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Abstract

The contribution of strong isospin-breaking (SIB) effects to the value of the anomalous

magnetic moment of the muon is studied using the leading-order SIB component of the

photon vacuum polarisation function, calculated in Chiral Perturbation Theory (ChPT)

in the low Euclidean momentum-squared regime. At two-loop order in ChPT the result is

found to be aSIBµ = 0.82(12)× 10−10, approximately 1 order of magnitude less than recent

determinations using Lattice Quantum Chromodynamics (QCD) and also phenomenology.

It is shown that the inclusion of a tree-level term from next-to-next-to-next-to leading order

(NNNLO) raises the ChPT prediction to aSIBµ = 3.61(98)×10−10. This result is consistent

with the most precise result from Lattice QCD. The dominant NNNLO contribution is

interpreted as parameterising the SIB physics of the lightest resonances which are predicted

to be the most significant processes at low momentum.
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Chapter 1

Introduction

1.1 The Anomalous Magnetic Moment of the Muon Problem

The anomalous magnetic moment of the muon is the subject of substantial interest in

the high-energy physics community. The evidence of an at-present statistically significant

difference between the experimental and theoretical results for this property provides mo-

tivation for the ongoing escalation of efforts on both sides to reach a definitive conclusion

as to whether this discrepancy is real, or represents a statistical fluctuation. Further-

more, the relevance of the anomaly to the search for Beyond-the-Standard-Model (BSM)

physics has been amplified by a lack of evidence from energy-frontier experiments carried

out using the Large Hadron Collider (LHC) at CERN [13]. Rather than as a secondary

search method, the muon anomaly is elevated in status by the precision at which it can

be measured experimentally. This experimental precision offers theorists an opportunity

to test the Standard Model at remarkably small scales and place new limits on the nature

of any possible deviations that would signal the breakdown of our current understanding

of elementary particle physics.

The anomalous magnetic moment of the muon is a feature of the interaction between

the muon and the electromagnetic field. One can imagine, instead of a point particle, a
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planar current loop placed into a magnetic field, as in Fig. 1.1. The magnetic moment

of the loop will prefer to align itself with the direction of the field in order to minimise

energy. However the angular momentum of the current will instead cause the loop to enter a

precession about the axis of the magnetic field, like a spinning top changing the orientation

of its rotational axis. This simplification acts as a starting point for understanding how a

point particle with a given spin interacts with the electromagnetic field. The gyromagnetic

ratio, g, parameterising this behaviour is an observable predicted in a relativistic quantum

mechanics formulation to equal 2 by Dirac in 1928 [14]. The anomalous magnetic moment,

a` ≡ (g` − 2)/2, is measured as the deviation from Dirac’s prediction, hence the problem

is commonly referred to as “g− 2”. This nomenclature will be used frequently throughout

this thesis.

All leptons, the electron, muon and tau, and their respective antiparticles are point par-

ticles, as opposed to a proton, for example, which is a composite particle made up of quarks

and gluons. They are spin-1/2 fermions with electric charge −e for the standard leptons

and +e for their antiparticle partners, where, by convention, e is chosen to be positive.

Setting aside the antiparticles, the three lepton generations possess all the same properties

except for mass. The electron mass is me = 0.511 MeV [1], the muon is approximately 200

times heavier at mµ = 105.658 MeV [1], and the tau is approximately 3500 times heavier

than the electron at mτ = 1776.86 MeV [1]. Their masses and corresponding lifetimes make

each lepton a unique experimental prospect in the context of g − 2 physics. The electron

is by far the best understood in the sense of the agreement between experimental [1] and

theoretical results [15],

aexpe = 1159652180.91(26)× 10−12,

aSMe = 1159652181.606(11)(12)(229)× 10−12.

Clearly the Standard Model provides an excellent description of the electron’s magnetic

moment. Yet as Jegerlehner states in his book The Anomalous Magnetic Moment of the
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Figure 1.1: Precession of a spinning top analogous to the spin precession of the muon inside
a homogeneous magnetic field.

Muon [3],

“As a matter of principle, an experimentally determined quantity always includes all

effects, known and unknown, existing in the real world. This includes electromagnetic,

strong, weak and gravitational interactions, plus whatever effects we might discover in the

future.”

The as-of-yet undiscovered effects referred to in this quotation are an acknowledgement

of the shortcomings of the Standard Model. Dark matter, dark energy, matter-antimatter

asymmetry, neutrino oscillations, the strong CP problem, and quantum gravity are all

topics in high-energy physics which are not explained by the Standard Model, but for

which new exotic particles may provide solutions. A lepton’s anomalous magnetic mo-

ment provides a probe for studying the contribution of any potential BSM physics and

its sensitivity to these effects scales with the mass-squared of the lepton, m2
` [3]. There-

fore the muon BSM sensitivity is increased by a factor of approximately 40,000 compared

with the electron. This scaling up of sensitivity suggests that the tau represents the best

prospect of seeing new physics by a further factor of approximately 280 from the muon

and therefore is the most interesting to study from a BSM point of view among the three
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lepton anomalous magnetic moments. However, the short tau proper lifetime, O(10−13 s),

prevents the application of the spin precession methods used to study ae and aµ and makes

aτ experimentally inaccessible at the level of precision achieved for the electron and muon.

Measurements have been made, the most precise of which was from DELPHI, one of the

detectors at the Large Electron Positron Collider [1,16], but this determination is an order

of magnitude less precise than needed to begin to test the Standard Model prediction [17]:

aexpτ = 0.018(17)

aSMτ = 0.00117721(5).

A new proposal for studying aτ from LHC heavy ion collisions has been made [18] aiming

at opening up aτ as a new precision pathway in the search for BSM physics.

Interest in the anomalous magnetic moment of the muon is currently particularly high

because the existing tantalysing discrepancy with the Standard Model prediction will soon

be tested to higher accuracy, with a new dedicated experiment currently running at Fer-

milab (the E989 experiment) [19–21], and the E34 experiment at J-PARC in Japan [22,23]

expected to begin running in the near future. The predecessor of the Fermilab experiment

was the long running E821 experiment at Brookhaven National Laboratory (BNL) [24].

The BNL experiment achieved a precision of 0.54 ppm and alongside theoretical efforts

established the current 3-4 σ difference between experiment [1] and the SM prediction [1]

(see also Refs. [25,26]),

aexpµ = 11659209.1(5.4)(3.3)× 10−10

aSMµ = 11659182.3(0.1)(3.4)(2.6)× 10−10

Before its move to BNL, the first measurements of aµ were made at CERN in a series of

three experiments [27–29] which first reached the level of precision at which it was impor-

tant to include the ∼60 ppm contribution to aµ from the hadronic vacuum polarisation.
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Figure 1.2: Results of the E821 experiments since 1979. The green result is the final CERN
measurement and the blue bars are results from the BNL experiment. Shown here also
are the theoretical predictions (red vertical bars) and new world average (gray bar) [3].
Data taken using nearly equal samples of both µ− and µ+ have been used to calculate
aµ, assuming the effect is the same for both matter and antimatter. The experimental
error bars here show the combined statistical and systematic errors. The theoretical error
bars are the combined uncertainties from the various SM sector contributions. Source:
Jegerlehner, 2017 [3].

The results from 1979 onwards, marking the relocation of the experimental program to

BNL, are shown in Fig. 1.2.

The method employed by the E989 experiment at Fermilab is the same as the one used

at BNL. The current experiment even inherited the storage ring from BNL which made a

500 km journey across land and water to its present location. Muons, generated from pion

decays, enter a homogeneous magnetic field where they undergo Larmor spin precession

with a constant frequency. The spin precession is tracked through the decay of a muon to

an electron, electron neutrino and muon neutrino,

µ− → e− + ν̄e + νµ , µ+ → e+ + νe + ν̄µ

where the electrons are emitted preferentially with momentum in the opposite direction to

the muon spin polarisation. The anomalous precession angular frequency, ω, in a homoge-

5



neous magnetic field, ~B, is related to aµ via

~ω = − e

mµ

[
aµ ~B −

(
aµ −

1

γ2 − 1

)
~β × ~E

]
. (1.1)

where mµ is the muon mass, e is the electron charge, γ is the Lorentz factor, ~β is the

velocity, and ~E is the electric field used to constrain the muon beam in the detector [30].

By keeping the muons at the so called ‘magic’ momentum of approximately 3.1 GeV, the

coefficient of the cross product term vanishes and the expression reduces to

~ω = − e

mµ

aµ ~B. (1.2)

The observables actually measured in the Fermilab experiment are ω, the electron g

factor, the electron mass, me, the electron magnetic moment, µe, the muon-distribution-

weighted average proton Larmor precession frequency in the storage ring’s field, ω̃p, and

the proton magnetic moment, µp. The experimental value of aµ is then determined from

those observables via [31],

aµ =
ge
2

ω

ω̃p

mµ

me

µp
µe
. (1.3)

The target total uncertainty of the Fermilab experiment, split evenly between system-

atics and statistics, is 140 ppb [20] to be achieved through a combination of improved

systematics and 20 times the number of muons available in the BNL analysis. The experi-

ment completed its first run during the Spring of 2018 with six independent teams showing

excellent agreement in their determinations of the anomalous precession frequency, ω. The

results for aµ are expected to be released sometime in early 2020. Run 2 of the experiment

began in Spring 2019, and Run 3 is scheduled to occur during 2019-2020. Were the central

value of the new experimental result to turn out the same as the BNL result, the improved

error of the Fermilab experiment would establish the discrepancy between experiment and

the Standard Model prediction at the >5σ level, the standard threshold for discovery in

the field.
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The alternative experiment seeking to measure aµ is J-PARC E34 in Japan. This in-

volves a novel approach working with ultra cold muons. In the experiment, slow polarized

muons are injected at zero transverse momentum into a compact cylindrical trap filled

with a homogeneous magnetic field. At these low energies, the experiment avoids the use

of electric fields to control the muon beam and hence the precession frequency once again

reduces to Eq. 1.2.

The slow-moving muons in the J-PARC experiment have lab-frame lifetimes much

shorter (by a factor of ∼10) than those in the Fermilab experiment but move inside far

smaller trapping devices of almost table top size. This smaller size means the experiment

can use smaller magnetic fields which are intrinsically more uniform. The value of aµ is

once again measured by detecting the spin precession through the related modulation of the

direction of the decay electrons and positrons. This experiment will provide an important

cross check on the results which emerge from Fermilab.

The high interest in the muon anomalous magnetic moment discrepancy should not

cause us to lose sight of the fact that the Standard Model successfully describes the vast

majority of the experimentally observed lepton anomalous magnetic moments. The elec-

tron anomalous moment is one the most precisely measured quantities in all of physics and

the SM provides a tremendously successful prediction of it. Both the muon and electron

measurements are sensitive to all sectors of the SM allowing for precision tests of the in-

dividual electromagnetic, weak and strong sectors at new scales. The contribution from

quantum electrodynamics (QED), responsible for 99% of the anomalous behaviour of the

electron and muon has been calculated using perturbation theory to 5-loop order (10th

order in the QED coupling) [32, 33]. The summation of the different sector contributions

gives the full SM prediction,

aSMµ = aQEDµ + aEWµ + aQCDµ (1.4)

where EW and QCD stand for electroweak and quantum chromodynamics (the theory of
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the strong force) respectively.

The EW contribution results from effects involving the virtual exchange of the heavy

weak gauge bosons W± and the Z, mediators of charged current and neutral current

interactions respectively. The total EW contribution to aµ is [1]

aEWµ = 153.6(1.0)× 10−11 (1.5)

while the QED contribution is [1]

aQEDµ = 116584718.95(8)× 10−11. (1.6)

Some of the more technical details of the QED and EW contributions are elucidated briefly

in the Theoretical Background section.

The largest uncertainty in the SM prediction comes from the QCD contribution, specifi-

cally from uncertainties in the leading-order hadronic vacuum polarisation (LO-HVP) and

hadronic light-by-light (HLbL) contributions [34]. A first principles determination of these

contributions is made difficult by the properties of the QCD coupling constant which grows

large at small energies preventing the use of traditional perturbation theory techniques in

that energy region.

Currently the HVP contribution is evaluated from dispersion relations using experimen-

tal cross-section data of the electron-positron annihilation to hadrons (e+e− → hadrons)

process. The HLbL contribution (see Refs. [35–37]) has been calculated using various

models which cause the theoretical result to suffer from uncontrollable uncertainties. The

identification of the hadronic contributions as the source of the largest theoretical uncer-

tainties in the SM prediction of aµ has fuelled several research efforts into both the HVP

and the HLbL determinations. One approach that has had notable success is Lattice QCD

(LQCD), a method based upon the discretisation of spacetime allowing, in principle, the

calculation of QCD effects from first principles. RBC-UKQCD, BMW, Mainz, Fermilab-
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HPQCD-MILC, and ETM are all collaborations studying the hadronic contribution to aµ

through LQCD that have published results for the leading-order part of the HVP in recent

years. A review of results prior to 2019 is available in Ref. [26].

The evaluation of the hadronic part of aµ from first principles involves handling hadronic

contributions at both low and high energies and therefore LQCD is favourable since its

formulation offers a way of performing low energy QCD calculations. LQCD results are

determined from resource-intensive numerical simulations requiring access to supercom-

puters. It is important for the results of these simulations to be checked against other

methods. At high energies these checks can be provided by QCD perturbation theory,

since the coupling grows small as energy becomes large. At low energies effective field

theories can also provide useful analytical constraints for LQCD studies.

The main subject of this thesis is the use of chiral perturbation theory, an effective field

theory of QCD at low energies, to provide a constraint on LQCD results for the contribution

of strong isospin breaking (SIB) to the LO-HVP. SIB processes are those which arise from

the small mass difference between the up and down quarks in QCD. The target improved

precision of the current generation of muon g−2 experiments will no longer allow the very

small SIB corrections to be neglected in LQCD determinations, especially of the LO-HVP

contribution. An estimate of the scale of SIB effects from scale of the u − d quark mass

difference compared with the QCD scale, ΛQCD,

md −mu

ΛQCD

∼ 1% (1.7)

predicts the appearance of SIB physics at O(10−10) based on the size of the current theo-

retically determined HVP contribution to aµ [1],

aLO−HV Pµ = 6931(33)(7)× 10−11 (1.8)

which dominates in numerical size over the HLbL contribution. Current LQCD studies aim
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Figure 1.3: The contributions of the various sectors of the SM to the value of aµ (coloured
horizontal lines) and their associated uncertainties (gray horizontal lines) displayed against
the precision reached by g − 2 experiments (vertical bands). The blue band here shows
the increase in precision over the course of the BNL experiment (1976 to 2004). The
orange band shows the increased precision targeted by the Fermilab experiment. The ‘New
Physics?’ included in this figure shows the value (aexpµ − aSMµ )/aexpµ ). Source: Jegerlehner,
2017 [3].

to eventually resolve the HVP to a precision of O(0.1%) [26] (O(10−11)). SIB corrections

are therefore an essential part of the QCD piece of the SM prediction for aµ. A comparison

of the sizes of the various determinations of SM sector contributions and their uncertainties

is shown in comparison with the scales of the BNL experimental results and the target scales

of the new generation experiments in Figure 1.3.

Although the focus of this thesis is on improving the precision of the SM prediction for

aµ, one should bear in mind that the interest in doing so is connected with the possibility

that new physics will expose itself in the new muon g − 2 measurement results. This

possibility acts as the major driving force in the world-wide effort to study this problem.

The fact that so far in LHC experiments at the high-energy frontier no results have arisen

which cannot be explained by the SM is cause for a great deal of consternation in the HEP

community. In a 2018 blog article for Scientific American, neutrino physicist Jonathan Link
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summed up the sentiment of those frustrated by the current state of affairs by describing

the SM as a ‘tyrant’ whose ‘apparent infallibility saps the vitality of the field’. Were the

new g− 2 experiments to produce results in agreement with the SM prediction, this would

likely compound these problems and force hopes to turn once more to the energy frontier,

to future runs of the upgraded LHC experiments [38] and, beyond that, to the possibility of

the proposed Future Circular Collider (FCC) [39]. There remains, however, the possibility

that the new Fermilab result could establish the muon g−2 discrepancy at the >4-5σ level,

a result which, in the field, would be considered to represent the unambiguous discovery

of BSM physics contributions.

A vast landscape of BSM theories exist. Fourth generation sequential fermions with a

heavy neutrino, extensions to the Higgs sector, supersymmetry, and dark matter are just

a few of the great many speculations on new physics. The results of the g − 2 experiment

may be used to place constraints on new physics. Berestetskii et al. [40, 41] found in 1956

that the QED momentum cutoff for four-momentum transfer at q2 = Λ2 meant that the

sensitivity of a` to new physics scaled as

δa`
a`
∼ m2

`

Λ2
(1.9)

where δa` here would represent the discrepancy between SM theory and experiment were

this discrepancy to be the result of BSM contributions. This reinforces the earlier statement

that the muon is a far better probe of the short distance region where new physics is

expected to become accessible. The cutoff Λ sets the scale of the new physics, which if one

assumes such new physics to have the form of previously unseen states of mass MNP leads

us to a general expression for the BSM contribution to aµ,

aNPµ = C
m2
µ

M2
NP

(1.10)

where C = O(α/π) [3]. If one takes the difference between the current central values of the
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results from experiment and theory, the size of the discrepancy is ∼ 27×10−10. (The paper

by Blum et al. [25] lists multiple values of the discrepancy found using different sources for

aexpµ and aSMµ all in the range (25 - 32)×10−10). Now, assuming any discrepancy is solely

due to new physics, and that the current discrepancy is not resolved by results from the

new experiments, a rough estimate using Eq. 1.10 sets the scale of these new states at 100

GeV for contributions at O(α/π), or 5 GeV for contributions at C = O((α/π)2) such as

new fermion loops. Under these assumptions, new states at scales much greater than these

estimates would not produce effects of sufficient size to explain the discrepancy. In fact, a

BSM fermion of mass roughly the scale of the top quark might only produce a contribution

to aµ of O(10−12), below the sensitivity of current experiments.

Whether or not the discrepancy between experiment and theory remains significant

after the publication of new data in the coming years, new constraints will be placed on

BSM physics as a result of ongoing muon g − 2 research. Just as the LHC experiment’s

excavations of regions of parameter space provide maps of SM theory domination and

reduce the hiding places for new physics, so too will the muon g − 2 contribute in the

search. Physics outside the framework of the Standard Model is known to exist; the

challenge will be, if significant evidence of its presence is found, to identify which of the

vast range of BSM models offers the correct explanation.

In the wider context laid out briefly here, the goal of this thesis is to provide analytic

results which serve to sharpen the Lattice QCD-based SM prediction for the LO-HVP

contribution to the muon g − 2, and therefore aid in determining whether or not the new

experimental result, upon its release, establishes the presence of BSM physics. The results

of the thesis are intended to be of use to those groups studying the HVP in its own right

as well as the muon g− 2. It is ultimately hoped that this work will increase the sphere of

knowledge in the field of precision high energy physics research.
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Chapter 2

Muon g − 2 Theoretical Background

The magnetic moment appears through the scattering of a particle by a magnetic field.

The muon is a charged particle described by a spinor satisfying the Dirac equation which

predicts an interaction between muon spin, ~S = 1
2
~σ, where the ~σ are the Pauli matrices,

and the magnetic field, B. (In this section we will not add subscripts to the masses since

the theory applies equally well to the other leptons, however, unless stated otherwise, one

should assume the particle of focus is the muon). In the presence of a magnetic field, the

Dirac equation leads to a Hamiltonian in the non-relativistic limit given by [42]

H =
q2

2m
+ V (r) +

e

2m
~B · (~L+ g~S) (2.1)

which acts on muon doublets, |ψ〉, where L is the muon’s orbital angular momentum and

q2 is it’s momentum squared. The g-factor of the term

e

2m
g ~B · ~S

represents the relative strength of the particle’s intrinsic magnetic dipole moment to the

strength of the spin-orbit coupling and was predicted by Dirac in the late 1920s to equal

2 [14]. This can easily be shown by taking the non-relativistic limit of the gauged Dirac
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equation,

(/∂ + ieAµ)ψ +mψ = 0, (2.2)

where we use e > 0 so that the electric charge of the muon is (-e), to find that it gives the

interaction term in the Hamiltonian for a particle in a magnetic field,

Hint =
e

m
~B · ~S. (2.3)

Comparing this interaction with the g-factor term in Eq. 2.1 leads one conclude g = 2.

Although not an obvious fact, it has been firmly established by experimental data dating

back to the 1940s that the value of g deviates by a small amount from the Dirac prediction

due to quantum corrections. This fact characterises g as a constant different in nature

to the lepton U(1) charge quantum number, Q = −1, which does not receive quantum

corrections.

In quantum field theory (QFT) the scattering of the muon by a magnetic field is repre-

sented to lowest order by the diagram

µ µ

p

q1 q2

(2.4)

which has a well-known amplitude given in most introductory QFT textbooks1

iMµ
0 = −ieū(q2)γ

µu(q1). (2.5)

This scattering amplitude can be rewritten using the Gordon identity, which states that

1For instance see Chapter 6 of Peskin & Schoeder [43], or Chapter 17 of Schwartz [42]
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for any two positive energy solutions of the Dirac equation u(q1), u(q2),

2mū(q2)γ
µu(q1) = ū(q1)[(q1 + q2)

µ + iσµν(q1 − q2)ν ]u(q1). (2.6)

Labelling the momentum of the photon in the leading order diagram pµ = qµ2 − q
µ
1 , one can

then rewrite the lowest-order scattering amplitude as

Mµ
0 = − e

2m
ū(q2)[(q1 + q2)

µ + iσµνpν ]u(q1). (2.7)

The first term in this new expression corresponds to an interaction involving a photon

coupled to the momentum of the field as in scalar QED. In the non-relativistic limit (slow-

moving particles and static magnetic field) the second term can be identified as the scat-

tering amplitude for a spin-1
2

particle that has magnetic moment µ = e/2m and therefore

g = 2. Hence we can write g as 4m/e times the coefficient of ipν ūσ
µνu and find the

quantum corrections to g by studying the loop corrections to this coefficient.

It can be shown [42] that the general expression for the amplitude, valid at any loop

order is given by

iMµ = (−ie)ū(q2)

[
F1(p

2)γµ +
i

2m
σµνpνF2(p

2)

]
u(q1) (2.8)

where F1 and F2 are functions of p2 known as form factors. It is straightforward to see

that the amplitude for the leading order diagram, Eq. 2.5, is reproduced by substitution

of F1 = 1 and F2 = 0. By comparing this general expression for the amplitude with that

of Eq. 2.7 we can see that F2 has the structure of a magnetic moment. We therefore learn

that at the scale of p2, the value of g is modified by g = 2 + 2F2(p
2). The theoretical

prediction can be compared to measurements of the muon g − 2 at low energies by taking

the non-relativistic limit, where

g = 2 + 2F2(0) (2.9)
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µ µ

Figure 2.1: The one-loop vertex correction by a single internal photon in muon scattering
by an external field.

or

F2(0) =
g − 2

2
= aµ. (2.10)

Figures 2.1 and 2.2 show the order e3 one-loop corrections to the scattering amplitude.

The diagrams in figure 2.2 represent loop corrections to the external propagators of the

lowest- order diagram. There are no finite corrections corresponding to the loop corrections

to the external lines since their only effect is a charge renormalisation, producing terms

proportional to γµ and therefore contributing solely to F1. Only the diagram of figure 2.1,

involving a single internal photon line, produces a finite radiative correction to the muon

g − 2.

The calculation of the one-loop vertex correction was first performed independently by

Schwinger, Tomonaga, and Feynman (see Ref. [44] and references therein), leading to the

famous result,

F2(0) =
α

2π
(2.11)

with α the electromagnetic fine-structure constant. The result for g, including the O(α)

correction, is therefore

g = 2 +
α

π
= 2.00232. (2.12)

The electron g − 2 has been predicted theoretically by the successful calculation of the

perturbative QED contributions to five loops (O(α5), or tenth-order in e) [15].The five-loop
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µ µ µ µ µ µ

Figure 2.2: Loop corrections to the external propagators in muon scattering.

perturbative result represents the overwhelmingly dominant (>99%) contribution to the

Standard Model prediction. It is worth emphasizing the magnitude of the work involved in

obtaining this result: while the one-loop, O(α), result requires evaluating only the single

Feynman graph shown above, obtaining the O(α2), O(α3), O(α4), and O(α5) contributions

requires evaluating 7, 72, 891 and 12672 further Feynmann graphs, respectively.

The corresponding O(α5) QED calculation for the muon [32] leads to a current best

result of

aQEDµ = 116584718.95(8)× 10−11. (2.13)

With this level of precision for the QED contribution, including electroweak (EW) and

hadronic contributions becomes necessary to obtain a reliable Standard Model prediction

for aµ. Figure 2.3 shows the leading-order EW diagrams, which include internal Z and

W± boson propagators, however one should note that in general EW corrections may also

include the Higgs boson. As pointed out in Ref. [1], the EW contributions are suppressed

by at least a factor of

α

π

m2
µ

m2
W

' 4× 10−9. (2.14)

The results of the two-loop EW calculation using a Higgs mass of 125 GeV is presented

in Ref. [45]. The value found for aEWµ by this study was given in the introduction chapter
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µ µ

γ

Z

µ µ

γ

W W

ν

Figure 2.3: The leading order electroweak corrections to the muon g − 2. Here we use the
γ to distinguish between the photon and W,Z boson lines.

of this thesis but we restate the result here,

aEWµ = 153.6(1.0)× 10−11. (2.15)

The dominant source of error in the EW prediction arises from hadronic physics which

enters in the form of fermionic loops. For the full details one can consult the reference

given for this result, as well as the review of Ref. [1] and citations therein.

In the next chapter we shall cover the hadronic contributions that enter at O(α2).
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Chapter 3

Review of Chiral Perturbation

Theory

3.1 Introduction to the QCD landscape

Interactions of the strong force are described by the theory of Quantum Chromodynam-

ics (QCD), a local, non-Abelian SU(3) gauge theory with Lagrangian given by

LQCD = −1

4
F a
µνF

µνa +
∑
f

ψ̄f (i /D −mf )ψf (3.1)

where the ψf are 3-element column vectors in color space, f labels the quark flavour

(u, d, c, s, t, b), and

F a
µν = ∂µG

a
ν − ∂νGa

µ − gfabcGb
µG

c
ν , (3.2)

Dµψf = (∂µ + igGa
µ

λa

2
)ψf . (3.3)

Here Ga
µ are the gluon fields, the gauge bosons of the theory, g is the strong coupling, and

a is a colour label.

The renormalised strong coupling g exhibits the phenomenon of momentum dependence,

referred to as the running of the coupling constant. The same is true of the electromagnetic

19



coupling. Analogous to the QED fine structure constant, in QCD the strong coupling

constant is

αs =
g2

4π
. (3.4)

However, the momentum dependence of the QCD and QED couplings differ in a crucial

way. The QED coupling αEM is weak at low momentum and becomes stronger as mo-

mentum increases. This enables the use of perturbation theory to calculate corrections to

QED processes at low energies. QCD is however strongly coupled in the low momentum

regime and only grows weak enough to make perturbation theory a useful approach at

high energies. The increase of the coupling with decreasing momentum manifests itself in

the property of confinement. Confinement means that the amount of energy required to

separate a system of two quarks inside a hadron increases with the distance between them

until eventually the energy becomes large enough to create an additional quark anti-quark

pair and the system goes from a single hadron to two hadrons. As a result, quarks and

gluons appear in experiments only in bound states. Free quarks and gluons have never

been observed [46].

Lattice QCD [47–49] offers an ab initio method of making quantitative predictions of

hadronic effects in the non-perturbative regime through evaluation of the QCD path in-

tegral in a discretised spacetime. This discretisation takes the form of a set of lattice

points at a separation typically denoted a in Euclidean spacetime. Euclidean spacetime

results from continuing time in Minkowski space to imaginary values so that the oscilla-

tory energy-dependent exponential factors that characterize time evolution in Minkowski

spacetime become exponentially decaying in Euclidean spacetime. The Euclidean squared-

momentum, Q2, is always positive. On the lattice, quark fields live on the lattice sites

while gluon fields are represented by links,

Uµ(x) = eiAµ(x+aµ̂/2), (3.5)

between sites, where µ̂ is the unit vector in the direction given by µ. Uµ transform co-
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µ µ

Figure 3.1: The LO-HVP contribution to the muon g − 2. At leading order in QED, an
ingoing muon scatters off a photon, shown here as a wavey line. This diagram displays the
addition of a loop correction to that process involving hadronic physics which is represented
by the shaded circle.

variantly under SU(3) gauge transformations. This transformation property of the links

enables the construction of gauge invariant lattice QCD actions. The continuum is restored

in the a→ 0 limit.

Lattice QCD (hereafter LQCD) calculations are carried out numerically using large scale

Monte Carlo simulations requiring supercomputer access. Therefore progress in this ap-

proach is dependent upon the contemporary power of supercomputer resources. Previously,

LQCD studies have used unphysical values for parameters such as quark masses, to ease

the demand on computing resources and then extrapolated results to make predictions for

the physical values. However significant progress has been made in the field over the last

few years. Improved numerical algorithms and computing capabilities allowing the use of

physical parameter values on finely spaced lattices in the simulations have led to LQCD

achieving unprecedented levels of accuracy [50].

Figure 3.1 shows the leading-order O(α2) hadronic correction to the lowest-order QED

scattering of a muon by an external field as discussed in the previous chapter. The current

most precise determination of the hadronic contribution to the muon g−2 does not however

come from LQCD. Instead QCD dispersion relations [51–53] are used to write the leading-

order hadronic aµ contribution as a weighted integral over experimentally measured cross-
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sections for e+e− annihilation to hadrons

aLO−HV Pµ =
1

3

(
α

π

)2 ∫ ∞
m2
π

ds
K(s)

s
R(0)(s) (3.6)

where R(0)(s) is a ratio which measures the bare cross-section of the e+e− → hadrons

process in units of the point-like µ+µ− production cross-section, s is the square of the centre

of mass energy, and K(s) is an exactly known QED kernel function [54]. This formulation

is also described in detail in Chapter 5.1 of Ref. [3]. More precisely, the determination is

separated into two regimes dependent upon the energies at which perturbation theory can

be successfully applied in QCD. At sufficiently high energies, perturbative QCD can be used

to calculate the cross-section ratio and may therefore replace the input from experimental

data above a suitable energy cut. By this method the determination is broken down into

a non-perturbative part that utilises data and a contribution from the perturbative high

energy tail which is numerically very small as a consequence of the form of the QED kernel,

which causes the full contribution to be dominated by the low-energy region.

Ref. [55] presents the most recent results for the calculation of the LO-HVP contribution

to aµ by this method. The authors find a result of

aLO−HV Pµ = 693.9(4.0)× 10−10, (3.7)

however the full precision of the newest experimental data cannot be fully exploited due to

discrepancies between the data sets in the BABAR [56, 57] and KLOE [58–60] results for

the dominant π+π− channel. Other experiments do not match the sub-percent precision

of these results and fall in between the BABAR and KLOE values. For these reasons the

current discrepancy between the data sets is not able to be resolved.

The alternative approach offered by LQCD is an evaluation of the hadronic loop cor-

rections represented by the shaded circle in Fig. 3.1. The integration is carried out over

the magnitude of the loop momenta in Euclidean space, as described in Ref. [61]. In this
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formulation the photon propagator can depend only on Q2, and subsequently so too must

the HVP. This fact allows for the HVP to be calculated on the lattice from the Euclidean

correlation function of two electromagnetic currents, and then inserted into the one-loop

QED diagram without analytical continuation back to Minkowski space or requiring val-

ues of Q2 less than 0, a region inaccessible to LQCD. In recent years LQCD results have

become increasingly competitive in terms of their precision compared with the dispersive

approach. A review is given by Ref. [26], however one should note that recent updates,

such as the most precise determination to-date of isospin-breaking corrections by the ETM

collaboration [9] are not included.

The inclusion of isospin-breaking (IB) effects in LQCD calculations, demanded by the

target precision of the SM determination, makes it desirable to have an analytical prediction

of such effects in order to constrain new results obtained by the various lattice collabo-

rations. IB is inherently included in the dispersive approach through the experimental

cross-section data, whereas LQCD calculations include the effects as a small correction at

leading-order in (mu−md) to isospin symmetric QCD, mu = md. As LQCD studies probe

hadronic corrections to g − 2 physics at this new precision scale it is important that a

resource is available which can offer checks on the prediction of the low-energy hadronic

behaviour, such as IB effects. The aim of this work is to provide such a resource using an

analytical approach known as chiral perturbation theory, the foundations of which are the

subject of the remainder of this chapter.

3.2 Effective Field Theory Approach to QCD

A separate approach to low energy QCD is to use effective field theory [62–64]. Effective

field theories are useful in cases where there exists a scale separation between the low and

high energy degrees of freedom of a theory such as QCD where the up, down and strange

(u, d, s) quarks have significantly smaller masses than the charm, top and bottom quarks

(c, t, b). Determinations of the quark masses are given in Table 3.1. Due to confinement,
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quark masses cannot be measured directly and instead must be measured indirectly through

their effects on hadronic properties. Therefore any quantitative results for quark masses

are renormalisation scheme dependent. In the mass independent renormalisation scheme

used to obtain the results in Table 3.1 [1], the scale separation relevant for the discussion

of the effective field theory approach to QCD is the gap between the pseudoscalar meson

masses and the mass of the lightest of the heavier resonance states. The c, b and t quarks

lie even higher in mass and are therefore also naturally integrated out.

Light quarks Heavy quarks
Quark Mass (MeV/c2) Quark Mass (MeV/c2)
up 2.2+0.6

−0.4 charm 1280 ± 30
down 4.7+0.5

−0.4 bottom 4180+40
−30

strange 96+8
−4 top 173100 ± 600

Table 3.1: Quark masses as given in the review by the Particle Data Group (PDG) [1].
The mass values in MeV of the up, down and strange quarks presented are estimates of
current-quark masses in the mass-independent MS subtraction scheme at a scale µ =2
GeV. The values of the charm and bottom quark masses are also given in the MS scheme.
Lastly, the top quark mass is based on direct measurements of the cross-sections for the
production of top-anti-top pairs. The mass of the top quark is its most precisely studied
property and has been measured by all four Tevatron (CDF, D∅) and LHC experiments
(ATLAS, CMS) in the lepton+jets, the dilepton, and the all-jets channels. A complete
discussion of the definition of the top quark mass is presented in Ref. [1] in the review ‘The
Top Quark’.

Perturbative calculations in QFT involve summing over the contributions of all states

at all momenta. However, from Heisenberg’s uncertainty principle, high momentum ef-

fects manifest themselves to us as short distance phenomena. In a low-energy effective

Lagrangian, only the low-energy degrees of freedom are included explicitly, and the effects

of the high-energy (short distance) degrees of freedom that have been “integrated out”,

are incorporated through the presence of local terms whose coefficients are in principle

determined by the high energy physics in the underlying fundamental theory. Low energy

(long distance) effects, produced by the low energy degrees of freedom that can propagate

long distances, are dealt with through the low-energy degrees of freedom explicitly included

in the effective Lagrangian. The identification of the low and high energy (long and short
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distance) effects in a theory is the basis of effective field theory. The loop corrections to

low energy processes in QFT still involve the high energy effects because one is required

to integrate over all loop momenta, however the process of renormalisation allows the high

energy effects to be absorbed into the renormalised coefficients of the local effective La-

grangian. This is of course necessary since relying on a given theory to give realistic results

at arbitrarily high momentum is to extend its domain of validity beyond what has been

verified experimentally.

In the path integral formulation of QFT, a theory containing light, φ, and heavy, Φ,

fields is described by the functional integral

Z =

∫
DφDΦ exp

(
i

∫
d4xL(φ,Φ)

)
. (3.8)

Integrating out the high energy fields (see chapters 11 and 12 of Ref. [43]) produces a

description of a non-local effective Lagrangian with effective interactions involving only

the light degrees of freedom,

Z =

∫
Dφ exp

(
i

∫
d4xLeff (φ)

)
. (3.9)

The effective theory is only valid below the scale at which the heavy degrees of freedom

were integrated out. Yet the virtual effects of the heavy fields are included in theory in the

form of low energy coefficients (LECs) of terms to all orders in the effective theory. The

new effective Lagrangian can be used to calculate correlation functions involving the light

fields, φ, or to compute S-matrix elements.

An important feature of effective field theories (EFTs) is that they offer a systematic

expansion in some small power counting parameter, δ. Therefore the method by which one

can compute higher order corrections is well-defined: hypothetically one could perform

expansions to some order n at which the associated error is given by δn+1 and hence, in

principle, any desired level of error could be achieved by expanding to sufficient order.
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In practice this procedure is limited by multiple factors including the difficulty of the

ensuing higher order diagrams of the expansion. Still, EFTs have proven very useful for

the computation of measurable quantities without input from the full underlying theory,

particularly in the case of QCD. The low-energy EFT of QCD is chiral perturbation theory

(ChPT) which has provided results in excellent agreement with experiments [65–67].

The power of EFTs lies in identifying topics in particle physics which benefit from an

EFT approach. The muon g− 2 is one such topic. The hadronic contribution to the muon

g − 2 is dominated by the low momentum squared (low-q2) regime due to the form of the

electromagnetic kernel f(q2) [61] which diverges as q2 → 0. A low-energy QCD prescription

then has a good chance of providing a reliable means of computing the LO-HVP corrections

to the muon g−2 since one would expect low energy effects to be enhanced by this behavior

of f(q2).

The question of whether the largest hadronic contributions come from the region of

ChPT validity is worthy of investigation. LQCD studies will benefit greatly from analytical

constraints at low-energies, particularly with the anticipated release of a new experimental

determination of aµ at improved precision levels. The results obtained by lattice calcula-

tions are set to play an integral role in analysing whether the new results can be explained

by the SM. Hence if a ChPT analysis at the current possible order in the perturbative ex-

pansion can be proven capable of describing the dominant hadronic processes contributing

to g − 2 physics, then it is hoped that ChPT results may complement the studies which

will play a critical role in determining if the new experimental data can be explained by

the SM.

The purpose of the remainder of this chapter is to review the formulation of ChPT in

order to elucidate its main features underlying the vacuum polarisation calculation that

forms the basis of the research carried out in this thesis.
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3.3 The Chiral Symmetry of QCD

Chirality (or ‘handedness’) is a property of fermions related to the relative alignment

of their spin and momentum vectors. A fermion with positive helicity, meaning that its

spin and momentum are aligned, is spinning in the direction given by the right hand rule.

Conversely a fermion with negative helicity, or anti-alignment of spin and momentum, spins

according to the left hand rule. For massless fermions this coincides exactly with chirality.

If ψ(x) is a solution of the Dirac equation for a massless free fermion,

i/∂ψ = 0 (3.10)

then another solution can be found by multiplying by γ5 (= iγ0γ1γ2γ3, where γi, (i =

0, 1, 2, 3) are the Dirac matrices) and using

{γ5, γµ} = 0 (3.11)

to find

i/∂γ5ψ = 0. (3.12)

Alternatively we can write a pair of linearly independent solutions

ψL =
1

2
(1− γ5)ψ , ψR =

1

2
(1 + γ5)ψ (3.13)

where ψL,R have definite chirality. One can then define chirality projection operators

ΓL,R = (1∓ γ5)/2 so that the left and right chiral components can be written as

ψL = ΓLψ , ψR = ΓRψ. (3.14)
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One may then note that the chiral components are eigenfunctions of the γ5 matrix,

γ5ψL = −ψL (3.15)

γ5ψR = +ψR. (3.16)

The property of chirality in the massless limit as defined by γ5 is Lorentz invariant and

therefore chirality is a natural label to give to massless fermions.

Chiral symmetry can be identified in the Lagrangian for massless fermions,

L = iψ̄ /∂ψ (3.17)

by using ψ = ψL + ψR to write

L = iψ̄L/∂ψL + iψ̄R/∂ψR (3.18)

= LL + LR. (3.19)

LL,R are invariant under global chiral phase transformations

ψL → exp(−iθL)ψL, (3.20)

ψR → exp(−iθR)ψR. (3.21)

This is a chiral symmetry since the transformations act independently on the fields with

definite chirality.

Massive fermions do not share this symmetry since the mass term in the Lagrangian,

Lm = ψ̄mψ (3.22)

is not invariant under the chiral transformations and therefore explicitly breaks the chiral

symmetry.
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If we consider the Lagrangian of QCD, given by Eq. 3.1, in the massless limit,

LQCD = −1

4
F a
µνF

µνa +
∑
f

q̄f i /Dqf (3.23)

we find, decomposing the quark fields into their chiral components by qf = qfL + qfR, that

this Lagrangian has the chiral symmetries described above. By Noether’s theorem, the

existence of these symmetries implies the existence of associated conserved currents, Jµ.

The conservation equation

∂µJ
µ = 0 (3.24)

ensures that each such current has an associated classical time-independent charge Q.

Consider a generic infinitesimal transformation with fields transforming under infinites-

imal transformations parametrised by ε as φ → φ + εδφ. If such a transformation leaves

the action invariant then the conserved Noether current is defined by

Jµ(x) ≡ δL
∂(∂µφ)

δφ. (3.25)

The QCD Lagrangian is invariant under the vector transformations

q → e−iε
V
a T

a

q ≈
(
1− iεVa T a

)
q (3.26)

where T a are the generators of the corresponding continuous symmetry group on the space

of the fields, and εVa are the parameters of the infinitesimal versions of these transforma-

tions. Therefore by identifying δφ = −iT aq, the corresponding Noether currents can be
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constructed, using the fact that

∂LQCD
∂(∂µq)

=
∂

∂(∂µq)
(q̄i /Dq)

= iq̄γν
∂(∂νq)

∂(∂µq)

= iq̄γµ. (3.27)

From the discussion above it follows that the QCD Lagrangian for n` massless quarks

is also invariant under the independent left and right chiral U(n`) transformations, and

hence has a classical UL(n`)×UR(n`) symmetry. The corresponding conserved right and

left handed currents, Ra
µ and Laµ, respectively, are obtained by the usual construction

Ra
µ =

∂LQCD
∂(∂µqR)

δqR

= iq̄Rγ
µ(−iT aqR) = q̄Rγ

µT aqR (3.28)

Laµ =
∂LQCD
∂(∂µqL)

δqL

= iq̄Lγ
µ(−iT aqL) = q̄Lγ

µT aqL . (3.29)

Their sum is the corresponding conserved vector current

V a
µ = Ra

µ + Laµ

= q̄γµT aq . (3.30)

For the axial current the method is repeated using the axial transformations which act
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differently on the left and right chiral states,

qL = e−iε
A
a T

aγ5qL (3.31)

qR = e−iε
A
a T

aγ5qR. (3.32)

The result is Aaµ = Ra
µ − Laµ, or

Aaµ = q̄γµγ5T
aq. (3.33)

The vector and axial transformations are simply linear combinations of the L and R trans-

formations.

The group of symmetries generally referred to as the chiral symmetry group of QCD is

the subgroup SU(Nf )L×SU(Nf )R of the classical chiral symmetry group U(Nf )×U(Nf ),

where Nf is the number of light quark flavours. The aforementioned scale separation

between the light and heavy quarks can be utilised by making the approximation that

the light quarks (u, d, s) are massless and treating their masses as perturbations about

this chiral limit. QCD in this massless, Nf = 3 approximation has an SU(3)L×SU(3)R

chiral symmetry. The T a appearing in the conserved currents above are then the SU(3)

generators Ta = λa/2, where λa are the 3×3 Gell-Mann matrices, normalised by

Tr(λaλb) = 2δab. (3.34)

The vector and axial currents are then given by

V a
µ = q̄γµ

λa

2
q (3.35)

Aaµ = q̄γµγ5
λa

2
q. (3.36)

where V a
µ is a Lorentz vector, and Aaµ is a Lorentz pseudovector with corresponding scalar
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and pseudoscalar charges respectively, having different transformations under parity,

Qa
V → Qa

V , Qa
A → −Qa

A. (3.37)

3.4 Spontaneous Breaking of Chiral Symmetry

If |ψ〉 is an eigenstate of the QCD Hamiltonian, HQCD, in the chiral limit,

HQCD|ψ〉 = E|ψ〉 (3.38)

then, for a conserved vector or axial charge Q, the commutativity of Q with H can be used

to show

HQCD[Q|ψ〉] = E(Q|ψ〉). (3.39)

Therefore the vector and axial charges give rise to states with the same energy but opposite

parity. These opposite parity states of equal energy are not realised in the form of pairs

of opposite parity single-particle states in nature; the observed spectrum of QCD degrees

of freedom reveals that the JP = 0− pseudoscalar mesons are considerably lighter than

the JP = 0+ scalar mesons [1]. This does not mean that states of opposite parity but

approximately even mass do not exist, for example the nucleon and nucleon plus pion

states display this property due to the relative smallness of the pion mass.

This paradox is resolved by the phenomenon of spontaneous symmetry breaking. This

can be described by considering a Lagrangian in possession of a particular symmetry.

There are two possibilities for the ground state of the system: either the ground state can

be non-degenerate and is therefore a unique state possessing the same symmetry as the

Lagrangian, or it can be degenerate meaning that there is no unique state which represents

the ground state. In the case of having no unique ground state, if we arbitrarily choose

one out of the many degenerate states to be the ground state then we find that this chosen

state does not share the symmetry of the Lagrangian. The process by which an asymmetric
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Figure 3.2: A Mexican hat potential illustrating a degenerate ground state shown here as
the minimum of the potential.

ground state is obtained is called spontaneous symmetry breaking. Perturbations about

the asymmetric ground state will produce excited states which also feature the asymmetry.

The ground state of a QFT is the vacuum. Therefore spontaneous symmetry break-

ing applies in QFTs where the vacuum is non-degenerate. In the case of the chiral

SU(3)L×SU(3)R symmetry, the action of the vector charges on the vacuum leave it in-

variant, but the axial charges do not,

Qa
V |0〉 = 0 (3.40)

Qa
A|0〉 6= 0. (3.41)

Goldstone’s theorem [68] tells us that the spontaneous breaking of a continuous symmetry

corresponds to the existence of a massless particle, known as a Goldstone boson, for each

broken generator. Qi is a broken generator if Qi|0〉 6= 0. Assume that there is a symmetry
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group with generators Qk such that δφ = iεkQkφ, and that the fields φ have vacuum

expectation values, V .

φ =

( φ1

...

φN

)
, V =

( V1
...

VN

)
(3.42)

V must be a minimum of the potential V (φ) and must therefore satisfy the conditions:

∂V (V)

∂φj
= 0 (3.43)

∂2V (V)

∂φj∂φk
≥ 0 (3.44)

If Qk is a broken generator then QkV 6= 0. We want to perform an expansion of the

Lagrangian about the vacuum and to do this we redefine the fields in terms of their vacuum

expectation values,

φk = Vk + φ′k (3.45)

which means that the Lagrangian can be written in terms of the shifted fields φ′,

L(φ′) = ∂µφ
′
k∂

µφ′k − V (V)− 1

2

(∂2V (V)

∂φj∂φk

)
φ′jφ

′
k + ... (3.46)

The coefficient of the quadratic term in this expansion is the mass squared matrix of the

fields

∂2V (V)

∂φa∂φb
= m2

ab (3.47)

which is a symmetric matrix with eigenvalues that give the masses of the fields. For

Goldstone’s theorem, we must show that every continuous symmetry of the Lagrangian

that is not also a symmetry of the vacuum expectation, V , must have a mass matrix
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eigenvalue of zero.

δV = V (φ+ δφ)− V (φ) (3.48)

= V (φ) +
∂V (φ)

∂φi
δφi − V (φ) =

∂V (φ)

∂φi
δφi (3.49)

= i
∂V (φ)

∂φi
(εkQ

k)ijφj (3.50)

= 0 (3.51)

where in the last line we used the fact that the transformation is a symmetry of V . Now,

differentiating the whole expression with respect to φm,

∂2V (φ)

∂φi∂φm
Qk
ijφj +

∂V (φ)

∂φi
Qk
ij

∂φj
∂φm

= 0 (3.52)

⇒ ∂2V (φ)

∂φi∂φm
Qk
ijφj +

∂V (φ)

∂φi
Qk
im = 0 (3.53)

Finally we set φ = V and use the conditions of minima to find

∂2V (V)

∂φi∂φm
Qk
ijVj = 0 (3.54)

⇒ m2
imQ

k
ijVj = 0 (3.55)

Therefore QkV is an eigenvector of the mass-squared matrix with eigenvalue zero.

In summary, if a transformation does not leave the vacuum invariant, there must exist

a massless particle. Or, alternatively, for every broken generator there is a non-trivial

independent eigenvector of the mass squared matrix with an eigenvalue of zero. Since

SU(N) has N2 − 1 generators, the spontaneous breaking of the axial symmetries means

that if the number of massless quarks is 2, there are 22 − 1 = 3 massless pseudoscalar

particles, while if the number of massless quarks is 3, there are 32 − 1 = 8 massless

pseudoscalar particles.

In the limit that the u, d and s quarks were all massless, the spontaneous break-
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Pseudoscalar (JP = 0−) Meson
Mass summary table

Meson Mass (MeV)
π± 139.57061 ± 0.00024
π0 134.9770 ± 0.0005
K± 493.677 ± 0.016
K0, K̄0 497.611 ± 0.013
η 547.862 ± 0.017

Table 3.2: All values from 2018 Particle Data Group Review [1].

ing of the 8 axial SU(3) charges in QCD would give rise to eight pseudoscalar mesons,

π±, π0, K±, K0, K̄0, η, all having zero mass. Since these mesons are observed to have non-

zero masses in nature, it follows that the SU(3) chiral symmetry is not exact, and that the

u, d and s masses are non-zero. The fact that the masses of these 8 pseudoscalar states

are significantly smaller than those of all other hadrons, however, indicates that the SU(3)

chiral symmetry is a good approximate symmetry of QCD, and hence that the light-quark

masses can be treated as small perturbations about the chiral limit.

3.5 Construction of the Effective Lagrangian

In order to see how the ‘Goldstone bosons’ are represented in the chiral Lagrangian

we can study their transformation properties under chiral transformations in the language

of group theory. Consider G to be the group of SU(3)L×SU(3)R transformations with a

representation provided by the Goldstone boson fields, φ,

φ→ φ′ = F (g, φ), g ∈ G. (3.56)

Furthermore there is a subgroup, H, of G containing transformations under SU(3)V which

leave the vacuum of the theory invariant,

f(h, 0) = 0 ∀h ∈ H. (3.57)
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If g1 and g2 are elements in the same coset of H, so that g−11 g2 ∈ H or g2 = g1h for some

h ∈ H then

f(g2, 0) = f(g1h, 0) = f(g1, f(h, 0)) = f(g1, 0) . (3.58)

and we can consider the Goldstone bosons to live on the coset space G/H. The number

of Goldstone bosons is thus equal to the dimension of the coset space. By making an

arbitrary choice of representatives in the coset space, the Goldstone bosons can be chosen

to provide an exponential parameterisation,

U = exp

(
iλaφa
f

)
(3.59)

of a matrix-valued field U , transforming under generic SU(3)L,R L and R as

U(x)→ U ′(x) = LU(x)R† . (3.60)

The φa here are the pseudoscalar octet fields, and 1

λaφa =


φ3 + φ8√

3

√
2π+

√
2K+

√
2π− −φ3 + φ8√

3

√
2K0

√
2K−

√
2K̄0 −2φ8√

3

 . (3.61)

f is a dimensionful constant which turns out to be equal to the pseudoscalar decay constant

in the chiral limit.

The Lagrangian of ChPT, in the absence of quark masses and external fields, is written

in terms of the matrix valued field U and its derivatives,

Leff = Leff (U, ∂U, ∂2U, ...). (3.62)

1The expression given here for λaφa is written in terms of fields with definite isospin and hypercharge.
In the presence of isospin breaking the physical π0 field differs from the isospin-pure field φ3 by a small
isospin-breaking admixture proportion to φ8. Similarly, the physical η field differs from φ8 by a small
isospin-breaking admixture proportional to φ3. The relations between the φa and the physical fields are
listed in the appendix.
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Chiral power counting is used to arrange the terms in the Lagrangian in order of their

chiral power. In the chiral limit this is just the number of derivatives, or, equivalently,

the number of momentum factors, and limiting the chiral order corresponds to making a

small-momentum expansion. When quark masses are included, these have, for consistency,

to be counted as second order in the chiral expansion, for the reason discussed below. The

effective Lagrangian is constructed to have the same symmetries as full QCD, those being

C, P , T , Lorentz invariance and additional chiral SU(3)L×SU(3)R. As the Lagrangian is a

Lorentz scalar only terms with even chiral powers can appear. The immediate consequence

of this is the vanishing of the Lagrangian at zeroth order since the only possible term is a

function of UU † and since U is unitary the result is simply a disposable constant. Therefore,

using subscripts to indicate the chiral power, we have

Leff = L2 + L4 + L6 + ... . (3.63)

At leading order in the chiral expansion there is only one term,

L2 = c1〈∂µU∂µU †〉 (3.64)

where we have chosen the convention of using angle brackets to mean the trace 〈...〉 =

Tr(...). The trace is used to construct invariants under the chiral symmetry: if two objects

A and B transform as A→ LAR† and B → LBR†, invariants are obtained by taking the

trace of products of the type AB†.

The constant c1 is a LEC which is fixed by expanding U in powers of the Goldstone

fields,

U = 1 + i
λ · φ
f
− 1

2

(λ · φ
f

)2
− i

6

(λ · φ
f

)3
+O(φ4) (3.65)

and requiring the kinetic term to have standard canonical form,

L2 ∼
1

2
∂µφ

a∂µφa, (3.66)
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from which it follows that

c1 =
f 2

4
(3.67)

The leading order term involving derivatives of the Goldstone bosons is thus

L2 =
f 2

4
〈∂µU∂µU †〉. (3.68)

From the form of the axial current of chiral symmetry, it can be shown [2], as previously

mentioned, that f is equal to the GB decay constant in the chiral limit,

〈0|Aaµ(0)|φb(p)〉 = ipµδ
abfa. (3.69)

External scalar, pseudoscalar, vector, and axial sources are included in the Lagrangian

by writing down terms involving these sources which have the same symmetry breaking

patterns as in full QCD [2]. The scalar, s, and pseudoscalar p sources are conventionally

introduced through the quantity

χ = 2B0(s− ip) (3.70)

where B0 is a constant related to the quark condensate in the chiral limit,

〈0|q̄q|0〉 = −f 2B0 +O(mq), (3.71)

where q = u, d, s [66]. The effect of this term on the masses of the pseudoscalar mesons

will be discussed in the next section. The vector and axial sources are defined through

linear combinations of left- and right-handed sources, lµ and rµ. These sources enter into

the Lagrangian via the associated covariant derivatives and external field field-strength

tensors. For any object, A which transforms in the same manner as U under SU(3)L,R,

as in Eq. 3.60, the covariant derivative is defined in terms of the left- and right-handed
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sources, lµ and rµ respectively, as

DµA ≡ ∂µA− irµA+ iAlµ. (3.72)

Furthermore, due to the fact that the chiral Lagrangian contains arbitrarily high powers

of derivatives we also require the field strength tensors Lµν and Rµν ,

Lµν = ∂µlν − ∂νlµ − i[lµ, lν ], (3.73)

Rµν = ∂µrν − ∂νrµ − i[rµ, rν ] (3.74)

which are traceless since 〈lµ〉 = 〈rµ〉 = 0. The complete form of the most general, locally

invariant, effective Lagrangian at lowest order in the chiral series, L2 is given by [66]

L2 =
f 2

4
〈DµUD

µU †〉+
f 2

4
〈χU † + Uχ†〉. (3.75)

3.6 Coupling to External Vector Currents and Chiral Ordering

The description of QCD plus its coupling to electromagnetism is given by a Lagrangian

with external sources, specifically in this case with only external vector sources vµ = eQAµ

and external scalar source s =M where e is the electromagnetic charge of the proton, Q

is the quark charge matrix,

Q =


2/3 0 0

0 −1/3 0

0 0 −1/3

 (3.76)
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Aµ is the electromagnetic field, and M is the quark mass matrix2

M =


mu 0 0

0 md 0

0 0 ms

 . (3.78)

The axial and pseudoscalar sources in this case can be set equal to 0. With only vector

sources, the covariant derivative is

DµU ≡ ∂µU − i[vµ, U ]. (3.79)

Since the sources enter in the same way as the standard derivative, they are counted as

O(q) in the chiral counting. The vector field strength tensor, F µν , is defined by

Fµν = ∂µvν − ∂νvµ − [vµ, vν ] (3.80)

and hence is to be treated, for consistency, as O(q2) in the chiral counting. As for the

chiral order of the external scalar source terms, in the absence of a pseudoscalar source,

p = 0 and setting the scalar source equal to the quark mass matrix s =M, we have

χ = 2B0M (3.81)

and the second term in the lowest order effective chiral Lagrangian, Eq. 3.75, becomes

f 2

2
B0〈M(U + U †)〉 = (mu +md +ms)B0f

2 − 1

2
B0〈Mφ2〉+O(φ4) (3.82)

2For the purposes of this thesis, it is relevant to note that, in general, the QCD operator for the u and
d masses, muūu+mdd̄d, can be re-written in the form(

mu +md

2

)
(ūu+ d̄d) +

(
mu −md

2

)
(ūu− d̄d) . (3.77)

The first term, which is proportional to the average of the u and d masses, m̂ = (mu +md)/2, has isospin
I=0, while the second, which survives only when mu 6= md, has isospin I=1. It is this second term which
is responsible for SIB.
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where U and U† have been expanded in powers of φ, the pseudoscalar octet matrix. The

second term, being quadratic in the pseudoscalar fields, determines the masses of the these

fields. Performing the trace, one finds

〈Mφ2〉 =2(mu +md)π
+π− + 2(mu +ms)K

+K− + 2(md +ms)K
0K̄0

+ (mu +md)φ3φ3 +
2√
3

(mu −md)φ3φ8 +
mu +md + 4ms

3
φ8φ8. (3.83)

From this expression one can read off the lowest-order expressions for the masses of the

pseudoscalar mesons as

m2
φ3

= B0(mu +md) (3.84)

m2
φ8

=
B0

3
(mu +md + 4ms) (3.85)

m2
π± = B0(mu +md) (3.86)

m2
K± = B0(mu +ms) (3.87)

m2
K0 = B0(md +ms) (3.88)

m2
φ3φ8

=
B0√

3
(mu −md). (3.89)

In the isospin limit, mu = md, m
2
φ3

becomes m2
π0 , m2

φ8
becomes m2

η and the off-diagonal

φ3 − φ8 element of the mass matrix disappears, i.e., there is no π0 − η mixing. The meson

squared masses are hence proportional to the quark masses and therefore to the elements

of χ. To satisfy the on-shell condition m2
φ = pφµp

µ
φ, one must, for consistency, count χ as

O(q2) in the chiral expansion. Hence the lowest-order Lagrangian at O(q2), with p = 0

and s =M, is given by

L2 =
f 2

4
〈DµUD

µU †〉+
f 2

2
B0〈M(U † + U)〉. (3.90)

A summary of the chiral order of the elements from which the effective Lagrangian is

composed is given in Table 3.3. For a set of instructive examples of the application of
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Element Chiral Order
U O(q0)
DµU O(q)
rµ, lµ, aµ, vµ O(q)
Fµν , Lµν , Rµν O(q2)
χ O(q2)

Table 3.3: Summary of Lagrangian elements and their order in the counting scheme of
ChPT [2].

ChPT at lowest-order see the discussion of pion decay, pion-pion scattering, and Compton

scattering presented in Chapter 3 of Ref. [2].

3.7 Chiral Perturbation Theory Beyond Leading-Order

The effective Lagrangian contains, in principle, an infinite number of terms with an

infinite number of free coefficient parameters to be determined from experiment. When it

comes to calculating loop processes in ChPT, the arbitrarily high orders of derivatives in the

effective Lagrangian would require the infinite set of coefficients to be renormalised. The

chiral Lagrangian is therefore not a renormalisable theory. The solution to this problem

was found by Weinberg [67] who in 1979 laid out a systematic approach to calculating

corrections beyond tree-level. The argument goes that for the Goldstone boson sector the

higher order terms in the effective Lagrangian do not renormalise the coefficients appearing

at lower order in the chiral expansion if one uses a suitable regularisation scheme, such

as dimensional regularisation (see Ref. [43] for details). Furthermore, to any fixed order

in the chiral expansion the divergences will be generated at higher order and theory acts

as though it is renormalisable. The successful renormalisation of the finite number of

lower-order coefficients is not dependent on the renormalisation of the infinite number of

higher-order ones.

Consider a diagram where the number of loops is given by L. The chiral order (or
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dimension), D, of the diagram is given by [67],

D = 2 + 2L+
∑
k

(k − 2)Nk (3.91)

where Nk is the number of vertices of O(qk). Vertices from L2 do not change the chiral

dimension, whereas higher order vertices increase D. One also finds that, in terms of the

effect upon D, the loop expansion corresponds to the chiral expansion.

As an example, at lowest-order the only contributions are those represented by tree-

level diagrams with vertices from L2. One-loop diagrams, L = 1, with vertices from L2

give D = 4. Hence in order to calculate one-loop corrections in ChPT, we are required

to know the most general NLO effective Lagrangian L4 and subsequently renormalise its

parameters to remove the divergences arising from L2.

In this work we use the form of L4 found by Gasser and Leutwyler [66]:

L4 =L1〈DµUD
µU †〉2 + L2〈DµUDνU

†〉〈DµUDνU †〉

+ L3〈DµUD
µU †DνUD

νU †〉+ L4〈DµUD
µU †〉〈χU † + Uχ†〉

+ L5〈DµUD
µU †(χU † + Uχ†)〉+ L6〈χU † + Uχ†〉2 + L7〈χU † − Uχ†〉

+ L8〈χU †χU † + Uχ†Uχ†〉+ iL9〈LµνDµUDνU † +RµνD
µU †DνU〉

+ L10〈LµνURµνU †〉+H1〈RµνR
µν + LµνL

µν〉+H2〈χ†χ〉. (3.92)

Introduced here are ten new LECs, Li, with values that must be determined from phe-

nomenology. The last two terms with coefficients H1,2 are only required for the renormali-

sation of two-point current correlators at one-loop order and since they are independent of

the Goldstone boson fields one may conclude that these terms have no phenomenological

significance. As previously mentioned, the LECs contain information about the underlying

dynamics of full QCD. If one could hypothetically change the masses of the heavy quarks

that have been integrated out, the LECs of the effective theory would also change. In

principle then, the LECs should be calculable from the full theory. However, doing so
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would require us to be able to solve QCD analytically in the non-perturbative regime and

therefore, in practice, they are fixed by experimental inputs, theoretical models, and/or

LQCD. For the latest LQCD determinations of these LECs one should consult the most

recent Flavour Lattice Averaging Group (FLAG) review (see Ref. [69]).

For two-loop diagrams involving only LO vertices the chiral dimension counting ex-

pression (Eq. 3.91) tells us the contributions will occur at sixth chiral order. This means

additional contributions from the effective chiral Lagrangian up to next-to-next-to-leading-

order (NNLO) O(q6) are needed to obtain a complete, and physically meaningful, ChPT

prediction at NNLO for any physical quantity. The full O(q6) SU(3) Lagrangian L6 in the

presence of external sources is given in Ref. [70]. It is found to contain an additional 90

independent LECs plus 4 “contact terms” that are independent of the Goldstone boson

fields in the same manner as the constants H1,2 appearing in the NLO Lagrangian. This

proliferation of coefficients is concerning as it suggests ChPT loses its predictive power

unless all the LECs are known at the order one chooses to perform a calculation. Yet not

all of the LECs will contribute to any given process. What this means is that in order to

make a prediction using ChPT, one only needs to know the specific set of LECs relevant

to the process being calculated at the chosen chiral order.

In the next chapter we shall review the calculation of the vector current correlation func-

tion in ChPT to two loop order (NNLO). In doing so we shall demonstrate the systematic

features of general ChPT analyses that have been introduced here. Recently the O(q8) chi-

ral Lagrangian has been determined [71], however calculations of the type we review in the

following chapter, while possible in principle, are not yet feasible given the sheer number of

terms. We therefore reiterate that the success of ChPT is dependent upon encapsulating

the dominant QCD processes at a finite calculable order in the perturbative low-energy

expansion, where the contribution from higher orders can be suitably parameterised by an

error.
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Chapter 4

The Isospin-Breaking Vector

Correlator

4.1 Vector Correlation Functions in Chiral Perturbation Theory

The purpose of this section is to review the ChPT calculation of the SIB vector cor-

relation function carried out by Maltman in Ref. [72]. The one-loop O(q2) calculation

is presented explicitly here to demonstrate the general procedure of loop calculations in

ChPT. Aspects of the full two-loop calculation not present in the one-loop analysis, specifi-

cally the effects of the renormalised LECs and masses, will also be discussed. The two-loop

result shall be quoted; the complete details of the calculation can be found in the main

reference given above. Separate analyses of the two-loop vector correlators in ChPT where

isospin is conserved at leading order given in Refs. [73,74] provide additional useful details

of the methodology.

The vector correlator, Πab
µν and associated scalar polarisation, Πab, are defined by

Πab
µν(q

2) = (qµqν − q2gµν)Πab(q2) = i

∫
d4xeiq·x〈0|T{V a

µ (x)V b
ν (0)}|0〉. (4.1)
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where the vector currents, V a
µ , have the form

V a
µ = q̄

λa

2
γµq (4.2)

as described in the ChPT review contained in the previous chapter. The component of the

vector correlator relevant to the HVP is the part that describes the vacuum polarisation

of the electromagnetic current. This contribution produces the hadronic correction to the

propagator of the internal photon in Fig. 2.1 represented by the shaded circle in Fig. 3.1.

The photon couples to both isoscalars (I=0) and isovectors (I=1) and the three-flavor,

light u,d, and s quark contribution to the electromagnetic current is given by

JEMµ = V 3
µ +

1√
3
V 8
µ . (4.3)

Hence the propagator for the EM current, 〈0|T{JEMµ JEMν }|0〉, can be decomposed into

four pieces: two with a = b = 3, 8 which we refer to as 33, 88, and also two with a 6= b

referred to as 38 and 83. This notation is consistent with Refs. [72, 74].

There is no leading-order, O(mu−md), SIB contribution to either of the 33 or 88 pieces

as can be made clear by the following argument. Given that the vacuum has isospin I=0,

vacuum matrix elements are only non-zero for operators (or products of operators) that

also have I=0. Note that the u-d mass-difference operator, presented in Eq. 3.77, has I = 1

and hence a non-vanishing O(mu −md) contribution to the vacuum matrix element of a

product of two currents will occur only if the product of the two currents with the mass-

difference operator has an I=0 component. This scenario is only possible if the product

of the two currents itself has an I=1 component. In the 88 case, this is impossible since

the product of two I=0 currents necessarily also has I=0. The reasoning is slightly more

complicated for the 33 case, involving the product of two I=1 currents. An I=1 object is

represented by a 3-vector, and the I=1 combination of two such I=1 objects is given by

their cross product. This cross product vanishes in the case where the two vectors being
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combined are the same, and for this reason we find that the product of the two identical

I=1 currents appearing in Π33 also has no I=1 component. In contrast, the product of

the I=1 and I=0 components of the EM current necessarily has I=1, and will therefore

combine with the I=1 O(md − mu) SIB mass-difference operator to produce a non-zero

O(md −mu) SIB contribution to Π38.

The a = b = 3, 8 parts of the polarisation function were calculated to two loops by

Amorós, Bijnens and Talavera [73]. Since in this work we are focused solely on the leading-

order SIB correction to the muon g − 2, the result of the 38 analysis in Ref. [72] provides

all we need from ChPT at two-loop order to predict the effect. Both a 6= b pieces, 38 and

83, are equivalent to each other and hence the leading-order SIB component of the vector

correlator can be obtained through just the 38 correlator. SIB effects are generated by the

a = b correlators, but these effects can be neglected since they enter beginning only at

O(mu −md)
2.

4.2 The One-Loop Calculation of the Vector Correlator Π38
µν

The one-loop diagrams that are required to be evaluated for the O(q4) vector correlator

calculation are given in Fig. 4.1. The general procedure of calculating loop diagrams for the

vector correlators in ChPT is to expand the Lagrangian to the required order in the fields,

then take functional derivatives with respect to the external vector sources vµ ≡ vaµλa/2.

The loop integrals can then be evaluated and the counterterms determined using the MS

renormalisation scheme (described in most contemporary QFT textbooks, see Ref. [43]).

The loop calculations yield standard quantities in QFT perturbation theory which are

covered in detail in Ref. [75].

We begin with the leading-order effective chiral Lagrangian, Eq. 3.90,

L2 =
f 2

4
〈DµUD

µU †〉+
f 2

2
B0〈M(U † + U)〉. (4.4)
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Figure 4.1: The one-loop graphs for Πµν . A single external vector source represented by
the incoming line to the left of each graph undergoes a transition to an outgoing external
vector source. The internal lines are pseudoscalar meson propagators, π,K, η. Lastly, the
crossed circle represents the O(q4) vertex insertion.

For the tadpole diagram, the middle diagram of Fig. 4.1, we are solely interested in

terms with two Goldstone fields coupled to two vector sources. Expanding the covariant

derivatives we find

Ltad2 =
f 2

4
Tr(−vµUvµU † − UvµU †vµ). (4.5)

Now we perform an expansion of U , keeping only terms second order in φ

Ltad2 = −f
2

4
Tr

[
1

2
vµv

µ
(−iφ
f

)2
+

1

2
vµ
(iφ
f

)2
vµ + vµ

φ

F0

vµ
φ

f
+

1

2

(iφ
f

)2
vµv

µ +
1

2
vµ
(−iφ
F0

)2
vµ +

φ

f
vµ
φ

f
vµ
]

=
1

2
Tr

[
φ2vµvµ − φvµφvµ

]
(4.6)

where the cyclic property of the trace was used repeatedly. Next we can evaluate the trace

by expressing the fields in index form,

Ltad2 =
1

2
Tr

[
λcφcλdφd

1

2
λav

µ
a

1

2
λbvb,µ − λcπc

1

2
λav

µ
aλdφd

1

2
λbvb,µ

]
=

1

8
φcφdv

µ
avb,µTr

[
λcλdλaλb − λcλaλdλb

]
=

1

8
φcφdv

µ
avb,µTr

[
λdλa[λb, λc]

]
. (4.7)
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The commutator can be evaluated using the SU(3) Lie algebra,

Ltad2 =
1

8
φcφdv

µ
avb,µTr

[
λdλa(2ifbcgλg)

]
=
i

4
fbcgφcφdv

µ
avb,µTr

[
λdλaλg

]
=
i

4
fbcgφcφdv

µ
avb,µ(2ifdag)

=
1

2
fadgfbcgφcφdv

µ
avb,µ (4.8)

where the fine structure constants fabc are totally antisymmetric in the three indices, anal-

ogous to the Levi-Civita symbol in SU(2).

fabc =



1, abc = 123, + cyclic permutations

1
2
, abc = 147, 165, 257, 345, 376, + c.p.

√
3
2
, abc = 458, 678, + c.p.

0, otherwise.

(4.9)

For the unitarity diagram, this process is repeated keeping only the terms with two

Goldstone fields coupled to one vector source. The full interaction Lagrangian needed for

the one loop calculations is given by,

Lint2 = −fabcφb∂µφcvµa +
1

2
fadgfbcgφcφdv

µ
av

ν
b . (4.10)

First we find the vertex factor. For a = 3, b = 8 the two fine structure constants in the

term,

1

2
f3dgf8cgφcφdv

µ
3 v

ν
8 , (4.11)

can only give factors of ±
√

3/4. Expanding out this term, we can write the interaction in
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terms of the physical fields via

1

2
f3dgf8cgφcφdv

µ
3 v

ν
8 =

√
3

8
(φ4φ4 + φ5φ5 − φ6φ6 − φ7φ7)v

µ
3 v

ν
8

=

√
3

4
(K−K+ − K̄0K0)vµ3 v

ν
8 (4.12)

which therefore gives rise to vertex factors of

K− K+

ν µ

=

√
3

2
igµν , (4.13)

K̄0 K0

ν µ

= −
√

3

2
igµν , (4.14)

where an additional factor of 2 in the numerator is a symmetry factor. The tadpole

contribution is then found by multiplying the vertex factors by integrals over the momenta

of the internal propagators,

Mµν
38

∣∣∣∣
tad

= i

√
3

2

[
A(m2

K+)− A(m2
K0)
]
gµν , (4.15)

where the loop integral

A(m2) =

∫
ddq

(2π)d
1

q2 −m2
(4.16)

is evaluated using the standard method of dimensional regularisation1. In the isospin

limit, md = mu, the charged and neutral kaon masses are the same and cause the tadpole

amplitude to vanish. Similarly for the unitarity graphs, the amplitude vanishes in the equal

1Dimensional regularisation was introduced by ’t Hooft and Veltman in Ref. [76] and is covered in most
standard introductory QFT texts, see Chapter 7 of Ref. [43].
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mass limit, which we can show by first considering the vertices that arise from the term

−fabcφb∂µφcvµa

which in momentum space introduces a factor of momentum of the Goldstone fields, ∂µ →

iqµ.

vµ3

K+

K−

= − i
2

(q + q′)µ (4.17)

vµ3

K̄0

K0

= − i
2

(q + q′)µ (4.18)

vν8

K+

K−

= −i
√

3

2
(q + q′)ν (4.19)

vν8

K̄0

K0

= −i
√

3

2
(q + q′)ν (4.20)

where q and q′ label the incoming and outgoing loop momenta respectively. The unitarity
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amplitude is then given by,

Mµν
38

∣∣∣∣
uni

=− i
√

3

4

[ ∫
ddq

(2π)d
(2q − k)µ

q2 −m2
K+

(2q − k)ν

(q − k)2 −m2
K+

−
∫

ddq

(2π)d
(2q − k)µ

q2 −m2
K0

(2q − k)ν

(q − k)2 −m2
K0

]
= −i

√
3

4

[
T µν(m2

K+)− T µν(m2
K0)
]

(4.21)

where dimensional regularisation has again been used and, in the regularisation method,

T µν consists of four quantities

T µν = 4Bµν + qµqνB − 2qµBν − 2qνBµ

= 2A(m2)gµν + (qµqν − q2gµν)
(
A(m2)

3m2
+ 4B̄21(q

2,m2)

)
(4.22)

where the expressions for Bµν , Bµ, B are

{B,Bµ, Bµν} ≡
∫

ddk

(2π)d)

{1, kµ, kµkν}
[k2 −m2][(k − q)2 −m2]

(4.23)

and B̄21 is

B̄21(m
2, q2) =

1

12

(
1− 4m2

q2

)
B̄(m2, q2)− i

576π2
(4.24)

where B̄ is the subtracted function

B̄(m2, q2) = B(m2, q2)−B(m2, 0). (4.25)

There are no contributions to the 38 correlator from the counterterm diagram on the

right hand side of Fig. 4.1. Such a diagram would be generated by terms in L4 that contain

two external vector sources only. The only terms where this configuration is possible are

those with coefficients L10 and H1 in L4 which contain, for our purposes where we consider
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external vector sources only, the vector field strength tensors,

Fµν = ∂µvν − ∂νvµ − i[vµ, vν ]. (4.26)

The quark mass matrixM does not appear at all in these terms and it is therefore evident

that there is no L4 LEC contribution to the leading-order IB 38 correlator which we know

must consist of terms proportional to the quark mass difference (md−mu) at leading-order.

Hence the full 38 vector correlator at next-to-leading order is found to be the sum of the

expressions in Eqns. 4.15 and 4.21,

Π38
µν(q

2) = i

√
3

4
(qµqν − q2gµν)(T1(K0)− T1(K+)), (4.27)

where

T1(m
2, q2) =

[
4B̄21(m

2, q2) +
A(m2)

m2
+O(d− 4)

]
(4.28)

It is noted that this result is finite and independent of the renormalisation scale, µ. These

facts are pointed out in Ref. [72] and are straightforward to see from the expressions.

The 38 correlator to two-loops O(q6)

The result of the complete two-loop calculation for the scalar correlator, Π38
µν = (qµqν −

q2gµν)Π
38 is given by equation 3.19 of Ref. [72],

Π38(q2) =

√
3

4
(M2

K0 −M2
K+)QCD

[
− 2iB̄(M̄2

K , q
2)

q2

×
(

1 +
2q2

f 2

[
2Lr9 − i(B̄21(M

2
π , q

2) + B̄21(M̄
2
K , q

2)− 1

192π2
log

M2
πM̄

4
K

µ6

])
− Lr9 + Lr10

2π2f 2

(
1 + log

M̄2
K

µ2

)
+

16

3f 2
Q̂r

]
. (4.29)

where (M2
K0 −M2

K+)QCD is the non-EM contribution to the kaon mass-squared splitting,

M̄2
K is the average of the non-EM portion of the physical neutral, K0 and charged, K+,
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kaon masses-squared, Lr9 and Lr10 are low energy constant from the next-to-leading order

chiral Lagrangian, L4, Q̂
r is the tree-level LEC at O(q6), and µ is the mass scale in the MS

renormalisation scheme. Typically in ChPT a scale corresponding to the light resonances

is used since these are degrees of freedom that were integrated out with the rest of the

heavy fields in the formulation of the chiral Lagrangian.

An important feature of this expression concerns the squared masses appearing inside

the loop integral functions. As discussed in the original paper, the masses which appear

in the O(q4) expression can be recast as the difference between the radiatively-corrected

(one-loop) masses, M2
K+,0 , and the O(q4) corrections, ∆K+,0

m2
K+,0 = M2

K+,0 + ∆K+,0 . (4.30)

In the two-loop amplitudes, the lowest order expressions for the meson masses can be

set to M2
K+,0 since the error occurs at higher order. For the one-loop amplitudes, this

substitution leads to cancellation with terms generated by the tree-level O(q6) diagram

and a simplification of the overall expression. This is also discussed in the context of the

33 and 88 correlators in Ref. [74]. Afterwards M2
K+,0 are set to the physical kaon masses.

Another salient feature of the expression presented here is the presence of the renor-

malised counterterms, Lr10 and Lr9 from L4, and the O(q6) LEC Q̂r, which is proportional

to what is referred to in the contemporary literature as C61 (see Refs. [77,78]). The O(q6)

LEC is seen to generate significant corrections to the 38 correlator, raising the possibility

that the chiral series for the correlator may not be well-converged at NNLO. This is an

aspect of the chiral prediction which can be investigated through application to the muon

g − 2. By comparing the ChPT prediction of the leading-order SIB contribution to the

muon g − 2, obtained from this correlator by a process that will be detailed in a subse-

quent chapter, one can analyse the extent to which the NNLO ChPT prediction captures

the dominant low-energy hadronic physics and therefore make predictions about the size

of corrections from higher order in the chiral expansion.
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Chapter 5

Results

5.1 Formulation of the Leading-Order Hadronic Vacuum Polar-

isation Contribution to the Muon g − 2

The leading order, O(α2), hadronic vacuum polarisation (LO-HVP) contribution to the

anomalous magnetic moment of the muon, aµ = (g − 2)/2, is given in the Euclidean

momentum-squared, Q2, formulation by a weighted integral of the subtracted photon vac-

uum polarisation function, Π̂(Q2) = Π(Q2) − Π(0). The expression, which represents the

contribution shown in Fig. 3.1 is

aLO−HV Pµ = −4α2

∫ ∞
0

dQ2f(Q2)Π̂(Q2) (5.1)

where α is the electromagnetic fine structure constant, and f(Q2) is an exactly known

kernel which diverges as 1/
√
Q2 as Q2 → 0. Explicitly,

f(Q2) =
m2
µQ

2Z3(1−Q2Z)

1 +m2
µQ

2Z2
(5.2)

where

Z = −
[
Q2 − (Q4 + 4m2

µQ
2)1/2

2m2
µQ

2

]
. (5.3)
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As discussed in the previous chapter, the HVP is evaluated by calculating the correlation

function of the product of vector currents, 〈0|JEMµ JEMν |0〉. This product is composed of

pieces denoted 33, 88, 38 and 83, where the labels 3 and 8 specify the I=1 and I=0 parts

of the EM current respectively. In the previous chapter the 33 and 88 parts of the EM

correlator were shown to receive no O(mu −md) SIB contributions, so the leading order,

O(mu − md), SIB contributions are due entirely to the the 38 and 83 pieces, which are

identical, and equal to 〈0|V 3
µ V

8
ν |0〉. We justify ignoring terms that are higher order in

md −mu by assuming the u-d quark mass difference is small and thus that higher order

SIB contributions may be safely neglected. The resulting (leading-order) SIB component

of the photon vacuum polarisation is then

ΠSIB(q2) =
2√
3

Π38(q2) (5.4)

where the factor of 2 comes from adding together the equivalent 38 and 83 scalar correlators

and the 1/
√

3 comes from the vector current composition of the electromagnetic current

given by Eq. 4.3.

The first step towards finding the SIB contribution to the LO-HVP component of aµ

is to take the two-loop expression for the polarisation function Π38(q2) from Ref. [72] and

rewrite it in terms of the Euclidean momentum-squared, Q2 = −q2. The result is

Π38(Q2) =

√
3

4
(M2

K0 −M2
K+)QCD

[
2iB̄(M̄2

K , Q
2)

Q2

(
1−

2Q2

f 2

[
2Lr9(µ)− i(B̄21(M

2
π , Q

2) + 2B̄21(M̄
2
K , Q

2)− 1

192π2
log

M2
πM̄

4
K

µ6

])
− Lr9(µ) + Lr10(µ)

2π2f 2

(
1 + log

M̄2
K

µ2

)
+

16

3f 2
Q̂r(µ)

]
. (5.5)

This polarisation function is independent of µ, as it should be, provided the values used

for the scale-dependent LECs Lr9(µ) and Lr10(µ) are those corresponding to the µ used in

the log terms in this expression. In this work, we perform our analysis using the scale

µ = mρ = 770 MeV. The definition of the auxiliary functions B̄21(M
2, Q2) presented in

57



0 1 2 3 4 5 6 7 8 9

0

1

2

3

4

5

6
10

-3

Figure 5.1: The loop integral function iB̄ plotted in units of Q2/m2
µ. The blue line shows

the exact form whereas the red line plots the low-Q2 approximation given by Eq. 5.9.

the previous chapter contains the subtracted loop integral function

B̄(M2, Q2) = − i

16π2

∫ 1

0

log
(
1 +Q2x(1− x)/M2

)
(5.6)

which also appears explicitly in Eq. 5.5 and has an explicit analytical form in the region

Q2 > 0 given by

B̄(M2, Q2) =
i

8π2

[
1−

√
1 + 4M2/Q2 tanh−1

(
1√

1 + 4M2/Q2

)]
. (5.7)

The Euclidean momentum-squared formulation of aHV Pµ requires the SIB polarisation to

be written in the subtracted form,

Π̂SIB(Q2) = ΠSIB(Q2)− ΠSIB(0), (5.8)

and therefore one must determine an expression for Π38(0). This can be accomplished

using the fact that the loop integral function B̄(M2, Q2) can be written as an expansion

58



in powers of Q2/M2,

B̄(M2, Q2) = − i

96π2

Q2

M2
+

i

960π2

Q4

M4
− i

6720π2

Q6

M6
+ .... (5.9)

where Fig. 5.1 shows a comparison of the original function and the low-energy expansion.

From this expression one finds that the corrections which appear on the second and third

lines of Eq. 5.5 vanish in the Q2 → 0 limit. Applying the same method of expanding about

the Q2 = 0 limit of the remaining B̄(M̄2
K , Q

2) in the first line of Eq. 5.5 we find that the

polarisation function reduces to a constant term given by

Π38(0) =

√
3

4
(M2

K0 −M2
K+)QCD

[
1

48π2M̄2
K

]
. (5.10)

The subtracted 38 polarisation function at two loops, found by subtracting this constant

from the expression for Π38(Q2) is given by

Π̂38(Q2) =

√
3

4
(M2

K0 −M2
K+)QCD×[

− 1

48π2M̄2
K

+
2iB̄(M̄2

K , Q
2)

Q2

{
1−

2Q2

f 2

(
2Lr9(µ)− i(B̄21(M

2
π , Q

2) + 2B̄21(M̄
2
K , Q

2))− 1

192π2
log

M2
πM̄

4
K

µ6

)}]
.

(5.11)

which vanishes, by construction, at Q2 = 0. One additionally finds that the subtracted

polarisation function diverges logarithmically as Q2 →∞.

SIB appears in this expression through the QCD mass-squared splitting of the neutral

and charged kaons which is proportional to md−mu at leading order in ChPT. The isolation

of the leading order SIB component of the photon vacuum polarisation at Euclidean Q2

leads us directly to an expression for the leading order SIB contribution to the value of aµ,

aSIBµ = −4α2

∫ ∞
0

dQ2f(Q2)Π̂SIB(Q2) (5.12)
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Figure 5.2: The integrand of Eq. 5.12 shown for values of Q2 up to 0.1 GeV2. The dashed
vertical line is a marker at the position Q2 ∼ (mµ/2)2, showing that the peak is in the
typical position set by the mass of the muon.

where Π̂SIB(Q2) is the subtracted Euclidean form of Eq. 5.4,

Π̂SIB(Q2) =
2√
3

Π̂38(Q2) (5.13)

A plot showing the behaviour of the resulting integrand in Eq. 5.12 is given in Fig. 5.2.

5.2 Numerical Method

A Romberg integration routine based upon successive iterations of the trapezoidal rule

is used to evaluate aSIBµ . ChPT is only valid in the low-Q2 regime and it is therefore

unreasonable to trust results obtained by integrating to arbitrarily high values of Q2.

Hence we are required to cut off the integration at some upper limit Q2
max reflecting our

confidence in the validity of the ChPT prediction. The method employed here is to carry

out the integration over a range of values for Q2
max up to m2

η ∼ 0.3 GeV2 since the η

meson has the largest mass of the degrees of freedom retained by the SU(3) effective chiral

Lagrangian after the heavy fields were integrated out. Therefore we expect ChPT to
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produce sensible results at momentum scales corresponding to, but not greater than, mη.

In comparison, we would not expect results from an analysis using integration cutoff at

the scale of the lightest resonances, m2
ρ ' 0.6 GeV2, to be reliable.

The integration is possible the entire way down to Q2 = 0 despite the divergence of the

electromagnetic kernel, f(Q2). To see this, one may take the limit of the functions within

both the kernel and the polarisation function as Q2 → 0, keeping only the leading order

terms.

lim
Q2→0

Z =
1

mµ

√
Q2
− 1

2m2
µ

+O(
√
Q2) (5.14)

≈ 1

mµ

√
Q2
. (5.15)

lim
Q2→0

f(Q2) =
1

2mµ

√
Q2
− 1

2m2
µ

+O(
√
Q2) (5.16)

≈ 1

2mµ

√
Q2

for
√
Q2 � mµ. (5.17)

In doing so one finds that to leading order in Q2 the expression for the full integrand is

given by

−4α2f(Q2)Π̂SIB(Q2) =− α2

mµ

(M2
K0 −M2

K+)QCD

[
− 1

480π2

√
Q2

M̄4
K

− 1

24π2f 2

√
Q2

M̄2
K

(
2Lr9 −

1

64π2
− 1

192π2
log

M2
πM̄

4
K

µ6

)]
+O((Q2)3/2).

(5.18)

It is clear from this expression that the integrand vanishes in the Q2 → 0 limit. The

integrand written in this form is used to handle the divergence of f(Q2) in the numerical

method by using it in place of the full expression at suitably small values of Q2.
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5.3 Input Parameters and the SIB Contribution to the Kaon

Mass Splitting

In this work we use the following values for the low energy constants (LECs) of ChPT

appearing in our expression:

Lr9(770) = 5.93(43)× 10−3, (5.19)

from Ref. [79], and

f = 80.3(2.5)(5.4) MeV (5.20)

from Ref. [80].

In order to obtain the numerical input value of the QCD mass-squared splitting of the

kaons we need to subtract the electromagnetic contribution. In the SU(3) chiral limit this

can be done using Dashen’s theorem, an SU(3) chiral limit result which states that

(M2
π+ −M2

π0)EM = (M2
K+ −M2

K0)EM . (5.21)

This relation receives corrections away from the chiral limit, which are conventionally

parameterised by a constant, ε, defined by

ε =
(M2

K+ −M2
K0)EM − (M2

π+ −M2
π0)EM

(M2
π+ −M2

π0)
. (5.22)

Since the mass-squared splitting of the pions does not receive O(md −mu) corrections we

can use (M2
π+ − M2

π0)EM = (M2
π+ − M2

π0) to rewrite this expression to leading order in

isospin breaking as

ε =
(M2

K+ −M2
K0)EM

(M2
π+ −M2

π0)
− 1. (5.23)

The kaon mass-squared splitting in QCD can be written as the difference of the kaon
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physical and electromagnetic mass-squared splittings,

(M2
K0 −M2

K+)QCD = (M2
K0 −M2

K+)− (M2
K0 −M2

K+)EM . (5.24)

By substituting Eq. 5.23 into this expression, the QCD kaon mass-squared splitting can

be rewritten in the form

(M2
K0 −M2

K+)QCD = (M2
K0 −M2

K+)− (1 + ε)(M2
π0 −M2

π+) (5.25)

and hence the value used in our analysis is found directly from the observed pion and kaon

masses, and the Dashen’s theorem violation parameter ε.

From the 2019 FLAG review [69], the value of ε is determined, in the renormalisa-

tion scheme chosen there to define the separation of the strong and EM isospin-breaking

contributions, to be

ε = 0.79(7). (5.26)

For the remaining masses appearing in Eq. 5.11 we have used the values given in Ref. [81],

using that same convention

M̄K = 494.2(5) MeV, Mπ = 134.8(3) MeV. (5.27)

5.4 NNLO Prediction: Results and Discussion

From our calculations we find a leading-order SIB contribution to the muon’s anoma-

lous magnetic moment at NNLO in the chiral expansion of

aSIBµ

∣∣∣∣
NNLO

= 0.82(12)× 10−10. (5.28)
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where the error is determined by the adding in quadrature the 1σ contributions to the value

of aSIBµ of f , Lr9 and ε. Estimations from the ratio of the u−d mass difference to the QCD

scale predict the size of SIB effects to be at (md −mu)/ΛQCD ∼ 1% of the total hadronic

contribution. Taking the result of the current best dispersive analysis determination of the

LO-HVP [55], since this quantity dominates the hadronic contribution, one expects SIB

effects at the ∼ 7× 10−10 level. However, the NNLO ChPT result predicts the scale of SIB

effects to be at the 0.1% level.

The most precise determination of the SIB contribution to aµ from LQCD to date is the

2019 result published by the ETM collaboration [9]. In that study, employing the same

strong-EM separation scheme employed by FLAG, the SIB contribution was found to be

[
aSIBµ

]
ETM

= 6.0(2.3)× 10−10 (5.29)

which matches the order of the phenomenological prediction and is consistent with the

results of two earlier, less precise lattice determinations, aSIBµ = 10.6(8.0) × 10−10 from

the RBC/UKQCD collaboration [10, 11] and 9.0(4.5) × 10−10 from the Fermilab Lattice,

HPQCD, and MILC Collaborations [12].

The NNLO ChPT prediction is small, at just 14% of the ETM determination, and

therefore further analysis is required in order to understand the cause of the discrepancy

found in comparison with the Lattice results. One can immediately rule out the systematic

integration cutoff used in the numerical analysis of Eq. 5.12. At Q2
max = m2

η we are already

at the upper limit of confidence in the predictive ability of SU(3) ChPT. Furthermore, if

one were to increase the cutoff, for example, to the scale of the ρ resonance, well beyond

the domain of validity of ChPT, the NNLO prediction would still remain far below the

level required for consistency with the ETM determination. This comprehensively rules

out the possibility that a plausible higher integration cutoff scale exists that would produce

a result which resolves this discrepancy.

Critiquing the extent to which our NNLO ChPT prediction encapsulates the bulk of
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Figure 5.3: NNLO ChPT results for aSIBµ as a function of the integration cutoff Q2
max up

to m2
η. The error band is generating by repeating the analysis and allowing the quantities

associated with the most significant uncertainties (f , Lr9, ε) to vary within their ±1σ error
ranges.

the relevant physical processes in the SIB contribution, there is good evidence to support

the conclusion that our NNLO expression in Eq. 5.11 has important shortcomings. If one

studies Maltman’s expression for Π38(q2) in Eq. 4.29 then it can be seen that the NNLO

contribution is larger than the NLO one. Furthermore, given the increase in size between

the NLO and NNLO contributions, there remains the potential for even higher order con-

tributions to be significant relative to those already calculated. While an order-by-order

size comparison is at this stage insufficient justification of a convergence argument, one

should immediately note the absence of the NNLO LEC referred to as Q̂r in Maltman’s

calculation (proportional to C61 in the contemporary convention) in the subtracted ex-

pression given here by Eq. 5.11. The term involving this constant in the unsubtracted

expression represents the major contribution to the overall size of the vacuum polarisation.

The absence of this contribution in the NNLO ChPT representation of the subtracted po-

larisation means this representation misses contributions from the heavy degrees of freedom

that were integrated out in the formulation of the effective Lagrangian.

It is also worth considering the physics encoded in the term proportional to the NLO
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LEC Lr9 in the NNLO expression. This O(q4) LEC is associated with the pion form factor

for which a ChPT description is available and has the form, at one loop, [66]

Fπ(q2) = 1 +
2Lr9(µ)

f 2
π

q2 − q2

96π2f 2
π

[
A
(m2

π

q2
,
m2
π

µ2

)
+

1

2
A
(m2

K

q2
,
m2
K

µ2

)]
(5.30)

where

A
(m2

q2
,
m2

µ2

)
= ln

(
m2/µ2

)
+

8m2

q2
− 5

3
+ (1− 4m2/q2)3/2 ln

√
1− 4m2/q2 + 1√
1− 4m2/q2 − 1

. (5.31)

The contribution of the vector meson ρ dominates the pion form factor. Using a chiral

effective theory which is extended to include the octet of lightest vector resonances, a

corresponding expression for the pion form factor is given by

F (q2)V = 1 +
FVGV

f 2
π

q2

m2
ρ − q2

. (5.32)

This offers an O(q4) prediction for the LEC Lr9 [82]

Lr9 =
f 2
π

2m2
ρ

∼ 7.2× 10−3 (5.33)

which is a reasonable approximation to the result, Lr9 = 5.93× 10−3, obtained in Ref. [79]

and used in this work. The domination of the ρ contribution shown here is consistent with

our expectation that the LECs in the chiral expansion beyond leading order are saturated

by the effects of the heavy fields and will therefore play a dominant role in aSIBµ . The

resonances in the ρ region contribute to the SIB correction through ρ-ω mixing (discussed

in section 5.7), though we should emphasise that the contributions from a range of yet-

heavier degrees of freedom present in the full QCD theory also, in principle, contribute to

aSIBµ .

Despite this appearance of physics from full QCD in the NNLO prediction through the

presence of the term proportional to Lr9, this contribution is suppressed at NNLO through
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multiplication by the loop function B̄(M̄2
K , Q

2). This corresponds to the embedding of

the SIB resonance physics within a loop diagram rather than as a single vertex in the

effective theory. A specific example of what is missing is a representation of the effect of

ρ−ω mixing, which, in the full and effective theories would be represented by the following

diagrams:

ρ ω −→

where the circle in the diagram explicitly containing ρ and ω represents the mixing of

the two mesons, while the black square is the corresponding effective vertex encoding this

contribution at some higher order in ChPT. We expect such a term to arise at higher order

in the chiral Lagrangian and to generate a significant correction to the NNLO prediction.

Our analysis in the following sections validates this statement predicated on assumptions

laid out therein.

5.5 Inclusion of Effects at NNNLO in the Chiral Expansion

The dominant contribution to the full leading-order hadronic part of the anomalous

magnetic moment, aLO−HV Pµ , comes from the broad ρ resonance. Based on the discussion

above, we also expect an important contribution to aSIBµ to come from ρ-ω mixing. How-

ever, since the ρ and ω were integrated out in constructing the effective chiral Lagrangian,

there are no explicit appearances of such a ρ-ω mixing contribution in the NNLO prediction

of the isospin breaking vector correlator. The effects of the heavy fields are condensed into

the LECs of the chiral expansion and therefore the success of our prediction is crucially

dependent on capturing the most significant of the LECs relevant to SIB in Π̂38(Q2).

The extent to which our ChPT prediction encompasses the LECs of greatest significance

concerns the convergence of the chiral series at NNLO. In Ref. [72] it was shown that the

NNLO piece of Π38(q2) is greater in size than the NLO piece, even more so in the unsub-

tracted version, where the term proportional to the O(q6) LEC Q̂r (∝ C61) is numerically

67



dominant. As previously mentioned, Q̂r drops out when we go to the subtracted form of

the polarisation function. Whilst one is unable to determine the convergence of the chiral

series by solely comparing the relative sizes of the NLO and NNLO contributions, it is very

likely from both the lack of O(q6) LECs and the discrepancy between our NNLO prediction

for aSIBµ and those of the aforementioned LQCD studies that even at two-loops ChPT does

not offer a successful description of the dominant SIB processes.

It is not currently possible to extend our analysis to a full NNNLO evaluation of Π38(q2).

We may, however, follow the assumption made in Ref. [83] that for a typical resonance

region choice of ChPT renormalisation scale such as µ = mρ the NNNLO contribution

will be dominated by its tree-level components. With this assumption, we can identify the

most significant piece of the full NNNLO contribution and use it to enhance our current

prediction. This approach has also been previously employed in continuum and lattice

chiral analyses.

In Ref. [83], the NNNLO LEC we require was determined using inverse-moment finite-

energy sum rule (IMFESR) analyses of the flavour ud and us vector current two-point

functions. The IMFESRs in question employed weights of the form w(s)/s2 with w(s) a

polynomial, and hence analytic for all s. The products Πud,us;V w(s)/s2 are integrated over

the IMFESR contour consisting of a line extending from s = s0 to 0 along the bottom

of the physical cut in the ud, us polarisations, a line from 0 to s = s0 above the same

cut, closed by the circle |s| = s0. The contributions to the contour integral from the

integrals along the two sides of the physical cut are determined using hadronic τ decay

data and the contribution from integral around the circle by using the operator product

expansion for the ud and us polarisations. Since the only singularity inside this resulting

closed contour is that produced by the 1/s2 factor, the results obtained in this way for the

full contour integral, allow one to determine the derivatives of Πud,us;V (Q2) with respect

to Q2 at Q2 = 0. These derivatives have NNLO ChPT representations involving known

masses, known NLO LECs, and a term 8Cr
93, involving the NNLO LEC Cr

93 [73]. Cr
93 can
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thus be determined independently from both the ud and us IMFESRs. Were the NNLO

representations to be well converged, these two values should be in good agreement. The

fact that they are not [83] implies the existence of non-negligible NNNLO contributions to

the representation of one or both of Πud;V and Πus;V . As pointed out in Ref. [83], there are

only two possible terms in the NNNLO effective Lagrangian that would produce NNNLO

contributions to Πud;V and Πus;V . only one of which contributes to the difference between

the slopes with respect to Q2 at Q2 = 0 of these two polarisations. Ref. [83] introduced

two NNNLO LECs δC
(1)
93 and δC

(2)
93 to parameterise the NNLO tree-level contributions to

these slopes. Of these, it is δC
(1)
93 which contributes to the difference of the flavor ud and

us slopes. The relevant quark-mass-dependent NNNLO term in the chiral Lagrangian is

L8 ∼ δC
(1)
93 〈U †χOL,93 + χU †OR,93〉 (5.34)

where

OL,R 93 = DρFL,RµνD
ρF µν

L,R . (5.35)

Since we are interested only in vector current two-point functions, we can readopt the

formulation of ChPT in the presence of external vector sources only used in calculating

Π38 by setting `µ = rµ = vµ in the expressions for F µν
L , F µν

R and the covariant derivative

Dµ.

The resulting expression simplifies in momentum space. With χ = 2B0M and (since

we are interested only in the NNNLO contribution produced by this term) the operator

U † expanded only to leading order, at which it is simply the unit matrix, we find

L8 ∼ 4q2δC
(1)
93 (qµqν − gµνq2)〈2B0Mvµvν〉. (5.36)

From here one takes derivatives with respect to v3σ and v8λ to find the contribution to the

σλ part of the 38 vector correlator. The resulting contribution to the vacuum polarisation

69



Π38 in terms of Euclidean Q2 is

[Π38(Q2)]NNNLO = − 8Q2

2
√

3
δC

(1)
93 (M2

K0 −M2
K+)QCD. (5.37)

Converting this result to the SIB part of the electromagnetic current polarisation finally

leaves us with an NNNLO correction to our earlier result of

[ΠSIB(Q2)]NNNLO = −8Q2

3
δC

(1)
93 (M2

K0 −M2
K+)QCD. (5.38)

The complete new NNLO plus tree-level NNNLO expression for the SIB component of

the electromagnetic vacuum polarisation is given by

Π̂SIB(Q2) =
1

2
(M2

K0 −M2
K+)QCD×[

− 1

48π2M̄2
K

+
2iB̄(M̄2

K , Q
2)

Q2

{
1−

2Q2

f 2

(
2Lr9(µ)− i(B̄21(M

2
π , Q

2) + 2B̄21(M̄
2
K , Q

2))− 1

192π2
log

M2
πM̄

4
K

µ6

)}
16

3
Q2δC

(1)
93

]
(5.39)

The results for aSIBµ for this prediction are shown in Fig. 5.4 where for the numerical

value of δC
(1)
93 we use the result denoted ‘ACLP’ from Eq. (4.15) in Ref. [83]1

δC
(1)
93 = 0.0239 (27) GeV−4. (5.40)

1Two possible results are quoted for δC
(1)
93 in Ref. [83], differing in their choice of experimental us

hadronic τ decay input. Since the original publication, new BaBar results for τ− → K−π0ντ have produced
a reassessment of the HFLAV result for this branching fraction [84]. According to the authors of Ref. [83],

this new result resolves the previous two-fold determination of δC
(1)
93 in favour of the ‘ACLP’ result.
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Figure 5.4: Results for the NNLO plus tree-level NNNLO prediction at values of the
integration cutoff Q2

max up to m2
η.

5.6 NNLO plus Tree-Level NNNLO Results

At the cutoff Q2
max = m2

η our NNLO plus tree-level NNNLO (TL-NNNLO) ChPT pre-

diction for the SIB contribution to aµ is

aSIBµ

∣∣∣∣
NNLO+(TL)NNNLO

= 3.61(33)× 10−10 (5.41)

where the error is determined by summing in quadrature the 1σ error contributions to

aSIBµ of the leading uncertainties in the NNLO expression, those of Lr9, f , and the Dashen’s

theorem violation parameter ε, and the NNNLO uncertainty from δC
(1)
93 . This result is

within 1σ of the error bar of the aforementioned most precise Lattice determination of

aSIBµ by the ETM collaboration.

Our results for the ChPT prediction extended to include the tree-level NNNLO LEC

δC
(1)
93 reveal that ChPT receives significant corrections to the leading-order SIB compo-

nent of the EM vacuum polarisation beyond NNLO. As expected the uncertainty in our

determination is similarly dominated by the NNNLO LEC. Fig. 5.5 overlays error bands
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(c) (d)

Figure 5.5: Comparison of the size of the largest NNLO uncertainties with that produced
by the uncertainty in δC

(1)
93 . (a) The NNLO plus tree-level NNNLO results showing the

error band arising from the uncertainty in the value of δC
(1)
93 only. In the remaining plots

this is compared to (b) the error band for our value of Lr9 and results using the central
values of Lr9 from JLQCD 15A [4] and RBC/UKQCD 08A [5] (c) the error band for f and
results using the central values of f from JLQCD/TWQCD 10A [6], PACS-CS 08 [7], and
RBC/UKQCD [8] (d) the error band for ε of Eq. 5.21.

associated with the leading uncertainties in the NNLO expression, specifically those in Lr9,

f , and ε, with the error band associated with the uncertainty in δC
(1)
93 . In addition results

are shown using alternate determinations of the parameters Lr9 and f given in the 2019

FLAG review [69]. Where groups have recorded multiple values for these constants, the

most recent was chosen. In the case of ε, the FLAG review presents a result which averages

the determinations by RM123 17 [85] and BMW 14 [86], and we therefore present the error

band associated with the average, rather than the separate results.

The analyses using the RBC/UKQCD values returned results slightly outside the δC
(1)
93 ±

1σ error band in both the Lr9 and f cases (plots (b) and (c) of Fig. 5.5). In Fig. 5.6 the

separate analyses using the RBC/UKQCD values are plotted with 1σ error bands which
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Figure 5.6: The 1σ error bands associated with the RBC/UKQCD 08/08A determinations
of the constants Lr9 and f . The error bands are shown for separate analyses using only one
of either the RBC/UKQCD values for Lr9 and f . Also shown are the results using both
RBC/UKQCD input values (red line).

are found to overlap with the δC
(1)
93 ± 1σ region. Also plotted is the result of an analysis

using the RBC/UKQCD values for both f and Lr9. This result was found to lie well inside

the δC
(1)
93 ± 1σ region.

These plots demonstrate the dominance of the uncertainty in δC
(1)
93 in the overall error of

the NNLO plus tree-level NNNLO prediction. In the next section we interpret this finding

by considering the nature of the dominant SIB processes and the role of resonance physics

in the effective chiral framework.

5.7 Interpretation of the NNNLO Contribution

It is known that the LECs of ChPT at NLO, evaluated at a renormalisation scale µ ' mρ,

are saturated by contributions from the lowest energy resonances [87, 88]. As previously

discussed, the effects of ρ-ω mixing are expected to play an important role in determining

the SIB component of the LO HVP. Precision measurements of the pion form factor,

Fπ(s), arising from studies of the e+e− → π+π− process (Fig 5.8) offer experimentally
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Figure 5.7: Error bands for the NNLO plus tree-level NNNLO result from (blue) the

uncertainty in δC
(1)
93 , and (red) the combined ±1σ for δC

(1)
93 , f, L

r
9, ε, where the band limits

are set by the maximum/minimum 1σ values of these quantities.

accessible data on this mixing phenomenon. Interest in the experimental determination of

Fπ(s) has been fueled by the dominance of the ππ contribution to the HVP in dispersive

determinations of the LO-HVP contribution to aµ. Furthermore, isospin breaking in the

resonance region is important to studies of charge symmetry breaking in theNN interaction

[89].

e−

e+

π−

π+

Figure 5.8: The pion form factor (shaded circle) in the e+e− → π+π− interaction.

There exist a range of models describing the ρ-ω interference contribution to the e+e− →

π+π− amplitude (see Ref. [90] and references therein). In each case the model dependence

of the ρ− ω mixing dominates over the induced uncertainties by experimental errors. For

the purposes of this discussion we may draw upon the success of vector meson dominance

(VMD) in describing the pion form factor [91].
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VMD has it origins in Nambu’s suggestion that the charge distribution for protons and

neutrons determined through electron scattering can be explained by the contribution of

heavy vector mesons to the nucleon form factor. The VMD description assumes that the

components of the HVP are dominated by the contributions from the known vector mesons.

ρ-ω mixing in the VMD framework is described in Refs. [92,93].

Based on the observation that mixing of the ρ and ω is small, the transformation between

the physical and pure isospin states can be approximated by

|ρ〉 = |ρI〉 − ε1|ωI〉 (5.42)

|ω〉 = |ωI〉+ ε2|ρI〉 (5.43)

where ε1 and ε2 are small, complex mixing parameters which are in general only equal

when the mixing becomes independent of the momentum-squared, which is a special case

restricted to the region near the ω mass.

One may consider the vector meson propagator,

Dµν(q
2) =

∫
d4xe−iq·x〈0|Vµ(x)Vν(0)|0〉 (5.44)

which in the context of conserved currents coupled to vector mesons can be converted to

the scalar propagator via Dµν(q
2) = −gµνD(q2). The ρ−ω mixing piece of the propagator

is given by [94]

DI
ρω =

Πρω(q2)

(q2 −m2
ρ − Π

(0)
ρρ (q2))(q2 −m2

ω − Π
(0)
ωω(q2))

(5.45)

According to Ref. [93], the mixing parameters ε1, ε2 are fixed by requiring the scalar prop-

agator Dρω(q2) to contain no ρ or ω poles [93],

ε1 =
Πρω(m2

ω)

m2
ω −m2

ρ − Π
(0)
ρρ (m2

ω)
(5.46)
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ε2 =
Πρω(m2

ρ)

m2
ω −m2

ρ − Π
(0)
ωω(m2

ρ)
(5.47)

where Π
(0)
αα(q2) = Παα(q2) −m2

α is a subtracted form of the renormalised self-energies. A

Feynman diagram for the ρ−ω mixing contribution to the e+e− → π+π− process is shown

in Fig. 5.9 where a photon couples to a vector meson as described in Ref. [92].

e−

e+

π−

π+

ω ρ

Figure 5.9: ω-ρ mixing in the e+e− → π+π− interaction. The circle between the ω and ρ
propagators represents the possible hadronic physics contributing to their mixing.

In Ref. [90] a method of averaging over the various different models yielded a result for

the contribution of ρ-ω mixing plus direct ω → 2π coupling to the value of aµ,

δaLO−HADµ = 3.1(1.5)model(0.3)data × 10−10. (5.48)

In comparison, taking as an integration cutoff in our calculation Q2
max = m2

η, we find an

increase between NNLO and NNLO plus tree-level NNNLO results of

δaSIBµ = aSIBµ

∣∣∣∣
NNLO+TL-NNNLO

− aSIBµ

∣∣∣∣
NNLO

= 2.79(35)× 10−10 (5.49)

where the error given here is obtained by quadrature from the errors of the two ChPT

results presented in this work. The 1σ consistency between the value of δaLO−HADµ in

Ref. [90] and our δaSIBµ strongly supports the conclusion that the dominant physical pro-

cesses captured by the NNNLO LEC δC
(1)
93 are those involving the lightest resonances, in

particular, ρ-ω mixing.

Two sources of potential uncertainty remain to be estimated in our results for aSIBµ , that

associated with the truncation of the integral in Eq. 5.12 at Q2
max = m2

η and that associated
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with NNLO plus TL-NNNLO truncation of the low-energy representation of Π̂SIB(Q2). For

the latter, with what is expected to be the dominant resonance-region contribution from

ρ-ω mixing now incorporated through the TL-NNNLO contribution proportional to δC
(1)
93 ,

we expect the standard ∼ 25% SU(3) ChPT rule of thumb to provide a reasonable esti-

mate for yet-higher order contributions. The estimated chiral-order-truncation uncertainty

in our result for aSIBµ is then 0.9×10−10. To estimate the former we note that, as discussed

above, our results imply that the SIB contribution, like the isospin-conserving contribution,

is dominated by contributions from the lowest lying vector meson region. We can thus use

the behavior of the isospin-conserving contribution as a function of Q2
max to estimate what

fraction of the SIB contribution is omitted by truncating the integral at Q2
max = m2

η. This

fraction is known for the isospin-conserving contribution as a result of the dispersive study

of this contribution carried out in Ref. [95] for the I=1 flavour ud subtracted vacuum po-

larisation. In that study the subtracted I − 1 polarisation is determined using a dispersive

representation employing ud V channel hadronic tau decay data for the ud V spectral

function [96]. The small contributions to Πud;V (Q2) from the region of Q2 above the limits

at which current data is available (s > m2
τ ), are generated from a theoretical representa-

tion involving perturbative contributions plus duality violating contributions. Figure 2 of

Ref. [95] shows the fraction of the I=1 component of the LO-HVP contribution to aµ as a

function of the Euclidean Q2 integral cutoff, Q2
max. The results of this study show that the

truncation of the integral at 0.3 GeV2 ∼ m2
η, as was done in our analysis, captures over

95% of the I=1 contribution to aµ. Using this result, we estimate that missing contribu-

tions from the region of the integral above Q2 = m2
η represent less than 5% of aSIBµ . The

associated Q2 = m2
η-truncation uncertainty on aSIBµ is then 0.18 ×10−10.

Combining these two additional uncertainties in quadrature with the uncertainty in
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Figure 5.10: Compilation of results for aSIBµ . The values shown in addition to our ChPT
result are: ETM 19 [9], RBC/UKQCD 18 [10,11], FHM 18 [12].

Eq. 5.41, we arrive at our final result,

aSIBµ

∣∣∣∣
NNLO+(TL)NNNLO

= 3.61(33)(90)(18)× 10−10

= 3.61(98)× 10−10 . (5.50)
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Chapter 6

Conclusion

The aim of this analysis was to make a quantitative prediction of the strong isospin

breaking contribution to the value of the anomalous magnetic moment of the muon. This

prediction was successfully obtained and found to be consistent with previous LQCD de-

terminations. Furthermore, the estimated error was found to be smaller than that of the

most precise of these previous LQCD results [9] shown in Fig. 5.10. The final value for

aSIBµ , calculated using ChPT at NNLO plus tree-level NNNLO, and given in Eq. 5.50, rep-

resents a new non-perturbative determination of aSIBµ , intended to provide a useful target

for future LQCD studies. In particular, the dominance by heavier resonance contributions

ensures that Lattice finite volume effects should be small.

The results of the E989 experiment at Fermilab, and later the alternative J-PARC

E34 experiment, are expected to provide a sharpened test of the SM, and an improved,

precision-frontier search for signs of beyond-the-SM physics. In order to take full advantage

of the anticipated experimental upgrade it is crucial that improvements to the prediction

of the SM contribution to aµ continue to be made. An important feature of the leading-

order hadronic contribution to aµ, which at present is responsible for the largest source of

uncertainty in the current SM prediction, has been studied in this thesis. The results of

this research offer clarification on the physical source of the dominant contributions to the
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SIB contribution to this quantity, information that may be utilised in future research by

LQCD groups.

The ChPT result and its consistency with independent contemporary LQCD analyses

confirms the expectation that the SIB contribution is dominated by the low-momentum

regime. The increase in size of the ChPT results from NNLO to tree-level NNNLO supports

the conclusion that SIB resonance phenomena, such as ρ-ω mixing (discussed in Chapter

5), are responsible for the most significant part of aSIBµ . In the ChPT analysis these

contributions are encoded in the term proportional to the LEC, δC
(1)
93 , from the NNNLO

effective chiral Lagrangian. As emphasised in the results section discussion, the full range

of higher order QCD SIB effects play a role in determining the exact value of δC
(1)
93 at a

particular renormalisation scale in the MS scheme. However, comparison with the predicted

ρ-ω mixing contribution to aHV Pµ from Ref. [90] supports the understanding that the light

resonances are, indeed, responsible for the dominant contribution to aSIBµ .

The ChPT result predicts that SIB effects represent ≈ 0.5% of the total hadronic con-

tribution to aµ, compatible with qualitative ≈ 1% expectations for the size of such effects.

With the LQCD community having set a target of 0.1% for the precision of future LQCD

determinations of the LO-HVP contribution, previous LQCD studies, and now ChPT,

independently establish that effects from SIB physics cannot be neglected in such deter-

minations. The goal of this thesis has been to provide an improved prediction for this

contribution, and hence aid in sharpening the precision with which the SM contribution

to aµ is known. Improvements of this type will play a vital role in determining whether

new physics will be needed to explain the new experimental results.

The ChPT analysis is primarily limited by the increasing scale of calculations and un-

known constants required to carry out an analysis to higher orders in the chiral expansion.

However, given the consistency with LQCD results, and the evidence that the dominant

physical effects have been incorporated in the current analysis, it is expected that uncer-

tainties associated with higher-order contributions omitted in this analysis will have been
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reliably taken into account by the error estimate presented above.

Future work in this area should continue to seek out constraints for the improvement

of LQCD studies of the hadronic contributions to aµ. Ongoing enhancements of the SM

prediction will continue to provide an excellent opportunity to push the constraints on new

physics at the precision frontier. The limiting uncertainties in the leading-order HVP and

hadronic light-by-light scattering contribution predictions are being reduced by refinements

to LQCD analyses, which are reaching levels competitive with results from methods based

on QCD dispersion relations. The stage is set for future studies in light of the highly an-

ticipated new experimental data to comprehensively understand the nature of the existing

muon g − 2 discrepancy.
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[10] Vera Gülpers, Andreas Jüttner, Christoph Lehner, and Antonin Portelli. Isospin

breaking corrections to the HVP at the physical point. arXiv preprint

arXiv:1812.09562, 2018.

[11] Johan Bijnens and Johan Relefors. Vector two-point functions in finite volume using

partially quenched chiral perturbation theory at two loops. Journal of High Energy

Physics, 2017(12):114, 2017.

[12] HPQCD Fermilab Lattice, MILC Collaborations, B Chakraborty, CTH Davies, C De-

Tar, AX El-Khadra, E Gámiz, Steven Gottlieb, D Hatton, J Koponen, et al. Strong-

isospin-breaking correction to the muon anomalous magnetic moment from lattice

QCD at the physical point. Physical Review Letters, 120(15):152001, 2018.

[13] Salvatore Rappoccio. The experimental status of direct searches for exotic physics

beyond the Standard Model at the Large Hadron Collider. Reviews in Physics, page

100027, 2018.

[14] Paul Adrien Maurice Dirac. The quantum theory of the electron. Proceedings of

the Royal Society of London. Series A, Containing Papers of a Mathematical and

Physical Character, 117(778):610–624, 1928.

[15] Tatsumi Aoyama, Toichiro Kinoshita, and Makiko Nio. Theory of the Anomalous

Magnetic Moment of the Electron. Atoms, 7(1):28, 2019.

83



[16] DELPHI collaboration et al. Study of tau-pair production in photon-photon collisions

at LEP and limits on the anomalous electromagnetic moments of the tau lepton. The

European Physical Journal C-Particles and Fields, 35(2):159–170, 2004.

[17] S Eidelman and M Passera. Theory of the τ lepton anomalous magnetic moment.

Modern Physics Letters A, 22(03):159–179, 2007.

[18] Lydia Beresford and Jesse Liu. New physics and tau g − 2 using LHC heavy ion

collisions. arXiv preprint arXiv:1908.05180, 2019.

[19] David W Hertzog, James P Miller, Eduardo De Rafael, B Lee Roberts, and Dominik

Stockinger. The physics case for the new muon (g-2) experiment. arXiv preprint

arXiv:0705.4617, 2007.

[20] J Grange, V Guarino, P Winter, K Wood, H Zhao, RM Carey, D Gastler, E Hazen,

N Kinnaird, JP Miller, et al. Muon (g-2) technical design report. 2015.

[21] Fermilab Muon g-2 Collab, http://muon-g-2.fnal.gov.

[22] M Abe, S Bae, G Beer, G Bunce, H Choi, S Choi, M Chung, W Da Silva, S Eidelman,

M Finger, et al. A new approach for measuring the muon anomalous magnetic mo-

ment and electric dipole moment. Progress of Theoretical and Experimental Physics,

2019(5):053C02, 2019.

[23] J-PARC g-2/EDM Collab, http://g-2.kek.jp.

[24] Gerald W Bennett, B Bousquet, HN Brown, G Bunce, RM Carey, P Cushman,

GT Danby, PT Debevec, M Deile, H Deng, et al. Final report of the E821 muon

anomalous magnetic moment measurement at BNL. Physical Review D, 73(7):072003,

2006.

[25] Thomas Blum, PA Boyle, V Gülpers, T Izubuchi, L Jin, C Jung, A Jüttner, C Lehner,

A Portelli, JT Tsang, et al. Calculation of the hadronic vacuum polarization

84



contribution to the muon anomalous magnetic moment. Physical Review Letters,

121(2):022003, 2018.

[26] Kohtaroh Miura. Review of Lattice QCD studies of hadronic vacuum polarization

contribution to muon g-2. arXiv preprint arXiv:1901.09052, 2019.

[27] Georges Charpak, FJM Farley, Richard L Garwin, Th Muller, Johannes C Sens, and

A Zichichi. A new measurement of the anomalous magnetic moment of the muon.

Physics Letters, 1:16–20, 1962.

[28] J Bailey, K Borer, F Combley, H Drumm, FJM Farley, JH Field, W Flegel, PM Hat-

tersley, F Krienen, F Lange, et al. The anomalous magnetic moment of positive and

negative muons. Physics Letters B, 68(2):191–196, 1977.

[29] J Bailey, K Borer, F Combley, H Drumm, C Eck, FJM Farley, JH Field, W Flegel,

PM Hattersley, F Krienen, et al. Final report on the CERN muon storage ring

including the anomalous magnetic moment and the electric dipole moment of the

muon, and a direct test of relativistic time dilation. Nuclear Physics B, 150:1–75,

1979.

[30] Ran Hong. Magnetic field measurement and analysis for the muon g-2 experiment.

arXiv preprint arXiv:1909.13742, 2019.

[31] AT Fienberg. The status and prospects of the muon g − 2 experiment at Fermilab.

arXiv preprint arXiv:1905.05318, 2019.

[32] Tatsumi Aoyama, Masashi Hayakawa, Toichiro Kinoshita, and Makiko Nio. Com-

plete tenth-order QED contribution to the muon g-2. Physical Review Letters,

109(11):111808, 2012.

[33] Tatsumi Aoyama, Masashi Hayakawa, Toichiro Kinoshita, and Makiko Nio. Tenth-

order QED contribution to the electron g−2 and an improved value of the fine struc-

ture constant. Phys. Rev. Lett., 109:111807, Sep 2012.

85



[34] Friedrich Jegerlehner. Muon g–2 theory: The hadronic part. In EPJ Web of Con-

ferences, volume 166, page 00022. EDP Sciences, 2018.

[35] Johan Bijnens. On the hadronic light-by-light contribution to the muon g–2. In EPJ

Web of Conferences, volume 179, page 01001. EDP Sciences, 2018.

[36] Massimiliano Procura, Peter Stoffer, Martin Hoferichter, and Gilberto Colangelo.

Hadronic contributions to the muon anomalous magnetic moment. PoS, 336:186,

2019.

[37] Nils Asmussen, Antoine Gérardin, Andreas Nyffeler, and Harvey B Meyer. Hadronic

light-by-light scattering in the anomalous magnetic moment of the muon. In Pro-

ceedings for the 15th International Workshop on Tau Lepton Physics, volume 24,

page 28, 2018.

[38] Rende Steerenberg. LHC status and outlook to the HL-LHC. 2019.

[39] Michael Benedikt and Frank Zimmermann. Status of the future circular collider

study. Technical report, FCC-DRAFT-ACC-2016-030, 2016.

[40] VB Berestetskii, ON Krokhin, and AX Klebnikov. Sov. Phys. JETP, 3:761, 1956.

[41] WS Cowland. On Schwinger’s theory of the muon. Nuclear Physics, 8:397–401, 1958.

[42] Matthew D Schwartz. Quantum field theory and the Standard Model. Cambridge

University Press, 2014.

[43] Michael E Peskin and D V Schoeder. An introduction to quantum field theory. CRC

Press, 2018.

[44] Freeman J Dyson. The radiation theories of Tomonaga, Schwinger, and Feynman.

Physical Review, 75(3):486, 1949.

86
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Appendix

Relations between the Physical Pseudoscalar Fields and the Carte-

sian Components, φa

π+ =
1√
2

(φ1 − iφ2), (1)

π− =
1√
2

(φ1 + iφ2), (2)

K+ =
1√
2

(φ4 − iφ5), (3)

K− =
1√
2

(φ4 + iφ5), (4)

K0 =
1√
2

(φ6 − iφ7), (5)

K̄0 =
1√
2

(φ6 + iφ7), (6)

In the isospin symmetric limit,

π0 = φ3, (7)

η = φ8. (8)

Isospin breaking, mu 6= md, establishes a mixing term in the mass-squared matrix. The

physical particles correspond to eigenvectors of this matrix which, assuming (md−mu) to
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be small so that we can keep only terms up to first order in it, can be written as

π0 ' φ3 + θ0φ8 (9)

η ' φ8 − θ0φ3 (10)

where

θ0 = −
m2
φ3φ8

m2
φ8
−m2

φ3

=

√
3

4

md −mu

ms − m̂
(11)

where m̂ = 1
2
(mu +md).
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