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ABSTRACT 

 

While we live in a 3D world, each 3D object in our visual field projects to the retina as a 

2D region bounded by a 1D closed contour. Humans are known to rely profoundly on these 

bounding contours to segment the scene and to detect and recognize objects. This task is 

complicated by interpositions of objects in the visual field that lead to occlusions: partial 

blocking of one object by another. The impact of occlusions on human perception is mitigated by 

our ability to perceptually complete partially occluded bounding contours, i.e., to fill-in missing 

contour fragments.  

 

Prior research has evaluated both local and global methods for shape completion, in terms of 

their objective accuracy against ground truth. However, these methods have not been evaluated 

against human perceptual completion.  In this thesis, observers viewed a series of partial 

bounding contours where an interval of each contour has been erased, simulating occlusion. A 

virtual line passing through the missing interval is identified and observers are asked to adjust 

the location of a dot along this line until it appears to lie where the contour would be, were it 

visible. The gap length of the missing interval varied from 10 to 50% of the total shape. After 

analysis of the objective error and bias, it was found that humans employ more than local cues in 

the process of shape completion, but it is unclear if this directly suggests the use of global cues.  
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CHAPTER 1 

INTRODUCTION 
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1.1 Shape Completion 

 

Shape completion is a process that allows for the perception of whole objects from visual 

fragments (Ben-Yosef & Ben-Shahar, 2012). This is accomplished through a ófilling-inô of the 

shape when parts of the shape are occluded (Singh, 2004). This phenomenon of completion 

involves two variations, amodal and modal completion (Figure 1). Modal completion (shown as 

the dashed red line) separates the two elephants, where contrast falls to near zero. Amodal 

completion (dashed cyan line) occurs when objects are occluded; in this particular example, the 

amodal contour completes the boundary of the elephant on the right where it is occluded by the 

tree (Wagemans et al., 2012). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Humans have been known to use geometric properties of orientation and curvature, 

among others, to perform contour interpolation and extrapolation (Wagemans et al., 2012). 

Humans perceive the continuation of contours as smooth rather than jagged, even when there is 

no cue to suggest that percept (Singh & Fulvio, 2005; Geisler & Perry, 2009), thus suggesting 

Figure 1. Contour completion. Red dashed line: Modal completion. Cyan dashed line: Amodal 

completion. Figure taken from Wagemans et al. (2012). 
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that the visual system could potentially be using priors based on regularities in the natural 

environment to inform completion. 

 

1.2 Local and Global Cues 

 

For shape completion, we define a local cue as a feature of the visible contour defined at 

a point. This cue could include position, orientation, and curvature. Typically, the values of these 

local features at the endpoints of the visible contour bounding the missing contour interval are 

posited to co-determine the completion (Figure 2). 

 

 

 

In addition to local cues, non-local or even global shape cues could potentially influence shape 

completion. Global cues involve properties such as closure, convexity, and symmetry amongst 

others (as cited in Elder, 2018). Here, we will consider two global shape models that could be 

used for completion: Shapelets (Dubinskiy & Zhu, 2003) and Formlets (Grenander et al. 2007, 

Oleskiw et al. 2010, Elder et al. 2013). 

 

 

 

 

Figure 2. Local cues to contour completion: 2D position (ὼ, ώ), orientation ɗ and curvature 

defined at the endpoints of the visible contour. 
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1.3 Local Methods: Linear Interpolation and Elastica 

 

The linear interpolation model uses only endpoint position information directly linking the two 

endpoints of the visible part of the shape using a line segment (Figure 3). 

 

 

This linear approach does not generate smooth curves. An alternative local model called elastica 

does yield smooth curves. The concept of elastica dates back to the works of the mathematician 

Euler (Mumford,1994, pp.491). Elastica are curves ‎ί that minimize a weighted sum Ὓ of 

squared curvature ʆ and arc length while ensuring that the tangent orientations at the endpoints 

align with the visible curve: 

 

Ὓ ᷿ ʆ ί ʇױὨί     (1) 

 

Subject to ‎ί  = Ὕ and ‎ί  = Ὕ, where ί is the unit arc length parameter and Ὕ  and Ὕ 

are the tangent vectors of the visible curve at the two endpoints. ʇ is a free parameter that 

controls the relative importance of curvature and arc length in the energy functional 

Figure 3. Linear interpolation model for natural shape at 10% gap level. The linear interpolation 

(black) connects the endpoints of the visible contour (in blue). Purple: midpoint of the linear 

interpolant. 
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(Yakubovich, 2014). If the curve ‎ί is approximated discretely as a polygon, the objective 

function can be minimized by gradient descent. I optimized the lambda parameter by searching 

through a range of values to find the value that minimizes the average Euclidean distance 

between the ground truth and the model estimate of an interpolated point.  

 

1.4 Global Model: Shapelets 

 

Shapelets are contour-based shape representations that represent shapes by a linear 

combination of basis functions (Dubinskiy & Zhu, 2013; Figure 4). The basis functions are 

localized and capture information at different scales. The shapelet basis consists of Gabor-like 

planar curves that map arclength (ὸ) to the image and can be represented in the complex plane 

ʕ:[0, 1] Ÿ ὅ. Each shapelet is controlled by two parameters: the arc length position parameter 

(‘), which determines the position of the shapelet along the curve, and the scale parameter („), 

which affects the spatial extent of the shapelet. A shapelet ‎ὸȠ„ȟ‘, has the specific form:  

 

‎ὸȠ„ȟ‘ ÅØÐ ÃÏÓς“„ὸ ‘ ὭÓÉÎς“„ὸ ‘   (2) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Example Shapelet. a) Coordinate functions and b) Trace. Figure taken from Elder et 

al., (2013). 
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The basis functions are subject to an affine transformation effected by a 2 x 2 matrix of basis 

coefficients ὃ : 

  ὃ  
ὥ ὦ
ὧ Ὠ

                                      (3) 

 

This affine transformation is applied to each shapelet in image space prior to linear combination, 

and captures different actions such as anisotropic scaling, rotation and shearing (Figure 5). An 

over-complete dictionary of basis functions is formed by grid-sampling over position ‘, and 

extent „ (Dubinskiy & Zhu, 2013).  

 

 

 

To learn the representation of a shape, Dubinskiy and Zhu (2013) apply a matching pursuit 

algorithm, a greedy algorithm that at each iteration selects the shapelet that minimizes 

reconstruction error, measured by the ὒ norm of the residual: 

 

Ὁɜ ȟɜ ȿɜ ɜȿ       (5) 

 

Where ɜ  is the observed or target shape and ɜ  is the approximation after adding ὑ shapelets. 

Unfortunately, because this shapelet model does not explicitly capture regional properties of 

shapes, it tends to yield non-simple i.e., self-intersecting curves when used as a generative model 

(Elder et al., 2013; Figure 6). 

Figure 5. Instances of bases at different scales subject to transformations. Each shape base is a 

lobe-shaped curve. Figure taken from Dubinskiy & Zhu (2003).  
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To apply the shapelet model to contour completion, the shapelet representation is fit only to the 

visible portion of the curve. Since each shapelet is a complete closed curve, the resulting 

representation will also be a complete closed curve, interpolating the missing interval of the 

curve it is fit to.  

 

1.5 Global Model: Formlets 

 

Formlets build on the Growth by Random Iterated Diffeomorphisms (GRID) model, 

which models growth as a sequence of local and radial deformations (diffeomorphisms) 

(Grenander et al., 2007), and has been used to track tumour growth in medical images. Elder et 

al. (2013) called these diffeomorphisms Formlets. Formlets are localized in both scale and space. 

They are defined using a Gabor-like deformation function Ὢ centered at the point ʁ in the 

complex plane and deforming space within a standard deviation ʎ about ‒:  

 

 

 

 

    (4) 

Figure 6. Sampling from the shapelet model produces non-simple, i.e., self-intersecting curves. 

Figure taken from Elder et al., (2013). 
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A Formlet is characterized by its location ʁ , scale ʎ, and gain ɻ, which represents the magnitude 

of the deformation. To preserve the topology, the authors place constraints on this gain parameter 

ɻ. A dictionary of formlets is constructed by grid sampling over position ʁ and scale ʎ (Figure 

7). Figure 8 shows the effect of scale and gain parameters in terms of the deformation applied to 

a grid. 

 

To represent a shape, one begins with a simple embryonic shape generated by sampling a unit 

circle and then applying an affine transformation to generate an elliptical shape ɜ that 

minimizes the ὒ error between the target shape ɜ  and the ellipse. To then learn the formlet 

representation ὪȢȢȢὪ  of the shape ɜ , matching pursuit is employed to iteratively find the 

formlet minimizing the reconstruction error when applied to the current model ɜ . The 

objective function for formlets is the same as for shapelets. The gain value ɻ is optimized 

analytically, subject to the diffeomorphism constraints. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7. Example formlet deformation. Positive and negative gains ‌ produce expansion and 

contraction, respectively (Elder et al., 2013). The location ‒ of the formlet is indicated by the 

asterisk. 
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As for shapelets, we can apply formlets to shape completion by fitting them only to the visible 

portion of the contour. Since it is based on a complete closed embryonic shape, the resulting 

representation will interpolate the missing interval of the contour. 

 

1.6 Accuracy of Formlets and Shapelets for Contour Completion 

 

While neither the local nor the global models reviewed above have been assessed as 

models of human shape completion for naturalistic shapes, Elder et al. (2013) did evaluate the 

accuracy of Shapelet and Formlet models relative to ground truth. In particular, they assessed the 

accuracy of completion for 10% and 30% intervals of animal shapes and found that Formlets 

were more accurate (Figure 9). Formlets also preserved the topology of the shape, as can be seen 

in Figure 10, while Shapelets failed to preserve the topology of the shape. Both Formlets and 

Shapelets serve as shape models for which completions are determined by non-local factors. The 

use of these models is to determine if they would make more accurate predictions for natural 

shapes, which have global regularities that the models might capture. As well as to determine 

whether these models would therefore predict human judgements. 

 

 

 

 

 

Figure 8. Figures (a) and (b) display several formlets applied to an ellipse. Figure taken from 

Elder et al., (2013). 
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Figure 9. Error defined using ╛ Hausdorff distance of occlusion pursuit evaluation of Shapelets 

(red) and Formlets (blue). Figure taken from Elder et al., (2013). Solid and dashed horizontal 

black lines indicate the errors of the initial affine fit ellipse for visible and occluded intervals, 

respectively. 
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1.7 Aims of Present Study 

 

The impact of occlusion on human perception is mitigated by the human ability to 

perceptually complete partially occluded bounding contours, i.e., to fill in missing shape 

information. This study aims to investigate the degree to which humans use local and non-local 

cues to perform this perceptual completion task. The study analyzes the completion ability of the 

four models reviewed above and compares them to human judgements in terms of accuracy and 

bias. In addition to natural shapes, we will assess human and model shape completion on 

synthetic shapes that match the curvature statistics of the natural shapes but are otherwise 

maximum entropy and are thus lacking the global regularities of the natural shapes (Elder et al., 

k=0 k=2 k=4 k=8 k=16 k=32

Figure 10. Examples of pursuit on 30% occluded shapes. Formlets (blue) and Shapelets 

(red) in increasing iterations from left to right (k = 0,2,4,8,16,32). Solid lines indicate 

the visible contour and dashed lines indicate the occluded portion of the contour. Figure 

taken from Elder et al. (2013). 
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2018).  This will allow us to test whether these global regularities play a role in human or model 

shape completion. 
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CHAPTER 2 

Methods 
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2.1 Human Psychophysics 

 

2.1.1 Participants 

 

All 12 participants were recruited from York University. Participants gave their informed 

consent to participate in the study. All participants were naïve to the purpose of the experiment. 

All experiments were approved by the York University Human Participants Review Committee 

(HPRC) prior to data collection. The participants were all graduate student volunteers; no 

monetary incentive was given to participate in the experiment. 

 

2.1.2 Apparatus 

 

The experiment was conducted in a laboratory setting, using a PC desktop computer with the 

Windows 10 operating system. The stimuli were displayed on a monitor with a resolution of 

2560 x 1440 pixels, at a viewing distance of 60 cm, maintained with a chin rest. Experimental 

stimuli were drawn and displayed using python and PsychoPy3 (Peirce, 2007). All shape stimuli 

were scaled so that the maximum Euclidean distance of a point on the contour from its centroid 

was 4 degrees. A keyboard and mouse were used to capture the behavioral responses of 

participants. All statistical analyses were conducted using Python (version 3.7). 

 

2.1.3 Stimuli 

 

We employed 300 natural and 300 synthetic shapes, sampled at 120 points, roughly 

uniformly spaced. The statistics of the turning angles (discrete curvatures) of the synthetic shapes 

matched the turning angle statistics of the natural shapes. Otherwise, these synthetic shapes were 

maximum entropy and lacked the global regularities of the natural shapes (Elder et al., 2018).  

To avoid biasing results, we did not interpolate between the points to form a continuous contour, 

but rather displayed the points as dots on the screen. Each dot subtended 1.2 arcmin. Figure 11 

shows some sample natural and synthetic shape stimuli. To study shape completion, we removed 

a random, contiguous sequence of 11 (10 %), 29 (25%) or 59 (50%) dots (Figure 12).  
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A
Natural

Synthetic
B

A

B

Natural

Synthetic

10% 25% 50%

Figure 12. Sample natural (A) and synthetic (B) shapes with occlusion intervals employed in 

this study. 

Figure 11. Sample natural (A) and synthetic (B) shape stimuli. 
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2.1.4 Defining the Completion Task 

 

Linear Interpolant 

 

For any given shape, first an interval of either 10 %, 25% or 50% of the shape was 

removed (see Figure 12). Next, the midpoint of the linear interpolant connecting the endpoints of 

the visible part of the shape was determined (Figure 13). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11. Blue dots: visible contour. Orange dots: missing interval. Linear interpolant (black 

line), with the midpoint (m) in purple. Probe line (blue line) is orthogonal to the linear 

interpolant and passes through the midpoint (m). ▬▬  is the line segment of the missing interval 

that intersects with the probe line (blue). The completion contour (in orange) connects the 

missing dots. 
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Probe Line 

 

The participant will adjust the position of a dot on a virtual probe line until it appears to 

align with the missing contour. The probe line is orthogonal to the linear interpolant and passes 

through its midpoint. In homogenous coordinates, it can be represented by the 3-vector ὰ

ὥȟὦȟὧ  where  ὥ ὲ ,  ὦ  ὲ and  ὧ ὲώ ὼὲ, and ØȟÙ  and ÎȟÎ  

are the midpoint of and normal to the linear interpolant, respectively. 

 

Ground Truth 

 

To obtain the intersection of the probe line with the completion line (Figure 14), I 

consider in turn each line segment that has been removed. Consider the Ὥth segment with 

endpoints ὴ ὼȟώ  and Ð ὼȟώ . For example, in Figure 13, ὴὴ  represents the 8th 

segment out of the 12 segments that make up the completion line. This line ὴὴ can be 

represented by the 3-vector ὰ ὥȟὦȟὧ  such that every point ὼȟώ on the line satisfies ὥὼ

ὦώ ὧ π, where ὥ ώ ώ, ὦ ὼ ὼ and ὧ ὼώ ὼώ. The point of intersection 

ὴ ὼᶻȟώᶻȟ‗ᶻ  of this line with the probe line ὰ is given by the cross product ὴ ὰ ὰ. 

Figure 12. Ground truth calculation. The intersection of the completion contour (orange line) 

with the blue probe line is denoted by ▬ᶻ. Black: Linear interpolant. Pink arrow: unit normal ▪ to 

linear interpolant. 
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The Euclidean representation ὴᶻ ὼᶻȟώᶻ  of this point of intersection given by ὴᶻ 

ὼᶻȾ‗ᶻȟώᶻȾ‗ᶻ. For ὴᶻ to be between the endpoints of the Ὥth segment, two conditions must be 

satisfied. 

(1) ȿὴᶻ  ὴȿ ȿὴ ὴȿ 

 

            (2)  ὴᶻ ὴ ὴ ὴ π 

 

At least one of the deleted segments must satisfy these conditions. If more than one segment 

satisfies the conditions, the task is ambiguous, so we discard this construction. 

 

2.1.5 Range of Probe Line 

 

The range of the probe line was calculated by taking the maximum deviation (Euclidean 

distance) of the ground truth intersection ὴᶻ of the completion line from the linear interpolant 

over all stimuli. This was done separately for each gap level and shape class. I then set the range 

of the probe line to be 30% beyond this value. I initialize the probe dot randomly over this range. 

Figure 15 displays the range of the probe line. 

 

2.1.6 Procedure 

 

Participants sat with their chin resting on a chin rest to ensure a viewing distance of 60 

cm. They were informed about the procedure for the experiment and went through five practice 

trials before beginning the experiment. No feedback was given during the practice trials or the 

actual experiment, and the participants had unlimited time to complete each trial. After the 

practice trials, participants began the real experiment, which consisted of 100 trials per condition. 

There was a total of six conditions (natural/synthetic shapes x 3 levels of occlusion), resulting in 

600 trials per human participant, taking about one hour to complete. The order of conditions was 

randomized. Figure 15 displays an example of the stimuli and task. 
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2.1.7 Error Measurements 

 

Performance was measured by comparing the probe location selected by the participant with the 

ground truth location (the intersection of the probe line with the completion contour). Error is 

considered to be negative if the probe setting is displaced inward relative to the ground truth and 

positive if displaced outwards (see Figure 16).  

 

The results were analyzed using a linear mixed model where the predictors (gap level, shape 

class and system) were a mix of categorical and continuous variables. P-values were adjusted 

using the Bonferroni adjustment for multiple comparisons, which controls the overall Type I 

error rate. 

 

 

 

 

 

Figure 13. Experimental Paradigm. Black dots: visible shape. The participants move the black 

probe dot using arrow keys to where they think it would lie on the missing contour interval. The 

black bar represents the range of the probe dot for this shape. 
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2.2 Model Predictions 

 

The human completion judgements can be compared to model predictions, defined as the 

intersection of their completions with the probe line (Figure 14).  

 

2.2.1 Linear Interpolation 

 

Figure 17 shows examples of completions predicted by linear interpolation. Note that errors can 

be large. 

 

 

 

Figure 14. Error Calculation. We define the 11 displacements of the completion estimate ὴǶ from 

the ground truth ὴᶻ as (ὴǶ - ὴᶻ) ẗ ὲ, where ὲ is the outward normal to the linear interpolant. 
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2.2.2 Elastica 

 

The Elastica model has a free parameter ʇ determining the balance between curvature and 

length. To optimize this parameter, we employed as training stimuli 90 natural and 90 synthetic 

shapes not used in the experiment, and randomly selected 10 occlusion intervals for each shape 

and level of occlusion. We then swept over a range of ʇ values to determine the ʇ value that 

minimized the mean absolute error of the prediction relative to the ground truth for both the 

natural shapes (Figure 18), as well as the synthetic shapes (Figure 19). Optimal ‗ values are 

shown in Table 1, where ‗ values increased from 10% to 25% occlusion levels. Sample shape 

reconstructions at optimal ‗ values are shown in Figure 20. 

 

 

 

 

 

 

 

A

B

Figure 15. Linear completions for (A) Natural and (B) Synthetic Shapes. Blue: visible shape. 

Dashed: occluded contour. Black: Linear completion. 
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Figure 16. Elastica MAE on natural training shapes as a function of the free parameter ⱦ. Error 

bars represent SEM. 
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Figure 17. Elastica MAE on synthetic training shapes as a function of the free parameter ⱦ. 
Error bars represent SEM. 
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Table 1. Optimal ⱦ on training shapes 

Level of 

Occlusion 

                                ⱦ  

Natural Shapes              Synthetic Shapes 

10% 0.45 0.6 

25% 2.0 1.0 

50% 0.9 1.0 

 

 

 

 

 

 

 

A

B

Natural

Synthetic

10% 25% 50%

Figure 18. Sample Elastica completions with optimal ⱦ. Blue: visible contour. Dashed orange: 

occluded contour. Yellow: Elastica completion. 
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2.2.3 Shapelet and Formlet Models 

 

I used 64 shapelets and 64 formlets to form completion predictions for Shapelet and Formlet 

models (Figure 21 and Figure 22). Figure 46 shows the different iterations of formlets, starting 

with the initial elliptical shape  ɜ that minimizes the ὒ error between the target shape ɜ  and 

the ellipse.  

 

 

 

 

 

 

 

 

 

 

A

B

10% 25% 50%

Natural

Synthetic

Visible Shape

Occluded Shape

Occluded Portion of Shapelet

Visible Portion of Shapelet

Figure 19. Sample Shapelet completions. Blue: visible contour. Orange: occluded contour. Red: 

Shapelet completion. 
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Visible Shape

Occluded Shape

Occluded Portion of Formlet

Visible Portion of Formlet
A

B

Natural

Synthetic

10% 25% 50%

Figure 20. Sample Formlet completions. Blue: visible contour. Orange: occluded contour. 

Magenta: Formlet completion. 
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Figure 21. Formlet completions. Examples of pursuit on 50% occluded shapes. A) Natural 

Shape B) Synthetic shape. Formlets (magenta) in increasing iterations from left to right 

(n=0,10,30,60). 
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3.1 Mean Signed Error (Bias)  

 

The mean signed error (bias) of humans and models was evaluated and compared for both 

natural and synthetic shapes (Figure 24). This analysis identifies whether on average, human and 

model judgements tend to be biased inward or outward relative to the actual shape, and by how 

much. Figure 25 compares bias for natural and synthetic shapes within each system (human or 

model). 

 

 

 

A linear mixed effects model was used to analyze how system type (Human, Linear, Elastica, 

Shapelet or Formlet), shape class (natural or synthetic shapes) and gap level (10%, 25% or 50%) 

influence signed error. All the analysis was done in RStudio software. I fit the following model 

with mean signed error as the dependent variable: 

 

ώ ͺ ‍ ‍ὢ ‍ὢ ‍ὢ ‍ ὢẗὢ ‍ ὢẗὢ ‍ ὢẗὢ

                                                                ‍ ὢ ẗὢẗὢ ‭                                                           (5) 

 

 

 

Figure 22. Comparison of bias for humans and models: (a) Natural shape (b) Synthetic shape. 

For the human data, shaded bars represent standard error calculated over all participants (N=12). 

For the model results, shading represents standard error over stimuli (N = 100). Bias is expressed 

in óshape unitsô, where 1 is the average Euclidean distance of a point on the shape from its 

centroid. 
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Figure 23. Mean bias for (a) Human (b) Linear model (c) Elastica model (d) Shapelet model and 

(e) Formlet model. Bias is expressed in óshape unitsô, where 1 is the mean Euclidean distance of 

a point on the shape from its centroid. Shading represents standard error over subjects for human 

data and over shapes for all models. 

a

b c

d e
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The predictor variables include ὢ, representing the gap level treated as a categorical variable, ὢ 

representing the system type (Human, Linear, Elastica, Shapelet or Formlet) and ὢ representing 

shape class (natural, synthetic). We treated the gap as categorical as bias appeared to be 

nonlinearly related to gap. 2- and 3-way interaction terms were also included. Pairwise 

comparisons were done, and p-values were adjusted using the Bonferroni adjustment for multiple 

comparisons.  

 

The results of the interaction tests are shown in Table 2, where ‍ represents the intercept, ‍ 

represents the main effect of gap level, ‍ is the main effect of system type and ‍ is the main 

effect of shape class. ‍  is the interaction between gap level and system, ‍  is the interaction 

between gap level and shape class, while  ‍  is the interaction between system and shape class. 

The three-way interaction is represented by  ‍ . 

 

 

Table 2. Main Effects and Interactions of Linear Regression Model Coefficients for Bias. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Main Effects & Interactions p-level 

‍ : 0.021, t(35970)=1.710 0.087 

‍ :  F(2, 35970) =178.431 <0.001 

‍ :  F(4, 35970)=961.933 <0.001 

‍ :  F(1, 35970) = 127.498 <0.001 

‍  :  F(8, 35970)=700.015 <0.001 

‍  :  F(2, 35970)= 6.692 <0.01 

‍  :  F(4, 35970) =2.268 0.115 

‍  : F(8, 35970)=8.118 0.227 
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Sign of Bias 

 

The bias for each gap level was tested for statistical significance against zero across both 

shape categories and systems, as detailed in Table 3.  

 

Table 3. Bias Significance for each level of gap at p<0.05. 0: No significant bias, + : 

Significantly positive bias,  ᵹ   : Significantly negative bias. 

  10% 25% 50% 

Natural 

Shape 

Human 0 0   ╖ 

Linear 0  ╖   ╖ 

Elastica 0  ╖   ╖ 

Shapelet + 0  + 

Formlet 0  ╖  + 

Synthetic 

Shape 

Human 0  ╖   ╖ 

Linear  ╖   ╖   ╖ 

Elastica  ╖  ╖      ╖ 

Shapelet 0  ╖    + 

Formlet ╖  ╖   + 

 

Bias is generally non-significant or negative for small gaps (10%, 25%). For large gaps (50%) 

bias is negative for humans and local models but positive for global models. 

 

 

Bias as a Function of Gap 

 

Pairwise comparisons were done to assess how bias changes as gap increases difference (Table 

4). As gap increases from 10% to 25%, bias either decreases or remains (statistically) constant. 

But as gap increases further from 25% to 50%, bias decreases for humans and local models but 

increases for global models. 
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Table 4. Bias change with gap level. ŷ: increases significantly; Ź : decreases significantly; Ÿ : no 

significant difference. Significance at p<0.05. 

 

  10% - 25% 25% - 50% 

Natural 

Shape 

Human Ÿ Ź 

Linear Ź Ź 

Elastica Ź Ź 

Shapelet Ź ŷ 

Formlet Ÿ ŷ 

Synthetic 

Shape 

Human Ÿ Ź 

Linear Ź Ź 

Elastica Ÿ Ź 

Shapelet Ź ŷ 

Formlet Ź ŷ 

 

 

Bias as a Function of Shape Class 

 

The mean bias averaged over gap, is shown in Figure 26. Bias is, overall negative for humans 

and local models, positive for shapelets and non-significant for formlets. Pairwise comparisons 

were conducted to examine the differences in bias across shape classes for each system, averaged 

over gap levels. The results of these comparisons are summarized in Table 5, indicating that for 

all systems bias was more positively (or less negative) for natural than synthetic shapes. 
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Table 5. Shape class differences across systems for bias. Shape Class separated by one or more 

inequality symbols are significantly different at the p< 0.05 level. 

 

System Shape Class Comparison 

         (+ve bias)    >     (-ve bias)     

      

 

p-value 

Human Natural > Synthetic <0.0001 

Elastica Natural > Synthetic <0.0001 

Linear Natural > Synthetic <0.0001 

Shapelet Natural > Synthetic <0.0001 

Formlet Natural > Synthetic 0.003 

 

 

Figure 24. Mean bias averaged over gap. Error bars represent standard error across shapes for 

models, and across participants for human. 
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Difference in Bias between Humans and Models 

 

Figure 26 considered the effect of system. However, it would be convenient to examine the 

effect of shape class. To address this, Figure 27 displays the mean bias, averaged over gap for 

natural and synthetic shapes. Among the models, shapelets generate the most pronounced 

positive bias, whereas the linear model produces the greatest negative bias. The local linear and 

elastica models, as well as humans, all demonstrate a tendency towards negative bias. This trend 

is consistent across both natural and synthetic shapes.  

 

 

 

 

Analysis of pairwise differences between systems were carried out, and the results are 

summarized in Table 6. The shapelet model demonstrated a significantly higher positive bias 

than the formlet model, followed by humans, and then the local models. The linear model 

produced the most negative bias, and these trends were consistent across both natural and 

synthetic shapes. 

 

 

 

Figure 25. Mean bias for (a) natural and b) synthetic shapes. Error bars represent standard error 

over shapes for models, and over participants for the human system. 
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Table 6. Differences in bias between humans and models. Systems separated by one or more 

inequality symbols are significantly different at the p< 0.05 level. 

System 

                          (-)                                                                   (+)                                                               

Natural 

Shapes 

Linear > Elastica > Human > Formlet > Shapelet 

(-)                                                                   (+) 

Synthetic 

Shapes 

Linear > Elastica > Human > Formlet > Shapelet 

(-)                                                                   (+) 

 

 

 

3.2 Standard Deviation  

 

For each participant, the standard deviation of their signed errors across all shapes was 

calculated. Then the mean and standard error of these standard deviations across all participants 

(N=12) was computed. This provides a complement to the analysis of bias in Section 3.1, 

identifying how variable the signed error is across trials. The means and standard error of these 

standard deviations is plotted in Figure 28.  

 

Figure 28 shows that bias increases with gap across humans (p<0.05), as well the standard 

deviation is similar for humans and local models, though a bit higher for the models at 50% 

occlusion (p<0.05). The standard deviation is higher for global models as well. Similarly, the 

standard deviation of signed errors across all shapes was computed for each model in Figure 29. 
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Figure 26. Comparison of standard deviations of signed error for natural and synthetic shapes: 

(a) Natural shape condition (b) Synthetic shape condition. Mean standard deviation was across 

participants for human data. 
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a

b c

d e

Figure 27. Standard deviations of signed error for (a) Human (b) Linear model (c) Elastica 

model (d) Shapelet model and (e) Formlet model. 
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3.3 Mean Absolute Error 

 

The mean absolute error (MAE) of humans and models relative to the ground truth was 

evaluated and compared (Figure 30). A linear mixed model was employed to analyze how 

system (human, linear, elastica, shapelet or formlet), shape class (natural shape or synthetic 

shape) and gap level (10%, 25% and 50%) influence mean absolute error (accuracy). The type of 

system ί and shape class ὧ, were treated as categorical variables, but gap level Ὣ was treated as a 

scalar variable, since MAE appeared roughly linear over gap. I fit the following model with 

mean absolute error as the dependent variable: 

 

ώȢȢ ‍ ‍ὢ ‍ὢ ‍ὢ ‍ ὢẗὢ ‍ ὢẗὢ ‍ ὢẗὢ

                                                                     ‍ ὢ ẗὢẗὢ ‭                                                       (6) 

 

The predictor variables include ὢ, representing the gap level treated as a continuous variable, ὢ 

representing the system type and ὢ representing shape class. P-values were adjusted using the 

Bonferroni adjustment for multiple comparisons. 

 

 

 

Figure 28. Comparing MAE across humans and models. (a) Natural shapes (b) Synthetic shapes. 

Mean absolute error is expressed in óshape unitsô, where 1 is the mean Euclidean distance of a 

point on the shape from its centroid. Shading represents standard error over subjects for human 

data (N=12) and over shapes for all models. 
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The results of the interaction tests are shown in Table 7, where ‍ represents the intercept, ‍ 

represents the main effect of gap level, ‍ is the main effect of system type and ‍ is the main 

effect of shape class. ‍  is the interaction between gap level and system, ‍  is the interaction 

between gap level and shape class, while  ‍  is the interaction between system and shape class. 

The three-way interaction is represented by  ‍ . 

 

Table 7. Main Effects and Interactions of Linear Regression Model Coefficients for MAE. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Statistical Tests 

 

Gap level was treated as a continuous variable to determine its effect on MAE within systems 

and shape classes. This involved testing the statistical significance of slope and intercepts against 

zero (Table 8).  

 

 

 

 

Main Effects & Interactions p-level 

‍ = 0.033, t(35980) = 3.380 <0.001 

‍ : F(1,35980) = 13149.5 <0.001 

‍ : F(4, 35980)=441.272 <0.001 

‍ : F(1,35980) = 22.275 <0.001 

‍  : F(4, 35980)=103.435 <0.001 

‍  : F(1, 35980)= 91.248 <0.001 

‍  : F(4, 35980) =28.272 <0.001 

‍  : F(4,35980)=1.135 0.227 
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Table 8. Significance of intercepts where p<0.05. + : Error is significantly greater than 0,   ╖  : 

Error is significantly less than 0,  0 : Error is not significantly different from 0. 

  Intercept p-value 

Natural 

Shape 

Human + 0.001 

Linear 0 0.357 

Elastica + 0.002 

Shapelet + <0.001 

Formlet + <0.001 

Synthetic 

Shape 

Human + <0.001 

Linear ╖ 0.008 

Elastica 0 0.218 

Shapelet + <0.001 

Formlet + <0.001 

 

The results indicate that for all shape classes and systems, the slope is significantly greater than 

zero (p<0.05). Synthetic shapes are associated with steeper slopes for all systems compared to 

natural shapes (Figure 31, Table 9). 

 

Table 9. Slope contrasts across shape classes. Shape Class separated by one or more inequality 

symbols are significantly different at the p< 0.05 level. 

System Slope Comparison 

      (steep slope)    >     (less steep)     

      

p-value 

Human Synthetic > Natural 0.0001 

Elastica Synthetic > Natural <0.0001 

Linear Synthetic > Natural <0.0001 

Shapelet Synthetic > Natural 0.0013 

Formlet Synthetic > Natural 0.0001 
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a

b c

d e

Figure 29. Mean Absolute Error for (a) Human (b) Linear model (c) Elastica model (d) Shapelet 

model and (e) Formlet model. Error is expressed in óshape unitsô, where 1 is the mean Euclidean 

distance of a point on the shape from its centroid. Shading represents standard error over subjects 

for human data (N=12) and over shapes for all models. 
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Intercepts for natural and synthetic shapes were not significantly different for human and linear 

systems. For all other systems, natural shapes produced significantly greater intercepts than 

synthetic shapes (Table 10). 

 

Table 10. Intercepts of MAE across natural and synthetic shapes. Shape Class separated by one 

or more inequality symbols are significantly different at the p< 0.05 level. 0 for non-significance.  

System Intercept Comparison 

     (larger error)    >  (small error)     

      

p-value 

Human 0 0.4786 

Elastica Natural > Synthetic 0.0182 

Linear 0 0.7475 

Shapelet Natural > Synthetic <0.0001 

Formlet Natural > Synthetic <0.0001 

 

 

 

Effect of System: Slopes and Intercepts 

 

Table 11 summarises the differences in slope across systems. The linear system showed the 

steepest increase in MAE with increasing gap relative to all other systems, and humans and 

elastica showed the smallest. Humans were not significantly different in steepness of slope with 

elastica model for natural shapes but were significantly different for synthetic shapes. 
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Table 11. Slopes of MAE across systems. Systems separated by one or more inequality symbols 

are significantly different at the p< 0.05 level. 

 

                  System Slopes 

                        (high +)                                                                      (low -)                                                               

Natural Shapes Linear > Formlet, Shapelet > Elastica, Human 

(steep slope)                                                         (less steep) 

Synthetic 

Shapes 

Linear > Shapelet > Elastica > Human 

Linear > Formlet > Human 

 

Table 12 presents a summary of results from the pairwise comparisons of intercepts between 

systems within each shape class.  

 

Table 12. System intercepts of MAE for natural and synthetic shapes. Systems separated by one 

or more inequality symbols are significantly different at the p< 0.05 level. 

                  System Intercepts  

                        (high +)                                                                      (low -)                                                               

Natural Shapes Shapelet, Formlet > Elastica, Human > Linear 

(high error)                                                                 (low error) 

Synthetic Shapes Human, Shapelet, Formlet > Elastica, Linear 
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3.4 Mean Absolute Deviation (MAD) between models and humans. 

 

The mean absolute deviation of model estimates from human estimates was evaluated 

and compared. This was done to evaluate how well each model could serve as a model of human 

judgements, as opposed to their accuracy relative to the ground truth. The type of system ί and 

shape class ὧ,  were treated as categorical variables, while gap level Ὣ was treated as a scalar 

variable, since MAD was observed to be roughly linear over gap. I fit the following model with 

mean absolute deviation as the dependent variable: 

 

ώ ‍ ‍ὢ ‍ὢ ‍ὢ ‍ ὢẗὢ ‍ ὢẗὢ ‍ ὢẗὢ  

                                                                  ‍ ὢ ẗὢẗὢ ‭                                                         (7) 

 

P-values were adjusted using the Bonferroni adjustment for multiple comparisons. The results of 

the interaction tests are shown in Table 13. 

 

Table 13. Main Effects and Interactions of Linear Regression Model Coefficients for MAD. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Main Effects & Interactions p-value 

‍ = 0.048, t(35980) = 5.409 <0.01 

‍ : F(1, 35980) =11914.593 <0.001 

‍ : F(4, 35980)=1417.828 <0.001 

‍ : F(1,35980) = 5.255 <0.01 

‍  : F(4, 35980)=443.691 <0.001 

‍  : F(1, 35980)= 150.508 <0.001 

‍  : F(4, 35980) =10.56 <0.001 

‍  : F(4,35980)=39.113 < 0.001 
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Mean Absolute Deviation as a Function of Gap. 

  

The statistical significance of the slope and intercepts of the Mean Absolute Deviation 

(MAD) as a function of gap was analyzed. Except for the linear system, synthetic shapes 

consistently demonstrated a steeper slope than natural shapes across all systems (Table 14, 

Figure 32). 

 

Table 14. Slope of MAD contrasts across shape classes. Shape Class separated by one or more 

inequality symbols are significantly different at the p< 0.05 level. 

System Slope Comparison 

      

p-value 

Human Synthetic > Natural 0.0001 

Elastica Synthetic > Natural <0.0001 

Linear Natural > Synthetic <0.0001 

Shapelet Synthetic > Natural 0.0013 

Formlet Synthetic > Natural 0.0001 

 

 

All intercepts are positive or zero with the exception of the intercept for the shapelet model on 

synthetic shapes (Table 15), where the large positive curvature in the data has driven the 

intercept to a negative value. 
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a

b c

d e

Figure 30. Mean absolute deviations of human estimates from: (a) Mean of the other human 

estimates (b) Linear model estimates (c) Elastica model estimates (d) Shapelet model estimates 

(e) Formlet model estimates. 
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Table 15. Significance of intercepts where p <0.05. + : Error is significantly greater than 0,   ╖  : 

Error is significantly less than 0,  0 : Error is not significantly different from 0. 

  Intercept p-value 

Natural 

Shape 

Human + 0.001 

Linear 0 0.357 

Elastica + 0.002 

Shapelet + <0.0001 

Formlet + <0.0001 

Synthetic 

Shape 

Human + <0.0001 

Linear + 0.008 

Elastica 0 0.218 

Shapelet ᵹ <0.0001 

Formlet + <0.0001 

 

 

Mean Absolute Deviation as a Function of Shape Class 

 

The slope of MAD as a function of gap was smaller for synthetic shapes than for natural shapes 

for humans and all models, except for the linear model for which slope was higher for synthetic 

shapes (Table 14). 

 

In terms of the intercepts, human and linear deviations from human estimates were found to be 

not significantly different across shape classes. For the other three system deviations, natural 

shapes produced larger intercepts than synthetic shapes (see Table 16). 
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Table 16. Intercepts of MAD across natural and synthetic shapes. Shape Class separated by one 

or more inequality symbols are significantly different at the p< 0.05 level. Non-significance = 0. 

System Intercept Comparison  

      

p-values 

Human 0 0.389 

Elastica Natural > Synthetic 0.002 

Linear 0 0.220 

Shapelet Natural > Synthetic <0.0001 

Formlet Natural > Synthetic <0.0001 

 

 

MAD as a Function of System 

 

For both natural and synthetic shapes, slopes were highest for shapelets and lowest for humans 

(Figure 33, Table 17). Of the models, elastica had the smallest slopes for natural shapes and 

linear and elastica models had the smallest slopes for synthetic shapes (Table 17). 

 

 

 

 

Figure 31. Mean absolute deviation of individual human participants from the mean judgements 

of other participants (Human-Human) together with the mean absolute deviation of each modelôs 

judgement from mean human judgements. 
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Table 17. Slopes of MAD across systems. Systems separated by one or more inequality symbols 

are significantly different at the p< 0.05 level. 

                  System Slopes 

                        (high +)                                                                      (low -)                                                               

Natural Shapes Shapelet > Linear, Formlet > Elastica > Human 

Synthetic 

Shapes 

Shapelet > Formlet > Linear, Elastica > Human 

* all other slope contrasts were non-significant. 

 

 

For both natural and synthetic shapes, intercepts were largest for the shapelet model and smallest 

for humans. Of the models, intercepts were smallest for the elastica model (Table 18). 

 

Table 18. Intercepts of MAD across natural and synthetic shapes. Systems separated by one or 

more inequality symbols are significantly different at the p< 0.05 level. 

                    System 

                        (high +)                                                                      (low -)                                                               

Natural Shapes Shapelet > Formlet, Linear > Elastica > Human 

Synthetic 

Shapes 

Shapelet > Formlet > Linear > Elastica > Human 
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3.5 Outlier Model Predictions 

 

To gain further insight into the quantitative results presented above, I checked whether any 

particular shapes & completion tasks generated outlier or extreme data for either humans or 

models. Figure 34 displays the signed error across all trials for the first condition (Natural Shapes 

and 10% Gap level). There is one shape (Shape 13- Figure 35) that generates an extreme 

negative error for the formlet model. 
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Figure 32. Scatterplot of signed deviation for all participants and models. 
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Note that error is also negative and large in magnitude for the shapelet model. These errors are 

caused by large amplitude oscillations in the completion contours. These are likely produced by 

large amplitude formlets deployed to fit the legs of the giraffe. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Shape 13

Figure 33. Outlier formlet prediction for a natural shape at 10% occlusion.  



53 

 

Figure 36 displays the signed error for natural shapes, at 25% gap level. We observed one shape 

(Shape 24) for which the Elastica model generated an unusually high positive error. This shape is 

shown in Figure 37. We note that the endpoint tangent directions on which the elastica prediction 

is based are misleading in this case. None of the models are accurate and human estimates are 

broadly dispersed. 
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Figure 34. Scatterplot of signed deviations from ground truth for all participants and models. 

Red Outline: outlier in elastica completion and formlet completion. 
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Shape 24

Figure 35. Outlier elastica prediction for a natural shape at 25% occlusion.  
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The scatterplots for natural shapes at 50% gap level is shown in Figure 38. The shapelet 

and formlet models generate negative errors for Shape 48. In Figure 39, the majority of human 

participants experience a figure-ground reversal. Interestingly, this experience is shared by the 

global models, whereas by paying attention to only local cues at the endpoints, the local models 

do much better.  

 

 

 

 

Shape 48

a b

c d

-3 -2 -1 0 1 2 3

Elastica Error

-3

-2

-1

0

1

2

3

H
u
m
a
n
 
E
r
r
o
r

-3 -2 -1 0 1 2 3

Shapelet Error

-3

-2

-1

0

1

2

3

H
u
m
a
n
 
E
r
r
o
r

-3 -2 -1 0 1 2 3

Linear Error

-3

-2

-1

0

1

2

3

H
u
m
a
n
 
E
r
r
o
r

-3 -2 -1 0 1 2 3

Formlet Error

-3

-2

-1

0

1

2

3

H
u
m
a
n
 
E
r
r
o
r

Figure 36. Scatterplots of signed deviations for natural shapes at 50% occlusion.  
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Shape 48

Figure 37. Outlier shapelet and formlet predictions for a natural shape at 50% occlusion.  
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Figure 40 represents the signed error across all trials for synthetic shapes at the 10% gap level. 

No clear outliers are apparent. 
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Figure 38. Scatterplot of signed deviations for synthetic shapes at 10% occlusion.  
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Figure 41 represents the signed error across all trials for synthetic shapes at the 25% gap level. 

One notable extreme case is shape 83, where the shapelet completion has very large negative 

error, while humans are much less biased (Figure 42). 
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Figure 39. Scatterplot of signed deviations for synthetic shapes at 25% occlusion.  
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Shape 83

Figure 40. Outlier shapelet prediction for a synthetic shape at 25% occlusion. 
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Figure 43 shows the signed error for synthetic shapes at 50% gap level. The shapelet model 

generated an unusually large negative error whereas humans were more spread out in their 

estimation (Figure 44), some generating large negative errors while others making predictions 

that were fairly accurate. In this case, the endpoint tangents are quite predictive, and so the 

elastica model performs quite well. 

 

 

 

 

Figure 41. Scatterplot of signed deviations for synthetic shapes at 50% occlusion. Red outline: 

Shapelet and formlet completions, corresponding to shape 42. 














