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Abstract

Cr-algebras are norm-closed self-adjoint subalgebras of bounded linear operators on a com-
plex Hilbert space. Choquet simplex is a special type of compact convex set with a unique
representation property. The goal of this thesis is to find a self-contained and easily accessi-
ble proof of the classical fact that the set of tracial states of a unital C*-algebra is a Choquet

simplex.
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Chapter 1
Introduction

In this thesis, we are trying to find a self-contained and easily accessible proof that the set
of tracial states in a unital C*-algebra is a Choquet simplex. The tracial simplex T(A) is an
important invariant for a C*-algebra. After showing that T(A) is a Choquet simplex, the

tracial decomposition follows.

With the help of Choquet theory on real locally convex linear space (about the Choquet
order), one can prove the Ergodic Decomposition Theorem for a general G-Abelian system
[5]. However, in the most important case, one may just consider the system of the unitary
group of a C*-algebra A acting on A by conjugation. In this thesis, we will show the
tracial simplex T(A) is a Choquet simplex. Furthermore, we will explain why this result
is significant, particularly in relation to Elliott’s invariant for a unital C*-algebra. Elliott’s
Program encompasses several conjectures that are expected to play essential roles in the

classification of specific types of C*-algebras [§].



Chapter 2

Background of the Theory of Operator
Algebras and the Choquet Simplex

This section provides the basics of the theory of operator algebras and the Choquet theory
related to the Choquet simplex. It aims to give the reader the fundamental background of

the two theories, although the proof of almost every result in this section will be omitted.

2.1 (C*-algebras and von Neumann algebras

2.1.1 C*-algebras

Definition 2.1.1 (Complex Hilbert Space)
A Hilbert space is a vector space H over complex number C, together with a form: (—|-) :
H X H—C, such that for all v, £, n and ( in H and A\, X in C:

o (A+N¢[n) = A(Elm) + N (Eln)

o (&) = (nl¢)

o (6)>0

o (£J€) =0 if and only if € =0 in H.

Define the norm of £ in H

1§12 = v/ (£1€)

The vector space H is required to be complete with respect to this norm.
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Throughout this thesis, unless otherwise stated, all Hilbert spaces are assumed to be complex
Hilbert spaces. To begin the introduction of operator algebras, we first need to define Banach

algebras.

Definition 2.1.2 (Banach algebras)
Let A be a complete, complex normed space (i.e., a Banach space) equipped with a multi-

plication operation on A that satisfies the following properties for all x,y,z € A and X € C:
o 2(yz) = (zy)z
o (x+y)z=x2+yz
o 2(x+y)=zr+2y
o May) = (Ar)y = z(\y)

The norm on A is required to satisfy the inequality:

[yl <l 1yl

We call such a space a Banach algebra. If there is an element 1,4 (or just 1 when A is clear)
in A, such that for all x:
le=z1=2x 1] =1

then we call this element the identity of A, and A is called a unital Banach algebra.

When the norm structure of a Banach algebra is ignored, it is simply referred to as a complex

algebra or an algebra.

An important class of Banach algebras is the algebra of bounded linear operators on a Hilbert

space.

Definition 2.1.3 (Bounded Linear Operators)
Let H be a Hilbert space. A linear operator t : H— H is bounded if

[t]co := sup [t]|2 < 00
[€]2=1

The set of all bounded linear operators on H forms a Banach algebra with norm || - ||. The

multiplication of operators is defined to be the composition of operators. This algebra is



denoted as #A(H).

There is an important operator * : B(H) — %(H), which is called involution, defined by

the equation:
(t&ln) = (lt™n)
With this definition, there are 4 properties related to it:
Lo (M +N7)* = M5+ Nr*,
2. (t*)* =t.

3. (tr)* =r*t*.

I

el = ez

The 4th property is known as the C*-identity. The Banach algebra #(H), with the involu-
tion, forms a C*-algebra. To be more precise, an abstract C*-algebra can be defined in the

following way:

Definition 2.1.4 (C*-algebra and its Dual)

A Cr-algebra is a complex Banach algebra A with a operator * : A— A satistying:
1. (Ma+Nb)* = ha* + Nb*.
2. (a*)* =a.
3. (ab)* =b*a*.
4. [a*al = Jaf*.
For all A\, N € C and a, be A. We say A is unital if it is also a unital Banach algebra.

The dual space of A is denoted as Al, containing all bounded linear functionals (a linear

functional is a linear map p: A—C) on A.
Again, when the norm structure of a C*-algebra is ignored, it is referred to as a *-algebra.
The proper maps between C*-algebras are defined as follows:

Definition 2.1.5 (*~homomorphisms and *-isomorphisms)
Let A and B be two unital C*-algebras. A linear map ¢ : A— B is a *~-homomorphism if
it is multiplicative, carries 14 to 1p, and ¢(a*) = ¢(a)* for all a in A. If a *-homomorphism

is injective, then we call it a *-isomorphism.



In many other branches of mathematics, an isomorphism is a bijective map that preserves
the structure of the objects being studied. However, in the context of C*-algebras, a *-
isomorphism is an injective map between C*-algebras. We will use the term *-isomorphic to
describe the relation of two C*-algebras, such that there exists a surjective *-isomorphism
between them. Additionally, it can be shown that any *-homomorphism is a bounded linear
map with the supremum norm at most 1. In particular, all *-isomorphisms are isometries.

For more details on the terminology, please check [2, Page 237].

A key point for C*-algebra that every C*-algebra is *-isomorphic to a norm closed C*-
subalgebra of Z(H). The technique used here is called the Gelfand-Naimark—Segal (GNS)
Construction. This tool helps us isometrically embed the C*-algebra into Z(H). This
construction uses linear functionals of a special kind, therefore we need to define the positivity

in C*-algebras.
Recall the positive operators in AB(H):

Definition 2.1.6 (Positive Operators in Z(H))
An operator t in 8(H) for some Hilbert space H is positive if for all £ in H, we have

we(t) = (#€]€) > 0

Definition 2.1.7 (Spectrum)

In a unital C*-algebra A, the spectrum of an element a is the set

Spa(a) ={\ € C|A\1 - a is not invertible}

One can prove the following in Z(H) |2, Theorem 4.2.6|:
t is positive <= ¢ =t* and Spa(t) € [0, +o0)

This allows us to define positivity and other classes of elements in an abstract C*-algebra:

Definition 2.1.8 (Classes of Elements in an Abstract C*-algebra A)
In a unital C*-algebra A,

e An element h is self-adjoint if h = h*. A,, denotes the set of all self-adjoint elements.

e A self-adjoint element h is positive if Spa(h) € [0, +o00). We say self-adjoint elements

a1 < ao if as — ay is positive. A, denotes the set of all positive elements.



e A element u is called unitary if uu* = u*u = 1. All unitary elements in A form a

multiplicative group denoted as U(A).

Note that in any *-algebra A, the self-adjoint elements in A form a real vector space. It can

be checked easily by the definition of the involution operation.

We come back to the definition of the functional we(t) = (t£|§) on A(H). Particularly, it

satisfies the following two properties:

e For all positive ¢, we(t) >0

o we(t) = (t€]§) = (&]t€) = (1€[<) = we ()

We can define the positivity in the dual of a unital C*-algebra A as follows:

Definition 2.1.9 (Different Types of Linear Functionals)

Suppose p is a linear functional on a unital C*-algebra A, then:

e p is called hermitian or self-adjoint if p(a) = p*(a) := p(a*).

e p is positive if for all a € A positive, p(a) > 0. We say p; < ps as self-adjoint bounded
linear functionals if ps — py is positive. Denote the set of positive linear functionals on
A as Al in At

e A positive linear functional p on a unital A is a state if p(1) = 1. The set of all states,

known as the state space, is denoted as S(A).
e A state p is called faithful on A, if for any a in A, p(a*a) =0 implies a =0 in A.

e A tracial state is a state such that for all a, b in A, p(ab) = p(ba). The set of all tracial
states is denoted as T(A) in S(A).

By function calculus on a unital C*-algebra, one can represent any element in A to a linear
combination of at most four unitaries (see [2, Theorem 4.1.7]). Therefore, an equivalent
definition for a state to be tracial is:

Let T be a state, then it is tracial if for all a in A and u in U(A), 7(a) = 7(uau*).

For any a in A, the evaluation functional on the dual of A with respect to a is defined in the

following way:
a(p) = p(a)

which is an element in the second dual of A. Notice a is weak*-continuous on Af.



There is another property worth mentioning:

Proposition 2.1.10 (Equivalent Condition of Positive Linear Functionals, [2, Theorem
4.3.2))
p is a linear functional on A, then:

p is positive <= p is bounded, and ||p| = p(1)
Therefore, all the inclusive relations of sets in Definition 2.1.9 make sense.

Moreover, S(A) and T(A) (if it is not empty) are two convex, weak*-compact subsets of Al

if A is unital. The weak*-compactness of them can be checked in the following way, note:

S(A) = N {pe A 1(p) =1, a(p) > 0}

acAy

and

T(A) = OA{P e S(A)|(ab - ba)(p) = 0}
Since every set in the intersection is a weak*-closed set, and S(A) and T(A) are subset of a
weak*-compact set, the closed unit ball of At (following from the Banach—Alaoglu Theorem),

therefore the compactness for them follows.

Note that by the Krein-Milman Theorem, we know that the set P(A) = 9S(A) of extreme
points in S(A) contains "many" states. To be more precise, the weak*-closure of the convex
hull of P(A) is S(A), that is co(P(A)) = S(A). Similarly, co(0T(A)) = T(A) if T(A) is not
empty.

One more thing to be mentioned is the subset of all bounded, tracial, hermitian functionals
on a unital C*-algebra A forms a real Banach space, which will be closely related to the

proof in the last section.

Now we introduce the Gelfand-Naimark-Segal (GNS) Construction. There is an important

proposition worth mentioning for a state:

Proposition 2.1.11 (Cauchy-Schwartz Inequality and the Left Kernel, |2, Proposition 4.3.1
and Proposition 4.5.1])
Let p be a state for a unital C*-algebra A, then:



e |p(b*a)| < p(a*a)p(b*b), for all a, b in A.

o Let
Z,={aecAp(a*a) =0}

then .Z, is a closed left ideal.

Let

a,=a+.%,

then we can have that A/.Z, with (a,|b,) = p(b*a) (It can be checked that is well-defined!)
forms a pre-Hilbert space, which is a linear space with an inner product. The completion of

the space A/.Z, is the Hilbert Space H, we want. For all a in A, we can difeine:
m,(a)(b+.%,) =ab+ 2,

This operator has a unique linear extension on H,. Therefore, we have a GNS construction
triplets (m,, H,,1,) associated with a tracial state p. The *-homomorphism 7, maps A to
H(H,). More than that, if we have

H:= > @PH,
P(4)
and take 7 := Yp4) @7, then 7 will be a *-isomorphism from A to %(H), therefore an

isometry (The full argument can be found in [2, Section 4.5]).
The last thing about the C*-algebra is the following representation theorem:

Theorem 2.1.12 (The Function Representation of Commutative C*-algrbas, [2, Theorem
4.4.3])

Any unital commutative C*-algebra is *-isomorphic to the space of complex continuous func-
tions on a compact Hausdorff space X equiped with the supremum norm and the involution

being the conjugation of a function.

This representation theorem says that for any unital commutative C*-algebra, it is just a
complex continuous function space on some compact Hausdorff space X. In this represen-
tation, positive elements are mapped to positive functions, and self-adjoint elements are

mapped to real-valued functions.



2.1.2 von Neumann Algebras

First, we introduce two important topologies on A(H ).

Definition 2.1.13
There are two locally convex topologies defined on %(H):

e The Strong Operator Topology (SOT) is the topology generated by the following
family of separating seminorms: {|-&||2}ecr, where | -&[2(t) == [t€|2 for a fixed & in
H.

e The Weak Operator Topology (WOT) is the topology generated by the following
family of separating seminorms: {|(:|n)|}eqerr, where |(:€|n)|(t) == |(t&|n)| for fixed &
andn in H.

The comparison of the three topologies on Z(H) is:
Operator norm topology > SOT > WOT

where ">" above means "stronger than".

Definition 2.1.14 (von Neumann Algebras)
Consider a complex Hilbert space H, and the bounded operator algebra HB(H). A *-
subalgebra M including 1y of (H) is a von Neumann algebra if it is WOT closed.

Note that the WOT and the SOT closure of a convex set can be proved equal in B(H) (see
[2, Theorem 5.1.2]).

There are some fundamental results we will use in this thesis about von Neumann algebra:

Theorem 2.1.15 (The Double Commutant Theorem, [2, Theorem 5.3.1|)

Let H be a complex Hilbert space. If M is a *-subalgebra of 2(H) containing 1y, then the
WOT closure of M is equal to the SOT closure of M and equal to the bicommutant of M.
The commutant of M is defined to be

M :={re#B(H) |rt=tr, te M}

and the bicommutant of M is M" := (M')".

One remark should be made in the proof of the Double Commutant Theorem: for any

self-adjoint set S in ZA(H) (for every z in S, x* is in S), S’ is a von Neumann algebra.

We also need concepts related to projections in Z(H):



Proposition 2.1.16 (Orthogonal Decomposition of a Hilbert space)
Let K c H be a closed linear subspace, then the set K*:={&e H|(&{n) =0, ne K} is a closed
linear subspace of H, where H = K @ K*.

By H = K@ K*, any vector in H can be uniquely orthogonally decomposed to the sum of
two components (vectors) in K and K*. Then we have the definition of a projection with

respect to a subspace K:

Definition 2.1.17 (Orthogonal Projections)
Given a closed linear subspace K of H, the orthogonal projection, or just projection, p
from H onto K is the map assigning every vector to the K-component in the orthogonal

decomposition corresponding to K and K*.

Notice every projection p is linear, bounded, positive (therefore self-adjoint), and p? = p.
The image of any vector ¢ under the projection p is the vector in the subspace K with the

minimum distance to &.

The following proposition gives some equivalent conditions of the order on the set of projec-

tions:

Proposition 2.1.18 (Equivalent Conditions of Comparing Projections, [2l Proposition
2.5.2])
Let p and p’ be projections from a Hilbert space H into closed subspaces K and K'. Then

the following conditions are equivalent:

1. p<yp’' (p' —p is positive).

2. KcK'.
3. pp' =p.
4. p'p =p.

From the definition of positive operators in B(H), it follows that ordering of projections
(as self-adjoint operators) corresponds to the ordering of closed subspaces by the inclusion

relation C.

Therefore, considering a family of projections {p,}s on H, it is corresponding to a family

of closed subspaces {K,}a of H (p, takes K, as its range). Both the supremum and the
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infimum of {p, }4 exist (as projections). To be precise, the range of V4 p, is:
span{|J K.}
A

and the range of the Ay pq is:

M K

A

The above result can be found in [2], Section 2.5].
Now we can define the central support of a projection in some von Neumann algebra M

Definition 2.1.19 (Central Support of a Projection)
Let p be a projection in a von Neumann algebra M on a Hilbert space H. The central

support of p in M is the projection Ay z,, where {z,}s is the family of projections in the
center of M (denoted as Z(M) := M N\ M') such that each z, > p.

The last concept related to the orthogonal decomposition of H is the concept of reducing
subspaces of a subset S of Z(H).

Definition 2.1.20 (Reducing Subspaces of a Subset of Z(H))
Let S be a subset of (H), then a closed subspace K of H is reducing for S if for all s in
S, sK :={s¢|{ e K} c K and sK* c K*. Denote SK :={s¢|{ € K, s€S}.

There is a useful lemma about reducing subspaces for a *-algebra, we will recall that lemma

when we are going to use it.

2.2 Choquet Theory Related to Choquet Simplex

We are not going to recall the entire Choquet’s theory here. Instead, we are going to give
the definition of the Choquet simplex and state his theorem about equivalent the condition
for being a Choquet simplex in metrizable cases. We start with defining some related types

of sets in a real vector space.

Definition 2.2.1 (Generating Cones and Bases)

In a real vector space V', a generating cone is a set P in V satisfying the following properties:
e Ifx and —x are both in P, then x = 0.

e If\>0 and x in P, then \x is in P.

11



e [fx and y are in P, then v+ vy is in P.
o V=P-P
A base of a generating cone is a subset C' of P such that:
e 0 is not in C,
e ( is convex, and
e For any y # 0 in C, there is a unique pair (A, z) in (0,+00) X C' where y = \x.

It can be checked that A, and A% are generating cones for the real subspaces consisting of

self-adjoint elements in A and self-adjoint functionals in Af, and S(A) is a base of Al.

Given the existence of a generating cone P on V', one may define a partial order on V by

the following;:

Definition 2.2.2 (Vector Order induced by a Cone)
Let x,yareinV, <y ify—uxisin P.

One can check this definition gives a partial order on V. There are three obvious observations:
e 0 <z if and only if z is in P.
e Forallzx<yin V and zin V,
r+z<y+=z
e For any z <y in V and A a positive number, Ax < \y.
Sometimes we call the generating cone in the order defined above the positive cone.

On the self-adjoint portions of a unital C*-algebra A and the dual Af, the usual orders are

exactly induced by A, and Af.

Definition 2.2.3 (Vector Lattice)
Suppose we have a real vector space with a vector order induced by a positive cone P, such
that both x Ay :==sup{z eV | z<x, 2<y} andzvy:=inf{zeV | 2>z, 2>y} existsin V

for all x and y. Then we say V with the order < forms a vector lattice.
Now we are ready to define the Choquet simplex.

Definition 2.2.4 (Choquet simplex)

In a real locally convex vector space V', a convex and compact set C' is a Choquet simplex

12



if there this a vector order induced by a positive cone P which takes C as a base, and the

vector space V' with this order forms a vector lattice.
To state Choquet’s theorem, the concept of barycenter needs to be defined:
Definition 2.2.5 (Probability Radon Measures on Compact Convex Set)
Let X be a compact convex set in a real locally convex space V. Let
My (X) i={pe M(X) | p20,|pu] =1}
where M (X) consists of all signed Radon measures on the Borel o-algebra of X. |ul| is the
total variation of .

Definition 2.2.6 (Barycenter for a Measure)
Let p in M, 1(X) as above. The barycenter of p is a point x in X such that for every

continuous linear functionals f, [y fdu = f(z).
An essential result of Choquet simplex is the following:

Theorem 2.2.7 (Choquet’s Theorem, [6, Theorem 11.12])
For a metrizable, compact and convex set C' in a real locally convex vector space V', the

following are equivalent:
e ( is a Choquet simplex

e For any x in C, there is a unique probability Radon measure p on C, such that x is
the barycenter of u, and u(0C) = 1.

For metrizable Choquet simplices, they form a fairly complicated category, and all of them
are realized as T(A) for a separable unital C*-algebra A |7, Theorem 3.10].

Now we give an example of Choquet simplex in the finite-dimensional case. Choquet sim-

plices in such cases are just the n-simplices defined in the common way:

Ap={zeR"|[0<x;<1, VO<j<n, > a;=1}

j=1

It can be shown A,’s are the only Choquet simplices in the finite dimensional case (see [6],
Theorem 11.1]). We can check they are Choquet simplices from the two equivalent conditions
in Theorem 2.2.7.

13



On one hand, the positive cone defined by A, is simply the set {x e R* | 0<x;, 1<j<n}.
In R? and R?, the positive cones are just 1% quadrant and 1 octant. For any z in R”, the
set {z € R" | x < z} is just obtained by shifting the positive cone from 0 to x. For any x and
y in R™, the intersection of {z e R" | x < z} and {z e R? | y < z} is also a cone shifted by the
positive cone, with the vertex of this intersection being the element z v y. Similarly, one can
find x Ay in R™.

On the other hand, proven by induction on n, we know that every point x in A, is the
barycenter of a unique p on M, ;(0A,), where OA,, = {e; | 0 < j <n} (the standard base for
R™). This is because any y in M, ;1(0A,,) has the form Y7, A\;d.;, where 37 A\j =1 and \; >
0. We can perform the easy calculation below, let « be the barycenter for p e M, 1(0A,):

o(e)= | o) du(y:iu({ema (c)) U(Zu({eg )ei)

{e;10<j<n}

for all o in (R™), so x = X7, u({e;})e;.

14



Chapter 3

Notations Will Be Used in Following

Sections

Definition 3.0.1 (Notations)

In this thesis, the following notations are frequently used.

In this thesis, H will always denote a complex Hilbert space, A will always denote a
unital C*-algebra, while 7 denotes a tracial state on A. The element 1 denotes the

multiplicative unit in A.

Letters like let a, b and ¢ denote elements in A. The notation | - | denotes the norm
on A and the norm on At. Recall At is the Banach space dual of A, and the norm is

defined to be the operator norm.

The map 7, (-) is the representation in GNS construction associated with the tracial
state 7, and H, is the Hilbert space under this construction. Recall 7.(-) is a *-
homomorphism from A to B(H;). |- |« denotes the operator norm in %(H,). Note
that the range of m, is denoted by m.[A].

L, :={aec Al 7(a*a) = 0} is the left kernel of 7. Since T is tracial, £, is also an closed
ideal of A, which means A|.%, is a C*-algebra. Recall a, := a + %, denotes a vector in
H.. The set of all vectors formed in this way is denoted by A,. Notice the vector 1,
is cyclic in the GNS representation by 7. By being cyclic, we mean the norm closure
of m,[A]1l, is H,.

Let u be in U(A). Let ¢,(u) be the unique extension of the linear map

15



a, (U,CLU*)T (31>
in B(H,). If we consider ¢, as a map, the range of it is denoted by c¢,[U(A)].

Denote the closed invariant subspace of H, under the action of ¢,[U(A)] as E.. That

1s:

Er={¢eH- | c-(u){=¢ ueU(A)} (3:2)
E.={¢ € H, | c.(u) =& u e U(A)}. The projection from H, into this space is
denoted as p;.

The lowercase letters like x, y, v and t denote the operators on some Hilbert space.

Define:

M, = . [A]" (3.3)

Note that M, is a von Neumann algebra in 98(H,) by the Double Commutant Theorem,
and it is the SOT closure of the C*- subalgebra 7 [ A].

The notations U(M,) and U(A) denote the unitary groups of M, and A.
Z(M.) denotes the center of M,.

If K is a subset of a normed space, Ki or (K); denotes the closed unit ball in K
corresponding to the norm. The number 1 can be changed to any other positive

number as the radius of the closed ball.

Let S be a subset of a locally convex space V', then the convex hull of S, co .S, is defined
to be: . .
coS:={> Njs; | V0<j<n, s;eK, \j>0and Y A\;j=1, neN}

j=1 J=1
The close convex hull of S will be denoted as ¢o S, which is defined to be the closure

of coS. Notice both coS and co S are convex.
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Chapter 4

The System {A,U(A)} Is Abelian

In this section, we show one of the fundamental results of the action of U(A) on A. There
is a family of operators in the GNS construction associated with 7 which is commutative.
This result will be essential to help us prove the set of tracial states on A forming a Choquet

simplex. The argument will be established through several steps in the following sections.

4.1 The Actions of U(A) on A and on 7.[A]

To start our proof, let us clarify the definition of the action of U(A) on A:

Definition 4.1.1 (The Action of U(A) on A and its Invariant States)
The action of U(A) on A is given by (a,u) = Adu(a) = uau*. The states which are invariant

under this action are precisely the tracial states.

Note that for all v in U(A), a —» Adu(a) is a *-automorphism on A. Any *-automorphism
is an isometry from A onto A, since it is a *-isomorphism. For continuous functionals on A,
we may define the action of U(A) on Al by Adu(f)(a) = f(uau*). Adu(f) is positive if

and only if f is positive, and Adu(f) has the same norm as f.
There are two essential properties of this action, the first one is:

Proposition 4.1.2
For a unital C*- algebra, we have the following properties for the map ¢, (3.1)):

1. The map:
¢t U(A) — U(Z(H,))

17



is a unitary representation with additional condition ¢, (u*) = ¢, (u)* for all u in U(A).

2. For any u in U(A) and a in A, we have:
cr(u)m(a)er(u*)b, = 1. (Adu(a))b,

Proof. For any u in U(A), we have

e Foralla,bin A
(cr(uw)arlby) = 7(b*uau*) = 7(u b uau*u) = 7((u*bu)*a) = (a,|c,(u*)b;)

This equation shows ¢, (u*) = ¢, (u)*.
e Easy to check ¢, (ujus) = ¢ (ur)e-(us).

o c.(u*)e (u)by = (wubu*u), = (vubuu*), = c¢.(u)er(u*)b, = b,. Therefore c.(u) is a

unitary operator in Z(H.).
Therefore u — ¢, (u) is a unitary representation for U(A).

For the second property, we have

cr(u)mr(a)e (u)by = (uaw*buu*), = m-(uau*)b, = m,(Adu(a))b,

4.2 The 2-norm on M

The goal for this section is to show on M, ({3.3), there is another norm that can be defined
with respect to the vector 1,. The first thing to be checked is that wy_(z) := (z1,|1,) is

induced by the state 7 on A. By "induced", we mean:
Wi, O, =T

This functional also can be written as 7 because of this relation. The proof is trivial by
checking the definition of the GNS construction. Additionally, the SOT-continuous for this

state is also essential.

Proposition 4.2.1
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On A(H.), we is SOT continuous, for all £ in H.

Proof. Let ty—t with SOT topology in M,. We have |((tx —t)&|€)] < |[(tx = )E[2]€]l2- So
as tx—t in SOT topology, |[(tx —1)§[2—0. Hence (£:£[6) — (££[¢). O

Recall that we aim to check the seminorm |- 1,[2 on M, (3.3) to be a norm. It is sufficient
to show the state 7 is faithful on M..

Before proving this result, we need to mention three results related to some type of elements

in A. The references for them are noted after them respectively.

Proposition 4.2.2
Let A be a unital C*-algebra.

e Ifa is self-adjoint, then a < |a|1 (see |2, Proposition 4.2.3]).

e For any a in A, aa* is positive (see [2, Theorem 4.2.6]).

e Ifa is positive, for any b in A, b*ab is positive (see [2, Corollary 4.2.7]).
Recall that we have the definition of a faithful state from Definition [2.1.9]

Proposition 4.2.3
The state 7T is faithful on M..

Proof. Let t in M., and assume that (¢*t1,]1,) = (t1,]t1,) = [t1,]3 = 0. Since M, is SOT
closure of 7-[A], suppose there is a net {m-(ax)}4, such that 7-(ax)——t in SOT. Then, we
have for all b in A, [7;(ax)br|o —— [tb- |2 But for |7, (ax)b- |35 = [(arb)-[3 = 7(b*ajarb) =
T(axbb*a}). As bb* < |b|?1 (combine the facts stated before this proposition and the C*-
identity), ax(]|b]?1 - bb*)ay > 0. Therefore 7(arbb*a}) < ||b]?7(ara}) = [0]?](ar)-]3. And by
definition, ||(ax); |2 = |7-(ar)1;|2—[t1.]2 = 0. Hence we have tb, = 0 for all b in A. Since

{b,|b € A} is dense in H,, t is the zero operator. O

In this proof, it is easy to see for any two operators in M., |(t—t')1,|s =0 implies ¢ =¢'. It
actually shows [t|5 := [¢1,]]2 defining a norm on M,. In other words, we say the vector 1, is

separating for the von Neumann algebra M.
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4.3 The Closed Convex Hull of Orbits under Some Group

Actions

In this section, we will study some properties of the closed convex hulls of some sets of

vectors and operators.

First consider the orbit of a, under the action of ¢, [U(A)](3.1). Let £ be in H,, and denote:

ke = c0l 12 {e, (u)é] w e U(A)} (4.1)

Therefore ko, = @!'12{(uau*), | u € U(A)}. The set k, has an important property with

respect to the invariant space F..

Recall that p, is the projection from H, into the space E,(3.2)), the invariant space under
the action of ¢.[U(A)].

Lemma 4.3.1
For any a in A, k,. NE; = {pra.}.

Proof. Notice that k,_is a closed convex set in H,. There is a unique vector ¢ in k,_, such
that {2 = infeer,, [C]l2. For all u in U(A) and for any convex combination Y.y Ajc-(u;)as,
cr(u) (oo Ajer (ug)ar) = X Ajer (uuy)a, remains in the set co{c,(u)a, | u € U(A)}. There-
fore c.(u)¢ is in k,,, because £ is a norm limit of a sequence in co{c,(u)a, | ue U(A)}. By

uniqueness of &, and ¢, (u) is an isometry for all u, ¢, (u)& = &. Therefore £ is in F..

On another hand, for all u in U(A), ¢ in k,, and n in E., we have || — 7|2 = ||, (w)¢ = 7]z,
because ¢, (u) is an isometry and 7 is invariant under c¢,(u). This demonstrates that the
closest vector to both ¢ and ¢, (u)( in E; is identical. Hence the projection is invariant
with respect to the composition with ¢,(u) (i.e., p,c.(u) = p;). Therefore, we have at most
one element in p.(co{c,(u)a, | ue U(A)}) and p,k,.. Hence we have p.(co{c.(u)a, | u €
UA)}) = oo, = {prar) = 1€}, a

Now, let’s consider a bounded subset, denoted as S, of M, (3.3). The closure of S under
SOT remains bounded.

Recall the definition of lower semicontinuity:

Definition 4.3.2 (Lower Semicontinuity)
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Let f be a function from a topological space X to R. We say f is lower semicontinuous if
for any (o in X, for any o < f((p), there is an open set U containing (y, such that f({) > «
for all ¢ in U.

Lemma 4.3.3

The norm function | - || on M, is lower semi-continuous with respect to SOT.

Proof. Let & in (H,);, and assume there is a net {t,}5 in (M,); (L > 0) converging to t.
Then [t\&]a — [t&]l2 and [txé]2 < [ta]wl€]2 < L for all A. That is |¢|. < L. Therefore
(M), is SOT-closed. Hence for any x with ||x|. > L, there is a SOT-open set U containing
x with UN(M,;), = @, which implies for all y in U, ||y|e > L. Since L and z are arbitrary,

the lower semi-continuity follows.

O

By the proof Lemma 4.3.3, we have for any S as a subset of (M), ESOT remains as subset of
(M.)r. Moreover, if S is convex, 5797 25" as a bounded set in (M) 1, (see [2, Theorem

5.1.2)).

Recall that fixing any unitary g in M,, the map ¢t — gtg* is an isometry on M, (see the
paragraph below Definition {4.1.1). Building on that, we have the following result for all

convex combination:

[ 2 2595t95 oo < 37 A1t o = [t
J=1 j=1

Therefore the convex hull co{gtg* | U € U(M,)} is bounded by [t|e. Combining with
Lemma 4.3.3, c6°%T{gtg* | g e U(M,)} =" T {gtg* | g e U(M,)} is bounded by ||t|o as
well. Hence we have proven that the set c0°%? {gtg* | g € U(M,)} is bounded:

Proposition 4.3.4
For any t in M,, the set c0°°T {gtg* | g e U(M,)} is bounded by |t||s.

Following Proposition 4.3.4, we can prove there is an operator in Z(M,) represent p,a, in
E., for all @ in A.

Proposition 4.3.5

If a is in A, then there is an unique operator x, in Z(M,) such that x,1, = p,a,.
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Proof. Given a in A and assuming |a| = 1, and denote
B, = co{uau*|u e U(A)}

Note that B, is in A;. Recall that ¢, (u)a, = (uau*), = 7 (vau*)1l,. For any convex

combination Y7o Ajc-(u;)ar, we have:
n n n
Y Njer(ug)ar = Y N (ujaus) 1, = 7)) Ajujau’ )1,
=0 =0 =0

Since, by Lemma 4.3.1, p,a, is contained in k,, = coll2{(uau*)|ju e U(A)} [@1)), there is a
sequence {7,(b,)1,}y for some b, in B,, such that 7, (b,)1, —— pra, in H, with the norm
topology. Since the norm topology is finer than the weak topology on the Hilbert space,

7-(by)1l, — pra, weakly.

Consider the sequence {m,(b,)}n in (M,); (assuming ||a| = 1 and notice |7, (by)]e < [ba]l <
|la]). Since (M), is WOT compact (see [2, Theorem 5.3.3|), there is a subnet {m, (b)) }a of
{m-(b,)}n that converges to an operator z, in (M.); with WOT topology. In other words,
we have (m,(by)1.[€) — (,1,]€) for all £ in H,. Therefore WT(bA)lmefalf in weak
topology of H,. As a subnet of {m,(b,)1,}n, 7 (bx)1, — = Drar. Since the weak topology of
H, is Hausdorff, z,1, = p;a,. Notice that the vector 1, is separating for M, therefore z, is

the only operator in M, satisfies xz,1, = p,a,.
Now we prove x, is in Z(M-). Let ¢ in M;, consider a net {7(ax)}4, such that 7 (a\)——1
in SOT. Then for u in U(A), we have

T (u)mr (an) T (u") = 7 (uaru™) —— mr (u)tmr-(u*)

in SOT.

Recall that if we fix y in Z(H) for some Hilbert space H, the two maps ¢t — ty and t — yt are
both SOT continuous (see [2, Remark 2.5.10]). Therefore taking the map t — . (u)tm, (u*)

as the composition of maps ¢t — 7, (u)t and t — tm,(u*), it is still SOT-continuous.

Since for all u in U(A), mr(uaru*)1; = ¢;(u)mr(ar)1; and c-(u)m-(ax) —— - (u)t in SOT
in #(H,), then we have:
T (u)tm (u )1, = e (u)tl,
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Therefore, we have ¢, (u)x,1, = 7 (u)x,m (u*)1,, since x, is in M,. Notice z,1, = pra, is
in E,, then we have ¢, (u)x,1, = x,1, = 7. (u)z,m-(u*)1,. Since 1, is a separating vector on
M, , we have z, = 7, (u)z, 7 (u*) for all u in U(A). All elements in A can be expended as
a linear combination of at most four unitary elements in A (see |2, Theorem 4.1.7]), which
means z, commutes with all elements in m,.[ A]. Therefore x, commutes with all elements in
7, [A]" as the SOT closure of 7, [A] by the Double Commutant Theorem. O

With the above proposition, we have the most important lemma in this section:

Lemma 4.3.6

For 7 as a tracial state on A, we have

Z(M)1,=E;
Proof. Since E. = p,H., and A, := A/.%, is dense in H,, we have p. A, is dense in E,. By
Proposition 4.3.4, we have E, ¢ Z(M,)1,.

Conversely, for all y in Z(M..), we have a net {7-(ay)} such that WT(aA)L/\Tw. Because
cr(w)yl, =limy ¢, (u) 7, (ay)1, = limy 7w, (u) 7, (a))m (u*) 1, = 7 (u)ym-(u*)1, = y1,, we have
yl, is in E.. Therefore Z(M,)1, = E.. O

4.4 p,m.[A]lp. Is a Family of Commutative Operators

In this section, we prove an essential property of a GNS construction associated with a tracial

state 7, namely, the family of operators p,m,[A]p, consists of commutative operators.

The first result is that F,(3.2) is reducing for Z(M,) (the definition can be checked at
Definition [2.1.20). Recall the definition of M, (3.3). There is a useful lemma for reducing

subspaces for *-algebras:

Lemma 4.4.1 (Reducing Subspaces for *-Algebras, [9, Lemma 2.2.3])
Let M be a *-algebra in 8(H), let K ¢ H be a closed subspace, and let px be the projection

into K. Then the following are equivalent:
e K is reducing for M.
e MKcK.

® p, isin M'.
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Combining this lemma with the Double Commutant Theorem, one can show the following:

Theorem 4.4.2 (Compression of von Neumann algebras, [9, Theorem 2.5.7])
Let M be a von Neumann algebra on H, and p is a projection in M. Then pMp and M'p

are von Neumann algebras on B(pH).

Moreover,
(pMp)" = M'p, (M'p)" = pMp
in B(pH).
Proposition 4.4.3
The projection p, (mapping H, into E,) is in (Z(M.))'.

Proof. Let & be in E.(3.2]). By Lemma 4.3.6, there is a sequence {z, }n in Z(M,) such that
{z,1,}n converging to £. Let x be in Z(M.), there is a net {m.(ay)}s converging to z in
SOT topology.

By Lemma 4.3.6, x1, is in E,. Notice for all n, zz, is in Z(M,). Since we have xan”'—kf
in £, with z, in Z(M,), ¢, (u)x€ = lim, ¢;(u)zxx,1, = lim, zz,1, = €. Therefore we have
that E. is reducing for Z(M;). By Proposition 4.4.1, p, in (Z(M,))". O

There is one more theorem we need about abelian von Neumann algebras:

Theorem 4.4.4 (A Sufficient Condition for a Maximal Commutative Algebra, [3, Theorem
7.1.16])

If M is a commutative von Neumann algebra with a cyclic vector in 8(H ), then it is maximal

commutative, which means M' = M.
Then we are ready to prove the main result in this chapter:

Proposition 4.4.5

Let T be a tracial state on A. The set of operators p,m,[A]p, is commutative.

Proof. Since p, is in (Z(M.))’, by Theorem 4.4.2, we have in Z(E;,):

(p-(Z(M)) p-) = Z(M;)p-

Moreover, Z(M,) = M, \M! = (M, UM?")’, which implies (Z(M,))" = (M,U M!)". Notice
that p,(M,UM!)"p, contains p,m, [ A]p,.
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Considering Z( M. )p, on E, with a cyclic vector 1, we can apply Theorem 4.4.4 for Z( M, )p.,

which shows this von Neumann algebra is maximal commutative.

Therefore, Z(M,)p, containing p, (M. UJM!)"p, and containing p,m.[A]p.. Therefore we

proved that p,m, [ A]p, consists of commutative operators. ]

In general, the pair of {A, G}, where G is a subgroup of the *-automorphism on A, with such
a property is called an abelian system. In this case, we need 7 to be one of the G-invariant
states. Let the invariant subspace E, = {{ € H, | ¢.(9)€ =&, g € G} and the projection
corresponding to this space is denoted by p,. Notice ¢.(g) is the unique linear extension on

H. of the map a, — (ga)..

Definition 4.4.6 (Abelian Systems)
Let G be a subgroup of the *-automorphism group on A, the system {A, G} is abelian if for
any G-invariant state T, (i.e., for all a in A, g in G, we have 7(a) = 7(ga), where ga is the

image of a under the action of g) we have p,m,[A]p, consisits of commutative operators.

It can be checked that the proof in the following chapter works for all abelian systems.
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Chapter 5
T(A) is a Choquet Simplex

The result T(A) (Recall T(A) is the set of tracial state on A) is a Choquet simplex for
any unital C*-algebra will be proved in this chapter. Moreover the tracial decomposition
theorem for T(A) will follow from the Choquet’s Theorem. Recall ¢.[U(A)](3.1) is the set

of all linear extension of a, — (uau*),, for u in U(A). Denote

U, = 7T7'[AJLJCT[[I(A)] (51)

5.1 U! is a commutative von Neumann algebra

Since that U, (5.1)) is a self-adjoint set, by the Double Commutant Theorem, we have U! as

a von Neumann algebra.

The following lemma related to a projection and its central support (see Definition [2.1.19))

will be useful to us.

Lemma 5.1.1 ([9, Lemma 5.3.11])
Let M be a von Neumann algebra on H, and p in M is a projection, with central support e.

Then the map ye — yp from M'e— M'p is a *- isomorphism.

The theorem that U’ is a commutative von Neumann algebra will essentially help us to

prove T(A) is a Choquet simplex. This result is directly regarding the commutativity of
pr7r [A]pT
Theorem 5.1.2
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Consider a tracial state T on a unital C*-algebra A, then U’(5.1|) is commutative.

Proof. For any h in U! ¢ ¢.[U(A)], we have he.(u)§ = h€ = ¢, (u)h€ for all £ in E, and u
in U(A). This shows E; is reducing for U!. Therefore, by Lemma 4.4.1, p, is in U”. Hence
p-Ul'p-, Up

’p, are von Neumann algebras on E,. We have the following calculations:

i, poro(a)es (u)p, = prmr(a)ps.
ii. pre-(u)m-(a)pr = prm-(a)ps, since we have shown p.c,(u) = p, in the proof of 4.3.1.
iii prm(b)er (u)mr(a)pr = pres(u*)mr(b)e, (u)m-(a)pr = prm-(u*bua)p,.

Notice p,U’p, = meSOTpT, where A*(U,) is the *-algebra generates by U..

To be precise, A*(U,) = {¢(5) | ¢ is a multi-variable complex polynomial, 5 € (U,)", n € N}.
Recall U, is self-adjoint. Notice for every ¢(5) in A*(U,), p-q(5)p, has the form:

Z Ajpqu'pf
§=0

where all ¢; has the form ¢, (u;, )7, (a;,)cr (uj,)m-(ajz,)..... 7+ (a;, ) (because both 7, and ¢,
are multiplicative homomorphisms). Using ¢ , ¢4 and i, p-c,(uj, )7 (aj,).....7-(a;,, )p- can

be simplified to p,7.(a;)p, for some a; in A.

Because p,7m,[A]p, is commutative, we have p, A*(U,)p, is a commutative *-algebra. By
taking limits with respect to SOT, it can be shown that p,U”p, is a commutative von
Neumann algebra on E,. (Let z and y be in U”, first show p,zp, commutes with all p,q(35)p,
in p, A*(U,)p., by representing p,zp, as a limit of some net {p,¢r(5)p;}a. Then show p,ap,

commutes with p,yp, by representing p,yp, as a limit of some net {p,qx (3)p-}far-)
We claim p, has the central support 1y in U”. Let e be a projection in U’NU! , and
ep; = pre =p,. Then for all a in A:

em (a)l, =7 (a)el, = (a)ep,1, =7, (a)l, = a,

Therefore em,[A]1, = H,. Hence the range of e is H,, so e is 1y,. Therefore the central

support of p, is A{e} =1y, .

By Lemma 5.1.1, the map y - yp,, from U.—Up,, is a *-isomorphism. Moreover, we have
(p-U'p,) = p,Ulp, on E, by Theorem 4.4.2. Note that p,U"p,1, = E., since 7, [A] ¢ U,.
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Therefore p,U”p, is maximal commutative in B(E,), therefore p,U’p, = Ulp, (contained in

T

p-U"p,) is commutative, which implies U! is commutative. O

5.2 The Radon—Nikodym Theorem for Tracial States

In this section, we prove the second core tool for proving the final result. Denote O as the

zero functional on A. That comes from the Radon-Nikodym Theorem for the states:

Theorem 5.2.1 (The Radon—Nikodym Theorem for States, [Il, Theorem 3.6.1|)
Let p be a state on A. Then there is an order isomorphism between Ko := {h e m,[A]" | Oy, <
h<1g,} and Yy = {1p € At | Ot <) < p}. The isomorphism is given by

Yp(a) = (Wp(a)hlpylp)

To show T(A) is a Choquet simplex, it is essential to identify the real locally convex space

in which the tracial simplex is.

Definition 5.2.2 (The Space of Tracial Self-adjoint Functionals)

Let E denote the real vector space consisting of all tracial and self-adjoint states on A.

Recall that T(A) is a compact convex set in E with the weak*-topology restricted on FE.
E is a subspace of a locally convex space Al with the weak*-topology, therefore E is also

locally convex.

Recall the unique orthogonal decompositions for self-adjoint elements in A and self-adjoint
functionals on A (see [2, Proposition 4.2.3| and [2, Theorem 4.3.6]).

e Let h be a self-adjoint element in A, then there are two unique positive elements h, and
h, in A satisying the condition h,h_=h_h, =04 and h = h, — h_. Such decomposition
also satisfies |h| = max{|h,|, |h_]|}-

e Let f be a self-adjoint functional on A, then there are two unique positive linear
functionals f* and f-, such that f= f*— f~and |f||=||f*]+ |/

Let f bein E and f = f* - f~ be the unique orthogonal decomposition of f in the dual
of A. Then we can check that Adu(f) = f = Adu(f*) - Adu(f~) is also an orthogonal
decomposition. Adw is a automorphism on A, hence ||f| = | Adu(f*)|| + | Adu(f~)]| still
holds. By uniqueness of orthogonal decomposition, f*=Adu(f*) and f~=Adu(f~) for all
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w in U(A), therefore f* and f~ are also tracial.

Therefore, we have proven the following:

Proposition 5.2.3
The space E takes the set of positive tracial functionals as the generating cone, and T(A)

is a base for the generating cone.
Recall the definition of U, (5.1). We have an essential tool here:

Theorem 5.2.4 (The Radon-Nikodym Theorem for Tracial States)
Let 7 be a tracial state on A. Then there is an order isomorphism between K := {h €
Ul'|0g, <h<1lg.}andY:={¢pe E| 0t <t <7}. The isomorphism is given by

Yn(a) = (7 (a)h1,[1;)

Notice that the set £ and ) can be scaled by any positive number.

Proof. 1t is sufficient to show that the isomorphism maps between IC and ), other properties

are guaranteed by Theorem 5.2.1.
Let h be in K, therefore Oy, <h <1y, and h is in U.. Consider ¢y (a) := (7,(a)h1,|1,). By
Theorem 5.2.1, Of <), < 7. Then consider Adu(vy,), for all @ in A and all u in U(A):

Adu(vp)(a) = (7 (uau*)h1,|1,)
= (¢r(u)mr(a)er(u*)h1-|1,)
= (m-(a)her (u*)1|er (u)1;)

Since 1, is in E., we have
(mr(a)her (w*)1 e (u)1r) = (7, (a)h1,[1;) = ¥n(a)

Hence 9y, is in ).

Let ¢ in Y, therefore 1 is tracial and Of < ¢) < 7. Let h in Ky be the preimage of ¢ under
the order isomorphism by Theorem 5.2.1.

From the proof of Theorem 5.2.1 (see [I, Theorem 3.6.1]), & is the unique operator in Z(H.,)
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such that:
$(d*b) = (hb,|d,)

Since (¢ (u)her(u)br|d,) = (hey(u*)br|er(u*)d,) = Y(ud*u*ubu*) = Y (ud*bu*) = (d*b) for
all b and d in A, the operator h and ¢, (u)hc, (u*) are corresponding to a same conjugate bi-
linear form on H, X H,, which imples they are equal. Therefore h commutes with ¢, [U(A)],
and h is in K. O

To extend Theorem 5.2.4 to self-adjoint cases, we define the following concept.

Definition 5.2.5 (Positive Decomposition under a Tracial State)
For any f in E/, we say [ has a N-positive decomposition under a tracial state 7, if there are
two positive functionals f, and f_ in F, such that f = f, — f_ and f, + f_ < N7 for some

positive number N.

Notice that the orthogonal decomposition for f is a N-positive decomposition if |f| < N7.

Recall the notation for the orthogonal decompositions here:

Let f = f*— f~ in E be the orthogonal decomposition, denote |f|:= f*+ f~. For any h' as
a self-adjoint operator in U!, h' = h'. = h’ are the unique decomposition such that h'.h" = 0.
Denote |h'|:= h!. + h'.

The " on h' shows that this element is in U!. Now, we have four useful corollaries:

Corollary 5.2.6

Let 7 be a tracial state on A.

1. Suppose there exists a N-positive decomposition f = f, — f_ for f under a tracial state
7. Then there is a unique self-adjoint h' in UL(5.1)), such that f(a) := (7.(a)h'1,|1,).
Moreover, |h/|| <2N.

2. For all self-adjoint h' in U, f(a) := (7.(a)h'1.|1;) is in E. Moreover, f is given by a
| ||oo-positive decomposition f = f, — f_ under T, corresponding to the decomposition
h'=h! — It

3. If we have self-adjoint h} < h}, in U’, then f < fo in E, where fi(a) := (7.(a)h}1,]|1;)
and fo(a) = (m.(a)H41,]1,).

4. If there exist N-positive decomposition for f and N'-positive decomposition for g under

7, and f < g in E, then I/, < hy in U], where h} is the unique self-adjoint operator in
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Uy such that f(a) := (m-(a)h};1;[1;) and hy is the unique self-adjoint operator in U]
such that g(a) := (m;(a)h,1.1;).

Proof. Remember for any tracial state 7, U! is a commutative von Neumann algebra. Recall
the Theorem [2.1.12] U’ = Cc(X) for some Hausdorff compact space X. ¢ in this proof will

represent the point in space X.

For the first statement, let A} and R} be the positive operators in U’ corresponding to f.
and f_ by Theorem 5.2.4, and notice f,,f- < N7. Let h' := h] - h}. Notice h' is self-
adjoint. Since f,(a) = (m-(a)h{1,[1,) and f-(a) = (m(a)hLe]1,), F(a) = f.(a) = f-(a) =
(m-(a)(h] = h%)1:]1;). By Theorem 5.2.4, we have h] < N1y and h) < N1p, . Since
they are all positive operators in the commutative algebra U, therefore by the function

representation, ||h}lle < N and |h}]e < N. That gives |h'|o < [A] oo + [|A5]c0 < 2N.

Moreover, suppose we have self-adjoint A, and hf satisfying

f(a) = (m-(a)hy1:]1;) = (7-(a)hp1-(1;)

Hence 0 = (7, (a) () - h})1:[1;) for all a in A, which implies 0 = (7 (d*b)((h; - h})1-|1;) =
((hs=h)b;|d-) for all b and d in A. By 1-to-1 correspondence between the conjugate bilinear

form and bounded operators, h} — hp = 0g, . Therefore, the uniqueness follows.

For the second statement, given a self-adjoint A’ in U!, consider the unique orthogonal

decomposition A’ = b, — h’. In this decomposition:
|7 oo = max{|A, o, [P [} and RLA =04,

Now, let fi(a) := (7,(a)h’1,|1,;) and fs(a) := (7 (a)h"1,|1,;), which are two positive func-
tionals in E. Therefore f(a) = (n.(a)h'1.]1;) = (7 (a)(h} - h")1,]1;) is in E. Con-
sidering the function representation for U/, the two functions A/ ({) = max{0,h’'(¢)} and
h'(¢) = —min{0,h'(¢)} (following from A/ h’ = 0 pointwisely), hence |||A'|||cc = || . By the
definition: (f1 + f2)(a) = (7 (a)|W|1, | 1,), f1 + fo < ||W]eT, because |W'| < |W ] oo, -

For the third statement, O, < hy =R’ <[hy = I |e1p,. Therefore, 0F < g - f < |hy = h'; [T

For the fourth statement, the conditions imply —-N7 < f < N7 and -N'7 < g < N'7. That is
because, f < f,+f_ which impies O < N7—(f,+f) < N7—f;and 04 <2f, = f,— [+ fo+f <
fi—f-+N1t=f+Nr.
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Therefore 04 < g - f < (N + N’)7. That implies Oy, < hj -’ < (N + N')1p,. O

5.3 The Final Result

Now we are completely ready for proving the Theorem:

Theorem 5.3.1
Let A be a unital C*-algebra. Then the set of tracial states T(A) on A is a Choquet simplex
if it is not empty.

If A is commutative, we have A = Cc(X) for some compact Hausdorff space X. Furthermore,
all state on A is tracial. The set T(A) is affinely homeomorphic to M, ; (X)) (with the weak*-
topology), which can be shown as a Choquet simplex by elementary measure theory (see [0,
Example 11.4]). The proof for the non-commutative case is trying to reduce the situation to

the commutative case.

Proof. We have shown T(A) is weak*-compact, convex and is a base for a generating cone in
E. Also, F is locally convex. From the definition of a Choquet simplex ([2.2.4)), it is sufficient
to show E (Definition [5.2.2)) with the tracial positive state cone forms a vector lattice.

Let fi and fy in E, then |f;] = f; + f; (j = 1,2). Set 1 = H%l\\'ﬂ\lfg\l' Therefore |f1], |f2| <
(I 1l + [ f2l)®, and ¢ is a tracial state. Consider the GNS construction associated with
the tracial state ¢. By Corollary 5.2.6, there are unique self-adjoint 2} and hj in U, 1;,
such that f;(a) = (my(a)hily[ly) (j = 1,2). Moreover, we have |hi[. < 2([fi] + [ f2])
and Ao < 20 f1] + [ f2])- Since Uj(5.1) is commutative, U} = Cc(X) for a Hausdorff
and compact space X. The self-adjoint portion in U 1; forms a vector lattice (where the
positive cone is the set of positive continuous functions) by the function representation of
Uy, then Ry v hy exists and is self-adjoint in Uj,. Denote f3(a) = (my(a)(h]Vhy)1y4|1y), hence
fi, fa £ f3 by the order isomorphism. Again by the function representation, we also have
|y v ho| <2(| fi] + [ f2]) 1, which implies [[|h] v ho[|eo < 2(| f1]| + [ f2]). Therefore we have a
2(| f1l+] f2])-positive decomposition for f; under ¢, where (f3)+(a) = (my(a)(hiVvhy):1y|1y),

and (fs)-(a) = (my(a)(hy v hy)-1y[1y). Hence (fs). + (fs)- <2([ 1] + [ f2])-

Now we show f; = f1V fo. Suppose we have f; < fu(j = 1,2) in E. Set vy := m'ﬁ‘l‘ as a

tracial state in E. In the GNS construction associated with the tracial state 1y, Corollary

5.2.6 give similar results: there are self-adjoint elements k', k} (j = 1,2,3,4) in Uy, such
that (| f1] + [ faD)i(a) = (my (@) Ly|Ly,), fi(a) = (my,(a)kjly,lly,). Notice |fi], |fal,
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(f3)s + (f3)-, |f4| and (| f1]| + || f2] )¢ are all less or equal to N1y for a positive scalar N =
200+ | f1] + 1 f2D(X + | fal). By Corollary 5.2.6, f1, fo < fs gives ki, kj < k%. Similarly, we
have ki, k3 <kj. Since the self-adjoint portion of Uy is also a vector lattice, kj v k; exists.

Therefore ky v ky < kj as ki.ky < ky in Uj, . Also ki v kjy < kj as ki,ky < kj. Let f5(a) :=
(myo (@) (k] v E5) 1y, |1y, ), we have fi,fo < f5 and f5 < f3 and f5 < fo. As |fi], [fo] < (I f1]] +

[ 20, =(LAT+ 15209 < frofo < (LAl + 1 £2[)¢. By the order isomorphism, we have —&' <
ki, kb < k'. Therefore we use the function representation to have |k} v kj| < k’. From the proof

of Corollary 5.2.6, we have a (| f1| + | f2|)-positive decomposition for f5 under v, because
(f5)+ + (f5)- = (mu (@) k1 v Ksl Ly | L) < (g (@) kL[ L) = ([ f2ll + [ 219

where (f5),(a) = (m(@) (K v k), LTy and (f5)(a) = (mo@) (k] v k) Lyol1yy). That s
to say, we have hg in UJ, f5(a) = (my,(a)hily,|ly,). Then b hy <hyby fi,fo < fs. Therefore
gives hy < hf implying fs; = f5. Also, we have f5 < f4, hence fi1 Vv f3 = fs.

One can make a similar argument for the existence of fi A fs. O

Now with the definition of a barycenter and Choquet’s theorem, we have the final result of

our thesis. Note that for all a in A,

a(t):=7(a)

is a weak*-continuous linear functional on Af. We also have the fact: every a in A has the
form:

a=a,+1a;

where ¢ is the imaginary unit, while a, and a; are self-adjoint elements. Therefore a = a,. +1d;,

and is a linear combination of two real weak*-continuous functional on the dual of A.

Theorem 5.3.2 (The Tracial Decomposition)
In an unital separable C*-algebra A (implying T(A) is metrizable), for all T in T(A), there
exists a unique probability Radon measure p on T(A), such that for all a in A

r(@)=a(r)= [ a(e) du(e)

and (0T (A)) =1, where OT(A) denotes the set of extreme points of T(A).
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Proof. Let A be a unital separable C*-algebra and 7 be a tracial state on A. Therefore
T(A) is metrizable. By Theorem 2.2.7, if a = a, +1ia; is the self-adjoint decomposition for an
element a in A, there is a unique probability Radon measure p on T(A) and p(0T(A)) =1
such that

r(ar) = () = [ dr(e) du(e)
r(a) = () = [ o) dine)
Therefore we have

r(a) = dvid(r) = [ dle) due) i [ ale) du(e) = [ ale) du(e)
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Chapter 6

Further Applications

6.1 Examples For Nonempty T(A)

The result we proved in the above sections demonstrates that for all unital C*-algebras T(A)

is a Choquet simplex if it is nonempty. We list some examples of C*-algebra with nonempty

T(A) .

e For every commutative unital C*-algebra, which is just a function space on a compact
Hausdorff space X, every state on this algebra is a tracial state. Therefore its state

space S(A) is not empty therefore is a Choquet simplex.

e For every complex matrix algebra M, (C), the map 1tr is a tracial state (actually, it

is the unique tracial state on M, (C)).

e A more interesting example is the so-called UHF algebras which is a tensor product of

infinitely many matrix algebras. The UHF algebras also have a unique tracial state.

6.2 A Converse Result about AF-algebras and Choquet
Simplex

As a specific kind of C*-algebra, AF-algebras, which AF stands for approzimately finite,
defined in the following way:

Definition 6.2.1 (AF-algebra)
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Let A be a C*-algebra, it is a AF-algebra if there are increasing sequence of finite-dimensional
C*-subalgebra { B, }ney such that U, B, is dense in A.

And moreover, we say a C*-algebra is simple if it contains no none trivial closed 2-side ideal.
The following is [7, Theorem 3.10]:

Theorem 6.2.2
Let X be any metrizable Choquet simplex. Then there is a simple unital AF-algebra A with
T(A) affinely homeomorphic to X.

6.3 Elliott’s Invariant

For a unital C*-algebra A, one can define the Elliott’s invariant "EI(A)" for it. It consists
of several parts, some of which are related to the K-theory of C*-algebra, which is far away
from this thesis. The T(A) is a part of this invariant.

There are several conjectures related to the classification of C*-algebras based on the Elliott
invariant. These conjectures can be found in [§]. The objective of the Elliott Program is
to completely classify some specific types of C*-algebras just by classifying their Elliott’s

invariants.
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