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Abstract

The first part of this dissertation is related with the theory of star selec-
tion principles. In particular, with the star and the strongly star versions
of Menger, Hurewicz and Rothberger. We provide an equivalence between
the Lindelof property and its star versions in the classes of metalindelof and
paraliindelof spaces. Because of this result and the characterization of para-
compactness in terms of stars, we obtain a single proof of the equivalence
between the properties Menger, Hurewicz, Rothberger and compactness with
their respective star versions in the classes of metaliindeldf and paralLindelof
spaces. Then, we present a class of spaces that contains both the W-spaces
and the Niemytzki plane and show that the characterizations given by Bo-
nanzinga and Matveev for W-spaces, are preserved in this broader class of
spaces. A characterization in this class of spaces of the strongly star-Menger
property in terms of games is also provided. Furthermore, some results are
obtained for the absolute versions of these star selections principles. For small
spaces, there is an equivalence between the absolute version of the strongly
star-Lindelof property and the selective versions of both the strongly star-
Menger property and the strongly star-Hurewicz property. We mention and

review some of the examples that make a distinction between the Menger,
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Hurewicz and Rothberger properties and its star versions. We provide an
example of a normal star-Menger not strongly star-Menger space. Regarding
unions of spaces, we prove that Lindelof spaces that can be written as a union
of less than 0 (b) many star-Hurewicz spaces are Menger (Hurewicz) and Lin-
delof spaces that can be written as a union of less than b many star-Menger
spaces are Menger. Analogous results for the star versions of Lindelof are

obtained.

The second part of this dissertation deals with weakenings of normality in
Mrowka-Isbell W-spaces. We present an equivalence between m-normal and
almost-normal spaces. Then we provide three relevant counterexamples: a
mildly-normal not partly-normal W-space, a quasi-normal not almost-normal
U-space (both in ZFC), and a consistent example of a Luzin mad family such

that its associated W-space is quasi-normal.
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Chapter 1

Introduction

The objective of this chapter is twofold. First we will introduce the basic
notation, main concepts and definitions that will be used throughout this
work (Section 1.1). Second, we will provide some background, history and
motivation in the theory of selection principles (Section 1.2) and the study

of W-spaces (Section 1.3).

1.1 Basic Notation and Definitions

We will use standard topological and set-theoretic notation such as in [28] and
[56]. A space X will always denote a regular topological space unless other-
wise stated (that is, points in X are closed and can be separated from closed
sets that do not contain them). Given a set D, |D| and P(D) denote, respec-
tively, the cardinality and the power set of D and, [D]" = {B C D : |B| = k},
[D]<* ={B C D : |B| < k}, [D]** ={B C D : |B| < k} for some cardinal

k. Sometimes we write [D]* or [D]=“! instead of [D]™ or [D]=Y1] respectively.
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Recall that a family A of infinite subsets of w is called an almost disjoint
family if and only if any two distinct members meet in a finite set (for each
a,be A, a#b— |lanbl <w). An almost disjoint family is mad (maximal
almost disjoint), if it is not properly included in any larger almost disjoint

family. All almost disjoint families considered here will be infinite.

The following two important classes of spaces will be considered many times

in this work.

Definition 1.1.1 ([3], [63]). Given an almost disjoint family A, the Mréwka-
Isbell U-space V(A) is defined as follows: the underlying set is w U A; if
n € w, {n} is open and if a € A, then for any finite set F' C w, {a} Ua \ F

is a basic open set of a.

W-spaces are separable, first countable, zero dimensional regular spaces. We

will discuss more about them in Section 1.3.

Definition 1.1.2. The Niemytzki plane on a set X C R, denoted by
N(X), has as underlying set X x {0} UR x (0,00). The open upper half-
plane R x (0,00) has the Euclidean topology and the set X x {0} has the
topology generated by all sets of the form {(z,0)} U B where x € X and B is
an open disc in R x (0, 00) which is tangent to X x {0} at the point (x,0).

The Niemytzki plane is also called Niemytzki’s tangent disk topology, bubble
space or Moore plane (since it is a classic example of a separable, nonmetriz-
able Moore space). It is important to mention that X = R is the way that

=

it was originally defined by Niemytzki (see [65]).



For a pair of functions f,g € w*, f <* g means that f(n) < g(n) for all but
finitely many n (and f < g means that f(n) < g(n) for all n). A subset B
of w* is unbounded if there is no g € w* such that f <* g for each f € B.
A subset D of w* is dominating if for each g € w* there is f € D such that
g <* f. The minimal cardinality of an unbounded subset of w* is denoted
by b, and the minimal cardinality of a dominating subset of w* is denoted

by 0.

Recall that a cover U of a space X is a subset of the power set P(X) of
X such that YU = X. In addition, we call 4 an open cover of X, if each
of its elements is an open set in X. Open covers V of X which satisfy that
for each x € X, x belongs to all but finitely many elements of V are called

y-covers.

Notation 1.1.3. Given a space X, O(X) denotes the set of open covers of
X and T'(X) denotes the set of all y-covers of X. We will simply write O

and I' when there’s no confusion.

1.2 Selection Principles

In [74] it is stated that “The study of selection principles in mathematics
is the study of diagonalization processes”. That is, “a selection principle is
a rule asserting the possibility of obtaining mathematically significant ob-
jects by selecting elements from given sequences of sets” [93]. Researchers
agree (see for instance [73], [55]), that the beginnings of selection principles in

Topology took place in articles by E. Borel [16], K. Menger [62], W. Hurewicz

3



[43] and F. Rothberger [68]. But, since the appearance of Scheepers’s paper
“Combinatorics of open covers I: Ramsey theory” in 1996 [72], the field has
enjoyed much attention. In the present day, the theory of selection principles
in Topology has many connections with other areas of mathematics such as
Game Theory, Set Theory, Function spaces and hyperspaces, Ramsey The-

ory, etc.

All the star selection principles we study in this work derive from the three
classical selection principles Menger, Hurewicz and Rothberger. In [72] Scheep-
ers provided convenient notation for a family of selection principles that have

become standard in the literature:

Let X be a topological space let &/ and % be families of covers of X. We

consider the following selection hypotheses:

o Stin(ef, B): for each sequence {A, : n € w} of elements of o/ there is
a sequence {JF, : n € w} such that for each n, F,, is a finite subset of
A, and Uy, Fn € B.

o Si(, P): for each sequence {A, : n € w} of elements of <7 there is a
sequence {A,, : n € w} such that for each n, A, € A, and {A,, : n € w}
is an element of %.

o Upin(ef, B): for each sequence {A, : n € w} of elements of &7 there is
a sequence {F, : n € w} such that for each n, F, is a finite subset of

A, and {UF, :n €w} e AB.

Recall (Notation 1.1.3) that O and I' denote, respectively, the set of open

4



covers and the set of y-covers of a space X.

Definition 1.2.1. A space X is:
o Menger (M) if S§in(O,O) holds.
« Rothberger (R) if S1(O,O) holds.
o Hurewicz (H) if Uy, (O,T") holds.

Observation 1.2.2. The following diagram holds:

H M R

N

L

Diagram 1.1: The Classical Selection Principles.

Proof. Indeed, Assume a space X is Hurewicz (Rothberger, respectively),
and let {U, : n € w} be any sequence of open covers of X. There is a
sequence {V, : n € w} ({U, : n € w} resp.) such that for each n, V, € [U,]<*
(U, € Uy, resp.) and {UV,, :n € w} €I’ {U, : n € w} € O). Then, in
particular, U,c, Vn € O (the sequence {{U,} : n € w} satisfies that for each
n, {U,} € [U,]=* and U,e,{Un} € O). Thus, X is Menger. Now assume
that X is Menger and let & € O(X). For each n € w let U,, = U. Then for
the constant sequence {U,, : n € w} there is a sequence {V,, : n € w} such
that for each n, V,, € [U,]<* and U,e,, Vi € O. Observe that U,,c, Vo € [U]”.
Hence, X is Lindelof. ]

These arrows do not reverse. Examples can be found in Section 2.6. In 1924

K. Menger introduced the following property for metric spaces:
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Definition 1.2.3 ([62]). A metric space (X,d) has the basis property if
for every basis B of X there is a sequence {B, : n € w} of elements of B

such that
lim diam(B,) =0 and X = B..

n—00
new

Menger conjectured that a metric space has the basis property if and only if
it is o-compact (a space is called o-compact if it can be written as a count-
able union of compact spaces). Hurewicz proved in [43] that a metric space
(X, d) has the basis property if and only if Sy;, (O, O) holds and showed
that for analytic spaces, Menger’s conjecture is true. In addition, in [44] he
attributed to Sierpiniski that Luzin sets are Menger and not o-compact (an
uncountable subset of the reals that has countable intersection with every
meager set it’s called a Luzin set). Thus, assuming CH, Menger’s conjecture
is false (Luzin sets can be constructed using CH). It wasn’t until 1988 that
Fremlin and Miller proved in ZFC that Menger’s conjecture is false (see [31]).

In 1925 Hurewicz [43] introduced the principle Uy, (O,I') and conjectured
that a metric space satisfies Uy;,,(O,T") if and only if it is o-compact. A
Sierpinski set (a subset of the reals S is called a Sierpiriski set if it is un-
countable, and for each Lebesgue measure zero set N, S N N is countable)
satisfies Uy, (O, 1) and it is not o-compact. Since a Sierpinski set can be
constructed using CH, Hurewicz’s conjecture is consistently false. It was un-

til 1996, that Miller proved in [48] that Hurewicz conjecture is false in ZFC.

In 1938 F. Rothberger [68] introduced the principle S;(O, O) and showed that

if a metric space satisfies S1(O, O), then it has strong measure zero (X has
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strong measure zero if for each sequence of positive reals {€, : n € w} there
is a sequence of intervals {/,, : n € w} such that for each n, diam(I,) < ¢,

and X C Upey In). In 1942 he proved [69] that the converse does not hold.

For a detailed study on the beginnings and evolution of the study of selec-
tion principles, see [73] (see also [74]). For a more recent work that contaings
slightly simplified solutions to Menger’s and Hurewicz’s problems and con-

jectures see [90] (see also [92]).

Star selection principles were first introduced and studied by Kocinac in
[54] as natural generalizations of the selection principles Menger, Rothberger
and Hurewicz. They will be the objects of study in the following chap-
ter. Some of the results in Chapter 2 appeared in my joint paper [18] with
Javier Casas de la Rosa and Paul Szeptycki. Chapter 2 starts with the def-
inition of star (Definition 2.0.1), and some particular refinements of open
covers (Definition 2.0.3) that are used to define the properties metalindelof,
metacompact, paraLindelof and paracompact. In Section 2.1 a proof of the
characterization of paracompactness in terms of stars (due to A. H. Stone),
is presented (Theorem 2.1.3). Section 2.2 is devoted to introduce the star
versions of the Lindelof property and to show that in the class of metaLin-
delof spaces the properties Lindelof and strongly star-Lindelof are equivalent
and that in the class of paraLindelof spaces the properties Lindelof and star-
Lindelof are equivalent (Proposition 2.2.7). In Section 2.3 we define the
star versions of the Menger, Rothberger, Hurewicz and compactness prop-

erties as well as the basic relationships between them. Furthermore, using
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the characterization of paracompactness in terms of stars and the equiva-
lence between the Lindelof property and its star versions we show that if
P € {compact, Menger, Rothberger, Hurewicz} then a space X is P if and
only if X is strongly star-P and metaLindelof if and only if X is star-P and
paraLindel6f (Theorem 2.3.8).

In Section 2.4 we present a class of spaces that contains the class of -
spaces and the Niemytzki plane and analize under which conditions they
have certain star selection principles. That is, strongly star-Lindelof spaces
which consist of the disjoint union of a closed discrete set with a o-compact
subspace. In turns out that the characterizations given by Bonanzinga and
Matveev for the strongy star-Menger and strongy star-Hurewicz properties

in W-spaces, still hold in this class of spaces (Theorems 2.4.5 and 2.4.11).

Absolute versions of star selection principles are presented in Section 2.5 and
some results are given for spaces of size smaller than b, or 9. For instance,
there is an equivalence between the absolute version of the strongly star Lin-
delof property and the selective versions of both the strongly star-Menger
property and the strongly star-Hurewicz property in spaces of size smaller

than 0 and b, respectively (Theorem 2.5.18).

In Section 2.6 examples of spaces that distinguish some star selection princi-
ples to the other are provided. In particular, a consistent example of a normal
star-Menger not strongly star-Menger space is given (Proposition 2.6.20). In
Section 2.7 we discuss how selection principles naturally relate to games and

give a partial characterization of the strongly star-Menger property in terms



of games for the class of spaces studied in Section 2.4.

Finally, in Section 2.8, we provide some results about spaces that can be
written as a “small” union of spaces satisfying some selection principle. The
results contained in this section are part of a work in progress with Javier
Casas de la Rosa and William Chen-Mertens. In particular, we prove that
a Lindel6f space that can be written as a union of less than 0 (b) many
star-Hurewicz spaces is Menger (Hurewicz) and a Lindel6f space that can
be written as a union of less than b many star-Menger spaces is Menger
(Theorem 2.8.2). This improves a result by Tall stating that a Lindelof
space that can be written as a union of less than 0 many compact spaces
is Menger. Analogous results for the star versions of Lindelof are obtained.
For instance, a strongly star- Lindel6f space that can be written as a union

of less than 0 many Hurewicz spaces is strongly star-Menger (Theorem 2.8.8).

1.3 WV-Spaces

Mréwka-Isbell W-spaces or simply W-spaces (see definition 1.1.1), give a num-
ber of interesting counterexamples in many areas of topology including nor-
mality and related covering properties. They were introduced by Mrowka
in 1954. He built a W-space using a mad family to provide an example of
a completely regular pseudocompact not countably compact space. In [34]

Gillman and Jerison call such a space a W-space and attribute it to Isbell®.

!That’s the reason why the name “Mréwka-Isbell U-space” is widely spread, even

though (apparently) there’s no published work of Isbell where W-spaces are defined.



It is important to point out that in [3], Alexandroff and Urysohn basically
built a W-space: for each r € R fix a sequence @), C QQ converging to r, then
the family {Q, : r € R} is almost disjoint and we can identify Q with w to

obtain a W-space.

U-spaces are part of the normal Moore space conjecture (all normal Moore
spaces are metrizable) first stated by F. B. Jones. Recall that a develop-
ment for a space X is a sequence {G,, : n € w} of open covers of X such
that for each x € X, {St(z,G,) : n € w} (see Definition 2.0.1) is a local base
for x. A regular space with a development is called a Moore space. In 1937
Jones proved that assuming 2% < 2%t every separable normal Moore space is
metrizable. Then in 1951 Bing showed that if there is a Q-set (an uncontable
set of reals in which every subset is relatively Gs) then there is a separable
non-metrizable normal Moore space. On the other hand, Heath showed in
1964 that the existence of a separable non-metrizable normal Moore space
implies the existence of a ()-set. Then Silver showed that it is consistent that
(Q-sets exist. Hence, the metrizability of separable normal Moore spaces is

independent from ZFC.

W-spaces are examples of Moore spaces, they are regular and given any al-
most disjoint family A such that JA = w, if for each n € w and each a € A
we define U, (a) = {a} U (a ~n) and U,, = {U,(a) : a € A} U{{i} : i <n}
then {U, : n € w} is a development of U(.A).

Furthermore, since A is a closed discrete subset of W(A) and W(.A) is sep-
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arable (w is a dense subspace), given that separable metrizable spaces are
Lindelof, if A is uncountable, then W¥(.A) is non-metrizable. Therefore, W-
spaces (where A is uncountable) are examples of separable non-metrizable
Moore spaces. Because of this, finding out when a W-space is normal becomes

relevant. Tall provided the following equivalence:

Theorem 1.3.1 ([87]). The following are equivalent:
1. There is a non-metrizable separable normal Moore space
2. There is an uncountable almost disjoint family A such that V(A) is
normal

3. There is a Q-set.

Recall that assuming A is infinite, ¥(A) is not countably compact. If in
addition, A is mad, then ¥(.A) is pseudocompact. Given that normal pseu-
docompact spaces are countably compact we get that every time A is mad,
U(A) is not normal. By Jones Lemma (if X is normal and separable then
for each closed and discrete Y C X, 21V < 2%0) 'if | A| = ¢, then W(A) is not
normal. In other words, to construct a normal W-space, the almost disjoint
family shouldn’t be mad and it has to have size smaller than ¢. Furthermore,

the following has to hold:

Proposition 1.3.2 (Folklore). Given any almost disjoint family A, V(A) is
normal if for every C C A, there is X C w such thatC = {a € A:a C* X}
and ANC={acA:anX =*0}.

The X in the previous proposition is called a separation of C and A ~ C.
More in general it will be said that two subfamiles B and C of A, have a

separation if there is X C w such that for each b € B, b C* X and for each
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ceC,cNX =*{. An important kind of almost disjoint families that will be

used in Chapter 3 is the following:

Definition 1.3.3 ([57]). An almost disjoint family A is called Luzin if it
can be enumerated as {A, : o < wy} so that for each o < wy and each n € w,

{8 <a:A.NAg Cn} is finite.

In addition to the structural properties that Luzin families have, they provide
an example of an almost disjoint family A such that every pair of uncountable
subfamilies of A have no separation. In [41] it is stated that Luzin’s con-
struction was probably influenced by the Hausdorff gap [37] (see also [49]).

Therefore, W-spaces built from Luzin families are not normal:

Theorem 1.3.4 ([57]). In a Luzin family no pair of uncountable subfamilies

have a separation.

Proof. Assume A = {A, : @ < wy} is a Luzin family and B,C € [A]** have
a separation. Let X C w such that for each B € B, B C* X and for each
CelC,CNX =*0. Define a function f : BUC — w such that
( U B\f(B)) CX  and ( U(C\f(C))ﬂX:Q).
BeB cec

By the Pigeon hole principle, there are ng,n; € w and B’ € [B]“*, C' € [C]“*
such that for each B € B', f(B) = ngy and for each C € (', f(C') = n;. Let
m = max{ng,n1}. Observe Y{B~m: B e B}NU{C~m:Cecl'}=0.
Thus, UB' NUC" C m. Now, take any countable subset D € [C']“, since B’
is uncontable there exists A, € B’ such that for all Ag € D: 5 < a. Since A
is Luzin, there is By < a such that Ag, € D and A, N Ag, € m, which is a

contradiction. N
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For a detailed survey on open problems and recent work on almost disjoint

families and W-spaces see [40] (see also [41] and [42]).

Weakenings of normality have been considered in the literature since the late
60’s and early 70’s. A (regular) space X is normal if for every pair (A, B) of
disjoint closed subsets of X there is a pair of disjoint open sets (Us, Upg) so
that A C Uy, and B C Ug. In weakenings of normality (see Definition 3.1.1)
we don’t just consider closed sets, but also regular closed sets and 7-closed
sets (a finite intersetion of regular closed sets). Since every regular closed
set is m-closed and, every m-closed set is closed, normality is the strongest of
all these properties. In Chapter 3 we will study some of these weakenings
of normality in the context of W-spaces. Some of the results in this chapter

appear in my submitted paper [33] with Paul Szeptycki.

In Section 3.1, these weak normality properties are introduced and some
motivation and basic facts are provided. We prove that the properties -
normality and almost-normality are equivalent. The most important results
of the chapter are contained in Section 3.2. First we construct a quasi-normal
not almost-normal W-space (Example 3.2.3), then we build a mildly-normal
not partly-normal W-space (Example 3.2.5). Both of these examples are
in ZFC and have size ¢. Furthermore, assuming the existence of a mad
family of true cardinality ¢ (Definition 3.1.3), these constructions give ex-
amples of a quasi-normal not almost-normal W-space (Corollary 3.2.4) and a
mildly-normal not partly-normal W-space (Corollary 3.2.6) whose associated

almost disjoint family is mad. That is, mildly-normality and quasi-normality

13



in W-spaces are not rescricted by the size or the maximality of the almost
disjoint family, opposed to normality (as previously discussed). Finally, Ex-
ample 3.2.10 is a consistent example (assuming CH) of a Luzin mad family
such that its associated W-space is quasi-normal. In Section 3.3 we define
strongly Wo-separated almost disjoint families (Definition 3.3.1), prove that
almost-normal almost disjoint families have this property (Lemma 3.3.2) and

assuming CH, we construct a strongly Rg-separated mad family (Proposition

3.3.3).
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Chapter 2

Star Selection Principles

In this chapter we will study some star selection principles that derive from
the selection principles Menger, Rothberger and Hurewicz. As an introduc-
tion, we will define the notion of star, which is fundamental in this work.
Then we will define some important refinements of open covers of a space

(Definition 2.0.3) and the topological properties that relate to them.

Definition 2.0.1. Given any space X, if U C P(X), and A C X, the set
St(AU) = {U eU : AnU # 0}

is called the star of the set A with respect to U. If x € X, St(x,U) :=
St({x}, U).

Even though U is any subset of P(X), the suggestive notation indicates that

we will restrict to the cases where U is a cover of X with certain properties.

Definition 2.0.2. IfU,V are covers of a topological space X,V will be called
a refinement of U, and it will be denoted by V < U, if for each V €V,
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there exists U € U such that V. C U. If in addition, each element of V is

open, it will be called an open refinement.

Refinements of open covers play an important role in selection principles.

The following ones define important properties in Topology:

Definition 2.0.3. If U,V are covers of a topological space X, such that
YV <U, we say that V is a:
« point finite refinement if for every v € X the set {Ve€V:x eV}
is finite.
« point countable refinement if for every x € X the set {V €V :x €
V'} is countable.
e locally finite refinement if for every x € X there is a neighbourhood
U of x such that the set {V € V:UNV # 0} is finite.
o locally countable refinement if for every x € X there is a neigh-
bourhood U of x such that the set {V €V : U NV # 0} is countable.
o star refinement of U, denoted by V <g U, if for each V € V, there
exists U € U such that St(V,V) C U.
o barycentric refinement of U, denoted by V <, U, if for each v € X,
there exists U € U such that St(x,V) C U.
If in addition, each element of V is open, the word “open” is added, for
instance, “locally finite open refinement” instead of just “locally finite refine-

ment” or “open star refinement” instead of “star refinement”.

Observe that for any space X, and every cover U of X, each star refinement

of U is a barycentric refinement of i.
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Definition 2.0.4. A space X is called metacompact (metaLindel6f) if
and only if it is Hausdorff and every open cover has a point finite open

refinement (point countable open refinement).

Definition 2.0.5. A space X is called paracompact (paraLindelof) if
and only if it is Hausdorff and every open cover has a locally finite open

refinement (locally countable open refinement).

The following diagram shows the relationship between these properties. None

of the arrows reverse.

Paracompact ——= Metacompact

ﬂ ﬂ

ParaLindelof —= MetaLindelof

Diagram 2.1: Paracompact, ParalLindelof, Metacompact and MetaLindelof.

2.1 Paracompactness in terms of stars

Paracompactness has played an important role in Topology. In 1940 Tukey
defined the fully normal spaces (a space X is fully normal if each open cover
has an open star refinement). Then Dieudonné defined paracompactness as
a generalization of compactness. In [47], Junnila writes “In 1948, the period
of ‘modern general topology’ was started by A.H. Stone’s landmark paper in
which full normality and paracompactness where shown to be equivalent prop-
erties”. As we’ll see in Section 2.3, paracompactness plays an important role

in star selection principles as well. But, as it might be expected in this realm,
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it is the “fully normal” interpretation that comes in handy. Therefore, we

present a proof of this equivalence here that follows the one presented in [28].

In general, for any A,B C X, AUB = AU B. It might be the case that
User Aa # Uaer Aq for some infinite x. But, if {A,}aex is a locally finite

family, this equality hold:

Proposition 2.1.1. For each ordinal k and every locally finite family { Ay} acr
in some space X : Uper Aa = Uner Aa-

Proof. Let x € Uyer Aa- By local finiteness, there is a neighbourhood U of
@ such that F' = {a € k : UN A, # 0} is finite. Then, 2 ¢ Uge,r Ag. Since

reJA=J AU U 45,

a€Ekr a€eF BERNF
it holds that € Upep Aa = Uner Aa C Uner Aa- O

This is a key property of paracompact spaces. In particular, it is important
in the proof that paracompact spaces are normal and it provides the following

corollary:

Corollary 2.1.2. For every locally finite family {Aa}aer, {Aatacs is also
locally finite.

Theorem 2.1.3 (Michael, Stone, Tukey). The following are equivalent:

1. X is paracompact.
2. For each € O(X) there is V <U open o-locally finite refinement.
3. For eachU € O(X) there is V < U locally finite refinement.
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4. For each U € O(X) there is V <U closed locally finite refinement.
5. For eachU € O(X

(

(X) there is V < U open barycentric refinement.
6. For eachU € O(X

(

)
)
) there is V < U open star refinement.

7. For eachU € O(X) there is V <U open o-discrete refinement.

Proof. To show the equivalences we will procced as follows:

1—-2—-3—-4—1land4d —-5—-6—7— 2.

1 — 2: This is immediate since each open locally finite refinement is an open

o-locally finite refinement.

2 — 3: Let U € O(X) and let V be an open o-locally finite refinement of
U. Hence, V =

new Vi, Where for each n € w, V), is a locally finite family of

open sets. For each n € w and each V' € V,, define

WnV:v\(Uka>.

k<n

Clearly the family Z = {W) :n € w AV € V,} covers X and is a refinement
of U (since it refines V). To show that Z is locally finite, fix x € X, let
k= min{n € w: x € UV,} and pick V, € Vj such that x € V,. Observe
that for each n > k, if V€ V,, then V, N WY = . Since for each n € w,
V, is locally finite, for each ¢ < k there is U; open such that x € U; and
{V eV, :VNU; # 0} is finite. If we define U = (ﬂz‘gk Ui) NV,, then x € U
and {A €Z:UNA%# 0D} is finite.

Proof: 3 — 4: Let U € O(X), since X is regular, there is W € O(X) such
that {W : W € W} <U. Let V < W be a locally finite refinement. For each
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V eV, let Uy €U so that V C Uy. For each U € U, let Fyy = Uvy=u V.
Claim: {Fy : U € U} is a locally finite closed refinement. First, for
each U € U, define By = Uy, —y V. Since V is locally finite, for each
r € X, let W open so that {V € V : VNI # 0} is finite. Hence,
{Ey : U e U NEy N W # 0} is finite. That is, {Ey : U € U} is locally
finite. By Proposition 2.1.1, for U € U, Fy = Ey and by Corollary 2.1.2,
{Fy : U € U} is locally finite as well.

4 — 1: Let U € O(X). First let A be a (closed) locally finite refinement of
U and for each x € X, fix V, such that z € V, and {A € A: ANV, # 0} is
finite. Since the family V = {V, : x € X} is an open cover of X, pick F closed
locally finite refinement of V. Now for each A € Alet Wy = X NU{F € F:
FNA=0}. Since F is locally finite, by Proposition 2.1.1, for each A € A,

W4 is open and contains A. Furthermore, for each A € A and F € F:
WaNnF #0 ifand onlyif ANF #() (%)

For each A € A, let Uy € U such that A C Uy and define By = W, N Uy,
Observe that B = {B4 : A € A} is an open refinement of . Now we show
that B is locally finite. Fix x € X, there is U* open such that x € U* and
H={F € F:U*NF #(} is finite. In addition, for each F' € H, since F is
a closed locally finite refinement of V, there is some y € X such that F' C V,,
and {A € A: ANV, # 0} is finite. Hence, {A € A:JF € H(FNA#0)}is
finite. By (%), {A € A:3F € H(FNW4 # 0)} is finite. Observe that since
F is a cover, in particular U* C |JH. Since {A € A:IF € HFNW4 #0)}
is finite, and H is finite, it holds true that {A € A: W, NU® # 0} is finite.
Thus, B is locally finite.
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4 — 5: Let U € O(X) and fix H < U locally finite closed refinement. For
each H € H, fix Uy € U such that H C Ug. Since H is locally finite, for
each z € X, the set T'(x) = {H € H : v € H} is finite. For x € X, let

V.= UHﬂ(X\ U H)

HeT(x) HeH\T(x)

By Proposition 2.1.1, (Ugeyr(x) H) is closed and, therefore V, is open.
Hence, V = {V, : 2 € X} € O(X). Fixx € X and H € T(z), we show
that St(z,V) C Upy: first observe that St(z,V) = U{V, € V : © € V,}.
Hence, if for some y € X, x € V,, given that x € H, it is the case that
H € T(y) (otherwise z ¢ V). Hence, V,, C Uy. Thus, V <, U.

5 — 6: Let Y € O(X) and fix VW € O(X) such that W <, V <, U.
We show that W <¢ U. Fix W € W. For each x € W, let V, € V such
that St(z, W) C V,. Then St(W,W) = Uew St(x, W) C Uzew Vo Fix
y € W and observe that for each z € W: y € W C St(z, W) C V,. That
is, if x € W, then y € V,. Hence, Uyew Vo € St(y,V). Fix U € U so that
St(y,V) C U. Whence, St(W, W) C U. That is, W <s U.

6 — 7: Let U € O(X). Define Uy = U and for each n € w, let U1 <g Uy,.
For each U € U and n > 0 let

U ={ze€ X : thereis W open (x € W A St(W,U) CU)}

Claim 1: for each n > 0, {U" : U € U} is an open refinemente of U.

Fix n > 0,
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o {U":U €U} covers X: for z € X, since U, <5 U, for any W € U,
with x € W there is U € U such that St(W,U,,) C U. Hence, x € U".
e For each U e U, U™ is open: let U € U and x € U", then there is W
open such that z € W and St(W,U,,) C U. Since U, is a cover of X,
W C St(W,U,) CU . If y e W, since St(W,U,) C U, then y € U™.
That is, W is open, x € W and W C U™.
o {U":U €U} refines U since for each U e U, U™ C U.
Claim 2: for each n > 0 and each U € U, if x € U™ and y ¢ U™, then
there is no V' € U,, 1 such that x,y € V.
Indeed, fix n > 0 and U € U. Since U, 1 <5 U, for each V € U, there
is W € U, such that St(V,U,+1) € W. In particular, V' C W. Therefore,
ife e VNU" sincex € W el,, W C St(z,U,) C U. This implies that
St(V,ly11) CW CU and V C U™,

Now list U = {U,, : @ < k} and define, for each a < k and n > 0

Vi =u\ U Uit

B<a
Let o, 8 < K with 3 < @, then V2 C X \ Uj*'. Thus, by Claim 2, if
a,f < kwith a # g and z € V', y € V7, then there is no V € U, 11 such
that x,y € V. Hence, for each n > 0, the family of open sets {V : @ < K}
is discrete.
It only remains to show that Uy ({V) : a € k} € O(X). Let z € X and
let @ = min{y < k:x € Ul for some i > 0}. Observe that if § < «, in
particular, z ¢ U, ;;“2.
Claim 3: z € V.
Assume on the contrary that = € m, then since U, is a cover of X,

pick W, € U, .5 such that x € W,. Thus, there is 5 < a and y € X such
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that y € W, N Ué“. In addition, x ¢ U, é” and this contradicts Claim 2.

Whence, U2 {V : @ € k} is an open o-discrete refinement of U.

7 — 2: Immediate since every open o-discrete refinement is open o-locally

finite refinement. (]

2.2 Lindelofness in terms of stars

The goal of this section is to introduce the properties strongly star-Lindelof,
star-Lindelof and, to present a characterization of Lindeltfness in terms of
these properties together with the metalindel6f and paralindelof properties
(see Definitions 2.0.4 and 2.0.5). We will see in Section 2.3 how these star
versions of the Lindelof property relate with the star selection principles in
a similar way as Lindelof relates with the Menger, Hurewicz and Rothberger
properties. First, let us recall the definition of the Lindelof property and the

proof that (regular) Lindelof spaces are paracompact.

Definition 2.2.1. A space X is called Lindelof if and only if it is reqular

and every open cover has a countable subcover.
The following result relies heavily on regularity.

Theorem 2.2.2 (Morita). Every open cover of a Lindeldf space has a locally

finite open refinement.

Proof: Assume X is Lindel6f and let 4 € O(X). Since X is, in particular,
regular, for x € X fix U,,V, C X open, such that x € U, CU, C V, € U.
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Given that X is Lindelof, pick F = {e,, : n € w} € [X]“ such that {U,, : n €
w} € O(X). Fori € w let

Clearly, W; is open. We show that {W; : i € w} is a locally finite refinement.
First, it’s a cover: let z € X, and define i(xz) = min{n € w: z € V,, }, thus
v € Wi). Now, if z € X, there is n € w so that x € U,,. Then, for each
i>n,c¢W, R

Corollary 2.2.3. Fvery Lindeldf space is paracompact.

Definition 2.2.4. [[}5], [58], [26]] A space X s called strongly star-
Lindelof (SSL) if, and only if, for each open cover U € O(X) there is
a countable subset C' € [X]¥ so that St(C,U) = X.

Definition 2.2.5. [[26]] A space X s called star-Lindelof (SL) if, and
only if, for each open cover U € O(X) there is a countable subset V € [U]¥
so that St(UV,U) = X.

If a space X is Lindelof then for any open cover U, there is a countable
subcover {U, : n € w} C U of X. If we select, for each n € w, z,, € U,,
and let C = {z, : n € w}, then St(C,U) = X. Furthermore, if X is
strongly star-Lindelof then for any open cover U, there is a countable subset
C ={z,:n €w} e [X]¥sothat St(C,U) = X. If we select, for each n € w,
U, € U such that z,, € U, and let V = {U,, : n € w}, then St(UV,U) = X.

In other words,

Observation 2.2.6. Lindeldf — strongly star-Lindelof — star-Lindelof.
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The strongly star-Lindel6f property (as mentioned in [60]), is a joint gen-
eralization of the three well known topological properties: separability, the
Lindelof property and countable compactness. There are at least three places
where it was studied independently: in [45] Tkenaga calls it w-1-star, in [5§]
Matveev calls it star-Lindeldf and in [26], van Douwen, Reed, Roscoe and
Tree call it strongly 1-star-Lindeléf (actually in [45] and [26] they define and

study, for n € N, w-n-star and strongly n-star-Lindelof, respectively).

The following characterization of the Lindelof property in terms of its star
versions hadn’t been noticed before (though, Song proved independently in
[85] [Theorem 2.24], that paralindel6f star-Lindelof spaces are Lindelof). In
Section 2.3 this result will help us to obtain analogous characterizations for
the class of compact, Menger, Hurewicz and Rothberger spaces (Theorem

2.3.8).

Proposition 2.2.7 ([18]). For a topological space X the following are equiv-
alent:

1. X 1is Lindelof.

2. X 1is strongly star-Lindelof and metaLindeldf.

3. X is star-Lindelof and paraLindelof.

Proof. Trivially, (1) implies (2) and (3). Hence, it only remains to show (2)
— (1) and (3) — (1).

(2) — (1): Assume X is a strongly star-Lindel6f, metaLindel6f space and fix
U € O(X). Let V be a point-countable open refinement of Y. Fix E € [X]¥
such that St(E,V) = X. Foreache € Elet V. ={V € V:e € V}. Since
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V is point-countable, for each e € E, |V,| < w. Let W = U.cg Ve. Thus, W
is a countable subfamily of V and it is a cover of X. For each W € W, fix
Uw € U such that W C Uyy. Then {Uy : W € W} € [U]“. That is, X is
Lindelof.

(3) — (1): Assume X star-Lindel6f and paralindelof and fix U € O(X).
Let V be a locally countable open refinement of U. For each x € X, take W,
an open neighbourhood of x such that [{W €V : W NW, # (0}| < w. For
each x € X, fix V, € V such that z € V, and define W := {W, NV, : xz € X}.
Since X is star-Lindeldf, there exists N” € [W]=“ such that St(UN, W) = X.
The set V' = {V € V : 3N € N such that NNV # (J} is countable since
V' = Unen Vi, where each Vy = {V € V : NNV # 0} is countable for
each N € N. Moreover, UV = X. Indeed, let x € X, then, there exists
y € X such that x € V,NW, and (V,NW,)N(UN) # 0. Hence, there exists
N, € N such that (V, NW,) NN, # 0. Thus x € V, € V. For each V € V/,
choose Uy € U such that V' C Uy. The set {Uy : V € V'} € [U]* covers X.

[

2.3 Star versions of the Menger, Hurewicz
and Rothberger principles

In this section we introduce the star versions of the Menger, Rothberger,
Hurewicz and compactness properties as well as the basic relationships be-
tween them. Furthermore, we show that the characterization obtained in

Section 2.2 for Lindelof spaces can be obtained as well for the class of Com-
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pact, Menger, Rothberger and Hurewicz spaces.

In [54] Ko¢inac introduced the following general star selection principles (for

a topological space X and o7, # families of covers of X):

o Stin(A, B): for each sequence {A, : n € w} of elements of </ there is
a sequence {F, : n € w} such that for each n, F, is a finite subset of
A, and {St(UF,, A,) :ne€w} e A.

o Si(e,A): for each sequence {A, : n € w} of elements of &7 there is a
sequence {A,, : n € w} such that for each n, A, € A, and {St(A,, A,) :
neEw}eB.

o 883,,(,P): for each sequence {A, : n € w} of elements of &/ there
is a sequence {F,, : n € w} such that for each n, F,, is a finite subset of
X and {St(F,, A,) :n€w} e AB.

o SSY (e, RB): for each sequence {A, : n € w} of elements of o/ there is
a sequence {x, : n € w} such that for each n, x, € X and {St(z, A,) :

newreA.

Definition 2.3.1 ([54],[11]). A space X is:

o star-Menger (SM ) if S%,(0,0) holds.
star-Rothberger (SR) if S;(O, O) holds.
star-Hurewicz (SH ) if S},,(O,T) holds.
strongly star-Menger (SSM) if SS%,,(0,0) holds.
strongly star-Rothberger (SSR) if SST(O,O) holds.
strongly star-Hurewicz (SSH ) if SS%;,(O,T') holds.

There is no harm in writting down the definitions explicitly:
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Definition 2.3.2. A space X is:

star-Menger (SM ) if for each sequence {U, : n € w} of open covers of
X, there is a sequence {V, : n € w} such that for eachn € w, V, is a
finite subset of U, and {St(UV,,U,) : n € w} is an open cover of X.
strongly star-Menger (SSM ) if for each sequence {U,, : n € w} of open
covers of X, there exists a sequence {F, : n € w} of finite subsets of X
such that {St(F,,U,) : n € w} is an open cover of X.

star-Hurewicz (SH ) if for each sequence {U, : n € w} of open covers
of X, there is a sequence {V,, : n € w} such that for each n € w, V, is
a finite subset of U, and for each x € X, x € St(UV,,Uy) for all but
finitely many n.

strongly star-Hurewicz (SSH) if for each sequence {U, : n € w} of
open covers of X, there exists a sequence {F), : n € w} of finite subsets
of X such that for each x € X, x € St(F,,,U,) for all but finitely many
n.

star-Rothberger (SR) if for each sequence {U, : n € w} of open covers
of X, there is a sequence U, : n € w} such that for eachn € w, U, € U,
and {St(U,,U,) : n € w} is an open cover of X.

strongly star-Rothberger (SSR) if for each sequence {U, : n € w} of
open covers of X, there exists a sequence {x, : n € w} of elements of

X such that {St(x,,U,) : n € w} is an open cover of X.

The relationship between these properties is given in the next proposition.
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Proposition 2.3.3 ([54],[11]). The following diagram holds:

H M R

SSH — SSM «— SSR

N
SSL

SH —— SM «+— SR

™~

SL

Diagram 2.2: Star Selection Principles.

Proof. The horizontal arrows follow from the definition. Let us prove the di-
agonal arrows. Assume a space X is strongly star-Menger (S M, respectively)
and let Y € O(X). For the constant sequence of open covers {U, : n € w},
where for each n, U,, = U, there is a sequence {F,, : n € w} ({V, :n € w})
such that for n, F, € [X]|<¥ (V, € [U,|=¥) and {St(F,,U,) : n € w} € O(X)
{St(UVn,Uy,) : n € w} € O(X)). That is, U,e, Fy is a countable subset of
X such that St(Uney, Fr,U) = X (Upew Vo is a countable subset of U such
that St(Unecw Vn,U) = X). Hence, X is strongly star-Lindelof (X is SL).

Now, for the vertical arrows, we will only show M — SSM — SM since the
remaining vertical arrows are proved similarly.

M — SSM: Assume X is Menger and {U,, : n € w} is a sequence of open
covers of X. Fix a sequence {V, : n € w} such that for each n, V,, € [U,]<¥
and Upe, Vn € O(X). Now, for each n and each U € V,, pick 2U € U and

let F, = {2V : U € V,}. Since for each n, V, is finite, F), is finite as well.
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Claim: {St(F,,U,) : n € w} € O(X).

Indeed, if z € X, there is some n € w and some U € V), such that x € U.
Thus, z € St(z¥,U,) C St(F,,U,) € {St(F,,U,) :n € w}.

SSM — SM: Assume X is SSM and {U, : n € w} is a sequence of open
covers of X. Fix a sequence {F,, : n € w} such that for each n, F,, € [X]<¥
and {St(F,,U,) : n € w} € O(X). For each n and each = € F,,, pick U* € U,
such that x € U* and let V,, = {U? : « € F,}. For each n, V, € [U,]<“.
Claim: {St(UVn,U,) :n € w} € O(X).

Indeed, if x € X, there is some n € w such that x € St(F,,,U,). That is, there
is y € F, such that « € St(y,U,). Then, x € St(UY,U,) C St(UV,,U,) €
{St(UVn,Uy,) : n € w}. O

None of the arrows in Proposition 2.3.3 reverse. In Section 2.6 we present
examples that differentiate these properties.

One of the first things that Kocinac proved about star selection princi-
ples is that paracompact star-Menger (star-Rothberger) spaces are Menger
(Rothberger) and that Metalindeof strongly star-Menger spaces spaces are
Menger. In addition, Bonanzinga, Cammaroto and Koé¢inac proved in [11]
that it is also true that paracompact star-Hurewicz spaces are Hurewicz.

That is:

Theorem 2.3.4 ( [54], [11]). In the class of paracompact spaces the following
holds :

1. the properties M, SM, and SSM are equivalent.

2. the properties R, SR, and SSR are equivalent.

3. the properties H, SH, and SSH are equivalent.

As pointed out in Section 2.1 the tool used in these proofs is the equivalence
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between paracompactness and fully normality. Furthermore, the same idea
can be applied to the class of compacts spaces. In [30] Fleishman proved that
a Hausdorff space X is countably compact (every countable open cover
of X has a finite subcover) if and only if for every open cover U of X there
exists a finite subset F' C X such that St(F,U) = X. This led to the study

of the following star versions of compactness:

Definition 2.3.5 ([26]). A space X is
» star-compact (SC) if for every open cover U of X there ezists a finite
subset V of U such that St(UV,U) = X.
» strongly star-compact (SSC) if for every open cover U of X there
exists a finite subset F' C X such that St(F,U) = X.

The following proposition shows the basic relationships of these star versions

of compactness with the star selection principles previously defined.
Proposition 2.3.6 (Folklore). The following diagram holds:

C —— SSC —— SC

] J

H SSH SH

Diagram 2.3: Compactness, Hurewicz and their Star Versions.

Proof. Assume a space X is compact, and let & be any open cover of X.
Find V € [U]<* such that UV = X. For each V € V, pick xy € V, then
F = {xy : V € V} is finite and St(F,U) = X. That is, X is SSC. Now
assume X is SSC, and let U be any open cover of X. Find a finite set
F € [X]<¥ such that St(F,U) = X. For each x € F, pick V, € U such that
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x €V, Then V ={V, :2x € F} € [U|<¥ and St(UV,U) = X. Hence, X is
SC.

To prove the vertical arrows assume X is compact (SSC, SC, respectively)
and let {U, : n € w} be a sequence of open covers of X. Let {V, : n € w}
({F, :n €w}, {W, :n € w}, respectively) such that for each n, V,, € [U,]<*
(F, € [X]<¥, W, € [U,]=*, respectively) and UV, = X (St(F,,U,) = X,
St(UWh,U,) = X, respectively). Hence, {UV, : n € w} ({St(F,,U,) :n €
w}, {St(UW,,Uy,) : n € w}) is a y-cover of X. Thus, X is Hurewicz (SSH,
SH, respectively). ]

Putting together the results from Observation 2.2.6, Observation 1.2.2, Propo-
sition 2.3.3 and Proposition 2.3.6 we get the following diagram:

C H M R
\ .
SSC —— SSH —— SSM «——|—— SSR
N
SSL
SC —— SH SM SR
o~
SL

Diagram 2.4: The Complete Diagram.

In [26], van Douwen, Reed, Roscoe and Tree showed that metacompact
strongly star-compact spaces are compact. It is also true that paracompact
star-compact spaces are compact. Putting this result together with Theorem

2.3.4, we have:
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Proposition 2.3.7. Assume P € { Compact, Menger, Rothberger, Hurewicz}.

Then, in the class of paracompact spaces: P <> star-P.

Proof. Since P — star-P, it only remains to show that P < star-P.

Assume X is paracompact and star-compact. Fix U € O(X). Since X is
paracompact, let ¥V < U be an open star refinement. Using star-compactness
on V, fix W € [V]<¥ such that St(UW,V) = X. For each W € W, find
Uw € U such that St(W,V) C Uy. Thus, {Uy : W € W} is a finite sub-

cover of X. Hence, X is compact.

Now, assume X is paracompact and star-Menger (star-Hurewicz). Let (U, :
n € w) be any sequence of open covers of X. Since X is paracompact, for each
n € wlet V, < U, be an open star refinement. For n € w, it is possible to find
W, € [V,]=¢ such that {St(UW,, V,) : n € w} is an open cover of X (y-cover
of X). For each W € W, find UV € U, such that St(W,V,) C UY. For
n€w, let S, ={UY : W eW,}. Observe S, € [U]<* and {US, : n € w}
covers X (is a vy-cover of X). Thus, X is Menger (Hurewicz).

Similarly, it is possible to show that paracompact and star-Rothberger implies

Rothberger. ]

Going a step further (using the characterization of Lindeléfness given by

Proposition 2.2.7), the following holds:

Theorem 2.3.8. If P € {Compact, Menger, Rothberger, Hurewicz}, then
the following are equivalent:

1. X isP.

2. X is strongly star-P and metaLindeldf.
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3. X is star-P and paraLindeldf.

Proof. Let P € {Compact, Menger, Rothberger, Hurewicz}. Observe that:

o P — strongly star-P — star-P.

o P — Lindelof.

o strongly star-P — strongly star-Lindelof.

o star-P — star-Lindelof.
(1) — (2): Assume X is P. Then X is, in particular, strongly star-P and
Lindelof. Thus, X is strongly star-P and metalLindelof.
(2) — (3): Assume X is strongly star-P and metaLindel6f. Then X is, in
particular, star-P, strongly star-Lindelof and metalindelo6f. By Proposition
2.2.7, X is also paraLindelof.
(3) — (1): Assume X is star-P and paraLindelof. Then X is, in particular,
star-Lindelof and paralindelof. By Proposition 2.2.7, X is Lindelof and,
therefore, paracompact. Thus, X is star-P and paracompact, by Proposition

2.3.7, X is P. O

2.4 A class of spaces that contains both the

VU-spaces and the Niemytzki plane

In this section we study strongly star-Lindelof spaces X which consist of the
disjoint union of a closed discrete set with a o-compact subspace. That is X
is a topological space of the form Y U Z, where Y N Z = (), Z is a o-compact
subspace and Y is a closed discrete set. The motivation is that both W-

spaces and the Niemytzki plane (see Definition 1.1.1 and Definition 1.1.2,
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respectively) fall in this class of spaces. It turns out that the hypotheses
needed for these spaces to satisfy some of the star selection principles are
the same that the ones needed for W-spaces (see Theorems 2.4.5 and 2.4.11
below). Things are not completely settled as the existence of a star-Menger
not strongly star-Menger W-space is still unknown. Bonanzinga and Matveev
asked the previous question in [15] and were the first ones to study star
selection principles on W-spaces. They obtained the following important

characterization:

Proposition 2.4.1 ([15]). Given any almost disjoint family A, the following

assertions hold.
1. W(A) is strongly star-Menger if and only if |A| < 0.
2. U(A) is strongly star-Hurewicz if and only if | A| < b.

Proposition 2.4.1 motivated our study of these star versions of the Menger
and Hurewicz properties in the Niemytzki plane. First, we observed that
similar results do hold in the Niemytzki plane, and then we were able to
generalize them to the class of spaces X = Y U Z described at the beginning

of this section.

Since W-spaces are separable (and in particular SSM), Sakai pointed out in
[71] that the “if” part of item 1, in Proposition 2.4.1, follows immediately

from the more general result:

Proposition 2.4.2. [71] Every (strongly) star-Lindelof space of cardinality
less than 0 is (strongly) star-Menger.
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This can be seen as the selective version of the folklore result that Lindelof
spaces of size less than 0 are Menger. To use these results in our characteriza-
tion for the space X =Y U Z (see Theorem 2.4.5 below), we slightly modify
the proof by saying that a subset Y of a space X is relatively strongly
star-Menger in X if for each sequence {U,, : n € w} of open covers of X,
there is a sequence {F,, : n € w} such that for each n € w, F,, is a finite
subset of X and Y C U{St(F,,U,) : n € w}. Similarly, we will undertand
the same when we say “a subset Y of a space X is relatively P in X” and

‘P is some other selection principle.

Lemma 2.4.3. If X is a (strongly) star-Lindeldf space, then every subset of
X of size less than 0 is relatively (strongly) star-Menger in X.

Proof. We only show the case of a strongly star-Lindelof space. The case of
a star-Lindel6f space can be proved similarly. Let Y C X such that |[Y| <
and let {U, : n € w} be a sequence of open covers of X. Since X is strongly
star-Lindelof, for each n € w there exists A, = {2, : m € w} € [X]¥
such that St(A,.U,) = X. For each y € Y let f, € w* such that for
each n € w, f,(n) = min{m € w : y € St(z!,U,)}. Since the collection
{fy : v € Y} has size less than 0, there exists f* € w* such that for each
yeY, f* £ f,. Foreach n € w, let F,, = {2}, : m < f*(n)}. If follows
that Y C U{St(Fn,U,) : n € w}. Indeed, let y € Y, since f* £* f,, there is
m € w such that f*(m) > f,(m). Hence, y € St(a} ), Un) C St(Fp,Up,).

Therefore Y is relatively strongly star-Menger in X. O

Lemma 2.4.4. Let X be a topological space of the form BUV with BNV = (),
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B is a closed discrete set and'V' is a o-compact subspace of X. If X s strongly

star-Menger, then |B| <.

Proof. Assume |B| > 0. Write V' = U,,,, K, an increasing union of compact
sets (i.e. n < m implies K, C K,;,). Let {f, : & <9} C w* be a dominating
family with respect to < on every coordinate (i.e. for each g € w* there is
a < 0 such that for all n € w, g(n) < fa(n)). Choose distinct points p, s € B
fora <dand f <wy. Let P={pap:a<?,[<w}.

For each a < 9, f < w; and n < w, let O,(ps ) be an open neighborhood
of pa,g such that O, (pa,s) N B = {pa,s} and O, (pag) N Ky, )y = 0. For each
n < w we define Uy, = {Op(pap) 1 a <0, <wi } U{X \ P}. Then U, is an
open cover of X.

Claim: the sequence (U, : n < w) witnesses X is not strongly star-Menger.
Let (F, : n < w) be a sequence of finite subsets of X. For n < w, let
gn) =min{m : F,NV C K,,} + 1if F, NV # (), otherwise, let g(n) = 1.
Thus, there exists o < 0 such that f,(n) > g(n) for each n < w. Further,
there is § < wy such that p,s ¢ U{F, : n < w}. It only remains to show
that pas ¢ U{St(F,,U,) : n < w}. Indeed, suppose the opposite, then
there exists m € w such that p, g € St(F,,Uy). Since O,,(pag) is the
only element of U, that contains the point p, g, then Oy, (pag) N Frn # 0.
Moreover, p, s ¢ F,, implies that there exists © € F,, NV such that x €
Om(Pa,p). Since fo(m) > g(m), x € F, NV C Kymy € Ky, (m). Therefore
r € Onp(Pa,s) N Ky, m) which is a contradiction. Hence, X is not strongly

star-Menger. ]

Theorem 2.4.5. Let X be a topological space of the form Y U Z, where

YNZ =0, Z is a c-compact subspace andY is a closed discrete set. If X is
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strongly star-Lindeldf, then |Y| <0 if and only if X is strongly star-Menger.

Proof. 1If X is strongly star-Menger, then by Lemma 2.4.4, |Y| <.

Now assume that |Y| < 9. By Lemma 2.4.3 Y is relatively strongly star-
Menger in X. Furthermore, since Z is o-compact, it is relatively strongly
star-Menger in X. Observe that it is always the case that if 7= {71, : n €
w}, where each T, is relatively strongly star-Menger in 7', then T is strongly

star-Menger. Thus, in particular, X is strongly star-Menger. O]

Corollary 2.4.6. The following assertions hold.
1. For any almost disjoint family A, V(A) is strongly star-Menger if and
only if |A| < 0.
2. For anyY C R, N(Y) is strongly star-Menger if and only if |Y| <.

Corollary 2.4.7. M A+ —CH implies that for every X C R with |X| < c,

N(X) is strongly star-Menger.
Proof. Assume X C R with |X| < ¢. Since M A implies ? = ¢, by Corollary

2.4.6 it follows that N(X) is strongly star-Menger. O

Now we turn to the cardinal b and the strongly star-Hurewicz property. A
similar characterization as the one in Theorem 2.4.5 is obtained for the space

X=YULZ.

Lemma 2.4.8. If X is a (strongly) star-Lindeldf space, then every subset of

X of size less than b is relatively (strongly) star-Hurewicz in X .

Proof. Assume X is star-Lindelof. Let Y € [X]<° and let (U, : n < w) be

any sequence of open covers of X. Since X is star-Lindeldf, for each n < w let
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Wy, ={W :m < w} € [U,]* such that St(UW,,U,,) = X. For each y € Y,
define f, € w* as follows f,(n) = min{m € w : y € St(W,",U,)}. Since
Y| < b, the family {f, : y € Y} is bounded, i.e., there exists g € w* such
that for each y € Y, f, <* ¢g. For each n < w, let V, = {W" : m < g(n)}.
We show {St(UVy,U,) : n < w} is a y-cover of Y. Let y € Y, there ex-
ists m € w such that for all ¢t > m, f,(t) < g(t). Hence, for each t > m,
y e StW u) € SHUV.LU,).

Now assume X is strongly star-Lindelof. Let Y € [X]<° and let (U, : n < w)
be any sequence of open covers of X. Since X is strongly star-Lindelof, for
eachn <wlet A, = {zI" : m < w} € [X]* such that St(A4,,U,) = X. For
each y € Y define f, € w* as follows f,(n) = min{m € w:y € St(z]",U,)}.
Since |Y| < b, the family {f, : vy € Y} is bounded, i.e., there exists g € w*
such that for each y € Y, f, <* ¢g. For each n € w define F,, = {z]' : m <
g(n)}. We show {St(F,,U,) : n < w} is a y-cover of Y. Let y € Y, there
exists m € w such that for all t > m, f,(t) < g(t). Hence, for each t > m,
y € Stz U, C SHE,U,). O

Corollary 2.4.9. Every (strongly) star-Lindeldf space of cardinality less than

b is (strongly) star-Hurewicz.

Lemma 2.4.10. Let X be a topological space of the form BUV with BNV =
0, B is a closed discrete set and V is a o-compact subspace of X. If X is

strongly star-Hurewicz, then |B| < b.

Proof. Assume |B| > b. Write V = U,,,, K, an increasing union of compact

sets (i.e. n < m implies K,, C K,,). Let {f, : @ < b} C w¥ be an
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unbounded family. Choose distinct points p, s € B for o < b and § < wy.
Let P={pap:a<b,f <w}.

For each o < b, f < wy and n < w, let O,(pas) be an open neighborhood
of pa, g such that O, (pag) N B = {pas} and O, (pa,s) N Ky, () = 0. For each
n < w we define Uy, = {Op(pap) 1 < b, <wi} U{X \ P}. Then U, is an
open cover of X.

Claim: the sequence (U, : n < w) witnesses X is not strongly star-Hurewicz.
Let (F, : n < w) be a sequence of finite subsets of X. We show that
{St(Fn,U,) : n < w} is not a y-cover of X.

For n < w, let g(n) = min{m : F,NV C K,,} + 1if F,, NV # (), otherwise,
let g(n) = 1. Thus, there exists a < b such that f, £* ¢ for each n < w.
Further, there is f < w; such that p, s ¢ U{F, : n < w}. We show that for
each m € w, if fo,(m) > g(m), then pa g ¢ St(Fn,Uy,). Assume there exists
m € w such that f,(m) > g(m) and p, s € St(F,Uy). Since O, (pag) is
the only element of U, that contains the point p, g, then Oy, (pa.g) N E # 0.
Moreover, p, s ¢ F,, implies that there exists z € F,, NV such that = €
Om(Pa,p). Since fo(m) > g(m), v € F, NV C Kymy € Ky, (m). Therefore
t € Om(Pa,s) N Ky, m) which is a contradiction. Hence, X is not strongly

star-Hurewicz. ]

Theorem 2.4.11. Let X be a topological space of the form Y U Z, where
YNZ =0, 7 is a oc-compact subspace and Y is a closed discrete set. If X is
strongly star-Lindeldf, then |Y| < b if and only if X is strongly star-Hurewicz.

Proof. 1If X is strongly star-Hurewicz, then by Lemma 2.4.10, |Y| < b.

Now assume that |Y| < b. By Lemma 2.4.8 Y is relatively strongly star-
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Hurewicz in X. Furthermore, since Z is o-compact, it is relatively strongly

star-Hurewicz in X. Thus, X is strongly star-Hurewicz. [

Corollary 2.4.12. The following assertions hold.
1. For any almost disjoint family A, V(A) is strongly star-Hurewicz if
and only if |A| < b.
2. ForanyY CR, N(Y) is strongly star-Hurewicz if and only if |Y| < b.

As we have seen, the strongly star-Menger strongly star-Hurewicz properties
on W-spaces and the Niemytzki plane are completely characterized by the
size of the closed and dicrete subset. The story is different for the star-
Menger and the star-Hurewicz property. As mentioned at the beginning of
this section, Bonanzinga and Matveev asked in [15] whether the properties
star-Menger and strongly star-Menger are equivalent for W-spaces. Since the
star-Menger property deals with sequences of finite sets, Bonanzinga and
Matveev introduced the following cardinal d,; (for an infinite cardinal ) in

[15]. This cardinal was studied also in [22], and denoted by cof(Fin(x)Y):

Definition 2.4.13 ([15]). For an infinite set X, let Fin(X) be the set of all
finite subsets of X and let Fin(X)N be the set of all sequences (F, : n € w)
of finite subsets of X. This set is partially ordered by defining the order <
as follows: given F = (F,),G = (G,) € Fin(X)", F <G if F, C G, for all
n € w. The cofinality of the partially ordered set (Fin(X)N, <) is denoted
by cof (Fin(X)Y).

They proved the following lemma and proposition that allowed them to show

Corollary 2.4.16 and Corollary 2.4.17 below:
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Lemma 2.4.14 ([15]). The following hold.
1. cof(Fin(w)Y) =0,
2. If w < k < ¢, then maz{0, k} < cof (Fin(k)Y) <,
3. Ifw <k <N, then cof (Fin(k)Y) = maz{0, k},
4. cof (Fin(c)V) = ¢.

In the following results, A denotes an almost disjoint family.

Proposition 2.4.15 ([15]). If A has cardinality x and cof (Fin(x)Y) = &,
then W(A) is not star-Menger.

Corollary 2.4.16 ([15]). If |A| <X, then V(A) is star-Menger if and only
if W(A) is strongly star-Menger.

Corollary 2.4.17 ([15]). If |A| = ¢, then VU(A) is not star-Menger.

In order to answer the question whether in W-spaces the properties star-
Menger and strongly star-Menger are equivalent, Bonanzinga and Matveev
asked in [15] whether (in ZFC) for each cardinal k < ¢, cof(Fin(k)Y) =0 &.
Observe that if the answer is yes, then the only candidates of star-Menger not
strongly star-Menger W-spaces, which are spaces ¥(A) with |.A| > 0 (recall
Corollary 2.4.6), fail to be star-Menger by Proposition 2.4.15 (|A] = x >
implies cof(Fin(k)Y) = 0 -k = k). Hence, star-Menger and strongly star-
Menger would be equivalent in W-spaces. Tsaban [91] answered this question
in the negative establishing the special set theoretic hypothesis needed. As
a consequence of this, it is still valid to ask whether there is, consistently,
a star-Menger W-space of size greater or equal than 9. To have such an

example, it is necessary that the size of A satisfies 0 < X, < |A| < ¢. In
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[17], Brendle proves it is consistent that the almost-disjointness number a has
countable cofinality. This construction might shed some light on the solution

to this problem.

It is important to point out that in [22] it was shown that for any infinite
cardinal , cof (Fin(k)Y) = maz{0, cof[k]*}. Given an infinite cardinal &,
finding the size of cof[x]™ is a central question in Shelah’s PCF theory, the
theory of possible cofinalities. It is known that the function x — cof[r]™
has some fixed points. For instance, for each n > 1, cof[R,]¥ = R,. But
for k = N, (and in general for uncountable cardinals with countable cofinal-
ity) cof[x]* > k. Under Shelah’s Strong Hypothesis (the statement that for
each uncountable cardinal xk with countable cofinality: cof[x]¥ = k™) things
simplify a bit, for each k > Rg: cof[k]™ = k if k has uncountable cofinality

and k™ otherwise. For more on PCF theory refer to [76] and [77] (see also [1]).

Sakai proved in [71] that Proposition 2.4.15 is not particular to W-spaces:

Theorem 2.4.18 ([71]). Let X be a star-Menger space. If Y is an infinite
closed and discrete subspace of X, then |Y| < cof(Fin(w(X))Y) holds.

Lemma 2.4.14 and Theorem 2.4.18, let us get the same conclusions for the

Niemytzki plane:

Corollary 2.4.19. Let Y C R and N(Y) denote the Niemytzki plane on Y
(see Definition 1.1.2).
o If cof(Fin(|[Y])Y) = |Y|, then N(Y) is not a star-Menger space. In
particular, if Y has cardinality ¢, N(Y') is not star-Menger.
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o If Y| < N, then N(Y) is star-Menger if and only if it is strongly

star-Menger.

Proof. Assume Y C R such that cof(Fin(|]Y])N) = |Y]. Observe that
w(N(Y)) = |Y]. Thus, cof(Fin(w(N(Y))N) = cof(Fin(|[Y)Y) = |Y|.
Since Y is a closed discrete subset of N(Y'), by Theorem 2.4.18, N(Y) is
not star-Menger.

Now assume Y| < X,. If |Y| <, by Corollary 2.4.6, N(Y") is strongly star-
Menger, hence star-Menger. If |Y| > 0, by Lemma 2.4.14 (3), cof (Fin(]Y|)Y)
= max{d,|Y|} = |Y| and by Theorem 2.4.18, N(Y') is not star-Menger and,

therefore, it is not strongly star-Menger. O]

The question whether there is a star-Menger not strongly star-Menger W-
space, remains open. In addition, Tsaban [91] asks whether there is consis-
tently a star-Hurewicz W-space of cardinality greater or equal than b. These
questions (which apply to the Niemytzki plane as well), motivated our study
of (normal) star-Menger not strongly star-Menger spaces and led to the ex-

amples discussed in Section 2.6.1.

2.5 Absolute versions of star selection prin-
ciples

In this section we study some absolute versions of selection principles. First
we present the “absolute version” of Theorem 2.3.8 and then we prove that
for “small spaces” some absolute star selection principles are equivalent (The-

orem 2.5.18).
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Fleishman’s equivalence between countably compactness and strongly star-
compactness (see the paragraph before Definition 2.3.5), motivated Matveev

to introduce in [59] the following interesting property:

Definition 2.5.1 ([59]). A space X is absolutely countably compact
(acc) if for any U € O(X) and any dense subset D of X, there is a finite
subset F' € [D]<¥ such that St(F,\U) = X.

Observe that this property can be called absolutely strongly star-compact
as well. Clearly, compact — acc — countably compact. The space [0, w;)
with the usual order topology is acc and is not compact (see Space O in
Section 2.6). Matveev pointed out in [59] that Arhangel’skii asked him if
every normal countably compact space is acc. Pavlov answered this question
in the negative (around ten years later) in [67] where he presented a normal

countably compact not absolutely countably compact space.

Bonanzinga defined and studied in [9] and [10] the absolute version of the

strongly star-Lindelof property.

Definition 2.5.2 ([9],[10]). A space X is absolutely strongly star-Lindel6f
(aSSL) if for anyU € O(X) and any dense subset D of X, there is C' € [D]¥
such that St(C,U) = X.

Now, let us recall the following weakenings of metacompact and metalLin-

delof.

Definition 2.5.3 ([38]). X is called nearly metacompact (nearly met-
aLindelof) provided that if U € O(X), then there is a dense set D C X
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and an open refinement V < U such that Vy = {V € V : d € V'} is finite
(countable) for all d € D.

E. Grabner, G. Grabner and Vaughan proved in [36] that nearly metaLindel6f
acc spaces are compact. Matveev realized that the following holds true as

well:

Proposition 2.5.4 ([61]). A space X is Lindeldf if and only if it is absolutely

strongly star-Lindeldf and nearly metaLindelof.

Proof. Assume X is an absolutely strongly star-Lindelof, nearly metalLindelof
space and fix U € O(X). Let D C X be dense and V < U be an open
refinement such that V, = {V € V : ¢ € V} is countable for all d € D.
Since X is aSSL, fix E € [D]“ such that St(F,V) = X. For ecach e € E
let V. = {V € V:e € V}. Since V is point-countable, for each e € E,
|Ve] <w. Let W = Ugep Ve. Thus, W is a countable subfamily of V and it
is a cover of X. For each W € W, fix Uy € U such that W C Uy,. Then
{Uw : W € W} € [U]”. That is, X is Lindelof. O

Caserta, Di Maio and Koc¢inac were the first ones to define and study the

absolute versions of the SSM and SSH properties:

Definition 2.5.5 ([20]). A space X is:
1. absolutely strongly star-Menger (aSSM) if for each sequence {U,, :
n € w} of open covers of X, and each dense subset D C X, there ex-
ists a sequence {F, : n € w} so that for each n € w, F,, € [D]< and
{St(F,,U,) : n € w} is an open cover of X.
2. absolutely strongly star-Hurewicz (aSSH) if for each sequence

{U,, - n € w} of open covers of X, and each dense subset D C X, there
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exists a sequence {F,, : n € w} so that for each n € w, F,, € [D]<* and

{St(F,,U,) : n € w} is a I'-cover of X.

The following diagram shows the relationships between these properties (C

stands for “compact”).

C acce SSC

H=—=aSSH—=S55H

M —=—aSSM — SSM

L—=aSSL—= SSL

Diagram 2.5: Absolute Versions of Star Selection Principles.

As an application of Propositions 2.5.4 and 2.3.7, the following analogous to
Theorem 2.3.8 is easily obtained.

Theorem 2.5.6. If P € {Compact, Menger, Rothberger, Hurewicz}, then
the following are equivalent:

1. X isP.

2. X is absolutely strongly star-P and nearly metaLindeldf.

Proof. It P € {Compact, Menger, Rothberger, Hurewicz}, then both proper-
ties absolutely strongly star-P and nearly metalindelof are weaker than P.
Hence, it is sufficient to show (2) — (1). Assume X is absolutely strongly
star-P and nearly metalLindelof. Since absolutely strongly star-P implies

absolutely strongly star-Lindelof, by Proposition 2.5.4 X is Lindelof. Thus,
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in particular, X is strongly star-P and paracompact. By Proposition 2.3.7,

X is P. O]

To complete the picture, let us write down the following “selective” versions
of the previous absolute properties. Instead of just taking a dense subset of

the space, we now consider a sequence of dense sets:
Definition 2.5.7. A space X is:

1. selectively strongly star-Lindelof (selSSL) [8] if for each open
cover U of X, and each sequence of dense subets of X (D, : n € w),
there exists a sequence {F,, : n € w} so that for eachn € w, F,, € [D,]<¥

and {St(F,,U) : n € w} is an open cover of X.

2. selectively strongly star-Menger (selSSM) [7], [23] if for each
sequence {Uy, : n € w} of open covers of X, and each sequence of dense
subsets of X (D, :n € w), there exists a sequence {F,, : n € w} so that
for eachn € w, F,, € [D,|<% and {St(F,,U,) : n € w} is an open cover
of X.

3. selectively strongly star-Hurewicz (selSSH) if for each sequence
{U,, - n € w} of open covers of X, and each sequence of dense subets of
X (D, : n € w), there exists a sequence {F, : n € w} so that for each
n € w, F, € [D,]< and {St(F,,Uy,) : n € w} is a I'-cover of X.
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With these new properties the following diagram holds:

H=——=s5elSSH —aSSH — SSH

N N

M == selSSM ——= aSSM — SSM

R T

L =—=s5elSSL —=aSSL=—=S5SL

Diagram 2.6: Selective Versions of Star Selection Principles.

Recall that by Theorem 2.3.8 these properties are interesting when the spaces

are not MetalLindelof.

In [14] Bonanzinga, Cuzzupé and Sakai presented an example of a Tychonoff
aSSL space of cardinality d which is not selSSL and proved that every aSSL

space of cardinality less than 0 is selSSL.

Basile, Bonanzinga and Cuzzupe, made us interested in the study of selec-
tively strongly star-Menger spaces with their work [7], (see also [23]) and
motivated the rest of this section. At first, we were interested in the study
of the properties selSSM and selSSH in the space X =Y U Z inspected in
section 2.4. This led to the following definition:

Definition 2.5.8. Given any space X, B(X) stands for: for each open cover
U of X and each dense D C X, there are C € [X]¥ and E € [D]* such that
(1) St(C,U) = X,

(2) C Ccl(E).
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Definition 2.5.9 (Folklore). For a space X, let CD(X) stand for “For each

D C X infinite dense, there exists C' € [D]* dense”.

Observation 2.5.10. For a space X, the following holds:
o B(X) implies X is SSL,
o If X is Lindeldf, then B(X) holds,
« CD(X)— B(X)
o if X is SSL and first countable (actually countably tight), then B(X).

Proposition 2.5.11. Assume that for a space X, B(X) holds. Then
1. |X]| <0 — X is selSSM.
2. | X|<b— X is selSSH.

Proof. (1.) Write X = {z, : @« < k} with |X| =k < 0. Let (U, : n € w)
be any sequence of open covers and let (D, : n € w) be any sequence of
dense subsets of X. We will find, for each n € w, finite F,, € D,, such
that {St(F,,U,) : n € w} is a cover of X. Since B(X) holds, for each
n € w there exist C, € [X]* and E,, € [D,]” such that St(C,,U,) = X
and C,, C cl(E,). Observe that for each n € w, St(E,,U,) = X: fixn € w
and z € X there is ¢, € C,, such that x € St(c,,U,). Therefore, there is
U € U, such that z,¢, € U. Since C,, C cl(FE,), pick e € E, NU, then
x € St(e,U,) C St(E,,Uy,).

Since for each n € w, E, is countable, write it as F,, = {e! : s € w}. Now,
for each n € w, the collection {St(el,U,,) : s € w} is an open cover of X.
For each @ < k define a fuction f, : w — w as follows f,(n) = min{s €
w: x, € St(e,U,)} for n € w. Since {f, : @ < k} has size less than ?,

there is ¢ € w* such that for all @ < k: g £* f,. For each n € w, let
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F,=Ael:s < g(n)} e [D,]<v. It follows that {St(F,,U,) : n € w} is an
open cover of X: let z, € X, there is m € w such that f,(m) < g(m). Hence
Ty € St(e?l(m),um) C St(Fp,Un).

(2.) The same proof as before works with the respective modifications: Write
X ={2,:a <k} with |[X| =k <b. For n € w, and a < & find C,, E, as
before and define f,, similarly. Since the family {f, : @ < k} has size less
than b, there is g € w* such that for all o < k: f, <* g. For each n € w,
let F,, = {el : s < g(n)} € [D,]<¥. It follows that {St(F,,U,) : n € w}
is a I'-cover of X: let z, € X, there is m € w such that for each n > m:

fa(n) < g(n). Hence for each n > m, x, € St(e} ), Un) C SUF,Uy). O

n)

Definition 2.5.12. For a space X and a subset Y C X, Y will be called
relatively SelSSM in X (respectively relatively SelSSH in X) if for
every sequence of open covers (U, : n € w) and any sequence (D, : n € w)
of dense subsets of X, there is a sequence (F,, : n € w) such that for each
n € w, F, € [D,] and Y C U{St(F,,U,) : n € w} (for each y € Y,
{new:y ¢ St(F,,U,)} is finite).

Similarly as Lemmas 2.4.3 and 2.4.8 (using the proof of Proposition 2.5.11)
the following holds:

Lemma 2.5.13. If B(X) holds for a space X, then every subset of size
less than 0 is relatively SelSSM in X and evey subset of size less than b s
relatively SelSSH in X.

Lemmas 2.4.4, 2.4.10 and 2.5.13 allow us to prove that in the class of spaces
X = Y U Z that satisfy B(X), the two properties SSM and SelSSM are
equivalent and the two properties SSH and SelSSH are equivalent:
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Theorem 2.5.14. Let X be a space such that X =Y UZ withY NZ = (),
Y closed discrete subspace and Z o-compact. If B(X) holds, then

1. X is SSM < X is sel SSM.

2. X is SSH < X is selSSH.

Proof. (1.) Since selSSM always implies SSM, it is enough to show that if
X is SSM, then X is selSSM. Assume that X is SSM, by Lemma 2.4.4,
Y| <. By Lemma 2.5.13, Y is relatively selSSM in X. In addition, Z is
o-compact and o-compact spaces are Menger, that is, Z is relatively selSSM
in X. Hence, X is selSSM.

(2.) Similarly as (1.), since selSSH always implies SSH, it is enough to
show that if X is SSH, then X is selSSH. Assume that X is SSH, by
Lemma 2.4.10, |Y| < b. By Lemma 2.5.13, Y is relatively selSSH in X. In
addition, Z is o-compact and o-compact spaces are Hurewicz, that is, Z is

relatively selSSH in X. Hence, X is selSSH.

By Observation 2.5.10 and Theorem 2.5.14 the following corollary holds.

Corollary 2.5.15. Let X be a space such that X =Y UZ withY NZ =0,
Y closed discrete subspace and Z o-compact, then:
1. If X is SSL and countably tight, then [X is SSM <« X is selSSM]
and [X is SSH < X is selSSH].
2. If CD(X) holds, then [X is SSM <« X is selSSM] and [X is SSH
«— X is selSSH].

In particular, W-spaces and Niemytzki planes are separable (hence SSL),

countably tight, and satisfy the hypotheses of of Corollary 2.5.15. Therefore:
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Corollary 2.5.16. For U-spaces and for the Niemytzki plane, the three prop-
erties SSM, aSSM and selSSM are equivalent, and the three properties
SSH, aSSH and selSSH are equivalent.

In oral communication with Javier Casas de la Rosa, he realized that for any

space X, B(X) holds if and only if X is absolutely SSL:

Proposition 2.5.17. For any space X, B(X) holds if and only if X isaSSL.

Proof. Assume X is aSSL, let U € O(X) be any open cover and let D C X
be any dense set. Then, there is C' € [D]* such that St(C,U) = X. Observe
that C' C cl(C), that is, B(X) holds.

Now assume that B(X) holds let &/ € O(X) be any open cover and let
D C X be any dense set. Then, there is C' € [X]¥ and E € [D]¥ such that
St(C,U) = X and C C cl(E). It is enough to show St(E,U) = X. Let
x € X, there is ¢, € C such that z € St(c,,U). Hence, there is U € U with
x,c; € U. Then, since C' C cl(F), there is e € E such that e € U. Thus,
x € St(e,U) C St(E,U). Whence, X is aSSL. O

With the previous equivalence, Proposition 2.5.11 actually becomes the more

interesting:

Theorem 2.5.18. For any space X,

o If|X| <0, then X is aSSL if and only if X is selSSM.
o If|X| < b, then X is aSSL if and only if X is selSSH
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2.6 Counterexamples

In this section we mention the spaces that differentiate the star selection
principles. In the following diagram the letter next to each arrow represents

the space (described below) showing the converse does not hold.

C—7 g5 Ny I R

o o e} RL o
(0]

ssc Y, 9sH B gsm | M SSR
N

T T T SSL T
T

sC Y .95 B, sm M SR
SN

Diagram 2.7: Counterexamples in the Complete Diagram.

Space o: Any o-compact (a space which can be written as a countable union

of compact spaces), non-compact space is Hurewicz and is not compact.

Space Sp: A Luzin set (an uncountable subset of the reals that has count-
able intersection with every meager set) is an example of a Menger (in fact
Rothberger) space that is not Hurewicz. Luzin sets exist assuming CH.
Hurewicz attributed this result to Sierpinski in [44]. A solution in ZFC of a
Menger not Hurewicz space was provided in 2002 by Chaber and Pol in [21]
(see also [90], [92]). W
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Space I: The unit invertal I = [0,1] is an example of a compact (hence

Hurewicz and Menger) space that is not Rothberger. B

For the class of compact spaces the properties Rothberger and scattered
(every nonempy subset has an isolated point) are equivalent. A proof of this

fact, stated as the next proposition can be found in [13].

Proposition 2.6.1. A compact space X is Rothberger if and only if it is

scattered.

In [54], w; = [0,w;) with the usual order topology was used as an example
of a SSM not M space. This space also shows SSR 4 R, SSH /4 H,
SSL 4 L and SSC 4 C. In general, the following holds true.

Space O: If k is a regular uncountable cardinal, then the space O = [0, k)
with the usual order topology is acc (and therefore SCC, aSSH, aSSM,
SSH and SSM), and SSR. But, it is not Lindelof (therefore not Menger,

not Hurewicz , not compact and not Rothberger).

To check that it is acc and SSR, we use the Fodor’s Pressing Down Lemma
which states that for every regular uncountable cardinal x and each regres-
sive function f : Lim(k) — & (that is f(«a) < a for each a € Lim(k), o # 0),

there is some o < k such that f~!'{a} is stationary.

O is absolutely countably compact: Let 4 € O(X) and D C [0,k)
dense. Observe that {0} U{a+1:a <k} C D. For each o € &, fix U, € U
such that a € U, and fix 5, = min{8 < « : the interval [3,a] C U,}.
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Define f : Lim(k) — k as f(«) = B,. Hence, f is regressive and by Fodor’s
Lemma, there is some o <  such that f~'{a} is stationary (observe that
a =+ 1 for some v < k, i.e. @ € D). Thus, For each v > «, v € St(a,U).
Now, [0, a] is compact, hence it is relatively acc in [0, k). Fix Fy € [D]<“ such
that [0,a] C St(Fy,U). Let F = {a} U Fy € [D]<¥. Thus, St(F,U) = X.

X is SSR: Let {U, : n € w} C O(X). Similarly, obtain @ < & such
that for all v > «, v € St(a,Up). Now, [0,a] is compact and scattered,
by Proposition 2.6.1, it is relatively Rothberger in [0, ) and, in particular,
relatively SSR in [0, k). Hence, there is a sequence {«, : n € N} such that
Unen St(an,Uy,) = [0, . Thus, {St(a,Up)} U {St(a,,U,) : n € N} € O(X).
That is, X is SSR.

Whence, X is SSC, SSM, SSH and SSR. Since w; is not Lindel6f (the
set of intervals {[8,a] : § < a A a < w;} is an open cover of w; with no
countable subcover), it is not Menger, not Hurewicz, not compact, and not

Rothberger. B

The following example appears in [12] and [81] and shows that SL /4 SSL,
SM 4 SSM, SH / SSH, SC 4 SSC and SR /4 SSR SH # SSH for
Tychonoff spaces.

Space T: Let x be a regular uncountable cardinal.

Let T = X = ((D(r) U {oo}) x &*) U (D(k) x {x*}) where D(r) U {oc}
is the one point compactification of the discrete topology on x and X has
the subspace topology inherited from the product (D(k) U {o0}) x (kT +1).
Then X is Tychonoff, SC' (therefore SH and SM), and SR. But, it is not
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SSM (therefore not SSH and not SSR)

X is SC: Let U € O(X). For each a < &k, fix S, < kT so that there
is U, € U neighbourhood of (,x") such that {a} x [Ba, k"] C U,. Since
H{Ba : @ < k}| < K, then {B, : @ < K} is not cofinal in k™. Fix v < k1 such
that for each a < K, 5, < 7. Observe that X, = (D(x) U {oo}) x [0,v+ 1]
is compact and for each o < k, U, N X, # (. Hence, there is V € U]
such that X, C UV and, therefore, X, U Uy, Us € St(UV,U). Thus, in
particular, D(x) x [0, kT +1] C St(UV,U). By Example O, {oco} x kT is SSC
(in particular, it is SC). Fix W € [U]<¥ such that {oco} x k* C St(UW,U).
It is obtained that St(U(V UW),U) = X.

X is SR: Let {U, : n € w} C O(X). Similarly, for U, find v < kT such that
for all & < k there is 5, < kT and U, € Uy such that {a} X [Ba, k1] C U,
and f, <. Fix any U? € Uy such that (oo,v) € U?. Then, there is some
finite set F' € [k]<¥ such that (D(k) \ F) x {v} C U7. Observe that by the
way v was defined, if we let Py = (D(k) \ F) X [v,&T], Py C St(U",Up).
Let P, = {{a} x [7,kT] : « € F}; P, = (D(k) U{oo}) x [0,y + 1];
P; = {00} x [0,T). Observe that X = ByU (UP) U P, U P;s. By Ex-
ample O, P53 and each element of P, are SSR and, in particular, SR. In
addition, P, is scattered and compact, by Proposition 2.6.1 it is Rothberger,
and thus, SR. Hence, X can be written as a finite union of SR subspaces

and therefore, X is SR.

X is not SSL: fix 4 € O(X) of basic open sets, such that for each o < x

there is a unique U € U with (o, k™) € U and, in addition, U C {a} x [0, kT].
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We show that for any countable set C' € [X]<¥, X Z {St(C,U}. Since C' is
countable, there is o < k, such that ([a, k) X [0, 7]) N C' = . Observe that
for each [ such that o < 8 < k, (8,kT) ¢ St(C,U). Hence, X is not SSL,
and therefore, is not SSM, not SSH and not SSR. B

Space S: The Sorgenfrey line S is Lindel6f (therefore SSL and SL) and is
not star-Menger (therefore not SSM and not Menger). Let us show that S
is not star-Menger. Since S is paracompact, by Theorem 2.3.8, it is enough
to show that S is not Menger. Hence, we will build a sequence of open covers
{U, : n € w} such that for each sequence {V, : n € w} with V, € [U,]<¥
for each n € w, Upew, Vu € O(S). Hence, let Uy be any cover of pairwise
disjoint clopen sets, for instance Uy = {[n,n + 1) : n € Z}. Now, for each
n € Z, partition [n,n + 1) into countably many clopen sets. For instance,
let {a™ € Q : m € w} be a strictly increasing sequence such that a? = n
and that converges to n 4+ 1. Hence [n,n + 1) = Uje,[al, al") and let
Uy =A{lal,al™) : j € w,n € Z}. Build Uy subdividing each element of U; in
a similar fashion, and do the same for each n > 3.

Now let {V,, : n € w} such that for each n € w, V, € [U,]<*. Fix sy € Z such
that for each m > sq, [m,m + 1) ¢ V,. Now, there is a sequence {b} : j € w}
such that [sg,s0 + 1) = UjEw[b{,b{H) and {[b],b]™") : j € w} C U. Fix
s1 € w such that for each m > s;, [b7,b7"1") ¢ V,. For 2 <t < n assume

{b] : j € w} and s, have been defined such that

byt byt = YL ot (bt cjew) i

JEW

and for all m > s, [b7, b7"Y) ¢ V,. Let {b),, : j € w} such that [b, b 1) =

no»'n
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Ujewlblir, b353) and {[b) 1, 051) 1 j € w} C Unsr. Find s,41 € w such that
for each m > s,41, (b7, b0%7) ¢ Vit1. For each n € w, the limit of the
sequence {b2 : n € N} is not in JV,,. Hence, S is not Menger (equivalently,

not star-Menger). l

Space Y: Let Y = ([0, w] x [0,w]) \ {{w,w)} be considered as a subspace of
the product space [0,w] x [0,w]. Song presented this space in [81] to provide

an example of a Tychonoff strongly star-Hurewicz, not star-compact space. il

Space M: In [15] Bonanzinga and Matveev, using a subspace of w* of size
cov(M), build a W-space of size cov(M) that is not star-Rothberger. Hence,
by Proposition 2.4.1, if we assume cov(M) < 0, this is a consistent example
of a strongly star-Menger space (therefore SM), that is not star-Rothberger
(therefore not strongly star-Rothberger).

Space B: In [91] Tsaban shows that assuming b = X; < 0, any almost dis-
joint family A of size Wy satisfies that W(.A) is strongly star-Menger (therefore

SM) and it is not star-Hurewicz (therefore is not strongy star-Hurewicz). B

2.6.1 Star-Menger not strongly star-Menger spaces

In the literature, there were only examples of regular star-Menger not strongly

star-Menger spaces. This motivated the following question:

Question 2.6.2 ([18] Question 2.4). Is there a normal star-Menger space

which is not strongly star-Menger?
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The first attempt to answer this question resulted in the space F described
below. It is a consistent example of a regular, metacompact, star-Menger not
strongly star-Menger D-space (see Definition 2.6.6 below). It is not normal

though.

Space F: Let 2" be given the product topology, and let F = F,, =
{z € 21 : 0 < |supp(z)| < w}, the subspace of elements of 2*' with finite
non-empty support. Recall that supp(z) = {a < w; : z(a) = 1}. Also,
let F* = {z € 2“" : |supp(z)| = a} and F, = {x € F : supp(z) C «}
for each @ € wy. A basis for F is the set {W(xz,A) : 2 € FA A € [w]<¥}
where W(z, A) = {y €eF:Vae A{x(a) = y(a)” For a basic open set
U=W(zx,A), let’s write dom(U) := A. R

Remarks about F': It is easy to verify the following facts for each n > 1:
1. The set F'<" = {z € F : |supp(x)| < n} is a closed subset of F.
2. F™ is discrete.
3. If C,, € F™ is so that for every x,y € C,, supp(x) N supp(y) = 0, then
C,, is closed and discrete.
4. (F+1y c F=n.
5 F =U,> F".

Proposition 2.6.3. F is metacompact.

Proof. Given an open cover U of F we can refine it to an open cover {W (z, A;) :
x € F} such that for all x € F, supp(z) C A,. Indeed, let U be an open
cover of F and fix y € F, then there exists u, € U such that y € u,. Hence,
there exists x € F and A € [w;|<¥ such that y € W(z, A) = u,. Observe
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that Wy, AU supp(y)) C W(x, A) because if z € W (y, AU supp(y)) then
for all & € A U supp(y), z(a) = y(«) then, in particular, for all a € A,
z(a) = y(a) = x(«). Hence, we can build such a refinement.

Now, assume that there exists xy € F such that there exists B € [F|* such
that for all x € B, xy € W(x, A,). Since for all z € B, supp(z) C A,, we
get C' := U,ep supp(x) C supp(zg). C cannot be finite, otherwise, for z € B,
supp(x) € P(C) and this would imply that you can only build finitely many
different * € B, which is a contradiction. Hence, this refinement is point

finite, i.e. F is metacompact. [

It is easy to show that F is not a Lindelof space. Therefore, F cannot be
strongly star-Menger (not even strongly star-Lindel6f) by Proposition 2.2.7.
In addition, since F has the CCC' property, it is a star-Lindel6f space (see
Theorem 3.1.6 in [26]). Thus, by Proposition 2.2.7, F is not a paraLindelof

space.
Theorem 2.6.4. w; <0 if and only if ¥ is star Menger.

Proof. Assume that w; < 0 and let (U),) be a sequence of open covers of F
which consists of basic open sets. Take U, point-countable refinements for
each one of them, respectively.

Claim 1: 3o < wy : Yz € FVn € w [supp(x) Ca— VU el,(zelU —
dom(U) C oz)]]

Let us start with F,, = {z € F : supp(x) C w}. Consider V;, = {U €
U; : UNF, # (}. Note that each V; is countable because each U; is point-
countable and |F,| = w. Hence, the set Wy = U, Vi has size w. Let

ap = sup{dom(V) : V € Wy} < w;. Put By = ap + 1. Recursively, assume
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we have built 3, < w; such that
VeeF:Vmew:Vj<n: {supp(x) CB; = VU € Upp(x € U — dom(U) C Bn)]}

Since the set Fj, = {z € F : supp(z) C B,} is countable, we do the same as
the previous paragraph to obtain a1 < wy. Let 8,11 = ap1 + 1. So, we
take a = sup{f, : n € w}. Since « is the supremum of an strictly increasing
sequence, « is a limit ordinal.

Let us see that o has the property of the claim. Let x € F and n € w.
Suppose that supp(x) C «. Since |supp(z)| < w, then there exists m < w
such that supp(x) C B,,. By construction, we have Vn € wWVU € U,, : = €
U — dom(U) C B, with 8, < a.

Claim 2: ¥z € F¥n € w3U, € U,[dom(U,) € an(x € UpVa € St(U,,Uy))]-
Let z € F and n € w. We consider the following cases:
Case 1: If supp(x) N # 0. Let ' = = [~ 0. Hence, 2’ € F and
supp(z’) C «. Since U, is a cover of F, there exists U, € U, such that
x’ € U,. By the property of o, dom(U,,) C . Therefore, z € U,.
Case 2: If supp(z) N = 0. Let V € U, such that x € V. Let y € F with
the following properties:

(i) y [ dom(V)Na=0

(ii) 36 € (a\dom(V)) : y(B) = 1

(i) y 1 dom(V) () (wn\a) = 2
Since y [ dom(V) =z [ dom(V), y € V. Moreover, using the Case 1, there
exists U, € U, such that y € U, and dom(U,) C «. Hence, = € St(U,,U,)
because y € VNU, and z € V.
Observe that for each n € w, C, :={U € U,, : dom(U) C a} is countable,
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hence enumerate it as C, = {U : m € w}. Now, for each x € F, define
fx € w* so that for each n € w : f;(n) = m such that z € Uy, € U, or
xr € St(U},U,). By claim 2, these functions are well defined. Furthermore,
since wy < 0, the set F := {f, : € F} has cardinality less than 9. Let
fo € w¥ such that for each z € F : fy £* f,. If we define for each n € w,
V,, :=A{U" : m < fo(n)}, then clearly F = U,,c, St(U Vo, Uy,). O

This completes the proof that w; < 0 implies F is star-Menger. For the
converse, assume w; = 0.
Consider D := ([B (F)]<‘”>w, i.e. D is the set of all sequences of finite families
of basic open sets in F. We order D by f < g if f(n) C g(n) for all n. By
Lemma 2.4.14, since 0 = wy, we have that the cofinality of (D, <) is w;. So
we may enumerate a cofinal subset E of D as {(y%)ne. @ @ € wy} such that
each element of E appears w; times.
We will build recursively a sequence (U, )ne,, of covers of F such that none of
the sequences (y$)new witness that F is star Menger. Since these sequences
are cofinal in (D <) this implies our constructed sequence will witness that
F is not star-Menger.
Basic step: For all n € w let UY = {W (xgm}, {m}) : m € w}, where x(ny is
the characteristic function of {m} (xqmy(t) = 1 if and only if £ = m). Then,
for all n € w:

1. U covers F,

2. for each U e U¥, U = W (x, A) for some = € F,, and A C w such that

supp(z) C A.

Successor step: Fix o < wy and assume we have built (U2),¢,, such that each

Uy covers F,, and for all U e U, U = W (x, A) for some = € F, and A C «

63



with supp(z) C A.
Case (1)¥n € wVV € yS : supp(V) C a.

Let 24 = X{a) and for every n € w let
W = W(xa, {a} U JH{A:Ty: W(y,A) €yl )

We now define for all n € w, U™ = U U{W>}. We need to show that LT
covers F,.1: Let n € w and z € F,,1. Then we have the following cases:
(i) If supp(z) = {a}, then z = 2, € W2. (ii) If supp(z) N« # 0, then the
function 2’ € F, such that 2’ [,= z [4, belongs to some W (x, A) € U and
therefore z € W(z, A) because A C a.

Case (2) In € w3V € y% : supp(V) € «a.

Then for all n € w let U = UL U {W (x{a}, {e})}. Observe that for all
n € w, UST! also covers F .

Furthermore, in either case we have that for all U € U, U = W (x, A) for
some x € F,;1 and A C o + 1 such that supp(z) C A. Thus, the recursion

is complete for the successor step.

Limit step: If v < wy is a limit ordinal, for all n € w, let U] = U, Uy

Clearly, U, covers F, and satisfies all recursive hypothesis.

For all n € w let U,, = Uy, Uyy- For each n € w, U,, covers F. We show now

that (U, )new witnesses that F is not star Menger.

For all n € w let B, € [U,]<*. We show U{St(UB,,U,) : n € w} doesn’t
cover F'.

Since for each n € w : domB,, := Uacp, domA is finite, then U,¢,, domB,, is

new
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countable. Thus, we can get 8 < w; such that UU,,c, domB, C 5. Hence, for

new
all n € w, B, CUP. Using the property of the sequence {(y)new : @ € w1},
there exists a > [ such that for all n € w : yS O B, and for each

V € y2, supp(V) C a. Therefore, U2t is defined as in Case (1) above.

Claim: x = X{a is not covered by U{St(Uyn,U,) : n € w}. Indeed:

1. For each n € w and for each U € U*

n’

zo ¢ U: This is true because
To = X{a} and the construction of U,.

2. For each n € w, v, ¢ St(Uy2,US™): Fix n € w, from 1., we get that
the unique element in U that contains z, is W, but such W< was
built so that for each V € y2, Wo*NV = (.

3. For each n € w and for each 8 > a+1, z, ¢ St(Uy2,UP): Assume the
opposite, hence In € w3IB > a + 13U, € U’ such that x, € U,, and
Uz, N (Uy%) # 0. Fix 8 minimal with this property. By the recursive
construction of U,, U,, = W(x,A) with 2 = x5 and § € A, this
implies that z,(3) = Xx{a}(8) = 1, which is a contradiction.

From 1., 2., and 3. the claim is true. Since for each n € w, B,, C 49, it follows

that {St(UBy,U,) : n € w} does not cover F. Thus, F is not star Menger.
Proposition 2.6.5. F is not normal.

Proof. For each o € wy, let us define x, = X0} € 2** as the characteristic
function of {a} (z,(5) = 1 if and only if 8 = «). It is easy to verify that
the set F' = {z, : @ € wy} is a closed subset of F. Let us choose subsets
C1, Cy of wy such that |Ch]| = wy, |Cy] = w, C1NCy =0 and C; U Cy = wy.
We put B = {z, : « € C1} and Ey = {z, : @ € Cy}. Note that F; and E,

are disjoint subsets of F', |Fj| = wy and |Ey| = w. Furthermore, both sets
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are closed (and discrete) subsets in F.

Let us show that E; and E5 cannot be separated by open sets in F. Let U
be an open set in F so that E; C U. By the topology on F, for each o € (7,
there exists a finite subset A, of w; such that o € A, and W (z,, A,) C U.
Using the A-system Lemma on the collection {4, : a € C}, there are an
uncountable set C' C (] and a finite set A C w; such that for all o, 8 € C,
A, NAg = A. Hence, the family {A,\A : a € C} is disjoint. Since C is
infinite and A is finite, Co\A # 0. Let o* € Cy\A. Then z,+ € FEy and
Zo« € U. Indeed, let V be an open set in F such that 2.« € V. Then,
there is a finite subset A* of w; such that o* € A* and W(z,-, A*) C V.
As the set C' is uncountable and the sets A and A* are finite, there is an
element 5* € C such that A* N (Ag-\A) = 0 and §* € Az-\A. Note that
a* # [* because a* € A* and f* € Ag\A. So we define the function
y € 2 so that y(a) = 1 if o € {a*, f*} and y(a) = 0 otherwise. Let us
show that y € W(xg-, Ags) N W (-, A*). Let f € Ap\{p*}. If B € A,
then  # o* since a* € Cy\A. Hence y(5) = 0. If 3 ¢ A, then €
Ag\A. Since A* N (Ag\A) = 0 and o* € A*, § # o*. Hence y(5) = 0.
Thus y € W(xg-, Ag«). Now, let § € A"\{a*}. Since * € Ag-\A and
A*N(Ag\A) =0, 8 # B*. Hencey(f) = 0. Thusy € W(x,+, A*). Therefore,
we have

Yy < W(.’I?,g*,A,g*) N W([Ba*,A*) cUunvV.

This show that z,- € U. Hence the sets F; and F, cannot be separated.
O

To show that F is a D-space, let us recall the definition:
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Definition 2.6.6 ([25]). Given a space (X, T):

o A function N : X — 7 such that for each x € X, x € N(z) is called an
open neighbourhood assignment (ONA) of (X,7) (17 is omitted
when there’s no confusion).

o Given an ONA N, a subset D C X 1is called a kernel of X with
respect to N if N(D) = {N(z):x € D} is a cover of X.

e We say X is a D-space if and only if every ONA N of X has a closed
and discrete kernel, i.e., for each ONA N of X there is some closed
and discrete subset D C X such that N(D) € O(X).

D-spaces were introduced by van Douwen in the 1970’s and the most impor-
tant open problem about them asks whether every regular Lindelof space is

a D-space. For more information on D-spaces refer to [25], [27], [35]).

In [43] Hurewicz provided a non-trivial characterization of the Menger prop-
erty in terms of a two-player game. Two-player games can be naturally
associated to most selection principles (in the next section we discuss this in
more detail). L. Aurichi [5], uses the game characterization of the Menger
property to prove that every Menger space is a D-space. Aurichi’s result
opened a window of opportunity to wonder what kind of (star) selection
principles, other than Menger, turn out to be D-spaces. For instance, the

following is not known:

Question 2.6.7 ([18]). Is it true that every metaLindeldf (metacompact)

star-Menger space is a D-space?

Since F is a D-space, it gives some hope that the previous question might be

67



answered in the positive. The following lemma, easy to prove, will be used

to show that F is a D-space.

Lemma 2.6.8. Let X be a topological space and A C X be a set with ANA" =
0. IfU is a collection of open sets so that A" C UU, then A\ UU is a closed

and discrete subset of X.
Proposition 2.6.9. F is a D-space.

Proof. Let N be an ONA of F. We know that ! is a closed discrete subset
of F. Put D; = F! and define

ne =min{n €w: F*\ (J N(z)#0}.

iEEDl
By Lemma 2.6.8, F"2 \ U,ep, N(2) is closed and discrete. Put Dy = F™2\
Uzep, V(). In general, we define
ng=min{n €w: F"\ |J N(z)#0}
‘TEUKk Di
and

Di=F"\ |J N
xEUKkDi

Let D = Ug>1 Di. Since each Dy, is a closed and discrete subset of F, D is
also closed and discrete in F. Furthermore, F = U,cp N(z). Indeed, note
that by definition we have k < nj for each k¥ > 1. Hence, for each k > 1,
F* C UselJ,o., D: N(z) and thus F = Ups1 F* C Uy Usely,.., i N(z) =
Uzen N(2). o
In the pursuit of answering Question 2.6.2, it is natural to consider some

important pathologies in the theory of normal spaces, so we can ask if per-

haps one of the Dowker spaces in the literature could be an example of a
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star-Menger not strongly star-Menger normal space. Or perhaps there is a

theorem:

Question 2.6.10 ([18] Question 2.21). Are normal, countably paracompact
star-Menger spaces strongly star-Menger? 1. e., if X is normal, star-Menger,

not strongly star-Menger, is X a Dowker space?

Recall that Dowker proved in [24] that a normal space X is countably para-
compact if, and only if, the product of X with the closed unit interval is
normal. He asked whether there exists a normal space which is not countably
paracompact. This became the well known Dowker space problem which was
solved by M. E. Rudin in 1971 (see [70]), providing a ZFC example of a nor-
mal not countably paracompact space which is a subspace of the box product
[y <n<wwn. Because of this, normal spaces which are not countably para-
compact are called Dowker spaces. In [18] we showed that the hereditarily
separable, first countable De Caux - type Dowker space constructed from
& by ML.E. Rudin in [70] is strongly star-Rothberger and therefore strongly

star-Menger. We recall the definition of &-sequence:

Definition 2.6.11. A sequence (S, : a € LIM(w;)) is a &-sequence if
and only if for all a:

(i) Sa C a;

(ii) ordertype(S,) = w;

(i) Sup S, = a; and

(iv) Each uncountable subset of wy contains an S,.

Example 2.6.12. In [70, Dowker Spaces 3.1] M. E. Rudin defines a de
Cauz type space, as follows: let (S, : a € LIM(wy)) be a d-sequence. For
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each «, partition S, into infinite, disjoint subsets {Saijn : i,J,n € w}. Let
X =w; Xw and U C X is open if and only if for every (o + j,n) € U, with
a € LIM(w,), n,j € w and for every i < n, there is a cofinite subset S* of
Saijn such that {(B,1) : B € S'} CU. Defined in this fashion, X is a Dowker

space.

Proposition 2.6.13. IfU C X is an open set such that for somen € w and

some stationary set E C wy, Ex{n} C U, then (w; x {n})\U is countable.

Proof. Let us assume on the contrary that (w; x {n}) \ U is uncountable.
Since (S, : a € LIM(wy)) is a de-sequence, there exists ag € LIM (wy)
such that S,, x {n} C (w1 x {n}) N U. Now, let § > «ag, let us show that
(B,n)y ¢ U. If (B,n) € U, by the definition of an open set in X, we can
find, in a finite number of steps, j € w such that (ag + j,n) € U. Again,
using that U is open, there exists a finite set F' C Syynjn € Sa, such that
(Sagnjn \ F) x {n} C U, which contradicts that S,, x {n} C (wy x {n})\U.
Therefore, for all 5 > ag (5,n) ¢ U, which is a contradiction. Therefore,

(wr x {n}) \ U is countable. O

Proposition 2.6.14. Let U be an open cover of X, then for all n € w there

exists f < wy such that St({,n),U) contains a stationary subset of wy x {n}.

Proof. Let U be an open cover of X and fix n € w. For each a € LIM (wy),
pick U, € U such that (a,n) € U,. Define f, : LIM(w,) — w; as fol-
lows: for each o € LIM(wy), fn(a) is so that (f,(a),n) € [So x {n}].
Since f, is regressive, by the Pressing Down Lemma, there exists f < w;

such thatf, (3) is stationary. Hence, St({/3,n),U) contains the stationary
{(v.n) s v € [7H(B)} S wi x {n}. O
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Theorem 2.6.15. The de Cauz space X is strongly star-Rothberger.

Proof. Let (Uy,)n<w be a sequence of covers of X. By Propositions 2.6.13
and 2.6.14, for all n € w, there exists 5, < w; such that (w; x {n}) ~
St({Bn,n),Usy,) is countable. Hence, X\ [Un<w St((Bn, n),UQn)} is countable.
Let us enumerate this set as {v; : j <w}. Then,
X = U St((ﬁn,n>,u2n) U U St(’)/n,Z/lgn+1).
n<w n<w

Therefore, X is strongly star-Rothberger. [

During a work in progress with William Chen-Mertens and Javier Casas-de
la Rosa, William brought to our attention that Example 2.6.20 below can
be used to answer consistently in the afirmative Question 2.6.2 and in the
negative Question 2.6.10, i.e. there is a normal star-Menger not strongly

star-Menger space that, in addition, it is not a Dowker space.

Example 2.6.19 (below) was presented By Song in [82] to provide a feebly
Lindeldf space X (every locally finite family of non-empty open sets in X
is countable) which is not Lindelof star kernel (X is Lindelof star kernel
if for every U € O(X) there is L C X Lindelof subspace of X such that
St(L,U) = X. This notion is called “Star-Lindeléf” in that article). Song
provided this space to partially answer, in the negative, a question of Alas,
Junqueira and Wilson [2] on whether T} feebly Lindelof spaces are Lindelof
star kernel. Then he used this space again in [84] to present a normal star-
Lindel6f space which is not neighbourhood star-Lindeléf (X is said to be
neighborhood star-Lindeldf if for every U € O(X) there exists a countable
subset A of X such that for every open O D A, X = St(O,U)). This space is
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a modification of a space given by Tall in [88] (see Example 2.6.18 below) to
provide an example of a separable normal space with an uncountable discrete
subspace. Let us present both spaces. Since the spaces require independent
families, first, we provide the definition of (strongly) independent families
and the proof of the existence of such families of size 2% for any infinite

cardinal k.

Definition 2.6.16. Let k be an infinite cardinal. A family F C P(k) is
called independent if for all pairs of disjoint F,G € [F]<¥ we have:

Cra=[1AN (N (k~A) #0
AeF AeG
(Assume N0 = k). If in addition, for each pair (F,G) as above, |Crg| = K,
F is called strongly independent.

Theorem 2.6.17 (Fichtenholz-Kantorovitch-Hausdorff). Let x be an infinite
cardinal. Then there exists a strongly independent family F C P(k) such that
|F| = 2~.

The following proof is taken from [49].

Proof. Let K = [k]<¥ x UK;]@} . We build a strongly independent family
using K that codes a strongly independent family F C P(k) of size 2%. For
A e P(k) let

Bya={(s,T)e K:sNAeT}.

Let B={B4: A€ P(r)}. First observe that if Ay, A; € P(k) are different,
WLOG pick x € Ay \ Ay, then ({2}, {{z}}) € Ba, \ Ba,. Thus |B| = 2",
Now to show that B is strongly independent let (F,G) be a pair of finite
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disjoint subsets of B. Write F UG = {By, : i < n}. Fori < j < n fix
& € AiNA;. Let s={§,;:i<j<n}and T ={sNA;: Ba, € F}.
Claim: If R € [[n]“"} *is such that T C R and s N A; ¢ R whenever
By, € G, then

(s,R) € ( N BAi) ﬂ( N (K\BAj)>.

Ba,€F Ba,€G

Indeed, if By, € F', then sNA; € T C R and therefore, (s, R) € Ba,. Now, if
By, € G, then sN A; ¢ R, which implies that (s, R) ¢ Ba,. Hence (s, R) €
K ~\ Ba;. Observe that there are x many R that satisfy the assumptions of
the claim. Thus, B is strongly independent.
Now let f: K — k be a bijection and let F = {f"B: B € B}. If By, B, € B
and By # By, then "By # f”"B;. Hence F has size 2°. To show that
F is strongly independent let F,G € [B]<“, it should hold that the set
I = (ﬂBeF f”B) N (ﬂBeg(FL ~ f”B)) has size k. But we know that the
set J = (ﬂBeF B) N (ﬂBeG(K N B)) has size k and for each (s,T) € J,
f((s,T)) € I. Since f is a bijection, I has size k. ]

Example 2.6.18 ([88] Example E). Assuming 2% = 2™ there exists a sep-

arable normal T} space with an uncountable closed discrete subspace.

Construction: Let L be a set of cardinality ¥; disjoint from w. By Theorem
2.6.17, there exists F strongly independent family of subsets of Ny = w of
size 2% = ¢. Write F = {4, : a < ¢}. Since |[L| = Xy, |P(L)] = 2%.
Assuming 2% = 2% it is possible to build a function f : P(L) — {A, : a <
c}U{w~\ Ay @ a < ¢} which is bijective and complement-preserving (for each
BCL, f(LNB)=w-\ f(B)).

Now let X = L Uw with a subbase ¢ for a topology defined by
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1. if M C L, then MU f(M) € ¢,

2. if n € w, then {n} € ¢,

3. if p € X, then X \ {p} € ¢.
Observe that by condition (3) X is 71. By (2) w is open, therefore L =
X N wis closed and, by (1) for any z € L, {x} U f({z}) is open such that
{z} U f({z})] N L = {x}, that is L is discrete. X is separable since w is
dense in X: let U be any nonempty basic open set, then

U= NUnUnNn U

UeF UeG UeH

where F, G, H are finite (possibly empty), each U € F' is a subbasic open set
defined as in (1), each U € G is a subbasic open set defined as in (2), and
each U € H is a subbasic open set defined as in (3). To show U Nw # 0 it
is enough to observe that |<ﬂUe rU ) Nw| = w. This is always the case since
F is a strongly independent family. Now let Y, Z be disjoint closed subsets

of X and observe:

Uy = (YNLUYNLUFYNL])N(XNZ)
= (Yurynn)nx-~z
Uz = (ZNL)ULNY)UFLNY)])N(X\Y)
are open sets and Y C Uy, Z C Ugz. Assume x € Uy NUyg, then x €
XNYUuZ)andz e f(YNL)N f(L\Y). But this is a contradiction since
f is complement preserving: f(L\Y) = f(L~N(YNL)) =w~ (Y NL).
Hence, X is normal. W

Example 2.6.19 ([82], [84]). Assuming 2% = 2™ there erists a normal T}

space which is star-Lindeldf and not strongly star Lindelof.
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Construction: Let Xy = L Uw denote the space built in Example 2.6.18.
Let X = L U (w; X w) and topologize it as follows, a basic open set of
(i) = € L is a set of the form V.V (z) = (UNL)U ((a,wl) x (U ﬂw)) where
U is a neighbourhood of x € Xy and a < wy.
(i) (a,n) € (w1 X w) is a set of the form Viy((a,n)) = W x {n} where W
is a neighbourhood of « in w; with the usual topology.
Condition (i) guarantees that X is T;. Furthermore, w; X w is open
in X and for x € L, if we let U = {z} U f({z}). then for any a < wy,
VU(z)N L = {x}. That is, L is closed and discrete in X.

X is normal: Let Y,Z C X closed and disjoint. Define Y7, = Y N L and
Zrp=ZNLandforeachn ew, Y, =Y N(w x{n}), Z, =20 (w x{n}).
Since YNZ = ) and wy x {n} is a copy of w; with the usual topology (for each
n € w), then we can find clopen sets V!, 7/ C wy x {n} such that Y/NZ! =0,
Y, CY, Z, C Z and so that for each n € w, Y, is cofinal in wy x {n} if
and only if Y}, is cofinal in wy x {n} and Z/, is cofinal in wy x {n} if and only
if Z,, is cofinal in wy x {n}. This is possible since for each n € w, Y,, and Z,
cannot be both cofinal (otherwise Y, N Z,, # 0). Let
y=voulv, z=zulJZz

new new

Observe Y CY, ZC Zand YN Z = 0.

Claim: Y and Z are closed in X.

Indeed, if (a,m) € (w1 X w) N\ Y, since Y, is clopen in w; x {m}, then
there is U open neighbourhood of («,m) in wy; x {m} (and therefore open
neighbourhood in X), such that U NY, = 0. Now, let z € L~ ) and

assume that for each U open neighbourhood of z in Xy and each a < wy,
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VU(z) N Y # (. This implies that for each U open neighbourhood of x in
X and each a < w; there is some n € w such that VV(z)Y,! # () and Y is
cofinal in w; x {n}. Then Y, is cofinal in w; x {n} and V.V (2)Y, # 0. Hence,
r € Y =Y which is a contradition. Thus, ) is closed. A similar argument
shows that Z is closed.

Since Yy, and Zj, are disjoint closed subsets of Xy and X is normal (recall X,
is the space constructed in Example 2.6.18), then there exist disjoint open

sets Uy, Uz in X, such that Y, C Uy, Z;, C Uy. Let

VY:<UyﬂY)U U (W1X{n}, VZ:<UzﬂZ)U U ((,UlX{TL}.

nely Nw neUzNw

Observe that V3 and Vj; are disjoint open subsets in X and Y, C Vi,
ZL Q Vz. Let Wy = y U (Vy AN Z), WZ = ZU (VZ AN )7) Hence, Wy
and Wy are open sets in X, Wy NW; =0, andy C Wy, Z C Wy.

X is not strongly star-Lindel6f: List L = {z, : @ < w;}. Since L is a
closed discrete subset of X, for o < wy let D, be an open neighbourhood of

zo in Xy such that D, N L = {z,}. Hence,
U= {VP(z,): a<w}U{w xw}eOX).

Assume E € [X]¥, we show St(E,U) # X. Since E is countable, fix
Bo, f1 < wi such that sup{a : ©, € ENL} < By and sup{y : (y,n) €
E for somen € w} < Bi. Let a = maz{fy, 51} and observe ENV.Pa(z,) = ()
Since V.P=(x,) is the only element of I that contains z,, then z,, & St(E,U).

Thus, X is not strongly star-Lindelof.
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X is star-Lindelof: Let & € O(X) and define
M={new: 33U ecU)(IB <w)[(f,w1) x {n} CU]}.

For each n € M fix U, € U and 3, < w; such that (8,w;) x {n} C U,. Put
V' ={U, :ne€ M}.

Claim: L C St(UV',U).

Indeed, let x € L, there is U* € U,, such that x € U* and therefore, there is
U open neighbourhood of x in X, and o < wy such that VV(x) C U®. Since
VU(z)N (w1 x w) = (a,w;) X (UNw) and U = NU f(N) for some N C L,
with € N, it holds true that n € f(N) — n € M. Then, for n € f(N),
VU(z) N (w1 x {n}) N [(Bn,w1) x {n}] # 0. Thus, VY(z) N U, # 0. Hence,
U*NU, # 0. Therefore z € St(U,,U) C St(UV',U). Now, w; X w is a
countable union of strongly star compact spaces (see Example 2.6 above),
then there is a countable V"’ C U such that w; x w C St(UV",U). If we let
V=V UV’ then St(UV,U)=X. 1

Proposition 2.6.20. Assuming 2% = 2% and N, < 0 the space X built
in Fxample 2.6.19 is normal, star-Menger, and is not either strongly star-

Menger nor Dowker.

Proof. 1t has been shown that X is normal and not strongly star-Lindelof
(in particular, X is not strongly star-Menger). It remains to show that it is

star-Menger and is not a Dowker space.

X is star-Menger: let (U, : n € w) be any sequence of open covers of X.

Write L = {z, : @ < w;} and for each o < wy and each n € w, let f,(n) =
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min{i € w: (U € U,)(3P < wi)[ze € U A (B,w1) x {i} C U]}. Observe
that for each a < wy, f, : w — w is well defined. Since {f, : @ < w;} has
size less than 0, there is a funtion g € w® such that for all @ < w; : g £* fa.

For n € w let
M,={icw: (3U elU,)(3B <w)[(B,wr) x {i} CUJ}.

Now, for each n € w and each i € M, fix U! € U, and ! < w; such that
(B wy) x {i} C U and let V,, = {U: : i € M, Ng(n)}.

Claim: L CU{St(UVn,U,) : n € w}.

Indeed, fix x, € L. There is n € w such that f,(n) < g(n). Hence, there
are U € U, and f < wy such that z, € U and (B,w;) x {fa(n)} C U.
Thus, fo(n) € M, and U/~ € V,. In addition, Uf*™ N U # (). Hence,
x € St(UVa,U,) CU{StUV,Uy,) : n € w}.

X it is not a Dowker space: Let us recall the following characterization:
A normal space D is a Dowker space (see [70]) if, and only if, D has a count-
able increasing open cover {U, : n € w} such that there is no closed cover
{F, :n € w} of D with F,, C U, for each n € w. Hence, let {U,, : n € w}
be any countable increasing open cover (Uy C U; C --+) of X, we must find
a countable cover of closed sets {F),, : n € w}, such that for each n € w,

F, CU,.

For each i € w define n; = min{n € w: 1 < nA(Iy < wl){[fy,wl) x {i} C
Un}} Observe that since {U, : n € w} is a countable cover of X, n; is well

defined for each 7 € w. In addition, for each n € w and i € w with i < n; <n
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let

i =minty <wi s [y,wn) x{iy CUE (%)

Since for each n € w, U,, C U, 41, then ~}" is well defined. Now, for n € w let

Fy= (U wn) x {i} i <y <n}) U (U.NL).

i<n

Claim:

(1) For each n € w, F, is closed,

(2) For each n € w, F,, CU,,

(3) Upew Frn = X.

Indeed, to show (1), fix n € w. First assume x € (X \ F,) N (w; X w). Hence
x = (a,m) for some o < wy and m € w. If F,, N (w; x {m}) =0, any U C
wy X {m} open neighbourhood of x is disjoint from F,,. If F,,N(wy x{m}) # 0,
then o < )%, and for each 8 < «a, (8,a] x {m} is an open neighbourhood
of z disjoint from F,,. Now, assume z € (X \ F,) N L, let N C L such
that NN F, = 0 and x € N. Observe that U = NU f(N) N (n+1) =
(NU f(N)) N (ﬂanH(Xo ~ {]})) is an open neighbourhood of x in X (see
condition (1) and (3) of Example 2.6.18). Hence, for any o < w;, VY(z) (
= [UNLJU[(a,w1) x (UNw)]) is an open neighbourhood of x in X such that
VU(z) N F, = 0 since F,, C w; x [0,n] and VY(z) N (w; x [0,n]) = 0. Thus,
F,, is closed.

To show (2), fix n € w. If x € F,NL, then z € U,. If x = (a,m) €
F,,N (w1 Xw), then there is some i < n; < n such that (a,m) € [V, wq) x {i}.
Thus , m =i and [y, w;) x {i} C U,. Hence F,, C U,.

Let us show (3). If x € X N L, then there is some n € w such that x € U,.
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Hence, v € U, NL C F,. If x € X \ L, there is some i € w such that
r € wy X {i}. By (%) and the fact that U, C U,41, {7/ : n € w} is a
decreasing sequence of ordinals. Since U, : n € w) covers X, there is some

m € w such that /" = 0. Thus, x € F),,. ]

It is still unknown whether there is an example in ZFC of a normal star-
Menger not strongly star-Menger space. It is also worth considering under

which other hypothesis it is possible to build such examples.

2.7 A result on Games

Associated with the Menger property we have the Menger game played (on
a space X ) as follows: Two players, Alice and Bob, play an inning per positive
integer. In the n-th inning Alice chooses an open cover U,,, and Bob responds
by choosing a finite subset V,, of U,,. The play (U, Vi,Us,Va, ..., Up, Va,...)

is won by Bob if U{V,, : n € N} is an open cover of X; otherwise, Alice wins.

The following theorem is a well-known characterization of the Menger prop-

erty in terms of games proved by Hurewicz in [43].

Theorem 2.7.1. A topological space X has the Menger property if, and only

if, Alice does not have a winning strategy in the Menger game.

The proof of his theorem is also known for being technical and difficult.

Szewczak and Tsaban provide more intuition about this result in [86].

Ko¢inac mentions in [54] the game that naturally relates to each selection

property but Hurewicz-like characterizations for the star versions of the

80



Menger and Hurewicz properties are not known. Though, here we give one
for the strongly star-Menger property on a strongly star-Lindel6f space which
consist of the disjoint union of a closed discrete set with a o-compact sub-
space (i. e., the space X = Y U Z studied in Section 2.4). We recall the

definition of the game related to this property.

Definition 2.7.2 ([54]). Given a non-empty topological space X, define the
SSM-game as follows:

Alice‘blg‘ul‘ug‘
Bob ‘Fg‘F&‘FQ‘

Diagram 2.8: The Strongly Star-Menger Game.

In the n-th inning, Alice gives an open cover U, of X. Bob responds by
choosing a finite subset F,, of X. The play (Uy, Fo,Uy, F1, ..., Un, Fy,...) is
won by Bob if {St(F,,U,) : n € w} is an open cover of X; otherwise, Alice

wWins.

Observe that it is always the case that for any space X if Alice does not have

a winning strategy in the SSM-game on X, then X is strongly star-Menger.

Theorem 2.7.3. Let X be a strongly star-Lindeldf space of the form'Y U Z,
where Y N Z =0, Z is a o-compact subspace and Y is a closed discrete set.
If X is strongly star-Menger then Alice does not have a winning strategy in

the SSM-game on X.

Proof. Let o be a strategy for Alice in the SSM-game on X. Let K :=

{K, : n € w} be a C-increasing sequence of compact subsets of Z such
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that U,c, Kn = Z. Let 0 be a large enough cardinal such that H(6) contains

new
everything relevant to the proof and take M a countable elementary submodel
of H(0) such that K, X,0 € M. Observe that if s € dom(o), then s is a
finite sequence (Fy, F1, ..., F,_1), for some n € w, where for each i < n, F;
is the play of Bob at inning i. We let U := o(s) be the response by Alice at
inning n + 1 following o.

Claim: if B := X N M, then for all s € dom(c) N M : St(B,Us) = X.
Notice that if s € dom(o) N M, then o(s) € M. Since X is strongly star-
Lindelof, M F 3D, C X(|Ds| = w A St(Ds,Us) = X). Given that Dy € M
and |Ds| = w, we get Dy C M. Thus, Dy C B and therefore, St(B,U;) = X.
If we list B as {b; : i < w} and let B, = {b; € B : i < n} in M, by an
elementarity argument, for each n € w and each s € dom(o)N M, there exists
m € w such that K,, C St(B,,,U,). For each x € Y, we recursively define f, €
w® as follows: f,(0) = min{m : x € St(B,,,Up)}, and having defined f, [,,
consider s € w” such that s < f, [y, let Us := o0((Bs0), Bs(1), - - - » Bstn-1)))
the play by Alice at inning n. Since Uy € M, the following is well defined

fe(n) =min{m : Vs € w"[s < fi [n, = © € St(Bn,Us)]}.
Similarly, for t € w we can recursively define h; € w* as follows hy(0) =

min{m : K; C St(B,,,Up)} and hy(n) = min{m : Vs € w"[s < hy [,,—
K C St(B,,Us)]}.

Since X is strongly star-Menger, by Theorem 2.4.5, |{f, :x € Y}U{h; : t €
w}| < 0. Thus, there exists g € w* such that for every z € Y, g £* f, and
for every t € w g £* h;. Let us define a way for Bob to defeat Alice using
o. For each n € w, let Bob play Byn,). We show X = U, St(Bym),Uyy,,)-

82



Let x € Y and fix t € w such that f,(t) < g(t). If there exists j < t such
that = € St(By(j), Uy, ), then x was already covered before inning ¢. Assume
that for all j < ¢, 2 ¢ St(By(;),Uy,;). By the definition of f,(0), we get that
9(0) < f.(0), and, in general, for each j < t, we get that g(j) < f.(j). Thus,
g ;< fz I;. Hence, by the definition of f,(t),

x € St(By, (1), Ugt,) S St(Byr), Uy, )-

A similar argument show that for each n € w, K, is eventually covered.

Hence, o is not a winning strategy for Alice.

As an immediate consequence, we have

Corollary 2.7.4. If X is a V-space or the Niemytzki plane, then X is
strongly star-Menger if and only if Alice does not have a winning strateqy

in the SSM-game on X.

A Full Hurewicz type characterization of strongly star-Menger spaces in terms
of the SSM-game, is still unknown, i.e. Is it true that a space X is strongly
star-Menger if and only if Alice does not have a winning strategy in the
SSM-game on X? Characterizations for the other star selection principles in

terms of games haven’t been studied.

2.8 Small unions of star spaces

One the first things we notice when dealing with Menger spaces is the fact

that a countable union of them is also Menger. Indeed, assume Xg, X, ...,
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X, ... are Menger and let {U, : n € w} be a sequence of open covers of
X = Ujew Xi- We can first partition {4, : n € w} into countably many
pairwise disjoint infinite subsequences {U, : n € w} = {U* : n,m € w}.
Then, since each X, is Menger, for each n,m € w find V* € [U"]<* such
that Ue, V' € O(X,). Then U, e, Vit € O(X). That is, X is Menger.
In [89] Tall improved the previous observation showing that if a space X is
Lindelof and it can be written as a union of less than 0 (less than b) com-
pact spaces is Menger (is Hurewicz). The idea is as follows: assume X is
Lindelof and it can be written as a union of £ many compact spaces with
Kk < 0. Let {U4, : n € w} be any sequence of open covers of X. Enumerate
as K, with a < k < 0 each compact space. Since X is Lindelof, for each n,
U, = {U" : m € w} can be assumed to be countable. Now, for each o < k,
define f,(n) = min{m € w: Ky C U<, UL}. For each o < K, f, € w is
well defined since K, is compact. Given that x < 0, fix g € w* such that for
all @« < Kk : g £* fo. For each n, define V,, = {U* : m < g(n)}. Thus, for
each n: V, € [U,]=¥ and U, e, Vo € O(X). That is, X is Menger.

Motivated by this result we wondered if this could be improved. It turns
out that we can replace “compact” by “star-Hurewicz” in Tall’s results (see
Proposition 2.8.3 below), or we can replace “0” and “compact” by “b” and
“star-Menger” (Proposition 2.8.7). In addition, a Lindel6f space that can be
written as a union of less than b star-Hurewicz spaces, is Hurewicz (Propo-

sition 2.8.4). These results are contained in Theorem 2.8.2 below.

Furthermore, we investigated what happens if instead of starting with a
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Lindelof space that can be written as some small union, we consider a star-
Lindelof space or a strongly star-Lindelof space. Some other interesting rela-
tionships were obtained and they are described in Theorem 2.8.8 below. Let
us first introduce some notation that allows to present these results in an

organized manner.

Definition 2.8.1. Let X be any space, A and B denote some properties and

K 18 some cardinal.
(A, (< K, B))

stands for “X satisfies property A and it can be written as a union of less

than k spaces each of them satisfying property B’

For instance, if L,C and M denote Lindelof, compact and Menger, respec-
tively, then Tall’s results can be written as “ (L,(< O,C)) — M?” and
“ (L, (< b, C’)) — H”. More in general, we have:

Theorem 2.8.2. For any space X, the following diagram holds:

(L,(< 0, 5H)) A
(L.(<b,5H)) B H M
(L, (< b,5M))
C

Diagram 2.9: Smalls Unions: The Lindel6f Diagram.
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Observe that unlabelled arrows are immediate. The proof is divided as

Propositions 2.8.3, 2.8.4 and 2.8.7.

Proposition 2.8.3 (A). If X is a Lindeldf space and X is the union of less

than 0 star-Hurewicz spaces, then X is Menger.

Proof. Let k be a cardinal smaller than 9 and put X = U,., Yo with each Y,
being a star-Hurewicz space. Let {U, : n € w} be a sequence of open covers
of X. Since X is Lindel6f, we can assume that for each n € w, U,, is countable
and put U, = {U! : i € w}. Since each Y, is star-Hurewicz, for each o < ,
there exists a finite subset V< of U, such that {St(UVY,U,) : n € w} is a
~v-cover of Y,. Define, for each a < k, a function f, as follows: for each
n € w, let fo(n) = min{i € w: V> C {UJ : j <i}}. Since the collection
{fa : @ < K} has size less than , there exists g € w* such that for every
a < K, g £* fo. Foreachn € w,let W, = {U. : i < g(n)}. We show
{St(UW,,U,) : n € w} is an open cover of X. Let © € X. Then, there exists
a < k such that x € Y,. Hence, there is ny € w so that for every n > ny,
z e St(UVY,U,). Since g £* f,, we can take n > ngy such that g(n) >
fa(n). Then x € SHUVS, Un) € St(Uj<por) Ul Un) € SHUj<gin) Ui Un) =
St(UWh,U,,). Therefore, the collection {St(UW,,U,) : n € w} is an open
cover of X. Thus, X is star-Menger. Since X is Lindel6f, by Theorem 2.3.8
X is Menger. O

Proposition 2.8.4 (B). If X is a Lindeldf space and X is the union of less

than b star-Hurewicz spaces, then X is Hurewicz.

Proof. Let k be a cardinal smaller than b and put X = U,., Y, with each

Y, being a star-Hurewicz space. Let {U,, : n € w} be a sequence of open
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covers of X. Since X is Lindelof, we can assume that for each n € w, U,, is
countable and put U, = {U! : i € w}. For each a < &, there exists a finite
subset V¢ of U,, such that {St(UVS,U,) : n € w} is a y-cover of Y,. Define,
for each o < k, a function f, as follows: for each n € w, let f,(n) = min{i €
w: V> C{Ui:j <i}}. Since the collection {f, : @ < k} has size less than
b, there exists g € w* such that for every a < &, f, <* g. For each n € w,
let W, = {U! :i < g(n)}. Let us show {St(UW,,U,) : n € w} is a y-cover
of X. Let x € X. Then, there exists a < k such that z € Y,. Hence, there
is ng € w so that for every n > ng, x € St(UVS,U,). Since f, <* g, there
is ny € w such that for every n > ny, fo(n) < g(n). Put m = max{ng, ni}.
Hence, for each k& > m, x € St(UW;,Ux). Indeed, let k& > m. Then
x € SHUVE, Us) € St(Uj<somy UL Us) € St(Uj<g) Ui, Us) = SEHU Wy, Us).
Therefore, the collection {St(UW,,U,) : n € w} is a y-cover of X. Thus,
X is star-Hurewicz. Since X is Lindelof, by Theorem 2.3.8 X is Hurewicz.

0

Let us introduce the following class of covers:

Definition 2.8.5. A cover U = {U, : o < k} of a space X it’s called large
if for every a < Kk, {Us : a < < K} is a cover of X. We denote the class
of large covers of X by L(X).

The following lemma will be useful in the proof of Propositions 2.8.7, 2.8.11
and 2.8.14.

Lemma 2.8.6 (Folklore). For any space X :
o Siin(0,0) < Spin (0, L).
o S3n(0,0) < 53,(0,L).
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Proof. Let X be any space. Observe that S, (O,L) — Spin(O,0) and
St (O, L) = 5%,(0, 0) are immediate. Now, assume Sy, (O, O) (S%;,(0,O)
respectively) holds. Let {U, : n € w} be any sequence of open covers of X
and let m € w. Since the collection {U,, : m < n < w} is a sequence of open
covers of X, then for each n > m there exists a finite subset V)" of U,, such
that U{V" : m < n < w} ({StUV",U,) : m < n < w}, resp.) is an open
cover of X. So, for each n € w we define W, = U,,<, V,;". Hence, for each
m € w the collection U{W,, : m < n < w} ({StUW,,U,) : m < n < w},
resp.) is an open cover of X. That is, for each n, W, is a finite subset of U,
and the collection U{W,, : n <w} ({St(UW,,U,) : n < w}, resp.) is a large
cover of X. Hence, Sy, (O, L) ( 5%,(O, L), resp.) holds. O

Proposition 2.8.7 (C). If X is a Lindeldf space and X is the union of less

than b star-Menger spaces, then X is Menger.

Proof. Let k be a cardinal smaller than b and put X = U, .. Y, with each Y,

a<k
being a star-Menger space. Let {U,, : n € w} be a sequence of open covers of
X. Since X is Lindelof, we can assume that for each n € w, U, is countable
and put U, = {U! : i € w}. Since or each a < k, Y, is star-Menger, by
Lemma 2.8.6, for each a@ < k and each n € w there exists [f € w such that
{St(Uicio U, Uy) 1 n € w} is a large cover of M,.

For each a@ < K, and each n € w, let f,(n) = [%. Since the collection
{fa : @ < K} has size less than b, there exists ¢ € w* such that for every
a < K, fo <*g. For each n € w, let W,, = {UJ : j < g(n)}.

Claim: {St(UWh,U,) : n € w} is an open cover of X.

Let x € X and fix a < k such that x € Y,. Then, for the function f,

there is ng € w so that for every n > ng, fo(n) < g(n). Let m > ng such
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that z € St(U;<je Ul Uy, C St(Ui<gm) Ul Uy)= St(UW,,,Uy,). Therefore,
the collection {St(UW,,U,) : n € w} is an open cover of X. Thus, X is
star-Menger. Since X is Lindelof, by Theorem 2.3.8 X is Menger. [

The following theorem is the analogous of Theorem 2.8.2 for the star and
strongly star version of the Lindelof property. Observe that instead of re-
quiring that the “pieces” of the space are star-Hurewicz as in Propositions
2.8.3 and 2.8.4 (or star-Menger as in Proposition 2.8.7), we need them to be

Hurewicz (Menger, respectively).

Theorem 2.8.8. For any space X, the following diagram holds:

(SSL, (<0, H)) D
(SSL,(< b‘,H)) B SSH — SSM
(SSL, (< b, M))
F
1
(SL, (<0, H)) \\
(SL, (< b, H)) ! SH SM
(SL, (< b,M))
J

Diagram 2.10: Smalls Unions: The Star Version of the Lindelof Diagram.



Unlabelled arrows are immediate. The proof is divided as Propositions 2.8.9,

2.8.10, 2.8.11, 2.8.12, 2.8.13 and 2.8.14.

Proposition 2.8.9 (D). If X is a strongly star-Lindeldf space and X is the

union of less than 0 Hurewicz spaces, then X is strongly star-Menger.

Proof. Let x be any cardinal smaller than 0 and put X = U, H, with each
H, being a Hurewicz space. Let {U,, : n € w} be a sequence of open covers of
X. Since X is strongly star-Lindeldf, for each n € w there exists C,, € [X]=%
such that St(C,,U,) = X. For each n € w, put C,, = {x! : i € w}. Note
that St(Ch,U,) = Ue, St(z,U,) for each n € w. So, for each n € w,
the collection {St(x! U,) : i € w} is an open cover of X. Hence, for each
a < K, there exists a finite subset F& of {St(z!,U,) : i € w} such that
{UFY :n € w} is a y-cover of H,. Define, for each a < &, a function f, as
follows: for each n € w, let fo(n) = min{i € w: F* C {St(x),U,) : j <i}}.
Since the collection {f, : @ < k} has size less than 9, there exists g € w*
such that for every o < k, g £* fo. Foreach n € w, let F,, = {z%, : i < g(n)}.
Claim: {St(F,,U,) : n € w} is an open cover of X.

Indeed, let x € X and fix o < k such that x € H,. Hence, there is ng € w
so that for every n > ng, € UF?. Since g £* f,, we can take m >
ng such that g(m) > fo(m). Then, z € UFS C Uj<sum) St(@,, Un) C
Uj<gm) St(@,,Un) = St(Fp,Uy). Therefore, the collection {St(F,,U,) :

n € w} is an open cover of X. Thus, X is strongly star-Menger. O]

Basically the same idea (now the fact that we have less than b many pieces,

let us get a y-cover at the end) yields:

90



Proposition 2.8.10 (E). If X is a strongly star-Lindeldf space and X is

the union of less than b Hurewicz spaces, then X is strongly star-Hurewicz.

Proof. Let k be any cardinal smaller than b and put X = U, H, with each
H, being a Hurewicz space. Let {U,, : n € w} be a sequence of open covers of
X. Since X is strongly star-Lindeldf, for each n € w there exists C,, € [X]|=*
such that St(C,,U,) = X. For each n € w, put C,, = {z’ : i € w}. Note
that St(Cp,,U,) = Uieo, St(z!,U,) for each n € w. So, for each n € w,
the collection {St(x% U,) : i € w} is an open cover of X. Hence, for each
a < K, there exists a finite subset V< of {St(z!,U,) : i € w} such that
{UV2:n € w} is a y-cover of H,. Define, for each o < k, a function f, as
follows: for each n € w, let f,(n) = min{i € w: V* C {St(z?,U,) : j <i}}.
Since the collection {f, : o < K} has size less than b, there exists g € w*
such that for every a < k, f, <* g. For eachn € w, let F,, = {z% : i < g(n)}.
Claim: {St(F,,U,) : n € w} is a y-cover of X.

Indeed, let z € X. Then, there exists o < k such that x € H,. Hence,
there is ng € w so that for every n > ng, v € V3. Since f, <* g, there is
ny € w such that for every n > ny, fo(n) < g(n). Put m = max{ng,n}.
Let us show that for each k& > m, z € St(Fy,Uy). Fix k > m. Then
r e UVY CUj<r. ) St(xi,l/{k) C Uj<g) St(xf;,l/{k) = St(Fy,Uy). Therefore,
the collection {St(F,,U,) : n € w} is a y-cover of X. Thus, X is strongly

star-Hurewicz. O

In the next proposition, even though we have less than b many pieces as well,
the fact that each piece is Menger and not (necessarily) Hurewicz, allows to

conclude only, that X is strongly star-Menger.
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Proposition 2.8.11 (F). If X is a strongly star-Lindeléf space and X is the

union of less than b Menger spaces, then X is strongly star-Menger.

Proof. Let k be any cardinal smaller than b and put X = U, M, with each
M, being a Menger space. Let {U, : n € w} be a sequence of open covers of
X. Since X is strongly star-Lindeldf, for each n € w there exists C,, € [X]|=%
such that St(C,,U,) = X. For each n € w, put C,, = {x! : i € w}. Observe
that for each n € w, St(C,,U,) = U;e, St(z!,U,). So, for each n € w, the
collection {St(z!,U,) : i € w} is an open cover of X. Since or each a < ,
M, is Menger, by Lemma 2.8.6, for each a@ < k and each n € w there exists
I% € w such that {U;<ja St(z},,U,) : n € w} is a large cover of M,. For each
a < Kk, and each n € w, let f,(n) =[2. Since the collection {f, : @ < Kk} has
size less than b, there exists g € w* such that for every a < x, f, <* g. For
each n € w, let F,, = {2 : i < g(n)}.

Claim: {St(F,,U,) : n € w} is an open cover of X.

Indeed, let x € X and fix a < k such that € M,. Then, for the function f,
there is ng € w so that for every n > ng, fo(n) < g(n). Let m > ng such that
x € Uicia S}, Um) € Uicgm) Stk Un) = St(Fm,Un). Therefore, the
collection {St(F,,U,) : n € w} is an open cover of X. Thus, X is strongly
star-Menger. O

The remaining three propositions are the star-Lindelof version of the previous
ones. The ideas of their proofs are similar but we write them down for

completeness.

Proposition 2.8.12 (G). If X is a star-Lindeldf space and X is the union

of less than 0 Hurewicz spaces, then X is star-Menger.
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Proof. Let k be any cardinal smaller than 9 and put X = U, H, with each
H, being a Hurewicz space. Let {U,, : n € w} be a sequence of open covers
of X. Since X is star-Lindelof, for each n € w there exists V, € [U,]5*
such that St(UV,,U,) = X. For each n € w, put V, = {V' : i € w}.
Note that St(UVn,Un) = Uie, SV U,) for each n € w. So, for each
n € w, the collection {St(V,!,U,) : i € w} is an open cover of X. Hence,
for each o < &, there exists a finite subset W2 of {St(V',U,) : i € w}
such that {UWY? : n € w} is a y-cover of H,. Define, for each a < &, a
function f, as follows: for each n € w, let fo(n) = min{i € w : WS C
{St(VIU,) : j < i}}. Since the collection {f, : @ < k} has size less
than 0, there exists ¢ € w“ such that for every a < k, g £* f,. For
each n € w, let W, = {VZ : j < g(n)}. Tt follows that the collection
{St(UW,,Uy,) : n € w} is an open cover of X: let x € X and fix a < k such
that © € H,. Hence, there is ny € w so that for every n > ng, x € UW;.
Further, since g £* f,, there is m > ng such that g(m) > f.(m). Hence,
€ UWS C Ujcsuim StV Un) € Ujcgm) SUV, Up) = SHU Wi, Un).
Therefore, the collection {St(UW,,,U,) : n € w} is an open cover of X.
Thus, X is star-Menger. [

Proposition 2.8.13 (I). If X is a star-Lindelof space and X is the union

of less than b Hurewicz spaces, then X is star-Hurewicz.

Proof. Let k be any cardinal smaller than b and put X = U, H, with each
H, being a Hurewicz space. Let {U,, : n € w} be a sequence of open covers
of X. Since X is star-Lindelof, for each n € w there exists V, € [U,]=* such
that St(UV,,U,) = X. For each n € w, put V,, = {V! : i € w}. Note
that St(UVa, U,) = Ujew StV U,) for each n € w. So, for each n € w,
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the collection {St(V,',U,) : i € w} is an open cover of X. Hence, for each
a < K, there exists a finite subset W of {St(V',U,) : i € w} such that
{UW2 :n € w} is a y-cover of H,. Define, for each a < k, a function f, as
follows: for each n € w, let fo(n) = min{i € w: W C {St(VJ,U,) : 7 <i}}.
Since the collection { f, : @ < k} has size less than b, there exists g € w* such
that for every a < k, fo <* g. For each n € w, let W, = {VJ : j < g(n)}.
It follows that {St(UW,,U,) : n € w} is a y-cover of X: let z € X and
fix @ < K such that © € H,. Hence, there is ng € w so that for every
n > ng, x € UW?. Further, since f, <* g, there is n; € w such that
for every n > ny, fa(n) < g(n). Put m = max{ng,n,}. Hence, for each
kE>m, x € St(UWs,Uy). Indeed, let k& > m. Since k > ng and k > ny,
then z € UWg C Ujcrom SEVE, Ui) C Ujcgmy SEVE U) = SHU Wi, Us,).
Therefore, the collection {St(UW,,U,) : n € w} is a y-cover of X. Thus, X

is star-Hurewicz. O

Proposition 2.8.14 (J). If X is a star-Lindeldf space and X is the union

of less than b Menger spaces, then X 1is star-Menger.

Proof. Let k be any cardinal smaller than b and put X = U, M, with each
M,, being a Menger space. Let {U,, : n € w} be a sequence of open covers
of X. Since X is star-Lindelof, for each n € w there exists V,, € [U,]=% such
that St(UV,,U,) = X. For each n € w, put ¥V, = {V! : i € w}. Note
that St(UV,,U,) = Use,, SE(V,E,U,,) for each n € w. So, for each n € w, the
collection {St(V;!,U,) : i € w} is an open cover of X. Since or each a < k,
M, is Menger, by Lemma 2.8.6, for each a < k and each n € w there exists
I% € w such that {U;<a St(V;,Uy,) : n € w} is a large cover of M,. For each

a < Kk, and each n € w, let f,(n) =1[%. Since the collection {f, : @ < k} has
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size less than b, there exists g € w* such that for every a < &, f, <* g. For
each n € w, let W, = {V7:j < g(n)}.

Claim:{St(UW,,U,,) : n € w} is an open cover of X.

Let z € X and fix a < k such that € M,. Then, for the function f, there
is ng € w so that for every n > ng, fo(n) < g(n). Let m > ng such that
z € Uicta STV Un) € Uicgm) SEVE,Un) = SH(UWi,Uy). Therefore,
the collection {St(UW,,U,) : n € w} is an open cover of X. Thus, X is

star-Menger. O
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Chapter 3

Weak Normality Properties in

V-spaces

Weakenings of normality have been considered in the literaure since the
late 60’s and early 70’s. For instance, quasi-normal [94], almost-normal [4],
mildly-normal [75], [78], and more recently m-normal [51] and partly-normal
[52]. In [53] L. Kalantan and P. Szeptycki prove that any product of ordinals
is mildly-normal. Kalantan builds a W-space which is not mildly-normal in
[50] and, in [52], using CH constructs a mad family so that the associated
W-space is quasi-normal. As we will see in Section 3.2, Example 3.2.3 con-

stitutes an improvement of this result.

We will present some examples of W-spaces that satisfy particular weaken-
ings of normality. The main constructions are Example 3.2.3 which is a
quasi-normal not almost-normal W-space; Example 3.2.5 which is a mildly-

normal not partly-normal U-space and, Example 3.2.10, a consistent example
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(assuming CH) of a Luzin mad family such that its associated W-space is
quasi-normal. The tool that allows us to build Example 3.2.3 and Example
3.2.5 is an almost disjoint family of true cardinality ¢ (Definition 3.1.3 below).
In Section 3.1 we introduce these weak normality properties, almost disjoint
families of true cardinality ¢ and provide some motivation and basic facts. In
addition, we prove that a space is m-normal if and only if it is almost-normal.
Section 3.2 contains the construction of the spaces. Finally in Section 3.3 we
define strongly No-separated almost disjoint families (Definition 3.3.1), and

present a couple of results.

3.1 Weakenings of Normality

Recall that a subset A of a space X is called regularly closed (also called

closed domain), if A =int(A) (clx(A) or simply cl(A) will denote the closure
of A in the space X as well). A set A will be called w-closed, if A is a finite
intersection of regularly closed sets. Two subsets A and B of a space X are

said to be separated if there exist two disjoint open sets U and V' of X such

that A C U and B C V.

Definition 3.1.1. A reqular space X is called:
1. m-normal [51] if any two disjoint sets A and B, where A is closed and
B is m-closed, are separated.
2. almost-normal [4] if any two disjoint sets A and B, where A is closed
and B is reqularly closed, are separated.

3. quasi-normal [94] if any two disjoint T-closed sets A and B are sep-
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arated.

4. partly-normal [52] if any two disjoint sets A and B, where A is reg-
ular closed and B is mw-closed, are separated.

5. mildly-normal (also called k-normal), [75] [78] if any two disjoint

reqular closed sets A and B are separated.

Since “regular closed — 7-closed — closed” holds, it follows that normal

spaces are m-normal and the following diagram holds:

0 quasi-normal N\
m-normal partly-normal —  mildly-normal.

N\ almost-normal

Diagram 3.1: Weakenings of Normality.

In the study of a possible construction of an almost-normal not m-normal
U-space, we were able to show that in scattered spaces (a space is scattered
if every nonempty subset has an isolated point), of finite height, the proper-
ties m-normal and almost-normal are equivalent. Observe that W-spaces are

scattered of height 2. Afterwards, we dropped those hypotheses:
Proposition 3.1.2. Almost-normal spaces are m-normal.

Proof. Assume X is an almost-normal space. For a positive integer n, call
a set n-m-closed, if it is the intersection of n many regular closed sets. We
will show by induction on n, that in X every n-m-closed set can be separated
from a closed set, provided they are disjoint. This is enough to show that X

is m-normal.

98



Base case: n = 1. Since X is almost normal, every closed H and 1-m-closed
set K in X such that HNK = ) can be separated (K is a regular closed set).
Inductive step: Assume that for all 1 < i < n if H is closed, K is i-m-closed
in X and, HN K = (), then H and K can be separated. Let H C X be a
closed set and let K be an (n + 1)-m-closed set such that H N K = ). Thus,
K = No<j<n K, where each Kj is a regular closed set in X. We show that
H and K can be separated.

Case 1: HN (Nj<n K;) =0 (or HN K, = 0).

Then, by the inductive hypothesis, we can find U,V C X open such that
UNV =0,H CU,Nj<p, K; CV (K, CV,respectively). Since K C N;., K
(K C K,), H and K are separated by U and V.

Case 2: HN (Njen K;) # 0 # HNK,.

Given that HNK = 0, [HN(N;<, K;)]NK, = 0. In addition, HN(N;-, K;) is
closed, non-empty and K, is a regular closed set, since X is almost-normal,
there are U,,V,, C X open such that U, NV, = 0, HN (N;-, K;) C Uy,
K, CV,.

Now, H\ U, = HN(X \U,) is closed, non-empty (since HNK,, C H~\U,),
and disjoint from ., K, which is an n-m-closed set. Hence, by the in-
ductive hypothesis, there are Uy, Vx C X open such that Ugx N Vi = 0,
HNU, CUk, Njcn K; CVg. Let U=U, UUg, V =V, N Vk.

Claim: U and V are a separation of H and K.
Assume there is x € UNV, then x € U, NV, or x € Ug N Vg, which is a
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contradiction. Thus, U NV = (). In addition, H = (HNU,)U (H \U,) C
U,UUg =U and K = (N;<, K;) N K, € Vg NV, =V. Hence, H and K
are separated.

Therefore, for any closed set H and for each n, if K is n-w-closed and HNK =
(), then H and K can be separated. Whence, X is m-normal. O

Hence, Diagram 3.1 is simplified as the following diagram:

almost-normal — quasi-normal — partly normal — mildly-normal.

Diagram 3.2: Weakenings of Normality Revisited.

The examples constructed in the next section show that in W-spaces at least
three of these four properties are distinct (Example 3.2.3 is a quasi-normal
not almost normal W-space and Example 3.2.5 is a mildly-normal not partly-
normal W-space). The next definition contains standard notation and ter-
minology and, two important classes of almost disjoint families that will be

used in the examples.

Definition 3.1.3. Given an almost disjoint family A,
e IfBCw,let Alp={ac A:|anNB|=uw}.
e IT(A)={B Cw: |A|p | > w} is the family of big sets (the sets that
have infinite intersection with infinite many members of the family).
e Z(A) = {B Cw: |A |p | < w}, the family of small sets. This family
forms an ideal.
o A will be called completely separable [39] if for each B € ZT7(A),

there is some a € A with a C B.
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o A will be called of true cardinality c¢ if for every B C w either A g
is finite, or it has size c.

o IfW(A) is a normal space (almost-normal, quasi-normal, partly-normal,
mildly-normal), it will be said that A is normal (almost-normal, quasi-

normal, partly-normal, mildly-normal, respectively).

Hechler introduced the notion of a completely separable almost disjoint fam-
ily in [39] and proved that such families exist assuming Martin’s Axiom. His
original definition implies maximality: A is completely separable if for every
M C w either M C |JB for some finite B C A or there is some a € A with
a C M. Erd6s and Shelah asked in [29] whether completely separable mad
families exist in ZFC. Since then, there has been a lot of interest in the con-
struction of completely separable mad families and many interesting partial

answers have been obtained (see [42]).

The following observation (known in Prague since the 70’s'), implies that the
existence of a completely separable almost disjoint familiy it is equivalent to

the existence of an almost disjoint family of true cardinality c.
Observation 3.1.4. (Folklore)

1. Completely separable almost disjoint families are of true cardinality c.

2. Given an almost disjoint family is of true cardinality ¢, it is possible to

build a completely separable almost disjoint family.

The way completely separable almost disjoint families are stated in Definition

3.1.3 does not imply maximality and it was shown in [6] that such families

! According to Michael Hrusak in private communication.
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exist in ZFC. (see also [32]). Thus, by Observation 3.1.4, almost disjoint
families of true cardinality ¢ exist in ZFC as well. Since (non maximal)
almost disjoint families of true cardinality ¢ will be used in the constructions
of the examples in the next section, let us prove part (1) of Observation
3.1.4. Let us present first, a general property of completely separable almost

disjoint families:

Observation 3.1.5 (Folklore). If A is a completely separable almost disjoint
family and B € T+(A), then |{a € A:a C B} =rc.

Proof. For n € w, choose distinct sets a,, € A with |BNa,| = w. For each n,
choose an infinite set M, C (BN ay,) N\ Ujcp @i With |a, ~ M,,| = w. Choose
an almost disjoint family C of size ¢. For each ¢ € C, the set U{M,, : n € ¢}
belongs to Z7(A) and by the complete separability of A, it contains some
a. € A. Now we show that if ¢ # ¢, then a,. # ax. Indeed, let I > maz(cNc),
then U{M,, : n € e~ 1} NU{M, : n € ¢ N1} = 0. Otherwise, there are
n,m € wso that m >n >1,n €c, m € and v € M, N M,,, but this
implies that « € a,, and x € a,, \ a, which is a contradiction.

Furthermore, for each ¢ € C and n € ¢, |a. N M,| < w (otherwise a, would
have infinite intersection with some a, € A, and for all n, a. # a,). Thus,
¢ # cimplies a. # a». Now, since for each ¢ € C, a. C B, we get |[{a € A :
a C B} =c. O

Hence, by Observation 3.1.5, if A is completely separable, then for any B C
w, the set A [ g is either finite or it has size ¢. That is, A is of true cardinality
¢. Furthermore, every infinite almost disjoint family A of true cardinality c,
has size ¢ and thefore A is not normal (as a consequence of Jones” Lemma).

Actually, something slightly stronger holds:
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Observation 3.1.6. If A is an almost disjoint family of true cardinality c,
then for all C € [A]™, C and A\ C cannot be separated in W(A).

Proof. Let U, V be any open sets in ¥(A) so that C C U, A\C C V. Let
W = U Nuw, then for all ¢ € C, ¢ C* W. Hence, |A [w | > w. Thus,
A Tw | = ¢ Pick a € A\ C such that [IW Na|] = w. Since a C* V Nuw,
unv #0. O

The following observations are not hard to show and they will be used in

various occasions in the next section.

Observation 3.1.7. Given any almost disjoint family A, if W C w, then
clyay (W) is a regqular closed subset of W(A).

Observation 3.1.8. Given any almost disjoint family A, if H C V(A) is a
reqular closed set, then for each a € A, a € H if and only if l[aN H| = w.

Observation 3.1.9. Given any almost disjoint family A and H, K C VU (A)
such that H and K are closed sets, HN K = 0 and |H N A| < w, then H
and K can be separated. In particular, for each closed set H C W(A) that
has finite intersection with A, H and A~ H can be separated.

3.2 Examples of V-spaces

Example 3.2.3 provides a quasi-normal not almost-normal almost disjoint
family F which is constructed from a particular non almost-normal almost
disjoint family A of true cardinality c¢. Each element of F will be a finite
union of elements of A . In order to make F quasi-normal, all pairs of disjoint

m-closed sets in W(F) have to be separated. By Observation 3.1.9, the only
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pairs of m-closed sets (A, B) that might be difficult to separate are the ones
where A N F and B N F are infinite. Using that A is of true cardinality ¢
it will be possible to build F so that all such pairs have a point in common.
Thus, all pairs of disjoint m-closed sets in W(F) will be trivial, i.e. one of
them will have finite intersection with F. Hence, F will be quasi-normal.
In addition, it won’t be hard to carry this construction out so that the non
almost-normality of A is preserved in F. That is, a closed set C and a regular
closed set F with empty intersection that cannot be separated in W(.A) will
be transformed into a pair of witnesses of non almost-normality in W(F).
Now, let us obtain the required non almost-normal almost disjoint family of

true cardinality c.

The following example is an instance of a machine for converting two almost
disjoint families of the same cardinality, into a single almost disjoint family
A with a countable set C C A and a set £ C W(.A) such that C is closed and
E is regular closed in ¥(A),CNE=0and ACCUE.

Example 3.2.1. There is an almost disjoint family A of true cardinality ¢ on
w so that there is C € [A]Y and W € [w]*, such that clyny(W)NA=ANC.
In particular, there is a non almost-normal almost disjoint family of true

cardinality c.

Proof. Partition w into two infinite disjoint sets V, W. Let Ay, A; be almost
disjoint families of true cardinality ¢ on V and W, respectively, and let C €
[Ao]“. Now, a new family is built as follows, let o : Ay~ C <> A; be a
bijective function. Let A = {aUa(a):a € Ay~ C}UC.

Let us check that A is the desired family. Clearly, it is almost disjoint. To see
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that it has true cardinality ¢ let M C w such that |A [5; | > w. Then, either

IC Ty | > wor |(A\C) [a | > w. Hence, |[Ag [y | > wor [A) [y | > w.

Therefore, |Ag [ar | = ¢ or |A; [a | = ¢. In any case, |A [y | = ¢. Thus, A

is of true cardinality c.

Now, a € clypy(W)NA < ac ANanNW|=w<ae AN (Elao € Aola =

ap U a(ag)]) < a € A~ C. By Observation 3.1.6, A is not almost-normal.
[

If in the previous example we assume, in addition, that Ay, A; are mad
families of the same cardinality, the resulting family A is mad as well: If
M € [w]¥, then M has infinite intersection either with V' or with W, since
Ag, A; are both mad, there is a € A such |aN M| = w. Hence, the following
holds:

Corollary 3.2.2. The existence of a mad family of true cardinality ¢ implies
the existence of a mad family A of true cardinality ¢ on w so that there is
C e [A]Y and W € [w]*, such that clya(W)NA=ANC. In particular, the
existence of a mad family of true cardinality ¢ implies the existence of a non

almost-normal mad family of true cardinality c.

As pointed out at the beginning of this section, we use a particular non
almost-normal almost disjoint family of true cardinality ¢ to build an example
of a quasi-normal not almost normal W-space. That is, we will use a family
like the one given by Example 3.2.1. Observe we do not require that this

family is maximal, i.e. the following example is a ZFC example.

Example 3.2.3. There is a quasi-normal not almost-normal almost disjoint

family of true cardinality c.
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Proof. Let A be a not almost-normal almost disjoint family of true cardinal-
ity ¢ as in Example 3.2.1. Hence, let C € [A]* and W € [w]*, with |w~\W| =
w, such that cly(4)(W)NA = .ANC. Consider the family of finite subsets of
W, € =[] and let B = {{C. D} € [ : (NC) N (N D) = 0}. Since
|B| = ¢, we can list it as B = {{C,, Do} : @ < ¢}. A sequence of finite sets

Fo € [A]=¥ will be built recursively in ¢ many steps.

For a = 0, consider {Cy, Dy} € B. If for each C € Cy and D € Dy,
A ¢ and A |p all have size ¢, then for each C € Cy and D € D, pick
ac,bp € A\ C such that lac N C| = w = |bp N D| and all the ac’s
and bp’s are distinct (|{ac,bp : C € Cy,D € Do}| = |Co| + |Do|). Let
Fo = {ac,bp : C € Cy,D € Dy}. If there is C' € Cy (or D € Dy) such that
A [ is finite (A [p is finite), let Fo = (). Observe that these are the only

two possibilities as A is of true cardinality c.

Now assume 0 < o < ¢ and that for each 8 < «, Fjp is either empty of a finite
subset of A\ (CUU,<zF,). Consider the pair {Cy,, Do}. If for each C € C,
and D € D,, A [¢c and A [p all have size ¢, then for each C' € C, and D € D,,
pick ac,bp € A\ (C U U< Fp) such that |ac N C| = w = |bp N D| and all
the ac’s and bp’s are distinct (|[{ac,bp : C € Cu, D € Dy} = |Cal + |Dal)-
Let F, = {ac,bp : C € C,,D € D,}. If there is C € C,, (or D € D,) such
that A |¢ is finite (A [p is finite), let F, = (). Let

F={UFara<cju(4A\U Z).
a<c
Since each a € F is either an element of A or a finite union of elements of

A, it is clear that F is an almost disjoint family of true cardinality c.
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U(F) is quasi-normal:
Let A # 0 # B be disjoint m-closed subsets of U(F). A =N, A;, B =
"L, Bj, where each A; and B; are regular closed sets. It can be assumed
that for each i < n and for each j <m, |4, Nw| =w = |B; Nw|. Let a < ¢
be minimal such that C,, = {A;Nw: ¢ <n}and D, ={B;Nw:j <m}.
At stage «, either F, = 0 or F, = {ac,bp : C € C,,D € D,}. The latter
is not possible since for each C' € C, and each D € D, the ac’s and bp’s
were chosen so that |ac N C| = w = |bp N D| and this implies |J F, is in the
closure of each C' € C, and each D € D,, (see Observation 3.1.7 and Observa-
tion 3.1.8). Hence U F, € AN DB, but it is assumed that A and B are disjoint.

Thus, F, = 0. This means that there exists C € C,, such that A o= H for
some finite set H (or there exists D € D, such that A [p= H for some finite
set H). Without loss of generality assume there exists such C' € C,. Hence,
A [c= Hj for some finite set Hy. Observe that since for each a € F, either
a € A or ais a finite union of elements of A, then F [c= H; for some finite
H, so that |Hy| < |Hp|. Now fix i < n such that A; Nw = C. Since A; is
regular closed, by 3.1.8 A; N F = Hy. Thus, ANF C Hy and by Observation
3.1.9, A and B can be separated. Therefore ¥(F) is quasi-normal.

U(F) is not almost-normal:

Fix a € F~C, then a € A~ C or a is a finite union of elements of A ~ C.
Since cly(W)NA = ANC, [WnNal =w. Hence, a € clyr (W), ie.,
F N C C clyr(W). On the other hand, if ¢ € C, ¢ € clyay(W), thus
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lcNW| < w and therefore ¢ & clyz) (W).
Hence, C is a closed set, cly(r)(W) is a regular closed set, they do not intersect

and by Observation 3.1.6 they cannot be separated. O]

If in the construction of Example 3.2.3, a mad family as in Corollary 3.2.2
is chosen, then the resulting family F is mad, quasi-normal and not almost-

normal. Thus:

Corollary 3.2.4. The existence of a mad family of true cardinality ¢ im-
plies the existence of a quasi-normal, non almost-normal mad family of true

cardinality c.

The following (ZFC) example provides a mildly-normal not partly-normal
almost disjoint family F of true cardinality ¢ which is constructed using three
almost disjoint families of true cardinality ¢. In order to make F mildly-
normal all pairs of disjoint regular closed sets in W(F) have to be separated.
A similar approach as in Example 3.2.3 is followed. It will be possible to build
F so that all pairs of disjoint regular closed sets in W(F) will be trivial, i.e.,
one of them will have finite intersection with F (Observation 3.1.9 guarantees
they can be separated). To make F not quasi-normal, there will be a regular
closed set A disjoint from a m-closed set B that cannot be separated. The
basic idea is to partition w into three infinite sets, W, V4, Vi, take an almost
disjoint family of true cardinality ¢ on each one of them (we use the property
of true cardinality ¢ to make F mildly-normal), and build F so that in W(F),
A = clyr (W) and B = clyx) (Vo) N clyr) (Vi) are disjoint but cannot be

separated.
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Example 3.2.5. There exists a mildly-normal not partly-normal almost dis-

joint family of true cardinality c.

Proof. Partition w into three disjoint infinite pieces, that is W, Vy, Vi € [w]¥
and WUV UV, = w. IfY € {W,V, V1 } let Ay be an almost disjoint family of
true cardinality ¢ on Y. List all pairs of infinite subsets of w with empty inter-
section as {{Cy, Do} : a < ¢}. A sequence of finite sets F, C Ay UAy, UAy,

will be built recursively in ¢ many steps.

Fix a < ¢, assume that for each 8 < «, F3 has been defined such that Fp
is a possibly empty finite set F3 C (Aw U Ay, U Ay;) \ U,<p F, such that
either g C Aw or Fp has nonempty intersection with exactly two elements

of {Aw, Ay,, Ay, }. Consider {C,, D,}.

Case 1: Either all three sets Aw [c.,, Ay, [c., Av Tc

o

are finite, or all

three sets Aw |p., Av, Ip., Ay, [p, are finite. In this case, let F, = (.

Case 2: Case 1 is false. That is (given that Ay, Ay, Ay, are of true car-
dinality ¢): at least one of the three sets Aw [c,, Av, [c., Av, ¢, has size
¢ and at least one of the three sets Aw [p., Av, [p., Av, [p, has size c.
Choose the smallest 7 such that Subcase 2.7 (below) holds, define F,, accord-
ingly, and ignore the other subcases.

Subcase 2.1: |Aw [¢, | = ¢ = [Aw [p, |. Pick cq,do € Aw \ Ug<o F3 such
that ¢, # d, and |c, N Cy| = w = |do N D, |. Let Fo = {ca, do}-

Subcase 2.2: There exists i € {0,1} so that |Ay, [¢, | = ¢ = |Ay, [p, |-
Pick co,ds € Av; \Up<q Fs, such that ¢, # dq and |c,NCy| = w = [doa N Dy .
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In addition, pick e, € Ay,_, \ Ug<o F3. Let Fo = {ca,da €at

Subcase 2.3: |Ay, [c, | = ¢ = |Ay [p. |- Pick cq € Ay, \ Up<n F3 and
do € Ay, \Up<q Fp such that [c,NCo| = w = |daNDy| and let F, = {ca,da}
Subcase 2.4: |Ay [c, | = ¢ and there exists i € {0,1} so that |Ay, [p, | =
¢. Pick ¢, € Aw \ Up<n Fp and d, € Ay, \ Us<, Fp such that [cq, N Cy| =
w = |dy N D,| and let F, = {cq,dq}-

This finishes Case 2 and the construction of F,, for o« < ¢. Let

]-“:{U]—“a:a<c}U<(AWUAv0UAV1)\ Ufa)-

a<c

It will be shown that F is the desired almost disjoint family. Given that each
of Aw, Ay, and Ay, is of true cardinality ¢ and if we let a € F, then either
a is an element or a finite union of elements of Ay U Ay, U Ay,, then F is

an almost disjoint family of true cardinality c.

U(F) is not partly-normal:

Let A = clyr(W) and B = clyr) (Vo) N clyz)(V1). By Observation 3.1.7,
A is regular closed and B is a m-closed set. Observe that since Ay, and Ay,
are of true cardinality ¢, there are infinite many pairs {C,, D,} such that
Co C Vo, Do C Vi, and |Ay, [e, | = ¢ = | Ay, [p, |. For such pairs Subcase
2.3 applies and therefore |[BNF| > w. In addition, ANB = (): assume there is
a € ANB. Since VoNV; = 0, BNw = 0, hence a € FNANB. By Observation
3.1.8, |[anW| = |[aNV| = |aNV;| = w. This implies that a ¢ Aw UAy, UAy,.
There is o < ¢ such that a = J F,, but by the construction, F, C Ay or F,
intersects exactly two elements of {Aw, Ay, Ay, } which contradicts that a

has infinite intersection with W, V; and V;. Whence, AN B = (.
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It remains to show that A and B cannot be separated. Assume, on the
contrary, that there are S, 7" C W(F) open such that A C S, B C T and
SNT =0. Let a < ¢ such that C, = wN S and D, = wNT. For the pair
{C4, Dy}, either Case 1 or Case 2 of the construction holds.

If Case 1 holds: since W C C,, Aw [¢c, is not finite. Hence, Ay [p,,

Av, [pos Avi Ip, are finite. Thus, F [p, is finite. Since cly(r)(Da) is regu-
lar closed and F [p
Now, T"is open and D, = w N T, therefore T C cly(r)(D,). Hence, F NT is

. is finite, by Observation 3.1.8, F N cly(r)(Dy) is finite.
finite. Given that |BNJF| > w, B € T, which is a contradiction.

If Case 2 holds: Either F, C Ay or JF, intersects exactly two elements of
{Aw, Ay, Ay, }. In any case U F, is an element of A or B. In addition, there
exist ¢q,dy € F, such that |c, NCy| = w = |dy N Dy|. If UF, € A, then for
each open neighbourhood U of UF,, UNT # () (which implies U € S), and
this contradicts that S is open. We reach a similar contradiction if U F, € B.

Hence, A and B cannot be separated.

U(F) is mildly-normal:
Let C' # (0 # D be disjoint regular closed subsets of WU(F). It can be
assumed that |C Nw| = w = |D Nw|. Fix a < ¢ such that CNw = C,
and D Nw = D,. For the pair {C,, D,}, either Case 1 or Case 2 holds. If
Case 2 holds, there exist ¢4, d, € F, such that |c, N Cy| = w = |dy N Dyl
Thus, U Fa € clyr)(Coa) Nelyr) (Do) C clyrm) (C)Nelyr (D) = CND. This
contradicts C N D = (.

Thus, Case 1 holds. This means that all three sets Aw [c,, Av, lc., Av, e

o
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are finite, or all three sets Aw [p,, Av, [p., Awv [, are finite.

Without loss of generality, assume the former. This implies that F [¢, is
finite. Given that C' is a regular closed set and C, = C'Nw, by Observation
3.1.8 C'N F is finite and by Observation 3.1.9, C' and D can be separated.
Therefore W(F) is mildly-normal. O

Observe that if in the construction of Example 3.2.5, the families Ay, Ay,
and Ay, are mad of true cardinality ¢, then the family F is mad as well.

Therefore:

Corollary 3.2.6. If there exists a mad family of true cardinality ¢, then there

is a mildly-normal, not partly-normal mad family of true cardinality c.

Definition 3.2.7. For a positive n € w, a reqular space will be called n-
partly-normal if any two nonintersecting sets A and B, where A is reqularly
closed and B is the intersection of at most n regqularly closed sets, are sepa-

rated.

Observe that 1-partly-normal coincides with mildly-normal, and for each
positive n € w, partly-normal — (n + 1)-partly-normal — n-partly-normal
— mildly-normal. It is possible to extend the idea in Example 3.2.5 (partition
w into n + 2 pairwise disjoint infinite pieces, take an almost disjoint family
of true cardinality ¢ on each piece and let {C, : a < ¢} list all sets C C [w]®
such that 2 < |C| < n + 1), to show the following:

Theorem 3.2.8. For each positive n € w, there exists a n-partly-normal not

(n + 1)-partly-normal almost disjoint family of true cardinality c.

Proof. Fix a positive n € w and partition w into n + 2 disjoint infinite

pieces, that is W, Vy,...,V, € [w|* and WUV U---UV, =w. IfY €
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{W, Vo, ..., Vi,} let Ay be an almost disjoint family of true cardinality c¢
on Y. Let *5[[w]?]="™! denote the family of all sets C C [w]* such that
2 <|C| < n+1 and list it as *<[[w]*]>"* = {C, : a < ¢}. A sequence of

finite sets F, C Aw U (Uign Av. ) will be built recursively in ¢ many steps.

Fix o < ¢, assume that for each 8 < «a, F3 has been defined such that Fjs is
a possibly empty finite set F3 C [.AW U (U,-Sn Ax/;)] \ Uy« Fy and Fjz has

non-empty intersection with at most n + 1 elements of { Aw, Ay, ..., Ay, }.
Consider C,:

Case 1: There is C' € C, such that all the n + 2 sets Ay [¢, Ay, [, --

°)

Ay | are finite. In this case, let F, = 0.

Case 2: Case 1 is false. That is (given that Ay, Ay, ..., Ay, are of true
cardinality ¢): for each C' € C,, at least one of the n + 2 sets Aw [¢, Ay, [c,
..., Ay, lc has size ¢. Choose the smallest i such that Subcase 2.i (below)
holds, define F, accordingly, and ignore the other subcases.

Subcase 2.1: For each C € C,, |[Aw ¢ | =«

For each C' € C,, pick distinct a® € Ay \ Ugcq Fp, such that [a® N C| = w.
That is, if we let E = {a“ : C € C,}, then |E| =|C,|. Let F, = E.

Subcase 2.2: For each C' € C,, there is i(C) < n such that [Ay, ., [c | = ¢
For each C' € C,, pick distinct a® € Av, o, \Up<qa Fp , such that a“NC| = w.
That is, if we let £ = {a® : C € C,}, then |E| = |C,|. In addition,
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for each i < n such that £ N Ay, = 0, pick ¢! € Ay, \ Useq Fp. Let
Fo=FEU{e:i<nand ENAy, =0}

Subcase 2.3: There are C, D € C,, such that |[Ay [p | < ¢ and for each
i<nl|Ay o] <c.

Let FW = {C € C,: |Aw lc | = ¢ AVi < n(JAy; o | < ¢)}. Observe
1 < |FW] <|C,]. For each C € F"W, pick distinct a® € Aw \ Ugeq Fs , such
that [a® N C| = w. That is, if we let £ = {a® : C € FV}, then |E| = |[F"|.
Let V' = C, ~ FW. Observe 1 < |FV| < |C,|. For each C € FV, fix
i(C) < n such that |Ay, ., [¢| = ¢ and pick distinct a“ € Ay, \ Up<a Fp;
such that [a® N C| = w. That is, if we let G = {a® : C € FV}, then
|G| = |FV|. Note that |FV| < |C,| implies that there is iy < n such that
GNAy, =0 Let F, = EUG.

This finishes Case 2 and the construction of F, for a < ¢. Now, for each
a<c F, C {AW U (Uign Am)] \ Up<q Fp is finite. Furthermore, in each
subcase F3 has non-empty intersection with at most n+ 1 elements of { Ay,

Av,, ..., Ay, }. Hence, the recursive hypothesis is satisfied. Let

]::{U]-“a:oz<C}U<[AWU(UAVi)}\U}—a)

i<n a<c

It will be shown that F is the desired almost disjoint family. Given that each
of Aw, Ay, ..., Ay, is of true cardinality ¢ and if we let a € F, then either

a is an element or a finite union of elements of Ay U Ay, U--- U Ay, , then

F is an almost disjoint family of true cardinality c.
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U(F) is not (n + 1)-partly-normal:
Let A = clyn (W) and B = <, clyx)(Vi)). By Observation 3.1.7, A is
regular closed and B is a m-closed set. Observe that since all Ay, ...,

Ay, are of true cardinality ¢, there are infinite many o < ¢ such that

Co = {Co,C1,...,C,} and for each i < n C; C V; and, |Ay, |c

.| =«
For such pairs Subcase 2.2 applies and therefore |B N F| > w. In addition,
ANB = : assume thereis a € ANB. Since VoN---NV,, = 0, BNw = ), hence
a € FNANB. By Observation 3.1.8, [anNW| = |aNnVy| =--- = [aNV,| = w.
This implies that a ¢ Ay U Ay, U--- U Ay,. There is @ < ¢ such that
a = U F,, but by the construction, F, intersects at most n + 1 elements of
{Aw, Ay, ..., Ay, } which contradicts that @ has infinite intersection with
all W, Vg, ..., V,. Whence, AN B = .

It remains to show that A and B cannot be separated. Assume, on the
contrary, that there are S, T C W(F) open such that A C S, B C T and
SNT = (. Let a < ¢ such that C, = {wNS,wNT}. For the pair C,, either

Case 1 or Case 2 of the construction holds.

If Case 1 holds: Since W C w NS, Aw [wns) is not finite. Hence, all
Aw Twrr), Avy Twnr)s -+ Av, Twnr) are finite. Thus, F [nr) is finite.
Since cly(r)(w N T) is regularly closed and F [(,nry) is finite, by Observation
3.1.8, F Nclyr)(wNT) is finite. Now, since T is open, T' C clyz(wNT).
Hence, F NT is finite. Given that |B N F| > w, B € T, which is a contra-
diction.

If Case 2 holds: Since Fpz has non-empty intersection with at most n + 1
elements of {Aw, Ay, ..., Ay, }, then UF, € clym (W) = A (if Subcases
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2.1 or 2.3 hold) or UF, € (ﬂis” clq,(;)(VL-)) = B (if Subcase 2.2 holds). In
addition, there exist a®, e” € F, such that |a®N(wNS)| = w = [eL N(wNT)|.
If UF, € A, then (because of a¥) for each open neighbourhood U of U F,,
UNT # O (which implies U € S), and this contradicts that S is open. We
reach a similar contradiction if . F, € B. Hence, A and B cannot be sepa-

rated. Whence, ¥(F) is not (n + 1)-partly-normal.

U(F) is n-partly-normal:

Let A, B C ¥(F) be nonempty such that AN B = (), A is regularly closed
and, B = (;<; Bj, where each B; is regularly closed and 1 <4 < n. It can be
assumed that |A Nw| = w and that for each j <14, |[B;Nw| =w. Fix a <c¢
such that C, = {ANw}U{B;Nw:j <i}. For C, either Case 1 or Case 2
holds. Case 2 is not possible since otherwise, F, = {a?,€’, ..., '}, satisfies
lat N (ANw)| = 1N (BoNw)|= -+ =N (B;Nw)| = w. Thus, UF, €
cly ) (ANW)N ( Nj<i clar) (BjNw)) C elu (A)N(Nj<i clum(B;)) = ANB.
This contradicts AN B = ).

Thus, Case 1 holds. This means that there is some C' € C, such that all
n+ 2 sets Aw ¢, Ay, o, - .., Ay, [¢ are finite.

If C = ANnw, then F [(any) is finite. Since A is regularly closed, By
Observation 3.1.8, A N F is finite and by Observation 3.1.9, A and B can
be separated. Similarly, if C' = B; Nw for some j < 4, it is also true that
F [(B;nw) 1s finite. Since B; is regularly closed, B; N F is finite. Given that
B C Bj, BN F is finite as well and, therefore, A and B can be separated.
Thus, VU(F) is n-partly-normal. O

Similarly as Corollary 3.2.6, it also holds true:

116



Corollary 3.2.9. If there exists a mad family of true cardinality ¢, then for
each positive n € w, there is a n-partly-normal not (n+ 1)-partly-normal mad

family of true cardinality c.

Corollary 3.2.4 says, in particular, that there is a quasi-normal mad family,
provided there is a completely separable mad family. Example 3.2.10 below
shows that, assuming CH, not only a quasi-normal mad family exists, but
one that it is also Luzin (Definition 1.3.3). This is interesting since, as
discussed in Section 1.3, Luzin families are far from being normal. Hence,
even though no mad family is normal and no Luzin family is normal, there

is, consistently, a quasi-normal Luzin mad family:

Example 3.2.10 (CH). There is a Luzin mad family A which is quasi-

normal.

Proof. The standard construction of a Luzin family is modified to build a
family A with the extra following property: for each X C w, either X is
covered by finitely many elements of A or the set of elements of A that has
finite intersection with X is countable.

The idea is to use CH to list all infinite subsets X, C w, with @ < w; and,
at stage a < w; of the construction of the family, X, will be covered by
the a-th element of the family, together with finitely many elements of the
family previously constructed or, if X, has infinite intersection with infinitely
many elements of the family constructed so far, it will be guaranteed that,
from that stage until the end, all elements of the family will have infinite
intersection with X,,.

Partition w into infinite pairwise disjoint subsets a;, with ¢ € w, that is
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w = Ujew @i, and 7 # j implies a; Na; = 0. List all infinite subsets of w
as [w]* = {X, : @ < wp} such that for each n € w, X,, = a,. If « is such
that w < a < wy, recursively assume we have constructed ag for < a such
that {az : f < a} is an almost disjoint family and for each f < «, Xp is
covered by finitely many elements of {a, : v < 8} or for each f < v < a,
| XsNa,| =w.

The a-th element of the family will be constructed. Reenumerate the sets
Ay ={ag : B <a}and J, = {Xg: f < a}as A, = {a : n € w} and
Jo={X2:new} Let I, ={new: X*eIT"(A,)}.

There are two cases, either X, € Z7(A,) or X, ¢ Z7(A,). We will construct
a, depending on whether at this stage, I, is still empty or not.

If I, = 0 (observe that in particular X, ¢ Z7(A,)), let p@ C a2 \ Ujen a3,
such that [p%] = n and let aq = Upe, P2 U (Xo \ U(Aa 1x.))-

If I, # 0. Let {Y, : n € w} list all X2 such that n € I, and so that not only
each X appears infinitely often but for each n € I, and for each m € w,
there is some s > m such that Y; = X and |af NY;| = w. For n € w, if
la® NY,| <w,let p& C a2 \ Uiep, a, such that [p2| = n. If |ad NY,| = w, let
P2 C (a®\Ujcrn, a)NY,, such that [p¥| = n. Let aq = Upew P2U(Xo\U(A4 Tx,
)). Observe that if X, ¢ Z7(A,), then the construction of a, guarantees that
X, is covered by finitely many elements of A, U {a,}. On the other hand, if
X, € T7(A,), then X, appears infinitely often in {Y;, : n € w}, thus, it has
infinite intersection with a, and it will have infinite intersection with each

ag for each > a.

Finally, let A = {a, : @ < w;}. The construction guarantees that A is Luzin:

let @ € wy and n € w. Recall that A, = {ag: f < a} ={a, : m € w} and for
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each m > n, p C a,Nal, and [ph| =m > n. Hence, {f < a:agNa, Cn}
is finite. Let us verify that it is mad. Let «, f € w; such that § < «. There
is n € w with ag = aff. Observe that for ¢ < n, p{ is finite, for i > n,
Pt Nag = 0 and, (X, \ U(As [x.)) Nag is finite. Hence, ag N a, is finite.
Now, let X € [w]* and o < wy such that X = X,,. Either X ¢ Z7(A,), in
which case X is covered by finitely many elements of A, U {a,} (i.e. X has
infinite intersection with some element of A), or X € Z%(A,), in which case

for each v > a, | X Na,| = w. Thus, A is mad and it has the desired property.

Let us show that A is quasi-normal. Let A, B C W(A) such that A and B are
m-closed sets and AN B = 0. Thus, A =N, 4;, B=

i<m Bj, where each
A;, Bj are regular closed subsets of W(A) for i < n and j < m. Assume that
for each i < n and for each j < m, |[A; N A| > w and |B; N A| > w. Hence,
for each i < n and for each j < m, A;Nw € Z+(A) and B; Nw € ZT(A).
By the construction of A, for each i < n and for each j < m the sets
{aeA:jlan(A;Nw)| <w}and {a € A:|anN(B;Nw)| < w} are countable.
Since the A;’s, B;’s are regular closed sets, then for each ¢ < n and for
each j < m, |A\ 4] < w and |A\ B;| < w. Thus, |[A\ Njc, 4i] < w and
A\ Nj<m Bj| < w. Therefore, AN B # ). Hence, there exists some i < n
(or j < m), such that |4; N Al < w (|[B;N Al < w). Then [ANA| < w
(|IBNA| < w) and, by Observation 3.1.9, A can be separated from B. O
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3.3 Strongly N, separated almost disjoint fam-
ilies

It is still open whether there could be (e.g., assuming CH) a mad family
whose W-space is almost normal, or one whose W-space is almost normal but

not normal. However, we can construct a mad family with a slightly weaker

property:

Definition 3.3.1. An almost disjoint family A will be called strongly Ng-
separated, if and only if for each pair of disjoint countable subfamilies there
is a clopen partition of A that separates them. That is, for each A, B € [A]“,
with AN B =0, there is X C w such that

1. Foreachae€ A, a C* X oranX =*0,

2. For eacha € A, a C* X,

3. For eacha € B, an X =* 0.

Lemma 3.3.2. Almost-normal almost disjoint families are strongly Rg-separated.

Proof. Let A be an almost-normal almost disjoint family. First, let us recall
that each pair of disjoint countable closed subsets of a regular space can be
separated. Hence, given that W(.A) is regular and A is a closed discrete subset
of U(A), if we consider A, B € [A]“ so that AN B = (), then A and B can be
separated. Thus, there exist U4, Up open subsets of A such that UyNUg = ()
and A C Uy, B C Up. Let C = clya)(Ua Nw). By Observation 3.1.7, C' is
a regular closed set. Then C' and A\ C' is a pair of a regular closed set and

a closed set with empty intersection. Since A is almost-normal, there exist

V', W open subsets of ¥(A) such that VNW =0 and C CV, A\C CW.
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Let us check that X = V Nw has the desired properties. Indeed, let a € A,
ifa e C,thena C*VNnw=X. Ifae A\C, then a C* W Nw, thus
anNnX =*0. Now,ifa€ A, a T*UpyNwCCNwCVnNw=X. Ifbe B,
|[bNUa| < w thus, b € A\ C. Hence, b C* W, i.e. bN X =* ). Hence, A is
strongly Np-separated. O]

Proposition 3.3.3 (CH). There is a strongly Ny-separated mad family.

Proof. Let {(Ag, Bs) € [w1] X [w1]¥ : w < f < wy} list all disjoint pairs of
countable subsets of w; in such a way that for each w < 8 < wy, AgUBg C .
In addition, list [w]* as {V, :w < a < w}.

Let w < o < w; and assume that for each w < 8 < a, the sets X, ag C w
have been defined such that:

For each v € Ag : a, C* X3,

For each v € Bg : a, N X5 =" 10,

For each v < a1 a, C* Xg or a, N Xz =" 10,

> W o=

If there is v < (3 such that |a, N Y3| = w, then ag = 0. Otherwise,
lag N Yp| = w,
5. For each n,v < a, a, Na, =* 0,

Let us construct X,. List a ~ B, and B, as a \ B, = {7, : n € w},
B, = {6, : n € w}. Since A, U B, C «, then A, C o \ B, and for each
n € w, Yo, Bn < a. Thatis, a.,, ag, have been defined. In addition, for n € w,
Wy = ay, \ [Uj<nag,] is either empty of infinite. Define X, = U,e, Wh.
Observe that (A,, B,) and X, satisfy properties 1. and 2. of the recursive
construction.

Now let us build a,. Reenumerate { Xz : f < a}U{X,} as {X" : n € w}. For
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n€w,let X7 = X", X' =w~ X" Ifthereisy < a such that |a,NY,| = w,
then let a, = (. On the other hand, if for each v < «a, |a, NY,| < w, for

n € w, pick i(n) € {0,1} so that Y, NN;<, Xij( is infinite. For each n € w,

)
pick p, € [Yaﬂﬂjgn Xij(j)} ~Ap; : 7 <n}. Inthis case, let ay = {p, : n € w}.
Since a, C Y, then for ech 8 < a, ag N a, is finite.

This finishes the recursive construction of X, and a,. Regardless of whether
aq is empty or not, it satisfies properties 4. and 5. In addition, it holds true
that for each 7,8 < a: a, C* Xz or a, N Xg =* (). Thus, property 3. is
satisfied. Let A = {a, : w < a < w; and a, # 0}. Observe that properties 4.

and 5. guarantee that A4 is a mad family. Properties 1., 2. and 3. guarantee

that A is strongly Ny-separated. Hence, A is the desired family. O

The following questions are currently being studied?:

Question 3.3.4. Is there a partly-normal not quasi-normal almost disjoint
family?

Question 3.3.5. Is there an almost-normal not normal almost disjoint fam-
ily?

Question 3.3.6. Is there an almost-normal mad family?

If A is mad, ¥(A) is a pseudocompact and not countably compact space.

Recall that normal pseudocompact spaces are countably compact and so it

is natural to ask the following more general question

Question 3.3.7. Are almost-normal pseudocompact spaces countably com-

pact?

2Recently, Vinicius de Oliveira and Victor dos Santos have answered in [66], consistently

in the positive Question 3.3.5 and negatively Question 3.3.7
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Since W-spaces are always Tychonoff and not countably compact, the ex-
istence of an almost-normal mad family would answer this question in the
negative. Finally, we have not considered the relationship between these

weakenings of normality and countable paracompactness:

Question 3.3.8. Is there a relationship between countably paracompact and

any of these weakenings of normality?
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