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Abstract

In the interval scheduling problem, the input is a set of intervals with integer
endpoints, and the objective is to accept a maximum number of non-overlapping
intervals. In the two-dimensional variant, namely rectangle scheduling, the input
consists of a set of rectangles, and the goal is to select a maximum number of non-
overlapping rectangles. One may consider these problems in both online and offline
settings. In the offline setting, the input set is available at the beginning, and an
algorithm makes a decision about selecting an interval (or rectangle) with complete
information about the input. In the online setting, however, the input appears
sequentially, and an online algorithm must accept an interval (or a rectangle) upon
its arrival without any information about forthcoming intervals (or rectangles). The
decisions of an algorithm for accepting/rejecting an item in its selected set are final
and irrevocable.

Online interval scheduling has received considerable attention in the past few
decades, and various algorithmic solutions have been proposed under different
settings and models. In comparison, two-dimensional variants of the problem have
been less studied. In this thesis, we study the online rectangle scheduling problems
under the any-order arrival setting. Previous work on this topic has been limited
to random-order arrival [40] (where rectangles are generated in parallel but their
ordering is random) or under restrictions like square scheduling [2]. In comparison,
we study the worst-case performance of online algorithms in the most generic setting
of the problem and establish the tight upper and lower bounds of G)(log2 T) on the
competitive ratio of the best online algorithms. Here, T is a parameter that defines
the maximum length of intervals.

Furthermore, we consider an online rectangle scheduling setting where (possibly
erroneous) predictions are provided to the online algorithm. Here, predictions specify
the presence or absence of rectangles in the input. Under this setting, we study an
algorithm whose competitive ratio depends explicitly on the prediction error. In
particular, our algorithm performs optimally when the predictions are perfect, and its
performance degrades as the error increases. To make this algorithm robust against
adversarial predictions (where error is large), we also propose a hybrid approach
that combines it with a purely online algorithm and prove that this combined ap-
proach allows a trade-off between “consistency" and “robustness", which define the
performance in scenarios where predictions are perfect and adversarial, respectively.

In addition, we initiate the study of the fairness aspects of the interval scheduling
problem, where each interval belongs to a group, and the objective is to achieve a
notion of fairness in which a “fair" number of intervals from each group are accepted.
We study this problem under both absolute and asymptotic settings. In the asymptotic
setting, the number of intervals in optimal solutions for each group is arbitrarily

large, whereas this assumption is absent in the absolute setting. For each of these two
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settings, we study the power of offline and online algorithms, as well as deterministic
and randomized algorithms.
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Chapter 1
Introduction

1.1 An Overview of Online Algorithms & Competitive Ratio

In theoretical computer science, many problems are studied under the assumption
that all input data is available in advance. This approach aligns with the notion of
offline algorithms, where the entire input is known before computation begins. For
offline algorithms, research typically focuses on reducing time complexity, aiming for
exact or approximate solutions within polynomial time. In contrast, online algorithms
address scenarios where the input is revealed incrementally over time, and decisions
must be made without knowledge of future data. Their performance is commonly
evaluated via competitive analysis, which compares the performance of an online
algorithm to that of an optimal offline algorithm, providing a measure of how well
the online approach performs in the worst-case scenarios.

This thesis studies three problems. The first is purely online rectangle scheduling
(Chapter 4), whose goal is to maximize the number of mutually non-overlapping
rectangles when the rectangles arrive in an online manner. The second is online
rectangle scheduling with predictions (Chapter 5), whose main objective is to maximize
the number of mutually non-overlapping rectangles when a possibly erroneous
prediction is provided. The third is interval scheduling with fairness (Chapter 6), whose
main purpose is to be fair among all groups and also be competitive. These problems
highlight two key challenges in online algorithm design: incorporating fairness and
leveraging predictions. Both are introduced in detail in Sections 1.4 and 1.5.

Introduction to Competitive Analysis. Online algorithms are typically assessed
via competitive analysis. Under competitive analysis, the performance of an online
algorithm is compared to that of an optimal offline solution, which has full knowledge
of the input and achieves the best possible outcome (e.g., the maximum number of
non-overlapping intervals).

More precisely, the competitive ratio of an online algorithm A is the worst-case
ratio between the benefit of the optimal offline solution OPT and that of A, over



all input sequences. Typically, the input sequence ¢ is assumed to be generated
adversarially to realize the worst case. Sleator and Tarjan [68] introduced competitive
analysis to evaluate the performance of their Move-to-Front and Least-Recently-Used
algorithms for the classic list update and paging problems, respectively.

Formally, for a deterministic algorithm A for a maximization problem like interval
scheduling, the performance of the algorithm is analyzed on input sequences ¢
generated by the adversary, and the competitive ratio is defined as

C.R(A) = max Oj{é‘;) ,

where OPT(0) denotes the offline optimal benefit, and A(c) the benefit of A on input
.
For randomized algorithms, the competitive ratio is defined based on the expected

benefit of the online algorithm A, formally as

B Ort1(0)
C.R(A) = max EAW)]

where E[A(0)] denotes the expected benefit of the online algorithm on input o,
and the expectation is taken over the internal randomness of the algorithm. When
discussing randomized algorithms, we assume an oblivious adversary that knows how
the algorithm works but is unaware of the random choices made by the algorithm.
This type of adversary is the standard adversary in the realm of online algorithms.
We refer to [16] for details about other types of (stronger) adversaries.

The above notions of competitive ratio are absolute in the sense that the ratio is
considered for all input sequences. Sometimes we are interested in input sequences
for which the benefit (or cost) of the optimal solution is asymptotically large. For that,

we define the asymptotic competitive ratio of a deterministic online algorithm as

Or1(0)
Asym.C.R(A) = .
I ( ) ot IOI}’??U)*)OO A(O')

The asymptotic competitive ratio for randomized algorithms is defined analogously
by replacing A(c) with E[A(c)]. In this thesis, unless otherwise mentioned, by
“competitive ratio", we mean “absolute competitive ratio".

Intuitively, the competitive ratio for online algorithms is defined similarly to
the approximation ratio for offline problems. While the competitive ratio measures
how the online constraint (lack of knowledge about the future) impacts the perfor-
mance of algorithmic solutions, the approximation ratio measures how the lack of
computational power (or other constraints faced by an offline algorithm) impacts

performance.



1.2 The Interval Scheduling Problem

The interval scheduling problem is a fundamental optimization problem with appli-
cations in job scheduling [37, 49], resource allocation [62, 54], and related fields [46,
55]. The input is a set of intervals (in the offline setting) or a sequence of intervals
(in the online setting), where each interval is defined by its start and end times and
potentially other attributes such as a positive weight. We assume start and end
times are integer values in [1, T]. In the online setting, we assume T is known to the
algorithms. The goal is to select a maximum number of non-overlapping intervals
(or, in the weighted setting, a set of non-overlapping intervals to maximize the total
weight).

In the offline setting, all intervals are provided in advance, allowing for the ef-
ficient computation of optimal solutions. In the unweighted case, a simple greedy
algorithm suffices [48], while the weighted case can be solved by dynamic program-
ming [48].

In the online setting, intervals arrive one at a time, and decisions must be made
immediately and irrevocably. Variants include the timeline setting, where intervals
appear in non-decreasing order of their starting times [37, 57]; the any-order setting [17],
where intervals may arrive in an arbitrary (in particular, adversarial) order; and the
random-order setting, where intervals appear in random order [18, 40]. In all cases, the
input is assumed to be adversarially generated.

In this thesis, we focus on the unweighted version, where all intervals have weight

1, and, unless otherwise stated, "interval scheduling" refers to the unweighted setting.

1.3 The Rectangle Scheduling Problem

The RECTANGLE SCHEDULING PROBLEM generalizes the classical interval scheduling
problem to two dimensions, where the input consists of a sequence of axis-aligned
rectangles, with integer side lengths and corners ona T x T grid, where T is a large
number that is known to the algorithm. The goal is to select the largest subset of non-
overlapping rectangles. While interval scheduling admits polynomial-time solutions
in the offline setting, the offline RECTANGLE SCHEDULING PROBLEM is NP-hard and
fundamentally more challenging in the offline setting [23].

Garg, Kar, and Khan [40] have recently studied the RECTANGLE SCHEDULING
PROBLEM under the random-order model setting, where input rectangles are adversar-
ially generated but randomly permuted. Note that, unlike interval scheduling, the
timeline setting is not well-defined for rectangle scheduling. It is possible, however,
to consider a fully-adversarial any-order model (similar to interval scheduling [51,
17]), where both rectangles and their ordering are defined adversarially. Advani and
Asudeh [2] have recently studied the online d-cube scheduling problem under the
any-order setting; in particular, they established a tight competitive ratio of @(log T')
for the best possible competitive ratio.



In Chapter 4, we study the RECTANGLE SCHEDULING PROBLEM in the online
setting under any-order setting. We show that deterministic algorithms are ineffective
and cannot achieve a competitive ratio better than Q(T?). Therefore, we focus on
randomized algorithms and present both algorithmic and impossibility results to
establish a tight competitive ratio of ®(log” T) for the RECTANGLE SCHEDULING
PROBLEM. Our results indicate that scheduling rectangles is provably harder than
scheduling squares.

1.4 Prediction and Advice

With the advent of modern machine learning, there is growing interest in augmenting
online algorithms with predictions [9, 3, 66, 52, 20]. Since predictions may be inaccurate,
algorithms must balance performance under perfect predictions (consistency) with
worst-case guarantees (robustness). There is often a tension between consistency
and robustness [43, 20], and one frequently aims to design algorithms that provide
meaningful (preferably Pareto-optimal) trade-offs between the two.

In addition, many works define a notion of error (typically a distance measure
between what is predicted and what is actually observed in the input) and express
the competitive ratio as a function of this error. The consistency of an algorithm is
then its competitive ratio when the error is zero, and its robustness is the competitive
ratio when the error is maximal. Bounding the competitive ratio as a function of
error also helps study the algorithm’s smoothness, which captures how gracefully
the performance degrades as the error increases [10].

A more theoretical concept related to predictions is the advice model. Under this
model, an online algorithm receives partial but perfect information about the input
sequence, generated by an offline oracle with unbounded computational power. The
challenge here is to determine how much advice (measured in bits) is needed to
achieve a given competitive ratio. Unlike predictions, advice is perfect but size-
limited.

Interval scheduling has previously been studied by Boyar et al. [20], under a
setting where it is predicted which intervals will appear in the input, and the error
is modeled by the cardinality of the optimal solution of a set of intervals that are
incorrectly predicted to appear (false positives) or incorrectly predicted to not appear
(false negatives) in the input. In Chapter 5, we extend this prediction model to online
rectangle scheduling. We study an algorithm, 2DTRUST, which has a competitive
ratio of ﬁ and show that no online algorithm can have a competitive ratio better
than ﬁ We also introduce a hybrid family of algorithms that provides a trade-off
between robustness and consistency. That is, one can use these algorithms to achieve
better robustness at the cost of worse consistency and vice versa.



1.5 An Overview of Algorithmic Fairness

Algorithmic fairness has become a key concern in real-world algorithm design, with
various fairness notions proposed in the context of online algorithms. For example,
time fairness requires treating items equally regardless of their arrival time (see Sec-
tion 2.6.1). More relevant to this thesis is group fairness (see Section 2.6.2), where items
belong to different groups, and the goal is to ensure a balanced number of items from
each group are selected.

In Chapter 6, we study fairness aspects of interval scheduling. The assumption is
that each interval belongs to a group g € [1, k], where k is a known number of groups
and is typically assumed to be a constant compared to input length 1, or the value T
(interval endpoints are integers in [1, T]). We define the fairness ratio of an algorithm
as the minimum ratio between the number of accepted intervals from each group and
the number of intervals in an optimal schedule of that group, where the maximum
is taken over all groups. We prove that the fairness ratio of any algorithm is in the
range [0,1/k] and sometimes refer to an algorithm as simply "fair" if it achieves a
fairness ratio of 1/k.

Fairness introduces challenges not only to online, but also to offline interval
scheduling, and thus, we examine both offline and online settings of the problem
when discussing fairness. Obviously, better fairness guarantees can be provided in
the offline setting.

We also distinguish between asymptotic and absolute settings of the problem. In the
asymptotic setting, the optimal solution for each group’s intervals has an unbounded
number of intervals within it. As we will see, the asymptotic setting gives flexibility

in designing algorithms that achieve better fairness guarantees.



Chapter 2

Preliminaries & Related Work

In this chapter, we present an overview of the related work on the topics of interval
scheduling, rectangle scheduling, prediction, and algorithmic fairness.

2.1 Randomized Online Algorithms & Yao’s Minimax Princi-
ple

Online algorithms face scenarios where inputs are revealed sequentially, and decisions
must be made immediately upon the arrival of each input. While in certain models,
decisions of an online algorithm may be revoked [17, 31], in the standard setting, once
a decision is made (e.g., an interval is accepted), it is final and cannot be altered later.

Randomization is often used to improve the competitive ratio of online algorithms.
While there are certain online problems, e.g., online bin packing problem (see, e.g.,
[26]), for which randomization does not help in improving competitive ratios, for
most online problems, for example, the ski rental problem [44] and the list update
problem [11], randomization helps. This is because deterministic algorithms are too
simple and predictable, making them vulnerable in an adversarial setting where
the input sequence is designed with full knowledge of the decisions made by the
deterministic algorithms. As a result, a deterministic algorithm often offers a poor
performance guarantee, characterized by a bad competitive ratio in the worst case.

To overcome the limitation of deterministic algorithms, randomization is em-
ployed in the decision-making process. Due to the unpredictability of its decision,
which prevents an adversary from predicting its behavior in advance. This uncer-
tainty allows randomized algorithms to achieve a better competitive ratio against the
oblivious adversaries.

In the context of proving impossibility results for randomized algorithms, Yao’s
Minimax Principle provides a powerful tool for analyzing the lower bounds on the
competitive ratio of a randomized algorithm. It asserts that the expected cost of
a randomized algorithm is at least equal to the expected cost of a deterministic



algorithm against a distribution of random input sequences. Formally, it can be

expressed as follows:

Definition 1 (Yao’s Minimax Principle [16]). Let A be a finite set of deterministic algo-
rithms and T be a finite set of sequences. Let c(a, i) be the cost of the algorithm a € A on the

input sequence i € L. Then,

max E[c(A,7)] > min E[c(a,I)],
i€l acA

where A is a randomized algorithm (a distribution over A) and I is a randomized input

sequence (a distribution over I)

Intuitively, when proving lower bounds for the competitive ratio of randomized
algorithms, we use Yao’s Minimax Principle in the following way. Instead of con-
sidering an arbitrary randomized algorithm against worst-case input, we consider a
deterministic algorithm faced with a stochastic input. Using Yao’s Minimax Principle,
a negative result for the competitive ratio of such a deterministic algorithm extends

to the online algorithm.

2.2 Offline Interval Scheduling

In the offline interval scheduling problem, the input is a set of unweighted or
weighted intervals, and the primary goal is to select a set of intervals with maximum
cardinality or total weight, subject to the restriction that no two selected intervals
intersect. In this chapter, we briefly discuss algorithms and impossibility results

designed for these two settings.

Unweighted Interval Scheduling. Kleinberg and Tardos [48] introduced the offline
greedy algorithm for the offline interval scheduling problem and proved that it
produces an optimal schedule. The offline greedy algorithm begins by sorting the
intervals in increasing order of their ending times. It then processes the input in that
order and iteratively selects the next available interval that does not overlap with any
of the previously accepted intervals. Note that this algorithm is inherently offline, as
it requires sorting intervals before selecting any of them.

For example, consider the input below, where we have an input
I = (I, I, I3, 14,1516, I7,I3). The offline greedy algorithm selected I, I, I, Is,
and I.



Weighted Interval Scheduling. In the weighted interval scheduling problem, each
interval has an associated weight, so we cannot simply apply a greedy algorithm
to solve the problem optimally. Kleinberg and Tardos [48] provided an optimal
solution using a dynamic programming approach. First, sort all intervals by their
finish times. Then, for each interval I;, define p(I;) as the index of the last interval that
finishes before I; begins (i.e., the latest non-overlapping interval with I;). Let OPT(I;)
denote the optimal total weight of the subset {I1, ..., I;}. Using these definitions, the
algorithm constructs the optimal solution iteratively from I; to I, using recursion
OrTl[i] = max(w; + OPT[p(i)], OPT[i —1]).

Example 2.2.1. Consider the input described by the following table.

i1 23 4 5 6
si|1 23 4 5 6
fi|3 6 8 9 10 12
wi |5 6 5 4 11 2

For each interval, we compute the corresponding value of p(i), as shown in the table

below.

i |12 3 456
p)|o 0 1 1 1 2

Applying the dynamic programming recurrence to compute the maximum achievable

weight at each step yields the resulting values in the table below.

j w; p(i) wi+OPT[p(i)] OPT[i] = max(w; + OPT[p(i)], OPT[i — 1])
0o — — — 0

1 5 0 5+0=5 max(5,0) =5

2 6 0 6+0=6 max(6,5) = 6

35 1 5+5=10 max(10,6) = 10

4 4 1 445=9 max(9,10) = 10

5 11 1 11+5=16 max(16,10) = 16

6 2 2 2+6=38 max(16,8) = 16

2.3 Online Interval Scheduling

In the online interval scheduling problem, intervals arrive in an online manner,

meaning decisions must be made without knowledge of future intervals. This makes



the problem more challenging, as we lack complete information to determine whether
to accept or reject each incoming interval.

There are various settings for this problem, such as preemption [29, 57, 37, 36]
(where a new interval can replace a previously accepted one), restart [25, 56] (where
rejected intervals can be restarted later). Moreover, concerning input arrival, we have
timeline setting (intervals appear sorted by their left endpoint) [37, 56], any order [17,
16, 20] (intervals arrive in an arbitrary order), and random order [40, 18] (intervals are
generated by an adversary but arrive in a random order). In this thesis, we primarily

focus on the any-order setting of the problem.

An Impossibility Result for Deterministic Algorithms.

In the adversarial setting of the online interval scheduling problem, the adversary
can arrange a sequence of intervals such that the deterministic algorithm is not
competitive, as discussed in [17]. Consider the figure below, assuming that the input
starts with the interval I = [1, T].

The deterministic algorithm has to make an immediate decision to accept or reject
I;. If the algorithm decides to accept I, the adversary will send T smaller intervals
that overlap with the longer interval I;. Consequently, the optimal solution (OPT)
can accept T intervals, whereas the algorithm can only accept one interval. If the
algorithm decides to reject I;, the adversary stops generating any additional intervals.
OPT will accept the interval I;, but the algorithm will accept no intervals. In both
cases, the competitive ratio of the deterministic algorithm is poor. Therefore, other

techniques, such as randomized algorithms, must be applied to improve performance.

2.3.1 CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT Algorithm

Consider an online Greedy algorithm for interval scheduling that, upon the arrival of
an interval, selects it if and only if the interval does not intersect with any previously
accepted intervals. This algorithm, which is deterministic, exhibits poor performance,
as discussed previously. However, it can be used as a component in certain ran-
domized algorithms, as we will discuss. Note that if all intervals in an input have
alength in [L,2L), the greedy algorithm has a competitive ratio of at most 3; this is
because, for every accepted interval by the greedy algorithm, at most three intervals
can be accepted by OPT. This property makes greedy ideal for algorithms that classify
intervals by their lengths and apply this greedy approach for intervals of the same

class.



The CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT Algorithm (CLRS). Awer-
buch et al. [6] introduced an online algorithm for the interval scheduling problem.
We refer to this algorithm as CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT (CLRS)
and extensively use it in this thesis. Suppose the value of T is a power of 2; recall
that T is known to the algorithm. Each interval i from the input sequence ¢ has a
length ¢; € [1, T]. Therefore, we can classify all intervals into log T classes, where
intervals in class j have lengths in the range [2/,2/*1). Hence, there are at most log T
such classes. CLRs selects a class i € [0,log T) uniformly at random and then ap-
plies the online greedy algorithm restricted to intervals within the selected class. As
previously discussed, the online greedy algorithm achieves a competitive ratio of 3
when restricted to a single class of intervals. Since the class is selected uniformly at
random, it is easy to establish that the competitive ratio of CLASSIFY-BY-LENGTH-
AND-RANDOMLY-SELECT is at most 3log T [6].

Borodin and El-Yaniv [16] present a similar algorithm, named CLASSIFY-AND-
RANDOMLY-SELECT (CRS), which works by classifying intervals into classes, ran-
domly selecting a class, and applying the greedy algorithm for members of the
selected class. The only difference is that their algorithm classifies intervals based on
their arrival positions rather than length.

CLRS and CRS both have a competitive ratio of O(log T). Indeed, it is proven
that no online randomized (or deterministic) algorithm can have a competitive ratio
Q(log T) [16]. Therefore, both CLRS and CRS are optimal with respect to competitive

ratio.

2.3.2 Weighted Online Interval Scheduling

In the weighted setting, the problem becomes significantly more challenging, and
thus, more relaxed settings of the problem are studied. In particular, the problem
has been studied in the timeline setting with preemption. Preemption allows accepting
an interval and rejecting it later (but a rejected interval can never be a part of the
schedule). Woeginger [72] proposed a deterministic algorithm that uses preemption
and achieves a competitive ratio of 4. Under the more restricted non-decreasing
monotone setting, where newly arrived intervals have higher weights, Miyazawa and
Erlebach [59] proved a lower bound of 5/4 and presented a 3-competitive randomized
algorithm. Fung, Poon, and Zheng [37] proposed a barely random algorithm, which
achieves a competitive ratio of 2 for the general setting. These results pertain to
the timeline setting, and the problem has not been explored under either any-order
settings. The very special case, where all intervals intersect (e.g., all are [1,2]) and the
input appears in random order, becomes the famous secretary problem [32]. Another
variant, where each interval is assigned a weight proportional to its length, is studied
by Lipton and Tomkins [57] under an unbounded setting, where the value of T is
unknown. This setting provides upper and lower bounds for the competitive ratio of
the best possible algorithms. In particular, under timeline setting, they introduced

10



an algorithm which achieves a competitive ratio of O((logA)'*¢) for the online
weighted interval scheduling problem, assuming all interval lengths are in [1, A],

even when A is unknown in advance.

2.4 Rectangle and Hyper-rectangle Scheduling

The Hyper-rectangle Scheduling problem generalizes interval scheduling to two
or more dimensions, where the input consists of a sequence of axis-aligned hyper-
rectangles. The objective is to select a maximum number of non-overlapping rect-
angles. In the online setting, hyper-rectangles appear sequentially and in an online
manner. The Hyper-rectangle Scheduling has received considerably less attention
compared to the interval scheduling problem, particularly in the online setting.

Unlike interval scheduling, which admits optimal polynomial-time algorithms
in the offline setting, the offline Hyper-rectangle Scheduling problem is NP-hard
even in 2 dimensions [23], and much of the research has focused on approximation
algorithms [58, 38]. Early work for offline rectangle scheduling [23, 47] proposed
approximation algorithms for the problem, but they did not achieve constant-factor
guarantees. A breakthrough was made by Mitchell [58], who was the first to design a
constant-factor approximation algorithm, achieving an approximation factor of 10.
This result was later improved by Gélvez et al. [38], who developed a 3-approximation
algorithm.

There have been a few recent works on online hyper-rectangle scheduling prob-
lems. Garg, Kar, and Khan [40] studied the hyper-rectangle scheduling problem
in d dimensions under the random-order model. Their algorithm first classifies all
hyper-rectangles into distinct classes and then "observes” the first half of the input
sequence to identify the best class. Finally, it applies an online greedy algorithm
specifically designed for this class. This approach achieves a competitive ratio of
approximately O((logn)“ - loglogn).

Advani and Asudeh [2] study the hypercube scheduling problem in 4 dimensions
under various settings. In the dominating order setting, where the top-right corner of
each newly arrived rectangle is coordinate-wise no smaller than that of any previously
arrived rectangle, they show that the online deterministic greedy algorithm results in
an optimal schedule. For general settings of the problem, however, deterministic al-
gorithms are not effective, and randomized algorithms are presented. For scheduling
unit-length hypercubes, they established a lower bound of 32 and upper bound of 2¢
on the competitive ratio of any randomized algorithm. For scheduling T-bounded
hypercubes of arbitrary integer length, they prove a lower bound of “Oiﬂ and then
presented an algorithm with a competitive ratio of 3¢ log T. Therefore, ®(log T) is
the best attainable competitive ratio for square scheduling.
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2.5 Online Algorithms with Prediction

Recent developments in learning-augmented online algorithms aim to bridge the gap
between worst-case analysis and data-driven performance. In this framework, al-
gorithms leverage predictions to improve either the time complexity of offline algo-
rithms or the competitive ratio of online algorithms, with applications to classical
problems such as ski rental [50, 13, 71] and secretary [35, 4]. This thesis primarily
focuses on how predictions can improve the competitive ratio of online algorithms.

Definition 2. An online algorithm may receive predictions either at the start of its execution
or upon the arrival of each item a; for i € [1,n]. For each item a;, there may exist a prediction
of a;, denoted by 4;. At time t, the algorithm makes a decision upon receiving item a;, where

the decision depends on the input sequence up to a; and a function of ;.

Since predictions may not always be accurate, two key criteria are considered:
consistency and robustness. Consistency measures the algorithm’s performance when
predictions are accurate, while robustness captures its worst-case performance when

predictions are highly erroneous.
Definition 3. Let A be a learning-augmented online algorithm. We say that:

* A is x-consistent if it achieves a competitive ratio of at most a when the predictions

are perfectly accurate.

» A s B-robust if it guarantees a competitive ratio of at most 3 even when the predictions

are arbitrarily inaccurate.

Normally, there exists a trade-off between consistency and robustness, which
reflects the extent to which we are willing to trust the predictions. An algorithm
that relies more heavily on predictions typically achieves higher consistency but may

perform poorly when the predictions are inaccurate.

Example 2.5.1. Consider the classical ski rental problem. In this problem, a skier must
decide on each day whether to continue renting equipment at a unit cost or to purchase it
outright for a fixed cost b. Suppose the skier is given a prediction that the total number
of skiing days y will exceed b. If the skier fully trusts this prediction, they may choose to
purchase the equipment on day 1. Howeuver, if the prediction turns out to be inaccurate and
the skiing ends on the next day, this decision leads to poor robustness, as the skier would incur

the full cost b while using the equipment for only one day.
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Prediction Model. When incorporating predictions into algorithms, it is important
to consider what type of information will most effectively enhance the algorithm’s
performance. For example, in the classical ski rental problem, the predicted duration
of the snow season can be provided at the outset [50, 67, 13]. In the secretary problem,
predictions may focus on the value of the best candidate [35].

In practice, prediction models may also leverage techniques based on the Probably
Approximately Correct (PAC) learning framework [70], which aim to generate predictions
based on a limited number of samples. Specifically, a PAC-learnable algorithm
outputs a hypothesis that, with high probability at least 1 — §, incurs an error of
at most €, provided access to a small, representative sample drawn from the input
distribution.

Online Interval Scheduling Problem with Prediction. Previous works have ad-
dressed the online interval scheduling problem with the assistance of predictions.
Boyar et al. [20] proposed algorithms that leverage (potentially erroneous) predictions
of incoming intervals. In other words, for any possible interval, the prediction speci-
fies whether it is in the input or not. Note that this is a rather strong prediction. Their
main algorithm involves constructing an optimal offline schedule, a plan, based on a
predicted set of intervals using the offline greedy algorithm (which greedily selects
non-overlapping intervals in the order of their finishing time). When an interval from

the actual input sequence arrives, the algorithm proceeds as follows:
e If the interval is part of the algorithm’s plan, it is accepted.

¢ Else, if the interval is not in the plan but does not overlap with any interval
currently in the plan, it is accepted and added to the plan.

¢ Else, if the interval overlaps with exactly one interval in the plan, ends earlier
than that interval, and replacing it does not reduce the total number of intervals
in the plan, then the plan is updated to include the new interval.

¢ Else, the interval is rejected.

This algorithm performs well when the prediction is accurate. However, its
performance may degrade significantly when predictions are inaccurate.

To address this issue, Boyar et al. [20] propose a hybrid strategy that applies the
CLASSIFY-AND-RANDOMLY-SELECT (CRS) algorithm with probability a and their
prediction-based algorithm with probability 1 — «. This probabilistic approach en-
sures that the algorithm remains both consistent and robust under varying levels of
prediction quality.

Recently, Karavasilis [43] studied the problem under a weaker prediction model.
In their setting, when an interval arrives, the algorithm queries the predictor to
determine whether the interval belongs to the optimal solution. This binary guidance
helps the algorithm make more informed decisions without requiring full knowledge
of the future or exact optimal schedule.
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2.5.1 Online Algorithm with Advice

In this section, we explore the power of advice, which allows an online algorithm to
access partial information about the future input sequence before it is revealed. The
advice model, introduced in [19], can be viewed as providing the online algorithm
with a limited amount of perfect information about the input. This model is partic-
ularly useful for establishing impossibility results for learning-augmented online
algorithms when the prediction is of relatively small length (i.e., can be encoded in a
small number of bits).

Definition 4. An online algorithm with advice has access to an advice tape of infinite
length. Before the execution of the algorithm starts, it can read any number of advice bits from
the advice tape. The number of such bits defines the advice complexity of the algorithm.
The advice bits are written on the tape by a benevolent offline oracle which has unbounded
computational power and has access to the entire input sequence. The advice bits are assumed
to be correct in the sense that they encode exactly what they are supposed to convey. Both the

algorithm and the oracle know the meaning of advice bits.

Generally speaking, the more advice bits an algorithm has, the better the perfor-
mance of the algorithm (in terms of competitive ratio).

Reductions from the string guessing problem are a standard approach to establishing
the lower bound of the advice complexity [30, 15]. In the binary guessing problem, the
input consists of a sequence of binary bits, and for each bit, the algorithm must guess
whether it is a 0 or 1 before the bit is revealed. The algorithm will receive a benefit of
1 if it guesses one input correctly. If no advice is provided, an adversary can ensure
that a deterministic algorithm makes a mistake at every guess (it simply reveals the
opposite bit). With the help of a single bit of advice, however, the algorithm can be
informed whether the number of 0-bits exceeds the number of 1-bits. It then always
guesses the majority bit, which inherently ensures a benefit of at least half of OPT.
However, one cannot achieve a better competitive ratio (i.e., correctly guess a fraction
1/2 + € of all bits) with a sublinear amount of advice [14]. Reductions from Binary
Guessing to various online problems are used to prove the impossibility results for

advice (and thus prediction) settings. We will present one such result in Section 5.6.

2.6 Fairness Notions in Algorithm Design

In recent years, there has been an increasing interest in designing "fair" algorithmic
solutions that not only aim to achieve good performance (e.g., competitiveness) but

also guarantee a notion of fairness, which is often problem-specific.
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2.6.1 Time Fairness

Consider an online problem, like the proportional knapsack problem, where the input
is formed by a sequence of items, where each item i has a size s; < €, for some small
€, and a value v;. An algorithm should accept or reject each item upon its arrival, and
the goal is to accept a set of items with a total size of at most 1 while maximizing
the total value of the accepted items. A natural algorithm is a threshold algorithm [74],
which maintains a threshold that increases as the knapsack becomes fuller and accepts
an item if and only if its value/size ratio is no less than the threshold. This algorithm,
however, is not fair in the sense that two equivalent items of the same size and
weight might be treated differently (the item that appears first has a higher chance
of inclusion in the knapsack, as the threshold is smaller earlier in the input). This
notion of fairness, which requires similar items in the input sequence to be treated
similarly regardless of their position in the input, is called time fairness. Lechowicz et
al. [53] studied time fairness for knapsack, where it is shown to achieve a meaningful
notion of fairness, predictions are necessary and sufficient. Other problems studied
under time fairness requirements include prophet inequalities [5] and the secretary
problem [22].

2.6.2 Group Fairness

A more relevant notion of fairness to the topics of this thesis is group fairness. This type
of fairness concerns algorithmic solutions that are fair across groups that generate or
label the input sequence. For example, consider a bipartite matching problem, where
candidates need to be assigned to jobs. Suppose jobs are fixed and candidates appear
online; this is the standard notion of online bipartite matching [45]. Now, under the
group fairness setting, we may assume that the candidates belong to various groups,
and we need a fair solution where a balanced number of candidates from each group
are matched. This problem is studied in [42]. Other problems that are studied under
the group fairness constraints include clustering [12, 1, 24], ranking [39, 73, 41], and
knapsack problem [63, 33].

Proportional Fairness. A notion of group fairness in online problems is proportional
fairness in non-centralized, multi-agent settings, which requires that each agent receive
an equitable share of the overall benefit in resource-sharing environments. Consider
the classic cake-cutting problem, where the goal is to allocate an entire cake among k
agents. Proportional fairness aims to guarantee that each agent receives a fair portion
of the cake, ideally of equal value. For example, if two agents should share a cake in
which a quarter is chocolate and the rest is strawberry, the proportionally fair way to
divide the cake is to give each agent half of the chocolate and half of the strawberry.

Envy-Free Fairness. Envy-free fairness [64, 27, 42, 8] is relevant in scenarios where
agents put a value on their received allocation of the resource. A solution is said to be
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envy-free if it ensures that no agent prefers another agent’s allocation over their own.
In the context of online algorithms, this typically means that each agent values their
own allocation at least as much as they value any other agent’s allocation.

In our cake-cutting example, suppose agent A prefers the strawberry portion
(which is larger) while agent B prefers the chocolate portion (despite being smaller).
To satisfy envy-free fairness, an algorithm would allocate the strawberry part to agent
A and the chocolate part to agent B. Even if agent A receives a larger portion, agent
B remains satisfied with the outcome because they do not prefer agent A’s allocation
over their own.

For two agents, a well-known procedure called Divide and Choose [69] can be used
to achieve envy-freeness: one agent divides the cake into two pieces, and the other
chooses the piece they prefer. However, the problem becomes more complex with
more than two agents [21].

2.6.3 Max-Min, Ex-Ante, and Ex-Post Fairness Notions

Max-Min Fairness [65, 61] is another widely used notion of fairness. Its objective
is to maximize the minimum benefit obtained by any subgroup. In other words, the
algorithm aiming for Max-Min Fairness seeks to maximize the benefit of the least
advantaged group, ensuring its benefit is as high as possible.

Formally, let n be the number of agents and let A = (A;, Ay, ..., A,) denote
an allocation, where A; represents the benefit assigned to agent i. The objective in
Max-Min Fair allocation is to maximize the smallest value received by any agent and
therefore guarantees every group to receive a lower bound on their benefit

For deterministic algorithms, ensuring fairness is often challenging. As a result,
randomization is commonly employed to achieve fairness across groups. However,
randomized algorithms typically only guarantee ex-ante fairness [34], which ensures
that the expected benefit is distributed fairly among groups. In practice, however,
ex-ante fairness does not guarantee that each group will receive a fair share in the
realized outcome. For instance, consider the simple case where a single item must be
assigned to one of three individuals, each having an equal probability of receiving it.
Although the expected benefit is identical for all three, only one individual ultimately
receives the item. This outcome is fair in expectation but may appear unfair in the
realized allocation. To address this, ex-post fairness is introduced as a stronger notion
of fairness that aims to ensure that each group receives at least a proportional share
of the actual outcome, rather than potentially nothing [34].
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Chapter 3

Problem Definitions and Initial

Observations

3.1 Overview

In this chapter, we first formally define the interval and rectangle scheduling problems.
Additionally, we introduce the fairness measures for interval scheduling that will be
used throughout this thesis.

3.2 Problem Definitions

We provide a formal definition of interval scheduling, rectangle scheduling, and online

rectangle scheduling with prediction problems.

Interval Scheduling: Problem Definition

Definition 5 (Interval Scheduling). The input to an instance of the interval scheduling
problem is a set of n intervals {Iy, I, . . ., I, }, where I; = [s;, f;) is the i'th interval, and its
endpoints s;, f; are non-negative integers in [1, T| and s; < f;. The objective is to select a set

of intervals of maximum cardinality such that no two selected intervals have a common point.

e In the offline setting, the entire set of n intervals {I1, I, . .., I, } is known in advance.

The algorithm has full knowledge of all intervals before making any selection decisions.

* In the online setting, the n intervals appear sequentially as a sequence ¢ =

(I, I, ..., I). Upon arrival of each interval I;, an irrevocable decision must be made
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to select (accept) or reject I; under the same restriction that no two accepted intervals
can share a point. We consider the any-order setting, where the intervals appear in an

arbitrary order defined by an adversary.

Rectangle Scheduling: Problem Definition

Definition 6 (Rectangle Scheduling). The input to an instance of the rectangle scheduling
problem is a set of n rectangles {R1, R, ..., Ry}, where R; = (x;,y;, w;, h;) is the i'th
rectangle in 2D, where x;,y; are integers in [0, T| and denote the bottom-left corner of the
rectangle, and w;, h; are integers that denote the width and height of R;, respectively. We have
xi+w; <T+1andy;+ h; < T+ 1. That is, all corners of all rectangles are located in a
[0, T] x [0, T] grid. The objective is to select a set of rectangles of maximum cardinality such

that no two selected rectangles intersect.

e In the offline setting, the entire set of n rectangles {Rq,Ry,..., Ry} is known in
advance. The algorithm has full knowledge of all rectangles before making any selection

decisions.

* In the online setting, the n rectangles appear sequentially as a sequence o =
(R1,Ry, ..., Ry) and, upon arrival of each R;, an irrevocable decision must be made to
accept or reject R; under a restriction that no two accepted rectangles must intersect.
As before, the objective is to maximize the number of accepted rectangles. We consider
the any-order setting, where rectangles appear in an arbitrary order determined by an

adversary.

Rectangle Scheduling with Prediction: Problem Definition

Definition 7 (Online Rectangle Scheduling with Predictions). The input to an instance of
the Online Rectangle Scheduling with Predictions problem is a sequence R of n rectangles,
denoted as ¢ = (Rq, Ry, ..., Ry,), where each rectangle R; finds its four corners on the T x T
grid. Additionally, the algorithm is provided with a prediction set R, which is a bitstring of
length O(T*) and specifies, for each possible rectangle R with four corners on the T x T grid,
whether R appears in the input sequence o or not. The set of predicted rectangles R is given to

the online algorithm beforehand. As before, rectangles in o can arrive in any order, and, upon
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the arrival of the i'th rectangle R; € o, an irrevocable decision needs to be made immediately
to accept or reject it under the restriction that no two rectangles intersect. The objective is to
leverage the predicted rectangles R to improve performance and to select a set of rectangles

such that no two rectangles intersect.

3.3 Fairness Measures for Interval Scheduling

One of the main objectives in this thesis is to investigate “fair" solutions for the
interval scheduling problem. We particularly study group fairness, where each
interval belongs to one group, and the objective is to achieve solutions that somehow
balance the number of intervals accepted from each group. Even though the Greedy
algorithm achieves optimality in the offline setting, it does not address fairness
concerns. In fact, ensuring fairness among groups is a fundamental challenge in both
offline and online interval scheduling.

One difficulty in studying the problem under fairness considerations is “how to
model fairness?". In what follows, we first explore the limitations of some standard

fairness notions and introduce the fairness notion that is used in this thesis.

3.3.1 Potential Fairness Notions for Interval Scheduling

Several fairness notions are commonly studied in this thesis, such as envy-free fair-
ness [7, 21, 64], proportional fairness [28], and max-min fairness [60], as discussed in
Section 2.6. Before introducing our fairness measure tailored to this setting, we briefly

review some standard fairness concepts and highlight their limitations:

¢ Equal Allocation Fairness: The simplest measure is perhaps an equality type of
fairness, where the goal is to accept roughly the same number of intervals from
each group. This measure is, unfortunately, not satisfactory and does not yield
to competitive solutions. Consider an input formed by a single long interval
[1, T| that belongs to group g1 and T intervals of the form [i,i + 1) that belong
to group g». An equality fairness measure requires accepting the same number
of intervals from each group. The following approach can achieve such fairness
guarantees: flip a coin to accept the single interval from g; or exactly one
interval from g» (while rejecting all other intervals from g). On expectation, we
accept 0.5 interval from each group. This approach is not, however, competitive:
the competitive ratio would be % = T, which is not good. Moreover, fairness is
achieved by artificially rejecting items from group 2, which is undesirable.

81
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* Proportional Fairness: Another approach to proportional fairness, where the
goal is to accept roughly the same percentage of intervals from each class. This
measure is also, unfortunately, not satisfactory and does not yield competitive
solutions. Consider an input formed by two groups of intervals. Group g;
contains T/4 intervals of the form [i,i + T/4), where i € [0, T/4) is an integer.
Group g» contains T/4 intervals of the form [j 4+ T/2,j+ 1+ T/2), where
j €0, T/4) is an integer. Given that there are T /4 intervals from each class, a
proportional fairness measure requires accepting the same number of intervals
from each group. On the other hand, no two intervals of group g1 can be
accepted (they all overlap), and thus, the proportional fairness can be achieved
by rejecting all intervals of group g, except for one. In conclusion, under this
fairness measure, no algorithm can be competitive (the competitive ratio would

T/4+1
2

be at least ), and the fairness is again achieved only by artificially rejecting

items of group g that could be accepted.

81

0

3.3.2 Fairness Ratio

We present the fairness ratio as our main criterion for evaluating fairness of interval
scheduling algorithms.

Definition 8. (Fairness for deterministic algorithms) Fix an (offline or online) deterministic
algorithm ALG. For an input o and a group g, let ALG¢(0) be the number of intervals
accepted by ALG from group g when the input is o. Define the fairness ratio of ALG as:

. ALGg(0)
p(a16) = minie (pr 7 )

Example 3.3.1. Let ALG be a deterministic algorithm. Let oy and o be two input sequences.

Assume there are exactly four groups. Suppose the ratio between the benefit of A and OPT for

the four groups of the input oy for the four groups are given by (3,3, 3, 3) , which gives a
1

minimum of 1/10 for oy. Similarly, these ratios on input o, are (11%, 000~ %, %) , which

gives a ratio of 1/10 for 0. Hence, we can conclude that the fairness ratio of ALG is at most

1/1000 (it could be worse if a smaller ratio is realized by another sequence).
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Ideally, one wants to achieve deterministic fairness ratio guarantees, as they are
the strongest notion of fairness. As we will see, however, an adversary can often
force the fairness ratio of deterministic algorithms to be arbitrarily bad. Therefore,
we often need randomized algorithms to achieve fair solutions. The fairness ratio for
randomized algorithms is defined analogously to deterministic algorithms.

Definition 9. (Fairness for randomized algorithms). Let ALG be a fixed randomized algo-
rithm. For an input ¢ and a group g, let E(ALG¢(0)) be the expected number of intervals
accepted by ALG from group g when the input is o. Define the fairness ratio of an algorithm

ALG as:

(Barcsio)

P(ALG) = minmin OPT, (0]

o geG

Asymptotic vs Absolute Settings. We further distinguish an asymptotic setting of
the problem from its default absolute setting. Under the asymptotic setting, we assume
that the benefit of an optimal scheduling for the set of intervals from each group is
arbitrarily large. In other words, there is a large number of non-overlapping intervals
from each group. This assumption is absent in the absolute setting. Intuitively,
achieving fairness is easier under the asymptotic setting, as there is more flexibility
in accepting/rejecting intervals; for example, in the asymptotic setting, an interval
of length T can be safely rejected, as it is guaranteed that the input contains a large

number of non-overlapping small intervals of the same group.
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Chapter 4

Purely Online Rectangle

Scheduling Problem

4.1 Overview and Summary of Results

In this chapter, we study the online rectangle scheduling problem, a two-dimensional
generalization of the classical interval scheduling problem, where instead of inter-
vals, we need to schedule rectangles. Recall that we assume the any-order setting
for rectangle scheduling, where no assumptions are made on the order in which
rectangles arrive. To the best of our knowledge, this setting of the problem has not
been previously studied.

Proposition 10. The (absolute) competitive ratio of any deterministic square (and rectangle)

scheduling algorithm is Q)(T?). The asymptotic competitive ratio of any deterministic square

(and rectangle) scheduling algorithm is Q)(T).

Proof. In the absolute case, a single T x T square appears, and an algorithm either
accepts it, in which case T? non-overlapping unit squares appear within the accepted
square, or rejects it, in which case the input ends. For the asymptotic setting, consider
a sequence of length Q(v/T) formed by /T phases. For each phase, if a deterministic
algorithm accepts the square, T unit squares appear within the accepted square,
which cannot be accepted by the algorithm. Given that for each accepted square by
the algorithm, T squares are accepted by OPT, the lower bound for the competitive

ratio would be T. O

In light of the above observation, we focus solely on the randomized algorithm.

Our contributions for this chapter are listed below:
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* In Section 4.2, we present an extension of the CLASSIFY-BY-LENGTH-AND-
RANDOMLY-SELECT (CLRS) algorithm for interval scheduling to the online
rectangle scheduling problem. We prove that 2DCLRS has a competitive ratio
of O(log? T).

¢ In Section 4.3,we show that 2DCLRS is optimal in terms of competitiveness (The-
orem 11). That is, we prove that any randomized algorithm has a competitive
ratio Q(log? T) (Theorem 12).

Our results establish a separation between rectangle scheduling and square
scheduling. Recall that [2] has proved that ©(log T') is the best attainable competitive
ratio for square scheduling, while our results show that this bound is ®(log? T) for

the more general rectangle scheduling problem.

4.2 Algorithm and Upper Bound for Competitive Ratio

In this section, we propose a simple randomized algorithm for online rectangle
scheduling with a competitive ratio of O(log® T).
We present the 2DCLRS algorithm for online rectangle scheduling, defined as

follows:

2D-CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT (2DCLRS)

Input: An online sequence (Ry, Ry, ..., R,), for some known T, where R; is
arectangle on T x T grid (corners are integers).

Output: A subset of rectangles that are mutually non-overlapping.

Classification: Consider the following classification by side-lengths; we
say a rectangle belongs to class (c,c’), if its width is in [2¢,2¢"1) and
its height is in [2¢,2°%1). We have ¢,c’ € [0,log T] Given that all
widths and heights are bounded by T, the set C of all classes has
(logT+1) x (log T + 1) possible classes in it.

Random Selection: Pick two values ¢y, ¢;, € [0,log T|, each independently
from the other and uniformly at random in the range.

Online Process: Suppose rectangle R; appears. Accept R; if and only if it
does not intersect a previously accepted rectangle, and it belongs to
class (¢y, cp).

Theorem 11. The 2D-CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT algorithm has a

competitive ratio of O(log® T).

Proof. We use ALG to refer to 2D-CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT.

For a class (c,c’), let OPT (. be the optimal scheduling of an input formed by
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FIGURE 4.1: Illustration showing that accepting one rectangle blocks at most 9 rectangles in
the same class (c, ).

items of class (c,c’). We claim that, if the algorithm selects class (c,c’), its ben-
efit is at least OPT(c,c¢’)/9. This holds because the algorithm greedily accepts
rectangles of class (c,¢’), and accepting a rectangle of such class can result in
rejecting at most 9 rectangles that follow it. This is because the side lengths
of the rectangles of class (c,¢’) differ by at most a factor of 2. Therefore, if
2D-CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT accepts a rectangle R, at most
one rectangle of the same class fits fully inside R, and one would intersect any of its
four sides and any of its four corners. Figure 4.1 provides an illustration.

So, the benefit of a Greedy approach when applied to rectangles of class (¢, ¢’) is
at least OPT (/9. Given that there are a total of (log T + 1)? classes and ALG selects

one uniformly at random, for the expected benefit of the algorithm, we can write

E[ALG] = ! 5 )., OPT./9. (4.1)

(logT+1) (cec

Now, let O, be the set of rectangles in the optimal solution from class (c,c’).
So, we have OPT = Y(e)ec Oce- Note that O, < OPT( o), this is because the
rectangles in O(, ) form a valid (but possibly sub-optimal) solution for the input
rectangles that belong to class (c,¢’). Summing up over all classes, we can write

Y(ec') OPT () = Y(eer) O(,ry = OPT. Combining with equality 4.1, we can write:

OPT

B
Elarc] 2 9-(logT+1)?
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Thus, the competitive ratio of the algorithm is at most 9(log T + 1)?, establishing

the claimed bound of O(log® T). O

4.3 General Lower Bound for Competitive Ratio

In this section, we establish a lower bound of Q(log2 T) for the competitive ratio
of any randomized (or deterministic) algorithm for the online rectangle scheduling

problem based on [16].

Overview of the proof. Our proof relies on Yao’s Minimax Principle (See Definition 1
in Section 2.1). In what follows, we fix a deterministic algorithm ALG. Then we will
define a family of input sequences ¢; ; and assume ALG is faced with a member of
this family that is drawn randomly according to a distribution that we will describe.
We show that the expected benefit of ALG when faced with a random input sequence
0;,j is no better than 1, while the expected benefit of OPT is @(log® T). This shows the
ratio between the expected benefit of OPT and ALG is at least (Q)(log® T). Applying
Yao’s theorem, the proof completes.

Input Family. Let R, denote a general rectangle, written as R, = (xp,yp, Wy, hp),
where x,,y, specify the coordinates of the bottom-left corner, and wy, h, specify
the width and height, respectively. For any i,j € [0,log T], define C;; as the set
of rectangles obtained by partitioning the square [0,0, T, T] into 2/ vertical slices
This means that the rectangles in C; ; all have a width and height of T/2" and T /2,
respectively. In particular, a member Ry, of class C;; for x € [0,2) and y € [0,2/) can
be specified as

_[(xT yT T T i j}
Rx,y—{<zi'zf’2i’2f> |x€[0,2), ye[0.2)).

Provided with the above definition of C; j, define an online input sequence 0; ; as
follows (as before 7, j € [0,log T])

i = (Co0,C10,---,Ci0,Cin, ..., Cij).

In the above definition, presence of C, , in 0; ; means inclusion of all rectangles in the

set C, in the 07 ; (and they appear in an arbitrary order).

Example 4.3.1. The following shows 1. Note that all rectangles’ endpoints are on the

[0, T] x [0, T] grid; they are, however, depicted separately for illustrative reasons.
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Input Distribution. The input distribution is as follows: Select ¢; ; with probability

Pij =

T2
(2T —1)2- 274"

We can show that this defines a probability distribution, that is, the sum of all

probabilities is exactly 1:
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Intuitively, to generate a member of this input family, we can consider the follow-

ing stochastic process, which works in two phases.

¢ Initialization: At the beginning, we are at Phase I, and Cog (a large T by T
square) appears.

¢ Phase I: Suppose we are at Phase I, and rectangles in C; o have just appeared. If
i =log T, Phase I ends and Phase II begins. If i < log T, with a chance of 1/2,
rectangles in C;1 1 appear next, and with a chance of 1/2, Phase I ends and
Phase II begins.

* Phase II: Suppose we are at Phase II, and rectangles in C;; have just ap-
peared; with a chance of 1/2, this is followed by rectangles in C; ;1 and with a
chance of 1/2, the input ends. If i = log T, Phase II also ends.

Theorem 12. The lower bound on the competitive ratio of any randomized algorithm for the

online rectangle scheduling problem is Q(log” T).

Proof. We show that the benefit of OPT for a random member ¢; ; of the input distri-
bution we described is Q) (log? T), while that of any deterministic algorithm ALG is at
most 1. Applying Yao’s theorem (Definition 1), we can conclude that no randomized

algorithm can have a competitive ratio better than O(log? T).

Expected Benefit of OPT.

We first establish the described lower bound for the benefit of OPT. Con-
sider OPT on a random input ¢. If the input terminates at level (i,j), then
OPT accepts all rectangles from C;; and rejects all rectangles from any other
level (7,j') with i/ < i and j/ < j. Given that the probability the input termi-
L (5

. 2 it . .
nates at Cj; is 5 - s7—1) » and there are 2'*/ rectangles in C;;, we can write:

logTlogT 1 T 2
_ i+ .
E[OPT(0)] l;) ];0 2 577 <2T — 1> 4.2)
T2 log Tlog T
- @i L ]go 1 43)
T2 log T)?

Expected Benefit of ALG.

In order to analyze the benefit of ALG, we establish four claims that, together,
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establish that the best strategy for any online algorithm is to accept the first large
square (of size T x T) at the beginning. In other words, the expected benefit of ALG

cannot be better than 1.

¢ The first claim shows that the chance of seeing another set of rectangles in
Phase II of input generation is no more than 1/2. In other words, if we are at
Phase II, then with a chance of at least 1/2, the current set is the last set of

rectangles we see in Phase II. Formally, this claim can be stated as follows.

Claim 1: For a fixed value of i € [0,log T| and any value of j € [1,1og T|, we have:

Pr[ALG sees rectangles in C;; in the input | ALG sees rectangles in C;;_; in the input | <

proof of Claim 1: Suppose the algorithm sees rectangles in C; ;_1; that means the
input must end with at some level 7, £ such that ¢ > j — 1, which means that

means the input has started with
(Co0,C10,---,Ci0,Ciny---,Cij1)-

Thus, for the chance of the input ending at C; ;_; or later (i.e., it sees C;; 1 and

possibly more rectangles after), we can write

logT
Pr[ALG sees rectangles from Ci,]',ﬂ = 2 Pik

logT T2

= kZ]Z—1 (2’1" _ 1)2 . 2i+k

T2 log T 1
(2T —1)2-2i kgl 2k
T72, . (22*1' — l)
(2T —1)2-2 T
Moreover, for the algorithm to see rectangle in C; ;, the input must end with at

some level {7, ¢'} such that ¢’ > j; that means the input has started with

(C00,C10,---,Ci0,Cip,- .., Cij).
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We can conclude:

logT
Pr[ALG sees rectangles from C; ;] = Z Pik
k=j

log T T2
- lg (2T —1)2- 2i+k

B T2 %T 1
(2T —1)2-2 =2

T2 i1
“ropz @)

To summarize, we can write:

Pr[ALG sees rectangles from C;; | ALG sees rectangles from C; ;_1]

Pr[ALG sees rectangles from C;

- Pr[ALG sees rectangles from C;;_1]

1—j 1
1
21

IS U U

2 2.T.(227j_%) 2

This concludes the proof of Claim 1.

* The second claim states that there is no benefit in rejecting a rectangle in Phase II.

Claim 2: If ALG rejects a rectangle R" € C; ; for a fixed value of i € [0,log T| and any
value of j € [0,10og T], and R’ does not intersect any previously accepted rectangle (i.e.,

it could be accepted), then

E[eventual benefit of rejecting R'] < 1 = eventual benefit of accepting R’.

proof of Claim 2. We prove this claim by backward induction on j = (log T,log T —
1,...,0).

Base case. When j = log T, there are no future rectangles after this level.

Therefore, if ALG rejects R’, the actual benefit of rejecting is 0, whereas accepting
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R’ yields a benefit of 1. Hence, the claim trivially holds.

Inductive step. Assume the claim holds for level (i, j); that is, rejecting any

rectangle at level (i, j) gives an expected benefit at most 1.

We now prove the claim for level (i,j — 1). Consider rejecting a rectangle R’ at
level (i,j —1). By construction, rejecting R’ potentially allows acceptance of
two rectangles R and R}, whose union is exactly R’. These rectangles belong

to the next level (i, f).

By Claim 1, with probability of at most 3, the algorithm will see R} and R}. For
each of these rectangles, by the inductive hypothesis, the expected benefit of

rejecting is at most 1. Thus, the expected benefit of rejecting R’ is at most

—_

(E[Benefit from R}] + E[Benefit from Rj]) < 5(1 +1)=1

N —

Therefore, ALG can either accept R" and obtain a benefit of 1, or reject it and
obtain an expected benefit at most 1. In either case, the benefit from rejecting

does not exceed the benefit from accepting.

The third claim is similar to Claim I, except that it concerns Phase I of input
generation. It asserts that the chance of seeing the next set of rectangles in Phase
I of input generation is no more than 1/2. In other words, with a chance of at
least 1/2, the current set is the last set of rectangles we see in Phase I. Formally,

this claim can be stated as follows.

Claim 3: For a value of i € [1,1og T], we have:

1
Pr[ALG sees rectangles from C; | ALG sees rectangles from C;_ ] < 5

proof of Claim 3. The proof is very similar to that of Claim 1. Suppose the
algorithm sees rectangles in C;_1 o. That means the input must end with at some

level {¢’,0} such that ¢’ > i — 1. Hence, the input has started with

(Co,0,C10,---,Ci—10)-
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Now, we can write

log T
Pr[ALG sees rectangles from C;_1 9] = Z Pko

k=i—1
log T T2

T T —1)2 2k

T? 1

= (27— o).

a1y T/

Moreover, for the algorithm to see rectangles in C;(, Phase I must end with

some level {/,0} such that ¢’ > i. Thus, the input should start with
(Co0,C10,---,Cip)

We can conclude:

log T
Pr[ALG sees rectangles from Cig] = ) pio
k=i

log T T2
Lo
2
= _r . (21—i — l).
(2T —1)2 T
To summarize, we can state

Pr[ALG sees rectangles from C;( | ALG sees rectangles from C;_1 ]
_ Pr[ALG sees rectangles from C; ]
~ Pr[ALG sees rectangles from C;_1 g
21*1‘ _
- 22—i _

=gl

S S
2 2.T-(227-2)

1
>

* The last claim states that there is no benefit in rejecting a rectangle in Phase I.
Claim 4: If ALG rejects a rectangle R* € C;(, and R* does not intersect any

previously accepted rectangle, then

E[eventual benefit of rejecting R*| < 1 = eventual of accepting R*.
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We prove this claim by backward induction oni = (log T,log T —1,..., 0).

Base case. When i = log T, Phase I ends, and Phase Il begins. By Claim II, the

benefit of Alg at Phase II is maximized if it accepts the first rectangle R*.

Inductive step. Assume the claim holds for level (7,0); that is, rejecting any

rectangle at level (i,0) gives an expected benefit at most 1.

We now prove the claim for level (i — 1,0). Consider rejecting a rectangle R* at
level (7,0). By construction, rejecting R* potentially allows acceptance of two
rectangles R} and Rj, whose union is exactly R*. These rectangles belong to the

next level (i,0).

By Claim 3, with probability 3, the algorithm will see R} and Rj. For each of
these rectangles, by the inductive hypothesis, the expected benefit of rejecting

is at most 1. Thus, the expected benefit of rejecting R* is at most

—_

(E[Benefit from Rj] + E[Benefit from R;]) <

_§(1+1):1.

N —

Therefore, ALG can either accept R* and obtain a benefit of 1, or reject it and
obtain an expected benefit at most 1. In either case, the benefit from rejecting

does not exceed the benefit from accepting.

By Claim 4, the expected benefit of ALG is maximized if it accepts the first rectangle

(of size T x T), which yields a benefit of 1. Given that the expected benefit of OPT

is at least IOg: T = G)(log2 T) (Equation 4.4 ), it follows that the lower bound for the

competitive ratio of ALG is Q(log2 T). O

Therefore, we have established tight bounds of ®(log? T) for the competitive ratio
of the online rectangle scheduling problem, and 2DCLRS is the optimal algorithm.
In the next chapter, we will discuss how predictions can be leveraged to the online
rectangle scheduling problem.
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Chapter 5

Online Rectangle Scheduling with

Predictions

5.1 Overview and Summary of Results

In this chapter, we study the RECTANGLE SCHEDULING PROBLEM with predictions.
Building on recent advances in learning-augmented algorithms, it is natural to explore
the problem under such a setting. In particular, we extend the framework from [20],
originally devised for online interval scheduling, to the two-dimensional rectangle
scheduling problem. Specifically, we assume access to an oracle that gives a prediction
that specifies the rectangles in the input.

Our contributions for this chapter are summarized as follows:

¢ In Section 5.2, we describe the prediction and error model we used in our

algorithms and analysis.

¢ In Section 5.3, we prove that no online algorithm with predictions can achieve a

competitive ratio better than ﬁ, where 7 is the error quantifier (Theorem 13).

¢ In Section 5.4, we analyze an algorithm named 2DTRUST, which strictly follows
the prediction and rejects all other rectangles. We provide matching upper and
lower bounds to prove that the competitive ratio of 2DTRUST is exactly ﬁ
(Theorems 14 and 15). In particular, 2DTRUST is not robust in the sense that its
competitive ratio is high when the error 7y takes larger values.

* In Section 5.5, we propose and analyze a hybrid algorithm that combines
2DTRUST with 2D-CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT to achieve
a more robust algorithm. The algorithm has a parameter A which allows a
trade-off between consistency (performance when error is 0) and robustness
(performance when error takes its maximum value). In particular, we prove

that this algorithm has A-consistency and M(}g’if;l)z—robustness (Theorem 16).
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* In Section 5.6, we use connection to advice to show that other types of predic-
tions, in particular small predictions that can be encoded in a sublinear number
of bits, cannot yield optimal solutions, even if they are error-free. More precisely,
we show that with sublinear advice (thus predictions of sublinear size), the

competitive ratio cannot be better than % (Theorem 18).

Our positive (algorithmic) results in this section hold for the general version of the
problem (that is, inputs with arbitrary rectangles), while our negative results apply
to the restricted setting of square scheduling. In other words, there is no separation
between square scheduling and the general formulation of rectangle scheduling in

the prediction setting.

5.2 Prediction Model & Error

In this section, we formalize the prediction model and define the corresponding error
metrics used to evaluate the performance of our algorithm. Following Boyar et al.
[20], we assume that the prediction specifies, for each possible rectangle, whether it is
present or absent from the input sequence. Observe that there are ((Tzl)z) = O(T?)
possible rectangles ona T x T grid. For each of these rectangles, a bit in the prediction
sequence indicates whether the rectangle is present in the input or not. Although this
constitutes a long prediction, the limitations of shorter and simpler predictions are

discussed in Section 5.6.

5.2.1 Classification of Rectangles and Error Metrics

We denote by R the set of rectangles in the actual input and by R the set of rectangles
predicted to appear in the input. In our analysis, rectangles can be classified into the

following four categories:

e True Positives (TP): Rectangles that appear in both R and R.

e True Negatives (TN): Rectangles that appear in neither R nor R.
e False Positives (FP): Rectangles that appear in R but not in R.

e False Negatives (FN): Rectangles that appear in R but not in R.

Note that the actual input R consists of the rectangles in TP U FN, while the
prediction consists of the rectangles in TP U FP. We define the error parameter 17(R, R)
as the size of the optimal solution for the set of the incorrectly predicted rectangles,
i.e., the rectangles in FN U FP. The error parameter ratio (R, R) is defined as the ratio
between this error parameter and the optimal cardinality of the actual input:

N 5oy [ (R R)
7(R,R) = OPT(FNUFP), and 'y(R,R)—mm{‘OPT(R”,l .
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When there is no risk of confusion, we simply write # for (R, R) and v for
(R, R).

5.3 Impossibility Results for General Algorithms

We begin by presenting a negative result regarding the competitive ratio of learning-

augmented algorithms.

Theorem 13. Let ALG be any learning-augmented deterministic algorithm for the online
square scheduling problem. For any positive integer p and any constant c > 2, there exists

an instance R and a prediction R such that
ALG(R,R) < (1 —)OPT(R).

Proof. Let the prediction R contain 2p squares, formed across phases p indexed by
i € [0, p — 1]. At each phase i, the prediction R specifies the presence of two squares:
one with bottom-left corner at (¢ - 7,0) and side length ¢, and one square of unit side
length with bottom-left corner also at (c - 7,0). The predicted squares are illustrated

one the figure below.

! ! ! T R
— 1T T L T T 1
6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Let ALG be any deterministic online algorithm. The adversary reveals the actual
input R only after observing the first decision made by ALG at each phase. The actual
input R consists of p independent phases, denoted p; for i € [0, p — 1]. We denote R;
as the prediction for phase p;, and R; as the actual input revealed in phase p;.

Each phase in the actual input R; begins with a large square whose bottom-left
corner is at the point (¢ - 7,0) and whose side length is c. Depending on the decision
made by ALG on the first square in phase p;, the adversary reveals the subsequent

square in that phase as follows:
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* Case 1: If ALG accepts the large square, the adversary reveals c non-overlapping
unit squares fully contained within it (as illustrated in Figure 5.1a). Since these
unit squares intersect the accepted large square, ALG cannot accept any of them.
The optimal solution OPT accepts all ¢ unit squares, among which ¢ — 1 are

false negatives. Therefore:

A1G; =1, OPT; =g, i =~¢— 1.

¢ Case 2: If ALG rejects the large square, no further square appears in that phase
(asillustrated in Figure 5.1b). The optimal solution OPT accepts the large square,

and no further rectangles are revealed. In this case:

ALG; =0, OrT;=1, 5, =1.

In both cases, it holds that
ALG(R;, R;) < OPT(R;) — 1.

Since the phases are disjoint, summing over all phases yields:

ALG(R,R) < OPT(R) — 7 = (1 — 4)OPT(R).

5.4 The 2DTRUST Algorithm

Next, we present the 2DTRUST algorithm, which fully trusts the optimal solution
generated by the given prediction. The details of the algorithm are provided below.
The 2DTRUST Algorithm for Rectangle Scheduling

Input. A predicted set of rectangles R = {R1,R,,...,R,} and an online sequence
R =(Ry,Ry,...,Ry).

Output. A subset of rectangles that are mutually non-overlapping.
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6+ 6+
5+ 5+
4 4
3+ 3+
2+ 2+
1 1+
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3 2 -1 1 2 3 4 5 3 2 -1 1 2 3 4 5
(A) Case 1: Large Square Accepted, Unit (B) Case 2: Large Square Rejected, No Further
Squares Revealed Rectangles

FIGURE 5.1: Construction of Adversarial Inputs under Phased Rectangles (With ¢ = 4)
Planning. An optimal solution R* is computed based on the set of predicted rectan-
gles R.

Online Process. The online process works as follows: the actual input sequence R is
revealed in an online manner. For each arriving rectangle r € R, the algorithm

proceeds as follows:

e Ifr € R*, acceptr.
e Ifr ¢ R*, reject r.

1

In what follows, we show that the competitive ratio of 2DTRUST is at most ;= -

Theorem 14. The algorithm 2DTRUST is at most ﬁ—competitive.

Proof. Given the prediction R, 2DTRUST computes the offline solution R*. Since the

prediction consists of TP and FN, the R* will be at least OPT(TP). That is,
R* = OPT(TP U FP) > OPT(TP). (5.1)

Moreover, the optimal online solution on the input R will be at most the sum of

the optimal solution of TP and FN. We can write

OPT(R) = OPT(TPUEN) < OPT(TP) + OPT(FN) (5.2)

= OPT(TP) > OPT(R) — OPT(EN). (5.3)

Moreover, if we only follow the 2DTRUST algorithm, we only accept the rectangles

belonging to the optimal offline solution R* and reject the other rectangles. The largest
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number of rectangles that can be deducted from 2DTRUST is the optimal solution on
the FP, which are the rectangles predicted to appear but do not appear. Hence, we

will have the following inequalities:

2DTRUST(R,R) > R* — OPT(FP)

OrT(TP) — OPT(FP) from (5.1)
> OPT(R) — OPT(FN) — OPT(FP) from (5.3)
> OPT(R) — OPT(EN UFP) — OPT(FP U FN)

> OPT(R) —20rT(FP UEN)

= OPT(R) — 257(R,R) = (1 — 279)OPT(R)

Next, we show the upper bound in the above theorem is indeed tight.

Theorem 15. For any positive integer p and some constant ¢ > 2, there exists a prediction R

and an input sequence R such that

2DTRUST(R, R) = (1 —27)OPT(R).

Proof. Consider a prediction R consisting of p phases. In each phase p; € [0,p — 1],

the prediction includes two squares of side length c, as illustrated below:

* Square 1: A square S; with bottom-left corner at ((c + 1) - i,0);

 Square 2: Another square S, with bottom-left corner at ((¢ +1) -i+1,1).

52 52 52 52 52

51 51 51 51 51

3 -2 -1 1 2 3 4 5 6 I7 é 910‘1‘1 1&11‘3‘14151&1"71519202“1252:‘3242%2‘62"72;3263(‘)33
In each phase p;, OPT(R) can select only one of the two squares since they overlap.
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W.Lo.g., OPT(R) selects S; of each phase. Then, the adversary reveals the follow-

ing squares (as shown in Figure 5.2):

e A square S; with bottom-left corner at ((c + 1) -i+1,1) and of side length c.

This is Square S, of phase i and contributes to TP.

e A unit square S; with bottom-left corner at ((c + 1) - ,0). This square is absent

in R and contributes to FN.

Note that S; in phase i, which was in the schedule of the algorithm (to be accepted),

never appears and contributes to FP.

3 -2 -1 1 2 3 4 5

FIGURE 5.2: First square selected; adversary reveals large and unit squares.

2DTRUST accepts zero rectangles from the revealed input, while the optimal

solution accepts two rectangles. Therefore, for each phase i, we have
2DTRUST; =0, OPT; =2, OPT(FPUEFEN) =1.

That is,

2DTRUST; = 0 = OPT; — 20PT(FP U FN).
With p phases, this extends to

2DTRUST(R, R) = 0 = OPT(R) — 20PT(FP U FN)

= (1—2v)OPT(R).

O]

From the above two theorems, we conclude that the competitive ratio of the
2DTRUST algorithm is ﬁ Note that, as y approaches to 1/2, the competitive ratio
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ﬁ declines arbitrarily large. In particular, the performance of 2DTRUST becomes

pretty poor when the prediction error increases.

5.5 A Robust Algorithm & Consistency-Robustness Trade-off

Recall that consistency of a learning-augment online algorithm captures its perfor-
mance when prediction is perfect (the competitive ratio when error is y = 0), and
robustness captures the competitive ratio when the predictions are adversarial (the
competitive ratio when error is y = 1).

By Theorem 14 and Theorem 15, the competitive ratio of 2DTRUST is ﬁ if
7 < 0.5 and infinity otherwise (in the latter case, the adversary can ensure that it
never accepts an input while OPT does). Therefore, the consistency of 2DTRUST is 1
(its competitive ratio is 1 when 7y = 0), and its robustness is unbounded. Intuitively,
this algorithm relies too heavily on predictions being correct and blindly trusts
them. In contrast, a purely online algorithm such as 2D-CLASSIFY-BY-LENGTH-
AND-RANDOMLY-SELECT is optimally robust because it has an optimal competitive
ratio.

In this section, we describe a combined family of algorithms that benefits from the
supreme consistency of 2DTRUST and the robustness of 2D-CLASSIFY-BY-LENGTH-
AND-RANDOMLY-SELECT. Any member of this family of algorithms has a parameter
A € [0, 1] which specifies how much it trusts the prediction.

The HYBRID-ROBUST Algorithm for Rectangle Scheduling with parameter
A

Input A predicted set of rectangles R = {Rl,Rz, . ..,Rn} and an online
sequence R = (Ry, Ry, ..., Ry).

Output A subset of mutually non-overlapping rectangles.
Random Selection: Pick a value of x € (0,1) uniformly at random.

Choice Of Algorithms:

e If x < A, run 2DTRUST with prediction R on the online input R

e Else, when x > A, run 2D-CLASSIFY-BY-LENGTH-AND-
RANDOMLY-SELECT on the online input R

In particular, when A = 1, the algorithms becomes 2DTRUST and when A = 0, it
becomes CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT

Theorem 16. The HybridTrustGreedy algorithm has consistency at most % and robustness

9(log T+1)?
of at most =—5——.
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Proof. Assume that all predictions are accurate, thatis, v = 0. The HybridTrustGreedy
algorithm applies the 2DTRUST algorithm with probability A. On the other hand,
2DTRUST is optimal under accurate predictions by Theorem 14. Intuitively, when
predictions are perfect, 2DTRUST follows an optimal schedule that is eventually
realized (an item appears if and only if it is predicted, and 2DTRUST’s schedule
becomes the optimal schedule calculated from the prediction). As a result, the benefit
of HYBRID-ROBUST is at least AOPT; that is, the consistency of HYBRID-ROBUST is at
least %

Conversely, if all predictions are inaccurate, HYBRID-ROBUST applies the 2D-
CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT algorithm for online rectangle
scheduling (see Section 4.2) with a probability of 1 — A. The 2D-CLASSIFY-BY-
LENGTH-AND-RANDOMLY-SELECT algorithm guarantees a competitive ratio of at
least W by Theorem 11. Therefore, the benefit of HYBRID-ROBUST is at least
9[(101g_7T)—L§-1)2-\OPT' That is, the robustness of HYBRID-ROBUST is at most 9(1%%?1)2. O

We can establish a negative result concerning the consistency-robustness of de-
terministic algorithms. This result holds even for a special setting of scheduling

squares.

Theorem 17. Any deterministic learning-augmented algorithm for the online square schedul-

ing problem that has consistency A € ©(1) has robustness Q(T?)

Proof. Let ¢ be a positive integer such that T is divisible by £ and let p = T/¢. We
assume ¢ € O(T) is a large value and thus p is a constant. Suppose the prediction
R=1{Sy,54,..., Sp—1} where S; is of side length ¢ and finds its bottom-left corner at
point (i,0). Fix a deterministic online algorithm ALG. We consider the following two

scenarios for the consistency and robustness of ALG:

Consistency Suppose the prediction is perfect. Given that no two squares in R (and
thus R) intersect, the optimal schedule includes all of the p squares. Thus, for

an algorithm to be A-consistent, it must accept at least £ squares.

Robustness Suppose the actual input starts with (Sp, Sy, . ..), except that, as soon

as § squares are accepted by ALG, no further square from R is revealed. Note
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that, by the consistency requirement, we know that at some point § squares
will be accepted. At that point, the input continues with ¢2 unit squares within
any of these accepted squares. Therefore, we have OPT = (2£. On the other
hand, ALG cannot accept any of these unit squares, and we have ALG = £.
This shows a robustness of Q(¢?). Given that £ = @(T), the robustness of ALG

is Q(T?).

5.6 Advice & Impossibility Result for Small Prediction

In this section, we show that, any online algorithm for the RECTANGLE SCHEDULING
PROBLEM that has sublinear advice (that is, advice of size o(n), where 7 is the number
of input rectangles) cannot achieve a nearly optimal solution. Indeed, it cannot be
better than %-Competitive, even for the SQUARE SCHEDULING PROBLEM (when all
input rectangles are squares). This negative result, in a sense, complements our
algorithmic result in Chapter 5 in the following sense. Recall that advice can be
thought of as a sort of perfect prediction. So, if we cannot achieve a competitive ratio
of % with sublinear advice, we cannot do that with any prediction of sublinear size,
even if the prediction is perfect. For example, statistical information about the input
(e.g., average area, average length/width, etc.) cannot help us achieve a near-optimal
solution.

The proof of the following theorem uses a reduction from the BINARY GUESSING
PROBLEM (see Section 2.5.1 for a formal definition). Recall that an instance of the
BINARY GUESSING PROBLEM is a sequence of binary bits appearing online. While
it is trivially possible to correctly guess a fraction 0.5 of all bits in the input when
provided by a single bit (that specifies the majority), guessing a fraction of (0.5 + €)

requires advice of at least linear size [14].
Theorem 18. The competitive ratio of any online algorithm for the SQUARE SCHEDULING
PROBLEM (and thus RECTANGLE SCHEDULING PROBLEM) that has an advice of size o(n)

is at least 4/3. In other words, any algorithm with advice (thus prediction) of sublinear size

cannot be better than %—competitive.

Proof. Consider an instance I = (0,1,...,m — 1) of the BINARY GUESSING PROBLEM.
We create an instance o(I) of length n = 3m as follows. For the i’th bit in I, there is
a phase p; in o(I) that is formed by three squares, all of side length 2, as we explain.

Regardless of the bit i being ‘0" or “1” in I, p; starts with a square with the bottom-left
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corner at point (6i + 2,1) and of side length 2. Now, depending on the bit value, the

other two requests in the phase of i differ:

e If the bit is a 1", the other two squares in the phase are I) a square with bottom-

left corner at (6i + 1,0), II) a square with bottom-left corner at (6i + 3,2).

e If the bit is a ‘0", the other two squares in the phase are I) a square with bottom-

left corner at (6i + 3,2), II) a square with bottom-left corner at (6i + 4, 3).

For example, if I starts with (1,0,1,1,0...,), c(I) would start with:

Note that, when the first rectangle (associated with a bit “1’) appears, an online
algorithm has to decide whether to reject or accept it, and that translates to guessing
the first bit I is 1 (in case of rejection) or 0 (in case of acceptance).

To be more formal, an online algorithm ALG with sublinear advice for the SQUARE
SCHEDULING PROBLEM can be used to guess bits in an instance of the BINARY
GUESSING PROBLEM as follows. As the first square in the i’th phase of o(I) appears,
A either accepts it or not. If it accepts, guess the value of the i"th bit as "0" and if A
rejects the first square, guess the i"th bit as "1". We show that, if ALG has a competitive
ratio better than 4/3, then it must be that more than half of the bits in I are guessed
correctly, which contradicts the fact that no algorithm for the BINARY GUESSING
PROBLEM with sublinear advice can guess more than half of the bits correctly.

An optimal algorithm for o(I) has a profit of exactly 2m; this is because, regardless
of the i"th bit of I, two squares from each phase can be accepted. An incorrect guess
for the i"th bit by ALG, on the other hand, translates to accepting at most 1 square
from the i"th phase of o(I). Guessing exactly half of the phases correctly, therefore,
translates to a total profit of at most % x 2+ 2 x 1 = 1.5m or a ratio of 2% = 4/3
between the profit of an optimal solution and ALG. Given that ALG is claimed to

have a competitive ratio strictly better than 4/3, it must be that it has guessed a
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fraction strictly more than 0.5 of the bits in I. This leads to a contradiction with the

fact that ALG has only sublinear advice. O
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Chapter 6
Interval Scheduling with Fairness

6.1 Overview and Summary of Results

In this chapter, we examine the Interval Scheduling problem from a fairness perspec-
tive. The notion of fairness we adopt aligns with the concepts of group fairness and
max-min fairness reviewed in Section 1.5. Specifically, we assume that each interval
belongs to a group and aim to ensure equity across these groups by maximizing the
fairness ratio (See Defintioin 3.3). We analyze the problem under the absolute and the
asymptotic settings. Recall that, in the asymptotic setting, it is assumed that there is
an arbitrarily large number of non-overlapping intervals from each group. As we
will see, there are significant distinctions between these two settings when studying
algorithmic fairness.

Our contributions in this chapter are summarized as follows:

* In Section 6.2, we first study the Interval Scheduling with Fairness problem in the

absolute setting:

— We show that no algorithm can have a fairness ratio better than 1/k (Theo-
rem 19). This holds even for randomized and offline algorithms. Given this
result, we sometimes refer to an algorithm as simply “fair" iff its fairness
ratio is 1/k.

— We establish that any deterministic algorithm has a fairness ratio of 0 and
a competitive ratio of at least T/2 in the worst-case inputs (Theorem 20).
This rules out deterministic algorithms as viable solutions for fair interval

scheduling in the absolute setting.
Offline Setting:

— We establish a fairness-performance impossibility result that holds for
randomized and offline algorithms. In particular, we show that if an
algorithm is fair (has fairness ratio 1/k), its approximation ratio cannot be
better than k (Theorem 22).
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— We propose a randomized offline algorithm, OFISAAS, which is fair (has
fairness ratio 1/k) and has an approximation ratio of k (Theorem 23). In
light of Theorem 22, this algorithm achieves Pareto-optimality in terms
of fairness and overall performance. That is, one cannot improve its

fairness ratio and approximation factor simultaneously.
Online Setting:

- In the online setting, we prove that a randomized online algorithm that is
fair (has fairness ratio 1/k) cannot achieve a competitive ratio better than
log T (Theorem 24).

— We introduce an online algorithm, OLCFISAS, which achieves a competitive
ratio of O(klog T), and a fairness ratio of W (Theorem 25).

¢ In Section 6.3, we study the fair interval scheduling problem in the asymptotic
setting, and propose the Block Partitioning Algorithm, an offline and deter-
ministic algorithm which achieves a fairness ratio of 1/(3k) and a competitive
ratio of 3k (See Theorem 26). This shows that it is more plausible to achieve fair

solutions, even using deterministic algorithms, under the asymptotic setting.

6.2 Fair Interval Scheduling in Absolute Setting

In this section, we consider the fair interval scheduling problem in the absolute
setting, i.e., when we make no assumption for the size of the optimal scheduling of

individual groups

6.2.1 Impossibility Results for All Algorithms

We begin with the following observation, which indicates that no algorithm can have

a fairness ratio better than 1/k.

Theorem 19. Let k be the number of groups. No (randomized or deterministic) algorithm

can have a fairness ratio larger than 1/k.

Proof. Consider an instance where each of the k groups contributes exactly one
interval, and all k intervals have identical start and end times. Since the intervals
tully overlap, any feasible algorithm can select at most one of them. See figure below
for an illustration.

Suppose a randomized algorithm ALG selects an interval according to some
probability distribution over the groups. Since only one interval can be accepted,

choosing an interval from one group necessarily excludes all others. In the worst case,
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the algorithm assigns probability  to each group, resulting in an expected selection
of  for each group. Therefore, the group with the minimum expected selection also

receives at most ¢, yielding a fairness ratio of

min E[ALGg] 1/k 1
iclk] OPTy, 1k

Any attempt to increase the expected selection probability for one group necessar-
ily reduces it for others, due to the mutual exclusivity of interval acceptance. Thus,
no randomized algorithm can achieve a strictly better ratio in this instance, and the

bound is tight. O

8k
8k-1

83
2
81

In light of the above observation, we sometimes refer to an algorithm simply as a
fair algorithm iff its fairness ratio is 1/k.

6.2.2 Impossibility Results for Deterministic Algorithms

In light of the above observation, we focus on the fairness ratio in the remainder
of this section. The following theorem demonstrates that deterministic algorithms

cannot achieve 1/k fairness ratio.

Theorem 20. Any deterministic algorithm for interval scheduling in the absolute setting has
a competitive ratio of at least T /2 and a fairness ratio of 0. This holds even for the restricted

case of k = 2 groups.

Proof. Fix a deterministic algorithm ALG. Consider an adversarial setting, where the

adversary sends a long interval I; = [1,T/2) of group 1.

o If ALG accepts I;, the input follows with % — 2 non-intersecting unit intervals
in [1, ), half of each belong to group 1 and half to group 2. The benefit of ALG
is 1, and it accepts 0 interval from group 2. On the other hand, OPT accepts

all unit intervals, that is T/2 intervals, out of which I — 1 belong to group 1
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(A) ALG accepts I, the
input is followed by T/2
unit intervals from each

group.

T/2 T/2

—_—m e
L L

(B) ALG rejects I; and accepts Ip

T/2 T/2

(C) ALG rejects both I and I, and
the input is followed by T/2 unit
intervals from each group.

FIGURE 6.1: Illustration of the three possible scenarios.

T/2-2

and I — 1 to group 2. The competitive ratio of ALG is thus 72=2 ~ T and its

fairness ratio (realized by group 2) is TL/4 = 0. See Figure 6.1a.

e If ALG rejects I;, the input continues with an interval I, = [T/2, T) of group 2.

- If ALG rejects I, the input stops. The benefit of ALG is 0. OPT accepts

both I, I; it has a benefit of 2, and it accepts one interval from each group.
The competitive ratio of ALG is thus unbounded, and its fairness ratio

(realized by both groups) is ¥ = 0. See in Figure 6.1b.

If ALG accepts I, the argument is symmetric to the case when it accepts

I;: the input follows with % — 2 non-intersecting unit intervals in [T /2, T),

half of each belong to group 1 and half to group 2. The benefit of ALG is 1,

and it accepts 0 interval from group 1. On the other hand, OPT accepts all

unit intervals, that is 2 — 2 intervals, out of which I — 1 belong to group 1
T/2-2

and I — 1 to group 2. The competitive ratio of ALG is thus /22 ~ I and

its fairness ratio (realized by group 1) is TLM = 0. See in Figure 6.1c.

O]

In light of the above theorem, we will focus on randomized algorithms in the

remainder of this section.

6.2.3 Offline Interval Scheduling In Absolute Setting

The offline version of the problem is non-trivial in the fairness setting. In particu-

lar, the optimal offline greedy algorithm (that maximizes the number of accepted

intervals) does not provide a fairness guarantee (Observation 21). In what follows,

we first show that any deterministic algorithm ALG is either not fair (has a fairness
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ratio less than 1/k) or it has a competitive ratio of at least k (Theorem 22). Moreover,
we introduce an offline algorithm that is k-competitive and has a fairness ratio of
1/k (Theorem 23), and thus is Pareto-optimal with respect to competitiveness and

fairness.

Negative Results

Recall that there is an offline greedy algorithm for interval scheduling that sorts
intervals by their endpoints and accepts them greedily in this order. While this
algorithm is optimal when all intervals belong to one group, it is easy to observe that

it is not fair even if there are only k = 2 groups:

Observation 21. The offline algorithm that sorts intervals by their right endpoint and

accepts them greedily in that order has a fairness ratio of 0.

Proof. Consider an input formed by |3n/2] intervals, specifically n intervals of the
form [i,i + 1) that belong to group 1 and |[#/2] intervals in the form [2i,2i + 2) that

belong to group 2, as shown below.

Groupl ¢ ° P ° P ° P ° ° °

Group 2 ° P P P

The Greedy algorithm picks all the group 1 intervals and none from group 2.
Given that no two intervals of group 2 intersect, the fairness ratio of the greedy
algorithm, realized by group 2, is nL/Z =0 O

Next, we show that achieving an optimal fairness ratio of 1/k forces an approxi-
mation ratio of k or worse for any offline algorithm.

Theorem 22. Consider the interval scheduling problem in the absolute setting with k groups.

For any offline algorithm ALG, at least one of the following holds:
* ALG is not fair, i.e., it has a fairness ratio of at most 1/k; or

* ALG has a competitive ratio of at least k (i.e., the ratio between the number of accepted

intervals by ALG and that of OPT could be as large as k).

Proof. Let ALG be a fair algorithm with a fairness ratio of 1/k. We show that the

competitive ratio of ALG is at least k.
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FIGURE 6.2: Instance illustrating the fairness—competitiveness trade-off with k — 1 long

intervals and T short disjoint ones.

Consider an instance with intervals (Il, I2,..., IF2 1 Ii‘, Ié‘, eee, I%), where for each
j € [1,k — 1], the interval I/ belongs to group j and we have I’ = [1, T). Moreover, for
eachi € [1,T], IF = [i,i + 1) belongs to group k (See Figure 6.2). All intervals from
group k are disjoint and lie strictly inside each long interval from g; (j # k), so no
feasible schedule can include both types.

Given that there is at least one interval from each group, we have OPT; > 1 for any
group j. Thus, to have a fairness ratio of % for ALG, we should have Eg(A) > 1/k for
each group g. In other words, ALG must accept each of the long intervals of group g €
[1,k — 1] with a chance of at least 1/k. This means the chance of accepting intervals

from group k cannot be more than 1/k. Therefore, the probability of accepting each

group g € [1,k] is 1/k, and for the expected benefit of the algorithm, we can write

—_

(k—1)+1-T<I+1

E(A) r r

Tk

Given that the benefit of OPT is T for the entire input (realized by accepting unit

intervals of group k), we can write

OrT T
> ,
E(A) — T/k+1

which approaches to k for large values of T. O

Positive Results

In this section, we will explain an offline algorithm that has a fairness ratio of 1/k
and also achieves an approximation ratio of k. In light of Theorem 22, this algorithm
would be Pareto-optimal, i.e., it achieves the best possible competitive ratio among
fair algorithms (algorithms with a fairness ratio of 1/k).
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Offline Fair Interval Scheduling Algorithm under Absolute Setting
(OFISAAS)

Input: A setof intervals [ = ['UI?U...UI¥, where If = {I, I3, ..,I,%q} is
the set of intervals of group g.

Output: A subset of intervals from I that are mutually non-overlapping.

Random Selection: Select a g uniformly at random from [1, k|.
Sorting: Sort intervals in I8 by their right endpoint.
Greedy Approach: Process intervals in the sorted order of I¢ and accept
each if and only if it does not intersect previously accepted intervals.
Theorem 23. OFISAAS is a randomized algorithm for offline interval scheduling that achieves

a fairness ratio of 1/k, and its approximation ratio is k.
Proof. We prove the claimed bounds for competitiveness and fairness as follows.

* Competitiveness: Let ALG denote the expected benefit of OFISAAS. Let OPT,

denote the benefit of an optimal schedule for I$. Then we have

1 k
. OPT,. (6.1)

ALG = —
k
g=1

Let O,y be the number of intervals from group g in the optimal schedule of I.

Then we have

k k
OPT =) O, <) OPTy <k-ALG
g=1 g=1

The first equality holds due to the definition of Og, the second inequality holds
because we know O, indicates a scheduling of I¢ (which is feasible but not

necessarily optimal), and the last inequality holds from 6.1.

* Fairness: OFISAAS selects every group g with a chance of 1/k, and if a group
g is selected, OFISAAS schedules members of ¢ in an optimal way. Therefore,
the expected number of intervals from any group g accepted by OFISAAS is

% X OPT]-. This establishes a fairness ratio of 1/k for OFISAAS.
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Further Improvements of OFISAAS We apply two augmentations to OFISAAS to
further improve its typical performance (i.e., its performance in scenarios that go

beyond worst-case scenarios). Our augmentations are twofold:

e First, if possible, we partition the input sequence into disjoint blocks by, by, . . ., by,
such that no interval in b; intersects a block in by for i # i’. Then, we treat each

block separately from the others.

¢ Second, instead of picking a single group, for each block, we select a random
ordering of groups, which is a permutation (7[},, 7(3, s, Tt’q“) for block b;. We
then process the group sequentially according to the chosen permutation 7.
For each group g in order, we greedily accept intervals from group g based on

their right endpoints.

We emphasize that the above augmentations do not improve the worst-case
performance of OFISAAS. However, the first augmentation is expected to enhance the
fairness of the algorithm in typical scenarios (beyond worst case), and the second is
expected to improve its overall performance (i.e., the number of accepted intervals),

as explained below.

Example 6.2.1.  Consider a setting where we have input
(L2, I3, 0 1 12, 1K), where for any @ € [1,m] and j € [1,k]
intervals of the form Izj are in the form [2i,2i + 1) and all belong to group g;. In other words,
we have disjoint blocks of intervals, where there is exactly one interval from each group in

each block. See the figure below.

Now, if we do not partition the input by blocks, our algorithm only selects intervals of the
same group. The results are fair in the sense that each group has the same chance of being
selected, but it is not “ex-post fair" [34] in the sense that its solutions are never representative
of all groups. In contrast, via block partitioning, we can ensure that each block is treated
separately; thus, with some probability that intervals from each group are included in the final

solutions.

Example 6.2.2. Consider a simple input (I, L, ..., L), where the I; = [i,i + 1) (no

two intervals intersect), and the groups of intervals change in a round-robin fashion
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FIGURE 6.3: Round-Robin Grouping of Disjoint Intervals

1,2,...,k1,...,k. (See Figure 6.3). If the algorithm selects a group G; uniformly at
random and only accepts the intervals from such a group. The results are fair in the sense
that each group has the same chance of being selected, but it is not maximal in the sense that
many intervals remain unselected. Instead, draw a random permutation of the groups once at
the beginning, and then process the intervals according to that order. This preserves the same

expected fairness while producing a maximal solution which accepts all intervals.

6.2.4 Online Interval Scheduling in the Absolute Setting

Next, we study online algorithms for the fairness ratio in the absolute setting.

Negative Result

Recall that no algorithm can achieve a fairness ratio better than 1/k (Theorem 19).
The following theorem establishes an impossibility result for the trade-off between
competitiveness and fairness in the online setting.

Theorem 24. Consider the interval scheduling problem in the absolute setting with k groups.

For any online algorithm ALG, at least one of the following holds:

* ALG is not fair, i.e., it has a fairness ratio of at most 1/k; or

* ALG has a competitive ratio of at least Q(log T') (i.e., the ratio between the number of

accepted intervals by ALG and that of OPT could be as large as k).

Proof. Let ALG be a fair online algorithm with a fairness ratio of 1/k. We show that
the competitive ratio of ALG is at least log T.

Consider an instance with intervals (I', I, ..., I¥=2, [¥=1,o*), where for each j €
[1,k — 1], the interval I/ belongs to group j and we have I/ = [1,T), and o* is
a sequence of intervals, all belonging to class k. The exact form of ¢ is defined
stochastically, as we will clarify later.

Since ALG is fair, it must accept each of the first k — 1 intervals with a chance of at
least 1/k. Therefore, the chance of not accepting any interval before oy arrives is at

most1l— (k—1) x1/k=1/k.
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Consider the set of intervals C’lc U C’z‘ U...Uck

log 7+ FOr €ach i € [1,1og T], define

(le as the prefix sequence az-k = <C’1‘, C'z‘, eeey Cf‘ ). We construct the set of intervals C; by
partitioning the interval [1, T) into 2/~ ! equal-length sub-intervals. Each interval in

C; has length T/ 2i-1, Specifically, for each x € [1, 2i~1], the interval I, in class C; is

defined as I, = {(";RT, ;jl) . Then, we will select (7{‘ with a probability of 7(T7T1)2,v.

The stochastic input generated for ¢* is similar to the one used in establishing a lower
bound Q)(log T) for online randomized algorithms [16]. For this input, the expected
benefit of OPT for this stochastic input is greater than log T/2. On the other hand,
the expected benefit of ALG is *7% x 1 (if one of the first k — 1 intervals is accepted)
plus at most 1/k x 1 = 1/k (if it rejects all the first k — 1 intervals). So, the expected

benefit of ALG is 1. Therefore, the ratio between the benefit of OPT and ALG is at

log T/2
2

least . Applying Yao’s Minimax Principle (see 1), the competitive ratio cannot

be better than w =QO(logT) O

Positive Result

Next, we provide a randomized, online algorithm for interval scheduling which
achieves a fairness ratio of W. The algorithm is based on CLASSIFY-BY-LENGTH-
AND-RANDOMLY-SELECT and defined as follows.

Online Length-Classified Fair Interval Scheduling under Absolute Setting
(OLCFISAS)

Input: An online Sequence (I3, I, ..., I,) of intervals, for some known T,
where each interval I; is an interval which belongs to some group
g€G.

Output: A subset of mutually non-overlapping intervals

Classification: Consider the following classification by length; we say an
interval belongs to class ¢, if its length is in [2¢,2t1). We have ¢ €
[0,10og T). Given that T bounds all lengths, the set C of all classes has
log T classes in it.

Random Selection: Pick one value ¢, € [0,log T) uniformly at random in
this range. Also, pick one group ¢ € G uniformly at random among all
groups in G.

Online Process Suppose an interval I; arrives. Accept [; if and only if the
following conditions are satisfied:

* [; does not overlap with any previously accepted intervals;

* [; belongs to class ¢, and group g.
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Theorem 25 (Fairness and Competitiveness Guarantee). The OLCFISAS algorithm for

fairness has a competitive ratio O(klog T) and a fairness ratio of W.

Proof. We use ALG to refer to OLCFISAS. For a class c € C, let OPT, denote the optimal
scheduling of an input formed by intervals from class c. Let OPT¢ denote the optimal
scheduling of an input formed by all intervals within group g, and let OPTS denote
the optimal scheduling of an input formed by intervals of class ¢ within group g.
We claim that if the algorithm selects a class c and group g, its benefit is at least
OPT? /3. This holds because the algorithm greedily accepts intervals of class ¢ and
group g, and accepting an interval of group ¢ and class c¢ can result in rejecting at most
3 intervals that follow it (because the length of the intervals belonging to class c differs
by at most a factor of 2). In particular, any interval I; from class ¢ has maximum
length 2¢t1 1, it follows that at most one short interval I; from OPT within class ¢
can be contained within I,. Furthermore, the other two intervals from OPT within

class ¢ can intersect the endpoints of Iy, with each covering one endpoint.

I

Thus, the benefit of applying the greedy approach to the intervals of class ¢ within
group g is at least OPTS /3. Since there are a total of log T classes and k groups, and
ALG selects one uniformly at random, the expected benefit of the algorithm for group

g, denoted by ALG?, satisfies the following;:

E[ALGS] = 1 Y_Ort¢/3 (6.2)
eC

~ klogT ¢

Let Of denote the set of intervals selected by OPT$ within class ¢ from group g.
Therefore, we have: OPTS = ¥ O%. Since Of forms a valid (but possibly subopti-
mal) solution for the input restricted to group g with class ¢, we have OPT; > O%,
where OPT is the optimal solution for group g restricted to class c.

Thus, summing up over all classes, for a fixed group g, we can write:
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Y Orpt¢ > ) Of =Opts. (6.3)
ceC geG

Combining Equation (6.2) and Equation (6.3), for the benefit of ALG for group g,

we obtain:

E[ALGE] = L ) orté >

= OrTé. 6.4
BklogT = ~ 3klogT PT 64

Similarly, let O3 be the set of intervals in the optimal solution from group g. So, we
have OPT = dec 03. Note that 0% < OPT¢, because Of forms a valid but possibly
suboptimal solution for the input intervals that belong to group g. Adding all groups

together, for the benefit of OPT for group g, we can write:

Y_ OpT8 > )" Of = OPT. (6.5)
ceC 8eG

Combining Equation (6.4) and Equation (6.5), we obtain:

orT
E[ALG] = ) E[ALGE] > orté > .
gg‘é 3klog T gg 3klog T

Thus, CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT is 3k log T-competitive

1 . .
and 3klog T fairness ratio. ]

6.3 Fair Interval Scheduling in the Asymptotic Setting

In this section, we consider the asymptotic setting of the fair interval scheduling
problem. We focus on the offline setting, and show there is a deterministic algorithm
with a fairness ratio of 1/(3k) and a competitive ratio of 3k. Interestingly, this is
independent of T.

Let OPT¢ denote the intervals in an optimal solution formed only by intervals
of group ¢. Note OPT, can be easily formed by applying the Greedy approach on
intervals of group g (by sorting them in the non-decreasing order of their right-
endpoint and accepting them in a greedy manner in that order).

Our algorithm works by partitioning optimal solutions into “blocks" and is thus

referred to as the Block Partitioning Algorithm (BPA). In particular, it partitions OPT,
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into 3k blocks, which forms a set By, such that each block in B, contains OPTg/ (3k)
intervals from OPT, (since OPT, is asymptotically large, it is safe to assume it is
divisible by 3k). Define the span of the block as the difference between the maximum
and minimum endpoints of intervals in that block. Moreover, define the min-block-
span of group ¢ as the minimum span across all blocks of group g.

Now, take the group gmin with the smallest min-block-span and let Bpin be the
block of gmin with the smallest span. BPA accepts all intervals of group gmin that being
to class Bmin and reject all other intervals of group gmin. Also, it rejects all intervals in
all blocks from other groups that intersect Bpin. This is repeated until a block from all
groups is accepted.

To be more precise, the algorithm can be formally described as follows:

Block Partitioning Algorithm (BPA)

Input: A set of intervals [ = I' UI?>U. ..U I¥, where I8 = {I3, I‘Zg, . ..,I;‘;g} is
the set of intervals of group ¢ € G such that OPT(I8) — 0.

Output: A subset of intervals from I that are mutually non-overlapping.
Optimal Formation: For any group g € G:

* Form the optimal schedule OPT, for J$ (using the greedy method)

* Partition OPT, into a set B, formed by 3k blocks such that each
block contains OPT,/(3k)

Block Choosing: Let H <— G and repeat k times (where k = |G|):

* Let gmin € H be the group with minimum min-block-span and
Bmin be the block of OPT,, . with minimum span.

¢ Add intervals in By, to Ac.
* Remove gmin from H

e For any ¢’ # gmin, remove all blocks that intersect Byin form By

Example 6.3.1. To illustrated how BPA works, consider the example of Figure 6.4, where
G = {81, 82,83} and there are k = 3 groups. The optimal schedule OPT, for every group
g is depicted. Note that the number of intervals is these optimal schedules is assumed to be
asymptotically large. Given that k = 3, these schedules are partitioned into 3k = 9 blocks.
Among the blocks, the block Bmin with the minimum span is highlighted (here it belongs to
group gmin = §2). Note that, since Bmin has minimum span, it intersects at most two blocks
from any other group. BPA accepts all intervals of group ¢ from Bmin and rejects all other
intervals of group g». It also removes the blocks of the groups g1 and g3 that intersect Buin
(the first block of g1 and the first two blocks of g2). The removed blocks are indicated with a

Cross.
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FIGURE 6.4: Example of BPA with k = 3

Theorem 26. BPA is a deterministic algorithm that achieves an approximation ratio of
at most 3k and a fairness ratio of 1/(3k) in the asymptotic setting of the offline interval

scheduling problem.

Proof. We use ALG to refer to BPA. We claim that the number of accepted intervals
from any group g is at least OPT, / (3k). If this claim holds, the fairness ratio of ALG
would be at most 1/(3k) (by definition of fairness ratio). For the approximation
ratio, for the benefit of ALG, we can write ALG =}, OPTy/(3k) = = Ygec OPTg.
Moreover, if Oq denotes the number of accepted intervals from group g in an optimal
solution (for the entire input), we have OPT = Yo Og <), OPTg = 3kALG, which
establishes the claimed upper bound for competitive ratio.

It remains to prove the claim. That is, the number of accepted intervals from
group g is at least OPT, / (3k). For that, we show that at least k blocks remain at each
stage in the algorithm for each group g, and thus, at some point it will be selected
as gmin in which case one of its k remaining blocks will be selected as Bpin (and thus
the algorithm will accept OPT, / (3k) intervals in such a block). To see why at least k
blocks remain at each stage for G, suppose we are in the i’th iteration of the algorithm,
that is, previously i — 1 groups have been selected as gmin. Each of these groups has
removed at most two blocks from B,. Since i < k and By has initially 3k blocks in it,
at the i’th iteration, there are 3k — 2(i — 1) > k blocks in By.

Therefore, every group g eventually gets a block, and we have ALG, > OPT,/ (3k).

Summing over all groups, we obtain ALG > OPT/ (3k). O
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Chapter 7

Discussion and Future Work

In this chapter, we will review our contributions in this thesis and discuss directions

for future work.

7.1 Purely Online Rectangle Scheduling

For the purely online square and rectangle scheduling, no deterministic algorithm
can have a competitive ratio that is sublinear in T (Proposition 10). Therefore, we
studied randomized algorithms for the rectangle scheduling problem. In particu-
lar, we established a tight competitive ratio of ®(log” T) for rectangle scheduling
(Theorem 11 and Theorem 12) .

We believe our ideas for using CLASSIFY-BY-LENGTH-AND-RANDOMLY-SELECT
in a 2D setting can extend to higher dimensions for scheduling hyper-cubes and
hyper-rectangles in d dimensions. We conjecture that, for a constant d, the best
competitive ratio for rectangle scheduling problem is ®(log” T). Establishing this

conjecture is a promising direction for future work:

Question 27. What is the best attainable competitive ratio for d-dimensional rectangle

scheduling?

7.2 Rectangle Scheduling with Prediction

We considered learning-augmented algorithms that receive a set of rectangles that
are predicted to appear in the input sequence. For an error measure -y, we showed

that no algorithm can achieve a competitive ratio better than ﬁ (Theorem 13).

We also showed that 2DTRUST, an algorithm that follows the prediction, has a

competitive ratio of exactly ﬁ (Theorem 14 and Theorem 15). We further showed

how to robustify 2DTRUST by combining it with 2D-CLASSIFY-BY-LENGTH-AND-
RANDOMLY-SELECT (Section 16).
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Note that there is a gap between the competitive ratio ﬁ of 2DTRUST and
the lower bound ﬁ we have established. For interval scheduling, Boyar et al [20]
close this gap with a modification of 2DTRUST, named TRUSTGREEDY. Indeed,
TRUSTGREEDY can be extended to two dimensions as follows.

TRUSTGREEDYTWO Algorithm for Rectangle Scheduling with Prediction

Input. A predicted set of rectangles R = {Rl,Rz, ... ,Rn} and an online
sequence R = (Ry, Ry, ..., Ry).

Output. A subset of rectangles that are mutually non-overlapping.

Planning. Form an optimal scheduled R* as the optimal solution for
scheduling R

Online Process. For each arriving rectangle r € R, do the following.

e Ifr € R, accept it.
o Ifr ¢ RA*, then:

— Accept r if it does not intersect any previously accepted rect-
angle AND it intersects at most one rectangle ' from R*.

— Otherwise, reject r.

Unfortunately, the techniques used in [20] for interval scheduling cannot be used
to prove a tight bound for higher dimensions. This is because their algorithm and
analysis are heavily dependent on defining an ordering between intervals and a
notion of “dominance” that cannot be extended to higher dimensions. We believe the
above algorithm has a competitive ratio of ﬁ for special settings of RECTANGLE
SCHEDULING PROBLEM, like when the offline set of rectangles resembles a “staircase".
That is, we can define a dominating order for rectangles defined as follows.

Definition 28 (Dominating Order). [2] A sequence of rectangles (R1, Ry, ..., Ry) is said
to be in dominating order if

Ri <Ry <---< Ry,

where R; < R;1 indicates that R; is dominated by R;1; that is, the top-right corner of R; is

coordinate-wise less than or equal to that of R; 1.

For example, the following is a sequence (Rj, Ry, R3, R4, Rs, Rg) in dominating
order:
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Conjecture 29. The TRUSTGREEDYTWO has a competitive ratio of ﬁ for RECTAN-
GLE SCHEDULING PROBLEM when the input has staircase shape (for inputs whose set of
rectangles admits a dominating order).

For the general setting, however, the problem remains open.

. e . 1 .
Question 30. Is the competitive ratio of TRUSTGREEDYTWO 1— for general settings of
the RECTANGLE SCHEDULING PROBLEM problem? If not, is there any algorithm with a

competitive ratio of ﬁ?

7.3 Weighted Interval & Rectangle Scheduling

Throughout the thesis, we assume intervals or rectangles are unweighted and focus
on maximizing the number of accepted intervals/rectangles. A natural extension of
this work is to study the weighted setting of these problems.

In the online rectangle scheduling problem, rectangles appear online, each with
a weight, and the objective is to accept a set of rectangles with the maximum total
weight. We believe our results in Chapter 4 can be extended to the weighted setting.

Question 31. What is the best attainable competitive ratio for the online rectangle (or square)

scheduling problem in the weighted setting?

Similarly, we may consider a weighted version of the interval scheduling problem
in the fair setting. Again, instead of defining fairness based on the number of accepted
intervals from each group, we aim to achieve a “fair" solution based on the total
weight of intervals accepted from each group
Question 32. What fairness guarantees can be provided for the weighted interval scheduling

problem under offline/online and absolute/asymptotic settings with deterministic/randomized

algorithms?
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7.4 Ex-Post Fairness for Interval Scheduling

Although the fairness ratio considers the expected share each group receives for a
randomized algorithm, it does not ensure fairness in every group’s final solution.
For example, some of our randomized algorithms are based on selecting a group
uniformly at random and accepting only intervals from that group. While such an
algorithm is fair in anticipation, its final outcome (after a schedule is formed) would
not seem fair ex post. We propose another fairness notion for interval scheduling,
named POST FAIRNESS RATIO. The purpose of this notion is to ensure that, with high
probability, every group receives a reasonable share of its potential optimal schedule.

Definition 33 ( (9, B)-ex-post fairness). An algorithm is said to be (6, B)-ex-post-fair if
and only if for any output solution S it generates for o and any confidence parameter § > 0,

with a chance of at least 1 — 9, it holds that mm 01S°T(g > B, where Sq(0) is the number of

intervals of o present in S from group § € G.

In other words, 4 is a confidence parameter: with a confidence of 1 — J, we can
guarantee that each group receives a share at least  of its optimal solution. When ¢
is arbitrarily close to 0, we say that the algorithm has an ex-post fairness ratio of .

Ex-post fairness is most relevant in the asymptotic setting, where there is a
guarantee on the minimum number of overlapping intervals from each group. Note
that for the offline, asymptotic setting, we can achieve fairness via deterministic
algorithms (a stronger notion of fairness), as described in Section 6. In the online
setting, we believe that a randomized algorithm that partitions the horizon [1, T| into
equal-length windows and assigns each window to a group selected uniformly at

random may achieve ex-post fairness. The algorithm is described below:

Window Partitioning Algorithm (WPA) with parameter w

Input: An Online Sequence of intervals ¢ = (I, I, ..., I,), where each interval I;
belongs to a group g(i) € G. We use I¢ to denote the set of intervals of group
¢ € Gin o and assume OPT(I8) — oo.

Output: A subset of intervals from ¢ that are mutually non-overlapping.

Partition: Partition the horizon [1, T] into T/w windows of equal length w; that is,
the j'th window, w;, covers [jw + 1, (j + 1)w) for j € [0, T/w).

Random Selection For each window wj, choose a group g; € [1,k]| uniformly at

random and also a class ¢; € [1,logw] uniformly at random.

Online Process Upon the arrival of the i-th interval I;, let ¢(i) denote the group of I;.
Define the class c(i) such that the length of ; satisfies ¢; € [2¢,2°"1) for some
c € [1,1og T]. Accept I; if and only if the following hold:
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* [; is entirely inside a window w;
e [; belongs to group g;, i.e., g(i) = g;.

* [; belongs to class ¢j, i.e., c(i) = ¢;.

Question 34. What ex-post fairness ratio and competitive ratio can be achieved by any

randomized online algorithm? What are these ratios for the WPA algorithm?

7.5 Fair Rectangle/Square Scheduling

We initiated the study of fairness in designing interval scheduling algorithms. It is nat-
ural to extend this to rectangular and square scheduling, when rectangles each have
a group, and we want to maximize the fairness ratio (defined analogously to interval
scheduling). Again, we believe many of our algorithmic and impossibility results for

fair interval scheduling naturally extend to rectangle and square scheduling.

Question 35. What fairness guarantees can be provided for the online rectangle (or Square)
scheduling problem under offline/online and absolute/asymptotic settings with determinis-

tic/randomized algorithms?
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