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Abstract

The TIMELY BIN PACKING problem [I] is a variant of bin packing, which incorporates
time constraints for packing items. This is related to the classic DyNAMIC TCP ACKNOWL-
EDGEMENT [2] problem, which has been extensively studied and has real-world applications.
This thesis studies new algorithms and settings for these two related problems.

For TIMELY BIN PACKING, we present deterministic and randomized algorithms that
improve the best-known competitive ratios. We further provide impossibility results for
different settings and variants of the problem. We also study the problem under certain
assumptions, such as having restricted sizes and integer arrival times.

For Dynamic TCP ACKNOWLEDGEMENT, we study relaxed settings that include
machine-learned predictions. We consider the fi.x objective [2], which balances the max-
latency of acknowledged packets (thus conveying a notion of max-min fairness [3]). For this
setting, we study learning-augmented algorithms and present experimental results on both

synthetic and real-world data.
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Chapter 1

Introduction

1.1 Classic Bin Packing

Bin packing is one of the oldest and most fundamental problems in computer science. In
the offline setting, the goal is to pack a multiset of items with sizes in (0, 1] into a minimum
number of bins of unit capacity, such that the total size of items in each bin is no more than 1.
Note that the entire multiset is given to an offline algorithm. In the online setting, however,
a sequence of items, each identified by a size in (0, 1], is revealed one by one. Upon arrival
of an item, it must be placed into a bin without any knowledge about forthcoming items,
and decisions of the algorithms are irrevocable (unless some sort of deferral is allowed). As
before, the goal is to pack items into a minimum number of bins of unit capacity.

Finding the optimal packing scheme is an NP-hard problem [4]. Nevertheless, it is known
that almost optimal solutions can be achieved in the offline setting. In particular, if OpT(.S)
indicates the number of bins in an optimal packing of a multiset S, there are algorithms
that pack S in OPT(S) + o(OPT(S)) bins [5]. Note that this is better than a Polynomial-
Time Approximation Scheme (PTAS). Whether one can pack items in OPT(S) + ¢ for some
constant ¢ is an open problem.

Greedy strategies are widely studied in online bin packing. In FIRSTFIT, each arriving
item is placed in the first available bin that can accommodate it; if no such bin exists, a
new bin is opened. BESTFIT places the item in the fullest bin that can still accommodate
it, prioritizing tighter packing. NEXTFIT, in contrast, maintains only a single active bin at
any time. If an incoming item does not fit in the current bin, that bin is closed permanently,
and a new bin is opened. The HARMONIC algorithm partitions items into K predefined size
intervals: (%, 1], (%, %], ey (ﬁ, %], and (0, %] Items within the same interval are packed
separately using the NEXTFIT strategy.

The (asymptotic) competitive ratio (CR) of an online bin packing algorithm is defined as



the worst-case ratio between the number of bins used by the algorithm and the optimal offline
solution, assuming that the cost of the optimal solution goes to infinity (See Definition [1.4.2)).
The competitive ratio of FIRSTFIT and BESTFIT is 1.7 [6], while NEXTFIT has a competitive
ratio of 2 [4]. The competitive ratio of HARMONIC asymptotically converges to 1.691 for
sufficiently large values of K [7], while the best known algorithm Harmonic++, which uses
similar ideas as Harmonic but with more intricate classes, improves it to 1.588 [8]. A lower
bound of 1.54037 is established by Balogh et al. [9], proving that no online bin packing
algorithm can achieve a better competitive ratio. We may conclude that the best attainable
competitive ratio is in the range (1.54037,1.588]. For more details about online bin packing,
see the surveys by Coffman et al. [4], Coffman et al. [10], and Sgall [11] as well as the one
by Christensen et al. [12] on online multidimensional bin packing.

Many variants of the online problem have been studied in the past decades, including
Renting Servers in Clouds [13], 14} [15, [16] [17], Busy Time Scheduling 18], 19, 20, 21 22} 23],
24], Dynamic Bin Packing [25], 26], 27], Virtual Machine Allocation [28], Server Allocation [29],
Bin Packing with Delay Function [30], B1] and Bin Packing with predictions [9, B2]. See
Chapter [2| for a review of the related work.

1.2 Timely Bin Packing

The sequential order of items in the online bin packing problem implies an arrival time.
Recently, Khattar [I] has introduced a new variant of online bin packing, in which each
item, in addition to its size and arrival time, has a deadline as well. We refer to the window
between arrival time and deadline as the “availability time” of the item. In contrast to
classic bin packing, where each item must be immediately packed upon its arrival, in the
timely packing problem, every item must be packed into a bin at a time ¢ which is within its
availability interval. As a consequence, the availability intervals of all items in a bin must
have at least a single point in time in common. To illustrate, suppose we have three items
of size 1/3 each with availability intervals of [1,2], [1.5,5], and [1.75, 4]; these three intervals
can be packed in a single bin B at any time ¢ € [1.75, 2]. Here, ¢ is called the delivery time of
B; this terminology roots in an application where we have perishable items in a warehouse
that need to be packed into bins (trucks) that deliver them into stores. Note that every bin
gets opened, packed, and delivered all at the same time, and only available items at that
specific point in time can be placed into that bin.

As mentioned, the TIMELY BIN PACKING problem can be utilized in logistic domains
to efficiently organize orders into delivery trucks. Orders for perishable items arrive at the

company’s warehouse in an online manner (upon the customer’s order placement). The or-



ders must be dispatched before their respective deadlines, known as the perish time. Trucks,
however, are limited in capacity, with the assumption that they all have the same maximum
load. The objective is to minimize the number of trucks required for deliveries. Hence, orders
can be likened to items, trucks to bins, and each order comes with an arrival time, deadline,
and required capacity delivery via trucks.

The offline setting of the TIMELY BIN PACKING problem is trivially NP-hard via a
reduction from classic bin packing. In this thesis, we develop approximation algorithms
for the TIMELY BIN PACKING problem. We also study the online variant, which is more
relevant in practical settings, improving the existing bounds on its competitive ratio in
different settings. Through targeted case studies, we make progress toward narrowing the gap
between the best-known upper and lower bounds. We also investigate previously unexplored
areas, including the potential of randomization and advice, alongside the development of

novel and superior algorithms.

1.3 Dynamic TCP Acknowledgement

Consider a variant of the bin packing problem where each item has both a size and an
associated latency function. The longer an item waits before being packed, the higher the
latency cost incurred by the algorithm. The objective is to minimize the total cost, defined
as the number of bins used plus the cumulative latency cost of all items. This trade-off is
abstracted in the BIN PACKING WITH DELAY FUNCTIONS problem [30], which can be seen
as a generalization of the DyNAMIC TCP ACKNOWLEDGEMENT problem. The connection
between DYNAMIC TCP ACKNOWLEDGEMENT and bin packing, first explored in [33], is
described in Chapter [3

In a communication setting that uses the Transmission Control Protocol (TCP), a client
receives a sequence of packets from a server and must send acknowledgements to inform the
server of the current state of communication. This process presents a fundamental trade-
off between two conflicting goals. On one hand, the server benefits from prompt feedback,
which requires the client to send acknowledgements frequently. On the other hand, frequent
acknowledgements incur significant communication overhead, making it desirable to reduce
their frequency, which eventually increases the latency between a packet’s arrival and its
acknowledgement. Therefore, the objective function is often defined as the sum of the total
acknowledgement and latency costs. More precisely, the cost of each acknowledgement is
the weighted sum of a fixed acknowledgement cost plus the sum of the latencies of all

acknowledged packets.



Max-Latency (fmax) Setting. In time-sensitive systems, where fairness and responsive-
ness are critical, minimizing the sum of latency may result in unfair solutions where some
packets have huge latencies while many packets are acknowledged promptly. To address this
issue, in the Maz-Latency setting of the problem [2], the cost of each acknowledgement is the
weighted sum of the fixed acknowledgement cost and the mazimum latency of any acknowl-
edged packet. This cost formulation implies some sort of min-max fairness [3], which has
been studied in various contexts previously [34] 35, [36] 37, 38, [39] [40], 41l [42]. Therefore, we
use FAIR TCP ACKNOWLEDGEMENT to refer to this max-latency setting of the problem.

In this thesis, we consider the fair DyNAMIC TCP ACKNOWLEDGEMENT problem under
the maximum-latency objective in the presence of predictions. We present a family of algo-
rithms with a trust parameter A € (0, 1) and prove their competitive ratio as a function of
A and the prediction error. In the extreme cases, when A\ = 1, the prediction is ignored and
the algorithm becomes a purely online algorithm with no prediction, and when A converges
to 0, the algorithm closely follows the prediction (trusts it).

We also study the advice complexity of the problem and show that any algorithm with
sublinear advice has a competitive ratio of at least 1.207. In particular, any algorithm
that uses a prediction of sublinear size cannot be better than 1.207-competitive, even if all

predictions are perfect.

1.4 Preliminaries

In this subsection, we provide an overview of the key definitions and concepts relevant to

our work.

1.4.1 Online Algorithms and Competitive Ratio

We begin with some fundamental definitions related to online algorithms by [43], along with

the competitive analysis framework formalized by [44].

Definition 1.4.1. An online algorithm sequentially processes its input one by one, without
knowledge of future input. At each step, the algorithm must make an immediate irrevocable

decision based only on the information it has received up to that point.

The performance of an online algorithm is typically evaluated using competitive analysis,
which compares its outcome to the optimal offline algorithm that has complete knowledge
of the entire input sequence in advance. Let the optimal solution OPT be the best possible

offline solution with knowledge of future items. When clear from context, we use OPT to



both refer to the optimal algorithm and the cost of the optimal solution. In particular,

OPT(0) is the optimal cost (e.g., number of bins in an optimal packing) for an input o.

Definition 1.4.2 ([44]). The asymptotic competitive ratio of an algorithm A is the maxi-
mum ratio between the cost of A, denoted by ALG, and the cost of an optimal offline solution,

denoted by OPT, for all sequences.

ALG(0)

CR = méxx OT(O‘)

s.t. OPT(0) — oc.

The absolute competitive ratio of an algorithm A is the maximum ratio between the number
of bins opened by A and that of the optimal solution for any input, while the asymptotic
competitive ratio is the maximum value of the same ratio restricted to inputs for which the
optimal solution opens a sufficiently large number of bins. In this thesis, by competitive

ratio, we mean asymptotic competitive ratio.

1.4.2 Randomized Algorithms

Randomization is a powerful tool for improving the performance of online algorithms under

worst-case scenarios.

Definition 1.4.3. A randomized online algorithm s a probabilistic function that maps the
currently revealed prefiz of the input and its internal random choices to an output decision.
As before, the algorithm receives the input items one by one, and must make an immediate,

wrrevocable, and possibly randomized decision based on the parts of the input revealed so far.

The performance of a randomized online algorithm is evaluated in terms of its expected
cost for worst-case inputs generated by an oblivious adversary, which knows the definition
(the code) of the algorithm but not its random choices. The expectation is taken over
the distribution of its random choices for an input sequence. The competitive ratio of a
randomized online algorithm is defined as the maximum ratio between its expected cost and

the cost of an optimal offline algorithm over all input sequences. Namely,

CR = max ElALG(a)]

p OT@ s.t. OPT(O’) — OQ.

where E[ALG(0)] is the expected cost of ALG for o over all its random bits.
Randomization is particularly useful in adversarial scenarios, where deterministic algo-

rithms may perform poorly, as it allows the algorithm to hedge against worst-case inputs by



introducing unpredictability in its decisions. Yao’s Minimax Lemma is a standard tool for
proving lower bounds on the competitive ratio of randomized algorithms (e.g., in this thesis,
we have used it in Theorems |4.2.2] [4.5.7, [4.5.10} |4.5.13)). It asserts that the expected cost of

any randomized algorithm against a fixed worst-case input is at least equal to the expected

cost of the best deterministic algorithm against a distribution of random input sequences.

Formally, it can be stated as follows:

Definition 1.4.4 (Yao’s Minimax Principle [44]). Let A be a finite set of deterministic
algorithms and X a finite set of input instances. Let c(a,x) be the cost of algorithm a € A
on input x € X. Then,

Elc(A > min E X
max E[c(A, z)] > min Efe(a, X)),
where A is a randomized algorithm (a distribution over A), and X is a distribution over

mputs i X.

Intuitively, if we want to prove a negative result concerning the competitive ratio of a ran-
domized algorithm for its worst-case input, it suffices to establish the same result for the

competitive ratio of a deterministic algorithm faced with random input sequences.

1.4.3 Advice

The advice model is an abstraction for relaxing the online constraint and allowing an online
algorithm to receive partial information about the input sequence before the input is revealed.
We briefly review the standard advice model [45], which can be thought of as a model in
which online algorithms receive perfect (error-free) but succinct predictions about the input.

This is a theoretical model that is useful to establish impossibility results for predictions of
small sizes (e.g., in this thesis, we used it in Theorem and Lemma |4.3.3)).

Definition 1.4.5. An online algorithm with advice is equipped with a finite sequence of bits,
called advice bits, encoding partial information about the future input sequence. The advice
bits are available before the input starts being revealed and are generated by a benevolent
oracle that knows the entire input and has unbounded computational power. The algorithm

1s assumed to know the meaning of what advice encodes.

The algorithm can use advice bits to make more informed decisions, potentially improving
its competitive ratio compared to a purely online algorithm. The amount of advice required
is measured in terms of the number of advice bits per input, and the efficiency of an advice-

based algorithm is analyzed as a trade-off between the quality of solutions (e.g., competitive

6



ratio) and the amount of advice needed (advice size). A comprehensive overview of the advice
model is provided in the survey by Boyar et al. [45]. For example, in the Dynamic TCP
ACKNOWLEDGEMENT problem, an advice tape of n bits can be used to solve the problem
optimally. For each arrival a;, the bit j of the tape indicates whether to acknowledge the
pending packets at time j (1) or defer acknowledgement (0).

Reductions from the string guessing problem are a standard method for proving advice
complexity lower bounds [46] [47]. In the BINARY STRING GUESSING problem, an algorithm
is given a sequence of binary bits revealed one at a time and must guess each bit before
it is revealed. The algorithm incurs a unit cost for each incorrect guess, and its total cost
is the sum of these penalties. With a single bit of advice indicating whether the number
of 0’s exceeds the number of 1’s in the entire sequence, the algorithm can correctly guess
at least half of the bits by consistently predicting the majority bit. More importantly, one
cannot guess a fraction 1/2 + € of bits correctly unless a linear w(n) number of advice bits
are available [48|. Therefore, this problem is often used as the starting point for proving

impossibility results for advice (thus predictions) of sublinear size.

1.4.4 Algorithms Augmented with Prediction

Augmenting algorithms with machine-learned predictions has garnered significant attention
in recent years. Predictions can help improve the time complexity of offline algorithms or

the competitive ratio of online algorithms. Our main interest in this thesis is the latter.

Definition 1.4.6. An online algorithm with predictions receives one or more predicted items,
which can be available at the beginning or revealed over time. FEach predicted item a; is an
estimate of the actual item a;, for j € [n]. The algorithm makes a decision at time t as
a function of the predictions made up until time t alongside the observed input revealed up

until time t.
There are a few considerations when discussing algorithms with predictions:

e Prediction Model: We need to specify what information is being predicted. For
example, for certain variants of the discrete bin packing problem, the frequency distri-
bution of item sizes may be predicted in one shot at the beginning [32]. In the context
of TCP acknowledgement, the arrival time of the next packet is predicted as the input
is revealed; this type of prediction has been studied in [49] 50, 51, 52) 53, 54], (5, 56]. In
practical settings, it is desirable to predict concepts that are Probably-Approximately
Correct (PAC) learnable [57]. Informally speaking, that means the predictions can be
made to be arbitrarily close to the actual concept with arbitrarily high probability,

using samples of only a finite size.



e Error Model: The quality of the predictions is typically quantified by a prediction
error measure, such as the number of incorrect prediction items or a distance metric
between the prediction vector a and true predicted values a. In other words, an error
model is a distance measure that quantifies the discrepancy between the predicted value
and the intended value, thereby assessing the quality of the prediction. For example,
if k predictions are made in a vector p, while actual values are stored in a vector p, the
error can be modelled as the ¢; and /., between the two vectors. We note that there

are different ways to model error, and the definition of error is problem-specific.

The performance of an online algorithm is evaluated in terms of its competitive ratio or

regret.

Definition 1.4.7. Regret measures the gap between the performance of an online algorithm

and the best possible decision in hindsight.
Regret = max(ALG(c) — OPT(0)) s.t. OPT(c) — 0.

In the context of prediction, the competitive ratio and regret are typically expressed as
a function of the prediction error; the higher the error, the worse the competitive ratio and
regret. We use CR(n) and Regret(n) to denote the competitive ratio and regret as functions
of the prediction error 7, respectively.

Ideally, the goal is to design algorithms whose regret grows sublinearly with the input
length, which is often referred to as the number of time steps (7'); this ensures that the
average regret per time step approaches zero as T increases. Note that in these scenarios,
the competitive ratio converges to 1. In this sense, regret serves as an analysis measure
that can be considered as the additive analogue of the competitive ratio, which is based on
multiplicative comparisons.

Recent work by Purohit et al. [58] and Lykouris and Vassilvitskii [49] demonstrates how
predictions can be incorporated into the design and analysis of online algorithms using two
key performance measures. They introduced the notions of consistency, which quantifies
the algorithm’s performance under perfect predictions, and robustness, which captures its
performance under worst-case prediction errors. These concepts have since been applied in
a wide range of online algorithmic settings; see Section and, for example, the survey
by Mitzenmacher and Vassilvitskii [59].

Definition 1.4.8. Consider a learning-augmented online algorithm A.

o A is said to be k-consistent iff, for its competitive ratio, we have CR(n) = k whenn = 0

(perfect prediction). That is, the cost of A when provided with perfect prediction is no

8



more than k times the cost of OPT for any input sequence and any perfect prediction

about that sequence.

e A is said to be vy-robust iff for its competitive ratio, it holds that CR(n) <. That is,
the cost of A is no more than vy times the cost of OPT for any input sequence and any

prediction (with any large ) about that input.

The notation {k, v}-competitive is commonly used to describe an algorithm’s performance
in terms of both consistency and robustness. There is a typical tension between consistency
and robustness. For example, an algorithm that blindly trusts and follows predictions turns
out to have good consistency (its competitive ratio is good when all predictions are correct),
but in most cases, poor robustness (relying too much on predictions deteriorates performance
in situations where the predictions are erroneous). The consistency-robustness framework
enables the study of trade-offs between reliance on predictions and algorithm robustness to
errors (For example, we have used it in Collorary .



Chapter 2
Literature Review

Both bin packing (and its variants) and DYNAMIC TCP ACKNOWLEDGEMENT are among
the most extensively studied in online algorithms, driving significant advancements in the
field. This section presents a review of the main results and methodologies for these problems,
with a focus on recent advancements that consider delay functions and deadlines in these

problems’ formulations.

2.1 Offline and Online Bin Packing

We begin by formally defining the offline bin packing problem.

Definition 2.1.1. In the OFFLINE BIN PACKING problem, we are given a multiset of n
items, with sizes {s1,Sa2,...,5,}, where 0 < s; < 1 for all i, and an unlimited number of
bins, each with a fized capacity of 1. The objective is to pack (partition) the items into the
manimum number of bins so that the total size of the items assigned to any bin does not

exceed its capacity of 1.

The offline bin packing problem is known to be NP-hard (see, e.g. [60]). The hardness
proof, which is based on a simple reduction from the Partition problem [60], also shows
that the absolute approximation ratio of any polynomial-time algorithm is no less than 3/2
(assuming P # NP); that is, for inputs that may require a small number of bins, one cannot
hope for an approximation factor better than 1.5. Recall that our main focus in this thesis
is improving the asymptotic approximation factor (which we simply call “approximation

factor”) under the assumption that the cost of OPT goes to infinity

Definition 2.1.2. In the ONLINE BIN PACKING problem, items with sizes 0 < s; < 1 arrive

sequentially and must be packed into bins of unit capacity immediately upon arrival. Packing
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decistons are irrevocable and made without any knowledge of future items. The objective is
to minimize the total number of bins used while ensuring that the total size of items in each

bin does not exceed its capacity of 1.

Next, we explore major advancements across various aspects of this problem.

2.1.1 Approximation Algorithms for Offline Bin Packing

The FIRSTFITDECREASING (FFD) algorithm begins by sorting items in decreasing order
of their sizes (hence it is an offline algorithm), and then applies the FIRSTFIT algorithm to
the sorted list. It achieves an approximation ratio of 11/9 [6], which has been followed by
a sequence of works refining the additive constant [61], 62, 63, [64]. More generally, applying
any ANYFIT strategy to a decreasingly sorted sequence yields an approximation ratio of at
least 11/9. A variant of FFD, known as Modified FFD, improves this bound to 71/60 while
preserving good average-case behavior [65].

The first polynomial time (1+ ¢€)-approximation algorithm for bin packing is proposed by
de la Vega and Lueker [66] by applying linear grouping, a technique that reduces the number
of distinct item sizes while maintaining an approximation guarantee. A major improvement
came from Karmarkar and Karp [67], who achieved a guarantee of OPT 4 O(log? OPT) by
introducing iterative rounding within a linear programming framework. This result was
further refined by Rothvofs [5], who improved the bound to OpT + O(log OPT. log log OPT)
using methods from discrepancy theory. Subsequently, Hoberg and Rothvofs [68] achieved an
approximation of OPT+O(log OPT) by combining discrepancy theory with a novel two-stage
packing approach, significantly narrowing the gap to optimality. It is unknown whether there

is a polynomial algorithm that uses OPT + O(1) bins.

2.1.2 Online Algorithms with Advice

Note that online algorithms with advice can be thought of as semi-offline versions of the prob-
lem, and we first review them here. Boyar et al. [69] provided tight bounds of ©(nlog OPT)
on the amount of advice required to achieve optimal packing in the online bin packing. They
also proposed an algorithm that, with logn + o(log n) bits of advice, achieves a competitive
ratio of 3/2 for the general problem. They showed that another algorithm, with 2n + o(n)
bits of advice, achieves a competitive ratio of 4/3 + €. Additionally, they established an im-
possibility result via a reduction from the binary guessing problem, showing that linear-size
advice is necessary to achieve a competitive ratio better than 9/8 ~ 1.125. Angelopoulos
et al. [70] further improved this lower bound to 7/6 ~ 1.166 and introduced algorithms that
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utilize small-size advice to achieve competitive ratios surpassing those of purely online meth-
ods. Mikkelsen [71] later improved the lower bound to 4 — 2v/2 ~ 1.71 by reducing weighted
binary string guessing to bin packing. They showed that for online bin packing and various
scheduling problems, a competitive ratio arbitrarily close to 1 can be achieved using only
a constant number of bits of advice per request. Specifically, for the bin packing problem,
they present an online algorithm that is (1 + €)-competitive (0 < € < 1/2) while requiring
@) (% log %) bits of advice per request.

2.1.3 Discrete Bin Packing and Online Algorithms with Frequency

Prediction

An interesting and practical variant of bin packing is discrete bin packing, where item sizes
belong to {1/k,2/k, ..., 1} for some integer k. Unfortunately, most negative results concern-
ing competitive ratio can be extended to this setting, e.g., by having a large (but constant)
k, an adversary can ensure that no algorithm can achieve a competitive ratio better than
1.54037 [9].

Angelopoulos et al. [32] examined algorithms for the discrete bin packing problem, with
potentially erroneous predictions of item size frequencies. In other words, for each item
a; of size i/k, a prediction about the frequency of a; in the input sequence is made. They
designed and analyzed algorithms with parameters that allow balancing consistency (optimal
performance with accurate predictions) and robustness (resilience under adversarial errors).
They established the Pareto-efficiency of their approach (with respect to consistency and
robustness) and demonstrated that the performance degradation of their algorithm is near-

optimal as a function of prediction error.

2.1.4 Dynamic Bin Packing

Coffman et al. [25] introduced the dynamic bin packing problem, where each item, in addition
to having a size, is also associated with an arrival and departure time. At any given moment,
the total size of all “active” items within a bin must not exceed its capacity. The objective is to
minimize the maximum number of bins ever used during the instance by the algorithm. There
exists a lower bound of 8/3 [26] and an upper bound of 2.897 [25] for the competitive ratio
of online dynamic bin packing algorithms. In another variant [27], the goal is to minimize
the total active time of all bins used. The authors of [27] focused on the clairvoyant setting
(where the departure times are known upon arrival) and proved a tight competitive ratio of
Q(+/log p) for any online algorithm in this setting. We note that, in the problems studied in

this thesis, items never depart from their bins (yet, they may have an arrival and a deadline).
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The online busy time scheduling problem considers an unbounded number of machines,
each equipped with g processors that can process jobs characterized by their processing time
and deadline (it assumes all items have the same size of 1/g). A machine consumes energy
whenever at least one of its processors is actively running a task. The objective is to minimize
the sum of all busy times of all machines. Flammini et al. [I8] initiated the study of the
problem in the rigid jobs setting, which means the jobs must be assigned immediately at the
time they reveal (the deadline is equal to the arrival time plus the processing time). Even
when all items are rigid, the busy time scheduling problem is NP-hard even when g = 2
[19]. There exists a 3-approximation algorithm for this setting [20]. In the online setting, no
algorithm can have an absolute competitive ratio better than g [20]. Also, considering the
maximum length of a job to be u, there exists an online algorithm with a competitive ratio
of at most 5log 11 [20]. In busy time scheduling when the items are flexible (not rigid), there
exists an optimal polynomial-time offline algorithm for ¢ — oo [2I]. Also, a lower bound of
(1 ++/5)/2 for unbounded flexible jobs is proved in [22]. Chau and Li [23] has a survey on
busy time problems. In the problems studied in this thesis, unlike busy time scheduling, the
objective is to minimize the number (not busy time) of used servers (bins).

The renting servers in the cloud problem [I3] is a generalization of the online busy time
scheduling problem, with the key difference that jobs can have arbitrary sizes instead of
a fixed size of 1/g. Kamali and Lopez-Ortiz [14] analyzed bin packing strategies for this
setting, showing that the lower bound of p extends to all online algorithms, where p is
the max/min interval length ratio of jobs. Masoori et al. [15] provided tight bounds on
the problem’s competitive ratio under parameterized constraints, including a ratio of 2 for
cases with two servers and 3 for up to four servers, supported by experimental results.
Li et al. [16] extended the problem to multi-dimensional settings, introducing monotone
AnyFit algorithms with a tight competitive ratio of ©(du), where d is the dimensionality,
and showed direct-sum properties for extending algorithms to higher dimensions. Masoori
et al. [I7] further analyzed NEXTFIT and FIRSTFIT for jobs of equal duration, proving a
tight competitive ratio of 2 for NEXTFIT and providing nearly tight bounds for FIRSTFIT,
including an upper bound of 2.565 for cases with two arrival times. Additionally, Davis
et al. [72] developed resource allocation models that minimize reallocation costs in dynamic
environments where items arrive and depart over time. Like Busy time Scheduling, Renting
Servers in the Cloud differs from the problems studied in this thesis in the sense that it wants
to minimize the total usage time (renting cost) rather than the number of used bins, as we

alm to minimize.
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2.2 Timely Bin Packing and Its Generalizations

Khattar [I] introduced TIMELY BIN PACKING, where items are accompanied by a deadline
and must be packed into a bin before their deadline (see Section 3.1 for a formal definition).
They proved a general lower bound of 1.2 for the competitive ratio of any deterministic online
algorithm, even if an item deadline is revealed upon its arrival. Moreover, they proposed the
Pack-at-Deadline algorithm, a simple deterministic algorithm, and claimed an upper bound
of 2 and established a lower bound of 1.6 for its competitive ratio. However, we demonstrate
a flaw in their upper-bound analysis and show that the true analysis establishes a lower
bound of 2.5 for the competitive ratio of Pack-at-Deadline (See Theorem for the proof
of the lower bound). We also differentiate between deadline-aware and deadline-oblivious
algorithms, depending on the knowledge of items’ deadlines, and introduce both algorithmic
and impossibility results for various settings of the problem. We refer to Table for a
summary of known and new results for the generic problem, and Table for our results
concerning special settings of the problem (e.g., unit length for availability intervals of all
items).

While the theoretical framework of TIMELY BIN PACKING remains valuable for applica-
tions in logistics and resource scheduling where items have strict temporal constraints, this

correction highlights the challenges in establishing tight bounds for this problem.

2.2.1 Bin Packing with Delay and Holding Costs

Bin Packing with Delay and Holding Costs was studied first by Ahlroth et al. [33], who
compared the online bin packing and TCP acknowledgement problems, noting that the
best-known asymptotic competitive ratio for online bin packing lies between 1.5403 and
1.5889, while TCP acknowledgement has a tight competitive ratio of 2. They introduced a
generalization of online bin packing that includes (i) bin opening costs (starting a bin), (ii)
item delay costs, capturing the cost for each item since its arrival up until its bin is closed
(finalized and no new items placed there), and (iii) holding costs for open bins. TIMELY BIN
PACKING can be thought of as a special case where (i) opening cost for all bins is 1, (ii) delay
cost for each item is 0 before its deadline and oo after the deadline, (iii) holding cost for all
bins is 0. On the other hand, the DyNAMIC TCP ACKNOWLEDGEMENT (Definition
with parameter p is a setting where all items have size 0 and (i) opening costs for all bins
is a fixed value p, (ii) delay cost for all items is identical and a linear function of the time
between their arrival and closing of their bins, and (iii) holding cost is 0.

Bin packing with delay and holding costs not only has practical applications but also

unifies several previously studied online optimization problems. A general online algorithm
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is presented with a competitive ratio of 7 [33], alongside improvements for special cases, such
as when delay or holding costs are zero or when item delay costs are proportional to their
sizes. A variant of the bin packing problem with delay considers each item i to be associated
with a positive, monotonically non-decreasing delay function d;(t). Let ¢; > 0 denote the
time elapsed from the arrival of item ¢ until it is packed; the delay cost of item i is then
d;(t;). The objective is to minimize the total cost, defined as the number of bins used plus
the sum of delay costs across all items. This problem can be thought of as a case of Bin
Packing with Delay and Holding Costs, with the holding cost of all bins being 0.

Epstein [30] established a competitive ratio upper bound of 3.1551 for the online deter-
ministic setting of this problem, improving upon the previous best bound of 3.951 by Azar
et al. [3I]. Given that DyNAMIC TCP ACKNOWLEDGEMENT is a special case BIN PACK-
ING WITH DELAY FUNCTIONS with zero-size items and identical, linear delay functions for
all items, all negative results concerning DYNAMIC TCP ACKNOWLEDGEMENT also apply
to BIN PACKING WITH DELAY FUNCTIONS. In particular, there is no deterministic algo-
rithm for BIN PACKING WITH DELAY FUNCTIONS with a competitive ratio better than 2
because no such algorithm exists for DYNAMIC TCP ACKNOWLEDGEMENT [30]. For results
concerning DYNAMIC TCP ACKNOWLEDGEMENT, see Section [2.3]

2.3 Dynamic TCP Acknowledgement

In the DyNAMIC TCP ACKNOWLEDGEMENT problem, the input is an online sequence of
packets arriving over time, and the algorithm must decide when to send acknowledgements.
Each acknowledgement confirms receipt of all pending packets and incurs a fixed cost for a
given parameter p. The objective is to minimize the total cost, which is the weighted sum of
the number of acknowledgements and a latency cost experienced at each acknowledgement
time. Two common formulations differ in how latency cost is measured: the f.x is the
maximum delay of any pending packet at each acknowledgement point, while the f,, ob-
jective is the total cumulative delay of all pending packets. Refer to Section for a formal
definition of the problem.

Next, we examine major advancements across various aspects of this problem.

2.3.1 Offline and Online Algorithms

Dooly et al. [2] introduced the DyNAMIC TCP ACKNOWLEDGEMENT problem and provided
O(n?)-time dynamic programming algorithms for solving the offline problem optimally un-

der both objective functions, which was later optimized to take O(n) time [73]. They also
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presented 2-competitive deterministic algorithms for both fqu, and fi.x objective functions,
which is the best possible ratio for deterministic algorithms. Karlin et al. [74] proposed a
randomized algorithm for the DyNAMIC TCP ACKNOWLEDGEMENT problem with a com-
petitive ratio of /(e — 1). This bound was later shown to be optimal for randomized algo-
rithms by Seiden [75], who introduced a general framework for establishing lower bounds on
the competitive ratio of randomized online algorithms. Buchbinder et al. [76] later analyzed
the problem within a primal-dual framework and designed another e/(e — 1)-competitive
(and thus optimal) randomized algorithm.

Albers and Bals [77] considered a slightly different variant than fy,.x, where there is no
latency cost associated with individual acknowledgement, and instead a single maximum
latency, over all packets, is added to the sum of acknowledgement costs to form the total
cost (See Example 3| for an illustration). For this variant, they developed a deterministic
algorithm with a competitive ratio of 72/6 ~ 1.644 and proved no deterministic algorithm
can achieve a better competitive ratio. They also showed that no randomized algorithm can
achieve a competitive ratio smaller than 3/(3 —2/e) ~ 1.324.

Frederiksen et al. [78] explored deterministic and randomized algorithms for f,., under
the constraint that two successive acknowledgement times must be at least one unit time
apart. They presented an optimal (1 + v/5)/2-competitive deterministic algorithm and an
optimal (v/3 + 1) /2-competitive randomized algorithm. Additionally, they examined a class

of algorithms that use only a limited number of random bits.

2.3.2 Online Algorithms with Lookahead

Dooly et al. [2] showed that in the case of the fy.x objective function, it is enough to know
the arrival time of the next packet to achieve an optimal solution. On the other hand, in
the case of the fy ., function, the knowledge of the next k arrivals is not enough to have a
better competitive ratio than 2 for any constant k.

A related setting is studied in [79], where the algorithm is given access to all packet arrivals
within a fixed time window of length ¢, instead of a fixed number of future packets. For the
fmax Objective, an optimal algorithm is possible when ¢ > p/(1 — p), and a 2 — ¢(1 — p)/p-
competitive algorithm can be designed for smaller values of c¢. It was also shown that
no better competitive ratio can be achieved. For the fq., objective, an algorithm with a
competitive ratio of 1+ O(1/c) was presented, and a lower bound of 1+ (1/c?) was proven,

showing that no 1-competitive algorithm is possible with constant lookahead.
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2.3.3 Rent-or-Buy Algorithms and Relationship to Dynamic TCP
ACKNOWLEDGEMENT

Consider a rent-or-buy game, also known as the ski-rental problem, where a player (algorithm)
goes skiing for an unknown number of n days. Every day, the skier must either rent equipment
at a cost of 1 or buy it at a cost of b > 1; in the latter case, it does not need to make a
decision for subsequent days. The objective is to minimize the total cost of the algorithm.
For example, a break-even algorithm that rents for b — 1 days and buys at day b (if it ever
gets to that day) is known to have a competitive ratio of 2 [44], which is the optimal ratio
for deterministic algorithms. The best randomized algorithm is known to have a competitive
ratio of e/(e — 1) [44].

2.4 Min-Max Algorithmic Fairness

Min-max fairness is a widely used and intuitive notion of fairness, aiming to distribute work-
load as evenly as possible across all parties; see the surveys [3] and the framework in [34].
This notion of fairness involves minimizing the maximum load/cost (or symmetrically maxi-
mizing the minimum benefit) of agents/parties/objects to convey a notion of equity between
them. For example, consider the problem of backbone routing, where routes and bandwidths
are assigned to links to satisfy demands. In the min-max fair setting, an algorithm aims to
minimize the load on the most congested link [35]. Reflecting similar fairness objectives in
algorithmic settings, a variant of the online paging problem called min-max paging has been
proposed, where the goal is to minimize the maximum number of faults experienced by any
single page [36].

Paging is indeed a special case of the k-server problem on uniform metrics. The k-server
problem involves efficiently moving k servers in a metric space to service a sequence of
requests, aiming to minimize the total distance travelled by the servers on a given metric
space [80]. A recent variant of the classic k-server problem, called Fair k-Food problem,
aims to maximize the minimum reward earned by any delivery agent within a food-delivery
network modelled as a metric space [42].

Our interest in Min-Max fairness arises from the fg,, objective in the TCP acknowledge-
ment problem, which can be viewed as a fair variant of TCP acknowledgement aiming to

balance the delay cost across all acknowledgements.
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2.5 Learning-Augment Algorithms

In recent years, there has been an increasing interest in improving the performance of online
algorithms via the notion of prediction. Here, it is assumed that the algorithm has access
to a prediction, for instance, in the form of machine-learned information. Unlike the advice
model, the prediction may be erroneous, and its error is quantified by an error measure 7.
The objective is to design algorithms whose competitive ratio degrades gently as a function
of 1. Several online optimization problems have been studied under the prediction model,
various scheduling problems [58|, 811, [82], 83, [84] [85] 86, 87, 88, RI], knapsack [90, 01, 92],
caching [50, 93] ©4], O5], matching problems [96] 97, [08], time series search [99], and various
graph problems [100, 10T, 102, 103], 104]. See also the survey by Mitzenmacher and Vassil-
vitskii [L05] and the collection at [106]. Here, we focus on the related work on the DYNAMIC
TCP ACKNOWLEDGEMENT problem.

A parameter-learning algorithm for the fq,m objective is proposed in [I07]. The algorithm
has a parameter p that is being dynamically learned and updated by the algorithm. At each
step, the algorithm selects the best waiting time before making the next acknowledgement,
based on the parameter p and uses it for the next few arrivals, periodically updating the pa-
rameter based on recent observations. The authors showed the effectiveness of their approach
through experimental analysis. Bamas et al. [108]| assumed access to a complete predicted
solution (that is, the exact acknowledgement times are given to the algorithm at the be-
ginning) and designed a primal-dual algorithm that mimics the prediction. Their algorithm
achieved a cost of min{ {2~ ALG, ;=5 OPT} for any trust parameter A € (0, 1], where ALG
is the cost of an algorithm that sends acknowledgements precisely on the predicted timesteps
and OPT is the cost of the optimal offline solution on the true input. Clearly, this type of
prediction is not available in practical settings (one can think of predictions appearing in an
online manner as the sequence is being revealed, but a complete solution for the entire input
is unlikely to be available in any practical scenario).

Im et al. [109] studied DyNAMIC TCP ACKNOWLEDGEMENT under the fg,, measure,
assuming predictions of the number of packets arriving at each time t. Let L denote the
actual input sequence, where L; denotes the number of packet arrivals at time ¢, and let L be
the predicted sequence defined similarly. To quantify the error, two input sequences L’ and
L" are defined, where, for each ¢ € [n|, we define L; = min{ L, [A/t} and L} = max{L,, ﬂt}
And they let 7 be a function of OPT(L”) — OPT(L'). They present an algorithm that does
not require access to the full predicted solution and achieves a balanced trade-off between
consistency and robustness. Their randomized algorithm achieves a competitive ratio of at
most min{(1 + €)OPT + O(5)n, (=5 + €)OPT}, while their deterministic algorithm achieves
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competitive ratio min{(1 + €)OPT 4+ O(%)n, (2 + €)OPT}, for any € > 0. It should be noted
that this work does not address the fi. objective.

The ski-rental problem is related to the DyNAMIC TCP ACKNOWLEDGEMENT in the
fsum setting, where only one acknowledgement can be made (postponing an acknowledgement
translates to a delay, which projects to renting the equipment in the ski-rental problem).
Banerjee [110] studied learning-augmented algorithms for rent-or-buy problems, including
DyNnamic TCP ACKNOWLEDGEMENT under the fq,, objective. Assuming predictions on
the optimal acknowledgement times, the author proposed a randomized Hedge-based al-
gorithm [I11] that combines classical strategies with ML predictions. They showed that in
order for the ML predictions to improve upon the competitive ratio of randomized algorithms
(i.e., e/(e — 1)), the prediction must be more accurate than a certain bound.

This thesis targets the fiax objective, which is more relevant in latency-sensitive settings.
Our approach avoids probabilistic mixtures and expert-weighting schemes, instead providing

a simple, deterministic algorithm with analytically tight guarantees.

19



Chapter 3
Problems Statement

This section formally defines the main problems of our study, highlighting their relationship.

3.1 Timely Bin Packing

We start with a formal definition of the TIMELY BIN PACKING problem, which is based on
the definition of Khattar [IJ.

Definition 3.1.1. The input to the TIMELY BIN PACKING problem is a multiset L =
{a1,...,a,} of n items each defined by a tuple a; = (s;,75,d;) where i € [1,n]. Here,
s; € (0,1] denotes the size of a;, while r; and d; are called the release time and deadline of
a;, and we have r; < d;. Furthermore, the interval [r;, d;] is called the availability interval of
a;. The objective is to pack items in L into a minimum number of bins under the following

two constraints:
e The total sum of items placed in the same bin must not exceed 1 (capacity constraint).

e Fach bin B must be “closed" (equivalently “delivered”) at some time 7(B) such that
the availability interval of all items placed in B contains 7(B). This implies that each

item i is packed in a bin that is closed before the deadline d(i) of i.

In the offline setting, all items are available in advance.

In the online setting, items appear one by one in the order of their arrival time. Namely, at
each given time t, the sizes of items whose arrival time is t are revealed to the algorithm.
In the “deadline-aware” setting, in addition to the size s; of such an item i, its deadline is
also revealed at its arrival time r;, while in the “deadline-oblivious” setting, the deadline is

revealed only at time d;.
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Figure 3.1: An example illustrating a feasible solution for the given TIMELY BIN PACKING
instance. Items of the same color are packed into the same bins.

Example 1. Consider the input L = {a; = (s; = 0.5,7;, = 1,d; = 6),a2 = (0.7,2,10),a3 =
(0.4,3,5),a4 = (0.3,7,11),a5 = (0.1,12,14)} of the TIMELY BIN PACKING problem. Fig-
ure [3.1) shows a valid solution of cost 3 for packing L, where items of the same color are
packed into the same bin, and the size of each item is indicated above its associated time
interval. The items 0.4 and 0.5 can be packed into a bin By since their combined size is
at most 1, and their intervals overlap at least a single point, e.g., T(B1) = 3. Note that
a1 and as cannot be packed together since, despite sharing a time interval with item 0.7,
their cumulative size exceeds 1. Moreover, while the total size of ay, a3, and as (which is
0.54+0.440.1 = 1) remains below the mazimum bin capacity, the absence of any overlapping

time in their availability intervals prohibits them from being packed together.

Throughout the thesis, we refer to an item (s;, 7, d;) as a trigger item iff we have r; = d;.

In other words, a trigger item must be packed right after its arrival.

Definition 3.1.2. [30/ The input to the BIN PACKING WITH DELAY FUNCTIONS problem is
a multiset of n items L = {aq,...,a,}, where each item a; is defined by a tuple (s;,r;, fi(1)),
where s; € (0,1] denotes the size of a;, r; denotes the release time of a;, and f;(t) is a
continuous, non-decreasing function of t, called “delay function”. The objective is to pack

items in L into a packing of minimum cost under the following constraints:

e The total sum of items placed in the same bin must not exceed 1 (capacity constraint).

e Fach bin B must be “closed” (equivalently “delivered”) at some time T(B) such that the

release time of all items packed in B is no more than 7(B).

The cost of a bin B is the sum of two components. The first component is a fized value 1
(the default cost of B), while the second component is the total delay cost of all items in B,
where the delay cost of each item a; packed in B is f;(T(B) — ;). The cost of a packing is

the total cost of all bins, which one aims to minimize.

Example 2. Consider the input L = {ay = (s; = 05,7 = 1,fi(t) = 2t),as =
(0.7,2,t*),a3 = (0.4,3,1.5t), a4 = (0.3,7,3t)} of the TIMELY BIN PACKING problem. One
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can pack a; and ay at the same bin By, which is closed at time 7(By) = 2; the delay costs of
a1 and az would be 2 and 0, respectively, and the cost of By would be 1 + 2 = 3. Similarly,
one can place as and ay in the same bin By, which is closed at time T7(By) = 8; the delay
costs of ay and ay will be respectively 6 = 36 and 3, respectively, and the cost of By would

be 36 + 3 + 1 = 40.

3.2 Dynamic TCP Acknowledgement

Next, we formally define the DyNAMIC TCP ACKNOWLEDGEMENT problem, based on the
definition provided in [2].

Definition 3.2.1. The input to DYNAMIC TCP ACKNOWLEDGEMENT s a multiset of n
packets, where each packet is identified solely by its arrival time a;. In the offline setting,
all packets are given in advance, while in the online setting, they appear one by one in the
non-decreasing order of their arrival times. A solution to the problem defines a sequence of
(t1,....tk) of acknowledge times (t; < tj+1), and packets whose arrival time is in (t;_1,1;]
are acknowledge at time t;. The acknowledgement t; has a cost associated with it, and
the objective is to form an acknowledgement sequence of minimum total cost (cost over all
acknowledgements).

There are two cost formulations for the cost of acknowledgement t;, as described below.
In both settings, each acknowledgement incurs a fized cost p € (0,1), which we refer to as
acknowledgement cost. Moreover, each acknowledgement has a latency cost (also referred
to as “delay cost”) that differs across the two settings. The fized parameter p indicates the

importance of minimizing acknowledgements in comparison to minimizing extra latency.

o In the fua setting, the cost of acknowlegdemnt t; is p + (1 — p)fma(j), where
fmaz(J) is the mazimum delay of any packets acknowledged at t;, that is, fume(j) =

max (t] — ai).
i 8.t tj_1<a;<t;

o In the fsm setting, the cost of acknowlegdemnt t; is p+(1—p) foum(j), where foum(j) is
the sum of delays of all packets acknowledged at t;, that is, feum(j) = > (t;—

i st tj_1<a;<t;
a;).

The DyNamIic TCP ACKNOWLEDGEMENT problem with fy,, objective is a special
instance of the BIN PACKING WITH DELAY FUNCTIONS Problem, in which packets are
items with identical and linear delay, and their sizes are minuscule in the sense that any
number of items can be packed into a single bin (because any number of packets can be

acknowledged at any given time). Specifically, determining when to send acknowledgements
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in TCP is similar to packing items within feasible time intervals (determined by network
conditions) into bins (network resources) while optimizing efficiency and reliability.

Most previous work on the DyNAMIC TCP ACKNOWLEDGEMENT problem has focused
on minimizing the total delay (i.e., the fym objective), and the fy.x objective has received
comparatively less attention, despite its importance in ensuring fairness and responsiveness.
The fnax Objective captures the gap between the actual completion time of a packet and
the earliest possible completion time. Controlling such delays is especially critical in time-

sensitive systems [77].

Example 3. Consider input L = (a; = 1,a3 = 2,a3 = 5,a4 = 7,a5 = 10,a6 = 14) of the
DyNaMIC TCP ACKNOWLEDGEMENT problem. See Figure[3.3 for illustration. Consider a
solution that sends acknowledgements at times t1 = 5,15 = 12, and t3 = 15. We investigate

three different objectives for this solution as follows:

o foum: Upon acknowledging all the pending packets at time t; = 5, the foun(1) is equal to
the sum of costs incurred by any packet acknowledged at t;, which is (5—1)+(5—2)+
(5=05) =7. Similarly, fem(2) = (12 —=7)4 (12 —10) =7 and feumn(3) = 15— 14 =1.
Therefore, the cost of the proposed solution under this objective is p x 3 + (1 — p) X
(7T+ 7+ 1), which is 9 for the specified value of p = 0.5.

o fima: Upon acknowledging all the pending packets at time t; = 5, the fra(1) is equal
to the mazximum cost incurred by any packet acknowledged at t, which is 5 —1 = 4.
Similarly, fme(2) =12 =7 =25 and fn..(3) = 15 — 14 = 1. Therefore, the cost of the
proposed solution under this objective is p x 3+ (1 — p) x (44 5+ 1), which is 6.5 for
the specified value of p = 0.5.

e The third objective, which is only studied in the work of [T7[, concerns the mazimum
delay over all the packets of the sequence. Here, the latency cost of the proposed solution
under this objective would be max{(5—1), (5—2), (5—5),(12—7), (12—10), (15—14)} =
5. Therefore, the total cost would be p x 3+ (1 — p) x b = 4.
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Figure 3.2: An example illustrating DyNAMIC TCP ACKNOWLEDGEMENT. The red line

indicates the acknowledgement times for pending packets, while the dotted horizontal lines
show the time that each packet incurs delay.
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Chapter 4

Results for the Timely Bin Packing
Problem

4.1 Overview & Summary of Results

In this chapter, we will present our results concerning the TIMELY BIN PACKING problem.

Table [.1] presents a summary of our results. The chapter is organized as follows:

e In Section [4.2] we study the TIMELY BIN PACKING problem in the generic setting,
that is, without any assumption about the sizes or availability intervals of items. We

will consider both deadline-aware and deadline-oblivious settings.

— In Section [£.2.1] we provide impossibility results for the deadline-aware variant.
In particular, we show that (i) no deterministic online algorithm can achieve
a competitive ratio better than 1.5 (Theorem and (ii) no randomized
algorithm can achieve a competitive ratio better than 1.5 — 1/(2n — 4) for an
input of length n (Theorem [£.2.2)). Previously, only a weaker lower bound of 1.2

was known for deterministic algorithms [I].

— In Section we provide impossibility results for the deadline-oblivious set-
ting. In particular, we provide (i) a simple and intuitive argument that shows
no deterministic online algorithm can achieve a competitive ratio better than
2 (Theorem and (ii) a slightly more complicated argument that extends
the results to randomized algorithms; that is, no (randomized or deterministic)
algorithm can achieve a competitive ratio better than 2 (Theorem [4.2.4). No

general lower bound existed for the deadline-oblivious setting previously.

— In Section we revisit an algorithm proposed by Khattar [I], named Pack-at-
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Deadline. This algorithm packs all available items every time any item reaches
its deadline. This means that the algorithm is well-defined in both deadline-
oblivious and deadline-aware settings. An upper bound of 2 for the competitive
ratio of Pack-at-Deadline is claimed in [I]. We provide a lower bound of 2.5 for
the competitive ratio of Pack-at-Deadline (Theorem , establishing that the

claimed upper bound of 2 is incorrect.

— In Section [£.2.4] we present a new algorithm for TIMELY BIN PACKING. This
algorithm, named Single-Pack-at-Deadline (SPAD), works similarly to Pack-at-
Deadline, except that, upon reaching the deadline of an item x, it only packs z
and possibly other items in a single bin, but unlike Pack-at-Deadline, it does not
require packing all items. Note that the algorithm is well-defined in the deadline-
oblivious (and thus deadline-aware) settings. We prove the competitive ratio of
SPAD is at most 3 (Theorem [4.2.6)), and further present instances which show
the competitive ratio of SPAD is at least 2 (Theorem [4.2.7)). This set of results
indicates a potential advantage for SPAD over Pack-at-Deadline. Note that these

results hold for both deadline-aware and deadline-oblivious settings.

— In Section[4.2.5] we consider a relaxed setting of the problem, which allows packing
parts of an item into one bin and other parts into other bins. This variant,
called fractional timely bin packing, is used as a medium to establish the presence
of an algorithm, called Discrete-Greedy, for the deadline-aware setting of the
problem. We prove that Discrete-Greedy has a competitive ratio of at most 2
(Theorem , establishing an advantage over the Pack-at-Deadline and SPAD

in the deadline-aware setting.

e In Section [£.3] we consider a semi-online setting under the advice model, where an

online algorithm has access to a bounded number of advice bits.

— In Section [4.3] we show that advice of size O(nlog OPT) is always sufficient and
sometimes necessary to achieve optimality for the TIMELY BIN PACKING problem,
where OPT specifies the cost of an optimal solution (Theorem 4.3.1)).

— In Section we consider inputs with bounded “depth”, i.e., instances in which
the number of availability intervals that intersect at any given time ¢ is bounded

by a constant. We show that in this setting, a optimal algorithm exists that uses
only O(n) bits of advice (Theorem |4.3.2]).

— In Section [£.3.2] we give a lower bound for the competitive ratio of any algorithm

that uses sublinear advice. In particular, we use a reduction from BINARY STRING
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GUESSING (see Section [1.4.3) to prove that any algorithm with sublinear advice
has a competitive ratio of at least 1.5 — € for every € > 0 (Theorem {4.3.4)). This

result holds even for inputs of bounded depth and shows the optimality of our
algorithms in Section for these inputs.

e In Section [4.4] we focus on the offline TIMELY BIN PACKING problem, where the entire

input sequence is known in advance.

— In Section we formally show that the offline TIMELY BIN PACKING problem
is NP-hard (Observation [4.4.1]) by a reduction from the classic offline bin packing.

— In Section 4.4.2, we investigate the offline TIMELY BIN PACKING problem for
instances where all item sizes are greater than 1/3. We show that in this set-

ting, the problem can be solved optimally using a maximum matching algorithm
(Theorem {.4.1J).

e In Section we explore restricted variants of the online TIMELY BIN PACKING
problem, where structural assumptions are made about the item sizes, availability
intervals, or arrival times. Specifically, we establish the following results. See Table

for a summary.

— In Section we consider the case where all items have the same size (i.e., uni-
form size setting). We show that in the deadline-aware variant of this setting, the
online constraint is not restrictive and, in particular, a simple greedy online algo-
rithm achieves optimality (Observation[4.5.1]). For the deadline-oblivious uniform
size setting, on the other hand, we establish a lower bound of 2 for the competitive
ratio of any (randomized or deterministic) algorithm (Theorem [4.5.1)).

— In Section we explore a setting where item sizes are restricted to come from
a sub-interval of (0, 1] (this generalizes the results in Section where the sub-
interval is a single point). When item sizes come from [1/4, 1], we present an algo-
rithm with a competitive ratio of at most 2 (Theorem . Moreover, we prove
that even when all item sizes are strictly less than 1/k for a large integer value k,
no algorithm can achieve a competitive ratio better than 2 (Theorem [4.5.4)). This
means that, unlike the classic bin packing problem, where inputs formed entirely
by small items are considered to be easy to pack, the TIMELY BIN PACKING

problem is still challenging for these instances.

— In Section 4.5.3] we consider monotone instances where sorting items by their

arrival times results in the same ordering as sorting them by their deadlines (i.e.,
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if one item arrives earlier than another, it must have an earlier deadline too). For
this setting, we show that the Pack-at-Deadline algorithm achieves a competitive
ratio of at most 2 (Theorem [4.5.5)).

— In Section [4.5.4]) we further relax the setting from monotone instances to the case

where each item has a unit-length availability interval.

x If there is no further assumption, we can prove a lower bound of 1.5 for
the competitive ratio of any deterministic and randomized algorithm (Theo-

rems (4.5.6| and [4.5.10)).

x We impose an additional restriction that arrivals occur only at integer times,
meaning each item’s availability interval is of the form [z, + 1] for some
integer . Under this setting, we design a randomized algorithm with a com-
petitive ratio of at most 1.5 (Theorem[4.5.8)). Also, we establish a lower bound
of 4/3 for the competitive ratio of deterministic algorithms (Theorem

and a lower bound of 1.2 for the competitive ratio of randomized algorithms

(Theorem 4.5.10)).

« We consider the case where item sizes are limited to {«, 1 —a} and availability
intervals are unit length. For this setting, we present a randomized algorithm
with a competitive ratio of at most 1.5 (Theorem [4.5.11]). We also establish
a lower bound of 1.5 for the competitive ratio of any deterministic algorithm
(Theorem and a lower bound of 1.25 for the competitive ratio of any
randomized algorithm (Theorem [4.5.13)).

4.2 Results for Generic Online Timely Bin Packing

In this section, we first study the two variants of the TIMELY BIN PACKING problem:
deadline-aware and deadline-oblivious (see Definition [3.1.1)).

4.2.1 Impossibility Results for Deadline-Aware Variant

We present our negative results for the deadline-aware setting. We first show a simple lower
bound of 1.5 for the competitive ratio of deterministic algorithms, followed by a slightly
weaker lower bound of 1.5 — 1/(2n — 4) for randomized algorithms, where n is the number

of input items.

Theorem 4.2.1. No deterministic deadline-aware algorithm can achieve a competitive ratio
better than 1.5 in the online TIMELY BIN PACKING problem.
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Table 4.1: Summary of the contributions.

Best Existing Our Results

Online Upper Bound  Claimed 2 [I] 2 (Theorem 4.2.10
Deadline- Lower Bound 1.2 [I] 1.5 (Deterministic, Theorem [4.2.1}
Aware Randomized, Theorem 4.2.2)
Online Upper Bound  Claimed 2 [1] 3 (Theorem |4.2.6
Dea.dl.lne— Lower Bound 1.2 [I] 2 (Deterministic, Theorem 4.2.3'; Ran-
Oblivious domized, Theorem [4.2.4)

) Upper Bound  — Q(nlog(OpPT)) — 1 (Observation|d.3.1
Advice

Lower Bound - o(n) — 1.5 — € (Theorem |4.3.4

] Upper Bound - 2-approximation (Corollary |4.2.12

Offline

Lower Bound ~ NP-hard (Ob- -

servation [4.4.1|)

Proof. At timestep 0, the adversary releases 4 items A = (s = 0.5,r = 0,d = 3),B =
(0.3,0,1),C = (0.26,0,5) and D = (0.26,0,5). See Figure for an illustration.

The algorithm must pack the item B before its deadline, timestep 1. There are two cases

to consider, depending on how an algorithm packs B with other times.

(i).

If B gets packed with A, there would be no more space for the other items in the bins
that they share. The adversary then sends another item E = (0.5,2,3). The algorithm
cannot pack the new item with both C' and D in one bin. Thus, it needs at least 2
more bins to pack the items (3 bins in total). In contrast, the optimal solution packs
A and E together in one bin, and B, C, and D in another. Thus, the competitive ratio
would be 3/2 in this case.

. Otherwise, if A does not get packed in the same bin as B, the other two items C' and

D can be in its bin. The adversary adds a new item F' = (0.01,4,5). As this new item
has no intersection with A, the algorithm again needs 2 more bins (3 in total). On the
other hand, the optimal solution could pack A and B together in one bin and F', C,

and D in another. Therefore, the competitive ratio in this case is 3/2 as well. ]

We can achieve a slightly weaker lower bound of 1.25 for the competitive ratio of ran-

domized algorithms via a slight modification of the same adversarial input as in the above

proof. In this case, the adversary sends a new item (E or F') non-deterministically. However,

we do not elaborate on this proof, as we will establish a better lower bound of 1.5 for the

randomized case as we discuss in the next theorem.

29



} 0.5 @

} 0.26 @
} 0.26 @
0 1 2 3 4 )

> Time

Figure 4.1: The instance first contains items A, B, C and D. Sending either F or F creates
two possible instances with different optimal solutions. As the algorithm does not see which
one of ¥ and F is present at the deadline of B, it cannot perform optimally.

Theorem 4.2.2. No randomized deadline-aware algorithm can achieve a competitive ratio
better than 1.5 — 1/(2n — 4) in the online TIMELY BIN PACKING problem, where n is the

number of input items.

Proof. We use Yao’s min-max principle (See Definition , which studies a deterministic
algorithm faced with a randomized input.

We define a probability distribution over a family of input sequences as follows. Let
k =n — 1, and consider an instance with one item ¢ = (s; = 1/k,r; = 0,d; =0) and k — 1
other items a; = (1/k +1i¢, 0,2i) for i € [k — 1] and a constant € < 1/k. So far, the adversary
has released k fixed items. See Figure for an illustration of the instance.

The adversary then selects and send one final item b;« among k possible items of the form
b; = (1 — (1/k +ie€),2i — 1,24) for ¢ € [k — 1] uniformly at random.

This extra item b can be packed with only one item that has a size of 1/k + i*e: larger
items cannot be packed with it as their sum would be larger than 1, and the availability
intervals of smaller items does not intersect that of b;«.

The optimal algorithm, in this scenario, packs item ¢ with all other items available at
timeslot 0 except b;«, which will be packed with the last item that will arrive at time 2; — 1.
Thus, we have OPT = 2. Any deterministic algorithm, on the other hand, must leave at
least one of the items at timeslot 0 unpacked. With probability (k — 2)/(k — 1), this item is
not b;+, and the algorithm must use at least 3 bins. Therefore, the cost of the algorithm is
at least 3.(k—2)/(k—1)+2/(k—1)=3—-1/(k—1) =3—1/(n—2). The competitive ratio
would be at least 3/2 —1/(2n —4) =1.5—1/(2n — 4). O

Observation 4.2.1. The lower bound of 1.5 — 1/(2n — 4) for the competitive ratio of ran-
domized algorithms (Theorem holds even when the item sizes are less than c for every

constant c.

Proof. We use a similar probability distribution of worst-case inputs as in the proof of

Theorem {4.2.2, However, for a given constant ¢, we set k large enough so that all items
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Figure 4.2: The blue and red items exist in the instance. The adversary randomly sends one
of the yellow items with an equal probability. This new yellow item z with size 1 — (1/k+ xe)
can only be packed with a red item of size 1/k + we.

except the last one (b;’s), have a size less than c. For the last one also, one can observe that
by breaking down the last item into several items of sizes at most ¢, the argument above
remains unchanged. In this way, the lower bound holds even when the item sizes are less

than ¢ for every constant c. U

4.2.2 Impossibility Results for Deadline-Oblivious Variant

In what follows, we first establish a lower bound of 2 for the competitive ratio of every
deterministic algorithm and then extend this result to randomized algorithms via a slightly
more complicated argument. The standing assumption in this section is that the algorithms

are oblivious (or do not consider) the item deadlines.

Theorem 4.2.3. No deterministic deadline-oblivious algorithm can achieve a competitive
ratio better than 2 in the online TIMELY BIN PACKING problem.

Proof. In what follows, we will describe a worst-case o. Refer to Figure for an illustra-
tion. o contains m trigger items: for ¢ € [m], let a; = (s; = 1/2 — (2i — 1)e, 74, d;), where
r; = d; = 2i — 2. In Figure [£.3] trigger items are blue items.

Moreover, we have two more types of items.
e For each i € [m], let b, = (1/4 + i€, 21 — 2,20 — 1) (red items in the figure).

e For each i € [m], let ¢; = (1/4 + i€, 20 — 2,2i + 1) (yellow items in the figure).
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The optimal in each phase i, always packs the trigger a; with b; and ¢;_; (if exists). Note
that a;, b;, and ¢; do not fit in the same bin, as both sequences of b; and ¢; sizes are increasing.
It also needs an extra bin for the last item ¢,,. Thus, OPT =m + 1.

Since we assume deterministic deadline-oblivious algorithms A and the size of any b; is
equal to that of ¢; (both are 1/4 + ¢), it is safe to assume the algorithm cannot distinguish
between b; and ¢;. Therefore, we can assume that A, for each phase i, packs the trigger a;
with ¢; and also packs the b; individually. This is because when we reach to a trigger, A must
pack the trigger a; with either the b; or ¢;, and as the algorithm cannot differentiate between
these two items, whichever it chooses to not pack, the adversary considers the deadline of
that item to be compatible with the first type (b;). Therefore, A uses 2m bins. Hence, the

2m

competitive ratio is =, which converges to 2 for large m. 0

The above proof can be extended to randomized algorithms, except that we cannot
assume that a; is always packed with ¢; (We can assume that a; is packed with ¢; with
a probability of 0.5, which degrades the resulting lower bound). To resolve this issue, we
can adjust the input in a way that a; must be packed with ¢; as before, except that ¢; is
accompanied by k£ — 2 other items of similar size and arrival time, and the algorithm cannot

distinguish ¢; among these £ — 1 items.

Theorem 4.2.4. No randomized deadline-oblivious algorithm can achieve a competitive ratio
better than 2 in the online TIMELY BIN PACKING problem.

Proof. Consider an instance with m trigger items as follows. For i € [m], trigger a; = (s; =
1/k = ((k—=1)i —1)¢,7;,d;), where r; = d; = 2 — 2.

Moreover, we have two more types of items as follows:

e For each i € [m|, we have k — 2 identical items b{ = (1/k +i€,2i — 2,2i — 1) for each
jek—2.

e For each i € [m], let ¢; = (1/k +i€,2i — 2,21 + 1).

The optimal algorithm, in each phase ¢, packs the trigger item a; with all b{ s and ¢;_; (if
exists). It also needs an extra bin for the last item ¢,,. Thus, OPT =m + 1.

Any randomized deadline-oblivious algorithm, on the other hand, packs the trigger a;
with ¢; with probability at least %, and in this case, it has to pack some b{ individually.
This is because, when we reach a trigger item a;, the algorithm cannot pack a; with all of the
items in the phase, namely all b{’s and ¢;. And because the algorithm cannot differentiate

between these items bf ’s and ¢;, thus the algorithm leaves one of them unpacked with the same

chance. Therefore, it uses m(1 + %) ~ 2m bins on expectation. Hence, the competitive
ratio tends to 2 if we tend m and then k to infinity. 0
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Figure 4.3: The items a;’s (trigger items), b;’s, and ¢;’s for ¢ € [m] are shown in blue, red,
and yellow, respectively.

4.2.3 Pack-at-Deadline Algorithm

Recall that the Pack-at-Deadline algorithm of [1] packs all items upon the deadline of any
pending item (it does not look at the deadline upon arrival of items and hence is a deadline-
oblivious algorithm). In this section, we establish a lower bound of 2.5 for the competitive
ratio of the Pack-at-Deadline algorithm, which is an improvement over the lower bound 10/6

of [I]. Tt also proves that their upper bound of 2 is incorrect.

Theorem 4.2.5. The Pack-at-Deadline algorithm has a competitive ratio of at least 2.5 in
the online TIMELY BIN PACKING problem.

Proof. The idea is illustrated in Figure [£.4, The instance consists of the following compo-

nents.

Set P: for i € [m], let p; = (s; = 0.5 +¢,r; = 0,d; = 3m) (red items in the figure).

Gadgets: There are m/2 gadgets, where each gadget i € [m/2] contains:

— Trigger item: One item u; = (0.5 —¢,3i+1,d; = 3i+2) (pink color is the figure).
— Filler items: Call z = %3¢ For j € [2] let v! = (€,3i,3m). Each set of v;’s

contributes a total size of 0.5 + 2¢ (yellow color in the figure).

Set Q: for i € [m/2], let ¢; = (¢,2m + 2i,2m + 2i + 1) (blue color in the figure).

Item A: A single item a; = (€, 1,2) (green color in the figure).

The Pack-at-Deadline algorithm, when it reaches the deadline of A, there are m items
of size 0.5 + € available. The algorithm packs each of these items in a separate bin because
the total size of any two of them is larger than 1. Thus, the algorithm uses m bins and the
€ item can be packed in one of them.

In each gadget ¢, there is a trigger item with size 0.5 — € that reaches its deadline at 37 +2
and causes the algorithm to pack all the items of that gadget. As the total sum of the filler
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Figure 4.4: Here, P and @) items are shown with color red and blue, respectively. Gadgets
are shown in a rectangle, each having one trigger item of size 0.5 — € and filler items of size
e with the total sum of 0.5 + 2¢. There is another € item named A arriving at time 1.

items of each gadget is 0.5 + 2¢, all but one of them can be packed with the trigger in one
bin, and the one remaining filler item will be packed in a separate bin. Thus, all the gadgets
together need m bins to be packed.

The () items do not intersect with any available items in their deadline, and each of
them needs one bin, resulting in the usage of m/2 bins. Altogether, the algorithm uses
m +m +m/2 = 2.5m bins for this instance.

The optimal solution packs A in a single bin. Then it can pack each trigger item of
gadgets at its deadline with one of the P items, and it uses m/2 bins for these items. Note
that m/2 items of P will be remaining. Then, each of the () items can be packed with the
remaining P items and the filler items of one gadget, so that the bin becomes full. Four e
items will remain in each gadget that all can be packed in one bin at time 3m. Therefore,
the optimal solution needs 1 + m/2 + m/2 +1 = m + 2 bins to pack all items. We can

conclude that the competitive ratio of Pack-at-Deadline is at least:

O

The result above invalidates a claimed upper of 2 for the competitive ratio of Pack-at-

Deadline, claimed in [I]. The main issue with the proof is Lemma 4 of [I], which attempts
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to lower bound the cost of the optimal solution.

4.2.4 Single-Pack-at-Deadline Algorithm

Our lower bound argument for the competitive ratio of Pack-at-Deadline (Theorem [4.2.5))
reveals that packing all items upon a single item’s deadline is suboptimal. A more natural
approach is to pack only the item whose deadline has reached, along with other items, and
try to pack that single bin as full as possible with the available items. We call this new
algorithm Single-Pack-at-Deadline (SPAD). More precisely, suppose the deadline of an item
a; is at time t. SPAD forms a single bin B at time ¢ and packs a; in B. Moreover, it selects a
subset of items from the set of available items whose total sum is as large as possible and yet
at most 1 — s;. We note that SPAD works without knowledge of item deadlines and hence

can be applied in both oblivious and deadline-aware settings.

Theorem 4.2.6. The SPAD algorithm achieves a competitive ratio of at most 3 for the
online TIMELY BIN PACKING problem in deadline-oblivious (and thus also deadline-aware)

settings.

Proof. We generally use two types of lower bounds for the cost of the optimal solution.
First, we know that the cost of the optimal solution is no smaller than the maximum number
of items whose availability intervals are pairwise disjoint. This is because we need at least
one bin for each of these items. Second, the optimal solution must be at least as large as
the total size of all items because each bin can reduce the total size of the remaining items
by at most 1.

Next, consider the bins of SPAD. Let big bins be the bins with a level of more than
1/2, and the small bins be the remaining bins of SPAD. Consider two small bins b and ¥'.
Suppose they are triggered by the deadline of items z and y, respectively (recall that SPAD
packs a bin only when it reaches an item’s deadline). The availability intervals of x and y
must be disjoint. This is because if one of them were available on the deadline of the other
one, SPAD would have packed both of them together as both b and o' have a level of less
than or equal to 1/2. Therefore, the items that triggered small bins are pairwise disjoint.
As a result, based on our first lower bound, the number of small bins is at most OPT.

On the other hand, the number of big bins is at most twice the number of OPT because
of our second lower bound for the optimal solution. Precisely, if S denotes the total size of
items in the input, the cost of OPT is at least S, and the number of big bins is at most 25.
We can conclude that, overall, SPAD uses at most OPT 4+ 20PT = 30PT bins. O
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Figure 4.5: The items a;’s (trigger items), b;’s, and ¢;’s for ¢ € [m] are shown in blue, red,
and yellow, respectively.

Theorem 4.2.7. The SPAD algorithm has a competitive ratio of at least 2 in the online
TIMELY BIN PACKING problem.

Proof. 1In what follows, we will describe a worst-case 0. Refer to Figure .5 for
an illustration. Consider an instance with m trigger items, for i € [m|, a; = (s; =
1/2 — (i — 1)€,2i — 2,2¢ — 2). In Figure trigger items are blue items.

Moreover, we have two more types of items.
e For each i € [m], let b; = (1/4,2i — 2,2i — 1) (red items in the figure).
e For each i € [m], let ¢; = (1/4 + i€, 21 — 2,2i + 1) (yellow items in the figure).

The optimal solution in each phase i packs the trigger a; with b; and ¢;_; (if it exists). It
also needs an extra bin for the last item b,,. Thus, OPT = m + 1. SPAD, on the other hand,
in each phase packs the trigger a; with ¢; and also packs b; individually. Therefore, it uses

2m bins. Hence, the competitive ratio is 2 if we tend n to infinity. 0]

As a first step toward proving a stronger upper bound, we consider a restricted setting
where item sizes are less than 1/6. Moreover, we assume items are grouped such that avail-
ability intervals from different groups do not overlap, while within each group, all intervals

share a common time point.

Lemma 4.2.8. Consider the deadline-oblivious setting of the TIMELY BIN PACKING prob-
lem when the item sizes are less than 1/6. Moreover, assume items are grouped such that
availability intervals from different groups do not overlap, while within each group, all inter-
vals share a common time point. Under these assumptions, the SPAD algorithm achieves a

competitive ratio of at most 1.5

Proof. Fix any input sequence as described, and let ALG denote the cost of SPAD for

such input. Given that the availability intervals of items in different groups do not overlap,
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proving ALG < 1.50PT in every partition proves the upper bound of 1.5 for the whole
instance.

We use a weighting function method, which is a standard tool in the analysis of bin
packing algorithms [10]. First, for the cost of the algorithm for items of each group, we
prove ALG < 1.20pPT+ 1. For that, for an item of size z, let the weight of x be w(z) = 6x/5.
The total size of items in every bin of the optimal solution is at most 1, and their total
weights sum to at most 6/5. On the other hand, every bin (except possibly the last one) in
SPAD has a size of at least 5/6; otherwise, another item could fit into it. Thus, the weight
of each bin in SPAD is at least %.g = 1. So, if W denotes the total weight of items in a
group, we can write ALG < W + 1 while OpT > 5W/6, which gives ALG < 1.20PT + 1.

If OpT > 3, the above equation would give the upper bound of 1.5 for SPAD. Suppose
OPT < 3. Order bins in the packing of OPT and SPAD by the earliest deadline among items
packed in them. For example, the first bin would be the bin that contains the item with the
earliest deadline. By the definition of SPAD, the total size of items in the first bin of SPAD
is at least equal to that of the first bin of OPT.

There are three cases for the optimal solution. We describe each case individually.
(i). OpT = 1: In this case, as described above, SPAD has also exactly one bin.

(ii). OPT = 2: Because the total size of items in the first bin of SPAD is larger than or
equal to that of the first bin in the optimal solution, the total size of the remaining
items in SPAD is also less than the level of the second bin in the optimal solution.
Thus, it is less than one and can be fit in a single bin. Therefore, SPAD also uses 2

bins in this case.

(iii). OpPT = 3: We know that the average level of the bins other than the first bin in SPAD
is greater than 1/2. This is because there cannot be two bins with levels of less than
1/2, as SPAD could have combined them into a single bin (i.e., the total size of the
items in the bin with a size less than 1/2 must be larger than the empty part of the
other bins). Furthermore, the total size of the items that are not in the first bin of
the optimal solution is at most 2 because they are packed in two bins in the optimal
solution. As a result, SPAD cannot use more than 3 bins after delivering its first bin
because otherwise, the sum of the remaining items would be larger than 4/2 = 2, which

is a contradiction. Therefore, SPAD uses at most 4 bins.

To conclude, in all cases, we proved ALG < 1.50PT for each partition, which implies the

upper bound of 1.5 for the whole instance. O
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4.2.5 Fractional Timely Bin Packing

In this section, we focus on the deadline-aware variant of the TIMELY BIN PACKING problem
and present an algorithm with a competitive ratio of at most 2.

First, consider a relaxed variant of the TIMELY BIN PACKING problem, which we call
the FRACTIONAL TIMELY BIN PACKING, where an algorithm is allowed to break items into
pieces and pack each piece into a different bin. One can think of items as liquids in this
variant.

It is clear that every solution to the original problem is also a solution to the fractional
variant of the problem. Thus, the optimal solution to the fractional variant of the problem
provides a lower bound on the optimal solution to the discrete variant. That is why we
elaborate on this variant in this section; this will become clear later.

Consider the greedy algorithm for the FRACTIONAL TIMELY BIN PACKING problem,

which works as follows.

Greedy Algorithm for FRACTIONAL TIMELY BIN PACKING. When the deadline
for at least one item arrives, open a bin B and pack the available items one by one in the
increasing order of their deadline (i.e., the ones with earlier deadlines are packed first). This
continues until either there are no more pending items or the next item does not fit into B.
In the latter case, place a fraction of the last item in B such that B is fully packed (the total

size of items in B becomes 1).

Lemma 4.2.9. The Greedy algorithm is optimal for the online FRACTIONAL TIMELY BIN
PACKING problem.

Proof. Let S be an optimal packing that differs from that of the Greedy algorithm. We
will show that the packing of S can be converted to that of the Greedy algorithm without
increasing its cost. It is safe to assume S only delivers bins at the deadline of some item
(otherwise, it can postpone delivering bins without increasing its cost). Let ¢ be the first
deadline where the S and the packing of Greedy differ. That is, S delivers a bin B, which
differs from the bin B, delivered by the Greedy algorithm at time ¢. That means there is
a portion of an item y with the earliest deadline with size k£ that does not go to B,, and
some portions of other items with the same total size k and later deadlines are indeed placed
in B,. The portion of item y of size £ then must be in other bins of S. Given that y has
the first deadline among them, it is possible to re-position portions of y to the first bin and
portions of other items from the first bin to the later bins. Therefore, this change does not

increase the cost of the optimal solution. Repeating this argument will eventually convert
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S to the packing of Greedy without increasing its cost. We can conclude that the Greedy

algorithm’s solution is optimal. 0

Next, we devise an online algorithm, named Discrete-Greedy, which solves the original

TIMELY BIN PACKING by simulating the Greedy algorithm for the fractional setting.

Discrete-Greedy Algorithm for TIMELY BIN PACKING. Discrete-Greedy proceeds
similarly to the Greedy algorithm for the fractional setting. Recall that, at any deadline
t, the Greedy algorithm packs items in the increasing order of their deadlines in a bin By,
except that the last item x packed in B; may be broken into two pieces such that By is fully
packed, while the remaining portion of x is placed in another bin By (and the algorithm
proceeds to pack By similarly until all items with deadline ¢ are packed). Now, given that in
the original setting, we are not allowed to break z, Discrete-Greedy packs x into a separate
bin B and delivers (closes) that bin, and proceeds by packing B as before.

Note that the algorithm is obviously aware of the item deadlines as it uses them to decide

which items to pack at each given time.

Example 4. The input is L = {a; = (s1 = 0.5,r; = 1,dy = 7),a2 = (0.8,2,10),a3 =
(0.4,3,5),a4 = (0.3,8,11),a5 = (0.1,13,14)}. Figure shows an illustration of the input.
At time t, Discrete-Greedy needs to pack az. For that, it sorts available items in the increasing
order of their deadlines, that is, in order (as,ay, as). Greedy opens a bin By, which contains
as,ay, and a fraction of size 0.1 of as, while deferring packing the remaining part of ay (with
size 0.7). On the other hand, Discrete-Greedy packs two bins By and B} at time t, one

containing asz and a,, and the other containing as.

Theorem 4.2.10. The Discrete-Greedy algorithm achieves a competitive ratio of at most 2
for the online deadline-aware TIMELY BIN PACKING problem.

Proof. In principle, Discrete-Greedy simulates Greedy for FRACTIONAL TIMELY BIN
PACKING, except that whenever Greedy delivers a fractional bin, Discrete-Greedy deliv-
ers at most two discrete bins. Therefore, the number of bins in the Discrete-Greedy packing
is at most twice that of Greedy for FRACTIONAL TIMELY BIN PACKING. In other words,
each bin of Greedy that contains some fractional items projects to two bins in FRACTIONAL
TIMELY BIN PACKING. We further observe that the cost of Opt in the fractional setting,
OPTy, is no more than the cost of Opt in the original setting (any solution for the original
setting is valid for the fractional setting too). We can conclude that, the cost of Discrete-
Greedy for the original setting is at most twice the cost of Greedy for the factional setting,
and thus by Lemma [4.2.9] twice the cost of the optimal fractional setting, and consequently

at most twice the cost of optimal solution for the original setting.
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Figure 4.6: The trigger items are shown by color yellow and others are shown by color blue.

[l

The following theorem shows that the upper bound in the above theorem is indeed tight.
That is, the competitive ratio of Discrete-Greedy is not better than 2.

Theorem 4.2.11. The competitive ratio of the Discrete-Greedy algorithm is at least 2.

Proof. Consider an instance with m trigger items, where for every i € [m|, a; = (s; =
1/4 — (i — 1)e,r; = i,d; = 1). Moreover, there are m items, where for each i € [m)],
b; = (3/4 +ie,i,i+ 1). See Figure [4.6| for an illustration of the instance.

The optimal solution packs the first trigger in a separate bin, and each subsequent trigger
a; with b;,_1. It also needs an extra bin for the last item b,,. Thus, OPT = m + 1. The
Discrete-Greedy solution packs the trigger a; with item b;, resulting in the use of two discrete
bins at each step by Discrete-Greedy. Therefore, for the cost of the algorithm, ALG = 2m.

As m tends to infinity, the lower bound for the competitive ratio tends to 2. O

Corollary 4.2.12. A 2-approximation algorithm exists for the offline TIMELY BIN PACKING

problem.

Proof. The Discrete-Greedy algorithm, which achieves a competitive ratio of 2 for the
online TIMELY BIN PACKING problem (Theorem [4.2.10)), also serves as a 2-approximation
algorithm for the offline setting. U

4.3 Semi-Online Timely Bin Packing

In this section, we study online TIMELY BIN PACKING with advice. Recall that, under
advice setting, a benevolent oracle encodes some information about the input sequence in
the form of advice on an advice tape; this information is available to the online algorithm
at the beginning, and the algorithm is assumed to know the meaning of advice bits. Unlike

prediction setting, it is assumed that the advice bits are correct, i.e., they encode what they
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Figure 4.7: An illustration of Discrete-Greedy Algorithm.

are meant to. There is generally a correlation between the advice size and the performance:
the larger the advice, the better the competitive ratio. See Section [I.4.3] for an overview.
For the complexity of the advice in the TIMELY BIN PACKING problem, we first present
a trivial result that upper bounds the size of the advice required to achieve optimality. Let
OPT be the cost of the optimal packing for an input. For each item =z, it suffices to encode
the bin where x is packed in the optimal solution. This means O(log OPT) bins per item,

and thus we can conclude the following.

Observation 4.3.1. An advice of size Q(nlog OPT) bits is sufficient to achieve an optimal
solution for the TIMELY BIN PACKING problem.

Indeed, the above upper bounds are tight. For that, we can reduce the online bin packing
problem to the TIMELY BIN PACKING problem, where all items in the bin packing instance
are translated to trigger items appearing at time 0 in an adversarial order that defines the
bin packing instance (See Section for details of such reduction). Meanwhile, in [69],
it is proven that, when OPT € o(n), an advice of size 2(nlog OPT) is necessary to achieve

optimality. Therefore, we can conclude the following.

Theorem 4.3.1. Advice of size O(nlog OPT) is always sufficient and sometimes necessary
to achieve optimality for the TIMELY BIN PACKING problem.

Roadmap. In what follows, we first extend the result of Theorem to show that the
problem is solvable optimally with O(n) bits of advice in the instances where, at each point

in time, we have, at most, a constant number of items available. In other words, at most
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k availability intervals include any time ¢, for some constant t. Second, we show that the
above upper bound is tight. For that, we prove that no algorithm (neither deterministic
nor randomized) with sublinear bits of advice can achieve a competitive ratio of better than

1.5 — ¢, for every €, which is the main result of this section.

4.3.1 Algorithm for Bounded Depth

In this section, we focus on a restricted setting of the problem where, at any time, at most

k items are available for a constant k. We present an optimal solution encoding that uses
O(n) bits of advice.

Theorem 4.3.2. There exists a polynomial-time optimal algorithm for the online TIMELY
BIN PACKING problem using O(n) bits of advice.

Proof. Fix an optimal solution S. As before, we may assume that S delivers bins only in
item deadlines (otherwise, it can postpone packing bins to achieve this property).

For each item x in the input sequence, we write a bit on the advice tape that specifies
whether x is the item with the earliest deadline in its bin in S. In other words, S delivers
the bin of x at the deadline of x. We refer to this as the first part of the advice. Moreover,
in the second part of the advice, for each bin B in S, delivered at time t, we encode k bits,
one per each item available at time ¢, which specifies whether that item is packed in B. This
is possible because of the assumption that at most k items are available at t.

Now, provided with the advice, an online algorithm can reproduce S as follows. Upon
the deadline ¢ of an item z, if the bit of x (in the first part of the advice) is set, we open
a bin and check the k bits stored on the tape on the second part, to retrieve the available
items that must be packed with z in the bin. The resulting bin is then delivered at time t.
Therefore, a total of O(n+ k|OPT|) = O(n) advice bits (as k is constant and |OPT| = O(n))

suffices to simulate the optimal packing. O

4.3.2 Impossibility Result for Sublinear Advice

In this section, we start with a simple lower bound argument that shows any algorithm with
sublinear advice cannot have a competitive ratio better than 1.25. Then, with a slightly
more complicated argument, we improve the lower bound to 1.5 — ¢, for any € > 0. As
mentioned in Section [1.4.3] reductions from the BINARY STRING GUESSING problem, which
asks for predicting the value of the next bit in a sequence of bits that is revealed online, are
often used to establish lower bounds for the competitive ratio of various problems when the

advice size is sublinear.
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Here, we reduce the BINARY STRING GUESSING problem to the TIMELY BIN PACKING
problem to show a lower bound for the competitive ratio of TIMELY BIN PACKING for any

algorithm with sublinear advice cannot be better than 1.25-competitvie.

Lemma 4.3.3. No algorithm with sublinear bits of advice can achieve a competitive ratio
better than 1.25 in the deadline-aware (and thus also deadline-oblivious) online TIMELY BIN
PACKING problem.

Proof. We describe a reduction from BINARY STRING GUESSING to TIMELY BIN PACKING
as follows. Let S be an online sequence of m bits that forms an input to the BINARY STRING
GUESSING problem. We create an instance og of TIMELY BIN PACKING, formed by m
“phases”, as follows. The i’th phase in og takes two possible forms, depending on the ¢’th bit
in S. Regardless, the i'th phase starts with sending items a; = (s = 0.5,7 = 0,d = 3),b; =
(0.3,0,1),¢; = (0.26,0,5) and d; = (0.26,0,5). Now, if S[i] = 0, another item e; = (0.5, 2, 3)
is sent, and no more items arrive in the ¢’th phase. On the other hand, if S[i] = 1, another
item f; = (0.01,4,5) is sent, and no more items arrive in the i’th phase. The availability
intervals of items of different phases do not have an intersection. See Figure for an
illustration of the instance.

Any reasonable algorithm packs the items of each phase separately from the items of the
next or previous phase. So, we can discuss each phase independently from the other phases.
Intuitively speaking, upon the deadline of the item b; at each phase ¢, the algorithm must
“ouess” whether the phase is of type “0”, where the item e; appears, or of type “1”, where the
item f; appears.

Upon the deadline of b;, there are two possible cases of packing. Whether the algorithm
packs it with a; or packs it with ¢; and d; in the same bin.

If S; = 0, the optimal packing is B} = (b;,c;,d;), B? = (a;,e;) (2 bins in total). On
the other hand, an incorrect guess will result in the possible packing of B} = (b;,a;), B? =
(¢i,d;), B} = (e;) (pack B} and at least 2 bins are needed for the rest of the items). If S; = 1,
the optimal packing is B} = (b;, a;), B? = (¢;, d;, f;) (2 bins in total). On the other hand, the
wrong guess will result in the possible packing of B} = (b;, ¢;,d;), B? = (a;), B} = (f;) (pack
B! and at least 2 bins are needed for the rest of the items). In other words, at each phase i,
if the algorithm could guess the bit b; correctly, it would solve that instance optimally with
2 bins; otherwise, it would have to use at least 3 bins for that phase.

Recall that with o(n) bits of advice, one cannot correctly guess a fraction 1/2 + € of bits
in the instance S of the BINARY STRING GUESSING problem, for any € > 0 [47]. This bound
is achieved by always predicting the majority bit, which can be identified using a single bit

of advice. The cost of the optimal solution that always guesses correctly is at most 2m, and
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Figure 4.8: An instance og of TIMELY BIN PACKING corresponding to a bit string S =
01...0. It contains m phases, each with two possible forms, corresponding to their bit in .S.

the competitive ratio is at least

2m(3 +€) + 3m(3 —¢) 195 €
2m ' 2

O

To further improve our results, we use the same technique as Lemma [4.3.3] but instead
of binary STRING GUESSING, we use the general STRING GUESSING that its input is a
sequence of n digits, where each digit can have ¢ different values. Bockenhauer et al. [47]
showed that for every constant ¢, the algorithm with sublinear bits of advice cannot guess
more than 1/q + € ratio of the digits. We show a lower bound for the competitive ratio
of TIMELY BIN PACKING for any algorithm with sublinear advice cannot be better than

(1.5 — €)-competitive, for every e > 0.

Theorem 4.3.4. No algorithm with sublinear bits of advice can achieve a competitive ratio
better than 1.5 — € in the deadline-aware (and thus also deadline-oblivious) online TIMELY
BIN PACKING problem for every e > 0.

Proof. We describe a reduction from STRING GUESSING to TIMELY BIN PACKING as
follows. Let S be an online sequence of n digits that forms an input to the STRING GUESSING
problem. As before, we create an instance og of TIMELY BIN PACKING, formed by n “phases”,
as follows. The ¢'th phase in og takes k possible forms, depending on the i’th digit in S.
Regardless, the i’th phase starts with sending items ¢; = (s = 1/k,7r =0,d = 0) and k — 1
other items a! = (1/k + je, 0,2j) for j € [k — 1] and a constant € < 1/k. Now, if S[i] = j,
another item b, = (1 — (1/k + je),25 — 1,2i) is sent, and no more items arrive in the i’th
phase. The availability intervals of items of different phases do not have an intersection. See
Figure [4.9) for an illustration of the instance.

At each phase i, the item b; can be packed with only one item that has a size of 1/k + je:
larger items cannot be packed with it as their sum would be larger than 1, and the availability
intervals of smaller items does not intersect that of b;. When S[i] = j, the optimal algorithm

packs item ¢; with all other items available at time 0, except b;, and b; with the item af
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Figure 4.9: An instance og of TIMELY BIN PACKING corresponding to an input string
S=2k—1,...,1. It contains m phases, each with £ — 1 possible forms, corresponding to
their digit in S.

(which is of size 1/k + je). Thus, it uses 2 bins for this phase. Any algorithm, on the other
hand, must leave at least one of the items at time 0 unpacked. If the algorithm “guesses”
correctly, it uses 2 bins. However, if the algorithm guesses incorrectly, leaving any other
k — 1 available items (except b;) unpacked, it uses 3 bins.

It is known that, with o(n) bits, one cannot correctly guess a fraction 1/q + € of digits in
the instance S of the STRING GUESSING problem (where digits take g possible values), for
any € > 0 [47]. Thus, for a constant k, with sublinear advice, the cost of every algorithm is
at least n(25 x 2+ 222 x 3) = n(3 — 25). Given that the cost of the optimal solution is
2n, the competitive ratio is at least

n(3 - L
leﬁ_;_
2n 2(k—1)

It can be arbitrarily close to 1.5 by increasing the value of k (yet, it must remain constant

with respect to input length). 0

4.4 Offline Timely Bin Packing

s In this section, we consider the offline setting of the problem via a simple reduction from

the classic bin packing problem.

4.4.1 NP-hardness

We begin by proving the NP-hardness of the offline TIMELY BIN PACKING problem.
Observation 4.4.1. The offline TIMELY BIN PACKING is NP-hard.

Proof. We present a reduction from the classic bin packing problem to the TIMELY
BIN PACKING problem. Consider the decision problem that asks whether an instance
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S = {s1,...,8,} of the offline bin packing problem can be packed in k bins, where each
item s; has size in (0, 1]. Construct an instance I = {ay,...,a,} of the offline TIMELY BIN
PACKING problem by creating one trigger item a;, setting its size equal to s;, and its arrival
and deadline as r; = d; = 0. Since all items are available from the start and share the same
deadline, any two items can be packed together as long as they fit within a unit bin capacity.
Therefore, any valid packing of I corresponds directly to a valid packing of .S, and vice versa.
Thus, the instance S of bin packing can be packed in k bins if and only if the instance [
of TIMELY BIN PACKING can be packed in k bins. As the offline bin packing problem is
NP-hard [60], so is the offline TIMELY BIN PACKING problem. O

We solve the problem optimally in a special case, where the item sizes are more than 1/3.

4.4.2 Polynomial-Time Algorithm for Restricted Size Items

In this section, we consider a setting of the problem in which all items have sizes greater
than 1/3. We demonstrate that the TIMELY BIN PACKING problem can be optimally solved

in polynomial time by reducing it to the maximum matching problem.

Theorem 4.4.1. There exists a polynomial-time optimal algorithm for the offline TIMELY
BIN PACKING problem when all item sizes are greater than 1/3.

Proof. We reduce the TIMELY BIN PACKING problem to a graph matching problem, which
asks for the maximum number of edges in a graph such that no two selected edges share a
common endpoint. It is well-known that the matching problem can be solved in polynomial
time via, for example, the blossom algorithm of Edmonds [T12].

Given an instance [ of the TIMELY BIN PACKING problem, we construct a graph G
where each item in I corresponds to a node in G. We create an edge between two nodes if
their corresponding items in [ have overlapping available times. Since each item has a size
greater than 1/3, at most two items can fit into a single bin (which will correspond to a
match edge).

We then apply a maximum matching algorithm (such as the blossom algorithm) to the
graph G, which runs in polynomial time. Each edge in the matching a — b indicates that
items a and b have to be packed together in the same bin in the instance I. Any unmatched

vertices represent items that must be packed individually in separate bins. 0
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4.5 Case Studies for Online Timely Bin Packing

In this section, we study the TIMELY BIN PACKING problem for restricted settings such as

monotone availability intervals, uniform size, etc. An overview of the results of this section

is presented in Table [1.2]

4.5.1 Instances with Items of Uniform Size

Consider the TIMELY BIN PACKING problem when all items have the same size. For this
variant of the problem, we establish a strong separation between the deadline-aware and
deadline-oblivious settings. In particular, we first introduce an optimal algorithm for the
deadline-aware setting, and then establish a lower bound of 2 for the competitive ratio of

any deterministic algorithm.

Greedy-on-Deadline Algorithm (GoD). GoD is a simple, deterministic, deadline-
aware algorithm that works as follows. Upon the deadline of an item a;, sort all available
items in the increasing order of their deadlines (that is, a; will be the first item in such order)
and pack a; with as many other items as possible. The proof for optimality is direct from the
fact that all items are identical, except that they may have different deadlines. Naturally,
replacing an item with a further deadline with one that is more urgent in the bin that is

being delivered does not increase the cost of the algorithm.

Observation 4.5.1. The Greedy-on-Deadline algorithm is optimal for the deadline-aware
online TIMELY BIN PACKING problem with uniform-size items.

The next lemma shows that, unlike the deadline-aware setting, in the deadline-oblivious
setting, no deterministic algorithm can be better than 2-competitive. The proof is based
on similar ideas explored in the proof of Theorem [£.2.3] Namely, in the inputs with items
of similar sizes but different deadlines, a deadline-oblivious algorithm cannot distinguish

“urgent” items from the ones with later deadlines.

Theorem 4.5.1. No deterministic algorithm can achieve a competitive ratio better than 2

for the deadline-oblivious TIMELY BIN PACKING with uniform size items.

Proof. Consider an instance with all the items having a uniform size of 1/k with k being a
large integer. Thus, a bin can hold exactly k items to be completely filled. There are three

types of items as follows:

e A: there are t items, where ¢ is a multiple of k, a; = (s; = 1/k,r; = 0,d; = ie).
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Table 4.2: Results of the case study under different settings of the TIMELY BIN PACKING

problem.

Deadline-Aware

Deadline-Oblivious

Uniform Size Items

Deterministic Randomized Deterministic Randomized
1 (Observation 1 (Observation 3 (Theorem [4.2.6) 3 (Theorem [4.2.6)
Upper Bound Greedy-on-Deadline  Greedy-on-Deadline SPAD SPAD

Lower Bound

2 (Theorem [4.5.1

Item Sizes > 1/4

Upper Bound

2 (Theorem [4.2.10)

Discrete-Greedy

2 (Theorem [4.2.10)

Discrete-Greedy

2 (Theorem [4.5.2)
Group-and-Pack

2 (Theorem [4.5.2)

Group-and-Pack

Lower Bound

1.5 (Corollary |4.5.3

2 (Theorem 4.2.3

Item Sizes < 1/k

Upper Bound

2 (Theorem [4.2.10)

Discrete-Greedy

2 (Theorem [4.2.10)

Discrete-Greedy

3 (Theorem [4.2.6)
SPAD

3 (Theorem [4.2.6)
SPAD

Lower Bound

2 (Theorem [4.5.4

Monotone
Availability Intervals

Upper Bound

2 (Theorem

Pack-at-Deadline

2 (Theorem

Pack-at-Deadline

Lower Bound

Unit Length
Availability Intervals

Upper Bound

2 (Theorem [4.2.10)

Discrete-Greedy

2 (Theorem [4.2.10)

Discrete-Greedy

Lower Bound

1.5 (Theorem [4.5.6

1.5 (Theorem |4.5.7

Unit Length

Availability Intervals,

Integer Arrival

Upper Bound

2 (Theorem [4.2.10)

Discrete-Greedy

1.5 (Theorem [4.5.8)

Random-Integer-Endpoint

Lower Bound

4/3 (Theorem |4.5.9

1.2 (Theorem [4.5.10

Unit Length

Availability Intervals,

Sizes in {«, 1—a}

Upper Bound

2 (Theorem [4.2.10)

Discrete-Greedy

1.5 (Theorem [4.5.11)

Random-Endpoint

Lower Bound

1.5 (Theorem {4.5.12

1.25 (theorem [4.5.13

NA
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e P: there are t trigger items, p; = (1/k, 1 +14,1+1).
e B: there are t(k — 1) items, b; = (1/k, 0, 2t).

The optimal algorithm packs all the A items together, using ¢/k bins, as each bin can
hold k items and there are ¢ items in total. For the trigger items, it combines each trigger
with k& — 1 items from B, using ¢ bins. Therefore, the cost of the optimal solution is t/k + t.
As the algorithm is unaware of the item deadlines, we can assume that it packs each A item
with (k — 1)B items, resulting in the use of ¢ bins. Then, when the deadline for the trigger
items arrives, no other items are available and they must be packed separately, using an

2% 2
(trtk)/k — 141k As k

tends to infinity, the lower bound converges to 2. 0

additional ¢ bins. Thus, the lower bound for the competitive ratio is

Recall that SPAD has a competitive ratio of at most 3 in the general setting, and thus
in the uniform-size setting. Finding an algorithm with a better competitive ratio remains a

topic for future work.

4.5.2 Instances with Item Sizes Coming from Restricted Ranges

In this section, we discuss the TIMELY BIN PACKING problem in two different settings,
where items are either all large or all small. First, we consider instances where all items are
of size at least 1/4, and then we will discuss a setting in which all items are smaller than
1/k for some large integer k.

For the setting where all items are of size 1/4 or more, we propose the following deadline-

oblivious algorithm.

Group-and-Pack Algorithm. The algorithm packs bins only at item deadlines. Consider
two groups of items: group x contains items of size larger than half, and group y contains
other items. Upon the deadline of an item of group z, pack it into a single bin and deliver
that bin. Upon the deadline of an item a; of group vy, if other items of group y are available,
pack a; with one or two such items. Otherwise, pack a; in a separate bin and deliver B.

In what follows, we prove that Group-and-Pack has a competitive ratio of at most 2,

which is better than the upper bound of 3 given by SPAD in the general setting.

Theorem 4.5.2. The Group-and-Pack algorithm achieves a competitive ratio of at most 2
for the deadline-oblivious online TIMELY BIN PACKING when item sizes are of size at least
1/4.

Proof. The optimal solution requires at least one bin for each item in group x, since no two

such items can fit in the same bin. It can then use the remaining space in those bins to pack
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some of the y items. For the remaining y items, at most three can fit in a bin, as all items
are larger than 1/4 in size. Thus, the optimal solution needs at least ¥5* additional bins for
the remaining y items.

The Group-and-Pack algorithm assigns one bin to each x item and packs the y items
separately, grouping two or three items per bin. If two y items are placed separately in a bin
by the algorithm, they must not share an availability interval, since otherwise, the algorithm
would pack them together. Therefore, the optimal solution must also use at least one bin

for each such y item packed individually. Therefore, we have

y OpT
ALG < e —
<z+ 7 + 5

2 2 y OpT y—x OPT
SAlGS o+ s+ —— =1+ +—
3 -3 2 3 3 3

ALG <20pT

Therefore, in this case, the upper bound for the competitive ratio is 2. 0

Corollary 4.5.3. No deterministic deadline-aware algorithm can achieve a competitive ratio
better than 1.5 in the online TIMELY BIN PACKING problem, even when item sizes are no
less than 1/4.

Proof. The proof is similar to the proof of Theorem [4.2.1] except the size of the item F,
which is 0.25 rather than 0.01. As before, at timestep 0, the adversary releases 4 items
A= (s=05r=0,d=3),B=(0.3,0,1),C = (0.26,0,5) and D = (0.26,0,5).

The algorithm must pack the item B before its deadline, timestep 1. There are two cases

to consider, depending on how an algorithm packs B with other times.

(i). If B gets packed with A, there would be no more space for the other items in the bins
that they share. The adversary then sends another item E = (0.5,2,3). The algorithm
cannot pack the new item with both C' and D in one bin. Thus, it needs at least 2
more bins to pack the items (3 bins in total). In contrast, the optimal solution packs
A and FE together in one bin, and B, C, and D in another. Thus, the competitive ratio
would be 3/2 in this case.

(ii). Otherwise, if A does not get packed in the same bin as B, the other two items C' and
D can be in its bin. The adversary adds a new item F' = (0.25,4,5). As this new item
has no intersection with A, the algorithm again needs 2 more bins (3 in total). On the
other hand, the optimal solution could pack A and B together in one bin and F', C,

and D in another. Therefore, the competitive ratio in this case is 3/2 as well. 0
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Next, we will investigate a setting where all items are small. It is well known that in
the classic bin packing, these instances constitute easy inputs to the problem; intuitively,
regardless of the packing, all bins can be filled. In contrast, in what follows, we show that a
deadline-oblivious algorithm cannot achieve a competitive ratio better than 2 even for these

inputs in TIMELY BIN PACKING.

Theorem 4.5.4. No deadline-oblivious deterministic algorithm can achieve a competitive

ratio better than 2 when the item sizes are less than 1/k.

Proof. Assume k = 2k’, in the instance follows, all the item sizes are less than 1/k'.

Consider an instance with three sets of items

e Trigger items: One item ay = (s = 1/k,ry = 0,dy = 0) and for each i € [m — 1] let
a; = (1/k — ((i +1)(k — 2) + 1)e, 2i, 2i).

e For cach i € {0,...,m — 1} there is a set of items b; which includes k — 2 items
bl = (1/k +€,2i,2i + 1) for j € {k —2}.

e Foreachi €{0,...,m—1}, let ¢; = (1/k +€,2i,2i + 2)

The optimal solution packs each trigger time a; with ¢;_; (if it exists) along with all items
of the set b;. In other words, at each time 2i (the deadline of trigger item a;), it leaves the
item ¢; unpacked. Thus, it uses a total of m bins.

Any deadline-oblivious deterministic algorithm cannot differentiate between the items of
b; and ¢;. Thus, at the deadline of the trigger item a;, it may leave one of the items of b;
unpacked. In other words, at each time 2i for i € {0,...,m — 1}, it packs a;, ¢; and k — 3
items from b; and leaves one bz* unpacked. It then has to pack bg* in a separate bin at its
deadline, as no other items are available. Thus, it uses at least 2m bins in total. Therefore,

the competitive ratio of any deterministic algorithm is at least 2. 0]

4.5.3 Instance with Monotone Availability Intervals

Consider the monotone instances of the TIMELY BIN PACKING problem in which sorting
items by their arrival times results in the same ordering as sorting them based on their
deadlines. In other words, in monotone instances, if an item a; arrives before item a;, then
the deadline of a; must also be before a;. In the following theorem, we prove that Pack-at-

Deadline has a competitive ratio of at most 2 in these restricted input instances.

Theorem 4.5.5. The Pack-at-Deadline algorithm achieves a competitive ratio of at most 2

in the online TIMELY BIN PACKING problem with monotone availability intervals.
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Proof. We know that every time the Pack-at-Deadline algorithm delivers a bin, there is
an item, call it starting item, that has reached its deadline. Let the multiset of arrival
and deadline times of the starting items be {(ry,dy), (re,ds), ..., (rk,di)}. We know that
these availability intervals are disjoint; otherwise, if two intervals of items a; and a; share a
common point in time, the item with the later deadline (say ;) is available at the time when
the other item (a;) reaches its deadline. Since Pack-at-Deadline packs all available items by
the deadline of a;, it must have packed a; at that time as well, contradicting the fact that
a; is a starting item. Using this observation, we can partition the entire timeline into k& + 1
parts as follows: (—oo,dy], (d1,ds], (da2,ds], -, (dg, 00). As it is a partition, every bin in the
optimal solution must be in one of these parts.

Next, consider every bin in the optimal solution like B. Divide B into two bins, one
containing all items whose availability interval intersects the previous part (if such a part
exists). The other bin contains the remaining items in B. The items of the second bin are
all available at the end time of the current part. This is because their starting time is within
this part, and if they end before the end time of the part, Pack-at-Deadline would have
delivered some bins earlier, which would lead to a contradiction.

In summary, we found a solution that delivers all available items at deadlines and uses
at most twice bins as the optimal solution. Because Pack-at-Deadline is the best among all

such algorithms (as it packs optimally at deadlines), its competitive ratio is at most 2. [

4.5.4 Instances with Availability Intervals of Unit Length

In this section, we consider a special setting where each item’s availability interval is of
the form [z, z + 1] for some = € R. Although this is an even more restricted setting than
monotone instances, we can still establish lower bounds on the competitive ratio, suggesting
that the online constraint remains quite restrictive even for these special instances.

First, we establish an impossibility result for the deterministic algorithms via a simple

adversarial argument as follows.

Theorem 4.5.6. No deterministic algorithm can achieve a competitive ratio better than 1.5
for the online TIMELY BIN PACKING problem with unit length availability intervals (in both

deadline-aware and deadline-oblivious settings).

Proof. To prove the lower bound of 1.5 for the competitive ratio, consider an instance with
items A = (s; =1/3,0,1), B =(1/2,0.5,1.5), and C' = (1/2 +¢,1,2). The algorithm must

pack the item A before its deadline, and there are two cases for doing so.
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(i). Pack A with B: The adversary then sends an item D = (1/2,1.5,2.5). The optimal
solution packs A with C' in one bin and B and D in another bin; that is OPT uses
2 bins. The algorithm, on the other hand, packs A and B into a single bin but then
needs separate bins for each of C' and D as they cannot fit into a unit bin. Therefore,
the cost of the algorithm would be 3.

(ii). Pack A with C: The adversary then sends an item E = (e, 2,3). The optimal solution
packs the A with B in one bin and C' with E in another bin; therefore, OPT uses 2
bins. The algorithm, on the other hand, packs A with C', and because the availabil-
ity intervals of B and E do not intersect, it must use two extra bins to pack them

separately. Therefore, the cost of the algorithm is at least 3

To conclude, in both cases, the algorithm uses 1.5 times as many bins as the optimal

algorithm. This establishes a lower bound of 1.5 for the competitive ratio. U

Next, we extend the above negative result to randomized algorithms.

Theorem 4.5.7. No randomized algorithm can achieve a competitive ratio better than 1.5

in online TIMELY BIN PACKING with unit length availability intervals.

Proof. The proof idea is similar to that of the proof of Theorem [4.2.2l We will use Yao’s
min-max principle (see Definition [1.4.4). For that, we consider a deterministic algorithm
faced with a probability distribution over input sequences. All sequences start with one item
a; = (sy =1/k,r1 =0,d; = 1), for a value of k that will be defined k later. This is followed
by k — 1 other items b; = (1/k + i€, i€, 1 + i€) for ¢ € [k — 1]. The input then continues with
one of the items ¢; = (1 — (1/k + i€), 1 + i€, 2 + ie) for some i € [k — 1] selected uniformly
at random. This extra item can be packed with only one item that has a size of 1/k + ie.
Larger items cannot be packed with it as the summation would be larger than one, and
smaller items do not have any common time with its availability interval.

The optimal algorithm, in this scenario, packs the first item alongside all other items
available at timeslot 1 except item b;, which will be packed with the last item that will arrive
at time 1 + ¢e. Thus, it uses 2 bins. The algorithm, on the other hand, must leave at least
one of the items at timeslot 1 unpacked. With probability (k — 2)/(k — 1), this item is the
wrong item, and the algorithm must use at least 3 bins. Therefore, the cost of the algorithm
is at least 3.(k —2)/(k — 1) +2/(k — 1). If we tend k to infinity, the cost would be 3, and
the competitive ratio would be at least 3/2 = 1.5. U
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Instances with Integer Arrival Times

Consider the instances where arrival times are integers. Given that we are concerned with
items of unit-length availability intervals, the deadlines are integer time as well; that is,
the availability interval are in the form [z,x + 1] where x € Z. In what follows, we first
present a randomized algorithm with a competitive ratio of at most 1.5 for this setting
of the problem (Theorem and then prove lower bounds of 1.5 (Theorem and
4/3 (Theorem for the competitive ratio of deterministic and randomized algorithms,

respectively.

Random-Integer-Endpoint Algorithm. Consider two online strategies, called £ and
O. The E strategy forms an optimal packing of all pending items at even time steps (it does
not pack any item in odd time steps). Similarly, strategy O optimally packs items on odd
time steps (and does not pack any item in even time steps). Given that every item finds one
endpoint of its availability interval in an even integer and the other in an odd integer, both
E and O strategies are well-defined. Our randomized algorithm, Random-Integer-Endpoint,
is a barely random algorithm that flips a fair coin at the beginning to select either O or
with equal chance and follows the selected algorithm (it uses 1 random bit).

We proceed to prove an upper bound for the competitive ratio of Random-Integer-

Endpoint.

Theorem 4.5.8. The Random-Integer-Endpoint algorithm achieves a competitive ratio of
at most 1.5 for the online TIMELY BIN PACKING for instances with unit length availability

intervals and integer arrival times.

Proof. We know that each item finds one endpoint of its availability interval on an odd time
and the other on an even time. Consider an instance I consisting of items a; = (s;,7;,7; + 1)
for i € [n]. Construct a new instance I by creating, for each a; € I, a corresponding trigger
item a; = (s;,t,t), where t = r; iff r; is even and ¢ = r; + 1 otherwise. Similarly, construct
a new instance Ip the same way by creating, for each a; € I, a corresponding trigger item
a! = (s;,t,t), where t = r; iff r; is odd and ¢ = r; + 1 otherwise. Finding the optimal
solution for both Ip and Iy is straightforward, as each item must be packed exactly at its
release time. We claim that OpT(Ig) + OPT(Ip) < 30PT(I). Given that the expected cost
of Random-Integer-Endpoint is (OPT(Ip) + OPT(Ig))/2, we can conclude that the expected
cost of Random-Integer-Endpoint is at most 30PT(7)/2, which completes the proof.

It remains to prove the claim. That is, to show that, for every instance I, OpT(Ig) +
OpT1(Ip) < 30pPT(I). We process the m bins in an optimal solution of I, time by time, and

retrieve two solutions for I and Io such that the total number of bins in these two solutions
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is 3m. Let B be any bin in the optimal solution of I and consider a time step t. W.l.o.g.,
suppose t is even. In the solution for Iz, we include the same bin B, while in the solution
for Ip, we include at most two bins delivered at time ¢ — 1 and ¢ + 1. Repeating this for all

time steps, we can pack both I and Ip within at most 3m bins. U

Next, we establish our impossibility results.

Theorem 4.5.9. No deterministic algorithm can achieve a competitive ratio better than
4/3 for the online TIMELY BIN PACKING problem with unit length availability intervals and

integer arrival times.

Proof. Consider an instance starting with four items A = (1/3,0,1), B = (1/2,1,2),
C=(1/44+¢1,2),and D = (1/4 4 ¢,1,2). The algorithm must pack item A before its
deadline at timestep 1. There are two possibilities for packing A, depending on the other

items packed with it in its bin.

(i). Pack A with B: There would be no more space for the other items. The adversary
then adds another item £ = (1/2,2,3). The algorithm cannot pack the new item with
C and D in one bin. Thus, it needs at least 2 more bins (3 bins in total) to pack the
items. The optimal solution, on the other hand, could pack items B and E together, as
well as items A, C, and D together. Thus, the ratio between the cost of the algorithm
and OPT is 3/2 in this case.

(ii). Pack A with C' and D: The adversary adds two new items F = G = (3/4 — ¢,3,4).
As these new items cannot fit into the same bin as the item B, the algorithm needs 3
more bins (4 in total). However, the optimal solution needs one bin to pack A and B
together at timestep 1, and two other bins to pack C' with F' and D with G at timestep
2 (3 bins in total). Therefore, the ratio between the cost of the algorithm and OPT in
this case is 4/3.

The above idea gives a competitive ratio of at least 4/3 for the problem. 0

Next, we provide a slightly weaker lower bound for the competitive ratio of randomized

algorithms, using a similar proof that uses a stochastic input.

Theorem 4.5.10. No randomized algorithm can achieve a competitive ratio better than 1.2
for the online TIMELY BIN PACKING problem with unit length availability intervals and

integer arrival times.

Proof. Using Yao’s principle (see Definition [1.4.4)), we consider a deterministic algorithm

ALG faced with a stochastic input defined as follows. Consider instances starting with of
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four items A = (1/3,0,1), B =(1/2,1,2), C = (1/4+¢,1,2), and D = (1/4 +¢€,1,2). The
algorithm must pack item A before its deadline at timestep 1. The input continues randomly
as follows. At timestep 2, the adversary releases two items F = F = (3/4 — ¢,2,3) with
probability p, or alternatively, releases one item G = (1/2,2,3) with probability 1 — p for

p = 0.6. There are two possible cases for the deterministic algorithm.

(i). Case 1: Suppose ALG packs A and B in separate bins. In this case, the algorithm uses
at least 1 bin to pack A, C, and D. Given that with a probability of p, two new items
E and I are added at timestep 2, and these new items cannot be packed with each
other or with B, the algorithm needs 3 more bins (or 4 in total) with a probability of
p. In this case, the optimal solution packs A with B and C' with E and D with F,
opening 3 bins. With a probability of 1 — p, the algorithm uses 2 bins as the optimal
does. The worst-case ratio in this case is (p)(3) + (1 —p)(3) =1+ 2 =1.2.

(ii). Case 2: Suppose ALG packs A with B in the same bin. In this case, there would be no
more space for the other items in the same bin. Given that with a probability of 1 — p,
a new item G is added at timestep 2. The algorithm cannot pack the new item with C'
and D in one bin. Thus, it needs at least 2 more bins (3 bins in total) to pack the items
in this case. The optimal solution, on the other hand, could pack B and G in one bin,
and A, C, and D in a second bin. With a probability of p, the algorithm uses 3 bins as

the optimal does. The worst-case ratio in this case is (p)(3)+(1—p)(3) =3 -5 =1.2.

2
Altogether, regardless of the choices of the algorithm, the ratio between the expected
cost of the algorithm and that of OPT is at least 1.2. O

Instances with Restricted Sizes

In this section, we explore instances of TIMELY BIN PACKING with unit availability interval

where item sizes are restricted to the set {a, 1 — a}.

Random-Endpoint Algorithm. Choose either Strategy 1 or Strategy 2 uniformly at
random. In Strategy 1, all items of size 1 — a are restricted to be packed only at their arrival
time (similar to trigger items). In Strategy 2, all items of size 1 — o must be packed only at
their deadline. In both strategies, all items (both o and 1 — «, subject to their respective
time restrictions) are packed greedily: when an item reaches its deadline, sort the available
items in increasing order of their deadlines and insert them one by one into the current bin

until it no longer has capacity.
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Theorem 4.5.11. The Random-Endpoint algorithm achieves a competitive ratio of at most
1.5 for the online TIMELY BIN PACKING problem with unit length availability intervals and

sizes in {a, 1 — a}.

Proof. We refer to an item as a small (respectively large) if it is of size a (respectively
1 — ). As all items have unit availability interval, there exists one optimal solution in which
any of the large items is packed either at its starting time or on its deadline.

Consider an input instance I = {(aq,...,a,), where a; = (s;,r;,d;). We create two new
instances I’ = (a},...,a),) and I" = (a!,...,a) as follows. In I’, we set a} = (1 — a, 14, 7;)
if s; =1 — « and a, = («a,r;,d;) otherwise. Similarly, in I”, we set a = (1 — «,d;, d;) if
s; =1 —«a and a] = («, 1;,d;) otherwise.

The optimal solution for each of the instances I’ and I” would be greedy based on the
deadlines. The optimal solution packs any large item with a small item with the earliest
deadline, as the large items are trigger items. Moreover, it packs small items when they
reach their deadlines in a greedy manner and in the increasing order of their deadlines. The
Random-Endpoint algorithm implicitly picks one of the instances randomly and delivers a
packing of I’ and I” based on the random choice. Thus, the expected cost of the algorithm
is (OpT(I") + OPT(I"))/2. Next, we show that for every instance I, OpT(I') + OpT(I") <
30pT(]). Fix an optimal solution, and let OPT,, denote the multiset of bins in that solution
that only contain small items, and let OPT;_,, denote the multiset of remaining bins (those
containing one large and possibly one small item). We form a packing of I’ and a packing
of I" that, together, use 30PT(/) bins. First, bins in OPT, are copied in both solutions for
I and I". Moreover, any bin in OPT;_, is projected to at most three bins across the two
packings for I" and I”.

The large item and the small item paired in any bin B of OPT;_, have either an inter-
section on the arrival time of the large item, or on its deadline, or in both. If they intersect
in both, we again copy B in both packings for I’ and I”. Next, assume the pair of items
in B intersect on one endpoint of the large item, say the deadline. In the solution for I”,
we copy B (it is still valid for that instance), while in the solution for I, we create two
bins, one containing the large item and a separate one containing the small item. This is
because the small and large items do not intersect in I’. The case when the pair inter-
sects at the starting time of the large item is handled symmetrically. In summary, we have
Oopt(I') + Op1(I") < 20PT, + 30PT;_, < 30PT which completes the proof. [ Next, we

establish our impossibility results for this setting.

Theorem 4.5.12. No deterministic algorithm can achieve a competitive ratio better than

1.5 for the online TIMELY BIN PACKING with unit length availability intervals and item sizes
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in{a,1—a}.

Proof. Consider an instance where the adversary releases 3 items A = («,0,1), B =
(r,0.5,1.5), and C' = (1 — , 1,2). The algorithm must pack item A before its deadline,

timestep 1. There are two cases in which other items will also be packed with A:

(i).

Pack A with B: The adversary then sends another item D = (1 — a,1.5,2.5). The
algorithm cannot fit the new item with C' in one bin; thus, it needs at least two more
bins (3 bins in total, (A4, B), (C), (D)) to pack the items. The optimal solution, on the
other hand, could pack A with C' and B with D. Thus, the competitive ratio would
be 3/2 in this case.

. Pack A and B separately: The adversary adds a new item E = («,2,3). As E does

not have any intersection with B, the algorithm needs 2 more bins to pack these items
(at least 3 bins for A, B, and D, in total). However, the optimal solution needs one
bin to pack A and B together, and one other bin to pack C' with E at timestep 2 (2

bins in total). Therefore, the competitive ratio in this case is 3/2.

The above idea gives a competitive ratio of 1.5 for the problem. 0

Theorem 4.5.13. No randomized algorithm can achieve a competitive ratio better than 1.25

for the online TIMELY BIN PACKING with unit length availability intervals and item sizes in
{a,1—a}.

Proof. Using Yao’s principle (see Definition [1.4.4]), we consider a deterministic algorithm

ALG faced with a stochastic input defined as follows. The input states with 3 items A =
(,0,1), B=(,0.5,1.5), and C' = (1 — o, 1,2). The algorithm must pack item A before its
deadline, timestep 1. The adversary releases an item D = (1 —«, 1+¢€,2+¢) with probability

p, or £ = («,2,3) with probability 1 — p, for p = 0.5, as explained below. There are two

cases in which other items will also be packed with A.

().

Case 1: Suppose ALG packs item A with B: There would be no more space for the other
items in the bin of (A, B). Since with a probability of p, item D = (1 —a,1+¢€,2+¢)
is added, and C' and D cannot be packed in one bin, ALG needs at least 2 more bins (3
bins in total) to pack the items. The optimal solution, on the other hand, could pack
items A with C' and B with D. With a probability of 1 — p, the algorithm uses 2 bins
3) _ 3 p

as the optimal does. The worst-case ratio in this case is (p)(3) + (1 —p)($) =2 - L.

. Case 2: Suppose ALG packs item A item with item C: Since with a probability of

1 —p, anew item E = (a,2,3) is added, and E does not have any time intersection
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with item B, the algorithm needs 2 more bins (3 in total) to pack all items. However,
the optimal solution combines A and B together and C' with E, resulting in the use of

two bins. With a probability of p, the algorithm uses 2 bins as the optimal does. The
worst case ratio in case 2 is (p)(2) + (1 —p)(3) =1+ L.

Altogether, regardless of the choices of the algorithm, the ratio between the expected

cost of the algorithm and that of OPT is at least 1.25. O
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Chapter 5

Results for the Dynamic TCP

Acknowledgement Problem

5.1 Overview & Summary of Results

In this chapter, we present our results on the DYNAMIC TCP ACKNOWLEDGEMENT problem
under the f,.x objective, focusing on settings where the algorithm has access to predictions

or advice. Our main contributions are summarized below:

e In Section we explore the DYNAMIC TCP ACKNOWLEDGEMENT problem under
the finax objective when the algorithm receives predicted arrival times of the next
packet. We introduce a parameterized algorithm that utilizes predictions to enhance

performance while remaining robust in the presence of errors.

— In Section we define our prediction model and its relevance for learning-
augmented algorithms. The prediction specifies the arrival time of the next packet
a;+1 after seeing each packet a;. In particular, at each given time ¢, the online
algorithm is given a prediction that specifies when the next packet is expected to

arrive.

— In Section we describe our error model as the /., distance between the
vector of predicted arrival times and actual arrival times. That is, we define the
prediction error 77 as the maximum difference between predicted and actual arrival
times: 7 = max; |a; — a;|. We also explain why the ., error is a natural choice,

drawing motivation from related areas.

— In Section we investigate the Trust algorithm, which performs optimally
when predictions are perfect (Lemmal5.2.1)). We show that while this algorithm is

60



1-competitive under perfect predictions, its performance can degrade significantly
if the predictions are inaccurate (Lemma [5.2.3]). This motivates the development

of algorithms that are both robust and consistent.

— In Section [5.2.4] we present a family of algorithms with a trust parameter A €
(0,1) (Augmented,,,,,,(A)), which controls how much the algorithm trusts the
prediction. Specifically, when A converges to 0, the algorithm almost fully trusts
the prediction, and when A = 1, the algorithm ignores the prediction and acts like
a purely online algorithm with no prediction. We prove upper and lower bounds

for the competitive ratio CR(A,7n) of any member of this family as functions of 7

(Theorems [5.2.4] and [5.2.5). In particular, when 7 = 0, we get a consistency of

14X and when 7 converges to infinity, we get the robustness 1—|—% (Corollary|5.2.6)).

e In Section [b.3|we evaluate the practical performance of the algorithms for the DYNAMIC
TCP ACKNOWLEDGEMENT problem under the fi,., objective.

— In Section we present the real-world MAWI dataset [I113] used in our ex-
periments, along with the distribution used to generate synthetic packet arrivals.
We also explain how the arrival sequences are created and how predictions with

bounded error n are added.

— In section [5.3.2] we discuss implementation details, including the number of trials,

the range of prediction errors, and the value of p (acknowledgement cost).

— In Section [5.2.4] we present the algorithms used in the experiments and describe

their characteristics.

— In Section [5.3.4] we describe the evaluation metrics and explain how the perfor-

mance of the algorithms is measured.

— In Section [5.3.5] we analyze the experimental results and highlight the perfor-

mance trends observed across different settings.

e In Section we study the advice complexity of the problem and show that any algo-
rithm with sublinear advice has a competitive ratio of at least 1.1716 (Theorem [5.4.1)).
In particular, any algorithm that uses a prediction of sublinear size cannot be better
than 1.1716-competitive, even if all predictions are perfect. We note that any reason-
able prediction that is PAC learnable is likely to have a size that is sublinear to the
input length.
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5.2 Algorithm with Prediction

In this section, we first describe our prediction model, error model, and application of a
Trust algorithm that blindly follows the prediction and thus is not robust. Subsequently, we

present a new algorithm designed to allow a trade-off between consistency and robustness.

5.2.1 Prediction Model

We consider a setting where, upon observing each packet arrival a;, the algorithm receives
a predicted arrival time a;;; for the next packet. In other words, upon arrival of a;, the
algorithm makes a query about the next (unknown) arrival time a,;; and for that it receives
aj+1. We further assume that a prediction is made at time 0 about the arrival time of the
first item.

The predictions are provided by an external oracle and are potentially learned from past
data. The algorithm may use these predictions to make informed decisions about the next
time to make acknowledgements. This form of next-event prediction is also common in other
online settings, such as paging or caching, where the prediction estimates when a requested
item will appear again [49, 50], 51, 52, (3], 54, 55, 56]. Such predictions are natural and can

be interpreted as a form of lookahead.

5.2.2 Error Model

We evaluate prediction quality using an error parameter 7, defined as the maximum absolute

difference between predicted and actual arrival times:

n = max|a; — a;]

This corresponds to the /., distance between the prediction vector and actual packet arrival
vector, and captures the worst-case deviation across all predictions. The /., norm is widely
used in control theory for designing robust controllers in systems such as aircraft, robotics,
and power grids, where limiting maximum error is crucial for safety and performance [114].
It also plays a role in image processing tasks, including quality assessment, bounding color
deviations, and compression methods where controlling worst-case artifacts is essential [115].

It should be pointed out that, in previous work studying the TCP acknowledgement prob-
lem under the fs,, objective, the error is defined as the ¢; distance between the prediction
and actual arrival-time vectors. This is because, unlike ours, in that problem, the objective

is cumulative over delays of all packets, and thus all delays contribute to the objective.
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Figure 5.1: An example illustrating DYNAMIC TCP ACKNOWLEDGEMENT. The red line

indicates the acknowledgement times for pending packets, while the dotted horizontal lines
show the time that each packet incurs delay.

> Time

Example 5. Consider p = 0.5 and an input formed as L = (a1 = 1,a9 = 2,a3 = 5,a4 =
7,a5 = 10,a6 = 14) of the DyNAMIC TCP ACKNOWLEDGEMENT problem. See Figure
for illustration. Suppose the prediction vector is (a3 = 1,43 = 4,43 = 5,44 = 6, a5 = 13,a46 =
22). Thus, for the error measures, we have (o, = max{0,2,0,1,3,8} = 8.

5.2.3 Trust: A Simple Consistent Algorithm

The Alarm family of algorithms, introduced by Dooly et al. [2], operates as follows. Upon
observing a packet at time a;, the algorithm sets an alarm for time a; + d;, where the choice
of d; depends on the specific strategy. To make an acknowledgement, the algorithm waits
until the next arrival, a;;;, or the time a; +d; (when the alarm "triggers"), whichever comes
first. If a; 4, arrives before the alarm triggers, it resets the alarm for a;;1 +d;4;. If the alarm
triggers first, it sends an acknowledgement for all pending arrivals at the time of the trigger.

The special case of the Alarm algorithm, where the alarm d; is set to tppa will result
in a 2-competitive algorithm, which is indeed the classic algorithm of [2], and we refer to
it as Classic-Deterministic. Recall that no deterministic algorithm can be better than 2-
competitive, and thus this variant of Alarm is the optimal deterministic algorithm for the
fmax version of DYNAMIC TCP ACKNOWLEDGEMENT.

Dooly et al. [2] also studied the Alarm algorithm in the presence of lookahead, which
can be interpreted as perfectly predicting the next arrival time. In particular, they show
that, with access to the next arrival time a;;1, a member of the Alarm family of algorithms
achieves optimality.

In what follows, we study the lookahead algorithm of [2] in the prediction setting. We
refer to this algorithm as Trust, which can be described as follows. Recall that the algorithm
has access to the next arrival time a;;; right after the arrival of packet a;. Provided with

this information, Trust works as follows:
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o Ifaj11 —a; >d;ford; = ﬁ, immediately send an acknowledgement at time a;;

e Otherwise, when a1 —a; < d; for d; = ﬁ, don’t send an acknowledgement and

defer the decision to the next arrival time.

Lemma 5.2.1 ([2]). The Trust algorithm is optimal (1-competitive) when the predictions

are perfect, i.e., when, for all j, we have a; = a;.

Intuitively, knowing the next arrival helps the algorithm make an optimal decision of
either acknowledging immediately or waiting for the next arrival.

Next, we show that if a possibly inaccurate prediction of the next arrival, a;;1, is given,
Trust lacks robustness. To demonstrate this, we first show that Trust has an unbounded

competitive ratio for a simple input consisting of two packets.

Lemma 5.2.2. The Trust algorithm has an unbounded competitive ratio with inaccurate

prediction of the next arrival time a;1 upon observing each actual arrival a;.

Proof. Consider an input formed by two packets (a; = 0,ay = L), where L is an arbi-
trarily large value. Suppose the prediction at time 0 specifies a; = € for sufficiently small
€. Therefore, Trust plans to wait until a; comes before making the first acknowledgement,
resulting in unbounded delay and cost for Trust. However, an optimal algorithm can make

two acknowledgements at times a; and as for a cost of 2p. O

A closer look at the worst-case input of the above shows that Trust can see the predic-
tion is incorrect and yet continues to follow it (by waiting for ay to arrive before making
an acknowledgement). For such inputs, it is reasonable for the algorithm to give up the
prediction once it observes that they are incorrect. The following lemma shows that even
this adapted version of Trust cannot achieve a good competitive ratio. In other words, there
are worst-case inputs such that Trust never realizes that the predictions were incorrect, and

still has an arbitrarily large competitive ratio.

Lemma 5.2.3. An Adaptive Trust algorithm that ignores predictions when it observe they

are incorrect has a competitive ratio of at least 5 L with inaccurate prediction of the

Fre(1=p)
next arrwal time aj.; upon observing each actual arrival a;.

Proof. Intuitively, a worst-case scenario occurs when all packets arrive within a short
window, implying that making a single acknowledgement is the optimal strategy. For these
inputs, if the prediction incorrectly specifies that the next request is sufficiently far from
now, Trust makes an acknowledgement upon arrival of any item, resulting in a very high,

sub-optimal acknowledgement cost. Next, we formalize these intuitions.
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Consider an instance with n arrivals spaced € apart, i.e., aj11 —a; = € for all j € [n —1].
At each arrival, the prediction overestimates the next arrival time such that a;41 —a; >
T”p, leading Trust to send an acknowledgement immediately after each arrival, resulting
in an acknowledgement cost of pn for n items. In contrast, the optimal solution sends
a single acknowledgement immediately after the last arrival, resulting in a cost of p (for
a single acknowledgement) plus ne(1 — p) for delays (the max delay time for the single
acknowledgement made is ne). The resulting lower bound for the competitive ratio of Trust

is thus #{’km, which becomes unbounded with sufficiently large n and small e. 0

To address the robustness issue identified above, we present a modified algorithm that

achieves both consistency and robustness.

5.2.4 Augmented,),,,(A): A Robust and Consistent Algorithm

In this section, we demonstrate that alternative members of the Alarm family of algorithms
(See Section for the description) allow us to achieve both consistency and robustness.
We present an algorithm Augmented .., (1), @ member of the Alarm family of algorithms,
which has a parameter A, and provides a trade-off between consistency and robustness for
the DyNAMIC TCP ACKNOWLEDGEMENT problem under the f,.. model.

The algorithm takes a trust parameter A € (0,1) to interpolate between fully trusting
the predictions and ignoring them entirely. Smaller values of A yield better performance
under accurate predictions, while larger values improve robustness to errors. In particular,
the setting A = 1 is similar to the Classic-Deterministic algorithm with no prediction, while
when A\ converges to 0, the algorithm acts similarly to Trust.

The algorithm is defined as follows. Upon arrival of each packet, the prediction of the

next arrival falls into one of two cases:

e Short Alarm: If the prediction suggests acknowledging immediately, that is, if a;,; —
a; > fpp, the algorithm sets an alarm for a; + )\(ﬁ). This implies waiting for a time
of )\(ﬁ) before following the suggestion made by the prediction. In particular, when
A is arbitrarily close to 0, the acknowledgement is done right away (as Trust does) and

when A = 1, the alarm is set for a; + Tin’ as the Classic-Deterministic algorithm.

e Long Alarm: If the prediction suggests deferring decision to the next arrival time,

that is, if @11 —a; < 5, the algorithm sets its alarm for a; + (%)(ﬁ) In other
words, it waits for a time (%)(ﬁ) and if the next packet has not arrived yet, then it

makes an acknowledgement. In particular, when A approaches 0, it sets the alarm to
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a large value (in other words, it waits until the next packet arrives) and when A = 1,

again it sets its alarm for a; + ﬁ, as the Classic-Deterministic algorithm.

Next, we analyze the competitive ratio of the algorithm as a function of both A and n. We

will demonstrate that adjusting A provides a trade-off between the algorithm’s robustness

and consistency.

Theorem 5.2.4. The competitive ratio of the Augmented 4;,,.,(\) algorithm as a function of

the prediction error n can be bounded as follows:

Proof. We consider two scenarios.

e Short Alarm: In this case, we have a;41 — a; > 2. That is, the next arrival is

p

1—
predicted to be relatively late, and Augmented,,,,,(\) sets the alarm to a; + A(

this is relatively a short alarm (wait) time before the next acknowledgement.

p

5);

— Good Case: Suppose a;;1 — a; > 72=. So the prediction is consistent with the

1-p°

real arrival time (good). Note that 7; can take any non-negative value (It can be
0 or it can be arbitrarily large when a;41 and a;4; take very different values, as
long as they are larger than a; + ﬁ). In this case, given that a;41 —a; > ﬁ,
OPT acknowledges at time a; and has cost p. On the other hand, the alarm is
a; —i—)\(ﬁ) < aj41. Therefore, the algorithm acknowledges before the next arrival,
and its cost for this event is ALG; = p+A(75;)- (1 —p) = p(1+A). To summarize,
in the Short/Good case, we have ALG; < (14 A)OPT; and 7; € [0, 00).

a; alarm Gj+1 Ay

Bad Case: Suppose a;;1 — a; < 1—in. So the prediction is inconsistent with the
real arrival time (bad). For this event, optimal does not acknowledge before a;4;
and incurs a delay of (1 — p) - (aj+1 — a;j). Note that n; could be arbitrary large

(when ;44 is arbitrarily large). We consider two cases:

% Suppose a1 — a; < )\ﬁ: Since the alarm is at a; + )\(ﬁ) > a;4+1, the next
arrival occurs before the alarm is triggered. So, the algorithm incurs a delay
of (1—-p)-(aj41 —a;), and we have ALG; = OPT; = (1—p) - (aj+1 —a;). The

0

value of n; is at least a1 — aj41 2 (a5 + 755) — (a; + At%) = (1 = M) 5.
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* Suppose ajy1 — a; > A%, that is, a;11 = a; + A& S+ for some =z > 0.
The alarm is a; + A\;% < aj+1. The cost of the algomthm is thus ALG; =
p+(1— p))\l— =(1+ )\)p On the other hand, OpT; = (1 —p)(a;41 —a;) =
(1=p) Mg +) = Ap-+a(1—p). Moreover, 1 = a1 — 541 = (a5-+ 2 +) -
(aﬂ—)\lfp—l—x) = 15 (1=A)+y—a for some y > 0; that is v = {2 (1-A)+y—n;.
So, the cost of optimal is OPT; = Ap+xz(1—p) = Ap+p(1—X)—(n;—y)(1—p).
Let n; = n;—y; then n; = n;—y € [0, (1=A)(:55)]. So OPT; = Ap+p(1—X) -
n;(1 — p). Thus Ave; < IR < (H’\)p < Ve The competitive

» Opr; — p—j(1=p) — p—mi(1—p) — p—n(l-p)
ratio is maximized when 7; = (1 — A)(125), in which case it becomes 1 + 3.

aj Aj41 Ay
| I | | ]
T T T T T
P T n
A e
N _
Y

L
1—

e Long Alarm: In this case, we have a;.; — a; < ﬁ. That is, the next arrival
is predicted to be relatively early. In this case, Augmented,,,(\) sets the alarm to

a; —I—%(ﬁ); this is relatively a long alarm (wait) time before the next acknowledgement.

— Good Case: In this case, we have a;,1 —a; < 5 L So the prediction is relatively
good. In particular, we can write n; = |aj+1 — aj+1| € (0, —L] Since a;41 — a; <
—p, OPT does not acknowledge and its cost for this event is aj1; — a;. Given
that the alarm is a; + %(ﬁ) > a; + ﬁ = a;11, the next arrival happens before
the alarm. Therefore, the algorithm does not acknowledge before a;i;, and its
cost for this event is aj+1 — a;. To summarize, in the Long/Good case, we have

ALGj = OPTj = Qjy1 — Gy and n; € (07 ﬁ]

— Bad Case: In this case, we have a; —a; > 1—%). So the prediction is bad. The
value of 7; could be arbitrarily large (when ;44 is arbitrarily large). In this case,
given that a; 1 —a; > % 5 OPT acknowledges immediately after a; and incurs a
cost of p.

We consider two cases:

% Suppose a1 — a; < %(ﬁ) Suppose a1 —a; = %(ﬁ) — x for some z > 0.

Given that Augmentedy,,,, (A) sets its alarm for a; + %(ﬁ) < aj;1, the next
arrival happens before the alarm is triggered. So, ALG; = (1 — p)(%(ﬁ) —
z) = §—(1—p)x. The value of nis ;41 —a;11 = (@j“—%(ﬁ)_ x)—(a;+15—

)= (4 =1)12 oty for some y 2 0; that is 7 = (1~ 1), ~+y. So, the
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cost of the algorithm is ALG; = £ — (1 — p)((% - 1)17’)[) —n; + y) = p+ (77j -
y)(1—p). Let n; = n;—y, then n; € [0, (
1

ALGg; PJFWS'(l*P) _ 1P
and Opr; o =1+ nﬂ'(l—p> < —p —p
Yy
a; @j1 i1
: — | |
L_w_)

* Suppose aji1 — a; > %(ﬁ) Since Augmented y,,,, (A) sets its alarm for

%(T&p) > ajy1 — aj, the alarm triggers before the next arrival. Therefore,

the algorithm incurs a cost of ALG; = p+ (1 — p)375 =1+ $)p. So, in

this case we have ALG; < <X + 1)OPT,. Note that the value of n; is at least
1

(x — D5 -

Next, we establish a lower bound for the competitive ratio of Augmentedy ., ().

Theorem 5.2.5. The competitive ratio of the Augmented 4;,,.,(\) algorithm as a function of

the prediction error n is at least

CR(n, \) >
1+5, if n>(1-N:&.

R}

Proof. We consider three worst-case inputs, each establishing the desired lower bound for

the competitive ratio of Augmented,,,,(\) for different values of 7.

e Let n be any arbitrary value of at most (1 — \)2

are oy = (as,...,a,), where a; = L x j for sufficiently large values of L. Given that all

Lp. Consider the input arrival times

packets are far from each other, the optimal algorithm thus makes n acknowledgements
upon the arrival of any item, which implies OPT(01) = np. Suppose the prediction for
any a; is a; = a; +n, which implies the error value is . Given that a1 —a; = L+n >

, the algorithm waits for a time of A(: ) before making an acknowledgement (we
are always in Short Alarm case). The cost of Augmented y,,,, (A) for each packet is thus
p+AM35) % (1= p) = p(1+A). Note that the algorithm makes n acknowledgements
as OPT does, and thus the ratio between the cost of Augmented,,,,.,(\) and OpT for
o1 is 14+ A
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e Let n be any arbitrary value larger than (1 — X\)t%, that is n = (5 — 1)% +6
for some positive . Consider the input arrival tlmes are oo = (ay,...,a,), where
a; = (ﬁ + e —n) x j for sufficiently small values of €. One solution for this input is to
acknowledge only at the end of the instance; thus OPT(02) < Apn + p. Now, suppose
the prediction specifies that, for any j €n], a; =a; + 77; thus, the prediction error is
exactly . Now, given that, a;;1 —a; = aj41 +n — oo te> o5 . Therefore, we
are in the Short Alarm case, and the algorlthm sets the alarm for a; —|— )\1—%). Moreover,
given that 7 = (1 — \)y2 + 9, we have aj11 = a; + %5 + € —n > a; + A%, We
can conclude that, the algorithm makes an acknowledgement at time a; + )\L and
its cost for each acknowledgement would be p + (1 — p)At% = (14 A)p. ThlS sums
up to (1 + A\)np for all n acknowledgements, and thus the ratio between the cost of

Augmented, ., (A) and OPT for oy is 1 + 5 for arbitrarily large n.

aj Aj41 Aj+1
] ! !
T T 1
\ )\ J
Y Y
L n
A i
§ _J
Y

P

1—p

Let 1 be any arbitrary value larger than (3 — 1)7& £, that is n = (% -5+ 0

for some positive 6. Consider the input arrival times are o3 = (ay,...,a,), where
aj; = (1% — e+n) x j for sufficiently small values of € (say € = §/n?). One solutlon for
this input is to acknowledge every packet separately; thus OpPT(o3) < pn. Now, suppose
the prediction specifies that, for any j € [n], a; = a; — n; thus, the prediction error is
exactly n. Now, given that, ;41 —a; =a;41 —n—a; = 2 —€e< —L Therefore, we

p—1
are in the Long Alarm case, and the algorithm sets the alarm for a; —|— . Moreover,

glventhatn—(——l) —1—5 Wehaveaﬁl—a]—i—rpp—e—i—n>aj—|—§1i. We can

conclude that, the algorlthm makes an acknowledgement at time a; + —L, and its

21

cost for each acknowledgement would be p + (1 — p)%ﬁ =(1+43)p

j+1 Aj+1
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This sums up to (1 + %)np for all n acknowledgements, and thus the ratio between the
cost of Augmented, ., (A) and OPT for oy is 1+ 5. ]
Corollary 5.2.6. The Augmented y;,,,,(N) algorithm is {1+ X, 1+ §}-competitive.

Proof. According to Theorems [5.2.4] and [5.2.5] when the prediction is accurate, meaning n

is zero, the competitive ratio is A + 1. In contrast, as the prediction error increases and the

prediction becomes untrusted, the competitive ratio degrades to % 0

5.3 Experiments

In this section, we evaluate the performance of the studied algorithms under various in-
put sequences and different levels of prediction error, using both synthetic and real-world
data. We aim to validate the theoretical guarantees from earlier sections and compare the

algorithms’ practical performance with their theoretical bounds.

5.3.1 Datasets

Synthetic data. The distribution of TCP packet arrival times is traditionally assumed
to follow some Poisson distribution. That is, the packet arrival times are generated by
taking the cumulative sum of inter-arrival times (time difference between arrival times of
consecutive packets), which is an exponential distribution, resulting in a Poisson model. The
scale parameter, a value such as 0.3, defines the mean of the inter-arrival times generated.
Later, it was shown that this model is not always representative of reality [I16]. In practice,
there is often a significant probability of a huge number of packets arriving within a short
time interval. To better capture these characteristics, heavy-tailed distributions such as
the Pareto distribution are frequently used in more recent studies such as [I08]. Pareto
distribution is a distribution that has a power-law property, that is, a few smaller values
(inter-arrival time) are very frequent, while a huge number of large values are relatively
scarce. This motivates our use of similar distributions for modelling random packet arrival
instances in our experiments. We use a Pareto distribution in our experiments, with shape
parameter o = 3 and scale 0.5, which controls the arrival density and tail behavior. Precisely,
the shape parameter controls the tail behavior; a larger « indicates a heavier tail. The scale

parameter represents the statistical dispersion of the distribution.
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Real-world data. The MAWI Working Group Traffic Archive [113] is a long-standing
repository of real-world Internet traffic traces collected from a trans-Pacific backbone link
between Japan and the United States. Each trace consists of 15 minutes of packet-level data
captured daily, with anonymized IP headers. In our experiments, we use traces from MAWI
to evaluate the performance of our algorithms on real-world packet arrival sequences. Since
the MAWTI dataset has fine-grained timestamps, arrival times are rescaled to ensure a mean

inter-arrival time of 0.2.

5.3.2 Implementation Details

The parameter p is set to 0.5, making the cost of delaying a packet by one time unit equal
to the cost of sending an acknowledgement. To apply prediction error, each arrival time is
perturbed by additive noise drawn uniformly at random from the interval [—n,n], where n

represents the prediction error level and ranges between 0 and 1.5.

5.3.3 Algorithms

The performance of the Augmented,,,,,(\) algorithm is evaluated for different values of
A in {0.05,0.1,0.2,0.4,0.6,0.8}. For comparison, we also include the Trust algorithm (A

converges to 0) and the Classic-Deterministic algorithm (A = 1) as baselines.

5.3.4 Metrics

All experiments are repeated over 1000 independent trials consisting of 1000 arrivals, and
the average performance ratio across trials is reported. For that, we compute the average

value of the ratio between the cost of ALG and that of OPT over the 1000 trials.

5.3.5 Experimental Analysis

The plots in Figure compare the average performance ratio of different algorithms across
varying levels of prediction error. When prediction is perfect (n = 0), the optimal strategy is
to follow the prediction without adjustment. In this case, the Trust algorithm (A converges
to 0) achieves a performance ratio of 1, and smaller values of A consistently yield better
performance. For larger prediction errors, smaller values of A result in a sharper increase in
the performance ratio. As shown in Figure the experimental results are stable across all
distributions and align well with our theoretical results.

Figure shows the performance on Pareto-distributed arrivals, where the heavy-tailed

distribution creates challenging scenarios with both short bursts and long quiet periods. The
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Figure 5.2: Performance ratio of the evaluated algorithms as a function of prediction error
7, across three arrival models: (a) synthetic sequences generated using a Pareto distribution,
(b) synthetic sequences from a Poisson distribution, and (c) real-world sequences extracted
from the MAWI traffic trace dataset.

results demonstrate that algorithms with A > 0.4 maintain relatively stable performance,
with the Trust algorithm showing explosive growth in performance ratio as prediction errors
increase beyond 1 = 0.6.

Figure [5.2h] presents results for Poisson-distributed arrivals, which exhibit smoother per-
formance curves due to the memoryless property of the inter-arrival times (i.e., the distri-
bution of the next arrival times does not depend on how many trials have already passed).
This property allows smaller A values to maintain good performance over a wider range of
prediction errors. There is a more gradual increase in average performance ratio for \ values
larger than 0.6.

Figure [5.2d reveals the most complex behavior on real-world MAWI data, showing sig-
nificantly higher performance ratios overall and more pronounced sensitivity to prediction

errors, especially in the Trust algorithm. When evaluated on this dataset, the Trust algo-
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rithm reaches performance ratios above 3.0, highlighting the challenges of real-world network
traffic patterns.

Figure presents error bars for each algorithm, showing the maximum, minimum, and
average performance ratios, over the 1000 trials, as a function of prediction error. The Trust
algorithm (Figure shows not only poor average performance but also high variance,
particularly at higher error levels. Small A values (Figures demonstrate increasing
variance as prediction errors grow, suggesting less reliable performance under uncertainty.
However, moderate A\ values show more consistent performance with smaller error bars,
confirming their robustness properties (Figure . High A values maintain the most
stable performance with minimal variance across all error levels (Figure . The Classic-
Deterministic algorithm maintains the same performance ratio across all error levels, as it
entirely ignores the prediction. Its maximum performance ratio is 2, consistent with the
theoretical upper bound established in [2].

Figure illustrates the Trust algorithm’s performance on MAWI data at its original
scale. It shows how the performance ratio can exceed 140 under high prediction errors. This
extreme performance degradation highlights the importance of robustness in real-world appli-

cations, where prediction quality cannot be guaranteed. The results validate the theoretical

analysis (Lemmas|5.2.2] and |5.2.3)), showing that algorithms relying solely on predictions can

have an unbounded performance ratio when those predictions are inaccurate.

5.4 Algorithm with Advice

Recall that prediction and advice are closely related. Indeed, advice can be thought of as
a form of perfect (error-free) prediction for which the main concern is the size of advice
(rather than its quality and predictability, which are the concerns in the prediction setting).
As mentioned in Section reductions from the BINARY STRING GUESSING problem,
which asks for predicting the value of the next bit in a sequence of bits that is revealed
online, are often used to establish lower bounds for the competitive ratio of various problems
when the advice size is sublinear.

Here, we reduce the BINARY STRING GUESSING problem to the DyNaAMIiCc TCP Ac-
KNOWLEDGEMENT problem to show a lower bound for the competitive ratio of TCP ac-
knowledgement algorithms (under f., setting) to show any algorithm with sublinear ad-
vice cannot be better than 1.1716-competitive. This means that predictions of sublinear size,
even if they are perfect (they are advice), cannot help in achieving almost-optimal solutions.
This includes many families of PAC-learnable predictions, e.g., predictions concerning sta-

tistical information about the input sequence (e.g., average, mean, and standard deviation

73



3.0

he] < \n
o o —
oney IULULIONId]

1.0

3.0

he] < \n
(o} o —
oney IULULIONIdJ

1.0 ..........‘.......-.«nﬁ?ﬂTﬁﬁﬂ‘

12 1.4

1.0

0.2 0.4 0.6 0.8

0.0

12 1.4

1.0

0.2 0.4 0.6 0.8

0.0

Prediction Error

(b) A

Prediction Error

0.05

(a) Trust (A converges to 0)

=] vy <

< b > ) >

o ol o — —_—
oney IUBWLIONIR]

< \n < ] <

o ol o — —

oney IUBUWLIONI]

12 1.4

1.0

0.8
Prediction Error

0.6
(d) A =0.2

0.4

0.2

0.0

12 1.4

1.0

0.8
Prediction Error

0.2 0.4 0.6
(c) A=0.1

0.0

< \n . \n <

o o o — —
oney OUBWLIONAJ

< \n < '\ <

o o o — —

oney OUBWLIONAJ

12 1.4

1.0

0.8

0.6
Prediction Error

0.2 0.4
(f) A= 0.6

0.0

12 1.4

1.0

0.8
Prediction Error

0.4 0.6
(e) A=104

0.2

0.0

< " < ] -

el o ol - —
oney 2OUBWLIONAJ

< he] < \n -

el o ol - —

oney 2OUBWLIONAJ

12 1.4

1.0

0.2 0.4 0.6 0.8

0.0

12 1.4

1.0

0.2 0.4 0.6 0.8

0.0

Prediction Error

(h) Classic-Deterministic (A

Prediction Error

() A=0.8

1)

Figure 5.3: Performance ratios of the evaluated algorithms across varying levels of prediction
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of inter-arrival times).

Theorem 5.4.1. In the DyNAMIC TCP ACKNOWLEDGEMENT problem under the fy,..

objective, no algorithm with o(n) bits of advice can achieve a competitive ratio better than
1.1716.

Proof. We describe a reduction from BINARY STRING GUESSING to DynAMmIiCc TCP Ac-
KNOWLEDGEMENT as follows. Let s be an online sequence of m bits that forms an input
to the BINARY STRING GUESSING problem. We create an instance og of TCP acknowl-
edgement, formed by m “phases”, as follows. The i’th phase in og takes two possible forms,
depending on the ¢’th bit in S. Regardless, the i'th phase starts with a packet that arrives
at time i - C, for a sufficiently large value of C' (e.g., C'=m x p). Now, if S[i] = 1, the phase
ends, and no more packets come in the i’th phase. On the other hand, if S[i] = 0, a second
packet appears at time 7 - C'+ x, where x < ﬁ is a small value that we will determine later.

Intuitively, the long distance between two phases implies that a reasonable algorithm
does not defer acknowledging packets at phase i to the next phase. More importantly, upon
arrival of the first packet (at time i-C'), the algorithm must “guess” whether the phase of type
“1”, where no more packet comes and the acknowledgement should be made immediately, or
of type “0”, where another packet comes soon and it is best to wait for an extra x time.

The algorithm’s decisions for acknowledging packets at phase i translate to making binary
guesses for the value of the ¢th bit. In particular, if the algorithm sends an acknowledgement
before i - C'+ x, the i’th bit in S is guessed as “0”, and otherwise “1”.

Depending on the guess made by the algorithm and the actual ¢’th bit in S, we get four

possibilities for the cost of the algorithm, which are summarized as follows:

1)



bit cost of correct guess cost of wrong guess

0 (I—=p)lx+p > 2p

1 p >(1=p)lz+p

The above costs can be described as follows. In a phase of type “0", if the algorithm guesses
correctly, it waits for = time after the first arrival and sends a single acknowledgement
immediately after the second arrival. However, if it guesses incorrectly, it sends an acknowl-

edgement for the first arrival and, since the next phase begins after a gap of at least —2-, it

T
must send a second acknowledgement for the second arrival. Thus, it pays at least 2p. '

In a phase of type “1”, if the algorithm guesses correctly, it sends an acknowledgement
immediately upon seeing the arrival. However, if it guesses incorrectly, it waits for x time
expecting a second arrival. When no additional arrival occurs, it realizes the guess was
incorrect and, in the best case, sends an acknowledgement immediately after the wait. Thus,
it incurs a cost of at least (1 — p)x + p.

We choose x = (Ji;;m' Substituting this value into the previously derived cost ex-
pressions, the worst-case ratio between the cost of an incorrect guess and its associated
correct guess becomes at least v/2 in for both types of phases (precisely, we will have
(1—Z§):p+p = (1_’2“” — /2). Note that in phases of type “0” (i.e., two arrivals), both the
correct and incorrect guess costs take larger values compared to phases of type “1” (i.e., a

single arrival). That is, we have 2p > (1 — p)z + p and (1 — p)x + p > p. Since the ratio
between incorrect and correct guess costs is the same for both phase types, the best scenario
for the algorithm in this setting occurs when the algorithm incorrectly guesses phases of type
“17 as “0".

Recall that with o(n) bits of advice, one cannot correctly guess a fraction 1/2 + € of bits
in the instance S of the BINARY STRING GUESSING problem, for any € > 0 [47]. This bound
is achieved by always predicting the majority bit, which can be identified using a single bit
of advice. The cost of the optimal solution that always guesses correctly is at most

n \/5 +1

OPT < (1= p)r +p) + 5(p) = *—

np.
And the cost of any algorithm is at least

ALG > n((1 = p)x + p) = V2np.
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Therefore, the competitive ratio is at least

2
CR> V2o _ 22

_@np_\/i%-l

~ 1.1715.

This establishes a lower bound on the competitive ratio of any algorithm with sublinear

advice and thus completes the proof. O
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Chapter 6
Concluding Remarks

In this thesis, we investigated the TIMELY BIN PACKING and DyNAMIC TCP ACKNOWL-
EDGEMENT problems under various settings and assumptions. In what follows, we review

our results and discuss some open problems for future work.

Timely Bin Packing & variants. A summary of our contributions for the TIMELY BIN
PACKING problem is provided in Table 1.1} For the offline (and deadline-aware online)
settings, we have designed the Discrete-Greedy, which has an approximation factor of at
most 2. Designing algorithms with lower approximation ratios can be a direction for future
research. For the online setting, although we tightened the gap between the lower and
upper bounds of the competitive ratio (for various settings), there are remaining gaps to
be addressed. In particular, for the deadline-aware setting, the best competitive ratio is an
unknown value in the range (1.5,2), while for the deadline-oblivious setting, the best ratio
is in the range (2, 3).

For the advice complexity, we established a lower bound of 1.5 — € for the competitive
ratio of algorithms with o(n) bits of advice. At the same time, with (nlog(OPT)), one
can encode the entire optimal solution. For instances of bounded depth, we presented an
algorithm that can encode the optimal solution with O(n) bits of advice. An interesting
open question here is whether we can achieve a better competitive ratio (possibly an optimal
solution) with ©(n) bits of advice for general instances or not.

This thesis explores various settings and restrictions on instances to relax the TIMELY
BIN PACKING problem. A summary of the case study results is available in Table (.2
However, in most settings, gaps still remain between the lower and upper bounds for at-
tainable competitive ratios; tightening/closing these gaps is a good topic for future work.
For example, instances with uniform-sized items can be solved optimally in a deadline-aware

setting. However, in the deadline-oblivious setting, the lower and upper bounds for the com-
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petitive ratio are respectively 2 and 3. Also, one can study the power and limitations of
randomization in these settings.

Another promising direction is to study the TIMELY BIN PACKING problem under relaxed
settings, such as a setting where algorithms are augmented with machine-learned predictions.
These predictions could convey information about forthcoming items, such as their size,
arrival time, or deadline. Alternatively, they may provide statistical information, like the

frequency distribution of item sizes.

Timely Bin Covering Problem. The bin covering problem [117] is often seen as the
dual of bin packing. In bin covering, items of different sizes must be packed into bins so
that each bin reaches at least a specified minimum total size. The goal is to maximize the
number of bins that are successfully covered.

Bin covering can be naturally studied in a “timely” setting, where each item has an avail-
ability interval, and items can be packed if their intervals intersect. Unlike bin packing,
however, we want to maximize the number of delivered bins. The following theorem shows
that, even under a simple setting of restricted-size items, the online timely bin covering prob-
lem does not admit a bounded competitive ratio (note that bin covering is a maximization
problem, and the competitive ratio of an online algorithm A is the maximum ratio between
the profit of Opt and that of A).

Theorem 6.0.1. No deterministic algorithm can have a competitive ratio better than Q(n)
for the online timely bin covering problem, even for restricted inputs in which all item sizes
are in {1/n,1 —1/n}.

Proof. The adversary first sends an item a; = (s; = 1/n,r; = 0,d; = 1). It also sends
n — 1 other items, b; = (1/n,0,3n + 1).

e If the algorithm does not cover a bin with a; and all b;s before time 1 (the deadline of
b1), the adversary ends the input instance. In this case, OPT has a profit of 1 as all
items together can cover a bin, while the algorithm does not cover any bin. Thus, the

competitive ratio would be infinity.

e Otherwise, when the algorithm covers a bin using all a; and all b;, the adversary sends
n — 1 more items ¢; = (1 —1/n, 3,3t + 1). As all ¢;s are pairwise disjoint (and b;’s are
already used to deliver a bin with a;), the algorithm cannot cover any bin with them.
The optimal solution, on the other hand, can cover every ¢; with one item b; that ends

at time 3n + 1. Hence, the competitive ratio would be n — 1. ]
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Since one cannot hope for a positive result concerning deterministic algorithms for the
bin covering problem, a promising direction for future work is to explore randomization and
relaxed variants, such as predictions. Predictions could provide information about the size of
the items, statistical properties of the input sequence, or even hints about how the optimal

solution might pack items together.

Dynamic TCP Acknowledgement. For the DyNAMIC TCP ACKNOWLEDGEMENT
problem, we designed an algorithm and established matching upper and lower bounds on its
competitive ratio as a function of the prediction error. Exploring the optimal consistency-
robustness tradeoff for DyNAMIC TCP ACKNOWLEDGEMENT with prediction remains a
promising direction for future work. In particular, establishing an impossibility result that
shows our algorithm is Pareto-optimal with respect to consistency and robustness is an
interesting topic for further investigation.

Recall that three objectives have been proposed for the DYNAMIC TCP ACKNOWLEDGE-
MENT problem, namely, fsun, fmax, and a third objective, which is maximum delay over all
packets in the input (See Section . While previous results and our work have studied
the first two objectives under prediction settings, investigating the third one when provided
with predictions is an interesting topic for further exploration.

Another promising direction for future research in the DYNAMIC TCP ACKNOWLEDGE-
MENT is to explore whether instance-specific properties can lead to improved competitive
bounds. For example, one can study a bounded inter-arrival times which guarantees that the
arrival times of any two consecutive packets differ by at most a constant d, or in contrast,
sparse inputs in which the number of arrived intervals in any window of length w is bounded
(by a constant or say sublinear function of w). Studying purely online or learning-augmented

algorithms for these restricted settings is an interesting avenue for future research.
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