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Abstract—In this paper we review different definitions of 
Modal Participation Factor (MPF) available in the literature and 
propose a simple classification and unified concept for their 
application with particular focus in aerospace engineering. A 
case study is presented to aid the reader understand under what 
conditions each definition of MPF applies, its physical 
interpretation and which definitions have the potential to act as 
response tracking mechanisms during design optimization. 
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I.  INTRODUCTION  

In practice, complex structures must be analyzed under a 
large set of dynamic operating conditions to ensure that the 
design will meet prescribed functional requirement.  

During design optimization, a relatively small number of 
such operating conditions are selected as critical and are used to 
minimize or maximize the objective function. However, the 
dynamic response is strongly dependent on the physical 
characteristics of the structure and thus the use of a deterministic 
set of critical operating conditions may lead to unexpected 
behaviors. To monitor inexpensively the behavior of the design 
space during optimization, a response tracking mechanism based 
on MPFs could lead to large computational savings and improve 
the optimization process by considering the variations of the 
response of the design space as the design evolves. 

MPFs have been used in the past as response tracking 
mechanisms in several engineering disciplines. For instance, 
Keong et al. [1] tracked a targeted mode during the design 
optimization of a head suspension assembly by defining a 
participation factor that resembled the most to the mode of 
interest. In the field of civil engineering, MPFs have been widely 
used to approximate the dynamic response of buildings without 
performing any dynamic analysis [2-13]; this procedure was 
later on applied in aerospace for the case of a cantilever wing 
model [14].  

The concept of MPF, however, seems to be ambiguous. A 
simple search of the words “modal participation factor” in the 
open literature quickly reveals that several variants of this 

concept exist. For instance, in electrical engineering [15-18] the 
term MPF refers to the product between the left and the right 
eigenvectors; other researchers [19-22] used simple definitions 
for MPF such as the same term to refer to the components of the 
eigenvector matrix. On the other hand, [23-28] defined different 
convenient mathematical forms as modal participation factor 
suitable to their specific applications.  

This significant variation in the definitions of MPFs is also 
conveys into a wide range of applications. For instance, 
Wallrapp &Wiedemann [29] computed a quasi-static modal 
solution and a corresponding participation factor to assess the 
importance of each mode retained in the solution; Chung-Band 
and Young Bahng [30] utilized a participation factor based on 
modal strain energy to identify dominant modes; Van 
Lagenhove &Brughmans [31] reviewed three kinds of MPFs as 
methods to identify the best location for sensors to correlate a 
Finite Element Model (FEM) with experimental results. 
Similarly, other researchers [32, 33] used different definitions of 
MPFs to correlate experimental with numerical results. 

In this paper, we propose a unified concept and a simple 
classification of the different mathematical definitions of modal 
participation factors found in the literature. A case study is 
presented to aid the reader to understand under what conditions 
each definition applies, its physical interpretation and which 
definitions have the potential to act as response tracking 
mechanisms during design optimization. 

II. MODAL CONTRIBUTION FACTORS  

The complex behavior of a dynamic structure can be 
decomposed into a set of simple harmonic motions qi(t), also 
known as modal responses, linearly coupled with amplitude 
ratios. This transformation is achieved by finding the so-called 
natural frequencies, I

,
 and mode shapes, I

,that satisfy the 
characteristic equation (i.e., the undamped free vibration 
problem) and applying the following variable change:  

u(t) = Φq(t)  (1) 

Where u(t) is the nodal vector of physical displacements, and 
 is the matrix of eigenvectors. Expanding (1) in a summation 
form we obtain: 
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un(t) = n,1q1(t) + … +n,iqi(t)  (2) 

From (2), the modal contribution can be defined as the 
quantity of movement that each mode contributes to the total 
nodal response [34-37]. In other words, it is the product between 
the modal response qi(t) and the amplitude ratio n,i, denoted here 
with the Greek letter gamma (). 

n,i(t) n,iqi(t)   (3) 

All definitions of modal participation factors aim to rank the 
relative importance of n,i,, nevertheless,  these definitions can be 
subdivided in two classes. The first class (Class I) is derived 
from the equations of motion and it’s commonly known as static 
modal participation factors (SMPF). SMPFs have the potential 
to be used as a reanalysis tool since they predict the magnitude 
of qi [42-51]. The second class (Class II) is intended solely to 
assess the relative importance of a mode within the solution of a 
system response. 

We should make emphasis on the term “relative importance 
of a mode”, since the interpretation of the results obtained from 
the second class of participation factors is dependent on its 
mathematical definition, as discussed below in section IV. 

III. CLASS I 

The amplitude of a modal response can be expressed as the 
product of a constant called modal participation factor iand a 
time dependent term Di(t) [7,14,36,37]. 

 qi(t) = i Di(t)   (4) 

Though in general the time history of the response may be of 
interest, it is the value of the maximum displacement that will be 
used to designing or optimizing a structure. The maximum value 
of the response u0 is directly proportional to the maximum 
dynamic response D0. 

u0= ΦD0  (5) 

Where u0 is the vector of maximum nodal displacements, D0 
is the dynamic amplification vector and is the diagonal matrix 
of modal participation factors. To find appropriate expressions 
for  and D0 we resort to the definition of the SMPF. 

We begin by decomposing the vector of external forces into 
two components: a time invariant vector f and a time dependent 
expression p(t).  

F(t)= fp(t)  (6) 

The vector f can be expanded into a matrix of static forces fst 
acting at node j in the mode i; where the sum of the columns of 
fst is equal to the magnitude of the j-th component of the vector f 
[14, 37]. 

  f	j,i
st =Γi,iϕj,i           ൜

 for i=1,2,…, N
for j=1,2,…, n  (7) 

where: 
ΓൌdiagሺΦTfሻ  (8) 

When the eigenvectors are mass normalized, the vector of 
total static displacement can be found by the use of Hooke’s law. 

uj
st=∑

୻i,i

ωi
2 ߶j,i

N
i=1      for i=1,2,…, N   (9) 

The vector of total static displacement can then be related to 
the vector of total dynamic displacements by introducing (9) into 
(2). 

uj
o=uj

stωi
2 Di

o  (10) 

Depending on the form of the excitation force p(t), a 
particular method can be selected to find an analytical solution 
for D0, as explained below. 

A. Steady-state 
From [36], a dynamic amplification factor Ri is defined as 

the ratio between the amplitude of the dynamic response Di
o and 

the amplitude of the static response Di
st. 

Ri=
Di

o

Di
st  (11) 

Where the amplitude of the static response can be found by 
neglecting the contribution of the acceleration and the velocity 
terms in the well-known mass-normalized modal equations of 
motion.  

Di
st=

1

ωi
2  (12) 

And the dynamic amplification factor for an undamped 
single degree of freedom (SDOF) system is given by (13), when 
the unitary periodic function p(t) is equal to 1.  

Ri=
1

(ωi
2-ω2)

  (13) 

By introducing (11-13) into (10) we find an inexpensive 
expression that allows to estimate the maximum amplitude of 
the nodal physical displacements during steady-state vibration.    

uo=ustR  (14) 
To compare the output of this method with respect to others, 

a steady-state modal participation fraction Li
st is defined in (15).  

This fractional number allows to compare the relative 
amplitudes of the modal responses qi for a given design and 
loading condition. 

Li
st=

หΓiDi
oห

∑ หΓiDi
oหN

i
=

หΓi (ωi
2(ωi

2-ω2))⁄ ห

∑ ቚหΓi (ωi
2(ωi

2-ω2))⁄ หቚN
i

   (15) 

B. Transient  

The steady participation factors neglect the contribution of 
the transient components of the time domain solution. When the 
global maximum is of particular interest, we aim to estimate the 
maximum dynamic amplitude response.    

Di
max=max൫Dሺtሻ൯  (16) 

The transient participation fraction ܮ௜
௧௦ can then be defined 

similarly to the steady participation fraction as the ratio between 
the maximum amplitude of the harmonic solution and the sum 
of the maximum amplitude of all the modes retained. 

Li
ts=

หΓiDi
maxห

∑ หΓiDi
maxหN

i
  (17) 

C. Internal loads Participation Factor 

For point loads, the element internal force is computed as the 
product of the element stiffness matrix and the corresponding 
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displacement vector of the nodes that conform the element in the 
global coordinate system. 

When the element and global coordinate systems do not 
coincide a rotation matrix, CT, is necessary to ensure that the 
internal forces computed, Ne , are expressed in the element 
coordinate system.  

Ne(t)=CTKeUe(t)  (18) 

Where Ke and Ue(t) are the element stiffness matrix and the 
vector of nodal displacements in the global coordinate system, 
respectively. 

We can expand (18) into its modal components as: 

Ne(t) = CTKeΦeq(t) = CTKeΦeD(t) (19) 

 The magnitude of D(t), determines the dominance of a 
mode in the solution, whereas the product eCTKeΦe 
determines the impact of such mode in the r component of the 
element load where rϵ{1:6}. A participation factor can then be 
defined as:

Lr,i
load=

ቚΣer,i
Γi Diቚ

∑ ቚΣer,i
Γi Diቚ

N
i=1

   (20) 

 

IV. CLASS II 

The following definitions intend to assess inexpensively the 
relative importance of a mode and to ensure that a sufficient 
number of eigenvalues are retained to recover the solution in the 
physical domain. The most widely used definition is that of the 
modal mass participation factor, in practice modes with 
negligible modal effective mass are removed from the equations 
of motion, since its participation to the overall response is small 
[20,38]. 

 However other definitions have been proposed, for instance, 
Wilson [25] used a mode participation factor similar to (8) to 
estimate which modes should be retained in a subsequent mode 
superposition analysis. Carlbom et al. [26] presented four criteria 
to select important modes during the dynamic analysis of rail 
vehicles, and recently, Kammer, et.al. [39] proposed a new 
definition to select important elastic modes in free-free systems. 
In the following subsections we present most common 
definitions found in literature relevant to structural analysis. 

A. Modal Mass Participation Factor 

 The modal effective mass was initially derived for a single 
degree of freedom system subject to an enforced motion through 
the base. The reaction force at the base Fbase due to the enforced 
acceleration Uሷ o in the frequency domain is given by: 

Fbase(ω)=m ൤1+ ቀ
ω

ωn
ቁ

2
H ቀ

ω

ωn
ቁ൨  Uሷ o(ω)  (21) 

In this context the effective mass of the system is m and it is 
directly proportional to the reaction force at the base. Thus, a 
large modal effective mass indicates a large inertial force. 

The above analysis has been generalized to unconstrained 
multi-degree of freedom systems (MDOF) through a Craig-
Brampton transformation matrix [9, 38], and the resulting 

equation is (22), where M is the mass matrix. This equation, 
relates the rigid-body (or unconstrained) modes Φr  with the 
elastic modes Φe. 

 ΓmmT=ΦrTMΦe  (22) 

We can prove that the product of the modal mass 
participation factors  Γmm  divided by the modal mass ܯ௤  is 
identical to the mass matrix of unconstrained degrees of 
freedom. This, expressed in component form is the so called 
modal effective mass Meff. 

Mp,i
eff=

Γmm
p,i
T

Γmm
i,p

Mi,q
  (23) 

Where the subscript p indicates the number of unconstrained 
elastic degrees of freedom (DoF) and i is the number of modes 
retained in the analysis. 

Though the definition of the modal effective mass has been 
derived using a free-free MDOF system, an important point 
should be kept in mind: the modal characteristics of the elastic 
degrees of freedom must be computed with respect to a boundary 
DoF, which should be constrained for the analysis [6, 8, 38]. 
Otherwise, the results extracted using the method described 
above are ill-founded and the participation of the elastic DoF’s 
will tend to be zero. 

Finally, for comparison purposes with other methods we can 
define an effective modal mass fraction Lp,i

mmas the ratio between 
the effective modal mass and the total mass of the system: 

Lp,i
mm=

Mp,i
eff

∑ Mj
n
j=1

  (24) 

B. Free-Free Participation Factor 

Recently [39], presented a new definition to estimate the 
relative importance of each mode for a free-free system, based 
on the concept of Effective Interface Mass (EIM), commonly 
used in the dynamic analysis of subsystems that will be attached 
to larger assemblies. 

The equations of motion for a dynamic free-free system in 
matrix form are described as: 

qሷ ሺtሻ+ωi
2qሺtሻ =ΦTfpሺtሻ  (25) 

Using equation (1) to recover the physical displacements 
from (25) and solving for the physical acceleration, we obtain: 

uሷ ሺtሻ=Φqሷ ሺtሻ=ΦΦTfpሺtሻ-Φωi
2qሺtሻ  (26) 

In (26), the modes that are strongly excited by the external 
force vector are, in consequence, expected to contribute strongly 
to the physical acceleration at the nodes. Thus, we can define a 
free-free modal participation factor Γi

free  as the trace of the 
product between two eigenvectors. 

Γi
free=tr൫ΦiΦi

T൯  (27) 

Since our interest lies in evaluating the relative importance 
of the elastic modes, the free-free participation factor L௜

௙௥௘௘ 
should be compared against the elastic degrees of freedom only. 

Γelas=tr ቀΦelasΦelasT
ቁ  (28) 
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Thus, the free effective mass is defined as the fraction 
between the free-free modal participation factors and the trace of 
the product of the matrix of elastic eigenvectors. 

Li
free=

Γi
free

Γelas  (29) 

C. Modal Strain Energy Participation Factor 

Several authors [40-41] have proposed the use of the element 
modal strain energy MSEei as assessment criteria. The element 
modal strain energy is evaluated at each element stiffness 
submatrix Ke in the global coordinate system. 

MSEei= 
1

2
Φe,i

T KeΦe,i   (30) 

Furthermore, the authors in [40] defined a modal strain 
participation fraction as the ratio between the strain energy and 
the kinetic energy of the system in free vibration. 

Lei
MSE= 

Φi
TKeΦi

Φi
TMΦiωi

2   (31) 

A large modal strain fraction at the element e, at the i-th 
mode indicates that the element is a major load carrying 
component for such mode. Thus, any structural modifications in 
that element will produce significant changes in the modal 
characteristics of the structure and vice versa. 

V. CASE STUDY 

A simple 5-degree of freedom model was created to assess 
the performance of each of the methods described above. As 
shown in figure (1), the model consists of a five DOFs cantilever 
beam. Each beam element has a stiffness of 8700 [N/m] and a 
5% modal critical damping is also considered.  

The model is excited by a force f of magnitude 100 N applied 
at the 5th node with a periodic function and an excitation 
frequency of 5 rad/s as shown in (32). This analysis can be seen 
as a simplified aircraft wing under windmilling incident. 

The modal equation of motion is solved in the time domain 
using Runge-Kutta’s numerical method [52] and the result is 
presented in figure 2.  

 
Figure 1.  Case study: cantinlever beam 

p(t)= sin(t) (32) 

The modal steady-state Li
st , transition L௜

௧௦ , modal effective 
mass L௜

௠௠ and free-free	L௜
௙௙ participation fractions are compute 

using equations (15), (17), (24) and (29), respectively, and the 
results are shown in figure 3. This figure gives an idea of the 
difference in magnitude obtained with each method, however the 
results should be interpreted independently. 

Both, the steady-state Li
st and the transition	L௜

௧௦participation 
fractions are estimates of the amplitude of the modal response, 
therefore the percentage of participation is well in agreement 
with figure 2: the amplitude of the first mode is very large in 
comparison to that of the fifth mode for the given excitation 
frequency. 

 

Figure 2.  Modal response. 

 

Figure 3.  Modal participation factors. 

The modal effective mass participation factor is also in 
agreement with figure 2, a large modal effective mass indicates 
that a particular mode has a large modal inertial component, and 
thus it is easier to excite.  

The estimated free-free participation fractions are mostly in 
disagreement with the rest of the participation fractions 
computed, since its magnitude reveals that the participation of 
all modes is almost identical. Note that the definition of 	ܮ௜

௙௙is 
simply the trace of the modal residues, i.e. how the node i-th 
responds to an excitation applied at the j-th node. 

Using both, the steady-state and transition modal response 
participation factors, the contribution of each mode to the 
internal load was estimated using equation (20). The modal 
strain energy was also computed using equation (31).  In order 
to compare the three sets of results, the values of each matrix 
were normalized with respect to the component with the largest 
magnitude and the results are displayed in figure 4. 

Take for example figure 6 (d), according to the modal strain 
energy, it appears that the second mode becomes more relevant 
to the response of element 4, thus, any structural modification 
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that could impact the behavior of the second mode would also 
have a major impact in the magnitude of the load experienced by 
element 4. However, the results obtained using equation (32) are 
in disagreement with those of the modal strain energy, which 
indicates that the internal load is dominated by the first elastic 
mode.  

 
Figure 4.  Internal load modal participation factors. 

Using the steady and the transient modal response 
participation factors, the peak in plane shear force was recovered 
using equation (19) with (15) and (17), respectively. Table I 
shows a comparison and percentage error between the recovered 
load and the actual peak load computed using MSC NASTRAN 
[53]. 

TABLE I.  PEAK SHEAR FORCE PER ELEMENT 

Peak shear force per element 

Element 
Actual 
Peak 
Load 

Load 

Γ௜	ܦ௜
௦௧ 

%error 
Load 

Γ௜	ܦ௜
௧௦ 

%error 

1 55.8422 51.9211 7.02% 60.3657 8.10% 
2 55.2437 51.7904 6.25% 47.0600 -14.81% 
3 54.1775 51.5293 4.89% 52.3115 -3.44% 
4 52.6880 51.1385 2.94% 67.5420 28.19% 
5 50.8545 50.6189 0.46% 37.18662 -26.88% 

 

The percentage error of the steady-state modal response 
participation factors Li

st  is due to the omission of the transient 
terms. Since the peak load occurs during the transition period, 
the load recovered corresponds in fact to the actual steady-state 
in-plane shear force. 

On the other hand, error of the peak load recovered using the 
transient modal response participation factor	L௜

௧௦ was found to be 
significantly larger. This is due to an implicit assumption in (16): 
the peak of all the modal responses are in phase, thus the method 
tends to either over or underestimate the value of the peak load. 

VI. CONCLUSIONS 

The first class of modal response participation factors have 
the potential to be used as reanalysis tools. When the excitation 
force is periodic and the interest lies in solving for the steady-
state response, the Li

st fraction provides accurate results.  

The second class of modal response participation factors are 
independent of the excitation and depend solely on the mass and 
stiffness distribution, in this sense, this type of factors should not 
be used as a measure of the relative amplitude of the modal 
responses. Instead, their application should be restricted, for 
example, in the case of the modal effective mass fraction, to 
determine the number of modes to be retained in the analysis 
(except when the model has an enforced acceleration through the 
base [2, 3]). Such methodology can serve as an inexpensive 
response tracking mechanism in complex structures during 
design optimization. 

The modal strain energy, on the other hand, is an inexpensive 
expression that relates the mass and stiffness distribution of the 
structure to its modal characteristics. This expression can be 
useful to visualize and correlate how modifying the physical 
properties at element level can impact the behavior of a specific 
mode. 
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