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Abstract

We introduce the notion of being ‘z-star’ for homogeneous polynomials. By proving a theorem
plus developing a conjecture we state that, with a graded lexicographic monomial ordering,
the reduced Grobner basis, for the ideal I generated by the relations of Fomin-Kirilov algebra
FK(n), consists of ‘z-star’ polynomials.

For general n, we find the character of the Fomin-Kirillov algebra, for some finite usual
degrees with general set partition degree. We find the decomposition of this character in
irreducible characters where this decomposition stabilizes at some enough big n.

We develop a quotient of F'K (n), denoted by F'K ¢, (n), by making the quotient of the free
algebra generated by the edges of an n-cycle, compared to the associated complete graph,
where the ideal is generated by the relations of F K (n) except for letting the missing edges
equal to zero and keeping only the edges of the polygon. We find the character map of algebra
FK¢,(n) and prove that the dimension of it equals the Lucas Number L, and its Hilbert
series is g-Lucas polynomial.

We consider the commutative quotient of Fomin-Kirilov algebra, denoted by F'K“(n) and find

its Grobner basis.
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Chapter 1

Introduction

1.1 Background and Motivation

Symmetries are very important in technology and science, especially in physics. In theoretical
physics any conservation law is due to a symmetry. For example conservation of linear
momentum is due to symmetry of physical systems under translation in space, and conservation
of energy is due to symmetry of physical system under translation in time. Therefore symmetry

is an important area of research in mathematics.

Elementary symmetric polynomials

6k($1,$27"‘ 7'7;77,): Z Ty Tjy - Ty,
1<j1<je<-<jk<n



are basic building block for symmetric polynomials, in the sense that any symmetric polyno-
mial can be written uniquely as a polynomial in elementary symmetric polynomials. We say
that the elementary symmetric polynomials e; for 2 = 1, - - - | n are free generators for the ring

of symmetric polynomials Z[xy, - -+ , z,]%".

There are other bases for the ring of symmetric polynomials like Schur polynomials. Schur
polynomials s, indexed by partition A of n, [(\) < n, generalize the elementary symmetric
polynomials . They form a linear basis for the space of all symmetric polynomials. Therefore
there are unique coefficients ci u such that sys, = Z CK, uSv- These coefficients are called
Littlewood-Richardson coefficients and it is important that they are non-negative integers and

can be calculated combinatorially by the so called Littlewood-Richardson rule.

There is a linear basis for Z[z, xo, - -+ , x,] called Schubert polynomials denoted by &,,,
indexed by the permutation w. The reason Schubert polynomials are indexed by permutation
w is that they are ‘stable’ in the following sense. For embedding of .S, into 5,1 where the
permutation w’ obtained from w under this embedding, is such that v’ fixes n + 1 and is the
same as w elsewhere, we have &,, = &,,v. So in fact we index the Schubert polynomials by the
permutations in S,.. Schubert polynomials were introduced by Lascoux and Schiitzenberger

in 1982 and are named after Hermann Schubert.

There is an explicit combinatorial interpretation of the Schubert polynomials &,, in terms
of the reduced decomposition of the permutation w due to C. Billey, W. Jockusch and R.P.

Stanley [4], that we quote in here.

Gu= Y. > Ty, (1.1)

a€R(w) (i1, ,ip)EK (a)



where R(w) denotes the set of reduced decompositions of w, defined as follows. Let adjacent
transposition s; = (i,7+ 1) € S,, 1 <i < n — 1. Then a reduced decomposition of w € S,
is a sequence (ay, -~ ,a,), 1 < a; < n—1 st w = s, -5, where p is the length,
the number of inversions in w, i.e., p = l(w) = [{(ij) : i < j,w(i) > w(j)}|. Also for
a=(ay, - ,a,) € R(w), we call the sequence (i, - ,i,) € PP (where P = {1,2,---}) to
be a-compatible if

(

11 St <<

ijgajforlgjgp

ij < ij+1 if a; < @j41-
\

The (finite) set of all “a-compatible” sequences is denoted by K (a) [4].

An example of Schubert polynomial is & 2431) = 117313+ 127913 (see Appendix A.1). As
another example, if w is the transposition (n,n + 1), then S,, = 21 + - - - + x,, (see Appendix

A.3).

In particular all Schur polynomials (in a finite number of variables) are Schubert polyno-
mials but Schubert polynomials form a bigger set of polynomials and they form a linear basis

for Z[xy, x9, -+ , ).

Since the Schubert polynomials form a linear basis, any element of Z[xy, 2, -+ , x,] can
be written uniquely as a linear combination of Schubert polynomials. Therefore the product of
any two Schubert polynomials G4 and &, is again an element of Z[z;, xs, - - - , z,,] and can be
written as a linear combination of Schubert polynomials. Hence there are unique coefficients
3., such that 5456, = > 3,8a, Where «, (3, are are elements of S. These coefficients

¢, are called the structure constants of Schubert polynomials and can be considered as a



generalization of Littlewood-Richardson coefficients for Schur polynomials.

There does not exist a combinatorial rule for calculating structure constants of Schubert
polynomials in the same vein as the Littlewood-Richardson rule and yet the Littlewood-
Richardson coefficients are subset of Schubert structure constants and so mathematicians

believe that such a combinatorial rule should exist and are working to find it.

This was the motivation for the introduction of the Fomin-Kirillov algebra (F'K') in 1997
[14]. They wanted to study the structure constants of Schubert polynomials. We will explain

the relationship with the Schubert polynomials below.

Fomin and Kirillov made their non-commutative algebra 'K (n) on generators x;; = —j;,

where 1 < ¢ < j < n, that satisfy the following relations [14]:

(i):a},=0,1<i<j<m
(1) @ iyl — Ty = 0; for distinet 4, j, k, I such that 1 <, j,k <1 <m;
(1.2)

(ZZZ) DTk — TikTik — TikTij = O; if1 <y <g< k< n;

(Z’lll> DTk — TjpTij + TikZjk = O, ifl1<i< j <k<n.

The ‘free algebra’ F'(xz;; : 1 <i < j < n) generated by the generators z;; (or in general any
set of generators) is an algebra whose underlying vector space has a basis consisting of all
the words on the generators x;; (or in general any set of generators), with no relation among
the generators. This algebra is equipped with concatenation of the words (monomials) as
the multiplication operation and the linear extension of it to polynomials. Then F' K (n) is
isomorphic to the free algebra modulo the ideal generated by the polynomials on the right

hand side of the relations in Equation (1.2), that we call them the set of 2-terms in the sequel,



1.e.,
(i) s 2f;, 1<i<j<nm;
(i1) : x4jx — Tgxsy; for distinet 4, j, k,lsuch that 1 <4, j. k <1 <mn;
(1.3)

(19) @ @i — TipTip — TipZigy if 1 <i < j <k <mn;

(ZZZ/) DX Tk — TjkTi; + T, if1 <1 <7< k <n.

Fomin and Kirillov defined elements 6, - - - , §,, inside F'K (n), that they called them Dunkl
elements, by the formula 0, = — >, <i<jTij + > j<k<n Tik- They proved that these elements
commute pairwise, showing that F'K (n) contains a sub-algebra isomorphic to the polynomial
ring Z[xq,xs, - ,2,|. They then realized the Schubert polynomials inside of F'K(n) as
evaluation at the Dunkl elements &,,(6;, - - - , 6,,) [14]. They formulated their ‘non-negativity
conjecture’ that says for any w € S,, , &,,(61, - - , 6,,) can be written as a linear combination
of monomials in generators of F'K (n), x5, for 1 < j, with non-negative integers coefficients

[14].

If the ‘non-negativity conjecture’ is true, then the expression of the evaluation &, (61, - - - ,6,)
gives a combinatorial rule for the structure constants of Schubert polynomials. According to

this rule for 6,6, = Zw ¢, Sy, we will have the following structure constant c;,,, [14]:

cw = (coefficient of w in &, (6)v) (1.4)

uv



where the action of &, (6) on v € S, is the Bruhat representation action defined by

vsi;, ifl(vs;;) =1(v) +1
XU = (15)

0, otherwise

where s;; denotes the transposition of 7 and j, and /(v) denotes the length of a permutation v,

i.e., the number of inversions in v.

Aside from the above original motivation for introducing F' K (n), this algebra has been
studied widely for both its combinatorial and algebraic aspects [17], [5], [1], [3] [19]. In
spite of this, there are still important questions regarding the structure of this algebra yet to
be addressed. Among these questions are some graphical aspects and the dimension of this
algebra. While the dimensions of F'K(n) for n = 1,2, 3, 4,5 are known, the dimension for
n > 6 1s not known, nor is it even known if this algebra is finite or infinite dimensional in this

case [5].

In continuation of the research listed above, my research is another attempt to understand
the structure of F'K (n) by finding the forms of the elements of Grobner basis for the ideal 1

associated for F'K (n) and to study some interesting quotients of the algebra.

1.2 Targets of my work

One of the targets of this thesis is to study the Grobner basis (with some specific monomial

ordering) associated to the defining ideal of F'K(n) and prove that it consists of z-star



polynomials, to be defined later in the below.

Another target is to study the character of some components of /'K (n) as a graded algebra,

with different degrees; usual degree, permutation degree, set partition degree.

Another target is the study of a sub-algebra of /'K (n) associated to the sub-graph n-cycle

of the complete graph on n vertexes.

To explain the above targets and why the Grobner basis is important to us and why the
structure of a Grobner basis of the associated ideal for /'K (n) is the focus of my work, I

should add the following:

As mentioned above, F'K(n) was defined as the quotient algebra of the free algebra
generated by the generators x;; over the ideal generated by the generators in Equation (1.3).
The ideal may have different set of generators and the most useful ones are called Grobner
bases (G B). Grobner basis is a useful notion in studying properties of algebras, especially

quotient algebras, for which 'K (n) is an example.

As the history of Grobner basis, this notion of Grobner basis for an ideal originally was
developed in 1965 by Bruno Buchberger, together with an algorithm known as ‘Buchberger’s
algorithm’, to compute it for commutative polynomials and commutative ideals [6], [7], but
very soon after it was extended to the non-commutative setting for which F' K (n) is an example.
In non-commutative case [19], the algorithm is more complexed and a little less known. Here,
since 'K (n) is non-commutative, we will need to adapt the non-commutative algorithms as

developed in [19].



Grobner basis has many application in computer science, especially in computer algebra.
The computation of a Grobner basis is a main practical tool for solving systems of polynomial
equations. It can be seen as a multivariate, nonlinear generalization of both Euclid’s algorithm
for computing polynomial greatest common divisors, and Gaussian elimination for linear

systems.

Grobner basis of the defining ideal of a quotient algebra can be used to deduce many
important properties of the quotient space such as dimension when the quotient is finite. The
thing is that the set of the words on generators of a quotient algebra that are not divisible by
any leading monomial of the elements of the associated Grobner basis form a linear basis for
the quotient algebra, and therefore helps to find the dimension of the quotient algebra. This
is why a Grobner basis is important to us and why the structure of a Grobner basis of the

associated ideal for F'K (n) is the focus of my work.

Since Fomin-Kirillov algebra is a non-commutative algebra, i.e., for a and b generators of
the algebra we have in general ab # ba, the order of generators in a monomial does matter, so

we need to take care of this point when defining our monomial ordering.

The monomial ordering we use in this work is called graded lexicographic ordering (glex).
In plain language it is an ordering similar to the ordering of the words in a dictionary and it is

defined as follows.

Definition 1.2.1. (see Def. 2.1.3) For monomials M, and Ms we say

degM, < degMs,, or
Ml <glea: M2 lf

degM, = degMy and My <jep Mo,



where the lexicographic ordering (lex) of monomials that we use in this work is defined by first

introducing a variable ordering by

J <l or
Tij > T if
j=land1 >k,

then with this variable ordering, the following rule completes the definition of our
lexicographic monomial ordering. For monomials M, and M of the same usual degree
d, My <ier Ms if the first variable of M is less than the first variable of M. if the first k

variables happen to be the same, then compare the k + 1 st variables.

By a reduced Grobner basis we mean that the coefficients of all the leading monomials
of the elements are 1, and no monomial appearing in one element is divisible by the leading
monomial of another element. A reduced Grobner basis is unique, given a fixed monomial

order.

We need to mention the definition of a polynomial called ‘S-polynomial’ described in

non-commutative Buchberger theory [19].

Definition 1.2.2. (see Def. 2.1.8) The S-polynomial between two polynomials
For g;,9; € K(zg|l < a < b < n) (for characteristic zero field K), let the leading
monomial of g; and g; be LM (g;) = w; and LM (g;) = w; respectively, and n; = l(w;),

n; = l(w;), where | stands for “length of”. Then for a given positive integer d such that



max(n;,n;) < d < n; + n;, we define the S-polynomial of g; and g; of degree d by

91y — Totgugs if 3u,v,y, st wi = uv, w; = vy and I(v) = n; +n; —d,
S(gi, g;,d) = ’
0 otherwise.
___________ LM ;) = W; = UV
- 3 (9:)
J,U\ Y
o = === == LM(g;) = w; = v.y
wj
———— e —— —— —

It is clear that in general S(g;, g;,d) # S(9;, ¢i, d). It is also clear that the S-polynomial
of two homogeneous polynomials is a homogeneous polynomial.
Computer calculations already have shown that, under our special lexicographical monomial
ordering defined in Definition 1.2.1, the elements of the reduced Grobner basis of the ideal of
F K follow a graphical pattern, independent of the degree, that we interpret it as being ‘z-star’.

The definition of ‘z-star’ is stated below.

Definition 1.2.3. A monomial is called a ‘z-star’ monomial if for a fixed z, all of the variables
of the monomial are of the form x., where 1 < a < z. A homogeneous polynomial wherein
all monomials are ‘z-star’ with the same z, is called a ‘z-star’ polynomial.

Example 1.2.4. 193713793 + 213793213 is a 3-star polynomial, while 193112293 + 1323713

is not a z-star polynomial.

Materials in this thesis are organized as follow:

Non-commutative Buchberger criterion. In chapter 2, after reviewing Buchberger theory

10



we adapt the commutative Buchberger criterion from Cox [8] to prove our following non-

commutative Buchberger criterion.

Theorem 1.2.5 (see Theorem 2.2.7). Non-commutative Buchberger criterion.

Foranideal I C K({x1,--- ,x,), G is the set of elements of deg < k in the reduced Grobner
basis w.r.t. a glex monomial order, if and only if (G™*)) =<y, I; all elements g € G™) are of
deg < k and no monomial of them is divisible by any other leading term, and for any positive

P—()|
integer d < k and for any pair (g;, g;) where g;, g; € G* we have S(gi, gj,d) = 0.

In the statement of the above theorem the sign =<; means that the equality is valid up
to degree k. The reason we use this sign is the fact that our non-commutative Buchberger
criterion works on a degree by degree basis. This theorem is applied in an algorithm to find

the elements of the Grébner basis degree by degree.

Symmetry Properties of Fomin-Kirillov Algebra. In Chapter 3, we study some symmetry
properties of F'K (n). We show that the group S,, defines an action on F'K (n). We also define

an anti-automorphism on F'K (n) based on reverse polynomial defined as

Definition 1.2.6. (see Def. 3.1.4) Reverse word. Let w = wyws - - - wy, be a word of degree k

with w; = x;; for some 1 < i; < n. We call W= WrWg_1 - - - Wy the reverse word of w [1].

Related to the above definition, in Chapter 3, we prove the following lemma.

Lemma 1.2.7. (see Lemma 3.1.5) Let S = {x;; : 1 < i < j < n} be the set of generators
of FK(n), and let w be a word on the letters in S. Then we have an anti-automorphism
¢ : FK(n) — FK(n) well defined by ¢(w + 1) = W + I and linear extension of it to F K (n),

where % is the reverse word of w.

11



In Chapter 4 we prove the following propositions according to which for any n, degree 3
and degree 4 elements of GB(n), the reduced Grobner basis w.r.t the special monomial order
defined in Definition 1.2.1, associated for F'K (n) are z-star monomials defined in Definition

1.2.3.

Proposition 1.2.8. (see Proposition 4.1.1) Let T®) (n) be the set of degree 3 elements of
G B(n), the reduced Gribner basis with respect to the ordering defined in Definition 1.2.1 for

the ideal of F K (n), then
7G) (n) = {Tp2T02Tpr + TaxTpoTar - 1 <a < b<z<n}, (1.6)

i.e., T (n) consists of z-star polynomials for 3 < z < n.

Proposition 1.2.9. (see Proposition 4.2.1) Let T (n) be the set of degree 4 elements of
G B(n), the reduced Gribner basis with respect to the ordering defined in Definition 1.2.1, for

the ideal of F K (n), then

4
T( )(n) :{xagzxagzxalzxagz + TagzLayzlazzLagz + To12LazzlazzTayz and
LozzLlarzlaszLasz + TagzLazzlayzLagz + To12Lagz2LazzLayzs where (17)

1<a <ag<az<z<n},

i.e., T™(n) consists of z-star polynomials for 4 < z < n.

In Chapter 5 we prove the following proposition, however before introducing the statement
we need to mention that by G(9)(n) in the statement we mean the set of elements of degree
< d of GB(n), the reduced Grobner basis w.r.t the monomial order defined in 1.2.1. Also by
‘2-terms’ we mean the set of terms in Equation (1.3).

Proposition 1.2.10. (see Proposition 5.1.17) Let g = 22:1 M, =24, 2q,.+Mo+---+M,
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be a general degree d, z-star element of G'Y (n). Assume that all the elements of degree > 3
in G (n) are z-stars. Then S(p, g, d + 1), where p is a degree 2 element of the Grobner

basis, under reduction w.r.t. G\ (n) reduces either to zero or a z-star element of G B(n).

We also provide evidences in support of the following conjecture.

Conjecture 1.2.11. (see Conjecture 5.2.1) Let g be an element of degree d > 3 in G'¥(n),
the set of elements of the reduced Grobner basis with degree < d, for the ideal associated to
F K (n) with respect to the ordering defined in Definition 1.2.1. Assume all of the elements of
degree > 3 in G\ (n) are z-stars. Then for p € G® (n), S(g,p,d+ 1), w.r.t. G'D(n) reduces

to zero.

On condition that the above conjecture holds we come up with the following Proposition.

Proposition 1.2.12. (see Proposition 5.2.3) On condition that Conjecture 1.2.11 holds, let
G (n) be the set of elements of Grébner basis of degree < d for the ideal associated to
F K (n) with respect to the ordering defined in Definition 1.2.1. Then if all the elements of

G (n) of degree > 3 are z-stars, same is true for G+ (n),

However Proposition 1.2.12 serves as an inductive step for Proposition 1.2.9 as the base of

induction to prove the following theorem which is one of the goals of my project.

Theorem 1.2.13. (see Theorem 5.2.4) On condition that Conjecture 1.2.11 holds, let GV (n)
be the set of elements of degree < d of GB(n), the reduced Griobner basis w.r.t. ordering
defined in 1.2.1 for the ideal associated to F K (n). Then all the elements of the GV (n) with

degree > 3 are z-star polynomials for 3 < z < n.
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This result would yield important information about the elements of Grobner basis. We
hope that this condition of being ‘z-star’ on the elements of Grobner basis could put a limitation
on the maximum degree d of the elements of F K (n) basis and/or gives a relation between
maximum degree of F'K (n) basis and n and thereby provides a closer step from which one

can investigate the problem of finding the dimension of F'K (n) for n > 6.

In Chapter 6 we study different degrees defined for F'K(n). We find the character of
F K (n) under symmetric group action for usual degree 2 with different set partition types. We

prove the following proposition and its associated corollary;

Proposition 1.2.14. (see Proposition 6.4.5) Let F K1) (n) be degree one part of F K (n). Then

forn > 3, we have

chars, [FK(l)(”)] = Xn-1,1 T Xn-2,1,1-
(1.8)

an (Cha’l“gn [FK(1)<H)]) = Sp—-1,1 + Sn—2,1,1-

For Fomin-Kirillov algebra of general n with usual degree 2 and set partition degree type

¢2q7~* we found the character in the following proposition;

Proposition 1.2.15. (see Proposition 6.5.2) Let o € S,, is of type (1%1,2% ... n%). Then

the value of character ofFKg) (n)atois
2

n—4
a1

chars, [FKS),.(n)](o) = 3(62) +3 (a;) . (0;>a2 —ay (1.9)

In the following proposition we have the decomposition of the above character into

irreducible characters of \S,,.
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Proposition 1.2.16. (see Proposition 6.5.8) Let F'K (g)

—4
a7

(n) be Fomin-Kirillov algebra of
general n and of usual degree 2 and set partition degree type ¢3¢ *. Then we have the
following decomposition into irreducible characters of S,

2
chars, [FK(Q) (n)] = Xn—22FTXn-321TXn-3111FXn-122FXn-a1111, 7 = 6. (1.10)

—4
4597

While the above decomposition into irreducible characters for n = 3, 4, 5, do not relate
to each other, but eventually become stable for enough big numbers n > 6. Similar is true for

usual degree > 2 and set partition types other than ¢2¢}"~* for some enough big number for 7.

In Chapter 7 we introduce a quotient of the algebra F'K (n) over the ideal generated by
the missing edges in an n-cycle compared to the complete graph on n-vertexes associated
to F'K (n). For this quotient algebra, denoted by F K, (n), after having a couple of cases
analyzed for finite n, we get into the general case of F K, (n). We calculate Grobner basis
and the basis of this algebra and come to the conclusion that the dimension of this algebra
equals the number of matchings in an n-cycle, i.e., the Lucas number, for n > 3. By definition
a matching in a graph is a subset of the edges of the graph that do not have a common vertex.

we came to the following Theorem.

Theorem 1.2.17. (see Theorem 7.3.8) Dimension of F K ¢, (n) equals the number of matchings

in an n-cycle C,,.

As well the following Corollary

Corollary 1.2.18. (see Corollary 7.3.9) Dimension of FK ¢, (n) equals Lucas number L.
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We also find the character of the dihedral group action of F'K ¢, (n) for general n, and its
decomposition into irreducible characters. Also we study the decomposition of the character

in different degrees.

In Chapter 8 we discuss the commutative Formi-Kirillov algebra denoted F'K“(n) and

defined as follows.

Definition 1.2.19. (see Def. 8.0.1) Commutative Fomin-Kirillov Algebra F K¢(n) is defined

by letting the generators of Fomin-Kirillov algebra commute with each other. [18]

In this chapter we find Grobner basis of the ideal generated by the relations of F'K¢(n),
via which we find the basis of F'/K¢(n) and prove the following proposition for the dimension

of commutative Fomin-Kirillov algebra F'K¢(n).

Proposition 1.2.20. (see Proposition 8.4.10)

1. There is a bijection between the basis of F'K(n) and the symmetric group S,,.

2. dim (FK¢(n)) = nl.

This result previously was attributed by Fomin and Kirillov [14] to Varchenko by another

method.
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Chapter 2

Grobner Basis

2.1 Non-commutative Buchberger theory

Buchberger theory was introduced in 1965 by Bruno Buchberger in his PhD thesis [6], [7].
Originally this was developed for commutative polynomials and commutative ideals. But very

soon after it was extended to non-commutative setting [19].

Here, since the Fomin-Kirillov algebra is non-commutative, we will cover only the non-
commutative version of Buchberger theory and refer the commutative one to any classic

text.

A Grobner basis in this theory, is a special generating set of an ideal in a polynomial
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ring over a field K (xy, z,- -+ ,x,), where the variables z1, xo, - - - , x,, do not commute. A
Grobner basis allows many important properties of the ideal and the associated algebraic

variety such as the dimension be derived easily.

We adapt the standard theory to a case where the Grobner basis is computed degree by

degree.

In the following, we introduce some basic notions of the non-commutative Buchberger

theory specially those that are necessary to express the results of our work.

Definition 2.1.1. A “monomial ordering” is a well ordering “>" on the set of monomials
(i.e., any nonempty subset has a least element), with the condition that if m > m/ then

mymms > mym/'me for any two monomials my, mo.

Remark 2.1.2. It is worth noting that when sorting the monomials in a polynomial, we put
the bigger degree first as we want the leading term to be the biggest degree, otherwise, the

reduction algorithm (yet to be defined later) may not stop.

Different monomial orderings result in different Grobner bases. The monomial ordering

that we use in this work is a “graded lexicographic ordering” (glex) defined below.

Definition 2.1.3. For monomials M, and M, in the polynomial ring with non commutative

variables x; ;j where 1 <1 < j < n, we say My <geo M if

degM; < degM,, or

degM, = degMy and My <, Mo,

where the lexicographic ordering (lex) of monomials that we use in this work is defined by first
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introducing a variable ordering by

Jj <l or
Tij > Ty if
g=1landi > k.

Then with this variable ordering, the following rule completes the definition of our lex-
icographic monomial ordering. For monomials M, and My of the same usual degree

d, My <ix My if the first variable of M, is less than the first variable of Ms. If the

first k variables happen to be the same, then compare the k + 1 st variables.

Example 2.1.4. 733713723 >giec T14T23T13, T23T13T23 >glew T13T23T13, T13T23 <glew

T23L13L23.

Now for any fixed monomial order (as in Definition 2.1.3), the monomial that comes first
in a polynomial P, is called “leading monomial of P”, denoted by LM (P), and the coefficient
of the leading monomial is called “leading coefficient”, denoted by LC'(P). Then the leading
term of P is LT (P) = LC(P)LM(P).

Definition 2.1.5. For monomials M = x; x;, - - - x;, and N = x;,x;, - - - Tj, in non-commuting
variables x;, 1 = 1,2, ---, we say M is divisible by N if k < | and for some positive integer
m we have x; x;, - xj, = x;, T; . -

Ty

Definition 2.1.6. [13], [8]. A Grobner basis for an ideal I in the polynomial ring K {(x1,-- - , x,)

is a set G of generators for I whose leading terms also generate the ideal generated by all

leading terms in I, denoted by (LT(1)), i.e.,

G is a Grobner basis if [ = (g: g € G) and (LT(I)) = (LT(g) : g € G). (2.1)

A finite Grobner basis is said to be a ‘reduced Grobner basis’ if no monomial appearing in
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an element is divisible by any leading monomial of another element, and if all the leading

coefficients are 1. A ‘reduced Grobner basis’ is unique given a fixed monomial ordering.

It is worth mentioning that every element of / can be written in terms of elements of its
Grobner basis up to some degree, in the sense that if f € (g, : g, € G®), where G is the
set of elements of degree < k in Grobner basis , then f = > 9,668 h,g;h;, where h, and h/
are polynomials in K (z,--- ,x,). This is what we mean by the terminology “basis” in the

expression *“ Grobner basis”, and not in the sense of say a linear basis of a vector space.

2.1.1 S-polynomial

To define the S-polynomial of two polynomials, we need to introduce the notion of “overlap”

of two monomials as follows.

Definition 2.1.7. Overlap of two monomials. Let M, = x;, x;, - - - x;, and My = x;,x;, - - - ;.
be two monomials and let given positive integer d such that max(n,m) < d < n+ m. If
Tiy iyt Tiyy, = Tj T4y - - T, then we call the monomial v = x;, xj, - - - x;, the “overlap” of

M, and My with respect to d, and [(v) = m + n — d, the length of the overlap, which clearly

equals s.

Definition 2.1.8. S-polynomial between two polynomials
For g;,9; € K(zg|l < a < b < n) (for characteristic zero field K), let the leading
monomials of g; and g; be LM (g;) = w; and LM ((g;) = wj respectively, and n; = l(w;),

n; = l(w;), where | stands for “length of”. Then for a given positive integer d such that
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max(n;,n;) < d < n; + nj, we define the S-polynomial of g; and g; of degree d by

iy — fgg?;u.gj if3u,v,y, s.t.w, =uv, w; =vyandl(v) =n;, +n; —d,
S(9i,95.d) = ’
0 otherwise.
S — LM(g;) = w; = u.v
- 9 (9:)
JU\ Y
T T M) = wy vy
wj
————— - d—————— —

(2.2)

It is clear that in general S(g;, g;,d) # S(g;, gi, d).

2.1.2 Reduction of a Polynomial

Definition 2.1.9. (Reduction of a polynomial). For a polynomial P = cyw; + cows + - - -, the

reduction of P with respect to a list of polynomials G in some order, is defined explicitly by

the following algorithm.

INPUT: Polynomial P, List G =g, - ,q]

OUTPUT: Reduction of P, w.r.t. list G =g, -,
REPEAT

Q=P
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FOR P =cw; +cwy + -+ quw;, DO

Find the first 7, index of w;, and for a fixed 1
find the smallest k, index of g,, for fixed ¢,k find
the shortest uw such that

w; =ulM(g,)v for g, €G.

P::P—#igk)ugkv

UNTIL Q=P

OUTPUT: P

Remark 2.1.10. Since our ordering in this work is glex, in the above algorithm, the polynomial

P = ciwy + cowg + - - - + cqw; should be in glex order.

Remark 2.1.11. (why the algorithm terminates) The input polynomial P is sorted by ‘the
bigger term comes first’ under glex monomial ordering (a well ordering), so there is a biggest
summand as well as a smallest one. In each FOR-DO cycle of the algorithm, the first (the
biggest) term divisible by gy, for some k is deleted (in a unique way). Since there is a finite
number of w;’s, as the number of possible monomials smaller than any fixed monomial is finite,
the algorithm ends up with zero or a polynomial containing no monomial divisible by LM (g,.)

for any k.

The process of reduction is also called multivariate division or “normal form” computation.

The result of the process of reduction of P with respect to a list GG is denoted by P
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2.2 Non-commutative Buchberger criterion

In this section we will prove a theorem called non-commutative Buchberger criterion, which
results in an algorithm for finding the non-commutative reduced Grébner basis w.r.t a monomial
order for an ideal (we adapt the commutative case from Cox [8] to prove our following non-
commutative Buchberger criterion). However before getting into that, a few lemmas/corollaries

are in order.

Lemma 2.2.1. For a glex monomial ordering, let {f,--- , fs} be a set of polynomials in
K(x1,29,- -+ ,x,) (for a characteristic zero field K ), with LT f;) equal to ~y for all i. Also
suppose we have a linear combination ijl c; fj, such that LT(X:;Z1 ¢ifi) <glex 7Y, where
c; € K. Then Z;Zl c; f; can be written as a linear combination, with coefficients in K,
of S-polynomials S(f;, fx,d) for1 < j, k < s, and positive integers d such that for each
S(f;, fx,d) we have LT[S(f;, fi, d)] <giex V-

Proof. Letd; = LC(f;), so that ¢;d; is the leading coefficient of ¢; f;. Since by hypothesis we
have LT 25:1 ¢; fi <giex 77> sSome cancellation must have been happened among the leading
terms in the sum ijl c; f; (otherwise, no cancellation among the leading terms in the sum
implies that LT ijl ¢;f; = ¢, for a constant c), so the coefficients sum to zero, i.e., we

have 3 7, ¢;d; = 0.

We define polynomial p; = f;/d;, so p; has leading coefficient 1. Consider the telescoping

sum;
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Z cif; = chdjpj = c1dy(p1 — p2) + (ardy + cads)(p2 — p3) + -+ - + (ardi+
=1 =1 (2.3)

+ e + Cs—lds—1>(p8—1 — ps) + (Cldl + e + Csds)ps

Now the fact that LT(f;) = LT(f;) for all pairs (¢, j) implies that LM (f;) = LM (f;) for all
pairs (4, 7).

In the S-polynomial in (2.2), by substituting f; and f; for g; and g; respectively, we will have

S(fi, fj,d) = fiy — Lo fl ufj, which for specific values y = 1 and u = 1 reduces to

LC
Therefore we have
S(fi, fjv d) = di(pi - pj) (2.4)

Here the degree d in S(f;, f;, d) is justified, as p; — p; has degree d, the common degree of
LT(f;) for all i. Substituting the above equation into Equation (2.3) and considering the fact
that Z;:1 c;d; = 0, which results in vanishing the last term in Equation 2.3, our telescoping

sum of Equation 2.3 reduces to

chfj =c1d1S(f1, fa, d)/dy + (crdy + cad2) S(f2, f3,d)/do + - - - +

j=1

+ (crdy + -+ F cs-1ds—1) S (fs-1, fs, d) /ds—1

d dy
=c15(f1; f,d) + (01_1 + c2)S(fa, f3,d) + (1 Lo+ c3)S(fs, fa,d) +
d2 d3 d3
d d d,_
4 (a dsil —i—CQd:I + - Cs st ) —|—cs 1)S(fs-1, fs,d)
(2.5)
which is a linear combination of S-polynomials S(f;, fi+1,d) fort =1,--- s — 1.
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Since the leading monomials of f; and f; are equal, the leading monomials of p; and p; are
equal. Therefore the leading monomials are canceled in p; — p; and so from 2.4 we have
LT(S(fir f1:d)) = LT(di(pi—p))) <gex LT(dipi) = LT(f;). Hence LT(S(f;. f;.4)) <ytes
LT(f;),ie., LT[S(f;, fx,d)] <giex 7- This completes the proof. O

Lemma 2.2.2. Let monomials o, 3, vy, n and homogeneous polynomials
9;» 9y € K(x1, 29, ,20). Let S(g;, gy, d) # 0 for some positive integer d, and let
d =d+1(a)+1(B), where [(a) = deg(«) and () = deg(B) . Then

S(agj7 gkﬂa d/) = aS(gja Gk d)ﬁy
S(9;7: 9%, d) = S(g;, gx, d), or S(g;v;ngy,d) = 0. (2.6)

S(agj’% ngﬁa d/) = aS(Qj? Gk d)ﬂ? or S(O‘gj’% 77ng7 d/) =0

Proof. Without loss of generality consider LC(g;) = LC(g,) = 1. S(g;, 9, d) # 0 implies
that there is a monomial v (an overlap), and monomials v and y as in the following diagram,
such that

LM(g;) = uv, LM(g,) = vy, and S(g;, g, d) = ugy — g;¥- (2.7)

In the diagram above the overlap between LM (g;) and LM (gy) is the monomial v. By
cutting the overlap v from the 1.h.s of LM (g;) we are left with a monomial that we call it
the right margin of the overlap or just right margin. Here according to the diagram above

we have y = the right margin. Similarly by cutting the overlap v from the r.h.s of LM (g;)
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we are left with a monomial that we call it the left margin of the overlap or just the left

margin. Here in the diagram above u = the left margin. Then we can read the S-polynomial

S(9;, gr» d) = ug, — g,y in (2.7), as
S(9gj, g, d) = ugyx — g;y = (the left margin) x g — g; x (the right margin) (2.8)

Now for S(ag;, g,0,d'), d = d+1(a) +1(j3), with the depicted overlap in the diagram below,
we have the same overlap v as in the above, however now with right margin y3 and left margin

au, as well g;, g, to be changed to ag;, g3 respectively . Therefore by (2.7) we have

S(ag;, giB8,d') = (au)(gpf) — (ag;)(yB) = alug, — g;u)8 = aS(g;, gy, d)B-

Hence we have

S(agj, giB,d') = aS(g;, gy, d)B, d' = d+ I(a) +1(B).

<——— == — — = d—————— >
—N— % 7~ %
——————————————————— LM (ag;)
————————————————— LM
N g N (9:8)
v Y B
<————————————— = d—-————————— >

For S(g;7,ngy, d) according to the diagram below, if u = u'n and y = v/, then we have an

overlap nv~y. Then with respect to the same d, we have

S(9;7, 19k, d) = v (ngy) — (g;7)v" = (Wn)gy, — 9;(vy') = ugy, — g;u = S(9;, 9> d)-
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Otherwise we have no overlap and so zero S-polynomial. Hence

S(gj’ p,d)  ifu=unandy =y,
S(g;7,m9x, d) =

0 otherwise.
v 5 S G
——————————————————— LM(g;v)
/—gg
——————————————————— LM
H/—/\ - J ~ ) (ngk>
n v y
< — = d———==—————— >

Similar reasoning to the above shows that if u = u'n and y = vy/, then for d' = d+1(a)+1(5),

we will have the following result;

S(agyy,mgiB,d') = aS(g;v,m9y, d)8 = aS(g;, gy, d)B-

Otherwise we have no overlap, so we will have zero S-polynomial.

Hence we have

, aS(g;, g, d)B  ifu=unandy =y,
S(ag;y,ngpB,d) =

0 otherwise.

This completes the proof. 0

Remark 2.2.3. It is possible to set up Buchberger theory to be done degree by degree, for
this, many statements/equations are regarded up to a fixed degree. In the sequel we emphasize

the up to degree validity of expressions depending on cases either by words or by conditional
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equality sign (=<) instead of (=) sign when necessary. The sign (=<,) means that the equality
is valid if the terms involved are of deg < k or the equality is valid up to degree k, but could

be invalid beyond.

Lemma 2.2.4. Let G be a Grobner basis, with respect to a glex monomial order for ideal

I C K{x1,79,--+ ,2,) and G%) the set of elements of deg < k in G. Then

1. (GWY = I. 2. (LT(G®)) =< (LT(I)).

Proof. 1. Forf € K(x1,--- ,x,) anddeg(f) < k,weshow that f € I <= f € (GW),
() [ €(GCW) = f =3, com higihi TG f =5, Lo higihi € (G) = I. hence
fe(G®) = fel
(=) Let f € I, and deg(f) < k. we need to show that f € (G*)).
fel={(G),so

F=3 Lol 29)

9,€G

where [,,l; € K(xy,x9,---,2,). Then f € I = (G) — LT(f) € (LT(I)) =

1771

(LT(@G)) (as G is Grobner basis), so we have

LT(f) =Y _ hLT(g,)h. (2.10)

9,€G

where deg(LT(f)) < k by hypothesis. For the summands h,LT(g;)h; in (2.10), we

consider the following cases.

o If deg(h,LT(g;)h;) < k for all 4, then deg LT (g;) < k for all 4, therefore we have

g; € G for all i, which turns (2.9) into [ = Y 0 Ligili, i.e., f € (GW).

e Otherwise if deg(h,LT(g;)h;) > k for some i s, then there must be an integer

28



ki1 > k where deg(h,LT(g;)h;) < ki, for all i. Then we rewrite (2.10) as

LT(f) =Y h,LT(g)hl, k < k. 2.11)
———
<k 9E€G  Geg<in

We then isolate the terms of the highest degrees in h; and &, in (2.11) by defining

hgl) = sum of the monomials in h; of highest degree,

hi =B + B where
hZ@) = the rest of A;.

and

h;(l) = sum of the monomials in A/ of highest degree,

B, = h;(l) + h;@), where
h;@) = the rest of h/.

We then substitute the above into (2.11). Therefore we have

LT(f) =Y hLT(g)h; ="y (hi+h})LT(g:) (! + ),

<k 9,€G <k 9,€G

that results in the following equation:

LT(f) = hiLT(g:)h;'
N T N e’

<k 9€G  gegti,
+ > WLT(g)h?+ > WILT(g:)h;' + > hiLT(g:)hy
PR SErR X SErE N S
E€GSR1 EGSR1 €GSR1

In the above however, on the Lh.s., deg(LT(f)) < k, so on the r.h.s. the first sum

has to be zero as k < k; (cancellation of the leading terms). So we have

LT(f) =D MLT(g)h+ Y  hiLT(g)hi + > BILT(g)h?.  (2.12)
—_—— TT— —— — i ——

<k 9€C  Geg<ki—1 9€G  geg<ki—1 9€C  Geg<hi—2
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Now in this equation, if k&1 — 1 = k, we have 3 sums on the right hand side, the
summands of each are of degree < k, which implies deg(LT(g;)) < k (as the left
hand side is of degree < k). Otherwise if k; — 1 > k, we repeat this process of
isolating the highest degree terms.

We see that each time we repeat the isolation of the highest degree monomials,
it reduces the degrees of the summands at least by one unit. Since the number
of monomials of degree less than a finite fixed degree is finite, by repeating the
isolation of the leading terms, we eventually end up with k; — j = & for some ;.
Then we are left with a number of sums with summands each of degree < k, which
implies degLT(g;) < k Vi as before, i.e., g; € G¥). This results in rewriting

Equation (2.9) as f = > _.w l;g;l}, which implies f € (G*)). This completes

9,€G

the proof of part 1.

2. For f € K(xy,---,1,), deg(f) < k,weshow f € (LT(I)) <= [ (LT(G®)).

(<) fe (LT@GW) = f= 3 hLT(g)h, S2<% f =3 W LT(g,)h,.

9,€G®) 9,€G

So f € (LT(G)) = (LT(I)) (as G is Grobner basis for I). Hence we have shown that
fe(LT(GW)) = fe (LT(I)).
(=) fe(LT(I)) = (LT(G)), therefore we have

f=3" LLT(g)H, 2.13)

9,€G

Following the same steps we took for the r.h.s. of Equation (2.10) in the proof of part

1, second item, we come up with the same result g, € G*®), which turns (2.9) into

30



f= Egiec:(m h,LT(g;)h,, which implies f € (LT(G™))). Hence we have shown

fe(LT(I) = f e (LT(GM)).

This completes the proof. ]

Lemma 2.2.5. Let G% = {g,,g,--- ,g,} be the set of elements of deg < k in the reduced
Gribner basis w.r.t. a glex monomial order, for an ideal I C K(x,---x,), and G™) contains
the generators of deg < k of I. Then for f of deg < k in K{(x1,xs, - ,x,) there exists a

unique r of deg < k in K (1,9, - ,x,) with the following properties:

1. No term of r is divisible by any element of the set { LT (g,), LT (g5),- -, LT (g:)},

2. There exists an element g of deg < k in I such that f = g + r.

Proof. With our monomial order, let the monomials w; of deg < k and the polynomial
f =ciw + cowy + - + cow, be in K{xy, x9,--+ ,2,) and let g; € G*).

Here we recall the reduction algorithm of f, w.r.t. the list [g1, g2, , g¢], introduced in
Definition 2.1.9, according to which for f = cyw; + cows + - - - 4 csw,, we find first 7, the
index of w, and for fixed j we find the smallest /, the index of the elements in the list, and for
our fixed j and [ we find the shortest u such that w; = uL M (g;)v for g, in list [g;, g, - - - , 4.
Then f := f — %{g»uglv. Therefore to each term c;w; of f there are associated %{gl)u, g,

and v that, in order to adapt to the notation of this section, by change of index, we denote them

simply by u,, g, and v, respectively, such that u, LT (g;)v;, = c;w,

1

Therefore in each step, the algorithm drops from polynomial f a term c,w,, if it is divisible

1710
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by leading term of an element in list G*), and adds lower monomials w.r.t. the monomial
order. Since the algorithm terminates (as explained in Remark 2.1.11), eventually we are left
with an expression for polynomial f with none of its monomials divisible by the leading term
of any element in list G*®) = [g,,-- - , g,]. Hence we are left with the reduction of f w.r.t. the

—Ga®
list G®) = [g;,- -, g,], i.e. we are left with fG =f =2 iet 170 v, which

|w, for some i U;9;

is clearly of deg < k. Therefore we have

—G )

f= > wgv; + f (2.14)

i,s.t. LT(g;)|w, for some i

—c®
where no term in f “ is divisible by LT(g;) for any g, € G*). Hence part 1 of the lemma is

. . —G(k)
satisfied if we let r = f

Part 2 of the lemma is satisfied by letting g = Zi,s.t. LT(g)) ., of degree < k

|w, for some i U;9;;

from Equation (2.14). This proves the existence of g.

We prove the uniqueness of r by contradiction. If  is not unique, then there is another
polynomial " # r of deg < k in K (xq, s, - ,z,) with no monomial divisible by LT(g;)
for any g, € G, such that there is a deg < k element ¢’ € I satisfying f = ¢’ 4 7. Then we
have

g+r=4g+7r (2.15)

Then

r—r'=g —gelasgg el (2.16)

Thenr — v € I = LT(r—1') € (LT(I)) =< (LT(G™)) (by Lemma 2.2.4, as
G®) = {g,,---,g,} is the set of elements of deg < k in the reduced grébner basis for ideal

I). Therefore LT (r — r') is divisible by LT(g;) for some g; € G*), which is impossible as
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none of the terms in r and 1’ are to be divisible by LT(g,) for any g, € G*) by the first part of
the Lemma. Hence r — ' must be zero, i.e. r = 7/, contradiction!. Hence r is unique. This

completes the proof. O

Corollary 2.2.6. Let G*¥) = {g,,--- | g,} be the set of elements of deg < k in the reduced
Grobner basis with respect to a glex monomial order, for ideal I C K (xy,- - - x,). Then for f

—Gg®
of deg < kin K(x1,--- ,x,), we have f € I, if and only iffG =0.

alt)
Proof. (=)If " =0, then from (2.14), f = 3 w,g.v; € 1.

, s.t. LT(gi)\wi for some i

(«=) Conversely given f € I, then f = f + 0 satisfies the two conditions of the lemma (2.2.5).

—G®
It follows that 0 is f “" This completes the proof. [

Theorem 2.2.7. Non-commutative Buchberger criterion.

Foranideal I C K({x1,--- ,x,), G is the set of elements of deg < k in the reduced Grobner
basis w.r.t. a glex monomial order, if and only if (G®)) =_,. I, all elements g € G™ are of
deg < k and no monomial of them is divisible by any other leading term, and for any positive

E——el)
integer d < k and for any pair (g;, g;) where g;, g; € G™) we have S(g;, gj,d) =0.

Proof. (=) If G™®) is the set of elements of deg < k in the reduced Grbner basis for I, then
by Lemma 2.2.4 we have (GV)) =, I. Also for any pair (g;, g;) where g;,g; € G*), and
for any positive integer d < k, we have deg(S(g;,9;,d)) = d < k and it belongs to I (by

oW
construction of S-polynomial). Hence by corollary 2.2.6, we have S(g;, 95, d)G =0

G(k)

(<) Let (G®) =< I and S(g;,9,,d)" = 0 for all pairs (g,,g;) where g;,g; € G

and for any positive integer d < k. For polynomial f € (G*)), we need to prove that
LT(f) € (LT(G™)).

Strategy of the proof:
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We have (G*)) = I, i.e., for a polynomial f of deg < k in I we have f € (G™*)), i.e., there

are polynomials h,; and h; € K (1, x5, -, z,) such that
=Y hghi, (2.17)
where
LT(f) <giew LT (h;g;h?) for some g; € GP. (2.18)

The reason for the inequality in the above equation is the idea that the sum in (2.17) may
undergo cancellation of leading terms, otherwise if all the leading terms are different, the
equality occurs. Equation (2.17) to (2.18) satisfies the hypothesis of Lemma 2.2.1 except for
the equality in Equation (2.18). Therefore if equality does not occur in Equation (2.18), then

some cancellation among the leading terms in the sum in Equation (2.17) must have occurred.

Since LT(f) <gex LT (h;g;h?) for some g; € G*), by Lemma 2.2.1, we can rewrite the
right hand side of Equation (2.17) as a linear combination f = ) 1 CitS (hig;hs, lygihy, d'),
with LT[S(h;g; 1}, bygihj, d')] <giew LT(f) <giew LT(h;g;h}) for some g; € G™ by our
graded lexicographical monomial order. However by Lemma 2.2.2, S(h;g;h;, hyg,h;, d') =

h;S(g;, 9;, d)hy if not zero.

Then we consider our hypothesis that for any positive integer d < k and for any pair (g;, g;)
P—()|

where g,, g; € G™®) we have S(g;, 9, d) = (; in other words, the remainder of multivariate

division of S(g;, g;,d) by G (k) is zero. Therefore, it allows us by division algorithm, to replace

S(9; 915 d) by expressions that are lexicographically less than or equal to our S-polynomials,

as it follows.
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f= Z h,g; ZcﬂS (hg;hs, hghy,d'), (by Lemma 2.2.1),

gEG

= Z c;ih;S(g;, g;, d)hy, if not zero (by Lemma 2.2.2),

= Z cﬂhj(z hg,.h)hy, if not zero,
il

(by Lemma 2.2.5 and our hypothesis S(g;, g;, d)G =0),

=) ¢juah;hlgehl" b)) = " hj,g,h,, if not zero.

j,l,T j,l,’l"

In the above, LT (h;'g.h") <giee LT(S(g;,9;,d)) by division algorithm, so the last sum in
the above involves less cancellation of leading terms than the first sum. Hence while we have
inequality in (2.18) we can rewrite (2.17) such that it involves less cancellation of leading
terms. Continuing this way, we will eventually find an expression for f (i.e. specific i, and 7
for given g,) with no cancellation of leading terms, so we have equality in Equation (2.18).
Hence we have f = > cqw hyg;hi such that LT(f) = LT (h;g;h;) = LT (h;) LT (g;) LT (h})
for some g; € G™. In other words LT(f) is divisible by some LT(g;) € LT(G™), i.e.,
LT(f) € (LT(G™®)), which is what we want to prove.

Now the details of the proof. Consider all possible ways that f can be written in the form
of Equation (2.17). Since monomial ordering is a well ordering (a total ordering of a set with
a least element for every non-empty subset), we have a minimal way where the minimal glex
degree for leading terms in the expression of f in Equation (2.17) will occur (in other words

where the maximal cancellation of the leading terms on r.h.s. of Equation (2.17) happens).

Claim: We claim that at this minimal way, described in the above paragraph, we have
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equality in Equation 2.18, i.e., we have
LT(f)=LT(h; g; h; )=LT(h; )LT(g; )LT(h; )

for some g, € G®, ie., LT(f) is divisible by some LT(g; ) € LT(G"®), so LT(f) €

(LT(G™)). We prove this claim by contradiction.

If equality in Equation (2.18) does not occur at this minimal way, then we are going to
have LT(f) <giew LT (hi, gi, I, ). This means that the leading terms of the summands in

(2.17) are partly equal to LT'(h; g; h; ) and partly less. Then we rewrite (2.17) as

f= Z higihi = Z higihi + Z hig; ;.

g,EGH) LT(h,g;h)=LT(h, g; b ) LT(h;g;h)<giea LT(h; g, h. )
(2.19)
By dividing the first sum on r.h.s. of the above equation we rewrite it as
f= > LT (h;)g,LT(h)

LT(h,g;h))=LT(h, g; K )

+ Z (h; = LT (h;))g; LT (k)
LT (h;g;hi)=LT (h; 95, M,

+ > LT (h;)g;(hi — LT(h})) (2.20)
LT(h;g;h})=LT(h, g; hi )

+ > (h; = LT(h;))g,(h; — LT (h;))
LT(h,g;h})=LT(h; g, h, )

+ > h;g:h.
LT(higih;)<glezLT(himgimh2m)

The leading terms of the polynomials on r.h.s. of Equation (2.20), except for the 1st one,
are already graded lexicographically less than LT'(h; g; h; ). Thus our assumption that

LT(f) <giex LT(h;, g; h; ), implies that the Ist sum is also graded lexicographically less
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than LT'(h; g; h; ), i.e.

Z LT(h;)g; LT (h;) <giew LT (s, 9;, 1) (2.21)
LT (h;g9;h;)=LT(h )

ng7m m

Then by Lemma (2.2.1), the sum in Equation (2.21) can be written as a linear combination of

S-polynomials, each of them graded lexicographically less than LT'(h; g; h; ),i.e.

LT (h;g;hi)=LT(h; g, h ) J,r
(2.22)

Now by applying Lemma 2.2.2 with o = LT'(h;), and § = LT'(h!]), we get the following

expression for the summand on the r.h.s. of Equation (2.22).

S(LT(h;)g,LT(K,), LT(h,)g, LT (1), d") = LT(h,)S(g;, ,,d) LT (h.), if not zero,
(2.23)
where d' = deg(LT(h;)) + d + deg(LT(h..)). Substituting Equation (2.23) into Equation

(2.22) we have
> LT(h;)g, LT (R}) = Z ¢;, LT(h;)S(g;, g,,d)LT(I..),if not zero
LT(h,g;1})=LT(h, g, h, )
(2.24)
On the other hand, since deg(S(g;, g,,d)) = d < k, then by Corollary 2.2.6 from equation
S )
S(9;, 9 d)G = 0 we come to the conclusion that S(g;, g,., d) € I, so we have
S(gja 9, d) = Z Cijkligil',iﬂ where LT(1,9,1;) Sglex LT(S(gj7 9,,d)), (2.25)

i

with polynomials /; and [ in K(x1,--- ,z,). By substituting S(g;, g,., d) from Equation (2.25)

into Equation (2.24) we get the following.
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3 LT(h)g: LT (hy) = ¢ LT (h)Lg i LT ()
LT (h;g,h)=LT(h;  g; 1, ) bk (2.26)

_ / .
= E Ciik5i9i %k if not zero,
Z'7j7k

Then

LT(q;19:9) = LTILT (hy)ligliL T (hy)] =
= LT(h;) LT (l,g,,) LT (})
Sgiew LT (hy)LT[S(9;, 9> D)ILT (hy,) (by (2.25))
= LT[LT (h;)S(9;, gy, d) LT (hy,)]
= LT[S(LT(h;)g,LT(I}), LT (hy,) g, LT(h},), d)] (by (2.23))

<giex LT (h; R ) (by Lemma 2.2.1).

im glm im

Therefore

LT(q;9:9%) <giea LT(h; g; h; ). (2.27)

Equation (2.27) together with Equation (2.26) yields

Z LT (h;)g; LT (h;) = Z Ciirji9:%» if not zero,
LT(h;g;hi)=LT(h;,, 9;,,1i,,) bk (2.28)
where LT(sz'gz‘%k) glex LT(hzmgzm h;m)

Therefore the first sum on the r.h.s. of Equation (2.20) either is zero or can be written as a sum
of polynomials ¢;,9,q;,, each graded lexicographically less than LT'(h, g; h; ). Since the

other sums in Equation (2.20), are also graded lexicographically less than LT'(h; g; h} ), we
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come up with the conclusion that f in Equation (2.20) is a sum of polynomials, each graded
lexicographically less than LT'(h; g; h; ). However this is contradictory to the assumption
of minimality for h; g; h; . Therefore the assumption of inequality in Equation (2.18) is

invalid, so equality occurs there when the minimal h; g, h; is chosen.

Hence for polynomial f of degree < k, having f € (G®), there is a minimal way of
writing f = > 6, €GO h; g; h; , where in this minimal way we have equality LT(f) =
LT(h, g, h. ), which implies that LT(f) = LT(h, )LT(g, )LT(h, ), i.e., LT(f) is di-
visible by some LT(g; ) € LT(GW)), so LT(f) € (LT(G")).

Hence we have shown that for a polynomial f of deg < k in (G™™)), we have LT(f) €

(LT(G™)), which is what we wanted to prove. This completes the proof. O

Remark 2.2.8. The above theorem is the essence of the following Buchberger Algorithm for
calculating the reduced non-commutative Grobner basis w.r.t. a monomial order, degree by
degree.

If we have already Grobner basis up to degree k denoted by G®), we start a new step
of the algorithm by adding the set of generators of degree k + 1 (if any), denoted H*+V
to form the set G*) U H* V). Then for any pair of elements (p,q) in G*® U H*+1) ype

e ayugtD
calculate S(p,q, k + 1) (in case of Fomin-Kirillov algebra for k > 2, we calculate

@@ (k)
Spa k1)

, as H®Y is empty for k > 2). If it is non-zero, we add it to G U H*+1)
and continue until it is zero.
Then we have the output of this step, i.e, the set of the reduced Grobner basis w.r.t. our

(k+1)

monomial order, of degree < k + 1 denoted G , and use it as the input of the next step of

algorithm.
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INPUT: k and GW¥: set of elements of Grobner basis of
deg <k and H®**Y the set of generators of degree k+1.
OUTPUT: G, Here G =G*t), the set of elements of Grobner
basis of deg <k-+1.
FOR k (assume all elements of G*) have been computed)
G = GW y HE+D)
REPEAT
G =G
FOR each pair (p,q), such that p,q€ G’, DO
S:=Spakt1)
IF S#0 THEN G :=GU{S}

UNTIL G=(G".

Remark 2.2.9. The above algorithm works, as by non-commutative Buchberger criterion,
Theorem 2.2.7, if for any pair of elements p, q in G*) and for any positive integer d < k we
have WGW = 0, where G\®) contains the generators of deg < k of ideal, then G*) is
the set of elements of deg < k in Grobner basis.

The fact that the algorithm does end is due to restricted degree; the vector space of all

polynomials of degree at most k is finite dimensional, so we have at most finitely many

elements of deg < k in a Grobner basis.

The dimension of the quotient algebra is not finite if the Grobner basis of the associated ideal
is not finite. However it could be finite or infinite if the Grobner basis is finite.

Since the basis of the free algebra generated by a set of generators consists of all the words on
the generators, the dimension of the quotient of this free algebra on the ideal generated by the

Grobner basis is the cardinal number of the set of all the words on generators of algebra that
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are not divisible by the leading terms of the elements of the Grobner basis. Therefore one of
the useful applications of Grobner basis is to find the dimension of quotient algebras.

Flay, -, an)

di
lm[<gi : g; € Grobner basis>} (2.29)

|words on z; not divisible by leading terms of Grobner basis|
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Chapter 3

Symmetric properties of 'K (n)

In this section we study the symmetric properties of Fomin-Kirillov algebra.

3.1 Action of the symmetric group on F'K (n)

We say a group G defines an action on a set .S if there is a binary operation * : G x § — S

such that

1. Action of identity: e x s = s for all sin .S}

2. Preserves the structure, i.e, for g1, g2 € G, we have (g192) * s = g1 * (go * 5).
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Here we define the action of symmetric group .5,, on a monomial in variables z;;, 7 < j by

defining the action of the permutation o € S, on the variable by

To(i)o () if o(i) < o(j)
oy = ! (3.1)

—Zo(j)o(i) Otherwise

and extend it multiplicatively to monomials. We have the following lemmas.

Lemma 3.1.1. The ideal associated to F K (n) is S,,-invariant.

Proof. Here we recall the set of relations of 'K (n) from (1.2).

R={a},=0,1<i<j<n;
T T — Ty = 0; for distinct ¢, j, k, I such that 1 <74, 7,k <[ <mn;
(3.2)

Tk — TipTip — TipXiy; = 05 if 1 <4 <5 <k < m;

TijTip — Tikij + T2 = 0, if 1 <i < j <k <n}.

One can easily check that the above relations as a set is symmetric under any transposition
of indexes s;; € S, i.e., under any transposition, a relation in the above set R, either stays
unchanged or it turns into another relation in the set. So the set of relations is symmetric under

any transposition, so is symmetric under any permutation in .S,,. We show this for the relation
TijTik — TjpTik — TikLi; = 0, 1 <1< j <k< n,

in the following, the rest are similar.
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Si]'<xijxjk — TjkTik — SCzkl’zJ) = TjiTik — TikTjk — TjpTj; = —TijTik — TikTjk + Tjrlsj
= —(T4jTik — TjpTij + TikTj)-

So

Sz’j<$ij$jk — xjkxik — I'ikxij = O) — (ZL’Z'jZL’Z'k — ZL’jkl’Z’j + J]Z‘kl’jk = 0) < R.

Also

Sik(TijTik — TjpTik — TikTij) = —Tikljk + TjkTij — TijTip = —(TijTik — TjpTij + TikTik)-
So

Sik(TijTjn — TipTik — TikTyy = 0) = (TyTir — TjpTs; + TixTjp = 0) € R

Also

Sz’k(ivijxjk — Tjplik — ﬂfzkﬂfzg) = (iUkjﬂfji + TyTi + l"ikl"kj) = (xjkxij — LijTik — xikﬂfjk)
= —(xijxik — TjkLij + xzkl']k)

So

Sik (T3 — TjpTir — Tipxi; = 0) = (@20 — 25 + vz, = 0) € R.
il j

Therefore the set of the relations of F'K'(n) is S,,-invariant. Hence the ideal generated by the

r.h.s. of these relations is S, -invariant. This completes the proof. [l

Definition 3.1.2. We define the following map for any o € S,

o :FK(n) — FK(n) by -
(3.3)

f(xiljw T 7‘Tikjk) + 1~ f(o-(xilh)v T 70-(xikjk)) + I?

where o (z;;) is defined in (3.1).
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The above map is well-defined on F'K (n) as

f+1=g+1
— f—g€el,
— o(f —g) €1 (as I is S,-invariant by Lemma 3.1.1)

— o(f)—alg) el

Proposition 3.1.3. The symmetric group S, defines an action on FK (n).

Proof. The map o : FK(n) — FK(n) defined by

f(@iyjs - @igg) + 1= flo(zi,), -+, 0(xi, ) + I defines an action on F'K (n) because

1. It is well defined (as shown in the above).
2. (identity axiom): e(f(z;j,, s Tipj) + 1) = f(@iyy, -+ Tij) + 1.

3. (compatibility axiom):

(0102)(f(xi1j17 T 7xikjk) + I) :f((0102)xi1j17 T (UlUQ)xikjk) + 1
:O'1f<0'2£liilj1, e ,O-Qxikjk) + I

:Ul(UZf(xilju te 7xikjlc>> + 1.

Therefore the symmetric group defines an action on F' K (n). [
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3.1.1 An anti-automorphism on F'K(n)

In plain language we may say that when there is an automorphism or an anti- automorphism
on a mathematical object, then the structure of that object is basically preserved. Strictly
speaking, an anti- homomorphism between two algebras is a map between the two algebras that
preserves addition, but unlike homomorphism reverses the order of multiplication. Therefore

¢ : X — Y is an algebra anti- homomorphism if and only if

2. ¢(ax + By) = ap(z) + B¢(y) for z and y in X and for o and S in the underlying field

of the algebra,

3. ¢(zy) = ¢(y)p(x) for z and y in X.

Moreover if ¢ is one-to-one and surjective as well, it is called an anti-isomorphism. An

anti-isomorphism from X to itself is called anti-automorphism.

Definition 3.1.4. Reverse word [1]. Let w = wyws - - - wy, be a word of degree k with w; = Ty
for some 1 < i; < n. Wecall W= WEWy_1 - - - W1 the reverse word of w and extend it linearly

to polynomials.

By the following lemma we have an anti-automorphism on F'K (n).

Lemma 3.1.5. Let S = {x;; : 1 < i < j < n} be the set of generators of F K (n), and let w

be a word on the letters in S. Then we have an anti-automorphism ¢ : FK(n) — FK(n)
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defined by ¢(w + I) = W + I and linear extension of it to FK(n), where W is the reverse

word of w.

Proof. The basis of the free algebra K (x;;) consists of all the words on the letters {z;; : 1 <
i < j < n},sois closed under reverse of words. On the other hand, we observe that the set
of the generators of the ideal associated to F'K (n) in (1.3) is invariant under the reverse of
word, because as we see in the following, the reverse of word of any element in the set of the

generators results in another element of the set.

< y) y)
TijTjk — TjkTik — TikTij = LijTik — LjkTik — TikTij
= TjpLij — TikTjk — Lijlik

= —(TyTix — TjpTij + TikTjk),

< L i
TijTik — TjkTij + TikTik = LijTik — Liklij + TikTik
= TikTij — TijTjk + TjpTik
= —(TiTjk — TjpTik — TikTij),
<—
Lijlgl — TglTij = §z‘jl’kl - §kl$ij
= TpiTij — TijLl = _(l'ijl'kl - $kl$z‘j)7

Tty = vy,

Hence the set of the generators of the ideal associated to F'K (n) in (1.3) is invariant up to sign
under the reverse of words. So the ideal generated by these generators is invariant under the
reverse of words. Therefore the operator of the reverse of words is well defined on quotient,

ie., p(w+ I) = W + I is well defined as

— — —
l.at+I=b+1—sa—-bel—sa—-bel—sa—becl>a+I=10b+1.
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Also as an algebra the addition and multiplication operations in 'K (n) are preserved
under ¢ as

2. ((at D)+ (b+1) = dla+b+ ) =a+ b+l =G+ +1=(T+1)+(b+1)=
ola+ 1)+ b+ 1).

3. ¢((a+ I).(b+ 1)) = ¢lab+ 1) =
$(b+ Io(a+ I).

Also ¢ is 1-to-1 and surjective as

4. ¢la+D)=¢(b+1) = T+I=b+I>T—-belsa—belsa—be

I —wa+1=b+1

5.Yy=0+1, 3a+1 suchthatp(a+1)=7 +1.

Therefore we have an anti-isomorphism from F K (n) to itself. [l
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Chapter 4

Finite degree Grobner basis associated

with FK (n)

Definition 4.0.1. We define GB(n), as the reduced Gribner basis associated for F'K (n) with
respect to the special monomial order defined in Definition 1.2.1. We also define GV (n), as
the subset of G B(n) of degree < d, and G® (n) as the subset of G B(n) of degree 2, or simply
the degree 2 terms of GB(n).

In this chapter we calculate G B(n) defined in Definition 4.0.1 for degrees 3 and 4. In
Propositions 4.1.1 and 4.2.1 we prove that the sets of degrees 3 and 4 elements of GB(n)
consists of polynomials that follow a special geometric pattern defined as z-star in Definition

1.2.3.
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4.1 Degree 3 for general n

Proposition 4.1.1. Let T®) (n) be the set of degree 3 elements of G B(n), the reduced Gribner

basis for the monomial order defined in 1.2.1, associated with F' K (n). Then
T(3)(n) = {ThTasTps + Ta2TpeTaz 1 1 <a<b< z<n}, 4.1)

i.e., T®)(n) consists of z-star polynomials (defined in Definition 1.2.3) for values of = such

that 3 < z < n.

Proof. Here we use Buchberger algorithm introduced at the end of Chapter 2. We consider
the polynomials in (1.3), as the degree 2 elements of GB(n). We recall (1.3) here with their
leading terms underlined and here after on we refer it as the set of degree 2 elements of GB(n)

denoted by GB® (n):

(i):a%, 1<i<j<n,
(i1) : @ijx — T2,y for distinet ¢, 7, k, I such that, 1 < 4,5,k <1 < n,
G(Z)(n) :

(419) @ @iz — T — TipZiyy if 1 <i < j <k <n,

(ZZZ/) DX Tk — TjkTij + Tik Tk, ifl<i< j <k <n.
4.2)
Then the degree 3 terms of GB(n) are the results of the reduction of S-polynomials w.r.t.

G® (n) between all the pairs (p, ¢), where p, ¢ € G (n).

Out of all the S-polynomials between all pairs of p, ¢ € G?, those that result in non zero
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expressions are the following S-polynomials of (iii) and (z), and also for (¢7i") and (7);

S(xabxbz — TpzTaz — Lazlaby LbzTbz, 3)7 and S(xabxaz — XTpTap + Lazlvzy LazLaz, 3)7

where 1 < a < b < z < n. They reduce w.r.t. G®(n) to

LpzLazLhzy + LazlvzLaz, and — (xbzxaszz + xaszzxaz)

respectively which are the same up to sign.

This implies that 7®) (n) in the statement includes all the non zero reduced S-polynomials.
It could also be the set of all the degree 3 elements of GB(n) if it includes the degree
3 generators of [ as well. However in this cases of F'K(n) the generators of [, i.e., the
polynomials in (4.2) are only of degree 2, as we have no relation of degree 3, so the set of
degree 3 generators is empty. Hence 7)(n) is indeed the set of all degree 3 elements of

G'B(n). This completes the proof. [l

Example 4.1.1. Forn =3, 1 <a < b < z < n, the only options for a,band z are 1,2 and 3

respectively. Then we get Ty, Tq.Tb, + Ta2Th2Tq. = T23T13T23 + T13T23713,

3—star
7\

7 N
T93%13T23 + T13T23713

Example 4.1.2. Forn = 4,

.

2 =3, T3Ti3%a3 + T13%e3T13, fora=1,b=2
(

T34T14T34 + T14734714, fora=1,b=3
TpzTazThz + TazTlpzTar =

L94T14%T24 + T14T24%14, fora=1,b=2

X34T24T34 + T24T34%24, fora=2,b=3
\
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The above z-star polynomials for n = 4 is depicted in the following chart

4—stars
7\

75 Y
T34014034 + T14T34014, T34T24T34 + T24T 34T 24,

L24X14%24 + T14X24214

3—star

75 Y
T93%13T23 + 13723713

4.1.1 The number of degree 3 elements of G B(n)

The number of degree 3 terms of the GB(n) associated with /'K (n) is the number of poly-
nomials of the form x,2,. %y, + T4.2p. T4, With the conditions 1 < a < b < z < n. This
number equals the number of ways you can choose a 3-set {a, b, z} out of n objects, i.e., (g)

Therefore

n) :n(n—l)(n—2) 43)

Nn) = (3 6

Example 4.1.3. GB(6) has 20 degree 3 elements.

4.2 Degree 4 for general n

Similar to the previous proposition we prove the following proposition which again gives rise

to z-star elements of GB(n).
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Proposition 4.2.1. Let T (n) be the set of degree 4 elements of G B(n), the reduced Gribner

basis for the monomial order defined in 1.2.1, associated with F K (n). Then

4 _
T( )(TL) - {xcszzxazxcz + LpzLagzLlezlbz + LazlezlbzLaz,

LezlazlhzLez + LpzLezlazlbz + LazlpzLlezlaz,

4.4)
where 1 < a <b<c<z<n},

ie., TW (n) consists of z-star polynomials for different values of z, 4 < z < n.

Remark 4.2.1. In the set T (n) in the above proposition, the second element is ‘reverse’ of

the first one.

proof of Proposition 4.2.1. We denote an element of T®)(n) in Equation (4.1) by g. Then out

of all S-polynomials between 2-terms and g only
S(xijxm — T, 9,4) and S(x4x — Tkt + Tk, g, 4)
and out of all possible cases for 2-terms in here only the ones in

S(xacxbz — TpzTacy; LhzLazLhz + LazlpzLaz, 4)7 and

S(:Ebcxbz — Lezlqce + LazZlpzy LozLazliz + LazlpzLaz, 4)

result in nonzero S-polynomials, where these reduce w.r.t. G (n), respectively to

g =TczlazThz ez + Ty Tz Tz T + Lazlbzlczlaz,

. . F
and itS reverse: ¢ =T, Tp:TarTer + TprLazTezLhy + Loz TezTh Tas-

Since the set of degree 4 ideal generators is empty, these are the only degree 4 element of

53



G B(n) as before. This completes the proof. O

4.2.1 The number of degree 4 elements of GB(n)

The number of degree 4 terms of the G B(n) associated to F'K (n) is the number of polynomials

of the forms

xczxaszzxcz+xbzxczxaszz + LazlpzLezlaz, and

xcszzxazxcz+xbzxazxcszz + LazTezlbzlaz

with the conditions 1 < a < b < ¢ < z < n. Since each of the two equal the number of 4-sets

{a,b,c, z} we can choose in n object, i.e., (}), we have

N(n) = <n) _n(n— 1)(n1; 2)(n—3) 4.5)

Example 4.2.2. GB(6) has 30 degree 4 elements.
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Chapter 5

General degree Grobner basis associated

with FK (n)

In this chapter we prove Proposition 5.2.3 that would be the inductive step for a proof to
Theorem 5.2.4 on condition that Conjecture 5.2.1 is true. Theorem 5.2.4 asserts that every
element of GB(n), defined in 4.0.1 as the reduced Grobner basis associated for /'K (n) with
respect to the special monomial order defined in Definition 1.2.1, is a z-star polynomial for
n > 3.

Since elements of GB(n) are the result of reduction of S-polynomials, to prove Theorem
5.2.4, we need to check S-polynomials. However for every z-star polynomials p and ¢ we
have S(p, q) reduces to a z-star polynomial w.r.t. a list of z-stars (as we will show in the
following lemma). Therefore we need to check only S-polynomials WG(k)(n),
where p € G (n) (the degree 2 subset of G*)(n) in (4.2)) and ¢ € G*)(n) (assumed to be

z-star for k > 2), also where ¢ € G® (n) and p € G*)(n) (assumed to be z-star for k > 2).
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Remark 5.0.1. We use notation G (n) to denote the set of elements of GB(n) of degree
< d, also the notation G'®)(n) to denote the 2-terms of G B(n). A general degree d element of

GB(n) is denoted by x4, . %, - * TayztMo+Ms+- - -+ My, or just by g = My+My+- - -+ M,

where My = Tq,,%q, - * Tay IS the leading term LT and x,, . is the leading variable of the
leading term. We underline the leading terms when necessary. Another situation we use
underline is when emphasizing, in the chain of calculations, where we are working or doing a

reduction.

G (p)

As in Remark 2.2.8, calculation of Grobner basis of F'K (n) is via S(g1, g2, d + 1) as

there is no generators of deg > 3 for the ideal associated to /'K (n). In the following lemma,

we find this if g; and g, are both z-stars.

Lemma 5.0.2. Let g, and gy be z-star elements of degrees s > 3 and t > 3 respec-

tively in G'Y(n). Assume all the elements of degree > 3 in G\ (n) are z-stars. Then

G (n

S(g1, 92, d+1) ) is either a z-star or zero.

Proof. Here we need to calculate S(g1, g2, d + 1). Referring to Definition 2.1.7, the length
of the overlap v between the leading monomials of ¢g; and g, with respect to integer d + 1 is
[(v) =s+t— (d+ 1). We first look at case [(v) = 1. For such an overlap to a available we
need 1 = s+t —(d+1),sowehave d+ 1 = s+t — 1, otherwise there would be no overlap

available, so results in zero.

Then to have an overlap of length 1 between the leading terms of ¢g; and g, we need them

to be of the following forms (otherwise there would be no overlap, so a zero result):

! !
91 = Tay2Tayz* * Tage + Mo+ -+ M, and go = 24, Ta,, 2 Tay 12+ Mo+ + Mp,,
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where My, - -+, M, and Mj, - - -, Ml’,, are z-star monomials. Then we will have

S(g1,92,d+1) = S(g1,92, s+t —1) =
:xalzxa% e xas_leé -+ xalzxagz e xas_leé + o4+ walzxagz Ce ‘Ias_sz;;

— Moo, 1z Tayyy 12— M3Ta, z Tagpy gz — = MpTa 12 Taypy_ sz

However it is obvious that all the monomials in S(g;, g2, s + t — 1) in the above equation are
z-stars, so are not divisible by elements of G®)(n) (as they are not z-stars). So their reduction
w.r.t. degree > 3 terms in G(¥)(n) (by assumption z-stars) would be a z-star polynomial

G(d)
or zero. Therefore S(gy1, g2, s+t — 1) ") is either a z-star polynomial or zero. For case

[(v) > 1, the proof is similar. O

The above theorem guarantees that S-polynomials between two z-star polynomials in
G@(n) reduces to a z-star element or zero, under reduction w.r.t. G¥ (n). Therefore we need
to look into the cases S(p, ¢) where p € G (n) and ¢ is a z-star also where ¢ € G (n) and

pis a z-star.

5.1 S-polynomial of a degree 2 term of Grobner basis and

a z-star

The following lemma is applied frequently in the sequel. In this lemma, for a z-star monomial
of general form M = x,,.%,. - %,,., Wwe derive a formula for the reduction of zg, M

with respect to 2-terms in (4.2), denoted G®(n). To be clear we need to emphasis that this
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reduction could be incomplete, we denote it by the symbol —0&(—)% to show the equivalence

GO (n
modulo (the ideal generated by) G® (n) or in general mod G, 16 show the equivalence

modulo (the ideal generated by) G)(n), the symbols we use frequently in the sequel.

Lemma 5.1.1. Let 73, denote transposition of indexes o and 3 where 1 < < o < z <
n, and consider a z-star monomial M = x,,,%q,. - Za,.. Then we have the following
equivalence modulo G'® (n) of x5, M where G® (n) is the set of 2-terms of GB(n) in (4.2)
associated with F K (n).

mo (2
.l’ﬁaM L()> T5Q<M)ZL‘5Q

Lozl Bz, as = «

(5.1
+ Z T,Boz<xalz e xas_lz) —TBzTaz, ag = 6 xas+1z o Tagz-

0, otherwise

Proof. We first prove the following claim.

CLAIMI: Let1 < < a < z<mnanda < z, then we have the following equivalence.

;

TaxT3z, ifa=aq,
mod G2 (n)
Thaloy, — Tﬂa<xaz)l‘,8a + —TB:Tqz, ifa=7, (5.2)
0 otherwise.

The terms on the r.h.s. of Equation (5.2) are not divisible by any leading 2-term, so it is
indeed a reduction but, as far as it comes to the process of the proof of the statement, for now,

equivalence modulo G? (n) is enough. We prove this claim by cases.
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Applying F'K (n) relations, i) : £ga%ys — 22 8q, i17)

iii') -

TBaTar — TazTBz — L3:TBq, and

TBaTBs — TasTBa + T8:Taz, With underlined leading terms, we have the following cases.

l. If a = o, then Xpa%n: = Ta2%8: + T3:T80 = Lazs: + Taa(Taz)Tsas

2. Ifa = B, then 23,78, — TouzTpa — T82Taz = Ta(Tp2)Tpa — T82Tazr = Tap(Taz)Taa —

TpzToz,

3. If a # o, 3, then 2,%0: — TazTga = T8a(Taz)Zsa-

We summarize the above items in

Tpalaz —

(

TBo (-Taz>x5a + Lozl Bz,

T,Boz («Taz)xﬁa — xﬂzxam

TBo (xaz)x/ﬁaa
\

if a = «a,
if a = 3, (5.3)
otherwise,

which is equivalent to Equation (5.2). However Equation (5.2) could be seen, in the context of

the monomial M = x4,,%q,. - - - a2, as the result of passing xg, over x,, ., to the right, as in

xﬁa(xalz T xadz) — Taﬁ(xalz)xﬁaxagz o Tayz +

TazTBz ifa; =«
—TBzTaz if ay = 5 Lagz " Lagzs
0 otherwise

(5.4)

and extension of this idea to the case of passing z 3, to the right over the whole monomial

M = x4,,%q,, - - T4, motivates the following claim.

CLAIM II: With the same setting of indexes as in CLAIM [, and for 1 < ¢ < d, we have
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the following equivalence modulo G (n).

mod. G (n)

‘T,BocM = Iﬁa(xalz e :I"adz) Tﬁa(xalz U xatz)wﬁaxaprw o Tagz

T o PASSES OVET Tgq 2 Tayz

Loz TPz, ifa, =«
t
+ E Tﬁa(xmz ot xasflz) —.Z'ﬁzl'az, if ag = ﬁ xaerlz e xat+1z o J;adz-
s=1
0, otherwise

(5.5)

To prove CLAIM 11, we consider Equation (5.4) as the base of induction. For inductive step,
we apply Equation (5.2) to the underlined part in (5.5) to get an expression for ¢ 4+ 1. The
underlined two variables in the above is the only divisible by 2-terms. As x, moves to the

right, step by step, makes new divisible parts.

Therefore we have

mod G (n)
JiﬁaM = l’ﬁa(xalz o 'l'adz) E— Tﬁa(l‘mz o ':EatZ) [Tﬁa(xawlz)‘rﬁa
r
Tz T8z, ifa, =
+ —TB:Taz, if A4 = 5, ]xat+22 T Tayz
0 otherwise
\
T ifa, =«
t
+ E Tﬁa<xa1z T xas_lz) —XB: Tz, if s = ﬁ Togi12° " Lagz =
s=1
0, otherwise
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= Tﬁa(ajalz e :UatZ)TﬁOé(wat+12)$ﬂaxat+2z © o Lagz

Tz T8z, if a1 = o
+7-,6’a (*Talz o xatz) —ZTazloz, if Qi1 = 6, Lapioz " Lagz
0 otherwise
Loz T Bz, ifa, = «
t
+ZTBO‘($(Z12"'$G/5712> —T8:%qz, ifa, =p X Tg 1z Tays
s=1
0, otherwise

- Tﬂa<$alz e matzxale)xBaxasz o Tayz

Tz T8z, ifa, =
+Tﬂo¢ (xalz e xatz) —IEBZQ?&Z, if i1 = ﬂ, x(lt+22§ o Tayz
0 otherwise
TazT3z, ifa, =«
t
+ E T,Ba<xalz T xas_lz> —XB: Tz, if g = ﬁ Tagi12 " Lagz =
s=1
0, otherwise

= T,Ba<xa1z e xatz$at+1z)$,3axat+2z o Tayz

TasT ifa; = «
41 azl Bz, s
+ E T,Ba(xmz ot xas_1z> —TBzTaz, if ag = ﬁ xas+1z e xadm
s=1
0, otherwise

which completes the proof of CLAIM II.

Now in the statement of CLAIM II, Equation (5.5), letting ¢ = d, yields the following.
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mod G2 (n
xgaM Od—()> T5a<M)$l?5a+

LazlBz, as = «

d (5.6)
+ Z Tﬁa<malz T :L‘asflz) —$5Z$az, ag = B m(15+12 o Tgyz-
s=1
0, otherwise
This completes the proof. ]

Definition 5.1.2. For a z-star monomial M = x,,,%,,, - T,,. we define its associated

polynomial w.r.t o and B, denoted by M (e, B) by

M(OZ, B) = Z T,Ba(xalz e xas_lz)(xaz$,82>$as+1z Tt xadz- (57)

1<s<d: as=«
Similarly for any z-star polynomial g = M, + - - - + M;, we call

Glo, B) = My(a, B) + - - - + My(ev, B) associated polynomial to g if
(5.8)

M;(a, B) is associated to M;, fori=1,--- ,t.

Remark 5.1.3. From (5.7) we notice that M is a z-star but could be a monomial or a

homogeneous polynomial with deg(M) = deg(M) + 1. Also it is clear that in general
Mo, B) # M(B,a) and M(a, B) # TaﬁM(ﬁ,a). Also M(o, ) = 0 if ay # o for s =
1,2,--- ,d or if xo, and xg. appear in M only as consecutive variables x..xg., as then
the defining sum of M (e, B) consists of only one term which is equal to zero. Similarly
M(ﬁ, a) =0ifas # Bfors=1,2,--- dorifx,, and xs, appear in M only as consecutive

variables v3,%.. It is also clear from (5.8) that g is z-star, as it is the sum of z-star summands

M.
Example 5.1.4. Let M = z4,,%q,, -+ Ta,_,2Ta,» Where a;, fori=1,--- ,d — 1 are distinct

62



(notice that the variable x,,, appears at two ends of M ). Then by (5.7) for  # a;,i =

1,2,---.d—1we have

M(al) /8) =
= TBay (mam o 'xaox:')(xmzxﬁz)x@zxasz “ Tag_12%arz T TRay (xmzxazz e 'zad_w)(xmzx&)
- xalzxﬁzxazzwagz e xad_lzwalz + x,@zxagzxagz o xad_lzxalzxﬁz~

Hence

M(ala B) = xalz-r,@zxagzxagz T xad,lzxalz + xﬁzxagzxagz e xad,lzxalzxﬁz- (59)

However ]\7[(5, ay) = 0 as there is no variable x,_, in M with as = ( as 8 # a; by assumption.

Example 5.1.5. Let M; = %4,.%a; 12" Tay_12Tar2Tayz " * * Ta;- Where the indexes as, s =
1,---d — 1 are distinct. Then by (5.7) for f # a;,i = 1,2,--- ,d — 1 we have ]\Z(al,ﬁ) =

TBay (Iajz$aj+1z T xad,lz)<xalzxﬁz>xazzxa3z e xajz- Hence

Mj (ah B) - xajzxaj+1z e xad,lzxalzxﬂzxagzxag,z e xa]-z- (510)
Proposition 5.1.6. For a z-star monomial M = x,,,%, - - Ta,, and for o, B < z we have

mod G2 (n ~
M " o (M) o + M (e, B) — M (B, 0). (5.11)
Example 5.1.7. Let 3 # a,band let M = x,,xy,x,, then ay = a, as = b and a3 = a. Then

M(CL, ﬂ) = Z{m am=a, i.e, m=1,3} Tﬁa(xalz T xamflz)xazl‘ﬁz(xam“z T xcuz)
= TBa<1>xaz$Bz («sz$az> + Tﬂa(xaszz>xazxﬁz = TazTB82TpzTqz + TBzTpzLazTpz-

AlsoM (B3, a) = 0 as by assumption 3 # a,b or in other words

M(B,a) = D (meam=p}—¢ Toa(Tarz " Tap_12)Tp:T0x(Tapirz " Tagz) — 0, as the sum is
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over empty set.

Proof of Proposition 5.1.6. Equation (5.1) could be rewritten as

mod G (n)
:L'gaM —>Tga(M>$5a

+ Z Tﬁa(walz e xas,12)<xazxﬂz)xas+1z o Tayz (512)
1<s<d: as=«
- Z T,Ba<xa1z T xas_lz)($6z$az)xas+1z o Tayz-
1<s<d: as=p
Now an application of Definition 5.1.2 to the above equation yields
mod G(z)(n) ~ ~
LM ———— 1o (M)xge + M (v, ) — M(5, cv). (5.13)
This completes the proof. U
Example 5.1.8. Let M = x4,,%q,. - - Lo,z with distinct a; < z fori=1,2,--- ,d. Then for

indexes « and (3, such that a; # o, f we have (TgoaM)xq = Mxs,, and M(a, ) =0 =

M (B, ). Therefore xg, M = Muxs,, as expected.

Example 5.1.9. For indexes o, 3 < z, Let M = T4, , %0, * * Tay_,2Ta, 2 With distinct indexes

a;,1 = 1,2,---d — 1. According to the notation of indexes in Proposition 5.1.6 we have

a=ay,a; #p,i=1,2,--- ,d— 1. Then

(Tﬁal M)Iﬂal :'IBZ'IGQZxa3Z e xad_lzxﬂzxﬂala

M(ala 6) :xalzmﬁzxagz Loy 12Larz + Tﬂa1 (xalzmagz ot xad_lz)xa1zxﬁz~

Also M (83, ay) = 0 as by assumption we have § # a;.

Hence we have the following.
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xﬁalM =TB2Tay2Tasz " * * Lay_12LB2TBay + La122B82Tasz ** * Layg_12Larz

+ LBzLagzlaszz " " Lay_12La1 2L Bz-

Example 5.1.10. let M = x,,7p.7,. with a and b distinct. Let indexes o, 3 < z such that 5 #+
a, b, then according to the notation of Proposition 5.1.6, we have a; = a, a; = b and az = a.
Then v, M = (% a:Th:Taz) M T@a(a:azmbzwaz)xgaqLM(a, B) +M(5, a). However
from Example 5.1.7 we have ]\Zf(a, B) = TarTp2T:Taz + T3:Tp:T 02T, and M(ﬁ, a) =0as

B # a,b, which upon substitution into the above we get

xﬂaM - (xﬂszzl’ﬁz)% + LazT8:TpzTaz + L2 Xpzlazl Bz

Proposition 5.1.6 is useful in proving the following Lemmas 5.1.11 to 5.1.15 where we
— T T
prove that for p € G®(n), S(p,g,d + 1)G " equals either a z-star or zero, where g is a

degree d element of GB(n).

Lemma 5.1.11. Let g = Zli=1 M; = %4,:%ayz " Tayz + My + -+ + M; be a general

degree d element of GB(n) where T4,,%q,. - - - Tq,. is the leading monomial. Assume all

G(d>(n)

the elements of degree > 3 in G\ (n) are z-stars. Then S(zijxi,g,d+ 1) and

G (n

S(g,xijzij,d+ 1) ), are z-star elements of GB(n) or zero.

Proof. From all the possible values for the indexes in x;;z;; the only cases for the 2-term to
result in non-zero S-polynomial with our z-star g, are z-star 2-terms Z, , %4, and ,,. %,
Then by Lemma 5.0.2, S-polynomial of two z-stars reduces to z-star or zero w.r.t. G (n),
as all the elements of degree > 3 in G(¥)(n) are z-stars by hypothesis. This completes the

proof. 0
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Remark 5.1.12. In the following Lammas, while g may not be a complete reduction, we arrive
at an intermediate step where we have only z-star. Any further reduction (as seen in Lemma

5.0.2) preserve the z-star property.

Lemma 5.1.13. Let g = 22:1 M; = x4,:%0, - oy + Mo+ - - - + M; be a general degree

d, z-star element of GB(n) where X, ,%qys -+ - Ta,- is the leading monomial. For o, 5 < z
let the monomials in g contain variables x. and/or vz, with any multiplicity. Assume all
the elements of degree > 3 in GY)(n) are z-stars. Then S(xijTr — Tuxij, 9, d + 1) under

reduction w.r.t. G'Y)(n) reduces to the following z-star polynomial or zero.

g’zg(ﬁ,a)—g(oz,ﬁ) ) (5.14)

where §(3, ) and §(«, ) are defined in Definition 5.1.2.

Proof of Lemma 5.1.13. From all possibilities for x;;x — 22,5, the one’s that results in a

possibly nonzero S-polynomial with our z-star g are

maﬁmalz - xalzxa,@;

where «, 3, a1, z are distinct. So we have:

mod G (n)
TafTayz ——— Lay2Taf-

Therefore we are restricted to

S(xaﬁxalz — Tay12TafB; LajzLasz " Lagz + M2 +- Mb d + 1)
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Then

S(xaﬂxmz - xalzxaﬁa La12Lagz " " * xadz + M2 + -+ Ml, d + 1)

= xaﬁMZ + -+ xaﬁMl + La12CaBlayz " Layz

- waﬁMZ + -+ xaﬁMl + Taplaizlagz " Layz

l
= {L‘a/g Z ]\4Z
i=1

l
PRI, S (rasMi)as + N(B, @) — Ni(a, B)

i=1
l l

_ Taﬁ[z M;|zq5 + Z[Mi(ﬂ, a) — Mi(%ﬁ)]

i=1

= Tap(9)Tap + 9(B, @) — g(a, ).

However 7,4(¢) is in the ideal as ideal is closed under S,,. Since 7,5(¢) is in the ideal and

it is of degree < d it is divisible w.r.t. G (n), and so is its multiple 7,5(g)z 5. Therefore

G (n)

Top(9)Ta,p = 0, so we are left with the z-star polynomial §(3,«) — g(«, 5). While

this could be not a complete reduction and it could be subject to further reduction, however

being a z-star polynomial, under any further reduction, it reduces to either a z-star polynomial

G(D (n

9(B,a) — gla, B) ) or zero by Lemma 5.0.2. This completes the proof. ]

g/

Lemma 5.1.14. Let g = Zi:l M; = x4,:%0y - Taye + Mo + - - - + M; be a general degree

d, z-star element of GB(n) where x4, %, - - - Tq,. is the leading monomial. For [} < z let
monomials in g contain variable x 3, with any multiplicity. Assume all the elements of degree
> 3in G\ (n) are z-stars. Then S(xi% ik — TikTik — Tipkis, g, d + 1) under reduction w.rt.

G D (n) reduces to the following z-star element of GB(n) or zero.

, G(d) (n)

g = g(ay, B) — §(B,a1) : (5.15)
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Proof. As before restricting our 2-term to those not result in obviously zero S-polynomials,

we calculate S(%gq,Ta,2 — Tay2T8: — 32T Bays TayzLags - Tagz + Mo+ -+ My, d+1).

Calculations similar to those for Lemma 5.1.13 gives S-polynomial

S('rﬁalxlllz - xalzxﬂz - xﬂz«rﬁala xalz tee Ia,dz + M2 + -+ Ml, d + ].) =
(5.16)

T Bay M2 + -+ x,@alMl + La12882Lasz " * " Layz + LBzTBa1Lagz " " " Lagz-

However in Equation (5.16), consider the last term and let 25,284, Ta,z - - * Tayz = T30 80, M,

where M = z,,, - - - Z4,.. Then

d G2 (n) ~ ~
LBzxBa1Lazz " ** Lagz = xﬁzxﬁmM/ mo—”> LBz [Tﬁal(M/)xﬁal + M/(ala ﬁ) - M/<5a al)]'

Therefore

d G@)(n ~ -
L322 3ay Lags " ** Layz mod G m), T30y (M) g0, + 5. M (a1, ) — 25, M'(B,a,) (5.17)

where M’ = x4, - - %4,

We now calculate the three terms on r.h.s. of (5.17).

L. LBzTBay (M’)$5a1 = TzTBay (xazz T x@dz>x6al = TBa1 ("L‘a12$a22 o "'L‘adz)l‘ﬁm

= TBa; (Ml)xﬂal .

def

2. xﬁZM/(Ba ap) = Xz ZQgsgd; as=a; 1Ba1 (Tags " - xas—w)(xmzxﬁZ)xasﬂz “Tagz =

def .~
Zlgsgd: as=a; TBa1 (xalszQZ o 'xasf12)<xa1zx,3z)$as+1z o Tagz = M, <6a al)-
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. . . ~ d G2 (n ~
3. similar calculations yields , 3, M'(ay, 3) mo—()> Mi(ay,B) = Tay2X3:Tapz - - * Tayz-

Substitution the above three items into (5.17) yields

mod G (n)
LB2LBa1Lasz * " Layz E—

(5.18)
(Tﬂal Ml)‘rﬁm + My (ala 6) - Ml(ﬁu al) — La120B82Lasz " " Lagz-
Also
l d G (n) ~
xﬁa1M2+"'+x,Ba1Ml = ZmﬁalMi — T,Bal(Mi>$6a1 +Mi(alaﬁ>_ i(ﬁ?al)-
=2 =2
(5.19)

Now substitution of (5.18), and (5.19) into (5.16) yields:

S('Tﬁalxalz — La12LBz — XBzLBays Layrz " Layz + M2 + -+ Ml7 d + 1)

[
mod G (n) ~ ~
S [Th0 Mizga, + Mi(as, B) — Mi(3, 1))

i=1

= Ty (Y Moy + D_[Mi(ar, ) = M(8, )]

= Tﬂal(g)xﬁal + f](ala B) - g(ﬁ? al)

mod G(D(n) _
_—

- red. w.r.t. G(@ (n)
g<a1a 6) - g(ﬂ) a1)7 as Tga, (g)xﬂ(h

0, as before.

Hence

S(xﬁalxmz — La12LBz — LBzLBays Layz " Layz + M2 +--+ Ml7 d + ]-)

9(a1, B) — (B, a),

mod G4 (n)
—_—

which is z-star and under any further reduction, it reduces to a z-star polynomial
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G (n

g =g(a1,8) — g(B,a1) or zero by Lemma 5.0.2. This completes the proof. O

Lemma 5.1.15. Let g = 22:1 M; = x4, 2q,, + Mo+ - -+ 4+ M be a general degree d,
z-star element of GB(n) where x,,, - - - T, is the leading monomial. For 3 < z let g involves
variable xg, with any multiplicity. Assume all the elements of degree > 3 in GD(n) are
z-stars. Then, S(M — TjkTij + TikTik, 9, d + 1) under reduction w.rt. G 9 (n), reduces to

a z-star element of GB(n) by

g =9(8,a1) — gla1, B) : (5.20)

Proof. Like before restricting our degree 2 elements of GB(n) to the ones that do not result
in obviously zero S-polynomials, we calculate S(Z4, %02 — L3220y, 8 + Tay2T82,9,d + 1).

Calculations give

S(xalﬂxmz — XBzTqy B + La1208zy Layz*** Lagz + M2 + -+ Ml, d + 1) =

5.21)
xmﬁMQ + -+ 'IabBMl + TBzTa18Lasz " " " Lagz — LayLBzLasz " Lagz-
Calculations similar to those for the proof of Lemma 5.1.14 shows that
mod G2 (n)
LBzLa18Lagz " * " Layz E—
(5.22)
(Ta1BM1)xa1ﬂ + Ml(@a CL1> - Ml(ab ﬁ) + La12XB2Lag ** * Layz-
and
l
mod G(Q)(n) ~ ~
Lo, Mo + -+ + 28y, M} ——— ZTalﬁMixmB + M;(B,a1) — M;(aq, 5).  (5.23)
i=2

Now substitution of (5.22), and (5.23) into (5.21) yields the following.
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S(xalﬁxalz — XBzTq,,B + La12TBzy Tayz - Layz + M2 + -+ Ml; d + 1)
l

l
LTI, (3 M)+ S V(B 1) — Mi(an, 5))
=1

i=1

= Talﬁ<g)xa1,@ + g(ﬁ? al) - g(al’ B)

red. w.r.t. G@ (n
e —

)~ - red. w.r.t. G(@ (n)
g(ﬁa 04) - g(alaﬁ)v as Talﬁ<g)xa1/5 E—

Hence

S(xalﬁxalz — TB2%ay 3 + La1208zy Layz - Layz + M2 +---+ Mla d + 1)

mod G4 (n) (524)
— §(B,a1) — g(ar, B),

which is a z-star polynomial and under any further reduction, it reduces to a z-star polynomial

G (n

g =9g(8,a1) — glay, P) or zero by Lemma 5.0.2. This completes the proof. ]

Remark 5.1.16. Having a general z-star element g of degree d in G'Y(n), Equations (5.14),
(5.15) and (5.20) provide concise formulas for finding the higher degree element g' of degree
d + 1. We summarize Lemmas 5.1.13, 5.1.14 and 5.1.15 in Table 5.1 with over line on the
terms in the right column as emphasis on the point made in Remark 5.1.12. We see that the

result for degree 2 elements of GB(n)
Iﬂmxalz — Lg12LB8z — xﬁzxﬂal and La1Larz — xﬂzxmﬂ + La12LBz

are the same up to sign.

We summarize Lemmas 5.1.11, 5.1.13, 5.1.14 and 5.1.15 in the following proposition.
Proposition 5.1.17. Let g = 22:1 M; =xq,, - xgus + Mo+ -- -+ M be a general degree
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G (n)

Table 5.1: S(p,g,d + 1) ,peG?
———GD(n)
p € G3(n) g: element of GB(n) of degree d S(p,g,d+1)
G@D(n
Taplarz — LajzLaps xalz"'xadz+M2+"'+Ml g(ﬁaa) _§<a76) ™
G (n)

LBa1Larz — Lay1zLBz — LBzTBay xalz"'xadz+M2+"' +Ml g<alaﬁ) _E](ﬁval)

G D (n)

xa1ﬁ$a1z_$ﬁzxa1,8+xa1zxﬁz xa1z"'xadz+M2+"'+Ml _g(alaﬁ)+g(/67a1)

d, z-star element of G\ (n). Assume that all the elements of degree > 3 in G'9(n) are z-stars.
Then S(p, g, d + 1), where p € G, under reduction w.r.t. G'¥(n) reduces either to zero or a

z-star element of GB(n).

5.2 The conjecture on the vanishing of some S-polynomials

Our calculations in the next section yields some lemmas and propositions that strongly suggest

the following conjecture.

Conjecture 5.2.1. Let g be an element of degree d > 3 in G\¥) (n), the set of elements of the
reduced Grobner basis with degree < d, for the ideal associated to F'K (n) with respect to the
ordering defined in Definition 1.2.1. Assume all of the elements of degree > 3 in GV (n) are

z-stars. Then for p € G (n), S(g,p,d + 1), w.r.t. G (n) reduces to zero.

Remark 5.2.2. If Conjecture 5.2.1 is true, then for g = Eizl M;, a z-star element of degree

d in G\D(n), there is a higher degree element

where p € G® (n) and where the indexes o, B < z are in p. According to Remark 5.1.3, for
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M;(a, B) and/or M;(8, ) in g(«, B) and/or §(B, ) respectively, not to be zero, we need the
variables x,, and/or xg, appear in monomials M;(c, B) and/or M;([3, o) respectively at least
once but not as consecutive variables x.,,x g, and/or x . respectively.

G(D (n

For a finite n (so finite number of indexes), consider S(p, g = Zi:l M;, d+1) for any

p € G®(n) as an operation of p on g from left. Then, for any fixed pair of indexes (o, 3)
where «, B < z, after a finite number of successive applications of elements p € G from left
on g (no matter successive applications are with the same element or with different elements
having the same fixed indexes («, [3)), we are eventually left with monomials wherein the
variables x, and x . appear only as consecutive variables .7 g, or X3,%,, SO We come up
(eventually) with zero, i.e., the generation of new terms terminates.

Application of the above considerations reflected from Table 5.1 provides not only a conjec-
turally faster computer program for calculating Grobner basis but also could give some hint

on how to attack the problem of dimension for n = 6.

On condition that Conjecture 5.2.1 holds Proposition 5.1.17 together with Lemma 5.0.2

yield the following proposition.

Proposition 5.2.3. On condition that Conjecture 5.2.1 holds, let G'Y)(n) be the set of elements
of Grébner basis of degree < d for the ideal associated to F' K (n) with respect to the ordering
defined in Definition 1.2.1. Then if all the elements of G\ (n) of degree > 3 are z-stars, same

is true for G+ (n),

Proposition 4.1.1 as the base of induction, together with Proposition 5.2.3 as the inductive

step prove the following Theorem which is one of the main goals of my project.

Theorem 5.2.4. On condition that Conjecture 5.2.1 holds, let GV (n) be the set of elements

of degree < d of GB(n), the reduced Grébner basis w.r.t. ordering defined in 1.2.1 for the
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ideal associated to F K (n). Then all the elements of the G'Y (n) with degree > 3 are z-star

polynomials for 3 < z < n.

5.3 Evidences supporting our conjecture

The material of this section are in support of conjecture 5.2.1. Here we recognize some
important classes of Grobner basis elements g for the ideal associated to 'K (n) for which
if g is of degree d then S(g,p,d + 1) for p € G®), reduce to zero by reduction w.r.t lower

degree terms. We start with the following definition.

Definition 5.3.1. GB(n) elements of type-one. For distinct indexes a; and z, for 1 < a; <

z < n, we call any homogeneous polynomial of the following form a type-one element of

G B(n) for ideal associated to F K (n) if it is of the following form,

d—1
g = E xajzxaj+1z Tgy 12Tayz """ Qzajm (525)
j=1

where d is the degree of the polynomial, 3 < d < n, and where the number of monomials in
the polynomial is d — 1.
Remark 5.3.2. In the sequel we denote a type- one degree d element of GB(n) alternatively
by

d—1

g = xalzxagz e xad,lzxalz + E xajzxaj_;,_lz e xad,lzxalzxagz e Ia]-zy or

= (5.26)

g= M+ M +---+ Mg,

where M; = T4,2%a;, 12" Tay_12Tar2Tagz " " * Ta;z and, where My = Xg,.Tay. ** Tay_ 12 Ta;z
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is the leading term of g shown underlined.

Example 5.3.3. The set of elements of degree 3 in GB(n) found in Proposition 4.1.1 and

recalled in here
T(?’)(n) = {xbzxaszz F XoXpelyr 1 <a<b<z< n} , (5.27)
as well as all the degree 4 elements of G B(n) derived in Equation 4.4 are examples of type-one

elements of GB(n).

Remark 5.3.4. Since the length of g in Definition 5.3.1 is d and the maximum value for d is
n (as variables x,,, are distinct except for the first and the last one in each monomial, and
a; < z<n,i=1,2,---d— 1), the highest degree of type-one elements of GB(n) for F K (n)

s n.

Remark 5.3.5. It is worth to refer to a more general form of type-one elements of GB(n)

derived from 5.3.1 by relabeling variable indexes, like the following
d—1
9= Z x(ljZ:UCLj+1Z o Tag_z2lapmz Iajza (528)
j=m
which is a type-one but of degree d — m + 1, or even more general forms

d—1

g = E xajzzajJrlz Tt Iad_lzxalzxazz e xalzxamzxam_‘_lz e xajza (529)

j=m-—I

which is of degree d + 1 — m + 1.

Another form of type-one but of degree (d — i) is the following.
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m—i
g = E xatzxat+1z e xam,izxam+1zxam+gz e xad_lzxalz T xatz+
t=1

(5.30)

d—1
E Iatzxa“_lz e xad,lzxalz e xatz-
t=m+1

We are going to use these general forms alternatively in the sequel. It is also worth noting
that the number of monomials in a type-one element is always one unit less than the degree (it

is clear from the structure of type-one).

Remark 5.3.6. The family of elements of type-one is in the ideal of Fomin-Kirillov Algebra as
it is the result of the reduction of S-polynomials. To prove this we show that the S-polynomial
between at least a specific 2-term and a degree d type-one element of G(d)(n) reduces w.r.t.
G (n) to a type-one degree d + 1 element of G B(n), and conversely any type-one element is
the result of the reduction of S-polynomial between a 2-term and a type-one. We cover this in

the following lemma.

Lemma 5.3.7. (also shown in [14], Lemma 7.2)
Let
d—1

g1 = xalzxazz e xad,lzxalz + E $ajzxaj+1z e xad,lzmalz e xajz
=2

be a type-one element in G (n). Then for 2-term Tgq, T o,z — Tay2 X2 — L322 3a,, With the
assumption that B # a;, i = 1,2,--- ;d — 1, and B < a1, the S-polynomial S(x 34, %a,, —
Ty L6 — La2TBay, g1, d + 1) reduces w.r.t. G (n) to a degree d + 1 type-one element of
Grobner basis. Conversely, given a type-one degree d polynomial gy, there is a type-one

degree d — 1 polynomial g and a degree 2 element R of GB(n) such that

red. w.r.t. G@=1 (n)

S(R, g2,d) > g1
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. d—1
Proof. 1. We rewrite g1 as g, = My + E M, where
Ml = Ta12Lasz " * * Layg_12Layz)

and

M.

i = majzxaj_Hz gy q12Layz " " xaj,z'

By Equation (5.24) the S-polynomial in the statement reduces w.r.t. G (n) to

9 = gilar, B) — G1(B, ar).

However

d—1
(B, a) = Ml(/gaa&) + ZMJ‘(@CH) =0,
j=2

as by definition of the associated monomial M , Equation (5.7), we have
Ml(ﬁ7a1) = Mj(ﬁach) = 07] = 2737 e 7d - 17

as no a; equals /3 (the sum in Equation (5.7) in this case is over an empty set) and

d—
gi(ar, B) = Mi(ay, B ZM ar,
j=2

where by Examples 5.1.4 and 5.1.5, we have

Ml (ala 6) - xa1zxﬁz$agzmagz T zad_lzmalz + xﬁzxagzxag;z e xad_lzxalzxﬁza

and

Mj (ah ﬁ) - xajzxaj+1z e Iad,lzxalzxﬁzxagzxag,z e Ia]-z-

77



Hence we have

=Tq,22B2Tas2Lasz " * * Lay_12Larz + TBzTay2Tasz " * " Lay_12Lay1 2L Bz

d—1
+ E xajzxaj+1z o Lay_12La12082LagzLasz * *° xajz-
=2
By relabeling the indexes as
ay = by, B ="y, a; =biy1, 1 > 2,
we get

/
91 = xblszgz e xbdszlz + xbgszgz e xbdzajblzajbgz

d—1
+ E xbj+1szj+2z o xbdzzblzzbzz ot xbj+1z~
=2

In the above, absorbing the 2nd monomial as j = 1 term in the sum we get

d—1

/ 2 :
g1 = Tp12Thyz * * ¢ xbdthz + $bj+1szj+2z e xbdszlszgz o :L'bj+1z

J=1

and readjusting the sum limits in the above yields

d
/
1= 1z24boz " Lbgzlby 2z iz lbiiz " Abgzlbizlboz T T iz
91 = Tby2Th TbyzThyz + T2 Th; Tbyz Ty 2 Lh Tp,
Jj=2

which is a type-one (see (5.26)) degree d + 1 element of GB(n).
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2. Conversely, given a type-one degree d polynomial

d—1

91 = Tb12Tboz " Tby_12Lby 2 + E xbjsz]urlz C Ty 12Tb1 2 Lbgz " " xbjza
Jj=2

there is a 2-term

R = beblxblz - xblzmeZ’ - $b22$b2b17

and there is degree d — 1 type-one element in G(?(n),

d—1

92 = T 2Tb32Lbyz " Thy_12Lb12 + E xbjszj+1z o Tby_ 12T 2 L3z Lhyz xbjza
Jj=3
(made by deleting monomial My = x4,. T, - - - Tp,_,Th, 2 Th,» from g; as well deleting

Ty, from every other monomial in ¢;), such that

mod G(4=1) (n)
S(Ra g2, d) - 91,

where g, is of type-one and degree d, i.e., we need to show the following.

S(R7 927d) - S(xb2b1xb12’ - zblzzbgz - zbzzzbzbla
d—1

L1 2Lz Lbyz * " Lby_12Tby 2 + E xbjsz‘j+1z o Thy 12T 2 Lb32 Ly mbjz» d)
Jj=3

mod G4=1 (n)

—_— 01.

(5.32)

Our simplified S-polynomial is

79



d—1
S(R, g2, d) =Tpyn, E Tb 2Ty gz Loy 1 TbyzToszLbyz * Loy
j=3
+ Xpy 2 T2 Tsz Loy 2Tb1z T LhozTboby Loz zThyz ** * Thy 1 2Thy 2
d—1
mod G2 (n)
— E Lhizlbji1z """ Lbg_12Lbobi Lb12Lb3zLbyz ** * Tz
7j=3
+ Ty 2Ty 2 Thgz " Toy_ 12Tz T ToyzThgzThyz ** * Toy_ 1 2Lboby Thyz

Applying

mod G2 (n)
Tpoby Tz~ Tp 2Tz T Tz Thoby s

in the above and simplifying further, we will have the following.
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d—1
mod G (n)
S(R7 g2, d) = 7 E xbjszjurlz C Ty Loz Tbgz " " :Ebjz
Jj=3

d—1
+ E Tb;2Tb 2" " Tby_y TbozLgz * * * ThjzThyb,
=3

+ Th12Lhgz * * ° szd,lzajblz + Lhyzlhgz * ** xbd,lszlszgz

+ Tpy2Thsz ** * Thy 1 2TbozThoby

9

-1

Th;zlbjirz " " Tbg_1Lb12Lboz * " * Tz

I
(]

1
-1

<.
&

1

Lbijzloji1z """ Lbg_1TbozThgz " 'le'bjz)ﬂbebl
2
-1

&T'

Tb;zlbjirz " " Tbg_1Lb12Lboz * " " Tz
1

<.
Il

+ (93) s, (g3, type-one deg(d — 1))

d G=1) () Zd_l
mo —(n
; «rbjszj_,_lz o xbd,lxmszgz Ut xbjz

=1

= g1, type-one degree d.

In the last step in the above, g3 of degree d—1 is of type-one, so is in /. So a multiple of it,

E—e
g3Tp,p, is in I and reduces to zero on reduction by G(4~1). Hence S(R, g, d) = gi.

This completes the proof. ]

In support of our conjecture we show that for a type one elements g of degree d in GB(n)
and p € G@(n), S(g,p,d + 1) — 0 on reduction w.r.t lower degree terms. However before

getting into that we need to prove the following lemma which is used in proofs in the sequel.
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In the process of reduction when we are involved in a monomial M = M, LT (g)M,, where g
is of degree d and M, and M, are monomials and where M is not divisible by any ¢’ € GB(n)

of degree < d, then the following lemma is helpful.

d-1
Lemma 5.3.8. For any type-one element g = ijl Ta;2Ta;irz " Tay_12Tar12Tage "+ Tayz €

GB(n), we have

d—1
mod g
La12Lagz " xad,lzxalz > — E xajzxaj+1z e xad,lzxalz T xaj- (533)
Jj=2

Proof. Recall the algorithm of reduction p — p — Lcci(g) ugv. Let p = LT(g), then by taking

u = v = 1 we have
q d—1
LT(g) =% LT(9) =g = — >  TaysTa, 12" Tay_y2Tarz "~ Tays (5.34)
j=2

i.e. the reduction of the leading term of an element in GB(n) w.r.t. the element itself is the
rest of the terms with negative sign. This is also a complete reduction, as non of the summands
in (5.34) are divisible by any leading term of elements in GB(n) as they are monomials of a

reduced element. This completes the proof. [

Remark 5.3.9. In proof of Lemma 5.3.8, while the reduction w.r.t. type-one g is used, however
since the reduction is for a monomial of an element of GB(n), and so is not divisible by any
other lower term, we can also say reduction ‘w.r.t. g and lower terms’. Also while we made
the statement for type-one g € GB(n) but we can apply it to any z-star monomial of the form

Tay2Tagz * ** Tay_,2Ta,» AS ONE can always consider an associated type-one g € GB(n) for it.

The following lemma facilitates our calculations in the future.
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Lemma 5.3.10. For distinct a; and z < 2/, fori =1,2,--- ,d — 1, we have the following

mod G
La12Lasz " Lag_12Lzz! ?
d—1
Loz Lgyz! **  Lay_12' + E xalz’xaprlz’ gy 12 Tagz Lagz,
=1

and

mod G(2)
Ta;2%a; 12" LajzLez ?

l
xzz’xajz’ v Ly + § x(ltzlxatJrlZ/ Ut Ialz’xajz'raj_._lz o Tayz-
t=j

(5.35)

Proof. 1st expression. We use relation ;2 ;, — x 1%, — 2245 to find the following equiva-

lences.
mod G2
La12Lasz " Lag_9zLlag_12Lzz ?
La1zTagz " " ° xad,gzxzz’xsdilz/ + LTa1zTagz " " Lag_9zlag_12'Lag_12

mod G(2) disti

——— Tay2Tays " Tay_pzTz2Ts, |, Tay_ 2Tay2Tayz "+ Tay_, - (S a; are distinct)

mod G(2)

* Tayzlagz " " Lag_32Lz2'Tay o,y Tsy 1,

+ Layg_02'Layg_12'Lar1z2Lasz " " Lay_qz + Layg 12/ La1z2Lasz """ Lag_12-
So after 2 iteration we come up with

mod G2
La12Tagz " " Lay_ 12Tz La12Tagz " " Lay_32T22/Tay_02'Lsy_q2!

+ E xalz’l'a“rlz’ gy 12 Ta12Tagz " Layz-
l=d—2

In the above, in each iteration, x.,» moves one step to the left (in first term on r.h.s. in the

above). As well the lower limit of the sum decreases one unit (the second term on r.h.s. in the
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above).

It is easily shown that after d — 1 iteration we have the following equivalence.

mod G
La12Ta9z " * CUad_lzxzz’ L2212/ Lagz! * " xsd_lz’
d—1
+ E xa;z’xal_._lz’ Ty 12 Larzlagz " Layz-
=1
Proof of the 2nd expression is similar to the 1st one. This completes the proof. [

Proposition 5.3.11. Let g be a type-one degree d element of GB(n) in G'Y(n), and let

p € GO, Then
red. w.r.t. G (n)

S(g,p,d+1) s 0. (5.36)

Proof. We prove the proposition for different cases of 2-terms in (4.2) in the following

Lemmas 5.3.12, 5.3.14, 5.3.15, 5.3.16 and 5.3.17. O

d—1
Lemma 5.3.12. Let g = X4, Tay ,2Tayz + Zj:2 Ta;zTa; 12" Tag_12Tayz " * L,z DE @

rea. w.r.t. (d) n
type-one degree d element of GB(n), Then S(g, x;;x;j,d + 1) d. w.r.t. G (n) 0

Remark 5.3.13. This Lemma for type-one elements of Grobner basis is stronger than Lemma

5.1.11 for general case as here we prove that the associated S-polynomial reduces to zero.

proof of Lemma 5.3.12. As before we restrict our 2-terms looking for a possibly nonzero
S-polynomial and calculate
d-1

S(xalz e $ad_1zxalz + § xajzzaj+1z Tt xad_lzxalz e xajza $a1zxa127 d + 1)
Jj=2
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d—1

S(xmz e mad,lzxmz + g xajzxaj+1z e wad,lzxalz Tt -Tajza $alzxa1za d + 1)
Jj=2

d—1
= - E xajzxajurlz e xad,lzxalzmagz e :Uajzmalz
=2

mod g
—_— Z Z xajzxaj+1z Tt -Tad,lz{xalzxaprlz e -Iajzxmzxagz e xa;z}(by (533))

-1 d—-1 j

= ( + ) E xajzx(lj+1z e wad—lzxalzxal+12 oo $Gj2xa12$agz e xalz
Jj=2 j=l 1=2

-1
+ E $ajzxaj+1z o xad_lzmalzxale o 'Iajzxalzxazz *Tayz
7=2 1=2
J
= E G2%qy2Tayz - Tayz (g2, atype-onedegreed — 1l +1<d—1l,asl=23,---j)
=2
-1 3
+ xajzxaj+1z T xad,lzxalzxale T xajzxalz'ragz ER
7j=2 [=2

(double sum — 0 due to limits)

J
red. w.r.t. G(dfl)(n)\
- E 92X 2Lqa9z " Layz 7 07
=2

because

d—1
92 = § Ta;2Ta; 12" " Tag_12LajzLaj2%ajz;
Jj=l

isofdegreed+1—1, 1 =2,3,---j,s0deg (o) =d+1—1<d— 1, and it is type-one
so is in I by Remark 5.3.6, so ¢g» € G4 and its multiples are in /, and reduce to zero on

reduction w.r.t. G(~Y . This completes the proof. O

d—1
Lemma 5.3.14. Let g = x4, To, ,2Ta,» + Zj:Q Ta;2Taz 2" Lag_y2Tarz " " Ta;z DE @
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type-one degree d element of GB(n) and let (ii) : x;jxy — Tixi;, where k # a;. Then

S(g, (ii),d+ 1)

red. w.r.t. G(D(n)

Proof. As before we restrict our 2-terms looking for a possibly nonzero S-polynomial and
calculate instead for

La12Lcz! — Lez!Laq 2y

forc#aj, j=1,2,---,d — 1. Then we have

S(ga La12Lczt — Lez!Taqzs d -+ 1) =
d—1

= [malz Tt xad,lz:l:alz + § majzxaj+1z e xad,lzxalz e xajz %
Jj=2

— Tgqz " xad_lz(l’mzxcz’ - xcz’xalz)

d—1
- [ E xajzxa]-+lz Ty 12Larz xajz]xcz’ + Larz " Lag_12Lecz'Layz
=2

d—1
mod. G2
” xcz’[ E xajzxa]-+1z Loy 12Larz " xa]-z] + Lez'Lgrz " Lay_12Layz
Jj=2

d—1
- Icz’[ E xajzxa]-+1z Loy 12Larz " xa]-z]
7=1

red. w.r.t. G(D(n)
=Tz g > 0,

as g of degree d is a type-one, and as before its multiple x../g is in I and reduces to zero on

reduction by G'?. This completes the proof. 0

The following lemma covers the cases not covered by Lemma 5.3.14 by relaxing a condition

in it.
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Lemma 5.3.15. Let g = My + My + -+ + My, + -+ - Mg_y, where

Mi - xaizxale T xam_lzxamz$a7n+1z Tt wad,lzxmz o Laiz,

be a type-one degree d element of GB(n). Also let 2-terms x;;xy — Tix;; such that the first

index of the second variable in its leading term could occur in M;. Then we have

red. w.r.t. G(D(n)

S(g, xijxm — Trrij, d+1)

Proof. As before looking for a possibly nonzero S-polynomial restricts our 2-terms to
Tay2Tan,2 — Ta,,2Ta, - Where the first index of the 2nd variable of its leading term, 1.e.

A, M > 2, OCCUrS in

Mi = xaizxale T xam_1zxamz$am+1z Tt xad,lzxmz o Taz-

Since a;s are distinct, a,, could occur only once in each monomial of g, except for the one

monomial in which a,, appears in both the first and last variables. Then

5(97 La12Lapz — Lay,z’Layzs d + 1) ==

=Tqyz """ xam_1zxamz$am+1z et xad,1z<xa1z$amz’ - xamz’xmz)
— (M1+M2—|—"'+Mm—|—"'Md,1)l’amzl

—_— = malz e xam_mxamz'xam_,_lz e xad,lzxamz’xalz

- MQxamz/ - = mLap,z — " — Mdflxamz“

Therefore we come up with the following equation.
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S(guxalzxamz’ - xamz’xalz, d + 1) =

— Tg12Lagz " " Iamzxaerlz Loy 9zlayg 12Lamz'Layz
m—1

- § : LTajzlajirz " LamzLamirz " LYag_gzLag1zVarzlazz " " Lajzlam 2’ (5.37)
j=2 )

- xamzmam_‘_n e xad_lzxmzxagz e xam_lzxamza:amz’

d—1
- E xajzxaj+1z e Iad_lzxalzxagz e xamflzxamzxam+1z T xajzxamz"

j=m-+1

We now find the equivalence modulo to each of the above terms such that the index z’ on the

r.h.s. of the terms shift to the l.h.s. (here we suffice to put the result of our calculations).

mod. G2
_xamzxam+1z T xad_lzmalzxagz e xamflzxamzxamz’
- mzz’xamz’xaerlz’ ot xad_lz’xalz’xazz’  Lapo12’ Lap, 2z
d—1
- E Ialz’xal+1z’ Ty 12/ Larz Lagz' **° xamflz’xamzxaerﬂ Tz lagmz
l=m
m—1
- § xalz’xaH_lz’ T CCam,1z’x¢17,lzxcl7n+1z Loy 12LarzLagz " Lagzlamz
=1
d—1
(5.38)
+ 2, E T2 Tay 12 Tag 12/ Tarz'Tazz' " Tapy_12'TamzLamsrz " Lagz
l=m
m—1
+ Ty § malz/xaprlz’ o Tap 12 Lamz " Lag_12LarzLasz ** * Layz
=1
d—1
- E zamz’Izz’xalz/mal+1z’ o xad_lz’ajalz’ o xam_lz’xam+1z o xalz
l=m+1
m—1
- E xamz’wzz’xalz’xaurlz’ Tt $am,1z’xam+1z Tt Qzad,lzxalzxazz e xalz“
=1

Also
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d—1
mod. G2
- E xajzxaj+1z e 'Iad_lzxalzzagz e xamzzam+1z T xajzxamz’ ?

j=m+1

d—1
- E xzz’xajz’$aj+1z’ ot mad_lz’xalz’:ljabgz’ o xam_lz’xamz$am+1z ot xajz
j=m+1
d—1 d—1
- E gjalz’xal_Hz’ e xad_lz’xalz’ajagz’ o xam_lz’xajzxaj+1z ot malzxamz':Eam_Hz ot majz
j=m+1 I=j
d—1 m-—1
- E E -Talz’xale’ T xam_lz’xajzxaj+1z Loy 12%a12%asz  LagzLlamzLam 12" xajz
j=m+1 I=1
d—1
+ E $amz’xzz’xajz’$aj+1z’ et -Tad,lz’xalz’xagz/ e xam_1z’xam+1zxam+gz e :Uajz
j=m+1
d—1 d—1
+ E E a:amz’xalz/ o xad,lz"xalz’xagz’ e xam_1z/xajzwaj+1z ot xalzxam+1zxam+2z e xajz
j=m+1 I=j

d—1 m-—1
+ E E xamz’xalz’ e xam_1z/xajzxaj+1z et xad,lzxmzxagz e xalzxam+1zxam+gz e xa]’za
j=m+1 1=1

(5.39)
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- E xajzxaj_Hz ot xamzxam+1z Ty 12LarzLagz xajzxamz’

m—1
mod. G(2)
r = xzz’xajz’xaj_,_lz’ o xamflz’xamzmamﬂz Ty 12Larz2Lagz xajz

=2
m—1m—1
- xalz’xale’ T xam_1z/xajzxaj+1z T xalzxamzxam+1z o Tay_12La12Tagz """ xajz
Jj=2 l=j
m—1
+ xamz’xzz’xajz’xaj_,_lz’ ot xamflz’xam+1zxam+2z Loy 12LarzLagz ma]-z
Jj=2
m—1m—1
+ xamz’xalz’xal_,_lz’ o xam_lz’xajzxaj+1z ot l’alzxam+1zxam+2z o
J=2 l=j
Loy 1z2Larzlagz "t xajzw
(5.40)
and
_xalzxagz T xamzxam+1z T Iad_gzxad_lzxamz’xalz
mod G2
? XLz Layz * xam_lz’xamzxam+1z o xad_lzxalz
m—1
- E xalz’xal_Hz’ Layy_12’Lagz2Lagz * * ° $a5zxamzxam+1z ot xad_lzxmz (5 41)
=1
+ Lapmz' L2z Lar2'Lagz' **° xam_lz’$am+1zxam+2z et xad,lzxalz

m—1
+ Z xamz/xalz’ o Lap_12'Ta1zLagz * *° $a1zxam+1z$anl+2z e xad,lzxalz'
=1
Adding (5.41), (5.40), (5.38) and (5.39), we come up with the following terms for .S-polynomial:

) mod G

S(g, La12Lamz" — Lamz'Larzs d + 1 A -+ B + C, (542)
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where

A= L2 Tayz" **  Lap_ 12/ Lamz """ Layg_12Tarz

m—1
— Ty E xajz’xaj+1z/ o Lapmo12’Lamz * " xad,lzxalz e xajz
=2

— L2/ Tapz' " Lag_12/Larz’ " Laypm_12/Lapmz

d—1

+ T, E xalz’xale’ Ty 12/ Lay xam,lz’xamzxamJAz :

l=m
m—1

+ Ty E Loz’ Tap, 2 Lam_12’Tamz """ LTag_12Larz " Layz
=1

d—1
— Ty E xajz/xaj+1z’ e xad,lz’xalz’ ot xam_lz’mamzxam+1z e xajz-

l=m+1

.o xalz

(5.43)

In the above, by absorbing the term 1 into the sum in term 2 and absorbing the term 3 into the

sum in term 6 we have the following equation.

m—1
A = — Ty E xajz’xaj+1z’ Ty 12 Lamz " Lag_12Larz xajz
j=1

d—1

+ T,y E xalz’xal+1z’ o Lay 12 Layz! xamflz’xamzxaerlz
l=m
m—1

+ T,y § xa;z’xale’ T2 Lamz " Lag_12Larz " Layz
=1

d—1
— Ty E xajzla:ajJrlZ/ et a:ad,lz’xalz’ e xam_1z/xamzwam+1z et
l=m
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B =Lz’ Lzz/Layz! **° xamflz’xaerlzxaergz Loy _12Larz
m—1
+ Lapmz'Rzz! E xajz’xa]-+1z’ o xam71z’xam+1zxam+gz Loy 12Layz " xajz
Jj=2
d—1
— Loz Lz E xalz’xale’ o Tgy 12/ Tar xamflz’xam+1z o Tgyz (5 45)
l=m+1
m—1
— Ta,pnz' 22zt g xalz/xaprlz/ e xam_1z/xam+1zxam+2z o Tay_12Larz 0 Tayz
=1
d—1
+ Lapz'Lzz! E xajz’xaj_,_lz’ Ty 12/ Tar xam71z’$am+1z e xajz'
j=m+1

In the above equation we absorb the first term into the second term to come up with:

m—1
B =TLa,, 2 Rzz! E Iajz’xaj+1z’ o Iamflz’l‘am+1zxam+gz Ty 12Larz xa]-z
Jj=1
d—1
= Lap2' Tyy E Loz’ Tayy 12 " " Lag_12'Tarz’ " " Lapm_12’Lamyrz " " Layz
l=m+1
5.46
L (5.46)
~ Lamz' 222! Z Layz'Lay12' " Lam-12'Lamy128ami2z """ Lag_12Larz " Tayz
=1
d—1
+ Lapz! L zz! E majz’maj+1z’ Ty 12/ Tar xamflz’xaerlz e xajz - 07
j=m-+1
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as in the above equation, the 1st term cancels the 3rd one and the 2nd term cancels the 4th one.

m—1
C=- E xalz/xaprlz’ o Tap 12 Tarz  Lazlamz** Lag_12Larz
=1

m—1
- g xalz/xaprlz’ o Lap 12 Tamz " Lag_12Larz " Lajzlamz
=2

m—1m—1
- g E xalz’xa“rlz’ T mam_lz’xajz o Lazlapzt  Lay_12Larz """ -Tajz
i=2 1=j
d—1 m-—1
- xalz/xale’ T xam_1z/xajz o Tay_12Tar1z " Lapzlapz """ xajz
j=m+1 I=1
m—1m—1
+ § Lapz'Layz! xam,lz’xajz T xalzxam+1z Loy 12Larz " xa]-z
=2 I=j
d—1 m-—1
+ Layz' Lagz **° xam,w’xajz Loy 1z2Layz " xa;zxam+1z e xajz
j=m+1 =1
d—1
- xa;z’xal+1z’ Ty 12 Larz Lam_12'Lamz * " LajzLapz
l=m
d—1 d-1
- E xalz’xale/ o Tay 12 La12/Lagz! xa,,n,lz/xajz Lz lapz " xajz
Jj=m+1 [=j
d—1 d-1
+ § Lapmz'Layz' ** Lay_12'Larz’ Lagz' * *° xamflz’xajz e xalzxam+1z e 'Tajz-
Jj=m+1 l=j
(5.47)
However the first 4 terms in Equation (5.47) add up to make
d—1 m—1
C’1 = - E E Ta2’Tay 12 " " Lam_12’Tajz """ LTag_12Larz " " LazLamz " " Lajz
Jj=m I=1
5.48
m—1m—1 ( )
- E E xalz’-ral_,_lz’ e xam_lz’xajz et xalzxamz ot -rad_lzxmz ot -rajz~
=1 1=j

InCy,lrunsin 1 < < m — 1 in both sums. To cover all the valuesof [in1 <[ <m — 1,
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we calculate Cy atl =m — i, e =1,--- ;m — 1. Then

Cil =m — 1) = Tap_ 2 Tap_ip12 " Tayr2 X
:Ualzxagz e xam,izxamzzam+1z e xad,lzxalz

+J)a2z e xam,izxamzl‘am_‘_lz e Iad_lz xalzxazz

+$am,izxam2xam+1z o 'xad,lzxalzxagz o Lay_iz
+xamzxam+1z t 'xad,lzxalzxagz e xam,iz e mamz

+xam+1z t 'xad,lzxalzxagz e xam,iz e xam_Hz

+ Lay_12Lar1zLasz """ Lap,_jz """ xad,lz]

Ly i2 Lay_ip12" " Lag_12' X

d—1
X |: E 2jajzl:tzjquz e xad_lzxalz e Iam,izxamzxam+1z e xajz
j=m

—1
+ E xajzzajJrlz o 'xam,izxamzfpam_‘_lz T xad_lzxalz e xajz]
7j=1

= "Tay_ 2 Lam_it12 """ Lam_12'915

(5.49)

where by Equation (5.30), g; is type-one of degree d — 1+ 1 < d,fori =1,2,--- ,m — 1 (we
find degree of ¢, say by calculating the degree of the summand in one of the sums in (5.49)).

Since g is type-one, it is in I by Remark 5.3.6, so its multiples are in I and reduce to zero on

94



reduction w.r.t. G (n) (as deg(g1) < d).

Hence we have

m—1
red. w.r.t G(d)(n)
Cl == Z l‘amfiZ’Iaquz’ T2/ 91 0. (550)
=1
The next 2 terms in Equation (5.47) add up to make
m—1m—1
02 - Z Z xamzlxalzl$al+lzl e $am—1z'$ajzxaj+1z Tz lap 12 " Lag_12Layz l'ajz+
j=1 I=j
d—1 m-—1

E E xamz’xalz’xale/ et xam_lz’xajzxajJrlz e xad,lzxalz e xalzxam+1z$am+2z ot xajz'
j=m+1 I=1

(5.51)
However [tunin 1 <[ < m — 1 in both sums. For[{ =m — 14, ¢ = 1,---m — 1 we have

Co(l =m — 1) “LayzTay, 2’ Tap 412" " Lag_12' X

m—i
X |: E xajzxaj_Hz T xam_izxam+1zxam+2z e xad_lzxmz e xajz
Jj=1

d—1
+ E xajzxaj_,_lz T mad_lzxalz T mam_izxam+1z e ‘Tajz]
j=m+1

= Loz Tap 2’ Tap_s4112" ° " Lap_12'92-

Hence similar calculations done for (1, yields for C5 as in the following.

m—1
red. w.rt G(A=1) (n)
C12 = —Tayz E Lo iz’ Tap_ii12" """ Lapm_12'92 07 (552)
=1

as by Equation (5.30), g is a type-one degree d — ¢ < d — 1 fort =1,2,--- ,m — 1. So
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g2 € G'“"I(n), and as before its multiples are in / and reduce to zero on reduction with

respect to G4~ (n).

We consider term 7 in Equation (5.47),

d—1
- E :Ualz’maprlz’ o Tay_ 127 Tarz  Lap 127 Lamz ** Lagzlamz-
l=m

It can be seen as the case j = m of the term &:

d—1 d-1

- E E Ialz’xal_;,_lz’ Ty 12/ Tarz Lagz! * *° wamflz’xa]-z Tz lapmz xajz~
j=m+1 =5

Therefore the term 7 is absorbed, as 7 = m term, in term 8 to make the following.

Cs =
d—1 d-1
= - § § xalz’xale’ o Lag_ 12/ Larz Tagz! " xamflz’xajzxaj_,_lz T zlazlamyrz T xa]-z

j=m I=j

d—1 1
- - E E xalz’xal+1z’ Ty 12 Larz Lagz **° xamflz’xajzxaj_;_lz e ma;zxamzxaerlz te l‘a]-z

l=m j=m
d—1 l

- - E xa;z’xale’ Loy 12/ Larz’ Lagz' * " Lap, 12 E xajzxaj+1z ot xalzxamzxam+1z ot xajz
l=m j=m

d—1
= - E Loz LTag, g2 Lag_12/Tarz’Tagz' *** Lay,_12'93-
l=m

(5.53)

Here deg(g3) =l —m+2<d—1(asl <d—1andm > 2), and gs is a type-one, thus as

before its multiples are in I and reduce to zero on reduction by G4~ (n).
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Hence we have

d—1
red. w.r.t G(@=1) (n)
CB = - E Loz Tay 12 " Lag 12/ Tayz’Tap 2" *° Lay_12'93 > 0. (554)
l=m
Finally the last term in Equation (5.47) is
d—1 !
04 = E E Lamz'Layz! =" Lag_12/Layz! *°° xam_lz’xajzxaj+1z o Tazlag izt $ajz

l=m+1 j=m+1

d—1 l
- E xamz’xalz’ o xad_lz’xalz’ o Lay_12! E xajzxaj+1z ot Ia;zxanH_lz o $ajz
l=m+1 j=m+1

d—1
= Za,, 2 E LTayz' " Lag_12/Tayz’ ** * Lay,_12' 94,
l=m+1

(5.55)

where

l
gq = E xajzxaj+1z T xalzxam_Hz e xajm
j=m+1

isofdegreel —m+1 < d—2(as! <d—1andm > 2) and is a type-one by Equation (5.30),

so as before its multiples are in I and reduce to zero on reduction by G(¢=2).

Hence we have the following result.

red. w.rt G(4=2) ()

> 0. (5.56)

d—1
C'4 = Za,, 2 E Laz'* " Lay_12'Tarz *°  Lapym_12'94
l=m+1

Now adding up Equations (5.64), (5.65), (5.50), (5.52), (5.54) and (5.56), we have

mod G(2)
S(gv Lay12Lapmz — Lapmz'Layzs d+ 1) d—Gz> A+ B+C
—
0 (5.57)

red. w.rt G(D (n)

20201+CQ+C3+C4
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Hence we have

G(d>(n)
5(97 LTa12Lapz — Lapmz'Layzs d + 1) = 0.

This completes the proof. ]

Lemma 5.3.16. . Let g = My + My + - -+ + Mg_y, where

Mi = Ta;2Ta;, 12" " Tag_1z2Layz """ Laz)

be a type-one degree d element of GB(n). Then for 2-term x;;x;;, — Tjx%i; + TixX 5, we have

red. w.r.t. G(® (n)

S(g, wijrie — Tjpti + TipTjg, d + 1) (5.58)

Proof. As before we restrict our 2-term to
La12Larz) — Lzz/Layz + Lay2'Tzz!

and calculate the following S-polynomial.

S(ga Lar12Larz — Lzz/Tayz + La1z' L2z d+ 1) -
:(Ml + -+ Md—l)xalz’

— Tz xad_lz(malzxalz’ — T2 Ty 2 + CCalz’xzz’)

Therefore we have:

S(g; La12Lar2 — Lz2'TLayz + Lai2' Lz d + 1) :M2$a1z’ + -+ Mdflxmz/
+ Loz xad,lzxzz’xalz

- xalz e xad,lzxalz’mzz-
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Substituting M; into the above we will have the following equation.

Lay_12Larz" " ma]-zxalz’

5(97 La12La12 — Lz2Tayz + La12' T2z d + ]-) = E l'ajzxaj-!—lz o

+ Laiz* " mad,lzxzz’xalz

— Tayz " xad,lzxalz’xzz'
(5.59)
Here we apply ‘mod G® on the terms in (5.59).
By Lemma (5.3.10) we come up with
mod G(2)
La12Tanz """ Lay_12L22/Tayz L2z T2/ Lagz’ * " Lay_12/Layz
(5.60)
+ E xalz’xa“rlz’ o Tay_12Ta12Tagz " " Lazlayz-
Also we have the following reduction,
mod G2 (n)
E xajzxajurlz o 'xad,lzajalzxagz e $ajzxa1z/ ”
d—1 d—1
E xalz’xale’ T xad,lz/xajzxaj+1z o Lazlayzlagz * :Uajz
Jj=2 j=l
d—1
+ E xzz’xa iz Xay 12/ Ta12Tagz " * " xajz (561)
d—1 d—1
- E E La12/Tayz * xad,lz’xajz * o Lazlagzlagz * °° xajz
i=2 I=j

- § xalz’xzz’xajz’ e xad,lz’xagzxagz e xajz“
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as well as

d—1
mod G3 (n)
“La12Lagz " " Lay_12Larz' Lzz > =Ty E xa;z’xale’ gy 12/ LarzLagz " Layz
=1
d—1
+ Lay2/ Tz E xalz’xaurlz’ o Tay 12/ LazTazz " Layz-
=2
(5.62)
Substitution of (5.60), (5.62) and (5.61) into (5.59) yields the following.
mod G2 (n)
S(ga Loy2Larz — L2/ Tayz + Lgy2/Lzzly d + 1) — A + B + C, (563)
where A, B and C are defined and calculated below.
d—1
A= Lzt [xmz/ Loy 12 Tayz — E xalz/xaprlz/ Loy 12 TayzLlagz  Layz
=1
d—1
+ E Ta;2’Taji12 " " Lag_12’TarzLagz " * xa‘jz}
j=2
5.64
il (5.64)
=Ty | — E xalz’xal_;,_lz’ Ty 12 Tar1zlagz " Layz
=1
d—1
+ E Lajz'Ta;i12' " Tag 12/ LayzLlagz " " xajz] = 07
7=1
as the last two sums cancel each other.
d—1
B = Tay2' Tz |: § :xalz/xal+1z/ o Lag_12'Tagzlazz " " Layz
=2
(5.65)

d—1
- E Lajz' * " Tag 12/ LagzLagz """ Lajz| = OJ
7j=2

as the two sums cancel each other.
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d—1 d—1
C = xalz’xal_Hz’ e $ad_1z’$ajzxaj+1z R T :Eajz
=2 1=j
d—1 d—1
—Tgyz xalz’xale/ e xad,lz’xajz o Lazlagz " wa]'z
Jj=2 l=j
+ E ajalz/xaprlz’ o Tay_ 12 Tagz " Lajzlayz (566)
d—1 d—
= E E alz’xal_,_lz Ty 1z’$ajzxaj+1z Lazlayz " xajz
Jj=1l=j
d—1 d—
T,z E $alz’xal+1z’ T xad_lz’xajz$aj+1z o TLazlagz xajz-
=2 I=j

In the above equation, the sums are over [ and j with [ > j. The application of the following

interchange

Q..

-1 d-1

QL

-1 1
S22

1 1=j =1 j=1

J

in the above equation results in the following result.

C = E xalz’xale’ o Lag_q 2 E xajzxajJrlz o Tazlayzlagz * °° CUajz

(5.67)
—Lay2 E Jja;z’xal+1z’ o TLag_ g2 E xajzxaj+1z o Lgzlagzlagz * *° xajz~
Hence
d—1
C = E Loz Tag 12 Lag_12/91 — Lag 2’ E Layz! =" Tag_12'99, (568)
=2
where

g1 = § xajzxaj+1z o Lazlarz2Tasz * xajz
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is type-one degree [ + 1 < d, and

l
g2 = E Ta;2Ta; 12" " Tajzlagz " Lajz
j=2

is type-one degree [ < d — 1, by Equation (5.3.5).
Therefore g; and g- are type-one, so they are in / by Remark 5.3.6, thus their multiples are in
I and reduce to zero on reduction by G(¥(n) and G~ (n) respectively. Hence we have the

following reduction for C'.
red w.r.t. G(@ (n)
%

C 0. (5.69)

Now adding up A, B and C from (5.64), (5.65), and (5.69), we have

rea. w.r.t. <d) n
S(g, Tay2Tar2 — T2/ Tayz + Tay 2 Tozr, d + 1) LM) 0. (5.70)

This completes the proof. [

Lemma 5.3.17. Let g = My + My + - - - My_1, where
Mi - xaizxai+1z Ty 12Lar1zLasz t  Layzy

be a type-one degree d element of GB(n). Then

red. w.r.t. G(D(n)

S(g, xijT, — TjpTik — Tikij, d + 1)

Proof. As before we restrict our general 2-term x;; 5 — TxTik — TixTij tO

La12Lzz — L2/ Lagz! — La12/Lagzs
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and calculate the S-polynomial.

S(Q, La12Lz5 — L2/ Lz — Lay12'Lagzs d + 1)
:(% + - Md*l)xzz’

— Lg12Lagz " ° xad,1z<xa1zxzz/ — XLz — xalz/xa1z>

Cancellation of the leading terms in the above parenthesis results in:

5(97 La120zz — Lzz'!Layz' — Layz/Layzs d + 1) :Mszz’ + Mszz’ st Md—lxzz’
+ La12Lagz *** xad_lzmzz’$alz’

+ Lai12Lagz **° xad_12$a1z’xa1z-

Substituting M; into the above equation we will have the following expression for the above
S-polynomial.

d—1

S(ga La12Lzz" — L22'Layz! — La12'Layzs d + ]—) :( E xajzxajurlz e xad_lzmalz e xajz)mzz’
Jj=2

+ Ta12Lagz * " xad,lzxzz/xalz’

+ La12Tasz """ Lay_12Lar2/Layz-

(5.71)
We get into evaluating the terms on r.h.s. of the above equation.
mod G2 (n)
La12Lagz " Layg_12Lz2'Lay 2 ?
d—1
[xzz’xa1z’xagz’ Ty g2 + § xalz’xaurlz’ o Tay 12 LarzLagz a:alz]a;alz’
=1
d—1
= T2/ Ty 2/ Tasz’ " Lag_12/Layz! + E xalz’aja“rlz’ o Lay_12Ta12La1 2/ Laszlasz ** * Lajz-
=1
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Thus

mod G (n)
La12Lagz * ** xad_lzxzz’xalz’ ? Loz Laiz' Lagz * ° xad_lz’ajalz’

d—1
+ E xalz’xal_;,_lz’ Ty 12T 22 La12Lasz *° ° Layz (5 72)
=1

d—1
- § xa;z’xale’ o Tay 12 La12/ 22/ LagzTagz " Layz-
=1

Also
mod G2 (n)
La12Lasz " Lag_12La1z'Lay z ” L22/Ta12Lagz " Lag_12Larz
(5.73)
“TLa12/ L 22/ LaozLasz " Layg_12Layz-
And
d—1
mod G2 (n)
§ xajzxaj_,_lz Ty 12LarzLagz xajzxzz’ ”
=2
d—1
§ Izz’xajz’xaj_,_lz’ Ty 12/ Larz Lagz **° xajz’
7j=2
d—1 d—1
+ § § Ta2’Tapy 12’ " " Lag_12’Tarz’Lagz' " Laj_12/Lz2'TajzLajir2 " Lagz
i=2 i=j
d—1 d—1
- E E Taj2'Tay g2 " Lag_12’Tar2'Lasz’ * " Laj_12/Lajz' Lzz'Taj12Laji0z " " Layz
i=2 1=j

d—1 3
+ E E Lajz'Tayp12' """ Taj_12/ T2z LajzTajirz " Tag_12Tarzlazz ** * Layz
j=2 I=1

d—1 J
- E E Ia;z’xal+1z’ e xaj_1z’xajz’xzz’xaj+1zxaj+2z Ty 12Lar1zLagz t  Layz-

j=2 =1

(5.74)

Adding up Equations (5.73), (5.72), and (5.74) together, we come up with the following
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equation.

mod G2 (n)
S(g, La12Lzz — L2/ Layz) — Lagz'Lagzs d + 1) ?

+ LypXayz " xad,lz$a1z
— X2/ T2/ Tasz ** * Layg_12Layz

+ L2z Tqiz " Lay_12/Tayz’

d—1
+ E Lzt " Loy 12/ T22/Ta12Lasz ** * Layz
=1

d—1
- E Lapz! * " Tag_12/Lay2/ L2z’ Lasz ** * Lagz
=1

d—1
+ T,y E xajz’xaj+lz’ o Lay 12 Layz! trajz’
=2
d—1 d—1
+ E § xalz’xaurlz’ o Tay 12 Larz Lagz' * xaj_lz’xzz’xa]-zxaj+1z o Tgyz
71=2 l=j
d—1 d—1
- E E $alz’xal+1z’ e Iad_lz’xalz’xagz’ e xaj_1z’xajz’xzz’$aj+1zxaj+2z e Q:alz

j=2 1=j

d—1 j

+ E E xa;z’xal+1z’ e xaj_lz’xzz’xajzxaj+1z Loy 12LarzLagz *  Layz
j=2 I=1
d—1 j

- E E xalz’xale’ e xa]-_lz’xa]-z’xzz’xaj+1zxaj+2z o Tay_12Larz " Layz-
j=2 I=1

(5.75)

From the above 10 terms,

term 3 4 term 6 =
(5.76)

d—1
red. w.et. G(D (n)
= — Tz § Lajz'Laj12 " Lag_127/Larz’ " Lajzr = — Lz’ g1 > U,
7j=1

as before and the fact that g, is type-one of degree d in G(¥(n).
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We can see the term 1, ../, - - - Ta,_,2%q,- as the j = 1 case of the term 9. Absorbing

term 1 in term 9, as the 7 = 1 case we will have:

term 1 +term 9 =

d—1 j
= § § ma;z’xale’ T Iaj_lz’xzz’$ajzxaj+1z o Tay 12La12Tagz " Lapz
j=1 1=1

d—1
= E T22Ta;2Ta; 1z Tag yzTayzTayz " - Ta,z (terms with [ = j)
i=1

d—1 j—1
+ E E TayzTap 2" Tay 12Tz Taye*** Tag_y2TayzTayz * * * Tayz (terms with [ < j).
j=1 1=1
(5.77)
Therefore
term 1 4 term 9 =
d—1
=Tz § $ajzxaj+1z Ty 12LayzLagz xajz (578)
J=1
d—1 j—1
+ E xalz’xale’ e xajflz’xzz’xajzxaﬁrlz o Tay 120a12Tagz " Lgyz-
7j=1 1=1
Also rewrite term 10 as
d—1 j
- E E xalz’xale’ T Iaj_1z’xajz’~rzz’xaj+lzxaj+2z Loy 1z2Larz " Loz
j=2 l=1
d—1 j
(5.79)
- - E E Ialz’xaurlz’ e xajz’xzz’xaj+1zxaj+2z Loy 12LayzLagz t  Layz
j=1 I=1

+ La12/L22'LanzLagz " * xad_lzxa1z-

Then adding up the above results we come up with the following equation.
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d—1
terml + term9 + term10 + term2 = x,,,/ E Tz Tag_12%ay2%agz " Lajz

Jj=1
d—1 j—1
+ E E xalz’xal_;,_lz’ T xajflz’xzz’xajzxaj+lz o Tag_120a12Tagz """ Layz (580)
j=1 1=1

d—1 3
- E E xalz’xal_;,_lz’ o xajz’xzz’xaj+1zxaj+gz Ty 12Lar1zLasz t  Layz-
7j=1 =1

However in the above equation the first term is nothing but x, ./ g» for g, of degree d and so
../ go reduces to zero by reduction w.r.t. G(¥)(n) as before. also the two double sums cancel

telescopically and leave us with the first term of one and the last term of the other one, thus

we have;
d—1
terml + term9 + term10 + term2 = — E Loy Lagyrz' " Lag_12 L2z TayzLagz * ** Tayz-
=1

(5.81)

However the sum in the above equation is nothing but the negative of the sum in term 4.

Therefore

red. w.r.t. (d) n
term1 + term9 + term10 + term?2 + term4 red wrt T, . (5.82)

We now consider the term 8:
d—1 d—1
- E E xalz’xale/ o Tay 12 Ta12/Lagz! xajflz/xajz’xzz’xaj+lzxaj+2z Tz

=2 I=j

We rewrite term 8 as it follows.
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term 8 =

-1
=— E Ta,2Tasprz " Tag 12 TayzTags' =+ Ta,z Loz (terms with [ = )
=2

d—1 d—1

— E E Tayz'Tapsrz ** Tag 2 Tarz' ** Tayo' Lozt Tay s 2Ta; 0z Loz (terms with [ > 7)
j=2 I=j+1

d—1
- E LTzt " Tayg 12/ Ta12'L22'LaszLasz " * Layz-
=1

(5.83)
Now
d—1
term 8 + term 7 = — E Ta;2Tajqy2 " Tag_12'Tayz'Tagz! *** Tajz/ Tz
=2
d—1 d—-1
- E E malz/xaprlz/ o Tay_ 12 Ta12/Lagz! xajz’xzz’xawrlzxaﬁrgz c o Tgyz (584)
=2 1=j+1
d—1 d—1
+ E E xalz’maurlz’ gy 12/ T2/ Tagz! = °° xaj_lz’xzz’$ajzxaj+1z © Loz,
i=2 I=j

where the two double sums in the above telescopically cancel intermediate terms, Therefore

we are left with:

d—1
term 8 + term 7 = — E Ta;2Taj 12 Tay 2/ Tay o' Tagz! *** Ty Tz

J=2
d—1

- E xalz’xaprlz’ o Lay 12 La12/ L2/ TLagzTagz " Layz (585)
=2
d—1

—( E ... = 0 because of the sum limits).
l=d
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Then
d—1
term 8 4 term 7 + term 5 = — E Ta2Taj12 Tay 2 Tay 2 Tagz! *** Tayo Tz
Jj=2

d—1
- E «Talz’xale’ Ty 12/ La12 Xzz'LagzLazz * *  Layz
=2

d—1
- E Lzt " Layg_ 12 La12/L22'LagzLasz *** Lajz =
=1

d-1 (5.86)
- E ajajz’xajurlz’ ot xad_lz’xalz’xagz’ o $ajz’$zz’
Jj=2
— Ta12/Lagz’ *** xad,lz’xalz’xzz/
d—1
= _[ E La;2Tajp12 " Lag_12’Tarz’ Lagz' ** " Lajz/ Lzz!
7=1
red. w.rt. G(D (n
= — (3T, —()> 0, as before
d—1 .
where g3 = — ijl Ta;2'Tajprz " Tag_12/Tay 2/ Tagz * ** Ta;r 18 type-one of degree d. Hence
red. w.r.t. G(D (n)
term 8 +term 7 +term5 = ——> 0. (5.87)
We now substitute Equations (5.76), (5.82), and (5.87) into Equation (5.75).
mod G2 (n)
S<g7 L1222 — L2/ a1z’ — La12'!Laqzs d + 1) E—
(5.88)

red. w.r.t. G(@) (n)
—Tzz 01 + L2212 — g3L ——

as g1, g and g3 are of degree d and the multiples of them each reduce is zero on reduction by

G@(n) as before. This completes the proof. O

Remark 5.3.18. Lemmas 5.3.12, 5.3.14, 5.3.15, 5.3.16 and 5.3.17 prove Proposition 5.3.11.
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5.3.1 Type-two and type-three

It is important to remark that from type-one elements we can produce new types of elements
in the Grobner basis. For example for p € G and a type one ¢, while S(p, ¢), when p
introduces a new index not appearing in type-one ¢, reduces w.r.t. lower terms into another
type-one, but if p does not introduce a new index then the S-polynomial reduces to a new
type, called type-two. Also S-polynomial between two type-one, when the one with lower
degree introduces no new index to the one with higher degree, could results in a new type

called type-three.

Example 5.3.19. For a degree 5 type-one element of Grobner basis g = Ty, % q,:%a5:Ca,2Tay 2+

. d for 2-term R =
ijg xajzmajJrlz e xa4zxalzza2z e xajz an fOl" -term - xagalxalz_Ialzxagz_xagzxagap
with the assumption that ag > ay, the reduction of S(R, g,6) w.r.t. lower degree terms, gives

the following element of degree 6 called type-two.

g = [xalzxagzxagzxagzxmzxalz - xalzxa4z$a3zxa2zxa33xa1z}

+ [xagzma4z$alzxa4zxa2zxa3z - xagzxagzxm@malz$a4zxa3z]
+ [xa32xa2zmagzxa4zxa1zxa4z - l'a4zl‘alz$a4zl’a3zIa221L‘a3Z] (5.89)

+ [Tap2Tag2Cas2Car2TaszLasz — LaszLagzLar zLagzLaszLayz)

+ [Tay2%ay2Cag2CapzCagzTasz — TaszLaszLaszLaszLar zLayz) -

When the only common variable between two type-one elements is their leading variables,

the S-polynomial between them reduces to a new type called type-three.

Example 5.3.20. Let g1 = T4,:%0y:%a3:Cay2 + TazzTaszTay2Lagz + TagzTay2TayzTagz and let

92 = Ta12%ay:Tarz + TapzTay2Tayx e type-one elements of degrees 4 and 3, respectively. Then
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S(g1, g2, 6) reduces w.r.t. lower degree terms to

J = Ta,2%as:Ta3:Tas2Tar2Lasz — TazzLar2LasrzTazzLagzLayz- (5.90)

When two type-one have more common variables, then new and more complicated types
emerge by reduction of S-polynomial between them, as well when taking S-polynomial
between different types they become more and more complicated and difficult to introduce

them and we must restrict ourselves in this work to the above new types.

Remark 5.3.21. We have checked the conjecture 5.2.1 on some other types, but the computa-
tions involved increase so much that there is no room here to add any of those details. It is a

case by case study but this may not end. Thus, we will limit our evidence to type-one only.
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Chapter 6

Decomposition of F' K (n)

In this chapter we review the usual degree, S,,-degree and set partition degree and find Hilbert

series, character map and Frobenius image of some finite examples of F'K (n) along with

different decompositions. We find character and Frobenius image of degree 1 component

of FK(n). Under S, for Fomin-Kirillov algebra of general n, with usual degree 2 and set
2 n—4

partition degree types ¢2¢* and ¢;¢]' ">, we find the character decomposition and explain

why for any other degrees of Fomin-Kirillov algebra we also have representation stability.

6.1 Homogeneous decomposition w.r.t. different degrees

Definition 6.1.1. Let N be a monoid with operation ®. An algebra A is called N-graded if
A=,y A”suchthat if x € A* and y € AP, then xy € A“OB,
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6.1.1 Usual degree homogeneous decomposition

Usual degree of a monomial is defined by the number of variables in the monomial. A
polynomial is said to be homogeneous if all its monomial have the same degree. For example
TiiTik — TijpTik — TipZi; for 1 <1 < j < k < n, that is one of the relations of F' K (n), is
homogeneous as every monomial appearing in it is of the same degree 2. It turns out that
all the relations of F'K (n), i.e., the generators of the ideal of '/ (n) are homogeneous w.r.t.
usual degree, so the ideal is homogeneous w.r.t usual degree, i.e., [ = P al (@), as an ideal

generated by homogeneous generators is homogeneous (see Appendix B.2).

Definition 6.1.2. We define the usual degree on F K (n) by the map deg : FK(n) — N
defined by
0 ifzi1j1$i2j2 T Ty, € I,
TiyjrTiggy "~ Ty, T 1

k  otherwise.

One can check that the above definition is well-defined (see Appendix C.1).

Since the free algebra generated by the generators of 'K (n) and the ideal of F'K (n) are
both homogeneous w.r.t. usual degree d, and we have a well defined degree for F'K (n), then

the quotient of them is a graded algebra w.r.t. this degree, i.e., we have

FEK(n) = @ FK*(n), (6.1)

d>0

where F'K“(n) is the usual degree d component of 'K (n). The above decomposition is both
a homogeneous decomposition and representation decomposition into S,,-invariant parts, as

the action S,, given in Proposition 3.1.3 preserves the degree, hence the above decomposition
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is an S,, decomposition into invariant parts.

6.1.2 S,-degree homogeneous decomposition

For symmetric group 5,, we define S,,-degree for a monomial in variables x;; by map
z;; — (i7) and multiplicative extension to monomials, where (7j) is the transposition of i

and j.

Example 6.1.3. x;;x;; — T2, — Taxy; for 1 <o < j < k < nis one of the relations of
FK(n). The S,-degree of the 1st, 2nd and the 3-rd monomial in this relation are (ij)(jk) =
(ijk), (jk)(ik) = (ijk) and (ik)(ij) = (ijk) respectively that are the same, so the relation is

homogeneous.

We denoted S,,-degree by 0. One can check that all of the relations of F'K(n) are
homogeneous w.r.t. S, — degree, so we have homogeneous ideal as before, i.e., I = @, 17,

where /7 is the set of all homogeneous elements of / with the same S,,-degree o.

Definition 6.1.4. We define the S,,-degree on F K (n) by the map

Sp-degree : FK(n) — S,

defined by

€ lfximdxizjz © Ty, S Iv
Tiyjy Tiggy " Tigg + 1

o = (i1j1)(izj2) - - - (ixjr)  otherwise,
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where (i,j;) € S, is the transposition of indexes i, and j,.

One can check that the above definition is well-defined (see Appendix C.2).

Since the free algebra generated by the generators of /'K (n) and the defining ideal of
F K (n) are both homogeneous w.r.t. S,,-degree, and we have a well-defined S,,-degree, the
quotient of them is a graded algebra. Thus we have the following homogeneous decomposition

w.r.t. S,,-degree;

FK(n) = @@ FK°(n), (6.2)

where F'K7 is the set of elements of /'K (n) of the same S,, degree o € S,,. However this is
not a representation decomposition (for which we need a coarser decomposition by conjugacy

class. See Section 6.2).

6.1.3 Set-partition degree homogeneous decomposition

Definition 6.1.5.  [. We call « = {Ay, As, -+ , Ay} a set partition on set A,
(
Ai C A,

lf AimAj:¢7f0ri7éj7

AiUAU---UA = A
\

2. For a monomial M in variables x;;, the set partition degree of M denoted by sp-deg(M )
is defined as the finest set partition of [n| for which i and j lie in the same block if
and only if x;; appears in M. If we denote the blocks by my,, k =1,2,--- ,t, then we

have sp-deg (M) = {my, mq,--- ,m;}, where my, are disjoint subsets of [n] such that
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UL _ymy = [n] and such that i and j lie in the same my, if and only if x;; appears in M.
Two monomials M and M' with different set partition degrees, i.e., my # m;. for some
k, could have the same cardinal number |my| = |m}| fork = 1,2,--- ,t, i.e., they
could belong to the same set partition type (sp-type) denoted by (|mq|, |mal, - -, |my|)

with |my| here sorted in decreasing order.

3. We define the product of two set partitions as the finest set partition that coarsens both.

Example 6.1.6. Let M = x13w94235115. Then the set partition degree of M is sp-deg(M) =
{{135},{24}}, and Then the set partition type of M is sp-type(M) = (3, 2).

Example 6.1.7. x;;x;;, — xjxi — Taxy; for 1 <o < j < k < nis one of the relations of
FK(n). Every monomial in this polynomial is of set-partition degree {{ijk}} (set partition

type (3)). So this relation is homogeneous w.r.t. set-partition degree.

One can check that all of the relations of 'K (n) are homogeneous w.r.t. the set partition
degree, so we have homogeneous ideal w.r.t. this degree as before, i.e., I = P N A where I

is the set of all homogeneous elements of [ with the same set partition degree \ .

Definition 6.1.8. We define set-partition degree on F'KK(n) by the map

sp-degree: F K (n) — P(n), where P(n) is the set of all partitions of [n|, defined by

0 if M €1,
M+1—

sp-deg(M)  otherwise.

One can check that the above definition is well-defined (see Appendix C.3).

Since the free algebra generated by the generators of F'K (n) and the ideal of F'K(n) are
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both homogeneous w.r.t. set partition degree, and we have a well-defined set partition degree

for 'K (n), then the quotient of them is a graded algebra w.r.t. this degree, i.e., we have
FK(n) = @ FE*(n), (6.3)
A

where FFK* is the sum of homogeneous components with the same set partition degree \.
However the above decomposition is not a representation decomposition for which we need a

coarser decomposition by set partition type. See Section 6.2.

6.2 Different representation decompositions

6.2.1 Representation decomposition w.r.t. usual degree

Here we recall Equation (6.1),

FK(n) =@ FK*(n), (6.4)

d>0

which is both a homogeneous decomposition and representation decomposition into .S,,-
invariant parts /'K%(n) (as S, defines action on 'K (n) but does not change the number of

variables, i.e., usual degree d is invariant under .S,,).
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6.2.2 Representation decomposition w.r.t. conjugacy class

FK(n) = @@ FK"(n), (6.5)

where F'K*(n) is the sum of all degree o elements, where o belongs to the conjugacy class
indexed by p. It is both a homogeneous decomposition and representation decomposition
into S, -invariant parts F'K*(n) (as S,, defines action on 'K (n) and while the action of S,,
changes the S,,-degree but does not change the conjugacy class, as a monomial of degree o,

when acted by a permutation v is sent to a monomial of degree v~

ov which is a conjugate of
o by definition of conjugacy, i.e., conjugacy class is invariant under S,, and so F'K*(n) is S,,-

invariant).

6.2.3 Representation decomposition by set partition type

FEK(n) = @ FK?(n), (6.6)
¢

where F'K?(n) is the sum of all elements with set partition degree A with the same set partition
type indexed by ¢. It is both a homogeneous decomposition and representation decomposition
into S, -invariant parts F'/K?(n) (as S, defines action on F'K (n) and while it changes the set
partition degree of a monomial by changing the indexes in each part of the set partition degree
of the monomial, but does not change the number of indexes in each part, i.e., does not change
the set partition type. For example when a monomial of set partition degree {{i, 7, k}, {{,m}}
with set partition type (3, 2) is acted upon by permutation o, the set partition degree changes
to {{c(i),0(j),0(k)},{o(l),o(m)}}, where the indexes in each part change but the number

of indexes in each part stays the same 3 and 2, i.e., the set partition type (3, 2) is preserved,
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i.e., set partition type is .S,,-invariant).

Notations

We use notation ¢° (superscript ¢) for usual degree 7. We use t; to denote a cycle of length ¢ when
denoting a conjugacy class. For example the conjugacy class indexed by p = (123)(45)(67)(8)
is denoted by t,t3t,. We use notation g; (subscript) to denote a part of size i when showing
a set partition type. For example a monomial with set partition degree {{134},{25},{67}}
belongs to set partition type (3,2, 2) denoted by g5¢3. As another example F' K (53231% (5) denotes
elements of F'K(5) of usual degree 2 and set partition type (3,1, 1) denoted by q;q>.

Here we investigate some cases of representation decomposition by usual degree, conjugacy

class and set partition type.

6.2.4 Representation decomposition of 'K (3) by different degrees

Relations

The set of relations of F'K (3) from Equation (1.2) are

2 2 2
R(3) = {21, = 0,255 = 0,275 = 0, Z12T23—T23T13— 1312 = 0, T12013—T23T12+T13%23 = 0}

(6.7)

119



Grobner basis

2 2 2
GB(3) = {%27 T3, T13, T12T23—T23T13—T13%12, L1213 —T23T12+L13% 23, $23I13$23+$13$23$13}-

(6.8)
Basis
B[FK(3)] = {17 T12, 23,13, L23T12, L2313, L13L12, L13X23,
(6.9)
X23X13T12, L13L23T13, $13$23$12,$13$23$13$12}-
Hilbert series
From the above basis we can read the Hilbert series.
Hs =q¢*+3¢° +4¢° + 3¢+ 1 (6.10)

Remark 6.2.1. In our character tables, conjugacy classes and irreducible characters are
indexed by partition. So for example in Table 6.1, conjugacy class co, stands for the one with
partition 3 = 2+ 1, with conjugacy class representative say(12)(3) and with its corresponding

irreducible character xo;.

Remark 6.2.2. Under the action of S, the component of the character of FK(n) on con-
Jjugacy class indexed by o € S, is the sum of the coefficients of = € B[FK(n)] in o(z)
expanded in elements of B[F K (n)|, when z runs in B[F'K(n)].
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Table 6.1: Character table of S3. Conjugacy classes and irred. characters indexed by

partitions.
lcr11| = 1 | |co1] = 3 | |es| = 2 | Frobenius image
X3 1 1 1 S3
le 2 O -1 591
X111 1 -1 1 S111
Character

chars,[FK(3)] = (12,0,0) = 2x3 + 4x2; + 2X111 (6.11)

where x5, X9, and x;;; are irreducible characters of S3 in Table 6.1.

Remark 6.2.3. In decomposition of a character x in irreducible characters X" of a group G,

the coefficients of X\ are derived as follows

i i 1 —(
x=>_ mx¥, m;=(x,x") = @Z\K\XKX%), (6.12)
i K
where sum is over conjugacy classes. We apply this formula frequently here after on.
Frobenius image
FSg (charss [FK(S)]) = 283 + 4821 + 28111, (613)

where s3, $91 and sq1;1 are Schur functions.

121



Representation decomposition by usual degree

B[F K (3)] in Equation (6.9) can be divided into following sets by usual degree.

By = {1}, B, = {$12,332379513}, By = {x23$12,x23x13,x139512,x139523},

(6.14)
By = {$23$13$12, 213723713, $139€231’12}, By = {513'1356231'131'12}-
Characters are
chars,[FK"(3)] = (1,1,1) = xs,
charsg, [FK(U@)] =(3,-1,0) = x21 + X111,
chars,[FK® (3)] = (4,0, —2) = 2xa1, (6.15)

charsg, [FK(?’)(:%)] = (3,-1,0) = xa1 + X111,

charg,[FK™W(3)] = (1,1,1) = xs,

where X3, X21, 111 are irreducible characters of S, in Table 7.1. Also with Frobenius images

Fs,(charg,[FK9(3)]) = s3,

Fs, (chars,[FKM(3)]) = sa1 + s111,
Fs,(chars,[FK®(3)]) = 2591, (6.16)

Fs,(chars,[FK®(3)]) = s21 + s111,

FS3 (char53 [FK(4) (3)]) = S3.

Therefore

charg, [FK(3>KQ) = X3+ (Xo1 + X111)q + 2X21q2 + (Xo1 + X111)f13 + X3q47 (6.17)

122



with Frobenius image

Fs,(chars,[FK(3)](q) = (1 + q4)33 + (g +2¢° + ¢*)so1 + (¢ + ¢*)s111. (6.18)

Remark 6.2.4. Equations (6.17) and (6.18) provide finer decompositions than Equation

(6.11) and (6.13) and reduce to them upon putting ¢ = 1 in them.

Representation decomposition by conjugacy class

The basis of F'K(3) is partitioned into

Bt§ ={1, 213723213712}, By, = {12, T13, ¥23, , T23T13%12, T13T23713, T13T23T 12},

and By, = {23712, To313, T13T12, T13T23 }

of conjugacy classes denoted by 3, tot; and t5 respectively. One can easily check that each of
them are closed under S and that S5 defines an actions on each of F K'1(3), FK"" (3) and

FK'(3), with the following characters.

charg,[FK(3)] = (2,2,2) = 2x3,
char53 [FKt2tl(3)] = (6, -2, 0) = 2x111 + 2X21, (6.19)

charg,[FK™(3)] = (4,0, —2) = 2xa1,
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with Frobenius images

Fs,(charg,[FK'(3)]) = 2s3,
Fs,(chars,[FK""(3)]) = 2591 + 25111, (6.20)

Fs,(chars,[FK"™(3)]) = 2s.

Therefore we have
chars,[FK (3)](t1,t2, t3) = 2Xsts + (2X111 + 2Xo1 ot + 2Xo1t3, (6.21)
with Frobenius image
Fs,(chars,[FK(3)|(t1,ta,t3)) = (263)s3 + 2(tat; + t3)s21 + (2tat1)s111. (6.22)

Remark 6.2.5. Equations (6.21) and (6.22) are finer than Equations (6.11) and (6.13) re-
spectively and reduce to them upon letting t, = to = t3 = 1. We also notice that letting
ty =ty = t3 = qin (6.21) and (6.22) does not relate them to (6.17) and (6.18), the reason
is that monomials with the same permutation degree (S, degree) could have different usual
degrees. For example while in the basis of F K(3) both x5 and x13x93113 have the same

permutation degree (12)(3), but they are of different usual degrees 1 and 3.

Representation decomposition by set partition type

The basis of F'K(3) can be divided into the following 3 parts by set partition degrees type,
B = {1}, By,q, = {712,723, 713} and

qu = {$23$127$23$137$13$12,$13$237$23$13$12,»’U13»’U23~’U13,$13$23$12, 551356231'131'12} of set
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partition types denoted by ¢3, ¢,q, and g, respectively. Then

chars, [FKq%(?’)] = (17 L, 1) = X3
charsg, [FKq2q1(3>] =(3,-1,0) = Xo1 + X111, (6.23)

chars, [Fqu(?’)] =(8,0,—1) = x5+ 3x2 + X111-

with Frobenius images

Fs,(charg, [FK}I?(S)]) = s3,
F53 (ChCLT’53 [FKq2q1 (3)]) = So1 + S111, (624)

F53 (ChCLT’S3 [FKq3 (3)]) = 83+ 3821 + S111-

Therefore

charsg, [FK<3)](Q17 4y, Q3) = <X3)Q? + (X21 + X111)Q2Q1 + (X3 + 3x91 + X111)Q37 (6.25)

with Frobenius image

Fs,(chars,[FK(3))(q1. 02, 45)) = (a7 + 45)53 + (4201 + 345) 501 + (4201 + G3)5111- (6.26)

Remark 6.2.6. Equations (6.25) and (6.26) represent finer decompositions of F'K (3) than
Equations (6.11) and (6.13) respectively and reduce to them upon letting g, = q, = q3 = l in
Equations (6.25) and (6.26). We also notice that letting q, = q, = q3 = q in Equations (6.25)
and (6.26) does not relate them to Equations (6.17) and (6.18), the reason is that monomials
of the same set partition degree could have different usual degrees. For example in the basis
FK(3), while x93115 and 1139321312 both have the same set partition degree {{1,2,3}}

but are of usual degrees 2 and 4.
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Representation decomposition by set partition type and usual degree

Using the basis of /'K (3) partitioned by usual degree in Equation (6.14) we derive easily the
following character map and Frobenius image in terms of set partition type. This together with

the ones for higher n = 4, n = 5,...will be helpful later on to find a pattern for general n.

charg,[FK(3)] = chars, [FK(;?(B)] =(1,1,1) = xs. 627
Fg,(charg, [FK;?(B)]) = 3.

charg,[F K, (;

q

211(3)] = chars, [FK(l)(?’)] = (3,-1,0) = Xa1 + X111-

(6.28)

q

Fs,(charg, [FK(;)II(B)]) — F(chars,[FKW(3)]) = 591 + 5111

charg, [FK(1)2(4)] = (6,0, —2,0, 0) = X31 T Xo11-
121 (6.29)

Fs,(chars, [FK;;% (4)]) = s31 + Sa11.

chars, [FK;1;3(5)] = (10,2, -2,1,—1,0,0) = x41 + X311-
24} (6.30)

Fs, (charg, [FK(D (5)]) = 41 + S311-

a0

chars,[FK?(3)] = (4,0, -2) = 2xy,.

a3

(6.31)
Fsy(chars,[FK? (3)]) = 2s,,.
charsg, [FK(ES)(:%)] =(3,-1,0) = Xo1 + X111- 632)
Fs,(chars, [FKS)B)D = S91 t S111-
chars,[FEY (3)] = (1,1,1) = x;. 633

Fs,(charg, [FK(4)(3)]) = $3.

a3
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6.3 Decomposition of FK%(4), d = 2,3, 4, conjugacy class,

set partition type, representation decompositions.

Relations of F'K (4)

2 2 2 2 2 2 _
R(4> _{$12 - 07 xlS - 07 x14 - 07 I23 - 07 x24 - 07 .CL’34 - 07
L1234 — L34T12 = 0, L13L24 — L24L13 = 07 X23L14 — L14T23 = 0,
T12T23 — To3T13 — T13T12 = 0, T12713 — Ta3x12 + T13%23 = 0,
(6.34)
T12T24 — ToaT14 — T1aT12 = 0, T12T14 — TouT12 + T14T24 = 0,

T13T34 — T34T14 — T14T13 = 0, T13%14 — T34T13 + T14T34 = O,

T23T34 — T34T24 — ToaTo3 = 0, TogTog — T34To3 + T24T34 = 0}-

Grobner basis

GB(4) :{x%%xi}? C(”%47 ‘r§37 $§4,ZL’§4,
L1234 — T34L12, T13L24 — T24X13, T23T14 — L1423,
T12T93 — T23T13 — T13T12, T12T13 — T23T12 + T13T23, T12T24 — T24T14 — T14T12,
L1214 — T24T12 + T14T24, T13T34 — T34T14 — T14T13, T13T14 — T34T13 + T14T34,
T334 — T34T24 — T24T23, T23T24 — T34T23 + T24T34,
T23%13%23 + X13%23T13, T24014T24 + L14T24T 14,

T34%14T34 + T14%34214, T34T24%34 + ToaL34%24 }.

(6.35)
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Table 6.2: character table of Sy

C.C. |61111’ =1 ’0211| =6 ’022| =3 ‘631’ =38 |C4| =6

cc.rep | (H2)3)@) | (L2)B)4) | (1,2)3.4) | (1,2,3)(4) | (1,2,3,4) | FI
X4 1 1 1 1 1 S4
Xo11 3 -1 -1 0 1 S211
X1111 1 -1 1 1 -1 S1111

6.3.1 Degree 2 component of 'K (4)

Basis of F' () (4)
2
B[FK( )(4)] 2{1’133323,90233313,95143324,95245514,95145534,95345514,352455347353433247352333127352433127
Character map

However this character is reducible and is written in terms of irreducible characters of .S, in

Table 6.2.

chars, FK®(4) = (19, -1,3, -2, —1).

charS4FK(2)(4) = 2X31 + 3X22 + 2Xo11 + X111
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Table 6.3: chars, FK%)(4) fori =1,2,3, 4.

leiin| =1 lco11| =6 lcaa] = 3 |ca1] = 8 les| =
DHEE)H | L2)E)H) | (1,2)3,4) | (1,2,3)[) | (1,2,3,4)
chars,[FK©(4)] 1 1 1 1 1
charg,[FKW(4)] 6 0 -2 0 0
)(4)] 19 —1 3 -2 -1
'(4)] 42 -2 ~6 0 5
charg,[FK®W(4)] 71 -1 7 -1 -1

We have also the Frobenius image

Fs, (charg,[FK® (4)]) = 2531 + 3525 + 25211 + 51111

Conjugacy class decomposition of F'K(?)(4)

By ={234712, L2413, T14%23}, and

with the following character and Frobenius maps:

T34T13, T34X23, L24L23, L14X13, L1412, 1’131’12}-

charsg, [FKt(gz)(4>] =(3,-1,3,0,=1) = X2 + X1111-
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F(chars, [FKt(g)<4)]) = S99 + S1111-

(6.39)

In terms of conjugacy class we divide the basis of F'K(?)(4), Equation (6.36), into 2 sets:

Bt3t1 2{35133523, X23%13, L1424, L24T14, L1434, 34T 14, L24X34, 34T 24, T23L12, L2412,

(6.40)

(6.41)



And

chars, [FKt(:t)l (4)] = (16,0,0,=2,0) = 2x3; + 2X95 + 2X211- 6.42)
F(chars, [FK}le(zL)]) = 253 + 28595 + 2553

Therefore
charg, [FK(Q)(ZL)KU; ta, t3> = (X22 + X1111)t§ + (2X31 +2x90 + 2X211)t3t17 (6.43)
with Frobenius image

FS4 (ChCLTS4 [FK(Q) (4)](t1, tz, tg)) = 2t3t1831 + (2t3t1 + t%)SQQ + 2t3t18211 + t%SHH. (644)

Set partition type decomposition of '/ (?)(4)

The basis of F K (2)(4), Equation (6.36), is divided into 2 sets:

qu ={234712, 24713, T14T23},
of set partition type g5 and

Bq3q1 :{$13$23, T23713, L1424, L24X14, L14L34, L3414, L24L34, L34L 24, L2312, L24L12,

XL34X13, X34L23, L24X23, L14L13, L14T12, $13I12}7

of set partition type denoted by ¢,q;.
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However this same partition is invariant under conjugacy class as well as set partition type,

so we are going to have essentially the same representation decomposition.

charg, [FK'?(4)] = (3,-1,3,0, 1)

B (6.45)
= X22 T X11115
with Frobenius image
Fs, (chars,[FK3 (4)]) = 522 + s1111. (6.46)
and
chars,[FK?) (4)] = (16,0,0,-2,0) 647
= 2X31 + 2X22 + 2Xa115
with Frobenius image
Fs,(chars,[FK) (4)]) = 2851 + 2525 + 28011, (6.48)
or just
Fyg,(chars, [FK(2)(4)D(q1, G, 43) =(245¢1)s31 + (2¢3q; + G3)522 (6.49)

+ (243q,) 5211 + @351111-

Remark 6.3.1. Equation (6.49) is a finer decomposition than Equation (6.39) and reduces to

that upon putting q; = ¢, = q5 = 1.
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Table 6.4: Fs,[F K% (4)] and Fs,[FK®(3)],i=1,2,3,4.

FI FI
Fs,(chars,[FK©(4)]) 84 Fs,(chars, [FK(O)(?))] 3
Fs,(chars,[FKM(4)]) S31 + Sa11 Fs,(charg, [FK (3)]) | s21 + s111
Flg4 (Ch(ITS4 [FK(2> (4)}) 2831 + 3822 + 25211 + S1111 F53 (char53 [F (3)}) 2821
Fs,(chars,[FK®(4)]) 6531 + 3592 + 65911 + 251111 Fs,(chars,[FK®(3)]) | sa1 + 8111
Flg4 (Ch(l?”s4 [FK(4> (4)}) 384 + 8831 + 8822 + 88211 + 481111

6.3.2 Degree 3 component of I/ (4)

B[FK(B)(ZL)} = {3314331333127331433135523,351435233312,45143323%13, T14T34T12, L14X34T13,
T14734T23, X14X34L24, T14L34L 14, T14L24L12, L14L24T13, L14L24L23,
T14724T34, L14T24T14, T23L13L12, L24L14L12, L24L14L13, T24L14L23,
T24T14T34, T24T13T125 L24L13L23, L24L23T12, L24L23L13, L34L24T12, (6.50)

T34T24713, T34L24L23, L34L24L14, L34L14T12, T34L14L13, T34L14T23,

XL34T23L12, L34T23L13, L34X13T12, L34X13XL23, L13L23L12, L13L23L13,

X24X34L12, L24X34X13, L24L34L23, X24X34X 24, X24L34L 14, $34$14$24}-

Character map

chars,[FK®(4)] = (42, -2, -6,0, —2)
(6.51)

= 6x31 + 2X22 + 6Xo11 + 2X1111>

where y; are irreducible characters of S, in Table 6.2. Also with Frobenius image

FS4 (charg4 [FK(?’) (4)]) = 6531 + 2822 —+ 65211 -+ 251111. (652)
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Representation decomposition of 'K (®) (4) by conjugacy class

Here we divide degree 3 part of F'K'(4) basis into 2 sets according to their conjugacy classes

denoted by ¢, and ¢,t2.

Bt4 = {$14$13$12, T14X23713, L24L14223, L24L13L12, L34L24L14, L34L14X12, L14L13L23,
L14223L12, L24L14L13, L34L14L23, L24L34L14, L14L34L12, L24L14X34, L34L23L13,
L34X13L12, L24L34L13, L14L34L23, L14L24L 34, L34L23L12, L34L13L23,

L24X34L12, T14L34L24, £14L24L23, L24L23L13, L34L24L13, L14L24L13, (6.53)
L24713723, X24X23L12, L34X24X12, $343314$24}-
Btztg = {£U141U3451?13, L24T34L23, X14L34L14, L23L13L12, L14L24L12, L34X24X23,

T14T24T14, X13T23L13, L24L14T12, T34L14X13, T13T23L12, $24$34$24}-

One can check that By, and B, ;2 are closed under the action of Sy.

Decomposition of character in irreducible characters/Frobenius image

chars,[FK”(4)] = (30,0,-6,0, —2)

= 95X31 T X22 T 4Xo11 + X1111-
FS4 (char54 [FKt(f) (4)]) = 5831 + 5929 + 48211 + S1111-

(6.54)
chars,[FK®,(4)] = (12,-2,0,0,0)

= X31 T Xo2 + 2Xo11 + X111

gl
2
—~
o
>
Q
=
n
'
=
&)
—~
N
SN—
=
I

S31 + S22 + 28211 + S1111-
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Adding them up we have

chars, [FK(S) (4)](t1, to, t4) :(5X31 + Xog + 4Xo11 + X1111)t4 6.55)

+ (X31 + Xoo + 2Xo11 + X1111)t2t%a

with Frobenius image

Fs, (charg,[FEK® (4)](t1, tg, ta)) =(5t, + to12)s51 + (t, + to12) 502 656

+ (4t + 20583 ) s211 + (4 + £517) 51111

Remark 6.3.2. Decompositions in Equations (6.56) is a finer decomposition than the ones in

Equation (6.52) and reduces to that at t, =ty = t4, = 1.

Representation decomposition of F'/3(4) by set partition type

As before, by set partition type we will have essentially the same decomposition as we had
in conjugacy class. The reason is that referring to Equation (6.53) we see that the set of set
partition type ¢s¢; is nothing but B, ;2 and the set of set partition type g, is nothing but B;,,
i.e., we have the same partition of basis invariant under conjugacy class and set partition type.
Hence set partition decomposition is the same as conjugacy class and here we put them briefly

just for reference.

charg,[FK® (4)] = (30,0, —6,0, —2)

qy

(6.57)
= 9X31 + Xo2 T 4Xo11 + X11115
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with Frobenius image

FS4 (Ch;CL?”S4 [FK(S) (4)] = 5831 —+ S99 + 48211 + S1111- (658)
We have also
chars,[FK) (4)] =(12,-2,0,0,0) 659
=X31 + Xo2 + 2Xo11 T X1111>
with Frobenius image
F5'4 (ChCLTS4 [FKéjzl (4)]) = 831 + S92 + 23211 + S1111- (660)
Hence we have
charsg, [FK(3) (4)](qy ds, Q) :(X31 + Xoo + 2Xo11 + X1111)Q:3Q1 6.61)
+ (5s31 + S22 + 45211 + S1111) 44,
with Frobenius image
Fs, (char54 [FK(3) (4)])((117 43, ) :(Q:sfh + 5Q4>531 + <Q3Q1 + %)522 6.62)

+ (2¢3q, + 4q,) 5211 + (¢39, + q4)S1111-

Remark 6.3.3. Equation (6.62) is a finer decomposition than Equation (6.52) and reduces to

that upon putting ¢, = g5 = q, = 1.

135



6.3.3 Degree 4 component of /'K (4)

Basis

4
B[FK( )(4)] = {$13$23$13$12, 14341413, L14L24T14T12, T24L34L24T 23,

X14X13L23T12,

XL14X34L14T24,

L14L24L34T24,

T24X14234T14,

X24X34T23T12,

T34T24T23713,

X34713T23713,

L14723713T12,

L14734T24T14,

L14T24713T12,

L14X24X34T23,

XL24X14X23T12,

X24X13X23T12,

X24X34X24T12,

X24X34X14T24,

X34X24X14T23,

L14X34213L12,

L14X24213T23,

X14T24T14T34,

X24X14T34T23,

L24X34T24T14,

X34T24T14713,

X34X14T24T14,

X14T34713T23,

XL14T34T24T23,

X14T24T23T13,

L14X24214213,

L24X14X34L12,

L24X13L23T13,

L24X34L24713,

X34X24213T23,

X34X14213T12,

X14X34L23713,

X14X2423T12,

X24X14213712,

X24T23713T12,

X24X34T14T12,

X34X14713T23,

X34T14T24T23,

X14T34T23T12,

X14734T14T12,

X14T24T34T12,

X14X24X14T23,

X24X14X34213,

X24X34213T12,

X24X34X14713,

X34X2423T12,

X34X14L23713,

X14X34X24T12,

X14X24X34T13,

L24L14T23713,

L24T34213T23,

T34T24713T12,

T34T14T23T12,

L14713T23713,

L14T34T24T13,

L14T34T14T23,

L14T24T34T14,

XL24X14X13%23,

L24X14X34T24,

XL24X34X23T13,

X24X34X14T23,

X34X24X14T12,

X34X23L13T12,

X34X13L23L12, L34X14T24L12, $349€14$24$13}-

136

(6.63)



Character map and Frobenius images

chars,[FKW(4)] =(71,-1,7, -1, —1)

(6.64)
=3x4 + 8X31 + 8Xa2 + 8Xa11 + 4X1111>
where Y; are irreducible characters of S, in Table 6.2. Also with Frobenius image
Fs,(chars,[FK™(4)]) = 354 + 8531 + 859y + 85911 + 481111 (6.65)
Representation decomposition of F'/{(Y)(4) by conjugacy class
Basis
Basis of F'K*(4) in Equation (6.63) is decomposed in conjugacy class invariant parts
B(FK®W(4)) = B(FK;?) (4)) U B(FKt(g) (4)) U B(FKL) (4)), (6.66)
where
B(FKP (4)) = {213223713%12, T14T31014T13, 14004814812, T24T34T2423 (6.67)
" 13723013212, T14134%14713, L14T24T14%12, T24T34T24T23 [ .
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B(FKt(g) (4)) = {714713723712, T14T34T13T12, + T14T34T23713, + T14T34T2uT12,
L14T34714T24, T14L24XL13723, T14L24L23L12, L14L24X34T13,
L14024734L24, T14L24L14T34, T24X14L13L12, L24L14X23T13,
L24X14L34T14, T24T14L34L23, L24L23L13L12, L24X34L13T23, (6.68)
L24X34L23L12, L24T34X24L14, L24L34L14L12, L34X24L13L12,
L34X24L23L13, L34L24L14L13, L34L14L13L23, L34X14L23L12,
T34L13023L13, T34L14L24T14, $34$145524£E23}>

and

B(FK&)I (4)) = {$14I13$23$13, L14T23L13L12, L14X34X13L23, L14L34L23L12,
L14L34L24X13, L14X34L24L14, L14L34L24X23, L14XL34L14L12,
L14034L14T23, L14T24L13L12, L14L24L23L13, L14XL24L34L12,
L14024T34T14, L14T24L34L23, L14L24L14X13, L14XL24L14L23,
T24014L13023, L24T14L23L12, L24L14L34L12, L24XL14L34L13,
(6.69)
T24X14L34T24, T24X13L23L12, L24L13L23L13, L24XL34L13L12,
T24T34T23713, T24X34X24L12, T24T34L24T13, L24L34L14L13,
T2434014T23, T24T34L14X24, L34L24L13L23, L34L24T23L12,

T34X24L14T12, L34X24L14L23, L34L14L13L12, L34XL14L23TL13,

X34T23T13L12, T34XL13T23L12, L34T14T24X12, 953495149024$13}-
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Characters and Frobenius images:

chars,[FK(4)] = (4,2,0,1,0)
1

(6.70)
= X4 T X31-
Fg, (charg, [FKt(;) (4)]) = 54 + 551. (6.71)
chars,[FKY(4)] = (27,-3,7,0,—1)
2 (6.72)
= X4+ 2X31 + 4Xa2 + 3Xo11 + 3X1111-
FS4 (ChCLT54 [FKt(g) (4)]) = S4 + 2831 + 4822 + 38211 + 381111. (673)
chars,[FK) (4)] = (40,0,0,—2,0)
(6.74)
= X4 1+ 9X31 + 4Xo2 + OXa211 + X111
Fs,(charg, [Ff(t(jt)1 (4)]) = 4+ sy + 4522 + 5sa11 + S1111- (6.75)

Hence we have

Fs, (charg,[FK™W(4)]) =(tst, 4 3 + t1)s4 + (5tsty + 212 + t1)s3)
+ 4(t3t1 + t%)SQQ + (5t3t1 + 3t§)5211 + (tgtl —+ 3t§)51111.

(6.76)

Representation decomposition of F'/{(Y)(4) by set partition type

By set partition type, unlike conjugacy class, the basis of FK*(4) is decomposed into only

two invariant parts as it follows.
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B(FKW(4)) = B(FKY

439

((4)) U B(FE(4)),

where

4
B(FKq(Sgl (4)) = {713723713712, T14T34714713, T14T2T14T12, T24T34T24T23},

and

B(FK{Y(4)) = B(FK"(4)) \ B(FK\") (4)).

493491

Characters and Frobenius images

charg,[FK®

939, <4)] = (47 27 07 ]-7 0)
= X4+ X31-

Fs,(chars,[FK) (4)]) = s4+ sa1.

charg,[FK{"(4)] = (67,-3,7,-2,—1)
= 2X4 + Tx31 + 8Xa2 + 8Xo11 + 4X1111-

Fg,(chars, [FKS? (4)]) = 254 + Ts31 + 8522 + 85211 + 4s1111-

Hence we have

Fg, (ChCLT54 [FK(4) (4)])((]17 ds, Q4) =

(294 + q3q1)54 + (Tqy + q301)S31 + 8¢y S22 + 8¢y 8211 + 44451111

(6.77)

(6.78)

(6.79)

(6.80)

(6.81)

(6.82)

(6.83)

(6.84)

Remark 6.3.4. Equations (6.84) and (6.76) are finer decompositions than Equation (6.65)

and reduce to that upon putting ¢ = q3 = q4 = 1l and t; = ty = t3 = 1 respectively.
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6.3.4 Degree one component F'/{!)(5)

charg [F K (

)
4293

(5)] = charg,[FKW(5)] = (10,2, -2,1,—-1,0,0)

= Xa1 T X311/

where Yy, are irreducible characters of S5 in Table 6.5, and with Frobenius image

FS5 (ChCLT55 [FK(I) (5)]) = S41 + S311-

4293

6.3.5 Degree 2 component of /'K (5)

charg,[FK®(5)] =(55,1,3, -2, -2, —1,0)

=2x41 + 3X32 + 2X311 T 3X201 + X111 + Xa11115

where y; are irreducible characters of S5 in Table 6.5, and with Frobenius image

Fg. (charsg, [FK(Q)(5)]) = 2841 + 3832 + 28311 + 35221 + S2111 + S11111-

(6.85)

(6.86)

(6.87)

(6.88)

6.3.6 Representation decomposition of /'K%(5) by set partition type

B(FK®(5)) = B(FK@;%@)) UB(FK( (5))

qs 2%
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Table 6.5: character table of S5.

lciinnn] | |eain] | Je2a1| | lesin] | Jesa] | |ear] | |es) FL
=1 =10 | =15 | =20 |=20|=30| =24
X5 1 1 1 1 1 1 1 Sk
X41 4 2 0 1 -1 0 -1 S41
X32 5 1 1 —1 1 —1 0 839
X311 6 0 —2 0 0 0 1 S311
X221 5 -1 1 -1 -1 1 0 $9291
o | 4 2 | 0 | 1 T | 0 | =1 | sunt
o |1 1 T [ 1 | =1 =1 1 |smu

where

(2)
B(FK %(5)) ={x15%12, T15T13, T15T14, T15T25, T15T35, T15T45, T14T12, T14T13, T14T24,

4939

L14T34, L25T12, L25L15, L25L24, L25X13, L25L 45, L25L35, L3513, L35L 15,

L3523, L35L25, L3534, L35L 45, L45L14, La5L15, L45L24, L4525, L45L34,

T45T35, L24T12, L24T14, L24T23, L2434, L34X13, L34L 14, L34X23, L3424,

X13%12, L1323, L23T12, 55231513}

and

(2) _
B(FKQ§111 (5)) —{3315$23> L1524, L15T34, L14L23, L25L13, L25L14, L25X34,

X35T12, L3514, 35T 24, La5X12, L45L13, L45T23, T24L13, $34$12}-

with associated characters and Frobenius images

chars,[FK®,(5)] = (40,4,0, -2, —2,0,0)

4343

= 2X41 T 2X32 T 2X311 + 2Xa21,

Fo,(chars,[FK 2, (5)]) = 2511 + 2535 + 2311 + 25001,

@
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Table 6.6: Character/Frobenius image of [FK;g)(él)] [FK @ (5)], and [FK;? (6)].
2 2

9291 q%
p) p) p)
FED(4) FK (5) FK 3, (6)
(3,-1,3,0,—1) (15,-3,3,0,0,—1,0) (45,-3,1,9,0,0,0,—1,—1,0,0)
S22 + S1111 832 + S221 + S2111 + S11111 | Sa2 + S321 + S3111 + S222 + S21111

and

charg, [FKS3) (5)] = (15,-3,+3,0,0,~1,0)
1

a3

= X32 T Xo21 + Xo111 T X11111+ (6.94)

Fs.(charsg, [FK(? (5)]) = s32 + S221 + S2111 + S11111,

454,

where y;, are irreducible characters of S5 in Table 6.5. Combining the above we have:

Fs.[FK®(5)(q1, @2, 43) =(24507) 541 + (03q; + 20507532 + (203¢7) 5311 ©95)

+ (ngl + 2@:&%)3221 + (qg%)sﬂll + (ngl)sllllla
which reduces to Equation (6.88) upon letting ¢, = ¢, = g5 = 1, as expected.

Remark 6.3.5. Here we have the same decomposition of the basis invariant under conjugacy
classes indexed by t3t, and t3t3 as under set partition types q3q, and q3q; respectively. So
the conjugacy class decomposition of F K (5) is essentially the same as set partition type

decompositions.

6.3.7 Representation decomposition of '/3(5) by set partition type

B(FKW(5)) = B(FK\”,(5)) U B(FKY (5))UB(FE) (5)), (6.96)

(
4363 d3
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where

(3) _
B(FK(M% (5)) —{95153335-?315, T15T25712, L15L45L14, L15L35L13, L15L45L15, L15L25L15,
L14224T12, L14T24L14, T14L34T 13, T14T34L14, L25L15L12, L25L35L23,
To5X35L25, La5L45L24, L25L45L25, L35L15L13, L35L25L23, L35L45L34, (6.97)

X35L45L35, L45L15T 14, La5X25T24, Ta5L35X34, L24L14L12, L24T34T 23,

X24T34T24, T34X14T13, L24L24T23, 13T 23L12, L13T23T13, $23$13$12}
with character

chars, [FKqu%@)] = (30,0, -2,0,0,0,0)

(6.98)
= Xa1 T Xa2 T 2X311 T Xoo1 + Xan1s
where x,, are irreducible characters of S in Table 6.5, and with Frobenius image
Fs, [FK;‘I% (5)] = 841 + 832 + 25311 + 5221 + So111- (6.99)

Also

B<FK$()12 (5)) :{$15$14$23, T15L24213, L15L24223, L15L24L34, L15L25L34, L15L34L12,
T15L34223, L15L34L24, L15L35L24, L15L45L23, L25L14L13, L25L14X23,
To50142L34, L25L15L34, L25L24L13, L25L34L12, L25L34L13, L25L34X14,
T25T35L14, L25X45L13, L35L14X12, L35L14L23, L35L14L24, L35X15X24,
T35L24L12, L35L24L13, L35L24L 14, L35L25L14, L35L34L12, L35L45L12,

T45l13L23, L45L13L12, La5XL14L23, La5X15X23, La5L23X12, T45L23L13,

L45X24X13, L45L25L13, La5L 3412, $45$35$12}

(6.100)
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Table 6.7: Character/Frobenius image of F'K, éf) (4) and FK(gfc)] L(5)

FEP(4) FK{), (5)
(30,0,—6,0,—2) (150,0,—6,0,0,—2,0)
5831 + S99 + 48911 + S1111 | 9541 + 6530 4+ 95311 + DS291 + DS2111 + S11111

with character

chars,[FK, , (5)] = (40, 4,0, -2,+2,0,0)

(6.101)
= 2X32 T 2X311 + 2X221 + 2Xa111
with Frobenius image
FS5 [FKSqu (5)] = 2832 + 28311 + 25221 -+ 282111. (6102)
Also B[F K, éi)h (5)] consists of 150 elements and result to the following character.
chars,[FK) (5)] =(150,0,—6,0,0,—2,0)
(6.103)
=5X41 + 6Xs2 + X311 + 9Xa221 + 9Xo111 + Xa1111-
Frobenius image:
Fs, [FKS()JI(@] = 5541 + 6532 + 95311 + 5S221 + DS2111 + S11111- (6.104)

Here we summarize the characters for usual degree up to 3 and for different set partition types

forn = 2, 3,4, 5 along with their associated Frobenius images in Tables 6.8, 6.6, and 6.7.
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Table 6.8: chars, [FK;I qn,k(n)] ford=2,3,k=1,2,3,andn = 3,4, 5.
k91
charg,[FK©(2)] | charg,[FK©(3)] charg,[FK© (4)] charg.[FK©(5)]
(1,1) (1,1,1) 1,1,1,1,1) 1,1,1,1,1,1,1)
So S3 Sq S5
chars, [FK(SQ1> (2)] | chars, [FK,S()I1 (3)] charsg, [FK;:()Z% (4)] charg, [FK;;;% (5)]
1, -1) (3,-1,0) (6,0, —2,0,0) (10,2,-2,1,~1,0,0)
S11 S21 + S111 831 + So211 S41 + S311
charg, [FK(E? (3)] charg, [FK,ESZ{)I1 4)] charg, [Fqu;% (5)]
(4,0,-2) (16,0,0,-2,0) (40,4,0,-2, -2,0,0)
2591 2831 + 2892 + 25011 2841 + 2832 + 28311 + 25921
chars,[FK (3)] chars,[FKL), (4)] chars, [FKSZI%(E))]
(3,-1,0) (12,-2,0,0,0) (30,0,-2,0,0,0,0)
S21 + S111 S31 + Sg2 + 28211 + S1111 | Sa1 1 S32 + 28311 + S291 + S2111
chars, [FK;;L()]1 (4)]
(4,2,0,1,0)
S4 + S31
charsg, [FK,E::‘)(ZL)}
(67, -3, 7,2, 1)
284 + 7831 + 8822
+8s211 + 451111

6.4 Character of 'K (n) of usual degrees 0 and 1.

Proposition 6.4.1. Fs [FK©) (n)] = s,, n > 2, where s, is Schur function.

Proof. FK©(n) = {1}, then for any o € S,,, we have o1 = 1. So we have

charg, [FK©n)] = (1,1,---,1) = x,,, so Fs, (charg, [FK©(n)]) = s,,.
——
p(n)
This completes the proof. ]

Remark 6.4.2. In the sequel f* stands for the number of standard tableaux of shape \ - n,
where according to Hook Formula f* = W where h; j stands for Hook length of the
1,7)€ )

associated node (i,j).
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Proposition 6.4.3. Let o € S,, be of type (191,272 .. n). Then the value of chars, [F K™ (n)]

on conjugacy class indexed by o is

chars, [FKW(n)](0) = —ay + <C;1). (6.105)

Proof. BIFKW(n)] = {zu, 1 <a <b<n}. Then
|B[FK™"(n)]| = number of 2-sets in n object = (). We consider z,, € B[FK"(n)]. a

and b could also appear in o € S,,. We consider the following cases of appearance of a, b in o.

1. If a and b appear in o as fixed points. oz = z, contribution to the character at o equals

the number of 2-sets of fixed points in o, which is nothing but (“21)

2. If a and b are not both fixed but are in different cycles, we have no contribution to the

character.

3. If a and b both appear in o in a 2-cycle, then oz, = (a, b)Ta, = —T 4, S0 a factor (—1)

for each 2-cycle appear in o, so a contribution of —as to the character.

4. If a and b appear in k-cycles for k£ > 2, then it results in no contribution. The reason
is that the action of o € S,, on z € Basis, develops new indexes in z that did not exist

before, so causes no eigenvector.

Adding up the contribution due to the above cases we have charg, [FKV (n)](0) = —ax+(%).

This completes the proof. 0

Proposition 6.4.4. Let permutation o € S, be of cycle type (1%1,2%,---n), and let x,,_; ,
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and x,,_5 1 be irreducible characters of S,. Then

a
Xn-1,1(0) + Xn_211(0) = —az + (21) (6.106)

Proof. Application of Murnaghan-Nakayama rule to evaluate x,, ,,; at o, at each step
reduces the arm of the diagram of shape A = (n — 2, 1, 1) by length of a cycle of length i > 2,
until we have cut a total length of 5 = ) ._, ia; off the arm and are left instead of o with ¢’
with only 1-cycles and/or 2-cycles, i.e., we are left with an involution o’ = (wu)

a2 al

Xn—2,1,1(0) == Xn—2—ﬂ,l,1(0/> = Xn—2—ﬁ,1,l<\22 2110 1), (6.107)

az al

where § = sz ta;. Son — B = a1 + 2as. The following diagram illustrates the below

process of calculation.

n—2
n |n-3|n4 2 |
2
1

s
n- n-3-3 2 1
2
1

v N
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We apply Murnaghan-Nakayama Rule to calculate the following.

Xn—2,1,1<0) :Xn—2—6,1,1(22 o 2,\11 i 1,) = Xa1+2a2—2,1,1(\22 211 1,)

a2 ai az al

= Xa1+2a2—2(~22 211 1,) + Xa1+2a2—2—2,1,1(\22 2111

az—1 a1 az2—1 al

=—1+ Xa1+2a2—2—2,1,1<\22 211 1)

az—1 al

=—1- Xa1+2a2—2—2(\22 o 2&/_;) + Xa1+2a2—2—2—2,1,1(&;;/

1)

211---1)
—

az—2 al az—2 al

=—1—14 X4 194022 911(22---211---1)

az—2 ay
:Cl —1-1.--— 1,+Xa1+2a2—2—2a2,1,1(1: Lo, 1)
a2
=—ax+ Xa172,1,1(17 L., 1)
N——
ai
Hence we have
Xn72,1,1(0-> = —ap+ Xa172,1,1<17 Lo, 1).
N——
ai
However by Hook formula we have
CL1! (a1 — 1)(&1 — 2)
Xa172,1,1(171”' 71) = _ ] = .
——— (a7 — 3)lay.2.1 2

al

substituting (6.109) into (6.108) we have

(a1 —1)(a; —2)
5 :

Xn—2,1,1(0) = —az +
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On the other hand we have [21]

Xn_1.1(0) = (number of fixed points in o) — 1 = a; — 1. (6.111)

Adding up (6.110) and (6.111) we have

(a1 —1)(a; —2)

Xn—Ll(O—) + Xn—Z,l,l(J) = —az+ 5 + a1 — 1
a; — 1)a a
= o S ()
Hence we have
a
an1,1(0) + Xn72,1,1(0-> = —ag + <21)- (6.112)

where a; and a, are the number of 1-cycles and 2-cycles in 0. This completes the proof. []J

Proposition 6.4.5. Let F K1) (n) be degree one components of FK (n). Then for n > 3, we

have:

charsg, [FK(l)(n)] = Xn-1,1 1t Xn—21.1-
(6.113)

Fs, (chars, [FKW(n)]) = sp_11 + Spn—21.1-

Proof. We start from the right hand side of (6.113) for the character and come up with the left

hand side.
X1+ X1 = — 2 + (‘;1) (by (6.112))
—charg, [F K™Y (n)]. (by Proposition 6.4.3)
The corresponding Frobenius image is straight forward. 0

Corollary 6.4.6. Let F KV (n) be degree one part of FK (n) and let f* be the number of
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standard tableaux of shape \ - n. Then we have

dim[FKW (n)] = (Z) = fombl) 4 pm2Lh), (6.114)

Proof. Evaluation of (6.112), x,_,,(0)+ X, _ o) = —ay + (%) at identity o = 1™ gives
n—1,1 n—2,1,1 2 y g

frtt 4 frm2b = (7). This completes the proof. O

6.5 Character of F' K @ (n)

g3
6.5.1 Basis

The part of the basis of Fomin-Kirillov algebra, of usual degree 2 with set partition degree

type ¢2q7*, consists of products of two variables with distinct indexes, such that the second
index of the first variable is the biggest.

B[FK(? (n)] = {ZcaTab, TadTe, TpaTae, 1 < a < b < c < d < n}. (6.115)

—4
azqt

(2)
Example 6.5.1. B[FKq§q1(5)] = {$34$12, T24%13, L14%23, T45T12, T45T13, T45T23,

L3512, L35L14, L3524, L2a5X13, L25L14, L2534, L15X23, L15L24, 1’1596’34}-
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6.5.2 Character

Proposition 6.5.2. Let 0 € S,, be of cycle type (11,22 .- n). Then the value of the

character ofFK;? (n),n>4atois
2

n—4
a1

charg, [FK(f)n_4(n)](U) = 3(62) + 3(6;2) - (c;)az — ay. (6.116)

9249,

Proof. Referring to the basis of F'K (3)
2

n—4
9241

(n) in (6.115), the indexes a, b, ¢, d appearing in the
basis, as well could appear in o (written in disjoint cycles) in different ways. In the following,

we discuss the cases that could possibly make a contribution to the character upon the action

of S,,.

1. For m = 1,2,3,4, if only m out of a, b, c,d appear in a k-cycle for £k > m, then
no matter how the rest appear we have no contribution. The reason is that the ac-
tion of 0 € S,, on the basis elements, develops new indexes that was not in them
previously, so it causes not to have an eigenvector. In specific if all of the indexes
a,b,c,d appear in a k-cycle for k > 4, there would be no contribution to the charac-
ter. Therefore character is a function of a; (the number of i-cycles in o € S,,), for
1 < i < (the number of indexes in the basis element) < 2d, where d is the degree of

the elements. In our specific case character is a function of a; for 1 < < 4.

2. If a, b, c,d appear in o as fixed points, then we have a contribution of 3 (CZ) to character.
Here (‘2) is the number of 4-sets one can make with the number of fixed points a, and
the coefficient 3 takes care of the three available type of degree 2 elements in the basis

in (6.115).

152



3. If two out of a, b, ¢, d appear in ¢ in a 2-cycle and the other two in another 2-cycle, then
we have a contribution 3(“22) to character. Here (a22) is the number of 2-sets of 2-cycles

in all the 2-cycles a5 in o.

4. If two out of a, b, ¢, d appear in ¢ in a 2-cycle and the other two appear as fixed points

of o, then we have a contribution — (%) a,.

5. If three out of a, b, ¢, d appear in ¢ in a 3-cycle and the forth one appear as a fixed point,

then no contribution, as is seen in the following

O-(chxab) = (CL, b, C) (d)xcdxab = ZLadLbc-
0(Taaxpe) = (a,b, ¢)(d)TeaTpe = TodTea = —TbdTac-

0(TpaTac) = (a, b, ¢)(d)TpdTac = TedTha = —TedTab-

6. If a, b, c,d appear in o in a 4-cycle, then we have a contribution —ay to the character, as

g($cd$ab> = (Cl, ba C, d)xcdxab = Zdalbc = —LadThc-
O—(xadxbc> = ((17 ba C, d)xadxbc == —TapXed-
O—(wbdxac> = (a7 ba c, d)xbdxac == —TpiTac — —1.

L.e., we have a contribution of —1 per each 4-cycle in o, that amounts to —ay.

Summarizing the above items we come up with the conclusion that

charsg, [FKé;BI?_4(n)](0) =3(%) +3(%) — (%4)az — as. This completes the proof. O

The following examples of the above proposition with their associated decomposition into

irreducible characters of .S,, show a constant pattern for n > 6.
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Example 6.5.3. chars,[FK'?(4)] = (3,-1,3,0, —1) = Yo + X1111-

a3

Example 6.5.4. chars,[FK'? (5)] = (15, -3,3,0,0, —1,0) = Xs + X291 + X111 + X1111-

454,
Example 6.5.5. chars,[FK'?,(6)]

a3q;

= (45’ -3,1,9,0,0,0,—1,-1,0, 0) = Xa2 + X321 T X3111 T X222 + Xon111-

Example 6.5.6. chars, [FK 3. (7)]

3
2471

= (1057 5-3,9,3,-1,3,0,—-1,-1,-1,0,0,0, 0) = Xs2 T X421 T Xa111 T X322 + X31111-

Example 6.5.7. chars,[FK3),(8))
291

= (210,30, —6,6,18,15,—3,3,0,0,2,—2,2, —1,-2,0,0,0,0, 0,0, 0)

= X2 T X521 T Xs111 T Xaze + Xa1111-

The above examples suggest what we prove in the following proposition.

Proposition 6.5.8. Let FK(;?()IR_4 (n),n > 4 be Fomin-Kirillov algebra of general n and of
241
usual degree 2 and set partition degree type q3q}~*. Then we have the following decomposition

into irreducible characters of S,,.

(

X22 T X11115 n=4

(2) _
chars, [FK ;. 1(n)] = X32 T X221 T Xo111 + X111 n=>5

—4
a3q7

\an2,2 + Xn-321T Xn-3111 T Xn-422+ Xn-41111- N = 6
(6.117)

Proof. We calculate the irreducible characters on the right hand side of (6.117) by Murnaghan-
Nakayama rule, and show that their sum equals the left hand side. The first two cases, n = 4
and n = 5 are trivial, we prove the third cases n > 6.

Let o € S,, be of type (191,22 ... n%). Then
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1. We show that x,,_,,(0) = az + 3a1(a; — 3).

We start with applying Murnaghan-Nakayama rule to x,,_, (o) where at each step of
the rule, a k-cycle, £ > 2 is cut from o, equivalently a block of more than 2 cells cut
from the arm of the tableau (as only from the arm is a more than 2 cell cut available), so
eventually instead of o we are left o’ containing only 1-cycles and 2-cycles, equivalently
left with a tableau with shorter arm n — 3 — 2 where § = }_._, ia;, i.e.,

Xn—22(0) = Xpn_p_o(0’), where 8 = 3., ia;, and 0’ = (w&/_;)

Son — 3 = a, +2ay. Now we are left with x,, 5 ,(0’) and its (ﬁssociatgd tableau shown
below where at each step of the rule 2-cycles could be cut from ¢’, equivalently 2 cells
blocks cut from arm or leg of the tableau, until we are left with a permutation consisting

of 1-cycles, i.e., with identity, where the value of character at identity is nothing but f*

which is calculated by Hook’s formula.

n—2
n-1 | n-2 | n4 2 1
2 1
+
n—p-2
n-g-1|n-5-2n-G-4| --- 2 1
2 1
VRN
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Then

Xn—272(0) :Xn—ﬁ—2,2(0/) - Xa1+2a2—2,2(0/) = Xa1+2a2—2,2(~22 -211---1)

as ay

Xars20y2(22 211 1) + o pous 2 22(22---211--- 1)

az—1 ai az—1 al

:1 _I_ Xa1+2a2—2—2,2<‘22 te 2 11 oo 1)

as—1 al

:]- + X(l1+2a27272(22 ctt 2 1]_ ctt ].) + Xa1+2a272727272(22 cte 2 ]_1 ct 1)
az—2 al az2—2 ay

=141+ Xg,4205-2-2-22(22---211---1)

as—2 ay

=141 tr -t 1,+Xa1+2a2—2—2a2,2(~11 1)

ag ai

=02 + Xgy—22(11: - 1)

al

So

Xn—22(0) = a2 + Xg, 2211 - 1). (6.118)

ai

However, \,, _5,(11---1) = f1722 = “@=3) by Hook formula. Substituting this
ai

into (6.118), we have

Xn_22(0) = ag + ——F—. (6.119)

. We now show x,, 3, ,(0) = —as + w.
Xn—321(0) = Xp_p_391(0"), where 3 =3 sia; and where

o' =(33---322---211---1). Son — B = a; + 2a, + 3as.

as a2 al
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3

n-1 | n-3 | n-5
2 1
1
i
nf£f3
n-$-1|n-5-3|n-5-5
3 1
1
v N\
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Then

Xn-321(0) =Xn-p-321(0) = Xa1+2a2+3a3—3,2,1(wwu) -

a3 az ai

:Xa1+2a2+3a373(3 ...322...211--- 1)

az—1 az ay

+ Xa1+2a2+3a3—3—3,2,1(\33 -322---211---1)

az—1 az ay

=—1+ Xa1+2a2+3a37373,2,1(\33 0322211 --- 1,)

az—1 az ay

=—1- Xa1+2a2+3a3—3—3(\33 P 3,\22 P 2,\11 P 1,)

az—2 a2 ay

+ Xay+2a3+8305—3-3-3,2,1 (33322211 ---1)

az—2 az ai

= — 1= 14 X, 4202 43a5-3-3-321(33---322---211---1)

az—2 az al
=-1l-1----- 1/+Xa1+2a2+3a3—3—3a3,2,1(\22 -211---1)
as a2 al

=—az+ Xa1+2a273,2,1(\22 211 1).
az ay
So we have

Xn-321(0) = —a3 + Xa, 420y—321(227 - 211 1). (6.120)

as ay

However
Xa1+2a2—372,1(,22 ---211--- 1) =

as al

Xa1+2a2—3—2,2,1(\22 P 2,\11 i 1,) = Xa1+2a2—3—2—2,2,1<~22 o211 1,)

az—1 ai as—2 a1

== Xy 1200320020 (1L 1) = X4, g0, (1L - 1).

ai al
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So
Xar+2a5-3.2,1(22: 2211 1) =X, _35,(11---1),
az al a1
where
a! (ay —4)(ay — 2)a
11---1) = —
Xa1—3,2,1(\ ) (al — 5)!(a1 — 3)(a1 — 1).3 3

by Hooks formula.

Now (6.122), (6.121) and (6.120) yield

(ay —4) (a1 — 2)ay
3 )

an3,2,1(‘7) = —a3 +

. We now show

(a1 —1)(ay — 2)(a; — 3).

Xn-3111(0) = a3 —az(a; — 1) + 5

Xn73,1,1,1(‘7) — Xn_5_3,1,171(0'), where

B = Ziaz‘,

i>3
and where

o' =(33---322---211---1).

ag a al

Son — B = a1 + 2as + 3as.

159

(6.121)

. (6.122)

(6.123)



’

n-1

n-4
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Then

Xn—3,1,1,1(<7)

= Xn—5—3,1,1,1(0,) = Xa1+2a2+3a3—3,171,1(~33' - 3(22---211---1)

as az al

= Xay120543053(3 322211+ 1)

az—1 as ai

+ Xay+2a5+3a3-3-3,1,1,1 (33~ 322---211-- - 1)

az—1 az ay

=1+ Xa1+2a2+3a3—3—3,1,1,1(33
az—2 az ai

00322--.211---1)
S—— N ——

+ Xay+2a5+3a3—3-3-3,1,1,1 (33~ 322---211-- - 1)

az—2 az ay

=1+1+ Xa1+2a2+3a3—3—3—3,1,1,1(\33. -322---211--- 1,)

az—2 a2 ay

=1l+1+---+1 +Xa1+2a2+3a37373a3,1,1,1(22 211 1)

“ az al
= a3+ Xa1+2a2—3,1,1,1(,22 <2114 1).

az al

So

Xn-3111(0) = a3+ Xo, 124y-31.1.1(22---211---1).

PRk ekl 1oty

as ay

161
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However

Xa1+2a2—3717171(22 211 1) —

as ay

= — Xa1+2a2—3,1<22 211 - 1) +Xa1+2a2—3—2,1,1,1(22 211 ]_)

as—1 a1

az—1 a1

=—(a—1) 4 Xay+2a3-3-2111(22---211--- 1) (by (6.111))

az—1 al

= — (CL — 1) — Xa1+2a27372,1(22 -ee211--- 1)

as—2 ai

+ Xa1+2a2-3-2-2,11,1(22---211--- 1)

az2—2 al

=— (a1 —1)— (a1 — 1) + Xay+209-3-2-2-2111(22---211--- 1)

az—2 ay
Z\—(Ch —1) = (a —j) — = (a1 — 1)J+Xa1+2a2—3—2a2,1,1,1(1]- 1)
az a1

= — CLQ(Gl — 1) + Xa1—3,1,1,1(11 cee 1)

al

So

Xa1+2a2—3,1,1,1(22 -e-211--- 1) = —ag(al — 1) + Xa1_371,171(].1 tee 1) (6125)

——
as ai al
However
B (ay — 1)(a; — 2)(a; — 3)
Xar—31,11(11---1) = G . (6.126)

al

Hooks formula, and Equations (6.126), (6.125) and (6.124) yield

(ay —1)(ay —2)(a; — 3)‘

5 (6.127)

Xn-3111(0) = as —az(a; — 1) +
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4. We show that Xn—-422 = —(Ig(al — 1) + CL% — 2(12 + 2

(a1-1) (a1 ~4)(a—5)
12 :

Xn_422(0) = Xn7574,2,2(0/)’ where =), . ia;, and where

o' =(33---322---211---1). Son — B = ay + 2as + 3as.

as

az

ai

n—4
n-2 | n-3 | n-6 2 1
3 2
2 1

¢
n—p—4

n--2|n-5-3|n-3-6 2 1
3 2
2 1

v N
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Then

Xn—4,2,2(<7) = Xn—/i—4,2,2(<7/) = Xa1+2a2+3a3—4,272(\33' --3(22---211---1)

as az ai

= T Xai+2a2+3a3—4,1 (3

az—1 az ay

+ Xa1+2a2+3a3—4—3,272(~33. +322---211---1)

az—1 a2 ay

2322.-.211---1)

=—(m1—1)— Xa1+2a2+3a37473,1<\3' -322---211---1)

az—2 az ay

+ Xa1+2a2+3a3—4—3—3,2,2(\33 322211 1) (by (6.111))

az—2 as al
== —(a1 — ].) — (a1 — 1)

+ Xa1+2a2+3a3—4—3—3,2,2(\33 +-322---211---1)

az—2 a2 ai

::(Gl—l)—(a1—1)+~~-—(a1—1)

+ Xa1+2a2+3a37473a3,2,2(22 211 1)

az al

= —az(a; — 1) + Xa1+2a2—4,2,2(\22 211 1,)

as ay

So

Xn—422(0) = —az(ar — 1) + X, 420942222211+ 1). (6.128)

az al
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However

Xa1+2a2—4,2,2<\22 - 211+ 1)

az al

= Xortoag2(22- 211 1) = Xy pou 4 1(22---211---1)

az—1 al az—1 al

+ Xar42a5-4-2,22(22- - 211--- 1)

az—1 al

= [a2_1+w] (as— 1)+ (a1—1)2(a1 —2)]
+ Xay 1205422222 --211---1) (by (6.119) and (6.110))
az2—1 a1l
B k) B P P i Sl i W)

2 5 ]

+ Xa1+2a2—4—2,2,2(\22 2110 1)

as—1 al

=[2(a2 = 1) = 1] + Xg, 4245-4-2,22(22 - - 211 -- - 1)

az2—1 ay

- [2(&2 o 1) o 1] + Xa1+2a2—4—2(\22 g 2,\11 g 1,)

as—2 ai

— Xar+2a5-4-21,1 (227211 1) + X o0y a0-022(22- 2211 - 1)

azx—2 al as—2 a1

— o~ 1)~ U+ a2+ T, 2

+ Xa1+2a2—4—2—2,2,2(~22 -211---1)

az—2 ai

= [2(a2 = 1) = 1] + [2(a2 = 2) = 1] + Xq, 4209 —4-2-222(22---211--- 1)

az—2 ay

- \[2(a2 - 1) - 1] + [2(air_ 2) - 1] +---+ [_11+Xa1+2a2—4—2a2,2,2(\11 ol 1,)
as a1

=a* —2a; + Xay—a22(L - 1).

al
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So

Xay+20y—4.22(22+ 211+ 1) = a’® — 2ay + Xaj—a22(11--- 1), (6.129)

a2z al al

where by Hook formula we have

B (11!

Xa1_4,2,2(&('1:"_9 - (a1 —6)!(a; — 3)(ay — 2).2.2.3 (6.130)
_ax(ar — 1)(ar — 4)(a; —5)
= 12 '

Equations (6.130), (6.129) and (6.128) yield

an4,2,2(0) =—ag(a; — 1)+ a% — 2ay

N ay(a; — 1)(a; — 4)(a; — 5) (6.131)
12 ‘
. We show that
Xn-41111(0) = — ag + (a1 — 1)ag + az(a22— 1) _ (ay — 1)2(a1 - 2)a2
(a1 —4) (a1 — 3)(a1 — 2)(a; — 1)

+ o .

Xn—4,1,1,1,1(0) = anﬁf4,1,1,1,1(0/)’ where 8 = Zi>4 ia;, and where

o' =(44---433---322---211---1).
———

a4 a3 a2 al

Son—ﬁ=a1—|—2a2+3a3+4a4.
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n-5
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Then

Xn—4,1,1,1,1(0) = Xn-B-4,1,1 1,1(0/)

PRkt ]

= Xa1+2a2+3a3+4a4—4,1,1,171(\44' +433---3(22---211---1)

a4 as az al

= _Xa1+2a2+3a3+4a474(44'"43"'322"'211"'1)+

asg—1 a3 az ay

Xai+2az+3as-+4a0—4—4,1,1,1,1 (44433 ---322--- 211 --- 1)

as—1 as az a

=—-1+ Xa1+2a2+3a3+4a4—4—4,1,1,1,1(44

ag—1 as az ai

-433...322-..211---1)
N N — N —

= 1 — Xy 90p 30y _a(44---433---322---211---1)

as—2 as as al

+ Xa1+2a2+3a3+4a4—4—4—4,1,1,1,1(44' +433---322---211---1)

as—2 as as al
— 11

+ Xay+209+3a+4as—4—4-41,1,1,1 (44433 ---322---211-- - 1)

ag—2 as a2 ay

= —1-1—-—1
as

+ Xal+2a2+3a3+4a47474a4,1,1,1,1(\33 0322211 - 1)

as a2 al

= =4 + Xay+205+3a3-4,1,1,1,1 (33~ 322---211-- - 1)

a3 az al

So

Xn—4,1,1,1,1<0) = —a4 + Xa1+2a2+3a3—4,1,1,1,1(\33 03220211 ---1) (6.132)

as az al
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However

Xa1+2a2+3a3—4,1,1,1,1<\33 0322211 1)

as as a1

= Xay 42094 3as—4.1(337+:322---211--- 1)

az—1 az ai

+ Xay+2a9+3a5—4-3,1,1,1,1 (33~ 322---211-- - 1)

az—1 az a

= (a1 = 1) + Xa, 42004805 -4-3,1,1,1,1 (33322 -- - 211 - - - 1) (by (6.111))

az—1 az ay

= (a1 —1)+ Xa1+2a2+3a3—4—3,1<\33 ++322---211---1)

az—2 as al

+ Xal+2a2+3a3—4—3—3,1,1,1,1(33 -322---211---1)

az—2 as al

= (a1 — 1) + (a1 = 1) + Xq, 4205+ 3a5—4-3-31,1,1,1 (33 - 322+~ 211 --- 1)

az—2 as al

:(a1—1)+(a1—1)+---+(a1—1)1

N

~~
as

+ Xal+2a2+3a3—4—3a3,1,1,1,1(22 - 211---1)

az al

sbytsty

=az(a; — 1) + Xai+2a2—4,1,1,1 1(\22 211 1,)~

a2 a1

So

Xa1+2a2+3a3—4,1,1,1,1(\33 322211 --- 1,) =az(a; — 1)

as a2 al

+ Xa1+2a2—471’1,171(22 211 - 1)

a2 al

(6.133)
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However

Xay+2a5-4,1,1,1,1(22---211---1)

as a

= _Xa1+2a2—4,1,1(w£\',"_1,) + Xa1+2a2—4—2,1,1,1,1(22 o211 1)

S—— N —
az2—1 ay az2—1 al
(a1 — 1)((11 — 2)
— _[_(a2 - ].) _'_ 2 ] + XCL1+2(J42747271,171,1 (22 A 2 1]_ A 1) (by (6110))
az—1 ay
(CLl — 1)(&1 — 2)
- _[_(a2 o 1) + 9 ] + Xa1+2a27472,1,1 (\22 P 2,\11 g 1,)

az—2 ay

+ Xa1+2a2—4—2—2,1,171,1(\22 211 1)

az—2 al
a; — 1)(a; — 2 a; — 1)(a; — 2
:_[_(a2_1)+(1 )(1 )]_[_<a2_2>+(1 )(1 )]
2 2
+ Xa1+2a2—4—2—2,1,1,1,1(22 : 2 211--- 1)
ag— al
a; —1)(a; — 2 a; —1)(a; — 2
a1+ )2( k] R TP G >2( ) J
(Cll — 1)(&1 — 2)
— 9 ]+ Xay12a5—4-2ap.0.022 QL 1)
CLQ(CLQ — 1) (CL1 — 1)((1,1 — 2)
= 5 - 7 az + Xoy—a1,1,1,1 (1L - 1).
So we have
0/2(0/2 — 1)
Xa1+2a2—471,1,1,1<\22 o211 1) = - 5
_lazb@=2 (6.134)

2

+ Xa1—4,1,1,1,1(‘11 - 1).

ai
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By Hook formula we have

—4 -3 -2 —1
Xay-a1111 11 1) = (o o ;z(Lal o ) (6.135)

ai

Equations (6.135), (6.134), (6.133) and (6.132) yield

as(as — 1 a; — 1)(a; — 2
Xn-41111(0) = —as +az(a; — 1) + 2 22 ) — (a1 )2( ! )(I

(a1 —4)(a1 — 3)(a1 — 2)(a1 — 1)_
24

(6.136)

+

We add up the Equations (6.119), (6.123), (6.127), (6.131) and (6.136) to find the right hand

side of Equation (6.117).

Xn—2,2(‘7) + Xn—3,2,1(0) + Xn—3,1,1,1(0) + Xn—4,2,2(‘7) + Xn—4,1,1,1,1(0)

ai(a; — 3) (ay —4)(a1 — 2)ay
:|:a2+—2 :|+[—CL3+ 3 :|
+ a3 — az(a; — 1) + (a2 = 1)(@16—2)(a1 — 3)]
+ [ as(a; — 1) + a3 — 2ay + afa — 1)(@112— o1 — 5>}
+ _ —ay +az(a; — 1) + a2(a22_ D — (a1 = 1)2(a1 — 2)a2
n (a1 —4)(a1 — 3;(1@1 —2)(a1 — 1)} _ A+ B

where

A:az—a3+a3—a2(a1—1)—ag(al—1)+a§—2a2—a4+a3(a1—1)

as(as — 1) (al — 1)((11 —2) as(as — 1) asa®  asay
7 — 9 az——ag—ar#T—CM—Tl N
—1 —1
3“2(‘122 ) a al(al? >a2 3(22) = (a21>a2’
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and

B :al(al - 3) 4 (a1 — 4)(&1 - 2)&1 4 ((11 - 1)(a1 — 2)(@1 - 3)

2 3 6
al(al - ].)(Cll — 4)(@1 - 5) (a1 - 4)(@1 - 3)((11 - 2)(@1 - 1) aq
* 12 * 24 B 3(4)'
Hence

Xn—22(0) + Xn_321(0) + Xn-311,1(0) + Xp,_422(0) + Xn-a1111(0) = A+ B =
= 3(%) +3(%) —as — (4)az = charg, [FKq(gi?,4(n)](a) (by Proposition 6.5.2). This

completes the proof. O

Corollary 6.5.9. Let f* be the number of standard tableaux of shape \. Then we have the

following identity.
fnf2,2 + fn73,2,1 + fn73,1,1,1 + fnf4,2,2 + fn74,1,1,1,1 — 3(Z>’ n 2 6. (6137)
Proof. Let permutation o € S, be of cycle type o = (19,2 ... n). From Propositions

6.5.2 and 6.5.8, for n > 6 we have
Xn—22 + Xn-321 + Xn-31.1,1 + Xn-422 + Xn-a11,11 = 3(%) +3(%) — (%) a2 — as.
Since f*s are the values of irreducible characters of S,, at identity, a straight forward evaluation

of the above equation at o = 1" results in the identity of the statement. O

Remark 6.5.10. We consider the character of I Kq@?* (n) in (6.117). It is a class function of
S, S0 it can be written as a linear combination of irreducible characters x> of S,. As well it is
a polynomial in n, ay, as and a4 of degree 4. While the decomposition of charg, [F' K gg?_él (n)]
into irreducible characters is not obviously related to each other as n grows, however eventu-
ally at some enough large n it stabilizes such that it becomes a tractable finite sum. The above
stability is in general valid for F'K (n) with any usual degree and any set partition degree type.

The reason is that the number of non-repeated indexes in an element of the basis of F' K (n),
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with usual degree d and any set partition degree type, is at most 2d; if all the 2d indexes
appearin o € S, in a k-cycle, for k > 2d, then we have no contribution to the character. Thus
our character, a conjugacy class function, is a polynomial of degree at most 2d, so by Theorem

1.1 of [15], decomposition of the character eventually stabilizes at some enough large n.

In the next section we provide another example of representation stability.

6.6 Character of F' K (2)n_3(n)

ds34qq

Basis

The basis of F'K(n) of usual degree 2 and set partition degree type q3q{“3 is the set of all
degree 2 combinations of generators {z., 1 < a < b < n} with set partition degree type
q3q} " that are not divisible by leading terms of the degree 2 elements of the associated

Grobner basis, i.e., by
LT(GB(Q)) = {ZapTab, TabToe, TabTac, TapTed, for distincta, b, c,d,1 < a <b<c < d < n}.

However

e Every degree 2 monomial with 3 indexes (associated to the number 3 in g;¢}"~*) made

by our generators is of set partition type ¢;q} .
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e The 1st variable of this degree 2 monomial should not be x,;, otherwise no matter what

is the 2nd variable, this monomial is divisible by one of the elements in LT(G B?).

The above conditions forces the basis of F'K(n) of usual degree 2 and set partition degree
type gsq;>, be the following.

B[FKf) (n)] = {ZacTab, ToeTab, ToeTacs TacToe, 1 < a < b < c < n}. (6.138)
3

n—3
a9

From (6.138), the cardinal number of this basis is |B[FK§2;,L,3 (n)]] = 4 x (number of 3 —
311
sets in n object) = 4(}), therefore |B;2()1n_3 (n)] = 4(}) (the number 4 in front of the binomial
371

symbol is due to the 4 types of elements in the basis in Equation (6.138)).

Proposition 6.6.1. Let o € S, be of type (1%,2% 3% ... n®). Then the value of character

of FK ézén,g, (n) on conjugacy class indexed by permutation o is
341

chars,[FK®, (n)] = —2a; + 4(6“). (6.139)
3

a? 3

Example 6.6.2. chars,[FK{), (4)] on o = (123)(4) is x(0) = —2(1) + 4(}) = —2.

proof of Proposition 6.6.1. Here we discuss the following cases where the representative of
an S, conjugacy class o, written as product of disjoint cycles, applies to z € B[F'K q(ji?*?’ (n)]
of Equation (6.138). Since in the following calculations ¢ is a representative of a conjugacy
class, the order of indexes appearing in its cycles doesn’t matter (as only cycle type matters).
For z € B[FKQ(:ZT?’ (n)], let a, b, ¢, be the three indexes of z. However a, b, ¢, could also

appear in o € S, in different ways discussed in the following cases.
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1. Form = 1,2, 3, if only m out of a, b, c appear in a k-cycle for £ > m, then no matter

how the rest appear we have no contribution to the character, as before.

2. We have a contribution of 4(%) to x(o) if a,b, ¢, appear in ¢ as fixed points. This is
because each 3-set of fixed points of o contribute a 1 to x(¢) by 0z = z, and the number
of 3-sets of fixed points in o is (“31) (the factor 4 in front of the binomial symbol is to

cover the 4 elements in the basis in Equation (6.138)).

3. We have no contribution to x (o) if out of a, b, ¢, two of them say «a, b appear in a 2-cycle
and the third one ¢, appears as a fixed point in ¢. The reason is that since in this case

the only cycle of o that acts on the elements of the basis is (ab), we have the following

cases.
L4 U(xacxab) = ((lb) (xacmab) = —TpeTap
L4 O—(xbcxab> = (ab) (xbcajab) = —Taclab

L4 U(xbcxac) - (ab> (xbcxac> = Laelbe

L4 U(xacxbc) - (ab) (xacxbc) = TpeLac
So in none of the above cases we have o(z) = z.

4. We have a contribution of —2ag to x (o) if a, b, c appear in a 3-cycle in o. The reason is

that since in this case o acts on the elements only via cycle (abc), we have the following

cases.
o 0(xeetap) = (abc)(xaerqp) [as the only cycle working on a,b,b is (abc)] =
—ZabThe = —(TbeTae + Tacap), results in a coefficient —1 of z4.2qp N 0 (Lo ap)-

o 0(Tpcar) = (abc)(Tpeap) = —TacTe-

L4 U(xbcwac) - (abc) (Ibcxac) = Laclab-
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o 0(xacpe) = (abc)(Tactpe)[as before]= TapTae = Tpeap — TacTpe, results in a

coefficient —1 of 4.y in 0 (T o).

So a contribution of —2 for each 3-cycle appearing in o, amount to —2as contribution

to x (o).

Adding up the non-zero contributions to the character due to the items 2 and 4, we get

x(0) = —2az + 4(“}). This completes the proof. O

Decomposition of character in (6.139) into irreducible characters of .S,, forn = 4,5,6,7,8

are listed below.

(

2x21, n=3

2x5 + 2X2,2 + 2Xo115 n=4

@) 2x41 + 2X39 + 2X311 T 2X921, N =D

charsg, [FKq = (n)] =
341

2x5 + 2X4,2 +2X411 T 2X321, N =06

2X61 T 2X52 T 2X511 + 2X421, N =17

2xn + 2X6,2 + 2X611 T 2X5021- N =38

We see that for n > 5 the decomposition into irreducible characters becomes stable and is of

the form expressed in the next proposition.

Proposition 6.6.3. Let FF K (z)n,g (n),n > 3 be Fomin-Kirillov algebra of general n and of

4391

usual degree 2 and set partition degree type q3q?*3. Then we have the following decomposition
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into irreducible characters of S,,.

;

2X21, n=3

2
chars, [FK;;;!)JI"3<”)] =) 2X31 T 2X22 T 2Xo11; n=4 (6.140)

2Xn—1,1 + 2Xn—22 + 2Xn—2,1,1 + 2Xn-32,1. N =>95
\

Proof. Proof is similar to the proof of Proposition 6.5.8. [

Corollary 6.6.4. We have the following identity for f*s, the number of standard tableaux of
shape \.

fn—l,l n fn—2,2 + fn—2,1,1 + fn—3,2,1 _ 2(7;)’ n>5. (6.141)

Proof. By evaluating (6.140) at identity (o = 1") by using (6.139), it is straight forward to
come up with (6.141) like before. This completes the proof. [
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Chapter 7

A quotient algebra of F'K(n)

In this chapter we introduce a graph dependent algebra denoted by F K (n), where G is a
subgraph of the complete graph on n vertexes associated to Fomin-Kirillov algebra.
FKg(n)is a quotient of FK (n) by the ideal generated by the missing edges in G compared

to the associated complete graph.

N FK
FEa(n) = ——— (n) =
I{missing edges in subgraph G)
Fxij)
I {union of generators of the defining ideal of F'K (n) and missing edges in subgraph G’

(7.1)

where x;;, 1 <14 < j < n stands for the generators of ['/X (n), in other words, the edges of a
complete graph on n vertexes, a subgraph of which is G, and where F(z;;) is the free algebra

generated by the variables x;;.
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Remark 7.0.1. The focus of this chapter however, is the special case when G is an n-cycle
graph. An n-cycle graph denoted by C,, is a regular polygon on n > 3 vertexes, with set of
sides {12, 23, - - Tn—1n, T1n }. The quotient of algebra F'K (n) associated with the graph

C,, is denoted by FK ¢, (n).

In sections 1 and 2, we analyze finite examples of F'K ¢, (n) for n = 5 and 6. In each
case we find relations, Grobner basis, basis of ch(n), its dimension and its character
refined by various gradings. In section 3 we get into the general case of n, where we find the
basis, dimension and the character with its representation decomposition. We prove that the

dimension of F'K ¢, (n) equals Lucas number L,,.

According to the above description, to find the relations for F' ¢, (n) we can consider the
relations of F'/K(n) in (1.2) and set the edges of the complete graph that are missing in the
subgraph C,, equal to zero. This way we will have the list of relations of F K¢, (n) coming in

the following definition of algebra 'K ¢, (n).

Definition 7.0.2. For n > 3, FK¢, (n), the quotient algebra of FK (n), is the algebra on

generators Ti, = —Tn 1 ANd Ty i1 = —Tmiim, L < m < n — 1, that satisfy the following
relations.
2 _0N- 2
RCn —{Im’erl— . 1§m§n—1,l’1,n—07
Tmm4+1Tm+1,m+2 = O’ I<m<n-—2 Tpn—1,nLin = 0 T12X1n = 0
) 9 )
Tm+1,m+2Tm,m+1 = 07 1<m<n-—-2 TinTn—1n = 0 TinTi12 = 0

Tonm 120141 — T 1Tmme1 = 0, 1 <m <1 -2, 3<1<n-—1 )
B .

Tmm+1T1n — TinTmm+1l = 0,2<m<n-—2

(7.2)
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From the relations in (7.2) we have the following set of generators for the defining ideal

for FK ¢, (n).

Generators of defining ideal of FK ¢, (n) =

— 2 2
— {xm’mﬂ, 1<m<n-—1,z7,,
(
Tm,m4+1Tm+1,m+2, 1 S m S n— 27 Tn—1,nT1in, L12T1n,

(7.3)
Tm+1,m+2Tm,m+1, 1 S m S n— 27 T1nTn—1,n, T1nT12,
(

Tnm 1041 — T 1Tmmer1, 1 Sm <1 —2,3<1<n—1,

Tmm+1L1n — T1inTm,m+1, 2 S m S n—2
(—— -

Remark 7.0.3. As mentioned above while the generators of F' K (n) are the edges of a complete
graph, the generators of FK¢,(n) are the sides of C, i.e., {T12,T23," " ,Tp_1m, Tin}-
Therefore while S, defines an action on F'K(n), as the defining ideal of F'K(n) is stable
under S,, however S,, does not define an action on FK ¢, (n), as the defining ideal of FK ¢, (n)
generated by the terms in (7.3) is not stable under S,, (for example x3, in the set of generators
of the defining ideal of FK ¢, (n), under transposition (12) € S, goes to x2, which is not in
the set). However, as we will show later; the ideal is stable under dihedral group D, so D,
defines an action on FK ¢, (n) (an action is defined on a quotient if and only if the defining

ideal is stable under the action).
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Dihedral group

Dihedral group is defined by

D, = {(r,s|s* =1,r" =1, (rs)* = 1).

We can realize group D, in the permutation group S,,, where

(L,n)(2,n—1)--- (5,5 +1), even n,
(1,n)(2,n - 1) T (n—l n_3)(nT+l), odd n,

andr = (12---n),

are permutations on n vertexes (reflection and rotation in n-cycle C,,).

The stability of the defining ideal of F K ¢, (n) under D,,

(7.4)

Here we show that the defining ideal of F K, (n) is stable under D, i.e., the generators of the

ideal in (7.3) as a set is invariant under the action of generators of D,,, rotation and reflection.

1. In the first line of Equation (7.3) we have the set of all couples of same sides of C),, so

is invariant under rotation as well as reflection.

2. The three cases in the second line of (7.3) together, make the set of all couples of the

successive sides, so is invariant under rotation as well as reflection, as rotation and

reflection does not separate the successive sides.
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3. In the third line of (7.3), the two items together, form the set of all couples of the sides
which are separated by [ — 2 sides for [ = 3,4,---n — 2. So for each [ we have an
invariant set under the operations of rotation and reflection, as these operations do not

affect the spacing between the sides.

The above three items show that the set of generators (7.3) of the defining ideal of ch (n)
is invariant under generators of D,,, i.e., the defining ideal of F'K ., (n) is stable under D,,.

Hence D,, defines an action on F'K ¢, (n) as follows.

7.0.1 The action of D, on F K (n)

We define the action of D, realized in permutation group on F K¢, (n) as
D, :FK¢,(n) = FKe,(n)by o(M + 1)+ oM + 1, (7.5)

where the action of 0 € D,, on a monomial M is defined via action on a variable z;;, j = 1+1

(as x;; represents a side of an n-cycle), defined by

To(i)o(j) if o(i) < o(j),
o1 = ’ (7.6)

—Zo(j)o(iy Otherwise,

and multiplicative extension to monomial M. The algebra is closed under D,, as the defining
ideal is stable under D,, as o € D,, takes one side of C,, to another one, in other words, one
monomial in generators x;;, 7 = ¢+ 1, to another one in them. We need to check the following

items.
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1. Well defined,

M+I=M+1—-M-M el —o(M— M) e I(as I is stable under D,),).

ThenoM —oM' €l oM+ =cM+1—oc(M+1)=c(M +1).

2. (identity axiom) E(f(l’iljl, s 7xikjk-) + I) = f(miljla s >$ikjk) + [,

3. (compatibility axiom)

(0102)(f(xi1j17 T 7'rikjk) + I) :f((alo-Q)xilju T (UlUQ)xikjk) + 1
:0'1f<0'213i1j1, e ,Ugwikjk) + I

:(71(0'2f($i1j17 t 7xikjk>> + 1.

Hence the map in (7.5), defines an action on FK ¢, (n).

7.0.2 Representation decompositions of F'K ¢ (n)

e (Usual degree decomposition) The action of D,, on ch (n) defined in (7.5) permutes

the indexes among themselves but does not change the number of variables in a mono-

mial. Therefore usual degree remains invariant under D,,, so usual degree representation

decomposition makes sense for F'K ¢, (n) (i.e., D,, respects decomposition in usual

degree).
FE¢,(n) = DFER (n). (1.7)

d>0

e (Conjugacy class decomposition) S,,-degree is well defined on FK ¢, (n), since the

generators of the defining ideal in (7.3) are homogeneous with respect to S,,. The action
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of D,, on FK ¢, (n) defined in (7.5) does not change the cycle type of the S, -degrees
assigned to elements of F'K ¢, (n), because a monomial of degree o, when acted upon

by a permutation v is sent to a monomial of degree v—*

ov which is a conjugate of o by
definition of conjugacy. So permutation v sends ¢ to a conjugate of o, i.e., conjugacy
class is invariant under D,, realized in permutation group. Hence the conjugacy class

decomposition is a representation decomposition.
FKc,(n) = @ FE, (n), (7.8)
o

where FK(, (n) stands for all the elements of S,-degree o in F'K ¢, (n) that belong to

conjugacy class indexed by pu.

Remark 7.0.4. Every permutation o can be obtained using only transpositions (1, 2),
(2,3),---(n—1,n), so FKUCn (n) is potentially not zero for any permutation o. However

for our special cases we will see in section 7.1.1 that for many of permutations it is zero.

Having an S,,-conjugacy class, it is not true in general that it is a D,,-conjugacy class
as well. For example transpositions (2, 3) and (2, 5) in the same S, -conjugacy class for
n > b, are not conjugated via an element in D,,. However we will see in section 7.1.1
that for our very special basis, the S,,-conjugacy class elements form a D,,-conjugacy
class (any two permutation in this S,,-conjugacy class are conjugated via an element of

D,,). It is why (7.8) can not be refined.

(Set partition type decomposition) Set-partition degree is well defined on FK ¢, (n),
since the generators of the defining ideal in (7.3) are homogeneous with respect to
set-partition degree. For any monomial M in FK¢,(n), the appearance of z;; in M
implies that ¢, j are in the same part of the set-partition degree. Any x;; appearing in

M, under the action of o € D,, (by definition in (7.6)) goes to (), (;) if o (i) < o(j)
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and to —x,(;)0(;) Otherwise, so as a result of the action, now we have the indexes o (%)
and o(j) in the same part. This means that while the action of D,, changes the indexes
in a part but does not change the number of them in that part, i.e., set partition type is
invariant under the action of D, realized in permutation group. Hence partition in terms

of set partition type is a D,, representation decomposition.

FKc,(n) = PTFKY, (n), (7.9)
¢

where 'K é’n (n) stands for all set partition degree A elements that belong to the same

set partition type indexed by ¢.

Remark 7.0.5. Unlike permutations, discussed in Remark 7.0.4, not every set-partition can be
obtained by joining only consecutive entries modulo n. For example it is not possible to obtain
the set-partition {{1,3},{2},{4}}. Therefore for some set-partition A, the space Wén (n)
is zero. We will see later in section 7.1.1, that for our very special basis, for any non-zero
Wén (n) and Wﬁn (n) such that A and B have same partition type, we can find an element

of D,, that maps A into B. Hence (7.9) can not be refined.

In the following two sections we get into the specific cases of FK ¢, (5) and F K ¢, (6) before

getting into the general case of F'K ¢, (n) in section 7.3.
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7.1 Quotient algebra F'K . (5)

Relations

Re, :{9‘?%2 =0, 517%3 =0, x§4 =0, 554215 =0, 5”%5 =0
T12wa3 = 0, w3712 = 0, Tozx34 = 0, w34223 = 0,
3445 = 0, 245734 = 0, Ty51120 = 0, 15745 = 0, z12715 = 0, (7.10)
1234 — TauT12 = 0, T12Ty5 — TysT12 = 0, L3745 — T45723 = 0,

To3T1s — T15T23 = 0, T34T15 — T15T34 = 0}

Grobner basis

.2 2 2 2 2
G Bey ={x1y, 733, T3y, Ty5, Tl5
T12T23, T23T12, T23T34, L3423, L3445, T45L34, L1512, T12T15, (7.11)

L12X34 — X34X12, L1245 — T45T12, L23L45 — L45T23, L23L15 — L15T23,

X34T15 — L15T34, La5X15X34, L15L34L12, T15L45T12, $15$45$23}

Basis

B(FK05(5)) = {1, T12, T23, T34, T45, T15, L15T34, LT15T23, T34T12, T45T12, 954591323}-

(7.12)
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3

Figure 7.1: A 5-cycle with reflection s = (15)(24)(3).

Hilbert series

H(FKc,(5) =1+ 5¢ + 5¢° (7.13)
Remark 7.1.1. dim[FK ¢, (5)] = 11.

Remark 7.1.2. As mentioned before, D,, defines an action on Algebra FK ¢, (n). Under the
action of D,, the component of the character of F K ¢, (n) associated with the conjugacy class
indexed by o € D,, is the sum of the coefficients of = € B[F K¢, (n)] in 0(z) expanded in

elements of B[F K ¢, (n)], when z runs in B[FK ¢, (n)).

7.1.1 Character and decompositions

Dihedral group D;

Group D5 = {r,s|r> = 1 = s%,rsr = s} has 4 conjugacy classes ¢, {r,r}, {r?,73} and

2

{s,sr,sr?, sr3, sr'} with generators r and s realized in permutation group as r = (12345),

and s = (15)(24)(3). Figure 7.1 depicts a 5-cycle C5 with reflection s = (15)(24)(3).
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Table 7.1: Character table of D5 with charp, FK ¢, (5)

€ [r] = {r,r*} | [?] = {r*, 73} | [s] = {s, 57, 812, 813, srt}
lcii| =1 5| =2 s | = 2 lcoo1| =5
X11111 1 1 1 1
Xa21 1 1 1 -1
R N o
X 2 _\/52+1 \/5271 0
charp, FKc,(5) | 11 1 1 1

Remark 7.1.3. In the character table of Ds, Table 7.1, cs stands for the Ds-conjugacy
class represented by r realized in S5 by permutation (12345) of cycle type 5, and cy for
Ds-conjugacy class represented by 1%, where by (12345)(12345) = (13524) again is of cycle
type (5) that we denote it by cz. Also co21 stand for Ss-conjugacy class represented by s, as

s = (15)(24)(3).

As discussed before D,, defines an action on F'K(n), so we have the following character

(calculation explained in Remark 7.1.2).

Decomposition by irreducible representations

charp,FKc,(5) = (11,1,1,1) -
= 2X11111 T X221 + 2X5 + 2X5,

where x111115 Xa215 X5, X5 are irreducible characters of D5 in Table 7.1.
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Representation decomposition by usual degree

The basis of F'K ¢, (5), w.r.t. usual degree is divided into three sets:

{1}7 {9612, T23, T34, T45, $15} and {$15$34, L1523, L34X12, L45T12, $45I23}-

They consist of elements of degrees 0, 1, and 2 respectively. Since permutation of indexes
does not change the number of variables, each of these sets are invariant under the action of
D5 whose conjugation class representatives, e, r, r2, and s have character vectors (1,1,1,1),
(5,0,0,—1) and (5,0, 0, 1) for degrees equal to 0, 1 and 2 respectively. Putting these characters

together we have

charps[FK ¢, (5)] =(1,1,1,1) + (5,0,0, =1)g + (5,0,0, 1)¢?
(7.15)

=X11111 + (a1 + X5 + X5)0 + (X111 + X5 + X5)0

where X111115 Xa2215 X5, X5 are irreducible characters of D5 in Table 7.1.

Representation decomposition by S, -conjugacy class

Here the basis of F'K ¢, (5) is divided by Ss-conjugacy class into sets

{1}, {%2, T23, T34, T45, Ils}, and {$15$347 T15T23, T34T12, T45T12, $45$23},

with associated Ss-conjugacy classes denoted by 7, ¢,t3 and 3¢, respectively. We see that the

Ss-conjugacy class elements here form a Ds-conjugacy class (any two permutation in this class
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are conjugated via element of Dj). For example the elements in {z12, Z23, T34, Ta5, T15}

with Ss-degrees {(12), (23), (34), (45), (15)} are all in S5-conjugacy class denoted by ¢,t3.

Each pair of the permutations in {(12), (23), (34), (45), (15)} however are conjugated by

an element of Dy. Same is true for the other two sets in the above, i.e.,

{1}> and {3315$34, T15T23, L34L12, T45T12, 93459323}-

It is why the S5-decomposition is not refined. We will see that related to S5-conjugacy classes

2, t,t3, and t3t,, we have the following characters.

—(t

5
)
char p, [FKC; 5)]=(1,1,1,1,1) = xy1111-

== (t,13)

ChCLT’D5 [FKC5 (5)] = (57 0,0, _1) = X221 T X5 T X+

——(t2t
charp, [FK(C?, 1)(5)] = (57 0,0, 1) = X11111 T X5 T X+

Therefore we have

charp,[F K¢, (5)] = X11111t? + (Xog1 + X5 + X5/)t2tz1)) + (X111 + X5 + X5')t3t17

where x111115 Xa215 X5, X5 are irreducible characters of D5 in Table 7.1.

Representation decomposition by set partition type

(7.16)

(7.17)

We have the same decomposition of the basis of F'K ¢, (5) invariant under usual degree as

under set partition type and S5-conjugacy classes as in the following.

{1}7 {$127 T23, T34, T45, I15}7 and {11515%34, T15T23, L3412, T45T12, 1‘45@3}
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with associated set-partition types denoted by ¢;, ¢,¢> and ¢3¢, respectively. We see that the
set-partition type conjugacy classes here form a Ds-conjugacy class. (any two set partition
degree in each type are conjugated via an element of Ds). For example the elements of the

set-partition type ¢3¢, in
{5U155U347 T15L23, T34L12, T45T12, 1745@3}»

have set-partition degrees

({15}, {34}, {23}, {{15}, {23}, {4}}, {{34} {12}, {5}},
{{45}, {12}, {3}}, {{45}, {23}, {1}},

respectively, with each two of them conjugated by an element of D5. Same is true for the
other two sets in the above, i.e., {1}, and {x12, 23, T34, 45, T15}. It is why the set-partition
decomposition is not refined, as we will see in the next paragraph, we will come to the

following decomposition:

—=77(4})
charp, [FKCq5 B =1,1,1,1,1) = Xy1111-
3
charp,[FRE™ (5)] = (5,0,0,—1) = xa0; + X5 + Xy (7.18)

_( 5 1)
charp, [FKg5q (5)] = (5,0,0,1) = xy1111 + X5 T Xsr-

Hence we have

charp, [WQ;(E))] = X11111Q? + (Xo21 + X5 + X5’>QQQ? + (X111 + X5 + X5')qg‘11- (7.19)

Remark 7.1.4. In case of charp,[F' K ¢, (5)] decomposition w.r.t., usual degree, Ss-conjugacy

class and set partition type, give essentially the same result.
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7.2 Quotient algebra F'K ,(6)

Relations

2 2 2 2 2 2
Rey ={71, =0, 233 =0, 3, = 0,235 = 0, 255 = 0, 275 = 0,

4 4 4
T1223 = 0 Tozwszy =0 r34745 = 0
< ) b )
To3r12 = 0 X343 =0 Tysw34 =0
: : :
Ty5056 = 0 56016 = 0 T16r12 =0
) b
T56r45 = 0 Z16256 = 0 212216 = 0
\f ) (
T12%34 — T34x12 = 0, T93%45 — Ty5T23 = 0 (7.20)
1\ T12%45 — T45T12 = 0 \ o356 — T3 =0 >
| F12%56 ~ T56T12 = 0 | P23716 ~ T16T23 = 0

T34T56 — TseL34 = 0

T34T16 — T16%34 = 0

{90459016 — Tier45 =0 I
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Grobner

(.2 2 2 2 2 2
G Be, ={113, Ta3s T34, Ly5y Tsgs L16s

P

T12X23 L2334 T34T45 T45T56
9 ? 3 7
L2312 L3423 Ty5T34 T56L45
;
T56L16 T12%16
) ’ » ) T12T34 — T347712
L1656 T16T12
) (
( L1256 — T56L12

L1945 — L45212 (721)

’ ’ T23Tpe — L56L23

L23X45 — L45T23
\

T34T56 — Ts6L34
\

L23T16 — T16L23

T16T34T12
) T34T16 — T16T34 )

T16L45L12
La5T16 — L16L45

,no deg-4 or higher terms}.

Basis of F'K ¢, (6)

BIF Ky (6)] = {1, m12, %23, T34, Tas, Ts6, T16, T34T12, TapT12, Ta5T23, T56T12, T56T23,

Ts6L34, L16L23, L16L34, L1645, T16L45L23, $56$349€12}~

(7.22)
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Hilbert series

H(FKcy(6)) =1+ 6q+ 9¢° + 2¢°. (7.23)

Remark 7.2.1. dim[F K ,(6)] = 18.

7.2.1 Character and decompositions

Dihedral group Dsg

Group Dg = {r, s|r® = 1 = s* rsr = s} has 6 conjugacy classes

e, {r ), {2 rt), {r°), {s,s0%, sr%} and {sr, sr%, 517},

with generators r and s realized in permutation group as rotation = (123456), and reflection

about s = (16)(25)(34). As before Dg defines an action on F'K ¢, (6).

The below diagrams depict 6-cycle Cy diagrams with reflections s = (16)(25)(34) and

sr = (15)(24)(3)(6) in the diagrams on the left and right respectively.
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9]
9]

4 4

Figure 7.2: 6-cycle diagrams with reflections s = (16)(25)(34) on left hand side and
sr = (15)(24)(3)(6) on right hand side.

Table 7.2: Character table of Dg with charp,[F' K ¢,,(6)]. Irred. characters: The trivial, 3
reflections, and 2 rotations.

‘ ‘ € ‘ {r,r°} ‘ {r?,r1} ‘ {r’} ‘ {s,sr%, sr1} ‘ {sr, sr®, sr°} ‘
|C111111\ =1 |CG| =2 \(533\ =2 |C222\ =1 |6222/| =3 |C2211\ =3

X111111 1 1 1 1 1 1

X299 1 1 1 1 -1 -1

X999/ 1 -1 1 -1 +1 -1

X2911 1 -1 1 -1 -1 1

X6 2 1 -1 -2 0 0

X33 2 -1 -1 2 0 0
charp, F K ¢, (6) | 18 1 3 4 0 2

The character is calculated as before and is written in irreducible representations of Dg in

Table 7.2.

Remark 7.2.2. In the character table of Dg, Table 7.2, co911 stands for the Dg-conjugacy
class with cycle type 2211, as sr = (16)(25)(34)(123456) = (15)(24)(3)(6) has cycle
type 2211. Similarly css stands for the Dg-conjugacy class with cycle type 33, as r* =
(123456)(123456) = (135)(246) has cycle type 33. Similarly for others.

Decomposition in irreducible characters

charp, FK ¢,(6) = (18,1,3,4,0,2)
(7.24)

= 3X111111 + 2Xa22 T Xo2or T 2X2011 + 2X6 + 3X 33
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where X;111115 X222, Xa9os X22115 Xg» Xas are the irreducible characters of Dihedral group

Dg in Table 7.2.

Representation decomposition by usual degree

Usual degree make the following partition on the basis.

B[FK¢,(6)] ={1} U {z12, xa3, T34, Tus, T56, T16}
U {37349012, L45T12, T45L23, Tp6L12, Ls56L23, L56L34, T16L23, L16L34, IE16$45}

U {16245%23, T56T34T12}-

(7.25)

The Dg-conjugacy classes indexed by c111111, C2211, C222, Co2or, C33, Cg define actions on each
of the components of the above partition and each component is invariant under Dg (as before)
so representation decomposition makes sense. Calculation of the character on each of the

components as before yields.

0
charp,[FE(6)] = (1,1,1,1,1,1) = xy11111-

Y e )

—
charp, [FK( )(6)] = (6,0,0,0,-2,0) = Xo99 + Xoo11 + Xg + X33

(7.26)
—=7(2)
charpg[FFK 7 (6)] = (9,0,0,3,3,1) = 2X111111 + Xozor + X + 2Xa3-
—7-(3)
charp, [FK (6)] = (27 0,2,0, -2, O) = X222 T X2211-
Therefore we have
ChaTDeﬁCs((S)(Q) =X111111 + (X222 + X211 + Xe + X33)q (727)

+ (2X111111 + Xog2or T X6 T 2X33)q2 + (X222 + X2211)q3,
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where X111115 X2211> X292/ X2225 X33, Xg are irreducible characters of Dg in Table 7.2.

Representation decomposition by S,-conjugacy class

We have the same partition of the basis of F'K ¢, (6) invariant under Sg-conjugacy class (that
again correspond to a Dg-conjugacy class) as by usual degree, so we will have essentially the

same decomposition as for usual degree (as before).

charp, FK ¢, (6)(t1,t2) =X111111t0 + (Xasa + Xa911 + X6 + X33)tolt
+ (2X110m + Xazo + X6 + 2X33)1517 (7.28)

+ (X222 + X2211)t37

where X;111115 X211 Xooors X222: X33 Xg» are irreducible characters of Dg in Table 7.2.

Representation decomposition by set partition type

Here we have the same partition of the basis invariant under set partition as under usual degree.

B[FKCG(G)} :{1} U {9612, T23, L34, T45, T56, 3?16}
U {1’341’12, T45T12, T45T23, T6L12, L56L23, LT56XL34, L16L23, LT16T34, $16$45}

U {Z162T45223, T56234T12}

Therefore the calculation of the character as before results in the following decomposition (as

before).
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Cha’rDtSWCG (6)(QI> Q2> = (17 17 17 17 17 1)(](1i + ((67 07 Oa 07 _27 0))(]2(111_’_

+1(9,0,0,3,3,1)¢2¢? + (2,0,2,0,—2,0)q5
(7.29)

= X111111Q? + (X222 + Xa211 T X T X33)Q2Qi1

+ (2X111111 T Xao + X + 2X33) 45 + (Xozo + Xo211)45,
where X;111115 Xoo11s Xooors X292s X33 Xg» are irreducible characters of Dg in Table 7.2.

Remark 7.2.3. Representation decomposition of charp,[F K c,(6)] by usual degree, S,-

conjugacy class and set partition type are essentially the same.

In the next section we get into the general case of F'K ¢, (n).

7.3 Quotient algebra F K (n)

Relations of 'K, (n)

We have already the relations of F K¢, (n) in (7.2).
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Defining ideal of F K (n)

From (7.2), the defining ideal of F'K ¢, (n) is generated by the generators in the following set.

Generators of defining ideal of FK ¢, (n) =

— 2 2
={r, i, 1<m<n—1 27,
r
Tm,m+1Lm+1,m+2, 1 S m S n — 27 Lp—1,nLin T12%1n

(7.30)
Tm+1,m+2Lm,m+1, 1 S m S n—2 TinTn—1n T1nT12

\
(

Tim 11141 — T 1Tmmr1, 1 Sm <1 —2,3<1<n-—1

).

Tmm+1L1n — LinTm,m+1, 2 S m S n—2
(———— =

7.3.1 Grobner basis

The set of generators of the defining ideal of F'K ¢, (n) in (7.30) forms the degree 2 elements
(2-terms) of the Grobner basis. To find the 3-terms, we need to calculate S-polynomials
between any two pair of 2-terms. We notice that the S-polynomial between two monomials is
always zero. Moreover, the only S-polynomials that reduce to non-zero elements for Grobner

basis are

S(xm,erl:Eln - xlnxm,erl; T1nT12, 3)7 and S(xl,nxl% xm,m+1xl,l+1 - xl,lJrl:Um,erlu 3)7

that reduce respectively to A = {Z1,Zym m+1212, 3 < m < n — 2} (as here m has to be more
than 2 otherwise it is divisible by the relation %, 1 m12Tmm+1 = 0, 1 < m < n — 2 for

m = 1)and B = {z1,211712, 3 <1 <n — 2} (as has to be at most n — 2 for x1,2,;41212
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not to be divisible by relation 1,2,_1, = 0). However the sets A and B are the same. Hence

the set of all 3-terms of Grobner basis for the ideal associated to F'K ¢, (n) is

3-terms : {Z1,Tmmi1T12 1 3 <m <n—2} (7.31)

Example 7.3.1. For n = 4, we have no 3-terms. For n = b, the only 3-term of the Grobner

basis is T15X34T12. Forn = 6, we have two 3-terms: T16L34T12 and T16L45T12.

To find the degree 4 terms, the only S-polynomial is (as the rest of them goes zero)
S<xm2,m2+1l’ln — T1nTmy,ma+15 L1nLmq,m+1T12, 4) which reduce to T1inLTmo,mo+1Tmy,mi+1L12
with respect to terms of degree less than 4. However by the relations in Equation (7.2) these

terms goes zero unless mo — my > 2, my > 3 and my < n — 2. Therefore

4-terms : {T1nTmy mot1Tmy my+1T12 © Mo —my > 2, my > 3and my < n —2}. (7.32)

The forms of 3-terms and 4-terms in Equations (7.31) and (7.32) suggest a general form for

the elements of the basis of F'K ¢, (n) of degree k, in the following proposition.

Proposition 7.3.2. For k > 4 any degree k element of Grobner basis for the ideal associated

to FK ¢, (n) is of the form

TinTmy_omp_o+1Tmy_gmp_3+1 " " Tmama+1Tmimi +1L12, where,

(7.33)
m; —mi_1>2,1=2,3,---,k—2, and my; > 3and mj_o <n — 2.

Proof. Base of induction: Equation (7.32) serves as the base of induction.
Inductive step: Let the statement be valid for degree k elements of the Grobner basis. We need

to show that it is valid for degree k£ + 1, i.e., we need to show that for degree k£ + 1 we will
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have

T1nTmp_1mp_14+1Tmy_omp_o+1Tmy_smp_3+1 °°* Tmomo+1Tmim+1L12, where

(7.34)
mi—mi,122, Z:2,3, ,k‘—l, and m123andmk,1§n—2.

The only S-polynomials available between the degree k element in the statement and a lower
degree term that reduce to degree k£ + 1 elements of the Grobner basis is (as the rest of them

g0 Zero)

S(xmk,lmk,ﬁrlxln — TInTmm+1; TInTmy_omp_o+1Tmy_smy_3+1 """ Tmomo+1Tmim,+1L12, k + 1)

= TinTmp_1mp_1+1Tmp_omp_o+1 """ Tmim+1L12-

(7.35)

We now focus on the underlined product in Equation (7.35), C' = Ty, my_14+1%my_omp_o+1-

For C not to vanish or reduce to something else on reduction w.r.t. any of the 2-terms in

Equation (7.2), we need to avoid the following cases.

1. my_y = my_y where C'— 0 by relation z2, .

2. myp—1 = my_o — 1 where C' — 0 by relation Zy, ;m41Tm+1,m+2 = 0.

3. mp—1 < my_o — 2 where C' = Ty, iy o+1Tmy_ymy_,+1- (by reduction w.r.t. the

leading term of the relation z, ;1121141 — Z11+1Tmm+1 = 0)

4. my_1 < my_o + 1 where C' — 0 by relation =, 11 ym+2Zm m+1 = 0.

To avoid the above cases we need that inequality n — 2 > my_; > my_» + 1 holds, which is
nothing but my_; — mg_o > 2and n — 2 > my_1, as well we need my > 3, for Z,,,m, +1%12

not go zero by T, 41 m+2Zmm+1 = 0,1 < m < n — 2. However these three inequalities
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Mp_1 — Mi_2 > 2, n—2 > my_1, and m; > 3, meet the requirements of Equation (7.34)

for validity for degree k + 1. This completes the proof 0

Putting together the k-terms for £ > 4 in Equation (7.33), 3-term of Equation (7.31)

and the 2-terms in Equation (7.2) we get the set of Grobner basis for the ideal associated to

GBg, =2-terms : 22, .., : 1 <m <n-—1; 23,
Tm,m+1Tm+1,m+2, 1 S m S n—2 Tn—-1nTLin T12T1n
) ) )
Tm+1,m+2Lm,m+1, 1 S m S n—2 T1nTn—1,n T1nT12

TrnmA12014+1 — TL41Tmmt1, 1 <m <[ —=2,3<1<n-1
and
xm,erlxl,n - xlnxm,m+17 2 S m S n— 27
3-terms : {1, Tmmi1T12 1 3 <m <n—2}
(k Z 4)—terms : {xlnxmkfgmk72+1‘rmk,3mk73+1  Tmgma+1Tmymy +1L12, where
m; —m;—q 22, Z:2,3, ,k—]_, and mi ZSandmk_l STL—Q}

(7.36)

Example 7.3.3. For n = 3 we have

2 .2 2
GB = {951279132371513,95129523,95239513,95129513,95239512,95139523,95139512}-

Example 7.3.4. For n = 7, with £17%y, 11212, we have m = 3,4,5, so we have three 3-
terms {$17l‘34$12, T17T45T 12, I17$56l‘12}, also with T1nTmomot+1Tmimi+1L12 W€ have myp = 3,

mo = 5, S0 we have T17X56T34212.
Remark 7.3.5. We also notice that the set of elements of the Grobner basis in Equation (7.36),
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for specific case of n = 6 reduce that for FK ¢, (6) in Equations (7.21).

7.3.2 Basis and dimension

Definition 7.3.6. 1. A matching in a graph is a subset of the set of edges in the graph

wherein no two edges have a common vertex.

2. A matching on a set of line segments V,, = {12,23,---n — 1,n} is a subset of V,,

wherein no two line segments have a common vertex.

Example 7.3.7. In an square with successive sides/edges a, b, c, d (below diagram), we have 7
sets of edges wherein no two edges have a common vertex: ¢,{a},{b},{c},{d},{a,c},{b,d}.

So the number of matchings in a square in 7.

Theorem 7.3.8. Dimensions of F K ¢, (n) equals the number of matchings in n-cycle C,,

Proof. Here the basis of the algebra F'K ¢, (n) is the set of all the words on generators
{Z12, Ta3, T34, -+, Tn—1.; T1, ) that are not divisible by leading terms of the elements of the

Grobner basis in Equation (7.36). Therefore

1. Degrees 0 and 1 elements of F'K ¢, (n) are just 1 and the generators x, ;,+1, M =

17"' 7n_1;x1n-
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However for higher degrees, the structure of 2-terms and higher terms in Grobner basis

in Equation (7.36) is such that

2. Any monomial in our generators vanish by 2-terms in Grobner basis if it has two adjacent

1st index differing by +1 or 0.

3. Any monomial in our generators vanish if two adjacent 1st indexes differ by > 2 but are

increasing in 1st indexes.

4. If any two adjacent 2nd indexes are equal, then so are the 1st indexes, so vanishes by

relations z;;z;; = 0.
]

Therefore the basis elements are: monomials with decreasing 1st indexes of variables (with
an exception of x1,, when appears as the leading variable) such that any two successive 1st

index differ by at least 2. Following the above points we come up with the following basis for

ch (n)

B(FKo, (n)) ={L.
Tmm+1, Where 1 <m <n —1, xy,,
T1nTmymi+1, wWhere2 <my <n — 2,
Tomymy+1Tmama+1, Where my —meo > 2, mg >1, my <n — 1.
Tinymy+18mama+1** * Tmgmy+1, Where m; —miyp1 > 2, my > 1, my <n — 1.
TinTmimi+1Tmoma+1 " Tmy_ymp_1+15 where my — M Z 27 mig—1 Z 2;
my < n—2}.

(7.37)

The following argument shows why B[F K ¢, (n)] consists of all the matchings in C,,.

In the elements of the basis of 'K ¢, (n) in Equation (7.37), if we view variables x,,,,,, for
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m=1,2,---,n—1and z1,, as edges 12,23, ---n — 1,n and 1n in an n-cycle C,,, then we

can view an element of the basis as a subset of the set of the edges in C,,.

An element in the basis of ch (n) in (7.37), is a matching in an n-cycle C,,. The reason
is that From B[F K ¢, (n)] in (7.37), no monomial in the basis includes two variables with a
common index, so we can view an element of the basis as a subset of the set of the edges
of the graph C), such that no two edges have a common vertex i.e., a matching in C,,. Vice
versa, we can view a matching in (), as an element in the basis. Also from the domain of the
indexes in Equation (7.37), we see that all the monomials in generators of ch (n) that have

no repeated indexes have been covered in the basis.

The above considerations imply that there is a one-to-one correspondence between the set

of all matchings in an n-cycle C,, and the basis of F' K¢, (n).

Therefore the number of elements in the basis of algebra 'K ¢, (n) equals the number of
matchings in an n-cycle graph C,,. Hence the dimensions of F K, (n) equals the number of

matchings in the n-cycle C,,. This completes the proof. [

Corollary 7.3.9. Dimension of FK ¢, (n) equals Lucas number L,,.

Proof. From Theorem 7.3.8, dimension of F'K ¢, (n) equals the number of matchings in C,,
which equals Lucas number L,, [22]. Hence dimension of ch (n) equals Lucas number L,,.

This completes the proof. 0
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The highest degree elements in the basis

From B(F K¢, (n)) in Equation (7.37), the maximum degree of a monomial in the basis is
attained when any two adjacent 1st indexes differ by 2 (equivalently if any two sides in the

matching is separated by exactly one side in C},). Therefore one can calculate easily that

For n > 4, max (deg /size) = ng, and

2, forevenn (7.38)
multiplisity of max (deg /size) =

n, foroddn

Example 7.3.10. The highest degree for elements in B[FK (5)] is | %] = |5| = 2, and its

multiplicity 5.

7.3.3 ‘Matchings’ and Fibonacci number

Lemma 7.3.11. Let M (n) denote the number of matchings in the set of line segments

V,={12,23,---n—1,n}, n > 2. Then
M(n) = E,, n>2, (7.39)

where F,, is n-th Fibonacci number with initial values Fy =1, F} = 1.

Proof. We need to show
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1. M(Q) = FQ, and

2. M(n+1)=M(n)+ M(n — 1), i.e., the recurrence for Fibonacci numbers[9], [10].

The 1st item is obvious as M (2) is the number of matching in {12} which equals 2, including
the empty matching, which equals F'(2) (as our starting values for Fibonacci sequence are

Fy=1F =1).

To show the 2nd item consider that V,, = {12,23,---n — 1,n} = V,,_; Un — 1,n, where
Vo1 =1{12,23,---n — 2,n — 1}. Then addition of n,n + 1 to V,, make V},,; and increases
M (n) by adding new matchings to it. However in order to avoid formation of common
index/vertex, these new matchings have to be made by adding n,n + 1 to each matching
only in V,,_4, as n,n + 1 does not have common index/vertex with elements in V,,_; but
does have common index/vertex n with n — 1, n. Therefore the number of new matchings
to be added to M (n) is exactly the number of matchings in V,,_1, i.e., M(n — 1). Hence

M(n+1)= M(n)+ M(n — 1). This completes the proof. O

Lemma 7.3.12. [9], [10]. Let M (n, k) denote the number of matchings of size k in set of line

segments V,, = {12,23,---n — 1,n}. Then

1. M(n+1,k)=M(n,k)+ M(n—1,k—1), forn >3,

2. M(n, k)= (".").

Proof. 1. ConsiderV, asV,, = V,,_1U{n — 1,n} where V,,_; = {12,23,---n —2,n — 1}.

Addition of segment n,n + 1to V,, makes V,,,1 = {n,n+ 1} UV, _1U{n — 1,n}. This
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addition increases M (n, k) by adding n,n + 1 to each element of size k¥ — 1 in only
V-1 without developing common index/vertex, as the elements of V,,_; do not have
indexes n or n + 1. So the number of these new matchings to be added to M (n, k) is
exactly the number of elements in V,,_; of size k — 1,i.e., M(n — 1,k — 1). Hence we

have M(n+1,k) = M(n, k) + M(n — 1,k —1).

2. To prove M (n, k) = (";k) we use double induction. We need to show that

(a) base of induction: For n = 2 and k£ = 1 the statement M (2,1) = (211) is true, as

M(2,1)=1land (*}") = (}) =1L

(b) Inductive step: We need to show that

—k 1—k
If M(n, k) = ("k )\mzz, k> 1, then M(n+1,k) = (”+k )

and

_ k-1
It M(n, k) = (”kk)vnzz, k> 1, then M(n,k+1) = (”kf_l )

as in it follows.

M(n+1,k)=M(n,k)+Mn—1,k—1)

)
(= k) (n— k) (k4 1)
TR 20 T kDl —2kr Dl K2k 1)

)

Also

Mnk+1)=M(mn —1,k+ 1)+ M(n—2,k)
_ (n—1k—+(/f+1)) . (n—i—k)
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n—k—2 n—k—2

() )
(n—k—2)! (n—k—2)!

(k+1Dln—2k—=3)!  kl(n—2k—2)!

(n—k—1)!
(k+1)Y(n — 2k —21)!

B n—k—1
o\ k+1 )

This completes the proof. 0

Proposition 7.3.13. [9] [10]. Let Mc¢, (n, k) denote the number of matchings of size k in

n-cycle C,,. Then we have

Me, (n,k) =M (n, k) + M(n — 2,k — 1), n > 4, k:2,3,-~-,LgJ, and

(7.40)
—k
MCn(n7k):nik(nk )

where M (n,0) =1, and M(n, k) = (”;k) is the number of matchings of size k in C,, \ {1n}.

Proof. M (n, k) can be viewed as the number of matchings of size k in C,, \ {In}. We rewrite
C.\{In}as C,\{In} = {12}UV,, oU{n — 1,n}, where V,, 5 = {23,34,--- ,n —2,n — 1}.
Now adding 1n to C,, \ {1n} completes the n-cycle, as well increases M (n, k) to Mc, (n, k)
by making new matchings of size k. However to avoid making a common vertex we need
to add 1n to the elements of size k — 1 only in V},_,, as they do not involve in indexes 1 or
n but 12 and n — 1, n do involve in common indexes 1 or n. So the number of these new
matchings is equal to the number of matchings of size k — 1 in V,,_si.e., M(n — 2,k — 1).
Hence M¢, (n, k) = M(n, k) + M(n — 2,k — 1). This completes the proof of the first part of

the Lemma.
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Substituting M (n, k) = (".*) into the first part we have

Mg, (n,k) = M(n, k) + M(n — 2,k — 1) = (”"“) +

n—1-—k
k k—1

B (n;k) " (k(fl_)!tn_—k;!k)! B (n;k) Bo=2mt g
= (n;k> + nﬁkk!(&_—@c!)! - (";k)

This completes the proof. ]

+ A/

7.3.4 Hilbert series and ¢-Fibonacci/g-Lucas numbers

From Proposition 7.3.13 and Theorem 7.3.8 and Corollary 7.3.9, we have

13 12
n n—=~k
Ly = Mc,(n) =>_ Mc,(n, k) = n_k< i )

The upper limit in the sum is due to the fact that maximum size of a matching in C,, or the
maximum degree of an element in the basis of F K ¢, (n) is | 2]. Hence taking sum over all the
matchings of different sizes & in C,, (elements of different degrees k in the basis of ch (n)),

we have ¢-Lucas number [9], [10]:

L) =Y — (” B k) ¢, Lo=2. (7.42)

Also from Lemmas 7.3.11 and 7.3.12 we have the total number of matchings in a set of line

segments V,, = {12,23,---n — 1,n} to be M,, = F,, and the number of matchings of size k
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in V,, to be M (n, k) = (".*). This results in

Fo(q) = (" - k) ¢ (7.43)

H, = n (” - k) ¢ = L,(q). (7.44)

n n—k

In the above expression, degree k, as the size of matching, is summed over to give us the
Lucas number which is by Corollary 7.3.9 equal to the dimension of F'K ¢, (n). Hence the

above expression indeed demonstrates Hilbert series

This completes the proof. ]

Example 7.3.15. Hs = >3 522 ()" = () +3(1)a+3(3) 4> = 1+ 5+ 5¢% Similarly

Hg =1+ 6q+ 9¢* + 2¢°.
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7.3.5 The action of D,, and decomposition

In this section we derive the character of F'K ¢, (n) over D,, for even and odd n.

Lemma 7.3.16. Let r € D, realized in permutation group S, asr = (1,2,--- ,n). Then for

integers 2 < p < n the trace of representation of r? € D,, on F K¢, (n) is
X(1r?) =14 pdp pm, (7.45)

for some m = % if it is an integer. In q-counting according to total degree decomposition form

we have

X()](q) = 1+ pq¥, if % is an integer. (7.46)

Proof. One can view a monomial M € B[F K¢, (n)] as a matching in an n-cycle (i.e., a set
of sides in n-cycle with no common vertex). Also we can consider r as a clockwise rotation
of angle 27” in C,,. Then rP M is the result of clockwise rotation of the matching M in n-cycle
by angle ?. So rP M = M means that after rotation of a matching M over p sides of the

n-cycle, the matching M coincides with itself. We discuss the following cases.

1. The possibility that 7 M = —M is absurd, i.e., the operator ¥ does not have an eigen
vector with eigen value —1. The reason is that in order for 7” M to develop a minus sign
we need M contains an zy,, to get rotated into 1?1, = Ti4pnip = Titpp = —Tpptis
and thereby create a minus sign. Then since 7 rotates M as a matching onto itself there
must be another variable in M like x,,_,, ,,+1—, to be rotated onto x;,, to preserve M as a
matching in C,,. However then 2, 41-p = Tppt1 = Tn1 = —T1p; a second minus

sign to cancel the first one. So 7’ M = — M can not hold.

212



2. rM = M does not hold for non-empty M. The reason is that since 7 is a clockwise
rotation of 27” in C,, it takes a side in the matching M in C),, into the side next to it (the
neighbor side) in C,,. However this next side is not in M otherwise there would be a
common vertex in )/ that is forbidden by the definition of a matching. Thus rM = M

can not hold for non-empty M.

3. For 2 < p < n, and non-empty matching M for r? M = M to hold, we need p|n and
matching M be symmetric in C,, in the sense that any two successive sides in M be
separated by the same number p — 1 of sides in C),. Therefore the number of non-empty

matchings M such that v’ M = M, is equal to pd,, ,m, for some m = % if it is an integer.

4. For any p there is always an empty matching (associated for identity element 1 in the

basis) such that r* M = M (as r?1 = 1).

Considering items 1 — 4, we come up with the conclusion that for given positive integer p the
number of matchings (monomials) M such that v’ M = M, i.e., the trace of representation
of r? is 1 4 pdy, pm. Therefore for 2 < p < n we have x(?) = 1 + pé,, pm. for some m = -
if it is an integer. The number 1 in x(r?) = 1 + pd,, ,m refers to the empty matching (degree
zero element of the basis) and pd,, ,,, to the nonempty ones of size m = % (degree m = %)
if it is an integer. Therefore we can write the g-counting form of x(r?) = 1 + pd,, ,m as
IX(rP)](q) =1+ pgr if - is an integer (then J+ =size of the non-empty matching that is eigen

vector of rP). This completes the proof. 0

Lemma 7.3.17. For evenn > 4, let s € D, realized in permutation group as

s = (1In)(2,n —1)--- (5,5 + 1) in n-cycle graph C,,. Let X(s) be the trace of representation
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of s over FK ¢, (n). Then

%] B 147
2 —k 2—-1—-k 2-2—-k
_ 2 2k 2 2k+1 2 2k+2
NOTED S G TEEED SH (R VAR Sl i Ve
k=0 k=0 k=0
(7.47)
and in q-Fibonacci form according to total degree decomposition we have
X()(q) = F2(¢*) — 2qF3 1(¢%) + ¢*Fz _2(q°). (7.48)

Proof. By Theorem 7.3.8 to any element of the basis of /K¢, (n) there corresponds a

matching in C,,. Let Ty = {iy,41 + 1,i2,i9 + 1+ -4y, %, + 1} be a matching of the set
of line segments Sy = {12,23,--- ,%2 — 1,2} C C, defined in Definition 7.3.6, with its

corresponding monomial

U= Ty iy 1T in 11 T i1 € B[F K¢, (n)].

Let its reflection in s, itself a matching (as n =even), be

Tll = {j17j1 + 17j27j2 + 1]m7]m + 1}7

and its corresponding monomial be v’ = ;,j,+1%j,jo41" " - T im+1- While matching
T, is not symmetric about s, however matching 77 U 77} is symmetric and its corresponding
monomial uu’ € B[F K, (n)] forms an eigen vector of s with eigen value +1 as s(uu/) = uu’
(because s(uu’) = s(usu) = (su)s*u = (su)u = w'u — wu' on reduction w.r.t. 2-terms,
because v and ' commute, as there is no common index among variables in uu). The number
of such eigen vectors in FK ¢, (n) equals the number of matchings 7y U T} in C,, which

by construction equals the number of matchings 7y C {12,23, -, 5 — 1,5} which is by
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Equations (7.39) and (7.43) equal to

[M(3)l(a) = Fy(a) = (5 i k) ¢, (7.49)

where the factor 2 in the power of ¢** is to take care of the double number of sides in 77 U T
compared to 7} and it reflects the even number of matchings in 77 U 7]. Hence our first
contribution to x(s) denoted x1(s) is

3,
[x1(8)](q) = <§ . k) q°". (7.50)

To find the number of eigen vectors with eigen value —1 instead of considering the matching

Ty C {12,23,---, 5 — 1, 5 } and its reflection 77 in s, we need to consider the following cases

1. The matching {1n}UT5, with matching 7, C {23,--- ,% — 1, 2} (to prevent developing
common vertex with {1n}), and its reflection T} in s, with the corresponding monomials

v,v" € B[FK¢,(n)], to Ty and T} respectively.

2. The matching {Z, % + 1} U T3 with matching T3 C {12,--- , 2 — 2,2 — 1} (to prevent

developing common vertex with {%, & 4- 1}) and its reflection T} in s.

In case 1 while matching {In} U T5 is not symmetric about s, however {In} U Ty U T}
is a matching in C,, symmetric about s and its corresponding monomial x,vv" forms an
eigen vector of s with eigen value —1 as s(z1,00") = —x1,5(vv’) = —x1,,00" as before. By

construction the number of matchings {1n} U Ty U T} in C,, equals the number of matchings
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Tyin {23, -, 5 — 1, 5} which is by Equations (7.39) and (7.43) equal to

[M(g —1)](q) = Fa_1(q) = (% _]1 B k) Al (7.51)

Here the odd power of ¢***! reflects the odd size of the matching {In} U Ty U T in C,, as
well the negative eigen value of s. Considering a factor 2 to cover the 2nd case (as it exactly
results to the same as case 1), as well a negative sine for the negative eigen value, we come up

with our second contribution to x(s)

o,
el =2 3 (27,7 752)

To cover the last contribution to x(s), we consider the matching {In} U {%,2 + 1} U T}

and T}, the reflection of T in s, with matching Ty C {23,34,---,% —2,% — 1} (to pre-

vent developing common vertex with 1n or 5,5+ 1) with w and w’ the corresponding
monomials to 7, and 7} respectively. By similar arguments we have eigen vectors with
eigen values +1, with the number of such eigen vectors equal to the number of matchings

T, C {23,34,-- -, % — 2,5 — 1} as before, which is by Equations (7.39) and (7.43) equal to

n 5—2—-k
MG =200 = Fya = Y (P71 (1.5
k=0
Hence our last contribution to x(s) is
oy
ETED SN Ca e (7.5
k=0
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IS

2

Now adding the contributions in Equations (7.50), (7.52) and (7.54) we come up with
=)
(5 —2- k) q2k+2
k )
k=0

[*3

72— 2 Z

=y :
2+ 2k+1
(7 s
k=0

)

EIR
_ (T’f

[x(s)](a) i
k=0
which is written in the following ¢-Fibonacci form using Equation (7.43):

X(s)1(q) = Fu(q®) = 2qF21(¢%) + ¢°Fz _2(q%)
O

This completes the proof.
Example 7.3.18. For n = 6 we have
x(s) = Ximy ()0 = 285 ()P + Sk (0562 = () + () = 2()a +

)@+ ()P =1+2¢"-2[g+ P+ ?=1-2¢+3¢* —2¢> > 0atqg=1.

(!
1
Example 7.3.19. For n = 6 we have x(s) = F3(¢*) — 2qF5(q*) + ¢*Fi(¢?). Let q = 1,

then x(s) = F3 —2F, +F1 =3-2(2)+1=0.
Lemma 7.3.20. For even n, Let s,r € D, realized in permutation group S,, as
,n) in n-cycle graph C,, . Then

(7.55)

IS

,1J

s=(1,n)2n—-1)---(5.5+1)andr = (1,2,

n ]k

L )qzk, n >4,

X

=0

o

[x(s7)](q)

and in q-Fibonacci form according to total degree decomposition
(7.56)

[x(s7)](q) = Fz (%),

+ 1)(%) and so the only

n

21,8

where x(sr) is the trace of the representation of sr over F'K ¢, (n).
2

Proof. Here we have sr = (n)(1,n — 1)(2,n — 2) - (
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matchings in C,, symmetric about sr are TUT” with matching 7’ C {12,23,--- ,2 —2,2 — 1}
and 7", the reflection of 7" in sr. The corresponding monomials to 7" and 7" are respectively
w and w’. we have eigen vectors of sr with eigen value +1, as sr(ww’) = ww’ as before. The

number of such eigen vectors equals the number of matchings 7" U 7" in C,, which equals

the number of matchings 7' C {12,23,--- , 2 — 2,2 — 1} which is by Equations (7.39) and
(7.43) equal to
2,
n 5= L=k\ o
x(sm)l(g) = M(5 = 1)(g) = Fy-1(q) = q
k=0
This completes the proof. ]

Example 7.3.21. For n = 6, we have x(sr) = 31 _, (QIk) =0+ =1+

Lemma 7.3.22. For odd n, Let s € D,, realized in permutation group S,, as
s=(1,n)(2,n—1)--- (%57, ”TH)("TH) in an n-cycle graph C,,. Then
n-l __ N #37] n=3 _ L N
2 2 2 2%+1
= — 7.57
ol =3 (7, e - (B e o

k=0

with q-Fibonacci version

[x(s)l(q) = Fus(q*) — qFus(d?),

where X (s) is the trace of the representation of s over F K¢, (n).

Proof. Let

Tl = {7:177:1 + ]-77:277:2 +1Zm7@m+ 1}
be a matching of the set of line segments S = {12,23,-- -, "T_l -1, ”T_l}, with its corre-
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sponding monomial

U = Tiy,i1+1Td0,5041 ° ** Ly igy+1-

Let its reflection in s, itself a matching, be

Tll = {j17j1 + 17j27j2 + 1]m7]m + 1}7

and its corresponding monomial be v’ = ., j, 1%y jp+1 - - T it 1

While the matching 77 is not symmetric about s, however matching 77 U 77 is so, and its
corresponding monomial uu’ forms an eigen vector of s with eigen value +1, as s(uu’) = u/
as before. The number of such eigen vectors equals the number of matching 7} U 77 in C,,
which equals the number of matchings in 7} € {12,23, - - ,W} which is by (7.39)

and (7.43) equal to

N = Fenw = > (7,7 ) 1.59)

where the factor 2 in the power of ¢** as before counts the double number of sides (double

size=double degree). Hence our first contribution to x(s) is

23]

ba(s)e) = > (nT_lk_ k)q”“. (7.59)

k=0

We have another set of matchings symmetric about s. These matchings are made by adding
the side 1n (its corresponding variable z1,,), to avoid common vertex with 1n, only to each
element of the matching T, C {23,34, - -, ”T_l -1, "T_l} Let the reflection of 75 in s be 15,
then {In} U T, U T} is symmetric about s and its correspondent monomial z15ww’ is an eigen

vector of s with eigen value —1 as s(z,,ww’) = —zps(ww’) = —xww' as before. The
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number of such eigen vectors is equal to the number of matchings {1n} U7, U T} in C,, which
is equal to the number of matchings T, C {23,34,- -, ”T_l -1, ”T_l} which by Equations

n=3|
(7.39) and (7.43) is equal to M (251 — 1) = M(%52) = Fus = S5 (77, 7F) g2+

Hence our second contribution to y(s) is

22) s
a(s)l(@) == (Tk k)q%“- (7.60)

k=0

Adding Equations (7.59) and (7.60) we come up with

[x(5)](g) = Lnf (_,j - Lnf (_,j gl

k=0 k=0

with its ¢g-Fibonacci form according to total degree decomposition

X(9)](q) = Foi(¢®) — qFuzs(q?).

This completes the proof. [

Example 7.3.23. For n = 5 we have x(s) = Zi:o (zzk)q% — 22:0 (1;]6) g = (g) +

O - Qg=1-qg+¢ —lasqg—1.

Remark 7.3.24. For odd n, there is no symmetry about sr in C,, so we do not discuss the

case of x(sr).
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Table 7.3: D,, irred. characters for even n: The trivial and 3 reflections are 1-dimensional,
the rest are 2-dimensional rotations. [rP] stands for {rP,r" P}, 2 < p <
5 — 1, pln, its Dy-conjugacy class is denoted by c(,. [s] stands for

{s,sr2,- - sr™"72}, [sr] for {sr,sr®, .- sr™ 1}, and x4 for x nn wWhen h|n.
h
PL2<p< G — |, n
¢ [ 1, such that p|n {r=} [5] [s7]
|Cl"| ’Cn‘ ‘ |Cz%‘ |CQ%/| |CQ<%*1)11‘
_ _ cp)| =2 _ A
_ =2 =1 — 2 )
Xin 1 1 1 1 1 1
Xp3 1 1 1 1 -1 | -1
Xy 1 —1 (—1) —1)% |1 )
Xz(%*l)ll 1 -1 (71)1) (_1)% —1 1
X(h)’lghgg_ ) 2c0s2hT 2hpm 2(—1)"
1, such that h|n CosT," | 2eosT, (=010 0
Table 7.4: Character of 'K ¢, (n) over D,, for even n
€ [ | [P".2<p<3 {r3} [s] [s7]
—1 such that p|n
lewn| =1 |Cn£ ey =2 ‘Cﬁ‘ =1 ‘CQ%/ =3 ‘Czh'}-l)n' =3
Siow (N | 1| 14 pa S | 1436 | S0 (3 e b (77
QZEQ J(2 1 k)qzk+1
+3g L (g

Table 7.5: Character of F'K ¢, (n) over D, for even n in g-Fibonacci/g-Lucas, with initial
values Fp =1, F1 =1,Ly=2,L1 = 1.

€ [r] [rP,2<p<§ {rz} [s] [s7]
—1 such that p|n
lein| | |eal =2 legy] =2 leynl =1 |cﬁ/| =2 [EREN
)
Ln(q) 1 1+ pgronimeger | 1+ 56 | Ful(q®) — 20F3-1(¢°) + ¢*F3-2(¢*) | Fu2(¢?)
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7.3.6 Character of 'K (n) over D, for even n and decomposition

We summarize the results of Lemmas 7.3.16, 7.3.17, and 7.3.20 in Tables 7.4 and 7.5 as the

character of 'K ¢, (n) over D,, for even n.

Remark 7.3.25. Tables 7.3, 7.4 and 7.5, are for irreducible characters of D,,, character of
FK¢, (n), with its g-Fibonacci form in Table 7.5. The cycle type of reflection s is 2% its
D, -conjugacy class is denoted by Conls and its associated irreducible character denoted by
X,n' The cycle type of reflection sr is 2211, and its associated D,,-conjugacy class and
irreducible character are denoted by c

and X,z respectively. Similarly for other

23111 111

cycle types.

Decomposition in irreducible characters

charp, [FKc,(n = even)| =

miynX1n + m2%/X2%' + m2(%_1)11X2(%_1)11 + mQ%XQ% + E : m%hX%}H
1<h<Z—1, hln

(7.61)

where the coefficients m of the irreducible characters are calculated using character table 7.3

and either the character in ¢-Fibonacci form of Table 7.5 or the character in Table 7.4.
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By Table 7.5 we have

n_g
1 < n n
Min = %{Ln(q) +242) (14 pgros jmeger) + (1+ 5¢°)

2
p=2

n n
+3 [Fg(f) —2¢Fa 1(¢%) + QQFg—z(QQ)] + §Fn;2(q2)}-

=—1
1 < 1
myy = %{Ln(q) +242 (1476 jneger) + (1+ 2‘1 %)
p=2

n n
~ 2[Fa@®) — 20F3 (@) + PPy (@) = S Fep2 (@)

Y

2
_ ! 2 257 P(1+pgvd 1)5(1+ ¢
myy =54 La(g) =2+ Z + 7 8 meger) + (—1)F (L + 57)
(7.62)
n 2 2 2 2 n 2
+ 5 [ F2 (@) = 20F5 1 (07) + ¢ Fy (g )] — 5 Faz2(g )}-
] LS|
n n o
MyB-111 = m { o 2+QZ +pqp5" integer) + (—1)2 (1 + 5‘1 )

n
— 5 | F2(@") = 20F3 1 (¢") + ¢°Fy (")

n 2
—1

1 2hm n 2hpm
Mn) = n {2L +4dcos— +4 (1 + pgr 5%,integer)003 b

N3

n n
p=2

|3

+2(=1)"(1 + gq2)}, 1 <h < - —1, such that h|n.
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(

By Table 7.4 we get the following version of coefficients
1 £ n (n—~k\ . 5 Ll ns n o
ml”—% ZTL—]{? k) q +2+ Z(1+pqp %,integer)"’(l"i_EQ)
k=0 p=2
I =T " =T "
+g Z(g; )q2k_2 3 <§—;— ) 21§ 5—2 >q2k+2]
k=0 k=0 k=0
L%J n—2 k‘
n 2 2k
+ 5 Z ( I )q }
k=0
1 5 n (n—=Fk\ , Ei n n o
mQ% :% n—k k q +2+2Z(1+pqp5%,integer)+(1+§q )
k=0 p=2
EIRp B =T
n (§_k> 2k 5_1_k> 2k+1 (E_Q_k) 2k+2]
-1 oy ey :
2= k k=0 k k=0 k
I
.S TR
2 k
k=0
1 : n (n—~k\ , £l » n n n o,
myy’ ~ o n—Fk L ¢ —2+2 (-1) (1+pqp5%,imeger)+< 1)2(14-5(] )
k=0 p=2
12, = =T
+g - (Egk)q%_Qi (5_;_k)q2k+l+i (i_z_k)q%wl
k=0 k=0 k=0
LnT_ﬂ n—2 k
_n 2 2k
5y ()]
k=0
1 5 n (n—=Fk\ . Ei » n n n o
Mgy = 5 —— (", )d 242D () (U par Oz jmeger) + (-1 (14 S0
k=0 p=2
EIps E=IIN 222,
n (5 - k:) " <§ —1- k) (5 —2- k) ]
-1 oy ey :
2= k k=0 k k=0 k
2],
n RN
53 (B
k=0
n n_q
1 ‘. on [(n—k 2hm < n 2hpm
mep) = % 2 " 2 qk -+ 46087 +4 Z(l +pqp5%,integer)cos n
k=0 p=2
}, 1<h< %241, such that h|n.
(7.63)



Example 7.3.26. Let

charcg [F'K ¢, (6, q)] = mis X 6 +M222X 90 T M222 Xagor +M2211 X911 + M6 X6 +M33X35. Then

from Equation (7.63) we have

mys = 1+ 2¢% Magy = q + ¢, Mooy = %, Mao1 = q+ ¢, mg = ¢+ ¢*, maz = q+ 2¢°.

Then substitution of the coefficients m into the character (7.61) we have

charps[FKc, (6, )] = (1 +2¢°)x16 + (¢ + ¢*)Xa + (¢°) X2

(7.64)

(@ + ¢*)Xam1 + (@ +¢*)x6 + (a+2¢°)x35.

Sorting in q we have the decomposition of charp,[F K ¢, (6)] in usual degrees.
charpg[FK ¢,(6)] = X16 + (Xa22 + Xoz11 + Xo + X33)4 (7.65)

+ (2X16 + Xaow + X T+ 2X33)q2 + (X2 + X2211)q37

which upon putting ¢ = 1 reduces to
charp, F'K ¢4(6) = 3X16 + 2X220 + Xaz + 2Xa211 + 2X6 + 3X33,

in agreement with Equation (7.24).

7.3.7 Character of 'K (n) over D,, for odd n and decomposition

We summarize the results of Lemmas 7.3.16 and 7.3.20 in Tables 7.7 and 7.8 as the character

of FK ¢, (n) over D,, for odd n.
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Table 7.6: Irreducible characters of D,, for odd n. The trivial and one reflection, the rest
2-dimensional rotations. ¢, stands for cz» where p|n.
p

€ {ror= 3 [ PP 2<p < i [ {sysmy o s
such that p|n
lein| =11 |en| =2 |cp)| =2 |02"7711‘ -n
Xin 1 1 ! !
X2"511 1 1 1 _1
Xl <h < "7*1 2 20032}177T 20052’1wa 0
such that h|n

Table 7.7: Character of F'K ¢, (n) over D,, for odd n

€ [l [P 2<p< 5 [s]
such that p|n
lern] =1 |cal = 2 |C(P>| =2 |CQ%| =n
S n (k) gk . P R = e e
Ekio "71€( kk) qk 1 1 _"pqu%,integer Zk:%) ( 2k' )qzk - k:%) ( 2k’ )q2k+1

Table 7.8: Character of F'K ¢, (n) over D,, for odd n and ¢-Fibonacci form

¢ ] b7 2<p< [5]
such that p|n
lein| =1 | |en| =2 legy| =2 ¢, ns1| =n
La(g) 1 L+ pq7 62 jneger | Fu1 (q) — qFus (%)

Remark 7.3.27. In tables 7.6 and 7.7 the cycle type of reflection s is 2”31 and its associated

D,,-conjugacy class and character are Cynzt and X,nzt respectively.

Decomposition in irreducible characters

charp,[FKc,(n = 0dd)] = minXqn +m noax, ns1 + Z Mph Xpns  (7.66)

0<h<Z5L hin
with the following coefficients calculated as before by using irreducible characters of D,, for

odd n in Table 7.6 and character of FK ¢, (n = odd) either Table 7.7 or the compact form of
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q-Fibonacci in Table 7.8 it follows.

From Table 7.8 we have

n—1

1 2 n
min = o [LM) +242 (14 pgrdn inseger) + n<Fanl(q2) - qFrIQB(QZ))] :
p=2
1 = n
Myt = o [Ln(CI) 2423 (14 paP 0 suteger) — (P (6) - an;B(QQ))] :
p=2
n—1
1 2hm 2 n 2hpm
M = 5 [2Ln(q) + 4c05(7) + 42(1 + PP 02 integer)COS( " )
p=2
—1
1<h< 2 hn
2
(7.67)
From Table 7.7 we have
! Z n_(n-k ’“+2+2§:(1+ 7 80 i)
Min —— PO integer
o n—k\ k )1 AT O3 imeg
k=0 p=2
L%J n—1 k L%J n—3 k
2 2k 2 2k+1
ol 3 (5 2 (5
k=0 k=0
1 z n (n—~k\ . Z n
m2n7711 :% ZTL—]{}( k >q +2+22(1+pqp5%,imeger)
k=0 p=2
& - 2k & nd—k 2%k+1
2 2 +
[ (7 (7 )
k=0 k=0
1 = n n—=k\ 2hm = n 2hpm
—1
where 1 < h < nT’ hin.
(7.68)
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Example 7.3.28. Let n = 5, then

charp,[F K e, (5)] = mysXqs + Mao1 X + MsX5 + Msr X,

where the m-coefficients calculated from Equation (7.68) are: ms = 14 q, maoo = q, ms =

q+q?, ms = q+ q> Substituting the coefficients into the character, Equation (7.66), we have

charp,[FKc,(5)](q) = (1 + ¢*)X1s + qXao1 + (a + @)x5 + (0 + ¢°)x5-

Sorting the above in terms of q yields the decomposition in usual degree:

charp, [WCS (5)](q) = x5 + (Xa21 + X5 + X5 )q + (X35 + X5 + X5’)Q27

which upon putting ¢ = 1 reduces to

charp, FK e (5) = 2x15 + Xo91 + 2X5 + 2Xs,

in agreement with Equation (7.14).

Representation decomposition by conjugation class

Since the basis of F'K¢, (n) consists of monomials in variables with no common index
(alternatively, matchings in n-cycle), the S, -degree of an element of the basis is product of
disjoint 2-cycles and 1-cycles. So it belongs to the S,-conjugacy class denoted by t5¢7 2
where ¢, and ¢; stand for 2-cycle and 1-cycle respectively and where £ is the degree of

monomial. Since we have the same partition of the basis invariant under .S,,-conjugacy class

228



as under usual degree, we have essentially the same decomposition as by usual degree.

Representation decomposition by set partition type

Since no two variable appearing in a monomial M € B[F' K, (n)] have common indexes, in
each part of the set partition there is at most 2 indexes. So the set partition type of degree &k

monomial M is of the form o = (2,2,---,2,1,1,--- ,1) denoted by 2*1"~2¥ where each 2

-~~~

k n:er
in o represent the two indexes of a variable if the variable appears in M, while 1s represent the

indexes appearing in no variable in M. Since we have the same partition of the basis invariant
under set partition type as under usual degree, we have essentially the same decomposition as

by usual degree.
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Chapter 8

Commutative Fomin-Kirillov Algebra

FK€n)

In 1999 Sergey Fomin and Anatol N. Kirillov stated a proposition [14] according to which the
commutative quotient of 'K (n) has dimension n!. In that paper they gave sketch of the proof

using Gelfand-Varhenko algebra [16]. In this chapter we give a direct proof of this proposition.

Definition 8.0.1. Commutative Fomin-Kirillov Algebra FK¢(n) is defined by letting the

generators of Fomin-Kirillov algebra commute with each other. [18]

We define a slightly different monomial order than we did previously in Definition 1.2.1.

Definition 8.0.2. The graded lexicographic ordering of monomials M, and M, in a polynomial

is defined by first comparing their total degrees if they are of different degrees. If M, and M,
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are of same degrees, we introduce a variable ordering by

Tij > Ty if

Then with this variable ordering, the following rule completes the definition of graded
lexicographic monomial ordering. For monomials M, and M, of same degree d, My < My
if the first variable of M, is less than the first variable of M. if the first m variables for

m=1,---,d— 1 happen to be the same, then compare the m + 1 th variables.

Example 8.0.3. Tog < T93To4, T13 > T23, LT23 > T24.

8.1 Relations

Out of the relations of FK(n) in (1.2), relation (i) : z;jx — xwx;; = 0 for distinct
1, 7, k, [, is nothing but now a part of the definition of commutative algebra so this relation is
redundant. Also now that the variables commute, we need to take care of our lexicographic
ordering, i.e., in Equation (1.2), relation (4it) : ;x5 — TjpTix — TixTij = 0, 1 < @ <
J < k < n, now should be written as x;;T;, — %;;Tjr + Tiv;r, = 0 and similarly the
relation (i44') @ @i — T2 + ki = 0, 1 < @ < j < k < n should be written as
TijTik — TijT ik + T, = 0 which is the same as our new (47), i.e., relations (74¢) and (i7i’)

are equivalent when considering F'K“(n). Therefore the set of relations for F/K°(n) is

R¢ = {.I'ZQJ = O, Tij ik — TijTjk + TikTik = 0, 1<y <3< k< TL} (8.1)
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Example 8.1.1. For FK¢(3) R® = {z3, = 223 = 23, = 0, T19713 — T12T93 + T13723 = 0}

Example 8.1.2. For F'K¢(4) we have following relations.

c (2 2 92 9 9 o
R ={x7, = x{3 = 7]y = 253 = 75, = x3, = 0,
T12T13 — T12T23 + T13T23 = 0, T12%14 — T12T24 + T14T24 = 0,

T13%14 — T13%34 + T14T34 = 0, To3Tog — To3Tzq — ToaZaq = 0},

The relations of F'K°(n) are not homogeneous with respect to S,,-degree (1st term of
the relation x19213 is of S,,-degree (12)(13) = (132) while the 2nd term z19293 is of degree
(12)(23) = (123)). So the ideal is not homogeneous w.r.t. .S, - degree, so this degree is not
well defined in F'K°(n). However the set-partition degree is well defined for this algebra as

the relations are homogeneous w.r.t this degree.
From (8.1) we have the following set of generators for the defining ideal of F'K¢(n).

generators for defining ideal of F'K“(n)
(8.2)

2 . .
= {7, TijTin — T+ v, 1 <0< j <k <n}

8.2 Grobner basis for F'K¢(n)

We consider the polynomials in (8.2), as the degree 2 elements (2-terms) of Grobner basis for

the ideal associated with F'K¢(n). So the 2-terms of the Grobner basis for the ideal associated
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to FK¢(n) are
g1 = TjjTj and g2 = TjjTik — TijTjk + Tik Tk, 1< <] <k<n (83)

where the leading terms are underlined. Then calculations of S-polynomials for commutative
case by S(g1,92) = #ng)gl — #792)92 where @7 = LCM (LM (g1), LM (g2)) show that
S(g1,91,3), S(g1, g2, 3) and S(ga, g2, 3) — 0 under reduction by lower degree terms, i.e., we
get no elements of degree 3 and more for our Grobner basis. Hence we have the following

Grobner basis for the ideal of F'K¢(n) which consists only of 2-terms.

GB° = {.’L‘?j, TijTik — TijTik + TipTjk, 1 <1< 7 < k< TL} (8.4)

Example 8.2.1. For FK¢(3), GB® = {a2,, 735, T35, T1oT13 — T12T23 + T13T03}.

c c_ (.2 2 2 2 2 2
Example 8.2.2. For FK¢(4) GB® = {z5,, x5, T3, T35, T54, Ty,
T12213 — T12%23 + T13T23, L1214 — T12T24 + T14T24,

T13%14 — T13T34 + T14T34, To3Tog — To3T34 + Toalsa )

8.3 Basis of FFK“(n)

Theorem 8.3.1.

B[FK‘(n)] = | Tmyty Tty * ** Ty, - k > 0 (case k = 0, empty product, so is 1),

(8.5)
l; <lit1;0r
, my are distict, m; < l;,

l; = li+1 and m; < mMi41.
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Alternatively we can define B[F' K¢(n)] recursively as it follows.

1. Degrees 0 and 1 elements of B[F K“(n)] are respectively 1 and z,,,;, 1 <m <[ <m;

2. Fordeg k > 2,1et Zy,,1, Tmol, * * - Ty, be degree k element. Then degree k + 1 element

1S Tty Tingly *** Ty Ty 1, SUCh that

I < lk—i—la or
myy1 # m;fori=1,---  kand

Iy = lpgy1, and my < myq.

Proof. In general the basis of a quotient algebra consists of all the words on generators of
the algebra that are not divisible by the leading monomials of the elements of Grébner basis,
i.e., from Equation (8.4) by xfj and x;;x;;,. This restriction forces our basis to be consisting of

terms in the form stated in (8.5) of the statement. This completes the proof. 0

Example 8.3.2. B[FKC(B)] = {1, 12,213, L23, L1223, 1'131‘23}

8.4 Dimension of F'K“(n)

In this section we first define a bijection between cycles C' € S, and some elements of
B[F K*¢(n)] and then extend it to define a bijection between arbitrary permutation o € S,, and

all the elements in B[F'K¢(n)].

Definition 8.4.1. Let the cycle permutation C = (¢y, ¢, -+ ,cx) arranged such that the
biggest entry cy, in C' is the one on the far right of C, however the sequence c;,j = 1,2,--- k

is not monotonic. Then
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1. We define a “usual drop” at c;, of length l;, by sequence

Ciit;, = (Cjiv1s Cita, 5 Gy, ), Such that
(8.6)
Cjitl < Gtz < 7 < Gty < Gy < Gty 41

(so the “usual drop” at c;, is a monotonic increasing sequence not including c;,). To
this “usual drop” Cji1y,» we associate monomial

Téjilji = Lej 105, L) o5, " xcjﬁlhcj-i» 1=1,2,---,m, 8.7

where m is the number of “usual drops” in cycle C. (so the associated monomial to
a “usual drop” at c;,, is a degree l;, monomial in 2-index variables with increasing 1st

indexes and common 2nd index c;,).

2. We also define the “special drop” ¢y, where ¢y, is the biggest entry in the cycle C, by

& = C\Cju1; \Ciat;, \ * * * \Cjpn ;. - (8.8)

By construction, the special drop ¢y, is an increasing sequence ending up with ci. To the

“special drop” we associate the monomial

T (8.9)

e L(er)1enT(@r)2ck '"E(Ek)m(zh+lj2+-»-+ljm>flck’

where (¢i); are the entries of ¢, and where cy, the biggest entry in C, now is the biggest
entry in c. By construction 7, is a monomial in 2-index variables with increasing 1st
index and common 2nd index cy, whose degree is k — (l;, +1;, +--- +1;,) — 1, where

m is the number of usual drops.
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3. We define the associated monomial to the cycle C' as

To =1,

Citlyy *Cialyy T Cimlyy, T, (8.10)
Remark 8.4.2. 1. by construction I is a monomial in variables piecewise increasing in
1st index and weakly increasing in the 2nd indexes c;,, c;,,- -+ , C;,., Ci, With the biggest

value of them cy, the biggest entry in C.

2. T¢ is a monomial of degree (1;, +1;,+---+1;, )+ k—(l;, +1j,+---+1;,)—1=k—1

Example 8.4.3. For cycle C = (1,3,2,7,8,4,5,6,9) (drop happens at components 3,8 and

9 written in bold). “usual drops” and their “associated monomials” are:

e 1st usual drop ¢;, happens at cj, = ¢y = 3, with¢j, = ¢ = 3 = (2), and with the

associated monomial lelh = ZTo3.

e 2nd usual drop ¢j,, happens at c;j, = c5s = 8, and with the associated monomial

Cj, =0 =8 = (4,5,6), with T}, = 143753765

o The“special drop” ¢y, happens at ¢, = cg = 9, with ¢, = ¢9 = C\¢;, \Gj, =

= (1,3,2,7,8,4,5,6,9)\(2)\(4,5,6) = (13789), and Ty, = 2197302797 so.

Now concatenating leljl = 93, szlh = T4gX53%gs and T}, = X19T39X79Tgg SOTtEd in increas-

ing 2nd index gives the monomial To = 93048058 T68T 190 39T 79T 89 associated to the cycle

C=(1,3,2,7,8,4,5,6,9).
Definition 8.4.4. In S,,, let permutation o0 = CVC®?) ... CU where CWs are disjoint cycles
(@ @)

(every permutation can be written in disjoint cycles), where C%) = (c{” ¢y’ -+ c,(;i)) such
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that for any 1, c,({i_), the biggest entry in C%), is on the far right of it, and disjoint C"s in o are

sorted such that cgl) < c,(f?) < - < c,(cll) (i.e., CWs sorted in terms of their biggest entries). We

define T, = T 1o -+ - Toay where Ty is the monomial associated to the cycle c,

Remark 8.4.5. From the above definition, and the definition of Ty, and the fact that C Vs
are disjoint, the monomial T, can be sorted to be weakly increasing in 2nd indexes c,(fi) and

increasing in 1st indexes for equal 2nd index. Also the 1st indexes are distinct (as firstly each

cycle has distinct components, and secondly our cycles are disjoint), so satisfy the conditions

of the basis of FK©)(n) and so T, € B[F K¢(n)].

Remark 8.4.6. Each cycle has a “special drop”, so the number of “special drops” in o € S,

is equal to the number of cycles in the decomposition of o into disjoint cycles.

Example 8.4.7. Let permutation o = (1,3,2,7,8,4,5,6,9)(10, 11, 14) (decomposed in dis-
joint cycles). Then from Example 8.4.3, the associated monomial to cycle

c) = (1,3,2,7,8,4,5,6,9) is Ty = To3TssT58T6sT19T30T79T89. Also since the cycle
C® = (10,11, 14) does not have “usual drop”, its “special drop” is itself C® = (10,11, 14)
with the associated monomial T2y = 210,147 11,14. Therefore the associated monomial to o =

(1,3,2,7,8,4,5,6,9)(10,11,14) is T, = Ty Tpo) = T23T43T53T63T19T39L79L89210,14211,14-

Definition 8.4.8. Let 0 = CWC® ...CW be decomposition of permutation o € S, in

disjoint cycles. Then we define the maps

B : B[FK(n)] = Sp by Ty, - Ty, — (maly) -+ (maly) and S

B7': S, = B[FK(n)], byo =CYC?...CO T, = ToyTpe - Tow),

where Ty are the associated monomials to the cycles C') defined in Definition 8.4.4.

Example 8.4.9. The associated monomial to permutation o = (1,3,2,7,8,4,5,6,9)(10, 11, 14)

derived in Example 8.4.7 to be T, = x93748T53T63T19T39T79T89T10,14%11,14-
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The map B defined in Definition 8.4.8 takes T, to
(11,14)(10,14)(89)(79)(39)(19)(68)(58)(48)(23) = (2,7,8,4,5,6,9,1,3)(10,11,14) = o

In the following proposition we give a proof to the idea that the dimension of commutative
Fomin-Kirillov algebra is n!. This proposition was stated in 1999 by Fomin and Kirillov [14],
where in their paper they gave sketch of the proof using Gelfand-Varhenko algebra [16]. Here

we give a direct proof to that proposition.
Proposition 8.4.10. . There is a bijection between B|F K(n)| and symmetric group S,,.

2. dim (FK¢(n)) = n!

Proof. We show that the map B defined in Definition 8.4.8, indeed is a bijection between

B[FK¢(n)] and symmetric group S,,.

Consider the above definition for the special case where our permutation is a cycle, i.e.,
o = C. Also assume that C' has m usual drops at ¢;,, ¢;,, - - - ,¢j,, of lengths [;,,l;,,--- ,[;

respectively. The special drop occurs at ¢y, the biggest component of C', arranged to be on the

far right of C'. Therefore our cycle would be of the form

C= (Clu"' 3Ci15Cii41y -+ - Cjas Ciog 1,00 5 " 3Gy Gy - 7ck)~
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Also we have T,, = Ti>. Then by Definitions 8.4.1, 8.4.4 and 8.4.8 we have usual drops

éjl,ljl :(Cj1+17 Cjr+2 """ G+, )7
éjz,le :(Cj2+17 Cjpt2 """ 7Cj2+lj2>7 (8.12)
Cimlim =(Cjpt1 Cjuta 7ij+zjm)
with their associated monomials
Ejl,ljl :ij1+176j1 :L‘Cj1+27(:j1 e xc]'l""ljl O
Ciailjo, Cia+1:Cig " Cig+2,Chg Cia+lj,Ci27
(8.13)
Téjm,ljm L 11,Cim Leim+2:Cim " Ljm i, Cim
Also we have special drop
e =C\eyy \ ¢y \ -\ G,
=(c1, 9,7, Ci1y Cir+ly, 415 Cr+l 425 - - - Chay Ciotlj+15 Ciotjy+25 7 °° (8.14)
* Chns Ch i A1 Chmtlj, 420 " ;Ck)
with its associated monomial
TEk = TeyepLegey, """ Lejyenlej 4y 10 ej 11420k~ LejoenLejyrigricnLejypipyace " (8.15)
T T ket 16k Ve i 2er T Lepacey -
Now substituting Equations 8.13 and 8.15 into the equation
_1 — f— —_ —_ .« .. —- —
B C =1 = chlljl ch2sz Cimi; Tz, (8.16)
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yields:

10 =( ) )
B~ 0= Lejyvaejy Lejy oy, xcj1+lj1 ey N\Tejgp1ej, Vejy oy xcj2+lj26j2
T <xcjm+1cjm L) t2Cim " ’ijmHjm ij> X [xq%xczck CTejenTegy vy ek legy iy yock
gy en ey g ek ey rigrock T L kL tim 116k L i r2ck T Ty yex)-

Then by Definition 8.4.8 we have:

BoB'C = BT =(ck—1,¢k) ** (Cttnt2s k) (Cnettmt15 ) (G 1) -
2 (Clatto 2, ) (Catia 1, k) (Cas )

(12, ) (C 15 Ce) (Cjyy Cr) - o

(g, ) (e, cp) (8.18)

(ij+ljm’ ij) T (ij+27 cjm)(cij, ij) T

(Cj2+lj2 > Cjz) e (CJ'2+27 Cj2)(cj2+1> Cj2) e

T (Cj1+lj1 ) Cj1) e (Cj1+27 Cj1)<cj1+17 Cj1)'

From Equation (8.18), we see that (B o B™'C)¢; = ¢;4q fori = 1,2,--- k — 1, and
(B o B7'C)cy, = ¢, as one can see from the structure of the equation that ¢;,, ¢;,, - - - ¢;,, are

taken to ¢j, 41, Cj,41, - - - Cj,,+1 respectively, i.e., we have a cycle rotation. So we have

BTg=BoB'C=C.

Hence B defines a 1-to-1 correspondence between any cycle C?) € S, and its associated

monomial T defined above, and so between any permutation 0 = CMC® ... C" and
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T, =TeoyTowe - - - Tou sorted in the orders defined above. Therefore B defines a bijection

between B[F'K¢(n)| and S,,. Hence we have

dim[FK(n)] = |B[FK‘(n)]| = |S,| = nl.

This completes th proof. 0
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Appendix A

Schubert polynomials

A.1 Schubert polynomial

Here we calculate Schubert polynomial & (5431). From (1.1) we have
Gw = Z Z ZEZ'IZL'Z'Q"'ZEZ'Z).
a€R(w) (i1, ,ip)EK(a)

=(3221)= (124)(3) has 4 inversions, so p = l(w) = 4, a = (a1, az, as, as), where

1<a;<n—1=4-1=3.a= (ay,as, as,ay) such that s,, 4,545, = w = (124)(3),
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where s,, = (a;,a; +1). By 1 < a; < n — 1, we could have

a =(ay, as, as, as)
=(1,2,3,2),(1,2,3,1),(1,3,2,3),(1,3,2,1),(2,1,3,1),(2,1,3,2),

(2? 37 17 2)7 (27 37 17 3)7 (37 ]‘? 27 3)7 (37 17 27 1)7 (37 27 ]‘? 2)7 (37 27 1? 3)

However by the condition S, S4,5a,5., = w = (124)(3), out of the above list, we are left only

with the following.

(1,2,3,2) — (12)(23)(34)(23) = (124)(3) = w,
(1,3,2,3) — (12)(34)(23)(34) = (124)(3) = w

(3,1,2,3) — (34)(12)(23)(34) = (124)(3) = w

as the rest of them do not end up with w. Therefore we have

R(w) ={(1,2,3,2),(1,3,2,3),(3,1,2,3)}

However for

a=(1,2,3,2), there is no (i1, s, i3, 14) available, so K(1,2,3,2) = {}
a=(1,3,2,3) = (i1, 2,43, 44) = (1,2,2,3), so K(1,3,2,3) = {(1,2,2,3)}

a=(3,1,2,3) = (i1, s, 43,44) = (1,1,2,3), s0 K(3,1,2,3) = {(1,1,2,3)}

So we have

(il,i27i37i4) = (1, 2, 2,3) and (17 ]., 2, 3)
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Hence we have

2 2
S(231) E E T TinLiz iy, = T1TT3 + T]T2T3
a€R(2431) (i1,i2,i314) €K (a)

A.2 Schubert polynomial

To calculate S, ,,11), as in the above w = (n,n + 1) ( fo '), has one inversion.
Sop =Il(w) = 1,and a = (a;), where 1 < a; < n,and s,, = w = (n,n+ 1), so

@ = n,ie, Rw) = {(n)}and (i) = (1),(2), -, (n), ie. K(a) = {(1),(2),--,(n)}.

Hence from (1.1) we have

Smns1) = Z Z Tiy =1+ To+ -+ Ty

a€R((n,n+1)) (i1)eK(a)

A.3 Non-negativity conjecture

The ‘non-negativity conjecture’ says that for any w € S,,, the Schubert polynomial evaluated
at Dunkl elements, i.e., S,,(61, - - - ,6,) can be written as a linear combination of monomials

in generators of F'K (n), x;;, for i < j, with non-negative integers coefficients.

For F'K (3) we drive the Dunkl elements, by the formula 0; = — >, Zij+ > . e, Tjke
The result is

01 = 212 + 213, O = —x12 + T23, O3 = —T13 — Ta3.
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Like in A.1 we find
Gia =1, Gua)3) = 71, S23)1) = 1 + T2, S(132) = a3, Susye) = 1372, S5 = 1172,

with their evaluation at Dunkl elements

Gia(0) = 1, S )(0) = 01 = z12 + 213, Spazy(1)(0) = O + 02 = 313 + w23,
6(132)(9) = 9% = 2112713, 6(13)(2)(9) = 9%92 = 293713712 + 2713723712,

S123(0) = 0165 = w3713 + T13723.

where each of the above Schubert polynomials is a linear combination of monomials in
generators of F'K (3), with non-negative integer coefficients, consistent with non-negativity

conjecture.

If the non-negativity conjecture is true, then the following formula provides the structure

constants of Schubert polynomials

6.6, = Z co Sy, = (coefficients of w in &,(0)v).

w

where S, (6)v is defined by

vs;j, i l(vs;;) = 1(v) +1
[Ez‘j’U =

0, otherwise

Example A.3.1. Let u = (12)(3), v = (23)(1), then S12)S(23) = }_,, C(12)(23)Sw» Where

C(12)(23) IS the coefficients of w in &, (0)v. Then
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However

212(23) = (23)s12 = (23)(12) = (132), (A.2)

as 1((132)) = 1(32) =2 =1((23)) + 1, and
213(23) = (23)s13 = (23)(13) = (123), (A.3)
as 1((123)) = 1(32%) = 2 =1((23)) + 1. Substituting (A.3) and (A.2) into (A.1) we have
S2)(0)(23) = (132) + (123)

So the coefficients of w = (132) and w = (123) in &12)(0)(23) are 1 and 1, so we have

structure constants 083?()23) = 0833)’()23) = 1 (the rest are zero). Hence we have

S12)623) = Z 61(1}12)(23)610 = G32) + G(123),

w

which is easily verified as the l.h.s. of the above equation is & (12)6 (23) = x1(z1 + x2), which

equals to the r.h.s. S(132) + S(123) = 1?2 + 1170
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Appendix B

Different degrees

B.1 Homogeneous ideal

Definition B.1.1. Let polynomial p = Zizl M;, where M;s are monomials of P. We define

the projection of p on the degree k component of I by

H(p): Z M;.

k degM;=k

In particular if g is a homogeneous polynomial of degree k, then we have

g ifdeg(g) =k
[Is=

k 0 otherwise
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Remark B.1.2. The above definition applies to usual degree as well as to S, -degree and

set-partition degree.
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Definition B.1.3. We call an ideal I homogeneous denoted I = @, I%, if for any polynomial

p, we have

pEI:>H(p)€I,
k

where [ [, (p) is the project of p on the degree k (usual, S, set-partition) component of I.

B.2 Ideal generated by homogeneous generators is homoge-

neous

B.2.1 Usual degree

To show that ideal generated by homogeneous generators is homogeneous we need to show
that for polynomial p we have p € I — [[.(p) € I, where [[,(p) is the projection of p in

component k of 1. Letp = > . ¢;g; € I, where g, are generators of [, then since

H( ) gi ifl = deg(g;)
gi) =

! 0 otherwise,

we have
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where d; = deg(g;). In general we have

H(q,g.) _ Hk_di(qi)gi if deg(gi) —d; <k,

k 0 otherwise.

B.2.2 S, -degree

We need to show that p € I — [[,(p) € I, where p is a polynomial and []_(p) is the

projection of p in component [ of I. Let p = ). ¢;9; € I, then since

3 ifo= Sn—de ( 2)
T =4 =

o 0  otherwise,

and since S,,-degree(M M") = (S,,-degree(M))(.S,,-degree(M')) we have
[ = HZ(QiQi) = ZH(Qz’gi) = Z [[(@)g e,

where o; = S,,-degree(g;).
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B.2.3 Set-partition degree

We need to show that p € I — [[,(p) € I, where p is a polynomial and [, (p) is the
projection of p in component I¥ of I, where I¥ be the set of elements of I with set partition

degree 1. Let p = ) . ¢;9; € I, then since

s gi if ¢ = sp-deg (g;)
gi) =

¢ 0  otherwise,

and since the set partition degree of product of two monomials is the common coarsening of

them, we have

H(P) = HZ(CM]Z) = ZH(ngz) = ZH(qz)gz €1,
(] Y i i (RS

where ¢; = sp-deg(g;) and where 1) is the common coarsening of ¢ and &.
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Appendix C

Different degrees on ['K (n)

C.1 Usual degree is well defined on F'K(n)

Definition C.1.1. Usual degree is define on F K (n) by the map deg : FK(n) — N defined
by
0 I TiyjiTingy - Tirgy € 1
TiyjiTiggy " Tiggy, + I'—

k  otherwise

We need to check if the above definition is well-defined, i.e., for

A =2, Tiyj, - Ty, + 1 and B = x4, 5, Ty, - - - Ty, + I, we need to show that
A= B = deg(A) = deg(B).
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A=DB— Liyj1 Tigga = * LTig gy, +1I= Tty51Ltysy = " Tyysy + I

d
— P = Liyji Tigga *** Liggy — Ltys1 Ttasy ~ " Ttysy € I = @ I°.
d>0

The last step in the above equation is valid because the ideal is homogeneous w.r.t. usual
degree d ( as the defining ideal of F'K(n) is generated by homogeneous polynomials). We

then consider the following cases.

1. If 7é k, then HkP = L1 Tiggp = Ly, € I and Hlp = Tty151Ltgsy © ° * Tyysy S [, as [

is homogeneous. So degA = 0 = degB, by definition.

2. If | = k, then considering x;, j, Ti,j, * * - Tiyjn — Ttys1Ltass  * Ttys, € 1 either both the
monomials x;, j, Tiyjy * * * Tiyj, AN Ty, g, Tpos, -+ - Ty, lie in I or neither. If both are in 1,
again we have degA = 0 = degB by definition. If neither are in I, then degA = k =
| = degB, by definition.

Hence A = B = degA = degB. Therefore the above definition is well-defined.

Since the free algebra generated by the generators of F'K and the ideal of /'K (n) are both
homogeneous w.r.t. usual degree d, and we have a well defined degree for /'K (n), then the

quotient of them is graded algebra w.r.t. this degree, i.e., we have

FEK(n) =@ FE"(n), (C.1)

d>0

where F'K%(n) is the usual degree d component of 'K (n). The above decomposition is both

a homogeneous decomposition and representation decomposition into .S, -invariant parts.
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C.2 S,-degree is well defined on F'K (n)

Definition C.2.1. We define S, - degree on F' K (n) by the map deg : FK(n) — S,, defined by

€ ifM el
M+ T — ,

oy otherwise
where oy for a monomial M = x; j,%i,i, - - - 5, j, IS defined by
o = (inj1)(izj2) - - (ikjn);

where (ij) is a transposition in S,,.

We need to check if the above definition is well-defined, i.e., if
ForA=M+Tand B= M +1, A= B -5 S,-deg(A) = S,-deg(B).
It is well defined as:

A=B - M+I=M+1 - P=M-Mecl=P7I,

UESn

as ideal is homogeneous w.r.t. S,-degree o, because the relations generating the ideal are

homogeneous w.r.t. S,,-degree. We then consider the following cases.

1. If ops # 0w, then considering P = M — M’ € I = P, I, and using projection

into homogeneous component we have HUM P = M e I°M C I. Then by definition,
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Sp-deg(A) = €. Also HUM P = M’ € I°w C I. Then by definition S,,-deg(B) = .
Then S,,-deg(A) = € = S,,-deg(B).

2. If opy = o, then considering P = M — M’ € I = P 17 either M and M’ are

UESn

both in [ or neither. If Both are in [ then S,,-deg(A) = € = S,,-deg(B). If neither are in
I, then S,,-deg(A) = opy = oppr = S,-deg(B).

Therefore the above definition is well-defined.

C.3 Set-partition deg is well defined on 'K (n)

Definition C.3.1. Set partition degree on F'K (n) is defined by map sp-deg:F K (n) — P(n)
defined by

0 ifM el
M+1—

sp-deg(M)  otherwise

We need to show that the above definition is well defined. Let A = M +7and B = M'+ 1.
Then
A=B—->M+I=M+I-P=M-MeclI=Er,
[

as the ideal is homogeneous w.r.t. set partition degree, because the relations generating the
ideal are homogeneous w.r.t. set partition degree. Here I is the set of all elements of I with

set partition degree ¢. We then consider the following cases.
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1. If sp-deg(M) # sp-deg(M’), then considering P = M — M' € I =P, I?, and using

projection into homogeneous component we will have

[[P=Mer1’cI— spdeg(A)=0.
¢

Also [T, P=M"€ I¢" ¢ I — sp-deg(B) = (), Hence sp-deg(A) = () = sp-deg(B).

2. If sp-deg(M) = sp-deg(M’), then considering P = M — M’ € I = @, I?, either M
and M’ are both in I or neither. If both are in I, then sp-deg(A) = () = sp-deg(B). If
neither are in 7, then sp-deg(A) = sp-deg(M) = sp-deg(M') = sp-deg(DB).

Therefore the above definition is well-defined.
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