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Abstract

Finite free probability is a new field lying at the intersection of random matrix
theory and non-commutative probability. It is called “finite” because unlike
traditional free probability, which takes the perspective of operators on infinite-
dimensional vector spaces, finite free probability focuses on the study of d x d
matrices. Both fields study the behaviour of the eigenvalues of random linear
transformations under addition. Finite free probability seeks in particular to
characterize random matrices in terms of their (random) characteristic polyno-
mials. I studied the covariance between the coefficients of these polynomials, in
order to deepen our knowledge of how random characteristic polynomials fluc-
tuate about their expected values. Focusing on a special case related to random
unitary matrices, I applied the representation theory of the unitary group to
derive a combinatorial summation expression for the covariance.
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Chapter 1

Introduction

1.1 The plan of this document

In this document, I will develop a formula for some “second-order” quantities
in a setting where the “first-order” quantities have already been well-described.
The quantities in question are the “moments” of a certain probability distribu-
tion, a concept which will be covered in detail in chapter 4. The distribution in
question is the distribution of the characteristic polynomial of a random matrix
that arises in the theory of finite free probability.

Finite free probability was originally developed by Marcus, Spielman and
Srivastava in 2015 [27], as a development of some tools they used for their so-
lution of the Kadison-Singer problem in 2013 [26]. It is a theory describing the
behaviour of random matrices in terms of their random characteristic polynomi-
als. The main thrust of their original paper [27] is to account for the expected
value of the characteristic polynomial of certain random matrices. In particu-
lar, given a unitary, d x d, Haar-distributed random matrix @} and self-adjoint
matrices A and B, they developed a formula for the expected characteristic
polynomial

E[x(4 + QBQ"),

where E is the expectation operator taking averages of random variables, and
X(A) is defined as the characteristic polynomial det(Iz—A) of a square matrix A.
This formula for the expected characteristic polynomial resembled a convolution
of the polynomials x(A) and x(B). This convolution was later related by Marcus
[28] to the operation free convolution of random wvariables used in the field of
infinite free probability, which at that point had existed for about three decades.
This other free probability theory, usually just called free probability without the
qualifier infinite, focuses on the eigenvalues of operators in infinite-dimensional
W*-algebras.
In the conclusion of his 2021 Princeton PhD thesis “Hermitian, Non-Hermitian

and Multavariate Finite Free Probability”, Benjamin Mirabelli posed the ques-
tion of determining the covariance matrix of this random polynomial, which is



the second-order analogue of the expected value of the polynomial. This covari-
ance matrix would contain information about whether the polynomial clusters
tightly about its average, or whether it spreads out a lot. The theory of in-
finite free probability already has a well-developed second-order theory. The
long-term goal towards which this research project is a small contribution is
to describe the relationship between second-order finite free probability and
second-order infinite free probability. This parallels the move Marcus made by
relating the convolution of polynomials occurring in finite free probability with
the free convolution of random variables in infinite free probability. An essential
prerequisite of this programme is a preliminary description of this covariance
matrix.

1.2 A litany of algebraic structures

What follow are a large number of definitions we will use throughout the text.
These are standard notations for algebraic structures, as may be found in [12]
or [18]. Someone with recent experience of a graduate class in algebra will likely
be familiar with all of these.

Definition 1.2.1. A monoid G is a set containing an identity element e, to-
gether with an operation - : G X G — G, satisfying the following axioms.

Vg, h,k € G, (gh)k = g(hk)
VgeGeg=ge=g

Definition 1.2.2. Given a monoid G, we define the opposite monoid G°P as
the set G equipped with the product

(g,h) — hg.

Definition 1.2.3. A left monoidal G-action of a monoid G on a set X is a
function . : G x X — X sending (g, z) — g.x, satisfying

h.g.x = hg.x

er =

Vg,h € G,z € X. We call X in this case a left monoidal G-set.
A right monoidal G-action is a left monoidal G°P-action. A right monoidal
G-set is a left monoidal G°P-set.

There is in principle complete symmetry between left and right actions, but
we will take the left to be the default direction of actions.

Definition 1.2.4. A homomorphism of left monoidal G-sets is a function f :
X — Y such that
flg-z) =g.f(z)
forall g € G,z € X.
A homomorphism of right monoidal G-sets is defined the same way.



Definition 1.2.5. A monoid homomorphism is a function f : G — H satisfying

flgh) = f(9)f(R)
Vg,h € G, where G and H are monoids.

Definition 1.2.6. A group G is a monoid with the following property. For each
g € G there exists some g~! € G such that

g9 =g lg=e.

In other words, every group element has an inverse.

Definition 1.2.7. A left (respectively, right) G-action - : G x X — X is a left
(right) monoidal action where G is a group. In this case, we call X a G-set.

Definition 1.2.8. If X is a G-set then we denote by X/G the set of orbits in
X, i.e., the collection of subsets of X that are closed under the group action.

Definition 1.2.9. A group homomorphism is a monoid homomorphism f :
G — H, where each of G and H are groups.

Definition 1.2.10. An abelian group G is a group with the property that
ab = ba

for all a,b € G. We may write the group operation of an abelian group as “+”
and the identity element as “0”.

Definition 1.2.11. A ring (R, +,-) is a set R such that (R, +) forms an abelian
group and (R, ) forms a monoid, satisfying the following axioms Vr, s,t € R.

(r+s)t=rt+st
r(s+t)=rs+rt

We may denote the multiplicative identity of a ring by 1.

Definition 1.2.12. A homomorphism of rings is a function that is both a
group homomorphism with respect to addition, and a monoid homomorphism
with respect to multiplication.

Definition 1.2.13. Given a ring R, we denote by R* the group of units of R,
i.e., the multiplicative group of those ring elements which possess a multiplica-
tive inverse.

Definition 1.2.14. We call a ring R commutative if
ab = ba

for all a,b € R.



Definition 1.2.15. A field F is a commutative ring such that F* = F \ {0}.
The most important fields for us are the real number line R and the complex
number plane C. The symbol K will denote a field that is either R or C.

Definition 1.2.16. Let R be a ring. A left (respectively, right) R-module M
is an abelian group equipped with a left (right) monoidal R-action with respect
to R’s multiplicative structure, satisfying

(r+s).m=rm+sm

r(m+n)=rm+rn

Vr,s € R,m,n € M. We will call the action scalar multiplication and suppress
the “.” notation for monoidal actions.

Definition 1.2.17. A morphism of left (respectively, right) R-modules is a
group homomorphism which is also a morphism of left (right) monoidal R-sets.
We call a morphism of left R-modules an R-linear transformation.

Definition 1.2.18. We say that an R-module M is finitely-generated if there is
a finite subset {m,ma, ..., m, } such that every element m € M may be written

in the form
n
E rim;
i=1

for some collection of r; € R.

Definition 1.2.19. We say that a module M is semisimple if it is the direct
sum of its submodules. We say that a ring R is semisimple if every R-module
is semisimple.

Definition 1.2.20. A vector space V is an F-module, where F' is a field. We
may also call V' an F-vector space.

We say that an F-vector space is finite-dimensional if it is finitely-generated
as an F-module.

Definition 1.2.21. An algebra A over a field F' is an F-vector space equipped
with a multiplicative operation - : A x A — A, which may or may not be
monoidal, or even associative, such that

(ra) - (sb) = (rs)(ab)
a-(b+c¢)=ab+ac
a+b)-c=ac+be

for all r,s € F,a,b,c € A. We may say in this case that A is an F-algebra.
We will typically write both the scalar action of F' on A and the multiplication
internal to A using juxtaposition, i.e., by writing ra and ab to denote the scalar
product and the multiplicative operation, respectively.



1.3 Elementary topological notions

This thesis is concerned not just with algebra, but with certain topological /geometric
structures built on top of algebraic ones. In this section, I will list the funda-
mental topological definitions required throughout the text.

Definition 1.3.1. A topological space is a set X equipped with a set O(X) of
subsets of X, declared to be its open sets that is closed under finite intersections
and arbitrary unions, and must contain both X and (). The elements of O(X)
are declared to be the open sets of X. We call the set O(X) the topology of X.

Definition 1.3.2. We say a subset of a topological space is closed if it is the
complement of an open set.

Definition 1.3.3. We say a function f : X — Y between topological spaces is
continuous is the preimage of any open set in Y is open in X.

Definition 1.3.4. We say a topological space X is Hausdorff if, for all distinct
x,y € X, there exist opensets U,V C X suchthat zr ¢ U,y € Vand UNV = (.

Definition 1.3.5. We say a subset K of a topological space X is compact if
for every collection of open sets {U; };cr such that K C | J,_; U;, there is a finite
subset J C I such that K C UjeJ Uj.

el

Definition 1.3.6. Let X be a topological space. We say it has the discrete
topology if for all A C X, A is open.

Definition 1.3.7. A basis B of a topological space X is a set of subsets of X

such that
O(X)—{U B|rg3}.

Bel'
Thus a topological space may be specified by its basis, rather than by its topol-
ogy.

1.4 Topological algebraic structures

Here I will combine the algebraic and topological concepts defined previously in
the chapter.

A topological X, where “X” is an algebraic structure, is just an instance of
that algebraic structure that is also a topological space. When an algebraic
structure has a finite underlying set, we will implicitly imbue it with a discrete
topology.

Observe that the operation in a monoid G is a G-action on G, i.e., that G is
a G-set with respect to its own operation. Groups are monoids, and modules are
groups, and in general, nearly all of the algebraic structures we have discussed
share the property that their data may be given in the form of one or more
monoidal G-actions. (The multiplicative operation in an algebra is the sole
exception so far, but the examples we will see will in fact often be monoidal.)



When we discuss a continuous X A, where “X” is an algebraic structure, we
just mean that A is Hausdorff, and that every monoidal action out of which A
is composed is a continuous function. For example, a continuous R-module M
has the property that the scalar action R x M — M is continuous, as is the
abelian operation M x M — M. A continuous group has the property that the
group operation G X G — G is continuous.

1.5 Metrics, norms and inner products

The definitions in this section produce geometric structures built on top of
the topological ones just defined. These concepts undergird the quantitative
methods used in this thesis.

The definitions here are standard, and may be found for instance in [34].

Definition 1.5.1. A metric space (X, d) is a set X together with a function
d: X x X —[0,00)
with the following properties:
o d(x,y) =d(y,z) for all z,y € X
o d(z,z) <d(z,y) + d(y, z) for all z,y,z € X, and
e d(z,y) =0 if and only if z = y.
A metric space possesses a natural topology given by the basis of e-balls
Be(z) ={y € X [d(z,y) < ¢}
forall z € X, e > 0.

Definition 1.5.2. A sequence (s,) in a metric space X is Cauchy if for all
€ > 0 there exists N € N such that m,n > N implies

d(Sm, $n) < €.

Definition 1.5.3. A sequence (s,) in a metric space X converges to a point s
if for all € > 0 there exists IV € N such that n > N implies

d(sp,s) <e.

Definition 1.5.4. A metric space is complete if every Cauchy sequence con-
verges.

Definition 1.5.5. A normed vector space (V|| -||) is a vector space V together
with a function
-1V = [0,00)

with the following properties:



o ||u+v| < |ull+ ||v|| for all u,v € V,
o |[Aul| = |A||Jull for all X € K, u € V, and
e |ju|| =0 if and only if u = 0.

A normed vector space possesses a natural metric given by
d(z,y) = [ly — =]

Definition 1.5.6. An inner product space (V (:|-}) is a vector space V together
with a function
(]):VxV =K

with the following properties:

o (ulv) = (vju) for all u,v € V.

o (ulv+w) = (ulv) + (ulw) for all u,v,w e V.

o (ulaw + w) = afulv) + (u|w) for all u,v,w € V,a € K.
o (ulu) > 0 for all u € V. There is strict equality if and only if v = 0.

The first condition is equivalent to the requirement that (u|v) = (v|u) when
K = R. An inner product space possesses a natural norm given by

[vll = v/ (vlv).
Definition 1.5.7. The standard inner product for a vector space C¢ is given
by
d
(ulv) = ZW%‘-
i=1

Definition 1.5.8. A Banach space is a complete normed vector space.

Definition 1.5.9. A Hilbert space is a complete inner product space.



Chapter 2

Linear algebra

In this chapter, I develop some basic facts about linear algebra, including a few
lesser-known formulae relating to determinants. The ambient field is always
assumed to be the complex numbers if not otherwise stated.

2.1

Core definitions and notations

The proofs in this thesis will involve a decent amount of clerical work to keep
track of matrix and vector indices. We will adopt a few conventions to make
this easier. Many of these notations could be found in a textbook like [2] or
[12]. However, some are less standard, coming from [27].

We will use the notation [d] = {1,2,...,d}.

If S is a finite set of integers, then there is a unique order-preserving
bijection « : [|S|]] — S. We will equivocate in our notation between
S and «, using the symbol S to represent both. E.g., we may write
{2,4,5}(2) = 4.

We will regard S(T') to be the set {S(t) |t € T}, for all T C [|S]].

We will regard S(T') to be the set T'\ S(T).

We will regard a sequence (s;)™, in the set X to be a function [m] — X.

7

If Aisam xn matrix and 1 <4 <m,1 <j <mn, then A4, ; is the (7, j)th
entry of A.

We denote the set of n x n matrices over the field F by M,,(F).

We will denote by A.; the ith column of a matrix, and regard it as a
vector.

We denote the standard basis of a vector space F™ by {e;}, where e; has
a 1 for its ith entry and zeroes elsewhere.



Over any field F, and for all n > 1, there is a function det : (F™)" — F
known as the determinant. This is the unique alternating n-multilinear
function with the property that

det(eq, e, ...,en) = 1.

We will typically consider det to have the domain M, (F'), and regard it
as mapping
A det(A‘J, A.72, vy A. n)

)

Over any field, one can construct the zero vector space V = {0} consist-
ing of only the origin. There is precisely one 0 x 0 matrix representing
the unique linear endomorphism A : V. — V,0 — 0. We declare the
determinant of this matrix to equal 1.

If Ais am xn matrix and S C [m],T C [n], then we denote by Agr the
(S, T)-submatrix of A. We denote by Ag the (5, 5)-submatrix of A, and

call any such submatrix principal.

We call the determinant of a submatrix of a matrix A a minor of A.
We call the determinant of a principal submatrix a principal minor of A.
We denote by [A]gr the (S,T)-minor of A, and we denote by [A]s the
principal (S, S)-minor of A.

The previous conventions imply in particular that [A]g = 1 for all matrices
A.

We will denote the set of subsets T' C S for which |T'| = k by (“2)

If S is a finite set of numbers, we will denote by ||.S||; the sum of the
elements of S. I'm borrowing this nonstandard notation from [27].

A vector v € C? is implicitly a d x 1 matrix, or column vector. A scalar
z € C is implicitly a 1 x 1 matrix.

For complex matrices A, we will reserve the notation A* to mean the
adjoint of A (conjugate transpose), and we will reserve A for the entrywise
conjugation of A. Since a scalar z € C is a symmetric 1 x 1 matrix, we
have z* =z, but we will try to stick to overline notation to better signal
when a value is a scalar.

We will adopt Iverson bracket notation [44]. If P is a statement with a
well-defined truth value, then [P] will equal 1 if P is true, and will equal
0 if P is false. For example, [1 = 0] = 0.

We define Dirac delta notation in terms of the Iverson bracket, such that
bij = [i = Jl.

We will denote the kernel of a linear map A by ker A. We will denote the
image by im A.



e We will say that a square matrix is diagonal if all of its non-zero entries
a; ; have the property that i = j.

e We will say that a square matrix is upper-triangular if all of its non-zero
entries a; ; have the property that i < j.

2.2 Unitary matrices

Unitary matrices are a generalization of the complex unit circle to higher di-
mensions. This thesis is going to be concerned with random unitary matrices
later on, for understanding which the fundamentals of concrete, non-random
unitary matrices will be important.

In this section, we will assume V is an inner product space.

Proposition 2.2.1 ([2]). If A € EndV, then there is some A* € EndV for
which
(u, Av) = (Au,v)

for all u,v € V.
Definition 2.2.2. A matrix U is unitary if UU* = [.

Proposition 2.2.3 ([2]). Let U : V — V be a matrix. The following are
equivalent.

1. U is unitary.

2. 00U =1

3. The columns of U, seen as vectors, are an orthonormal basis for V.
4. The rows of U, seen as vectors, are an orthonormal basis for V.

5. (v|lw) = (Uv|Uw) for all v,w € V.

2.3 Self-adjoints, idempotents and orthogonal pro-
jections

The algebraic concepts outlined in this section are fundamentally linked with
the geometry of (complex) Euclidean space, which is why they will be critical
to many of the arguments later featured in this thesis.

Definition 2.3.1. A matrix A is self-adjoint if A* = A.

Proposition 2.3.2 ([2]). A matrix T is self-adjoint if and only if for all u,v € V,
we have the identity
(u|Tv) = (Tu|v).

Definition 2.3.3. We call a square matrix P idempotent if P? = P.

10



Definition 2.3.4. We call a square matrix P an orthogonal projection if P is
idempotent and ker P = (im P)*.

Proposition 2.3.5 ([14]). A selfadjoint idempotent P is an orthogonal projec-
tion.

Proposition 2.3.6 ([2]). If P and @Q are orthogonal projections onto the same
column space then P = Q.

Proof. The columns of an orthogonal projection matrix onto a subspace W
consist of the projections of the standard basis vectors onto W. O

Definition 2.3.7. We call a matrix 7" normal if T7* = T*T.
Proposition 2.3.8 ([2]). Every self-adjoint operator is normal.

Theorem 2.3.9 ([2]). If a matrix A is normal, then it is unitarily equivalent
to a diagonal matrix. That is, there exists some unitary matrix U such that

UAU*

is a diagonal matrix.

Lemma 2.3.10 (Exercise in [2]). The eigenvalues of a self-adjoint matrix must
be real.

The following corollary is a consequence of the fact that every self-adjoint
matrix is normal, and that the eigenvalues of a self-adjoint matrix must be real.

Corollary 2.3.11 (Deduced from propositions in [2]). If a A is self-adjoint,
then it is unitarily equivalent to a diagonal matrix with real entries. That is,
there exists some unitary matrix U such that

UAU*

is a diagonal matrix with real entries.

2.4 Eigenvalues, characteristic polynomials and
determinants

In this section, I include some proofs from [29] and [16] for certain classical
facts about determinants, the proofs of which are a little hard to come by. I
also prove a fact assumed in [27] about the minors of diagonal matrices, which
is specialized enough that the reader may not have seen it explicitly before,
though it should come as no surprise. We will assume that the inner product
space V is finite-dimensional.

11



Definition 2.4.1. A generalized eigenvector of a matrix T : V — V is some
nonzero v € V for which there exists A € C, k > 1 such that

(T — \D)*v = 0.

In this case, we say A is the eigenvalue corresponding to v. If kK = 1, we simply
call v an eigenvector.

Definition 2.4.2. The multiplicity of an eigenvalue A of T : V. — V is the
size of a maximal linearly independent subset {b1,bs, ...,b.} of V| composed of
generalized eigenvectors b; of T, all with eigenvalue .

Definition 2.4.3. The characteristic polynomial x(7") of a matrix T: V — V
is the product of binomials [, (x — X)™* over all eigenvalues A of T', where m
is the multiplicity of A in 7.

Proposition 2.4.4 ([21] states this fact in the language of change-of-basis ma-
trices). The eigenvalues of a linear transformation, counted with multiplicity,
are invariant under conjugation by GL(d). Consequently, for any d x d matrix
A and B € GL(d),

\(4) = X(BAB™).

Proposition 2.4.5 ([1]). The determinant of a square matrix is the product of
its eigenvalues, counted with multiplicity.

We will develop some important properties of matrix minors in this section,
including properties of the determinant itself. These facts will be key lemmas
for the proofs we will develop related to finite free probability.

We will make use of the following well-known expansions of the determinant
in order to prove some lesser-known facts.

Theorem 2.4.6 (Leibniz formula, [2]). For a d x d matrix A,

det A = Z sgn(o HAi (i)

ceGy

Theorem 2.4.7 (Laplace expansion, [16]). For a d x d matrix A and for all
i e [dl,

det A = Z [Alan gy, a0 33

Proposition 2.4.8 ([29]). Given dxd matrices A and B, k < dand S,T € ([Z]),
we have

k

[A+Blsr =Y > (=)WIVIAY, o vy [Blys) vy
i=0 yve ()

12



Proof. For S C [d], let Xy be given such that (Xy).; = A.; when i € S and
(Xv).;=B.; when i ¢ S. Then

det(A + B) = det(A 1+ B. 1 ...,A.’d + B.’d)
= Z Z detXU
i= OUe(d)

by the multilinearity of the determinant. Now, fix U, and consider det X;;. We
have by the Laplace expansion, that for all i € [d],

M=

det Xp = > (1) (Xv)i s [Xvlgopariom gy

<.
Il
a

I
KM&

(_1)1+]XU(i),U(j) [X]E(U),W(U)'

<
Il
-

We will iteratively Laplace-expand det Xy column-wise along each i € U, noting
that if U = () then det Xy = det B. We then acquire

det Xp = Y (=)W Xy v (X5 ) van

ve(d)
_ Z (_1)HUH1+HVH1 [A]U,V[B]ﬁ([d]),V([d])'
ve({d)
Then
det(A+ B) = Z lU‘llJer”l[A]U,V[B]ﬁ([d]),V([d])

&

Ul

d
1=0 Ue([f] V€ ‘[
d

> )WY ALY v [Bly ) 7a)-
=0 U,VE([ 1

The equality in the proposition statement is a consequence of simply restricting
rows and columns of each A+ B from [d] to S and T, respectively. O

Proposition 2.4.9 ([27]). If D € EndC? is a diagonal d x d matrix, and
S, T e ([d}) then S # T implies [D]sr = 0.

Proof. Suppose without loss of generality that ¢ € T but i ¢ S. Then the
column in Dg 1 corresponding to the ith column of D contains only zeroes. By
the linearity of the determinant in each column of its argument, we have that
[D]s.r = 0. O

Definition 2.4.10. Let A be a matrix. By o1 (A), we denote the coefficient of
(—1)*27=* in the characteristic polynomial y(A).
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Lemma 2.4.11 ([2]). For each d x d matrix A, there exists a d x d nonsingular
matrix X such that X AX ! is upper-triangular.

Proposition 2.4.12 ([8]).

se(1)

Proof. Consider the eigenvalues of A to be given with multiplicity in a tuple
(A1, A2y .oy Ag). Since we are dealing with x(A), we can assume without loss of
generality by 2.4.4 and 2.4.11 that A is upper-triangular. We will furthermore
assume that \; is the 4, ith entry of A, i.e., the eigenvalues are distributed along
the diagonal of A. We have

x(4) =TJ@-xnm™
A
d
=0 se( 1) JEldN\S
d
=2 2 <y I
i=0 ge( [ jeld\S

so the coefficient of x

>

se(j4,) seld\s

d=i(—1)% in x(A) is

II »

PINIRY

se(lyies

> s

se()

The final equality relies on the fact that the eigenvalues are, without loss of
generality, distributed along the diagonal of A as described at the beginning of
this proof. O

Definition 2.4.13. Let V be a vector space. The underlying set of the tensor

algebra T'(V) is given by
oo
(V) =EPHver,
k=0

where we define V*° = C.
This is a vector space under componentwise scalar multiplication and addi-
tion, and it is a ring via the product

(u,v) = u®wv.
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Definition 2.4.14. If V is a vector space over a field of characteristic zero,
then denote by AV the exterior algebra

T(V)/1,

where I is the ideal generated by {v®v | v € V}.

We denote the product in this ring by u A v, calling it the wedge product.
Denote by /\k V' the sub-vector space of AV comprising wedges of exactly k
vectors. We refer to this as the kth exterior power of V.

If we have a basis {e;}¢_, for V, then we have a natural basis {fs}Se([d]) for
k
/\k V, where fs is defined as the wedge product A, g e;.

Definition 2.4.15. Given a square matrix T : V' — V', denote by /\kT the
matrix mapping /\]C V= /\]C V with entries

k
(/\T) [T)a.5.
A,B

s

Theorem 2.4.16 (Cauchy-Binet, [24], [16]). /\k is a monoid homomorphism
with respect to matrix multiplication. That is, if we let A and B be d x d
matrices, and let 0 < k < d, then

k ko k
NAB=N\AN\B.
Entrywise, we may express this via the well-known identity,

[ABlsr = Y _ [Alsu(Blur.
UE([(;])

Proof. Let k = |S| = |T|. Note that

[AB|s,r = det ((AB)s,r) = det[(A)s, 4 (B)a).7]-

15



=

[ABls,r = Z sen(o) | | (As,ja)Bla,1)io0)

ceSy =1
k d
= > sen(0) [[ Y Asw.iBirey
€Sy i=1j5=1
k
= sen(o) > [ A4sesBiren
o€ (G1rein) €[] i=1
k k
= sen(o) >, (HAS(n,ji) (HBji,T(ou»)
cEGy Giyeonrin) )P \i=1 i=1

k k
> (H Asu),ji> <Z Sgn(U)HBji,T<a<i>>>

(d1s-dk)€ld]F \i=1 ocEGK

k
= Z (H As(i)’jz‘) det(Bj[k],T)7

(J15--rdk)E[d]F \i=1

where we define Bj,, v to be the matrix for which (Bj,, 7)rs = Bj, 1(s)- If

Jr = js for distinct j, s € [k], then the summand corresponding to that tuple
(J1,---, Jx) is equal to zero. So we have

k
[AB]S,T = Z (H AS(i),j7:> det(Bj[k]7T)

(j1,-~7jk_)€[c_i]k i=1
T#S=>jrFs

k
Z Z <H As(i)JU(i)) det(B(jOU)[k] )

1<j§1<...<jpr<d 0€S) \i=1

k
Z Z sgn(a) <H ASU)J&@)) det(Bj[k];T)

1<j1<...<jr<d cEG} i=1

Z det(As,j[k] ) det(Bj[k]7T)
1<j1<...<jr<d
Z det(AS7U)det(BU7T)
UE([g])
= > [AlsulBlur-

ve()
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Chapter 3

Measure theory

In this chapter, I will develop just enough measure theory to serve as a founda-
tion for probability theory. I will also define the Haar measure.

3.1 Measure spaces

The concept of a measure space allows us to talk rigorously about the “volume”
of a set in that space. Since Kolmogorov’s axiomatization of probability theory
in terms of measure spaces in 1933, measure spaces have been the standard way
to model probabilistic phenomena. That is the use we will put this concept to
in this thesis.

Effective references for measure theory are [36] and [3].

Definition 3.1.1. A c-algebra ¥ on a set X is a collection of subsets of X for
which

e ex,
e if A€ X then A¢ € X, and

e if (A,)nen is a sequence in X, then | A, €X.

neN

Definition 3.1.2. A measurable space (X,Y) is a set X endowed with a o-
algebra ..

Definition 3.1.3. A measure g on a measurable space (X,X) is a function
¥ — [0, 00] for which

e (D) =0, and
e if (A,) is a sequence of disjoint sets in ¥, then p (U, ey An) = Doy #(Ay).

The second axiom is called countable additivity. We will often suppress ¥ and
speak of X itself as being a measurable space. Furthermore, we refer to an
element A € ¥ as being a measurable set of X.

17



Definition 3.1.4. A measure space is a triple (X,X, ), where (X,X) is a
measurable space, and p is a measure on that space. We often abuse notation
by suppressing ¥ and p and referring to X itself as a measure space.

Definition 3.1.5. If X is a topological space, then we call the smallest o-
algebra containing all the open sets of X the Borel subsets of X. If a set A is
an element of the Borel subsets of X, we call A a Borel set. If p is a measure
on the (X,X), where ¥ are the Borel subsets of X, we call u a Borel measure.

Definition 3.1.6. If X is a topological space, (X, ) is a measurable space,
and Y. contains the Borel subsets of X, then we call a measure p on X inner
regular if for all A € X,

p(A) = sup  p(K),
KeK(X),KCA

where K(X) is the set of compact subsets of X. We call p outer regular if for

all A€y,
A) = inf 0
wA) = ot comO),
where O(X) is the set of open subsets of X. We call y regular if it is both inner
regular and outer regular.

Definition 3.1.7. If x4 is a measure on X, then we call u a probability measure
if 4(X) =1. We will often write probability measures with the symbol P.

Definition 3.1.8. We refer to a function f : X — Y between measurable spaces
X and Y as a measurable function if the preimage of any measurable set in Y is
a measurable set in X. If the ¥-algebra on X lies within the collection of Borel
subsets of X, then we say that f is Borel-measurable.

Definition 3.1.9. We say a measure u over a Hausdorff space X is compactly
supported if there exists some compact set K for which u(X \ K) = 0. In such
a case, we define supp(K) to be the smallest such K.

3.2 Functional analysis

We will need to use some tools from functional analysis to make a couple of
subtle points about measures, but this vast and vibrant theory will remain at
the margins of this thesis.

I used Gert Pederson’s [34] as a reference for this section.

Definition 3.2.1. If V and W are normed vector spaces, we call a linear map
T:V — W a bounded operator if

sup || T||lw
lellv<1

exists.

18



Definition 3.2.2. If V and W are normed vector spaces, then let B(V, W)
denote the vector space of bounded operators T : V' — W. The norms of V and
W induce the operator norm on B(V, W), given by

[Tl = sup |[Tfw.

llzllv <1

Definition 3.2.3. Let X be a compact Hausdorff space. Then denote by Ck (X)
the algebra of continuous functions X — K, where K is a field. If the field is
evident from context, we will suppress the subscript. C(X) is a Banach space
with respect to the uniform norm, i.e., the norm

If1l = sup [f(z)].
reX

Definition 3.2.4. Let X be a compact Hausdorff space. Then denote by M(X)
the space of signed measures on X.

Definition 3.2.5. A functional f on a normed vector space V is an element of
the space of bounded linear maps B(V,K), which we denote as V*.

Proposition 3.2.6. Given a compact Hausdorff space X, C(X)* = M(X).

Theorem 3.2.7 (Stone-Weierstrass, real). Suppose X is a compact Hausdorff
topological space, and A is subalgebra of the real algebra Cg(X) containing the
constant functions and separating points in X. Then A is dense in C(X) with
respect to the uniform norm.

3.3 Haar measure

The concept of Haar measure exists to generalize an important observation
about the real line. That is, the length of the interval (0,1) is equal to the
length of the interval (0 + z,1 + z) for any real number z. Our geometric
intuition makes it hard to imagine things being otherwise with the real line, but
there is a priori no reason to expect that a given measure space equipped with
a group operation will have such a tidy relationship between its operation and
its measure.

In this section we will reproduce several essential results which we will not
derive, since the proofs are quite involved. A good reference for these facts is
[11].

Definition 3.3.1. If GG is a topological group, then we call a measure p over
the Borel subsets of G a left Haar measure (respectively, right Haar measure)
if u satisfies:

o u(A) = u(gA) (respectively, u(A) = u(Ag)) for all Borel sets A C G and
all g € G,

e 4 is regular,
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e if K C G is compact, then u(K) < oo, and
o u(G) # 0.

Theorem 3.3.2 ([11]). Every locally compact Hausdorff topological group G
enjoys at least one Haar measure. In fact, this measure is unique up to a
multiplicative constant, i.e., for all Haar measures p and v on G, there exists
some ¢ > 0 for which p = cv.

Under certain circumstances, the left and right Haar measure on a group
will be the same measure.

Proposition 3.3.3 ([11]). If G is an abelian, locally compact Hausdorff topo-
logical group, then a left Haar measure on G is also a right Haar measure on G,
and vice versa.

Proof. Since G is abelian, we can equate

w(gA) = u(Ag),

and so the properties of a left Haar measure satisfy the right Haar measure
axioms, and vice versa. O

Theorem 3.3.4 ([11]). If G is a compact Hausdorff topological group, then a
left Haar measure on G is also a right Haar measure on GG, and vice versa.

Thus for compact groups, we speak of Haar measure, dropping the left /right
distinction. By convention, we normalize a Haar measure on a compact group
G so P is a probability measure, and we write it with the symbol P.

documentclass|../main.tex]subfiles
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Chapter 4

Probability

The goal of this chapter is to establish the relationship between a measure over
a real or complex vector space, and that measure’s moments. In particular,
these moments often identify the measure uniquely. The moments of a distri-
bution, especially the first four, have broad use in statistics. These are used to
compute to a probability distribution’s mean, variance, skewness and kurtosis,
each of which measures an important qualitative property of the distribution.
Moments higher than the fourth become harder to interpret, but are still useful
in numerical algorithms and proofs. This chapter will primarily concern itself
with the classification problem, but the reader should keep in mind that these
moments have broad practical applications.

We will be assuming some definitions and theorems from measure theory and
functional analysis, which may be found in the the previous chapter. The first
chapter of [31] has a good introductory section on the moments of a probability
measure, in the context of free probability.

4.1 Foundations

Definition 4.1.1. If  is a measure space equipped with a o-algebra X and a
probability measure P, then we call (2,2, P) a probability space. We refer in
this setting to the set () as a sample space, we refer to ¥ as an event space.
Abusing notation, we will often suppress ¥ and P and refer to 2 itself as a
probability space.

Definition 4.1.2. We refer to a measurable function X :  — R of a probability
space  as a (real) random variable on Q. We denote by Mp(f2) the set of
random variables on ). We will often suppress reference to the probability
space over which a random variable is defined.

Definition 4.1.3. We associate to every random variable X a probability mea-
sure pux on R. We define this measure as



Definition 4.1.4. Given a probability space 2, we define the expectation op-
erator E : Mgr(Q2) — R over Q in the following way. For any random variable
X on Q, we define

B = [ tdnx (o)

if the right hand side is a real number. The expectation operator is in general a
partial function, i.e., there are many X for which E[X] is not defined. We will
often suppress reference to the probability space over which E is defined.

4.2 Moments of random variables

Definition 4.2.1. Given a measure y on R, we refer to the quantity [ t* du(t) as
the kth moment of y, for all integers & > 0. This quantity does not always exist;
we say that pu possesses a kth moment if the quantity exists. We may ignore the
zeroth moment of p when it is known we are working with probability measures,
since all probability measures have a zeroth moment equal to one.

It is not entirely self-evident what the most convenient way of representing
measures is for the purposes of writing proofs or performing computations, since
measures can in the general case contain an enormous amount of information.
One convenient technique is to summarize a measure on the real line in terms of
its moments. These moments come in the form of a moment sequence (my)r>o
taking values in RU{x}, where the symbol  stands in for an undefined quantity.
One question we may ask is whether a moment sequence uniquely identifies the
measure it originates from, or whether two distinct measures may have identical
moment sequences. It turns out that in the situations we will be considering in
this thesis (i.e., compactly supported distributions) the distribution is identified
uniquely by its moment sequence.

We will define the moments of a random variable to be the moments of its
corresponding measure.

Definition 4.2.2. The kth central moment of a random variable X is the
quantity
E[(X — E(X))".

The first central moment of any random variable is identically zero. We call
the second central moment of X the variance of X, and denote it Var(X). The
third and fourth central moments are named skewness and kurtosis, respectively,
though we won’t be making use of these quantities.

Lemma 4.2.3 ([4]). If f: R — R is a measurable function, then either

HﬂXH:/f@mm@%

or both sides of the equality are undefined.
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Proof. If Q is the underlying probability space, with measure P, then

BlFC0) = [

td,ufox(t):/foX(w)dIP(w).
R Q

Likewise,

/R F(8) dpx (1) = / F(X(w)) dP(w) = / f o X (w) dP(w).

The two expressions in the equation reduce to the same expression, so they are
either both undefined, or they are equal. O

Corollary 4.2.4 ([4]). In particular, E[X*] = [t* dux (t).

Proposition 4.2.5 (Exercise in [31]). If X is a random variable for which the
associated measure px has compact support, then X has all moments.

Proof. Let

M =sup{|r| : r € supp(ux)}.
Then by 4.2.3,

B < [ I dux (t) < M~

O

Moment sequences do not always uniquely identify measures in the non-
compact case. However, a substantial proportion of the measures which arise
in applications may be uniquely identified by their moment sequence. First, we
will state without proof a fairly general sufficient condition known as Carleman’s
condition.

Theorem 4.2.6 (Carleman’s condition, [7]). Let X be a random variable pos-
sessing all moments. For each integer k& > 1, let my be the kth moment of X.

If
o0
P
E :mzkzk = 00,
k=1

then the sequence (my) uniquely identifies the measure px. Le., for any other
random variable Y possessing the same moment sequence as X, we can infer

that ux = py.

I will now develop a simpler argument that applies only to the case of com-
pactly supported measures.

Lemma 4.2.7 (Exercise in [39]). Let p and v be measures on the compact
interval [a,b]. Then p = v if and only if (my)g2, is the moment sequence of
both p and v.
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Proof. This lemma is an application of the Stone-Weierstrass theorem 3.2.7.
The algebra of polynomials on [a,b] is a subalgebra of C([a,b]) containing the
constant functions, and it separates points. Therefore, the subalgebra is uni-
formly dense. For any function f € C([a,b]) and for any € > 0, there exists a
polynomial p such that |f(z) — p(z)| < € for all « € [a,b]. So

/ () — p(t)| du(t) < emo  and / F(8) — p(t)| div(t) < emo.
This means, in particular, that |f;7 f(t)dy f p(t) dvy(t)| < emg for v = p
and v = v.

Note also that, for any polynomial p(z) =}, 2%, we have

b b ‘
[ podut =[5 aittdute
b
=Y / i d(t)
:Zaimi

=Y /:tidu(t)

b
:/ p(t) dv(t).

Since we can approximate fj f(t)du(t) and f f (@) dv(t) simultaneously by one
sequence of polynomials (p;(z)), and since and v are equal on polynomials,

we have the equality
/ £ du(t) / £y du(e

for all f € C([a,b]). Since the space of (signed) measures M([a,b]) is the
dual of the space of continuous functions C([a,b]) (see 3.2.6), we may conclude
Ww=r. U

I had difficulty sourcing a citation for the following lemma, however there is
nothing novel about it, and I am sure it has been stated before. Perhaps it can
be found in the writings of Felix Hausdorff, since he worked on related topics in
the 1920s.

Lemma 4.2.8. Let u be a measure on the real line. Then p has compact
support if and only if its even moments are exponentially bounded, i.e., there
exists an M > 0 such that

/t2k d,u(t) < MZk
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for all k > 0. (If any even moments are undefined, we will consider this a failure
to be exponentially bounded.)

Proof. Denote the moment sequence of p by (my) for k& > 0.
Let p have compact support in [—R, R] for some R € R.

/ 2% dp(t) < R*mo < (Rmg)**.

That is to say, the even moments of p are exponentially bounded with respect
to the constant M = Rmy.

Now suppose that p is not compactly supported, that is, for all R > 0,
w(R\[=R, R]) > 0. If the even moments of y are not defined, then they certainly
aren’t exponentially bounded. So assume they are defined. Let M > 0. Then
by hypothesis, (R \ [-M, M]) > 0. Denote this quantity by W. Then

/ t2* du(t) = / " 2% du(t) + / 2% du(t)

-M R\[—M,M]
> / £25 du(t)
]R\[—M,M]
> WM?*.

Let § > 0 such that
/ 2% du(t) = W(M + 6)%*.
R\[-M,M]
Then
/t% du(t) > W (M + 6)%.
So as k — oo,
/ 25 dp(t) [ MPF = W (M + 6)°F /M>*
— OQ.

Therefore, there exists some K > 0 for which k > K implies

/ t2F du(t) > M3

Since M was arbitrary, the even moments of y are not exponentially bounded.
O

The following theorem can be seen as a mere corollary of Carlemann’s con-
dition, and thus is rarely stated in this form.
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Theorem 4.2.9. Let p be a measure on the real line, with compact support.
Suppose a measure v has the same moments as p. Then p = v.

Proof. We will argue by the contrapositive, assuming p # v. There are two
cases. In the first case, v is not compactly supported. Then by 4.2.8, we can
distinguish g from v by comparing the growth rates of their even moments. In
the second case, p and v are both compactly supported. Then they are also
measures on the compact interval

[min(supp(p) Usupp(v)), max(supp(p) U supp(v))].

By 4.2.7, the two measures must differ in their moments. O

Definition 4.2.10. Suppose we have a collection of random variables {X; }icr.
Given a product []}_, X;, where i : [n] — I, we refer to the expectation of that
product as a mized moment of the {X;}. We say that a mixed moment formed
in this way has degree n. A quadratic moment is a mixed moment of degree 2,
a cubic moment is a mixed moment of degree 3, and so on.

The title of this thesis, “Second-order finite free probability”, relates to the
fact that we will be investigating the quadratic moments of a certain family of
random variables.

4.3 Random vectors

Like many concepts definable over real numbers, we can extend the concept
of random variables into multiple dimensions to acquire a random vector. A
particular random vector lies at the centre of this thesis, though the following
definition is not yet the right one, because it does not incorporate complex
numbers. We will deal that in the following two sections.

Definition 4.3.1. A random vector X is a measurable function X : Q@ — R™,
where () is a probability space. If m; is a projection R™ — R onto the ith
component of R™, then we refer to the random variable 7;(X) as a component
of X.

Definition 4.3.2. If Q is a probability space, then we denote by Mg= (§2) the
set of random vectors 2 — R”.

Definition 4.3.3. If X is a random vector in R™, we can speak of its associated
joint distribution pyx, which is a probability measure on R™. We again define

px (A) =P(X7H(4)).

Definition 4.3.4. Given a probability space €2 and an integer n > 2, we can
again define an expectation operator E : Mgn (Q) — R" by

E[X] = / tdpx(r).

Just like in the one-dimensional case, E is in general a partial function on random
vectors.
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Definition 4.3.5. If X is a random vector, then we refer to the mixed moments
of the components of X as the moments of X.

Like with the one-dimensional case, a multivariate distribution may be iden-
tified more or less effectively by its moments. The following is a sufficient
condition developed in 2001 by de Jeu.

Theorem 4.3.6 (Extended Carleman’s condition [20]). Let u be a measure on
R"™ such that

Amwaw

for all k > 0. Let {vy, ..., v, } be a basis for R". For j =1,....nand k =0,1,2, ...,
define

50 = [ (i dute).

If each of the sequences {s;(k)}oo_; satisfies Carleman’s condition

> slk)7

k=1

a-""

= 00,

then g is uniquely identified by its mixed moments.

However, we will only be trying to characterize measures of compact support
in this thesis. The proof that they are uniquely identified by their moments is
again an easy application of the Stone-Weierstrass theorem.

Proposition 4.3.7. Let u be a measure with compact support over R". If v
is another measure with the same mixed moments as p, then p = v.

Proof sketch. The polynomial ring R[zq,...,x,] is yet again a subalgebra of
C(supp()) containing the constant functions and separating points. There-
fore, we can adapt a version of 4.2.7 to this setting.

Likewise, we can replicate a version of 4.2.8. Let ¢; : R — R" be the injection
into the jth component. Then define, for 1 < j < mn,

15 (A) = p({ej(a) [ a € A}).

The measure y is compactly supported if and only if each of these projections f;
is compactly supported. We can detect from the mixed moments fR" t?k du(t)
whether each 1 is compactly supported, therefore, we can determine whether
1 is compactly supported from its moments.

Thus we can use moment sequences to detect any differences between p and
v both in the case in which v is compactly supported, and the case in which v
is not compactly supported. O
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4.4 Complex random variables

In this section, we will define complex random variables in terms of two-dimensional
random vectors, analogous to the way in which C can be defined as R? equipped
with a multiplication operation.

See [25] for more on complex random variables.

Definition 4.4.1. A complex random variable X is a random vector X : Q —
R2, where the codomain is identified with C.

Definition 4.4.2. Given a complex random variable X, we call the quantity
E[X X .. X]

a kth *-moment of X if ¢; € {1,x} for all ¢ = 1,..., k. (This is a slight abuse of
notation-what I mean is that we may take the adjoint of some of the X;.) If
€; = 1 for all 7 then we call the quantity the kth moment of X.

I had a difficult time sourcing this lemma in the literature, but it’s a fairly
straightforward application of the algebra of complex numbers and the linearity
of the expectation operator. I suspect that the x-moments of complex random
vectors is a niche enough topic that most of the writing about them is targeted
at experts, who likely take this fact for granted.

Lemma 4.4.3. Suppose X is a complex random variable. Then moments of X
as a random vector are a finite linear combination of the *-moments of X as a
complex random variable, and vice versa.

Proof. By conventional manipulations of complex numbers, we have the follow-
ing identities.

py - X X7
2
ax o XX
2
X+X*  X_Xx*
X = RX +iSX = z it

We can thus recover the linear *-moments of X as finite linear combinations of
the linear mixed moments of its real and imaginary parts, and vice versa. For
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higher-order moments we have
E[X™(X7)"]
=E[RX +iSX)™ - (RX —iSX)"]

E_@(Z)(MMW i(@x)m )

;()?RXJ”J( X))

DN (7) () Emxy s @xymen=,

i=0 j=0

demonstrating that the x-moments of X may be expressed as a finite linear
combination of the mixed moments of its real and imaginary parts. Furthermore,
we can derive

oY )

[ e (v

% 7=0

S ()

=0 j=0

proving that the mixed moments of the real and imaginary parts of X may be
expressed as a finite linear combination of the x-moments of X. O

Corollary 4.4.4. If p is a compactly supported measure over C, then it is
uniquely determined by its *-moments.

Proof. This is an application of 4.3.7 and 4.4.3. O
Definition 4.4.5. Given a complex random variable X, we call the quantity
k
E lH(x - E(X))ﬂ]
i=1

a kth central *-moment of X if ¢; € {1,*} for all i = 1,..., k. We call the second
central *-moment

Var(X) = E[(X — E(X)(X — E(X))]
the variance of X. We call the second central *-moment
PVar(X) = E[(X — E(X)(X —E(X))]

the pseudovariance of X.
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4.5 Complex random vectors

Finally, we can define the concept of complex random vectors. The “character-
istic polynomial” mentioned in the title of this thesis is going to be framed as a
complex random vector, so this is an important idea.

See [25] for more on complex random vectors.

Definition 4.5.1. A complex random vector X is a measurable function X :
Q — C™, where () is a probability space. By definition, each component of X is
a complex random variable.

Definition 4.5.2. The moments of a complex random vector X are the mixed
*-moments of the components of X.

Proposition 4.5.3. If i is a compactly supported measure over C", then it is
uniquely determined by its mixed *-moments.

4.6 Random unitary matrices

In this thesis, we’re going to be talking a lot about “Haar-distributed random
unitary matrices”. Sometimes we will be emphasizing its nature as a “random
matrix”, which is elaborated in the first definition below, and sometimes we will
be emphasizing its nature as a “Haar-distributed random variable”, which is
elaborated in the second definition below.

Definition 4.6.1. A random m X n matrix X is a measurable function X : Q —
K™”  where (Q is a probability space and K is either R or C. We denote the set
of such random matrices by My, () (€2). We identify K™" with the additive
group of m x n matrices over K. If m = n, then we consider My, . (x)(Q) to
be a ring, inheriting matrix multiplication as its product.

Definition 4.6.2. Let G be a compact group. Let 2 be a probability space,
and let G : Q — G be a measurable function. Then we call G a random element
of G.

Furthermore, let ug be the measure on G given by ug(A) = P(G71(A)). We
call this the distribution of G.

If ue is a Haar measure on G, then we say that G is a Haar-distributed
element of G.
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Chapter 5

Representation theory of
compact groups

5.1 Introduction

Definition 5.1.1. A representation p : G x V. — V is a group action on a
C-vector space that is linear in its second argument.

We may write the domain and codomain of a representation by p : G —
Aut V, denoting by Aut V the space of C-linear automorphisms of V.

Definition 5.1.2. Let G be a group. Then the group ring (or algebra) CG may
be given by the vector space of finitely-supported formal sums

Z Qg9,

geG

with the multiplicative rule given by

Z Qg9 Z Beg | = Z Z anBr-149.

geG geG g€G heG

One may find in any suitable textbook on representation theory, for example,
[12], the fact that the data of a representation of a finite group G is identical to
the data of a CG-module, and that all CG-modules may be decomposed into a
direct sum of finitely-generated modules.

This basic insight continues to hold for compact infinite groups. In this
chapter, we will develop some of the elementary theory of finite-dimensional
representations of compact groups. All groups in sight will be compact, and we
will assume all representations and modules are continuous. We will also assume
that the C-vector spaces over which we will work are inner product spaces.

We will also assume by default that the integral over a compact group is
taken with respect to the Haar measure, see 3.3.
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5.2 (G-invariant inner products

Definition 5.2.1. Let p : G — AutV be a representation, and let (-|-) be an
inner product on V. We say that p is unitary, and that (-|-) is G-invariant, if

(p(g)vlp(g)w) = (v|w)
forall g € G,v,w e V.

There are many times when we will request that a representation of a group
G be unitary. The point of the following proposition is that it is very easy to
acquire such a representation when working in finite dimensions. Given a non-
invariant inner product, we can always manufacture an invariant one by taking
averages.

Proposition 5.2.2 ([13]). Given a representation p of a compact group G on
a finite-dimensional vector space V with inner product (:|-), then p is unitary
with respect to the inner product

(ulo) = / (p(g)ulplg)) dg.

5.3 Peter-Weyl theorem

There are several Peter-Weyl theorems. We are interested in the formulation
that allows us to decompose CG-modules into a direct sum of simple modules,
similar to how one can decompose C¢ into a direct sum of copies of C.

Theorem 5.3.1 ([5], Peter-Weyl). Any continuous, unitary representation p :
G — H of a compact group G on a Hilbert space H is the direct sum of finite-
dimensional irreducible representations.

This fact has a few immediate corollaries. I don’t have a citation for these,
but they immediate enough that I imagine that these or very similar statements
have been used as easy exercises in courses on the subject.

Corollary 5.3.2. Let G be a compact group. Any continuous CG-module
which is C-linearly homeomorphic to a Hilbert space is semisimple. In particu-
lar; all finitely-generated CG-modules are semisimple.

Corollary 5.3.3. Let G be a compact group. If a continuous CG-module is
C-linearly homeomorphic to a Hilbert space, then it cannot be simultaenously
infinite-dimensional and simple.

This tells us that the only obstructions to the semisimplicity of CG-modules
are the topological pathologies of infinite-dimensional vector spaces. Requir-
ing that any topological CG-modules be C-linearly homeomorphic to a Hilbert
space is sufficient to brush these pathologies under the rug. We will only be di-
rectly concerned in this thesis with finite-dimensional representations, so avoid-
ing these pathologies is advantageous.
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5.4 Characters

Let G be a compact group, and p : G — AutV be a representation of G on a
finite-dimensional inner product space V. We define the character of p to be
the function

Xp:G—=C

given by
Xp(g) = Tr p(g).

We call a representation corresponding to a simple CG-module irreducible,
and we call the character of an irreducible representation irreducible too.

Note that x,(e) = dim#. This is true because x is a homomorphism, and
the identity element of Aut H may be written (in any basis) as a diagonal matrix
with 1s along the diagonal. If we sum all of those 1s, we get the dimension of
H.

Finally, we will consider characters to be elements of the vector space of
functions G — C. We will consider the subspace spanned by a group’s characters
to be a Hilbert space, according to the inner product

Xulxw) = /Gmxy(g) dg.

This is sesquilinear due to the linearity of integration. It is non-degenerate
because the integrand is nonnegative, and because it is strictly positive in some
open neighbourhood of the identity element e € G.

I will now present some important calculational identities and facts about
characters, without proof. The reader may consult [13] or [12] for more details
on how this works for finite groups.

Proposition 5.4.1 ([12]). If g is conjugate to h in G, then
Xo(9) = Xp(h)
for any character x, of G.

Proposition 5.4.2 ([12]). If p: G — Aut V is a unitary representation, then

Xp(gil) = Xp(g)

for all g € G. This is the character of the dual representation p*, which corre-
sponds to the dual module Hom(V, C).

Proposition 5.4.3 ([12]).
Xp + Xv = Xuov

for all characters x,, x,, of G. Furthermore, @ v is unitary if 1 and v are.

Proposition 5.4.4 ([13]).
XuXv = Xuv

for all characters x,,, x,, of G. Furthermore, u ® v is unitary if 1 and v are.
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Proposition 5.4.5 ([12]). If u and v are irreducible unitary representations of
a compact group G, then

(Xulxv) = [p="v].
In other words, the irreducible characters of G are an orthonormal set within
the vector space generated by characters.

In fact, since the sum of characters corresponds to the direct sum of rep-
resentations, the irreducible characters form a C-basis for the C-vector space
generated by characters of finitely-generated representations of G. Stronger
yet, they are an N-basis for the characters of finitely-generated representations
of G, in the sense that the latter are nonnegative integral combinations of the
former.

Lemma 5.4.6 ([38], Schur’s lemma). Let V' and W be simple CG-modules.
Then for all CG-module homomorphisms f: V — W either f =0, or V =W
and f = ¢l for some c € C.

Corollary 5.4.7 ([37]). Let A, u be irreducible representations G — Aut C.
If T is any matrix such that TA(g) = u(g)T for all g € G, then either T is
invertible, or T' = 0.

Proof. The compositions T'A and p1" are representations of GG, and in fact they
are the same one. Since A and p are simple, T'A and pT' are either both zero,
or they are equivalent to A and p, which are equivalent to each other. In that
case, T is invertible. O

Corollary 5.4.8 ([37]). Let p: G — AutV be a representation, and let C be
its commutant in End V. Then C = {cI | ¢ € C} if and only if p is irreducible.

5.4.1 Operations on representations

Proposition 5.4.9 ([35] describes this character using the vocabulary of sym-
metric functions). Let p : G — AutV be a unitary representation. Then the
exterior power representation

k k
/\p:G%Aut/\V

given by . .
(/\ p) (9) = \(o(9))

is a unitary representation, and its character, which we denote by /\k Xp, 18

k
Axol@)=" > [p@)lss;

Se([dir; v])

i.e., the sum of principal k-minors of p(g).
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Proof. Let g € G. Then

SO

k k
(/\p(g)/\p(g)*> = > [p@lskle(@)rr
S, T

, Re([dil: V])

= [p(9)p(9)"]s,7
= [I}S,T
=ds,T

by the Cauchy-Binet theorem 2.4.16. Thus

This implies /\k p is unitary.
Finally,

O

Proposition 5.4.10. Let p : G — AutV be a unitary representation. Then
the adjoint representation

Adjp:G— AutEndV

given by
Adjp(g) : M — gMg”

is a unitary representation, and its character, which we denote by Adj x,, is

dim V'
Adix,(9) = > lgiil*
i=1

(Note: this representation may also be seen as p® p* : G — Aut V@ V*, but we
will be using the concrete matrix perspective much more than we would have
used the dual-module perspective.)
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Proof. Let n = dim V. Recall that, given some orthonormal basis for V', we can
select a basis for End V' in the form of the matrices {e; ;}}';,_; which are nonzero
only in their 7, jth entry, where they bear a 1. Then (A4|B) = Tr A*B gives us an
inner product for End V' under which this basis is orthonormal. Furthermore,
EndV has dimension n? as a vector space. Thus for all ¢ € G, Adjp(g) is
a n? x n? matrix in the general linear group AutEndV. We will denote by
(Adjp(g))e, e, the entry of Adjp(g) in the row corresponding to e; ; and the
column corresponding to ep;. In other words, the entry (Adjp(g))e, e, 15
equal to the inner product (ej ;| Adjp(g)e; ;). We will now compute the value
of this entry.
It is

(Adjp(9))e; ;.er, = (eral Adjp(g)ei ;)
= Trej,p(g9)eiip(9)"
= Tre;rp(g)eijp(g)”

— Z (erxp(9)ei;p(9)" )m.m

= Z p(g)k,q(ei,jP@)*)qJ

n

Q
Il
—

I
NE

> 0@kl )ar(p(9) )

= P(Q)k,i(/’(g)*)g,l
= p(9)k.iP(9)1,5
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We can then compute

(Adj p(9)) (A} p(9)) Dessens = D (Adjp(9))es sy, (A] p(9)) Ve,

= > (0(9)p.ir(9)0.1)P(9)p.kP(9)q

= > p(9)p.iP(9)q0(9)q.1P(9)p.k

= (Z P(g)p,kp(g)p,i> (Z p(g)q,jp(g)q,z>
p=1 q=1

= (p(9)"P(9))k,i(p(9)"P(9)) ;1

= Ipil;

= [k =il = j]

= [ei,; = ex,l]

Thus Adj p is unitary. O

5.5 Exterior powers of the unitary group

In this section, we will outline some important representation-theoretic proper-
ties of the unitary group U(d). Most of the literature on this topic treats instead
the special unitary group, which may be written as U(d)/U(1). See for example
[19].

Definition 5.5.1. Fix d > 1. For 1 <14 < j < d, denote by ¢;(0) the diagonal
matrix in End C? with the property that (¢;(6)):; = %%, and such that all other
diagonal entries are equal to 1.

Lemma 5.5.2 ([40] states this with different notation). Each matrix ¢;() is
unitary.

Proof. Notice
($:(0)$:(0)")ii = e = 1.
Tt is straightforward to see from here that ¢;(0)¢;(0)* = I. O

Definition 5.5.3. Fix d > 2. Denote by 7; () the matrix in End C? with the
properties that
cosf —sinf
(ri,5(0)) g1 0.0y = [ sinf  cosf }
and
7i.d O oy gy = 1
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Lemma 5.5.4 ([40] states this with different notation). Each matrix r; ;(0) is
unitary.

Proof. Notice that
(n-yj(O)nyj(H)*)iyi = (Ti,j(g)ri,j(g)*)j,j = COS2 0 + sin2 0=1.

Also,
(r:i,;(6))i; = (r4(0));,s = cosfsind — cosfsinf = 0.

It is straightforward to see from here that r; ;(6)r; ;(0)* = I. O

The authors of [17] cite the following as a “classical fact”. While my deduc-
tion here is fairly elementary, I have been unable to find a specific reference for
this fact. Most reference sources provide a full classification of the “nice” rep-
resentations of the unitary group. Due to a strong inclusion/restriction duality
between U(d) and GL(d), it is also often the case that reference sources treat
only the general linear case. In order to avoid developing more theory than nec-
essary, I have used elementary techniques to prove the following claim. It may
be seen as a corollary of the general classification of polynomial GL(d)-irreps
developed in [22].

The following fact is explained in [19], in relation to the closely related spe-
cial unitary group, using the vocabulary of “highest weight theory” and Young
tableaux. But I first learned it from [17], which cites an exercise in [13] as its
source.

Proposition 5.5.5 ([13] as an exercise, [19] in different vocabulary). Let p :
U(d) — Aut C? be the tautological representation g — g. Then the exterior
powers /\k p for 0 < k < d form a family of distinct irreducible representations.

Proof. We can prove irreducibility by showing that the commutant of /\k p in
End /\k C? is the set of scalar matrices cI for ¢ € C. Then by Schur’s lemma,
/\k p must be irreducible. T will put this part off until the end of the proof. For
now, I will work to show that the representations are inequivalent. One invariant
of a representation is its dimension. The exterior powers come in equidimen-
sional pairs (/\O 0, /\d 0), (/\1 0, /\d_1 p), ..., with the possible exception of the
power /\d/ % p when d is even. We need to find an invariant which distinguishes
the equidimensional exterior powers. I will use the representations’ characters
to distinguish them.

Let £ > 0 be an integer, and make the assumption that if d is even then
k # d/2. Denote by x the character of /\}C p, and denote by x the character of
/\d_k p- These are given by

k
NOESYS </\p(g)> = 9l

(%) Tre()
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and

d—k
Klg) = Y (/\p(g)) = > gl
T, T

TS (d[i]k) rc (d[i]k)

Now, /\k ¢1(0) is a diagonal unitary matrix, where

k i0
e leU
0 = .
</\ it )> {1 otherwise
U,U

There are (Zj) entries of the diagonal which are equal to ¢*?, and (dgl) entries

which are equal to 1. Conversely, there are ( df;il) entries of the diagonal of

A“F ¢1,(0) which are equal to e and (Z:i) entries which are equal to 1.
Thus

X(¢1(0)) = <Z_1> gt <dk 1)

e =, L)+ (52)

Suppose we set 0 = 7. Then

and

(o) = (1)

Re(61(0)) = (j:;lf) = (Z: D

These two expressions will never be equal, except in the case that d — k = k.
But this possibility is ruled out by the hypothesis that & # d/2. Thus there
exists 8 € R for which

and

X(01(0)) # r(du(0)),

and thus the representations /\’C p and /\dik p are inequivalent. We can conclude
that the exterior powers of p are all distinct representations.

Now I will show that these representations are all irreducible. Let M €
End \* C? =~ Mat(z) (C), and suppose that

k k
for all g € U(d). First, let’s try to establish that Mgr =0 for S # T, S,T €

(%)-
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Assume that [ € S,I ¢ T. Then

k k K K
((/\ 9751(9)) M/\¢l(9)> = Y (/\ ¢l(9)> My,v (/\ ¢z(9)>
S, T U’Ve([z]) S,U v, T

) ) s

k k
(/\ ¢z(9)> Ms,r (/\ ¢l(—9>>
S,8 7,7

= GieMS T,

s

Thus the only condition under which M is in the commutant of /\k p is if all
off-diagonal entries Mg 1 are equal to zero.

We have established that the commutant of /\k p contains only diagonal
matrices. Now, we will use the elementary rotation matrices to show that these
diagonal entries must all be equal, i.e., that the commutant comprises the scalar
matrices. Let S, T again be distinct elements of ([g]). We will try to establish
that Ms s = Mg . Let’s now consider the relations forced by the unitary
matrix r; ;(0), where ¢ € S\ T, j € T\ S.

((ﬂ“@)Mﬂﬂ-@)&;g (W e ()

+
A
\_/

E
[
AA/\
k‘
=
|
=

N~ N~ _
|9
|

( ) Mﬂ( )

= Mg, s cos (9 + Mrp, sin? 6,

since M is already known to be a diagonal matrix. Setting the derivative of this
expression with respect to 6 to zero, we find that this matrix entry is invariant
for all 8 only if

2Mg g sinfcos @ = 2Mp rsinf cosb,
ie., only if Mg g = Mprr. Since T and S were arbitrary, we know that all
diagonal entries of M must be equal to each other for M to be in the commutant
of /\lC p. But the matrices with this property are just the scalar matrices, which

commute with the whole matrix algebra. Therefore, the exterior powers of /\k p
are irreducible. O
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Chapter 6

Weingarten calculus

6.1 The fundamental theorem

The exposition in this section is based off of the excellent pedagogical resource
[9].

Suppose that d is a positive integer, GG is a compact Hausdorff group and
(p, ) is a continuous, unitary representation of that group over a d-dimensional
complex vector space H. After choosing an orthonormal basis {e;}&_, for H, we
may interpret the images p(g) of elements g € G as being d x d matrices, with
entries p; ;(g) = (e;|p(g)e;). Various practical applications involve the solutions
of integrals of the form [ [, ps, ;. (9) dg, for g Haar-distributed on G. Solving
integrals of this form is the raison d’étre of the Weingarten calculus. In fact,
the early precursors of this technique consisted of ad hoc identities proved by
quantum physicists for G = U(d), the group of unitary matrices.

Now let’s try to develop a systematic approach to this problem. In the
product just given, we will think of ¢ and j as functions [n] — [d], and we will
see our integral as a quantity

I j :/ [Triw.509) dg,
Gi=1

called a Weingarten integral. For each g € GG, the product inside the integral is
the same as the entry p‘ig’)f(g) of the matrix p®"(g). So we will rewrite

L= / pe(g)dg.
G

Thus if we can tabulate all the entries of the matrix P € End H®" given by

P:/ p®"(g) dg,
G

we will have written down the solutions of all Weingarten integrals for products
of length n.
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This matrix P has some special properties, which we will use to determine
its entries.

First, by the compactness of G and the translation-invariance of the Haar
measure,

pP?= /G p¥"(g) dg /G p®"(g) dg

p€"(9)p®" (h) dgdh

p®"(gh) dgdh

T~

I
R

p®"(g) dgdh

Q

“m(g) dg

[
FUQ
AS)

so P is idempotent.
Second, since p is a unitary representation, and since the Haar measure is

invariant under the involution g — g~ !,

P = / pe"(g)* dg = / p®"(g) " dg = / P (g~ ") dg = P,
G G G
so P is selfadjoint. A selfadjoint idempotent such as P must be an orthogonal
projection by 2.3.5.
Now, for all v € H,g € G, we have p®"(g)Pv = Pv by the translation-
invariance of the Haar measure. And if p®"(g)v = v for all g € G, then

Pv:/ p®"(9)dgv=/ p®"(g)vdg = v,
G G

so v € im P. Therefore, the image of P is the set (H®")¢ of all v € H®" which
are invariant under the representation p®™.

Since P is an orthogonal projection onto the subspace (H®™)%, the problem
of finding the entries of P is closely related to the problem of finding a basis for
the trivial CG-submodules of H®™.

Let A be a d" x m matrix whose columns are formed by the elements of
some basis of the m-dimensional subspace (H®")% C H®". Then we have the
following well-known matrix factorization, stated without proof in [9]. (The
authors say it is a result “familiar from matrix analysis”.)

Lemma 6.1.1 (Stated in [9], proof outlined to me by my supervisor Paul Sk-
oufranis, also proven in [41]).

P = A(A*A)"t A"
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Proof. We know A = QR where R is an upper triangular matrix, and @ is a
unitary matrix whose columns form an orthonormal basis of im P. Since A has
linearly independent columns, R is nonsingular, and thus

P =QQ"
= (ARTH)((R") 714"
= A(R*R)™*A*

Since R*R = R*Q*QR = A* A, we have
A(A*A) L Ax

We will now name the constitutent parts of P = A(A*A)~1A*.

Definition 6.1.2. We call the m x m matrix A*A the Gram matrix of p®"
with respect to the chosen bases of H®™ and (H®")C.

Definition 6.1.3. We call the inverse of the Gram matrix the Weingarten
matrix of p®™ with respect to the chosen bases of H®" and (H®")¢. We denote
this matrix by W.

We can thus write
P =AWA*.

In summary, we have the following.

Theorem 6.1.4 (Fundamental theorem of Weingarten calculus, [9]). Let d
be a positive integer, and let (p,H) be a continuous, unitary, d-dimensional
representation of a compact Hausdorff group G over a Hilbert space H, equipped
with an orthonormal basis {e;}& ;. Suppose that n > 1 and 14, j are functions
[n] — [d]. Let A be the d™ x m matrix whose columns are formed by some basis
of the subspace (H®")®, written in terms of the basis {e;, ® ... ® €;, }i.jnj—[a) Of
H®". Let W be the Weingarten matrix with respect to those bases. Then the

Weingarten integral
1i :/ HUi(l),j(l)(g) dg
Gi=1

is equal to

(AWA*); ;= > A, Wi AL

r,s=1

On a less formal note, we can say that the task of computing the integrals I; ;
reduces to the task of finding any set of vectors S whose span is the G-invariant
subspace of H®". Once such an S has been found, we can reduce down to a
basis using the Gram-Schmidt process, and then the fundamental theorem gives
us an arithmetic procedure for computing I; ;.
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Chapter 7

Finite free probability

Finite free probability was first developed by Marcus, Spielman and Srivastava in
a 2015 paper entitled “Finite free convolutions of polynomials”. This effort was
a development of some ideas that had developed during their study of interlacing
families of polynomials, through which they had settled a famous open problem
in analysis. That problem, the Kadison-Singer problem, was initially expressed
in terms of infinite-dimensional operator algebras, but the solution that Marcus,
Spielman and Srivastava developed emerged out of the study of matrices (i.e.,
the study of finite-dimensional operator algebras).

Finite free probability is thus finite in the sense that it is concerned primarily
with the behaviour of matrices. The notion of probability is involved because one
of the key operations in finite free probability is calculating averages over random
matrices. The reasoning behind the moniker free is a little more sophisticated.

7.1 Free probability

Free probability is a noncommutative probability theory, i.e., it is a probability
theory that concerns itself with random wvariables for which the product XY
may not be identical to Y X. This is unthinkable when one formalizes random
variables (as we have) as measurable functions @ — R, so free probability
requires a completely different foundation than the conventional Kolmogorov
axioms of probability theory. Most of the material in this overview is adapted
from [42] or [31]. Here we will take an informal overview, just enough to describe
the connection between free probability and finite free probability.

Definition 7.1.1. A random matrix ensemble is a family of random matrices
{M,}, indexed by dimension.

Definition 7.1.2. For a d x d matrix X, we define

1
tr X = = Tr X.
: d
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It turns out that certain ensembles of random matrices, in the limit as their
dimension tends towards infinity, begin to behave like random variables with
respect to the expectation

E[X] =tr X.

In particular, the matrix moments
E[X*] = tr X*

end up playing a role analogous to that of the moments of conventional proba-
bility theory,

E[X*] = /Rtkdux(t).

We even associate to X the measure on R corresponding to X’s moment se-
quence (tr X k)zozo, supposing one exists.

The basic ingredients required to “do free probability” are a C-algebra A of
noncommuting random variables (n.c.r.v.’s) and a C-linear operator ¢ : A — C
which we call the expectation operator. We call A and ¢ together a moncom-
mutative probability space, and we call elements of that space noncommutative
random variables. We will give an example in terms of group theory. First, we
will need to define an important construction on groups.

Definition 7.1.3. The free product of groups G and H, denoted G x H, may
be defined as the set of words over the alphabet G U H, under the equivalence
relation

€g ~ €H,

and with the equivalence relations

g1 % g2 ~ 9192¥91,92 € G

and
hixho ~ h1hoVhy, he € H.

This is a group under the operation of concatenation of words.

Notice in particular that the non-identity elements of G and H never com-
mute with each other, even if G and H are abelian, and reduced words can be
written in alternating form

g1hig2ha...gnhy.

Then one can take the group algebra A = C(G x H), and the expectation
operator ¢ : A — C which gives us, for any formal sum of group elements, the
coefficient of the identity element in that sum. In symbols,

¢) Z 299 | = Zes

geG
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where e is the group identity. Then something fascinating arises. Any alternat-
ing product aibyasbs...arby, where a; € (G) C A for all ¢, and b; € (H) C A for
all 7, has the property that if ¢(a;) = 0 and ¢(b;) = 0 for all 4, then

¢(a1b1a2b2...akbk) =0.

The reason for this identity is that generators belonging to each of the groups
H and G cannot commute with each other, by the definition of the free product
of groups, and so no term in formal sums a; = deG z;g or bj = ey whh
ever finds itself multiplied on the immediate left or right by its own inverse.

It may not be immediately obvious, but this property is deeply analogous to
the traditional concept of independence in probability theory, and we call any
two subalgebras of a noncommutative probability space satisfying this property
freely independent with respect to each other. Furthermore, we call noncom-
mutative random variables a and b freely independent if they generate freely
independent subalgebras.

Given the previous description of freely independent noncommutative ran-
dom variables in the group algebra C(G * H), one might wonder whether any-
thing analogous is possible in the setting of random matrices. One conventional
approach described in [31] uses random matrix ensembles. We may consider a
random d X d matrix as representing a distribution whose sample space consists
of probability mass evenly distributed among the eigenvalues of the matrix. For
example, a matrix with eigenvalues {1,4,2,2,3 — i} (counted with multiplicity)
would represent the distribution with the following probability table:

The sequence of probability distributions corresponding to the matrices in the
ensemble is a sequence of discrete probability distributions, which may converge
weakly towards some particular probability distribution on the complex plane.
In this way, we can associate (well-behaved) random matrix ensembles with
probability distributions, and so regard a matrix ensemble (X,)5 ; as a n.c.r.v.,
using the expectation operator
E[(X,)52q] = lim trX,.
n—oo

One might ask whether free independence arises in this setting, and in what
form. Suppose that we had two matrices, A and B, but they have been given
to us in two potentially distinct orthonormal coordinate systems. Without loss
of generality, we could take the coordinate system used for A as our reference
point, and write B as UBU™ for some free variable U taking values in the
unitary group U(d). If we truly have no knowledge of the difference U between
the two coordinate systems, we could represent our ignorance probabilistically
by making U a random variable with Haar distribution.
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Given this setup, it turns out that in many cases involving ensembles A
and B, the limit of an ensemble A of random matrices is freely independent
from the limit of the ensemble UBU™*, where U is an ensemble of Haar unitary
matrices, and B is another ensemble that is not necessarily independent, even
in the traditional sense, from A. When this occurs, the measure corresponding
to A+ UBU* may be computed from the measures corresponding to A and
B, an operation known as free convolution. A power series transform known
as the R-transform often provides the easiest way to perform this operation.
Furthermore, it is often easier to compute these free convolutions in the limit
as d — oo than to understand the phenomena at a fixed finite dimension d, so
in some applications, free probability is used to approximate the behaviour of
high, but finite-dimensional phenomena.

This is where finite free probability picks up. Rather than focus on the
limit of the ensemble A+ UBU™ as its dimension d tends towards infinity, finite
free probability provides a lens onto the distribution of its eigenvalues at fixed
d by considering the distribution of its characteristic polynomial. These two
perspectives are in fact describing the same phenomena, as Marcus showed that
the R-transform of a random matrix ensemble’s eigenvalue distribution may be
recovered via certain transforms of their characteristic polynomials.

Proposition 7.1.4 ([28]). Let A and B be fixed matrices, and let U be a
random Haar-distributed unitary. Then the distribution of x(A + UBU™) is
uniquely determined by its mixed *-moments.

Proof. The function f : Maty(C) — C%*1 X +— y(A + XBX)* is a continuous
function of matrices. Thus for a Haar-distributed unitary U, the distribution of
A+ UBU* is compactly supported. The statement follows from 4.5.3. O

We will be working with the expression A+ @QBQ* for random matrix ) and
deterministic A and B. In particular, we will want Q to be Haar-distibuted over
some compact subgroup G C U(d). For any subgroup G of GL(d), we say that
the matrices A and B are G-similar if there exists G € G for which A = GBG™!.
Write this as A ~g B. We say that A is G-diagonal if there exists a diagonal B
such that A ~¢g B.

Lemma 7.1.5 ([28]). If G is a compact subgroup of U(d), if @ is a Haar-
distributed random element of G, and if A and B are G-similar to matrices A’
and B’, respectively, then we have the equality of characteristic polynomials

X(A+QBQ") =x(A"+QB'Q").
Proof. Let G, H € G such that GAG* = A’ and HBH* = B’. Then, beginning

via the unitary invariance of the characteristic polynomial,

X(A+QBQ) = x(G(A+QBQ™)G)
X(GAG* + GQBQ*G")

X(A"+QBQ").
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The final equality relies on the translation-invariance of Q). By the same logic,

X(A+QBQ")

X(A'+ QH*HBH*HQ")
X(A"+QH"B'HQ")
X(A"+QB'QY)

O

Definition 7.1.6. Call a set of d x d matrices permuting if it contains all of
the permutation matrices.

I haven’t seen the following claim written down anywhere, but that’s just
because it’s an application of the very well-understood group actions of &,, to
a specific case.

Lemma 7.1.7. Suppose B is a diagonal d x d matrix with diagonal entries
(b;)L,, and G is a permuting subgroup of U (d). Then B is G-similar to any other
diagonal matrix sharing the same diagonal entries, counted with multiplicity.

Proof. Let B be a diagonal matrix as in the theorem statement. For any two
indices 4, j € [d], we can construct a permutation matrix ¥ which acts from the
left to swap the ith and jth standard basis vectors in C?. This action is its own
inverse, so it expresses an action of Z/27Z on C?. It is also unitary. The previous
facts imply ¥* = ¥~! = %, so ¥ is selfadjoint too.

Elementary manipulations show left multiplication by ¥ swaps the ith and
jth rows of B, and right multiplication by ¥ swaps the ith and jth columns of
B, so the action B — X BY swaps the diagonal entries b; and b;. It is a standard
fact (see [12]) that the symmetric group & is generated by its transpositions, so
any permutation matrix ¥ can be decomposed such that ¥ BY* is the result of
swapping a sequence of pairs of diagonal entries of B. Since these permutation
matrices belong in G, B is G-similar to each of these matrices X BY¥*. O

The previous lemmas culminate in the following proposition. This result is
likely familiar to practitioners of free probability, but I haven’t seen it written
down as a discrete fact.

Proposition 7.1.8. Suppose G is a compact, permuting subgroup of U(d), and
that A and B are G-diagonal. Then A — x(A+QBQ*) is a symmetric function
of the eigenvalues of A, and B — x(A + QBQ*) is a symmetric function of the
eigenvalues of B.

We can also develop the following, which again is likely familiar to practi-
tioners of free probability.

Proposition 7.1.9. Suppose G is a compact subgroup of U(d). Then (4, B)
X(A + QBQ*), as a function from matrices to distributions, is a symmetric
function of two variables.
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Proof. Since the characteristic polynomial is unitarily invariant,

X(A+QBQ") = x(Q*(A+QBQ")Q)
X(QTAQ + Q"QBQ™Q)
x(Q"AQ + B),

which is equal in distribution to
X(B + QAQ")

via the Harr equality of measures property, pqug-1 = pq+- O

7.2 Minor-orthogonality

The unitary group shares a property known as minor-orthogonality with many
of its compact subgroups. The concept was first defined in [27].

Definition 7.2.1. We call a random d x d matrix R minor-orthogonal if
1

E[[R]sr[R]uv] = (d) [S = V][T =U]
k

forall k € [d+1],5,T,U,V € <[Z])'

Why does this property deserve this name? The nomenclature derives from

the fact that (X,Y) — E[XY] is an inner product on complex random variables,
inducing the norm

1X| = /C t2dpux (1)

Thus minor-orthogonality means that the matrix minors of R are pairwise or-
thogonal in this particular inner product space; furthermore, the norm of an
individual minor must be 1/(f).

The following definition will be useful for proving representations are minor-
orthogonal.

Definition 7.2.2 ([17]). We say that a random matrix Y has the exterior power
property if it is equal in distribution to some p(g), where g is a Haar-distributed
random matrix over a compact group of matrices G, where p is a unitary and
continuous representation, and where the exterior powers /\k p are distinct and
irreducible G-representations.

The reasons why various random matrices are minor-orthogonal were proven
over time by several different group. Marcus, Spielman and Srivastava [27]
proved minor-orthogonality for the unitary group and the group of signed per-
mutation matrices isomorphic to S, X Zs. Their proofs were based on elementary
(yet non-obvious) manipulations of sums. Hall, Puder and Sawin [17] later de-
veloped a representation-theoretic approach which applies to all representations
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possessing the exterior power property defined above, without explicitly using
the language of Weingarten calculus. Later, Campbell and Yin [6] developed
proofs for the unitary, orthogonal and hyperoctahedral cases (the last of which
subsumes the case of signed permutation matrices). In their proofs, they used
formulae developed using Weingarten calculus, including the one that will be
developed in chapter 8 for the unitary group.

However, the formulae Campbell and Yin apply are very powerful, and com-
mensurately complex. To apply their approach to new groups, one must first
derive this very general formula, and then specialize it back again to the very
special case of checking for minor-orthogonality. It seems more parsimonious
to me to check whether a given group has the exterior power property than to
first derive a general Weingarten formula for it, and then to perform ad-hoc
algebraic manipulations over that formula. In what follows, I will attempt to
synthesize various aspects of all the above authors’ proofs. In particular, I will
aim to emulate the generality of Hall, Puder and Sawin’s approach, while using
the conventional language of Weingarten calculus, following Campbell and Yin.

Theorem 7.2.3 ([17]). Let Y be a random matrix with the exterior power
property. Then Y is minor-orthogonal.

Proof. By hypothesis, Y is equal in distribution to p(g) for some Haar-distributed
random matrix g over some compact group of matrices G, and for some contin-
uous, unitary representation p : G — C%. Furthermore, /\k p is irreducible for
all 0 < k < d. We will, without loss of generality, dispense with Y and work
to prove that p(g) is minor-orthogonal. (We have no need here of represent-
ing multiple random matrices with their dependence/independence properties,
and focusing on the representation is helpful for the proof.) Finally, we will
equivocate between g as a Haar-distributed random matrix over G and g as a
particular element of G.

We will use Weingarten calculus to establish the conclusion of this theorem.
The representation we want is Adj A p : G — Aut End A C¢, where Adj A p =
Adj @Z:o /\k p is the adjoint of the direct sum of all of the kth exterior powers
of p. Its entries take the form

(Ad] /\P)(S,T),(U,V) = [p(9)lu,slp(9)lv,r

= [p(9]uv.slp(9) ], v

for various S, T,U,V C [d], where |U| = |S| and |T| = |V]. (See 5.4.1 for more
details on these constructions over p.) We want these entries because they are
the expressions over which we must integrate to prove p(g) is minor-orthogonal.
We want to know the invariant subspace (End A C%)¢ with respect to this
representation, i.e., the set of matrices M € End A C? for which

N oM N\ plg) =M

for all ¢ € G. This is the same as the set of matrices M which commute
with A p(g) for all g € G. Since A p is a direct sum of irreducible represen-
tations, by Schur’s lemma, any matrix M which commutes with its image is
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a block-scalar matrix. More specifically, for each component /\’c C? of \CY,

the matrices which commute with A" p are the scalar matrices in End A" C9.

Because dim /\k Cc? = (Z), each such scalar matrix is cI(d), for some ¢ € C.
k

Recombining these components, we get

for some sequence of complex numbers (cx)¢_,. In other words, {I (@) 1 _, forms
k

a basis for the invariant subspace (End A C%)%.

We will index the standard basis of A C? with subsets S C [d], acquiring a
basis {es}gc(q)- Building off of this basis, we can consider the matrix algebra
End A C¢ to be generated by the basis {es,7}s,7cla), Wwhere eg 7 is the (Z) X (z)
matrix possessing a 1 in the S, Tth entry, and Os everywhere else. In this basis,
a matrix I(Z) € End A C? may be expressed as

Iy = 2 ess

se(V)

Thus the invariant subspace (End A\ C?)¢ has a basis of cardinality d + 1, ac-
counting for each I a for 0 <k <d.

We will want to assemble these basis vectors into a matrix A in order to
compute the Weingarten matrix with respect to this basis. But we have gotten
a bit ahead of ourselves—we have specified a basis for our finite-dimensional
vector space, but we have not explained its ordering. We will do so now. The
basis {es}scig of AC? has a straightforward graded-lex ordering, where we
first order the sets S C [d] into classes by cardinality, then order the elements
of each cass lexicographically. For example, if d = 3, we have the ordering

< {1} <{2} < {3} <{1,2} < {1,3} < {2,3} < {1,2,3}.

To order the {es r}s rc(q, we can first assume the graded-lex ordering on the
subsets of [d], then add another layer of lexicographic ordering on the tuples
(S,T) € P([d])?. For instance, at d = 2, we would order the tuples like so:

0,0) < (@,{1}) < (®,{2}) < (0, {1,2}) < ({1},0) < ({1}, {1}) < ..

22d

This resembles counting from 0 to —1in base 2¢. We will apply this ordering

to the basis {es 1}
Now that we know this, let’s try writing down the matrix A, listing the
basis of (End A C4). Because the first column corresponds to I (4)> the second
0

column corresponds to [ (%) and so on, we will index the columns of A by the
1

integers 0 through d. Observe

Iy = D w5 =

se('?)
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In our chosen basis, this vector has a 1 in its first component, and 0Os in its
remaining 22¢ — 1 components.
The second column corresponds to the basis element

d

I((li) = Z €s,s = Ze{i}7{i}'
S

(1) i=1

The vector eg;) 14} is (i2d +4)th in our chosen order, so I(d) is associated to the
1

vector containing 1s in its (2¢ + 1)th entry, (2 - 2% 4 2)th entry, and so on, and
containing Os everywhere else.
The pattern continues. Each additional basis element [ (2) corresponds to a
k

new vector, whose entries consist of 1s distributed across ({) of the 2¢ compo-
nents of End /A C%. At each stage, identifying what specific entries are nonzero
becomes a more and more involved clerical task. But this is a clear enough
description that we can now establish the entries of the d + 1 x d 4+ 1 matrix

A A.

Observe that
22d

(A"A)ij = (A)iiAL
=1
22d

= Z A A
=1

This sum counts the number of times A; ; and A; ; are simultaneously nonzero as
I ranges from 1 to 22¢. Each column of A corresponds to a distinct basis vector
ZSE([d]) ¢s,s, where r corresponds uniquely to that column. If an entry A;;

is simultaneously nonzero with A; ;, then the ith basis vector eg g of End A cd
contributes to both the jth and ith columns of A. If eg s contributes to I(¢),

then |S| = 4. Thus

(A" 4),, = {<I<f>|f<z%>> ifi=j

,j — . .
0 otherwise

Therefore, A*A is a diagonal matrix. Since <I(d)|](d)> = (‘Z), the Weingarten

matrix is easy to write down:

Wij=((A*A)™Y), ;= <‘.i> 71[2’ =jl.

Finally, by the fundamental theorem of Weingarten calculus,
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()]s rlp(9)vu = [p(9)]s.rle(9) ]uv
= (Adj /\ p(9))(v,s),(U.T)

Ellp(9)]srlp(9) luv] = /G(Adj/\ﬁ'(g))(v,S),(U,T) dg

= (AW A")v.s),w,m)
d

=D Aw.s) Wi Al
1=0

x>

I
M=~

Aw,s) Wik AL ) (W is diagonal)

b
Il
<)

I
M=~

d -1
(k> Aw,s) kAw,T) k

o

= o

= o [S=V|[T=U]

(151)

The final equality says that if (AW A*)w, sy ,r) is nonzero, then it must be

L

equal to (Z)il, with Awv,s)x = Aw,e = 1. But Ay,s)x = 1 only under the
circumstance that ey, g contributes to I (2): which is true only if V' = S and
k
|S| = k. By the same reasoning, it must be true that 7= U and |T| = k. These
conditions on S, T,U and V are handled by the terms [S = V] and [T = U].
In conclusion, p(g) is minor-orthogonal. O

The following fact is a theorem in [27], but here we derive it as a corollary
of the previous theorem.

Corollary 7.2.4 ([27]). Any random matrix which is Haar-distributed over
U(d) is minor-orthogonal.

Proof. Let p : U(d) — Aut C? be the tautological representation g +— g. Since
the exterior powers of p are irreducible and distinct by 5.5.5, theorem 7.2.3
applies. O

Theorem 7.2.5 ([27]). Suppose that @ is a minor-orthogonal random matrix,
and that @ is compactly supported over the unitary group. If A and B are
self-adjoint, then

d

B4 +QBQ7)] = Y o I e (05

4,J=0

Proof. First, we will assume without loss of generality that A and B are di-
agonal. This is permissible because self-adjoint matrices are diagonalizable by
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unitaries, and by 7.1.5, conjugating A and B by unitaries does not change the
value of our expression.
Now, by 2.4.12,

ok(A+QBQ") = > [A+QBQs

se(t)
And by 2.4.9
k
[A+QBQss =) D> (DI [Al ) vis) [QBQ Tp(s) w(s)

=0 yve(l 1)

k

= Z U(S),U(S) QBQ ]U(s T(S)
i=0 UE [ ]

since A is diagonal. Again by 2.4.9,

[QBQ*]U(SL?(S) = Z [Q]ﬁ(S),W[B]W,X[Q*]Xﬂ(s)
W,Xe(did‘JUl)
= Z [Q]U(S),W[B]W,W[Q]WU(s)a
we(, )

since B is diagonal.
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Combining these identities together, and using minor-orthogonality,

]E[Uk(A‘FQBQ*)]
> Z > > Ao BlwwElQlys wlQ Twrs)

se(t)y =0 ve(M)ywe(,5,)

Z Z Z Z U(S),U(S)[B]W,W<kcii)

se(f) =Pve()we(.2)

Il
N
M?r

=
=
S
2
2
2
—
o~
a
_
|

"

\
E)

- Z: [ Z_)_IMA)UMB)
k

(d—i)(k—i)l(d—k+1)
(k—i)(d—1i—k+1)ld

_ (d - )(d — j)!
= Jd—i— ) oi(A)oj(B).

O'i(A)O‘;C,i(B)

B(A+QBQ7) = Y ot (-1 G ()05,

O

The expression on the right-hand side, seen as an operation combining x(A)
and x(B), is known as the d-finite free convolution of those polynomials, which
we write x(A) By x(B). There are strong constraints on the roots of p Hy g if
the roots of p and ¢ are known. For example, if p and ¢ are real-rooted, then so
is pBq q [27].

The knowledge of this expected value is a valuable contribution to the theory
of finite free probability, but there is still a great deal of information in the
distribution of x(A + @BQ*) which this expectation does not summarize. In
the conclusion of [32], Mirabelli opened up the question of whether this result
could be extended to analyze covariance matriz of x(A + QBQ*), an object
closely related to the quadratic mixed moments of the vector. The answer is
yes, but the precise formula which one eventually derives depends much more
strongly on the distribution of ). We will make this answer more precise in the
following chapters.
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Chapter 8

Weingarten calculus for
tensor powers of U(d)

In this chapter, we will develop a more sophisticated form of Weingarten cal-
culus capable of integrating expressions like [ g1292291,101,2, where g is Haar-
distributed over U(2). This will require some more advanced representation
theory than what we have seen before, in particular the notion of Schur- Weyl
duality. In its most famous iteration, Schur-Weyl duality centers on the fact
that the general linear group and the symmetric group have commuting actions
on (C%)®" which ends up having enormous consequences for the representation
theory of the two groups. Here, we will instead consider a version of Schur-Weyl
duality implicating U(d) with &,,. But readers familiar with the story of GL(d)
can extrapolate almost all of their intuitions to this setting, due to the close
relationship between it and U(d).

There are a number of papers proving the formula for Weingarten integrals
over the unitary group. For instance, [33] proves it using special symmetric
functions known as Jack polynomials. The authors of [30] and [9] use gadgets
known as Jucys-Murphy elements, special operators in the algebra C&,,. My
primary source is [10], which approaches the situation via Schur-Weyl duality.
I also found invaluable the way [23] rearticulated certain arguments from [10].

8.1 Schur-Weyl duality

My primary references for this section are [15] and [10]. T will be presenting the
main facts without proof, since it takes a fair amount of space to develop them,
and because these facts are well-established in the literature.

Definition 8.1.1. If )\ is a tuple of positive integers such that >, \; = n, we
say that A is a composition of n.

Definition 8.1.2. If X is a weakly decreasing composition of n, then we say it
is a partition of n. We write A F n to denote this.
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Definition 8.1.3. The length () of a partition A is that integer for which A
may be regarded as a vector in Z!V),

Proposition 8.1.4 ([13]). The isoclasses of simple &,,-modules are in bijection
with the partitions A - n for which {(\) < d. Thus we may denote by S* a
representative of the isoclass corresponding to .

It is difficult to find a citation for the following claim in this exact form.
It is more common for representation-theoretic literature in this area to treat
groups such as the special linear, general linear or special unitary group than it
is for this literature to treat the unitary group. The citation I've given here is a
treatment of the special unitary group, which may be presented as U(d)/U(1).
The basic ideas described in this source also hold for the unitary group U(d),
but proving this would probably require me to introduce the theory of weights,
which I want to avoid for brevity’s sake.

Proposition 8.1.5 ([19]). The isoclasses of simple U (d)-modules are in bijec-
tion with the partitions A  n for all n < d. Thus we may denote by U* a
representative of the isoclass corresponding to A.

Theorem 8.1.6 (Schur-Weyl, [45]).

(Cd)®n o @ U)\ ® S)\,
Abn,l(A)<d
Definition 8.1.7. Let A - n. We define a Young tableau T of shape A to be a
doubly-indexed family T; ; of integers A, such that T;. is of length A; for each

i. If T; ; is a strictly increasing in j for all ¢, and is weakly increasing in ¢ for
all j, then we call T' a semistandard Young tableau.

Proposition 8.1.8 ([43]). The dimension of U for A - n is the number of
semistandard Young tableau of shape A. We will denote this quantity by symbol

sa(1™),

to allude to the objects s) known to algebraic combinatorialists as Schur poly-
nomials, but we will leave Schur polynomials undefined. This quantity sy (1")
is also the multiplicity of S* in (C%)®".

8.2 A lemma about projectors

This argument may be found in [13].

Definition 8.2.1. Let V be a CG-module, and let W be a simple CG-module
corresponding to a representation v : G — Aut W. We call the maximal CG-
submodule of V' which is decomposable into a direct sum of copies of W the
W -isotypic component, or alternatively the ~vy-isotypic component.
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Lemma 8.2.2 ([13]). Let p: G — AutV be a unitary representation of a finite
group. Let v : G — Aut W be a fixed irreducible unitary representation of G.
Then the projection of V' onto its y-isotypic component may be given by

dim W —
= ——=— Y _X~(9)g € EndV.

¥
e &

Proof. Notice that 1, is a CG-module homomorphism. That is,

dim W —
¥y (hv) = llmTl Z X~(9)g-hv
geG

dim W —_— ., _
el Z X~ (hgh=Y)hgh™'.hv
hgh—1€G

dim W _—
= cl Z X~ (hgh—Y)hg.v
hgh—1eG

dm(l;rv > xy(hgh Hgw
hgh—leG
= hipy (v).

Suppose for a moment that V is irreducible. Then 1) is zero in the case that
V 2 W, or else b = ¢l for some ¢ € C. In the latter case, ¢ = g;:p‘}, Since

Trepy = dim W (x|xy) = dim W,

=h

we know ¢ =1, so ¥, = I.

Now suppose that V' may not be irreducible, so V = @:’;1 Vi, where each
Vi is irreducible. Then 1., restricts to a CG-module homomorphism from each
component V;. For each V;, we have that the trace of the restriction to each
summand of the isotypic component is

Tr(yy Vi) = dim W {x4|xa),

where y; is the character of V;. As we have already seen, this forces these
restrictions to either be zero in the case V; 22 W, or else they are the identity
function when V; = W. Thus v, is the projection of V' onto its y-isotypic
component. U

8.3 Weingarten calculus for (C%)®"

The theory of Weingarten calculus for (C%)®™ is historically prior to the general
theory used in this thesis, but here I will present it as a special case of the more
general theory.

I am under the impression that the argument I that will occupy the rest
of this chapter was originally developed by Benoit Collins and Piotr Sniady in
[10], but T am primarily relying on Georg Kostenberger’s presentation of the
argument in [23].
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Definition 8.3.1. Define
U)®™ = {u®" |u € U(d)}.

I will begin with a lemma that is a direct consequence of the translation-
invariance of the Haar measure.

Lemma 8.3.2 ([23]). Let A be an element of End(C%)®". Then

/ QE"AQ)®" du(Q),

commutes with every element of U(d)®", where u is the Haar measure over

U(d).
Proof. Let U € U(d). Then

yen / Q%" A(Q")®" du(Q) = / (UQ)" AQ*)®" du(Q)
- / Q" AQ U)®" du(Q)
- [ @A) au@uer.

We will embed the algebra C&,, in End(C%)®" via the representation
p(a)(vl RV X...R ’Un) = Ug—1(1) X Vg—1(2) ®R...R Vo—1(n)-

I present the following claim without proof, because the proof is of moder-
ate length and involves several concepts not directly relevant to the new ideas
developed in this thesis.

Proposition 8.3.3 ([15]). The commutant of U (d)®™ in End(C%)®" is p(C&,,).
Corollary 8.3.4 ([23], [10]). For each A € End(C%)®", let

P(A) = / Q=" A(Q")®" dy(Q).

Then P(A) € p(C&,,).
Proof. This is a consequence of the fact that P commutes with U(d)®™. O

Proposition 8.3.5 ([23]). The map P is surjective, i.e.,

im P = p(C&,,).
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Proof. Let A € p(CS,,). Then
P = [ Q%A@ du(@)
- [40(@ )" n(@)

4 [ 1au(Q)
= A.

O

By similar applications of translation-invariance and 8.3.3, one can show the
following as well.

Corollary 8.3.6 ([23]). P is self-adjoint and idempotent.

Thus P, as a linear endomorphism of a finite-dimensional vector space, has
the same properties as the matrix product AW A* did in our derivation of Wein-
garten calculus. In particular, I claim we can read off integrals of products of
matrix entries of () from the entries of P, construed as a matrix. Like in the
chapter introducing Weingarten calculus, we will regard (C%)®" to be generated
by the basis {e;}, where ¢ ranges over all functions [n] — [d]. Furthermore, we
will view every pair of such functions ¢,7" as indexing a basis element e; ;» of
(CH®m @ ((C?)®")* with the property that (e; )k, = [i = k][i’ = []. Since this
tensor product is isomorphic to the endomorphism algebra End(C?)®", we may
see the entries of P as indexed by quadruples (7,i'), (4,7'). With our notation
set, we may express the following useful calculation.

Proposition 8.3.7 ([23], [10]).

P iy, .5 :/Qm,leia,jg---Qin,jn(Q*)ig,ﬂ(Q*)ig,j;---(Q*)i;,jg du(Q).

60



Proof.
Pliin a1 = (eiir|Pej )
—Trel [ Q%@ du(@)
:;/TYQwQ®”qJ4Qﬂ®”mAQ>
/Z (e4Q%" e (Q)®") ., du(Q)

n]—[k]

/ > (er)ka(Q®e; 1 (Q)F™ )k du(Q)

k,l:[n]—[d]
= / Q%" (Q7)" )i du(Q)
:/ Z (Q%™)i k(€557 (Q*)F ™ i dpn(Q)

n]—[d]

— [ 3 @ikl (@) @)

k,l:[n]—[d]

= /(Qm)z‘,j((Q*)@")y,w du(Q)
/thth,jz an,ganl,]Isz,JZ Q’Ln’jn (Q)

O

Now that we know how to find the integrals we want in the entries of P, it
is time to determine the values of those entries. This will involve some algebra.

Definition 8.3.8. Let ® : End(C%)®" — C@,, be given by

= 3 T(Ap(e o

ceES,

Lemma 8.3.9 ([23], [10]). ® is a C&,,-CS,,-bimodule homomorphism in the
sense that

(Ap(0)) = B(A)o

and
D(p(0) A) = o B(A).
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Proof. First,

B(Ap(r)) = 3 Te(Ap(r)p(o))o

cES,

Z Tr(Ap(to™1))o

ceS,

= Z Tr(Ap(c™1))or

gES,,
= P(A)T.

Second,

O

In the following, we will reuse the notation i, from 8.2.2 to denote the
projector of p(C&,,) onto the S*-isotypic component of (C4)®". Recall that
sx(14) is notation for the number of semistandard Young tableaux possessing d
cells. I continue to follow [23]’s presentation of the argument.

Lemma 8.3.10 ([23], [10]).

s()=n 3 209,

Arn,l(A)<d xa(e)
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Proof.

sx(19)xx(0)o (via 5.4.3)

I
(]
(]

0€G&, AFn,l(N)<d

= Y (1% ) xlo)e

AFn, (X)) <d oeG,

_ nlsr(1) .
= )\M%)Sd N U (via 8.2.2)
S)\(ld)

= @

Aen (A <d

(O

Definition 8.3.11. Define

W)= —— Y R o),

ne d
(n!) AFnl(V)<d sa(19)

We will call this function the Weingarten function for the unitary group. Ex-
tending by linearity on the generators o, we regard it as an element of p(CS,,) C
End(C%)®n,

Lemma 8.3.12 ([23], [10]). Denote by ®(I)~! the multiplicative inverse of ®(I)
in End(C%)®" i.e., such that ®(I)®(I)~! = I. Then

Wg =&(I)" L

Proof. Note that ®(I) is a direct sum of scalar operators, one for each 1, in the

sum. Therefore, we may invert ®(I) componentwise by taking the reciprocals

of the coefficients of the maps ). Each summand may be inverted as follows,
due to the fact that 1) is the identity on its own image.

n! 51(19)

xa(e)

Then we can expand ) = (xx(e)/n!)xa, acquiring

1 xa(e)?
(nh)2 s, (14) X

Py _xle)_ P

SA(ld)n!
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This establishes the claim. O
Lemma 8.3.13 ([23], [10]). For A € End(C%)®",

Proof. First I'll point out that Tr(A) = Tr(P(A)). This can be seen by the
calculation

Tr(P(A)) = Tr ( QU A(Q)®" dM(Q))

U(d)
[ (@ A@)™) du(@)
U(d)
[ 1(4@)""e) du(@)
U(d)
[ mdu@
U(d)
= Tr(A).
Using this fact, we can observe that
o(4) = 3" Te(Ap(e~")p(o)
=Y Te(P(Ap(a™")))p(o)

O
Lemma 8.3.14 ([23], [10]). Let X,Y € p(C&,,) and let A € End(C%)®". Then
P(XAY) = XP(A)Y.
Proof. By 8.3.3,

P(XAY) = / QO"XAY(Q")®" du(Q)

-~ X / QE" Q") du(Q)Y
= XP(A)Y.
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Lemma 8.3.15 ([23], [10]). For A, B € p(C&,,),

Proof.
®(AP(B)) = P(AP(B))2(I)
= P(A)P(P(B))®(I) By 8.3.14
= P(A)P(B)®(I) P is idempotent
= O(A)D(I)"'®(B)®(I)"'®(I) By 8.3.13
= ®(A)Wg@(B)
= ®(A)d(B)Wg Wyg is a scalar element of C&,,.

O
Theorem 8.3.16 ([23], [10]).

/Qu,lem,jg---Qin,jn(Q*)i;,j{(Q*)ig,jg---(Q*)i;,j;L du(Q)

= Z [i=1io0l[j =37 or]|Wg(ra™1).

o, TES,

Proof. Recall from the argument in 8.3.7 that we can make the following sub-
stitution.

/Qil,leig,jz-~-Qin,jn(Q*)z’;,jg(Q*)ig,jg--(Q*)i;,m du(Q)

= (eiir | Pejjr)
= Tr(es,i P(ej,50))

Recall that
O(A) = Tr(Ap(c™))o.

Then Tr(e; ;P (ej,j:)) is equal to the coefficient of e in ® (e ;P(e; ;). We can
calculate this latter as

D(eir i Plej i) = (Pleir i) P(ej ) (I)71)
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via 8.3.15. We can compute each term of this expression as follows.

D(eir i) ZTr eir ip(o 1 ))o
= Ze p(c™ Heyo
(e i) ZTr ejiplo™))o
= Z ey p(o “Hejo
:Zj = p(oc™Y) o jlo.
[od
By reindexing as convenient, we get

O(ey i )0(ej ;) Wg =Y [i=i'ooloy [j=jorlr "> Weg(k)x

[ea T

=Y [i=i00][j =5 o] Wg(k)or k.

o, T,k

Since we are looking for the coeflicient of e in this sum, we are looking to restrict
the above sum to the expressions in which x = (o7~1)7!, acquiring

Y li=i'oo]lj =4 or]Wg(ro™)

o,T

as expected. O
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Chapter 9

Second-order finite free
probability

In this chapter, we will assume that G is a compact subgroup of U(d), containing
the permutation matrices, that @) is Haar-distributed over G, and that A and
B are matrices which may be diagonalized by elements of G. Our paradigmatic
example is G = U(d), where A and B are self-adjoint. We will continue to study
the distribution of x(A + QBQ*) by investigating the mixed second moment

Xes =E[oc(A+QBQ")os(A+QBQ").

In particular, we will develop a formula for X, .

Let’s take a moment to reflect on what the purpose of a formula is. After
all, isn’t E[o.(A + QBQ*)os(A + QBQ*)] already a formula for X, 7 The
definition of X, ¢ tells the reader that it is a quantity that may be found by
integrating a particular function. The integral does not in general specify a
method of exact evaluation, which gives the expression a certain opacity to the
reader. This is especially true when the Haar measure over G is specified by its
characterizing properties, rather than a concrete density function. (Although,
density functions are known for some important groups, for example see [40]).
To the contrary, finite sums and combinatorical operations are transparent, in
the sense that exact evaluation of such expressions have obvious (though per-
haps inefficient) exact computer implementations. This transparency also often
lends itself to qualitative developments. For instance, the real-rootedness of the
average polynomial E[x(A + QBQ*)] was established based on the summation
formula which Marcus, Spielman and Srivastava developed for it. I aim in this
chapter to develop an analogous summation formula for X, ¢, in order to make
possible qualitative observations about it.

In the following derivation, we will denote the eigenvalues of A and B as
(a;)%_, and (b;)L,, respectively, but readers may take advantage of 7.1.8 by
ignoring the precise ordering of these sequences. We will also assume that
X(A+QBQ*) has real coefficients on the support of @, but the approach featured
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in this chapter would extend to the complex case by considering second *-
moments also.

9.1 An initial simplification

Recall that the notation [M]g denotes the matrix minor [M]s,s of the S, S-
principal submatrix of M.
The first rewriting we will apply to X, via 2.4.12, is

0(A+QBQ") = Y [A+QBQ"p.
ee(l)
Thus
Xes= Y. Y E[A+QBQslA+QBQr]
me('?) re()

Next, via 2.4.8, we can rewrite

[A+QBQ"]p Z > (IR A ) 1) [QBQ TG(m) ()

=0 G,HE([i])

where G(E) denotes £\ G(E) = (le] \ G)(E). Just as we did in the chapter
on first-order finite free probability, we will assume that A and B are diagonal
matrices without loss of generality. Thus [A]g(g),m(r) = 0 unless G(E) = H(E),
i.e., G = H. So we can apply 2.4.9, acquiring

[A+QBQ* E—Z > Mo QB g
i=0 Ge(1e])
Thus
e f
Xep= >, D20 > (Ao Alum ElQBQ g 1) [QBQ 15 (r))-
pe(1) pe(19) i=0 1=0 e (1<) me (1)

Next, we can rewrite

[QBQ g(p) = Z Qla(r),x[BQ )k ar)

= Z Z [Q]é(E),K[B]K,L[Q*]L,G(E)

Ke(1M) Le(M)

by repeated application of 2.4.16. Then, by the diagonality of B, we can again
apply 2.4.9 to get

[QBQg(p) = > Qla(r),x[Blk[Q" ]k 5(p)-

Ke(4)
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Let’s apply the new rewrite rule:

Xep= > > ZZ S>3 > Y [Aew Al BBl

Ee(4) Fe(14) i=0 j=0 ge(l)) me(11))

i

o

f
DI DI Z > Y Wew Al Blx(Bl
Be(19) pe(19) i=0 =0 ge (19 ]

— -

EllQlgxm).« @7 r)..

Now, since G contains the permutation matrices, the distribution of @ is equal to
the distributions of QP and P( for all permutation matrices P. Recall that left
multiplication by P permutes the rows of ¢ and right multiplication permutes
the columns. Thus for all permutations o, 7 acting on [d], the expectation in
the previous expression is equal to

E[l [Q]é(E)oa,Kor |2 | [Q]ﬁ(F)OO',LOT | 2]

So the value of the expression on the previous line must only depend on the
cardinalities

[G(E)|,[H(F)|,|G(E) N H(F)| and [K (L],
Therefore, we will define the following.
Definition 9.1.1. Let ¢/, f’,2 and w be given as nonnegative integers. Let
o=¢e+1—-—zyu=o0+f',s=¢€+1—w,t =5+ f'. Then define
qg(elvflwzaw) H[ ][e’] | |[ ]Ou] [st|2]a

where [m, n] is defined as the set of integers from m to n, inclusive. Note that ¢
is a partial function. We will take care to only use it where its defining expression
is well-defined. We will typically suppress the superscript and subscript and
write g(€’, ', z,w).

We can also rewrite
[Alc(e)[Alar (Bl H Qg H ag H H by.
z€G(E) z€EH(F) yeK yeL

Finally, we can exchange the order of summation to instantiate the variables F
and F' at the innermost two sums we perform in the iteration.

The following proposition summarizes all we currently know. This will be
the first of the main results of this thesis.

Proposition 9.1.2. Let G be a compact, permuting subgroup of U(d), and let
A and B be G-diagonal matrices. Let ) be Haar-distributed over G. Denote
our quantity of interest by

Xy =E[oc(A+ QBQ")os(A+QBQ")],
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and denote the eigenvalues of A and B as (a;)%_; and (b;)%_,, respectively. Then

SYY Y Y Y Y [ell«Inln

i=0 j= OGE(M) He([ ]) KE( ])LE< [d] )zeG z€H yeK  yeL

> Yo dale—if = (E\NG)N(F\H)|,|KNL|.

cepe(Y) nere('y)

We have reached a critical stage in the derivation. Instead of trying to
compute the entire polynomial at once, we can reframe the question. If you
give me a multidegree over the indeterminates ai,as, ..., a4, b1, b2, ...bg, can 1
give you back the coefficient corresponding to the monomial of that multidegree
in X7

In particular, suppose we are looking for the coefficient of a given monomial
m = Hle a’r HS 1 b0 in X, y. Consider any indeterminate a,; the power
m,- of this indeterminate is determined by its multiplicity in [, cq Uz IL e Qs
which means that m, € {0,1,2}. The same is true of each n,. Let R =" _m,.
Also, for i € {0,1,2}, let

R, ={re[d|m, =1}

and

Si={seld]|ns =1i}.

We will sometimes write R, R; and S; as functions of m, but we will typically sup-
press this in our notation. We will try to find the indices i, j,G, H, K, L, E', F’
contributing to this m. We can write the coefficient of m formed over these

indices as
> > >

IR @) () Ucne( (1)
GNH=R2,GAH=R; KNL=S2,KAL=5,
Z Z q(e—i,f—j,|E’ﬂF’|,|Sg|).

pre() re()

It would be convenient to be able to fix |[E’ N F’| and count how many pairs
(E', F') satisfy this intersection in the above sum. Then we could delete the
indices E’ and F’ and sum instead over ¢ = |E' N F’|. We will develop a
combinatorial argument in order to do so. For the duration of this argument,
we fix 4, j,G and H.

We will imagine ourselves distributing indices among urns, and then painting
them, in order to construct E’ and F” under these constraints. Let D = [d]\ (GU
H). Suppose that we have d white balls labelled by the integers [d], distributed
among urns labelled D, H\ G, G\ H, and GN H. The sets labelling these urns
partition [d]. We fix a nonnegative integer ¢, which corresponds to our fixed
value |E' N F’| from before. We have both blue and red paint, and painting a
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ball both blue and red makes it purple. We want to apply red paint to e — balls
(announcing that these indices lie in E'), we want to apply blue paint to f — j
balls (announcing that these indices lie in F”), and we will have ¢ of the balls
purple (announcing that these indices lies in E'NF’). Only balls in D and H\G
may be painted red, and only balls in D and G\ H may be painted blue. How
many ways are there to satisfy this system of constraints? This corresponds to
the problem of finding a pair of sets (E’, F’) satisfying the constraints for m.

We may immediately conclude that all ¢ of the balls to be painted purple
must belong to urn D, since urn D is the only one where we may apply both red
and blue paint. So there are (Ile) choices of purple balls which we can immedi-
ately make, expending ¢ coats of both red and blue paint. The problem now is
to allocate all the remaining coats of red and blue paint, without accidentally
painting any more balls purple.

Let’s begin by painting balls red. We have e — i — ¢ remaining coats of red
paint to allocate, which we can split among the urn labelled D and the urn
labelled H \ G. Let x be the number of coats of red paint we allocate among
the |D| — ¢ white balls in urn D. Then the remaining e — ¢ — ¢ — 2 coats of red
paint must go to H \ G. Then there are

PO PN G

ways of allocating our red paint, if we set (Z) to zero when k < 0 or k > n.
After we have expended the red coats of paint, we must paint f — j — ¢ balls

blue. The argument is similar for red balls, but we now have x fewer white balls

in urn D which we can paint. Combining the sums for red and blue balls, we

have
() (S ()

y=0

S AT AL TGRS

z Y

(&

x

<.

R ( [H\ G ) ( G\ H] ) <|D| - )
=0 a0 \e—i—c—w f—j—c—y T,y
ways of satisfying the constraints, if we set the multinomial coefficient (klnkg)
to 0 when k1 < 0,ky <0, or k1 + ko > n.
Let
e'—cf'—c
H\G]| IG\H| \ (ID]-c
M, f,G,H,c)= | .
(eafa 9 ,C) ZZ(GI—C—.’IT)(f/_C_y T,y
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Then the previous argument tells us we can write the coefficient of m as

d
> > > N M(e—i, f—j, G, H,e)a(e~i, f—j, ¢, |Sa]).
i+j=R (G,H)E([‘;])X([?]) (K)L)e(e[i]i)x(f[i]j) c=0

GNH=R3,GAH=R; KNL=S3,KAL=5,

We can apply a similar, but simpler transformation to sum over pairs (K, L)
satisfying KAL = S;. We need to pick which of these elements belong to K
and which belong to L. There are e — i — |S3| available positions in K after
allocating indices for S;. After we have chosen these elements for K, the rest
must go to L, so we have no more choices to make. So we can add a coeflicient
of (eflilﬂsz\) and eliminate the sum over (K, L). We can summarize this as the
following new result.

Proposition 9.1.3. The coefficient of m in X f is

5 5 (sl
=R (@ H)e(P)x (1) e—i— |Sy(m)
GNH=Ry(m),GAH=R, (m)
d

ZM(E—i,f—j,G,H,C)q(G—i,f —j,C, ‘52(m)|)

c=0

9.2 Specialized to the unitary group

The previous expression

d
Z Z (e_LS_lls |) ZM(e—i,f—j,G,H,C)qg(e—i,f—j,q|52|)
=R (G,m)e()x(19) 21/ =0
GNH=R,,GAH=R,

for the coefficient of m in X, ¢ is free in the group G. We will now specialize
G = U(d) and evaluate this formula using the results from the previous chapter.
Lete=[e—i,k=[e—i,f=e—i+1—-ce—i+1—c+ f—j], and
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l=le—i+1—]|S2l,e—i+1—|S2|+ f—j]. Then

qale =i, f — j, ¢, S2])
=E[|[Qlex|*[Q)ea]]

2 2
f=Jj
E Z H sg0(0)(Qe,k)m,o(m) Z sgn(7) H(Qf,l)n,‘r(n)
c€EG._; m=1 TEGy_; n=1
=E Z <sgn(0) H (QE,k)myﬁ(m ) <H Sgn Qe k)n,7( n))
o TESCe_; m=1
f=i e—j
> (Sgn(v) H(Qf,l)o,’y(o)) (Sgn(5) 11 (Qf,l)p,a(p)ﬂ
¥,0€Ss_; o=1 p=1

Z Z sgn(oT) sgn(y9)

0,7€EG._; v,0€Ss_;
H(Qek ma’(m.) H Qek n,7(n) H Qfl o’y(o) H Qfl pé(p)]
m=1

If f:[m]— [n],g:[m'] = [n] are two functions, denote by f Ll g the function
[m +m'] = [n] given by

fl_lg(i):{f(i) if1<i<m

gli—m) ifm+1<i<m+m'’

We will also regard each of e, f, k and 1 as functions from [e — 4] or [f — j] into
[d], where, for instance, e(k) is the kth element of e.
Then we can express

qale =i, f — j,¢,|S2]) = Z Z sgn(oT) sgn(vy9)

0,7€6._; 7,066 _;
etf—i—j etf—i—j

II Qoim I @osel
m=1 o=1

where i = elUf, j= (koo)U(loy),i =eUf and j = (ko7) U (104). In
this form, we can apply the fundamental theorem of Weingarten calculus for
the unitary group, acquiring

qale —i, f —j,¢,|52]) = Z Z sgn(oT) sgn(y9)

0,7€6._; 7,066 _;

Yoo fi=tonli=iodWen )

1,6€EG et f—ij
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Thus we have an expression for X, y, breaking it up into a sum over the
functions M and ¢, the first of which is independent of the group G, and the
second of which requires some development of the Weingarten calculus with
respect to G. In the case G = U(d), we have a formula which involves only
summation and combinatorical objects.

9.3 Prospects
In this chapter, we have seen the development of a summation formula for
Eloe(A+QBQ%)op(A+QBQ")),

and a specialization of that formula to the coefficient of each individual mono-
mial m in the eigenvalues of A and B. The naive procedure which corresponds to
the formula is complex. It requires, among other things, the use of the character
table for the symmetric group. Loosely speaking, computer scientists conven-
tionally consider an algorithm whose runtime grows as a polynomial in the size
of its input to be efficient. The number of partitions of n grows faster than any
polynomial in n, so the computation of the Weingarten function Wg cannot be
efficient as we grow n and d together. Since the formulae I derived depend on
Wg, the naive procedure corresponding to the formula is not efficient in general.

However, this dependency on Wg began only at the final step, when we
determined a summation formula for the function ¢. The rest of the formula
is relatively manageable from a combinatorial point of view, as the rest of it is
essentially just a sum over binomial and multinomial coefficients. The general
technique exhibited in this derivation shows that the problem may be split
into these two parts, the combinatorial part (which is relatively mundane) and
a representation-theoretic part, which is apparently hard. The author is of
the opinion that this would not be too hard to repeat for higher moments of
X(A+QBQ*), and while the combinatorial and representation-theoretic aspects
would get more and more complex, it would remain possible to split the problem
into these two parts using the same formulae applied in this derivation.

Thus it would be very interesting if the apparent difficulty of the representation-
theoretic part of the problem turned out to be spurious. In this derivation, we
derived a formula for

E[|[Qlsr*|[Qluv )

by implicating the integrand with the representation corresponding to " C9.
The resulting Weingarten calculus is extremely powerful, and extremely general,
due to the fact that it can compute the integral of any product of unitary matrix
coefficients whatsoever. What if a less powerful Weingarten calculus, designed
for this specific task, turned out also to involve easier computations? It is, for
example, be possible to embed the above integrand into

d k
@ End /\ c?
k=0

®2
V:
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It is conceivable that, due to the greater specificity of this representation, the
corresponding Weingarten matrix will be less general, and thus easier to com-
pute with. This certainly turned out to be the case for the first moments, in

which case the entries were either of the form (Z) _1, or they were zero. That fact
could have been deduced from the same formula as I used for ¢ in this chapter,
as Campbell and Yin did in [6]. But if the more specialized Weingarten matrix
were easier to compute with, then the formula developed for ¢ in this chapter
could be replaced by something more manageable, and the rest of the derivation
could remain. I have left it outside of the scope of this thesis to pursue this
line of work further, but it may be the case that qualitative observations about
X(A 4+ QBQ*) would be more forthcoming given a formula that easier to work
with.
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Chapter 10

Conclusion

10.1 Future improvements

There are a few ways in which this research could be expanded upon.

10.1.1 Use a more specialized representation

In this thesis, I focused on two different applications of Weingarten integration.
For the first, I considered the representation End A C? in order to evaluate
integrals of the form E[[Q]s,r[Q*]u,v]. For the second, I considered a repre-
sentation which amounted to End[(C?)®"] in order to evaluate integrals of the
form E[|[Qls r/2([Qlerv ).

However, it is possible to embed that second integrand into a much more
specific representation. In particular, the representation

d k
@ End /\ c?
k=0

is fully capable of hosting this integrand as a matrix entry. While this repre-
sentation may appear more “complicated” than End((Cd)(@”7 I would rather say
it is more “specialized”. It is a general rule of thumb in math that the more
general your formula is, the less useful it is for performing computations. The
Weingarten matrix for End[(C?)®"] allows one to compute a strictly greater
variety of integrals than the Weingarten matrix for V. Therefore, I expect that
the final Weingarten matrix for V' will have a simpler structure, or, at least, it
will encode information about the integrals E[|[Q]s.7]?|[Q]v,v|?] more concisely
than the general formula does.

Applying the fundamental theorem of Weingarten calculus to this latter rep-
resentation requires a substantially more technical argument about the structure
of U(d)-modules, which T decided to cut from the scope of this thesis. However,
my preliminary findings suggest that it will be possible to find a general expres-
sion for this Weingarten matrix for V' over generic dimension d.

&2
V =
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10.1.2 Reiterate for higher x-moments and for other groups

One could easily reiterate the arguments of the last chapter to study the higher
x-moments of the characteristic polynomial of A + QBQ*. Recall that the
argument had two main phases. First, we used algebra to pull summation
expressions and the matrices A and B outside of the expectation operator, and
isolated an expression in terms of the random Haar-distributed matrix @ inside
the expectation brackets. I used standard combinatorical arguments to deal
with the sums outside of the expectation, and I used the representation theory
of the unitary group to evaluate the expectation expression itself.

This basic move could be imitated with higher *-moments. The resulting
formulae would involve more summation indices and more complicated combi-
natorics. I would not recommend doing this unless someone had developed a
better way of interpreting the resulting expressions, or if they had an application
which needed these numerical results for some reason.

One could also easily swap out the unitary group for another group whose
Weingarten calculus is well-understood, such as the orthogonal group.

10.1.3 Connect with infinite free probability

Adam Marcus’s paper [28] explained how the finite d-free convolution formula

E[x(A +QBQ")] = };dxd—i—%—l)””Ww(mwm

connects with (infinite) free probability. (Recall that this formula expresses the
linear *-moments of x(A + QBQ*).) In [28], Marcus introduced an interest-
ing power series device called the d-finite K-transform, which relates that finite
d-free convolution formula to some power series devices which were developed
by the progenitor of free probability, Dan Voiculescu. It would be interest-
ing to know if the formulae I have developed in this thesis for the covariance
of the characteristic polynomial could be related to a collection of power se-
ries transforms, and thereby associated with specific phenomena occurring in
infinite-dimensional free probability.
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