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Abstract

a nonunital C*-algebra A one constructs its corona algebra M(A)/A. This is the
noncommutative analog of the Cech-Stone remainder of a topological space. We
analyze the two faces of these algebras: the first one is given assuming CH, and
the other one arises when Forcing Axioms are assumed. In their first face, corona
C*-algebras have a large group of automorphisms that includes nondefinable ones.
The second face is the Forcing Axiom one; here the automorphism group of a corona

C*-algebra is as rigid as possible, including only definable elements.
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1 Introduction

This thesis focuses on the interactions between logic (set theory and model theory)
and operator algebras (in particular C*-algebras). These are established high-profile
areas of pure mathematics in their own right, with connections across mathematics.

C*-algebras are Banach self-adjoint subalgebras of B(H), the algebra of bounded
operators on a complex Hilbert space H. Via the Gelfand transform, abelian C*-
algebras arise as algebras of continuous functions on locally compact Hausdorff
spaces, leading to the guiding philosophy that C*-algebras provide non-commutative
analogues of topological spaces. Connections have been established with many im-
portant branches of mathematics, including dynamical systems, topology, algebra,
geometry, geometric group theory, and number theory. Central notions in mathe-
matics, such as amenability, can be described through operator algebras. The El-
liott classification programme - a major research goal of the last 25 years - aims to
completely understand simple amenable C*-algebras analogously to Connes’ Fields

Medal-winning work on amenable von Neumann factors.



Dealing with forms of reasoning, logic provides the foundation of mathematics
and links it to philosophy and computer science.

At the core of this dissertation are two key branches of logic: model theory,
which studies intrinsic properties that can be expressed with first order statements,
and set theory, which focuses on the study of higher cardinalities and the axioma-
tisation of mathematics.

Connections between logic and operator algebras have a long history with re-
cently renewed impetus in the last two decades. The set of connections between

these two areas can be seen as the convex combination of four points:

e the application of combinatorial set theoretical principles to construct patho-

logical nonseparable objects;

e the application of descriptive set theory to classification;

e the study on how set theoretical axioms influence the structure of automor-

phisms groups of corona C*-algebras;

e the development of continuous model theory for operator algebras.

This thesis focuses on the last two points.
The applications of set theory to automorphisms of corona C*-algebras origi-

nated from two sources:



(i) Brown-Douglas-Fillmore’s search for a K-theory reversing automorphism of

the Calkin algebra C(H [}
(ii) the study of homeomorphisms of Cech-Stone remainders of topological spaces.

Aiming to classify the normal elements of the Calkin algebra, the foun-
dational paper [I3] developed extension theory and defined analytic K-homology
for algebras. Given an essentially normal 7' € B(H) (T is essentially normal if
TecC (H), which is the image of 7" under the quotient map, is normal) 7" can be
classified by its essential spectrum o.(7") and a free group indexed by o(T) \ o.(T),
where o(T") is the spectrum of 7. If 7" and S are normal operators in B(H), then
T and S are unitarily equivalent if and only if there is an automorphism of C (H)
mapping 7' to S, and this happens if and only o.(T) = 0.(S). Brown Douglas and
Fillmore asked whether, for essentially normal S and 7', being unitarily equivalent
in the Calkin algebra is equivalent to the existence of an automorphism of C(H)
mapping T to S. A positive answer to this question is equivalent to the existence of
a K-theory reversing automorphism of C(H). As every such automorphism would
be outer, it was then asked whether it is possible to have outer automorphisms
at all. Set theoretic axioms entered play: results of Phillips and Weaver (see [81],

or [36l Theorem 1.1] for a simpler proof) and Farah ([36]) show that the question

!Given a separable Hilbert space H, the Calkin algebra is the quotient of B(H) by the ideal
of compact operators K(H).



cannot be answered in the usual axiomatization of mathematics (ZFC).

Given a locally compact space X it is possible to construct a universal
compact space X in which X is densely embedded. This space is known as the
Cech-Stone compactification of X and it is, in many senses, the largest compactifi-
cation of X. The study of homeomorphisms of the remainder space X \ X has a
long history, that began with the following question: is every homeomorphisms of
BN\ N induced by a function f: N — N which is (up to finite sets) a bijection? The
work of W. Rudin ([83]) and Shelah ([86]) shows that the answer to this question
is independent from ZFC. On one hand, Rudin proved that under the Continuum
Hypothesis (henceforth CH) it is possible to construct a nondefinable homeomor-
phism of SN\ N. On the other hand, Shelah used forcing to exhibit a very rigid
model of set theory, in the sense that in this model every homeomorphism of SN\ N
is trivial (i.e., induced by an “almost permutation” as above). Shelah’s argument
was refined in [87] and [93], where it was proved that all homeomorphisms are triv-
ial if one assumes Forcing Axioms, which are generalizations of the Baire Category
Theorem negating CH. The eye-opening monograph [34] follows the guiding philos-
ophy that the structure of the automorphisms group of discrete quotients depends
on which set theoretical axioms are in play. It extended the results obtained for
BN\ N to quotients of more general Boolean algebras. The work of Dow, Hart, and

Yu, attempts to solve similar questions when X = R.



The goal of this thesis is to generalize the results in and to a more general
setting: the one of corona C*-algebras. In the same way the compact operators
are related to B(H) and C(H), one can associate to a nonunital C*-algebra A its
multiplier algebra M(A) and its corona M(A)/A. M(A) and M(A)/A are the
noncommutative analogues of the Cech-Stone compactification and the Cech-Stone
remainder of a locally compact space. In an attempt to generalize the independence
results obtained for the Calkin algebra, one has to generalize the notion of inner
automorphism, as there are noncommutative algebras for which it is possible to
construct outer automorphisms of the corona in ZFC (e.g., if A = ¢¢(O2)). The
strict topology on M(A), which is Polish on bounded sets if A is o-unital, justifies
the following definition of triviality: an automorphisms A of M(A)/A is said trivial
if its graph

{(a,0) | A(m(a)) = m(b)}
is Borel in the strict topology. One can see that inner automorphisms are trivial,
and that every trivial automorphism is absolute between models of set theory.

In the abelian case, where A = Cy(X) for a locally compact X, automorphisms
of M(A)/A correspond bijectively to homeomorphisms of X \ X, linking the
study of automorphisms of corona algebras to topology. If X # N, the notion of

“permutation up to finite sets” is replaced by “permutation up to compact subsets

of X”.



The following was stated in [24]:

Conjecture A (Coskey-Farah). Let A be a o-unital nonunital C*-algebra. The

existence of nontrivial automorphisms of M(A)/A is independent from ZFC.

Various instances of the conjecture have been established. A common factor is
the assumption of some low dimensionality hypothesis on A. The first result not

relying on these assumptions in any way is the following corollary of Theorem |3.3.1}

Theorem B. Let X be a locally compact noncompact metrizable manifold. The

existence of a nontrivial homeomorphism of X \ X is consistent with ZFC.

The consistency of the existence of a nontrivial homeomorphism of 5X \ X was
an open problem even in the most natural cases, e.g., when X = R" for n > 2.

Focusing on non necessarily commutative coronas we prove new instances of the
conjecture, using Theorem [5.1.8] An appealing consequence of Theorem [5.3.2]is the

following;:

Theorem C. Let A be a unital nuclear separable C*-algebra and B its stabiliza-
tion A ® KL(H). Then the existence of nontrivial automorphisms of M(B)/B is

independent from ZFC.

The consequences of Theorem go beyond the study of automorphisms of
coronas. As already noted for discrete structures (see [34]), the existence or nonex-

istence of embeddings between different quotient structures may be independent
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from ZFC. However, for some coronas the existence of certain embeddings is abso-
lute between models of set theory. For instance, it can be proved that the algebra
B = [[ M,/ & M, embeds in the Calkin algebra without any set theoretical as-
sumption. It is natural to ask whether modified versions of B can be embedded into
the Calkin algebra in ZFC. If .# C P(N) is any ideal the algebra [[ M,/ @ , M,
under CH embeds into B, and consequently into the Calkin algebra. The following

corollary of Theorem [5.3.13| shows that this not always the case.

Theorem D. Let .# C P(N) be a meager dense ideal. It is consistent with ZFC
that [[ A,/ @ , A, does not embed in the Calkin algebra for any choice of A,

unital nonzero C*-algebras.

It is not known whether it is consistent with ZFC that algebras of the form
[TA./ @, A, embed into the Calkin algebra (independently from the choice of

A,). A positive answer to the following question would imply it.

Question E. Is it consistent with ZFC that every C*-algebra of density character

N; embeds into the Calkin algebra?

The difficulties of answering this question are of model theoretical nature.
The recent formalization of continuous model theory relies on the work in [8].
This approach was applied to operator algebras in [39], [40], and [41], where model

theory for C*-algebras and tracial von Neumann algebras was developed. A major

7



recent progress in this direction is the large scale 142 page monograph [38] (in
which I was a major contributor), which explores the model theory of amenable
C*-algebras. This work puts amenable C*-algebras under a model theory lens. It
shows that many properties related to the Elliott classification programme (such
as amenability itself, Toms and Winter’s strong self absorption ([92]), and several
notions of dimension) can be approached in a model theoretical way. The main
and most ambitious goal of the applications of model theory to C*-algebras is to
construct novel and exotic examples of nuclear C*-algebras. The existence of these
new objects is crucial to many important open problems in C*-algebras (such as the
Toms-Winter conjecture, or the existence of a nuclear stably finite C*-algebra which
is not quasidiagonal). The potential consequences of these original ways of thinking
are profound. For instance, recent work of Goldbring and Sinclair, provides insights
on longstanding problems related to quasidiagonality and the UCT (for an overview
on these concepts, see [90]).

In this setting, we study the concept of countable saturation, a model theoretical
property shared by ultrapowers and reduced products. This notion is tied to CH:
if C is a C*-algebra which is countably saturated and B is an algebra of character
density N; whose separable subalgebras embed into C', then under CH it is possible
to show that B itself embeds into C'. The core difficulty in answering Question [E]

is that the Calkin algebra fails to be countably saturated. We analyze weaker



versions of the concept of countable saturation which are shared by coronas of
o-unital algebras. The weaker of these layers of saturation, known as countable
degree-1 saturation, was considered in a different setting by Kirchberg under the
name “e-test” ([58]). Such weakenings provide a uniform setting for properties
shared by coronas of o-unital algebra, such as the following (see [37]): being AA-
CRISP, sub-o-Stonean, satisfying the conclusion of Kasparov’s Technical Theorem,
and so on.

We expand the class of algebras with this property (see Corollary [3.2.3)):

Theorem F. Let M be a von Neumann algebra with an infinite o-finite trace 7
and K, be the ideal of finite trace elements. Then M/K, is countably degree-1

saturated.

Another connection between countable saturation and CH is given by the fact
that, under CH, coronas of o-algebras which are countably saturated have nontrivial
automorphisms. One may ask whether the full power of countable saturation is
needed for this result. A negative answer to the following question would provide

solutions to one side of Conjecture [A}

Question G. Under CH, is there an infinite-dimensional countably degree-1 satu-

rated algebra of density character N; with only ¢-many automorphisms?

For a survey on the different layers of saturation see [37]. For a detailed de-

9



scription of the applications of continuous model theory to C*-algebras see [3§].

1.1 Structure of the thesis

In Chapter [2] we introduce notation and preliminary notions.
Chapter [3] is focused on model theory and the consequences of CH. In we
introduce the concept of saturation and its different layers. We prove that quotients

of certain von Neumann algebras (Theorem (3.2.1)) and some abelian algebras (The-

orems |3.2.8/and [3.2.9)) have certain degrees of saturation. The results of this section

come from joint work with Eagle contained in [31]. In we analyze how the
existence of a plethora of embedding between corona C*-algebras can be proved,
combining CH and the saturation of certain C*-algebras. In and specifically
in Theorem [3.3.1] we prove that CH implies the existence of many nondefinable
homeomorphisms for the Cech-Stone remainder of a manifold, and consequently of
automorphisms of the associated corona C*-algebra. The results of this section are
contained in [94].

In Chapter 4| we introduce and develop a strong concept of stability for maps
between C*-algebras known as Ulam stability. The main results of this chapter
are Theorem m (showing that approximate maps from a finite-dimensional C*-
algebra to any C*-algebra are close to *~homorphisms by a factor independent from

the domain and the codomain) and Corollary that proves the same stability

10



result holds if the domain is a unital AF algebra and the codomain is a von Neu-
mann algebra. The results of this chapter are contained in [67], a joint work with
McKenney.

Chapter [5| focuses on the consequences of Forcing Axioms on the structure of
automorphisms of coronas. First, we prove a powerful lifting result - Theorem [5.1.8|.
Stating and proving this takes all of and §5.21 Then, in §5.3 we prove Theo-
rem [5.3.2 This shows that Forcing Axioms imply that all automorphisms of the
corona of a separable nuclear C*-algebra carrying an approximate identity of pro-
jections are trivial. In we use again Theorem to show that many of the
embeddings constructed from CH in cannot exist in the presence of Forcing
Axioms. Part of these results are obtained in joint work, yet unpublished, with
McKenney.

Lastly, Chapter [6] contains a list of open questions and hints for future develop-

ments of the research presented.
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2 Preliminaries and Notation

The notation in use is quite standard. N (or w) represents the set of natural
numbers (including 0), Z the integers, Q the rationals, R the reals and C the
complex numbers. w; is the first uncountable ordinals, with ¢ being the cardinality
of the Continuum (i.e., ¢ = |R|). Cardinals are denoted by the Ry, Xy, and so on. If
X is a set, P(X) is its power set. If X is a locally compact topological space, fX
denotes its Cech-Stone compactification.

We use the variables A, B, .. to denote C*-algebras, and the variables f, g, ...
for functions, while ¢, .. usually denote maps. This notation is used everywhere
but for Chapter [, where the amount of notation needed forces us to use A, B, ...
for C*-algebras and leave the variables A, B, .. to denote subsets of N.

If f: X — Yisafunction and Z C X, f[Z] is the pointwise image of Z. Finally,
the symbol 3°°n reads “there are infinitely many n”, while V*°n is for IngVn > ny.

The usual approach to set theory is carried over in [61], where Chapter VII

represents the standard introduction to forcing. A good introductory approach to

13



Forcing Axioms can be found in [71], while specific results are contained in [34] and
[91]. A standard reference for descriptive set-theoretic results is [56].

For results in C*-algebras and von Neumann algebras we will often refer to [10]
or [77]. [84] represents the standard text for whoever is interested in amenability

and related topics. Another good approach to C*-algebras can be found in [25].

2.1 Set Theory

Set Theory is the study of the infinite and of the axiomatization of mathematics.
The interest in modern set theory can be traced back to the work of Cantor, Russell,
Peano, Dedekind, Zermelo, Fraenkel, Hilbert, von Neumann and Goédel among
others. The usual axiomatization of mathematics nowadays used is known as the
Zermelo-Fraenkel system of axioms, together with the Axiom of Choice AC. This
scheme of axioms is known as ZFC. By Godel incompleteness theorem, if ZFC is
consistent, it cannot prove it. Nevertheless, ZFC is the setting in which modern

mathematics is developed.

2.1.1 Descriptive set theory

A topological space is said to be Polish if it is separable and completely metrizable.
As all compact metrizable spaces are Polish, so is P(N) when identified with 2%

endowed with the product topology. If X is Polish and Y C X, we say that
14



Y is meager if it is a countable union of closed and nowhere dense sets. Y is
said Baire if it has meager symmetric difference with an open set and analytic if
it is the continuous image of a Borel subset of a Polish space. If X and Y are
Polish and f: X — Y we say that f is Baire-measurable if the inverse image of
every open set is Baire, and C-measurable if it is measurable with respect to the
o-algebra generated by analytic sets. C-measurable functions are, in particular,
Baire-measurable (see [56, Theorem 21.6]). The proof of the following can be found

in [0, Lemma 1.3.17].

Theorem 2.1.1. Let Y,, be finite sets. A set G C [[Y, is comeager if and only if
there is a partition (E; | i € N) of N into intervals, and a sequence t; € [[,cp Yn =

Zi, such that

If X,Y are sets and Z C X x Y a function f: X — Y is said to uniformize Z
if for every x € X

y(z,y) € Z = (z, f(z)) € Z.

By the Axiom of Choice, it is always possible to find uniformizing functions. The
goal of what follows is to find well-behaved uniformizing functions. This is known

as the Jankov-von Neumann Theorem (see [56, Theorem 18.1]).

15



Theorem 2.1.2. Let X,Y be Polish and Z C X XY be analytic. Then Z has a

C-measurable uniformization.

In general is not possible to uniformize Borel sets with a Borel function, but
this is the case when the vertical sections of Z are well behaved. For a proof of the

following, see [56, Theorem 8.6].

Theorem 2.1.3. Let X,Y be Polish and Z C X x Y be Borel. Suppose further
that for all v € X we have {y | (z,y) € Z} is either empty or nonmeager. Then Z

has a Borel function uniformization.

2.1.2 Ideals in P(N)

A subset # C P(N) is hereditary if X € .# and Y C X implies Y € .#, and it is
an tdeal if it is hereditary and closed under finite unions. The easiest example of
an ideal is the one of finite sets, Fin. If for every infinite X C N there is an infinite
Y C X with Y € ., the ideal is said dense.

A family . C P(N) of infinite sets is almost disjoint (a.d.) if for every distinct
X,Y € . we have that X NY is finite. An a.d. family is treelike if there is a
bijection f: N — 2<¢ such that for every X € .%, f[X] is a branch through 2V i.e.,
a pairwise comparable subset of 2<“. An ideal .# C P(N) is ccc /Fin if .# meets

every uncountable, a.d. family .# C P(N). (Note that this is slightly stronger then

16



asking for the quotient P(N)/.# to be ccc as a poset, in the terminology of §2.1.4]
see [34]).

The following are applications of of Theorem [2.1.1]

Proposition 2.1.4. If # is a meager ideal on P(N), if and only if there is a

partition N = | J{FE, | n € N} into finite intervals such that for any infinite set L,

UiEn|neli & 7.

Proposition 2.1.5. Let .#, ¢ C P(N) be hereditary and nonmeager. Then so
is S N _Z. Moreover, if .#, is a sequence of hereditary nonmeager sets such that

Fin C .#, for each n, then (\.%, is hereditary and nonmeager.

Note that no nontrivial analytic ideal containing the finite sets can be nonmeager
([34, Lemma 3.3.2]), so there are only countably many analytic nonmeager ideals

(one for each finite set).

2.1.3 The Continuum Hypothesis

The Continuum Hypothesis (CH) is the statement that every uncountable subset
of the real line R has the same cardinality of the real line itself. This statement
can be rephrased by asking that |P(N)| = wy, or that there is a well-order of the
reals whose initial segments are countable.

The problem of whether CH is true or false was listed as the first of the famous

17



list Hilbert presented to the mathematical community in 1900, even before a formal
axiomatization of mathematics was completed. In 1940 Godel showed that CH holds
in the constructible universe L, therefore proving that CH cannot be disproved in
ZFC. Later in the early ‘60 Cohen introduced the groundbreaking technique of
forcing and used it to prove the independence of CH from ZFC (see [2I] and [22]).
This shows that Hilbert’s first problem cannot be solved inside ZFC.

Some important consequences of CH are the following:

there are nontrivial automorphisms of /o, /co ([83]);

e if X is a 0-dimensional locally compact noncompact Polish space then 5.X \ X

is homeomorphic to SN\ N (Parovi¢enko’s Theorem);

e every compact Hausdorff space of density ¢ is a surjective image of SN\ N

([76], or see [50]);

e cvery connected compact Hausdorff space of density ¢ is a surjective image of

A[0,1)\ [0, 1) ([27));
e the Calkin algebra C(H) has outer automorphisms ([81]).

Each of these statements, but one, needs CH, as it was proved to be independent

from ZFC A

2That 8[0,1)\ [0, 1) surjects onto every continuum of density ¢ is not known to be independent
from ZFC.

18



The assumption of CH has an impact on the cardinality and the structure of
the automorphisms group of quotient structures. In both the discrete case (such
as certain quotients of Boolean algebras, see [34]) and the continuous one (such as
corona C*-algebras, See, it is either proved or conjectured that CH gives a huge
amount of automorphisms, inferring consequently the existence of nondefinable

ones.

2.1.4 Forcing and Forcing Axioms

The method of forcing was introduced by Cohen to prove the independence of CH
from ZFC. The general idea of forcing consists of starting with a model of ZFC
to build a second model, constructed from a generic object. The technique of forc-
ing is capable of modifying the truth value of certain high-complexity statements
from the first model (the ground model) to the second one (the forcing extension).
The initial goal of the development of forcing was to generate a counterexample to
CH, and more sophisticated forcings have been constructed to generate (or create
obstruction to the existence of) morphisms between different mathematical struc-
tures. Although forcing is not capable of modifying the truth value of statements
of relatively low complexity (see [53, Chapter 25]), its development led to the proof
of many celebrated consistency results. For an introductory approach to forcing see
[61] or [86].

19



Forcing Axioms were introduced as an alternative to CH and as generalizations
of the Baire Category Theorem. They assert that the universe of sets has a strong
degree of closure when generic objects are formed by sufficiently non pathological
forcings. Different Forcing Axioms arise once the exact definition of non pathologi-
cal is given. The first Forcing Axiom to be stated was Martin’s Axiom and the last,
and provably the strongest, is Martin’s Maximum MM, ([44]). For a great overview
on Forcing Axioms see [71].

In this thesis we will always use consequences of MM: Martin’s Axiom at level Ny,
MAy,, and OCA,, a strengthening of Todorcevi¢’s Open Coloring Axiom OCA. It
should be noted that both these axioms follow from Shelah’s Proper Forcing Axiom
PFA, itself a consequence of MM. Also, while both MM and PFA need a super-
compact cardinal to be proven consistent, both OCA,, and MAy, are provable to
be consistent from the consistency of ZFC without any additional cardinal axioms.

Notably, OCA holds in Woodin’s canonical model for the failure of CH ([63]).

2.1.4.1 Martin’s Axiom

Martin’s Axiom is a generalization of the Baire Category Theorem isolated by
Martin from the work of Solovay and Tennenbaum on Souslin’s Hypothesis.
Let P be a partially ordered set (poset, or sometimes, forcing) with a largest

element. Two elements of P are called incompatible if there is no element of P

20



below both of them. A set of pairwise incompatible elements is an antichain. If all
antichains of P are countable, P is said to have the countable chain condition (ccc).
A set D C P is said dense if Vp € Pdq € D with ¢ < p. A filter G C P is an upward
closed downward directed set.

Martin’s Axiom at the cardinal x (written MA,) asserts that if P is a ccc poset,
given a family of dense D, C P (o < k), there is a filter G C P such that GND,, # ()
for every a < k.

MAy, is a restatement of the Baire Category Theorem, which is a theorem of

ZFC. Also, the negation of MA, follows from ZFC, therefore MAy, contradicts CH.

2.1.4.2 The Open Coloring Axiom

The axiom OCA, sometimes denoted TA, was introduced by Todorcevi¢ in [91]. It
is a modification of a coloring axiom introduced by Abraham, Rubin and Shelah
in [I] and generalizes Baumgartner’'s Axiom BA. We now introduce OCA,, an
infinitary version of OCA introduced by Farah in [33], and itself a consequence of
PFA.

If X is a set, [X]? denotes the set of unordered pairs of elements of X. OCA is
the following statement. For every separable metrizable space X and every sequence
of partitions [X]? = KJ U K7, if every K7 is open in the product topology on [X]?
and Kt C K@ for every n, then either
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1. there are X,, (n € N) such that X =], X,, and [X,,]> C K} for every n, or

2. there is an uncountable Z C 2N and a continuous injection f: Z — X such

that for all x # y € Z we have

{F(@). f)} € K§
where A(z,y) = min{n | z(n) # y(n)}.

OCA is the restriction of OCA,, to the case where K} = K" for every n. It is
not known whether the two are equivalent, but OCA is sufficient to contradict CH.
Whether OCA implies ¢ = wy is an open question but, if one assumes OCA and its

initial formulation as given in [I], then ¢ = wy ([70]).

2.1.4.3 The A-system Lemma

We now state a very useful result, known as the A-system Lemma. The A-system
Lemma is usually used to prove that some forcing is ccc, by arguing on the possible
properties that an uncountable antichain must have (see for example [61, Lemma
VIL5.4 or Lemma VIL.6.10]). We will do so in the proof of Lemma [5.1.15] see

Claim [(5.2.9

Definition 2.1.6. A family of sets &7 is a A-system if there is r such that a # b €

o =anNb=r.
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The existence of A-systems in large collections of sets follows from the following,

known as the A-system Lemma (see [61, Theorem II.1.5]).

Lemma 2.1.7. If & is an uncountable family of finite sets then there is an un-

countable subfamily % C of which is a A-system.

2.1.4.4 Cardinal invariants

In case CH fails, one can characterize the properties of the different cardinals be-
tween Ny and ¢. In general cardinal invariants characterize the minimal cardinality
of sets satisfying certain conditions. There are many cardinal invariants that can
be defined, and the theory of cardinal invariants is wide and complex (see [7], or
[69]). Recently, the use of cardinal invariants in the Calkin algebra has been carried
over, most notably in [97].

We will use only two cardinal invariants: the bounding number b and the dom-

inating number d. They relate to subsets of NY when considered with the order

fi < fo = Vn(fi(n) < fa(n)).

They are defined as follows:

b = min{|X|: X is unbounded in (N, <*)},

9 = min{|X|: X is cofinal in (N, <*)}.
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It is clear that w; < b <0 < ¢ = |NN|. We will use that CH implies 9 = w; in ,

and that OCA pushes b above w; in Chapter [f

2.2 (C*-algebras

An abstract C*-algebra A is a complex Banach algebra together with an isometric
involution *: A — A with the property that (a*)* = a, (ab)* = b*a*, (\a)* = \a*
and |a||®* = |la*a|| for all A € C and a € A (|ja]|* = ||aa*|| is known as the C*-
equality). C*-algebras were introduced as B*-algebras by Rickart in 1946. Later,
Segal, referred to C*-algebras as *-closed Banach subalgebras of B(H), the algebra
of bounded linear operators on a complex Hilbert space H. Such objects are known
as concrete C*-algebras. Given an abstract C*-algebra A, the Gelfand-Naimark-
Segal construction ([10] I1.6.4]) shows that to a positive linear functional of norm 1
on A one can canonically associate a representation of A into B(H ). By considering
the direct sum of every possible such representation, the Gelfand-Naimark Theorem
establishes that every abstract C*-algebra is isomorphic to a concrete one. We will
therefore not distinguish between abstract and concrete C*-algebras.

An interesting class of C*-algebras is the one of abelian algebras. The Gelfand
transform ([I0, I1.2.2]) shows that every abelian C*-algebra A is isomorphic to
Co(X), the algebra of complex valued continuous functions on a locally compact

space X vanishing at co. Operations are performed pointwise, the adjoint is given
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by the conjugate function, and the norm is supremum norm. A has a unit if and
only if X is compact. For this reason C*-algebras are often seen as noncommutative
topological spaces.

In a C*-algebra A one can isolate certain sets of elements described by their
algebraic properties: the self-adjoints (for which a = a*), the positives (if there is b
such that a = bb*), the projections (a = a® = a*) and the unitaries (aa* =1 = a*a).
The self-adjoints carry an order given by a < b if and only if b — a is positive. If
A is a C*-algebra, A<y, Ay, AT, and % (A) denote the unit ball of A, its boundary,
the set of positive elements, and of unitaries in A respectively. An element of A
commuting with every other element of A is said central. The set of all central
elements is the center of A, denotes by Z(A).

As in the category of C*-algebras morphisms are *-homomorphisms (*-preserving
Banach algebra homomorphisms), for a subalgebra we will always mean a C*-
subalgebra. An injective *-homomorphism is said an embedding. If A is unital,
a *-homomorphism ¢: A — B does not have to be unital, even if B is. On the

other hand, the image of the unit is always a projection. In case ¢(14) = 1p, we

will talk of unital *-homomorphisms and unital embeddings.
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2.2.1 Examples of C*-algebras

The easiest example of a C*-algebra is B(H). If H is finite dimensional, then
H = C" for some n, and in this case B(H) = M, (C) is a C*-algebra with the usual
operations, the ¢?-norm, and the involution given by the transpose conjugation. If
a C*-algebras is finite-dimensional (as a vector space), then it is isomorphic to a
finite direct sum of matrix algebras (see [10] I1.8.3.2.(iv)]).

Other examples of C*-algebras, as already noted, arise from a locally com-
pact space X by considering Cy(X). An example of a noncommutative nonunital
C*-algebra arises by considering an infinite dimensional Hilbert space H and con-
structing IC(H), the algebra of all compact operators on H, i.e., the norm closure
of the algebra of operators with finite-dimensional range.

There are several ways to build interesting C*-algebras from the ones we have

already described.

e the unitization: if A is a nonunital C*-algebra we can construct the smallest
unital C*-algebra containing A, denoted by A. It is isomorphic, as a Banach
space, to A@ C. It corresponds to the one-point compactification of a locally

compact space.

e the direct sum: if A and B are C*-algebras so is A @& B, with pointwise
operations and the norm given by |la @ b|| = max ||a||,||b||. If I is a net and

26



A;, i € I are C*-algebras so is the algebra €., A;, the algebra of all sequences

el
(a;)ier with a; € A; and lim;e; ||a;|] = 0. This can be seen as the closure of

the algebra of “eventually” zero sequences.

e the direct product: if A; are C*-algebras, for i € I, so is [[..; A, the algebra

iel
of all bounded sequences (a;);er, with coordinatewise operations. The norm

is the supremum norm.

e (C(X,A): if X is a locally compact space and A is a C*-algebra, Cy(X, A) is
the C*-algebra of all continuous f: X — A vanishing at oo, with pointwise
operations and the supremum norm. Cy(X, A) is unital if and only if X is

compact and A is unital.

e inductive limits: if A,, are C*-algebras and ¢,,: A,, — A, 1 are *~homomorphisms,
it is possible to define the limit object A = lim(A,, ¢,,), with the obvious op-
erations and norm. If each ¢, is the inclusion map, then | J A, is dense in A.

A similar definition can be made if one allows the index set to be any net.
Important limit algebras we will use are the unital UHF algebras (limit of full
matrix algebras, where each embedding is unital) and AF algebras (limits of

finite-dimensional algebras).

Other interesting constructions of new C*-algebras from old ones are tensor prod-

ucts and quotients.
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2.2.2 Ideals

If a subalgebra I C A has the additional property that for all b € I,a € A we
have ab,ba € I then [ is said an ideal. If I C A is an ideal, the quotient A/I is
a C*-algebra and the quotient map 7: A — A/I is a surjective *~homomorphism.
An algebra with no nontrivial ideals is said simple.

Easy examples of ideals are obtained if C' = A B. In this case, both A &0
are 0 @ B are ideals in C. Another, more interesting, example of ideal arises if one
considers a locally compact X and a closed set Y C X. The set of functions which
are equal to 0 on Y is an ideal of Cy(X).

Particular, very important for our work, cases of ideals are the so called essential
ones. An ideal I C A is essential if whenever J is a nonzero ideal in A then
I'nJ # {0}. An example of an essential ideal is K(H) when seen as an ideal of
B(H) (in fact, K(H) is the only nontrivial ideal of B(H)). We will call the quotient
B(H)/K(H) the Calkin algebra, denoted as C(H). Another example is obtained
from a locally compact noncompact space X. In this case the algebra Cy(X) is an
essential ideal of Cp(X), the algebra of all bounded continuous function from X to
C. Equally, if A is a C*-algebra, then Cy(X, A) is an essential ideal of Cp(X, A).

Fix now a sequence of C*-algebras Aj,...,A,,... and an ideal .# C P(N).
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Defining
P An = {(an) € [[ An | lim sup ||a, || = 0},
7 ney
where

li = inf
im sup lax]] = inf sup lan]l,

we have that @ , A, is an essential ideal of [ A4,,.

We now list few properties of essential ideals. For their proofs, see [8§].
Proposition 2.2.1. Let A be a C*-algebra. Then
o if A is nonunital, then A is an essential ideal of its unitization.

o [ C A is an essential ideal if and only if it is an ideal and whenever b € A

and bl = Ib =0 then b = 0.
o if I C A is an essential ideal and both I and A are unital then 1; = 14 and

sol =A.

2.2.3 Approximate identities

As we saw, not every C*-algebra is unital. On the other hand it is always possible
to find a net which behaves like a unit. To be more precise, let A be a C*-algebra

and suppose that A is a net. A set {ay}iea is said an approzimate identity for A if

o ay € A%, for all A,
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o if A < p then ay <aq,,

e for all a € A we have limy |Jaya — a|| + ||a — aa,|| = 0.

Note that in the definition of approximate identity we require {ay}xea to be
bounded and increasing. In Banach algebras terminology, such an approximate
identity is both a left and a right approximate identity. As hinted, every C*-algebra
has an approximate identity of this form. This is not the case for certain Banach
algebras which fail to have a bounded approximate identity with is both left and
right ([84]).

If A can be chosen to be countable, A is said to be g-unital. Every separable C*-
algebra is o-unital. We will be interested in particular approximate identities: the
ones made of projections, where each a, is itself a projection, and the quasicentral
ones. Suppose that I C A is an ideal and let {a)} be an approximate identity
for I. Then {a,} is said quasicentral with respect to A if whenever a € A then
limy [|aya — aay|| = 0.

Quasicentral approximate identities always exist:

Theorem 2.2.2 ([78, Theorem 2.1]). Let A be a C*-algebra and I be an ideal of
A. Then I has an approzimate identity {a}ren which is quasicentral w.r.t. A.
Moreover for every {bx}aear which is an approximate identity for I, {ax} can be

found in the convex hull of {by}ren-
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2.2.3.1 The strict topology and two useful lemmas

Suppose that A C M is a subalgebra. Let [,,r, be the following seminorms on M
lo(z) = |laz||, ro(x) = [|lzall.

The topology generated by [,, 7, is called the A-strict topology on M. M is said
A-strictly complete if every bounded A-strictly convergent sequence converges in
M. Tt is easy to see that if A C M is an essential ideal, and M is unital, then an
approximate identity for A converges A-strictly to 1.

The following is a generalization of some facts contained in [78] and of the
construction of particularly well-behaved approximate identities as in [51]. A similar
argument for quotients of o-unital algebras was used in [37]. We will make heavy

use of this lemma for the proof of Theorem [3.2.1]

Proposition 2.2.3 ([78, Corollary 6.3]). Let A be a C*-algebra, S € Ay and T €
A%, Then

= 5
5.7l = e < 3 = (5.7 < 3%

Lemma 2.2.4. Let M be a unital C*-algebra, A C M an essential ideal, and

m: M — M/A the quotient map. Suppose that there is an increasing sequence

(gn)nen C A which A-strictly converges to 1, and that M is A-strictly complete.
Let (F,)nen be an increasing sequence of finite subsets of the unit ball of M

and (€,)nen be a decreasing sequence converging to 0, with eg < 1/4. Then there
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is an increasing sequence (€, )nen C A;l such that, for alln € N and a € F,, the

following conditions hold, with f, = (eny1 — en)'/%:
(1) (1 = en2)a(l — ena)l = lIw(a)l[| < en for alln =2,
(i) [[[fnalll < €n for alln,
(i) || fu(1 = €en—2) = full < €n for alln =2,
(1) | fafmll < €m for allm =n+2,
(v) s faalll < €nga for alln,

(vi) [ fnafull = N7 (a)|| = en for alln,

(vii) 3 nen fu = 1.

Further, whenever (x,)nen is a bounded sequence from M, the following con-

ditions also hold:

(viii) the series Y, . faZnfn converges to an element of M,

(ix)

neN neN
(z) whenever limsup,, .. ||z, = limsup,, .. [|z.f?] we have

™ (Z xnﬁ%) | .
neN

lim sup ||a:nf3|| <
n—o0o
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Proof. For each n € N let §,, = 10712 and let (g,)nen be an increasing sequence

in A whose A-strict limit is 1. We will build a sequence (e,)nen satisfying the

following conditions:
(1) 1(1 = en—2)a(l — ep—2)|| = [|7(a)||| < €, for all n > 2 and a € F,,
(2) 0<e <...<¢, <epr1 <...<1, and for all n we have e, € A,
(3) |lener — ex|| < Onyq for all n > k,
(4) ||[en,al]] < 0, for all n € N and a € F, 1,
(5) |[(ens1 — en)al| > ||m(a)|| — 6, for all n € N and a € F,

(6) H(€m+1 —em)2en(emir — em)Y? — (emy1 — em)H < Opyq forall n >m +1,

(7) €nt1 > gnya for all m € N,

We claim that such a sequence will satisfy [(D)H(vii)] in light of Lemma [2.2.3]
Conditions|(i){and are identical. Condition implies condition . Condition
(3)] and the C*-identity imply condition [(iii)j which in turn implies conditions
and . We have also that conditions and imply respectively conditions
and so the claim is proved. After the construction we will show that
also hold.

Take A = {A € AT: X\ < 1} to be the approximate identity of positive con-

tractions (indexed by itself) and let A’ be a subnet of A that is quasicentral w.r.t.
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M.
Since A is an essential ideal of M, by [10, I1.6.1.6] there is a faithful represen-

tation S on an Hilbert space H such that
1y = SOT — lim{B(\)},
AEN

Consequently, for every finite F* C M, ¢ > 0 and X\ € A’ there is ;1 > A such that
forall a € F,
vzp=|(v—=>Na| = |x(a)] -«
We will proceed by induction. Let e_; = 0 and A\g € A’ be such that for all
> X and a € Fy we have ||[u,a]|| < do. By cofinality of A’ in A we can find a

eo € A such that eqg > Ag, go. Find now A\; > eq such that for all x > A\ and a € F

we have

I, alll < 01, [[(1 = eo)all = [Im(a)[| — 1.

Since we have that

Iw(@)]| = lim [[(1 = A)a(l = A)] (2.1)

we can also ensure that for all @ € F3 and all u > Ay, condition |(i)|is satisfied.
Picking e; € A’ such that e; > A, g1 we have that the base step is completed.

Suppose now that eq,...,e,, fo,..., fn_1 are constructed.
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We can choose A1 so that for all g > \,1, with g € A/, we have ||[u, ]| <
Oni1/4 and ||(pu — en)al| > ||7(a)|| — 0, for a € F, 2. Moreover, by the fact that A’
is an approximate identity for A we can have that || fopfm — f2| < Onyo for every
m < n and that ||uey — ex|| < 42 for all & < n. By equation (2.1) we can also
ensure that for all @ € F}, 5 and all ;4 > A\,,1, condition is satisfied.

Once this A, is picked we may choose

!
6n—&—l S A ) en—i-l > /\n+17 gn—s—l’

to end the induction.

It is immediate from the construction that the sequence (e,),en chosen in this
way satisfies conditions - To complete the proof of the lemma we need to
show that conditions and are satisfied by the sequence {f,}.

To prove , we may assume without loss of generality that each z,, is a con-
traction. Recall that every contraction in M is a linear combination (with complex
coefficients of norm 1) of four positive elements of norm less than 1, and addition
and multiplication by scalar are A-strict continuous functions. It is therefore suffi-
cient to consider a sequence (z,) of positive contractions. By positivity of x,,, we
have that (Zzgn fizifi)nen is an increasing uniformly bounded sequence, since for

every n we have

Yo faifi<y ff and furafn 20,

i<n i<n
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Hence (>, <n JiTi fi)nen converges in A-strict topology to an element of M of bounded
norm, namely the supremum of the sequence, which is > fu®n fn-

For , consider the algebra [ [, .y M with the sup norm and the map ¢, : [[,cy M —
M such that ¢,((z;)) = faznfn. Each ¢, is completely positive, and since f? <
Y ien f? =1, also contractive. For the same reason the maps 1), : [LienM — M
defined as ¥, ((z:)) = >, fjz; f; are completely positive and contractive. Take ¥
to be the supremum of the maps ¢,,. Then V((z,)) = > ,cy fizifi. This map is a
completely positive map of norm 1, because ||¥|| = ||¥(1)||, and from this condition
follows.

For [(x)} we can suppose limsup, . [|z;|| = limsup,_,., [|z;f?|| = 1. Then for all

€ > 0 there is a sufficiently large m € N and a unit vector &,, € H such that

[ f2(Em)|| > 1 — .

Since ||z;|| < 1 for all 4, we have that || f,,(&n)]] = 1—¢, that is, |(f2&n | &m)| = 1—€.
In particular we have that ||, — f2 (&) < e.

Since Y f? = 1 we have that &, and &, constructed in this way are almost
orthogonal for all n,m. In particular, choosing € small enough at every step, we
are able to construct a sequence of unit vectors {,,} such that |(&, | &) < 1/2™
for m > n. But this means that for any finite projection P € M only finitely many

&, are in the range of P up to € for every € > 0. In particular, if I is the set of all
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convex combinations of finite projections, we have that that

> aff = <Z i ff’)

i€N €N

lim > 1.
Xl

Since [ is an approximate identity for A we have that

m (Z xifz?> H =lim [y riff = A (Z xiff> ' ,
i€N

ieN ieN
as desired. [

We now analyze approximate identities of projections:

Proposition 2.2.5. Let A be a C*-algebra and p € A be a projection. If p is not
central, then there is a positive a € A with ||ap — pal > 3.

Proof. Suppose that p is not central. Let p: A — B(H) be the GNS representation
of A. Since p is not central, and p is the sum of irreducible representations, there is
an irreducible representation p;: A — B(H) such that pi(p) ¢ {0,1}. Take &, 7 in
the Hilbert space generated by p;(A) such that (p1(p)¢ | £) = 0and {(p1(p)n | n) = 1.
By the Kadison Transitivity Theorem ([10, I1.6.1.12]) there is a contraction a € A
with ||p1(a)€ —n|| < 1/10. As p; is contractive, |ap — pal > ||pi(ap — pa)| >
%. Since every element of A is a combination of 4 positive elements, the thesis
follows. O

Lemma 2.2.6. Suppose that M is a unital C*-algebra, A C M is an ideal with

an approzimate identity of projections {p,} and that M is A-strictly complete. Let
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m: M — M/A be the quotient map. Suppose further that, with ¢, = ppy1 — pPu, for
every X C N the element

x =) g =lim Y g,

neX neXNm

is such that w(qx) € Z(M/A). Then there is ng such that for all n > ng we have

an € Z((l _pno)A(l _pm))'

Proof. Let B, = (1 — p,)A(1 — p,). By contradiction and Proposition [2.2.5| for
every n there is an m > n and a positive contraction a, € B, with the property

that ||anGm — gman|| > %. Since p,, is an approximate identity of projections for A,

L

Tog- Let b, = Pn,anpn, and Note

we can find ny > m such that ||p,,anpp, — a,|| <
that b, € (pn, — Pn) AP, — Pn) and [|bngm — gmbnll > 15-

Construct two sequences of natural numbers {n;}, {k;} such that 1 = n; <
ki < ny < --- and there are a contractions b; € (pn,,, — Pn;)A(Pniy, — Pn,) With
1bigr, — abill > 5. Let X = {k;}, and b = > b; = limy, 3, by. Since M is

A-strictly complete, b € M \ A. On the other hand, we have that 7(b) and 7(¢x)

do not commute in M /A, a contradiction to w(gx) € Z(M/A). O

2.2.4 The multiplier and the corona

Given a nonunital C*-algebra A we want to study how A can be embedded in

a unital C*-algebra B. If A = Cy(X), we can embed A as an essential ideal in
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Cy(X) = C(BX), where X is the Cech-Stone compactification of X. The space
BX is, in some sense, the maximal compactification of X and it has the universal
property that every continuous map from X to a compact Hausdorff space Y factors
uniquely through SX. In this spirit, given A, we construct a unital C*-algebra

M(A) containing A in a universal way as an essential ideal.

Definition 2.2.7. Let A be a C*-algebra. The algebra M(A) is the universal
C*-algebra containing A as an essential ideal and with the property that when-
ever A sits inside a C*-algebra B as an essential ideal, then there is a unique

*-homomorphism B — M(A) which is the identity on A.

From the definition, it is not even clear that M(A) exists. On the other hand,
if M(A) exists, it is unique up to isomorphism. That whenever A is a C*-algebra
its multiplier algebra M(A) exists is nontrivial. The construction of the multiplier
algebra can be performed in, at least, three different but equivalent ways: through
double centralizers (this was the original way of constructing M(A), due to Busby
in [14]) , through representation theory, or through bimodules. For specific con-
structions of the multiplier algebra we refer to [10, 11.7.3], [62], or the excellent

[88].
Proposition 2.2.8. Let A be a C*-algebra.

o [f A is unital, then A = M(A);
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if A is nonunital and separable, M(A) is nonseparable;

if A= K(H), then M(A) = B(H);

M(Cy(X)) = C(BX). Also, if A is unital, M(Co(X,A)) = C(BX, A);

if A,..., A, ... are unital, then M(@ A,) =[] A..

In case the nonunital algebra A fails to be separable the multiplier doesn’t nec-
essarily have to be larger (in terms of density character) than A. For example,
M(Ch(wy)) = C(wy +1), as every continuous function f: w; — C is eventually con-
stant. An interesting example of simple nonunital algebra for which the multiplier
consists with the unitization was constructed by Sakai in [85]. Other interesting,
and far from abelian, examples of algebras carrying these type of properties can be
found in [47].

Given a nonunital C*-algebra A, having constructed its multiplier M(A), it is

natural to consider the quotient.

Definition 2.2.9. The quotient M(A)/A is said the corona algebra of A.

The corona algebra is the noncommutative analog of the Cech-Stone remainder
of a topological space. If A is g-unital, the multiplier algebra is nonseparable, and
so the corona is never separable. The most important example of a corona algebra

is the Calkin algebra C(H) (For a deep analysis of C(H), see [13].)
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In case A = @ A,,, where each A, is unital, the corona of A is isomorphic
to [[An/ @ An. This algebra is called the reduced product of the A,’s. If B =
Co(X, A), for some unital C*-algebra A, the corona of B is isomorphic to Cy(X, A)/Co (X, A).

If A is nonunital and X is a locally compact space, it is not true anymore
that the corona of Cy(X, A) is isomorphic to Cy(X, M(A))/Co(X, A). In fact, the
multiplier of Cy(X, A) consists of the set of all norm bounded function from X to
M(A) which are A-strictly continuous. As not every such function extends to an A-
strictly continuous function from 5X to M(A), we only have that M(Cy(X, A)) D
C(5X, M(A)). For more information on multipliers, see [2], while to analyze part
of the incredible amount of work carried over in trying to understand coronas, see
[64], [60] or [75].

By Proposition 2.2.8] if A is not unital but separable, M(A) is not separable
in the norm topology. On the other hand M (A) carries a second natural topology:
the A-strict topology as introduced in . If € M(A), a basic strictly open
set in M(A) is of the form U, . = {y | |la(z — y)||+]|(z — y)a| < €}, for some a € A
and € > 0.

In case of the multiplier algebra, we will refer as the A-strict topology on M(A)
as, simply, the strict topology.

If A is o-unital, M(A) is separable in the strict topology. In this case, the strict

topology is Polish when restricted to any norm bounded subset of M(A). If A is
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unital, the strict topology coincides with the norm topology on A. In general, A
is strictly dense in M(A). In case A = K(H) the strict topology coincides with
the o-strong topology on B(H). Another easy description of the strict topology
is given when A = Cy(X). In this case, on bounded sets, the strict topology on
C(BX) coincides with the topology of uniform convergence on compact subsets of

X.

2.2.5 The unique ideal of a Il -factor

A von Neumann algebra is a C*-algebra which is weakly-closed as a subalgebra
of B(H). Alternatively, a C*-algebra M C B(H) is a von Neumann algebra if
M = M", where M’ is the commutant of M in B(H). In particular von Neumann
algebras are always unital and carry a pletora of projections. These objects were
introduced by the seminal work of Murray and von Neumann as rings of operators
([72], [73] and [74]). Although the primary interest of this thesis is on C*-algebras, in
83.2.1| we will extend a result of Farah and Hart (see [37]) to quotients of semifinite
von Neumann algebras. The basic notions we now introduce can be found in [10,
II1.1].

If M is a von Neumann algebra and p € M is a projection then p is said abelian
if pMp is, and p is said finite if it is not Murray von Neumann equivalent to any of

its proper subprojections (p and ¢ are Murray von Neumann equivalent if there is
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v with vv* = p and v*v = ¢). p is said semifinite if every (nonzero) subprojection
of p has a (nonzero) finite subprojection. M is said finite, or semifinite, if 1 is.

Particular cases of von Neumann algebras are factors, which are von Neumann
algebra whose center is trivial. A factor M is said of type Il if 1,; is semifinite and
M has no abelian projection. If 1,; is finite, M is said of type II;, else M is said
of type Il.. Factors, and in particular II;-factors, are crucial objects for the study
of von Neumann algebras and their interactions with C*-algebras. First, every
von Neumann algebra can be seen as a direct integral of factors, which therefore
form the building blocks of every von Neumann algebra. To classify, or at least
understand, von Neumann algebras is therefore crucial to study factors. Secondly,
one should note that if A is a simple separable C*-algebra having a (faithful) trace
7, the strong operator closure of the irreducible representation relative to 7 is a
IT;-factor. For this particular reason II;-factors where recognized as key objects in
the Elliott classification programme for C*-algebras.

Every von Neumann algebra has a unique predual, see [10, II1.2.4.1]. A key
result is that every II-factor with separable predual is of the form M®B(H) for
some I -factor M. (Being in the setting of von Neumann algebras, we need to
take the weak closure of the algebraic tensor product to obtain the right tensor
product in this category. From this the notation ®). In particular 11 .-factors with

a separable predual have a unique (C*-algebraic) ideal, the one generated by finite

43



projections ([10, I11.1.7.1]). In case M = R, the hyperfinite II;-factor, such ideal
is known as the Breuer ideal. Whenever a II,-factor M (with separable predual)
is given, and J is its unique ideal, then M(J) = M. We will study quotients of
[I.-factors by their unique ideal, and we will see how they resemble properties of
coronas of o-unital algebras, even though such ideal is never o-unital (for this, see,

for example [12], [I1], or [79]).

2.2.6 Nuclear C*-algebras and the CPAP

In the category of C*-algebras an equivalent definition of amenable objects is the one
of nuclear C*-algebras (see [84] for a proof that amenable C*-algebras are nuclear,
and viceversa). Nuclear C*-algebras are fundamental objects for the classification
programme of C*-algebras. The original definition is that a C*-algebra is nuclear
if whenever B is another C*-algebra there is a unique way in which the algebraic
tensor product A ® B can be completed to a C*-algebra. This definition, even
though unnatural, is equivalent to the fact that A is amenable as a Banach algebra.
Another equivalent definition of nuclearity is given by the CPAP.

If A and B are C* algebras, a linear *-preserving map ¢: A — B is said positive if

¢(a) € BT whenever a € A™. ¢ is said completely positive if all of its amplifications



are positive.

A Cr*-algebra A has the completely positive approximation property (CPAP)
if for all finite G € A and € > 0 there are a matrix algebra M, (C) and com-
pletely positive contractions (cpc) ¢¥: A — M, (C) and ¢: M,(C) — A such that
|(o(z)) — x|| < € for all z € G. The following was proved in [I7] (see also [57] for

the forward direction).
Theorem 2.2.10. A C*-algebra is nuclear if and only if has the CPAP.

In Chapter 5 and in particular in §5.3.1] we will use that A has the CPAP as our
definition of nuclear C*-algebra. Every abelian C*-algebra is nuclear ([90]), as well
as every finite-dimensional one. It is worth noticing that nuclearity is preserved by
extensions (i.e., is I and A/I are nuclear, so is A), inductive limits and quotients
(this is not an easy result! See [16]). Example of nonnuclear algebras are B(H)
(unless H is finite-dimensional) and the Calkin algebra. An example of a nonnuclear
separable C*-algebra comes from the nonamenable group Fs, by the construction

of its reduced group C*-algebra (see [10, 11.10]).

2.2.7 Approximate maps

Dealing with approximate maps means dealing with maps which “almost” carry
some regularity property (such a linearity, multiplicativity, positivity, and so on),

in a uniform way across the unit ball of a C*-algebra.
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Definition 2.2.11. Let A and B be C*-algebras and € > 0. A map ¢: A — B is

said
1. e-linear if ||p(Ax + py) — Ap(z) — po(y)|| < € where z,y € A<y, A\, p € Cey;
2. e*preserving if ||¢(z*) — ¢(x)*|| < € for all x € A;
3. e-multiplicative if ||p(xy) — ¢(x)P(y)|| < € whenever z,y € A<y;
4. e-contractive if sup,e,_, [[¢(2)[| < 1+ €
5. e-injective if whenever x € A with [|z|| = 1 then [|¢(x)]| > 1 —e.

We define an e-*-homomorphism to be a map satisfying f.

Remark 2.2.12. To aid our calculations later on, we will often assume that ||¢|| < 1.
To obtain stability results as in Chapter {4] this gives no loss of generality, since if
¢ is an e-*-homomorphism as defined above, and ||¢| > 1, then ¢ = mqﬁ satisfies
| — || < e. Similarly, if A is unital and € is small enough, then we may assume
without loss of generality that ¢(1) is a projection. To see this, note that ¢(1)
is an almost-projection and hence (by standard spectral theory tricks) is close to
an actual projection p € B. Then by replacing ¢(1) with p, we get a unital d-*-

homomorphism, where § is polynomial in € not depending on either A or B.

When A is a finite-dimensional C*-algebra, and ¢ is sufficiently small, approxi-

mate injectivity is automatic.
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Proposition 2.2.13. Suppose ¢ < (/10 — 3)?, £ € N, B is a C*-algebra, and
¢: My — B is an e-*-homomorphism with 1 — /e < ||¢|| < 1. Then ¢ is 2+/e-

mjective.

Proof. The condition 1 — 2y/e < ¢ ensures that there an element a with |ja|| = 1
and 1 — 2y/e < ||é¢(a)||. This condition is needed to be close to a nonzero *-
homomorphism.

Note that for any a € M, with norm at most 1, we have

llé(@a)ll - lé(a)]| < 2.

(Here we are using the fact that ||¢|| < 1.) Let s: My, — M, be the map s(a) = a*a.

Claim 2.2.14. There is an n € N such that for each x € M, satisfying ||z| = 1

and ||¢(z)|| < 1 —2y/€, we have ||¢(s™ (2))| < 2.

Proof. Let k € N. Observe that
(1—kve)+2e<1— (k+1)y/e (2.2)

if and only if

if and only if



where

T:\/1—4(2€+\/E).

Note that, since € < 1/36, we have
72 =1-42e+e) =1—8e—4ve >1—8e+ 16e = (1 — 4/e)?

and hence 7 > 1 — 44/e. Tt follows that the inequality (2.2) holds for all positive
integers k in the range

1
2< k< ——2.
€

Now suppose 2 € M, has norm 1 and satisfies ||¢(x)]| < 1 — 24/e. We claim that

for all positive integers k < \/ig — 2, we have

[6(sE D (@)|| <1 - (k+1)y/e

The proof goes by induction on k& < ﬁ — 2. The base case, k = 1, is simply our

assumption on x; for the induction step we have, for k + 1 < % -2,
[6(s® (@))|| < [|o(s® P (@) + 26 < (1= (k+ 1)Ve)? +2e < 1— (k+2)\/e

where we have used inequality (2.2). Finally, let n be the maximal integer less than

orequalto%—z Thenn+1>ﬁ—2, and so

W@“W@ws1—m+nﬁ<1—<l

J-2) Ve e

as required. O
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Claim shows in particular that, if p € M, is a projection, then either
lo(p)l] < 24/€, or ||¢(p)]] > 1 — 24/e. We will call the projections satisfying the
former inequality small. We will show that, if ¢ is not 2y/e-injective, then every
projection in M, is small.

So suppose that ¢ is not 2y/e-injective. Since ||¢|| < 1, there must be some
x € M, with norm 1 such that ||¢(z)|] < 1 — 2y/e. Replacing x with s () as
given by Claim [2.2.14] we may assume that z is a positive element of norm 1 with
lo(z)|| < 24/€. Since 1 belongs to the spectrum of z, there is a projection p € M,

of rank 1 such that pzp = p. Then, since ¢ < 1/36,

lo®)| = llo(pap)|l < o) l9(2)]| + 2¢ < 2/e +2¢ <1 - 2V/e.

and hence p is small. Now if ¢ is another rank 1 projection in M,, then there is a

unitary u € M, such that ¢ = upu*, so

(@l < Nl HeP)II [d(u)ll + 2e < 2v/e + 2e,

and so ¢ is small as well. Finally, if p; and py are small, orthogonal projections,

then

l6(p1 +p2)ll < ll6(p1) + Sp2)ll + € < loa)[| + lg(p2)| + € <dVe+e<1—2V/e

where in the last inequality we have used the fact that ¢ < (v/10 — 3)2. Tt follows

that every projection in M, is small; in particular 1 is small. But then for every
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a € M, with norm 1 we have

le(@)ll < oMl l¢(a)ll +€ < d(D)]] + € < 2ve+e <1 =2,

a contradiction. O

2.2.8 Automorphisms of corona C*-algebras: Liftings and trivial auto-

morphisms

One of the main concerns of this thesis is to study isomorphisms and embeddings
of the form ¢: M(A)/A — M(B)/B, where A and B are nonunital separable C*-
algebras. If ¢ is any map ¢: M(A)/A - M(B)/B, a map ®: M(A) - M(B) is

a lift of ¢ if the following diagram commutes

M(A) M(B)
o,
M(A)/A M(B)/B

where the vertical maps m,m are the canonical quotient maps. The existence
of a lift (usually not carrying interesting topological properties) is ensured by the
Axiom of Choice. If X C M(A) and & is such that for all z € X we have
mo(P(x)) = ¢(mi(x)) we say that @ is a lift of ¢ on X. A particular case is given

when A = @ A, for some unital A,,’s and .# C P(N). In this case, if ® is a lift of
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¢ on
{(zn) € [T An | {n| 20 # 0} € 7},

we abuse of notation and say that ® is a lift of ¢ on 7.

Definition 2.2.15. Let A and B be o-unital C*-algebras and ¢: M(A)/A —

M(B)/B be a *-homomorphism. ¢ is said trivial if its graph
I'y ={(a,b) € M(A)<1 x M(B)<1 | ¢(ma(a)) = 75(b)}

is Borel in the strict topology, 74, 7p being the canonical quotient maps from the

multiplier onto the corona.

If A and B are o-unital, M(A)<; and M(B)<; are Polish in the strict topology,
so there can be only ¢-many Borel sets. In this case, there are at most c-many
trivial *-homomorphisms.

The definition of trivial provided above may appear, from a C*-algebraic point of
view, quite unnatural. An analyst, in fact, may ask for stronger versions of liftings,
having not only a nice topological behavior (i.e., being Borel), but respecting also
in some sense the algebraic operations.

The most naive generalization may be looking for a *~homomorphism ®: M(A) —
M(B) which lifts ¢. Unfortunately, in some cases it is impossible to find such lift-

ings (for example, let X be space consisting of the real line with a circle attached to
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—1 and an interval attached to —1, and the automorphism of C'(5X \ X) induced
by t — —t). Even in less pathological cases, this is difficult to achieve (see §5.3.2)

A stronger notion of trivial may be stated if one consider only abelian algebras,
where automorphisms of coronas correspond to homeomorphisms of Cech-Stone

remainders.

Definition 2.2.16. Let X be a locally compact noncompact and ¢ € Homeo(8X \
X). ¢ is said trivial if there are compact K, Ky C X and an homeomorphism
f: X\ Ky — X\ K5 such that ¢ = f* [ (X \ X), where f* is the unique function

extending f to (X \ K1) = BX \ K;.

We denote by Triv(8X \ X) the set of trivial homeomorphisms. Like for Defi-
nition if X is Polish, | Triv(SX \ X)| has size at most ¢. Trivial homeomor-
phisms of Cech-Stone remainders of topological spaces induce trivial automorphisms
of corona algebras, but the converse is not yet proven to be true (for a partial result,
see [43, Theorem 5.3]). Whenever we will work in the abelian setting we will use

this as our definition of trivial.

2.2.8.1 The conjectures

We now have the necessary tools to state the conjectures we will work on. They

were stated in the current form in [24].

52



Conjecture 2.2.17. CH implies that every corona of a separable nonunital C*-

algebra has nontrivial automorphisms.

Conjecture 2.2.18. Forcing Axioms imply that every corona of a separable C*-

algebra has only trivial automorphisms.

The following table contains most of the known results regarding solutions of
the Conjectures for noncommutative algebras. In what follows A is always assumed
to be o-unital and nuclear.

Let (1) be the statement “there are nontrivial automorphisms of M(A)/A” and

(2) its negation.

CH= (1) Forcing Axioms = (2)
A=K(H) [81] [35]
A stable [24] Theorem [5.3.2
A simple [24] Unknown
A= A,, A, unital UHF [24] [66]
A= A,, A, unital [24] Theorem [5.3.2
A = Cy(X, B), X manifold, B unital | Theorem |3.3.1 Unknown

In the results in [24], unlike Theorem [5.3.2) the assumption of nuclearity is
not needed. More instances of the conjecture have been proved: in case A =

@D M, ), Ghasemi ([45]) proved that is possible to force that every automorphism
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CH= (1) Forcing Axioms = (2)

X =N [83] [86], [87], [93]
X is O0-dimensional | Parovicenko’s Theorem [42]
X =|]X;, X; clopen [24] partially Theorem [5.3.2
X=1[01),X=R Yu, see [50] Unknown, but see [43] Theorem 5.3]
X manifold Theorem |3.3.1 Unknown, but see [43] Theorem 5.3]
X asin §3.3.2 Unknown Unknown, but see [43] Theorem 5.3]

of [T Mi(ny/ @ My is trivial. Also, the results proved in [24] from CH go slightly
beyond the simple or the stable case.

Regarding the abelian case, the following table shows what is known regarding
trivial homeomorphisms (in the sense of Definition [2.2.16). In what follows X
represents a Polish locally compact noncompact space. Let (1) be Homeo(5X\ X)) #

Triv(6X \ X) and (2) its negation.

Adding to this list, Farah and Shelah proved in [43] that if X can be written
as an increasing union of compact spaces X;, with sup [0.X;| < oo , X, being the
topological boundary of X, then the algebra C'(5X\ X) is countably saturated and,
consequently (see §3.1.2)), CH implies that SX \ X has nontrivial homeomorphisms.
Also, Theorem [3.3.1] goes slightly beyond the case that X is a manifold. When prov-

ing that there are nontrivial homemorphisms of 5X \ X, it is actually proved that
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the amount of homeomorphisms exceeds ¢, and therefore are constructed automor-

phisms of C(SX \ X) which are nontrivial according to Definition [2.2.15]
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3 Saturation and CH

3.1 Model theory for C*-algebras

Model Theory for continuous structures is a newly developed and rising topic with
exciting prospects in its applications to Operator Algebras. We will use a fragment
of the theory to provide some embedding results for C*-algebras, and we will deeply
analyze the model theoretical concept of saturation.

We will sketch here an introduction to model theory for C*-algebras. We will
be considering C*-algebras as structures for the continuous logic formalism of [§]
(or, for the more specific case of operator algebras, [40]). Nevertheless, for many of
our results it is not necessary to be familiar with that logic. Informally, a formula
is an expression obtained from a finite set of norms of *-polynomials with complex
coefficients by applying continuous functions and taking suprema and infima over
some of the variables. Quantifications are allowed only on bounded sets, or, more
specifically, on definable sets (see [38, §3]). A formula is quantifier-free if it does

not involve suprema or infima. The following is the precise definition:
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Let P(Z) be a *-polynomial with complex coefficient in a finite tuple z =

T1,...,T,. Then
1. ||P(2)| is a formula;

2. if f: R™ — R is a continuous function and ¢;(z), ..., ¢(z) are formulas, so is

f(@1(7), .., ¢u(T));

3. if ¢(z,y) is a formula and n € N, then inf, <, ¢(Z,y) and sup, <, ¢(Z,y)

are formulas.

If a formula is constructed only using clauses 1. and 2. is said quantifier-free. We
will make use of formulas with parameters. For this, let A be a C*-algebra and
B C A. If ¢ is constructed by clauses 1.-3. by allowing the polynomials in 1. to
have also coefficients in B, we say that ¢ is a B-formula.

Particularly interesting cases of formulas are sentences, which are formulas with-
out free variables (i.e., every variable is in the scope of a supremum or an infimum).
Sentences can be evaluated in C*-algebra: if A is a C*-algebra and ¢ is a sentence
then ¢ is a unique real number obtained by evaluating ¢ in the algebra A. The set
of all sentences evaluating 0 in A is said the theory of A, and denoted by Th(A).
If A and B are C*-algebras and Th(A) = Th(B) then A and B are said to be
elementary equivalent, denoted by A = B. The following is a combination of Los’

Theorem and the Keisler-Shelah’s Theorem in the continuous setting:
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Theorem 3.1.1. Let U be a free ultrafilter on a cardinal k. Then A = AY. On
the other hand, suppose that A = B, then there are ultrafilters U and V' such that
AU >~ BY,

If CH holds and A and B are separable then AY = BY for every U,V free

ultrafilters on N.

3.1.1 Three layers of saturation

The concept of saturation is key in analyzing the structure of ultraproducts and
ultrapowers, as well as certain corona algebras. A condition very similar to the
countable saturation of ultraproducts was considered by Kirchberg under the name
“e-test” in [58] (see also [59, Lemma 3.1]). Morally, a C*-algebra A is countably
saturated if every countable set of conditions that can be approximately satisfied
in a given closed ball can be satisfied precisely in the same closed ball.

If ¢(z) is a formula with free variables z1,...,z, and r € R, we call ¢(z) =r a
condition. If a € A™ and ¢(a) = r we say that a satisfies the condition ¢ = r. If
B C A and ¢ is a B-formula (i.e., a formula with parameters in B), then ¢ = r is

said a B-condition.
Notation. For a compact set K C R and € > 0, we denote the e-thickening of K by

(K)e={z e R:d(z,K) < €}.

Definition 3.1.2. Let A be a C*-algebra, and ® be a collection of formulas. We
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say that A is countably ® saturated if for every sequence (¢, )nen of formulas from
¢ with parameters from A<;, and sequence (K, )nen of compact sets, the following

are equivalent:

(1) There is a sequence (bg)ren of elements of A<; such that ¢2(b) € K, for all

n €N,

(2) For every € > 0 and every finite F' C N there is (bg)reny € A<1, depending on

¢ and F, such that ¢(b) € (K,,) for alln € F.
The three most important special cases for us will be the following:

o If ® contains all degree-1 *-polynomials, we say that A is countably degree-1

saturated.

e [f ® contains all quantifier free formulas, we say that A is countably quantifier-

free saturated.
o If @ is the set of all formulas we say that the algebra A is countably saturated.

Clearly condition (1) in the definition always implies condition (2), but the
converse does not always hold. We recall the (standard) terminology for the various
parts of the above definition. A set of conditions satisfying (2) in the definition is
called a type; we say that the conditions are approzximately finitely satisfiable or

consistent. When condition (1) holds, we say that the type is realized (or satisfied)
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by (br)ren. As we said, for an algebra, to be countably-® saturated means that
every countable set of A<j-conditions whose formulas are taken from & which is
approximately satisfiable is actually satisfiable.

An equivalent definition of quantifier-free saturation is obtained by allowing
only *-polynomials of degree at most 2, see [37, Lemma 1.2]. By (model-theoretic)
compactness the concepts defined by Definition |3.1.2|are unchanged if each compact
set K, is assumed to be a singleton.

In the setting of logic for C*-algebras, the analogue of a finite discrete structure
is a C*-algebra with compact unit ball, that is, a finite-dimensional algebra, and if

A is such, then A = AY for every choice of U (see [8, p. 24]).

Fact 3.1.3 (|8, Proposition 7.8]). Every ultraproduct of C*-algebras over a countably
incomplete ultrafilter is countably saturated. In particular, every finite-dimensional

C*-algebra 1s countably saturated.

The interest in countably degree-1 saturated algebras started with the work of

Farah and Hart in [37], where they proved the following:

Theorem 3.1.4. Let A be a o-unital C*-algebra. Then the corona of A is countably

degree-1 saturated.

In the same paper, they showed that the Calkin algebra is not countably

quantifier-free saturated, by an argument of Phillips reproduced in [37, Proposi-
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tion 4.2]. If one wants only to show that the Calkin algebra is not countably

saturated one can appeal to an easier argument.

Proposition 3.1.5 ([37, Proposition 4.1]). The Calkin algebra is not countably

saturated.

Proof. For a unital C*-algebra let U be the set of unitaries in A. This is a definable
set, and therefore we can quantify over it by [38, §3].

Let ¢, () = infuey [|[u" — z|| and ¢ (z) = [|zz* — 1|| + ||z*z — 1]|. If = is in the
Calkin algebra then 1 (z) + ¢, (z) = 0 if and only x is a unitary whose Fredholm
index is divided by n. Also, if ¢)(z) = 0 then ¢, (z) > 1 if and only if its Fredholm
index is not divided by n. Therefore for every finite set F,G C N there is an x
for which ¢(z) = 0, ¢on(x) = 0 if n € F and ¢sn(z) € [1,2] if n € G, but it is
impossible to find an x for which ¥(x) = ¢on(z) = 0 and 3. (x) € [1,2] for all

n € N. O

Interesting cases of countably saturated algebras are given by reduced product,

as shown in the following Theorem, which we will use in §3.1.2|

Theorem 3.1.6 ([43, Theorem 2.7]). Let A, be unital and separable C*-algebras.

Then [[ An/ €D A, is countably saturated.

Other cases of countably degree-1 saturated metric structures were treated in

[95], where it was analyzed countable degree-1 saturation of certain C*-algebras
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which appear as corona of Banach algebras.

In §3.2.1] and [3.2.2] we will enlarge the class of algebra which are, at some level,

saturated. Before doing so, we state and prove an easy lemma, allowing us to

restrict the class of saturated algebras.

Definition 3.1.7. A C*-algebra A has few orthogonal positive elements if every

family of pairwise orthogonal positive elements of A of norm 1 is countable.

Remark 3.1.8. This condition was introduced recently in [65] under the name strong
countable chain condition, where it was expressed in terms of the cardinality of a
family of pairwise orthogonal hereditary *-subalgebras. On the other hand, in
general topology this name was already introduced by Hausdorff in a different
context, so we have given this property a new name to avoid overlaps. In the
non-abelian case, it is not known whether or not this condition coincides with the

notion of countable chain condition for any partial order.

Lemma 3.1.9. If an infinite dimensional C*-algebra A has few orthogonal positive

elements, then A is not countably degree-1 saturated.

Proof. Suppose to the contrary that A has few orthogonal positive elements and
is countably degree-1 saturated. Using Zorn’s lemma, find a set Z C A} which is
maximal (under inclusion) with respect to the property that if x,y € Z and = # v,

then xy = 0. By hypothesis, the set Z is countable; list it as Z = {a, }nen-
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For each n € N, define P,(z) = a,zz*, and let K, = {0}. Let P_i(z) = z,
and K_; = {1}. The type {||P.(z)|| € K,,: n > —1} is finitely satisfiable. Indeed,
by definition of Z, for any m € N and any 0 < n < m we have ||P,(am+1)| =
|@n@m1]| = 0, and ||a;,41|| = 1. By countable degree-1 saturation there is a positive
element b = aa* € Al such that ||P,(a)|| = 0 for all n € N. This contradicts the

maximality of Z. O]

Subalgebras of B(H) clearly have few positive orthogonal elements, whenever

H is separable. As a result, we obtain the following.

Corollary 3.1.10. No infinite dimensional subalgebra of B(H), with H separable,

can be countably degree-1 saturated.

Corollary shows that many familiar C*-algebras fail to be countably
degree-1 saturated. In particular, it implies that no infinite dimensional separable
C*-algebra is countable degree-1 saturated. It also shows that the class of countably
degree-1 saturated algebras is not closed under taking inductive limits (consider,
for example, the CAR algebra @);~, M>(C), or any AF algebra) or subalgebras. In
fact, it not very difficult to see that if A is countably degree-1 saturated, then A

has density character at least c.
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3.1.2 The consequences of CH

In this section we explore the relations between CH and countably saturated alge-

bras.
Theorem 3.1.11. Let C' be a countably saturated C*-algebra. Then

o If A is a C*-algebra of density character Wy that embeds in an ultrapower of

C, then A embeds into C.
Also, if CH holds and C' has density character ¢, then

e if D a countably saturated C*-algebra of density character ¢, and Th(C) =

Th(D), then C = D;

e (' has 2°-many automorphisms.

Proof. The proof of the first statement can be adopted from the discrete case, see
[15] Theorem 5.1.14] or [52, Theorem 10.1.6]. For the second and third statement,

see [40], §4.4] and [43, Theorem 3.1]. O

A formula ¢(Z) is said Rf-valued if for every C*-algebra A and a € A", n
being the arity of Z, then ¢(a) € R*. ¢(Z,7) is a sup-formula if it is of the form
(Z,y) = sup; ¥ (T, ) where ¢ is a quantifier-free RT-valued formula. Equivalently
it is possible to define sup-sentences. If T is a theory of C*-algebras then Ty, = {¢ €

T | ¢ is a sup-sentence} is known as the universal part of 7.
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Definition 3.1.12. A class of C*-algebras is said universally axiomatizable if there

is a set S of sup-sentences such that A € C if and only if S C Th(A)y.
The following is Proposition 2.4.4 in [3§]

Proposition 3.1.13. A class of C*-algebra is universally aziomatizable if and only

if it is closed under ultraproducts, ultrapowers and substructures.

Lemma 3.1.14. Let A and B be C*-algebras. Then Th(B)y C Th(A)y if and only

if A embeds into some ultrapower of B.
We will apply this to the class of MF algebras.
Definition 3.1.15. A separable C*-algebra is MF if it embeds into [[ M,./ @ M,,.

It is clear that the class of MF algebras is universally axiomatizable when re-
stricted to its separable models. In fact, for a separable A, A is MF if and only if
Th([[ M,/ D M,)y € Th(A)y. The class of MF algebras includes all AF algebras

(and much more, in fact, see [10, V.4.3.5])

Theorem 3.1.16. Assume CH and let A, be (unital) MF separable algebras. Then

[[A./ D, A, embeds (unitally) into [[ M,/ @ M, for every ideal .# C P(N).

Proof. Let A=[[A./ @D , A,. That

() Th(A,)v € Th(A)
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was proved by Ghasemi in [46] (or, simply, note that if ¢ is a V-sentence then

¢? = lim,c » ¢*). Since for all n we have that A, is MF, then

Th(] [ M./ €D M)y € Th(A,)v.

Since [[ M,/ €@ M, is countably saturated (see Theorem [3.1.6) and we have CH,

the thesis follows from Lemma [3.1.14] and Theorem [B.1.11] m

It is now known if there is an algebra which is only countably degree-1 saturated
but fails to have 2°-many automorphisms in presence of CH. Countable saturation
of the algebra C'(5[0,1) \ [0,1)) was used in [43] to prove that under CH the space
£[0,1)\ [0, 1) has nontrivial homeomorphisms, a result that was previously proved,

with different methods, by Yu (see [50]).

3.2 Instances of saturation

In this section we prove that certain algebras carry some degree of saturation. We

will focus first on quotients of I1,.-factors, and later on abelian C*-algebras.

3.2.1 Saturation of quotients of factors

The purpose of what follows is to extend Theorem 1.4 in [37] and expanding the
class of quotients which are countably degree-1 saturated. Following the motivating

example of the unique ideal of a Il -factor with separable predual, we provide a
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positive results for such quotient. It should be noted that such ideals are not o-
unital (see §2.2.5)), and therefore Theorem doesn’t apply here. The proof of

the following relies heavily on Lemma [2.2.4]

Theorem 3.2.1. Let M be a unital C*-algebra, and let A C M be an essential
ideal. Suppose that there is an increasing sequence (gn)nen C A of positive ele-
ments whose supremum is 1y7, and suppose that any increasing uniformly bounded

sequence converges in M. Then M/A is countably degree-1 saturated.

Proof. Let m: M — M/A be the quotient map. Let (P,(Z)),en be a collection
of *-polynomial of degree 1 with coefficients in M/A, and for each n € N let
r, € RT. Without loss of generality, reordering the polynomials and eventually
adding redundancy if necessary, we can suppose that the only variables occurring
in P, are xg, ..., T,.

Suppose that the set of conditions {||P,(xo,...,z,)|| = rn: n € N} is approxi-
mately finitely satisfiable, in the sense of Definition As we noted immediately
after Definition [3.1.2] it is sufficient to assume that the partial solutions are all in
(M/A)<1, and we must find a total solution also in (M/A)<;. So we have partial

solutions

(i) b © (M/A)<
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such that for all i € N and n < i we have

| Pa(m(04)s - - T (@00)) || € (7)1

For each n € N, let Q,,(xo, . .., z,) be a polynomial whose coefficients are liftings

of the coefficients of P, to M, and let F,, be a finite set that contains
e all the coefficients of Q, for k <n
o xy,xp,; for k <i<n.
o Qr(zosy. .. ,xp,) for k <i<mn.

Let €, = 47™. Find sequences (e,)neny and (f,)nen satisfying the conclusion of
Lemma for these choices of (F},)nen and (€, )nen-

Let Ty = (Tojs- - s Tnyi)s Yk = Zizk fizkifis U = Yo, - .-, yn) and Z, = 7(7,,).
Fix n € N; we will prove that ||P,(Z,)]| = 7».

First, since x; € M<1, as a consequence of condition of Lemma , we
have that y; € M« for all 7. Moreover, since (), is a polynomial whose coefficients

are lifting of those of P, we have

122 Za) |l = [Im(Qu (@)l -

We claim that
Qn(@,) = > fiQu(Tny)f; € A.
jeN

68



It is enough to show that

> fiawigbf; =Y afirefib € A,

jEN jEN
where a, b are coefficients of a monomial in Q),,, since @), is the sum of finitely many
of these elements (and the proof for monomials of the form azj ;b is essentially the
same as the one for azy ;b).

By construction we have a,b € F,,, and hence by condition |(ii)| of Lemma [2.2.4}

for j sufficiently large,
Vo € Mz (llafjzf;b — fiaxbfil < 27 (lla]l + [[b1]).

Therefore » i (fjaxy ;bfj—afjzy ; f;D) is a series of elements in A that is converging

in norm, which implies that the claim is satisfied. In particular,

n (Z ijn@mj)fJ’) ‘ '

jeN
For each j > 2, let a; = (1 — €;_2)Qn(Tn,;)(1 — e;_2). By condition ((i)| of Lemma

“Pn(zn)H =

2.2.4] the fact that Q,(Z,;) € F,, and the original choice of the x,;’s, we have
that limsup ||a;|| = r,. Similarly to the above, but this time using condition
of Lemma [2.2.4], we have

m (Z ijn(Tn,j)fj> H =

jEN

<

> fiaif

jeN

{5

jeN
Using condition of Lemma and the fact that Q,(Z, ;) € F; we have
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that

Zf]a]f]

JEN

< hmsup lla;|| = 7.

Combining the calculations so far, we have shown

()

JEN

1P, (Z0) || = <7,

{5

jeN

Since @, (T, ;) € F; for all j, condition of Lemma implies

rp, < limsup || f;Qn(T0;) f51] -

Jj—00

It now remains to prove that

limsup || fja; f;]| <

J—00

{5

jeN

so that we will have

rp, < limsup || f;Qn(Tn ;) fll

Jj—o0

= limsup | fia;f;l]

J—00

™ (Z fj%‘fj) H
JEN

= [Pzl -

We have Q, (%, ;) € Fj, so by condition [(ii)| of Lemma we have that

limsup || f;a; f;]| =
j—o0
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and hence

ijajfj - Z@jfj? €A

jeN jEN

The final required claim will then follow by condition |(x)| of Lemma [2.2.4] once we

verify
lim sup [Ja; £2]) = lim sup ;]
j—o0 J—©
We clearly have that for all j,
s £2]) < Nl

On the other hand,

limsup [|a; f7]| = limsup | f;a; f; |
j—o0 j—00
= limsup || f;Qn (Tn,5) f; |l by condition
j—00
> Ty
= limsup ||a;]| -
j—00

]

This proof followed the same strategy as [37, Theorem 1.4], fixing a small tech-
nical error that one can find there. Specifically, our proof avoids their equation (10)
on p. 14, which is incorrect.

An immediate corollary is the following:
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Corollary 3.2.2. Let N be a 11y factor, H a separable Hilbert space and M =
N ® B(H) be the associated 11, factor and ICyr be its unique two-sided closed ideal.

Then M/Ky is countably degree-1 saturated. In particular, this is the case when

N =R, the hyperfinite 11y factor.

Corollary 3.2.3. Let M be a von Neumann algebra with a o-finite infinite trace,
and let A be the ideal generated by the finite trace projections. Then M /A is count-

ably degree-1 saturated.

3.2.2 Saturation of abelian algebras

Here we consider abelian C*-algebras, and in particular the saturation properties of
real rank zero abelian C*-algebras. We show how saturation of abelian C*-algebras
is related to the classical notion of saturation for Boolean algebras. We begin by
recalling some well-known definitions and properties.

A topological space X is said sub-Stonean if any pair of disjoint open o-compact
sets has disjoint closures; if, in addition, those closures are open and compact, X
is said Rickart. A space X is said to be totally disconnected if the only connected
components of X are singletons and 0-dimensional if X admits a basis of clopen
sets.

A topological space X such that every collection of disjoint nonempty open

subsets of X is countable is said to carry the countable chain condition.
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Note that for a compact space being totally disconnected is the same as be-
ing O-dimensional, and this corresponds to the fact that C'(X) has real rank zero.
Moreover any compact Rickart space is 0-dimensional and sub-Stonean, while the
converse is false (take for example SN\ N). The space X carries the countable

chain condition if and only if C'(X) has few orthogonal positive elements (see Def-
inition [3.1.7]).

Remark 3.2.4. Let X be a compact 0-dimensional space, CL(X) its algebra of
clopen sets. For a Boolean algebra B, let S(B) its Stone space, i.e., the space of
all ultrafilters in B.

Note that if two O-dimensional spaces X and Y are homeomorphic then C'L(X) =
CL(Y') and conversely, we have that CL(X) = CL(Y) implies X and Y are home-
omorphic to S(CL(X)).

Moreover, if f: X — Y is a continuous map of compact 0-dimensional spaces
we have that ¢p: CL(Y) — CL(X) defined as ¢;(C) = f~![C] is an homomor-
phism of Boolean algebras. Conversely, for any homomorphism of Boolean algebras

¢: CL(Y) — CL(X) we can define a continuous map fs: X — Y. If f is injective,

¢y is surjective. If f is onto ¢ is 1-to-1 and same relations hold for ¢ and fj.

A Boolean algebra is atomless if Va # 0 there is b such that 0 < b < a. For
Y,Z C B we say that Y < Z if Y(y,2) € Y x Z we have y < z. Note that, for

a 0-dimensional space, C'L(X) is atomless if and only if X does not have isolated
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points. In particular

{a € CL(X): ais an atom}| = [{z € X : x is isolated }| .

Definition 3.2.5. Let k be an uncountable cardinal. A Boolean algebra B is said
to be k-saturated if every finitely satisfiable type of cardinality < & in the first-order

language of Boolean algebras is satisfiable.

For atomless Boolean algebras this model-theoretic saturation can be equiva-

lently rephrased in terms of increasing and decreasing chains:

Theorem 3.2.6 ([68, Theorem 2.7]). Let B be an atomless Boolean algebra, and
K an uncountable cardinal. Then B is k-saturated if and only if for every directed

Y < Z such that |Y|+ |Z| < k there is ¢ € B such that Y < ¢ < Z.

We are ready to study which kind of topological properties the compact Haus-
dorff space X has to carry in order to have some degree of saturation of the metric
structure C'(X) and, conversely, to establish properties that are incompatible with
the weakest degree of saturation of the corresponding algebra. From now on X will
denote an infinite compact Hausdorff space (note that if X is finite then C'(X) = C"
for some n, and so C'(X) is countably saturated).

The first limiting condition for the weakest degree of saturation are given by

the following Lemma:
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Lemma 3.2.7. Let X be an infinite compact Hausdorff space, and suppose that X

satisfies one of the following conditions:
(i) X has the countable chain condition;
(i) X is separable;
(i1i) X is metrizable;
(iv) X is homeomorphic to a product of two infinite compact Hausdorff spaces;
(v) X is not sub-Stonean;
(vi) X is Rickart.

Then C(X) is not countably degree-1 saturated.

Proof. First, note that = |(i1)|=|(i)} The fact that|(i)|implies that C'(X) is not

countably degree-1 saturated is an instance of Lemma [3.1.9] Failure of countable
degree-1 saturation for spaces satisfying follows from [37, Theorem 1], while
for those satisfying it follows from [78, Remark 7.3] and [37, Proposition 2.6].
It remains to consider .

Let X be Rickart. The Rickart condition can be rephrased as saying that any
bounded increasing monotone sequence of self-adjoint functions in C'(X) has a least

upper bound in C(X) (see [48, Theorem 2.1]).
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Consider a sequence (a,),eny € C(X){ of positive pairwise orthogonal elements,

and let b, = > .. a;. Then (b,)nen is a bounded increasing sequence of positive

i<n
operators, so it has a least upper bound b. Since ||b,|| = 1 for all n, we also have
|b]] = 1. The type consisting of P_3(x) = z, with K_5 = {1}, P_s(z) = b — x with
K o =11,2], P4(x) =b—2x—1with Ky = {1} and P,(z) = x — b, — 1 with
K,, = [0,1] is consistent with partial solution b, (for {P_3,..., P,}). This type

cannot have a positive solution y, since in that case we would have that y —b,, > 0

for all n € N, yet b —y > 0, a contradiction to X being Rickart. O]

Note that this proof shows that the existence of a particular increasing bounded
sequence that is not norm-convergent but does have a least upper bound (a con-
dition much weaker than being Rickart) is sufficient to prove that C'(X) does not
have countable degree-1 saturation. The latter argument does not use that the
ambient algebra is abelian.

We will compare the saturation of C'(X) (in the sense of Definition with
the saturation of C'L(X), in the sense of the above theorem.

The results that we are going to obtain are the following:

Theorem 3.2.8. Let X be a compact 0-dimensional Hausdorff space. Then

C(X) is countably saturated = CL(X) is countably saturated
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and
CL(X) is countably saturated = C(X) is countably q.f. saturated.

Theorem 3.2.9. Let X be a compact 0-dimensional Hausdorff space, and assume
further that X has a finite number of isolated points. If C(X) is countably degree-
1 saturated, then CL(X) is countably saturated. Moreover, if X has no isolated
points, then countable degree-1 saturation and countable saturation coincide for

O(X).

3.2.2.1 Proof of Theorem [3.2.8|

Countable saturation of C'(X) (for all formulas in the language of C*-algebras)
implies saturation of the Boolean algebra, since being a projection is a weakly-stable
relation, so every formula in C'L(X') can be rephrased in a formula in C'(X); to do so,
write sup for V, inf for 3, || — y|| for = # y, and so forth, restricting quantification
to projections (this is possible since the set of projections is definable, see [38, §3]).
This establishes the first implication in Theorem [3.2.8 The second implication will
require more effort. To start, we will to need the following Proposition, relating

elements of C'(X) to certain collections of clopen sets:

Proposition 3.2.10. Let X be a compact 0-dimensional space and f € C(X)<;.

Then there exists a countable collection of clopen sets f/f = {Y, s: n € N} which
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completely determines f, in the sense that for each x € X, the value f(z) is com-

pletely determined by {n: x € Y, r}.

Proof. Let C,,1 = {m@ J1,J2 € Z N ||j1 + \/—_1j2|| < m}.

For every y € C,, 1 consider X, ; = f~(Bi/m(y)). We have that each X,  is a o-
compact open subset of X, so is a countable union of clopen sets X, ¢1, ..., Xy fn, - .
CL(X). Note that U,cc, , Unen Xy = X Let Xonp = {Xy pn}myecn v C
CL(X).

We claim that X r=U, Xm 7 describes f completely. Fix o € X. For every
m € N we can find a (not necessarily unique) pair (y,n) € C,, ; such that x € X, 7.
Note that, for any m,ny,ny € Nand y # z, we have that X, ., N X, ., # 0 implies

ly — 2| < +/2/m. In particular, for every m € N and = € X we have
2<HyeC,i:3In(re Xy} <4

Let Ay, = {y € Cp1: In(x € X, s,)} and choose ay,, € A, to have minimal
absolute value. Then f(z) = lim,, a,,, so the collection X ¢ completely describes f

in the desired sense. O

The above proposition will be the key technical ingredient in proving the second
implication in Theorem [3.2.8 We will proceed by first obtaining the desired result

under CH, and then showing how to eliminate the set-theoretic assumption.
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Lemma 3.2.11. Assume CH. Let B be a countably saturated Boolean algebra of

cardinality 2% = R;. Then C(S(B)) is countably saturated.

Proof. Let B' < B be countable, and let & be a non-principal ultrafilter on N. By
the uniqueness of countably saturated models of size X;, and the CH, we have BY =
B. By [49, Proposition 2] and [5, Remark 2.5.1] we have C'(S(B)) = C(S(B')),

and hence C(S(B)) is countably saturated. O

Theorem 3.2.12. Assume CH. Let X be a compact Hausdorff 0-dimensional
space. If CL(X) is countably saturated as a Boolean algebra, then C(X) is count-

ably quantifier-free saturated.

Proof. Let ||P,|| = r, be a collection of conditions, where each P, is a 2-degree
s-polynomial in x, ..., x,, such that there is a collection F' = {f,;}n<i € C(X)<1,
with the property that for all ¢ we have ||P,(fo,-- ., fa:)l| € (7n)1y; for all n <.

For any n, we have that P, has finitely many coefficients. Consider G the set
of all coefficients of every P, and L the set of all possible 2-degree *-polynomials
in FF'UG. Note that for any n < i we have that P,(fo,,..., fni:) € L and that L
is countable. For any element f € L consider a countable collection X ¢ of clopen
sets describing f, as in Proposition [3.2.10

Since CL(X) is countably saturated and 2% = XN; we can find a countably

saturated Boolean algebra B C C'L(X) such that 0, X € B, for all f € L we have
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X; C B, and |B| = R,.
Let ¢: B — CL(X) be the inclusion map. Then ¢ is an injective Boolean algebra

homomorphism and hence admits a dual continuous surjection g,: X — S(B).

Claim 3.2.13. For every f € L we have that | J X; = S(B).

Proof. Recall that

Ux,=x
By compactness of X, there is a finite Cy C X s such that | JCy = X. In particular
every ultrafilter on B (i.e., a point of S(B)), corresponds via g, to an ultrafilter on
CL(X) (ie., a point of X), and it has to contain an element of Cy. So |JX; =

S(B). O

From g, as above, we can define the injective map ¢: C(S(B)) — C(X) defined
as ¢(f)(z) = f(g;'(z)). Note that ¢ is norm preserving: Since ¢ is a unital
s-homomorphism of C*-algebra we have that ||¢(f)|| < ||f]|. For the converse,
suppose that x € S(B) is such that | f(z)| = r, and by surjectivity take y € X such

that g,(y) = x. Then

(W) = |f gl @D)] = 1f(=)].

For every f € L consider the function f’ defined by X ¢ and construct the

corresponding *-polynomials P.
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Claim 3.2.14. 1. f=¢(f') forall f € L.
2. |[PL(foir- - fod)|| € (rn)1ys for all i and n < .

Proof. Note that, since f,; € L and every coefficient of P, is in L, we have that
P,(foi,---, fni) € L. 1t follows that condition 1, combined with the fact that ¢ is
norm preserving, implies condition 2.

Recall that ¢ = ¢, is defined by Stone duality, and is a continuous surjective
map ¢g: X — Y. In particular g is a quotient map. Moreover by definition, since
Xofn € CL(Y) = B C CL(X), we have that if z € Y is such that z € X,
for some (¢, f,n) € Q x L x N, then for all z such that g(z) = x we have z €
Xy fn- Take f and x € X such that f(z) # ¢(f')(x). Consider m such that
|f(x) —o(f")(x)] > 2/m. Pick y € C,,1 such that there is k for which x € X, sy

and find z € Y such that g(2) = x. Then z € X, s, that implies f'(2) € Bi/m(y)

and so ¢(f')(x) = f'(2) € Bim(y) contradicting |f(z) — ¢(f')(z)| > 2/m. O

Consider now {||P.(xo, ..., z,)|| = rn}. This type is consistent type in C'(S(B))
by condition 2, and C'(S(B)) is countably saturated by Lemma [3.2.11] so there is a
total solution g. Then h; = ¢(g;) will be such that HPH(E)H = 7, since ¢ is norm

preserving, proving quantifier-free saturation for C'(X). ]

To remove CH from Theorem [3.2.12| we will show that the result is preserved

by o-closed forcing. We first prove a more general absoluteness result about truth
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values of formulas.

Our result will be phrased in terms of truth values of formulas of infinitary logic
for metric structures. Such a logic, in addition to the formula construction rules of
the finitary logic we have been considering, also allows the construction of sup,, ¢,
and inf, ¢, as formulas when the ¢,, are formulas with a total of finitely many free
variables. Two such infinitary logics have been considered in the literature. The
first, introduced by Ben Yaacov and lovino in [9], allows the infinitary operations
only when the functions defined by the formulas ¢, all have a common modulus
of uniform continuity; this ensures that the resulting infinitary formula is again
uniformly continuous. The second, introduced by the first author in [28], does
not impose any continuity restriction on the formulas ¢, when forming countable
infima or suprema; as a consequence, the infinitary formulas of this logic may define
discontinuous functions. The following result is valid in both of these logics; the
only complication is that we must allow metric structures to be based on incomplete

metric space, since a complete metric space may become incomplete after forcing.

Lemma 3.2.15. Let M be a metric structure, ¢(T) be a formula of infinitary logic
for metric structures, and @ be a tuple from M of the appropriate length. Let P be
any notion of forcing. Then the value ¢* (@) is the same whether computed in V

or in the forcing extension V[G].

Proof. The proof is by induction on the complexity of formulas; the key point is
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that we consider the structure M in V]G] as the same set as it is in V. The base
case of the induction is the atomic formulas, which are of the form P(Z) for some
distinguished predicate P. In this case since the structure M is the same in V' and
in V[G], the value of PM (@) is independent of whether it is computed in V or V[G].

The next case is to handle the case where ¢ is f(11,...,1,), where each 9, is
a formula and f: [0,1]" — [0, 1] is continuous. Since the formula ¢ is in V| so is
the function f. By induction hypothesis each ¥ (@) can be computed either in
V or V[G], and so the same is true of ¢™(a) = f(vM(a),...,vM(a)). A similar
argument applies to the case when ¢ is sup,, ¥, or inf,, ¥,,.

Finally, we consider the case where ¢(7) = inf, ¥(Z, y) (the case with sup instead
of inf is similar). Here we have that for every b € M, ¥ (a,b) is independent of
whether computed in V' or V|[G] by induction. In both V' and V[G] the infimum
ranges over the same set M, and hence ¢™ (@) is also the same whether computed

in V or V[G]. O

We now use this absoluteness result to prove absoluteness of countable satura-

tion under o-closed forcing.

Proposition 3.2.16. Let P be a o-closed notion of forcing. Let M be a metric
structure, and let @ be a set of (finitary) formulas. Then M is countably ®-saturated

in 'V if and only if M is countably ®-saturated in the forcing extension V[G].
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Proof. First, observe that since P is o-closed, forcing with P does not introduce any
new countable set. In particular, the set of types which must be realized for M to
be countably ®-saturated are the same in V and in V[G].

Let t(Z) be a set of instances of formulas from ® with parameters from a count-
able set A C M. Add new constants to the language for each a € A, so that we

may view t as a type without parameters. Define

o(T) = inf{y(T): ¢ € t}.

Note that ¢ (@) = 0 if and only if @ satisfies t in M. This ¢ is a formula in the
infinitary logic of [28]. By Lemma [3.2.15|for any @ from M we have that ¢* (@) = 0
in V if and only if ¢™ (@) = 0 in V[G]. As the same finite tuples @ from M exist in

V and in V[G], this completes the proof. O
Finally, we return to the proof of Theorem [3.2.8] All that remains is to show:
Lemma 3.2.17. CH can be removed from the hypothesis of Theorem |3.2.14.

Proof. Let X be a 0-dimensional compact space such that CL(X) is countably
saturated, and suppose that CH fails. Let P be a o-closed forcing which collapses
2% to Ny (see [61, §VIL6]). Let A = C(X) and B = CL(X). Observe that since
P is o-closed we have that A remains a complete metric space in V[G], and by
Lemma A still satisfies the axioms for commutative unital C*-algebras of

real rank zero. Also by Lemma [3.2.15| we have that B remains a Boolean algebra,
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and the set of projections in A in both V' and V|G| is B. We note that it may
not be true in V|G| that X = S(B), or even that X is compact (see [26]), but this
causes no problems because it follows from the above that A = C(S(B)) in VI[G].
By Proposition B remains countably saturated in V[G]. Since V[G] satisfies
CH we can apply Theorem to conclude that A is countably quantifier-free

saturated in V|G|, and hence also in V' by Proposition [3.2.16 O

With CH removed from Theorem [3.2.12 we have completed the proof of The-
orem [3.2.8] It would be desirable to improve this result to say that if CL(X) is
countably saturated then C'(X) is countably saturated. We note that if the map
¢ in Theorem [3.2.12] could be taken to be an elementary map then the same proof

would give the improved conclusion.

3.2.2.2 Proof of Theorem [3.2.9]

We now turn to the proof of Theorem [3.2.9. We start from the easy direction:

Proposition 3.2.18. If X is a 0-dimensional compact space with finitely many
isolated points such that C(X) is countably degree-1 saturated, then the Boolean

algebra CL(X) is countably saturated.

Proof. Assume first that X has no isolated points. In this case we get that C'L(X)

is atomless, so it is enough to see that C'L(X) satisfies the equivalent condition of
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Theorem [3.2.61

Let Y < Z be directed such that |Y| +|Z| < ®;. Assume for the moment that
both Y and Z are infinite. Passing to a cofinal increasing sequence in Z and a cofinal
decreasing sequence in Y, we can suppose that Z = {U,},eny and Y = {V,, } e,
where

U C...CU,CUp1 C...C Vo1 CV, C...C V.

-

If U,en Un = Npen Vo then (U, oy Un is a clopen set, so by the remark following the
proof of Lemma[3.2.7 we have a contradiction to the countable degree-1 saturation
of C(X).

For each n € N, let p,, = xv, and ¢, = xv,, where x4 denotes the characteristic

function of the set A. Then

P1<...<Pp<Ppt1 < ...<@p+1 <@, <...<(q1

and by countable degree-1 saturation there is a positive r such that p, < r < ¢,
for every n. In particular A = {x € X: r(x) =0} and C = {x € X: r(z) = 1} are

U, CCand X\, cn Ve € A We want

two disjoint closed sets such that | J _ Un neN

neN

to find a clopen set D such that A C D C X \ C. For each x € A pick W, a

clopen neighborhood contained in X \ C. Then A C |J,., W.. By compactness

€A
we can cover A with finitely many of these sets, say A C Uign W,, € X\ C, so

D = J;<,, W, is the desired clopen set.
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Essentially the same argument works when either Y or Z is finite. We need
only change some of the inequalities from < with <, noting that a finite directed
set has always a maximum and a minimum.

If X has a finite number of isolated points, write X = Y U Z, where Y has
no isolated points and Z is finite. Then C(X) = C(Y) ® C(Z) and CL(X) =
CL(Y) @ CL(Z). The above proof shows that C'L(Y') is countably saturated, and

CL(Z) is saturated because it is finite, so C'L(X) is again saturated. O

To finish the proof of Theorem [3.2.9|it is enough to show that when X has no
isolated points the theory of X admits elimination of quantifiers, therefore count-
able quantifier-free saturation is equivalent to countable saturation. This was an
unpublished result of Farah and Hart, that later appeared in [29]. By later work
on quantifier elimination ([29] and [30]), it is now known that C'(SN \ N) (which is
elementary equivalent to C'(2")) is the only infinite dimensional C*-algebra which
admits elimination of quantifiers in the theory of unital C*-algebras.

The proof of Theorem [3.2.9| is now complete by combining Theorem |[3.2.8],
Proposition [3.2.18] and that the theory of unital abelian C*-algebras of real rank
zero without minimal projections (i.e., the theory of C'(2Y)) has quantifier elimina-

tion.
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3.3 CH and homeomorphisms of Cech-Stone remainders of

manifolds

This section is dedicated to show the first instances of the validity of Conjec-
ture for projectionless abelian algebras whose spectrum has Hausdorff dimen-
sion greater than 1. Recall that if X is a locally compact noncompact Polish space,
then the corona of Cy(X) is isomorphic to C'(SX \ X), the continuous functions
on the Cech-Stone remainder of X, and automorphisms of C(3X \ X) correspond
bijectively to homeomorphisms of 5X \ X. Throughout this section X will always
denote a locally compact noncompact Polish topological space.

With Homeo(5X \ X) and Triv(8X \ X) the sets of all, and trivial, homeomor-
phisms of SX \ X respectively (see Definition 2.2.16]), by the table in §2.2.8.1] it
was unclear whether CH implies that Homeo(8X \ X) # Triv(8X \ X) for con-
nected spaces of dimension greater 1. In particular, it was not known whether it is
consistent to have a nontrivial homeomorphism of SR™ \ R™, for n > 2.

The following theorem, contained in [94] settles this uncertainty:

Theorem 3.3.1. Let X be a locally compact noncompact manifold. Then CH

implies that Homeo(8X \ X) has nontrivial elements.

The rest of the section is dedicated to prove a stronger version of Theorem |3.3.1],

which relies on the definition of a flexible space (see Definition (3.3.3). We obtain
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a result concerning the algebra Q(X,A) = Cy(X,A)/Co(X, A) (see §2.2.4)), for a
flexible space X and a C*-algebra A, and we will then prove Theorem from
Theorem Lastly, in §3.3.2|we give an example of a very rigid space X to which

our result does not yield the existence of nontrivial elements of Homeo(8X \ X).

Theorem 3.3.2. Let X be a flexible space and A be a C*-algebra. Suppose that
0 =w; and 2% < 2% Then Q(X, A) has 2% -many automorphisms. In particular,

under CH, there are 2°-many automorphisms of Q(X, A), and so nontrivial ones.

3.3.1 Flexible spaces and the proof of Theorem [3.3.2

Let X be locally compact, noncompact and Polish, and fix a metric d which is
inducing the topology on X.

Given a closed Y C X we say that ¢ € Homeo(Y) fizes the boundary of Y
if, whenever y € bdx(Y) = Y N (X \Y), then ¢(y) = y. We denote the set of
all such homeomorphisms by Homeopq, (v)(Y) (or Homeopq(Y') if X is clear from
the context). Every ¢ € Homeopq(Y) can be extended in a canonical way to
¢ € Homeo(X) by

o(z) fzxeY
¢(r) =

T otherwise.

ItY, C X, forn € N, are closed and disjoint sets with the property that no compact

subset of X intersects infinitely many Y,,’s, we have that Y = ]V, is closed. If
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¢n € Homeopq(Y;,) then ¢ = | ¢, € Homeopq Y is well defined. In this situation we
abuse of notation and say that ¢ as constructed above extends canonically {¢,}.

For a ¢ € Homeo(X) we will denote by r(¢) the radius of ¢ as

r(¢) = sup d(z, ¢(z)).

zeX
If Y is compact and ¢ € Homeopq(Y') we have that r(¢) < oo and r(¢) is attained
by some y € Y. It can be easily verified that r(dod1) < 7(¢g) + r(¢1) for ¢g, 1 €
Homeo(X).

Note that every ¢ € Homeo(X) determines uniquely a 1 € Aut(Cy(X, A)),
which induces a ¢ € Aut(Q(X,A)). If Y, C X are disjoint closed sets with the
property that no compact Z C X intersects infinitely many of them and ¢, €
Homeopq(Y,), we will abuse of notation and say that ¢ and Y are canonically

determined by {¢,}.

Definition 3.3.3. A locally compact noncompact Polish space (X, d) is flexible
if there are disjoint sets Y,, € X and ¢,, € Homeoy(Y,) with the following

properties:

(1) every Y, is a compact subset of X and there is no compact Z C X that

intersects infinitely many Y,,’s and

(2) for all n, r(¢nm) is a decreasing sequence tending to 0 as m — oo, with

7(¢nm) # 0 whenever n,m € N.
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The sets Y,, and the homeomorphisms ¢, ,, are said to witness that X is flexible.

Remark 3.3.4. We don’t know whether condition is equivalent to having a
sequence of disjoint Y,,’s satisfying for which Homeopq(Y;,) has a continuous
path. This condition is clearly stronger than . In fact, being Homeoy(Y,) a
group, if it contains a path, then there is a path a(t) C Homeopq(Y;,) with a(0) = Id
and a(t) # a(0) if ¢ # 0. By continuity, if a path exists, it can be chosen so that
s < t implies 7(a(s)) < r(a(t)). Since any closed ball in R™ has this property, a
typical example of a flexible space is a manifold.

We should also note that if X is a locally compact Polish space for which there
is a closed discrete sequence x,, and a sequence of open sets U, with U; N U; = 0 if
1 # j, xn € Uy, and such that each U, is a manifold, then X is flexible. In particular,
if X has a connected component which is a noncompact Polish manifold, then X
is flexible.

Lastly, if X is flexible and Y has a compact clopen Z, then bd(Y, x Z) =
bd(Y,) x Z, therefore Z, =Y, x Z and ppmn = Vnm X id witness the flexibility of

X x Y. In particular, if Y is compact and metrizable, X x Y is flexible.

By NN we denote the set of all increasing sequences of natural numbers, where

f(n) >0 for all n. If f1, fo € NN we write f; <* fy if

Von(fi(n) < fa(n)).
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If Y, C X are compact sets with the property that no compact Z C X intersects

infinitely many Y,,, we can associate to every f € NV a subalgebra of Cy(X, A) as
Di(X,AY,)={g€ C(X,A)| Ve>0V"nVz,yeY,
1
dz,y) < —= = |lg(z) — g(y)|| < €)}.
(d(z,y) ) lg(x) = gl <€)}

We denote by C¢(X,A,Y,) the image of D;(X,A,Y,) under the quotient map
m: Chp(X,A) = Q(X,A). As X, A and Y, will be fixed throughout the proof, we
will simply write Cy and Dy.

The following proposition clarifies the structure of the D¢’s and the C’s.

Proposition 3.3.5. Let (X, d) be a locally compact noncompact Polish space and A
be a C*-algebra. Let'Y, C X be infinite compact disjoint sets such that no compact

subset of X intersects infinitely many Y, ’s. Then:

(1) For all f € N"T we have that Dy is a C*-subalgebra of Cy(X,A). If A is

unital, so is Dy;
(2) if f1 <* fo then Cy, C Cy,;
(3) Co(X, A) = Uperpn Dy
(4) for all f: N — N there is g € Cp(X, A) such that w(g) ¢ Cy.

Proof. (1) and (2) follow directly from the definition of Dy and Cy. For (3), take

g € Cy(X, A). Since each Y, is compact and metric we have that ¢g [ Y,, is uni-
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formly continuous. In particular there is 6, > 0 such that d(z,y) < 9, implies
lg(x) — g(y)|| < 27" for all z,y € Y,,. Fix m,, such that mi < 0p and let f(n) = m,.
Then g € Dy.

For (4), fix f € N¥ and x,, # y, € Y, with d(y,, 2,) < ﬁ Since no compact
set intersects infinitely many Y, ’s, both Y’ = {y,}, and Z' = {z,}, are closed in

X. Pick any a € A with ||a]| =1 and let g be a bounded continuous function such

that g(Y’) =0 and g(Z’) = a. It is easy to see that g ¢ Cy. O

The following Lemma represents the connections between the filtration we ob-

tained and an automorphism of Q(X, A).

Lemma 3.3.6. Let (X,d), A, and Y, be as in Proposition and suppose that
¢n € Homeopq(Y,). Let ¢ € Homeo(X) and ¢ € Aut(Q(X,A)) be canonically

determined by {¢,} and f € NN, Then:

(1) if there are k,ng such that for all n > nyg

k
r(¢n) < )
we have that ¥(g) = g for all g € Cy;
(2) if for infinitely many n we have that
n
7"(¢n) > m

then there is g € Cy such that U(g) #g.
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Proof. Note that, if g € C,(X, A) and 1) is as above, we have 1)(g) = g if and only if
g —1(g) € Co(X, A) where ¥ € Aut(Cy(X, A)) is canonically determined by {¢,}.

To prove (1), let k, ny as above. Fix € > 0 and n; > ng such that whenever n >

_k_

ny, we have that 7o)

< eand if z,y € Y, with d(z,y) < ﬁ then |lg(z) — g(v)|| <

¢/k. Such an n; can be found, since g € Dy. Let now = ¢ |J,,,, Yi- Since g(z) —

i<n

¥(g(2)) = g(x) = g(d(2)), if = ¢ Y, we have ¢(z) = 2 and so g(z) — (g)(x) = 0.

If x €Y, for n > ny,we have d(z, ¢, (z)) < r(¢n) < % and by our choice of nq,

l9(z) = ¥(g) (@)l = llg(x) — g(dn(2))]| <e.

Since |, Yi is compact, we have that g — 1 (g) € Cy(X, A), and (1) follows.

i<ni

For (2), let k(n) be a sequence of natural numbers such that

We will construct h € Dy and show that h — ¢(h) ¢ Cp(X,A). Fix some a € A
with [Ja]| = 1. If m # k(n) for all n, set h(Y,,) = 0. If m = k(n), let r = r(¢,,) and
pick xg = xo(m) such that d(xg, ¢n(x9)) = r. Set x1 = z1(m) = ¢n(xp) and, for
1=0,1, let

Zi=Az €Yy |dzz) <r/2}.

If z € Z, define




and if z € Z; let

while for z € ¥y, \ (Zo U Z1) let h(z) = §. Let b’ € Cy(X, A) be any function such
that h'(x) = h(z) whenever z € |JY;. Note that we have that A’ € Dy, as this only
depends on its values on (JY;. We want to show that b’ — ¢ (h') ¢ Cy(X, A). To

see this, note that if m = k(n) for some n we have

h'(zo(m)) = 0 and ¢ (h')(zo(m)) = h'(¢m(x0(m))) = I'(21(m)) = a.

Since {x¢(m) }men is not contained in any compact subsets of X we have the thesis.

O

We are ready to introduce a notion of coherence for sequences of homeomor-

phisms.

Definition 3.3.7. Let (X, d), Y, and A be as in Proposition and k be uncount-
able. Let {fa}acx € NN be a <*-increasing sequence of functions and {¢},. be
such that for all @ and n,

¢y, € Homeopq(Yr).

{¢2} is said coherent with respect to {fa} if

0 < B = Il 6D ) < s

If 7 is countable, {¢2} <, is coherent w.r.t. {fa}acy C NV if for all o < B <~

).

we have that F&Vn(r(¢%(¢f)~1) < +5-).



Remark 3.3.8. Definition |3.3.7] is stated in great generality. We don’t ask for the
sequence { f, fa<r to have particular properties (e.g., being cofinal) or for the space
X to be flexible, even though such notionwill be used in such context.

Note that if {¢% }a<w, is such, that for all v < wy, {¢S}a<y is coherent w.r.t.

{fata<y then {¢2}acw, is coherent w.r.t. {fo}a<w: -

Recalling that 9 denotes the smallest cardinality of a <*-cofinal family in NNT,
we say that a <* increasing and cofinal sequence {f,}a<r € NV, for some x > 0,

is fast if for all @ and n,
nfa(n) < fasr(n).

If {fa}a<o is fast, the same argument as in Proposition m shows that

QX 4) =Jcy..

The following lemma is going to be key for our construction. Its proof follows

almost immediately from the definitions above, but we sketch it for convenience.

Lemma 3.3.9. Let (X,d), A and Y, be fizred as in Proposition [3.3.5. Let {fa}
be a fast sequence and suppose that {¢$} is a coherent sequence w.r.t. {f.}. Let
Vo € Aut(Q(X, A)) be canonically determined by {¢®}n. Then there is a unique

U € Aut(Q(X, A)) with the property that



Proof. We define ¥(g) = 9,(g) for g € Cy,. If a < B, we define @Ea,g = @Ea(zﬁﬁ)*l.
As 1,4 is canonically determined by {y%(47)~'},, and by coherence there are

k,ng € N such that whenever n > ng we have

k
r(o% Ayt -
(¢n(¢n) ) < fa(n)

By condition (1) of Lemma we therefore have that zzaﬁ(g) = ¢ whenever
g € Cy,, and in this case Ve (9) = 155 (9), so W is a well defined morphisms of Q(X, A)
into itself. Let ¢/, € Aut(Q(X, A)) be canonically determined by {(¢2)~'},. Since
{¢%} is coherent w.r.t {f,}, so is {(qﬁ%)ﬂ}. In particular, if we let U defined by
'(g) = !\ (g) for g € C},, we have that ¢/ is a well-defined morphisms from

Q(X, A) into itself, with the property that ¥ = WU’ = Id, hence ¥ is an auto-

morphism. This concludes the proof. O
We are now ready to proceed with the proof of Theorem [3.3.2]

Proof of Theorem[3.3.3. Fix d, Y,, and ¢,,,, € Homeopq Y, witnessing that X is
flexible.

We have to give a technical restriction (see Remark on the kind of
elements of NN we are allowed to use. This restriction depends strongly on the

choice of d, on the witnesses Y,, and on the ¢, ,,’s. We define

An ={k e N[ Im(r(¢nm) € [L/(k+1),1/E])}
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As r(¢nm) — 0 for m — oo, A, is always infinite. We define

N (X) ={f e N | f(n) € 4,} C N

Since each A, is infinite, N¥7(X) is cofinal in NN,

As 0 = wy, we can fix a fast sequence {fo}acw, € NVI(X). Let C, = Cy,.
Finally fix, for each limit ordinal 8 < w;, a sequence g, that is strictly increasing
and cofinal in .

We will make use of Lemma [3.3.9| and construct, for each p € 2“', a sequence
¢%(p) that is coherent w.r.t. {f,}. For simplicity we write ¢& for ¢2(p). Let

@Y =1d. Once ¢2 has been constructed, let

Qﬁ“ = ¢n,m¢gu if p(a) =1,

where m is the smallest integer such that r(¢n.,) € [m, fa;(n)]’ and ¢2+! = ¢°

otherwise.

Claim 3.3.10. If {¢}},<, is coherent w.r.t. {f,}, <o then {¢)},<as1 is coherent

w.rt. {fy}y<ast-

Proof. We want to show that whenever v < « there is k such that

ven(r(gn(on™) ™) < )-

f~(n)
If p(ar) = 0 this is clear, so suppose that p(a) = 1.
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Note that
or (o) =@ (d0) b,

where m was chosen as above, and so

k
(&Y a+1\—1 r(d? ay—1 r
(@607 <T@ Fr(Gum) < o+

for some k (and eventually after a certain ng). Since f,(n) > f,(n) (again, eventu-

ally after a certain ny), the conclusion follow. n

We are left with the limit step. Suppose then that ¢¢ has be defined whenever

a < (. For shortness, let a; = a; 3.

Claim 3.3.11. For all 7 € N there is k; such that whenever j > ¢ there exists n; ;

such that

whenever n > n; ;

Proof. Fix i € N. By coherence there are k < 7 such that whenever n > 7 we have

k

o6 ™) < T

Let j >4 and n'(j) > k’(j) > n such that if n > n/(j) then

k()

RO < 5
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and
Jaia(n) 2 nfa,(n).
Fix k; = k + 1 and n; ; = n/(j). Then for n > n,

i ( hog\—1 r (% P+ -1 r(%+1 (% -1 kl(j) ]%
() ™) S PO ) ) ) S Fs s

N fai+1(n) fa,(n) T fai(n)

]

Fix an sequence of k; as provided by the claim. Let my = 0 and m;; be the

least natural above m; such that if n > m; and 7 > ¢ > [ then

ki
fay(n)

(@ (dh7) ™) <

Defining ¢° = ¢ whenever n € [m;_1,m;), we have that coherence is preserved,
that is, {¢% }a<p is coherent w.r.t. {f,}a<s. We just proved that we can define ¢
for every countable ordinal.

By the remark following Definition we have that the sequence {¢2}a<u,
it is coherent w.r.t. {fs}a<w,- By Lemma m there is a unique ¥ = ¥, €
Aut(Q(X, A)) determined by {¢2(p) ta<w, -

To conclude the proof, we claim that if p # ¢ we have <i>p =+ @q. Let o be
minimum such that p(«) # ¢(«), and suppose p(a) = 1. Then

on(p) = ¢, (q)
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SO
S (P) = bum®y (P) = Gnm®i(q)

where m is the smallest integer for which 7(¢nm) € [1/(fa(n) +1),1/fa(n)]. In

particular, eventually after a certain ny,

n
2Rt 17 fan()

r(@n  (@en ™ ()7 = 1(dnm)

By Lemma [3.3.6, if Yar1(p) € Aut(Q(X, A)) is determined by ¢2*+'(p), there is

g € Cy11 such that

Var1(p)(9) # Var1(a)(9).

As Lemma [3.3.9] states that

U,(9) = Yas1(p)(9)

whenever g € C,41, we have that

U,(9) = Yas1(p)(9) # Yas1(0)(g9) = ¥ylg)
0

Remark 3.3.12. The requirement of using N¥'(X) instead of NN is purely technical.
Following Remark [3.3.4} if it is possible to choose Y, so that Homeopq(Y;,) has a
path (e.g., if X is a manifold) then we can pick {¢,,,} in order to have A, = N

(eventually truncating a finite set).

101



As promised, we are ready to give a proof of Theorem which in particular
shows that, whenever n > 1, S(R™) \ R" has plenty of nontrivial homeomorphisms

under CH. This is evidently stronger than Theorem [3.3.1]

Corollary 3.3.13. Assume CH. Let X be a locally compact noncompact metrizable
manifold. Then there are 2°-many nontrivial homeomorphisms of X*. Suppose
moreover that Y is a locally compact space with a compact connected component.

Then (X x YY)\ (X xY) has 2°-many nontrivial homeomorphisms.

Proof. Manifolds are flexible thanks to Remark [3.3.4] and homeomorphisms of
BX \ X correspond to automorphisms of Q(X,C). Since there can be only ¢-many
trivial homeomorphisms of 5X \ X the first assertion is proved. The second asser-
tion follows similarly from Remark [3.3.4] as if X is flexible and Y has a compact

connected component, then X x Y is flexible. O

Even though Theorem doesn’t apply to the corona of Cy(X, A) whenever
A is nonunital, we can still say something in a particular case. Along the same lines
as in the proof of Corollary [3.3.13] if A is a C*-algebra that has a nonzero central
projection (recall that p € A is central if pa = ap for all a € A) then it is possible

to prove that under CH the corona of Cy(X, A) has 2°-many automorphisms.
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3.3.2 A very rigid space

We show the existence of a one dimensional space X for which it is still unknown
whether CH implies the existence of a nontrivial element of Homeo(8X \ X). In
fact, this space it is not flexible, it is connected (), and it does not have an increasing
sequence of compact subsets K, for which sup,, | K, N (X \ K,)| < co (and therefore
it doesn’t satisfy the hypothesis of 43| Theorem 2.5]). The space X is a modification
of a construction of Kuperberg that appeared in the introduction of [81].

The construction of X take place in the plane R?, and it goes as follows: take
a copy of interval a(t), t € [0,1] and let 2y = a(0). At the midpoint of a, we attach
a copy of the interval. We now have three copies of the interval attached to each
other. At the midpoint of the first one, we attach two copies of the interval, at
the midpoint of the second one we attach three of them, and four to the third. We
order the new midpoints and attach five intervals to the first one, six to the second,
and so forth. We repeat this construction infinitely many times, making sure at
every step of the construction the length of new intervals attached is short enough

to satisfy the following two conditions:

e the construction takes place in a prescribed big enough compact subset of R?

containing a;

e for every new interval attached at the n-th stage the only point of intersection

103



with the construction at stage n — 1 is the midpoint to which the new interval
was attached. Similarly, two new interval intersect if and only if they are

attached to the same point of the construction at stage n — 1
e the length of every interval attached at stage n is less than 27",

Let Y be the closure of this iterated construction. For n > 1, let vy, = a(%n), ap,
be one of the intervals attached to y,, and x,, be the endpoint of a, not belonging
to a. Let X =Y \ {z,}n>0. Since y, — ¢ and the length of a, goes to 0 when
n — oo, we have x,, — xo. In particular, X is locally compact. By construction,
the set

U {z | X \ {z} has n-many connected components}
n>3

is dense in X, and for every n > 3 there is a unique point x € X such that X \ {z}
has exactly n-many connected components, therefore X has no homeomorphism
other than the identity. Being X connected, it is not flexible and it doesn’t satisfy
[24, Hypothesis 4.1].

We are left to show that we cannot apply [43] Theorem 2.5], that is, we show
that if X = (J K, for some compact sets K,,, then sup,, |K,,N(X N K,,)| = co. Note
that ay \ {xx} cannot be contained in a compact set of X and all a;’s are disjoint.
In particular, if K is compact and K N ay # () then there is y € K N ay such that

ye X\ K. If K, = X for some compact sets K, for all k there is n such that
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K, Na; # 0 for all i < k. Therefore |K,, N (X \ K,,)| > k.
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4 Ulam stability

This chapter is dedicated to the development of a very strong notion of stability
which will be used in understanding the structure of automorphisms of certain
corona algebras in . Such a strong notion of stability was already used in [30],
while proving that all automorphisms of the Calkin algebra are inner, under the
assumption of certain Forcing Axioms. Versions of Ulam stability related to near
inclusions and perturbation of operator algebras are ubiquitous in the literature.
The study of this phaenomena was initiated by J. Phillips and Raeburn ([80]) and
Christensen ([19]) and [18] among others), and culminated in [20].

With in mind the notion of e-*-homomorphism as in Definition [2.2.11], we are

ready to give the definition of the notion of stability we will use.

Definition 4.0.1. Let ¢ and Z be two classes of C*-algebras. We say that the pair
(€¢,2) is Ulam stable if for every € > 0 there is a § > 0 such that for all A € € and

B € 2 and for every -*-homomorphism ¢: A — B, there is a *-homomorphism

: A— B with ||[¢ —¢| <e.
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Since this is a very strong of stability, it is not surprising that the classes of

C*-algebras which are known to be Ulam stable are very few.

Theorem 4.0.2 (Theorem 5.1, [36]). There are constants Ki,v > 0 such that
whenever € < v, F1,Fy € Z and ¢: Fy — Fy is an e-*-homomorphism, there is
a *-homomorphism : Fy — Fy with ||¢ — || < Kye. Hence, the pair (F,.F) is

Ulam stable.

Theorem 4.0.3 ([89]). Let A be the class of unital abelian C*-algebras. Then

(A, .A) is Ulam stable.
The goal of this chapter is to prove the following two Ulam stability results:

Theorem 4.0.4. Let F be the class of all finite dimensional C*-algebras and C* be

the class of all C*-algebras. Then (F,C*) is Ulam stable.

Theorem 4.0.5. Let AF be the class of unital AF algebras and M be the class of

all von Neumann algebras. Then (AF, M) is Ulam stable.

Given a class of unital nuclear C*-algebras C, let D¢ be the class of all unital
inductive limits of C*-algebras in C. Formally, A € D¢ if and only if there are a net

A and algebras Ay € C, for A € A, with

o Ay C A, for every A < pp € A, where the inclusion is unital;

o Uyendn = A
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If C denotes the class of full matrix algebras, D¢ is the class of all unital UHF

algebras. If C = F, then Do = AF, the class of all unital AF algebras.

Theorem 4.0.6. Let C be a class of unital nuclear C*-algebras and M be the class

of Von Neumann algebras. If (C, M) is Ulam stable, so is (D¢, M).

It is clear that Theorem will follows as a corollary, my applying the above

to C = F, the class of finite-dimensional C*-algebras, and using Theorem [4.0.4]

4.1 Ulam stability for finite-dimensional algebras: the proof

of Theorem [4.0.4]

Here we offer a quantitative version and a proof of Theorem [4.0.4]

Notation. Throughout this section F will denote the class of finite-dimensional

C*-algebras, and C* the class of all C*-algebras.

Theorem 4.1.1. There are K,6 > 0 such that givene <6, F € F, A € C* and an

e-*-homomorphism ¢: F — A, there exists a *-homomorphism ¢: F — A with
[ — ol < Ke'/2.
Consequently, the pair (F,C*) is Ulam stable.

The proof goes through successive approximations of an e-*~-homomorphism ¢

with increasingly nice properties. Each step will consist of an already-known ap-
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proximation result; our proof will thus consist of stringing each of these results
together, sometimes with a little work in between. Before beginning the proof we
describe some of the tools we will use.

The first results is Proposition [4.1.2, This is essentially proved in [3, Proposi-
tion 5.14]; one can also find similar ideas in the proof of [55, Proposition 5.2]. Our
version is slightly more general, in that the values of p are taken from the invertible
elements of a separable Banach algebra, and p is allowed to be just Borel measur-
able. In our proof, we will need the Bochner integral, which is defined for certain
functions taking values in a Banach space. For an introduction to the Bochner in-
tegral and its properties, we refer the reader to [23, Appendix E|. For our purposes,
we note that if (X, X, u) is a measure space, E is a separable Banach space, and
A is the Borel g-algebra on E generated by the norm-open subsets of F, then the
Bochner integral is defined for any (X, %)-measurable function f: X — E such

that the function x — ||f(2)|| is in L*(X, 3, i), and in this case,

/ f(x) du(z) € B

and

H [ st

< [ 1@l duto)
Moreover such an f is the pointwise limit of (3, %)-measurable functions f,, with
finite range, such that || f,(z)]| < ||f(z)|| for all x € X.
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Now suppose G is a compact group, p is the Haar measure on G, and FE is
a separable Banach space. We will call an f: G — E Borel-measurable if f is
measurable with respect to the Borel g-algebras on G and E generated by the given
topology on GG and the norm topology on E. If f : G — FE is Borel-measurable and

g € G, then we have
[ t@duta) = [ fg) duto)
since this holds for such functions with finite range.

Finally, if A is a unital Banach algebra, we will denote by GL(A) the set of

invertible elements of A.

Proposition 4.1.2. Suppose A is a unital separable Banach algebra, G is a com-
pact, second countable group, and p: G — GL(A) is a Borel-measurable map satis-
fying, for all u,v € G,

lo()™H| < &
and

[p(uv) — p(u)p(v)| <€

2

where k and € are positive constants satisfying € < k. Then there is a Borel-

measurable p: G — GL(A) such that

1. for allu € G, ||p(u) — p(u)|| < ke,
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2. for allu € G,

K

o)™ < T

and finally,

3. for all u,v € G,

(uv) — pu)p(v)]| < 262

Proof. Define
pu) = [ o) plow) dua)
where p is the Haar measure on GG, and the integral above is the Bochner integral.

First we must check that p is Borel-measurable. To see this, consider the set & of

all bounded, Borel-measurable functions f: G x G — GL(A) such that

Flu) = / f(u, ) dps(z)

is also Borel-measurable. Then & is closed under finite linear combinations, and

contains all functions of the form

a (u,v)eSxT
flu,v) =
0 (u,v)gSxT
where S, T C G are Borel and a € GL(A). Moreover, by [23, Proposition E.1 and

Theorem E.6], Z is closed under pointwise limits of uniformly bounded sequences

of functions. It follows that & contains each function of the form yga where S C

111



G x G is Borel and a € GL(A). (Here we are using the fact that the Borel o-
algebra on GG x GG is generated by the Borel rectangles, which requires the second
countability of G.) Furthermore this implies that & contains every bounded, Borel-
measurable function f : G x G — GL(A). In particular Z contains the function
(u,0) = p(v) " p(vu).

Now, to check condition (|1f), we have

1p(w) = p(u)|| < / ()" plaw) = p(u)|| dp()

Note that
11— p(uw)p(w) 7| < llp(u) = pw)l| || p(uw) 7| < w2
By standard spectral theory, since p(u) is invertible and |1 — p(u)p(u) "] < 1, we

have that p(u) is invertible too, and moreover

ot < a0 (11— o)+ 1 o)+
oK
— 1— k2

which proves condition (2). The real work comes now in proving condition ({3).

First, we note that

Au)p(o) — pluv) = / / (p(2) " plaw)p(y) " plyv) — ple) " plewv)) du(z) du(y)

= L+ 1
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where

I = / / (p(x) " plaw) = p(u)) (p(y) " pyv) = p(v)) dp(z) dp(y)

and

= / / (p(z) " plaw)p(v) + p(u)p(y) " plyv) — p(u)p(v) — p(x) " plzwn)) du(z) du(y).

For I, we have

L] < // ()| lp(zu) — plz)p()|| ||o(y) =] lo(yv) = p(y)p)|l dilz) duly) < K7€

As for I, we have

I = / p(a) " (plau)p(v) —p(zuv)) dp(r)— / (p(u)p(x) ™" p(x) p(v)—p(u) p(z) " plav)) du(z).

Using the translation-invariance of i on the first integral above to replace zu with

xr, we see that

I = / plau™) " p(a)p(v) — p(xv)) du(z) — / p(w)p(x) " (p(x)p(v) — plav)) du()
= / (p(zu™") ™ = p(u)p(z) ™) (p(a)p(v) — p(zv)) du(z)

Finally, note that

[pzu™) ™" = p(u)p(a) || = [|p(zu™) " (p(z) — plau)p(u)p(z) 7| < w2
and
lo(z)p(v) = plav)| < e

so we have that || I3|| < x%€%. This proves condition ({3)). O
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We are now ready to prove our main result. In the proof we will make several
successive modifications to ¢, and in each case the relevant € will increase by some
linear factor. In order to keep the notation readable, we will call the resulting €’s

€1,€2,...

Proof of Theorem[{.1.1 Let v, K > 0 witness Farah’s Theorem. Let § < 7,1/K.
We will in particular require § < 272, Fix e < §, A € C*, F € F, and an e-*-
homomorphism ¢: FF — A. By Remark 2.2.12] we can assume that A is unital,
¢(1) =1, and [l¢]| < 1.

Let X = {xo,...,2x} be a finite subset of F<y which is ¢/2-dense in Fco,
with g = 1, and such that the elements of norm < 1 are listed first. Define
a map ¢': F<g — A by letting ¢/'(x) = ¢(x;), where i is the minimal integer
such that ||z — z;|| < e. Clearly, the range of ¢’ is just {¢(zo),...,¢(zx)}, and if
B; = B(x;,€) N F<g, then

(¢") "M (¢(=:)) = B\ U B,
j<i
so ¢’ is a Borel measurable map. Moreover, ||¢'(z) — ¢(x)|| < € for all x € Fc.

For z € F with [[]| > 2, define ¢/(x) = 8, where A = 2. It follows that ¢/

is an €;-*-homomorphism, where ¢; = 4¢, and that ¢’ remains Borel-measurable.
Note also that ¢/(1) = 1, as zp = 1 and [|¢|| < 1, since we listed the elements
of norm < 1 first and X is required to be €/2-dense. Replacing ¢ with ¢’ and
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A with the C*-algebra generated by {¢(xg),...,¢(xx)}, we may assume that ¢ is
Borel-measurable and A is separable.

Since ¢ < 1 and ¢ is unital, it follows that for every u € % (F'), we have
|é(uH)p(u) — 1| < 1 and hence that ¢(u) is invertible, and ||¢(u)~!| < 2. Let
po be the restriction of ¢ to % (F'). Applying Proposition repeatedly we may

find a sequence of maps p, : Z (F') — GL(A) satisfying, for all u,v € % (F),

1pn(uv) = pa(W)pa (V)| < du, [lpns1(w) = pa(W)ll < Kndy and [|pn (u) 7| < ki,

where ¢,, and k,, are defined by letting o9 = €1, kg = 2, and

Kn

Spa1 = 2K202 dkpig = ———.
+1 K and Rp41 1_/{%5”

n-'n?

Claim 4.1.3. For each n, kni1 — kn < 27" and 6, < 2°072")¢;. Consequently,

kn < 4 for all n, and
Z KnOn < 8€7.
n=0

Proof. We will prove the first part of the claim by induction on n. For the base

case we note that dy = ¢; = 4e < 2710,

K1 — kg < —2<1.

1—2-8
Now suppose Ko, . . ., k, and dg, . . . , d,, satisfy the induction hypothesis above. Then

we clearly have

K <2414 427070 <4,
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Using this fact and the assumption ¢; < 2719,
5ot = 26207 < 2(42)2100-202 < 9(42)(2710)9100-2") ¢, _ g(1-2"4)

Moreover,

_ "fién _ (43)25(1_2n)61 - 21—5~2n .
1— k25, 11— (42)250-2"¢; = 1 —2-1

Rn4+1 — Rn

Finally, note that 2 — 5 - 2" < —n for all n > 0. This proves the first two parts of

the claim. We have already noted that x, < 4, therefore

i KnOn < e i 250-2")  4e, i 27" = &¢.
n=0 n=0 n=0

This concludes the proof. O

It follows from the above claim that the map p given by p(u) = lim p,(u) is
defined on % (F), maps into GL(A), and is multiplicative, Borel-measurable, and
satisfies ||p — ¢|| < 8¢ = €.

Fix a faithful representation o of A on a separable Hilbert space H, and let
7: % (F) — GL(H) be the composition o o p. Then 7 is a group homomorphism
which is Borel-measurable with respect to the strong operator topology on B(H),
and for each u € Z (F), ||7(u)|| < 1+ € and ||7(u)*7(u) — 1| < €2(4 + €2) = €.
Since % (F') is compact, and hence unitarizable, it follows that thereis a T € GL(H)

such that 7(u) = T'7(u)T " is unitary for every u € % (F'). Moreover, following for
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example the construction in the proof of [84] Theorem 1.4.4], we see that we may
choose such a T satisfying |7 — 1]| < e3. Then,

) — () < 2222 ¢,

Recall that % (F), with the norm topology, and % (H ), with the strong operator
topology, are Polish groups; then, by Pettis’s Theorem (see e.g., [82, Theorem 2.2]),
it follows that m, a Borel-measurable group homomorphism, is continuous with
respect to these topologies. By the Peter-Weyl Theorem, we may write H = € Hy,
where each Hy is finite-dimensional and 7| Hj, is irreducible. In particular, if p, =
proj(Hy), we have that for every k € N and u € Z (F), [px, 7(u)] = 0, and moreover

7(u) = prm(u)pr. Now, recall that ||¢(u) — p(u)]| < € for each u € % (F'); hence
lo(p(u)) —m(w)]| < llo(d(w) = 7] + [[7(u) = 7(w)|| < €1+ €.

It follows that ||[o(¢(u)), pi]l| < 2(es4 + €2) for each u € Z (F) and k € N. Since
each element a of a unital C*-algebra is a linear combination of 4 unitaries whose

coefficients have absolute value at most ||a||, we deduce that

;ﬁpllﬂ [lo(p(a)), prlll < 8(es + €2) + 8eu

Let ¢y be defined as
o(a) = pr((o 0 ¢)(a))p.
It is not hard to show that ¢: FF — ZB(H}) is an es-*-homomorphism, where

€5 = 8(es + €2) + 9¢1.  (In fact, ¢y is nearly an €-*-homomorphism; however,
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to check that ¢ (ab) — ¢r(a)px(b) is small we need the norm on the commutator
computed above.) By [30, Theorem 5.1] and our choice of v and K, there is a
*-homomorphism vy : F' — B(H}) such that ||¢pr — Vx| < Kes.

Consider now ¢’ = @ ¢ and the C*-algebras C' = ¢/[F] and B = o[A]. For

every u € U(F'), we have

19/ () = m(u)ll = sup [l (u) — pem(u)pell < Kes +ea+ea.

Since we also have ||7(u) —o(d(u))|| < €1 + €3, it follows that C' C¢ B, where
€6 = Kes + 2€4 + 2¢5. By [19, Theorem 5.3], there is a partial isometry V € B(H)
such that ||V — 15| < 120661;/2 and VCOV* C B. In particular, V' is unitary, and the
*-homomorphism 7n: F' — B defined by n(a) = V4/(a)V* satisfies ||n(a) — ¢'(a)|| <

240eé/ ®. Since o is injective, for every x € F' we can define

Then ) is a x-homomomorphism mapping F' into A. Moreover by construction we
have that

Hw - ¢|| < L61/27

where L is a constant independent of e, the dimension of F, A, and ¢. This

completes the proof. O
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4.2 Ulam stability for AF algebras: the proof of Theo-

rem (4.0.6|

We now work towards the proof of a quantitative version of Theorem [£.0.6] and,

specifically, of Theorem [4.0.5]

Corollary 4.2.1. Let AF be the class of all unital AF algebras and M be the
class of all von Neumann algebras. There is K such that whenever A € AF, M €

M, e>0, and ¢: A — M is an e-*-homomorphism, there is a *-homomorphism

v A— M with ||¢ — || < Ket/*. Therefore (AF, M) is Ulam stable.

It should be pointed out that we do not require, in the statement of Theorem
4.0.6, the e-*-homomorphisms to be d-injective, for any 0.
We will make use of a small proposition and of a consequence of [54, Theorem

7.2]:

Proposition 4.2.2. Let M be a von Neumann algebra and x € M, Y C M such
that ||z —y|| < € for ally € Y. If z is any WOT-accumulation point of Y, then

|z —z]| <e.

Theorem 4.2.3. There is K such that for any unital, nuclear C*-algebra A, von
Neumann algebra M, € > 0 and for any linear e-*-homomorphism ¢: A — M, there
is a *-homomorphism 1 with ||¢ — ¥|| < Kez.
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Remark 4.2.4. Theorem 7.2 in [54] is more general, as it applies to a class of Banach
x-algebras which does not include just nuclear C*-algebras. However, in this context
the constant K depends on the constant of amenability of A, as it depends on the

best possible norm of an approximate diagonal in A®A. Since every C*-algebra is

l-amenable (see, for example, [84]), Theorem follows.

The proof of Theorem [4.0.6| relies heavily on the fact that the range algebra,
being a von Neumann algebra, is a dual Banach algebra. The assumption of nucle-
arity for elements of the class C is crucial due to the application of [54], Theorem
3.1].

Recall (see the paragraph after Theorem , that if C is a class of unital
C*-algebras the class D¢ has been defined to be the class of all unital inductive

limits of algebras in C.

Proof of Theorem[{.0.0. Let e >0, A € Do, M € M and let {A,}ren be a directed
system of algebras in ¢ with direct limit A. Fix a nonprincipal ultrafilter &/ on A
and let n = ;(—22 where K is given by Theorem m

As (C, M) is Ulam stable by hypothesis, we can fix § such that whenever C' € €,
M e M, and ¢: C — M is a é-*-homomorphism, there is a *-~homomorphism

with [|¢p — ¢|| < n. Let p: A — M be a 6-*-homomorphism. Now for each A € A,
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there is a *-homomorphism 1, with ¥,: Ay — M such that

lva —p T Ar|| <7

We extend each map ¥ to |J,., Ay, setting ¢¥x(a) = 0 if a ¢ A\. Note that for

HEA
every a € |J A, there is A\g such that for all A > \g we have that ||¢\(a) — p(a)|| < 7.

For every a € |J A, define
P(a) = WOT — libr{n@b,\(a) e M.

Such a limit exists, since M is a von Neumann algebra and ||¢x(a)|| < ||a|| for every
A € A. In particular the map v is a continuous, bounded, unital, linear map with
domain equal to |JA,, so it can be extended to a linear (actually, a completely

positive and contractive) map

v A— M.

By Proposition 4.2.2} for every a € |J Ay with ||a|| < 1, we have Hzﬂ(a) - p(a)H <n.

It follows that ¢ is 4n-multiplicative, i.e. Hlﬂ(ab) - @(a)@(b)H <d4nforalla,be A
with norm at most 1.
As M is a von Neumann algebra, and particular a dual Banach algebra, we can

now apply Theorem to get a *~homomorphism v¢': A — M with
lp — || < 16K7"? = 16e.

The conclusion follows. O
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5 The consequences of Forcing Axioms

The goal of this chapter is to explore the consequences of Forcing Axioms on the
structure of automorphisms of a corona algebra, in the same way that Chapter]
has done for the assumption of CH.

Due to the nigh technical complexity of the results contained in this chapter
we will have to abandon the convention of using A, B,... to denote a C*-algebra,
as we will use such variables to denote subsets of N. Throughout this chapter,

C*-algebras will be denoted with the letters A, B,... .

5.1 A lifting Theorem I: statements

Let (k(n) | n € N) be a sequence of natural numbers, and A a separable C*-algebra
admitting an increasing approximate identity of projections {¢,}. If A C N we
denote by P4 the projection in [] My, whose value at coordinate n is 1 if n € A
and 0 otherwise. By m we will denote the canonical quotient map m: [[ Myu) —

I My)/ @ My (). Throughout this section and the next, we will be working with
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a fixed linear *-preserving contractive map
A T M/ B Miny = M(A) /A
such that ||[A]| =1 and for all A C N and all z € [] My,
A(m(2Pa)) = A(m(2))A(m(Pa))- (N)
Equation implies that
e A(m(Pa)) is a projection for every A C N, and

e Ifz and y are elements of [ [ My ,,) with almost-disjoint supports, then A(7(z))A(7(y)) =

0.

Given A as above, our goal is to find a lift of A on a large set of the following nice

form:

Definition 5.1.1. Let A be a C*-algebra with an increasing approximate identity
of projections {¢,}. A map a: [[ Mym) — M(A) is asymptotically additive if there

is a sequence of maps ay,: Mj,) — A such that

o for all v = (x,) € [] Mi(n), we have

o0

a(2) = 3 o).

n=0

where the sum is intended in the strict topology as the limit of the partial

sums ),y @ (7,) and
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e for all n there are ng, k1 < ko such that the image of «;, for j < n, is contained

in gx, Agx, and the image of «;, for j > ng, is contained in (1 — g, ) A(1 — gx, )-
We will often identify o with the sequence (a, | n € N).

Remark 5.1.2. Tt should be emphasized that we make no assumptions on the struc-
ture of the maps ., other than that the partial sums »_ _y a,(z,) must converge
in the strict topology. In particular, for this to happen, if & = >  «,, is asymp-
totically additive then ||| is well defined. In particular, if « is itself a unital
*-homomorphisms, then « is strictly-strictly continuous, as the image of an approx-

imate identity for [] My, is an approximate identity for M(A).

Fix a sequence of finite sets X,, ; C (M,)<; such that 0,1 € X,, , for all n, k and

Xk is a 27%-dense set of (M,)<;.

Definition 5.1.3. Let A be a C*-algebra with an approximate identity of projec-
tions {¢,} and a: [] My — M(A) be an asymptotically additive map. « is said
to be skeletal if for all n there is k such that for all & € My, with [jz|| < 1 and

Y € Xk such that a,(z) = an(y).

Skeletal maps are determined by a finite set when restricted to the unit ball.

We will restrict to skeletal maps because of the following fact, that we will use in

35.2]
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Proposition 5.1.4. Let A be a C*-algebra with an approximate identity of pro-
jgections {q,}. Then Skel(A), the set of all skeletal maps is separable in uniform

topology as a subset of [],,,, Map(Xyx, A).

If « is a lift of A on some dense ideal .#, then we can infer some approximate

structure for the a,,’s. Recall the definition of e-linear, e-multiplicative etc. etc.

from Definition R.2.111

Proposition 5.1.5. Let A: [[ My / B Mip) — M(A)/A be any map. Suppose

a= Zan: HMk(n) — M(A)
s an asymptotically additive lift of A on a dense ideal %. Then for every e > 0

(1) if A is linear there is ng such that for every n > ny o] = Znogjgn a; s

e-linear;
(2) if A is also *-preserving there is ng such that for every n > ng, Qpon =
D no<j<n O 18 €7 -preserving;

(3) if A is also multiplicative there is ng such that for all n > ng, Qpyn =

Znogjgn o s e-multiplicative.
Also

(5) Suppose that supp(x) = {n | z, # 0} € & and A is norm-preserving. Then

iy, [ [ || = flen ()] | = 0.
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Proof. We prove and and we leave to the reader the rest of the proof. In
both cases we will argue by contradiction.
If is false then there is € > 0 such that for all n there is n’ > n, A\,u € C

such that [A[, || <1 and @,y € [, <<, (My(;))<1 such that

Ha[n,nq()\x + 1y) — A () — 0 0 (y)” > €.

We construct inductively sequences n; < m; < n;y1 < --- and \;, i3, z;, y; with

the following properties
s Ha[ni,mi](/\ixi + Ni:%’) - )\ia["iymi] (xl) - Mi@["nmi](yiw <6
e the ranges of o, m; and [, m; are orthogonal if # 7.

By passing to subsequences, we can assume that there are A,y such that [\, — A\| <
€, |ui — p| < e for all i. Fix E; = [n;,n;41). Since .# is nonmeager and dense there

is an infinite X such that |J, . E, € .Z.

neX

For , let X = {n;} be infinite and, for n € X, z,,yn, A, tn € My, be

sequences witnessing the failure of [(1)] for € > 0 with ||z, || |yal| . [Anl, |1n] < 1 and

”Oén(/\nl‘n + ,unyn) - /\nan(xn) - :unan(yn)” > €.

Then for all i € X we have that

e, ma) N - 1) — At ngy (1) = s ()| > 3 ||€oell
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Let T =) ,cx Arjand g = Y . v puyi. Let ¢; = o, m, (Azi+ 1) = A, my) (27) —
P, my (i) Then {c¢;}iex is a bounded sequence of orthogonal elements of norm
< 3||a|| and therefore converges in M(.A) to an element ¢ = ),y ¢;. Since each
¢; has norm greater than m we have ¢ ¢ A.

On the other hand it is easy to verify that, since (J,.x En € # and « is
asymptotically additive, ¢ = a(Z + ) — a(Z) — a(y) € A, as a is a lift of A, which
is linear. This is a contradiction.

We now prove . Again, by contradiction. Suppose then that z is such that
supp(z) € £ and there is € > 0 such that for an infinite ¥ C X we have that
| |zn]| = ||on ()| | > € for alln € Y. Fix r an accumulation point of {||a,(z,)|| }ney

(since @ =) a,, is well defined, this sequence is bounded) and Y; C Y be infinite

and such that n € Y; implies | ||, (z,) — r|| < €/3. Let
Yo=A{n|||z,|| >7r+¢€/2} and Y3 = {n| ||z.|| <7 —€/2}.

Either Y, or Y3 is infinite and we can assume that Y, is. (If Y3 is finite the contra-
diction will proceed in the same exact way, and we leave the proof to the reader).

As before, we can refine Y5 to have that if i # j € Y5 then the ranges of a; and
a; are orthogonal. Let y = > .y ,. Then [|7(y)|| > 7 + ¢, 7 being the canonical

map [[ Miwmy = 1 Miwm)/ @ Mix) and so

[A@@)I = lIm(@)l = r+€/2,
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7 M(A) — M(A)/A being the canonical quotient. On the other hand, since for

n # m € Yy we have o, (2, ) (2,) = 0, we have that ||a(y)|| = sup,ey, [[a(zn)]| <
r + €/3, a contradiction to Y € .# and « being a lift of A on .#. O
From now on A will always denote a linear *-preserving map with [|A|| =1 and

satisfying .

Theorem 5.1.6. Let A be a *-homomorphism A: [ Mg/ @ Mymy — M(A)/A
and o: ] My = M(A) be an asymptotically additive lift for A on a dense ideal
. Then there is a *-homomorphism v: [] Mywmy — M(A) such that, for all

r € [[ My we have y(z) — afx) € A.

Proof. To simplify notation we assume that M,y = M,. If not, the proof goes in
the same way.
Note first of all that we can assume ||a,| < 1, as limsup,, [|a,|| < 1 by con-

dition of Proposition |5.1.5. Again by Proposition there is a decreasing

sequence €, — 0 such that each «,, is an €,-*-homomorphism.

Claim 5.1.7. For all € > 0 there is ng such that for all ng < ny < ny < ngif x,y

are contractions with z € [] M;j and y € ] M; then [la(z)a(y)|| <e.

no<j<ni n2<j<ns

Proof. This proof is similar to the one of condition in Proposition [5.1.5] using
the fact that « is an asymptotically additive map for a *~homomorphism, hence for

a multiplicative map, on a nonmeager dense ideal .#. O
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We modify each a,, by setting
al (2) = ap (D) an (1) *an (2)an (1) a, (1)*.

Note that o/ = )« is still an asymptotically additive map which is a lift for
A on .. Note also that if ng < n1 < na < nz are such that for all contractions
x,y with z € []

M; and y € [] M; we have that |a(z)a(y)| < e,

no<j<ni na<j<ngs

then ||o/(z)z]] < € whenever z is a contraction in the C*-algebra generated by

& [ Tno<jcn Mil-
With ¢, = 27", we can find an increasing sequence of natural number {n;} such

that
/ : * ; .
e «[[I,,<jen,., M;] is an €;-"-homomorphisms;

e if ; < [ then for all contractions x,y with x in the C*-algebra generated by

o'[[1,,<j<n;,,)M; and y in the C*-algebra generated by o/[[]

n<j<niyi Ml];

e ifi+1 < Ithend/(z)d/(y) = O wheneverx € [, o, ... . IMj, y € I1,,<jc, ] M5
Set now 3; = 0if j < ng and if n; < j <niyq let, for x €[], ;.. Mj,
6](1') = a/(l[ni,ni+1))O/(1[ni,nz‘+1))*O/(x)a/(l[m,m-o-ﬂ)&/(1[ni,ni+1))*‘

We will construct inductively «y; with the following properties:

o if n; < j < my;1, the range of v; is included in the C*-algebra generated by

5<Hni§j<ni+l Mj)'
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o vy =0if j #
e 7, is a *-homomorphisms, and there is a fixed K such that if n, < j then

175 — | < 10K (ex)'>.

It is clear that, if it is possible to construct such ~;, then v(x) = > 7;(x) satisfies
the thesis of the theorem.
Let K and 6 > 0 be the numbers provided in Theorem {4.1.1] Let [ such that

g < o. Ifj <mn,setry, = 0. If y; has been constructed for all j < n;. If

ng < g, let Bi(x) = (1= > w(1))B;(x)(1 = >4, (1)) Since the range of
(1= ken, (1)) is included in the C*-algebra generated by b; = B([[,.,,, My), and

in particular in b;Ab;, and for each contraction x in ] M; we have that

n; <J<nit1

|zb;|| < €;, we have that ) 3} is a 5¢;-*-homomorphisms whose range is in

N <j<niy1
the C*-algebra generated by SB([],.<;<,.,, M;). By Theorem and our choice

of 4 and K, we can find a *~homomorphisms

Vininig1) - H M; — ﬂ(l[m,niﬂ))ﬁ(l[m,mH))*AB(1[ni7ni+1))ﬁ(1[m,m+1))*

n; <j<nii1
such that
Vniniz1) — Z ﬂj < 5K(€i)1/2'
n; <j<ni41
By letting v; = Vi, nia) | M; we have the thesis. O]
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We may state the main Theorem of this section, with in mind the definitions of

cce/Fin from §2.1.2,

Theorem 5.1.8. Assume OCA + MAy, and let A be as above. Then there is a
cce/Fin ideal # C P(N), and an asymptotically additive a: [[ Mymy — M(A),
such that o is a lift of A on 7.

Remark 5.1.9. Theorem [5.1.8]is an analogue of the “OCA lifting theorem” from [34].
The ideal ¢ cannot always be as large as P(N); however, in our applications of
Theorem [5.1.8, we will always find that ¢ = P(N).

If A C N we denote by M[A] the set of elements whose support is in A, that is

M[A] = {(z,) € [ [ Mugwy | (i ¢ A= ;= 0)}.

With this notation we have that M[N] = [[ Mj).

The remainder of this section, along with the next, is dedicated to prove Theo-
rem [5.1.8 Before getting to lifts that are asymptotically additive, however, we will
need to deal with lifts that are nice in other (weaker) senses. The various notions
are as follows. (Recall that M(A)<; and M[N]<; are Polish spaces when equipped

with the strict topology, as noted in [2.2.3.1]).
Definition 5.1.10. Let € > 0 be given, and X C M|N].

e An e-lift of A on X is a function F mapping to M (A), whose domain contains

X, such that ||7(F(z)) — A(w(z))]| < € for all x € X with ||z| < 1.
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o A g-e-lift of A on X is a sequence of functions F,, (n € N) mapping to M(A),
such that the domain of each F, contains X, and for every x € X with

lz|]| <1, there is some n € N such that ||7(F,(x)) — A(7(z))] <e.

When ¢ = 0, we come back to our first definition of lift. Our efforts will
be focused on finding lifts that have various nice properties with respect to the

ambient topological structure of MN].
Definition 5.1.11. Let € > 0 be given.
e We define .#¢ be the set of A C N such that there exists an e-lift of A on
M A] which is asymptotically additive.
e We define .75 to be the set of A C N such that there exists a C-measurable
e-lift of A on M[A].
When € = 0, we write #° = % and £2 = 7.
Lemma 5.1.12. For all e > 0, .7 and 25 are ideals on N.

Proof. By definition, each .#€ and .5 is hereditary. To see that .75 is closed under
finite unions, we will show that if A,B € £5 and AN B = (), then AU B € #¢.
Choose C-measurable functions F' and G such that F' and G are e-lifts of A on
MIA] and M|B] respectively. Choose ), R € M(A) with 7(Q) = A(n(Py4)) and
7(R) = A(n(Pg)). Put

H(x) = QF(xPs)Q + RG(xPp)R
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Then H is C-measurable. Moreover, if z € M[A U Bl<;, we have x = ©P4 + 2 Pp,

and hence

m(H(z)) = A(m(2)) = 7(Q)(7(F(2Pa)) = Ax(2Pa)))7(Q)

+m(R)(n(G(2Pp)) = AMm(2Pp)))n(R)

Since 7(Q) and 7(R) are orthogonal projections, and

[7(F(2Pa)) = Am(zPa))ll, [Im(G(2Pp)) = Alm(xPp))|| < e

it follows that ||7(H(z)) — A(m(x))]] < e. To see that .#¢ is closed under finite
unions, note that if F' and G above are asymptotically additive, then so is the

resulting H. O]

The strategy for the proof of Theorem [5.1.8|is to show that each of the ideals
J ¢ and JS is, in a sense, large. The following five lemmas will do this. Their
proofs are self-contained, and together they form the backbone of the argument
towards Theorem [5.1.8] For now, we will simply state them, deferring their proofs

to section (.21

Lemma 5.1.13. Assume OCA,, let € > 0 and of C P(N) be a treelike, a.d.
family. Then for all but countably-many A € o, there is a o-€-lift of A on M|A]

consisting of C-measurable functions.
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Lemma 5.1.14. Let € > 0 and A C N. Suppose that there is a o-e-lift of A on
M{[A], consisting of C-measurable functions and that A = J,, A, is a partition of

A into infinite sets. Then there is some n such that A, € F¢.
Lemma 5.1.15. Assume OCA, + MAy,. Then either

(1) there is an uncountable, treelike, a.d. family o/ C P (N) which is disjoint

from 7, or

(II) for every € > 0, there is a sequence {F,}nen of C-measurable functions such

that for every A € J¢, there is an n such that F,, is an e-lift of A on M[A].

Lemma 5.1.16. Suppose F,: M|N] — M(A) is a sequence of Baire-measurable
maps, € > 0 and ¢ C P(N) is a nonmeager ideal such that for all A € ¢ there
is some n such that F,, is an e-lift of A on M [A]. Then there is a Borel-measurable

map G: M[N] — M(A) that is a 24e-lift of A on 7.

Lemma 5.1.17. Suppose F': M[N] — M(A) is a C-measurable map and § C
P (N) is a nonmeager ideal such that for every A € #, F is a lift of A on M[A].
Then there is an asymptotically additive o that is a lift of A on &. Also, o can be

chosen to be a skeletal map. Hence, Ic = .

With these lemmas in hand, we will finish this section by connecting the dots
and proving Theorem [5.1.8, First we provide an easy connection between Borel-

measurable e-lifts and C-measurable lifts.
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Lemma 5.1.18. Suppose that Z is an ideal, and for every e > 0, there is a
Borel-measurable G.: M[N] = M(A) that is an e-lift of A on ¢ . Then there is a

C-measurable F': M|N] — M(A) that is a lift of A on 7.
Proof. Define
I'={(z,y) | Vn e N H7r(y — Giyn(@))]| < 1/n}

As each G. is Borel-measurable, I' is Borel. Moreover, if A € ¢ and z € M[A],
then for any choice of a lift y of A(w(x)), we have (x,y) € T'. Let F be a C-
measurable uniformization of I' according to Theorem [2.1.2] Then F is a lift of A

on M[A] for any Ae 7.

O
Now we have the necessary tools to connect .#-, and hence .#, to .Z5;
Lemma 5.1.19. (75 = Z.
Proof. The inclusion D is clear. For the other inclusion, let A € ., -5 and

fix for each € > 0 a C-measurable map F, which forms an elift of A on M[A].
Working in P(A) and applying Lemma with F,, = F, for every n and 7 =
P(A), we get a Borel-measurable Gy which is a 24e-lift of A on M[A]. Applying
Lemma [5.1.18] again with # = P(A), we get a C-measurable lift of A on M[A],

and by Lemma [5.2.12] an asymptotically additive lift of A on M[A].
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Lemma 5.1.20. Assume OCA,, + MAy,. Then & meets every uncountable, tree-

like, a.d. family <. Moreover, it is ccc/Fin, and therefore nonmeager.

Proof. We work by contradiction. Let o/ be an uncountable, a.d. family which is
disjoint from .#. By Lemma[5.2.12] &7 is disjoint from .-, and by Lemma[5.1.19]
there is an € > 0 such that .5 is disjoint from an uncountable subset of 7.
Without loss of generality we will assume .75 and 7 are disjoint. By MAy,, there
is an uncountable, a.d. family # such that for every B € %, there are infinitely-
many A € &/ with A C* B (see, for example, [66, Claim 4.10]). By Lemmal5.1.13]
and OCA, for all but countably-many B € % there is a g-¢/100-lift of A on M[B]
consisting of C-measurable functions. By Lemma [5.1.14] for each such B € 4,
there is an A € o such that A has a C-measurable e-lift of A on M|[A]. This is a
contradiction.
To prove that .# is cc/Fin, note that, by [93, Lemma 2.3] and MAy, , Lemma[5.1.20)

can actually be extended to include all uncountable, a.d. families o/. As every

cce/Fin ideal containing all finite sets is nonmeager, we have the thesis. O]

Proof of Theorem[5.1.8 Let ¢ = .7, the set of all A C N on which A has a lift
which is asymptotically additive. Lemma [5.2.12 and Lemma imply that &
is cce/Fin.

Since .# is ccc/Fin, the first alternative of Lemma must fail. The sec-

ond alternative implies, by Lemma [5.1.16] that for every ¢ > 0 there is a Borel-
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measurable map which is an e-lift of A on M[A] for every A € .#. By Lemmal5.1.18|
it follows that there is a C-measurable F' which lifts A on M[A], for every A € 7.

Lemma [5.2.12| gives an « as required. O]

5.2 A lifting Theorem II: proofs

In this section we prove the lemmas needed in for the proof of Theorem [5.1.8|
The C*-algebra A and A are fixed as in Similarly .#, ¢ and .75 are as in
Definition (.1.11]

For each n € N, let X, = Xj,)» where the sequence X, ; was fixed before
Definition , that is, Xj)n is a 27"-dense subset of the unit ball of Mj,)
containing both 0 and 1.

Let & =[] X,, and Z7[A] = Z N M[A] for each A C N. 2", with the sub-
space (strict) topology, is homeomorphic to the set of branches through a finitely-
branching tree, with the Cantor-space topology. We will work with just 2" instead
of M|N] = [, Mk In fact, if @ € M[N] with |la|| < 1 there is x € 2 with
m(a) = 7(x).

We view elements of Z'[A] as functions, with domain A. Hence if A C B and
x e Z[A], y € Z[B], then x C y means that y extends z, or in other words that
Yn = T, whenever x,, # 0. If z and y have a common extension we will denote the

minimal one by zUy. If A C B and x € Z7[B], we will denote by x[A the element
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of 2 [A] which is extended by z (that is, P4). We make use of Theorem [2.1.1]
both applied to 2" and to P(N).

We can now proceed with the proofs required.

Lemma 5.2.1. Assume OCA, let € > 0 and &/ C P(N) be a treelike, a.d. family.
Then for all but countably-many A € <7, there is a o-e-lift of A on M[A] consisting

of C-measurable functions.

Proof. Fix e > 0 and & as required and an arbitrary lift F' of A such that || F(x)|| <
|z|| for all z € M[N].

Fix an increasing approximate identity {e,}nen for A (see §2.2.3). To sim-
plify the notation, if a,b € M(A), m € N and 6 > 0 we write a ~,5 b for
(1 —en)(a—>0)(1—-ey)| <9, and a ~;5 b for |ja —b|| < 9.

Fix a bijection f: N — 2<¢ witnessing that <7 is treelike, and for each A C N,
let 7(A) = | f[A4], the branch containing the image of A. Note that for any B € &
and any infinite subset A of B, 7(B) = 7(A) € 2N,

Let Z be the set of all pairs (A, z) such that for some B € o7, A is an infinite
subset of B, and z € 2'[A]<;. We define colorings [Z]? = K" U K{* (m € N) by

placing {(A, z), (B,y)} € K{* if and only if

(K-1) 7(A) # 7(B),

(K-2) z[(ANB) =y[(AN B) and
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(K-3) F(2)F(Pp) tome F(Pa)F(y), or F(Pp)F () #me F(y)F(Pa)-
Note that KJ' D K"*! for every m. We give Z the separable metric topology
obtained by identifying (A, z) € # with the tuple
(A, 7(A),z, F(x), F(P4)) € P(N) x P(N) x 2 x M(A)<; x M(A)<y,

where P(N) is endowed with the Cantor set topology from 2% and 2~ and M(A)

with the strict topology.

Claim 5.2.2. For every m € N, K" is open.

Proof. Suppose {(4,z),(B,y)} € K§. By |(K-1), there is some n such that

7(A)In # 7(B)[n. Let s = f~1(2"); then AN B C s. By we may also

suppose that for some § > 0 and p € N, either
lep(1 — em)(F'(2) F(Pp) — F(Pa)F(y))(1 —em)|| > e+

or
lep(1 = em) (F(Pp)F(z) — F(y)F(Pa))(1 = en)|| > €46

Now, let (A,Z) and (B, y) be elements of % such that
ANs=ANs,BNs=DBNs,z[s=2z[s and y[s = yls,

and

lep(1 = em) F(P)B)(F(x) — F(2))(1 = em)|| + llep(1 — ) F(5)(F(Pa) — F(Pa))(1 = en)|| +

+llep( = em) F(Pa)(F(y) = F(5))(1 = em)|| + [lep(1 = em) F(2)(F(Pp) — F(Pp))(1 — em)|| <0
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The set of such pairs {(A, Z), (B, %)} is an open neighborhood of {(A, z), (B,y)} in

[%)?, and for each such pair we have that {(A,7),(B,y)} € K"

Recall that, for a,b € 2V, A(a,b) = min{n | a(n) # b(n)}.

Claim 5.2.3. The first alternative of OCA, fails for the colors KJ* (m € N), that
is, there is no uncountable Z C 2N, and an injection (: Z — £ such that, for all

distinct a,b € Z, {C(a),C(b)} € K5,

Proof. Suppose otherwise and let Z and (: Z — % as above Let 5 = ([Z] and
put

z:U{x | (A,z) € A}
By |(K-2), z € 2 and z[|A = z for all (A, x) € 2, therefore z is well defined. For
all (A,z) € 0, m(F(2)F(Pa)) = n(F(Pa)F(z)) = w(F(z)), hence there is m € N

such that

(1 = en)F(2)F(Pa) ~epa (1 =€) F(x) ~vepa (1 — e F(Pa)F(2),
and

F(2)F(Pa)(1 — em) ~epa F(x)(1 — en) ~epa F(Pa)F(2)(1 — ep,).

By the Pigeonhole principle, refining Z to an uncountable subset (which we will
still call Z), we may assume that there is some fixed m € N such that the above

140



holds for all (A, x) € 2 = ([Z]. Since Z is uncountable, we may find a,b € Z such

that A(a,b) > m. Let (A, ) = ¢(a) and (B,y) = ¢(b). Then, we have
F(x)F(Pp) ~m,e/a F(Pa)F(2)F(Pp) ~meya F(Pa)F(y)
which implies F(2)F(Pg) ~m.e/2 F(Pa)F(y), and similarly,
(1—em) F(Pp)F(2)(1=€m) ~eja (1=€m) F(Pp) F(2)F(Pa)(1=€m) ~¢a (1=€m) F(y) F(Pa)(1—€x)

a contradiction to {(A4,x),(B,y)} € K

]

The second alternative of OCA,, must hold. Let (J%,)men be some sequence

of sets with

% =\ ) A, and [, C K.

For each m € N, let Z,, be a countable subset of %, which is dense in .77, with
respect to the topology on % described above. Fix T' € & such that T' # 7(D)
for all D € {A| Jx,m((A,z) € Z,,)}. We will show that there is a o-e-lift of A on
MIT] consisting of C-measurable functions.

For each A C N and m € N, define A2 to be the set of pairs (z,2) such that
x e Z[A], z € M(A)<y, and for all n € N and § > 0, there is some (B,y) € %,

such that

1. z[(ANB) =y[(AN B),
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2. ANn=BNn, and

3. e, F(Pa) ~s e, F(Pg) , e F(2)F(Py) ~s e, F(x)F(Pp) and e,z ~s €, F(y).

Since %, is countable, each A% is Borel.

Claim 5.2.4. There is a partition 7" = Ty U T such that for each i < 2, m € N,
and x € 2'[T}], if (T, z) € H,,, then (z, F(z)) € ALi. Moreover, if (z,z) € ATi and

(Ti,x) € A, then F(x)F(Pr,) ~m. 2F(Pr).

Proof. We identify n with the set {0,...,n — 1}. Fix {b;};eny an enumeration of a
dense subset of A and k € N. If s C k, t € 2'[k] and m,n,p,q,r < k, then for any

(A, x) € A, with

ACT, Ank = s, o1k =t, e, F(Pa) ~1/k by, enF(2)F(Pa) ~1/1 by and e, F'(z) ~1/p by,

by density of %, in J%,, we may find some (B,y) € %,, such that BNk = s,
ylk = t, e F'(Pg) ~1/k by, enF(2)F(Pp) ~1 by and e, F(y) ~1/x by. This is

because each of the sets

{a € M(A)<i | ena ~11 by}, {a € M(A)<1 | ena ~1i b} and {a € M(A)<1 | enF'(z)a ~1i by}

is open in the strict topology, and by density of Z,,.
As the set of all such tuples (s, t,m,p,q,r) is finite, (B,y) can be chosen from

some fixed finite set %, C (J{% | m < k}. Note that, for any (B,y) € F, we
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have that T'N B is finite. As .%, is finite, there is k™ > k such that TN B C k™ for
all (B,y) € %.

We recursively construct a sequence 0 = ko < ki < ---, by setting k1 = k"
for each i € N. Let Ty = T'N Y, [k2it1, k2iv2) and Ty = T\ T. Suppose x € 2 [Tp],
and m € N is such that (Tp,z) € J7,. Let n € N and 6 > 0 be given and choose
i € N large enough that 1/kq; < §/2, m,n < ko;, and for some p, q,r < ks;, we have

enF(Pry) ~1/ky; bp, enF () F(Pr,) ~1/k by and e, F(x) ~q/k,, bg.

By our choice of %, we may find (B,y) € F,. such that
ToNky; = BNk, xlky = ylkai, enF(PB> ~1/ko; bp7 €nF(IE)F(PB) ~1/kos b, and GnF(y) 1/ ko; bq-

All that remains to check to have (z, F(x)) € AT is that z[(Ty N B) = y[(Ty N B).
To see this, note that by definition of kg; 1 = k;;, we have TyN B C ky;,1; but since
ToN ko, kai1) = 0, it follows that ToN B C ko;, and since x[ky; = y[ky;, this implies
that z[(To N B) = y[(To N B). The same argument shows that if (T},z) € J,,
then (x, F(z)) € Al

To prove the second assertion, suppose that (z,z) € AL (T;,x) € , and
§ > 0. Choose n large enough so that ||[e,, 1 —ey]|] < d. Since (z,2) € Al
we may choose (B,y) € %, satisfying conditions preceding this claim with
A =T, Since (T}, x),(B,y) € 5,, 7(T;) =T # 7(B) and [ (1; N B) = y[(T; N B).
By the K{"-homogeneity of .7, we have that F(Pr,)F(y) ~m. F(z)F(Pg) and

F(y)F(Pr) ~me F(Pp)F(x).
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Now,

en(1 = em) F(2)F(Pr,)(1 — em) ~as en(l — em) F(2) F(Pp)(1 — em)
~een(l—en)F(y)F(Pr)(1 - ep)
~5 (1 —em)enF (y) F(Pr) (1 — em)
~s (1= em)enzF(Pr)(1 — e,)

~sen(l—en)zF(Pr)(1 —ey)

and hence e,,(1—e,,) F(2)F(Pr,)(1—em) ~764e €n(1—e)2F (Pr)(1—e,,). Since this
holds for all sufficiently large n and all § > 0, we have that F'(z)F (Pr,) ~m. 2F(Pr,)
as desired.

]

Let F' be a C-measurable uniformization of AZ given by Theorem and
G! () = F!(z)P(T;). Since F! is C-measurable and P(T;) is fixed, G° is C-
measurable. By the above claim, and the fact that Z = |J .77, it follows that for

every x € Z'[T}], there is some m such that G! () is defined, and moreover
I(Ge)) = Alr(a))]| < e

This shows that the desired conclusion holds for each T;. Repeating the argument

from Lemma [5.1.12] we see that it holds for T = Ty U T} as well.
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Lemma 5.2.5. Let € > 0 and A C N. Suppose that there is a o-€-lift of A on
M{[A], consisting of C-measurable functions and that A = J,, A, is a partition of

A into infinite sets. Then there is some n such that A, € F¢.

Proof. We work by contradiction and suppose that A, ¢ £ for all n. Fix an
arbitrary lift /" of A on M[A] and let {F},} be a o-elift of A on M[A] as in the
hypothesis. Since each F, is Baire-measurable, it follows that there is a comeager
subset 4 of 2" (recall that 2" = [[ X,, was defined at the beginning of on
which every F,, is continuous. Thanks to Theorem [2.1.1] we can find a partition of

interval E; and t; such that y € ¢ whenever 3%°i(y | E; = t;). For i < 2, put

E' = U By and ' = UtZk:-i-i-
% %

Define

F(z) = Fp(a[E° + ') = Fy(t)) + Fo(a] BN + %) — Fu ().

Each F] is continuous on all of 2", and the functions F] form a o-2e-lift of A on
MIA]. We will write F,, = F} in the following.

For each m € N, let B,, = | A,,. We will construct sequences

n>m

o 1, € ZA,],
e (, C B,, and

o 2, € ZC,],
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such that for all n < m,

1. A, \C, & F5,

2. Cy N By C Ch,

4. z,1[(Cho1 N A) C 2y, and

5. for all y € Z'[B,], if y D z,, then

[ (Fuzo U -+ Uy Uy) — Fan))m(F(Pa,))|| > 2€

The construction goes by induction on n. Suppose we have constructed xy, C and
z, for k < n. For each x € Z'[A,] and y € M(A)<y, define &,(z,y) to be the set

of all z € Z[B,, \ Cpn_1] such that

|m(Fp(zgU- Uz qUz Uz, 1 Uz) —y)m(F(Pa,))| < 2e

Since F}, is continuous, &, (z,y) is Borel, for every z and y.

Claim 5.2.6. There is some z € Z'[A,,\ C,,—1] such that &, (z, F(z)) is not comea-

ger.

Proof. Suppose otherwise. Let

X ={(r,y) € Z[An\ Cpo1] x M(A)<1 | &,(2,y) is comeager} .
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Z is analytic and, applying Theorem [2.1.2] it has a C-measurable uniformization G.
For all x € Z7[A,] extending z,_1[(C,—1 N A,), then, &,(z, G(x)) and &,(z, F(x))

are both comeager, and hence must intersect; so for all such =z,
|m(F(z) — G(x))m(F(Pa,))|| < 4e

Then the map z — G(z)F(Pa,) is a C-measurable 4e-lift of A on 2[4, \ C,—1], a

contradiction.

Choose x € Z'[A, \ Cy—1] as in the claim, and let
Ty, =2 U (2,1 [(Cro1 N AL)).

Since &, (x, F(x)) is Borel, there is some finite a C B, \ C,,_; and some o € Z[d]
such that the set of z € &,(z, F(z)) extending o is meager. Applying Theorem[2.1.1]
we may find a partition of B, \ (a U C,_1) into finite sets s;, and w; € Z7[s;],
such that for any z € Z'[B, \ C,_1], if z extends o and infinitely-many u;, then

z & &,(x, F(x)).

Claim 5.2.7. There is an infinite set L C N such that

A\ (Coa U {s: i € LY) ¢ 5

for all m > n.
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Proof. Recursively construct infinite sets J,11 2 Jyi2 2 --- such that for each

m >n,
A\ (Coa U {sili € Tn}) ¢ I

using the fact that A,,\C,_1 € £5¢ for all m > n. Any infinite L such that I C* J,,
for all m > n satisfies the claim.

O

Let L be as in the claim, and put C, = B, N (Ch,_q UJ{si|i€ L}). Let
Zn = (2n_1[(Croy N By)) U {si | ¢ € L}. This completes the construction.

Now let z = (J{x, | n € N}. Then z € Z[A], and hence there is some n € N
such that

[ (Fu(z) = F(2))]| < 2¢

Notice that if y = J{zy | m > n}, thenz =20U--- Uz, Uy, y € Z[B,], and y
extends z,; hence

17 (Fa(2) = F(2n))m(F(Pa,))|| > 2¢

But we have

T(F (2n))m(F(Pa,)) = n(F(2))m(F(Pa,))

and this is a contradiction.

Lemma 5.2.8. Assume OCA,, + MAy,. Then either
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(1) there is an uncountable, treelike, a.d. family o/ C P (N) which is disjoint

from &, or

(I1) for every € > 0, there is a sequence {F,}nen of C-measurable functions such

that for every A € J¢, there is an n such that F,, is an e-lift of A on M[A].

Proof. For each A € ., we may find an asymptotically additive o such that o*
is a lift of A on M[A]. Recall that X,, was chosen to be a finite 27" dense subset of
the unital ball of Mj,). Without loss of generality, we may assume that for every
n € Nand A € ., o is determined by the set X,,, in the sense that, for some fixed
linear order < of X,,, for all # € X,, we have that o’ (z) is equal to a}(y), where
y is the <-minimal element of X,, such that ||z — y|| <27, for some well-order <

on X,,. In this way we view each o as an element of the Polish space

Fn(2, A<t) = [[(A<) ™

where the topology is given by the product topology, and each A<; is considered
in the norm topology. We will assume that ol = 0 whenever n ¢ A.

Fix € > 0, and define colorings [.#]* = K" U K" by placing {A, B} € K[ if
and only if there are Ey, ..., E,,_1 pairwise disjoint, finite subsets of (AN B) \ m

such that for all ¢ < m, there is some z' € Z[E;] with

Yo an(a) =Y ag(x)| > e

nek; nek;
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Define a separable metric topology on .# by identifying A € .# with the pair
(A,a?) € P(N) x Fn(2", A<1). In the corresponding topology on [.#]?, each color
K" is open and K" O K"*! for each m € N.

Suppose that the first alternative of OCA holds and fix an uncountable Z C 2V
and a map (: Z — & such that for all z,y € Z, {((2),((y)} € K5™. We will
define a poset P with the intent to form a treelike, a.d. family which is disjoint
from .#¢. The conditions p € P are of the form p = (1, G, ny, sp, p, fp), Where

(P-1) I, € [wi]<¥, n, € N, G,: I, = [Z]7%, sp: I, x ny — 2, w0 [, = Z[n,], and
fp: myp — 25¢,

(P-2) if for all £ € I, and m,n € n, we have that s,({,m) = s,(£,n) = 1, then
fp(m) and f,(n) are comparable, (x,(£, n) is the n-th coordinate of x,(§)) and

(P-3) for all £ € I, and distinct A, B € ("(G,(£)),

> ok (@p(€,n) =D ol (x,(€,n))

nekE nekl

JE C{n<n,|s,({n) =1}

We let p < ¢ if and only if
(<-1) I, D 1y, ny > g, Sp 2 Sq, [p 2 [y, and for all £ € 1, Gp(&) D G4(§).
(<-2) for all (§,n) € I, x n, we have z,(§,n) = z,(£,n).

(<-3) for all m,n € [ng,n,), if there are distinct &,y € I, such that s,({,m) =

sp(n,n) =1, then f,(m) L fy(n).
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The sets S¢ in the family will be approximated by the functions s,(¢, ), and the
function witnessing that the family is treelike will be approximated by f,. The sets
G,(&) will form a large Kj-homogeneous set, with common witness approximated

by z,(£), which will be used to show that Sg & ..

Claim 5.2.9. P is ccc.

Proof. Let 2 C P be uncountable. By refining 2 to an uncountable subset, we
may assume that the following hold for p € 2. (Recall that a A-system is a family

Z of finite sets for which there is root r such that whenever z,y € % we have

xrNy=r,see §2.1.4.3| and the A-systema Lemma [2.1.7)).

1. There are N € N and f: N — 2<% such that n, = N and f, = f for all

peE2,

2. The sets I, (p € 2) form a A-system with root J, and the tails I, \ J have

the same size ¢, for all p € 2.

3. For each & € J, the sets G,(§) (p € 2) form a A-system with root G(§), and

the tails G,(€) \ G(&) all have the same size m(&).

4. There are functions ¢: J x N — 2 and y: J — Z'[N] such that for all

(¢&,n) e Jx Nandallp e 2, s,({,n) =t(¢,n) and z,(§,n) = y(£,n).
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5. I\ J={¢ < --- <&}, then the map u: £ x N — 2 given by

u(i,n) = sp(&i,n)
is the same across all p € 2.

6. If ¢ € Jand G,(§) \ G(&) = {=5(9), ... >an(5)71(§)}’ then for all p,q € 2 and

i <m(§), we have A(2f(§),2/(£)) > M, where M = max{N,> .., m(§)}.

Let p, ¢ € 2 be given; we claim that p and ¢ are compatible. We define an initial
attempt at an amalgamation r = (1, Gy, n,, S, Ty, fi) as follows. Let I, = I, U I,
n, =N, f, = f, s, = spUsq, and x, = x, Ux,, and for each { € I, we let
Gr(&) = Gp(§) UG,(E). If r were in P, then we would have r < p, ¢, as required,;
however, condition may not be satisfied by r.

It is easily verified that the following cases of condition are in fact already

satisfied by 7;
e (&,
e £€Jand A, B e ([G(&)], and
o (€ Jand A=(((S)), B =((#(S)), where i # j.

(The first two cases simply use the fact that p,q € P; the last case uses, in ad-

dition, (b)) above.) For the last remaining case, fix £ € J and ¢ < m(§), and put
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A = ((0(9), B = ¢(21(£)). By (€), we have {A, B} € K}’ hence there are

)

M-many pairwise-disjoint, finite subsets E; of (AN B) \ M, such that

Yo an(ah) = Y ar(a)

nek; nek;

J2' € Z'[E)] > €

Since M > 3., m(£), we may choose pairwise disjoint, finite sets E/(¢, i) for each
€ € J and i < m(§), such that for each £ € J and ¢ < m(§), E +1i = E(,1)
satisfies the above, with A = ((2F(£)) and B = ((2(£)). Let 2% € 27 [E(£,4))]
be the corresponding witness. Let N > M be large enough to include every set

E(£,4), and define s: I, x N — 2, x: I, — 2'[N], and g: N — 2<% so that

® 5205, v 2x,and g 2 f,

for all £ € J and i < m(§), and n € E(, i), s(§,n) =1 and z(£,n) = 28",

s(n, k) =0 and x(n, k) = 0 for all other values of (n,k) € I, x N,

for all £ € J and

n,n' € U E(¢&,1),

i<m(§)

g(n) and g(n') are comparable and extend | J{g(k) | k < N A s,.(§, k) = 1},

for all distinct £, € J, if

ne Ei), e |J Emi),

i<m(&) i<m(n)

then g(n) L g(n’).
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It follows that r' = (I,.,G,, N,s,z,g) € P and 7’ < p, q, as required.

]

Let Z = {2, | 0 <wi} be an enumeration of Z. For each £, 0 < wy, define
peo € Pby I, = {&}, Fp (&) = {20}, np,, = 0, and s, = a2, = fp, = 0.
Since PP is ccc, for each & there is some g € PP such that for all o, the set D¢, =
{peP| 31> 0(p <pe,)}is dense below ge. Again applying the ccc, we may find a
q € P such that for all £, the set Ex = {p € P | 3n > &(p < ¢¢)} is dense below ¢. It
follows that, by MAy,, we may find a filter G C P such that G meets uncountably-
many ¢, and for each such &, G meets uncountably-many D ,. Moreover we may

assume that G meets all of the sets

Define I = J _ I, and, for each £ € I, define

peG “P
Se={neN|IpeGn<n,Ns(n)=1)}

M =" (U Gp(@)

peG

It follows from the above that I is uncountable and, for uncountably-many & € I,
¢ is uncountable and S¢ is infinite. We will assume without loss of generality
that for every £ € I, J# is uncountable and S is infinite. If f =, cq fp, then f
witnesses that S¢ (£ € I) is a treelike, a.d. family. For each &, define 2¢ € 27[N] by
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25 = x,(¢,n) for any p € G with n < n,. Notice that for any A, B € 7%, we have

3E € [AN BN S|

PBLHCARDBEACS

nek nekl

> € ()

Claim 5.2.10. For all { € I, S: & 7°.

Proof. Suppose otherwise, and fix an asymptotically additive § which is an e-lift of
A on M[S¢]. For each A € %, since 8 and a”* both lift A on M[Se N A], there is
some N € N such that for any finite £ C AN S\ N,

nek nek

<e
2

By the pigeonhole principle, the same N works for all A in an uncountable subset
&L of H. Moreover, by the separability of A", we may find distinct 4,B € &
such that ||oz;?(xn) — o (z,)|| < €¢/2N for all n € ANBNN, a contradiction to ().

]

This shows that the first alternative of OCA, implies (in the presence of MAy,)
that there is an uncountable a.d. family which is disjoint from .#¢. Now we will
show that the second alternative of OCA, implies |(I])|

Suppose & = ,, #,, where [5,]* C K" for each m € N. Fix m € N. We
will define a C-measurable function F such that, for every A € J2,,, F' is an e-lift of
A on M[A]. Let 9 C J#, be a countable set which is dense in %, in the topology

where .# was identified with (A, o) € P(N) x Fn(2", A<;) (this topology was the
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one making K" open.) Let (e,),en be an approximate identity for A. We define
Z to be the subset of M[N|<; x M(A)<; consisting of those (x,y) such that there
is a Cauchy sequence B, (p € N) in 2 for which y is the strict limit of a®7(z) as
p — 00, and for every N € N, supp(x) N N C B, for all large enough p € N. Since
9 is countable, Z is analytic. It will suffice to prove that for all A € 7, and all

x € M[A],
#-(1) (x,0”(z)) € #, and
#-(2) for all y with (x,y) € Z, we have H7r(y — aA(a:))H <k,

since then any C-measurable uniformization F' of #Z will satisfy the required prop-
erties.

Fix A € 7, and © € M[A]<;. Condition follows simply from the
fact that & is dense in 7, and A € J,,. To show , let y be given with
(x,y) € Z. Suppose

Inty — at@))] >

Then there is some d > 0 such that for all £ € N,
H(l —ep)(y — ozA(x))H >e+0

Let B, (p € N) be a Cauchy sequence from & witnessing that (z,y) € #Z and set
Ny = 0. Since Hy — ozA(x)H > €+ 60, we may find pp € N and N; € N large enough

that supp(z) N Ny C B,,, and
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Ni—1 Ni—1

S an (@) = Y ()

n=DNop n=DNp

>e+6 (5.1)

Since the above sums are in A, we may find kg large enough that

(1—ep) (2_: ozfpo () — 2_: ozf(x,ﬂ) < g (5.2)

Now as ||(1 = ey,)(y — a?(2))|| > €+ 6, we may find p;, N» € N large enough

that B,, N Ny = By, N Ny, supp(z) N Ny C B,,, and

Ni—1 Ni—1

By, _ Bp, é
Z an " (2y,) Z an "t (z,) || < 5 (5.3)
n=0 n=0
No—1 No—1
(1—ex,) (Z an™ (@) = Y a:;(xn)> > €46 (5.4)
n=0 n=0
By conditions (5.1)) and (j5.3]), we have
Ni—1 Ni—1 5
By, _ A e
Z an () Z ag (z,)]| > e+ 5
n=Ngp n=~Ny
whereas by conditions (5.2)), (5.3) and (5.4), we have
No—1 No—1 5
Bp, . A -
Z an " (2) Z ai (zy)]| > e+ 1
n=N1 n=N1

Repeating this construction, we may find a sequence Ny < N; < --- < N,,, and a

set B=B,, , € %, such that supp(z) N N,,, C B, and for each i < m,

Nii1—-1 Niji1—-1
Z a, () — Z ap ()| > €
n=N; n=N;
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Then, {A, B} € K", a contradiction to A, B € J,,, which is K{"-homogeneous.

]

Lemma 5.2.11. Suppose F,: M[N] — M(A) is a sequence of Baire-measurable
maps, € > 0 and ¢ C P(N) is a nonmeager ideal such that for all A € ¢ there
is some n such that F,, is an e-lift of A on M [A]. Then there is a Borel-measurable

map G: M[N] — M(A) that is a 24e-lift of A on & .

Proof. Fix F,, as in the hypothesis. Since each F,, is Baire-measurable, we may
find a ¢ C 2 comeager on which every F,, is continuous. By Theorem [2.1.1] we
may find a partition of N into finite intervals E;, and ¢; € 2'[E;], such that if
3*°n(x 2D t,), then x € ¢4. Since _Z is nonmeager, by Theorem there is an

infinite L C N such that S =J,,., £, € . For k=0,1, put

Sk =\JPBaisk » "= ton
and
F!(z) = F(2]So + ') — F(t') 4+ Fu(x]S) +1°) — F(1°).

Each F}, is continuous, and moreover if A € #, then AUS € _#. Hence there is
some n such that F, is an e-lift of A on M[AU S|, in which case F), is then a 2e-lift
of A on M[A]. We will write F,, = F in what follows.

Let 77, be the family of all A C N such that F), is a 2¢-lift of A on M[A]; then
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each /7, is hereditary, and ¢ =, /,. Let
L' = {n| 4, is nonmeager}.

If n € L', there is some k C N and o € Z[k] such that .7, N .47 is nonmeager, for
every finitely-supported 7 O o, where .4, is the basic open subset of 2" consisting

of those x € 2" extending 7. Put
F!(z) = F,(z[k,00) + o)

Then, F! is a 2¢-lift of A on M[A] for all A C N such that A\ k € 7,. Replacing
again F,, by F! we may assume that for every n € L', 7, is everywhere nonmeager.

For each m,n € L', put
Lo ={ACN|Ve e Z[A] ([|[x(Fa(z) — Fu(2))| < 4€)}

Then %, contains .77, N .7, and hence is everywhere nonmeager. Moreover, Z,,,

is coanalytic, and hence comeager. Define

=] Zm\ | .

n,meL’ ng¢L’
Then & is comeager. Applying again Theorem [2.1.1] we find a partition of N into

finite intervals E!, and a sequence s; C E!, such that
I%(ANE =s)=>A€éb.
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Since ¢ is nonmeager, we may find disjoint, infinite Iy and I; such that
S; = Usiejforjzo,l.
’iEIj

Put £/ = J,.,; E! for j =0,1. Now fix any N € L’ and put

G(z) = Fy(z[(N\ E°) + Ps,) — Fi(Ps,) + Fn(2[E° + Ps,) — Fiy(Ps,)

Since Fy is continuous, G is Borel. Suppose now that A € #. Then (A\ E°)U S,
and (AN E°)US; are both in _# N&. It follows that G is a 24e-lift of A on 27[A],
forany A e 7.

]

Lemma 5.2.12. Suppose F': M[N] = M(A) is a C-measurable map and 7 C
P (N) is a nonmeager ideal such that for every A € ¢, F is a lift of A on M[A].
Then there is an asymptotically additive o that is a lift of A on Z. Also, o can be

chosen to be a skeletal map. Hence, Yo = 7.

Proof. For a € M[N] we write a € M[.7] if there is A € .# such that a € M[A]. For
simplicity we will write M [n] for My ). As before, let X, = Xym)n € (M|n])<; such
that X, is finite and X, is 27"-dense in the ball of M[n], and we let 2" = [] X,.

By definition of X, Oarpn), 1aspn) € X

Claim 5.2.13. There is a strongly continuous F” that is a lift of A on 2" N M[.Z].

160



Proof. By the choice of X,,, each of these sets is finite, therefore the strict topology
on 4 coincides with the usual product topology, making 2~ a compact metric
space. In this sense, since F' is a Baire-measurable map, there are open dense sets
U, 2 Upy1 -+ such that F is strictly continuous on Z = (| U,. Moreover from the
fact that X, is finite, and via a diagonalization argument, we can assure that there

are an increasing sequence n;, for i € N, and elements z; € [ X with the

n; <j<nit1

property that if a | [n;,n:11) = 2; then a € [, ; Un. In particular,
{z | 3% (z | [ny,ni1) = 24)} C Z.

Since .# is nonmeager, we can find an infinite L = {l;} such that (J,., [ni, ni11) €

. Set now

0 __ 1 _ 0 _ 0 1 _ 1
Ly, = [nl2k7nl2k+1)7 Ly = [nl2k+1>n12k+2)7 L" = ULk and L~ = ULk7

and let Prr be the canonical projections onto {(z;) | 1 ¢ L" = x; = 0} for r =0, 1.
Fix 2° = 37, @, and 2! = Y, 2y, ., where x; were chosen as above. Thanks to
our choice of L, we have that for every a € M[.#], both aPpo + z° and aPp: + '

belong to M|[.#], and moreover

{v| 3%z L) =2, orz | L] =2,)} C Z.

7

Putting all of these together we can therefore construct

F'(a) = F(aPp + 1) — F(2°) + F(aPp + 2') — F(2h).
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This function is strongly continuous by definition, and it is a lift of A on M[£]N.Z".

]

From now on we will assume that F' is a strongly continuous map on 2~ that is
a lift of A on & N M[.7], as established in Claim [5.2.13] The next Claim will be

needed in the proceeding.
Claim 5.2.14. 2" N M[.7] is relatively nonmeager in 2.

Proof. It 2" N M[.#] is meager in 2", we can find an increasing sequence n; and

some s; € [| X; with ||s;|| = 1 such that

n; <J<nit1

{x e Z | 3% | [ni,ng1) =s) N M[I] =10

Since .# is nonmeager, we have that there is an infinite L C N such that (J,; [ni, ni41) €

#. On the other hand, as 0 € X, for every n € N, we have that s = ZZEL S; €
M]|.#], and moreover we have that
se{re 2| 3%z | ni,niq) = si)},
a contradiction.
O

Let g, be an approximate identity of projections for A as required by our as-

)

sumptions in §5.1l Clearly ¢, converges strictly to 1, when seen as an element of
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M(A). Note that a € A if and only if |ja(1 — g,)|| = 0. Define

Az, y, k) = max{||(z — y)(1 — o)l , [[(1 — g)(z — y)|}.

Claim 5.2.15. For every n and € > 0 there exists k > n and a € [] X, such

n<i<k

that for all x,y € 2 with z | [n,00) =y [ [n,00) and z | [n,k) = a we have

A(F(x),F(y), k) <e

Proof. Fix n and € and let W = [[,_ X;. If x € 2 and s € W we can write

xz(s) =s+x [ [n,00). If k> nlet
Vi={x € 2 |3s,t € W(A(F(x(s)), F(x(t)),k) > €)}.

Since F' is continuous, Vj is open in 2. Let € M[.#] and s,t € W. As F(z(s)) —
F(z(t)) € A, there is k = k(x,s,t) such that A(F(x(s)), F(z(t)),k) < e. Since
W is finite, x ¢ Vi, and in particular (Vi N 2" N M[.#] = (. By Claim
there are k € N and U basic open set with V, N U = (). Note moreover that, by

definition of Vj,, for every y € 2~ we have that y € Vj if and only if y(s) € Vj for

all s € W, therefore we have that there exists an [ > k and an a € [[, ., Xi with
the property that
{reZ x| nl)=a}nNV,=0.
Since V; C Vj., [ and a satisfy the claim.
O
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For J C N denote Z; = [[..; X;, and ¢; = 27"

icJ
Claim 5.2.16. There are sequences n; < k; < n;y; and u; € Z; (where, for
simplicity, Z; = Z,,, ) with the property that if z,y € 2 are such that

niy1)

x| [ni,nig1) =y [ [ni,ni01) = w; then
1. x [ [n;,00) =y | [n;,00) implies A(F(z), F(y), ki) < €

2. 2 [ [0,ni41) =y [ [0,n:41) implies A(F (), F'(y), ki) <€

Proof. We construct such sequences by induction. Set k_; = 0 = ny and u_; = 0.
Suppose that we have found n;, k;_; and w;_; to satisfy the requirements of the
Claim. Using Claim we can find k; > n; and a; € Hni§j<ki X; so that
condition [I] is satisfied. We now apply continuity of F' to find n;yy > k; and
u; € Hnéj S X; with the property that u; [ [n;, k;) = a; and condition [2] is
satisfied. This concludes the proof.

]

Let V; = M[[n;,niy1)]. Every @ € M|N] can be seen as x = > x;, with z; € V.
Recall that Z; = Zj, np) = HmSKW+1 X is finite and since each 1y, € X,

we have 1y, € Z;. Fix a linear order of Z; and let
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mapping x to the first element of Z; that is within 2¢; from x. Note that each o; is
Borel measurable.

Note that since each X, is ¢;-dense we have that Z; is 2¢, -dense and, conse-
quently, 2¢;-dense. If z = > a;, with a; € Vi, let 2° = >, 09i(29;) and 2! =

> 09i11(2241). Then 2% 2 € 27 and © — 2° — 2! € ® My, as, coordinatewise,

we have ||z; — 2 — z}|| < 3e;.

Recall that u; € Z; was defined to satisfy Claim [5.2.16/and let «° and u! defined

as above. Define, for £ = 0,1 and x € Vo4,
Aoigi(r) = F(u' ™" + 09ipp(2)) — F(u'™").

Note that Ag;ix: M|[[noiir, noirrs1)] — A. Since u° and ' are fixed and o; is
Borel-measurable, so is each A;.

Let k; as fixed in Claim [5.2.16] We modify again A; on V; setting

Let
A=) AL

Since the ranges of the Al’s are orthogonal, A is a well defined asymptotically
additive map from M[N] to (A). In particular, since the value of A is completely

determined by the values of ¢;, and by our choice of X,,, A is a skeletal map.
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Claim 5.2.17. For every z € M[.9], A(z) is a lift for .

Proof. Write x = Y x; with z; € V;,. If = > z; and y = > y;, then we have
that, as i — oo, Al(x; +vy;) — Ai(x;) + Ai(y;), and so A(z +y) = A(x) + Ay).
For this reason, is it enough to prove that A(x) is a lift for x if zo; = 0 for all 1.
Recalling that, if 2! = Y~ o(2941), we have © — ' € @My, we can infer that
F(z)+ F(u®) — F(u® — 2') € A. In particular, we can apply conditions [1| and |2 of

Claim [5.2.16| to 2! and o9;41(72;11) to get that
H(A2i+1 (x2i+1) + F(u[)) - F<u0 + xl))<qk2¢+2 - qk2i+1)H <2 27%,

Since 2 - 272 is summable, and

1 - Z(Qki+2 - q’%+1) cA

)

we have that

Fu + 2" — F(u®) — Z Aoit1(22i41) (Qhyyo — Qhiyr) € A

()

For the multiplication on the other side, we can apply again [I| and [2] of Claim

0.2, 16l O
This concludes the proof of the Lemma. O

Remark 5.2.18. As asymptotically additive lifts are constructed as in the proof of

Lemma [5.2.12| (see, in particular, the definition of A} before Claim|5.2.17)), we have,
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for j=0,1and n € N,

ran(a,) C (g — @) Alge — @),

for some k, ! € N. For this reason, whenever we will consider «, 5 are asymptotically
additive functions a: [] Myp)y — M(A), B: [ Miy — M(A), we will assume
that

VnVm(a, By = 0).

5.3 Consequences of the lifting theorem

We analyze the consequences of Theorem In §5.3.1| we provide partial solutions
to Conjecture [2.2.18] and in §5.3.2| we state and prove results related to the consis-
tency of the existence of certain embeddings between corona C*-algebras, proving

in particular Theorem [C]

5.3.1 Consequences I: Trivial automorphisms

Recall that, if A is a separable C*-algebra, A € Aut(M(A)/A) is said to be trivial
if its graph

Ly ={(a,b) € M(A)Z, | Aln(a)) =7 (D)}

is Borel in the strict topology of M(.A)<;, where 7 denotes the usual quotient map.

The following is Conjecture [2.2.18
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Conjecture 5.3.1. Let A a o-unital C*-algebra. Then the assumption of Forcing

Axioms implies that every automorphism of M(A)/A is trivial.
The main result proved in this section is the following.

Theorem 5.3.2. Assume OCA,, and MAy,. Let A be a separable nuclear C*-
algebra admitting an increasing approximate identity of projections. Then every

automorphism of M(A)/A is trivial.

From now on, A will denote a separable, nuclear C*-algebra with an increasing
approximate identity of projections (g,). Given S C N, define gs = > {gn — qn-1 | n € S} €

M(A). (We set ¢_1 =0.)

Proposition 5.3.3. Let A be a separable C*-algebra with an increasing approrimate
identity of projections. Let {E,} be a partition of N into finite intervals. Let
J C P(N) be a nonmeager dense ideal and, for A C N, ¢§ = > a5, If a

projection ¢ € M(A)/A dominates each {m(¢5) | A€ F}, then q = 1.

Let (Y},) be an increasing sequence of finite subsets of A<, whose union is dense
in A, and (¢,) a sequence of positive reals converging to zero. Recall that, by
nuclearity of A, for each n € N we may find a finite-dimensional C*-algebra F,, and

cpc maps ¢,: A — F,, ¥,: F, — A, such that

|thn(dn(2)) — x| < €, ||| for all 2 € Y,
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Let P be the set of all partitions E = (E, | n € N) of N into finite, consecutive

intervals. We turn P into a partial order, with
EF<F —= VOOZEIJEZ U EZ'+1 - Fj U FjjJrl.

For each E € P set E° = (Fy, U FEy,,1 | n € N) and E' = (Eg,11 U Eg,40 | n € N)

(with E_; = (), and define, for f € N¥
Orp: M(A) = [ Fronax e and rp: [ Fromax e, — M(A)

as follows:

Dy p(t)(n) = OfmaxE,) (qE,.1qE,), and

\Ilf,E(x) - ZQEn¢f(maxEn)(xn)QEn for x = (xn) € HFf(maxEn)'

n=0
Since the projections ¢p, are pairwise orthogonal, and the norms of ¥ ¢(max g, (%n)
are bounded, the sum in the definition of ¥ p(z) is a well-defined element of M(.A).

The proof of the following is immediate from the definitions.

Proposition 5.3.4. For each E € P and f € NY, the maps ®; and ¥ are cpc.

Moreover

@f,E(A) g @Ff(maxEn) and \IlﬁE(@ Ff(maxEn)) g A
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The following is a crucial lemma for our construction, since it allows us to see
M(A)/A as union of “building blocks”. The proof resembles techniques used in

[32, Theorem 3.1] (see also [36, Lemma 1.2] or [4]).

Lemma 5.3.5. Let t € M(A). Then there are f € NY, E € P, and 2' €

II Frmaxgiy, fori=0,1, such that
t— (Uppo(a®) + ¥ypm(x') € A

Proof. If k € N and € > 0, then t¢; and gt are both in A, hence we may find ¢ > k
such that ||getqr — tak|| + [|axtqe — qrt|| < €. Applying this process recursively, we

may find 0 = kg < k1 < ky < --- <k, < --- such that for every n € N,

|
950 s tar, = tan, || + [|anatan,. — aut]] < 5

Let E, = [k, kny1) for each n > 0. Put

to = Z qEQnthQn + qE2n+1th2n _I_ qEQnth2n+1

n=0

tl = Z qE2n+1th2n+1 + qE2n+1th2n+2 + qE2n+2th2n+1

n=0
Then,
n=0
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Since the above sum has norm smaller than 27! it follows that ¢t — (' +t!) € A.

Now, for each n € N, choose f(n) € N large enough that for each i < 2,

lasit'as,, — Vi) (G (@ t'am))|| <

It follows that

t— U pi(Prp(t) € A

Setting 2" = @ p(t'), the thesis follows.

]

Let D[E] ={x € M(A) |z = qp,xqg,} and, for f € N define D[E] to be

the set of all z € D[E] such that

Vnvm > f(max E,)(||lqe, 295, — Ym(dm(ge,2q8,))] <27").

We define G[E] C D[E'] by letting © = Y qpix,qp € G[E] if and only if z,, # 0
implies z,, ¢ D[E°] and G;[E] = G[E] N D;[E"]. The following properties follow

from the definition and Lemma [5.3.5] above.
Proposition 5.3.6. 1. If f <* g and E € P, then n(D¢[E]) C w(Dy[E]);

2. Forall E <y F and f <* g then

(D4 [E°] + Dy [E']) € m(Dyg[F°] + Dy[F']);
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3. For every t € M(A) there are f, E, xq and x; such thatt — xy — z1 € A,
zo € Dy[E°], z1 € G4[E]. Moreover, if t is positive, xo and x1 may be chosen

to be positive.

Let A be an automorphism of M(A)/A. By Proposition [5.3.4} for each f and

E, the map

Uyt [ Frmax e/ @D Fromax ) — M(A)/A,
defined by
\I/}E(W@)) =n(¥sp(r)),
is a well-defined cpc map, and so is Ay g defined as

Af7E =Ao \I,,f,E: HFf(maxEn)/@Ff(maXEn) — M(A)/A

Lemma 5.3.7. Let E € P, and f € N such that

lign HC.IEn — ¢f(maxEn)(be(maxEn)(QEn))” — 0.

Suppose that oy p is an asymptotically additive map that is a lift of Afp on a

nonmeager ideal Z5p. Then ayp is a lift of Ay on
{Usp(2) | © € DIE] Alim s, 248, — ¥s(max £2) (S s(max £, (1)) || = 0},
that is, if x € D[E] and

lim ||QEnxQEn - wf(maxEn)(gbf(maxEn) ($)>“ — 0’
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then

(0 5(®1.5(2)) — Am(x)) = 0.

Proof. We will first show that a;g(®rg(1)) — 1 € A, and then prove that this is
sufficient to obtain our thesis. Recall that if £ € P and A C N, we have defined

qk =3 ,cadE,- ¢} satisfies that

HQETLQEQETL - 77Df(maxE'n)(gbf(maxEn)(qg))H —+0asn — oo.

If, in addition, we have A € .#; g, we have that

arp(Pre(gk)) — AMr(d})) € A,

since ®; p(q%) has support contained in #; g and ®; p(V; p(¢5)) — ¢§ € A. Since
ay g is asymptotically positive, being the lift of a positive map As g, we have that
p < q= m(a;pp) < wlaprp(q)). Therefore, since s p(gh) < 1, as an element
of T Ft(max £,y we have that m(a (1)) dominates m(aysp(Psp(dk))) = Alr(gh)).
Since A is an automorphism and 7(af g(®rr(1))) is a projection, we can apply

Proposition to have that
1-— Oéf’E(CI)fVE(l)) € A
Fix now z such that z € D[FE] and

lim ||qEn$qEn - ¢f(maxEn)(¢f(maxEn)($))H — 0.
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Let y such that 7(y) = A(7(x)) and define

I ={ACN | ap(Pre(qh))(are(®re) —n(y)) € A}.

This is an ideal containing .#;r and so is nonmeager. Moreover, since oy g is
strictly-strictly continuous, x, E, f, ®;p and y are fixed, and A is Borel in the
strict topology of M(A), .Z, is Borel. Since every Borel dense nontrivial ideal in
P(N)) is meager, we have .#, = P(N). Since N € .Z, and 1 — a;g(P; (1)) € A,
we have

m(aye(®re(r))) = Alr(r))) = 0

as required. O

Assume now OCA,, and MAy,. With in mind the definition of skeletal map

from [5.1.3], define
X ={(f,E,a" a") | o' is a skeletal lift of Asm on ®; zi(Df[E])}.

By Theorem [5.1.8] Lemma [5.3.7, and the fact that the asymptotically additive
maps in Lemma [5.2.12| can be chosen to be skeleta]EL for every £ € P and f € NN

there are a® and o' such that (f, E,a% o) € X.

Lemma 5.3.8. Let (f, E,a% at), (g, F, % 8') € X and ¢ > 0. Then there is M

such that for all n > M and x = qu 2, with ||z|| <1, if & € Df[E"] N Dy[FY]

3 The need of choosing skeletal maps instead of, simply, asymptotically additive ones, is in
that the set of all skeletal maps has a natural separable topology, see Proposition @
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we have
o (@ :(x)) = B (B ps ()| < e

Y a! such

Proof. We work by contradiction. Since for every f and E there are «
that (f,E,a% a') € X, modifying F and F if necessary, we can assume there
exist € > 0 and (f, E,a° a'), (g, F, 8%, 1) such that there is an increasing sequence

my <my <--- and z; = Qimimiy1) Tildim,miy) with ”'CEZH =1,z € Df[EO} n DQ[FO]

and such that for every ¢ we have that

|0 (@f po(2:)) = B(Dy o (w:))|| > €.
Let © = Y ;. Then x € D;[E°| N D,[F°]. Since (f, E,a% o), (g, F, 3% ") € X,

we have that for all z € D;[E°] N D,[F"],

(o (@ po(2))) = A(m(2)) = (B (Rypo(2)))-

On the other hand, by the definition of asymptotically additive map, for every n,

we have that there is m > n such that
img(cy)) img(a;),) = img(6)) img(5,,) = img(ay,) img(f,,) = img(6,) img(a,),) = 0

This is because, being a® and % asymptotically additive, the range of a? is con-
tained in a corner of the form (¢; — ¢;).A(g; — ¢;) (and the same holds for 39).
We can therefore find an increasing sequence ny such that for every [ > £k we

have that
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[0 (@50 (20,))0 (D 1,0 (20n,))

Na® (@550 (2,)) 8% (P, r0(4,)

)

18 (®g,ro (2,)) 0 (@ g0 ()| [| B°(@g 0 (2, ) B (D 0 ()))]| = 0

Setting Y = J[mn,, Mn,+1) and z = gyxqy we have that z € D;[E"] N D,[F"],

|z|| =1 and

[7(a® (@ p0(2)) — B(@yp0(2)))]| >

lim sup Hao(q)f,Eo(xnk)) — ﬁo(q)g,FO ('rnk))” > €,

a contradiction to the fact that (f, E,a° at), (g, F, 3° B') € X.

For a fixed € > 0, define a coloring [X]? = K§U K{ with

{(f? E7a07a1)7 <g7F7/807/80)} E KS

if and only if there is n € N and = = ¢,2¢, with ||z|| = 1 and such that one of the

following conditions applies:
1. z € D¢[E') N Dy[F] and [|a® (P po(x)) — BO(Py ro(2))|| > €
2. x € Gy[E] N Dy[F°] and [la(®f,p1(x)) — 5Py po ()| > €

3. € Df[E°l N G,[F] and [|a®(®f po(x)) — B Dy pi(2))|| > €
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4. x € G{[E]NG,[F] and ||a' (P pi(z)) — BHD, i (2))| > €
Proposition 5.3.9. For every e > 0, K§ is open in some Polish topology.

Proof. Fix € > 0. Let Z = (NV)? x Skel(.A)? with the product topology Skel(.A) is
the set of all skeletal maps with the uniform topology as in Definition [5.1.3] and
N is endowed with the Cantor topology.

This topology is Polish. Moreover, X C Z and conditions 1.-4. above are open

in this topology hence so is K.

]

Lemma 5.3.10. Assume b > wy. Then for every € > 0, there is no uncountable

K§-homogeneous set.

Proof. By contradiction, let € > 0 and Y be a Kj-homogeneous set of size R;. We
will refine Y to an uncountable subset of itself several times, but we will keep the
name Y to not confuse the reader.

As b > wy, we can find f and E with the property that for all (f, E) such
that there are o, a! with (f, E,a%a') € Y, then f <* f and E <, E. By the
definitions of <* and <j, we have therefore that if (f, F,a’ a') € Y there are ny
and mg with the property that for all n > ny and m > mg we have f(n) < f(n)

and that there is k£ such that E,,UE,, 1 C Ek U Ek+1- By the pigeonhole principle,

we can refine Y so that ny =7 and mp = m, whenever (f, E,a’ o) €Y.
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Fix now (E, f,a", a') € Y and &° &' such that (f, E,do,dl) € X. Thanks to
Lemma [5.3.8, we can find M > m such for all n > M and = = qpr,n)7qar,n With

|z]| <1 then if z € D;[E’] we have

< €/2. (5.5)

Z (‘I)sz QE“TQEZ Z Dy pi Eﬂquﬂ'»
k

l

By another counting argument we can suppose that the minimum M such that this
hold is equal to a given M for every element of Y. Again using pigeonhole, we can
assure that for all i <n and j < M +1 we have that if (f, E,a°, at), (g, F, 8%, 8) €
Y then f(i) = g(i) and E; = F};. Note that K = max Fy; > M.

Note that, for every i such that 2i < M and (f, E,a° o), (g, F, 5% 8') €Y,
the domains of a? and of Y are the same, as well as the domains of o} and £},
as there are only countably many finite-dimensional C*-algebras. Therefore, for
T = qrrqr, © € Df[E"] implies that ®; go(x) = @, po(z) and if x € D,[F*] then
Py g () = @y p1(z). Since the space of all skeletal maps from > o, 57 Fry) — Ais
separable in uniform topology, we can refine Y to an uncountable subset of it such

that whenever (f, E,a° a'), (g, F,3° 8') € Y and i is such 2i < M, then
(01) [laf = 87|l < €/(2M);
(02) llaj = Bl < e/(2M).

This is the final refinement we need. Pick (f, F,a% al), (¢, F,(% 3') € Y and x
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witnessing that. Then x = g, )7qpn for some n,n" € N. If n’ < K, then, since
E; = F; for all i such that ¢g,zqp, # 0, we have that either z € D;[E°] N D,[F"],
or x € G[E] N G[F]. If the first case applies, we have a contradiction thanks
to condition while the second case is contradicted by condition . It
n > M, then leads to a contradiction. Finally, if n < M < K < 7/, we can
split z = y + 2z where y = qurqr and z = q Tk, for some k < K, since z €
D+ f[E°]. We obtain a contradiction noting that € D;[E°] implies a®(® po(z)) =
(@ po(y)) + a’(Pfpo(2)) (the case of x € Gy[E] is treated similarly).

O

Fix ¢, = 27% and write X = {J, Znx where each 2, is K{*-homogeneous,
thanks to OCA,,. Since <* X <; is a o-directed order, for every k € N, we can

find D;, and %}, such that

e D, is a countable dense subset of %;;
e % is Ki*-homogeneous;

o % is <* x <;-cofinal.

Lemma 5.3.11. Suppose that o, 1 are such that there are nY, n; and {(fi, E;,a, o)) C

Dy, forl € N such that
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(1) for every l there is i such that

max(E;)y = n) and max(E)y1 = nj;

(2) if I <1 then for every i such that max(E;); < max{n,n}} we have (Ey); =

(E)); (the E;’s extend themselves) and fi(i) = fy (i)

(3) Qn?xOQn? S ‘Dfl [El()]’ inlxl%lll S Gfl [El]

Then
W(li}nZ a?(fl)fl,Elo (Q(n?,ng+1]x0q(ng,ng+l}))) — A(m(z0))|| < 10¢g
<l
and j
w(li%nz all ((IJfl,E} (Q(n}7ngl_+l}x1Q(nJ1_7n}+l]))) — A(m(z1))|| < 10¢.
j<l

Proof. We prove the statement for x, since the proof in the case of x; is equiva-
lent. Given {n},en and ((f1, B, a?, o)) as in the hypothesis, we can construct the
partition E defining E, = (E)), if max(E;), < n!. Note that by condition , E

is well-defined. Define

L0,m = 4y, 0B 41 Y09 By U -

It is clear from the definition of E that zo = > Zom- We can then pick f big
enough such that zo € D[E°], since xo € D[E?).
Since %, is <* x <j-cofinal, there is (g, F,a° al) € % such that f <* g and

E < F. By definition of <y, we have that for every n big enough there is a
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minimal m = m(n) such that E,, U E2n+1 C F,, U F,, 11, therefore we can write
uniquely, according on whether zg, € D;[E°] or xg,, € G¢[E], zg = 20 + 21 with
z9 € Dy[FY], z1 € G,[F]. Note that 7(a®(®, ro(20))) = A(m(20)), and similarly

a!(®, 1(21)) = A(m(21)). On the other hand, since for every [ we have
{(f. Bty q), (9, F.a®, 0h)} € K7
by homogeneity of %, if m < n{ we have that
| (@0 (@0)) = Q@0 (@0, | < i 0 € DyF)
and

|8 (6520 (wom)) = 0@y 1 (w0m) | < e if 0,m € Gl F.

Since, modulo A,

20 = § Zom and 2z = E To,m,

m|zg,mEDy[FO] m|zo,mEGy[F]
passing to strict limits of partial sums we have the thesis.

]

The following lemma provides the last step through the proof of Theorem [5.3.2]

Recall that I'y is the graph of A.

Lemma 5.3.12. Assume OCA,, and MAy,. Let A, g, and A as before and a,b €

M(A)L,. The following conditions are equivalent:
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(1) (a,b) € Ty;

(1) For every k € N, there are xo,x1,y0, i1 € M(A)L, such that w(a) = m(xo +

z1), ©(b) = 7(yo+y1) with the property that there are two sequences nY,nj and

(fi, Ei,?,a})) a sequence of elements of Dy, satisfying conditions of

Lemmal5.5.11

(4)

lignZa?(CDfi,E? (q(ng,n?+1}xOQ(nQ nd ])) —Yo|| < O€k

777 +1
j<i

(5) and

lilm Z ail(cbfi’Eil (q(”al"”;+1}x1q(”31""11‘+1]>> — || <56

j<i
where both limits are strict limats.

(iii) For all z°, z', y° and y' positive elements of norm < 1, if w(2° + 2') = 7(a)
and for every k € N it is true that there are sequences n),n} and (f;, E;, a°, ')

satisfying conditions of Lemma|5.3.11 and then w(y° +y') =

7(b).

Proof. Suppose that holds and fix £ € N. By cofinality of %} we may find
(f, E,a° a') € %, and x, 7, positive with the property that 7(a) = 7(zg + 1),
zg € Dy[E"] and z; € G,[E], thanks to Lemma and Proposition Let

Yo = a%(Pypo(xo) and y1 = a'(Pfpi(z1)). Since o and o' are chosen so that
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(f, E,a% a') € X, we have that 7(yo +y1) = 7(b). Let n®, = n!; = 0 and suppose
that n0,n! and (f;, E;, o, a}) € Dy are constructed. By density of D;, we can find
1" 1

nfy >nd, nd > nl and (fip1, By, of, o) € Dy with the property that
o (E41); = E; for all i such that max E; < maxn,;, nf,,,
e there is ¢ such that max Ey; = nf,, and j such that max Eyj = nj,,
e if max F; < maxnj,,,ny,, then fi11(2) = f(q).

In particular such a construction ensures that conditions |(1){(3)| of Lemma [5.3.11
are satisfied. Moreover, since for each [ we have that (f, E,a", o), (fi, B, o, af) €

Ki*, we have that for all j € N

a?(q)fi,E? (Q(n?,n?+1}x0q(ng,n?+l])) - ao(q)f,EO (q(n?,ng+1]xOQ(ng,n?+l})) H < €k,

SO

lim > a®(y p0 (40,09, 170003, 1)) = 0 (P po0) || < 2.

J<i

Since

Yo = Oéo(q)ﬁEOl'o) = llfnz O{O(@LEO (Q(n?7n?+1]$0q(n?7n§)+l})),

J<i

applying the triangular inequality we get . A similar calculation leads to |(5)]
and so we get .
Assume now We should note that conditions in particular are

implying that ||A(7(xo)) — 7(yo)|| < e and ||A(7w(z1)) — 7(y1)|| < €, therefore
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follows. For this reason, we also have that implies . Similarly pick
a,b € M(A)<; both positive. If there are xg,z1,yo0, 71 satisfying that for every
k there are nY,n; and (f;, E;,af,a}) € Dy, satisfying conditions (5)l and such
that 7(zo+x1) = 7(a), then we have that 7(yo +y1) = A(m(zo+ z1)). If[(iiD) holds,

the left hand side is equal to 7(b), hence (a,b) € T's, proving [(i)} ]

Proof of Theorem[5.3.3 Condition |(ii)| gives that I'y™ =T’y | M(A)Z; x M(A)L,
is analytic, while ensures that the graph is coanalytic. Consequently F}(Jr is
Borel. As (a,b) € T'y if and only if (a+a*,b+0%), (a —a*,b—b*) € I'y and that, if a
and b are self-adjoints then (a,b) € I'y if and only if (|a|+a, |b]+b), (|a| —a, |b]| —b) €
F/l\’+ and since addition, *, and absolute value are strictly continuous operations we

have that I'y is Borel. O

5.3.2 Consequences 1I: Nice liftings and non-embedding theorems

In this section we explore more consequences of the lifting result Theorem [5.1.8|.
Recall (§2.1.2)) that an ideal .# C P(N) is said dense if Fin C .# and for every

infinite X C N there is an infinite Y C X such that Y € .#.

Theorem 5.3.13. Assume OCA,, and MAy,. Let & C P(N) be a meager dense
ideal and A a separable C*-algebra admitting an increasing approximate identity of

projections. Then, for any choice of nonzero unital C*-algebras, there is no unital

embedding ¢: [[ An/ D, A = M(A)/A.
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Proof. For X C N we denote by px € ¢ the canonical projection onto X, and by
Px its image in o, /co.

We argue by contradiction. Since each A, is unital, we can find an embedding
ls/cy — 1AL/ @, A,. We will prove that such an embedding cannot exist.
Since .# contains all finite sets, ¢y C ¢, and we can consider 7: lo/co — loo/Csr

the canonical quotient map. Let
Y=¢om: ly/co — M(A)/A.

By Theorem there exists an asymptotically additive o and a ccc/Fin ideal
# on which «a is a lift of ¢. By Theorem we can assume that « is a *-
homomorphism. Since _# is ccc/Fin, and so nonmeager, we can find an infinite
Xe g\J.

Then a(px) is a projection, a(px) ¢ A. Since « is an asymptotically additive
*-homomorphism, a = )+ a,(1), and so there is ng such that for all n > ng we
have ||, (1)|| = 1. Note that all «,(1) are orthogonal to each other. In particular
we have that for all infinite Y € _#, m4(>_,cy (1)) is a nonzero projection, and
so ||maa(py)|| = 1. ma: M(A) - M(A)/A being the canonical quotient map. Let
Y C X be infinite, Y € . N ¢, by density of .#. Since « is a lift on ¢ we have

that

0= [[v@y)ll = Imalaley))] = 1,
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a contradiction. O

Note that the role of Forcing Axioms in the hypothesis is crucial. In fact, for
every given ideal .# containing Fin we have that Th({w/co) = Th(l/cs). In
particular, by countable saturation of f/cy (see [43] or [31]) under CH we have
that (. /cs embeds into ¢, /cy, by Theorem

Theorem has many corollaries. The prototypical separable C*-algebra

with an increasing approximate identity of projections is K(H).

Corollary 5.3.14. Assume OCA and MAy, and let & C P(N) be a meager
dense ideal. Let A, be unital nonzero C*-algebras. Then [[ A,/ @ , A, does not

embed into the Calkin algebra or into ] M)/ @ M-

Proof. That there is no unital embedding of [[A,/ &, A, in C(H) is Theo-
rem [5.3.13, As every cut down by a projection of C(H) is isomorphic to C(H),
this concludes the proof. The second statement follows from that every cut down

by a projection of [[ My(n)/ @ M) embeds unitally into [[ M,/ @ M,,. O

Corollary [5.3.14] together with Theorem [3.1.16} proves this generalization of
Theorem [DI

Theorem 5.3.15. Let .# C P(N) be a meager dense ideal.

That [[An/ @ , An does not embed in the Calkin algebra for any choice of A,

unital nonzero C*-algebras is consistent with ZFC;
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That [[An/ D, A, embeds in the Calkin algebra for any choice of A, unital

nonzero MFE C*-algebras is independent from ZFC.

Instances of the following theorem where showed to be valid in a model of set

theory (obtained via the use of forcing) by Ghasemi in [45].

Theorem 5.3.16. Assume OCA, and MAy,. Let A, be unital infinite-dimensional
C*-algebras. Then [[ A,/ @ A, doesn’t embed into [[ My @ Miwy, for any

choice k(n).

Proof. By contradiction, let A, be unital and infinite-dimensional and A: B =
[TA./ DA, = T[] Miw)/ €D Myn) be an embedding. Since [] Mym)/ B Miw)
embeds unitally into [[ M,,/ @ M, we will assume that k(n) = n. Also, as every
corner of [[ M,/ @ M,, is isomorphic to [[ Myn)/ €@ M) for some sequence k(n),
we can assume that A is unital.

Let (o /co C Z(B), be the canonical copy generated by the image of p4, A C N,
where (pa), = 1 if n € A and 0 otherwise. Let o = >  av,: oo — [[ M, be the
asymptotically additive map which is a lifting of A [ £, /co on a nonmeager ideal .#.
By the definition of asymptotically additive there are increasing sequences n;, m;

with n; < m; such that the range of «; is contained in [] M;. Note that we

ni<j<m;

are not requiring, at this stage, that m; < n;,;.

As A | loo/co is a *-homomorphism by Theorem we can assume that each
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; is a *-homomorphism whose range is included in [, j<m; Mj and a = Sy is
1=J = K

a lift for A | loo/co on &

Fix B; = [],,<j<m, Mj and let R; be a natural number so large that there is
no set {zx}r<r, C (B;) with [|zpz| < 3 and § < |lzg|| < 2 for all k,1 < R;. The
existence of such a number is possible since each B; is finite dimensional.

For every 7 fix 2R,;—1 pairwise orthogonal positive elements of norm 1, vy, ..., Yar,—1

and let yop, =1 — >, ¥;. (Choose the y;’s so that [[yag, 1] = 1). Let
Yi: MZR«L — AZ

be the map given by

vi(r) = > e me; 5y,
J<2R;
where e;; is the class matrix unit for Myg,. Note that e;;xe;; is a complex num-
ber, and so each ~; is a linear *-preserving positive map. Fix I' = >~ v;: [[ Mag, —
[]A;. Note that I'(6D Mag,) C € A;, and so I' induces amap I': [ Mag,/ @ Magr, —
[TA:/ @ Ai. Let A =Aol”. It is easy to see that A satisfies the hypothesis of

Theorem [5.1.8, in particular Equation of §5.1] as each v; is unital. Since we

assumed OCA,, and MAy, there is an asymptotically additive map

5225n HM2RZ _>HMn

which is a lifting of A on a nonmeager ¢ . Since the intersection of two nonmeager

ideals is still a nonmeager ideals, we can assume . = ¢.
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Bilej i) Bilexr)| =0

Claim 5.3.17. e lim; sup, yop,
o lim; sup; op, [|Bi(ej ;)| = lim; inf;<op, [|8i(e;;)|| = 1
o lim; sup;op, [|Bi(ej;) — 15,8i(€j)1p,]| = 0

Proof. We will only prove the first statement, as the proof for the second and third
is precisely the same, and we therefore leave it to the reader.
The proof is similar to the one of Proposition [5.1.5, Suppose that there is € > 0

and infinite sequences 1, j;, k; with the property that j;, k; < 2R;, and

185, (€51.5,) B (e ) || > €

Fix X C {4} with X € &/ = #Z. Let a,b € [[ Mg, defined as a, = e;,,, if
n =1 € X and 0 otherwise and b, = ey, if n = ¢ € X and 0 otherwise. In

particular it follows that
[m1(B(a))m(B(D))[| > €,

where m1: [[M,, = [[ M,/ @ M, is the canonical quotient map.
On the other hand, since X € .#, we have that 5(a) and [5(b) are liftings for
A(m(a)) = A(I"(n(a))) and A(xw(b)) = A(I"(7(b))), = denoting the quotient map

T HMQRi — HMQRi/®M2Ri, that is

m(B(a)) = A" (x(a))) and m (5(b)) = A" (x())).
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On the other hand, by the definition of I" we have that, for m: [[A, —

[TA./ D An,
[(w(a)) = m2(I'(a)) = ma(z), and I"(x (b)) = ma(I'(b)) = ma(2)

where x = I'(a) and z = I'(b) are such that z,, = v,(ej,;, = v, € A;, and z, =
(€, = Uk, € Ai, if n =14, € X and 0 otherwise. Since j; # k; < 2R; we have

that zz = 0, and so m(z)m(2) = 0 meaning that I'(7(a))I"(7(b)) = 0 and so

0= A(I"(m(a)))A(I (7 (b)) = m(B(a))m(B(b))
a contradiction. O

As i is large enough, ¢; ; = 15,6;(e; ;)1g,, for j < 2R; are 2R; — 1 elements of B;
of norm greater than 1, less than 2, and such that ||c; jc;y|| <  whenever j,1 < 2R;,
a contradiction to our choice of R;.

]

Another interesting application occurs when one considers embeddings of the

form

o0 [ Micwy/ D Mgy — M(A)/A.

Theorem 5.3.18. Assume OCA,, and MAy,. Let k(n) be a sequence of natural

numbers, A be a separable C*-algebra with an increasing approximate identity of
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projections and
b HMk(n)/ @Mk(n) — M(A)/A.
be a unital embedding. Then there is a *-homomorphism
o [ My = M(A)
and a ccc/Fin ideal & such that ® is a lifting of ¢ on 7.
Proof. This is Theorem together with Theorem [5.1.6] O

In case the map ¢ is an isomorphism, we are able to enlarge .7.

Theorem 5.3.19. Assume OCA,, and MAy,. Let A be a separable C*-algebra with
an increasing approximate identity of projections and suppose that || Mg/ @ M)
and M(A)/A are isomorphic. Then there is a projection ¢ € M(A) and k € N

such that

1—qe A qAq= P My and gM(A)q = [ My

n>k n>k
Moreover, if A: T[] Mywy/ @ Miwmy — M(A)/A is an isomorphism, there is a

*-homomorphism ® which a lift of A,
gb: HMk(n) — M(A)
and a k € N for which ¢ | ank My(ny is an isomorphism.
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Proof. We will prove the second claim, from which the first follows easily. To
simplify the notation, we will assume that k(n) = n, but the reader will see that
the proof goes through for any choice of the sequence k(n). By 7, m; we denote the
canonical quotient maps 7: [[ M,, — [[ M,/ @ M,, and 7 : M(A) - M(A)/A.

Let A be an isomorphism

A: [ Mo/ @ M, — M(A) /A

and ¢: [[ M, = M(A) be a strict-strict continuous *-homomorphism which is lift
on a ccc/Fin ideal .#, as ensured by Theorem

We argue as in Lemma to get that .# = P(N). We first prove that
m(¢(1)) = 1. Recall that if A C N, p, denotes the projection in [[ M, such
that (pa), = 1 if n € A and 0 otherwise. Note that if p € [[ M,, is such that p
is a projection dominating each pa, for A € #, then p = 1, as .# is dense (see

Proposition [5.3.3)). Let r = m;(¢(1)). Then for all A € .
A7) = AN (@ (6(pa)) = A7 (A(Pa)) = pa

and so A71(r) = 1, that is r = 1.
We now prove that .# = P(N). Fix ¢ € [[M, and y € M(A) such that

A(m(x)) = m1(y), and let

Fo ={ACSN|o(pa)(d(x) —y) € A}.
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Since ¢ is strictly-strictly continuous, x and y are fixed, and A is Borel, .#, is Borel.

On the other hand, .# C .#, and so .%, = P(N). As N € .7, we have

Consider now ¢ = ¢(1). With p, = ¢(1,), where 1, = Py € M, and ¢, =
> <n Pn, we have that g, is an increasing sequence of projections converging (strictly)
to ¢, and so is an approximate identity in ¢Aq. Also, whenever X C N then the

projection px =Y. _ Py is such that if a € M(A) then
pxa—apx € A,

as 7(px) is central in M(A)/A.
By Lemma there is ng such that p, is central in (¢ — gn,)A(¢ — gn,) for

all n > ng, therefore we have that

(4= Gno) A(q = Gng) = €D PnApn.

n>ngo

Claim 5.3.20. There is k > ng such that if n > k then ¢ [ M,,: M,, — p, Ap, is

an isomorphism.

Proof. Note that there is k such that if n > k then ¢ | M, is nonzero. If not there
is an infinite sequence n; such that ¢ [ M,, = 0, then, with X = {n;}, we have
that ¢(px) € A, a contradiction to 1 = ||A(7(px))|| and that ¢ a lifting of A. Since

each M, is simple, every ¢ | M, for n > k, is injective.
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We now want to show that ¢ [ M, is eventually surjective. If not, there is an
infinite sequence k; such that ¢ [ Mj, is not surjective. In this case, the vector
space ¢ | My, is properly contained in the vector space py, Apy,, and so there is
a; € pg, Apg, with d(a;, ¢ | My,) =1 and ||a;|| = 1. Fix a =3 a; € M(A) \ A, and

let b € [ M,, with the property that
A7 (mi(a)) = 7 (b).
Since ¢ is a lifting of A, we have that an(gzﬁ(g) - d)an — 0, a contradiction. [

By setting ¢ = ¢ — ¢,, we have the thesis. O
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6 Some open questions

In this chapter we list few open questions and discuss the future prospective devel-
opments of the research carried over in this thesis.
Regarding the study of different layers of saturation studied in Chapter [3] we

recall Question [G}

Question 1. Under CH, is there an infinite-dimensional countably degree-1 satu-

rated algebra of density character N; with only ¢-many automorphisms?

As every corona of a c-unital C*-algebra is countably degree-1 saturated, by
[37], a negative answer to this question would solve Conjecture [2.2.17]

Another problem concerning the different layers of saturation is to understand
if, and when, they can differ. In [43], the authors exhibited many examples of
corona failing to be countably saturated, showing the existence of abelian ones (if
X ={(z,y) € R* |z =0 or y € N} then X \ X has only countably many clopen
sets). All such examples fail to be quantifier-free saturated.

Question 2. [s every countably quantifier-free saturated C*-algebra countably sat-
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urated?

Examples of algebras which are not known to be, or not to be, countably sat-
urated are M /KCy;, where M is a Il -factor with separable predual and Ky, is its
unique ideal of finite trace elements, and C'(SX \ X), where X is R", for n > 2.
An open question, related to saturation, asks whether these spaces can be universal
across continua. If C'(BR™ \ R™) is countably saturated, then we have a positive

answer to the following.

Question 3. Assume CH. Does SR"™ \ R" surjects onto every compact connected

space of density character ¢?

Turning to show that certain coronas have large automorphisms groups under
CH, we analyze the construction of X as in §3.3.2] In this case, the obstructions
preventing the currently known methods to construct an homeomorphism of 5X\ X
different from the identity (such an homeomorphism would have to be necessarily
nontrivial), can be generalized to construct higher dimensional versions of X with
the same properties. On the other hand, it seems that, if one were able to show that
FX \ X has nontrivial homeomorphisms under CH, then one could generalize such
proof to the higher dimensional analogues of X. Similarly, in the nonabelian case,
it is possible to identify a C*-algebra A for which the current methods provided

by Farah and Coskey do not apply in the search for a nontrivial automorphism of
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M(A)/A. Solving this test case should give an idea to the difficulties one has to
overcome to solve the general conjecture.
Again in the noncommutative setting, we can turn to analyze the structure of

corona of non necessarily o-unital algebras, in the spirit of §3.2

Question 4. Let M be a Il -factor with separable predual. Is it independent from

ZFC whether M /ICy; has only inner automorphisms?

Regarding the applications of forcing axioms to show all homeomorphisms of
a Cech-Stone remainder are trivial, a partial result was provided by Farah and
Shelah. Recall that if b C X is a closed set, one can canonically associate to b a

closed set, namely b\ b. Unless b is compact, b\ b is nonempty.

Definition 6.0.1. Let ¢ € Homeo(SX \ X). We say that ¢ has a representation if

for all b C X closed there is a closed set ¢ C X such that ¢[5b\ b] = Gc\ c.

Having a representation is weaker than being trivial, in fact, every trivial home-
omorphism has a representation. In case Forcing Axioms are assumed the two

definitions coincide.

Theorem 6.0.2 ([43, Theorem 5.3]). Assume PFA, let X be a locally compact
Polish space and let ¢ € Homeo(BX \ X). If ¢ has a representation then ¢ is

trivial.

197



Reading through their proof, it seems it would be possible to ask only for a local

representation instead.

Definition 6.0.3. Let ¢ € Homeo(8X \ X). We say that ¢ has a local repre-
sentation if for all b C X closed and noncompact there are ¢,d C X closed and

noncompact, with ¢ C b, and such that ¢[fc\ ¢] = pd \ d.

Question 5. Assume PFA. Let X be Polish and locally compact and ¢ € Homeo(8X'\

X). If ¢ has a local representation, is ¢ trivial?

A test case in analyzing which homeomorphisms of X \ X have a (local) repre-
sentation, under the assumption of some Forcing Axioms, is given if X is the disjoint
union of countably many compact sets X,,. In this case, Co(X) = @ C(X,,) and
C(BX\X) = ]]C(X,)/ P C(X,). Ulam stability type results of Sémrl ([89]) show
that every trivial homeomorphism of X \ X corresponds to a *~homomorphisms
[1C(X,) — [ C(X,) which is a *-isomorphism up to finite indexes. The (topolog-
ical) study of the possible copies of fw \ w inside SX \ X, and of which ones come

from sets of the form £b\ b, is key in obtaining results similar to Thoerem [5.3.19|

Conjecture 6.0.4. Assume Forcing Axioms. Let X,,, Y,, be compact and Polish,
and X (resp. Y) be the disjoint union of the X,,’s (resp, the Y,’s). Then for every

isomorphism ¢: C(8X \ X) — C(BY \ Y) there are kq, ky and an isomorphism

[T cex) = I ctva)

n>ki n>ka
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which is a lift of ¢.
In particular there is an f which is an almost permutation of N such that X, is

homeomorphic to Yy, for all n on which f is defined.

Again analyzing reduced products, and turning to the non abelian case, here is

what is known:

Theorem 6.0.5 ([66]). Assume Forcing Azioms. Let A,, B, be unital separable
UHF algebras. Then [[An/ @ An = [[Bn/ D B, if and only if there is f, an

almost permutation of N, such that A, = By whenever f(n) is defined.

Given an isomorphism of reduced products of unital separable UHF algebras,
the difficulties in always obtaining a *-homomorphism which is a lifting, rely in
that it is not known whether an e-morphism between such algebras is uniformly
close to an actual morphism. With in mind the definition of Ulam stability (see
Definition , and denoting by AF, the class of all unital simple separable AF

algebras, we state the following conjecture:
Conjecture 6.0.6. The following are equivalent:

1. Under Forcing Axioms, for every choice of {A,} C AF; every automorphism

of [TAn/ @ A, has a lifting which is a *-homomorphism;

2. (AF,, AF;) is Ulam stable;
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3. for every € > 0 thereis § > 0 such that for every A € AF, and two representa-
tions my, my: A — B(H) with dgg(m(A), p2(A)) < 0 there is an isomorphism

¢: A — Ay with ||m1(é(a)) — m(a)|| < e for all a € A;.

If one wants to state conjectures regarding isomorphisms of reduced products,
while remaining in the setting in which Theorem [5.1.8 applies, one can go beyond
the classes of UHF or simple AF algebras and consider the class of all unital nuclear
simple separable algebras. To generalize McKenney’s Theorem to this setting,
one would have to state and prove results of stability nature for maps which are not
necessarily almost *~-homomorphisms, but are only almost cpc maps. This is because
nuclear C*-algebras can be seen as limits in the category of finite-dimensional C*-

algebra where the maps considered are completely positive contractions.

Question 6. Is every approximately cpc map from a finite-dimensional A to a

C*-algebra B close to a cpc map by a factor independent from A and B?

A positive answer to Question [f] would open the door to the formulation of a
strong rigidity result, again in the spirit of Theorem [6.0.5, but when considering

N, the class of unital separable simple nuclear algebras.

Conjecture 6.0.7. Assume Forcing Axiom. If A, B,, € N, then [[ A,/ P A, =
[[B./ @ B, if and only if there is f, an almost permutation of N, such that

Ay, = By, whenever f(n) is defined.
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Again as before, to obtain an actual *-homomorphism which is a lift for an
isomorphism between reduced products of objects in N, it is conceivable to state
conjectures relatively to whether or not (Ns, Ns) is Ulam stable. The latter seems
to be a very hard problem, and it has been open, even in the case of unital separable
UHF algebras, for more than 4 decades, when the first discussion of these sort of

phaenomena appeared in [80] (see also [19] or [20]).
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