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Abstract  

 

     The sum of ratios optimization problem appears in many different communications applications 

and therefore is an important topic to study. The classic power control problem in a communication 

link is defined as maximizing the data rate in a scenario with multiple users that can be modeled 

as a sum of the ratios optimization problem. The Dinkelbach’s method has been extensively used 

in optimizing single ratios, but for many years, it was believed that no generalization to 

Dinkelbach’s algorithm for the sum of ratios problem was possible, and a few attempts were 

proven wrong later. In this research, we propose a new generalization to the Dinkelbach’s 

technique tailored to the sum of functions of ratios problem along with developing a new way to 

update the auxiliary variable in the equivalent parametric program. The new variant of 

Dinkelbach’s algorithm is proved to be a fast and accurate technique to solve the problem of the 

sum of non-decreasing functions of ratios with concave numerators and convex denominators.  
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Chapter One: Fractional Programs, Background and Classic 

Approaches 

    Optimization is important to decision-making problems in areas like engineering and 

economics. Choosing between different options usually realizes the process of decision making, 

and the metric to measure the efficiency of our choices is called the objective function. A good 

example in communications engineering is optimizing the energy consumption in a wireless 

network that can drastically change the level of pollutions created as a result. The best decision is 

usually made with respect to some constraints on the parameters to choose, and as a result, there 

is usually a feasible set for the parameters that are used in an objective function [1].  

      There are many applications in engineering that could be modeled with liner programs such as 

optimizing a convex problem. Additionally, cases with non-linear objective functions are found in 

both engineering and economics problems. A special case of non-linear programming is when we 

have one or multiple ratios that need to be optimized. These problems are categorized as Fractional 

Programming problems. One early application of fractional programs is a model developed by 

Von Neumann for an economy in 1937 [2]. The authors proposed an equivalent objective function 

to the non-convex program and solved it. Aside from a few papers, the study of fractional programs 

did not start until 1960’s with the work published by Charnes and Cooper [3].  Optimization 

problems also appear in various areas of engineering, including communications. These 

applications include both linear and non-linear objective functions. The general form of a 

fractional program, according to Charnes and Cooper [3], can be written as follows: 
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min   𝑓(𝑥) =  ∑
ℎ𝑖(𝑥)

𝑔𝑖(𝑥)

𝑝

𝑖=1

 

subject to 𝑥 𝜖 Χ 

 

(1.1) 

wherein the case of i =1 there is a single ratio to optimize and that forms a classic fractional 

program. Here, both functions in the numerator and denominator are real-valued and finite on a 

feasible set of Χ. Since these ratios are, in general, non-convex, we can not use simple optimization 

toolboxes or algorithms to optimize them, and instead, we need to find ways to transform the 

problem into an equivalent convex problem. This has been a prevalent topic in the optimization 

field for years and is still an open problem. Based on the nature of the numerator, denominator, 

and constraints, we can have a broader classification of fractional programming problems that are 

discussed below [4].  

1.1 Classification of Fractional Programming Problems 

     Here, different categories of fractional programs are introduced according to [5]: 

1.1.1 Single Ratio Linear Fractional Programming 

     This problem is defined as below: 

 
min     

h(x)

g(x)
 

x ϵ X 

g(x) > 0 for all x ϵ X and lk: x → R k = 1: n a 

 

(1.2) 

In this problem, both the numerator and denominator are affine (linear + constant) functions.  
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1.1.2 Single Ratio Fractional Programming 

     This problem can be defined as: 

 
min 

h(x)

g(x)
 

x ϵ X 

 

(1.3) 

where h and g are real-valued functions which are finite on X and 𝑔(𝑥) > 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝜖 𝑋 and X 

is a non-empty closed feasible region. This category also includes the problems from the first group 

1.1.3 Single Ratio Quadratic Fractional Programming 

     This kind of problem is given by: 

 
min 

h(x)

g(x)
 

x ϵ X 

 

(1.4) 

Where h and g are quadratic functions and 𝑔(𝑥) > 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝜖 𝑋 𝑎𝑛𝑑 𝑙𝑘: 𝑥 → 𝑅 𝑤ℎ𝑒𝑟𝑒 𝑘 =

1: 𝑛   and 𝑋 = {𝑥: 𝑙𝑘(𝑥) ≤ 0, 𝑘 = 1: 𝑛} are affine functions.  

1.1. 4 Min-Max Fractional Programming 

     This problem is defined as: 

 
Minx ϵ XMaxy ϵ Y

h(y, x)

g(y, x)
 

 

(1.5) 

Where 𝑋 𝜖 𝑅𝑚 and 𝑌 𝜖 𝑅𝑛 are non-empty closed sets. 
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1.1.5 Sum of Ratios Fractional Programming 

This type of problem is given by: 

 

min  ∑
hi(x)

gi(x)

p

i=1

 

x ϵ Χ 

 

(1.6) 

Where 𝑔𝑖(𝑥) > 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 and 𝑥 𝜖 Χ. 

1.1.6 Multi-Objective Fractional Programming 

     In this problem, we have multiple ratios that need to be optimized simultaneously as below: 

 
min { 

h1(x)

g1(x)
, … ,

hp(x)

gp(x) 
} 

x ϵ Χ 

 

(1.7) 

Where 𝑔𝑖(𝑥) > 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 and 𝑥 𝜖 Χ. 

1.2 Classic Approaches to Solve Fractional Programming Problems 

     First, we consider the single ratio fractional programs, which are a broad category of fractional 

programs. Given a non-empty constraint set, we can define a single ratio optimization problem as 

below: 

 
min     

h(x)

g(x)
 

Subject to x ϵ X 

 

(1.8) 
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   The problem above is non-convex in general. The most straightforward approach to deal with 

nonconvexity is to find a way to decouple the numerator and the denominator and transform the 

problem into a convex optimization case. There are two classic methods to do so. The first method 

was developed by Charnes-Cooper as an initial attempt to solve fractional programs, and the 

second one was proposed by Dinkelbach [5][6]. A detailed description of these two algorithms is 

presented below. 

1.2.1 Charnes-Cooper Method 

     Based on the work presented in [3] and [5], this method uses a simple change of variables to 

transform the non-convex program to a convex equivalent objective function. Two new variables 

are introduced based on the original problem in (1.8): 

 
z =

1

g(x)
  , q =  

x

g(x)
 

 

(1.9) 

Thus, the single ratio problem is reformulated as below: 

 
min     z × h (

q

z
) 

subject to z × g (
q

z
) ≤ 1 

z ϵ Z 

q ϵ Q 

 

(1.10) 

      According to this change of variables, the objective function is no longer fractional and can be 

optimized by an appropriate optimization method. The introduced change of variables decouples 

the numerator and denominator and moves the denominator to the constraints. After solving the 
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problem for the new variables, the value of the original variable x can be obtained using (1.9).  As 

can be seen, this transform adds new constraints to the problem, which may not be favorable in all 

cases. This method was first proposed only for affine fractional programs by Charnes-Cooper and 

was later extended to the case of concave-convex by Schaible [5].  

1.2.2 Dinkelbach’s Method 

    This method was first introduced by Werner Dinkelbach in 1967 in [6] with a super-linear (faster 

than linear) convergence rate based on introducing a new auxiliary variable to decouple the 

numerator and the denominator. The objective function is modeled with an equivalent objective 

that is convex for fixed y: 

 min   h(x) − y × g(x) 

Subject to x ϵ X 

yt =
h(xt−1)

g(xt−1)
 

 

(1.11) 

wherein the subscript t is the iteration index, and it is proved that in each iteration, with a fixed 

auxiliary variable, we only need to solve a convex problem. When the original single ratio problem 

is a concave-convex problem, the algorithm converges to the global optimum. The auxiliary 

variable y is updated in each iteration, and an equivalent convex objective is optimized for a fixed 

y. The main advantage of this algorithm over the Charnes-Cooper method is that it does not add 

new constraints to the problem.   
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     Although classic approaches prove to be efficient in solving the single ratio problems, it is 

difficult to generalize them to the case of multiple ratio programs. Therefore, they can only be 

effective when dealing with single ratio problems.  

1.3 Objective of the Study 

     The objective of this research is to propose a new generalization to the Dinkelbach’s technique 

tailored to the sum of functions of ratios optimization problem along with developing a new way 

to update the auxiliary variable in the equivalent parametric program.  Optimizing the sum of 

ratios is of great importance in many wireless communication applications and is considered to be 

NP-hard [7]. Studying the literature in this area proves that for solving single ratio optimization 

problems, classic approaches like Charnes-Cooper and especially Dinkelbach’s are more reliable 

and efficient [38]. However, these methods can not be directly extended to the multiple ratio case, 

and we need to develop new approaches for this class of optimization problems. The main work 

published in this area is based on a branch-and-bound algorithm which is an efficient but time-

consuming process [17] [18] [19]. Other approaches like [37] and [38] seem to be more 

straightforward and have promising performances. In [37], the authors developed a new variant of 

Dinkelbach's algorithm suitable for the sum of ratios problem. Their approach works well for 

different examples, but as they mention in the conclusion section, it lacks effectiveness due to the 

large number of iterations needed to perform in the search process to find the auxiliary variable of 

the equivalent parametric program. This became a motivation for us to try to develop a new 

formula for the auxiliary variable so that the update can be performed without having to search the 

whole search space. 
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      The sum of ratios optimization problem appears in many different communications 

applications and, therefore, is an important topic to study. The classic power control problem in a 

communication link can be represented with the problem of maximizing the data rate in a scenario 

with multiple users that can simply be modeled as a multiple ratio optimization problem. 

Furthermore, in beamforming design for a Multiple Input Multiple Output (MIMO) cellular 

network, a weighted sum rate over the beamforming vectors needs to be optimized, which is 

another application of multiple ratio fractional programming. The most popular application of 

sum-rate optimization in communications is the energy efficiency maximization in wireless links 

that has been broadly investigated for the case of a single link in the literature [38] and can be 

formulated as a multiple ratio fractional programs in case of multiple links.  

     The main contribution of this work is the introduction of a new update formula for the auxiliary 

variable q motivated by the original Dinkelbach’s method. Having the algorithm defined as such, 

it can be easily seen that the original Dinkelbach's algorithm is a particular case of our new general 

form where 𝑖 = 1 and the update rule only includes one numerator and denominator. One possible 

advantage of this new formulation is that it can be used for both affine and the quadratic 

(polynomial) sum of ratios without having to modify the algorithm. We propose to apply this new 

variant of Dinkelbach’s algorithm to various numerical examples and conduct a comparative 

analysis with the obtained results of other algorithms mentioned in [22-32]. Additionally, a new 

approximative method is introduced for the general problem of sum of non-decreasing functions 

of ratios problem. An example of this problem is the weighted sum rate optimization, in which we 

aim to optimize the sum of logs of ratios.  At the end, the application of fractional programming 
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for the sum of functions of ratios in communication systems will be explored thoroughly with the 

proposed method, and relevant simulation results will be provided. 
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Chapter Two: Literature Review 

     In the previous chapter, the mathematical formulations of different fractional programming 

problems were discussed along with the classic solutions. In this chapter, the two main categories 

of fractional programs (single and multiple ratio programs) are investigated in more detail, and the 

more recent approaches to solve each group of problems is presented.  

2.1 Single Ratio Case 

     The study of fractional programming problems with only a single ratio has primarily dominated 

the literature in the fractional programming field by 1980, with Dinkelbach’s [3] and Charnes-

Cooper's [6] approaches being the most promising methods to use. In [8], the author proposed a 

new combined algorithm to solve the single ratio fractional program such that both the objective 

function and the feasible region turn into DC (difference of two convex) functions. A new 

transform according to the equation (2.2) was proposed for the original problem defined as follows: 

 
max   

f(x)

g(x)
 

s.t.   x ϵ S 

 

(2.1) 

With 𝜆 introduced as an auxiliary parameter to define the following equivalent problem: 

  

(2.2) 

 

The author proved the convexity of F in the case that the numerator is a convex function and, by 

means of a variable transformation as below, converted the problem to a DC optimization case: 
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β(x) =

1

g(x)
 , y = x × β(x) 

 

(2.3) 

 

 
F(y, β) =  β × f (

y

β
) = β × f(x) =  

f(x)

g(x)
 

G(y, β) =  β × g (
y

β
) =  β × g(x) = 1 

 

(2.4) 

The equivalent DC problem can be written as follows: 

 max  F(y, β) 

s. t.    G(y, β) − 1 ≤ 0 

H(y, β) ≤ 0 

β ≤ β ≤ β 

 

(2.5) 

With the following definitions: 

Denote β =: 1/max{g(x) | x ϵ S},  β =: 1/min{g(x) | x ϵ S} . Then we see that: 

 SH ⊆  {(y, β)  ∈  Rn+1 | H(y, β)  ≤ 0, β ≤ β ≤ β}  ∩ {(y, β) | G(y, β) − 1

≤ 0} 

(2.6) 

 

Using the above transformation, the author proved the convergence of the proposed algorithm and 

concluded that their method can achieve the desired results in a reasonably shorter time as 

compared with the original parametric method proposed by Dinkelbach.  
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     Authors in [9] presented a new method to optimize a ratio in which both the numerator and 

denominator are convex, and at least one of them is in quadratic form. The first problem (P1) is 

given by: 

 
max   

xTQx

xTPx
 

Subject to 𝑥 𝜖 𝑋 

 

(2.7) 

wherein Q and P are both n× 𝑛 positive semidefinite matrices of real numbers.  

The second problem (P2) is defined as: 

 
max    

xTQx

g(x)
 

Subject to x ϵ X 

 

(2.8) 

The branch-and-bound algorithm solves the problem (P2) by solving the equivalent objective 

function as below: 

 max f(y, t) 

s. t.    (y, t) ϵ Y. T.∩ H 

(2.9) 

 

 LYj = min  yj 

s. t.     hi(y) ≤ 0, i = 1,2, … q 

L ≤ Wy ≤ U 

 

(2.10) 
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and 

For 𝐿 , 𝑈 𝜖𝑅𝑛. 

For each j, the values of LYj and UYj are finite and each of them is the optimal value for a convex 

problem. Let us define the hyperrectangle H by   H =  H1 ×  H2 × … .× Hn , where: 

 Hj = {(yi, ti)  ∈  R2| LYj ≤ yj ≤ UYj, m ≤ tj ≤ M} 

fj(yj, tj) =
αjyj

2

tj
 

 

 (2.12) 

 

And f(y, t) is defined as below: 

 
f(y, t)  =  ∑ fj(yj, tj)

n

j=1

 

 

 (2.13) 

 

and YT is given by any set of (y, t) that satisfies the following conditions: 

 hi(y) ≤ 0, i = 1,2, … . q 

L ≤ Wy ≤ U 

t1 − h(y) ≥ 0 

t1 = t2 =. . . . = tn 

 

 (2.14) 

 

 UYj = max  yj 

s. t.     hi(y) ≤ 0, i = 1,2, … q 

L ≤ Wy ≤ U 

 

(2.11) 
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Using the above transform, the problem (P2) is globally solved by solving a sequence of convex 

programs provided that the number of variables is small. Similar algorithms were also proposed 

for the case of quadratic fractional programs using a generalized Dinkelbach method in [10]. 

Furthermore, authors in [11] and [12] presented a new algorithm to solve a group of linear 

fractional programming problems by transforming the problem to a linear program and then 

solving it by the simplex method.  

2.2 Multiple Ratio Case 

     Reviewing the research published in the field of single ratio fractional programs proves that 

Dinkelbach’s and Charnes-Cooper algorithms seem to have the best performance. However, a 

significant disadvantage of Dinkelbach’s method is that it can not be extended to the case of 

multiple ratio programs (sum of ratios optimization) except in the case of the Min-Max problem 

[13]. In fact, in [14], authors tried to develop an extension to Dinkelbach's algorithm for the sum 

of ratios problem, but Falk and Palocsay [15] showed that their algorithm did not work in general.  

     A simple extension to Dinkelbach’s was proposed in [16] based on presenting a new definition 

for the auxiliary parameter for the case with several ratios in which the update equation for the 

parameter is modified as below: 

 
λk+1 = max  {

fi(xk)

gi(xk)
} 

 

 (2.15) 

 

And the new objective function is given by: 

 F(λk) = inf  [max {fi (x) − λkgi(x)}] 

 

 (2.16) 

 



15 

 

The rest of the algorithm is similar to the original Dinkelbach’s. The authors also presented a new 

algorithm and compared the convergence performance of both methods. This method seems to be 

converging very fast, but convergence to the global optimum point is not guaranteed, and in fact, 

in some cases, it converges to the local optimal solutions.  

     Other branch-and-bound algorithms were presented by Benson in [17], [18] and [19]. In [17] 

the following function was employed to solve the minimization of sum of ratios problem: 

 

ψ(y, z)  =  
[∑ yi(∏ zi)]

p
j=1,j≠i

p
i=1

1/p

(∏ zi)
p
i=1

1/p
 

 

(2.17) 

 

where y = (y1, y2, … . , yp) and z = (z1, z2, … zp) and W and H are defined as below: 

 W =  {(y, z)  ∈  R2p | yi = fi(x), zi =  gi(x) for some x ∈  S} 

H =  {(y, z)  ∈  R2p | 0 ≤ yi ≤ max
x ∈ S

fi (x), 0 ≤ zi ≤ max
x ∈ S

gi (x)} 

(2.18) 

 

Thus, the following problem needs to be solved: 

 min  { ψ(y, z) | (y, z)  ∈  W} (2.19) 

 

By branching on H and bounding performed on 𝐻 ⋂ 𝑊, a lower bound of the numerator and an 

upper bound of the denominator are found. The authors proved the superiority of the proposed 

method in terms of finding the global optimal points, especially for the non-linear sum of ratios 

problem.  
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     Two other approaches were proposed in [18] and [19] by Benson in order to solve problem 

(2.20) with a maximization objective. In [18] a new equivalent objective function is presented as 

follows: 

 

max { ∑
fi(x)

gi(x)

p

i=1

 | x ∈  S} 

 

(2.20) 

 

 

 

υH = max ∑
yi

zi

p

i=1

 

s. t.       fi(x) − yi ≥ 0, i = 1,2, … . p 

              −gi(x) + zi ≥ 0, i = 1,2, . . . . p 

x ∈  S, (y, z)  ∈  H 

(2.21) 

 

where H is a 2p dimensional box. The concave envelope of  
𝑦𝑖

𝑧𝑖
 can be obtained by minimizing the 

following objective: 

 min { 
1

zi
yi  −  (

yi

zizi
)zi  +  

yi

zi
 ,

1

zi
yi  − (

yi

zizi
)zi +  

yi

zi
} 

 

(2.22) 

 

Using another branch-and-bound algorithm, authors proposed a global optimization method to 

solve the sum of ratios problem (2.20). The authors also proved that their method is 

computationally efficient and verified the results with numerical examples.  

     In [19], Benson suggested another equivalent objective to solve (2.20) as given follows: 
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max  ∑ yifi

p

i=1

(x) 

s. t.   yigi(x) − 1 ≤ 0, i = 1,2, … . p 

x ∈  S, y ∈  {y ∈  Rp |  
1

max
x ∈ S

gi (x)
 ≤ yi ≤

1

min
x ∈ S

gi (x)
}  

 

(2.23) 

 

The author backed up this new algorithm with numerical examples and suggested that solving the 

presented equivalent objective is more computationally efficient and can be used to globally solve 

non-linear sum of ratios problems. However, an accurate computational analysis is still lacking in 

both [18] and [19].  

     Authors in [20] considered a general case of problem (2.20) where both the numerator and the 

denominator are DC functions. The original problem was converted to a linear programming 

problem and solved using an algorithm proposed in [21].  

     Another branch-and-bound algorithm to solve the sum of ratios problem was suggested by Dur 

et al. in [22]. Provided that the following assumptions are fulfilled, their algorithm can solve the 

problem (2.20): 

(i) The functions 𝑓𝑖 are positive concave, and the functions 𝑔𝑖 are convex. 

(ii) All functions are affine. 

Assume that for 𝑖 = 1, … 𝑝 the following bounds can be computed: 

 
li
0 ≤ min{

fi(x)

gi(x)
| x ∈  P} 

(2.24) 
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ui
0 ≥ max{

fi(x)

gi(x)
| x ∈  P} 

After introducing the new variable y as 𝑦 = (𝑦1, … . 𝑦𝑝), and the rectangle 𝑌0 = {𝑦 ∈  𝑅𝑝: 𝑙0 ≤

𝑦 ≤  𝑢0}, it can be seen that the problem (2.20) is equivalent to the following problem: 

 

max ∑ yi

p

i=1

 

s. t.  fi(x) − yi × gi(x) ≥ 0, i = 1, … . p 

x ∈ P, y ∈  Y0 

(2.25) 

 

The authors then presented a branch-and-bound algorithm to solve the equivalent problem above. 

For the case of maximizing the sum of affine ratios, the Lagrange-dual of the problem is reduced 

to a linear program and can be easily solved. To compute lower bounds, they suggested using the 

efficient points of associated multiple objective problems.  

     By considering the two following problems, the authors in [23] proposed an equivalent problem 

to solve the nonlinear sum of ratios problem: 

 

(𝐏): min    h(x) = ∑ hj(x) = ∑
nj(x)

dj(x)

p

j=1

p

j=1

 

s. t.   gm(x) ≤ 0, m = 1, … . M 

x ∈  X =  {0 < xi
l ≤ xi ≤ xi

u, i = 1, . . . , N} 

(2.26) 

 

They assumed that all the numerators and denominators were polynomials with real constant 

coefficients. An equivalent to problem P is given by: 
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(𝐏′) ∶  min    h(x)  =  ∑ hj(x) = ∑
tj

sj

p

j=1

p

j=1

 

s. t.    tj − nj(x) ≤ 0, j = 1, … . p 

dj(x) − sj ≤ 0, j = 1, … . . , p 

gm(x) ≤ 0, m = 1, … M 

x ∈ X = 0 < xi
l ≤ xi ≤ xi

u, i = 1, … , N 

(t, s)  ∈  Ω =  {(t, s) ∈  R2p | 0 < lj ≤ tj ≤ uj, 0 < Lj ≤ sj ≤ Uj} 

(2.27) 

 

Where 𝑛𝑗(𝑥) =  𝑡𝑗 and Ω = {(𝑡, 𝑠) 𝜖 𝑅2𝑝| 0 ≤ 𝑙𝑗 ≤ 𝑡𝑗 ≤ 𝑢𝑗 , 0 ≤ 𝐿𝑗 ≤ 𝑠𝑗 ≤ 𝑈𝑗}. Then, using an 

exponential change of variables, they rewrote the problem as below: 

 (𝐐):     min   f0(y) 

s. t.   fm(y) ≤ 0, m = 1, … ,2p + M 

y ∈ E = yj ≤ yj ≤ yj, j = 1, … . ,2p + N 

=  { ln( xi
l) ≤ zi ≤ ln( xi

u), i = 1, … . N, 

ln(lj) ≤ ηj ≤ ln(uj), j = 1, … p 

ln(Lj) ≤ ξj ≤ ln(Uj), j = 1, . . . p} 

(2.28) 

 

where xi = exp(zi) , tj = exp(ηj) , sj = exp (ξj). 

Introducing the concept of Linear Bounding Functions, the authors found the linear relaxation of 

problem Q and develop a branch-and-bound algorithm to solve problem Q. The lower bounding 

problem is transformed into a linear programming problem and solved by the simplex method. It 

was claimed that the proposed method was efficient when optimizing the non-linear sum of ratios 

problem over a non-convex feasible region.  
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     A new algorithm to solve the sum of linear 1-D and 2-D fractional functions was developed in 

[24]. The original problem was given by: 

 
max   f(x) = ∑

ni(x)

di(x)

m

i=1

 

x ∈  S 

     (2.29) 

 

If the problem is d-dimensional, and x̅ = (x1, … . xd)T, the sum of linear fractions is transformed 

to an m-dimensional equivalent problem using an iterative algorithm. Each ratio ri(x̅) =  
ni(x̅)

di(x̅)
 is 

mapped to a corresponding dimension 𝑟𝑖 in the new space. Therefore, the equivalent objective 

function is defined as follows: 

 
F(r̅) =  ∑ ri

m

i=1

 
(2.30) 

 

Using an iterative algorithm, both the lower and upper bounds of each dimension 𝑟𝑖 were 

computed, trying to minimize the gap between the two values in each iteration. An optimal solution 

was obtained when the upper bound matched the lower bound. Then they proposed a linear 

parametric programming approach to solve the offline 2-D ratio queries problem, developing the 

method for the single ratio case and then generalizing it to the case with M ratios. Considering that 

there are N linear constraints in the original problem, the authors suggested a way to process all 

the calculations in O((N + M)LogN) time, which is an advantage compared to the conventional 

methods. They also claimed that their method was more straightforward to implement. The 

parametric approach is similar to that of Dinkelbach’s, and it is generalized to the case of multiple 

ratios. The authors also suggested that some computational geometry problems can be transformed 
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to the sum of linear ratios problem and solved using their algorithm. These problems include the 

problem of computing length-optimal supports for a simple non-convex polygon that appears in 

layered manufacturing that can be reduced to a 1-D sum of linear ratios problem. The results were 

verified by solving numerical examples.  

     Another branch-and-bound algorithm was presented in [25] to globally solve the sum of ratios 

problem with coefficients. The original problem was given by: 

 
(𝐏):    max  f(x) = ∑ ci

m

i=1

ni(x)

di(x)
 

s. t.   x ∈  X 

(2.31) 

 

Where 𝑚 ≥ 2 𝑎𝑛𝑑 𝑛𝑖(𝑥), 𝑑𝑖(𝑥) are finite affine functions on 𝑅𝑛 such that ni(x) ≥ 0 𝑎𝑛𝑑 di(x) >

0 for all x ϵ X = {x|Ax ≤ b} and 𝑐𝑗 are real constant coefficients. The authors noted that this kind 

of problem had many applications in finance etc., and a significant characteristic of it was having 

multiple local optimums that make it difficult to deal with. The authors proposed an equivalent 

non-convex problem to (2.31) and proved that it converged to the same solution. Assume that 𝑐𝑖 >

0 𝑓𝑜𝑟 𝑖 = 1, … . , 𝑇 𝑎𝑛𝑑 𝑐𝑖 < 0 𝑓𝑜𝑟 𝑖 = 𝑇 + 1, … . 𝑚. 𝑙𝑖̅ = min 𝑛𝑖 (𝑥) and 𝑢𝑖̅ = max 𝑛𝑖 (𝑥), 𝐿𝑖̅ =

min 𝑑𝑖(𝑥) and 𝑈𝑖̅ = max 𝑑𝑖(𝑥) for i=1…., m. Since 𝑛𝑖(𝑥), 𝑑𝑖(𝑥) are affine functions, 𝑙𝑖̅, 𝑢𝑖̅,   

𝐿𝑖̅, 𝑎𝑛𝑑 𝑈𝑖̅ can be computed in a straightforward manner using linear programming.  

Let H = {(t, s) ∈  R2m| li̅ ≤ ti ≤ ui̅, Li̅ ≤ si ≤  Ui̅ , i = 1, … . , m}. The following equivalent 

program was proposed to be solved instead of problem P: 



22 

 

 

(𝐐) ∶    υH = max   g(t, x)  =  ∑ ci

T

i=1

ti

si
 +  ∑ ci

m

i=T+1

ti

si
 

s. t.          ni(x) − ti ≥ 0, i = 1, … . T 

   ni(x) − ti ≤ 0, i = T + 1, … . m 

−di(x) + si ≥ 0, i = 1, … . , T 

−di(x) + si ≤ 0, i = T + 1, … . , m 

x ∈  X,    (t, s) ∈  H 

(2.32) 

 

Then using the following theorem, the authors proved the convergence of the solutions of problems 

P and Q.  

Theorem 1. If (𝑥∗, 𝑡∗, 𝑠∗) is a global solution of problem (Q), then 𝑡𝑖
∗=𝑛𝑖(𝑥∗), 𝑠𝑖

∗ = 𝑑𝑖(𝑥∗) and 𝑥∗ 

is a global solution of problem (P). The converse is also correct. (Proof in [24]). 

Therefore, using the linearization method, they obtained a linear relaxation equivalent of problem 

Q. In the algorithm, the branch-and-bound tree creates rectangular regions that belong to 𝑅2𝑚, 

where m is the number of ratios in the problem P. However, the branching process only takes place 

in 𝑅𝑚, rather than 𝑅2𝑚. By providing numerical examples, the authors verified the validity of their 

approach for problems with up to four ratios.  

     A deterministic global optimization approach to solve the linear sum of ratios problem was 

proposed in [26]. An equivalent objective function was derived by exploiting the characteristics of 

the constraints of the original problem. The problem is considered to have the following form: 

 

min   f(x)  =  ∑ hj

p

j=1

(x) = ∑
cj0 + cj

Tx

dj0 + dj
Tx

p

j=1

 

(2.33) 
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s. t.    Ax ≤ b,   x ∈  Rn 

Where 𝐴 𝜖 𝑅𝑚×𝑛, 𝑏 ∈  𝑅𝑚 and 𝑐𝑗0, 𝑑𝑗0 are all arbitrary real numbers and 𝑐𝑗 , 𝑑𝑗 ∈ 𝑅𝑛 and 𝑐𝑗0 +

𝑐𝑗
𝑇𝑥 ≥ 0 and 𝑑𝑗0 + 𝑑𝑗

𝑇𝑥 ≠ 0 for any 𝑥 ∈ {𝑥|𝐴𝑥 ≤ 𝑏}, 𝑗 = 1, … 𝑝. 

The authors then proposed a linear relaxation program as follows: 

First, the following optimization problem is solved: 

 xi =  min   xi 

s. t.      Ax ≤ b 

xi =  max   xi 

s. t.      Ax ≤ b 

(2.34) 

 

 

 

Then we get the initial interval vector 𝑋0 = {𝑥: 𝑥𝑖 ≤ 𝑥𝑖 ≤ 𝑥𝑖̅, 𝑖 = 1, … 𝑛}. The equivalent problem 

is given by: 

 

min   f(x)  =  ∑ hj

p

j=1

(x) = ∑
cj0 + cj

Tx

dj0 + dj
Tx

p

j=1

 

s. t.    Ax ≤ b,   x ∈  X0 

(2.35) 

 

By solving a sequence of linear relaxation programs, the upper and lower bound of the original 

problem were obtained, resulting in a globally optimum solution. The authors also verified their 

method by solving numerical examples.  

     Crouziex et al. presented a new algorithm to solve the generalized fractional programming 

problems in [27]. Based on their algorithm, the auxiliary variable is determined according to the 
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value of the iterate in previous iterations and not the more recent one. The generalized fractional 

program is defined as below: 

 
λ∗ = min

x
[max

1≤i≤p

fi(x)

gi(x)
∶  x ∈  C] 

(2.36) 

 

 

 
Fw(λ)  =  min

x
[max

1≤i≤p

fi(x) − λgi(x)

wi
: x ∈  C] 

=  min
x,t

[t: fi(x) − λgi(x) − twi ≤ 0, 1 ≤ i ≤ p: x ∈ C, t ∈ R]  

(2.37) 

 

where ∅ ≠ 𝐶 ∩ 𝑅𝑛, 𝑓𝑖: 𝐶 → 𝑅 𝑎𝑛𝑑 𝑔𝑖: 𝐶 → (0, +∞) for i = 1…p. 

The authors proposed a new variant of the Dinkelbach’s algorithms as follows: 

- Start with 𝑥0 ∈ 𝐶 

- Take 𝜇0 = max
1≤𝑖≤𝑝

𝑓𝑖(𝑥0)

𝑔𝑖(𝑥0)
  . Let k =1. 

- Step k: Solve the problem:   min  
x,t

[t: fi(x) − μk−1gi(x) − twi
k−1 ≤ 0, 1 ≤ i ≤ p: x ∈

C, t ∈ R] 

- Let (𝑥𝑘, 𝑡𝑘) be an optimal solution to the problem above and: λk: = max
 1≤i≤p

fi(xk)

gi(xk)
 

Stopping rule: If 𝑡𝑘 = 0, then stop. 𝜆∗ = 𝜇𝑘−1 and 𝑥𝑘 is an optimal solution of the generalized 

fractional program. 

- If 𝑡𝑘 > 0, then 𝑙𝑏 < 𝜇𝑘−1 < 𝜆∗ 

Let 𝑙𝑏 =  𝜇𝑘−1 

If 𝜆𝑘
̅̅ ̅ < 𝜆𝑘−1

̅̅ ̅̅ ̅̅ , then 𝑥0 = 𝑥𝑘 and go to step 0. 
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If 𝜆𝑘
̅̅ ̅ ≥ 𝜆𝑘−1

̅̅ ̅̅ ̅̅ ,then 𝑥0 = 𝑥𝑘−1 and go to step 0. 

- If 𝑡𝑘 < 0, then  𝜆∗ < 𝜇𝑘−1 < 𝜆𝑘−1
̅̅ ̅̅ ̅̅  

Let μk = max
1≤i≤p

min
0≤j≤k

fi(xj)

gi(xj)
 

If 𝜇𝑘 ≤ 𝑙𝑏, then 𝑥0 = 𝑥𝑘 and go to step 0 

Otherwise, choose 𝑤𝑘 > 0. Let k = k+1 and go to step k. 

Using the above modifications to the Dinkelbach's algorithm, the authors proved that their new 

variant of the Dinkelbach's method is effective, especially when dealing with linear multiple ratios 

optimization problems.  

     Another branch-and-bound algorithm was presented by Chun-Feng and Pei-Ping [28] to solve 

the general linear fractional programming problem. The original problem was considered to have 

the following form: 

 
(GFP):    max   g(x)  = ∑

∑ cijxj+di
n
j=1

∑ eijxj+fi
n
j=1

p
i=1  

s. t.    Ax ≤ b,   x ≥ 0 

(2.38) 

 

The authors first presented a theorem that is the basis for their proposed global optimization 

algorithm as follows: 

Theorem 2: Assume ∑ 𝑒𝑖𝑗𝑥𝑗 + 𝑓𝑖
𝑛
𝑗=1 ≠ 0 𝑓𝑜𝑟 ∀𝑥 ∈ Λ, 𝑡ℎ𝑒𝑛 ∑ 𝑒𝑖𝑗𝑥𝑗 + 𝑓𝑖

𝑛
𝑗=1 > 0 𝑜𝑟 ∑ 𝑒𝑖𝑗𝑥𝑗 +𝑛

𝑗=1

𝑓𝑖 < 0. See [28] for the proof. 

Next, they transform the problem GFP to an equivalent problem EP given by: 
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EP = max  φ0(x, y) = ∑ yi(

p

i=1

∑ cijxj + di

n

j=1

) 

s. t. φi(x, y) = yi (∑ eijxj + fi

n

j=1

) ≤ 1, i = 1, … . , p 

x ∈  Λ , y ∈  H0 

(2.39) 

 

Where 𝑙𝑖̅ = min
𝑥∈ Λ

∑ 𝑒𝑖𝑗
𝑛
𝑗=1 𝑥𝑗 + 𝑓𝑖 , 𝑖 = 1, … 𝑝  and 𝐻0 = {𝑦 ∈  𝑅𝑝|𝑙𝑖

0 ≤ 𝑦 ≤ 𝑢𝑖
0, 𝑖 = 1, … , 𝑝} and 

𝑙𝑖
0 =

1

𝑢𝑖
 𝑎𝑛𝑑 𝑢𝑖

0 =
1

𝑙𝑖
 . 

The branching process is performed in 𝑅𝑝 instead of 𝑅𝑛 and iteratively divides the p-dimensional 

rectangle 𝐻0 of problem 𝐸. 𝑃. (𝐻0) into smaller sub rectangles of the same dimension. For each 

rectangle H, the upper bound process is applied to find the upper bound U.B. (H) for the optimal 

value v(H) of problem E.P. (H). The upper bound can be found by solving a linear program in 

each iteration. The same procedure is taken to find the lower bounds of the problem, and the global 

solution is achieved when the upper and lower bounds converge. To verify the validity of their 

method, the authors provided some numerical examples of up to four ratios and showed that their 

algorithm can efficiently solve the sum of linear ratios problem.  

     Global optimization of non-linear sum of ratios problem is considered in [29] based on a new 

branch-and -bound algorithm. The general form of the problem is given by: 

 

(𝐏) ∶  min h(x)  =  ∑ hj

p

j=1

(x) = ∑ cj

p

j=1

nj(x)

dj(x)
 

s. t. gm(x) ≤ 0, m = 1,2, … . , M 

(2.40) 
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x ∈  X0 = {x ∈ RN| x ≤ x ≤ x} 

Where 𝑛𝑗(𝑥), 𝑑𝑗(𝑥) 𝑎𝑛𝑑 𝑔𝑚(𝑥) are generalized multivariable polynomials. To globally solve the 

problem P, an equivalent non-convex problem is proposed as follows: 

 

min   h(t, s)  =  ∑ hj(t, s) = ∑ cj

p

j=1

p

j=1

tj

sj
 

tj − nj(x) ≤ 0, j = 1, … , p 

dj(x) − sj ≤ 0, j = 1, … , p 

gm(x) ≤ 0, m = 1, … , M 

x ∈  X, (t, s)  ∈  H0 

(2.41) 

 

wherein it is assumed that 𝑛𝑗(𝑥) = 𝑡𝑗  , 𝑑𝑗(𝑥) = 𝑠𝑗 and 𝐻0 = {(𝑡, 𝑠) ∈  𝑅2𝑝|𝑙𝑖 ≤ 𝑡𝑖 ≤ 𝑢𝑖 , 𝐿𝑖 ≤ 𝑠𝑖 ≤

𝑈𝑖, 𝑖 = 1, … 𝑝}. Thus, using linear relaxation programming, the new problem is solved through a 

branching and bounding process. The most important factor in guaranteeing convergence to the 

global optimum solution is the method used for partitioning. The selection of the branching 

variable 𝑦𝑝 is made according to the following rule: 

Let 𝑝 = arg max {𝑦𝑖̅ − 𝑦𝑖: 1, … 2𝑝 + 𝑁} and partitioning 𝑦𝑝 by bi-sectioning the interval [𝑦𝑝 , 𝑦𝑝 ̅̅ ̅̅ ] 

into the subintervals [𝑦𝑝 ,
𝑦𝑝 +𝑦𝑝 ̅̅ ̅̅

2
] and [

𝑦𝑝 +𝑦𝑝 ̅̅ ̅̅

2
 , 𝑦𝑝 ̅̅ ̅̅ ]. The authors verified the performance of the 

proposed method by a numerical example.  

     A new approach to globally solve the sum of ratios problem is proposed by Jong in [30] and 

[31]. The sum of ratios problem is formulated as follows: 
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min    ∑ Fi(x)

N

i=1

 

s. t.    gi(x) ≤ 0, i = 1, … , m 

x ∈  Rn 

(2.42) 

 

where 𝐹𝑖(𝑥) =
𝑓𝑖(𝑥)

ℎ𝑖(𝑥)
 and all the numerators and denominators are continuously differentiable 

functions. It is also assumed that 𝑓𝑖(𝑥) ≥ 0 𝑎𝑛𝑑 ℎ𝑖(𝑥) > 0 in the feasible set. The proposed 

equivalent problem is given by:  

 

min ∑ βi

N

i=1

 

s. t.    Fi(x) ≤ βi, i = 1, … , N 

gi(x) ≤ 0, i = 1, . . . , m 

x ∈  Rn 

  (2.43) 

 

The author then proved the optimality of the above problem by considering the Karush-Kuhn-

Tucker (K.K.T.) conditions and the fact that the new equivalent problem is convex and can be 

solved by means of any convex programming techniques. They also proved that this new method 

benefited from a super-linear rate of convergence and backed this proof up by providing numerical 

examples and comparing the results with previously published results. Their method is applicable 

to both affine and the quadratic sum of ratios problems.  

     The following sum of linear ratios problem is considered in [32] and a branch and bound 

algorithm is proposed to convert the problem to a linear program: 
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min     f(x) =  ∑ fi(x) = ∑
ni(x)

di(x)

p

i=1

p

i=1

 

s. t.   Ax ≤ b,    x ≥ 0 

(2.44) 

 

Where A and b are real numbers. First, the authors constructed a rectangle 𝑋 = [𝑙, 𝑢] which 

contained the feasible region of the solution, 𝑙 = [𝑙1, 𝑙2, … , 𝑙𝑛]𝑇 , 𝑢 = [𝑢1, 𝑢2, … , 𝑢𝑛]𝑇 , 𝑙𝑗 and 𝑢𝑗  are 

the optimal solutions of the following linear programs respectively: 

 min     l(xj) = xj 

s. t.   Ax ≤ b,   x ≥ 0 

max     u(xj) = xj 

s. t.   Ax ≤ b,   x ≥ 0 

(2.45) 

 

Then they solved the following linear programming problems: 

 min    di(x) 

s. t.    x ∈  D 

max    di(x) 

s. t.    x ∈  D 

(2.46) 

 

The optimal solutions of (2.46) are 𝑥𝑖
1, 𝑥𝑖

2 and the optimal values are 𝑙𝑖̅, 𝑢𝑖̅. The set of current 

feasible solutions of (2.44) can be represented by: 

 H0 = {y ∈ Rp | li
0 ≤ yi ≤ ui

0, i = 1,2, … . p} 

y =  (y1, y2, . . . . , yp)T 

(2.47) 
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Where 𝑙𝑖
0 =

1

𝑙𝑖̅
 , 𝑢𝑖

0 =
1

𝑢𝑖̅̅ ̅
 . Finally, the equivalent non-convex problem can be written as: 

 

EP =  min   φ0(x, y) = ∑ yi

p

i=1

ni(x) = ∑ yi(

p

i=1

∑ cijxj + di

n

j=1

) 

s. t.    φi(x, y) =  yidi(x) = yi (∑ eijxj + ri

n

j=1

) ≥ 1, i = 1, … . , p 

x ∈  D ∩ X , y ∈  H0 

(2.48) 

 

The authors then proved the equivalency of the problem above with the original problem and gave 

a linear relaxation method to solve (2.48). They also proposed a new branching rule to choose the 

sub rectangles in the branching process. They proved the superiority of their method by conducting 

numerical experiments and comparing the results with those of [28], concluded that their algorithm 

can achieve feasible and efficient optimal solutions.  

     Authors in [33] considered maximization of sum of linear fractions as below: 

 

max f(x) ∶= ∑
ni

Tx + ai

di
Tx + bi

p

i=1

 

s. t.    x ∈ X ∶=  {x: Ax ≤ c} 

(2.49) 

 

wherein A and c are real numbers. By defining a linear relaxation for the problem above, the 

following equivalent problem is proposed that can be solved instead of problem (2.49): 

 

max ∑(ni
Tyi

p

i=1

+ aizi) 

s. t.   di
Tyi + bizi = 1, i = 1, … , p 

(2.50) 
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Ayi − czi ≤ 0, i = 1, . . . , p 

1

βi
≤ zi ≤

1

αi
, i = 1, . . . p   

yizj = yjzi, i, j = 1, . . . , p 

where 𝛼𝑖 = min[𝑑𝑖
𝑇 𝑥 +  𝑏𝑖| 𝑥 ∈ 𝑋] and 𝛽𝑖 = max[𝑑𝑖

𝑇 𝑥 +  𝑏𝑖| 𝑥 ∈ 𝑋] .  

The authors claimed that their algorithm was more efficient when the number of ratios is large, 

and the problem has lower dimensions. Compared to the conventional branch-and-bound 

algorithm, this method benefits from faster convergence and less CPU time, especially in the case 

of a more significant number of ratios (𝑝 ≥ 15). However, the authors only provided the 

benchmark results of numerical examples of four ratios.  

     A global optimization algorithm is proposed in [34] for sum of generalized polynomial ratios 

based on a branch-and-bound algorithm using an exponential change of variables. The authors 

considered the following problem: 

 

min    h0(x)  =  ∑
nj(x)

dj(x)

p

j=1

 

s. t.    hm(x) ≤ 0, m = 1, … , M 

x ∈  X0 = [x0, x0] = {x | 0 < xi
0 ≤ xi ≤ xi

0, i = 1, . . . , N}  ⊂ RN 

nj(x) = ∑ δjt
1

T1j

t=1

cjt
1 ∏ x

i

yjti
1

, j = 1, . . . . , p

N

i=1

 

dj(x) = ∑ δjt
2

T2j

t=1

cjt
2 ∏ x

i

yjti
2

, j = 1, . . . . , p

N

i=1

 

(2.51) 
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hm(x) = ∑ δmt
3

T3m

t=1

cmt
3 ∏ xi

ymti
3

, m = 1, . . . . , M

N

i=1

 

Where 𝑝 ≥ 2 and all the numerators and denominators are generalized polynomial functions. The 

main idea behind this method is to find a lower bound for the solution of problem above and its 

sub-problems that are solved by linear programming. To this end, the authors proposed an 

exponential change of variable as 𝑥𝑖 = exp (𝑦𝑖) and then reformulated the problem as follows: 

 

min    g0(y)  =  ∑
nj(y)

dj(y)

p

j=1

 

s. t.    gm(y) ≤ 0, m = 1, … , M 

y ∈  Y0 = [y0, y0] = {y | ln(xi) < yi ≤ ln(xi) , i = 1, . . . , N}  ⊂ RN 

nj(y) = ∑ δjt
1 cjt

1

T1j

t=1

exp(∑ γjti
1

N

i=1

yi),    j = 1, . . . . . , p 

dj(y) = ∑ δjt
2 cjt

2

T2j

t=1

exp(∑ γjti
2

N

i=1

yi),    j = 1, . . . . . , p 

gm(y) = ∑ δmt
3 cmt

3

T3m

t=1

exp(∑ γmti
3

N

i=1

yi),    m = 1, . . . . . , M 

(2.52) 

 

Thus, using a three-level relaxation method, they presented a method to solve the equivalent 

problem by means of a simple bisection rule for partitioning in the branching process. In order to 

verify the theoretical results, they also provided a comparative analysis through some numerical 

examples tested in the literature. Given the value of 𝜀, their algorithm is able to attain finite 𝜀 
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convergence to the global minimum through a successive solution of a series of linear relaxation 

programs.  

     Other branch-and-bound algorithms were presented in [35] and [36] for sum of affine ratios 

and sum of quadratic ratios problems, respectively. In [35], maximization of sum of affine ratios 

is considered as below and an equivalent non-convex problem is proposed as follows: 

 

υ =  max h(x)  =  ∑
ni(x)

di(x)

p

i=1

 

s. t.   x ∈  X 

(2.53) 

 

 

 

υ =  max  ∑
ti

si

p

i=1

 

s. t.    ni(x) − ti ≥ 0, i = 1, . . . , p 

−di(x) + si ≥ 0, i = 1, . . . , p 

x ∈  X, li ≤ ti ≤ ui, Li ≤ si ≤ Ui, i = 1, . . . , p 

(2.54) 

 

Then using a convex relaxation program, the upper bounds of the problem are computed.  

     In [36], authors focused their attention on optimizing the quadratic sum of ratios using a new 

branch-and-bound technique. The problem is of the following form: 

 

min    H0(y) = ∑
fi(y)

gi(y)

p

i=1

 

s. t.   Hm(y) ≤ 0, m = 1, … , M 

(2.55) 
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y ∈  Y0={y ∈ Rn: y0 ≤ y ≤ y0}  ⊂ Rn 

where 𝑝 ≥ 2 and 𝑓𝑖(𝑦),  𝑔𝑖(𝑦) and 𝐻𝑚(𝑦) are all quadratic functions. A new parametric 

linearization method is developed to provide lower bounds of (2.55) and the sub-problems using 

an accelerated branch-and-bound algorithm that does not introduce new variables to the problem 

and, therefore, is more efficient compared to the previous methods used for the quadratic sums.  

     A more recent and novel approach in solving the sum of the ratios problem is presented by V. 

Gruzdeva and S. Strekalovsky in [37]. With an approach based on Dinkelbach's, the authors 

addressed the development of an efficient global search method to solve the multiple ratio 

fractional programs. They considered the two following problems: 

 
min   f(x)  =  ∑

ψi(x)

ϕi(x)

m

i=1

 

s. t.     x ∈  S 

(2.56) 

 

 

 
min   Φ(x, α)  =  ∑[

m

i=1

ψi(x) − αiϕi(x)] 

s. t.     x ∈  S 

(2.57) 

 

wherein 𝛼 =  (𝛼1, … 𝛼𝑚)𝑇 , is a vector of parameters. They also introduced the function 𝜈(𝛼) of 

the optimal value to the problem (1.64) as follows: 

 
ν(α)  =  inf {Φ(x, α)  | x ∈  S}  =  inf {∑[

m

i=1

ψi(x) − αiϕi(x)]: x ∈  S} 
(2.58) 

 

Furthermore, the following assumptions were made: 
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- 𝜈(𝛼) > −∞ ∀α ∈ κ where 𝜅 is a convex compact set of 𝑅𝑚 

- ∀α ∈ κ ∈ 𝑅𝑚 there exists a solution 𝑧 = 𝑧(𝛼) to the problem (2.57) 

Then they proved that any solution z to the problem (2.53) is also a solution to the original problem 

(2.56). The key contribution of this paper is the proposed search method to find an optimal set of 

values for the parameter 𝛼. To that end, they presented a global search technique to find 𝛼 and 

then solve the parametric program. Thus, the algorithm consists of these steps: local and global 

searches in problem (2.57) with a fixed parameter 𝛼 and the method for finding the vector 

parameter at which the optimal value of problem (2.58) is zero, i.e., 𝜈(𝛼) = 0. The authors tested 

their method on both affine and the quadratic sum of ratios, and the method proved to be efficient. 

However, the search method presented for finding the values of parameter 𝛼 is shown to be 

inefficient and time-consuming due to a large number of iterations.  

     Kaiming Shen and Wei Yu [38] addressed the sum of ratios problem from a new perspective, 

proposing a novel transform to the original problem. This method does a similar job as the 

Dinkelbach's in terms of decoupling the numerator and the denominator, but unlike the latter, it 

can also be readily extended to the case of multiple ratios. The general form of the sum of ratios 

problem is given by: 

 

max  ∑
Am(x)

Bm(x)

M

m=1

 

s. t.   x ∈  X 

(2.59) 

 

And the authors proposed the following quadratic transform as an equivalent objective function: 
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max   ∑ (2ym√Am(x)

M

m=1

−  ym
2 Bm(x)) 

s. t.    x ∈ X, ym  ∈  R 

ym
∗ =

√Am(x)

Bm(x)
, m = 1, . . . . , M  

(2.60) 

 

They also generalized their transform to the case of the sum of functions of ratios and multi-

objective fractional programs. The authors provided a comparative convergence analysis for the 

single ratio cases solved by Dinkelbach's algorithm and their proposed method and concluded that 

the novel quadratic transform can have slower convergence. They also applied their new transform 

to a group of multiple ratios problems in communications, including power control, beamforming, 

and energy efficiency in wireless networks, and proved the superiority of their approach to existing 

methods. They also provided more examples of discrete nature in their second paper [39].  
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Chapter Three: The New Variant of Dinkelbach’s Algorithm for Sum 

of Ratios Optimization 

     In the chapter, the relationship between the multiple ratio fractional programs and parametric 

programming is introduced, and the algorithm to optimize a sum of ratios with concave numerators 

and convex denominators is presented. The mathematical formulation of the proposed algorithm 

is presented along with the results from numerical examples at the end of this chapter. 

 

3.1 The relationship between multiple-ratio fractional programs and parametric 

programming 

     Let 𝐸𝑛 be the Euclidean space of size n and S be a connected subset of it. Let 𝐴𝑖(𝑥) and 𝐵𝑖(𝑥) 

be set of continuous and real-valued functions of 𝑥 𝜖 𝑆. Also, it is assumed that all the 𝐵𝑖(𝑥) 

functions are positive, i.e., 𝐵𝑖(𝑥) > 0  for all i and 𝑥 𝜖 𝑆. 

The original problem is  

(I) max ∑
Ai(x) 

Bi(x)i  

The proposed equivalent problem is 

(II) max ∑ Ai(x) − qi Bi(x) 

For qϵE1. 

First, we need to prove that the proposed equivalent objective function is convex and therefore can 

be readily solved by means of any convex programming method. To this end, the following lemma 

is presented following the same approach as [6]: 
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Lemma 1: F(q) =  max ∑ Ai(x) − qi Bi(x) is convex over E1. 

Proof: Let xt maximise F(tq′ + (1 − t)q′′) with q′ ≠ q′′ and 0 ≤ t ≤ 1 : 

F(tq′ + (1 − t)q′′) = ∑ Ai(xt) −i (tq′ + (1 − t)q′′)Bi(xt) = 

∑ Ai(xt) −i (tq′ + (1 − t)q′′)Bi(xt) + tAi(xt) − tAi(xt) = 

∑ t. (i Ai(xt) − q′Bi(xt)) + (1-t). ( Ai(xt) − q′′Bi(xt)) ≤  

t. max ∑ (i Ai(x) − q′Bi(x)) + (1 − t). max ∑ (i Ai(x) − q′′Bi(x)) = 

tF(q′) + (1 − t)F(q′′) 

Lemma 2: F(q) is continuous for qϵE1. (Proof in [40]). 

Then we need to prove that the new objective function is strictly monotonic decreasing as follows: 

Lemma 3:  F(q) = max ∑ Ai(x) − qi Bi(x) is strictly monotonic decreasing, i.e., F(q′′) < F(q′) 

if q′′ > q′. 

Proof: Let x′′maximize F(q′′) then: 

F(q′′) = max ∑ Ai(x) − q′′
i Bi(x) = 

∑ Ai(x′′) − q′′Bii (x′′) < ∑ Ai(x′′) − q′Bii (x′′) ≤ max ∑ Ai(x) − q′
i Bi(x) = F(q′) 

→  F(q′′) ≤  F(q′) 

Lemma 4: F(q) = 0 has a unique solution, say q0. 

Proof: This can be concluded from Lemma 2 and Lemma 3 and the following facts: 
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lim
q→ −∞

F(q) = +∞ 

lim
q→ +∞

F(q) = - ∞ 

Next, we propose a formula for the auxiliary parameter q such that the value of F is always 

nonnegative based on the following lemma: 

Lemma 5:  Let x+ϵ S and q+ =
∑ Ai(x)i

∑ Bi(x)i
 then F(q+) ≥ 0. 

Proof: F(q+) = max ∑ Ai(x) − q+
i Bi(x) ≥ ∑ Ai(x+) − q+Bii (x+) = 0 

→ F(q+) ≥ 0 

Finally, the following theorem is proposed and proved that suggests the new algorithm to solve 

the sum of ratios optimization problem: 

Theorem: q0 =
∑ Ai(x0)i

∑ Bi(x0)i
 = max

∑ Ai(x)i

∑ Bi(x)i
  if and only if, F(q0) =  max ∑ Ai(x) − q0i Bi(x) = 0 

Proof: 

a)  Let 𝑥0 be a solution to the problem (I): 

q0 =
∑ Ai(x0)i

∑ Bi(x0)i
≥

∑ Ai(x)i

∑ Bi(x)i
   for all x ϵ S. 

α:            ∑ Ai(x) − q0Bii (x) ≤ 0. 

β:            ∑ Ai(x0) − q0Bii (x0) = 0 . 

From α: F(q0) = max ∑ Ai(x) − q0Bii (x) = 0. 

From 𝛽, we see that the maximum is taken on at 𝑥0. Therefore, the first part of the proof is finished. 
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b) Let 𝑥0 be a solution of problem (II) such that ∑ Ai(x0) − q0Bii (x0) = 0. The definition of 

(II) implies that  

∑ Ai(x) − q0Bii (x) ≤  ∑ Ai(x0) − q0Bii (x0) = 0     for all x ϵ S. 

Thus, 

α:            ∑ Ai(x) − q0Bii (x) ≤ 0. 

 

β:            ∑ Ai(x0) − q0Bii (x0) = 0 . 

From 𝛼, we have 𝑞0 ≥
∑ 𝐴𝑖(𝑥)𝑖

∑ 𝐵𝑖(𝑥)𝑖
 for 𝑎𝑙𝑙 𝑥 𝜖 𝑆, that is 𝑞0 is the maximum of the problem (I). From 𝛽, 

we have 𝑞0 =
∑ 𝐴𝑖(𝑥0)𝑖

∑ 𝐵𝑖(𝑥0)𝑖
 that is 𝑥0 is a solution vector of (I). Note that the theorem is also valid if we 

replace 'max' with 'min'. 

3.2 Method for Solving the sum of ratios problem with concave A(x) and convex B(x) 

     Denoting an optimal solution of problem (I) with 𝑥0, we can formulate this problem as below: 

Find xm, such that q(xm) − q(x0) < ε for any given ε > 0. 

Since F(q) is continuous, we have a second formulation: 

Find xn and qn =
∑ Ai(xn)i

∑ Bi(xn)i
 such that F(qn) − F(q0) = F(qn) < δ for any given δ > 0. 

We also assume that F(0) = max{ ∑ Ai(x)i |x ϵ S} ≥ 0. The algorithm can be started by setting q 

=0 (A1) or by any feasible x =  x1ϵ S with q(x) ≥ 0, (A2).  
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(A1) Set q2 = 0 and go to (B) with k =2.  

(A2) Let x1ϵ S and q2 =
∑ Ai(x1)i

∑ Bi(x1)i
 , proceed to (B) with k =2. 

(B) By means of any method of concave programming, solve the following problem: 

F(qk) = max{ ∑ Ai(x) − qkBii (x)}, 

and denote any solution point by xk 

(B1) If F(qk) < δ: Stop. If F(qk) > 0, then xk = xn 

                                          If F(qk) = 0, then xk = x0 

(B2) If F(qk) ≥ δ: Evaluate qk+1= 
∑ Ai(xk)i

∑ Bi(xk)i
  and go to (B) replacing qk by qk+1. 

Proof of Convergence: 

a) First, we need to prove that qk+1 > qk for all k with F(qk) ≥ δ. Lemma 5 implies that 

F(qk) > 0. By definition, we have: 

            ∑ Ai(xk)i =  qk+1 ∑ Bi(xk)i . 

            → F(qk) =  ∑ Ai(xk) − qkBii (xk) = qk+1 ∑ Bi(xk)i − qk ∑ Bi(xk)i   > 0.  

Since 

            Bi(x) > 0 then: qk+1 > qk. 
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b) Next, we must prove that lim
k→∞

qk = q(x0) = q0. If this is not true, we must have: lim
k→∞

qk =

q∗ < q0. By construction, we have a sequence xk
∗  with qk

∗ , such that lim
k→∞

F( qk
∗ ) = F(q∗) =

0 (see (B1) of the algorithm). Since F(q) is strictly monotonic decreasing, we obtain: 

0 =  F(q∗) > F(q0) = 0, which is a contradiction. Therefore, it follows that lim
k→∞

F( qk
∗ ) =

F(q0), and then by lemma 2, we have lim
k→∞

qk = q0.  

     The proposed algorithm is summarized as follows: 

Table 1: Iterative Algorithm for Sum of Ratios Optimization 

Algorithm 1 Iterative algorithm for concave-convex sum of ratios optimization problem 

Initialization: Initialize x. 

Reformulate the problem using the modified Dinkelbach’s transform according to (II) 

Repeat 

1) Update q by qn =
∑ Ai(xn)i

∑ Bi(xn)i
. 

2) Update x by solving the new equivalent objective over x with fixed q. 

Until convergence. 

 

3.3 Numerical Results 

     In this section, the performance of the proposed method is compared with the previous methods 

mentioned in the literature through some numerical examples. Examples include both affine and 

non-linear cases and are obtained from previously solved cases in [22-32]. 
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3.3.1 Affine Examples 

1- The first example involves maximization of sum of two ratios as below: 

max    
3x1 + x2 − 2x3 + 0.8

2x1 − x2 + x3
+

4x1 − 2x2 + x3

7x1 + 3x2 − x3
 

s. t.      − x1 − x2 + x3 ≥ −1 

x1 − x2 +  x3 ≥ 1 

−12x1 − 5x2 − 12x3 ≥ −34.8 

−12x1 − 12x2 − 7x3 ≥ −29.1 

6x1 − x2 − x3 ≥ 4.1 

x1, x2, x3 ≥ 0 

Based on the work of [22], the optimal point is (1, 0, 0), and the optimal value is 2.4714. Our 

method was able to achieve the exact same result in 3 iterations, whereas in [22], 23 iterations are 

needed to find the optimum. 

2- The second example is a minimization task of the sum of two affine ratios as below: 

min   
x1 + 3x2 + 2

4x1 + x2 + 3
+

4x1 + 3x2 + 1

x1 + x2 + 4
 

s. t.    − (x1 + x2) ≤ −1 

x1, x2 ≥ 0 
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The authors in [26] claim that the optimal point is (1,0) and the optimal value is 1.4285, and their 

branch-and-bound algorithm requires ten iterations to converge. Our algorithm converges to the 

optimal point (1,0) and the value of 1.4285 in 2 iterations that are less complex compared to the 

mentioned method in [26]. 

3- Another example from [26] that involves sum of four ratios to be minimized as described 

below. 

min      − (
4x1+3x2+3x3+50

3x2+3x3+50
+

3x1+4x3+50

4x1+4x2+5x3+50
+

x1+2x2+5x3+50

x1+5x2+5x3+50
+

x1+2x2+4x3+50

5x2+4x3+50
) 

s. t.     2x1 + x2 + 5x3 ≤ 10 

x1 + 6x2 + 3x3 ≤ 10 

5x1 + 9x2 + 2x3 ≤ 10 

9x1 + 7x2 + 3x3 ≤ 10 

x1, x2, x3 ≥ 0 

The results based on a branch-and-bound algorithm are optimal point (1.07, 0, 0) and the optimal 

value of - 4.087 in 17 iterations. Our method was able to find the point: (1.11, 0, 0) and the value 

of - 4.0907 as a near optimum point in 3 iterations.  

4- Another example for sum and subtraction of four ratios that is described as below: 

max   (
3x1+4x2+50

3x1+5x2+4x3+50
−

3x1+5x2+3x3+50

5x1+5x2+4x3+50
−

x1+2x2+4x3+50

5x2+4x3+50
−

4x1+3x2+3x3+50

3x2+3x3+50
)  

s. t.   6x1 + 3x2 + 3x3 ≤ 10 
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10x1 + 3x2 + 8x3 ≤ 10 

x1, x2, x3 ≥ 0 

The authors in [25] found the values of (-1.8e-16, 3.33, 0) and -1.9 as the optimal point and value 

respectively in 8 iterations. Using our proposed method, the optimal point (0, 3.3333, 0) and the 

value – 1.9 are obtained in 2 iterations.  

5- For the following example, there were two different benchmarks for comparison. The first 

one is the results obtained from [28] that are (0, 0.625, 1.875) and 3.83, respectively. 

Another solution is found in [32] as follows: (0, 1.66, 0) and 3.71 as the min value, which 

is a lower minimum in 5 iterations. Our algorithm was able to find the exact results of [32] 

in only two iterations outperforming the two.  

min   (
4x1+3x2+3x3+50

3x2+3x3+50
+

3x1+4x3+50

4x1+4x2+5x3+50
+

x1+2x2+4x3+50

x1+5x2+5x3+50
+

x1+2x2+4x3+50

5x2+4x3+50
)  

s. t.   2x1 + x2 + 5x3 ≤ 10 

x1 + 6x2 + 2x3 ≤ 10 

9x1 + 7x2 + 3x3 ≥ 10 

x1, x2, x3 ≥ 0 

6- Another sum of affine ratios problem from [28] was tested, showing the superiority of our 

proposed method. The results obtained in [28] for the example below were: (0, 3.3333, 0) 

and the value of 3.0029. Although the algorithm converges early, the results can be shown 

to be infeasible according to the given constraints (the second constraint is violated). 
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Authors in [32] have found another solution for this example as: (5, 0, 0) and value of 

2.8619 in 12 iterations. Using our method, the solution of (5, 0, 0) and value of 2.8619 

were obtained in only three iterations which outperforms the method used in [32].  

min   
3x1 + 5x2 + 3x3 + 50

3x1 + 4x2 + 5x3 + 50
+

3x1 + 4x2 + 50

4x1 + 3x2 + 2x3 + 50
+

4x1 + 2x2 + 4x3 + 50

5x1 + 4x2 + 3x3 + 50
 

s. t.      2x1 + x2 + 5x3 ≤ 10 

x1 + 6x2 + 2x3 ≤ 10 

9x1 + 7x2 + 3x3 ≥ 10 

x1, x2, x3 ≥ 0 

3.3.2 Non-Linear Examples 

     In order to evaluate the performance of our proposed algorithm, we need to test it with non-

linear examples too. Therefore, the following examples are considered for this task.  

1- The following example is considered as the first non-linear example to evaluate the 

performance of the proposed algorithm.  

max    
x1

x1
2 + x2

2 + 1
+  

x2

x1 + x2 + 1
 

s. t.   x1 + x2 ≤ 1 

x1   ≥ 0, x2  ≥ 0 

Based on [31], the optimal value is 0.5958, and it is obtained in 7 iterations. 

Our algorithm finds the near optimal value of 0.5833 and the point of (0.5, 0.5) in 3 iterations.  



47 

 

2- The second non-linear example is described as below: 

max   
x1

x1
2 + 1

+
x2

x2 + 1
 

s. t.   x1 + x2 ≤ 1 

x1   ≥ 0, x2  ≥ 0 

Again, the optimal point based on [31] is (0.5, 0.5) and value is 0.8. The results are obtained in 14 

iterations. The same results are obtained in 3 iterations with our algorithm.  

3- In this example, the number of variables is increased to three and the sum of two ratios 

need to be minimized as follows:  

min    
x1

2 − 4x1 + 2x2
2 − 8x2 + 3x3

2 − 12x3 − 56

x1
2 − 2x1 + x2

2 − 2x2 + x3 + 20
 +  

2x1
2 − 16x1 + x2

2 − 8x2 − 2

2x1 + 4x2 + 6x3
 

s. t.   x1 + x2 + x3 ≤ 10 

−x1 − x2 + x3 ≤ 4 

x1, x2, x3 ≥ 1 

The optimal point is (1.82, 1, 1) and value is – 6.1198 based on [31] in 6 iterations. 

Using our algorithm, the near optimal point is (1.61, 1, 1) and value is – 6.1012 in 3 iterations.  

4- Example 4 is defined as below in [31]: 

max     
−x1

2 + 3x1 − x2
2 + 3x2 + 3.5

x1 + 1
+

x2

x1
2 − 2x1 + x2

2 − 8x2 + 20
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s. t.      2x1 + x2 ≤ 6 

3x1 + x2 ≤ 8 

x1 − x2 ≤ 1 

x1, x2 ≥ 1 

The optimal point is (1, 1.74), and the value is 4.06 in 9 iterations based on [31]. 

Using our algorithm, the near optimal point is (1.01, 1.75), and the value is 4.03 in 3 iterations.  

5- Example 5 is described as below: 

min  
−x1

2 + 3x1 − x2
2 + 3x2 + 3.5

x1 + 1
+

x2

x1
2 + 2x1 + x2

2 − 8x2 + 20
 

2x1 + x2 ≤ 6 

3x1 + x2 ≤ 8 

x1 − x2 ≤ 1 

x1 ≥ 0.1, x2 ≤ 3 

The optimal point is (0.1, 0.1) and value is 3.71 based on [31] and in 5 iterations. The same results 

are obtained using our algorithm in 2 iterations.  

     Based on the results obtained from running the algorithm for the examples above, our proposed 

method shows superior performance in terms of faster convergence in tested problems (with up to 

four ratios). In addition, this new method does a better job optimizing the objective function and 

finding a near optimum point than those mentioned in the references. 
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Chapter Four: Sum of Functions of Ratios Optimization in Wireless 

Networks 

     In previous chapters, the classic problems of fractional programming and different approaches 

to solving them were explored, and a new iterative method to optimize a particular category of 

these problems was developed and discussed. Now that we have a tool to solve this important 

group of problems, we need to see how this method performs in practice for more complicated 

problems like those found in communications. One of the most important examples of the sum of 

ratios optimization is found in wireless networks, where it is necessary to optimize sum energy 

efficiency or, in a more general expression, sum rate for a certain utility in the network  in order 

to optimize the energy consumption in wireless networks[38]. For this purpose, this chapter is 

focused on the mentioned applications and is organized as follows: In the first section, the general 

problem of sum of functions of ratios is introduced and investigated, which models a broad 

category of problems found in the related communications literature. Then, different scenarios and 

problems are derived and discussed based on the choice of the function, and at the end, the 

numerical results of different scenarios are presented and compared to the literature.  

4.1 Sum of Functions of Ratios Optimization 

     Let 𝐸𝑛 be the Euclidean space of size n, and let S be a compact and connected subset of it. Let 

𝐴𝑖(𝑥) and 𝐵𝑖(𝑥) be set of continuous and real-valued functions of 𝑥 𝜖 𝑆. Also, it is assumed that 

all the 𝐵𝑖(𝑥) functions are positive, i.e., 𝐵𝑖(𝑥) > 0  for all i, and that 𝑥 𝜖 𝑆 and f is a non-decreasing 

function: 

The general problem of sum of functions of ratios is defined as below:  
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(III) max ∑ f(
Ai(x)

Bi(x)
)i . 

The proposed equivalent problem is 

(IV) max ∑ f(Ai(x)) − qi × f( Bi(x)). 

For qϵE1. 

For this general case, we follow the same approach as the previous chapter to develop and prove 

the proposed theorem. We start by proving the convexity of the new formulation in as follows: 

Lemma 1: F(q) =  max ∑ f(A
i
(x)) − q × f(i Bi(x)) is convex over E1. 

Proof: Let xt maximise F(tq′ + (1 − t)q′′) with q′ ≠ q′′ and 0 ≤ t ≤ 1 : 

F(tq′ + (1 − t)q′′) = ∑ f(Ai(xt)) −i (tq′ + (1 − t)q′′) × f(Bi(xt)) = 

∑ f(Ai(xt)) −i (tq′ + (1 − t)q′′) × f(Bi(xt)) + tf(Ai(xt)) − tf(Ai(xt)) = 

∑ t × (i f(Ai(xt)) − q′f(Bi(xt))) + (1-t)× (f( Ai(xt)) − q′′f(Bi(xt))) ≤  

t × max ∑ (i f(Ai(x)) − q′f(Bi(x))) + (1 − t) × max ∑ (i f(Ai(x)) − q′′f(Bi(x))) = 

tF(q′) + (1 − t)F(q′′) 

Lemma 2: F(q) is continuous for 𝑞𝜖𝐸1. (Proof can be easily deduced based on [40]). 

Then we need to prove that the new objective function is strictly monotonic decreasing as follows: 

Lemma 3:  F(q) = max ∑ f(Ai(x)) − q × f(i Bi(x)) is strictly monotonic decreasing, i.e., F(q′′) <

F(q′) if q′′ > q′. 
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Proof: Let x′′maximize F(q′′) then: 

F(q′′) = max ∑ f(Ai(x)) − q′′ × f(i Bi(x)) = 

∑ f(Ai(x′′)) − q′′ × f(Bii (x′′)) < ∑ f(Ai(x′′)) − q′ × f(Bii (x′′)) ≤ max ∑ f(Ai(x)) − q′ ×i

f( Bi(x)) = F(q′). 

→  F(q′′) ≤  F(q′). 

Lemma 4: F(q) = 0 has a unique solution, say 𝑞0. 

Proof: This can be concluded from Lemma 2 and Lemma 3 and the following facts: 

lim
q→ −∞

F(q) = +∞ 

lim
q→ +∞

F(q) = - ∞ 

Next, we propose a formula for the auxiliary parameter q such that the value of F is always 

nonnegative based on the following lemma: 

Lemma 5:  Let 𝑥+𝜖 𝑆 and 𝑞+ =
∑ 𝑓(𝐴𝑖(𝑥))𝑖

∑ 𝑓(𝐵𝑖(𝑥))𝑖
 then 𝐹(𝑞+) ≥ 0. 

Proof: 𝐹(𝑞+) = 𝑚𝑎𝑥 ∑ 𝑓(𝐴𝑖(𝑥)) − 𝑞+ × 𝑓(𝑖 𝐵𝑖(𝑥)) ≥ ∑ 𝑓(𝐴𝑖(𝑥+)) − 𝑞+ × 𝑓(𝐵𝑖𝑖 (𝑥+)) = 0 

→ 𝐹(𝑞+) ≥ 0. 

Theorem: q0 =
∑ f(Ai(x0))i

∑ f(Bi(x0))i
 =max

∑ f(Ai(x))i

∑ f(Bi(x))i
 if and only if, F(q0) = F(q0, x0) =  max ∑ f(Ai(x)) −i

q0 × f( Bi(x)) = 0 

Proof: 
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c)  Let x0 be a solution of problem (I): 

 

q0 =
∑ f(Ai(x0))i

∑ f(Bi(x0))i
≥

∑ f(Ai(x))i

∑ f(Bi(x))i
   for all x ϵ S 

α:            ∑ f(Ai(x)) − q0 × f(Bi

i

(x)) ≤ 0 

β:            ∑ f(Ai(x0)) − q0 × f(Bi

i

(x0)) = 0          

From α F(q0) = max ∑ f(Ai(x)) − q0 × f(Bii (x)) = 0. 

From β we see that the maximum is taken on at x0. Therefore, the first part of the proof is finished. 

d) Let x0 be a solution of problem (II) such that ∑ f(Ai(x0)) − q0 × f(Bii (x0)) = 0 . The 

definition of (II) implies that  

∑ f(Ai(x)) − q0 × f(Bii (x)) ≤  ∑ f(Ai(x0)) − q0 × f(Bii (x0)) = 0     for all x ϵ S. 

Thus, 

α:            ∑ f(Ai(x)) − q0 × f(Bii (x)) ≤ 0. 

β:            ∑ f(Ai(x0)) − q0 × f(Bi

i

(x0)) = 0.       

From α, we have q0 ≥
∑ f(Ai(x))i

∑ f(Bi(x))i
 for all x ϵ S, that is q0 is the maximum of the problem (I). From 

β we have q0 =
∑ f(Ai(x0))i

∑ f(Bi(x0))i
 that is x0 is a solution vector of (I). Note that the theorem is also valid 

if we replace 'max' with 'min'. 
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4.2 Method for Solving the sum of functions of ratios problem with concave A(x) and 

convex B(x) 

     Denoting an optimal solution of problem (I) with x0, we can formulate this problem as follows: 

Find xm, such that q(xm) − q(x0) < ε for any given ε > 0. 

Since F(q) is continuous, we have a second formulation: 

Find xn and qn =
∑ f(Ai(xn))i

∑ f(Bi(xn))i
 such that F(qn) − F(q0) = F(qn) < δ for any given δ > 0. 

We also assume that F(0) = max{ ∑ f(Ai(x))i |x ϵ S} ≥ 0. The algorithm is given as follows, with 

one of two starting points: either q =0 (A1) or by any feasible x =  x1ϵ S with q(x) ≥ 0, (A2).  

(A1) Set q2 = 0 and go to (B) with k =2.  

(A2) Let x1ϵ S and q2 =
∑ f(Ai(x1))i

∑ f(Bi(x1))i
 , proceed to (B) with k =2. 

(B) By means of any method of concave programming, solve the following problem: 

F(qk) = max{ ∑ f(Ai(x)) − qk × f(Bii (x))}. 

And denote any solution point by xk 

(B1) If F(qk) < δ: Stop. If F(qk) > 0, then xk = xn 

                                          If F(qk) = 0, then xk = x0 

(B2) If F(qk) ≥ δ: Evaluate qk+1= 
∑ f(Ai(xk))i

∑ f(Bi(xk))i
  and go to (B) replacing qk by qk+1. 

Proof of Convergence: 
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a) First, we need to prove that qk+1 > qk for all k with F(qk) ≥ δ. Lemma 5 implies that 

F(qk) > 0. By definition, we have: 

            ∑ f(Ai(xk))i =  qk+1 ∑ f(Bi(xk))i . 

         → F(qk) =  ∑ f(Ai(xk)) − qk × f(Bii (xk)) = qk+1 ∑ f(Bi(xk))i − qk × ∑ f(Bi(xk))i   > 0.  

Since 

            Bi(x) > 0 and f is non-decreasing, then: qk+1 > qk. 

b) Next, we must prove that lim
k→∞

qk = q(x0) = q0. If this is not true, we must have: lim
k→∞

qk =

q∗ < q0. By construction, we have a sequence xk
∗  with qk

∗ , such that lim
k→∞

F( qk
∗ ) = F(q∗) =

0 (see (B1) of the algorithm). Since F(q) is strictly monotonic decreasing, we obtain: 

0 =  F(q∗) > F(q0) = 0, which is a contradiction. Therefore, it follows that lim
k→∞

F( qk
∗ ) =

F(q0), and then by lemma two, we have lim
k→∞

qk = q0.  

     The algorithm is summarized as follows: 

Table 2: Iterative Algorithm for Sum of Functions of Ratios Optimization 

Algorithm 2 Iterative algorithm for concave-convex sum of functions of ratios optimization 

problem 

Initialization: Initialize x. 

Reformulate the problem using the modified Dinkelbach’s transform according to (IV) 

Repeat 

1) Update q by qn =
∑ f(Ai(xn))i

∑ f(Bi(xn))i
 . 
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2) Update x by solving the new equivalent objective over x with fixed q. 

Until convergence. 

 

4.3 Fractional Programming in Wireless Communications 

    Optimization is an important part of any communication systems design [41], [42]. So far, we 

have explored the fundamentals of Fractional Programming and developed a new variant of 

Dinkelbach's method to solve the general problem of the sum of functions of ratios. The rest of 

this document is focused on applications of Fractional Programming in communication systems. 

     According to [43], the Information and Communication Technologies (I.C.T.) community is 

contributing 5% to the global footprint of 𝐶𝑂2 emissions. This might seem a small amount 

considering the rapid development of new technologies such as the Internet of Things and 

connected devices, the demand for energy is constantly increasing [44]. Adjusting to this new 

demand can not easily be performed by increasing the transmit power due to challenges like 

sustainable development and economic growth. Thus, we need to incorporate more efficient 

technologies into the communication systems infrastructures aiming to optimize the use of energy 

to get higher data rates. This leads us to the very well-known concept of Energy-Efficient Resource 

Allocation in wireless networks, which is related to the key performance indicators in 5G 

networks.  

     Energy-efficient metrics are often modeled by fractional functions, and therefore, using 

fractional programming techniques seems to be the appropriate way to approach these problems. 

In [45] the most recent applications of fractional programming in communication systems were 
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studied, including Multi-Carrier Communications, Multiple Antenna Communications, Relay-

Assisted Communications, Device-to-Device, and Cognitive Radio and 5G Networks. The authors 

also emphasized the fact that in 5G networks, where the presence of interference can not be 

avoided, the use of interference mitigation techniques is strongly recommended in order to be able 

to use fractional programming methods to optimize the energy efficiency metrics. This is due to 

the presence of interference terms in the energy efficiency formula which creates non-concave 

numerators in the fractional terms. The mathematical logic behind this problem is presented in 

more detail after the definition of energy efficiency is given in the following section.  

4.3.1 Energy Efficiency Optimization in Wireless Networks 

     The definition of efficiency in a system that uses a certain resource is described as the ratio 

between the produced service and the cost [45]. In the wireless communication context, the cost is 

defined as the amount of used energy to establish the communication link. If the transmit power is 

denoted by p and the transmission time is T, the consumed energy is written as follows: 

 E(p) = T(p + Pc) [Joule]. (4.1) 

 

wherein 𝑃𝑐 is the circuit power. In most practical cases [46], the transmit amplifier is considered 

to work in the linear region, and the value of circuit power (𝑃𝑐) is fixed, and it does not depend on 

the power budget. The system benefit can be defined as the amount of data that a link can 

communicate reliably. One way to measure this is through system capacity in communication 

systems. The capacity of a wireless network in an interval T is measured as 𝑇𝑓(𝛾) =

 𝑇. 𝐵. (𝑙𝑜𝑔(1 + 𝛾)) with B denoting the bandwidth and 𝛾 the signal-to-noise + interference (SINR) 
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ratio. Based on the above assumptions, the energy efficiency (E.E.) of a wireless link is defined 

as: 

 EE =
Tf(γ)

T(p+Pc)
=

f(γ)

(p+Pc)
 [bits/Joule]. (4.2) 

 

Where p is the power assigned to each user and 𝑃𝑐 is the circuit power. 

To develop a more general model for wireless networks, we consider a network with K transmitters 

and M receivers with a bandwidth of B. We define 𝒑 =  {𝑝𝑘| 𝑘 = 1,2, . . . 𝐾} with 𝑝𝑘 the kth user’s 

transmit power. Therefore, the E.E. for link k can be written as:  

 EEk =
fk(p)

pk+Pc,k
. (4.3) 

 

wherein 𝑓𝑘(𝑝) is the SINR for the user k. As for the network-wide measure of energy efficiency, 

we have different definitions, and amongst those, the Global Energy Efficiency (G.E.E.) and 

Weighted Sum Energy Efficiency (WSEE) are the most well-established metrics. Since the metric 

used in our model is WSEE, we only mention the definition of WSEE as below: 

 WSEE =  ∑ wkEEk
2K
k=1 . (4.4) 

 

The weights 𝑤𝑘 are set to satisfy the E.E. priorities of different users.  

     A massive MIMO system with K single-antenna user pairs is considered. The users are 

connected through a relay that amplifies and forwards the signal to the receivers. Thus, there is no 

direct link between the users, and the connection is established through the relay [47]. The network 

operates in two modes; first, the users send the signal to the relay, which is considered as Multiple 

Access mode, and then the relay broadcasts the signal to the other half of the users. Both the users 
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and the relay operate in a time division duplex, and thus the Multiple Access and Broadcast 

channels are reciprocal. First, each user sends the signal √𝑝𝑘𝑠𝑘 to the relay wherein 𝑝𝑘 denotes 

the power of user 𝑆𝑘. The received signal at the relay at this stage can be modeled as follows: 

 yR = ∑ √pkgksk + nR = G̃s + zR
2K
k=1 . (4.5) 

 

where s =  [s1, s2, . . . , sk]T , G = GP with P = diag {√p1, √p2, . . . . , √p2K} and G =

 [g1, g2, . . . g2K] is the channel matrix with 𝑔𝑘 being the channel between the relay and the user k. 

The elements of G with Gkk = βk, denote the fading coefficients. The relay noise vector 𝑧𝑅 is 

modeled with Ν(0, σnr
2 ). 

          After receiving the signal, the relay amplifies the received signal as 𝑠𝑅 = 𝛼𝑊𝑦𝑅 and then 

forwards it to the users. Here, 𝛼 is the amplification coefficient, and W is the precoder matrix. The 

signal received by the user 𝑘′ is: 

 yk′ = gk′
T SR + zk′ = αgk′

T W√pkgksk + αgk′
T W ∑ √pigisi + z̃k′

2K
i≠k . (4.6) 

 

     The received signal on the other side of the relay includes both the desired signal and the 

interference. It is assumed that the interference terms are canceled out by the relay using precoding 

methods [47].  

With energy efficiency defined previously as EEk =
Rk

pk + Pc,k
,we can define the weighted sum 

energy efficiency (WSEE) optimization problem as follows [48]: 

 P1: max
pk,PR

∑ wk
log2(1+SNR(pk))

pk+ Pc,k

2K
k=1  (4.7) 
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s. t. 0 ≤ pk ≤ Pmax, 0 ≤ PR ≤ PR
max 

∑ pk

2K

k=1

+  PR ≤ Pt
max  

Rk ≥ R̅k. 

Wherein 𝑃 .R. denotes the relay power, and 𝑃𝑡
𝑚𝑎𝑥 indicates the maximum available transmit 

power. The constraints are defined such that each user has maximum assigned power, and the relay 

power has a limit too. Also, the minimum quality of service (QoS) for each user is determined as 

𝑅̅𝑘. 

The formula we used for the SNR in a multi-pair two-way A.F. half-duplex massive MIMO relay 

with 𝑁 "𝐾 and a precoder for a high SNR case is derived in [47] as below: 

 SNR(pk) =
pk(N−2K−1)βk

σnr
2 . (4.8) 

 
 

 Rk = log2(1 + SNR(pk)). (4.9) 

 

As can be seen, the objective function in P1 has a set of concave numerators and convex 

denominators, which satisfies the required conditions for the application of our new variant of 

Dinkelbach's algorithm. Therefore, the problem can be modeled under the general problem of sum 

of functions of ratios optimization with the non-decreasing function being 𝑓(𝑥) = 𝑥, leading to 

the classic sum of ratios optimization problem discussed in the second chapter. Here, to solve the 

optimization problem, we numerically calculate WSEE using the new variant of Dinkelbach’s 

algorithm, the Quadratic transform approach discussed in [38], and another similar approach based 
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on bisection search in [37]. We consider a noise power of -20 dBm and 𝑃𝑚𝑎𝑥 of 30 dBm, and 

𝑃𝑡
𝑚𝑎𝑥  of 10 dBm for a scenario with five user pairs and N=64 antennas at the relay. Similar to [49],  

the large-scale fading matrix is chosen as: 

and the weights 𝑤𝑘 that are chosen randomly in a way to satisfy the condition ∑ wk = 12K
k=1 , are 

chosen as:  

  

wk = [0.15, 0.09, 0.06, 0.12, 0.19, 0.11, 0.08, 0.05, 0.12, 0.03].  

(4.11) 

     The performance of the proposed algorithm is compared to the other mentioned methods for a 

QoS requirement of at least 0.5 bps/Hz for each user and 𝑃𝑅 = 𝑃𝑡
𝑚𝑎𝑥/2. The WSEE is plotted 

versus the number of iterations in figure 1. We observe that both the proposed algorithm and the 

bisection search method yield the same value for WSEE, whereas the quadratic approach is only 

able to converge to a local maximum that is much lower than the maximum achieved with the two 

other methods. In terms of complexity, it should be noted that both the bisection search method 

and the quadratic method require to find and update ten auxiliary variables (equal to the number 

of ratios in the sum) for their proposed equivalent objective function, whereas for our proposed 

method, we only need to find and iteratively update one auxiliary parameter regardless of the 

number of ratios. This makes the proposed method superior in terms of faster iterations and 

simplicity.  

 G = diag[0.749, 0.045, 0.246, 0.121, 0.125, 0.142, 0.635, 0.256, 0.021, 0.123] 

 

   (4.10) 



61 

 

 

Figure 1:  WSEE for different methods with 𝑃𝑡
𝑚𝑎𝑥 = 10 𝑑𝐵𝑚 

The same scenario for the case of 𝑃𝑡
𝑚𝑎𝑥 = 20 dBm is repeated, and the WSEE is plotted for three 

different methods versus the number of iterations: 

 

Figure 2:  WSEE for different methods with 𝑃𝑡
𝑚𝑎𝑥 = 20 𝑑𝐵𝑚 

Once again, both the proposed algorithm and the bisection search method seem to find the exact 

solution for the problem while the quadratic transform method only converges to a local maximum.  
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For the case of Pt
max = 10 dBm, the obtained value of WSEE versus the number of relay antennas 

is plotted in figure 3: 

 

Figure 3: WSEE versus number of relay antennas 

We observe that WSEE increases with increasing the number of antennas for both methods mainly 

because with the increase in N, the channel for all users becomes closer to orthogonal. As a result, 

the beam formed by the relay points to the target with more precision. The improvement in the 

obtained value is more evident for the Modified Dinkelbach's method, which confirms the 

superiority of this method in another way considering the simplicity and convergence speed of the 

algorithm. The Bisection search method shows a similar reaction to the change in the number of 

relay antennas, but it should be noted that each iteration in this algorithm takes much more time 

than the proposed method; thus, the most reliable and fast algorithm is the modified Dinkelbach's 

method. Also, both the Bisection search and the Quadratic transform methods require calculating 

and updating ten parameters (the number of ratios) while the proposed algorithm does the job only 

by introducing one auxiliary variable to the equivalent objective formula.  
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The obtained results for the modified Dinkelbach’s transform are compared with the other 

algorithms in the following table: 

Table 3: Computational Complexity of the Algorithms for WSEE Example 

 

 

 

 

 

 

 

 

4.3.2 Power Control in Wireless Networks 

     Power control in interference-limited networks has always been a critical challenge in the design 

and implementation of the networks. A very common way to formulate this optimization problem 

is through weighted sum-rate maximization. Previous work in this area is mainly focused on a 

special case where SINR is much higher than 0 dB and the term log2 𝑤𝑖(1 + 𝑆𝐼𝑁𝑅)  in the rate 

formula can be approximated by log2 𝑤𝑖(𝑆𝐼𝑁𝑅) and then solved by means of Geometrical 

Programming. However, in most practical cases, this assumption does not hold [50]. In this section, 

we propose a method based on the algorithm for the sum of functions of ratios programming to 

maximize the weighted sum rate in a general SINR regime.  

     A multi-pair massive MIMO system is considered with M = 4 single antenna user pairs. The 

channel gain between the transmitters and receivers is denoted by 𝐺𝑖,𝑗. Let 𝑝𝑖 denote the 

 

Problem 

Number of 

ratios 

Number of 

variables 

Convergence 

value 

Number of 

iterations 

Time 

Modified 

Dinkelbach’s 

Transform 

 

10 

 

10 

 

42.21 

 

3 

 

4.53 s 

Quadratic 

Transform 

 

10 

 

10 

 

31.9 

 

5 

 

5.21 s 

Bi-Section 

Search 

 

10 

 

10 

 

42.15 

 

3 

 

6.34 s 
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transmission power of link i and ni denote the link i. The received SINR of the link i can be written 

as: 

 γi(p) =
Giipi

∑ Gjipj+nij≠i
. (4.12) 

 

The data rate is calculated based on the Shannon formula as log2(1 + 𝛾𝑖(𝑝)). The problem is 

defined as finding the optimal power allocation scheme in order to maximize the weighted sum 

rate objective function subject to the rate and power constraints. The mathematical formulation of 

the problem is as follows: 

 P2:  max ∑ wi log2(1 + γi(p))M
i=1  

s. t.   log2 (1 + γi
(p)) ≥ ri,min. 

0 ≤ pi ≤ pi
max. 

(4.13) 

 Here, 𝑟𝑖,𝑚𝑖𝑛 ≥ 0 is the minimum data rate for the link i and 𝑤𝑖 > 0  denotes the priority of link i. 

Note that the priority weights are normalized so that ∑ 𝑤𝑖 = 1𝑀
𝑖=1 .  

     As can be seen, the objective function in P2 has the form of the sum of functions of ratios 

except for the value one inside the log function. As discussed before, there is a trivial solution to 

this problem in the case of high values of SINR using geometrical programming.  In order to find 

a more accurate and general solution for this problem, we propose using the Taylor series 

approximation of the term log2(1 + γi(p)) as below: 

 log2(1 + γi(p))  =  γi(p) −
γi(p)2

2
+

γi(p)3

3
−

γi(p)4

4
+. . .,. 

 

(4.14) 
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Considering only the first term of the above expression, we arrive at the following approximation 

for problem P2: 

 P3:  max ∑ wi
M
i=1 γi(p) 

s. t.   log2 (1 + γi
(p)) ≥ ri,min. 

0 ≤ pi ≤ pi
max. 

(4.15) 

The objective function of problem P3 is comprised of concave numerators and convex 

denominators, which satisfies the required conditions for the application of the new variant of 

Dinkelbach's algorithm. Therefore, the problem can be modeled under the general problem of sum 

of functions of ratios optimization with the non-decreasing function being 𝑓(𝑥) = 𝑥, leading to 

the classic sum of ratios optimization problem discussed in the second chapter. Here, to solve the 

optimization problem, we numerically calculate the weighted sum rate using the new variant of 

Dinkelbach’s algorithm and the Quadratic transform approach discussed in [38]. We consider a 

four-link network with the channel gain matrix as follows [50] : 

 G =  [0.4310  0.0002  0.2605  0.0039; 

  0.0002   0.3018  0.0008  0.0054; 

  0.0129  0.0005  0.4266  0.1007;  

0.0011  0.0031  0.0099  0.0634]. 

(4.16) 

Pmax = [0.7, 0.8, 0.9, 1] and 𝑛𝑖 = 0.1 𝜇𝑊 for all links. The priority weights are chosen as w =

[1/6, 1/3, 1/6,1/3]. Also, the minimum rate constraint is not considered in this example. The 

value of the weighted sum rate versus the number of iterations is plotted in figure 4: 
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Figure 4: Weighted Sum Rate versus the number of iterations 

We observe that the proposed algorithm does a better job finding a greater maximum value for the 

weighted sum rate optimization problem. On the other hand, the quadratic transform approach 

converges to a smaller value. It should be noted that the modified Dinkelbach's approach only 

needs to find and update one auxiliary variable in each iteration, whereas for the quadratic 

transform approach, the algorithm needs to find and update a parameter for each ratio in the sum. 

Thus, the superiority of the proposed approach in terms of accuracy and complexity is proved.  

     The computational complexity of our algorithm is compared with that of the Quadratic 

transform in the following table: 
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Table 4: Computational Complexity of the Algorithms for Power Control Example 

 

 

 

 

 

 

4.3.3 Beamforming Optimization in Wireless Networks 

     The problem of weighted sum-rate maximization in the downlink of a multicell network is 

considered. Many non-linear precoding schemes are proposed to achieve the required capacity that 

is considered of high complexity [51]. This problem, even for the case of single-antenna receivers, 

is known to be an NP-hard problem [52]. Previous work in this area [53] proposes to find the 

suboptimal beamformers using a Branch-and-Bound algorithm, but as the authors mention, the 

complexity of the solution grows exponentially with the problem size. In this section, we propose 

a solution to find the optimal beamformers in a downlink MISO system to maximize the weighted 

sum rate objective. The details of the considered scenario are presented below. 

     A system of B coordinated B.S.s with N transmit antenna, and K single-antenna receivers are 

considered. The set of the users is denoted by 𝑈 =  {1, 2, . . . , 𝐾} and the set of the B.S.s is shown 

with B = {1, 2, …, B}. Also, the set of the users served with B.S. b is denoted by 𝑈𝑏. The received 

signal in the flat fading regime is computed as below:                          

 

Problem 

Number of 

ratios 

Number of 

variables 

Convergence 

value 

Number of 

iterations 

Time 

Modified 

Dinkelbach’s 

Transform 

 

4 

 

4 

 

2.04 

 

2 

 

1.12 s 

Quadratic 

Transform 

 

4 

 

4 

 

1.67 

 

2 

 

9.25 s 
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yk = hbk,kwkdk  +  ∑ hbi,kwidi +  nk

K

i=1,i≠k

. 
(4.17)  

 

wherein ℎ𝑏𝑖,𝑘 ⊂  𝐶1×𝑁 is the channel vector from B.S. 𝑏𝑖 to user k and 𝑤𝑘 ⊂  𝐶1×𝑁 is the 

beamforming vector from B.S. 𝑏𝑘 to user k, and 𝑑𝑘 is the normalized data symbol, and 𝑛𝑘 is 

Gaussian noise with variance 𝜎2. It is assumed that the term ∑ ℎ𝑏𝑖,𝑘𝑤𝑖𝑑𝑖 
𝐾
𝑖=1,𝑖≠𝑘 are modeling both 

the inter-cell and intra-cell interference [54].  

The total power transmitted by BS b is ∑ ||𝑤𝑘||
2
2

𝑘𝜖𝑈𝑏
 and the SINR 𝛾𝑘 for the user k is denoted by 

 
γk =  

|hbk,kwk|2

σ2 + ∑ |hbi,k
wi |

2K
i=1,i≠k  

. 
 (4.18)                                                                        

 

The problem to be solved is defined as maximizing the weighted sum rate subject to per B.S. power 

constraints and is modeled as follows: 

 P4:   max
∑ ||wk||2

2
kϵUb

 ≤Pb

∑ αklog(1 + γk)K
k=1 . (4.19) 

where 𝛼𝑘 is introduced to model the priority of each user as a positive coefficient, again, this 

problem is a weighted sum of functions of ratios and can be solved by our proposed method based 

on the new variant of Dinkelbach's algorithm. To solve the problem, we consider a single cell case 

where one B.S. with N = 4 antennas is serving K = 4 users. The channel is Gaussian, and the noise 

variance is assumed to be 0 dBm. The total transmit power at the BS is 20 dBm. Here, we assume 

that all the users have the same priority, and therefore, the value of 𝛼𝑘 is 1 for all users. The 

achieved sum rate of our proposed method is compared with the Quadratic method in [38], and the 

results are plotted in figure 5: 
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Figure 5: Obtained weighted sum rate versus number of iterations 

     It is observed that, as expected, the new variant of Dinkelbach's algorithm is converging to a 

stationary point in a few iterations while the other method is showing a much slower convergence 

and to a lower maximum. In addition, some fluctuations are seen throughout the course of running 

the algorithm.  

     The computational complexity of our algorithm is compared with that of the Quadratic 

transform in table below: 

Table 5: Computational Complexity of the Algorithms for Beamforming Example 

 

 

 

 

 

 

Problem 

Number of 

ratios 

Number of 

variables 

Convergence 

value 

Number of 

iterations 

Time 

Modified 

Dinkelbach’s 

Transform 

 

4 

 

16 

 

6.09 

 

3 

 

1.11 s 

Quadratic 

Transform 

 

4 

 

16 

 

5.79 

 

10 

 

16.07 s 
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The achieved sum rate versus the total transmit power at the B.S. is plotted in figure 6. It is 

observed that both algorithms yield better results when the total transmit power increases.  

 

Figure 6: Obtained weighted sum rate versus total available power 
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Chapter Five: Discussion and Future Work 

     The general problem of the sum of functions of ratios optimization was studied in this thesis, 

and the relevant published work was presented in different scenarios. Using a modified version of 

Dinkelbach's algorithm, we proposed a fast and effective method for the optimization of the sum 

of non-decreasing functions of ratios. The key challenge about this group of optimization problems 

is that the general formulation is non-convex, and we need to find an alternative convex objective 

function that approximates the original problem. 

      Using the new variant of Dinkelbach's algorithm, we developed a framework to effectively 

tackle the well-known problem of sum-rate optimization with concave numerators and convex 

denominators. As discussed in the previous chapters, our method outperforms the previously 

discussed methods, including the proposed methods in [37] and [38] in terms of convergence speed 

and accuracy in finding a stationary point. The quadratic method proposed in [38] is more 

computationally complex than our algorithm since it requires finding and updating more 

parameters for the equivalent objective function. In other words, the number of auxiliary 

parameters needed for the algorithm based on the quadratic transform to define the equivalent 

objective function is equal to the number of ratios in the problem. Whereas, in the proposed new 

variant of Dinkelbach’s algorithm, there is only one auxiliary parameter incorporated into the 

equivalent objective function regardless of the number of ratios. This makes the proposed method 

less computationally complex compared with competing algorithms. In addition, as the authors 

state in [38], the method based on quadratic transform finds a local optimum, and this fact is 

confirmed in the conducted simulations in chapter three while our proposed method does a better 

job in converging to a near optimal point. 
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     The new variant of Dinkelbach’s method also outperforms the method in [37] in terms of both 

complexity and convergence speed. The algorithm in [37] is based on a bi-section search method 

to find the auxiliary parameters needed to define the equivalent objective function. In each 

iteration, we need to run a search algorithm to find and update the parameters, which can be a 

time-consuming process in many applications, especially with the increase in the number of ratios 

in the problem. However, the results are consistent with those obtained with our proposed method, 

and the only difference is in the amount of time that it takes for each algorithm to find and update 

the auxiliary variables.  

     The obtained results with the new variant of Dinkelbach’s algorithm could be applied in many 

applications in communication systems. One great impact of using this fast and accurate algorithm 

could be in optimizing the use of energy in a wireless network while ensuring a minimum level of 

quality of service for each user. Using the new variant of Dinkelbach’s algorithm, the general 

problem resource allocation in a communication link can be effectively addressed. As a result, we 

can have less energy consumption in wireless applications such as Internet of Things and other 

network-based services.  

     Given that most of the work in the sum of ratios optimization is based on Branch-and-Bound 

algorithms, these results provide new insights into the sum of ratios optimization problem by 

leveraging the simplicity of Dinkelbach’s algorithm and incorporating some changes to the 

original formulations. As previously said, the new formulation also includes the original 

Dinkelbach’s algorithm for the case of single ratio optimization. For many years, it was believed 

that no generalization to Dinkelbach's algorithm was possible, and a few attempts like [14] were 

proven wrong later [15].  
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     Although the new variant of Dinkelbach’s algorithm shows promising performance for the 

conducted numerical examples and in more practical scenarios of communications, it should be 

noted that generalizability of the results is limited to the cases with the concave numerator and 

convex denominator. This implies the fact that for a problem such as weighted sum energy 

efficiency, interference-limited scenarios could not be solved with this method due to the non-

concave terms incorporated by the interference in the numerator. Also, the performance of the 

algorithm is only confirmed for up to ten ratios, and the results for bigger problems are unknown 

due to not having access to previously solved problems as a benchmark. Future studies should 

consider conducting simulations for much larger problems and evaluating the performance of the 

proposed algorithm for those cases. Additionally, the application of the proposed method in 

optimizing the sum of other non-decreasing functions of ratios such as the sum of squared ratios 

can be investigated in future work.  
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