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Abstract

The Precise Point Positioning (PPP) measurement processing technique for Global Navigation Satellite

Systems (GNSS) is widely applied in scientific and commercial applications that require sub-metre level

accuracy, particularly in areas with few obstructions. PPP is expanding into mass-market applications

at the consumer level. However, the technique suffers from the inherent disadvantages of GNSS-based

technologies. Obstructed environments, such as urban canyons, downgrade the solution. The study

presents a novel solution that provides stronger resilience and improved performance in challenging

environments by implementing clock-aided algorithms and augmenting the GNSS receiver with both an

inertial measurement unit (IMU) and an external clock as a frequency reference. The PPP algorithm was

augmented with clock-specific modifications, including the receiver clock coasting (RCC) and receiver

clock modelling (RCM) algorithms. The study began with building a prototype triple-sensor fusion using

higher-end hardware and was successfully tested by collecting and processing real-world, kinematic GNSS

data. Horizontal rms errors have been reduced from 1.49 m with the traditional dual-sensor solution

to 1.14 m with the novel solution. With multiple simulated outages, the horizontal rms errors were

reduced from 2.07 m to 1.36 m using the RCM solution and 0.55 m using the RCC solution. To address the

requirement of consumer-grade applications, a mass-market-friendly variant using low-cost hardware

was built and tested in real urban canyons. The positioning accuracy over time was found to improve

by 10–40% in most datasets when compared to traditional PPP/IMU fusion using identical hardware. In

both fusion configurations, three-satellite GNSS solutions were verified. Finally, the study delved into

position-domain Integrity Monitoring (IM) and showed an improved integrity performance of the novel

triple-sensor solution. The number of unavailable epochs under the IM criteria was reduced by half.
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The percentage of safe operations in the cross-track and along-track components, as determined by

the criteria, increased from 97.20% and 82.34% to 99.45% and 92.67%, respectively, indicating a more

trustworthy solution for safety-of-life applications. The result has proven the novel triple-sensor solution

as a viable option in improving the performance and integrity for liability-critical applications such as

intelligent vehicles. Further research is recommended to optimise the characterisation of the external

oscillators and to achieve deeper integration among the three sensors.
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Chapter 1

Introduction

Modern Global Satellite Navigation System (GNSS) enables many time- and location-

based services (LBS) by allowing a ubiquitous outdoor Position, Navigation, and Timing

(PNT) solution available at a range of cost requirements. The GNSS technology stands

out as a universal position-fixing method through ranging signals from satellite con-

stellations, and thus supports a theoretically unlimited number of ground users and

no marginal costs for each additional user. It is now seen in consumer products such

as smart wearables and highly demanding applications such as spacecraft and aircraft

guidance. The GNSS technology suffers from key drawbacks in modern urban applica-

tions due to effects on the ranging signals from obstructions (Geng et al., 2024; Groves

et al., 2013). The problem worsens as emerging applications demand low-cost solutions,

and low-cost hardware suffers more greatly from urban environments. The advent of

low-cost, multi-constellation, multi-frequency GNSS receivers, as well as the advances

in low-cost inertial measurement units (IMUs) with micro-electromechanical sensor

(MEMS) technology, has improved the GNSS PNT in the said scenarios in recent years
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(Abd Rabbou & El-Rabbany, 2015; Li et al., 2017; Vana & Bisnath, 2023). However, a gap

still exists to bring the performance of the technology to the level demanded by emerging

safety-of-life or liability-critical applications in urban environments.

The dissertation proposes a novel and low-cost triple-sensor fusion method based on

GNSS-PPP (Precise Point Positioning) technology (Kouba & Héroux, 2001; Zumberge et

al., 1997), an IMU, and an external frequency source in the form of a precise clock. Triple-

sensor fusion is a step forward in closing the gap, providing an improved and tested

solution for real-world urban canyons within a reasonable budget. The dissertation

begins with an overview of relevant technologies and theories, followed by studies of

the clock-aided GNSS approach, methodologies for field experiments and processing

where a more costly prototype and a low-cost evolution are tested, and then followed

by analysis of the performance of the setups, including a position-domain integrity

framework for real-life considerations. The result shows an improvement in accuracy

and resilience in real urban canyon scenarios compared to traditional solutions with

dual sensors.
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1.1 The Challenge of GNSS Technology in Novel Applications

GNSS signals are broadcast from satellite constellations, typically in Medium Earth

Orbit (MEO). The satellites are tracked by the user equipment, and the signals are mea-

sured to produce (1) pseudorange, (2) carrier-phase, and (3) Doppler measurements

(Farrell & Barth, 1999; Groves, 2013). The GNSS is a form of space-based, one-way radio-

ranging navigation system. In such a navigation system, the user at an unknown location

needs knowledge of the absolute position of the transmitter, i.e., the GNSS satellites, the

transmitter clocks need to be synchronised with each other, and the receiver clock’s un-

known needs to be addressed. With enough availability of the ranging signals, the GNSS

becomes available to the general population as a public service, allowing wide-range

consumer applications. In addition, technological advancement led to cost reduction

and miniaturisation of previously bulky GNSS user equipment in the last two decades.

PNT solutions have since been proliferated for use in a range of technologies from pro-

fessional industries to daily activities (Aggrey, Bisnath, et al., 2019; Vana & Bisnath, 2023;

Yi et al., 2022).

If the reception of the ranging signals is good, GNSS solutions without any precise

techniques reach an accuracy at the metre level. In an urban environment, however,

where the usage of GNSS has become prevalent in the last two decades, GNSS suffers

from degradation. These factors include (Groves et al., 2013; Teunissen & Montenbruck,

2017):

1. Signal Blockage: Buildings and large vehicles are common obstructions, blocking

signals of low-elevation satellites and potentially leaving a narrow cone for signal

reception.
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2. Multipath Errors: Signals may be received by the antenna indirectly through the

reflection of various surfaces. The reflected signals may interfere with the directly

received signals, leading to noisy measurements. Multipath errors are especially

common in urban canyons.

3. Non-Line-of-Sight (NLOS) Signals: Signals not directly reachable to the user an-

tenna may be received through reflection on urban surfaces. If not correctly identi-

fied, and are instead processed, these signals will mislead the position estimation

and lead to an increase in inaccuracy.

4. Attenuation: Some GNSS signals in urban environments are not sufficiently blocked

but get attenuated through obstructions such as foliage. The degree of attenuation

relates to the object’s geometry and material. Signal interference, deliberate or not,

can also cause a degradation effect on the GNSS signals.

These negative effects cause degradation of GNSS performance metrics, including

accuracy, continuity, integrity, and availability. Modern GNSS applications require a

range of performance levels. Less demanding LBS applications such as location-based

information or push-ads require accuracy as low as tens of metres (Rizos, 2005). This

level of performance can be achieved using basic positioning techniques in most scenar-

ios or alternatively by cellular signal positioning if available (Spinney, 2003). For land

navigation, such as road guidance, a few metres of accuracy is desired. At this level of

accuracy, service outages are expected with low-cost hardware in urban environments.

The magnitude of the accuracy requirement increases when greater autonomy is de-

sired by the system. Lane-level navigation typically requires one-metre-level accuracy.

The performance requirement becomes more systematic and stringent when it comes

4



to safety-of-life or liability-critical applications. Modern V2X (Vehicle-to-Everything)

applications often have specific and constantly evolving performance indicators being

developed by authorities (Standardization Administration of the People’s Republic of

China, 2024; U.S. Department of Transportation, 2025). Furthermore, unlike existing

LBS, these applications also require the availability, integrity, and latency of the solution.

These performance metrics will be detailed in later chapters.

To address the degradation of GNSS solutions in challenging and GNSS-denied envi-

ronments, the user equipment fuses GNSS with other sensors, such as Inertial Measure-

ment Units (IMUs), visual sensors, or terrestrial ranging systems (Melendez-Pastor et al.,

2017). GNSS/IMU integration is the most widely adopted among sensor fusion schemes

(Elsheikh et al., 2019; Shin & El-Sheimy, 2002; Vana & Bisnath, 2023).

However, while offering a great deal of resilience by extending GNSS solutions into

short periods of GNSS-denied environments, IMUs exhibit drifts and biases over time,

in addition to the calibration requirement and proper physical alignment. Vibration

and temperature introduce errors to IMU measurements more than electronic sensors,

especially on consumer-grade or automotive-grade IMUs at lower costs. The monetary

cost of the system becomes a constraint in bringing the fused PNT solution to the level

of performance demanded by emerging applications.

1.2 Problem Statement

The technology of the day presents a conundrum: Services enabled by the GNSS

require improvement of GNSS PNT solutions in multiple metrics in challenging environ-

ments, while their growing cost constraints are making such improvement even more
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difficult with low-cost hardware.

1.2.1 The Crucialness of the GNSS PPP Solution

The GNSS technologies were developed for military use in the 1980s, respectively

in the Western Bloc and the Eastern Bloc, as the Global Positioning System (GPS) and

GLONASS (GLObalnaya NAvigatsionnaya Sputnikovaya Sistema in Russian). Followed

by its gradual opening to civilians and the establishment of the Chinese BeiDou and

European Galileo constellations in the early 2000s. Regional systems such as the Quasi-

Zenith Satellite System (QZSS) from Japan and the Navigation Indian Constellation

(NavIC) work in similar principles. Spanning over four decades, the technology ages

without fundamental alterations to its principles, maintaining its universal presence of

ranging signals outdoors.

The modern challenge, as depicted in the previous section, has been a major theme

of research in the navigation community. Alternatives to the GNSS have been dis-

cussed, and stellar progress has been made with technologies such as the 5G navigation

(Mogyorósi et al., 2022). However, the crucialness of the GNSS lies in its principle of

passive-ranging from space infrastructures. The passive ranging ensures inherent PNT

availability without the need to build and maintain any land-based infrastructures ex-

cept for those required for the operation of the satellites. Since availability is crucial

in any safety-of-life applications, maintaining and improving a GNSS solution that the

safety-of-life system may rely on and fall back on is necessary.

A similar argument may be presented for the continuous improvement and devel-

opment of the PPP (Precise Point Positioning) over relative positioning techniques and

hybridisation with other signals. The PPP is a precise GNSS technique that can be viewed
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as the basic, stand-alone positioning technique of Single Point Positioning (SPP). A

global network of stations provides key products such as precise satellite orbit and clock

information that can be used to improve the positioning of stand-alone receivers. It

reaches decimetre-level accuracy in an ideal environment. In contrast with Network

Real-time Kinematic (NRTK) or hybridisation, the PPP requires no local land infrastruc-

ture. Therefore, for safety-of-life applications, a GNSS-PPP solution is preferred because

not only is its solution availability outdoors guaranteed by the GNSS principles, but its

accuracy is also widely maintained without concerns for land infrastructures (Bisnath &

Gao, 2009; Choy et al., 2017).

1.2.2 Improving PPP in Challenging Environment through Sensor Fusion

IMUs are a type of dead-reckoning sensor, meaning they measure the user’s motion

with respect to the inertial frame. An IMU incorporates multiple accelerometers and gy-

roscopes (gyros). An Inertial Navigation System (INS) consists of IMUs and a navigation

processor to produce a navigation solution through a set of navigation equations known

as mechanisation equations. IMU hardware is now easier to mass-produce at a lower

cost. Microelectromechanical systems (MEMS) technology allowed consumer-level

IMUs to be used on smartphones and personal vehicles by providing more affordable

options than traditional IMUs (Yang et al., 2023; Yi et al., 2022). GNSS/IMU integration

has been widely studied and is the go-to option for most PNT applications in urban

environments with demanding performance.

Sensor fusion with IMUs presents the same conundrum as the GNSS-only solutions.

The low-cost requirement limits the performance of the GNSS/IMU sensor fusion while

the industry continues to look for better performance that allows safety-of-life appli-
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cations and enables more possibilities. Studies on improving the low-cost GNSS/IMU

fusion have been a major topic in GNSS research, from the then-novel multi-GNSS, multi-

frequency fusion with MEMS-IMUs to ultra-low-cost possibilities with smartphones.

However, the challenge is still present, and the sensor fusion solution needs to be further

improved.

1.3 Research Statement

To address the problem of improving the performance of modern GNSS solutions

in urban areas, this research aims to develop a novel sensor fusion technology based

on sensor fusion with an external frequency source. The problem of improving GNSS

performance in challenging environments has been a regular and popular topic of

research. The research community and GNSS solution providers have been addressing

the problem by improving the GNSS base solution and by sensor fusion. Oftentimes,

the solution involves an IMU due to its dead-reckoning ability. Other sensors, such as

odometers, cameras or other visual or radar ranging sensors, have been investigated with

varying levels of success and cost-effectiveness. The novel triple-sensor fusion scheme

will include three low-cost sensors: a multi-constellation and multi-frequency GNSS

receiver with a patch antenna, an automotive-grade IMU, and an external clock. The

solution is produced through PPP for greater accuracy and applicability. For clarification,

the ’low-cost’ used in the context of this research refers to a consumer- or automotive-

grade receiver with a patch antenna and IMUs. The triple-sensor fusion is designed to

have a few qualitative requirements in mind:

1. Availability: the solution must be achieved without land infrastructures and thus be
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able to serve as a backup solution in a safety-of-life or liability-critical navigation

system.

2. Mass-market viability: the solution must be achieved with mass-market hardware

components within a reasonable cost range and can be scaled down during mass

production.

3. Performance: the solution must show improved performance over existing sensor

fusions. The performance should further, if not completely, close the performance

gap of low-cost sensor fusions from real-world requirements.

4. Resilience: the solution must show improved trustworthiness to withstand the ad-

verse signal environment in urban canyons and similar challenging environments.

It should be a step forward from the widely applied GNSS/IMU integration.

Therefore, the triple-sensor fusion is devised with the GNSS receiver as its core and

is aided by fusing an IMU and an external clock. The IMU forms a tightly-coupled

fusion with the GNSS measurements. The external clock, novel in the research, aids

the system further by providing a stable frequency to the GNSS receiver, improving the

measurement, and allowing clock algorithms in processing. The final block is the PPP

techniques fused with the two aiding sensors. The PPP preserves the performance of the

solution in the absence of infrastructures, provides decimetre-level kinematic solutions

in more open-sky environments, and allows metre-level or better solutions in urban

canyons. The Kalman filter is further enhanced by the clock algorithms specific for

the external clock hardware, including receiver clock coasting (RCC) and receiver clock

modelling (RCM) (Knable & Kalafus, 1984; Krawinkel, 2018; Yang & Bisnath, 2020).

The goals of the triple-sensor fusion are:
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1. To improve solution performance under poor geometry due to the presence of

obstructions

2. To reduce error peaks/spikes caused by short outages common in urban environ-

ments

3. To achieve a meaningful three-satellite solution that helps bridge the gap between

GNSS-denied environments and an obstructed environment.

The latter chapters of the dissertation will provide surveys on related aspects of triple-

sensor fusion, details on implementation and methodology, and an analysis of various

results to demonstrate the completion of the research goals. The research is heavily

oriented towards automotive applications in defining low-cost hardware, the selection

of sensors, and the demonstration of navigation results.

1.4 Novelty and Significance

The triple-sensor fusion is based on the well-studied dual-sensor fusion of GNSS/IMU,

with the novelty of using the additional timing sensor as an aiding sensor for the GNSS.

The research involves experimentally selecting, assembling, and configuring the hard-

ware and, through software programming, building the algorithms into the Extended

Kalman Filter (EKF) in York-PPP codes. Therefore, the novelty of the research can be

approached from two perspectives.

1.4.1 Hardware Integration – External Oscillator

The frequency stability of a clock is commonly expressed using the Allan Deviation

(ADEV) over a period of time ¿, known as the averaging time. GNSS receivers typi-
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cally adopt lower-end crystal oscillators (XOs), e.g. Temperature-Compensated Crystal

Oscillators (TCXOs) for timing purposes. The clock aiding algorithm depends on a

high-precision clock with good frequency stability, or a lower ADEV than the TCXOs.

There are two possible replacements within a reasonable cost range for the clock-

aided GNSS: Chip-scale Atomic Clocks (CSACs) and Oven-Controlled Crystal Oscillators

(OCXOs). Both oscillators will be introduced in detail in later chapters. Existing research

has extensively used CSACs of various models, or their larger equivalent, the Miniturised

Atomic Clocks (MACS) for RCC and RCM research (Fernández et al., 2017; Krawinkel et al.,

2014; Meng et al., 2024) to improve the GNSS solution. However, the existing literature

is limited as there are very few studies in further integration with inertial sensors, little

emphasis on tackling challenging environments, and no attempts to reduce the cost of

the clock-aided receiver scheme further.

This study addresses the blank by re-introducing the CSAC as the external oscillator

to verify a triple-sensor fusion scheme with an IMU. Then the hardware is replaced by

lower-cost alternatives, including the novel approach of using an OCXO in place of the

precise external clock. Finally, the integrated setup is taken to real urban canyons for

data collection and analysis. The project adopted Microsemi SA.45s as the higher-cost

CSAC for building the initial prototype. Safran GXClok-500 was chosen as the low-cost

OCXO timing module.

1.4.2 Algorithmic Improvement

Receiver clock errors are accustomed to being treated as an unknown variable along

with the three spatial coordinates due to their significant effect on solution accuracy and

inconsistency from various clock setups. GNSS receivers are typically equipped with
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quartz clocks such as TCXOs. TCXOs are cheap but offer inferior frequency stability.

Chip-scale atomic clocks are the civilian descendant of U.S. DARPA projects to pro-

vide robust GNSS solutions at the personnel level in the event of war. They are still

costly at a few thousand U.S. dollars, but compared to traditional atomic clocks such as

hydrogen-maser clocks, CSACs are more portable and much cheaper. The latest variant

of Microsemi SA.45s requires around 120 mW of power, not much larger than a U.S.

dollar coin. A precise, external clock like CSAC improves GNSS solutions in a number of

ways. For timing applications, the CSAC acts as a holdover clock to continuously provide

timing signals as accurate as 1 „s over 24 hours despite frequency drifts without extra

signals. The positioning potential of such an external clock has been investigated in the

last decade. One way to utilise the clock is clock coasting. Similarly to holdover clocks in

timing applications, the clock can be "coasted" to replace receiver clock error estimation

in GNSS filters. Clock coasting leads to one less required satellite range measurement

to produce an exact solution, and increased availability of GNSS solutions. Similarly,

while coasting the clock, the clock bias can be estimated independently using receiver

clock modelling in Kalman filters. Ideally, RCM will further reduce clock errors from

the holdover clock if the modelling is correct. However, precise clock modelling is too

difficult to achieve for mass-market applications due to cost and time constraints. The

study employs RCM and clock coasting at the same time to investigate the performance

of both methods. It is also in the interest of the study to investigate how a non-ideal

parameter in the modelling affects RCM performance.

While there has been continuous interest in clock-aiding algorithms to improve the

GNSS solution (Ma et al., 2015; Ramlall et al., 2011; Sturza, 1983), studies are limited in

either applying the sensor fusion scheme in urban canyons (Meng et al., 2024; Yang &
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Bisnath, 2020) or with IMU integration (Ma et al., 2016). The study presents the relevant

theories, applications and results from the RCC and RCM algorithms in a triple-sensor

setting with PPP as the GNSS processing method. Datasets were collected in various

urban environments, including simulated GNSS outages and real busy urban canyons in

Toronto for analysis.

1.5 Dissertation Overview

Following the introduction to the research, the subsequent chapters will gradually

review the fundamentals, methodology, experimental procedures and results, and real-

life implications of the research. These chapters are:

1. GNSS Positioning Techniques: a review of the fundamental algorithms and theories

behind the research, including the precise techniques that provide the baseline

solution.

2. PPP Sensor Fusion Techniques: the two aiding sensors are explained in detail

through an overview of the IMU fusion techniques and studies in the external clock

used in the research.

3. Prototype Analysis with PPP/IMU/CSAC integration using Geodetic-grade hard-

ware: a prototype of the triple-sensor fusion is built for verification purposes using

high-end hardware. The experimental results from the prototype are then anal-

ysed in detail. Research goals of performance improvement in urban canyons and

three-satellite solutions are verified through simulated real-time post-processing

and simulated outages.

13



4. A Mass-Market Navigation System with PPP/IMU/OCXO integration using low-cost

hardware: the triple-sensor fusion has evolved by adopting mass-market hardware.

The change leads to challenges that need to be tackled. Datasets from variable

environments are collected. Validation from the previous, CSAC-aided setup is

re-evaluated. Finally, real-world urban datasets in challenging environments are

analysed.

5. Interpretation in Real Life through Position-Domain Integrity Analysis: the results

from the triple-sensor fusion are further studied through the means of position-

domain integrity analysis. The analysis completes the integrity metric evaluation

of the triple-sensor fusion for real-life considerations.

6. Conclusions and Recommendations for Future Research: the research achieves the

goals and leaves open a few possible ways for continuation.
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Chapter 2

Estimation Techniques in of York-PPP

GNSS Processing

GNSS signals are transmitted globally from MEO (Medium Earth Orbit) constellations,

each with a network of at least 24 satellites. The signals are on the radio spectrum as part

of the L-band with a wavelength between about 19 - 25 cm. The selection was specific

for the PNT purposes allows an appropriate precision. The radio signals consist of at

least two parts: a pseudorandom noise (PRN) code and a navigation message. The PRN

code repeats at intervals from milliseconds to seconds and is used to produce obser-

vations and provide a unique identification to distinguish among satellites within the

constellation. The navigation message stream, also known as the broadcast navigation

message, transmits key information about the satellite itself, such as clock corrections

and ephemeris information. The message also provides the timing components by sync-

ing the receiver’s local time with the GNSS system time. The receiver can thus compute

the location of the satellite at the time of receiving and produce observations from the
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PRN codes. With enough observations, the unknown position can be estimated through

trilateration of the ranging signals (Kaplan & Hegarty, 2017; Teunissen & Montenbruck,

2017).

To make a measurement, the receiver locally generates a copy of the PRN sequence

for comparison and alignment with the received GNSS signals. By the subtraction of

the local time of receiving and signal generation, the receiver is able to measure the

time t s
r taken for the signal to propagate from the satellite to the receiver antenna. Since

the GNSS signals are EM waves, they travel at the speed of light. Thus, the range of the

transmission can be computed as,

‰s
r ˘ ct s

r (2.1)

However, the product of the speed of light c and the time computed from the receiver

t s
r will vary from the true theoretical range ‰s

r as the clock errors for the satellite ¢t s and

the receiver itself ¢tr must also be accounted for. For this reason, the measurement

is referred to as pseudorange. Since the satellite clock error can be computed through

broadcast ephemeris or precise products, the term can be resolved individually alongside

other error sources, leaving only a variable of receiver clock offsets. A common definition

of the pseudorange can then be given.

p s
r ˘ ‰s

r ¯ c¢tr (2.2)

There are two other types of measurements typically made by the receiver, including

the carrier phase and Doppler. The carrier phase measurement of the signals provides

centimetre-level or higher precision and is essential for precise positioning. Measur-

ing the carrier phase leads to a one-wavelength ambiguity that is at the centre of the
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development of precise point positioning and RTK.

The Doppler measurement is caused by the relative motion of the receiver and the

satellite, and is a measure of the line-of-sight velocity. It is more commonly used in appli-

cations where a high velocity relative to Earth is considered. The Doppler measurements

can also be converted into the pseudorange rate (PRR) measurement (Groves, 2013).

2.1 GNSS-PPP Observation Model and Error Sources

The PPP technique provides superior positioning performance compared to SPP

due to its use of multi-frequency pseudorange as well as carrier-phase measurements,

precise satellite orbit and clock products, and additional products such as differential

code biases (DCBs) (Liu et al., 2019; Montenbruck et al., 2014). While PPP requires

station networks to estimate the above-mentioned corrections, it is considered a more

financially viable option to maintain than the RTK or NRTK techniques. With differential

techniques, the user receives corrections corresponding to observations (Naciri, 2022).

Given the number of constellations and satellites available, an ideal NRTK operation

becomes computationally and data-wise intensive. The differential techniques also

require a large number of local stations to maintain. In addition, the communication

between the user and base stations is two-way instead of one-way communication for

PPP, as there are intermediary control centres to regulate the communications based on

the user’s rough location. In such regards, the PPP processing may be viewed as a natural

evolution of the standard GNSS positioning as it preserves the core characteristics of

universality and close-to-negligible marginal burdens per user.

The PPP observation equation used in this research assumes an uncombined model,
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and the equations for the pseudorange and carrier-phase are (Aggrey & Bisnath, 2019;

Katsigianni et al., 2019; Kouba & Héroux, 2001):

p s
r ˘‰s

r ¯ c(¢tr ¡¢t s) ¯ T ¯°i I s
i ¯ (br,i ¡ bs

i ) ¯†pi

`s
r ˘‰s

r ¯ c(¢tr ¡¢t s) ¯ T ¡°i I s
i ¯‚i (N s

i ¯ Br,i ¡ B s
i ) ¯†`i

(2.3)

The new terms introduced in the equations are:

T : Tropospheric delay;

°i ˘ f 2
1

f 2
i

: Ratio of frequencies applied to the first frequency ionosphere delay Ii at fre-

quency i ;

br,i : Pseudorange receiver bias;

bs
i : Pseudorange satellite bias;

‚i ˘ c
fi

: Wavelength of the GNSS signal;

N s
i : Integer ambiguity on frequency i ;

Br,i : Phase receiver bias;

B s
i : Phase satellite bias;

†pi : Unmodelled errors in pseudorange such as multipath

†'i : Unmodelled errors in phase such as multipath

Depending on the method to deal with some errors, some of the terms are to be esti-

mated instead of computed from observables or accessed from data product providers.

This presents additional errors when not enough observations are available, leading to a

rank deficiency. The following list examines the methods to mitigate the errors and how

they differ from PPP and SPP processing.
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Satellite Orbit and Clock Errors

Most commonly, the broadcast orbit that is either acquired from GNSS stations or

received by the receivers themselves is used. The broadcast orbit usually has orbital

accuracy errors in the range of metres. The broadcast information also includes clock

correction data.

The research adopts the precise .sp3 orbit product commonly used in PPP processing,

and the file name extension refers to Extended Standard Product- 3, a product originally

proposed in 1989 (Elsheikh et al., 2023; Hilla, 2016). The SP3 products provide orbital

accuracy of less than 5 centimetres, allowing precise techniques and providing a more

accurate position estimate. A separate clock file is used alongside the orbit correction

product, and the clock correction file similarly provides a more precise and accurate

clock error for the post-processing (Kouba, 2009).

Tropospheric Error

The refractive index of the atmosphere increases as altitude decreases. GNSS Signals

slow down and get refracted while entering the troposphere, a lower part of the atmo-

sphere. Therefore, it is necessary to model the troposphere delay as the signal shows a

different behaviour from travelling in a complete or near vacuum. The error modelling

also includes the stratosphere as part of it due to its similarity in modelling. The tro-

pospheric delay is separated into "dry" and "wet" components. The "dry" component

makes up 90% of the tropospheric delay and is modelled relatively easily (Hopfield, 1969).

The "wet" component will also have a contribution from water vapour and is subject to

improvement in research.
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Ionospheric Error

GNSS satellites are typically located at MEO, meaning that the signal will travel

through the entirety of the ionosphere. The free electrons from the ionised particles in the

ionosphere affect the EM signal propagation. The effect exhibits weather-like behaviour

from solar ultraviolet radiation, solar wind, and electrodynamics in the thermosphere,

among other factors. Traditional models such as the Klobuchar model are commonly

used in SPP (Klobuchar, 1975). To bring the solution accuracy to centimetre-level,

however, it is crucial to improve the ionospheric model, or to estimate the ionospheric

error as a variable in the EKF. In this research, the ionospheric errors are estimated as

variables in the EKF. The ionospheric error is consistent in any localised area, which

means the user can receive a better estimation from nearby, higher-quality, stationary

GNSS stations. GIM (global ionospheric maps) is a new tool exploiting this fact. The

maps allow a mapping of the total electron content (TEC) globally. GIM provides a useful

tool to improve the ionospheric error modelling for PPP (Ho et al., 1997; Jee et al., 2010;

Reddybattula et al., 2019).

Hardware Biases

The receiver or satellite hardware biases result from internal processing that delays

the transmission. On the satellite end, the different frequencies and modulations have an

effect, and therefore corrections such as Differential Code Bias (DCB) may be processed

for GNSS processing (Montenbruck et al., 2014; Xiang et al., 2020). These code and phase

corrections are additive to the user’s observations. On the user-end, the hardware bias

is seldom studied due to the various nature of the user’s equipment and the errors are

20



absorbed into the estimation process.

Antenna Offsets

The signals are broadcast from the phase centres of the satellite antennas rather than

the equipment’s centre of mass. Therefore, the PPP user should take the displacement

into consideration. The research utilises the ANTEX (Antenna Exchange) product that

provides information for common satellites and user receivers (Prange et al., 2023;

Schmid et al., 2016). Low-cost and ultra-low-cost receiver users commonly disregard the

user-end antenna offset and absorb the errors into the estimation.

Relativistic Effect

The relative motion of the satellites and the user under different gravitational fields

leads to a relativistic effect in GNSS processing. The relativistic effect leads to both a

propagation delay due to space-time curvature and deviations in satellite clock frequency.

The error is mitigated through correction based on computing the instantaneous satellite

position and velocity. The relativistic clock effect on the receiver clock is neglected as it

is present in all measurements and becomes a component in the receiver clock offset

(Ashby, 2003; Hegarty et al., 2017).

Site Displacement

These refer to a series of error sources often at mm to cm level due to Earth movement

(Aggrey, 2014; Naciri, 2022; Witchayangkoon, 2000).

1. Plate motion: movement of tectonic plate (Altamimi et al., 2012)
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2. Solid Earth tides: a function of the gravitational motion of the Earth and other

masses in the solar system such as the Sun. The error is due to the fact that the

Earth is not rigid and thus affected by these gravitational sources. The errors affect

the vertical positioning more than the horizontal and can be modelled (McCarthy,

Petit, et al., 2004).

3. Ocean loading: the ocean tides cause displacement of the Earth’s crust. The impact

can usually be seen more obviously along the coastal area at a few centimetres

(Agnew, 1997).

4. Other site displacement effects: these include minor error sources, including pole

tides (Niu et al., 2021) and atmospheric loading (Tunalı & Özlüdemir, 2019). They

typically contribute at a millimetre level at most and therefore are not particularly

addressed.

Phase wind-up

The GNSS signals are right-hand circularly polarised. A rotating antenna relative

to the user leads to a change in carrier-phase measurement, and due to the satellite

motion relative to the user, the phase wind-up is not negligible, as it could lead to a

few decimetres of errors. The error source can be computed with the carrier-phase

measurement, and it does not affect pseudorange measurements.

The observation equations of the two observables p s
i and `s

i and the error sources

modelling make up the basis of the PPP processing. The PPP operates on similar princi-

ples to SPP, but with additional corrections that are made available by the use of precise

products (Wu et al., 1993).
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Furthermore, as constellations such as BeiDou-3 and Galileo become available and

widely supported in a range of mass-market receivers, the low-cost PPP benefits from

multi-constellation and multi-frequency processing. The availability leads to improved

geometry and availability of signals, and accelerates convergence time, helping PPP

to approach RTK techniques in terms of convergence time. The caveat of low-cost

multi-constellation PPP is that the PPP solution is greatly affected by the quality of mea-

surements, and low-cost receivers do not always present the same level of measurement

quality over all constellations or frequencies. As in the case with smartphones, and less

prevalent with consumer-grade receivers, the user often finds gaps in the measurement

for certain frequencies. The phenomenon leads to systematic errors in the processing

and therefore leads to a worse solution if some signals are included.

Utilising the available measurements with corrections applied, a PNT solution can

be optimally estimated using one of the positioning techniques. The post-processing

is called filtering, referring to the algorithms estimating the state variables based upon

all past measurements. It is called optimal estimation as it is statistically defined to

minimise the estimation error. In the next section, the filtering technique used in the

research is introduced.

2.2 Kalman Filter

There are two primary optimal estimation techniques used in GNSS processing,

namely the Kalman Filter (KF) and Least Squares estimation methods, such as Sequential

Least Squares (SLS). The research uses KF exclusively, as the algorithm is able to allow

the fusion of information from various sensors.
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The Kalman Filter requires knowledge of a system model - a deterministic property of

the dynamic system, statistical properties of the system, and measurements to achieve

an optimal estimation based on the knowledge. These components describe the art of

making, tuning, and running any KF (Brown & Hwang, 1997; Gelb, 1974). The physical

property of the system must be correctly modelled. In the case of GNSS processing, the

dynamics are widely studied and determined. The tuning process requires knowledge of

the measurement. This component presents itself more notably with low-cost sensors

as they suffer from great and less predictable random errors. Finally, the measurements

themselves are part of the estimation. Systematic errors not properly modelled will lead

to greater estimation errors.

2.2.1 Key Definitions

The variables subject to estimation form the state vector, denoted by x. The estimated

state vector is denoted by x̂. In GNSS processing, the number of states to be estimated

depends on the technique. Four fundamental variables are the x, y , z coordinates in

ECEF (Earth-centred, Earth-fixed coordinate system) and the receiver time offset. Given

the availability of modelling options and the requirement for precision, other error

sources, such as ionospheric errors, may be estimated through the KF as well. The error

covariance matrix presents the uncertainties of the states. Through the error covariance

matrix, if there is not enough information to independently estimate the state vector,

the correlation information from the matrix allows an estimate before the next available

measurement.

The Kalman Filter runs recursively with time evolution. GNSS epochs are often mea-

sured at 1 - 5 Hz. For a discrete system such as GNSS measurements by epochs, a discrete
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variation of the KF is used. Conversely, a continuous dynamic system requires the KF

to run continuously. A measurement vector, denoted by z, is expected at each epoch,

representing the latest measurements coming from the sensors. The measurement

vector is a different set of variables from the state vector, where their relation is described

by the measurement model. The measurement vector is associated with a measurement

noise matrix. The measurement noise, as its name suggests, refers to the instrumental

noise generated by the sensors. For example, a very-low-cost cellphone IMU is expected

to show greater accelerometer noise than that of a tactical-grade IMU (Yang et al., 2023).

2.2.2 Kalman Filter in Steps

After initiation, the iterative process of a Kalman Filter begins with system propagation.

The system propagation phase produces a prediction, an estimate of the state vector

at a future time, of the state vector and error covariance matrix. The prediction will

utilise the known properties of the system with the most recently available measurement.

Following the system propagation, the measurement update will take into account the

new measurement vector as it comes in from the sensors. The measurement updates

correct the prediction by updating the deterministic and stochastic components of the

measurement model. Kalman Gain is computed to provide an optimal estimation of

the states using the information of the uncertainties of current states and measurement

noise. The covariance matrix is then updated afterwards.

To derive the KF equations, the problem is abstracted into the following statement:

let x be a vector of non-random constants based on k sets of noisy measurements zi

sequenced i ˘ 1,2, ...k, and zi ˘ x ¯ vi . The subscripts i indicate discrete epochs in the

time sequence. The estimation x̂ is supposed to be unbiased, meaning its expected value
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is identical to the estimated value; of minimum variance, meaning that its error variance

is less than or equal to any other estimation. Then, the system model has the following

form:

xk ˘ 'k¡1xk¡1 ¯ wk¡1 (2.4)

Here 'k denotes the transition matrix at time k, and wk denotes the system process

noise with covariance Qk .

It is assumed that there are m measurements available, that is, the measurement

vector z is an m £ 1 vector. And the state vector x is an n £ 1 vector. Denoting the m £ n

measurement matrix H and the measurement model follows:

zk ˘ Hk xk ¯ vk (2.5)

The additional term vk is a vector with a dimension of m £ 1. vk denotes an additive

random measurement noise with covariance Rk . In GNSS processing and other non-

linear applications, an extended Kalman filter (EKF) provides a linearised estimation for

the measurement matrix.

The idea is that at time k, a state estimate x̂k (¡), where the minus sign indicates a

prediction, is computed and then updated with the current measurement zk . The state

estimate after the measurement update, denoted x̂k (¯) is additive from two gain vectors,

that is

x̂k (¯) ˘ K 0
k x̂k (¡) ¯ Kk zk (2.6)

The two gain matrices K 0 and K shall be derived. First, the estimated state vectors are
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the sum of a ’true’ state and an error component denoted with a tilde:

x̂k (¯) ˘xk ¯ x̃k (¯)

x̂k (¡) ˘xk ¯ x̃k (¡)
(2.7)

Using the equation 2.7 and 2.5 to expand 2.6, the error estimation after an update is

x̃k (¯) ˘ [K 0
k ¯ Kk Hk ¡ I ]xk ¯ K 0

k x̃k (¡) ¯ Kk vk (2.8)

The estimator is unbiased, giving E [xk (§)] ˘ 0, and by definition E(vk )] ˘ 0, so the

following must be true:

K 0
k ¯ Kk Hk ¡ I ˘0

K 0
K ˘I ¡ Kk Hk

(2.9)

Updating 2.7, the state vector after measurement update can be expressed as

x̂k (¯) ˘(I ¡ Kk Hk )x̂k (¡) ¯ Kk zk

˘x̂k (¡) ¯ Kk [zk ¡ Hk x̂k (¡)]
(2.10)

To find the error covariance, 2.10 can be used to expand Pk (¯), and by eliminating

the non-correlated terms, we get

Pk (¯) ˘E [x̂k (¯)x̂k (¯)T ]

˘(I ¡ Kk Hk )Pk (¡)(I ¡ Kk Hk )T ¯ Kk Rk K T
k

(2.11)

The question of finding the optimal Kk , the Kalman gain matrix, remains. Therefore,
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the minimum of the cost function J ˘ E [x̂k (¯)Sx̂k (¯)T ]8S must be found. Let S ˘ I , and

take the partial derivative with respect to Kk , then it follows

@Jk

@Kk
˘ @ tr[Pk (¯)]

@Kk
(2.12)

Setting 2.12 to zero yields

Kk ˘ Pk (¡)H T
k [Hk Pk (¡)H T

k ¯ Rk ]¡1 (2.13)

and therefore,

Pk (¯) ˘ (I ¡ Kk Hk )Pk (¡) (2.14)

The state estimate in 2.10 can finally be updated. Here, the concept of measurement

innovation –z¡
k at time t ˘ k can be introduced. The measurement innovation signifies

the difference between the true measurement vector and what is computed from the

predicted state vector before the measurement update.

x̂k (¯) ˘x̂k (¡) ¯ Kk [zk ¡ Hk x̂k (¡)]

˘x̂k (¡) ¯ Kk–z¡
k

(2.15)

The concept of measurement residual is similarly defined as the difference between

the actual measurement vector and the computed measurement vector from the state

vector, after the measurement update:

–z¯
k ˘ zk ¡ Hk x̂k (¯) (2.16)

28



Figure 2.1 shows a �owchart of the Kalman Filter spanning from the �nal step at time

t Æk ¡ 1 to the �nal step at time t Æk.

Figure 2.1: Kalman �lter �owchart

The Kalman �lter builds up predictions based on past estimates, and the predicted

state becomes updated by the latest measurements as they come in. Such procedural

steps allow Kalman �lters to be customised according to sensors of varying rates and

availability. To illustrate a kinematic position estimation process, Figure 2.2 shows an

example trajectory and its KF prediction and estimation as it propagates and is corrected

by measurements. The green trajectory is the theoretical truth. The ellipse shows the

error covariance of the estimated position.

Figure 2.2: Kalman �lter processing in time
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In GNSS or other �elds where the measurement model is simply assumed with the

linear transition matrix H , the EKF is used. The EKF is a non-linear variation of the

standard KF. In an EKF, the state transition function F (a continuous, locally linear

estimate of ©), and measurement function H are linearised through the �rst-order partial

derivative with respect to x. The linearization may cause instability in certain cases and

require more work on tuning the EKF to improve the stability and performance. For

low-cost and ultra-low-cost receivers and IMUs, the sensitivity becomes more prominent

due to greater and less predictable errors in measurement that invalidate theoretical

assumptions.

Tuning with a very-low-cost receiver system, such as smartphones will thus often

require a larger initial P, to compensate the greater state uncertainties before running

EKF; an in�ated Q, as the issues due to cheap hardware lead to unknown system errors

invalidating the EKF's system model; and a moderately increased R to re�ect the worse

quality of measurements. The need for tuning is typically greatest with lower-cost

hardware in more challenging environments, as the system model is most compromised.

In the least-squares estimation, the optimality comes from choosing an x to achieve

the minimization of the sum of squares of z¡ ẑ. The optimality is achieved by minimising

the following value, weighted by the matrix R,

J Æ(z¡ H x̂)T R¡ 1(z ¡ H x̂) (2.17)

and taking the derivative @J
@̂x Æ0, giving

x̂ Æ(H T R1H )¡ 1H T R1z (2.18)
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The research will primarily adopt low-cost industrial/automotive-grade sensors. Fol-

lowing the earlier master's work on a prototype clock-aided GNSS-PPP solution using

clock coasting (Yang & Bisnath, 2020), the Ph.D. research will bring the prototype into a

functional localisation subsystem that shows performance improvements in resilience

in urban canyons. The previous work on clock-aided GNSS-PPP solution utilised a

geodetic GNSS receiver and antenna, and a Chip-Scale Atomic Clock (CSAC) to show

that a three-satellite solution can be achieved with an external holdover clock, and a

solution under poor geometry of 4-5 satellites can be improved.
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Chapter 3

PPP Sensor Fusion Techniques

GNSS provides a ranging positioning solution outdoors. In many cases, however,

aiding sensors are required to either improve the solution in general, to provide a backup,

or to allow solutions in deep urban environments or GNSS-denied environments. Such

solutions require fusion techniques in combining the inputs from all sensors, oftentimes

coming at different rates with various quality, together in such a way that they estimate

the best possible solution.

Examples of additional sensors include IMUs, barometers, magnetic compasses,

and odometers (Zhu et al., 2020). The aiding sensor is often a type of dead-reckoning

sensor, meaning that it operates continually without external information. GNSS/IMU

navigation is the most prevalent form of such sensor fusion. In a highly integrated system

like smartphones, the navigation engine may opt to utilise information from cellular

signals. Barometers provide information regarding altitude; magnetometers or magnetic

compasses assist pedestrian navigation by quickly initialising the heading angle without

continuous velocity computation (Domínguez et al., 2015; Perul & Renaudin, n.d.). In
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vehicular systems, odometers are a native sensor that helps correct dynamic variables

such as speed with the sensor on wheels. Vehicles may also use map matching using the

images from cameras. Autonomous vehicles typically have a wider range of perception

sensors available for localised road guidance and collision avoidance.

While GNSS suffers from mostly modelable error sources, each aiding sensor presents

a unique set of challenges of systematic errors. Practical analysis such as integrity

monitoring (IM) become much more complex with multiple sensors involved. Some

external sensors suffer from environmental factors such as temperature or atmospheric

pressure that typically have no effect on GNSS processing. Identifying common and

distinct error sources and designing the �lter such that the errors are properly modelled

or estimated is essential for a successful sensor fusion. Similar to the realm of GNSS

receivers, low-cost external sensors, such as a smartphone-grade IMU, present noisier

measurement behaviour and suffer from greater bias growth over time. Unlike in ideal

situations where, e.g., an IMU solution perfectly replaces a GNSS solution when a vehicle

enters a tunnel, engineering a navigation system with low-cost hardware often risks

feeding noisy or faulty information from one sensor to another. Understanding and

sometimes conforming to the challenges becomes part of the �lter design.

Another practical challenge is the integration of hardware from different grades of

manufacturers. The interaction exists in three levels: (1) raw communication, (2) user-

controlled communication, and (3) output integration. Raw communication refers to the

hardware connection, sending and receiving signals from the other sensor, and utilising

it internally, outside of user control. This realm of interaction is essentially a black-box

in which individual users can only rely on information from manuals to investigate or

deduce from outputs. In higher-grade and often more customizable hardware, the users
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are given more information on the hardware interaction and may have the ability to

control it with console commands or software. Finally, the interaction may only exist at

the post-processing level, such as the case in loosely- and tightly-coupled GNSS/IMU

integration, where the separate outputs of the two sensors are fused in the Kalman �lter

to produce a solution, and the two sensors do not need to communicate at all.

This chapter introduces the two aiding sensors used in the dissertation. The �rst

section introduces the GNSS/IMU integration techniques. The second section provides

a detailed introduction to external clocks, where the research presents a novel aiding sen-

sor possibility. Then, the theoretical and practical aspects of building a GNSS/IMU/clock

triple-sensor fusion navigation system are discussed.

3.1 Inertial Measurement Unit

The IMUs are dead-reckoning sensors, and thus, the user's motion is computed

within the body frame. They alone do not provide an absolute positioning solution, as

the body-frame axes must be resolved with external axes, such as in an ECEF axes using

GNSS information. IMUs consist of accelerometers and gyroscopes, also known as gyros.

Accelerometers measure the speci�c force the body endures, and the gyros measure

the angular velocity at which the body is turning. Each of the sensor are made up of 3

sub-sensors for each axis, leading to 6 sensors in total. The research adopts strapdown

IMUs, meaning that the IMU is �xed with respect to the user or the body (Elsheikh et al.,

2020; Groves, 2013).

The development of microelectromechanical systems (MEMS) technology allowed

small and low-cost IMU sensors to be produced. Moreover, their performance suffers
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from greater bias growth and noisier measurements. The IMUs are categorically divided

into a few grades. The highest grade of IMUs is used by the military, such as naval

ships, submarines, and intercontinental ballistic missiles. Their cost goes up to a million

USD per unit, and offers a daily drift of no more than a couple of kilometres per day.

Aviation-grade IMUs cost less than 100,000 USD typically, and offer similar solution drift

per hour, rather than per day. For users, a more common IMU grade is the tactical-grade

IMUs used in expensive civil purposes or unmanned drones (Petovello, 2003). They

sacri�ce long-term performance but can rely on other positioning systems such as GNSS.

In the ultra-low-cost category are the automotive-grade and consumer-grade IMUs.

Automotive-grade IMUs cost around a hundred dollars and have the size of a SIM card

(Ahmed & Tahir, 2016). Smartphones adopt consumer-grade IMUs with the lowest cost

and smallest size at the cost of performance. The literature among IMU studies varies

in its terminology. Typically, tactical-grade or lower IMUs are considered low-cost. To

avoid confusion, the dissertation refers to the consumer-grade IMUs seen on wearable

devices and smartphones as ultra-low-cost.

3.1.1 IMU Measurements and Errors

An IMU produces two separate types of measurement: the speci�c force and the an-

gular rate. A 6-axis IMU measures each with three axes for a complete three-dimensional

motion measurement. The internal IMU processor converts the internal measurement

to output units such as ms¡ 2 for accelerometers and r ads¡ 1. It also validates and per-

forms a range check of the output. The processor can also compensate for known errors

in the output. For example, some sensors are sensitive to temperature, and a relationship

between the temperature and output has been found (Ali, 2016). In this case, the IMU
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may incorporate a temperature sensor to compensate for the processor's errors.

Accelerometers

There are a number of ways to construct accelerometers. They can be mechanical,

piezoelectric, or capacitive. Figure 3.1 shows an example of such a mechanism. It shows

a simplistic capacitive accelerometer commonly found on MEMS-IMUs (El-Sheimy &

Niu, 2007; Zwahlen et al., 2012). Without external forces, the movable mass remains still

in its neutral position. When an acceleration along its sensitive axis is experienced by the

sensor, that is, there is an acceleration acting on the body it is strapped to, the movable

mass moves along either the + or - direction. The movement of the mass causes a small

but detectable change in the capacitance between the electrodes. The displacement of

the movable mass can then be computed from the change. The physical or electrical

limit of the mechanism leads to the detection range of the accelerometer. Accelerometers

typically measure their range and measurement in terms of gravity g. Damping is often

necessary to limit the responses and to protect the sensor in the event of shock. Sensors

shown in Figure 3.1 can be connected in serial so that multiple measurements can be

taken at once.
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Figure 3.1: Typical mechanism of an accelerometer

Gyroscopes

Gyroscopes measure the rotation experienced with respect to the inertial frame. They

output the angular velocity in radians per second. Like accelerometers, gyroscopes

operate with a variety of principles, such as vibratory or optical. Figure 3.2 shows the

basic principle of an optical gyroscope with four waveguides forming a closed loop

when a light beam passes. If the waveguides rotate clockwise, in the inertial frame, the

beam will travel a longer distance due to the Sagnac effect. If the waveguides rotate

counter-clockwise, the beam will travel a shorter distance. The difference in travelled

distance is used to measure how the body has rotated between each signal.
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Figure 3.2: Typical mechanism of a gyroscope

IMU Measurement Errors

There are four main categories of IMU errors: biases, scale factors, cross-coupling

errors and random noises. Errors in GNSS observables are primarily from the natural

environment, while the IMU errors are closely related to the hardware itself and user

dynamics.

Run-to-run errors are the �xed error contributions that remain consistent during

each run but vary between IMU start-ups. Such errors could be a result of initialisation

or incorrect calibration. The errors cannot be corrected by the sensor itself and should

be corrected through integration or realignment.

In-run errors are the errors that develop and vary during the run. It is another example

of errors that cannot be corrected by the IMU itself, such as accumulated bias. They may

not be obvious with a short data collection and may only be noticed in the long run. The

duration of short or long is a relative term, as the grade of the IMU greatly impacts the

drift.

Some systematic errors are calibrated by the IMU itself, such as the size effect on
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accelerometers or temperature. Many IMUs allow the user to manually perform an

alignment of the IMU or perform calibrations with GNSS integration. In the former

option, the user �xes the IMU on a �at and static surface. Knowing the body is static,

the existing biases and drifts over time can be recorded by the IMU processor and

compensated during actual runs. Some IMUs have the ability to integrate GNSS outputs

or signals. In many cases of low-cost sensors, a cheap GNSS chip and patch antenna

are provided in the same package, or integrated into the sensor. The sensors are then

expected to calibrate themselves with the GNSS solution.

Bias is the offset between the actual physical measurement and the sensor readings.

It is independent of the speci�c force or angular velocity at the time. Biases exist in all

accelerometers, and gyros are considered to be the most prominent form of IMU errors

(Abd Rabbou & El-Rabbany, 2015; Groves, 2013). The accelerometer bias ba and gyro bias

bg can be split into the sum of static and dynamic components. The static component

represents the �xed systematic biases that are instrumental, remain between each run,

or persist after calibration. The dynamic component is the in-run biases that cannot be

calculated before start-up, but typically contributes less than the static component. Bias

in low-cost IMUs is typically in the order of 10 ¡ 2 » 10¡ 1ms¡ 2. For low-cost gyroscopes,

the bias is typically in the range of 10 ¡ 6 » 10¡ 4rads¡ 1. For comparison, military-grade

IMUs for marine purposes typically have ba » 10¡ 4 and bg » 10¡ 9 (Matthews, 1990;

Yuksel et al., 2010).

Scale factors exist where the actual input-to-output ratio differs from the theoretical

truth, causing a disproportionate output from expectation. Cross-coupling errors exist

where a misalignment affects the orthogonality of the axes, leading to a cross-axis

sensitivity. Although these two types of errors have different physical natures, they are
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typically considered mathematically together.

Random noises are from various, uncategorized sources, e.g., mechanical instabilities

and electrical noises. MEMS-IMUs are exceptionally vulnerable to random noises and

may exhibit high-frequency noises. These noises present themselves as larger white

noises over seconds than higher-grade IMUs, such as in the case of smartphone IMUs.

They are preferred to be resolved with higher measurement noise tuning in sensor fusion

than low-pass �lters, as �lters may erase essential dynamics that lead to instability of the

EKF (El-Rabbany & El-Diasty, 2004; Skaloud et al., 1999).

3.1.2 IMU Navigation Equations

The measurements from an IMU are processed through a series of navigation equa-

tions to produce position, velocity, attitude, and sometimes acceleration information. A

position �x in an Earth coordinate system requires external information given from other

sensors, typically from GNSS. Oftentimes, off-the-shelf inertial systems have built-in nav-

igation processors to directly give the user the IMU states, and these combined systems

are called inertial navigation systems (INS). INS and IMU are seen interchangeably in

much of the literature. However, in the GNSS fusion processing for this research, the raw

output from accelerometers and gyroscopes is processed using the navigation equations

programmed in York-PPP, and then fed into the EKF. Therefore, the dissertation adopts

the GNSS/IMU fusion terminology.

Frame of Motion and Coordinates Transformation

De�ning a coordinate system requires the de�nition of the three non-coplanar axes

and an origin. The fusion of ranging navigation systems and dead-reckoning navigation
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systems requires a transformation of different coordinate frames.

GNSS processing is done in the ECEF frame, where the z axis points along the Earth's

axis of rotation, and the x axis points to the intersection of the equator with the IERS

(International Earth Rotation System Service)'s Reference Meridian in a right-hand

coordinate system.

GNSS solutions are also presented in the local frame by custom. In a local navigation

frame, an origin is de�ned to provide the East, North and Up (ENU) position of the user.

In kinematic processing, the origin is usually selected by the starting point. The local

frame is chosen small enough as a surface, so that the geometry can be considered as

'�at'. Local frames do not work around poles as the ENU directions become ill-de�ned.

Dead-reckoning sensors such as IMUs resolve motion within the body frame. With a

strap-down IMU, the body frame is equivalent to the IMU frame, as the IMU is considered

�xed relative to the body. In a practical GNSS/IMU navigation system, the antenna phase

centre does not coincide with the IMU centre. In such a case, the user should measure

the physical distance of the two as lever arms and incorporate them into the processing.

Figure 3.3 shows a right-handed body frame. The convention is that the forward

direction is labelled as xb , and the rotation around the body's xb axis would be the roll.

The downwards direction, assumed along the direction of gravity,y, is labelled zb , and

rotation around the axis would be the yaw vector. Given the right-handedness, the

remaining yb vector points rightwards, and its rotation is the pitch vector.
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Figure 3.3: Axes of the body frame

The velocity of motion is described by the vector v °
¯® , meaning that the velocity of

frame ® with respect to frame ¯ is resolved about frame ° . To illustrate, the body's

velocity v i
i b in its own inertial frame is always zero.

Describing the body's attitude is more dif�cult, and there are a few different ways

to accomplish it. Quaternions have been a popular mathematical tool for this purpose

due to their computational ef�ciency. Another method, as used in the research, is the

Euler angles. Euler angles describe the body's attitude with three sequential rotations for

aligning frame ¯ to ®, and these are yaw Ã ¯® , pitch µ¯® , then roll Á¯® . The sequence is

crucial for Euler angles as the rotational operators do not commute. Figure 3.4 shows an

illustration (Groves, 2013) of Euler angles.
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Figure 3.4: Euler angle rotations (Groves, 2013)

The Euler angles are tools to build up coordinate transformation matrices (CTMs),

which will be used to describe attitude changes with IMU. For the transformation of

vector x® to x¯ , the convention is

x¯ ÆC¯
®x® (3.1)

The CTMs are also referred to as the direction cosine matrix (DCM) in some texts.

Using Euler angles de�ned earlier, the DCM can be expanded into its complete rotational

form:
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¯ Æ
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B
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B
@
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(3.2)

Small angle perturbation is a common approximation technique; by applying small
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angle perturbation, 3.2 becomes

C®
¯ ¼

0

B
B
B
B
@

1 Ã ¯® ¡ µ¯®

¡ Ã ¯® 1 Á¯®

µ¯® ¡ Á¯® 1

1

C
C
C
C
A

´ I3 ¡ [ª ¯® ^ ] (3.3)

Here, [ª ¯® ^ ] represents the skew-symmetric matrix of Euler angles.

IMU State Update

Dynamic processes are continuous; the body accelerates over time and turns over

time. The IMU outputs the best measurement to describe the user's motion from time

t to t Å ¿, where ¿ is typically a short time increment. For reference, the IMU used in

this research has a data output of 100 Hz. Similar to how EKF assumes a linearization

for GNSS observations, the IMU navigation equations assume an in�nitesimal change

between measurements (Groves, 2013). The assumption plays a critical role in the

derivation of equations. A concise version used in the York-PPP GNSS measurement

processing software is explained in the subsection.

The attitude solution is updated with the instantaneous angular velocity measure-

ment ! b
ib , and the DCM of transforming the body attitude from t to t Å ¿ must be found.

Using the time derivative of the DCM, the instantaneous rotational transformation from

the body axes to the ECEF axes is

�Ce
b Ælim

±t ! 0

hCe
b(t Å ±t ) ¡ Ce

b(t )

±t

i
(3.4)

It can be assumed that the ECEF reference frame is stationary through the rotation. Thus,
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the term Ce
b(t Å ±t ) can be decomposed as a successive rotation where the object frame

b changes over time:

Ce
b(t Å ±t ) ÆCe(t Å±t )

e(t ) Ce
b(t )

Æ(I3 ¡ [ª e(t )e(t Å±t )^ ])Ce
b(t ) Using (3.3)

Æ(I3 ¡ ±t [! e
be^ ])Ce

b(t )

Æ(I3 ¡ ±t ­ e
be)Ce

b(t )

(3.5)

Thus, Equation 3.4 can be rewritten as, utilising the invertibility of DCMs,

�Ce
b Æ ¡Ce

b­ e
be ÆCe

b­ b
eb

ÆCe
b­ b

ib ¡ ­ e
ieCe

b

(3.6)

The two skew-symmetric matrices ­ b
ib and ­ e

ie correspond to the measured angular rate

and the Earth rotation, respectively. By integrating 3.6 from t to t Å ¿, and using the ( Å)

and (¡ ) notation to represent states before and after measurement, the following can be

derived:

Ce
b(Å) ÆCe

b(¡ )exp
³
­ b

eb¿
´

ÆCe
b(¡ )exp

³
­ b

ib ¿
´
¡ Ce

b(¡ )[exp
³
­ b

ie¿
´
¡ I3]

' Ce
b(¡ )(I3 Å ­ b

ib ¿) ¡ ­ e
ieCe

b(¡ )¿

(3.7)

where the �nal step assumes a constant angular velocity during the interval. The

�nal expression requires knowledge of previous attitude, the angular measurement from

gyros, and the measurement interval. The term ­ e
ie is a known constant.

The acceleration experienced in the inertial frame is the sum of the speci�c force,
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that is, the force on unit mass except for gravity, and the gravity at the body's position. At

time t , it can be expressed as:

f e
ib (t ) ÆCe

b(t ) f b
ib (t ) (3.8)

where f b
ib (t ) is the measurement from the accelerometer, which is the average of the

speci�c force measurement from time t to t Å¿given by the IMU processor. The program

takes another assumption here that the average of the attitudes before and after should

also be taken, then

f e
ib Æ[Ce

b(¡ ) Å Ce
b(Å)] f b

ib /2 (3.9)

To �nd the position update, the velocity should be updated. The time derivative of

velocity is

�ve
eb Æ �Ce

b �r e
eb Å ae

eb
(3.10)

Here a denotes acceleration, and r denotes the body's position. One cannot simply

assume that the time derivative of velocity is equivalent to acceleration, as the resolving

frame may not necessarily be the same as the reference frame. However, in this case

of transformation to the ECEF frame, the former term equals zero, then Equation 3.10

becomes,

�ve
eb Æae

eb

Æf e
ib Å ge

b(r e
eb) ¡ 2­ e

ieve
eb

(3.11)

The acceleration that a unit mass of the body experiences is the sum of the speci�c force,

gravity at its location, and the Coriolis effect. An approximate velocity update can be
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derived:

ve
eb(Å) Æve

eb(¡ ) Å [ f e
ib Å ge

b(r e
eb(¡ )) ¡ 2­ e

ieve
eb(¡ )]¿ (3.12)

The Coriolis term ¡ 2­ e
ieve

eb(¡ ), always perpendicular to the velocity, is usually ne-

glected outside of space applications or high-end inertial sensors, as their magnitude is

small compared to the speci�c force term f e
ib or the gravity term ge

b(r e
eb(¡ )). Sometimes

the applications require a precise update and the sensors provides enough precision, in

which case the term will remain.

The position update follows another assumption that the velocity changes linearly

over the interval.

r e
eb(Å) Ær e

eb(¡ ) Å ve
eb(¡ )

¿

2
Å ve

eb(Å)
¿

2
(3.13)

Equation 3.13 concludes the �nal step of the mechanisation process for IMU naviga-

tion. The steps are illustrated in Figure 3.5. To begin the IMU mechanisation process,

an approximate initial condition must be given. In the GNSS/IMU fusion method used

in the study, the �rst 100 GNSS epochs are ignored, as these converging solutions may

not provide a good approximation for the IMU states. Then, the position state is simply

initiated from the GNSS epoch; the initial velocity vector can be initiated by estimation

or linear position difference. The dif�culty lies in the attitude. While the engine can

use the velocity to approximate an attitude, at least one of the Euler angles cannot be

initialised. With land vehicles, however, the user can assume that the roll angle is zero

and the pitch angle is within a reasonable range.

In the study, the IMU states for GNSS/IMU fusion include the bias terms for the

gyroscope and accelerometer. The estimated biases are added to the sensor input.
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Figure 3.5: Flowchart of IMU mechanisation

The derivation of the IMU navigation equations leaves room for inaccuracy when the

linearity assumption fails. However, the study does not involve dynamics requiring high

precision. Moreover, given the measurement noise with low-cost IMUs, expanding the

Taylor series further is unlikely to produce practical bene�ts.

3.2 GNSS/IMU Fusion

There are three primary types of GNSS/IMU fusion, categorised by the domain in

which the IMU information is used by the system. The loose coupling presents a cas-

caded architecture where the position solutions are computed separately for the two

sensors and fed through an EKF. The EKF needs input from both navigation �lters to run,
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and that means the possible rank de�ciency in challenging environments will disable

the fusion solution. Tight coupling presents a range-domain method where the GNSS

measurements become the input over an expanded state vector that includes the IMU-

exclusive terms. It is an example of a centralised integration where sensor measurements

are the input. Finally, a deep coupling involves hardware-level interaction, where the

GNSS tracking process combines IMU involvement (Farrell & Barth, 1999; Groves, 2013).

The research has adopted the tightly-coupled (TC) GNSS/IMU fusion. The TC method

is chosen because, �rstly, even if the user enters a challenging environment where the

satellite number is too low to keep the GNSS solution without rank de�ciency, the GNSS

measurements can still aid in correcting IMU states along the way. Secondly, the IMU

mechanisation solution is used as the prediction for the integrated EKF, giving a more

timely prediction of the user's current state. The mechanisation solution is further

utilised in the ranging processing of the GNSS measurements. It exploits the advantages

of IMUs as dead-reckoning sensors and avoids the problems with loose coupling. Deeply

coupled fusion requires hardware-level interaction that requires compatible sensors,

where the researcher's role becomes limited. Therefore, the TC fusion serves as an ideal

method to proceed.

Figure 3.6 shows the �ow of a tightly-coupled sensor fusion scheme. The dashed

rectangles depict two separate loops: the EKF loop and the IMU loop. The EKF loop

runs at the rate of GNSS observations and incorporates the latest IMU solution from

the IMU loop. The IMU loop runs at a different frequency than IMU measurements

come in, which is typically a much higher frequency than GNSS observations. The IMU

mechanisation uses the solution from the last fused epoch to initialise, and uses the

IMU errors from EKF estimation to correct the input readings. In the case of missing
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