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Abstract — In this study, the concept of multi-directional
functionally graded cellular material (FGCM) is introduced.
FGCMs consist of two spatially-varying engineered phases:
solid and void. Different parameters, such as relative density,
cell topology, cell orientation, and cell elongation, can be
tailored in multiple directions to optimize their mechanical
performance. We implement a homogenization technique to
evaluate the structural response of plates made by advanced
cellular solids. The homogenized effective properties are used
in a third-order shear deformation theory (TSDT) formulation.
The governing differential equations are solved by a finite
element method to predict the mechanical response of FGCM
plates. The numerical results reveal that it is possible to increase
the buckling load as much as 115% and decrease the maximum
deflection about 60% by using an FGC structure.
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. INTRODUCTION

Over the last 50 years, several investigations revealed that
cellular materials may replace fully dense solids in many
different applications [1, 2]. Opposed to conventional materials
which gain their properties merely from their material
composition, cellular solids gain their properties mainly from
their underlying architectures [3]. Several investigations have
been performed to study the mechanical behavior of cellular
materials. The majority of these early investigations on the
mechanical properties of advanced porous materials was
summarized by Gibson and Ashby in their textbook on “Cellular
Solids, Structures and Properties” [1]. Furthermore, application
of cellular materials as mechanical elements was first introduced
in the design of structural sandwich panels in 1969 when
periodic honeycomb sheets were used as the core of sandwich
panels [4]. These studies and many others [5-9], shed some light
on the properties and possible applications of cellular materials.
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The characteristic properties of the representative cell
(relative density and void (pore) topology), were uniform across
the lightweight structure in all the initial studies mentioned
above. However, recent technical developments in advanced
manufacturing techniques, like additive manufacturing [10] and
powder metallurgy [11], lead to new opportunities to design and
manufacture architected cellular structures, in which the
geometrical features and material composition of their
constituent unit cells can vary in a specified direction. The
cellular structures in which the cell’ relative density and
topology vary across the lightweight structures with a pre-
defined distribution function are called “Functionally Graded
Cellular (FGC)” structures. This idea is inspired by natural and
biological materials such as bamboo, plants and Humboldt beak.

A few studies are available in the literature implementing the
idea of graded cellular properties in the structural mechanical
design. One of the earliest research in the field of FGC structures
was performed to apply the idea of graded honeycomb structures
to obtain a Poisson-curving structure; i.e. a structure which
experiences a significant change in its thickness as a result of a
prescribed curvature [12]. Afterwards, a finite element based
micromechanical model was proposed to predict the fracture
toughness of FGC foams [13]. Moreover, FGC structures were
shown to be suitable for practical applications such as orthopedic
hip implants [14] and cores of aero-engine fan blade [15].

In the present article, we perform a comprehensive study on
the architected multi-directional FGCMs with a focus on
architected cellular plates. The cell topology is modelled by a
superellipse function [16], and the effective properties are
obtained by using standard mechanics homogenization [17]. A
generalized power-law function is proposed to model the
variation of cell characteristics in multiple directions. The
governing equations for the structural analysis of FGC plates are
obtained by using Reddy’s third-order shear deformation theory
[18], and solved by a finite element model. The advantages of
FGC structures over regular cellular structures are illustrated
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through various examples and the effect of different distribution
functions are investigated.

Il.  MODELLING OF FUNCTIONALLY GRADED CELLULAR
PLATES

A. Formulation of Cell Geometry

In this work, an FGC plate with length L,,;, width W, and
thickness T, is considered in the xy —plane as shown in Fig. 1.
The plate consists of N, cells in x —direction, N, cells in
y —direction, and N, cells in z —direction, where (x, y, z) refer
to the global Cartesian coordinate system also shown in Fig. 1.

The properties of cellular materials depend on their relative
density and void topology. Here, a focus is made on extruded
two-dimensional square cells in which the void topology of each
cell is introduced according to the following superellipse

function [16]:
o

s .n
7, sin (0}

where 0 < @ < 27, x and y are the local coordinate system
whose origin is at the center of the unit cell. Three parameters
(74, T, ) have been introduced to control and optimize the void
size and topology. Equation (1) simplifies to a circular cell with
radius r, for the case of n =1 and r, = r, = r,. Moreover,
R(O) = [C(.)S 6 —sinf is the rotation matrix enabling to
sinf cos#@
rotate the void topology within each cell. To allow a systematic
study for the effect of void topology and void orientation on the
mechanical responses of FGC structures, four independent
parameters are considered: shape parameter (n), aspect ratio

_ Ty . . . .
(A.R.= ;), relative density (p,,), and orientation angle (6). In

this study, these four parameters are assumed to vary in the range
of [0.01,3], [1,3], [0.01,1] and [0,7], respectively. Fig. 2
presents the effect of n and A.R. on the void topology of
periodic cellular materials. It should be mentioned that cell
topologies for which the void geometry intersect with cell
boundaries has been marked as “Geometrically Inadmissible” in
Fig. 2.
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Fig. 1- Homogenous cellular plate
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Fig. 2- Achievable cell topologies by a 2D superellipse function as a function
of the shape parameter (n) for p,..; = 0.9 and different aspect ratios (A.R.)
B. Formulation of Cell Topology Variation in FGCMs
A general power-law function is introduced here to represent
any property distribution throughout the length, width and
thickness of the material as:
PERFD =P+ P -P)(1-2)" (1-2)""(1-2)" (2

Xop Yop Zop
where P represents any of the four void topology parameters (n,
A.R.,p,,, and 8), P, is its value at the origin (x = 0,y =0,
z = 0) and P, isitsextreme value at x = Xyp, ¥y = yop and z =

Zyp. Inall cases, an overbar indicates dimensionless coordinates
defined as:

— x y z
X=—,y=

©)

Moreover, mxp, my, and mz, , introduced in Eq. (3), are even
integers indicating the distribution profile function. If mx,,
my, or mzp equals zero, the property in the x, y or z direction
results in a constant value, respectively; i.e. a homogenous
distribution of cellular materials in the respective direction. If

P, = P,, the property has a constant value P, all over the
domain.

C. Formulation of Functionally Graded Cellular Plates

In this study, the effective elastic properties of all the cells
modelled by the superellipse formulation are obtained by
standard mechanics homogenization [17]. The material property
chart, or so-called Ashby chart [1], is an effective presentation
giving an overview of solid materials properties lying in a certain
characteristic range. As a result, Fig. 3 presents the Ashby chart
for well-known solid materials along with 2D extruder cellular
materials with superellipse topologies. Fig. 3 shows that the
range of Young’s modulus for cellular materials can be extended
to regions which cannot be achieved by fully dense solid
materials.

To develop a methodology which can be implemented for
thin and relativity-thick cellular plates, Reddy’s third-order
shear deformation theory (TSDT) [18] was used. According to
TSDT, the transverse shear stresses are presented as a quadratic
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function through the plate thickness. Therefore, unlike the first-
order shear deformation theory (FSDT), it is not necessary to
introduce any shear correction factor in the formulation.

Based on the abovementioned assumptions and by applying
Hamilton’s approach [18], the governing equations for the
present problem, in which the cell topology and subsequently
elastic properties are varying in multiple directions, will be
obtained as:

Nyxx + Nyyy = Iollg + J1@x — C113Wo (4)
Nyyy + Nyyx = loVg + J1§y — c113Wo,y (%)
C1Pexxx + 2€1 Py xy + C1Pyyyy + Qux + Qyy —

3C1(Rx,x + Ry,y) +q= C1(I3i10 + JaPx — (6)

0116Wo,x)_x + ¢; (I + .9y — C1]6W0,y),y + lowy
My + Myyy = €1 (Pogx + Pyy) = @ + 301Ry =
Jiilo + 29y — Cl]4(¢x + Wo,x)

Myyy + Myyx = ¢1(Pyyy + Pryx) = Qy + 3c1Ry =

J1Vo + )29y — C1]4(¢y + Wo,y)

where comma represents partial differentiation with respect to
x or y, dots denotes differentiation with respect to time and u,,,
vy, Wy, ¢, and ¢, are the displacements and rotations of the

Y]

®)

transverse normal on the plane z = 0. Moreover, ¢; = and

2
tot

Nog, Mg, Pog, Qaﬁ and R, are stress resultants, I; and J, are
moments of inertia and q is the transverse mechanical load.

Equations 4-8 are discretized and solved using rectangular
conforming element combined with Lagrangian and Hermitian
interpolation functions as presented in reference [18].
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Fig. 3- Ashby chart for cellular materials of superellipse cell topology

IIl.  RESULTS AND DISCUSSION

In this section, the numerical results are presented for
homogenous and functionally graded cellular materials. The
non-dimensional parameters used to represent the mechanical
responses of FGC plates are defined as:

— EsWE,
Winax = 100 Wiqx ;th ‘ )
tot
_ 2
Q=qe \/E (10)
Wtot | Es
_ 45 372
Nax = 10 Nx,;/lLtot (11)
Wiot

where F is the resultant of the uniform transverse load (F =
qAsoria), While Wy, Q and N, are the maximum deflection
of the plate, natural frequency and in-plane compressive load,
respectively. Moreover, the size of each constituent unit cell is
considered to be the same. Therefore, the total relative density
of the cellular plate can be written as:
Z{V= Prel,i

Prelplate = 1Tl (12)
where p,,;; is the relative density of i cell and N is the total
number of cells in a cellular plate.

A. Structural Response of Homogenouos Cellular Plates

An optimized structural design requires lightweight but stiff
structural elements with minimum deflection, maximum
mechanical buckling load, and maximum fundamental
frequency. The variation of maximum bending deflection as a
function of relative density is shown in Fig. 4. The highest
stiffness among all the topologies studied in this article is
associated with square void. Consequently, it is observed that the
maximum deflection of a plate made of square shape voids is the
lowest.
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Fig. 4- Non-dimensional maximum deflection of a SSSS cellular plate with

? = 10 made of 10 x 10 cells of super ellipsoidal void
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Fig. 5- Decrease of the maximum deflection of alternative multi-directional

FGC square plates made by square void shape as a function of the relative

density for SSSS plate with % =10
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B. Structureal Response of Multi-Directional FGC Plates

The effect of density variation in different directions on the
stiffening of FGC plates subjected to a uniformly distributed
load is presented in Fig. 5. It can be observed that density
gradient in the z-direction has the most dominant effect on the
maximum deflection variation, while directional density
variation in the x- and z-directions can decrease the maximum
deflection by 26%, the maximum improvement attainable by one
directional density variation in the z-direction can be up to 56%
for the maximum deflection of architected FGC plates. It is
important to note that our conclusion here is only limited to the
proposed variation formula defined in Eq. (2) for multi-
directional graded cellular materials and for SSSS plates.

To gain insight into the most effective density gradient, the
percentage of increase in the critical buckling load is plotted in
Fig. 6 as a function of (0,¢;1 — Preto), Where p,..;q is the relative
density at Xo, = Yo, = Zop = 0.5 and p,;, represents the
relative density at the origin. Figure 9 shows that for a density
gradient in the z —direction, the maximum improvement occurs
when (0,e11 — Prero) < 0; i.e. when the center of the FGC plate
is more porous than the origin at the FGC plate edges. When the
density varies in the x-direction or y-direction, the conclusion is
reversed. Fig. 6 implies that a z —directional FGC plate can have
a maximum buckling load when the density at the center of the
thickness (mid-plane) is higher at the top and bottom of the plate.
For the x —directional and y —directional FGC plates, higher
relative densities at the sides than in the center is more desirable
for increasing the critical buckling load. It is also concluded that
for all one-directional FGC plates, a higher difference between
the side and center density |p,e;1 — Prerol, Usually leads to a
higher critical buckling load increase. It must be noted that the
effect of local buckling is not taken into account in the buckling
results.
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IV. CONCLUSION

In this work, the concept of multi-directional functionally
graded cellular materials was used to produce architected
advanced materials. In particular, the mechanical and structural
performance of FGCMs were investigated to be used as
constitutive elements for lightweight plates. The results showed
their important advantages compared to homogenous cellular
materials. The superellipse formula was implemented to model
the topology of the architected cells and a general power-law
function was introduced to control the cell distribution attributes
in three different orthogonal directions. The effective cells
properties were predicted by standard  mechanics
homogenization and the functionally graded cellular plate was
modeled based on TSDT. The governing equations were solved
by using a finite element method. The results clearly showed that
architected cellular materials, in the form of superellipsoidal
voids, can significantly expand the range of elastic and structural
properties leading to lightweight but stiff solutions for advanced
materials and structures. Moreover, it was shown that tailoring
the topological features of cellular materials through the graded
cellular plates thickness more significantly affected their
structural response than changing the corresponding features in
planar directions.
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