = − (β − 1)2

β
m2

b + (1 − β)V + β − 1
β

U,

[η|P1 |η⟩ [λ|P1 |λ⟩ = UV −m2
am

2
b .

(8.41)

The HCL is achieved by taking β → 1 (or equivalently β′ → 1). In this limit, the variables U and V are

related to v via

U = mamb(1 − v)γ,

V = mamb(1 + v)γ.
(8.42)

To evaluate the LS (8.37), let us consider first the non spinning piece of the amplitudes entering in the

integral. The classical piece for the scalar Compton amplitude (2.60), in the gauge (8.3), is simply given

by

⟨A0
4(P1,−P2, k

+
3 , k

−
4 )⟩ = 32πGm2

a

(ϵ2 · u)2(ϵ̃3 · u)2

⟨ξ⟩
, ⟨ξ⟩ = (sc −m2

a)2

m2
at

(8.43)

where sc = (P1 + k2)2, and t = (P1 − P2)2, i.e. the t-channel for the Compton amplitude coincides with

that for the massive 4-pt amplitude. We have taken the classical limit of the optical parameter ξ as given

in (3.12) by means of the classical identity (3.11). In the HCL the Compton Mandelstam invariants read

sc = m2
a −mambγ

y2 − 1
2y (β − 1) ,

t = m2
b

(β − 1)2

β
.

(8.44)

Then, we can easily check that in the HCL parametrization (8.38) and (8.39):

⟨ξ⟩ → −γ2v2 (1 − y2)2

4y , (8.45)

and in the gauge (8.3), the scalar classical Compton amplitude becomes

⟨A0
4(P1,−P2, k

+
3 , k

−
4 )⟩ = 32πGm2

a

(2y − v(1 + y2))4γ2

16v2y2(1 − y2)2 . (8.46)

In the same way, it is straightforwards to see that in the HCL, the scalar piece of the 3-pt amplitudes

evaluates to

⟨A0
3(P3,−l,−k−

3 )⟩⟨A0
3(−P4, l,−k+

4 )⟩ = 8πGm4
b . (8.47)

We now turn our attention to the spinning pieces of the amplitudes. For that, it is useful to write the

classical spin vector for the BHs in terms of the SL(2, C) sigma matrices

(Sµ) β
α = 1

4
[
(σµ)αα̇u

α̇β − uαα̇(σ̄µ)α̇β
]

+ O(ℏ), (8.48)

where as mentioned before, u can be chosen to be the velocity of the initial or the final BH, or the

average velocity. Quantum mechanical corrections arise if we include contributions to u coming from the

gravitons momenta.
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Let us choose for instance u = P1
ma

. Then, using (8.12) as the definition for ωµ, and the kinematics in

the HCL (8.38 - 8.39), together with (8.48), it is straightforward to show that to leading order in 1 − β,

the classical basis of spin {ω · a, k2 · a, k3 · a} maps to

w → iK
v
(
1 − y2)2

4y (v − 2y + vy2)

k2 → iK
(1 + y)2

4y ,

k3 → −iK (1 − y)2

4y ,

(8.49)

note that in the HCL k3 − k2 = K = |λ⟩[λ|, which turns take the exponential piece in (8.24) into

e(2w+k3−k2)·aa → e
−i 1+y2−2vy

2y−v(1+y2)
K·aa , (8.50)

and analogous the product of two exponential for the 3-pt amplitudes (8.21) becomes

e−2k2·ab → e−i
(1+y2)

2y K·ab . (8.51)

Putting all these ingredients together, the LS (8.37) evaluates to

i2π2G2m2
am

3
bγ

2

v2√
−t

∫
ΓLS

dy[2y − v(1 + y2)]4
2πy3(1 − y2)2 exp

(
−i 1 + y2 − 2vy

2y − v(1 + y2)K·aa − i
(1 + y2)

2y K·ab

)
, (8.52)

which recovers the result of [58] up to a4
a. The evaluation of the integral was done in the same reference.

As last comment, in principle in the computation of the leading singularity in Figure 8.1, a sum over

the exchange graviton polarization is needed. This means, the same helicity Compton amplitude (8.25)

needs to be included in the computation. One can however check explicitly such configuration produces

vanishing contribution to the scattering angle in the aligned spin setup.

8.4 Outlook of the chapter

In this chapter we have argued the minimal coupling classical amplitudes An for n = 3, 4 are indeed

very related to the Kerr BH by means of the unique spin multipole structure fixed for minimal coupling

amplitudes, which map directly to the spin multipole moments of the Kerr BH. This matching further

clarifies the mismatch between the Feynman diagram prediction for the spin induced polarization made

by Barbieri and Guadagnini [128, 129] to those of BHPT by Dolarn [127] at linear order in spin. In

particular, the spin induced polarization, had the simple pattern for haves of helicity h < 2

P(h) = −h sinh
(
4az|ω| sin2(θ/2)

) [
cosh2 (2az|ω| sin2(θ/2)

)
+ h2 sinh2 (2az|ω| sin2(θ/2)

)]−1
, (8.53)

as computed by the author of this thesis and collaborators in [84], which for θ → 0 is simply P(h) =

−haz|ω|θ2, disagrees with the BHPT result (8.36) if extrapolated to h = 2. The solution to this dis-
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agreement is of course to include the additional diagrams that restore gauge invariance of the amplitude.

Result (8.53) recovers those in [129, 331] for h < 2 at linear order in spin, which needed only from the

one graviton exchange diagram.

In appendix F we check explicitly amplitudes (8.26) and (8.28) match exactly the classical result for

the scattering of a gravitational wave off the Kerr BH, using BHPT. Amplitudes computed from this

QFT approach are written in a closed form which in turn re-sums the infinite sums appearing from the

partial wave expansion as required from usual classical wave physics.

For spin S > 2, amplitude (8.24) needs to be modified. In particular, the unphysical poles arising

from w·a, can be removed by adding contact terms with unfixed coefficients. In [85] it was shown that

by matching to higher spin solutions of the Teukolsky equation, these coefficients can be fixed for the

Kerr BH. Explicit results up to spin S = 3 are provided, but their interpretation are beyond the scope

of this thesis. The BHPT solutions however disagree with the recent proposal in [91], where the free

coefficients of an ansatz for the higher spin gravitational Compton amplitude were fixed by imposing that

for the conservative 2PM binary black hole amplitude, certain spin structure observed at lower spins, is

conserved (see also [90]).



Chapter 9

General Discussion

In this thesis we have presented a study addressing the computation of classical observables in classical

gauge theories and gravity directly from the classical limit of QFT amplitudes, using modern amplitudes

techniques such as double copy [67, 135, 144], spinor-helicity variables [68, 152, 160], leading singularities

and the HCL [57, 58], the KMOC formalism [59, 78, 78, 93, 130–132], the amplitudes to the Kerr BH

correspondence [58,84,85,103,104]. We have presented a detail study of amplitudes for a massive spinning

line emitting photons/graviton, An, both in (S)QED (QCD) and Gravity as they are the main building

blocks to compute two-body observables at leading and subleading orders in perturbation theory. Such

building blocks possess many remarkable properties such as soft exponentiation, universal covariant spin

multipole expansion, multipole preserving double copy, healthy high energy limit due to the fact they can

be constructed from dimensional reduction and compactifications arguments, and they are not polluted

with additional massless degrees of freedom (dilaton, axion) from the double copy. In addition, we have

shown the classical limit of An amplitudes can be directly associated to represent classical processes in

both electrodynamics and general relativity. For n = 3, and in the (electromagnetic) gravitational case,

this amplitude encodes the same spin multipole structure of the (root) Kerr BH, as shown by the seminal

work of [58,103,104]. The n = 4 case on the other hand, describes the low energy limit for the scattering of

waves off classical compact objects with and without spin structures. For instance, in the electromagnetic

case, A4 recovers results for the differential cross section for the well known Thompson process, whereas

for gravity, A4 encodes the information for the scattering of gravitational waves off the Kerr BH. This in

turn open a new amplitudes-BHPT correspondence [84,85] , allowing to study complicated gravitational

scattering problems from simple QFT derivations.

We presented a detailed study of amplitudes in the electromagnetic theory, and show how soft theorems

provide an infinite tower of constraints on the KMOC formula for the computation of radiation. These

constraints can naturally be generalized to the gravitational theory and extended to subleading orders

in the soft expansion [109]. Understanding soft radiation is important since it encodes the so called

Gravitational Memory Effect (GME), as dictated by the infrared triangle [219]. This is a strong gravity

effect and although it has not yet been detected in the current GW observatories, preliminary analysis

[332] of available data from the LIGO/VIRGO GW catalog suggest that GME is very likely to be observed

159
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in the era of the advance LIGO/VIRGO detector, where an order of 2000 events will be needed to say

something conclusive. In addition, positive LISA prospects for measuring of the GME from the coalescing

of super massive BH even at red-shift values of ∼ 5 for BHs masses of order 105−106M⊙ are expected [15].

Furthermore, soft theorems being non perturbative can give information about radiation, and radiation

reaction to higher orders in perturbation theory [53, 77, 109, 111, 112, 172, 173, 177–179]. On the other

hand, studding electromagnetic radiation rather than color radiation, simplifies the computations as

it avoids the complications introduced by the non abelian character the colour group, and permits to

obtain two-body gravitational radiation from KLT double copy properties of An theories at lower orders

in perturbation theory, which at the same time permits to easily remove extra degrees of freedom product

of the double copy.

Inspired by the early work of Holstein [188, 207], Vaidya [196], Cachazo and Guevara [7, 57] for

the study of spin effects in the conservative sector of the two body problem from minimal coupling

amplitudes (see also [58, 103] ), we have introduced a detailed study for inclusion of spin effects in the

electromagnetic and gravitational theories for the radiative sector, as well as for one-body wave scattering

processes through the spin multipole double copy. Results for lower orders in the covariant spin multipolar

expansion naturally recover results from classical worldline computations [6,80,80,117], and extend them

quadrupolar order1. Extraction of the spin structure from QFT amplitudes in a vector notation in

general is a non-trivial task, and it is therefore more suitable to use spinor-helicity variables for such

endeavors, as we have exemplified through several parts of the body of this thesis, in particular, in the

identification of Compton amplitude with low energy solutions of the Teukoslky equation in chapter 8 and

appendix F. Additional approaches to include spin effects in vector notation such as the EFT formulation

of spin [54] or the worldline theory [89, 120, 197, 256, 328, 333–335] are also techniques of current use.

Studying spin effects is important since they encode information regarding the formation mechanism of

the binary system (see for instance [113–115]), and for nearly extremal Kerr BHs, the individual spins of

the binary’s components are expected to be measured with great precision by LISA [116].

Motivated by the non-universality of the bounded-unbounded character of the two-body problem

[4,97], we initiated the program of computing classical observables for systems in bounded orbits directly

from scattering amplitudes. Formulas for the radiated field were motivated by the classical worldline

computation [31] and the Feynman diagrammatic approach of [121], but we argued they can be seen as

a promotion of KMOC formalism to include generic particles trajectories. It is desirable to probe these

formulas from first principles as they could naturally account for radiation reaction forces captured by

the conservative amplitude (and therefore by the bodies EoM), which are added from balance equations

arguments to the objects’ EoM in the EOB formalism when addressing the radiative sector [95]. Guidance

from the Worldline QFT [233], or the in-in formalism [336,336–338], might be of great use in this endeavor.

In addition, it would be interesting to establish a precise dictionary between the soft expansion and the

source multipole decomposition for the bounded orbit problem. The reason for this is that soft theorems

are non perturbative and therefore encode all orders in perturbation theory, and higher velocity corrections

to the waveform, as dictated by the virial theorem.
1In principle expansion up to hexadecapole order are possibles using the methods described in chapter 5.
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On the formal side of the double copy for spinning matter, we have shown how graviton coupling

to matter produce universal term in the Lagrangian description, whereas coupling of additional double

copy states such as dilaton and two-form field have non universal coupling. This led us to identify two

independent double copy theories producing spin 1 massive matter couple to gravity, we refereed to them

as the 1
2 ⊗ 1

2 and the 0 ⊗ 1 theories, as introduced explicitly in chapter 7. The former is a simpler theories

since it does not need quartic terms for the two matter line case, whereas for the latter, identification of

such contact terms was shown explicitly. The double copy spectrum of the 1
2 ⊗ 1

2 theory was consistently

truncate, and shown to agree with the 4-dimensional double copy of [126]. It is nevertheless desirable

to complete the double copy spectrum for the case of general dimensions, and surpass the complications

introduced by higher Dirac structures, when allowing matter coupling to the two-form potential (See

appendix E.2). In addition, we have shown that double copy arguments fixes the gyromagnetic factor

g = 2, for spin 1-particles, in both, QCD and gravity. This in turn allows to identify spin 1 particles in the

QCD theory as W-bosons and not Proca fields [61, 126, 190], allowing in addition to remove divergences

in the amplitudes in the massless limit. A well-defined high-energy behaviour is then explained from

the fact massive amplitudes with a direct double copy application can be obtained from dimensional

reduction and compactification arguments.

Finally, in this thesis we have presented the first direct connection of the minimal coupling gravita-

tional Compton amplitude and the Kerr BH. We have shown how it perfectly describes the low energy

regime for the scattering of gravitational waves off the Kerr BH up to quartic order in spin. This pro-

vides a non-trivial connection of minimal coupling amplitudes and Kerr, and provides the basis of the

amplitudes-BHPT correspondence [84, 85]. This is however just the beginning of this correspondence as

computing higher order spin corrections [85,90,91], extracting higher multiplicity amplitudes from BHPT,

understanding BH horizon dissipative effects [40, 82, 83], as well as the description of BH quasi-normal

modes [339] from a QFT perspective remains to be open problems. Of particular importance are the

extraction of higher spinning amplitudes from Kerr, since this provides with guides for approaching the

problem interactive higher spin particles in QFT [340], and the extraction of higher multiplicity ampli-

tudes from BHPT, these are expected to be contained in higher G solutions to the Teukolsky equation,

which can be classified into loop corrections to the gravitational Compton amplitude, and higher mul-

tiplicity tree-level amplitudes, both of which are building blocks for computing two-body observables

involving spinning black holes.
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Appendices

A Computational details NLO radiation

In this appendix we walk through the computational details of several integrals given in section §4.4.2

A.1 Cancellations in the classical one-index moment at 1-loop

In this section we fill in the computational details for the cancellations announced by the end of §4.4.2.

• Proof of eq. (4.56)

Let us begin by walking through the proof of the statement of equation (4.56). We start from

[cut−box](1) α = 1
4

∫
d̂4q

∏
i

δ̂(pi·q)e−ib·q (Iα
3 − qαZ = Uα) , (1)

where the integrand has the explicit form

Uα = −2g4 (Q1Q2p1·p2)2
∫

d̂4l

l2(l−q)2

[
δ̂′(p1·l)δ̂(p2·l)−δ̂(p1·l)δ̂′(p2·l)

] [
l·(l − q)lα+qα

2 (2l·q−l2)
]
. (2)

To evaluate this integral we can expand the momentum l in an analogous way to the q momentum in

(3.30 - 3.31), with say αi → βi, and xi → yi = pi · l. The resulting integrand takes the form (3.33),

and therefore we can evaluate the time and longitudinal components using integrating by parts one time

(3.34). That is, we can write

Uα = 1√
D

∫
d̂2l⊥d̂y1d̂y2

[
δ̂(1)(y1)δ̂(0)(y2) − δ̂(0)(y1)δ̂(1)(y2)

]
fα

u (y1, y2, l⊥, σ), (3)

with the identification of the integrand function

fα
u (y1, y2, l⊥, σ) = −2g4 (Q1Q2p1·p2)2

[
(β2p1+β1p2 + l⊥)α

(
(β2p1+β1p2)2+l2⊥−l⊥·q⊥

)
((β2p1+β1p2)2+l2⊥) ((β2p1+β1p2)2+(l⊥−q⊥)2)

−
(
(β2p1+β1p2)2+l2⊥ − 2l⊥·q⊥

) qα
⊥
2

((β2p1+β1p2)2+l2⊥) ((β2p1+β1p2)2+(l⊥−q⊥)2)

]
. (4)

where in addition to the l-expansion, we have used the expansion for the q-momentum (3.30), and set

xi → 0 using the support of the delta function δ̂(pi·q) in (1). Next, to use (3.34) after integration by

184
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parts we need to evaluate the derivatives of the form

∂

∂yi
fα

u,ij

∣∣∣∣∣
yi=yj=0

= 4g4

D
(QiQjpi·pj)2

pj,βp
[β
j p

α]
i

l⊥·(l⊥ − q⊥)
l2⊥(l⊥ − q⊥)2 , (5)

where one can check that only the first line of (4) contributed to (5). With all the tools at hand, it is

then direct to show that the integral (1) simplifies to

[cut−box](1) α = g4 (Q1Q2p1·p2)2

D2

[
p2,βp

[β
2 p

α]
1 −p1,βp

[β
1 p

α]
2

] ∫
d̂2q⊥d̂

2l⊥e
−ib·q⊥

l⊥·(l⊥−q⊥)
l2⊥(l⊥−q⊥)2 . (6)

Next we do the usual change of variables q⊥ = q̄⊥ + l⊥, so that

[cut−box](1) α = g4

D

[
p2,βp

[β
2 p

α]
1 −p1,βp

[β
1 p

α]
2

] [Q1Q2p1·p2√
D

∫
d̂2q⊥d̂

2l⊥e
−ib·q⊥i

q̄⊥

q̄2
⊥

]2
. (7)

in the big bracket we recognize the Leading order impulse (3.35), which in turn allow us to recover the

announced result (4.56).

[cut−box](1) α = −g4
[
p1,βp

[β
1 p

α]
2 − p2,βp

[β
2 p

α]
1

] (∆p(0)
1

)2

D
, (8)

• Proof of eq. (4.57)

Next we move to prove the cancellation (4.57). For that we still need to compute T α
(1),R2

starting from

(4.40), and using (4.33) for the integral measure, and (3.26) for the 4 point amplitude. We get

T (1) α
R2

= 1
4g

4 (Q1Q2 p1·p2)2
∫
d̂4l
∏

i

δ̂(pi·l)d̂4qe−ib·q

×
[
δ̂′(p1·q)δ̂(p2·q)−δ̂(p1·q)δ̂′(p2·q)

] q2qα

l2(l − q)2 ,

(9)

where we have used δ′(2pi·q) = 1
4δ

′(pi·q). To proceed in the calculation, we follow the philosophy of the

previous subsection for the computation of integrals involving derivatives of the Dirac delta function, i.e.

using integration by parts. Doing the change of variables (3.30) (and the analogous change for q → l and

xi → yi ), and evaluating the integrals in (pi·l) = yi, using the corresponding delta function, we arrive at

T (1) α
R2

= 1
D

∫
d̂2q⊥

d̂2l⊥
l2⊥

∏
i

d̂xi

[
δ̂′(xi)δ̂(x2)−δ̂(x1)δ̂′(x2)

]
Y α , (10)

where we have defined

Y α = 1
4g

4 (Q1Q2 p1·p2)2
e−iq⊥·b ((α2p1+α1p2)2 + q2

⊥)(α2p1+α1p2+q⊥)α

(α2p1+α1p2)2+(l⊥ − q⊥)2 , (11)
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recalling that αi are function of xi. We then get an integral of the form (3.33). Using

∂

∂xi
Y α

ij

∣∣∣∣∣
x1=x2=0

= −1
2g

4 (Q1Q2 p1·p2)2 q2
⊥

D(l⊥ − q⊥)2 pj,νp
[ν
j p

α]
i e

−iq⊥·b, (12)

for doing the integration by parts procedure, we can write (10) as follows

T (1) α
R2

= −1
2
g4 (Q1Q2 p1·p2)2

D2

(
p1,βp

[β
1 p

α]
2 −p2,βp

[β
2 p

α]
1

)[∫
d̂2q⊥d̂

2l⊥
q2

⊥e
−iq⊥·b

l2⊥(l⊥ − q⊥)2 =J2

]
. (13)

Let us now evaluate the integral J2 in the square brackets. Doing the usual shift q⊥ = q̄⊥ + l⊥, so that

J2 =
∫
d̂2q̄⊥d̂

2l⊥
(q̄2

⊥ + l2⊥ + 2l⊥·q̄⊥)e−iq̄⊥·be−il⊥·b

l2⊥q̄
2
⊥

. (14)

From the crossed terms we identify the integral representation for the leading order impulse, whereas the

remaining terms are contact integrals which we drop assuming b ̸= 0. We finally get

J2 = −2
(
∆p(0))2 D

g4 (Q1Q2 p1·p2)2 , (15)

which can be replace back into (13) to finally give

T (1) α
R2

= g4
[
p1,βp

[β
1 p

α]
2 −p2,βp

[β
2 p

α]
1

] (∆p(0))2

D
. (16)

We note that this simply gives T (1) α
R2

= −[cut−box](1) α, and therefore this concludes the proof of (4.57).

• Vanishing of T (1) α
C1

This is a very simple proof since this term give us a contact integral. Our starting point is the definition

(4.41), and using (4.32) and (4.33) for the integral measure in q and l respectively, and (3.26) for the 4

point amplitude, we get

T (1) α
C1

= 16g4 (Q1Q2p1·p2)2
∫
d̂4qd̂4le−ib·q

∏
i

δ̂(2pi·q)

×
[
δ̂′(2p1·l)δ̂(2p2·l)−δ̂(2p1·l)δ̂′(2p2·l)

]
��l2lα

��l2(q − l)2

, (17)

which gives us indeed a contact integral for the l-variable, unimportant for long classical scattering, since

b ̸= 0.

• Vanishing of T (1) α
C2

Here we carry out the final piece of the computation for the one-index moment. As usual, we start from

the definition (4.42), and use (4.33) and (4.32) for the integral measure in q and l respectively, and (3.26)

for the 4 point amplitude. This gives

T (1) α
C2

=
∫
d̂4qd̂4l

∏
i

δ̂(pi·l)
[
δ̂′(p1·q)δ̂(p2·q)−δ̂(p1·q)δ̂′(p2·q)

]
Xα , (18)
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where we have defined

Xα = −1
2g

4 (Q1Q2p1·p2)2 q2lα

l2(q−l)2 e
−ib·q . (19)

Showing that this integral gives zero contribution is a straightforward task. We do the usual change

of variables (3.30), and doing the integrals in yi using the delta functions. However, since we will use

integration by parts, we need to evaluate the derivative of Xα w.r.t. x1 or x2, which after evaluating

x1 = x2 = 0, vanish identically. We therefore conclude that T α
(1),C2

= 0, as announced in §4.4.2

A.2 Cancellations in the classical two-index moment at 1-loop

In the final part of this appendix we proof the cancellations announced in (4.64). Recall we already

obtained J3 in (4.63). All that is left is to compute explicitly T α β
(1),C3

. As usual we start from the

definition (4.45). Use (4.32) for the integral measure in both q and l variables, and (3.26) for the 4 point

amplitude, to get

T (1) α β
C3

= g4 (Q1Q2p1·p2)2
∫
d̂4qd̂4l

∏
i

δ̂(pi·q)δ̂(pi·l)
lαlβ

l2(q−l)2 e
−ib·q . (20)

Doing our usual shift q = q̄ + l, allows us to factorize out the IR-divergent integral - for the l variable -

(4.49). This becomes

T (1) α β
C3

= g4 (Q1Q2p1·p2)2
I1

∫
d̂4q̄δ̂(p1·q̄)δ̂(p2·q̄) l

αlβ

q̄2 e−ib·q̄ , (21)

which can be further rewritten as

T (1) α β
C3

= g4 (Q1Q2p1·p2) I1∂bα∆p(0) β
1 . (22)

The computation of the derivative of the leading order impulse w.r.t. the impact parameter was given in

(4.61). Using it leads to

T α β
(1),C3

= 2g4∆p(0) α
1 ∆p(0) β

1 ln
(
−µ2b2) , (23)

which is nothing but J (1) α β
3 as given in (4.63) but with opposite sign. Thus we simply conclude that

T (1) α β
C3

+ J (1) α β
3 = 0 , as required from (4.64).

B Spinor-Helicity Formulae

Here we show the exponential forms presented here for spin-multipoles contain as particular cases the

ones of [58], which implemented massive spinor-helicity variables in D = 4 [68]. Consider first Agr,s
3 : For

plus helicity of the graviton, the expression derived in [58] reads

Agr,s
3,+ = (p · ϵ)2

m2s
⟨2|2se

kµϵν Jµν

p·ϵ |1⟩2s , (24)
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where ϵ=ϵ+ carries the graviton helicity and |λ⟩2s stands for the product |λ(a1⟩α1 · · · |λa2s)⟩α2s
of SL(2,C)

spinors associated to each massive particle. The generator Jµν in the exponent acts on such chiral

representation. The labels ai are completely symmetrized little-group indices. The explicit construction

of the massive spinors is not needed here (c.f. [68]), but solely the fact that spin-s polarization tensors

can be expressed compactly as

ε1= 1
ms

|1⟩s|1]s , ε2= 1
ms

|2⟩s|2]s , (25)

where |1a]α̇ and |2a]α̇ live in the antichiral representation of SL(2,C). Inserting them into (5.34) we

obtain

⟨ε2|Agr,s
3 |ε1⟩=(p · ϵ)2

m2s
⟨2|se

kµϵν Jµν

p·ϵ |1⟩s[2|se
kµϵν J̃µν

p·ϵ |1]s , (26)

where Jµν and J̃µν are given by

Jµν = 1
2σ

µν ⊗ I⊗(s−1)+I ⊗ 1
2σ

µν ⊗ I⊗(s−2)+· · · , (27)

J̃µν = 1
2 σ̃

µν ⊗ I⊗(s−1)+I ⊗ 1
2 σ̃

µν ⊗ I⊗(s−2)+· · · , (28)

with σµν = σ[µσ̃ν] and σ̃µν = σ̃[µσν]. They satisfy the self-duality conditions

Jµν = i

2ϵ
µνρσJρσ , J̃µν = − i

2ϵ
µνρσJ̃ρσ . (29)

As it is well known, choosing the graviton to have plus helicity leads to a self-dual field strength tensor,

which in turn implies that k[µϵ
+
ν]J̃

µν = 0. Then (26) reads

⟨ε2|Agr,s
3 |ε1⟩ = (p · ϵ)2

m2s
⟨2|se

kµϵν Jµν

p·ϵ |1⟩s[21]s . (30)

We can now plug the identity [21]s=⟨2|se
kµϵν Jµν

p·ϵ |1⟩s from [58] to obtain:

⟨ε2|Agr,s
3 |ε1⟩=(p·ϵ)2

m2s
⟨2|se

kµϵν Jµν

p·ϵ |1⟩s⟨2|se
kµϵν Jµν

p·ϵ |1⟩s. (31)

which has the structure of our formula (5.33), now in "spinor space". Extending the generators Jµν to

act on 2s slots, i.e. Jµν ⊗ Is + Is ⊗ Jµν → Jµν , then recovers (24). Consider now Agr,s
4,+− for s ≤ 2 as

given in [58], where (+−) denotes the helicity of the gravitons k1 = |1̂]⟨1̂| and k2 = |2̂]⟨2̂|,

Agr,s
4,+− = ⟨1̂|P1|2̂]4m−2s

p1·k1 p1·k2 k1·k2
⟨2|2se

k1µϵ1ν Jµν

p·ϵ1 |1⟩2s . (32)

In order to match this we double copy our formula (5.10). The sum in (5.10) exponentiates if we impose

[J1, J2] = 0, which in turn is only possible if the polarizations are aligned, i.e. ϵ1 ∝ ϵ2. When the states

have opposite helicity this can be achieved via a gauge choice. This yields

k1µϵ1νJ
µν

p1 · ϵ1
+ k2µϵ2νJ

µν

p2 · ϵ2
= kµϵ1νJ

µν

p · ϵ1
, (33)
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where k = k1 + k2. Expression (5.10) thus becomes

Aph,s
4

∣∣∣
ϵ1∝ϵ2

=p1·ϵ1 p2·ϵ2 k1·k2

p1·k1p1·k2
⟨ε1|e

kµϵ1ν Jµν

p·ϵ1 |ε2⟩ . (34)

(note that ct = ϵ1 · ϵ2 drops out). The formula (5.29) gives

Agr,s
4 |ϵ1∝ϵ2

= (p1·ϵ1)2(p2·ϵ2)2 k1·k2

p1·k1 p1·k2
⟨ε1|e

kµϵ1ν Jµν

p·ϵ1 |ε2⟩ , (35)

for s ≤ 2. This can be shown to match (32) following the same derivation as before and fixing ϵ1 = |1̂⟩[2̂|
[1̂2̂] ,

ϵ2 = |1̂⟩[2̂|
⟨1̂2̂⟩ . Note finally that, even though in any dimension D there is an helicity choice such that (5.10)

becomes (35), the factorization of (1.2) requires to sum over all helicities of internal gravitons.

C Quadratic in spin results

In this appendix we write explicit formulae for some quadratic in spin numerators written in vector

notation which where used in chapter 5 when writing the radiation amplitude (3.45).

C.1 Electromagnetic case

Let us start with the quadratic in spin numerators for the electromagnetic case. The first numerator,

consider only particle 1 has spin, is given by

n
(a)
1,ph = e3

m2
1

[
− 1

2k.p1k.p2 (k.S1) 2ϵ.p1 + 1
2 (k.p1) 2 (k.S1) 2ϵ.p2 + 1

2k.p1 (k.S1) 2q.ϵp1.p2

− 1
2k.q (k.S1) 2ϵ.p1p1.p2 + 2 (q.S1) 2 (−k.p1k.p2ϵ.p1 + (k.p1) 2ϵ.p2 + k.p1q.ϵp1.p2 − k.qϵ.p1p1.p2

)
− 2k.q (k.S1) 2ϵ.p2m

2
1 + 2k.qk.p2k.S1ϵ.S1m

2
1 − 4k.qk.S1q.ϵp2.S1m

2
1 + 4(k.q)2ϵ.S1p2.S1m

2
1

+ 2q.S1
(
−k.p1k.p2k.S1ϵ.p1 + (k.p1) 2k.S1ϵ.p2 + k.p1k.S1q.ϵp1.p2 − k.qk.S1ϵ.p1p1.p2

+2k.qk.S1ϵ.p2m
2
1 − 2k.qk.p2ϵ.S1m

2
1
)

− 4k.q
(
−k.p1k.p2ϵ.p1 + (k.p1) 2ϵ.p2 + k.p1q.ϵp1.p2

−k.qϵ.p1p1.p2 − k.p2q.ϵm
2
1 + k.qϵ.p2m

2
1
)
S2

1

]
(36)

and for the other numerator we analogously have

n
(b)
1,ph = e3

2m2
1

(k.S1 + 2q.S1)2
(

− (k.p2)2
ϵ.p1 + k.p1k.p2ϵ.p2 + k.p2q.ϵp1.p2 − k.qϵ.p2p1.p2

)
(37)
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C.2 Gravitational case

In the gravitational case, once again considering only particle 1 has spin, the first numerator reads

n
(a)
1,gr = κ3

32m2
1

(
8k.qk.p1k.p2k.S1 (−k.p2ϵ.p1 + k.p1ϵ.p2) ϵ.S1m

2
1 − 8m2

2(k.q)2 (k.p1) 2 (ϵ.S1) 2m2
1

− 16(k.q)2k.p1k.p2ϵ.p1ϵ.S1p2.S1m
2
1 + 16(k.q)2 (k.p1) 2ϵ.p2ϵ.S1p2.S1m

2
1

− 16k.qk.p1k.S1(q.ϵ)2p1.p2p2.S1m
2
1 + 16(k.q)2k.p1q.ϵϵ.S1p1.p2p2.S1m

2
1

− 16(k.q)3ϵ.p1ϵ.S1p1.p2p2.S1m
2
1 + 4k.qk.p1k.S1q.ϵ

(
m2

2k.p1ϵ.S1 + 2k.p2ϵ.S1p1.p2

+4k.p2ϵ.p1p2.S1 − 4k.p1ϵ.p2p2.S1)m2
1 − 4(k.q)2k.S1ϵ.p1

(
−3m2

2k.p1ϵ.S1

+2k.p2ϵ.S1p1.p2 − 4q.ϵp1.p2p2.S1)m2
1 + 4(k.q)2 (q.S1) 2 (ϵ.p1) 2 (2 (p1.p2) 2 −m2

2m
2
1
)

− 8k.qk.p1 (q.S1) 2ϵ.p1
(
−2k.p2ϵ.p1p1.p2 + 2k.p1ϵ.p2p1.p2 + 2q.ϵ (p1.p2) 2 −m2

2q.ϵm
2
1
)

+ (k.p1) 2 (k.S1 + 2q.S1) 2 (2 (k.p2) 2 (ϵ.p1) 2 − 4k.p1k.p2ϵ.p1ϵ.p2 + 2 (k.p1) 2 (ϵ.p2) 2

−4k.p2q.ϵϵ.p1p1.p2 + 4k.p1q.ϵϵ.p2p1.p2 + 2(q.ϵ)2 (p1.p2) 2 −m2
2(q.ϵ)2m2

1
)

− 4k.qk.p1 (k.S1) 2 (−k.p2ϵ.p1 + k.p1ϵ.p2)
(
ϵ.p1p1.p2 + 2ϵ.p2m

2
1
)

− 2k.qk.p1 (k.S1) 2q.ϵ
(
2ϵ.p1 (p1.p2) 2 +m2

2ϵ.p1m
2
1 + 4ϵ.p2p1.p2m

2
1
)

+ (k.q)2 (k.S1) 2ϵ.p1
(
2ϵ.p1 (p1.p2) 2 − 5m2

2ϵ.p1m
2
1 + 8ϵ.p2p1.p2m

2
1
)

+ 4(k.q)2q.S1ϵ.p1
(
2k.S1ϵ.p1 (p1.p2) 2 +m2

2k.S1ϵ.p1m
2
1 − 2m2

2k.p1ϵ.S1m
2
1

−4k.S1ϵ.p2p1.p2m
2
1 + 4k.p2ϵ.S1p1.p2m

2
1
)

− 8k.qk.p1q.S1
(
−2k.p2k.S1 (ϵ.p1) 2p1.p2

+ 2k.p1k.S1ϵ.p1ϵ.p2p1.p2 + 2k.S1q.ϵϵ.p1 (p1.p2) 2 + 2k.p2k.S1ϵ.p1ϵ.p2m
2
1

− 2k.p1k.S1 (ϵ.p2) 2m2
1 −m2

2k.p1q.ϵϵ.S1m
2
1 − 2 (k.p2) 2ϵ.p1ϵ.S1m

2
1 + 2k.p1k.p2ϵ.p2ϵ.S1m

2
1

−2k.S1q.ϵϵ.p2p1.p2m
2
1 + 2k.p2q.ϵϵ.S1p1.p2m

2
1
)

+
(
−16k.q (k.p1) 2 (−k.p2ϵ.p1 + k.p1ϵ.p2) 2

− 32(k.q)2k.p1k.p2 (ϵ.p1) 2p1.p2 + 32(k.q)2 (k.p1) 2ϵ.p1ϵ.p2p1.p2

− 16k.q (k.p1) 2(q.ϵ)2 (p1.p2) 2 + 32(k.q)2k.p1q.ϵϵ.p1 (p1.p2) 2 − 16(k.q)3 (ϵ.p1) 2 (p1.p2) 2

+ 16(k.q)2k.p1k.p2ϵ.p1ϵ.p2m
2
1 − 16(k.q)2 (k.p1) 2 (ϵ.p2) 2m2

1

+ 16k.qk.p1k.p2(q.ϵ)2p1.p2m
2
1 − 16(k.q)2k.p2q.ϵϵ.p1p1.p2m

2
1

− 16(k.q)2k.p1q.ϵϵ.p2p1.p2m
2
1 + 16(k.q)3ϵ.p1ϵ.p2p1.p2m

2
1

−16k.qk.p1q.ϵ (−k.p2ϵ.p1 + k.p1ϵ.p2)
(
2k.p1p1.p2 − k.p2m

2
1
))
S2

1
)

(38)

and similarly for the second numerator

n
(b)
1,gr = κ3

32m2
1

(k.S1 + 2q.S1) 2 (−2
(
(k.p2) 2ϵ.p1 − k.p1k.p2ϵ.p2 − k.p2q.ϵp1.p2 + k.qϵ.p2p1.p2

) 2

+ (−k.p2q.ϵ+ k.qϵ.p2) 2m2
1m

2
2
) (39)

D Tools for bounded systems

In this appendix we provide some useful tools in the computation of bounded orbits radiation.
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D.1 Useful integrals and identities

Here we write out the identity used in §6.3.2 for the comparison of the gravitational waveforms at

linear order in spin. That is, given two vectors ai and bi, and the TT projector defined in (6.16), we

have [259,261]

Πab
ijb

jεi
kℓa

kN ℓ = Πab
ija

iεj
kℓb

kN ℓ. (40)

Furthermore, the following identity [263], was used in the computation of the energy flux in §6.3.3

∫
S2
dΩ Ni1...i2ℓ

= 4π
(2ℓ+ 1)!! (δi1i2δi3i4 . . . δi2ℓ−1i2ℓ

+ . . . ). (41)

In addition, the following integrals were used during the computation of gravitational radiation from the

amplitudes perspective:

∫
d3q

(2π)3 e
iq·z 1

q2 = 1
4π|z|

,∫
d3q

(2π)3 e
iq·z q

i

q2 = izi

4π|z|3
,∫

d3q

(2π)3 e
iq·z q

iqj

q2 = 1
4π|z|5

[
|z|2δij − 3zizj

]
,∫

d3q

(2π)3 e
iq·z q

iqj

q4 = 1
8π|z|3

[
|z|2δij − zizj

]
,∫

d3q

(2π)3 e
iq·z q

iqjqk

q4 = − i

8π|z|5
[
|z|2

(
ziδjk + zjδik + zkδij

)
− 3zizjzk

]
.

(42)

D.2 The quadratic in spin EoM

In this appendix, we expand the classical equations of motion in (6.5) to quadratic order in the black

holes’ spins (used in §6.3.2). After setting S2 = 0, and expanding to second order in S1, as well as taking

the leading order in velocity, the equation of motion reduce to

v̇l
1 = −m2κ

2

32π

[
zl

12
r3 + 1

2m2
1
Si

1S
j
1∂

l∂i∂j
1
r

]
. (43)

The spatial derivatives acting on 1/r result in contractions of a symmetric trace-free tensor

∂l∂i∂j
1
r

= 3
r5

[
δijz

l
12 + 2δl

(iz12,j) − 5z12,iz12,jz
l
12

r2

]
. (44)

Furthermore, we use these equations recursively, to remove powers of 1/r2. Since we are interested in

the quadratic-in-spin contribution only, we consider only the scalar part of (43) (as well as the analogous

equation for vi
2) to rewrite (44) as follows

∂l∂i∂j
1
r

→ −32π
κ2

3
2m2r2

[(
δij−5z12,iz12,j

r2

)(
v̇l

1−m2

m1
v̇l

2

)
+ 2δl

(i

(
v̇1,j)−

m2

m1
v̇2,j)

)]
+O(S2

1), (45)

2By restoring Newton’s constant G, the equations of motion can be used to remove powers of G in the numerator.
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Notice a factor of 1/3 arises from symmetrization. This, then finally allows us to write the quadratic-in-

spin equations of motion as

v̇l
1 = −m2κ

2

32π
zl

12
r3 +3

4
Si

1S
j
1

m2
1r

2

[(
δij−5z12,iz12,j

r2

)(
v̇l

1−m2

m1
v̇l

2

)
+2δl

(i

(
v̇1,j)−

m2

m1
v̇2,j)

)]
. (46)

And analogously we also find

v̇l
2 = m1κ

2

32π
zl

12
r3 + 3

4
Si

1S
j
1

m2
1r

2

[(
δij − 5z12,iz12,j

r2

)(
v̇l

2 − m1

m2
v̇l

1

)
+ 2δl

(i

(
v̇2,j) − m1

m2
v̇1,j)

)]
. (47)

E Double copy for spinning particles

E.1 Double Copy in d = 4

In this appendix we outline the 1
2 ⊗ 1

2 construction in d = 4. It is interesting to make connection with

the spinor formalism for massive particles introduced in §2.4 ( see also [68]), recently implemented for

obtaining a massive double copy in [126]. Let us briefly sketch how our operation will read in such

variables. For this, observe that we can write

Eab
µ σµ =

√
2
m

|p(a]⟨pb)| Eab
µ σ̃µ =

√
2
m

|p(a⟩[pb)|. (48)

where Eab
µ is a spin-1 polarization vector, Ẽab·P = 0, with the little group indices {a, b} = {1, 1}, {2, 2}, {1, 2}.

Note its spinors satisfy the Dirac equation

P |pa⟩ = m|pa], P̃ |pa] = m|pa⟩, (49)

where P = Pµσ
µ and P̃ = Pµσ̃

µ. Then it is true that [1a, 1b] = −mϵab, and ⟨1a, 1b⟩ = mϵab Now, in

terms of the Dirac matrices note that

(/P +mI4×4)/Eab =
√

2
m

 mI2×2 P

P̃ mI2×2

 0 |1(a]⟨1b)|

|1(a⟩[1b)| 0

 , (50)

=
√

2

 |1(a][1b)| |1(a]⟨1b)|

|1(a⟩[1b)| |1(a⟩⟨1b)|

 , (51)

=
√

2

 |1(a]

|1(a⟩

 ([1b)| ⟨1b)|), (52)

=
√

2u(av̄b), (53)

where u and v are Dirac spinors satisfying /Pu = mu, /Pv = −mv, as follows from (49). Note that the

spin-1 polarization can be recovered from (53) via

Eab
µ = 1√

2m
v̄(aγµu

b). (54)
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In this sense the spin-1 polarization vector is constructed out of spin- 1
2 polarizations. We see that in

d = 4 the choice of polarizations given by (48) turns the product (7.17) into

X ⊗ Y = v̄
(b2
2 Xu

(a1
1 × v̄

b1)
1 Ȳ u

a2)
2 , (55)

which is simple multiplication together with symmetrization over the spin- 1
2 states. Since this operation

coincides with the one given in [126] we conclude that the amplitudes for a spin-1 field will agree in d = 4.

For instance, for one matter line we will write

Agr
n (Ea1b1

1 , Ea2b2
2 ) =

∑
α,β

Kαβ

(
AQCD

n,α

) (a1(b2
(
AQCD

n,β

)
a2)b1). (56)

which exhibits the symmetry properties of the indices explicitly. In particular it can be used to streamline

the argument given in Section 7.2 for axion pair-production.

In an analogous way to (50), in the representation where γ5 =

 −I2×2 0

0 I2×2

, we have

(/P +mI4×4)γ5 =

 −mI2×2 |1]a⟨1|bϵab

|1⟩a[1|bϵab mI2×2

 (57)

= u[av̄b]ϵab . (58)

By inserting the projector on the LHS instead of (50) into our double copy, we find that antisymmetriz-

ing little group indices from the Dirac spinors leads to a pseudoscalar. This antisymmetrization will

necessarily require an odd number of axion fields in (56). Hence the axion can be sourced by matter if

the Proca field decays to a pseudoscalar, which is again consistent with the Lagrangian of [126]. Further

analysis in general dimensions is done in the next Appendix.

Lagrangian comparison with [126]

The results of [126] consider the full spectrum of the 1/2⊗ 1/2 double copy restricted to four-dimensions.

In contrast, our work shows that there exists a truncated spectrum in general dimensions. It is interesting

to analyze the overlap by comparing the interactions in our Lagrangian (7.3) with a truncated version of

the one in [126]. Note that in principle the matching at the level of amplitudes does not guarantee such

an off-shell agreement due to diverse field redefinitions. However, in our case it is possible since 1) both

actions are written on the Einstein frame for the graviton-dilaton couplings and 2) It can be shown that

the axion and massive pseudoscalar fields decouple in the amplitudes of [126], hence the corresponding

interaction terms can be ignored in their Lagrangian.

With the previous considerations the Lagrangian of [126] leads to the following explicit couplings of



E. DOUBLE COPY FOR SPINNING PARTICLES 194

the dilaton to the Proca field at O(κ2)

LQCD2 = − 2
κ2R+ ∂µZ̄∂

µZ(
1 − κ2

4 Z̄Z
) − 1

2F
∗
µνF

µν +m2A∗
µA

µ

(
1 − κ

2 (Z̄ + Z) + κ2

2 Z̄Z + O(κ3)
)

(59)

The kinetic term for Z can be cast into the standard form when we identify the dilaton component.

Indeed, recall the field Z was defined by

Z = 2a+ i(e−2ϕ − 1)
2a+ i(e−2ϕ + 1) . (60)

Where the axion corresponds to the parity-odd piece, i.e. the field a. Setting a → 0 implies Z̄ = Z =

− tanhϕ. Doing the further field redefinition Z → κ
2Z, the Lagrangian (59) becomes

LQCD2 = − 2
κ2R+ 4

κ2 (∂ϕ)2 − 1
2F

∗
µνF

µν +m2A∗
µA

µ
(
1 + 2 tanhϕ+ 2(tanhϕ)2 + O(κ3)

)
. (61)

Finally, we do the field re-definition ϕ → κ
2ϕ, expanding up to second order in ϕ, which is the order of

the validity of the Lagrangian (59); in addition, we turn Aµ into a real field using the argument made

above (7.52), to arrive at

LQCD2 = − 2
κ2R+ (∂ϕ)2 − 1

4FµνF
µν + m2

2 AµA
µ

(
1 + κϕ+ κ2

2 ϕ
2 + O(κ3)

)
, (62)

which precisely agrees with the Lagrangian (7.3) for d = 4 if we truncate at O(κ2).

E.2 Tree-level Unitarity at n = 4

In this appendix we compute the residues of the gravitational amplitude A
1
2 ⊗ 1

2
4 . The aim of this is twofold.

On the one hand this checks explicitly that the operation (7.15) defines a QFT amplitude for n = 4 and

outlines the argument for general n. On the other hand, we want to find the matter fields that propagate

in a given factorization channel. For two dilaton emissions we find only the propagation of the Proca

field, which is consistent with our Lagrangian (7.77). For two axion emissions we find the propagation

of tensor structures of rank four and five. The former can be interpreted as a pseudoscalar in d = 4. In

general dimension, the propagation of these structures makes it more involved to write the Lagrangian

of the full 1
2 ⊗ 1

2 theory including axions.

Consider then the Compton amplitude from the 1
2 ⊗ 1

2 theory (7.15)

A
1
2 ⊗ 1

2
4 (W1H

µ3ν3
3 Hµ4ν4

4 W ∗
2 ) = K1324,1324

2⌊d/2⌋−1 tr
[
AQCD,µ3µ4

4,1324 /ε1
(
/p1+m

)
ĀQCD,ν3ν4

4,1324 /ε2
(
/p2+m

)]
, (63)

where the 4 pt. QCD partial amplitudes are given in (7.22), and the massive KLT kernel at four points

was given in (7.25).

We have claimed that (63) defines a tree-level amplitude. First, from the standard argument it is clear

that the RHS is local. Let us then argue that unitarity of the gravitational amplitude follows from the
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unitarity of the QCD amplitudes. Consider for instance the factorization channel 2p1·k3 → 0. We know

that in such case the QCD amplitude factorizes as

AQCD,µ3µ4
4,1324 → 1

2p1·k3
AQCD,µ3

3,R

(
/p13 −m

)
AQCD,µ4

3,L + · · · , (64)

Analogously, the charge conjugated amplitude factorizes as

ĀQCD,ν3ν4
4,1324 → 1

2p1·k3
ĀQCD,ν4

3,L

(
/p13 +m

)
ĀQCD,ν3

3,R + · · · , (65)

This implies that (63) behaves as

A
1
2 ⊗ 1

2
4 (W1H

µ3ν3
3 Hµ4ν4

4 W ∗
2 ) → − 1

2p1·k32⌊d/2⌋−1 tr
[
AQCD,µ4

3,L /ε1
(
/p1+m

)
ĀQCD,ν4

3,L

(
/p13 +m

)
ĀQCD,ν3

3,R /ε2
(
/p2+m

)
AQCD,µ3

3,R

(
/p13 −m

)]
+ · · · ,

(66)

We can examine the inner spectrum in the factorization channel by using the Fierz relations for the

product of two matrices M and N [341],

tr[M ×N ] = 1
2⌊d/2⌋

[d]∑
J

(−1)|J|

|J |! tr [MΓJ ] tr
[
NΓJ

]
, [d] =

 d for even d

d−1
2 for odd d

(67)

where {ΓJ = I, γα, γα1α2 , · · · , γα1···αd} is the Clifford algebra basis, with α1 < α2 < · · · < αr. The

gravitational amplitude (66) then takes the form

− 1
4p1·k322⌊d/2⌋−2

[d]∑
J

(−1)|J|

|J |! tr
[
AQCD,µ4

3,L /ε1
(
/p1+m

)
ĀQCD,ν4

3,L

(
/p13 +m

)
ΓJ

]
×

tr
[
ĀQCD,ν3

3R /ε2
(
/p2+m

)
AQCD,µ3

3,R

(
/p13 −m

)
ΓJ
]

+ · · · ,

(68)

Now it is clear that each trace corresponds to the double copy for the 3pt amplitudes, therefore we have

A
1
2 ⊗ 1

2
4 (W1H

µ3ν3
3 Hµ4ν4

4 W ∗
2 ) → − 1

4p1·k3

[d]∑
J

(−1)|J|

|J |! A
1
2 ⊗ 1

2
3,L (W1H

µ3ν3
3 ΦJ) ×A

1
2 ⊗ 1

2
3,R (ΦJHµ4ν4

4 W ∗
2 ). (69)

Hence, we have shown that the gravitational 4-pt. amplitude factorizes into the product of two 3-pt.

amplitudes. Moreover, ΦJ indicates all possible Lorentz structure propagating in the given factorization

channel. We can expand the sum to see the explicit form of some of these structures propagating in

this channel. To do so, first notice that since
(
/p13 +m

)
I = p13,α

m

(
/p13 +m

)
γα, we can identify the

contribution from the terms |J | = 0 and |J | = 1 with the transverse and longitudinal modes of the spin-1
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field. With this consideration (69) takes the form

− 1
p1·k322⌊d/2⌋

{
tr
[
AQCD,µ4

3,L /ε1
(
/p1+m

)
ĀQCD,ν4

3,L

(
/p13 +m

)
γα
]
DW,αβ

tr
[
ĀQCD,ν3

3,R /ε2
(
/p2+m

)
AQCD,µ3

3,R

(
/p13 −m

)
γβ
]

+ 1
2tr
[
AQCD,µ4

3,L /ε1
(
/p1+m

)
ĀQCD,ν4

3,L

(
/p13 +m

)
γµν
]

η[µαην]βtr
[

¯A,RQCD,ν3
3 /ε2

(
/p2+m

)
AQCD,µ3

3,R

(
/p13 −m

)
γαβ

]
+ · · ·

}
,

(70)

where

DW,αβ = ηαβ − p13,αp13,β

m2 , (71)

and the · · · indicate the terms with higher value of |J |.

A similar analysis can be made at higher multiplicity starting from (7.15). The additional complication

is that we have to deal with the factorization of the KLT kernel Kαβ , which is however standard. Once

the dust settles we obtain

− 1
2(p2

I −m2)22⌊d/2⌋−2

[d]∑
J

(−1)|J|

|J |! KαLβL
tr
[
AQCD

nL,αL
/ε1
(
/p1+m

)
ĀQCD

nL,βL

(
/pI

+m
)

ΓJ

]
×

KαRβR
tr
[
ĀQCD

nR,βR
/ε2
(
/p2+m

)
AQCD

nR,βR

(
/pI

−m
)

ΓJ
]

+ · · · ,

(72)

as p2
I → m2, for pI any internal massive momenta. This means that unitarity of A

1
2 ⊗ 1

2
n should follow

from that of AQCD
n provided we correcltly account for the tensor structures ΓJ as particles propagating

in this channel.

Let us leave the analysis for general multiplicity for future work, and here instead focus in the internal

spectrum at n = 4. Next we consider two such cases and determine the fields propagating in this channel.

The first is the gravitational amplitude for a massive line emitting two dilatons, whereas the second one

corresponds to the amplitude for the emission of two axions.

Dilaton emission

For this explicit example the sum truncates at |J | = 3. Moreover, it can be checked that the terms

|J | = 2 and |J | = 3 add up exactly to the contributions given by the |J | = 0 and |J | = 1 terms, namely,

they account for a propagating spin-1 field. With this in mind, (69) gives

A
1
2 ⊗ 1

2
4 (W1ϕ3ϕ4W

∗
2 ) → κ2

32p1·k3(2−d)
[
(d−4) pα

1 p3·ε1+2m2εα
1
]
DW,αβ

[
(d−4) pβ

2 p4·ε2+2m2εβ
2

]
. (73)

It can be also checked that the same residue is computed starting from (7.26).
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Axion emission

Let us move on to the slightly more complicated example corresponding to the emission of two axions

by a massive line. As we mentioned, the matter spectrum of the 1
2 ⊗ 1

2 double copy can be truncated to

massive vector fields once we consider the emission of gravitons or dilatons, but not axions. On the other

hand, via double copy we showed that the matter line can only produce axions in pairs. An example of

this is the four point amplitude for two axions:

A
1
2 ⊗ 1

2
4 (W1B3B4W

∗
2 ) = 1

2⌊d/2⌋−1K1324,1324

(
A

QCD,[µ3
4,1324 [µ4

Ā
QCD,ν3]
4,1324 ν4]

)
ϵB3,µ3ν3ϵ

µ4ν4
B4

.

Studying tree-level unitarity in this object leads to consider additional matter fields. For instance,

consider the channel 2p1·k3 → 0 given by (69). For two axion emissions, the sum truncates at |J | = 5.

The sum of the contributions for |J | = 0 and |J | = 1 cancels out, therefore no Proca field will propagate

in this channel, as expected since A
1
2 ⊗ 1

2
3 (W1BW

∗
2 ) = 0. We can check that the sum of the contributions

for |J | = 2 and |J | = 3 equals the sum of the contributions for |J | = 4 and |J | = 5. Therefore, in this

factorization channel there is the propagation of particles associated to the structures {γµ1,µ2 , γµ1µ2µ3} or

equivalently {γµ1µ2µ3µ4 , γµ1µ2µ3µ4µ5}. The propagation of these structures is what makes more involved

to write down a Lagrangian including the additional fields in general dimension. We leave this task for

future work. In d = 4 however there is a simplification since the form γµ1µ2µ3µ4 can be dualized to a

pseudoscalar, whereas the form γµ1µ2µ3µ4µ5 vanishes. The propagation of this pseudoscalar (as obtained

in [126]) was pointed out in the previous Appendix, as obtained from antisymmetrization of spinors in

d = 4.

F Gravitational wave scattering, Teukolsky formulation

In this appendix we approach the classical problem of the scattering of a gravitational wave off the Kerr

BH from BHPT. We aim to show the classical solutions of Teukolsky equation, indeed agree with the

amplitudes derivation of the differential cross section (8.32). For the spinless problem, the problem of

the scattering of waves off the Schwarzschild BH is approached by means of solutions to the so called

Regge-Wheeler (RW) equation [342] (see also [343]), which shows how the Schwarzschild black hole was

stable under small perturbations caused by the wave. In the case of the Kerr BH, an analogous equation

was derived by Teukolsky [344], by applying the Newman-Penrose formalism [345], to the problem of

perturbations of of Kerr. This formalism allows to write separation of variables solutions for the equation

for the perturbation in terms of the radial and angular part, while keeping all orders in the Newton’s

constant and the BH’s spin. The Teukolsky equation is the cornerstone of modern BHPT, used to

approach problems for both one and two-body processes in general relativity.

The setup for this part is to consider a PW incoming into the Kerr BH, and subsequently scatter into

a wave (S), which can be written as the superposition between the incoming plane wave and the outgoing

spherical wave. In this computation we use the conventions for the wave and black hole momenta as

indicated in Figure 1a. For vacuum perturbations, the Teukolsky scalar (radiation scalar) −2ψ = ϱ4ψ4,
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(a) Initial BHPT setup (b) Rotated BHPT setup

Figure 1: Gravitational wave scattering in the BHPT setup. (a) An incoming PW (purple) impinges on
the BH at an angle γ with respect to the direction of the BH spin (⃗a = aẑ). The outgoing scatter wave
(green) moves in a general direction with angles ϑ and φ with respect to eh Z and X axis respectively.
(b) Rotated frame. In this frame, the incoming PW (purple) moves along the vertical axis, whereas the
spin of the BH is rotated at an angle γ with respect to Z ′. The outgoing scatter wave (green) now moves
in the general direction θ′, ϕ′ with respect to the Z ′ and X ′ axis respectively.

contains all the information of the radiative dynamics and will be the main objects of study in this section.

Here ϱ = 1
r−ia cos ϑ , with r- and ϑ the spatial coordinates of the scattering problem. The radiation scalar

satisfies the homogeneous Teukolsky equation [344]

[
(r2 + a2)2

∆ − a2 sin2 ϑ

]
∂2ψ

∂t2
+ 4Mar

∆
∂2ψ

∂t∂φ
+
[
a2

∆ − 1
sin2 ϑ

]
∂2ψ

∂φ2 − ∆−s ∂

∂r

(
∆s+1 ∂ψ

∂r

)
− 1

sinϑ
∂

∂ϑ

(
sinϑ∂ψ

∂ϑ

)
− 2s

[
a(r −M)

∆ + i cosϑ
sin2 ϑ

]
∂ψ

∂φ
− 2s

[
M(r2 − a2)

∆ − r − ia cosϑ
]
∂ψ

∂t

+ s(s cot2 ϑ− 1)ψ = 0 , (74)

where s corresponds to the spin of the perturbation, which for gravitational wave scattering simply fixes

s = −2. This equation is separable in the frequency domain via

−2ψ(t, r, ϑ, φ) =
∑
ℓm

∫
dωe−iωt

−2Zℓmω−2Rℓmω(r)−2Sℓm(ϑ, φ, aω). (75)

Here, −2Zlmω are normalization coefficients. sRℓmω(r) are solutions to the homogeneous radial Teukol-

sky equation, and sSℓm(ϑ, φ, aω) are the spin-weighted spheroidal harmonics with respective defining

equations

[
∆−s d

dr

(
∆s+1 d

dr

)
+K2 − 2is(r −M)K

∆ + 4isωr − sλlm

]
sRℓmω(r) = 0 , (76)

and

[
1

sinϑ
d

dϑ

(
sinϑ d

dϑ

)
−a2ω2 sin2 ϑ− (m+ s cosϑ)2

sin2 ϑ
− 2aωs cosϑ+ s+ 2maω + sλlm

]
sSlm(ϑ, φ; aω) = 0 ,

(77)
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where K = (r2 + a2)ω − am, and sλlm is the spheroidal eigenvalue. We will come back to the Teukolsky

equation in a moment. Let us in the mean time provide the classical definition of the differential cross

section for the gravitational wave scattering process, which will be the observable to compare with the

QFT computation. It corresponds to the outward energy flux from the scattered wave (S) normalised

by the energy per unit area in the incoming plane wave (PW). In Kerr spacetime, the differential cross-

section for the scattering of a plane gravitational wave can be expressed in the following form

dσ

dΩ = |f(ϑ, φ)|2 + |g(ϑ, φ|2, (78)

where f and g are respectively the complex helicity preserving and helicity reversing scattering amplitudes.

Using a partial wave expansion they are given by the expressions

f(ϑ, φ) =
∞∑

l=2

∞∑
m=−∞

−2Slm(γ, 0; aω)−2Slm(ϑ, φ; aω)flmω, (79)

g(ϑ, φ) =
∞∑

l=2

∞∑
m=−∞

−2Slm(γ, 0; aω)−2Slm(π − ϑ, φ; aω)glmω (80)

where γ is the angle between the incoming wave vector and the axis of rotation of the Kerr BH (see

Figure 1a). The amplitude modes can be obtained by

flmω = 2π
iω

∑
P =±1

(
e2iδP

lm − 1
)
, (81)

glmω = 2π
iω

∑
P =±1

P (−1)l+m+2
(
e2iδP

lm − 1
)

(82)

where δP
lm are the phase shifts in a standard scattering process. These are computed by solving the radial

Teukolsky equation (76) [84,127]. Let us see. For our needs we will require a vacuum Teukolsky solution,

typically labelled sR
in
ℓmω, which satisfies the physical boundary condition of purely ingoing waves at the

horizon, namely

−2R
in
ℓmω(r) = Btrans

ℓmω ∆2e−iω̃r∗ , r → r+, (83)

where r+ = M +
√
M2 − a2 is the location of the outer horizon of Kerr, ω̃ = ω− ma

2Mr+
, and Btrans

ℓmω is the

so called transmission coefficient. Imposing this boundary condition fixes the asymptotic form at radial

infinity for each ℓ,m mode to be

−2R
in
ℓmω(r) = Binc

ℓmωr
−1e−iωr∗ +Bref

ℓmωr
3eiωr∗ , r → ∞, (84)

where Binc
ℓmω and Bref

ℓmω are the incident and reflection coefficients. Solutions to the radial Teukosky equa-

tion can be written as infinite series of hypergeometric functions or confluent hypergeometric functions,

depending on the required asymptotic boundary conditions [346–349]. Investigation of the asymptotic
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behaviour of these infinite series yields expressions for the incident and reflection coefficients:

Binc
ℓmω =ω−1

[
Kν − ie−iπν sin π(ν − s+ iϵ)

sin π(ν + s− iϵ)K−ν−1

]
Aν

+e
−i(ϵ ln ϵ− 1−κ

2 ϵ), (85)

Bref
ℓmω =ω−1−2s

[
Kν + ieiπνK−ν−1

]
Aν

−e
i(ϵ ln ϵ− 1−κ

2 ϵ), (86)

with

Aν
+ = e− π

2 ϵe
π
2 i(ν+1−s)2−1+s−iϵ Γ(ν + 1 − s+ iϵ)

Γ(ν + 1 + s− iϵ)

+∞∑
n=−∞

aν
n, (87)

Aν
− = 2−1−s+iϵe− π

2 i(ν+1+s)e− π
2 ϵ

+∞∑
n=−∞

(−1)n (ν + 1 + s− iϵ)n

(ν + 1 − s+ iϵ)n
aν

n, (88)

and

Kν = eiϵκ(2ϵκ)s−ν−r2−sirΓ(1 − s− 2iϵ+)Γ(r + 2ν + 2)
Γ(r + ν + 1 − s+ iϵ)Γ(r + ν + 1 + iτ)Γ(r + ν + 1 + s+ iϵ)

×

( ∞∑
n=r

(−1)n Γ(n+ r + 2ν + 1)
(n− r)!

Γ(n+ ν + 1 + s+ iϵ)
Γ(n+ ν + 1 − s− iϵ)

Γ(n+ ν + 1 + iτ)
Γ(n+ ν + 1 − iτ) a

ν
n

)

×

(
r∑

n=−∞

(−1)n

(r − n)!(r + 2ν + 2)n

(ν + 1 + s− iϵ)n

(ν + 1 − s+ iϵ)n
aν

n

)−1

. (89)

Here r is a free parameter (not to be confused with the radial coordinate) we set to be 0, ϵ = 2GMω,

κ =
√

1 − a⋆2, a⋆ = a
GM , τ = ϵ−mq

κ and ϵ± = ϵ±τ
2 . In these expressions the series coefficients aν

n satisfy

3 term recurrence relations and the ‘renormalised angular momentum’ ν is determined by insisting the

series all converge. The phase shifts are then simply given by

e2iδP
ℓm = (−1)l+1B

ref
lmω

Binc
lmω

. (90)

Solving the Teukolsky equation then means to solve for Binc
ℓmω and Binc

ℓmω, and therefore for the phase

shift (90) which can be use to compute the scattering amplitudes modes (81) and (82). The differential

cross section can be obtained by performing the infinite sums (79) and (80), which can then be replaced

in (78), and compare to the amplitudes result (8.32). In general, solving for this infinite sums is a very

non-trivial task, and we will have to engineer a method to compare to the closed form solutions from the

QFT computation. We will come bakc to this in appendix F.2.

In general, and as mentioned above, solutions of the Teukolsky equation encapsulate all orders in

perturbation theory (all orders in G), and all orders in the BH’s spin. In practice solving for this

conditions, this can become a non trivial task, however calculating the low frequency expansions of Binc
ℓmω

and Binc
ℓmω ultimately come down to determining low frequency expansions of aν

n and ν. These have been

extensively studied (see e.g. [349,350]), and so we will not discuss this problem here. The relevant results

will soon be available in the Black Hole Perturbation Toolkit [351]. Comparison to the QFT computation

requres a further expansion of the results in powers of the BH’s. This is a simple task up to a4 which is

the order we are interested in this thesis 3.
3Starting at order a5 and higher, a more careful treatment of the spin expansion is needed since terms of the form
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F.1 Low energy expansion

The matching to the QFT computation can actually be done at the level of the scattering amplitude,

which up to a phase should coincide with the BHPT result. We calculate the partial wave amplitudes in a

long wavelength limit GMω ≪ 1. For this, it is crucially important that 0 ≤ a
GM < 1 when constructing

the long wavelength expansion, so that we can use the tools of black hole perturbation theory. When
a

GM > 1 the BH ceases to have an horizon and standard methods for solving the Teukolsky equation are

not clearly defined. In this thesis, we will be interested to compute the partial waves up to order a4,

where the final result is independent of whether 0 ≤ a
GM < 1 or a

GM > 1.

We first construct the low frequency expansion of the harmonic modes of the amplitude functions,

holding a⋆ = a
GM < 1 fixed. This is essentially a two step process.

1. Calculate flmω and glmω as a Taylor expansion in ϵ = 2GMω. This can be given order-by-order in

closed form as a function of a⋆. Further, for all l greater than some value lmin, the solutions can also

be written as a function of l and m. lmin is determined by the order in ϵ to which one is working. For

example, up to ϵ5 only l = 2 differs from the closed form general lm expressions. At higher orders,

successively higher values of l will disagree with the general forms.

2. Project the spin-weighted spheroidal-harmonic representation on to a basis of spin-weighted spherical

harmonics. This is fairly straightforwardly done since in a low frequency limit one can write

−2Sℓm(ϑ, φ, aω) =
∑
±i

di
lm−2Yℓ+i,m(ϑ, φ)(aω)i (91)

where the coefficients di
lm are well known. See e.g. Appendix B of [350].

As a matter of computational complexity, this procedure is more or less independent of whether one

is dealing with polar (γ = 0) or non-polar (γ ̸= 0) scattering; for non-polar we simply need to keep all

m-modes.

We now give some explicit details of the calculations of f). Significant detail of such a calculation,

and for g, can also be found in [127] where the author computed the first correction in aω for the polar

(γ = 0) case. We will compute up to and including (aω)4 the relevant lm modes. As was noted in [127],

when calculating the expansion of Bref
ℓmω

Binc
ℓmω

in small ϵ = 2GMω, the complicated function Kν as given above,

appears only in the schematic form 1 + K−ν−1
Kν

. Explicit computation shows that K−ν−1
Kν

∼ ϵ2ℓ−1. This

implies for our calculation it can only be relevant for ℓ = 2, 3. As we will see below this leads to a

correction to the partial wave series at a⋆5 only for ℓ = 2, which are not relevant for the present thesis 4.

Omitting the cumbersome intermediate expansions we arrive at the following expression for the am-
√

1 − a⋆2 needs to be analytically continue from a ≤ a⋆ < 1, to a⋆ > 1. This then introduces a branch pick. In addition,
a this spin order, there is the presence of abortive terms (entering as complex components to the phase shift) that are not
present at a4 and lower orders. These issues will be discussed in more detail in [85].

4To correctly account for this we would need to treat the amplitudes in two parts, a generic-l expansion which ignores
all contributions from K−ν−1

Kν
, and a specific l piece which includes it. See [85]
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plitude modes

fℓmω = Γ(ℓ− 1 − iϵ)
Γ(ℓ+ 3 + iϵ)

Γ(ℓ+ 3)
Γ(ℓ− 1)βℓmω (92)

where βℓmω has the form

βℓm = 1 +
∞∑

i=2
β

(i)
ℓmϵ

i. (93)

The Γ-function prefactors in (92) absorb a significant amount of complicated structure in the low fre-

quency expansion of fℓmω, so that the β(i)
ℓm are relatively simple. We find explicitly that for i ≤ 5 the β(i)

ℓm

are polynomials in a⋆ of order i− 1.

The downside of the Γ-function prefactors is that the projection onto spherical harmonics is contains

some subtlety. Schematically, writing the low frequency expansion of the harmonics as

sSlm(ϑ, φ, aω) = sYlm + sS
(1)
lm qϵ+ sS

(2)
lm q2ϵ2 + . . . , (94)

sSlm(0, 0, aω) = N
(0)
lm +N

(1)
lm qϵ+N

(1)
lm q2ϵ2 + . . . , (95)

where the N (i)
lm are constants.

Both of the above expansions are available open source in the SpinWeightedSpheroidalHarmonics

package of the Black hole perturbation toolkit [351]. The full amplitude function is then

f(ϑ, φ) = 1
iω

∑
lm

Γ(ℓ− 1 − iϵ)
Γ(ℓ+ 3 + iϵ)

Γ(ℓ+ 3)
Γ(ℓ− 1)

(
N

(0)
lm +N

(1)
lm a⋆ϵ+N

(1)
lm a⋆2ϵ2 + . . .

)
(96)

×
(

sYlm + sS
(1)
lm a⋆ϵ+ sS

(2)
lm a⋆2ϵ2 + . . .

)(
1 + β

(2)
ℓmϵ

2 + . . .
)

(97)

= 1
iω

∑
lm

Γ(ℓ− 1 − iϵ)
Γ(ℓ+ 3 + iϵ)

Γ(ℓ+ 3)
Γ(ℓ− 1)

{
N

(0)
lm sYlm +

[
N

(0)
lm sS

(1)
lm + sYlmN

(1)
lm

]
a⋆ϵ (98)

+
[
β

(2)
ℓmN

(0)
lm sYlm + (N (0)

lm sS
(2)
lm +N

(2)
lm sYlm +N

(1)
lm sS

(1)
lm )a⋆2

]
ϵ2 + . . .

}
. (99)

We we will be investigating the large-a⋆ limit of this expression. Knowing that β(i)
ℓm is at most O(a⋆(i−1))

in this limit, one might naively conclude that the dominant, and relevant contribution comes entirely

from the cross terms of the expansions of the spheroidal harmonics. However, when we project onto the

spherical harmonics, an explicit calculation reveals that

∑
lm

Γ(ℓ− 1 − iϵ)
Γ(ℓ+ 3 + iϵ)

Γ(ℓ+ 3)
Γ(ℓ− 1)

∫ [
N

(0)
lm sS

(1)
lm + sYlmN

(1)
lm

]
sY

∗
lmdΩ ∼ O(ϵ), (100)

∑
lm

Γ(ℓ− 1 − iϵ)
Γ(ℓ+ 3 + iϵ)

Γ(ℓ+ 3)
Γ(ℓ− 1)

∫
(N (0)

lm sS
(2)
lm +N

(2)
lm sYlm +N

(1)
lm sS

(1)
lm )sY

∗
lmdΩ ∼ O(ϵ), (101)

so that the pure cross terms get an ‘order bump’ in the frequency expansion upon projection to spherical

harmonics. This pattern continues as far as we have checked. The end result is that the relevant terms

in the large-a⋆ expansion will be these cross terms and the leading order behaviour of the β(i)
ℓm functions.

For the generic-l contribution we find explicitly that the β(i)
ℓm are polynomials in a⋆. In particular
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β
(i)
ℓm is an (i − 1)th order polynomial in a⋆. Thus the highest power of a⋆ in each β

(i)
ℓm gives the O(G)

contribution we seek; all other terms are higher order in G. Focusing purely on these terms we will write

βG
ℓm = 1 +

∞∑
i=2

β
G,(i)
ℓm a⋆(i−1)ϵi. (102)

For example, for m = 2 we find

β
G,(2)
ℓ2 = − 2i

l(l + 1) , (103)

β
G,(3)
ℓ2 = −

i
(
l6 + 3l5 + 3l4 + l3 − 80l2 − 80l − 48

)
2l3(l + 1)3(2l − 1)(2l + 3) , (104)

β
G,(4)
ℓ2 =

i
(
l10 + 5l9 + 3l8 − 18l7 + 75l6 + 309l5 − 151l4 − 848l3 − 1696l2 − 1216l − 384

)
(l − 1)l5(l + 1)5(l + 2)(2l − 1)(2l + 3) , (105)

β
G,(5)
ℓ2 = i

8(l − 1)l7(l + 1)7(l + 2)(2l − 3)(2l − 1)3(2l + 3)3(2l + 5)
(
12l20 + 120l19 + 263l18

− 1053l17 − 20767l16 − 126764l15 − 122488l14 + 1199896l13 + 2612040l12 − 5081558l11

− 22234775l10 − 22582443l9 + 29249651l8 + 123462810l7 + 142507808l6 + 33491616l5

− 65123264l4 − 63746304l3 − 10990080l2 + 9262080l + 4147200
)
,

(106)

and analogously for other harmonics.

F.2 Matching procedure: BHPT and QFT amplitudes

In order to match our QFT amplitudes with the results from BHPT it is convenient to now project the

previous amplitude function (79) onto spin weighted spherical harmonics as in (91)

f(ϑ, φ) =
∑
lm

−2Ylm(ϑ, φ)flm(γ), (107)

where flm = fN + f
(1)
lm z + f

(2)
lm z2 + . . . and z = a⋆ϵ = 2aω. While there are some subtleties in the

projection as discussed in Sec. 4.3.1. of [127], we will omit such details here.

An important feature emerges for polar scattering, which is obtained by setting γ = 0. One finds that

only the modes f (i)
l0 are non-trivial and

f
(i)
l0 (0) = 0 , for i = 2k + 1 or for i ≤ l. (108)

This means that, other than the Newtonian term, for polar scattering the infinite sum over the spherical

harmonics reduces to a finite sum for each power of z. This has been noted in [127] for the case of GW

scattering in Kerr.

In the off-axis case where γ ̸= 0, no such simplification occurs, and we find it convenient to compare

with the 4-pt amplitudes (8.26) , by working mode-by-mode. To do this we first need to align our

coordinates by a rotation.
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Let us see how this works. The amplitude function (107) is written as a sum over the spin weighted

spherical harmonics −2Ylm(ϑ, φ), where (ϑ, φ) is the direction of the outgoing wave in a coordinate

system where the spin direction is ϑ = 0, i.e. the +Z direction, and the incoming wave is in the direction

(ϑ, φ) = (γ, 0) (in the X-Z plane), so that γ is the angle between the spin and the incoming wave.

Now let us rotate our (ϑ, φ)–(X,Y, Z) coordinate system about the Y axis (the same as the new

Y ′-axis) by an angle γ, to bring the incoming wave direction to the new +Z ′ direction, and call the new

coordinates (θ′, ϕ′)–(X ′, Y ′, Z ′) (see Figure 1b). This is still not the same as the (θ, ϕ)–(x, y, z) coordinate

system used in eq. (8.26), but now the z-axes are the same. The rotation of the spin weighted spherical

harmonics is known to be accomplished by

−2Ylm(θ′, ϕ′) =
∑
m′

Dl∗
mm′(γ) −2Ylm′(ϑ, φ) , (109)

where Dl∗
mm′ is the (complex conjugate) Wigner D-matrix with Euler angles (0, γ, 0),

Dl∗
mm′(γ) = Dl∗

mm′(0, γ, 0) = (−1)m′
√

4π
2l + 1 −m′Ylm(γ, 0). (110)

Now the amplitude (107) takes the form

f =
∑
lm

−2Ylm(θ′, ϕ′)f ′
lm(γ), (111)

with

f ′
lm(γ) =

∑
m′

Dl∗
m′m(γ) flm′(γ) , (112)

where we relabeled m ↔ m′ after substituting. Now, in this new (θ′, ϕ′) coordinate system, with corre-

sponding (X ′, Y ′, Z ′), the spin vector is a⃗ = a(− sin γ, 0, cos γ), the incoming wave vector is k⃗2 = (0, 0, ω),

and the outgoing wave vector is k⃗3 = ω(sin θ′ cosϕ′, sin θ′ sinϕ′, cos θ′).

Finally, we have the third (θ, ϕ)–(x, y, z) coordinate system used in (8.26), where k⃗2 is in the z direction

(same as Z ′ direction) and k⃗3 is in the x-z plane at an angle θ from k⃗2, and this is the same θ = θ′ from

the second coordinates. To translate the result (8.26) into the (θ′, ϕ′) coordinates, we use θ = θ′ and do

a rotation by an angle of ϕ′ around the x-axis. This simply amounts to take

az = a cos γ, ax = −a sin γ cosϕ′, ay = −a sin γ sinϕ′, (113)

as can be confirmed by comparing the values of a⃗ · k⃗2, a⃗ · k⃗3 and k⃗2 · k⃗3.

It is most convenient to compare our amplitudes results from (8.26) using (θ, ϕ) to our BHPT re-

sults using (ϑ, φ) by comparing the amplitudes of their spin weighted spherical harmonic modes in the

intermediate (θ′, ϕ′) coordinates as in (111).

We recall that the amplitude function f at the leading order in ϵ (at fixed aω = a⋆ϵ/2), coming from

the tree-level scattering amplitude (8.26), is
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f = κ2M2 cos4(θ/2)
4 sin2(θ/2)

[
1 + F(ω, a, θ) + 1

2!F(ω, a, θ)2 + 1
3!F(ω, a, θ)3 + 1

4!F(ω, a, θ)4] (114)

which is expressed in terms of (θ′, ϕ′) by using θ = θ′ and (113). Its mode amplitudes f ′
lm from (111) are

given by integrals over the 2-sphere,

f ′
lm(γ) =

∫
dΩ′

−2Y
∗

lm(θ′, ϕ′)f(γ, θ′, ϕ′) , (115)

and depend only on the angle γ between the incoming momentum and the spin, and on the parameters

ϵ and a⋆. Then, matching of the BHPT results to the QFT results translates to show (115) and (112)

agree for all ℓ,m.

In general, let us write these as an expansion in ϵ, focusing on the leading order in the large a⋆

expansion at each order in ϵ,

f ′
lm =

∞∑
n=0

ϵn
[
f ′

lm,na
⋆n + O(a⋆(n−1))

]
. (116)

We find that this pattern also holds for the analytically continued BHPT amplitudes in the large a⋆

expansion for the orders considered here, i.e. up to a4.

At linear order in spin, from (114), we find

f ′
00,1 = 0,

{f ′
1m,1} = {0, 0, 0},

{f ′
2m,1} =

√
π

5 {0, 0, 0, 3 sin γ,−2 cos γ},

{f ′
3m,1} = sin γ{0, 0, 0, 0,

√
7π
10 , 0,

√
7π
6 },

(117)

and so on, with m = {−l, . . . , l}. From (114) at quadratic order in spin, we find

f ′
00,2 = 0,

{f ′
1m,2} = {0, 0, 0},

{f ′
2m,2} = {0, 0, 1

4

√
5π
6 sin2 γ,−2

3

√
π

5 cos γ sin γ, 1
24

√
π

5 (9 cos(2γ) − 5)},

{f ′
3m,2} = {0, 0, 0, 1

4

√
3π
70 sin2 γ,

1
6

√
π

70 sin(2γ),− 1
24

√
π

7 (3 cos(2γ) + 1),−
√

π

42 sin γ cos γ},

{f ′
4m,2} = sin2 γ{0, 0, 0, 0, 1

8

√
π

10 , 0, 0, 0,
3
16

√
π

7 },

(118)

and so on. At cubic order in spin, it follows
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f ′
00,3 = 0,

{f ′
1m,3} = {0, 0, 0},

{f ′
2m,3} = {0, 5

168
√

5π sin3 γ,−2
7

√
2π
15 cos γ sin2 γ,

1
336

√
π

5 (1 + 39 cos 2γ) sin γ,

1
504

√
π

5 cos γ(23 − 31 cos 2γ)},

{f ′
3m,3} = {0, 0,− 1

96

√
π

70 sin3 γ,
1
8

√
3π
70 cos γ sin2 γ,− 1

192

√
π

70(17 + 39 cos 2γ) sin γ,

1
144

√
π

7 (11 cos 2γ − 7) cos γ, 1
64

√
π

42(9 cos 2γ − 1) sin γ},

(119)

and so on. Finally, at quartic order in spin we have

f ′
00,4 = 0,

{f ′
1m,4} = {0, 0, 0},

{f ′
2m,4} = { 769

10752

√
π

5 sin4 γ,− 67
672

√
π

5 cos γ sin3 γ,
1

896

√
π

30(37 + 103 cos 2γ) sin2 γ,

1
2688

√
π

5 (17 − 41 cos 2γ) sin 2γ, 1
43008

√
π

5 (77 − 156 cos 2γ + 143 cos 4γ)},

{f ′
3m,4} = {0,− 233

23040

√
π

7 sin4 γ,
1
9

√
π

70 cos γ sin3 γ,− 1
1152

√
π

210(97 + 179 cos 2γ) sin2 γ,

1
144

√
π

70(7 cos 2γ − 2) sin 2γ,− 1
18432

√
π

7 (33 − 76 cos 2γ + 107 cos 4γ), 1
144

√
π

42(sin 2γ − sin 4γ)},

(120)

and so on. Remarkably, also continuing to large values of l, we find that all of these (ϵa⋆)i, for i = 1, 2, 3, 4

terms in the mode amplitudes from the (minimal) tree-level scattering amplitude (114) precisely match

those computed from the analytically continued BHPT theory amplitudes as described above. Amplitude

(114) in turn provides a closed form for the infinite partial waves from BHPT. An analogous mode

expansion can be made for the amplitude (8.28) and show it agrees with the BHPT computation up to

quartic order in spin.


