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Abstract

Understanding the physical adsorption behavior of polymers on surfaces is crucial for ad-

vancing materials science and developing smart coatings to enhance the bio-compatibility of

implanted devices. Applications, ranging from heart stents to brain-integrated microchips,

have been experimentally explored to study the adsorption properties of charged polymers

onto diverse surfaces. While experimental observations have indicated the presence of loops

in adsorbed polymer chains, there remains a need for a comprehensive theoretical model

to consistently predict these phenomena. The proposed self-avoiding walk model aims to

elucidate the conformations of polymer chains on a surface lattice, emphasizing the entropic

competition between flat adsorption and dangly loops during the adsorption process. Fo-

cusing on loops formed by adsorbed polymers, the study aims to determine entropically

preferred looping structures. These looping structures are relevant to the biocompatibility

of materials. The modeling approach involves relating entropy to partition values generated

by different macro-states, with a focus on enumerating micro-states to identify the most

entropically preferred behavior of adsorbed polymers.
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Notation, Abbreviations, Acronyms

and Glossary

1. Introduction

Mer: The building block of polymers, made from individual monomers, which are

small molecules [1].

Polymer: A sequence of mers in a series that are linked through covalent bonds [2].

Homopolymer: A polymer, where every individual mer is identical in its geometry

and size.

Self Avoiding Walk (SAW): A mathematical model of a homopolymer is that of

a self-avoiding walk (SAW), which is a union of a sequence of edges, known as steps,

and vertices that correspond to mers (or mer-sites) that follow a path on a lattice that

does not intersect with itself [3].

Excluded Volume E�ects: The consideration of the limitations posed by solvent

molecules and self-avoidance on the conformations of the polymer in the lattice [4].

Microcanonical Partition Function: A function that outputs the number of con-

formations of size n and energy m [2].

Good Solvent: A solvent where there is no interaction between chain and solvent.

Adsorption: In chemistry, adsorption can be de�ned as the increase in concentra-
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tion of the solute near the solid-liquid interface [5], which we will henceforth refer to

as a surface. Speci�cally to our model, the state at which at least a single mer of a

polymer-chain is in contact with a lattice site of the surface.

Proximal Region: The region closest to the surface where the orthogonal distance

from the surfacez is less thanD which is the upper boundary of the proximal region

[6, 7, 8].

Distal Region: The region where the orthogonal distance from the surfacez is greater

than d which is lower boundary of the bulk solution [6, 7, 8].

Central Region: The region where the orthogonal distance from the surfacez is

greater than D and less thand [6, 7, 8].

Polymer Loop: The contiguous sequence of segments of an adsorbed polymer that

is anchored at its two endpoints that allows the majority of the segments of the loops

to be free �oating constrained only by the two endpoints on the surface [2].

Salt-caps: Salt-ions that occupy sites on the surface rendering a point on the surface-

lattice unavailable for adsorption by a mer [9, 10, 11].

Surface Coverage: Fraction of surface sites occupied by mers [9, 10, 11].

Flory-Huggins Mean-Field Model from Chapter1

N S : Number of spherical molecules of solvent [12].

N A : Number of polymer-chains [12].

N vol : Total lattice sites in solution.

n : Number of mers for a single polymer chain [12].

A ij : Indexation of polymers, where i corresponds to thei th chain currently being

placed, and j to thej th mer of that chain being placed [12].

� : The symmetry number, has the value 2 ifA is a diatomic or triatomic molecule

with both ends alike. For longer chains,� can be put equal to 1 [12].

f i : The number of mers already placed divided by the total number of sites [12].
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z : The coordination number, the number of neighbours of a site of the lattice [12].

y : Equals z � 1 [12].

Overview of self avoiding walks in Chapter1

c` : The number of SAWs that start from a speci�ed lattice site (�the origin�) and visit

a total of ` sites (including the starting site) [3].


 3: The universal critical exponent for the number of SAWs in three dimensions [3].

A 3: The amplitude for computing the number of self avoiding walk in a three dimen-

sional cubic lattice (not to be confused with notation from Flory-Huggins Mean-Field

Model above) [3].

� 3: The connective constant for computing the number of self avoiding walk in three

dimensional cubic lattice.

Evol : The partition for the solution volume, for enumerating the walks in a three di-

mensional lattice.

[RMSD ] : The root-mean-square-displacement of a random walk [3].

slp : The length of a loop in mers.

N : The number of steps [3].

� : The critical exponent, interpreted loosely as a measure of repulsiveness of the self-

avoiding walk [3].

m v + 1 : The approximate height of a loop from the surface (Based on number of

vacant sitesmv in Chapter 3).

2. One Dimensional Model with Multi-Step Bases and Gaps

r : The number of sites in one chain.

r � 1: The number of steps in one chain.

n surf : Total lattice sites on surface.

n : The total number of polymer chains in solution and on the surface.
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n a : The count of chains on the surface of adsorption.

n b : The total number of chains in solution.

slp : The number of steps in a single loop.

slp + 1 : The number of sites in a single loop.

L : The site-length of the adsorbed portion of chain on the surface that includes all

the sites in trains and all the sites at the bases of each loop.

L � 1 : The step-length of the adsorbed portion of chain on the surface that includes

all the steps in trains and all the steps at the bases of each loop.

sbs The number of edges between sites at the base of a loop.

sbs � 1 The number of sites in the base of a loop, excluding the endpoints of the loop

which are at the end of the base.

n lp : The count of loops on a single chain.

N un : The fraction of sites or steps on the surface, that are not occupied by an adsorbed

mer

N fp : The fraction of sites or steps on the surface that belong to a footprint of a

polymer.

N gp : The number of sites or steps in gaps between polymers on the surface.

str : The number of sites or steps in trains on a single polymer

Elp : The enumeration function for the loops

Evol : The enumeration of the solution.

Etotal : The total enumeration of the system.

Train-positions: The possible positions of placement of train-steps.

Between-loop-positions: The region between two adjacent loops,

End-of-chain-positions: The regions at the ends of the polymer-chain.

T otalT rainP ositions : The total number of trains on a single polymer, which is
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equal to one more than the number of loops and therefore is(nlp + 1) .

Self-avoiding Polygon (SAP): A closed self-avoiding walk on a lattice, we use this

approach for a loop that is �oating in the solution and can arrange itself in three

dimensional lattice [13].

B 3 : In the work by Guttmann, the most commonly used notation for the amplitude

of the SAP in a simple cubic lattice (Z 3) [13].

	 lp : The number of ways to distribute the train-steps amongst the train-positions for

a �xed number of total train-steps available.

Gap-positions: The regions on a surface covered in adsorbed polymers surface where

gaps can show up.

Between-chain-gap-positions: The positioning of a gap between two adjacent

chains.

End-of-surface-gap-positions: The positioning of a gap between a surface-end-point

and an adjacent polymer-chain.

3. One Dimensional Periodic Model

m c : sites occupied by mers of an adsorbed polymer.

m v : vacant sites

4. Two Dimensional Surface Model: Unconstrained Approach

N lp : The total mers in loops for a single polymer, is calculated through Equation4.3

k : Index of chain being placed on the surface.

~w k : The number of ways to place thekth chain with footprint L .

F (n a ) : Flory factor, the product of the number of ways of allna chains, without

ordering.

q : Number of neighbours of each sites in surface lattice.
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R F : The ratio of consecutive Flory factors as a function ofna.

R lp : The ratio of consecutive Enumeration functions for the loops as a function ofna.

5. Two Dimensional Periodic Model with Clustering of Lattice Sites

L : The footprint has an altered de�nition in this chapter, it is the number of mers in

trains on a single polymer, without the distances of the gaps below the loops.

Cluster: Grouping of sites on the surface lattice that are completely unoccupied, or

occupied by adsorbed mers of a polymer, or by salt-caps blocking mers from adsorbing

to those sites.

n 1 : The number of consecutive nearest neighbour steps of a SAW before making a

loop.

D : A measure of distance of the base of the loop using the projection of that loop on

the surface.

p : The probability of a surface site not being occupied by a salt-cap.

1 � p : The probability a surface site is occupied by a salt-cap.

Jump: Representation of a loop in this model of a random walk in solution from a

full cluster to the nearest empty cluster.

N un : The total number of salt-caps on the surface.

N tr : The total mers in trains on the surface.

N lp : The total mers in loops on the surface.

N sm : The total mers in trains and loops on the surface, plus the number of salt-caps.

W gp : The weighting factor for salt-caps on the surface, ratio of salt-caps toNsm .

W tr : The weighting factor for trains on the surface, ratio of trains toNsm

W lp : The weighting factor for loops on the surface, ratio of loops toNsm

H lp : The height of loops in mers.

H tr : The height of trains in mers.
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H gp : The height of salt-caps in mers.

�H surf : Average Layer Height of the adsorbed polymer coating on the surface.

% W gp + tr : The weighting factor for loops and trains (mers in polymers) on the sur-

face, ratio of loops plus trains toNsm .

% R̂ lp : Ratio of mers in loops to all mers in a single polymer chain adsorbed on the

surface.

% R̂ tr + gp : Ratio of mers in trains plus total salt-caps under the loops of a single poly-

mer chain adsorbed on the surface to all mers in a single polymer chain adsorbed on

the surface.

Ht : Approximation of Loop height.



1

Chapter 1

Introduction

1.1 Molecular Structures of Adsorbed Polymers

We begin with de�ning and then consequently modeling the polymer itself as a mathematical

object and its adsorption onto a surface. The building blocks of polymers are 'mers', made

from individual monomers, which are small molecules [1]. All monomers can bond with at

least two other monomer molecules. As per [2], we consider linear polymers (as opposed to

branched or cross-linked polymers) where a polymer consists of a sequence of monomers in a

series that are linked through covalent bonds. In this research we shall focus on homopoly-

mers where every individual mer is identical in its molecular structure, geometry and size.

A good mathematical model of a homopolymer is that of a self-avoiding walk (SAW), which

is a union of a sequence of edges, known as steps, and vertices that correspond to mers (or

mer-sites) that follow a path on a lattice that does not intersect with itself [3]. The SAW

model is an e�ective tool for modeling the conformational degrees of freedom, and has con-

siderations of excluded volume e�ects, which is the consideration of the limitations posed by
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solvent molecules on the conformations of the polymer in the lattice [4]. The SAW is also

an e�ective way to estimate the polymer entropy, given that the number of total possible

paths corresponds to the microcanonical partition function for this type of model, which

is a function that outputs the number of conformations of sizen and energym [2]. The

above approach works based on the assumption that the only energy being considered is the

adsorption interaction between a mer on a chain and the surface. We are assuming that

this a good solvent so there is no interaction between chain and solvent which means we can

ignore the energy from that interaction. We only consider the energy that makes the mers

of the chain stick to the surface which is substantial given that they are indeed adsorbing to

the surface. A consequence of this being that if the total number of surface sites at which

mers stick is �xed, then in all the allowable con�gurations the number of contact points is

the exact same, and therefore the energy is the same [2].

We are considering a system where each polymer-chain is either free �oating in solution

or adsorbed to the solid-liquid interface. In order to model this system, one needs to con-

sider the behaviour of the polymers in solution, but also the behaviour of those that are

adsorbed to the surface, as those require di�erent computational techniques. Our system

will examine the adsorption behaviour of polymers at the solid-liquid interface. In chemistry,

adsorption can be de�ned as the increase in concentration of the solute near the solid-liquid

interface [5], which we will henceforth refer to as a surface. In mathematically modeling

adsorption, if a polymer resides in solution within a certain proximity to the surface it is

considered adsorbed, and as such is termed to be in the proximal region [6, 7, 8]. This is

illustrated in Figure 1.1, where some mers of the polymer reside in the regionz < D where

z is the orthogonal distance of a mer belonging to a polymer from the surface of adsorption

and D is the upper boundary of the proximal region.
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Figure 1.1: Schematic of polymer adsorbed to a surface at proximal, central and distal
regions of the solution-surface interface

In our model, adsorption will be de�ned as the state at which at least a single mer of a

polymer-chain is in contact with a lattice site of the surface. Tying the above together, we

have a solution of free �oating polymers as well as a surface to which typically a fraction of

the polymers in solution will adsorb.

Importantly, Figure 1.1 suggests that the adsorbed polymers assemble onto the surface with

di�erent molecular architectures. A polymer loop is a a contiguous sequence of segments

of an adsorbed polymer that is anchored at its two endpoints as is illustrated in Figure1.2

below. This allows the majority of the segments of the loops to be free �oating constrained

only by the two endpoints on the surface.
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Figure 1.2: Three dimensional approximation of a loop of a polymer trapping water molecules

What is of particular interest to materials scientists and theorists are the emergent physical

properties that arise from coating a surface by polymers and the attributes of the coated

surface. A recent example is the use of polymer coatings to tune the mechanical properties

of a surface, by experimental control of the architectures of the adsorbed polymers on that

surface [14]. An interesting consequence of varying the con�gurations of adsorbed polymers

is that one can manipulate the rigidity of the polymer coating at the surface. Controlling

mechanical rigidity is important because the existence of many loop-like architectures from

the adsorbed polymer can trap water as is illustrated in Figure1.2 [14, 15]. This control

of mechanical properties in a biological water matrix can be very useful to the biomedical

industry because the human body is largely composed of water and hydrated biological sur-

faces [15]. Given appropriate properties, the polymer coating can serve as a biocompatibility

layer for foreign materials introduced to the body. Examples of such implantable objects are

stents and even microchips for the brain. Coating implants with polymers that modify their

surface properties can greatly reduce the risk of rejection of them by the human body [15].
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A signi�cant aspect of the above application is to understand what molecular architectures

contribute to an increased layer thickness and how that can be controlled [14, 9]. We shall

see what has been done to address that in the past with theoretical models to predict layer

thickness. We consider the case of adsorption forming a single molecular layer of polymer

at the surface, where salt ions called salt-caps occupy sites on the surface rendering a point

on the surface-lattice unavailable for adsorption by a mer. Occupying sites of the surface

with salt-caps results in adsorbed polymers forming loops over those regions as the mers

are unable to attach to those sites, shown in Figure1.3. Interestingly, under conditions of

low surface charge, which means low number of sites occupied by mers, the average layer

thickness is increasing to well beyond that of a single mer, sometimes to many tens of mers

in thickness [9, 10, 11]. This implies that the single layer is increasing in thickness which

implies the existence of loops. Existing theories do not capture this puzzling high thickness

regime very well. So in this thesis we attempted to set up a model to try to rationalize under

what conditions longer loops might be preferred due to the entropy. For the case of low to

medium surface charge, the model we devised predicts an increase in layer height that is in

line with experiment [9, 10, 11]. In the case of high surface charge, the theoretical results

show a slight increase in height which is not supported by experiment [9, 10, 11].
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Figure 1.3: One dimensional surface lattice in solution volume. Adsorbed polymer con�gu-
rations consist of a combination of mers at the surface as trains, loops, salt-caps below loops
and the gaps between polymers.

1.2 Hypothesis Statement

Our goal is to show that for lower surface charge, we obtain long loops that are entropically

preferred. These loops lead to increased average layer thickness. Low surface charge refers to

a large fraction of salt-caps on the surface. Salt-caps occupy sites with a salt ion rendering

a point on the lattice unavailable for adsorption by a mer. Using a blend of Fleer and Flory-

Huggins enumerational approaches [5, 16, 12], which shall be explained in depth in Section

1.3, we shall attempt to predict the layer thickness for regimes of low surface charge. It is

important to note that our model assumes an athermal system with adsorption under static

conditions in thermodynamic equilibrium.

1.3 Current Modeling Approach

We assume that polymer self-assembly is driven by entropy which would favour the forma-

tion of loops. Based on this assumption, in order to model the structure of the polymer

layer on the surface, one must �nd a way to predict the looping of the polymers on the
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surface based on the entropy of the system. We hope the results can help us to understand

how the manipulation of salt concentration and surface coverage can impact the preferential

formation of long loops which leads to an increased layer thickness [9]. Our model is focused

on the experiment [9], where we are holding coverage constant. We assume that interactions

are negligible, and as such we do not derive them or incorporate them into our model.

In our model we approximate a solution in terms of a three dimensional lattice in which

we have polymers free �oating occupying multiple lattice-sites at one time and conforming

and arranging themselves in three dimensions. It is important to note that the calculations

that are being done are looking at smaller components of the system and enumerating how

many ways they can be positioned or arranged in their respective classes of solution, surface,

and the class corresponding to the combination of both (i.e loops). We are enumerating the

size of the sets of arrangements without necessarily having information about each of the

indexed arrangements as a simulation possibly would. In the same way one could enumerate

the total arrangements of pieces on a chess board without ever being able to itemize them

on a piece of paper exhaustively. In experiments involving sets of microscopic objects like

polymers this is extremely useful, as it is currently infeasible to list the total arrangements of

even a simple system of homopolymers on a surface, because the values grow exponentially

with the length of the polymer.

The model we created is based on two main pillars. The �rst pillar is based on a model

of random mixing of the mers of the polymers with the molecules of the solvent that was

proposed by P.J. Flory [17] and Maurice Huggins [12] in the early 1940's. We shall use the

Flory-Huggins-type calculation [17, 12] to enumerate what is occurring at the level of a single

polymer in the experimental system, and then applying it to all polymers of the system. It

would be analogous to zooming in to each polymer and enumerating its possible con�gura-
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tions at that level. The Fleer-type expression [5] will serve as a framework for aggregating all

the individual enumerations together. We begin with the Flory-Huggins technique [17, 12],

and use the enumeration procedure set out by Maurice Huggins in his 1942 paper [12] as a

template to explain the steps.

Let a model solution consist exclusively ofNS spherical molecules of solvent andNA polymer-

chains with n segments (mers, henceforth) which we shall index asA ij where i corresponds

to the i th chain currently being placed, andj to the j th mer of that chain being placed. We

assume the mers ofA are equal in size and shape to a single molecule of typeS which is that

of the solvent. We assume the volume change on mixing and the heat (or energy) of mixing

to be zero [12]. Our system is considered to be athermal and in thermodynamic equilib-

rium. We treat the solution statistically as if it were a solid solution, havingNS + nNA sites

for both the S solvent molecules andA mers, which corresponds to the total sites in both

surface and solution. TheA mers are �rst added (hypothetically) one at a time, then the

S molecules, counting the number of di�erent ways in which each solvent molecule or mer

(from the polymer chain) can be added and multiplying these numbers together to obtain

the total number of con�gurations [12].

The �rst mer of the �rst polymer-chain, i.e., A11 can be placed in any ofNS + nNA sites.

Then A12 of this polymer chain has a number of alternatives,z. It is worth noting that z

can depend on the location of the site as it may di�er for the solution and the surface. The

parameterz is called the coordination number, and it is the number of neighbours of a site

of the lattice. Then, A13 has y alternatives, wherey equalsz � 1. Similarly, A14 also has

y alternatives, and this will apply to all the remaining mers of the polymer-chainA1j , for j

greater than 4.
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Next we place the mers of the second chain on the lattice, that ofA2. We let Nvol be

the total lattice sites in solution. The �rst mer of the second chain,A21 has Nvol � n sites

available. Subsequently,A22 hasz possible sites, providedA21 is not adjacent to any previ-

ously occupied sites; it hasz � 1 alternatives if A22 is adjacent to one previously occupied

site; and it will have z � 2 alternatives if A21 is adjacent to two previously occupied sites,

etc. Let f i be the number of mers already placed divided by the total number of sites. The

average number of alternatives forA22 is z (1 � f 2), where f 2 is the chance that any given

otherwise available site is already occupied. MerA23 likewise hasy (1 � f 2) alternatives, on

the average. In general, for any polymer-chaini , A i 1 hasNS + nNA � (i � 1)n alternatives,

A i 2 has on averagez (1 � f i ) alternatives, and each of then � 2 other mers hasy (1 � f i )

alternatives. To obtain the number of di�erent con�gurations for the chains, one must divide

the total number of con�gurations, computed in the manner described, byNA ! and by � A ,

where� is the symmetry number and has the value 2 ifA is a diatomic or triatomic molecule

with both ends alike. For longer chains,� can be put equal to 1 [12]. After the addition of

all the A polymer-chains, the remaining sites are �lled with theS molecules, This addition

will have not impact the number of distinguishable con�gurations.

The way Fleer approached the calculations in [5] for enumerating polymers in solution,

on the surface, and in loops, was by splitting the procedure into ever smaller classes of enu-

meration and aggregating those classes in the end. In this model we will have three main

classes of enumeration. Firstly, there is the enumeration of the surface, where we are arrang-

ing polymers on a surface of adsorption, which can be two-dimensional or one-dimensional

depending on the model, and counting these arrangements. It is worth mentioning that this

enumeration only includes trains, which in turn speci�es the locations of the endpoints of

the loops. Then we also have the enumeration in the solution where we are counting how

many ways one could con�gure the polymers in a solution. Finally, the loops class shares
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characteristics of having mers residing in both solution and surface and thus are enumerated

in a category of their own.
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Each of these classes can be separated into sub-classes of a single type of enumeration, re-

ducing the calculations to compartmentalized calculations of each component of the polymer

separately. More speci�cally, as seen in Figure1.4, a chain on the surface can be enumerated

in terms of where its endpoint is placed, but also in terms of enumerations of its random walk

on the surface. Additionally, there is the loop that has multiple choices of conformations in

three dimensions, but also has a number of ways for the end-points that are adsorbed to the

surface to be placed on the polymer chain.



11

Figure 1.4: Classi�cation of enumeration process of the experimental system

Furthermore, in the approach of counting the con�gurations of chains and their subcompo-

nents of enumeration, the way we generalize to the enumeration of multiple chains is through

raising these calculations to the power of the number of chains being considered for the enu-

merational process.

Figure 1.5: Single polymer enumeration being raised to the total population of polymers in
that class.
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This can be seen for the system as a whole through the below approach where each regime

of the system is enumerated and exponentiated by the population of components in ques-

tion, and then appended to the total multiplication of factors. This all results in a total

enumeration of the system, as is seen in Equation1.2.
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The simplest model of polymer adsorption will be that of a one dimensional surface of ad-

sorption where there are mers of polymers in trains on a one dimensional rod and in the

case where a sites of the surface is not occupied by a mer, there will be salt-caps occupying

that site. This means all sites of the surface will either be occupied by a mer of a polymer

or a salt-cap molecule. The salt-caps will be found under the loops and in the sites between

neighbouring adsorbed polymers, these shall be de�ned as gap-sites, as is shown in Figure1.3.

The next order of complexity of our enumerational model will be that of assuming the surface

enumeration to be a two dimensional lattice, and thus providing more degrees of freedom for

the self-avoiding walk of the chain on the surface compared to the one dimensional surface

in the previous model.
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Figure 1.6: Two dimensional surface lattice in solution volume with clusters of self-avoiding
walks in trains and loops in the form of jumps between the clusters.

The con�guration of a single polymer in a dilute solution is often modeled by a self-avoiding

walk (SAW) in a lattice [3], i.e. a path in the lattice that does not visit any site more than

once. A fundamental property of SAWs is the following. Letc̀ be the number of SAWs

that start from a speci�ed lattice site (�the origin�) and visit a total of ` sites (including the

starting site). Then the asymptotic behaviour ofc̀ on the three-dimensional cubic lattice is

[3, 2]

c̀ � A3 ` 
 3 � 1� `
3 as ` ! 1 : (1.3)

Here� 3 and A3 depend on the choice of lattice, but
 3 is a universal critical exponent that is

the same for all three-dimensional lattices. The parameterA3 is the amplitude and� 3 is the

connective constant, for computing the number of self avoiding walks in a three dimensional
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cubic lattice. Their values are known to be approximately2 [18, 3]

� 3 = 4:684; 
 3 = 1:162; and A3 = 0:2573: (1.4)

The approximation of the enumeration of polymers in solution is calculated via Equation

1.5 below.

Evol = A3(� 3)r (1.5)

For the adsorbed chains, the approach is separated into two categories, the �rst being that of

the portions of the polymer that have all mers occupying a lattice-site on the surface which

are aptly named trains for this reason [5, 4]. The other category refers to the portions of the

adsorbed polymer that are not occupying lattice-sites on the surface, and because of that

can, to a certain degree, free-�oat in solution while still anchored to the surface. This cor-

responds to loops which are anchored at both end-points, and tails which are only anchored

at one end-point and have the other end-point free-�oating in solution. More speci�cally,

trains can be arranged in many ways on the surface and thus have their own method that

enumerates their arrangements. Loops and tails are the anchored, but mostly free-�oating

portions of the chain. A representative model of trains, loops and tails is expanded upon

in the book co-authored by some of the leading scientists in the �eld of polymer modeling,

namely Fleer, Stuart, Scheutjens, Cosgrove and Vincent [5].

2Estimation in [ 18] is for the number of SAWs with ` steps (i.e. ` + 1 sites), which we write c` +1 =
(A3� 3)` 
 3 � 1� `

3; reference [18] obtains A3� 3 = 1 :205.
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1.4 Theoretical Review

In the following paragraphs we shall walk through historical treatments of polymer adsorp-

tion onto surfaces. Some techniques share similarities to the approach that we described

in Section 1.3, and others will be quite di�erent, but are still worth delving into as it is

important to be aware of what has been attempted and what were the results.

Work from Roe in 1974 [19] as well as Scheutjens and Fleer from in the early 1980's [20, 21]

led to a model that involved cross-sections of the solution lattice that were parallel to the

surface and were numbered1 through M , with the M -layer residing in the distal region of

the solution (z>d). In this approach all sites in a single layer were assumed to be energeti-

cally equivalent. This meant that the energy of a mer of a polymer that resided in thekth

lattice-layer, could be found by calculating the energy value of thekth lattice layer. The con-

formation probability was modelled using an assumption of random mixing within each layer.

Scheutjens and Fleer [20, 21] used the above above approach of discretizing the orthogo-

nal distance from the surface into indexed two-dimensional lattices of solution to measure

the structure of the polymers adsorbed to the surface by calculating the fractions of mers

in each indexed height. They showed that in layers closer to the surface the density of mers

that belong to polymers decays exponentially with increasing distance from the surface, but

at layers farther from the surface the density decreases at a lower rate. Similarly they found

that for loops in speci�c, the number of mers belonging to loops decreases exponentially with

increasing distance from the surface. With the exception of the layers nearest the surface,

the contribution of tails is signi�cantly greater than that of loops. Another metric they used

was layer thickness, which is a physical height of the adsorbed polymer layer measured in the

perpendicular direction from the surface, the main contributors to surface layer thickness
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were found to be the mers in tails. The layer thickness was found to be proportional to the

square root of the chain length. For very dilute solutions at reasonable adsorption energies,

a single chain is found to be �at, where the fraction of chains in trains dominate, the fraction

in loops is much smaller in comparison and the fraction from tails is negligible compared

to the other two. In very dilute solutions, the length of tails becomes signi�cant, while the

length of loops increases and the length of trains decreases [20, 21]. For concentrations that

are less dilute, more than a �fth of the segments are predicted to be in tails, with an expected

tail size of about 15% of the total polymer-chain length. A chain that has mers occupying

the surface is predicted to have two tails of 33% of the polymer-chain length, in layers that

lie in the midpoint between surface and bulk, there is a mixture of short trains and longer

loops [20, 21].

A more direct approach of computing the number of ways polymers can arrange themselves

on a lattice is that of exact enumeration. This technique directly enumerates the exhaustive

set of arrangements of the polymers in the system. This is useful, because properties of the

adsorbed chain as well as those in the solution can be found directly based on the enumer-

ational results [2]. Enumeration can be done to �nd the bound fraction of the polymers on

the surface, which is the fraction of the lattice sites on the surface that are occupied by mers

belonging to adsorbed polymers. Another enumeration is that of volume fraction which is

the fraction of the lattice sites in the solution that are being occupied by mers of a polymer.

Based on the above, the mean, variance, skewness, and other moments3 of bound and volume

fraction can be computed in order to better describe the overall characteristics of the two

quantities above [22, 3].

3Most common moments being that of: MeanE(x) = � , Variance E((x � � )2) = � 2, SkewnessE (( x � � )3 )
� 3 ,

Kurtosis E (( x � � )4 )
� 4 .
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A slightly less computationally intensive approach is the Monte Carlo technique, which

involves calculating the conformational statistics of the system based on a sampling ap-

proach, instead of directly enumerating. In this approach, a randomized algorithm generates

a subset of conformations that is representative of the universe of conformations. This is

an improvement in terms of computational time from exact enumeration, where modeling a

single chain of 100 segments on a cubic lattice could amount to1050 conformations, whereas

in the Monte Carlo approach, one could sample a signi�cantly reduced fraction of that set

of conformations, and have similar results, as can be seen in the work authored by DiMarzio

and McCrackin in 1965 [23]. They used a Monte Carlo method to calculate the average num-

ber of contacts of the polymer chain with the surface as well as the distribution of segments

with respect to the distance from the surface [23].

The mean-�eld model derived by De Gennes and Edwards in the 1960s and 70s was a

di�usion based approach [24, 25, 26, 27]. The technique assumes that the random confor-

mations of a polymer are very similar to the path followed by a di�using particle. This led

them to compute the conformations of a polymer chain using a di�usion equation where the

ranking number in the chain, i.e., the position of the mer segment along the chain, replaces

the variable time in a di�usion process [5, 27, 28, 29, 30].

The random walk was a model initially developed to approximate di�usion processes in

the physical sciences such as the motion of pollen grains on the surface of water [31], but was

later adapted by Flory in 1953 [16] to compute polymer conformations in solution. Around

the same time and using a similar approach, Simha, Frish and Eirich [32] treated the poly-

mer in solution as a three dimensional random walk and the polymer on the surface as a

two dimensional random walk. They also neglected the excluded volume e�ects implying

steps in all directions were assumed to have the same probability except in the case of the
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interface that was modelled similarly to that of a re�ective barrier, in other words there is a

zero probability of the chains moving through the surface interface. Silberberg in 1962 [33],

and DiMarzio in 1965 [34] made improvements to aspects pertaining to the re�ecting bar-

rier approach, which resulted in over-counting the number of distinguishable conformations.

This approach was also later used by Clay�eld and Lumb in 1966 and 1968 [35, 36]. From

the perspective of Statistical Mechanical modeling (trains, loops, tails) in 1962 Silberberg

authored an approach that modelled a surface layer for the adsorbed mers and an adjacent

layer for loops and tails. Each layer corresponded to a di�erent energy state for the mers

residing in it, represented by di�erent partition functions, i.e., a partition function for loops,

a partition for tails in the bulk and a separate function for the trains on the surface. The

model given a constraint of a limited range of possible loop sizes, predicted small loops for

all adsorption energy values based on the assumption of equivalence of chemical potential of

the macromolecules in the bulk solution and in adsorbed states [33].

In 1965 Hoeve et al. [37] introduced a loop size distribution that found large loops associ-

ated with smaller adsorption free energies and more mers in trains for larger adsorption free

energies, the later producing more �exible chains. This was incorporated by the modeling of

Silberberg 1968 [38] and Hoeve in 1965 and again in 1970 [37, 39] through an accounting of

interactions of chains on the surface, and for an environment of high surface coverage. Also

incorporated into the model was a treatment for the excluded volume e�ect which is that

of considering limiting the way a polymer can conform based on constraints imposed by the

molecules of the solvent. A model that quanti�ed the segment distribution normal to the

interface using models of random �ights was computed by Hoeve in 1966 [40]. It was shown

that the segment density drops exponentially as the distance from the surface is increased

with the only exception of the discontinuity of the distribution at the distance equal to the

thickness of trains [4]. The segment density distribution of a single tail was developed by
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Meier in 1965 [41]. The work of Meier was then further developed by Hesslink between 1960

and 1971, and was able to provide a segment density distribution for single tails as well as

single loops in addition to homopolymers and random copolymers [42, 43].

In 1984, Stuart provided theoretical results on layer thickness as a function of adsorbed

amount, based on modeling by Scheutjens and Fleer [20, 21, 44]. Although the aspect of

multiple layers is not directly related to our work, it is of particular interest to focus in on

how they modelled polymer coverage for the �rst layer of adsorbed polymer. The jump in

thickness observed when the fraction of the surface occupied by mers increases to one half,

is a similar result to our �nal model, for low to mid surface charge.

For a low ionic strength solution, Stuart [45] provides a relationship between salt concen-

tration and layer thickness. Their study found that as the weight of the adsorbed polymers

increases, the thickness of the layer also increases quite rapidly. This paper compares ionic

strength to layer thickness, in a regime of low ionic strength. This research is focuses on

thickness as a function of adsorbed polymer mass. It concludes that the increase in thickness

can be attributed to a great degree to the existence of tails, whereas our approach considers

loops as a contributor to the sudden increase in layer thickness.

Modeling experiments of polyethylene oxides of molecular weights ranging from 25K to 1.3M

adsorbed onto polystyrene latex was led by Cosgrove [46] where they presented a relationship

between the mass of polymers on the surface and layer thickness. They found that when

the adsorbed polymer mass was higher, the thickness also increased. In our model, we also

attempt to mimic variable amounts through the surface coverage. In our model, we focus

on results associated with layer thickness as a function of surface occupancy in mers. More

speci�cally, both models examine varying thickness as a function of number of mers adsorbed
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on the surface whereas the model by Cosgrove [46] they control the mass in di�erent ways.

Additionally, their work is focused around proving the existence of tails, whereas ours is

centered around loops being the main contributing molecular structure to layer thickness.

Further work was done by Cosgrove in the early 1990s with a model that used a Monte

Carlo method, where the focus was more on the volume fraction adsorbed as a function of

the layer number [47]. Similar to our work, they provide a comparison of fractions of trains,

tails, and loops as a function of surface coverage. In agreement with our model results, they

observe more loops in the domain of partial surface coverage by polymers. More speci�cally,

the highest contribution from loops was in the range between 10 and 50 percent surface

coverage by mers. Their modeling di�ers in that they also see a dominant contribution from

tails in the volume, whereas our modeling assumes that the tails contribution is negligible.

A model with predictions on layer thickness was devised by Scheutjens in 1986 [48]. Similar

to Scheutjens we compare layer thickness and the adsorbed amount as a function of adsorp-

tion energy, which we relate analogously to experimentally modulating the available surface

sites for adsorption through adjusting the pH [49]. Additionally, the theoretical predictions

are in line with ours in terms of increasing thickness as the adsorption energy on the surface

is decreased, with the caveat that they hypothesize that the main contributor to anomolously

large layer height increase are tails, and determine that this is the case.

Note on Modelling Loop Length In the following chapters, in order to compute the

expected properties of loops on the surface, we shall require a way to quantify the loop length

using assumptions on the height of the loops. We achieve this though using approximations

[3] for the calculation of the mean square distance of a self avoiding walk based on the

number of steps, and solved for the number of steps. We have that the mean square distance
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can be expressed as the following, where[RMSD ] is the root-mean-square-displacement,N

is the number of steps and the critical exponent� could be interpreted loosely as a measure

of repulsiveness of the self-avoiding walk [3]. For three dimensional self-avoiding walks,� is

about 3
5 , in two dimensions it is 3

4 , and for the analogue of ordinary random walks,� is 1
2 (in

any dimension).

[RMSD ] � [Constant] � N � (1.6)

This is quite similar in the case measuring the length of a loop, where the number of steps

in a loop is calculated using the orthogonal distance from the surface of adsorption.

[RMSD ]lp � (slp)� (1.7)

In this work, what shall be of particular interest is the converse, which is the computation

of the end-to-end distance in steps of the loop itself. This leads to the following expression.

slp � [RMSD ]1=�
lp (1.8)

For example, in Chapter3 we will see expressions similar4 to the one below where in place

of [RMSD ] is an approximate height of a loop from the surface,mv + 1.

slp � (mv + 1) 1=� (1.9)

Note on Stirling Approximations We will use Stirling's approximation of the logarithm

of the factorial in the numerical computations on the following chapters. We have that the

4The expression has been simpli�ed from that of the Chapter3
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Stirling factorial is the following,

Stirl (x) =

8
>>>>>>><

>>>>>>>:

DNE; x < 0

0; x = 0

0; x = 1

x log(x) � x + 1
2 log(2�x ) + 1

12x ; O=W

(1.10)

We derive a function for the approximation of the logarithm of the binomial coe�cient in

Equation 1.12based on the binomial coe�cient in Equation 1.11and the Stirling Factorial

in Equation 1.10.
�

Set
Choose

�
=

Set
Choose� (Set � Choose)

(1.11)

StirlBin (Set; Choose) = Stirl (Set) � Stirl (Choose) � Stirl (Set � Choose) (1.12)
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1.5 Topics Overview

1. Introduction Provided in this chapter are de�nitions of polymer adsorption and loops as

well as background on experimental results and theoretical models. All models in the thesis

are constructed and analyzed following the general principles described in Section 1.2.

I . One Dimensional Surface Lattice Models

2. One Dimensional Model with Multi-Step Bases and Gaps This chapter is

focused on a model with a one dimensional surface and a single expected loop length

value, with considerations of loops, trains, gaps, and bases.

3. One Dimensional Periodic Model This chapter is focused on a model with

a one dimensional surface with a �xed pattern of salt-caps on the surface dependant

only on coverage values with considerations of bases in sites below loops, but no gaps

between polymers.

II . Two Dimensional Surface Lattice Models

4. Two Dimensional Surface Model: Unconstrained Approach This chapter is

focused on a model with a two dimensional surface of adsorption, using approximations

based on Fleer sub-partition methods and Flory-Huggins mean-�eld approach.

5. Two Dimensional Periodic Model with Clustering of Lattice Sites This

chapter is focused on a model with a two dimensional surface of adsorption, using

approximations based on Fleer sub-partition methods and Flory-Huggins mean-�eld

approach, with considerations of gaps and loops using clusters of polymer walks and
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clusters of salt-caps.

III . Discussions, Conclusions and Future Work

6. Discussion In this chapter a comparison of the models developed and their results

is done, as well as a comparison to work of peers in the past. Following that, future

considerations for this research are brie�y expanded upon.

7. Conclusion Final statement on the outcomes of this research.
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Part I

One Dimensional Surface Lattice

Models
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Chapter 2

One Dimensional Model with

Multi-Step Bases and Gaps

We develop a model to enumerate the preferential behaviour of loops on a one dimensional

surface, and then provide the intuition behind the placement and enumeration of the poly-

mers in the mean-�eld model. Subsequently, we describe the major relationships of this

model in terms of calculating the number of loops, the length of the portions of the chains

that are in trains, and the way we calculate the number of chains on the surface. We then

examine derivations related to enumerating the di�erent ways a loop can be anchored at two

end-points on the surface. In a similar way, we are able to derive the enumerational approach

to counting the positions of the gaps between polymers adsorbed to the surface. Based on the

above we then derive partitions for the surface, solution and the loops, and then bring them

together in a single calculation. We propose the implementation and calculations needed

for the procedure, such as maximum looping condition and bounds of iteration. Finally, we

provide the results of this model, plotting entropy as a function of number of mers in loops

in a single polymer adsorbed to a surface. This is achieved through evaluating the total
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enumeration values for each loop length, and �nding the loop length for which the maximum

enumeration value corresponds to the maximum entropy.

2.1 Model Intuition

We assume that the surface the polymers will adsorb to is a one dimensional sequence of

lattice sites, to which each mer of the polymer can adsorb to a single lattice site. Loops

will form in the case when the adsorbed polymer-chains have more mers than available

sites. A way to achieve this is through introducing salt-caps to a fraction of surface sites

as is explained in detail in Chapter1. The existence of a certain fraction of salt-caps will

constrain the total number of sites the polymers can occupy on the surface, forcing a partial

coverage scenario, and as such forcing the mers into loops. The arrangement of both the

salt-caps and polymers will be based on entropic preference. There are two ways the salt-

caps will impact the arrangement of the polymers on the surface. One way is through the

formation of loops above the salt-caps. The other is that of the existence of gaps between

adjacent adsorbed polymer-chains on the surface. This combination of gaps, bases, trains

and loops, is illustrated in Figure2.1

Figure 2.1: One dimensional surface lattice in solution volume. Adsorbed polymer con�gu-
rations consist of a combination of mers at the surface as trains, loops, salt-caps below loops
and the gaps between polymers.
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Figure 2.2: Components of a polymer adsorbed to a surface, with base length corresponding
to sbs and loop length toslp

This model has three major sub-tasks of enumeration. The �rst is that of the solution where

the free-�oating polymers reside. The second is the surface to which the polymers adsorb

to and arrange themselves. Lastly, there is the mixed sub-task for loops, which has aspects

of enumeration on the surface and aspects of counting the walks of the free-�oating loops in

the proximal region of solution.

On a one dimensional lattice, the polymers will be constrained to a single line of contiguous

lattice sites, and for that reason there is no considerations of random walks on the surface in

the enumeration. The �rst aspect of the enumeration procedure for loops is that of enumer-

ating all the possible positions a loop can take for a polymer chain. This is best illustrated in

Figures 2.3 to 2.5 below, where there is a number of ways to arrange loops on the polymer,

if one is provided the number of loops that would occupy that polymer, which in this case

for simplicity, is set to be a single loop.
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Figure 2.3: Loop over �rst position

Figure 2.4: Loop over second position

Figure 2.5: Loop over third position

The other enumeration of loops is that of the free-�oating mers in the proximal region of

the solution. More speci�cally, a loop can be treated as a polygon that is �xed at two sites,

but otherwise can arrange the remaining mers of the loop in multiple ways on a three di-

mensional lattice. This approach is quanti�ed using methods associated with self-avoiding

polygons [13], and more on this will be discussed in detail in Section2.5.
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ˆ Find the number of polymers on the surfacena.

na =
p � nsurf

L
by Equation 5.3

ˆ Find the polymers in solution,nb.

nb = n � na

Step 2: Calculate the enumeration function values.

ˆ Call the logarithmic enumeration function for the surface.

logEsurf = Stirling (naL ) � Stirling (na)

+ na

�
(L � 1)

�
logp � log (Lna) �

�
1

n1 + 1

�
log (2�D )

�

+
�

L + n1

n1 + 1

�
( log (q) � (n1 � 1) log (q � 1) )

�
by Equation 5.36

(5.39)

ˆ Enumerate loop arrangements of the system on a logarithmic scale,logElp .

logElp = StirlingBinomial (L ; nlp)

+ nlp (slp log� 3 + log B3 � 3:7 logslp ) by Equation 5.35 (5.40)

ˆ Finally compute the logarithmic enumeration of the solution

logEvol = log ( A3) + r log (� 3) (5.41)



144

Step 3: Output the total enumeration for a speci�c set of parameters.

logEtotal = Stirling (n) + log Esurf

+ ( na � logElp) + ( nb � logEvol)

+ ( nb � lognvol) � Stirling (nb) by Equation 5.37 (5.42)

Step 4: Look for the values ofn1 that maximize Etotal .

5.8 Molecular Architecture of Surface and Loops

In the last two sections of this chapter (5.8 and 5.9) we shall present the results of the above

periodic model and do an analysis on the molecular architecture of the polymers adsorbed

to the surface for varying scenarios of coverage of polymers on the surface. This will be

done initially from the macroscopic perspective of the surface overall in terms of the average

thickness of the single layer of polymers. Then we will provide more granularity on the

di�erent molecular structures on the surface overall. Finally, we shall zoom in to a single

polymer of the many on the surface and analyse the molecular architectures at that level.

It is important to note that in the previous section we provided three alternate approaches

to calculate the length of a loop as a function of its base lengthD. In this section we will

mostly focus on the parameter of� that corresponds to that of a random walk in three

dimensions, namely that of� � 1 = 2. The other two approaches, that of the self-avoiding

walk which corresponds to� � 1 = 1:67and that of a linear walk of� � 1 = 1:00will be provided

as reference data in the appendix. In the immediate three subsections (5.8.1,5.8.2,5.8.3), we

have provided a set of possible measures of the height of the polymer layer in terms of the

average thickness of the single layer of polymer, approximate loop heights of the loops, as

well as the measure of the number of lattice sites occupied by a loop,slp .
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5.8.1 Loop Length

A metric that was used to get a sense of the size of the loops was that of loop length,slp . In

the results below of Figure5.20 we plot the loop length as a function of polymer coverage

on the surface. The �rst thing we notice is high loop lengths for low polymer coverage

and smaller loop length for greater polymer coverage. Comparing the di�erent calculation

approaches we observe a similar trend of decrease across all calculation approaches, where

the non-linear computation has a steeper drop at twenty percent coverage.

Figure 5.20: Mers in a single loop as a function of fraction of surface-site occupancy by
polymers

5.8.2 Base-length of Loop

An alternative way to measure the size of the loops is that of the height of the loop based

on the base-length of a loop. In this it is assumed that the height of a loop would be of a

similar scale to the base-length. This is because the walk of the loop is assumed to be a
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