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Abstract

We begin with a recall of the definitions and the basic properties of classes of elliptic
pseudo-differential operators on R™. Then we introduce a new class of pseudo-differential op-
erators related to the class attributed usually to Shubin [20]. We tease out from this new class
of pseudo-differential operators, in particular, the strongly M-elliptic pseudo-differential op-
erators and prove that they are the infinitesimal generators of holomorphic and hence strongly
continuous one-parameter semigroups of bounded linear operators on LP(R™),1 < p < 0.
The proof is based on careful refinements of the Agmon—Douglis—Nirenberg estimates for
pseudo-differential operators in the book [23] by M.W. Wong. In the case when p = 2, we
give another proof that strongly (p, A)-elliptic pseudo-differential operators are infinitesimal
generators of strongly continuous one-parameter semigroups of bounded linear operators on
L?(R™) by first proving Garding’s inequality for strongly (p, A)-elliptic pseudo-differential op-
erators on R™. Results on existence of inverses of (p, A)-elliptic pseudo-differential operators

are also given.
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Notation

The following list of remarks, notations and formulas will be useful to us.

R is the set of all real numbers and C is the set of all complex numbers.

We mainly focus on the vector spaces over the field of complex numbers. All functions

are assumed to be complex-valued unless otherwise specified.

If we want to emphasize the variable x (or &) with respect to which we differentiate,

we write g (or 9¢) for 9% and Dy (or D) for D*.
e The L? norm of a function f in LP(R"),1 < p < oo, is denoted by || f[,-
Let a = (aq,ag, ..., ) and B = (B, Ba, ..., Bn) be any two multi-indices.
e < ameans 5; <q; fori=1,2,...,n.
e o — (3 is the multi-index (ay — 51, a0 — B, ..., vy, — ) whenever 5 < a.

« B =G)E)

(g:) whenever 8 < a.

e The Leibniz’s formula is given by
« —
D*(fg) =) ( )(Dﬁf)(D“ %9).

BLa B
vi



e The Schwartz space, denoted by S, is the set of all functions ¢ € C*°(R™) such that

for all multi-indices a and 3, we have

sup |2*(0°p)(z)| < oo.
reRn”

A function in S is called a Schwartz function.

e Let m € R and let p € (O, ﬂ ; > p1. Then we define SJ7y to be the set of all

functions o in C°(R™ x R™) such that for all multi-indices o and f, there exists a

positive constant C, g, depending on « and /8 only, for which

(020¢0)(w,6)| < Coph(©)™ 7, ¢ € R,

e A symbol o in S, is said to be (p, A)-elliptic if there exist positive constants C' and
R such that

oz, &) = CA)™,  [¢] = R.

e Let 0 € 57\ be such that there exist positive constants C' and R for which
Re o(z,€) = CA(E)", || > R

We call o a strongly (p, A)-elliptic symbol.

vil



e For m € R and p € (0, i], we let M]" be the set of all functions o in C*°(R™ x R")

such that for all multi-indices vy with ; € {0,1},j =1,2,...,n,
(9 0)(x, &) € Sy

e A symbol ¢ in M, is said to be M-elliptic if there exist positive constants C' and R
such that

o(z, &) = CAE)™,  [¢] = R.

e A symbol o in M is said to be strongly M-elliptic if there exist positive constants
C and R such that

Re o(z,§) = CA&)™, [ = R.

e Let g be a fixed but arbitrary positive number and let €2 be an open subset of the
complex plane C. Then for any real number m, we define Sy o to be the set of all

functions o on R™ x R™ x ) such that
o(-,,A) € C°(R" x R")

for every A € 2 and for all multi-indices « and f3, there exists a positive constant C,, g,

depending on « and 3 only, for which

A sgn(—m)q
(DS Do) (2,6, )] < Cug (ﬁ) N

viil



for all (z,£) € R" x R™ and all A € 2, where sgn : R — {£1,0} is given by

1, >0,
sgn(z) = 0, =0,
-1, =<0

e We denote by M | o the set of all functions o in 57"y | o such that for all multi-indices

v with y; € {0,1}, 7 =1,2,...,n,
£V(ago-> (xa 57 >\) € ,ZLA,q,Q'

e Let 0 € M . Suppose that there exist positive constants C' and R such that

sgn(—m)q
oo N =C () A"

for all A € Q and & € R"™ with |£| 4+ |A\| > R. Then we say that o is M

oA g0 elliptic.
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Rn

C=(R")

Co°(R™)

al

aa

The set of all natural numbers including 0.

The Euclidean space with coordinates x = (1, g, ..., Tp).

The set of all infinitely differentiable functions on R".

The set of all infinitely differentiable functions with compact support on R".
= (22 + a2+ .. +a2)2.

2]

Bor in the direction of zj-axis.

The partial differential operator
Dy, = —i0y where ¢ is the imaginary unit.
a=(aq,....,a,) € N".

la| =a1 4+ + .

aeN"and ol =oq! -+ - a,!.

o = O - o,



1 Introduction

Let R™ be the usual Euclidean space give by

R" = {(z1,x2, ..., x,) : ;'s are real numbers}.

We denote points in R™ by z,y,&,n, etc. Let x = (21,22, ...,2,) and y = (Y1, Y2, ..., Yn) be

any two points in R”. The inner product = -y of x and y is defined by

x'yzzxi'yi
=1

and the norm |z| of x is defined by

n
FE Y
=1

On R", the simplest differential operators are %,i =1,2,...,n. We sometimes denote

8%1- by 0;. We usually find the operator D; given by D; = —id;,i* = —1, better in expressing

formulas.

The most general linear partial differential operator of order m on R" is of the form



Z Qo +ag++an (m)Dféngz U Dg”? (1'0'1)

alt+ag+-apn<m
where a1, g, ..., v, are nonnegative integers and o, +ay+ .. +a, () is an infinitely differentiable

complex-valued function R"™. If we let
a= (a1, qg, ...,ap),

then
n
al =)
j—1

and

D® = DYDY - .. Do

The «, given by an n-tuple of nonnegative integers, is called a multi —index. We call |a| the
length of the multi-index o. With the help of multi-indices, we can rewrite our differential

operator (1.0.1) in the better form

> aa(z)D*. (1.0.2)

la|<m

For each fixed z in R™, the operator (1.0.2) is a polynomial in Dy, Ds, ..., D,,. Therefore it
is natural to denote the operator (1.0.2) by P(z, D). If we replace D in (1.0.2) by a point

£ =(&,%,...,&) in R then we obtain a polynomial

D aa(x)é. (1.0.3)

la|<m

2



in R", where £¢ = £77&5% - - - 2. Usually, this polynomial is denoted by P(z,&). We call
P(z,&) the symbol of the operator P(z, D).

In this dissertation, we study the partial differential operators (1.0.2) and their general-
izations called pseudo-differential operators.

In order to get another representation of the operator P(z, D), let us take any function ¢
in S. Then, by (1.0.2), (1.0.3), the Fourier transformation and the Fourier inversion formula

for Schwartz functions, we have

(P(z, D)) (x)

= ) aa(2)(D*)(@)

la]<m
= Y au(@)(D9)" ()
la|<m
= > aa(2)(£9)" (x)
la|<m
= Y aalen [ e
la|<m ’

G R Il (D ORREIS T

la<m

= (2m)"V? / ) e P(x, €)p(€)dE. (1.0.4)

So, we have represented the partial differential operator P(x, D) in terms of its symbol by
means of the Fourier transform. This representation immediately suggests that we can get
operators more general than partial differential operators if we replace the symbol P(z,§)
by more general symbols o(z, &), which are no longer polynomials in £. The operators we
obtained are the so-called pseudo-differential operators. We should point out that in order
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to get a useful and tractable class of operators, it is necessary to impose certain conditions
on the function o(x,§). Many different sets of conditions have been proposed, resulting in
many different classes of pseudo-differential operators. For instance, the Hormander class
ST, also denoted by S™ can be found in the book [23] by Wong. This dissertation is devoted

to the classes S}y and M, studied in Garello and Morando [11] and Wong [22].

1.1 The Symbol Classes SZLA and M;TA

Our starting point is based on definitions and results in the paper by Garello and Morando
[11], and Wong [22]. Let A € C*°(R") be a positive function such that there exist positive

constants g, p1, Co and C; for which

Co(L+ € <A < Ci(1+ )™, §eR™ (1.1.1)

Such a function A is said to be a weight with polynomial growth. Furthermore, we assume
that there exists a positive constant p with g > p; and for all multi-indices o and v with
v; € {0,1},7 = 1,2,...n, we can find a positive constant C,, -, depending on « and v only,
for which

€7@ ANE)] < CanA©) ¥, € R, (1.1.2)

A weaker version of (1.1.2) is to assume that there exists a positive constant p with

1 > pq and for all multi-indices «, we can find a positive constant C,, depending on «, for
which

(0°A)(©)] < Ca(€) W, g ern (1.1.3)



Let m € R and let p € (O, ﬂ Then we define S7"y to be the set of all functions o in
C>°(R™ x R™) such that for all multi-indices a and /3, there exists a positive constant C, g,

depending on « and S only, for which
(020¢0) (2,€)| < CaA(©™ 7P, z,& €R™, (1.1.4)

A function in S7y is said to be a symbol of order m and type p with weight A. It should be

noted that if we let A be the weight defined by

A) = VI+[5P, §eRY,

then S7'y is the same as the Hérmander class ST in [15]. Let o € S7"y. Then we define the

pseudo-differential operator T, associated to the symbol o by

(To0)(x) = (2m) " / "o (e, E)p(E) dE, T E R,

n

for all ¢ in the Schwartz space S, where

2(6) = (2m) "2 / i€ o(r) dr, £ € R",

n

It can be shown easily that T, : § — & is a continuous linear mapping.



1.2 Characteristics of Pseudo-Differential Operators

The L?-boundedness of these pseudo-differential operators, at least in the case when
A(g) = \/r|§|2 ,& € R™, is fairly well known and can be found, for instance, in the paper
[3] by Beals, the book [15] by Hérmander, the book [16] by Kumano-go, and the book [23]
by Wong. However, the LP- boundedness for p # 2 is a completely different matter when
p < 1. That the LP-boundedness is a much harder issue even for the Hormander class is
well documented in the paper [9] by Fefferman. Due to this difficulty, the following class of
symbols sitting inside S’y is introduced.

For m € R and p € (0, l%], we let M\ be the set of all functions o in C*°(R" x R") such

that for all multi-indices v with v; € {0,1},7 =1,2,...,n,

§7(90)(x, &) € Sy (1.2.1)

Pseudo-differential operators with symbols in M’y have been studied in [11, 12, 22].
Standard results such as asymptotic expansions, products, and formal adjoints similar to
those for pseudo-differential operators with symbols given in the book by [23] are used
freely.

In fact, one can see from (1.2.1) that when |y| = 0, we have o € SJ"\. So, M is a
subclass of ST

The following results are naturally expected and can be found in the book [16] by
Kumano-go and the paper [11] by Garello and Morando. They are analogs of the corre-
sponding results for pseudo-differential operators with symbols in S7}, given in the book [23]

by Wong.



Theorem 1.2.1 Suppose that o; € S}, where

Mg > My > Mg > - >My; — —O0

as j — oo. Then there exists a symbol o in ;”X such that

i.e.,

for every positive integer N. Moreover, if T is another symbol with the same asymptotic

expansion, then o — 7 € (),,cp Sya-

Theorem 1.2.2 Let 0 € S)} and 7 € SR, Then T, T, =T)\, where A € Sm1+m2 and

-yt

I

u‘ 0.

Here, the asymptotic expansion means that
s= 3 gy (onr) e e

for every positive integer N.

Theorem 1.2.3 Let o € S7'y. Then the formal adjoint T; of 15, is the pseudo-differential



operator T, where T € S}%y and

v
T~ Z( J 910,

' x
0 .

Here, the asymptotic expansion means that

(=" gugi= o gm-oN
T ) T E S’
lul<N

for every positive integer N.

Definition 1.2.1 A sequence {¢;} of functions in the Schwartz space S is said to be converge

to zero in S (denoted by p; — 0 in S) if for all multi-indices o and 3, we have

sup |2%(D?¢;)(x)] = 0
z€R™

as j — oo.

Definition 1.2.2 A linear functional T on S is called a tempered distribution if for any

sequence {@;} of functions in S converging to zero in S, we have
T(p;) =0

as j — oo.



Definition 1.2.3 Let f be a measurable function defined on R™ such that

@l
/Rn (ENTiEk

for some positive integer N. Then we call f a tempered function.
Tempered distributions can be induced by tempered functions in the following way.

Proposition 1.2.4 Let f be a tempered function defined on R™. Then the linear functional

Ty on S defined by

Ty(p) = | f(@)p(z)dz, ¢€S,
RTL
18 a tempered distribution.

Using the formal adjoint, we can extend the definition of a pseudo-differential operator
from the Schwartz space S to the space &' of all tempered distributions. To wit, let o € STy

Then for all u in &', we define the linear functional T,u on S by

(Tou)(p) = u(T39), ¢ €S

It is easy to see that T, maps S’ into S’ continuously. In fact, we have the following theorem.
Theorem 1.2.5 Let o € S) . Then T, : L*(R") — L*(R") is a bounded linear operator.
The proof of Theorem 1.2.5 can be found in the book [16] by Kumano-go.

Remark 1.2.6 If

A) = v1I+[EP §eRY,

9



and

p € (0,1),

then S9, is the Hormander class S), and it is well known that Theorem 1.2.5 cannot be
extended to LP(R") with 1 < p < oco. However, by focusing on the important subclass Mg A
of SS’A, Theorem 1.2.5 is true for LP(R™) for all p with 1 < p < co. See [4, 5, 11, 22|, among

others, in this connection.

Theorem 1.2.7 Let 0 € M) ,. Then for 1 < p < oo, T, : LP(R") — LP(R") is a bounded

linear operator.

The proof of Theorem 1.2.7 can be found in the paper [11] by Garello and Morando. An
essential ingredient of the proof is the Marcinkiewicz multiplier theorem as formulated in The-
orem 1.5 on page 263 of the book [21] by Taylor. It should be noted that the Marcinkiewicz
multiplier theorem plays the role of the Mihlin-Hormander multiplier theorem in the proof of
the LP-boundedness of the classical pseudo-differential operators studied in, for instance, the
book [23] by Wong. Because of the fact that the conditions of the Marcinkiewicz multiplier
theorem are incorporated into the definition of the symbols in M, the letter M is used in
deference to Marcinkiewicz.

To extend Theorem 1.2.7 to pseudo-differential operators with symbols in M, where
m is an arbitrary real number, we need weighted Sobolev spaces. To this end, we first prove

a proposition about the weight function A.
Proposition 1.2.8 A€ S}, and A € M, ,.

Proof Let a be a multi-index. Then by (1.1.2), there exists a positive constant C, such
10



that

(9*A) ()] < CaA(€) 7wl ¢ e R™,

Since p € (O, i] , it follows that
(0*A)(E)] < Cah(€) P, g eR™

Therefore

Ae S,

Now, let v be a multi-index with v; € 0,1,7 = 1, ...,n. Then for all multi-indices «,

reniol- |3 (5)eeewe -3 (5) (})aee e

BLa 6 B<La 6

Since the entries of v — 5 are in {0,1} and p € (0, l%], it follows that
(DA €S, ,.
This completes the proof. O

Now, we introduce the weighted Sobolev spaces. Let s € R. Then we define A(D)® to be

the Fourier multiplier given by
AD)u=F 'NFu, uwed,

where F and F~! denote, respectively, the Fourier transform and the inverse Fourier trans-

11



form.

For s € R and 1 < p < 0o, we define the Sobolev space Hy” of order s with weight A by

H? ={ue S8 : A(D)*ue LP(R")}.

Then H" is a Banach space in which the norm || ||s.a is given by

[ullspa = [AD) ullr@n), v e HY".

The following result is known as the Sobolev embedding theorem.
Remark 1.2.9 We call Hy”, the L? (p, A)-Sobolev spaces of order s.
Theorem 1.2.10 For 1 < p < 00, s < t, we have HY® C HYP, and there exists a positive
constant Cs,,, depending on s,t and p only, such that

lullsps < Cotpllullepa,  w€ HY.

We have the following extension of Theorem 1.2.7.

Theorem 1.2.11 Let 0 € M]'\. Then for —oo < s < 0o and 1 < p < oo, T : HY" —

H{ ™" is a bounded linear operator.

A symbol o in 57"y is said to be (p, A)-elliptic if there exist positive constants C' and R
such that

o(2,€)] > CA)™, [¢] > R. (1.2.2)

12



In the rest of this chapter, we focus on the pseudo-differential operators with symbols in
M.

A symbol o in M} is said to be M-elliptic if there exist positive constants C' and R such
that

lo(z,§)] > CAE)™, [§] = R.
It is clear that a M-elliptic symbol ¢ in Mng is also a (p, A)-elliptic symbol in SZLA.

Theorem 1.2.12 Let o € Sy be (p, N)-elliptic. Then there exists a symbol T in S, A such
that

I'T,=1+R

and

T,T, =1+ S5,
where R and S are pseudo-differential operators with symbols in (g S§7A.
Remark 1.2.13 In view of Theorem 1.2.12, the same is true for M-elliptic symbols in M.

The proof of Theorem 1.2.12 is similar to the one in the book [23] by Wong, where the
author takes pseudo-differential operators with symbols o € ST,

The pseudo-differential operator T, in the preceding theorem is known as a parametrix
of the M-elliptic pseudo-differential operator T,. Let o € M}y, m > 0. Then T, : § — S is
a continuous linear mapping. So, we can consider T, as a linear operator from LP(R™) into

LP(R™) with dense domain S, where 1 < p < oc.

13



1.3 Minimal and Maximal Operators

Let 0 € M]"\, m > 0. Then T, : § —+ §. So, we can consider T;, as a linear operator from

LP(R™) into LP(R™) with dense domain S, where 1 < p < c0.

Proposition 1.3.1 The linear operator T, from LP(R™) into LP(R"™) with domain S is clos-

able.

A consequence of Proposition 1.3.1 is that the minimal operator 75 of T, exists. Let
us recall that the domain D(7,) of T, consists of all functions f in LP(R") for which a
sequence {px}%2, in S can be found such that ¢, — uw in LP(R") and T, — f in LP(R™)
for some f in LP(R™) as k — oo. Moreover, T, ou = f.

Let w and f be functions in LP(R"™). We say that u lies in D(7,,) and T, u = f if and
only if

(u,T;0) = (f,¢), ¢€S,

where

for all measurable functions u and v on R", provided that the integral exists.

Proposition 1.3.2 T, is a closed linear operator from LP(R™) into LP(R™) with domain

D(T,1) containing S.

Proposition 1.3.3 S C D(15.,1), where T} | is the true adjoint of T, ;.

Proposition 1.3.4 T, is an extension of Ty .

14



A consequence of Proposition 1.3.4 is that T, is an extension of T}, ;. Since S C D(T ),

it follows that S C D(T},) as well. In this perspective, we have the following result.

Proposition 1.3.5 T, is the largest closed extension of T, having S contained in the do-
main of its adjoint. In other words, if B is a closed extension of T, such that S C D(B"),

then Ty, 1 is an extension of B.

In view of the preceding result, we call 7, ; the maximal operator of 7,,. We can prove
that T, o = 1, if o is M-elliptic. We begin with the following characterization of the domain

of To‘,()-
Theorem 1.3.6 If o € M} is M-elliptic, then D(1;,0) = Hy".

To prove Theorem 1.3.6, we use the following estimate, which is the analog of the Agmon-—
Douglis—Nirenberg estimate in [1] for pseudo-differential operators. In addition, we use a

density result. They are given, respectively, as Theorem 1.3.7 and Proposition 1.3.8.

Theorem 1.3.7 Let 0 € My be M-elliptic. Then there exist positive constants Cy and Cy
such that

CIHUHm,p,A < ”TOUHO,p,A + HUHO,p,A < C2HuHm,p,Av u € HXW'

Proof By Theorem 1.2.11 and Theorem 1.2.10, there exists a positive constant C’ such
that

[ Toullgpn +lullopn < Cllull we Hy™.

m,pA ?

By Theorem 1.2.12,

uw="T"T,u—Ru, weH"",
15



where 7 € M, }" and R is a pseudo-differential operator with symbol in [, M, [’z A- Hence,

by Theorem 1.2.10, there is a positive constant C' such that

Cllullypn <N Toulloyn +llullopss we HY™.

This completes the proof. O

Proposition 1.3.8 For —co < s < oo and 1 < p < oo, S is dense in H".

Proof Let u € HY”. Then A(D)’u € LP(R™). So, there exists a sequence {py}%2, of
functions in S such that ¢, — A(D)%uin LP(R™) as k — o0o. Let ¢, = A(D)pp, k =1,2, ...

Then ¢, € S, k=1,2,..., and

|‘¢k - uHs,p,A = HA(D)ka - A(D)SuHLP(Rn) = ||(10k - A(D)SUHLP(RH) - 07

as k — o0. O

We are now ready to prove the theorem 1.3.6.
Proof of Theorem 1.3.6 Let u € H,"’. By the density of S in H}"", we can find a
sequence {px}2, of functions in S such that ¢ — w in Hy"" as k — oo. By the Ag-
mon-Douglis—Nirenberg estimate, {T,¢x}52, and {¢x}52, are Cauchy sequences in LP(R").
Hence ¢ — uw and T, — f in LP(R™) for some v and f in LP(R™) as k — oo. Hence,
by the definition of T, o, u € D(1,,), and T,ou = f. Now, let u € D(T,,). Then, by the
definition of T}, again, we can find a sequence {@}72, of functions in S for which ¢y, — u
in LP(R") and T, — f in LP(R") as k — oo. Hence, {¢r}32, and {T,¢x}52, are Cauchy

16



sequences in LP(R™). So, by the Agmon-Douglis—Nirenberg estimate again, {¢}32,; is a
Cauchy sequence in H,"”. Since H"" is complete, it follows that ¢, — v in H"" for some v
in H,"" as k — co. By Theorem 1.2.10 on embedding, ¢x — v in LP(R") as k — oc. Hence

u=vandve H". O

We now give an important fact about the minimal and maximal extensions of M-elliptic

pseudo-differential operators.
Theorem 1.3.9 Let o € My be M-elliptic. Then Tyo = T51.

Proof
Let 0 € M\ be M-elliptic. By Theorem 1.3.6, we have H)"" = D(T,,) and by Propo-
sition 1.3.4, since T, is the smallest closed extension of 7,, it is sufficient to prove that

D(T,,) € H{"". Let w € D(T,,). Then
uw="T,T,u— Ru,
where 7 € M " and R is a pseudo-differential operator with symbol in Mier M, /’i A- Since
Tou="T,,u e LP(R"),
it follows from Theorem 1.2.11 that

T.T,u € HP?.

Since u € LP(R") and R has symbol in M, we use Theorem 1.2.11 again to conclude that
17



Ru e H". Thus, u € H"" and we are done.

Remark 1.3.10 The above theory for M7 in LP(R"),1 < p < oo, works equally well for

Sy in L*(R™).

The overarching contribution in this dissertation is the detailed proof of the existence
of a holomorphic one-parameter semigroup of bounded linear operators on LP(R"),;1 < p <
0o, generated by a strongly M-elliptic pseudo-differential operator on R™. This result is

equivalent to the existence and uniqueness of solutions to the initial value problem

@(x,t) = —(T,ou)(x,t), zeR"t>0,
(1.3.1)

where o € M}y, m > 0 and f is a function in LP(R"),1 < p < co. The proof given in Chapter
3 entails a sharpening of one side of the Agmon— Douglis—Nirenberg inequalities used in the
book [23] by Wong for the Hérmander class. In addition, a modification of a functional-
analytic result in the book [17] by Pazy is needed. When p = 2, we give in Chapter 2 a
related result to the effect that a strongly (p, A)-elliptic pseudo-differential operator on R™
is the infinitesimal generator of a strongly continuous one-parameter semigroup of bounded
linear operators on L?(R™). While this is a special case of the abovementioned result, we
give another proof. To that end, we first establish the Garding’s inequality for strongly

(p, A)-elliptic pseudo-differential operator on R™, which is a useful result in its own right. In
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Chapter 4, results on the regularity of the solutions of the initial value problem described

above are given.
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2 Initial Value Problems for Heat Equations Generated by

Strongly Elliptic (p, A)-Pseudo-Differential Operators on R"

The aim of this Chapter is to use Garding’s inequality to prove that strongly (p, A)-
elliptic pseudo-differential operators are infinitesimal generators of strongly continuous one-
parameter semigroups of bounded linear operators on L?(R"). In Section 2.1, we give
Garding’s inequality for strongly (p, A)-elliptic pseudo-differential operators on R™. In Sec-
tion 2.3, we aim at giving the key result on the existence and uniqueness of weak (and hence
strong) solutions of Poisson’s equations modelled by (p, A)-elliptic pseudo-differential oper-
ators on R". The key result in Section 2.3 and the Hille-Yosida—Phillips theorem are used
in Section 2.4 to prove that strongly (p, A)-elliptic pseudo-differential operators generate
strongly continuous one-parameter semigroups of bounded linear operators on L?(R"). We
give in Section 2.5 solutions of initial value problems for heat equations governed by strongly
(p, A)-elliptic pseudo-differential operators.

Related spectral results can be found in [4, 5, 22]. Results on microlocal analysis of

M-elliptic pseudo-differential operators can be found in [13, 14].
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2.1 Garding’s Inequality

The main result in this section is Garding’s inequality for strongly (p, A)-elliptic opera-

tors. It is an extension of Garding’s inequality in Chapter 17 of the book [23].

Theorem 2.1.1 (Garding’s Inequality) Let o € S} be such that there exist positive con-

stants C' and R for which

Reo(z,€) = CAE)™, [¢] = R.

Then we can find a positive constant C' and a constant C, for every real number s € [’5’, oo)

such that

Re (Tff(p7 @) 2 Ol”@”?ﬂ,ZA - CS“QDHEn—ps,ZA’ pE S.

A symbol satisfying the hypothesis of the theorem is said to be strongly (p, A)-elliptic. In
order to prove the theorem, we need some preliminary results, some of which are of interest

in their own right.
Lemma 2.1.2 Let F € C®(C). Then for every o in Sy, Foo € S),.

Proof We need to prove that for all multi-indices o and [, there exists a positive constant
Cy 5 such that

(0207 (F o 0))(w,&)] < CapA(&)™, 2, R (2.1.1)

(2.1.1) is true for all multi-indices o and f with |« + | = 0. Indeed, there exists a positive
constant C' such that

lo(z, )l <C, e R™
21



Thus, F oo is in fact a C* function on a compact subset of R?". Hence there exists another

positive constant C” such that

(Foo)(z,8) <C', x&cR™

Now, suppose that (2.1.1) is valid for all F in C*°(C), o in S) , and multi-indices o and f3

with | + 3] = I. Let a and 8 be multi-indices with

la+ 6l =1+1.

We first suppose that

000, = 0200,

for some multi-index v and some j = 1,2, ..., n. Then, by the chain rule,

(020 (F 0.0))(x,€) = (970 (F1 0 0)0g,0 + (Fy 0 0)g,0)) (2, €)

for all x and £ in R", where I} and F, are the partial derivatives of F' with respect to,

respectively, the first and second variables. Now, by Leibniz’ formula and the induction
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hypothesis, there exist positive constants C 5 and C, x4, such that

10;0¢ (F1 0 0)0g;0)(, &)

< ¥ (3)() @ eone e ool
A<a,0<y

< 2 (i) (g)CA,JA(g)—Plﬁoajm&j/\(g)—p|v|+p|6|—p
A<a,6<y

= CO‘v’Yv]A(é)ip(h/H»l)? I,g E Rn?

where

(07
Ca,’y,j = Z ()\> (g) C)\,éca,)\,'y,é,j-

A<a,6<y

Similarly, there exists a positive constant Cj, . ; such that

(050 (Fy 0 0)0;0) (2, §)| < €

o,

A(f)*p(lvlﬂ)
for all x and £ in R™. Therefore
(020¢(F 0 0))(@,€)| < (Capy + Coopy )AE) ™V

a7’y7]

for all z and £ in R™. Now, we suppose that
anB _ B
07 0¢ = 0]0,,0;

for some multi-index v and some 7 = 1,2,...,n. Then as before, there exists a positive
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constant C’g’%j such that

(@502 (F o 0))(,§)] < ;0077

for all z and ¢ in R™. Thus, by the principle of mathematical induction, (2.1.1) follows. O

Lemma 2.1.3 Let o be a strongly elliptic symbol in Sﬁf/’{. Then there exist positive constants

v and Kk such that

Reo(z,£) > yA(§)™ — kA()™ !, =, €R™.

Proof By strong ellipticity, there exist positive constants C' and R such that

Reo(z,€) > CA(E)?, |¢ = R.

Since o € Sf)fx, we can find a positive constant K such that

lo(2,§)] < KA(™, z,§ €R™

Therefore

[Reo(z, &) < KA(E)™ < K(1+R*)™, [ <R

Hence there exists a positive constant M such that

Reo(z,{) = -M, [{|<R.
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Since % is a continuous function on the compact set {¢ € R™ : |{] < R}, we can find a

positive constant x such that

Reo(z,¢)
— e > — R.
A(f)Qm_l - 'Li? ‘f’ >
Therefore
Reo(z,&) + kA >0, [ <R
Since MJTT/W is a positive and continuous function on the compact set {¢ € R" : |¢| < R},

there is a positive constant ¢ such that

Reo(x, &) + kA(£)?m1 >

NGED 2% K=&

So, the lemma is proved if we let v = min(C, ¢). O

Proof of Theorem 2.1.1 Let 7, = A(D)"™1,A(D)~™. Then using the asymptotic expan-

sion for the product of two pseudo-differential operators,
T,A(D)™ =T,,

where

n—A"Toe S (2.1.2)

Similarly,



and

T—AT"T eSS (2.1.3)
Multiplying (2.1.2) by A= and adding the result to (2.1.3), we get
T—Aoe S}
Therefore
r=A"g 47,
where r € S;/’i. So, by Lemma 2.1.3,
Rer = A ?"Reo + Rer
> AP [yA?™ — kAP P] + Rer

= v—kAN P+

> v —KAP,

where x’ is another positive constant. Therefore 7 satisfies the conclusion of Lemma 2.1.3
with m = 0. Let us suppose for a moment that Garding’s inequality is valid for m = 0.

Then we can find a positive constant C’ and a positive constant C, for every real number
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s € [g, oo) such that

Re (T,p,0) = Re(AMD)"T;A(D)"p,¢)
= Re(T-A(D)"p, A(D)"¢)

> CIAD)ell5s — ClAD) I, 5

= Cllellman = Callellm—pson

for all ¢ in §. We are now ready to prove Garding’s inequality for m = 0. By Lemma 2.1.3,

we have positive constants v and x such that

Reo + kAP > #.

Let F' € C*°(C) be such that

F(z)= +2z, z€]0,00).

Let 7 be the function defined on R™ x R™ by

7(2,8) = F(2(Reo(z,§) + kA(E)™" —7)), =, £ €R™
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Then by Lemma 2.1.3, 7 € SS’A and for all z and ¢ in R,

T(z,8) = \/% + 2Reo(x, &) + 26A(E)=P — 2y

= \[2Reo(n,) + 2607~

Using the asymptotic expansion for the formal adjoint of a pseudo-differential operator, we
have

T* - T—,—*,

T

where 7* € SS’ rand 7 —T7" € S;X. Using also the asymptotic expansion for the product,
T:TT = T)\y

where

—p
A - T*T 6 SﬂyA.

If we let 7, and 7} in S be such that
=741

and

A =TT 471,
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then with ry = r74+17' € Sp_j{, we get

A= (1+r)T+7]
= 24T+

= 2Reo +2kA()™" — gfy + 9.

So, if we let r3 =2kA"t 4+ 1y € S 7/1\, then we get

p

3
/\:2R60—5’}/+7’3.

But

2Rec =0+ =0+0"+1ry4

for some 7,4 in S;/p\. Therefore

3
/\=U+U*—§/\+T5

for some 75 in S;j{. Thus,
. 3
o+o :)\+§’y+r5.

Now, for all ¢ in S,

2Re (ch@? @) = (Ta% gp) + (T:g&, 90) = (To—l—a*gpv gp)
3
= (D, 0) + 57120524 + (D9, )

)
> Allelan +{ Jelan = 1Tselyanlel o}
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Using the L?-boundedness of (p, A)-pseudo-differential operators, we get a positive constant

4 such that

Y
o (T ) 2 el +{ Flelian —nlel g0} ¢ 5.

But
el yon = [ @ IO dg =1+
Rn
where
1= / HAE) |3 (6) Pde
pAE) 1S
and
N CREGIRS
HA(©) 123
Obviously,
Y R Y
1< [ p©rde = ZiglR,
Rn

To estimate J, we note that

So, for uA(&)™ > 3, we get for every nonnegative real number s with s > £.

uA(g)—l — uA(g)Zps—lA(g)—Zos

2,“ 2ps—1 _2
- A pS.
M(v) 9,

IN
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So, for every nonnegative real number s with s > £,

2,U 2ps—1 ops| 4 ) L 9
J S M 7 A(£> |§0(£>| dg - Cs“(lDH—ps,Z,Aa

El

2ps—1
where C = p (2“ ) """ Therefore

2Re <T0907 (p) Z 7||90||(2),2,A - C;||90||2—ps,2,A7 ¥ € S,

and the theorem follows with Cy = % and C = %

2.2 Poisson’s Equations

The following theorem is a well-known result that follows from the corresponding result

in functional analysis. See, for example, Theorem 16.3 in [23].

Theorem 2.2.1 Let 0 € S, m > 0. Let f € LP(R"),1 < p < oo. Then the Poisson
equation, T,u = [ has a weak solution u in LP(R™) if and only if there exists a positive

constant C' such that

(o)l < ClT5elly, @€,

where p' is the conjugate index of p and

(f,) = - f(z)p(x) d.

Theorem 2.2.2 Let o € S\, m > 0, be such that there exists a positive constant C' for
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which

lelly < ClTGelly, ¢€8.

Then the pseudo-differential equation T,u = f on R™ has a weak solution u in LP(R™) for

every function f € LP(R"),1 < p < oo.

Proof Let o € 57"y, m > 0, be such that there exists a positive constant C' for which

el < ClT5ellys ¢ €S

By the inequality in the assumption and Hoélder’s inequality, we have for all functions ¢ € S,
and f € LP(R"),

[(Fs o)l < [ flbllelly < ClALITE Al v €S

Let C" = C||f|l,- Then

(o)l <CNT elly, ¢ €S

So, by Theorem 2.2.1, we conclude that the pseudo-differential equation T,u = f on R™ has

a weak solution u in LP(R™).

O

The focus from now on is on strong solutions in L?*(R™) of Poisson’s equations modelled

by (p, A)-elliptic pseudo-differential operators.

Theorem 2.2.3 Let 0 € Sﬁf};‘, m > 0, be a (p, \)-elliptic symbol such that there exists a
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positive constant C' for which
Re (Trp,0) > Cllplltan, ¢ €S (2.2.1)
Then for every function f in L*(R™), the Poisson equation
Tou=f

has a unique strong solultion u in L*(R™).

Proof Using the Sobolev embedding theorem, (2.2.1), and the Cauchy—Schwarz inequality,

there exists a positive constant C” such that for all functions ¢ in S,

o .
lellz < Cliglzn < FlellNT ¢l

and hence

co
llelle < EHT oll2-

So, for all functions f in L*(R"),

' .
((F ol < M laliellz < ZISILIT el ¢ €S,

Then by Theorem 2.2.1, the Poisson equation



on R” has a weak solution u in L?(R"). By (p, A)-ellipticity, u is a strong solution in L*(R™).

To prove uniqueness, we first note that by (2.2.1) and a density argument,
Re (T,u,u) > CHuHi%ZA, u € Him’Q.

Let v be another strong solution in L*(R™) of the Poisson equation

on R™. Then

1
lw = vlzn < GRe(To(u—v),u—v) =0.

Therefore © = v and this completes the proof of the theorem. a

Corollary 2.2.4 Under the condition of Theorem 2.2.3, the inverse of T, ou (or T, u) ex-

15ts.

2.3 Strongly Continuous One-Parameter Semigroups

Let {T'(t) : t > 0} be a family of bounded linear operators on a complex Banach space

X such that
o T'(s+1t)=T(s)T(t) for all s,t € [0,00) with s+t € [0, 00),

o forall x € X,

lim T'(t)x = x.

t—0+
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Then we call {T'(t) : t > 0} a strongly continuous one-parameter semigroup of bounded

linear operators on X. The linear operator A on {w € X : limy_,o+ T(t)f — exists} defined by

Ay — Jim L@z —2

t—0t+ t

is called the infinitesimal generator of the strongly continuous one-parameter semigroup
{T(t):t>0} on X.

We often denote T'(t) by e, t > 0. It is worth mentioning that the parameter ¢ in 7'(¢)
plays the role of time.

In this section, we give an application of Garding’s inequality in the strongly continuous
one-parameter semigroups in Theorem 2.3.2.

We begin with an existence and uniqueness theorem.

Theorem 2.3.1 Let o € Sg”x, m > 0, be an elliptic symbol such that we can find a positive

constant C' and a constant Ay for which

Re (=T, ¢) > Cllellmon — Mollellz, ©€S. (2.3.1)

Let X > Xo. Then for every f € L*(R"™), there exists a unique solution u € Hf\m’2 of the
equation

(AI - TU,O)u = f7

where I is the identity operator on L*(R™). Moreover,

1A = Too)ullz = (A = Xo)lullos  w € HY™. (2.3.2)
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Proof By (2.3.1), we get

Re (M —T,)¢,0) = Re((Aol —Ty)p,0) + (A= Xo)llells
> Cllellzon+ X=Xl

> Clleloa (2.3.3)
and
Re (A = T,)p, 0) = (A= Xo)ll¢ll3 (2.3.4)

for all functions ¢ in S. By (2.3.3), Theorem 1.3.6, and Theorem 2.2.3, we conclude that
the equation

M —T,p)u=f

on R™ has a unique solution v in Him’Q. Moreover, by (2.3.4) and a limiting argument,

1M = Tho)ulla > (A= Xo)llullz, u € HY™.

We conclude with the following theorem.

Theorem 2.3.2 Leto € ng}{, m > 0, be a strongly (p, A)-elliptic symbol. Then —T, is the
infinitesimal generator of a strongly continuous one-parameter semigroup of bounded linear

operators on L*(R™).

Proof By Garding’s inequality, we can find a positive constant C' and a constant C for
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every real number s in [g, oo) such that

Re (Top,9) = Cllollzon — Csllelzpsn, © €S-

By choosing s such that ps = m, we get a constant \g such that (2.3.1) is satisfied. By
Theorem 2.3.1, the resolvent set of the pseudo-differential operator —71; is the same as
(Ao, 00) and

I(=Too = AD 7ML < (A= 20) 7, A> X,

where || ||, denotes the norm in the C*-algebra of bounded linear operators on L?(R"). Hence

1(=Too =A™, < (A=X)™ n=12....

The Hille-Yosida—Phillips theorem then completes the proof. O

The Hille-Yosida—Phillips theorem is one of the basic theorems in one-parameter semi-
groups of bounded linear operators on Banach spaces. See, for instance, [6, 7, 17, 23, 24] in
this connection.

We state explicitly the Hille-Yosida-Phillips theorem here for the sake of being self-

contained.

Theorem 2.3.3 let A be a closed linear operator from a complex Banach space X into X
with dense domain D(A). Then A is the infinitesimal generator of a strongly continuous

one-parameter semigroup {T'(t) : t > 0} of bounded linear operators on X if and only if we
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can find a positive number M and a real number w such that
{ANeR: XA >w} Cp(A)

and

i M
[R(x; A" < oy

for all X in (w,00) and all positive integers n.
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3 Holomorphic One-Parameter Semigroups of Bounded Linear
Operators on [’(R"),1 < p < oo, Generated by Strongly M-Elliptic

Pseudo-Differential Operators

We prove in this chapter that for a privileged class of elliptic symbols in M7, m >
0, the corresponding pseudo-differential operator generates a holomorphic one-parameter
semigroup of bounded linear operators on LP(R"),1 < p < oo. To this end, we first introduce
a class of symbols, attributed to Shubin [20], that is related to the fundamental class of
strongly M-elliptic symbols. Moreover, we show that a strongly M-elliptic pseudo-differential
operator generates a holomorphic one-parameter semigroup of bounded linear operators on
LP(R™),1 < p < oc.

It is worth mentioning that the results in this chapter improve the results in Chapter
2 from L*(R") to LP(R™),1 < p < oo. The techniques used in this chapter, however, are
drastically different from those in the previous chapter in the sense that Garding’s inequality,
valid only for L?(R"), is no longer applicable.

Pseudo-differential operators are quantities that can be measured by experiments in quan-
tum mechanics. One-parameter semigroups of bounded linear operators on LP(R™), 1 < p <

00, are solutions of evolution equations
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% (x,t) = —(Trou)(z,t), z€R"t>0,

u(z,0) = f(z), =z €R",

\

where the initial date f € LP(R"),1 < p < oo, governed by the generators —1, . Therefore
this research will contribute to a deeper understanding of the way the initial state evolves

as time goes to infinity.

3.1 Related Symbols and Strongly M-Elliptic Symbols

The pseudo-differential operators for classical symbols have been studied in great detail
in the books [17], [23], and [20]. Then we move on to the LP-theory, 1 < p < oco. In the
theory of the pseudo-differential operators, it is useful to focus on those operators depending
on a parameter A € (), where () is a subset of the complex plane; in our work, this will be
an angle with the vertex at the origin. The parameter-dependence in the symbol allows for
additional flexibility in the operator, making it a more powerful tool for solving differential
equations in a wide range of applications. An example of such an operator is the resolvent
(A — XI)7L In fact, many of the theorems related to a pseudo-differential operator without
a parameter can also be proved for the case with a parameter A, see [20]. We call symbols
in M7 , o parametrized symbols. We note that the whole theory of asymptotic expansions
carries over to parametrized symbols. The equivalent formulations are obtained by changing
M7y to My o, and the proofs are almost verbatim repetitions of the same arguments.

In this chapter, we are only interested in a very simple class of parametrized symbols, i.e.,
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{U+A:UGM;7A,)\EC}.

Let g be a fixed but arbitrary positive number and let {2 be an open subset of the complex
plane C. Then for any real number m, we define S}%y , o to be the set of all functions o on
R™ x R™ x 2 such that

(-, A) € C®(R™ x R")

for every A € € and for all multi-indices o and 3, there exists a positive constant C, g,

depending on « and S only, for which

A sgn(—m)q
|(D§D50)(33,§, M| < Cap <ﬁ) A(g)m—p\ﬁl

for all (z,£) € R" x R and all A € 2, where sgn : R — {£1,0} is given by

(
1, x>0,
sgn(z) = 0, =0,
-1, =<0

We call any function o € {J,,,cg Si'a .0, @ Parametrized symbol. As usual,

—0o0 _ m
Sp7A7q7Q - ﬂ pA,q, Q"
meR

We denote by M, o the set of all functions o in S}y | o such that for all multi-indices
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v with y; € {0,1}, 7 =1,2,...,n,

57(020)(% §N) €S 40 (3.1.1)

The condition (3.1.1) is equivalent to the fact that for all multi-indices a, 8, and v with

v; € {0,1}, 7 =1,2,...,n, there exists a positive constant C, g, such that
(020, 70) (2,6, \)| < Capr AP (3.1.2)

We need a new characterization of elements in M7, .

Proposition 3.1.1 o € M}"y ¢ if and only if for all multi-indices , B and v with ; €

{0,1}, 7 =1,2,...,n, there exists a positive constant C, 5~ such that

‘g’y(DaD’B'WU)(:U &N <C L Sgn(m)qA(g)m—pw
T RS A + e

for all (z,£) € R" x R™ and \ € Q.

Proof Let o € M, o Then o € ST . We have for all multi-indices v with v; €
(0,1}, j =1,2,....,n,

57((3?0) (:Ca g? )‘) € ;CLA,q,Q'
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Therefore for all multi-indices o and 3, there exists a positive constant C, g such that

(Dy DY (€(D{0)))(x,€,\)]

< 2 (5,)|<D§’@><D$D§—ﬂ’+"o><x,s,A>|
B'<B,B' <y
2 (g) (g) B (DD O g (2, \)]
B'<B,8'<y

A(E) sgn(—m)q S
< Ca,ﬁ,v(m) AP (3.1.3)

Conversely, suppose that for all multi-indices «, § and v with v, € {0,1}, 7 = 1,2,...,n,
there exists a positive constant C, 3, such that

v ( Pa B+ A(©) e m=p|f|
[§7(Dg Do) (2,6 M) < Capy NGEDNE A(E)

for all (z,£) € R* x R" and A € €. Let v be the zero multi-index. Then there exists a
positive constant C, g such that

A sgn(—m)q
|(D§D§U)(x7§, M < Cup (ﬁ) A(g)m—p\ﬁl

for all (z,¢) € R* xR"™ and A € Q. Therefore o € STy | o. Now, for all multi-indices «, 3 and
v with v; € {0,1}, j = 1,2,...,n, the derivation of (3.1.3) shows that {7(D{o)(z,§,7) €

S g0- Thus, o € M,4 40 O

Since elliptic symbols are of particular importance in the theory of pseudo-differential
operators, we need to incorporate this concept into the theory of pseudo-differential operators

with parametrized symbols.
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Let 0 € M , - Suppose that there exist positive constants C' and R such that

sgn(—m)q
e 2C (gah) MO

for all A € Q and £ € R™ with |§] + |A| > R. Then we say that o is M]"y _ o-elliptic.
Of course, its associated pseudo-differential operator 7, is then said to be M | o-elliptic.
In fact, if o is a strongly M-elliptic symbol in M, m > 0, and A is in a region {2 of the
complex plane, then o + A belongs to the class My ,, o. By specializing 2 to open sectors

with center at the origin of the complex plane C, we have the following lemma.

Lemma 3.1.2 Let o be a strongly M-elliptic symbol in My, m > 0. Assume there exists

a number 0 in (0,7/2) such that
QO)={NeC:0—nm<arg A <m— 0},

then oq@) = o(2,§) + A € My | o for all (z,£) € R" X R" and X € Q(0).

Proof We first assume that |a| 4 |5] = 0. Then there exists a positive constant C' such

that for all (z,£) € R" x R™ and A € Q(6),

A(E) + AV
lo(z, &)+ A\ < C’(T

AE) + AT (AE AT
< C(T) A(¢) +<T£)> A(E)

< (C+1) (—A(Q u 'Ml/m) ALE)™.

) A©)™ + Al

A(E)
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Now, for all multi-indices a and § with |a| # 0 or |B| # 0, we can find a positive constant

Ca.p such that for all (z,&) € R* x R™ and A € Q(6),

(DED{ (o +M\)(, )] = [(DFD{o)(x,£)|

1/m\"™"
Cos (w) Ay

Therefore, og@g) = o(z,§) + A € M o for all (z,£) € R" x R™ and A € Q(0).

The next theorem is about the M;C‘Avm@(e)—ellipticity of oq ).

Theorem 3.1.3 Let o be a strongly M-elliptic symbol in M7y, m > 0. Then there exists a

number 6 in (0,7/2) such that oo is My ., o -€elliptic, where
Q) ={reC:—m<argA\<7m—0}
and o) is the function on R™ x R™ x €(0) defined by
oo (@, §,N) = o(x,&) + A

for all (z,&) € R" x R™ and A € Q(0).

Proof By Lemma 3.1.2, we know that for A € Q(6), o + A is a symbol in M\ o) Now,

we need to show there exists an angle 6y, thus a region Q2 = Q(6,), and two positive constants
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Cy and R; that may depend on 6; such that for all £ € R™ with [{| > Ry, A € Q,

A€)
= C(A(E) + [A|=)™

o(2.6) + A > O(M) ()™

To this end, we let A be any complex number and write for all x and £ in R,

lo(z, &)+ A = |Reo(z,&)+iIm o(x,&) + |Ncos 0 + i|\|sin 6]

= |Re o(z,&) + |\|cos 0 +i(Im o(x,&) + |A|sin 6)]

= /(Re o(z,€) + |Mcos 0)2 + ((Im o(z,€) + |A|sin 6))2

= \/’0@:75)'2 + 2|)"(Re U(l’,f) -cos ¢ + Im O'((E,f) - sin 0) + ‘)‘|2

Since o is a strongly M-elliptic symbol in M}"y, there exist positive constants A and R such
that

Re o(z,§) = AAE)™,  [§] = R.

Since o is a symbol in STy, there is a positive constant C' such that

lo(x,8)] < CA(™, =z,§ €R™

Thus, for |{] > R,

m o) _ oz, & _ CAE)™
Reo(r,§) ~ Rea(z,§) = AA(E))™

= tan w, (3.1.4)

=] Q
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c

where w = arctan T

Let E(0) be given by

E(0) =Re o(z,£) - cos 0+ Im o(x,&) - sin 0 + |o(z,§)[sin (w + 0),

where 0 is chosen such that w 426 = 7. Our goal is to show that for [{| > R and 6 €

(=5 — 0,5 4+0),E(0) > 0. To this end, we first show that for [{| > R and § € [-7, T], we

have E(f) > 0. Since for these values of £ and 6, we have for § = 0,

Re o(z,&) -cos 8 > 0,

Im o(x,§)-sinf > —|Im o(z,§)|,

and

sin (w+49) = sin (w).

Therefore

E) = Reo(x,§)-cos0+Imo(z,§)- sin b+ |o(x,§)|sin (w+ )

> —[m o(z, ) + |o(z,§)lsin (w).

As 0 = 0, we have
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Hence

B(6) > —|tmo(x, &)| + |o(x, ).

Since |o(x,&)| > |Im o(x, &)|, we have

E9) > 0.

Next, we show that for || > R and 6 € (=5 —0,—F) U (

1013

, 5 +0), we also have E(f) > 0.

By letting 6" = |0] — 7, we have 6" € (0, ). For these values of £, 0, we have

E(0) = Reo(x,€)-cos (9/ + g) +1Im o(z,£) - sin (i— (9’ - g))

+|o(z, &)|sin (¢ + 6)

> —Reo(z,&)-sin @ —|Im o(x,&)| - cos 0 + |o(z,&)|sin (w + 0).
Now, assume by contradiction that for some |{| > R, we have

lo(z,&)|sin (w+ ) < Re o(z,&) -sin §' + [Im o(z,&)] - cos 6.

That is,

sin?(w + 0)((Re o(z,€))?* + (Im o(x, £))?)
< (Reo(z,£))? -sin® & + |(Im o(x,&))?| - cos® &

+2Re o(z,€) -sin 0 - |Im o(x,&)| - cos 6.
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Rearranging terms, we have
(sin? ¢’ — sin® (w +9)) - (Re a(z,£))?* + (cos® # —sin® (w+6)) - (Im o(x,§))?

+2Re o(z,€) -sin 0" - cos 0 - |Im o(z,&)| > 0.

Now, dividing both sides by (Re o(x,£))?, we have

[lm o (z, )|

(cos” 0" —sin” (w+9)) - ( Re o(z,¢)

m oz, O)1\* | . ,
L SO 2 g - g -
Ro 0(3:,5) + 2sin cos

+(sin® @' — sin® (w + §)) > 0.

[Im o(z,£)]|
Re o(z,§)

Now, let x = , we have

(cos? @' —sin? (w +6))a? + (2sin @' - cos 0')x + (sin? §' — sin*(w + 6)) > 0.

We have two roots by solving the quadratic equation associated to the above, i.e.,

—2sin @' - cos 0’ + \/4sin® (w + ) — 4sin? (w + 0)
2(cos? @' — sin® (w +6))
—sin 0’ - cos 0’ £ sin (w + §)cos (w + 0)
cos? 6 —sin® (w + 9) '

_ |Im o(a.8)|

Since for ¢’ € (0,6), the leading coefficient cos® ¢ —sin® (w+6), is positive and z = & e
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is positive, so we get

Next,

Since

we get

Im o (z, £)|
Re o(z,¢)

sin (w + d)cos (w+J) —sin 0’ - cos ¢’
cos? § — sin? (w + 6)

v

sin (g) = sin (w+ 20) > sin (w + 26").
sin (2w 4 20 — w) > sin (w + 26'),

(sin (2w 4 20) — sin (26'))cos w > (cos (260") 4 cos (2w + 20))sin w.

Now, by some trigonometric identities, we have

This gives

(sin (w4 &)cos (w + ) — sin (#")cos (#'))cos w > (cos® @' — sin® (w + §))sin w.

sin (w + d)cos (w + 6) — sin (#') - cos? (#") - sin (w)

=t .
cos? (0") — sin? (w + 0) cos (w) an e

By (3.1.4), we obtain

tan w >

[Im o(,§)]
Re o(z,€)

sin (w + d)cos (w+ 6) —sin (¢') - cos (¢)
cos? (0') —sin? (w + 6)

v

> tan w,
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which is a contradiction. When || > R and 0 € (=5 — 6, 5 + J), we have
E6) > 0.
Let 6; = § — 6 and let {2 be the region given by
Q:{AG(C: —g—5<arg/\<g+5},
where #; and €2 depend only on the fraction g. Then for A € Q and [£| > R,

|o(z, ) + A

= \/|0(x,§)|2 + 2|A[(Re o(xz,€) - cos 0) + Im o(x,&) - sin 0) + |\

> o@ OF — 2]\ oz, lsin (@ +3) + AP

Since 0 < w + 4§ < 7, we have sin (w +6) > 0 and

2|\ |o(z, &)|sin (w+8) = 2[\||o(z,&)]/sin (w+ 8)y/sin (w + 0)

< |A]Psin (w +8) + |o(x, €)|*sin (w + 6).
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This implies that

|o(z, ) + Al

> |o(z, 62 + N2 — |o(z, €)|2sin (w4 &) — |A|2sin (w + 0)

= /(1 —sin (w+0))(|o(z,€)|2 + |A?)
> (1= sin (w+ 8) (A (A" + (Im)m)

> (1 —sin (w+6))Fmin{A2, 132" (A() + |\[#)™.

[N
[NIE

The last line is obtained using the fact that (p + ¢)z < 2 (p% +q2) for p > 0 and ¢ > 0.
Finally, by letting Ry to be equal to R, and C} to be equal to (1—sin (w+4))2min{ A2, 1}2™,
we have

|o(2,€) + Al = CLAE) + [A|=)™, €] + A > Ry.

That is, o + A is a M;?Avmvg(e)—elliptic symbol. O

Theorem 3.1.4 Under the hypotheses of Theorem 3.1.3, there exists a symbol T in M;:X?m,ﬂ(el)
such that

T.T, I+ R,

a6y
where R is a pseudo-differential operator with symbol in (g MﬁA,m,Q(el)

The proof is similar to that of the existence of a parametrix of a M-elliptic pseudo-
differential operator in [11].
In the next section, will use the fact that o(x,&) + X is a My . o -elliptic symbol to

show that the operator —7T}  is the infinitesimal generator of a one-parameter holomorphic
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semigroup of bounded linear operator on a complex Banach space.

3.2 Holomorphic One-Parameter Semigroups

To make the paper more self-contained, let us first recall what a holomorphic one-
parameter semigroup of bounded linear operators on a complex Banach space is. Good

references are the books [2], [8] and [17], among others.

Definition 3.2.1 Let €2 be the sector in the complex plane given by

Q={zeC:¢ <argz < g, where p; <0 < pa}.

Let {T'(2) : z € Q} be a family of bounded linear operators on a complex Banach space X

such that

e the mapping C 3 z — T'(z) € B(X), where B(X) is the Banach space of all bounded
linear operators on X, is holomorphic,
o T(z1+ 22) = T(21)T(22) for all z1, 25 € Q with 2z + 2z € Q,
e forall x € X,
Im T (z)x = .

z—0

Then we call {T'(z) € B(X) : z € 2} a holomorphic one-parameter semigroup of bounded

linear operators on the complex Banach space X and the linear operator A defined on
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z

{x € X : lim [&z=e exists} by
z—0

Mg — Jiy L) —2
z—0 z

is called the infinitesimal generator of the holomorphic one-parameter semigroup
{T(z) e B(X):z€Q}

of bounded linear operators on X.

Holomorphicity here means that for every complex number z, € 2 and every x € X,

lim T(z)r —T(20)x

220 Z— 2

exists in the norm topology of X. The parameter z in T'(z) can be thought of as complex
time, which deserves further investigation to be understood.
We now begin with a result on infinitesimal generators of holomorphic one-parameter

semigroups of bounded linear operators on complex Banach spaces in [17].

Theorem 3.2.2 Let A be a closed linear operator densely defined on a complex Banach
space X such that Q(0)U{0} is a subset of the resolvent set p(A) of A for some 0 in (0,7/2)

and there exists a positive constant M for which

=

(A=)~ <

>
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Jor all X in p(A) with @ —m < arg A < m—0 and A # 0, where || || is the norm in the Banach
algebra of all bounded linear operators on X and I is the identity operator on X. Then A is
the infinitesimal generator of a holomorphic one-parameter semigroup {T(z) : |arg z| < 6}

of bounded linear operators on X.
We need to modify Theorem 3.2.2 for our need.

Theorem 3.2.3 Let A be a closed linear operator densely defined on a complex Banach

space X such that

Q)N {\ e C: |\ > R} C p(A)

for some 0 in (0,7/2) and some positive number R. In addition, we suppose that

M
A= XD < —
(4 =AD"~ < 5

for all X in p(A) with

—m<arg\<m—10

and |A| > R. Then A is the infinitesimal generator of a holomorphic one-parameter semi-

group {T'(z) : |arg z| < 0} of bounded linear operators on X.

Proof Let A= A — RI. Then for all A € Q(#) U {0},

A-XN=(A-RI)- X =A—-(\+RI,
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which is bijective. So, A € p(A). Therefore

Q(0) U {0} C p(A).

Since
A-X=A—-(\+RI,
we see that
~ M M
A=D1 < < —,
A=A < o < 1

By Theorem 3.2.2, A is the infinitesimal generator of a holomorphic one-parameter semigroup

{T(z) : |arg z| < 0} of bounded linear operators on X. For all z € C with |arg z| < 6, let

T(z) = ™ T(2).

Then A is the infinitesimal generator of a holomorphic one-parameter semigroup {7'(z) :

|arg z| < 8} of bounded linear operators on X. O

The next theorem is an estimate that captures the essence of the Agmon—Douglis—

Nirenberg estimates for pseudo-differential operators on R™.

Theorem 3.2.4 Let o € M)\, m > 0, be a strongly M-elliptic symbol. Then we can find

positive constants Ky, Ry and 0y with 0, € (0,7/2) such that

Kil[ulmpa < [[(Too + ADullopa + lullopa, v HY,
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for all X\ € Q(6,) with |\ > Ry, where
Qb)) ={ eC:0,—m<arg \<7m—b},

I is the identity operator on LP(R"™), 1 < p < oc.

Proof Let g,y be the function on R"™ x R™ x Q(6,) defined by
oo, N) = o(x,§) + A, (2,§,A) € R" x R" x Q(6,).

Since o is strongly M-elliptic, it follows from Theorem 3.1.3 that o, is M;fmmﬂ(el)—elliptic.

By Theorem 3.1.4, there exists a symbol 7 in Mp’f\”m (01) such that

T.T, I +R,

Q)

where R is a pseudo-differential operator with symbol in (), .z M rlf, Amn.Q6r)- For all multi-

indices o and 3, there exists a positive constant C,, 3 such that

(DEDLT)(, & )] < Cag (ﬁ) A(g)mol?

for all (z,£) € R" x R™ and A € 2(6;). Since

A()

W < 1, 5 € Rn,A c 9(91),
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it follows that

(DEDI7)(, &, N)| < CagA(g) P

for all (z,§) € R" x R and A € Q(#;). By the LP-boundedness of pseudo-differential
operators with symbols in Theorem 1.2.11, there exist two positive constants C’ and C”

such that

[ullmpn = (T Togq,, + R)ttllmpa
< N Toxullmpa + [ Rl

< N Toullopa + Clul

m7p
0,p,A» u € HA 3

for all A € Q(6;) Let @Q = max(C’",C"). Then

[ullmpa < QUToexullopa + llullopa), u e HY™.

Let K =1/Q. Then

Kllullmpa < |1 Toraullopa + llu

opp, uEHPP. (3.2.1)

Since o € My is M-elliptic, it follows from the Agmon-Douglis-Nirenberg estimates that

we can find two positive constants C and Cs for which

Crllullmpa < Tootllopa + llullopa < Collullmpa, u e HY™. (3.2.2)
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By (3.2.1) and (3.2.2), we get

CQ 02
ITogtlloga + lullopa < 221 (Too + Aullops + Z2 lulopa.

Therefore

G

K

C
(Too + M = Xellogs + lulloga < 22T + AD)ulloga + 22 ellopa

which implies that

(A Nlullop.a = [[(Too + ADullopa + luflop.a

Cg 02
< oo + Aullopa + = llullopa-

Thus,

C C
(14 1= 52 Bl < (14 52) 10 + Al

Now,letw:%—lanszl—i—%. Then

Al —w
L

[ullopa < [[(To0 + Al)ullopa-

Let R be a positive number such that
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Then for all A € Q(f;) with |\| > R, we have

CIM Nullopa < [[(Too + Aullopa, u € HYP, (3.2.3)
for all A € Q(6;) with |A\| > R if we pick C' to be any positive number such that

(I
The same proof of Theorem 3.2.4 gives a similar estimate for the adjoint T, of the
pseudo-differential operator 77 .

Theorem 3.2.5 Let 0 € My, m > 0, be a strongly M-elliptic symbol. Then we can find
positive constants Ky, Ry and 0y with 05 € (0,7/2) such that

Ksl[ullmp i < 1(Tho + ADullogn + [ulloga, e HY,
for all X € Q(6y) with |\| > Ry, where

Q) ={NeC:0,—m<arg A\ <7 — 0y},

I is the identity operator on LP (R™) and



We can now state and prove the main result of this chapter.

Theorem 3.2.6 Let o € M)y, m > 0, be a strongly M-elliptic symbol. Then the pseudo-
differential operator —T, is the infinitesimal generator of a holomorphic one-parameter

semigroup of bounded linear operators on LP(R™), 1 < p < oc.

Proof By Theorem 3.2.4, T, + Al is injective and has closed range for all A\ € Q(6,) with
Al > Ri. By Theorem 3.2.5, T/ ; + Al is injective and has closed range for all A\ € Q(6,)
with |)\| > Ry. Let

0= min(@l, 92),
R = maX(Rl, Rg),

and

QO)={NeC:0—7m<arg A <m—0}.

Let A € Q(0) be such that |A\| > R. Then for any function v in Hﬁ’p, annihilating the range
of T, + A, we have

v(Tyo+ Au) =0, we H"".

Therefore

u(Tho+A)v) =0, we H"™.

So, (Tt + AI)v = 0. Using the injectivity of T}, + A/, we see that v = 0. Thus, the range
of T, o + Al is dense in HR’p . Since the range of T,y + Al is closed in H/O\’p , it follows that

the range of T,y 4+ Al is equal to Hﬁ’p . Therefore T,y + Al is surjective. This implies that
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—T,0 — A is also surjective. Hence for all A € Q(6) with |A| > R,
/\ - p(_Ta,O)

and by (3.2.3),

M
—Too— M) < —,
I(~Too =AD" < 1

where || || is the norm in the Banach algebra of all bounded linear operators on L(R™) and

Qul

Therefore by Theorem 3.2.3, =T, is the infinitesimal generator of a holomorphic one-

parameter semigroup of bounded linear operators on LP(R™).

O

We conclude this chapter by giving an estimate for this holomorphic one-parameter semi-

group. See details on page 134 of [23], and Theorem 2.2 in Chapter 1 of [17].

Theorem 3.2.7 Fort > 0, e7 =0 is a bounded linear operator on LP(R™) and we have for
every wy € (0, 00),

le™"0 |l < Mer,

Moreover, if we take wy — 0, then we have ||e~*T=0|| < M.
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4  Solutions of Evolution Equations in L’(R"),;1 < p < oo

Let us recall the following initial value problem for the evolution equation governed by a

strongly M-elliptic pseudo-differential operator, i.e.,

u(y,t) = —(Tyou)(z,t), x€R" >0,

u(z,0) = f(z), =z e€R",

where o € Mg?{ is a strongly M-elliptic symbol with m > 0, f is a given function in
LP(R™),1 < p < oo, and u: R" x [0,00) — C is to be determined.

We introduce the classical solution and the mild solution of the initial value problem
(4.1).

A classical solution u of the initial value problem (4.1) is a continuous function w :
[0,00) — LP(R™) such that u is continuously differentiable on (0,00) and satisfies both
equations in (4.1). We have the following theorem, which follows from the definition of an
infinitesimal generator of a holomorphic one-parameter semigroup of bounded linear opera-

tors on LP(R"), 1 < p < oc.
Theorem 4.0.1 The initial value problem (4.1) has a unique classical solution u for every
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f e LP(R™). Moreover,

u(t) =e T f, te0,00).

Remark 4.0.2 However, the proof of Theorem 2.3.2 gives us only a strongly continuous
one-parameter semigroup of bounded linear operators on L2(R™). So u(t) = e 1ol f is a
classical solution if f € H v?. If f € L*(R™)\ H.'v**, then the function u : [0,00) — L*(R")
defined by

u(t) = e 1ot f 1 €0,00), (4.2)

may not be a classical solution of the initial value problem (4.1). The best we can say about

u is given in the following theorem.

Theorem 4.0.3 Let {T(t) : t > 0} be the strongly continuous one-parameter semigroup of
bounded linear operators on L*(R™) generated by —T,o. Then the function u : [0,00) —

L*(R"™) defined by

is a mild solution of the initial value problem (4.1) in the sense that there erxists a sequence
{fe}s2, in HY™ such that fi — u(0) in L*(R™) and T(-)fr — u in L*(R™) uniformly on

every compact subset of [0,00) as k — 0o.

Proof Since H;™ is dense in L*(R"), there exists a sequence {f,}22, in H3™? such that
fe = fin L*(R") as k — oo. So, fr — u(0) in L?*(R") as k — oo. By Theorem 2.2 in

Chapter 1 of the book [17], we can find constants w and M with w > 0 and M > 1 such that

1T < Me™, ¢ € [0,00),
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where || || denotes the norm in the Banach algebra of bounded linear operators on L*(R™).

Let K be a compact subset of [0,00). Then for all ¢ in K,

IT(t) fe — w®)ll2 = 1T fi = T@) fll2 < ITONx = fll2 < Me | fi = fll2.

Let S = sup,c €“'. Then

1T) f =T @) flla < MS[[fe = fll2— 0

for all t € K as k — oo. Therefore

T() e = u

in L?(R™) uniformly on every compact subset of [0, 00) as k — oco. This completes the proof

that u : [0,00) — L?(R") is a mild solution of the initial value problem (4.1). 0

Remark 4.0.4 It is clear that the proof of Theorem 4.0.3 is independent of the choice of

2m,2

the sequence {f;}72, in Hy™". So the mild solution is unique.

Remark 4.0.5 If p =2 and 0 € S, is a strongly (p, A)-elliptic symbol with m > 0, then
Theorem 4.0.1, Remark 4.0.2, Theorem 4.0.3 and Remark 4.0.4 are all true with the same

arguments.
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5 Examples

5.1 Heat Operator

We begin with our first example on the heat operators. The symbol ¢ of the heat operator

—321 - —58;2 on R? is given by
2
o(€,6) =i& + &, €,& ER.
Let

AE&L,E) =1+ +6&, 6,6 €R.

1
We now show that A(&1,&s) is a weight function and o is an M-elliptic symbol in M7 ,.
47

Step 1 A(&, &) = 1+ €2 + &5 is a weight.

L+VE+E _1+VE+E 1 L VEHES
I+&8+& ~ Ji+&+e Ji+e+e Jira+e ™7

since €2 + &2 < 1+ &2+ & for any (&,&) € R?. Hence we get

5 (1 + &) <a6e) (5.1

So, in (1.1.1), Cy = %,,ug = 1. Next, we have for all |{| > R,
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L+8+86  _ 1+8+8
(1+/8+)r — (G+8)?

1+ (§+8)+ (& +6)°

(& +8)?
= SR
(G+8)? g+¢8

< 2.

1+£2+¢5

(144/&3+£2)4

attains a maximum Cy on || < R. Let €} = max{C5,2} and p; = 4. Then we have

Now, for all [£] < R, we use the fact that it is a compact set to conclude that

4
Ch (1 +4/& +€§) > A&, &), (61.6) €RY (5.2)

Hence by (5.1) and (5.2), we have

4
% (1 + \/f% +§22> <AL ) <Gy (1 +4/& "’522) , (&,6) R (5.3)

Next, for all multi-indices « and v with v; € {0,1},7 = 1,2,...,n, we can find a positive
constant C, -, depending on « and v only, for which A(&, &) = 1+&F + &3, satisfies equation
(1.1.2) with p = 4.

There are only four possibilities for v, i.e., v = (0,0),y = (1,0),7 = (0,1) and v = (1, 1).

Let a4+ = (o + 71, 0 + 72). It is easy to see that if a; +v; > 1 and as + 72 > 1, then

|£’Y(aa+'yA)(€)| < Ca,«y/\(ﬁ)l_ila‘, £e R2.
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Now let a + v = (0, a5 + 72). Then

Case 1: If a + v = (0, 0) with v = (0,0), a = (0, a2),0 < as < 4, then we have

€A = |01 +E& +&)

_ A
(4 — Oég)! 2
4] d—ag
1

(4_—.&2)!(1 +E+&)

la

- Ca,vA(g)l_Ta 5 € R?.

Case 2: If a +v = (0,a5 + 1) with v = (0,1), @« = (0,a2),0 < ap < 4, then we have

(TN O] = &I+ +&)

4! gh-(eat )1
(4 - 042)! 2

4!
m(l +E+ &)

4—an
4

la|

= Car A1, R

Next consider o + v = (a1 + 71,0). Then
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Case 1: If a + v = (a1,0) with v = (0,0), @ = (a1,0),0 < ay < 2, then we have

EE MO = |0 +e+ed)
B 2! 9oy
- (2 — Oél)‘ !
9l
< ﬁ(l +E e

= Ca,AE)F, €eR

Case 2: If a + v = (a7 + 1,0) with v = (1,0), @ = (1,0), 0 < oy < 2, then we have

€A = Qg T (1 + € + &)

o 2 a1+1
N (2 — Oél) 61

91
ﬁ(l +E e
ol

= Ca, MO T, EeR2

<

Therefore, for pn = py = 4 and for all multi-indices a and v with v; € {0,1},7 = 1,2, we

can find a positive constant C,, ., depending on o and v only, for which

€N ()] < CanALE) 01, € e R2. (5.4)

By equations (5.3) and (5.4), we see that A(£1,&) = 1+&+&5,  &,& € R, is a weight
function.

Our next objective is to show that o is in M e

Step 2 0 € M1 o where A6, &) =1+ +&.
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We want to show that for m = £, p = 1, and for multi-indices v with v; € {0,1},7 = 1,2,

we have o(&;, &) = i&; + &5 satisfies the condition & (8?0) & es

P I

K
In fact, we need to show that for all multi-indices o and f3, there exists a positive constant

Cy 3, depending on «, 8 only, for which

(0202 (Do))(E)] < Ca(1 + €2 + 4)21 (5.5)

Note o is a function of £ € R? only. There are only three possibilities.
Case 1: If |a| > 1, || > 3, or |y| = 2, then left hand side of inequality (5.5) is 0 and so
this inequality holds automatically.

Case 2: If |a| = 0, |8] < 2 with 8 = (1,0), and v = (71,0), then we have for all £ € R?

; 1 1 1! ; -7
90 ( mege (agj(ﬁwf%)))‘ = |0, ( v T 1 v)

_ 51 1! .
- 12 (g —%)!Z&>‘

o TR,
(1= (1 =)
_ 1! 1-p1

(1—p)!
= Co,ﬁ|€1|1_ﬁly

1-81

= Co,,@|§%| 2

1-p61
2

IN

Cos(1+& +&)

Cop(1+ € 4 &)zl

IN

where Cy 3 = (171—;1),
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Case 3: If take |a| = 0, || < 2 with 8 = (0, 2), and v = (0,72), then for all £ € R?,

: (2 o
g 02 <§1’1§;z (agj(z& +€§)))‘ = |05 ( 7 T 2 7)‘

_ B2 2!
= |% ((2 —w&)

2) oA
(2= ) (2—B)!?

= Cogl&”™,

25y
= Coplé| ™

2—f9

< Cop(l+&+&) 3

= Cos(1+& +&)2,

2! 2!
(2=72)! (2=62)1"

where Cy 5 =
Therefore for all multi-indices o and f3, there exists a positive constant C, g, depending
on a and ( only, for which (5.5) holds. So, o € M;A.
Our next step is to show that ¢ is a M-elliptic symbol in M f K
Step 3 0 € M;A is M-elliptic.

We need to show there exist positive constants C' and R such that for all |¢| > R,

N

0 (§)] = CA(S)=.

71



Indeed,

O & + &

A(€)? VI+E+€

G+& 1
1+ +& — 2

1
Therefore A(&1,&2) is a weight function and o is a M-elliptic symbol in M7 .
47

for all |¢| > R and C = 1.

Unfortunately, (&1, &) = i€+ is not a strongly M-elliptic symbol. Since Re o(&;, &) =

€2 > C\/1+E& +& for [€] > R is not true when & — oo and & = 0.

1
Conclusions 5.1.1 The symbol of the heat operator is a M-elliptic symbol in M7 A but
47
not strongly M-elliptic. By Theorem 1.3.6, the domain of the minimal and hence maximal

1
extension of the heat operator on L?(R?) is equal to the Sobolev space H}? Pfor 1 < p < oo.

5.2 Wave Operator

The wave operator is
0? 0?
0x?  Or¥

where (71, z2) € R?. Since 8‘9—;% - 88—;% = 02— 03 = —(—i0))*+ (—idy)? = —D?+ D3, its symbol
is

0(£,6) = - +8&, £eR
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Here, we are wondering if this symbol is M-elliptic. More specifically, assume there exists a

weight function A(€) such that such that for all multi-indices v with v; € {0,1},7 =1, 2.

6”(530)(96, §) €Sy

Can the symbol of wave operator be M-elliptic? The answer is No.
Let us assume that there exists a weight function A(&1, &) such that o(&1, &) € M. If

it is M-elliptic, then we are able to find two positive constants C' and R, such that

|0 (61, 62) = CAE)™,  [€] = R. (5.1)

Now, take the set W = {(£1,&) € R? : & = &}. Then for any (£1,&) € W, we have
o(&1,&) = 0. Therefore (5.1) fails. So there is no weight function that can make the wave

operator to be M-elliptic.

Conclusions 5.2.1 The wave operator is not M-elliptic of any order, any p, and any weight.

5.3 Cauchy—Riemann Operator

The Cauchy—Riemann operator is a linear partial differential operator that arises in the

study of complex analysis. It is defined as

0 0
— 4 R2.
axl +Za$2a ($1a$2> S
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One can easily find its symbol to be (&, &) = i€ — & and the zero set is just a single
1

point (0,0). It can be shown that the symbol o is M-elliptic in M} 4 With respect to the
27

weight A on R? given by

AEL,E) =1+ 462, 6,6 €R.

Indeed, for |£| > R, we have

ozl _ | &+& 1
Ag)z L+&+8 2

By picking C' = %, we have

05,6 2 JAOF €2 R

Now, take the set W = {(£1,&) € R? : & > 0}. Then for any (£,&) € W, we
have Re o(z,§) = —& < 0. Therefore there is no weight function that can make the

Cauchy—Riemann operator to be strongly M-elliptic.

Conclusions 5.3.1 The symbol of the Cauchy—Riemann operator is a M-elliptic symbol

1

in M}, but not strongly M-elliptic.

3

e

5.4 Bi-Heat Operator
The bi-Heat operator is given by

0? ot
A R?.
927 + s (x1,29) €
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One can show that its symbol is o(&;, &) = €2 + €5, Let

AE&L,E) =1+ +6&, 6,6 €R.

This is the same weight function A(;, &) associated with the heat operator. We can

write 0(&1,&2) as

o(é1,8) = (i& + &) (—i& + &).

Let (&1, &) = i€, +&2. Then 0 = 7. We note that 7 is the symbol of the heat operator,
1 1

so 7 is M-elliptic in M? . Obviously, 7 is also M-elliptic in M? . Moreover, by using the
47 47

product rule in Theorem 1.2.2, we see that o € M} A 18 M-elliptic. Since, o is real-valued
40

1

and non-negative, it follows that o is a strongly M-elliptic symbol in M; .
47

Conclusions 5.4.1 The bi-heat operator is a strongly M-elliptic symbol in M} , and hence
47

also a M-elliptic symbol.

5.5 Weights

Let A be the weight defined in Chapter 1. By Proposition 1.2.8, we know that A € S;A
and A € M.

Also, by letting C' =1 and m = 1, we see A(§) > CA(£)™ holds for all £ € R™. That is,
A€ M), is also M-elliptic.

Finally, A(¢) is a positive real-valued function. So it is also a strongly M-elliptic symbol

. 1
in Mp7A.
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Conclusions 5.5.1 The symbol A is a strongly M-elliptic symbol in M ;7 A and hence also

M-elliptic.
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