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Abstract

Numerous mathematical models have been implemented since the COVID-19 pandemic, with
most using large compartmental models which indirectly restrict the generation-time distribution.
The continuous-time Kermack-McKendrick epidemic model of 1927 (KM27) allows a random
generation-time distribution, but there is a disadvantage where the numerical implementation is
too much. Here, the pre-symptomatic stage was further included in the recent discrete-time SEIR
KM27 Model formulated in Diekmann (2021). With discrete-time models being general, flexible
when including public health interventions and easier to implement computationally than
continuous-time models, it is a powerful tool for exploring infectious diseases such as COVID-19.
To demonstrate this potential, a numerical investigation is performed on how the incidence-peak
size depends on the model components. It was found that compartmental models predicted lower
peak sizes with the same reproduction number and initial growth rate than models in which the
latent, pre-symptomatically infectious and symptomatically infectious periods have fixed duration.
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Chapter 1

Introduction

1.1 Discrete-Time Model

Kermack and McKendrick began the study of compartmental epidemic models in the context of
single-epidemic outbreaks many decades ago [1]. Fast-forward to the present, infectious diseases
such as AIDS, Ebola and COVID-19 are becoming a part of normal life [2]. Tragically, they can
spread and result in a great number of deaths. Therefore, it is essential to use the best management
methods available to combat these extreme consequences. The only way to try to compare the
effectiveness of these methods is to formulate appropriate mathematical models that help us make
predictions [3]. Most mathematical models in epidemiology are formulated in continuous time
quite possibly because of the amount of analytical tools available for their study [2]. However, the
discrete-time model promises to become a powerful tool for exploring control scenarios for

specific infectious diseases such as COVID-19 [4].

Continuous-time and discrete-time models are two faces of the same coin. Discrete-time models
are represented by systems of difference equations and are more efficient than continuous-time
differential equation models because discrete-time models do not require numerically intensive
integration [5]. They are easier to implement since the probabilistic background of the models is
easily revealed [6]. In comparison, the numerical solutions of continuous-time renewal equations

present a great challenge [7].

Although the processes studied take place in continuous time, discrete bookkeeping schemes
should be considered in order to relate directly to the data [1, 4]. Census data are often collected

1



at regular intervals, therefore on a discrete-time basis [4]. These data may be daily or weekly
incidence rates in fast-moving epidemics such as influenza, SARS, or Ebola; or monthly or annual
rates in slower-moving epidemics such as HIV or Tuberculosis [5]. In long-running epidemics that
have a seasonal component, such as Tuberculosis, the effects of seasonality can only be estimated

from a model if incidence rates are reported monthly or at least quarterly [8].

The numerical implementation of discrete-time models is straightforward, with simulations being
easily performed to compute outbreak dynamics [4]. They are general, flexible and user-friendly
when it comes to fitting to epidemic outbreak data rather than continuous-time differential
equations. They are also much more readily extended to include heterogeneity such as
asymptomatic infection, public health interventions, demographics and other types of stochasticity
[4, 9].

Parameters from discrete-time models are related rather directly to surveillance data without the
need to make additional model assumptions about the duration of, for instance, the infectious
period [4, 10]. Parameters like transmission and recovery rates can be estimated by comparing the
discrete model’s predictions with observed data and help with understanding the dynamics of the
underlying disease. Discrete-time models may not only be widely used to detect the pathogenesis
of infectious diseases but also make a great contribution to the prevention and control of infectious
diseases [11]. By including different intervention strategies in the model, researchers can simulate
their effects and assess their potential effectiveness in diminishing the spread of infectious

diseases.

1.2 Motivations and Objectives

As the number of COVID-19 cases increases, physical distancing, washing and sanitizing of hands
often, and wearing of face masks are strongly encouraged [12]. The goal of this practice is to flatten
the curve of new infections to avoid a surge of demand on the healthcare system, but the effects of
physical distancing may take weeks to appear [13]. While many national governments have now
put an end to COVID-19 restrictions, scientists have warned that endemic circulation of SARS-
CoV-2, perhaps with seasonal epidemic peaks, is likely to have a continued important disease

burden [14, 15]. Additionally, virus mutations can be unpredictable, and a lack of effective



surveillance or adequate response could enable the emergence of new epidemics or pandemic
COVID-19 patterns [14, 15].

To eliminate the burden on the healthcare system while also providing the best possible care for
patients, a reliable prognosis for COVID-19 remains important to inform decisions regarding
personal protective equipment (PPE) shortage, vaccination, treatment, and hospital or intensive
care unit (ICU) admissions [14, 16].

Healthcare workers rely on PPE such as gloves, medical masks, respirators, goggles, face shields,
gowns and aprons to protect themselves and their patients from being infected and infecting others
[16-18]. A decline in the supply of healthcare due to worker illness combined with intensified
demand for care causes the healthcare infrastructure to become unstable and, therefore, reduces

the quality and quantity of care available [17].

To reduce the mounting burden of COVID-19, vaccine development and distribution have
occurred at an unprecedented speed and efficiency [19]. Vaccination strategies aim to protect those
most vulnerable to severe illness so high-risk groups are those with the utmost importance, such
as senior citizens, individuals with underlying health conditions and frontline workers. Strategies
may be customized to address specific neighbourhoods, workplaces or educational institution
outbreaks. Governments need to have mandatory vaccination policies in place to navigate the

waves of the pandemic to help combat the spread of the different variants present [20].

The spread of COVID-19 in China, Italy and the United States of America led to a severe shortage
of hospital beds [21-23]. Relative slow government testing has underlined the need to develop
region-specific estimates of the number of people that may require hospitalization, plan social-
distancing interventions and identify potential shortages of hospital beds [23, 24]. To plan
response, hospital and public health officials need to compare how many people in their area are
likely to require hospitalization for COVID-19 with how these numbers compare to the number of
available intensive care and acute care beds and how to project the impact of social-distancing
measures on utilization [23]. With the majority of people with COVID-19 being asymptomatic
and the rates of cases requiring hospitalization differing significantly across each age group,

answering these questions requires understanding the epidemic [25, 26].



Prediction models that combine several variables or features to estimate the risk of people being
infected or experiencing a poor outcome from the infection could assist medical staff in conducting
a preliminary assessment of patients when allocating limited healthcare resources [14, 27]. Since
the numerical exploration of discrete-time epidemic models is straightforward, it can be easily

implemented by non-mathematicians such as those in the public health world [1].

In this thesis, | propose an additional compartment P, pre-symptomatically infectious building
upon the discrete-time Kermack-McKendrick SEIR model (KM27) implemented in [4]. I will first
show how the peak value of incidence for two types of models and their ratio changes by the
different combinations of days latent, pre-symptomatically infectious and symptomatically
infectious to prevent overcrowding at hospitals. The two different models being first compared are
the ‘Block Model’, where the length of the latent period and each infectious period is deterministic,
and the ‘SEPIR Model’, where these periods are stochastic. Then, | will further investigate the
parameters at which the ratio of peak heights is minimal and maximal while showing how the
expected contribution to the force of infection is affected by deterministic and stochastic periods.
A brief examination of the different prevalence between the two models will be analyzed. Finally,
I will perform another comparison with the ‘SEPIR Model’ with stochastic periods to data
obtained from [28] while showing one model which was derived from there containing parameters

corresponding to the Weibull distribution.



Chapter 2

Background

2.1 Cumulative (over One-Time Step) Force of

Infection

From [4], the equation
S(t+1) = e 4O5(), (2.1)

is used to build the foundation of the discrete-time model for the spread of an infectious disease in

a host population when two conditions are met:

e The disease generates permanent immunity
e The host population is demographically closed (meaning that transmission of the disease

happens faster than demographic turnover and is therefore ignored)

S(t) is the size of the subpopulation of susceptibles at census time t. Equation (2.1) is the length
of the time interval between one census and the next, where A(t) is proportional to the length and

is the cumulative force of infection over (t, t + 1]. Equation (2.1) in continuous time is

=) = -AW®S®), (2.2)

where A(t) is the force of infection at time t (probability per unit time for a susceptible to become

infected at time t). Solving the differential equation, (2.2) gives



t+1

S(t+1) =e e 4@drgp) (2.3)

The probability for a susceptible to escape from infection in the time interval (¢, t + 1] is given by
the first factor at the right-hand side of both equations (2.1) and (2.3).

Further comparison between equations (2.1) and (2.3) gives the following relation
t+1
At = f A(1) dr, (2.4)
t

and is the reason why A(t) is called the cumulative force of infection over (t,t + 1]
Equation (2.2) should not be replaced by the additive differential equation to become
S(t+1)—S(t) = —A)S(0),

which therefore becomes

St+1) = (1-A®)s@), (2.5)
but instead, the multiplicative factor present should be adjusted as done in [1].

For very small values of A(t), equation (2.5) provides an excellent approximation to equation
(2.1). Otherwise, it may fail greatly and lead to negative values of susceptibles since it does not

consider that a host can only be infected once. Whereas equation (2.1) does consider this.

When a single infection is present in a particular host population during a time interval of length
one, susceptible hosts become infected with probability p. Therefore, the complementary 1 - p is
the probability any susceptible does not become infected. If there is contact between I infectious

individuals and susceptibles independent of each other, then they don’t get infected by probability
(1 _ p)l — elln(l—p)

A susceptible would therefore be infected with probability 1 - (1 —p)! rather than with
probability pl.

It should be noted that a lot of heterogeneity is subsumed [4], and individuals may have varying:

1. Degrees of infectiousness



2. Propensity to make contact

3. Their activities may be unevenly distributed over the unit time

As long as I is large and the properties of the two individuals involved in a transmission have

independent influence, one can simply interpret p as an average.

From a numerical point of view, the exponential has the disadvantage of being expensive in terms
of calculation costs. It may be tempting to reduce the step size to work safely with the linear

approximation.

2.2 The General Discrete-Time Kermack-McKendrick
Model

The incidence at time t equals A(t)S(t) with A given as the force of infection as seen in equation
(2.2). The current force of infection is caused by those who were infected some time ago.
Following earlier work by Ross and Hudson [29, 30], Kermack and McKendrick translate this

observation which is seen as
A(t) = f A(D)A(t —1)S(t — 1) dT, (2.6)
0

where A(t) is the expected contribution to the force of infection at time t after infection. A, the
infinite-dimensional parameter is introduced as a key model ingredient. Population-level data can
be used to deduce certain characteristics of A [31]. With N representing the population size, the

following is obtained
Ry = NJ A(7) dr, (2.7)
0
and in the initial phase of the epidemic, the distribution of the generation-interval has as a density

the renormalized function A4 [32, 33].

Under the assumptions of permanent immunity and no demographic turnover, the incidence equals
—S" in equation (2.2). Substituting this into equation (2.6) and integrating, the following identity
is obtained



t+1 00
f A(0) do = f AD[S(E —1) — St +1—1)]dr, (2.8)

0

The discrete-time version of this is

o)

A(t) = A[SE—H—-St+1-)], (2.9)

j=1

where for an individual, 4; is the expected contribution to the cumulative force of infection over
(t,t +1] who became infected in the interval (t—j,t—j+ 1], j time steps before.
S(t—j)—S(t+1—j) is the incidence in (t —j,t —j+ 1]. As mentioned before, the key

modelling ingredient is now the collection {Aj};ozl of nonnegative numbers, where it is assumed

that

Aj < 0o,
j=1

A, may depend on calendar time due to control measures or seasonality [4].

Stating an initial condition for the history of S up to a certain point in time provides an updating
scheme. The prescribed history should be a monotone nondecreasing (when looking back into
time) sequence, bounded from above by the total host population size N and taking equation (2.1)

with A(t) specified by equation (2.9), the following scalar higher-order recursion relation is

obtained
s(t+1) = e~ Ziema(1-sCt=k+D) Ak (2.10)
where,
s(t) = % (2.11)
and
Ay = AN, (2.12)

Equation (2.10) is the discrete-time version of the nonlinear renewal equation,

s(t) = e~ o (ImsE-D)INA@ T (2.13)



by combining equation (2.2) with (2.9) and incidence equal to —S’ [7, 34]. There is an extra

assumption
S(—x) =N, (2.14)

that says all hosts were susceptible in the infinite past. This is used in both equations (2.10) and
(2.13). In the process of deriving equation (2.10) while equation (2.14) holds, first note that
iteration of (2.1) gives the identity

s(t+1) = e~ Zico Dy (2.15)

Using equation (2.9), the following is derived

Z;)/i(t—i)= D) alse—i—k) =St —i—k+1)]

i=0 k=1

- ARZ[S(t—i—k)—S(t—i—k—i-l)]

1)
k=1 k=1
1)

=2Ak[5(t—i—k)—5(t—i—k+1)]
k=1
By dividing by N on both sides of equation (2.15) and using the notation of equation (2.11) and
equation (2.12), equation (2.10) can be derived. By replacing t + 1 in equation (2.10) with t and

merging the two formulas, a variant can be derived,

s(t+1) = s()e™ Zica(sEstkrD)y (2.16)

This equation has the advantage where one can provide an initial condition, say at time 0, by
specifying s(0) and the (nonnegative) incidences ...,s(—3)- s(=2), s(—2)- s(—1),
s(—=1) - s(0). Equations (2.10) and (2.16) are the mathematical form of the discrete-time KM27
model with {A,};=,, a countable infinite parameter in principle, but in practice, a finite, m,

dimensional parameter with an infinite tail of zeros.

The homogeneous version is the simplest form, but heterogeneity can be added and further

explained in the discrete-time bookkeeping scheme.



2.3 The Initial Phase and the Final Size

During the early stages of an infectious disease being introduced to a host population, the
branching process is necessary to capture the demographic stochasticity [34]. A more deterministic
approach must be used when there are many infected individuals in the population. This large

number still accounts for a rather small fraction of a substantial host population. By putting
s(t) = 1—x(t), (2.17)

into equation (2.10), and an assumption is made that x is so small that the exponential is replaced

by the zeroth and first-order terms of the Taylor expansion. This results in the linearized equation,

X(E+1) = 2 Aex(t—k +1), (2.18)
k=1

R, is defined as the average number of new infections generated by a single infected individual

introduced into an entirely susceptible population [35], and is given as

Ry = Z Ay = Z AN, (2.19)

An assumption
x(t) = 1%, (2.20)

is made to show that positive solutions decline when R, < 1 and grow when R, > 1 in equation
(2.18). The x defined in equation (2.20) is indeed a solution if and only if A is a real root of the

discrete-time characteristic equation (Euler-Lotka equation)

1= zg-k,&k, (2.21)
k=1

when equation (2.20) is substituted into equation (2.18). Because A, k = 1,2, ..., is nonnegative,
it means that (2.21) has at most one real root p. For the case where R, > 1, it does have a real root
when the right-hand side has a bigger value than one for some real A. For the cases when 4, has

power-like behaviour for k - o and R, < 1, the value of the right-hand side may go from a value

10



less than one to infinity when A decreases but when 4, = 0 for large k, this doesn’t happen and p
exists. For a real 4, the right-hand side of equation (2.21) is a monotone decreasing function and

can be summarized as
sign(p — 1) = sign(Ry — 1) (2.22)

In continuous-time theory, p relates to e”, where r is the Malthusian parameter. General linear
theory assures that solutions which are positive for equation (2.18) grow geometrically with rate
p fort - cowhen p > 1 and would decrease with rate p, when p exists and p < 1 [36]. General
nonlinear theory assures that the steady-state solution s(t) = 1 of equation (2.10) is asymptotically
stable for p < 1, therefore Ry < 1, but unstable for p > 1, therefore R, > 1 [37]. For the version
with only finitely many A, different from zero, the standard Hartman-Grobman Theorem implies
that the intersection of the positive cone and the unstable manifold is one-dimensional, meaning

that there is one positive solution of equation (2.10) that has a limit of 1 for t - —oo [4].

With the introduction of the pathogen and when R, > 1, it can cause s to decrease to below 1.
This reinforces the idea that s is a monotone decreasing function of time and its limit t — oo, is

written as s(co).
5(00) = e Ro(1=s(=), (2.23)

This equation is acquired by passing to the limit in equation (2.10) and by using the idea that {Ak}

is summable. This equation has a unique solution in (0, 1) when R, > 1 [34].
When the continuous-time and discrete-time formulations are compared,

e There is only a formal difference in the expressions for R,
e |If p=e", there is only a formal difference in the equations characterizing, respectively p
and r

e The equations specifying s(o) on the basis of R, are identical [1]

So, at the level of theory, there is an exact parallel for the two formulations [4].
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Figure 2.1: Graph of the final size 1 — s(c0), (the fraction of the population that gets infected in the course
of the outbreak, as a function of the basic reproduction number R, [4].

2.4 Compartmental Formulation for Some Very
Special Cases

The general pattern of constructing discrete-time models in a compartmental setting is explained

using a SIR and SEIR model

2.4.1 SIR Model

When an individual gets infected, they are transferred from compartment S to I, which contains
the infected individuals. Individuals may lose infectiousness either by recovery or death with
probability a or stay infected with probability 1 -a«. Removed individuals are placed in
compartment R, where immunity is permanent. The per capita contribution to the force of infection
equals £ while the cumulative force of infection equals B1. B is proportional to the time between
census points (length of the discretization interval) and @ = 1 — e~% with & proportional to its

length.

Due to these assumptions, the system of recurrence relations is:-
S(t+1) =e PlOg),

12



It+1) =(1-ePO)SE) + (1 — a)I(D)
R(t+1)=al(t)+R(t) (2.23)

By choosing an appropriate 4, equation (2.24), the system (2.23) may be reduced to the scalar

recurrence equation, (2.10).

A, = (1 —a)*IN (2.24)

Iterating S(t + 1) in the system (2.23) with the derivation of equation (2.15),
S(t+1) = e FEZIEDy
is obtained.
I(t+1D) =S -St+1D)+A—-a)I(t),

is the rewritten form for the second equation in the system (2.23). This is obtained by summing
the identity

I(t—)=N-S®)+1—-a) ) I(t—j—1)
2 2

Using equation (2.10) with 4, given by equation (2.24), equation (2.23) is easily recovered by

o)

1(t) = Z[S(t k) = S(t—k + D](1 — a)k? (2.25)

k=1

R(t) is the rate of individuals that are no longer infectious and does not affect S(t) and I(t).

If e=B1® js replaced by 1 — B(t), the reduction to a higher-order scalar recursion relation fails

[4].
2.4.2 SEIR Model with Stochastic Periods

To take into consideration the latent period, the SEIR model is used. When an individual is infected
but not yet infectious, they enter compartment E of exposed individuals. The system of recurrence
relations (2.23) is adjusted when the length of the latent period is geometrically distributed with y
to give:
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S(t+1) =e FlOS(),
Et+1) =(1-ePO)SE)+ (1 —y)E()
It+1)=yE()+ (1 —a)I(t)
R(t+1) =al(t) + R(t), (2.26)
Individuals can be in states S, E, I, and R when thinking in terms of a stochastic process. It is
helpful enough just thinking about E and I since there is interest when an individual becomes

infected, and this stops when they lose infectiousness. If E is labelled as index 1 and I is index 2,

then the probability distribution of the state-at-infection is represented by the vector,
1
o)
The following matrix describes the state transitions

M=[1—y 0 ’
y l1—a

and infectiousness by vector
b=1[0 Bl

After becoming infected, the expected infectiousness k units of time are

Ay = bu[[]

k—1
Ay=B) yA-yIa -1, (2.27)

When A, has the form defined by equations (2.12) and (2.27), then the system (2.26) follows from
equation (2.10) if the following is defined as

E(®) = ) [S(t =) = St —j+ DI =)/,
j=1
10 =) (I5E=D=5E—j+ DL yd - -a7. (228)
j=1 =1
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Using the explicit expression of the A, for the SEIR model, equation (2.27), the relationship can
be determined between a, 8 and y on one hand, and p on the other, using the Euler-Lotka equation
(2.21),

1_ By
N (p+ta-Dp+y-1)

BN

From equation (2.19) for R, the familiar expression R, = — is obtained and substituting this into

the above expression gives

a:(pﬂ/—l)(p—l)
1-p+y(Ry—1)

_Ro(p+y-D(-1
" N1-p+y(Re—-1)

B

Lastly, the link between y and T is simply:

V=T—E

So, inall, Tg, p, and R, define the parameters for the SEIR model.
Where,
Tr = Number of days an individual is exposed but not yet infectious,

Ay is therefore given by

k-1
- _Ro (p+y=D(p-1) N\ ety =D D\
o ey B St <1‘1—p+y<Ro—1>> 29

=1

2.4.3 SEIR Model with Deterministic Periods

Another model is also defined by prescribing the values of the rescaled expected contribution to
the force of infection, 4,, where k is the number of days that have elapsed since becoming infected.

With Ty as defined previously and T; being the number of days an individual is infectious, in this

15



model, these two periods are assumed to be the same for all individuals (deterministic) and the

following is set:

A, =0, 1<k<Tg,
Ak::_j’ TE+1SkSTE+T1,
A, =0, k>Tg+T, +1, (2.30)

2.5 On the Choice of Parameters 4,

The components {A,} include mechanistic properties of the process of contact between hosts, as
well as physiological/immunological properties within-hosts dynamics [4]. Unfortunately,

information about such properties is limited, and educated guesses need to be made [38].

The SIR and SEIR models explained before have the advantage of just containing a few parameters
but can be wrongly educated guesses [4]. A, represents averages, and if on day four after infection,
only 15% of the infected individuals are infectious, while on day five, it rises to 30%, this
information is useful for the choice of A;. If it is known that the degree of infectiousness differs

between individuals on days four and five, the guesstimated average can still be used.

To give a more theoretical example, suppose that a fraction p of the infected individuals is
asymptomatic and a symptomatic individual has at day j after infection a probability 8; to be
detected and put into quarantine. Assume {B, } is given as the intrinsic infectiousness and contact

intensity of symptomatic and asymptomatic cases and are identical, then Ay, is given as

k
Av=|p+@-p) 1_[(1 —6;) | Bk (2.31)
j=1

Equation (2.31) is based on the questionable assumption that at the day of its detection, an
individual doesn’t contribute to the force of infection. This weakness can be rectified but at the

price of introducing yet another parameter.

The parameters 6; can capture the effect of testing. During a pandemic such as COVID-19, the

testing capabilities depend on calendar day [4, 39]. This results in parameters 6; having time
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dependency. Control measures that reduce contact opportunities affect the B;, in a time-dependent

multiplicative manner.

2.6 Reformulation as a First-Order System

A first-order system of equations is more suitable for computation, while the higher-order
recursion relation, equation (2.10) is more suited for theoretical purposes. A finite-dimensional

system is suitable, and an assumption that the indices j for when 4; is strictly positive have a finite
upper bound. Where an integer m exists such that A; = 0 forall j = m + 1. As aresult, the history

of S, which matters for determining the future, has a finite length.
Xit)=st+1—j) j=1,..,m (2.32)
Much of the dynamics of vector X amounts to shifting:
Xit+1D)=X_0), j=2,..,m (2.33)

Combining equations (2.1), (2.11), (2.12) and (2.16) gives the rule for extension

m

X;(t+1)= Xl(t)e"ijfj(Xjﬂ(t)—xj(t))

(2.34)
It is harmless to allow Aj to depend on time t in equation (2.34)
On the other hand, by starting from equation (2.16) and choosing
X, (t) = s(t) (2.35)
Butforj > 1
Xi(t) =st+1—j)—st+2-j), (2.36)

which relates to the incidence in time interval (¢t + 1 —j, t —j + 2]. The cumulative force of

infection with the choice of X;(t) becomes

A®) = Z AXiar (D). (2.37)
=1

Which leads to the rules being updated
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Xy (¢t + 1) = X, (£)e™ Lo Aekiera(© (2.38)
X,(t+ 1) =X,(t) — X, (t+ 1), (2.39)

A}, can be allowed to depend on time t in this formulation [4].

2.7 Weibull Distribution

The Weibull distribution used here is a two-parameter family of curves and is a continuous
probability distribution that can fit an extensive range of distribution shapes [40, 41]. Like the
normal distribution, the Weibull distribution is unimodal and describes probabilities associated
with continuous data. However, unlike the normal distribution, it can also model skewed data [41].
Because of the flexibility of the Weibull distribution, it is commonly used in fracture mechanics,

actuarial studies and many other fields. [42-44].

The probability density function of the Weibull distribution is given by

é(E)b_l e_(g)b if t=0

9g@ =9 ala (2.41)
0 if t<0

where a is known as the scale parameter and b controls the shape of the distribution and is called
the shape parameter.

In [28], the generation interval distribution g(t) is approximated by a Weibull distribution. It is
discretized by,
k
ge=| g@dr, k=12,.. (2.42)

k-1

The expected contribution to the force of infection is then given as,

Ak :Rng' k = 1,2,... (243)
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Chapter 3

Methods

3.1 Model Description: SEPIR Model with Stochastic

Periods

By incorporating the pre-symptomatic infectiousness (P) state, representing the infectiousness
before symptom onset of SARS-CoV-2 into the classic SEIR model, the SEPIR (Susceptible,
Exposed, Pre-symptomatically Infectious, Symptomatically Infectious, Recovered) model is
developed [45].

3.1.1 Model Assumptions

Similar to [4], the following key assumptions were made in constructing the model:

e The disease generates permanent immunity

e The host population is demographically closed
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Variable Description

S Individuals who are susceptible to infection and have not yet been infected

E Individuals who are infected, but not yet infectious

P Individuals who are infected and infectious, but have not yet developed symptoms

I Individuals who are infected and infectious and have developed symptoms

R Individuals who have been removed therefore lose infectiousness either by way of
the immune system conquering the pathogen or by death

Table 3.1: Description of the basic model state variables.

o000

Figure 3.1: A basic schematic diagram of the SEPIR model dynamics.

The system of recurrence relations (2.26) in the SEIR model is replaced by the new recurrence
relations (3.1) for the SEPIR model.

S(t + 1) = S(t)e~(BPPO+AID),

E(t+1) = S(t)(1 — e~ (BrPO+AI®)) 4 (1 — p)E(D),
P(t+1) =yE(t) + (1 - 8)P(),
It+1)=6P(t)+ (1 —a)I(t),

R(t+1) = al(t) + R(¢t), (3.1)

Two terms are going from S to E: consisting of those infected by someone in P with transmission
rate Sp, and those infected by someone in I with transmission rate ;. y is the probability of
becoming pre-symptomatically infectious, & is the probability of becoming symptomatically

infectious and a is the probability of being removed.

It is helpful enough to think about just states E, P and I when developing the model, since there is
interest when an individual becomes infected, and this is lost when they lose infectiousness. If E
is labelled as index 1, P as index 2 and I is index 3, then the probability distribution of the state-

at-infection is represented by,
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The state transitions are described by,

and infectiousness by the vector,

b=[0 B, Bl

After becoming infected, the expected infectiousness k units of time is:

1
Ay = bMF1 H,
0

k-1

A =y Z (1= &)@ =yt
=1
pid i i i N
+ (1= )AL = = (1= - ), (3:2)

When 4, has the form defined by equations (2.12) and (3.2), then the system (3.1) follows from
(2.10) if the following is defined as

E(t) = Z[S(t - =St—-j+DIA-y)Y
j=1
P@) = ) (IS¢ =) =SE=j+ D] ) y1 =51y,
Jj=1 =1

C 8 . .
10 =) (8= =5E=j+ D] ) ()[4 - 1A=y = A =9 -]
=1

oo
=1

(3.3)
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Using the explicit expression of the A, for the SEPIR model, equation (3.2), the relationship

between a, Sp, B;, 6 and y can be determined on one hand, and p on the other using the Euler-

Lotka equation (2.21),

lz ,BpV n 5944
N (p+y-D@@+6-1) @+y-D@p@+sd-D(p+a-1)

From equation (2.19) for R, the expression

Ro=N(2+5)

5 a
is obtained and substituting this into the above expression gives

8 _(p+y-D+5-D(p+a—1) —ydaR,
’ Ny(p—1)

8 _alp+a—-D[ysRy—(p+y—1)(p+5—-1)]
e Nys(p — 1)

The link between y and Tg, § and Tp and a and T; is simply:

1
s 1
=
1
a—TI

T = Number of days an individual is exposed, but not yet infectious
T, = Number of days an individual is pre-symptomatically infectious
T; = Number of days an individual is symptomatically infectious
The latent period is T and the incubation period is Tz + Tp.

A, is given by,
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-1 1\ 11!
Ak—pTl ((p+y—1)(p+6—1)(p+a—1)—y6aR0)<1—T—p> (1—T—E)
=1
a(p+a—D[yRy—(p+y—D(p+6—1)] 1\ 1\
* «—5 [(1_T_P> (1_T_E)
1 -1 1 k—1-1
-(1-5) (1-3) ] G4

3.2 SEPIR Model with Deterministic Periods (‘Block
Model’)

Later, two types of models will be numerically compared where they have the same initial rate of
increase p and basic reproduction number R, but different expected contributions to the force of
infection, A,. These two models are defined by prescribing the values of the rescaled expected
contribution to the force of infection, 4, where k is the number of days that have elapsed since
becoming infected. With Tg, Tp and T; just defined, in this model these three periods are assumed

to be the same for all individuals (deterministic) and the following is set

A, =0, 1<k <T,
Ak=;701 TE+1SkSTE+TP,
P
A= Tp+Tp+1<k<Te+Tp+T),
A, =0, k>T:+Tp+ T, +1, (3.5)

From here onwards, the ‘Block Model’ refers to the SEPIR model with deterministic

periods.
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3.3 Model Parameters

Parameter

Description

Reference

R, Reproduction number 2.5 [4]
with T, = 8 1.0724 - 1.1639

p Initial growth rate: with T; =9 1.0714 - 1.1600 | Computed based on initial conditions
with T, = 10 1.0705 - 1.1564
with T; = 8 0.2253 - 0.5284

Bp Pre-symptomatic transmission rate: with T, =9 0.2266 — 0.5248 | Computed based on initial conditions
with T, =10 | 0.2274 —0.5212
with T; = 8 0.0924 —0.1489

B: Symptomatic transmission rate: with T, =9 0.0832 —0.1300 | Computed based on initial conditions
with T, =10 | 0.0758 —0.1155

1/y Mean latent period 2 —6 days Assumed

1/6 Mean infectious period of pre-symptomatic infection 37 days Assumed

1/a Mean infectious period of symptomatic infection 8 — 10 days Assumed

Table 3.2: Description of the model parameters and their values when comparing the ‘Block Model” with deterministic periods and the ‘SEPIR
Model” with stochastic periods.
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Parameter Description Reference

R, Reproduction number 2.5 [4]

p Initial growth rate 1.1961 [28]

Bp Pre-symptomatic transmission rate 0.6184 — 1.1327 | Computed based on initial conditions
B Symptomatic transmission rate 0.0033 -0.1709 | Computed based on initial conditions
1/y Mean latent period 2 days Assumed
1/6 Mean infectious period of pre-symptomatic infection 1 -4 days Assumed
1/ Mean infectious period of symptomatic infection 8 days Assumed

Table 3.3: Description of the model parameters and their values when comparing the ‘SEPIR Model’ with stochastic periods to the ‘Actual Data’
obtained from [28].

Parameter ‘ Description Value Reference
a Weibull scale parameter 5.665 [28]
b Weibull shape parameter 2.826 [28]
p Initial growth rate 1.1919 [28]
Bp Pre-symptomatic transmission rate 0.6028 — 1.0954 | Computed based on initial conditions
B Symptomatic transmission rate 0.0111-0.1756 | Computed based on initial conditions

Table 3.4: Description of the model parameters and their values for the “Weibull> Model corresponding to the Weibull distribution obtained from
[28] (The reproduction number, mean latent and different infectious periods are the same as in Table 3.3).



Chapter 4

Results

4.1 About the Peak of the Incidence Curve

Many features are present on an epidemic curve, such as:
1. The initial growth rate p

2. The height and timing of the peak

3. The final size

It is easily recognized that the initial growth rate and final size are related to simple models’
parameters that don’t consider heterogeneity. For example, R, entirely determines the final size

while a solution of the Euler-Lotka equation is p.

At the beginning of an outbreak an initial growth rate is observed and using information about the
generation interval conclusions about R, can be made. Model parameters such as R, and p can be
chosen to relate to the estimated values. Due to the COVID-19 pandemic, there is a significant
concern in peaks because there may be a PPE shortage, vaccination strategies may be ignored, and
hospitals may be overcrowded with patients resulting in the healthcare system collapsing.
Determining the timing and height of peaks from a model’s parameter is a difficult task using

analytical methods [4]. Instead, numerical calculations are used.
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The major question answered in this section is: How much is peak height influenced by model
details? A comparison is made between the discrete-time compartmental model corresponding to
geometric distributions of the latent, pre-symptomatically infectious and symptomatically
infectious period lengths alongside a model where these periods are fixed, and the infectiousness

is constant during each infectious period.

4.2 Initial Conditions for Simulations

All simulations were conducted in a total population ratio of 1 and with R, = 2.5. For the initial
condition, a short history of decreasing fractions of susceptibles reflects an exponential increase
in new cases at the rate p. Equation (2.16) was used to carry out the numerical simulations using

an initial condition in which the epidemic has started increasing at a rate p for six days:
s(t) =1 —0.00001p"*®, t=-1,-2,..,—6 (4.1)

All simulations ran for 200 days. The simulation also ran with different initial conditions (See
Appendix A). These initial conditions described here were implemented in MATLAB® to simulate

the models and to obtain the results.
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4.3 Results
4.3.1 ‘Block Model’ with Deterministic Periods and ‘SEPIR Model’ with Stochastic Periods

Maximal Incidence Maximal Incidence
(As Fraction Of Total Population) (As Fraction Of Total Population)
Block Ak when Tl =8 SEPIR when TI =8 Ratio Maximal Incidence Block/SEPIR-1 when Tl =8

0.1

0.05

Figure 4.1: Comparing incidences between two types of models when T; = 8. In the ‘Block Model’, the lengths of the latent, pre-symptomatically
infectious and symptomatically infectious periods are deterministic (fixed for all individuals). In the ‘SEPIR Model’, the lengths of these periods
are stochastic (independently exponentially distributed with identical parameters, respectively, 1/Tg, 1/Tp and 1/T;. Left: Here is the maximum
incidence of the ‘Block Model’ with deterministic periods. Middle: The maximum incidence of the ‘SEPIR Model’ with stochastic periods. Right:

The relative ratio between the two, b“’;’:#, as a function of Ty, the expected time individuals are exposed and Tp, the expected time individuals

are pre-symptomatically infectious. Models were compared after ensuring that they have the same R, and initial growth rate p.
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Maximal Incidence Maximal Incidence
(As Fraction Of Total Population) (As Fraction Of Total Population)
Block A, whenT =9 SEPIR when T =9

Ratio Maximal Incidence Block/SEPIR-1 when TI =9

Figure 4.2: Comparing incidences between two types of models when 7; = 9.
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Maximal Incidence Maximal Incidence
(As Fraction Of Total Population) (As Fraction Of Total Population)
Block A, when T, = 10 SEPIR when T, = 10

Ratio Maximal Incidence Block/SEPIR-1 when T| =10

Figure 4.3: Comparing incidences between two types of models when 7; = 10.



Table 4.1: The relative ratio of the peak height of the two models (‘Block Model” with deterministic periods
and the ‘SEPIR Model’ with stochastic periods) corresponding to Figure 4.1 when the expected time
individuals are symptomatically infectious, T; = 8 as a function of Ty, the expected time individuals are
exposed and Tp, the expected time individuals are pre-symptomatically infectious.

Table 4.2: The relative ratio of the peak height of the two models when T; = 9 corresponding to Figure
4.2.

0.0756
0.0789 | 0.0773 | 0.0775 | 0.0783
0.0880 | 0.0852 | 0.0831 | 0.0833
0.0958 | 0.0918 | 0.0889 | 0.0881
0.1026 | 0.0975 | 0.0943 | 0.0926

Table 4.3: The relative ratio of the peak height of the two models when T, = 10 corresponding to Figure
4.3.
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Daily Incidence (Fraction of the Population / Day)

0.035

Block Model

SEPIR Model
0.03 i

0.025

0.02 1

0.015

0.01 §

0.005 1

0 50 100 150 200
Time (Days)

Expected Contribution to Force Of Infection

I Block Model
09 [ SEPIR Model |

08 ]

06 7

0 10 20 30 40
Time After Infection (Days)

Figure 4.4: Top: Simulation of the daily incidence showing the ‘Block Model” with deterministic periods
(blue) and corresponding ‘SEPIR Model” with stochastic periods (red) with the same R, and p. Corresponds
to the parameters at which the ratio is minimal, (Tg, Tp, T;) = (2, 3, 8) and p = 1.1639. Bottom: The
expected contribution to the force of infection for the ‘Block Model’ and ‘SEPIR Model’ at
(TE' TPJ TI) = (2' 3, 8)
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Figure 4.5: Top: Simulation of the daily incidence showing the ‘Block Model” with deterministic periods
(blue) and corresponding ‘SEPIR Model” with stochastic periods (red) with the same R, and p. Corresponds
to the parameters at which the ratio is maximal, (Tg, Tp, T;) = (6,3,10) and p = 1.0898. Bottom: The
expected contribution to the force of infection for the ‘Block Model’ and ‘SEPIR Model’ at
(TE' Tp, TI) = (6, 3,10)
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The main results gathered from Figures 4.1, 4.2, and 4.3 are deterministic periods from the ‘Block
Model’ lead to higher peaks than geometrically distributed periods from the compartmental
‘SEPIR Model’. This is shown specifically when the exposed period is large, the pre-
symptomatically infectious period is small, and the symptomatically infectious period is large. For
reasonable parameter values, the difference is 7 — 11%.

From the parameters considered, at (Tg, Tp, T;) = (2, 3, 8), the relative difference in the peak
incidences is minimal (Figure 4.4), while at (T, Tp, T;) = (6,3,10), the relative difference in

the peak incidences is maximal (Figure 4.5).
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" Fraction Of The Population Infected
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Block Model

0.35F SEPIR Model ]
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(TEI TPITI) = (2: 3; 8)
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Block Model
SEPIR Model

0.35[
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Figure 4.6: The fraction of the population that is either latently, pre-symptomatically infectious or
symptomatically infectious in the ‘Block Model” with deterministic periods (blue) and the corresponding
‘SEPIR Model’ with stochastic periods (red). Top: (Tg, Tp, T;) = (2, 3,8) and Bottom:
(Tg, Tp, T;) = (6,3,10). The corresponding incidences can be found in Figures 4.4 and 4.5, respectively.
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Note that although the peak incidences in Figures 4.4 and 4.5 are not so very different, there is a
large difference in the fraction of infected-and-not-yet-removed individuals in Figure 4.6, due to
the comparatively fatter tail in the expected future contribution to the force of infection in the
‘SEPIR Model’. Compartmental models have fatter tails, and they need, for given R, to have an
earlier peak of infectiousness to have the same p. This can be seen in Figures 4.4 and 4.5 and

eventually Figures 4.10 and 4.11.

An outbreak reaches its peak when S is reduced to the level corresponding to R, = 1. After the
peak, the number of cases depends significantly on the number of individuals that are on the way
to becoming or are infectious at the time the peak is reached. There is a fat tail in the time
distribution for compartmental models until immunity is achieved. With the same R, and,
therefore, final size, the supply of latent, pre-symptomatically and symptomatically infectious
individuals is smaller at peak time than for models where the expected future infectiousness
reduces to zero after a finite time. Reservoir size correlates with peak size, as shown in Figure 4.6.

Lower peaks are expected, as the numerical results show.

36



LE

4.3.2 ‘Actual Data’, ‘Weibull’> Model (with Parameters corresponding to the Weibull
Distribution) and ‘SEPIR Model’ with Stochastic Periods

Maximal Daily Incidence as
T T

Fraction of Total Population Ratio Maximal Incidence

0.04 T 0.2 T T T T
Actual Data Ratio Maximal Incidence Data/SEPIR-1
0.039 SEPIR Model |1 018 [ Ratio Maximal Incidence Data/Weibull-1| ]
Weibull
0.038 | 1 0167 ]
0.037 & 1 014
0.036 [ 4 A2
0.035 0.1
0.034 0.08
0.033 | 0.06
0.032 1 004 ]
0.031 1 002 ]
0‘03 1 1 1 1 1 O 1 1 1 1 1
1 1.5 2 25 3 3.5 4 1 1.5 2 25 3 3.5 4
Expected Length Of The Pre-symptomatic Period (Days) Expected Length Of The Pre-symptomatic Period (Days)

Figure 4.7: Left: ‘Actual Data’ (blue) obtained from generation-interval data [28] compared to the ‘SEPIR Model’ with stochastic periods (red)
with the same R, and p. ‘Weibull’ Model (yellow) (with parameters formulated in [28] corresponding to the Weibull distribution) with the same
reproduction number R, but a different growth rate p. Right: Relative ratio between the maximal incidences (-1, as in Figures 4.1, 4.2 and 4.3) as a
function of Tp, the expected length of the pre-symptomatically infectious period when T = 2 and T, = 8.
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Figure 4.10: Top: Incidence of the ‘Actual Data’ (blue) [28] and the ‘SEPIR Model’ with stochastic
periods (red) for Tp = 1 and p = 1.1961. The ‘Weibull’ Model (yellow) estimation from [28] was included
with p = 1.1919. At this T, the relative difference in the peak incidences is maximal between the ‘SEPIR
Model’ and ‘Actual Data’. Bottom: The expected contribution of the ‘Actual Data’, ‘Weibull” Model and
‘SEPIR Model’ for Tp = 1.
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Figure 4.11: Top: Incidence of the ‘Actual Data’ (blue) [28] and the ‘SEPIR Model’ with stochastic
periods (red) for Tp = 4 and p = 1.1961. The ‘Weibull’ Model (yellow) estimation from [28] was included
with p = 1.1919. At this Tp, the relative difference in the peak incidences is minimal between the ‘SEPIR
Model’ and the ‘Actual Data’. Bottom: The expected contribution of the ‘Actual Data’, ‘Weibull> Model
and ‘SEPIR Model’ for Tp = 4.
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The generation time distribution was directly estimated from 40 source-receipt pairs which is
referred to as the ‘Actual Data’ here. These pairs were manually selected according to high
confidence of direct transmission inferred from publicly available sources at the time of writing
(March 2020) and with a known time of onset of symptoms for both source and recipient [28].

Tr and T; are kept constant at 2 days and 8 days respectively with Tp varying between 1 and 4.
From Figure 4.7 (Right), at Tp = 1, the relative difference in the peak incidences is maximal
(Shown in details in Figure 4.10) and at Tp» = 4, the relative difference in the peak incidences is
minimal (Shown in details in Figure 4.11) between the ‘SEPIR Model’ with stochastic periods and
the ‘Actual Data’. For Tp > 4.05, the ‘SEPIR Model’ cannot be parameterized to have the same
p as the ‘Actual Data’.

The generation interval distribution was also approximated by a Weibull distribution derived from
[28] with shape parameter 2.826 and scale parameter 5.665 but with a different p (1.1919). The
peak differs by 1% from the ‘Actual Data’. Tp does not affect the maximal daily incidence as a
fraction of the total population for the ‘Actual Data’ and ‘Weibull’ Model as seen in Figure 4.7
(Left). The expected contribution to the force of infection for the “Weibull” Model is only affected

by changing the reproduction number, Weibull scale or shape parameter.

Just to clarify, the higher-peak-phenomenon matters in the COVID-19 context where on one hand,
the parameters A, as integrals over one-day time-intervals of the Weibull generation-time
distribution as derived from the ‘Actual Data’ in [28] and on the other hand, determined by the
one-parameter family of SEPIR models that has R, equal to the ‘Actual Data’. Only the ‘SEPIR
Model’ has the same growth rate as the ‘Actual Data’. The results of a comparison are presented
in Figure 4.7 (Right), where the peak heights differ from 5 to 14% between the ‘SEPIR Model’

with stochastic periods and the Actual Data’.
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Chapter 5

Discussion

This thesis aimed to establish the strength of a general discrete-time modelling framework in which
model specification was reduced to the bare essentials. They are relatively simpler compared to
continuous-time models, making them easier to execute and understand [4, 6, 7]. With the time
steps being discrete in nature, it allows for straightforward computation and instinctive
understanding of the model dynamics [4]. With calculations being performed at discrete time
intervals, it can be computationally easier to simulate and analyze than continuous-time models
[4]. With disease surveillance data collected and reported at discrete time intervals (daily, weekly,
or monthly), discrete-time models line up well with this data availability [1, 4, 5]. This makes it
easier to calibrate and validate the models with real-world observations [4]. They can be flexible
for a variety of scenarios since they can include additional compartments and factors. They allow
for the estimation of model parameters using statistical methods and are useful for evaluating the
impact of interventions or control measures on disease spread [11]. The success of the SEPIR
Model variant towers over the attention of the general KM27 model. This is because the general
model is developed as a renewal or Volterra integral equation. There are no user-friendly numerical

tools available for computation to be done with such unfamiliar equations [4].

This thesis showed from the public health point of view, specific assumptions about the latent, pre-
symptomatically infectious, and symptomatically infectious period matter for predicting the peak
of the incidence curve. This can assist healthcare workers to be more prepared with enough PPE
to perform their jobs without worrying about getting infected [16]. It can prevent overcrowding in
the hospitals and help allocate medical resources such as more beds and respirators in the ICU

42



[23]. Government officials can be better able to enforce vaccination strategies and policies in
certain demographics without facing public backlash [20]. Better preparation for future peaks and

practicing COVID-19 protocols daily can help flatten the curve.

Two assumptions were made throughout this thesis. The first is the disease generates permanent
immunity and the second is the host population is demographically closed. The results gathered
from this are deterministic periods from the ‘Block Model’ led to higher peaks than geometrically
distributed peaks from the ‘SEPIR Model’ implemented in this thesis which is similar to the results
obtained in [4] for the SEIR Model. This occurs when the latent period is large, the pre-
symptomatically infectious period is small, and the symptomatically infectious period is large. For
the parameter values considered, the difference is 7 — 11% whereas the SEIR Model [4] and its
‘Block Model’ yielded a difference of 8 — 15% when T ranges from 3 to 6 days and T, ranges
from 4 to 9 days. The ‘SEPIR Model’ with stochastic periods has a limitation where Ay, the
expected contribution to the force of infection is undefined when T; equals Tp since it will result

in a zero in the denominator.

Similarly, to the SEIR Model in [4], in this thesis, the ‘SEPIR Model’ also showed that although
the peak incidences are not so very different, there is a large difference in the fraction of infected-
and-not-yet-removed individuals, due to the comparatively fatter tail in the expected future
contribution to the force of infection.

Again the ‘SEPIR Model’ with stochastic periods developed in this thesis was compared to ‘Actual
Data’ from [28] and a model given there with parameters corresponding to the Weibull
distribution. The peak heights between the ‘SEPIR Model’ and the ‘Actual Data’ differ by 5 —
14% as Tp, the expected length of the pre-symptomatically infectious period changes from 1 to 4
days. As the number of days pre-symptomatically infectious increases, the difference in the peak
height decreases so the peak of the ‘SEPIR Model’ approaches the peak of the ‘Actual Data’.
Whereas the SEIR Model in [4] when compared to the Weibull distribution obtained a difference
in peak height of 5 — 10% as its latent period changes from 1 to 4 days.

Heterogeneity has been ignored in this thesis but can be included to study the discrete-time model

further while implementing additional compartments. While this thesis was largely focused on the
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COVID-19 pandemic, the model can be adapted to other emerging infectious diseases with similar

disease characteristics or vector-borne diseases, while updating disease-specific parameters.
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Appendix A

Simulations with Different Initial

Conditions

In this section, simulated results caused by changing initial conditions will be illustrated. Recall
that for the results obtained in this thesis, R, = 2.5 was used to analyze the height and timing of
the peaks. With the same total population ratio of 1, different reproduction numbers were
introduced into simulations which were simulated for 400 days with an initial condition s(t) =
1—0.000001p*% where t = —1,—2, ..., —6, as presented in Table A.1.

Figure A.1 shows the ratio maximal incidences between the ‘Block Model’ with deterministic
periods and the ‘SEPIR Model’ with stochastic periods when Ry, =2, R, = 2.5 and R, = 3
respectively. Their respective relative ratio of the peak heights is shown in Table A.2. When T; =
9, the ‘Block Model’ has higher peaks than the ‘SEPIR Model’ as the reproduction number
increases when T; = 9. This is most prominent when the latent period is large, and the pre-

symptomatically infectious period is small.
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Parameter Description Reference
R, Reproduction number 2-3 Assumed
when Ry, = 2 1.0466 — 1.1149
p Initial growth rate: when R, = 2.5 | 1.0629 — 1.1600 | Computed based on initial conditions
when Ry = 3 1.0766 — 1.2003
when Ry = 2 0.1744 - 0.4398
Bp Pre-symptomatic transmission rate: when R, = 2.5 | 0.1963 - 0.5248 | Computed based on initial conditions
when Ry, = 3 0.2151 - 0.6074
when Ry = 2 0.0545 - 0.0960
B Symptomatic transmission rate: when R, = 2.5 | 0.0810—-0.1377 | Computed based on initial conditions
when R, = 3 0.1088 — 0.1818
1/y Mean latent period 2 — 7 days Assumed
1/6 Mean infectious period of pre-symptomatic infection 3-8 days Assumed
1/a Mean infectious period of symptomatic infection 9 days Assumed

Table A.1: Description of the model parameters and their values when comparing the ‘Block Model” with deterministic periods and the ‘SEPIR
Model’ with stochastic periods for simulations with different reproduction numbers.
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Figure A.1: The relative ratio between the ‘Block Model’ with deterministic periods and the ‘SEPIR Model’ with stochastic periods, as a function
of T, the expected time individuals are exposed and Tp, the expected time individuals are pre-symptomatically infectious when Left: R, = 2,
Middle: R, = 2.5 and Right: Ry, = 3.



Table A.2: The relative ratio of the peak height of the two models (‘Block Model’ with deterministic
periods and the ‘SEPIR Model’ with stochastic periods) corresponding to Figure A.1 when Top: Ry = 2,
Middle: R, = 2.5 and Bottom: R, = 3.
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Figure A.2: Simulations of the daily incidence showing the ‘Block Model” with deterministic periods and
the ‘SEPIR Model’ with stochastic periods when (Tg, Tp, T;) = (7, 3, 9) for the different reproduction
numbers.

Figure A.2 shows varying the reproduction number R, significantly changes the course of the
epidemic over time. As R, increases, it causes the growth rate and the peak amplitude to increase,
and peaks shift left therefore occurring at an earlier time in the epidemic. In Figure A.3, as R,
increases for each model, the expected contribution to the force of infection increases for that

specific day after infection.
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Figure A.3: The expected contribution to the force of infection for the ‘Block Model” with deterministic periods and ‘SEPIR Model’ with stochastic

periods at (Tg, Tp, T;) = (7, 3, 9) for the different reproduction numbers.
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Figure A.4: The fraction of the population that is either latently, pre-symptomatically infectious or
symptomatically infectious in the ‘Block Model” with deterministic periods and the corresponding ‘SEPIR
Model’ with stochastic periods for the different reproduction numbers when (T, Tp, T;) = (7, 3, 9). The
corresponding incidences can be found in Figure A.2.

In Figure A4, as R, increases, the peak fraction of the population infected shifts to the left
(therefore occurring sooner) and the peak amplitude increases (since a greater fraction of the
population would be infected). Also, the width of the peaks decreases, and this is due to the
expected contribution to the force of infection and growth rate being greater, so infections occur
at a faster rate. The ‘SEPIR Model’ has a fat tail in the expected contribution to the force of
infection when compared to the ‘Block Model” so the reservoir of latent and infectious individuals

is smaller at peak time.
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