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Abstract

Image denoising is a fundamental problem in image restoration. Researchers have studied
the problem for decades and proposed numerous algorithms. In the past ten years, deep
learning has produced complex models that deliver high-quality denoised images, but these
models require on large numbers of parameters, lack interpretability, and depend heavily on
random parameter initialization. As a result, they frequently converge to poor-performing
local minima.

This thesis proposes an image denoising neural net constructed by unrolling an iterative
algorithm solving a maximum a posteriori (MAP) optimization problem regularized using a
graph Laplacian prior. To guarantee a minimum level of performance, we initialize the network
to a known (pseudo-)linear denoiser, which is mapped to a corresponding graph Laplacian
matrix specifying the MAP problem, leveraging a previous linear algebraic theorem. The
performance of the network is further enhanced by learning an appropriate perturbation matrix
to augment the graph Laplacian via a lightweight convolutional neural net (CNN). This design
bridges the gap between classical model-based methods with modern deep learning, eliminates
the need for random initialization, reduces parameter count, and improves interpretability
of the constructed network. Experiments show that our method demonstrates competitive
image quality reconstruction compared to state-of-the-art deep learning models, while offering
improved robustness, interpretability, and parameter efficiency.
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With them the Seed of Wisdom did I sow,
And with my own hand labour’d it to grow:

And this was all the Harvest that I reap’d –
“I came like Water and like Wind I go.”

— Omar Khayyam, an 11th-century Iranian poet and mathematician
Translated by Edward FitzGerald.
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Chapter 1

Introduction

1.1 Background and Motivation

In the field of image processing and computational imaging, the task of restoration is to
recover the original pristine image from an observed distorted one. Although the basic goal
of denoising is to reduce additive noise without destroying image details, the significance
of denoising goes beyond this singularly defined task. Specifically, an effective denoiser can
be employed as a building block in a larger image restoration framework. One example is
Regularization by Denoising (RED) [1], where a denoiser is used to define a more general
regularizer for a targeted inverse imaging problem. Another example is Plug-and-Play (PnP)
[2], which formulates a denoising subproblem within a larger image restoration problem—
specifically those solved using the Alternating Direction Method of Multipliers (ADMM)
framework [3]. Diffusion models can also incorporate denoisers into their generative forward
process to produce meaningful images from a latent vector, typically modeled as a random
Gaussian distribution.

1.2 Types of Image Noise and Focus of This Work

Noise in digital images refers to random or structured variations in pixel intensities that do
not correspond to the true underlying scene. These variations may arise due to imperfections
in the imaging sensor, electronic circuitry, or the transmission and storage of image data.
Understanding the characteristics and mathematical models of different types of noise is
crucial for designing effective denoising algorithms. Below, we review the most common types
of noise encountered in image processing.

1.2.1 Additive White Gaussian Noise (AWGN)

Additive White Gaussian Noise (AWGN) is by far the most widely studied and utilized noise
model in image denoising literature. It arises from various sources such as thermal noise in
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image sensors, readout circuitry, and analog-to-digital conversion.
Mathematically, AWGN is modeled as

y = x + n; n � N (0; �2I) (1.1)

where x is the clean image, y is the observed noisy image, and n is a zero-mean Gaussian
noise vector with covariance matrix �2I. The noise is assumed to be i.i.d. (independent and
identically distributed) across pixels. AWGN is simple to simulate and analyze, making it
the de facto standard for benchmarking denoising algorithms.

1.2.2 Impulse Noise (Salt-and-Pepper Noise)

Impulse noise appears as random occurrences of black and white pixels in the image and is
often caused by malfunctioning pixel elements in camera sensors, faulty memory locations, or
transmission errors in digital communication.

The corrupted image can be modeled as

y(i; j) =

8><>:
x(i; j); with probability 1� p
Imin; with probability p

2

Imax; with probability p
2

(1.2)

where p is the noise density, and Imin and Imax represent the minimum and maximum intensity
values (e.g., 0 and 255 for 8-bit images). The non-Gaussian and non-additive nature of impulse
noise renders it resistant to traditional filtering-based denoising methods.

1.2.3 Multiplicative Noise (Speckle)

Multiplicative noise, commonly known as speckle noise, is prevalent in coherent imaging
systems such as ultrasound, laser, and Synthetic Aperture Radar (SAR). This type of noise
arises due to interference between coherent wavefronts reflected from different surface points.

The noisy observation is modeled as

y = x � n; n � Gamma(L; 1=L) (1.3)

where � denotes element-wise multiplication, and n is a multiplicative noise vector, often
modeled using a Gamma distribution with mean 1 and variance 1=L, where L represents the
number of looks (a parameter controlling noise severity). The signal-dependent nature of
multiplicative noise complicates the denoising task.

1.2.4 Structured Noise (e.g., Periodic or Stripe Noise)

Structured noise includes any noise pattern that exhibits regularity or spatial correlation. This
could result from sensor defects, interference from power sources, or mechanical vibrations in
scanning equipment. Examples include stripe noise, fixed-pattern noise, or periodic artifacts.
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There is no universal model for structured noise, but one example specification is

y = x + nstr; nstr = A sin(2�fx+ �) (1.4)

where A, f , and � are amplitude, frequency, and phase of a sinusoidal interference pattern.
Removal of structured noise often requires spectral analysis or spatial-domain techniques
that exploit the periodicity or correlation in the noise.

1.2.5 Poisson Noise (Shot Noise)

Poisson noise, also known as shot noise, is inherent in photon-limited imaging systems such
as astronomy, medical imaging (e.g., PET), and low-light photography. It originates from the
quantized nature of light and is signal-dependent.

The noisy observation follows

y(i; j) � Poisson(x(i; j)) (1.5)

Unlike Gaussian noise, Poisson noise has a variance equal to its mean, i.e., Var(y(i; j)) =
x(i; j). This makes denoising more difficult, particularly in low-light conditions where signal
levels are small and noise dominates. Variance-stabilizing transforms such as the Anscombe
transform are often used to approximate Poisson noise as Gaussian.

Focus of This Work

In this thesis, we focus exclusively on the problem of denoising images corrupted by Additive
White Gaussian Noise (AWGN), for the following reasons:

• AWGN is the most prevalent model used in benchmarking denoising algorithms, allowing
for consistent and fair performance evaluation.

• It serves as a foundational testbed for developing and analyzing new denoising architec-
tures, especially those based on iterative optimization and deep learning.

• Many techniques developed under the AWGN model can be generalized to handle more
complex or realistic noise models with appropriate modifications.

Hence, this work adopts AWGN as the primary noise model, while acknowledging that
future extensions may adapt the proposed methods to other types of noise.

1.2.6 Natural Noise

While much of the classical image denoising literature is built around synthetic noise models
such as additive Gaussian noise, real-world noise observed in naturally acquired images often
exhibits far more complex behavior. This type of noise, commonly referred to as natural
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noise or real image noise, arises from a combination of physical processes in digital imaging
pipelines, including photon shot noise, thermal readout noise, quantization errors, sensor-
specific defects, and nonlinear transformations such as gamma correction and demosaicing.
Unlike its synthetic counterparts, natural noise is not independent of the image content; it is
typically signal-dependent, spatially correlated, non-stationary across the image, and highly
dependent on the sensor characteristics and acquisition settings.

There is no universal analytical expression for modeling natural noise. Instead, the
noisy image is often described as the output of a complex, nonlinear function that maps
a clean image and the corresponding noise to the observed measurement. Formally, this
can be expressed as y = f(x;n), where x is the clean image, n represents the latent noise
sources, and f encapsulates the full image formation pipeline of the camera, including both
deterministic and stochastic elements. Because f is typically unknown and device-dependent,
it is challenging to derive principled denoising algorithms in this setting.

To study and benchmark denoising algorithms under natural noise conditions, several
datasets have been proposed in recent years. Among them, the Darmstadt Noise Dataset
(DND), the Smartphone Image Denoising Dataset (SIDD), and the Nam dataset are widely
used. These datasets provide pairs of real noisy and nearly noise-free images captured
using professional or consumer-grade cameras under controlled conditions. Clean reference
images are often generated by averaging multiple low-ISO or long-exposure frames, thereby
minimizing the noise without introducing additional artifacts.

Denoising natural images presents several unique challenges. Since the noise is no longer
additive, white, or Gaussian, models trained on synthetic data often fail to generalize. Addi-
tionally, because the noise distribution varies across scenes, lighting conditions, and devices,
even small shifts in image acquisition parameters can significantly degrade performance.
Unlike the AWGN setting, where pixel-level loss functions are often sufficient, natural noise
scenarios may require more sophisticated training objectives or domain adaptation techniques
to maintain robustness.

In this thesis, the focus remains on additive Gaussian noise, due to its well-established
role as a canonical benchmark in the field and its analytical tractability for theoretical
analysis. However, it is worth noting that the denoising framework proposed in this work,
which leverages graph-based priors and interpretable deep unrolling, may offer extensibility
to real-world settings where natural noise is present. In particular, the modularity of the
approach and its reliance on structural assumptions rather than dataset-specific optimization
may be advantageous when generalizing beyond the synthetic setting.

1.3 Overview of Denoising Methods

One approach to the denoising problem is “model-based”, which assumes mathematical models
using which algorithms are derived. Examples include simple averaging filters, where the
averaging weights are based on a uniform distribution, and Gaussian filter, where the averaging
weights follow a Gaussian distribution. A Gaussian filter and an averaging filter smooth over
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any signal using the same assumed distribution of weights. However, one can use different
weights to smooth different signals, taking the signal structure into account. This approach
helps prevent the loss of salient image details like edges while suppressing noise by averaging.
Bilateral filter (BF) [4] and Non-local Means (NLM) [5] employ this strategy to preserve
image details while reducing additive noise effectively.

Many model-based algorithms are also rooted in Bayesian inference, where they employ
signal priors to regularize the ill-posed denoising problem. Examples of such priors include
total variation (TV) [6], sparsity-promoting prior [7], low-rank prior [8], self-similarity prior
[9] and autoregressive prior [10].

1.4 Strengths and Limitations of Existing Approaches

In the early 2000s, substantial research in image denoising led to the development of
highly effective model-based denoisers. This progress prompted some researchers to consider
the possibility that performance might have reached its practical limits, leading to the belief
that “Denoising is Dead” [11]. However, the emergence of deep learning over the past decade
has brought significant advancements in various fields, particularly in image processing
and denoising. These developments have introduced new techniques for designing more
effective deep-learning-based denoisers. Today, deep learning denoisers achieve high levels of
performance in noise suppression, outperforming traditional model-based methods.

To understand why deep learning-based methods perform better, we need to explore their
underlying methodologies. Deep learning-based denoisers are data-driven methods that learn
a mapping function from noisy images to clean images by minimizing a loss function on a
training set containing pairs of noisy and clean images. These denoisers generally outperform
model-based denoisers in almost all cases due to scaling—using larger datasets and more
complex architectures. One might think that scaling can endlessly improve performance, but
it comes with certain costs.

Although deep-learning-based denoisers are highly effective, the learned mappings can
be extremely complex. This complexity is typically measured in terms of the number of
learned parameters in a mapping. If the complexity is high, several challenges arise during
the training process. First, the amount of data required to train such a denoiser would be
large. Second, as the complexity of a deep-learning-based denoiser increases, it tends to
memorize specific patterns in the training data instead of learning generalizable patterns.
This causes the model to perform extremely well on the training data but poorly on new
data it has not encountered before—a phenomenon known as overfitting.

In overfitting, the model memorizes specific patterns in the training data, including the
covariate distribution of training examples. As a result, a large model may also perform
poorly when it encounters data with different covariate distributions—a phenomenon known
as covariate shift [12].

Deep learning models can map noisy inputs to clean outputs, but this process is often a
black box. There is no clear mathematical intuition or explanation for why these models can
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reduce noise and produce clean images. This lack of interpretability brings its own challenges.
For example, interpretability can guide the creation of compact models with fewer parameters
that still perform well, making them less vulnerable to overfitting and covariate shifts.

Further, network parameter initialization plays a crucial role in the performance of the final
learned parameters during stochastic gradient descent [13]. Starting with a “bad” initialization
can lead to getting stuck in poor local minimum, resulting in performance degradation. On
the other hand, good initialization can reduce training time and allow the model to converge
to an effective solution more quickly. Recently, several initialization schemes, such as Xavier
initialization [14], have been proposed to address this issue.

1.5 Proposed Approach: A Hybrid Graph-based Denois-
ing Network

Recently, an approach called model-based deep learning [15] has been introduced. This
method combines the interpretability of model-based denoisers with the strong performance
of deep learning-based denoisers. As the name suggests, it involves designing a deep-learning-
based denoiser inspired by a model-based algorithm. Model-based algorithms often work
through iterations, where the output of one step becomes the input for the next. By stacking
these iterations like layers in a deep learning architecture, we can build a deep neural network
that mimics the iterative process of the algorithm. This approach is known as algorithm
unrolling.

Inspired by recent work in algorithm unrolling [15], in this thesis, we propose a novel
image denoising neural net constructed by unrolling a graph-based algorithm, one that can be
initialized to a known well-performing denoiser to guarantee a baseline level of performance.
Specifically, a recent linear algebraic theorem in [16] shows that, under mild conditions, a
(pseudo-)linear denoiser 	 can be mapped to a graph filter that is a solution to a maximum
a posteriori (MAP) optimization problem regularized using a graph smoothness prior [17]
specified by graph Laplacian matrix L. Leveraging this theorem, we first construct a neural
network by unrolling an iterative algorithm solving the graph-regularized MAP problem
specified by L, where L is mapped from 	 via the linear algbraic theorem. This ensures that
the network performs on par to 	 at a minimum. Then, we learn an appropriate perturbation
matrix P to augment graph Laplacian L to L + P, via a lightweight convolutional neural net
(CNN) in a data-driven manner to further improve performance.

1.6 Contributions of This Thesis

This design bridges the gap between classical model-based methods with modern deep
learning, eliminates the need for random initialization, reduces parameter count, and improves
interpretability of the constructed network. Simulation experiments show that our constructed
network demonstrates competitive image quality reconstruction compared to state-of-the-art
deep learning models such as DnCNN [18], while offering improved robustness, interpretability,
and parameter efficiency.
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1.7 Thesis Organization

The document is organized as follows. In Chapter 2, we formally define the denoising
problem and provide a detailed discussion of model-based and deep learning-based approaches.
This chapter also covers algorithm unrolling. In Chapter 3, we introduce key concepts and
definitions in graph signal processing (GSP) [19], which form the foundation of the proposed
method. In Chapter 4, we present our proposed image denoising network design and
optimization. Finally, experimental results and conclusion are presented in Chapter 5 and 6,
respectively.
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Chapter 2

Related Works

2.1 Problem Definition

We begin by formally defining the denoising problem. Consider a target image represented as
an N � N matrix, which is vectorized lexicographically into a vector x 2 RN2 . An image
formation model for an observed noisy image y 2 RN2 is

y = x + v; (2.1)

where v 2 RN2 is a zero-mean i.i.d. Gaussian noise term, v � N (0; �2I), and �2 is the noise
variance. The goal of denoising is to recover x from y. This can be done either with or
without prior knowledge of �2.

A large portion of image denoising research has focused on additive white Gaussian noise
(AWGN). However, other noise types like Poisson [20] and salt-and-pepper [21] have also
been studied.

2.2 Model-based Image Restoration

Model-based methods assume mathematical models of the target signal, using which restora-
tion algorithms are derived or designed. Specifically, for the image restoration problem, there
are two main approaches in model-based schemes. The first approach is Bayesian inference,
which aims to recover the image by minimizing an energy function that incorporates the
noisy image and an assumed prior probability distribution. The second approach is based on
direct filter designs to average image pixel values. We will review both approaches in detail
in the following section.

2.2.1 Bilateral Filter

Uniform averaging of neighboring pixels results in blurring of important image details, such
as object contours. To avoid this, the structure of the image itself should be considered when
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applying averaging. Signal-dependent weighted averaging takes this structure into account,
thereby limiting the loss of image details while suppressing noise by averaging only among
“similar" samples in the signal. Specifically, in bilateral filter (BF) [4], similarity is defined in
two ways: proximity between pixel physical locations in the image, and proximity between
pixel values.

Mathematically, intensity xj of each pixel j in the image is computed as a BF-weighted
combination of intensity xi of pixels i:

xj =
X
i

wi;jP
iwi;j

xi: (2.2)

The BF weight wi;j between the target pixel i and its neighboring pixel j is defined as

wi;j = exp

�
�kli � ljk2

2

�2
l

�
exp

�
�jxi � xjj

2

�2
x

�
(2.3)

where li 2 R2 and xi 2 R denote the 2D grid location and intensity of pixel i, respectively.
BF is an example of a pseudo-linear denoiser; the weight matrix W = [wi;j]N�N depend

on the input signal itself and thus nonlinear. However, once W is fixed for a given signal, it
becomes a linear operator on signal x.

2.2.2 Sparsity Prior

One popular signal prior is a sparsity prior [7], which assumes that a target image patch x
can be expressed as a sparse linear combination of atoms from an overcomplete dictionary D,
such that x = D�, where � is the code vector and k�k0 is small. There are several methods
to compute such a dictionary D from data, a process called dictionary learning [22].

Recall that in equation (2.1), we defined the problem for a single noisy image patch. This
formulation can be extended to a set of image patches. Specifically, we stack m noisy patches
as columns in a matrix X 2 RN�m, where each column xi in X represents a single noisy
(vectorized) image patch. The problem of finding an overcomplete dictionary D 2 RN�p,
where p > N , to represent X sparsely can be formulated as follows:

min
D;A

kX�DAk2
F

s.t. kalk0 � s; l 2 f1; : : : ;mg
: (2.4)

The variables are dictionary D 2 RN�p and a sparse representation matrix A 2 Rp�m, where
each column l (represented by al) has at most s non-zero elements. s is a parameter that
specifies the sparsity count in each al. The dictionary learning optimization problem in (2.4)
is inherently difficult to solve, first due to its non-convexity caused by the ‘0 norm, and
second because of the sparsity constraint, which make it NP-hard. Further, optimizing D
and A at the same time makes (2.4) non-convex because of their multiplicative relationship.

We solve (2.4) in an alternating manner by addressing two sub-problems. The first
sub-problem, known as “dictionary learning", involves finding a dictionary D given a fixed
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sparse representation A. The second sub-problem focuses on finding a sparse representation
A for a fixed dictionary D.

There are many solutions to the dictionary learning problem, such as K-SVD [23]. The
second sub-problem, often called “sparse coding", assumes the dictionary D is known, and
computes a sparse representation A. Finding an optimal solution A for the sparse coding
problem is NP-hard in the general case, but there are different algorithms that provide
approximate solutions. One approach is to use greedy algorithms, such as Orthogonal
Matching Pursuit (OMP) [24] or Matching Pursuit (MP) [25], which attempts to build sparse
representation by selecting one atom at a time based on a local objective.

Another approach, called Convex Relaxation, replaces the pseudo-norm ‘0 with the convex
‘1 norm, considered the closest convex approximation of the ‘0 norm. This leads to the Basis
Pursuit (BP) problem, which is known as Lasso [26] in statistics.

Specifically, for a given dictionary D and an input image patch y, BP is the MAP problem
with a convex ‘1-norm prior for code vector � that promotes sparsity, formulated as

�̂ = arg min
α
ky �D�k2

2 + �k�k1: (2.5)

Solving (2.5) can be computationally expensive, since the ‘1-norm is not differentiable
and thus there is no closed-form solution.

2.2.3 Total Variation Prior

Total variation (TV) [6] of an image can be defined as a measure of signal variation across a
data kernel. There are various approaches to define a discretized [27] TV operator for digital
images. The most common definition of total variation for digital images is as follows:

TV(x) =
X
i

X
j2Ni

kxi � xjkqp (2.6)

where Ni denotes a neighborhood centered at the i-th pixel (usually the horizontally and
vertically adjacent pixels), and k � kqp represents the ‘p norm raised to the power of q.

Using the operator TV(�) as a prior, the MAP-based denoising problem can be defined as
follows:

x̂ = min
x
ky � xk2

2 + �TV(x): (2.7)

Common choices for k � kp are the ‘1- and ‘2-norms. As a prior, TV is popular due
to its simplicity and effectiveness. However, it has some drawbacks. First, the ‘1-norm is
non-differentiable and has no closed-form solution [28]. Second, resulting image textures tend
to be over-smoothed. Third, TV approximates a slowly spatially-varying area with a piecewise
constant signal, resulting in an unnatural staircase-like image with false gradients—known as
the “staircase" effect.
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2.2.4 Low-rank Prior

Consider stacking m similar ground truth image patches of N pixels each as columns in
matrix X 2 RN�m. Suppose X is corrupted by noise matrix V, which we assume to be large
but sparse, resulting in observation matrix Y:

Y = X + V: (2.8)

In the robust principal component analysis (RPCA) framework [29], the denoising problem
for a set of similar observed patches Y can be defined as

min
X;V

kXk� + �kVk1; s.t. Y = X + V (2.9)

where kXk� denotes the nuclear norm—the sum of singular values (which are by definition
non-negative) of matrix X:

kXk� =
X
i

�i(X); (2.10)

where �i(X) is the i-th singular value of X. Nuclear norm is a convexification of matrix rank.
A solution to (2.9) can be computed via soft-thresholding of singular values of Y, computed

using singular value decomposition (SVD) [30]:

X̂ = US�(�)V> (2.11)

where Y = U�V> is SVD of Y and S�(�) is a soft-thresholding operator defined as follows:

S�(�i) =

8><>:
�i � � if �i � � � 0;

�i + � if �i + � � 0;

0 otherwise
(2.12)

where �i is the i-th singular value of Y.
The low-rank prior provides excellent performance; however, computational complexity

remains an issue, since SVD has complexity O(N3).

2.2.5 Self-similarity Prior

As the name suggests, the self-similarity prior [31] focuses on the similarity that the image
has within itself. Natural images often exhibit self-similarity characteristics: similar pixel
patches tend to recur non-locally throughout an image. More precisely, let Rj be an operator
that extracts a patch centered at the j-th pixel. Further, let 
(k) be a collection of pixels
where similar patches to Rk are centered. Additionally, consider a distance metric d(�), which
could be the ‘1- or ‘2-norm. With these definitions, the self-similarity prior can be expressed
as: X

k

X
j2
(k)

dfRkx;Rjxg: (2.13)
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By fixing the distance metric, the MAP restoration problem can be defined as

x̂ = min
x
ky � xk2

2 + �
X
k

X
j2
(k)

dfRkx;Rjxg: (2.14)

One can solve (2.14); however, the complexity of identifying non-locally located similar
patches 
(k) to each patch centered at k can be prohibitive.

2.2.6 BM3D

BM3D [32] is one of the top-performing model-based image denoising algorithms. Specifically,
BM3D first performs block-matching to identify similar patches non-locally in an image to
compose a 3D cube with layers of similar patches. Then, it transforms the entire cube into
the 3D-DCT domain and performs collaborative filtering for denoising. Finally, it converts
the cube back to the pixel domain for weighted averaging of different filtered outputs.

Although BM3D achieves excellent performance among model-based image denoising
algorithms, it has two main shortcomings. First, the entire process of block matching,
collaborative filtering, and aggregation is computationally intensive. Second, it struggles to
handle complex textures in an image effectively.

2.3 Deep Learning Based Denoisers

We have overviewed model-based methods for image denoising. Now, we turn to designs
of deep-learning-based image denoisers. Although modern image restoration models vary
significantly in their architectures—utilizing different building blocks like CNNs [18] or
Transformers [33, 34]—if we set aside these architectural differences, they all follow a common
underlying principle.

Supervised deep learning-based methods are inherently data-driven, meaning that they
rely on a labeled training dataset, denoted as An. The labeled training dataset can be defined
as follows:

An = ((x1;y1); � � � ; (xn;yn)) 2 (X � Y)n (2.15)

Here, X = fxkgnk=1 represents the set of clean images, and Y = fykgnk=1 is the corresponding
set of noisy images for each clean image. Specifically, yk = xk + vk, where vk � N (0; �2I),
since we are considering Gaussian noise.

Next, we define a parametric denoising model as x̂ = D�(y; �), where � represents the set
of trainable parameters that need to be optimized using the training dataset An. There is
no universal method to determine the best architecture for designing such a denoiser. Most
researchers rely on trial and error to discover effective architectures, and there is limited
theoretical justification for why a specific architecture works. In other words, these denoisers
often lack interpretability.

The other consideration in designing such denoisers is determining in what sense the
trainable parameters can be optimized? This involves defining a loss function, which imposes
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a penalty to be minimized with respect to the learnable parameters �, encouraging the output
x̂ to resemble the clean image x. There are various choices for this loss function, including the
‘1- and ‘2-norms, with the most commonly used being the ‘2-norm, i.e., the mean squared
error.

The final step is minimizing the loss function with respect to � using stochastic gradient
descent (SGD) [35] on small batches of the training set (xi;yi). This involves backpropagating
through the network and updating the parameters � accordingly.

Next, we will discuss several representative deep-learning-based denoisers. In terms of
convolutional neural networks, the most well-known architecture is DnCNN [18]. DnCNN
learns the residual mapping instead of the latent clean image, where the residual mapping
represents the difference between the noisy input and the latent clean image. In this case,
the denoiser output is given by y = x�R(x), where R(�) is a neural network that predicts
the residual mapping. The DnCNN architecture consists of 17 layers, each containing a
convolutional block, followed by batch normalization and a ReLU activation function.

With the emergence of the transformer architecture [36], researchers in computer vision
and image processing explored its potential for learning tasks by dividing an image into
smaller patches and treating these patches as tokens mapped into an embedding space [37].
In the context of denoising, this approach led to specialized architectures such as Restormer
[34] and SwinIR [33].

In Restormer, the input noisy image first passes through a convolutional layer to extract
a set of shallow features. These features are then processed through an encoder-decoder
architecture, where each upsampling and downsampling block is itself a transformer block.
Finally, the input noisy image is added to the output, following a residual learning strategy
similar to the one discussed earlier.

2.4 Algorithm Unrolling

To address the limitations discussed in the previous section, one proposed solution is model-
based deep learning [15]. While deep learning-based methods are purely data-driven, model-
based approaches, as previously mentioned, rely on classical statistical modeling techniques.
Model-based deep learning seeks to combine these two strategies, allowing us to leverage the
strengths of both approaches simultaneously.
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Figure 2.1: An overview of algorithm unrolling from [38]: A classical model-based algorithm
h(�; �), which involves several iterations and parameters typically computed analytically (left),
can be unrolled into a feed-forward neural network by stacking its iterations and interpreting
each iteration as an interpretable neural layer. Moreover, the parameters in each iteration
can be learned through backpropagation.

As mentioned earlier, selecting an appropriate architecture for a deep learning-based
denoiser D�(y; �) is often done in a blind manner—stacking simple building blocks and using
trial and error until a well-performing denoiser is obtained. In contrast, model-based deep
learning designs the deep learning architecture to resemble a model-based algorithm. Since
classical model-based algorithms typically involve sequential steps, or iterations, this approach
is often referred to as “algorithm unrolling." In this context, “unrolling" refers to unfolding
each iteration into a neural layer to compose an interpretable feed-forward neural network.
Given the constructed network, we can learn parameters end-to-end in a data-driven manner.
See [38] for a detailed discussion.
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Chapter 3

Preliminaries

We first review definitions and fundamental concepts in graph signal processing (GSP) [19].
We discuss a key theorem in [16] that we leverage heavily in our work. Finally, we review the
concepts of kernel functions [39], which we develop in the sequel.

3.1 GSP Definitions

While traditional digital signal processing (DSP) focuses on signals residing on regular discrete
kernels (e.g., regularly sampled time line for audio, or 2D grid for images), there has been
growing interest in processing signals on irregular kernels described by graphs, leading to the
emergence of thed Graph Signal Processing (GSP) field [19]. GSP has garnered significant
attention recently, as many core DSP concepts, such as sampling, Fourier transform, and
filtering, have been successfully extended to the graph domain. GSP has been applied to
many fields beyond image processing; it can be applied to network science, resource allocation,
and biology, among others.

Here, we focus on the applications of GSP in image processing. In classical signal
processing, an image is typically viewed as a discrete signal on a finite 2D grid. However, a
graph is a more flexible data kernel, allowing definitions of edge weights and more general
connectivity among pixels.

We begin by defining the key terminologies in GSP. A graph G = (V ; E ;W) is defined
by a set of N vertices V = f1; : : : ; Ng and a set of edges E connecting these nodes. Each
edge (i; j) 2 E can have a positive or negative edge weight, wi;j = Wi;j. The adjacency
matrix W 2 RN�N represents all edges. For an undirected graph, W is symmetric, i.e.,
Wi;j = Wj;i;8i; j, while for a directed graph, W is asymmetric.

We define the degree matrix D 2 RN�N as a diagonal matrix, where each diagonal entry
is the sum of the corresponding row of W, i.e., Di;i =

P
jWi;j. Then, the combinatorial

graph Laplacian matrix L 2 RN�N is defined as L , D �W. For graphs with self-loops
(i.e., 9i such that Wi;i 6= 0), the generalized graph Laplacian matrix L 2 RN�N is defined as
L , D�W + (W).
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Note that L (or L) is provably positive semi-definite (PSD) if all edge weights are
non-negative [40]. By the spectral theorem [41], a real and symmetric L (or L) can be
eigen-decomposed into L = V�V>. This eigen-decomposition allows us to perform frequency
analysis on graph signals. Specifically, the k-th eigen-pair (�k;vk), where �k is the k-th
eigenvalue and vk is its corresponding eigenvector, represents the k-th graph frequency and
Fourier mode for G. Consequently, we can transform a graph signal into the Fourier domain
using ~x = V>x and define the Graph Fourier Transform coefficients as ~xk = v>k x for a signal
x.

3.2 Regularization in GSP

There are various graph smoothness measures that can be defined for a graph signal, including
the Graph Laplacian Regularizer (GLR) [17] and Graph Total Variation (GTV) [42]. Given a
graph G represented by its graph Laplacian matrix L, the GLR for a graph signal x 2 RN

can be defined as

x>Lx =
X

(i;j)2E

wi;j(xi � xj)2 =
X
k

�k~x2
k: (3.1)

Minimizing the GLR results in a smooth signal, where connected samples (xi; xj) are similar.
This is equivalent to promoting a low-pass signal in the spectral domain.

Similarly, one can define GTV [42] as

kxkGTV =
X

(i;j)2E

wijjxi � xjj: (3.2)

Edge weights wi;j ’s can be defined in a signal-dependent manner, similar to how Bilateral
Filter weights [4] are defined, i.e., wi;j’s are used to filter a signal x, while the definition of
wi;j’s depends on x. For example, non-negative wi;j can be computed as

wi;j = exp

�
�jxi � xjj

2

�2
x

�
; (3.3)

where �x > 0 is a parameter. This results in a signal-dependent GLR (SDGLR) [43], meaning
that L becomes a function of the signal, denoted as L(x). Typically, a signal estimate x0 is
first used to defined L(x0), a new signal x is computed via graph filter using GLR x>L(x0)x
as signal prior, then L is updated based on x, and so on.

More generally, any feature vector fi for pixel i, extracted from the signal x, can be used
to compute edge weights based on feature distance. We discuss this in detail in the sequel.

3.3 Signal Denoising with GLR

The application of different graph-based priors in image restoration has been studied [17, 44,
28]. Similar to Total Variation (TV), a graph-based prior assumes that the signal is smooth
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with respect to a data kernel described by a graph. For denoising, a MAP formulation with
GLR as signal prior can be written as

x̂ = min
x
ky � xk2

2 + �xLx; (3.4)

where L is a generalized graph Laplacian matrix, and � 2 R+ is a positive weight parameter.
Given that L is provably PSD [40], equation (3.4) is an unconstrained quadratic program-

ming (QP) optimization problem with a closed-form solution:

(I + �L)x̂ = y: (3.5)

Since L is PSD and symmetric, the matrix (I + �L) is positive definite (PD) and symmetric
for every � > 0. Thus, assuming L is sparse, one can solve the linear system in (3.5) in linear
time using the Conjugate Gradient (CG) algorithm [45].

3.4 Mapping between Pseudo-linear Matrix and MAP
Solution Graph Filter

We review a theorem in [16] that connects a pseudo-linear denoiser 	 to a graph filter that is
a solution to the MAP problem (3.4). By pseudo-linear, we mean that the computation of 	
itself may be non-linear, but once 	 is computed, the filtering process is 	y—a matrix-vector
mutiplication—for observed noisy signal y, and hence a linear operation when 	 is fixed.
An example of a pseudo-linear denoiser is bilateral filter (BF) [4], where BF weights are
signal-dependent.

Specifically, any (pseudo)-linear denoiser 	, under mild conditions, has a one-to-one
mapping to the solution filter of a MAP denoising problem, regularized by a graph Laplacian
regularizer (GLR) [17]. The theorem is as follows:

Theorem 1. A (pseudo)-linear denoiser 	 2 RN�N is a solution to the MAP problem if
L = ��1(	�1 � I), assuming that the matrix 	 is non-expansive, symmetric, and positive
definite (PD).

See [16] for a formal proof.

3.5 Kernel Functions

Let X be a non-empty set. A function � : X � X 7! R is a kernel function iff it satisfies the
following properties [39]

1. It is symmetric, i.e., �(x;y) = �(y;x); 8x;y 2 X , and
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2. It is positive semi-definite (PSD), i.e., for any finite set of n points fxigni=1 and real
coefficients fcigni=1, it satisfies X

i

X
j

cicj�(xi;xj) � 0: (3.6)

By the Mercer’s Theorem [39], a function �(x;y) is a kernel iff it can be written as

�(x;y) =
1X
i

�i i(x) i(y) (3.7)

where non-negative �i’s are eigenvalues, and  i’s are eigenfunctions in the following sense:Z
�(x;y) i(y)dy = �i i(x): (3.8)

These eigenfunctions are orthogonal, i.e.,Z
 i(x) j(x)dx = �i�j: (3.9)

Eigenfunctions  i can be derived by solving (3.8), also known as Fredholm integral equation
of the second kind [46]. However, (3.8) is analytically solvable only for a few special kernels.

(3.7) allows us to define a mapping  from X to a (possibly) infinite-dimensional feature
space:

 (x) =
1X
i

p
�i i(x): (3.10)

Given  , we can also write the kernel function in terms of inner product:

�(x;y) = h (x);  (y)i: (3.11)

As an inner product, �(x;y) satisfies

1. Symmetry: �(x;y) = �(y;x); 8x;y; z 2 X

2. Linearity: 8x;y 2 X , � 2 R,

�(�x;y) = ��(x;y);

�(x + z;y) = �(x;y) + �(z;y)

3. Positive definiteness: 8x 2 X ,

�(x;x) � 0 (non-negativity)
�(x;x) = 0 iff x = 0 (definiteness)

We provide some example kernel functions below:

1. Linear kernel: �(x;y) = x>y, x;y 2 RN

2. Gaussian kernel: �(x;y) = exp
�
�kx�yk2

2

2�2

�
, x;y 2 RN ; � > 0
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Chapter 4

Proposed Method

Our proposal is based on model-based deep learning [38]; specifically, we first construct an
iterative image denoising algorithm derived from a MAP optimization formulation regularized
using GLR as done in (3.4), then unroll the iterations into neural layers for data-driven
parameter tuning. While unrolling GLR/GTV has been studied in previous works [47, 48,
49], these methods come with two major drawbacks. First, the matrix inversion operation
used in [47] to derive an optimal graph filter is complex and computationally expensive,
making backpropagation challenging. Second, previous unrolled GLR and GTV methods
used random or zero initialization for network parameters, which does not guarantee good
performance, especially given the non-convex nature of the cost functions and the multiple
local minima encountered in conventional stochastic gradient descent (SGD) [35].

We leverage Theorem 1 to address the initialization problem. As stated, under mild
conditions, any (pseudo-)linear denoiser 	 can be mapped to a solution graph filter of a MAP
problem regularized by GLR. This allows us to initialize an unrolled graph-based denoising
network, specifically the graph Laplacian matrix L, using a reliable and well-established
(pseudo-)linear denoiser 	, and then further optimize sparse matrix L from that starting point.
Doing so means that we begin with a performance-guaranteed denoiser 	, and progressively
improve its performance via parameter tuning using SGD, mitigating the common problem
of poor local minima due to random initialization.

4.1 Problem Formulation

Denote by L a graph Laplacian derived from a (pseudo-)linear denoiser 	, i.e., according
to Theorem 1, L = ��1(	�1 � IN). Suppose we perturb L with symmetric matrix P, i.e.,
~L = L + P. Using GLR x>~Lx as regularizer for signal denoising, the resulting denoised signal
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x� given noisy observation y is

(I + �~L)x� = y (4.1)
(I + �(L + P))x� = y (4.2)

(I + �L)x� + �Px� = y (4.3)

x� + (I + �L)�1| {z }
	

�Px�
(a)
= (I + �L)�1| {z }

	

y (4.4)

(I + �	P)x� = 	y (4.5)

where (a) is possible since L is PSD, and thus I + �L is PD and invertible. (4.5) is a
linear system, and thus x� can be computed via conjugate gradient (CG) [45]—an iterative
algorithm—in linear time, assuming that coefficient matrix I + �	P is sparse, symmetric
and PD (to be discussed). Iterations of CG can be unrolled into neural layers to compose
a feed-forward network for data-driven parameter tuning. Note that unlike [47], no matrix
inversion is required to compute solution x� in the unrolled feed-forward network.

4.2 Interpretation of (4.5)

(4.5) provides an interesting interpretation: perturbing graph Laplacian L additively by P
translates to a cascade of two consecutive filters—the original denoiser 	, followed by a
solution graph filter (I + �	P)�1, defined by symmetric augmented Laplacian 	P, that is a
solution to the MAP optimization:

min
x
k	y � xk2

2 + �x>(	P)x: (4.6)

Note that (4.6) is a valid MAP optimization iff 	P is PSD. Given that 	 must be PD
to satisfy conditions for Theorem 1, it means P must be PSD. We revisit this PSD cone
constraint P � 0 in the sequel.

4.3 Implementation of (4.5)

In practical implementation, (4.5) means that one can learn a sparse symmetric perturbation
matrix P from data, initialized to the zero matrix, to further improve performance from the
default denoiser 	. Note that P can be designed to be sparse and still be effective; dense
image denoisers (I +�L)�1 derived from GLR regularization based on sparse graph Laplacian
matrices L have long been demonstrated to have good performance [47, 48]. (In contrast,
denoisers like 	 are not sparse in general.) Thus, parameterization of P can potentially be
more efficiently implemented than parameterizing perturbation matrix P in 	 + P directly.
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4.4 Parameterizing Perturbation Matrix P

We design the parameterization of the pertubation matrix P to satisfy the following require-
ments:

1. P should be symmetric for ~L = L + P to remain symmetric;

2. P should be sparse towards parameter efficiency; and

3. P must be PSD to ensure 	P is PSD, so that MAP optimization (4.6) is convex with
linear system (4.5) as a solution.

One way to satisfy the PSD cone constraint P � 0 is to enforce P = �L+ to be a scaled
Laplacian matrix L+ (for non-negative scalar � � 0) corresponding to a positive graph
G+(V ; E+) [40], i.e., L+ = diag(W+1)�W+. Here, W+ 2 RN�N is an adjacency matrix for
a positive undirected graph G+, i.e., W+

i;j = W+
j;i � 0;8i; j. Undirected graph G+ implies W+

is symmetric, and thus L+ and P are also symmetric.
Specifically, to ensure that each edge weight W+

i;j = w+
i;j for edge (i; j) 2 E+ is non-negative,

we can define w+
i;j as a function of non-negative feature distance di;j � 0 between pixels i and

j using the exponential kernel, i.e.,

w+
i;j = exp (�di;j) (4.7)

di;j = (fi � fj)
>M(fi � fj) (4.8)

where M 2 RK�K , M � 0, is a PSD metric matrix, so that Mahalanobis distance (feature
distance) di;j � 0. fi 2 RK is a K-dimensional feature vector for node i, where K � N ,
learned from data, for example via a shallow convolutional neural net (CNN), as done in
previous unrolled GLR / GTV work [47, 48]. From (4.7), it is clear that w+

i;j 2 (0; 1].
Parameterization of P will thus mean parameterizing CNNs required to compute features fi
and metric matrix M.

4.5 Sparsifying 	

To solve linear system (4.5) in linear time via CG, coefficient matrix I + �	P must be
sparse, meaning that the number of nonzero matrix entries should be O(N). However, as
previously discussed, (pseudo-)linear denoiser 	 is dense in general, meaning that 	P can
be still dense even if P is sparse. One remedy is to sparsify 	 before computing I + �	P as
input to CG. Specifically, we can first compute sparse ~	 = th�(	), where each entry ~	i;j is a
hard-thresholding operation of 	i;j for pre-chosen threshold � > 0.
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4.6 Modifying 	 to Satisfy Theorem 1 Conditions

A known well-performing denoiser 	 may not satisfy the required conditions for us to employ
for initialization in our unrolled graph denoising network. According to Theorem 1, denoiser
	 must satisfy the three specified conditions:

1. 	 must be symmetric;

2. 	 must be positive definite (PD); and

3. 	 must be non-expansive.

We address the problem of modifying a subset of linear denoisers, denoted by f	ginit,
to ensure it satisfies all three conditions required by Theorem 1. A common and popular
subset of (pseudo-)linear denoisers is kernel denoisers [50]. We define kernel denoiser as
follows. We first assume a known strictly positive kernel function (discussed in Section 3.5)
� : RK � RK 7! R+ that quantifies strictly positive values of affinity (or similarity) between
features vectors fi and fj of dimension K representing two pixels i and j. The pairwise
kernel values for a collection of N pixels are ordered into a kernel matrix K 2 RN�N , i.e.,
Ki;j = �(fi; fj), where ffigNi=1 represents a set of features. Note that given � is a kernel
function, matrix K must be symmetric and PSD [39]. A kernel denoiser is then defined as
	� , D�1K, where D is a diagonal matrix, typically used so that 	� is row-stochastic (sums
of row entries equal to 1). (In one special case, D = I and 	� = K.) Note that 	� is not
symmetric in general, and hence it does not satisfy the first required condition. An example
of kernel denoiser is the bilateral filter (BF) [4].

Given a kernel denoiser 	�, we pre-process it to satisfy the three requirements for
Theorem 1 as follows. We first compute a shifted kernel matrix K0 as K0  D	� + �I for
a small positive parameter � > 0. This increases the matrix’s non-negative eigenvalues by
� > 0, so that K0 has strictly positive eigenvalues. We then input K0 to the Sinkhorn-Knopp
(SK) algorithm [51], which outputs a symmetric doubly-stochastic matrix K00 (i.e., sums of
rows and columns equal to 1). It is known that, given a symmetric, strictly positive matrix
K0, the SK Algorithm converges surely to a symmetric doubly stochastic matrix [52]. Being
doubly stochastic, K00 has eigenvalues no larger than 1, and thus non-expansive. Therefore,
K00 satisfies all three conditions required by Theorem 1.

4.7 CNN Architectures

We employ two CNNs to optimize the scalar GLR weight factor � and parameters that define
the matrix-valued perturbation matrix P in (4.5), each designed with distinct architectural
details suited to their respective output domains.

Motivated by the designs in [48, 47], we use a lightweight CNN, denoted by CNN�, to
estimate �, which follows a typical feature-extraction pipeline: three convolutional layers
with progressively increasing channel depth (32 ! 64 ! 128), each followed by batch
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normalization and a leaky ReLU activation. Spatial dimensionality is reduced via strided
convolutions, and global feature aggregation is achieved through an adaptive average pooling
layer. The resulting feature vector is passed through a two-layer fully connected module,
ending with a sigmoid activation scaled to a predefined range [�min; �max] to enforce positivity
and boundedness of � values. This architectural choice ensures stable estimates with low
variance, suitable for controlling the balance between data fidelity and prior regularization.

Next, following the discussion in Section 4.4, we design CNNf to extract feature vector
fi for each pixel i as follows. CNNf employs an adaptive depth mechanism controlled by a
tunable parameter K, allowing flexible adjustment of model capacity based on the denoising
complexity. It uses LeakyReLU activation and Bath Normalization (BN) in all layers to
improve training stability. In contrast, prior unrolled methods such as DGLR [47] and DGTV
[48] typically avoid normalization layers and rely on standard activation like ReLU, which can
lead to unstable training and slower convergence. This is due to the fact that BN mitigates
internal covariate shift and smooths the optimization landscape, while LeakyReLU prevents
neuron inactivity and maintains gradient flow.

Together, these two modules form the adaptive prior estimation mechanism in our model,
where CNN� provides global scalar regularization control, and CNNf encodes local structural
information for denoising guidance.

4.8 Overall Model Architecture

The overall architecture of the proposed method is illustrated in Figure 4.3. The model takes
the noisy input image y and processes it through two main convolutional branches. The
first branch, denoted as CNNf , is responsible for extracting feature representations from y.
These features are then used to compute the perturbation matrix based on the Mahalanobis
distance, which encodes pairwise relationships between image pixels and is later used in the
regularization term.

In parallel, the second branch, CNN�, processes the same noisy input y to estimate
the regularization parameter �, which adaptively balances the data-fidelity term and the
regularization term in the reconstruction process.

The outputs of CNNf and CNN�, together with the initial denoiser matrix 	, are
integrated into a linear system as expressed in Equation (4.5). This system is efficiently
solved using the Conjugate Gradient (CG) method to produce the denoised image.

The loss function is computed by comparing the reconstructed image with the ground
truth image, and gradients are propagated back through all components of the architecture.
As shown in Figure 4.3, the red dashed arrows indicate the backpropagation flow across the
different blocks, enabling end-to-end training of the network parameters.

In the architecture shown in Figure 4.3, the learnable parameters are distributed across
the different modules. In the feature extraction branch CNNf , convolutional filter weights
are trained to produce the feature vectors fi for each pixel i. These features are then
used in Eq. (4.8) to compute the metric matrix M via the Mahalanobis distance. In the
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regularization branch CNN�, convolutional filter weights are learned to map the noisy input
y to the spatially varying regularization parameters �i, which adaptively balance the data-
fidelity and regularization terms in Eq. (4.5). Overall, the trainable parameters consist of the
convolutional weights of CNNf and CNN�, which determine fi, �, and metric matrix M as
defined in Eqs. (4.8) and (4.5), and are jointly optimized in an end-to-end fashion through
backpropagation, as indicated by the red dashed arrows in Figure 4.3.

Loss
Function

Inputs

Figure 4.3: Overall model architecture: The noisy image y is fed into CNNf to extract
features, followed by computation of the perturbation matrix using Mahalanobis distance. In
parallel, y is also fed into CNN� to estimate the regularization parameter �. Using these
parameters along with the initial denoiser matrix 	, the linear equation (4.5) is solved via
the CG method. The loss is then computed against the ground truth, and backpropagation
updates the parameters of each block. Red dashed arrows indicate the backpropagation flow.
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Chapter 5

Experiments

We report experimental results in this chapter. First, we show that our new implementation
in this thesis—parameterizing a single perturbation matrix P in (4.5)—has improved image
quality over our earlier version published in a conference paper in 2024 [53]. Then, we
show that optimizing perturbation matrix P in a data-driven manner improves performance
over the baseline model initialized with denoiser 	. This validates the effectiveness of
our initialized model plus perturbation, and confirms its practical benefit in guiding the
optimization towards better solutions.

5.1 Dataset Description

We use the DIV2K dataset for training, which consists of 800 high-resolution RGB images.
From each image, we randomly extract 10 patches of size 36 � 36, resulting in a total of
8000 training samples. All patches are processed in the RGB color space, and no data
augmentation is applied. During training, additive white Gaussian noise (AWGN) with
standard deviations � 2 f15; 25; 50; 75g is applied to the clean patches to simulate various
noise levels and improve the model’s generalization.

For evaluation, we employ four standard benchmark datasets commonly used in image
denoising: McM, Kodak, Urban100, and CBSD68. All test images are used in full resolution
without cropping or resizing. The same noise levels are applied to the test images, and
denoising performance is measured using the average peak signal-to-noise ratio (PSNR) across
each dataset.

5.2 Evaluation Metrics

In this thesis, the quality of the reconstructed images is assessed using two widely adopted
metrics in image processing and computer vision: Peak Signal-to-Noise Ratio (PSNR)
and Structural Similarity Index Measure (SSIM).
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5.2.1 Peak Signal-to-Noise Ratio (PSNR)

PSNR quantifies the difference between a reference image I and a reconstructed (or degraded)
image Î based on the pixel-wise Mean Squared Error (MSE). It is expressed in decibels (dB)
and defined as:

PSNR = 10 � log10

�
MAX2

I

MSE

�
(5.1)

where MAXI is the maximum possible pixel value of the image (255 for 8-bit images),

MSE = 1
mn

Pm
i=1

Pn
j=1

h
I(i; j)� Î(i; j)

i2

, and m and n are the image dimensions. A higher
PSNR value indicates better fidelity of the reconstructed image to the reference image.
However, PSNR is a purely mathematical measure and does not always align with human
perception of visual quality.

5.2.2 Structural Similarity Index Measure (SSIM)

SSIM [54] evaluates the perceptual similarity between two images by considering changes in
structural information, luminance, and contrast. Given two image patches x and y, SSIM is
defined as:

SSIM(x; y) =
(2�x�y + C1)(2�xy + C2)

(�2
x + �2

y + C1)(�2
x + �2

y + C2)
(5.2)

where �x and �y are the mean intensities of x and y, �2
x and �2

y are the variances, �xy is the
covariance between x and y, and C1 and C2 are small constants to stabilize the division. SSIM
values range from �1 to 1, where 1 indicates perfect structural similarity. Unlike PSNR, SSIM
correlates more closely with the human visual system by focusing on structure-preserving
characteristics.

5.3 Comparison with Early Version [53]

In a nutshell, our earlier implementation [53] first computes the graph Laplacian matrix L
corresponding to a known denoiser 	 according to Theorem 1, approximated via truncated
Taylor’s series expansion due to complexity concerns. Computed L is then used to define
the linear system (3.5) that is a solution the MAP denoising problem regularized using
GLR (3.4). Unrolling CG used to solve (3.5) defined by L into neural layers results in a
neural net, which is the denoising model. [53] considered specifically a generalized bilateral
filter [4] as initializing denoiser 	, one that is amenable to direct parameterization of �’s,
berfore conversion to L, that determine the relative weights of domain and range filters in a
data-driven manner.

In contrast, in this thesis our model can be more generally initialized using any given
known denoiser 	 that satisfies the three requirements in Theorem 1. Further, thanks
to derivation that results in linear system (4.5), no approximation of matrix inverse (via
truncated Taylor’s series) is necessary, reducing algorithm complexity. To evaluate the impact
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of this architectural design change, we tested both implementations on a fixed set of randomly
sampled image patches and measured the resulting PSNR. Table 5.1 presents the results for
the McM dataset under a Gaussian noise level of � = 25. The ICIP’24 baseline includes
three variants with increasing model complexity: M (learning only the metric matrix in the
generalized bilateral filter), M+C (additionally learning the Taylor series coefficients), and
M+C+CGD (further incorporating the learning of conjugate gradient descent parameters).
As shown, all three variants of the ICIP’24 method yield PSNR values significantly lower
than our model, both before and after training.

The results consistently showed that the new implementation in this thesis significantly
improved performance, confirming that the new learned perturbation component plays
a critical role in enhancing the filtering behavior beyond what is achievable using fixed,
handcrafted features.

The untrained version of our model (“Init”) achieves a PSNR of 29.46 dB, already
outperforming the most advanced ICIP’24 variant (M+C+CGD), which reaches only 28.96 dB.
After training, our model improves further to 30.19 dB, surpassing the best ICIP’24 result by
more than 1.2 dB. This substantial margin highlights the effectiveness of our perturbation-
based optimization design.

5.4 Improvement from Initialization

We show that optimizing parameters of the perturbation matrix P improves image quality
over the baseline model initialized to denoiser 	. As shown in Table 5.2, we compare
the performance of the initialized model with the parameter-optimized version across four
standard datasets (McM, Kodak, Urban, and CBSD68 ) and multiple noise levels (� = 15,
25, 50, 75). For example, on the McM dataset with � = 50, the untrained model achieves
25.01 dB, while the trained version reaches 27.60 dB—an improvement of 2.59 dB. Similar
gains are observed across all datasets, confirming the effectiveness of the added perturbation
matrix P and the positive influence of the learned parameters.

Although we restrict our experiments to a single perturbation matrix P, the positive
results suggest that further improvement may be possible by learning multiple perturbation
matrices, which we leave for future investigation.

5.5 Model Performance Analysis

Figure 5.1 provides a visual comparison of various denoising methods on a representative
image from the McM dataset with noise level � = 25. The noisy input exhibits severe
degradation (PSNR = 21.05 dB, SSIM = 0.384), making it a challenging case for restoration.

Our proposed method, even prior to training, produces a strong initial estimate with
a PSNR of 28.89 dB and SSIM of 0.776, outperforming the traditional NLM method [5]
(28.52 dB, 0.7631) and achieving competitive quality without any learned parameters. After
training, the model further improves to 30.13 dB and 0.8327 SSIM, surpassing the classical
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Table 5.1: PSNR (dB) comparison between our proposed method and the previous method
on the McM dataset with noise level � = 25. The ICIP’24 method has three training variants
that differ in the number of parameters, denoted as M, M+C, and M+C+CGD. More details
about the ICIP’24 method can be found in [53].

Model Proposed Model ICIP’24

PSNR (dB) Init Trained M M + C M + C + CGD
29.46 30.19 28.16 28.69 28.96

Table 5.2: PSNR (dB) comparison for different methods on four datasets at varying noise
levels �.

Dataset � NLM BM3D CDnCNN Ours (initialization) Ours (Trained)

McM

15 31.99 33.69 33.45 32.36 33.35
25 29.05 30.70 31.52 29.46 30.91
50 24.05 25.86 28.62 25.01 27.60
75 20.73 22.48 25.10 21.90 25.67

Kodak

15 31.70 34.25 34.60 32.55 33.68
25 29.13 31.47 32.14 30.06 31.10
50 24.88 27.35 28.95 26.43 27.86
75 22.05 24.31 25.10 23.73 26.26

Urban

15 30.13 32.92 31.96 30.93 31.73
25 27.27 29.96 29.60 28.11 28.75
50 22.16 25.39 26.36 24.00 25.21
75 18.74 22.15 23.34 21.30 23.14

CBSD68

15 30.55 33.32 33.90 31.67 32.93
25 28.01 30.30 31.24 29.03 30.25
50 24.03 26.03 27.95 25.33 26.93
75 21.23 23.13 24.49 22.72 25.15
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