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Abstract

We consider a number of Markov chains and derive bounds for the rate at which
convergence to equilibrium occurs. For our main problem, we establish results for
the rate of convergence in total variation of a Gibbs sampler to its equilibrium distri-
bution. This sampler is motivated by a hierarchical Bayesian inference construction
for a gamma random variable. The Bayesian hierarchical method involves statis-
tical models that incorporate prior beliefs about the likelihood of observed data
to arrive at posterior interpretations, and appears in applications for information
technology, statistical genetics, market research and others. Our results apply to
a wide range of parameter values in the case that the hierarchical depth is 3 or 4,
and are more restrictive for depth greater than 4. Our method involves showing
a relationship between the total variation of two ordered copies of our chain and
the maximum of the ratios of their respective co-ordinates. We construct auxiliary
stochastic processes to show that this ratio does converge to 1 at a geometric rate.

In addition, we also consider a stochastic image restoration model proposed by A.
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Gibbs, and give an upper bound on the time it takes for a Markov chain defined by
this model to be arbitrarily close in total variation to equilibrium. We use Gibbs’
result for convergence in the Wasserstein metric to arrive at our result. Our bound

for the time to equilibrium is of similar order to that of Gibbs.
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1 Introduction

The aim of this introductory chapter will be to provide a brief background to
Markov chains, their convergence properties and already established results and
methods, as well as our contribution to this subject. We will also give a preview of

some of the methods used by us to accomplish these goals.

1.1 Markov chains and convergence

A Markov chain is a stochastic process {X,},~, characterized by its 'memoryless’
property (also called the Markov property): given the current state of the chain,
its future trajectory is independent of the past. This process takes place on some
agreed-on set called the state space, and often denoted by 2. The most common
way to represent all of this is through a probability kernel, which is a map P :

Q2 x .7 —[0,1] (where .7 is a sigma-algebra on ) satisfying

1. P(x,-) is a probability measure on €2, for all x €

2. P(-,A) is a .-measurable function, for all A € .7
1



In this context, P (z, A) would simply represent the (transition) probability that
Xiy1 € A, given X; = z (for a thorough discussion on this subject see [18]).

Under some fairly general conditions (see for example [1]), a Markov chain
will converge (in distribution, as well as in the stronger measure of total variation,
defined in equation (1.1)) to an equilibrium probability distribution, usually denoted
by 7. This property is exploited in a variety of Markov Chain Monte Carlo (MCMC)
algorithms, which allow for the sampling from a distribution that is of arbitrary
proximity to some specified target distribution (the probability distribution one
would like to sample from, and hence also the equilibrium distribution of the Markov
chain). This is particularly useful when the target distribution is too complicated
to work with directly.

The utility of sampling from a distribution may be seen in approximating diffi-

cult integrals. For example, it may be desired to evaluate an integral of the form

[ r@ar=E.lr

and in many cases, this could be a formidable task. By the law of large numbers
this can be approximated with arbitrary degree of accuracy simply by taking a

sufficient number of independent samples {sy,..., s} from the distribution 7 and

evaluating ¢ S f(s0).



1.2 MCMC and Gibbs algorithms

An MCMC algorithm involves the construction of a Markov chain which has as its
equilibrium the targeted probability distribution, and to which it hence converges
(a survey of some common algorithms can be found in [13] and [19]). However, mere
knowledge of convergence is often not enough and it may be of both theoretical and
practical interest to consider the rate at which convergence transpires (and while
in finite state spaces convergence is always at a geometric rate (see for example
Chapter 3 of [7]), this is not the case in a generalised state space). In particular,
deriving an upper bound on the rate of convergence would provide a rigorously
defined degree of certainty to how far this Markov chain is from its equilibrium
distribution, and it would allow to asses the efficiency of an algorithm. Here the
‘efficiency’ of a Markov chain {X;} refers to how long it is necessary to run the
Markov chain in order to obtain a given amount of data.

In this thesis we consider the problem of finding bounds for the rate at which
certain Markov chains converge to equilibrium. To quantify this, we refer to two
methods commonly used to measure the distance to equilibrium. These are by
means of the total variation metric and Wasserstein metric. If vy and v, are two

probability measures on the same state space {2, then the total variation distance



between 14, and v, is defined by

dry (v1,10) := sup |11 (A) — vs (A)] (1.1)

ACQ

while their Wasserstein distance is defined by
dw (v1,15) :=infE [d(X,Y)] (1.2)

where the infimum is taken over all joint distributions (X,Y’) such that X ~ 14
and Y ~ vy, and d (-, -) is an agreed upon metric on the state space. Furthermore,
for two random variables X ~ vy and Y ~ vy, we let dpy (X,Y) := dry (14, 1) and
dw (X, Y) = dw (11, 1).

It is not difficult to see that if the metric d on the state space is given by

1 z#y

0 z=y
then dy is equal to dry. In general however, convergence in dy, does not necessarily
imply convergence in dry and vice versa. For example, if we let ©,, be equal to %
or 0 with probability % and take the usual metric on R, then dy (6,,0) — 0. It is
obvious, however, that dry (©,,0) = % Conversely, if T, is equal to 0 or n with
probability 1 — £ and I respectively, then dry (Y,,,0) — 0 while dy (T,,0) = 1
in the usual metric. For further examples, as well as some conditions that allow

comparison between dry and dy, see [4].
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The Gibbs sampler [12] has been a very popular MCMC algorithm in obtaining
a sample from a probability distribution that is otherwise difficult to work with.
In its fundamental form, this algorithm works on a random vector u by selecting
(systematically, randomly or otherwise) one of the vector’s components u; and
updating this component only, by drawing from the probability distribution of wu;
given (ujz;) (in other words, given u; for all j # ). For example, let h; (w; [u) be
the conditional density function of u; given (u#,-). (Note that in this definition the
variable v appearing in the condition is n-dimensional, however we only mean given
the aforementioned n — 1 co-ordinates. We will use this convention throughout the

thesis.) Then for ¢ € {1,2,...,m} we let

P, (v, dw) H5 w] (w,- |v)dwi
JF#i

In other words, P, is the probability kernel updating only the i** co-ordinate, ac-
cording to the conditional probability defined by h; (wi ]u) Then
_ 1 = -
13
m =
is a probability kernel that represents uniformly choosing i € {1,2,...,m} at every
step in time, and updating that co-ordinate only. Alternatively, for any permutation

o € S, we could define the probability kernel

Q =11~ (1.3)

which updates the co-ordinates systematically, in the order o (1),...,0(m). In

5



fact, as will be seen in Section 4, it is not necessary for the subscripts in the right-
hand side of (1.3) to be a permutation and it could consist of more than m entries,
so long as every term in {1,2,...,m} is included.

The main consideration in this paper is given to variants of the Gibbs sampler
that converge to the equilibrium distribution of our model. In Section 4 we con-
sider a few such variants chosen according to their advantages with respect to our
problem. For n = 4 (dimensions of the vector, as discussed above) this choice can
be characterised as a simultaneous updating algorithm. First we show that the
problem can be simplified to a 2 dimensional Markov chain, and then at each step

t+1 to be random with a distribution derived

in time we set both components of u
conditionally from uf. For n > 4, we consider two different Markov chains given in

(4.39) and (4.43). The evolution of both is elaborate, but we ultimately choose to

work with (4.43) since it proves to be more favourable to our method.

1.3 Some known results

Numerous methods have been developed for analyzing the rate at which a Markov
chain converges to equilibrium, including decomposition methods (e.g. [21],[20]),
path coupling ([22]), comparison methods ([23]) and others. For Gibbs samplers
in particular, some general convergence results have been derived (e.g. [14], [25],

[24]), however due to their limitations it is often not possible to infer quantitative
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bounds directly from these results. Another frequently used method to derive such
bounds is to couple two copies of a Markov chain (for a detailed discussion on this
subject see [2]), and evaluate the likelihood of coalescence at some future time.

By this we mean the following: if {X;} and {Y;} are two Markov chains on the

state space €2, a (Markovian) coupling is a stochastic process (Xt,f/t> on (?
t=0
such that {X’t} is a Markov chain with the same law as {X;},-,, and similarly
t=0

~ oo
for {Yt} . Coalescence refers to the event X; = Y;. Note that once coalescence
t=0

has been achieved at some time 7, we can redefine the coupling for times 7 + s,

s =1,2,... by setting Y., := X,.,. It is clear that this does indeed satisfy the
definition of a coupling, since both {Xt} and {fft} remain faithful copies of the
chain.

The following simple conclusion (known as the “Coupling Lemma”) follows eas-
ily.
IP[X, € A] - P[Y, € A]|
= P[X,€AX,=Y]+P[X, € A X, Y
—P[Y; € A, X, = Y] -P[V; € A, X; # V]
= PX, €A X, #Y]-P[Y, € A X, #Y]]|
< PIX; #Y]

Since this is true for any measurable set A, it follows that dry (Xy,Y;) < P[X; # Y]

7



It therefore suffices to determine how fast a coupling of two copies of a Markov chain
achieves coalescence, in order to obtain a bound on the convergence rate of the
chain. To illustrate this idea with an example, let us consider two simple symmetric
random walks on a pentagon, commencing at points X, and Y| respectively. Both
chains move clockwise or anticlockwise with probability }l, and remain unchanged
with probability % We can couple X; and Y; by moving Y; anticlockwise whenever
X; moves clockwise, and clockwise whenever X; moves anticlockwise. We do this
until they coalesce, and keep them together thereafter. Observe that regardless of

the initial values Xy and Yy, the probability of no coalescence within 2 steps is at

1

most 1 — 7,

therefore dry (Xo, v) < (1 — %)t where v is the uniform probability
distribution on the pentagon. It is shown in [1] that dpy (Xa,v) is monotone
decreasing in ¢, hence we can associate {/1 — % with a bound on the geometric
rate at which this chain converges to equilibrium.

It may also be quite useful to seek out an appropriate partial order on the state
space, and attempt to couple in a stochastically monotone manner that preserves
this partial order for all time (a method employed in [3]). This has been part of
our approach in Section 4: we define a partial order =< and consider initial vectors
u® < 9% We define a coupling (u’,?') that satisfies u' < 0" for all time ¢, but

rather than keeping track of these two Markov chains, we follow u! in tandem with

another stochastic process v' that serves as a majorant (in the partial order <) to



both copies of the Markov chain. We then provide an upper bound in Corollary 4.14
on the rate at which the ratio v*/u' converges geometrically to 1, which is ultimately
used (in a manner similar to the “one-shot coupling” approach discussed in [10]) to
obtain an upper bound on the rate at which the two chains {u’} and {2’} coalesce.

One further method of bounding the convergence rate of a Markov chain involves
representing the chain as a trajectory of a random dynamical system (or iterated
function system). In other words, if {v;} is the chain in question, then there is some
sequence of i.i.d. random functions {f;} such that v; ~ f; (ft_l ( i (wo) - )),

where vg is the initial state. For example, we can define the i.i.d. random functions

{fi} on R by

_ Y ..
fz (Uo) - 11 —|—'LL1

where w; are i.i.d uniform random variables on some interval [a, b]. It is easy to see

that the iterates

Vo Uy

(1.1) - (1.1)

v =, (ft_l (.. f (UO)...)) - Lt (1.4)

define a Markov chain . With this notation in mind, we can now also consider the
backwards iterated random system

Vo i Ut
(L' (L)t

17t::f1<f2(...ft(v0)...)>: + . 4y (1.5)

which has the same distribution as v;, but will usually not be Markov chain. How-

ever, it will in many cases converge pointwise to a random variable that has the

9



same distribution as the equilibrium distribution of v;. For the example above, the
pointwise convergence of (1.5) is quite obvious. This observation is used in [5] to

show that for a random iterated function system {f;}, if

p(fi(2), f (y>)]

Ir < 1s.t.Vzlimsup,,.E <r (1.6)

p(z,9)

where p is a metric on the state space, then 7, converges pointwise at a rate r (or
faster), and hence v; converges at the same rate (in the Wasserstein metric) to the
aforementioned equilibrium. For our example (1.4), p is the Euclidean metric and
r= L

Definition 1.1. A random iterated function system satisfying condition (1.6) shall

be called 1-contractive.

Note that this is a special case of a locally contractive iterated function system,

as defined in [5].

1.4 Our work

Bayesian inference networks are popular statistical representations used to handle
problems ranging from sports predictions and gambling to genetics, disease out-
break detection and artificial intelligence ([31], [32], [33], [34]) . Gibbs samplers are
frequently associated with problems in Bayesian inference, which is also the case

for the problem considered in Section 2.1, Section 4 and Section 5.2, and motivated

10



by the Bayesian-inference scenario outlined in the beginning of Part 2. Similar
constructions have appeared in numerous statistical models used in a variety of
applications. In information retrieval related to search engines, hierarchical models
are used to decide how to represent documents based on relevant queries (see for
example [28]). Multi-Population Haplotype Phasing is a problem in statistical ge-
netics where hierarchical Bayesian models can be used to represent genotypes ( e.g.
[29]), and in market research similar models are used in predicting buyer behaviour
and decision making ([30]).

Our initial approach to this problem is in Section 2.1, focusing only on the case

n = 3. Here the target distribution has the density function

f (U, v, 'UJ) x ualefxuvazuazflefuvwag,Uagflefvwwaz;flefwb (17)

where x is a known data point. We consider the Markov chain which sequentially
updates u, v and w in that particular order, and show that the problem can be

reduced to the one dimensional random dynamical system {f;} defined by

The randomness is attributed to the triplets of gamma random variables

{(7{,75,7}3’)} , described in more detail in Section 2.1. It is not hard to see that
t

the local contractivity, as defined in (1.6), does not hold over the entire domain.

However, our observation is that the process v; may nonetheless be 1-contractive

11



if viewed over a longer timespan. In other words, condition (1.6) may hold for the
function g (y) = fi <f2 ( S fe(y) . )> and some fixed k, in which case 9; converges

at a rate /r or faster. We show that for the hierarchical Gibbs sampler with n = 3

rt |z — b
dw (Vgigg, ™) < + za! 1.8
w (e, m) < —— (B2 (18)
where k is defined in terms of the parameters {z,b,as,...,a4}, a = %

and 0 <[ <k —1.

In Section 2.2 we diverge somewhat from the aforementioned problem - we
consider a similar Bayesian-inference setup with a hierarchical sampler of depth 2,
but given multiple data points. Having used the same approach as in Section 2.1,
our result is similar to the one stated in (1.8).

Section 3 is an attempt at finding a condition to generalise the method used
in Section 2.1 to a wider range of random dynamical systems. We stipulate some
conditions on real valued random functions {f;} which would imply that this ran-
dom dynamical system converges in the long run, without being 1-contractive on
the whole domain.

The method used in Section 2.1 does not readily translate to the case n > 4.
To this end we develop a very different approach in Section 4. We consider two
variations on a Gibbs sampler, both converging to 7 in the metric d7y, and our
objective becomes finding an upper bound on the distance between 7 and a copy

of the chain with some initial state U°. We use the first of the two versions (of a

12



Markov chain converging to ) primarily for the case n = 4. We show that if U*
and V! are two instances of the chain and drv (L{ b Vt) is the distance between their

respective probability distributions at time ¢, then
dTV (Z/{t-i-:ﬂ7 Vt+3) S Crdt (19)

Here r < 1 and d are derived explicitly and depend only on the parameters
associated with the problem, while C' is an easily computable constant which de-
pendents on initial conditions as well as the parameters. In particular, if we let
U° = (1,1,1,1) and V° ~ 7, then by (1.9) we have a bound on the distance to
equilibrium. We obtain a result similar to (1.9) for the case n > 4 (with different
values for r; C' and d), where we use a slightly modified version of the previous
sampler. Our result for the n = 4 case holds true for a wide selection of parameter
values, while the n > 4 case requires an additional precondition which holds true
whenever the parameters {a;} satisfy some constraints (which are difficult to state
in brevity, but are fulfilled in the special case when all a; are equal and greater than
some fixed number).

One more problem considered in this thesis is based on [3]|, where A.L. Gibbs
proposes a stochastic image restoration model which works on the assumption that
random noise (with a truncated normal distribution) has been superimposed on a
greyscale image made up of N pixels. It is also assumed that in the pre-noise image,

the darkness of a pixel is related to that of its nearest n neighbouring pixels. The

13



author defines a Markov chain X; that converges to the posterior distribution 7 of

the image, and provides a bound of the form

Tw < CNlog (N) (1.10)

©
for the Wasserstein mixing time Ty, which is defined as the minimum time such
that dw (X;,m) < € for all ¢ > T. In Section 5.2 we obtain an analogous result
for convergence in total variation. In other words, we make use of (1.10) to show
that if 7 is the minimum time such that dry (X;,7) < € for all t > 7, then 7 is
also O (Nlog (N)). As was already stated (and also described in [4]), there is a
fundamental difference between the metric dry and dy,. Depending on the purpose

or application, one may prove more useful than other.

14



2 Hierarchical Gibbs Sampler

In this part we study methods that may be used by applied statisticians to assess
the validity of this type of hierarchical models (see introduction for examples of ap-
plications in numerous areas). The problems considered in Section 2.1 and Section
4 can be motivated by the following Bayesian-inference scenario: suppose we are
given a known quantity € Rt along with the information that x was sampled from

a I' (a1, uq) probability distribution, defined by the probability density function

u(ll1 a1—1 _—zuq
Z2) = —/—% (&
f( ) T (al)

where a; > 0 is given. The inverse scale parameter u is itself the product of random
sampling from an independent T (ay, uz) distribution. Once again it is assumed that
as > 01is a given constant, while us is sampled in an analogous manner. This process

continues until we reach wu, ~ I' (a,41,b), where now both a,,; > 0 and b > 0 are

given. The joint density of (x,us, ..., u,) is therefore proportional to
n n+1
p(z,21,. .., 2,) oca™ ! H PR Z —2i2i 1 (2.1)



where for convenience we define zyp := z and z,.; = b. We conclude from (2.1)

that for 1 <1 < n, the conditional densities will be

p (zz |[L’, z#i) x zfﬁai“_lexp (—zi (zim1 + 2i41)) (2.2)
By (2.2), the distribution of u; given everything else is

U |, Uiy ~ T (a; + i1, wimq + Uig)

The resulting posterior distribution of (uy,...,u,) (i.e. given x as well as all other

parameters) is therefore defined by the density function

n n+1
a-+a-+1—1
g(z1, ...y 2n) X | | z exp E —2i%i1 (2.3)
i1 i=1

Should one wish to sample from it, however, it would be quite challenging (in
particular for large values of n) to do so directly due to its complicated structure.
More importantly, our work allows us to better understand the mixing properties

of the hierarchical sampler.

2.1 Random dynamical systems

Our first attempt at the problem stated above will be for the case n = 3. We start
with the relations z ~ I' (a1, u), u ~ I'(ag,v), v ~ I" (a3, w) and w ~ I" (a4, b). The
joint density function (2.3) becomes

f (I, u, v, UJ) x ualxal—le—xuvaguag—1e—uvwagvag—le—vwba4wa4—1€—wb (24)

16



and the conditional densities become

f(x,u,v,w) 1+a2—1_—u(z+v)
_ a1+a u(z+v 25

with similar equations for v and w. Recall that this implies u | z,v,w ~ I" (a1 + as, z + v),
and similarly v | z,u,w ~ I'(as + ag,u+ w) and w | z,u,v ~ I (a3 + aq,v + b).
The Markov chain which sequentially updates u, v and w, in that particular order,

is defined by

t+1 t+1 41
L 1 V2 V3 2.6
(ut-l—lvvt-l-lawt-l—l) T IS ’ t+1 ( : )
THUC D o — b
T+ve W1+
prary +wt

where 7T ~ T (a; + ag, 1), vt ~ T (ay + a3, 1) and v4™ ~ T (a3 + a4, 1) are inde-

pendent. Equation (2.6) suggests that it would suffice to consider the 2 dimensional

process
t+1 t+1
o V2 V3
(Ut+17 wt+1) T 7t+1 ) ,yt+1
1 2
T+vt W A +b
m‘f‘wt

which is also a Markov chain. In fact, for ¢t > 1 we observe that

t+1 t+1
) i Y2
R N (N
x+vt + wy T+vt + b+u

It will follow from Corollary 2.4 that an analysis of the behaviour of (2.6) can

be done by considering the Markov chain defined by the iterated function system
{fi};2, where

7y
ft (U) = ﬁ (27)
wro T bt

17



Consistent with the notation in [5], we let F} (v) := fi0 fy0...0f; (v) and Fy, (v) :=
limy_sooFy (v), if the limit exists. Conditions for the existence of this limit are
discussed in the aforementioned article, as well as conditions that imply F (v) is
independent of v (in which case it will be denoted by F,). A sufficient condition for
this is that the random iterated function system is 1-contractive, as per Definition
1.1. This is given in Theorem 1 of [5] (with @ (.,.) identically 1, and x = y), which

we will re-phrase in a form more suitable to our problem.

Theorem 2.1. [5/Suppose that {f;} is 1-contractive. Then

n

E UFn (z) — FOOH < 17’_TE []f(:c) —x}]

where r is a bound as given in (1.6).

It will be established in the proof of Theorem 2.2 that this is the case for a
'multi-step’ version of the system {F} (v)}. Hence it will follow that {F; (v)} itself
must also converge to some F.

We can now state our main result for this iterated function system.

Theorem 2.2. Suppose that a; + a4 > 2. Then for 1 <1 <k and for allt >0

rt x—0b
dw (FktH (U)aFoo) < - (|1 —a| —HJOél)

ai1taz+aztag—1’ 2(1—a)7(1—p)2

. a Q. ax3
with 0 = ——%2%8 = 1(1+a), k= {% <b3(1+a)64 —|—3>-‘ and p =

18



Note from the following lemma that p < 1. A similar result for the Markov
chain in (2.6) is given in Corollary 2.4.

Lemma 2.3. Let v ~ T (a,b). Then ifa > 1, E [}J = % and if a > 2, E [7—12} =

b2
(a—1)(a—2)"

The proof of Lemma 2.3 can be found in [26].
Proof of Theorem 2.2. Let us assume w.l.o.g. that x > b (if b > z, switching these

two constants in this proof starting with the first inequality below, it can be easily

seen that everything follows as before), so that

, 5 v 7
t = 2 5 T 2
Je (v) <v§ +’Y_§> ((:U—l—v) (b—l—v))

T+v b+v
t t t
< T2 2_(71 _'_73), 1 (2.8)
(7_54_&) r+v b+v) b+w
r+v b+v
1
_ft<v)'b+v

Applying the chain rule, we get
(f10f20---0fk(v))/=f{ (fao fso...ofi(v) - fo(fso...0fu(v))- fi(v)
= fi (va) - f3 (va) -~ fic (v)

S (UQ,k) ) V2 k o Uk, k
b—l—’U b""UQ,k b—I—Ung

where v;, = fio fiyq10---0 fiy(v). Suppose first that v > &”—3)2, where a =
az+a
a1+a2ia3§ra4*1’ and let
t
Yo
hy (v) == (x+v)
"M+



and

Hy (v) :=hyo---0h(v)

Observe that f; < h; for all . Since both are monotone increasing (for all t), it

follows that F; < H; for all t. Then for any k > 1,

fi (712 k)
E [ ’} <E ’
(flofzo Ofk(v)) = bt
<E {H'“ (U)}
- b+wv
1 k ’Yj k i ’Yj
= E|v- 2 ) 4. 12
b+w E’VH’Y;% ;E’V{Jmﬁ,
1 - 1—at
= va” + ra
b+wv -«
<a+t T
o
- (1—a)(b+v)
<o+t TQ
Q
- (1—a)v
1+«
- 2
(2.9)
Hence for v > (12_33—3)2, (2.9) tells us that f; o fy0...0 f; (v) l-contractive, for any
value of k. We will now show that if v < (ff—z)z and k is sufficiently large, then
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fio fao...o fi(v) is once again 1-contractive. Observe that

11 (v
E[(flofzo.--ofk(v))/]SE flb(_ﬁj).bi2:2k”.bik§kk

[y (6 B B
<E 1 (far) SUB (2.10)
b+v b+ b+ Uk
1 (U (O
— H v) - ’A e ’A
b+ v k() b—i"l}g’k b—i‘?}k’k .

where 0;, = h; o --- 0 hi (v), and the norm used in the last line is the L;-norm.
Observe that all factors inside the norm, except possibly for Hy (v), are less than
1. Our aim is to show that for k sufficiently large, these values will accumulate to

make (2.10) less than one. Note that

k

7% ZH 7%
Hy (v) =v- —=— | +x- 2
7j=1 7{ _'_ /7‘?) i=1 j=1 7{ + 7:%
2x o k o n
(1-a)? T+ >
j=1 71 73

where Zoo =+ ) o0y H;Zl v{fyg‘ Similarly, for all 1 < j <k

) 2«
@j,k: < ZOOJ <(1,a)2 + 1)

PHOk T bt ooy (e +1)

where Zoo j = 2> ;7. H;Z i w{zévé has the same distribution as Z,,. Then by applying
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Holder’s inequality twice, we get

E[(flofzo...ofk(v))’]

2a
< <(1_°‘)2 i 1)

7 Uz Uk
- b+ v oob+@27k b"‘f)k’k L
2c 2a 2a
_ (m + 1) p Zso2 (m + 1) Zoo (m + 1>
- b o 20 o 2a
b+Zoo,2<m+1> b‘l'Zoo,k(m“‘l) 1
S5 (2.11)
2a 2a
(2r +1) Zoo (7225 +1)
(1-a)? 0\ (1-a)?
ATz, r
b+ Zoo <—(1_a)2 + 1)
k—1
) 2(k—1)
) Zoo (G225 +1)
< s 2l |B )
a b+ Zo, (—(1_‘3;)2 + 1)

In order to find a bound for the term on the right-hand side of the last line of (2.11),

we let Y = Z <2—0‘ + 1) and observe that

(1-a)?
v\ 20D
(b n Y) ~ y] 4y

Y 2(k—1) 1
—— =[P
(7))

Note that also

y2(k71)

(s
[~
~—
vV

= Y(1—y2<T1—1>) > by D

1
byQ(k—l)

1
<1y2(l€1)>
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Hence

v 2(k—1) 1 b 72(;371)
+ 0 (1 _ yQ(k—l))

< 200 Y ox /1 1 e 1d
=\(1-a)2 1-alf, 0’ b

_( 200 +1) ar 1 1 )
(1-a)2 1—ab \1- 55

20x 1
(1—a)32k—3

<
— b

The random variable 711273 is a ratio of independent gamma random variables, and

therefore by Lemma 2.3

E

( % )1::( (az + as) (az + as + 1)

"+ 73 a; +as+az+ayg —1) (a1 +as + az + ag — 2)

So in particular since a; + a4 > 2, the above expectation is less than 1. Let

ki j ki
o= S [ 2 =+ S II5

J J
=1 j=1 /71 + 73 =1 j=1

j 2
with 8; := v{zzv?;’ and p = max <a,E {(%Zf%) }) Then
2 k
2 2 P P P

2
< 202 (L)
1—p

1Zecll, < V22 (L)

I—p

Hence by the MCT
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Therefore, if we let

1 64ax’
' 5<b3<1+a>2<1—a>7<1—p>2+3>

we once again get E [(fl ofyo...0 fk(v))’} < HTa

Now set r = ”T"‘ , then by Theorem 2.1, for any 0 <[ < k we have

,,,.t

dw (Fiast (v), Fro) < ——F “flo...oka(U)—flo...ofl(v)”

< r ]x—b|+ !
va
T 1l-r\l1—-«

where we have used the fact that

b-S I8 +o[B < fiowofuw)<a-S T8+ []5
=1 “

=1 j=1 i=1 j=1

]

Now if we consider the taxicab metric on R* and let dj;; be the corresponding
Wasserstein metric, then we can relate the result of Theorem 2.2 to (2.6) through

the following corollary

Corollary 2.4. Under the same conditions as in Theorem 2.2, if Y = (Y{, Y3, YY)

is a copy of (2.6),

t (e — b ai + as mazx {x,b} (as+ a4
de <Yk:t+l+l’ ) < r YO l ’ 1
W T)=1-v 1—04jL e x? +amin{x,b} b? *

where w 1s the equilibrium distribution of this Markov chain.
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Proof. Note that F} (YQO) ~ Y} and F,, ~ my (the marginal distribution of 7 in
the second variable), hence we can construct a pair of random variables w ~
and ¢ ~ Y such that E Uw — ¢H < % (% + Y20041>. Let v ~ T (ay + ag, 1),
v2 ~ I'(az+as, 1), v3 ~ ' (a3 + a4, 1) and 75 ~ I' (a3 + a4, 1) be independent of

each other, as well as independent of {YQMH}, ¢ and w. Then

/
YR kit k) (N * 73
(1 Y 2 9 3 ) <¢+x7f <¢)’f*((b)+b

where f* (y) =72/ (1/ (v + 2) + 73/ (y + b)) for y € R,. Note also that
N * V3
m 77T 77T ~ 7 ﬂ- )
momam) ~ (s e el
kt+l+1 kt+1+1 . o aita
7 ] < 11“_T (|1_2| +1/20061> ( 13-; 2)'

o+x T wtz
Now observe from (2.8) and the mean value theorem that for some min {w, ¢} <

It immediately follows that E

z < maz {w, ¢},

FE-rel] s B[ L8 g

< Yo max{xb}+z| 4|
- ’yl—i—’ygmm{x b} + 2

rt b| max {z,b}
< Yo ) a——2—"—=
- 1- (1—a+ 2a)amin{$,b}

E|

Lastly, observe that
E [

This proves the statement of the corollary. O]
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(a3 +ay) 10 [|z—1] o 1\ mazx{z,b}
Y. e TS
¥ 1-r\l-a Tra amin{x,b}

fo)+b  fr(w)+b

<



The condition a;+a4 > 2 in the statement of Theorem 2.2 is partly there because
it simplifies the proof, but to some extent it is also a necessity for convergence in

dw to occur, as can be seen from the following corollary.

Corollary 2.5. Suppose a; + a4 < 1 and a; + as + a3 + ay > 1. Then if {X,}is

defined by (2.7) and X is in equilibrium
dW (Xt7 Xoo) = 0

Proof. From equation (1.7) we can infer that the equilibrium distribution of {X;}

has a density function

,Uaz +az—1

G
(U> X (:E + U)a1+a2 (U + b)a3+a4

(2.12)

Hence if X, is distributed according to (2.12), E [X ] = oco. From the inequality

73
EX)] < E|——— (X1 +max(z,b
as + as
= E|X;_1| + max (z,b
a1+a2—|—a3+a4—1( [ tl] ( ))

it is clear that E [X;] < oo for all ¢. It follows that
E [|X; — Xol] = o0
[l

The result of Theorem 2.2 gives us a bound on the rate of convergence of our

Gibbs sampler for the case n = 3. The proof is adapted to this problem and uses
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some ad hoc methods that don’t translate easily to other problems. In particu-
lar, bounding the absolute value of a ’derivative’ in higher dimensions becomes
problematic (assuming we can settle for a convenient metric which will induce a
derivative) which is why we pursue a different approach in Section 4.

As a practical example, let us consider the case when z =2, b=1and a; = i+1.
Then a simple computation shows that k£ = 3294, and therefore based on this bound
a Markov chain starting at v = 1 would need at most 180, 000 iterations to be within

107° of equilibrium in the Wasserstein metric.

2.2 Multiple data points

An extension to the problem of Section 2.1 is the Bayesian estimator problem
where the data set @ := x1,...,z; consists of J sample points. These are sampled
so that apriori x; ~ I'(a;,b;), and co-ordinates are drawn independently. As in
the previous problem, the shape parameters a; are given, and the scale parameters
b; are themselves sampled from independent I (a;, ¢) distributions. In addition to
this, we will also assume that a; are given while ¢ ~ I" (a;11,d). The joint posterior

density function satisfies the relation

h([L’l,...,ZEJ,bh...,bJ,C) (213)
J J
x Hb?ix?i_lexp(—bixi) Hcaib?i_lexp(—bic) 1 texp (—cd)
i=1 i=1
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and therefore we arrive at the following marginal density functions

i (v

T, by, c> o bfit T exp (—bi (x; + c))
hefelf) o e Sy (o (44 300) )

From this we infer that b; |§:’, brzi, ¢ ~ 1T (a; + a;, z; + ¢) and

Z,b ~T (ay41 + Y @i d+ > by).

@)

Let 7w be the probability density associated with the conditional density function

P (bl, by clx, . ,xJ). We consider the iterated function system given by
t+1 t+1 t+1
V41
b, b ) = n 17 + 2.14
ft—l—l(ly y U ) $1+Ct’ 7$J+Ct7d+2b§+1 ( )

which has as its unique invariant distribution the probability measure 7 (in other
words, if Y ~ 7, then f; (Y) ~ 7). Here /™" ~ I'(a; + @;, 1) are independent over
time and co-ordinate wise for all: = 1, ..., J, and similar independence is extended

to vy ~T (CLJ+1 + > ai, 1). It can be seen immediately that

t+1
t+1 Y+l
c - t4+1 t+1
d+ Y1 o+ Ty

x1+ct T y+ct

This motivates the definition of the simpler, one-variable random dynamical system

{g:},2, defined by
t4+1

~
Gri1 () 1= e J+1 o (2.15)
d+x1+c+...+xﬁc

Similar to the notation in the previous section, we define the backwards iterated

function system G; (v) := g1 0...0g;(v) and G (v) := limy_,5Gy (v). Our result
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for this system is given in the following theorem. The proof is very similar to the

one of Theorem 2.2.

Theorem 2.6. For the iterated function system defined above, and for allt > 0

E [‘th-&-j-i-l(C) — Goo|:| < (%) <%>t1

where k = max < 1, 1-|—l (ZN(W)

o 1< <k—1and pry =
d‘min{zi}+ﬂj+1

E [vs4]-

Proof. We are interested in bounding the derivative of this function, as was done

in Section 2.1. Observe that

g/ (C) — ’Yf]—:-ll ’ﬁ—i_l 4 + ’YS—H
t+1 e R N\ ma e T —(xJ o
d+r-i-c+"'+xj+c
- Vi ( it LA 1
- 8 i (x1 +¢) (xg+c) ) min{z;} +c
(d + x11+c + + zJJJrc)
1
< G (o) (2.16)

Now let & > 1 be some integer, and define gy (c) := ¢ and g, (¢) = gr@—1)+1 ©

Gh(t—1)+2 O = ** O Gt (c) for t > 1. Then using the notation Ch(t—1)+ikt = Jh(t—1)+i O
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-+ 0 gge(c) for 1 <i < k we conclude by the chain rule and (2.16) that

Git—1)+1 (Cri—1)+2,kt)  Gr(—1)+2 (Ch(—1)+3.kt) G ()
min {l’z} + Cl(t—1)42,kt min {IZ} + Cl(t—1)43,kt min {ZEZ} +c
) Ch(t—1)+2,kt Cl(t—1)+3,kt . Cht kt

min{z;} +c¢ min{z;} + crr—1)1o.k " min {@:i} + ckp—1)43.0 " min {:} + Crepe
k(t—1)+2 kit
k(t71)+1 Yi+1 Vi1
7J+1 . d DY d
- k(t—1)+2 kt
Tin E) 7 (a4 B i (2

IA

k-1
Sy ! . —/ Ki+1 HJ+1
Then by Jensen’s inequality E [gt(c)] < (1 +<) ( Trinie +m+1) where

Hj+1 = E [’7J+1] = Qj+1 + Zdi. Therefore, taklng k=1 + ( 2:;:_11 ) ) if
l

d-min{x;} < 2uy11 and k = 1 otherwise, we conclude by Theorem 1 of [5] that

for1<j<k—-1

E [|th+j+1(c) . Goo\]

= E

’th (gkt+1 O...0Gkttj (gkt+j+1 (C))) - Gw‘

IN

<E ngt—l—l O ...0 Gkt+j (gkt+j+1 (C)) — Gkt+j+1 (C)

< () ()

]

A notable difference from Theorem 2.2, is that the bound in Theorem 2.6 is
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uniform and hence independent of the initial state. This is due to the fact that the
random function in (2.15) is bounded in expectation.

The problem in Theorem 2.6 has a hierarchical 2-level depth, and a natural
extension would be to consider a similar 3-level hierarchical sampler where apriori
d~T (ayie,z) for some ay 9,2 € RT that are known. With derivations similar to
those given above (and also in Section 2.1), and assuming a similar notation, we

can conclude that the iterated function system defined by

,yt—i-l

- J+1

ft+1 (C) L t+1 t+1 (217)
ROED) N 4+ A
z+c x1+c zj+c

will converge to the relevant equilibrium. Then from the inequality

Jes1 (€)

min{xy,..., x5, 2} +c¢

ft,+1 (c) <

it is easy to see that we can replicate the proof of Theorem 2.2 to obtain a similar
result.

A further possible extension to this problem would be to consider the same
Bayesian estimator defined at the beginning of this section, with an added level
of randomness in the progression of scale parameters: as before (but specified in
reverse order), we assume apriori that d ~ T'(ary1,y), that for 1 < i < I the
terms ¢; are sampled from independent I' (a;, d) distributions, that for each given
tand 1 <[ < L the terms b;; ~ I’ (di,l,ci) are sampled independently and that

lastly for 1 < 57 < J and given ¢,[ the data points {x“,j} are assumed to have
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been sampled from independent I’ (d“,j, bi,l) distributions. The posterior density
function, as well as the marginal density functions can be easily derived and the
result is that a sequentially updating Gibbs sampler (similar to what we have in

(2.14)) would work as follows:

t+1
pitt — Vi
Zj:l Tilg+ ¢
t41
t+1 i
c = (2.18)
7 L t+1 t
Yl bi +d
t41
gt — Tr+1

Zf:l CEH +y

This random dynamical system is no longer reducible to a simplified 1-dimensional
system. The same follows for any similar variation (for example altering the order in
which the co-ordinates are renewed), and the method used in the previous sections

is no longer viable.
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3 An attempt at generalisation

What is evident from the proof of Theorem 2.2 (and hence by similarity also from
the proof of Theorem 2.6) is its dependence on certain ad hoc properties of this
particular problem (mainly relating to the gamma distribution). In this section
we will attempt to provide some condition that would guarantee that a random
iterated function system {f;} is 1-contractive ’in the long run’.

Let {f;} be non-decreasing, i.i.d. random functions with domain D € R and
range R C D N (0,00). Suppose that there is some ¢ € D and C' > 1 such that
fi (y) > Cyforallt and for ally € D, y < (. Suppose also that E [Lip (fl)] <r<l1
on DN (¢,00), where Lip (f1) is the Lipschitz constant of the random function f;

on DN (¢, 00).
Theorem 3.1. For the iterated function system { f;} satisfying the above conditions,
there is a r.v. Fy such that for all z, Fy (x) = Fy a.s. Furthermore, if x > (

7,,t
1—r

E||F (1) - Ful| < E ||/ (z) - 2|
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and if x < (,

E [|Ft+T (z) — Fw}] < (3.1)

1—r

where T = {ln (é) Jin (C)—‘ .

IE[|f10--~0f7(96)—fr+10f10"'0f7(37)”

The expectation in the right-hand side of (3.1) can often be easily bounded,

given the distribution of the functions f;.

Proof. Since f; is non-decreasing, if z > ¢ then fi(z) > f1(¢) > ¢. Then existence
of F, follows from Theorem 2.1 (see also paragraph preceding Theorem 2.1), as
does the bound for the case x > (. If © < (, note that since f; (x) > Cz, we get

fixj o0 fiyr (x) > ¢ for some 1 < j < 7. By the previous remark, we have that

ferro.. o fijorofir () 2 (¢

Then

E||Fr (@)~ Fu|| = E {

F (ft+1 00 fiiq (37)) - Foo”
< r E[
1—r

flo---OfT(x)—fTJrl(flo"'of‘r(x))ﬂ

where the second inequality follows from the previous case (since fio---o f. (z) >

(). O
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To illustrate how this result can be applied, we can consider as an example the

following logistic-type random dynamical system

)= (12 6o 32)

Here a; and (; are non-negative, real-valued random variables (with finite first
moments) representing growth and decay factors, respectively. We will require that
E[5:] = p < 1 and that oy > a,, for some a,, € R,. The term 0 provides a degree
of freedom in stating for which values of = the function f; is decaying, and for which

;> 0and E [Lip(f,)] <r:= el

it is growing. We confirm that f/ (x) = 8, + < 2

in the domain (% < % — 1) ,oo) .
p

We would like to assert the condition that f; (x) > Cx for z < % ( mf[fapd — 1> ,

(1+5

> (', and a

for some C' > 1. For such values of x, this is equivalent t

1+6

1-p

—1
sufficient condition would be that a,, <1 +4- % ( LElor] _ 1)) > 1, or in other

[

words a,, > %ﬁ]. Then we can take C' = a,, (%)_5, and by the previous

theorem

E [P () - Foo|| < 17“—_757“1[-4: (|1 (@) = ]|

for:ngzz%(@/%cﬁ]—l),and

EUflo---ofT<a:>—fT+l(flo---off(a:»(} (3.3)

E |:‘Ft+7' () — Fooﬂ <

for x € (0,¢) and 7 := [ln (%) /ln (C)—‘
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A simple bound for the term on the right-hand side of (3.3) can be obtained as

follows: let y := fi0---o f; (z), and observe also that f, (z) < & + f,x. Hence

Eﬂﬁo”@ﬁﬁw—ﬁﬂﬁﬁm~0ﬁwnu

1+ oy

o
= + 67'-%1 - 1‘]

< Ely 22 S E[plgn 1]

SEM( @@§;ﬂ+um)

< ( w—i-l—Fp) (Egat] (1+p+...+p71)+p7x)
El](1-p) Bl |
< ( #—i—l—l—p)(m—kpx)

To make this example more concrete, let us assume that {f;} are i.i.d uniform on

0,1], {a;} are i.i.d uniform on [5,6], and 6 = 1. Then

E||Fii (@) - Fol| <4 G)t

X
= —55
o

for x > 4.7, and

E [\FHT () — Fm” <4 G)t 2.7 (11 + (%)Tx> (3.4)

for 2 € (0,4.7) and 7 == 157 (%) |.
This example is not a 1-contractive random dynamical system (which can be

concluded from a quick inspection of f]), hence a direct application of Theorem 2.1
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cannot be done. However, by Theorem 3.1 we were able to infer an explicit bound

corresponding to a geometric rate of convergence.
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4 A different approach

4.1 The problem

We will return to our original problem of constructing a rapidly mixing Markov
chain on R’} that converges to the target distribution with density function given
by (2.3).

We will first consider the Markov chain which sequentially updates its co-

ordinates as follows: for i € {1,2,...,n} let
(v, dw) := H(XJ] w;) | hi(w; |v)dw;
J#i

where h;(w; |v) is the density function of —v given v, and where for convenience

Jr
we have defined vy := z and v,y; := b. Let

PIIP1P3"'P2|' '|_1P2P4...P2L%J (41)

or in other words P updates all odd-numbered co-ordinates first, followed by the
even numbered co-ordinates. For the case n = 4, this will be the main algorithm

we will study, and we will work with different algorithms for the n > 4, which
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will be defined later. We can also motivate the construction of (4.1) with the

following map which may be thought of as a “simultaneous” Gibbs sampler: for

ai, g, ...,a,41 € Ryand 4; ~ I' (a; + a;11, 1) independent, we define
71 2 Tn
Uy, U,y s Uy) — , S 4.2
(w1, 2 ) (x+u2 Uy + us un1+b) (4.2)

where x,b € R, . An immediate consequence is that for ¢ > I we can eliminate the

odd numbered co-ordinates by considering the 2-step (sub)Markov chain derived

from (4.2). If n is odd this becomes

tH1 4l t+1
(ust, uf ,...,unfl)
t+1 t+1 t+1
o V2 V4 VYn—1
g o/ I . DU | S SR
z-l—ué_l u;—l_’_ui—l ug_l‘i‘ui_l Ui_l'f'ué_l u;—_13+ 2_11 U:1111+b

and similarly, for n even this would only differ in the final co-ordinate,

t+1 t+1 t+1
(u2 JUy e, Uy, )
t+1 t+1 t+1
_ V2 V4 Tn
- t t ) t t 9 I t
Y1 V3 3 7 Tn—1
:z:Jru;*l u§71+uf171 u§71+uf[1 + uf T4 ’é’l uf;12+ufb_1 + b

Therefore, if we work with the Markov chain on R’} defined by

t+1
Wt = ey
2i-1 — T t
Ug;_g T+ Uy,
t41
t+1 V2i
gy = Ty (4.3)
Ugs—1 T Ugiqq
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for 1 < i < [2] (where uf) = z and u,,; = b for all t), by Corollary 4.1 we can

reduce the dimensions of the problem by considering the Markov chain defined by

5]

a random function on R:** which for n odd is given by:

T+u2 uotug  ustug uqstug Up—3+Un—1 Up—1+b

Y2 V4 Yn—1
fo (U, gy oo 1) = ( 71 30 _ s Y0ttt dn—2 Tn )
(4.4)
A similar definition results for the case where n is even. Note that if Y, U! are

instances of the Markov chains defined by (4.2) and (4.4) respectively, then U’ ~

2t 2t 2t
(}/2 7Y4 ”YVQI_’QLJ)

Corollary 4.1. Let Y* be a copy of the Markov chain (4.3) on R} and let * be a
copy of (4.4) on R?J, and let ™ and 7 be their respective equilibrium distributions.

Then dry (Y, 7) < dpy (9%, 7).

Proof. If we use the notation ®' = (@g, oL (I);L”J)’ then (T’;, T, ... T;L"J) ~
2 2
®!. There are random variables ¥ = (\Ifg, Uy, .o, 0, LnJ) ~ ®! and
2

A= (AQ,A4,...,A2L3J) ~ 7 such that
dTV ((I)t,ﬂ') :]P[‘If %A]

But since 7 is the marginal distribution of all even co-ordinates of 7, we have that

t+1 t+1 t+1
71 Y2 V3

1’+A2’ﬁ+ﬂ7/\2+/\4,”'
z+A2 Ao+Ay

S
b
[1]
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and similarly

t+1 t+1 t+1
THL @ = T V2 V3

t+1

x4+ Uy’ 75+1+ V3 U, + W0,

z+W¥o Wot+Wy

Hence
dry (T, 7) < P[E# 0]
< P[U#A]

— iy (@, 7)

Now if 7 is the probability measure on R’} with density function (2.3), it is a

well known fact (e.g. see Section 2.3 of [27]) that 7 is the equilibrium distribution

of the Markov chain defined by (4.3). It follows that the marginal distribution of

the even co-ordinates of 7, which we denote by 7, is the equilibrium distribution of

(4.4).

We can now state our main results. For n = 4, let &' and V! be two copies of

the Markov chain starting at points U° and V° respectively. Let dry denote the

total variation metric on probability measures of a probability space €2, defined by

dT\/ (1/1, 1/2) = igg ‘1/1 (A) ) (A)’
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For two random variables X ~ vy and Y ~ vy, we let dpy (X,Y) 1= dpy (11, 12).

We will define the condition

a1+a4>1,a2—|—a5>1,a2+a3>1,a3+a4>1,a4+a5>1 (46)

and relating to the statement of Theorem 4.2, we will also define the following

terms:

M = max; {Uio, Vz-o},m = min; {u7;07 VE}

Ry=%Jy=2m+m(3M +b)

N az+as astas — ai1+az+xb
Gy = a1taztastas—1% + b Cy 1= z(az+az+as+as—1)

C1+Cs
1-maz{(az+as)/(a1+as+az+as—1),(as+as)/(astas+as+as—1)}

’]’]:

¢ = 4(a3+a41)) ‘l’ 4

(a1+a2*§

g, = < az+as
1 x a1+az+az+as—1

— Y24 Y4 7: 4(az+aq)
GQ_ERQ—FVE_‘_V;) <vzjmﬂ (ga:+ b >
71
_ as+a, as+a as—+a ?+b
93 - % (a1+a242ra3ia471x + 4b 5) + (gx + 4b 5) E ’7(2 + % + %) (72+’Y4>“

r=1-— (77(91+92) +03)71

8= 1+maz{(as+as)/(a1+as+az+as—1),(az+aas)/(as+az+as+as—1)}
o 2

d = |In (ﬁ)rl (2 - @) +2

Then

Theorem 4.2. [Casen = 4] Suppose that (4.6) holds. If Jo <n, then fort > d',

o+

L

ol
3

J (1+3(a2+a3+a4+a5)(R0—1))
42
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For general values of Jy and t > d', we have that
3aw maz {Jo,n} | ¢ |+a

J(1+3(a2+a3+a4+a5)(R0—1)>+ n

dTV (ut+3’ Vt+3) S r

Note that the definition of #; may be amended to contain an upper bound on the

2(az+as) + as+ay + az+aq
az+az+as+as—1 ' agt+as—1 ' aztaz—1

expectation (e.g. ) rather than an exact value. The
same can be done with the definition of #5. Our need for condition (4.6) becomes

clear in section 4.7. If we let 4% = (1,1,1,1) and V° ~ 7 then

Corollary 4.3. [Casen =4] For t > d',

1] _t
7L2d’

dry (U, ) <Er[Ro]r J (1+3(as +az+as+as)) + <IEW?£J0] n 1) glal+s

The quantities E, [Ro] and E, [Jy] depend only on 7 and can be estimated easily.
For n = 2m > 4 (we make an observation later that the analysis for odd n is
nearly identical), we let U* and V' evolve according to a slightly different Gibbs

sampler, in which coordinates are updated in numerical order. Then

Theorem 4.4. [Caseneven, n > 4] For the Markov chain given in (4.43), suppose

that max {Cs, ..., Com, &2, -, &am} < 1. Then

S Jo, t
dpy (U3, V%) < Lo (1+3(az+as+ ...+ azmi1) (Ro — 1))+Mﬁw”’

Here the terms (s, . . ., (o and &, . . ., o, are defined in (4.55) and (4.58) respec-
tively, and depend only on the parameters z, b and {a;}. Ry = % and Jyp = mo+ %,
where M = max; {U?,V?},0 = min; {U,V?}, while the terms r < 1, &, § < 1

and 7 are defined in Section 4.11.
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4.2 QOutline of our proof

Essentially the proof of Theorem 4.2 and Theorem 4.4 are quite similar, both relying
on a coupling argument. In Section 4.3 we define a partial order <’ on RL%J and
show that we can couple two copies {ut,vt} of (4.4), with the initial condition
u® < 1%, in a stochastically monotone manner, thus preserving the order u* < v for
all time ¢. In the beginning of Section 4.4 we show that if R; is a process that serves
as an upper bound for the ratio mazx {v—i}, then the rate of convergence of Ry — 1

U

can be related to the rate at which (4.4) converges to equilibrium. Therefore, our
focus becomes the defining of such a process and showing that it converges to 1 at
a geometric rate.

We define v' in Section 4.5 (for the case n = 4) to be a stochastic process
adapted to the same filtration as u!, with the property that it is an upper bound
to (in the sense of <) a faithful copy of (4.4) started at v°. This also allows us to
give an exact definition of the previously mentioned process R;, which then also
proves to have the additional quality of being strictly monotone decreasing. This
alone does not guarantee that R, — 1 quickly (or at any pace, for that matter).
But the rate at which R; approaches 1 does depend on the size of the values u}
and u}, and we show that if often enough these two values are neither too large nor

too small, then R; — 1 at a geometric rate. To fulfill this condition, we define a
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number of auxiliary processes in Section 4.6 (and show their existence in Section
4.7) that serve as an upper bound for the terms {u’;, ul, uié, L’i}’ and we show that
they are frequently bounded from above by some constant 7.

The case n > 4 is treated in Section 4.10. We define a Markov chain somewhat
different from (4.4), for the purpose of obtaining a monotone decreasing process
R; that has the desired properties mentioned above. The proof of Theorem 4.4
follows in an analogous manner to what we have for Theorem 4.2, however finding

the required auxiliary processes proves to be more elusive. We show their existence

under certain constraints on the parameters.

4.3 Stochastically monotone coupling

For u, v € RY, define the partial order u = v to mean u; < v; for even 4, and u; > v;
for odd ¢. For the 'reduced’ chain (4.4) on ]RJLF%J we can take this partial order to
imply the same (since we are only concerned with the even co-ordinates, this would
mean that we have pointwise inequality in the same direction at every co-ordinate).

Suppose we couple two copies of (4.2), u? < v’ by employing the same ran-
dom variables {yf} in both copies (we will refer to this as the ’'uniform cou-
pling’). Then ' < v’ for all times t. Therefore if we couple in this manner

two copies commencing at some arbitrary initial points U°, V0 ¢ R%,

we can

take m:mm{L{f,...,Ug,Vf,...,Vg} and M:max{bllo,...,Ug,Vf,...,Vg},

45



and define

0" = (m,M,m,...) € R}
u’ = (M,m,M,...) e R" (4.7)

i.e. we are setting vy;,, = u9;, o = m and vy;,, = ud;,;, = M. And by observing
that v’ < {U° V'} < 1% we conclude that U’ and V! are perpetually 'squeezed’
between u' and v* (or in other words u' < {U', V'} < v"). We can justify with
Corollary 4.6 why it suffices to consider the coupled pair (u’,v') in order to bound
drv (U,VY).

Lemma 4.5. Suppose that 0 < 5; < s < B3 < B4, and let z; ~ ' (a, B;) Then
drv (22, 23) < dpv (21, 24)

Proof. Let fi, fa, f3, f4 be the respective density functions. By the following prop-

erty of total variation (see Theorem 5.7 of [1])

drv (z,2) =1 — /mz’n (fi (W), f; () dy

it is enough to show that min {f;(y),f;(y)} < min {f2(y), f3(y)} for all y. Note

first that for 4,5 € {1,2,3,4} with i < j,

fily) > fi(y)

= fiexp(—Biy) > Biexp(—PBiy)
_ a(in3) — In(s)
- B — Bi

46

— Y



Let

then

dg a(l=F+in(3))
ok (B—k)?

The numerator of this equation is non-positive for all 5, x € R,. This can be seen
by observing that the function in(z) — z achieves a global maximum on (0, c0) at
z = 1 with value —1. Hence 1 — g + ln(%) < 0, and since g(f, k) is non-increasing

in k, we have the following relation:

9(B1, B3) < g(Ba, B2) < g(Ba, 1) = g(B1, Ba) < 9(B1, B3) < g(B1, Ba) (4.9)

Then from (4.8) and (4.9) it follows that

A) < min{fa(y), f3(y)} on [0, g(B1, B)]
fiy) < min{fa(y), fs(y)} on[g(B4, B2), )

hence

min (fi(y), fa(y)) < min { fo(y), fs(y)} on [0,9(B1, Bs)] U [9(bs, B2), 00) = [0, c0)
N

Let L{futl be a random vector having the conditional distribution of U**! given U?,

t+1
|v?

t+1
|u?

with similar definitions for Vﬁj@l, u;y and v . We apply the uniform coupling until
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t+1 t+1 t+1

time ¢, and given this outcome we couple <th+1 sz P Uyt > Uy

L ) in the following
“one-shot” manner (described in [10] in further detail): for each co-ordinate i, we

take ufr;} to be the x-coordinate of a uniformly chosen point from the area under

the graph of the density function f,, of ult}. Set v/f! = Vitl =yl = ut+} if this

tut - t|ot vt T Ut T
point also lies below the graph of the density function f,, of vt“ Otherwise, take

t+1

Vjje 1O be the x-coordinate of a uniformly and independently chosen point from the

area above the graph of min { fuis fvi} and below the graph of f,,. Similarly, set
Vtﬁ;% to be the x-coordinate of a uniformly and independently chosen point from the

7

area above the graph of min {f,,, f,,} and below the graph of fy,, and set L{T&%to
be the x-coordinate of a uniformly and independently chosen point from the area
above the graph of min { fuis fvi} and below the graph of f;;,. From the proof of

Lemma 4.5 it can be seen that min {fui, fui} < min {fyi, fui}, hence it is easy to

verify that this is indeed a coupling of (Z/lt+1 Vit ultt t“)

|ut ) |Vt 9 |ut 7U|vt

Corollary 4.6. With one-shot coupling at time t + 1, we have dpy (U™, V) <

P [utJrl ?é Ut+1}
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Proof. We will first observe the following

ary (UG V) < P lugs £ V]
_p| {utTL}t # Vi }}
< Plu{utl #vtt}t}]

_p t+1#v}

The inequality in the third line is a consequence of the previous lemma and the
fact that min { fu:, fvi} > min { fuss fvi} implies

{L{t‘w LAV i } C {UE,]utl # Uf,\vtfl } This inequality holds for any outcome
of (U', V!, u',v") so long as the partial order u' < {U’,V'} < v’ persists. But by
the previous remarks this is always the case for the uniform coupling, hence the

statement of the corollary. O]

4.4 The ratio R;

From here on we will mainly consider the reduced’ Markov chain defined by (4.4),
however at times it will be useful to refer to odd numbered co-ordinates as derived
from the transition kernel P in (4.1).

We assume in this section that u! = (ug, ul, .. ’u;L”J> < (vé,vi, o ’U;L’SJ) =

s

vt, so that

o

> 1. Define the filtration % = o (u®, 0%, 7, ... 7, .. .., 7h)

u;

-

t
and let R; be a non-increasing .%;-measurable process such that R; > max {U—t}
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Then u' = v* if R, = 1. The uniform coupling defined for (4.2) in the previous sec-
tion can also be easily applied to (4.4) as well as the result of Corollary 4.6 (where

in the final step at time ¢+ 1 one would couple <7§+1’ AL ’Véﬁl _1) uniformly,
2

while taking the ’one shot’ approach for (75“, AL ,Véﬁ 1) e described in the
5

section preceding Corollary 4.6). Under these assumptions we can now relate R; to

P [ut-l—l 75 ottt ’gft}

Lemma 4.7. Applying one-shot coupling at time t + 1, we have

n

L
Pu*! £ o | 7] <1- R, = (earbeaisa)
Proof. Let h,,, (y By yéjh) and h,,, (y |\ Z, i, 752;11) be the conditional

' ' t+1 1
density functions of uy " and vy given

G, Attt - t41 41tk il 41 _
Pty Vaio1> Vaipa (and therefore, also given wy "y, uy 1, V5 1, V91 Where uy~, =

Yot/ (ub_y +ub; ) and we define ubfly, 05, and vi[! similarly). These rep-
resent gamma random variables with shape parameters given by ag; 4+ a9;11 and
scale parameters ubi ' + ubt!; and vh ' 4+ v5Fl respectively, as can be seen from
the definition of the transition kernel P. Then

141 141 a2;+azi41

h ‘ﬁ 1 ) s “2?—1"‘“2;;1 h |j‘ t+1 41

ugi \Y |7t V2i-1V2iv1 | 2\ 341 41 vai \ Y |7t V2i-1> V2it1
Ugi_1 T Ugipy
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hence

in L (57225789488 ) o (70085488 ) |

a2;+0a2i+1

UH_E + ut—!—l

2i—1 2141 h }y t+1 t+1

B 2 R vai \ Y £ V2i—1> V2i+1
Ugi—1 Tt Ugipq

As described in the lead-up to Corollary 4.6, we take ub" to be the x-coordinate of

a uniformly chosen point from the area under the graph of h,,, <y ‘3‘}, Ve sl ) ;

and set v ' = ubf! if this point is also below the graph h,,, (y ‘ﬁt,véj_ll,’yéﬁl)

Otherwise take v5i' to be the x-coordinate of a uniformly chosen point from the

area below the graph of h,,, (y |ﬁt, AL 752111> and above the graph of

Py, (y Bl sttt > The result is that

P ugf # off | i ni i |
= 1= [min s (5] F878 08 ) o (07t ) bt

i Ta2i+1
t+1 t+1 0\ %2
1— <u2i1 + U2i+1>

t+1 t+1

IN

2i+1

S 1 _ R;rafi*a2i+1

S 1 _ R;a%*amﬁrl

where Ry is the process defined above and derived under the hypothetical continu-

ation of the uniform coupling. Since the last inequality is independent of 741, | 752111,

ol



we also get P [ub!' # ob | #,] <1— R, **"*'. Therefore

P ut-i-l?évt-i-l

/t>7§+177§+1a---77?f1“ ]

[U {ut—i-l t+l}'04t’ t+17,.)/§+17”",_)/t—i|:1_| 1]

_ 1_le{ut+1_1}§+1}'ﬁt’ t+1,7§+1’._.’7;f1] ]

< 1 _ H Rt_a2z_a2z+1

_ 1 Rt_ Zi(a2i+a2i+l>

. . - Ez <a2i+a2i+l) . . t+1 t+1 t+1
and once again since R, is independent of Y3, 2[2]-1 )
we get the desired result. O]

4.5 Special case n =4

In this section we will consider the Markov chain defined by the random functions

{fi} in (4.4) for the case where n = 4, and with initial conditions u” < ¢° that

usolme =)

Note from (4.7) that this may already be

.Jsclwo

have the additional property
assumed. We proceed by defining the Markov chain !, and from here on we let v?

be the process defined in the following manner: set
(ubt ubt) = FI (uhyul) = ( RN (u2’ut)>

and let

(3571, 547) = 157 (o 0h) = (A4 (ehood) 133" (0 0h))
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Then define

7.7t+1 ,z'}t-‘rl
t+1 1) . 2 4 41 441
(05, v == max — ¢ (usth g ) (4.10)
U U
2 4
Observe that:
. . . ut+l UtJrl
1. The equality of the ratios is always preserved: ufﬂ = U%’ﬁ
4 4

2. (173“,172“) =< (vé“,vZH) , hence by monotonicity the process v’ is always
“greater than or equal to” a copy of the Markov chain started at v and coupled

uniformly with u’.

t+1 t+1
. . v
3. From the ratio above we also get —HT = T
2 4
. vk vt
Hence if we let R; := -2 = -4 then
Uy uy’
Ug—‘rl 1~}§+1 @Z—H
=mar{ ——, ——
t+1 t+17  t+1
Uy Uy~ Uy
t+ t+1 t+1
B+ B+
. Ug+U Uy FUy Ug+T
= maxr AT ) AT A1
t3 t + b t3 t + t
V5 +vy Vg +vy e
N bt it N N (4.11)
—— + buy i I+ =
t -2 441 u
U2 Z U/é 2
= —= .max
t t+ t+1 1
U o/ t 7 v
ot it 3
4 o
t
)
<
Ug
where
’V:E,H + al 1
= t
0 I+ e 4 bl
; = max - | > ]
t+1 | + but
Y3 + = 73 4
Y2
<1
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The inequality in (4.11) is justified by

Lemma 4.8. Suppose that 0 < a < b. Then g(x,y) = (3+y)/(2+y) is decreasing

in x and increasing in y, for all x,y > 0.

Proof. Follows from calculus.

Therefore

t
E[Ri] < RE |[[ @
j=0

It can be easily observed that the ratio R; satisfies the condition stated in the

paragraph preceding Lemma 4.7, namely that R; > max {Z—i} The aim now is to

7

obtain from the previous inequality an expression of the form

t+1
E[Ri] <1+ Cr, [ ]
j=1
where 7; < 1 and r; is frequently bounded from above by some r < 1 (the exact

meaning of this will become apparent following the definition of S; in (4.21)). Note

that in order to achieve this, it suffices to have for all t > 0

E[Q:R] < 141 (B[R] —1) +1 (4.12)
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Let # =0 ((,.--»741), - (3, ---,74)). We can consider (4.12) by condi-
tioning on this filtration
E[Q.R)] = E [RtE Q| ﬁtﬂ (4.13)
and we may approximate [E [Qt | 3‘}} with the aid of the following lemmas.
Let p1 = E[ys] = as + a4 and MzZE[’h —%] = a1 +ay — 3.

3

Lemma 4.9. Let S be a F;-measurable stopping time. Then

ElQsRs] <E[is(Rs—1)] +1

N
=
=

=
o

v

where 1, = 1—1/mam{(%+4)<;§+ +2> 4+

b

Proof. By [4] we have P [y3 < /] > de[%>ﬂz]2%7

hence with probability

p1+ 1+ z M1+bU}1
vh

1
3 @
,U1+ 1+ z b .
of at least  we have that Q; < max N <’“+ u‘*) for any t. Then by

%)



the previous lemma

E Qs | Zs]
1 :LLl_'_l_i_E
< - -mazx
= ,u1+1f:2is p1 + bug
\ Y2
( 11
1 s s bvy — buf 3
IR | ’(1_ vy ) (Thd
pe | 1+ Ha 4
2
;
! (1-#) (1-&)| 3
< Z~ma:c<1— > uS’l_ 1_'_“_5 +1'z_1
\ (2+1) (1+5) (1+35)% s
1
maz 4 (42 4 4) (4 4 2 1 9) 44
T v5 buy
1
s (4.14)
O

s RS
Substituting this into (4.13) , we get the desired result.

The next step will be to show that often enough 7, < r for some r < 1, which

by the inequality (4.14) would result in an expression of the form given by (4.12).

4.6 Super-martingale-type auxiliary processes
Most results in this section are not restricted to only the Markov chain in (4.4),

but can be applied more generally. In particular, we will make use of them again

for the case n > 4 with an alternatively defined Markov chain. Lemma 4.10 holds
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for any adapted processes K, satisfying the inequality (4.15), despite the fact that
here it is considered as a function of (ut, vt). Lemma 4.11 is a general observation,
independent of anything discussed so far. Lemma 4.12 relies on the same premise
as Lemma 4.10, but here we do make use of the fact that K;; is a function of
(u',v"). The definition and dimension of the random variable (uf,v") is irrelevant
in the proof, and we only require that it satisfies the Markov property. Lemma
4.13 makes explicit reference to the process D, which is defined in the beginning
of Section (4.7) , however the result remains true for any adapted process which
satisfies the necessary conditions given in (4.17) and (4.18), and is used to bound
R;. Lastly, the transition from Lemma 4.13 to Corollary 4.14 is only based on some
simplification of binomial coefficients, hence it will also translate easily to the case
n > 4.

To illustrate the relevance of these results to the problem we have built so far
(i.e. for n = 4), we will start by assuming the existence of a set of auxiliary pro-
cesses which satisfy conditions outlined below, and which can serve to provide an
upper bound to the random part of 7;, namely to
mam{(% +4) (% + f_é +2> A4+ %{} Suppose that for i = 1,..., N, the pro-
cesses K;; = K; (ut, vt) are adapted to .%;, and that for t > 0

E [Ki,tﬂlt%} < GKip+ o (4.15)

where (; < I and ¢; are constants. Then for the process J; = J (ut, vt) = ZZ Ky
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we also have
E [Jt+1|ﬁ5} < mazx{{;} J; + Z i

In particular, if J; > n = _‘QA for some s > 0, then E | J,1 | %, | < BJ, where
U 1—maz{(;} +

= HmarlGl et

T =T(s) :==min{T > s|J; <n}, and for s > 0 and ¢ > 1 define

Jsit s+t <T Js <n

<
|

s,t =

0 otherwise

or in other words j&t = 1y, <mn{r>stt} Jstt-

Lemma 4.10. For the notation and assumptions of the preceding paragraph,

E[js,t—i-] L%] < B fort >0 and s > 0.
Proof. Observe that for t > 1,

E[js,t-i-l ’ﬁs+t:| = Ly <pnr<sinE [js,t-i-l ’ys+t:| + 1{Js§77}ﬂ{T>s+t}E|:js,t+1 ‘gzs—}-t]

= 0+ Ly<nmnirss+tt B[ Lirssrir iy Jorrt | Fort]

< g emnirsstt B[ 1o Jores 1 [ Fort ]
< Lg<mnimss+ty B st
= ﬂjs,t

Proceeding inductively, it follows that

E[js,t-i-] ’ﬁs] S E [ﬁtjs,l ’ﬁs]
58



Finally,

E [js,l |ys} < E [1{Js§17}<]5+1 |ﬂs}
= E[Jor: |Fs] 1z

< Z ¢ + maz {(;} Js 1s<ny

]

< Z ci +mar{G}n | 1g<p

]

Bn

IN

O

Remark 4.1. If it is uncertain that J, < n, we can still define j&t = Loy Jort,

and following the proof of Lemma 4.10 it is a straight forward conclusion that
E |:js,t+1 |323] < B maz {n, J,} (4.16)

Now suppose that D; is a process adapted to .%; such that

4 t 4
wz1,Dt2max{<ﬂ+4) (@+%+2),4+ij} (4.17)
Lo x v bvy

Furthermore, suppose also that
N
Diyi < wnyi441 + E Wi 414G 1 (4.18)
i=1
where (wl,tﬂ, . ,WN+1,t+1) is a non-negative random vector, i.i.d. over time ¢t > 1,

measurable w.r.t. .%;,; and independent of .%;. It is now clear that D, is defined
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with the intent to serve as an upper bound for 7,. We will construct D; in Section
4.7, and the reasons for insisting on the condition given in (4.18) will become
apparent.

If S is a finite a.s. stopping time adapted to .%; s.t. Jg < m, then Dg,q <

N> wis+1 + wnt1,s+1. Therefore, applying Lemma 4.9 we get

E[Rst2] < E[Qst1Rst1]

< E[ig41 (Rey1 — 1)] +1
[ 1
< E (1— )(Rs+1—1) +1
Dg1
< E|[1- (Re—1)| +1
( DS+1> s=1)

1
< E 1-—
N> Wis+1 + WN+1,8+1

(Rs—1)| +1

1

- Ell1- ) E[(Rs—1)] +1

N> Wis+1 + WN+1,8+1

< rE[(Rsg—1)] (4.19)

where r = 1 -1/ ((01 +...+ QN)n—I—HNH) and 6, .= E [wfi7t+1j|. Here we have
used Jensen’s inequality in the transition between the last two lines in (4.19). An
additional observation that will be useful to us later, is that if 0 <Y € .Z, then by

a derivation identical to (4.19) we get

E[Y Rsio) <rE[Y (Rs — 1)] + E[Y] (4.20)
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The term E [Y] in the right-hand side of (4.20) comes about in the second line of

(4.19), as a result of applying (4.14).

Lemma 4.11. Let Y be a random variable. If A is an event and B C R,
P [A|Y € B} < supP [A|Y = yo}
Yyo€EB
Proof. Suppose on the contrary that P [A Y € B} > P [A Y = yg} for all yo in B.

Multiplying both sides by the marginal density fy (yo) and integrating over g, in

B gives the contradiction

P[A,Y € Bl > P[AY € B

Working under the assumption that a process D, satisfying the aforementioned

conditions exists, and that Lemma 4.10 applies, we define the set S, by

Sy = {1<i<t|J; <n} (4.21)
Then
Lemma 4.12. For any subset {cy1,co,...,cr} C{1,...,t},

P[S={c1,c0,...,cu}|Jo <] < Btk
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For the purpose of this lemma we will consider the previously defined function J
as a function on RY, as this will allow us to refer to the odd numbered co-ordinates
uf, ub, vt and v when we later define a satisfactory auxiliary process. It will be
clear that this interpretation has no impact on any of previously derived results

(such as Lemma 4.10) that we may need to refer to.

Proof. Let A = {(yl,...,yg) eERS st J(y1,...,ys) < 77}, and I C {0,1,...,k} be
those indices ¢ that satisty c¢;11 > ¢; + 1, where by convention we set ¢ = 0 and

cpi1 =1t+1. Then fori € I let B; = {JQH >0, Je -1 > 7]}. By Lemma 4.11,

P[Bi|J <n] < swP [B|(u, o) = y]

yeA
and since J,, is determined by the values (u®, v%), it follows by the same reasoning

and the Markov property that also for any event C,_; € %,

P [Bi | Je, <, Cci,l] < supP [Bi | (u v) = y] (4.22)

yeA

Observe also that if I = {iy,...4,} for some m < k + 1, then

m

Z(Cij—f—l —c,—1) = |{1,....t0\{ci,c0,..., i}

j=1

= t—k

Hence we get
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P [S: = {c1, 9, ..., cu}|Jo < 1]
= P[{Ju < o S0} 0N B} o <1

S P { ciy ST’?'"?JC«Lm SU}Q{HZGIBZ}’J()S?]}

I
=
&

im

{ v S0 e, gn}m{m;’”‘fBij},JoSn] :

P -{Jcil < e, S0y {00 By 1o < n}

< supP [Bim |(ucim"l}cim) = y] P {{J% <Nyeesde < 77} N {m;;lBij} |Jo < 77]
yeA m—
< H supP [Bij |(ucij L0 ) = y]
T yeA
J=1
S HSUPP |:jc¢j,c<¢»+1)*cijfl > |(u6ijav6ij) = y]
=1 y€A J
< ﬁciﬁl—%—l .. ./Bcim‘i’l_cim_l
— Bt—k

The inequality before the last line follows from Lemma 4.10 and Markov’s inequality.
We note that when 4, = 0, the event J;, <7 appears in the second line, but not in
the first. This can be justified by observing that in this case J;; = Jp, and Jy < n

is already given in this conditional probability. O]
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From Lemma 4.12 it also immediately follows that

P [!S}\ =kl|J < n] < (Dﬁt"“ (4.23)

Lemma 4.13. Assuming that the process Dy is adapted to F, and satisfies (4.17)

and (4.18). Then in the event {Jy < n}

Proof. Let 79 =0 and {r;} € {1,2,...} be those times for which J,, < 7. Then by

(4.20) with Y =1, ,«; and S = 744

E |:Rt+2]—|gt’>k |ﬁo] = E[Ri2lr, < |F0]

IN

E [RTk+1+2lTk+1 <t |ﬁ0}

IN

rE |:17'k+1St (RTk+1 N 1) |‘§0] +P “5}’ >k |ﬁ0]

IN

rE [1%9e (Rop 2 — 1) L%} L P [\St} >k I%}

The last inequality uses the fact that 1, ,«; <1, ,< and R, < R; 1. This

Tk+1

then leads to the first step in an inductive argument:
E [R7k+1+217'k+1§t ‘cgao] - P [’St‘ >k ‘cggo]
< r (IEJ (R riole,<i|Fo] — P [\Sﬂ > k2 L%D (4.24)
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Proceeding in this manner, we claim that we get

E [RTk+1+21Tk+1§t ‘3?0] —-P [‘St‘ >k ‘3?0] < r[(k—H)/ﬂ (RO - 1)

The ceiling function in the exponent [(k -+ 1) /2] is immediate whenever k + 1 is

even. If on the other hand k + 1 is odd, by (77?)

E [R7k+1+217'k+1§t |y0} - P Dgt{ >k |y0} < rt(k+1)/2JE [17195 (RT1+2 - 1) |90}

< rle2g [1r <t (Rry — 1) | F0]

< rL(k+1)/2J+1 (Ry — 1)

The second line follows from (4.20). O

From (4.23) and Lemma 4.13 we conclude

E [Rt+2 |<9\0] =

IN

IN

<

r“k+1)/2—| (RO — 1) + P [‘gt| >k ’y(]i| +E lR01|§t|<k |§0:|
Pl 621 (Ry 1)+ P [\§t| >k y%} +

(Ro = DP [[Si| < k1.0 | +P [|S)] < k|5 |

1+ (Ry — 1) [ rl®+02] 4 > (j) B (4.25)

Inequality (4.25) is true for any k& < ¢, so we are free to choose any value for & in this

range. We can simplify this expression by removing the binomial terms in the fol-

t

lowing manner: note first that if we take k& < | £| then for j < k, (j) < 1(.1,), hence
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Z?:o (;)5t_j < 2(,)B"*. Next, let d := [£] and note that (d]f)q’C (1-¢% " <1

whenever ¢ € (0,1). Therefore, if d > 2 then by taking ¢ = % we get

=)= 5

From these remarks and conditions, it follows that the summation in (4.25) may
be replaced by

2 (W) B*. Our goal is to bound d from bellow by a constant d’ (and
thereby set k to be a fraction of t) in such a way that ((dcg—d”) [ is decaying
exponentially in ¢. Since (W) Btk = <(m> [/k= 1)k, this aim would

be achieved if we could find d’ such that for d > d’

d¢
At SV 4.27)

Here the term +/r is chosen for convenience, and (4.27) would then imply that

k
k d
Z (t) B < 9 ( d (d_1)> BE1| < ok
=\ -1

d—1
The left hand side of (4.27) is equal to d (1 + ﬁ) pl4=2) < edB@=2) . Hence

(4.27) is true if

e
d> l£(5)> +2= |ln 1 {ln (d) +In (%) +2. Since In (d) < V/d, we can consider
; ; 1 l"(%) 1 l”(%)
>
the inequality d > i3] d ()| +2 or Vd > [in(3)] + [in3) [V + \/gv which
2

is certainly true if d > (|l"25)| + #ln (%) —|—2> . Therefore taking d' :=



2
1 1 e . e o
(|ln(ﬁ)| + |ln(6)|ln (7;> + 2) and setting k = \_d,J (note that the condition k& <

L%J from the previous paragraph is satisfied), we get that d = (ﬂ > d', hence

k
L+ (Ro— 1) [ r[®+021 50 C) g <
j=0

1+ (Ro—1) (rﬂ’f“)/ﬂ + zrk/2>

< 1+4rzlal (Ry— 1) (V7 +2)(4.28)

We summarise this in the following corollary

Corollary 4.14. E [R5 %] < 14 3r2Latl (Ry — 1) for t > @, where d’ and r

are as defined previously.

4.7 Construction of D,

For ease of reference, we will start by first giving the following list of definitions

toot
L4ubt+b
Ky = ub +u} Koy =571
1.t o Uy 2,t P
C o a1+az+zb
27 Z(agtaztaatas—1)
e S (ot t) 4\ (14 1
Dt._x(u2+u4 +<§x+ b><u5+ug
C e as+as C e as+asa
1= Gitaztastas—1 27 Gstaztastas—1
. . 4
C) = Qo + “3% ¢i= L 44
2
t41 t+1 t4+1
~ . Y5 Y4 . S__ T
w =2+ 25+ 4 w =t
2,t+1 ,yi-s-l ’Vé“ 1,t+1 T 7§+1+7§+1

W41 - =

t+1

4p1 ) ~ 73
ST + —> W B o
( b 2,t+1 ’Y§+1+’Yi+l

t1 t+1
( Z;r T+ 74+
7 7

’71+ +,73+ b

8 N

W3, t41 =

1
—+b

)+ (o)

t+1
+74+

W2 t+1 —véﬁ
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Note that

4 ! 4
max{(ﬂ—i-él) (k+£t+2),4+itl}§l)t (4.29)
fo T v buy

where we have used the fact that © < v and 2 < 2+ %. To bound the first term in

this sum, observe that

’7t+1 '7t+1
t+1 t+1 2 4
u2 + u4 - t+1 t+1 + t+1
71 73 3 +b
.Z‘+u§ ué-‘,—ui ug-‘rufl
t+1 t+1
i 7
g (uh U ) + 4b (4.30)
Mt

Therefore E [Kl’tﬂ |9’t] < (1K + C). Observe that since

N S
BT Wl T A
ul +ud ul+b
’Y:E)H (t t )
< uy; +us +b
Vgt
it follows that
t+1 t+1
V3 up +b
Kopr1 € —ri—r Koy + o (4.31)
V;ﬂ T ,yi-‘rl 7§+1 i 7:tlﬂ
and hence
[Kora 7] ey
E Ko |F| < QKo+ E | —F——F7|%
Yt + A4
< QKo+ Gy (4.32)

Both K, and Ky, are adapted to .%; and are in fact functions of u’ (since 75 +~4 =

ub (ul +uh) +uf (uh +b) for t > 1, and we set Koo = ub (uf + u}) + uf (u} +b)).
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Note also that

1 1 1 1
——+ =7 < |3+ ) @ U+
ug-H ui—l—l (,}é—&-l ,yfl+1> ( 1 3 )

= @2,t+1K2,t+1 (4-33)

and Wy 441 is independent of .%;,. By (4.30), (4.31) and (4.33) we conclude that

1 (4 ) % it
Dyt < — () (2 (K, +a) + B
T ( 2 g o)+ 5

t+1
A ) dpn | - 7§+1 L-+0
(= 4]+ == | o | o Koy + =1
(< 12 b v+t Y+ gt

< Wi K+ wo i Kop + ws g

and hence D; satisfies the conditions given by and preceding equation (4.18). Re-
ferring back to (4.19), we obtain the rate

1
=1- 4.34
" (91+92)7]+63 ( 3 )

where 61,0, 05 are the expected values of wy s41, w241 and ws ;41 respectively.

We make the additional note that it is not necessary for {Ki,t} to be deter-
ministic functions of (u’,v'). This assumption was required to make use of the
Markov property in (4.19) and (4.22), however the arguments remain true if {Ki,t}
are random functions of (ut, Ut) with random terms that are independent of % .

Note also that condition (4.6) guarantees that (; < 1 and (5 < 1, as well as the
finite value of all constants and finite expectation of all random variables defined

in the beginning of this section.
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We have now established a sufficient foundation to prove our first theorem.

Proof of Theorem 4.2. By Corollary 4.6, P [ut+3 #* vt+3] is an upper bound for
dry (U3, V3) under the specified ‘one shot’ coupling described in the paragraph
preceding the corollary (in the aforementioned description we couple uniformly until
time ¢, and attempt to merge the two Markov chains thereafter. Here we attempt
to do this after time ¢ + 2, but the argument remains the same). In the event

{Jo < n} we conclude by Corollary 4.14
E [Riya — 1%, ] < 3riliv] (Ro—1)
Therefore by Lemma 4.7 and using Jensen’s inequality
P [Ut+3 # 't |<?0] = E [P [Ut+3 # o't |gt+2] | Fo, ]
< E [1 _ (Rt+2)—(a2+a3+a4+a5):|

< 1- (E [Rt+2])—(a2+a3+a4+a5)

) —(a2+asz+as+as)

< 1- (1 +arsli) Ry — 1) (4.35)

We claim that the right-hand side of (4.35) is bounded by

t
7

3T%\~d 1

] (ag + asz + ay + as) (Rg — 1). To justify this claim, define F (y) := T

vy for y, v € R, and observe that E’ (y) = W—i—u > 0. Hence E (y) > E(0) =

1. Now take v = ay + a3+ as + a5 and y = 33 L] (Ro — 1), and we get
1
(1 v 3rzla) (R — 1)

1]t
>a2+a3+a4+a5 +3(az+as+as+as)r2la) (Ry—1) > 1

70



The claim now follows immediately, as does the first statement of the theorem. If
we are no longer restricted to the event {Jy < n}, then (recall that T is the first

time ¢ such that J; <) by the remark (4.16)

P [ut+5’ 7é Ut+3 ‘9&0}

t
< P |u't? #£ot? J0>77,T§{§J+3 +P

t
T > \\iJ —|—3‘J0>7]]

max {Jo,n} B [2]+3
Ui

Nl

2] (

IN

r 1 + 3 (CLQ + as + a4y + a5) (RO - 1)) + (436)

Since this is greater than what we have on {Jy < n}, it is also a bound for general

values of Jj. O

4.8 Sampling from equilibrium

One application of the previously derived results lies in sampling from the equilib-
rium distribution 7 defined by (2.3). We will start by taking &° = (1,1,1,1) and
VO ~ 7, and define ug, vy according to (4.7). Then from Theorem 4.2, using the

one-shot coupling at time ¢ + 3, it follows that for ¢t > d’

1] _t
P[ut+37évt+3’go] S TideJ (1+3(a2+a3+a4+a5) (Ro—l))

maz {Jo, n} L1+
77

Proof of Corollary 4.3. This follows immediately from Theorem 4.2. m
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=11

Now let Cyy := [ <H4 zai+ai+1_1> erp (Z?:l —ZiZZ'_1> dz. Then we can bound

the terms E, [Ry] and E, [Jo] in Corollary 4.3 in the following way:

dTV (ut+3’ 7T)

< P [ut+3 #vtﬁ}

mam{lvvl} 4 >

1.t 1 i a;+a;+1—1
S r2 LQd J Eg (1 —+ 3@) / m H v; ETP Z —V;V;—1 dv

i=1 =1

4

5
1 1 i
+ _BL%J+3 n_‘_E/JO HU?1+G1+1 1 exp Z_Uivi—l dv
n

9 i=1 i=1

IA
[o
MR
i
&~
| I
—
+
w
&S
+
/N
= |@z
+
—
~__—
=
Jr
w

where a = ay + a3z + a4 + as,

- maxz{l,v;} i —
Cri=/ (m) (H?Zl UZ-ZJF s 1) exp (Z?Zl —vivi_1> dv/C,, and
C; = CLQ [ Jo <H4 vai+ai+1_1> exrp (Z?Zl —vivi_1> dv, and we derive a bound for

=1 "1

these terms in Appendix B.

For the purpose of illustrating this result in a concrete example, let us set
z=2,b=3and a; =i Then by (26) C, < 60,300 and by (27) C; < 59, 3 < 7/9,

r<1—5=,20<n<21and 216 < d < 217, and hence

dry (U 7) < 6030043 (1 — —— L 1+ 2 (1 e
rv (U m) < : <_2178) +( +%) (5)

which implies that dpv (U3, 1) < 107° for ¢ > 50,000, 000.
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4.9 A brief look at the case n =3

The case n = 3 can be treated in a very similar manner as was done for n = 4. It
follows immediately from (4.4) that this problem would reduce to dealing with a
Markov chain of a single variable, given by

v
Wt = (4.37)

"1 3
ut+z + ut—+b

Similarly, coupling two copies (ut, ’Ut) uniformly with the property u° < v° implies
that u! < v'. It is also an immediate observation that the ratio R, = Z—i is strictly
decreasing, hence we no longer need to define a process like (4.10) and can simply

work with this ratio directly. It follows that R, 1 = R;(Q); where

<1 B p%) (fwi”/ ((ut—l-x) (1+j—t)) + byt ((ut+b) <1+ U—’i)))

Qr = 1-—
(ﬁl/ (14 Z) +~4 (1 + i))
(1 %) (@ + 05
< 1-
(yi*l/ (1+2Z) + 44/ (1 + %)) (ut + maz {z,b}) (1 + m“fjf’b})
< g 1—r
;
> t Rt

where 7; := 1 — min {z,b} / <(ut + max {z,b}) (1 + M)) Note that if we

define

t+1 t+1 t+1
o 7 t R Y 1 7. 1 t+1
Kipp1 = =iy (uf + 2+ b) and Koy = <—7%+1- + —,Y:;)Hg) then K41 > ut*
2 2

2
’Y§+1+’Y§+1 xr
and Kyq1 > # , and hence we do not need a process analogous to D, from the
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previous section, since
Fer1 < 1 —min{z, b}/ ((Kl,t+1 + max {z, b}) (1 + max {z,b} KQ’t+1))

As before, we will require that a; + a4 > 1 in order that E [72/ (1 + 73)} < 1. If
the process J; and the stopping time S, as well as the constant n are also defined

in an analogous manner, then we can repeat the steps of (4.19)

E[Rsy1] = E[QsRs]
< Elis(Rs—1)] +1
min {x,b}
o o Rs—1 1
(uS + max {x,b}) (1 + %{fb}) ( )|+

- min {x,b}
< E_(l(n+ma:c{£€,b}) (1+77maiﬁ{x,b})>(RS_l) +1
= rE[Rs—1]+1 s

where r = 1 —min {x,b} / ((7) + maz {z,b}) (1 + nmaz {z, b})) Note that we no
longer need to look at time S + 2 in the left-hand side of (4.38) in order to obtain
this inequality. This means that from the proof of Lemma 4.13 and Corollary 4.14
we get

t
7

E Ry |Jo <n] <1 + 3l (Ro—1)

From the proof of Theorem 4.2 we conclude
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Theorem 4.15. [n = 3] Suppose that ay +ay > 1. If u' and v* are two instances

of the Markov chain (4.57)

maz {Jo,n} 8121
n

dTV (UHQ,UHQ) S TLWJ (1 + 3 (a2 + ag) (R(] _ 1)) +

The requirement that a; + a4 > 1 is mainly a necessity to make our proof
work. However, it can be seen from Corollary 2.5 that under some conditions with
ay + a4 < 1, the Markov chain can lose some convergence properties.

We can make an analogous argument to obtain a result similar to Corollary 4.3.
In particular if we let 4° = (1,1,1), V® ~ 7w and z = 1, b = 2 and a; = i, then by

calculations similar to those done in Section 4.8 we get

i sy <o (1= 5) 7 (1)
which in particular implies that dry (U2, 7) < 107° for ¢ > 125,000. This is fewer
iterations than what was established for the Wasserstein bound in Section 2.1, and
with some effort it may be possible to translate the above dpy bound into a better

dw bound than what is given in that section. Nevertheless, the analysis in Section

2.1 gives a very different methodology that may be of interest to many readers.
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4.10 n>14

It is not difficult to show that the method outlined in (4.10) and leading to inequality
(4.11) can also be extended to the case where n = 5: given two starting points

0 0 5 s : 1. ptl ()t 1. t+1
v’ < 0¥ € R}, it amounts to setting u*' = f*(u') and ' = Attt

. S CORS ARG : L
where A\y1 == maz | Zar, e A calculation similar to (4.11) shows that
2 4

Riy1 = M1 < Ry whenever u! # o'. If we attempt to replicate this method for
n > 6 however, it becomes apparent that \; = Ry, so that R; = Ry is fixed for all
times . It is nonetheless possible to extend this method for n > 6 if we consider a
multi-step version of the Markov chain in (4.4). More precisely, let f,, : RT — R7

be defined by

Fnl ) = 2 V4 T2m
m U2, Ug,y ..., U2m) = o 30 73 R Yom—1 Y2m+1
T+us ug+us  u2tug ug+ug U2 (m—1)TU2m u2m+b

= (f(m,2) (u)7 f(m,4) (’LL), ceey f(m,2m) (u))

and let
R = floft oo (1.39)
Lemma 4.16. Suppose u =< v and Z—i = Z—i =...= Z";—Z Then for m > 3 and

je{l (3] -1 =] + 1. m)

“m2) 2 (4.40)



and
(5] (5]
- = =2 (4.41)
F[T—I_l 2

(m,Q(ﬂ})(u) (m2[ 4L

2

Furthermore, for j € {1,..., m}we get

< —= (4.42)

We could hence consider the Markov chain defined by the i.i.d. random functions
{h:}, where h; ~ F,L%W, and by (4.42) it would be guaranteed that A, = Ry 1 < Ry.
A proof of this lemma is given in Appendix A. It is also implied here that n = 2m+1
is odd, which bears no impact on the argument in the proof, as it would be identical
for n even.

Despite this contraction of R; implied by Lemma 4.16, it is not a straight forward
matter to show (and derive an upper bound for) the geometric convergence of
R; — 1, primarily due to the difficulty of handling the 'continued fraction’ form of

the functions h;. We will therefore consider an alternative Markov chain. For odd

n = 2m + 1 we will define this by

1 41 +1\ Lt ¢
(ubtufth, o ubt) = g (uhu, ) (4.43)
o V2 V4 Tom
- Y1 4 s ) 3 4 N Y2mt1
z+ub ub+ul u§+1+ufl ul+u u§;172+u5m ub, +b
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where {72,73, ..., Yont1} are same as before and {7;,7s,...,92,-1} is an i.i.d. copy
of {71,73,--,72n-1}. The definition of g for n even is as one might expect. Fur-
thermore it will be apparent that all arguments for n even would be non-distinct
from ones about to be made for odd n, which is why we shall forgo the separate
treatment of this case.

Note also that the random function in (4.43) can be identified with the transition
kernel

0 := (P1P3P5--'p2m+1) (P2P3P4...P2m) (4.44)

The probability kernel O appears similar to P defined in (4.1). There is however no
obvious way to state a clear relation between the two. We observe that the kernel
(131153]55 . PQmH) is responsible for generating the variables {31, v3, V5, - - -, Yom+1}
while (P2P3]54 . PQm) generates {72, 73, Y4, V5, - - - » Yom—1, Yom }- Recalling that 7P, =
7, it is evident that 7 is also invariant with respect to O, which shows that this
Markov chain will also converge to 7 in distribution (it is not difficult to ascertain
that this is indeed a Harris chain).

We can now extend the method we used for the case n = 4 to general n, with

the Markov chain defined by the random functions {g'}: starting with u® < 2°
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0 UO
such that —% =...=2m>1 set u!t! = g'*! (ut) and v = R, ju!™! where
Ug 2m
t+1 (0t
9s
Riy1 = max tj+1—() (4.45)
J g?g ( )
~ ~t1 t+1
#o gt oA oA Yomo1 4 Domir
1+ = _I_ b gt+1(ut) + “é gt+1 (ut) 1+
ot ul -4 1+2p—2 147 14 2ma2 u2m
_ 2 “2 v4 4 uhm
- t max ~t+1 t+1 ~t+1 TH1 90 —t+1 t+1
Uy i1 + 73 73 + 75 Yom—1 72m+1
wE T e T i, T
b 1+g 1+ 1+E 1+ 2mv’52 'v2m
2m
Here we have used the notation g = (g2, g4, - - -, g2m) to represent the components

of the function g. In (4.45) we have extracted the factor by making the implicit

assumption that —% = Z—‘i‘ = ... = Z%’” The validity of this is evident from the
Ug 4 2m
definition of the process v*, and inductively (in t) from (4.45). Let Ry = u—% We
2

t+1
can then confirm by a simple inductive argument that % < Ry for all j and
2j

&?Ll ’Y§+1
Tzt
g (v") ot
t > 0 as follows: it is immediate that T — R | =—=—+% | < R, since
+ (ut) 71+ ’Y3+ ]
+
1+-= vl
vg 1+ -4
vh
ul vl . x x t+1(vt)
—4 — 4 while £ > o Now assuming that =%+ < Ry, we get
u V. u Tty ’
2 2 2 U2 95 (ut
t+1 t+1
“2j+2 U2g+2
- 1 1
“’%;rjlul 7274—3
t+1 14-7@]+ 9 1+u23+4
. v . g vt uf ub .o . .
(since %2 = R, ), hence Qjﬁ;() =R, 2442 ks < R; (again since
2; ’ o (ut) 5T ST
2j+2 92542 2;41-1 2Jt+3
t+ t
g5, (¥%) Y2j+4
1+ 1+
U§j+2 v§j+2

t
U2g+4 V2j+4 : t .t _ :
i > Wy where by convention we take u5,, o, = v5,,,, = b), which completes

this inductive argument.

Let us now consider the i term in the right-hand side of (4.45). If we replace
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both

t+1
Yoi+1

tor by 7;;:11,

Hence we can say that

Rt+1

IA
|5
3
IS
S

(1 + ub;,o/ub;) in the numerator and 741}

oL/ (1 +vh;,5/v8,) in the denomina-

then by Lemma 4.8 the right-hand side of (4.45) would not decrease.

St

~t+1

~t+1 3 t+1 Yom—1 t+1
1 4 fytJrl gt+1(ut) + Vs g%+1 5 (ut) + 72m+1
1+ 3 4+=2— 14 —=e=—

2 4 2m
st+1 ~t+1 ) i1 447)
M + t+1 73 + t+1 Tom—1 t+1
1+ 2 Vs gé+1(vt) s gttl (vt) +r)/2m+1

v 14+=27 1422

Y4 Y2m

We can proceed in a manner similar to what we did in Lemma 4.9. Let py := a3+

ag+ ...+ aomyo and pp 1= Py e S +—agm_1ia2m71' Then by [9] and Markov’s
inequality
2m—1 5> 1 2m+1 <
P 0 odai=1 Vi = 2_M2 s (Vi odd,i=3 {vi <}
2m—1 1 2m—+1
= P |Nicad,iz1 % <2pp p| P [mioddﬂ;:g {n < ,u1}}
[ 2m—1 1 2m—+1
> P Z = <2u| P Z”Ylﬁ/h
| i odd,i=1 Vi iodd,i=3
> 1 (4.48)
= 7 )
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2<z<m UQi 2i—2

t+1 ’Ut Us -
Lemma 4.17. Let M., := mazx {2 + g%i( ) + utéll } and

Py 1= 1 — 1 —~. Then
m m—1 x )
(1+2p1p2)™ (Mit1) (1+U—t <1+7)
2

E[Ri1] <E

1. 3
(17}4_1 + Z) (Rt - 1) + 1

Proof. Let 74112 (= 1 — L —, and define recursively 7, 9; =
(1+2uw2)(1+ )(1+ )

(1 Ti41,2i— )

1- (1+2p1 p2) Me41

for 2 <i < m. Let Q;y1, be the i term inside the max in (4.47).

We claim that in the event

{mf;’}idi L {’yt“ > 2u2} N s {t < ul}}, the term ;11 is bounded from

above by 7419, + 1—+ij for each 7. Assume that this statement is true for

i — 1. Note that since the i — 1°* term inside the maz in (4.45) is less than or

t+1 (Lt
equal to the ¢ — 1°" term inside the max in (4.47), this implies that th,H(( t? <

Z_%Qtntl,z‘—l < R, <1'“t+172i_2 + P”}#) Then by Lemma 4.8 and the fact that
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géjliwt) > 522 (v") (which follows from (4.46)) , we get

Ug; v}
Fortt g
1 V2i+1
9512 (v!)
142
2i
i t+1
T oy T V2itt
9512 (v")
1+ o
2i
1
2y 1
2/9 + 1
L oty H1 gt+1 v gt+1 (ut)
H_gzz f(“) 14 %2i2") 2( ) 1+ 211;.
U - U2 2
< 21 — 1 _ i
> 1
L sz(v) + 2p o
gt+1 ( t) H1 1+ 24 2
1+ 221)? Y24
2i
t+1
1 _ 92i— Q(Ut) uéz
1 vl g5ty (ut)
t+1 t t+1 ut
92— 2('”) 1 92i— 2( ) “21
ey Ak <1 T T ) e
14+ ==
”31‘
1—7 i
1 . t+1,2i—2
1— R <Rt <Tt+1,2i72 + T))
< 1

I gtj—l ( t) w ;
(1 + 2[1,1[1,2) (1 + 2 21 ) (1 + g;;rlj(ut))
(1= rurzie) (1- %)

géjIZ( ) ugl
(1 + 2#1#2) 2 + + 1

1—

z 92;_2 (ut)

L =72

< Frye
= t+1,2¢ Rt

1—7¢41,2

This proves the inductive step. The computation showing Q411 < 1410 + o

is identical to the one given above. Observe that 7419 < 7414 < ... < Piyq9m, OF
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more precisely

(1= rFe10i-2)
(14 2p1pa2) Myyq

1 i—1 .
- ((1 + 20 pho) Mt+1) (1 B THLQ) (4.49)
1
(1t 2mpm) (M) ™ (14 3) (14 2)

We conclude that Q11 < 741.9m + 14}#, and hence by (4.48)

1. 3
(Zrtﬂ + Z) (R —1)

1 — 710

= +1

E[R1] < E

]

An apparent weakness of (4.49) is that the bound on the rate of convergence is
exponentially bad in n. Unfortunately, this is an inherent property of this method:

observe that even under the most favourable scenario in (4.45) (whereby we take

Y3 ="Y5 = ... = Yons1 = 0), one still arrives at
. 1
Tey12 = 1— oL
1+%
. L= 7120
Tiy12i = 1— (—uf>
L+ =

21—2

v

()
My

Note that the results derived in section 2.1.1 are in fact independent of many

. ut .
where my; = min {1 + <& .
(2

Ugn—2

aspects of the model, including the dimension n as well as the Markov chain in
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question. They relied only on the existence of auxiliary processes (K;¢, Ji, D),
stochastic monotonicity of the two paths, and the existence of a non-increasing
process R; as described in the prelude to Lemma 4.7. At this point we only require
to ascertain the existence of an auxiliary processes {K;} that satisfies conditions
similar to the ones we had for the case n = 4, and which assists in bounding M,

from above. We will prove such existence under certain restrictions.

4.11 Construction of {Ki,t} for n > 5

Fori=1,....m let wi, := 4. Then
I ) 21 ub,
~t41 t+1
t+1 1 Yoi-1 Y2it1
Wy, = +
2i ,ytJ‘rl L1 L 1
2 “’;3——12 wh; wh, w5i+2

where for convenience we have taken wj) = < and w},,,, = 3 for all t. We will make

use of the following inequality: for a,b, pi, p2 € RT,

a b (a + b)?
<E i 5) = Taps + bpa) 450

Hence, for 1 <i<m

~t41 t+1
1 1 2i—1 Y2i+1
Wy = T 1 Tt 1 1
Y - e e e — + —=
2i wzﬁz Wa4 Wa; Waiyo
~t41 t+1
L (% Vi
2i—1 t+1 t 2i+1 t t
t+1 4 ( 2i—2 + 21) + 4 ( 21 + w2@+2) (451>
Y2i



We can now exploit the linearity in (4.51) to get an upper bound on E [KLtH |ﬁt}

where K, := )" wh,. Observe that
E [Kl i1 | Ft]

1 i i
(0‘24 L [t | 72] + wh ) + 22 (o + wém)) (4.52)

O{QZ‘_]_

IN

i=1
We will re-write the right-hand side of (4.52) in a form that will reduce it to
a super-martingale type of inequality, analogous to (4.32) for the n = 4 case. Let

Ai =K [wéjl |yt}, Bl = wéz for 1 S 1 S m, and AQ = BO = % and Am+1 = Bm+1 =

i Let G = 4&??1 C; = (6;2;__11) and D; = C;t + C; for 1 < i < m, and

Cy =Cy =0. Then by (4.51), for 1 <i<m
A; < C7 A1+ DiB; + C By (4.53)
In particular, since Ag = % = By
Ay < CyBy+ DBy + C{ By (4.54)

Define ¢; ; as follows: ¢10 = Cy, 1.1 = D1, q12 = Cf, and ¢1; = 0 for j > 2 (so
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that A; < Z;’:Bl ¢1,;B; by (4.54)); and for 2 <1i < m,

Qi i+1

Qi

qij

qi 7j

Then for 2 <i<m

= (OF
= Ci g+ D
= C’i_qi_u fOTO < j <1

= 0 forg>i+1

m+1

A; < Z qi; B;
=0

which follows from (4.53) and (4.54) and by induction on i.

Then the formulas for ¢;; (1 <i < m) are:

and for 1 <j7<m+1

qi0 = H Cy
k=1

g¢j; = 0 fori<j—1

_ +
g-1; = Cj,

4G = Cjgi1;+D;j=C;Cf + D

Gj = Cigi-y= (C]-_O]tl + Dj) H Cy fori>j

Next, let

k=j+1

Coj = ZQi,j (4.55)
i—1
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Then

m m+1 m—+1
E [Kl,t—f—l |fft} = ZAi < Z G2 B = Z CojWh; (4.56)
i=1 =0 j=0

We have Comio = Gmm+1 = C)F and (o = >0, szl C, . For 1 <j <m, we have

G = Z 4.

i=j—1

= ¢+ (Gt n) [ TT (4.57)

i=j k=j+1
We can obtain a similar result for E [KQ’t \3@] where Ky, :=> " ub,. Setting

uf =z and uf_; = b for all ¢, it follows from (4.50) that for 1 <i <m

t+1
t+1 Y2i
Ugy = i1 1
Y2i—1 + Y2i+1
“;ﬁQ*“éz uéi"'“éuz
;yt+1 7t+1
t+1 2i—1 41 ¢ 2i+1 ¢ ¢
< (u2i72 + u?i) + (U2i + U2i+2)

(354, + 5L (L, + L)

W is a decreasing function of 741,, by Harris” inequality (page 136
V2i—1TV2i+1

Since

of [2]) we get

~t+1
Y2i—1 a1 .
E a 5| < . Therefore, in an analogous man-
(fy;itll-l-—y;ﬁl) (a2i71+a2i+1*1)(Oé2i71+042i+1*2) ’ &

ner to the previous derivations, we let F; = E [utm“ |ﬁt], F;=ub, for 1 <i <m,

and By = Fy=x and E,,.1 = F,,0q = b. Let GF = C2idaitl
0 0 m+1 m+1 v (a2i—1+042i+1_1>(O¢2i71+a2i+1_2) ’
G; = pnle and H; = G} + G; for 1 <i <m, and G =
(a2i71+a2i+1*1)(0127;—1+042i+1*2)

o = 0. We also define p; ; in an analogous manner to g; ; so that E; < ZT:JBI pii Fj,
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and let
§aj = Zpi,j (4.58)
i=1

= G+ (G;G;tlthj) S I 2

i=j k=j+1
Then
m m+1 m+1
E Ko |[F1] = ZEz < Z §oiFj = Z Eajl; (4.59)
i=1 Jj=0 Jj=0

It is now immediate that E [K27t+1 L%J <max{&} Koy +Cy and E [Kl,t+1 L%] <
maz {G} K1y + Cy where Cy = (o2 + Comiom and Ch := &z + Eynyam, which was

the goal of the last derivations.

We can now repeat the argument that led to (4.19), to obtain the following anal-

ogous inequality whenever max {(;, &} < 1. Let the stopping time S be adapted

to .#; such that Jg := Ky ¢+ Ko g <1, where n := lfmm{é(?lz;izé o Further-

more, observe that for 1 < i < 2m

t+1 ¢ t+1 t
2i—2 2% 21 2i—2
Ky Koy + Ky Koy > + T+ + 7
ut i+ ut i+
2 Ugi—2 2i—2 Ug;
utt! t
2i—2 ;
> =24 242 (4.60)
U, ey
21 2i—2

Therefore, setting p := 1+ 241 1o, substituting (4.60) in the definition of M;,; and
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t+1

92i—2

() _ wsty

using the fact

E[Rsy1] < E

IN
=

IN
=

IN
=

(%

t

< - we get

2% 2%

(

1 3
4

~TS+1,0m + Z) (Rs—1)

+1

((1 +2mpm) (1+ %) (1+ %))1

1
4 (1+ 2#1#2)Ms+1)m71

(Rs—1)| +1

)>_ (Rs — 1)

1
1 - 4_1 m—1
<(1 + 201 fto) (K1,5+1K2,S + K2,5+1K1,S))
1— =

4 m—1
<(1 + 2 p2) (K1 s41m + K2,s+177)>

R m 1 o m S+1
Recall that Ky g1 := )", —77 and K g41 := Doy Uy
24
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(Rs—1)| +1

note that by (4.56)
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and (4.59) we get E [K; 11 |Fs] <nfori=1,2. Hence

1 212 1 xz 1 1
L1 (2 e (142)

4
((1 + 2 p2) (K541 + K2,S+177)>

-1

1 ((1 + 2pp0) (1 + ) (1+ ﬁ))

E|l1—-
((1 + 21 ) (Kl,S+177 + K2,S+177))

IN
&=

: 1 Fs | (Rs—1)| +1

1 (04 2m) (1 4m) (14 7))

IA

m—1
((1 + 241 p12) (E [K1,8+1 L@S] n+E [Kz,s+1 |ﬂ5] 77>)

< rE[(Rs—1)] +1

where r 1= 1—% <m>m1 ((1+2mu2)(11+xn)(1+2))' The transition to the last
line of (4.61) is justified by Jensen’s inequality. Also note that unlike in (4.19) where
we concluded E [Rgyo] < rE [(Rg — 1)] + 1, we have E [Rg41] < rE [(Rs — 1)] + 1.
This is a result of directly using {K1,5+1>K2,S+1} without having to resort to a
process like Dg, 1, and implies that the factor % in the exponent of r in (4.19) can

now be omitted. Therefore if we set J; = K+ Ks; and define d’ as before, then

by the results of Lemma 4.12 and Lemma 4.13 and inequality (4.28), we get

E [ReilJo <] <1+ 3rla] (Ry—1) (4.62)
Proof of Theorem 4.4. The proof is identical to that of Theorem 4.2. O
We can confirm that for every n the condition max {Cs, ..., Com, &2, - -, &am} < 1

90

=7 E[(Rs—1)] +1

(4.61)



is not vacuous, hence the previous results are applicable for certain parameter val-

ues. Observe first that if we set a; := a for all ¢ , then

da 4(2a—1 D
G = 2a GaD) (1 + Z] QHk 2T 2a 1)) < e 2E3a—2;’ which is less than 1 when-
ever a > 2. Similarly, we conclude that whenever a > 5, (5,,,&2 and &, are all less

than 1. Now for 2 <7 <m — 1, we get

Gt = 22a—1) (4.63)

" ((2@—1)+2(2a—1)2(2a—1) 1+Z H 50a—1)

j=i+1k= z+1
1— qurl
< q+(20+¢) (ﬁ)

Since ¢ — }l as a — oo, we conclude that (5; — i—l—

where ¢ = m
<1 - ( )m+1> < 1. Hence for a large enough, (5; < 1 for all j, and a similar
deduction follows for &;.
The methods we used in this section used properties that were specific to the
Gibbs samplers that we worked with. Some may be adaptable to other Gibbs
samplers and other similar problems. However, at present it is not clear to us how

to generalize the main results given in this section, for a more general class of Gibbs

samplers.
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4.12 Simulated results

We can attempt to assess the efficiency of some of our theoretically derived bounds
by considering simulations and what rate of convergence they may suggest.

Our first look will be at the iterated function system discussed in Section 2.1
(recall that the system is based on the random functions f; (v) = ~4/ (% + bl—i) )
in particular we will take a look at the same example considered at the end of the

section - with z = 2, b = 1 and a; = i + 1 for i = 1,2,3,4. Observe that (also

shown with more generality in [5]) if E [‘Ftﬂ (v) — F (v)u < rtC, for some r < 1

and C,, then E [‘FOO (v) — F (v)‘] < rt% If this is indeed the case, then we

— 1—r

can possibly gain insight into the magnitude of r by approximating the function

In (E [\FM () — F, (v)|D.
: : : 1000 :
We do this by taking 1000 instances {{am (t)} } over 60 time steps of

=1 )=

the backwards iterated function system corresponding to this problem, for each
of the initial values v = 1, 100 and 1000. Thus for each 1 < i < 1000, a,; (t)
represents an independent simulation of the process {Ft (v)} fort =1,...60. For

every t = 1,...59 we can take the approximation

1 1000
E [‘Ft—&-l (v) — F, (U)” ~ 1000 Z | a0 (t+1) = ay; (1)
=1

Figure 4.1 is a plot of the function in <T100 S ay (t+ 1) — ay; (t)‘), with the

solid line representing v = 1, while the dashed and dot-dashed lines represent
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v = 100 and v = 1000 respectively. This does in fact support the relation

Figure 4.1: Simulated convergence for n = 3 case

40 1 1 1 1 1
0

E [}Ftﬂ (v) — F (v)” < rtC,, and the slope suggests that r ~ 0.55. In partic-
ular, for v = 1 the simulations imply that we would only need to run the chain
for 30 steps in order to obtain an independent sample that is (in the Wasserstein
metric) at most 107° away from equilibrium.

We can also look at the process R; defined in Section 4.4 and attempt to estimate
through simulations how quickly it converges to 1. We consider the example in
Section 4.8, with x =2, b =3 and a; =i fori = 1,...5. Figure 4.2 shows the mean
of In (R, — 1) obtained from 10000 independent simulations of R;, and taken over

a period of 100 steps. The solid line represents initial conditions U = (10°,10°)
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and V' = 2U, while the dashed and dot-dashed lines represent U = (1,1), V = 2U
and U = (10*6, 10*6), V' = 2U. Observe that in all three cases Ry = 2, yet there
appears to be a clear delay in the convergence of the solid and dot-dashed lines.
Our interpretation of this is that it relates to the development of our ’auxiliary
processes’ in Section 4.6. Recall that in our proof, geometric convergence of R;
required for Uy and ULO to be bounded from above by some constant 7. The delay

would thus be the time taken for U; to satisfy these bounds.

Figure 4.2: Simulated convergence for n = 4 case

10k B g sl

4
1

-14

B F =

_18 1 1 1 1 1 1 1 1 1
0

In addition, the slope of the lines in 4.2 suggests a value of r &~ 0.86, where r
is defined in the paragraph following equation (4.19). For the example considered

in Section 4.8, this would imply a significantly lower mixing time (no more than 50
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iterations for this example) than the upper bound of 50,000,000 obtained in that

section.
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5 An Image Restoration Model

5.1 Introduction

A.L. Gibbs [3] introduced a stochastic image restoration model for an N pixel
greyscale image r = {xz}f\;l More specifically, in this model each pixel x; corre-
sponds to a real value in [0, 1], where a black pixel is represented by 0 and a white
pixel is represented by the value 1. It is assumed that in the real-world space of
such images, each pixel tends to be like its nearest neighbours (in the absence of any
evidence otherwise). This assumption is expressed in the prior probability density

of the image , which is given by

N | —

7y () ox exp { — Z [”y (zi — xj)]2 (5.1)

(i.5)
on the state space |0, 1]N, and is equal to 0 elsewhere. The sum in (5.1) is over all
pairs of pixels that are considered to be neighbours, and the parameter ~ represents
the strength of the assumption that neighbouring pixels are similar. Here images

are assumed to have an underlying graph structure. The familiar 2-dimensional
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digital image is a special case, where usually one might assume that the neighbours
of a pixel z; in the interior of the image (i.e. z; not on the boundary of the image)
are the 4 or 8 pixels surrounding x;, depending on whether or not we decide to
consider the 4 pixels diagonal to x;.

The actual observed image y = {yz} _, is assumed to be the result of the
original image subject to distortion by random noise, with every pixel modified
independently through the addition of a Normal (O, 02) random variable (hence
y; € R). The resulting posterior probability density for the original image is given
by

N
1 1 2
T posterior ( ‘Z/ x exrp Z ﬁ i Z 5 |: i| (52)

=1 (i.4)

supported on [0, 1].

Samples from (5.2) can be approximately obtained by means of a Gibbs sampler.
In this instance, the algorithm works as follows: at every iteration the sampler
chooses a site ¢ uniformly at random, and replaces the value z; at this location

according to the full conditional density at that site. This density is given by

o2+ ny?
Y xk;éi) X érp {% (5.3)

TrC <$z
zi— (072 + ni'72)_1 oy +9° Z%’
ji

on [0, 1] and 0 elsewhere. Here n; is the number of neighbours the i** pixel has, and
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j ~ i indicates that the j* pixel is one of them. It follows that (5.3) is a restriction
of a
Normal ((0‘2 + ni'yQ)_l <J_2yi Y2 xj> (072 + nfy2)_1) distribution to the
set [0, 1].

The bound on the rate of convergence to equilibrium given in [3] is stated in
terms of the Wasserstein metric dy,. This is defined as follows: if 7 and py are two

probability measures on the same state space which is endowed with some metric

d, then

dw (p1, pi2) = infE [d (&, &)

where the infimum is taken over all joint distributions (&;,&) such that & ~
and & ~ pe. We will also use the convention dy (&1,&2) = dw (p1, o). Gibbs [3]

shows that

Theorem 5.1. [1] Let X' be a copy of the Markov chain evolving according to
the Gibbs sampler, and let Z' be a chain in equilibrium, distributed according to

Tposterior- Lhen dy (Xt, Zt) < € whenever

t > (e) == 9 (nm;N>

. (5.4)
log (1 — N7Y(1 4 nypaey?0?)” )

Here N4, := maz; {n;}, and the underlying metric on the state space is defined

as d (x,2) = Y, n;|¥; — z|. This is a non-standard choice for a metric on [0, 1]",

however it is comparable to the more usual /; taxicab metric d (,y) := Yo lwi — 2
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since

~ ~

Nomin d(l’,y) < d(l’,y) < Nag - d(l’,y)

where npq, = max; {n;} and n,,;, = min; {n;}. Hence, for two probability mea-

sures iy and iy on [0,1]Y, it follows immediately that

Nmin * dW (Hla ”2) S dW (H’l? H’Q) S Nmaz * dW (:ulv :u2)
where dy;, and dyy are the Wasserstein metrics associated with d and d respectively.

Remark 5.1. Equation (5.4) appears in [3] with the denominator being
log (N —1/N + npaa N7192 (072 + nmaI’yQ)_1>. It is obvious from their proof that

this is a typographical error, and that the term N—1/N was intended to be (N — 1) /N.

The most commonly used metric for measuring the distance of a Markov chain
from its equilibrium distribution is the total variation metric, defined for two prob-

ability measures 7 and o on €2 by

drv (pi1, po) := sup ‘,Ul (A) — p2 (A)‘

where the supremum is taken over all measurable A C 2. For two random variables
&1 and &, we define dry (§1,&2) to be dry (p1, p2), where &§ ~ p;.

It is not difficult to see that dpy is a special case of dy when the underlying
metric is given by d(x,z) = 1 if x # z. In general however, convergence in dy,

does not imply convergence in dry, and vice versa (see [4] for examples where

99



convergence fails, as well as some conditions under which convergence in one of dyy,
dry implies convergence in the other). The purpose of this paper is to obtain a
bound in dry by making use of (5.4) and simple properties of the Markov chain,
without specifically engaging in a new study of the mixing time.

Let X; be a copy of the Markov chain, and let u! be its probability distribution.
Furthermore, define
G o= (24 an)_l (072y; + V*Nmaz), € = maz {|¢|} and 6> = (072 + nﬁQ)_l.

If 7 is the posterior distribution with density function mpesterior, We show that

Theorem 5.2. Let X; be a copy of the Markov chain evolving according to the Gibbs

sampler, and let Z' be a chain in equilibrium. Then drv (X', Z') < € whenever

t>9(w?) +M (5.5)

where M = {Nlog (N) + Nlog (%)—‘ and w = [1 - (1- %)M_l] / (1 + @“;—,12)2) .

Akin to the bound for the metric dy, this bound is also O (Nlog%). A notable
difference, however, is that in our bound there is a (quadratic) dependence on ¢

(and hence a quadratic dependence on maz {|y;|}).

5.2 From dW to dTV

Let ¢t be some fixed time, and let X* and Z® (s = 1,...,t) be two instances of

the Markov chain, evolving as defined in the lines preceding (5.3). The coupling
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method [2] allows us to bound total variation via the inequality
drv (X', 2") <P [X'#Z"].

Having uniformly selected i from {1,..., N}, we couple the pixel X/™' with Z!**
as follows: let f; and g; be the conditional density functions of X! given X*
and of Z!™given Z!, respectively. Choose a point (aj,ay) uniformly from the
area defined by Ax = {(a,b)|f;(a) > 0,0 <b < fi(a)} - ie. the area under the
graph of f;, and set X' = a;. If the point (a;,as) is also in the set Ay =
{(a,b)|gi (a) > 0,0 < b < g;(a)}, then set Z/T" = X/*' = ay. Otherwise (a;,as) €
A;\A,, and in this case choose a point (b1, by) uniformly from

A \Ax = {(a,b) |gi(a) > b> fi (a)} and set Z/ ™' = b;. Observe that X* and Z°
(s=0,...,t+ 1) are indeed two faithful copies of the Markov chain.

In order to proceed, we will establish the following results.

Lemma 5.3. Let Uy ~ Normal (p1,0°) and Uy ~ Normal (p2,0?), and let Wy
and Wy have the distributions of Uy and Uy conditioned to be in some measurable

set S. Let fu,, fu,, fw, and fw, be their respective density functions. Then

dTV <U17 U2)

dry (Wi, W
v (Wi, 2)§min(foU1’foU2)

Proof. We start by noting that
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dry (Wi, Wy) = /f U ) (5.6)

— / < fUl B fUz )
Jwy 2 fwy foU1 foUg

The first equality is one of a few different equivalent definitions of total variation.

A proof is given in Proposition 3 of [1].

Now if [¢ fu, > [ fu,, then the above is bounded by

1
dpy (Wi, Wy) < o, 5.7
W) < /prf% (fonfos) (5.7)
1
< - r - 2
N fst2 /fU12fU2 <fU1 fU)
dpy (U1, Uy)

min (fs fors fs fU2)

The second inequality follows from the observation that

for (w) o Jo, (W) _ for(w) o Jos (W) e s )

Jsfon — fstz Jsfon — fst2

Similarly, if [ fu, > [ fv,, then we repeat the same argument with

dTV (Wl;WZ) = /f (fVVz - fW1)

2> fwy

in place of (5.6), arriving at the same result. O

A simple but useful result is the following lemma:

2
> (2m0?) e e_%
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Proof. This is trivial, since (|¢;] + 1) > |z — (| for any z € [0, 1]. O

Now let U; ~ Normal ((0‘2 + ni’y2)_1 <0_2yl- +~2 ij- x§> ,cff) and
Uy, ~ Normal ((0‘2 + nwz)_l (0 Yi + Z]w J> az2>. Applying Lemma 5.3
o (X, Z™) with S = [0,1], we see that conditional on .%#; (sigma algebra

generated by X* and Z%)

P [X;f+1 # ZitJrl |t702.t} _ dTV (Xerlv Z§+1 |3Zt)
dTV (U17 U2 |yt)
min (fstlafstz)

(lsl+1)”

< (2062 2 dpy (UL U2 |7)  (5.8)

For the second inequality we have used Lemma 5.4. By Lemma 15 of [4] it follows

that
E[0:17] - E [02]]

dpy (U, Uz | ) < TR (5.9)
Hence by (5.8)
(ICHH)Q
PIX{M £ 20 Z] < o 7 |E [ F] ~E[0|#]
<|<z\+1)2
— 25,2 ZXt Z Zt
j~i gt
(|<1\+1
< e 62y ‘Xt 7t (5.10)
jri

We can now proceed with the proof of Theorem 5.2.
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Proof of Theorem 5.2. Let € > 0 be given, and define € := 1 — (1 — g)M (recall
that
(¢+1)?

M = {Nlog (N) + Nlog (%)—‘) and w := €/ <1 + e 257 ) with & := min {6;}. By

Theorem 5.1, dy (X', Z') < w? whenever

Nmaz N

t>71 = [log ( w? ) /log (1 - N1 (1+ 02nmax’yz)1>—‘. Since the infimum in
the definition of dy is achieved (see for example Section 5.1 of [11]), we can find
a joint distribution £ (u™,v™) of two random variables u” ~ X7 and v” ~ Z7, such
that E [d (u™,v7)] = E [} n; [ul — v]|] < w? (we use the superscript 7 in «™ and v”

to preserve notational consistency with X7 and Z7). And by Markov’s inequality

we get
P Z!u%—v;] >w forsomej| < Pld(u",v") > w]
ke
< w (5.11)
For s = 1,..., define the Markov chains u™* ~ X"+ and v™ "% ~ Z7+* by uniformly

choosing (for every s) a site ¢ and assigning values to (ur“s, v +S) as described at
the beginning of Section 5.2. Note that dry (u”s, UT+S) = dpry (XT“’, ZT+S), hence
it suffices to show that dpy (u”s, v”s) < e whenever t > v (wQ) + M. By splitting

up the above probability and applying (5.10) and (5.11), we conclude that at the
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chosen site ¢

Pluft' #£07™] = Plujt! # o™ Z|u£—v,€ <wl| - P Z|u£—v,€ <w

k~i k~i

+P [ul™ E 0D D fup v 2w | P DY fup — i 2w
k~i k~vi

(\€i|+1)2

< e 27 G wtw

(C+1)?
< wle 22w 41

= ¢ (5.12)

Let 7,, be the pixel chosen at time 7 +m for m = 1,2,... . For j > 1, define the
events B, := {u;“ = U;Jrj} and By := {d(u",v") < w}, and observe that in the

event {ﬂi:o Bk}, we have d (u™,v™7) < d(u",v") < w. Therefore by equations

(5.10) and (5.11)

m—1 m—1
Plult™ # ol () Be| < Plul™#ol" | Be| P[Bo] +w
k=1 k=0

(C+1)?
< w (e 252 + 1)
= €
By induction on m we get that
m m—1 m—1
P|(\B;| = P|Bn|()B;| P B; (5.13)
j=1 j=1 j=1
> (1-9"



Note that the case m = 1 follows directly from (5.12). We will now refer to the

"coupon collector’ problem, discussed in section 2.2 of [7]: if 6 is the first time when

a coupon collector has obtained all N out of N coupons, then

P9 > M] < (5.14)

DO | ™

Let ¢ := 7+ M and let 0 := min{l >1:4{1,...,N} C {il,...,il}} -ie 740 is
the first time when every pixel site has been chosen at least once after 7. Then
P[u‘b#v‘b] = P[u¢%v¢|9>M] -]P’[9>M]+]P’[u¢7év¢,9§M]

< IP[9>M]—HP)[u;H;«évzjﬂforsomel SjSM}

M
= PO>M+1-P|()B; (5.15)
j=1
€ M
< —4+1-(1-¢
2
< €
This proves the statement of the theorem. O
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Appendix A

Proof of Lemma 4.16. Note that for the case m = 2, inequality (4.42) is true as

this corresponds to n =4 or n = 5. For m = 3, (4.40) amounts to

F(13,2)<U) B f(13,2)(v>
F(ls,g) (u) f(lgg)(u)
Y1 + /3
Vg [ uptl o1t
= ~ 7
2 %-11-1 + 1+3;7j—‘21
L n
Uz
and similarly
7 75
F(13,6)(U) v [ wtt + I+oe
s = 2
Fli (1) Us %11 t o
LU _
Ug U9
while (4.41) follows from
3 V5
F(13,4)(U) N + 146
F(13,4) () 4 1132—3 T 11%—2
L
N Uy - U
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This in turn gives (4.42): for j = 1 this becomes

[2] 71 3
Fap ) _ [ Fow@be © R o6
[%—I B T — + =1 - T
Fiy (u) Flap()He T Fg 5 (0)+F( 4)(v)
. 71 " 3 .
v, | Te2™ . Tea™ Fean™
_ 2 ug ug u2 u2
71 3
U2 T + T T
62, - oo™ oo
v2 v2 v2 v2
U2
< J—
Uz

Fl Fl
since £ > Z and 2@ o Tea® Gh e we established (4.40), and Foan® _
2 v2 v2 u

u2

I%%z)(v) by (4.41). Similar arguments follow for j = 2,3. Suppose that the lemma
holds for m = k, where k is odd. Then for j € {1, ce {%-‘ } we have

] ]
F(k+1 27) (u27 cee 7u2(k+1)) - F(k 25) ('U/Q, e 7U2k)

R

since F(kJrl %)

does not depend on us11) (note that F, , (u) does not depend
on any coordinate to the right of ug 9. or to the left of ug_».), and the continued
fractions representing these two functions will be identical. For this reason, if
j € {1, e {%—‘ — 1} then (4.40) remains true by the inductive hypothesis, and
for j = [HTJ—‘ the equality in (4.41) is partially satisfied, in the sense that
Funaizn FLQ} L

N

(k+1.2[E5L]) Y (k, 2[§

)

k
Similarly, if we let F %1 be the function F (£ j) with (v4,74...,74,.1) replaced

by (V4,74 Yhyps) fort € {1,..., {ﬂ 1} then for j € {{%—‘ +1,...k+1}
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we get by the same reasoning

k174 ~[E]l-1
F(£+21,2—|j) (UQ, Ce ,Ug(k+1)) = F(L?Z—!j—l))<u4’ e ,Ug(k+1))

The inductive hypothesis for F&a)— ' extends FE ! since these two functions
are structurally identical’. We can therefore conclude for m = k + 1 the validity
of inequality (4.40) for j € {[%W +1,... k+ 1}, and equality (4.41) for j =
|+ 1

Now we are in a position to verify (4.42) for m = k4 1: let k = {%—‘ and set

K P K J—
F(k-i—l,O) = x7F(k+1,k+2) =0
Y25—1 + Y2541
K k—1 K—1 K—1 k—1
F(k+1,2j)(v) ey O G e (0 G o (OFFGCS 540 )
Fr . (u) N "1 721l k=1 + == ,Y%tlfl
(k+1,25) Floin2G-1) O @) Flnap OFFRLL 540, ()
Y25i—1 Y25+1
K—1 M rk—1 k—1 r—1 uw
F(k+1,2(171))( ) Fllt1,25) F(k+1,2j)(u)+F(k+1,2(j+l>)( )
_ b2y “2j u2j “2j v2;)
- Ugsi - Y25 —1 'Y2j+11
J K= v rk—1 k—1 K= v
F(k+1,2<j71>)( ) Fllt1,25) ™) F(k+1,2]’)(“>+F(k+1,2(j+1))( )
vj v v v
F.‘i—l ] (’U) Fﬁ—l (u
k+1, — k+1,2(5— Vo(j—
By (4.40) and (4.41), we have that —20-0) - < _(BR26°0) 7 (pacq]] 260=0
v2;j w2y U2(j—1)
. FrEoL o (w) o FETL L (u)
b2 _ w2 )7 Ut120) 7 ZOtL2) 0 7 g
U2 U2 V25 U2j
k—1 k—1
k+1,2(j+1 k+1,2(j+1 . . . .
( 'u(2]+ DL < u;” ) , with strict inequality for at least one of these terms.
J J
Flivrp) ~ w2

]

We can now consider the lemma for the odd case, m = k 4+ 2 .Observe that for
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je{l,...,[%}—l}

522 152
F(k+272j) (U2a s 702(k+2)) o F(k+1,2j) (/027 e av2(k+1)) (Y
[E£2] 1 [ < Uy
F 2 *on U2y oo Uaigr)) !

(k+2,27) (ug, ...

, Ua(k+42) ) F(k+1,2j)

The equality follows by the same reasoning as before - the function

F[%—‘ -1

(k2,25 (ug, . .. ,uz(kﬂ)) does not depend on the variable uy(;42) and is represented

by the same continued fraction as the function

=

F(Lfmj) (ug, ..., Usks1)). The inequality follows from (4.42) for the case m = k+ 1.

[kt
Similarly, if once again we let F (i +1.2))

k+1

1 kTl
] be the function F[ ] with

(k+1,25)

(V5. 7% - Yeers) replaced by (74,74...,7%,5), we can conclude that for j €

H%] +1,...k+2}

s

552 ] -1 (V4 Va(kt2))
F(k+272j) (va, ... 7U2(k+2)) B (k+1,2G-1) """ (k+2) (o
EIE e u
2 2 2
F(k+2,2j) (U2, e 7“2(k+2)) F(k+1’2(j71))(u4, ce ;U2(k+2))
Lastly, if j = k := | 52| we observe that
y, 17 7 |
V2k—1 V2k+1
K—2 w _9o K—2 Fn—2 ()
k—1 F(k+2,2(1<—1))( ) F&+2,2 )(“) F(k+2,2 )(”) (k+2,2(k+1)
Fliia,20) (02, - Uakern)) _ U2 o T use uae 2t 1)
anl (u u ) u _ Y25—1 ’Y2j+17
29 2y -+ -5 U2(Kk+2) 2K "—2 » k—1 K—2 K—2 v
(k+2,2r) ( Fler220-1) ) Fligzom®) Flirz.2n®  F2.20041) ™
V2K V2K V2K V2K
But kK —2 = [%W —1,s0
Fr=2 v Fr—2 Vo, .o, U
(k+2,2(n71))( ) (k+1,2(n71))( 2, Va(kt1) Vg
o (u)  F7 o Ug(ke) U2

(k+2,2(s—1)) (k+1,2(s—1))
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and

K—2 K—2

F(k+2 2k) (v) F(k-',—l 2K) (va,..., U2(k+1))
K—2 K

F(k+2 2k) ('Ll,) F(k+21 2%) (UQ, cee u?(k+l)>

by the conclusion of equality (4.41) for m =

reasoning that

22 2(k+1)) (v)

ﬁw72

(k+1,2k)

(%
Uz

k + 1. We conclude by the same

(1147 e ,’U2(k+2))

e
Fler

+2,2(k+1) >(u)

V25—1

FK/Q

(k+1,2k)

(U’47 cee 7u2(k+2))

V2541

B 1)<“>

2J

f ol Q(u) +

K—2
F2].

(u

K—2
) g™
U

All this implies that T

ug

uj

V251

P
F;(J 1)(1;)

2j

R 1(1}) +

=2
Fy (v)

K—2
o™

UQJ

U2j

’U2]'

%

U2

= 1.

This concludes

the proof of (4.40) and (4.41) for odd m = k + 2, and (4.42) follows by the same

reasoning as it did previously for m =k + 1. U
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Appendix B

Before proceeding with bounding the two constants C) and C; appearing in the
proof of Corollary 4.3, we will make the following definition used in deriving an

upper bound for (19).

Definition .1. Let f € Ly (R) be non-negative. Define med (f) to be the infimum

over m € R such that

[1-]1

Lemma .5. Suppose f(v) € Ly (R) is non-negative, and g(v) is non-negative,

monotone decreasing and fg(v) € Ly (R). Then med (fg) < med (f).
Proof. Let m = med (f). Then
| tazaom [“ =g [“5= [ 1o
Hence med (fg) < m < med (f). 0

Corollary .6. Suppose f(v) € Ly (R*) is non-negative, and o > 0. Then 0 < y; <

Yo implies med (%) < med( 1) )

+y1 (vt+y2)?
- vtye \ 7 S @) f@) vty
Proof. Since (W) is monotone decreasing in v and )’ = )’ (U +y1) , the
statement of the corollary is an immediate consequence of Lemma .5. [
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Proof of Corollary 4.3. We can bound the ratio

C. = vaﬁai“*l exrp Z—vivi_l dv/C, (16)

=1 =1

~ max {1a Ui} 4 5
/ min {1,v;}
appearing in the proof of Corollary 4.3 by first considering the simplification
mazx {1,v;} 4 4 1 "
i <N 1,00 Try<pn— 1 - ar
mZn{l,'Ul} — Z { zZl}U + Z { zgl}vi + ‘ Z {viZL’UjSl},Uj ( )
i i=1 i=1 1#£5;51,7<4
It would therefore suffice to obtain an upper bound on the sum obtained by substi-
tuting (17) in the aforementioned ratio. Throughout this section we assume that
the term N (wq, wy, w3, wy) (to be defined) is finite for values of (wy,ws, ws, wy)
relevant to our computation. This will indeed be confirmed at the end.

Let N (wy, we, ws, wq) := [ (H?Zl vZ’”_l) exp (Z?:1 —Uivi_l), and observe that

by integrating w.r.t. v; and v, we get

N (ala O, O3, 044)

ag—1 az—1
Vg Us

T+ v)™ (b4 v3)

a7 erp (—vavs) dvedus (18)

- Tl [ -
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Hence

N 1 as—1 az—1
i+ 1 az, ag.00) ay </( . n a4exp(—mv3)dvgdv3>

N (aly Qg, (3, 044) T+ 1}2)0114’1 (b + U3)
az—1 az—1
vy U
- -exp (—vqus) dvadv
/</(x+v2) 1(b—|—v3) " P( 2 3) 2 3)
1 Oé2—1 Oc3—1
aq (/ Y2 Y aexp (—vgvs) dvgdv3>

IN

2 (x4 v)™ (b+ v3)

vy vgs!
/ / (x4 ve)™ (b+ v3)™ exp (—vqu3) dvadus

a

T

By symmetry it follows immediately that N (o, g, az,aq + 1) /N (aq, e, a3, ag) <
&,

We would now like to consider the ratio N3 (a1, ag, g + 1, i) /N (v, g, (g, i),
where N; (wy, we, w3, wy) = [ <1{Uj21}vj Hle v;"i_l) exp (Z?Zl —vivi,1> dv. Our
goal is to arrive at an (good) upper bound for (16). When we substitute (17) in the
integral in (16), we obtain (after moving the integral inside the summation) three
summations of integrals, corresponding to the three summations in the right-hand
side of (17). It follows that for the first summation it would be sufficient to consider

the sum of ratios of this form since

ZNi(Oél,...,Oéi+1,...,Oé4)

i—1 N (ala Qg, (3, 054)

4

4 5
:/ Zl{vizl}vi Hv?ﬁai“_l exp Z—Uﬂ)i_l dv/C,
i=1 i=1

=1
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Integrating first in vy and vy, we get

N3 (ala Qg, O3 + 17 O[4) _ / U?l_l 1{1}321}’1)?3
N (aq, ag, as, ay) (v1 4+ v3)* (vg +0)™

exp (—xvq) dUldU3> (19)

Tt pos!
/ / (v1 + v3)* (v3 + b)™ exp (—xvy) dvrdus

Let

1{U3>1}U?3
1= = d
g(v1) / (01 + 03) (v + b)™ 2

Recall that a; = a; + a; 11 and we assume apriori that a; > 1, hence as + oy — a3 =
as + as, and ¢ is finite on R*. Furthermore, since ¢ is monotone decreasing, it

follows by Lemma .5 and from [9] that

a7

med <g (v1) v{”*lexp (—xvl)) < med (U?lflexp (—xvl)> < —=
x

Thus

ay—1 B 1 L0 1p o v " exp (—av;) 1 003
/ o _erp (Cro) iy g <o / =2 = L2 vy dug
(v1 + v3) (vs +b) (v + vs3) (vs +b)

Then by applying Corollary .6 repeatedly, we can conclude (when considering the

argument of med as a function of v3) that
leco 1 vg? 1 vg?
med | LS Teaznts ) (EE A E— (21)
(’Ul + Ug) (Ug + b) (% + Ug) (Ug + b)
1, 3°
< med ¢ 321}U3a4+a2
(vs + % +b)
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We can bound the right-most term in (21) by the following method: note that

1{1) >1}’U§3 1{ >1 ag+ag—0.5 ayg+ag—0.5
32> . V32> } U3 ’U3 . .
= and —2———— is decreasing when-
— —0.5
(v3+%+b)a4+a2 vgd 2T (v3+%+b)°‘4+a2 (v3+%+b)a4+a2 &
ever

v>2 (% + b) (g + ag — 0.5). Therefore, by Lemma .5

1,51 058
med {va21) 3a4+a2
(vs+ % +)

1{U3>max{172(";1+b)(a4+a20.5)}}U33
< med aita
(U3 + % + b) e
1{ngmaz{lQ(%+b)(a4+a2—0-5)}}
< med v§‘4+a2_a3_0'5

= max{w (ﬂﬂtb) (a4+a2—0.5)}2az+551-5 (22)
xr

Setting m; = max {1, 2 (% + b) (g + g — 0.5)} 9m7a 15 and applying (20) and
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(21), we conclude

N3 (O[l,O{Q,Oég + 1,0[4)

N (alv Oy, O3, 054)

a1-1 a;—1 az—1
— Y1 1{U3>1}U3 / U] U3 B
) </ (o -+ 2] o +b>“4“p< m)>/< (or -+ 00 (o B 2 770

1{ <a1}U1 1

U1 {v3>1}V5"
ar €T v

’U1+?)3) ? (Ug+b) 4 p( 1) /

a1 1 U?3_1

(01 + v3)** (v3 +b)

< ( 1{”1<°‘1}U1 Lus>1} L ug <ma} V5"

ag €TP (—SL’U1>>

(vy + 113) ? (v + b)a4 cap (—av1) |/

al
/ (v + v3)

UaB_l
3 )a4 exp (—xvl)>

1
“(vs+b
1{ e it 1 1 os—1
v {v3>1} 4 {vg<m4} U3
< exp (—xv
a (v1 +v3)™ (v3 +b)™ p(=zvn) |/
a1 1 asz—1
Us
—exp (—xv
< Ul+U3 (U +b) 4 p( 1>>
(€51 1
< 4max {1, 2 (— + b> (g + g — 0.5)} QagFas—15 (23)
T

By the symmetry of N (ay, ag, as, ay) we can also conclude that

N2 (Oél, (%) + 17 a3, 054) /N (ala g, O3, 054)

< 4max{1 2(() +£U> (6‘4:3—1-041—().5)}2112th115—1~5
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Observe next that

N (al - 1,0{2,()[3,0[4)

N (ala Q9, (3, 064)
1 as—1 ag—1 —b

_ / Uy __ vy exp ( a:}4)dv2dv4

a; —1 (x + v9)™ (v2 + v4)

az—1 ag—1
v v exp (—bv
/ / 2 T > P (a3+14) dvaduvy
(2 +0v2)™ (vy + v4)

= : (/ e (_bv4>dv2dv4)

a; —1 (x + v9)™ (vg + vg)*®

az—1 ag—1 —b
/ / o aq = P (a +U14) dUgd’U4
(l’ + UQ) (Uz + U4) 3
1 (x+N(a1,oz2+1,oz3,a4))

Q — 1 N(a17a27a37a4)
1
< $_|_1+N2(0417042+ , (3, Ouy)
ap —1 N (aq, o, a3, o)
<

b

a1 —

1
r+ 1+ 4max {1, 2 (% + 93) (g +aq — 0.5)} QagFas—15
The second-last inequality is a result of the fact that

N (alv Qg + 17 asg, 064)
4 5
= Ny(ag,a0+ 1, a3,a4) + / 1y, <13s va”_l exrp Z — VU1
i=1 i=1

and the second term in the sum is less than or equal to the denominator N (aq, ag, az, ay).
Similarly we obtain

N (@1,0&2,0&3,@4 - 1)

N (ab Ay, 3, 044)

IN

b+ 1+ 4max {1, 2 (ﬂ + b) (g + g — 0.5)} 2a2+a1571-5
x

064—1
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Proceeding in this manner we can also conclude that

N(alaa2_17a37a4) o 1 (N(Oél‘f‘]_,O{Q,Qfg,OQl) N(a17a27a3+1aa4))
N(Oé17O[2,Oé3,Oé4) Oy — 1 N(al,Oé27a3,Oé4) N(O{l,O{Q,OJg,OQl)
(24)
and
N(Oél,OéQ,Oég — 1,0&4) . 1 (N(Oél,Oég,Oég,Oé4 + ].) i N(Oél,OZQ + 1,0[3,0(4))
N(O{17Oé2,0637054) a3 _1 N(()él,O{27Oé37Oé4) N(a17a27a37a4>

Next we provide an upper bound for the terms pertaining to the sum
D i< 1{Ui2171}j§1};’—; and its role in the ratio C in Corollary 4.3. Note that for

the case ¢ = 1,7 = 2 this is given by

N(Ozl + ]_,062 — ].,043,0{4)
N(a17a27a37a4>
N (Oél + 1,0(2 — 1,@3,0[4) N (@1 + 1,0&2,0&3,0(4)
N(Oél + 1705270537054) N(alaod%&?nall)

(25)

As was shown, the second term in the product on the right-hand side is bounded
from above by <+, while the first term is of the same form as the term
N (aq, 0 — 1,3, 4) /N (a1, vo, 3, vg) and following an analogous derivation to

(24) we can conclude that it is bounded from above by

N(Oél + 1,042 - 1,0&3,0[4)‘
N<a1)a27a37a4)
a1 (N(a1+2,a2,a3,a4)+N(a1+1,a2,a3+1,a4))

x ag—1\ N (a1 + 1, s, 3, a4) N (a1 + 1, a9, aig, ayy)

IN

1 1 1 1
4 il + 4max {1, 2 (al i + b> (g + g — 0.5)} Qitas 15
T ag—1 T T
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A similar derivation follows for other values of 7 and j.
We can now summarise these results: let ¢, = 2t
1
o = 4dmax {1, 2 (%4 + x) (g +aq — ()'5)} Qaptas—15

©3 = 4mazx {1, 2(2+b) (as+ oo — 0.5)} 9715 and 0y = . Also let @5 =

all_l (@+1+p2), w5 = a21_1 (b1 +ws+1), or = 5 (patpa+1) and pg =

az—1

1
ag—1

(b+ 1+ ¢3). Lastly let pg be same as @5 but with every occurrence of

replaced by a; + 1, and similar definition follows for ¢19, ©11 and ¢12. Then

maz {1, v;} 4 5
/ ! HU?MHI_I exrp Z—vivi_l dv/C,

min {1, v;} i=1 i=1
< Z i + Z ©ipj (26)
1<i<8 1<i<4,9<5<12,j#i+8

It remains to verify that N (o, a9, o, ) is in fact finite (the bounds in this
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section would then guarantee the finiteness of similar terms).

N (ala a9, (3, 064)

= T ) | (s + L) o

1 041—]. ag—l _
= T(a2) T (as) ( / CorusU T 17 _eap (Con)

(Ul + ’Ug)a2 (’U3 + b)a4

/ / Moo= Y o () do
(01 +v3)* (v + b)) 2] LA

Loy 4o <1}vf‘1_1 v texp (—zvy)

< F 8] F Q. ! 2= [e% 3 « +

- ( 2) ( 4) (/ (Ul + 123) 2 (U3 + b) *

I (aq) /1 033 v +/ dvs
xo o (v3+b)™ / pgetast

1{u +uz<1} I (CY1) 1 7 1

< T T ZAOITUs Sy — ) = — <

= (052) <a4) / (1)3 T b)a4 eZCp( le) + ot hoa + J Ug2+a5+1 o0

The last inequality follows from the fact that on {v; + v3 < 1} we have (v + v3)™* >
(vy + v3) T2 > 01yl

The final bound is for C;, which follows easily from the previous derivations.

Recall that ¢#° = (1,1,1,1) and V° ~ 7, while v} = min {U,V?} and o) =
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maz {U?,V}, and note that

E[Jo] = E[Kio+ Koy

ud +ul +0b 1 1
= E|uy+ul+ 7o o7 gElu3+u2+—0+—0
u2(u3+u1)+u4(u3+b) Uy Uy
11
< ER24V+ V) +24 5+ —
- { o vy oW
< A4 2+ 1+ o6+ s (27)

Setting C'; equal to the right-hand side of the final inequality in (27) completes the

proof of Corollary 4.3. O

125



