






(a) Lattices with 10% edges removed (b) Densely connected graphs with 10% edges re-
moved

Figure 4.6: Performance of enhancement-3 (Exploiting traversed paths that map onto S and
unknown places) on different graphs (log scale). Results are averaged over 30 graphs, each with
randomly removed edges. Error bars show standard deviations.

the average cost from 152,000 steps to 15,000 steps – about a 90% reduction. The fraction of

reductions of both the three enhancements on different sized graphs are summarized in Table 4.1

and Table 4.2. Note that as before, this enhancement requires no extra motion by the robot but

does require additional computation. In the algorithm used for the experiments, the records of

perceptions are stored in a simple linked-list like data structure and a simple sequential search

is used to retrieve records. For large environment, indexing the perceived information is an im-

portant component of efficiency. Thus it is an interesting future work to develop more efficient

strategies for indexing the perceived information.

4.2 Expanding local signatures

The three approaches introduced above exploit traversals of validated hypotheses. These tech-

niques require no extra motion by the robot. So if the computation cost and memory usage
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Size of graphs
Enhancements

72 90 108 152 202 230 260 324 360

enh-1 67.5% 67.8% 68.4% 70.1% 74.5% 75.5% 75.7% 77.4% 78.0%

enh-2 73.5% 75.3% 78.0% 80.2% 84.3% 86.0% 86.4% 87.8% 89.0%

enh-3 81.7% 82.8% 83.6% 86.0% 88.8% 89.9% 90.4% 91.9% 93.0%

Table 4.1: Average percent cost reductions of the three enhancements on ‘lattice hole’ graphs of
different sizes.

Size of graphs
Enhancements

24 28 32 36 40 44 48 52 55

enh-1 45.7% 53.7% 53.8% 53.8% 57.0% 57.4% 58.9% 63.7% 63.4%

enh-2 69.7% 76.5% 78.5% 78.7% 81.2% 83.3% 84.7% 87.5% 86.5%

enh-3 75.0% 82.9% 83.3% 84.1% 86.6% 89.0% 89.9% 90.7% 91.2%

Table 4.2: Average percent cost reductions of the three enhancements on ‘complete hole’ graphs
of different sizes.

are not the main concern, these techniques can be incorporated into the original algorithm with

no additional exploration cost. These approaches attempt to reduce the cost by reducing the

number of hypotheses that require motion, and otherwise by reducing the motion required in

validating hypotheses. For some environments, up to 90% cost reductions are observed. Here

we present a second class of approaches, which try to reduce the validation cost by expanding

the local signatures. With expanded local signatures, these approaches try to improve on the

original algorithm by reducing the number of potential hypotheses. These approaches require

extra motion by the robot to construct an expanded local signature of a vertex and thus cannot

guarantee reduced cost for all environments. That being said, experimental validation shows

that for many environments these enhancements provide significant cost reduction. There are

many ways to expand the local signature. We present two techniques here, each with different

requirements for extra traversals.
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Enhancement-4: Expanding local signatures of vertices in S

In the original algorithm, for a newly explored edge e and its unknown end vu, each unexplored

edge e′ = (vk′ , vu′) along with its known end vk′ is considered a loop closing hypothesis if its

known end vk′ , which is hypothesized to correspond to vu, has the same signature as vu. Since

we lack signature information of an unexplored place such as vu′ , we ignored the fact that for the

hypothesis h′ = (e′, vk′) to be true, the unknown end vertex vu′ of e′ should correspond to the

known end vk of e and thus the signature of vu′ should match that of vk. This enhancement uses

extra traversals to expand local signautures of known vertices in S to include the signatures of

the unknown neighbors of each (unmarked) known vertex in S. Through the use of an expanded

signature, the algorithm has the potential to validate fewer hypotheses for each newly explored

edge e. In order to maintain the signature information of the neighbors of each known vertex in

S, the original algorithm is modified as follows. After a newly explored vertex vu is validated,

if vu is validated to be distinct to vertices in S and thus is added as a new vertex, then the

robot further traverses each incident edge of vu (except the newly explored entry edge e) to sense

the signatures of the neighbors. The expanded signature information of each visited place is

recorded and is used in determining potential hypotheses of the newly explored e and vu. Then

during later exploration steps, in determining if an unexplored edge e′ = (vk′ , vu′) in U along

with vk′ is a loop closing hypothesis, based on the maintained expanded signature of vk′ which

contains the signature of all its neighbors including vu′ , we retrieve the signature information of

vu′ and then compare the signature of vu′ against the known signature of vk. An unexplored edge

e′ = (vk′ , vu′) along with its known end vk′ is considered a potential loop closing hypothesis of e
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Algorithm 4.4: Enhancement-4: Expanding local signatures of vertices in S.

the robot drops the marker at v0, pointing to an edge;1

S ← {v0}; U ← edges in v0; // initial S & U2

D ← {} ; // container for neighbor signature info of known places3

while U is not empty do4

remove an unexplored edge e = (vk, vu) from U ;5

the robot traverses S to vk and follows e to vu;6

H ← set of loop closing hypotheses h′ = (e′, vk′) where e′ = (vk′ , vu′), the known end7

vk′ has the same signature as vu, and the unknown end vu′ has the same signature
(retrieved from D) as vk;
while H is not empty do8

h′ = (e′, vk′)← a hypothesis removed from H;9

compute motions for the path vk′ , ..., v0, and PE
h′ ;10

the robot attempts to traverse the path vk′ , ..., v0;11

based on observed perception P′ during traversal do12

case Ph′ and PE
h′ match exactly13

confirm h′, exit inner ‘while’ loop;14

case Ph′ and PE
h′ do not match15

reject the hypothesis;16

the robot retraces to vu;17

if a hypothesis is confirmed then18

do ‘loop augmentation’ on S;19

else // no hypothesis exists, or, all hypotheses are rejected. vu is new.20

do ‘non-loop augmentation’ on S and U ;21

the robot explores all the other neighbors of vu and add the sensed signature info22

into D;

return S;23

and vu only if its known end vk′ has the same signature as vu (as in the original algorithm) and

its unknown end vu′ has the same signature as vk. Otherwise e′ along with vk′ is not a potential

hypothesis of e and vu. This enhancement is sketched in Algorithm 4.4.

This enhancement requires extra traversals of incident edges at each new vertex, excluding

the entry edge to the vertex. A total of 2
∑n−1

k=1(dk − 1) ≈ 4m− 2n extra traversals are required,

where dk is the degree of vertex k. Clearly for fully homogeneous environments where all the
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(a) Lattices with 10% edges removed (b) Densely connected graphs with 10% edges re-
moved

Figure 4.7: Performance of enhancement-4 (Expanding local signatures of vertices in S) on
different graphs (log scale). Results are averaged over 30 graphs, each with randomly removed
edges. Error bars show standard deviations.

vertices have the same degree, this enhancement provides no useful additional information and

thus this enhancement does not provide a decrease in cost. Actually, it increases the cost due

to the extra traversals. How does the enhancement behave in heterogeneous environments? The

enhancement was run on the same sets of graphs used earlier. For lattice hole graphs where

m ≤ 2n and thus O(n) extra traversals are required, this enhancement provides some cost

reductions (up to a 36% cost reduction for the tested graphs), as shown in Figure 4.7(a) and

Table 4.3. It is interesting and perhaps even a little surprising to observe that this enhancement

works even better on densely connected graphs. Here substantial cost reductions (more than

70%) are obtained, and as the graph size increases this reduction increases (see Figure 4.7(b)

and Table 4.4). Further investigation of the results shows that although O(n2) extra traversals

are required and the validation paths (to v0) are short, substantive cost reduction results from

the fact that a large number of hypotheses exist in the original algorithm, and a large fraction
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Size of graphs
Enhancements

72 90 108 152 202 230 260 324 360

enh-4 36.5% 37.7% 36.8% 38.0% 34.8% 33.8% 30.2% 37.7% 35.3%

Table 4.3: Average percent cost reductions of the enhancements-4 on ‘lattice hole’ graphs of
different sizes.

Size of graphs
Enhancements

24 28 32 36 40 44 48 52 55

enh-4 72.3% 73.7% 74.2% 78.7% 79.9% 81.2% 83.2% 86.1% 84.6%

Table 4.4: Average percent cost reductions of the enhancement-4 on ‘complete hole’ graphs of
different sizes.

of such hypotheses are not considered as hypotheses in this enhancement, as the degree of the

vertices are largely distinct, resulting in relatively unique expanded signatures.

Enhancement-5: Expanding local signatures of vertices in S and each current place

Can we reduce the number of hypotheses further? Enhancement-5 ‘invests’ in additional traver-

sals in an effort to further limit the potential hypotheses for a newly explored edge. As with

enhancement-4 (Expanding local signatures of vertices in S), this enhancement also maintains

the signature information of neighbors of each known vertex in S. In addition, this enhancement

expands the signature of unknown end vu of each newly explored edge e. In determining whether

an unexplored edge e′ = (vk′ , vu′) along with the known end vk′ is a potential hypothesis of e and

vu, the expanded signature of vu is compared against the maintained expanded signature of vk′ .

The original algorithm is modified as follows. After entering an unknown end vertex vu of a newly

explored edge e, the robot conducts extra traversals on each other incident edge of vu. These

extra traversals generate the neighbor signature information of vu, enumerated from the entry
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edge. For each unexplored edge e′, the algorithm retrieves the neighbor signature information

of vk′ , enumerated according to the enumeration rule and starting from edge e′ (which should

correspond to the entry edge if (e′, vk′) is the true hypothesis), and compares the expanded sig-

nature of vk′ against the expanded signature of vu. Clearly, for e′ along with vk′ to be a potential

loop closing hypothesis of e and vu, the expanded signature of vk′ and that of vu should match

exactly. If not, then (e′, vk′) is not a potential loop closing hypothesis of e and vu. For example,

suppose that the robot enters a vertex vu from a known vertex vk which has signature [7,A,A].

At vu the robot traverses the other edges of vu according to the enumeration rule and senses

[3,A,A],[5,A,A] and [6,A,A]. Then for each unexplored edge e′ = (vk′ , vu′) along with vk′ to be

a valid loop closing hypothesis, the expanded signatures of vertex vk′ , enumerated from edge

e′ should be exactly ([7,A,A], [3,A,A], [5,A,A], [6,A,A]). If it is not, then (e′, vk′) is not a valid

hypothesis. In order to maintain the neighbor signature information of each known vertex, as

in enhancement-4 (Expanding local signatures of vertices in S), we record the signature if vu is

validated to be a new place. Unlike enhancement-4, since the robot has already traversed the

neighbors of vu when it first entered vu, we just record the signatures of vu’s neighbors as the

expanded signature of this newly explored vertex, which can be used for later validations. No

additional motion is required. Note that in comparing the neighbor degree information, this

enhancement incorporates the idea of the enhancement-4 (Expanding local signatures of vertices

in S) that for an unexplored edge e′ = (vk′ , vu′) along with vk′ to be a hypothesis, the unknown

end vu′ must have the same (local) signature as vk. Above we expanded the local signature to the

immediate neighbors (call this a d = 1 signature). We can expand the signature of a vertex to
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include the neighbors of its neighbors (call this a d = 2 signature). More generally, by investing

in more traversals we can expand the signature of a vertex to include the signatures of neighbors

of distance d ≥ 2. This enhancement is sketched in Algorithm 4.5.

Algorithm 4.5: Enhancement-5: Expanding local signatures of vertices in S and each
current place.

the robot drops the marker at v0, pointing to an edge;1

S ← {v0}; U ← edges in v0; // initial S & U2

D ← {} ; // container for neighbor degree info of known places3

while U is not empty do4

remove an unexplored edge e = (vk, vu) from U ;5

the robot traverses S to vk and follows e to vu;6

the robot explores all the distance d neighbors of vu to obtain the neighbor degree info7

(expanded local signature of vu);
H ← set of loop closing hypotheses h′ = (e′, vk′) where e′ = (vk′ , vu′) and known end8

vk′ has the same expanded signature (retrieved from D) as that of vu (just explored);
while H is not empty do9

h′ = (e′, vk′)← a hypothesis removed from H;10

compute motions for the path vk′ , ..., v0, and PE
h′ ;11

the robot attempts to traverse the path vk′ , ..., v0;12

based on observed perception Ph′ during traversal do13

case Ph′ and PE
h′ match exactly14

confirm e′, exit inner ‘while’ loop;15

case Ph′ and PE
h′ do not match16

the robot retraces to vu;17

reject the hypothesis and continue;18

if a hypothesis is confirmed then19

do ‘loop augmentation’ on S;20

else // no hypothesis exists, or, all hypotheses are rejected21

do ‘non-loop augmentation’ on S and U ;22

add the expanded signature info of vu into D; // already explored. just record.23

return S;24

This enhancement requires extra traversals for each explored edge. In contrast to enhancement-

4 (Expanding local signatures of vertices in S) where extra traversals of neighbors are conducted
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(a) Lattice graphs with 10% edges removed (b) Densely connected graphs with 10% edges re-
moved

Figure 4.8: Performance of enhancement-5 (Expanding local signatures of vertices in S and each
current place) on different graphs (log scale). Results are averaged over 30 graphs, each with
randomly removed edges. Error bars show standard deviations.

at each new vertex vu once, here extra traversals may be conducted at each newly explored vu mul-

tiple times (every time the vertex is explored). So for the distance d = 1 version, O(mdmax) extra

traversals may be required, where dmax is the maximum degree in the graph. In homogeneous

environments this enhancement results in increased cost (even higher than for enhancement-4).

For heterogeneous graphs, this enhancement is evaluated on the same set of graphs used earlier,

using both the d = 1 version and d = 2 version of the enhancement. Results on lattice hole graphs

are shown in Figure 4.8(a) and Table 4.5. We can see that the d = 1 version of the enhancement,

which has O(n) extra traversals, provides further cost reduction than enhancement-4. The d = 2

version of the enhancement which may require additional ‘investment’, results in a higher cost

when the graph size is small. When the graph size is sufficiently large (more than 50 vertices

in the experiments reported here) the d = 2 version enhancement results in a lower cost than

the d = 1 version enhancement, and the reduction increases as the graph size increases. In the
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Size of graphs
Enhancements

72 90 108 152 202 230 260 324 360

enh-4 36.5% 37.7% 36.8% 38.0% 34.8% 33.8% 30.2% 37.7% 35.3%

enh-5 d=1 58.9% 55.7% 66.7% 68.1% 69.0% 72.1% 68.2% 69.5% 68.9%

enh-5 d=2 68.6% 71.2% 77.3% 82.6% 86.6% 87.9% 87.8% 89.4% 91.2%

Table 4.5: Average cost reductions of the three enhancements on ‘lattice hole’ graphs of different
sizes.

Size of graphs
Enhancements

28 32 36 40 44 48 52 55

enh-4 73.7% 74.2% 78.7% 79.9% 81.2% 83.2% 86.1% 84.6%

enh-5 d=1 37.3% 31.9% 21.5% 34.1% 42.0% 41.5% 37.9% 39.7%

enh-5 d=2 -1145% -1454% -1944% -1805% -1970% -1962% -2291% -2372%

Table 4.6: Average percent cost reductions of the enhancements on ‘complete hole’ graphs of
different sizes.

experiments up to a 90% cost reduction is observed. On densely connected graphs, the d = 1

signature version of enhancement-5, which may require O(n3) extra traversals on these graphs,

gives a cost reduction after a certain graph size, but the reduction is smaller than that generated

by enhancement-4. The d = 2 signature version of this enhancement, which requires O(n4) extra

traversals on these graphs, results in a much higher cost than the original algorithm! The results

are shown in Figure 4.8(b) and Table 4.6. The results show that enhancement-5 (especially the

d = 2 version), does not provide an improvement on such densely connected graphs. This result

is not surprising since the cost reduction from the validate steps is countered by the large number

of extra traversals required in order to construct the expanded signatures.
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4.3 Combining the two classes of enhancements

The above sections present two different classes of enhancements. The first class of enhancements

tries to reduce the number of hypothesis that need to be validated, and the number of motions

that must be executed. Enhancement-3 (Exploiting executed paths that map onto S and un-

known places) is the ‘best’ for both lattice graphs and densely-connected graphs, producing up

to a 90% cost reduction on both type of graphs. The second class of enhancements tries to reduce

the number of potential hypothesis. Enhancement-5 (Expanding local signatures of vertices in

S and each current place) with d = 2 expanded signature gives the best performance on lattice

graphs, producing up to a 90% reduction, whereas enhancement-4 (Expanding local signatures

of vertices in S) works well for densely connect graph, producing up to a 85% cost reduction.

It is interesting to consider combining these two classes of approaches in the hope that the

overall cost can be further reduced. The ‘best’ algorithms from the two classes of enhancements

are selected, and are combined in a strategic manner. In particular, for lattice hole graphs

enhancement-3 (Exploiting executed paths that map onto S and unknown places, with stage-2 of

enhancement-1 incorporated) and d = 2 version of enhancement-5 (Expanding local signatures of

vertices in S and each current place) are selected and combined – denote it enhancement 3+5. For

densely connected graphs, the best enhancements, namely enhancement-3 (Exploiting executed

paths that map onto S and unknown places) and enhancement-4 (Expanding local signatures

of vertices in S), are combined –denote it enhancement 3+4. Results are shown in Table 4.7

and 4.8, which demonstrate that for both environments the two classes of enhancements can be

combined with some enhanced performance.
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Size of graphs
Enhancements

72 90 108 152 202 230 260 324 360

enh-3 81.7% 82.8% 83.6% 86.0% 88.8% 89.9% 90.4% 91.9% 93.0%

enh-5 d=2 68.6% 71.2% 77.3% 82.6% 86.6% 87.9% 87.8% 89.4% 91.2%

enh 3+5 83.1% 83.1% 85.1% 87.6% 90.1% 90.8% 91.9% 93.0% 94.0%

Table 4.7: Average cost reductions of enhancement 3+5 on lattice hole graphs of different sizes.

Size of graphs
Enhancements

24 28 32 36 40 44 48 52 55

enh-3 75.0% 82.9% 83.3% 84.1% 86.6% 89.0% 89.9% 90.7% 91.2%

enh-4 72.3% 73.7% 74.2% 78.7% 79.9% 81.2% 83.2% 86.1% 84.6%

enh 3+4 78.9% 86.7% 86.7% 86.8% 89.3% 91.4% 91.9% 92.1% 92.8%

Table 4.8: Average cost reductions of enhancements 3+4 on complete hole graphs.

4.4 Summary

This chapter presented two classes of enhancements to the basic directional lighthouse algorithm

described in the previous chapter. The first class exploits executed traversals to reject potential

hypotheses. These approaches try to reduce the number of hypotheses that require motion, and

the amount of motion required in validating the hypotheses. These approaches require no extra

edge traversals by the robot. The second class of approaches requires extra traversals to construct

expanded local signatures. With the expanded local signatures, the number of hypotheses of

a newly explored edge can be potentially reduced. In the second class of enhancements, we

consider signatures based on physically exploring neighborhoods of different ranges. This can

provide enhanced performance, but at the risk of executing additional motions of the robot.

Finally, this chapter looks at the potential of integrating these two approaches. The integration

of the various techniques can provide additional improvement over each class of enhancement

separately, although there is a smaller return to this additional complexity. In the second class
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of enhancements, we consider expanded signatures up to a distance 2. For some environments,

signatures of distance d = 2 provide further cost reduction over signatures of d = 1. Generally,

signatures of larger distance d provide more information to distinguish places but the potential

cost reduction may be countered by the larger number of extra traversals required in order to

construct the expanded signatures. Moreover, the number of traversals required to construct the

signatures has the potential to explode. An interesting direction for future work is to explore

the boundary of expanding signatures for different environments, as well as the scalability of

expanding the signatures for different environments. Another interesting direction for future work

is to characterize graph properties that influence the performance of each of the enhancements

described in this chapter.
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Chapter 5

Mapping with less marker information

It was shown in Chapter 3 that a single directional immovable vertex marker is sufficient to map

the world deterministically. A single directional immovable marker establishes both explicit place

information and back-link information at the marked vertex. In this chapter we consider mapping

with less information. This chapter first considers mapping with a single undirected immovable

marker, and then investigates mapping with no markers. In both cases the hypothesis-based

approach described in Chapter 3 is adapted to deal with insufficient marker information.

5.1 Mapping with a single undirected immovable marker

A key observation of Chapter 3 is that if the world contains some structure that forms a unique

signature which provides both explicit place and back-link information, then the world can be

mapped deterministically. Since a single undirected immovable marker can be used to provide

explicit place information at a vertex, we are assured that as long as there exists a vertex in the

world that can provide explicit back-link information, then this vertex can be used (marked) to

establish a directional lighthouse, enabling the robot to map the world deterministically. There

are many situations where explict back-link information exists at a vertex. Here we present
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(a) (b)

Figure 5.1: Graphs with some structures can be mapped with an undirected immovable marker.
(a) Any vertex with degree one. (b) Any vertex with a neighbor whose degree differs from other
neighbors. The marked vertex has neighbors with degree 2, 3, 4 and 4. The neighbor with degree
2 or 3 can be used to establish explicit back-link information at the vertex.

one such class. We have seen earlier that a vertex of degree one provides explicit back-link

information at the vertex (Figure 5.1(a)). Once marked as a unique location by the marker,

the vertex can serve as a directional lighthouse. Such a vertex is sufficient but not necessary.

By expanding the local signatures, we can generalize this type of structure. For example, by

expanding the signature of a vertex to include the signatures of its adjacent vertices (i.e., expand

to distance d = 1 neighbors), explicit back-link information exists in a vertex if among the

signatures (degrees) of all the neighbors, at least one signature is unique, i.e., the vertex has

at least one neighbor vertex whose degree is different from that of all the other neighbors. For

such a vertex, a neighbor having a unique degree establishes at this vertex an absolute ordering

information from which explicit back-link information can be retrieved. An example is shown

in Figure 5.1(b). More generally, suppose on encountering a vertex the robot visits each of the

adjacent vertices according to the enumeration rule, constructing the sequence D = (d1, ..., dk)

of the degrees of the neighboring vertices of the vertex. For this vertex to serve as a lighthouse

vertex it must be unique (we can satisfy this requirement using the undirected marker), and

it must also provide explicit back-link information. This vertex will provide explicit back-link
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information if it is not the case that there exists a cyclic rotation of D in the embedding that

maps onto D, except for a complete rotation. Note that the ‘single leaf’ vertex and the vertex

with a unique degree di in its D meet this test, but many other local embeddings meet this

requirement as well. More situations exist if we further extend the local signature of a vertex by

considering larger neighborhood of the vertex.

Based on the above observation, mapping with an undirected vertex marker can be con-

ducted by having the robot first conduct a random walk searching for an appropriate vertex.

Upon entering a vertex, the robot traverses each other incident edge at the vertex based on the

enumerating rule, retrieving the sequence D of the degree information of the neighbors. The

robot then examines the sequence D to see if the sequence of degrees meets the requirement in

terms of rotational equivalence. If this vertex lacks rotational equivalent then it can serve as a

directional lighthouse. The robot stops the random walk, dropping the marker at this vertex and

then explores the world using the deterministic single directional marker algorithm or one of its

enhancements. If this vertex does not meet the test then the robot continues the random walk

until either a vertex that meets the test is found or otherwise some ‘giving up’ condition is met.

In the latter case the algorithm reports failure.

Any vertex can be used as a lighthouse vertex as long as its expanded signatures contain

no rotational equivalent. Experiments were conducted with d = 1 neighborhood expanded sig-

natures. In the experiments, the robot starts a random walk at a randomly selected place. In

examining possible direction information at a vertex, we simply considered the d = 1 neighbor-

hood of the vertex. A threshold of 200 steps is set for the random walk: if the robot cannot
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find a lighthouse within the threshold, the algorithm terminates reporting failure. The basic

single directional immovable marker algorithm was slightly modified so that explicit back-link

information can be properly retrieved and used. It becomes more expensive to validate back-link

as this now requires visiting adjacent vertices to determine relative orientation to the marker.

Instead of transiting every incident edge, computing the neighbor degree information and then

computing the appropriate entry edge with respect to the embedding, some enhancement was

developed by observing that the robot does not need to transit to all edges to complete the

full vertex sequence, but only as many as necessary to determine if it entered the lighthouse

with the expected entry edge. Results show that on the given lattice hole graphs and random

graphs, the algorithm finds a lighthouse either at the initial location or otherwise within a few

steps (usually less than 50 steps), mapping the world deterministically. It is interesting to note

that this algorithm works successfully on the two different embedded graphs shown in Figure 3.4,

which cannot be distinguished with a single undirected marker placed in the center vertex. When

running the algorithm on these graphs, during the random walk the robot always selects one of

the four corner vertices as the lighthouse, because the neighbor degrees sequence D = (4, 3, 3) of

the corners lacks rotational equivalent and thus contains explicit back-link information.

5.2 Mapping with no markers: probabilistic exploration

We have developed deterministic algorithms with powerful markers, and algorithms that operate

with weak markers. Here we examine the case where the robot has no marker at all. Without

a marker, the robot cannot map a world deterministically. Here we present some approaches to
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mapping a topological world probabilistically. Without a marker, we must exploit the signatures

in the environment to do validations. Here we describe two approaches of exploiting the sig-

nature information in the environment. Some of the previous techniques used in marker-based

exploration are adopted here.

5.2.1 Exploiting local signatures

This approach uses local signatures or slightly expanded local signatures to select a ‘likely’

directional lighthouse, and then maps the world using the single directional marker algorithm

or one of its enhancements. Specifically, we first have the robot conduct a random walk for a

certain number of steps, and then select the traversed vertex whose local signature is believed to

be (most likely) unique and that also provides back-link information. This vertex is then used

as a directional lighthouse. Different selection schemes can be developed. For example, we can

record the pair of degrees of adjacent vertices that the robot encounters during its random walk.

After the random walk, we consider the pair of degrees that was encountered the least number

of times as the basis of a potential directional lighthouse. If the least number of visits is below

a threshold then this pair of degrees is selected to establish a directional lighthouse. Otherwise

the algorithm terminates reporting failure. If a directional lighthouse is selected, then the robot

returns to a pair of adjacent vertices that has the selected degree pair, where one of the adjacent

vertices is used as the lighthouse and the other is used to establish the back-link information at

the lighthouse. This approach cannot guarantee the uniqueness of the place information as well

as the back-link information at the selected lighthouse. Another example selection criterion uses
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expanded local signatures. At each vertex visited during random walk, the robot visits all the

neighbors and establishes a list D = (d1, ..., dk) of degrees. After the random walk, we collect

the lists that contain explicit back-link information, using the rotation equivalence test given

in the previous section. Then, among the collected degree lists, we treat lists that are cyclic

rotations of each other as the same list and add up their visit counts (e.g., (2,3,3), (3,3,2) and

(3,2,3) are considered the same list, as are (2,3,6) and (3,6,2)). If the minimal associated visit

count is below a threshold, then the vertex that contains this list is selected as the lighthouse

vertex. The robot then returns to a place with the selected signature (neighbor degree list), and

explores the world using the single directional marker algorithm. This approach can guarantee

the explicitness of back-link information at the selected lighthouse but cannot guarantee the

uniqueness of the lighthouse itself. For these and other related schemes, as we cannot guarantee

the explicitness of place or back-link or both, there are a number of possible outcomes of the

algorithm: No potential lighthouse may be identified, and the algorithm reports failure; The

selected lighthouse happens to be unique and the back-link informaiton is also explcit, and the

correct world model is generated; The lighthouse (position) and/or the back-link information at

it are not explicit, in which case the algorithm either detects some signature inconsistencies (due

to wrong loop closing) and thus cannot proceed reporting failure, or, never terminates (when

every newly visited place is always validated as a new place), or terminates with an incorrect

world model. Without additional information about the world, when a world model is generated,

we cannot determine whether it is a correct model or not. Note that this approach may generate

a wrong world model on the two graphs shown in Figure 3.4. In both the two graphs, none of
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the nodes contains both explicit place and back-link information. (Each of the four corner nodes

contains explicit back-link information but ambiguous place information, whereas the center node

contains explicit place information but ambiguous back-link information.)

5.2.2 Exploiting global signatures

The approach described above uses a very localized signature (neighbor distance d = 1) to select

the ‘most likely’ directional lighthouse. In the single directional marker algorithm used by the

approach, only one world model is maintained. If the lighthouse is not unique, the algorithm

may generate an incorrect world model. While this approach might be improved using signatures

of neighbor distance d > 1, here we present an alternative approach that exploits the signature

of neighbor distance d = D, where D denotes the diameter of the graph. In this approach

signatures of a vertex is expanded to include all of the known vertices in the graph. Call this

a node’s ‘global signature’. Similar to the ideas presented in [23], at each step we maintain

multiple world models (hypotheses), which are all possible world models that are consistent with

the perceptions that the robot obtained so far. One of the world models is the true (partial or

complete) representation of the environment, but the algorithm does not know which one it is.

After each step of exploration, we process each of the current world models generated from the

previous step. The goal is to process the current world models effectively so that the true world

model is maintained and updated correctly, and moreover, that incorrect models are detected and

eliminated as much as possible. Several other challenging problems also have to be considered,

including how the robot chooses the next edge/vertex to explore, and when the robot should
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terminate the exploration.

The first challenging problem involves how to select the next ‘unexplored’ edge for the robot

to explore. Without a true partial world model to guide the exploration, it is not trivial to

explore in such a way that we maintain progress (i.e., the robot does not explore the same sub-

areas forever) and moreover, guarantee completeness of the exploration (i.e., eventually all the

places in the environment are explored). Here we adopt a conservative technique, which uses

a breadth first search (BFS) traversal of the environments. During exploration, in addition to

the maintained world models, the robot also maintains a ‘traversal map’ TM. Same as other

world models, initially TM contains the starting location, but it grows with a new edge and a

vertex in each step. That is, although each newly explored edge and end vertex may or may

not be new places, they are always treated as new places and are added into the traversal map

TM (non-loop augmentation). In each step, according to a BFS on TM, the robot traverses

to a frontier vertex on TM and then explores an ‘unexplored’ edge of the frontier. While the

BFS traversal cannot avoid duplicated explorations on the environment, it can guarantee that a

progress is made sooner or later, and that eventually all of the environment is visited.

After each exploration step of the robot, we process the set of world models generated in

the previous step. As in [23], the world models are maintained in a model tree T , where each

model is a node in the tree. In processing these world models, we want to maintain the set

of possible world models that are in agreement with the perception information, including the

true world model (although we do not know which one it is). At the same time we want to

eliminate inconsistent models as much as possible. Lacking any marking aids, we must exploit
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(a) Situation 1. (b) Situation 2. (c) Situation 3.

Figure 5.2: Three situations on world models for new motions (0,1,1,1,1) and the obtained
perceptions (2,3,2,2,2). (a) Motions (0,1,1,1,1) map onto known places of world model M , and
the obtained perceptions (2,3,2,2,2) match the signatures of the known places in M . A new
world model M ′ is duplicated from M with updated robot pose and back-link in model M ′. (b)
Motions (0,1,1,1,1) map onto known places of world model M but perceptions (2,3,2,2,2) do not
match signatures in M . Inconsistency is detected, no new world model is generated from M . (c)
Motions map onto unknown places in M . Have to do validations for loop closing hypotheses.
Here c = 1 loop closing hypothesis is accepted. Totally c+ 1 new world models are generated, as
a non-loop world model (M ′′ here) is always added as the (last) child model of M .

the environment structure to help process the world models. For each current world model M ,

knowing the previous place and back-link (entry edge) of the robot in M , we first map the new

robot motions (which correspond to traversing the TM to a frontier vertex and then exploring

the unexplored edge) onto the current world model M , and distinguish three possible situations:

(1) the new robot motions (including the last motion of edge exploration) visit known places in

the model M , and the perceptions that the robot obtained match the signatures of these places

in M . (2) the new motions visit known places in the model M , but the perceptions that the robot

obtained do not fully match the corresponding signatures in M . (3) the last motion traverses an

unexplored edge in M . That is, the newly explored edge corresponds to an unexplored edge in M .
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An example is shown in Figure 5.2 where executed motions and the obtained perceptions result

in different situations in the current world models. In case (1), no inconsistency is observed. We

‘pass’ the model M . That is, we generate a new model M ′ that duplicates the current mode

M , but with the updated place and back-link of the robot in the model M ′, and then add the

new model M ′ into the model tree as a child model of M (Figure 5.2(a)). Then we proceed

to process other current world models. In this case one new world model is generated from

M . In case (2) an inconsistency is detected, M is an incorrect world model. So we void M

immediately (Figure 5.2(b)). No new model is generated from M and we proceed to process

other world models. In case (3) we need to conduct validations without any marker. This is the

most challenging part. In the simplest approach, all the loop closing possibilities based on the

local degree information are considered, and new world models are generated for each of these

possibilities. Specifically, each unexplored edge in M whose known end has the same degree

as the sensed degree of the robot is considered a loop closing solution, and a world model is

generated for each of the loop closing possibilities. And finally, a ‘non-loop’ model with a new

edge and a new vertex is generated. This approach guarantees that the true world model is

maintained but results in the model tree growing exponentially for many environments, making

the algorithm intractable. Here we try to reduce the number of loop closing possibilities using

global signatures. The idea is that for each potential loop closing possibility (hypothesis) based

on the local signature, instead of accepting it, we attempt to validate it by computing paths from

the hypothesized location of the robot to each of the known places in M , and then having the

robot traverse each of the paths. That is, each of the known vertices serves as a ‘lighthouse’.
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The robot traverses each path and compares the obtained perceptions against the expected

perceptions. The expected perception at each vertex along the path contains the local signature

of the vertex, and moreover, if the vertex’s neighborhood contains explicit back-lin information

due to a lack of rotation equivalence, also contains the expected entry edge information upon

entering the vertex. For a loop closing hypothesis to be accepted, paths to all the ‘lighthouses’

must be completed with no signature mismatch. If any of the paths cannot be completed due to

an observation of any mismatch, the hypothesis is rejected immediately, and the next hypothesis

is examined. If all the paths are completed and no mismatch is detected, then the loop closing

hypothesis is accepted. For this accepted hypothesis, a new model M ′ is generated with a new

loop and is added into the model tree as a child of model M . Now unlike in the marker-based

case where it is guaranteed that once a hypothesis is accepted then a loop is closed correctly

so no other hypotheses need to be examined, here since we cannot guarantee the uniqueness of

any lighthouse, the algorithm then proceeds to validate the next loop closing hypothesis (if any).

Multiple hypotheses may be accepted and new models generated for each accepted hypothesis

and added to the model tree. When all the hypotheses have been processed, no matter how many

of them are accepted, we must also consider the possibility that the robot may have just explored

a new place and an edge. Thus, a new map is generated, non-loop augmented, and added into

the tree as the (last) children of M . Processing of the world model M is now completed. In

this case if c ≥ 0 loop closing hypotheses are accepted, then a total of c + 1 new world models

are generated from M (Figure 5.2(c)). We then proceed to process other world models until

all the current models have been processed. In the next step, only world models generated in

146



this step are processed. A simplified version of the world model processing steps is sketched in

Algorithm 5.1.

The algorithm has been implemented and evaluated on a number of input graphs. In the

implementation of the algorithm, several enhancement techniques developed in previous chapters

were used to make the algorithm more efficient. For example, using the technique in Chapter 4,

the path overlap is captured in the multiple lighthouse traversals in order to reduce the number

of traversals. The implementation also considers another challenging problem: when should the

robot terminate exploration? After sufficient exploration, all the places in the world would have

been explored but the robot will continue to traverse in the environment in a BFS fashion. When

the robot has fully explored the world, the true world model should be a completed model (i.e.,

no unexplored edges exist) but the other models may not be. As the robot continues in the world,

the robot keeps traversing known places in the true world model with no signature mismatch

(i.e., case (1), the algorithm keeps passing the true model with updated robot place and back-link

on it). Based on this, the following heuristic for terminating the algorithm is followed: when

a world model M becomes a completed model, and remains as the only completed model for a

certain number of steps (e.g., 100 steps), the robot terminates the exploration and returns M as

the likely model.

Despite the fact that global signatures are considered here, the algorithm is still not deter-

ministic in that it may generate multiple world models and we cannot determine which world

model is the correct one. Through the use of global signatures, the growth of the model tree is

expected to be reduced for sufficiently heterogeneous graphs. This is confirmed on many lattice
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Algorithm 5.1: Mapping with no markers, world model processing process

Based on BFS, the robot traverses the ‘traversal map’ TM to a known vertex vk,1

executing motion M, and then traverses an unexplored edge e = (vk, vu) of vk;
non-loop augmentation TM with e and vu; // ALWAYS non-loop augmentation;2

// now process each world model generated in last move;
l← level of world models generated in the previous step (in the model tree T );3

for each world model M at level l of the model tree T do4

traverse M ‘virtually’ according to the executed motion M, comparing signatures5

along the path in M against real perceptions obtained in executing M;
if signatures do not match along the path then6

; // void M, proceed to process remaining level l model in T;7

// signature match, now examine the traversed edge e;
if traversed edge e corresponds to an explored edge in M then8

if other end signature on M does not match corresponding perception then9

; // void M, proceed to remaining level l model in T;10

else // signature matches. ‘Pass’ M. A duplicated map into next level11

new map M ′ = M ;12

add M ′ into T as a child model of M (at level l + 1);13

// now proceed to other model (if any);

else14

// e corresponds to an unexplored edge in M, hard work for disambiguation;
for each loop closing hypothesis (unexplored edge) e′ = (vk′ , vu′) in M where15

signature of vk′ matches that of vu do
for each known vertex vl in M other than vk′ do16

compute motions for a path from vk′ to vl;17

the robot attempts to execute the computed motions;18

if signature does not match during or at the end of path execution then19

reject the hypothesis, exit inner for loop;20

// else, continue executing next path;

if a hypothesis e′ is rejected then21

; // proceed to next loop closing hypothesis;22

else // all paths completed successfully, accept this hypotheses23

M ′= M ;24

do ‘loop augmentation’ on M ′;25

add M ′ to T as a child of M (at level l + 1);26

// in both cases, now examine another loop closing hypothesis;

// finally always add a new edge and vertex;
M ′= M ; ‘non-loop augmentation’ on M ′;27

add M ′ to T as (last) child of M (at level l + 1);28

// now proceed to process remaining level l model;
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hole and random graphs tested experimentally. For many graphs such as random graphs and

lattices with 10% – 20% holes, the algorithm terminates according to the termination condition

given above. When the algorithm terminates, the sole completed world model maintained turns

out to be the correct world model. For some less heterogeneous graphs, multiple complete world

models are generated but the growth of the model tree is still limited. As a final example, con-

sider again the two embedded graphs from Figure 3.4. When exploring any one of them - e.g.,

the graph in Figure 3.4(a) - using only local signatures in processing multiple world models, the

model tree grows quickly and among the world models more than 50 models become completed.

When exploring it using global signatures, fewer models are maintained among which only six

world models become completed. These complete models are shown in Figure 5.3, which include

the correct model. (One of the incorrect models is the correct representation of the graph in

Figure 3.4(b).) Similar results are observed when exploring the graph in Figure 3.4(b).

5.3 Summary

This chapter considers mapping topological environments where no directional lighthouse can be

established. We first considered mapping with an undirected immovable vertex marker. The key

observation here is that while a single undirected immovable marker is not sufficient in general,

it can be used to map the world that contains some structure that, once marked, forms a unique

signature which provides both explicit place and back-link information. Such a world can be

mapped deterministically with an undirected vertex marker, using the single directional marker

algorithm developed in Chapter 3 or one of the enhancements described in Chapter 4. Since the
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(a) (b) (c)

(d) (e) (f)

Figure 5.3: Completed world models produced by the ‘global signature’ algorithm on the graph
in Figure 3.4(a). Listed according to the order they become completed. (f) is the correct world
model. Similar results are obtained when running the algorithm on graph in Figure 3.4(b).

single undirected vertex marker can be used to provide explicit place information at a vertex,

we are assured that as long as there exists a vertex in the world that can provide explicit back-

link information, then this vertex can be used (marked) to establish a directional lighthouse,

enabling the robot to map the world deterministically. In the experiments the robot found such

a lighthouse vertex on most of the given non-homogeneous graphs. It is an interesting direction

for future work to investigate whether there is a theoretical guarantee for the robot to find such

a vertex in an non-homogeneous graph. Existing research on symmetry breaking of graphs (e.g.,

[2, 57]) might be helpful here.

This chapter also considers mapping probabilistically without any markers. Without any

marker, we must rely on the structure of the environment. We examine exploiting local and

global signatures during exploration. Both approaches are non-deterministic in that the algo-
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rithms either cannot generate a valid world model or generate one or more world models but

cannot determine which model is the true representation of the world. The challenges faced by

the approaches and other marker-less approaches indicate the importance of markers or other

additional information about the environment, which can be used as a cue to limit the growth of

the exploration tree and to cease exploration even though some possible models have not been

fully explored. Prior information is clearly useful. For example, if we know that there exists ex-

actly one ‘leaf vertex’ in the world, then by searching and using the leaf vertex as the directional

lighthouse the world can be mapped deterministically. Other information could be used as a cue,

although such cues do not necessarily lead to a deterministic mapping of the environment. As

discussed in earlier literature including [23], one cue is the number of vertices n in the environ-

ment. This information helps reject models that have more than n vertices. This information

also indicates that the exploration process can terminate as soon as all the current models have

n vertices. The number of edges m in the environment can be used similarly. The diameter d of

the environment is another factor that can be helpful. We can reject loop closing hypotheses that

result in a model with too large a diameter. Moreover, this information also helps us determine

the termination condition. Since the breadth first traversal of a finite graph visits all its verteices

after at most depth d, we should cease exploration after depth d of the traversal map TM has

been traversed. Planarity of the environment is another cue that can help trimming the model

tree. If we know that the environment is a planar graph, then we can reject the loop closing

hypotheses that would generate a model that is not planar, and as in [29] we can exploit the

information during exploration. Another potential class of prior knowledge is the probabilistic
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distribution of some environmental properties. As mentioned in [23], the models maintained in

the model tree correspond to assumptions regarding the existence (or non-existence) of multiple

locations in the world that are perceptually indistinguishable. If the likelihood of such occur-

rences can be estimated using the probabilistic distribution information of some environmental

properties, then the world models in the tree can be ranked in terms of their overall likelihood.
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Chapter 6

Other kinds of markers

This chapter takes a divergence from the main contribution of this work and examines the relative

power of markers on edges, multiple markers, and of extended markers that can be used to mark

sequences of vertices and edges (string/thread markers). Portions of this chapter have appeared

in the literature [63, 64, 65, 66].

6.1 Mapping with a single edge marker

The work presented elsewhere in this thesis deals with vertex-based markers. Assume instead

that the robot can drop the marker along an edge. As with vertex-based markers (V-markers),

edge-based markers (E-markers) can be directional or undirected. In case of a directional marker,

the marker head points to one of the end vertices of the marked edge. Assume that the robot can

sense the marker when it is in one of its end vertices. That is, at a vertex the robot can sense the

presence or absence of the marker on the incident edges of the vertex, and can also determine

the ordering of the edge upon which the marker exists (relative to the entry edge). The direction

of a directional E-marker provides an orientation along the edge, e.g., the end vertex indicated

by the marker head. Assume that the robot can sense this direction when it is in one of the end

153



(a) (b)

Figure 6.1: (a) Different embedded graphs that are not distinguishable with an undirected im-
movable E-marker. The robot is initially in v0. Use the ‘otherInfo’ field of the general perception
denotation to encode the marker information of the E-marker. Motion sequence M=(1,1,2,2,1)
results in perception P=([3,A,A], [3,A,A], [3,A,A], [3,A,A], [3,A,E-1]) on both the two graphs,
where [3, A,E-1] denotes that the E-marker is present and is located on the next edge to the left of
the entry edge. (b) The graphs are distinguishable with a directional immovable E-marker. Mo-
tion sequence M=(1,1,2,2,1) results in different perceptions ([3,A,A], [3,A,A], [3,A,A], [3,A,A],
[3,A,E-1-H]) and ([3,A,A], [3,A,A], [3,A,A], [3,A,A], [3,A,E-1-T]) where H/T indicates that it is
the head/tail of the marker that points toward the vertex where the robot is in.

vertices, i.e., whether the marker head/tail points to the vertex the robot is in.

Similar to an undirected V-marker, an undirected E-marker is not sufficient for a robot to map

an arbitrary world deterministically, although again similar to the V-marker case, a directional

E-marker is. Consider the two different embedded graphs shown in Figure 6.1(a), which are not

isomorphic to each other under the extended definition of graph isomorphism. Each graph has

one edge that is marked with an undirected immovable E-marker. Under our perception model,

the robot can sense the marked edge when it is in one of the end vertices of the edge. Thus upon

entering v0, by enumerating the edges and identifying the marked one, the robot can determine

its back-link at v0. Similar to the case of two undirected V-markers shown in Figure 3.21(a),

vertex v0 in each graph provides explicit back-link information and ambiguous place information

– the robot knows it entered one of the two ends of the marked edge but cannot determine which

one it is in. Assume that the robot is initially at v0 and entered via the uniquely marked edge.
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Then it can be proved (by induction) that if the robot executes identical motion sequences on

the graphs, it would acquire exactly the same perceptions on the different graphs. (The proof is

logically similar to the one given for the case of a single undirected marker, and is omitted here

for brevity.) The robot thus cannot tell the two different graphs apart.

Given that at an end vertex of a marked edge the robot can determine whether the marker

head/tail points to the current vertex, it is straightforward to show that a single directed immov-

able E-marker provides both explicit place and explicit back-link information at its end vertices

(Figure 6.1(b)). Thus, any one of the two end vertices of the marked edge can be used as a di-

rectional lighthouse for the algorithm presented in Chapter 3 of the work. Specifically, the single

directional immovable V-marker algorithm can then be applied, with the modification that for

each hypothesis h′, the expected perceptions PE
h′ include the presence or absence of the E-marker

at the incident edges of each visited vertex and the direction of the marker if the marker is

present. Suppose the end vertex pointed by the marker head is used as the directional lighthouse

v0. Then an example expected perception for hypothesis h′ can be expressed as PE
h′=([2,A,A],

[2,A,A], [3,A,E-2-H]).

The impoverished algorithm presented in Chapter 5 can also be applied to E-markers. An

undirected E-marker, once dropped, provides explicit back-link information at the two end ver-

tices of the edge, and also provides ambiguous place information at the two end vertices – if one

end vertex of the marked edge is used as the lighthouse vertex, then only the other end vertex

can potentially be confused with the lighthouse. As shown in Figure 6.1(a), this happens only

when the two end vertices have the same signatures. Thus we are assured that as long as the two
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(a) (b)

Figure 6.2: Graphs with structures can be mapped with an undirected immovable E-marker. (a)
An edge with a degree-one end. (b) Any edge whose two ends have different degrees.

ends of the marked edge have different degrees, the place information at the two end vertices are

also explicit, and thus any one of them can be used as a directional lighthouse. So, with a single

undirected immovable E-marker, the robot can conduct a random walk searching for an edge

incident on two vertices with different degrees. Once such an edge is found, the robot can drop

the marker in the edge, and designates either one of the end vertices as the directional lighthouse

vertex (Figure 6.2), mapping the world deterministically. Note that if the graph is not a regular

graph, then given sufficient random walk, the robot is able to find a lighthouse vertex, mapping

the world deterministically.

6.2 Mapping with multiple immovable markers

Given the high cost of exploring using a single immovable marker, it is interesting to investigate

the potential for the increased power of multiple immovable markers in exploration. Assume that

all markers are homogeneous. In Chapter 3 it was observed that three undirected immovable

V-markers are sufficient to establish direction information and thus solve the SLAM problem

deterministically. Three undirected immovable E-markers are also sufficient to solve the problem

using a similar strategy: the robot can drop one marker at one of the edges and two markers
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at one another edge (assume that v0 has degree ≥ 2). Then the robot can apply the single

immovable directional marker algorithm where the vertex with two marked edges is v0 (in our

model no degenerate edges exist), and the entry edge can be determined based on the relative

ordering to one of the marked edges. The final case corresponds to the robot being able to

drop markers at both vertices and edges. In this approach two markers are sufficient: one

marker is dropped at v0 and the other marker is dropped along one of its edges, both uniquely

marking v0 and providing explicit back-link information at v0. Now consider mapping with

more markers. Obviously, with more markers the robot can still adopt the hypothesis-based

approaches, using two or three markers to establish a directional lighthouse. This approach has

O(m2n) cost bound. But are there efficiencies to be found when more markers are used? This

is investigated in this section. This section first considers marker classes consisting of multiple

undirected markers, and then looks at the increased power of the marker classes consisting of

multiple directional markers. For both undirected and directional markers, first considered is

cases in which it is known a priori how many markers the robot possesses relative to the size

of the world being explored. Then the general case where the relative number of markers is not

known was considered. Three different classes of multiple marker algorithms were developed:

algorithms that only drop markers at vertices (V-marker algorithms), algorithms that only drop

markers on edges (E-marker algorithms) and algorithms that drop markers both at vertices and

on edges (V-E-marker algorithms)15.

15Some of the results in this section have been published [64, 65].
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(a) (b)

Figure 6.3: Plausible strategy with n markers dropped at each visited vertex. In (b) the robot
cannot do further validations. Specifically, it is not able to determine it is arriving at vk′ or vk′′ .
Both vk′ and vk′′ have the same signature [2,V,A].

6.2.1 Mapping with multiple undirected immovable markers

We first consider below several cases in which it is known a priori how many markers the robot

possesses relative to the size of the world being explored.

Case 0: Mapping with n markers

First, suppose that the robot is assured that it has at least as many markers as the number of

vertices n in the environment. With such an aid, a plausible strategy for the robot is to drop one

marker at each vertex as it explores, marking each visited vertex. Since all the visited vertices

are marked, the marker sensed at a vertex answers the question ‘have I been here before?’. A

vertex that contains a marker must be a known (visited) vertex in S, whereas a vertex where no

marker is sensed must be a new vertex. When entering a marked vertex, however, the robot may

not be able to determine its place and back-link. In the example shown in Figure 6.3(b), the

robot cannot determine if it is visiting vk′ or vk′′ . Thus this approach does not work in general,

and as shown later, other (more complicated) approaches are needed.
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Case 1: Mapping with m markers

Suppose that the robot is assured that it has at least as many markers as the number of edges

m in the environments. We show two approaches to mapping the world with m markers. We

reviewed in Chapter 2 a deterministic algorithm for a robot to map an undirected graph under

the footprints model [18]. According to the authors, the footprints model can be implemented

with m+ n homogeneous immovable (undirected) markers, one for each node or edge. The key

idea is that when entering a marked place, both place and back-link validations can be conducted

simultaneously by searching the known area for the vertex that has a newly marked (foot-printed)

edge. Here we show that the same strategy can be adopted using m markers only.

Case 1a: Mapping with m markers, E-marker algorithm We show here that the mapping

strategy described in the footprints model can be implemented by dropping markers at each newly

visited edge only. The robot drops a marker on newly explored edge e when transiting e. At vu,

the robot senses the marker(s) on the (other) incident edges of vu. The key observation here is

that if vu has been visited before then it must have at least one other marked edge: if vu is the

initial vertex v0 then the ‘must-be-marked’ edge is the incident edge at v0 along which the robot

started the exploration, otherwise the ‘must-be-marked’ edge is the edge along which the robot

first entered the vertex (and hence ‘generated’ the vertex in S). Also, the robot drops markers

only on traversed edges so an unvisited vertex must not have marked edges. Thus if none of the

other edges at vu are marked then vu must have not been visited before (Figure 6.4(a)) and the

algorithm can conduct non-loop augmentation immediately, augmenting S with e (as a marked
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(a) vu has no marked
edges

(b) Non-loop augmen-
tation

(c) vu has marked
edges

(d) Loop augmenta-
tion

Figure 6.4: Mapping with m undirected E-markers (case 1a). (c) Traverse to a visited place.
Sense c = 2 marked edge excluding the entry edge. Need to visit vk′ and v1 which have the same
degree as vu and contain c marked edges. (d) vk′ is identified, as it has c+ 1 = 3 marked edges
now (e′ is the ‘unexpectedly marked’ edge). S is augmented with e/e′ = (vk, vk′) accordingly.

edge) and vu (Figure 6.4(b)). If vu has marked edge(s), then vu must have been visited before

(Figure 6.4(c)). In this case vu and e need to be further validated. As in the footprints model [18],

both place and back-link validations are conducted simultaneously by having the robot search

the map S looking for the vertex which has one more marked edge than is shown on the map.

The robot drops one marker on every edge explored, so by the end of exploration a total of m

markers are dropped. There are m− (n− 1) iterations of loop augmentation, in which the robot

may need to search S. As discussed in [18], in the worst case scenario a search is conducted at

each of the m− (n− 1) iterations and each search is bounded by n as the robot may exhaust all

the vertices in S when validating a single edge. Thus the exploration cost bound is O(mn).

Case 1b: Mapping with m markers (V-E-marker algorithm) Here we present another

way of using m markers to map the world with O(mn) cost. We have discussed in Case 0 that

dropping markers on all visited vertices distinguishes visited place and unvisited place and thus

allows immediate non-loop augmentation, but does not provide sufficient information for place
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and back-link validation. The problem is solved in Case 1a by dropping and searching markers

on loop edges. Combining the ideas in Case 0 and Case 1a, this approach drops markers on

both vertices and loop edges (hence is a V-E-marker algorithm). Specifically, the markers are

dropped at all visited vertices so an unvisited vertex can be determined immediately, and on

all the loop edges so the search-based validation can be conducted. Initially the robot drops a

marker at its starting vertex v0. During exploration when the robot enters a vertex vu via a

newly explored edge e, if vu does not contain a marker then vu has not been visited before, since

all the vertices in S are marked. The robot drops a marker at vu (but not on the entry edge e),

and conducts non-loop augmentation on S with vu and e (as an unmarked edge). Alternatively

if vu contains a marker then it must have been visited before. Similar to the above m E-marker

algorithm, validations are conducted simultaneously by having the robot drop a marker on e and

then searching the map S looking for the vertex that has one more marked edge than what is

shown in S. The algorithm is shown in Figure 6.5. The robot drops one marker at each vertex

it visits, so at the end of the algorithm the robot has dropped n markers at the vertices of the

graph. The robot also drops a marker on each of the m− (n− 1) loop edges. So in total m+ 1

markers are dropped16. Same as the previous algorithm, this algorithm has O(mn) cost bound.

This m + 1 marker algorithm can be extended slightly so that it works under the original

assumption that the robot is assured that it has at least m markers. This algorithm uses one

marker in each iteration, so if the robot runs out of markers during exploration, then it must be

16Another way of showing that m+ 1 are used is to observe that initially one marker is dropped at the starting
vertex v0, and then in each of the m iterations exactly 1 marker is dropped (either on the vertex or on the edge,
depending on whether vu is a marked place or not).
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(a) vu has marked edges (b) Drop a marker at e
and search S

(c) Loop augmentation

Figure 6.5: Mapping with m + 1 undirected V-E-markers (case 1b). (a) Traverse to a marked
place. Sense c = 1 marked edge. (b) Return to vk, dropping a marker on e. Need to visit vk′ and
v1, which have the same degree as vu and contain c marked edges. (c) vk′ is identified, as it has
c+ 1 = 2 marked edges now (e′ is the ‘unexpectedly marked’ edge).

true that only one iteration of the algorithm execution remains. Now either U has one unexplored

non-loop edge in it, which would lead to an unmarked vertex that has no other incident edges, or,

U has two unexplored loop edges in it and they correspond to the same edge (a loop is formed).

So the modified algorithm just executes the m + 1 marker algorithm, but if the robot runs out

of markers and U is not empty yet (one or two edges in U), it just processes the edge(s) in U

accordingly without further motion.

Case 2: Mapping with m+ n markers (E-marker algorithm)

Assume that the robot is assured that it has at least m + n undirected markers. We can use

the markers to implement the footprints model algorithms but we have shown in Case 1 that m

markers are sufficient. Are there efficiencies to be found with m+ n markers?

In the two algorithms in Case 1, when exploring to a marked place vu, the number of marked

edges c at vu is used to select potential candidate vertices for vu that need to be searched. In

the E-marker algorithm where each visited edge is marked, c represents the current number of
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explored edges at vu. In the V-E marker algorithm where only loop edges are marked, c represents

the current number of explored loop edges at vu (but not the total number of explored edges).

The idea here is to combine the information used in these algorithms, i.e., exploit both the total

number of explored edges and the number of explored loop edges. This enriched information,

which distinguishes the two types of explored edges (loop and non-loop) at vu, may lead to a

reduced number of potential candidates that need to be visited and thus potentially reduces

the search cost. With m + n markers, we extend the m E-marker algorithm by dropping one

marker on each loop edge as before (call them single-marked edges), but two markers on each

non-loop edge (call them double-marked edges). Thus at each marked place vu, the robot can,

in addition to the total number of marked edge, sense both the number of (single-marked) loop

edges c1 and (double-marked) non-loop edges c2 (c1 + c2 is the totally number of explored edges

at vu). Then the robot uses this information to select the potential candidate for vu. A known

vertex in S is a potential candidate if it has c1 single-marked edges and c2 double-marked edges.

In this algorithm m + n markers is sufficient to maintain the enriched information: the robot

drops m− n+ 1 markers on loop edges and drops 2(n− 1) markers on the n− 1 non-loop edges,

so totally m + n − 1 markers are required in the algorithm. Note that this algorithm has the

same O(mn) cost bound as the previous two m marker algorithms. The real cost is expected

to be lower than the previous two algorithms due to the potentially reduced search efforts. The

algorithm is shown in Algorithm 6.1.
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Algorithm 6.1: Mapping with m+ n undirected immovable markers (Case 2, E-marker)

S ← v0; U ← incident edges in v0;1

while U is not empty do2

remove an unexplored edge e = (vk, vu) from U ;3

the robot traverses S to vk and then follows e to vu;4

if vu has no marked edge then5

// vu has not been visited. do non-loop augmentation;
the robot drops two markers on e;6

add e to S as a double-marked edge, add vu to S, add other edges in vu to U ;7

else // vu contains, say, c1 single-marked edge, c2 double-marked edge;8

the robot goes back to vk via e, drops a marker during transit on e;9

for each other vertex in S that has: 1) unexplored edge(s) 2) same degree as vu 3)10

c1 single-marked edges 4) c2 double-marked edges do
robot goes there, sensing the marked edges there;11

if a vertex called vk′ has c1 + 1 single-marked edges then12

// do loop augmentation;
identify the unexpectedly single-marked edge e′ of vk′ , based on the relative13

ordering to the known entry edge;
add e/e′ = (vk, vk′) to S as a single-marked edge; remove e′ from U ;14

exit for loop // stop searching;15

return S;16

Case 3: Mapping with
∑n−1

k=1 k markers

Assume that the robot is assured that it has at least
∑n−1

k=1 k = n(n− 1)/2 undirected markers.

We present two approaches to using the markers in exploration.

Case 3a: Mapping with
∑n−1

k=1 k markers (V-marker algorithm) We present here a

simple V-marker algorithm that uses
∑n−1

k=1 k markers that are dropped on vertices and has a

O(mdmax) cost bound, where dmax is the maximum vertex degree in the graph. In this approach,

the robot drops a different number of markers at each vertex as it explores, marking each visited

vertex uniquely. Every visited vertex has a unique signature [degree, V#, A] in which ‘#’ is a
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(a) vu is not marked (b) Non-loop augmenta-
tion by e and vu

(c) vu is marked (d) Loop augmentation
of S by e/e′

Figure 6.6: Mapping with
∑n

k=1 k undirected V-markers. (c) identify the explored edges at vk′ ,
generating a set s = {1, 2} representing other explored edges. Traverse each (other) edges at vk′ .
(d) stop when sensing either one or two markers at the other end vertex.

unique number. The unique signature at each visited vertex not only answers ‘have this vertex

been visited before?’ but also answers ‘exactly which vertex the currently visited vertex is?’. Thus

explicit place information is provided in each marked vertex. When exploring to an unmarked

vertex vu via e, both vu and e are added to S (non-loop augmentation) immediately. The unique

number of markers contained in vu is also recorded. When exploring to a marked vertex vu,

based on the unique signature of the vertex, the robot knows immediately which vertex in S

it is visiting (call it vk′). However, explicit back-link information may not exist and thus the

robot may need to perform ‘back-link validation’ (see Figure 6.6(c) for an example). The key

observation here is that if vk′ has been visited before then it must have at least one explored

edge in S, whose other end is also known. Thus the back-link validation problem can be solved

by determining the relative edge ordering between the entry edge and one of the explored edges

at vk′ . Given that no degenerate edges exist in the world, the problem can be reduced to looking

for a known neighbor of vk′ . The algorithm retrieves from S all the explored edges at vk′ , and

generates a set s of other end vertices of the explored edges, represented by the unique number
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of markers they contain. Then the robot traverses each (other) incident edge at vk′ to the other

end vertex, until it has sensed c markers where c ∈ s.

There are m − (n − 1) iterations during which the robot explores to a marked vertex and

needs to conduct back-link validation. In the worst case scenario extra traversals are required in

each of the iterations, and all other incident edges at the vertex need to be traversed. Thus the

cost of the algorithm is bounded by O(mdmax) where dmax is the maximum vertex degree in the

graph. The algorithm marks each of the n vertices uniquely, so a total of
∑n

k=1 k V-markers are

used. This algorithm can be modified so that it works under the original assumption that the

robot is assured
∑n−1

k=1 k markers. With
∑n−1

k=1 k markers the robot can mark n− 1 vertices. So

if the robot enters an unmarked place but for the first time it does not have sufficient markers

to mark the place uniquely then this vertex must be the last vertex that has not been visited

and the robot can leave the vertex blank. From then on whenever the robot enters an unmarked

vertex, the vertex is identified as the spacial known vertex based on its unique blank label. This

version of the algorithm is sketched in Algorithm 6.2.

Case 3b: Mapping with
∑n−1

k=1 k markers (E-marker algorithm) With
∑n−1

k=1 k markers

that are dropped at vertices, the robot can map the world with O(mdmax) cost bound. Here

we present another algorithm, which uses the same number of markers but achieves O(m) cost

bound. This is an E-marker algorithm, in which the robot drops different number of markers at

edges that lead it to unvisited places, thus labelling each non-loop edge uniquely. Loop edges and

vertices are not marked. Given that no degenerate edges exist, the key observation is that by

marking each non-loop edge uniquely as the robot explores, the robot uniquely labels each visited
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Algorithm 6.2: Mapping with
∑n−1

k=1 k undirected markers (Case 3a, V-marker algorithm)

i← 1; // number of markers to drop next;1

the robot drops i marker at v0;2

S ← v0; U ← edges in v0;3

visitedAllVertices = False; // whether all the vertices have been explored;4

while U is not empty do5

remove an unexplored edge e = (vk, vu) from U ;6

the robot traverses S to vk and follows e to vu;7

if vu does not contain marker(s) AND not visitedAllVertices then8

// vu is a new place;
if the robot has enough markers to mark vu then9

i← i+ 1 ;10

the robot drops i markers at vu;11

do ‘non-loop augmentation’ on S by e and vu (as a i-marked vertex);12

else // does not have enough markers. Leave it blank.13

do ‘non-loop augmentation’ on S by e and vu (as an unmarked vertex);14

visitedAllVertices = True;15

else // vu contains markers OR (no marker but) vistedAllVertices==true16

identify vu from S based on the unique number of markers at vu, say, vk′ ;17

identify from S all explored edges at vk′ , generating a set s of other end vertices,18

represented by the unique number of markers at each end vertex;
for each other edge incident in vk′ do19

the robot traverses to the other end, sensing the markers there;20

if c ≥ 1 markers are sensed OR (no marker is sensed AND21

vistedAllVertices==true) then
if c ∈ s then22

// traversed an explored edge;
identify the edge from S based on c, say, e′′;23

based on the relative ordering to e′′, identify entry edge e′;24

do loop augmentation on S with edge e/e′ = (vk, vk′);25

remove e′ from U ;26

exit for loop;27

else // c /∈ s. not an explored edge.28

return to vk′ ;29

else // no marker is sensed AND visitedAllvertices==false.30

return to vk′ ; // not an explored edge.31

return S;32
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(a) vu has no marked
edges

(b) Non-loop augmen-
tation

(c) vu has marked
edges

(d) Loop augmentation
of S by e/e′

Figure 6.7: Mapping with
∑n−1

k=1 k undirected E-markers (case 3b). In (c) vk′ is uniquely identi-
fied.

place and edges. Specifically, it is maintained true that (1) a vertex has marked edge(s) if and

only if it has been explored before. (2) if vu has marked edge(s), then both vu and its incident

edges can be uniquely identified. That is, both explicit place and back-link information exist in

vu. We first present an algorithm based on this observation, and then justify the observation.

Upon entering an unknown vertex vu, the robot senses the marker(s) on the incident edges of

vu. If none of the edges at vu are marked then according to (1), the algorithm conducts non-loop

augmentation on S with e and vu immediately. Edge e is a non-loop edge. In order to maintain

that each non-loop edge is marked, the robot goes back to (non-loop) edge e, dropping a unique

number of markers on e. If, alternatively, one or more edges of vu are marked, then according

to (2) we can then infer the entry edge e′ by enumerating the edges and identifying the marked

ones. Physical motion for both place and back-link validations is avoided. Thus the approach

behaves similar to search algorithms such as Depth-first search (DFS), which has O(m) cost.

The algorithm is illustrated in Figure 6.7. The robot drops markers on non-loop edges, but not

on loop edges. There are n− 1 iterations of non-loop exploration. The total number of markers

required thus is
∑n−1

k=1 k.
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Here we justify the key observation based on which the algorithm is developed. In the

algorithm the robot drops markers on each non-loop edge. This creates a marked spanning tree

on S. So if vu has been visited before then it must contain at least one marked edge. Moreover,

the robot only drops markers on traversed edges, so an unvisited vertex must not have marked

edges. Thus if vu has marked edge(s) then it must have been visited before, otherwise it must be

a new vertex. This justifies observation (1). Supposing vu contains marked edge(s), we further

justify observation (2) that its E-markers uniquely identify the vertex as well as its incident

edges. Suppose vu corresponds to a known vertex vk′ . We show that there exist no vertices in

S that are potentially confusing to vk′ . Given that each of the vertices in S has at least one

uniquely marked edges, it is trivially true that vertices in S that are not known neighbors of

vk′ are not potentially confusing with vk′ , as each of such vertices has its unique edge(s) that is

distinct from the marked edge(s) of vk′ . A known neighbor of vk′ connects with vk′ either via an

unmarked edge or a marked edge. A neighbor that connects vk′ via an unmarked edge is also

trivially distinguishable from vk′ as it must have at least one marked edge that is distinct from

the marked edges of vk′ . Now consider a neighbor vertex vn that connects vk′ by a marked edge.

The key observation here is that now either vn or vk′ or both must have other uniquely marked

edge(s), so that they are distinguishable to each other, as shown in Figure 6.8(a) and (b). The

situation that both vk′ and vn have only one marked edge, which is the edge connecting them,

as shown in Figure 6.8(c), can not happen by construction. The markers on the (non-loop) edge

connecting vk′ and its neighbor vn indicate that the two vertices have a ‘parent-child’ relation

in the marked spanning tree. Consider two possibilities. If the parent node is not the root node
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(a) vk′ has 2 marked
edges.

(b) vk′ has 1 marked
edge, neighbor has 2.

(c) vk′ and neighbor
has 1 marked edge.

Figure 6.8: Mapping with
∑n−1

k=1 k undirected E-markers. Explore to a visited place vk′ . vk′ can
be uniquely identified in (a) and (b). In (a) vk′ has unique signature [4,A,E3-1,E4-2]. In (b)
vk′ has unique signature [4,A,E4-2]. In (c) entering vk′ and its neighbor vn generate the same
signature [4,A,E4-2], but this situation can not happen in the algorithm.

of the spanning tree, then clearly the parent node must have a non-loop edge connecting to its

parent node. Alternatively if the parent node is the root node, then the fact that a loop is formed

at vk′ requires that either the parent (root) node has at least one more child node, or the child

node has at least one child node of its own. In both cases, at least one of vu or vn should have at

least one more marked edge. This justifies observation (2), which implies that vu can be uniquely

identified by its marked edge(s). Once vu is identified, the entry edge e′ can be identified based

on the relative ordering between e′ and one of the marked edges, whose index is known in S.

Case 4: Mapping with m−
⌊
n
2

⌋
and m markers – extensions to the two O(mn) E-marker

algorithms

We presented above three search-based algorithms which are based on the footprints model

algorithm given in [18] and map the world with O(mn) cost bound. Two of them use m markers

(Case 1a which is an E-marker algorithm and Case 1b which is a V-E marker algorithm). The

other algorithm (Case 2) uses m+ n markers, which is an E-marker algorithm. Here we present
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extensions to the two E-marker algorithms. The extensions have the same O(mn) cost bound

but reduce the number of markers used from m to no more than m −
⌊
n
2

⌋
markers, and from

m+ n to no more than m markers.

The extensions strive to save some markers used in the previous algorithms, while maintaining

true the property that a vertex has marked edge(s) if and only if it has been visited. The idea

is to drop markers on all loop edges (as in the algorithms) but drop markers only on some of

the non-loop edges. The fact that not all the non-loop edges are marked reduces the number of

marker required, but also necessitates extra efforts in order to maintain that each visited vertex

has marked edge(s). In particular, the robot needs to explore in some pattern and here we show

one of the possible patterns. We enforce that the robot selects from U the edge e whose known

end vk is the closest vertex to the current vertex – rather than an arbitrary edge in U . First

consider extending the m marker algorithm described in Case 1a where one marker is dropped at

each explored edges. In this extension, the robot follows the following rules during exploration:

(1) chooses edge e = (vk, vu) where vk is the closest known place to the current place of robot

(measured in terms of the number of edge traversals required).

(2) if e is a loop edge (i.e., vu has been visited before), then a marker is (always) dropped on e

– this marker is needed to do place and back-link validations as in the original algorithm.

(3) if e is a non-loop edge (i.e., vu is a new vertex), then a marker is dropped on e only if vk has

no marked edge yet – so vk has a marked edge now.

Following these rules ensures that when the robot enters a vertex vu that has been visited before,
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(a) vk has no marked
edges. e is non-loop
edge

(b) vk has no
marked edges. e is
loop edge

(c) vk has marked
edges. e is non-loop
edge

(d) vk has marked
edges. e is loop edge

Figure 6.9: Extension to m E-marker algorithm shown in Case 1a. Numbers in vertices show the
order the vertices are explored. If vk has no marked edges, e is marked, as in (a)(b). If vk has
marked edges, e is marked only if it is a loop edge, as in (d). e is not marked in (c).

the vertex must have at least one marked edge. Consider the known end vk of a newly explored

edge e = (vk, vu). Case 1: vk has no marked edge yet at the begining of the current exploration

iteration (e.g., the very first iteration in which v0 is vk). After the current exploration, e = (vk, vu)

is either a loop edge or a non-loop edge but e is marked in either case (according to rules (2) and

(3)), as shown in Figure 6.9(a)-(b). Now vk has a marked edge now. The other end vu, which is

a visited vertex now, also has at least one marked edge. Case 2: vk has marked edge(s) at the

beginning of the current iteration (e.g., the iteration that follows case 1, with vu in case 1 being

vk now). If e turns out to be a loop edge, then e is marked according to rule (2), resulting in vk

and vu having one (more) marked edge. If, alternatively, e is an non-loop edge, then according to

rule (3) no marker is dropped at e. This results in vu, which is a visited vertex now, still having

no marked edges. Now if the robot continues the next iteration of exploration from an arbitrary

unexpored edge in U then the robot might enter vu again (in the next or later iterations), where

it might not see any markers, although vu is an explored vertex. In order to avoid this problem,

rule (1) enforces that the robot selects the closest edge to explore in the next iteration. Since the
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robot is at vu at the end of current iteration, this ensures that the robot selects one unexplored

edge at vu to explore next (i.e., the robot explores ‘depth-first’). This edge will be marked in the

next iteration – regardless of whether the edge turns out to be a loop edge or an non-loop edge

(according to rule (2) and (3)). Note that other exploration patterns that avoid this problem can

also be applied. The robot only drops markers on traversed edges thus an unvisited vertex has

no marked edge. Thus it is maintained true that a vertex contains marked edges only if it has

been visited before. The algorithm is sketched in Algorithm 6.3.

The algorithm drops a marker at each of the m − (n − 1) loop edges, and drops a marker

at a non-loop edge e = (vk, vu) only if vk has no marked edge. Maximumly, half (
⌈
n−1

2

⌉
) of the

non-loop edges are marked (consider a world of a chain or a cycle, where every other non-loop

edge is marked). Totally m−
⌊
n
2

⌋
markers are sufficient. So by enforcing an exploration pattern,

this extension reduces the number of markers used in the original algorithm from m to m−
⌊
n
2

⌋
.

We can apply the same technique to extend the m+ n E-marker algorithm, which drops two

markers at each non-loop edge and one marker at each loop edge. With the same technique, the

robot explores in a closest-first manner, and drops (two) markers on non-loop edges e = (vk, vu)

only if the known end vk contains no marked edges yet. In this extension, the robot drops

m − n + 1 markers on loop edges as before, and drops a maximum of n − 1 markers on half

of the non-loop edges. So m markers are sufficient. So this extension reduces the number of

markers used in the original algorithm from m+ n to m. This extension is another way of using

m markers, and is expected to provide reduced cost than the other two m marker algorithms,

since this extension uses both c1 and c2 in selecting potentially confusing vertices to visit.
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Algorithm 6.3: Mapping with m−
⌊
n
2

⌋
undirected E-markers (Case 4 an extension)

S ← v0; U ← incident edges in v0;1

while U is not empty do2

remove an unexplored edge e = (vk, vu) from U where vk is the closest vertex;3

the robot traverses S to vk and then follows e to vu;4

if vk has no marked edge(s) then5

the robot drops a marker at e during transit on e;6

// if vk has marked edges, leave e blank;

the robot senses marked edges at vu (excluding entry edge e);7

if vu has no other marked edge then8

// vu has not been visited. do non-loop augmentation;
if a marker was just dropped on e then9

add e to S as a marked edge;10

else11

add e to S as an unmarked edge;12

add vu to S; add other edges in vu to U ;13

else // vu contains, say, c marked edge(s) excluding entry edge;14

the robot returns to vk via e;15

if no marker has been dropped at e then16

the robot drops a marker at e during transit on e; // loop-edge marked;17

for each vertex in S that has: 1) unexplored edge(s) 2) same degree as vu 3) c18

marked edges do
robot goes there, sensing the marked edges there;19

if a vertex called vk′ has c+ 1 marked edges then20

identify the unexpectedly marked edge e′ of vk′ , based on relative ordering21

to the known entry edge;
add e/e′ = (vk, vk′) to S as a marked edge; // loop-augmentation;22

remove e′ from U ;23

exit for loop;24

return S;25
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(a) vk′ and neighbor share
one marked edge.

(b) vk′ and neighbor can
be confused.

Figure 6.10: Trying to reduce markers in
∑n−1

k=1 k E-markers algorithm. In (b) entering vk′ (node
2) and its neighbor (node 1) might generate the same signature [3,A,E1-1].

Can we apply the same idea to the
∑n−1

k=1 k algorithms presented earlier? Consider the
∑n−1

k=1 k

E-marker algorithm described in Case 3b. This algorithm drops markers on all non-loop edges

(only). These uniquely marked non-loop edges at a visited place identify the place and the

incident edges so O(m) cost is maintained. Can we save markers by dropping markers on a

non-loop edge e = (vk, vu) only if vk has no marked edge yet? Unfortunately, these marked edges

may not always identify a visited vertex and its incident edges. That is, the situation shown in

Figure 6.8(c) and repeated here in Figure 6.10(a), which is impossible in the original algorithm,

can now happen. In this case, vk′ and neighbor vn may not always be distinguishable. A scenario

is shown in Figure 6.10(b). We revisit this topic when we investigate multiple directional markers.

Case 5: Mapping with arbitrary k > 3 undirected markers

Above we considered several cases where the robot has prior knowledge about the relative number

of markers it possesses. Now consider the more general (and more challenging) problem where

the robot does not know a priori the relative number of markers. The robot either does not know
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the graph size, or knows the graph size but does not have enough markers to apply the above

approaches. As discussed earlier, probably the simplest approach is to establish a directional

lighthouse using two or three markers, which are dropped at the initial location and one of

its edges or neighbors, and then run the single directional marker algorithm with O(m2n) cost

bound. But when we have more than three markers, can we do the exploration more efficiently?

Possible approaches must consider both the case where the robot has sufficient markers and

also the case where the robot runs out of markers during exploration. The robot must be able to

conduct validations in both cases. So the possible approaches proceed in two phases. In phase-I

the robot uses markers to do validations, and in phase-II the robot conducts exploration using

the markers placed in phase-I. We have developed above several algorithms in which the robot

uses markers to do validations. These algorithms can potentially be used in phase-I. When the

robot runs out of its markers, we apply the hypothesis-based traversal strategy developed for the

single immovable marker algorithm. In order to do this, in phase-II the robot must be able to

select from S a directional lighthouse vertex. So the search-based algorithms described in Case 1

and Case 2, which may maintain a ‘homogeneously marked’ S, can not be used directly in phase-I

of exploration. We can either slightly modify these algorithms so that at least one known vertex

or edge in S is marked uniquely and also provides back-link information, which can be used as

the directional lighthouse in phase-II, or apply one of the two
∑n−1

k=1 k algorithms (Case 3) where

vertices or edges in S are marked uniquely. We present here both the approaches.

Version-1 The first approach is a V-marker algorithm that combines the techniques used in

the
∑n−1

k=1 k V-marker algorithm (Case 3a, O(mdmax) cost bound) and the single directional
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V-marker algorithm (Algorithm 3.1). A similar E-marker algorithm can be developed using

the technique in the
∑n−1

k=1 k E-marker algorithm (Case 3b) and the single directional E-marker

algorithm. In phase-I, the robot marks each newly visited vertex vu by dropping a different

number of V-markers. As in the
∑n−1

k=1 k V-marker algorithm, an unmarked place is a new place.

When entering a marked place vu, the unique marker count identifies vu but the robot may need

to conduct back-link validation by traversing each other incident edges until a known neighbor

is visited. When the robot comes to an unmarked vertex but does not have sufficient markers to

uniquely mark the vertex, phase-I ends and the algorithm enters phase-II.

A different validation strategy is used in pahse-II. S may contain both marked and unmarked

vertices. Upon entering a marked vertex vu, the robot conducts back-link validation as in phase-I.

If vu is unmarked, then it could be a new place but could also be a known place explored in

phase-II. The robot conducts a hypothesis-based traversal similar to that in the single directional

V-marker algorithm (Algorithm 3.1). Specifically, each unexplored edge e′ = (vk′ , vu′) and its

known end vk′ is a possible loop closing hypothesis h′ if its known end vk′ has the same signature

as vu, i.e., vk′ is unmarked and has the same degree as vu. To validate the hypothesis, a marked

(known) place vl is chosen as the lighthouse vertex for validating the hypothesis. Unlike in the

single directional marker algorithm where only v0 can be used a lighthouse, here any of the

marked places can be used as a lighthouse. To reduce exploration cost, we choose the marked

vertex that is closest to vk′ (in terms of edge traversals) as the lighthouse. The back-link at vl is

determined based on the edge connecting to one of the marked neighbors (there must be at least

one such neighbor). Spacifically, a simple motion sequenceMh′ , which drives the robot from vk′
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to vl and then to a known neighbor vn without repeated vertices, is computed. The expected

perception PE
h′ is also computed, which includes (at the end) the signatures of vl and vn. Mh′

along with PE
h′ defines an embedded path vl, ..., vk′ , vu′ on S, which uniquely identifies h′.

The algorithm is outlined in Algorithm 6.4. The algorithm has the same O(m2n) cost bound,

while in practice it is expected to produce reduced cost over the single undirected marker al-

gorithm due to the reduced need to conduct hypothesis validation (only in phase-II), reduced

number of potential hypothesis (only edges incident on unmarked known end), and the reduced

number of edge traversals in path executions (lighthouse is the closest vertex). Note that when

the robot has sufficient markers to mark each visited vertex, the algorithm behaves as the
∑n−1

k=1 k

V-marker algorithm which has O(mdmax) cost bound.

Version-2 This alternative approach applies a modified search-based algorithms in phase-I. In

the following we demonstrate applying the approach in the m V-E-marker algorithm in phase-I.

A similar approach is possible by applying the m E-marker algorithm or the m + n E-marker

algorithm and the extensions of them. The m V-E-marker algorithm cannot be applied in

phase-I directly as it maintains homogeneously marked vertices in S but in phase-II the robot

needs at least one unique place as the directional lighthouse place. In order to create a directional

lighthouse for exploration in phase-II, we modify the m V-E-marker algorithm as follows. Initially

the robot drops two markers at its initially location v0, and then drops two markers at one of the

incident edges of v0. Then the subsequent steps are very similar to the original m V-E-marker

algorithm. Specifically, during exploration the robot drops a marker at each visited place if it is

unmarked. Thus each known vertex in S contains either two or one markers. When the robot
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Algorithm 6.4: Mapping with k > 3 undirected markers. Version-1 (V-marker algorithm)

the robot drops a marker at v0;1

S ← v0; U ← edges in v0;2

i← 1;3

while U is not empty do4

remove an unexplored edge e = (vk, vu) from U ;5

the robot traverses S to vk and follows e to vu;6

if vu contains marker(s) then7

the robot does ‘back-link validation’ by traversing other incident edges at vu until8

an explored edge has been traversed – see Algorithm 6.2;
do ‘loop augmentation’ on S; remove entry edge e′ from U ;9

else // vu is unmarked10

if the robot has at least i markers then11

the robot drops i markers at vu;12

do ‘non-loop augmentation’ on S with e and vu (as an i-marked vertex);13

i← i+ 1;14

else // not sufficient markers to mark vu, phase II15

H ← set of edges in U and known ends whose known ends have same signature16

as vu, i.e., the known ends are unmarked and have the same degree as vu;
while H is not empty do17

h′ = (e′, vk′)← a hypothesis removed from H;18

choose as lighthouse vertex a marked vertex vl that is closest to vk′ ;19

choose a marked neighbor of vl, call it vn;20

compute a simple motion sequence Mh′ which drives the robot from vk′ to21

vl then to vn, and the expected perception PE
h′ ;

the robot attempts to execute Mh′ ;22

based on the perception info Ph′ obtained in executing Mh′ do23

case Ph′ and PE
h′ do not match throughout24

reject the hypothesis, back to vu25

case Ph′ and PE
h′ match throughout26

confirm hypothesis, exit inner while loop;27

if a hypothesis e′ = (vk′ , vu′) is confirmed then28

do ‘loop augmentation’ on S with e/e′ = (vk, vk′);29

remove e′ from U ;30

else // all hypotheses are rejected31

do ‘non-loop augmentation’ on S with e and vu (as an unmarked vertex);32

return S;33
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comes to marked vertex vu, if vu contains one marker, then as in the original algorithm the robot

drops a marker on e and then searches S for the vertex which now has an ‘unexpectedly marked

edge’. In phase-II, each visited vertex in S contains either two, one or zero markers. If vu contains

no marker, then it could be a new vertex or could be a known vertex explored in phase-II. If

vu contains one marker, then it is a known vertex explored in phase-I. In both cases we use the

hypothesis-based approach to do place and back-link validation. Except when exploring to v0

where two markers are sensed, at each unknown place vu (which contains zero or one marker),

the robot uses v0 as the directional lighthouse vertex to do hypothesis-based validation, where

the entry edge can be examined by the robot traversing edges in v0 looking for the edge with

two markers. One version of the approach is shown in Algorithm 6.5. Note that when the

robot has sufficient markers to mark each vertex and loop edge, this algorithm behaves like the

m V-E-marker algorithm which has O(mn) cost bound.

Empirical evaluations of exploring with multiple undirected markers

The performance of mapping with various classes of multiple undirected immovable markers

discussed above are evaluated empirically. We first examine mapping with different known classes

of multiple immovable markers. These classes include the m E-marker algorithm, m-V-E marker

algorithm and m + n E-marker algorithm, which both have O(mn) cost bound. These also

include the
∑n−1

k=1 k V-marker algorithm which has O(mdmax) cost bound and the
∑n−1

k=1 k E-

marker algorithm which has optimal O(m) cost bound. We also examine the two extensions

to the two O(mn) E-marker algorithms. Based on the nature of the algorithms and their cost
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Algorithm 6.5: Mapping with k undirected markers. Version-2 (V-E-markers algorithm)

the robot drops two markers at v0, and two markers at one of the incident edges at v0;1

S ← v0; U ← edges in v0;2

while U is not empty do3

remove e = (vk, vu) from U ; the robot traverses S to vk and follows e to vu;4

if vu contains two markers then5

validate back-link by identifying the edge containing two markers;6

do ‘loop augmentation’ on S;7

else if vu contains one marker then8

if the robot has one or more markers then9

does ‘back-link validation’ by sensing number of marked edges, say c, and back10

to vk via e, dropping a marker at e, and then searching S for the vertex that
has c+ 1 marked edges. See algorithms in Case 1;
do ‘loop augmentation’ on S; remove entry edge e′ from U ;11

else // run out of markers. Phase-II12

H ← set of edges in U and their known ends where each known end contains13

one marker and has the same degree as vu;
while H is not empty do14

h′ = (e′, vk′)← a hypothesis removed from H;15

the robot attempts to execute a computed simple motion sequence Mh′ ;16

based on the perceptions Ph′ obtained in executing Mh′ do17

case Ph′ and PE
h′ do not match throughout18

reject the hypothesis, continue;19

case Ph′ and PE
h′ do not match throughout20

confirm hypothesis, exit for loop;21

if a hypothesis e′ is confirmed then22

do ‘loop augmentation’ on S; remove e′ from U ;23

else // no hypothesis exists, or all hypotheses are rejected24

do ‘non-loop augmentation’ on S and U ;25

else26

// vu contains no marker;
if the robot has one or more markers then27

the robot drops a marker at vu;28

do ‘non-loop augmentation’ on S with vu as a marked vertex;29

else // run out of markers. Phase-II30

H ← set of edges in U and known ends where each known end contains no31

marker and has the same degree as vu;
conduct hypothesis-based validation as above (step 14 – 26)32

return S;33
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bounds, exploring with m E-markers and m V-markers are expected to have similar costs, and

exploring with m + n E-markers, which have the same O(mn) cost bound, is expected to have

lower cost. Exploring with
∑n−1

k=1 k E-markers which has O(m) cost bound, should have the lowest

cost. It is interesting to examine the relative performance of the
∑n−1

k=1 k V-marker algorithm

which has O(mdmax) cost bound. It is also interesting to examine the two extension algorithms,

both their exploration costs and their marker consumptions.

The different algorithms are tested on a similar set of graphs as used before – both lattice-like

graphs and densely connected graphs with randomly deleted edges. Results are shown in Figure

6.11. For comparison purposes, the theoretical lower cost m is also plotted. Among the several

algorithms that have O(mn) cost bounds, as expected, the m E-marker algorithm and the m V-

E-marker algorithm have slightly different but very similar costs. The m+n E-marker algorithm,

in which extra markers are used to distinguish loop and non-loop edges, provides lower cost. The∑n−1
k=1 k E-marker algorithm, which has O(m) cost bound, provides the lowest cost, which is very

close to the optimal cost m. The
∑n−1

k=1 k V-marker algorithm which has O(mdmax) cost bound

has different relative performance in the two types of environments. In lattice graphs where dmax

is a small number (≤ 4), the cost of the algorithm lies between the costs of O(mn) algorithms

and the O(m) algorithm. In densely-connect graphs where dmax is of order of n, the cost of this

algorithm is higher than all the O(mn) algorithms (although more markers are used than the

O(mn) algorithms).

Also examined is the performance of the algorithm that extends the m E-marker algorithm,

which requires no more than m − bn2 c markers. In this extension, the sensed c at an explored
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vertex no longer represents the exact number of explored edges at the vertex (but a subset of

the explored edges). This information loss may potentially generate more potentially confusing

verteces of the explored vertex. Results show that in some environments this generates a slightly

increase in the cost, but the increase is minor (no more than 10%). Similar results are observed

for the algorithm extending the m + n E-marker algorithm, which requires no more than m

markers. We also examined the marker consumptions of the two extensions. Actual number

of markers used by the two extensions on lattice graphs is shown in Figure 6.12(a) and Figure

6.12(b) respectively. The maximum marker requirements of the two extensions (m − bn2 c and

m respectively), and the amount of markers used in the corresponding original algorithms (m

and m + n respectively) are also plotted. The actual amount of marker used is lower than

the maximum number of markers required in the extensions. Compared against the original

algorithms, substantial reduction on marker usage is observed and the reduction increases as

the graph sizes increases. In the experiment, more than 50% reductions on marker usage is

generated (but the cost is similar to the original algorithms.) Similar results are observed in

densely connected graphs.

The performance of k > 3 (arbitrary) undirected markers algorithms are also examined empir-

ically on the same set of graphs used above. We first run the version-1 approach (Algorithm 6.4)

with different fractions of uniquely marked vertices. Results on the two types of environments

are shown in Figure 6.13. Costs for the single directional V-marker algorithm and the
∑n−1

k=1 k V-

marker algorithm (100% vertices are uniquely marked), which are considered the upper and lower

performance bound of the version-1 marker algorithm, are also present. When few vertices are
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(a) Lattices with 10% edges removed

(b) Densely connected graphs with 10% edges removed

Figure 6.11: Performance of mapping with different class of multiple undirected marker aids (log
scale). All results are averaged over 30 graphs. Each graph has randomly removed edges. Error
bars show standard deviations.
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(a) m − bn
2
c E-marker algorithm. Extension to m

E-marker algorithm.
(b) m E-marker algorithm. Extension to m + n E-
marker algorithm.

Figure 6.12: Marker consumptions in the extension algorithms on lattice with 10% edges removed
graphs of varying sizes. The upper bound of marker requirement in the extension algorithm and
the number of markers used in their original algorithms are also plotted. Results are averaged
over 30 graphs for each case. Error bars show standard deviations.

(a) Lattices with 10% edges removed (b) Densely connected graphs with 10% edges re-
moved

Figure 6.13: Performance of the version-1 k undirected marker algorithm (log scale). Mapping
with different fractions of uniquely marked vertices. Results are averaged over 30 graphs. Each
graph has randomly deleted edges. Error bars show standard deviations.

185



Marker classes (undirected immovable) Upper bounds
Number Drop Place Constraints (edge traversals)

1 – – N/A

2 vertex + edge (V-E-marker) none O(m2n)

3 vertex, edge, or vertex+edge none O(m2n)

unknown k > 3 vertex, edge, or vertex+edge none O(m2n)

m−
⌊
n
2

⌋
edge (E-marker) closest-first O(mn)

m
edge (E-marker) closest-first O(mn)
edge (E-marker) none O(mn)

vertex + edge (V-E-marker) none O(mn)

m+ n edge (E-marker) none O(mn)

∑n−1
k=1 k

vertex (V-marker) none O(mdmax)
edge (E-marker) none O(m)

Table 6.1: Solvability and known cost bounds of topological mapping with different undirected
markers. The lower bound for the topological mapping problem is Ω(m) where m = |E|.

uniquely marked, the algorithm performance is close to the single directional marker algorithm.

As the number of uniquely marked vertices increases, the exploration cost decreases. When most

of the vertices are marked, the algorithm performance is close to the
∑n−1

k=1 k V-marker algorithm.

Similar results were observed when we run version-2 (Algorithm 6.5) with different fractions of

(homogeneously) marked vertices. In that case, the costs of the single directional marker and

the m V-E-marker algorithm can be considered the upper and lower performance bounds.

6.2.2 Mapping with multiple directional immovable markers

The previous section investigated the relative powers of different classes of multiple undirected

immovable markers. The performances of these algorithms are summarized in Table 6.1. This

section considers different classes of directional markers. If the homogeneous markers are direc-
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tional, then the above multiple marker algorithms can be enhanced so their algorithmic costs are

reduced, or the number of markers required are reduced.

Enhancements to the O(mn) undirected marker algorithms

Above we have presented several algorithms that conduct search-based validation, and thus have

O(mn) cost bounds. These include two algorithms that use m undirected markers, and the

extension algorithm of the E-marker algorithm which requires a maximum of m− bn2 c markers.

These also include the m+n E-marker algorithm and the extension algorithm of it which requires

a maximum of m markers. These algorithms can be improved with directional markers so cost

is reduced, although the cost bound remains unchanged. Assume that when the robot drops a

V-marker at a vertex, it drops the marker in such a way that the marker head points toward one

of the exits (edges), and that when it drops an E-marker on an edge, it drops the marker in such

a way that the marker head points toward one of the end vertices, as shown in Figure 6.14. Given

this, as an example, the m undirected V-E-maker algorithm (Case 1b), which drops markers at

all vertices and on all loop edges, can be improved as follows. Upon entering unknown end vu

via an edge e, if vu and it edges contain markers, then in addition to the number of marked

edges c which is used in the original algorithms, the robot extracts additional information that

can be exploited. For example, based on the direction of the V-marker at vk′ , the robot can

generate an ordered tuple edgeINFO that represents the presence (P ) or absence (A) of E-

markers on the incident edges at the vertex, enumerated starting from the edge pointed to by the

directional V-marker. In the example in Figure 6.14(b), based on the direction of the V-marker,
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(a) vn is potentially con-
fusing to vk′ .

(b) edgeINFO (P,A, P,A)
vs. (A,P,A, P ).

(c) edgeINFO (PH , A, PT , A)
vs. (PH , A, PH , A).

Figure 6.14: Mapping withm directional V-E-markers. In (a) vk′ and vn are potentially confusing.
In (b) the perception (signature) at vk′ would be [4,V-1,E-1-H, E-3-T], generating two different
edgeINFO. vn is not potentially confusing. In (c) vn is not potentially confusing.

the edgeINFO at vk′ is (P,A, P,A). Based on the edgeINFO and other signature information, a

known vertex in S is potentially confusing with vk′ only if it satisfies two more conditions than

that in the undirected version of algorithm: 1) the 1st edge on the right of the edge pointed by

the V-marker, which which corresponds to the entry edge, must be an unexplored edge, 2) it has

edgeINFO (P,A, P,A). Any vertex that does not satisfy all of these conditions (e.g., a vertex

having edgeINFO (A,P,A, P )) is not potentially confusing and thus does not need to be visited.

We can further improve the algorithms by considering the direction of the E-markers on the

edges, i.e., incoming (PH) or outgoing (PT ). Then more vertices in S might be disambiguated

against vk′ . In the example, the edgeINFO would be enriched to (PT , A, PH , A), and vertices

having different edgeINFO such as (PH , A, PT , A) are further disambiguated (Figure 6.14(c)).

The other O(mn) algorithms can be improved in a similar manner.
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Enhancements to the O(mdmax) undirected marker algorithm

We have shown that with
∑n−1

k=1 k undirected V-markers that are dropped at vertices, O(mdmax)

cost bound can be achieved (Algorithm 6.2). This cost is very high in densely connected graphs

where dmax is large. If the V-markers are directional, then O(m) cost bound can be achieved.

Suppose that upon entering an unmarked vertex vu, the robot drops the markers in such a way

that the entry edge is indicated (all the markers dropped at vu have the same direction). Clearly

such an aid not only uniquely identify a visited vertex but it also defines an absolute ordering

on each visited vertex, providing both explicit place and back-link information. That is, each

visited vertex is a directional lighthouse.

We have also shown that with the same amount of undirected markers that are dropped at

all non-loop edges, O(m) cost bound can be achieved (Case 3b). With directional markers, while

the cost bound can not be further reduced as it is already optimal, we can potentially reduce the

number of markers that are used. In particular, we show below that the earlier idea of saving

some E-markers on non-loop edges, which does not work for the case of undirected markers, can

be applied to this algorithm in directional marker case. This is discussed next.

Enhancements to the O(m) undirected marker algorithm

The O(m) undirected marker algorithm (Case 3b) drops markers on all non-loop edges. Loop

edges are not marked. Now with diectional markers, the key observation is that, unlike in the

undirected E-marker case where we may need two marked edges to identify a vertex, here one

(directed) marked edge is sufficient to identify a vertex as well as its edges. Given this, we try
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to adopt the extension idea in Algorithm 6.3 that the robot only drops markers on some of the

non-loop edges. Specifically, the robot explores in a closest-first pattern, and drops a unique

number of markers on an edge e = (vk, vu) only if e is a non-loop edge and its known end vk has

no marked edge yet. The robot does not drop markers on non-loop edge e if vk has marked edge

already, nor does it drop markers on loop edges. This extension idea works correctly when no

loop is encountered: by enforcing a closest-first exploration and dropping markers on non-loop

edges when vk has no marked edge, each visited vertex is guaranteed to have at least one marked

edge. The simple extension also works correctly if a loop is encounted and vk has marked edge.

These two working situations are shown in Figure 6.15(a). Unfortunately, this extension idea

does not work when a loop edge e is explored (which is never marked) and vk has no marked edges

yet (Figure 6.15(b)). In this case, after exploring from vk to vk′ , vk still does not have marked

edge yet, but the closest-first exploration leads the robot to continue by exploring unexplored

edge at vk′ , leaving vk unmarked, as shown in Figure 6.15(c). We need to ensure that whenever

the robot explores to a visited place, the place has at least one marked edge. A simple approach

to fixing this problem is to mark this kind of loop edges as well. That is, a loop edge is also

marked if the known end vk has no marked edge. In this approach robot drops markers if vk

has no marked edge yet. In the worst case, half of the edges are marked, and all the loop edges

in the world are marked. So a maximum of
∑dm

2
e

k=1 k E-markers are required. Depending on m

and n in the environment, this extension may require fewer markers than the original algorithm

where
∑n−1

k=1 k markers are used. For example, sparsely connected environments where m and n

are close. Below we describe anther approach that guarantees the reduced use of markers.
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(a) Exploring non-loop
edges and loop edges where
vk has marked edge.

(b) Exploring an loop edge
where vk has no marked
edge.

(c) Loop augmentation.

Figure 6.15: Trying to extend
∑n−1

k=1 k E-marker algorithm by reducing markers on non-loop
edges. Works in (1). Does not work in (2). In (2) exploring a loop edge where vk has no marked
edge. In (3) Next round explores from vk′ , leaving vk unmarked.

In this alternative approach no extra markers are required. Intead of spending additional

markers on loop edges, we require that, after exploring a loop edge whose known end vk has

no marked edge, rather than continuing from vk′ , the robot comes back to vk and continue

exploration there, unless vk has no unexplored edges now. That is, if vk has unexplored edge(s),

the robot goes back to vk and continues exploring other unexplored edges in vk. If the unexplored

edge explored in the next round is also a loop edge, the robot comes back again and continues

from vk again. The process repeats until either a non-loop edge at vk is explored, or, vk has no

more unexplored edges. In the former case vk will get a marked edge, as shown in Figure 6.16.

In the later case the vk remains unmarked but it is fully explored and is not accessible any

more. In both the cases the robot resumes the normal closest-first exploration. With this further

modification, the algorithm maintains true that each (accessible) visited place has at least one

marked edge. Specifically, the following rules are enforced:

(1) select e = (vk, vu) from U where vk is the closest vertex to the current vertex.
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(a) vk is unmarked. e is a
loop edge.

(b) Loop augmentation. (c) Exploring an non-loop edge
at vk.

Figure 6.16: Mapping with
∑dn−1

2
e

k=1 k directional E-markers. After exploring e, vk still does not
have marked edges. Next round explores other edge at vk. In (c) an non-loop edge of vk is
explored and marked.

(2) if e is an non-loop edge, mark e only if vk has no marked edges.

(3) after exploring e, if e is a loop edge (so not marked) and vk had no marked edge, then the

robot return to vk – next round will chose another unexplored edge at vk.

The algorithm is given in Algorithm 6.6. The robot drops markers at non-loop edges only, and

never on loop edges. In the worst case half of the non-loop edges are marked. So the maximum

number of edges marked are dn−1
2 e. So with directional markers, the number of markers required

is reduced from
∑n−1

k=1 k in the undirected marker algorithm to a maximum of
∑dn−1

2
e

k=1 k.

Empirical evaluations of mapping with multiple directional immovable markers

Experiments were conducted to examine the directional marker version of the search-based al-

gorithms, in which edgeINFO can be derived and exploited. These directional marker version

of algorithms still have O(mn) cost bound but the real costs are expected to be reduced. Also

examined is the
∑n−1

k=1 k directional V-marker algorithm, which should have O(m) cost bound
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Algorithm 6.6: Mapping with
∑dn−1

2
e

k=1 k directional markers

S ← v0; U ← edges in v0;1

i← 1;2

while U is not empty do3

remove an unexplored edge e = (vk, vu) from U where vk is closest;4

the robot senses the marked edge(s) at vk;5

the robot traverses S to vk and follows e to vu;6

the robot senses the marked edge(s) at vu;7

if vu does not contain marked edge(s) then8

if vk has no marked edge(s) then9

the robot goes back on e, drops i markers on e and back;10

i← i+ 1;11

// if vk has marked edges, leave e blank;

do ‘non-loop augmentation’ on S with vu and e (with proper marker info on e);12

else // vu has marked edge(s)13

identify vu from S based on the unique markers at edge(s) vu, say, vk′ ;14

identify the label of e′ based on its relative ordering to the known edges;15

do ‘loop-augmentation’ on S with e/e′ (with proper marker info on e);16

remove e′ from U ;17

if vk has no marked edge(s) then18

the robot comes back to vk; // next round picks another edge in vk;19

return S;20

now (improving on the O(mdmax) cost bound of the undirected version of the algorithm). The

two extension algorithms to the
∑n−1

k=1 k undirected E-marker algorithm are also examined. With

a reduced number of markers, the two extensions should still work correctly and maintain O(m)

cost bound. The algorithms are run on the same sets of graphs used earlier, and results are shown

in Figure 6.17, where the costs of the corresponding undirected version algorithms and the op-

timal cost m are also plotted. The results confirm our analysis. The directional marker version

of the m E-marker algorithm has lower cost than the undirected version algorithm. Similar cost

reduction is observed for the directional marker version of the m+ n E-marker algorithm which
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(a) Lattices with 10% edges removed (b) Densely connected graphs with 10% edges re-
moved.

Figure 6.17: Performance of several directional multiple marker algorithms. Results are averaged
over 30 graphs. Each graph has randomly removed edges. Error bars show standard deviations.

has lower cost than the undirected version of m+n E-marker algorithm. The directed version of

the
∑n−1

k=1 k V-marker algorithm now has cost near the optimal m cost. This is a reduction from

the cost of the undirected version which has O(mdmax) cost bound. The reduction is substantial

in densely connected graphs where the undirected version algorithm has very high cost.

The two extension algorithms both work correctly and have costs that are very similar to

the undirected version. The number of markers used in the two extension algorithms are also

examined. Results for the extensions on the lattice graphs are shown in Figure 6.18(a), together

with the marker usage in the original undirected marker algorithm (
∑n−1

k=1 k), and the maxi-

mum number of marker requirements in the extensions (
∑dm

2
e

k=1 k for extension-1 and
∑dn−1

2
e

k=1 k

for extension-2). Results show that the actual marker used is consistently below the maximum

requirements. Extension-2 requires lower number of markers than extension-1. The usage of

markers on densely connected graphs is shown in Figure 6.18(b). It is interesting to observe that
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(a) Marker used on lattice graphs (b) Markers used on densely connected graph.

Figure 6.18: Markers used in the two extension algorithms. Each graph has randomly removed
edges. Error bars show standard deviations.

although the maximum requirement of extension-1 is very high for the densely graphs (much

higher than that the original algorithm), the actual marker usage is lower than the original algo-

rithm. Similar to the case of lattice graphs, extension-2 has lower marker usage than extension-1.

6.3 Thread-based markers

V-markers are point markers and E-markers are short line segment markers. As summarized in

Table 6.2, E-markers can be a more powerful marking aid, and so an interesting question becomes

what happens if even stronger markers are considered. Consider the case of threads. A thread

can be a potentially powerful marking aid in exploring topological worlds in that there are many

ways of manipulating it, resulting in aids of different powers. The following sections examine

different thread classes and for each identify their relative expressive power. Thread classes

investigated in this section include very short threads, long threads, infinitely long threads and

195



Marker classes Upper bounds
Number Drop Place Constraints undirected directional

1 vertex or edge none – O(m2n)

2
vertex or edge none – O(m2n)

vertex + edge (V-E-marker) none O(m2n) O(m2n)

3 vertex or edge or vertex+edge none O(m2n) O(m2n)

unknown k > 3 vertex or edge or vertex+edge none O(m2n) O(m2n)

m−
⌊
n
2

⌋
edge (E-marker) closest-first O(mn) O(mn)

m
edge (E-marker) closest-first O(mn) O(mn)
edge (E-marker) none O(mn) O(mn)

vertex + edge (V-E-marker) none O(mn) O(mn)∑dm
2
e

k=1 k edge (E-marker) closest-first O(mn)* O(m)

∑dn−1
2
e

k=1 k
closest-first +

edge (E-marker)
‘back to vk’

O(mn)* O(m)

m+ n edge (E-marker) none O(mn) O(mn)

∑n−1
k=1 k

vertex (V-marker) none O(mdmax) O(m)
edge (E-marker) none O(m) O(m)

Table 6.2: Solvability and known cost bounds of topological mapping with different type and
number of immovable markers. The trivial lower bound for the topological mapping problem is

Ω(m) where m = |E|. ∗ Note that
∑dm

2
e

k=1 k and
∑dn−1

2
e

k=1 k markers are used in directional marker
case. In the case of undirected markers, no particular algorithm can be used, so the markers are
used as in the the m marker case, which has O(mn) cost.

the like17. Some thread classes can be mapped onto the various marker classes discussed above.

Assume that the robot is equipped with a thread, and that the robot can manipulate the

thread in various ways. For example, it can ‘tie’ one end of the thread at a vertex and play that

thread out as it moves through the graph, and perceive the thread when encountering the thread

at a given vertex. The complete set of the robot’s potential thread operations and perception

are discussed below.

17The results have been published in [63]
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6.3.1 Mapping with a very short thread

First consider the simplest threads. We present two algorithms for mapping deterministically

a graph-like world with the shortest possible thread. In its simplest form the thread itself is

unmarked (i.e., the surface of the thread provides no specific information), and is only long

enough to be tied at a particular location (vertex) and then laid out in some direction. We call

such a short thread a l = ε thread where l denotes the length of the thread. Such a thread can

be considered as a generalization of a directional marker.

Mapping by fixing a l = ε thread (directional immovable marker)

Probably the simplest way to manipulate such a short thread is to tie it at the starting location,

and never pick it up again. Suppose that the robot ties one end of the thread at its starting

vertex v0 and lays the thread out in the direction of one of the exits (edges) at v0. This defines a

unique directional marker at v0. Assume the thread-related sensory information that the robot

acquires at a vertex includes whether the thread is present at the vertex and the direction of

the thread if the thread is present. Now the robot can apply the single directional immovable

marker algorithm presented in Algorithm 3.1 or any of the enhancements to the algorithm,

where the thread marked place is the lighthouse vertex v0, and the entry edge can be examined

by enumerating the exits (edges) and identifying the one that is pointed by the thread’s free end.
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Mapping by carrying a l = ε thread (directional movable marker)

The above approach has high exploration cost bound O(m2n), which can be reduced by increasing

the power of the thread being used. One example is that the robot is not limited to only tying

the thread once, but rather can also pick up and carry the thread, and tie the thread again at

different vertices as desired. Assume that the robot can perform these operations. Assume the

same thread-related perception as above.

The thread now can be used as a movable directional marker. A unique direction marker in

a vertex provides both explicit place and back-link information. As mentioned in [27], we can

run the single movable marker algorithm described in [26] but with reduced validation efforts.

At each new place vu via e, the robot ties the thread at vu and lays it out toward the entry edge.

The robot then searches S looking for the thread. If the thread is not found, then vu has not

been visited before. If the thread is found tied at some vertex vk′ in S then both the place and

back-link can be determined immediately due to the ‘directional’ thread in the vertex. The cost

of the movable l = ε thread algorithm is still O(mn) as the robot may have to visit each vertex

in S in order to validate an edge (and its unknown end).

6.3.2 Mapping with longer threads

Threads of longer lengths can be used as a l = ε thread as described above, incurring O(m2n) or

O(mn) cost, but are there efficiencies to be found in using longer threads? The power of threads

of various (known) lengths relative to the size of the world being explored is examined below.
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Mapping with a l = c(G) thread

First consider the case where the robot is assured that once the thread is tied, it can play the

thread out and traverse to any other vertex without running out of thread, provided that the

thread never forms a complete loop (cycle) during traversals. Model the problem as mapping

with a thread of l = c(G), where c(G) denotes the circumference18 of the graph-like world G.

Can the robot use such a thread to mark visited places so that exploration is more efficient

than that in the l = ε thread case? The robot ties one end of the thread at the initial vertex v0

and plays the thread out as it explores, marking each newly visited place (and up to two of its

incident edges) by the thread, as shown in Figure 6.19(a). We enforce that the robot conducts

the closest-first exploration, until it enters a marked place, or the current place become fully

explored (i.e., has no more unexplored edges). In these cases the robot retraces its steps along

the thread by picking up and rewinding the thread and tries to explore unexplored edges of other

visited vertices along the thread. By consequence, the closest-first exploration ensures that each

visited vertex that is not fully explored yet has been marked with the thread. Enforcing that

the robot rewinds the thread after it enters (and validates) a thread-marked vertex (i.e., after

exploring a loop edge) ensures that the robot never runs out of thread. The algorithm is outlined

in Algorithm 6.7. Each step involves laying the thread along an unexplored edge e. At other end

vu the robot leaves the thread (free end) there (Figure 6.19(a)–(b)). The algorithm distinguish

two possibilities at vu: 1) vu does not contain the thread and threaded edges before, 2) vu (and

18The circumference of a graph is defined in graph theory as the length (number of edges) of the longest simple
cycle in the graph (assuming a unit edge length).
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(a) Closest-first exploration at
unmarked (unvisited) places

(b) vu/vk′ contains thread (c) Augments S by e/e′,
and rewinds thread

Figure 6.19: Mapping with a l = c(G) thread. The robot rewinds the thread after exploring a
loop edge, as shown in (b)–(c).

up to two of its edges) already contains the thread before. In case (1), vu must have not been

visited before. If vu is fully explored now (i.e., has no more unexplored edges), the robot rewinds

the thread along e back to vk and tries unexplored edges there. Otherwise the robot continues

with an unexplored edge at vu. In case (2), further place validation and back-link validation

may be needed. Similar to the footprints model algorithms, the newly laid thread (along e) is

exploited. As one of the simplest approaches, validations are conducted by the robot (reversely)

visiting vertices along the thread looking for the one that has one more thread-marked edge than

it should have (based on S). While the approach has O(mn) exploration cost as the robot may

exhaust all the vertices currently on the thread (bounded by n) for validating a single edge, it is

expected to produce a reduced cost over the short movable l = ε thread algorithms due to the

reduced need for validation.
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Algorithm 6.7: Mapping with a l = c(G) thread

the robot ties the thread at v0;1

S ← v0; U ← edges in v0;2

while U is not empty do3

remove a closest edge e = (vk, vu) from U ;4

robot follows e to vu, unwinding the thread along e to vu;5

if vu does not contain the thread and threaded edges then6

do ‘non-loop augmentation’ on S and U ;7

if vu becomes fully explored now then8

the robot rewinds thread to an vertex that is not fully explored;9

else // vu contains the thread already10

the robot searches back along the thread looking for the vertex that has one more11

marked edge;
do ‘loop augmentation’ on S; remove entry edge e′ from U ;12

the robot rewinds thread to a vertex that is not fully explored;13

return S;14

Mapping with a l� m thread

We show here that if the robot is assured that the thread is much longer than the graph size

(denoted as l � m), then the robot can map the world with O(m) cost. With a l � m thread,

which guarantees that the robot does not run out of thread during exploration, the robot plays

out the thread as it explores, even when the thread forms a loop. With such a long thread,

there are several ways to alleviate validation efforts in each step. One approach here is to allow

the robot to tie knots at each unknown place vu it visits (Figure 6.20). The thread at a vertex

vu answers not only ‘whether vu has been visited before’, but also ‘exactly which vertex does

vu refer to’. Thus place validation for vu is never needed, but when entering a thread-marked

(visited) vertex vk′ the robot may still need to conduct back-link validation. Similar to the∑n−1
k=1 k undirected V-marker approach, the robot exploits the existence of one of the known
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(a) The closest-first
exploration

(b) Do not need to
rewind at a marked
place

(c) Rewinds only
when current place
becomes saturated

(d) Continue explo-
ration

Figure 6.20: Mapping with l � m thread. Explore in a closest-first manner. Play the thread
out as it explores. Tie different number of knots when entering a new place the first time. Each
visited place is marked, and has at least two mared edges (except v0). Rewinds the thread only
when the current place is fully explored (b)-(c).

neighbors of vk′ to identify the entry edge. Unlike in the
∑n−1

k=1 k marker approach where the

robot has to traverse each edge until it arrives at a known neighbor (thus have O(mdmax) cost),

here the robot can just traverse any one of thread marked edges to the other end vertex, which

must be a known neighbor that is identified by its unique knot count. The exploration cost of

the approach is O(m).

6.3.3 Exploring with l < c(G) (an arbitrary length) thread

Now consider the general case that the the robot does not know a priori the relative length of the

thread (relative to the environment size). The robot may run out of thread during exploration,

even if the thread never forms a cycle. Possible approaches must consider both the case where the

robot possesses thread, and the case where the robot runs out of thread. One possible approach

is that, as in the arbitrary k markers algorithm, the robot uses thread to do validations when it

possesses thread (phase-I), and when it runs out of thread (phase-II), it applies the hypothesis-
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based traversal strategy developed for the single immovable marker algorithm. This approaches

has an O(m2n) cost bound. Assuming that the robot can pick up the thread and tie it again, we

present below two approaches that improve on this so that O(mn) cost bound is obtained.

The explore-explore algorithm

The first approach extends the l = c(G) algorithm. Initially the robot ties the thread at the

starting vertex v0 (call such a vertex vs) and plays the thread out as it explores (in a closest-first

fashion). As in the l = c(G) algorithm, the robot rewinds the thread when it explores to a

thread-marked place or when the current place becomes fully explored. The robot also rewinds

the thread from the current vertex when thread length l is reached. (Note that the current vertex,

which is visited now, becomes unmarked, although it may have notbeen fully explored yet and

is thus accessible.) Eventually all the vertices within distance (the number of edges) l from vs

are explored, and the robot cannot continue exploration without running out of the thread. An

example is shown in Figure 6.21(a). To continue exploration, the robot rewinds back to vs, unties

the thread and then chooses one of the (frontier) known vertices that is not yet fully explored as

the new vs, tying the thread there and continuing the exploration from the new vs. By retying

the thread, the robot then explores all vertices within a distance l from the new vs (distance 2l

from the previous vs), and stops when it cannot continue exploration without running out of the

thread again (Figure 6.21(b)). The process repeats until the environment is fully explored.

The algorithm is sketched in Algorithm 6.8. At each step, if vu contains the thread then it

has been visited before. As in the l = c(G) algorithm, the robot searches back along the thread
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(a) v0 as vs (b) vk′ as the new vs

Figure 6.21: Exploring with l < c(G) thread. The ‘explore-explore’ approach. The thread has a
length l = 2. In (a), all vertices within distance l of v0 are explored. In (b), all vertices within
distance lof the new vs (within distance 2l of v0) are explored. There are some vertices that are
visited but unmarked, although they are not fully explored yet thus are accessible.

looking for the known vertex having one more thread-marked edges. If vu does not contain the

thread, then unlike in the l = c(G) algorithm where an unmarked vu must have not been visited

before, here vu may or may not be a visited place. This is due to the fact that the robot rewinds

the thread whenever l is reached, leaving some visited places unmarked, although such visited

places may have not been fully explored yet (Figure 6.21). To validate vu and e, the robot search

vertices that are not along the thread, looking for the one having a thread-marked edge now.

The l < c(G) thread algorithm has O(mn) cost. Note that the movable l = ε and l = c(G)

algorithms discussed earlier can be considered special cases of this general algorithm.

The explore-merge algorithm

In the above algorithm a new place that does not contain the thread may or may not be a

visited place. Thus when exploring to a place that contains no thread, the robot disambiguates

the place against all of the known vertices in S – from both the current exploration phase

and previous phases – that are potentially confusing. An alternative approach is to explore in
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Algorithm 6.8: Mapping with a l < c(G) thread. Explore-explore approach.

robot ties the thread at v0 (call it vs);1

S ← v0; U ← edges in v0;2

while U is not empty do3

remove a closest edge e = (vk, vu) from U ;4

the robot traverses e to vu; unwinds the thread to vu;5

if vu contains the thread already then6

the robot searches back along the thread looking for the vertex having one more7

stringed edge;
do ‘loop augmentation’ on S; remove entry edge e′ from U ;8

robot rewinds the thread until it arrives at a not fully explored vertex;9

else // vu does not contain thread before -- may or may not a new place10

robot searches non-thread vertices on S that has unexplored edges and has the11

same degree as vu, looking for the vertex containing the thread’s free end;
if the thread’s free end is found at a vertex vk′ then12

do ‘loop augmentation’ on S; remove entry edge e′ from U ;13

else // thread not found, vu is a new place14

do ‘non-loop augmentation’ on S and U ;15

if thread length l is reached, or, the current place is fully explored now then16

the robot rewinds thread looking for an not fully explored vertex along the thread;17

if all the vertices along the thread (including vs) are fully explored now then18

// all the vertices within distance l of vs have been explored;
the robot traverses to vs, unties the thread from vs;19

the robot chooses a not fully explored (frontier) known vertex as the new vs,20

traverses there and reties the thread there (a new vs);

return S;21

‘independent’ phases. As in the above approach, the algorithm starts with an exploration phase

in which the robot explores vertices within distance l of the starting vertex v0, and then re-ties the

thread at one of the known vertices vs and explores again (Figure 6.22(a)). Unlike in the above

approach, in this second exploration phase the robot disambiguates each unmarked place against

known vertices generated in the current phase only, ignoring those known vertices explored in the

previous phase. Specifically, instead of maintaining a consistent map S throughout the algorithm
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execution, in the second phase the robot maintains a new map S2 which initially contains only vs

where the thread is retied. During exploration the robot disambiguates new places only against

known vertices within S2 only. Note that in this case a vertex that is new in S2 may be a

visited place in the previous map S1, and vice versa. To address this problem, when the second

exploration phase finishes, a merging phase starts, in which the robot merges the two partial

maps S1 and S2 using the merging algorithm described in [59, 61]. During merging, all vertices

and edges in one map are disambiguated against those in the other map using some marking

aid. One map is chosen as the base map SB, which is augmented during merging. If a vertex or

edge in the other corresponds to a vertex or edge in SB, the vertex or edge is ‘fused’ (merged)

into SB (i.e., SB is not augmented). Otherwise the vertex or edge is added into the base map as

a new vertex or edge, augmenting SB. During merging the thread could be used as a movable

(directional) marker (See [59, 61] for details). The merging process finishes when all the vertices

and edges in the two maps have been disambiguated. The merging result for the two partial

maps in Figure 6.22(a) and Figure 6.22(b) is shown in Figure 6.22(c).

The robot then chooses one of the vertex in the merged map as the new vs for the next

exploration phase. From then on the algorithm proceeds by alternating phases of (independent)

exploration and merging of the new partial maps to the base map SB. In each merging phase

that follows an exploration phase, partial map Si from the preceding exploration phase is merged

against the base map SB, which is maintained and accumulated throughout the algorithm. The

algorithm terminates when, at the end of a mering phase, SB has no unexplored edges. Then

the base map SB is isomorphic to the world model G ([59, 61]). The algorithm is listed in
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(a) The first exploration phase,
v0 as vs

(b) The second exploration
phase, vk as vs

(c) The merged result of the two maps

Figure 6.22: Exploring with l < c(G) thread. The ‘explore-merge’ approach. Assume that the
thread has a length l = 2. In (a), all vertices within distance two of v0 are explored. In (b),
vertex v2, which corresponds to v1 in S1, is a new vertex in S2. In (c), vertex v2 in S2 and vertex
v1 in S1 are ‘fused’.

Algorithm 6.9. Both the exploration and merging phases has O(mn) cost bound. The algorithmic

cost bound of this approach is thus O(mn).

The potential cost reduction of this ‘explore-merge’ approach over the ‘explore-explore’ ap-

proach results from the fact that in each exploration phase disambiguations are constrained

within the current subgraph Si only, and the fact that in the merging process some vertices and

edges can be disambiguated without traversals (see [59]). One of the potential drawbacks of this

approach is that in different exploration phases the robot may explore edges and vertices that are

already explored in previous exploration phases, due to the constrained disambiguations in each

exploration phase. This cannot happen in the ‘explore-explore’ algorithm where disambiguations

are conducted against all known places in the ‘global’ map S.
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Algorithm 6.9: Mapping with l < c(G) thread. Explore-merge approach. Alternating
exploration and merging phases

// start with two phases of independent exploration;
S1 ← v0; // the map representation used in the next exploration phase;1

vs ← v0;2

the robot ties the thread at vs and explores all vertices within distance l of vs, using S1 as3

the map representation;
vs ← an unsaturated vertex in S1;4

S2 ← vs; // the map representation used in the next exploration phase;5

the robot reties the thread at vs and explore all vertices within distance l of vs, using S26

as the map representation;
// now merge the two partial maps S1 and S2;
SB ← S1; // choose S1 as the base map;7

merge S2 into SB; // SB is the merging result, getting augmented;8

while SB has unexplored edges do9

// alternating phases of exploration and merging;
vs ← an not fully explored vertex in SB;10

Si ← vs; // the map representation used in the next exploration phase;11

the robot reties the thread at vs and explores all vertices within distance l of vs, using12

Si as the map representation;
merge Si into SB; // SB is the merging result, getting augmented;13

return SB;14

Empirical evaluations

Here we present empirical comparisons of the performance of mapping with the different thread

algorithms discussed above. We first compare the relative power of a fixed short (l = ε) thread,

a movable short (l = ε) thread, a long (l = c(G)) thread, and a very long thread (l � |E(G)|).

Experimental results are reported for both homogeneous and non-homogeneous lattice graphs of

varying sizes (see Figure 6.23). For these environments, exploring by carrying the short (l = ε)

thread which has O(mn) cost, obtains a reduced exploration cost over exploring with a fixed

short thread which has O(m2n) cost. Exploring with l = c(G) thread, which also has O(mn)

cost bound, provides a further cost reduction over exploring with short threads. Exploring with
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(a) Homogeneous lattices. (b) Lattices with 10% edges removed.

Figure 6.23: Performance of mapping on lattices of varying sizes using different threads (log
scale). Results for (b) are averaged over 30 graphs. Each graph has randomly deleted edges.
Error bars in (b) show standard deviations.

a very long thread (with knots) which has a O(m) cost bound, provides the lowest cost over all

the thread classes considered.

The results for the l < c(G) algorithm with varying thread length l are shown in Figure 6.24.

The algorithm demonstrates cost reduction as l increases. Note that when the thread is suffi-

ciently long (l ≥ c(G)), fixed exploration cost is produced (the algorithm acts as the l = c(G)

algorithm).

6.4 Summary

This chapter investigates the relative power of markers on edges, multiple immovable markers

and thread-based markers. Similar to the case of vertex markers, a undirected edge marker is

not always sufficient for a robot to map an arbitrary world deterministically, although again

similar to the vertex marker case, a directional edge marker is. For multiple immovable markers,
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Figure 6.24: Performance of mapping on non-homogeneous lattice (20 × 20 vertices lattice with
10% edges removed) using strings of different lengths. Results are averaged over 30 graphs each
has randomly removed edges. Error bars show standard deviations.

three different classes of multiple marker algorithms were developed: algorithms that only drop

markers at vertices (V-marker algorithms), algorithms that only drop markers on edges (E-

marker algorithms) and algorithms that drop markers both at vertices and on edges (V-E-marker

algorithms). As summarized in Table 6.2 , as the number and nature of the marker is augmented

more efficient algorithms emerge. This chapter also considers the power of thread-based markers.

There are many ways of manipulating a thread, resulting in aids of different powers. Given the

simplest form of thread, deterministic mapping is possible with cost O(m2n). The minimum cost

for mapping is O(m) and this can be obtained with a sufficiently long thread. Overall the longer

the thread the lower the cost. Performance bounds of the various classes of threads discussed in

this chapter are summarized in Table 6.3.
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Thread classes
Upper bounds

Length of thread Need for retying

a very short thread no O(m2n)
l = ε yes O(mn)

an arbitrary length thread
l < c(G)

yes O(mn)

a long thread
l = c(G)

no O(mn)

a very long thread
l� m

no O(m)

Table 6.3: Solvability and cost bounds of different threads.

.
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Chapter 7

Summary and Future work

7.1 Summary

Within a topological formalism, this thesis examines the relative expressive power of different

marking aids in solving the SLAM problem deterministically. This thesis also explores non-

deterministic approaches that map the world with insufficient supply of marking aids, including

approaches that map the world without resorting to marking aids at all.

1. Given a topological world, it is not, in general, possible to map the world deterministically

without resorting to the use of sufficient place and back-link information to solve the loop

closing problem. But what information is sufficient? This thesis first shows that neither

can explicit place information or explicit back-link information alone enable the robot to

solve the problem. This thesis then shows that a deterministic solution is possible, however,

if both explicit place and back-link information exist in one vertex. Specifically, this thesis

demonstrates that given a single ‘directional lighthouse’ vertex that provides both such

information locally, a provably correct mapping strategy using such information exists.

Such information can be established in a number of ways including through the addition of
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a single directional immovable marker to the environment, or through the use of multiple

undirected immovable markers. In terms of the number of markers and the movability of

markers, a single immovable marker is considered the minimum marker case.

• This thesis develops an algorithm with which, by exploiting the directional lighthouse

established with a single directional vertex marker, the robot can determine its loca-

tion and back-link at each visited place, mapping the world deterministically. Unlike

the earlier movable marker algorithm [26] where place and back-link at each step are

determined separately, in the algorithm developed here, both place and back-link val-

idation are validated simultaneously. In particular, potential loop closing hypotheses

are developed, each containing a possible location and back-link. Paths from the hy-

potheses to the lighthouse location (through the already explored world) and expected

perceptions along the paths are also computed. The hypotheses are then validated

by having the robot traverse each of these paths, comparing the observed perceptions

against the expected perceptions. A loop closing hypothesis is confirmed only if the

observed perceptions match the expected perceptions throughout path traversal, and

is rejected otherwise. The ‘new’ location is a previously explored location if one of the

hypotheses is confirmed, and is distinct from the explored locations if no hypothesis

exists or all the hypotheses are rejected. This algorithm has a tight lower cost bound

Ω(m), and an upper cost bound O(m2n) is derived. A correctness proof of the algo-

rithm is presented. Earlier algorithms such as [26] required the robot to manipulate

markers in order to map the world. With the development of the directional lighthouse
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algorithm, it is now possible for the robot to map a topological world deterministically

without manipulating markers.

• The algorithm is evaluated both via simulation and on a real robot systems. Most

of the deterministic topological mapping algorithms have only been implemented in

simulation and it has been an open question as to how well the assumptions of these

algorithms would transfer to real robots. Evaluation of the algorithm on a real robot

shows that the basic sensing and locomotion assumptions that underlie the algorithm

are realistic when applied to real world environments, sensors and robotic platforms.

• This thesis explores two classes of enhancements to the basic directional lighthouse

algorithm. The first class exploits executed traversals to reject potential hypotheses.

These approaches try to reduce the number of hypotheses that requires motion, and

the amount of motion required in validating the hypotheses. The second class of

approaches requires extra traversals to construct expanded local signatures. With the

expanded local signatures, the number of hypotheses of a newly explored edge can be

potentially reduced.

2. This thesis considers mapping with less marker information.

• This thesis considers mapping with an undirected immovable vertex marker. The key

is that while a single undirected immovable marker is not sufficient in general, it can be

used to map the world that contains some structure that, once marked, forms a unique

signature which provides both explicit place and back-link information. Such a world
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can be mapped deterministically with an undirected vertex marker, using the single

directional marker algorithm or its enhancements. Since the single undirected vertex

marker can be used to provide explicit place information at a vertex, this implies

that as long as there exists a vertex in the world that can provide explicit back-

link information, then this vertex can be used to establish the directional lighthouse,

enabling the robot to map the world deterministically.

• This thesis considers mapping without any markers. Without any marker, we must

rely on the structure of the environment. It examines exploiting local and global

signatures during exploration. Both approaches are non-deterministic in that the

algorithms may not generate any world model or may generate one or more world

models but cannot determine which model is the true representation of the world.

3. This thesis investigates the relative power of markers on edges, multiple immovable markers

and thread-based markers.

• Similar to the case of vertex markers, an undirected edge marker is not sufficient for

a robot to map an arbitrary world deterministically, but a directional edge marker is.

• For multiple immovable markers, three different classes of multiple marker algorithms

were developed: algorithms that only drop markers at vertices (V-marker algorithms),

algorithms that only drop markers on edges (E-marker algorithms) and algorithms

that drop markers both at vertices and on edges (V-E-marker algorithms). The ma-

jor optimization results obtained with different collections of markers and structured
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exploration patterns are summarized in Table 6.2.

• There are many ways of manipulating a thread, resulting in marker aids of different

powers. Overall the longer the thread the lower the cost. Performance bounds of the

various classes of threads discussed in this work are summarized in Table 6.3.

7.2 Future work

This thesis work suggests several directions that are worth exploring in the future. We observed

that the derived upper cost bound O(m2n) of the basic single directional immovable marker

algorithm is quite loose for some environments. On several environments such as the lattice hole

graphs, the actual costs of the algorithm are much lower than the cost bound. In deriving the

upper cost bound, for each newly explored edge e, we bound the number of hypotheses by the

worst case scenario that all of the current unexplored edges incident on non-marked places are

potential hypotheses, and we bound the length of each path by the number of all current nodes,

and assume the worst case scenario that all the hypotheses are examined, during which each path

traversal comes to the end of the path. Intuitively this is a very ‘pessimistic’ assumption that

might never happen. Thus, it is worth investigating whether the worst case scenarios exist (at the

same time). If these worst case scenarios can happen together for some environment, then what

classes of graphs are they? If it can be justified that such worst case scenarios do not exist, then

it would be an interesting direction for future work to investigate whether a tighter upper bound

of the algorithm can be derived. In both cases, it would be interesting to derive tighter cost

bounds for some fundamental environments such as the lattice hole graphs. Similarly, it would
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be an interesting direction for future work to derive tighter cost bounds for the enhancements

to the basic algorithm. In addition to m and n, it might be helpful to derive the bound by

considering some other factors such as graph diameter and maxmium vertex degrees.

This thesis shows that as long as a ‘directional lighthouse’ can be established in the world,

the world can be mapped deterministically. An interesting question here is that whether such

directional lighthouse information is the minimum information required for a deterministic solu-

tion for topological SLAM. That is, whether mapping can be conducted deterministically with

less information. (How to define ‘less’ is another interesting question). For example, can the

world be mapped deterministically with a explicit place information and some ambiguous back-

link information, or conversely, with a explicit back-link information and some ambiguous place

information? Related question here is about the definition of ‘minimum’ markers, which is dif-

ficult to develop in the global sense. Given that a single movable marker is sufficient to solve

the SLAM problem deterministically, in this thesis we consider the number of markers as the

main dimension of marker complexity, and then for a given number of markers we consider the

movability of the marker. Given this local definition, a single immovable marker, which does not

involve robot operation on it, is considered the minimum marker. It is interesting to consider if

there are other definitions of minimalist that are more realistic than the definition used in this

thesis.

For the other marking aids investigated in this thesis, it is worth further investigating the

power of thread-based markers. For example, in this thesis we considered threads that are in the

simplest form where a thread contains no marks on its surface. It is interesting to consider more
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complicated forms of threads such as those with painted marks on the surfaces. It must also be

interesting to investigate how thread-based markers can be exploited in the metric framework.

It is also interesting to investigate how the thread-based markers as well as the other marker

classes discussed in this thesis can be used for mapping directed graphs, examining if mapping

of directed graphs be tackled with the methods presented in the thesis.‘

For marker-less exploration, it is interesting to investigate the expressive power of the prior

knowledge of the probabilistic distribution of some environmental properties. This information

may include, as discussed earlier, the probability distribution of the diameter of the graph-like

environment, the probabilities of different vertex degrees, the probability distribution on the

number of vertices in the environment (e.g., number of vertices n is a Gaussian distribution

function), and the like. Such information could be used to assign probabilities to different world

models. It is an interesting future work to categorize different prior information about the

probabilistic distribution and investigate the power of this information on algorithm performance.

Another interesting future work is to investigate how the ‘directional lighthouse’ information

can be exploited in the traditional metric framework (such as the one described in Section 2.2). In

particular, how a directional lighthouse information can be established, identified and exploited

in presence of (noisy) metric data. One of the challenges facing metric SLAM approaches is the

large number of hypotheses (world models) that need to be maintained during exploration. It is

expected that the directional lighthouse information can be exploited to alleviate this challenge.

For example, we can run a particle-filter based SLAM algorithm which takes as input laser

sensor data and maintains a geometric world. Given the metric measurements, it is expected
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that unique position and orientation information can be captured from the environment during

exploration (we can create some directional landmarks otherwise). During exploration when the

robot sees the unique lighthouse or a relatively rare (likely unique) location, it can collapse the

hypotheses (world models) that don’t think this is a lighthouse or a rare place. A rare place is

not perfect (thus is not used for hypothesis validation in our deterministic approaches), but is a

good evidence in the probabilistic framework. We can collapse the hypotheses by assigning high

probabilities to the hypotheses that matches the observations and low probabilities to those that

don’t. Another situation where lighthouse information could be exploited is when solution space

becomes unmanageable. Now we can examine a hypothesis by trying to drive the robot back

to a directional lighthouse or a relative rare location, based on the hypothesized world model.

Then if the robot senses the lighthouse or a rare location with the expected orientation, then

this hypothesis is given a high probability and is given a very low probability otherwise. In

the ideal case, using the directional lighthouse information would enable the loop closing to be

solved deterministically, but this might not be true in practice, given the sensing errors. It is

worth exploring how the technique is utilized in the presence of (noisy) metric measurements. I

envision that this is an interesting future work, and is the practical application of the theoretic

result given in this thesis.
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Appendix A

Notation

Symbol Meaning

G An undirected embedded graph representing the graph-like world being
explored.

m The number of edges in the graph-like world G.
n The number of vertices in the graph-like world G.
S Partial map representation maintained during exploration, representing

currently explored subgraph of the world.
U Set of unexplored edges that emanate from vertices in S.
vk The known (visited) end vertex of an unexplored edge.
vu The unknown (unvisited) end vertex of an unexplored edge.
h A loop closing hypothesis, which include an edge and its known end

vertex.
H Set of loop closing hypotheses.
Mh′ A motion sequence for the hypothesis h′.
Ph′ A perception sequence obtained in executing a motion sequence for h′.
PE
h′ Expected perceptions in executing a motion sequence for h′.

M A world model maintained in marker-less exploration.
T A tree of world models M , maintaiend in marker-less exploration.
TM Traversal map used in marker-less exploration.
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Appendix B

Glossary

Term Symbol Meaning

Back-link validation When the robot enters an known place, the pro-
cess of determining the entry edge at the place.

Directional lighthouse A vertex that contains both explicit place in-
formation and explicit back-link information.
Upon entering a directional lighthouse, the
robot knows the identity of the (known) ver-
tex it is visiting, and the entry edge by which
it enters the vertex.

Execution path The actual path (traversed or would be tra-
versed) in executing a motion sequence.

Expanded signature The signatures of a vertex that also includes the
local signature of its neighborhoods.

Expected perceptions PE
h′ Perception sequence that should be obtained if

the hypothesis h′ is true.
Explicit back-link information Unambiguous information on the entry edge at

the vertex that the robot is currently in.
Explicit place information Unambiguous information on the identity of the

vertex that the robot is currently in.
Loop augmentation Augmentation of the partial map S when a loop

edge is explored. The map is augmented with
an edge.
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Term Symbol Meaning

Loop closing hypothesis h′ A hypothesis about the place the robot is cur-
rently in as well as the back-link (entry edge)
throught which the robot entered the current
place. A hypothesis includes an unexplored edge
and its known end vertex.

Loop edge A newly explored edge that leads the robot to
an visited place.

Motion sequence M The sequence of relative edge orderings with re-
spect to the entry edges along which the robot
enters each vertex.

Non-loop edge A newly explored edge that leads the robot to a
new place.

Non-Loop augmentation Augmentation of the partial map S when a non-
loop edge is explored. The map is augmented
with an edge and a vertex.

Perception sequence P The sequence of signatures of vertices visited
during executing of a motion sequence.

Place validation The process of determining if a newly visited
place is truly distinct from all the previously
visited places, or it corresponds to some known
vertex.

Signature The sensed distinctive property of a vertex,
which consists of the degree of the vertex and
the marker information on the vertex, includ-
ing the presence or absence of the marker(s) at
the vertex and other marker-related information
(e.g., number directionality), denoted [deg, V#-
dir, otherInfo]. Also referred to as local signa-
ture.

Traversal map TM The map which is non-loop augmented at ev-
ery step. A traversal map is maintained in
marker-less exploration and is used to conduct a
Breadth-first search (BFS) on the environment.
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