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Abstract

We introduce the notion of being ‘z-star’ for homogeneous polynomials. By proving a theorem

plus developing a conjecture we state that, with a graded lexicographic monomial ordering,

the reduced Gröbner basis, for the ideal I generated by the relations of Fomin-Kirilov algebra

FK(n), consists of ‘z-star’ polynomials.

For general n, we find the character of the Fomin-Kirillov algebra, for some finite usual

degrees with general set partition degree. We find the decomposition of this character in

irreducible characters where this decomposition stabilizes at some enough big n.

We develop a quotient of FK(n), denoted by FKCn(n), by making the quotient of the free

algebra generated by the edges of an n-cycle, compared to the associated complete graph,

where the ideal is generated by the relations of FK(n) except for letting the missing edges

equal to zero and keeping only the edges of the polygon. We find the character map of algebra

FKCn(n) and prove that the dimension of it equals the Lucas Number Ln and its Hilbert

series is q-Lucas polynomial.

We consider the commutative quotient of Fomin-Kirilov algebra, denoted by FKc(n) and find

its Gröbner basis.
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Chapter 1

Introduction

1.1 Background and Motivation

Symmetries are very important in technology and science, especially in physics. In theoretical

physics any conservation law is due to a symmetry. For example conservation of linear

momentum is due to symmetry of physical systems under translation in space, and conservation

of energy is due to symmetry of physical system under translation in time. Therefore symmetry

is an important area of research in mathematics.

Elementary symmetric polynomials

ek(x1, x2, · · · , xn) =
∑

1≤j1<j2<···<jk≤n

xj1xj2 · · ·xjk

1



are basic building block for symmetric polynomials, in the sense that any symmetric polyno-

mial can be written uniquely as a polynomial in elementary symmetric polynomials. We say

that the elementary symmetric polynomials ei for i = 1, · · · , n are free generators for the ring

of symmetric polynomials Z[x1, · · · , xn]Sn .

There are other bases for the ring of symmetric polynomials like Schur polynomials. Schur

polynomials sλ, indexed by partition λ of n, l(λ) ≤ n, generalize the elementary symmetric

polynomials . They form a linear basis for the space of all symmetric polynomials. Therefore

there are unique coefficients cνλ,µ such that sλsµ =
∑
ν

cνλ,µsν . These coefficients are called

Littlewood-Richardson coefficients and it is important that they are non-negative integers and

can be calculated combinatorially by the so called Littlewood-Richardson rule.

There is a linear basis for Z[x1, x2, · · · , xn] called Schubert polynomials denoted by Sw,

indexed by the permutation w. The reason Schubert polynomials are indexed by permutation

w is that they are ‘stable’ in the following sense. For embedding of Sn into Sn+1 where the

permutation w′ obtained from w under this embedding, is such that w′ fixes n+ 1 and is the

same as w elsewhere, we have Sw = Sw′ . So in fact we index the Schubert polynomials by the

permutations in S∞. Schubert polynomials were introduced by Lascoux and Schützenberger

in 1982 and are named after Hermann Schubert.

There is an explicit combinatorial interpretation of the Schubert polynomials Sw in terms

of the reduced decomposition of the permutation w due to C. Billey, W. Jockusch and R.P.

Stanley [4], that we quote in here.

Sw =
∑

a∈R(w)

∑
(i1,··· ,ip)∈K(a)

xi1xi2 · · ·xip , (1.1)

2



where R(w) denotes the set of reduced decompositions of w, defined as follows. Let adjacent

transposition si = (i, i+ 1) ∈ Sn, 1 ≤ i ≤ n− 1. Then a reduced decomposition of ω ∈ Sn

is a sequence (a1, · · · , ap), 1 ≤ ai ≤ n − 1 s.t. ω = sa1 · · · sap where p is the length,

the number of inversions in ω, i.e., p = l(ω) = |{(ij) : i < j, w(i) > w(j)}|. Also for

a = (a1, · · · , ap) ∈ R(ω), we call the sequence (i1, · · · , ip) ∈ P p (where P = {1, 2, · · · }) to

be a-compatible if 
i1 ≤ i2 ≤ · · · ≤ ip

ij ≤ aj for 1 ≤ j ≤ p

ij < ij+1 if aj < aj+1.

The (finite) set of all “a-compatible” sequences is denoted by K(a) [4].

An example of Schubert polynomial is S(2431) = x1x
2
2x3 +x2

1x2x3 (see Appendix A.1). As

another example, if w is the transposition (n, n+ 1), then Sw = x1 + · · ·+ xn (see Appendix

A.3).

In particular all Schur polynomials (in a finite number of variables) are Schubert polyno-

mials but Schubert polynomials form a bigger set of polynomials and they form a linear basis

for Z[x1, x2, · · · , xn].

Since the Schubert polynomials form a linear basis, any element of Z[x1, x2, · · · , xn] can

be written uniquely as a linear combination of Schubert polynomials. Therefore the product of

any two Schubert polynomials Sβ and Sγ is again an element of Z[x1, x2, · · · , xn] and can be

written as a linear combination of Schubert polynomials. Hence there are unique coefficients

cαβγ such that SβSγ =
∑

α c
α
βγSα, where α, β, γ are are elements of S∞. These coefficients

cαβγ are called the structure constants of Schubert polynomials and can be considered as a

3



generalization of Littlewood-Richardson coefficients for Schur polynomials.

There does not exist a combinatorial rule for calculating structure constants of Schubert

polynomials in the same vein as the Littlewood-Richardson rule and yet the Littlewood-

Richardson coefficients are subset of Schubert structure constants and so mathematicians

believe that such a combinatorial rule should exist and are working to find it.

This was the motivation for the introduction of the Fomin-Kirillov algebra (FK) in 1997

[14]. They wanted to study the structure constants of Schubert polynomials. We will explain

the relationship with the Schubert polynomials below.

Fomin and Kirillov made their non-commutative algebra FK(n) on generators xij = −xji,

where 1 ≤ i < j ≤ n, that satisfy the following relations [14]:

(i) : x2
ij = 0, 1 ≤ i < j ≤ n;

(ii) : xijxkl − xklxij = 0; for distinct i, j, k, l such that 1 ≤ i, j, k < l ≤ n;

(iii) : xijxjk − xjkxik − xikxij = 0; if 1 ≤ i < j < k ≤ n;

(iii′) : xijxik − xjkxij + xikxjk = 0, if 1 ≤ i < j < k ≤ n.

(1.2)

The ‘free algebra’ F 〈xij : 1 ≤ i < j ≤ n〉 generated by the generators xij (or in general any

set of generators) is an algebra whose underlying vector space has a basis consisting of all

the words on the generators xij (or in general any set of generators), with no relation among

the generators. This algebra is equipped with concatenation of the words (monomials) as

the multiplication operation and the linear extension of it to polynomials. Then FK(n) is

isomorphic to the free algebra modulo the ideal generated by the polynomials on the right

hand side of the relations in Equation (1.2), that we call them the set of 2-terms in the sequel,

4



i.e.,

(i) : x2
ij, 1 ≤ i < j ≤ n;

(ii) : xijxkl − xklxij; for distinct i, j, k, l such that 1 ≤ i, j, k < l ≤ n;

(iii) : xijxjk − xjkxik − xikxij; if 1 ≤ i < j < k ≤ n;

(iii′) : xijxik − xjkxij + xikxjk, if 1 ≤ i < j < k ≤ n.

(1.3)

Fomin and Kirillov defined elements θ1, · · · , θn inside FK(n), that they called them Dunkl

elements, by the formula θj = −
∑

1≤i<j xij +
∑

j<k≤n xjk. They proved that these elements

commute pairwise, showing that FK(n) contains a sub-algebra isomorphic to the polynomial

ring Z[x1, x2, · · · , xn]. They then realized the Schubert polynomials inside of FK(n) as

evaluation at the Dunkl elements Sw(θ1, · · · , θn) [14]. They formulated their ‘non-negativity

conjecture’ that says for any w ∈ Sn , Sw(θ1, · · · , θn) can be written as a linear combination

of monomials in generators of FK(n), xij , for i < j, with non-negative integers coefficients

[14].

If the ‘non-negativity conjecture’ is true, then the expression of the evaluation Sw(θ1, · · · , θn)

gives a combinatorial rule for the structure constants of Schubert polynomials. According to

this rule for SuSv =
∑

w c
w
uvSw, we will have the following structure constant cwuv [14]:

cwuv = 〈coefficient of w in Su(θ)v〉 (1.4)

5



where the action of Su(θ) on v ∈ Sn is the Bruhat representation action defined by

xijv =


vsij, if l(vsij) = l(v) + 1

0, otherwise
(1.5)

where sij denotes the transposition of i and j, and l(v) denotes the length of a permutation v,

i.e., the number of inversions in v.

Aside from the above original motivation for introducing FK(n), this algebra has been

studied widely for both its combinatorial and algebraic aspects [17], [5], [1], [3] [19]. In

spite of this, there are still important questions regarding the structure of this algebra yet to

be addressed. Among these questions are some graphical aspects and the dimension of this

algebra. While the dimensions of FK(n) for n = 1, 2, 3, 4, 5 are known, the dimension for

n ≥ 6 is not known, nor is it even known if this algebra is finite or infinite dimensional in this

case [5].

In continuation of the research listed above, my research is another attempt to understand

the structure of FK(n) by finding the forms of the elements of Gröbner basis for the ideal I

associated for FK(n) and to study some interesting quotients of the algebra.

1.2 Targets of my work

One of the targets of this thesis is to study the Gröbner basis (with some specific monomial

ordering) associated to the defining ideal of FK(n) and prove that it consists of z-star

6



polynomials, to be defined later in the below.

Another target is to study the character of some components of FK(n) as a graded algebra,

with different degrees; usual degree, permutation degree, set partition degree.

Another target is the study of a sub-algebra of FK(n) associated to the sub-graph n-cycle

of the complete graph on n vertexes.

To explain the above targets and why the Gröbner basis is important to us and why the

structure of a Gröbner basis of the associated ideal for FK(n) is the focus of my work, I

should add the following:

As mentioned above, FK(n) was defined as the quotient algebra of the free algebra

generated by the generators xij over the ideal generated by the generators in Equation (1.3).

The ideal may have different set of generators and the most useful ones are called Gröbner

bases (GB). Gröbner basis is a useful notion in studying properties of algebras, especially

quotient algebras, for which FK(n) is an example.

As the history of Gröbner basis, this notion of Gröbner basis for an ideal originally was

developed in 1965 by Bruno Buchberger, together with an algorithm known as ‘Buchberger’s

algorithm’, to compute it for commutative polynomials and commutative ideals [6], [7], but

very soon after it was extended to the non-commutative setting for which FK(n) is an example.

In non-commutative case [19], the algorithm is more complexed and a little less known. Here,

since FK(n) is non-commutative, we will need to adapt the non-commutative algorithms as

developed in [19].
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Gröbner basis has many application in computer science, especially in computer algebra.

The computation of a Gröbner basis is a main practical tool for solving systems of polynomial

equations. It can be seen as a multivariate, nonlinear generalization of both Euclid’s algorithm

for computing polynomial greatest common divisors, and Gaussian elimination for linear

systems.

Gröbner basis of the defining ideal of a quotient algebra can be used to deduce many

important properties of the quotient space such as dimension when the quotient is finite. The

thing is that the set of the words on generators of a quotient algebra that are not divisible by

any leading monomial of the elements of the associated Gröbner basis form a linear basis for

the quotient algebra, and therefore helps to find the dimension of the quotient algebra. This

is why a Gröbner basis is important to us and why the structure of a Gröbner basis of the

associated ideal for FK(n) is the focus of my work.

Since Fomin-Kirillov algebra is a non-commutative algebra, i.e., for a and b generators of

the algebra we have in general ab 6= ba, the order of generators in a monomial does matter, so

we need to take care of this point when defining our monomial ordering.

The monomial ordering we use in this work is called graded lexicographic ordering (glex).

In plain language it is an ordering similar to the ordering of the words in a dictionary and it is

defined as follows.

Definition 1.2.1. (see Def. 2.1.3) For monomials M1 and M2 we say

M1 <glex M2 if


degM1 < degM2, or

degM1 = degM2 and M1 <lex M2,

8



where the lexicographic ordering (lex) of monomials that we use in this work is defined by first

introducing a variable ordering by

xij > xkl if


j < l, or

j = l and i > k,

then with this variable ordering, the following rule completes the definition of our

lexicographic monomial ordering. For monomials M1 and M2 of the same usual degree

d, M1 <lex M2 if the first variable of M1 is less than the first variable of M2. if the first k

variables happen to be the same, then compare the k + 1 st variables.

By a reduced Gröbner basis we mean that the coefficients of all the leading monomials

of the elements are 1, and no monomial appearing in one element is divisible by the leading

monomial of another element. A reduced Gröbner basis is unique, given a fixed monomial

order.

We need to mention the definition of a polynomial called ‘S-polynomial’ described in

non-commutative Buchberger theory [19].

Definition 1.2.2. (see Def. 2.1.8) The S-polynomial between two polynomials

For gi, gj ∈ K〈xab|1 ≤ a < b ≤ n〉 (for characteristic zero field K), let the leading

monomial of gi and gj be LM(gi) = wi and LM(gj) = wj respectively, and ni = l(wi),

nj = l(wj), where l stands for “length of”. Then for a given positive integer d such that
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max(ni, nj) ≤ d ≤ ni + nj , we define the S-polynomial of gi and gj of degree d by

S(gi, gj, d) =


giy − LC(gi)

LC(gj)
u.gj if ∃ u, v, y, s.t. ωi = uv, ωj = vy and l(v) = ni + nj − d,

0 otherwise.

wi︷ ︸︸ ︷
−−−︸ ︷︷ ︸

u

−−−−−−−−︸ ︷︷ ︸
v

LM(gi) = wi = u.v

v︷ ︸︸ ︷
−−−−−−−−

y︷ ︸︸ ︷
−−−︸ ︷︷ ︸

wj

LM(gj) = wj = v.y

← −−−−−−−−−−−− →︸ ︷︷ ︸
d

It is clear that in general S(gi, gj, d) 6= S(gj, gi, d). It is also clear that the S-polynomial

of two homogeneous polynomials is a homogeneous polynomial.

Computer calculations already have shown that, under our special lexicographical monomial

ordering defined in Definition 1.2.1, the elements of the reduced Gröbner basis of the ideal of

FK follow a graphical pattern, independent of the degree, that we interpret it as being ‘z-star’.

The definition of ‘z-star’ is stated below.

Definition 1.2.3. A monomial is called a ‘z-star’ monomial if for a fixed z, all of the variables

of the monomial are of the form xαz, where 1 ≤ α < z. A homogeneous polynomial wherein

all monomials are ‘z-star’ with the same z, is called a ‘z-star’ polynomial.

Example 1.2.4. x23x13x23 + x13x23x13 is a 3-star polynomial, while x23x12x23 + x13x23x13

is not a z-star polynomial.

Materials in this thesis are organized as follow:

Non-commutative Buchberger criterion. In chapter 2, after reviewing Buchberger theory
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we adapt the commutative Buchberger criterion from Cox [8] to prove our following non-

commutative Buchberger criterion.

Theorem 1.2.5 (see Theorem 2.2.7). Non-commutative Buchberger criterion.

For an ideal I ⊂ K〈x1, · · · , xn〉, G(k) is the set of elements of deg≤ k in the reduced Gröbner

basis w.r.t. a glex monomial order, if and only if 〈G(k)〉 =≤k I; all elements g ∈ G(k) are of

deg ≤ k and no monomial of them is divisible by any other leading term, and for any positive

integer d ≤ k and for any pair (gi, gj) where gi, gj ∈ G(k) we have S(gi, gj, d)
G(k)

= 0.

In the statement of the above theorem the sign =≤k means that the equality is valid up

to degree k. The reason we use this sign is the fact that our non-commutative Buchberger

criterion works on a degree by degree basis. This theorem is applied in an algorithm to find

the elements of the Gröbner basis degree by degree.

Symmetry Properties of Fomin-Kirillov Algebra. In Chapter 3, we study some symmetry

properties of FK(n). We show that the group Sn defines an action on FK(n). We also define

an anti-automorphism on FK(n) based on reverse polynomial defined as

Definition 1.2.6. (see Def. 3.1.4) Reverse word. Let w = w1w2 · · ·wk be a word of degree k

with wj = xij for some 1 ≤ ij ≤ n. We call←−w = wkwk−1 · · ·w1 the reverse word of w [1].

Related to the above definition, in Chapter 3, we prove the following lemma.

Lemma 1.2.7. (see Lemma 3.1.5) Let S = {xij : 1 ≤ i < j ≤ n} be the set of generators

of FK(n), and let w be a word on the letters in S. Then we have an anti-automorphism

φ : FK(n)→ FK(n) well defined by φ(w+I) =←−w +I and linear extension of it to FK(n),

where←−w is the reverse word of ω.
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In Chapter 4 we prove the following propositions according to which for any n, degree 3

and degree 4 elements of GB(n), the reduced Gröbner basis w.r.t the special monomial order

defined in Definition 1.2.1, associated for FK(n) are z-star monomials defined in Definition

1.2.3.

Proposition 1.2.8. (see Proposition 4.1.1) Let T (3)(n) be the set of degree 3 elements of

GB(n), the reduced Gröbner basis with respect to the ordering defined in Definition 1.2.1 for

the ideal of FK(n), then

T (3)(n) = {xbzxazxbz + xazxbzxaz : 1 ≤ a < b < z ≤ n}, (1.6)

i.e., T (3)(n) consists of z-star polynomials for 3 ≤ z ≤ n.

Proposition 1.2.9. (see Proposition 4.2.1) Let T (4)(n) be the set of degree 4 elements of

GB(n), the reduced Gröbner basis with respect to the ordering defined in Definition 1.2.1, for

the ideal of FK(n), then

T (4)(n) ={xa3zxa2zxa1zxa3z + xa2zxa1zxa3zxa2z + xa1zxa3zxa2zxa1z and

xa3zxa1zxa2zxa3z + xa2zxa3zxa1zxa2z + xa1zxa2zxa3zxa1z, where

1 ≤ a1 < a2 < a3 < z ≤ n},

(1.7)

i.e., T (4)(n) consists of z-star polynomials for 4 ≤ z ≤ n.

In Chapter 5 we prove the following proposition, however before introducing the statement

we need to mention that by G(d)(n) in the statement we mean the set of elements of degree

≤ d of GB(n), the reduced Gröbner basis w.r.t the monomial order defined in 1.2.1. Also by

‘2-terms’ we mean the set of terms in Equation (1.3).

Proposition 1.2.10. (see Proposition 5.1.17) Let g =
∑l

i=1Mi = xa1z · · ·xadz+M2+· · ·+Ml
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be a general degree d, z-star element of G(d)(n). Assume that all the elements of degree ≥ 3

in G(d)(n) are z-stars. Then S(p, g, d + 1), where p is a degree 2 element of the Gröbner

basis, under reduction w.r.t. G(d)(n) reduces either to zero or a z-star element of GB(n).

We also provide evidences in support of the following conjecture.

Conjecture 1.2.11. (see Conjecture 5.2.1) Let g be an element of degree d ≥ 3 in G(d)(n),

the set of elements of the reduced Gröbner basis with degree ≤ d, for the ideal associated to

FK(n) with respect to the ordering defined in Definition 1.2.1. Assume all of the elements of

degree ≥ 3 in G(d)(n) are z-stars. Then for p ∈ G(2)(n), S(g, p, d+ 1), w.r.t. G(d)(n) reduces

to zero.

On condition that the above conjecture holds we come up with the following Proposition.

Proposition 1.2.12. (see Proposition 5.2.3) On condition that Conjecture 1.2.11 holds, let

G(d)(n) be the set of elements of Gröbner basis of degree ≤ d for the ideal associated to

FK(n) with respect to the ordering defined in Definition 1.2.1. Then if all the elements of

G(d)(n) of degree ≥ 3 are z-stars, same is true for G(d+1)(n).

However Proposition 1.2.12 serves as an inductive step for Proposition 1.2.9 as the base of

induction to prove the following theorem which is one of the goals of my project.

Theorem 1.2.13. (see Theorem 5.2.4) On condition that Conjecture 1.2.11 holds, let G(d)(n)

be the set of elements of degree ≤ d of GB(n), the reduced Gröbner basis w.r.t. ordering

defined in 1.2.1 for the ideal associated to FK(n). Then all the elements of the G(d)(n) with

degree ≥ 3 are z-star polynomials for 3 ≤ z ≤ n.
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This result would yield important information about the elements of Gröbner basis. We

hope that this condition of being ‘z-star’ on the elements of Gröbner basis could put a limitation

on the maximum degree d of the elements of FK(n) basis and/or gives a relation between

maximum degree of FK(n) basis and n and thereby provides a closer step from which one

can investigate the problem of finding the dimension of FK(n) for n ≥ 6.

In Chapter 6 we study different degrees defined for FK(n). We find the character of

FK(n) under symmetric group action for usual degree 2 with different set partition types. We

prove the following proposition and its associated corollary;

Proposition 1.2.14. (see Proposition 6.4.5) Let FK(1)(n) be degree one part of FK(n). Then

for n ≥ 3, we have

charSn [FK(1)(n)] = χn−1,1 + χn−2,1,1.

FSn(charSn [FK(1)(n)]) = sn−1,1 + sn−2,1,1.

(1.8)

For Fomin-Kirillov algebra of general n with usual degree 2 and set partition degree type

q2
2q
n−4
1 we found the character in the following proposition;

Proposition 1.2.15. (see Proposition 6.5.2) Let σ ∈ Sn is of type (1a1 , 2a2 , · · · , nan). Then

the value of character of FK(2)

q22q
n−4
1

(n) at σ is

charSn [FK
(2)

q22q
n−4
1

(n)](σ) = 3

(
a1

4

)
+ 3

(
a2

2

)
−
(
a1

2

)
a2 − a4. (1.9)

In the following proposition we have the decomposition of the above character into

irreducible characters of Sn.
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Proposition 1.2.16. (see Proposition 6.5.8) Let FK(2)

q22q
n−4
1

(n) be Fomin-Kirillov algebra of

general n and of usual degree 2 and set partition degree type q2
2q
n−4
1 . Then we have the

following decomposition into irreducible characters of Sn

charSn [FK
(2)

q22q
n−4
1

(n)] = χn−2,2 +χn−3,2,1 +χn−3,1,1,1 +χn−4,2,2 +χn−4,1,1,1,1, n ≥ 6. (1.10)

While the above decomposition into irreducible characters for n = 3, 4, 5, do not relate

to each other, but eventually become stable for enough big numbers n ≥ 6. Similar is true for

usual degree ≥ 2 and set partition types other than q2
2q
n−4
1 for some enough big number for n.

In Chapter 7 we introduce a quotient of the algebra FK(n) over the ideal generated by

the missing edges in an n-cycle compared to the complete graph on n-vertexes associated

to FK(n). For this quotient algebra, denoted by FKCn(n), after having a couple of cases

analyzed for finite n, we get into the general case of FKCn(n). We calculate Gröbner basis

and the basis of this algebra and come to the conclusion that the dimension of this algebra

equals the number of matchings in an n-cycle, i.e., the Lucas number, for n ≥ 3. By definition

a matching in a graph is a subset of the edges of the graph that do not have a common vertex.

we came to the following Theorem.

Theorem 1.2.17. (see Theorem 7.3.8) Dimension of FKCn(n) equals the number of matchings

in an n-cycle Cn.

As well the following Corollary

Corollary 1.2.18. (see Corollary 7.3.9) Dimension of FKCn(n) equals Lucas number Ln.
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We also find the character of the dihedral group action of FKCn(n) for general n, and its

decomposition into irreducible characters. Also we study the decomposition of the character

in different degrees.

In Chapter 8 we discuss the commutative Formi-Kirillov algebra denoted FKc(n) and

defined as follows.

Definition 1.2.19. (see Def. 8.0.1) Commutative Fomin-Kirillov Algebra FKc(n) is defined

by letting the generators of Fomin-Kirillov algebra commute with each other. [18]

In this chapter we find Gröbner basis of the ideal generated by the relations of FKc(n),

via which we find the basis of FKc(n) and prove the following proposition for the dimension

of commutative Fomin-Kirillov algebra FKc(n).

Proposition 1.2.20. (see Proposition 8.4.10)

1. There is a bijection between the basis of FKc(n) and the symmetric group Sn.

2. dim (FKc(n)) = n!.

This result previously was attributed by Fomin and Kirillov [14] to Varchenko by another

method.
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Chapter 2

Gröbner Basis

2.1 Non-commutative Buchberger theory

Buchberger theory was introduced in 1965 by Bruno Buchberger in his PhD thesis [6], [7].

Originally this was developed for commutative polynomials and commutative ideals. But very

soon after it was extended to non-commutative setting [19].

Here, since the Fomin-Kirillov algebra is non-commutative, we will cover only the non-

commutative version of Buchberger theory and refer the commutative one to any classic

text.

A Gröbner basis in this theory, is a special generating set of an ideal in a polynomial
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ring over a field K〈x1, x2, · · · , xn〉, where the variables x1, x2, · · · , xn do not commute. A

Gröbner basis allows many important properties of the ideal and the associated algebraic

variety such as the dimension be derived easily.

We adapt the standard theory to a case where the Gröbner basis is computed degree by

degree.

In the following, we introduce some basic notions of the non-commutative Buchberger

theory specially those that are necessary to express the results of our work.

Definition 2.1.1. A “monomial ordering” is a well ordering “≥” on the set of monomials

(i.e., any nonempty subset has a least element), with the condition that if m ≥ m′ then

m1mm2 ≥ m1m
′m2 for any two monomials m1,m2.

Remark 2.1.2. It is worth noting that when sorting the monomials in a polynomial, we put

the bigger degree first as we want the leading term to be the biggest degree, otherwise, the

reduction algorithm (yet to be defined later) may not stop.

Different monomial orderings result in different Gröbner bases. The monomial ordering

that we use in this work is a “graded lexicographic ordering” (glex) defined below.

Definition 2.1.3. For monomials M1 and M2 in the polynomial ring with non commutative

variables xi,j where 1 ≤ i < j ≤ n, we say M1 <glex M2 if


degM1 < degM2, or

degM1 = degM2 and M1 <lex M2,

where the lexicographic ordering (lex) of monomials that we use in this work is defined by first
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introducing a variable ordering by

xij > xkl if


j < l, or

j = l and i > k.

Then with this variable ordering, the following rule completes the definition of our lex-

icographic monomial ordering. For monomials M1 and M2 of the same usual degree

d, M1 <lex M2 if the first variable of M1 is less than the first variable of M2. If the

first k variables happen to be the same, then compare the k + 1 st variables.

Example 2.1.4. x23x13x23 >glex x14x23x13, x23x13x23 >glex x13x23x13, x13x23 <glex

x23x13x23.

Now for any fixed monomial order (as in Definition 2.1.3), the monomial that comes first

in a polynomial P , is called “leading monomial of P ”, denoted by LM(P ), and the coefficient

of the leading monomial is called “leading coefficient”, denoted by LC(P ). Then the leading

term of P is LT (P ) = LC(P )LM(P ).

Definition 2.1.5. For monomialsM = xi1xi2 · · ·xil andN = xj1xj2 · · ·xjk in non-commuting

variables xi, i = 1, 2, · · · , we say M is divisible by N if k ≤ l and for some positive integer

m we have xj1xj2 · · ·xjk = ximxim+1 · · · xim+k−1
.

Definition 2.1.6. [13], [8]. A Gröbner basis for an ideal I in the polynomial ringK〈x1, · · · , xn〉

is a set G of generators for I whose leading terms also generate the ideal generated by all

leading terms in I , denoted by 〈LT (I)〉, i.e.,

G is a Gröbner basis if I = 〈g : g ∈ G〉 and 〈LT (I)〉 = 〈LT (g) : g ∈ G〉. (2.1)

A finite Gröbner basis is said to be a ‘reduced Gröbner basis’ if no monomial appearing in
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an element is divisible by any leading monomial of another element, and if all the leading

coefficients are 1. A ‘reduced Gröbner basis’ is unique given a fixed monomial ordering.

It is worth mentioning that every element of I can be written in terms of elements of its

Gröbner basis up to some degree, in the sense that if f ∈ 〈gi : gi ∈ G(k)〉, where G(k) is the

set of elements of degree ≤ k in Gröbner basis , then f =
∑

gi∈G(k) higih
′
i, where hi and h′i

are polynomials in K〈x1, · · · , xn〉. This is what we mean by the terminology “basis” in the

expression “ Gröbner basis”, and not in the sense of say a linear basis of a vector space.

2.1.1 S-polynomial

To define the S-polynomial of two polynomials, we need to introduce the notion of “overlap”

of two monomials as follows.

Definition 2.1.7. Overlap of two monomials. LetM1 = xi1xi2 · · ·xin andM2 = xj1xj2 · · ·xjm

be two monomials and let given positive integer d such that max(n,m) ≤ d ≤ n + m. If

xin−s+1 · · ·xin = xj1xj2 · · ·xjs , then we call the monomial v = xj1xj2 · · ·xjs the “overlap” of

M1 and M2 with respect to d, and l(v) = m+ n− d, the length of the overlap, which clearly

equals s.

Definition 2.1.8. S-polynomial between two polynomials

For gi, gj ∈ K〈xab|1 ≤ a < b ≤ n〉 (for characteristic zero field K), let the leading

monomials of gi and gj be LM(gi) = wi and LM(gj) = wj respectively, and ni = l(wi),

nj = l(wj), where l stands for “length of”. Then for a given positive integer d such that
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max(ni, nj) ≤ d ≤ ni + nj , we define the S-polynomial of gi and gj of degree d by

S(gi, gj, d) =


giy − LC(gi)

LC(gj)
u.gj if ∃ u, v, y, s.t. ωi = uv, ωj = vy and l(v) = ni + nj − d,

0 otherwise.
wi︷ ︸︸ ︷

−−−︸ ︷︷ ︸
u

−−−−−−−−︸ ︷︷ ︸
v

LM(gi) = wi = u.v

v︷ ︸︸ ︷
−−−−−−−−

y︷ ︸︸ ︷
−−−︸ ︷︷ ︸

wj

LM(gj) = wj = v.y

← −−−−−d−−−−−− → .

(2.2)

It is clear that in general S(gi, gj, d) 6= S(gj, gi, d).

2.1.2 Reduction of a Polynomial

Definition 2.1.9. (Reduction of a polynomial). For a polynomial P = c1w1 + c2w2 + · · · , the

reduction of P with respect to a list of polynomials G in some order, is defined explicitly by

the following algorithm.

INPUT: Polynomial P, List G = [g1, · · · , gt]

OUTPUT: Reduction of P, w.r.t. list G = [g1, · · · , gt]

REPEAT

Q := P
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FOR P = c1w1 + c2w2 + · · ·+ clwl, DO

Find the first i, index of wi, and for a fixed i

find the smallest k, index of gk, for fixed i, k find

the shortest u such that

wi = uLM(gk)v for gk ∈ G.

P := P − ci
LC(gk)

ugkv

UNTIL Q = P

OUTPUT: P

Remark 2.1.10. Since our ordering in this work is glex, in the above algorithm, the polynomial

P = c1w1 + c2w2 + · · ·+ clwl should be in glex order.

Remark 2.1.11. (why the algorithm terminates) The input polynomial P is sorted by ‘the

bigger term comes first’ under glex monomial ordering (a well ordering), so there is a biggest

summand as well as a smallest one. In each FOR-DO cycle of the algorithm, the first (the

biggest) term divisible by gk for some k is deleted (in a unique way). Since there is a finite

number of ωi’s, as the number of possible monomials smaller than any fixed monomial is finite,

the algorithm ends up with zero or a polynomial containing no monomial divisible by LM(gk)

for any k.

The process of reduction is also called multivariate division or “normal form” computation.

The result of the process of reduction of P with respect to a list G is denoted by P
G

.
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2.2 Non-commutative Buchberger criterion

In this section we will prove a theorem called non-commutative Buchberger criterion, which

results in an algorithm for finding the non-commutative reduced Gröbner basis w.r.t a monomial

order for an ideal (we adapt the commutative case from Cox [8] to prove our following non-

commutative Buchberger criterion). However before getting into that, a few lemmas/corollaries

are in order.

Lemma 2.2.1. For a glex monomial ordering, let {f1, · · · , fs} be a set of polynomials in

K〈x1, x2, · · · , xn〉 (for a characteristic zero field K), with LT (fi) equal to γ for all i. Also

suppose we have a linear combination
∑s

j=1 cjfj , such that LT (
∑s

j=1 cjfj) <glex γ, where

cj ∈ K . Then
∑s

j=1 cjfj can be written as a linear combination, with coefficients in K,

of S-polynomials S(fj, fk, d) for 1 ≤ j, k ≤ s, and positive integers d such that for each

S(fj, fk, d) we have LT [S(fj, fk, d)] <glex γ.

Proof. Let dj = LC(fj), so that cjdj is the leading coefficient of cjfj . Since by hypothesis we

have LT
∑s

j=1 cjfj <glex γ, some cancellation must have been happened among the leading

terms in the sum
∑s

j=1 cjfj (otherwise, no cancellation among the leading terms in the sum

implies that LT
∑s

j=1 cjfj = cγ, for a constant c), so the coefficients sum to zero, i.e., we

have
∑s

j=1 cjdj = 0.

We define polynomial pj = fj/dj , so pj has leading coefficient 1. Consider the telescoping

sum;
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s∑
j=1

cjfj =
s∑
j=1

cjdjpj = c1d1(p1 − p2) + (c1d1 + c2d2)(p2 − p3) + · · ·+ (c1d1+

+ · · ·+ cs−1ds−1)(ps−1 − ps) + (c1d1 + · · ·+ csds)ps.

(2.3)

Now the fact that LT (fi) = LT (fj) for all pairs (i, j) implies that LM(fi) = LM(fj) for all

pairs (i, j).

In the S-polynomial in (2.2), by substituting fi and fj for gi and gj respectively, we will have

S(fi, fj, d) = fiy − LC(fi)
LC(fj)

ufj , which for specific values y = 1 and u = 1 reduces to

S(fi, fj, d) = fi −
LC(fi)

LC(fj)
fj = LC(fi)(

fi
LC(fi)

− fj
LC(fj)

) = di(
fi
di
− fj
dj

) = di(pi − pj).

Therefore we have

S(fi, fj, d) = di(pi − pj) (2.4)

Here the degree d in S(fi, fj, d) is justified, as pi − pj has degree d, the common degree of

LT (fi) for all i. Substituting the above equation into Equation (2.3) and considering the fact

that
∑s

j=1 cjdj = 0, which results in vanishing the last term in Equation 2.3, our telescoping

sum of Equation 2.3 reduces to

s∑
j=1

cjfj =c1d1S(f1, f2, d)/d1 + (c1d1 + c2d2)S(f2, f3, d)/d2 + · · ·+

+ (c1d1 + · · ·+ cs−1ds−1)S(fs−1, fs, d)/ds−1

=c1S(f1, f2, d) + (c1
d1

d2

+ c2)S(f2, f3, d) + (c1
d1

d3

+ c2
d2

d3

+ c3)S(f3, f4, d) + · · ·

· · ·+ (c1
d1

ds−1

+ c2
d2

ds−1

+ · · · cs−2
ds−2

ds−1

+ cs−1)S(fs−1, fs, d)

(2.5)

which is a linear combination of S-polynomials S(ft, ft+1, d) for t = 1, · · · , s− 1.
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Since the leading monomials of fi and fj are equal, the leading monomials of pi and pj are

equal. Therefore the leading monomials are canceled in pi − pj and so from 2.4 we have

LT (S(fi, fj, d)) = LT (di(pi−pj)) <glex LT (dipi) = LT (fi). Hence LT (S(fi, fj, d)) <glex

LT (fi), i.e., LT [S(fj, fk, d)] <glex γ. This completes the proof.

Lemma 2.2.2. Let monomials α, β, γ, η and homogeneous polynomials

gj, gk ∈ K〈x1, x2, · · · , xn〉. Let S(gj, gk, d) 6= 0 for some positive integer d, and let

d′ = d+ l(α) + l(β), where l(α) = deg(α) and l(β) = deg(β) . Then

S(αgj, gkβ, d
′) = αS(gj, gk, d)β,

S(gjγ, ηgk, d) = S(gj, gk, d), or S(gjγ, ηgk, d) = 0.

S(αgjγ, ηgkβ, d
′) = αS(gj, gk, d)β, or S(αgjγ, ηgkβ, d

′) = 0

(2.6)

Proof. Without loss of generality consider LC(gj) = LC(gk) = 1. S(gj, gk, d) 6= 0 implies

that there is a monomial v (an overlap), and monomials u and y as in the following diagram,

such that

LM(gj) = uv, LM(gk) = vy, and S(gj, gk, d) = ugk − gjy. (2.7)

u︷ ︸︸ ︷
−−−−−−−

v︷ ︸︸ ︷
−−−−−−−−− LM(gj)

−−−−−−−−−︸ ︷︷ ︸
v

−−−−−−−−︸ ︷︷ ︸
y

LM(gk)

< −−−−−−−−−− d−−−−−−−−−−−− >

In the diagram above the overlap between LM(gj) and LM(gk) is the monomial v. By

cutting the overlap v from the l.h.s of LM(gk) we are left with a monomial that we call it

the right margin of the overlap or just right margin. Here according to the diagram above

we have y = the right margin. Similarly by cutting the overlap v from the r.h.s of LM(gj)
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we are left with a monomial that we call it the left margin of the overlap or just the left

margin. Here in the diagram above u = the left margin. Then we can read the S-polynomial

S(gj, gk, d) = ugk − gjy in (2.7), as

S(gj, gk, d) = ugk − gjy = (the left margin)× gk − gj × (the right margin) (2.8)

Now for S(αgj, gkβ, d
′), d′ = d+ l(α)+ l(β), with the depicted overlap in the diagram below,

we have the same overlap v as in the above, however now with right margin yβ and left margin

αu, as well gj, gk to be changed to αgj, gkβ respectively . Therefore by (2.7) we have

S(αgj, gkβ, d
′) = (αu)(gkβ)− (αgj)(yβ) = α(ugk − gjy)β = αS(gj, gk, d)β.

Hence we have

S(αgj, gkβ, d
′) = αS(gj, gk, d)β, d′ = d+ l(α) + l(β).

< −−−−−−−−−−−d−−−−−−− >
α︷ ︸︸ ︷

−−−−
u︷ ︸︸ ︷

−−−−−−−
v︷ ︸︸ ︷

−−−−−−−− LM(αgj)

−−−−−−−−︸ ︷︷ ︸
v

−−−−−︸ ︷︷ ︸
y

−−−−︸ ︷︷ ︸
β

LM(gkβ)

< −−−−−−−−−−−−−− d′ −−−−−−−−−− >

For S(gjγ, ηgk, d) according to the diagram below, if u = u′η and y = γy′, then we have an

overlap ηvγ. Then with respect to the same d, we have

S(gjγ, ηgk, d) = u′(ηgk)− (gjγ)y′ = (u′η)gk − gj(γy′) = ugk − gjy = S(gj, gk, d).
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Otherwise we have no overlap and so zero S-polynomial. Hence

S(gjγ, ηgk, d) =


S(gj, gk, d) if u = u′η and y = γy′,

0 otherwise.

u︷ ︸︸ ︷
−−−︸ ︷︷ ︸

u′

−−−−
v︷ ︸︸ ︷

−−−−−−−−
γ︷ ︸︸ ︷

−−−− LM(gjγ)

−−−−︸ ︷︷ ︸
η

−−−−−−−−︸ ︷︷ ︸
v

−−−−
y′︷ ︸︸ ︷

−−−︸ ︷︷ ︸
y

LM(ηgk)

< −−−−−−−−−− d−−−−−−−−−− >

Similar reasoning to the above shows that if u = u′η and y = γy′, then for d′ = d+l(α)+l(β),

we will have the following result;

S(αgjγ, ηgkβ, d
′) = αS(gjγ, ηgk, d)β = αS(gj, gk, d)β.

Otherwise we have no overlap, so we will have zero S-polynomial.

Hence we have

S(αgjγ, ηgkβ, d
′) =


αS(gj, gk, d)β if u = u′η and y = γy′,

0 otherwise.

This completes the proof.

Remark 2.2.3. It is possible to set up Buchberger theory to be done degree by degree, for

this, many statements/equations are regarded up to a fixed degree. In the sequel we emphasize

the up to degree validity of expressions depending on cases either by words or by conditional
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equality sign (=≤) instead of (=) sign when necessary. The sign (=≤k) means that the equality

is valid if the terms involved are of deg ≤ k or the equality is valid up to degree k, but could

be invalid beyond.

Lemma 2.2.4. Let G be a Gröbner basis, with respect to a glex monomial order for ideal

I ⊂ K〈x1, x2, · · · , xn〉 and G(k) the set of elements of deg ≤ k in G. Then

1. 〈G(k)〉 =≤k I . 2. 〈LT (G(k))〉 =≤k 〈LT (I)〉.

Proof. 1. For f ∈ K〈x1, · · · , xn〉 and deg(f) ≤ k, we show that f ∈ I ⇐⇒ f ∈ 〈G(k)〉.

(⇐) f ∈ 〈G(k)〉 → f =
∑

gi∈G(k) higih
′
i
G(k)⊂G−−−−→ f =

∑
gi∈G

higih
′
i ∈ 〈G〉 = I , hence

f ∈ 〈G(k)〉 =⇒ f ∈ I .

(⇒) Let f ∈ I , and deg(f) ≤ k. we need to show that f ∈ 〈G(k)〉.

f ∈ I = 〈G〉, so

f =
∑
gi∈G

ligil
′
i, (2.9)

where li, l
′
i ∈ K〈x1, x2, · · · , xn〉. Then f ∈ I = 〈G〉 → LT (f) ∈ 〈LT (I)〉 =

〈LT (G)〉 (as G is Gröbner basis), so we have

LT (f) =
∑
gi∈G

hiLT (gi)h
′
i. (2.10)

where deg(LT (f)) ≤ k by hypothesis. For the summands hiLT (gi)h
′
i in (2.10), we

consider the following cases.

• If deg(hiLT (gi)h
′
i) ≤ k for all i, then degLT (gi) ≤ k for all i, therefore we have

gi ∈ G(k) for all i, which turns (2.9) into f =
∑

gi∈G(k) ligil
′
i, i.e., f ∈ 〈G(k)〉.

• Otherwise if deg(hiLT (gi)h
′
i) > k for some i s, then there must be an integer
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k1 > k where deg(hiLT (gi)h
′
i) ≤ k1, for all i. Then we rewrite (2.10) as

LT (f)︸ ︷︷ ︸
≤k

=
∑
gi∈G

hiLT (gi)h
′
i︸ ︷︷ ︸

deg≤k1

, k < k1. (2.11)

We then isolate the terms of the highest degrees in hi and h′i in (2.11) by defining

hi = h
(1)
i + h

(2)
i , where


h

(1)
i = sum of the monomials in hi of highest degree,

h
(2)
i = the rest of hi.

and

h′i = h
′(1)
i + h

′(2)
i , where


h
′(1)
i = sum of the monomials in h′i of highest degree,

h
′(2)
i = the rest of h′i.

We then substitute the above into (2.11). Therefore we have

LT (f)︸ ︷︷ ︸
≤k

=
∑
gi∈G

hiLT (gi)h
′
i︸ ︷︷ ︸

≤k1

=
∑
gi∈G

(h1
i + h2

i )LT (gi)(h
′1
i + h

′2
i ),

that results in the following equation:

LT (f)︸ ︷︷ ︸
≤k

=
∑
gi∈G

h1
iLT (gi)h

′1
i︸ ︷︷ ︸

deg=k1

+
∑
gi∈G

h1
iLT (gi)h

′2
i︸ ︷︷ ︸

deg≤k1−1

+
∑
gi∈G

h2
iLT (gi)h

′1
i︸ ︷︷ ︸

deg≤k1−1

+
∑
gi∈G

h2
iLT (gi)h

′2
i︸ ︷︷ ︸

deg≤k1−2

In the above however, on the l.h.s., deg(LT (f)) ≤ k, so on the r.h.s. the first sum

has to be zero as k < k1 (cancellation of the leading terms). So we have

LT (f)︸ ︷︷ ︸
≤k

=
∑
gi∈G

h1
iLT (gi)h

′2
i︸ ︷︷ ︸

deg≤k1−1

+
∑
gi∈G

h2
iLT (gi)h

′1
i︸ ︷︷ ︸

deg≤k1−1

+
∑
gi∈G

h2
iLT (gi)h

′2
i︸ ︷︷ ︸

deg≤k1−2

. (2.12)
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Now in this equation, if k1 − 1 = k, we have 3 sums on the right hand side, the

summands of each are of degree ≤ k, which implies deg(LT (gi)) ≤ k (as the left

hand side is of degree ≤ k). Otherwise if k1 − 1 > k, we repeat this process of

isolating the highest degree terms.

We see that each time we repeat the isolation of the highest degree monomials,

it reduces the degrees of the summands at least by one unit. Since the number

of monomials of degree less than a finite fixed degree is finite, by repeating the

isolation of the leading terms, we eventually end up with k1 − j = k for some j.

Then we are left with a number of sums with summands each of degree≤ k, which

implies degLT (gi) ≤ k ∀i as before, i.e., gi ∈ G(k). This results in rewriting

Equation (2.9) as f =
∑

gi∈G(k) ligil
′
i, which implies f ∈ 〈G(k)〉. This completes

the proof of part 1.

2. For f ∈ K〈x1, · · · , xn〉, deg(f) ≤ k, we show f ∈ 〈LT (I)〉 ⇐⇒ f ∈ 〈LT (G(k))〉.

(⇐) f ∈ 〈LT (G(k))〉 → f =
∑

gi∈G(k)

hiLT (gi)h
′
i
G(k)⊂G−−−−→ f =

∑
gi∈G

hiLT (gi)h
′
i.

So f ∈ 〈LT (G)〉 = 〈LT (I)〉 (as G is Gröbner basis for I). Hence we have shown that

f ∈ 〈LT (G(k))〉 =⇒ f ∈ 〈LT (I)〉.

(⇒) f ∈ 〈LT (I)〉 = 〈LT (G)〉, therefore we have

f =
∑
gi∈G

hiLT (gi)h
′
i. (2.13)

Following the same steps we took for the r.h.s. of Equation (2.10) in the proof of part

1, second item, we come up with the same result gi ∈ G(k), which turns (2.9) into
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f =
∑

gi∈G(k) hiLT (gi)h
′
i, which implies f ∈ 〈LT (G(k))〉. Hence we have shown

f ∈ 〈LT (I)〉 ⇒ f ∈ 〈LT (G(k))〉.

This completes the proof.

Lemma 2.2.5. Let G(k) = {g1, g2 · · · , gt} be the set of elements of deg ≤ k in the reduced

Gröbner basis w.r.t. a glex monomial order, for an ideal I ⊂ K〈x1, · · ·xn〉, and G(k) contains

the generators of deg ≤ k of I . Then for f of deg ≤ k in K〈x1, x2, · · · , xn〉 there exists a

unique r of deg ≤ k in K〈x1, x2, · · · , xn〉 with the following properties:

1. No term of r is divisible by any element of the set {LT (g1), LT (g2), · · · , LT (gt)},

2. There exists an element g of deg ≤ k in I such that f = g + r.

Proof. With our monomial order, let the monomials wi of deg ≤ k and the polynomial

f = c1w1 + c2w2 + · · ·+ csws be in K〈x1, x2, · · · , xn〉 and let gi ∈ G(k).

Here we recall the reduction algorithm of f , w.r.t. the list [g1, g2, · · · , gt], introduced in

Definition 2.1.9, according to which for f = c1w1 + c2w2 + · · · + csws, we find first j, the

index of w, and for fixed j we find the smallest l, the index of the elements in the list, and for

our fixed j and l we find the shortest u such that wj = uLM(gl)v for gl in list [g1, g2, · · · , gt].

Then f := f − cj
LC(gl)

uglv. Therefore to each term cjwj of f there are associated
cj

LC(gl)
u, gl

and v that, in order to adapt to the notation of this section, by change of index, we denote them

simply by ui, gi and vi respectively, such that uiLT (gi)vi = ciwi.

Therefore in each step, the algorithm drops from polynomial f a term ciwi, if it is divisible
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by leading term of an element in list G(k), and adds lower monomials w.r.t. the monomial

order. Since the algorithm terminates (as explained in Remark 2.1.11), eventually we are left

with an expression for polynomial f with none of its monomials divisible by the leading term

of any element in list G(k) = [g1, · · · , gt]. Hence we are left with the reduction of f w.r.t. the

list G(k) = [g1, · · · , gt], i.e. we are left with f
G(k)

= f −
∑

i,s.t. LT (gi)|wi for some i uigivi which

is clearly of deg ≤ k. Therefore we have

f =
∑

i,s.t. LT (gi)|wi for some i

uigivi + f
G(k)

(2.14)

where no term in f
G(k)

is divisible by LT (gi) for any gi ∈ G(k). Hence part 1 of the lemma is

satisfied if we let r = f
G(k)

.

Part 2 of the lemma is satisfied by letting g =
∑

i,s.t. LT (gi)|wi for some i uigivi, of degree ≤ k

from Equation (2.14). This proves the existence of g.

We prove the uniqueness of r by contradiction. If r is not unique, then there is another

polynomial r′ 6= r of deg ≤ k in K〈x1, x2, · · · , xn〉 with no monomial divisible by LT (gi)

for any gi ∈ G(k), such that there is a deg ≤ k element g′ ∈ I satisfying f = g′ + r′. Then we

have

g + r = g′ + r′ (2.15)

Then

r − r′ = g′ − g ∈ I as g, g′ ∈ I. (2.16)

Then r − r′ ∈ I =⇒ LT (r − r′) ∈ 〈LT (I)〉 =≤k 〈LT (G(k))〉 (by Lemma 2.2.4, as

G(k) = {g1, · · · , gt} is the set of elements of deg ≤ k in the reduced gröbner basis for ideal

I). Therefore LT (r − r′) is divisible by LT (gi) for some gi ∈ G(k), which is impossible as
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none of the terms in r and r′ are to be divisible by LT (gi) for any gi ∈ G(k) by the first part of

the Lemma. Hence r − r′ must be zero, i.e. r = r′, contradiction!. Hence r is unique. This

completes the proof.

Corollary 2.2.6. Let G(k) = {g1, · · · , gt} be the set of elements of deg ≤ k in the reduced

Gröbner basis with respect to a glex monomial order, for ideal I ⊂ K〈x1, · · · xn〉. Then for f

of deg ≤ k in K〈x1, · · · , xn〉, we have f ∈ I , if and only if f
G(k)

= 0.

Proof. (⇒) If f
G(k)

= 0, then from (2.14), f =
∑

i, s.t. LT (g
i
)|w

i
for some i

uigivi ∈ I .

(⇐) Conversely given f ∈ I , then f = f + 0 satisfies the two conditions of the lemma (2.2.5).

It follows that 0 is f
G(k)

. This completes the proof.

Theorem 2.2.7. Non-commutative Buchberger criterion.

For an ideal I ⊂ K〈x1, · · · , xn〉, G(k) is the set of elements of deg≤ k in the reduced Gröbner

basis w.r.t. a glex monomial order, if and only if 〈G(k)〉 =≤k I; all elements g ∈ G(k) are of

deg ≤ k and no monomial of them is divisible by any other leading term, and for any positive

integer d ≤ k and for any pair (gi, gj) where gi, gj ∈ G(k) we have S(gi, gj, d)
G(k)

= 0.

Proof. (⇒) If G(k) is the set of elements of deg ≤ k in the reduced Gröbner basis for I , then

by Lemma 2.2.4 we have 〈G(k)〉 =≤k I . Also for any pair (gi, gj) where gi, gj ∈ G(k), and

for any positive integer d ≤ k, we have deg(S(gi, gj, d)) = d ≤ k and it belongs to I (by

construction of S-polynomial). Hence by corollary 2.2.6, we have S(gi, gj, d)
G(k)

= 0.

(⇐) Let 〈G(k)〉 =≤k I and S(gi, gj, d)
G(k)

= 0 for all pairs (gi, gj) where gi, gj ∈ G(k)

and for any positive integer d ≤ k. For polynomial f ∈ 〈G(k)〉, we need to prove that

LT (f) ∈ 〈LT (G(k))〉.

Strategy of the proof:
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We have 〈G(k)〉 =≤k I , i.e., for a polynomial f of deg ≤ k in I we have f ∈ 〈G(k)〉, i.e., there

are polynomials hi and h′i ∈ K〈x1, x2, · · · , xn〉 such that

f =
∑

gi∈G(k)

higih
′
i, (2.17)

where

LT (f) ≤glex LT (higih
′
i) for some gi ∈ G(k). (2.18)

The reason for the inequality in the above equation is the idea that the sum in (2.17) may

undergo cancellation of leading terms, otherwise if all the leading terms are different, the

equality occurs. Equation (2.17) to (2.18) satisfies the hypothesis of Lemma 2.2.1 except for

the equality in Equation (2.18). Therefore if equality does not occur in Equation (2.18), then

some cancellation among the leading terms in the sum in Equation (2.17) must have occurred.

Since LT (f) <glex LT (higih
′
i) for some gi ∈ G(k), by Lemma 2.2.1, we can rewrite the

right hand side of Equation (2.17) as a linear combination f =
∑

j,l cjlS(hjgjh
′
j, hlglh

′
l, d
′),

with LT [S(hjgjh
′
j, hlglh

′
l, d
′)] ≤glex LT (f) ≤glex LT (higih

′
i) for some gi ∈ G(k) by our

graded lexicographical monomial order. However by Lemma 2.2.2, S(hjgjh
′
j, hlglh

′
l, d
′) =

hjS(gj, gl, d)h′l if not zero.

Then we consider our hypothesis that for any positive integer d ≤ k and for any pair (gi, gj)

where gi, gj ∈ G(k) we have S(gi, gj, d)
G(k)

= 0; in other words, the remainder of multivariate

division of S(gi, gj, d) by G(k) is zero. Therefore, it allows us by division algorithm, to replace

S(gj, gl, d) by expressions that are lexicographically less than or equal to our S-polynomials,

as it follows.
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f =
∑

gi∈G(k)

higih
′
i =

∑
j,l

cjlS(hjgjh
′
j, hlglh

′
l, d
′), (by Lemma 2.2.1),

=
∑
j,l

cjlhjS(gj, gl, d)h′l, if not zero (by Lemma 2.2.2),

=
∑
j,l

cj,lhj(
∑
r

h′′rgrh
′′′
r )h′l, if not zero,

(by Lemma 2.2.5 and our hypothesis S(gj, gl, d)
G(k)

= 0),

=(
∑
j,l,r

cj,l,rhjh
′′
rgrh

′′′
r h
′
l) =

∑
j,l,r

hjrgrhrl, if not zero.

In the above, LT (h′′rgrh
′′′
r ) ≤glex LT (S(gj, gl, d)) by division algorithm, so the last sum in

the above involves less cancellation of leading terms than the first sum. Hence while we have

inequality in (2.18) we can rewrite (2.17) such that it involves less cancellation of leading

terms. Continuing this way, we will eventually find an expression for f (i.e. specific hi and h′i

for given gi) with no cancellation of leading terms, so we have equality in Equation (2.18).

Hence we have f =
∑

gi∈G(k) higih
′
i such that LT (f) = LT (higih

′
i) = LT (hi)LT (gi)LT (h′i)

for some gi ∈ G(k). In other words LT (f) is divisible by some LT (gi) ∈ LT (G(k)), i.e.,

LT (f) ∈ 〈LT (G(k))〉, which is what we want to prove.

Now the details of the proof. Consider all possible ways that f can be written in the form

of Equation (2.17). Since monomial ordering is a well ordering (a total ordering of a set with

a least element for every non-empty subset), we have a minimal way where the minimal glex

degree for leading terms in the expression of f in Equation (2.17) will occur (in other words

where the maximal cancellation of the leading terms on r.h.s. of Equation (2.17) happens).

Claim: We claim that at this minimal way, described in the above paragraph, we have
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equality in Equation 2.18, i.e., we have

LT (f) = LT (himgimh
′
im) = LT (him)LT (gim)LT (h′im)

for some gim ∈ G(k), i.e., LT (f) is divisible by some LT (gim) ∈ LT (G(k)), so LT (f) ∈

〈LT (G(k))〉. We prove this claim by contradiction.

If equality in Equation (2.18) does not occur at this minimal way, then we are going to

have LT (f) <glex LT (himgimh
′
im). This means that the leading terms of the summands in

(2.17) are partly equal to LT (himgimh
′
im) and partly less. Then we rewrite (2.17) as

f =
∑

gi∈G(k)

higih
′
i =

∑
LT (higih

′
i)=LT (himgimh

′
im

)

higih
′
i +

∑
LT (higih

′
i)<glexLT (himgimh

′
im

)

higih
′
i.

(2.19)

By dividing the first sum on r.h.s. of the above equation we rewrite it as

f =
∑

LT (higih
′
i)=LT (himgimh

′
im

)

LT (hi)giLT (h′i)

+
∑

LT (higih
′
i)=LT (himgimh

′
im

)

(hi − LT (hi))giLT (h′i)

+
∑

LT (higih
′
i)=LT (himgimh

′
im

)

LT (hi)gi(h
′
i − LT (h′i))

+
∑

LT (higih
′
i)=LT (himgimh

′
im

)

(hi − LT (hi))gi(h
′
i − LT (h′i))

+
∑

LT (higih
′
i)<glexLT (himgimh

′
im

)

higih
′
i.

(2.20)

The leading terms of the polynomials on r.h.s. of Equation (2.20), except for the 1st one,

are already graded lexicographically less than LT (himgimh
′
im). Thus our assumption that

LT (f) <glex LT (himgimh
′
im), implies that the 1st sum is also graded lexicographically less
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than LT (himgimh
′
im), i.e.

∑
LT (higih

′
i)=LT (himgimh

′
im

)

LT (hi)giLT (h′i) <glex LT (himgimh
′
im) (2.21)

Then by Lemma (2.2.1), the sum in Equation (2.21) can be written as a linear combination of

S-polynomials, each of them graded lexicographically less than LT (himgimh
′
im), i.e.

∑
LT (higih

′
i)=LT (himgimh

′
im

)

LT (hi)giLT (h′i) =
∑
j,r

cjrS(LT (hj)gjLT (h′j), LT (hr)grLT (h′r), d
′).

(2.22)

Now by applying Lemma 2.2.2 with α = LT (hj), and β = LT (h′r), we get the following

expression for the summand on the r.h.s. of Equation (2.22).

S(LT (hj)gjLT (h′j), LT (hr)grLT (h′r), d
′) = LT (hj)S(gj, gr, d)LT (h′r), if not zero,

(2.23)

where d′ = deg(LT (hj)) + d + deg(LT (h′r)). Substituting Equation (2.23) into Equation

(2.22) we have

∑
LT (higih

′
i)=LT (himgimh

′
im

)

LT (hi)giLT (h′i) =
∑
j,r

cjrLT (hj)S(gj, gr, d)LT (h′r), if not zero

(2.24)

On the other hand, since deg(S(gj, gr, d)) = d ≤ k, then by Corollary 2.2.6 from equation

S(gj, gr, d)
G(k)

= 0 we come to the conclusion that S(gj, gr, d) ∈ I , so we have

S(gj, gr, d) =
∑
i

cijkligil
′
i, where LT (ligil

′
i) ≤glex LT (S(gj, gr, d)), (2.25)

with polynomials li and l′i in K〈x1, · · · , xn〉. By substituting S(gj, gr, d) from Equation (2.25)

into Equation (2.24) we get the following.
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∑
LT (higih

′
i)=LT (himgimh

′
im

)

LT (hi)giLT (h′i) =
∑
i,j,k

cjkcijkLT (hj)ligil
′
iLT (h′k)

=
∑
i,j,k

c′ijkqjigiqik, if not zero,
(2.26)

where qji = LT (hj)li, qik = l′iLT (h′k) and c′ijk = cjkcijk.

Then

LT (qjigiqik) = LT [LT (hj)ligil
′
iLT (h′k)] =

= LT (hj)LT (ligil
′
i)LT (h′k)

≤glex LT (hj)LT [S(gj, gk, d)]LT (h′k) (by (2.25))

= LT [LT (hj)S(gj, gk, d)LT (h′k)]

= LT [S(LT (hj)gjLT (h′j), LT (hk)gkLT (h′k), d
′)] (by (2.23))

<glex LT (himgimh
′
im) (by Lemma 2.2.1).

Therefore

LT (qjigiqik) <glex LT (himgimh
′
im). (2.27)

Equation (2.27) together with Equation (2.26) yields

∑
LT (higih

′
i)=LT (himgimh

′
im

)

LT (hi)giLT (h′i) =
∑
i,j,k

c′ijkqjigiqik, if not zero,

where LT (qjigiqik) <glex LT (himgimh
′
im).

(2.28)

Therefore the first sum on the r.h.s. of Equation (2.20) either is zero or can be written as a sum

of polynomials qjigiqik, each graded lexicographically less than LT (himgimh
′
im). Since the

other sums in Equation (2.20), are also graded lexicographically less than LT (himgimh
′
im), we
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come up with the conclusion that f in Equation (2.20) is a sum of polynomials, each graded

lexicographically less than LT (himgimh
′
im). However this is contradictory to the assumption

of minimality for himgimh
′
im . Therefore the assumption of inequality in Equation (2.18) is

invalid, so equality occurs there when the minimal himgimh
′
im is chosen.

Hence for polynomial f of degree ≤ k, having f ∈ 〈G(k)〉, there is a minimal way of

writing f =
∑

gim∈G
(k) himgimh

′
im , where in this minimal way we have equality LT (f) =

LT (himgimh
′
im), which implies that LT (f) = LT (him)LT (gim)LT (h′im), i.e., LT (f) is di-

visible by some LT (gim) ∈ LT (G(k)), so LT (f) ∈ 〈LT (G(k))〉.

Hence we have shown that for a polynomial f of deg ≤ k in 〈G(k)〉, we have LT (f) ∈

〈LT (G(k))〉, which is what we wanted to prove. This completes the proof.

Remark 2.2.8. The above theorem is the essence of the following Buchberger Algorithm for

calculating the reduced non-commutative Gröbner basis w.r.t. a monomial order, degree by

degree.

If we have already Gröbner basis up to degree k denoted by G(k), we start a new step

of the algorithm by adding the set of generators of degree k + 1 (if any), denoted H(k+1)

to form the set G(k) ∪ H(k+1). Then for any pair of elements (p, q) in G(k) ∪ H(k+1) we

calculate S(p, q, k + 1)
G(k)∪H(k+1)

(in case of Fomin-Kirillov algebra for k ≥ 2, we calculate

S(p, q, k + 1)
G(k)

, as H(k+1) is empty for k ≥ 2). If it is non-zero, we add it to G(k) ∪H(k+1)

and continue until it is zero.

Then we have the output of this step, i.e, the set of the reduced Gröbner basis w.r.t. our

monomial order, of degree ≤ k + 1 denoted G(k+1), and use it as the input of the next step of

algorithm.
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INPUT: k and G(k): set of elements of Grobner basis of

deg ≤ k and H(k+1) the set of generators of degree k + 1.

OUTPUT: G, Here G = G(k+1), the set of elements of Grobner

basis of deg ≤ k + 1.

FOR k (assume all elements of G(k) have been computed)

G := G(k) ∪H(k+1)

REPEAT

G′ := G

FOR each pair (p, q), such that p, q ∈ G′, DO

S := S(p, q, k + 1)
G′

IF S 6= 0 THEN G := G ∪ {S}

UNTIL G = G′.

Remark 2.2.9. The above algorithm works, as by non-commutative Buchberger criterion,

Theorem 2.2.7, if for any pair of elements p, q in G(k) and for any positive integer d ≤ k we

have S(p, q, d)
G(k)

= 0, where G(k) contains the generators of deg ≤ k of ideal, then G(k) is

the set of elements of deg ≤ k in Gröbner basis.

The fact that the algorithm does end is due to restricted degree; the vector space of all

polynomials of degree at most k is finite dimensional, so we have at most finitely many

elements of deg ≤ k in a Gröbner basis.

The dimension of the quotient algebra is not finite if the Gröbner basis of the associated ideal

is not finite. However it could be finite or infinite if the Gröbner basis is finite.

Since the basis of the free algebra generated by a set of generators consists of all the words on

the generators, the dimension of the quotient of this free algebra on the ideal generated by the

Gröbner basis is the cardinal number of the set of all the words on generators of algebra that
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are not divisible by the leading terms of the elements of the Gröbner basis. Therefore one of

the useful applications of Gröbner basis is to find the dimension of quotient algebras.

dim
[ F 〈x1, · · · , xn〉
〈gi : gi ∈ Gröbner basis〉

]
=

|words on xi not divisible by leading terms of Gröbner basis|
(2.29)
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Chapter 3

Symmetric properties of FK(n)

In this section we study the symmetric properties of Fomin-Kirillov algebra.

3.1 Action of the symmetric group on FK(n)

We say a group G defines an action on a set S if there is a binary operation ∗ : G× S → S

such that

1. Action of identity: e ∗ s = s for all s in S;

2. Preserves the structure, i.e, for g1, g2 ∈ G, we have (g1g2) ∗ s = g1 ∗ (g2 ∗ s).
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Here we define the action of symmetric group Sn on a monomial in variables xij, i < j by

defining the action of the permutation σ ∈ Sn on the variable by

σxij =


xσ(i)σ(j) if σ(i) < σ(j)

−xσ(j)σ(i) otherwise
(3.1)

and extend it multiplicatively to monomials. We have the following lemmas.

Lemma 3.1.1. The ideal associated to FK(n) is Sn-invariant.

Proof. Here we recall the set of relations of FK(n) from (1.2).

R ={x2
ij = 0, 1 ≤ i < j ≤ n;

xijxkl − xklxij = 0; for distinct i, j, k, l such that 1 ≤ i, j, k < l ≤ n;

xijxjk − xjkxik − xikxij = 0; if 1 ≤ i < j < k ≤ n;

xijxik − xjkxij + xikxjk = 0, if 1 ≤ i < j < k ≤ n}.

(3.2)

One can easily check that the above relations as a set is symmetric under any transposition

of indexes sij ∈ Sn, i.e., under any transposition, a relation in the above set R, either stays

unchanged or it turns into another relation in the set. So the set of relations is symmetric under

any transposition, so is symmetric under any permutation in Sn. We show this for the relation

xijxjk − xjkxik − xikxij = 0, 1 ≤ i < j < k ≤ n,

in the following, the rest are similar.
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sij(xijxjk − xjkxik − xikxij) = xjixik − xikxjk − xjkxji = −xijxik − xikxjk + xjkxij

= −(xijxik − xjkxij + xikxjk).

So

sij(xijxjk − xjkxik − xikxij = 0)→ (xijxik − xjkxij + xikxjk = 0) ∈ R.

Also

sjk(xijxjk − xjkxik − xikxij) = −xikxjk + xjkxij − xijxik = −(xijxik − xjkxij + xikxjk).

So

sjk(xijxjk − xjkxik − xikxij = 0)→ (xijxik − xjkxij + xikxjk = 0) ∈ R.

Also

sik(xijxjk − xjkxik − xikxij) = (xkjxji + xjixik + xikxkj) = (xjkxij − xijxik − xikxjk)

= −(xijxik − xjkxij + xikxjk).

So

sik(xijxjk − xjkxik − xikxij = 0)→ (xijxik − xjkxij + xikxjk = 0) ∈ R.

Therefore the set of the relations of FK(n) is Sn-invariant. Hence the ideal generated by the

r.h.s. of these relations is Sn-invariant. This completes the proof.

Definition 3.1.2. We define the following map for any σ ∈ Sn,

σ :FK(n)→ FK(n) by

f(xi1j1 , · · · , xikjk) + I 7→ f(σ(xi1j1), · · · , σ(xikjk)) + I,

(3.3)

where σ(xij) is defined in (3.1).
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The above map is well-defined on FK(n) as

f + I = g + I

→ f − g ∈ I,

→ σ(f − g) ∈ I (as I is Sn-invariant by Lemma 3.1.1)

→ σ(f)− σ(g) ∈ I

→ σ(f) + I = σ(g) + I.

Proposition 3.1.3. The symmetric group Sn, defines an action on FK(n).

Proof. The map σ : FK(n)→ FK(n) defined by

f(xi1j1 , · · · , xikjk) + I 7→ f(σ(xi1j1), · · · , σ(xikjk) + I defines an action on FK(n) because

1. It is well defined (as shown in the above).

2. (identity axiom): ε(f(xi1j1 , · · · , xikjk) + I) = f(xi1j1 , · · · , xikjk) + I .

3. (compatibility axiom):

(σ1σ2)(f(xi1j1 , · · · , xikjk) + I) =f((σ1σ2)xi1j1 , · · · , (σ1σ2)xikjk) + I

=σ1f(σ2xi1j1 , · · · , σ2xikjk) + I

=σ1(σ2f(xi1j1 , · · · , xikjk)) + I.

Therefore the symmetric group defines an action on FK(n).
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3.1.1 An anti-automorphism on FK(n)

In plain language we may say that when there is an automorphism or an anti- automorphism

on a mathematical object, then the structure of that object is basically preserved. Strictly

speaking, an anti- homomorphism between two algebras is a map between the two algebras that

preserves addition, but unlike homomorphism reverses the order of multiplication. Therefore

φ : X → Y is an algebra anti- homomorphism if and only if

1. φ(1) = 1,

2. φ(αx+ βy) = αφ(x) + βφ(y) for x and y in X and for α and β in the underlying field

of the algebra,

3. φ(xy) = φ(y)φ(x) for x and y in X .

Moreover if φ is one-to-one and surjective as well, it is called an anti-isomorphism. An

anti-isomorphism from X to itself is called anti-automorphism.

Definition 3.1.4. Reverse word [1]. Let w = w1w2 · · ·wk be a word of degree k with wj = xij

for some 1 ≤ ij ≤ n. We call←−w = wkwk−1 · · ·w1 the reverse word of w and extend it linearly

to polynomials.

By the following lemma we have an anti-automorphism on FK(n).

Lemma 3.1.5. Let S = {xij : 1 ≤ i < j ≤ n} be the set of generators of FK(n), and let w

be a word on the letters in S. Then we have an anti-automorphism φ : FK(n) → FK(n)
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defined by φ(w + I) =←−w + I and linear extension of it to FK(n), where←−w is the reverse

word of ω.

Proof. The basis of the free algebra K〈xij〉 consists of all the words on the letters {xij : 1 ≤

i < j ≤ n}, so is closed under reverse of words. On the other hand, we observe that the set

of the generators of the ideal associated to FK(n) in (1.3) is invariant under the reverse of

word, because as we see in the following, the reverse of word of any element in the set of the

generators results in another element of the set.

←−−−−−−−−−−−−−−−−
xijxjk − xjkxik − xikxij =←−−−xijxjk −←−−−xjkxik −←−−−xikxij

= xjkxij − xikxjk − xijxik

= −(xijxik − xjkxij + xikxjk),

←−−−−−−−−−−−−−−−−
xijxik − xjkxij + xikxjk =←−−−xijxik −←−−−xjkxij +←−−−xikxjk

= xikxij − xijxjk + xjkxik

= −(xijxjk − xjkxik − xikxij),
←−−−−−−−−−
xijxkl − xklxij =←−−−xijxkl −←−−−xklxij

= xklxij − xijxkl = −(xijxkl − xklxij),

←−−−xijxij = xijxij.

Hence the set of the generators of the ideal associated to FK(n) in (1.3) is invariant up to sign

under the reverse of words. So the ideal generated by these generators is invariant under the

reverse of words. Therefore the operator of the reverse of words is well defined on quotient,

i.e., φ(w + I) =←−w + I is well defined as

1. a+ I = b+ I → a− b ∈ I →
←−−−
a− b ∈ I →←−a −

←−
b ∈ I →←−a + I =

←−
b + I.
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Also as an algebra the addition and multiplication operations in FK(n) are preserved

under φ as

2. φ((a+I)+(b+I)) = φ(a+b+I) =
←−−−
a+ b+I =←−a +

←−
b +I = (←−a +I)+(

←−
b +I) =

φ(a+ I) + φ(b+ I).

3. φ((a + I).(b + I)) = φ(ab + I) =
←−
ab + I =

←−
b←−a + I = (

←−
b + I).(←−a + I) =

φ(b+ I)φ(a+ I).

Also φ is 1-to-1 and surjective as

4. φ(a + I) = φ(b + I) ⇒ ←−a + I =
←−
b + I → ←−a −

←−
b ∈ I →

←−−−
a− b ∈ I → a − b ∈

I → a+ I = b+ I.

5. ∀ y =←−a + I, ∃ a+ I, such that φ(a+ I) =←−a + I .

Therefore we have an anti-isomorphism from FK(n) to itself.
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Chapter 4

Finite degree Gröbner basis associated

with FK(n)

Definition 4.0.1. We define GB(n), as the reduced Gröbner basis associated for FK(n) with

respect to the special monomial order defined in Definition 1.2.1. We also define G(d)(n), as

the subset of GB(n) of degree ≤ d, and G(2)(n) as the subset of GB(n) of degree 2, or simply

the degree 2 terms of GB(n).

In this chapter we calculate GB(n) defined in Definition 4.0.1 for degrees 3 and 4. In

Propositions 4.1.1 and 4.2.1 we prove that the sets of degrees 3 and 4 elements of GB(n)

consists of polynomials that follow a special geometric pattern defined as z-star in Definition

1.2.3.
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4.1 Degree 3 for general n

Proposition 4.1.1. Let T (3)(n) be the set of degree 3 elements ofGB(n), the reduced Gröbner

basis for the monomial order defined in 1.2.1, associated with FK(n). Then

T (3)(n) = {xbzxazxbz + xazxbzxaz : 1 ≤ a < b < z ≤ n} , (4.1)

i.e., T (3)(n) consists of z-star polynomials (defined in Definition 1.2.3) for values of z such

that 3 ≤ z ≤ n.

Proof. Here we use Buchberger algorithm introduced at the end of Chapter 2. We consider

the polynomials in (1.3), as the degree 2 elements of GB(n). We recall (1.3) here with their

leading terms underlined and here after on we refer it as the set of degree 2 elements of GB(n)

denoted by GB(2)(n):

G(2)(n) :



(i) : x2
ij, 1 ≤ i < j ≤ n,

(ii) : xijxkl − xklxij; for distinct i, j, k, l such that, 1 ≤ i, j, k < l ≤ n,

(iii) : xijxjk − xjkxik − xikxij; if 1 ≤ i < j < k ≤ n,

(iii′) : xijxik − xjkxij + xikxjk, if 1 ≤ i < j < k ≤ n.

(4.2)

Then the degree 3 terms of GB(n) are the results of the reduction of S-polynomials w.r.t.

G(2)(n) between all the pairs (p, q), where p, q ∈ G(2)(n).

Out of all the S-polynomials between all pairs of p, q ∈ G(2), those that result in non zero
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expressions are the following S-polynomials of (iii) and (i), and also for (iii′) and (i);

S(xabxbz − xbzxaz − xazxab, xbzxbz, 3), and S(xabxaz − xbzxab + xazxbz, xazxaz, 3),

where 1 ≤ a < b < z ≤ n. They reduce w.r.t. G(2)(n) to

xbzxazxbz + xazxbzxaz, and − (xbzxazxbz + xazxbzxaz)

respectively which are the same up to sign.

This implies that T (3)(n) in the statement includes all the non zero reduced S-polynomials.

It could also be the set of all the degree 3 elements of GB(n) if it includes the degree

3 generators of I as well. However in this cases of FK(n) the generators of I , i.e., the

polynomials in (4.2) are only of degree 2, as we have no relation of degree 3, so the set of

degree 3 generators is empty. Hence T (3)(n) is indeed the set of all degree 3 elements of

GB(n). This completes the proof.

Example 4.1.1. For n = 3, 1 ≤ a < b < z ≤ n, the only options for a, b and z are 1, 2 and 3

respectively. Then we get xbzxazxbz + xazxbzxaz = x23x13x23 + x13x23x13,

3−star︷ ︸︸ ︷
x23x13x23 + x13x23x13

Example 4.1.2. For n = 4,

xbzxazxbz + xazxbzxaz =



z = 3, x23x13x23 + x13x23x13, for a = 1, b = 2

z = 4,


x34x14x34 + x14x34x14, for a = 1, b = 3

x24x14x24 + x14x24x14, for a = 1, b = 2

x34x24x34 + x24x34x24, for a = 2, b = 3
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The above z-star polynomials for n = 4 is depicted in the following chart

4−stars︷ ︸︸ ︷
x34x14x34 + x14x34x14, x34x24x34 + x24x34x24,

x24x14x24 + x14x24x14

3−star︷ ︸︸ ︷
x23x13x23 + x13x23x13

4.1.1 The number of degree 3 elements of GB(n)

The number of degree 3 terms of the GB(n) associated with FK(n) is the number of poly-

nomials of the form xbzxazxbz + xazxbzxaz with the conditions 1 ≤ a < b < z ≤ n. This

number equals the number of ways you can choose a 3-set {a, b, z} out of n objects, i.e.,
(
n
3

)
.

Therefore

N(n) =

(
n

3

)
=
n(n− 1)(n− 2)

6
(4.3)

Example 4.1.3. GB(6) has 20 degree 3 elements.

4.2 Degree 4 for general n

Similar to the previous proposition we prove the following proposition which again gives rise

to z-star elements of GB(n).

52



Proposition 4.2.1. Let T (4)(n) be the set of degree 4 elements ofGB(n), the reduced Gröbner

basis for the monomial order defined in 1.2.1, associated with FK(n). Then

T (4)(n) = {xczxbzxazxcz + xbzxazxczxbz + xazxczxbzxaz,

xczxazxbzxcz + xbzxczxazxbz + xazxbzxczxaz,

where 1 ≤ a < b < c < z ≤ n},

i.e., T (4)(n) consists of z-star polynomials for different values of z, 4 ≤ z ≤ n.

(4.4)

Remark 4.2.1. In the set T (4)(n) in the above proposition, the second element is ‘reverse’ of

the first one.

proof of Proposition 4.2.1. We denote an element of T (3)(n) in Equation (4.1) by g. Then out

of all S-polynomials between 2-terms and g only

S(xijxkl − xklxij, g, 4) and S(xijxik − xjkxij + xikxjk, g, 4)

and out of all possible cases for 2-terms in here only the ones in

S(xacxbz − xbzxac, xbzxazxbz + xazxbzxaz, 4), and

S(xbcxbz − xczxac + xazxbz, xbzxazxbz + xazxbzxaz, 4)

result in nonzero S-polynomials, where these reduce w.r.t. G(3)(n), respectively to

g =xczxazxbzxcz + xbzxczxazxbz + xazxbzxczxaz,

and its reverse:←−g =xczxbzxazxcz + xbzxazxczxbz + xazxczxbzxaz.

Since the set of degree 4 ideal generators is empty, these are the only degree 4 element of
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GB(n) as before. This completes the proof.

4.2.1 The number of degree 4 elements of GB(n)

The number of degree 4 terms of theGB(n) associated to FK(n) is the number of polynomials

of the forms

xczxazxbzxcz+xbzxczxazxbz + xazxbzxczxaz, and

xczxbzxazxcz+xbzxazxczxbz + xazxczxbzxaz

with the conditions 1 ≤ a < b < c < z ≤ n. Since each of the two equal the number of 4-sets

{a, b, c, z} we can choose in n object, i.e.,
(
n
4

)
, we have

N(n) = 2

(
n

4

)
=
n(n− 1)(n− 2)(n− 3)

12
(4.5)

Example 4.2.2. GB(6) has 30 degree 4 elements.

54



Chapter 5

General degree Gröbner basis associated

with FK(n)

In this chapter we prove Proposition 5.2.3 that would be the inductive step for a proof to

Theorem 5.2.4 on condition that Conjecture 5.2.1 is true. Theorem 5.2.4 asserts that every

element of GB(n), defined in 4.0.1 as the reduced Gröbner basis associated for FK(n) with

respect to the special monomial order defined in Definition 1.2.1, is a z-star polynomial for

n ≥ 3.

Since elements of GB(n) are the result of reduction of S-polynomials, to prove Theorem

5.2.4, we need to check S-polynomials. However for every z-star polynomials p and q we

have S(p, q) reduces to a z-star polynomial w.r.t. a list of z-stars (as we will show in the

following lemma). Therefore we need to check only S-polynomials S(p, q, k + 1)
G(k)(n)

,

where p ∈ G(2)(n) (the degree 2 subset of G(k)(n) in (4.2)) and q ∈ G(k)(n) (assumed to be

z-star for k > 2), also where q ∈ G(2)(n) and p ∈ G(k)(n) (assumed to be z-star for k > 2).
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Remark 5.0.1. We use notation G(d)(n) to denote the set of elements of GB(n) of degree

≤ d, also the notation G(2)(n) to denote the 2-terms of GB(n). A general degree d element of

GB(n) is denoted by xa1zxa2z · · ·xadz+M2+M3+· · ·+Ml, or just by g = M1+M2+· · ·+Ml,

where M1 = xa1zxa2z · · ·xadz is the leading term LT and xa1z is the leading variable of the

leading term. We underline the leading terms when necessary. Another situation we use

underline is when emphasizing, in the chain of calculations, where we are working or doing a

reduction.

As in Remark 2.2.8, calculation of Gröbner basis of FK(n) is via S(g1, g2, d+ 1)
G(d)(n)

as

there is no generators of deg ≥ 3 for the ideal associated to FK(n). In the following lemma,

we find this if g1 and g2 are both z-stars.

Lemma 5.0.2. Let g1 and g2 be z-star elements of degrees s ≥ 3 and t ≥ 3 respec-

tively in G(d)(n). Assume all the elements of degree ≥ 3 in G(d)(n) are z-stars. Then

S(g1, g2, d+ 1)
G(d)(n)

is either a z-star or zero.

Proof. Here we need to calculate S(g1, g2, d + 1). Referring to Definition 2.1.7, the length

of the overlap v between the leading monomials of g1 and g2 with respect to integer d+ 1 is

l(v) = s+ t− (d+ 1). We first look at case l(v) = 1. For such an overlap to a available we

need 1 = s+ t− (d+ 1), so we have d+ 1 = s+ t− 1, otherwise there would be no overlap

available, so results in zero.

Then to have an overlap of length 1 between the leading terms of g1 and g2 we need them

to be of the following forms (otherwise there would be no overlap, so a zero result):

g1 = xa1zxa2z · · ·xasz +M2 + · · ·+Mp, and g2 = xaszxas+1z · · · xas+t−1z +M ′
2 + · · ·+M ′

p′ ,
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where M2, · · · ,Mp and M ′
2, · · · ,M ′

p′ are z-star monomials. Then we will have

S(g1, g2,d+ 1) = S(g1, g2, s+ t− 1) =

=xa1zxa2z · · ·xas−1zM
′
2 + xa1zxa2z · · ·xas−1zM

′
3 + · · ·+ xa1zxa2z · · ·xas−1zM

′
p

−M2xas+1z · · ·xas+t−1z −M3xas+1z · · ·xas+t−1z − · · · −Mpxas+1z · · ·xas+t−1z.

However it is obvious that all the monomials in S(g1, g2, s+ t− 1) in the above equation are

z-stars, so are not divisible by elements of G(2)(n) (as they are not z-stars). So their reduction

w.r.t. degree ≥ 3 terms in G(d)(n) (by assumption z-stars) would be a z-star polynomial

or zero. Therefore S(g1, g2, s+ t− 1)
G(d)(n)

is either a z-star polynomial or zero. For case

l(v) > 1, the proof is similar.

The above theorem guarantees that S-polynomials between two z-star polynomials in

G(d)(n) reduces to a z-star element or zero, under reduction w.r.t. G(d)(n). Therefore we need

to look into the cases S(p, q) where p ∈ G(2)(n) and q is a z-star also where q ∈ G(2)(n) and

p is a z-star.

5.1 S-polynomial of a degree 2 term of Gröbner basis and

a z-star

The following lemma is applied frequently in the sequel. In this lemma, for a z-star monomial

of general form M = xa1zxa2z · · · xadz, we derive a formula for the reduction of xβαM

with respect to 2-terms in (4.2), denoted G(2)(n). To be clear we need to emphasis that this
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reduction could be incomplete, we denote it by the symbol
mod G(2)(n)−−−−−−−→ to show the equivalence

modulo (the ideal generated by) G(2)(n) or in general
mod G(l)(n)−−−−−−→ to show the equivalence

modulo (the ideal generated by) G(l)(n), the symbols we use frequently in the sequel.

Lemma 5.1.1. Let τβα denote transposition of indexes α and β where 1 ≤ β < α < z ≤

n, and consider a z-star monomial M = xa1zxa2z · · · xadz. Then we have the following

equivalence modulo G(2)(n) of xβαM where G(2)(n) is the set of 2-terms of GB(n) in (4.2)

associated with FK(n).

xβαM
mod G(2)(n)−−−−−−→ τβα(M)xβα

+
d∑
s=1

τβα(xa1z · · ·xas−1z)


xαzxβz, as = α

−xβzxαz, as = β

0, otherwise

xas+1z · · ·xadz.
(5.1)

Proof. We first prove the following claim.

CLAIM I: Let 1 ≤ β < α < z ≤ n and a < z, then we have the following equivalence.

xβαxaz
mod G(2)(n)−−−−−−−→ τβα(xaz)xβα +


xαzxβz, if a = α,

−xβzxαz, if a = β,

0 otherwise.

(5.2)

The terms on the r.h.s. of Equation (5.2) are not divisible by any leading 2-term, so it is

indeed a reduction but, as far as it comes to the process of the proof of the statement, for now,

equivalence modulo G(2)(n) is enough. We prove this claim by cases.
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Applying FK(n) relations, ii) : xβαxγz−xγzxβα, iii) : xβαxαz−xαzxβz−xβzxβα, and

iii′) : xβαxβz − xαzxβα + xβzxαz, with underlined leading terms, we have the following cases.

1. If a = α, then xβαxαz → xαzxβz + xβzxβα = xαzxβz + τβα(xaz)xβα,

2. If a = β, then xβαxβz → xαzxβα − xβzxαz = τβα(xβz)xβα − xβzxαz = ταβ(xaz)xβα −

xβzxαz,

3. If a 6= α, β, then xβαxaz → xazxβα = τβα(xaz)xβα.

We summarize the above items in

xβαxaz →


τβα(xaz)xβα + xαzxβz, if a = α,

τβα(xaz)xβα − xβzxαz, if a = β,

τβα(xaz)xβα, otherwise,

(5.3)

which is equivalent to Equation (5.2). However Equation (5.2) could be seen, in the context of

the monomial M = xa1zxa2z · · ·xadz, as the result of passing xβα over xa1z to the right, as in

xβα(xa1z · · ·xadz)→ ταβ(xa1z)xβαxa2z · · ·xadz +


xαzxβz if a1 = α

−xβzxαz if a1 = β

0 otherwise

xa2z · · ·xadz,

(5.4)

and extension of this idea to the case of passing xβα to the right over the whole monomial

M = xa1zxa2z · · ·xadz, motivates the following claim.

CLAIM II: With the same setting of indexes as in CLAIM I, and for 1 ≤ t ≤ d, we have

59



the following equivalence modulo G(2)(n).

xβαM = xβα(xa1z · · ·xadz)
mod. G(2)(n)−−−−−−−−−−−−−−→

xβα passes over xa1z ···xatz
τβα(xa1z · · ·xatz)xβαxat+1z · · ·xadz

+
t∑

s=1

τβα(xa1z · · · xas−1z)


xαzxβz, if as = α

−xβzxαz, if as = β

0, otherwise

xas+1z · · · xat+1z · · ·xadz.

(5.5)

To prove CLAIM II, we consider Equation (5.4) as the base of induction. For inductive step,

we apply Equation (5.2) to the underlined part in (5.5) to get an expression for t + 1. The

underlined two variables in the above is the only divisible by 2-terms. As xβα moves to the

right, step by step, makes new divisible parts.

Therefore we have

xβαM = xβα(xa1z · · ·xadz)
mod G(2)(n)−−−−−−−→ τβα(xa1z · · ·xatz)

[
τβα(xat+1z)xβα

+


xαzxβz, if at+1 = α;

−xβzxαz, if at+1 = β,

0 otherwise

]
xat+2z · · ·xadz

+
t∑

s=1

τβα(xa1z · · ·xas−1z)


xαzxβz, if as = α

−xβzxαz, if as = β

0, otherwise

xas+1z · · ·xadz =
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= τβα(xa1z · · ·xatz)τβα(xat+1z)xβαxat+2z · · ·xadz

+τβα(xa1z · · ·xatz)


xαzxβz, if at+1 = α;

−xαzxαz, if at+1 = β,

0 otherwise

xat+2z · · ·xadz

+
t∑

s=1

τβα(xa1z · · ·xas−1z)


xαzxβz, if as = α

−xβzxαz, if as = β

0, otherwise

× xas+1z · · ·xadz

= τβα(xa1z · · · xatzxat+1z)xβαxat+2z · · ·xadz

+τβα(xa1z · · ·xatz)


xαzxβz, if at+1 = α;

−xβzxαz, if at+1 = β,

0 otherwise

xat+2z · · ·xadz

+
t∑

s=1

τβα(xa1z · · ·xas−1z)


xαzxβz, if as = α

−xβzxαz, if as = β

0, otherwise

xas+1z · · ·xadz =

= τβα(xa1z · · ·xatzxat+1z)xβαxat+2z · · ·xadz

+
t+1∑
s=1

τβα(xa1z · · ·xas−1z)


xαzxβz, if as = α

−xβzxαz, if as = β

0, otherwise

xas+1z · · ·xadz,

which completes the proof of CLAIM II.

Now in the statement of CLAIM II, Equation (5.5), letting t = d, yields the following.
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xβαM
mod G(2)(n)−−−−−−−→ τβα(M)xβα+

+
d∑
s=1

τβα(xa1z · · ·xas−1z)


xαzxβz, as = α

−xβzxαz, as = β

0, otherwise

xas+1z · · ·xadz.
(5.6)

This completes the proof.

Definition 5.1.2. For a z-star monomial M = xa1zxa2z · · ·xadz we define its associated

polynomial w.r.t α and β, denoted by M̃(α, β) by

M̃(α, β) =
∑

1≤s≤d: as=α

τβα(xa1z · · ·xas−1z)(xαzxβz)xas+1z · · ·xadz. (5.7)

Similarly for any z-star polynomial g = M1 + · · ·+Mt, we call

g̃(α, β) = M̃1(α, β) + · · ·+ M̃t(α, β) associated polynomial to g if

M̃i(α, β) is associated to Mi, for i = 1, · · · , t.
(5.8)

Remark 5.1.3. From (5.7) we notice that M̃ is a z-star but could be a monomial or a

homogeneous polynomial with deg(M̃) = deg(M) + 1. Also it is clear that in general

M̃(α, β) 6= M̃(β, α) and M̃(α, β) 6= ταβM̃(β, α). Also M̃(α, β) = 0 if as 6= α for s =

1, 2, · · · , d or if xαz and xβz appear in M only as consecutive variables xαzxβz, as then

the defining sum of M̃(α, β) consists of only one term which is equal to zero. Similarly

M̃(β, α) = 0 if as 6= β for s = 1, 2, · · · , d or if xαz and xβz appear in M only as consecutive

variables xβzxαz. It is also clear from (5.8) that g̃ is z-star, as it is the sum of z-star summands

M̃ .

Example 5.1.4. Let M = xa1zxa2z · · ·xad−1zxa1z where ai, for i = 1, · · · , d− 1 are distinct
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(notice that the variable xa1z appears at two ends of M ). Then by (5.7) for β 6= ai, i =

1, 2, · · · , d− 1 we have

M̃(a1, β) =

= τβa1(xa1z · · ·xa0z)(xa1zxβz)xa2zxa3z · · ·xad−1zxa1z + τβa1(xa1zxa2z · · ·xad−1z)(xa1zxβz)

= xa1zxβzxa2zxa3z · · ·xad−1zxa1z + xβzxa2zxa3z · · ·xad−1zxa1zxβz.

Hence

M̃(a1, β) = xa1zxβzxa2zxa3z · · ·xad−1zxa1z + xβzxa2zxa3z · · ·xad−1zxa1zxβz. (5.9)

However M̃(β, a1) = 0 as there is no variable xasz inM with as = β as β 6= ai by assumption.

Example 5.1.5. Let Mj = xajzxaj+1z · · ·xad−1zxa1zxa2z · · · xajz where the indexes as, s =

1, · · · d − 1 are distinct. Then by (5.7) for β 6= ai, i = 1, 2, · · · , d − 1 we have M̃(a1, β) =

τβa1(xajzxaj+1z · · ·xad−1z)(xa1zxβz)xa2zxa3z · · ·xajz. Hence

M̃j(a1, β) = xajzxaj+1z · · ·xad−1zxa1zxβzxa2zxa3z · · ·xajz. (5.10)

Proposition 5.1.6. For a z-star monomial M = xa1zxa2z · · ·xadz and for α, β < z we have

xβαM
mod G(2)(n)−−−−−−→ τβα(M)xβα + M̃(α, β)− M̃(β, α). (5.11)

Example 5.1.7. Let β 6= a, b and let M = xazxbzxaz then a1 = a, a2 = b and a3 = a. Then

M̃(a, β) =
∑
{m: am=a, i.e, m=1,3} τβa(xa1z · · ·xam−1z)xazxβz(xam+1z · · ·xadz)

= τβa(1)xazxβz(xbzxaz) + τβa(xazxbz)xazxβz = xazxβzxbzxaz + xβzxbzxazxβz.

AlsoM̃(β, a) = 0 as by assumption β 6= a, b or in other words

M̃(β, a) =
∑
{m:am=β}→φ τβa(xa1z · · ·xam−1z)xβzxaz(xam+1z · · ·xadz) → 0, as the sum is
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over empty set.

Proof of Proposition 5.1.6. Equation (5.1) could be rewritten as

xβαM
mod G(2)(n)−−−−−−−→τβα(M)xβα

+
∑

1≤s≤d: as=α

τβα(xa1z · · ·xas−1z)(xαzxβz)xas+1z · · ·xadz

−
∑

1≤s≤d: as=β

τβα(xa1z · · ·xas−1z)(xβzxαz)xas+1z · · ·xadz.

(5.12)

Now an application of Definition 5.1.2 to the above equation yields

xβαM
mod G(2)(n)−−−−−−−→ τβα(M)xβα + M̃(α, β)− M̃(β, α). (5.13)

This completes the proof.

Example 5.1.8. Let M = xa1zxa2z · · ·xadz, with distinct ai < z for i = 1, 2, · · · , d. Then for

indexes α and β, such that ai 6= α, β we have (τβαM)xβα = Mxβα, and M̃(α, β) = 0 =

M̃(β, α). Therefore xβαM = Mxβα, as expected.

Example 5.1.9. For indexes α, β < z, Let M = xa1zxa2z · · ·xad−1zxa1z, with distinct indexes

ai, i = 1, 2, · · · d − 1. According to the notation of indexes in Proposition 5.1.6 we have

α = a1, ai 6= β, i = 1, 2, · · · , d− 1. Then

(τβa1M)xβa1 =xβzxa2zxa3z · · ·xad−1zxβzxβa1 ,

M̃(a1, β) =xa1zxβzxa2z · · ·xad−1zxa1z + τβa1(xa1zxa2z · · ·xad−1z)xa1zxβz.

Also M̃(β, a1) = 0 as by assumption we have β 6= ai.

Hence we have the following.
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xβa1M =xβzxa2zxa3z · · ·xad−1zxβzxβa1 + xa1zxβzxa2z · · ·xad−1zxa1z

+ xβzxa2zxa3z · · · xad−1zxa1zxβz.

Example 5.1.10. let M = xazxbzxaz with a and b distinct. Let indexes α, β < z such that β 6=

a, b, then according to the notation of Proposition 5.1.6, we have a1 = a, a2 = b and a3 = a.

Then xβaM = xβa(xazxbzxaz)
mod G(2)(n)−−−−−−→ τβa(xazxbzxaz)xβa+M̃(a, β)+M̃(β, a). However

from Example 5.1.7 we have M̃(a, β) = xazxβzxbzxaz + xβzxbzxazxβz, and M̃(β, a) = 0 as

β 6= a, b, which upon substitution into the above we get

xβaM = (xβzxbzxβz)xβa + xazxβzxbzxaz + xβzxbzxazxβz.

Proposition 5.1.6 is useful in proving the following Lemmas 5.1.11 to 5.1.15 where we

prove that for p ∈ G(2)(n), S(p, g, d+ 1)
G(d)(n)

equals either a z-star or zero, where g is a

degree d element of GB(n).

Lemma 5.1.11. Let g =
∑l

i=1Mi = xa1zxa2z · · · xadz + M2 + · · · + Ml be a general

degree d element of GB(n) where xa1zxa2z · · ·xadz is the leading monomial. Assume all

the elements of degree ≥ 3 in G(d)(n) are z-stars. Then S(xijxij, g, d+ 1)
G(d)(n)

and

S(g, xijxij, d+ 1)
G(d)(n)

, are z-star elements of GB(n) or zero.

Proof. From all the possible values for the indexes in xijxij the only cases for the 2-term to

result in non-zero S-polynomial with our z-star g, are z-star 2-terms xa1zxa1z and xadzxadz.

Then by Lemma 5.0.2, S-polynomial of two z-stars reduces to z-star or zero w.r.t. G(d)(n),

as all the elements of degree ≥ 3 in G(d)(n) are z-stars by hypothesis. This completes the

proof.

65



Remark 5.1.12. In the following Lammas, while g may not be a complete reduction, we arrive

at an intermediate step where we have only z-star. Any further reduction (as seen in Lemma

5.0.2) preserve the z-star property.

Lemma 5.1.13. Let g =
∑l

i=1Mi = xa1zxa2z · · ·xadz +M2 + · · ·+Ml be a general degree

d, z-star element of GB(n) where xa1zxa2z · · ·xadz is the leading monomial. For α, β < z

let the monomials in g contain variables xαz and/or xβz with any multiplicity. Assume all

the elements of degree ≥ 3 in G(d)(n) are z-stars. Then S(xijxkl − xklxij, g, d + 1) under

reduction w.r.t. G(d)(n) reduces to the following z-star polynomial or zero.

g′ = g̃(β, α)− g̃(α, β)
G(d)(n)

, (5.14)

where g̃(β, α) and g̃(α, β) are defined in Definition 5.1.2.

Proof of Lemma 5.1.13. From all possibilities for xijxkl − xklxij, the one’s that results in a

possibly nonzero S-polynomial with our z-star g are

xαβxa1z − xa1zxαβ,

where α, β, a1, z are distinct. So we have:

xαβxa1z
mod G(2)(n)−−−−−−−→ xa1zxαβ.

Therefore we are restricted to

S(xαβxa1z − xa1zxαβ, xa1zxa2z · · ·xadz +M2 + · · ·+Ml, d+ 1).
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Then

S(xαβxa1z − xa1zxαβ, xa1zxa2z · · ·xadz +M2 + · · ·+Ml, d+ 1)

= xαβM2 + · · ·+ xαβMl + xa1zxαβxa2z · · ·xadz

= xαβM2 + · · ·+ xαβMl + xαβxa1zxa2z · · ·xadz

= xαβ

l∑
i=1

Mi

mod G(2)(n)−−−−−−−→
l∑

i=1

[(ταβMi)xαβ + M̃i(β, α)− M̃i(α, β)]

= ταβ[
l∑

i=1

Mi]xαβ +
l∑

i=1

[M̃i(β, α)− M̃i(α, β)]

= ταβ(g)xαβ + g̃(β, α)− g̃(α, β).

However ταβ(g) is in the ideal as ideal is closed under Sn. Since ταβ(g) is in the ideal and

it is of degree ≤ d it is divisible w.r.t. G(d)(n), and so is its multiple ταβ(g)xα,β. Therefore

ταβ(g)xα,β
G(d)(n)

= 0, so we are left with the z-star polynomial g̃(β, α) − g̃(α, β). While

this could be not a complete reduction and it could be subject to further reduction, however

being a z-star polynomial, under any further reduction, it reduces to either a z-star polynomial

g′ = g̃(β, α)− g̃(α, β)
G(d)(n)

or zero by Lemma 5.0.2. This completes the proof.

Lemma 5.1.14. Let g =
∑l

i=1Mi = xa1zxa2z · · ·xadz +M2 + · · ·+Ml be a general degree

d, z-star element of GB(n) where xa1zxa2z · · · xadz is the leading monomial. For β < z let

monomials in g contain variable xβz with any multiplicity. Assume all the elements of degree

≥ 3 in G(d)(n) are z-stars. Then S(xijxjk − xjkxik − xikxij, g, d+ 1) under reduction w.r.t.

G(d)(n) reduces to the following z-star element of GB(n) or zero.

g′ = g̃(a1, β)− g̃(β, a1)
G(d)(n)

. (5.15)
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Proof. As before restricting our 2-term to those not result in obviously zero S-polynomials,

we calculate S(xβa1xa1z − xa1zxβz − xβzxβa1 , xa1zxa2z · · ·xadz +M2 + · · ·+Ml, d+ 1).

Calculations similar to those for Lemma 5.1.13 gives S-polynomial

S(xβa1xa1z − xa1zxβz − xβzxβa1 , xa1z · · ·xadz +M2 + · · ·+Ml, d+ 1) =

xβa1M2 + · · ·+ xβa1Ml + xa1zxβzxa2z · · ·xadz + xβzxβa1xa2z · · · xadz.
(5.16)

However in Equation (5.16), consider the last term and let xβzxβa1xa2z · · ·xadz = xβzxβa1M
′,

where M ′ = xa2z · · · xadz. Then

xβzxβa1xa2z · · ·xadz = xβzxβa1M
′ mod G(2)(n)−−−−−−−→ xβz[τβa1(M

′)xβa1 + M̃ ′(a1, β)− M̃ ′(β, a1)].

Therefore

xβzxβa1xa2z · · ·xadz
mod G(2)(n)−−−−−−−→ xβzτβa1(M

′)xβa1 + xβzM̃ ′(a1, β)− xβzM̃ ′(β, a1) (5.17)

where M ′ = xa2z · · · xadz.

We now calculate the three terms on r.h.s. of (5.17).

1. xβzτβa1(M
′)xβa1 = xβzτβa1(xa2z · · ·xadz)xβa1 = τβa1(xa1zxa2z · · ·xadz)xβa1

= τβa1(M1)xβa1 .

2. xβzM̃ ′(β, a1)
def
= xβz

∑
2≤s≤d: as=a1

τβa1(xa2z · · ·xas−1z)(xa1zxβz)xas+1z · · · xadz =∑
1≤s≤d: as=a1

τβa1(xa1zxa2z · · ·xas−1z)(xa1zxβz)xas+1z · · · xadz
def
= M̃1(β, a1).
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3. similar calculations yields , xβzM̃ ′(a1, β)
mod G(2)(n)−−−−−−−→ M̃1(a1, β)−xa1zxβzxa2z · · ·xadz.

Substitution the above three items into (5.17) yields

xβzxβa1xa2z · · ·xadz
mod G(2)(n)−−−−−−−→

(τβa1M1)xβa1 + M̃1(a1, β)− M̃1(β, a1)− xa1zxβzxa2z · · ·xadz.
(5.18)

Also

xβa1M2 + · · ·+xβa1Ml =
l∑

i=2

xβa1Mi
mod G(2)(n)−−−−−−−→

l∑
i=2

τβa1(Mi)xβa1 +M̃i(a1, β)−M̃i(β, a1).

(5.19)

Now substitution of (5.18), and (5.19) into (5.16) yields:

S(xβa1xa1z − xa1zxβz − xβzxβa1 , xa1z · · ·xadz +M2 + · · ·+Ml, d+ 1)

mod G(2)(n)−−−−−−−→
l∑

i=1

[τβa1Mixβa1 + M̃i(a1, β)− M̃i(β, a1)]

= τβa1(
l∑

i=1

Mi)xβa1 +
l∑

i=1

[M̃i(a1, β)− M̃i(β, a1)]

= τβa1(g)xβa1 + g̃(a1, β)− g̃(β, a1)

mod G(d)(n)−−−−−−−→ g̃(a1, β)− g̃(β, a1), as τβa1(g)xβa1
red. w.r.t. G(d)(n)−−−−−−−−−−→ 0, as before.

Hence

S(xβa1xa1z − xa1zxβz − xβzxβa1 , xa1z · · ·xadz +M2 + · · ·+Ml, d+ 1)

mod G(d)(n)−−−−−−−→ g̃(a1, β)− g̃(β, a1),

which is z-star and under any further reduction, it reduces to a z-star polynomial
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g′ = g̃(a1, β)− g̃(β, a1)
G(d)(n)

or zero by Lemma 5.0.2. This completes the proof.

Lemma 5.1.15. Let g =
∑l

i=1 Mi = xa1z · · · xadz + M2 + · · · + Ml be a general degree d,

z-star element of GB(n) where xa1z · · ·xadz is the leading monomial. For β < z let g involves

variable xβz with any multiplicity. Assume all the elements of degree ≥ 3 in G(d)(n) are

z-stars. Then, S(xijxik − xjkxij + xikxjk, g, d+ 1) under reduction w.r.t. G(d)(n), reduces to

a z-star element of GB(n) by

g′ = g̃(β, a1)− g̃(a1, β)
G(d)(n)

. (5.20)

Proof. Like before restricting our degree 2 elements of GB(n) to the ones that do not result

in obviously zero S-polynomials, we calculate S(xa1βxa1z − xβzxa1,β + xa1zxβz, g, d + 1).

Calculations give

S(xa1βxa1z − xβzxa1,β + xa1zxβz, xa1z · · ·xadz +M2 + · · ·+Ml, d+ 1) =

xa1βM2 + · · ·+ xa1βMl + xβzxa1βxa2z · · ·xadz − xa1xβzxa2z · · ·xadz.
(5.21)

Calculations similar to those for the proof of Lemma 5.1.14 shows that

xβzxa1βxa2z · · ·xadz
mod G(2)(n)−−−−−−−→

(τa1βM1)xa1β + M̃1(β, a1)− M̃1(a1, β) + xa1zxβzxa2 · · ·xadz.
(5.22)

and

xβa1M2 + · · ·+ xβa1Ml
mod G(2)(n)−−−−−−−→

l∑
i=2

τa1βMixa1β + M̃i(β, a1)− M̃i(a1, β). (5.23)

Now substitution of (5.22), and (5.23) into (5.21) yields the following.
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S(xa1βxa1z − xβzxa1,β + xa1zxβz, xa1z · · ·xadz +M2 + · · ·+Ml, d+ 1)

mod G(2)(n)−−−−−−−→ τa1β(
l∑

i=1

Mi)xa1β +
l∑

i=1

{M̃i(β, a1)− M̃i(a1, β)}

= τa1β(g)xa1β + g̃(β, a1)− g̃(a1, β)

red. w.r.t. G(d)(n)−−−−−−−−−−→ g̃(β, a1)− g̃(a1, β), as τa1β(g)xa1β
red. w.r.t. G(d)(n)−−−−−−−−−−→ 0.

Hence

S(xa1βxa1z − xβzxa1,β + xa1zxβz, xa1z · · ·xadz +M2 + · · ·+Ml, d+ 1)

mod G(d)(n)−−−−−−−→ g̃(β, a1)− g̃(a1, β),

(5.24)

which is a z-star polynomial and under any further reduction, it reduces to a z-star polynomial

g′ = g̃(β, a1)− g̃(a1, β)
G(d)(n)

or zero by Lemma 5.0.2. This completes the proof.

Remark 5.1.16. Having a general z-star element g of degree d in G(d)(n), Equations (5.14),

(5.15) and (5.20) provide concise formulas for finding the higher degree element g′ of degree

d + 1. We summarize Lemmas 5.1.13, 5.1.14 and 5.1.15 in Table 5.1 with over line on the

terms in the right column as emphasis on the point made in Remark 5.1.12. We see that the

result for degree 2 elements of GB(n)

xβa1xa1z − xa1zxβz − xβzxβa1 and xa1βxa1z − xβzxa1β + xa1zxβz

are the same up to sign.

We summarize Lemmas 5.1.11, 5.1.13, 5.1.14 and 5.1.15 in the following proposition.

Proposition 5.1.17. Let g =
∑l

i=1Mi = xa1z · · ·xadz +M2 + · · ·+Ml be a general degree

71



Table 5.1: S(p, g, d+ 1)
G(d)(n)

, p ∈ G(2)

p ∈ G(2)(n) g: element of GB(n) of degree d S(p, g, d+ 1)
G(d)(n)

xαβxa1z − xa1zxαβ xa1z · · ·xadz +M2 + · · ·+Ml g̃(β, α)− g̃(α, β)
G(d)(n)

xβa1xa1z − xa1zxβz − xβzxβa1 xa1z · · ·xadz +M2 + · · ·+Ml g̃(a1, β)− g̃(β, a1)
G(d)(n)

xa1βxa1z − xβzxa1β + xa1zxβz xa1z · · ·xadz +M2 + · · ·+Ml −g̃(a1, β) + g̃(β, a1)
G(d)(n)

d, z-star element of G(d)(n). Assume that all the elements of degree≥ 3 in G(d)(n) are z-stars.

Then S(p, g, d+ 1), where p ∈ G(2), under reduction w.r.t. G(d)(n) reduces either to zero or a

z-star element of GB(n).

5.2 The conjecture on the vanishing of some S-polynomials

Our calculations in the next section yields some lemmas and propositions that strongly suggest

the following conjecture.

Conjecture 5.2.1. Let g be an element of degree d ≥ 3 in G(d)(n), the set of elements of the

reduced Gröbner basis with degree ≤ d, for the ideal associated to FK(n) with respect to the

ordering defined in Definition 1.2.1. Assume all of the elements of degree ≥ 3 in G(d)(n) are

z-stars. Then for p ∈ G(2)(n), S(g, p, d+ 1), w.r.t. G(d)(n) reduces to zero.

Remark 5.2.2. If Conjecture 5.2.1 is true, then for g =
∑l

i=1Mi, a z-star element of degree

d in G(d)(n), there is a higher degree element

g′ = S(p, g =
l∑

i=1

Mi, d+ 1)

G(d)(n)

= g̃(β, α)− g̃(α, β)
G(d)(n)

,

where p ∈ G(2)(n) and where the indexes α, β < z are in p. According to Remark 5.1.3, for
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M̃i(α, β) and/or M̃i(β, α) in g̃(α, β) and/or g̃(β, α) respectively, not to be zero, we need the

variables xαz and/or xβz appear in monomials Mi(α, β) and/or Mi(β, α) respectively at least

once but not as consecutive variables xαzxβz and/or xβzxαz respectively.

For a finite n (so finite number of indexes), consider S(p, g =
∑l

i=1 Mi, d+ 1)
G(d)(n)

for any

p ∈ G(2)(n) as an operation of p on g from left. Then, for any fixed pair of indexes (α, β)

where α, β < z, after a finite number of successive applications of elements p ∈ G(2) from left

on g (no matter successive applications are with the same element or with different elements

having the same fixed indexes (α, β)), we are eventually left with monomials wherein the

variables xαz and xβz appear only as consecutive variables xαzxβz or xβzxαz, so we come up

(eventually) with zero, i.e., the generation of new terms terminates.

Application of the above considerations reflected from Table 5.1 provides not only a conjec-

turally faster computer program for calculating Gröbner basis but also could give some hint

on how to attack the problem of dimension for n = 6.

On condition that Conjecture 5.2.1 holds Proposition 5.1.17 together with Lemma 5.0.2

yield the following proposition.

Proposition 5.2.3. On condition that Conjecture 5.2.1 holds, let G(d)(n) be the set of elements

of Gröbner basis of degree ≤ d for the ideal associated to FK(n) with respect to the ordering

defined in Definition 1.2.1. Then if all the elements of G(d)(n) of degree ≥ 3 are z-stars, same

is true for G(d+1)(n).

Proposition 4.1.1 as the base of induction, together with Proposition 5.2.3 as the inductive

step prove the following Theorem which is one of the main goals of my project.

Theorem 5.2.4. On condition that Conjecture 5.2.1 holds, let G(d)(n) be the set of elements

of degree ≤ d of GB(n), the reduced Gröbner basis w.r.t. ordering defined in 1.2.1 for the
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ideal associated to FK(n). Then all the elements of the G(d)(n) with degree ≥ 3 are z-star

polynomials for 3 ≤ z ≤ n.

5.3 Evidences supporting our conjecture

The material of this section are in support of conjecture 5.2.1. Here we recognize some

important classes of Gröbner basis elements g for the ideal associated to FK(n) for which

if g is of degree d then S(g, p, d + 1) for p ∈ G(2), reduce to zero by reduction w.r.t lower

degree terms. We start with the following definition.

Definition 5.3.1. GB(n) elements of type-one. For distinct indexes ai and z, for 1 ≤ ai <

z ≤ n, we call any homogeneous polynomial of the following form a type-one element of

GB(n) for ideal associated to FK(n) if it is of the following form,

g =
d−1∑
j=1

xajzxaj+1z · · ·xad−1zxa1z · · · xajz, (5.25)

where d is the degree of the polynomial, 3 ≤ d ≤ n, and where the number of monomials in

the polynomial is d− 1.

Remark 5.3.2. In the sequel we denote a type- one degree d element of GB(n) alternatively

by

g = xa1zxa2z · · ·xad−1zxa1z +
d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xajz, or

g = M1 +M1 + · · ·+Md−1,

(5.26)

where Mi = xaizxai+1z · · ·xad−1zxa1zxa2z · · ·xaiz, and, where M1 = xa1zxa2z · · ·xad−1zxa1z
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is the leading term of g shown underlined.

Example 5.3.3. The set of elements of degree 3 in GB(n) found in Proposition 4.1.1 and

recalled in here

T (3)(n) =
{
xbzxazxbz + xazxbzxaz : 1 ≤ a < b < z ≤ n

}
, (5.27)

as well as all the degree 4 elements ofGB(n) derived in Equation 4.4 are examples of type-one

elements of GB(n).

Remark 5.3.4. Since the length of g in Definition 5.3.1 is d and the maximum value for d is

n (as variables xaiz are distinct except for the first and the last one in each monomial, and

ai < z ≤ n, i = 1, 2, · · · d− 1), the highest degree of type-one elements of GB(n) for FK(n)

is n.

Remark 5.3.5. It is worth to refer to a more general form of type-one elements of GB(n)

derived from 5.3.1 by relabeling variable indexes, like the following

g =
d−1∑
j=m

xajzxaj+1z · · ·xad−1zxamz · · ·xajz, (5.28)

which is a type-one but of degree d−m+ 1, or even more general forms

g =
d−1∑

j=m−l

xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xalzxamzxam+1z · · ·xajz, (5.29)

which is of degree d+ l −m+ 1.

Another form of type-one but of degree (d− i) is the following.
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g =
m−i∑
t=1

xatzxat+1z · · ·xam−izxam+1zxam+2z · · ·xad−1zxa1z · · ·xatz+

d−1∑
t=m+1

xatzxat+1z · · ·xad−1zxa1z · · ·xatz.
(5.30)

We are going to use these general forms alternatively in the sequel. It is also worth noting

that the number of monomials in a type-one element is always one unit less than the degree (it

is clear from the structure of type-one).

Remark 5.3.6. The family of elements of type-one is in the ideal of Fomin-Kirillov Algebra as

it is the result of the reduction of S-polynomials. To prove this we show that the S-polynomial

between at least a specific 2-term and a degree d type-one element of G(d)(n) reduces w.r.t.

G(d)(n) to a type-one degree d+ 1 element of GB(n), and conversely any type-one element is

the result of the reduction of S-polynomial between a 2-term and a type-one. We cover this in

the following lemma.

Lemma 5.3.7. (also shown in [14], Lemma 7.2)

Let

g1 = xa1zxa2z · · ·xad−1zxa1z +
d−1∑
j=2

xajzxaj+1z · · · xad−1zxa1z · · ·xajz

be a type-one element in G(d)(n). Then for 2-term xβa1xa1z − xa1zxβz − xβzxβa1 , with the

assumption that β 6= ai, i = 1, 2, · · · , d − 1, and β < a1, the S-polynomial S(xβa1xa1z −

xa1zxβz − xβzxβa1 , g1, d + 1) reduces w.r.t. G(d)(n) to a degree d + 1 type-one element of

Gröbner basis. Conversely, given a type-one degree d polynomial g1, there is a type-one

degree d− 1 polynomial g2 and a degree 2 element R of GB(n) such that

S(R, g2, d)
red. w.r.t. G(d−1)(n)−−−−−−−−−−−→ g1.
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Proof. 1. We rewrite g1 as g1 = M1 +
∑d−1

j=2 Mj , where

M1 = xa1zxa2z · · ·xad−1zxa1z,

and

Mj = xajzxaj+1z · · ·xad−1zxa1z · · ·xajz.

By Equation (5.24) the S-polynomial in the statement reduces w.r.t. G(d)(n) to

g′1 = g̃1(a1, β)− g̃1(β, a1).

However

g̃1(β, a1) = M̃1(β, a1) +
d−1∑
j=2

M̃j(β, a1) = 0,

as by definition of the associated monomial M̃ , Equation (5.7), we have

M̃1(β, a1) = M̃j(β, a1) = 0, j = 2, 3, · · · , d− 1,

as no ai equals β (the sum in Equation (5.7) in this case is over an empty set) and

g̃1(a1, β) = M̃1(a1, β) +
d−1∑
j=2

M̃j(a1, β),

where by Examples 5.1.4 and 5.1.5, we have

M̃1(a1, β) = xa1zxβzxa2zxa3z · · ·xad−1zxa1z + xβzxa2zxa3z · · · xad−1zxa1zxβz,

and

M̃j(a1, β) = xajzxaj+1z · · ·xad−1zxa1zxβzxa2zxa3z · · ·xajz.
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Hence we have

g′1 =g̃1(a1, β)− g̃1(β, a1)

=g̃1(a1, β)

=M̃1(a1, β) +
d−1∑
j=2

M̃j(a1, β)

=xa1zxβzxa2zxa3z · · ·xad−1zxa1z + xβzxa2zxa3z · · ·xad−1zxa1zxβz

+
d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1zxβzxa2zxa3z · · ·xajz.

By relabeling the indexes as

a1 = b1, β = b2, ai = bi+1, i ≥ 2,

we get

g′1 = xb1zxb2z · · ·xbdzxb1z + xb2zxb3z · · ·xbdzxb1zxb2z

+
d−1∑
j=2

xbj+1zxbj+2z · · · xbdzxb1zxb2z · · ·xbj+1z.

In the above, absorbing the 2nd monomial as j = 1 term in the sum we get

g′1 = xb1zxb2z · · ·xbdzxb1z +
d−1∑
j=1

xbj+1zxbj+2z · · ·xbdzxb1zxb2z · · ·xbj+1z

and readjusting the sum limits in the above yields

g′1 = xb1zxb2z · · · xbdzxb1z +
d∑
j=2

xbjzxbj+1z · · · xbdzxb1zxb2z · · ·xbjz, (5.31)

which is a type-one (see (5.26)) degree d+ 1 element of GB(n).

78



2. Conversely, given a type-one degree d polynomial

g1 = xb1zxb2z · · ·xbd−1zxb1z +
d−1∑
j=2

xbjzxbj+1z · · ·xbd−1zxb1zxb2z · · ·xbjz,

there is a 2-term

R = xb2b1xb1z − xb1zxb2z − xb2zxb2b1 ,

and there is degree d− 1 type-one element in G(d)(n),

g2 = xb1zxb3zxb4z · · ·xbd−1zxb1z +
d−1∑
j=3

xbjzxbj+1z · · ·xbd−1zxb1zxb3zxb4x · · ·xbjz,

(made by deleting monomial M2 = xb2zxb3z · · ·xbd−1zxb1zxb2z from g1 as well deleting

xb2z from every other monomial in g1), such that

S(R, g2, d)
mod G(d−1)(n)−−−−−−−−→ g1,

where g1 is of type-one and degree d, i.e., we need to show the following.

S(R, g2,d) = S(xb2b1xb1z − xb1zxb2z − xb2zxb2b1 ,

xb1zxb3zxb4z · · ·xbd−1zxb1z +
d−1∑
j=3

xbjzxbj+1z · · ·xbd−1zxb1zxb3zxb4x · · ·xbjz, d)

mod G(d−1)(n)−−−−−−−−→ g1.

(5.32)

Our simplified S-polynomial is
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S(R, g2, d) =xb2b1

d−1∑
j=3

xbjzxbj+1z · · ·xbd−1
xb1zxb3zxb4z · · ·xbjz

+ xb1zxb2zxb3z · · · xbd−1zxb1z + xb2zxb2b1xb3zxb4z · · ·xbd−1zxb1z

mod G(2)(n)−−−−−−−→
d−1∑
j=3

xbjzxbj+1z · · ·xbd−1zxb2b1xb1zxb3zxb4z · · ·xbjz

+ xb1zxb2zxb3z · · · xbd−1zxb1z + xb2zxb3zxb4z · · ·xbd−1zxb2b1xb1z

Applying

xb2b1xb1z
mod G(2)(n)−−−−−−−→ xb1zxb2z + xb2zxb2b1 ,

in the above and simplifying further, we will have the following.
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S(R, g2, d) =
mod G(2)(n)−−−−−−−→

d−1∑
j=3

xbjzxbj+1z · · · xbd−1
xb1zxb2z · · ·xbjz

+
d−1∑
j=3

xbjzxbj+1z · · ·xbd−1
xb2zxb3z · · ·xbjzxb2b1

+ xb1zxb2z · · · xbd−1zxb1z + xb2zxb3z · · ·xbd−1zxb1zxb2z

+ xb2zxb3z · · ·xbd−1zxb2zxb2b1

=
d−1∑
j=1

xbjzxbj+1z · · ·xbd−1
xb1zxb2z · · ·xbjz

+ (
d−1∑
j=2

xbjzxbj+1z · · ·xbd−1
xb2zxb3z · · ·xbjz)xb2b1

=
d−1∑
j=1

xbjzxbj+1z · · ·xbd−1
xb1zxb2z · · ·xbjz

+ (g3)xb2b1 (g3, type-one deg(d− 1))

mod G(d−1)(n)−−−−−−−−→
d−1∑
j=1

xbjzxbj+1z · · · xbd−1
xb1zxb2z · · ·xbjz

= g1, type-one degree d.

In the last step in the above, g3 of degree d−1 is of type-one, so is in I . So a multiple of it,

g3xb2b1 is in I and reduces to zero on reduction by G(d−1). Hence S(R, g2, d)
G(d−1)

= g1.

This completes the proof.

In support of our conjecture we show that for a type one elements g of degree d in GB(n)

and p ∈ G(2)(n), S(g, p, d+ 1)→ 0 on reduction w.r.t lower degree terms. However before

getting into that we need to prove the following lemma which is used in proofs in the sequel.
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In the process of reduction when we are involved in a monomial M = M1LT (g)M2, where g

is of degree d and M1 and M2 are monomials and where M is not divisible by any g′ ∈ GB(n)

of degree < d, then the following lemma is helpful.

Lemma 5.3.8. For any type-one element g =
∑d−1

j=1 xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xajz ∈

GB(n), we have

xa1zxa2z · · ·xad−1zxa1z
mod g−−−→ −

d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1z · · ·xaj . (5.33)

Proof. Recall the algorithm of reduction p→ p− ci
LC(g)

ugv. Let p = LT (g), then by taking

u = v = 1 we have

LT (g)
mod g−−−→ LT (g)− g = −

d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1z · · ·xaj , (5.34)

i.e. the reduction of the leading term of an element in GB(n) w.r.t. the element itself is the

rest of the terms with negative sign. This is also a complete reduction, as non of the summands

in (5.34) are divisible by any leading term of elements in GB(n) as they are monomials of a

reduced element. This completes the proof.

Remark 5.3.9. In proof of Lemma 5.3.8, while the reduction w.r.t. type-one g is used, however

since the reduction is for a monomial of an element of GB(n), and so is not divisible by any

other lower term, we can also say reduction ‘w.r.t. g and lower terms’. Also while we made

the statement for type-one g ∈ GB(n) but we can apply it to any z-star monomial of the form

xa1zxa2z · · ·xad−1zxa1z as one can always consider an associated type-one g ∈ GB(n) for it.

The following lemma facilitates our calculations in the future.
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Lemma 5.3.10. For distinct ai and z < z′, for i = 1, 2, · · · , d− 1, we have the following

xa1zxa2z · · · xad−1zxzz′
mod G(2)

−−−−−→

xzz′xa1z′ · · ·xad−1z′ +
d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′xa1z · · ·xalz,

and

xajzxaj+1z · · ·xalzxzz′
mod G(2)

−−−−−→

xzz′xajz′ · · · xalz′ +
l∑
t=j

xatz′xat+1z′ · · ·xalz′xajzxaj+1z · · ·xatz.

(5.35)

Proof. 1st expression. We use relation xijxjk − xjkxik − xikxij to find the following equiva-

lences.

xa1zxa2z · · ·xad−2zxad−1zxzz′
mod G(2)

−−−−−→

xa1zxa2z · · ·xad−2zxzz′xsd−1z′
+ xa1zxa2z · · ·xad−2zxad−1z′xad−1z

mod G(2)

−−−−−→ xa1zxa2z · · ·xad−2zxzz′xsd−1z′
+ xad−1z′xa1zxa2z · · ·xad−1z (as ai are distinct)

mod G(2)

−−−−−→ xa1zxa2z · · ·xad−3zxzz′xad−2z′
xsd−1z′

+ xad−2z′xad−1z′xa1zxa2z · · · xad−2z + xad−1z′xa1zxa2z · · · xad−1z.

So after 2 iteration we come up with

xa1zxa2z · · ·xad−1zxzz′
mod G(2)

−−−−−→xa1zxa2z · · ·xad−3zxzz′xad−2z′xsd−1z′

+
d−1∑
l=d−2

xalz′xal+1z′ · · ·xad−1z′xa1zxa2z · · ·xalz.

In the above, in each iteration, xzz′ moves one step to the left (in first term on r.h.s. in the

above). As well the lower limit of the sum decreases one unit (the second term on r.h.s. in the
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above).

It is easily shown that after d− 1 iteration we have the following equivalence.

xa1zxa2z · · ·xad−1zxzz′
mod G(2)

−−−−−→xzz′xa1z′xa2z′ · · ·xsd−1z′

+
d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′xa1zxa2z · · ·xalz.

Proof of the 2nd expression is similar to the 1st one. This completes the proof.

Proposition 5.3.11. Let g be a type-one degree d element of GB(n) in G(d)(n), and let

p ∈ G(2). Then

S(g, p, d+ 1)
red. w.r.t. G(d)(n)−−−−−−−−−−→ 0. (5.36)

Proof. We prove the proposition for different cases of 2-terms in (4.2) in the following

Lemmas 5.3.12, 5.3.14, 5.3.15, 5.3.16 and 5.3.17.

Lemma 5.3.12. Let g = xa1z · · ·xad−1zxa1z +
∑d−1

j=2 xajzxaj+1z · · · xad−1zxa1z · · ·xajz be a

type-one degree d element of GB(n), Then S(g, xijxij, d+ 1)
red. w.r.t. G(d)(n)−−−−−−−−−−→ 0.

Remark 5.3.13. This Lemma for type-one elements of Gröbner basis is stronger than Lemma

5.1.11 for general case as here we prove that the associated S-polynomial reduces to zero.

proof of Lemma 5.3.12. As before we restrict our 2-terms looking for a possibly nonzero

S-polynomial and calculate

S(xa1z · · ·xad−1zxa1z +
d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1z · · ·xajz, xa1zxa1z, d+ 1).
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S(xa1z · · ·xad−1zxa1z +
d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1z · · ·xajz, xa1zxa1z, d+ 1)

= −
d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xajzxa1z

mod g−−−→
d−1∑
j=2

j∑
l=2

xajzxaj+1z · · · xad−1z{xalzxal+1z · · ·xajzxa1zxa2z · · ·xalz}(by (5.33))

=
d−1∑
j=2

j∑
l=2

xajzxaj+1z · · ·xad−1zxalzxal+1z · · ·xajzxa1zxa2z · · ·xalz

= (
l−1∑
j=2

+
d−1∑
j=l

)

j∑
l=2

xajzxaj+1z · · ·xad−1zxalzxal+1z · · ·xajzxa1zxa2z · · ·xalz

=

j∑
l=2

d−1∑
j=l

xajzxaj+1z · · ·xad−1zxalzxal+1z · · ·xajzxa1zxa2z · · ·xalz

+
l−1∑
j=2

j∑
l=2

xajzxaj+1z · · ·xad−1zxalzxal+1z · · ·xajzxa1zxa2z · · ·xalz

=

j∑
l=2

g2xa1zxa2z · · ·xalz (g2, a type-one degree d− l + 1 ≤ d− 1, as l = 2, 3, · · · j)

+
l−1∑
j=2

j∑
l=2

xajzxaj+1z · · ·xad−1zxalzxal+1z · · · xajzxa1zxa2z · · ·xalz

(double sum→ 0 due to limits)

=

j∑
l=2

g2xa1zxa2z · · ·xalz
red. w.r.t. G(d−1)(n)−−−−−−−−−−−−→ 0,

because

g2 =
d−1∑
j=l

xajzxaj+1z · · ·xad−1zxalzxal+1zxajz,

is of degree d + 1 − l, l = 2, 3, · · · j, so deg (g2) = d + 1 − l ≤ d − 1, and it is type-one

so is in I by Remark 5.3.6, so g2 ∈ G(d−1) and its multiples are in I , and reduce to zero on

reduction w.r.t. G(d−1). This completes the proof.

Lemma 5.3.14. Let g = xa1z · · ·xad−1zxa1z +
∑d−1

j=2 xajzxaj+1z · · · xad−1zxa1z · · ·xajz be a
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type-one degree d element of GB(n) and let (ii) : xijxkl − xklxij , where k 6= ai. Then

S(g, (ii), d+ 1)
red. w.r.t. G(d)(n)−−−−−−−−−−→ 0.

Proof. As before we restrict our 2-terms looking for a possibly nonzero S-polynomial and

calculate instead for

xa1zxcz′ − xcz′xa1z,

for c 6= aj, j = 1, 2, · · · , d− 1. Then we have

S(g, xa1zxcz′ − xcz′xa1z, d+ 1) =

= [xa1z · · ·xad−1zxa1z +
d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1z · · ·xajz]xcz′

− xa1z · · ·xad−1z(xa1zxcz′ − xcz′xa1z)

= [
d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1z · · ·xajz]xcz′ + xa1z · · ·xad−1zxcz′xa1z

mod. G(2)

−−−−−→ xcz′ [
d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1z · · ·xajz] + xcz′xa1z · · ·xad−1zxa1z

= xcz′ [
d−1∑
j=1

xajzxaj+1z · · ·xad−1zxa1z · · ·xajz]

= xcz′g
red. w.r.t. G(d)(n)−−−−−−−−−−→ 0,

as g of degree d is a type-one, and as before its multiple xcz′g is in I and reduces to zero on

reduction by G(d). This completes the proof.

The following lemma covers the cases not covered by Lemma 5.3.14 by relaxing a condition

in it.
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Lemma 5.3.15. Let g = M1 +M2 + · · ·+Mm + · · ·Md−1, where

Mi = xaizxai+1z · · ·xam−1zxamzxam+1z · · · xad−1zxa1z · · ·xaiz,

be a type-one degree d element of GB(n). Also let 2-terms xijxkl − xklxij such that the first

index of the second variable in its leading term could occur in Mi. Then we have

S(g, xijxkl − xklxij, d+ 1)
red. w.r.t. G(d)(n)−−−−−−−−−−→ 0.

Proof. As before looking for a possibly nonzero S-polynomial restricts our 2-terms to

xa1zxamz′ − xamz′xa1z where the first index of the 2nd variable of its leading term, i.e.

am, m ≥ 2, occurs in

Mi = xaizxai+1z · · ·xam−1zxamzxam+1z · · · xad−1zxa1z · · ·xaiz.

Since ais are distinct, am could occur only once in each monomial of g, except for the one

monomial in which am appears in both the first and last variables. Then

S(g, xa1zxamz′ − xamz′xa1z, d+ 1) =

=xa1z · · ·xam−1zxamzxam+1z · · ·xad−1z(xa1zxamz′ − xamz′xa1z)

− (M1 +M2 + · · ·+Mm + · · ·Md−1)xamz′

=− xa1z · · ·xam−1zxamzxam+1z · · ·xad−1zxamz′xa1z

−M2xamz′ − · · · −Mmxamz′ − · · · −Md−1xamz′ .

Therefore we come up with the following equation.
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S(g,xa1zxamz′ − xamz′xa1z, d+ 1) =

− xa1zxa2z · · ·xamzxam+1z · · · xad−2zxad−1zxamz′xa1z

−
m−1∑
j=2

xajzxaj+1z · · ·xamzxam+1z · · ·xad−2zxad−1zxa1zxa2z · · ·xajzxamz′

− xamzxam+1z · · ·xad−1zxa1zxa2z · · ·xam−1zxamzxamz′

−
d−1∑

j=m+1

xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xam−1zxamzxam+1z · · ·xajzxamz′ .

(5.37)

We now find the equivalence modulo to each of the above terms such that the index z′ on the

r.h.s. of the terms shift to the l.h.s. (here we suffice to put the result of our calculations).

−xamzxam+1z · · · xad−1zxa1zxa2z · · · xam−1zxamzxamz′
mod. G(2)

−−−−−→

− xzz′xamz′xam+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xamz

−
d−1∑
l=m

xalz′xal+1z′ · · · xad−1z′xa1z′xa2z′ · · ·xam−1z′xamzxam+1z · · ·xalzxamz

−
m−1∑
l=1

xalz′xal+1z′ · · ·xam−1z′xamzxam+1z · · ·xad−1zxa1zxa2z · · ·xalzxamz

+ xzz′
d−1∑
l=m

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xamzxam+1z · · ·xalz

+ xzz′
m−1∑
l=1

xalz′xal+1z′ · · ·xam−1z′xamz · · ·xad−1zxa1zxa2z · · ·xalz

−
d−1∑

l=m+1

xamz′xzz′xalz′xal+1z′ · · · xad−1z′xa1z′ · · ·xam−1z′xam+1z · · · xalz

−
m−1∑
l=1

xamz′xzz′xalz′xal+1z′ · · ·xam−1z′xam+1z · · ·xad−1zxa1zxa2z · · ·xalz.

(5.38)

Also
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−
d−1∑

j=m+1

xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xamzxam+1z · · ·xajzxamz′
mod. G(2)

−−−−−→

−
d−1∑

j=m+1

xzz′xajz′xaj+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xamzxam+1z · · ·xajz

−
d−1∑

j=m+1

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xajzxaj+1z · · · xalzxamzxam+1z · · ·xajz

−
d−1∑

j=m+1

m−1∑
l=1

xalz′xal+1z′ · · · xam−1z′xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xalzxamzxam+1z · · ·xajz

+
d−1∑

j=m+1

xamz′xzz′xajz′xaj+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xam+1zxam+2z · · ·xajz

+
d−1∑

j=m+1

d−1∑
l=j

xamz′xalz′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xajzxaj+1z · · · xalzxam+1zxam+2z · · ·xajz

+
d−1∑

j=m+1

m−1∑
l=1

xamz′xalz′ · · ·xam−1z′xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xalzxam+1zxam+2z · · ·xajz,

(5.39)
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−
m−1∑
j=2

xajzxaj+1z · · ·xamzxam+1z · · · xad−1zxa1zxa2z · · · xajzxamz′

mod. G(2)

−−−−−→ −
m−1∑
j=2

xzz′xajz′xaj+1z′ · · ·xam−1z′xamzxam+1z · · ·xad−1zxa1zxa2z · · ·xajz

−
m−1∑
j=2

m−1∑
l=j

xalz′xal+1z′ · · ·xam−1z′xajzxaj+1z · · · xalzxamzxam+1z · · ·xad−1zxa1zxa2z · · ·xajz

+
m−1∑
j=2

xamz′xzz′xajz′xaj+1z′ · · ·xam−1z′xam+1zxam+2z · · ·xad−1zxa1zxa2z · · ·xajz

+
m−1∑
j=2

m−1∑
l=j

xamz′xalz′xal+1z′ · · · xam−1z′xajzxaj+1z · · ·xalzxam+1zxam+2z · · ·

· · ·xad−1zxa1zxa2z · · ·xajz,

(5.40)

and

−xa1zxa2z · · ·xamzxam+1z · · · xad−2zxad−1zxamz′xa1z

mod G(2)

−−−−−→ −xzz′xa1z′ · · ·xam−1z′xamzxam+1z · · ·xad−1zxa1z

−
m−1∑
l=1

xalz′xal+1z′ · · ·xam−1z′xa1zxa2z · · · xalzxamzxam+1z · · ·xad−1zxa1z

+ xamz′xzz′xa1z′xa2z′ · · ·xam−1z′xam+1zxam+2z · · ·xad−1zxa1z

+
m−1∑
l=1

xamz′xalz′ · · ·xam−1z′xa1zxa2z · · ·xalzxam+1zxam+2z · · ·xad−1zxa1z.

(5.41)

Adding (5.41), (5.40), (5.38) and (5.39), we come up with the following terms for S-polynomial:

S(g, xa1zxamz′ − xamz′xa1z, d+ 1)
mod G(2)

−−−−−→ A+B + C, (5.42)
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where

A = −xzz′xa1z′ · · ·xam−1z′xamz · · ·xad−1zxa1z

− xzz′
m−1∑
j=2

xajz′xaj+1z′ · · ·xam−1z′xamz · · ·xad−1zxa1z · · ·xajz

− xzz′xamz′ · · ·xad−1z′xa1z′ · · ·xam−1z′xamz

+ xzz′
d−1∑
l=m

xalz′xal+1z′ · · · xad−1z′xa1z′ · · ·xam−1z′xamzxam+1z · · · xalz

+ xzz′
m−1∑
l=1

xalz′xal+1z′ · · ·xam−1z′xamz · · ·xad−1zxa1z · · ·xalz

− xzz′
d−1∑

l=m+1

xajz′xaj+1z′ · · ·xad−1z′xa1z′ · · ·xam−1z′xamzxam+1z · · ·xajz.

(5.43)

In the above, by absorbing the term 1 into the sum in term 2 and absorbing the term 3 into the

sum in term 6 we have the following equation.

A =− xzz′
m−1∑
j=1

xajz′xaj+1z′ · · ·xam−1z′xamz · · ·xad−1zxa1z · · · xajz

+ xzz′
d−1∑
l=m

xalz′xal+1z′ · · ·xad−1z′xa1z′ · · ·xam−1z′xamzxam+1z · · ·xalz

+ xzz′
m−1∑
l=1

xalz′xal+1z′ · · ·xam−1z′xamz · · · xad−1zxa1z · · · xalz

− xzz′
d−1∑
l=m

xajz′xaj+1z′ · · ·xad−1z′xa1z′ · · ·xam−1z′xamzxam+1z · · ·xajz = 0,

(5.44)
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B =xamz′xzz′xa1z′ · · ·xam−1z′xam+1zxam+2z · · ·xad−1zxa1z

+ xamz′zzz′
m−1∑
j=2

xajz′xaj+1z′ · · ·xam−1z′xam+1zxam+2z · · ·xad−1zxa1z · · ·xajz

− xamz′xzz′
d−1∑

l=m+1

xalz′xal+1z′ · · ·xad−1z′xa1z′ · · · xam−1z′xam+1z · · ·xalz

− xamz′zzz′
m−1∑
l=1

xalz′xal+1z′ · · ·xam−1z′xam+1zxam+2z · · ·xad−1zxa1z · · ·xalz

+ xamz′xzz′
d−1∑

j=m+1

xajz′xaj+1z′ · · ·xad−1z′xa1z′ · · ·xam−1z′xam+1z · · ·xajz.

(5.45)

In the above equation we absorb the first term into the second term to come up with:

B =xamz′zzz′
m−1∑
j=1

xajz′xaj+1z′ · · ·xam−1z′xam+1zxam+2z · · ·xad−1zxa1z · · ·xajz

− xamz′xzz′
d−1∑

l=m+1

xalz′xal+1z′ · · · xad−1z′xa1z′ · · · xam−1z′xam+1z · · · xalz

− xamz′zzz′
m−1∑
l=1

xalz′xal+1z′ · · ·xam−1z′xam+1zxam+2z · · ·xad−1zxa1z · · ·xalz

+ xamz′xzz′
d−1∑

j=m+1

xajz′xaj+1z′ · · ·xad−1z′xa1z′ · · ·xam−1z′xam+1z · · ·xajz = 0,

(5.46)
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as in the above equation, the 1st term cancels the 3rd one and the 2nd term cancels the 4th one.

C =−
m−1∑
l=1

xalz′xal+1z′ · · ·xam−1z′xa1z · · ·xalzxamz · · ·xad−1zxa1z

−
m−1∑
l=2

xalz′xal+1z′ · · ·xam−1z′xamz · · ·xad−1zxa1z · · ·xalzxamz

−
m−1∑
j=2

m−1∑
l=j

xalz′xal+1z′ · · ·xam−1z′xajz · · ·xalzxamz · · · xad−1zxa1z · · ·xajz

−
d−1∑

j=m+1

m−1∑
l=1

xalz′xal+1z′ · · ·xam−1z′xajz · · · xad−1zxa1z · · ·xalzxamz · · ·xajz

+
m−1∑
j=2

m−1∑
l=j

xamz′xalz′ · · · xam−1z′xajz · · ·xalzxam+1z · · ·xad−1zxa1z · · ·xajz

+
d−1∑

j=m+1

m−1∑
l=1

xamz′xalz′ · · ·xam−1z′xajz · · ·xad−1zxa1z · · ·xalzxam+1z · · ·xajz

−
d−1∑
l=m

xalz′xal+1z′ · · · xad−1z′xa1z′ · · · xam−1z′xamz · · · xalzxamz

−
d−1∑

j=m+1

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xajz · · ·xalzxamz · · ·xajz

+
d−1∑

j=m+1

d−1∑
l=j

xamz′xalz′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xajz · · ·xalzxam+1z · · ·xajz.

(5.47)

However the first 4 terms in Equation (5.47) add up to make

C1 = −
d−1∑
j=m

m−1∑
l=1

xalz′xal+1z′ · · ·xam−1z′xajz · · ·xad−1zxa1z · · ·xalzxamz · · ·xajz

−
m−1∑
j=1

m−1∑
l=j

xalz′xal+1z′ · · ·xam−1z′xajz · · ·xalzxamz · · ·xad−1zxa1z · · ·xajz.
(5.48)

In C1, l runs in 1 ≤ l ≤ m− 1 in both sums. To cover all the values of l in 1 ≤ l ≤ m− 1,
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we calculate C1 at l = m− i, i = 1, · · · ,m− 1. Then

C1(l = m− i) = xam−iz′xam−i+1z′ · · ·xam−1z′×[
xa1zxa2z · · ·xam−izxamzxam+1z · · ·xad−1zxa1z

+xa2z · · ·xam−izxamzxam+1z · · ·xad−1z xa1zxa2z

...

...

+xam−izxamzxam+1z · · ·xad−1zxa1zxa2z · · ·xam−iz

+xamzxam+1z · · ·xad−1zxa1zxa2z · · ·xam−iz · · ·xamz

+xam+1z · · ·xad−1zxa1zxa2z · · ·xam−iz · · ·xam+1z

...

...

+ xad−1zxa1zxa2z · · ·xam−iz · · ·xad−1z

]
= −xam−iz′xam−i+1z′ · · ·xam−1z′×

×
[ d−1∑
j=m

xajzxaj+1z · · ·xad−1zxa1z · · ·xam−izxamzxam+1z · · ·xajz

+
m−i∑
j=1

xajzxaj+1z · · ·xam−izxamzxam+1z · · ·xad−1zxa1z · · · xajz
]

= −xam−iz′xam−i+1z′ · · ·xam−1z′g1,

(5.49)

where by Equation (5.30), g1 is type-one of degree d− i+ 1 ≤ d, for i = 1, 2, · · · ,m− 1 (we

find degree of g1 say by calculating the degree of the summand in one of the sums in (5.49)).

Since g1 is type-one, it is in I by Remark 5.3.6, so its multiples are in I and reduce to zero on
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reduction w.r.t. G(d)(n) (as deg(g1) ≤ d).

Hence we have

C1 = −
m−1∑
i=1

xam−iz′xam−i+1z′ · · ·xam−1z′g1
red. w.r.t G(d)(n)−−−−−−−−−→ 0. (5.50)

The next 2 terms in Equation (5.47) add up to make

C2 =
m−1∑
j=1

m−1∑
l=j

xamz′xalz′xal+1z′ · · ·xam−1z′xajzxaj+1z · · ·xalzxam+1z · · ·xad−1zxa1z · · ·xajz+

d−1∑
j=m+1

m−1∑
l=1

xamz′xalz′xal+1z′ · · ·xam−1z′xajzxaj+1z · · ·xad−1zxa1z · · ·xalzxam+1zxam+2z · · ·xajz.

(5.51)

However l run in 1 ≤ l ≤ m− 1 in both sums. For l = m− i, i = 1, · · ·m− 1 we have

C2(l = m− i) =xamz′xam−iz′xam−i+1z′ · · ·xam−1z′×

×
[m−i∑
j=1

xajzxaj+1z · · ·xam−izxam+1zxam+2z · · ·xad−1zxa1z · · · xajz

+
d−1∑

j=m+1

xajzxaj+1z · · ·xad−1zxa1z · · ·xam−izxam+1z · · ·xajz
]

= xamz′xam−iz′xam−i+1z′ · · · xam−1z′g2.

Hence similar calculations done for C1, yields for C2 as in the following.

C2 = −xamz′
m−1∑
i=1

xam−iz′xam−i+1z′ · · ·xam−1z′g2
red. w.r.t G(d−1)(n)−−−−−−−−−−→ 0, (5.52)

as by Equation (5.30), g2 is a type-one degree d − i ≤ d − 1 for i = 1, 2, · · · ,m − 1. So
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g2 ∈ G(d−1)(n), and as before its multiples are in I and reduce to zero on reduction with

respect to G(d−1)(n).

We consider term 7 in Equation (5.47),

−
d−1∑
l=m

xalz′xal+1z′ · · ·xad−1z′xa1z′ · · ·xam−1z′xamz · · ·xalzxamz.

It can be seen as the case j = m of the term 8:

−
d−1∑

j=m+1

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xajz · · ·xalzxamz · · · xajz.

Therefore the term 7 is absorbed, as j = m term, in term 8 to make the following.

C3 =

= −
d−1∑
j=m

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xajzxaj+1z · · · xalzxamzxam+1z · · ·xajz

= −
d−1∑
l=m

l∑
j=m

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′xajzxaj+1z · · ·xalzxamzxam+1z · · ·xajz

= −
d−1∑
l=m

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′

l∑
j=m

xajzxaj+1z · · · xalzxamzxam+1z · · ·xajz

= −
d−1∑
l=m

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xam−1z′g3.

(5.53)

Here deg(g3) = l −m + 2 ≤ d− 1 (as l ≤ d− 1 and m ≥ 2), and g3 is a type-one, thus as

before its multiples are in I and reduce to zero on reduction by G(d−1)(n).
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Hence we have

C3 = −
d−1∑
l=m

xalz′xal+1z′ · · ·xad−1z′xa1z′xal+1z′ · · ·xam−1z′g3
red. w.r.t G(d−1)(n)−−−−−−−−−−→ 0. (5.54)

Finally the last term in Equation (5.47) is

C4 =
d−1∑

l=m+1

l∑
j=m+1

xamz′xalz′ · · ·xad−1z′xa1z′ · · ·xam−1z′xajzxaj+1z · · · xalzxam+1z · · ·xajz

=
d−1∑

l=m+1

xamz′xalz′ · · ·xad−1z′xa1z′ · · ·xam−1z′

l∑
j=m+1

xajzxaj+1z · · ·xalzxam+1z · · · xajz

= xamz′
d−1∑

l=m+1

xalz′ · · ·xad−1z′xa1z′ · · · xam−1z′g4,

(5.55)

where

g4 =
l∑

j=m+1

xajzxaj+1z · · · xalzxam+1z · · ·xajz,

is of degree l−m+ 1 ≤ d− 2 (as l ≤ d− 1 and m ≥ 2) and is a type-one by Equation (5.30),

so as before its multiples are in I and reduce to zero on reduction by G(d−2).

Hence we have the following result.

C4 = xamz′
d−1∑

l=m+1

xalz′ · · ·xad−1z′xa1z′ · · ·xam−1z′g4
red. w.r.t G(d−2)(n)−−−−−−−−−−→ 0. (5.56)

Now adding up Equations (5.64), (5.65), (5.50), (5.52), (5.54) and (5.56), we have

S(g, xa1zxamz′ − xamz′xa1z, d+ 1)
mod G(2)

−−−−−→ A+B︸ ︷︷ ︸
0

+C

= C = C1 + C2 + C3 + C4
red. w.r.t G(d)(n)−−−−−−−−−→ 0.

(5.57)
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Hence we have

S(g, xa1zxamz′ − xamz′xa1z, d+ 1)
G(d)(n)

= 0.

This completes the proof.

Lemma 5.3.16. . Let g = M1 +M2 + · · ·+Md−1, where

Mi = xaizxai+1z · · ·xad−1zxa1z · · ·xaiz,

be a type-one degree d element of GB(n). Then for 2-term xijxik − xjkxij + xikxjk, we have

S(g, xijxik − xjkxij + xikxjk, d+ 1)
red. w.r.t. G(d)(n)−−−−−−−−−−→ 0. (5.58)

Proof. As before we restrict our 2-term to

xa1zxa1z′ − xzz′xa1z + xa1z′xzz′

and calculate the following S-polynomial.

S(g, xa1zxa1z′ − xzz′xa1z + xa1z′xzz′ , d+ 1) =

=(M1 + · · ·+Md−1)xa1z′

− xa1z · · ·xad−1z(xa1zxa1z′ − xzz′xa1z + xa1z′xzz′)

Therefore we have:

S(g, xa1zxa1z′ − xzz′xa1z + xa1z′xzz′ , d+ 1) =M2xa1z′ + · · ·+Md−1xa1z′

+ xa1z · · ·xad−1zxzz′xa1z

− xa1z · · ·xad−1zxa1z′xzz.
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Substituting Mi into the above we will have the following equation.

S(g, xa1zxa1z′ − xzz′xa1z + xa1z′xzz′ , d+ 1) =
d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1z · · ·xajzxa1z′

+ xa1z · · ·xad−1zxzz′xa1z

− xa1z · · ·xad−1zxa1z′xzz.

(5.59)

Here we apply ‘mod G(2)’ on the terms in (5.59).

By Lemma (5.3.10) we come up with

xa1zxa2z · · ·xad−1zxzz′xa1z
mod G(2)

−−−−−→ xzz′xa1z′xa2z′ · · · xad−1z′xa1z

+
d−1∑
l=2

xalz′xal+1z′ · · ·xad−1z′xa1zxa2z · · ·xalzxa1z.
(5.60)

Also we have the following reduction,

d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xajzxa1z′
mod G(2)(n)−−−−−−−→

d−1∑
j=2

d−1∑
j=l

xalz′xal+1z′ · · ·xad−1z′xajzxaj+1z · · ·xalzxa1zxa2z · · ·xajz

+
d−1∑
j=2

xzz′xajz′ · · ·xad−1z′xa1zxa2z · · · xajz

−
d−1∑
j=2

d−1∑
l=j

xa1z′xalz′ · · ·xad−1z′xajz · · ·xalzxa2zxa3z · · ·xajz

−
d−1∑
j=2

xa1z′xzz′xajz′ · · ·xad−1z′xa2zxa3z · · · xajz.

(5.61)
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as well as

−xa1zxa2z · · ·xad−1zxa1z′xzz
mod G(2)(n)−−−−−−−→ −xzz′

d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′xa1zxa2z · · · xalz

+ xa1z′xzz′
d−1∑
l=2

xalz′xal+1z′ · · ·xad−1z′xa2zxa3z · · ·xalz.

(5.62)

Substitution of (5.60), (5.62) and (5.61) into (5.59) yields the following.

S(g, xa1zxa1z′ − xzz′xa1z + xa1z′xzz′ , d+ 1)
mod G(2)(n)−−−−−−−→ A+B + C, (5.63)

where A,B and C are defined and calculated below.

A = xzz′
[
xa1z′ · · ·xad−1z′xa1z −

d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′xa1zxa2z · · ·xalz

+
d−1∑
j=2

xajz′xaj+1z′ · · ·xad−1z′xa1zxa2z · · ·xajz
]

= xzz′
[
−

d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′xa1zxa2z · · · xalz

+
d−1∑
j=1

xajz′xaj+1z′ · · ·xad−1z′xa1zxa2z · · ·xajz
]

= 0,

(5.64)

as the last two sums cancel each other.

B = xa1z′xzz′
[ d−1∑
l=2

xalz′xal+1z′ · · ·xad−1z′xa2zxa3z · · ·xalz

−
d−1∑
j=2

xajz′ · · ·xad−1z′xa2zxa3z · · ·xajz
]

= 0,

(5.65)

as the two sums cancel each other.
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C =
d−1∑
j=2

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xajzxaj+1z · · ·xalzxa1z · · ·xajz

−xa1z′
d−1∑
j=2

d−1∑
l=j

xalz′xal+1z′ · · · xad−1z′xajz · · ·xalzxa2z · · ·xajz

+
d−1∑
l=2

xalz′xal+1z′ · · ·xad−1z′xa1z · · ·xalzxa1z

=
d−1∑
j=1

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xajzxaj+1z · · ·xalzxa1z · · ·xajz

−xa1z′
d−1∑
j=2

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xajzxaj+1z · · ·xalzxa2z · · ·xajz.

(5.66)

In the above equation, the sums are over l and j with l ≥ j. The application of the following

interchange
d−1∑
j=1

d−1∑
l=j

→
d−1∑
l=1

l∑
j=1

,

in the above equation results in the following result.

C =
d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′

l∑
j=1

xajzxaj+1z · · ·xalzxa1zxa2z · · ·xajz

−xa1z
d−1∑
l=2

xalz′xal+1z′ · · ·xad−1z′

l∑
j=2

xajzxaj+1z · · ·xalzxa2zxa3z · · ·xajz.

(5.67)

Hence

C =
d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′g1 − xa1z′
d−1∑
l=2

xalz′ · · ·xad−1z′g2, (5.68)

where

g1 =
l∑

j=1

xajzxaj+1z · · ·xalzxa1zxa2z · · ·xajz
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is type-one degree l + 1 ≤ d, and

g2 =
l∑

j=2

xajzxaj+1z · · ·xalzxa2z · · ·xajz

is type-one degree l ≤ d− 1, by Equation (5.3.5).

Therefore g1 and g2 are type-one, so they are in I by Remark 5.3.6, thus their multiples are in

I and reduce to zero on reduction by G(d)(n) and G(d−1)(n) respectively. Hence we have the

following reduction for C.

C
red w.r.t. G(d)(n)−−−−−−−−−−→ 0. (5.69)

Now adding up A,B and C from (5.64), (5.65), and (5.69), we have

S(g, xa1zxa1z′ − xzz′xa1z + xa1z′xzz′ , d+ 1)
red. w.r.t.G(d)(n)−−−−−−−−−−→ 0. (5.70)

This completes the proof.

Lemma 5.3.17. Let g = M1 +M2 + · · ·Md−1, where

Mi = xaizxai+1z · · ·xad−1zxa1zxa2z · · ·xaiz,

be a type-one degree d element of GB(n). Then

S(g, xijxjk − xjkxik − xikxij, d+ 1)
red. w.r.t. G(d)(n)−−−−−−−−−−→ 0.

Proof. As before we restrict our general 2-term xijxjk − xjkxik − xikxij to

xa1zxzz′ − xzz′xa1z′ − xa1z′xa1z,
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and calculate the S-polynomial.

S(g, xa1zxzz′ − xzz′xa1z′ − xa1z′xa1z, d+ 1)

=(M1 + · · ·+Md−1)xzz′

− xa1zxa2z · · ·xad−1z(xa1zxzz′ − xzz′xa1z′ − xa1z′xa1z)

Cancellation of the leading terms in the above parenthesis results in:

S(g, xa1zxzz′ − xzz′xa1z′ − xa1z′xa1z, d+ 1) =M2xzz′ +M3xzz′ · · ·+Md−1xzz′

+ xa1zxa2z · · ·xad−1zxzz′xa1z′

+ xa1zxa2z · · ·xad−1zxa1z′xa1z.

Substituting Mi into the above equation we will have the following expression for the above

S-polynomial.

S(g, xa1zxzz′ − xzz′xa1z′ − xa1z′xa1z, d+ 1) =(
d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1z · · ·xajz)xzz′

+ xa1zxa2z · · ·xad−1zxzz′xa1z′

+ xa1zxa2z · · ·xad−1zxa1z′xa1z.

(5.71)

We get into evaluating the terms on r.h.s. of the above equation.

xa1zxa2z · · ·xad−1zxzz′xa1z′
mod G(2)(n)−−−−−−−→

[xzz′xa1z′xa2z′ · · · xad−1z′ +
d−1∑
l=1

xalz′xal+1z′ · · · xad−1z′xa1zxa2z · · ·xalz]xa1z′

= xzz′xa1z′xa2z′ · · ·xad−1z′xa1z′ +
d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′xa1zxa1z′xa2zxa3z · · · xalz.
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Thus

xa1zxa2z · · ·xad−1zxzz′xa1z′
mod G(2)(n)−−−−−−−→ xzz′xa1z′xa2z′ · · ·xad−1z′xa1z′

+
d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′xzz′xa1zxa2z · · · xalz

−
d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′xa1z′xzz′xa2zxa3z · · ·xalz.

(5.72)

Also

xa1zxa2z · · ·xad−1zxa1z′xa1z
mod G(2)(n)−−−−−−−→ xzz′xa1zxa2z · · ·xad−1zxa1z

−xa1z′xzz′xa2zxa3z · · ·xad−1zxa1z.

(5.73)

And

d−1∑
j=2

xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xajzxzz′
mod G(2)(n)−−−−−−−→

d−1∑
j=2

xzz′xajz′xaj+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xajz′

+
d−1∑
j=2

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · · xaj−1z′xzz′xajzxaj+1z · · · xalz

−
d−1∑
j=2

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xaj−1z′xajz′xzz′xaj+1zxaj+2z · · ·xalz

+
d−1∑
j=2

j∑
l=1

xalz′xal+1z′ · · ·xaj−1z′xzz′xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xalz

−
d−1∑
j=2

j∑
l=1

xalz′xal+1z′ · · ·xaj−1z′xajz′xzz′xaj+1zxaj+2z · · ·xad−1zxa1zxa2z · · ·xalz.

(5.74)

Adding up Equations (5.73), (5.72), and (5.74) together, we come up with the following
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equation.

S(g, xa1zxzz′ − xzz′xa1z′ − xa1z′xa1z, d+ 1)
mod G(2)(n)−−−−−−−→

+ xzz′xa1z · · ·xad−1zxa1z

− xa1z′xzz′xa2z · · ·xad−1zxa1z

+ xzz′xa1z′ · · · xad−1z′xa1z′

+
d−1∑
l=1

xalz′ · · · xad−1z′xzz′xa1zxa2z · · ·xalz

−
d−1∑
l=1

xalz′ · · ·xad−1z′xa1z′xzz′xa2z · · ·xalz

+ xzz′
d−1∑
j=2

xajz′xaj+1z′ · · ·xad−1z′xa1z′ · · ·xajz′

+
d−1∑
j=2

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xaj−1z′xzz′xajzxaj+1z · · ·xalz

−
d−1∑
j=2

d−1∑
l=j

xalz′xal+1z′ · · · xad−1z′xa1z′xa2z′ · · ·xaj−1z′xajz′xzz′xaj+1zxaj+2z · · ·xalz

+
d−1∑
j=2

j∑
l=1

xalz′xal+1z′ · · ·xaj−1z′xzz′xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xalz

−
d−1∑
j=2

j∑
l=1

xalz′xal+1z′ · · · xaj−1z′xajz′xzz′xaj+1zxaj+2z · · ·xad−1zxa1z · · ·xalz.

(5.75)

From the above 10 terms,

term 3 + term 6 =

=− xzz′
d−1∑
j=1

xajz′xaj+1z′ · · ·xad−1z′xa1z′ · · ·xajz′ = −xzz′g1
red. w.r.t. G(d)(n)−−−−−−−−−→ 0,

(5.76)

as before and the fact that g1 is type-one of degree d in G(d)(n).
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We can see the term 1, xzz′xa1z · · ·xad−1zxa1z as the j = 1 case of the term 9. Absorbing

term 1 in term 9, as the j = 1 case we will have:

term 1 + term 9 =

=
d−1∑
j=1

j∑
l=1

xalz′xal+1z′ · · ·xaj−1z′xzz′xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xalz

=
d−1∑
j=1

xzz′xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xajz (terms with l = j)

+
d−1∑
j=1

j−1∑
l=1

xalz′xal+1z′ · · · xaj−1z′xzz′xajz · · ·xad−1zxa1zxa2z · · ·xalz (terms with l < j).

(5.77)

Therefore

term 1 + term 9 =

=xzz′
d−1∑
j=1

xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xajz

+
d−1∑
j=1

j−1∑
l=1

xalz′xal+1z′ · · ·xaj−1z′xzz′xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xalz.

(5.78)

Also rewrite term 10 as

−
d−1∑
j=2

j∑
l=1

xalz′xal+1z′ · · ·xaj−1z′xajz′xzz′xaj+1zxaj+2z · · ·xad−1zxa1z · · ·xalz

=−
d−1∑
j=1

j∑
l=1

xalz′xal+1z′ · · ·xajz′xzz′xaj+1zxaj+2z · · ·xad−1zxa1zxa2z · · ·xalz

+ xa1z′xzz′xa2zxa3z · · ·xad−1zxa1z.

(5.79)

Then adding up the above results we come up with the following equation.
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term1 + term9 + term10 + term2 = xzz′
d−1∑
j=1

xajz · · ·xad−1zxa1zxa2z · · ·xajz

+
d−1∑
j=1

j−1∑
l=1

xalz′xal+1z′ · · ·xaj−1z′xzz′xajzxaj+1z · · ·xad−1zxa1zxa2z · · ·xalz

−
d−1∑
j=1

j∑
l=1

xalz′xal+1z′ · · · xajz′xzz′xaj+1zxaj+2z · · · xad−1zxa1zxa2z · · · xalz.

(5.80)

However in the above equation the first term is nothing but xzz′g2 for g2 of degree d and so

xzz′g2 reduces to zero by reduction w.r.t. G(d)(n) as before. also the two double sums cancel

telescopically and leave us with the first term of one and the last term of the other one, thus

we have;

term1 + term9 + term10 + term2 = −
d−1∑
l=1

xalz′xal+1z′ · · ·xad−1z′xzz′xa1zxa2z · · ·xalz.

(5.81)

However the sum in the above equation is nothing but the negative of the sum in term 4.

Therefore

term1 + term9 + term10 + term2 + term4
red. w.r.t. G(d)(n)−−−−−−−−−→ 0. (5.82)

We now consider the term 8:

−
d−1∑
j=2

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xaj−1z′xajz′xzz′xaj+1zxaj+2z · · ·xalz

We rewrite term 8 as it follows.
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term 8 =

=−
d−1∑
j=2

xajz′xaj+1z′ · · · xad−1z′xa1z′xa2z′ · · ·xajz′xzz′ (terms with l = j)

−
d−1∑
j=2

d−1∑
l=j+1

xalz′xal+1z′ · · · xad−1z′xa1z′ · · · xajz′xzz′xaj+1zxaj+2z · · · xalz (terms with l > j)

−
d−1∑
l=1

xalz′ · · · xad−1z′xa1z′xzz′xa2zxa3z · · ·xalz.

(5.83)

Now

term 8 + term 7 = −
d−1∑
j=2

xajz′xaj+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xajz′xzz′

−
d−1∑
j=2

d−1∑
l=j+1

xalz′xal+1z′ · · · xad−1z′xa1z′xa2z′ · · ·xajz′xzz′xaj+1zxaj+2z · · ·xalz

+
d−1∑
j=2

d−1∑
l=j

xalz′xal+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xaj−1z′xzz′xajzxaj+1z · · ·xalz,

(5.84)

where the two double sums in the above telescopically cancel intermediate terms, Therefore

we are left with:

term 8 + term 7 =−
d−1∑
j=2

xajz′xaj+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xajz′xzz′

−
d−1∑
l=2

xalz′xal+1z′ · · ·xad−1z′xa1z′xzz′xa2zxa3z · · ·xalz

− (
d−1∑
l=d

... = 0 because of the sum limits).

(5.85)

108



Then

term 8 + term 7 + term 5 =−
d−1∑
j=2

xajz′xaj+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xajz′xzz′

−
d−1∑
l=2

xalz′xal+1z′ · · ·xad−1z′xa1z′xzz′xa2zxa3z · · ·xalz

−
d−1∑
l=1

xalz′ · · ·xad−1z′xa1z′xzz′xa2zxa3z · · · xalz =

−
d−1∑
j=2

xajz′xaj+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xajz′xzz′

− xa1z′xa2z′ · · ·xad−1z′xa1z′xzz′

= −[
d−1∑
j=1

xajz′xaj+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xajz′xzz′ ]

= −g3xzz′
red. w.r.t. G(d)(n)−−−−−−−−−→ 0, as before

(5.86)

where g3 = −
∑d−1

j=1 xajz′xaj+1z′ · · ·xad−1z′xa1z′xa2z′ · · ·xajz′ is type-one of degree d. Hence

term 8 + term 7 + term 5 =
red. w.r.t. G(d)(n)−−−−−−−−−→ 0. (5.87)

We now substitute Equations (5.76), (5.82), and (5.87) into Equation (5.75).

S(g, xa1zxzz′ − xzz′xa1z′ − xa1z′xa1z, d+ 1)
mod G(2)(n)−−−−−−−→

−xzz′g1 + xzz′g2 − g3xzz′
red. w.r.t. G(d)(n)−−−−−−−−−→ 0

(5.88)

as g1, g2 and g3 are of degree d and the multiples of them each reduce is zero on reduction by

G(d)(n) as before. This completes the proof.

Remark 5.3.18. Lemmas 5.3.12, 5.3.14, 5.3.15, 5.3.16 and 5.3.17 prove Proposition 5.3.11.
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5.3.1 Type-two and type-three

It is important to remark that from type-one elements we can produce new types of elements

in the Gröbner basis. For example for p ∈ G(2) and a type one q, while S(p, q), when p

introduces a new index not appearing in type-one q, reduces w.r.t. lower terms into another

type-one, but if p does not introduce a new index then the S-polynomial reduces to a new

type, called type-two. Also S-polynomial between two type-one, when the one with lower

degree introduces no new index to the one with higher degree, could results in a new type

called type-three.

Example 5.3.19. For a degree 5 type-one element of Gröbner basis g = xa1zxa2zxa3zxa4zxa1z+∑4
j=2 xajzxaj+1z · · ·xa4zxa1zxa2z · · · xajz and for 2-termR = xa3a1xa1z−xa1zxa3z−xa3zxa3a1 ,

with the assumption that a3 > a4, the reduction of S(R, g, 6) w.r.t. lower degree terms, gives

the following element of degree 6 called type-two.

g = [xa1zxa3zxa2zxa3zxa4zxa1z − xa1zxa4zxa3zxa2zxa3zxa1z]

+ [xa3zxa4zxa1zxa4zxa2zxa3z − xa3zxa2zxa4zxa1zxa4zxa3z]

+ [xa3zxa2zxa3zxa4zxa1zxa4z − xa4zxa1zxa4zxa3zxa2zxa3z]

+ [xa2zxa3zxa4zxa1zxa4zxa2z − xa2zxa4zxa1zxa4zxa3zxa2z]

+ [xa4zxa1zxa3zxa2zxa3zxa4z − xa4zxa3zxa2zxa3zxa1zxa4z].

(5.89)

When the only common variable between two type-one elements is their leading variables,

the S-polynomial between them reduces to a new type called type-three.

Example 5.3.20. Let g1 = xa1zxa2zxa3zxa1z + xa2zxa3zxa1zxa2z + xa3zxa1zxa2zxa3z and let

g2 = xa1zxa2zxa1z + xa2zxa1zxa2z be type-one elements of degrees 4 and 3, respectively. Then
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S(g1, g2, 6) reduces w.r.t. lower degree terms to

g = xa1zxa2zxa3zxa2zxa1zxa2z − xa3zxa1zxa2zxa3zxa2zxa1z. (5.90)

When two type-one have more common variables, then new and more complicated types

emerge by reduction of S-polynomial between them, as well when taking S-polynomial

between different types they become more and more complicated and difficult to introduce

them and we must restrict ourselves in this work to the above new types.

Remark 5.3.21. We have checked the conjecture 5.2.1 on some other types, but the computa-

tions involved increase so much that there is no room here to add any of those details. It is a

case by case study but this may not end. Thus, we will limit our evidence to type-one only.
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Chapter 6

Decomposition of FK(n)

In this chapter we review the usual degree, Sn-degree and set partition degree and find Hilbert

series, character map and Frobenius image of some finite examples of FK(n) along with

different decompositions. We find character and Frobenius image of degree 1 component

of FK(n). Under Sn for Fomin-Kirillov algebra of general n, with usual degree 2 and set

partition degree types q2
2q
n−4
1 and q3q

n−3
1 , we find the character decomposition and explain

why for any other degrees of Fomin-Kirillov algebra we also have representation stability.

6.1 Homogeneous decomposition w.r.t. different degrees

Definition 6.1.1. Let N be a monoid with operation �. An algebra A is called N -graded if

A =
⊕

α∈N A
α such that if x ∈ Aα and y ∈ Aβ , then xy ∈ Aα�β .
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6.1.1 Usual degree homogeneous decomposition

Usual degree of a monomial is defined by the number of variables in the monomial. A

polynomial is said to be homogeneous if all its monomial have the same degree. For example

xijxjk − xjkxik − xikxij for 1 ≤ i < j < k ≤ n, that is one of the relations of FK(n), is

homogeneous as every monomial appearing in it is of the same degree 2. It turns out that

all the relations of FK(n), i.e., the generators of the ideal of FK(n) are homogeneous w.r.t.

usual degree, so the ideal is homogeneous w.r.t usual degree, i.e., I =
⊕

d I
(d), as an ideal

generated by homogeneous generators is homogeneous (see Appendix B.2).

Definition 6.1.2. We define the usual degree on FK(n) by the map deg : FK(n) → N

defined by

xi1j1xi2j2 · · ·xikjk + I 7→


0 if xi1j1xi2j2 · · ·xikjk ∈ I,

k otherwise.

One can check that the above definition is well-defined (see Appendix C.1).

Since the free algebra generated by the generators of FK(n) and the ideal of FK(n) are

both homogeneous w.r.t. usual degree d, and we have a well defined degree for FK(n), then

the quotient of them is a graded algebra w.r.t. this degree, i.e., we have

FK(n) =
⊕
d≥0

FKd(n), (6.1)

where FKd(n) is the usual degree d component of FK(n). The above decomposition is both

a homogeneous decomposition and representation decomposition into Sn-invariant parts, as

the action Sn given in Proposition 3.1.3 preserves the degree, hence the above decomposition
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is an Sn decomposition into invariant parts.

6.1.2 Sn-degree homogeneous decomposition

For symmetric group Sn, we define Sn-degree for a monomial in variables xij by map

xij 7−→ (ij) and multiplicative extension to monomials, where (ij) is the transposition of i

and j.

Example 6.1.3. xijxjk − xjkxik − xikxij for 1 ≤ i < j < k ≤ n is one of the relations of

FK(n). The Sn-degree of the 1st, 2nd and the 3-rd monomial in this relation are (ij)(jk) =

(ijk), (jk)(ik) = (ijk) and (ik)(ij) = (ijk) respectively that are the same, so the relation is

homogeneous.

We denoted Sn-degree by σ. One can check that all of the relations of FK(n) are

homogeneous w.r.t. Sn− degree, so we have homogeneous ideal as before, i.e., I =
⊕

σ I
σ,

where Iσ is the set of all homogeneous elements of I with the same Sn-degree σ.

Definition 6.1.4. We define the Sn-degree on FK(n) by the map

Sn-degree : FK(n)→ Sn

defined by

xi1j1xi2j2 · · ·xikjk + I 7→


ε if xi1j1xi2j2 · · ·xikjk ∈ I,

σ = (i1j1)(i2j2) · · · (ikjk) otherwise,
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where (iljl) ∈ Sn is the transposition of indexes il and jl.

One can check that the above definition is well-defined (see Appendix C.2).

Since the free algebra generated by the generators of FK(n) and the defining ideal of

FK(n) are both homogeneous w.r.t. Sn-degree, and we have a well-defined Sn-degree, the

quotient of them is a graded algebra. Thus we have the following homogeneous decomposition

w.r.t. Sn-degree;

FK(n) =
⊕
σ

FKσ(n), (6.2)

where FKσ is the set of elements of FK(n) of the same Sn degree σ ∈ Sn. However this is

not a representation decomposition (for which we need a coarser decomposition by conjugacy

class. See Section 6.2).

6.1.3 Set-partition degree homogeneous decomposition

Definition 6.1.5. 1. We call α = {A1, A2, · · · , At} a set partition on set A,

if


Ai ⊂ A,

Ai ∩ Aj = φ, for i 6= j,

Ai ∪ A2 ∪ · · · ∪ At = A.

2. For a monomial M in variables xij , the set partition degree of M denoted by sp-deg(M)

is defined as the finest set partition of [n] for which i and j lie in the same block if

and only if xij appears in M . If we denote the blocks by mk, k = 1, 2, · · · , t, then we

have sp-deg (M) = {m1,m2, · · · ,mt}, where mk are disjoint subsets of [n] such that
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∪tk=1mk = [n] and such that i and j lie in the same mk if and only if xij appears in M .

Two monomials M and M ′ with different set partition degrees, i.e., mk 6= m′k for some

k, could have the same cardinal number |mk| = |m′k| for k = 1, 2, · · · , t, i.e., they

could belong to the same set partition type (sp-type) denoted by (|m1|, |m2|, · · · , |mt|)

with |mk| here sorted in decreasing order.

3. We define the product of two set partitions as the finest set partition that coarsens both.

Example 6.1.6. Let M = x13x24x35x15. Then the set partition degree of M is sp-deg(M) =

{{135}, {24}}, and Then the set partition type of M is sp-type(M) = (3, 2).

Example 6.1.7. xijxjk − xjkxik − xikxij for 1 ≤ i < j < k ≤ n is one of the relations of

FK(n). Every monomial in this polynomial is of set-partition degree {{ijk}} (set partition

type (3)). So this relation is homogeneous w.r.t. set-partition degree.

One can check that all of the relations of FK(n) are homogeneous w.r.t. the set partition

degree, so we have homogeneous ideal w.r.t. this degree as before, i.e., I =
⊕

λ I
λ, where Iλ

is the set of all homogeneous elements of I with the same set partition degree λ .

Definition 6.1.8. We define set-partition degree on FK(n) by the map

sp-degree: FK(n)→ P (n), where P (n) is the set of all partitions of [n], defined by

M + I 7→


∅ if M ∈ I,

sp-deg(M) otherwise.

One can check that the above definition is well-defined (see Appendix C.3).

Since the free algebra generated by the generators of FK(n) and the ideal of FK(n) are
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both homogeneous w.r.t. set partition degree, and we have a well-defined set partition degree

for FK(n), then the quotient of them is a graded algebra w.r.t. this degree, i.e., we have

FK(n) =
⊕
λ

FKλ(n), (6.3)

where FKλ is the sum of homogeneous components with the same set partition degree λ.

However the above decomposition is not a representation decomposition for which we need a

coarser decomposition by set partition type. See Section 6.2.

6.2 Different representation decompositions

6.2.1 Representation decomposition w.r.t. usual degree

Here we recall Equation (6.1),

FK(n) =
⊕
d≥0

FKd(n), (6.4)

which is both a homogeneous decomposition and representation decomposition into Sn-

invariant parts FKd(n) (as Sn defines action on FK(n) but does not change the number of

variables, i.e., usual degree d is invariant under Sn).
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6.2.2 Representation decomposition w.r.t. conjugacy class

FK(n) =
⊕
µ

FKµ(n), (6.5)

where FKµ(n) is the sum of all degree σ elements, where σ belongs to the conjugacy class

indexed by µ. It is both a homogeneous decomposition and representation decomposition

into Sn-invariant parts FKµ(n) (as Sn defines action on FK(n) and while the action of Sn

changes the Sn-degree but does not change the conjugacy class, as a monomial of degree σ,

when acted by a permutation ν is sent to a monomial of degree ν−1σν which is a conjugate of

σ by definition of conjugacy, i.e., conjugacy class is invariant under Sn and so FKµ(n) is Sn-

invariant).

6.2.3 Representation decomposition by set partition type

FK(n) =
⊕
φ

FKφ(n), (6.6)

where FKφ(n) is the sum of all elements with set partition degree λ with the same set partition

type indexed by φ. It is both a homogeneous decomposition and representation decomposition

into Sn-invariant parts FKφ(n) (as Sn defines action on FK(n) and while it changes the set

partition degree of a monomial by changing the indexes in each part of the set partition degree

of the monomial, but does not change the number of indexes in each part, i.e., does not change

the set partition type. For example when a monomial of set partition degree {{i, j, k}, {l,m}}

with set partition type (3, 2) is acted upon by permutation σ, the set partition degree changes

to {{σ(i), σ(j), σ(k)}, {σ(l), σ(m)}}, where the indexes in each part change but the number

of indexes in each part stays the same 3 and 2, i.e., the set partition type (3, 2) is preserved,
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i.e., set partition type is Sn-invariant).

Notations

We use notation qi (superscript i) for usual degree i. We use ti to denote a cycle of length iwhen

denoting a conjugacy class. For example the conjugacy class indexed by µ = (123)(45)(67)(8)

is denoted by t3t
2
2t1. We use notation qi (subscript) to denote a part of size i when showing

a set partition type. For example a monomial with set partition degree {{134}, {25}, {67}}

belongs to set partition type (3, 2, 2) denoted by q3q
2
2 . As another example FK(2)

q3q
2
1
(5) denotes

elements of FK(5) of usual degree 2 and set partition type (3, 1, 1) denoted by q3q
2
1 .

Here we investigate some cases of representation decomposition by usual degree, conjugacy

class and set partition type.

6.2.4 Representation decomposition of FK(3) by different degrees

Relations

The set of relations of FK(3) from Equation (1.2) are

R(3) = {x2
12 = 0, x2

23 = 0, x2
13 = 0, x12x23−x23x13−x13x12 = 0, x12x13−x23x12+x13x23 = 0}

(6.7)
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Gröbner basis

GB(3) = {x2
12, x

2
23, x

2
13, x12x23−x23x13−x13x12, x12x13−x23x12+x13x23, x23x13x23+x13x23x13}.

(6.8)

Basis

B[FK(3)] = {1, x12, x23, x13, x23x12, x23x13, x13x12, x13x23,

x23x13x12, x13x23x13, x13x23x12, x13x23x13x12}.
(6.9)

Hilbert series

From the above basis we can read the Hilbert series.

H3 = q4 + 3q3 + 4q2 + 3q + 1 (6.10)

Remark 6.2.1. In our character tables, conjugacy classes and irreducible characters are

indexed by partition. So for example in Table 6.1, conjugacy class c21 stands for the one with

partition 3 = 2+1, with conjugacy class representative say(12)(3) and with its corresponding

irreducible character χ21.

Remark 6.2.2. Under the action of Sn, the component of the character of FK(n) on con-

jugacy class indexed by σ ∈ Sn, is the sum of the coefficients of z ∈ B[FK(n)] in σ(z)

expanded in elements of B[FK(n)], when z runs in B[FK(n)].
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Table 6.1: Character table of S3. Conjugacy classes and irred. characters indexed by
partitions.

|c111| = 1 |c21| = 3 |c3| = 2 Frobenius image
χ3 1 1 1 s3

χ21 2 0 -1 s21

χ111 1 -1 1 s111

Character

charS3 [FK(3)] = (12, 0, 0) = 2χ3 + 4χ21 + 2χ111, (6.11)

where χ3, χ21 and χ111 are irreducible characters of S3 in Table 6.1.

Remark 6.2.3. In decomposition of a character χ in irreducible characters χ(i) of a group G,

the coefficients of χ(i) are derived as follows

χ =
∑
i

miχ
(i), mi = 〈χ, χ(i)〉 =

1

|G|
∑
K

|K|χKχ
(i)
K , (6.12)

where sum is over conjugacy classes. We apply this formula frequently here after on.

Frobenius image

FS3(charS3 [FK(3)]) = 2s3 + 4s21 + 2s111, (6.13)

where s3, s21 and s111 are Schur functions.
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Representation decomposition by usual degree

B[FK(3)] in Equation (6.9) can be divided into following sets by usual degree.

B0 = {1}, B1 = {x12, x23, x13}, B2 = {x23x12, x23x13, x13x12, x13x23},

B3 = {x23x13x12, x13x23x13, x13x23x12}, B4 = {x13x23x13x12}.
(6.14)

Characters are

charS3 [FK
(0)(3)] = (1, 1, 1) = χ3,

charS3 [FK
(1)(3)] = (3,−1, 0) = χ21 + χ111,

charS3 [FK
(2)(3)] = (4, 0,−2) = 2χ21,

charS3 [FK
(3)(3)] = (3,−1, 0) = χ21 + χ111,

charS3 [FK
(4)(3)] = (1, 1, 1) = χ3,

(6.15)

where χ3, χ21, χ111 are irreducible characters of S3, in Table 7.1. Also with Frobenius images

FS3(charS3 [FK
(0)(3)]) = s3,

FS3(charS3 [FK
(1)(3)]) = s21 + s111,

FS3(charS3 [FK
(2)(3)]) = 2s21,

FS3(charS3 [FK
(3)(3)]) = s21 + s111,

FS3(charS3 [FK
(4)(3)]) = s3.

(6.16)

Therefore

charS3 [FK(3)](q) = χ3 + (χ21 + χ111)q + 2χ21q
2 + (χ21 + χ111)q3 + χ3q

4, (6.17)
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with Frobenius image

FS3(charS3 [FK(3)](q) = (1 + q4)s3 + (q + 2q2 + q3)s21 + (q + q3)s111. (6.18)

Remark 6.2.4. Equations (6.17) and (6.18) provide finer decompositions than Equation

(6.11) and (6.13) and reduce to them upon putting q = 1 in them.

Representation decomposition by conjugacy class

The basis of FK(3) is partitioned into

Bt31
={1, x13x23x13x12}, Bt2t1 = {x12, x13, x23, , x23x13x12, x13x23x13, x13x23x12},

and Bt3 = {x23x12, x23x13, x13x12, x13x23}

of conjugacy classes denoted by t31, t2t1 and t3 respectively. One can easily check that each of

them are closed under S3 and that S3 defines an actions on each of FKt31(3), FKt2t1(3) and

FKt3(3), with the following characters.

charS3 [FK
t31(3)] = (2, 2, 2) = 2χ3,

charS3 [FK
t2t1(3)] = (6,−2, 0) = 2χ111 + 2χ21,

charS3 [FK
t3(3)] = (4, 0,−2) = 2χ21,

(6.19)
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with Frobenius images

FS3(charS3 [FK
t31(3)]) = 2s3,

FS3(charS3 [FK
t2t1(3)]) = 2s21 + 2s111,

FS3(charS3 [FK
t3(3)]) = 2s21.

(6.20)

Therefore we have

charS3 [FK(3)](t1, t2, t3) = 2χ3t
3
1 + (2χ111 + 2χ21)t2t1 + 2χ21t3, (6.21)

with Frobenius image

FS3(charS3 [FK(3)](t1, t2, t3)) = (2t31)s3 + 2(t2t1 + t3)s21 + (2t2t1)s111. (6.22)

Remark 6.2.5. Equations (6.21) and (6.22) are finer than Equations (6.11) and (6.13) re-

spectively and reduce to them upon letting t1 = t2 = t3 = 1. We also notice that letting

t1 = t2 = t3 = q in (6.21) and (6.22) does not relate them to (6.17) and (6.18), the reason

is that monomials with the same permutation degree (Sn degree) could have different usual

degrees. For example while in the basis of FK(3) both x12 and x13x23x13 have the same

permutation degree (12)(3), but they are of different usual degrees 1 and 3.

Representation decomposition by set partition type

The basis of FK(3) can be divided into the following 3 parts by set partition degrees type,

Bq31
= {1}, Bq2q1

= {x12, x23, x13} and

Bq3
= {x23x12, x23x13, x13x12, x13x23, x23x13x12, x13x23x13, x13x23x12, x13x23x13x12} of set
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partition types denoted by q3
1 , q2q1 and q3 respectively. Then

charS3 [FKq31
(3)] = (1, 1, 1) = χ3,

charS3 [FKq2q1
(3)] = (3,−1, 0) = χ21 + χ111,

charS3 [FKq3
(3)] = (8, 0,−1) = χ3 + 3χ21 + χ111.

(6.23)

with Frobenius images

FS3(charS3 [FKq31
(3)]) = s3,

FS3(charS3 [FKq2q1
(3)]) = s21 + s111,

FS3(charS3 [FKq3
(3)]) = s3 + 3s21 + s111.

(6.24)

Therefore

charS3 [FK(3)](q1, q2, q3) = (χ3)q3
1 + (χ21 + χ111)q2q1 + (χ3 + 3χ21 + χ111)q3, (6.25)

with Frobenius image

FS3(charS3 [FK(3)](q1, q2, q3)) = (q3
1 + q3)s3 + (q2q1 + 3q3)s21 + (q2q1 + q3)s111. (6.26)

Remark 6.2.6. Equations (6.25) and (6.26) represent finer decompositions of FK(3) than

Equations (6.11) and (6.13) respectively and reduce to them upon letting q1 = q2 = q3 = 1 in

Equations (6.25) and (6.26). We also notice that letting q1 = q2 = q3 = q in Equations (6.25)

and (6.26) does not relate them to Equations (6.17) and (6.18), the reason is that monomials

of the same set partition degree could have different usual degrees. For example in the basis

FK(3), while x23x12 and x13x23x13x12 both have the same set partition degree {{1, 2, 3}}

but are of usual degrees 2 and 4.
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Representation decomposition by set partition type and usual degree

Using the basis of FK(3) partitioned by usual degree in Equation (6.14) we derive easily the

following character map and Frobenius image in terms of set partition type. This together with

the ones for higher n = 4, n = 5,...will be helpful later on to find a pattern for general n.

charS3 [FK
(0)(3)] = charS3 [FK

(0)

q31
(3)] = (1, 1, 1) = χ3.

FS3(charS3 [FK
(0)

q31
(3)]) = s3.

(6.27)

charS3 [FK
(1)
q2q1

(3)] = charS3 [FK
(1)(3)] = (3,−1, 0) = χ21 + χ111.

FS3(charS3 [FK
(1)
q2q1

(3)]) = F (charS3 [FK
(1)(3)]) = s21 + s111.

(6.28)

charS4 [FK
(1)

q2q
2
1
(4)] = (6, 0,−2, 0, 0) = χ31 + χ211.

FS4(charS4 [FK
(1)

q2q
2
1
(4)]) = s31 + s211.

(6.29)

charS5 [FK
(1)

q2q
3
1
(5)] = (10, 2,−2, 1,−1, 0, 0) = χ41 + χ311.

FS5(charS5 [FK
(1)

q2q
3
1
(5)]) = s41 + s311.

(6.30)

charS3 [FK
(2)
q3

(3)] = (4, 0,−2) = 2χ21.

FS3(charS3 [FK
(2)
q3

(3)]) = 2s21.

(6.31)

charS3 [FK
(3)
q3

(3)] = (3,−1, 0) = χ21 + χ111.

FS3(charS3 [FK
(3)
q3

(3)]) = s21 + s111.

(6.32)

charS3 [FK
(4)
q3

(3)] = (1, 1, 1) = χ3.

FS3(charS3 [FK
(4)
q3

(3)]) = s3.

(6.33)

126



6.3 Decomposition of FKd(4), d = 2, 3, 4, conjugacy class,

set partition type, representation decompositions.

Relations of FK(4)

R(4) ={x2
12 = 0, x2

13 = 0, x2
14 = 0, x2

23 = 0, x2
24 = 0, x2

34 = 0,

x12x34 − x34x12 = 0, x13x24 − x24x13 = 0, x23x14 − x14x23 = 0,

x12x23 − x23x13 − x13x12 = 0, x12x13 − x23x12 + x13x23 = 0,

x12x24 − x24x14 − x14x12 = 0, x12x14 − x24x12 + x14x24 = 0,

x13x34 − x34x14 − x14x13 = 0, x13x14 − x34x13 + x14x34 = 0,

x23x34 − x34x24 − x24x23 = 0, x23x24 − x34x23 + x24x34 = 0}.

(6.34)

Gröbner basis

GB(4) ={x2
12, x

2
13, x

2
14, x

2
23, x

2
24, x

2
34,

x12x34 − x34x12, x13x24 − x24x13, x23x14 − x14x23,

x12x23 − x23x13 − x13x12, x12x13 − x23x12 + x13x23, x12x24 − x24x14 − x14x12,

x12x14 − x24x12 + x14x24, x13x34 − x34x14 − x14x13, x13x14 − x34x13 + x14x34,

x23x34 − x34x24 − x24x23, x23x24 − x34x23 + x24x34,

x23x13x23 + x13x23x13, x24x14x24 + x14x24x14,

x34x14x34 + x14x34x14, x34x24x34 + x24x34x24}.

(6.35)
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Table 6.2: character table of S4

c.c. |c1111| = 1 |c211| = 6 |c22| = 3 |c31| = 8 |c4| = 6
c.c. rep (1)(2)(3)(4) (1,2)(3)(4) (1,2)(3,4) (1,2,3)(4) (1,2,3,4) F.I
χ4 1 1 1 1 1 s4

χ31 3 1 -1 0 -1 s31

χ22 2 0 2 -1 0 s22

χ211 3 -1 -1 0 1 s211

χ1111 1 -1 1 1 -1 s1111

6.3.1 Degree 2 component of FK(4)

Basis of FK(2)(4)

B[FK(2)(4)] ={x13x23, x23x13, x14x24, x24x14, x14x34, x34x14, x24x34, x34x24, x23x12, x24x12,

x34x13, x34x23, x34x12, x24x13, x14x23, x24x23, x14x13, x14x12, x13x12}.

(6.36)

Character map

charS4FK
(2)(4) = (19,−1, 3,−2,−1). (6.37)

However this character is reducible and is written in terms of irreducible characters of S4 in

Table 6.2.

charS4FK
(2)(4) = 2χ31 + 3χ22 + 2χ211 + χ1111. (6.38)
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Table 6.3: charS4FK
(i)(4) for i = 1, 2, 3, 4.

|c1111| = 1 |c211| = 6 |c22| = 3 |c31| = 8 |c4| = 6
(1)(2)(3)(4) (1, 2)(3)(4) (1, 2)(3, 4) (1, 2, 3)(4) (1, 2, 3, 4)

charS4 [FK
(0)(4)] 1 1 1 1 1

charS4 [FK
(1)(4)] 6 0 −2 0 0

charS4 [FK
(2)(4)] 19 −1 3 −2 −1

charS4 [FK
(3)(4)] 42 −2 −6 0 −2

charS4 [FK
(4)(4)] 71 −1 7 −1 −1

We have also the Frobenius image

FS4(charS4 [FK
(2)(4)]) = 2s31 + 3s22 + 2s211 + s1111. (6.39)

Conjugacy class decomposition of FK(2)(4)

In terms of conjugacy class we divide the basis of FK(2)(4), Equation (6.36), into 2 sets:

Bt22
={x34x12, x24x13, x14x23}, and

Bt3t1 ={x13x23, x23x13, x14x24, x24x14, x14x34, x34x14, x24x34, x34x24, x23x12, x24x12,

x34x13, x34x23, x24x23, x14x13, x14x12, x13x12}.

(6.40)

with the following character and Frobenius maps:

charS4 [FK
(2)

t22
(4)] = (3,−1, 3, 0,−1) = χ22 + χ1111.

F (charS4 [FK
(2)

t22
(4)]) = s22 + s1111.

(6.41)
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And

charS4 [FK
(2)
t3t1

(4)] = (16, 0, 0,−2, 0) = 2χ31 + 2χ22 + 2χ211.

F (charS4 [FK
(2)
t3t1

(4)]) = 2s31 + 2s22 + 2s211.

(6.42)

Therefore

charS4 [FK
(2)(4)](t1, t2, t3) = (χ22 + χ1111)t22 + (2χ31 + 2χ22 + 2χ211)t3t1, (6.43)

with Frobenius image

FS4(charS4 [FK
(2)(4)](t1, t2, t3)) = 2t3t1s31 + (2t3t1 + t22)s22 + 2t3t1s211 + t22s1111. (6.44)

Set partition type decomposition of FK(2)(4)

The basis of FK(2)(4), Equation (6.36), is divided into 2 sets:

Bq22
={x34x12, x24x13, x14x23},

of set partition type q2
2 and

Bq3q1
={x13x23, x23x13, x14x24, x24x14, x14x34, x34x14, x24x34, x34x24, x23x12, x24x12,

x34x13, x34x23, x24x23, x14x13, x14x12, x13x12},

of set partition type denoted by q3q1.
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However this same partition is invariant under conjugacy class as well as set partition type,

so we are going to have essentially the same representation decomposition.

charS4 [FK
(2)

q22
(4)] = (3,−1, 3, 0,−1)

= χ22 + χ1111,

(6.45)

with Frobenius image

FS4(charS4 [FK
(2)

q22
(4)]) = s22 + s1111. (6.46)

and

charS4 [FK
(2)
q3q1

(4)] = (16, 0, 0,−2, 0)

= 2χ31 + 2χ22 + 2χ211,

(6.47)

with Frobenius image

FS4(charS4 [FK
(2)
q3q1

(4)]) = 2s31 + 2s22 + 2s211, (6.48)

or just

FS4(charS4 [FK
(2)(4)])(q1, q2, q3) =(2q3q1)s31 + (2q3q1 + q2

2)s22

+ (2q3q1)s211 + q2
2s1111.

(6.49)

Remark 6.3.1. Equation (6.49) is a finer decomposition than Equation (6.39) and reduces to

that upon putting q1 = q2 = q3 = 1.
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Table 6.4: FS4 [FK
(i)(4)] and FS3 [FK

(i)(3)], i = 1, 2, 3, 4.

F.I F.I

FS4(charS4 [FK
(0)(4)]) s4 FS3(charS3 [FK

(0)(3)] s3

FS4(charS4 [FK
(1)(4)]) s31 + s211 FS3(charS3 [FK

(1)(3)]) s21 + s111

FS4(charS4 [FK
(2)(4)]) 2s31 + 3s22 + 2s211 + s1111 FS3(charS3 [FK

(2)(3)]) 2s21

FS4(charS4 [FK
(3)(4)]) 6s31 + 3s22 + 6s211 + 2s1111 FS3(charS3 [FK

(3)(3)]) s21 + s111

FS4(charS4 [FK
(4)(4)]) 3s4 + 8s31 + 8s22 + 8s211 + 4s1111

6.3.2 Degree 3 component of FK(4)

B[FK(3)(4)] = {x14x13x12, x14x13x23, x14x23x12, x14x23x13, x14x34x12, x14x34x13,

x14x34x23, x14x34x24, x14x34x14, x14x24x12, x14x24x13, x14x24x23,

x14x24x34, x14x24x14, x23x13x12, x24x14x12, x24x14x13, x24x14x23,

x24x14x34, x24x13x12, x24x13x23, x24x23x12, x24x23x13, x34x24x12,

x34x24x13, x34x24x23, x34x24x14, x34x14x12, x34x14x13, x34x14x23,

x34x23x12, x34x23x13, x34x13x12, x34x13x23, x13x23x12, x13x23x13,

x24x34x12, x24x34x13, x24x34x23, x24x34x24, x24x34x14, x34x14x24}.

(6.50)

Character map

charS4 [FK
(3)(4)] = (42,−2,−6, 0,−2)

= 6χ31 + 2χ22 + 6χ211 + 2χ1111,

(6.51)

where χi are irreducible characters of S4 in Table 6.2. Also with Frobenius image

FS4(charS4 [FK
(3)(4)]) = 6s31 + 2s22 + 6s211 + 2s1111. (6.52)
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Representation decomposition of FK(3)(4) by conjugacy class

Here we divide degree 3 part of FK(4) basis into 2 sets according to their conjugacy classes

denoted by t4 and t2t
2
1.

Bt4 = {x14x13x12, x14x23x13, x24x14x23, x24x13x12, x34x24x14, x34x14x12, x14x13x23,

x14x23x12, x24x14x13, x34x14x23, x24x34x14, x14x34x12, x24x14x34, x34x23x13,

x34x13x12, x24x34x13, x14x34x23, x14x24x34, x34x23x12, x34x13x23,

x24x34x12, x14x34x24, x14x24x23, x24x23x13, x34x24x13, x14x24x13,

x24x13x23, x24x23x12, x34x24x12, x34x14x24}.

Bt2t
2
1

= {x14x34x13, x24x34x23, x14x34x14, x23x13x12, x14x24x12, x34x24x23,

x14x24x14, x13x23x13, x24x14x12, x34x14x13, x13x23x12, x24x34x24}.

(6.53)

One can check that Bt4 and Bt2t
2
1

are closed under the action of S4.

Decomposition of character in irreducible characters/Frobenius image

charS4 [FK
(3)
t4

(4)] = (30, 0,−6, 0,−2)

= 5χ31 + χ22 + 4χ211 + χ1111.

FS4(charS4 [FK
(3)
t4 (4)]) = 5s31 + s22 + 4s211 + s1111.

charS4 [FK
(3)

t2t
2
1
(4)] = (12,−2, 0, 0, 0)

= χ31 + χ22 + 2χ211 + χ1111.

FS4(charS4 [FK
(3)

t2t
2
1
(4)]) = s31 + s22 + 2s211 + s1111.

(6.54)
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Adding them up we have

charS4 [FK
(3)(4)](t1, t2, t4) =(5χ31 + χ22 + 4χ211 + χ1111)t4

+ (χ31 + χ22 + 2χ211 + χ1111)t2t
2
1,

(6.55)

with Frobenius image

FS4(charS4 [FK
(3)(4)](t1, t2, t4)) =(5t4 + t2t

2
1)s31 + (t4 + t2t

2
1)s22

+ (4t4 + 2t2t
2
1)s211 + (t4 + t2t

2
1)s1111.

(6.56)

Remark 6.3.2. Decompositions in Equations (6.56) is a finer decomposition than the ones in

Equation (6.52) and reduces to that at t1 = t2 = t4 = 1.

Representation decomposition of FK3(4) by set partition type

As before, by set partition type we will have essentially the same decomposition as we had

in conjugacy class. The reason is that referring to Equation (6.53) we see that the set of set

partition type q3q1 is nothing but Bt2t
2
1

and the set of set partition type q4 is nothing but Bt4 ,

i.e., we have the same partition of basis invariant under conjugacy class and set partition type.

Hence set partition decomposition is the same as conjugacy class and here we put them briefly

just for reference.

charS4 [FK
(3)
q4

(4)] = (30, 0,−6, 0,−2)

= 5χ31 + χ22 + 4χ211 + χ1111,

(6.57)
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with Frobenius image

FS4(charS4 [FK
(3)
q4

(4)] = 5s31 + s22 + 4s211 + s1111. (6.58)

We have also

charS4 [FK
(3)
q3q1

(4)] =(12,−2, 0, 0, 0)

=χ31 + χ22 + 2χ211 + χ1111,

(6.59)

with Frobenius image

FS4(charS4 [FK
(3)
q3q1

(4)]) = s31 + s22 + 2s211 + s1111. (6.60)

Hence we have

charS4 [FK
(3)(4)](q1, q3, q4) =(χ31 + χ22 + 2χ211 + χ1111)q3q1

+ (5s31 + s22 + 4s211 + s1111)q4,

(6.61)

with Frobenius image

FS4(charS4 [FK
(3)(4)])(q1, q3, q4) =(q3q1 + 5q4)s31 + (q3q1 + q4)s22

+ (2q3q1 + 4q4)s211 + (q3q1 + q4)s1111.

(6.62)

Remark 6.3.3. Equation (6.62) is a finer decomposition than Equation (6.52) and reduces to

that upon putting q1 = q3 = q4 = 1.
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6.3.3 Degree 4 component of FK(4)

Basis

B[FK(4)(4)] = {x13x23x13x12, x14x34x14x13, x14x24x14x12, x24x34x24x23,

x14x13x23x12, x14x34x13x12, x14x34x23x13, x14x34x24x12,

x14x34x14x24, x14x24x13x23, x14x24x23x12, x14x24x34x13,

x14x24x34x24, x14x24x14x34, x24x14x13x12, x24x14x23x13,

x24x14x34x14, x24x14x34x23, x24x23x13x12, x24x34x13x23,

x24x34x23x12, x24x34x24x14, x24x34x14x12, x34x24x13x12,

x34x24x23x13, x34x24x14x13, x34x14x13x23, x34x14x23x12,

x34x13x23x13, x34x14x24x14, x34x14x24x23, x14x13x23x13,

x14x23x13x12, x14x34x13x23, x14x34x23x12, x14x34x24x13,

x14x34x24x14, x14x34x24x23, x14x34x14x12, x14x34x14x23,

x14x24x13x12, x14x24x23x13, x14x24x34x12, x14x24x34x14,

x14x24x34x23, x14x24x14x13, x14x24x14x23, x24x14x13x23,

x24x14x23x12, x24x14x34x12, x24x14x34x13, x24x14x34x24,

x24x13x23x12, x24x13x23x13, x24x34x13x12, x24x34x23x13,

x24x34x24x12, x24x34x24x13, x24x34x14x13, x24x34x14x23,

x24x34x14x24, x34x24x13x23, x34x24x23x12, x34x24x14x12,

x34x24x14x23, x34x14x13x12, x34x14x23x13, x34x23x13x12,

x34x13x23x12, x34x14x24x12, x34x14x24x13}.

(6.63)
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Character map and Frobenius images

charS4 [FK
(4)(4)] =(71,−1, 7,−1,−1)

=3χ4 + 8χ31 + 8χ22 + 8χ211 + 4χ1111,

(6.64)

where χi are irreducible characters of S4 in Table 6.2. Also with Frobenius image

FS4(charS4 [FK
(4)(4)]) = 3s4 + 8s31 + 8s22 + 8s211 + 4s1111. (6.65)

Representation decomposition of FK(4)(4) by conjugacy class

Basis

Basis of FK4(4) in Equation (6.63) is decomposed in conjugacy class invariant parts

B(FK(4)(4)) = B(FK
(4)

t41
(4)) ∪B(FK

(4)

t22
(4)) ∪B(FK

(4)
t3t1(4)), (6.66)

where

B(FK
(4)

t41
(4)) = {x13x23x13x12, x14x34x14x13, x14x24x14x12, x24x34x24x23}. (6.67)
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B(FK
(4)

t22
(4)) = {x14x13x23x12, x14x34x13x12, + x14x34x23x13, + x14x34x24x12,

x14x34x14x24, x14x24x13x23, x14x24x23x12, x14x24x34x13,

x14x24x34x24, x14x24x14x34, x24x14x13x12, x24x14x23x13,

x24x14x34x14, x24x14x34x23, x24x23x13x12, x24x34x13x23,

x24x34x23x12, x24x34x24x14, x24x34x14x12, x34x24x13x12,

x34x24x23x13, x34x24x14x13, x34x14x13x23, x34x14x23x12,

x34x13x23x13, x34x14x24x14, x34x14x24x23},

(6.68)

and

B(FK
(4)
t3t1(4)) = {x14x13x23x13, x14x23x13x12, x14x34x13x23, x14x34x23x12,

x14x34x24x13, x14x34x24x14, x14x34x24x23, x14x34x14x12,

x14x34x14x23, x14x24x13x12, x14x24x23x13, x14x24x34x12,

x14x24x34x14, x14x24x34x23, x14x24x14x13, x14x24x14x23,

x24x14x13x23, x24x14x23x12, x24x14x34x12, x24x14x34x13,

x24x14x34x24, x24x13x23x12, x24x13x23x13, x24x34x13x12,

x24x34x23x13, x24x34x24x12, x24x34x24x13, x24x34x14x13,

x24x34x14x23, x24x34x14x24, x34x24x13x23, x34x24x23x12,

x34x24x14x12, x34x24x14x23, x34x14x13x12, x34x14x23x13,

x34x23x13x12, x34x13x23x12, x34x14x24x12, x34x14x24x13}.

(6.69)
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Characters and Frobenius images:

charS4 [FK
(4)

t41
(4)] = (4, 2, 0, 1, 0)

= χ4 + χ31.

(6.70)

FS4(charS4 [FK
(4)

t41
(4)]) = s4 + s31. (6.71)

charS4 [FK
(4)

t22
(4)] = (27,−3, 7, 0,−1)

= χ4 + 2χ31 + 4χ22 + 3χ211 + 3χ1111.

(6.72)

FS4(charS4 [FK
(4)

t22
(4)]) = s4 + 2s31 + 4s22 + 3s211 + 3s1111. (6.73)

charS4 [FK
(4)
t3t1(4)] = (40, 0, 0,−2, 0)

= χ4 + 5χ31 + 4χ22 + 5χ211 + χ1111.

(6.74)

FS4(charS4 [FK
(4)
t3t1(4)]) = s4 + 5s31 + 4s22 + 5s211 + s1111. (6.75)

Hence we have

FS4(charS4 [FK
(4)(4)]) =(t3t1 + t22 + t41)s4 + (5t3t1 + 2t22 + t41)s31

+ 4(t3t1 + t22)s22 + (5t3t1 + 3t22)s211 + (t3t1 + 3t22)s1111.

(6.76)

Representation decomposition of FK(4)(4) by set partition type

By set partition type, unlike conjugacy class, the basis of FK4(4) is decomposed into only

two invariant parts as it follows.
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B(FK(4)(4)) = B(FK(4)
q3q1

(4)) ∪B(FK(4)
q4

(4)), (6.77)

where

B(FK(4)
q3q1

(4)) = {x13x23x13x12, x14x34x14x13, x14x24x14x12, x24x34x24x23}, (6.78)

and

B(FK(4)
q4

(4)) = B(FK(4)(4)) \B(FK(4)
q3q1

(4)). (6.79)

Characters and Frobenius images

charS4 [FK
(4)
q3q1

(4)] = (4, 2, 0, 1, 0)

= χ4 + χ31.

(6.80)

FS4(charS4 [FK
(4)
q3q1

(4)]) = s4 + s31. (6.81)

charS4 [FK
(4)
q4

(4)] = (67,−3, 7,−2,−1)

= 2χ4 + 7χ31 + 8χ22 + 8χ211 + 4χ1111.

(6.82)

FS4(charS4 [FK
(4)
q4

(4)]) = 2s4 + 7s31 + 8s22 + 8s211 + 4s1111. (6.83)

Hence we have

FS4(charS4 [FK
(4)(4)])(q1, q3, q4) =

(2q4 + q3q1)s4 + (7q4 + q3q1)s31 + 8q4s22 + 8q4s211 + 4q4s1111.

(6.84)

Remark 6.3.4. Equations (6.84) and (6.76) are finer decompositions than Equation (6.65)

and reduce to that upon putting q1 = q3 = q4 = 1 and t1 = t2 = t3 = 1 respectively.
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6.3.4 Degree one component FK(1)(5)

charS5 [FK
(1)

q2q
3
1
(5)] = charS5 [FK

(1)(5)] = (10, 2,−2, 1,−1, 0, 0)

= χ41 + χ311,

(6.85)

where χi are irreducible characters of S5 in Table 6.5, and with Frobenius image

FS5(charS5 [FK
(1)

q2q
3
1
(5)]) = s41 + s311. (6.86)

6.3.5 Degree 2 component of FK(5)

charS5 [FK
(2)(5)] =(55, 1, 3,−2,−2,−1, 0)

=2χ41 + 3χ32 + 2χ311 + 3χ221 + χ2111 + χ11111,

(6.87)

where χi are irreducible characters of S5 in Table 6.5, and with Frobenius image

FS5(charS5 [FK
(2)(5)]) = 2s41 + 3s32 + 2s311 + 3s221 + s2111 + s11111. (6.88)

6.3.6 Representation decomposition of FK2(5) by set partition type

B(FK(2)(5)) = B(FK
(2)

q3q
2
1
(5)) ∪B(FK

(2)

q22q1
(5)) (6.89)
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Table 6.5: character table of S5.

|c11111|
= 1

|c2111|
= 10

|c221|
= 15

|c311|
= 20

|c32|
= 20

|c41|
= 30

|c5|
= 24

F.I.

χ5 1 1 1 1 1 1 1 s5

χ41 4 2 0 1 −1 0 −1 s41

χ32 5 1 1 −1 1 −1 0 s32

χ311 6 0 −2 0 0 0 1 s311

χ221 5 −1 1 −1 −1 1 0 s221

χ2111 4 −2 0 1 1 0 −1 s2111

χ11111 1 −1 1 1 −1 −1 1 s11111

where

B(FK
(2)

q3q
2
1
(5)) ={x15x12, x15x13, x15x14, x15x25, x15x35, x15x45, x14x12, x14x13, x14x24,

x14x34, x25x12, x25x15, x25x24, x25x13, x25x45, x25x35, x35x13, x35x15,

x35x23, x35x25, x35x34, x35x45, x45x14, x45x15, x45x24, x45x25, x45x34,

x45x35, x24x12, x24x14, x24x23, x24x34, x34x13, x34x14, x34x23, x34x24,

x13x12, x13x23, x23x12, x23x13}

(6.90)

and

B(FK
(2)

q22q1
(5)) ={x15x23, x15x24, x15x34, x14x23, x25x13, x25x14, x25x34,

x35x12, x35x14, x35x24, x45x12, x45x13, x45x23, x24x13, x34x12}.
(6.91)

with associated characters and Frobenius images

charS5 [FK
(2)

q3q
2
1
(5)] = (40, 4, 0,−2,−2, 0, 0)

= 2χ41 + 2χ32 + 2χ311 + 2χ221,

(6.92)

FS5(charS5 [FK
(2)

q3q
2
1
(5)]) = 2s41 + 2s32 + 2s311 + 2s221, (6.93)
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Table 6.6: Character/Frobenius image of [FK(2)

q22
(4)], [FK(2)

q22q1
(5)], and [FK

(2)

q22q
2
1
(6)].

FK
(2)

q22
(4) FK

(2)

q22q1
(5) FK

(2)

q22q
2
1
(6)

(3,−1, 3, 0,−1) (15,−3, 3, 0, 0,−1, 0) (45,−3, 1, 9, 0, 0, 0,−1,−1, 0, 0)
s22 + s1111 s32 + s221 + s2111 + s11111 s42 + s321 + s3111 + s222 + s21111

and

charS5 [FK
(2)

q22q1
(5)] = (15,−3,+3, 0, 0,−1, 0)

= χ32 + χ221 + χ2111 + χ11111,

FS5(charS5 [FK
(2)

q22q1
(5)]) = s32 + s221 + s2111 + s11111,

(6.94)

where χab are irreducible characters of S5 in Table 6.5. Combining the above we have:

FS5 [FK
(2)(5)](q1, q2, q3) =(2q3q

2
1)s41 + (q2

2q1 + 2q3q
2
1)s32 + (2q3q

2
1)s311

+ (q2
2q1 + 2q3q

2
1)s221 + (q2

2q1)s2111 + (q2
2q1)s11111,

(6.95)

which reduces to Equation (6.88) upon letting q1 = q2 = q3 = 1, as expected.

Remark 6.3.5. Here we have the same decomposition of the basis invariant under conjugacy

classes indexed by t22t1 and t3t21 as under set partition types q2
2q1 and q2

3q
2
1 respectively. So

the conjugacy class decomposition of FK(2)(5) is essentially the same as set partition type

decompositions.

6.3.7 Representation decomposition of FK3(5) by set partition type

B(FK(3)(5)) = B(FK
(3)

q3q
2
1
(5)) ∪B(FK(3)

q3q2
(5)) ∪B(FK(3)

q4q1
(5)), (6.96)
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where

B(FK
(3)

q3q
2
1
(5)) ={x15x35x15, x15x25x12, x15x45x14, x15x35x13, x15x45x15, x15x25x15,

x14x24x12, x14x24x14, x14x34x13, x14x34x14, x25x15x12, x25x35x23,

x25x35x25, x25x45x24, x25x45x25, x35x15x13, x35x25x23, x35x45x34,

x35x45x35, x45x15x14, x45x25x24, x45x35x34, x24x14x12, x24x34x23,

x24x34x24, x34x14x13, x24x24x23, x13x23x12, x13x23x13, x23x13x12}

(6.97)

with character

charS5 [FK
3
q3q

2
1
(5)] = (30, 0,−2, 0, 0, 0, 0)

= χ41 + χ32 + 2χ311 + χ221 + χ2111,

(6.98)

where χab are irreducible characters of S5 in Table 6.5, and with Frobenius image

FS5 [FK
3
q3q

2
1
(5)] = s41 + s32 + 2s311 + s221 + s2111. (6.99)

Also

B(FK(3)
q3q2

(5)) ={x15x14x23, x15x24x13, x15x24x23, x15x24x34, x15x25x34, x15x34x12,

x15x34x23, x15x34x24, x15x35x24, x15x45x23, x25x14x13, x25x14x23,

x25x14x34, x25x15x34, x25x24x13, x25x34x12, x25x34x13, x25x34x14,

x25x35x14, x25x45x13, x35x14x12, x35x14x23, x35x14x24, x35x15x24,

x35x24x12, x35x24x13, x35x24x14, x35x25x14, x35x34x12, x35x45x12,

x45x13x23, x45x13x12, x45x14x23, x45x15x23, x45x23x12, x45x23x13,

x45x24x13, x45x25x13, x45x34x12, x45x35x12}

(6.100)
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Table 6.7: Character/Frobenius image of FK(3)
q4 (4) and FK(3)

q4q1(5)

FK
(3)
q4 (4) FK

(3)
q4q1(5)

(30, 0,−6, 0,−2) (150, 0,−6, 0, 0,−2, 0)
5s31 + s22 + 4s211 + s1111 5s41 + 6s32 + 9s311 + 5s221 + 5s2111 + s11111

with character

charS5 [FK
3
q3q2

(5)] = (40,−4, 0,−2,+2, 0, 0)

= 2χ32 + 2χ311 + 2χ221 + 2χ2111,

(6.101)

with Frobenius image

FS5 [FK
3
q3q2

(5)] = 2s32 + 2s311 + 2s221 + 2s2111. (6.102)

Also B[FK
(3)
q4q1(5)] consists of 150 elements and result to the following character.

charS5 [FK
(3)
q4q1

(5)] =(150, 0,−6, 0, 0,−2, 0)

=5χ41 + 6χ32 + 9χ311 + 5χ221 + 5χ2111 + χ11111.

(6.103)

Frobenius image:

FS5 [FK
(3)
q4q1

(5)] = 5s41 + 6s32 + 9s311 + 5s221 + 5s2111 + s11111. (6.104)

Here we summarize the characters for usual degree up to 3 and for different set partition types

for n = 2, 3, 4, 5 along with their associated Frobenius images in Tables 6.8, 6.6, and 6.7.
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Table 6.8: charSn [FKd
qkq

n−k
1

(n)] for d = 2, 3, k = 1, 2, 3, and n = 3, 4, 5.

charS2 [FK
(0)(2)] charS3 [FK

(0)(3)] charS4 [FK
(0)(4)] charS5 [FK

(0)(5)]
(1, 1) (1, 1, 1) (1, 1, 1, 1, 1) (1, 1, 1, 1, 1, 1, 1)
s2 s3 s4 s5

charS2 [FK
(1)
q2 (2)] charS3 [FK

(1)
q2q1(3)] charS4 [FK

(1)

q2q
2
1
(4)] charS5 [FK

(1)

q2q
3
1
(5)]

(1,−1) (3,−1, 0) (6, 0,−2, 0, 0) (10, 2,−2, 1,−1, 0, 0)
s11 s21 + s111 s31 + s211 s41 + s311

charS3 [FK
(2)
q3 (3)] charS4 [FK

(2)
q3q1(4)] charS5 [FK

(2)

q3q
2
1
(5)]

(4, 0,−2) (16, 0, 0,−2, 0) (40, 4, 0,−2,−2, 0, 0)
2s21 2s31 + 2s22 + 2s211 2s41 + 2s32 + 2s311 + 2s221

charS3 [FK
(3)
q3 (3)] charS4 [FK

(3)
q3q1(4)] charS5 [FK

(3)

q3q
2
1
(5)]

(3,−1, 0) (12,−2, 0, 0, 0) (30, 0,−2, 0, 0, 0, 0)
s21 + s111 s31 + s22 + 2s211 + s1111 s41 + s32 + 2s311 + s221 + s2111

charS4 [FK
(4)
q3q1(4)]

(4, 2, 0, 1, 0)
s4 + s31

charS4 [FK
(4)
q4 (4)]

(67,−3, 7,−2,−1)
2s4 + 7s31 + 8s22

+8s211 + 4s1111

6.4 Character of FK(n) of usual degrees 0 and 1.

Proposition 6.4.1. FSn [FK(0)(n)] = sn, n ≥ 2, where sn is Schur function.

Proof. FK(0)(n) = {1}, then for any σ ∈ Sn, we have σ1 = 1. So we have

charSn [FK(0)(n)] = (1, 1, · · · , 1︸ ︷︷ ︸
p(n)

) = χn, so FSn(charSn [FK(0)(n)]) = sn.

This completes the proof.

Remark 6.4.2. In the sequel fλ stands for the number of standard tableaux of shape λ ` n,

where according to Hook Formula fλ = n!∏
(i,j)∈λ hi,j

where hi,j stands for Hook length of the

associated node (i,j).

146



Proposition 6.4.3. Let σ ∈ Sn be of type (1a1 , 2a2 , · · · , nan). Then the value of charSn [FK(1)(n)]

on conjugacy class indexed by σ is

charSn [FK(1)(n)](σ) = −a2 +

(
a1

2

)
. (6.105)

Proof. B[FK(1)(n)] = {xab, 1 ≤ a < b ≤ n}. Then

|B[FK(1)(n)]| = number of 2-sets in n object =
(
n
2

)
. We consider xab ∈ B[FK(1)(n)]. a

and b could also appear in σ ∈ Sn. We consider the following cases of appearance of a, b in σ.

1. If a and b appear in σ as fixed points. σz = z, contribution to the character at σ equals

the number of 2-sets of fixed points in σ, which is nothing but
(
a1
2

)
.

2. If a and b are not both fixed but are in different cycles, we have no contribution to the

character.

3. If a and b both appear in σ in a 2-cycle, then σxab = (a, b)xab = −xab, so a factor (−1)

for each 2-cycle appear in σ, so a contribution of −a2 to the character.

4. If a and b appear in k-cycles for k > 2, then it results in no contribution. The reason

is that the action of σ ∈ Sn on z ∈ Basis, develops new indexes in z that did not exist

before, so causes no eigenvector.

Adding up the contribution due to the above cases we have charSn [FK(1)(n)](σ) = −a2+
(
a1
2

)
.

This completes the proof.

Proposition 6.4.4. Let permutation σ ∈ Sn be of cycle type (1a1 , 2a2 , · · ·nan), and let χn−1,1
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and χn−2,1,1 be irreducible characters of Sn. Then

χn−1,1(σ) + χn−2,1,1(σ) = −a2 +

(
a1

2

)
. (6.106)

Proof. Application of Murnaghan-Nakayama rule to evaluate χn−2,1,1 at σ, at each step

reduces the arm of the diagram of shape λ = (n− 2, 1, 1) by length of a cycle of length i > 2,

until we have cut a total length of β =
∑

i>2 iai off the arm and are left instead of σ with σ′

with only 1-cycles and/or 2-cycles, i.e., we are left with an involution σ′ = (22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

).

χn−2,1,1(σ) = · · · = χn−2−β,1,1(σ′) = χn−2−β,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

), (6.107)

where β =
∑

i>2 iai. So n − β = a1 + 2a2. The following diagram illustrates the below

process of calculation.

n−2︷ ︸︸ ︷
n n-3 n-4 · · · 2 1

2

1

↓
n−β−2︷ ︸︸ ︷

n-β n-β-3 · · · 2 1

2

1

↙ ↘
· · ·

•
•

· · · • •
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We apply Murnaghan-Nakayama Rule to calculate the following.

χn−2,1,1(σ) =χn−2−β,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) = χa1+2a2−2,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

=− χa1+2a2−2(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

) + χa1+2a2−2−2,1,1(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

)

=− 1 + χa1+2a2−2−2,1,1(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

)

=− 1− χa1+2a2−2−2(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

) + χa1+2a2−2−2−2,1,1(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

=− 1− 1 + χa1+2a2−2−2−2,1,1(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

...

=−1− 1− 1 · · · − 1︸ ︷︷ ︸
a2

+χa1+2a2−2−2a2,1,1
(1, 1 · · · , 1)

=− a2 + χa1−2,1,1(1, 1 · · · , 1︸ ︷︷ ︸
a1

)

Hence we have

χn−2,1,1(σ) = −a2 + χa1−2,1,1(1, 1 · · · , 1︸ ︷︷ ︸
a1

). (6.108)

However by Hook formula we have

χa1−2,1,1(1, 1 · · · , 1︸ ︷︷ ︸
a1

) =
a1!

(a1 − 3)!a1.2.1
=

(a1 − 1)(a1 − 2)

2
. (6.109)

substituting (6.109) into (6.108) we have

χn−2,1,1(σ) = −a2 +
(a1 − 1)(a1 − 2)

2
. (6.110)
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On the other hand we have [21]

χn−1,1(σ) = (number of fixed points in σ)− 1 = a1 − 1. (6.111)

Adding up (6.110) and (6.111) we have

χn−1,1(σ) + χn−2,1,1(σ) = −a2 +
(a1 − 1)(a1 − 2)

2
+ a1 − 1

= −a2 +
(a1 − 1)a1

2
= −a2 +

(
a1

2

)
.

Hence we have

χn−1,1(σ) + χn−2,1,1(σ) = −a2 +

(
a1

2

)
. (6.112)

where a1 and a2 are the number of 1-cycles and 2-cycles in σ. This completes the proof.

Proposition 6.4.5. Let FK(1)(n) be degree one components of FK(n). Then for n ≥ 3, we

have:

charSn [FK(1)(n)] = χn−1,1 + χn−2,1,1.

FSn(charSn [FK(1)(n)]) = sn−1,1 + sn−2,1,1.

(6.113)

Proof. We start from the right hand side of (6.113) for the character and come up with the left

hand side.

χn−1,1 + χn−2,1,1 =− a2 +

(
a1

2

)
(by (6.112))

=charSn [FK(1)(n)]. (by Proposition 6.4.3)

The corresponding Frobenius image is straight forward.

Corollary 6.4.6. Let FK(1)(n) be degree one part of FK(n) and let fλ be the number of
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standard tableaux of shape λ ` n. Then we have

dim[FK(1)(n)] =

(
n

2

)
= f (n−1,1) + f (n−2,1,1). (6.114)

Proof. Evaluation of (6.112), χn−1,1(σ) + χn−2,1,1(σ) = −a2 +
(
a1
2

)
at identity σ = 1n gives

fn−1,1 + fn−2,1,1 =
(
n
2

)
. This completes the proof.

6.5 Character of FK(2)

q22q
n−4
1

(n)

6.5.1 Basis

The part of the basis of Fomin-Kirillov algebra, of usual degree 2 with set partition degree

type q2
2q
n−4
1 , consists of products of two variables with distinct indexes, such that the second

index of the first variable is the biggest.

B[FK
(2)

q22q
n−4
1

(n)] = {xcdxab, xadxbc, xbdxac, 1 ≤ a < b < c < d ≤ n}. (6.115)

Example 6.5.1. B[FK
(2)

q22q1
(5)] = {x34x12, x24x13, x14x23, x45x12, x45x13, x45x23,

x35x12, x35x14, x35x24, x25x13, x25x14, x25x34, x15x23, x15x24, x15x34}.
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6.5.2 Character

Proposition 6.5.2. Let σ ∈ Sn be of cycle type (1a1 , 2a2 , · · · , nan). Then the value of the

character of FK(2)

q22q
n−4
1

(n), n ≥ 4 at σ is

charSn [FK
(2)

q22q
n−4
1

(n)](σ) = 3

(
a1

4

)
+ 3

(
a2

2

)
−
(
a1

2

)
a2 − a4. (6.116)

Proof. Referring to the basis of FK(2)

q22q
n−4
1

(n) in (6.115), the indexes a, b, c, d appearing in the

basis, as well could appear in σ (written in disjoint cycles) in different ways. In the following,

we discuss the cases that could possibly make a contribution to the character upon the action

of Sn.

1. For m = 1, 2, 3, 4, if only m out of a, b, c, d appear in a k-cycle for k > m, then

no matter how the rest appear we have no contribution. The reason is that the ac-

tion of σ ∈ Sn on the basis elements, develops new indexes that was not in them

previously, so it causes not to have an eigenvector. In specific if all of the indexes

a, b, c, d appear in a k-cycle for k > 4, there would be no contribution to the charac-

ter. Therefore character is a function of ai (the number of i-cycles in σ ∈ Sn), for

1 ≤ i ≤ (the number of indexes in the basis element) ≤ 2d, where d is the degree of

the elements. In our specific case character is a function of ai for 1 ≤ i ≤ 4.

2. If a, b, c, d appear in σ as fixed points, then we have a contribution of 3
(
a1
4

)
to character.

Here
(
a1
4

)
is the number of 4-sets one can make with the number of fixed points a1, and

the coefficient 3 takes care of the three available type of degree 2 elements in the basis

in (6.115).
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3. If two out of a, b, c, d appear in σ in a 2-cycle and the other two in another 2-cycle, then

we have a contribution 3
(
a2
2

)
to character. Here

(
a2
2

)
is the number of 2-sets of 2-cycles

in all the 2-cycles a2 in σ.

4. If two out of a, b, c, d appear in σ in a 2-cycle and the other two appear as fixed points

of σ, then we have a contribution −
(
a1
2

)
a2.

5. If three out of a, b, c, d appear in σ in a 3-cycle and the forth one appear as a fixed point,

then no contribution, as is seen in the following

σ(xcdxab) = (a, b, c)(d)xcdxab = xadxbc.

σ(xadxbc) = (a, b, c)(d)xadxbc = xbdxca = −xbdxac.

σ(xbdxac) = (a, b, c)(d)xbdxac = xcdxba = −xcdxab.

6. If a, b, c, d appear in σ in a 4-cycle, then we have a contribution −a4 to the character, as

σ(xcdxab) = (a, b, c, d)xcdxab = xdaxbc = −xadxbc.

σ(xadxbc) = (a, b, c, d)xadxbc = · · · = −xabxcd.

σ(xbdxac) = (a, b, c, d)xbdxac = · · · = −xbdxac → −1.

I.e., we have a contribution of −1 per each 4-cycle in σ, that amounts to −a4.

Summarizing the above items we come up with the conclusion that

charSn [FK
(2)

q22q
n−4
1

(n)](σ) = 3
(
a1
4

)
+ 3
(
a2
2

)
−
(
a1
2

)
a2 − a4. This completes the proof.

The following examples of the above proposition with their associated decomposition into

irreducible characters of Sn show a constant pattern for n ≥ 6.
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Example 6.5.3. charS4 [FK
(2)

q22
(4)] = (3,−1, 3, 0,−1) = χ22 + χ1111.

Example 6.5.4. charS5 [FK
(2)

q22q1
(5)] = (15,−3, 3, 0, 0,−1, 0) = χ32 + χ221 + χ2111 + χ1111.

Example 6.5.5. charS6 [FK
(2)

q22q
2
1
(6)]

= (45,−3, 1, 9, 0, 0, 0,−1,−1, 0, 0) = χ42 + χ321 + χ3111 + χ222 + χ21111.

Example 6.5.6. charS7 [FK
(2)

q22q
3
1
(7)]

= (105, 5,−3, 9, 3,−1, 3, 0,−1,−1,−1, 0, 0, 0, 0) = χ52 + χ421 + χ4111 + χ322 + χ31111.

Example 6.5.7. charS8 [FK
(2)

q22q
4
1
(8)]

= (210, 30,−6, 6, 18, 15,−3, 3, 0, 0, 2,−2, 2,−1,−2, 0, 0, 0, 0, 0, 0, 0)

= χ62 + χ521 + χ5111 + χ422 + χ41111.

The above examples suggest what we prove in the following proposition.

Proposition 6.5.8. Let FK(2)

q22q
n−4
1

(n), n ≥ 4 be Fomin-Kirillov algebra of general n and of

usual degree 2 and set partition degree type q2
2q
n−4
1 . Then we have the following decomposition

into irreducible characters of Sn.

charSn [FK
(2)

q22q
n−4
1

(n)] =


χ22 + χ1111, n = 4

χ32 + χ221 + χ2111 + χ1111, n = 5

χn−2,2 + χn−3,2,1 + χn−3,1,1,1 + χn−4,2,2 + χn−4,1,1,1,1. n ≥ 6

(6.117)

Proof. We calculate the irreducible characters on the right hand side of (6.117) by Murnaghan-

Nakayama rule, and show that their sum equals the left hand side. The first two cases, n = 4

and n = 5 are trivial, we prove the third cases n ≥ 6.

Let σ ∈ Sn be of type (1a1 , 2a2 , · · · , nan). Then

154



1. We show that χn−2,2(σ) = a2 + 1
2
a1(a1 − 3).

We start with applying Murnaghan-Nakayama rule to χn−2,2(σ) where at each step of

the rule, a k-cycle, k > 2 is cut from σ, equivalently a block of more than 2 cells cut

from the arm of the tableau (as only from the arm is a more than 2 cell cut available), so

eventually instead of σ we are left σ′ containing only 1-cycles and 2-cycles, equivalently

left with a tableau with shorter arm n− β − 2 where β =
∑

i>2 iai, i.e.,

χn−2,2(σ)→ χn−β−2(σ′), where β =
∑

i>2 iai, and σ′ = (22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

).

So n−β = a1 +2a2. Now we are left with χn−β−2(σ′) and its associated tableau shown

below where at each step of the rule 2-cycles could be cut from σ′, equivalently 2 cells

blocks cut from arm or leg of the tableau, until we are left with a permutation consisting

of 1-cycles, i.e., with identity, where the value of character at identity is nothing but fλ

which is calculated by Hook’s formula.

n−2︷ ︸︸ ︷
n-1 n-2 n-4 · · · 2 1

2 1

↓
n−β−2︷ ︸︸ ︷

n-β-1 n-β-2 n-β-4 · · · 2 1

2 1

↙ ↘

· · ·
• •

· · · • •
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Then

χn−2,2(σ) =χn−β−2,2(σ′) = χa1+2a2−2,2(σ′) = χa1+2a2−2,2(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

=χa1+2a2−2(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

) + χa1+2a2−2−2,2(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

)

=1 + χa1+2a2−2−2,2(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

)

=1 + χa1+2a2−2−2(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

) + χa1+2a2−2−2−2,2(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

=1 + 1 + χa1+2a2−2−2−2,2(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

...

= 1 + 1 + · · ·+ 1︸ ︷︷ ︸
a2

+χa1+2a2−2−2a2,2
(11 · · · 1︸ ︷︷ ︸

a1

)

=a2 + χa1−2,2(11 · · · 1︸ ︷︷ ︸
a1

)

So

χn−2,2(σ) = a2 + χa1−2,2(11 · · · 1︸ ︷︷ ︸
a1

). (6.118)

However, χa1−2,2(11 · · · 1︸ ︷︷ ︸
a1

) = fa1−2,2 = a1(a1−3)
2

by Hook formula. Substituting this

into (6.118), we have

χn−2,2(σ) = a2 +
a1(a1 − 3)

2
. (6.119)

2. We now show χn−3,2,1(σ) = −a3 + (a1−4)(a1−2)a1
3

.

χn−3,2,1(σ)→ χn−β−3,2,1(σ′), where β =
∑

i>3 iai, and where

σ′ = (33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

). So n− β = a1 + 2a2 + 3a3.
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n−3︷ ︸︸ ︷
n-1 n-3 n-5 · · · 2 1

2 1

1

↓

n−β−3︷ ︸︸ ︷
n-β-1 n-β-3 n-β-5 · · · 2 1

3 1

1

↙ ↘

· · ·
• •
•

· · · • • •
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Then

χn−3,2,1(σ) =χn−β−3,2,1(σ′) = χa1+2a2+3a3−3,2,1(33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) =

=χa1+2a2+3a3−3(3 · · · 3︸ ︷︷ ︸
a3−1

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2+3a3−3−3,2,1(33 · · · 3︸ ︷︷ ︸
a3−1

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

=− 1 + χa1+2a2+3a3−3−3,2,1(33 · · · 3︸ ︷︷ ︸
a3−1

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

=− 1− χa1+2a2+3a3−3−3(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2+3a3−3−3−3,2,1(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

=− 1− 1 + χa1+2a2+3a3−3−3−3,2,1(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

...

=−1− 1− · · · − 1︸ ︷︷ ︸
a3

+χa1+2a2+3a3−3−3a3,2,1
(22 · · · 2︸ ︷︷ ︸

a2

11 · · · 1︸ ︷︷ ︸
a1

)

=− a3 + χa1+2a2−3,2,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

).

So we have

χn−3,2,1(σ) = −a3 + χa1+2a2−3,2,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

). (6.120)

However

χa1+2a2−3,2,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) =

χa1+2a2−3−2,2,1(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

) = χa1+2a2−3−2−2,2,1(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

= · · · = χa1+2a2−3−2a2,2,1
(11 · · · 1︸ ︷︷ ︸

a1

) = χa1−3,2,1(11 · · · 1︸ ︷︷ ︸
a1

).
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· · · • •

So

χa1+2a2−3,2,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) = χa1−3,2,1(11 · · · 1︸ ︷︷ ︸
a1

), (6.121)

where

χa1−3,2,1(11 · · · 1︸ ︷︷ ︸
a1

) =
a1!

(a1 − 5)!(a1 − 3)(a1 − 1).3
=

(a1 − 4)(a1 − 2)a1

3
, (6.122)

by Hooks formula.

Now (6.122), (6.121) and (6.120) yield

χn−3,2,1(σ) = −a3 +
(a1 − 4)(a1 − 2)a1

3
. (6.123)

3. We now show

χn−3,1,1,1(σ) = a3 − a2(a1 − 1) +
(a1 − 1)(a1 − 2)(a1 − 3)

6
.

χn−3,1,1,1(σ)→ χn−β−3,1,1,1(σ′), where

β =
∑
i>3

iai,

and where

σ′ = (33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

).

So n− β = a1 + 2a2 + 3a3.
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n−3︷ ︸︸ ︷
n-1 n-4 · · · 2 1

3

2

1

↓

n−β−3︷ ︸︸ ︷
n-β-1 n-β-4 · · · 2 1

3

2

1

↙ ↘

· · ·
•
•
•

· · · • • •
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Then

χn−3,1,1,1(σ)

= χn−β−3,1,1,1(σ′) = χa1+2a2+3a3−3,1,1,1(33 · · · 3︸ ︷︷ ︸
a3

(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= χa1+2a2+3a3−3(3 · · · 3︸ ︷︷ ︸
a3−1

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2+3a3−3−3,1,1,1(33 · · · 3︸ ︷︷ ︸
a3−1

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= 1 + χa1+2a2+3a3−3−3,1,1,1(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2+3a3−3−3−3,1,1,1(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= 1 + 1 + χa1+2a2+3a3−3−3−3,1,1,1(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

...

= 1 + 1 + · · ·+ 1︸ ︷︷ ︸
a3

+χa1+2a2+3a3−3−3a3,1,1,1
(22 · · · 2︸ ︷︷ ︸

a2

11 · · · 1︸ ︷︷ ︸
a1

)

= a3 + χa1+2a2−3,1,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

).

So

χn−3,1,1,1(σ) = a3 + χa1+2a2−3,1,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

). (6.124)

· · ·

•
•

· · · • •
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However

χa1+2a2−3,1,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) =

=− χa1+2a2−3,1(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1)︸ ︷︷ ︸
a1

+χa1+2a2−3−2,1,1,1(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1)︸ ︷︷ ︸
a1

=− (a− 1) + χa1+2a2−3−2,1,1,1(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

) (by (6.111))

=− (a− 1)− χa1+2a2−3−2,1(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2−3−2−2,1,1,1(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

=− (a1 − 1)− (a1 − 1) + χa1+2a2−3−2−2−2,1,1,1(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

...

=−(a1 − 1)− (a1 − 1)− · · · − (a1 − 1)︸ ︷︷ ︸
a2

+χa1+2a2−3−2a2,1,1,1(11 · · · 1︸ ︷︷ ︸
a1

)

=− a2(a1 − 1) + χa1−3,1,1,1(11 · · · 1︸ ︷︷ ︸
a1

).

So

χa1+2a2−3,1,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1)︸ ︷︷ ︸
a1

= −a2(a1 − 1) + χa1−3,1,1,1(11 · · · 1︸ ︷︷ ︸
a1

). (6.125)

However

χa1−3,1,1,1(11 · · · 1︸ ︷︷ ︸
a1

) =
(a1 − 1)(a1 − 2)(a1 − 3)

6
. (6.126)

Hooks formula, and Equations (6.126), (6.125) and (6.124) yield

χn−3,1,1,1(σ) = a3 − a2(a1 − 1) +
(a1 − 1)(a1 − 2)(a1 − 3)

6
. (6.127)
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4. We show that χn−4,2,2 = −a3(a1 − 1) + a2
2 − 2a2 + a1(a1−1)(a1−4)(a−5)

12
.

χn−4,2,2(σ)→ χn−β−4,2,2(σ′), where β =
∑

i>3 iai, and where

σ′ = (33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

). So n− β = a1 + 2a2 + 3a3.

n−4︷ ︸︸ ︷
n-2 n-3 n-6 · · · 2 1

3 2

2 1

↓

n−β−4︷ ︸︸ ︷
n-β-2 n-β-3 n-β-6 · · · 2 1

3 2

2 1

↙ ↘

· · ·
•

• •

· · · • • •
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Then

χn−4,2,2(σ) = χn−β−4,2,2(σ′) = χa1+2a2+3a3−4,2,2(33 · · · 3︸ ︷︷ ︸
a3

(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= −χa1+2a2+3a3−4,1(3 · · · 3︸ ︷︷ ︸
a3−1

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2+3a3−4−3,2,2(33 · · · 3︸ ︷︷ ︸
a3−1

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= −(a1 − 1)− χa1+2a2+3a3−4−3,1(3 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2+3a3−4−3−3,2,2(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) (by (6.111))

= −(a1 − 1)− (a1 − 1)

+ χa1+2a2+3a3−4−3−3,2,2(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

...

= −(a1 − 1)− (a1 − 1) + · · · − (a1 − 1)︸ ︷︷ ︸
a3

+ χa1+2a2+3a3−4−3a3,2,2
(22 · · · 2︸ ︷︷ ︸

a2

11 · · · 1︸ ︷︷ ︸
a1

)

= −a3(a1 − 1) + χa1+2a2−4,2,2(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

So

χn−4,2,2(σ) = −a3(a1 − 1) + χa1+2a2−4,2,2(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

). (6.128)
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However

χa1+2a2−4,2,2(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= χa1+2a2−4,2(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

)− χa1+2a2−4,1,1(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2−4−2,2,2(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

)

= [a2 − 1 +
a1(a1 − 3)

2
]− [−(a2 − 1) +

(a1 − 1)(a1 − 2)

2
]

+ χa1+2a2−4−2,2,2(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

) (by (6.119) and (6.110))

= [a2 − 1 +
a1(a1 − 3)

2
]− [−(a2 − 1) +

(a1 − 1)(a1 − 2)

2
]

+ χa1+2a2−4−2,2,2(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

)

= [2(a2 − 1)− 1] + χa1+2a2−4−2,2,2(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

)

= [2(a2 − 1)− 1] + χa1+2a2−4−2(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

− χa1+2a2−4−2,1,1(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

) + χa1+2a2−4−2−2,2,2(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

= [2(a2 − 1)− 1] + [a2 − 2 +
a1(a1 − 3)

2
]− [−(a2 − 2) +

(a1 − 1)(a1 − 2)

2
]

+ χa1+2a2−4−2−2,2,2(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

= [2(a2 − 1)− 1] + [2(a2 − 2)− 1] + χa1+2a2−4−2−2,2,2(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

...

= [2(a2 − 1)− 1] + [2(a2 − 2)− 1] + · · ·+ [−1]︸ ︷︷ ︸
a2

+χa1+2a2−4−2a2,2,2
(11 · · · 1︸ ︷︷ ︸

a1

)

= a2 − 2a2 + χa1−4,2,2(11 · · · 1︸ ︷︷ ︸
a1

).
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So

χa1+2a2−4,2,2(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) = a2 − 2a2 + χa1−4,2,2(11 · · · 1︸ ︷︷ ︸
a1

), (6.129)

where by Hook formula we have

χa1−4,2,2(11 · · · 1︸ ︷︷ ︸
a1

) =
a1!

(a1 − 6)!(a1 − 3)(a2 − 2).2.2.3

=
a1(a1 − 1)(a1 − 4)(a1 − 5)

12
.

(6.130)

Equations (6.130), (6.129) and (6.128) yield

χn−4,2,2(σ) =− a3(a1 − 1) + a2
2 − 2a2

+
a1(a1 − 1)(a1 − 4)(a1 − 5)

12
.

(6.131)

5. We show that

χn−4,1,1,1,1(σ) =− a4 + (a1 − 1)a3 +
a2(a2 − 1)

2
− (a1 − 1)(a1 − 2)

2
a2

+
(a1 − 4)(a1 − 3)(a1 − 2)(a1 − 1)

24
.

χn−4,1,1,1,1(σ) = χn−β−4,1,1,1,1(σ′), where β =
∑

i>4 iai, and where

σ′ = (44 · · · 4︸ ︷︷ ︸
a4

33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

).

So n− β = a1 + 2a2 + 3a3 + 4a4.
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n−4︷ ︸︸ ︷
n n-5 · · · 2 1

4

3

2

1

↓

n−β−4︷ ︸︸ ︷
n-β n-β-5 · · · 2 1

4

3

2

1

↙ ↘

· · ·
•
•
•
•

· · · • • • •
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Then

χn−4,1,1,1,1(σ) = χn−β−4,1,1,1,1(σ′)

= χa1+2a2+3a3+4a4−4,1,1,1,1(44 · · · 4︸ ︷︷ ︸
a4

33 · · · 3︸ ︷︷ ︸
a3

(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= −χa1+2a2+3a3+4a4−4(44 · · · 4︸ ︷︷ ︸
a4−1

3 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)+

χa1+2a2+3a3+4a4−4−4,1,1,1,1(44 · · · 4︸ ︷︷ ︸
a4−1

33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= −1 + χa1+2a2+3a3+4a4−4−4,1,1,1,1(44 · · · 4︸ ︷︷ ︸
a4−1

33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= −1− χa1+2a2+3a3+4a4−4−4(44 · · · 4︸ ︷︷ ︸
a4−2

33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2+3a3+4a4−4−4−4,1,1,1,1(44 · · · 4︸ ︷︷ ︸
a4−2

33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= −1− 1

+ χa1+2a2+3a3+4a4−4−4−4,1,1,1,1(44 · · · 4︸ ︷︷ ︸
a4−2

33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

...

= −1− 1− · · · − 1︸ ︷︷ ︸
a4

+ χa1+2a2+3a3+4a4−4−4a4,1,1,1,1
(33 · · · 3︸ ︷︷ ︸

a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= −a4 + χa1+2a2+3a3−4,1,1,1,1(33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

So

χn−4,1,1,1,1(σ) = −a4 + χa1+2a2+3a3−4,1,1,1,1(33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) (6.132)
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However

χa1+2a2+3a3−4,1,1,1,1(33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= χa1+2a2+3a3−4,1(33 · · · 3︸ ︷︷ ︸
a3−1

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2+3a3−4−3,1,1,1,1(33 · · · 3︸ ︷︷ ︸
a3−1

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= (a1 − 1) + χa1+2a2+3a3−4−3,1,1,1,1(33 · · · 3︸ ︷︷ ︸
a3−1

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) (by (6.111))

= (a1 − 1) + χa1+2a2+3a3−4−3,1(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2+3a3−4−3−3,1,1,1,1(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= (a1 − 1) + (a1 − 1) + χa1+2a2+3a3−4−3−3,1,1,1,1(33 · · · 3︸ ︷︷ ︸
a3−2

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

...

= (a1 − 1) + (a1 − 1) + · · ·+ (a1 − 1)︸ ︷︷ ︸
a3

+ χa1+2a2+3a3−4−3a3,1,1,1,1
(22 · · · 2︸ ︷︷ ︸

a2

11 · · · 1︸ ︷︷ ︸
a1

)

= a3(a1 − 1) + χa1+2a2−4,1,1,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

).

So

χa1+2a2+3a3−4,1,1,1,1(33 · · · 3︸ ︷︷ ︸
a3

22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) = a3(a1 − 1)

+ χa1+2a2−4,1,1,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

).

(6.133)
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However

χa1+2a2−4,1,1,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

)

= −χa1+2a2−4,1,1(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

) + χa1+2a2−4−2,1,1,1,1(22 · · · 2︸ ︷︷ ︸
a2−1

11 · · · 1︸ ︷︷ ︸
a1

)

= −[−(a2 − 1) +
(a1 − 1)(a1 − 2)

2
] + χa1+2a2−4−2,1,1,1,1(22 · · · 2︸ ︷︷ ︸

a2−1

11 · · · 1︸ ︷︷ ︸
a1

) (by (6.110))

= −[−(a2 − 1) +
(a1 − 1)(a1 − 2)

2
] + χa1+2a2−4−2,1,1(22 · · · 2︸ ︷︷ ︸

a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

+ χa1+2a2−4−2−2,1,1,1,1(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

= −[−(a2 − 1) +
(a1 − 1)(a1 − 2)

2
]− [−(a2 − 2) +

(a1 − 1)(a1 − 2)

2
]

+ χa1+2a2−4−2−2,1,1,1,1(22 · · · 2︸ ︷︷ ︸
a2−2

11 · · · 1︸ ︷︷ ︸
a1

)

...

= −[−(a2 − 1) +
(a1 − 1)(a1 − 2)

2
]− [−(a2 − 2) +

(a1 − 1)(a1 − 2)

2
]− · · ·

· · · − [
(a1 − 1)(a1 − 2)

2
] + χa1+2a2−4−2a2,1,1,1,1

(11 · · · 1︸ ︷︷ ︸
a1

)

=
a2(a2 − 1)

2
− (a1 − 1)(a1 − 2)

2
a2 + χa1−4,1,1,1,1(11 · · · 1︸ ︷︷ ︸

a1

).

So we have

χa1+2a2−4,1,1,1,1(22 · · · 2︸ ︷︷ ︸
a2

11 · · · 1︸ ︷︷ ︸
a1

) =
a2(a2 − 1)

2

− (a1 − 1)(a1 − 2)

2
a2

+ χa1−4,1,1,1,1(11 · · · 1︸ ︷︷ ︸
a1

).

(6.134)

170



By Hook formula we have

χa1−4,1,1,1,1(11 · · · 1︸ ︷︷ ︸
a1

) =
(a1 − 4)(a1 − 3)(a1 − 2)(a1 − 1)

24
. (6.135)

Equations (6.135), (6.134), (6.133) and (6.132) yield

χn−4,1,1,1,1(σ) = −a4 + a3(a1 − 1) +
a2(a2 − 1)

2
− (a1 − 1)(a1 − 2)

2
a2

+
(a1 − 4)(a1 − 3)(a1 − 2)(a1 − 1)

24
.

(6.136)

We add up the Equations (6.119), (6.123), (6.127), (6.131) and (6.136) to find the right hand

side of Equation (6.117).

χn−2,2(σ) + χn−3,2,1(σ) + χn−3,1,1,1(σ) + χn−4,2,2(σ) + χn−4,1,1,1,1(σ)

=

[
a2 +

a1(a1 − 3)

2

]
+

[
− a3 +

(a1 − 4)(a1 − 2)a1

3

]
+

[
a3 − a2(a1 − 1) +

(a1 − 1)(a1 − 2)(a1 − 3)

6

]
+

[
− a3(a1 − 1) + a2

2 − 2a2 +
a1(a1 − 1)(a1 − 4)(a1 − 5)

12

]
+

[
− a4 + a3(a1 − 1) +

a2(a2 − 1)

2
− (a1 − 1)(a1 − 2)

2
a2

+
(a1 − 4)(a1 − 3)(a1 − 2)(a1 − 1)

24

]
= A+B,

where

A = a2 − a3 + a3 − a2(a1 − 1)− a3(a1 − 1) + a2
2 − 2a2 − a4 + a3(a1 − 1)

+
a2(a2 − 1)

2
− (a1 − 1)(a1 − 2)

2
a2 = a2

2 − a2 +
a2(a2 − 1)

2
− a4 −

a2a
2
1

2
+
a2a1

2

= 3
a2(a2 − 1)

2
− a4 −

a1(a1 − 1)

2
a2 = 3

(
a2

2

)
− a4 −

(
a1

2

)
a2,
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and

B =
a1(a1 − 3)

2
+

(a1 − 4)(a1 − 2)a1

3
+

(a1 − 1)(a1 − 2)(a1 − 3)

6

+
a1(a1 − 1)(a1 − 4)(a1 − 5)

12
+

(a1 − 4)(a1 − 3)(a1 − 2)(a1 − 1)

24
= 3

(
a1

4

)
.

Hence

χn−2,2(σ) + χn−3,2,1(σ) + χn−3,1,1,1(σ) + χn−4,2,2(σ) + χn−4,1,1,1,1(σ) = A+B =

= 3
(
a1
4

)
+ 3
(
a2
2

)
− a4 −

(
a1
2

)
a2 = charSn [FK

(2)

q22q
n−4
1

(n)](σ) (by Proposition 6.5.2). This

completes the proof.

Corollary 6.5.9. Let fλ be the number of standard tableaux of shape λ. Then we have the

following identity.

fn−2,2 + fn−3,2,1 + fn−3,1,1,1 + fn−4,2,2 + fn−4,1,1,1,1 = 3

(
n

4

)
, n ≥ 6. (6.137)

Proof. Let permutation σ ∈ Sn be of cycle type σ = (1a1 , 2a2 , · · · , nan). From Propositions

6.5.2 and 6.5.8, for n ≥ 6 we have

χn−2,2 + χn−3,2,1 + χn−3,1,1,1 + χn−4,2,2 + χn−4,1,1,1,1 = 3
(
a1
4

)
+ 3
(
a2
2

)
−
(
a1
2

)
a2 − a4.

Since fλs are the values of irreducible characters of Sn at identity, a straight forward evaluation

of the above equation at σ = 1n results in the identity of the statement.

Remark 6.5.10. We consider the character of FK(2)

q22q
n−4
1

(n) in (6.117). It is a class function of

Sn, so it can be written as a linear combination of irreducible characters χλ of Sn. As well it is

a polynomial in n, a1, a2 and a4 of degree 4. While the decomposition of charSn [FK
(2)

q22q
n−4
1

(n)]

into irreducible characters is not obviously related to each other as n grows, however eventu-

ally at some enough large n it stabilizes such that it becomes a tractable finite sum. The above

stability is in general valid for FK(n) with any usual degree and any set partition degree type.

The reason is that the number of non-repeated indexes in an element of the basis of FK(n),
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with usual degree d and any set partition degree type, is at most 2d; if all the 2d indexes

appear in σ ∈ Sn in a k-cycle, for k > 2d, then we have no contribution to the character. Thus

our character, a conjugacy class function, is a polynomial of degree at most 2d, so by Theorem

1.1 of [15], decomposition of the character eventually stabilizes at some enough large n.

In the next section we provide another example of representation stability.

6.6 Character of FK(2)

q3q
n−3
1

(n)

Basis

The basis of FK(n) of usual degree 2 and set partition degree type q3q
n−3
1 is the set of all

degree 2 combinations of generators {xab, 1 ≤ a < b ≤ n} with set partition degree type

q3q
n−3
1 that are not divisible by leading terms of the degree 2 elements of the associated

Gröbner basis, i.e., by

LT (GB(2)) = {xabxab, xabxbc, xabxac, xabxcd, for distinct a, b, c, d, 1 ≤ a < b < c < d ≤ n}.

However

• Every degree 2 monomial with 3 indexes (associated to the number 3 in q3q
n−3
1 ) made

by our generators is of set partition type q3q
n−3
1 .
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• The 1st variable of this degree 2 monomial should not be xab otherwise no matter what

is the 2nd variable, this monomial is divisible by one of the elements in LT (GB(2)).

The above conditions forces the basis of FK(n) of usual degree 2 and set partition degree

type q3q
n−3
1 , be the following.

B[FK
(2)

q3q
n−3
1

(n)] = {xacxab, xbcxab, xbcxac, xacxbc, 1 ≤ a < b < c ≤ n}. (6.138)

From (6.138), the cardinal number of this basis is |B[FK
(2)

q3q
n−3
1

(n)]| = 4 × (number of 3 −

sets in n object) = 4
(
n
3

)
, therefore |B(2)

q3q
n−3
1

(n)| = 4
(
n
3

)
(the number 4 in front of the binomial

symbol is due to the 4 types of elements in the basis in Equation (6.138)).

Proposition 6.6.1. Let σ ∈ Sn be of type (1a1 , 2a2 , 3a3 , · · · , nan). Then the value of character

of FK(2)

q3q
n−3
1

(n) on conjugacy class indexed by permutation σ is

charSn [FK
(2)

q3q
n−3
1

(n)] = −2a3 + 4

(
a1

3

)
. (6.139)

Example 6.6.2. charS4 [FK
(2)
q3q1(4)] on σ = (123)(4) is χ(σ) = −2(1) + 4

(
1
3

)
= −2.

proof of Proposition 6.6.1. Here we discuss the following cases where the representative of

an Sn conjugacy class σ, written as product of disjoint cycles, applies to z ∈ B[FK
(2)

q3q
n−3
1

(n)]

of Equation (6.138). Since in the following calculations σ is a representative of a conjugacy

class, the order of indexes appearing in its cycles doesn’t matter (as only cycle type matters).

For z ∈ B[FK
(2)

q3q
n−3
1

(n)], let a, b, c, be the three indexes of z. However a, b, c, could also

appear in σ ∈ Sn in different ways discussed in the following cases.
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1. For m = 1, 2, 3, if only m out of a, b, c appear in a k-cycle for k > m, then no matter

how the rest appear we have no contribution to the character, as before.

2. We have a contribution of 4
(
a1
3

)
to χ(σ) if a, b, c, appear in σ as fixed points. This is

because each 3-set of fixed points of σ contribute a 1 to χ(σ) by σz = z, and the number

of 3-sets of fixed points in σ is
(
a1
3

)
(the factor 4 in front of the binomial symbol is to

cover the 4 elements in the basis in Equation (6.138)).

3. We have no contribution to χ(σ) if out of a, b, c, two of them say a, b appear in a 2-cycle

and the third one c, appears as a fixed point in σ. The reason is that since in this case

the only cycle of σ that acts on the elements of the basis is (ab), we have the following

cases.

• σ(xacxab) = (ab)(xacxab) = −xbcxab

• σ(xbcxab) = (ab)(xbcxab) = −xacxab

• σ(xbcxac) = (ab)(xbcxac) = xacxbc

• σ(xacxbc) = (ab)(xacxbc) = xbcxac

So in none of the above cases we have σ(z) = z.

4. We have a contribution of −2a3 to χ(σ) if a, b, c appear in a 3-cycle in σ. The reason is

that since in this case σ acts on the elements only via cycle (abc), we have the following

cases.

• σ(xacxab) = (abc)(xacxab) [as the only cycle working on a, b, b is (abc)] =

−xabxbc = −(xbcxac + xacxab), results in a coefficient −1 of xacxab in σ(xacxab).

• σ(xbcxab) = (abc)(xbcxab) = −xacxbc.

• σ(xbcxac) = (abc)(xbcxac) = xacxab.
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• σ(xacxbc) = (abc)(xacxbc)[as before]= xabxac = xbcxab − xacxbc, results in a

coefficient −1 of xacxbc in σ(xacxbc).

So a contribution of −2 for each 3-cycle appearing in σ, amount to −2a3 contribution

to χ(σ).

Adding up the non-zero contributions to the character due to the items 2 and 4, we get

χ(σ) = −2a3 + 4
(
a1
3

)
. This completes the proof.

Decomposition of character in (6.139) into irreducible characters of Sn for n = 4, 5, 6, 7, 8

are listed below.

charSn [FK
(2)

q3q
n−3
1

(n)] =



2χ21, n = 3

2χ31 + 2χ2,2 + 2χ211, n = 4

2χ41 + 2χ3,2 + 2χ311 + 2χ221, n = 5

2χ51 + 2χ4,2 + 2χ411 + 2χ321, n = 6

2χ61 + 2χ5,2 + 2χ511 + 2χ421, n = 7

2χ71 + 2χ6,2 + 2χ611 + 2χ521. n = 8

We see that for n ≥ 5 the decomposition into irreducible characters becomes stable and is of

the form expressed in the next proposition.

Proposition 6.6.3. Let FK(2)

q3q
n−3
1

(n), n ≥ 3 be Fomin-Kirillov algebra of general n and of

usual degree 2 and set partition degree type q3q
n−3
1 . Then we have the following decomposition
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into irreducible characters of Sn.

charSn [FK
(2)

q3q
n−3
1

(n)] =


2χ21, n = 3

2χ31 + 2χ2,2 + 2χ211, n = 4

2χn−1,1 + 2χn−2,2 + 2χn−2,1,1 + 2χn−3,2,1. n ≥ 5

(6.140)

Proof. Proof is similar to the proof of Proposition 6.5.8.

Corollary 6.6.4. We have the following identity for fλs, the number of standard tableaux of

shape λ.

fn−1,1 + fn−2,2 + fn−2,1,1 + fn−3,2,1 = 2

(
n

3

)
, n ≥ 5. (6.141)

Proof. By evaluating (6.140) at identity (σ = 1n) by using (6.139), it is straight forward to

come up with (6.141) like before. This completes the proof.
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Chapter 7

A quotient algebra of FK(n)

In this chapter we introduce a graph dependent algebra denoted by FKG(n), where G is a

subgraph of the complete graph on n vertexes associated to Fomin-Kirillov algebra.

FKG(n) is a quotient of FK(n) by the ideal generated by the missing edges in G compared

to the associated complete graph.

FKG(n) =
FK(n)

I〈missing edges in subgraph G〉
=

F 〈xij〉
I〈union of generators of the defining ideal of FK(n) and missing edges in subgraph G〉

,

(7.1)

where xij, 1 ≤ i < j ≤ n stands for the generators of FK(n), in other words, the edges of a

complete graph on n vertexes, a subgraph of which is G, and where F 〈xij〉 is the free algebra

generated by the variables xij .
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Remark 7.0.1. The focus of this chapter however, is the special case when G is an n-cycle

graph. An n-cycle graph denoted by Cn, is a regular polygon on n ≥ 3 vertexes, with set of

sides {x12, x23, · · ·xn−1,n, x1n}. The quotient of algebra FK(n) associated with the graph

Cn is denoted by FKCn(n).

In sections 1 and 2, we analyze finite examples of FKCn(n) for n = 5 and 6. In each

case we find relations, Gröbner basis, basis of FKCn(n), its dimension and its character

refined by various gradings. In section 3 we get into the general case of n, where we find the

basis, dimension and the character with its representation decomposition. We prove that the

dimension of FKCn(n) equals Lucas number Ln.

According to the above description, to find the relations for FKCn(n) we can consider the

relations of FK(n) in (1.2) and set the edges of the complete graph that are missing in the

subgraph Cn equal to zero. This way we will have the list of relations of FKCn(n) coming in

the following definition of algebra FKCn(n).

Definition 7.0.2. For n > 3, FKCn(n), the quotient algebra of FK(n), is the algebra on

generators x1,n = −xn,1 and xm,m+1 = −xm+1,m, 1 ≤ m ≤ n− 1, that satisfy the following

relations.

RCn ={x2
m,m+1 = 0 : 1 ≤ m ≤ n− 1;x2

1,n = 0 ,

,


xm,m+1xm+1,m+2 = 0, 1 ≤ m ≤ n− 2

xm+1,m+2xm,m+1 = 0, 1 ≤ m ≤ n− 2

,


xn−1,nx1n = 0

x1nxn−1,n = 0

,


x12x1n = 0

x1nx12 = 0

,


xm,m+1xl,l+1 − xl,l+1xm,m+1 = 0, 1 ≤ m ≤ l − 2, 3 ≤ l ≤ n− 1

xm,m+1x1,n − x1nxm,m+1 = 0, 2 ≤ m ≤ n− 2

}.

(7.2)
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From the relations in (7.2) we have the following set of generators for the defining ideal

for FKCn(n).

Generators of defining ideal of FKCn(n) =

= {x2
m,m+1, 1 ≤ m ≤ n− 1, x2

1,n,
xm,m+1xm+1,m+2, 1 ≤ m ≤ n− 2,

xm+1,m+2xm,m+1, 1 ≤ m ≤ n− 2,


xn−1,nx1n,

x1nxn−1,n,


x12x1n,

x1nx12,
xm,m+1xl,l+1 − xl,l+1xm,m+1, 1 ≤ m ≤ l − 2, 3 ≤ l ≤ n− 1,

xm,m+1x1,n − x1nxm,m+1, 2 ≤ m ≤ n− 2

}.

(7.3)

Remark 7.0.3. As mentioned above while the generators of FK(n) are the edges of a complete

graph, the generators of FKCn(n) are the sides of Cn, i.e., {x12, x23, · · · , xn−1,n, x1n}.

Therefore while Sn defines an action on FK(n), as the defining ideal of FK(n) is stable

under Sn, however Sn does not define an action on FKCn(n), as the defining ideal of FKCn(n)

generated by the terms in (7.3) is not stable under Sn (for example x2
1n in the set of generators

of the defining ideal of FKCn(n), under transposition (12) ∈ Sn goes to x2
2n which is not in

the set). However, as we will show later, the ideal is stable under dihedral group Dn, so Dn

defines an action on FKCn(n) (an action is defined on a quotient if and only if the defining

ideal is stable under the action).
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Dihedral group

Dihedral group is defined by

Dn = 〈r, s|s2 = 1, rn = 1, (rs)2 = 1〉.

We can realize group Dn in the permutation group Sn, where

s =


(1, n)(2, n− 1) · · · (n

2
, n

2
+ 1), even n,

(1, n)(2, n− 1) · · · (n−1
2
, n+3

2
)(n+1

2
), odd n,

and r = (12 · · ·n),

(7.4)

are permutations on n vertexes (reflection and rotation in n-cycle Cn).

The stability of the defining ideal of FKCn(n) under Dn

Here we show that the defining ideal of FKCn(n) is stable under Dn, i.e., the generators of the

ideal in (7.3) as a set is invariant under the action of generators of Dn, rotation and reflection.

1. In the first line of Equation (7.3) we have the set of all couples of same sides of Cn, so

is invariant under rotation as well as reflection.

2. The three cases in the second line of (7.3) together, make the set of all couples of the

successive sides, so is invariant under rotation as well as reflection, as rotation and

reflection does not separate the successive sides.
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3. In the third line of (7.3), the two items together, form the set of all couples of the sides

which are separated by l − 2 sides for l = 3, 4, · · ·n − 2. So for each l we have an

invariant set under the operations of rotation and reflection, as these operations do not

affect the spacing between the sides.

The above three items show that the set of generators (7.3) of the defining ideal of FKCn(n)

is invariant under generators of Dn, i.e., the defining ideal of FKCn(n) is stable under Dn.

Hence Dn defines an action on FKCn(n) as follows.

7.0.1 The action of Dn on FKCn
(n)

We define the action of Dn realized in permutation group on FKCn(n) as

Dn : FKCn(n)→ FKCn(n) by σ(M + I) 7→ σM + I, (7.5)

where the action of σ ∈ Dn on a monomial M is defined via action on a variable xij, j = i+1

(as xij represents a side of an n-cycle), defined by

σxij =


xσ(i)σ(j) if σ(i) < σ(j),

−xσ(j)σ(i) otherwise,
(7.6)

and multiplicative extension to monomial M . The algebra is closed under Dn as the defining

ideal is stable under Dn as σ ∈ Dn takes one side of Cn to another one, in other words, one

monomial in generators xij, j = i+1, to another one in them. We need to check the following

items.
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1. Well defined,

M + I = M ′ + I →M −M ′ ∈ I → σ(M −M ′) ∈ I(as I is stable under Dn).

Then σM − σM ′ ∈ I → σM + I = σM ′ + I → σ(M + I) = σ(M ′ + I).

2. (identity axiom) ε(f(xi1j1 , · · · , xikjk) + I) = f(xi1j1 , · · · , xikjk) + I ,

3. (compatibility axiom)

(σ1σ2)(f(xi1j1 , · · · , xikjk) + I) =f((σ1σ2)xi1j1 , · · · , (σ1σ2)xikjk) + I

=σ1f(σ2xi1j1 , · · · , σ2xikjk) + I

=σ1(σ2f(xi1j1 , · · · , xikjk)) + I.

Hence the map in (7.5), defines an action on FKCn(n).

7.0.2 Representation decompositions of FKCn
(n)

• (Usual degree decomposition) The action of Dn on FKCn(n) defined in (7.5) permutes

the indexes among themselves but does not change the number of variables in a mono-

mial. Therefore usual degree remains invariant under Dn, so usual degree representation

decomposition makes sense for FKCn(n) (i.e., Dn respects decomposition in usual

degree).

FKCn(n) =
⊕
d≥0

FK
(d)

Cn(n). (7.7)

• (Conjugacy class decomposition) Sn-degree is well defined on FKCn(n), since the

generators of the defining ideal in (7.3) are homogeneous with respect to Sn. The action

183



of Dn on FKCn(n) defined in (7.5) does not change the cycle type of the Sn-degrees

assigned to elements of FKCn(n), because a monomial of degree σ, when acted upon

by a permutation ν is sent to a monomial of degree ν−1σν which is a conjugate of σ by

definition of conjugacy. So permutation ν sends σ to a conjugate of σ, i.e., conjugacy

class is invariant under Dn realized in permutation group. Hence the conjugacy class

decomposition is a representation decomposition.

FKCn(n) =
⊕
µ

FK
µ

Cn(n), (7.8)

where FK
µ

Cn(n) stands for all the elements of Sn-degree σ in FKCn(n) that belong to

conjugacy class indexed by µ.

Remark 7.0.4. Every permutation σ can be obtained using only transpositions (1, 2),

(2, 3), · · · (n−1, n), so FK
σ

Cn(n) is potentially not zero for any permutation σ. However

for our special cases we will see in section 7.1.1 that for many of permutations it is zero.

Having an Sn-conjugacy class, it is not true in general that it is a Dn-conjugacy class

as well. For example transpositions (2, 3) and (2, 5) in the same Sn-conjugacy class for

n > 5, are not conjugated via an element in Dn. However we will see in section 7.1.1

that for our very special basis, the Sn-conjugacy class elements form a Dn-conjugacy

class (any two permutation in this Sn-conjugacy class are conjugated via an element of

Dn). It is why (7.8) can not be refined.

• (Set partition type decomposition) Set-partition degree is well defined on FKCn(n),

since the generators of the defining ideal in (7.3) are homogeneous with respect to

set-partition degree. For any monomial M in FKCn(n), the appearance of xij in M

implies that i, j are in the same part of the set-partition degree. Any xij appearing in

M , under the action of σ ∈ Dn (by definition in (7.6)) goes to xσ(i)σ(j) if σ(i) < σ(j)
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and to −xσ(j)σ(i) otherwise, so as a result of the action, now we have the indexes σ(i)

and σ(j) in the same part. This means that while the action of Dn changes the indexes

in a part but does not change the number of them in that part, i.e., set partition type is

invariant under the action of Dn realized in permutation group. Hence partition in terms

of set partition type is a Dn representation decomposition.

FKCn(n) =
⊕
φ

FK
φ

Cn(n), (7.9)

where FK
φ

Cn(n) stands for all set partition degree λ elements that belong to the same

set partition type indexed by φ.

Remark 7.0.5. Unlike permutations, discussed in Remark 7.0.4, not every set-partition can be

obtained by joining only consecutive entries modulo n. For example it is not possible to obtain

the set-partition {{1, 3}, {2}, {4}}. Therefore for some set-partition A, the space FK
A

Cn(n)

is zero. We will see later in section 7.1.1, that for our very special basis, for any non-zero

FK
A

Cn(n) and FK
B

Cn(n) such that A and B have same partition type, we can find an element

of Dn that maps A into B. Hence (7.9) can not be refined.

In the following two sections we get into the specific cases of FKC5(5) and FKC6(6) before

getting into the general case of FKCn(n) in section 7.3.
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7.1 Quotient algebra FKC5(5)

Relations

RC5 ={x2
12 = 0, x2

23 = 0, x2
34 = 0, x2

45 = 0, x2
15 = 0

x12x23 = 0, x23x12 = 0, x23x34 = 0, x34x23 = 0,

x34x45 = 0, x45x34 = 0, x15x12 = 0, x15x45 = 0, x12x15 = 0,

x12x34 − x34x12 = 0, x12x45 − x45x12 = 0, x23x45 − x45x23 = 0,

x23x15 − x15x23 = 0, x34x15 − x15x34 = 0}

(7.10)

Gröbner basis

GBC5 ={x2
12, x

2
23, x

2
34, x

2
45, x

2
15

x12x23, x23x12, x23x34, x34x23, x34x45, x45x34, x15x12, x12x15,

x12x34 − x34x12, x12x45 − x45x12, x23x45 − x45x23, x23x15 − x15x23,

x34x15 − x15x34, x45x15x34, x15x34x12, x15x45x12, x15x45x23}

(7.11)

Basis

B(FKC5(5)) = {1, x12, x23, x34, x45, x15, x15x34, x15x23, x34x12, x45x12, x45x23}.

(7.12)
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3

2

1

Figure 7.1: A 5-cycle with reflection s = (15)(24)(3).

Hilbert series

H(FKC5(5)) = 1 + 5q + 5q2 (7.13)

Remark 7.1.1. dim[FKC5(5)] = 11.

Remark 7.1.2. As mentioned before, Dn defines an action on Algebra FKCn(n). Under the

action of Dn, the component of the character of FKCn(n) associated with the conjugacy class

indexed by σ ∈ Dn, is the sum of the coefficients of z ∈ B[FKCn(n)] in σ(z) expanded in

elements of B[FKCn(n)], when z runs in B[FKCn(n)].

7.1.1 Character and decompositions

Dihedral group D5

Group D5 = {r, s|r5 = 1 = s2, rsr = s} has 4 conjugacy classes ε, {r, r4}, {r2, r3} and

{s, sr, sr2, sr3, sr4} with generators r and s realized in permutation group as r = (12345),

and s = (15)(24)(3). Figure 7.1 depicts a 5-cycle C5 with reflection s = (15)(24)(3).
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Table 7.1: Character table of D5 with charD5FKC5(5)

ε [r] = {r, r4} [r2] = {r2, r3} [s] = {s, sr, sr2, sr3, sr4}
|c11111| = 1 |c5| = 2 |c5′| = 2 |c221| = 5

χ11111 1 1 1 1
χ221 1 1 1 -1
χ5 2

√
5−1
2

−
√

5+1
2

0
χ5′ 2 −

√
5+1
2

√
5−1
2

0
charD5FKC5(5) 11 1 1 1

Remark 7.1.3. In the character table of D5, Table 7.1, c5 stands for the D5-conjugacy

class represented by r realized in S5 by permutation (12345) of cycle type 5, and c5′ for

D5-conjugacy class represented by r2, where by (12345)(12345) = (13524) again is of cycle

type (5) that we denote it by c5′ . Also c221 stand for S5-conjugacy class represented by s, as

s = (15)(24)(3).

As discussed before Dn defines an action on FK(n), so we have the following character

(calculation explained in Remark 7.1.2).

Decomposition by irreducible representations

charD5FKC5(5) = (11, 1, 1, 1)

= 2χ11111 + χ221 + 2χ5′ + 2χ5,

(7.14)

where χ11111, χ221, χ5, χ5′ are irreducible characters of D5 in Table 7.1.
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Representation decomposition by usual degree

The basis of FKC5(5), w.r.t. usual degree is divided into three sets:

{1}, {x12, x23, x34, x45, x15} and {x15x34, x15x23, x34x12, x45x12, x45x23}.

They consist of elements of degrees 0, 1, and 2 respectively. Since permutation of indexes

does not change the number of variables, each of these sets are invariant under the action of

D5 whose conjugation class representatives, ε, r, r2, and s have character vectors (1, 1, 1, 1),

(5, 0, 0,−1) and (5, 0, 0, 1) for degrees equal to 0, 1 and 2 respectively. Putting these characters

together we have

charD5 [FKC5(5)] =(1, 1, 1, 1) + (5, 0, 0,−1)q + (5, 0, 0, 1)q2

=χ11111 + (χ221 + χ5 + χ5′)q + (χ11111 + χ5 + χ5′)q
2,

(7.15)

where χ11111, χ221, χ5, χ5′ are irreducible characters of D5 in Table 7.1.

Representation decomposition by Sn-conjugacy class

Here the basis of FKC5(5) is divided by S5-conjugacy class into sets

{1}, {x12, x23, x34, x45, x15}, and {x15x34, x15x23, x34x12, x45x12, x45x23},

with associated S5-conjugacy classes denoted by t51, t2t
3
1 and t22t1 respectively. We see that the

S5-conjugacy class elements here form aD5-conjugacy class (any two permutation in this class
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are conjugated via element of D5). For example the elements in {x12, x23, x34, x45, x15}

with S5-degrees {(12), (23), (34), (45), (15)} are all in S5-conjugacy class denoted by t2t
3
1.

Each pair of the permutations in {(12), (23), (34), (45), (15)} however are conjugated by

an element of D5. Same is true for the other two sets in the above, i.e.,

{1}, and {x15x34, x15x23, x34x12, x45x12, x45x23}.

It is why the S5-decomposition is not refined. We will see that related to S5-conjugacy classes

t51, t2t
3
1, and t22t1, we have the following characters.

charD5 [FK
(t51)

C5
(5)] = (1, 1, 1, 1, 1) = χ11111.

charD5 [FK
(t2t

3
1)

C5
(5)] = (5, 0, 0,−1) = χ221 + χ5 + χ5′ .

charD5 [FK
(t22t1)

C5
(5)] = (5, 0, 0, 1) = χ11111 + χ5 + χ5′ .

(7.16)

Therefore we have

charD5 [FKC5(5)] = χ11111t
5
1 + (χ221 + χ5 + χ5′)t2t

3
1 + (χ11111 + χ5 + χ5′)t

2
2t1, (7.17)

where χ11111, χ221, χ5, χ5′ are irreducible characters of D5 in Table 7.1.

Representation decomposition by set partition type

We have the same decomposition of the basis of FKC5(5) invariant under usual degree as

under set partition type and S5-conjugacy classes as in the following.

{1}, {x12, x23, x34, x45, x15}, and {x15x34, x15x23, x34x12, x45x12, x45x23}
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with associated set-partition types denoted by q5
1 , q2q

3
1 and q2

2q1 respectively. We see that the

set-partition type conjugacy classes here form a D5-conjugacy class. (any two set partition

degree in each type are conjugated via an element of D5). For example the elements of the

set-partition type q2
2q1 in

{x15x34, x15x23, x34x12, x45x12, x45x23},

have set-partition degrees

{{15}, {34}, {2}}, {{15}, {23}, {4}}, {{34}, {12}, {5}},

{{45}, {12}, {3}}, {{45}, {23}, {1}},

respectively, with each two of them conjugated by an element of D5. Same is true for the

other two sets in the above, i.e., {1}, and {x12, x23, x34, x45, x15}. It is why the set-partition

decomposition is not refined, as we will see in the next paragraph, we will come to the

following decomposition:

charD5 [FK
(q51)

C5
(5)] = (1, 1, 1, 1, 1) = χ11111.

charD5 [FK
(q2q

3
1)

C5
(5)] = (5, 0, 0,−1) = χ221 + χ5 + χ5′ .

charD5 [FK
(q22q1)

C5
(5)] = (5, 0, 0, 1) = χ11111 + χ5 + χ5′ .

(7.18)

Hence we have

charD5 [FKC5(5)] = χ11111q
5
1 + (χ221 + χ5 + χ5′)q2q

3
1 + (χ11111 + χ5 + χ5′)q

2
2q1. (7.19)

Remark 7.1.4. In case of charD5 [FKC5(5)] decomposition w.r.t., usual degree, S5-conjugacy

class and set partition type, give essentially the same result.
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7.2 Quotient algebra FKC6(6)

Relations

RC6 ={x2
12 = 0, x2

23 = 0, x2
34 = 0, x2

45 = 0, x2
56 = 0, x2

16 = 0,
x12x23 = 0

x23x12 = 0

,


x23x34 = 0

x34x23 = 0

,


x34x45 = 0

x45x34 = 0

,


x45x56 = 0

x56x45 = 0

,


x56x16 = 0

x16x56 = 0

,


x16x12 = 0

x12x16 = 0

,


x12x34 − x34x12 = 0,

x12x45 − x45x12 = 0

x12x56 − x56x12 = 0

,


x23x45 − x45x23 = 0

x23x56 − x56x23 = 0

x23x16 − x16x23 = 0

,


x34x56 − x56x34 = 0

x34x16 − x16x34 = 0

,

{
x45x16 − x16x45 = 0 }.

(7.20)
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Gröbner

GBC6 ={x2
12, x

2
23, x

2
34, x

2
45, x

2
56, x

2
16,

,


x12x23

x23x12

,


x23x34

x34x23

,


x34x45

x45x34

,


x45x56

x56x45

,


x56x16

x16x56

,


x12x16

x16x12

,

{
x12x34 − x34x12

,


x12x45 − x45x12

x23x45 − x45x23

,


x12x56 − x56x12

x23x56 − x56x23

x34x56 − x56x34

,


x23x16 − x16x23

x34x16 − x16x34

x45x16 − x16x45

,


x16x34x12

x16x45x12

, no deg-4 or higher terms}.

(7.21)

Basis of FKC6(6)

B[FKC6(6)] = {1, x12, x23, x34, x45, x56, x16, x34x12, x45x12, x45x23, x56x12, x56x23,

x56x34, x16x23, x16x34, x16x45, x16x45x23, x56x34x12}.

(7.22)
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Hilbert series

H(FKC6(6)) = 1 + 6q + 9q2 + 2q3. (7.23)

Remark 7.2.1. dim[FKC6(6)] = 18.

7.2.1 Character and decompositions

Dihedral group D6

Group D6 = {r, s|r6 = 1 = s2, rsr = s} has 6 conjugacy classes

ε, {r, r5}, {r2, r4}, {r3}, {s, sr2, sr4} and {sr, sr3, sr5},

with generators r and s realized in permutation group as rotation r = (123456), and reflection

about s = (16)(25)(34). As before D6 defines an action on FKC6(6).

The below diagrams depict 6-cycle C6 diagrams with reflections s = (16)(25)(34) and

sr = (15)(24)(3)(6) in the diagrams on the left and right respectively.
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Figure 7.2: 6-cycle diagrams with reflections s = (16)(25)(34) on left hand side and
sr = (15)(24)(3)(6) on right hand side.

Table 7.2: Character table of D6 with charD6 [FKC6(6)]. Irred. characters: The trivial, 3
reflections, and 2 rotations.

ε {r, r5} {r2, r4} {r3} {s, sr2, sr4} {sr, sr3, sr5}
|c111111| = 1 |c6| = 2 |c33| = 2 |c222| = 1 |c222′ | = 3 |c2211| = 3

χ111111 1 1 1 1 1 1
χ222 1 1 1 1 -1 -1
χ222′ 1 -1 1 -1 +1 -1
χ2211 1 -1 1 -1 -1 1
χ6 2 1 -1 -2 0 0
χ33 2 -1 -1 2 0 0

charD6FKC6(6) 18 1 3 4 0 2

The character is calculated as before and is written in irreducible representations of D6 in

Table 7.2.

Remark 7.2.2. In the character table of D6, Table 7.2, c2211 stands for the D6-conjugacy

class with cycle type 2211, as sr = (16)(25)(34)(123456) = (15)(24)(3)(6) has cycle

type 2211. Similarly c33 stands for the D6-conjugacy class with cycle type 33, as r2 =

(123456)(123456) = (135)(246) has cycle type 33. Similarly for others.

Decomposition in irreducible characters

charD6FKC6(6) = (18, 1, 3, 4, 0, 2)

= 3χ111111 + 2χ222 + χ222′ + 2χ2211 + 2χ6 + 3χ33,

(7.24)
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where χ111111, χ222, χ222′ , χ2211, χ6, χ33 are the irreducible characters of Dihedral group

D6 in Table 7.2.

Representation decomposition by usual degree

Usual degree make the following partition on the basis.

B[FKC6(6)] ={1} ∪ {x12, x23, x34, x45, x56, x16}

∪ {x34x12, x45x12, x45x23, x56x12, x56x23, x56x34, x16x23, x16x34, x16x45}

∪ {x16x45x23, x56x34x12}.

(7.25)

The D6-conjugacy classes indexed by c111111, c2211, c222, c222′ , c33, c6 define actions on each

of the components of the above partition and each component is invariant under D6 (as before)

so representation decomposition makes sense. Calculation of the character on each of the

components as before yields.

charD6 [FK
(0)

(6)] = (1, 1, 1, 1, 1, 1) = χ111111.

charD6 [FK
(1)

(6)] = (6, 0, 0, 0,−2, 0) = χ222 + χ2211 + χ6 + χ33.

charD6 [FK
(2)

(6)] = (9, 0, 0, 3, 3, 1) = 2χ111111 + χ222′ + χ6 + 2χ33.

charD6 [FK
(3)

(6)] = (2, 0, 2, 0,−2, 0) = χ222 + χ2211.

(7.26)

Therefore we have

charD6FKC6(6)(q) =χ111111 + (χ222 + χ2211 + χ6 + χ33)q

+ (2χ111111 + χ222′ + χ6 + 2χ33)q2 + (χ222 + χ2211)q3,

(7.27)
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where χ111111, χ2211, χ222′ , χ222, χ33, χ6 are irreducible characters of D6 in Table 7.2.

Representation decomposition by Sn-conjugacy class

We have the same partition of the basis of FKC6(6) invariant under S6-conjugacy class (that

again correspond to a D6-conjugacy class) as by usual degree, so we will have essentially the

same decomposition as for usual degree (as before).

charD6FKC6(6)(t1, t2) =χ111111t
6
1 + (χ222 + χ2211 + χ6 + χ33)t2t

4
1

+ (2χ111111 + χ222′ + χ6 + 2χ33)t22t
2
1

+ (χ222 + χ2211)t32,

(7.28)

where χ111111, χ2211, χ222′ , χ222, χ33, χ6, are irreducible characters of D6 in Table 7.2.

Representation decomposition by set partition type

Here we have the same partition of the basis invariant under set partition as under usual degree.

B[FKC6(6)] ={1} ∪ {x12, x23, x34, x45, x56, x16}

∪ {x34x12, x45x12, x45x23, x56x12, x56x23, x56x34, x16x23, x16x34, x16x45}

∪ {x16x45x23, x56x34x12}.

Therefore the calculation of the character as before results in the following decomposition (as

before).
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charD6FKC6(6)(q1, q2) = (1, 1, 1, 1, 1, 1)q6
1 + ((6, 0, 0, 0,−2, 0))q2q

4
1+

+ (9, 0, 0, 3, 3, 1)q2
2q

2
1 + (2, 0, 2, 0,−2, 0)q3

2

= χ111111q
6
1 + (χ222 + χ2211 + χ6 + χ33)q2q

4
1

+ (2χ111111 + χ222′ + χ6 + 2χ33)q2
2q

2
1 + (χ222 + χ2211)q3

2,

(7.29)

where χ111111, χ2211, χ222′ , χ222, χ33, χ6, are irreducible characters of D6 in Table 7.2.

Remark 7.2.3. Representation decomposition of charD6 [FKC6(6)] by usual degree, Sn-

conjugacy class and set partition type are essentially the same.

In the next section we get into the general case of FKCn(n).

7.3 Quotient algebra FKCn(n)

Relations of FKCn(n)

We have already the relations of FKCn(n) in (7.2).
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Defining ideal of FKCn(n)

From (7.2), the defining ideal of FKCn(n) is generated by the generators in the following set.

Generators of defining ideal of FKCn(n) =

= {x2
m,m+1, 1 ≤ m ≤ n− 1, x2

1,n,
xm,m+1xm+1,m+2, 1 ≤ m ≤ n− 2,

xm+1,m+2xm,m+1, 1 ≤ m ≤ n− 2


xn−1,nx1n

x1nxn−1,n


x12x1n

x1nx12
xm,m+1xl,l+1 − xl,l+1xm,m+1, 1 ≤ m ≤ l − 2, 3 ≤ l ≤ n− 1

xm,m+1x1,n − x1nxm,m+1, 2 ≤ m ≤ n− 2

}.

(7.30)

7.3.1 Gröbner basis

The set of generators of the defining ideal of FKCn(n) in (7.30) forms the degree 2 elements

(2-terms) of the Gröbner basis. To find the 3-terms, we need to calculate S-polynomials

between any two pair of 2-terms. We notice that the S-polynomial between two monomials is

always zero. Moreover, the only S-polynomials that reduce to non-zero elements for Gröbner

basis are

S(xm,m+1x1n − x1nxm,m+1, x1nx12, 3), and S(x1,nx12, xm,m+1xl,l+1 − xl,l+1xm,m+1, 3),

that reduce respectively to A = {x1nxm,m+1x12, 3 ≤ m ≤ n− 2} (as here m has to be more

than 2 otherwise it is divisible by the relation xm+1,m+2xm,m+1 = 0, 1 ≤ m ≤ n − 2 for

m = 1) and B = {x1nxl,l+1x12, 3 ≤ l ≤ n− 2} (as l has to be at most n− 2 for x1nxl,l+1x12
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not to be divisible by relation x1nxn−1,n = 0). However the sets A and B are the same. Hence

the set of all 3-terms of Gröbner basis for the ideal associated to FKCn(n) is

3-terms : {x1nxm,m+1x12 : 3 ≤ m ≤ n− 2} (7.31)

Example 7.3.1. For n = 4, we have no 3-terms. For n = 5, the only 3-term of the Gröbner

basis is x15x34x12. For n = 6, we have two 3-terms: x16x34x12 and x16x45x12.

To find the degree 4 terms, the only S-polynomial is (as the rest of them goes zero)

S(xm2,m2+1x1n−x1nxm2,m2+1, x1nxm1,m1+1x12, 4) which reduce to x1nxm2,m2+1xm1,m1+1x12

with respect to terms of degree less than 4. However by the relations in Equation (7.2) these

terms goes zero unless m2 −m1 ≥ 2, m1 ≥ 3 and m2 ≤ n− 2. Therefore

4-terms : {x1nxm2,m2+1xm1,m1+1x12 : m2 −m1 ≥ 2, m1 ≥ 3 and m2 ≤ n− 2}. (7.32)

The forms of 3-terms and 4-terms in Equations (7.31) and (7.32) suggest a general form for

the elements of the basis of FKCn(n) of degree k, in the following proposition.

Proposition 7.3.2. For k ≥ 4 any degree k element of Gröbner basis for the ideal associated

to FKCn(n) is of the form

x1nxmk−2mk−2+1xmk−3mk−3+1 · · ·xm2m2+1xm1m1+1x12, where,

mi −mi−1 ≥ 2, i = 2, 3, · · · , k − 2, and m1 ≥ 3 and mk−2 ≤ n− 2.

(7.33)

Proof. Base of induction: Equation (7.32) serves as the base of induction.

Inductive step: Let the statement be valid for degree k elements of the Gröbner basis. We need

to show that it is valid for degree k + 1, i.e., we need to show that for degree k + 1 we will
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have

x1nxmk−1mk−1+1xmk−2mk−2+1xmk−3mk−3+1 · · ·xm2m2+1xm1m1+1x12, where

mi −mi−1 ≥ 2, i = 2, 3, · · · , k − 1, and m1 ≥ 3 and mk−1 ≤ n− 2.

(7.34)

The only S-polynomials available between the degree k element in the statement and a lower

degree term that reduce to degree k + 1 elements of the Gröbner basis is (as the rest of them

go zero)

S(xmk−1mk−1+1x1n − x1nxm,m+1, x1nxmk−2mk−2+1xmk−3mk−3+1 · · ·xm2m2+1xm1m1+1x12, k + 1)

= x1nxmk−1mk−1+1xmk−2mk−2+1 · · ·xm1m1+1x12.

(7.35)

We now focus on the underlined product in Equation (7.35), C = xmk−1,mk−1+1xmk−2,mk−2+1.

For C not to vanish or reduce to something else on reduction w.r.t. any of the 2-terms in

Equation (7.2), we need to avoid the following cases.

1. mk−1 = mk−2 where C → 0 by relation x2
m,m+1 = 0.

2. mk−1 = mk−2 − 1 where C → 0 by relation xm,m+1xm+1,m+2 = 0.

3. mk−1 ≤ mk−2 − 2 where C → xmk−2mk−2+1xmk−1mk−1+1. (by reduction w.r.t. the

leading term of the relation xm,m+1xl,l+1 − xl,l+1xm,m+1 = 0)

4. mk−1 ≤ mk−2 + 1 where C → 0 by relation xm+1,m+2xm,m+1 = 0.

To avoid the above cases we need that inequality n− 2 ≥ mk−1 > mk−2 + 1 holds, which is

nothing but mk−1 −mk−2 ≥ 2 and n− 2 ≥ mk−1, as well we need m1 ≥ 3, for xm1m1+1x12

not go zero by xm+1,m+2xm,m+1 = 0, 1 ≤ m ≤ n − 2. However these three inequalities
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mk−1 −mk−2 ≥ 2, n − 2 ≥ mk−1, and m1 ≥ 3, meet the requirements of Equation (7.34)

for validity for degree k + 1. This completes the proof

Putting together the k-terms for k ≥ 4 in Equation (7.33), 3-term of Equation (7.31)

and the 2-terms in Equation (7.2) we get the set of Gröbner basis for the ideal associated to

FKCn(n).

GBCn =2-terms : x2
m,m+1 : 1 ≤ m ≤ n− 1; x2

1,n,

,


xm,m+1xm+1,m+2, 1 ≤ m ≤ n− 2

xm+1,m+2xm,m+1, 1 ≤ m ≤ n− 2

,


xn−1,nx1n

x1nxn−1,n

,


x12x1n

x1nx12

,


xm,m+1xl,l+1 − xl,l+1xm,m+1, 1 ≤ m ≤ l − 2, 3 ≤ l ≤ n− 1

xm,m+1x1,n − x1nxm,m+1, 2 ≤ m ≤ n− 2,

and

3-terms : {x1nxm,m+1x12 : 3 ≤ m ≤ n− 2}

(k ≥ 4)-terms : {x1nxmk−2mk−2+1xmk−3mk−3+1 · · · xm2m2+1xm1m1+1x12, where

mi −mi−1 ≥ 2, i = 2, 3, · · · , k − 1, and m1 ≥ 3 and mk−1 ≤ n− 2}.

(7.36)

Example 7.3.3. For n = 3 we have

GB = {x2
12, x

2
23, x

2
13, x12x23, x23x13, x12x13, x23x12, x13x23, x13x12}.

Example 7.3.4. For n = 7, with x17xm,m+1x12, we have m = 3, 4, 5, so we have three 3-

terms {x17x34x12, x17x45x12, x17x56x12}, also with x1nxm2m2+1xm1m1+1x12 we have m1 = 3,

m2 = 5, so we have x17x56x34x12.

Remark 7.3.5. We also notice that the set of elements of the Gröbner basis in Equation (7.36),
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for specific case of n = 6 reduce that for FKC6(6) in Equations (7.21).

7.3.2 Basis and dimension

Definition 7.3.6. 1. A matching in a graph is a subset of the set of edges in the graph

wherein no two edges have a common vertex.

2. A matching on a set of line segments Vn = {12, 23, · · ·n− 1, n} is a subset of Vn

wherein no two line segments have a common vertex.

Example 7.3.7. In an square with successive sides/edges a, b, c, d (below diagram), we have 7

sets of edges wherein no two edges have a common vertex: φ, {a}, {b}, {c}, {d}, {a, c}, {b, d}.

So the number of matchings in a square in 7.

a

b

c

d

Theorem 7.3.8. Dimensions of FKCn(n) equals the number of matchings in n-cycle Cn.

Proof. Here the basis of the algebra FKCn(n) is the set of all the words on generators

{x12, x23, x34, · · · , xn−1,n;x1,n} that are not divisible by leading terms of the elements of the

Gröbner basis in Equation (7.36). Therefore

1. Degrees 0 and 1 elements of FKCn(n) are just 1 and the generators xm,m+1, m =

1, · · · , n− 1;x1n.
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However for higher degrees, the structure of 2-terms and higher terms in Gröbner basis

in Equation (7.36) is such that

2. Any monomial in our generators vanish by 2-terms in Gröbner basis if it has two adjacent

1st index differing by ±1 or 0.

3. Any monomial in our generators vanish if two adjacent 1st indexes differ by ≥ 2 but are

increasing in 1st indexes.

4. If any two adjacent 2nd indexes are equal, then so are the 1st indexes, so vanishes by

relations xijxij = 0.

Therefore the basis elements are: monomials with decreasing 1st indexes of variables (with

an exception of x1n when appears as the leading variable) such that any two successive 1st

index differ by at least 2. Following the above points we come up with the following basis for

FKCn(n).

B(FKCn(n)) ={1,

xm,m+1, where 1 ≤ m ≤ n− 1, x1n,

x1nxm1m1+1, where 2 ≤ m1 ≤ n− 2,

xm1m1+1xm2m2+1, where m1 −m2 ≥ 2, m2 ≥ 1, m1 ≤ n− 1.

xm1m1+1xm2m2+1 · · · xmkmk+1, where mi −mi+1 ≥ 2, mk ≥ 1, m1 ≤ n− 1.

x1nxm1m1+1xm2m2+1 · · ·xmk−1mk−1+1, where mi −mi+1 ≥ 2, mk−1 ≥ 2,

m1 ≤ n− 2}.

(7.37)

The following argument shows why B[FKCn(n)] consists of all the matchings in Cn.

In the elements of the basis of FKCn(n) in Equation (7.37), if we view variables xmm+1 for
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m = 1, 2, · · · , n− 1 and x1n, as edges 12, 23, · · ·n− 1, n and 1n in an n-cycle Cn, then we

can view an element of the basis as a subset of the set of the edges in Cn.

An element in the basis of FKCn(n) in (7.37), is a matching in an n-cycle Cn. The reason

is that From B[FKCn(n)] in (7.37), no monomial in the basis includes two variables with a

common index, so we can view an element of the basis as a subset of the set of the edges

of the graph Cn such that no two edges have a common vertex i.e., a matching in Cn. Vice

versa, we can view a matching in Cn as an element in the basis. Also from the domain of the

indexes in Equation (7.37), we see that all the monomials in generators of FKCn(n) that have

no repeated indexes have been covered in the basis.

The above considerations imply that there is a one-to-one correspondence between the set

of all matchings in an n-cycle Cn and the basis of FKCn(n).

Therefore the number of elements in the basis of algebra FKCn(n) equals the number of

matchings in an n-cycle graph Cn. Hence the dimensions of FKCn(n) equals the number of

matchings in the n-cycle Cn. This completes the proof.

Corollary 7.3.9. Dimension of FKCn(n) equals Lucas number Ln.

Proof. From Theorem 7.3.8, dimension of FKCn(n) equals the number of matchings in Cn

which equals Lucas number Ln [22]. Hence dimension of FKCn(n) equals Lucas number Ln.

This completes the proof.
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The highest degree elements in the basis

From B(FKCn(n)) in Equation (7.37), the maximum degree of a monomial in the basis is

attained when any two adjacent 1st indexes differ by 2 (equivalently if any two sides in the

matching is separated by exactly one side in Cn). Therefore one can calculate easily that

For n ≥ 4, max (deg /size) = bn
2
c, and

multiplisity of max (deg /size) =


2, for even n

n, for odd n

(7.38)

Example 7.3.10. The highest degree for elements in B[FK(5)] is bn
2
c = b5

2
c = 2, and its

multiplicity 5.

7.3.3 ‘Matchings’ and Fibonacci number

Lemma 7.3.11. Let M(n) denote the number of matchings in the set of line segments

Vn = {12, 23, · · ·n− 1, n}, n ≥ 2. Then

M(n) = Fn, n ≥ 2, (7.39)

where Fn is n-th Fibonacci number with initial values F0 = 1, F1 = 1.

Proof. We need to show
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1. M(2) = F2, and

2. M(n+ 1) = M(n) +M(n− 1), i.e., the recurrence for Fibonacci numbers[9], [10].

The 1st item is obvious as M(2) is the number of matching in {12} which equals 2, including

the empty matching, which equals F (2) (as our starting values for Fibonacci sequence are

F0 = 1, F1 = 1).

To show the 2nd item consider that Vn = {12, 23, · · ·n− 1, n} = Vn−1 ∪ n− 1, n, where

Vn−1 = {12, 23, · · ·n− 2, n− 1}. Then addition of n, n+ 1 to Vn make Vn+1 and increases

M(n) by adding new matchings to it. However in order to avoid formation of common

index/vertex, these new matchings have to be made by adding n, n+ 1 to each matching

only in Vn−1, as n, n+ 1 does not have common index/vertex with elements in Vn−1 but

does have common index/vertex n with n− 1, n. Therefore the number of new matchings

to be added to M(n) is exactly the number of matchings in Vn−1, i.e., M(n − 1). Hence

M(n+ 1) = M(n) +M(n− 1). This completes the proof.

Lemma 7.3.12. [9], [10]. Let M(n, k) denote the number of matchings of size k in set of line

segments Vn = {12, 23, · · ·n− 1, n}. Then

1. M(n+ 1, k) = M(n, k) +M(n− 1, k − 1), for n ≥ 3,

2. M(n, k) =
(
n−k
k

)
.

Proof. 1. Consider Vn as Vn = Vn−1∪{n− 1, n}where Vn−1 = {12, 23, · · ·n− 2, n− 1}.

Addition of segment n, n+ 1 to Vn makes Vn+1 = {n, n+ 1}∪Vn−1∪{n− 1, n}. This
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addition increases M(n, k) by adding n, n+ 1 to each element of size k − 1 in only

Vn−1 without developing common index/vertex, as the elements of Vn−1 do not have

indexes n or n+ 1. So the number of these new matchings to be added to M(n, k) is

exactly the number of elements in Vn−1 of size k − 1, i.e., M(n− 1, k − 1). Hence we

have M(n+ 1, k) = M(n, k) +M(n− 1, k − 1).

2. To prove M(n, k) =
(
n−k
k

)
we use double induction. We need to show that

(a) base of induction: For n = 2 and k = 1 the statement M(2, 1) =
(

2−1
1

)
is true, as

M(2, 1) = 1 and
(

2−1
1

)
=
(

1
1

)
= 1.

(b) Inductive step: We need to show that

If M(n, k) =

(
n− k
k

)
∀n ≥ 2, k > 1, then M(n+ 1, k) =

(
n+ 1− k

k

)
,

and

If M(n, k) =

(
n− k
k

)
∀n ≥ 2, k > 1, then M(n, k + 1) =

(
n− k − 1

k + 1

)
,

as in it follows.

M(n+ 1, k) = M(n, k) +M(n− 1, k − 1)

=

(
n− k
k

)
+

(
n− 1− (k − 1)

k − 1

)
=

(
n− k
k

)
+

(
n− k
k − 1

)
=

(n− k)!

k!(n− 2k)!
+

(n− k)!

(k − 1)!(n− 2k + 1)!
= · · · = (n− k + 1)!

k!(n− 2k + 1)!

=

(
n+ 1− k

k

)
.

Also

M(n, k + 1) = M(n− 1, k + 1) +M(n− 2, k)

=

(
n− 1− (k + 1)

k + 1

)
+

(
n− 2− k

k

)
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=

(
n− k − 2

k + 1

)
+

(
n− k − 2

k

)
=

(n− k − 2)!

(k + 1)!(n− 2k − 3)!
+

(n− k − 2)!

k!(n− 2k − 2)!

...

=
(n− k − 1)!

(k + 1)!(n− 2k − 21)!

=

(
n− k − 1

k + 1

)
.

This completes the proof.

Proposition 7.3.13. [9] [10]. Let MCn(n, k) denote the number of matchings of size k in

n-cycle Cn. Then we have

MCn(n, k) =M(n, k) +M(n− 2, k − 1), n ≥ 4, k = 2, 3, · · · , bn
2
c, and

MCn(n, k) =
n

n− k

(
n− k
k

)
.

(7.40)

where M(n, 0) = 1, and M(n, k) =
(
n−k
k

)
is the number of matchings of size k in Cn \ {1n}.

Proof. M(n, k) can be viewed as the number of matchings of size k in Cn \ {1n}. We rewrite

Cn\{1n} asCn\{1n} = {12}∪Vn−2∪{n− 1, n}, where Vn−2 = {23, 34, · · · , n− 2, n− 1}.

Now adding 1n to Cn \ {1n} completes the n-cycle, as well increases M(n, k) to MCn(n, k)

by making new matchings of size k. However to avoid making a common vertex we need

to add 1n to the elements of size k − 1 only in Vn−2, as they do not involve in indexes 1 or

n but 12 and n− 1, n do involve in common indexes 1 or n. So the number of these new

matchings is equal to the number of matchings of size k − 1 in Vn−2 i.e., M(n − 2, k − 1).

Hence MCn(n, k) = M(n, k) +M(n− 2, k− 1). This completes the proof of the first part of

the Lemma.
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Substituting M(n, k) =
(
n−k
k

)
into the first part we have

MCn(n, k) = M(n, k) +M(n− 2, k − 1) =

(
n− k
k

)
+

(
n− 1− k
k − 1

)
=

(
n− k
k

)
+

(n− 1− k)!

(k − 1)!(n− 2k)!
=

(
n− k
k

)
+

(n−k)!
(n−k)

k!
k

(n− 2k)!

=

(
n− k
k

)
+

k

n− k
(n− k)!

k!(n− 2k)!
=

(
n− k
k

)
+

k

n− k

(
n− k
k

)
=

n

n− k

(
n− k
k

)
.

(7.41)

This completes the proof.

7.3.4 Hilbert series and q-Fibonacci/q-Lucas numbers

From Proposition 7.3.13 and Theorem 7.3.8 and Corollary 7.3.9, we have

Ln = MCn(n) =

bn
2
c∑

k=0

MCn(n, k) =

bn
2
c∑

k=0

n

n− k

(
n− k
k

)
.

The upper limit in the sum is due to the fact that maximum size of a matching in Cn or the

maximum degree of an element in the basis of FKCn(n) is bn
2
c. Hence taking sum over all the

matchings of different sizes k in Cn (elements of different degrees k in the basis of FKCn(n)),

we have q-Lucas number [9], [10]:

Ln(q) =

bn
2
c∑

k=0

n

n− k

(
n− k
k

)
qk, L0 = 2. (7.42)

Also from Lemmas 7.3.11 and 7.3.12 we have the total number of matchings in a set of line

segments Vn = {12, 23, · · ·n− 1, n} to be Mn = Fn and the number of matchings of size k
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in Vn to be M(n, k) =
(
n−k
k

)
. This results in

Fn = M(n) =

bn
2
c∑

k=0

M(n, k) =

bn
2
c∑

k=0

(
n− k
k

)
.

Hence taking sum over all matchings of different sizes we have q-Fibonacci number [9][10]

Fn(q) =

bn
2
c∑

k=0

(
n− k
k

)
qk. (7.43)

Proposition 7.3.14. Hilbert series of FKCn(n) is q-Lucas number

Hn =

bn
2
c∑

k=0

n

n− k

(
n− k
k

)
qk = Ln(q). (7.44)

Proof. We recall here (7.42)

Ln(q) =

bn
2
c∑

k=0

n

n− k

(
n− k
k

)
qk, L0 = 2.

In the above expression, degree k, as the size of matching, is summed over to give us the

Lucas number which is by Corollary 7.3.9 equal to the dimension of FKCn(n). Hence the

above expression indeed demonstrates Hilbert series

Hn =

bn
2
c∑

k=0

n

n− k

(
n− k
k

)
qk.

This completes the proof.

Example 7.3.15. H5 =
∑2

k=0
5

5−k

(
5−k
k

)
qk =

(
5
0

)
+ 5

4

(
4
1

)
q+ 5

3

(
3
2

)
q2 = 1 + 5q+ 5q2. Similarly

H6 = 1 + 6q + 9q2 + 2q3.
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7.3.5 The action of Dn and decomposition

In this section we derive the character of FKCn(n) over Dn for even and odd n.

Lemma 7.3.16. Let r ∈ Dn realized in permutation group Sn as r = (1, 2, · · · , n). Then for

integers 2 ≤ p ≤ n the trace of representation of rp ∈ Dn on FKCn(n) is

χ(rp) = 1 + pδn,pm, (7.45)

for some m = n
p

if it is an integer. In q-counting according to total degree decomposition form

we have

[χ(rp)](q) = 1 + pq
n
p , if

n

p
is an integer. (7.46)

Proof. One can view a monomial M ∈ B[FKCn(n)] as a matching in an n-cycle (i.e., a set

of sides in n-cycle with no common vertex). Also we can consider r as a clockwise rotation

of angle 2π
n

in Cn. Then rpM is the result of clockwise rotation of the matching M in n-cycle

by angle 2πp
n

. So rpM = M means that after rotation of a matching M over p sides of the

n-cycle, the matching M coincides with itself. We discuss the following cases.

1. The possibility that rpM = −M is absurd, i.e., the operator rp does not have an eigen

vector with eigen value −1. The reason is that in order for rpM to develop a minus sign

we need M contains an x1n to get rotated into rpx1n = x1+p,n+p = x1+p,p = −xp,p+1,

and thereby create a minus sign. Then since rp rotates M as a matching onto itself there

must be another variable in M like xn−p,n+1−p to be rotated onto x1n to preserve M as a

matching in Cn. However then rpxn−p,n+1−p = xn,n+1 = xn,1 = −x1n; a second minus

sign to cancel the first one. So rpM = −M can not hold.
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2. rM = M does not hold for non-empty M . The reason is that since r is a clockwise

rotation of 2π
n

in Cn, it takes a side in the matching M in Cn, into the side next to it (the

neighbor side) in Cn. However this next side is not in M otherwise there would be a

common vertex in M that is forbidden by the definition of a matching. Thus rM = M

can not hold for non-empty M .

3. For 2 ≤ p ≤ n, and non-empty matching M for rpM = M to hold, we need p|n and

matching M be symmetric in Cn in the sense that any two successive sides in M be

separated by the same number p− 1 of sides in Cn. Therefore the number of non-empty

matchings M such that rpM = M , is equal to pδn,pm for some m = n
p

if it is an integer.

4. For any p there is always an empty matching (associated for identity element 1 in the

basis) such that rpM = M(as rp1 = 1).

Considering items 1− 4, we come up with the conclusion that for given positive integer p the

number of matchings (monomials) M such that rpM = M , i.e., the trace of representation

of rp is 1 + pδn,pm. Therefore for 2 ≤ p ≤ n we have χ(rp) = 1 + pδn,pm, for some m = n
p

if it is an integer. The number 1 in χ(rp) = 1 + pδn,pm refers to the empty matching (degree

zero element of the basis) and pδn,pm to the nonempty ones of size m = n
p

(degree m = n
p
)

if it is an integer. Therefore we can write the q-counting form of χ(rp) = 1 + pδn,pm as

[χ(rp)](q) = 1 + pq
n
p if n

p
is an integer (then n

p
=size of the non-empty matching that is eigen

vector of rp). This completes the proof.

Lemma 7.3.17. For even n ≥ 4, let s ∈ Dn, realized in permutation group as

s = (1n)(2, n− 1) · · · (n
2
, n

2
+ 1) in n-cycle graph Cn. Let χ(s) be the trace of representation
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of s over FKCn(n). Then

[χ(s)](q) =

bn
4
c∑

k=0

(
n
2
− k
k

)
q2k − 2

b
n
2−1

2
c∑

k=0

(
n
2
− 1− k
k

)
q2k+1 +

b
n
2−2

2
c∑

k=0

(
n
2
− 2− k
k

)
q2k+2,

(7.47)

and in q-Fibonacci form according to total degree decomposition we have

[χ(s)](q) = Fn
2
(q2)− 2qFn

2
−1(q2) + q2Fn

2
−2(q2). (7.48)

Proof. By Theorem 7.3.8 to any element of the basis of FKCn(n) there corresponds a

matching in Cn. Let T1 = {i1, i1 + 1, i2, i2 + 1 · · · im, im + 1} be a matching of the set

of line segments S1 = {12, 23, · · · , n
2
− 1, n

2
} ⊂ Cn defined in Definition 7.3.6, with its

corresponding monomial

u = xi1,i1+1xi2,i2+1 · · ·xim,im+1 ∈ B[FKCn(n)].

Let its reflection in s, itself a matching (as n =even), be

T ′1 = {j1, j1 + 1, j2, j2 + 1 · · · jm, jm + 1},

and its corresponding monomial be u′ = xj1j1+1xj2j2+1 · · · · · ·xjmjm+1. While matching

T1 is not symmetric about s, however matching T1 ∪ T ′1 is symmetric and its corresponding

monomial uu′ ∈ B[FKCn(n)] forms an eigen vector of s with eigen value +1 as s(uu′) = uu′

(because s(uu′) = s(usu) = (su)s2u = (su)u = u′u → uu′ on reduction w.r.t. 2-terms,

because u and u′ commute, as there is no common index among variables in uu′). The number

of such eigen vectors in FKCn(n) equals the number of matchings T1 ∪ T ′1 in Cn which

by construction equals the number of matchings T1 ⊂ {12, 23, · · · , n
2
− 1, n

2
} which is by
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Equations (7.39) and (7.43) equal to

[M(
n

2
)](q) = Fn

2
(q) =

bn
4
c∑

k=0

(
n
2
− k
k

)
q2k, (7.49)

where the factor 2 in the power of q2k is to take care of the double number of sides in T1 ∪ T ′1

compared to T1 and it reflects the even number of matchings in T1 ∪ T ′1. Hence our first

contribution to χ(s) denoted χ1(s) is

[χ1(s)](q) =

bn
4
c∑

k=0

(
n
2
− k
k

)
q2k. (7.50)

To find the number of eigen vectors with eigen value −1 instead of considering the matching

T1 ⊂ {12, 23, · · · , n
2
− 1, n

2
} and its reflection T ′1 in s, we need to consider the following cases

1. The matching {1n}∪T2, with matching T2 ⊂ {23, · · · , n
2
− 1, n

2
} (to prevent developing

common vertex with {1n}), and its reflection T ′2 in s, with the corresponding monomials

v, v′ ∈ B[FKCn(n)], to T2 and T ′2 respectively.

2. The matching {n
2
, n

2
+ 1} ∪ T3 with matching T3 ⊂ {12, · · · , n

2
− 2, n

2
− 1} (to prevent

developing common vertex with {n
2
, n

2
+ 1}) and its reflection T ′3 in s.

In case 1 while matching {1n} ∪ T2 is not symmetric about s, however {1n} ∪ T2 ∪ T ′2

is a matching in Cn symmetric about s and its corresponding monomial x1nvv
′ forms an

eigen vector of s with eigen value −1 as s(x1nvv
′) = −x1ns(vv

′) = −x1nvv
′ as before. By

construction the number of matchings {1n} ∪ T2 ∪ T ′2 in Cn equals the number of matchings
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T2 in {23, · · · , n
2
− 1, n

2
} which is by Equations (7.39) and (7.43) equal to

[M(
n

2
− 1)](q) = Fn

2
−1(q) =

b
n
2−1

2
c∑

k=0

(
n
2
− 1− k
k

)
q2k+1. (7.51)

Here the odd power of q2k+1 reflects the odd size of the matching {1n} ∪ T2 ∪ T ′2 in Cn as

well the negative eigen value of s. Considering a factor 2 to cover the 2nd case (as it exactly

results to the same as case 1), as well a negative sine for the negative eigen value, we come up

with our second contribution to χ(s)

[χ2(s)](q) = −2

b
n
2−1

2
c∑

k=0

(
n
2
− 1− k
k

)
q2k+1. (7.52)

To cover the last contribution to χ(s), we consider the matching {1n} ∪ {n
2
, n

2
+ 1} ∪ T4

and T ′4, the reflection of T4 in s, with matching T4 ⊂ {23, 34, · · · , n
2
− 2, n

2
− 1} (to pre-

vent developing common vertex with 1n or n
2
, n

2
+ 1 ) with w and w′ the corresponding

monomials to T4 and T ′4 respectively. By similar arguments we have eigen vectors with

eigen values +1, with the number of such eigen vectors equal to the number of matchings

T4 ⊂ {23, 34, · · · , n
2
− 2, n

2
− 1} as before, which is by Equations (7.39) and (7.43) equal to

[M(
n

2
− 2)](q) = Fn

2
−2(q) =

b
n
2−2

2
c∑

k=0

(
n
2
− 2− k
k

)
q2k+2. (7.53)

Hence our last contribution to χ(s) is

[χ3(s)](q) =

b
n
2−2

2
c∑

k=0

(
n
2
− 2− k
k

)
q2k+2. (7.54)
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Now adding the contributions in Equations (7.50), (7.52) and (7.54) we come up with

[χ(s)](q) =

bn
4
c∑

k=0

(
n
2
− k
k

)
q2k − 2

b
n
2−1

2
c∑

k=0

(
n
2
− 1− k
k

)
q2k+1 +

b
n
2−2

2
c∑

k=0

(
n
2
− 2− k
k

)
q2k+2,

which is written in the following q-Fibonacci form using Equation (7.43):

[χ(s)](q) = Fn
2
(q2)− 2qFn

2
−1(q2) + q2Fn

2
−2(q2).

This completes the proof.

Example 7.3.18. For n = 6 we have

χ(s) =
∑1

k=0

(
3−k
k

)
q2k − 2

∑1
k=0

(
2−k
k

)
q2k+1 +

∑0
k=0

(
1−k
k

)
q2k+2 =

(
3
0

)
+
(

2
1

)
q2 − 2[

(
2
0

)
q +(

1
1

)
q3] +

(
1
0

)
q2 = 1 + 2q2 − 2[q + q3] + q2 = 1− 2q + 3q2 − 2q3 → 0 at q = 1.

Example 7.3.19. For n = 6 we have χ(s) = F3(q2) − 2qF2(q2) + q2F1(q2). Let q = 1,

then χ(s)→ F3 − 2F2 + F1 = 3− 2(2) + 1 = 0.

Lemma 7.3.20. For even n, Let s, r ∈ Dn, realized in permutation group Sn as

s = (1, n)(2, n− 1) · · · (n
2
, n

2
+ 1) and r = (1, 2, · · · , n) in n-cycle graph Cn . Then

[χ(sr)](q) =

b
n
2−1

2
c∑

k=0

(
n
2
− 1− k
k

)
q2k, n ≥ 4, (7.55)

and in q-Fibonacci form according to total degree decomposition

[χ(sr)](q) = Fn
2
−1(q2), (7.56)

where χ(sr) is the trace of the representation of sr over FKCn(n).

Proof. Here we have sr = (n)(1, n − 1)(2, n − 2) · · · (n
2
− 1, n

2
+ 1)(n

2
) and so the only
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matchings inCn symmetric about sr are T∪T ′ with matching T ⊂ {12, 23, · · · , n
2
− 2, n

2
− 1}

and T ′, the reflection of T in sr. The corresponding monomials to T and T ′ are respectively

w and w′. we have eigen vectors of sr with eigen value +1, as sr(ww′) = ww′ as before. The

number of such eigen vectors equals the number of matchings T ∪ T ′ in Cn which equals

the number of matchings T ⊂ {12, 23, · · · , n
2
− 2, n

2
− 1} which is by Equations (7.39) and

(7.43) equal to

[χ(sr)](q) = M(
n

2
− 1)(q) = Fn

2
−1(q) =

b
n
2−1

2
c∑

k=0

(
n
2
− 1− k
k

)
q2k.

This completes the proof.

Example 7.3.21. For n = 6, we have χ(sr) =
∑1

k=0

(
2−k

1

)
q2k =

(
2
1

)
+
(

1
1

)
q2 = 1 + q2.

Lemma 7.3.22. For odd n, Let s ∈ Dn realized in permutation group Sn as

s = (1, n)(2, n− 1) · · · (n−1
2
, n+3

2
)(n+1

2
) in an n-cycle graph Cn. Then

[χ(s)](q) =

bn−1
4
c∑

k=0

(
n−1

2
− k
k

)
q2k −

bn−3
4
c∑

k=0

(
n−3

2
− k
k

)
q2k+1, (7.57)

with q-Fibonacci version

[χ(s)](q) = Fn−1
2

(q2)− qFn−3
2

(q2),

where χ(s) is the trace of the representation of s over FKCn(n).

Proof. Let

T1 = {i1, i1 + 1, i2, i2 + 1 · · · im, im + 1}

be a matching of the set of line segments S = {12, 23, · · · , n−1
2
− 1, n−1

2
}, with its corre-

218



sponding monomial

u = xi1,i1+1xi2,i2+1 · · · xim,im+1.

Let its reflection in s, itself a matching, be

T ′1 = {j1, j1 + 1, j2, j2 + 1 · · · jm, jm + 1},

and its corresponding monomial be u′ = xj1j1+1xj2j2+1 · · · · · ·xjmjm+1.

While the matching T1 is not symmetric about s, however matching T1 ∪ T ′1 is so, and its

corresponding monomial uu′ forms an eigen vector of s with eigen value +1, as s(uu′) = uu′

as before. The number of such eigen vectors equals the number of matching T1 ∪ T ′1 in Cn

which equals the number of matchings in T1 ∈ {12, 23, · · · , n−1
2
− 1, n−1

2
} which is by (7.39)

and (7.43) equal to

[M(
n− 1

2
)](q) = Fn−1

2
(q) =

bn−1
4
c∑

k=0

(
n−1

2
− k
k

)
q2k, (7.58)

where the factor 2 in the power of q2k as before counts the double number of sides (double

size=double degree). Hence our first contribution to χ(s) is

[χ1(s)](q) =

bn−1
4
c∑

k=0

(
n−1

2
− k
k

)
q2k. (7.59)

We have another set of matchings symmetric about s. These matchings are made by adding

the side 1n (its corresponding variable x1n), to avoid common vertex with 1n, only to each

element of the matching T2 ⊂ {23, 34, · · · , n−1
2
− 1, n−1

2
}. Let the reflection of T2 in s be T ′2,

then {1n} ∪ T2 ∪ T ′2 is symmetric about s and its correspondent monomial x12ww
′ is an eigen

vector of s with eigen value −1 as s(x1nww
′) = −x12s(ww

′) = −x12ww
′ as before. The
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number of such eigen vectors is equal to the number of matchings {1n}∪T2 ∪T ′2 in Cn which

is equal to the number of matchings T2 ⊂ {23, 34, · · · , n−1
2
− 1, n−1

2
} which by Equations

(7.39) and (7.43) is equal to M(n−1
2
− 1) = M(n−3

2
) = Fn−3

2
=
∑bn−3

4
c

k=0

(n−3
2
−k
k

)
q2k+1.

Hence our second contribution to χ(s) is

[χ2(s)](q) = −
bn−3

4
c∑

k=0

(
n−3

2
− k
k

)
q2k+1. (7.60)

Adding Equations (7.59) and (7.60) we come up with

[χ(s)](q) =

bn−1
4
c∑

k=0

(
n−1

2
− k
k

)
q2k −

bn−3
4
c∑

k=0

(
n−3

2
− k
k

)
q2k+1,

with its q-Fibonacci form according to total degree decomposition

[χ(s)](q) = Fn−1
2

(q2)− qFn−3
2

(q2).

This completes the proof.

Example 7.3.23. For n = 5 we have χ(s) =
∑1

k=0

(
2−k
k

)
q2k −

∑0
k=0

(
1−k
k

)
q2k+1 =

(
2
0

)
+(

1
1

)
q2 −

(
1
0

)
q = 1− q + q2 → 1 as q → 1.

Remark 7.3.24. For odd n, there is no symmetry about sr in Cn, so we do not discuss the

case of χ(sr).

220



Table 7.3: Dn irred. characters for even n: The trivial and 3 reflections are 1-dimensional,
the rest are 2-dimensional rotations. [rp] stands for {rp, rn−p}, 2 ≤ p ≤
n
2 − 1, p|n, its Dn-conjugacy class is denoted by c(p). [s] stands for
{s, sr2, · · · , srn−2}, [sr] for {sr, sr3, · · · srn−1}, and χ(h) for χn

h
h when h|n.

ε [r]
[rp], 2 ≤ p ≤ n

2
−

1, such that p|n {r n2 } [s] [sr]

|c1n|
= 1

|cn|
= 2

|c(p)| = 2
|c

2
n
2
|

= 1

|c
2
n
2
′ |

= n
2

|c
2(
n
2−1)11

|
= n

2

χ1n 1 1 1 1 1 1
χ

2
n
2

1 1 1 1 −1 −1
χ

2
n
2
′ 1 −1 (−1)p (−1)

n
2 1 −1

χ
2(
n
2−1)11

1 −1 (−1)p (−1)
n
2 −1 1

χ(h), 1 ≤ h ≤ n
2
−

1, such that h|n 2 2cos2hπ
n 2cos2hpπ

n
2(−1)h 0 0

Table 7.4: Character of FKCn(n) over Dn for even n
ε [r] [rp], 2 ≤ p ≤ n

2

−1 such that p|n
{r n2 } [s] [sr]

|c1n| = 1 |cn|
= 2

|c(p)| = 2 |c
2
n
2
| = 1 |c

2
n
2
′ | = n

2
|c

2(
n
2−1)11

| = n
2∑n

2
k=0

n
n−k

(
n−k
k

)
qk 1 1 + pq

n
p δn

p
,integer 1 + n

2
q2

∑bn
4
c

k=0

(n
2
−k
k

)
q2k

−2
∑b n2−1

2
c

k=0

(n
2
−1−k
k

)
q2k+1

+
∑b n2−2

2
c

k=0

(n
2
−2−k
k

)
q2k+2

∑bn−2
4
c

k=0

(n−2
2
−k
k

)
q2k

Table 7.5: Character of FKCn(n) over Dn for even n in q-Fibonacci/q-Lucas, with initial
values F0 = 1, F1 = 1, L0 = 2, L1 = 1.

ε [r] [rp], 2 ≤ p ≤ n
2

−1 such that p|n
{r n2 } [s] [sr]

|c1n| |cn| = 2 |c(p)| = 2 |c
2
n
2
| = 1 |c

2
n
2
′ | = n

2
|c

2(
n
2−1)11

|
= n

2

Ln(q) 1 1 + pq
n
p δn

p
,integer 1 + n

2
q2 Fn

2
(q2)− 2qFn

2
−1(q2) + q2Fn

2
−2(q2) Fn−2

2
(q2)
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7.3.6 Character of FKCn
(n) over Dn for even n and decomposition

We summarize the results of Lemmas 7.3.16, 7.3.17, and 7.3.20 in Tables 7.4 and 7.5 as the

character of FKCn(n) over Dn for even n.

Remark 7.3.25. Tables 7.3, 7.4 and 7.5, are for irreducible characters of Dn, character of

FKCn(n), with its q-Fibonacci form in Table 7.5. The cycle type of reflection s is 2
n
2
′
, its

Dn-conjugacy class is denoted by c
2
n
2
′ , and its associated irreducible character denoted by

χ
2
n
2
′ . The cycle type of reflection sr is 2

n
2
−111, and its associated Dn-conjugacy class and

irreducible character are denoted by c
2
n
2−111

and χ
2
n
2−111

respectively. Similarly for other

cycle types.

Decomposition in irreducible characters

charDn [FKCn(n = even)] =

m1nχ1n +m
2
n
2
′χ

2
n
2
′ +m

2(
n
2−1)11

χ
2(
n
2−1)11

+m
2
n
2
χ

2
n
2

+
∑

1≤h≤n
2
−1, h|n

mn
h
hχn

h
h ,

(7.61)

where the coefficients m of the irreducible characters are calculated using character table 7.3

and either the character in q-Fibonacci form of Table 7.5 or the character in Table 7.4.
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By Table 7.5 we have

m1n =
1

2n

{
Ln(q) + 2 + 2

n
2
−1∑

p=2

(1 + pq
n
p δn

p
,integer) + (1 +

n

2
q2)

+
n

2

[
Fn

2
(q2)− 2qFn

2
−1(q2) + q2Fn

2
−2(q2)

]
+
n

2
Fn−2

2
(q2)

}
.

m
2
n
2

=
1

2n

{
Ln(q) + 2 + 2

n
2
−1∑

p=2

(1 + pq
n
p δn

p
,integer) + (1 +

n

2
q2)

− n

2

[
Fn

2
(q2)− 2qFn

2
−1(q2) + q2Fn

2
−2(q2)

]
− n

2
Fn−2

2
(q2)

}
.

m
2
n
2
′ =

1

2n

{
Ln(q)− 2 + 2

n
2
−1∑

p=2

(−1)p(1 + pq
n
p δn

p
,integer) + (−1)

n
2 (1 +

n

2
q2)

+
n

2

[
Fn

2
(q2)− 2qFn

2
−1(q2) + q2Fn

2
−2(q2)

]
− n

2
Fn−2

2
(q2)

}
.

m
2(
n
2−1)11

=
1

2n

{
Ln(q)− 2 + 2

n
2
−1∑

p=2

(−1)p(1 + pq
n
p δn

p
,integer) + (−1)

n
2 (1 +

n

2
q2)

− n

2

[
Fn

2
(q2)− 2qFn

2
−1(q2) + q2Fn

2
−2(q2)

]
+
n

2
Fn−2

2
(q2)

}
.

m(h) =
1

2n

{
2Ln + 4cos

2hπ

n
+ 4

n
2
−1∑

p=2

(1 + pq
n
p δn

p
,integer)cos

2hpπ

n

+ 2(−1)h(1 +
n

2
q2)

}
, 1 ≤ h ≤ n

2
− 1, such that h|n.

(7.62)
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By Table 7.4 we get the following version of coefficients

m1n =
1

2n

{ n
2∑

k=0

n

n− k

(
n− k
k

)
qk + 2 + 2

n
2
−1∑

p=2

(1 + pq
n
p δn

p
,integer) + (1 +

n

2
q2)

+
n

2

[ bn
4
c∑

k=0

(
n
2
− k
k

)
q2k − 2

b
n
2−1

2
c∑

k=0

(
n
2
− 1− k
k

)
q2k+1 +

b
n
2−2

2
c∑

k=0

(
n
2
− 2− k
k

)
q2k+2

]

+
n

2

bn−2
4
c∑

k=0

(
n−2

2
− k
k

)
q2k

}
.

m
2
n
2

=
1

2n

{ n
2∑

k=0

n

n− k

(
n− k
k

)
qk + 2 + 2

n
2
−1∑

p=2

(1 + pq
n
p δn

p
,integer) + (1 +

n

2
q2)

− n

2

[ bn
4
c∑

k=0

(
n
2
− k
k

)
q2k − 2

b
n
2−1

2
c∑

k=0

(
n
2
− 1− k
k

)
q2k+1 +

b
n
2−2

2
c∑

k=0

(
n
2
− 2− k
k

)
q2k+2

]

− n

2

bn−2
4
c∑

k=0

(
n−2

2
− k
k

)
q2k

}
.

m
2
n
2
′ =

1

2n

{ n
2∑

k=0

n

n− k

(
n− k
k

)
qk − 2 + 2

n
2
−1∑

p=2

(−1)p(1 + pq
n
p δn

p
,integer) + (−1)

n
2 (1 +

n

2
q2)

+
n

2

[ bn
4
c∑

k=0

(
n
2
− k
k

)
q2k − 2

b
n
2−1

2
c∑

k=0

(
n
2
− 1− k
k

)
q2k+1 +

b
n
2−2

2
c∑

k=0

(
n
2
− 2− k
k

)
q2k+2

]

− n

2

bn−2
4
c∑

k=0

(
n−2

2
− k
k

)
q2k

}
.

m
2(
n
2−1)11

=
1

2n

{ n
2∑

k=0

n

n− k

(
n− k
k

)
qk − 2 + 2

n
2
−1∑

p=2

(−1)p(1 + pq
n
p δn

p
,integer) + (−1)

n
2 (1 +

n

2
q2)

− n

2

[ bn
4
c∑

k=0

(
n
2
− k
k

)
q2k − 2

b
n
2−1

2
c∑

k=0

(
n
2
− 1− k
k

)
q2k+1 +

b
n
2−2

2
c∑

k=0

(
n
2
− 2− k
k

)
q2k+2

]

+
n

2

bn−2
4
c∑

k=0

(
n−2

2
− k
k

)
q2k

}
.

m(h) =
1

2n

{
2

n
2∑

k=0

n

n− k

(
n− k
k

)
qk + 4cos

2hπ

n
+ 4

n
2
−1∑

p=2

(1 + pq
n
p δn

p
,integer)cos

2hpπ

n

+ 2(−1)h(1 +
n

2
q2)

}
, 1 ≤ h ≤ n

2
− 1, such that h|n.

(7.63)
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Example 7.3.26. Let

charC6 [FKC6(6, q)] = m16χ16 +m222χ222 +m222′χ222′+m2211χ2211 +m6χ6 +m33χ33. Then

from Equation (7.63) we have

m16 = 1 + 2q2,m222 = q + q3,m222′ = q2, m2211 = q + q3, m6 = q + q2, m33 = q + 2q2.

Then substitution of the coefficients m into the character (7.61) we have

charD6 [FKC6(6, q)] = (1 + 2q2)χ16 + (q + q3)χ222 + (q2)χ222′

+(q + q3)χ2211 + (q + q2)χ6 + (q + 2q2)χ33.

(7.64)

Sorting in q we have the decomposition of charD6 [FKC6(6)] in usual degrees.

charD6 [FKC6(6)] = χ16 + (χ222 + χ2211 + χ6 + χ33)q

+ (2χ16 + χ222′ + χ6 + 2χ33)q2 + (χ222 + χ2211)q3,

(7.65)

which upon putting q = 1 reduces to

charD6FKC6(6) = 3χ16 + 2χ222 + χ222′ + 2χ2211 + 2χ6 + 3χ33,

in agreement with Equation (7.24).

7.3.7 Character of FKCn
(n) over Dn for odd n and decomposition

We summarize the results of Lemmas 7.3.16 and 7.3.20 in Tables 7.7 and 7.8 as the character

of FKCn(n) over Dn for odd n.
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Table 7.6: Irreducible characters of Dn for odd n. The trivial and one reflection, the rest
2-dimensional rotations. c(p) stands for cn

p
p where p|n.

ε {r, rn−1} {rp, rn−p}, 2 ≤ p ≤ n−1
2

such that p|n
{s, sr, · · · , srn−1}

|c1n| = 1 |cn| = 2 |c(p)| = 2 |c
2
n−1
2 1
| = n

χ1n 1 1 1 1
χ

2
n−1
2 1

1 1 1 −1

χ
nh
, 1 ≤ h ≤ n−1

2

such that h|n
2 2cos2hπ

n
2cos2hpπ

n
0

Table 7.7: Character of FKCn(n) over Dn for odd n
ε [r] [rp], 2 ≤ p ≤ n−1

2

such that p|n
[s]

|c1n | = 1 |cn| = 2 |c(p)| = 2 |c
2
n−1
2
| = n∑n−1

2
k=0

n
n−k

(
n−k
k

)
qk 1 1 + pq

n
p δn

p
,integer

∑bn−1
4
c

k=0

(n−1
2
−k
k

)
q2k −

∑bn−3
4
c

k=0

(n−3
2
−k
k

)
q2k+1

Table 7.8: Character of FKCn(n) over Dn for odd n and q-Fibonacci form
ε [r] [rp], 2 ≤ p ≤ n−1

2

such that p|n
[s]

|c1n| = 1 |cn| = 2 |c(p)| = 2 |c
2
n−1
2
| = n

Ln(q) 1 1 + pq
n
p δn

p
,integer Fn−1

2
(q2)− qFn−3

2
(q2)

Remark 7.3.27. In tables 7.6 and 7.7 the cycle type of reflection s is 2
n−1
2 1 and its associated

Dn-conjugacy class and character are c
2
n−1
2 1

and χ
2
n−1
2 1

respectively.

Decomposition in irreducible characters

charDn [FKCn(n = odd)] = m1nχ1n +m
2
n−1
2
χ

2
n−1
2

+
∑

0<h≤n−1
2
, h|n

mnhχnh , (7.66)

with the following coefficients calculated as before by using irreducible characters of Dn for

odd n in Table 7.6 and character of FKCn(n = odd) either Table 7.7 or the compact form of
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q-Fibonacci in Table 7.8 it follows.

From Table 7.8 we have

m1n =
1

2n

[
Ln(q) + 2 + 2

n−1
2∑

p=2

(1 + pq
n
p δn

p
,integer) + n

(
Fn−1

2
(q2)− qFn−3

2
(q2)

)]
.

m
2
n−1
2 1

=
1

2n

[
Ln(q) + 2 + 2

n−1
2∑

p=2

(1 + pq
n
p δn

p
,integer)− n

(
Fn−1

2
(q2)− qFn−3

2
(q2)

)]
.

mnh =
1

2n

[
2Ln(q) + 4cos(

2hπ

n
) + 4

n−1
2∑

p=2

(1 + pq
n
p δn

p
,integer)cos(

2hpπ

n
)

]
,

1 ≤ h ≤ n− 1

2
, h|n.

(7.67)

From Table 7.7 we have

m1n =
1

2n

{ n−1
2∑

k=0

n

n− k

(
n− k
k

)
qk + 2 + 2

n−1
2∑

p=2

(1 + pq
n
p δn

p
,integer)

+ n
[ bn−1

4
c∑

k=0

(
n−1

2
− k
k

)
q2k −

bn−3
4
c∑

k=0

(
n−3

2
− k
k

)
q2k+1

]}
.

m
2
n−1
2 1

=
1

2n

{ n−1
2∑

k=0

n

n− k

(
n− k
k

)
qk + 2 + 2

n−1
2∑

p=2

(1 + pq
n
p δn

p
,integer)

− n
[ bn−1

4
c∑

k=0

(
n−1

2
− k
k

)
q2k −

bn−3
4
c∑

k=0

(
n−3

2
− k
k

)
q2k+1

]}
.

mnh =
1

2n

{
2

n−1
2∑

k=0

n

n− k

(
n− k
k

)
qk + 4cos

2hπ

n
+ 4

n−1
2∑

p=2

(1 + pq
n
p δn

p
,integer)cos(

2hpπ

n
)

}
,

where 1 ≤ h ≤ n− 1

2
, h|n.

(7.68)
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Example 7.3.28. Let n = 5, then

charD5 [FKC5(5)] = m15χ15 +m221χ221 +m5χ5 +m5′χ5′ ,

where the m-coefficients calculated from Equation (7.68) are: m15 = 1 + q, m221 = q, m5 =

q+ q2, m5′ = q+ q2. Substituting the coefficients into the character, Equation (7.66), we have

charD5 [FKC5(5)](q) = (1 + q2)χ15 + qχ221 + (q + q2)χ5 + (q + q2)χ5′ .

Sorting the above in terms of q yields the decomposition in usual degree:

charD5 [FKC5(5)](q) = χ15 + (χ221 + χ5 + χ5′)q + (χ15 + χ5 + χ5′)q
2,

which upon putting q = 1 reduces to

charD5FKC5(5) = 2χ15 + χ221 + 2χ5′ + 2χ5,

in agreement with Equation (7.14).

Representation decomposition by conjugation class

Since the basis of FKCn(n) consists of monomials in variables with no common index

(alternatively, matchings in n-cycle), the Sn-degree of an element of the basis is product of

disjoint 2-cycles and 1-cycles. So it belongs to the Sn-conjugacy class denoted by tk2t
n−2k
1

where t2 and t1 stand for 2-cycle and 1-cycle respectively and where k is the degree of

monomial. Since we have the same partition of the basis invariant under Sn-conjugacy class
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as under usual degree, we have essentially the same decomposition as by usual degree.

Representation decomposition by set partition type

Since no two variable appearing in a monomial M ∈ B[FKCn(n)] have common indexes, in

each part of the set partition there is at most 2 indexes. So the set partition type of degree k

monomial M is of the form α = (2, 2, · · · , 2︸ ︷︷ ︸
k

, 1, 1, · · · , 1︸ ︷︷ ︸
n−2k

) denoted by 2k1n−2k, where each 2

in α represent the two indexes of a variable if the variable appears in M , while 1s represent the

indexes appearing in no variable in M . Since we have the same partition of the basis invariant

under set partition type as under usual degree, we have essentially the same decomposition as

by usual degree.
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Chapter 8

Commutative Fomin-Kirillov Algebra

FKc(n)

In 1999 Sergey Fomin and Anatol N. Kirillov stated a proposition [14] according to which the

commutative quotient of FK(n) has dimension n!. In that paper they gave sketch of the proof

using Gelfand-Varhenko algebra [16]. In this chapter we give a direct proof of this proposition.

Definition 8.0.1. Commutative Fomin-Kirillov Algebra FKc(n) is defined by letting the

generators of Fomin-Kirillov algebra commute with each other. [18]

We define a slightly different monomial order than we did previously in Definition 1.2.1.

Definition 8.0.2. The graded lexicographic ordering of monomialsM1 andM2 in a polynomial

is defined by first comparing their total degrees if they are of different degrees. If M1 and M2
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are of same degrees, we introduce a variable ordering by

xij > xkl if


i < k, or

i = k, and j < l.

Then with this variable ordering, the following rule completes the definition of graded

lexicographic monomial ordering. For monomials M1 and M2 of same degree d, M1 < M2

if the first variable of M1 is less than the first variable of M2. if the first m variables for

m = 1, · · · , d− 1 happen to be the same, then compare the m+ 1 th variables.

Example 8.0.3. x24 < x23x24, x13 > x23, x23 > x24.

8.1 Relations

Out of the relations of FK(n) in (1.2), relation (ii) : xijxkl − xklxij = 0 for distinct

i, j, k, l, is nothing but now a part of the definition of commutative algebra so this relation is

redundant. Also now that the variables commute, we need to take care of our lexicographic

ordering, i.e., in Equation (1.2), relation (iii) : xijxjk − xjkxik − xikxij = 0, 1 ≤ i <

j < k ≤ n, now should be written as xijxik − xijxjk + xikxjk = 0 and similarly the

relation (iii′) : xijxik − xjkxij + xikxjk = 0, 1 ≤ i < j < k ≤ n should be written as

xijxik − xijxjk + xikxjk = 0 which is the same as our new (iii), i.e., relations (iii) and (iii′)

are equivalent when considering FKc(n). Therefore the set of relations for FKc(n) is

Rc = {x2
ij = 0, xijxik − xijxjk + xikxjk = 0, 1 ≤ i < j < k ≤ n}. (8.1)
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Example 8.1.1. For FKc(3) Rc = {x2
12 = x2

13 = x2
23 = 0, x12x13 − x12x23 + x13x23 = 0}

Example 8.1.2. For FKc(4) we have following relations.

Rc ={x2
12 = x2

13 = x2
14 = x2

23 = x2
24 = x2

34 = 0,

x12x13 − x12x23 + x13x23 = 0, x12x14 − x12x24 + x14x24 = 0,

x13x14 − x13x34 + x14x34 = 0, x23x24 − x23x34 − x24x34 = 0}.

The relations of FKc(n) are not homogeneous with respect to Sn-degree (1st term of

the relation x12x13 is of Sn-degree (12)(13) = (132) while the 2nd term x12x23 is of degree

(12)(23) = (123)). So the ideal is not homogeneous w.r.t. Sn- degree, so this degree is not

well defined in FKc(n). However the set-partition degree is well defined for this algebra as

the relations are homogeneous w.r.t this degree.

From (8.1) we have the following set of generators for the defining ideal of FKc(n).

generators for defining ideal of FKc(n)

= {x2
ij, xijxik − xijxjk + xikxjk, 1 ≤ i < j < k ≤ n}

(8.2)

8.2 Gröbner basis for FKc(n)

We consider the polynomials in (8.2), as the degree 2 elements (2-terms) of Gröbner basis for

the ideal associated with FKc(n). So the 2-terms of the Gröbner basis for the ideal associated
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to FKc(n) are

g1 = xijxij and g2 = xijxik − xijxjk + xikxjk, 1 ≤ i < j < k ≤ n (8.3)

where the leading terms are underlined. Then calculations of S-polynomials for commutative

case by S(g1, g2) = xγ

LT (g1)
g1 − xγ

LT (g2)
g2 where xγ = LCM(LM(g1), LM(g2)) show that

S(g1, g1, 3), S(g1, g2, 3) and S(g2, g2, 3)→ 0 under reduction by lower degree terms, i.e., we

get no elements of degree 3 and more for our Gröbner basis. Hence we have the following

Gröbner basis for the ideal of FKc(n) which consists only of 2-terms.

GBc = {x2
ij, xijxik − xijxjk + xikxjk, 1 ≤ i < j < k ≤ n}. (8.4)

Example 8.2.1. For FKc(3), GBc = {x2
12, x

2
13, x

2
23, x12x13 − x12x23 + x13x23}.

Example 8.2.2. For FKc(4) GBc = {x2
12, x

2
13, x

2
14, x

2
23, x

2
24, x

2
34,

x12x13 − x12x23 + x13x23, x12x14 − x12x24 + x14x24,

x13x14 − x13x34 + x14x34, x23x24 − x23x34 + x24x34}

8.3 Basis of FKc(n)

Theorem 8.3.1.

B[FKc(n)] =

[
xm1l1xm2l2 · · ·xmklk : k ≥ 0 (case k = 0, empty product, so is 1),

, mi are distict,mi < li,


li < li+1; or

li = li+1 and mi < mi+1.

] (8.5)
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Alternatively we can define B[FKc(n)] recursively as it follows.

1. Degrees 0 and 1 elements of B[FKc(n)] are respectively 1 and xml, 1 ≤ m < l ≤ n;

2. For deg k ≥ 2, let xm1l1xm2l2 · · · xmklk be degree k element. Then degree k+ 1 element

is xm1l1xm2l2 · · ·xmklkxmk+1,lk+1
such that

mk+1 6= mi for i = 1, · · · , k and


lk < lk+1, or

lk = lk+1, and mk < mk+1.

Proof. In general the basis of a quotient algebra consists of all the words on generators of

the algebra that are not divisible by the leading monomials of the elements of Gröbner basis,

i.e., from Equation (8.4) by x2
ij and xijxik. This restriction forces our basis to be consisting of

terms in the form stated in (8.5) of the statement. This completes the proof.

Example 8.3.2. B[FKc(3)] = {1, x12, x13, x23, x12x23, x13x23}

8.4 Dimension of FKc(n)

In this section we first define a bijection between cycles C ∈ Sn and some elements of

B[FKc(n)] and then extend it to define a bijection between arbitrary permutation σ ∈ Sn and

all the elements in B[FKc(n)].

Definition 8.4.1. Let the cycle permutation C = (c1, c2, · · · , ck) arranged such that the

biggest entry ck in C is the one on the far right of C, however the sequence cj, j = 1, 2, · · · , k

is not monotonic. Then
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1. We define a “usual drop” at cji of length lji by sequence

c̄jilj1 = (cji+1, cji+2, · · · , cji+lji ), such that

cji+1 < cji+2 < · · · < cji+li < cji < cji+lji+1

(8.6)

(so the “usual drop” at cji is a monotonic increasing sequence not including cji). To

this “usual drop” c̄jilj1 , we associate monomial

Tc̄jilji
= xcji+1cji

xcji+2cji
· · ·xcji+lji cji , i = 1, 2, · · · ,m, (8.7)

where m is the number of “usual drops” in cycle C. (so the associated monomial to

a “usual drop” at cji , is a degree lji monomial in 2-index variables with increasing 1st

indexes and common 2nd index cji).

2. We also define the “special drop” c̄k, where ck is the biggest entry in the cycle C, by

c̄k = C\c̄j1lj1\c̄j2lj2\ · · · \c̄jm,ljm . (8.8)

By construction, the special drop c̄k is an increasing sequence ending up with ck. To the

“special drop” we associate the monomial

Tc̄k = x(c̄k)1ckx(c̄k)2ck · · ·x(c̄k)k−(lj1
+lj2

+···+ljm )−1ck , (8.9)

where (c̄k)i are the entries of c̄k and where ck, the biggest entry in C, now is the biggest

entry in c̄k. By construction Tc̄k is a monomial in 2-index variables with increasing 1st

index and common 2nd index ck, whose degree is k − (lj1 + lj2 + · · ·+ ljm)− 1, where

m is the number of usual drops.

235



3. We define the associated monomial to the cycle C as

TC = Tc̄j1lj1
Tc̄j2lj2

· · ·Tc̄jmljmTc̄k . (8.10)

Remark 8.4.2. 1. by construction TC is a monomial in variables piecewise increasing in

1st index and weakly increasing in the 2nd indexes cj1 , cj2 , · · · , cjm , ck with the biggest

value of them ck, the biggest entry in C.

2. TC is a monomial of degree (lj1 + lj2 + · · ·+ ljm)+k− (lj1 + lj2 + · · ·+ ljm)−1 = k−1.

Example 8.4.3. For cycle C = (1,3, 2, 7,8, 4, 5, 6,9) (drop happens at components 3, 8 and

9 written in bold). “usual drops” and their “associated monomials” are:

• 1st usual drop cj1 , happens at cj1 = c2 = 3, with cj1 = c2 = 3 = (2), and with the

associated monomial Tj1lj1 = x23.

• 2nd usual drop cj2 , happens at cj2 = c5 = 8, and with the associated monomial

cj2 = c5 = 8 = (4, 5, 6), with Tj2lj2 = x48x58x68.

• The“special drop” ck, happens at ck = c9 = 9, with ck = c9 = C\cj1\cj2 =

= (1, 3, 2, 7, 8, 4, 5, 6, 9)\(2)\(4, 5, 6) = (13789), and Tk = x19x39x79x89.

Now concatenating Tj1lj1 = x23, Tj2lj2 = x48x58x68 and Tk = x19x39x79x89 sorted in increas-

ing 2nd index gives the monomial TC = x23x48x58x68x19x39x79x89 associated to the cycle

C = (1, 3, 2, 7, 8, 4, 5, 6, 9).

Definition 8.4.4. In Sn, let permutation σ = C(1)C(2) · · ·C(l), where C(i)s are disjoint cycles

(every permutation can be written in disjoint cycles), where C(i) = (c
(i)
1 , c

(i)
2 , · · · , c

(i)
ki

) such
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that for any i, c(i)
ki

, the biggest entry in C(i), is on the far right of it, and disjoint C(i)s in σ are

sorted such that c(1)
k1
< c

(2)
k2
< · · · < c

(l)
kl

(i.e., C(i)s sorted in terms of their biggest entries). We

define Tσ = TC(1)TC(2) · · ·TC(l) where TC(i) is the monomial associated to the cycle C(i).

Remark 8.4.5. From the above definition, and the definition of TC(i) , and the fact that C(i)s

are disjoint, the monomial Tσ can be sorted to be weakly increasing in 2nd indexes c(i)
ki

and

increasing in 1st indexes for equal 2nd index. Also the 1st indexes are distinct (as firstly each

cycle has distinct components, and secondly our cycles are disjoint), so satisfy the conditions

of the basis of FK(c)(n) and so Tσ ∈ B[FKc(n)].

Remark 8.4.6. Each cycle has a “special drop”, so the number of “special drops” in σ ∈ Sn

is equal to the number of cycles in the decomposition of σ into disjoint cycles.

Example 8.4.7. Let permutation σ = (1, 3, 2, 7, 8, 4, 5, 6, 9)(10, 11, 14) (decomposed in dis-

joint cycles). Then from Example 8.4.3, the associated monomial to cycle

C(1) = (1, 3, 2, 7, 8, 4, 5, 6, 9) is TC(1) = x23x48x58x68x19x39x79x89. Also since the cycle

C(2) = (10, 11, 14) does not have “usual drop”, its “special drop” is itself C(2) = (10, 11, 14)

with the associated monomial TC(2) = x10,14x11,14. Therefore the associated monomial to σ =

(1, 3, 2, 7, 8, 4, 5, 6, 9)(10, 11, 14) is Tσ = TC(1)TC(2) = x23x48x58x68x19x39x79x89x10,14x11,14.

Definition 8.4.8. Let σ = C(1)C(2) · · ·C(l) be decomposition of permutation σ ∈ Sn in

disjoint cycles. Then we define the maps

B : B[FKc(n)]→ Sn by xm1l1 · · ·xmklk 7→ (mklk) · · · (m1l1) and

B−1 : Sn → B[FKc(n)], by σ = C(1)C(2) · · ·C(l) 7→ Tσ = TC(1)TC(2) · · ·TC(l) ,

(8.11)

where TC(i) are the associated monomials to the cycles C(i) defined in Definition 8.4.4.

Example 8.4.9. The associated monomial to permutation σ = (1, 3, 2, 7, 8, 4, 5, 6, 9)(10, 11, 14)

derived in Example 8.4.7 to be Tσ = x23x48x58x68x19x39x79x89x10,14x11,14.
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The map B defined in Definition 8.4.8 takes Tσ to

(11, 14)(10, 14)(89)(79)(39)(19)(68)(58)(48)(23) = (2, 7, 8, 4, 5, 6, 9, 1, 3)(10, 11, 14) = σ

In the following proposition we give a proof to the idea that the dimension of commutative

Fomin-Kirillov algebra is n!. This proposition was stated in 1999 by Fomin and Kirillov [14],

where in their paper they gave sketch of the proof using Gelfand-Varhenko algebra [16]. Here

we give a direct proof to that proposition.

Proposition 8.4.10. 1. There is a bijection between B[FKc(n)] and symmetric group Sn.

2. dim (FKc(n)) = n!

Proof. We show that the map B defined in Definition 8.4.8, indeed is a bijection between

B[FKc(n)] and symmetric group Sn.

Consider the above definition for the special case where our permutation is a cycle, i.e.,

σ = C. Also assume that C has m usual drops at cj1 , cj2 , · · · , cjm of lengths lj1 , lj2 , · · · , ljm

respectively. The special drop occurs at ck, the biggest component of C, arranged to be on the

far right of C. Therefore our cycle would be of the form

C = (c1, · · · , cj1 , cj1+1, . . . cj2 , cj2+1, · · · , · · · , cjm , cjm+1, · · · , ck).
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Also we have Tσ = TC . Then by Definitions 8.4.1, 8.4.4 and 8.4.8 we have usual drops

c̄j1,lj1 =(cj1+1, cj1+2 · · · , cj1+lj1
),

c̄j2,lj2 =(cj2+1, cj2+2 · · · , cj2+lj2
),

...

c̄jm,ljm =(cjm+1, cjm+2 · · · , cjm+ljm
)

(8.12)

with their associated monomials

Tc̄j1,lj1
=xcj1+1,cj1

xcj1+2,cj1
· · ·xcj1+lj1 ,cj1 ,

Tc̄j2,lj2
=xcj2+1,cj2

xcj2+2,cj2
· · ·xcj2+lj2 ,cj2 ,

...

Tc̄jm,ljm
=xcjm+1,cjm

xcjm+2,cjm
· · ·xcjm+ljm

,cjm

(8.13)

Also we have special drop

c̄k =C \ c̄j1 \ c̄j2 \ · · · \ c̄jm

=(c1, c2, · · · , cj1 , cj1+lj1+1, cj1+lj1+2, . . . cj2 , cj2+lj2+1, cj2+lj2+2, · · ·

· · · cjm , cjm+ljm+1, cjm+ljm+2, · · · , ck)

(8.14)

with its associated monomial

Tc̄k = xc1ckxc2ck · · ·xcj1ckxcj1+l1+1ckxcj1+l1+2ck · · · xcj2ckxcj2+l2+1ckxcj2+l2+2ck · · ·

· · ·xcjmckxcjm+lm+1ckxcjm+lm+2ck · · ·xck−1ck .

(8.15)

Now substituting Equations 8.13 and 8.15 into the equation

B−1C =TC = Tc̄j1lj1
Tc̄j2lj2

· · ·Tc̄jmljmTc̄k (8.16)
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yields:

B−1C =(xcj1+1cj1
xcj1+2cj1

· · ·xcj1+lj1 cj1 )(xcj2+1cj2
xcj2+2cj2

· · ·xcj2+lj2 cj2 ) · · ·

· · · (xcjm+1cjm
xcjm+2cjm

· · ·xcjm+ljm
cjm

)× [xc1ckxc2ck · · ·xcj1ckxcj1+l1+1ckxcj1+l1+2ck · · ·

· · ·xcj2ckxcj2+l2+1ckxcj2+l2+2ck · · · xcjmckxcjm+lm+1ckxcjm+lm+2ck · · ·xck−1ck ].

(8.17)

Then by Definition 8.4.8 we have:

B ◦B−1C = BTC =(ck−1, ck) · · · (cjm+lm+2, ck)(cjm+lm+1, ck)(cjm , ck) · · ·

· · · (cj2+l2+2, ck)(cj2+l2+1, ck)(cj2 , ck)

· · · (cj1+l1+2, ck)(cj1+l1+1, ck)(cj1 , ck) · · ·
...

· · · (c2, ck)(c1, ck)

(cjm+ljm , cjm) · · · (cjm+2, cjm)(cjm+1, cjm) · · ·
...

(cj2+lj2
, cj2) · · · (cj2+2, cj2)(cj2+1, cj2) · · ·

· · · (cj1+lj1
, cj1) · · · (cj1+2, cj1)(cj1+1, cj1).

(8.18)

From Equation (8.18), we see that (B ◦ B−1C)ci = ci+1 for i = 1, 2, · · · , k − 1, and

(B ◦B−1C)ck = c1, as one can see from the structure of the equation that cj1 , cj2 , · · · cjm are

taken to cj1+1, cj2+1, · · · cjm+1 respectively, i.e., we have a cycle rotation. So we have

BTC = B ◦B−1C = C.

Hence B defines a 1-to-1 correspondence between any cycle C(i) ∈ Sn and its associated

monomial TC(i) defined above, and so between any permutation σ = C(1)C(2) · · ·C(l) and
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Tσ = TC(1)TC(2) · · ·TC(l) sorted in the orders defined above. Therefore B defines a bijection

between B[FKc(n)] and Sn. Hence we have

dim[FKc(n)] = |B[FKc(n)]| = |Sn| = n!.

This completes th proof.
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Appendix A

Schubert polynomials

A.1 Schubert polynomial

Here we calculate Schubert polynomial S(2431). From (1.1) we have

Sw =
∑

a∈R(w)

∑
(i1,··· ,ip)∈K(a)

xi1xi2 · · ·xip .

w =
(

1234
2431

)
= (124)(3) has 4 inversions, so p = l(w) = 4, a = (a1, a2, a3, a4), where

1 ≤ ai ≤ n − 1 = 4 − 1 = 3. a = (a1, a2, a3, a4) such that sa1sa2sa3sa4 = w = (124)(3),
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where sai = (ai, ai + 1). By 1 ≤ ai ≤ n− 1, we could have

a =(a1, a2, a3, a4)

=(1, 2, 3, 2), (1, 2, 3, 1), (1, 3, 2, 3), (1, 3, 2, 1), (2, 1, 3, 1), (2, 1, 3, 2),

(2, 3, 1, 2), (2, 3, 1, 3), (3, 1, 2, 3), (3, 1, 2, 1), (3, 2, 1, 2), (3, 2, 1, 3)

However by the condition sa1sa2sa3sa4 = w = (124)(3), out of the above list, we are left only

with the following.

(1, 2, 3, 2)→ (12)(23)(34)(23) = (124)(3) = w,

(1, 3, 2, 3)→ (12)(34)(23)(34) = (124)(3) = w

(3, 1, 2, 3)→ (34)(12)(23)(34) = (124)(3) = w

as the rest of them do not end up with w. Therefore we have

R(w) = {(1, 2, 3, 2), (1, 3, 2, 3), (3, 1, 2, 3)}

However for

a = (1, 2, 3, 2), there is no (i1, i2, i3, i4) available, so K(1, 2, 3, 2) = {}

a = (1, 3, 2, 3)→ (i1, i2, i3, i4) = (1, 2, 2, 3), so K(1, 3, 2, 3) = {(1, 2, 2, 3)}

a = (3, 1, 2, 3)→ (i1, i2, i3, i4) = (1, 1, 2, 3), so K(3, 1, 2, 3) = {(1, 1, 2, 3)}

So we have

(i1, i2, i3, i4) = (1, 2, 2, 3) and (1, 1, 2, 3).
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Hence we have

S(2431) =
∑

a∈R(2431)

∑
(i1,i2,i3i4)∈K(a)

xi1xi2xi3xi4 = x1x
2
2x3 + x2

1x2x3

A.2 Schubert polynomial

To calculate S(n,n+1), as in the above w = (n, n + 1) =
(

1,2,··· ,n,n+1
1,2,··· ,n+1,n

)
, has one inversion.

So p = l(w) = 1, and a = (a1), where 1 ≤ a1 ≤ n, and sa1 = w = (n, n + 1), so

a1 = n, i.e., R(w) = {(n)} and (i1) = (1), (2), · · · , (n), i.e., K(a) = {(1), (2), · · · , (n)}.

Hence from (1.1) we have

S(n,n+1) =
∑

a∈R((n,n+1))

∑
(i1)∈K(a)

xi1 = x1 + x2 + · · ·+ xn.

A.3 Non-negativity conjecture

The ‘non-negativity conjecture’ says that for any w ∈ Sn, the Schubert polynomial evaluated

at Dunkl elements, i.e., Sw(θ1, · · · , θn) can be written as a linear combination of monomials

in generators of FK(n), xij , for i < j, with non-negative integers coefficients.

For FK(3) we drive the Dunkl elements, by the formula θj = −
∑

1≤i<j xij+
∑

j<k≤n xjk.

The result is

θ1 = x12 + x13, θ2 = −x12 + x23, θ3 = −x13 − x23.
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Like in A.1 we find

Sid = 1, S(12)(3) = x1, S(23)(1) = x1 + x2, S(132) = x2
1, S(13)(2) = x2

1x2, S123 = x1x2.

with their evaluation at Dunkl elements

Sid(θ) = 1, S(12)(3)(θ) = θ1 = x12 + x13, S(23)(1)(θ) = θ1 + θ2 = x13 + x23,

S(132)(θ) = θ2
1 = 2x12x13, S(13)(2)(θ) = θ2

1θ2 = 2x23x13x12 + 2x13x23x12,

S123(θ) = θ1θ2 = x23x13 + x13x23.

where each of the above Schubert polynomials is a linear combination of monomials in

generators of FK(3), with non-negative integer coefficients, consistent with non-negativity

conjecture.

If the non-negativity conjecture is true, then the following formula provides the structure

constants of Schubert polynomials

SuSv =
∑
w

cwuvSw, c
w
uv = 〈coefficients of w in Su(θ)v〉.

where Su(θ)v is defined by

xijv =


vsij, if l(vsij) = l(v) + 1

0, otherwise

Example A.3.1. Let u = (12)(3), v = (23)(1), then S(12)S(23) =
∑

w c
w
(12)(23)Sw, where

cw(12)(23) is the coefficients of w in Su(θ)v. Then

Su(θ)v = S(12)(θ)(23) = θ1(23) = (x12 + x13)(23) = x12(23) + x13(23) (A.1)

245



However

x12(23) = (23)s12 = (23)(12) = (132), (A.2)

as l((132)) = l
(

123
312

)
= 2 = l((23)) + 1, and

x13(23) = (23)s13 = (23)(13) = (123), (A.3)

as l((123)) = l
(

123
231

)
= 2 = l((23)) + 1. Substituting (A.3) and (A.2) into (A.1) we have

S(12)(θ)(23) = (132) + (123)

So the coefficients of w = (132) and w = (123) in S(12)(θ)(23) are 1 and 1, so we have

structure constants c(132)
(12)(23) = c

(123)
(12)(23) = 1 (the rest are zero). Hence we have

S(12)S(23) =
∑
w

cw(12)(23)Sw = S(132) + S(123),

which is easily verified as the l.h.s. of the above equation is S(12)S(23) = x1(x1 + x2), which

equals to the r.h.s. S(132) + S(123) = x2
1 + x1x2.
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Appendix B

Different degrees

B.1 Homogeneous ideal

Definition B.1.1. Let polynomial p =
∑l

i=1Mi, where Mis are monomials of P . We define

the projection of p on the degree k component of I by

∏
k

(p) =
∑

degMi=k

Mi.

In particular if g is a homogeneous polynomial of degree k, then we have

∏
k

g =


g if deg(g) = k

0 otherwise
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Remark B.1.2. The above definition applies to usual degree as well as to Sn-degree and

set-partition degree.
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Definition B.1.3. We call an ideal I homogeneous denoted I = ⊕kIk, if for any polynomial

p, we have

p ∈ I ⇒
∏
k

(p) ∈ I,

where
∏

k(p) is the project of p on the degree k (usual, Sn, set-partition) component of I .

B.2 Ideal generated by homogeneous generators is homoge-

neous

B.2.1 Usual degree

To show that ideal generated by homogeneous generators is homogeneous we need to show

that for polynomial p we have p ∈ I →
∏

k(p) ∈ I , where
∏

k(p) is the projection of p in

component k of I . Let p =
∑

i qigi ∈ I , where gi are generators of I , then since

∏
l

(gi) =


gi if l = deg(gi)

0 otherwise,

we have ∏
k

(p) =
∏
k

∑
i

(qigi) =
∑
i

∏
k

(qigi) =
∑
i

∏
k−di

(qi)gi ∈ I,
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where di = deg(gi). In general we have

∏
k

(qigi) =


∏

k−di(qi)gi if deg(gi) = di ≤ k,

0 otherwise.

B.2.2 Sn-degree

We need to show that p ∈ I →
∏

σ(p) ∈ I , where p is a polynomial and
∏

σ(p) is the

projection of p in component Iσ of I . Let p =
∑

i qigi ∈ I , then since

∏
σ

(gi) =


gi if σ = Sn-deg(gi)

0 otherwise,

and since Sn-degree(MM ′) = (Sn-degree(M))(Sn-degree(M ′)) we have

∏
η

(p) =
∏
η

∑
i

(qigi) =
∑
i

∏
η

(qigi) =
∑
i

∏
ησ−1
i

(qi)gi ∈ I,

where σi = Sn-degree(gi).
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B.2.3 Set-partition degree

We need to show that p ∈ I →
∏

ψ(p) ∈ I , where p is a polynomial and
∏

ψ(p) is the

projection of p in component Iψ of I , where Iψ be the set of elements of I with set partition

degree ψ. Let p =
∑

i qigi ∈ I , then since

∏
φ

(gi) =


gi if φ = sp-deg (gi)

0 otherwise,

and since the set partition degree of product of two monomials is the common coarsening of

them, we have

∏
ψ

(p) =
∏
ψ

∑
i

(qigi) =
∑
i

∏
ψ

(qigi) =
∑
i

∏
ξ

(qi)gi ∈ I,

where φi = sp-deg(gi) and where ψ is the common coarsening of φ and ξ.
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Appendix C

Different degrees on FK(n)

C.1 Usual degree is well defined on FK(n)

Definition C.1.1. Usual degree is define on FK(n) by the map deg : FK(n)→ N defined

by

xi1j1xi2j2 · · · xikjk + I 7→


0 if xi1j1xi2j2 · · ·xikjk ∈ I

k otherwise

We need to check if the above definition is well-defined, i.e., for

A = xi1j1xi2j2 · · ·xikjk + I and B = xt1s1xt2s2 · · ·xtlsl + I , we need to show that

A = B ⇒ deg(A) = deg(B).
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A = B → xi1j1xi2j2 · · ·xikjk + I = xt1s1xt2s2 · · ·xtlsl + I

→ P = xi1j1xi2j2 · · ·xikjk − xt1s1xt2s2 · · ·xtlsl ∈ I =
⊕
d≥0

Id.

The last step in the above equation is valid because the ideal is homogeneous w.r.t. usual

degree d ( as the defining ideal of FK(n) is generated by homogeneous polynomials). We

then consider the following cases.

1. If l 6= k, then
∏

k P = xi1j1xi2j2 · · ·xikjk ∈ I and
∏

l P = xt1s1xt2s2 · · · xtlsl ∈ I , as I

is homogeneous. So degA = 0 = degB, by definition.

2. If l = k, then considering xi1j1xi2j2 · · ·xikjk − xt1s1xt2s2 · · ·xtlsl ∈ I either both the

monomials xi1j1xi2j2 · · ·xikjk and xt1s1xt2s2 · · ·xtlsl lie in I or neither. If both are in I ,

again we have degA = 0 = degB by definition. If neither are in I , then degA = k =

l = degB, by definition.

Hence A = B =⇒ degA = degB. Therefore the above definition is well-defined.

Since the free algebra generated by the generators of FK and the ideal of FK(n) are both

homogeneous w.r.t. usual degree d, and we have a well defined degree for FK(n), then the

quotient of them is graded algebra w.r.t. this degree, i.e., we have

FK(n) =
⊕
d≥0

FKd(n), (C.1)

where FKd(n) is the usual degree d component of FK(n). The above decomposition is both

a homogeneous decomposition and representation decomposition into Sn-invariant parts.
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C.2 Sn-degree is well defined on FK(n)

Definition C.2.1. We define Sn- degree on FK(n) by the map deg : FK(n)→ Sn defined by

M + I 7→


ε if M ∈ I

σM otherwise
,

where σM for a monomial M = xi1j1xi2j2 · · · xikjk is defined by

σM = (i1j1)(i2j2) · · · (ikjk),

where (ij) is a transposition in Sn.

We need to check if the above definition is well-defined, i.e., if

For A = M + I and B = M ′ + I, A = B
?−→ Sn-deg(A) = Sn-deg(B).

It is well defined as:

A = B → M + I = M ′ + I → P = M −M ′ ∈ I =
⊕
σ∈Sn

Iσ,

as ideal is homogeneous w.r.t. Sn-degree σ, because the relations generating the ideal are

homogeneous w.r.t. Sn-degree. We then consider the following cases.

1. If σM 6= σM ′ , then considering P = M −M ′ ∈ I =
⊕

σ∈Sn I
σ, and using projection

into homogeneous component we have
∏

σM
P = M ∈ IσM ⊂ I . Then by definition,
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Sn-deg(A) = ε. Also
∏

σ′M
P = M ′ ∈ IσM′ ⊂ I . Then by definition Sn-deg(B) = ε.

Then Sn-deg(A) = ε = Sn-deg(B).

2. If σM = σM ′ , then considering P = M −M ′ ∈ I =
⊕

σ∈Sn I
σ either M and M ′ are

both in I or neither. If Both are in I then Sn-deg(A) = ε = Sn-deg(B). If neither are in

I , then Sn-deg(A) = σM = σM ′ = Sn-deg(B).

Therefore the above definition is well-defined.

C.3 Set-partition deg is well defined on FK(n)

Definition C.3.1. Set partition degree on FK(n) is defined by map sp-deg:FK(n)→ P (n)

defined by

M + I 7→


∅ if M ∈ I

sp-deg(M) otherwise

We need to show that the above definition is well defined. LetA = M+I andB = M ′+I .

Then

A = B →M + I = M ′ + I → P = M −M ′ ∈ I =
⊕
φ

Iφ,

as the ideal is homogeneous w.r.t. set partition degree, because the relations generating the

ideal are homogeneous w.r.t. set partition degree. Here Iφ is the set of all elements of I with

set partition degree φ. We then consider the following cases.
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1. If sp-deg(M) 6= sp-deg(M ′), then considering P = M −M ′ ∈ I =
⊕

φ I
φ, and using

projection into homogeneous component we will have

∏
φ

P = M ∈ Iφ ⊂ I → sp-deg(A) = 0.

Also
∏

φ′ P = M ′ ∈ Iφ′ ⊂ I → sp-deg(B) = ∅, Hence sp-deg(A) = ∅ = sp-deg(B).

2. If sp-deg(M) = sp-deg(M ′), then considering P = M −M ′ ∈ I =
⊕

φ I
φ, either M

and M ′ are both in I or neither. If both are in I , then sp-deg(A) = ∅ = sp-deg(B). If

neither are in I , then sp-deg(A) = sp-deg(M) = sp-deg(M ′) = sp-deg(B).

Therefore the above definition is well-defined.
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