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Abstract

We consider a setting where one sender can communicate with several privately informed receivers

through a persuasion mechanism before the receivers play a game. We show that for any potentially

randomized persuasion mechanism, under certain conditions, there is an effectively equivalent deter-

ministic persuasion mechanism, and these two mechanisms have the same set of equilibria. We exhibit

the usefulness of our result in an information disclosure application, where our technique helps to

derive the optimal persuasion mechanism. Overall, this paper provides a rationale for the fact that

persuasion mechanisms are often deterministic in practice.
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1 Introduction

In practice, persuasion mechanisms often have a simple and deterministic structure. Sometimes, types
considered similar are assigned the same categorical identifier. For example, schools use letter grades
to evaluate the performance of students, and bond rating agencies adopt coarse ratings to measure the
creditworthiness of bonds. Sometimes, some types are fully revealed and others are pooled without
introducing extra noise. For example, with bank stress tests, banks that pass the test are pooled, while
those that fail may have their types revealed. A variety of recent papers have observed that the optimal
persuasion mechanism is deterministic in several specific economic environments.1 This paper uncovers
a general underlying principle behind this phenomenon and provides tight conditions under which any
persuasion mechanism has a deterministic counterpart. In fact, under these conditions, the sets of outcomes
induced by deterministic and randomized persuasion mechanisms are equivalent.

*Department of Economics, York University, 4700 Keele St., Toronto, ON, M3J 1P3, Canada. E-mail:
zengyish@yorku.ca.

1See, for example, Kolotilin [2018], Guo and Shmaya [2019], Wei and Green [2019], and Dworczak and Martini [2019]
who show that the optimal persuasion mechanism takes a special deterministic structure under certain conditions. See the
literature review for more discussion.
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To make our statement concrete, consider a setting where a sender, who can generate information
about the underlying state Ω, engages in two-way communication with multiple interacting receivers who
have private types. For simplicity, we fix the message spaces for both parties: for each receiver, the set
of feasible reports T̂ coincides with his type space; for the sender, there is a fixed finite message set Â
which specifies all feasible messages she can send. A persuasion mechanism π is a menu of information
structures (an information structure is a mapping Ω → ∆(Â)) that collects receivers’ reports and then
selects an information structure. Therefore, π is a mapping T̂ × Ω → ∆(Â). Say π is deterministic if, for
any report profile t̂, the selected information structure conditional on every state realization is a degenerate
distribution over message space Â (i.e., for any state ω ∈ Ω and report t̂, π(·|t̂, ω) is a Dirac measure on
Â). Each receiver takes an action after receiving their message, and the payoffs of all parties depend on
the receivers’ actions. Our solution concept is an adapted version of the communication equilibrium in
Myerson [1982] and Myerson [1986].

The main result provides conditions under which it is possible to derandomize all information
structures in a persuasion mechanism in an effectively equivalent sense. Under those conditions, for any
persuasion mechanism π, we can find a deterministic persuasion mechanism π̄ such that, when holding
others’ strategy fixed, each receiver’s highest achievable payoff is the same under π̄ and π. In particular,
π̄ preserves the set of equilibria under π, as well as the equilibrium payoff of the sender and of each
receiver type in any specific equilibrium. The key conditions for our main results are: (i) the underlying
state space is atomless; (ii) receivers’ actions and possible sender’s messages are finite; (iii) the players’
utilities are pseudo-separable (that is, separable in the underlying states and receivers’ type profiles).
These conditions are tight in the sense that, if any of them are violated, one can find a counterexample.
We provide such counterexamples in Section 5. An important assumption is that the underlying state and
receivers’ private information are independent, which can be relaxed to allow some interdependence.

This problem contains two technical aspects: derandomizing every information structure in the given
mechanism and making selections among the derandomized ones to form a new menu. Given their similar
nature, it is tempting to relate this problem to the purification literature and the standard technical tool
therein (the Dvoretzky–Wald–Wolfowitz theorem). In Section 3.2, we show that this approach applies
when receivers have finitely many types. However, it is no longer the case when the type space is infinite
as in our setting, since the foundation of the Dvoretzky–Wald–Wolfowitz theorem does not extend to such
a setting mathematically.2 To overcome this difficulty, we propose an approach that combines the insight
of the measurable choice theorem of Mertens [2003] and a pseudo-separability condition on players’
utility functions. To our knowledge, such an approach is new in the literature.

From a constructive angle, we demonstrate the usefulness of our result in an information disclosure
application studied in the literature and add new insights with our derandomization technique. In particular,
our main result allows us to focus on deterministic persuasion mechanisms in which each information
structure partitions the states and discloses the partition element in which the realized state is located.
Then we can transform this persuasion problem into a standard deterministic control problem. As such,
our derandomization technique allows us to explicitly derive the solution to this example, which otherwise

2A detailed discussion can be found at the end of Section 3.2.
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cannot be solved by the existing approaches in the literature.

1.1 Literature Review

This paper provides a systematic study of persuasion mechanism derandomization, allowing for multiple
interacting privately informed receivers in the Bayesian persuasion and information design context
(Kamenica and Gentzkow [2011] and Rayo and Segal [2010]). Especially, our set-up relates to two
specific strands of this literature: the first is the strand that studies receivers with private information
about their preferences, including Rayo and Segal [2010], Kolotilin et al. [2017], Kolotilin [2018], and
Guo and Shmaya [2019]; the second relates to the literature that studies Bayesian persuasion problems
with an uncountable underlying state space, such as Gentzkow and Kamenica [2016], Kolotilin et al.
[2017], Dworczak and Martini [2019], Dworczak and Kolotilin [2022], Kleiner et al. [2021], and Arieli
et al. [forthcoming]. In particular, Kolotilin [2018], Guo and Shmaya [2019], Wei and Green [2019],
Dworczak and Martini [2019], Kleiner et al. [2021], and Arieli et al. [forthcoming] also have relevant
results in a single receiver setting where the optimal mechanism takes a deterministic structure under
certain conditions.3 By allowing multiple privately informed receivers, our setting extends beyond their
frameworks.

We can still draw interesting implications of our result in some of the existing works. Specifically,
the settings in Kolotilin et al. [2017] and Wei and Green [2019] have the following common features:
the distribution of underlying states is atomless, the receiver has a binary action and a linear utility, the
sender’s utility separates the receiver’s type and the underlying states, and the receiver’s private type is
independent of the state. In these settings, our result implies that it is without loss of generality to work
directly with deterministic mechanisms. Guo and Shmaya [2019] allow for nonseparable utility functions,
but their result requires an increasing monotone likelihood ratio condition. Dworczak and Martini [2019]
consider the setting with a receiver who has no private information, and whose best response depends
only on the posterior mean of the state. They show that if utility function u is regular and affine-closed,
then for any continuous and full-support prior, there exists an optimal signal that is a monotone partitional
signal.4 Our result adds new insights that deterministic persuasion mechanisms may still be optimal when
the receiver’s utility violates the regularity properties required therein.

In the same setting as Dworczak and Martini, Kleiner et al. [2021] and Arieli et al. [forthcoming]
characterize the extreme points among the distribution of posterior means that can be induced by informa-
tion structures. In particular, they show that these extreme points can be implemented by deterministic
information structures. Different from their considerations, our result focuses on derandomizing any

3To be exact, Kolotilin [2018] and Dworczak and Martini [2019] point out that, under certain curvatures of the sender’s
payoff function, the optimal mechanism may be deterministic within specific regions in the posterior mean (state) space. Guo
and Shmaya [2019] show that under the increasing monotone likelihood ratio condition the optimal mechanism takes the
form of nested intervals. Wei and Green [2019] show that under a monotone hazard rate condition, the optimal persuasion
mechanism has a deterministic cutoff structure.

4In Dworczak and Martini [2019], a utility function u is regular provided that (i) it is upper semicontinuous with at
most finitely many one-sided jump discontinuities at interior points y1, ..., yk ∈ (0, 1) and has bounded slope (i.e., Lipschitz
continuous) in each (yi, yi+1), with y0 = 0 and yk+1 = 1; (ii) there exists a finite partition of [0, 1] into intervals such that u is
either strictly convex, strictly concave, or affine on each interval in that partition.
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persuasion mechanism without changing the set of equilibria, not only those that induce extreme-point
distributions. Nevertheless, the aforementioned works do not intend to provide a general study of persua-
sion mechanism derandomization, so many focus on specific environments, such as binary action and
certain monotonicity conditions. Our main result allows arbitrarily finite actions and does not rely on any
monotonicity condition.

The mechanism design literature that studies mechanism equivalence is also related, especially the
strand that debates whether randomization creates extra benefits for the designer, such as McAfee and
McMillan [1988], Strausz [2006], Manelli and Vincent [2006], Manelli and Vincent [2007], Hart and Reny
[2015], and Chen et al. [2019]. In particular, Chen et al. [2019] establish the equivalence of stochastic and
deterministic mechanisms in a general environment using a mutual purification technique. However, their
technique is not applicable here, since we allow nonseparability among receivers’ type profiles.5 Moreover,
there is a fundamental difference between persuasion mechanism derandomization and similar topics
in the mechanism design literature, as a standard mechanism can assign the allocation but a persuasion
mechanism cannot.6

From a methodological viewpoint, our result is technically related to the purification literature that
focuses on purifying mixed strategy equilibria in games of incomplete information; See, for example,
Harsanyi [1973], Radner and Rosenthal [1982], Milgrom and Weber [1985], Khan and Sun [1995], Khan
et al. [2006], Podczeck [2009], Khan and Zhang [2014], and He and Sun [2019]. It is known that when
each player does not care about others’ types (or private information) and the types are independently
distributed among players, the purification problem can be quite tractable.7 Compared to the purification
methods, derandomizing persuasion mechanisms impose additional mathematical challenges. This is
because any receiver can misreport his type and affect others’ actions through the mechanism. Thus
players’ actions can be endogenously correlated under a mechanism even with independent types. As
such, our derandomization problem requires the preservation of all relevant correlations between the
sender’s messages and the receivers’ messages to avoid altering the set of equilibria.

Organization: The rest of the paper is organized as follows: Section 2 introduces our model.
Section 3 presents our main result, and Section 4 applies our result to an application. Section 5 provides
all counterexamples. Section 6 concludes. The Appendix collects all proofs.

5The separability condition in Chen et al. [2019] requires each receiver’s payoff to be separable in his own type ti and the
types of the other receivers t−i (see Definition 4 therein).

6On mechanism comparison, the literature mainly focuses on the standard mechanisms (such as auctions) that directly
assign the allocation. For a few exceptions, note that the coordination mechanism in Myerson [1982] also recommends actions.
Nonetheless, the notion of the coordination mechanism is still different from that of the persuasion mechanism, as the sender
in a persuasion setting has extra information not available to the players. This is the new feature of the information design
problem added to the problem of communication in games (see Bergemann and Morris [2019]).

7For instance, Milgrom and Weber [1985] consider a general Bayesian game with finite players and actions and the
following key assumptions: (i) players’ types are independent (conditional on a public state); (ii) each player’s payoff depends
only on his own type, the (finite) public state, and action profile (iii) payoffs are equicontinuous. Even with infinite types,
they can use the result of Dvoretzky et al. [1950] to purify mixed-strategy equilibria. However, Dvoretzky et al. [1950] is not
sufficient to solve our problem with infinite type space, as we will illustrate in Section 3.2.
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2 Model

The underlying state space is a probability space (Ω,F , µΩ), where F is a countably generated σ-algebra,
and µΩ is an atomless probability measure.8 Note that Ω cannot be finite.

There is a sender (Player 0) and a finite set of receivers, denoted as I. Receivers have private
information: each receiver i has a private type ti from a Polish space Ti with Ti the associated Borel
σ-algebra. Let T :=

∏
i∈I Ti be the product space of types with T := ⊗i∈ITi the associated product

σ-algebra, and let µT be a probability distribution over T . For expositional purposes, in the text we assume
that the players have a common prior µΩ × µT such that type profiles and underlying states are distributed
independently (although receiver types may be correlated with each other). As noted in Remark 2 below,
the proof of our main theorem is provided under a more general case that allows some interdependence
between ω and t. In particular, such interdependence requires extra assumptions that are immediately
satisfied when ω and t are independent.

Each receiver i chooses an action from a finite set Ai; let A :=
∏

i∈I Ai be the product of action sets.
Each player is a von Neumann-Morgenstern utility maximizer with a bounded measurable utility function
ui : T × Ω× A→ R for i ∈ I ∪ {0}.

Players communicate through a persuasion mechanism. We fix the sender’s message space to be
a finite set Â :=

∏
i∈I Âi. Following Kamenica and Gentzkow [2011], an information structure is a

mapping Ω → ∆(Â). Once committed by the sender, the persuasion mechanism asks for each receiver
i’s report, based on which it selects an information structure. Receivers submit reports about their types;
each receiver i’s report space (T̂i, T̂i) is identical to his type space.9 A persuasion mechanism π is a
T̂ ⊗ F-measurable mapping π : T̂ × Ω → ∆(Â), where T̂ :=

∏
i∈I T̂i is the product of report spaces

with the associated product σ-algebra T̂ := ⊗i∈I T̂i. We further assume that |Âi| ≥ |Ai| for all i ∈ I, so
information structures that recommend actions are always feasible for the sender.10

The game proceeds as follows: (i) the sender commits to a persuasion mechanism; (ii) each receiver
submits a report based on their type realization; (iii) given the joint report, the persuasion mechanism
selects an information structure; (iv) nature picks a message profile given the chosen information structure;
(v) each receiver privately observes their individual message, and then takes an action.

Definition 1. We say a persuasion mechanism π is deterministic if for each t, ω there is a message profile
â(t, ω) ∈ Â such that π(·|t, ω) = δâ(·).

In other words, a deterministic persuasion mechanism, conditional on the realized state and report
profile, is a Dirac measure on Â. We now consider each receiver’s strategy, which includes two components:
a reporting strategy that files a report based on their realized type, and an action strategy that responds to
the observed message based on their updated belief and knowledge. Formally:

8For example, the Borel σ-algebra of the n-dimensional Euclidean space Rn is countably generated.
9Even though the report space is equal to the type space, we will use different notations to clearly distinguish between true

types and reported types.
10The persuasion mechanism is similar to the “coordination mechanism” in Myerson [1982]. The only conceptual difference

between our setting and Myerson’s is that there is a state ω that is outside receivers’ private information. Hence, the mediator
in our setting cannot elicit this information from receivers.
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Definition 2. A reporting strategy of receiver i is a mapping ri : Ti → ∆(T̂i) such that (i) for any ti,
ri(· | ti) is a probability measure on the report set T̂i; (ii) for any measurable set Ei ∈ T̂i, ri(Ei|·) is
Ti-measurable. An action strategy of receiver i is a measurable mapping σi : Ti × T̂i × Âi → ∆(Ai). Let
Ri and Σi denote the sets of reporting strategies and action strategies for receiver i ∈ I, respectively.

Given a persuasion mechanism π and a strategy profile (r, σ) := (rj, σj)j∈I , the expected payoff of
any receiver i conditional on his type ti and others’ types t−i is

Uπ
i (r, σ|ti, t−i) :=

∫
Ω

∫
T̂

∑
â∈Â

∑
a∈A

ui(t, ω, a)σ(a | t, t̂, â)π(â | t̂, ω)r(dt̂ | t)µΩ(dω), (1)

where
σ(a | t, t̂, â) :=

∏
j∈I

σj(aj | tj, t̂j, âj) and r(dt̂ | t) :=
∏
j∈I

rj(dt̂j | tj).

Moreover, given his type ti, receiver i forms a belief over the state and others’ types conditional on ti,
which we denote as µT

i|ti ∈ ∆(T−i). Thus, the expected payoff of receiver i conditional on his type ti is
the following:

Uπ
i (r, σ|ti) :=

∫
T−i

Uπ
i (r, σ|ti, t−i)µ

T
i|ti(dt−i). (2)

Our solution concept for the receivers’ game is adapted from the solution concept of “communication
equilibrium” in Myerson [1982] and Myerson [1986]. The only difference is that we require every receiver
type to choose a strategy that maximizes his expected payoff, which turns out to be slightly stronger than
Myerson’s original definition that allows a µT -null set of receiver types to behave irrationally.

Definition 3 (equilibrium). A strategy profile (r, σ) is an equilibrium under a persuasion mechanism π if
and only if for each receiver i ∈ I and type ti ∈ Ti,

Uπ
i (r, σ|ti) ≥ sup

σ̂i∈Σi,r̂i∈Ri

Uπ
i

(
(r̂i, σ̂i), (rj, σj)j ̸=i|ti

)
. (3)

Under the given persuasion mechanism, for the action strategy σi to be a best response to (r−i, σ−i), it
must be the case that, conditional on any type ti, report t̂i, and message realization âi, receiver i weakly
prefers the action specified in this strategy σi(· | ti, t̂i, âi) to any other action. This statement is captured
by inequality (3) that each receiver i chooses an action strategy that maximizes his interim utility, as
discussed in Bergemann and Morris [2016]. Moreover, as this paper is meant to derandomize persuasion
mechanisms in which there exists at least one such equilibrium, the question of whether an equilibrium
exists is not relevant here.

One may wonder how our result relies on the choice of solution concepts; in particular, the Perfect
Bayesian equilibrium (PBE) can be another appropriate alternative. Here, using PBE as the solution
concept does not fundamentally change our result.11 The advantage of our current choice is that it

11Our main result will be slightly different if the solution concept is PBEs instead. Specifically, for any given persuasion
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can explain our key idea clearly without invoking extra complications such as belief systems. To
briefly compare these two concepts: the definition of the equilibrium employed here imposes sequential
rationality and (implicitly) consistency of beliefs with Bayes’ rule on the equilibrium path, as well as
off the equilibrium path after a receiver deviates from his equilibrium reporting strategy, whereas PBE
does not require a receiver’s belief to be consistent with his own deviation. Moreover, when some
message arises that is supposed to be absent unless other receivers deviate, Bayes’ rule does not impose
any restriction on receivers’ beliefs. Upon the appearance of such a message, our equilibrium concept
allows receivers to play arbitrarily, while PBE requires receivers to maximize their payoff based on some
arbitrarily assigned beliefs.

Before closing this section, we define the comparison of persuasion mechanisms in this environment
as follows:

Definition 4. For two persuasion mechanisms, π1 and π2, we say π1 is more effective than π2 for
receiver i ∈ I (denoted as π1 ≽i π2) under prior µ if there exist bijection mappings (ψj : Âj → Âj)j ̸=i

such that, for any strategy (ri, σi) ∈ Ri × Σi under persuasion mechanism π2, there exists a strategy
(r′i, σ

′
i) ∈ Ri × Σi under persuasion mechanism π1 such that

Uπ2
i (ri, r−i, σi, σ−i|ti, t−i) ≤ Uπ1

i (r′i, r−i, σ
′
i, (σj(·, ·, ψj(·))j ̸=i|ti, t−i),

for any realized type ti, any others’ realized type profile t−i ∈ T−i, and strategy profile r−i ∈ R−i, σ−i ∈
Σ−i. Two persuasion mechanisms π1 and π2 are effectively equivalent if π1 ≽i π2 and π1 ≼i π2 for each
receiver i ∈ I.

Intuitively, a persuasion mechanism π1 is more effective than another persuasion mechanism π2 for
a receiver i if, for any reporting strategy ri in π2, he is able to find a strategy r′i in π1 such that the
information structure given by r′i under π1 generates a weakly higher payoff (or is “more effective”) than
that given by ri under π2 for all possible decision problems he may face. Here, the class of decision
problems is parametrized by his own type realization ti, others’ type realizations t−i, and the strategy
profile (r−i, σ−i). Moreover, for persuasion mechanisms, the “more effective” orders defined above should
be robust to relabeling the messages; and the introduction of (ψj)j ̸=i allows us to accommodate such
relabelling. In particular, the interpretation of incorporating the bijection ψ into (other) receivers’ action
strategies is that all the other players agree to relabel messages as ψ described so they behave accordingly.

3 Derandomizing persuasion mechanisms

To begin with, let us present the intuition behind the proof of finding effectively equivalent persuasion
mechanisms.

mechanism π, we can find a deterministic mechanism π such that any strategy profile that constitutes a PBE with some belief
system under π is still a PBE with a potentially different belief system under π (as our derandomization does not preserve
beliefs at each information set but, instead, preserves beliefs over states in aggregate), and vice versa. However, invoking this
version will require us to explicitly define the belief system which incurs unnecessary complications and distracts from the
main focus of this paper.
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3.1 The intuitive idea

Fix an arbitrary persuasion mechanism π and any receivers’ strategy profile (r, σ). Note that each
receiver i’s expected payoff conditional on their message âi, report t̂i, type profile t, and players’ strategies
(r, σ) takes the following explicit form:

∑
â−i

∫
T̂−i

∑
a∈A

Term A︷ ︸︸ ︷∫
Ω

ui(t, ω, a)π(â | t̂, ω)µΩ(dω) σ(a | t, t̂, â) · r−i(dt̂−i | t−i)∑
â−i∈Â−i

∫
T̂−i

∫
Ω

π(â−i, âi | t̂−i, t̂i, ω)µ
Ω(dω)︸ ︷︷ ︸

Term B

r−i(dt̂−i | t−i)
,

where the denominator captures the probability that receiver i receives message âi by reporting t̂i under
the above strategies and the given type profile. Suppose we can find a deterministic persuasion mechanism
π under which, conditional on any messages â, types t, and reports t̂, the values of Terms A and B for
each receiver i’s payoff is the same as under π, i.e.,

(Term A) :

∫
Ω

ui(t, ω, a)π(â | t̂, ω)µΩ(dω) =

∫
Ω

ui(t, ω, a)π(â | t̂, ω)µΩ(dω) for all a, t, t̂, â (4)

(Term B) :

∫
Ω

π(â | t̂, ω)µΩ(dω) =

∫
Ω

π(â | t̂, ω)µΩ(dω) for all t̂, â. (5)

Then, we can verify that π and π are effectively equivalent. As a result, any equilibrium under π is still an
equilibrium under π, and vice versa.

It is worth mentioning that our construction does not rely on carefully picking off-equilibrium path
beliefs to preserve all the equilibria between π and π. Suppose that under the original persuasion
mechanism π, receiver i receives a message mi that indicates some other receivers have deviated from
their equilibrium strategies. Suppose further that, as a result, receiver i holds a particular belief about other
receivers’ deviations which gives rise to this message with strictly positive probability. Then, equation
(5) implies that, if receiver i holds the same beliefs under the derandomized mechanism π̄, the message
mi will arise with strictly positive probability under π̄ provided that the other receivers play the same
deviation. The converse also holds, starting with deviations in π̄. Thus, for any equilibrium under π, the
receiver who observes an off-equilibrium message can derive the same belief about others’ deviations,
as in its original equilibrium under π. In fact, for these deviations, (4) and (5) guarantee the pointwise
preservation of each receiver’s expected utility conditional on the realized types, reports, and message
realizations for this off-equilibrium path under π and π. Such preservation goes through regardless of
whether the specified belief is sensible given the off-equilibrium event.

To further proceed along this line, the main task is to find a deterministic persuasion mechanism π

that satisfies (4) and (5). Let us start with the case in which receivers have finite types.
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3.2 Finite type space and the Dvoretzky–Wald–Wolfowitz approach

If receivers have finitely many types, then we can apply the Dvoretzky–Wald–Wolfowitz theorem to find a
deterministic persuasion mechanism π that satisfies equations (4) and (5). For readers’ convenience, we
include the formal statement of the Dvoretzky–Wald–Wolfowitz (henceforth DWW) theorem below:

Theorem 1. (Theorem 2.1, Dvoretzky et al. [1951]): Let (Y,Y) be a measurable space in which {νk},

k = 1, ..., n, are finite, atomless, signed measures. Suppose hj : Y → R, j = 1, ...,m, are Y-measurable

nonnegative functions, such that
∑m

j=1 hj(y) ≡ 1 for all y ∈ Y . Then, there exist Y-measurable

nonnegative functions h∗j : Y → {0, 1}, j = 1, ...,m, such that
∑m

j=1 h
∗
j(y) ≡ 1 for all y ∈ Y and the

following holds ∫
Y

hj(y)νk(dy) =

∫
Y

h∗j(y)νk(dy), (6)

for any j = 1, ...,m and k = 1, ..., n.

With the joint actions A, messages Â, reports T̂ , and types T all being finite, equations (4) and (5)
follow from applying the DWW theorem separately for each t̂ ∈ T̂ , for the measures {µt,a|t ∈ T, a ∈
A} ∪ {µΩ}, where dµt,a = u(t, ·, a)dµΩ, and the functions {π(â|t̂, ·)|â ∈ Â}. As T̂ is finite, the resulting
deterministic mechanism is measurable, and hence a well-defined persuasion mechanism. Thus, we have
the following corollary.

Corollary 1. Suppose that |Ti| <∞ for all i ∈ I. Then, for any persuasion mechanism π, there exists a

deterministic persuasion mechanism π that satisfies equations (4) and (5) for any â, t, and t̂.

Note that applying the DWW theorem in this way requires A and T to be finite (as the set of measures
must be finite), as well as Â to be finite (so that the set of functions {π(â|t̂, ·)|â ∈ Â} is finite). As T̂ = T ,
T̂ is also finite, so that measurability is not an issue. With some extension, however, we can allow the
message space Â to have countably many messages.

Remark 1. Khan and Rath [2009] extend the Dvoretzky, Wald and Wolfowitz theorem (Theorem 1) to
allow the cardinality of {hj}1≤j≤m to be countably infinite. Hence, the conclusion in Corollary 1 still
holds if we relax Â to have countably many elements (while keeping A, T , and T̂ finite).

As is well known in the literature, the DWW theorem is based on the Lyapunov convexity theorem
which, however, does not extend to an infinite set of atomless measures (in other words, the statement of
Theorem 1 does not hold when n = ∞).12 Because of this limitation, we cannot generalize the above
approach based on the DWW Theorem; more importantly, such breakdown implies that (4) and (5) cannot
hold for any bounded measurable function ui, i ∈ I ∪ {0}, and an arbitrary Polish space T with T̂ = T

(while keeping actions and messages finite). This is because, if such a general version of (4) and (5) were
true, then a more general DWW theorem that allows n = ∞ will be an immediate implication, which is
known to be false.

12The Lyapunov convexity theorem states that the range of a nonatomic vector measure with values in a finite-dimensional
space is compact and convex. However, the range of a countably infinite set of vector measures can fail to be convex. See
Example 2, p. 261, Diestel and Uhl [1977] for such a counterexample.
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3.3 Main result: Infinite type space

To overcome the limitation of the DWW approach in settings with infinite receiver types, we develop
a new approach based on a selection lemma we establish that borrows the insight of Mertens [2003].
But this comes with a price: our approach requires players’ preferences to satisfy a pseudo-separability
condition introduced below.

Definition 5 (pseudo-separable utility). A player i’s utility function is pseudo-separable if his utility
function can be written as ui(t, ω, a) =

∑N
n=1 fi,n(ω, a) · gi,n(t, a), where N is a positive integer.

The above condition requires the player’s utility to be the sum of finitely many additive terms; each
depends on the type profile through multiplicity and can be taken outside the integrals when integrating
over the state ω. Imposing such a condition on every player allows us to focus on finitely many integrands
in our equations (4) and (5) of interest, and therefore bypasses the difficulty from infinite types mentioned
in the finite-type case (though there will be other issues that we will soon talk about). Furthermore, if
such a condition is absent, we do not expect a similar result to hold; see Example 2 for a counterexample.

Pseudo-separable utility functions are common in the literature. In fact, several well-known works,
including Rayo and Segal [2010], Kolotilin et al. [2017], and Kolotilin [2018] (Assumption 2), consider
a privately informed receiver with a binary-action set {0, 1} and utility a · (ω − t). Thus, the receiver
prefers action 1 if and only if the state is above his private type (or reservation value). There are other
special forms of pseudo-separable utility functions. For another example, the sender’s utility function
in Bloedel and Segal [2019] is pseudo-separable, taking the form of a type-dependent weighted average
ta + (1 − t)uR(a, ω) between biasing towards the receiver taking a high action and aligning with the
receiver’s interests.13 A third example, adapted from Kolotilin [2018] (Assumption 2’) is a receiver with
utility −(a − ω)2 − c(a, t), who would like to take an action that matches the state conditional on his
information while suffering a type-dependent cost.14 More broadly, any continuous function defined
on any compact set in Rn can be uniformly approximated by polynomials to any degree of accuracy
(Stone-Weierstrass theorem), and all polynomial functions with variables t, ω, a are pseudo-separable.

Hereafter, our use of “all players” or “each player” shall indicate that the statement also applies to the
sender. The following theorem shows that, if all players’ payoffs satisfy such a condition, any persuasion
mechanism can be derandomized in an effectively equivalent way.

Theorem 2. Suppose that µΩ is atomless, the message space Â is finite, and all players have pseudo-

separable utility functions. Then, for any persuasion mechanism π, there exists an effectively equivalent

deterministic persuasion mechanism π.

In particular, the set of equilibria under π and π coincide. For any such π and π under which (r∗, σ∗)

is an equilibrium, the expected equilibrium payoffs of the sender and all receiver types are the same under

π as they are under π.
13For the linear model in Bloedel and Segal [2019], the underlying state is [ω, ω] with ω < 0 < ω. The receiver has binary

actions {0, 1} with the utility function aω. Hence, the receiver prefers action 1 if and only if the underlying state ω > 0.
14In the original equivalent model in Kolotilin [2018], the receiver is uninformed and, by taking action a, gets a utility of

−(a− ω)2. Thus, the receiver would like to match the state as much as possible given his information.
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As mentioned, the basic outline of the proof is to construct a deterministic persuasion mechanism π

based on an arbitrarily given mechanism π that satisfies (4) and (5) for all reports, actions, type realizations,
and message realizations. Observe from this pseudo-separability condition that it is sufficient to show the
following to establish (4): for any i ∈ I ∪ {0} and n = 1, ..., N with N being the maximum index for
each player’s utility (this is w.l.o.g., as some additive terms may be zero),∫

Ω

fi,n(ω, a)π(â | t̂, ω)µΩ(dω) =

∫
Ω

fi,n(ω, a)π(â | t̂, ω)µΩ(dω). (7)

From the above, one can infer that for any given t̂, there are only finitely many measures under which
the two information structures π(· | t̂, ·) and π(· | t̂, ·) must yield the same integrals. As such, we avoid
the known issue that the DWW theorem generally fails when such to-be-purified measures are infinitely
many. Thus, for any fixed t̂, one can apply the DWW theorem to find a deterministic information structure
such that (4) and (5) are satisfied for this particular t̂. However, if T , and hence T̂ , is uncountable, a new
issue may emerge, that is, a deterministic mechanism resulting from “arbitrary” pointwise applications of
the DWW theorem may still fail to be measurable (in which case it is not a persuasion mechanism). We
resolve this issue as follows.

Our construction relates to the idea in Gentzkow and Kamenica [2017] which propose representing
a potentially randomized information structure as a deterministic function defined on the product space
Ω×X that enlarges the states Ω with the range X of the independent randomization device chosen in the
model. Specifically, our construction involves the following two steps: Firstly, we will rewrite persuasion
mechanisms into deterministic functions on an enlarged space T̂ × Ω×X → {δâ | â ∈ Â} that selects
messages based on the reports, state, and the third parameter x which represents the realized value of
the randomization device. Secondly, we will collapse the above function into a deterministic mechanism
defined only on T̂ × Ω by only selecting elements in X on a report-state basis. In particular, the collapse
is done in a way that the resulting mechanism satisfies (5) and (7). Note that we will only be explicit
about the range X of randomization devices but not their structures, since the collapse would make those
structures irrelevant eventually.

For the first step, it is quite natural to choose the space X in a “direct” way such that each realization
x of the randomization device directly reveals the relevant values from integrating the given mechanism
in (5) and (7). To formalize this idea, we introduce a mapping H that maps any information structure
ν : Ω → ∆(Â) ⊆ R|Â|

+ into the following vector:

H(ν) :=

(∫
Ω

ν(ω) dµΩ,

∫
Ω

f0,1(ω, a)ν(ω) dµ
Ω, ...,

∫
Ω

f|I|,N(ω, a)ν(ω) dµ
Ω

)
. (8)

Given the mechanism π and for any fixed t̂, H(π(·|t̂, ·)) collects all the left-hand side expressions of
equation (5) and (7) when evaluated at the corresponding information structure π(·|t̂, ·). To directly
capture the relevant integration values in (5) and (7), we want to choose X and find a deterministic
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function h : T̂ × Ω×X → {δâ | â ∈ Â} such that the following is satisfied for any x ∈ X and t̂ ∈ T̂ :

x =

(∫
Ω

h(t̂, ω, x) dµΩ,

∫
Ω

f0,1(ω, a)h(t̂, ω, x) dµ
Ω, ...,

∫
Ω

f|I|,N(ω, a)h(t̂, ω, x) dµ
Ω

)
︸ ︷︷ ︸

H(h(t̂,·,x))

. (9)

As such, the above (9) implies that X must include all possible values of applying H to deterministic
persuasion mechanisms. Thus, we defineX to be the union of the value ofH evaluated at any deterministic
persuasion mechanism across all possible report profiles t̂, that is,

X :=
⋃
t̂∈T̂

{
H(k(t̂, ω))

∣∣∣k : T̂×Ω → {δâ | â ∈ Â};

that is, k is a deterministic persuasion mechanism
}
.

(10)

Given such a choice of X , Lemma 3 in the Appendix, borrowing insight from Mertens [2003], shows
that there exists a measurable function h : T̂ × Ω×X → {δâ | â ∈ Â} that satisfies (9).15 This function
h, when combined with a randomization device that takes values from X , will give rise to a persuasion
mechanism, though it is not necessarily deterministic when projected onto T̂ × Ω.

We now turn to the second step which, based on the above h andX , focuses on selecting an appropriate
x for each report and state so that (5) and (7) are satisfied. From our construction, observe that choosing
x = H(π(·|t̂, ω)) under h for each report profile and state helps to establish (5) and (7); in fact, such a
choice of x depends only on the report t̂. To show that such a selection is always feasible, we rely on the
fact that the state distribution µΩ is atomless, which allows us to utilize another insight from Mertens
[2003] to show that any such H(π(·|t̂, ω)) can always be attained by some deterministic mechanism, and
thus is within the domain X for each report profile.

Combining these two steps, we can now use the selection for each (t̂, ω) in the second step,H(π(·|t̂, ω)),
as the third argument to the function h(t̂, ω, ·) in the first step. The result is a deterministic persuasion
mechanism that satisfies equations (5) and (7). The following equation, derived from equation (9),
summarizes this procedure:

H(π(·|t̂, ω′))︸ ︷︷ ︸
(
∫
π(t̂,ω′) dµΩ,...,

∫
fi,n(ω′,a)π(t̂,ω′) dµΩ,...)

(9)
=

(∫
Ω

π(t̂,ω′)︷ ︸︸ ︷
h(t̂, ω′, H(π(·|t̂, ω′))) dµΩ, ...

...,

∫
Ω

fi,n(ω
′, a)h(t̂, ω′, H(π(·|t̂, ω′)))︸ ︷︷ ︸

π(t̂,ω′)

dµΩ, ...
)
.

15As far as we know, the application of Mertens’ result to information design, in combination with the separation condition
in the players’ utility, is new in the literature. The major application of Mertens’ result in the previous literature is to study
the existence of different classes of equilibria (e.g., stationary correlated equilibria and (stationary almost) Markov perfect
equilibria) in stochastic games. Also, this result has been applied in the dynamic mechanism design literature to establish the
measurability of the transfers (see Liu [2018]). Given that these problems have a completely different nature from ours, none
of them require the pseudo-separability condition for their results to go through.
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The proof of Theorem 2′ in the Appendix describes the technical details of the construction.

Remark 2. We actually prove the theorem for the more general situation where players have subjective
priors absolutely continuous with respect to some underlying measure µΩ×µT , and some interdependence
between the underlying state ω and the type profile t is allowed.16 The set-up in the main text is therefore
a special case. In the general case, the proof requires some additional conditions (including separability of
the corresponding Radon–Nikodym densities) that are satisfied given the assumptions in the main text.
We place the more general proof of Theorem 2 in the Appendix A.1.

Based on the above insight, we may provide a simplification for the definition of signals with

rich structures proposed by Gentzkow and Kamenica [2017]. Under their definition, a signal (or an
information structure in our setting) is a finite partition of Ω× [0, 1], where every partition element is a
signal realization.17 Thus, when the players share an atomless prior, Theorem 2 allows us to simplify
this definition such that a signal with rich structure is a finite partition on Ω with each element a signal
realization. For example, suppose that the underlying state space is Ω = [0, 1] and the common prior is
the Lebesgue measure. Then one can define a signal as a finite partition on Ω = [0, 1] instead of a finite
partition on the product set Ω× [0, 1].

4 Application: Discriminatory disclosure problem

To explain our results constructively, we apply them to investigate a discriminatory information disclosure
application. Our result allows us to focus on deterministic persuasion mechanisms. Such a focus allows
us to transform the persuasion problem into a deterministic control problem, which can make the problem
quite tractable. As far as we know, this example has not been covered by the literature.

Consider the following persuasion game: There is an underlying state, a random variable uniformly
distributed in [0, 1]. The game has two players: a sender and a single receiver. The receiver has a private
type t in [0, 1] distributed according to a distribution with the density function g(t) = 20t3(1−t). The state
and receiver’s private type are distributed independently. The receiver chooses binary action a ∈ {0, 1}
and his utility function is (ω − t) · a. The sender’s utility function is ω · a. For persuasion mechanisms,
we fix the sender’s messages Â to be action recommendations. Whenever indifferent, assume that the
receiver always takes action 1. Given that the message space is binary, write a persuasion mechanism
π : T̂ × Ω → [0, 1] a mapping from the state and the receiver’s report to the probability of recommending
the receiver a = 1.

There are two closely related works Kolotilin et al. [2017] and Guo and Shmaya [2019] exploring
similar environments. Their assumptions are violated in this example. Specifically, the sender’s utility

16Nevertheless, we cannot allow full generality in the interdependence between ω and t. Later, we provide two counterex-
amples (Examples 3 and 4) showing that such a derandomization result may fail if ω and t are correlated.

17Though Ω is a finite state space in their original definition; it is natural to extend it slightly to allow a general underlying
state space (Ω,F , µΩ) as in our setting.
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function in our example does not satisfy the specific form in Kolotilin et al. [2017].18 Guo and Shmaya
[2019] provide a set of assumptions under which the optimal disclosure mechanism takes a nested interval
form. Our example violates their Assumption 3 which requires the ratio of any two receiver types’
acceptance utility to be monotonic in states.19 Relatedly, Dworczak and Martini [2019] develop a useful
technique applicable to derive optimal (potentially stochastic) information structure when the sender
cannot solicit reports from the receiver in this example. But it is unclear whether this restriction is without
loss of generality since persuasion mechanisms allow the sender to solicit reports from the receiver.

We now introduce a new approach based on our main result that allows us to explicitly compute the
optimal persuasion mechanism. As in Kolotilin et al. [2017], say a mechanism π implements a function
pair (q(·), p(·)) if q(t̂) =

∫ 1

0
π(ω, t̂) dω and p(t̂) =

∫ 1

0
ωπ(ω, t̂) dω for every t̂ ∈ [0, 1]. To interpret, given

the report t̂, q(t̂) is the overall probability of π(·, t̂) recommending a = 1, so q(t̂)t measures the cost
of the receiver type t from obeying the recommendation. p(t̂) captures the receiver’s type-independent
revenue from obeying π(·, t̂) as well as the sender’s payoff. For exposition elegance, we suppress the
dependence of such function pairs on their underlying mechanism throughout this section.

Our approach would transform this persuasion problem into a standard deterministic control problem
with the control variables (q(·), p(·)). To proceed, we first need to answer when the pair (q(·), p(·)) is
implementable by a persuasion mechanism. Note that, as players’ payoffs are pseudo-separable and
the message is binary, our main result is applicable. By Theorem 2, it is without loss of generality to
focus on deterministic persuasion mechanisms in this setting. This simplification comes in handy in
resolving the implementation question. Recall that a deterministic persuasion mechanism is a menu of
deterministic information structures. In this setting, any deterministic information structure can be thought
of as partitioning the state space [0, 1] into two subsets and disclosing which subset the realized state is in.
This means, the pair (q, p) is implementable by a persuasion mechanism if and only if, for each report t̂,
one can find a subset X(t̂) ⊆ [0, 1] that satisfies q(t̂) =

∫
X(t̂)

dF and p(t̂) =
∫
X(t̂)

ω dF simultaneously.
The following lemma completely characterizes when a function pair is implementable by deterministic
persuasion mechanisms.

Lemma 1. The pair (q, p) is implementable by a deterministic persuasion mechanism if and only if the

following two inequalities are satisfied for any t̂ ∈ [0, 1]:

q(t̂)2

2
≤ p(t̂) ≤ q(t̂)(1− q(t̂)

2
) and 0 ≤ q(t̂) ≤ 1. (11)

Note that our approach is constructive. The proof of Lemma 1 in Appendix A.2 provides a way to
construct a deterministic persuasion mechanism that implements a qualified pair. Suppose we already
know a pair (q, p) is implementable by a deterministic persuasion mechanism π, the ensuing question is
under what additional conditions is the underlying mechanism π incentive compatible (that is, the receiver

18That is, the sender’s utility ω · a cannot be written in the form a+ f(t) · (ω − t)a, where f(t) is a bounded measurable
function.

19In our context, their Assumption 3 requires that for any t, t′ with t′ < t, g(t)(ω−t)
g(t′)(ω−t′) weakly increases in ω. However, for

any such t, t′ with t′ < t, g(t)(ω−t)
g(t′)(ω−t′) is non-montone aound ω = t′.
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is willing to report their true type and follow the recommendations)? Since the receiver’s utility in our
setting is the same as Kolotilin et al. [2017], we can borrow a result therein that answers this question.

Lemma 2 (Lemma 1, Kolotilin et al. [2017]). Suppose that a persuasion mechanism π implements (p, q).

Let U(t) :=
∫ 1

0
(ω − t)π(ω, t) dω. Then π is incentive compatible if and only if the following three

conditions hold simultaneously: (i) q(·) is nonincreasing; (ii) U(t) =
∫ 1

t
q(s) ds; (iii) U(0) = E[ω].

Note that U(t) in the above lemma is the expected utility of type t when they truthfully report their
type and follow the recommendation under π. If π implements (q, p), by definition, U(t) = p(t)− q(t)t.
We can rewrite the above (ii) to its respective differential format: U ′(t) = −q(t) almost surely with
U(1) = 0. Note that (iii) and (11) imply q(0) = 1. For convenience, we will use the control variables
(q, U) instead. In summary, combining the results in Lemma 1 and 2, we can transform the persuasion
problem into the following deterministic control problem:

max
q,U

∫ 1

0

p(t)g(t) dt =

∫ 1

0

(U(t) + q(t)t)g(t) dt

subject to q(·) is nonincreasing with q(0) = 1 and q(1) = 0

U ′(t) = −q(t), U(0) = 0.5, U(1) = 0

q(t)2

2
≤ U(t) + q(t)t ≤ q(t)(1− q(t)

2
)

0 ≤ q(t) ≤ 1.

(12)

To derive the optimal persuasion mechanism, one can first solve the above control problem to obtain the
optimal function pair (p, q). Then the proof of Lemma 1 provides a constructive way to implement the
optimal triple with a deterministic persuasion mechanism.

Consider two benchmark cases. First, under no revelation, because the expected state is 0.5, receiver
type t > 0.5 takes action 0 and the sender’s payoff is 0.09375. Second, under full revelation, receivers
with type t ≤ ω take action 1. The sender’s expected payoff is then 0.261905.

We now solve this persuasion problem. For any pair (q, U) that satisfies U ′(t) = −q(t), it follows by
an integration-by-parts argument that the sender’s payoff function is∫ 1

0

(U(t) + q(t)t)g(t) dt =

∫ 1

0

U(t)(2g(t) + g′(t)t) dt. (13)

We plot the density function and the induced weight function in the sender’s payoff in Figure 1. From the
plot, we can see that maximizing the value of U(t) is optimal for the sender whenever (2g(t)+g′(t)t) ≥ 0,
while minimizing the value of U(t) is optimal whenever (2g(t) + g′(t)t) ≤ 0. We derive the solution in
the appendix. From our analysis, the solution (q∗(t), U∗(t)) to (12) is the following:

q∗(t) =


1− t 0 ≤ t ≤ 0.75;

0.25 0.75 ≤ t ≤ 0.87;

0 t ≥ 0.87;

U∗(t) =


(1−t)2

2
0 ≤ t ≤ 0.75;

0.22− 0.25t 0.75 ≤ t ≤ 0.87;

0 t ≥ 0.87.
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(a) the density function g(t) (b) the weight function 2g(t) + g′(t)t

Figure 1: The plots of g(x) and the induced weight function 2g(t) + g′(t)t

We further plot the graphs of the solution q∗ and U∗ in the following figure:

Figure 2: This figure presents the plot of the solution (q∗, U∗). The “regime-change” types 0.75 and 0.87 are
marked with the two perpendicular dashed lines accordingly.

Using the insight of the proof of Lemma 1, the resulting optimal pair (q∗, p∗) with p∗(t) = U∗(t) +

q∗(t)t can be implemented by the following deterministic persuasion mechanism:

π∗(ω, t) =


1 when 0 ≤ t ≤ 0.75, ω ≥ t;

1 when 0.75 ≤ t ≤ 0.87, ω ≥ 0.75;

0 otherwise.

We plot the optimal mechanism in the following figure:

The above optimal mechanism π∗ implies that for any type t ≤ 0.75, the optimal mechanism π∗

recommends a = 1 if and only if ω ≥ t; for 0.75 ≤ t ≤ 0.87, then π∗ recommends a = 1 if and only if
ω ≥ 0.75; and the mechanism always recommends a = 0 for any type t > 0.87. Under such π∗, each
receiver type is willing to report his true type and follow the recommendation. Note that, although our
example violates the assumption in Guo and Shmaya [2019], the receiver type’s t’s acceptance set (i.e.,

16



Figure 3: The optimal persuasion mechanism.

{ω | π∗(ω, t) = 1}) in the optimal persuasion mechanism shrinks in a nested manner as t increases.
In other words, the optimal persuasion mechanism still takes the nested-interval form. The sender’s
maximum payoff under π∗ is 0.2644. Appendix A.2 collects all the derivation details.

5 Counterexamples

Our results rely on three crucial conditions: (i) the measure µΩ on the underlying state space is atomless;
(ii) the receivers’ actions and the sender’s messages are finite; and (iii) the players’ utilities are pseudo-
separable. If any are violated, we can find a counterexample. For condition (i), the famous judge-prosecutor
example in Kamenica and Gentzkow [2011] is an immediate counterexample, where all conditions are
satisfied except that the state space is atomic. In that example, an optimal information structure cannot be
derandomized.20

The following example shows that our result may break down when condition (ii) is violated. In
the example, the message space is uncountably infinite, and randomization can substantially enrich the
mechanism structure in a way that deterministic mechanisms cannot replicate.

Example 1 (uncountably many messages). Let Ω = [−1
3
, 4
3
] with the distribution

µΩ(dω) :=

0.5 dω on [−1
3
, 1
3
) ∪ (2

3
, 4
3
],

1 dω on [1
3
, 2
3
].

There is one sender and two receivers. Both receivers have null private types. As T̂ = T , T̂ is also a
null set. Receiver 1 takes an action from {0, 1} while receiver 2’s action set is a singleton. We assume
that receiver 1’s utility function is constant. If receiver 1 takes action 1, then both receiver 2 and the
sender obtain a utility of 1; otherwise, they obtain 0. Consider the following information structure with

20Note that the probability measure in this example is purely atomic. It is known that any probability measure can be
decomposed into a purely atomic part and a nonatomic part (see, for instance, Johnson [1970]). Thus, if a probability measure
is not purely atomic, it is always possible to apply our result locally to its nonatomic part with some scaling.
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the message space [0, 1]:

π(ω) =


δ{ω+ 1

3
} ω ∈ [−1

3
, 1
3
),

δ{ω− 1
3
} ω ∈ (2

3
, 4
3
],

0.5δ{ω+ 1
3
} + 0.5δ{ω− 1

3
} ω ∈ [1

3
, 2
3
].

(14)

Observe that the distribution of messages under π (denoted as ν) is the uniform distribution over [0, 1].
Given that receiver 1 has a constant utility, any strategy is optimal. For any deterministic mechanism
effectively equivalent to π, our definition of effective equivalence requires that, given receiver 1’s strategy,
receiver 2 must receive the same payoff in π and the deterministic mechanism subject to a message
relabelling. For example, suppose receiver 1’s strategy under π is to take action 1 if and only if the
message is within the interval [0, 0.5]. Consider a deterministic mechanism that communicates no
information to receiver 1. If the message in the latter is in [0, 0.5], receiver 2’s payoff increases from 0.5

to 1; if the message is anything else, their payoff decreases to 0.

As such, we claim that no deterministic information structure can be effectively equivalent to π.
Suppose f is a deterministic information structure effectively equivalent to π. We will show that this
implies that the distribution of messages under f subject to such relabelling must be equal to ν. However,
we argue that such equivalence cannot hold, and thus such an f does not exits in the first place. The
proof operates by assuming the existence of such a deterministic information structure, then discretizing
the state space and using a convergence argument to derive a contradiction. See Appendix A.3 for more
details.

Condition (iii) is about pseudo-separability. Let us first explain intuitively why our result may
break down without such a condition in the setting of a single receiver with private types. Fix any
arbitrary persuasion mechanism π. For any receiver type, to derandomize π effectively equivalent given
their specific utility requires certain conditions to be satisfied. If the receiver’s utility satisfies pseudo-
separability, then the type will affect the receiver’s utility in a multiplicative way and each receiver
type essentially requires the same set of conditions. If, on the contrary, the pseudo-separability is not
satisfied, then the conditions required by different receiver types may contradict each other. Such potential
contradiction makes it not always possible to derandomize π in an effectively equivalent way. We
formalize this idea in the following example.

Example 2. There is only one receiver who has a private type. The underlying state space and the
receiver’s private type space are unit intervals, i.e., Ω = T = [0, 1]. It is commonly known that the random
variables ω and t are independent and both are uniformly distributed. We allow the sender to have any
bounded measurable utility function. The receiver has two actions {0, 1} and utility function u(ω, t, a),
where

u(ω, t, a) :=

1{(ω′,t′)|ω′≥t′}(ω, t) if he takes action a = 1,

1{(ω′,t′)|ω′<t′}(ω, t) if he takes action a = 0.

For any type t, if he ignores the information he may receive and always takes action 0, his expected payoff
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is t, and if he always takes action 1, then his payoff is 1 − t. Consider a information structure π with
the sender’s message set {0, 1} such that π(0|ω) = 0.8 and π(1|ω) = 0.2 if ω < 0.5, and π(1|ω) = 0.8

and π(0|ω) = 0.2 if ω ≥ 0.5. We claim there does not exist a deterministic persuasion mechanism that
preserves all the equilibria under π as well as the corresponding equilibrium payoffs for each player. See
Appendix A.3 for the proof details.

In our basic setting, the state and types are distributed independently. It is worth pointing out that,
though the independence between the underlying state and receivers’ type profile can be weakened (as in
Theorem 2′ in the Appendix), we cannot relax this assumption completely.

There are two reasons why such independence is required. The first reason is aligned with the
idea in Aumann [1987] that randomization can provide coordination among players in the multi-player
environment. As in Example 3, when all players’ information is perfectly correlated, then deterministic
persuasion mechanisms cannot be equivalent to random mechanisms.

Example 3. There is a sender (the social planner), and two receivers, each with an action set Ai = {L,R},
i ∈ {1, 2}. The underlying state space is Ω = [0, 1]. All three players have perfect information, and thus
the underlying state and receivers’ information are perfectly correlated. The sender’s payoff is the sum of
all receivers’ payoffs, i.e., us(ω, a1, a2) = u1(ω, a1, a2) + u2(ω, a1, a2). The receivers’ payoff matrix is
described below. Whenever receivers are indifferent, they take the sender-preferred actions.

ω, (u1, u2) L R

L (6ω,6ω) (1ω,8ω)

R (8ω,1ω) (0,0)

In this example, the optimal information structure is the following: conditional on any realized ω, with
probability 0.2, the sender privately recommends both receivers to play L; with probability 0.4, the sender
privately recommends the first receiver to play L and the second receiver to play R; and with probability
0.4, the sender privately recommends the first receiver to play R and the second receiver to play L. Such
an information structure would induce receivers to play a correlated equilibrium at each realized state. But
any deterministic information structure can only induce Nash equilibria at each realized state in this game.
Thus, the optimal information structure achieves a strictly higher payoff than any deterministic one.

The second reason relates to the previous condition (iii). To explain the intuition, consider the more
general case when the joint distribution of state and types admits a density function f(ω, t) with respect
to a fixed probability measure µΩ × µT . Following Section 5.1 of Guo and Shmaya [2019], we can view
ui(t, ω, a) · f(ω, t) as a generalized utility function for each player i where the joint distribution of state
and type is replaced by µΩ × µT . When there is a player with constant utility 1, condition (iii) implies
that if his generalized utility f(ω, t) violates pseudo-separability, then our result may not hold. Note that
the independence between ω and t is a special case of f(ω, t) being pseudo-separable.

To provide an explicit example, we modify Example 2 and show that, if there does not exist some
separability between states and types, then our main result may fail, even in a single receiver setting.
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Example 4. There is one sender, and one receiver who has a private type. The underlying state space and
the receiver’s private type space are unit intervals, i.e., Ω = T = [0, 1]. It is commonly known that the
joint distribution of random variables ω and t is f(ω, t) dω dt where f(ω, t) = 2

3
· (21{(ω′,t′)|ω′≥t′}(ω, t) +

1{(ω′,t′)|ω′<t′}(ω, t)). We allow the sender to have any bounded measurable utility function. The receiver
has two actions {0, 1} and utility function u(ω, t, a), where u(ω, t, a) := a · (ω − t).

For any type t, if he ignores the information he may receive and always takes action 0, then his
expected payoff is 0, and if he always takes action 1, then his payoff is 2+t2−4t

4−2t
. Consider an information

structure π with the sender’s message set {0, 1} that π(0|ω) = 0.8 and π(1|ω) := 0.2 if ω < 0.5, and
π(1|ω) = 0.8 and π(0|ω) = 0.2 if ω ≥ 0.5. We claim that there does not exist a deterministic information
structure that is effectively equivalent to π. The proof is shown in Appendix A.3.

6 Conclusion

It is quite natural for a practical designer to restrict attention to deterministic persuasion mechanisms,
given that they are relatively simple to design and implement in practice. However, such restriction may
lose generality, thereby incurring suboptimality.

This paper proposes a criterion to compare different persuasion mechanisms based on their (infor-
mational) effectiveness. Based on this criterion, we provide tight conditions under which a potentially
stochastic persuasion mechanism is effectively equivalent to some deterministic persuasion mechanism.
Our results enhance the understanding of when it is without loss of generality to restrict attention to
deterministic persuasion mechanisms, which may provide a simplified solution to the sender’s opti-
mization problem in practice. Potentially interesting future directions of research could be whether our
derandomization technique can be useful in other economic situations with incomplete information, such
as auction design, where the designer often has private information that may directly affect the allocation
outcome.
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A Appendix

A.1 Proof of Theorem 2

Before the main proof, we first introduce a technical lemma borrowing the insights from Mertens [2003].21

For any Hausdorff topological space X , let K∗(X) be the set of all nonempty compact subsets of X . Say
a measurable correspondence N from the product space E×Ω to Rl is P-integrable if, for any measurable
selection f of N (denoted as f ∈ N), f(ω, e) is P(dω|e)-integrable for any e ∈ E.

Lemma 3. Suppose that (Ω,A) and (E,E ) are measurable spaces with the σ-algebra A countably

generated; that P(dω|e) is a Rk-valued bounded kernel; and that N is a P-integrable measurable

correspondence from (E × Ω,E ⊗A) to K∗(Rl).22 Let
∫
N dP be the map from E to the subsets of Rl·k

that
∫
N dP(e) :=

{∫
f(ω, e)P(dω|e)

∣∣∣f ∈ N
}
.

(1) Fix an arbitrary element e ∈ E. Let f be a measurable selection of the convex hull of N(e, ·) and

f ∈ N(e, ·) on each atom of P(·|e). Then, for any Rl-valued bounded measurable function u, we

have
∫
u · f P(dω|e) ∈

(∫
u ·N dP

)
(e).

(2) Fix an arbitrary Rl·M -valued function gM := (g1,g2, ...,gM) such that each gm, 1 ≤ m ≤ M , is

a Rl-valued E ⊗A-measurable bounded function. Let
∫
gM ⊙N dP be a mapping from E to the

subsets of RM ·k that∫
gM ⊙N dP : e→

{∫
(g1 · f ′(ω, e), ...,gM · f ′(ω, e))P(dω|e)

∣∣f ′ ∈ N
}
.

Denote by Fv ⊆ E × RM ·k its graph with Fv the corresponding σ-algebra. Then:

(i) (
∫
gM ⊙ N dP) is an E -measurable mapping to K∗(RM ·k), and Fv is a measurable set in

E × RM ·k;

(ii) There exists a measurable, Rl-valued function h on (Fv × Ω,Fv ⊗ A) such that for any

(e,x) ∈ Fv ⊆ E × RM ·k with e ∈ E and x ∈ RM ·k, the following assertions hold: (i)

h(e,x, ω) ∈ N(e, ω); and (ii) x =
∫
gM(e, ω) ⊙ h(e,x, ω)P(dω|e), where gM(e, ω) ⊙

h(e,x, ω) := (g1(e, ω) · h(e,x, ω), ...,gM(e, ω) · h(e,x, ω)).

Proof of Lemma 3. (1) Let P̃(·|·) be a Rl·k-valued map where P̃(dω|e) := (unP(dω|e))1≤n≤l. Given
the boundedness of P and u, P̃ is also a bounded kernel. Moreover, for the fixed element e ∈ E, an
atom of P̃(·|e) must be an atom of P(·|e) as well. For any measurable selection f := (f1, ..., fl) from
the convex hull of N(e, ·) such that f ∈ N(e, ·) on the atoms of P(dω|e), then f is also a measurable

21The result of Mertens [2003] is not directly applicable to our context since the domain of the mapping he constructed is
on the graph the tensor product of the vector-valued integration. However, the version we need is on a different domain, that
is, the graph of the inner product of the vector-valued integration in a particular way (see the definition of ⊙ in P. 22). Such
discrepancy requires us to reduce Mertens’ domain by extra construction that involves other measurable selections.

22A Rk-valued kernel P(·|·) is a map from E ×A → Rk such that (i) for any e ∈ E, P(·|e) is a Rk-valued measure on
(Ω,A); (ii) P(A|·) is E -measurable, ∀A ∈ A. A kernel P(·|·) is bounded if there exists a constant C such that ∥P(A|e)∥ ≤ C
for all A ∈ A and e ∈ E.
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selection of the convex hull of N(e, ·) such that f ∈ N(e, ·) on the atoms of P̃(dω|e). Let
∫
N dP̃(e) :={∫

f ′(ω, e)P̃(dω|e)
∣∣∣f ′ ∈ N

}
. Hence by Theorem (2), Mertens [2003],

∫
f dP̃(e) ∈

∫
N dP̃(e). Given

that such inclusion holds for each term in Kronecker product, which implies
∫
u · f(ω)P(dω|e) ∈

(
∫
u ·N dP)(e).

(2) Fix an arbitrary M -component vector function gM := (g1, ...,gM) which satisfies that each gm is a Rl-
valued E ⊗A-measurable bounded function. Define a RM -valued correspondence N̂ from (E×Ω,E ⊗A)

to K∗(RM) such that for each (e, ω) ∈ E×Ω, N̂(e, ω) :=
{
(g1(e, ω) ·a, ...,gM(e, ω) ·a)

∣∣a ∈ N(e, ω)
}
.

By the given conditions, the above correspondence N̂ is P-integrable and N̂ is compact-valued.

(i) By Theorem (1) (a) and (b), Mertens [2003], (
∫
N̂ dP) is an E -measurable mapping to K∗(RM ·k), and

its graph is a measurable set in E × RM ·k.

(ii) Denote by F̂ the graph of
∫
N̂ dP with its sub σ-algebra F̂ ⊆ E ⊗B(RM ·k). By Theorem (3), Mertens

[2003], there exists a measurable, RM -valued function f̂ on (F̂×Ω, F̂ ⊗A) such that f̂(e, x̂, ω) ∈ N̂(e, ω)

and

x̂ =

∫
f̂(e, x̂, ω)P(dω|e). (15)

For each element (e, x̂, ω), by the definition of N̂(e, ω) and that f̂(e, x̂, ω) ∈ N̂(e, ω), there exists an
element â′

e,x̂,ω ∈ N̂(e, ω) such that f̂(e, x̂, ω) = (g1 · â′
e,x̂,ω, ...,gM · â′

e,x̂,ω). Based on the above f̂ , define
a correspondence H : E × F̂× Ω to Rl such that for any (e, x̂, ω),

H(e, x̂, ω) := {â′′
e,x̂,ω ∈ N(e, ω)|(gn · â′′

e,x̂,ω)1≤k≤M = f̂(e, x̂, ω)}.

By such a definition, H(e, x̂, ω) is measurable, nonempty-valued and compact-valued (for the measur-
ability, see Corollary 18.8 in Aliprantis and Border 2006). Therefore, Kuratowski–Ryll-Nardzewski
Selection Theorem implies that we can find a pointwise measurable selector h of H. Therefore,
for each (e, x̂, ω), h(e, x̂, ω) ∈ N(e, ω), and by (15) and that h ∈ H pointwisely, we have x̂ =∫
gM(e, ω)⊙ h(e, x̂, ω)P(dω|e).

We introduce a more general environment under which our main results still hold, and this environment
includes the setting in the main text (with independent information) as a special case.

Definition 6. The setting has interdependent information amongst players with subjective priors (“in-
terdependent information” for short) if the following hold: let (T × Ω, T ⊗ F , µT × µΩ) be the product
probability space of state and types. Assume that µΩ is atomless. Denote by µ̃i ∈ ∆(T ×Ω) the subjective
belief of each player i, i ∈ I ∪ {0}. Suppose that µ̃i is absolutely continuous with respect to the product
probability measure µT × µΩ with the density function ℓi(t, ω), i.e., dµ̃i = ℓi(t, ω) d(µ

T × µΩ). For each
i ∈ I ∪ {0}, the density function ℓi(t, ω) is assumed to be bounded and measurable.

We will prove the conclusion of Theorem 2 in the setting of interdependent information, which we
numbered as Theorem 2′. We say the density function of a player i’s prior is separable if ℓi(t, ω) can be
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written into the following form: ℓi(t, ω) =
∑N

n=1 ℓ
n
i (ω) · ℓ̃ni (t), where N is a positive integer; ℓni and ℓ̃ni ,

1 ≤ n ≤ N , are bounded measurable functions. In such a general setting, this separability condition of
density functions is required.

Theorem 2′. Suppose that the setting is of interdependent information and the density function of each

player’s prior is separable, then the statement of Theorem 2 holds.

Proof of Theorem 2′. For convenience, let N be the largest index such that for each player i ∈ I ∪ {0},
ℓi(t, ω) :=

∑N
ñ=1 ℓ

ñ
i (ω) · ℓ̃ñi (t), and ui(t, ω, a) :=

∑N
n=1 fi,n(ω, a) · gi,n(t, a) with bounded functions fi,n,

gi,n, ℓñi and ℓ̃ñi for 1 ≤ n, ñ ≤ N .

Let P (·|·) be a stochastic kernel from T̂ to ∆(Ω) such that P (·|·) ≡ µΩ(·). For convenience, we label
the elements in Â and A as Â := {â1, â2, ..., â|Â|} and A := {a1, ..., a|A|}, respectively. For any m with
1 ≤ m ≤ |Â|, let em ∈ R|Â| be the coordinate vector that all components in em are zero except that its
m-th component is 1. Define a R|Â|-valued T̂ ⊗F -measurable constant correspondence Ñ on T̂ ×Ω such
that Ñ(·, ·) ≡

{
e1, e2, ..., e|Â|

}
.

We will now construct a vector-valued mapping FN := (F1,F2, ...,FN ) with each Fk a R|Â|-valued
mapping and the largest index N := (|A|N + 1) · |Â|N(|I| + 1). Before the explicit construction, we
define the following two sets for indexing purposes: let S1 and S2 be finite sets of integer-valued vectors,
where

S1 :=
{
(ĵ, j, i, n, ñ) ∈ N5

∣∣∣1 ≤ ĵ ≤ |Â|, 1 ≤ j ≤ |A|, 0 ≤ i ≤ |I|, 1 ≤ n, ñ ≤ N
}
;

S2 :=
{
(ĵ, i, ñ) ∈ N3

∣∣∣1 ≤ ĵ ≤ |Â|, 0 ≤ i ≤ |I|, 1 ≤ ñ ≤ N
}
.

For expositional convenience, we also label the elements in Sj′ as Sj′ := {sj′,1, sj′,2, ..., sj′,|Sj′ |} for
j′ = 1, 2, where |S1| = |A||Â|N2(|I|+ 1) and |S2| = |Â|N(|I|+ 1). We are now ready to define each
Fk : T̂ × Ω → R|Â| for any 1 ≤ k ≤ N . For any integer k,

(1) if the integer k satisfies that 1 ≤ k ≤ |S1|, then we define Fk based on the vector s1,k =

(ĵk, jk, ik, nk, ñk) as follows:

Fk(t̂, ω) := fik,nk
(ω, ajk)ℓ

ñk
ik
(ω) · eĵk for any (t̂, ω). (16)

(2) if the integer k satisfies that |S1| + 1 ≤ k ≤ |S1| + |S2|, then we define Fk based on the vector
s2,k̂ = (ĵk̂, ik̂, ñk̂) with k̂ := k − |S1| as follows:

Fk(t̂, ω) := ℓ
ñk̂
ik̂
(ω) · eĵk̂ for any (t̂, ω). (17)

Given such FN , we further define a vector-valued integral
∫
FN ⊙ Ñ dP := (

∫
Fk · Ñ dP )1≤k≤N that

each
∫
Fk · Ñ dP : T̂ ↠ R is a measurable correspondence and∫

Fk · Ñ dP : T̂ ↠
{∫

Ω

Fk(t̂, ω) · h(t̂, ω)P (dω|t̂)
∣∣∣
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h is an T̂ ⊗ F-measurable selection from Ñ
}
.

Denote by (Gu,Gu) the graph of
∫
FN ⊙ Ñ dP with the associated σ-algebra. Since any persuasion

mechanism π is a T̂ ⊗ F -measurable function from T̂ × Ω → [0, 1]|Â| such that
∑|Â|

ĵ=1
π(âĵ|t̂, ω) ≡ 1 for

any (t̂, ω), by definition π(·|t̂, ω) is in the convex hull of Ñ(t̂, ω) for any (t̂, ω). By (1) of Lemma 3 and
given that P (·|·) ≡ µΩ(·) is atomless, we can conclude that, fix any t̂,∫

Ω

Fk(t̂, ω) · π(·|t̂, ω)P (dω|t̂) ∈
∫

Fk · Ñ dP (t̂) for each 1 ≤ k ≤ N .

By (2ii) of Lemma 3, there exists a measurable, R|Â|-valued function h on (Gu × Ω,Gu ⊗ F) such
that for any (t̂,x) ∈ Gu, h(t̂,x, ω) ∈ Ñ(t̂, ω) and

x =

∫
Ω

FN (t̂, ω)⊙ h(t̂,x, ω)P (dω|t̂). (18)

By substituting x with the expression
∫
Ω
FN (t̂, ω) ⊙ π(·|t̂, ω)P (dω|t̂) in the above equation, for any t̂,

we have ∫
Ω

FN (t̂, ω)⊙ π(·|t̂, ω)P (dω|t̂)

=

∫
Ω

FN (t̂, ω)⊙ h
(
t̂,

∫
Ω

FN (t̂, ω)⊙ π(·|t̂, ω)P (dω|t̂), ω
)
P (dω|t̂).

(19)

Let π be a function from T̂ × Ω → R|Â| such that

π(·|t̂, ω) := h

(
t̂,

∫
Ω

FN (t̂, ω)⊙ π(·|t̂, ω)P (dω|t̂), ω
)

for any (t̂, ω). (20)

That h(t̂,x, ω) ∈ Ñ(t̂, ω) pointwisely implies that π(·|t̂, ω) ∈ {e1, e2, ..., e|Â|} for all (t̂, ω), and therefore
π is a deterministic persuasion mechanism. Given that π is T̂ ⊗ F-measurable and that P (dω|t̂) ≡ µΩ,∫
Ω
Fk(t̂, ω) · π(·|t̂, ω)P (dω|t̂) is T̂ -measurable. Thus, by the measurability of h and

∫
Ω
FN (t̂, ω) ⊙

π(·|t̂, ω)P (dω|t̂), the measurability of π is immediate. Moreover, by Equation (19) and (20), we can
conclude that for any t̂,∫

Ω

FN (t̂, ω)⊙ π(·|t̂, ω)P (dω|t̂) =
∫
Ω

FN (t̂, ω)⊙ π(·|t̂, ω)P (dω|t̂). (21)

By replacing each Fk in Equation (21) with its explicit form for 1 ≤ k ≤ N , we have the following
equations: for any i ∈ I ∪ {0}, any t̂ ∈ T̂ , 1 ≤ j ≤ |A|, 1 ≤ ĵ ≤ |Â|, and 1 ≤ n, ñ ≤ N ,∫

Ω

fi,n(ω, a
j) ℓñi (ω) π(â

ĵ|t̂, ω)µΩ(dω) =

∫
Ω

fi,n(ω, a
j) ℓñi (ω) π(â

ĵ|t̂, ω)µΩ(dω) (22)∫
Ω

ℓñi (ω) π(â
ĵ|t̂, ω)µΩ(dω) =

∫
Ω

ℓñi (ω)π(â
ĵ|t̂, ω)µΩ(dω). (23)
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By Equation (22), for i ∈ I ∪ {0}, any t̂ ∈ T̂ , 1 ≤ j ≤ |A|, 1 ≤ ĵ ≤ |Â| and for all t ∈ T , we have∫
Ω

ui(t, ω, a
j)π(âĵ|t̂, ω) ℓi(t, ω)µΩ(dω)

=
N∑

ñ=1

N∑
n=1

ℓ̃ñi (t) gi,n(t, a
j)

∫
Ω

fi,n(ω, a
j) π(âĵ|t̂, ω) ℓñi (ω)µΩ(dω)

=
N∑

ñ=1

N∑
n=1

ℓ̃ñi (t) gi,n(t, a
j)

∫
Ω

fi,n(ω, a
j) π(âĵ|t̂, ω) ℓñi (ω)µΩ(dω)

=

∫
Ω

ui(t, ω, a
j)π(âĵ|t̂, ω) ℓi(t, ω)µΩ(dω).

(24)

Similarly, by Equation (23), for i ∈ I ∪ {0}, any t̂ ∈ T̂ and 1 ≤ ĵ ≤ |Â|, we have∫
Ω

ℓi(t, ω) π(â
ĵ|t̂, ω)µΩ(dω) =

∫
Ω

ℓi(t, ω) π(â
ĵ|t̂, ω)µΩ(dω).

Our conclusion follows directly from Lemma 4 presented below.

Lemma 4. In the setting of interdependent information, assume that players have separable densities.

Suppose that for two persuasion mechanisms π and π, the following hold for any t ∈ T , t̂ ∈ T̂ , â ∈ Â,

a ∈ A and any i ∈ I ∪ {0}:∫
Ω

ui(t, ω, a) ℓi(t, ω) π(â|t̂, ω)µΩ(dω) =

∫
Ω

ui(t, ω, a) ℓi(t, ω) π(â|t̂, ω)µΩ(dω) (25)∫
Ω

ℓi(t, ω) π(â|t̂, ω)µΩ(dω) =

∫
Ω

ℓi(t, ω) π(â|t̂, ω)µΩ(dω). (26)

Then (i) π is effectively equivalent to π; (ii) any equilibrium under π is still an equilibrium under π,

and vice versa; (iii) moreover, for any equilibrium (r∗, σ∗) under π, then the expected equilibrium payoff

of each type of each receiver in (r∗, σ∗) is the same under π and under π, and the expected equilibrium

payoff of the sender in (r∗, σ∗) is the same under π and under π.

Proof. Fix an arbitrary strategy profile (σ̃, r̃). For any i ∈ I and the type profile t̃, any message profile
â′ and the action profile a′, let σ̃(a′ | t̃, r̃, â′) :=

∏|I|
j=1 σ̃j(a

′
j | t̃j, t̂j, â′j) be the probability of playing a′

given the above (σ̃, r̃, t̃). By (25), the following holds∫
T̂

∫
Ω

σ̃(a′ | t̃, r̃, â′)ui(t̃, ω, a′)π(â′|t̂, ω) ℓi(t̃, ω)µΩ(dω)r̃(dt̂ | t̃)

=

∫
T̂

∫
Ω

σ̃(a′ | t̃, r̃, â′)ui(t̃, ω, a′) π(â′|t̂, ω) ℓi(t̃, ω)µΩ(dω)r̃(dt̂ | t̃),
(27)

Given the above (r̃, t̃), â′ ∈ Â and i ∈ I, by taking the expectations over T̂ in (26) according to r̃(dt̂ | t̃),
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we have ∫
Ω

∫
T̂

π(â′|t̂, ω) ℓi(t̃, ω)r̃(dt̂ | t̃)µΩ(dω) =

∫
Ω

∫
T̂

π(â′|t̂, ω) ℓi(t̃, ω)r̃(dt̂ | t̃)µΩ(dω). (28)

Let us use the same notation Uπ
i (σ̃i, σ̃−i, r̃i, r̃−i|t̃) (resp. Uπ

i (σ̃i, σ̃−i, r̃i, r̃−i|t̃)) to denote receiver i’s
expected utility conditional on type profile t̃ in persuasion mechanism π (resp. π) in this more general
setting. Label the elements in Â and A as Â := {â1, ..., â|Â|} and A := {a1, ..., a|A|}. By Equation (28)
and (27), given the above (σ̃, r̃), for any i ∈ I and any type profile t̃, we have

Uπ
i (σ̃i, σ̃−i, r̃i, r̃−i|t̃)

=

|Â|∑
ĵ=1

|A|∑
j=1

∫
T̂

∫
Ω
σ̃(aj | t̃, r̃, âĵ)ui(t̃, ω, aj)π(âĵ|t̂, ω) ℓi(t̃, ω)µΩ(dω)r̃(dt̂ | t̃)∑|Â|

ĵ=1

∫
Ω

∫
T̂
π(âĵ|t̂, ω) ℓi(t̃, ω)r̃(dt̂ | t̃)µΩ(dω)

=

|Â|∑
ĵ=1

|A|∑
j=1

∫
T̂

∫
Ω
σ̃(aj | t̃, r̃, âĵ)ui(t̃, ω, aj)π(âĵ|t̂, ω) ℓi(t̃, ω)µΩ(dω)r̃(dt̂ | t̃)∑|Â|

ĵ=1

∫
Ω

∫
T̂
π(âĵ|t̂, ω) ℓi(t̃, ω)r̃(dt̂ | t̃)µΩ(dω)

=Uπ
i (σ̃i, σ̃−i, r̃i, r̃−i|t̃).

(29)

As such, by definition, π ≽i π and π ≼i π for each i ∈ I. Thus we conclude that π is effectively
equivalent to π.

(ii) Again, let us use the same notation Uπ
i (σ̃i, σ̃−i, r̃i, r̃−i|t̃i) (resp. Uπ

i (σ̃i, σ̃−i, r̃i, r̃−i|t̃i)) to denote
receiver i’s expected utility conditional on his type t̃i in persuasion mechanism π (resp. π) in the given
setting.

Building on the above proof, for any strategy profile (r, σ), for any ti ∈ Ti and i ∈ I, by taking the
conditional expectation of t−i over T−i in equation (29), we have

Uπ
i (σ, r|ti) = Uπ

i (σ, r|ti). (30)

By equation (30), if receivers follow the strategy (r, σ), then the interim expected payoff of type ti of
receiver i is the same under π and under π. Now consider any equilibrium (r∗ = (r∗i )i∈I , σ

∗ = (σ∗
i )i∈I)

under π. Then the following holds for any type ti of any receiver i:

Uπ
i (σ

∗, r∗|ti) ≥ sup
σ̂i∈Σi,r̂i∈Ri

Uπ
i (σ̂i, σ

∗
−i, r̂i, r

∗
−i|ti).

By (30), the same strategy profile (r∗, σ∗) is also a best response under persuasion mechanism π, and thus
(r∗, σ∗) is also an equilibrium under π. Similarly, if (r∗, σ∗) is an equilibrium under π, then it is also an
equilibrium under π.

(iii) For any equilibrium (r∗, σ∗), (30) implies that the equilibrium payoff of each type of each receiver
is the same under π and π. The preservation of the sender’s expected utility in (r∗, σ∗) under π and π
is follows by taking expectation of Equation (25) over A, Â and T̂ for i = 0. Thus we conclude our
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proof.

A.2 Proofs of Section 4

Proof of Lemma 1. The “only if” direction: Suppose that the pair (q(·), p(·)) can be implemented by a
deterministic persuasion mechanism 1X(·)(·) where X(t̂) is a measurable subset in [0, 1] for every t̂. Then
0 ≤ p(t̂) =

∫
X(t̂)

ω dω ≤
∫
X(t̂)

dω = q(t̂) ≤ 1 is satisfied for every t̂.

At each t̂, note that the measure of X(t̂) is q(t̂). Under the uniform distribution, this is the same as
that of the interval [0, q(t̂)] and of [1− q(t̂), 1]. Thus

∫
X(t̂)

dω = q(t̂) =
∫ q(t̂)

0
dω =

∫ 1

1−q(t̂)
dω.

Since f(ω) = ω is an increasing function, at each t̂, we have

q(t̂)2

2
=

∫ q(t̂)

0

ω dω ≤
∫
X(t̂)

ω dω = p(t̂) ≤
∫ 1

1−q(t̂)

ω dω = q(t̂)(1− q(t̂)

2
).

Thus (11) is satisfied and we conclude the “only if” direction.

The “if” direction: Suppose that a pair (q, p) satisfies (11) for every t̂ ∈ [0, 1]. We will construct a
deterministic persuasion mechanism that implements this pair. Let H(x, y) :=

∫ x+y

x
ω dω. Note that the

inequalities in (11) implies that for any t̂ ∈ [0, 1],

H(0, q(t̂)) ≤ p(t̂) ≤ H(1− q(t̂), q(t̂)).

Given that H(·, q(t̂)) is continuous with respect to x, by the intermediate value theorem and that H(·, q(t̂))
strict increases as x increases, there exists a unique x∗(t̂) ∈ [0, 1− q(t̂)] such that p(t̂) = H(x∗(t̂), q(t̂)).
It is straightforward to verify that the following persuasion mechanism

π(ω, t̂) := 1[x∗(t̂),x∗(t̂)+q(t̂)](ω)

implements the given pair (q, p). Thus we conclude our proof.

In the following, we consider how to solve problem (12). We first develop a lemma that identifies an
implicit requirement that the constraint (11) imposes on (q, U).

Lemma 5. For any t ∈ [0, 1], if U(t) + q(t)t ≤ q(t)(1− q(t)
2
), then U(t) ≤ (1−t)2

2
.

Proof. For any t ∈ [0, 1], note that U(t) + q(t)t ≤ q(t)(1− q(t)
2
) is equivalent to 0 ≤ − q(t)2

2
+ q(t)(1−

t) − U(t). Since − q(t)2

2
+ q(t)(1 − t) − U(t) is a quadratic function of q(t) that opens downward, it

must have at least one root for this inequality to hold. Hence, the determinant must be nonnegative
(1− t)2 − 2U(t) ≥ 0 ⇒ U(t) ≤ (1−t)2

2
.

We now identify the exact form of the solution to the control problem (12).
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Lemma 6. A solution to (12) takes the following form: there exists a cutoff t0 ∈ [0, 1] such that

q∗(t) =


1− t 0 ≤ t ≤ t0;

1− t0 t0 ≤ t ≤ 1+t0
2

;

0 t ≥ 1+t0
2

;

U∗(t) =


(1−t)2

2
0 ≤ t ≤ t0;

1−t20
2

− (1− t0)t t0 ≤ t ≤ 1+t0
2

;

0 t ≥ 1+t0
2
.

(31)

Proof. Fix an arbitrary pair (q, U) that satisfies all the constraints in (12). In the following, we will argue
that we can construct an alternative pair that satisfies (31) under which the sender’s payoff is weakly
higher than that under (q, U).

To construct an alternative pair, for notational convenience, let us first define a function B(t) := (1−t)2

2

for any t ∈ [0, 1]. Note that U(0) = 1
2
= B(0) and U ′(0) = −q(0) = −1 = B′(0). Given that U(1) = 0,

define
t∗ := min{5

6
, min{t ∈ [0, 1] | U(t) = 0}}.

By Lemma 5, U(t) ≤ (1−t)2

2
= B(t) for every t. Hence we have

U(t∗) ≤ B(t∗) = B(t∗) +B′(t∗)(t∗ − t∗). (32)

As (q, U) satisfies the constraints in (12), we have U ′(t) = −q(t) with q(t) ≥ 0 and weakly decreasing,
which further implies that U(t) is a convex function on [0, 1]. Because U(·) is a convex and decreasing
function, it follows that

U(t∗) ≥ U(0) + U ′(0)t∗ = U(0)− q(0)t∗ = B(0) +B′(0)(t∗ − 0). (33)

Given that U(t∗) is a constant and that B(t) + B′(t)(t∗ − t) is continuous with respect to t, by
intermediate value theorem, (32)-(33) imply that there must exist an t0 ∈ [0, t∗] such that

B(t0) +B′(t0)(t
∗ − t0) = U(t∗). (34)

Figure 4 further demonstrates the relation between B(t), U(t) and B(t0) +B′(t0)(t− t0).

Given such a t0, consider the following alternative pair (q∗, U∗) in the form of (31):

q∗(t) :=


1− t 0 ≤ t ≤ t0;

1− t0 t0 < t ≤ 1+t0
2

;

0 otherwise;

U∗(t) :=


B(t) 0 ≤ t ≤ t0;

B(t0) +B′(t0)(t− t0) t0 ≤ t ≤ 1+t0
2

;

0 otherwise.

(35)

It is straightforward to check that the above pair satisfies all the constraints in (12). The rest of the
proof is to argue that the sender achieves a weakly higher payoff under (q∗, U∗) as compared to that under
(q, U).

Recall from equation (13) that the sender’s payoff is
∫
U(t)(2g(t)+ g′(t)t)dt. Note that the weight on
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Figure 4: In this demonstration, we take U(t) =
(1− 4t

3
)1.5

2 , which plot is presented in the orange curve. Given this
specification, we can determine the value of t∗ by its definition that t∗ = 0.75. The plot of B(t) is the blue curve on
the top of U(t), and the green line is the resulting affine function B(t0) +B′(t0)(t− t0) that intersects U(t) at t∗.
We can further derive from (34) that t0 = 0.5.

U(t) (i.e., the function g(t) + g′(t)t) is strictly positive for t ∈ (0, 5
6
) and strictly negative for t ∈ (5

6
, 1).

We consider each of these two intervals in turn.

We first show that U∗(t) ≥ U(t) for t ∈ [0, 5
6
]. By Lemma 5, U∗(t) = B(t) ≥ U(t) holds for any

t ∈ [0, t0]. Note that U is convex, that B(t0) ≥ U(t0) and that B(t0) + B′(t0)(t
∗ − t0) = U(t∗). Hence

the affine function B(t0) +B′(t0)(t− t0) ≥ U(t) for any t0 ≤ t ≤ t∗. Thus, if t∗ = 5
6
, then U∗(t) ≥ U(t)

for t ∈ [0, 5
6
]. Otherwise, given that t∗ is the smallest type at which U(t) = 0 and that U is decreasing,

thus U(t) = 0 for any t ∈ (t∗, 5
6
]. Therefore U∗(t) ≥ U(t) for any t ∈ (t∗, 5

6
). Combining all these cases,

we conclude that U∗(t) ≥ U(t) for t ∈ [0, 5
6
].

We now show that U∗(t) ≤ U(t) for t ∈ (5
6
, 1]. If U(5

6
) = 0, then U(t∗) = 0. Given (34) and that

1+t0
2

is the unique solution to B(t0) +B′(t0)(t− t0) = 0, we have t∗ = 1+t0
2

. By the construction of U∗

in (35), U∗(t) = 0 for any t ∈ [t∗, 1] and thus our claim follows immediately. We now consider when
U(5

6
) > 0, which implies that t∗ = 5

6
. Recall that U is decreasing and convex, so for any t ∈ [5

6
, 1], it

follows that U(t) ≥ U(5
6
)+U ′(5

6
)(t− 5

6
). Given that U∗(t) = B(t0)+B

′(t0)(t− t0) for any t ∈ [5
6
, 1+t0

2
],

and U ′(t) = −q(t), to show U∗(t) ≤ U(t) for any t ∈ [5
6
, 1+t0

2
], it is sufficient to show

B(t0) +B′(t0)(t− t0) ≤ U(
5

6
)− q(

5

6
)(t− 5

6
) for any t ∈ [

5

6
,
1 + t0
2

]. (36)

First note that, the point (5
6
, U(5

6
)) satisfies the affine functions y = B(t0) + B′(t0)(x − t0) and y =

U(5
6
)− q(5

6
)(x− 5

6
) since the former is implied by (34) and the latter is by its definition. Moreover, we

claim that the slope of the affine function B(t0)+B
′(t0)(t− t0) is steeper than that of U(5

6
)− q(5

6
)(t− 5

6
),

that is, B′(t0) ≤ −q(5
6
). As such, these two affine function crossing at the same point (5

6
, U(5

6
)) with

the former steeper than the latter will imply (36). To show our claim that B′(t0) ≤ −q(5
6
), note that the
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definition of t0 and t∗ implies that t0 ≤ t∗ = 5
6
, by which,

B(t0)− U(
5

6
) ≥ U(t0)− U(

5

6
) (as B ≥ U )

≥ U ′(
5

6
)(t0 −

5

6
) (by the convexity of U ).

(37)

By plugging in (34) into (37) (recall that t∗ = 5
6

in this case), we have B′(t0) ≤ U ′(5
6
) = −q(5

6
). Finally

for any t ∈ (1+t0
2
, 1], since U∗(t) = 0, it follows immediately that U∗ ≤ U on this interval. Hence we

conclude that U∗(t) = B(t0) +B′(t0)(t− t0) ≤ U(t) for any t ≥ 5
6
.

In conclusion, we have shown U∗(t) ≥ U(t) for t ∈ [0, 5
6
] and U∗(t) ≤ U(t) for t ∈ [5

6
, 1]. Given that

the weight function g(t) + g′(t)t is positive on [0, 5
6
] and negative on [5

6
, 1]. Therefore the sender obtains a

weakly higher payoff under (q∗, U∗) than that under (q, U). We conclude our proof.

By Lemma 6, the optimal (q∗, U∗) in the form of (31) is completely determined by the cutoff t0. With
the transformation in (13), the sender’s problem thus boils down to finding the optimal t0 ∈ [0, 1] that
solves the following problem:

max
q∗,U∗

∫ 1

0

U∗(t)(2g(t) + g′(t)t) dt subject to the constraints in (12)

= max
t0∈[0,1]

∫ t0

0

(1− t)2

2
(2g(t) + g′(t)t) dt+

∫ 1+t0
2

t0

(
1− t20
2

− (1− t0)t)(2g(t) + g′(t)t) dt


= max

t0∈[0,1]

(25t40
2

− 32t50 +
85t60
3

− 60t70
7

+

+
1− t20
2

(−20(−
5(1+t0

2
)4

4
+

6(1+t0
2

)5

5
) + 20(−5t40

4
+

6t50
5
))

− (1− t0)(20((
1 + t0
2

)5 − (
1 + t0
2

)6)− 20(t50 − t60))
)
.

The sender’s payoff when she restricts attention to the mechanisms taking the form (31) is a function of t0
We plot this function as follows:

Figure 5: The plot of
∫ t0
0

(1−t)2

2 (2g(t) + g′(t)t) dt+
∫ 1+t0

2
t0

(
1−t20
2 − (1− t0)t)(2g(t) + g′(t)t) dt.
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The optimal cutoff is 0.7452. Thus the optimal persuasion mechanism π∗ is

π∗(ω, t) =


1 when 0 ≤ t ≤ 0.7452, ω ≥ t;

1 when 0.7452 ≤ t ≤ 0.8726, ω ≥ 0.7452;

0 otherwise.

The sender achieves the maximum payoff of 0.2644 under π∗.

A.3 Proofs of Section 5

Proof of Example 1. We show that there is no deterministic information structure that is effectively
equivalent to π. Suppose to the contrary that there exists such an information structure f . As receivers
have no private types, f does not depend on the receiver’s reports. We can write it as f : [−1

3
, 4
3
] → [0, 1],

where, with a slight abuse of notation f(ω) is the message sent with probability 1 by the information
structure. Recall that ν is the distribution of messages induced by π and is a uniform distribution over
[0, 1]. Moreover, we will focus on the following special class of receiver 1’s strategies: For any fixed
t ∈ [0, 1], say a strategy is t-above if receiver 1 takes action 1 if and only if the message realization is
greater or equal to t; and t-below if he takes action 1 if and only if the message is strictly less than t.

We show first that effective equivalence implies that the distribution of messages induced by f is the
same as under π subject to a message relabelling. Given π and for any t ∈ [0, 1], receiver 2’s ex ante
expected payoff is ν([t, 1]) if receiver 1 plays t-above strategy and is ν([0, t)) if he plays the t-below
strategy. By π ≼2 f in the effective equivalence, there exists a bijection mapping ψ : [0, 1] → [0, 1] such
that for any fixed t ∈ [0, 1] and the receiver’s t-above and below strategy, receiver 2’s ex ante payoff under
π is less or equal to that under f subject to the given message relabelling, that is, for any fixed t ∈ [0, 1],∫

Ω

π([t, 1]|ω) dµΩ = ν([t, 1]) ≤ µΩ ◦ f−1(ψ−1([t, 1])), (38)∫
Ω

π([0, t)|ω) dµΩ = ν([0, t)) ≤ µΩ ◦ f−1(ψ−1([0, t))). (39)

The above two inequalities together imply that ν([t, 1]) = µΩ◦f−1(ψ−1([t, 1])). Hence µΩ◦(ψ◦f)−1 = ν.

We then show that ν cannot be induced by any deterministic information structure, which leads to a
contradiction. To achieve this goal, we first construct a sequence of µn ∈ ∆([−1

3
, 4
3
]) with finite support

such that µn converges to µΩ in weak topology. Specifically, for any fixed n ∈ N, we construct the
probability measure µn with support Spt(µn) := {x1, ..., x3n} ⊆ [−1

3
, 4
3
] such that

(1) {x1, ..., xn} are evenly distributed on [−1
3
, 1
3
]; {xn+1, ..., x2n} are evenly distributed on (1

3
, 2
3
) and

{x2n+1, ..., x3n} evenly distributed on [2
3
, 4
3
].

(2) for any xj , µn({xj}) = 1
2n

if n+ 1 ≤ j ≤ 2n; otherwise, µn({xj}) = 1
4n

.

By the above construction, we can verify that
∫
c(ω) dµn converges to

∫
c(ω) dµΩ as n goes to ∞ for

any bounded continuous function c(·) defined on Ω. Thus µn weakly converges to µΩ as n goes to ∞.
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Define the function f̂ as follows:

f̂(ω) :=

ω ω ∈ ∪n∈NSpt(µn),

ψ(f(ω)) otherwise.

Since the union ∪n∈NSpt(µn) contains countably many points, µΩ(∪n∈NSpt(µn)) = 0 and thus
f̂ = ψ◦f , µΩ-almost surely. Hence f̂ is also a deterministic information structure which under µΩ induces
a distribution of messages equal to ν . Moreover, the definition of f̂ implies that µn ◦ f̂−1(E) = µn(E)

for any measurable set E ⊆ [0, 1], which, combines with µn weakly converges to µ, implies that

µn ◦ f̂−1 weakly converge to µΩ. (40)

We now show that

lim
n→∞

µn ◦ f̂−1(E) = µΩ ◦ f̂−1(E) = ν(E),∀ Borel measurable set E ⊆ [0, 1], (41)

which leads to a contradiction to (40) and concludes the proof. To show (41), note that, for any measurable
set E, if the boundary of f̂−1(E) (denoted as ∂(f̂−1(E))) is of µΩ-measure zero, then the above claim (41)
follows directly from Portemanteau theorem (cf. Theorem 13.16 in Klenke [2014]) and the weak
convergence of {µn}n∈N. So the only thing left is to show that µΩ(∂f̂−1(E)) = 0 for any measurable
set E ⊆ [0, 1]. For any such E ⊆ [0, 1], since f̂−1(E) ⊆ R, its interior is an open set in R. It is known
that every open set of R can be written as a countable union of mutually disjoint open intervals, which
therefore implies ∂(f̂−1(E)) consists of at most countably many points, which are the endpoints of the
intervals in the interior of f̂−1(E). Hence for any measurable set E ⊆ [0, 1], µΩ(∂(f̂−1(E))) = 0. So we
conclude the proof.

Proof of Example 2. The proof is by contradiction. Suppose to the contrary that there exists a deterministic
information structure π that is effectively equivalent to π, where π(·) := 1S(·) for some fixed measurable
set S. Note that for any receiver type, there exists a pure strategy that is optimal under the given
mechanism π, which is one of the following: (i) σ(·) ≡ δ0; (ii) σ(·) ≡ δ1; (iii) σ(1) ≡ δ1 and σ(0) ≡ δ0;
(iv) σ(1) ≡ δ0 and σ(0) ≡ δ1. We will consider only the types in (0.5, 11

16
).

For any t ∈ (0.5, 11
16
), one can check that the optimal pure strategy under π is to always obey the

recommendation, under which the expected payoff is the following:∫
Ω

(
1[t,1](ω) · 0.8 + 1[0.5,t](ω) · 0.2 + 0.8 · 1[0,0.5)(ω)

)
dω = 1.1− 0.6t.

Similarly, for any such receiver type, there exists a pure strategy that is optimal under π. Given that π
and π are effectively equivalent, an optimal pure strategy under π must give this type t the same payoff
as well. For any t ∈ (0.5, 11

16
), the strategies σ ≡ δ0 and σ ≡ δ1 cannot be optimal under π, since the

respective payoffs of these two strategies are t and 1−t. So we consider the two only possible cases for the
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optimal strategy under π: one is always following the recommendation (obedient strategy), i.e., σ(1) ≡ δ1

and σ(0) ≡ δ0; the other is always defying the recommendation (defiant strategy), i.e., σ(1) ≡ δ0 and
σ(0) ≡ δ1. By playing the obedient strategy, each type t ∈ (0.5, 11

16
) gets the following expected payoff:

uo(t) :=

∫
Ω

(
π(ω) · 1[t,1](ω) +

(
1− π(ω)

)
· 1[0,t)(ω)

)
dω

=

∫
Ω

(−2 · π(ω) + 1) · 1[0,t)(ω) dω +

∫
Ω

π(ω) dω.

(42)

Similarly, by playing the defiant strategy, type t ∈ (0.5, 11
16
) gets the following payoff:

ud(t) :=

∫
Ω

(
(1− π(ω)) · 1[t,1](ω) + π(ω) · 1[0,t)(ω)

)
dω

=

∫ t

0

(
−2 · (1− π(ω)) + 1

)
dω +

∫
Ω

(
1− π(ω)

)
dω.

(43)

Note that the function uo(t) and ud(t) are almost everywhere differentiable with respect to t. Let TO be the
subset of types in (0.5, 11

16
) such that the obedient strategy is uniquely optimal amongst all pure strategies,

i.e., TO := {t ∈ (0.5, 11
16
) | uo(t) > ud(t)}. Let TD be the subset of types in (0.5, 11

16
) such that the defiant

strategy is uniquely optimal amongst all pure strategies, i.e., TD := {t ∈ (0.5, 11
16
) | uo(t) < ud(t)}.

Let TB be the subset of types in (0.5, 11
16
) such that both strategies are equally optimal amongst all pure

strategies, i.e., TB := {t ∈ (0.5, 11
16
) | uo(t) = ud(t)}. As σ ≡ 1 and σ ≡ 0 are both suboptimal for any

type in (0.5, 11
16
), thus we have (0.5, 11

16
) = TO ∪ TD ∪ TB.

Given that π is effectively equivalent to π, the optimal pure strategy under π must give each receiver
type t the same payoff as that under π, therefore uo(t) = 1.1 − 0.6t for any t ∈ TO, and similarly,
ud(t) = 1.1−0.6t for any t ∈ TD and uo(t) = ud(t) = 1.1−0.6t for any t ∈ TB . However, the following
Claim 1 shows that none of the resulting sets is of strictly positive measure, which leads to a contradiction.
The rest is to prove the claim.

Claim 1. The set {t ∈ TO|uo(t) = 1.1 − 0.6t}, {t ∈ TD|ud(t) = 1.1 − 0.6t} and {t ∈ TB|uo(t) =

ud(t) = 1.1− 0.6t} are of zero measure.

The proof of Claim 1 is by contradiction. Consider the case that {t ∈ TO|uo(t) = 1.1− 0.6t} is of
strictly positive measure (note that by definition TO is an open set). Thus uo′(t) = −0.6 for any t ∈ TO,
i.e., −0.6 = −2 · π(t) + 1 for every t ∈ TO, and thus π(t) = 0.8 for every t ∈ TO. This contradicts
with the definition that π is deterministic, i.e., π ∈ {0, 1} for almost everywhere. For the second case
that {t ∈ TD|ud(t) = 1.1− 0.6t} is of strictly positive measure, we can use similar argument to derive
π(t) = 0.2 for every t ∈ TD, which again leads to a contradiction. Since the above two sets are of zero
measure, then we have {t ∈ TB|uo(t) = ud(t) = 1.1 − 0.6t} is only different from (0.5, 11

16
) by a zero

measure set. However, the same argument as above implies π /∈ {0, 1} for almost everywhere ω ∈ TB,
which is again a contradiction. So we have shown that all of these sets cannot be of positive measure.

Proof of Example 4. The logic behind the proof is quite similar to Example 2 which is also by contradic-
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tion. Suppose to the contrary that there exists a deterministic information structure π that is effectively
equivalent to π, where π(·) := 1S(·) for some fixed measurable set S.

For each type t, its belief about the underlying state condition on type t will be the following
distribution: f(t,ω)

2
3
(2−t)

dω. Moreover, for any such type, there exists a pure strategy that is optimal under π.
We will consider only the types in (0.5, 0.6). For any t ∈ (0.5, 0.6), one can check that the optimal pure
strategy under π is to always obey the recommendation, under which the sender’s expected payoff is:∫ 0.5

0
(ω − t)0.2 dω +

∫ t

0.5
0.8(ω − t) dω +

∫ 1

t
1.6(ω − t) dω

2− t
=

0.725 + 0.4t2 − 1.3t

2− t
.

Similarly, for each receiver type, there exists a pure strategy that is optimal under π. Given that π and
π are effectively equivalent, an optimal pure strategy under π must give this type t the same payoff as
well. For any t ∈ (0.5, 0.6), the strategies σ ≡ δ0 and σ ≡ δ1 cannot be optimal under π, since both
0.725+0.4t2−1.3t

2−t
> 0 and 0.725+0.4t2−1.3t

2−t
> 2+t2−4t

4−2t
hold for any t ∈ (0.5, 0.6). So we consider the two only

possible cases for the optimal strategy under π: the obedient strategy and the defiant strategy. Under the
obedient strategy, each type t ∈ (0.5, 0.6) gets an expected payoff:

uo(t) :=

∫ 1

t
2π(ω)(ω − t) dω +

∫ t

0
π(ω)(ω − t) dω

2− t
(44)

Similarly, by playing the defiant strategy, type t ∈ (0.5, 0.6) gets the following payoff:

ud(t) :=

∫ 1

t
2(1− π(ω))(ω − t) dω +

∫ t

0
(1− π(ω))(ω − t) dω

2− t
. (45)

Note that the function uo(t) and ud(t) are almost everywhere differentiable with respect to t. Let TO be
the set of types in (0.5, 0.6) such that the obedient strategy is uniquely optimal amongst all pure strategies,
i.e., TO := {t ∈ (0.5, 0.6) | uo(t) > ud(t)}. Let TD be the set of types in (0.5, 0.6) such that the defiant
strategy is uniquely optimal amongst all pure strategies, i.e., TD := {t ∈ (0.5, 0.6) | uo(t) < ud(t)}. Let
TB be the set of types in (0.5, 0.6) such that both strategies are equally optimal amongst all pure strategies,
i.e., TB := {t ∈ (0.5, 0.6) | uo(t) = ud(t)}. Based on the above argument that σ ≡ 1 and σ ≡ 0 are both
suboptimal for any type in (0.5, 0.6), thus (0.5, 0.6) = TO ∪ TD ∪ TB.

Given that π is effectively equivalent to π, the optimal pure strategy under π must give each receiver
type t the same payoff as that under π, therefore uo(t) = 0.725+0.4t2−1.3t

2−t
for any t ∈ TO, and similarly,

ud(t) =
0.725+0.4t2−1.3t

2−t
for any t ∈ TD and uo(t) = ud(t) =

0.725+0.4t2−1.3t
2−t

for any t ∈ TB. However, the
following Claim 2 shows that none of the resulting sets is of strictly positive measure, which leads to a
contradiction. The rest is to prove the claim.

Claim 2. The set {t ∈ TO|uo(t) = 0.725+0.4t2−1.3t
2−t

}, {t ∈ TD|ud(t) = 0.725+0.4t2−1.3t
2−t

} and {t ∈
TB|uo(t) = ud(t) =

0.725+0.4t2−1.3t
2−t

} are of zero measure.

The proof of Claim 2 is again by contradiction. Consider the case that {t ∈ TO|uo(t) = 0.725+0.4t2−1.3t
2−t

}
is of strictly positive measure (note that by definition TO is an open set). Thus

∫ 1

t
2π(ω)(ω − t) dω +
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∫ t

0
π(ω)(ω − t) dω = 0.725 + 0.4t2 − 1.3t, for any t ∈ TO. By taking derivative w.r.t t twice, the

following holds: π(t) = 0.8, for any t ∈ TO. This contradicts with the definition that π is deterministic,
i.e., π ∈ {0, 1} for almost everywhere. For the second case that {t ∈ TD|ud(t) = 0.725+0.4t2−1.3t

2−t
} is

of strictly positive measure, we can use a similar argument to derive π(t) = 0.2 for every t ∈ TD,
which again leads to a contradiction. Since the above two sets are of zero measure, then we have
{t ∈ TB|uo(t) = ud(t) =

0.725+0.4t2−1.3t
2−t

} is only different from (0.5, 0.6) by a zero measure set. The
same argument again implies π /∈ {0, 1} for almost everywhere ω ∈ TB, thus we again derive a
contradiction. So we have shown that all of these sets cannot be of positive measure.
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