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Abstract

An increasing number of studies in Jahn-Teller and pseudo-Jahn-Teller ef-
fects have revealed the importance of vibronic Hamiltonians with high order
expansions in vibrational coordinates. This motivates us to present VHEGEN
(V-ibronic H-amiltonian E-xpansion GEN-erator), a Python package that is ca-
pable of symbolically generating arbitrarily high order expansion formulas for
the vibronic Hamiltonians. The program covers all > 6000 bimodal Jahn-
Teller and pseudo-Jahn-Teller problems in trigonal and tetragonal symme-
tries. The generated expansions are correct, complete, and concise. VHEGEN
is a useful program for future studies in Jahn-Teller and pseudo-Jahn-Teller
effects.
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Solution method: We present a Python package to automate the utilization of our
recently developed formalisms in obtaining any possible trigonal and tetragonal
bimodal (pseudo-)Jahn-Teller vibronic Hamiltonian expanded to arbitrary order
in vibrational coordinates.

1. Introduction

Owing to the > 1800 times difference in nuclear and electronic masses,
it is often reasonable to assume that the electronic and vibrational motions
in a polyatomic system are adiabatically separated, resulting in the classic
Born-Oppenheimer approximation [1, 2]. In this approximation, nuclear mo-
tion evolves on a single electronic potential energy surface (PES), which is
energetically distant from the others. This approximation becomes invalid
in the vicinity of electronic degeneracy and pseudo-degeneracy, where the
electronic and nuclear motions are strongly coupled, i.e., vibronic coupling
[3].  Such non-adiabatic couplings and the consequent transitions between
electronic states have been receiving significant attention in recent decades,
as they have extensive consequences in spectroscopy, phase transitions, and
photophysics [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 3, 14, 15, 16].

Degeneracy in electronic states can be induced by symmetry of poly-
atomic systems with the principal axis of rotation (proper or improper)
> 3-fold. Reversely, for a high-symmetry non-linear polyatomic system,
this non-accidental orbital degeneracy distorts its structure and lowers its
symmetry. This symmetry lowering due to vibronic coupling between degen-
erate electronic states and non-totally-symmetric vibrations is the famous
Jahn-Teller (JT) effect [17]. Exact degeneracy is not however a manda-
tory prerequisite for symmetry lowering. Distortion due to the pseudo-Jahn-
Teller (pJT) effect [18] occurs for nondegenerate states that are strongly
coupled by non-totally-symmetric vibrations. Since their introduction 80
and 60 years ago, respectively, these two effects have been studied exten-
sively [4, 5, 6, 8, 9, 11, 19, 20, 21]. As both molecules and local formations
in solids are susceptible to the JT /pJT effects, we use “polyatomic systems”
to fully encapsulate the applicability of this work.

Usually, a JT/pJT Hamiltonian is expanded at a high-symmetry config-
uration in a set of vibrational coordinates and resolved in a set of (pseudo-
Jdegenerate electronic states. To assure Hamiltonian matrix elements are
smooth, differentiable functions of the vibrational coordinates, (quasi-)diabatic



electronic states are used to resolve the Hamiltonian operator [22, 23, 24, 15,
25, 26]. Traditionally, the expansions in vibrational coordinates are trun-
cated after the second order terms [27]. However, there are several instances
in which higher-order expansions are desired, each of which has recently re-
ceived much attention in the literatures. For example, diabatic potentials are
anharmonic and require higher-order expansions when a JT/pJT problem in-
volves bond dissociation [28], and in general when large amplitude vibrations
are involved [29, 30, 31, 32, 33, 34, 35, 36, 37]. In experiment, these expan-
sions are needed to understand complicated vibronic spectra [38, 35, 39, 40],
and for proper fitting of the spectra to obtain empirical JT/pJT parame-
ters [41, 42]. The need for high-order expansion formulas, along with their
vast unavailability, motivates us to endeavor to derive JT/pJT Hamiltonian
formalisms up to arbitrary order [43, 44, 45, 46, 47, 48].

The traditional routes to derive high-order JT/pJT Hamiltonians using
the Wigner-Eckart Theorem [49, 50] or extracting the totally symmetric com-
ponent in an all-inclusive expansion are laborious and error-prone, and hence
in practice, impose an upper limit on the order of the expansions. Combin-
ing the idea of descent in symmetry [51], the root-branch approach, and the
modularized approache, we show that it is feasible to derive analytical for-
mulas of arbitrary order expansions of JT/pJT Hamiltonians for one class of
axial symmetry and summarize the results in just a few lookup tables. For
instance, all 5150 bimodal JT/pJT problems of the seven tetragonal point
groups are covered in Ref. 44. If one needs, say, the thirtieth order JT Hamil-
tonian of the £, ® (e, + ba,) problem in Dy, symmetry, we, in a matter of
minutes, give the answer: there are two unique matrix elements and they
take the following expansions:

Hy, .y, = aypsew® p" 2K cos(4ke) with 27 + 4k + 2K < 30; (1)
H.,_, = bypsiiw™ pl 22K eilihi2o with of 4+ |4k + 2| + 2K < 30.  (2)

Throughout this work, Einstein’s convention of summing over duplicate in-

. . . . . r74k+2

dices is followed, and coefficients denoted by superscripts r and 4, e.g., byy o
i Ak+2 . o .

and by, 2}}, are real-valued. Summation (power) indices take nonnegative

integer values unless they are within the absolute value symbol (e.g., the k
in Eq. 2). In these cases, the indices also take negative integer values. In
these two equations, p and ¢ are polar coordinates of the e, mode, and w is
the coordinate of the by, vibration.

The two approaches mentioned above are of critical importance in the effi-



cient derivation of the expansion formulas. The root-branch approach allows
us to obtain expansion formulas (i.e., branch formulas) for high symmetry
(e.g., C3,) by imposing constraints on those (i.e., root formulas) for low sym-
metry (e.g., C3). Therefore, we only need to derive actual formulas for the
lowest root symmetries, C's and C}y for trigonal and tetragonal, respectively,
and the constraints. The modularized approach allows us to select expansion
formulas according to symmetry eigenvalues of the matrix elements. Conse-
quently, different matrix elements can adopt the same expansion formulas,
while with different expansion coefficients.

Certainly, the present streamline of obtaining the order-by-order, term-
by-term expansions of a JT/pJT Hamiltonian by using the lookup tables
is straightforward and less error-prone. However, we still need to manually
search the lookup tables to fetch the expansion formulas, find the power in-
dices that satisfy the order constraints (e.g., 2/ + 4k + 2K < 30 above), and
convert matrix elements of complex-valued electronic states (e.g., |+,) and
|—4) above) to conventional real-valued states (e.g., |X,) and |Y,)). This
entire process can be automated using a computer, given a powerful sym-
bolic algorithm and that the tabulated JT/pJT formalisms are highly pro-
grammable. In this work, we develop a Python package, the V-ibronic H-
amiltonian E-xpansion GEN-erator (VHEGEN). At the push of a button, given
an input vibronic interaction and order(s) of expansion, VHEGEN can sym-
bolically generate the complete and concise vibronic Hamiltonian expansions
for any bimodal JT/pJT problem belonging to any trigonal or tetragonal
Symmetry, i.e., the 03, Cgv, Dg, Cgh, Dgh, ng, 04, 54, 041), D4, ng, C4h,
and Dy, point groups.

The two types of symmetries are first considered because, in addition to
their ubiquity [52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62]: (1) the trigonal are
the lowest symmetries that allow JT interaction; (2) the tetragonal symme-
tries contain all three types of irreducible representations (irreps) for axial
symmetries, A, B, and E. The present code thus forms a solid foundation
for future development that covers all axial symmetries. Unimodal problems
are special cases of bimodal analogues with one set of coordinates being set
to 0. They are thus also covered by the program. In the current stage,
we are content with bimodal problems because: (1) it is usually adequate
to consider up to two vibrational modes on the same footing; (2) problems
involving more than two modes can be approximated as a composite of bi-
modal subproblems; (3) given bimodal expansions, it is straightforward to
manually obtain expansions of more than two vibrational modes.
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2. Settings and symbols

We use upper case symbols to label electronic states and lower case sym-
bols to label vibrational modes. I' and v are used to denote generic Mulliken
symbols in upper and lower cases, respectively. For doubly degenerate F-
type states in trigonal symmetries, the two real-valued component states | X)
and |Y') are defined so that they transform under Cy as

G-+ Lam--Lm-iy. @

The analogues in tetragonal symmetries transform under Cy (or 5’4) as
Cy|X) = [V);CalY) = —|X). (4)

In D3, Dsp, Dsq, Dy, Dag, and Dyy, (Cs, and Cy,) point groups, |X) is fur-
ther defined to be symmetric with respect to one of the C’é (6,) operations,
while |Y) to be antisymmetric with respect to the same C} (&,) operation.
C’é means the two-fold rotation perpendicular to the principal axis. Similar
definitions are applied to the e, and e, components of e-type vibrational
modes. x and y are used as vibrational coordinates of a pair of e, and e,
components. Polar coordinates that are connected to the cartesian coordi-
nates as * = pcos¢ and y = psin¢ are also used. z and w are coordinates
of a- and b-type vibrations, respectively. Examples of F-type states and
e-type vibrations that follow the definitions are shown in Figures S1 and
S2 in the Supplementary Information for trigonal and tetragonal symme-
tries, respectively. The real-valued E component states are transformed to
complex-valued states for the convenience in deriving expansion formulas:

1 1
V2 V2
These are eigenstates of the rotational operators Cy, Cy, or Sy, with eigen-

values e¥% for C’g and Fi for the other two operators. In these eigenvalue
formulas, the sign selection F corresponds to the |1) states.

+) (1X)+ilY));1=) (1X) =ilY)). ()

3. The Jahn-Teller and pseudo-Jahn-Teller Hamiltonian formalisms

The derivations of the arbitrary order trigonal and tetragonal JT/pJT
formalisms have been given in Refs. 47 and 44 and are hence not repeated.



Here we only present the table-based structure of the formalisms that is
relevant for understanding VHEGEN. While only the structure of the trigonal
formalisms are given, the tetragonal formalisms follow a similar structure. We
use the (E” + E') ® (¢” + a}y) pJT problem in D3, symmetry as an example
and walk through the streamline of obtaining the expansion formulas of its
vibronic Hamiltonian.

The first table, Table 1, summarizes unique matrix elements of each trig-
onal JT/pJT problem and their eigenvalues of representative symmetry op-
erators: Cj for all trigonal point groups, C’ for the D3, Dsp, and D3y point
groups, 7, for the Cs, point group, ; for the Cs, and D3, point groups,
and I for the Dsy point group. Please note the isomorphism between Ds
and C3, and the isomorphism between Ds;, and Dsg. In the (E + E) block
of the table, we see that there are two unique matrix elements H,» ., and
H,n_ for the (E" + E') ® (¢” + a}) problem. By substituting ” into p and
"into ¢, we obtain the four symmetry eigenvalues of these matrix elements:

X =1, (X%é,x?i) = (1,—-1), and o = —1 for Hyny; x& = e727/3,
(XR;;XC,;L) = (1,—1), and x°» = —1 for Hy»_,. Please note that the real

and imaginary parts of the matrix elements have different C’é-eigenvalues,
which are denoted by the Re and Im subscripts. This is the result of the
non-commutation relation [ég,éé] # 0. Similarly, [C’g,[n,] # 0, and the
real and imaginary parts of the matrix elements that are eigenfunctions of
Cs have different &,-eigenvalues. X%{ 7> = 0 in the table means that the
matrix element is real-valued.

In the second step, we obtain the root expansion formulas according to

X and the vibrational modes in Tables 2 and 3. In the (e + a)-block in
Table 2, we take the root expansion of H

[3ml+2K [a?ggnKz cos(3me¢) — a}?’gnbi sin(3me)

Hy v, = p
+i (a’}?’;”Kz sin(3me) + aZI?’gleIQ cos(3mg))] . (6)

Here, the subscripts a and 3 are to emphasize that the |+) component states
arise from different E-type term symbols, E” and E’ in this example. The
(e + a)-block in Table 3 gives the root expansion of H,»_,. Please note
that x® of Hyn_s is e7>™/3  while Table 3 gives the root expansions with
Y3 = €?7/3. Therefore, we need to take the complex conjugate of the root



expansion given in the table:
Hy _, = phrteK [b’}fg,_{lzh cos((3n — 1)¢) — b’figl}lzb sin((3n — 1)¢)
—i (b 5 2" sin((3n — 1)) + b7 55 2" cos((3n — 1)9))] . (7)

Please note that the sign in front of the imaginary unit ¢ has been changed
from + in Table 3 to — here. The complex conjugation is all that is needed
to obtain expansions of Y“* = e **"/3 from the tabulated expansions for
Y3 = e?2™/3_ Tt is for this reason that the root expansions of Y% = e=#27/3
are not given explicitly. These formulas are called root formulas because
constraints are to be imposed on them to get the branch formulas, which are
the final expansion formulas for a JT/pJT problems in a symmetry higher
than the lowest Cs.

In the third step, we impose the constraints summarized in Tables 4 and 5
on the H vy and H »_, root expansions, respectively. The (e + ag) entry

with x% =1 and <X%, X%) = (1,—1) in Table 4 is that I; has to be even

and I, has to be odd. The (¢’ + a) entry with x> = 1 and x°»/f = —1 in
Table 5 is 3m has to be odd. Imposing all these constraints on Eq. 6, we
obtain

Hony = plom+3l+2K [agﬁ’:’;}?’z% cos ((6m + 3) ¢) — aé’?ﬁf{z[{z%“ sin ((6m + 3) ¢)
+i (a5 2 sin ((6m + 3) @) + agprty 52> cos ((6m +3) ¢))] . (8)

The (e + ay) entry with x* = ¢2™/3 and <X%,Xgi> = (1,—1) in Table 4 is
I, has to be even and I, has to be odd. The (e +a’) entry with Y% = ¢?27/3

and x?»/! = —1 in Table 5 is 3n has to be even. Imposing these constraints
on Eq. 7, we obtain
Hyno = plon 2R [ppmns 2t cos ((6n — 1) ¢) — b3p 2™ sin (60 — 1) ¢)

—i (bgﬁ;}izﬂl sin ((6n — 1) ¢) + b;’lﬁ:ilgkz%ﬂ cos ((3n — 1) ¢))] - (9)

This is the streamline of using the symmetry eigenvalues table, the root
formulas tables, and the constraints tables to obtain general expansion for-
mulas of trigonal JT/pJT vibronic Hamiltonian matrix elements. Since
real-valued electronic states are usually obtained in non-spin-orbit quantum
chemistry calculations, it is desired to convert the expansions of the matrix
elements of the complex-valued states to those of the real-valued states us-
ing the transformation relations in Eq. 5. This is the fourth step. For the
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(E"+ E') ® (" + d}) problem, expansions in Egs. 8 and 9 are transformed
to

Hxx ‘2|' Hynyr Re (Hynys) = plomt3i+2K [agﬁg}?’z% cos ((6m + 3) ¢)
—ayp 2 P  sin ((6m + 3) ¢)]

Hxnx ; Hy iy = Re(Hpn_i) = plon—11+2K [b;ﬁiLQ_}%Z2ll cos ((6n — 1) ¢)
~bypare 2 sin (60— 1) 9)]

Hxny: —;— Hynxr I (Hynr) = plon—11+2K [b;ﬁ?{ézzh sin ((6n — 1) @)
+bé716:+_1172KZ212+1 cos ((6n — 1) 9)] ,

Hxry ; Hynxr Im (Hpno) = plom+3l2K [agﬁi’;{‘gz% sin ((6m + 3) ¢)

—l—aé’gﬁz[(z%“ cos ((6m + 3) ¢)] . (10)

These expansion formulas can be used for fitting already. If desired, one can
express all the sine and cosine factors by products of sin ¢ and cos ¢ and then
convert the expansions to cartesian coordinates x and y of the €¢” vibration.
This is the fifth step. The function of VHEGEN is to do all these five steps
and return the final order-by-order, term-by-term expansions of the relevant
Hamiltonian matrix elements by a readable output file. The program covers
all 908 trigonal and all 5150 tetragonal bimodal pJT and JT problems.

4. Technical overview of VHEGEN

The simple procedure to obtain the expansion formulas presented above
enables the generation of a vibronic Hamiltonian of interest in a highly
systematic manner, which is implemented in the VHEGEN package. Within
this section the core technical details of VHEGEN are presented. The general
pipeline from a set of input parameters to the output vibronic Hamiltonian
is described in Figure 1. The major procedural steps are described in fur-
ther detail in the proceeding subsections. In the final subsection, a heuristic
example of the procedure from input to output is given for the 3rd order
E' ® (¢! + af) problem in Dj3j, symmetry.

4.1. Obtaining symmetry eigenvalues
The program’s input consists of a trigonal or tetragonal point group G,
a unimodal or bimodal JT/pJT vibronic problem: (I'y +I's) ® (74 + 7¥5),
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Table 1: The eigenvalues of representative symmetry operators of the unique elements H;;
in trigonal JT/pJT vibronic Hamiltonian matrices. The &,- and C’é-eigenvalues are given
for the real and imaginary parts of the matrix elements separately. k and [ stand for the
1 and 2 subscripts when o, or C} are relevant. p and ¢ stand for the g and u subscipts
when I is relevant. Although p and ¢ are placed as subscripts, they also stand for possible
"and " superscripts when oy, is relevant.

Electronic states ij y©3 (sze/c }';’n/ 02) X/t

Ak:pAlq 1 (( 1)6kl+170) (*1)5m+1

A+ AA T 1 (1.0) T
(B )| tpiy | @ [ (0P, (1) | (et
tptq 1 (1,-1) (_1)6pq+1
(E+E) oy | € (1,-1) (—1)%a T T

E ++ 1 (1,0) 1

T o—127/3 (1,-1) 1

Table 2: Root expansion formulas for C’g—eigenfunctions of the bimodal vibrational coor-
dinates with Cs-eigenvalue 1. Subscripts a and 8 are used to differentiate coordinates of
the same types of vibrations.

Modes Expansion Formulas

T A
(a+a) ahlzz z ; +iay, g,z zﬁ

3m |3m\+2K i3m¢ _ p|3m\+2K[ 71"3sz cos(3mg) — a[ 2K212 sin(3me)

e+a
( ) —H(a; 35'}(2[1 sin(3me) + a}%}zb cos(3mag)]

a3, TS 2R i an=myag) = T2 o=l 2Is
(e 6) | [ costm + (3n — m)ds) — alfish sin(me + (3n — m)oy)

ilabin sin(mea + (3n — m)gs) + abmn cos(mg + (3n —m)eg))]

(Fo +T3) @7, I'® (Yo + 78), or I' ® 7, and a range of expansion orders
{0;}. The set of relevant unique matrix elements and their symmetry eigen-

Ch,Sn oy, oy,C.

values (X <X Re > Xim ),X"h’ ) are tabulated in the program and are

searched for using the specified electronic term symbol(s), the I'(s). This step
is analogous to obtaining the unique matrix elements and their eigenvalues
from Table 1 (for n = 3). The input point group determines the number of



Table 3: Root expansion formulas for 6'3—eigenfunctions of the bimodal vibrational coor-
dinates with C’g—eigenvalue €?7/3_ The expansion formulas with C’g—eigenvalue e~27/3 are
the complex conjugates of the ones given here. Subscripts a: and 3 are used to differentiate
coordinates of the same types of vibrations.

Modes | Expansion Formulas

(a + a) | na (not applicable)

b?g;{lZ]p|3n—1|+2K6i(3n—1)¢ _ p|3n—1|+2K[bv};:%gI—(1211 cos((3n — 1))

e+a o . ca

(eta) —byh e #12 sin((3n — 1)¢) +i(b]) 21 sin((3n — 1)¢) + by s 212 cos((3n — 1)9)]
?ki7;§2p|£:nl+2i(1 pgn—l—m|+2K2ei(mqga_i_(gn_‘l_ﬁé)(%i _ pgn|+2K1p133n—1—m|+2K2

(e+e) (035 5k, cos(mea + (3n — 1 —m)ps) — b;;?ﬂ"[;? sin(meq + (3n —1 —m)pp)

r,m,3n—1 i,m,3n—1

+i(b2K1 2K> sin(mga + (3n — 1 —m)gg) + b3k, 2k, cos(mea + (3n — 1 —m)pp))]

symmetry eigenvalues that are needed: Y= for the Cs3, C4, and S, groups;
0v,C}

plus (X;;:Cé,xlm ) for the Cs,, D3, Cyy, Dag, and D4 groups; plus y»!

for the Dsj,, Dsg, and Dy, groups. For the Cs, and Cy, groups, only x©»
and x°*! are needed. Naturally, only the eigenvalues of the minimum, rep-
resentative symmetry operations that determine a point group are needed.
Henceforth, we do not differentiate 6’4 and 5'4, keeping in mind that the C}
and S, point groups are isomorphic.

4.2. Obtaining root formulas and constraints

Once the representative symmetry eigenvalues for all unique matrix el-
ements of the problem are known, the root expansion formulas will be ob-
tained. For each unique matrix element, the root formula associated with
x“" and the vibrational modes is fetched from a predefined formula set. The
formula set has expansion formulas with Y% € {1,¢'3 } and x% € {1, —1,i}.
For trigonal or tetragonal matrix elements with principal rotation eigenvalue
X = e~1% or x“* = —i, the corresponding root formulas are simply complex
conjugates of those with y© = e or x4 = i, respectively.

Additionally, the formula set only contains explicit expansion formulas for
bimodal problems. If a unimodal problem is specified, then the second mode
s is temporarily set to the totally symmetric a-type mode for duration of the
search, which will correspondingly select the (v, +a) root expansion formula.
In the very end, the artificial a vibrational coordinates will be nullified to
obtain the unimodal expansion formula of interest.

10



Table 4: &,/ C';—induced constraints on the root expansions in Tables 2 and 3 to give the

appropriate X;Ue/ “ and x;”n/ “2 When X?fn/ “2 — 0 only the real part of the corresponding

root expansion formula should be considered. The meanings of the shorthand notations
like nr, na, nz, etc. are given underneath the table.

e 1 o127 /3
Ou C’I Ov C'/

OB am | a0 | (10 (1-) | (1,-1) | (L1
(a1 + ay) nr' na na na na
(a; + ag)t el I, o Iye I,0 na na

[1, [2 § ]1, ]2 £ ]1,]2 ee/oo,
(a2 + a) ee/00 eo/oe | I3,14 eo/oe Ha na
(e+aq) cos nz sin nz a” nz b" nz b’ nz
(€+CL2) ]1 e, Ig (6] Il O, 12 e Il e, 12 (0} Il e, .[2 (6] Il O, .[2 (§
(e+e) oS Nz sin nz a” nz b" nz b nz

T “nr” means “no restriction”. * For modes whose irreps only differ in
subscripts, a-subscripted coordinates in Tables 2 and 3 are for the first
mode (a; here) and - for the second mode (ay here). ¥ I, needs to be even.
§ I, and I, need to be both even or both odd. £ When I; is even, I, must
be odd, and vice versa. #* “nz” here means only the terms that involve cos
factors are nonzero.

For vibronic problems in higher symmetries than C),, constraints are se-
lected and imposed on the root C, expansion formulas, according to the

/ /
’U’CQ U’LHCQ

matrix elements’ ((X(If%e s XIrm ) ot ), to obtain the expansions adapted

to the higher symmetry. The constraints are tabulated in the program like
in Tables 4 and 5. Symmetry constraints are stored in files categorized by:
(1) representative symmetry elements; (2) principal rotation eigenvalue .
Therefore, efficient search for the constraints relevant to the unique matrix
elements is achieved. Groups with more than one additional representative
symmetry element are treated as composite cases. The tetragonal group Dy,
is one such example with C} and I as the additional symmetry elements, and
it is viewed as a composite of the Cy, and D, point groups, which have the
I and C}, elements, respectively. Therefore, for JT/pJT Hamiltonian expan-
sions in Dy, symmetry, we need to impose both the Cy, and D, constraints

11



Table 5: 3, /I-induced constraints on expansions in Tables 2 and 3 to give the appropriate
X"

Vet 1 oZ7]3

T 1 1 1 1
(a' +d) nr na na na
(a' +a")T I, Ije I, I, 0 na na

L, Iy ee/oo | I, I eo/oe

" " ) )
(a” +a") I3, Iy ee/oo | I3, Iy eo/oe na na
(e +a) nr na nr na
(e +a") Ie Io Ie Io
(" +a) 3m e 3m o 3n o 3n e
("4 d") | 3m, I ee/oo | 3m, I eo/oe | 3n,I eo/oe | 3n,I ee/oo
(e +¢€) nr na nr na
(" +¢€) m e m o m e m o
(" +¢€") 3ne 3no 3n o 3n e

T For modes whose irreps only differ in subscripts, a-subscripted
coordinates in Tables 2 and 3 are for the first mode (a; here) and (- for the
second mode (ay here).

onto the root formulas. In the program, constraints are not applied to the
general root formulas explicitly. Rather, they are jointly passed on to the
expansion process to select the terms that do not violate them.

4.3. Expansion process

Equipped with the desired orders of expansion, root expansion formulas
for the relevant unique matrix elements, and their appropriate constraints
(if applicable), VHEGEN begins the expansion process. The matrix element
expansion process is presented in Algorithm 1 and summarized as follows.
Each term appearing in a general expansion formula, e.g., the
ag’fgﬁz% pl6m+3IH2K o5 (6m 4 3) ¢ term in Eq. 8, is iterated over through
the summation indices (I3, m, and K for this example) to generate term-
by-term expansions at a given order (2I; + [6m + 3| + 2K = o;, the order
of interest). The expansion process begins with generating full sets of sum-
mation index values. If the summation indices appear within absolute value

12



modes order(s)
v/ (Yo +75) {oi}

symmetry
G

lookup symmetry
eigenvalues V H;

I J

lookup root formu-
las and constraints

v

)

_________ generate ex-
% pansions V o; |
convert to L )
cartesian i
coordinates rmap { Hzoj} to‘ convert to
Frmmntd >| Hy & {H3} [ [:Ifeil 5851%1

Figure 1: Schematic of the VHEGEN pipeline from input of specific JT/pJT problem to
output of vibronic Hamiltonian(s) expanded in vibrational coordinates at the desired or-
der(s). Unique matrix elements are denoted as H;;. Dashed arrows are used to denote
optional processes dependent on the program configuration.

sign in the expansion formulas, they may take any integer within {—o;, —o; +
1,...0,—1,0;}. Otherwise, they take values within {0, 1, ...0;, — 1, 0;}. All pos-
sible combinations of summation index values are then generated from the
full sets of values for each summation index. This set of combinations is de-
noted S in Algorithm 1. If a combination of summation index values S; € S
results in the sum of the powers (21; + |6m + 3| + 2K of the example here)
equal to order o;, then the combination is checked to see whether it satis-
fies the constraints relevant to the matrix element of interest. If all relevant
constraints are satisfied, then the term with the summation indices in \5; is
allowed and thus added to the matrix element expansion. This process is
iterated to exhaust all S; € S.

Care is taken during the expansion process to avoid redundant terms
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Algorithm 1
Matrix element expansion process

Input: root formula, constraints, o;
Output: HZ-(;-”)

for term in root formula:
generate set of summation index value combinations S
for S; in S:
if term powers = o; and all constraints satisfied:
add term to Hl(f’)
else: discard S;

)

for cases with xa” = (0. Potential redundancies arise when taking the real
part for expansion formulas with summation indices normally allowed to take
any integer values. To avoid such redundancies, additional constraints are
enforced. For example of the trigonal (e+¢) problem with x“* = 1 in Table 2

m,3n |42k |3n—m|+2K2 i(méa+(3n—m)ds) _ |m|+2Ky j|3n—m|+2K2
Uk, 2K Pa Pp “ = Do s

(a3, 5k, cos(maa + (3n — m)ds) — a5y 3y, sin(meq + (3n — m)op)

+z(ag;}j3;}<2 sin(meq + (3n — m)og) + a;}?lg;KZ cos(maoq + (3n — m)¢5))}(11)

m and n can take all integer values from negative to positive, since they both
appear in the absolute value symbols. However, when only the real part is
taken, the formula becomes

m n—m K. r,m,3n
plite21 g I [, cos(mon + (3n — m) o)

a;ﬁg;Kz sin(mo, + (3n — m)gbﬁ)} ) (12)

Redundancy occurs when both m and n have their signs flip. To avoid the
redundancy, we further constrain n > 0, and when n = 0, m > 0. Similar
constraints on ranges of summation indices are enforced for other cases when
the real part is taken.

4.4. Finalizing the vibronic Hamiltonian matriz

Once all unique matrix element expansions are obtained at the desired
orders, they may be mapped to all the other elements to complete the vi-
bronic Hamiltonian matrix. The other matrix elements are either identical
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to the unique matrix elements or related by complex conjugation. Further-
more, whenever applicable, the conversion to matrix elements of the real
E component states is carried out. The conversion to the real £ compo-
nent states |X) and |Y') from complex states |[+) and |—) is accomplished
by unitary transformation of the complex vibronic Hamiltonian matrix H*,

H" = UHU', where the double-underlines denote matrices, and the the ¢
and r superscrlpts denote the complex-valued and real-valued matrices. U
is derived from the transformations in Eq. 5. For example of (E + E) type
problems, the appropriate unitary matrix is

1 1.0 0
1L li —=i 0 0

Uﬁ0011 (13)
0 0 i —i

Additionally, conversion of e vibrational coordinates from polar to cartesian
may be performed. Each term in the matrix element is then fully expanded
and simplified to yield succinct expressions in cartesian coordinates. We note
that the conversion of high-order terms in polar coordinates, e.g., terms with
sinmg or cosme, and a large m, to cartesian coordinates is often the most
time-consuming step in running the program. All steps in this subsection are
connected by dashed arrows in Figure 1.

4.5. Example: 3rd order expansion for E' @ (¢ + af) in Dsy,
The input specifying the third order expansion of vibronic Hamiltonian
matrix elements for the ' ® (¢ 4+ a}) JT problem in Ds, symmetry is:

G Dan, (Ta+T5) @ (Ya+7s) : B'®@ (' +ai), {foi}:{3}.  (14)

The program goes through the first three steps in Section 3 to determine
there are two unique matrix elements, H, ,» and H, . Hi,/ takes the
following root expansion,

PRI (T 21 cos(3m) — a2 sin(3ma)), (15)

with the constraints: (1) only the cosine terms remain; (2) I; and I have to
be even. Similarly, the root formula of H,,_/ is

plan= 1‘+2K[b;3"Klzh cos((3n —1)¢) — b};’gKlzb sin((3n — 1)¢)

—i(by 2™ sin((3n — 1)¢) + by 5 2™ cos((3n — 1)9))], (16)
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and the constraints are: (1) only the terms with the b coefficients remain;
(2) I; and I, need to be even.

For H.., only the a} ;21 pl™+2K cos(3mg) term in Eq.15 remains be-
cause of the “cos nz” constraint. The relevant summation indices are 3m,
I, and 2K. At the third order, this generates summation index value sets
L € {0,1,2,3}, 2K € {0,2}, and 3m € {0,3}. 3m = —3 is not included
since X%L = 0 for H,,,» thus m must be non-negative to avoid redundancy.
All possible combinations of these summation indices are generated following

the enumeration S; = (1, 2K, 3m):

S = {(07 O? 0)7 (0) 07 3)7 (07 27 0)7 (0’ 27 3)7 (17 07 0)7 (17 07 3)7 (17 27 0)7 (17 27 3)7

(2,0,0),(2,0,3),(2,2,0),(2,2,3),(3,0,0),(3,0,3),(3,2,0),(3,2,3)}.
(17)
For each combination S; in S, it is checked whether the resulting term (1)
is of correct order and (2) satisfies the relevant contraints. The order of a
term is defined as the sum over its power arguments, e.g., Iy + |3m| + 2K
for af 21 plPm+2K cos(3mg). Combinations in which Iy + [3m| + 2K = 3
are found to be (0,0, 3), and (1,2,0). All others are neglected. Since I; and

I need to be even, only S; = (0,0,3) survives. The resulting third order
expansion of H,/,, has only one term:

Hfil, = agfép?’ cos(3¢). (18)

The expansion procedure is repeated for H,._,. The terms to be iterated
in Eq.16 are:

Vs 2 p T cos((3n — 1)0) — by, 2" pP TR sin((3n — 1)9).

(19)
due to the “0" nz” constraint. The summation index value sets are generated
from I € {0,1,2,3}, 2K € {0,2}, and 3n — 1 € {—1,2} following the order
(1,2K,3n —1):

S = {(07 07 _1>7 (07 07 2)7 (07 27 _1>7 (07 27 2)? (17 07 _1>7 (17 0; 2)7 (17 27 _1>7 (17 2; 2)7
(2,0,-1),(2,0,2),(2,2,-1),(2,2,2),(3,0,-1),(3,0,2),(3,2,-1),(3,2,2)}.
(20)

The order of the terms in Hy/_, is I +|3n—1|+2K. Combinations in S which
yield third order terms are found to be (0,2, —1), (1,0, 2), and (2,0, —1). All
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terms in the expansion are subject to the constraint ”I even”, which removes
S; = (1,0,2) from the order-satisfying subset of S. The resulting expansion
for H,,_/ is obtained:

H, =iy 5in(6) + By 10" co8 (0
— by, 22 psin () + By, 2%pcos (6). (21)

The final step to obtaining the complete vibronic Hamiltonian is to map
the unique matrix element expansions to all the other elements. From the

time-reversal symmetry and hermiticity of the operator, H »_» = H,/,,, and
H_r» = H7},_,. The obtained third order JT Hamiltonian in product matrix
form reads:
agop’ cos(30) b, 1p°sin(¢) + b5 1p” cos (9)
H=(+) ) ~ibh 1205 (6) + B0, 22pcos (6) (ﬂ) ,
c.c agop® cos(3¢)
(22)

where c.c denotes complex conjugation of the off-diagonal element. The
resultant vibronic Hamiltonian may be readily transformed to the real E
basis with the | X’) and |Y”’) components. The transformation matrix is just
the first 2 x 2 diagonal block matrix in Eq. 13. Additionally, the matrix
elements may be converted from polar coordinates to cartesian coordinates.
The vibronic Hamiltonians generated by VHEGEN are correct, complete, and
primed for fitting of expansion coefficents for implementation in vibronic
simulations.

5. Practical aspects of VHEGEN

Within this section, installation and application of the package are de-
scribed along with its general capabilities. We first review the dependencies
of the program and its installation procedure. Following, the use of the
VHEGEN package as a blackbox procedural program is discussed. Finally, we
provide an in-depth description of various methods and attributes of the
VHEGEN class, accessed by importing the package as a Python module.

5.1. Installing VHEGEN

VHEGEN is compatible with Python 2/3 on Linux, Windows, and MacOS,
and depends on external Python libraries Sympy and Numpy [63, 64]. The
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straightforward installation outlined herein will prime the program for pro-
cedural use as an executable script, as well as for importing as a Python
package local to the installation directory. Installation of the VHEGEN pack-
age begins with uncompressing the package .zip file to the user’s preferred
write-allowed directory. If pip is installed, one can quickly obtain the re-
quired external library dependencies by executing

$ pip install —r requirements.txt

in the main directory. This will automatically install/update Sympy, Numpy,
and any other missing Python libraries to the machine. Otherwise, these
modules may be easily obtained and built from source. It is recommended to
test that the package and all external dependencies are properly installed by
entering the Python interactive shell in the main directory and attempting
to import the vhegen module.

>>> import vhegen

If no ImportError is raised, all dependencies are installed and VHEGEN is
ready to be used. It is also recommended the system has a TeX distribution
with pdflatex functionality installed, such as TeX Live. This will allow
the user to obtain the final matrix element expansions typeset via LaTeX in
an output PDF file. This feature significantly enhances the output vibronic
Hamiltonian’s readability.

5.2. Using VHEGEN procedurally

Procedural usage of the package offers a blackbox approach to obtaining
specific vibronic Hamiltonian matrix element expansions. An overview of the
procedural output formats available are described in Section 5.2.5. VHEGEN
is called procedurally by executing command

$ python vhegen.py

in the main directory. The programs settings for procedural use are read from
the configuration file config.cfg in the same directory. This file contains
various configurational parameters discussed below. Within the remainder
of this subsection, we describe how to configure VHEGEN for procedural use in
detail, the static and dynamic input methods, and obtaining the final output
vibronic Hamiltonian.

5.2.1. Configuration
In the configuration file for VHEGEN, config.cfg, the user specifies the
five parameters: input, pdf_out, log_ out, e_coords, and basis.
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#VHEGEN program example configuration
input = dynamic

pdf_out=true

log_out=true

e_coords=pol

basis=real

The allowed values for the configurational parameters are summarized in
Table 6.

Config. parameter | Values

input static, dynamic
pdf_out true, false
log_out true, false
e_coords cart, pol, both
basis complex, real, both

Table 6: Parameters required in VHEGEN configuration file and their allowed values.

Parameter input is used to specify either the static or the dynamic in-
put mode (Section 5.2.2). When set to true(false), parameter pdf_out
enables(disables) application of the TeX pdflatex command to produce a
PDF output file. The output file contains the input vibronic interaction,
the form of the vibronic Hamiltonian matrix, and all explicit matrix element
expansions typeset via LaTeX. Thus, pdf out should only be set to true if a
TeX distribution is installed on the system. Parameter log_out similarly en-
ables or disables output of a text file, containing all relevant information used
in the expansion process, including: the unique matrix elements and their
symmetry eigenvalues, and the root expansion formulas along with their con-
straints. All expansions can also be found in the log file, however in Sympy
readable syntax. Parameter e_coords is used to specify the coordinate sys-
tem used for expressing e-type vibrational modes. When e_coords is set to
pol, the expansions will be kept in polar coordinates as they were originally
constructed. When e_coords is set to cart, the expansions are converted to
cartesian coordinates by coordinate transformation described in Section 4.4.
Both polar and cartesian coordinate expansions may be included in the final
output by setting e_coords=both. The basis parameter defines which basis
to use for vibronic Hamiltonians involving E-type electronic states. When
set to complex, the output vibronic Hamiltonian matrix elements are for the
complex E component states |[4+) and |—). Alternatively, when basis is set
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to real, the output Hamiltonian matrix is for the real £ component states
| X') and |Y). Both complex and real representations can be output by setting
basis=both.

5.2.2. Input

The procedural input to VHEGEN consists of specifying: point group sym-
metry, irreps of electronic states, irreps of vibrational modes, order(s) of ex-
pansion, and an output filename. There exist two input approaches, namely
the “dynamic input” and “static input” modes, selected using the input
configuration parameter.

Both modes of input follow the same general rules for input syntax. All
input parameters are case-insensitive, except the output filename. Symme-
tries are specified by their usual point group classification. Electronic states
and vibrational modes are specified by standard Mulliken symbols for their
irreps. Single primes in Mulliken symbols are denoted by an apostrophe ?,
and double primes are denoted by two apostrophes ’’ or a quotation mark ".
For pJT problems that involve two states or bimodal problems that involve
two vibrational modes, either a plus sign + or a comma , can be used to
separate the two specified states or modes. When specifying the orders of
expansion, a range of orders can be stated by providing non-negative integers
as lower and upper inclusive bounds separated by a comma, e.g., 0,6. If ex-
pansion at a single order is desired, then only an integer is keyed in. Output
filename should avoid any (operating system dependent) illegal characters.
If the filename parameter is unspecified or left empty, the output filename
will default to value output.

5.2.3. Dynamic input

When dynamic input mode is specified in the configuration file, the user
enters problem parameters and output filename dynamically through termi-
nal prompts after executing command python vhegen.py. Any additional
arguments made when calling the program will be ignored if set to dynamic
input. The user will be re-prompted at each stage if an invalid parameter is
entered.

Below is an example of procedurally calling VHEGEN in dynamic input
mode, for specification of the 3rd to 6th order expansion of Hamiltonian
matrix elements for the £ ® (e + a;) JT interaction in Cj, symmetry.
Entering dynamic input.

Enter symmetry: C3V
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C3V symmetry accepted.

Enter electronic state(s): E

Electronic states (E) accepted.

Enter vibrational mode(s): E+Al
Vibrational modes (et+al) accepted.
Order(s) of expansion:3,6

Orders of expansion [3, 4, 5, 6] accepted.
Enter filename: output

Filename: ‘‘output’’.

5.2.4. Static input

When input mode is set to static, a vibronic problem is specified in-line
with the execution of the program via additional arguments. The following
additional arguments must be specified in the static input mode: “sym” for
point group symmetry, “states” for electronic state(s), “modes” for vibra-
tional mode(s), and “o” for order(s) of expansion. Specification of a filename
is done by argument “f”. The general syntax for specifying the additional
arguments when executing the program is ”--arg=value”. For example, the
input of the same E ® (e + a1) problem in static mode is:

$ python vhegen.py —sym=C3V —states=E —modes=e+al —0=3,6

5.2.5. Output

When called procedurally, VHEGEN produces up to three output files.
These files will be generated in subdirectory outputs, within the package
directory. These files are the output .1log file (if log_out=true), the output
.tex file, which is compiled by executing pdflatex to generate the output
.pdf file (if pdf_out=true). The .1log file is a text file containing the unique
matrix elements’ symmetry eigenvalues, as well as all matrix elements’ ex-
pansions for all specified orders in their Sympy expression syntax. The .tex
file is a TeX input file containing the general matrix form of the vibronic
problem, and all matrix element expansions for all orders specified, typeset
via LaTeX format.

5.3. Using VHEGEN as a package

One may wish to use VHEGEN as an importable package rather than calling
it procedurally from terminal. This allows for the utilization of the VHEGEN
class in user’s Python scripts, enabling further application of the obtained
vibronic Hamiltonian. While the design philosophy of VHEGEN has an em-
phasis on the streamline between input and user-friendly output when called
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procedurally, using it as a package enables additional functionality. Methods
in the VHEGEN class are fully accessible when used as a module, making all
information available to the user by convenient datastructures. This signifi-
cantly enhances the scope of applications to the program. Herein we describe
the various methods and attributes included in the VHEGEN class.

5.3.1. Initialization

To initialize an instance of the VHEGEN class, a dictionary containing all
vibronic problem parameters for that instance must be specified as its only
argument. To avoid complications with syntax, it is recommended to use the
prepare_input () function from the input module. prepare_input () takes
five arguments: point group symmetry, the electronic states, the vibrational
modes, order(s) of expansion, and an optional filename. All arguments are
given as strings, following the same syntax used for the procedural input
process. For example, initializing an instance of VHEGEN for the (F + A) ®
(e + a) problem in Cy symmetry with expansion at the 12th order is shown
below.

import vhegen as vhe

params = vhe.inp.prepare_input (sym='C4’
states="E+A’ |
modes="e+a’ ,
orders="12",
filename="output ’)

vhegen _instance = vhe.VHEGEN(params)

The input attributes of the initialized instance can be checked by printing
them to console by the return_init() method. Alternatively, they can be
accessed directly. Symmetry of the problem, electronic states, vibrational
modes, and orders of expansion are stored in class attributes symmetry,
states, modes, and orders, respectively. If the VHEGEN instance is initialized
with a vibronic problem involving e-type vibrational modes, the e coordinate
system is set to polar by default. If one wishes to switch to cartesian co-
ordinates, or have expansions generated in both coordinate systems, this
is accomplished by the set_e_coordinates() method, which takes ‘cart’,
‘pol’; or ‘both’ as allowed arguments. The setting of desired coordinates
must be done before beginning the expansion process. Similarly, one can
change basis of E electronic states from complex using set_basis, which
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takes ‘real’, ’complex’, or ‘both’ as its argument. A VHEGEN class in-
stance is initialized with e coordinates and E basis set to ’both’ by default.

5.3.2. Generating matrix element expansions

After initialization of a VHEGEN instance, the matrix product form of
the vibronic Hamiltonian, the unique matrix elements, and their symmetry
eigenvalues are obtained by init matrix form(), which initializes attributes
matrix and eigenvals. Attribute eigenvals is a dictionary with keys being
the unique matrix elements in the complex basis, and values being a list of its
symmetry eigenvalues. The lists of eigenvalues follow the same enumeration
as used throughout this paper.

eigenvals = {HZOJ : |:ch7 (X;Z/Céaxi;;{ca ,ngh} } (23)

Once the eigenvalues of the unique matrix elements are known, i.e., attribute
eigenvals has been initialized, VHEGEN has all information necessary to se-
lect the unique matrix elements’ root expansion formulas and constraints.
Method get _formulas() performs the lookup of root expansion formulas
for the unique matrix elements in eigenvals and stores them in attribute
formulas. Method get_formulas() also calls get_constraints(), perform-
ing the search for constraints in the appropriate .sym constraint file(s) in the
constraints directory, storing them in attribute constraints. Expansion
of the unique matrix elements is carried out by method get_expansions(),
storing them in attribute expansions. The data structure for expansions
is a nested dictionary:

expansions = {o; : {H;; : HZ(]OL)}} (24)

The outer dictionary’s keys correspond to the orders of expansion o;. The
values correspond to inner dictionaries, each of which has keys holding the
vibronic Hamiltonian matrix elements {H;;}, and their values correspond-
ing to their expansions in vibrational coordinates at the specific order for
which the dictionary is associated with. Hi(joi) is a two-element list if the e
coordinates have been set to both, storing the expansions in polar followed
by cartesian. Otherwise, list HZ»(;”S has only one element. The matrix ele-
ment expansions are Sympy expressions, and can be manipulated as such.
In converting the Hamiltonian matrix from the complex to the real E basis,
the unitary transformation is done by method basis_transformation(). If
the E basis has been set to both, expansions for the real basis elements are
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stored in separate attribute expansions_real with the same data structure
as Eq. 24.

5.5.3. The auto() method

All the aforementioned methods are called internally when VHEGEN is run
procedurally. Due to the importance of these operations, we implemented
a simplified method named auto(). The auto() method can be called di-
rectly after initialization of the VHEGEN instance, and it automatically calls all
mandatory processes discussed above to generate the expansions attribute
including all matrix elements. It will automatically transform to the real
component basis if applicable. Below is an example Python script of how
one would concisely generate the expanded matrix elements for a specific
vibronic Hamiltonian at the desired orders of expansion through inporting
VHEGEN.

import vhegen as vhe

params = vhe.inp.prepare_input (sym=°‘D4h’
states=‘Eg+Alu’,
modes="‘eg+b2u’,
orders=°0,10")

vhegen_instance = vhe.VHEGEN(params)
vhegen _instance.auto ()
print (vhegen_instance.expansions)

The VHEGEN instance after auto() has all other properties intermediate to
the input parameters and output expansions, which can be referenced by the
usual attribute names.

6. Benchmarking

Within this section, we demonstrate the validity of VHEGEN by compar-
ing the expansions generated by the code with previously reported formulas.
We first choose the well-studied (E' + Aj) ® (¢’ 4+ af) problem in Dy, sym-
metry, for which Bhattacharyya et al. provide explicit expansions for all
intraterm and interterm vibronic matrix elements in Ref. 33. Please note
that the conventional (E' 4+ A}) ® (¢’ + a4) vibronic interaction includes,
in our notations, the E' ® (¢ + a) intra-term coupling, the AJ @ (¢’ + a})
intra-term coupling, and the (£’ + A}) ® (¢’ + a}) inter-term coupling. In
Ref. 33, the matrix element expansions were obtained up to the eighth order
by employing the Weyl’s polarization method and the polynomial invariant
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theory [65, 66, 67]. It provides a useful benchmark to gauge the correctness
of VHEGEN. All six unique matrix elements in the three-state vibronic matrix
may be produced by running VHEGEN with the three intra- and inter-term
input problems: E’' ® (¢/ + af) for Hxx, Hxy, and Hyy, A} ® (€' + a})
for Haa, and (E' + AY) ® (¢/ + a}y) for Hx 4 and Hy 4. The matrix element
expansions up to the fifth order are shown below.

Hg)f) = appotapao (z* +v%) + ag,o,oz2 + ag 3% (2 — 3y?) + ap 4.0 (2 + y2)2
+a§’27022 (x2 + y2) + a£7070z4 + a6,273x (a:2 — 3y2) (x2 + y2)
+a£7073x22 (z* - 3y?) (25)

HEY = V267 o 3z + V2] g0z (2 — y?) + V2 (b o2z (2 + y7) + by o 22°)
+\f2(b§707_4z (3:4 —62%y% + y4) + b1 992 (x4 — y4)
+b50.07° (2% — ) ) (26)

HYD = Vab o _qyz — 2V20 g payz — V2 (<5 1yz (22 4+ 47) — by 1yzY)

V2 (_455,0,—43’3?/2 (552 - y2) + 255,2,25Uy2 (ZL‘2 + y2) + 2b§70721‘yz3) (27)

H%?) = aboo+bho 1%+ abog (22 + ) + abg2® + bh g (27 — y7) + abgs7 (¢ — 3y?)
0o, 17 (22 +4%) + b0 172" 4+ ag 4o (27 + 1/2)2 + ag,Q,OZ2 (z* +v%) + ah o2
+b0,0,—4 (:L'4 — 62%y* + y4) + bp.2.2 (x4 —y ) + b5 0,22 (:L'Q - y2)

—|—a6’2731: (932 - 31/2) (932 + y2) + a5,0,3$22 (33 — 3y ) + b070’5:1: (ZE4 — 10:62y2 + 5y4)
+00.4, 1% (2 + y2)2 + b§727,1x22 (% +9°) + bzyo’,lxz‘l (28)

H}(/o}-/s)) apo,0 = bo0,-1% + agzp ($2 + 92) + “5,0,0272 —b0,0.2 (952 - y2) + ap,0,3T ($2 - 3y2)
—bo, 1T (z* +y%) — b§707,1xz2 + ag 40 (2 + y2)2 + a’2"7270z2 (z® +y*) + a2,070z4
—b0.0._4 (934 — 62%y* + y4) —bp 2o (564 —y ) b2 027 (932 - y2)
+a6,2,3x (5’52 - 3y2) (x2 + yQ) + a57073xz2 (3;2 — ) — b67075x (ac4 — 103!:2y2 + 5y4)
—bo4, 1@ (fL‘Q + y2)2 - bg,Q,—NUZQ (5132 + yg) - b£707_1xz4 (29)

H%E) bho. 1Y — 260000y + bho 1y (2% +y%) + b _1yz” + 4bj o _gzy (2% — °)

—2b 5 07y (552 + y2) - 255,0,2331122 —bp0,5Y (51‘4 — 102%y* + y4) +bp4,1Y (372 + y2)2
+b72“,2,71922 (952 + y2) + bZ,o,flyz“ (30)

Please note that the numerical values of the a" coefficients in Hxyxy and
Hyy are different from those in H44, and the numerical values of the b"
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coefficients in Hx x, Hyy, and H xy are different from those in Hx 4 and Hy 4.
The expansions generated by VHEGEN are in perfect agreement with those
reported in Ref. 33, except for the trivial v/2 factor, which is introduced in
the complex-to-real F bases transformation, and some trivial recombinations
of terms.

We also compare the VHEGEN-generated expansions up to 6th order for
the E” ® (¢’ + €') intra-term coupling matrix elements with those reported
in Ref. 28. To maintain a readable length of this article, we do not show
the expansions here. The PDF output of this VHEGEN run is included as
the second supplementary file, with the filename VHE testrun.pdf. The
produced expansions of the Hxx, Hyy, and H xy elements are seen in Section
5 of the this file. They are again in perfect agreement with those reported
in Ref. 28. The agreements in the two comparisons clearly demonstrate the
robustness of the program.

7. Conclusions and future work

In this paper we present VHEGEN, a Python package capable of generating
expansion formulas for all bimodal JT/pJT Hamiltonian matrix elements in
trigonal and tetragonal symmetries. The expansions can be up to arbitrarily
high order in vibrational coordinates. Prior to this work, it may take days
or even weeks to derive expansion formulas for a JT/pJT Hamiltonian of
interest. The use of VHEGEN reduces all these efforts to a matter of minutes.
And all we need to specify is the JT/pJT problem and the range of orders.
The program generates the order-by-order, term-by-term expansion formulas,
which are correct, complete, and concise. The VHEGEN package presents itself
as a powerful tool for future JT/pJT studies.

The highly generalized nature of the applied formalism, and correspond-
ingly the program implementation, facilitate the enhancement of the problem
scope to other symmetries for future versions. The systematic problem-to-
eigenvalue reduction, the root-branch approach, and the modularized ap-
proach, which have been employed to handle the trigonal and tetragonal
symmetries, pave the way to general expansion formulas for problems in
arbitrary axial symmetries, i.e., the C,,, S,, Cun, Cho, Dpn, Dyg, and D,
symmetries with arbitrary n (note that S, only exists for even n). Once
derived, the general axial formalism can be readily incorporated to the pro-
gram. Further, we have recently derived all unimodal and bimodal JT/pJT
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formalisms in tetrahedral and octahedral symmetries. These formalisms will
also be incorporated in the future version of the program.
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