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Abstract

In Symmetric Group Characters as Symmetric Functions [OZ1], the authors Orellana and
Zabrocki showed that there is a non-homogenous basis of the ring of symmetric functions {5y}
such that when these elements are evaluated at the eigenvalues of a permutation matrix, they
are the values of the irreducible characters of the symmetric group S,,. They found a formula
for §) by developing a slightly simpler basis of the symmetric functions called the induced trivial

character basis {iL A} which represent the trivial characters induced from a subgroup to S,.

We will be introducing an analogous idea of the S, -irreducible character basis to the hyper-
octahedral group, namely, B,,- irreducible character basis {Ef\w}. To do this, we have defined
an intermediate basis Bj-induced trivial character basis {Bau)} that is constructed in tensor
square of ring of symmetric functions of form h, ® heg|, in type A. We will provide an algebraic
proof that these bases have the analogous properties when evaluated at pairs of eigenvalues
of permutation matrices. Moreover, a combinatorial interpretation of this calculation will be

provided using fillings of pairs of diagrams in two alphabets.

We will define B,-irreducible character basis {55 .} by change of basis in {ﬁfa 5y} using
Kostka coefficients and show that these bases are families of symmetric functions that are the
values of the irreducible characters of the hyperoctahedral group when evaluated at pair of
multi-sets of eigenvalues of permutation matrices. We will also define @ is the Frobenius map
on A ® A such that @B"(gg,u)) = S(n—|A|—|u|,0 X + Y]s,[X — Y] which is used as a tool in
computation of B, -irreducible character bases.

The Kronecker product of two irreducible representations of B,, has the stability property,
that is, there exists the reduced Kronecker coefficients that stabilizes in expansion of this Kro-
necker product for n sufficiently large. We will show an interesting result that the structure
coefficients in this expansion is the same as the coefficients in expansion of the regular product

of any two B,,-irreducible character basis i.e. in expansion 55\ e §£3a 8)-
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1 Preliminaries

1.1 Background and Motivation
Introduction

Symmetries have always been a fascinating topic of study in mathematics and other sciences. Group
theory is an area in mathematics that studies and explores the symmetries and presents them in an
organized abstract form. A group that is based on the geometrical aspect of symmetry is called the
symmetry group. The symmetry group of a geometrical object consists of all transformations that
keep the shape of the object unchanged under these transformations. There are many questions
in physics, chemistry and other sciences which are modeled by symmetry groups. On the the
combinatorial side of symmetries, the symmetric group (hereafter denoted S,,) is the group of all
permutations on n elements and it is classified as a Coxeter group of type A. The symmetric group
is one of the most fundamental groups in mathematics that has a very important role in algebraic
combinatorics. In Cayley’s theorem, it is stated that any group G is isomorphic to a subgroup of

the symmetric group on G.

Fundamental questions in algebraic combinatorics describe the behavior of groups such as .5, in
simple terms and in pictorial forms. The tools that are commonly used in this field are representation
theory and symmetric functions. They can transform the problem in a way that allows us to use

character theory and linear algebra to study and analyze these groups.

Representation theory of the symmetric group was presented with an eye on algebraic combi-
natorics throughout the 20th century. Some important publications to mention are in the 70’s (1st
edition) and in the 90’s (2nd edition) of [Macdonald] by Ian G. Macdonald and in the 80’s [Sagan]
by Bruce E. Sagan.

The hyperoctahedral group (hereafter denoted B,,) is a “group of signed permutations” and is
classified as a Coxeter group of type B. The symmetric group is a subgroup of the hyperoctahedral
group i.e. B, 2 S,. The aim of this thesis is to prove the existence and provide an explicit
construction of a new basis in the character theory of hyperoctahedral group. We will first present

some history and the algebraic and combinatorial background that is used throughout this project.

Remark 1.1. In Section 1.2 we will explain the notations and the ring of symmetric functions.
Moreover, the plethystic notation and algebraic operations in symmetric functions will be studied

as well.

Representation Theory of Finite Groups

A finite group is a finite set of elements equipped with binary operation that together satisfies

axioms of closure, associativity and the identity property. The finite simple groups are the building



block of finite groups. The classification of finite simple groups is one of the most published area in
mathematics between 1960 and 1980.

Fach element of a group can be assigned to an invertible matrix and the group operation can
be translated to matrix multiplication. In mathematics this is called a matrix representation of a
group G which is a group homomorphism X : G — GLg4. The concept of representation theory of
finite groups was developed by Frobenius, Burnside and Schur at around the end of 19th century.
Representation theory has been used in many applications in mathematics and other sciences and

this project is one of many applications of group representation as well.

A representation is made of the building blocks called irreducible representations that are the
nonzero representation containing no proper sub-representation. Maschke’s theorem explains how

every representation is the direct sum of the irreducible representation.

A mathematical tool extensively used in representation theory of the finite group is the character
of a representation. The character of a group representation is a function that assigns each group
element the trace of the corresponding matrix. The reason that we study the character of a group
representation is because the traces of corresponding matrices of each group element carry much of

the important information about the representation in a compact form.

In 1896 Frobenius published “Uber die Gruppencharactere” in which he wrote the concept
of characters of finite groups. In his new studies, Frobenius didn’t explicitly find the matrices
corresponding to the group representations. This is due to fact that the character of a group
representation is closely related to the conjugacy classes of the group and is uniquely determined
(up to isomorphism) by the corresponding group character. The representation of groups which

was also developed by Frobenius came to picture a year later in 1897. [Conrad, OE]

Remark 1.2. In Section 1.4 we will explain basic topics in representation theory and character

theory of finite groups.

Hyperoctahedral Group

Algebraic combinatorics is an area in mathematics that uses combinatorial method to present and
solve algebraic problems or uses the algebraic methods, mainly group theory or group representations
as a tool to solve combinatorial problems. Algebraic combinatorics can be viewed from two different

angles. They are
1. The counting or enumerating side such as polytopes and partially ordered sets, and
2. The algebraic side involving group, representation theory and commutative algebra.

Many problems in algebraic combinatorics use representation theory and tools such as symmetric
functions and Young tableaux. The ring of symmetric functions is the main family of functions

which are invariant under permutation and they play a very important role in this field of study.



The hyperoctahedral group can be expressed from many different mathematical point of views.

1. In terms of a permutation group, the hyperoctahedral group is a group of all signed permu-

tations.

2. The hyperoctahedral group is isomorphic to the wreath product of a cyclic group of order
two, namely C5, with symmetric group of order n. This is the semi-direct product of n copies
of C and the group S, i.e. B, := C§ x S,,. The group B, has order of 2"n!. [Macdonald]

3. In terms of the theory of Coxeter groups, is classified as a Coxeter group of type B.

In order to organize the representation theory for the hyperoctahedral group similar to the rep-
resentations of symmetric group with the ring of symmetric functions we have many great references
such as [Beck, BrBg, MRW, Stembridge, Stembridge2, Orellana].

Remark 1.3. In Section 1.3 we will introduce the hyperoctahedral group and we study it’s conju-

gacy classes.

Characters of Hyperoctahedral Group

In 1987, John Stembridge wrote an unpublished manuscript “The ordinary representations of B,”
[Stembridge] which includes fundamentals in representation and characters of group B,. The fol-
lowing are the basic notes in characters of B, that we will be using in this thesis.

The conjugacy classes of the hyperoctahedral group B, are indexed by a pair of partition
Br

(vv
class of group B, indexed at the pair of partitions (v, v) this class consists of all signed permutations

such that

(v,v) F n where its length is defined as |(y,v)| == |y| + |v| = n. Given K ) to be the conjugacy

¢ the parts of v are cycles with even number of negative signs, and

¢ the parts of v are cycles with odd number of negative signs.

In the study of the character theory of group B, it is known that the irreducible representations
of B, are also indexed by a pair of partitions (A, u) of total size n. An explicit formula for the

character of the hyperoctahedral group in terms of Schur functions is give below.
Theorem 1.4. [Stembridge] The irreducible characters of the group By, are
) . ( (Ae) (-,m) Bn
X X eX B Byl
where |A| + |p| = n and their Frobenius characteristics image is

T, (XM) = 1[X + Y]s,[X — Y],



In the introduction of [Beck], “The combinatorics of symmetric functions and permutation enu-
meration of the hyperoctahedral group” in 1997, the author defined ten standard bases for the
Byp-analogue of the symmetric functions. Any element of these bases can be the Frobenius charac-
teristic image of a natural representation of B,. One which has a very important use in this thesis

and is called the induced trivial character basis of group B, is described in the following Corollary.

Corollary 1.5. [Beck] The induced trivial character of the group By, are the induced characters of
Bn

the trivial and parity representation i.e. Tk = (Ly® 5#) TwaB‘
I

‘ where |A| + |p| = n and their

Frobenius characteristics image is
Fp,(TM) = h[X + Y]hu[X - V]

Remark 1.6. In Section 1.5 the characters of hyperoctahedral group and it’s Frobenius character-

istic map will be studied.

The S, -Irreducible Character Basis

It is known that irreducible characters of GL, modules are evaluations of Schur functions {s)} at
the eigenvalues of elements in GL,,. We say that the character bases values of the general linear
group are symmetric functions (Schur functions). In [IK'T] it is shown that characters of orthogonal
group O,, are “orthogonal characters” which are also a type of symmetric functions. In [OZ1] it is
shown that characters of symmetric group S, realized as permutation matrices have a collection of
symmetric functions {§)} called the “S,-irreducible character basis” and they play the same role for
the symmetric group as the Schur functions {sy} do for the irreducible characters of GL,,. Given
GL, O O, 2 B, 2 S, our project is to find a similar character basis for the hyperoctahedral group
B,.

In [OZ1] the authors R. Orellana and M. Zabrocki showed that there is a non-homogenous basis of
the ring of symmetric functions {$)} such that when these elements are evaluated at the eigenvalues
of a permutation matrix they are the values of the irreducible characters of the symmetric group.
They found a formula for the irreducible characters by developing a slightly simpler basis of the
symmetric functions called the “induced trivial character basis” {iL)\} which represent the trivial

characters induced from a subgroup to S,.

Remark 1.7. In Section 1.6 we will study the symmetric group character basis in [O0Z1] and explain

the topics which will be related and used as a tool in our thesis work.

The Main Results

The hyperoctahedral group B,, consist of elements of signed permutations that can also be realized

as the group of signed permutation matrices inside of GL,. We will be developing an analogous



idea to the irreducible character basis of the symmetric group. To do this, given that the irreducible
representation in the hyperoctahedral group, are indexed by pairs of partitions (A, u) - n define
the B,-irreducible character basis {55\ #)} € A ® A such that it satisfies the property that when

evaluated at pairs of eigenvalues of permutation matrices it gives the irreducible character value.

B,-induced trivial character basis. In order to define B,-irreducible Character Basis
{5('&’#)}, we have adopted an analogous method to the type A solution and we have introduced
an intermediate basis the B,-induced trivial character basis {Bg\#)} € A ® A that is constructed in
terms of hq ® heg), in type A. We will show that these bases in type B have the necessary property
when evaluated at pairs of eigenvalues of permutation matrices. This is provided in the following

theorem.

Theorem 1.8. [The Main Theorem] For n > 0 and given pair of partitions (y,v) - n we have

6y B Bl = (P A0 [X + YIhu[X = YT,y [X]pu[Y]) .

Remark 1.9. In Chapter 2 we will introduce the B,,-induced trivial character basis {ﬁg\ “)} and
show how it can be constructed in iq ® He,@\n in type A. We will also give a combinatorics interpre-
tation of and tableaux for evaluating fzg ) [E+,Z,]. This involves fillings of pairs of tableaux shape

(7,v) of content representing partitions (A, 1) in two alphabets.

B,-irreduicble character basis. The B-irreducible character basis {55\”} are families of
symmetric functions that are the values of the irreducible characters of the hyperoctahedral group
when evaluated at roots of unity i.e. multi-sets of eigenvalues of permutation matrices. We will
define the symmetric function 55\#) by change of basis with ﬁa ) using product of Kostka coeffi-

cients.

Definition 1.10. Given partitions «, 3, A and p and non-negative integer n > 2|«| define the
functions §g\ ) in A ® A that satisfies

~B
(a,ﬁ Z Kn-xnm \al,a)KuBS(A,M)

I/\\<|a|
|ul=I8]
where the Kostka coefficients K, |z \)(n—|a|,a) 18 the coeflicient of s, _|xn) In R(n—|al,a) and Ky p

is the coefficient of s, in hg.

The functions B, -irreducible character basis {55\ u)} € A ® A must satisfy the property that it
gives the irreducible character value when evaluated at pairs of eigenvalues of permutation matrices.

This is given in the following proposition.



Proposition 1.11. The function 55\ ) is the ‘unique’ symmetric function in A ® A of degree
|(A, )| = || + || that for all n > |A| + |u| + A1 satisfies

500 B Bol = (S -l [X + Y]su[X = Y], 0, [X]pu [Y])

for all pairs of partitions (v,v) = n where 2 and Z,, are the multi-set of eigenvalues of permutation

matrices of cycle types v and v respectively. Equivalently we have

8 221 = A ),

Remark 1.12. In Chapter 3 we will be using the algebraic and combinatoric tools in order to reach
to the following results in this thesis.

1. A definition of the B,-induced trivial character bases in terms of S,-induced trivial character

bases.
2. Proof of the existence of the B,-irreducible character basis {55\7“)} in A® A.
3. Proof of a theorem explaining the expansion of {fzgx 7 B)} in {§€\7M)} using Kostka coefficients.
4. A recursive definition for Bj,-irreducible character basis {§au)} in terms of {ﬁfa 7 6)}‘

5. The summary of results of combinatorial explanation of each of the transition coeflicients in
{hn}, Pt — {hfaﬁ)} — {55,@}-
The last main result we have explained the following.

Kronecker coefficients in product of B,-irreducible character bases

In [Wilson] it is shown that the stability property of the Kronecker coefficients in Kronecker product
of two irreducible representations of the hyperoctahedral group can be states as, given n sufficiently

large, there exists the reduced Kronecker coefficients ggz)) (@.8) that stabilizes in expansion as

B B _ —(0,7) B
SNl *2 Sinclal—181a)8) = D Tonm (@) Stin—ri-1016).m)
(6.7

where the sum is over [(0,7)| < |(A, u)| + |(a, B)|. We will show that the structure coefficients in
this expansion is the same as the stable Kronecker coefficients in expansion of the regular product

of any two By-irreducible character basis, that is, for pairs of partitions (\, u) and («, ),

-B ~B —(6,7) ~B
S S(a,B) T Z I (a,8)5(0,7)"
1(0,7) < (M) |+ (8]



1.2 Ring of Symmetric Functions A

We begin by presenting the fundamentals and algebraic objects that will be used throughout this

thesis.

Notation: Permutations, Partitions and Young Diagrams

Definition 1.13. Given a non-empty set A, a bijective function 7 : A — A is called a permutation
of A. Given the fact that a function has an inverse if and only if it is bijective, the permutation
function 7 has a unique inverse function 7! : A — A that is also a permutation. The set of all
permutations of set [n] := {1,2,...,n} equipped with composition as it’s binary operation is called

the symmetric group on [n] denoted by S,, with the order (or cardinality) of |S,| = n!.

Permutation Notations. There are three common types of notations used in expressing a

permutation 7 in Sy,. In this section we are adopting some notation in Chapter 1 in [Sagan].

1. The bijection 7 : i — m(¢) shown by the two-line notation as

W_( 1 2 .. n )
S\ 7)) w(2) ... w(n)

2. If the first line on the two-line notation is dropped, we have a one-line notation as

3. The notation for a cycle is
(im(3) 72 (3).. 7071 (4))

To explain this notation, let (i j k...1) be a cycle in . This permutation sends i to j, j to k,

., and [ back to i. The first p such that 7P(i) =i is how we find p in this cycle. Now if we
pick any element not in the cycle containing ¢ and repeat this process until all elements in the
set {1,2,...,n} are used, a complete cycle notation will be generated by expressing it as the

composition of disjoint cycles.

Example 1.14. Given a permutation m € S7 such that

1 2 3 45 6 7
¢ The two-line notation of 7 is ™ = < )

31 2 46 5 7
¢ The one-line notation of 7 is 7 = (3,1,2,4,6,5,7)

o The cycle notation of 7 is m = (132)(4)(56)(7)



Definition 1.15. A k-cycle (or a cycle of length k) is a cycle that contains k elements. The
cycle-type (or type) of a permutation 7 is of form (1™12™2...n™") where my is the number of
k-cycles in permutation . A 1l-cycle in a permutation is called a fixed point. The fixed points in
a permutation are usually dropped from the cycle notation. An involution is a permutation which
72 = e. A permutation is an involution if and only if all its cycles are of length 1 or 2. For example,

the permutation o = (1)(2)(34) is an involution.

Definition 1.16. For non-negative integers n € Z™ and [ € Z™, a partition of size n and length [ is

defined to be a sequence of positive integers A = (A1, Ag, ..., \;) such that \; is weakly decreasing,
!
ie. \j > Niy1 for 1 <i <land ) A =n. The size of a partition is denoted by |\| = n and the

=1

length of the partition is denoted by I(A) = [. For A\ a partition of n is expressed by A F n. The

exponential notation for a partition is A = (112™2 .. k™), where m; is the number of partitions

n!
of length j in A\. The number of partitions with cycle-type (or cycle structure) of A - n is — where
Z\

mn

zy = |Zg] = 1"™mq12™mg! - - - n"mmy,)

Note that |Zg| is the order of centralizer of element g in S, that has cycle-type of A.

Remark 1.17. There are two kinds of partitions: integer partitions and set partitions.

1. The integer partition for a non-negative integer n is written by A\ F n is to write n as a sum
of smaller positive integers. For example integer partition of 3 is three distinct partitions (3),
(2,1) and (1,1,1).

2. The set partition of a set is to divide a given set into smaller (non-empty) subsets such that
every element of the set is exactly in one of these subsets. For example, the set partitions of
{1,2, 3} are five set partitions {1, 2,3}, {1,2}w{3}, {1,3}w{2} ,{2,3}wW{1} and {1}w{2}w{3}.

Remark 1.18. For n > 0 the cycle-type of a permutation in S, is a partition of n.

Example 1.19. Given the permutation 7 = (132)(4)(56)(7) € S7 in cycle notation,

o There are one 3-cycle, one 2-cycle and two 1-cycles in 7.
o The cycle type of wis A = (3,2,1,1) where A\ - 7.

o The cycle type of 7 in exponential notation is (122'31).
¢ The fixed points of 7 are 4 and 7.

o The cycle length is [(\) = 4 with size of |A\| = 7.



Definition 1.20. Given the non-negative integers n and [ we will define the composition of size n
is an ordered sequence of positive integers o = (a1, a2, -+ ,aq) such that oy +ag + -+ =n. A

weak composition is when zero parts allowed, i.e. a; > 0.
Notations

¢ Denote a composition « of size n by a = n.

¢ Denote a weak composition « of size n by a =y, n.

Example 1.21. Two examples of composition and weak composition.
o A composition for n =7 is o = (1,2, 1, 3).
o A weak composition for n =7 is a = (1,0,2,0,0,1, 3).

Definition 1.22. Given A = (A1, A\2,..., ;) to be a partition of size n € Z* and length [ € Z*
we can associate A with a diagram called Young Diagram (or Ferrers Diagram) denoted F*. This
diagram has n = |A| number of boxes that are in [ rows that are arranged by arrays Ai, Ag,..., N\
organized from bottom to top that are justified to the left. Note that this is a French notation which
we will use throughout this thesis. Moreover, the conjugate partition of A is denoted A’ which can

be shown by a Young diagram that is by swapping the rows and columns and is denoted by F X

Example 1.23. The associated Young diagrams to the partitions A = (4,2,1) and conjugate
partition A = (3,2,1,1) are

F(4’2’1) . F(3’2’1’1) .

Definition 1.24. Given two partitions A and p with |u| < ||, we say that p is contained in A and
write u C A whenever p; < A; for all 4. If u C A the set-theoretic difference A — p can be written as
A/ and pictorially associated by a diagram called a skew diagram denoted by FMnu,

Example 1.25. For A\ = (5,4,2) and = (2,1) the skew diagram A/u is

M ‘

Definition 1.26. Given A = (A1, \2,..., ;) to be a partition of size n € Z* and length [ € Z*

we can fill in the boxes of the Young diagram with numbers from the set {1,2,...,n} and generate

a tableau called a semi-standard or column-strict tableau T of shape A and denoted by T?. This
tableau is strictly increasing in columns from bottom to top and weakly increasing in the rows from
left to right. The filling of the tableau can be given by the its partition type, i.e. if T7* has the type

a = (1%1292  n%) it means that there are «; entires are i’s.



Example 1.27. Given partition A = (4,2,1) F 7 and the filling from elements of set {1,2,3,4,5,6, 7}
the following column-strict tableau T*21) has the type o = (112132495%6370),

T(4,2,1) .

(6 ]
216
133\6\

The Ring of Symmetric Functions

Definition 1.28. Let the formal power series ring defined by

Clx] = {Zanx" :an € C}

n>0

where x = {x1,z9,...} is an infinite set of variables. The formal power series C[x] is a ring
Al

equipped with usual ring addition and multiplication. Note that the monomial a;?ll a;?; xS of

degree n when n = )_\,.
i

Definition 1.29. Given permutation o € S,, and for a positive integer n, the function f is said to

be a symmetric function if a natural action of o on f(x) € C[x] will have the result

O'f({L‘l, T2, .. ) = f(fL‘U(l), 1'0(2)7 . )

Equivalently, the function f is invariant under permutation o.

Definition 1.30. For a partition A = (A1, A2, ..., ), the monomial symmetric function indexed
by A is defined by
my = my(x) = sz’»\llx;:? . x;\ll
Ai
Given partition A F n the monomial symmetric function m)(x) is said to be of homogenous degree

n.

Definition 1.31. The Ring of Symmetric Functions. The ring of symmetric functions is a
vector space with coefficients in the ring of complex numbers that is spanned by monomial m) and
is denoted by

A=Ax)= @C—Span{m)\ | A n}
n>0

The Ring of Symmetric Functions is a Graded Algebra. An algebra is a vector space
that the multiplication of vectors is associative and a ring structure is imposed on the space.

The ring of symmetric functions A is a vector space and has a structure of graded algebra as

10



we have the decomposition A = @ A", where A™ is spanned by monomials mj) of degree n, this is
n>0
A" = C-Span{m) | A F n}. The ring A is closed under product since f € A" and g € A™ implies

f-geAt™ .
Fundamental Bases and Families of Symmetric Functions. There are five types of

symmetric functions which are designated as fundamental bases of symmetric functions. First we

will formally present the basis {my} and below.

Proposition 1.32. (Proposition 4.3.3 [Sagan]) The space A™ has basis {my :A F n} and so has

dimension equal to the number of partitions of n.

The power sum symmetric function has an important role in building our bases. For each
positive integer n, there is a single generator for each of the following three symmetric functions.

This will lead us to the restatement of Theorem 4.3.7 in [Sagan].

Theorem 1.33. Fundamental Bases of A. The following are bases of the ring of symmetric

functions A.

o D {Pr}a-n (n-th power sum symmetric function: p, = m,) = > z})

n>0 i>1
o D {ex}tarn ( n-th elementary symmetric function: e, = muny = >, @ - 2y,)
’YLZO 11 <<l

o @ {ha}a-n (n-th complete homogeneous symmetric function: h,=> my= >, x;, - x;,)
n>0 N i <<in

Remark 1.34. The trivial cases are given as below. Note that for the partitions indexed by zero (or

empty) hp we use the notation he instead.
O Do =he =€ =1
o ppn=h_p=e_,=0forn>0.

In an abstract form, the ring of symmetric function can be expressed by

Ak:;SyWZ::(le,p%..l

that is, the ring of symmetric function A is given in the polynomial ring in variable p;, the power
sum generators, where

() = o} + o
and deg(p;) = i, therefore the set €@ € {pr} can be called the power sum basis. Now, given A™ to

k>0AFk
denote the symmetric functions of degree m for a partition A = m where A = (A1, Ag, ..., A A)), the

set {p,} forms a basis for A and

p)\ = p)\lpAQ o pAlO\)

11



Note that
deg(px) = deg(PrysPros - - -+ Pagy)

=AM+ A2+ Ny

with the indices are written in weakly decreasing order as A1 > Ay > -+ > Ay).

Remark 1.35. Theorem 1.33 implies that we will have one function for each partition of n, hence this
can be extended to any given partition A = (A1, Ao, ..., \g). To do this, we can write the functions
Dx, ex and hy multiplicatively as py = px,;Px, -+ -Dr, 5 €X = €x€xy - --€x, and hy = hy hy, ... hy,.

Therefore, we say that this family of bases of symmetric functions are multiplicative.

Schur Functions

Definition 1.36. The weak composition pu = (1, o, ..., jtg) is said to be the content of T (a
generalized tableau of shape A) when y; is the number of times that ¢ appears in 7. The monomial

weight in C[x] for the corresponding composition p = (i1, o, ..., ug) is defined by

U 15 Y Ry 1)
XU I=T T Ly

Definition 1.37. Let T be a generalized tableau of shape A with content p = (1, pio, ..., ft)-
Define the monomial weight on 7 by

" L s, =
X' = rT, ;) =X

(3,7)EN

Definition 1.38. Given partition A the corresponding Schur function is defined by
A
sx(x) = ZXT
T

where the sum is over all column-strict tableaux of shape A.

Example 1.39. Given A = (2,1) we can write tableaux and the weight functions as the following

‘Weight Function w%azg xlx% a:%xg $1$§ . T1X2T3  T1X2T3 . XT1ToT4 T1T2X4

Young Tableau

—_

1\ 12\ 11\ 13\

[y

2] [1]3] 2] [1]4]

The column-strict tableau T is of shape A = (2,1) can give the associated Schur function
8(2,1) = TiTy + 2125 + iz + 1123 + -+ + 2212023 + 221 20Ty + - -

12



Definition 1.40. Kostka coefficients. Denote Kostka coefficients by K, which are the number
of column-strict tableaux of shape A\ content yu. We may define the Schur function in terms of

Kostka coefficients and summing over all partitions p of n as

Sy = ZK/\umu
JTASD
Note that Ky = 1 and that K, = Ky if sort(8) = sort(a). Moreover, A\ dominates p is denoted
by A > pu.

Proposition 1.41. The function sy(x) is symmetric and the set {sy : A\ n} is a basis for A".

Theorem 1.42. (The Jacobi-Trudi Determinants) Given A = (A1, Aa, ..., \g) the Jacobi-Trudi

determinants are defined by
sy = det[hy,_,, lo<ij<i and sy =detlex, ,, lo<ij<k
where X' is the conjugate tableau of \.

Product of Schur Functions. The product of two Schur functions indexed by partitions pu

and v is expanded in Schur basis as
S#SV = Ci\ws by
A
where CKM is the Littlewood-Richardson coefficients. The Littlewood-Richardson rule gives us a

combinatorial tool to calculate the coefficients in the above expansion.

Theorem 1.43. (Theorem 4.9.2 in [Sagan]) Given cf;l, to be the Littlewood-Richardson coefficients

and |u| + |v| = |A|, then
A
S\u = ch/sy
v

Theorem 1.44. (Theorem 4.9.4 [Sagan]) (Littlewood-Richardson Rule) The value of the coefficient

CZ\W 1s equal to the number of semi-standard tableaux T such that
1. T has shape A/u and content v,

2. The row word of T', mp is a reverse lattice permutation.

Remark 1.45. From here on we will use a compact form of indexing partitions in symmetric functions.

For example s(3 1,1y will be written as s31;.

Example 1.46. Expansion of the product s(3 1)-8(2,2) in the Schur basis. By Littlewood-Richardson
rule, we will list all tableaux that are lattice permutations with content (2,2), that is, two 1’s and

two 2's and skew shape of \/(2,1) for some .

13



1\1\ 1 1 2

Therefore

821 * 822 = S43 + S421 + S331 + S322 + S3211 + S2221.

Example 1.47. Expand s(329)/(2,1) in Schur basis. Using sy, = Zcﬁys,, and |u| 4 |v| = |A| given
12

A= (3,2,2) and p = (2,1) we have |v| = 4. In here we do not have the content and the shape is

given as (3,2,2)/(2,1). We will find all possible tableaux.

1]2 212 1
1 1 2

Therefore

S322/21 = S31 + S22 + S211-

Algebraic Operations

In this part we discuss two natural operations of the ring of symmetric functions A: product and
coproduct along with antipode and involution on A. The content can be found in [GR, Macdonald,

Zabrocki].
Definition 1.48. Multiplication function on A ® A is the map pu: A ® A — A given by

1(Px ® Pu) = PaAPu
=DP\Pxy 'p)\l(Mp,Lup,uz o .pl‘l(u)
= Pxwu

The disjoint union partition AWy is the rearrangement of sequence (A1, Aa, .., Ayx), H15 125+ - - 5 Hi(u))

in decreasing order.

Definition 1.49. Comultiplication function on A is the map A : A — A ® A given by (primitive
property)
Alpr) =pe®1+1®@py

Remark 1.50. The comultiplication on A is a ring homomorphism, that is, given f,g € A and

a, B € Q we have

14



Proposition 1.51. (Proposition 2.25 [G'R]) The comultiplication A : A — A® A has the following

effect on the symmetric functions:

i. Alpp)=1®p,+p,®1 foreveryn > 1.

7. Alen) = Z € ®e; for every n € N.
i+j=n

i, Dlhn) = Z hi ® h for every n € N.

. Alsn) = ZS“ @ S\/u for any partition \.
HCA

v, Blsap) = Z Su/v @ S\/u for any partition X and v.
vCpCA

Example 1.52. Expansion of A(hy) in hy basis is A(h1) = he @ h1 + hi ® he wWhere he = 1 is the

complete homogenous symmetric function indexed by empty set. The expansion is

A(h11) = A(hihy)
= A(h1) A(h1)
= (he ® h1 + h1 ® he)(he ® h1 + h1 ® ha)
= he ® h11 + 2h1 ® h1 + h11 ® he.

Example 1.53. Expansion of A(sy;) in Schur basis is
A(521) = Se ® 521 + 51 ® 511 + 81 ® S2 + 511 ® S1 + 52 @ $1 + $21 @ Se
where s = 1 and expansion is by using Proposition iv. 1.51.
Proposition 1.54. (Proposition 2.29 [('R]) Each of {ey}n=12,.. and {hy}n=1,2,.. are algebraically

independent, and generate A as a polynomial algebra for any commutative ring K. The same holds

for {pn}tn=12,.. when Q is a subring of K. Furthermore, the antipode S acts as follows:
2 S(pn) = —DPn
it. S(en)=(—1)"hy,
ii. S(hn) = (=1)"ey

Example 1.55. Given S(py) = (—1)!Mpy and using the preceding proposition we have

1. S(p3ain1) = (—1)°psa111 = —ps2111

15



2. S(ha1) = S(ha) - S(h1) = (=1)%e2- (—1)'e1 = —ea

3. S(ess) = S(ez) - Slez) = (~1)°hs - (~1)*ha = —hss

Definition 1.56. Consider the algebraic independence of the generator {e,} for ring of symmetric

function A and define involution w by a ring homomorphism on A.

A A

en— hy,

and it can also send h,, — e, hence w is an involutive automorphism of A, i.e. w(hy) = ex.

Remark 1.57. The antipode S on A (up to the sign) is the same as the involution w, that is

S(f) = (=D"w(f) for f € Ay

Remark 1.58. Given A\ and p partitions satisfying u C A, then the involution and the antipode

action on (skew) Schur functions are given by

UJ(S)\/H) = S/\//#/
S(saz) = (DM Hlsy

where )\’ is the conjugate partition to A and |A/u| is the number of boxes in the skew diagram \/p,
that is, |A\/pu| =n—kif A\Fnand pt k.

Example 1.59. Evaluate the following using S(sy/,) = (—1)|)‘/“|s>\//u/.

1. S(s3) = (—1)38111 = —s111

2. 5(5322/21) = (—1)45331/21 = 8331/21 = S31 + S22 + S211

Corollary 1.60. (Corollary 2.36 [GR]) In the Schur function basis {s\} for A, the structure

constants for multiplication and comultiplication are the same, that is
SMSV = Ci\wS)\

A
A(SA) = Zcﬁusu & Sy
[IR%

The coefficients cﬁy in the above expansions are the Littlewood- Richardson coefficients.

16



Definition 1.61. (Definition 2.41 [GRR]) Define the Hall inner product on A to be the K-bilinear

form (-,-) which makes s) an orthonormal basis, that is,

<S>\7 3M> = 6)\#

where 0y, = 1 if A = pu, otherwise 6y, = 0. In terms of power sum basis, it can be said that power

sum basis is an orthogonal set, and we can define the Hall inner product by

P
—, = Oxy,-
<Z>\ p“> A

Example 1.62. Evaluate the following Hall inner products.

i. (ha1,p3) = (hah1,p3) it.  (ha22, p222) = (hahaha, p222)
P11 p11
=< 5 +*101 p3> =< 7P222>
b2p1 p11p1 p222
=<T ,p3> :< ,p222>
_ <ZE > __ %222 [ P222 »
5 2 , D3 8 22227 222
23. 3

8
=6

The following is the study of symmetric functions in two sets of variables and the Grothendieck
ring of B,,. In later part of this thesis we use symmetric function notations that are obtained
by plethystic substitution to encode characters where an operation (f,g) — f[g] on the ring of
symmetric functions is called plethysm. The material in here can be found in [BrBg, Haiman, OZ1,
Zabrocki].

Plethystic Substitution

Let X =21 +xo+ - and Y = y; + y2 + --- be two sets of formal variables. Consider the ring
of symmetric functions in the set of formal variable X and denote it by A[X]. As have know, any
basis in A[X] is indexed by a partition, in particular, consider the power sum symmetric function
that is indexed by partition A = n and A = (A1, e, ... ,)\l(,\)). This can be expressed in X variable

PALX] = pa, [X]pa, [XT - ooy [X]

The plethystic substitution is the evaluation of power sum symmetric function at X, this is

prl X =pp(z1+22+ )
=ab b4 ...
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Now, given a symmetric functions f € A, we will have plethystic substitution in alphabet X as
fIX] = f(z1,22,...). The result of plethystic substitution of a set of variables into a power sum py
is the same as the corresponding power sum in the set of variables. It is important to note that the

indeterminate are always considered as formal symbols and not as variables.

Definition 1.63. Given f a symmetric function (f € A) and a formal sum of indeterminate
A =aj+az+---, a plethystic substitution f[A] is the substitution of the expression A in f. The
plethystic substitution f[A] is the image of f under the homomorphism mapping py to pi[A] and

must have the following properties:

1. A plethystic substitution is additive and multiplicative. For given f,g € A and

(f + 9)[A] = flA] + g[A]
(f9)[A] = flAlg|A]

2. A plethystic substitution of an expression A into a power sum p; is defined by replacing all

variables of the expression A by their k& power and is denoted by py[A], this is
pk—>a’f+a’§+--'

This results in the plethystic substitution being linear hence: py[A1 + As] = pr[A1] + pr[As2].

3. The plethystic substitution f[A] is

U(p)
flA] = Zau H Pui[A]
i=1

m

This expansion can be expressed in power sum in the X variable as

FIX] = Y aupalX].

Symmetric Polynomials and Plethysm. (The content in here can be found in Chap-
ter 4 [Zabrocki]) Let Q[x1,22,...,2y] be the polynomial ring in variable X,, = x1 + x2 + -+ +
x, over the field Q. Now consider polynomials f(x1,x2,...,2,) € Qlz1,x2,...,2z,] such that
f(To(1), To@2)s - s Tom)) = f(T1,72,...,2y,) for all o € A;,. These polynomials are said to be sym-
metric and they form a ring with identity element 1 and they are closed under usual polynomial

addition and multiplication. Denote this ring by

AXy] ={f € Qlar, 22, .. s 0]t f(To(1)s To(@)s -+ Tam)) = f(T1,22, ..., 20) for all o € Ay}

18



If we set
Pl Xn] = pr(z1 + 22+ + )

= +ab+ +af

then there is a linear homomorphism in the map

A — AIX,]

P DAy [Xn]pag [Xn] -+ oy [Xnn]
with a natural extension to the linear combinations of py.
Example 1.64. Compute p3[Xy4], e2[X3] and ha[Xa].

po[X4] = pa(x1 + @2 + 23 + 24)

=z} + 23 + 23 + 23

e2[X3] = ea[r1 + w2 + 3]

1 1
= —pulxr1 + 2 + 3] — =p2[r1 + z2 + 3]

2 2
1 2 1 2 2 2
:§($1+$2+$3) —5(171‘1‘1'2“‘:173)

= T1x2 + X1T3 + T2x3

ha[Xa] = holz1 + 2]

1 1
= 5]011[551 + $2] + 5]92[551 + wQ]
1 1
= §($1 +x2)* + 5( T+ 23) =2t + 23 + 2129

Remark 1.65. The power sum symmetric function px € A is a linear homomorphism as we have

pr[cE + dF] = cpi[E] + dpy[F]

for E, F € Q[z1,z2,...,x,] and coefficients ¢, d € Q.

Remark 1.66. We will discuss addition, subtraction and multiplication of alphabets in the algebra

of symmetric functions using the plethystic notation. We know
pr[X + Y] = pp[X] + pi[Y]
and

Alpr) = (pr ® 14+ 1@ p)
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On the other hand, given A = (A1, A2, ..., Ax) we have defined
X +Y]= pr (X +Y]

_HPA ] +px[Y])

The coefficient of p,[X|p,[Y] in pr[X + Y] is equal to the coefficient of p, ® p, in A(py) so the
addition of the two sets of variables X := x1+x9+--- and Y =y +y2+--- encodes the coproduct

A in general terms.

Proposition 1.67. Given f € A such that A(f) is given by A(f) = > fi ® gi, then

fIX+Y]= Zfz

Remark 1.68. In Proposition 1.67 the product p,[X]p,[Y] as the basis element of AXTY

to the tensor product p, ® p, which is the basis element of A ® A hence A ® A = AXHY

is isomorphic

Proposition 1.69. For f € A such that f is homogeneous of degree k

Example 1.70. For example, we can write h,,[—X], en[—X] and s,,[—X] as the following.
o hal=X] = S(ha) [X] = (~1)"w(h)[X] = (~1)" en[X]
o enl~X] = S(ea)[X] = (~1)" w(en)[X] = (~1)" hy[X]
o sul=X] = S(s)[X] = (~1)"w(s,)[X] = (~1)"s10[X]

Remark 1.71. Given f to be a homogenous function of degree n, we have

fiEX] =" f[X]

The indeterminate in plethystic substitution is always taken as formal symbols as they are not
variables. Note that for ¢ = —1 the correct equation should be as given by the antipode of the Hopf
Algebra structure that is stated in Proposition 1.69, that is f[—X] = (—1)*w(f)[X].

Definition 1.72. (Prop.2.25 [GR]) To formulate a plethystic substitution approach to the coprod-

uct on a single complete homogenous symmetric function, let
n[X +Y] Z hi[X Y]

as well as



Definition 1.73. The plethystic formulas in Definition 1.72 are special cases of the following for-

mulas

sAX +Y]= ZSV[X]S/\/V[Y]
vCA

SA[X - Y] = Z(_l)l/\/V‘SV[X]S)\’/I/ [Y]
vCA

syul=Y] = ()M y Y],
Remark 1.74. For s(,) = hy, and s(iny = ey, the last formula is expressed as h,[-Y] = (=1)"e,[Y].

The aim of this thesis is constructing a new character basis of the hyperoctahedral group. In
this section we will present basic background about the hyperoctahedral group and it’s conjugacy
classes. Note that we are using definitions, propositions and theorems from [Macdonald, Stembridge,
Stembridge2].

1.3 Hyperoctahedral Group B,

The hyperoctahedral group B, is the group of all signed permutations. It can be said that

¢ Hyperoctahedral group B, is all bijections o of the set [+n] := {£1,£2,...,+n} to itself such
that for all a € [£n] we have o(—a) = —c(a).

o Hyperoctahedral group B, is the n x n signed permutation matrices.
o Hyperoctahedral group By, is the centralizer of permutation (12)(34) ---(2n — 1,2n) of Sa,.

¢ Hyperoctahedral group B, as a Weyl group can be associated to the orthogonal group of odd

dimensions.

o Hyperoctahedral group B, in terms of coxeter group, is generated by 7, o1,--- ,0,-1 and

satisfying relations

1. J? =7r2=1;

2. (040441)° = 1;

3. (UiT)QZ(O'iO'j)2:1 where i #n —1,]i —j| > 2;
4. (top_1)t=

The following table presents examples of group B, for dimensions n = 2, 3, 4.
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‘ B, ‘ Coxeter notation | Order Structure Regular polytopes

n
2 | Bz | [4] 2291 = 8§ Doy = CowrSs Square, Octagon
3| Bs | [4,3 2331 = 48 C3 x S3 = CowrSs | Cube, Octahedron
4 | Bs | [4,3,3] 2441 =384 | C3 x Sy = CowrSy | Tesseract

Table 1.1: Hyperoctahedral group B,, for dimensions n = 2,3,4

A special case of a wreath product is commonly used in constructing the hyperoctahedral group.

Wreath Product, Hyperoctahedral Group B, and Conjugacy Classes of B,

Definition 1.75. (Appendix B in [Macdonald] ) Let G™ = G X ... x G be the direct product
of n copies of G. For a permutation o € S,,, the symmetric group .S, acts on G" by permuting
the factors by o (g1,---,9n) = (9o-1(1),---»9o-1(n))- The wreath product G, = GuwrS, is the
semi-direct product of G™ with S, i.e. G, = G" x, Sy, defined by this action. In fact the
wreath product is a group of the ordered set of tuples G™ x S, with the multiplication defined
by (g,0)(h,7) = (g.¢s(h),07T), where g,h € G™ and 0,7 € S,,. Note that the identity of wreath
product is eg, = (egn,es,, )-

Remark 1.76. The elements of GG,, can be expressed as permutation matrices with entries in G. The

matrix corresponding to (g,0) having entries a;; in the matrix equal to

aij = Yidio(j)
where g = (g1,...,9n) and 04 = 1 if a = b otherwise d, = 0.

Remark 1.77. That the order of G, = GwrS,, is |G|™ - n! for n > 0 and for n = 0, Gy is just a group

of one element and for n = 1, G1 is G. Another simple example is S,, = {e}wrS,,.

Hyperoctahedral group and wreath product. The hyperoctahedral group is the wreath

product of a cyclic group of order two, namely Cs, with symmetric group of order n, that is
B,, = CywrS,,

This means B,, :== C3§ x S,,. Note that the order of B,, is 2" - n!

Example 1.78. To construct elements of Bs, the hyperoctahedral group of order 2, let Cy =
{e,z} and Sy = {(1)(2),(12)}. Having So act on C7 by permuting the factors, ¢,(g1,92) =
(9o-1(1), 9o-1(2)) for gi € G and o € Sy we have

By = CowrSy
=C3 X, S
={(e,e), (e;x), (z,e), (x,2)} », {(1)(2),(12)}

The group Ss action on C% is shown below.
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Wreath Product By := CowrSs S2 Action on C% by Elements of By
®o(91,92) = (9o-1(1): 9o-1(2))

id = {(e,e) x, (1)(2)} Py2)(e,e) = (e e€) id = ((e,e), (1)(2))
g1 ={(e,x)} %, {(1)(2)} Py (e z) = (e ) g1 = ((e,2),(1)(2))
92 = {(z, )} x, {(1)(2)} Py (T, e) = (z,€) 92 = ((z,€),(1)(2))
g3 =A{(z,2)} x, {(1)(2)} Py (@, 7) = (2,) 93 = ((z,2), (1)(2))
94 = {(e,e)} x, {(12)} paz)(e e) = (e,e) 94 = ((e,e), (12))
gs = {(e,x)} Ao {(12)} 90(12)(67x) (ac,e) gs = ((xve)v (12))
96 = {(z,e)} x, {(12)} paz)(z,e) = (e, ) 96 = ((e, 7),(12))
gr = {(x,x)} X {(12)} 90(12)(*7;ax) (:L‘, ) gr = ((1‘,.%')7 (12))

Table 1.2: Constructing elements of By by wreath product

Conjugacy Classes and Types in Wreath Product. (Appendix B in [Macdonald]) First

we define the cycle-product and the cycle-type of an element in G,,.

Definition 1.79. Let © = (g,0) € G, where ¢ = (g1,...,9n) € G" and o € S,,. Write the
permutation o as a product of disjoint cycles as 0 = 0109 ...0,, and choose o}, = (i1i3...1,) to be
one of these cycles. Take the product of corresponding elements as ¢;,gi, , ---gi;, € G. We call this
the cycle-product of x corresponding to the cycle o,. Now let K be the set of conjugacy classes
in G. For each conjugacy class K, € K¢ and an integer r > 1, let m,(K,) to denote the number
of r-cycles in o € S, whose cycle-product lies in K. For an element x = (g,0) € Gy, there is a

corresponding array (m.(Ky))r>1,K,ek of non-negative integers such that

g rm,(Ky) =n

Ky

Let p(Ky) be the partition having m,.(K,) parts equal to r, for each v > 1, then p = (p(Ky))r, ek
is a partition-valued function on K¢ such that |p| = n, i.e. for P, the set of all partitions of n we
have

p € Po(Kg)

The function p is called the cycle-type of © = (g,0) € G,. The cycle-type of o in S, is 0 =

X, Y p(Ky).

Theorem 1.80. Two Elements of G, are conjugate if and only if they have the same cycle-type.
Corollary 1.81. Two elements of B,, are conjugates if and only if they have the same cycle-type.

Example 1.82. Let Cy = {1, —1}, the cyclic group of order two with identity and the non-identity
elements as 1 and -1 respectively. The cycle structures of elements of By are grouped by conjugacy
classes in +1 and —1, i.e., it is in positive and negative cycle-products. The table below shows these

classes. Note that the symbol e is used in place of the empty ¢.
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Elements of Ba Cycle-Products Cycle-Type Young Diagram of
in Conjugacy Classe Cycle-Product: +1 | Cycle-Product: -1 Cycle Structures
(1) of cycle-product: 1
id = ((1,1), (1)(2) _ (1,1) . e
(2) of cycle-product: 1
1)of cycle-product: 1
g = (-1, M) E2;of cicle—product: -1
(1) (1) i)
1) of cycle-product: —1
g2 = ((=1,1), (A EQ; of cycle-product: 1
(1) of cycle-product: —1
g5 = (—1,—1),(1)(2) . (1,1) .0
(2) of cycle-product: —1
g4 = ((1,1),(12)) (12) of cycle-product: 1-1=1
() ° e
g7 = ((—1,-1),(12)) (12) of cycle-product: (—1)-(-1) =1
g5 = ((—1,1),(12)) (12) of cycle-product: (—1)-1=—1
° (2) (8,10
g6 = ((1,—1),(12)) (12) of cycle-product: 1-(—1) = —1

Table 1.3: Cycle structures of elements of By

Pair of partitions and conjugacy classes of group B,. The conjugacy classes of the
By
(v
length is defined by |(v,v)| == |y|+ |v| = n. This class consists of all signed permutations such that

hyperoctahedral group B, namely K ) are indexed by a pair of partitions (v,v) F n when its
parts of the partition + are the cycles with even number of negative signs and the parts of v are the
cycles with an odd number of negative signs. The group B, is generated by 7, o1,--- ,0n,—1 and

satisfying relation

= W e

(
(057)? = (0i05)* =1  wherei #n—1,]i — j| > 2;
(

The conjugation by o; and 7 are as the following
o Conjugation by o; preserves the sign record in every cycle.
o Conjugation by 7 changes the sign of two elements in some cycle.

This implies that given a conjugacy class, there should be a particular number of cycles with even

number of positive elements and odd number of negative elements. Also, given an element in B,
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with cycle M, and conjugating by the element M, as

001 - 0]
M, = : : o and M, =
0 +1
41 0 - 0

as M, M,M=" could generate any sign pattern we wish to create.

Lemma 1.83. Order of Conjugacy Classes of B,,. Let Kg”y) be the conjugacy class of group

B, indexed at the pair of partition (v,v). The order of the conjugacy classes is

2n!

” -
() +(v) 22y

(v»v)

= |{o € By, : cycle-type of ¢ is (y,v)}|

Proof. The group B, can be recognized as S, where 7 is identity. For a given element o € B, a
signed permutation in the conjugacy class K (E; ”V)
calculate the order of this conjugacy class ‘K (E; ")

Bn
K
For S, the choices of the positive elements subset of [n] of size k& the number of choices is
n!

El(n — k)

of cycle-type of (v,v) with v+ kand v Fn—k. To

let (S, a, B,sgn) be an index for our calculation.

The value of will be evaluated by multiplying all four choices evaluated below.

k!
For «, a permutation of k elements of cycle-type v the number choices is —. For 3,
z

n—k)!
a permutation of n — k elements of cycle-type v the number of choices is 7) For sgn, an
2y
assignment of signs for the elements of S and S¢ the number of choices is 27/ =1¥), (Note that

for a sign of a single cycle is sgn ((a1,- -+ ,a,)) = (—=1)"71) O

Window Notation. [BB] The hyperoctahedral group is also described as the group of all
signed permutations, i.e., the group of all bijections o of the set [+n] := {£1,42,...,£n} to itself
such that for all a € [+n]| we have o(—a) = —o(a). Given a signed permutation o, an element of
the hyperoctahedral group, it’s window notation is denoted by o = [a1, ag, ..., a,] where o(i) = a;

for i =1,2,...,n and a; € [£n]. Note that the composition is used as the operation in this group.

Example 1.84. For the window notation of the signed permutation o = [1,—4, 2, —3] the permu-
tations are o(1) =1, 0(2) = —4, 0(3) = 2 and o(4) = —3. A complete version that include all the

signed permutations maps is shown below

-4 -3 -2 -11 2 3 4

e T O R
3 -2 4 -11 -4 2 =3

25



Signed Permutation Matrix. The hyperoctahedral group is also called the “group of signed
permutation matrix”. The elements of B, can be expressed as matrices with entries in +1 and 0.
To construct the matrix corresponding to « = (g, o) having entries a;; in the matrix equal to

aij = 9i%iq (j)

where g = (g1,92) € C3 for Cy = {1,—1} and &, = 1 if a = b otherwise 0. Now, let e; be the

standard row vector with 1 in the i-th entry and 0 elsewhere.
¢ If e; M, = e; then we will put j in the i-th entry of the window notation.
¢ If e; M, = —e; then we will put —j in the i-th entry of the window notation.

With this convention the composition of window notation is consistent with matrix multiplication,
that is if o is the window notation for M, and 7 is the window notation for M, then if e; M, M, = e;

(respectively e;M,M, = —e;), then the i-th entry of o7 is j (respectively —j).

Remark 1.85. This is right multiplication (action) of the permutation matrix so it acts on the rows.

Remark 1.86. We will use the following conventions:

¢ x and y are an element of wreath product By := CowrsS,.
¢ 0, and 7, are window notation for elements x and y.

¢ M, and M, are signed permutation matrices notation for elements x and y.

Example 1.87. The signed permutation matrix corresponding to the element x = ((—1,1), (12))

in By evaluated as

o a1 = g161,(1) = 91012 = (=1)-0=0
o a12 = g1015(2) = 1011 = (—1) -1 = -1
O ag1 = ga0as(1) = g2022 =1-1=1
O a2 = g2l0s(2) = 92021 =1-0=0
and the matrix is
0 -1
el

The element z = ((—1,1),(12)) in window notation is o, = [—2,1] in By. We may also check
if the right action of this signed permutation matrix M, on the standard row vector e; and eq is

consistent with the window notation.
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Right Action of Signed Permutation Matrix ‘ Standard Vectors Transformation | Window Notation o, = [—2, 1]
[1,0]My = [0, —1] el —r —e2 1— -2
[0,1]M, = [1,0] ez — e1 2—1

Example 1.88. For x = ((1,-1,1),(12)(3)) in window notation is o, = [2,—1,3] in Bz and the

corresponding signed permutation matrix is

0 1
z=((1,-1,1),(12)3) — My = | -1 0 0
0

Example 1.89. The table below illustrates the conjugacy classes and cycle-types for n = 2.

Conjugacy Classes in Ba Elements in Conjugacy Elements of By in | Signed Permutation
Pair of Partitions (v,v) -2 | Young Diagram of Cycle Types | Classes of Bz Window Notation | Matrix of Bs
(09 o id=(LD.E@) | (12 o]
o =((1L-0,0@) | [ ey
(1), (1)) (E) _
o= ((-11,0)@) | 12 Y ]
(o, (1,1)) (o, H) g5 = (=1, 1), (1)(2)) [1,-2] [ —01 _()1 }
g1 = ((1,1),(12)) [2,1] o }
((2),9) (1, e »
g7 = ((=1,-1),(12)) [-2,-1] 701 _01 :|
g5 = ((~1,1),(12)) 2,1] o ]
(o,(2)) (o, 1) -
g = ((1,-1), (12)) 2-1] ol ]

Table 1.4: Conjugacy classes in Bo
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Example 1.90. Elements of B3 in window notation and the associated signed permutation matrix

grouped by cycle-types of Bs in conjugacy classes indexed by a pair of partitions(vy, ) F 3.

K»Bn A’Bn R'En R’va A’B" I\'B" I\'Bn A’Bn A’Bn I{B'n
(H‘.) (Eh. ) (EEED] ‘H‘D o @_B) am (.H) (o _B:‘) ([T
[1,2,3] [1,3,2] 12,3, 1] [1,2,-3] 12, 1,-3] [1,-2, 3] [1,-3,2] [-1,-2,-3] [-1,-3,2] 2,3, -1]
100 1.0 0 010 [t 0o o] 01 0 -1 0 0] 10 0 -1 0 0 [-1 0 O [0 1 0]
010 00 1 00 1 01 0 10 0 0 -1 0 00 -1 0 -1 0 0 0 -1 0 01
00 1 010 100 00 -1 00 -1 0 0 1] 01 0 0 0 -1 0 1 0 L-1 00
[1,-3,-2] [2,-3,-1] [1,-2,3] [-2, -1, -3] [1,-2,-3] [1,3,-2] [-1,3,-2] [2,-3,1]
10 0 0 1 0 1 0 0 0 -1 0 10 0 10 0 -1 0 0 01 0
0 0 -1 0 0 -1 0 —-1 0 -1 0 0 0 -1 0 0 0 1 0 0 1 00 -1
0 -1 0 -1.0 0 0 0 1 0o 0 -1 0 0 -1 0 —-1 0 0 -1 0 10 0
2,1, 3] [-2,3,-1] [-1,2,3] 3,-2, 1] [1,2-3] [-2,1,3 [-2,1,-3] [2,3,1]
010 0 -1 0 -1.0 0 0 0 1 -1.0 0 0 -1 0 0 -1 0 0 -1 0]
10 0 0 0 1 0 10 0 -1 0 0 1 0 1 0 0 1 0 0 0 0 1
00 1 -1 0 0 0 0 1 1 0 0 0 0 -1 0 0 1 0 0 -1 10 0|
[-2,-1, 3] [-2,-3,1] [-3,-2,-1] 2,-1, 3] [2,-1,-3] [-2,-3,-1]
0 -1 0 0 -1 0 0o 0 -1 0 10 0 1 0 0 -1 0
-1 0 0 0 0 -1 0 -1 0 -1.0 0 1.0 0 0 0 -1
0 0 1 10 0 -1 0 0 0 0 1 0 0 -1 -1 0 0
[3,2,1] [3,1,2 [-1,3,2] [-3,2.1] [-3,-2, 1] [3,1,-2]
00 1 00 1 -1 0 0 00 -1 [0 0 -1 [o o 1]
010 100 0 01 10 0 -1 0 10 0
100 010 0 10 10 0 10 0 0 -1 0
[3,2-1] 3, -1, -2] [-1,-3,-2] 13,2, -1] [3,-2,-1] 3,-1, 2]
0 0 -1 [o o 1] -1 0 0 0 0 1 [0 0 1 [0 0 1]
0 1 0 -1 0 0 0o 0 -1 0 10 0 -1 0 -1.0 0
-1 0 0 0 -1 0 0 -1 0 -1 00 -1 0 0 0 1 0|
[-3,1,-2] [3,1,2
0 0 -1 0 -1
10 0 10 0
0 -1 0 0 0
[3:-1,2) [-3,-1,-2]
0 0 -1 0 0 -1
-1.0 0 -1 0 0
0 1 0 0 -1 0

Table 1.5: Cycle-types of Bs in conjugacy classes

1.4 Group Representation and Character

The following notations and terminologies will be used in the study of matrix representation of an

abstract group.
© Maty: The set of all d X d matrices with entries in C. (C denotes the complex numbers)

o Algebra: A vector space that the multiplication of vectors is associative. (A ring structure is

imposed on the space)

o GLg: The complex general linear group of degree d. This is a group of all d X d matrices in

Mat, that are invertible with respect to multiplication.

¢ X: is a matrix representation of a group G of degree d (or dimension d).
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Matrix Representation of a group and Character

Definition 1.91. A matrix representation of a group G is a group homomorphism

X:G—GLy
Equivalently, each element of the group g € G is assigned to a matrix X(g) € Matg such that
1. X(e) = I (element e is the identity G and the matrix I is the identity matrix dimension d)
2. X(gh) = X(g9)X(h) for Vg,h € G.

Remark 1.92. All groups have the trivial representation. This representation is of degree 1 or 1-
dimensional (linear representation). That is a map that sends every element of the group g € G to
the matrix (1), i.e., the representation with X (g) = (1) for Vg € G.

G-Module and Matrix Representation. The idea of G-module is to think of the matrix
representations in terms of linear transformations. The following notation are used in our discussion

of G-module and group algebra.
o V: the vector space C? of elements with column matrix of dimension d.

o GL(V): General linear group of V, the set of all invertible linear transformations of V' to
itself.

o If dimV = d then two groups are isomorphism of groups GL(V) =2 GL, .

Definition 1.93. Given a vector space V and a group G, it is said that V is a G-modules if there

is a group homomorphism
p: G—GL(V)

Equivalently, for Vv, w € V and for V g, h € GG and scalars ¢, d € C, the vector space V is a G-module

if there is a multiplication, gv, such that
l.gveV (the transformation takes takes V' to itself)
2. g(ev+dw) = cg(v) + dg(w) (the map is linear transformation)
3. (gh)v =g(hv) (property 2 of matrix representation definition)
4. ev=v (given identity e, properties 3 and 4 will imply all transformations are invertible)

Note that gv is the action of p(g) on the vector v.

Matrix representation and G-module. We presented two definitions of representation,
matrix representation and G-module. If dimV = d then two groups are isomorphism of groups
i.e.GL(V) = GL4. We can switch between these two as it will be described below.
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o Matriz representation to G-module: The action of g € G on v € V is defined in terms of the

matrix product X (g)v by gv = X(g)v.

o G-module to a matriz representation: Conversely, if V' is a G-module, then take any basis B
of V and X (g) will be the matrix of the linear transformation g € G in the basis B evaluated

in usual way.

In the coming discussion, it will be shown how irreducible representations are the essential concept
in representation theory. Every representation is the direct sum of the irreducible representation.
We will present how representations can be built out of smaller structures and in order to do that

let’s introduce the concept of submodule.

Definition 1.94. Let V be a G-module. A submodule of V is a subspace of W that is closed under
action of G, i.e.

welW =gweWforallge G

Equivalently, W is a subset of V that is a G-module itself. Denote W is a submodule of V by
W <V.

Definition 1.95. Let V' be a G-module with submodules U and W. Then V is the (internal) direct

sum of U and W written V =U @ W, if every v € V can be written uniquely as a sum

v=u+w, uelU, weW

Definition 1.96. The matrixX is the direct sum of two matrices A and B written X = A @ B, if

X can be expressed in block diagonal form of

(1)

Irreducible Representations. A nonzero G- module V is irreducible if it does not contain
any trivial submodule, otherwise V' is said to be irreducible. A matrix representation of the group
G is irreducible if its corresponding module is irreducible. Maschke’s theorem of a finite group
shows how every G- module and the corresponding matrix representation is made of the irreducible

modules.

Theorem 1.97. [Maschke’s Theorem] Let G be a finite group and let V' be a non-zero G-module.
Then
V=wWaegw@g...owk

where each W is an irreducible G-submodule of V. Fquivalently, given X to be a mon-zero

matriz representation of a finite group G, a similar decomposition of X to the XO grreducible
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representations is

X=XOgax®qg...qx"k

Character of a group representation is the trace of corresponding matrix to a group element.
The characters carry much of the important information about the representation in a compact
form. Georg Frobenius used the character theory and developed the idea of representation theory
of a finite group without having the explicit corresponding matrices of the group elements. The

finite group representation can be determined by its character up to isomorphism.
Definition 1.98. Given a group G, let X (g) be a matrix representation of G. The character of X
is

x(g) = trX(g)

where tr denotes the trace of a matrix. Equivalently, the map yx is

y: ¢ % ¢

g — trX(g)
Remark 1.99. Given V be a G-module, its character is the character of a matrix representation
corresponding to V. As we know there are many matrix representations corresponding to a single
G-module but the above definition is well-defined. To check this, consider X and Y both to be
corresponding to V and by change of basis write Y = TXT~! for some fixed T. Therefore for all
ged
trY (g) = trT X (g)T~! = trX(g)

this is true as trace is invariant under conjugation and X and Y have the same character and the

definition presented above is well-defined.

Remark 1.100. Let G be an arbitrary group and X be a degree 1 representation. Then the linear
character x(g) is just a single value of X (g) for a given g € G. This type of characters are called

linear characters.

Proposition 1.101. (Proposition 1.8.5 [Sagan]) Let X be a matriz representation of a group G of
degree d with character x . Then

1. x(e) =d.
2. If K is a conjugacy class of G, then for g and h in K we have x(g) = x(h).

If Y is a representation of G with character v, then X =Y if and only if x(g) = ¥(9).

Definition 1.102. Let x and v to be any two characters of a group G. These are functions from

a group G to the complex numbers C. The inner product of x and % is defined by

1 _
(1) = @Zx(g)w(g)

geG
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where 1)(g) is the complex conjugate of ¥(g) and 1(g) = 1(g~'). Considering this inner product,
the irreducible characters form an orthonormal basis for the space of class functions the following
theorem holds.

Theorem 1.103. (Theorem 1.9.8 [Sagan]) Let x and 1) be irreducible characters of the group G.
Then

<X7 ¢> = 5)(111

Theorem 1.104. (Corollary 1.9.4 [Sagan]) Let X be a matriz representation of G with character
X- Suppose
Xm XD emx@e...¢omXx®

where X® are pairwise inequivalent irreducible with characters x® .

1. X = le(l) 4 mQX(2) R ka(k)

2. <X7X(j)> =my; for all .

8. (,x) =mi+mj+---+m

4. X s irreducible if and only if (x,x) = 1.

5

. Let Y be another matrixz representation of G with character v¥. Then

X =Y if and only if x(g) = (g)
forall g € G.

Definition 1.105. [Sagan] Tensor Product. For given vector spaces V and W, define their tensor

product as the set
VW= {ZCZ']’VZ' Q®W; ¢y € C,v; € ‘/,Wj € W}

1,5

where in addition the following axioms must hold

(c1vi+cav2) @ W =1 (Vi ® W) + ca(va ® W)
v Q (diwy + dowa) = di1 (v @ wi) + da(v @ wa)

for ¢;,d; € C.
Lemma 1.106. (Lemma 1.7.7 [Sagan]) Suppose A, X € Maty, and B,Y € Maty,. Then
1. (A@B)(X®Y)=AX @ BY

2. (A®@ B)(X®Y)=AX ® BY
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Example 1.107. The characters of the representation of the group of signed permutation matrix

B,
Window Notation Character of Signed Permutation
Signed Permutation Matrix
of Element of B2 Representation of Ba
1 0

1.2] xea=[g 7] x(1,2) =2

1 0
1-2) xo-=|g %] |xm-2-o

-1 0
1.2 xeu= 0] a0

—1 0
1,2 x-1-= 3 4| | a2 =2

0 1

2.1] x@w=|{ ] x(2.1) =0

0o -1
2.1) xea={ ] | x2m=o

0 1
2-1] xe-n=| 0 ] | xe-n=o

0 -1

2.1) xa-m=[ O o] xt-z-m=o

Table 1.6: Character of signed permutation matrix Bs

Class Function

We know that characters of a group representation are functions that are invariant under the
conjugacy classes. This type of functions are called class functions. We will state the definitions

first and present some examples.

Definition 1.108. A class function on a group G is the map
f:G—C

such that given two elements g and h of group G that in the same conjugacy class then f(g) = f(h).
Let R(G) be the set of all class functions on G.

1. This set is a vector space as the sum and scalar multiple of class functions are also class

functions.
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2. Define an indicator function as the basis of class function R(G) that are evaluated to value 1

on a given conjugacy class and 0 elsewhere.
3. The dimension of this vector space is equal to the number of conjugacy classes of G.

Character Table. Let K be a conjugacy class and x be a character of group GG. Define xx to be

the value of a given character on the given character on the given conjugacy class

Xk = x(9)

for any g € K. For a group G its character table is a table whose rows are indexed by an indexing
inequivalent irreducible representations or characters of G and whose columns are indexed by the
conjugacy classes of the group GG. The first row represents the trivial character and the first column

corresponds to the conjugacy class of the identity.

Example 1.109. The character table of B;. Elements of group is By = {[1],[—1]}. Table below is
the character table of Bj.

B in Conjugacy Classes
. (1] [-1]
Irreducible Characters of B;
By By,
KM KD
X<D’.> 1 1
) 1 -1

Table 1.7: Character table of By

Example 1.110. The character table of Bs. Detailed evaluations are in Example 1.147

Elements of Bs in Conjugacy Classes
[27 1] [17 '2] [27 '1}

(1, 2] [-1, -2]
Irreducible Characters of Ba [-2,-1] -1, 2] [-2, 1]

KBn Bn Bn KBn B
(H-) Koo | KD <-H> K

L1 1 1 1 1 1
X(H"> 1 1 1 1 -1
) 2 0 0 -2 0
L1 1 1 -1 1 -1
X("H> 1 1 1 1 1

Table 1.8: The character table of By

34



Induced Representation of G

Assume that G is a group and H is a subgroup in G. To obtain representations of G from H or

representations of H from G, we can use the induction operation.

Definition 1.111. (Definition 1.12.2 [Sagan]) Let H < G and the fixed transversal elements
t1,...,t; of the left cosets of H, i.e. the group G can be written in terms of disjoint union of

left cosets as G =t H WiaHW.... Wt | H. Here & denotes the disjoint union. If Xp is a represen-

[H|
tation of H then the corresponding induced representation X g Tg assigns to each g € G the block
matrix

Xp(titgt))  Xu(tilgta) ... YH(tl_lgt#g\l)
; - Xu(tytgt) ... Xpu(tylgts) ... XH(tQ_Igmg\)
Xu g (9) = (Xu(t;y 'gtj) = . . . o

Xu(ts
i ] ] 1A

YH(t\_c,ﬁ gt1) YH(lt_al\ gta)

<
_ =
ER

N—

where X (z) = Xy if 2 € H otherwise 0. Let xz 1% be the character of Xz 1% then

G|
[

xu 1% (9) = > Xt Lgt;)

)

E

Il
—

An important example in this topic that will extensively be used in this thesis is the induced

trivial character. We will start with an example and explore more in later sections.

Example 1.112. Induced trivial character table of Ba. We map the elements to have the
embedding of By X By in Bs.

By x By — By
([1, 1]} ([1,2])
([, [=1) ([1, =2])
(=1, [1]) ([=1,2])
(=1, [=1]) ([=1,-2])

Now, let transversals in B in window notation be ¢; = [1, 2] and ¢ = [2, 1] so the group By can

be written as the disjoint union of two left cosets

By =2 t1B1 x By WityBy x By
= [1,2]B1 X By [2, 1]31 x B

35



Let ZXM#) (4, v) be the induced trivial character indexed by the pair of partitions (\, ) at
conjugacy class of (vy,r). Because the computations are long but we would like to see how it is

done, we will do the first row calculations and the rest will be listed in the table.
I(H-) o) =xT9 @ xT9 15 . (e
= xB9 @ x G ((1,2] 71,201, 2]) + X @ xE9([2,1)711, 2)[2, 1))
= xE*) @ T ([1,2]) + xE* @ xT*(([1,2)
= xXE X E () + X2 ()
=1-1+1-1
=2

I(H,q(m, o) = xO) @y O 18 (1)
= X0 @ yO2([1,2]72[2, 1][1, 2)) + xO @ xO¥([2,1] 712, 1][2, 1])
= O & yO([2,1]) + xO @ x O ([2,1])

=0 (this is because [2,1] € By but is not embedding of By x Bj)

00 = x09 @ x O 12 (.0)
= X @ xE([1,2] 711, —2J[1,2]) + XY @ xO([2, 1711, -2)[2, 1))
_ X(D") ® X(D")([l —2)) + X(D’°) ® X(D")([—l, 2])
= xOO9I ([-1]) + x O ((~1)x T (1))
=1-1+1-1
=2

709 (0,) = xO9 04O 12 (o.T)
= xE @ x (1,272, —1][1,2)) + x B @ x (2,172, -1][2, 1))
= X9 @ x G2, - 1)) + X @ X9 ([-2,1])
=0 (this is because [2, —1],[—2, 1] € B but is not embedding of By x By)

z@"(.,@) X0 @O 18 o (4,H)
= xE @ xEo([1, 2171 -1, -2)[1,2)) + xE* @ xE (2,171 -1, —2][2, 1))
= xE @ x U ([-1,-2)) + xE @ x B ([-1,-2)
= xE2 ([F1)x B ([=1)) + xE (= 1)x B ((-1))
=1-14+1-1
=2

The induced trivial characters in representations of the hyperoctahedral group Bs indexed by a
pair of partitions is shown in table below.
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Elements of B> in Conjugacy Classes and Cycle-Types

[27 1] [17 _2] [27 '1}
Induced Trivial Characters of Ba 1, 2] [-1,-2]
['27'1] ['17 2] ['27 1}

KB” KB" KB" KB'n KB"
(H,.) (D) (I (.,H) (e[ 1D

ZH') =xO oxO 152 2 0 2 2 0
(o = x 1o 152 1 1 1 1 1
10D = xO9 @ xD 172, 5 2 0 0 -2 0
20 D D 182 . 2 0 2 2 0
TOLLD = x(«LLD 432 1 1 -1 1 -1

Table 1.9: Induced trivial characters in representations of Bs

Example 1.113. Induced Character table of Bg

Problem 1.114. Similar computations will generate the induced character table of B3 as shown

below.
Conjugacy Classes
Induced Trivial Characters of B KBn KB KB KB KBn KBn KBn KBn KBn KBn
2 Hea o (mmmD) Ho oD ap ({m)} ('E) «h (11D
(ﬁ-) .
0 = xO2 0 xO9 o X013 5 o p, 6 0 0 6 0 6 0 6 0 0
ZARR RN R DRV u P 3 1 0 3 1 3 1 3 1 0
O — LT 45 1 1 1 1 1 1 1 1 1 1
8D 00600 g D 18 |6 0 0 2 0 2 0 6 0 0
TCOD =, {50 18 3 1 0 1 -1 -1 1 -3 -1 0
208 - (00 g (D g O TR 0 0 2 0 5 0 6 0 0
IO = G @ D) 48 3 1 0 1 1 1 1 3 1 0
(-E)
I O =xeDeytDeyxeD+3 o p 6 0 0 -6 0 6 0 6 0 0
P D @D 4B 3 1 0 -3 1 3 -1 -3 1 0
eI = D 45 1 1 1 -1 -1 1 -1 -1 1 -1

Table 1.10: Induced character table of B
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1.5 B,- Frobenius Characteristic Map

As it is discussed before, characters are invariant under the operation of conjugation, i.e. they are
constant on conjugacy classes. They are class functions that map a group to a complex number.
To make the connection between the character of a representation of a group to the symmetric

functions, we will introduce the Frobenius characteristic map.

Frobenius Characteristic Map Type A (Symmetric Group S,)

To begin the study of Frobenius characteristic map, let’s introduce the following notation.

o R(G) = @ R"(G): the set of all class function on G.

n>0

o Irr(Sy): is the set of irreducible characters of S,,.
o R™ = R(S,): the space of class functions on Sy, i.e. R"™ = C-Span{x | x € Irr(Sn)}.
A

© Xp: Is the character value indexed by partition A at conjugacy class K.

The space of class functions on S, is isomorphic to A™, the symmetric functions of degree n. In
fact their dimensions are equal to the number of partition of n, i.e. dim R™ = dim A™ = p(n) for
p(n) the number of partitions n. Recall Theorem 1.103 that the irreducible characters on S, form
an orthonormal basis with respect to the inner product defined in Definition 1.102 i.e. given y and

¥ the irreducible characters of the group G, we have
<X7 ¢>G = 5)(1/1
Definition 1.115. [Sagan]Define the Hall inner product on A™ by

($xs SM>A" = 5>\H

Equivalently, sy is an orthonormal basis in A™. It may also be given in power sum basis as
p
<px, “> = O
“u/ An

Definition 1.116. [Sagan] Given x* the irreducible character indexed by partition A, define Schur

function sy in power sum basis in A™ by the generating function

Z APu
S\ = Xy,
n
ukn
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Remark 1.117. Combining the two preceding definitions, the irreducible character of the symmetric

group S, on conjugacy class K, can be evaluated by the scalar inner product

<3>\7p,u>An = X;);
Definition 1.118. The Frobenius characteristic map .#g, defined by the map

Fs, : R" — A"

n

1, —

Equivalently, since xy* = > Xf;l u we have
ukEn

ZXAPM

ukn

where X[\L is the value of x* on conjugacy class K u- The map Fg, is linear and preserves inner

products (sx,s,) = dy,. Since

() = (Zs.0). Zs, ()

= (sn, 5u>An

AT

Remark 1.119. Note that the Frobenius characteristic map #g, evaluated at x* is Zg, (x*) = sa.

Given the permutation o € S, the Frobenius characteristic map using cycle type of o is

gsn ‘ Z X pcyc (o)
ogESy

Proposition 1.120. [Sagan]The map Fg, is an isometry between R™ and A™ .

The Frobenius characteristic map .# = € g, is used as a tool in computation between the

n>0
isomorphism of the set of class functions R = €@ R™ and the symmetric function A = @ A" i.e.
n>0 n>0
R A
F

On the other hand, the ring of symmetric functions A is a vector space and has a structure of graded

algebra A = @ A", where A" is spanned by monomials mj of degree n, i.e. A" = C-Span{mj | A -
n>0

n}. The ring A is closed under product therefore f € A™ and g € A™ implies fg € A™T™ . As the
consequence of the isomorphism R = A, we will use the idea of induction on characters to define

product on R. This is to say if x and 1 are two characters of S,, and S, respectively, in order to

n+m

have a character in Sy, define a product on R by x - ¢ =x ® 1/JT S, XS,
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Theorem 1.121. [Sagan] The map F : R — A is an isomorphism of algebras.

Corollary 1.122. Forn > 0 the product of Frobenius characteristic images are Frobenius image of

the character of the induced tensor product representation. That is for S, and Sy,—, characters xs,
and V¥s, _,.,
Sn
Fs, (X5, ® Vs, 1§ s, )= Ts.(xs,) Ts,_.(¥s,_,)

Induced Trial Character and Frobenius Characteristic Map. The Frobenius character-
istic image of the trivial character is the complete homogeneous symmetric function. Denote the

trivial character as the class function such that x”(¢) = 1 for all o € S, then
Let A - n and denote Z*(v) be the value of the character X)\ - ® X/\ZTSA SN . Since

F5,(TY) = T, (X" 13 xsy, x.x5y,)
= Fs,, (X3,) - Ty, (X3,)
= hy, - hy

= h)

1

The right hand side of the third line in the above equation is product in symmetric functions

for example given n = 3 we have
o Fs(X" 13 = hs
o Fa,(X" 18 4s,) = hat
o Fs(xXT Tgfxglxsl) = hin

Remark 1.123. Induced Trivial Character is given by Z*(v) = (hy,p,).

B,-Frobenius Characteristic Map

The material in this section can be found in [Macdonald, Stembridge, Stembridge2, Beck, BrBg,
MRW].

Conjugacy classes of group B,. A pair of partitions denoted by (v,v) F n and its length is
defined as |(y,v)| == |y] + |[v| = n. The conjugacy classes of the hyperoctahedral group B, indexed

by a pair of partitions (y, ) - n namely K (Ji ") consists of all signed permutations such that
o parts of  are the cycles with even number of negative signs, and

o parts of v are the cycles with an odd number of negative signs.
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We can also refer to these cycles of an element of B,, as the cycles of the underlying permutation
matrix. A cycle will be called positive or negative if the number of —1’s in the entries of the cycle

of the matrix is even or odd respectively. The class (v, v) consists of those elements in B,, whose
o positive cycles have lengths of A1, Ag,..., A,
¢ negative cycles have lengths of uq, o, ..., tg.

Irreducible representations of B,. In 1987, John Stembridge wrote his unpublished manuscript
‘The ordinary representations of B,’ [Stembridge] that includes fundamentals of the representa-
tion and character of group B,, which later on he presented a more detail version of this topic in

[Stembridge2]. In the following, we will briefly go over a few topics which we will be using in our

work. First, we recall 1.3 that the group B,, is generated by 7, o1, --- ,0,—1 satisfying relations
1 012 =72 = 1;
2. (0y0i41)° = 1;
3. (oy7)? = (040j)* =1 where i #n —1,|i — j| > 2;
4. (top_1)t=1.

Now, let L, = Hom(B,,,C*) be the abelian group of linear characters of group B,,. This group

has two generators € and § defined by

therefore we can conclude that
Ln = ZQ X ZQ.

The irreducible representations of group B, are indexed by pairs of partitions or ordered
pairs of Young diagrams (X, ) of total size n namely XM where A = (A, Ag,...,\) and
p = (p1,p2, ..., pug). Moreover, we denoted the corresponding irreducible character of this rep-

resentation by x**). Now, given |A| + |u| = n we define

(M) — (A®) (o,1)) 1B
X o (X ®X ) Byx| X By

where

o XA can be regarded as the extension of X* from S, to B, when reflection ¢ is acting

trivially (this is by setting t — 1),
o X(®1) is set equivalent to & @ X (*),

Bn

This can be translated to the irreducible characters by y*#) := (X()‘") ® X(.’H)) Bix B’
I3
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In Theorem 1.135 we will present an explicit formula for the character of the hyperoctahedral
group in terms of Schur functions [Stembridge]. In addition, in Corollary 1.142 the Frobenius

characteristic image of the induced character of group B, is presented as well in [Beck].

Frobenius Characteristic Map of B,. The Frobenius characteristic map for group B, is

given in the following.

Definition 1.124. Let Ap = @ Ap, where Ap, is the space
n>0

Ap, = Ap, [X,Y]: @ AF[X] @ AV

and A*[X] denotes the space of symmetric functions of degree k in the variables X = x1 + 29 + -
Now let R(B,,) be the set of class functions of group B, over the complex numbers and let K (]‘iny)
be the conjugacy class of B,, indexed by the pair of partitions (v, ) F n. The basis of class function

as indicator function is given by

By
1B (o) = 1 1fU€K( ")

0 otherwise

The B,-Frobenius characteristic map .#p, on the class functions of the hyperoctahedral group

denoted by R(By,) is defined by
Fp,: R(Bp) — Ap,[X,Y]

1 1
B
low — opXIplY]

n ot

where zy == 1"1m12™2mgy! - - - n™rm,! for A = (1712M2 .. .n™n).

Remark 1.125. When group B,, acts on conjugacy classes by conjugation, the stabilizer of elements
in conjugacy classes will also be the centralizer of these elements in B,,. The order of centralizer in
B,, is 2!l )zwzy that has factors of 2/ and 2!(). Here in definition of .Z B, these factors are
omitted in order to have a simpler image of Zp, (M) = s)[X + Y]s,[X — Y]. In [Macdonald]
the definition of B,-Frobenius characteristic map includes factors —— and —— and which would

2(() 21(v)
X+Y X-Y
have implied .Zp, (x(M*) = s, er Isul 5 ]. One can choose either of these two definitions

as they are isomorphic. The Bj-character inner product is given in the following.

Lemma 1.126. The B, -character inner product is given by

1 1
By By _
<1(v V) 1(a,5>>3n = 2l 20, 215, Ovadvs:
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Proof. By Proposition 1.9.2 in [Sagan] given a group G, the inner product of x and 1) is given by

X, ZX

gGG

Moreover, in type B (and in type A) we have ¥(g~!) = 1(g) as g and g~! have the same cycle-type

as they are in the same conjugacy class, hence

X:¥)p, znn,
O'EBn
For x = l(vny) and ¢ = 1{302/3) we have
Bn  1Bn Bn
(181, = 5 2nn' > 18013 (0)
ocEB,

This value is <1€Y"V) 1@"6)>B = 0 when v # « or v # 8 otherwise in the case where v = a and

. 2Mn!
= [ given that (v, v)-class has m elements and we have

1
(180 1%0) 5, = 7o [KC
1 2"n!
2”71' 2U(v)9l(v )z N2y
1
T 2202,z
The proof is complete. O

We see that the Frobenius characteristic map

Fp, : R(By) —>é AF[X] @ A" R[]

is a vector space isomorphism so we will define the following inner product on space A ® A that by
transferring the class function structure from R(B,,). The power sums in two alphabets p[X]p,[Y]

are orthogonal in this inner product.
Definition 1.127. The character metric (-, )5 corresponds to the metric (-, ) g, Where

1 1
<p’Y[X]pV[Y]7pa[X]pﬁ[Y]>A®A (’Y) 721(,/) 1/5’}/046
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Remark 1.128. The generating function of the inner product (,-) g is

S22t Lot [X]p, [V Ipa VI, (Z 2, mﬂ) : (Zzl2l(“)pu[yiwj]>

o A “n 1
1
B H (1-— xw])Q (1- yiwj)Q

1 1
Note that > —px[z]pa[v] = [[-——— and the proof is complete.
PR

ij 1 — T,

Linear Characters Type B. There are four linear characters of the hyperoctahedral group
B,,. We will assign values to each of these linear characters on B, to be: 1, (—=1)*~{0=l) (—1)i¥)

and 1710 respectively.

Character Type Notation | Formula for o € K g i) Generating Function
The trivial character of B 1 (o) =1 Yt Fp, (1,) =11 ! !
e trivial character of By, o) = = .
Bnlin 1—:Eit 1—yit
The sign character of B, € e(o) = ()"t SN T () = [T(1 + 2it) (1 + yit)
l n g 1 —yit
The parity character of By o 5(o) = (—1)'®» St"Fp, (0n) =11 1 .
» n 1+ x;t
The determinant character of B, | ée 8(o)e(o) = 171 S t"Fp, (0nen) =11 Lt it
Yi
Table 1.11: Linear characters of B,,.
Now, to see this, let X(0) = [as] be a 1-dimensional (linear) representation then we have

X(0?) = [ao,)? = [a,2] = 1 but also X(c?) = [a2] then it must be that ay, = +1. Similarly

(2

ar = *1 and we can have four possible cases:

Linear Character Linear Character in Cycle-Type (o) = (v, v)

as, =1land ar =1 1

k3

0y, = —1and a, =1 (—1)”*1(7)*1(”)

K3

s, =1 and a, = —1 (_1)l(y)

k3

ay, = —1and a, = —1 17—l

K3

The B, -Frobenius characteristic images of the linear characters in plethystic notation are as

below
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Character Type Notation ‘ Frobenius Characteristic Image

The trivial character of B, 1 FB, (1) = ha[X +Y]
The sign character of By, € Fp,(e) =en[X +Y]
The parity character of B, ) FB, (0) = hn[X - Y]
The determinant character of B, | de Fg, (0e) = en[X = Y]

Table 1.12: The B,-Frobenius characteristic images of the linear characters

Theorem 1.129. The Frobenius Characteristic map #p, : R(B,) — Ap, [X,Y] is an isomorphism
of algebras.

Proof. We need to show Zp, ((X®1/1) Bix B k) = I, (X) #B,_, (¢) where x € R(Bj) and
1 € R(Bp_k). Let p € A ® A such that

P(m) = 20, [X]p, [Y]

where 7 € Kg”y) and |y| = k and |v| = n — k we have

T, (X80 Tps, ) = g1 O (X8 T, (M)

ﬂ'EBn
= X®w kaB ’pn>Bk><Bn7k
= (x® ¥, I8, k>kaBn_k
= (X® U, Pk ® Pt ), x5,
=X T?k: By <w7ﬁn—k>3n_k
_ 1 _
= Qkkl > x(x T > U(m)Par(m)
TEBY TEB, _k
y ﬂBn k (1/])
The third equality is by Frobenius reprocity. The proof is complete. O

Lemma 1.130. [Stembridge] Given x> to be any irreducible character of S,. Since B, — Sy, (as

T — 1), we may also regard x* as a By,-character. We have

T, (") = s:[X + Y]
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Proof. We have

1 1
> Fp,(xM)sA[Z] = ZX(AW);%[X];PV[Y]SA[Z]
A v v

AV

1 1
= § P(y,v) [Z] ;pv [X} ;pu [Y]
v v v

11 1 1
ij 1-— Tizj 1— Yizj

Extract the coefficient of s)[Z] and proof is complete. O

Definition 1.131. Define a ring homomorphism © : id ® S on A*[X] ® A""*[Y] as the following

© on Power Sum Basis | © on Complete Homogenous Basis | © on Schur Basis
Op:[X] = p-[X] r[X] = he[X]
Y] =

Oh
©p:[Y] = —p-[Y] Oh.| (=1)"er[X]

@S)\ [Y] = Sy [Y]

hence, given f € A we can write O f[X] = id and O f[Y] = wf[-Y].

Lemma 1.132. [Stembridge] If f[X,Y] = g, (x), then Fp, (0x) = Of[X,Y].

Proof. By linearity we only need to check for x = 1(,,) then

fX,Y] = Z5,(x)
1 1

= —p,[X]=p[Y
X))
Now we have
_ 1 (—1)i¥)
Z B, (0x) = —py[X] pu[Y]
Zy Zy
= 0f[X,Y]
this is true as by definition 6(c) = (—=1)"*) for o € Kgny) and the proof is complete. O

Definition 1.133. Define s)[X — Y] as

s\[X — Y] = ©s,[X, Y]
= Z,([0x")
=D sulX] - (- Y]
"
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Remark 1.134. We can explain Definition 1.133 by

S sl -Visz=e [ [[—— —

X ij 1-— Tizj 1— Yizj

:Hl_yizj‘

1— 224
ij -

Theorem 1.135. [Stembridge] The irreducible characters of By, are x M) = (X( ) @ x(*» ) TB\MXBl |
"
where |A| + |p| = n and their Frobenius characteristics image is

i, () = S5 [X,Y] = 3 X + V]s,[X — V]
where

AX +Y] = st s)\/,y
YCA

ZS /vl Iy Y]

S(u/v
vCp

and that the prime indicates the conjugate partition

Proof. Note that by Lemma 1.130 we have

Fa, () = s5[X +Y]
and by Lemma 1.132 we have
T, (") = Fp, (5x"*)
= sulX —Y]

The functions s)[X + Y]s,[X — Y] are clearly characters, hence we only need to verify the orthog-
onality relations. Now consider

D X + YAV A+ Wsu[X = Y]su[V = W]
A

1 1 1 1 — Y Vs — YW
- Hl—fnv'l— v, 1—zw; 1—yw; | ®VH s
i 1Uj YiUj [tV Yiw;

_II 1

1—%%) (1 - yawy)?

1—:511] 1 — zw;

Therefore s)[X + Y]s,[X — Y] are by 1.127 orthogonal with respect to metric (-, ) g1 -
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Corollary 1.136. Irreducible Characters can also be evaluated by B,,-character inner product by
A7
xw = (A[X + Y]su[X = Y], p, [X]py[Y]) .

Remark 1.137. The character at the conjugacy class of K (],37 ") and indexed by a pair of partitions
is ng’ﬁ ; where (7y,v) F n. By Theorem 1.135 we have shown that the Frobenius characteristic map

on the irreducible character of group B,, is given by

Y
gB (/\,u Z X ] Z[ ]
(y,w)Fn v

= sx[X + Y]s,[X — Y],

Remark 1.138. The maps x — ex and x — dx define automorphisms of A[X] ® A[Y] that is

Al X+Y] — sy[X+Y] and SAIX+Y] — Os)[X +Y]=s)\[X - Y]
S)\[X — Y] T) S)\/[X —Y] S)\[X —Y] T) @SA[X — Y]:SA[X—}—Y]

Remark 1.139. The character expansion is a consequence of of ordinary linear representation, for

example
Character Type Notation | Indexing Linear Character in Bj
The trivial character of B, 1 (D:\j, O)
The sign character of B, € (@, o)
The parity character of B, 1) (0, l:\:\j)
The determinant character of B,, | 0 (O, @)

Induced Trivial Character and Character Table of B,

In the introduction of [Beck] ‘The combinatorics of symmetric functions and permutation enu-
meration of the hyperoctahedral group’ in 1997, the author defined ten standard bases for the
B -analogue of the symmetric functions. Any element of these bases can be the Frobenius charac-
teristic image of a natural representation of B,. One which has a very important use in this thesis

and is called the induced trivial character basis of group B,, is described in Corollary 1.142.
Remark 1.140. Consider a basis of Ap, @ AF[X]A™*[Y] as the following given spanning set
X + YThu[X = YT} pkn

This basis is the Frobenius characteristic image of a natural representation of B,. Particularly,

the Frobenius characteristic image of the induced trivial character of B,, as the plethysm of the
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symmetric functions

hAIX +Yh,[X =Y.
This is expressed as a corollary to Theorem 1.135.

Definition 1.141. Let (A, 1) = n and let Bjy| = By, x -+ x By,. Define

o Iy: The trivial representation on B)y , and

o Aj): The parity representation on By,

These are the restriction of the identity representation and parity representations from By, to Bjy.

Corollary 1.142. [Beck] Given Iy and A” to be the trivial and parity representation on By
and Bj,| respectively and let (I ®AL) TB‘ xBy, be the induced representation and let T =

(1A ®6,) TB‘ xBi be the induced character that is indexed by pair of partitions (A, p) = n. The

Frobenius chamcterzstic image s given by
T, (TM) = hy[X + Y]h[X - Y.

Remark 1.143. The induced trivial character of B,, evaluated at conjugacy classes K g”l,) can also

be expressed using the B, -character inner product

IO (4, 1) = (hA[X + Y]hu[X = Y], p,[X]p,[Y])

= <&“Bn (I(A’“)),py[X]pu[YD

Definition 1.144. The B,-sum-difference complete homogeneous basis is denoted by
HE )X, Y] = hy[X + Y]hu[X — Y],

Given h,[—-X] = S(h,)[X] = (-1)"w(h,)[X]
by

(—1)"e,[X] the expansion on a single part r is given

o he[X +Y] =3 hi[X]hri[Y]

O hnlX = Y] =3 (=1~ hilX]ep (Y]

These expansions are homogenous symmetric function evaluated at a sum and difference of two

alphabets respectively. Note that for a partition A = (A1, Ag, . .. ,)\l(,\)) we have
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PALX £ Y] = ho, [X £ Yo [X £ Y] kg, [X £ Y],

Note that
he[X +Y]=s]X+Y]

= ZS,Y[X s

yer

:i hi[ X hy—s[Y
=0

Example 1.145. Write the induced trivial character indexed by a pair of partitions((1,1),e) F 2

in terms of irreducible characters. To do this we may use hi; = s9 + s11 therefore

U (y,v) = (hu X + Y], p [X]pu[Y])
= (su[X + Y]+ s2[X + Y], py [X]p, [V])
<8W+ﬂm[][]<[XHﬂ Y[ XTp [Y])

)
= X" 7) + XV (v, 9)
Frobenius Characteristic Map and Character Table of B,,. The Frobenius characteristic

map on type B can be used to evaluate characters of hyperoctahedral group B,. Recall

Y
g‘ (/\,,u Z X p Z[ ]
(y,w)Fn v

= sx[X + Y]s,[X — Y],

where YMH) ¢ R(B,,) the space of class functions on B,,. Using plethystic substitution
Pk — Pk ®1+1Qpg

write A(pr) — pr[X + Y] = pe[X] + pr[Y]. Note that in s,[X — Y] the antipode px[X — Y] =

Example 1.146. Evaluate character table of Bj.
The elements of group B; are By = [1],[—1]. The rows are evaluated using the Frobenius
characteristic map of type B as plethystic substitution that is explained above. By matching the

coefficients in conjugacy classes the character table in generated.

Irreducible Characters of By | (L], o) ‘ (e, ) ‘ Symmetric Function
. —
Row 1 x® 1 1 . Lpi[X] + Lpi[Y] = Sfi.)
Row 2 O 1 -1 Lpi[X] = Ly [Y] = 8§,
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Conjugacy Classes of B
Irreducible Characters of B; 1] [-1]
Ko Ko
x L) 1 1
x*D 1 -1

Table 1.13: Character table of By

Example 1.147. Evaluate character table of Bs.

By he Jacobi-Trudi determinant sy = det[hy,_,, Jo<ij<x and hp, = PX we have
o AFn ZX
S = PA =N '
g 2)1\7 b b b

A 2 11 11

L )\;129\ 29 211 2 2
DAHOPA _(qy2erP2 qyaePlL P2 DU

H /\,_2 Z) Z9 211 2 2

To compute x**), use Frobenius characteristic map and the plethystic substitution, we have:

Row 1: The coeflicients of the following expansion in p basis correspond to the first row of the

character table. Using substitutions

SB[ X, Y] = s [X + V]sa[X — Y]

_ pQ[X +Y] + (pl[X +YD2
2 2
_ p2[X]+ po[Y] n (p1[X] + p1[Y])?
2 2
_pulX] | p[X]  piX]m[Y] | pulY] | pelY]

2+2+1+2+2

The computations for the remaining rows are done is similar fashion.
Row 2:

S@)[XY (H)X—i—Y}s.[X Y]

__p[X]+p[Y] +( p1[X]+ p1[Y])?
2 2

Copu(X] pe(X] | pi[XpuY] | pulY]  pelY]
=2 o 7 1 Tt T

Row 3:

SEIX: Y] = s X + Y]sp[X — V]

= [X]+ i YD (2 [X] = m[Y])

pulX] 2.p11[Y]
2 2

=2.
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Row 4:

Sy X Y] = se[X + Y]sy[X — Y]

_ p2[X] = po[Y] n (p1[X] = p[Y])?

2 2
_ pulX] n p2[X]  pi[X]pi[Y] n pulY]  po[Y]
2 2 1 2 2
Row 5:
SB =5 X +Y]s—[X -V
() | = ]
_ pX]=plY] | (m[X]-m[Y])?
T 2 * 2
_pulX]  p[X]  pi[X]p[Y] . pu[Y] n p2[Y]
2 2 1 2 2
The character table of By is
Elements of Bg in Conjugacy Classes
[27 1] [17 '2] [27 '1}
[1» 2} ['17 '2]
Irreducible Characters of Ba [-2,-1] [-1, 2] [-2, 1]
K(H-) Krme | oD K<-H> K1
M 1 1 1 1 1
X(H”) 1 1 1 1 1
YO 2 0 0 -2 0
MR 1 1 -1 1 -1
x“’H) 1 1 1 1 1

Table 1.14: Character table of By
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Example 1.148. Evaluate the character table of Bs.

Similar to the last example, we can calculate the table entries. For example in row 6:

SB
OH O S(H)
p1 = pi[X] +p[Y]

p1 — p1[X] — p1[Y]

p2 = p2[X] — pa[Y]

sé ml (X, Y] =s)[X +Y]s B [X Y]

— (mX] 4 (XLl X - e [Y])?

)
2 2
_qPeXpn[X] | opslX] PIX Y]
6 2 3 2 2
2 3
Pl[X]2P1[Y] +1P1[X]2p2[y] N 31?1([33/] !

The character table of Bs can be presented as below.

-1

Cycle-Types of Conjugacy Classes of Bs
Bjz Character Table e e K Ve e K e Ie K K
<E’.) (B:[’.) (D:\:‘t') (H’D) (D:“:‘) (D’H) (l:M:\:‘) (.,E) (.’H:[) <'¢D:\:‘)
(@-)
X 1 1 1 1 1 1 1 1 1 1
WH® 1 2 2 0 2 0 1
NEnnb) 1 1 1 1 1 1 1 1 1 1
Ho 3 1 0 1 1 1 3 1 0
V0D 3 1 0 1 -1 1 1 3 -1 0
OB 3 1 0 1 1 1 1 3 1 0
YO 3 1 0 1 1 1 3 0
(-H)
X 1 1 1 1 1 1 1 1 1 1
X('H:P 2 0 1 2 0 2 0 2 0 1
(LT 1 1 1 1 1 1 1 1

Table 1.15: Character table of B3
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Eigenvalues of a Permutation Matrix.

Theorem 1.149. Figenvalues of a permutation matrix is the roots of unity.

Proof. Let A be a permutation matrix, then the equation A*T! = A for some k € Z always holds.
To find the eigenvalues of A, let Av = tv. Left multiply the matrix A to this equation, we have
A(Av) = A(tv) therefore A%v = A(tv) = t(Av) = t(tv) = t>v. We can conclude that for k € Z,
ARty = th+1y and as AFt! = A, we have Av = tFt1y. This implies t*+1 = ¢. Since zero is not a

solution therefore: t* = 1. (i.e. the roots of unity) O
Definition 1.150. For an integer k > 0, define

ori 4w Gmi 2(k=D)mi
k

Eri=1lekr ek ,e ,...,€
This notation represents the eigenvalues of a permutation matrix of a k-cycle.

Example 1.151. Eigenvalues of a Permutation Matrix. Let

= o o O
o O o
o O = O
o = O O

The matrix A has eigenvalues {1, —1,i, —i} that are solutions of 4th roots of unity A\* — 1 = 0. We

can write

=y=1,0,—1,—i

Example 1.152. Eigenvalues of a Signed Permutation Matrix. Let

o
o O O
S O = O
O = O O

The matrix B has eigenvalues that are solutions of A* +1 = 0. They are 4 complex roots of

1
——1. These are eigenvalues of signed permutation matrix

1
i\ﬁi\/i
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Example 1.153. Eigenvalues of signed permutation matrix and cycle-types of B3 in conjugacy

classes.
Cycle-Types K (E,-J A‘B]") Krme A(EDJ Kmpy A(D-H) Kom) A(-H) A("E]) L Cunn)
of By
Eigenvalues
X = 21,2223 1,1,1 1,1,-1 1,¢,¢ 1,1,0 1,-1,0 1,0,0 1,0,0 0,0,0 0,0,0 0,0,0
Y =y1,v2, 3 0,0,0 0,0,0 0, 0,0 —1,0,0 —1,0,0 1,—1,0 i,—i,0 —1,-1,-1 —1,i,—i —1,-¢,—¢2
Characteristic A-1)* A+1)(A-1)? A1 A+ 1)(A-1)? A=1)(A+1)? A=1A+1)? A=D1\ +1) (A+1)* A+1D(A+1) A1

Polynomials

[1,2,3] [1.3.2] 2,3,1] [1,2,-3] 2,1,-3] [-1.-2, 3] [1-3.2) [-1,-2.-3] [-1.-3,2] [2,3,-1)
100 100 010 10 0 01 0 -1 0 0 10 0 -1 0 0 -1 0 0 010
010 00 1 00 1 01 0 10 0 0 -1 0 00 -1 0 -1 0 0 0 -1 0 0 1
00 1 010 100 00 -1 00 -1 0 0 1 01 0 0 0 -1 01 0 -1.0 0
[1,-3,2] [2,-3,-1] [1,-2,3] [-2,-1,-3] [1,-2,-3] [1,3,-2] [-1,3,2] 2,-3,1]

10 0 01 0 10 0 0 -1 0 10 0 10 0 -1 0 0 01 0

00 -1 0 0 -1 0 -1 0 -1 0 0 0 -1 0 0 0 1 0 0 1 00 -1

0 -1 0 -10 0 0 0 1 0 0 -1 0 0 -1 0 -1 0 0 ~-1 0 10 o

21,3 [-2,3,-1] [F1,2,3] [3,-2, 1] [1,2-3] 21,3 [2,1,-3] [2,3,1]

010 0 -1 0 -1.0 0 0 0 1 -1 0 0 0 -1 0 0 -1 0 0 -1 0

100 0 0 1 0 10 0 -1 0 01 0 10 0 10 0 0 0 1

00 1 -1 0 0 0 01 10 0 0 0 -1 0 0 1 0 0 -1 10 0

[-2,-1,3] [2,-3,1] [3,-2,-1] [2,-1, 3 [2,-1,-3] [-2,-3,-1]

0 -10 0 -1 0 0 —1 0 10 01 0 0 -1 0
-1 0 0 0 0 -1 0 -1 0 -1.0 0 -1.0 0 0o 0 -1

0 0 1 10 o0 -1 0 0 0 01 0 0 -1 -1 0 0

3,2,1] 3,1, 2] [-1,3,2] [3.2,1] [-3,-2,1] 3, 1,-2]

00 1 00 1 -1.0 0 00 -1 0 0 -1 0 0 1

010 100 0 01 01 0 0 -1 0 10 0

100 010 0 10 10 0 10 0 0 -1 0

[-3,2, -1 3,-1,-2) [-1,-3,-2] 3, 2,-1] [3,-2,-1] 3, -1, 2]

0 0 -1 0 0 1 -1 0 0 0 01 0 0 1 0 01

01 0 -1 0 0 0 0 -1 0 10 0 -1 0 -1 0 0

-10 0 0 -1 0 0 -1 0 -1.0 0 -1 0 0 010

[3,1,-2] [3,1,2

0 0 -1 00 -1

10 o0 10 0

0 -1 0 01 0

[3-1, 2] [-3,-1,-2]
0 0 -1 0 0 -1

-1.0 0 -1 0 0

0 1 0 0 -1 0

Table 1.16: Eigenvalues and cycle-types of B3 in conjugacy classes

Remark 1.154. In Example 3.61 we have included the eigenvalues of signed permutation matrix and

their transformed version to eigenvalues of permutation matrix on each cycle-type of group Bs.
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1.6 Symmetric Group Irreducible Character Basis {3,}
Notation

We will provide the notation and combinatorial objects that will be used here and the rest of the
thesis. The material in this chapter are due to the results in [OZ1, OZ1v2, 072, 0Z3]. We will state

and explain important propositions and theorems which are used in solving the thesis questions.

Definition 1.155. A multi-set is a set that can have repeated elements and it will be denoted by
{01, b2,...,b.}. We can also use exponential notation to show a multi-set that is {191,292 ... (%}

which represents that element ¢ is repeated a; times.

Definition 1.156. A set partition of a set S is a set of subsets {S1,S2,...,5;} where S; C S and
SiﬂSj:@for1§i<j§land51U52U-~USl:S.

Definition 1.157. A multi-set partition 7 = {51, Sa, ..., S;} of a multi-set S has a similar structure
of the set partition but with a difference that S; can be a multi-set and any two sets S; and \S; can
have non-empty intersection. Two or more elements of a multi-set can even be equal. We denote
the length of a multi-set by [(w) = [. For 7 is a multi-set partition of the multi-set S we use the

notation m H S.

Definition 1.158. Given a multi-set partition 7 the notation m(m) represents the partition of [()

consisting of the multiplicities of the multi-sets that occur in .

Example 1.159. Let S = {1%,23,3'} be a multi-set and let 7 = {{1,2,3}, {1,2}, {1,2}, {1} } -
- {14,233} to be a multi-set partition of S. We have the multiplicities of this multi-set given by
m(m) = (2,1,1) F 4. As we see {1} and {1,2,3} occurs 1 time and {{1,2} occurs 2 times. Note
that we will be using a compact notation for multi-set partition, this is, for example the multi-set

partition m = { {1,2,3}, {1,2}, {1,2}, {1} } will be written as 7 = {123 | 12| 12| 1}.

Definition 1.160. Given non-negative integers n and [ and positive integers «; a composition of
size n is an ordered sequence a = (v, ag, ..., qq) such that ag + ag + - - - + a; = n. We denote this
by a F n. A weak composition is a sequence o = (v, g, ...,q;) where a;; > 0 (zeros are allowed)

and we denote it by a F,, n. The length of both compositions is denoted by I(«) = I.

Example 1.161. For example ay = (2,2,1) and ag = (1,2, 1,1) are both composition of size 5 i.e.
a1,ay F 5 and sequences 1 = (0,2,0), f2 = (1,0,1) and B3 = (0,1,1) are all examples of weak

compositions of of size 2 i.e. B, fs, B3 Fu 2.
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Symmetric Functions at Roots of Unity

In this part we will explain the evaluation of symmetric functions at the eigenvalues of the permu-

tation matrix.

Definition 1.162. Given an integer k£ > 0 define the set of roots of unity by

ami 4w 6mi 2(k=1mi
k

Ep=1e*k ek ek, ...,€

where =}, represents the eigenvalues of a permutation matrix of a k-cycle. For a partition p denote

Ep =B Bpas -+ Sy

to be the multi-set of eigenvalues of a permutation matrix with cycle structure p. For a symmetric
function f € A denote f[Z,] to be the evaluation of f at this multi-set of eigenvalues. Recall that
this is done by replacing the power sum generator py in f with z¥ + 2§ +--- + xﬁ” and replacing

the indeterminate variables by x; with the values in the multi-set 2, .

Example 1.163. Evaluate pg[Z(32)]-
Given a permutation o = (134)(25) in S5 with cycle structure p = (3,2) the multi-set of
eigenvalues of a permutation matrix with cycle structure p is written as =3 5) = E3, Z3. Note that
2w

23 = {1,6776%} and 23 = {1,—1}. Recall that for a partition p = (p1, p2, .., jty(,)) we have
Pk[Zn] = Pe(Ep] + Pe[Ep] + - + pi[E, ] therefore

P6[=3,2)] = p6[Z3] + pe[Za]
47i

=16+ 6355 4+ 8CF) 416 4 (_1)6
=5

Remark 1.164. [Lascoux] The evaluation of the power sum, the complete homogenous and the
elementary symmetric functions at eigenvalues of roots of unity can be computed directly by the

following given n > 0.

_ d ifdn _ 1 ifdn _
DPn [:d] = 5 hn[:d] = , €En [:d] =
0 otherwise 0 otherwise 0 otherwise

(1)1 ifn=4d

Remark 1.165. We will be using a compact notation for the multi-set of eigenvalues of a permutation

matrix with cycle structure p. For example Z(3 9) will be as =39.
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Example 1.166. Evaluate s3[Z91].

The expansion in power sum basis is

_ 1 -
s2[Z21] = 51?11[:21] + 5292[121]
1 _ — o 1 — -
= 5 @1E] + pi[E1])” + 5 (p2[=2] + p2[E])
1 1
= — 0 1 2 a 2 1
S0+ +52+1)

Induced Trivial Character Basis of Symmetric Group {h,}
Definition 1.167. (Definition 4 [071]) We will define symmetric functions elements h,, in equation

Z ﬁﬁl(ﬂ)

aH-f1r1,202 MY

hy =

This is a recursive definition for calculating the hy basis and some computations are shown in
Example 1.168.

Example 1.168. Use the formula hy = >
m{171,232, MR

Bﬁl(ﬂ) to express iLM in terms of h) for

n=1,2,34.

First express hy in terms of izu in terms for n = 1,2, 3, 4.

E ial -
Partition A Xpo?entla Multi-set Partitions m m(m): Multiplicity in 7w | hy in terms of hg ()
Notation
A=(1) A= (1Y) {1} (1) hy = Iy
A= (2) A= (12) g4 1} (1), (2) ho = hy + hy
A=(L1) | a=@t2h) | {12hf1] 2} (1), (1,1) iy = hay +
A=(3) A= (1%) g gy, gy | (1), (1,1),03) hg = hy + hay + hs
A= (2a 1) A= (1221) {112}7{{1 | 12}}7 {{2 | 11}}7 (1)3 (13 1)a (L 1)a h21 = ill + 2}~l11 + i7/21
fri1f2p (2,1)
A= (1,1,1) | A= (1'2'3Y) | {123},41 |23}, {2113}, | (1), (1,1), (1,1), hiin = hy + 3hi1 + b
{3112}, €123} (L1), (1,1,1)

Table 1.17: Expression h) in terms of iLH forn=1,2,3,4.
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Now we can recursively find B#’s with respect to hy’s.

Partition A iL)\ in terms of h,

A= (1) hi = hy

A= (2) hy = hy — hy

A= (1,1) hir = hi1 — by

A= (3) hs = hs — h11

A=(2,1) ha1 = ha1 — 2h11 + ha
A= (1,1,1) | hi11 = h111 — 3ha1 + 2l

Table 1.18: Expression ﬁ)\ in terms of h, for n = 1,2, 3,4.

The existence and construction of the induced trivial character basis of symmetric functions
namely {h,} is a fundamental part of the discussion in this section. At first, we will state the

theorem below.

Theorem 1.169. (Theorem 3 [0Z1]) For all partitions v and p, let H,,, := <h\u\—lulh1/vpu>' We

have the evaluation

halE,] = > Hi(r) e
aH-f1r1 222 MR

Note that Hy, =0 if |u| — [v] < 0.

Proposition 1.170. (Proposition 28 [OZ1]) For partitions X and p, Hy,, is equal to the number
of ways that some of the cells of the diagram of u can be filled with the labels {1,2,...,1(\)} such
that the whole row is given the same label and in total \; cells are labeled with the integer j for
1 <5 <I(N).

Example 1.171. In this example diagrams of shape pu = (3,3,2,2,1) are labeled by labels of three
1’s and two 2’s such that each row has all same given label and exactly total of five cells are labeled.

The diagrams are

We can conclude H32 33221 = 6.
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Remark 1.172. A multi-set partition m = {S1 | Sa | ... | S;} of a multi-set S does not necessary
have an order on its parts. To be consistent in labelling the column-strict tableaux, we will choose
to have the multi-set that occurs the most first and also between the ones that occurring the same

number of time we choose lexicographic order given the elements of the set are in increasing order.

Example 1.173. Given a multi-set S = {1'3,29 32} and we order a multi-set partition
m={12 1212|111 | 111 | 1223 | 1223 2|2 | 11 } #- {1'3,2° 3%}

and we have m(7) = (3,2,2,2,1) = (3,23,1) I 10.

Theorem 1.174. (Theorem 3 or 37 [0Z1]) For all partitions X,

halEL] = > Hi(m)u
aH-f1r1,222 . IM Y

The function h) is a symmetric function that the evaluations at the eigenvalues of a permutation
matrix are the values of the induced trivial module. The symmetric functions {iL)\} are a basis of

symmetric functions and we will call them the ’induced trivial character basis’.
Proposition 1.175. (Equation 6 [OZ1]) For all partitions A and p,

halEa] = Ho = (P ahas u) -

Definition 1.176. (Definition 33 [OZ1]) Given the partition p define Ty ,, to be the set of filling of
some of the cells of the partition p with content A such that any number of labels can go into the

same cell and all cells in the same row must have the same multi-set of labels.

Proposition 1.177. (Proposition 35 [0Z1]) For partitions \ and p,

Z ,Hﬁw(ﬂ'),u = ’7-)\,,u| :

aH-f1r 222 M)

Example 1.178. Evaluate ho1[E391].

By Theorem 1.174, given A = (2,1) and p = (3,2,1) we need to find all multi-set partitions 7’s
that are multi-set partitions of the multi-set S = {12,2} i.e. to find 7 H {12,2} = S.
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Multi-set Partition

Hon(r;),321

Fillings
in T(2,1),(3.2,1)

m = {112}
mo = {112}
ms = {1]12}

me=4{11]2}

Multiplicities in
Multi-set Partition
m(m) = (1)
m(mg) = (1,1)
m(m3) = (1,1)
m(ms) = (2,1)

Hi,321 = (hshi,p321) =1

Hi1,321 = (hahi1,p321) =0

Hi1,321 = (hah11,p321) =0

Ha1,321 = (haho1,p321) =1

119

Table 1.19: Evaluate hg;i[=321] by Theorem 1.174

By Proposition 1.177 in 4th column we have

ho1[Esn] = Z Hin(r) 3211 = [T21,321] = 2.

mH-{12,2}

We may also compute directly by Theorem 1.169 in 3rd column as
> Hameay
mhH-{12,21}
= Hi1,321 + Hi1,321 + Hi1,321 + Ho1,321
= h1[Z301] + h11[Z301] + h11[Es01] + ho1[Es01]
= (hsh1,p321) + (hahi1, p321) + (hahit, p321) + (h3ha1, p321)
=1404++0+1
=2

ha1[E321] =

Remark 1.179. Note that in Example 1.168 we have also found the expansion
hot = hy + 2h11 + hay.

Elementary Symmetric Functions Evaluated at Roots of Unity

In this section we will show the evaluation of elementary symmetric function at =,. Note that the
material in this section are due to the results in [OZ1, OZ1v2, OZ2] which we are following them

closely.

Let a subset S={i1,12,..

Given e,[Z4] = (—1)%16,4, we will write analogous alphabet addition formula to h,, as

A9 €{1,2,..., (1)} and let a sub-partition g = (s, piy, - - - ,ulm).
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U(p)
€n [E,u] = Z H €o; [EMZ]

aFyn =1
1(a)=1(n)

= Z Hem[zm]

S:lus|=n i€S

_ Z (_1)n+|5'|

S:|ps|=n

where the sum is over all subsets S = {i1,42,...,45/} € {1,2,...,l(p)} such that |ug| = n.

Definition 1.180. (Definition 5.5 [072]) Define the set Cy , to be (S, S .. SEN)) that is

the set of sequences where each S is a subset such that gy | = A

Proposition 1.181. (Proposition 5.6 [0Z2]) Given partitions A and p,

aEd= Y ()]

S(*)GC}\’M

0w
where |S™| =3 |SD)].
i=1

Lemma 1.182. [0Z2] Define HE (7, = <h|u|_|,\\_|7|hxef,pu> where X\, T and p are partitions.

This is also equal to

H1
" mi(p)
HE Ny = ZSQH(V())H< (~(1 e (1 e )
() () i=1 ml('y( ))7 s 7m2(7( ( )))aml(y( ))7 s 7mZ(V( ( )))
where this sum is over all sequences of partitions v*) = (7(1),7(2), . ,'y(l()‘))) where vU) Aj and
v = (W @ UO)) where vU) 1= 75 and

NOIR 0!
sqn(p®)) = (17" D

Proposition 1.183. (Proposition 5.8 [0Z2]) For partitions X, 7 and p, let F§ _ be the fillings of
the diagram for the partition pn with \; labels i and T; labels i' such that all cells in a row are filled
with the same label. For F € .7:/‘(7, the weight of the fillings, wt(F) is equal to —1 raised to the

number of cells filled with primed labels plus the number of rows occupied by the primed labels. Then

HE Ny = Z wt(F)

FeFy
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Example 1.184. Evaluate HE 9)2) 332011

In here the prime notation is used for the sets with an odd number of barred entries and non-
prime ones are used of the sets with an even number of barred entries. The diagrams below are all
possible fillings of diagram u = (3,3,2,2,1,1) with two entries 1’s and two entries of 1”’s in such a

way that rows are all labelled by the same labels.
1] [1] ] [ 1] [T]
1] IT|

1
1]1’ 11’ 11 11
1|1’ 1)1 1|1’ 1)1

The weights of each of the above filling is (—1) raised to the number of cells occupied with primed
labels (which is 2) plus the number of rows occupied by the primed labels. We can see that the first

four fillings have the weight of —1 and the last two are of weight 1. Using HE (\jry,, = > wi(F),
Fery
the sum of the weights are the desired evaluation

HE (2)2),332211 = —2

Set Partition of a Multi-set. Recall that a set partition of a set S is a set of subsets
{S1,52,...,5} where §; C Sand S;NS; =0forl1 <i<j<land S;USU---US =5. A
multi-set partition m = {51, S2,...,5} of a multi-set S has a similar structure of the set partition
but with a difference that S; can be a multi-set and any two sets S; and S; can have non-empty
intersection. For m is a multi-set partition of the multi-set S we use the notation = H S. In
addition, to represent the partition of () consisting of the multiplicities which occur in multi-
set m we are using notation m(w). For example, given S = {1423, 3!} and a multi-set partition
m={123 12| 12| 1} H {14,233} of S, we have m(n) = (2,1,1) = (2,1?) I 4.

Definition 1.185. (Section 5.1 in [0Z2]) Let 7 = {PW P . PUTDY to be a set parti-
tion of a multi-set and denoted by w F {{1/\1,2’\2, .. .,l’\l@)}} where PO g PO g ...y pUm) =
f1h, 222 ,l)‘lW}} and each P are sets with no repetitions. Define m(me) to be a partition rep-
resenting the multiplicities of the set with an even number of elements and m(7,) to be a partition

that represents the multiplicities of a set with an odd number of elements and 7© = 7. W 7,.

Example 1.186. Let A\ = (5,3,3,2,2) and

m={{1,2,5},{1,2},{1,2},{1,3},{1,3},{3, 4}, {4}, {5} }

that is a set partition of the multi-set {1°,23 33 42 52}, The corresponding multiplicities are
partitions m(7) = (2,2,1,1,1,1), m(w.) = (2,2,1) and m(w,) = (1,1, 1). Note that m(m.)wm(m,) =

m(r).
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Remark 1.187. We will use a compact notation for a set partition of a multi-set. For example we

will express the multi-set 7 in the preceding example by
m={1,25]12]12]13]13]34]4]5}

Corollary 1.188. (Equation (61) in [OZ2]) Proposition 1.183 can be extended as

> HE ((mo)im(ron =, WH(F)

reg1M 222 MO0 ) FEP

Definition 1.189. (Definition 5.13 [0Z2]) For partitions A and p, let 7 ,, be the fillings of some of
the cells of the diagram of the partition y with subsets of {1,2,...,I(\)} such that the total content
of the filling is {1*,2*2, ..., [(\)M® } and such that all cells in the same row have the same subset
of entries. We will define the weight of one of these fillings to be —1 raised to the power of the size
of A plus the number of rows whose cells are occupied by a set of odd size (this is also equal to the

number of cells plus the number of rows occupied by the sets of odd size).

Remark 1.190. From here on we will using barred entries to distinguish this type of multi-sets as it

will be helpful in our discussion for type B multi-set partitions.

Example 1.191. The following diagrams are 12 elements of 773,1)7(3,37272,171).

[2] [2] I 12

H\‘ N\‘

[T]
2

E 2]

1

N
~l
I
=
=
-5l ]
=

Sl

¥

=
—

=
—
=

1

=

=l
=
—

=l
=l

The four fillings are diagrams of weight +1 and the other eight are of weight —1.

Corollary 1.192. (Corollary 5.16 [0Z2]) For partitions A and p,

exE,] = > HE (i (e (o)) 1

w171 ,272 ,...,lkl(*) 3

Example 1.193. Given the multi-set S = {13,22} there are only three set partitions of S as the

following

By Corollary 1.192 we have
e32[Zp] = HE (aj32),10 T HE (1)21) 10 T HE (211) 1
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Proposition 1.194. (Remark 5.18 [0Z2])The definition of the expression HE y|ry,, implies that we
can define symmetric functions namely ﬁe(/\h) such that their evaluation at the eigenvalues of roots
of unity is

e Enl = HEpr e = (= 3 Pxers ) -
Proof. Given e; = Y arqhqa define f;e(MT) by

at|7|

He()\h—) = Z aTojl)\&Ja

ak|7|

Since il)\tda[Eu] = <h|‘u|,|)\‘,|a‘h)\ha,pu> we have

he(\r)[Eul = Z aralrwalE,]

ak|7|
— Zam{ <hw_p\|_|a|h/\hmpu>
ak|7|
= > (Mu—n—lalPadrata; Pp)
ak|7|
= <huz\llfh/\ D araha 7pﬂ>
at|7|

= (hjpl—r—jr)irer, Pu)

The proof is complete. ]

Proposition 1.195. Given the symmetric function é; defined above its evaluation at the eigenvalues
of roots of unity is
ér[Bu =Erp = <h|“|_‘7.|6‘,-,pu>.
Proof. The proof is similar to the proof of Proposition 1.194 when partition A is an empty partition.
O

We will define a binary operation on the Sp-induced trivial character basis {BA} This gives a

multiplicative tool which will help in our future evaluation of the thesis in type B.

Definition 1.196. Define a linear binary operation ¢, : A x A — A on the induced trivial
characters of the symmetric group (type A) such that given

f= Zaoﬁa and g = Zbﬂﬁﬁ
@ B

where f,g € A and an,bg € Q, then

fOg =" aabghauyp
a?/B
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The operation W is as defined in Definition 2.7 and the binary operation ¢, is commutative and

associative where iL.@4iL. = i~z. =1.

Example 1.197. The operation ¢, is demonstrated in the following two small examples.
1. hiG,—ho = —hon
2. —h216), (—2h32)@, h11 = 2ha20111

Remark 1.198. By Proposition 1.175 we have BA[EM] =Hyu = <h|u|_|,\‘h,\,p#>. The binary opera-
tion G, can be used between hy and h; (in type A) and the evaluation at the eigenvalues of roots
of unity is

<B)\@4;LT> [Zu] = hown) Bl = Hownyw = (Bipt—p— o rhe bu) -

Remark 1.199. In Proposition 1.194, given partitions A, 7 and p, we have defined the symmetric

functions He( A7) eévaluated at the eigenvalues of roots of unity Z,. Since He( Ap) = iL,\@A €, we have
(il)\@qéT) Zu] = tenn)[Zu = HEryp = (M= a = haers D) -

Remark 1.200. Recall that in a special case where X is an empty partition in Proposition 1.194 we

let h~e(,|7) = €, and we introduced the symmetric function in type A defined by

Moreover, this resulted in Proposition 1.195 where given the symmetric function é, defined above

its evaluation at the eigenvalues of roots of unity is

ér[Eu] = Erpp = (hiri€r D) -

Now in the following lemma we can extend the binary operation ¢, for the symmetric function

er.

Lemma 1.201. Given the binary operation &, : A x A — A on the induced trivial characters of
the symmetric group (type A) and f =) an€q and g =) bgég where f,g € A and aq,bg € Q, then
a B

f®Ag = Zaabﬁéawlg.
a7/8
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Proof. Given é; :== Y crohq we have

ak|7|
o9 = (Zaaéa> O Zbﬁéﬁ
a B
= _tabs (éa ©,5)
a,
= Zaabﬁ Z Ca)jLA (O Z dﬁuhﬂ
a.f AFa] w18
= Zaabﬁ Z Ca,\dgu (il,\ ®Aﬁu>
a,f Ao
ekl
= Zaabg Z Ca/\dﬁuﬁ)\&m
B A
bl
= Zaabﬁéawﬁ
a,
The proof is complete. ]

The following in an example of calculating He( Al [E.]. In order to save time and being accurate

we have used the program SageMath.

Example 1.202. Evaluate ﬂell|2[532211]. We have é; = e9 = hy1 — hg therefore f;e.p = h11 — hs

and we have hejjp = h11G), €2

her1j2[Es2211] = h1111[Es2211] — ho11[Es2211]
=0—-14
— 4

Example 1.203. Find f;e( Alr) and ér for n =0,1,2,3 in terms of elementary symmetric functions

given

ex = > he Ga(me)lin(mo))
1M 222 )

The set partitions and the corresponding multiplicities are given in the table below. We may write

ey’s using above formula.
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Partition Set Partitions (m(me) | m(mo)) | e
A=0) m = {} (o]e) Co = he(alo)
A=(1) m = {1} (e 1) er = hegon)
A=(2) ms = {11} (e]2) €2 = fe(a)2)
my = {12} (1]e) ~ ~
A=(1,1) s = {112} (o] 11) e1 =~h€(1|.) + he(e)11)
A=(3) mo = {111} | (]3) €3 = le(e)3)
mr = {1]12} (1]1) - -
SRR B i b R ETY e = e + e
o = {1231 oD
mo = {12]3} | (1]1) ) ) )
A= (1,1,1) | 71 ={13]2} (1]1) e111 = hegep) + 3he(|1) + 3he(ej11n)
T2 = {{i][ Qﬁ}} (111)
m = {1]2]3} | (e 111)

Table 1.20: Elementary symmetric functions in terms of f;e(/\h) forn=0,1,2,3.

Note that we can write i;e(m(,re)‘.) = flm(ﬂe) SO h~e(1|.) = h1 = hi = e1. For the function of the form
he(o|rh(7ro)) = ém(ﬂo) we have
er(E] = Erpu = (Mui-irier, Pu)

Therefore we can use expansion of elementary symmetric functions in terms of homogenous
symmetric functions and evaluate l{e(.m(ﬂo)) in terms of elementary symmetric functions. As an

example

he(e3) = €3
= h3 — 2ha1 + hiny
= hg — h11 — 2(ho1 — 2h11 + h1) + 2hy — 3h11 + hi11
= hg — 2ho1 + han
= e3

The results are organized in the table below.

(o] 7) €r in terms of ey

(019 |e=ca

(0 | 1) él = €1

(o 2) €9 = €9

(0 | 11) éu = €11 — €1

(0]3) |eés=es

(o21) | €21 =e21 —e11+er

(. | 111) 6111 = €111 — 3611 + 261

Table 1.21: €; in terms of ey for n = 0,1, 2, 3.
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The expansion of ey in €, is obtained recursively and it is presented below.

o | )\ ey in terms of €,
L Co — éo
° e1 =€
[ ] €9 = éz

~—

€11 = €11 — €1

€3 = é3
ea1 = €21 + €11 — 263
e111 = €111 + 3€11 — béy

== — = — [T

fon T on Ton Ton Ton ion Ton
L] [ ]

N W~ N
—_—

~—

Table 1.22: e, in terms of &, for n = 0,1, 2, 3.

For evaluating expressions of the general form i{e( Alr) use HE( Alr) = h 2@, €r. For example
hegjs = ha®, &2
= ;LQQA(BH — Bg)
= ho11 — hao
= —eg2 + €211 — €21 — €2 — e111 + 3e11 — 2ep
Some other functions are

‘ i{e()\h) in terms of ey

hejr)

(1]1) heip = en

(1]2) hf31|2 =e21 — €11t €1

(2]2) | hegjp = —e22 + €211 — €21 — e2 — e111 + 3e11 — 2e;

Table 1.23: i{e()\h) in terms of e

Remark 1.204. Functions f;e( Alp) is not a basis. These elements span A but are not linearly indepen-
dent because simply there are too many. For example the degree 1 elements of A must have dimen-
sion 1 but there are at lease two elements h~61‘. and h~e.‘1 of degree 1 as l{e”. =hy ©,€e = hi = h; and

He.‘l = he ®©,€1 = €1 = hy; we have Heu. = He.u and therefore they can not be linearly independent.

69



Symmetric Group Irreducible Character Basis {5)}

This section is due to the results from section 3 and 4 in [OZ1, OZ3]. In the proceeding section we
introduced and studied the construction of the induced trivial character basis of symmetric group
namely {hy}. The evaluation )[Z,] is the value of the character of the trivial representation in

S
the induction 1 1!
TSM—\MXSMXskzx“'XSAzm

. In Proposition 1.175 we proved that given partitions A
and p the evaluation of basis hy at the multi-set of eigenvalues of a permutation matrix with cycle

structure p is
halZu] = Ho = (hyp—ahoas pu)

That is, the function k) is a symmetric function that the evaluations at the eigenvalues of a per-

mutation matrix are the values of the induced trivial module.

Now, in this part of our project the main goal is to introduce the irreducible character basis of
symmetric group {5)}. These families of symmetric functions are the values of the characters of
symmetric group when they are evaluated at roots of unity i.e. the eigenvalues of a permutation
matrix. We will define the symmetric functions §) by the change of basis with Bu using Kostka

coefficients denoted by Ky,,.

Definition 1.205. (Equation (7) [OZ1]) Given n > 2|u| define the elements of §) the basis that

satisfies

= Kzl A) (= lpl) 53
[A[<|p|

Equivalently the coefficient of 5, in ﬁ# is > 'K, where the sum is over partitions v such that v/A
m

is a horizontal strip of size |u| — ||

Example 1.206. For n =4 and p = (1, 1), then (n— |u|, 1) = (2,1,1). We have four column-strict
tableaux with entries {12,2,3}.

w
»

[un

~e]w]
[
-

1]2] 1][1]3]

1]

hi1 = 3o + 251 + 811 + 32

Remark 1.207. Given n > 2 |\| we can express §) in terms of fLu by the inverse of Kostka coefficients

as

< -1
3= D K el
[ <|A|
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Remark 1.208. Since the Kostka coefficient K, is also the number of column-strict tableaux of
shape A and content p the value of K,,_ | x)(n
That is

—|ul,p) 18 independent of n when n is sufficiently large.

Km— A2 (m—lul) = B =33 (0=l )

for m > n. For example, given A = (2) and p = (1,1,1), we can see

K (61210 6— b)) = K@=\ 7=l = B (20— 10,0 (20— |l ) -

There are three tableaux for each of these three Kostka coefficients. The only change that will occur
if n increases is in the first row of their corresponding tableaux and it is where the number of 1’s is

increasing. This is the stability property.

We will now present the following proposition which is important for proving Lemma 1.210.

Proposition 1.209. (Proposition 6 [0Z1]) Let f,g € A be symmetric functions of degree less than
or equal to some positive integer n. Assume that f[=,] = g[Z4] for all partitions v such that |y| <n

(respectively, |y| > n), then f = g as elements of A.

Lemma 1.210. (Equation 10 [OZ1]) Functions §y are the unique symmetric functions of inhomo-
geneous degree |\| which are the characters of the symmetric group when evaluated at the roots of

unity. That is

SA\Ey] = (Stepr0)s Py -
Proof. We have

o~ [ 1 7 e
NN D NI =

[ <A
_ —1
- Z K(nf\)\|,)\)(nf|,u|,y) <hn—|u|hmpw>
|| <|A]
_ -1
—< > K(n—M,A)(n—mLmhnuhwp7>
| <|A|

= (Stn—|Aln): D7) -

If n > |A| + A1 then the value of the <3(n,‘ AL p7> is the irreducible character of the symmetric
group indexed by (n — |A|, A) evaluated at an element of cycle type . That is

XN () = (s a0y, P ) -
The proof is complete. O

The basis 5y is the character of the irreducible representation of the defining representation of

the symmetric group (that is a permutation matrix). They have the same role as Schur functions are
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the characters in general linear group. For this reason the basis §) are given the name the irreducible

character basis. We have the following theorem that characterizes the symmetric function §y.

Theorem 1.211. (Theorem 1 - Part 1 [OZ1]) For a fized partition X\, 8y is the unique symmetric
function with the property that for all n > |\ + A1 and for all partitions v of n,

Sx(w1, 29, ... an) = XN ()

where x1,x2,...,Ty are the eigenvalues of a permutation matriz of cycle type structure v and

y(=IALA) (7) are the values of the irreducible characters of the symmetric group.

Proof. By Lemma 1.210 we have §,[2,] = (s(,,_|x,1),Py) for all n > [A| + A1 and by Proposition
1.209 the only function with this property should be equivalent to the function 5y therefore it is a

unique symmetric function. O

Products of Induced Trivial Characters. Given multi-set S and a set 1" the restriction of
S to T is the multi-set S |p= {v € S :v € T}. We can also define the restriction of a multi-set
partition to the content 7' by 7 |[r= {S |7: S € m}. Denote m#7 to be a set of multi-set partitions

that appears in product. Let m and 7 be multi-set partitions on the disjoint sets S and 7.
m#T={0: 0/ SUT,0 |s=r,0 |7=+}

Proposition 1.212. (Proposition 3.4 [0Z2]) For multi-set partitions m H= S and T b= T where the

multi-sets S and T are disjoint,

Example 1.213. Evaluate fLQJLl.
we have m = {1 | 1|2} and 7 = {3}}. Then we have

r#r={1|1]2|3}, {1132}, {1]1]23}

Therefore
521711 = 73211 + 71111 + 7121‘

Change of Basis {h)\} — {5,} and {e,} — {5.}

Given two bases {uy} and {v)}, denote {uy} — {v,} to be the transition coefficients of v, in the
expansion of uy in terms of v-basis. At first we will provide a combinatorial method that explains

the coeflicients of the irreducible character expansion of a complete homogenous symmetric function
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i.e. the transition coefficients in {hy} — {5,}. In this method we need to combine the notion of

multi-set partition of a multi-set and column-strict tableau.

In order to work with column-strict tableaux on sets or multi-sets we have chosen a total ordering

of lexicographic when we are reading the entries of the multi-set in increasing order.

Given a partition A = (A1, A, ..., Ayy)) denote A= (Ag,.. -y Ai(n)) to represent the partition
that the first part is removed. For a tableau T', denote shape(T') as the partition of the outer shape

of the tableau so shape(T') is a digram with the first row removed.

Example 1.214. The following tableaux 77, T and T3 have the same partition (or shape of

diagram) when the their first rows are removed, i.e. shape(T1) = shape(T2) = shape(T3). The
partition corresponding to this shape is shape(T;) = (3,1).

Ty ¢ T2>:7 T3:4
2(3]5 246
1 s[9] 1

HMOJ‘
IS
o

»
N
N

2[4]s] 3[7]8]

Theorem 1.215. (Theorem 5 [OZ1v2]) For a partition u, choose m > |u|, then

h/‘ = nghape(T)
T

where X = (Ag, .. -7)\1(/\)) and the sum is over all column strict tableauzr with m blank cells in the
first row and the rest of the cells filled with multi-sets of labels such that the total content of the
tableau is {1H1 202 M}

Example 1.216. To find the expansion of hq; in the irreducible character basis, consider the
following 7 column-strict tableaux that the entires are multi-sets with total content of the tableau

{1,2}. We may also take m = 3 empty entries.

1]2 2 L 2 [12] HENEBERRRRE

IE [ [2] [ ] [ 1]

Therefore we have

hi1 = 25¢ + 351 + §11 + 3.

Note that in Example 1.216 the multi-sets of labels such that the total content of the tableau is
{1, 2} is from multi-set partitions {12} and {1 | 2}}.

Theorem 1.217. (Theorem 8 [OZ1v2]) For a partition u, choose m > |u|, then

Cp = Zsshape(T)

T
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where the sum is over tableaux that are weakly increasing in rows and columns and that have m
blank cells in the first row and sets as labels of the tableauz (no repeated values in the sets allowed)
such that the content of the tableau is {1#, 212 .. 1M}, A set is allowed to appear multiple times
in the same column if and only if the set has an odd number of entries. A set is allowed to appear

multiple times in the same row if and only if the set has an even number of entries.

Example 1.218. Expansion of es; in the irreducible character basis for m = 3.

1 z z 1]2 1 [12] 112 12 1 112
t)2] 1] ! 1] L [1]2] [ [1] [ [12]
JE! RE] [ [1] [ ]

HEN

[1]
1

-

We have
€21 = Se + 351 + 252 4+ 3511 + S21 + S111.

Frobenius Map ®,, of Type A

In the last sections we studied how to construct elements s, and fz)\ and the fact that they are
the characters of symmetric group as permutation matrix when evaluated at eigenvalues of roots of

unity. This can be written in the following theorem.

Theorem 1.219. (Theorem 10 [0Z3]) For a partition X, the symmetric functions 5 and hy have
the property that for a positive integer n > |A| + A\ and p = n,

SAEu = (St pa) = XTI and  RaEL] = (Ao ) -

The Frobenius map is a linear isomorphism from the class functions of the symmetric group to
the ring of symmetric functions. The characters of the symmetric group are a class functions and
in the previous sections we have introduced and expressed the characters of the symmetric group
as symmetric functions (8, and h A). We will define the Frobenius map on symmetric functions as

in the following definition.

Definition 1.220. (Equation 12 [0Z3]) Given ®,, : A — A define the Frobenius map by

— 1P
On(f) =D _fIEAT"
ukEn K
The map ®,, is from the ring of symmetric functions to the subspace of symmetric functions of
degree n. Given two functions f,g € A we have ®,,(fg) = ©,(f) * ®,,(g). We can restate Theorem

1.219 and write the following lemma.
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Lemma 1.221. (Equation 13 [0Z3]) Given ®, : A — A there exist functions 3y, hy € A such that
D (50) = sy and  Dp(hy) = iy

An Algorithm to Compute Functions 5y € A. The goal is to find a function f in ®,(f) =
S(n—|A,n) and when it does, it means f = s).

o Step 1: Guess f = §).

o Step 2: Calculate ®,(f).

o Step 3: Correct guess by subtracting off the leading term.

o Step 4: Repeat Step 2 until it is ‘right’ in that ®,,(f) = sp—|x|,5)-

Example 1.222. Use ®14(S21) and find 32;. Given n = 10 let ®g, (S21) = S721 where 391 =
s91 + lower terms. The following calculation are done in SageMath. At first we will make a guess

f = s21 and execute the algorithm steps.

Step 1:  ®10(s21) = s721 + 28811 + 2582 + 3591 + S10
Step 2 ®yg(s21 — 2511) = s721 + 2882 + S91 + S10

Step 3: ®yp(s21 — 2511 — 282) = s721 — 3891 — 3510
Step 4: D1o(s21 — 2511 — 282 + 351) = S791

By Lemma 1.221 and Lemma 1.210 the unique function S2; that is
§21 = S91 — 2811 — 282 + 381

Example 1.223. Values of 5y in terms of Schur functions for partitions of A - n forn =0,1,2, 3, 4.

The following calculation are done in SageMath.

Partition A 5 in terms of s,

A= () S50 = 5¢ =1

A= (1) 51 = —Se¢ + 51

A= (2) 59 = —251 + 59

A=(1,1) 511 = Se — 81 + S11

A= (3) 53 = 81 — 811 — 289 + 83

A=(2,1) 591 = 381 — 2511 — 289 + 591

A=(1,1,1) 5111 = —Se + 81 — 511 + 5111

A=(4) 54 = 2811 + 89 — S91 — 283 + 54

A= ( s 1) S31 = —381 + 3811 — S111 + 9892 — 3891 — 283 + 831
A=1(2,2) S92 = —581 + 4511 + 282 — 2821 — S22 — 83
A=(2,1,1) S211 = —4s1 + 3811 — 25111 + 352 — 2821 + S211
A=(1,1,1,1) | 81111 = Se — $1 + S11 — S111 + S1111

Table 1.24: 5, in terms of s,
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Character Tables of Symmetric Groups and {5,} Basis. In [Macdonald] the ring of

symmetric function is defined as
.

A =lim Qlxy,... ,mn]S"
n—oo
Equivalently we can say, if n > m then by setting ,,+1 = --- = 2, = 0 we have
Q[z1,. .. ,iL'n]S” — Qz1, ... ,mm]s’".

As we know there is one character of S,, for all partitions of n. The character table of groups

S1, S2 and S3 including the irreducible character bases are provided below. Note that £ = e

Eigenvalues: 1 -
5x(x)
5 Ka)
] 1 Fe(z1) =1

Table 1.25: §5(x) in 51

Ex(x)

Eigenvalues: 1,1 1,-1

S2 Koy | K
Xl:\:‘ 1 1
XB 1 -1

Se(z1,22) =1

51(331,362) =—14+x1 + a2

Table 1.26: 55(x) in S

Eigenvalues: 1,1,1 1-1,1 | 1,6€2 | _
Ex(x)
Ss Kaiy | Ken | Kg
XD:\:‘ 1 1 1 §.(x1,12,x3) =1
XH:‘ 2 0 -1 51(z1,x2,23) = =1+ @1 + 2 + 23
X@ 1 -1 -1 S11(z1,22,23) = 1 — (%1 + 22 + 23) + 2132 + T123 + T2T3

Table 1.27: 55(x) in S3
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Example 1.224. The transition coefficients {h,} — {5,} given in Definition 1.205 by equation

T = K A (n—[ula) 5
A< g

where we used Kostka coefficients and for {5,} — {h,,} the inverse of Kostka coefficients is applied.

The following table shows the transition coefficients in {h,} — {5\} for n=1, 2, 3.

{hyy — {5} | 8 &1 % &1 8 du &
he 1

hq 1 1

ha 1 1 1

h11 1 2 1 1

hs 1 1 1 1

ha1 1 2 2 1 1 1
hi11 1 3 3 3 1 2 1

Table 1.28: Transition coefficients in {h,} — {5}

Example 1.225. Recall in Definition 1.167 the equation

hy = Z ﬁm(ﬂ)

aH-f1r1,232 .. (M

provided us a formula to do this change of basis and to find the transition coefficients of {hy} —
{h,}. Using SageMath the following table shows the transition coefficients in {hy} — {h,} for
n=1,2,3.

{hr} — {hu} | he h1 ha h11 h3 ho1 hi11
he 1
h1
ha
hi11
hs
ho1

e e

W N ==
—

hi11 1

Table 1.29: Transition coefficients in {h)} — {Bu}
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Summary of Results

We will demonstrate the summary of results of this

{hx}

{hy}

—

section with some examples below.

{8}

Content Multi-Set
Example:
we have hap of

content:

f12,2'}

Content Multi-Set
Example:
we have egq of

content:

f12.2'}

Multi-Set Partitions
Example:

We have hop = ill + 2;111 + ilzl

The corresponding multi-set partitions:

{11z}, {1 )12}, {2 11,4112}

Set Partitions

Example:

We have e21 = f;e(lm + f;ele)
The corresponding set partitions:

iy, {irigzy
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Column-Strict Tableaux
Example:
We have hi11 = Se + 251 + 511 + 52

The corresponding column-strict tableaux:

[3] 2]3

w
M

1[1]2]3] [3]

’ 3

[un

1\2

113

[2] 1)1
11\

Table 1.30: Summary of results {hy} — {h,} — {5,}



2 Hyperoctahedral Group Induced Trivial Character Basis

This chapter is where the first new results of the thesis will be presented. This result is in Theorem
2.24 (The Main Theorem) which establishes the fact these new bases, namely, the B,-induced trivial
character basis have the required property. These bases they play a similar intermediate role to the
corresponding bases of A for the symmetric group and this will help us to construct the irreducible
character basis of the hyperoctahedral group in Chapter 3. The structure of this chapter is outlined

as the following.

1. In section 2.1 we will introduce new notation, operations and we will define the B,,-induced
trivial character basis denote it by {ﬁau)}' This basis resides in the tensor square of the ring
of symmetric function, i.e. {ﬁau)} € A ® A and we will construct them in the expansion of
tensor squares in the induced trivial character basis of type A, i.e. a linear combination of
ha ® f;eﬁm for partitions «, 8 and 7. In Theorem 2.24 (The Main Theorem) we will prove
that this basis have indeed the required property needed in order to be the B, analogue of
the induced trivial character basis. This is for n > 0 and given a pair of partitions (v,v) Fn
we have

0B El = (- a -t X+ YR [X = Y], 9, [X]p, [Y]) -

2. In Example 2.26 we will provide the table of the transition coefficients in {fzau)}—> {he ®

h~65|77} that is the coefficients of Bg,u) in terms of hy ® Heﬁ\n forn=1,2,3.

3. In section 2.2 we will provide the combinatorics and tableaux on B,,-induced trivial character
basis. At first some notations such as multi-set in two alphabets: the unbarred and barred
entries is introduced and the splittings of these multi-sets will be defined in Definition 2.41. In

Lemma 2.52 given all notations, multi-sets and operations defined in Definition 2.41 we have

7 e — (R)| 7 —_ - —_
GBSl = > > (D hywy,w B - ey [E)-
AL wp (LI NR) | (1)

4. In Proposition 2.53 we will give a combinatorial interpretation of Theorem 2.24 (The Main
Theorem) that is, given all notations, multi-sets and operations in Definition 2.41 and Defini-
tion 2.51 the value of ﬁau) [E+,2,] is equal to sum of signed weights of all possible splittings
wtSPes (F®) w FR)) that is

BEnSl= 3wt (FE)y p)
Ny ’ .
S(L)yS(R)

5. Finally, in Corollary 2.54 we will present a very interesting and compact formula that gives the

value of hB

i) [E+,Z,] using 7, the number of rows occupied by barred entries in the diagram
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corresponding to partition v

ZWCICTEED SN SN et

S(L)yS(R) p(L)yF(R)

6. The combinatorics methods presented in section 2.2 will be used in evaluations izfl [E11, Z1]

in Example 2.55 and 352[521, Z911] in Example 2.56.

2.1 Induced Trivial Character of Hyperoctahedral Group {ﬁg u)}

In this section we will present a definition of the induced trivial character basis of the hyperocta-
hedral group. This function resides in the tensor square of the ring of symmetric function A ® A
and we will call it the B,,-induced trivial character basis and denote it by Eau)' This basis will
be introduced and given as the expansion in tensor square in the induced trivial character basis of
type A, i.e. a linear combination of ho ® Hemn for partitions «, 5 and i . At first we will review and

set up our basic notation and definitions and we will present two lemmas and The Main Theorem.

2.1.1 B, - Induced Trivial Character

Recall that a pair of partition is denoted (A, u) F n when its length is defined as |(\, )| = |A|+|p| =
n. The conjugacy classes of the hyperoctahedral group B, are indexed by a pair of partitions
(v,v) F n consist of all signed permutations such that parts of the partition v are the cycles with
even number of negative signs and the parts of v are the cycles with an odd number of negative signs.
In the study of the character theory of group B, it is known that the irreducible representations
of B, are also indexed by a pair of partitions (A, ) of total size n. We have stated in Theorem
1.135 an explicit formula for the character of the hyperoctahedral group in terms of Schur functions
[Stembridge]. In addition, in Corollary 1.142 the Frobenius characteristic image of the induced

character of group B, is presented as well [Beck].

Although we have already discussed the following concepts in more detail section in 5.2.1, we
will provide and review them again as they are important in our study leading up to The Main

Theorem.

Definition 2.1. Let Ap = @ Ap, where Ap, is the space

n=0
Ap, = Ap [X,Y] =P A*[X] @ A" F[Y]
k=0

and A*[X] denotes the space of symmetric functions of degree & in the variables X = x1 + a9+ .

Now let R(B,,) be the set of class functions of group B, over the complex numbers and let K g ”V)
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be the conjugacy class of B,, indexed by the pair of partitions (7, v) F n. The basis of class function

as indicator function is given by

. Bn
1 ifoe K(%V)

10 )(U) =
0  otherwise

(v,

The By-Frobenius characteristic map is defined by

Fp. : R(B)) —  Ap,[X,Y]

1 1
B"L
L 100 e 2

n ot

where zy = 1"1m12™2my! - - - n™rmy,! for A = (17122 . n™n).

Theorem 2.2. [Stembridge] The irreducible characters of the group By, are the induced characters of
the irreducible and parity representation i.e. M) = ( Ae) @ y(o1) ) TwaB‘ | where |A|+|u| = n

and their Frobenius characteristics image is
Fp, (X)) = s\[X +Y]s,[X - V].
Remark 2.3. Consider a basis of Ap, @ A¥[X]A"*[Y] as the following given spanning set

{A[X +Y]hu[X = Y]} wn

This basis is the Frobenius characteristic image of a natural representation of B,. Particularly,
the Frobenius characteristic image of the induced trivial character of B,, as the plethysm of the

symmetric functions hy[X +Yh,[X —Y]. This is expressed as a corollary to the preceding theorem.

Corollary 2.4. [Beck] Given I and A, to be the trivial and parity representation on By and By,
respectively and (I ® A,) TB‘ XBy to be the induced representation and TN = (1) ® o) TBW <Bly
to be the induced character that is mdexed by pair of partitions (A, u) = n. The Frobenius charac-

teristic image is given by
T, (TM) = hy[X + Y]h[X - Y.

Remark 2.5. The induced trivial character of B, evaluated at conjugacy classes K (Ej/ ") can also be
expressed using the B,-character inner product
IO (y,v) = (hAlX + Y [X = Y], [X]po[Y])

= <¢an (I(/\’u))ap’y [X]pzl [Y}>
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Definition 2.6. The B,-sum-difference complete homogeneous basis is denoted by
HE )X, Y] = hy[X + YR, [X = Y],

Given h,[—X] = S(h,)[X] = (=1)"w(h,)[X] = (—1)"e,[X] the expansion on a single part r is given

o In[X Y] =3 (=1 *hilX]er[Y]

These expansions are homogenous symmetric function evaluated at a sum and difference of two

alphabets respectively. Note that for a partition A = (A1, A2,..., A\jn)) we have

MALX £ Y] = ha [X £ Y]hpo [X £ Y] hy, [X £ Y],

Definition 2.7. Define the operation W on partitions A and p to be a concatenation of these
partitions as lists and then sort the entries in (weakly) decreasing order, that is, for A = (Aq,..., ;)
and p = (p1,...,p,) we have AW = sort(Ay, ..., N\, fi1,- -, ). This operation is commutative

and associative with ﬁ.w. = he = 1.

Example 2.8. Given A = (3,2,2,1) and = (4,1) we have AW = (4,3,2,2,1,1).

In 1.6 we defined a binary operation on the S,-induced trivial character basis {ﬁ)\} This
operation is used in our study and proofs in this part of the thesis. In this page we will recall this

in the following.

Definition 2.9. (Definition 1.196) a linear binary operation &, : A x A — A on the induced trivial
characters of the symmetric group (type A) such that given

f= Zaaﬁa and g = Zbgﬁg
o 3

where f,g € A and aq,bg € Q, then

f®Ag = Zaabﬁilawﬁ
a,B

The operation & is as defined in Definition 2.7 and the binary operation ¢, is commutative and

associative where B.@AB. = B. =1.
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Example 2.10. For example —B21@42]~132@4B11 = —2%322111

Remark 2.11. (Remarks 1.198 and 1.199) Given all partitions A, 7 and p since f}i(klu) = iLA@AéN the

evaluations at the eigenvalues of roots of unity are

(fu@aﬁo ] = hpwn) Bl = Hownyw = (Bipi—a— e/ rhe )

and

(Aacaer) (2l = Fecan) Eal = HEQimy = (- frihaer pi)

The binary operation ¢, can be extended for the symmetric function €.

Lemma 2.12. (Lemma 1.201) Given the binary operation G, : A x A — A on the induced trivial
characters of the symmetric group (type A) and

f= Zaaéa and g = Zbﬂéﬁ
o B

where f,g € A and an,bg € Q, then

fOg = Zaabﬁéaw-
a7/8

Example 2.13. Using SageMath, to evaluate &11‘2[532211] since 5 = ey = hy; — hy we have
He'\? = h11 — hy and 5611\2 = iLll@AéQ therefore

he11j2[E32211] = h1111[Z32211] — h211[Z32011]
=0—-4
=—4
Now, in order to make the connection and move forward from our work in type A induced

trivial character basis and the operation ©, to the corresponding ideas in type B which is our main

concentration, we will present the following definition.

Definition 2.14. Given fi ® g1 € A® A and f2 ® g2 € A ® A the linear binary operation ©, :
(A®@A) x (A®A) — A ® A on the tensor square of symmetric functions is defined as

(f1®91)05(f2 ® g2) = (f1 @, f2) ® (91 ©,92)-

This operation is commutative and associative and we can extend this linearly. Furthermore, as we
know the tensor square can be displayed in two variables and we may show this product in A ® A

(AIX]91[Y]) ©p (falX]g2Y]) = (A[X] O f2[X]) (92 [Y] @, 92[Y]) -
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Example 2.15. An example of using the binary operation ®, as an operation in type B is presented

below.
(lXhs[Y]) @, (R [XIRna(Y]) = (Ra[X] @ [X]) (Bal¥] @4 [Y])

= ho11[X]hs11[Y]

2.1.2 Expressing Bau) (Type B) in terms of ha ® Heﬁ\n (Type A)

In this section we will define the B,-induced trivial character bases in terms of S,-induced trivial
character bases. It means we assume that the existence of these functions in type A i.e. S,-induced
trivial character bases in [OZ1] that is discussed in section 1.6 and we will introduce a method to

construct the analogous in type B.

Definition 2.16. The B,-induced trivial character bases that have a pair of partitions that are of

form ((m),e) or (e, (n)) are considered as generators and they expand in form of

and

h(B;n) ::Z (_1)71—27” ® En_i

i=0
respectively, where the expansions are in tensor square of S,-induced trivial character bases. For
any other basis ﬁg\ ) that are generally indexed by pair of partitions (A, u) they can be constructed
using the preceding generators of type B by

Op Op
1B . B 1B
WG =11 0wy @s T 2oy

i J

Remark 2.17. In Proposition 4.5 in [O72] it is shown that

X +Y] = > halX]hglY]
o]+ B]=A

In Example 3.68 we have explored the expansion of the basis ﬁg\ ) in terms of
HE )= ha[X +Y]h,[X Y]

The following lemma will allow us to use the binary operation ©, in the construction of B,,-
induced trivial character bases in terms of S,-induced trivial character bases as it is defined in
Definition 2.16.
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Lemma 2.18. Assume that a basis {Bg u)} € A®A up to degree n is known and is well defined. By
Definition 2.1/ and Definition 2.16 the linear binary operation ©y : (A@ A) x (A®A) — A® A
on the induced trivial characters of the hyperoctahedral group will be given by

hg\,u) [Xv Y] Op h(Biy,u) [X? Y] h(B;\U'y HHv) [Xv Y]'

Proof. The binary operation ©, is commutative and associative with Bﬁ o = 1. This product rule

holds as we can show in the following.

B

Op Op

1B 1B _ 1B 7B

WG @sCy = | TT 10w @a TT 1y | @2 | TL 260 @2 Hh o)
i J

k

Op Op O
_ 7B 7B
= H 0@ 1] Ple | ©s H o) Op H M)
3 k
1B
= M3y, Os e o)
= hi{em o)

Note that in here as we assumed that a basis {fzg\ #)} up to degree n, therefore we must have that

if max |(A\, )| == |A| + || = r then maz |(y,v)| = |y| +|v|=n—1. O

Example 2.19. An example of Lemma 2.18 is
hy) 11X, Y}QBBEE][X? Y] = ﬁ§11,31[X7 Y].
We will present the following two lemmas which are specific cases of The Main Theorem that
will be presented at the end. This theorem shows the important relation between induced trivial

character bases of the type B and type A.

Lemma 2.20. Given integers m,n > 0 and given a pair of partitions (v,v) = n for n > m we have

M0 [E Bl = (Pt [X + Y] [X + Y], 9y [X]pu[Y])

Proof. We have defined the induced trivial character basis of type B in terms of type A for the pair

of partitions that are of form ((m),e) as

I o) —Zh ® hm—i.
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Given hg ® izﬁ € A ® A we can write the evaluations at the roots of unity in type A by hq [E,] =
<h|,y|,|a‘ha, p7> therefore the left hand side of the equation is

Flona) By Bl =3 FalEs n—i[E]
i=0
Z <h"7‘ “p7> <h|l/\ m+zhm z,p7>
=0

The right hand side of the equation can be expanded as

Ml —m) X+ Y[ X+ Y], ps [X]po [Y])

[Al]=m
=< > WXy ems Y (Zh ) pv[X]p”[Y]>

j=0
[YI+lv|=m m
< Z Zh Xy ) ][Y]hm_i[m,pmpu[m>
\’Y|+\V| m m
Z Z<h Xyl [Y Vi Y ], o (X ]pu [Y])
"Y| V—m m
S IXTRIXT, 95 [XD) (B 1Y Vi [Y ], 20 [Y])
7=0 =0

Now switch the sum over i and j and notice that the only term that is non-zero if for j = |y| — 1.

This mean that the terms that survive in the right hand side of the equation will be

_Z (B =it Py ) (Ppp)—meyilim—i pv )
i=0

=> " hilE)hn-i[E.]
=0
‘B = —

The proof is complete. ]

Lemma 2.21. Let n > 0 and given a pair of partitions (vy,v) Fn for n > m we have

1y (s Bl = (Pt m) (X + Y] [X = Y], 9y [X]pu[Y])
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Proof. We have
Myl —m) (X + Y[ X = Y, py [ X]po[Y])

I+ [v|—m m
=<< > Xl YD <—1>m-ih@-[x1em_im>,pvmpum>

Jj=0 A

[vI+v]=m m
=< Z . (1)m_ihj[X]hi[X]h|7|+Vl—m—j[Y}emi[Y],p’y[X]pu[Y]>

= 2 > B XIAX byl [V em—ilY] 9 [X ]P0 [Y])

7=0 =0
[v[+lv|=m m
- Z (h;[X]hi[X], py[X]) <h|7|+|u\—m—j [Y]em—i[y],py[YD
:Z (_1)m—i <h\7\—ihi’p7> <h|l/|—m+iem7i7pzz>
=0

The proof is complete. ]

Remark 2.22. Given h, and l~15 of type A the usual product in - : A x A — A is not the same
as the binary operation ¢, : A x A — A. Functions he of type A are not multiplicative but the
binary operation ¢, gives us a tool to concatenate their partitions. This is used in order to prove

our Main Theorem (Theorem 2.24). We can compare them in examples below.

1. hy-hy = hyy + ha

2. hi ®,hy = ha
Remark 2.23. The following theorem is showing that i‘ﬁ,m has the property we need in order to be
the B, analogue of the induced trivial character basis. That is, we have elements of ﬁau) of the

ring A ® A that have the property that they evaluate at the eigenvalues of the permutation matrices

to the values of the induced trivial characters.

Note that we will present a generalization of the last two proofs of the lemmas so we will be

keeping and including these lemmas to serve as a guide for the the more general result.
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Theorem 2.24. [The Main Theorem] For n > 0 and given pair of partitions (7y,v) F n we have
-5
g (E9: Bl = Pl 2 0 X+ VTR [X = Yy [Xpy [Y])

Proof. The right hand side of the equation is

Pl A= W X+ YT [X = YT, py [X]pu[Y])

|+l = AL~ L Ay
=< > XA -k Y (Zhn Jha, n) D7 Ry [XT =iy [Y])-

k):O 1 0 Zlo\) =0
M1 ' Hi ()
Z (_1)“1_j1hj1 [X]e/llfjl [Y] T Z ( 1)‘”(“) Jl(u)h] 1w )[X]euz(u)*jl(u) [Y] ap'y[X]pu[Y}>
J1=0 i) =0

)SEED D DI DI a5 Jl+“'+jl(u))(hk[X]hil[X]'"hiw\)[X]hjl[X]"'hjl(u)[X])'

<Iv|+l =l Ay o Ha)
11=0 4(x)=0j1=0 Jj(,,)=0

’ (h|7|+|l/\f|)\|f\,u\fk[Y}hh—h [Yy]--- h)\zo\)—iz(,\) [Y]) <6M1—j1 Yy Ciuy=i(u) [Y]> 7p7[X]pV [Y]>

PN =l Aoy e Fage

R SRD D IPID Bl G5 ) X iy 1) g (X g (X [X ] [ X}

11=0 7;(\)=0j1=0 Jj(,,)=0
'<<h|’7|+|l/|—\)\|—|u|—k[Y]h)\lfh [Y] Tt h)\l()\)fil@) [Y]> <€,u1—j1 [Y] T Clywy =i [Y]> y Pv [Y]>

Now switch the sum over k and j(,) and notice that the only term that is non-zero the inner

products is for k = |y| — (2'1 + -+ il(A)) — (j1 + - ‘|‘jl(u)) hence the last equality is equal to

A1 Hi(u)

Z Z lM Jl+..'+jl(u))<h|7|—(i1+~~+iz(x))—(j1+~~~+jz(u)) [X]ha, [X]-- ‘hjl(u) [X]’p'Y [X]>

11=0  Jiu)=0
'<<h\VIfIA\f|u|+(z'1+---+il(A))+(j1+---+jz(#))[Y]hM*il Y] By =i [Y]Xe,“_jl Y] e =i [Y]) »Pv [Y]>

~ Op
Now since hg\ 0 = H RO H h ) to evaluate the left hand side we have

A

_ (7B iB iB B
h(>\ w <h(/\1=°)®B o ®Bh(/\zma°)) ©n (h(wl)@B o ®Bh(°7m(u>))

A1 R R A1) 3 3
= (Z hi, ® h>\1—i1> Op "+ Op Z hiz(x) ® hkz(xr’iz(x) Op

31=0 iy(n)=0
M1 Ha(p)
H1—J1 1)) I B 5 )
®B Z ( 1) h]l ®6M1 —J1 ®B ®B Z ( 1) Hw) lw)hﬂz(u) ®€H1(u)—11(u)
j1=0 Ji(w)=0
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By Definition 2.14 we have

ALy

(A m = Z Z ( Eizm) ® (i“l—il ©p QAEAZ(A)—MA)) Op

11=0 Zl(/\) =0

H ()

\u\ (Jr+-+i I e b = . A )
Z > (= ) (hy, ©, Oahginy ) @ (€=t Oa Oalyy—iigu
J1=0  Jiu)=0

ANy Biu)

—Z Y S S G 0) [ ] ©

i1=0 i (x)=071=0 Ji(wy=0

® {hsort(h—ilw' Yi(y) () ©aCsort(p1—j1, () —jz(m}

Now the left hand side of the equation in the theorem is the evaluation of ilg\ ) at the eigenvalues

of roots of unity i.e. fzg\ ;|Ev: Ev]. By Remark 1.198 and Remark 1.199 we have

(BAQABT> 2] = hown [Eul = Hownp = (Pip— =71l Pu)

and

(EA®A67> (2] = Fe(nn) Bl = HE Ay = (Ppuj—a|— e hrers Pu) -

Now the last equality is

B = =
ho, u) [=y. 50
AN Hi(p)

_Z Z Z Z \,u\ ]1+m+jl(“)) (ﬁsort(ihm,il(/\)vjl Jl(u))[: ]> '

i1=0 1 (x)=0j1=0 Ji(w)=

’ <he807“t()\1—i17“' AL~ A))\SO”(M—J'L“',uz(u)—jzm))[:l’])
H(p)

_Z S~y (1) <hhl—(i1+~~-+izm)—(j1+~-+jz(m)[X]hil [X]- - Ry [X]’pV[XD .

i1=0 Jl(u) 0

'<(h|V\—|>\|—\u\+(i1+~~~+il<>\))+(j1+-~~+jl(u) )[Y] h)\l —1i1 [Y] ’ 'h>\l(>\)—il(>\) [Y]) %Ml*jl [Y] () = i) [YD "Pv [Y]>

The last equality is exactly the right hand side hence the proof is complete. O
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Example 2.25. Show
h 1211, 1] = (han1 [X + Y [X — Y], p11[X]p2u [Y])

To evaluate the left hand side we need

Wy = (REonhfl) @ (E))
= (ﬁ.®ﬁz+ﬁ1®ﬁl+ﬁz®ﬁ.) Op (B.®ﬁ1+131®h.) Op (—B.®61+B1®é.)
= —he ® hegy)1 + h1 ® hegyje — h1 ® heapy + h11 ® hegje — b1 ® heqyyy + huy ® fegyje—
- ibn ® Hem + 5111 ® f{€1|. — ilz ® f;em + im ® Hel‘. — iLQl ® ﬁe.n + 5211 ® He.|.
= —he ® ho11 + h11 ® ha — b1 @ hun1 + hi11 @ by — ha ® hat + hot1 ® ha

Note that the last equation the right tensors are all changed to he basis. The left hand side is

h% 1211, E21] = —he[E11]ho11[Ea1] + ki1 [E11]ho[E21] — ha[E1i]han [Ea ]+
+ hin[En)hi[Ea1] — ho[E11]h1[Ea1] + ho11[E11]he[Za1]
= — (h2he,p11) (h—1h211,p21) + (h11,p11) (h1h2, p21) — (h1h1,p11) (ha11,p21) +
+ (h_1h111,p11) (hahi,p21) — (h2,p11) (h1hi1, p21) + (h—2h211, p11) (h21he, p21)
=-1-04+2-1-2-040-1-1-0+0-1
=2

The corresponding inner products form the left hand side and right hand side are the equivalent.

The right hand side is evaluated below.

(hoi1[X + Y]hi[X = Y], pu1[X]p21 [Y])

= ((h2[X] + M [X]P[Y] + ho[Y]) (A1 [X] + P [Y]) (ha[X] + Pa[Y]) (M [X] = e [Y]) , pri[X]p2r [Y])
= (h2111[X] + hon1 [X]M[Y] = har [X]h[Y]e1[Y] — ha[X]h11 [Y]el [Y]+

+ hin [X]ha[Y] = b [X]hn [Y]ei[Y] + b [X]ho[Y]—

—hi[X|ha[Y]e1[Y] + k11 [X]ho1[Y] = honi[Y]e1[Y], p11[X]pa1[Y])

= (hu1[X]ha1 [Y], p11[X]p21 [Y])

= (hu1[X], p1a[X]) (h21 [Y], p21 [Y])

—92.1

[
]

=2

When evaluating both sides of the equation in our example the only inner products that survived
(non-zero) in both is the term (h11[X], p11[X]) (ha1[Y], p21[Y]).
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Transition coefficients in {fzfﬂﬁ—) {he ® Heﬁ\n}

Example 2.26. Evaluate fzf’j\ ) in terms of hy ® Heﬁ\n in Type A for n =0,1,2, 3.
In Definition 2.16, we have defined the generators of the B,-induced trivial character bases in

pair of partitions that are of form ((m),e) or (e, (n)) in expansions

n

f: hm—i and h(o n) _Z (_1)n_iﬁi®én—i

=0 =0
where the expansions are in tensor square of S,-induced trivial character bases. In order to be

consistent, since h; = i;e(i o and &; = i;e(.‘j) we chose to write the above expressions to have the
right tensors in symmetric functions of the form ﬁe(ﬂ.) and f;e(.m respectively. Recall a basis Bg\ )

that is generally indexed by a pair of partitions (A, x) it can be constructed by also Definition 2.16,
that is

Op Op
B o 1B 1B
WO =11 A6 @s T 2y
i J

The following three examples will help us to see how to write some basic expressions. The
complete table is presented on the next page. Note that the pair of partitions are shown in a more

compact notation in the following evaluations.

1. For the generators indexed by a pair of partitions of form (1, e) the expansion of ﬁf, is

= he ® Iy + h1 ® he
= il. &® h~€1|. + ill Q H€.|.
2. For the generators indexed by pairs of partitions of form (e, 2) the expansion of ﬁffz is

2

hly=> (1) "hi ® &y
e —}~Z1®él+f~l2®é.

ﬁEo|2 - ill ® }TE.|1 + }NZQ ® ﬁEo|o

3. For the B,-induced trivial character bases BEQ indexed by pairs of partitions (2,1) we simply

have the expansion
711 = J18 il?g
<il }‘Iv€1|. + ;L1 ® EB.|.) ®B (ﬁo ® }%.\2 - ill ® Heo\l + iL? ® EE.\.)
};‘31‘2 — iLl ® };‘31‘1 -+ iLQ ® }231‘. -+ ill ® };9.‘2 - illl ® f;eo|1 + iLQl &® };eo|o
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We have summarized the evaluations in the table below.

n | (\p h()\ ) in Terms of ila ® i;s,@m in Type A
0 | (e0) hee=he ® heqjs
L@ f}l, = h.~® helj. + B1~® He.~|.
(0,1) | hli=—he®hees +h1 @ lea)s
(2,8) | hEy=he ®@hesje + h1 @ he1je + ha @ heae
(11, 9) hllo fﬁo®f;€11|.+2ﬁ1®f;€1\.+ﬁ11®[E.|.
2@ hP) = —he ® herj + b1 ® herje — 1 ® fieas + hi1 @ fieajs
(e,2) hEy = he ® heejs — h1 ® heajy + ho ® heajo
(0,11) | hd11 = he ® heqj11 — 271 ® heapr + h11 @ heajs
(3,0) he =he ® hesje + h1 ® heaje + ha ® berje + h3 @ hea)s
(21,0) | AB . = he ® hegtje + h1 ® hegje 4+ 11 ® herije + hi1 @ Ferje + ha @ Feije + ho1 ® Feae
(111,e) 711311,- =he® 56111\. +3h ® H@u\o +3h11 ® Heuo + i ® He.|.
(11, 1) hii=—he® h€11|1 +h® hﬁll\o —2h ® h€1|1 +2h11 ® hﬁ1|. —hu1® he.‘l +hi11 ® he.‘
3| @1 h2 1 = —he ® hegy + 71 @ hegje — by @ Feyjy + hiy @ fieqje — ho ® fieas + 1oy ® lieajs
(1,2) h1 'y =he ® h€1|2 —h® h€1|1 +hy ® h‘i1|. +h® hﬂ’.p —h11 ® h€.|1 +ho1 ® h€.|.
(111) | APy = he ® hern — 2h1 ® hein + hi1 ® h€1|. + h1 ® hegpin — 211 ® hegpy + ha11 ® e
(o,3) hE '3 = = —he® h€.|3 +h® }E.\z —ha® h€.|1 +hs® }E.\
(o,21) h. 21 = —he ® h€.|21 + h1 ® h€.|2 — h1 ® he.|11 h11 ® hE.u — hg ® he.u + h21 02y h€.|.
(e,111) hEm = —he ® heaj111 + 3h1 ® heaji1 — 3h11 ® heoj1 + hi11 ® heaje

Table 2.1: 715\ . in terms of ho ® Heﬂ\n in Type A

Example 2.27. Evaluate h2 | in terms of ho®hg for n = 0,1,2,3. We used SageMath and we
(M) B

have the following

n | (A\p) }:15\%) in terms of ha®hg
0| (e,0) hEe=he®he

1,0) Ry =he®hi+hi®ha

o 1) h2) = —he®h1+hi ® he

2,0) | hfe=—he®hi+he®hs—hi ®he+hi ®hi+h2®he
11,0) | hfie = —he ® b1+ he ® hir — iy ® he + 201 @ h + Tty ® he

2 ) hP\ = he ® hi — he ® hi1 — h1 ® he + h11 ® hae
.,2) Ry =he®hi1 —he ®ho —h1 @ he —h1 @ h1 + ha ® hae
o 11) | Al =—he®hi+he®hi1 —hi1 ® he —2h1 @ h1 + h11 @ he
3,0) }}E,:—h,.@hn+h.®h37217.1®h,1+h1®h27h11®h.+h2®h1+h3®h.
111,0) | A1 e = 2he ® h1 — 3he ® h11 + he @ h111 + 201 ® he — 6h1 ® hy + 3h1 ® ha1 — 3h11 ® he + 3h11 @ ha + hinl @ he
11,1) ;lﬁ,l = —2he @ h1 + 3he @ h11 — he ® h111 + 2h1 ® he —h1 ® h11 — 3h11 ® he + h11 ® h1 + h111 ® he
3 ,1) hE ) = —he ® hi + 2he @ hi1 — he ® hat + 7y ® he — h1 @ by + hi ® ha — 2h1y @ he + h11 ® h1 — ha @ hy + hoy @ ha

2
1,2) iLffz =he @h1 —he ® h11 + he @ h111 — he @ ho1 + h1 ® he + h1 @ h1 — h1 ® ha — 2h11 @ he — h11 ® h1 + ha @ h1 + h21 ® he
1,11) h¥11 = 2he ® hi — 3he ® Rt + he ® hi11 + 2h1 ® he + 201 @ h1 — hi ® by — 3h11 ® he — b1 ® b1 + hi11 ® he

e, 3) RP5 = —he ® hi11 + 2he ® ho1 — he ® hs +h1 @ h1 + h1 ® h11 — h1 ® ha — h11 ® he — ha ® h1 + h3 ® he

e, 21) ;1521 = —he ®h1 + he @ h11 — he @ h111 4+ he ® h21 + h1 ® he + h1 ® h1 + 2h1 ® h11 — h1 ® ha — 2h11 ® he — h11 ® h1 — ha @ h1 + h21 ® he
e, 111) E?,ln = —2he ® h1 + 3he ® h11 — he ® h111 + 2h1 ® he 4+ 3h1 ® h11 — 3h11 ® he — 3h11 ® h1 + h111 ® he

(

(

(

(

(

(

(

(
(3,
(21,9) fLQBL. = he @1 —2he @ h11 + he @ ho1 +h1 @ he —4h1 @ h1 +h1 @ h11 +h1 @ ha — 2h11 @ he + h11 @ h1 + ha @ h1 + ha1 ® he
(

(

(

(

(

(

(

(

Table 2.2: h(/\ ) in terms of ho®hg for n =0,1,2,3
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2.2 Combinatorics and Tableaux on flau)

At first we will set up our basic notation and combinatorial objects that will be used in this study.

2.2.1 Multi-Sets in Two Alphabets: The Unbarred and the Barred Entries

Recall that a set partition of a set S is a set of subsets {57, S2,...,5;} where S; C S and S;NS; =0
for1 <i<j<land S;USU---US; =5. We also know that a multi-set is a set that repetition
of elements of the set is allowed and we will denote it by {ai,as,...,a,}. Another notation that is
commonly used is the exponential notation {{1/\1 (272 l’\l}} which represents a multi-set that the
element i is repeated A; times. To represent a multi-set notation in our study of the hyperoctahedral
group B, (type B) we use the exponential notation in two alphabets namely the unbarred and barred

entries as
S = 1M, 2% N T ke ey

where an unbarred element i is repeated A; times and a barred element j is repeated y; times. At

first, recall Definition 2.7 where partitions A and p are given in exponential notation.

Definition 2.28. Given partitions A = (1*12*2 ... [) and p = (1#12#2 ... k#*¥) define the operation
& on partitions A and u to be a concatenation of these partitions as lists and then sort the entries

in (weakly) decreasing order, that is

AW = 80rt(A1, Aoy ooy ALy 01y 12y - -+ fhk)-

Definition 2.29. Given partitions

A=Y

PRI

A(R):(1/\(1R)7 . .’l)‘gR))”u(L):(Iﬂ(lL)’ . w]fcuim) and N(R):(IU‘(lR)’ . w;}uim

)

)

define the operation W between two multi-sets in two alphabets by

(L) (L) — (L) — (L) (R) (R) — (R) - (R)
Y S S LA L R 0 S R ES B A U S
L R L R) _ (L R — (L R
R P e iy

Definition 2.30. Multi-Set Partition of a Multi-Set (In Two Alphabets) A multi-set par-
tition 7 (in two alphabets) of a multi-set S = {171,242 .. [N T# 202 kM) s a set of subsets
{51, 52,...,5} where S; W Sow--- .S =S has a similar structure of the set partition but with a
difference that S; can be a multi-set and any two sets S; and S; can have non-empty intersection.
Two or more elements of a multi-set may even be equal. Recall that given 7 a multi-set partition

of the multi-set S we use the notation m H S.
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Example 2.31. The multi-set partition 7 = {1 | 1121 | 12 | 2 | 223} is a multi-set partition of the
multi-set S = {13,2!, 12,24 31}.

In order to distinguish and name different types of multi-set partitions with respect to the

combination of the two alphabets, unbarred and barred entries, we state the following definition.

Definition 2.32. Given a multi-set S and a multi-set partition 7 in two alphabets we will split «

into three distinct types of multiplicities such that 7 = m, W 7, & m, where

¢ The multi-set partitions m. are the multi-sets which contain an even number of distinct barred
entries. For example m. = { {1,2,2}, {1,2}, {1,2}, {2,3,1,2} }.

¢ The multi-set partitions 7, are the multi-sets which contain an odd number of distinct barred

entries. For example 7, = { {1,1,2,1}, {1,1,1,2,3}, {1}, {1}, {1}, {1,2,3} }.

¢ The multi-set partitions 7, are the multi-sets which contain at least one repeated barred entry.

Definition 2.34. To show precisely the multiplicities of each type of multi-set partitions ., m,
and ,, for a given multi-set S let m(7) be the number of times that S is repeated in 7. We will
use the list or 3-tuple m(mw) = (Mm(me), (7o), m(m,)) where m(m) represents a partition of I(7). The
multiplicities m(m), m(m,) and m(m,) are the partitions representing the multiplicities of even, odd

and repeated barred entries in multi-sets that occur in .

Example 2.35. In the example in Definition 2.32 we have m(7) = ((2,1,1),(3,1,1,1),(2,2,1)).

Example 2.36. The multi-set partition 7 = {112 3|32 | 1| 1| 11| 12} consists of m, = {112 |
3112}, mo = {32 1|1} and 7, = {11}. Thisis 7 = e W, W, H { 12,2,3%,1°,22 } and the
multiplicities are m(m.) = (1,1,1), m(m,) = (2,1) and m(m,) = (1). In here I(7.) = 3, I(m) = 3,
[(m,) =1 and I(7) = 7. The multiplicities of this multi-set partition (in our compact notation) can

be expressed as the sequence m(m) = (111,21,1) - 7.

In order to be consistent we establish an ordering on the multi-set partition 7={S1, S2,...,S;}
of a multi-set S with elements {1*1,2%2 ..  [M 1# 2k2 kMY At first we will order the two
sets of alphabets as 1 < 2 < --- <1 < 2 < --- and a lexicographic order in multi-set partitions

given the elements of the set are in increasing order.

Example 2.37. The following examples are the multi-set partitions that are ordered as we described

above.
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1. Multi-set partition 7 = {1 ] 11 | 1} where m(m) = (1,11,0).
2. Multi-set partition mo = {1111 | 1|1 |11 | 2} where m(m2) = (1,21,11).
3. Multi-set partition 3 = {1 |1 | 111 | 11| 1|11 |2} where m(7r3) = (2,1111,1).

4. Multi-set partition my = {12 | 12 | 123 | 1211 | 1211 | 12 | 23 | 23 | 1 | 1 | 1} where
() = (211,311, 2).

Definition 2.38. Set Partition of a Multi-set (In Two Alphabets) Given
S =M 22 N T gRe R

to be a multi-set define 7 = {P1), P?) . PUDY (in two alphabets) to be a set partition of a
multi-set S and denoted by 7 F S where PWwP@w, . wpPWU™) = f1r 232 M Tm gr2 | ik}

and each P(® are sets with no repetitions of barred entries.

Example 2.39. Given A = (4,2,1) and p = (2,2, 1, 1), for a pair of partitions (\, u) let

™= { {17 2}7 {27 3}7 {17 I}v {17 Lg}? {1721}7 {2}7 {i} }}

that is a set partition of the multi-set {14,22,3,12,2% 3,4}. The corresponding multiplicities are
partitions m(m) = (2,2,1,1,1,1), m(m) = (1,1,1) and m(m,) = (2,1,1). Note that in here m(m.) W

m(m,) = m(n).

Remark 2.40. We will use a compact notation for a set partition of a multi-set. The symbol used
here is different than the one for multi-set partition. For example the set partition 7 in the preceding
example expressed as

m={12] 2311 113] 14]

(\V]]

121}

2.2.2 Tableaux Representing Multi-Set Partitions in Two Alphabets

In this section the goal is to explore the combinatorics using tableaux and evaluate Eﬁ ) =y, 2]
i.e. to evaluate Bj,-induced trivial character bases in a pair of partitions at eigenvalues of permu-
tation matrices which we have previously provided an algebraic presentation in section 2.1. Given

partitions A and p we will assign labels (a bijection) in two alphabets in multi-sets

Sy = 1M 222 1AM Y and S, = {1,202 T(p)tue )

respectively. This will be used in presenting combinatorics of ﬁg\ ) [E+, 2] which is indexed by a

pair of partitions (A, x) from the multi-set

S =Sy S, = 1M, 2% 1AM TR DR T ()R
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Furthermore, in order to explain the combinatorics in this section we also need to set up more

notation to present the splittings of the multi-set S.

(R)
Definition 2.41. Let Sy = {107,257 1)} and Sy = 147,257,100

be multi-sets such that Sy = Sy W Sy). The super scripts (L) and (R) are to indicate left
and right side of this splittings. Similarly let SM(L) = {I“gm,il‘ém,...,Z(M)”ga)} and Su(m =
{1“5R>7iMéR>’ - ,Z(u)“l((}jt))}} given S, = SM(L) o SM(R). Now, let the disjoint union of the unbarred
and barred entries of the left side multi-set of a splitting to be denoted by S(£) := Sy WS () and
let the right side of a splitting by S := Syr W SM(R)' We can express the splitting of a multi-set
S by

Sy g(A) — (Sw N SML)) " (Sm " SMR)) .

Moreover, define the partitions the A(X) & u(5) and A5 | 4 () by

A ,u(L) = sort(AgL), )\gL), R AZ(L) N&L), uéL), . 7/%((2))

and

A | (R) = sort()\gR), )\gR), Cee )‘l((}i)) | sort(,u( ), ,uéR), e ul((lz)))

be the corresponding partitions to the multi-set S and S that are in exponential notation

respectively.

Example 2.42. Show all possible splitting of the multi-set S = {1,1,1}}. This multi-set can also
be expressed in exponential notation as S = {1, 12} where Sy = {1} and S,, = {12}. The following
is all splittings of the multi-set S = {1,1,1}.

S@L) iy §(R) LTI gl | {L1pw{i} | {L1pw {1} | 1w L1} | 13w {1} | {Puw{L, 11}
(A @ NE B T((2,1), (0 [0) [ (1,1, (e[ 1) | ((2,(1]e) | (1), (A1) | (1), (e]2)) | (o,(1]2))

Table 2.3: Splitting of the multi-set S = {1,1,1}.

Remark 2.43. Given partitions A, ¢ and v we can extend Proposition 1.175 in two alphabets. Let
a multi-set in two alphabets S = Sy w S, = {1M,2%2 .. I(\)M) 10 202 J(p)M0 ) as an

example we can write

P pm [Eq] = Hymwuw o = <hM \)\(L)UM(LHh)\(L)UN(L)7p"/>

where the value of H 1), (1)~ 18 equal to the number of ways that some of the cells of the partition
7 can be filled with labels {1,2,...,I()),1,2,...,1(x)} such that the whole row is given the same
label and in total A;L) cells can be filled with integers j for 1 < j < Z(A(L)) and MI(QL) cells can be
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filled with barred integers k for 1 < k < I(u("). Now, we let ]::\Y(L)wu@) be all these possible fillings

of the diagram for the partition ~. For a filling of F(F) ¢ F7

ADgum We will assign a weight of +1

and denote it by wt(F(") and as an example we can write

Ha@wpm) , = > wt(FP) = > L.

L Y L Y
FOEF 1) g0 FUWEF! 1) )

Remark 2.44. Given partitions A, p and v we can extend Proposition 1.194 in two alphabets. Let

a multi-set in two alphabets S := S\ W S, = {11, 2%2 .. (AN T 202 T(p)He0 ) we have

hexr)|um [Ev] = HE \myuimy = <h|y\_|A<R)\_m<R>|hA<R> €H(R>,pu>

Let ‘FAV(RMM(R) be the fillings of the diagram for the partition v with labels {1,2,...,I1(A),1,2,...,1(x)}
(%)
J

jfor 1 < j < 1(AH)) and ,u,(gR) cells can be filled with barred integers k for 1 < k < I(u(®)). For
FR) ¢ ]:;\/(R)IMR) the weight of the fillings wt(F ™) is equal to (—1)" where m is the number of

cells filled with barred labels plus the number of rows occupied by the barred labels in diagram v.

such that the whole row is given the same label and in total A} cells can be filled with integers

This gives
R
HE \(r) |y, = E wt(F( )) = E (=1)™.
R v R v
FUEFY (R () FIOEF gy,

Example 2.45. Given multi-set S = {1,22,3,12,22, 32}, for the splitting
Sy s — 1.2 1,1,2,2} w {2,3,3,3}

we have corresponding pair of partitions A(X) & u(F) = ((1,1)w(2,2)) = (2,2,1,1) and \B) | ,(B) =
((1,1) | (2)). Now let partitions v = (3,2,2,1,1) and v = (2,1,1). We will evaluate two separate

values iL}\(L)&J#(L) [Z4] and ﬁe}\(R)lﬂ(R) [E,]. At first, using SageMath, evaluate
hawigum [Ey] = hao11[E32011] = 4

This is number of tableaux (with weight of 1) that some cells of diagram of shape (3,2,2,1,1)
can be filled with labels {1,2, 1,2} such that the whole row is given the same label and in total one
cell is labeled by 1, one cell is labeled by 2, two cells are labeled by 1 and two cells are labeled by

2. The diagrams are

2] 1] 2] 1]
1] 2] 1] 2]
T T 2]2 2]2
2]2 2]2 1|1 1|1

| | | |
wt: +1 wt: +1 wt: +1 wt: +1

Table 2.4: Fillings of tableaux for E2211[E32211]
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Now we evaluate (and using SageMath)

?

};‘3,\(1%\“(1%)[51/] = heyyj2[Z211]

h11 ®A52) [Z211]

i ®A(ib11 — FL2)> [E211]
hi111 — 73211) [Zo11]

-2

I
NN

This is number of tableaux with weights that some cells of diagram of shape (2,1,1) can be
filled with labels {2,3,3} such that the whole row is given the same label and in total one cell is
labeled by 2, one cell is labeled by 3, two cells are labeled by 3. These filling have a weight that is

calculated as —1 raised to the number of cell that are occupied by barred labels plus the number of
rows occupied by barred labels i.e. the weight of (—1)?*! = —1 for each diagram. This is

ol 0] ]

3]
wt: -1 wt: -1

Table 2.5: Fillings of tableaux for 5611‘2[5211]

Finally we have

il2211[532211]h~€n|2[5211] =4(-2)=-8

This can be shown in 8 diagrams of pair of tableaux each of weight -1 as the following

B ERa B o 6,
R T T =1 T3 = o
i1 [33] i1 [33) i1 33 i1 [3]3)
2|2 212 2|2 212

\ \ \ \
EX R EY (EX 1 EN N E1 ol Bl
T Ts e =1 T3 EBERE
73] [33] 32 [3[3] 33| [3]3] 32| [3[3]
1|1 1|1 11 1|1

\ \ \ \

Table 2.6: Fillings of tableaux for ]~7,2211[532211]1{61”2[5211]

In order to build our tools for combinatorial evaluations, we will define the following.
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Definition 2.46. Given a splitting S & S(B) of a multi-set

Si= S\ S, = {1, 2% . I()Me TR 2R ()P )
define a sign of this splitting S w SR by
sign (S(L) W S(R)> = (—1)?
(R) .—

where p is the number of barred entries in the multi-set of the right side of the splitting S
Syr) W SN(R).

Example 2.47. The following are examples a sign of some of the splittings.
1. For splitting {1} W {1,1} we have sign ({1} w {1,1}) = 1.
2. For splitting {1, 1} W {1} we have sign ({1,1} w {1}) = —1.
3. For splitting {} W {1,1,1} we have sign ({} w {1,1,1}) = 1.

Definition 2.48. Let 'F;y(L)&Ju(L> and fAV(R)Iu(m be all possible fillings of the diagram (y, ) of the left
and the right splittings described in Remark 2.43 and Remark 2.44 respectively. Define all possible

pairs (multiplication principle) by having disjoint union of all these possible fillings J-':\y( 1y and

L)L‘U/,L(

F R)|u(R) from the left and the right diagrams denoted by

(771/) o 14
’F(A(L)&JH(L),)\(R)W(R)) = f’;@)wu@) WS\ )

where operation @ indicated a disjoint union between the pairs of diagrams. Furthermore given a
filling F(X) ]:1( L) and a filling F(®) ¢ F I R)|u(r) We Ay define the pair of fillings of diagrams

diagram (v, v) by F(W) w PR ¢ F((XEIZ))MH(LLA(R)“L(R)) :

Definition 2.49. Given a filling F(X) w F(R) for it’s left filling F(X) e F)T(L)LHML) we will assign a
weight of +1 and denote it by wt(F() and for the right filling F(*) ¢ ]:’/\Y(L)W(L) assign the weight
of the fillings wt(F®) to be equal to (—1)" where m is the number of cells filled with barred

(B) | Given a fixed

labels plus the number of rows occupied by the barred labels in partition v in F
splitting SV w S et

L R (’le/)
F) g pR) ¢ ‘F(A(L)&Ju(L))\(R)W(R))

to be all possible filling of diagram (v, ) then by multiplication principle the total weight assigned
to this filling F(X) w F(H) js
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wt (F(L) LJ_rJF(R)> - Y w(F®) S w(F®)

(L) i (R) v
FOEF! 1 ) FOEF oy ()

=) wt(FE)wi(FH)

F(L) p(R)

= Z 1. (=)™

FL)yF(R)

- >

FL)yp(R)

Example 2.50. Given splitting S & S = {1} w {1,1} and (v,v) = ((2,1),(2,1,1)) evaluate
wt (F L)y F (R)). At first we can show the weight of all possible fillings of the left splitting {1} is
[T

wt(FE)) = wi( )= +1

|

and weight of all possible fillings of the right splitting {1,1} is

wt(FR) = wt(j )+wt(
1

| |

= (C)P 4 (c)t =2

-

By Definition 2.49 having pairs of fillings of the diagrams is the following disjoint unions, we can

evaluate the weight of this splitting.

)+wt( )= (DT (- =2

| |

Definition 2.51. Given a fixed splitting S & S of a multi-set

wt (F(L)LﬂF(R)) = wi ! )

H|H\‘
e

Si=S\w S, = {1, 2% . I()Ne TR 2R ()P )

let sign (S(L) W S(R)) = (=1)?. Let FW) w F(R) ¢ ’F((ZEZ))&J“(L) A () to be all possible fillings of

the splitting SV & S of pair of diagrams (-, ) then define

S PSR ( (L) F(R)) — sign (5(L> W s<R>) -wt (F<L) o F(R))

S D SN

FLyR(R)

— Z (_1)m+p

FL)WEF(R)
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Since m is the number of cells filled with barred labels plus the number of rows occupied by the
barred labels in diagram v and p is the number of barred entries in the multi-set of the right side
of the splitting we have m = p + r where r is the number of rows occupied by the barred labels in

diagram v. This means (—1)™P = (—1)PT"*P = (—1)" and we have

S EBSE) (F(L) L_HF(R)> _ Z (—1)".
FwF(R)
Lemma 2.52. Given all notations, multi-sets and operations defined in Definition 2./1 we have

(B)
h(AM)[uwuv]: Z Z l“ ‘h,\@)uu@)[uv] he,\<R)|ﬂ<R)[~u]

AL (B AR [ (R)
Proof. Recall in a proof of Theorem 2.24 in one of the steps we had

Ay H(u)

h? :wuu Z Z Z Z W ]1+m+jl(”)) (hsoﬂ‘(ilf"ﬂ'z(x),jl,'"JZ(#))[EVD )

i1=0 i (x)=051=0 Ji(uw)=0

) (hesort(h—ilw' A — i) sort (1 =31, sy =) [:V])

The partition A = (Aq,--- 7)\l(>\)) that can be split into two partitions left and right as A = AL

M A
A 50 the summations can be changed as >, ... . = 3 . Similarly for partition p =
11=0 (=0 ADIWAR)
11 Pacu) ~
(#1155 () we have »7 --- >3 = > . The part it in Psort(in, iy o i) 1S Summed
J1=0 Jiw=0 pDypuR)

over iy = 0 to ix = Ag. This means in hegopp(x, iy, i) T the part A\ — ix

SAL) — i) sort(pa =1,
is summed from A\ — i = Ar to i, = 0 therefore if we assign each part the corresponding multi-set

that is

Part ‘ i1 12 e i(x) Ji J2 e Jiw)
MuliSet | 193 {22} - Q) {0} 203 - fipe)
and
Part ‘ A1 —1i1 A2 — 2 ALy — G H1— 1 p2 — J2 Ba(p) = Ju(u)
Multi-Set ‘ {lxlﬂ'l } {ZAriz}} . {{)\AM) () }} {jurh } {Quz*h} .. {{[(M)#z(urjz(u) }

Given AL = sort()\gL), )\gL), ... ,)\(L)

l(/\)) and \(®) = sort()\gR), )\; ). )\g()\))) we may write these

(L)
partitions in exponential notation A(X) = (1>‘1L>2)‘gL) ...l()\)Azm) and A\ = (1 VDIt ...l()\))‘lm)

and we have
(L) | y(R) (L), y(R) (L) (R)
= (1)‘1 TAT oA AT 'l()\))‘l()\)+)‘l(>\))

Similarly we will write for partition u. We have
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;LB ‘N‘ (Nl )+ +M1((th>))il -
(A ‘_"77“” Z Z ( ) sort(A<L) . AZ(LQ ,M<1L)» ~~,u§ ))[Hﬂ/}'
ADWAR) (D (R) ™ w
- he
< sort()\(R) )\l((li)))|sort(,u(R), ’/‘l((lz))
(L) —_ » —_
= Y > MR 0w By - ey [E]
AL () A | (R)
(R) - —_
Z o O ww [E] - Ry B2
AL (L) A (R)
This completes the proof. O

Proposition 2.53. Given all notations, multi-sets and operations defined in Definition 2.41 and
Definition 2.51 the value of l}g\’ﬂ) [E+,E.] is equal to sum of signed weights of all possible splittings
wtS s (F(L) W F(R)) that is

MEnSl= > ws s (FE)y p)
S(LwS(R)

Proof. By Lemma 2.52 we have

)
hGwErnEl= > > (D) hywg,w[E] - Reym)um [E)-
AL (L) AR [ (B)

On the other hand by Remark 2.43, Remark 2.44, Definition 2.49 and Definition 2.51 we have

(R)| 7 —_ - —_
hoEnEl= > D () g By - ey um S
AD) (D AR) | (B

= Y 3 (e S wi(F®) 3 wt(F(R))

ALy (AR (R) (L)e}—ML)uH(L) FR)cFv MR | (R
= Y 3 (1w <F<L> W (R ))
)\(L)Lﬂu(L))\(R”M(R)
= Z Z szgn( )y 5 )) - wt (F(L)&JF(R)>
AL L) NR) |y (R)
- X e (O wr)
AL GBI R) [ ()
= 3w (P p)
S(L)wyS(R)
where S(F) w §(R) = (S)\(L) W SN(L)) W (S)\(R) W S’M(R)> and the proof is complete. O
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Corollary 2.54. Given all notations, multi-sets and operations defined in Definition 2./1 and

Definition 2.51 the value of 715\7“) [E,Z2] is equal to
-n
WowEnSl= 3 3 (1
S(L)wS(R) p(L)yF(R)
Proof. This is an immediate result of Proposition 2.53 and Definition 2.51. O

Example 2.55. Evaluate ﬁfl [Z11, Z1] using Definition 2.16 we have

hl 1B, 2] = (*il. ® hegy + b1 ® HE.\.) [Z11, 2]

= —he[E11]leei[E1] + R [E11)heqjo[E1]

=— <h2 ho7p11> (he€1,p1) + <h1 h17p11> <h1 hoeo,p1>

O O O
=—Hon - Hoen1+Hiin-Ho1je1
| a |

— 142

=1
where the empty/blank cell(s) are indicated by O. Given itfl [E11, Z1] the pair of partitions (A, u) =
(e, (1)) of multi-set S = {1} has two splittings

S0 1 §R) | e} | fhwid
(AB 1w A | 1D) | (1), (o] #)) | (o,(o] 1))

All possible diagrams are

Splitting Sign Evaluation Inner Product Diagrams and Associated Weight Signed Weight

Sy SE) | sign (SV W SB) | £he (=, hegy[E0] | £Han - HE gy | (FE @ FB) and wi(FE @ FE) | SP9s™ (P y pOR))

,) wt: +1 (-)'=-1

—

ey | -1 G CINEHEN —H%,ll “HE (o)1

(E,D)Wti +1

{twf} | 11 EHIREN "Hél,u . ?15(&”-),1 (D)4 (1) =+2

[ ] , l:‘) wt: +1

T

Table 2.7: Fillings of splittings of multi-set S = {1} to evaluate Bfl (=11, Z1]

As we can see the total signed weights in the right most column will give us the answer, that is

ho\ BBl = ) (- =-1+2=1

S(L)wWS(R) p(L)yp(R)
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Example 2.56. Evaluate B§2 [E21,Z9211]. By Example 2.26 we have

hy[Z01, Eo11] Z(—iln ® leqji+h1 ® heajy+1o1 @ lieaje+he @ heyp—hy ® heqpi+ho ® 561\.)[521, Eo11]

= —h11[Eo1] a1 [E11] + 7 [Eo1)heajo[Sn11] + ho1[Eo1)heqje[Ea11]+
+ ﬁ.[321]f7€1|2[5211] — Iy [521]5‘3”1[5211] + 732[521]}716”.[5211]

:—<hén[X],p21[X}><h%[Y]el[Y],pgn[Y]>+<hél[X]ap21[X]><h [Y]ez[Y],m[Y1>+

2
O

+ (h21[X], p21[X]) <hé[y]ap211[y]> + <h%[X]ap21[X]> <hé1[y]€2[y]7p211[y}> -

—<h%1[X]7P21[X]><h%1[Y]61[Y],pz11[Y]>+<h2é[X]apzl[X]><h31[Y]’P211[Y]>

0
=—Hin21 - HE 32111 + Ha121 - HE(2)2)2111 + Haro1 - HE (41e) 21111
O 0 0 O O
+Hg 21 HE(1L12)2111 — H2121 - HE (2112111 + Ha1 21 HE (31)) 2111
| ] O ] | a

= —0-241-0+1-1+1(-2)—1-2+1-2
=1

The diagrams are shown below.

Splitting Sign Evaluation Inner Product Diagrams and Associated Weight Signed Weight
Sy 51 sign (ST w SW) | tha (2 lhegn (2] | £Han  HE Bnyw (FO y FM) and wi(FO @ ) wtsPes (F(L) y pR)
{1, 7w iy |1 *7111[321]@.‘1[5211] 7?-[&'11,21 »7-[5%“)2”] No Diagram 0
(e {niy |« hiEneplEon] | Hain Hman | ( ! ‘, ; ywt: +1, (L H ywt: =1 | (~1)24+ (D)1 =0
| 11

LT w{} | +1 hor[Ea]leaeZan] | Mo '%(éln).mn ( ; - ‘ ) wt: +1 (-1)°=+1
eI} | +1 hoEnlfeaZan] | Han Hupan | ‘, Ly -1, e ) wt =1 | (=1)1+ (-1l = =2

1[1] 1[1]
{1pw 1,1} | -1 —ha [Ea1) ey [Eon1] *7{51.21 <H5<51\1).2111 (e ‘ 1 ) wi: +1, ! ‘% Jwt: +1 | (=) (=) = -2
{Lipeq1y | +1 BlZafenZan] | Hoyar M gaam | | I Jwts L (L ‘L ) w1 | (<1)° 4+ (-1)° = 42

Table 2.8: Fillings of diagrams to evaluate BEQ [Eo1, Za11].

The total signed weight is: sz [Z21,E011] = 3 S (-1 =0+0+1-2-2+2=—1.
S(L)yS(R) p(L)yE(R)
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3 Irreducible Character Basis of Hyperoctahedral Group

3.1 B, - Irreducible Character Basis {§g,u)}

In Chapter 2 we have shown a method of constructing the Bj,-induced trivial character basis namely
{ﬁa#)}. These functions each expand in tensor square of symmetric function of form h, ® Heﬁ\n in
type A. In this chapter we will present a new symmetric function that was our goal in this thesis

and introduce them as B,-irreduicible character basis namely {55\ u)} and express them in terms
of {h()\ )}

3.1.1 Definition of B,, - Irreducible Character Basis {55\ u)}

In this section we will define B,,-irreducible character basis i.e. {55\ u)}' These functions are families
of symmetric functions that are the values of the irreducible characters of the hyperoctahedral group
when evaluated at roots of unity i.e. multi-set of eigenvalues of permutation matrices. We will define

the symmetric function 55 ) by change of basis with ﬁfi 5) using Kostka coefficients.

Definition 3.1. Given partitions «, 8, A and p and non-negative integer n > 2|a| define the

functions 55 ) in A ® A that satisfies

~B
has) Z K- (-l o) K500
I/\\<|al
|ul=I8]
where the Kostka coefficients K, _ x| \)(n—|al,) 18 the coefficient of s(,,_ x| x) I fp_|a|,a) and K is
the coefficient of s, in hg. Recall the Kostka coefficient K5 is the number of column strict tableaux
of shape p content 3 (Definition 1.40). Moreover the Kostka coefficients K(,,_|x|.x)(n—|al,o) > 0 and
KHB > 0 if
(1) (n—=|A,A) = (n—]al,a) and
(2) p=p
Note that K,z 3 (n—|ale) = Kn—|\+1,0)(n—|a|+1,a) if 7 > 2]a] , that is, Kostka numbers stabilizes

when adding another cell in the first row.

In type A we have hq = Y K45y and sy = S K, 1 h, and similarly, given n > 2|af and n > 2|
A ol

wehave Ay jafa) = 22 Kin A0 faba)St-Aln) A0 St x ) = 2 KoLy gy lala)-
A<l lo| <|A|

In Remark 3.2 we provide a similar idea for type B.

Remark 3.2. We will show in Proposition 3.23 that the change of basis between the izg\ ) and § 5( 3)

are made by lower unitriangular matrices with respect to some order, and this change of basis is
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invertible. Given n > 2|\| we can express 55\ ) in terms of ﬁfa 3) by the product of the inverse of

Kostka coefficients, that is

- K-17,B
Z K o oyt K us i)

Ia\<l>\|
181=lul

where the inverse of Kostka coefficient K( “ AL (n—lal,a) is the coefficient of h(;,_|o|a) I S(n_|A,)

al,a

and K/:B is the coefficient of hg in s,,.

The product of Kostka numbers has a combinatorial interpretation as pairs of tableaux. The
product K(,,_|x|\)(n—|a|,a)Kus 18 equal to the number of pairs of column strict tableaux where the
first is of shape (n—|A|,\) content (n — ||, a) and the second is of shape u content S. This means

we can explain the combinatorial interpretation of Definition 3.1 in the following proposition.

Proposition 3.3. Given the pair of partitions («, 8) we have

haﬁ) ) (T<L>Z,T:<R))Sf‘mw’5h“pe(ﬂm)>
where the summation is over all possible column strict tableaux of left and right diagrams (T(L),T(R))
such that the left tableau T is of shape (n — |\, \) content (n— ||, ) and the right tableau T
is of shape p content (3 for some pair of partitions (X, 1). The partition shape(TL)) is obtained by
eliminating the first row of the partition corresponding to the diagram of left tableau T™F) that is
A= (A2, A3, ., )

Proof. By Definition 3.1 for n > 2 |a| the elements of 55 ) satisty

=B
(a,ﬁ Z Kn-xnm \al,a)KuBS(A,M)

I/\\<|a|

|ul=B]
By definition of Kostka coefficients K(,_|x|\)(n—|al,a) 18 the number of column strict tableaux of
shape (n — |A|,\) content (n — |a|,a) in the left diagram T) and K5 is the number of number
of column strict tableaux of shape p content 3 in right diagram 7). By multiplication prin-
ciple the number of column strict tableaux of a pair of diagram (T, T() in this fashion is

K- a0 (n—lal,0) Kup- Finally summing over all possible diagrams (TF), T(R)) we have

7B _ ~B
o™ (T(L)Z:r(m)s<Shape(T<L))’Sh“pe(T(R>)>

The proof is complete. ]
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In Theorem 2.24 we have shown that the evaluation of basis Ba ) at multi-set of eigenvalues of

permutation matrices with cycle structure (v, v) = n is the value of induced trivial module, i.e.

0 [Ev 2] = (Pl a =) [X + YR [X = Y], 0, [Xpu[Y]) -

We will now show that if we evaluate the B, -irreducible character basis i.e. function 55\ ) at

the multi-set of eigenvalues of permutation matrices with cycle structure (v, v) - n we will have the

value of irreducible character of hyperoctahedral group indexed by ((n — |[A| — |u|,A), #) namely
X((TL—|/\|—‘,LL‘,)\),,LL) (’YJ V).

Proposition 3.4. Functions 55 C the symmetric functions in A® A that are of (not necessarily
of homogeneous) degree |(X, )| == |A|+|p| and for alln > |X|+|u|+ A1 are the irreducible characters
of the hyperoctahedral group indexed by ((n — |\ — |u|, ), p) in the sense that when evaluated at
=, and Z,, the multi-set of eigenvalues of permutation matrices of cycle types v and v respectively
where (y,v) Fn (i.e. |y|+|v|=n). That is

500 [E Z0] = (8- a1y [X + Y]l X = Y]y [X]p [V]) -

Proof. Given n > 2|a| and (y,v) F n ie. |y|+ |v| = n, by Remark 3.2 and Theorem 2.24 we can

express 55\ ) [E+,Z,] as the following.

B = 1 “15B = =
BBl = ) Ko n ) (n—lole) B s Ma,3) (B Ev]

(a,8)
|o <[A|

181=lul

> K(;Ll—\)\|,/\)(n—\a|,a)K/;51 (hn = ) [X + YThu[X = YT, py [ X [Y])

(a,f)
lo <[A|

181=lnl

< > Ko an o) K Bl ) X+ YRy [X — Y]vpv[X]pu[Y]>

(a?ﬂ
la<|A|
1B1=ul

= (St ) X + Y]su[X = Y], 0, [ XD [Y])

By Theorem 2.2 and Corollary 1.136 the expression on the right hand side of the equation in
Proposition 3.4 is in fact the value of irreducible character of hyperoctahedral group indexed by
((n—|X|=|pl, A), 1) evaluated at the multi-set of eigenvalues =, and =, namely x ("= =I1lA)w) (4 1)
equivalently

B =..= (=X =l A

S(Ap) [Ey, Bl =X 7, v)

The proof is complete. O
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Remark 3.5. The proof of the uniqueness of the symmetric functions 55\ ) will be provided in

section 3.1.2 in Theorem 3.17.

Example 3.6. Express B§1 in elements of 53#) basis.

By Definition 3.1 in order to express B§1 in 55\’“) let (o, ) = ((2),(1)) since n > 2|a| =4 it
suffices to take n = 4 and the corresponding partitions for Kostka coefficients are (n — |o|,a) =
(2,2) and 8 = (1). Note that in order to distinguish the contents of the two kostka coefficients
K (A3 (n—|al,a) and K3 we have used unbarred and barred entries. In the table below we have

shown all possible column strict tableaux which are the coefficients of 55 ) in ﬁgl expansion.

Filling of Tableaux Corresponding Function Kostka Coefficients
L R :B
(P, F) N K22 (n=lal,o) Kup
f]z]2 7) 531 1
2 [T, K 1
1]1]2] ’
( f ? T 8 1

Table 3.1: Expression fzgl in 55\ ) basis

The expansion is
iB _ B , =B |, =B
hy1 = Se1+ 511+ 52

Example 3.7. Express fzfn in elements of 55 ) basis.
Given (a, 8) = ((1),(1,1)) since n > 2|a| = 2 it suffices to take n = 2 therefore corresponding

partitions of Kostka coefficients are (n — |a|,a) = (1,1) and g = (1,1).

Filling in Pairs of Tableaux Corresponding Function Kostka Coeflicient
L R B
(P, ) o K- A m—lal,e)Kps
012 [T5) ) |
( , %) gf’: " 1
( REED 0, 1

. . B . ~B .
Table 3.2: Expression hy’y; in elements of SO0 basis

The expansion is
B _ =B | =B B | =B
hi11 = 8¢9+ 5¢11 812+ 8111

Example 3.8. Express fzfz in elements of 53 ) basis.
Let (o, 8) = ((1),(2)) therefore since n > 2|a| = 2 it suffices to take n = 2 and the Kostka

coefficients are indexed by the partitions (n — |a|,a) = (1,1) and § = (2).
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Filling of Tableaux Corresponding Function Kostka Coefficients
L R B
(F5B), p(R)) 5, K- 2,0 (n—lal,o) Kus
(2] (3T, 2, 1
(2], ) 5P, 1
1 )

Table 3.3: Expression 552 in elements of 55\ ) basis

The expansion is

‘B _ B | =B
hio = Seg + 512

3.1.2 Uniqueness of Functions 55\ )

In this section we will show the uniqueness of the functions 55\ ) and Bg\ )" Before that, we will

go over some background and related material in type A in [OZ1].

Uniqueness of functions 5, and hy. At first we will state the following theorem. Note that

in here F'[X] is a polynomial ring with coefficients in field F'.

Theorem 3.9. (Factor Theorem, 25.3 Corollary, [Fraleigh]) An element a € F' is a zero of f(x) €
F[X] if and only if v — a is a factor of f(x) in F[X].

Lemma 3.10. Let p(z) € F[X] be a polynomial of degree smaller or equal to a non-negative integer
n and assume that there are values ay, a9, ..., apn+1 with a; < aj41 in F such that p(a;) = 0 for all

1<i<n+1. Then p(z) =0 i.e. p(x) is a zero polynomial in F[X].
Proof. By Theorem 3.9 we have
(z —a1)(x — ag) -~ (¢ = any1) | p(2)

On the other hand polynomial d(z) = (z — a1)(z — a2) -+ (x — an+1) is of degree n + 1 but, since
p(z) is a polynomial of degree smaller or equal to a non-negative integer n then this implies that

p(zx) is a zero polynomial. O

Now, we will present Proposition 38 [OZ1] and after that we will provide the restatement of this

proposition and continue our discussion.
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Proposition 3.11. (Proposition 38 [0Z1]) Let f,g € Sym be symmetric functions of degree less

than or equal to some positive integer n. Assume that

f[Eu] = Q[Eu]

for all partitions p such that |p| < n, then

as elements of Sym.

Proposition 3.11 (Proposition 38 in [OZ1]) says that if two symmetric functions when evaluated
at the same eigenvalue of a permutation matrix are of the same value then the functions are identical.
In [OZ1] an equivalent statement of this proposition says: Given a symmetric function k = f — g if

k[Z,] = 0 for all partitions u such that |u| < n then this implies k£ =0 .

Proposition 3.12. (Restatement of Proposition 38 [0Z1]) Given a symmetric function f € Sym
of degree less than or equal to some non-negative integer n assume f[=,] = 0 for all partitions p

such that |p| < n then this implies f = 0 as an element of Sym.

The proof of this proposition which consists of introducing character polynomials and Lemma
39 in [OZ1]. The reason we are stating the Proposition 3.12 in type A is because we will be using

it in the proof of the analogous proposition in Type B (Proposition 3.15).

Now, we will continue by presenting the following corollary that is important for us in this

section.

Corollary 3.13. (Corollary 40 [OZ1]) Let f,g € Sym be symmetric functions of degree less than

or equal to some positive integer n. Assume that

f[Eu] = Q[EM]

for all partitions u such that |u| > n, then

as elements of Sym.
A restatement of this corollary is given in the following.

Corollary 3.14. (Restatement of Corollary 40 [OZ1]) Given a symmetric function f € Sym of
degree less than or equal to some non-negative integer n assume f[Z,] = 0 for all partitions p such

that |u| > n then this implies f = 0 as an element of Sym.
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Uniqueness of functions 55\ ) and ﬁg\ ) After providing the related background in type A
in [OZ1] we would like prove the following proposition (Proposition 3.15) that extends the Propo-
sition 3.12 in type A to the symmetric function in two alphabets f[X,Y] € A® A in type B.

Proposition 3.15. Given a symmetric function in two alphabets f[X,Y] € AQA with deg(f[X,Y]) <
n if f[2y,2,] =0 for all pairs of partitions (y,v) such that ||+ [v| <n then f[X,Y]=0.

Proof. Let f[X,Y] =Y kW[X]g®[Y] be such that,
1. The total degree of f[X,Y] in X and Y is at most n.
2. Let f[=2,,2,] =0 for all |y| + [v| < n.

We will present this proof by contradiction. Assume that there are components k£ [X]g(®[V] in
A™" ® A" which are non-zero. We will also assume that there is a component of ¢ [Y] which is of
maximal degree r and consequently the coefficients k(®) [X] will be of degree at most n —r. We will
use this case and give a proof by minimal counter example, that is, we will show that k() [X] are
zero and the component ¢()[Y] under these conditions don’t exist.

Given a fixed partition v such that |y| < n —r the symmetric function f[=,,Y]in Y is of degree
r. Moreover if we evaluate these symmetric functions f[=,,Y] at the multi-set of eigenvalues of
permutation matrices of cycle structure v i.e. Y = =, for every |v| < r they vanish by assumption
2. Therefore by Proposition 3.12 we have that f[Z.,Y] = 0 and each of the coefficients k([Z,] = 0
for each |y| <n —r.

On the other hand the coefficients k([ X] which are symmetric functions in X of degree at most
n — r that are the coefficients of g)[Y] of (maximal) degree r they vanish at all X = =, for all y
such that |y| < n — r. By Proposition 3.12 this means that we must have k)[X] = 0. This is a
contradiction because we assumed that the components k) [X]g()[Y] were non-zero and the proof

is complete. O

Now we will provide an analogous corollary to Corollary 3.14 in type B.

Corollary 3.16. Given a symmetric function in two alphabets f[X,Y] € AQA with deg(f[X,Y]) <
n if f[2,,E,] =0 for all pairs of partitions (v,v) such that |y| + [v| > n then f[X,Y]=0.

Proof. We will show that for Case 1 and Case 2 we can reduce the conditions on this corollary to

conditions of Proposition 3.15.

Case 1. If |y| > n and |v| > n, since |y| + |v| > n we may write (v,v) = ((n+1,%), (n + 1,v))
such that |y| + |7| < n. Since for all k£ + k' < n we have
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(pr ® pir) [E, Bv] = pi[E4]pw [E0]
=(p

= (pr
[

[I]

nt1 + Hv]) (P [Ens1 + =5])

[I]

k[

[Ent1] + pr[E5]) (ow [Ens1] + pr[Es])
= pr[Z5]pr [E5]

= (pr ® pr') [E5, 5]

The fourth equality is because pg[Zn+1] =0 as n+ 11k (given k, k" <n). Given deg(f[X,Y]) <n

and as we may write f = Y  ¢(q,8)Pa ® pg for partitions o and 3, we have
laf+]B]<n
fIEy, B = Z C(a,8)Pa [E4]ps[E0]
laf+]B]<n
= Z C(a,ﬂ)pa[ 51ps[E0]
laf+]B]<n
= f[Eﬁ’v Ey]

Now if f[=4,Z,] = 0 for all pairs of partitions (v, v), then f[=5,Z5] = 0 for all partitions (¥, )
such that |y| + |7| < n. This by Proposition 3.15 implies f[X,Y] = 0.

Case 2. If |y| > n and |v| < n since ||+ |v| > n we may write (y,v) = ((n + 1,7%),v) such that
7] 4+ |v| < n. Since for all k + k" < n we have

(o ® pi) [Ey, Ev] = pr[EsIpw (2]
= (Pk[En+1 + Z5]) pw 2]
= (P [Ent1] + pr[E5]) pr[E]
= Pk[E5]pi (=]
= (Px ® pi) [E5, 5]
A similar argument to Case 1, will give f[X,Y] = 0. (The case |y| < n and |v| > n has a similar
proof.)

Case 3. If || < n and |v| < n, write

(Pr ® Prr) [E+, Eu] = Dr[E4 1 [E0]

Now if px[=,] = 0 for all given |y| < n since k < n by Proposition 3.12 we can conclude that pj, =

0. Similarly, if pp/[Z,] = 0 for all [v] < n, since k' < n gives ppy = 0. For f = > ca,pPa @ ps
lo|+[8]<n
we have
[y B = Z C(a,p)Pa[E4]Pa[EV]
lo|+[8]<n
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For f[2,,5,] = 0, either p;[ZE,] = 0 or py[Z,] = 0 that for partitions |v|, |v| < n and k, k' < n will
imply pr = 0 or py = 0 which in turn implies f[X,Y] = 0 and that completes the proof. ]

Theorem 3.17. Given a pair of partitions (A, p) the function 55 ) 18 the ‘unique’ symmetric
function in A @ A of degree |(\, p)| = |A| + || that for all n > |\ + |u| + A1 which satisfies the
equation

50um B Bl = (31t —a -t [X + Y]su[X = Y], 0, [X]p,[Y])

for all partitions v and v and |y|+ |v| < n (respectively |y|+ |v| > n) where 2, and E, are multi-set

of eigenvalues of permutation matrices of cycle types v and v respectively and (y,v) b n.

Proof. In order to show that the symmetric function 55\ ) is unique, let f € A ® A be another

symmetric function of degree less than or equal to some positive integer n such that

f[E% B = g(B;\,u) [E% 2]

for all pairs of partitions |y| + |v| < n (respectively |v| + |v| > n). Now let k = f — 55 ) for

k € A® A and the evaluation at 2, and &, is

k[Ey, B = fIEy,E] - 55,;0 5= =0

The symmetric functions f, §5\ w € A ® A are both of degree less than or equal to some positive

integer n hence by Proposition 3.15 (respectively Corollary 3.14) we must have k = 0i.e. f = 55 )
This means the function 55\ ) that satisfies the equation in this theorem is the only function with

this property and the proof is complete. ]

Corollary 3.18. Given a pair of partitions (A, u) the function Eg ) i the ‘unique’ symmetric
function in A ® A that for all n > |\ + |u] + A1 and (y,v) b n which satisfies the equation

G By 2] = (Bl a =) [X + YT [X = Y], py [Xpu[Y]) -

for all partitions v and v and |y| + |v| < n where =, and Z, are multi-set of eigenvalues of

permutation matrices of cycle types v and v respectively and (v,v) F n.

Proof. The proof is similar to the proof of Theorem 3.17. O

Example 3.19. Let a symmetric function in two alphabets IN”LEQ € A® A and deg(ﬁfg) < 2 where

iL?Q[E%EV] = <h(|’Y|+|V\—2,0) [X + Y]ho|X — Y],pfy[X]pl,[YD.
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Moreover, let a function f € A ® A and deg(f) < 2 be given by

1 1
f=—(p.®p1+p1®p.)+§(p.®p11—2291®p1+p11®p-)+§(p.®p2+p2®p.)

For the function k£ = ﬁ52 — f the evaluation of k at the eigenvalues of permutation matrices of

cycle structure (v,v) i.e. k[=,,Z,] for all pairs of partitions (v, v) such that |y|+ |v| < 2 will result

in
v+ vl (v;v) KE, 5,

0 (0,0) KZe,Ze] =0
. ((1),0) | kE1,Ee]=0
(0,(@)) | k=e,E1]=0
((2),0) | kE2,Z]=0
((1,1),0) | kE11,Ze] =0
2 (1), (1)) | KE1,E1]=0
(0, (1L,1) | kEs,E11] =0
(0,2) | HEe,Z2]=0

that is

By Proposition 3.15 this implies £ in A ® A is zero hence the two given symmetric functions are

equal and
f=h3s.

3.1.3 Transition coefficients {Baﬁ)} — {58’@}

At first we will set up a total ordering on our pairs of partitions.

Definition 3.20. To establish a total ordering < on a pair of partitions (A, x) we will choose the
graded reverse lexicographic order where (\, u) < (o, 8) if

L A+ [l < la] + 18] or [example: (11,) < (1,2)

2. A+ |p| = a4+ |8] and |u| < |B] or [example: (2,1) < (1,11)]
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3. [Nl + || = |a| + |B] and |p| = |B] and g >e, S or [example: (2,2) < (11,11)]

4. A+ |p| = |a| +|8] and p = S and A >, oo, [example: (2,11) < (11,11)]

Definition 3.21. Given partitions A = (A1, Ag, ..., Nyn)) and p = (g1, a2, - - -, py()) partition A
dominates p (denoted by A > ) if

ArtAe ot Nz et

for all 1 <14 < max(l(A),I(1)).

The lexicographic order is a total order and the dominance order is a partial order which is a

sub order of the lexicographic ordering.

Theorem 3.22. The matriz of Kostka coefficient is strictly upper unitriangular, this is Ky, > 0 if
and only if X\ p and Ky, =1 if X = p. [Macdonald]

Proposition 3.23. We have

1B __ ~B ~B
Man6) = 3(a,p) T Z A1) S (A )
) =(a)

where the sum is overall pairs of partitions (A, p) such that (A, u) < («a, ).
Proof. By Definition 3.1, given pairs of partitions («, 8) and (A, 1) and non-negative integer n > 2 |«

define the function 58\ ) that satisfies

~B
hia ) Z K30 (n—lal,0) K155 )

I/\\<|al
|ul=18]

The Kostka coefficients have the triangularity property, this is K, > 0 if and only if A > u given

> denotes the dominance ordering. This property in here implies that

K- an)m-lala) EKpp > 0
if and only if
(1) (n—=1|\,N)>(n—]a|,a) and
(2) p=p

The condition (1) implies condition (3) and condition (4) is by properties of Kostka numbers, this
is

(3) A <l|al, and
(4) |ul =18
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The total order < defined in Definition 3.20 is compatible with conditions (1), (2), (3) and (4) since
the lexicographic ordering is a total order and the dominance order is a suborder of lexicographic
ordering (If 7 <je, 6 then 7 < 6 [Macdonald]). To see this in here, let (A, u) < (o, 3) for a fixed
(c, B) and given condition (4) |u| = |5] so by the total oder < we must have

i. |A]+|p| < |a] + |8| (This is simplified as |A| < |«| that is condition (3)); or

ii. [\l 4 |p| = |a| +|B| and |u| < |B] (This is not possible as |u| = |f3|) ; or

iii. |\l +|p| = |a| + 18] and |u| = 5] and p >, S (Which implies p &> /3 that is condition (2)) ;
or

iv. |A] = |af and p = B and X >, . (Which implies (n—|A|,A) &> (n—|a/, «) that is condition

(2)))

On the other hand, by Theorem 3.22 the change of basis matrix is unitriangular for each matrix of
the two Kostka coefficients K (,,_|x|.x)(n—|al,a) and K 5. An important observation here is K5 will
result in a upper unitriangular matrix but K, _|xA)(n—|al,a) Will give a lower unitriangular matrix.
The later is due to condition (3) [A] < [al. Also, the leading term is when K(,,_ x| \)(n—|al,a) = 1
and K,3 = 1 that is (A, u) = (o, §). All other terms that are (A, 1) < (o, ) will be the smaller
order terms and we have
hos) =Samt D 20wSiu
(o) 2(a,B)

O]

Here we are following the total ordering < on a pair of partitions (A, u) as in Definition 3.20 and
we will calculate and present the matrix of the transition coefficients in {ﬁgx ﬁ)} — {58 u)}' The
Kostka coefficients will be entries of this matrix and is of lower triangular form with 1’s on diagonal
entries. This will also make this transition easy to invert.

Corollary 3.24. The matriz of transition coefficient {h{, 5} {30 ,} is lower unitriangular.
Proof. By Proposition 3.23 we have

7B _ :B =B

hap =Sasr ™ 2. W0wihaw

(Ap)2(a,B)

For pairs of partitions that (a, 8) < (A, u) we have the negation of the two conditions (1) and (2)
of the proof of Proposition 3.23 therefore

Km0 (n—lal,0) Kpup = 0

This means for entries which («, 5) < (A, p) the entries are 0’s. For pairs (A, 1) = (o, 3) we have
ﬁf; g = 551 3) which implies the transition matrix to have 1’s on the diagonal entries hence we

conclude that the matrix of transition coefficient {h{} 4} —{33 . } is lower unitriangular. O
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Example 3.25. In Proposition 3.23 and Corollary 3.24 we have arranged the columns and rows
of the transition coefficients matrix according to a total order < defined in Definition 3.20. The
functions 56 ) (or Bg\ #)) are in a one to one correspondence between partition (A, u). For example

we have ordering of
B =B =B =B =B =B
510 X521 25711 2812 25111 = Se3

Example 3.26. Evaluate the transition coefficients matrix when expressing hﬁv 8 in 55\,#) for

n=1,23.

We will use Definition 3.1 in order to express ﬁa 5) in 55 e that is, for a non-negative integer

n > 2|a| define the function 55\ ) mA® A that satisfies

-B
hiap) = Z K30 (n—lal,0) KBS (3 )

I/\\<|a|
|ul=18]

We have shown examples of using this definition in Example 3.6, Example 3.7 and Example 3.8.

The matrix of transition coefficients {fla B)} — {55 u)} for n = 1,2, 3 is presented below.

7B B B B B B B :B B 3B :B 3B B :B 3B :B B :B 3B B
{h(a,g)}—’{‘s()\,#)} See STe Sel 526 Sile S11 Se2 Sell 536 5216 Slile 521 S11,1 S12 ST11 Se3 Se21 Selill

Table 3.4: Transition coefficients matrix {Bg’ﬁ)}%{éam}

Example 3.27. We will compute the inverse of the transition matrix from Example 3.26 which is
to express 55 ) in terms of h( )" This is shown in the following transition matrix for n = 1,2, 3.

Note that in Remark 3.2 it is stated that given n > 2|\| we can express 55\ 4 0 terms of h( g by
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the product of the inverse of Kostka coefficients, i.e.

~ ~17 B
Z K oyt s a8

Ia\<l>\|
1B1=lul

where the inverse of Kostka coeflicient K, (n | A (|

and Ku_ﬁ

al,a

)

) is the coefficient of N, |a)a) I S(n—|x,)

is the coefficient of hg in s,. For example given n > 2 |\| =2 let n =2

-1 1B
51 1= Z K(l 1)( —|a\,a)K(1)6h(a,B)

|04|S1
I81=1

=K1y
(—1)(1)RE,

_ 1B 7B
- hl,l - ho,l

K1

(D)

BB+ K
+ (1>(1)B1,1

—1 B
ananEowia

Note that to calculate the Kostka numbers above, given expansion s1; = hi1 — hs the coefficient of

hs in sq17 is K(fl)@) =

s1 = hy the coefficient of hj in s7 is K(_1)1(1) =1.

We may also find these expression of 55\ ) in terms of h

—1 and the coefficient of h1y is K 611)(1 = 1. Moreover, for expansion of

7B

() recursively, that is shown below.

B . ~B
hum 10 8(a.6)
T ~B

B

ho,o—soo

7B =B
hlofslo"'so,o
B

h 1*501

h2,o - 82,- + 550 + '§0Bo

iLJlgl,o = 5{31,0 + 550 + 2550 + §£3,o

hP, =3P, 430,

EEQ = g,BQ

ilfu = 5?,11 + 552

hye =55, +358, +3P. +358,
h210_§§IQ+§IiBo+§{31.+2§§o+2§13.+§?0
h111. 75111.+2821.+$3.+3$11-+382.+381.+S.-
h2,1 = 52,1 + 51,1 + 5-,1

71{314 = 5?1,1 + g2B,1 + 2551 + 531

his = 50, + 50

;111911 = 5{311 + 552 + g?,11 + 5?,2

hoB3 - '50 ,3

Eo,?l = 5-4,21 + 5?,3

i B <B <B <B
he111 = Se111 + 25421 + a3

Table 3.5: Expression of 55’#) in terms of Bg 5
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Soe=hos
31,. - BE. - ;7/50
58, =hE,

52,0 - h2 o h

B 7B 7B
S11,0 - hll,o - h2.o - hl,o + ho,o

=B iB iB
S1,1 = h1,1 - h.,1

502 =his

go,ll - Bo,ll BEQ

58, =hf, —h¥,

5231,o = B2B1,o - h3 o h11 .t hl .
§1B11,.:hnl.—2h21.+h3.—h11.+h2-+h ilf.
Sg1 = ilg; - hfl

5111 = h11,1 - E§1 - 7151 + illag,l
5P, =hP, —hb,

gEn = ilﬁu - BEZ - ;1511 + Efz
Se3 = ]~1£3,3

5321 = 13521 - 533

<B iB 7B B
Se111 = he111 — 2hg 21 + hes

) recursively.



The matrix of transition coeflicients {55\ u)} — {Ba ﬂ)} for n =1,2,3 is presented below.

B 7B iB iB 7B IB 7B 7B 7B 7B IB B 7B 7B IB 7B
hey hie hu,- }11,1 h.,Q ’1'-,11 hS,o h21,- ’11111- hz,l h11,1 h1,2 h’1,11 h.,a h-,21 h’n,lll

>
~w

{55\# }H {’3@.3)} e,
1

EA 1 -1 -1 1

Table 3.6: The matrix of transition coefficients {§&H)} — {fza ’ ﬁ)}

Example 3.28. We can use Example 3.27 and Example 2.26 to express s( i) in ha ® heﬁh for
n = 1,2. Since the function hem,y is not a basis, the number of elements hy ® he/gw are too long to

fit in a table, but the matrix is relatively sparse, we are providing a table of expressions below.

n (A, ) 55’#) in terms of ﬁa®l{e5h in type A

0 | (e,0) 55. :B.@f;e.‘.

(1,0) 50 = —he @ hege + he ® herje + h1 ® feee

(o,1) 551 =—ﬁ.®f§e.\1+fb1®f;€.|.

(2,0) 5= —he®@heije + h1 @ heqje + he ® hegje + 71 ® heyje + ho ® fiegs

(11,0) | 38, = —he ® hegje + h1 ® heq|e — ha @ fieq|e + he @ fie11]e + h11 ® heq)e

2 | (1,1) | 3P =he®heg)s —h1 @ hegje — he @ hey)y + hi @ heyje — hi ® gy + h11 ® feqjs
(e,2) 50, = he @ hegiz — h1 @ heg|1 + ha ® heys

(.’ 11) 5?,11 = _iLO ® ]’;eo|2 - Bl ® Eeo|1 - FLQ ® [Eo\o + iLO ® Heo\ll + ;Lll ® f’l~6.|.

Table 3.7: Expression 53710 in terms of fza@ﬁeﬂh in type A

Example 3.29. By Example 3.28 and Example 1.203 we can express 55 ) in 5, ® 55 forn =1, 2.

As an example, the expansion of 57, in 3, ® 5 is

S]_B.:_ilzo®l:;€.‘.+il.®l';€1‘.+ill®l’;€.‘.
:_ho®ibo+ilo®ib1+}~ll®il.
:_§0®§0+§o®§1+§1®§.
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Below is the transition matrix of 55 ) in terms of 5, ® 55 for n = 1,2. Note that here we used

SageMath for these change of basis.

{55#)}—){'5'&@5[3} Se @ 3e 51 ® Se Se ® 51 52 ® Se 511 ® Se 51 ® 351
58, 1

B
570 —1

?
s}

—
e
[

[

—

[

Table 3.8: Transition coefficient {5&#)} — {5, ® 53}

Example 3.30. By Example 3.29 we can change basis and express 55\ ) in s, ® sg forn = 1,2.

Note that here we used SageMath for these change of basis.

{557u)}—>{5a®3[3} Se®Se S1RSe Se®S1 S2QSe S11®Se S1RQS]  Se RS2 Se ®S11

Se,e

B
iR -1 1 1

Table 3.9: Transition coefficient {55’#)} —{sa ® sg}
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3.2 Frobenius Map and Stability of Kronecker Coefficients of 55 )
3.2.1 B,-Frobenius Map ®p,

Type A. The Frobenius characteristic map .#g, is a linear isomorphism from the class functions

of the symmetric group denoted by R(S,,), to the ring of symmetric functions A", this is

Fs, : R(S,) — A"
Pu
Zu

APp

Equivalently, since X)‘ = le)jly , we have Fg, (X)‘) = EXM
z

ukn ukEn ©w
conjugacy class of cycle-type pi.e. K,. Generally, given f to be a class function on S,, we can write

where X,/) is the value of x* on

2
7 = —=.
5.(F) = 21 (@)
AFn
The characters of the symmetric group are class functions which in [OZ1] were also introduced as
symmetric functions 55 and hy. In Definition 1.220 (Equation 12 [0Z3]) the S,-Frobenius map on
the ring of symmetric functions in Type A, is ®,, : A — A and is given by

B, (f) = Zf[E#]iZ-

pukn

Now, we will develop these ideas and relate them to discussion in Type B.

Type B. In Definition 1.124 the Frobenius characteristic map .#p, on the class functions of the
n
hyperoctahedral group denoted by R(B,) and letting Ag, = Ap, [X,Y] := A*[X]® A" F[Y]is
k=0

given by
IB R(B,) — Ap, [X,Y]

1 1
By
1(%V) > Z’Yp'y [X] ZVPV [Y}

f—

This is called the B, -Frobenius characteristic map. Moreover, in Theorem 1.135 the Frobenius

characteristic map on the irreducible character of group B,, is given by

Fao) = S PR

V4
(v.v)Fn 7 v

= sA[X + Y]su[X — V7.

The following definition is the analogue of S,,-Frobenius map in Type B.
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Definition 3.31. For positive integer n, define the By,-Frobenius map &5, : A@Q A — AQA

by
P X]p[Y]

2y Zy

<I>Bn(f[)(v Y]) = Z f[E'yaEzz]

(vv)kn
The map ®p, is from the tensor square of the ring of symmetric functions to the subspace of the

tensor square of symmetric functions of degree n.

Lemma 3.32. Given ®p, : AQ A — A®A for function Eg,u) € A®A and forn > | A+ ||+ M

we have

Op, (500X Y]) = suopr— o [X + Y]su[X =Y.

Proof. By Theorem 3.17 function 55 . 18 the ‘unique’ symmetric function that for all n > |\| +

|| + A1 and (7, v) F n satisfies the equation
500 [Ero Ev] = (Su-n -y [X + Y]su[X = Y], p, [X]pu[Y])

where =, and E, are eigenvalues of permutation matrices of cycle types v and v respectively.
Moreover, the expression on the right hand side of this formula is in fact the value of irreducible
character of hyperoctahedral group indexed by ((n — |A| — |u|,A), 1) evaluated at an element of
cycle type (v, v) that is

=B

S(m) [Ey, Z0] = X(("_|>‘|_|M|v>\),u) (v, v)

On the other hand by Definition 1.124 and by Theorem 1.135 the B,-Frobenius characteristic map

is

Ll S X] p[Y
Fp, (A1) = 3 Al oy PAX P

z z
(y,v)Fn K v

= 8- lul ) X+ Y ]su[X — Y]

Now, by Definition 3.31 the above formula on the space A ® A can be presented as

Py X]po[Y]
2y 2y

¢Bn (§g7u) [X’ Y]) = Z g()\,[l,) [E’Y’ EV]
(v,v)Fn

= S(n—Al-lul ) [X + Y]su[X — Y]

and this will complete the proof. ]
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Example 3.33. Expand ®p, (55\ i

)[X’ Y]) for A = (1) and p = (1) when n = 3. We have
(an(gfl[Xa Y]) =s1[X +Y]s1[X - Y]

We will drop the X and Y’s and write the equation in tensor notation, we have

‘I)Bn(gfl) = (Se @511+ 51 @51+ 511 ® Se) (—5e ® 51+ 51 ® Se)

= —Se ® 5111 — Se ® S21 — 51 ® S22+ 52 ® 51 + 5111 @ Se + 521 @ Se

The image of ® Bn(§fl) is expanded in p basis as the following.

‘I)Bn(g?,l)
1 1 1 1 1 1 1 1
:—517. ®p111+§1). ®p21—§p1 ®p11—§1)1 ®P2+§p11 ®p1+§p111 ®p.+§p2 ®p1—§p21 X De
De P111 De P21 p1 P11 p1 D2 P11 p1 P111 De D2 b1 D21 De
— 3t gl jfeg2l Hlgfll (el fllgll gfllgl 2gll 1Blgle
31®6+1®2 1®2 1®2+2®1+36®1+2®1 2®1

((1,1),(1))

(7.2) in each conjugacy class can be found in the

By Lemma 3.32 the irreducible characters y

coefficients of Py ® il

2y 2y

in this expansion.

Corollary 3.34. Given ®p, : AQ A — A®A for function Eg\#) € A®A and forn > ||+ |u|+ M1

we have
®p, (A0 X Y1) = b x o [X + YR [X - Y.
Proof. Proof is similar to Lemma 3.32. ]

Kronecker Product in Type B. Recall that the Kronecker product denoted by * on the

power sum symmetric functions is given by

Py Py Py

2y 2y 2y

where the Kronecker delta function 9, is equal to 1 if A = p and is 0 otherwise. Moreover, given

symmetric functions f, g € A, the Kronecker product and scalar product are bilinear

(f xg,py) = (fipy) (9,P4)

Note that this equation can be easily verified that it holds on the p bases. This is, take f = PA and

Z\
PN Du DX Pu
— X —, = —, " = 6 6 .
<ZA Zp py> <Z>\ p7> <Zu py> S
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Now, we will extend this definition to Kronecker product in two alphabets that can be used in

type B.

Definition 3.35. Define the Kronecker product in two alphabets %, : (AQ A) x (AQA) — A®A

given by
(225)n (222) - (202)
Zy 2y Za B Ry Ry

where the d),, is Kronecker delta function.

Lemma 3.36. For functions f and g in A ® A the Kronecker product x, of the By-Frobenius map
satisfies
®p,(f) % ®5,(9) = ®5,(f - 9)

Proof. The Kronecker product #, of the B,-Frobenius maps of functions f and g in A ® A can be

written as
B — =P [X]p,[Y] - = palX] pslY]
P Do) = | 2 SENEL T e | 2 B S
_ = =2 14=. = P X pulY]
= (%VZ)HLJC[M“ Elg[Ey, By 2 [X] 2[Y]
) e XY
= (%VZ)HL (f-9) [kuu] Z'Y[X] 2]
=®p,(f9)

Note that the non-zero Kronecker products which survived from the first equality is when 6,40,
are non-zero i.e. v = a and v = 3 simultaneously. Moreover, the product f-g is a point-wise product

of two functions, so the proof is complete. O

3.2.2 Scalar Product on B,-Irreducible Character Basis

Scalar Product in Type A. In Definition 1.61 we have defined Hall inner product on A that
is the bilinear form (-,-) which makes functions sy an orthonormal basis, that is (sx,s,) = Oxu-
Furthermore by Definition 1.118 the Frobenius characteristic map is .Zs, (x*) = sy and is expanded

as

p
Fs,(x*) = Zxﬁzi
pukn ®

where Xﬁ is the value of x* on conjugacy class of cycle-type p i.e. K u- Moreover, Fg, is a linear

map that preserves inner products and
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Equivalently, given permutation o € Sy, the Frobenius characteristic map is given by

fsn ‘ Z X pcyc

gESy

where cycle-type of o is denoted by cyc(o). In section 2.7 of [OZ3] a scalar product is defined on

symmetric functions when n is sufficiently large by

1 — —_
fa 9)a = Z f l/ = E Z f[:'cyc(a)]g[:‘cyc(a)]

Vl—n ‘oEeS,

I]

Furthermore, in Proposition 11 of [OZ3] the scalar product on the S,-irreducible character bases,
where the @ subscript is to differentiate this with usual scalar product in (sy, s,) . = 65, is given
by

($x:8u)a@ = Oxp

Scalar Product in Type B. We would like to translate a transformation of the preceding
idea (in type A) to type B. To do this, at first, recall Definition 1.124 that the B,-Frobenius

characteristic map is defined on the set of class functions of group B, over the complex numbers.

Zp,: R(B, — Ap [X,Y]
1 1
By,
Lo — ZPW[X];VPV[Y}
where zy = 1"'m12"2my! - .- n™mmy,! for A = (1™12™2 . p™n). We are adopting the definition

given in references [Beck, BrBg, Orellana, Stembridge].

The conjugacy class of B,, are indexed by the pair of partitions (v, v) F n is denoted by KBn ()"

Let the indicator function basis of class (v, v) to be denoted by 12" and
(vv)

. Bn
12971 )(U) _ 1 ifoe K(%y)
lis 0 otherwise

Moreover, by Lemma 1.83 we have shown that the number of elements in the conjugacy class of
cycle-type (v,v) in group B, is
2™n!

T 2202z,

By,
‘K ()
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Recall that in Lemma 1.126 we have presented B,-character inner product that is given in

[Stembridge] as the following.

Lemma 3.37. The B,,-character inner product is given by

1 1
By 1Bn _
<1(%V)’ 1(a,5)>3n - Az, 2z, Oyadyp-

Lemma 3.38. The following property holds for By-Frobenius characteristic map.

1 cyc(o
an (X(A#)) = 2Tn' Z X()\’“) (0)2# ve( )peven—cyc(a) [X]podd—cyc(o) [Y]
'UEBn

Proof. By Lemma 1.83 the number of elements in conjugacy class in group B, is

2"n/!

o 2U(7)2l(v) Zny 2y

‘ o)

then we have

Fr ()Y () py[X] pu[Y]
T, (M) = ) XMy == .

(yv)Fn K

2AMAM K,
= Y xM(y) %L, Sk )‘pw[X]py[Y]
(v,v)Fn )

1 1%
= 5 S0 XM )2 OO Ky [Xp Y]
'('y,u)Fn

1 cyc(o
o) Z X()\#) (0)2# ve( )peven—cyc(o') [X]podd—cyc(a) [Y]
'O'GBTL

where #cyc(o) is the total number of cycles in o and the indices in Peven—cye(o) A Dodd—cye(o)
indicate the partition representing the lengths of the cycles with an even number of negative signs

and odd number of negative signs in o respectively. O

Now, we will provide a scalar product that is defined on A ® A that can be used on the B,,-

irreducible character basis.

Definition 3.39. For n sufficiently large, for example n > 2 (deg(f), deg(g)) and f,g € A ® A we

have

1 1
<fag>@B = Z 7f[59757]g[50a57']

1o (7
(9,7’))—712 ( )ZG 210 )ZT
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Remark 3.40. In Definition 3.39 the correct formula should have been

Fay= Y = = f[Es,Ex19[E0 Er]

(6 (7
(0,7’)!-112 ( )Zg 2/ )ZT

but generally in type B (and in type A) we have Zy = Zy and =, = =, that this is due to the fact

that complex roots of unity occur in conjugate pairs.

Example 3.41. Evaluate the following inner products.

L. <‘§51’ gﬁ->@3

2. (301,501 )a,

Solution to 1: Let n = 2 and we have

1 1
50,570 = B 1=, 2158 1=, =
(50 80e)a, = 2 mm&,ﬂua,ur]sl,.[ue?w]
(977-
_ 1 I B = -B - 1 1 5. B
2122 2020 80,1[“27 HO]SI,O[th HO] + 22211 202 .’1[_411, \_4.]517.[_4117 _‘.]
I 1 p B rm — 1 1 _p
2121 212’1 .’1[H1’H1]81’°[H1’ 1] 2020 22211 0,1[“07~11]81 0[‘—‘07‘—‘11]
1 1 5. —..p
2020 2125 5e1[Ze; B2]57o[Ee, B
byl torr ey e ooy
4 8 4 8 4

Solution to 2: Let n = 2 and we have

1 1
~B ~B ~ — = 1~B — ~—
<S°71’S°,1>@ = E : 10) 1) 8071[':'97‘:’7—]8071[‘:‘97‘:‘7']
P et e 2
1 1 5. 1 1 g =

[Ea, Eo]§§1[52, Eo] +

= —-—35 5o Sell=
212’2 2020 .1 222’11 202’0 .1

1 1 B — 1B — 1 1 .
+ 21,21 2121 30,1[‘—‘1, ‘—‘1]3071[‘—‘1a ‘—‘1] + 20Z0 22211 8.71 [._., ‘—‘11]5.’1[—4., _11]
1 1 B — 1B = —
2020 2122 8'71 [:'°’ ‘:‘2]8071 [‘:'Oa ‘:'2]
1 1 1 1 1
=-0-04+-=-2-(2 Z0-04+2(=2)- (=2 Z0-0
1 T3 (2) + 1 + 8( ) (—2) + 1

=1
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We will now give the B, analogous of Proposition 11 in [OZ3] i.e. (5),3.)q = Oxu, as the

following.
Proposition 3.42. For all pairs of partitions (A, u) and (o, B) we have

~B ~B _
i S(a,ﬁ)>@B = Oadup-

PTOOf. Letn > ‘)"—HIU’H_Al and n > |Oé|+’,8‘+0(1 so that ((n_‘)“_‘:u”v)‘)?:u') and ((n_ v ’a’_’ﬁ‘7a)7/8)

are both partitions. We evaluate

1 1
B B _ 3B B = =
<5<A,u>7 S(aﬂ)>@3 =2 2075, 0[50 Erl - 5 () [0, =]
(0,7)Fn T
1 1
- ((n=|Al= i, A) ;1) .~ Nn—lal=|Bl,a),8)
> 502, X (6,7) S X (6,7)
(0,7)Fn
1 1
- ((n=|Al= 1, A) 1) . y((n—lal=|Bl,a),8)
(0,7)Fn
— ((n=Al=lebA) ) (n—=lal=]8],),8)
(x X )s
= 5/\0<5u6
Note that the second equality uses Lemma 3.32. The proof is complete. O

3.2.3 Stability of Kronecker coefficients in Type B

Stability of Kronecker Coefficients in Type A. In the late 1930’s Murnaghan in exhibited the
stability property of the Kronecker coefficients in product of two irreducible representations of the
symmetric group in [Murnaghan2, Murnaghan3]. This means that the coefficients in the expansion
of the Kronecker product of two Schur functions of degree n, when n is sufficiently large do not
depend on the first part of the indexing partition of Schur function and they only depend on the
remaining parts of the partitions.

Define the coefficient

_ (=)
Tt = I AN (=)

to denote the stable limit of these coefficients when n is sufficiently large. By work of Murnaghan

in [Murnaghan2, Murnaghan3] we can deduce that there exists coefficient g} " with properties

S(n—|ALA) * S(n—|ul,p) ng =v1)
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for all n > 0. Note that the coeflicients EKM are referred to as ‘reduced’ or ‘stable’ Kronecker
coefficients and these coefficients in the expression stabilize and are independent of n when n is

sufficiently large. In [BOR] this result is presented in the following theorem.

Theorem 3.43. (Murnaghan’s Theorem in [BOR]) [Murnaghan?2, Murnaghan3] There exists a
family of non-negative integers ﬁlﬁ indexed by triples of partitions («, 8,7y) such that, for a and

fized, only finitely many terms ﬁgﬁ are nonzero, and for all n > 0,
S(n—lal.c) * S(n—|6],6) = Zgaﬂ 1)

Moreover, the coefficient glﬁ vanishes unless the weights of the three partitions fulfill the inequalities:

ol < 1Bl + v, 18] < laf + [v] and |y] < |af + 5]

Example 3.44. Given A = (2) and p = (1,1) we will evaluate the Kronecker product of s(,_3 9) *
S(n—2,1,1)- It can be shown the Kronecker coeflicients stabilize for n > 7. The following evaluations
are performed in SageMath and is summarized in the table below. As an example in SageMath for

n = 8 we have

s[5,2] .itensor(s[5,1,1]1) which SageMath generates the answer:

s[3, 2, 1, 1] + s[3, 3, 1] + s[4, 1, 1, 1] + 2*s[4, 2, 1] + s[4, 3] + 2*xs[5, 1, 1] + s[5, 2] +
s[6, 1]

n S(n—2,2) ¥ S(n—2,1,1) = 27:@?2)(1,1)3@47\77)

n=4 S22 * S211 = S211 + S31

n=>5 S32 * 8311 = S2111 + 5221 + 25311 + 532 + S41

n==6 S42 * S411 = S2211 + 53111 + 25321 + 833 + 25411 + S42 + S51

n="7 S52 * S511 = 83211 + 8331 + S4111 + 25421 + Sa3 + 28511 + S52 + S61
n=2~8 S62 * 8611 = S4211 + 5431 + S5111 + 28521 + S53 + 28611 + Se2 + S71
n=29 S72 % 8711 = S5211 + 5531 + Se111 + 28621 + S63 + 25711 + S72 + S81
n =10 S82 * 8811 = 86211 + S631 + S7111 + 28721 + S73 + 25811 + S82 + So91

Table 3.10: Kronecker product of s(;,_22) * $(n—2,1,1)

Extending this discussion to S,-irredicible character basis, Theorem 7 in [OZ1] presents an
interesting result, which is, when computing the regular product of any two functions 5, and 5, the
structure coefficients in the expansion is the same as the stable Kronecker coefficients. This means,

given the coefficients ﬁ;y\ u that stabilize in the expression

— =
S(n—[ALA) * S(n—|plp) = Z IauS(n=171:7)
IYI<IA+
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then coefficients ?K# corresponds to the coeflicients in product of the irreducible character basis i.e.

~ ~ _ 7’y ~
SA S = E : IruSv

YISk

Theorem 3.45. (Theorem 7 [OZ1]) For partitions A and p,

~ ~ _ 77 ~
S\ Su = E , IapSy

IYI<IA+]

Proof. We will provide the proof by evaluating the product of function 5, and 5, at the eigenvalues
of a permutation matrix. Also, recall that for symmetric functions f, g € A, the Kronecker product

and scalar product are bilinear

(f *g,p0) = (f,p0) (9, Do)

We have

$x[E0)8u(Z0] = (s(i01—1x1.0)+ ) (S (61—l Po)
= (S(101—|xA) * S(101— [l Po)

< > Tso-hl: P9>

/\|+|u|

= 9 (81011 Do)
wsumm

= ?KHEW[EG]-
IYI<SIA+
This expression is true for all § of sufficiently large size, hence by Proposition 1.209 (Proposition
6 [OZ1]) the structure coefficients for the functions 5, are the same as the reduced Kronecker

coefficients. 0

Example 3.46. Evaluate 55 - 517.
This example shows that the structure coeflficients in product Ss - §11 is the same as the stable
Kronecker coefficients in product s(,—29) * $(n—2,1,1) in Example 3.44 (for n > 7). Using SageMath

and taking the regular multiplication, we have

st[2]*st[1,1] and the answer is

st[1] + 2xst[1, 1] + st[1, 1, 1] + st[2] + 2*st[2, 1] + st[2, 1, 1] + st[3] + st[3, 1]
Follow the same order as in Example 3.44 we have

82 - 811 = 8211 + 831 + 8111 + 2521 + §3 + 2511 + S2 + 5.
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Stability of Kronecker coefficients in Type B. In this part, we will briefly go over the
stability of kronecker coefficients in type B, i.e., the stability property of the Kronecker coefficients
in product of two irreducible representations of the hyperoctahedral group. There are two references

that we chose to give each a short statement here.
1. Stable Grothendieck Rings of Wreath Product Categories, by Christopher Ryba [Ryba].

Let C = R — mod be the category of finite-dimensional modules over a fixed Hopf algebra R
over k, an algebraically closed field with characteristic zero. Moreover a wreath product categories
Wh(C) = (RwrS,,) — mod can be constructed that it’s Grothendieck groups will have the structure
of a ring. The Hopf algebra structure allows a multiplication on the Grothendieck groups (or the

Grothendieck rings).

For a fixed generating sets of the Grothendieck rings, namely basic hooks, one can show the
stability of structure constants in the Grothendieck rings by allocating the simple objects in W,,(C)
and to define a limiting Grothendieck ring G (C) namely C = R — mod. This ring is indeed is the
Grothendieck ring of wreath product Deligne category Sy(C) which is given in [Mori]. In this paper,
polynomials in basic hooks is given as an expression for the basis generated by simple objects in

the wreath product categories W,,(C).

There exists a basis X+ that is coming from the image of objects Deligne category S¢(C) which
in Theorem 9.10 in [Ryba] a generating function is given that is related to X~ as the basis of G (C)
to the collection of elements in T, (U) € G (C) that are indexed by positive integers and simple

R-modules.

It can also be said that this theorem gives a generating function for the family of functions,
Sp-irreduicible character basis §) in [OZ1] which it is reinterpreted in Theorem 10.4 in [Rybal. It
is concluded that §) are fundamental objects in the asymptotic representation theory of symmetric
group S,. After a comparison of results from these generating functions, the combinatorial descrip-
tion in [OZ1] and character polynomials in Example 14 of Section 7 in [Macdonald] it is concluded

that the functions 5y are indeed the same symmetric functions.

2. Flyw —modules and stability criteria for representations of classical Weyl groups, by Jennifer
C. H. Wilson [Wilson].

The representation stability for a sequence of representations V,, for families of groups of G,
that include S, and B,, was developed in [CF]. In [Wilson] the connection of representation stability
to the theory of finitely generated modules was made to present Murnaghan’s stability theorem for
By, (and D,,).

At first, we will explain a few notation that we need which is used in [CF], [CEF] and [Wilson].

Type A. In [CF] it is stated that, to compare representations of different values in n in sym-

metric groups Sy, we can identify those irreducible representations associated to partitions of n that
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differ only in their largest parts, i.e., two irreducible representations are identical if their Young
diagram differs by boxes in the bottom row (French notation). Given A = (A1, A2, ..., Ay(y)) where
A |Al, denote V (N),, to be the irreducible S,-representation corresponding to the padded partition
of A, i.e. A[n] = ((n—|A]), A1, A2, ..., \n)). Define V(X),, by

Wiing if (n—1|A]) > A
v, o [ =) 2 X
0 otherwise

Type B. In case of hyperoctahedral group B, we can identify any two pairs of partitions if
they differ only by the largest part of the left partition. This is, for a pair of partition A = (AT, A7)
with AT = [AT| and A~ = |A7|, define A[n] := (AT[n —|A\7]], A7) to be the padded pair of partition
of A = (AT,\7) and denote V(\),, (or V(AT,A7)) to be the irreducible Bj,-representation defined
by
V), = Vi i (n = X = A7) 2 Af

0 otherwise

It is stated in [CF] and [Wilson] that, in order for a sequence V' of rational G,,-representations
to be called representation stable, the coefficients of the irreducible constituents V'(\),, of V;, must
eventually become constant when n is sufficiently large. Theorem 5.3 in [Wilson] provides an

analogue of Murnaghan’s stability theorem in type B.

Theorem 3.47. (Theorem 5.3 in [Wilson]), (Murnaghan’s stability theorem for B,). For any
pair of double partitions X = (AT,\7) and pu = (u,u~) there exist nonnegative integers 95,
independent of n , such that for all n sufficiently large:

V(N)n ® V(i) = D5,V ).
The coefficients gK’# are nonzero for only finitely many double partitions v.

Interpretation of Theorem 5.3 in [Wilson] in our notation

Remark 3.48. We will rewrite Theorem 3.47 (Theorem 5.3 in [Wilson]) in our notation. Let
SB[ X Y] = s\[X + Vs, [X — Y]

therefore
B Cp—
S = =lulA ) [ Y] = S ) [X + Y5 [X = YT

For n sufficiently large, there exists the reduced Kronecker coefficients ggi’:}) (.8

the expansion of the Kronecker product of two irreducible representations of the hyperoctahedral

) that stabilizes in

group, that is
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B B _ —(0,7) B
SNl *2 Slinclal-181a)8) = D Tonmy(es)Stin—ri-1616).m)
(6.7

where the sum is over |(6,7)| < |(A, 1)| + |(a, B)|. One important note to mention is Theorem 3.47
(Theorem 5.3 in [Wilson]) the reduced Kronecker coefficient is denoted by g¥ , (without the
barred sign).

Example 3.49. Given (A, u) = (o,(1)) and («, 5) = (e, (1)), it can be shown that the Kronecker

coefficients stabilize for n > 2 when we evaluate the Kronecker product of S(B(‘ 1),(1) *5 S(B(‘n_l) (1)

—
We will use short-hand/compact notation for indices in Sf(;n_| ALl ) ) At first, for n = 1 we have

SEX, Y]x, SEL X, V] = (s0[X + Y]s1[X — V), (sa[X + V]s1[X — V)
= (=se[X]s1[Y] + s1[X]se[Y]) x5 (=sa[X]s1[Y] + 51[X]s50[Y])

We may drop the X and Y variables and use tensor notation and we have

S& %5 SZ1 = (—5¢ ® 514 51 ® 54) %5 (—5¢ ® 51+ 51 @ 54)
= (Se * Se) ® (51 % 51) + (51 * 51) ® (Se * Se)
= Se ® 51+ 51 ® Se
— sf.

After calculations and using SageMath, the Kronecker products are shown in the following table.

B B _ —(0,7)
n Sitn—1),)) * S{(n-1),(1)) = l(;)|9<.,(1>>(.,<1))5((n—w—|9|,e>,7)
S8, %, S8, = SP,
n=2 Sllfl*BSlB712557.+SQB7.+5311+S.B72
n=3 SP1 %y SP1 = S5 .0+ S8, + Sy + SE

SBJ‘B,I*B Sfle;ﬁ’.—l-Sf.—i-Sfu—}—ng

Table 3.11: Kronecker product of S(Egnil)’(l)) *p S(Egnfl)(l))

Remark 3.50. There are helpful SageMath syntaxes that we used in the computations of the last

examples.
o For example to evaluate the product s1[X + Y]s1[X — Y] we have used
s[1].coproduct )*xm¥(s[1]) that SageMath generates the answer:
-s[] # s[1, 11 - s[] # s[2] + s[1, 1] # s[] + s[2] # s[]
¢ In evaluating Kronecker products of the last example we have used .itensor syntax in Sage-

Math.
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Product (Non-Zeros)

Product (Non-Zeros) in SageMath

Answers in SageMath

Se * Se
S1 ¥ 81

S92 * So
S11 * 82
S§21 * S21
S111 * S111
S111 * S21
S111 * S3
S21 * S3
S3 * S3
831 * S31

831 * S4

s[[1].itensor(s[[1])
s[1].itensor(s[1])

s[2] .itensor(s[2])
s[1,1] .itensor(s[2])
s[2,1] .itensor(s[2,1])
s[1,1,1] .itensor(s[1,1,1])
s[1,1,1] .itensor(s([2,1])
s[1,1,1].itensor(s[3])
s[2,1].itensor(s[3])
s[3].itensor(s[3])
s[3,1] .itensor(s[3,1])
s[3,1].itensor(s[4])

s[]

s[1]

s[2]

s[1,1]
s[1,1,1]1+s[2,1]+s[3]
s[3]

s[2,1]

s[3]

s[2,1]

s[3]

s[2,1,1]1+s[2,2]+s[3,1]+s[4]

s[3,1]

Table 3.12: SageMath Kronecker products syntaxes

The following Lemma is an important key in proving Theorem 3.52.

Lemma 3.51. Given f,g € A® A the Kronecker product x, and scalar product are bilinear, that is

(FIX, Y] g[X, Y] py [ XD [Y]) pga = (FIX Y] 0y [X]pu [Y]) agn (91X, Y] 0y [XTPu [Y]) g g

Proof. We will verify that this equality holds for the basis

o X|pslY -
fx.y] =P [Xpsl¥] 4 JIX.Y] _ polX]p-[Y]
2028 207
This is
palXIpslY] = po[X]p-[Y
(Pl B gy
a<f 202t ARA
PalX|pplY
= <5a95,37'[]6[]>p'y[X]p1/[Y]>
2o A®A
ol X Y
= 5a95ﬁ‘r <p [ ]apW[X}> <pB]7pl/[Y]>
Za 28
::6a95675a75ﬁu
= 6(;w651/5976ﬂ/
PalX|pslY po| X |p- Y
_ <Hﬁ[]7p7[X}py[Y]> <M7PW[X]]9V[Y]>
ZaZp A®A “9ZT A®A
Therefore this is true for arbitrary
Pa| X|pglY Xlp, Y
fIX, Y] = Za(aﬁ)w and g[X,Y] = Zb(eﬁ)w.
(co) Falp (6.7) 0%

The proof is complete.
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Kronecker coefficients in product of B,-irreducible character bases. So far we have
briefly shown the stability property of the Kronecker coefficients in Kronecker product of two irre-
ducible representations of the hyperoctahedral group. This is, for n sufficiently large, there exists

—0,7)

the reduced Kronecker coefficients IO (08) that stabilizes in expansion as

B B _ —=(0,7) B
Slin=N—lal o) *5 S((nlad-1810),8) = 2 T(xu)(a,8)> ((nrl161.0),7)
1(6,7)]
where the sum is over |(6,7)] < [(A\, p)| + (e, B)]. Now, our goal is to show that the structure
coefficients in this expansion is the same as the stable Kronecker coefficients in expansion of the

regular product of any two Bj,-irreducible character basis, that is

~-B —(0,7) ~B
S S(a,m Z Inm)(a,8)5(0,7)"
1(0,7)|<I(\ ) [+ (0, 8)]

Theorem 3.52. For pairs of partitions (A, n) and («, 3),

~B ~B —(0,7) ~B
S "~ S(a,8) = Z I (@,8)5(0,7)
(0.7 |+ ()]

Proof. The product of functions evaluated at roots of unity is computed here. Note that we will be

dropping subscript A ® A in (-, )rgn-

B [—m = ~-B - =
S0 (B Ev] - 80,9 (54 B

= (St ) X+ Y]sulX = YL py [XIpu[Y]) - (Sajaf- 110 [X + ¥]s6[X = Y,y [X]pu [Y])
= (S0 X YL 2K DY) - (S paf 1510 Y] 2 X T[]
= <S(E(§”*\>\|*|MI7>\),M)[X’ Y] S8 ol a0 X Y12y XY ])
= < > 7 n—lrl—101.0),7) [ Y]’pv[X]p”[Y]>
o)
= Z ﬁ(i? o) < ot X Y10 (X [Y])

Z g i? Ve8) (el —1010)[X + Y]s[X = Y], py[X]p[Y])
IC

= Zgwmm 5(6.7)[E: B

Since this expression is true for all pairs of partitions (v, v) sufficiently large size, by Theorem 3.17

we conclude that

~B ~B —(0,7) ~B
S " S(ep) = Z I (@,8)5(0,7)
(0.7 ) |+ ()]
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and the proof is complete. O

Example 3.53. Perform the product 55\’“) . §{; ) and expand them in 5577). We will provide

examples for small partitions of |(A, u)| == |\ + |u| <1 and |(«, 8)] == |a| + |8] < 1.

o For 55, . féf, using expansion in sy ® s, and express it in 55 - then
B 3B
Se0 " Se,e — Se ® Se
_ :B
- So,o

o For §f, . 5{37. the expansion by SageMath written in sum of 5%3977) will be

STe B0 = S0 © 50 — 250 ® 51 + S0 © 511 + 50 @ 52 — 251 ® 50 + 251 @ 51 + 511 ® 50 + 52 O 56
= 3.+ 30+ 5.+ 50,
o For 55.-551, similarly we have
55.‘551:5-®51—8.®$11—8.®82—51®s.+811®5.+32®s.

_ B B
=511 1 Se1
o For 58, .58, we have

§E1'§51:5-®811+8.®52—281®51+811®5.+82®s.

_zB =B =B =B
- 50,11 + 80,2 + Sl,o + So,o

Example 3.54. After performing the following computations in SageMath in table below, for pairs
of partitions such that [(A, p)| .= |A| + |¢| < 1 and [(a, B)] :== || + |B] < 1 and for n = 4, we can
confirm that the regular products and the Kronecker Products that are expanded in their respective

bases have the same reduced Kronecker coefficients that match.

50w Slas) = ‘(%)‘?glﬁ)m,ﬁ)gg,ﬂ S{n—1x1-tul A0 *5 S{in—lal-181,00,8) = ‘(GZT)‘ﬁgilzm,msgn—m—ww),f)
506 500 =1504 SP, x, 5P, =SP,

g?:o : 55. = 550 Sfc *B 5381,. = S?],Bl,o

58,88, =30, SE, %, SP = 58,

§e 500 =811+ 30e + 500+ 504 S$i e %5 Sate = SHi1e + Sthe + S50 + ST

55. : 5?,1 = 551 + 5?,1 Ssﬁ,o *p 53131 = 5231,1 + 5:51

5?,1 : 551 = 5?,11 + 552 + 55- + 55- 551 *g 551 = 52]%11 + S2Ef2 + S?ﬁ,- + Sf-

Table 3.13: Regular products and the Kronecker products in Type B
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Example 3.55. The following table is the expansion of the regular product of B,-irreducible
character bases 55 0 (a ) for [(A, )| = A+ |u] <1 and |(«, B)] == |a] + |5] < 1.

500 St | 30e 3. 80 3P, . sP 30, 30y
58,38, 1
52,57, 1
58,350 1
50, - 5%, 11 1 1
52,50 1 1
58,350, 11 1 1

Table 3.14: Regular product of B,-irreducible character bases 55\ 0 5{; 3)

Remark 3.56. We are plugging-in eigenvalues of permutation matrices in 55\7” [E+,Z,] and this is
due to the way these functions were defined so they are chosen such that they have this property.

To see this, we have defined generators that they expand in tensor square of S,-induced trivial

:i Bz ® ﬁmfz

1=0

character bases as

and

n

=0

The B, -induced trivial character basis ﬁg\ ) generally indexed by pair of partitions (A, x) can be
constructed using the preceding generators of type B by

O5 O5
) =11 08w @a 1T 2Gey-
i J

In the Main Theorem (Theorem 2.24) we have shown that functions ﬁg\ ) (24, 2, have the property.

This implies that we can write

W (E Eo] = th, Op Hh(-,m S

o i Op Hj
= H (Z hi ® iL/\i—k> Op H (Z 1)Hi~ the ® ewt> =y, 2]
i k=0

j t=0

This shows that we are plugging-in eigenvalues of permutation matrices. Moreover, since we defined
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function 55\#) in terms of Baﬁ) by

~B -1 —-17B
(ev,8)
| <|A|
181=Ip]

the eigenvalues of permutation matrices will be used here in evaluating §au) [E4,2,] as well.

Remark 3.57. In evaluations of the character values we are not plugging-in eigenvalues of ‘signed’

permutation matrices in 55 ) [EW, ﬁy} . We did try this and the transition coefficients were not nice

when B,,—induced trivial characters fzg\ ) [EW, EV} defined in terms of Frobenius image of induced
trivial characters i.e. hy[X + Y]h,[X +Y].

Remark 3.58. Given 8y [2,] = (S(n—|x|\)> Py) We add a part (row) as in s(,_|5|,x). We have extended

B
(Ap
symmetric functions encode the character in a way that is independent of n for |y| = nor |y|+|v| = n

this to type B in § ) [E4,2)] = Y (= A=I1l2)) (4 1) as well. We can say that somehow these

respectively. There are other ways possible, but this is the most natural and the answer works out

relatively nicely.

3.3 Examples and Applications of B,-Irreducible Character Basis

3.3.1 SageMath Computations of B,-Irreducible Character Basis by ®p,

An Algorithm to Compute Functions 55 ) € A® A. The goal is to find a function f € A® A
that satisfies
g, (fIX,Y]) = stz —|un) [X + Y]su[X = Y]

which by Lemma 3.32 results in f = 55 )

. . f — 3B
1. Step 1: Guess f = 5o

2. Step 2: Calculate ®p, (f).
3. Step 3: Correct guess by subtracting off the leading term.

4. Step 4: Repeat Step 2 until it is right in that ®p, (f[X,Y]) = sz |0 [X + Y]su[X = Y].
Example 3.59. Use @Bn(féfl) and find 5{5’:1. We know
Op, (500X Y1) = stop o [X + Y]su[X =Y.
For partitions A = (1) and g = (1) let n = 3 and we have
®p, (571X, Y]) = suu[X + Y]s1[X = Y]
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where

551 [X,Y] = s1[X + Y]s1[X — Y] + lower terms

In order to be efficient in computations, we will use SageMath for finding 551. We will start

this by defining B,,-Frobenius map ®p,

s
h

SymmetricFunctions(QQ).s()

SymmetricFunctions(QQ).h()

SymmetricFunctions(QQ).p()

f=tensor([s([1),s([1)1)

def zee(la):
return la.centralizer_size()
def frob_im Bn( f, n ):
# f is an element of the tensor square of Sym
f = s.tensor_square() (f)
return sum(c*s(ga) .eval_at_permutation_roots(mu)*s(nu) .eval_at_permutation_roots(la)*\
tensor ([p(mu) /zee(mu) ,p(la) /zee(la)]) for r in range(n+1)\
for la in Partitions(r) for mu in Partitions(n-r)\
for ((ga,nu), c) in f)
def XmY( f ):
ss = s.tensor_square()
return ss(sum(c*tensor([p(la),p(mu) .antipode()]) for ((la,mu),c) in p(f).coproduct()))

At first we will make a guess f[X,Y] = s1[X 4 Y]s1[X — Y] and let the image of the Frobenius

map
g[X, Y] = Sll[X + Y]Sl[X — Y]

we have

g=s[1,1] .coproduct () *XmY (s [1])

f=s[1].coproduct () *XmY (s [1])

t=g-frob_im_Bn(f,3)

print t

print f stilde[(Partition([1]),Partition([1]))] = £

The answers to t and f are

2xs[1#s[2, 1] + 2*s[I#s[3] + 2xs[1]#s[1, 1] - 2*s[1, 1]#s[1] - 2xs[2, 1]#s[] - 2*s[3]#s[]
-s[1#s[1, 1] - s[I#s[2] + s[1, 11#s[] + s[2]#s[]

t

This means

Op (s1[X +Y]s1[X = Y]) =g[X,Y] - t[{X,Y]
= 811[X + Y]Sl[X — Y]—
— (254 ® 521 + 254 ® 53 + 251 ® 511 — 2511 ® 51 — 2521 ® Se — 253 ® Se)
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We will correct the guess by taking the term 2s2; ® se as the new leading term therefore we will
subtract 2s; ® se from our first guess f = s1[X + Y]s1[X — Y| add apply Frobenius map, this is to
evaluate

Op (s1[X +Y]s1[X = Y] — 251 ® se)

we have

g=s[1,1].coproduct () *XmY (s[1])

f=s[1] .coproduct () *XmY(s[1])-2*tensor([s[1],s[[1]1]1)
t=g-frob_im_Bn(f,3)

print t

print f stilde[(Partition([1]),Partition([1]))] = £

The answers to the new t and f are

t

2+s[] # s[2, 1] + 2+s[] # s[3] + 2*s[1] # s[1, 1] + 2*s[1] # s[2] + 2*s[2] # s[1]
f

-s[] # s[1, 1] - s[] # s[2] - 2xs[1] # s[] + s[1, 1] # s[] + s[2] # s[]

This means

Op (51X +Y]s1[X — Y] — 251 ® se) = g[X, Y] — t[X,Y]
:Sll[X+Y]Sl[X—Y]—
— (254 ® 521 + 254 @ 53 + 251 ® 511 + 251 ® 52 + 252 ® 51)

We will correct the guess by taking the term —2s9 ® s1 as the new leading term therefore we
will add 2se ® s1 from our second guess f = s1[X + Y]s1[X — Y] — 251 ® s add apply Frobenius

map, this is to evaluate
Op, (s1[X +Y]s1[X — Y] — 251 ® Se + 254 ® 51)

we have

g=s[1,1].coproduct () *XmY (s[1])

f=s[1] . coproduct ) *XmY(s[1])-2*tensor([s[1],s[[]11])+2*tensor([s[[1],s[1]1])

t=g-frob_im_Bn(f,3)

print t

print f stilde[(Partition([1]),Partition([1]))] = £

The answers to the new t and f are

t=0

f = 2xs[] # s[1] - s[] # s[1, 1] - s[] # s[2] - 2xs[1] # s[] + s[1, 1] # s[] + s[2] # s([]

We will correct the guess by taking the term —2s9 ® s1 as the new leading term therefore we
will add 2se ® s1 from our second guess f = s1[X + Y]s1[X — Y] — 251 ® se add apply Frobenius

map, this is to evaluate
Op (s51[X +Y]s1[X — Y] — 251 ® Se + 256 ® $1)
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This means

Op, (s1[X +Y]s1[X — Y] — 251 @ Se +25e ® 51) = g[X, Y] — t[X,Y]
:811[X—|-Y]51[X—Y]

Which implies
fIX, Y] =51[X + Y]s1]X — Y] — 251 @ Se + 256 ® 51
=51 X +Y]s1[X = Y] — 25, [X + Y]s51[X — Y]

Finally, as we have shown in Theorem 8.14 5{3,1 is a unique function hence f = 5{3,1 and
SP1[X,Y] = 51[X + Y]s1[X — V] — 254[X + V]s1[X — Y]

We may also in Schur basis by

s[1].coproduct () *XmY (s[1]1)-2%(s[[1].coproduct )*XmY(s[1]1)) which gives

2%s[] # s[1] - s[] # s[1, 1] - s[] # s[2] - 2*xs[1] # s[] + s[1, 1] # s[] + s[2] # sl]

That is

551223-®81—S.®811—S.®82—281®S.+811®s.+32®3.

Lemma 3.60. Given 58 ) € A ® A that satisfies
5, (30, [ X, Y1) = 80 a0 [X + Y]su[X Y]
it can be expressed as

55\#) (X, Y] = s)[X + Y]s,[X = Y] + lower terms.

Proof. The following generators expand in tensor square of Sy,-induced trivial character bases as

m n
hGey =D hi® i and By =>  (=1)""'h; ® &
i=0 =0
To find the leading terms of maximum degree of each of these generators in terms of complete
homogenous symmetric functions, define function LT that eliminates smaller terms, this can be

shown in the following by
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Similarly we have
M(ﬁmmJD:mm—m

As the B,-induced trivial character basis Bg\ ) indexed by (A, ) can be constructed by generators
of type B and we have

st ([ T, ) o
Op A ~ ~ Op g
= (Z hie[ X, -k > o |1 (Z D)%~ hy[X ]%t[ﬂ)

j t=0

therefore )
m(@mmyD:MWMX+mmm—m)

=h[X +Y]h,[X - Y]

. . ~B . . 7B
Moreover, since function Sap) 18 defined in terms of h(m 8) by

~B _ -1 —17 B
m—E:wam ~Jal,a) s e 8)
)

oo <|A|
|1B81=lpl
we have
-1 iB
LT (B0) = 2 Kottt Sud (27 ()
(a,8)
|| <[A|
1Bl=]nl
— -1
- Z K |)\| |a\,a)Ku6 hOé[X =+ Y]hﬁ[X - Y]
(a,8)
|| <[A|
181=Ipl
=s5)\[X +Y]s,[X - Y]
The proof is complete. ]
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3.3.2 Irreducible Character Computations by B,-Irreducible Character Basis

Example 3.61. Irreducible character basis at eigenvalues of permutation matrices of Bs.

Elements of By

1,2 2, 1], [-2,-1 1,-2], [-2,-1 -1, -2 2,-1], [-2, 1
Contugner Clheses) 1.2 210 21| (L2 e L, -2 2, 1), F2, 1
Conjugacy Classes K K

(Cycle Types) Ho K KoD @ Ko

Eigenvalues of
Signed Permutation

{(z1,22), (y1,92)}

{(1,1), (0,00}

{(1,-1),(0,00}

{(1,0),(-1,0)}

{(0,0), (=1, 1)} | {(0,0), (%, —9)}

Transformed Eigenvalues

{(z1,22), (y1,92)}

{(1,1), (0,00}

{(1,-1),(0,00}

{(1,0),(1,0)}

{(0,0,(1, 1)} | {(0,0),(1,-1)}

Irreducible Characters

Row 1: X(D:W)

Row 2: X(H’@
Row 3: X(DVD)
Row 4: XW*E\:‘)

Row 5: X(%H)

Irreducible Character Basis

1 1 58,
1 -1 K
-2 0 <
1 -1 5B,
1 1 5?11

Table 3.15: Irreducible character basis at eigenvalues of permutation matrices of Bsg

The following table shows the irreducible character basis of By in two alphabets X and Y.

Irreducible Characters

55#) in sq ®sg

Row 1: Xq:\:"’b)

Row 2: X(wa
Row 3: X(D’D)
Row 4: X(f”vl:\:‘)

Row 5: X<¢,H>

§E.:s.®s.
3P = —5e @ se + 50 ®51 45150
50, = —50®s51+ 515

B

Se2 = 50 ® 511 — 51 ® 56 — 51 @51+ 52 e

B

Se,11 = —Se ® 51+ Se ® 52 — 51 ® 51+ 511 ® Se

55\,” [X,Y] in Two Alphabets
s8,=1
B

§

=—-1l+4+z1+z2+y1 +y2
30, =z1+a2 — (y1+y2)

1,e

552 =y1y2 — (z1 + x2) — (x1 + 22) (Y1 + ¥2) + (2% + z122 + 22)

8= - +w)+ @l +yiv2 +93) — (z1 +x2) (1 +y2) + 172

Table 3.16: Irreducible character basis of By in two sets of alphabets.

When evaluating the irreducible characters, the transformed eigenvalues are plugged in in the

sets of X and Y variables. For example in row 3 we have

Elements of By (Conjugacy Classes)

1, 2]

(2,1, [-2-1] [1,-2], [-2-1] [1,-2] (2,-1], -2, 1]

Conjugacy Classes (Cycle Types)

K(H,m

Kme Kap Kym

K(;»H)

Transformed Eigenvalues

{(z1,22), (y1,92)}

{1, 1),(0,0)

Po{O-1),00}) {(1,0),10} {00,011} {(0,0),01,-1)}

Irreducible Characters

Row 3: X(D’D)

Table 3.17:

58,,0[X,Y] in Two Alphabets

521 (m1, @2, y1,92) = 71 + T2 — (Y1 + 1)

Irreducible character basis of By at the eigenvalues of permutation matrices
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Example 3.62. Evaluate <,§§ 1s 85 1 . This example includes a detailed solution to Example 3.41

-

part 2. Let n = 2 and to evaluate <s§1, S§1>@B we have

1 1
B =B B = = 1B = =
(301,80 a, = D mm&;[iea:r}s.g[ﬂea:r]
(6,7)F2
11 1 1 5

111, Za]82 1 [B11, Za]

= =, = 1B =, =

g 2122 2020 S.,l[*—Qas—m]S.,l[s—Qas—a.] + 22211 20Z0 5.7
1 1 5. —1B— — 1 1 5o — g —
2121 2121 5071[51,:1]5071[:’17\:1] + 270202272118.71[:., :,11]5.’1 [‘:.7 :11]

201%2112231 ER=EEN=
= L (51X 4 V]sa[X — Y] po[X]palV ] (51X + V]sa[X — Y], pa[X]pa[Y])
5 X+ VIsX = Y] pulXIpalY]) (511X + ¥]sa[X — Y], pur [X]pa[Y])
3 X 4 VI lX = VL XInlY]) (s1]X + V]sa[X — Y], m[X]n[V])

X+ Y1 X = Y] palX]pualV] (51X + V] [X — V], po[X]pu[¥])

+ % (s1[X + Y]s1[X = V], pa[X]p[Y]) (s1[X + V]s1[X — Y], pe[X]p2[Y])

We will continue evaluations in SageMath and converting into p bases, we have

+ e

—pe[ X]p11[Y] 4+ p11[X]pe[Y], p2[Xpe[Y]) - (—pe[X]p11[Y] + p11[X]pe[Y], p2[X]pe[Y])

—~

(—pe[Xp11[Y] + p11[Xpe[Y], 211 [XPe[Y]) - (—Pe[ X P11[Y] + P11[X]pe[Y], p11[X]pe[Y])

(=pe[Xp11[Y] + p11[X]pe[Y], p1[X|p1[Y]) - (=Pe[X]p11[Y] + p11[X]pe[Y], p1[X]p1[Y])

+
[ OO0l = x| =00l

(=pe[XIp11[Y] + p11[X]pe[Y], pe[X]P11[Y]) - (—Pe[X]p11[Y] + p11[X]pe[Y], e[ X]p11[Y])

—+

(=pe[XIp11[Y] + p11[Xpe[Y], pe[ X p2[Y]) - (—Pe[X]p11[Y] + p11[X]pe[Y], pe[X]p2[Y])

1 1 1 1
g2 (-2 + 1004 2(=2)- (=2) + {00

+

4

|
| =
o
o
+

=1

Remark 3.63. In Example 3.62 in the the fourth equality to change basis s1[X + Y]s1[X — Y] to

power sum, we can do direct hand computation or use SageMath, this is

¢ The direct computation is

$1IX +Y]s1[X = Y] = (se[X]s1[Y] + 51[X]se[Y]) (—5e[X]s1[Y] + 51[X]se[Y])
= (pa[ X1 [Y] + p1[X]pe[Y]) (=pe[X]p1[Y] + p1[X]pa[Y])
= —pe[ X |p11[Y] + p11[X]pe[Y]
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o The SageMath is
p(s[1]).coproduct () *XmY(s[1]) that gives the answer:

-pl] # pl1, 11 + pl1, 11 # p(]

SageMath Expansion of S(Ii ) [(X,Y] =s;[X +Y]s,[X —Y] in s, ® s

Bn
B X Byl
where |A| + || = n and their Frobenius characteristics image are s)[X + Y]s,[X — Y]. In our

Example 3.64. In [Stembridge] the irreducible characters of By, are given by (x* ® dx*)]

plethystic notation this can be restated as: Given x**) to be the irreducible character of B,

indexed by partition (A, ) - n its Frobenius characteristic map will be given by

T, (XM) = S5 [X, V] = sx[X + Y]s,[X — V]

where

X +Y] =35, [X]sy (Y]
YCA

sl X = ¥] = S s, [X)(—1) s, 0[]

B7L
(v,v)
and indexed by a pair of partitions is x**) (v, v) where (y,v) F n. Now to illustrate calculations

sx[X + Y] and s,[X — Y] we may use SageMath. This is summarized for |A| < 3 and |u| < 3 in

and the prime indicates the conjugate partition. The character at the conjugacy class of K

tables below.

SageMath calculations of s)[X + Y].

Sx[X +Y] | SageMath: sx[X + Y] | Answers in SageMath

Se|X +Y] s[[1].coproduct () s[1#s[]

s1[X +Y] s[1].coproduct () s[I#s[1]1+ s[1]#s[]

s11[X +Y] s[1,1].coproduct () s[I#s[1,1]+s[1]#s[1]+s[1,1]#s[]

s2[X + Y] s[2] .coproduct () s[I#s[2]+s[1]#s[1]+s[2]#s[]

si[X +Y] | sl1,1,1].coproduct() s[I#s[1,1,1]1+s[1]1#s[1,1]1+s[1,1]1#s[1]1+s[1,1,1]#s[]

s21[X +Y] s[2,1].coproduct () s[1#s[2,11+s[1]1#s[1,11+s[1]1#s[2]1+s[1,1]1#s[1]1+s[2]#s[1]1+s[2,1]#s[]
s3[X +Y] s[3].coproduct () s[1#s[3]+s[1]#s[2]+s[2]#s[1]1+s[3]#s[]

Table 3.18: SageMath calculations of s)[X + Y]

Expansion of s)[X + Y] in s, ® sg is listed below.
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sx[X + Y] | Expansion in s, ® sg

Se[X +Y] Se ® Se

51[X +Y] Se ® 51+ 51 ® Se

snu[X +Y] Se ® S11 1 51 ® 81+ 511 ® Se

52[X +Y] Se ® 52+ 51 ® 81+ 52 ® Se

$111[X + Y] | Se ® 5111 + 51 ® s11 + $11 ® $1 + S111 ® Se

s21[X + Y] Se @ 521 + 51 @ S11 + 51 ® S2 + 511 ® S1 + 52 ® S1 + 521 @ Se
s3[X +Y] Se ® 83+ 51 ® 52+ 82 ® 51+ 83 ® Se

Table 3.19: Expansion of s)[X + Y] in s, ® s3

SageMath calculations of s,[X — Y.

su[X — Y] | Answers in SageMath

Se[X —Y] s[#sI]

s1[X — Y] -s[1#s[1]1+ s[11#s[]

su[X —Y] | s[l#s[2]-s[1]#s[1]+s[1,1]#s[]

s2[X =Y s[l#s[1,1]-s[1]1#s[11+s[2]#s[]

s5111[X — Y] | -s[Q#s[31+s[1]1#s[2]-s[1,1]1#s[1]1+s[1,1,1]1#s]]

s21[X — Y] -s[J#s[2,1]1+s[1]#s[1,1]1+s[11#s[2]-s[1,1]#s[1]-s[2]#s[1]1+s[2,1]#s[]
s3[X — Y] -s[I#s[1,1,1]+s[1]1#s[1,1]-s[2]#s[1]1+s[3]1#s[]

Table 3.20: SageMath calculations of s,[X — Y]

Expansion of s,[X — Y] in s, ® s3.

su[X —Y] | Expansion in s. ® sg

se[X — Y] Se ® Se

51X - Y] —5e @51+ 51 ® Se

511 [X = Y] | se ® 52— 51 @51+ 511 ® 5e

s2[X — Y] Se ® 811 — 51 ® 51+ 52 @ Se

s111[X — Y] | —Se ® 53+ 81 ® 52 — $11 @ $1 + S111 @ Se

521[X = Y] | —5¢ ® 521 4 51 @ 511 + 51 ® 52 — 511 ® 51 — 52 ® 51 + 521 @ Se
s3[X = Y] —Se @ S111 + 51 ® S11 — S2 ® 51 + 53 ® Se

Table 3.21: Expansion of s,[X — Y] in s, ® s3

In table below the products S(Ji ) [X,Y] = s)[X +Y]s,[X = Y] for |A| <2 and |p| <2 are listed.
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SB[ X. Y] = s3[X + V]s,[X ~ V]

Product in SageMath

Answers in SageMath

SPX,Y] = sa[X + Y]sa[X — Y]
SEX,Y] = s1[X + Y]sa[X — V]
SEIX,Y]) = se[X + Y]s1[X — V]
SEX,Y] = s1[X + Y]s1[X — Y]
SE X, Y] = s11[X + Y]se[X — Y]
SELIX,Y] = se[X + Y]s11[X — Y]
SPX, Y] = s2[X + V]sa[X — V]

SEL X, Y] = se[X 4+ Y]s2[X — V]

SE X, Y] =su1[X + Y]s1[X — Y]
SENX,Y] = s1[X + Y]su[X — Y]
SPX.Y] = s2[X + YV]s1[X — Y]

S X, Y] = 521[X + V]se[X — Y]
SEH[X,Y] = s1[X 4 YV]s2[X — V]

SEL X, Y] = se[X + Y]s21[X — Y]

s[[1].coproduct O *XmY(s[[11)
s[1].coproduct ) *XmY(s[[11)
s[[1].coproduct () *XmY (s [1])
s[1].coproduct () *XmY (s [11)
s[1,1].coproduct ) *XmY(s[[11)
s[[1].coproduct ()*XmY(s[1,1])
s[2].coproduct ) *XmY(s[[11)
s[[1].coproduct () *XmY (s [2])
s[1,1].coproduct () *XmY (s [1])
s[1].coproduct () *XmY(s[1,1])
s[2].coproduct () *XmY (s [1])
s[2,1].coproduct ) *XmY(s[[1])
s[1].coproduct () *XmY (s [2])
s[[1].coproduct () *XmY(s[2,1])

s[1#s[]

s[#s[1]+ s[11#s[]

-s[I#s[1]+ s[11#s[]

-s[1#s[1,1]-s[1#s[2]1+s[1,1]#s[1+s[2]#s[]
s[l#s[1,1]+s[11#s[1]+s[1,1]#s[]

s[1#s[2]-s[11#s[1]+s[1,11#s[]

s[1#s[2]+s[1]#s[1]+s[2]#s[]

s[l#s[1,1]-s[1]#s[1]+s[2]#s[]
-s[1#s[1,1,1]1-s[1#s[2,1]-s[1]1#s[2]+s[1,1,1]1#s[1+s[2]#s[1]+s[2,1]#s[]
s[1#s[2,11+s[1#s[3]1-s[11#s[1,11+s[1,1,1]1#s[1-s[2]#s[1]+s[2,1]#s[]
-s[1#s[2,1]1-s[1#s[3]-s[1]#s[1,1]+s[1,1]#s[1]1+s[2,1]#s[1+s[3]#s[]
s[1#s[2,11+s[11#s[1,1]1+s[1]#s[2]+s[1,1]#s[1]+s[2]#s[1]+s[2,1]#s[]
s[1#s[1,1,1]+s[1#s[2,1]-s[1]1#s[2]-s[1,1]1#s[1]+s[2,1]#s[1+s[3]#s[]
-s[1#s[2,1]1+s[1]#s[1,1]+s[1]1#s[2]-s[1,1]1#s[1]-s[2]#s[1]1+s[2,1]#s[]

Table 3.22: SageMath product S5

(A1) [(X,Y] =s)[X +Y]s,[X - Y]

The products 55\ u)[X’ Y] = sa[X +Y]s,[X — Y] for [A] < 2 and |pu| < 2 are listed in tensor

notation.
S&H) [X,Y] = sx[X +Y]s,[X — Y] | Expansion
SEX, Y] = 54[X 4+ Y]so[X — Y] Se ® Se
Sf.[X7Y]:sl[X+Y]S.[X—Y] Se ® 51+ 51 ® Se
Sfl[X,Y]:s.[XJrY]sl[XfY] —5¢ @ 51 + 51 ® Se
Sfl[X,Y] =51[X +Y]s1[X = Y] —Se ® 511 — Se ® 52 + 511 ® Se + S2 ® Se
Sﬁ’.[X, Y] =s11[X +Y]se[X = Y] Se ® 511 1+ 51 @ S1 + 511 Q Se
SEII[X’ Y] =se[X +Y]s11[X — Y] Se ® 52 — 51 ® 81+ 511 D Se
SPJX, Y] = 53[X + V]so[X — Y] Se ® 89+ 51 ® 51 + 52 ® S,
552[X7Y]25-[X+Y]32[X—Y] Se @511 — 51 @ 51+ 52D Se
STalX, Y] = s11[X +Y]s1[X — Y] —5¢ ® 5111 — Se ® 521 — 51 ® 59 + 5111 D Se + 52 ® 51 + 521 R Se

Sfll[Xv Y] =51[X+Y]si[X - Y]
SPIX, Y] = s2[X +Y]s1[X — Y]
S2Bl,-[X7 Y] =521[X 4+ Y]se[X — Y]
SEX, Y] = s1[X + Y]s3[X — V]
Sy [X,Y] = se[X + V]s21[X — V]

Table 3.23: Product S&M

Se @ 521 1+ Se @ S3 — 81 ® S11 + 5111 ® Se — S2 ® S1 + S21 Q Se
—Se @ 521 — Se ® 53 — 51 ®S11 + 511 ® S1 1+ 521 ® Se + 53 & Se
Se ® S21 + 51 ®@ 511 + 51 ® S2 + 511 @ 1+ 52 @ S1 + 521 ® Se

Se ® 5111 + Se ® 521 — 51 ® 52 — 511 @ 51 + 521 @ Se + 53 @ Se
—Se ® 521 + 51 ® S11 + 51 @S2 — 511 Q@ S1 — S2Q S1 1+ 521 @ Se

)[X, Y] = s)[X +Y]s,[X — Y] expansion

Example 3.65. In Example 3.54, given n = 4 we have the expansion Ef, . 551 = 551 + 531. The

Frobenius map is

g, (5Te - 51) = @i, (571 +51)

=®p, (571) + ®g, (81)

_ OB B
= 55111531

This can also be calculated using Lemma 3.36 and Example 3.54 as
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q)Bn (gﬁ. . 551) = (I)Bn (550) *B ®Bn (551)
= S?l?l,o *B S'fl

_ B B
=851+ 531

Example 3.66. Expansion of Sf 8 in s)[X 4+ Y]s,[X = Y] for |a| + (8] < 2.

«,

We will use our compact notation as
SE X Y] = sx[X + Y]su[X - Y.

Calculating by SageMath we have

éa 5) [X,Y] | Expansion in 55\ ) [X,Y]
50 Soe
gfo Sfo - SQB,Q
501 Soh
55 53, —2SP,
z B
SlBl,o Sﬁ,o - Sfo + Sop
57, SP, —288,
= 1gB 1¢B
5?,2 552 - 551,- - 55.,1
B B 1¢B 1¢B
Se il 811 — 55T T 3541
Table 3.24: Expansion of 551 g) in Sg\ ) [X,Y] :=s]X +Y]s,[X - Y].
The SageMath Codes are
stB([.1,[.1) Expansion in s[.].coproduct () *XmY(s[.])
stB([1,[1) s[[1].coproduct () *XmY(s[[11)
stB([1], [1) s[1].coproduct ()*XmY(s[[11)-s[[1].coproduct O*XmY(s[[11)
stB([1, [1]) s[[1].coproduct () *XmY(s[1])
stB([2], [1) s[2] . coproduct () *XmY (s [[1]1)-2*s[1].coproduct ()*XmY(s[[1])

stB([1,1]1,[1) | s[1,1].coproduct () *XmY(s[[11)-s[1].coproduct )*XmY(s[[11)+s[[1].coproduct)*XmY(s[[1]1)

stB([1], [11) s[1].coproduct () *XmY (s [1])-2*s[[1].coproduct () *XmY(s[1])

stB([1,[2]) s[[1].coproduct () *XmY (s[2]1)-(1/2)*s[1] .coproduct () *XmY(s[[11)-(1/2)*s[[1].coproduct () *XmY(s[1])
stB([1,[2]) s[[]].coproduct () *XmY(s[1,1])-(1/2)*s[1].coproduct ) *XmY(s[[11)+(1/2)*s[[1].coproduct ()*XmY(s[1])

Table 3.25: Expansion of 551 ) n S(B; ) [X,Y] = s)[X + Y]s,[X — Y] SageMath codes.

The transition coefficients matrix {§a 7 6)} — {Sg\,u)} is
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{5375)}%{55\#)} Sf- Sf- Sfl SQB:o SlBl,o 515:1 513,2 5511
=B

S

Nl—= DN

1

N[

Table 3.26: The transition coefficients matrix {§&ﬂ)}—>{55#)}

Example 3.67. Expansion of ﬁa ) in hAlX + Yh,[X = Y] for |o| + 8] < 2.
We will use our compact notation in H(Ef\ ) [X,Y] == hy[X + Y]h,[X — Y]. Calculating by
SageMath we have

ﬁg)‘”@) [X,Y] | Expansion in ngu) [X,Y]
hZ, HJ,

ht, Hf,

he, HE,

hze 3, — it

ht’ . Hf . - HE,

h, HE, — HE,

hY, HE, - %Hf, - %Hfl
iLEll H-B:H - H1Ef.

Table 3.27: Expansion of hf} 5 in HE [X,Y] = ha[X + Y]h,[X - Y].

The transition coefficients matrix {ng 7 ﬁ)} —{H (E;\vu)} is

{haﬁ)}_){H(l?\,u)} H-B:. H1B,. Hfl HQB,. HlBl,o Hfl H£3,2 H?,n
7B

Table 3.28: The transition coefficients matrix {ﬁaﬁ)} — {H&M)}
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3.3.3 Example: Expansion of ,§faﬁ) in 5,[X +Y]5,[X - Y]

Example 3.68. Expansion of

B
(a.8)

in hy[X + Y]h,[X — Y] for |a| + |8] < 2. To make a compact

notation, let
AE X, Y] = hy[X + Y]h[X - Y],

Using SageMath we have

ﬁé’;ﬁ) [X,Y] | Expansion in ﬁg\#) [X,Y]

ﬁf, flf.

he, op,

ﬁﬁl Flfl

hy, oy,

I HY,

h, HP, — HEP,

hs HDy— 3HP, + 3HE

ﬁf},u ﬁfu - ﬁfo + ﬁ?g
Table 3.29: Expansion of IN”L?Q”B) in g(]i,u)

The SageMath Codes are

htB([.],[.1) Expansion in ht[.].coproduct () *XmY(ht[.])

(X, Y] = hy[X + Y]h,[X - Y]

htB([]1, [1)
htB([1],[1)
htB([1, [1])
htB([2],[1)
htB([1,1],[1)
htB([1], [1])
htB([1, [21)
htB([1,[1,1])

ht[[1].coproduct )*XmY (ht [[1])

ht[1].coproduct ) *XmY(ht [[1])

ht[[1].coproduct () *XmY (ht [1])

ht [2] . coproduct () *XmY (ht [[11)

ht[1,1].coproduct () *XmY(ht[[1])

ht[1] . coproduct () *XmY (ht [1]1)-ht [[1].coproduct () *XmY (ht [1])

Table 3.30: Expansion of fza 3)

The transition coefficients matrix {fzg 7 ,3)} —{H g\,u)} is

y | HE, HE, HE HP, HE,

ht[[1].coproduct () *XmY (ht [2])-(1/2)*ht [1] . coproduct () *XmY (ht [[11)+(1/2)*ht [[1].coproduct () *XmY (ht [1])
ht[[1].coproduct () *XmY (ht[1,1])-ht[1].coproduct () *XmY (ht [[1]1)+ht[[]].coproduct () *XmY (ht[1])

in hy[X + Y]h,[X — Y] SageMath codes.

7B r'TB
apt = HG
B 1

— N[

Table 3.31:
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Example 3.69. Expansion of §€3 ) In S (X +Y]5,[X = Y] for |a| +|8] < 2. To make a compact

Q,

notation, let

SE X Y] = S[X + Y]5,[X - Y],

(Asp

Using SageMath we have

§€Xﬁ) [X,Y] ]?Xpansion in S(Eiw) [X,Y]

52, S8,

P, SE,

8, SB, + SE,

55 S5

G Sfe

551 SE1+§.—§F1—§F,.

505 S0y — 350, + 552, + 52,

5?,11 5511 - 513,. + %Sfl
Table 3.32: Expansion of 5}, in S5 ,[X,Y]

The SageMath Codes are

stB([.],[.1)

Expansion in st[.].coproduct ()*XmY(st[.])

stB([1,[1)
stB([1]1, [1)
stB([], [11)
stB([2], [1)
stB([1,11,[1)
stB([1],[11)
stB([], [2])
stB([1,[1,11)

Table 3.33: Expansion of §8

The transition coefficients matrix {§€X 7 B)} — {S'g’#)} is

st[[1].coproduct O)*XnY(st[[11)

st[1].coproduct )*XmY (st [[11)

st[[1].coproduct )*XmY (st [1]1)-st [[1].coproduct ) *XmY (st [[11)
st [2].coproduct )*XmY (st [[11)

st[1,1].coproduct O *XmY(st[[1])

st[1].coproduct ()*XmY (st [1])+st[1].coproduct () *XmY (st [[11)-st[[1].coproduct () *XmY(st[1])-st[[1].coproduct )*XmY(st[[1])
st[[1].coproduct () *XmY (st [2])-(1/2)*st [1] . coproduct () *XmY (st [[11)+(3/2) *st [[1].coproduct ) *XmY (st [1])+st [[1].coproduct ) *XmY (st [[1])
st[[1].coproduct () *XmY (st [1,1])-(1/2)*st[1].coproduct () *XmY (st [[11)+(3/2)*st [[1].coproduct ()*XmY (st [1])

: OB
(e,8) IS0 )

{g@m}%{gau)} Sf. Sf, S“fl

&B
527.

B GB
511,. 51,1

[X,Y]:=35,[X + Y]5,[X — Y] SageMath codes.

&B &B
Se2  Sonn

B

See 1
:B

5T 1

¥2)
k)
[N
D[ —0| =
[\G][V ] [VV)

80711

Table 3.34: Transition coefficients matrix {553”6)}—){5'&“)}
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3.3.4 Summary of Thesis Results

The goal of this thesis was to find the unique basis, B, -irreducible character basis, namely [9’5 )

The following table shows the change of basis the transition coefficients of constructing 55 )

7 y 7B B
{ho}, {eo} — {ha}, {hesin } — A{hs} — {8(,\,“)}
i. Content Multi-Set i. Multi-Set Partitions Splittings of Multi-Sets Pairs of Column-Strict Tableaux
Example: Example: Example: Example:
Given 0 = (2,1), Given 0 = (2,1), Given (a, ) = ((), (2)), Given (a, ) = ((2), (1)),
‘We have ‘We have We have ‘We have
ha1 ha1 = h1 + 2h11 + ho1 EEZ=f~l.®i;i.\2—ib1®};€.\1+/~12®h_6.\. ﬁ§1=§§1+§fl+§£1
The content: The multi-set partitions: The splittings of multi-set partitions: Pairs of column-strict tableaux:
12,21} {112} w1} (AIxT=12] [T},
{1112y {1} {1}
2]11 1,1} w i
{2111} {11} G
{12}

ii. Content Multi-Set ii. Set Partitions
Example: Example:
Given 0 = (2,1), Given 0 = (2,1),
‘We have ‘We have
€21 e21 = he(ij) + hega2n)
The content: The set partitions:
{1°.2'} firizy

farTnzy

Table 3.35: Summary of results {ho}, {cs} —> {hy}, {fem} — {h{ 5} — (3B 0}
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