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Abstract

Quadrotors have promising applications such as payload transportation, which can change

the future of the package delivery industry. However, many challenges block the way of

implementing payload transportation in reality. Slung payload vibrations and quadrotor’s

energy consumption are among the major challenges, which are related to each other

because payload vibrations affect energy consumption.

In this dissertation, the kinematics, dynamics, and energy models are first developed

for both a single quadrotor and a transportation system consisting of a quadrotor with a

slung payload. The proposed energy model is novel and introduces the concepts of power

and energy quotients that, unlike the existing models, do not depend on quadrotor-related

parameters such as motor and propeller parameters. This is the first energy model for such

a transportation system.

Second, this dissertation focuses on polynomial trajectories, where a generic framework

to design feasible polynomial trajectories of arbitrary degree with a large number of way-

points is presented. This allows for extending the capabilities of polynomial trajectories

to overcome some kinematic limitations associated with continuous-path trajectories, e.g.,

arbitrary kinematic constraints.

Third, extensive vibration analyses of the transportation system and polynomial tra-

jectories are conducted. As a result, a novel controller-independent payload vibration
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reduction method is proposed. The proposed method is more generic than the existing

methods, e.g., anti-swing controllers.

Fourth, the effects of polynomial trajectories, payload mass, and cable length on

quadrotor’s energy consumption are studied. The comparison with an energy-minimized

trajectory shows that polynomial trajectories are not only energy-efficient, but their de-

sign is simpler than energy-minimized trajectories and does not require quadrotor-related

parameters.

Lastly, a robust energy-saving sliding mode controller with input saturation is designed

for the transportation system. The experimental results show that the proposed controller

is robust and energy-efficient when, qualitatively, compared with an existing energy-saving

controller. The proposed controller is the first energy-saving controllers for such a trans-

portation system.

This dissertation opens the door for package delivery with quadrotors by providing the

first energy analysis, and energy-saving trajectories and controllers for quadrotors with

slung payloads.
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1 Introduction

1.1 Overview and Motivation

Unmanned aerial vehicles (UAVs) are widely used in a variety of applications that range

from entertainment [5, 6] to military applications [7]. UAVs have huge potential to play

an important role in many industrial applications such as search and rescue [8, 9], in-

spection [10, 11], mapping [12, 13], manipulation [14, 15], agriculture [16, 17], and payload

and package delivery [18, 19] to name a few applications [20]. UAVs, or drones, cover a

broad range of vehicles such as rotorcrafts [21], �xed-wind vehicles [22], and �apping-wing

vehicles [23].

Rotorcrafts could have one or more rotors [24,25]. However, multirotors are commonly

used because they allow for more actuation and higher level of controllability over the �ight

of UAVs [26]. Among multirotors, quadrotors are commonly used in practical applications

because of their advantages such as maneuverability, autonomy and size [27]. Therefore,

this dissertation considers quadrotors.

Among quadrotors' applications, payload transportation tasks such as package delivery

is a promising application for quadrotors [28, 29]. Quadrotors allow for safe, fast, accu-

rate, and environmentally friendly transportation tasks [30]. Transporting a payload with

a quadrotor or multiple quadrotors can be done by attaching the payload to the quadro-
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tor/quadrotors either rigidly [31,32] or via cables [33,34]. Transporting a payload by picking

it with a robotic manipulator, e.g., robotic arm, is also an option in practice [35,36].

Dynamically, a rigidly attached payload transportation system can be dealt with as a

new UAV with a larger mass, di�erent dimensions, and a di�erent center of mass [29,37].

On the other hand, a cable-suspended payload (or slung payload) transportation system

adds underactuated degrees of freedom (DoFs) to the dynamics model, which makes the

dynamics of the transportation system more complex [29,37]. Additionally, the vibration

of the slung payload is a big challenge that requires a lot of e�ort to resolve. In addi-

tion to the danger of carrying a vibrating payload, the vibration may add excessive force

components and moments to the system, which can lead to undesired motions and en-

ergy consumption increase. Slung payload transportation systems provide more agility to

the transportation task compared to rigidly-attached payload systems. Additionally, slung

payload transportation systems have some advantages such as the ability to pick up and/or

deliver payloads without landing, which can be vital in many scenarios, e.g., search and

rescue. Therefore, this system grasped our attention and it is the focus of this dissertation.

There are many challenges that block the way of implementing payload transportation

using UAVs in our daily life such as safe navigation and collision avoidance [38,39], slung

payload vibrations [40, 41], and limited �ight times due to limited onboard energy [42]

to name a few. Despite the importance of the aforementioned challenges, and others,

energy limitation is considered a major challenge since most quadrotors, and multirotors

in general, are powered by energy-limited batteries. This limits quadrotor's �ight time,

especially for small and mid-sized quadrotors, to about30 minutes [43]. Payload vibrations

a�ect the energy consumption since they add excessive forces and moments. Thus, they

are vital when addressing quadrotors' energy consumption.

Energy saving is important to prolong �ight times and/or �ight distances. Although,
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energy saving is not the only approach to do so, it is an e�ective approach with many

advantages compared to the alternatives. For example, increasing the energy capacity of

the batteries by increasing the number or the size of the batteries can be helpful up to a

certain limit, after which, increasing the energy capacity negatively a�ects the �ight time

due to the extra weight [44]. Additionally, adding more batteries or using larger batteries

reduces the payload mass that can be transported. Flying faster reduces hovering time,

which may result in longer �ight distances [30]. However, �ying faster increases payload

vibration, which is a dangerous motion that can lead to instability of the transportation

system. Saving energy, on the other hand, is helpful to increase the �ight time and/or

the �ight distance, while avoiding such disadvantages, although it may not result in the

maximum �ight time or distance.

In fact, the energy consumption challenges a�ect a range of UAVs wider than just

multirotors. Moreover, this challenge faces all types of payload transportation, since UAVs

consume energy all the time, in contrast to other challenges that do not a�ect all transporta-

tion tasks. For example, rigidly-attached payloads do not su�er from payload vibration

problems. Also, repeated payload transportation tasks in well-de�ned environments do

not require complicated navigation approaches since trajectories can be prede�ned. More-

over, transporting a payload in a free-of-obstacles environment or a well-de�ned cluttered

environment can be done without the need of a collision avoidance technique. However,

all these tasks require reducing energy consumption to reduce the cost and save battery

replacing/charging times. For all of theses reasons, this dissertation focuses on addressing

two related challenges: payload vibrations and energy consumption for quadrotors with

slung payloads.
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1.2 Related Work

The energy consumption challenge is a general challenge and it is not limited to quadro-

tors with slung payloads. Therefore, its literature review is wider than energy analysis and

energy-saving strategies for quadrotors with slung payloads. However, it all contributes

to this dissertation. Additionally, quadrotor's trajectory a�ects energy consumption both

directly and indirectly by a�ecting payload vibrations. Therefore, a literature review of

payload vibration reduction and polynomial trajectories, especially in quadrotor applica-

tions, is presented.

Some researchers worked on enhancing the battery charging process by either imple-

menting wireless charging [45,46] or considering energy harvesting from high-voltage power

lines [47, 48]. To reduce UAVs' energy consumption, changing UAVs' conventional con�g-

uration is an option [49�51]. In [49], energy consumption was optimized by rotating the

quadrotor's arms which reduced the overall energy consumption by13%. In [50], a quadro-

tor with a large rotor in its center and three small rotors in a triangular con�guration was

designed. The designed quadrotor required15% less power compared to a correspond-

ing conventional quadrotor. In [51], a quadrotor with titled propellers was proposed to

overcome quadrotor's underactuation as well as enhance energy consumption.

Typically, there are some assumptions in most of the literature such as ignoring cables'

�exibility and extension, and assuming that the attachment point on the quadrotor is its

center of mass (COM). However, some of the literature has not made these assumptions.

The �exibility and extensibility of the cables are considered in the literature [52�54].

In [52], the �exible cable was modeled as a system of serially-connected links with spherical

joints. In [53], the same concept was extended to consider a payload carried by multiple

UAVs with �exible cables. This approach is bene�cial especially when considering aggres-
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sive �ights 1. However, increasing the number of cable links is computationally expensive.

In [54], a time-varying cable length was considered by mounting an actuator beneath the

quadrotor to lower the payload, i.e., extend the length of the cable. This is to overcome the

assumption of inextensible cables, which can be helpful in package delivery applications.

The o�set of payload attachment point is considered in [55,56]. The dynamics model in

such a case becomes more complicated. However, in practice, it is acceptable to ignore this

o�set if it is small as stated in [57], who are the authors of the aforementioned paper [55].

A heavy payload can be transported using a larger UAV or cooperatively using multiple

smaller UAVs. In [58], the payload trajectory was optimized based on the cable tension

distribution, while considering the limits of the cable tension and the UAV thrust. They

designed a decentralized controller for each UAV, which will passively control the payload.

In [59], a bar-shaped payload was transported considering collision avoidance of dynamic

obstacles, wind perturbations, and landing on a formation of moving UGVs, which move

according to the payload position. In [60], a vision-based controller was developed for a

system of a rigid payload carried by multiple quadrotors. In [61], payload inertial param-

eters, i.e., mass, COM, and moments of inertia, were estimated using multiple quadrotors

and without force sensors on the cables. In [62], a payload trajectory planning and control

strategy for a multilift system was proposed to minimize the di�erences in cable forces.

Flying with a near-equal cable force is intuitively safe, energy-e�cient and enhances the

�ight performance for cooperative transportation systems [63]. In [64], Kane approach was

used to derive the dynamics model of a payload transported by multiple quadrotors. Then,

a path-following controller was designed, while maintaining a certain payload attitude.

1Aggressive �ights are �ights with large roll and pitch angles and angle rates, which come from large

di�erences between propeller forces. Although there is no rigours de�nition for aggressive �ights in the

literature, this dissertation de�nes aggressive �ights as the �ights with the maximum propeller force being

more than the double of the minimum propeller force.
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A main strategy to save UAVs' energy consumption is by designing energy-saving tra-

jectories. UAVs are heavier-than-air vehicles (HTAVs), which implies that they must hover

all the time, so they consume energy during the whole �ight time. One can think of �ight

energy consumption to be split into two main components: a) hovering energy consump-

tion; and b) trajectory-following energy consumption. Fast �ights require larger attitude

angles, i.e., more trajectory-following energy consumption, and less �ight time, i.e., less

hovering and energy consumption. Slow �ights behave oppositely. This contradictory e�ect

of fast �ights on energy consumption was studied in [65]. Then, they proposed a dynamic

quadrotor's speed pro�le that varies with the geometry of the desired path and integrated

this pro�le into a path-following controller to save energy.

Quadrotor's energy consumption can be related to its propellers' rotational speed and

acceleration. This relation was used to solve the optimal control problem to �nd the

energy-minimized trajectory of a quadrotor between two points in [43] and for a hexarotor

with tilting rotors in [66]. This approach requires prior knowledge of many UAV-related

parameters such as motor and propeller parameters, i.e., aerodynamic and electrical spec-

i�cations of the UAV. Changing the UAV may require solving the optimization problem

again using the new speci�cations. This is a limitation of this approach since the designed

energy-minimized trajectory may not be as e�cient for other UAVs.

Increasing quadrotor's �ight distance or �ight time with the same amount of energy

was achieved by utilizing a model-free online adaptive technique based on Extremum Seek-

ing control to �nd the velocity in [67]. In [68] an energy-e�cient path planning genetic

algorithm was proposed. It was highlighted that trajectories with repeated acceleration

and deceleration are not energy-e�cient especially at high speeds. Following that, a Q-

learning-based path planning was developed in [69]. The Q-learning policy weighted path

length, obstacle avoidance, and energy consumption. For the energy consumption part,
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they depended on the acceleration/deceleration point mentioned in [68] and penalized

heavy turns. Machine learning techniques were used to design energy-e�cient trajectories,

e.g., in [70,71] for a single UAV and multiple UAVs, respectively. The approaches presented

in [67�71] depend, in a way, on the velocity and acceleration pro�les of the trajectory to

reduce UAVs' energy consumption. However, the literature lacks a comprehensive analysis

of how these pro�les a�ect UAVs' energy consumption.

Polynomial trajectories are one of the important trajectory families. In the context

of UAVs, the energy performance of three di�erent 1D polynomial trajectories at �xed

elevation were studied in [72]. For a short straight line, minimum snap trajectories (MSTs)

were seemed to be energy-e�cient. To reduce quadrotor's power, a minimum jerk trajectory

(MJT) along with terminal sliding mode control was designed in [73]. The controller was

replaced with a proportional-integral-derivative (PID) controller in [74]. In spite of that,

the work reported in [72�74] did not provide analytical analyses of the e�ect of polynomial

trajectories on UAVs' energy consumption.

Controller design signi�cantly a�ects how quadrotors perform. Therefore, designing

such controllers in a way that guarantees saving energy is one of the energy saving ap-

proaches. It is worth recalling that quadrotors are underactuated systems, and when a

slung payload is added, the level of underactuation rises. This increases the di�culty of

controller design of quadrotors. Additionally, there may be a trade o� between energy

consumption and controller performance. Therefore, two main paths are considered in the

literature: a) saving control computation energy; b) constraining control command, i.e.,

the thrust and moments, or propeller forces.

The �rst approach does not sacri�ce the performance, but focuses on reducing the con-

trol computation energy. Model predictive controllers (MPCs) are known for their good

performance; however, they su�er from the expensiveness of the required online compu-
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tation. Reducing the control computation of MPCs to obtaining an explicitly de�ned

piecewise function, i.e., explicit MPC, saves online computation energy [75,76]. However,

with many states, input, and time steps, the computation time increases exponentially [77].

In the context of quadrotors, a deep neural network (DNN) was trained to approximate

the behaviour of an MPC for a quadrotor in [78]. The proposed DNN reduced the com-

putation energy, so quadrotor's �ight time was increased by8:75 to 12:5% compared to a

corresponding MPC. A drawback here is that the performance of the DNN heavily depends

on the training data and the trained DNN is limited to a speci�c quadrotor since changing

the quadrotor results in changing the MPC and the collected data.

The second approach sacri�ces a portion of the performance to save some energy by

constraining the control command within an energy-e�cient threshold. However, how

reducing the control command is dealt with in the literature of quadrotors is crucial.

For example, in [79] a sliding mode controller was used with a nonlinear sliding surface.

The time constant of conventional sliding mode controllers was replaced with a nonlinear

function in the proposed controller. This nonlinear function changes the time constant as

needed during a �ight to save energy. This approach was able to save about4:1 to 4:9%

of energy under di�erent conditions. However, this comes at the cost of the convergence

speed. In terms of application, understanding how such a nonlinear function a�ects both

the controller performance and the energy consumption is not straightforward since this

nonlinear function is for de�ning the sliding surface, not the control command directly. A

close approach is proposed in [80] by reducing the chattering of a sliding mode controller

by smoothing the control discontinuity in a thin neighbourhood of the sliding surface.

This chattering reduction resulted in energy saving of about1:48 to 1:61% compared to

a corresponding sliding mode controller without chattering reduction. Similar to [79],

reducing the chattering around the sliding surface is not a straightforward approach to get
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intuitively. Another example is the integral sliding mode controller proposed in [4]. The

control command, and consequently the energy consumption, was reduced by bounding roll

and pitch angles within energy-e�cient ranges. These ranges are speci�ed experimentally.

Despite the e�ectiveness of the proposed controller in saving about3:5 to 6% of the energy

consumption under di�erent conditions, many practical limitations exist. The energy-

e�cient ranges are experimentally-obtained, which is a subjective range that may not

work for all tasks. Also, bounding roll and pitch angles only, not their rates, may not

result in an energy-e�cient performance in all cases, e.g., trajectories with high roll and

pitch rate within the energy-e�cient roll and pitch angles.

Payload vibrations are a critical aspect when it comes to transporting slung payloads.

It is dangerous and energy consuming. Typically, payload vibrations are reduced by either

anti-swing controllers or trajectory design. Anti-swing controllers are the controllers that

aim at reducing or eliminating payload vibrations. Several controllers have been designed

for this purpose, such as an iterative linear quadratic regulator (iLQR) [81] and an energy-

based adaptive nonlinear anti-swing controllers [82, 83]. In [84], a dynamic programming

approach was used to generate a trajectory that is swing-free. In [85], an online trajectory

generation approach was used to design an acceleration trajectory, which eliminated the

payload vibration. Reinforcement learning was applied to generate trajectories that reduce

the cable vibration in [86,87].

The di�erential �atness of the quadrotor was used in trajectory generation, e.g., in [88],

where the authors found that part of the attitude control inputs are functions of the snap,

i.e., the 4th time derivative of the position. Consequently, they designed a trajectory that

minimized the snap assuming that this may minimize the control input. This approach was

extended in [89] to consider the collision avoidance in cluttered environments. In [90], an

optimal model-free back stepping controller has been developed for the quadcopter. Imple-
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menting this control approach with a cuckoo search algorithm dealt with the uncertainties

of the system dynamics and the external disturbances. A very similar dynamics system is

the gantry crane. One of the popular ways to reduce the residual payload vibration is to

apply the input shaping techniques, which was used for gantry cranes in [91,92].

To the best of our knowledge, the literature of payload vibrations lacks comprehensive

investigations of how transportation system parameters, e.g., cable length and payload

mass, a�ects payload vibrations. Despite the signi�cance of payload vibrations on UAVs'

energy consumption, studies on the e�ect of payload vibrations on UAVs' energy con-

sumption are needed. Additionally, in the context of polynomial trajectories, the e�ect of

di�erent polynomial trajectories on payload vibrations requires deep investigations.

Trajectories can be categorized based on many criteria. In this dissertation, we catego-

rize trajectories into waypoint trajectories and continuous-path trajectories. A waypoint

trajectory is required to pass through certain waypoints without any constraints on the

path between the waypoints. So, the path between waypoints could be a straight line, a

sinusoidal curve or a polynomial. A waypoint trajectory may also be required to satisfy

certain kinematic constraints at the waypoints. On the other hand, a continuous-path

trajectory is a trajectory that has to follow a certain path at all times such as circular,

elliptical and helical trajectories. Many indoor experiments, especially for validation pur-

poses, consider continuous-path trajectories. For example, [58, 93] considered a circular

trajectory, and [58] considered an lemniscate trajectory to validate their proposed con-

trollers. On the other hand, outdoor applications, especially package delivery, tend to

utilize waypoint trajectories [94]. Waypoint trajectories can also be used to get the most

out of UAVs [95]. A UAV takes o� at an initial waypoint, then �ies to its destination, i.e.,

a �nal waypoint, via some intermediate waypoint, which are chosen for speci�c reasons,

e.g., obstacle avoidance.
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1.3 Research Gaps and Challenges

Despite the rich literature presented in Section 1.2, there are many research gaps to explore.

A major research gap is that the energy challenge is not considered in the literature for the

transportation system consisting of a quadrotor with a slung payload. More speci�cally:

I For energy modeling:

Energy models for a system consisting of a quadrotor with a slung payload are lacked

in the literature.

II For energy analysis and energy-saving strategies:

(a) A comprehensive energy analysis of the e�ect of parameters like cable length,

payload mass, and/or quadrotor's trajectory on the energy consumption of the

transportation system is lacked in the literature.

(b) Most of the trajectory-based energy-saving strategy in the literature are energy-

minimized trajectories. This requires knowing many quadrotor-related parame-

ters in addition to solving optimization problems. This may be computationally

ine�cient and may not run online. Simpler, but e�ective, alternatives that are

more general and computationally e�cient are lacked in the literature.

(c) Energy-saving controllers for the system are lacked in the literature.

III For payload vibrations and trajectory design:

(a) A comprehensive vibration analysis of the e�ect of parameters like cable length

and/or quadrotor's trajectory on payload vibrations of the transportation sys-

tem is lacked in the literature.

(b) A trajectory-based payload vibration reduction is lacked in the literature.
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(c) A systematic computationally e�cient framework to design polynomial trajec-

tories of any degree with any number of waypoints is lacked in the literature.

1.4 Contributions

This dissertation aims to address the research gaps reported in Section 1.3 to help quadro-

tors and quadrotors with slug payloads �y longer, and eventually be used in daily life

package delivery. Speci�cally, the main contributions of this dissertation are as follows:

I) For energy modeling:

Developing the �rst energy model for quadrotors with slung payloads. This model

does not depend on quadrotor-related parameters (Research Gap I - Chapter 2).

II) For energy analysis and energy-saving strategies:

(a) Conduction the �rst mathematical analysis of the e�ect of polynomial trajec-

tories, cable length, and payload masses on the energy consumption of the

transportation system (Research Gap IIa - Chapter 5).

(b) Proposing a trajectory-based energy-saving strategy that does not require solv-

ing optimization problems and depends only on polynomial trajectories. (Re-

search Gap IIb - Chapter 5).

(c) Designing the �rst robust energy-saving integral sliding mode controller with

input saturation for the transportation system. (Research Gap IIc - Chapter 6).

III) For payload vibrations and trajectory design:

(a) Conducting the �rst comprehensive vibration analysis of the transportation sys-

tem, which resulted in a novel analogy between the transportation system and

12



car suspension systems. This led to better understanding of the system in

addition to providing a novel two-stage payload vibration reduction strategy

(Research Gap IIIa - Chapter 4).

(b) Proposing a novel two-stage trajectory-based payload vibration reduction strat-

egy based on the analogy with car suspension systems (Research Gap IIIb -

Chapter 4)

(c) Developing a generic framework to generate polynomial trajectories of an arbi-

trary degree with a large number of waypoints. (Research Gap IIIc - Chapter 3).

1.5 Assumptions

The following assumptions are made throughout this dissertation:

I) Point mass payloads. This excludes:

(a) The rotational motion of the payload.

(b) The aerodynamics e�ect on the payload.

II) Massless taut cables. This implies:

(a) No dynamics model for the cables. Instead, they kinematically constrain the

relative motion of the payload with respect to the quadrotor.

(b) Non-extendable non-deformable cables, i.e., rigid cables in the modeling.

III) Flight altitude does not change signi�cantly, which means that the air density can

be considered constant.

IV) Non-aggressive �ights, which means that there is no large roll and pitch angles and/or

angle rates. A rigorous de�nition of non-aggressivness �ights is presented in Sec-

tion 2.3.2.
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Figure 1.1: Dissertation Structure

V) Real-time position information is known for both the quadrotor and the payload.

VI) Communication time delay is negligible.

1.6 Dissertation Organization

This dissertation is organized in six chapters in addition to the Introduction. The structure

of the dissertation is shown in Fig. 1.1. For the remainder of the dissertation, Chapter 2 is

dedicated for system modeling. Speci�cally, Section 2.1 presents the kinematics modeling,

whereas the dynamics models are derived in Section 2.2 using the Lagrangian approach.

In Section 2.3, a novel energy model is proposed. The experimental setup and the main

controller used in most of the dissertation are introduced in Section 2.4.

Chapter 3 focuses on polynomial trajectories design. In Section 3.1 a general framework

to generate polynomial trajectories is developed, then the kinematic properties of polyno-

mial trajectories are investigated. After that, the kinematically-constrained continuous-

path (KCCP) polynomial trajectory is introduced. The kinematic and dynamic feasibility

of polynomial trajectories are discussed in Section 3.2. Simulation and experimental re-

sults are presented in Sections 3.3 and 3.4, respectively, to show the e�ectiveness of the

proposed KCCP polynomial trajectory.
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Chapter 4 discusses payload vibrations. A comprehensive vibration analysis of the

transportation system is conducted in Section 4.1. Then, a frequency analysis of polynomial

trajectories is presented in Section 4.2. After that, a novel two-stage payload vibrations

reduction approach is introduced in Section 4.3. Finally, simulations and experiments to

validate the results and conclusions of this chapter are presented in Sections 4.4 and 4.5,

respectively.

Chapter 5 analyzes quadrotors' energy consumption with and without payloads and

investigates the e�ect of di�erent aspects on energy consumption. Section 5.1 shows an

extensive mathematical analysis of the e�ect of polynomial trajectories, cable length, and

payload mass on quadrotor's energy consumption under di�erent kinematic boundary con-

ditions. It also provides a trajectory-based energy-saving strategy. The proposed energy-

saving strategy is validated experimentally in Section 5.2.

Chapter 6 introduces an energy-saving control strategy for quadrotors with slung pay-

loads. The idea of the proposed integral sliding mode controller with input saturation is

introduced in Section 6.1, whereas the controller is designed in Section 6.2. The experi-

mental validation of the proposed controller is demonstrated in Section 6.3.

Finally, the conclusions and the future work are presented in Chapter 7, followed by

the references and appendices.
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2 System Modeling

In this chapter, kinematics, dynamics and energy models for a single quadrotor and a

quadrotor with a slung payload are derived. Then, the main controller utilized in most of

this dissertation is presented. For the convenience of the reader, some equations may be

repeated at subsequent chapters without derivations.

2.1 Kinematics Modeling

Quadrotors have di�erent geometric and/or �ight con�gurations [96]. A conventional cross

con�guration quadrotor is considered in this dissertation. Fig. 2.1 shows the geometrical

parameters of the QDrone used to validate the results of this dissertation as well as the

cable angles in case of attaching a slung payload.

2.1.1 Single Quadrotor

As shown in Fig. 2.1a, two main frames of reference are considered: a) a west-south-up

inertial frame, I ; and b) a body-�xed frame, B. The inertial frame is a time-invariant

non-rotating non-moving frame, whereas the body-�xed frame is attached to quadrotor's

center of mass (COM) and rotates with it.

Position vectors, and their time derivatives, are expressed in the inertial frame,I ,

unless otherwise stated. Therefore,r = [ x; y; z]
|

2 R3, with di�erent subscripts, denotes
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(a) Geometric parameters of a quadrotor (b) Cable angles

Figure 2.1: Geometric parameters for a quadrotor and cable angles

position vectors in 3D, unless otherwise stated. The subscriptq denotes quadrotor-related

parameters/quantities, e.g., r q and _r q denote quadrotor position and velocity vectors in

the inertial frame, respectively.

On the other hand, rotations are expressed in the body-�xed frame,B, unless otherwise

stated. Euler angles are utilized in this dissertations, which can be stacked in a vector-

like format as ��� = [ �; �;  ]
|

2 R3 with � , � , and  being the roll, pitch, and yaw angles,

respectively. A rotation matrix that transforms a vector expressed in the body-�xed frame,

B to be expressed in the inertial frame,I , is R 2 SO3. This dissertation considers intrinsic

rotations with the order yaw-pitch-roll, which results in the following rotation matrix:

R =

2

6
4

cos� cos sin � sin � cos � cos� sin  sin � cos� cos + sin � sin  
cos� sin  sin � sin � sin  + cos � cos sin � cos� sin  � sin � cos 

� sin � cos� sin � cos� cos�

3

7
5 (2.1)

which yields the following relation between the angular velocity,!!! 2 R3, and the rates of

Euler angles, _��� :
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!!! = R v
_���

R v =

2

6
4

1 0 � sin �
0 cos� cos� sin �
0 � sin � cos� cos�

3

7
5 2 R3� 3

(2.2)

2.1.2 Quadrotor with a Slung Payload

Similar to the de�nitions in Section 2.1.1, the subscript p denotes payload-related parame-

ters/quantities, e.g., r p and _r p denote payload position and velocity vectors in the inertial

frame, respectively.

This dissertation focuses on point mass payloads, i.e., payload motion is a pure trans-

lation. However, the presence of the cable adds a kinematic constraint to the motion.

Since the attachment point on the quadrotor is close to quadrotor's COM, it is practically

acceptable to assume that the attachment point is the COM [57]. So, when the cable is

taut, the kinematic constraint is represented mathematically as:

L = r p � r q 2 S2 (2.3)

where L = lL̂ with l 2 R> 0 being the cable length andL̂ is a unit vector in the direction

of the cable from the attachment point on the quadrotor to the attachment point on the

payload as shown in Fig. 2.1b.

To fully capture the motion of the payload, two cable angles are de�ned as� 1 and � 2,

which can be stacked in a vector-like format as��� = [ � 1; � 2]
|

2 R2 (see Fig. 2.1b). The

cable angle� 2 is chosen to project the length of the cable onto the inertialxz plane and

provides the inertial y� component of the cable length. The cable angle� 1 decomposes

this projection into two components in the inertial x� and z� directions. Consequently,

the unit vector L̂ can be de�ned as:

L̂ =

2

6
4

sin � 1 cos� 2

sin � 2

� cos� 1 cos� 2

3

7
5 2 S2 (2.4)
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which leads to de�ning the time derivatives of L̂ as follows:

_̂L = A _���

•̂L = A •��� + B _���
(2.5)

where

A =

2

6
4

cos� 1 cos� 2 � sin � 1 sin � 2

0 cos� 2

sin � 1 cos� 2 cos� 1 sin � 2

3

7
5 =

@̂L
@���

=
@_̂L
@_���

2 R3� 2

B = _A =
@_̂L
@���

(2.6)

To measure the cable angles,� 1 and � 2, the position of both the quadrotor and the

payload are used to obtainL from Eq. (2.3). Then, L along with the cable length, l , are

used to de�ne the cable angles,� 1 and � 2, from Eq. (2.4)

2.2 Dynamics Modeling

There is a large body of dynamics modeling work presented in classical mechanics text-

books, e.g., Newtonian approach, Lagrangian approach, and Kane approach to name a

few. This dissertation utilizes the Lagrangian approach to get rid of the existence of ca-

ble tensions, i.e., constraint forces, in the dynamics model, contrarily to the Newtonian

approach.

2.2.1 Single Quadrotor

The Lagrangian L is de�ned as:

L = T � U (2.7)

where T 2 R� 0 is the kinetic energy andU 2 R is the potential energy.

For a single quadrotor, the Lagrangian is expressed as:
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L =
1
2

mq_r |
q _r q +

1
2

!!! | I !!! � mqgr |
qe (2.8)

where mq 2 R� 0 is quadrotor's mass,g is the acceleration of gravity, e = [0 ; 0; 1]
|

is a

unit vector in the inertial z� direction, and I 2 R3� 3 is the inertia matrix of the quadrotor

around the body-�xed frame, B. If the body-�xed frame axes are the principal axes, then

I 2 R3� 3
> 0 is a diagonal matrix with diagonal elements of quadrotor's moments of inertia.

The generalized coordinates for a single quadrotor is chosen to be as follow:

q =

"
r q

���

#

(2.9)

The following derivatives are needed to derive the dynamics model:

@L
@_r q

= mq_r q (2.10)

d
dt

@L
@_r q

= mq•r q (2.11)

@L
@r q

= � mqge (2.12)

@L

@_���
=

�
@!!!

@_���

� |
@L
@!!!

= R |
v I !!!

(2.13)

d
dt

@L

@_���
= _R |

v I !!! + R |
v I _!!! (2.14)

@L
@���

= _���
|

�
@R v

@���

� |

I !!! (2.15)

Note that _���
|

�
@R v

@���

� |

2 R1� 3� 3 is a 3D tensor. This tensor is unfolded before being

plugged into Eq. (2.15) as a 2D matrix as follows:

_���
|

�
@R v

@���

� |

| {z }
1 � 3 � 3 tensor

=

2

6
6
6
6
6
6
6
4

_���
|

�
@R v

@�

� |

_���
|

�
@R v

@�

� |

_���
|

�
@R v

@ 

� |

3

7
7
7
7
7
7
7
5

| {z }
3 � 3 matrix

2 R3� 3 (2.16)
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Quadrotors have four propellers, which generate four propeller forcesFi , where i 2

f 1; 2; 3; 4g. Since all propeller forces are in thez� direction of the body-�xed frame, B,

they can be expressed in the inertial frame as:

F i = R

2

6
4

0
0
Fi

3

7
5 (2.17)

Similarly, the four propellers generate four moments around thez� direction of the

body-�xed frame, i.e., M i , where i 2 f 1; 2; 3; 4g. Therefore, propeller moments in the

inertial frame are expressed as:

M i = R

2

6
4

0
0

M i

3

7
5 (2.18)

The position vector of the center of each propeller in the inertial frame is de�ned as:

r F i = r q + Rr Bi (2.19)

where r Bi is a position vector from quadrotor's COM to the center of the i th propeller

expressed in the body-�xed frame,B. Similarly, the angles corresponding to the moments

M i are expressed in the inertial frame as:

��� M i = R

2

6
4

0
0
 

3

7
5 (2.20)

From the principal of virtual work, the generalized forces can be found as follows:

F r q =
4X

i =1

"
@r F i

@r q

#|

| {z }
= I 3� 3

F i +
4X

i =1

"
@��� M i

@r q

#|

M i

| {z }
= 0

=
4X

i =1

F i = F (2.21)

��� ��� =
4X

i =1

�
@r F i

@���

� |

F i +
4X

i =1

�
@��� M i

@���

� |

M i (2.22)
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whereF 2 R3 is the total thrust vector expressed in the inertial frame, andI 3� 3 is an iden-

tity matrix with dimensions expressed in the subscript, i.e.,3 � 3. The partial derivatives

in Eq. (2.22) are de�ned as:

@r F i

@���
=

2

6
4

@r F i

@�
| {z }
3 � 1

@r F i

@�| {z }
3 � 1

@r F i

@ 
| {z }
3 � 1

3

7
5 (2.23)

@��� M i

@���
=

2

6
4

@��� M i

@�
| {z }
3 � 1

@��� M i

@�| {z }
3 � 1

@��� M i

@ 
| {z }
3 � 1

3

7
5 (2.24)

Finally, the dynamics model of a single quadrotor can be expressed as follows:

mq•r q + mqge = F (2.25)

R |
v I _!!! +

"

_R |
v � _���

|
�

@R v

@���

� | #

I !!! = ��� ��� (2.26)

where Eq. (2.25) represents quadrotor's translational dynamics, and Eq. (2.26) represents

quadrotor's rotational (attitude) dynamics. This model agrees with what exists in the

literature, e.g., [97]. It is worth mentioning that Eq. (2.26) is equivalent to Euler's equation

for rigidbody attitude dynamics [98] (see Appendix A):

I _!!! + !!! � I !!! = ��� (2.27)

For the sake of completeness, the external forces and moments,F = kFk 2 R and

��� 2 R3, can be mapped to propeller forceFi as follows:

2

6
6
6
4

F1

F2

F3

F4

3

7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
4

1
4

�
1

2L r

1
2L p

k�

4
1
4

�
1

2L r
�

1
2L p

�
k�

4
1
4

1
2L r

1
2L p

�
k�

4
1
4

1
2L r

�
1

2L p

k�

4

3

7
7
7
7
7
7
7
7
7
7
5

"
F
���

#

(2.28)

wherek� is the motor thrust-torque constant, and L r and L p are the roll and pitch motor-

to-motor distances, respectively (see Fig. 2.1a).
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2.2.2 Quadrotor with a Slung Payload

When a slung payload is considered, the dynamics model will change. Since calculating the

magnitude of the cable tension is out of this dissertation's focus, an embedding technique

is utilized [99]. In this embedding technique, the dynamics of the system is represented in

terms of the minimum number of coordinates, i.e., the DoFs, by imposing the the kinematic

constraint of the cable length to relate the position of the quadrotor to the position of the

payload (see Eq. (2.3)). This eliminates the constraint force, i.e., the cable tension, from

the dynamics model. Therefore, the generalized coordinates in this case will be:

q =

2

6
4

r q

���
���

3

7
5 (2.29)

and the Lagrangian is de�ned as:

L =
1
2

�
mq + mp

�
_r |
q _r q+

1
2

mpl2 _̂L | _̂L + mpl _r |
q

_̂L +
1
2

!!! | I !!! �
�
mq + mp

�
gr |

qe� mpglL̂ | e (2.30)

where mp is the mass of the payload. Under the assumption of attaching the cable to

quadrotor's COM, the attitude dynamics in Eq. (2.26) and (2.27) remains the same. This

would a�ect the translational dynamics. Thus, further equations should be derived to rep-

resent the payload vibrations. The following derivatives are used in deriving the dynamics

model:

@L
@_r q

=
�
mq + mp

�
_r q + mpl _̂L (2.31)

d
dt

@L
@•r q

=
�
mq + mp

�
•r q + mpl •̂L

=
�
mq + mp

�
•r q + mplA •��� + mplB _���

(2.32)

@L
@r q

= �
�
mq + mp

�
ge (2.33)
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@L
@_���

=

2

4 @_̂L
@_���

3

5

|

@L

@_̂L

= mpl2A | _̂L + mplA | _r q

(2.34)

d
dt

@L
@•���

= mpl2
�

B | _̂L + A | •̂L
�

+ mpl
�

B | _r q + A | •r q

�

= mplA | •r q + mpl2A | A •��� + mplB | _r q + mpl2
�

B | A + A | B
�

_���

(2.35)

@L
@���

=

2

4 @_̂L
@���

3

5

|

@L

@_̂L
+

"
@̂L
@���

#|
@L

@̂L

= mpl2B | A _��� + mplB | _r q � mpglA | e

(2.36)

The generalized forcesF r q , ��� ��� , and ��� remain the same as de�ned in Section 2.2.1;

however, a generalized force vector for the generalized coordinates��� should be added.

Following the principal of virtual work, similar to Section 2.2.1, one can obviously �nd

that:

F ��� = 02� 1 (2.37)

where 0 is a null vector (or matrix) with the dimensions indicated in its subscript.

The translational dynamics and payload vibrations of a quadrotor with a slung payload

can be expressed as:

�
mq + mp

�
•r q + mplA •��� + mplB _��� +

�
mq + mp

�
ge = F (2.38)

mplA | •r q + mpl2A | A •��� + mpl2A | B _��� + mpglA | e = 02� 1 (2.39)

which can also be combined in one matrix equation as follows:

M •q + C _q + G = Q (2.40)

where
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M =

" �
mq + mp

�
I 3� 3 mplA

mplA | mpl2A | A

#

2 R5� 5 (2.41)

C =

"
03� 3 mplB
02� 3 mpl2A | B

#

2 R5� 5 (2.42)

G =

" �
mq + mp

�
ge

mpglA | e

#

2 R5 (2.43)

Q =

"
F

02� 1

#

2 R5 (2.44)

Recall that the rotational dynamics remains the same as expressed in Section 2.2.1. It is

worth mentioning that this dynamics model agrees with with what exists in the literature,

e.g., [83].

2.3 Energy Modeling

As shown in the Section 1.2, many energy models have been developed for quadrotors.

However, these models depend on quadrotor-related parameters, e.g., propeller and motor

parameters. This has some drawbacks and adds limitations as discussed in Section 1.2.

Therefore, a new energy model that eliminates quadrotor-related parameters and facilitates

the energy analysis process is developed in this section.

2.3.1 Power and Energy Quotients

As discussed in [49,72], and based on the aerodynamics principles, the propeller force,Fi ,

can be calculated as:

Fi = CF � a
 2D 4 (2.45)

where CF is the thrust coe�cient, � a is the air density, 
 is the angular velocity of the

propeller, and D is the diameter of the propeller. Also, the power of a propeller,Pi , can

be expressed as:
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Pi = CP � a
 3D 5 (2.46)

where CP is the power coe�cient. From Eqs. (2.45) and (2.46), propeller's power can be

expressed in terms of the propeller's force as follows:

Pi =
CP

C1:5
F � 0:5

a D
F 1:5

i (2.47)

which can be rewritten as:

Pi = �F 1:5
i (2.48)

where � =
CP

C1:5
F � 0:5

a D
> 0 is a power-thrust constant depends on air density, and motor

and propeller parameters. This relation has been validated experimentally in [49].

Therefore, the total power, P, can be expressed as follows:

P = �
4X

i =1

F 1:5
i (2.49)

Consequently, quadrotor's energy consumption can be expressed as follows:

E =
Z t f

t0

P dt = �
Z t f

t0

4X

i =1

F 1:5
i dt (2.50)

where t0 and t f are the initial and �nal times, respectively. Both � and Fi depend on

motor and propeller properties, so they need to be eliminated.

First, to eliminate propeller forces, Fi , the force ratio, � , is introduced as follows:

� =
F 1:5

P 4
i =1 F 1:5

i

(2.51)

where F = kFk is the total thrust, which can be found from dynamics model without

knowing any quadrotor-related parameters.

From Eqs. (2.49) and (2.51), quadrotor's power consumption can be expressed in terms

of the thrust F and 
 = �=� as:

P = 
F 1:5 (2.52)
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Substituting in Eq. (2.50), the energy consumption over the course of �ight can be found

as:

E =
Z t f

t0


F 1:5 dt (2.53)

Second, to eliminate� , which is already included in
 , the concept of power and energy

quotients, PQ and EQ , is introduced as follows:

PQ =
P



= F 1:5

EQ =
E



=
Z t f

t0

F 1:5 dt
(2.54)

The proposed power and energy quotients in Eq. (2.54) are proportional to the actual

power and energy consumption; however, they can be computed without knowing any of

the motor and propeller parameters. However, Eq. (2.54) is valid and accurate when


is constant. Since� is constant as indicated in [49] as long as the air density does not

vary signi�cantly, e.g., no signi�cant change in quadrotor's altitude, the focus becomes on

� , which relates Fi to F as presented in Eq. (2.51). This is discussed in the following

subsection.

2.3.2 Force Ratio Analysis

Mathematically, F n >
P 4

i =1 F n
i 8n > 1. So, in this case� > 1. Additionally, � is not

constant and its value depends on the values ofFi . Relating all propeller forces to the �rst

propeller force F1 results in F2 = h2F1, F3 = h3F1 and F4 = h4F1. Therefore, � can be

expressed as:

� =
(1 + h2 + h3 + h4)1:5

1 + h1:5
2 + h1:5

3 + h1:5
4

(2.55)

where hi = Fi =F1 is the propeller force ratio andi = f 2; 3; 4g.

At hovering, all propeller forces are equal, so� = 2 . For aggressive �ights, i.e., large

di�erences between propeller forcesFi , the value of � will be signi�cantly di�erent from
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Figure 2.2: Distribution of propeller force ratios hi in the sample

� = 2 . However, for non-aggressive �ights, where the di�erences between propeller forces

are considerably small, the force ratio� can be considered constant and close to� = 2 .

This dissertation de�nes non-aggressive �ights to be �ights with the ratio between the

maximum propeller force,Fi max , to the minimum propeller force, Fj min , being in the range

of � � 2, where � = Fi max =Fj min and i 6= j . However, in the current analysis, a more

conservative case is considered and non-aggressive �ights are de�ned to be �ights with

� � 3. That is, Fi max is allowed to be triple Fj min at extreme cases, e.g.,0:5 � hi � 1:5.

To better understand the behaviour of � , 10; 000 simulations are run using a sample

of 30; 000 arbitrary values of propeller force ratios in the range of0:5 � hi � 1:5. The

distribution of the arbitrary values of hi in the sample is shown in Fig. 2.2, which shows

that all arbitrary values of hi in the range of interest are represented in the sample almost

equally.

At each simulation run, three values of hi are arbitrarily picked from the sample to

calculate � from Eq. (2.55). Fig. 2.3a shows the distribution of � over the 10,000 runs.

The results show that about 75% of the 10; 000 runs has1:95 � � � 2 and about 24% of

the 10; 000 runs has1:9 � � � 1:95. That is about 99% of the 10; 000 runs in the range

of 1:9 � � � 2. Note that these results include the extreme cases whenFi max is triple, or
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(a) Distribution of � (b) Percentage error je� j%

Figure 2.3: Statistical analysis of force ratio�

close to triple, Fj min , i.e., � � 3. Despite considering these extreme cases, the results in

Fig. 2.3a show a mean of� m � 1:964 with a standard deviation of � � 0:023. If the force

ratio, � , is considered constant with a value of� = � m , the absolute percentage error of

the force ratio, je� j%, throughout most of the 10; 000 runs will be less than3% as shown

in Fig.2.3b. Some error spikes up to about5:5% are found, which represent the extreme

cases, i.e.,� � 3.

Eq. (2.55) and Fig. 2.3 show mathematically and statistically that the force ratio � can

be considered constant for non-aggressive �ights. This assumption is practically accepted

as shown by experimental results, for example in [49]. Since this dissertation considers

non-aggressive �ights, the assumption of constant� is made throughout this dissertation.

This assumption leads to considering
 as a constant.

It is worth mentioning that, although Eqs. (2.52) and (2.53) are expressed as functions

of the thrust, F , which is calculated from the translational dynamics as shown in Sec-

tion 2.2, they consider both translational and rotational dynamics. That is because the

rotational dynamics are considered in� , which relates the thrust, F , to propeller forces,

Fi .
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Table 2.1: QDrone's physical and electrical parameters

Physical Parameters
L r Roll motor-to-motor distance 0:2136 m
L p Pitch motor-to-motor distance 0:1758 m
mq QDrone mass (with battery) 1:121 kg
I x Roll Moment of Inertia 0:01 kg m2

I y Pitch Moment of Inertia 0:0082 kg m2

I z Yaw Moment of Inertia 0:0148 kg m2

Electrical Parameters
K ef f E�ective motor speed constant 1295:4 rpm/V
! c Voltage to angular velocity o�set 2132:6 rpm
! f Angular velocity to force o�set 1004:5 rpm
Ct Motor force constant 2:0784� 10� 8 N/rpm 2

Fb Motor force o�set � 0:2046 N
k� Motor thrust-torque constant 81:0363 N/Nm

2.4 Experimental Setup

All experiments have been conducted at York University's Autonomous Unmanned Vehi-

cle (YU-AUV) facility, associated with the Spacecraft Dynamics, Control and Navigation

Laboratory (SDCNLab). QDrones and the indoor OptiTrack system were used to vali-

date the results and concepts presented in this dissertation. Some experiments involved

a single QDrone, whereas others involved a QDrone with a slung payload. The following

subsections provide more details about this experimental setup.

Qdrone, shown in Fig. 2.4, is a quadrotor manufactured by Quanser equipped with

many devices and sensors as listed in [1]. In the context of this dissertation, the following

devices and sensors are important:

ˆ Onboard Intel® Aero Compute Board with an Intel Atom ® x7-Z8750 Quad-core

64-bit 2:56 GHz processor and4 GB LPDDR 3 � 1600RAM.

ˆ Intel ® RealSense— (R200) RGBD forward camera. that provides vision with either
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Figure 2.4: QDrone quadrotor [1]

640� 480 at 60 fps or 1080p at 30 fps and depth sensing in the range of0:5 � 3:5 m.

ˆ Omnivision OV7251 downward optical �ow grayscale camera. that provides vision

with 640� 480 at 120 fps.

ˆ BMI 160 IMU with a 6-DOF 16-bit triaxial accelerometer and gyroscope.

ˆ BMM 150 Magnetometer with a 3-axis geomagnetic sensor.

ˆ MS5611Barometer with a 24-bit pressure and temperature sensor.

ˆ IEEE 802:11 b,g,n,ac - Intel Dual Band Wireless - AC8620 2� 2 MIMO for WiFi.

ˆ 3S 11:1V LiPo ( 3300mAh) battery.

Additionally, QDrones also have some physical and electrical parameters that are shown

in Table 2.1 [1]. It is worth mentioning that the electrical parameters in Table 2.1 are

estimated based on a nonlinear model of the QDrone.

The YU-AUV lab is equipped with 16 Flex 13 cameras to capture the motion of objects

inside the �ight space. Figs. 2.5a and 2.5b show one of the Flex13 cameras and the �ight

space with the OptiTrack cameras, respectively.
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(a) Flex 13 camera [100] (b) Flight space

Figure 2.5: OptiTrack system in the �ight space at YU-AUV

(a) QDrone with �ve markers (b) Blue payload (c) Black payload

Figure 2.6: QDrone and di�erent payloads with markers

In order to capture objects' motions by the OptiTrack system, markers need to be

attached to these objects. When motions of multiple objects to be tracked in a single

experiment, markers with di�erent patterns must be assigned to di�erent objects, e.g., the

QDrone and the payload. Fig. 2.6 shows a QDrone with �ve markers and di�erent payloads

used in this dissertations.

The desired trajectory is generated on the workstation. The controller on the work

station computes the error between the desired states and the actual states feedbacked

from the OptiTrack system, then generate control commands. The feedback is sent to the

workstation via USB cables, whereas, the control commands are sent to the QDrone via

WiFi. The workstation is equipped with MATLAB, SIMULINK and QUARC to handle
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Figure 2.7: Communication chart

this communication process. Fig. 2.7 shows the communication chart used in this disser-

tation.

Some experiments are conducted in the presence of disturbances. For this purpose, a

Lasko box fan model3733C was used to generate wind disturbances. The fan size is20

inches with voltage and current of120 V and 0:8 A, respectively (see Fig. 2.8).

To control a quadrotor, a cascade control structure is considered. This control structure

consists of two control loops: a) an outer Proportional-Integral-Velocity (PIV) control

loop for position control (relatively slow); b) an inner cascade Proportional-Velocity (PV)

control loop for attitude control (relatively fast). This control structure is designed by the

manufacturer, and is used in this dissertation without change, unless otherwise stated.

The main di�erence between PIV controllers and conventional Proportional-Integral-

Derivative (PID) controllers comes from the de�nition of the error. In the PID, there is
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