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Thermal conductivity of advanced architected cellular materials
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Abstract — Architected cellular materials, as a novel class of
low density materials, gain their unprecedented multifunctional
performance mainly from their underlying architecture. In this
paper, we focus on thermal conductivity of cellular materials.
Standard mechanics homogenization with periodic boundary
conditions is used to determine the thermal conductivity of cells
with supershape pores. The computational results confirm that
a wide range of possible anisotropic behaviour for thermal
conductivity is achievable for cellular materials. Effective
thermal conductivity of shellular materials based on three triply
periodic minimal surfaces are also compared with those of cells
with supershape pores. It is found that unlike the shellular
materials, which only cover a narrow portion of thermal
conductivity vs. relative density chart, cellular materials with
anisotropic effective thermal conductivity could be engineered
by employing supershape pores in cells.
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. INTRODUCTION

Limited material and energy resources, economical
restrictions, and concerns over the prospect of global climate
changes, promote the design and manufacturing of lightweight
materials with tunable multifunctional properties. Architected
cellular materials are one of the cutting-edge alternative
lightweight and optimized materials which can simultaneously
satisfy multiple functionalities, from structural stiffness to
thermal insulation and heat exchanging [1].

Cellular materials are divided into two categories: foams,
where a gaseous phase is randomly dispersed in a continuous
solid medium, and periodic lattices, which consist of a periodic
architected cell [2]. The concept of using cellular metals
emerged in early 1970s, by inspiration from the excellent
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properties of natural materials like bone, wood and cork.
Hexagonal honeycomb structures in sandwich cores, used in
aviation industry, can be named as one of the first applications
of periodic cellular materials [3]. Driven by the high
performance of these cellular materials and recent development
of additive manufacturing, advanced polymeric and metallic
cellular materials are being widely fabricated. A non-exhaustive
list of applications of cellular materials found in the literature
includes: lightweight structural elements in aircrafts and high-
speed trains, energy-absorbing elements in automotive industry,
thermal insulation, thermal energy storage devices, hydrogen
storage tanks, and scaffold for tissue engineering [2-11].

To exploit multifunctional potentials of cellular materials, a
mathematical predictive model, capable of accurately predicting
their effective properties, is of crucial importance. Early efforts
on this subject range from the simple volumetric averaging of
properties of constituent cellular materials, so-called as ‘rule of
mixtures method’, to several empirical equations for predicting
the multiphysical properties of cellular materials [2, 12].
Investigations have clearly shown that cell architecture, in
addition to the properties of the constituents’ materials, plays a
significant role in the emergence of their outstanding properties
[13, 14]. In this regards, as thermal conductivity, electrical
conductivity and magnetic permeability are all mathematically
described by the Laplace equation, existing approaches used in
the electric and magnetic fields have been also applied for
thermal properties of cellular materials [15, 16]. The
introduction of thermal-circuit method, based on the analogy
between the electrical and thermal conductivities, could be
considered as a turning point in theoretical modelling of thermal
conductivity of cellular materials [16]. It is worth mentioning
that most of the analytical models have been mainly developed
for random pore distribution [17], or simple pore topologies, e.g.
cubic, circular, cylindrical, and spherical [18, 19], leaving more
complex periodic architectures with potential superior
multifunctional properties unexplored. Although analytical
upper and lower bounds, e.g. those bounds presented by Hashin
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and Strikman [20] or thermal-circuit method, are valuable for
estimating the effective thermal conductivity with a minimum
knowledge about the actual heat flow and temperature profile in
cellular materials, advanced computational models, e.g. Lattice-
based Monte Carlo approach [21], micropoloar modelling [22],
and standard mechanics [23] and asymptotic homogenizations
[24], have been developed to precisely take into account the
effect of microarchitecture of cellular materials to accurately
predict their effective thermal properties. The physical
properties and application of cellular materials have been
summarize in several textbooks, among which the book by
Gibson and Ashby [2] provide the most comprehensive
overview.

In this paper, we present two methodologies for predicting
the effective thermal conductivity of architected cellular
materials: (1) Theoretical modelling using the thermal-circuit
method [25] and (2) Computational modeling based on standard
mechanics homogenization. While the theoretical model is used
to provide a narrow bound for thermal conductivity of cellular
materials with simple 2D microarchitecture, standard mechanics
homogenization is used to determine the exact thermal
conductivity of cellular materials with complex 2D
microarchitecture. To highlight the effect of cell topology on the
thermal conductivity of periodic cellular materials, modified
supershape formula [26] has been employed to create 2D pore
shapes on square cells. Moreover, to address the ever growing
interests on the lightweight 3D cellular materials, shellular
materials based on three triply-periodic minimum surfaces have
been analyzed and compared with the rest of selected cellular-
based metamaterials.

Il.  CAD DESIGN OF ARCHITECTED CELLULAR MATERIALS

To apply computational standard mechanics homogenization
to explore the effect of topology and relative density on the
effective thermal conductivity of cellular materials, 2D square
unit cell with one supershape pore and 3D cubic shellular
representative volume element (RVE) are selected.

A. 2D RVEs

As a powerful formula for creating a variety of pore shapes,
superformula (1) is selected and modified to generate void
geometries while scaling and rotation () parameters are
considered to increase the possibilities of pore topologies.

[y] = licosma/a)| + Isin(ma/4) 1" [Z?SSB

(—m<p=<m,m=1-8,n=-5~5)

Fig 1 shows sample 2D RVEs for different topological
parameters. The pore shape corresponding to each set of
geometrical parameters, introduced in (1), is directly modeled
inside ANSYS APDL (Fig. 2) by creating several keypoints and
using them to make spline curves. The area surrounded by the
spline curves is formed, scaled, rotated and moved to the center
of the RVE to be subtracted from the RVE and to finalize the 2D
RVE.
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Figure 1. Sample 2D RVEs for different parameters: p=0.62, scaled by 1.5 in
horizontal direction, and rotated by 45°

B. 3D shellular RVEs

A Triply Periodic Minimal Surface (TPMS) is a non-self-
intersecting surface in R®, which has a crystalline structure
repeated in three independent directions and has zero mean
curvature at each point [27]. The presence of TPMS in natural
structures, like biological membranes [28] and crystals [27], has
inspired researchers to consider TPMS architectures in tissue
engineering, and biomimetic material design [29-32]. It is worth
mentioning that “Shellular” term has recently been used in the
literature to represent thin TPMS cellular shells. Among many
known TPMSs, Schwarz’s Primitive (P) and Diamond (D) and
Schoen’s Gyroid (G) are selected. These surfaces can be
trigonometrically approximated using the following level
surface equations [33]:

G: cosx.siny +cosy.sinz+cosz.sinx =f (f=0)
P: cosx+cosy+cosz=f (f=0,0.4,0.8) (2
. sinx.siny.sinz + sinx.cosy.cosz + (f=0)

' cosx.siny.cosz+ cosx.cosy.sinz = f

We develop a MATLAB code to solve the level surface
equations to determine the coordinates of several points on the
surface. These points together with multiple cross section curves
satisfying the surface equations are firstly created inside
Solidworks using a Visual Basic code and then are used to create
a smooth surface. This part of the surface is then patterned to
create the mid-surface of the shellular RVE and subsequently
thickened in order to add the desired thickness (as illustrated in
Fig. 3). To focus more on the lightweight structures, five
thicknesses (trer) between 2 to 10 percent of RVE’s length are
considered. Fig. 4 demonstrates some of the selected shellular
architectures.
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Figure 2. Different steps in modeling of 2D RVEs

I1l.  PREDICTIVE METHODS

Fourier's law assumes the following linear relation between

heat flux (q) and temperature gradient (VT) through a
symmetric thermal conductivity tensor (Kegr):

G = —Keps VT ©))

For a thermally isotropic homogenous solid material, K¢
tensor reduces to KI, where I is the identity tensor and K is
called isotropic thermal conductivity. However, in the case of a
cellular material, overall thermal conductivity is generally
anisotropic and depends on microarchitectural parameters of the
cells [1].

Since the simplistic volumetric averaging approach is
indifferent to cell architecture, it is unable to capture the
anisotropic thermal properties of cellular materials and its
prediction can significantly overestimate the effective thermal
conductivity. To address these shortcomings, several analytical
and computational methods have been developed, among which
thermal-circuit method (or Resistor approach) has been widely
used for the theoretical upper and lower bounds of thermal
conductivity for a given cell geometry [4]. More advanced
methods, e.g. computational homogenization, are required to
exactly model the microarchitecture of cellular materials.

(@ (b)
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Figure 3. Steps for 3D modeling of a 3D shellular RVE

It is worth mentioning that the contribution of heat transfer
mechanisms other than conduction, i.e. radiation and
convection, is assumed to be small and consequently
disregarded. For a cellular material made by a highly conductive
matrix and an empty void or a gaseous inclusion, this assumption
is valid for small pore sizes working at temperature ranges close
to the ambient [34-37].

A. Analytical model

Using the analogy between thermal and electric fields, the
thermal circuit method with parallel and series configurations is
used to derive closed-from expressions for the upper and lower
bounds of thermal conductivity of cellular materials with
rectangular or elliptic inclusion/pore. In this approach, thermal
gradient is analogous to electric voltage, the heat flow represents
electric current and thermal resistance, being equal to the
reciprocal of thermal conductivity for a unit cell, corresponds to
electric resistance [25]. To establish this model, as presented in
Fig. 5, the unit cell is divided into rectangular elements acting as
thermal resistors, while the heat flux is considered to be along
“y” direction and perfect thermal contact is assumed between the
matrix (solid cell walls) and the filler material (such as air for
cellular materials).

(© (d)

Figure 4. 3x3x3 TPMS cells together with two shellular RVEs at 0.02 and 0.10 relative thicknesses: (a) Schwarz D, (b) Gyroid, (c) Schwarz P with f = 0, and (d)
Schwarz P with f = 0.8
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Figure 5. Schematic view of the thermal resistant elements for: (a) Horizontal iso-thermal lines and (b) Vertical adiabatic lines

Closed-form thermal conductivity formulations are
presented in Table I, where k, and k; are the thermal
conductivity of the matrix and inclusion respectively,
g =a/l Ay =b/l M =ki/ky (1)
6 = atan(y/((1 — 4)A,) 2 —1and A = 2,(1/2; — 1). Itcan
be found that “Vertical adiabatic lines’ expressions for both
rectangular and elliptic geometries reduce to k)7, /kpy, = 1 — 44
when k; = 0, which corresponds to cellular materials with
empty pores. The relative density of the matrix
can be calculated as (p,,)re; = (12 —ab)/1?> =1 — 2,4, and
(Pr)rer = (12 —mab/4) /12 =1 — wA Ay /4, for cells with
rectangular and elliptic inclusion/pore, respectively. As the
symmetry in the selected architectures of matrix and
inclusion/pore dictates, the off-diagonal terms of the thermal
conductivity tensor are zero (K., =0) and thermal

conductivity in “x” and “y” are equal.

B. Computational standard mechanics homogenization

Under the assumption that an RVE of a periodic cellular
material is repeated in all three directions and the RVE is far
from the boundaries, the following periodic boundary conditions
(4) together with independent unit thermal gradients (5) on the
cell boundaries are adopted [23]:

CLOSED-FORM EXPRESSIONS FOR k27

TABLE I. 7

Periodicity in x-direction:

oT
T(xOJ Y, Z) - T(xo + lx: Y, Z) = lx <a) (43)
L
Periodicity in y-direction:
oT
T(x,v9,2) — T(x, Vo + ly,z) =1, <@) (4.b)
i
Periodicity in z-direction:
oT
TGy, 20) = TGy, 20 +1) = 1 (5) (4)
L
Independent unit thermal gradients:
3T 3T aT (1,0,0), i=1
(VT); = <—,—,—> =4(0,1,0), i=2 (5)
Ox 9y 0z); |(001), i=3

where i is the thermal loading case number and x,, y, and
z, are the locations of the three faces of the cubic RVE, while
Iy, 1y and 1, represent RVE’s dimensions along “X”, “y” and “z”
axis, and VT is the average macroscopic thermal gradient
applied to the RVE’s boundaries in order to calculate
microscopic thermal gradients inside the cell. Since the RVE is

/km OF CELLS MADE BY THERMALLY ISOTROPIC AND HOMOGENEOUS MATRIX AND FILLER MATERIALS, HAVING

RECTANGULAR AND ELLIPTIC INCLUSION/PORE SHAPES, UNDER THE ASSUMPTIONS OF ‘HORIZONTAL ISO-THERMAL LINES’ OR ‘VERTICAL ADIABATIC LINES’
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a unit square in two-dimensional (2D) analysis and a unit cube
in three-dimensional (3D) analysis of this research, Egs. (4) and
(5) can be further simplified to:

T(x0,y,2) = T(xo + 1,y,2) 1 0 0
Txypz) — Ty +12) | = <0> (1) (o) (6)
T(x,v,20) —T(X,y,2o + 1) . 0/i=1 \0/j—p \1/i_3

In 2D analysis, “z” dimension diminishes leading to two
independent thermal loading cases. Energy balance equation, i.e.
energy equation combined with Fourier heat conduction over the
RVE, is solved using finite element method (FEM). The
effective thermal conductivity of the cell can then be calculated
by the volumetric averaging of the resultant heat flux based on
standard mechanics homogenization:

_ 1

ij = m fKikMIzjdVRVE (l']'k = 1'2v3) (7)
where Ki]- is the effective thermal conductivity tensor, Vryg
represents the volume of the RVE, K is the local thermal
conductivity tensor, and the matrix of MT relates the average and
the local temperature gradients by VT = MTVT.

IV. RESULTS AND DISCUSSION

To show the effect of filler material on the overall thermal
conductivity and to examine the validity of neglecting the
thermal conductivity of the gas inside the cellular materials, the
homogenized thermal conductivity of a square cell with an
empty square pore is benchmarked against the effective thermal
conductivity of the same cell infilled with air at room
temperature. As shown in Fig. 6, even for relative densities as
low as 10%, air’s thermal conductivity can be neglected without
affecting the effective thermal conductivity when the thermal
conductivity of the matrix material is several orders of
magnitude higher than the air, such as in metallic cellular
materials.

Under the validated assumption of neglecting the air, derived
closed form expression for the cells with rectangular and
elliptical pore topologies are compared with the results obtained
by standard mechanics homogenization. As illustrated in Fig. 7,
for all aspect ratios of pores (1, 2 and 3 in the horizontal
direction), distances between higher and lower bounds of the
effective thermal conductivity of the cells with elliptical pores
are larger than those for the cells with rectangular pores.
Moreover, by increasing the relative density, the gap between
the theoretical bounds increases. In this case, although the pore
geometry is accounted for deriving the theoretical upper and
lower bounds, the simplifying assumptions made in deriving the
closed form formula based on the thermal-circuit method make
it impossible to accurately predict the effective thermal
conductivity.

Close to the smallest possible relative density for each aspect
ratio of pore, the effective thermal conductivity of cells with
elliptical pores reveals sharper drops in comparison with cells
with rectangular pores. This is partly because of the higher rate
of decreasing of the minimum wall thickness with respect to
decreasing in the relative density for the former topologies.

5L = = with air
10”° [ = without air

- Py =025
_ Py =0.1 D
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3
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Figure 6. Effective thermal conductivity of air-filled (kair = 0.0263 W/m.K)
and empty (ki = 0) cellular materials for a square pore shape versus thermal
conductivity of the solid matrix (plotted in a log-log scale)

The standard mechanics homogenization is applied to cells
with supershape pore topologies, while different aspect ratios (1
to 3, with 0.5 increments) and rotations (generally from 0 to 90°)
of the pore has been taken into account. The predicted in-plane
effective thermal conductivities are generally anisotropic,
therefore instead of K,,, K, and K, , the effective principal
thermal conductivities are presented in Fig. 8. Sample relative
densities are highlighted with different colors to show the
achievable range of K; and K by the chosen pore topologies.
The large area of Ky versus K; for each relative density allows
the engineering of architected cellular materials, while keeping
the weight constant.

Unlike most of the considered 2D pore geometries, the
computational analysis shows that P, D and G types of shellular
materials are thermally isotropic and thus only one value is
reported in Fig. 9 as the thermal conductivity for each
microarchitecture. The G, D and P shellular materials (when f =
0) are found to have almost equal thermal conductivity at each
relative density, which is in agreement with the findings in [38];
however, by increasing the value of f for the P shellular
materials, the effective thermal conductivity decreases.

V. CONCLUDING REMARKS

Theoretical and computational methodologies have been
introduced in this paper for obtaining the effective thermal
conductivity of architected cellular materials. We first examine
the validity of neglecting the thermal conductivity of the air
inside the pores of cellular materials when we determine the
effective thermal conductivity of cellular materials. We then
derive closed-form expressions for the upper and lower bounds
of the in-plane effective thermal conductivity of cellular
materials with rectangular and elliptic pores. The computational
predictions of standard mechanics homogenization are also used
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Figure 7. Theoretical upper and lower bounds along with computational homogenized values of effective thermal conductivity in “y” direction,
normalized by the thermal conductivity of the solid matrix: (a) Rectangular pore and (b) elliptic pore
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Figure 8. Normalized effective principal thermal conductivities, obtained
using standard mechanics homogenization (for 2D supershape voids)

as benchmark for analyzing the effect of cell microarchitecture
on effective thermal conductivity. The predictions show that
increasing aspect ratio of the pores, widens the gap between the
theoretical upper and lower bounds of thermal conductivity.
Computational homogenized predictions are found to be close to
the theoretical upper bound for small relative densities. The
results present a wide range of achievable anisotropic effective
thermal conductivity for different relative densities. Different
TPMSs are also selected to create 3D shellular materials. For the

considered range of relative density (0,¢; < 25%), G, D and P

0.22 . .

G

0.2+ D

P (=0) |
| =P (f=0.4)

018 ——P (f=0.8)
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0.1
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0.02 : \ : : . .
0.05 0.1 0.15 0.2 0.25 0.3

relative density (p_, )

Figure 9. Effective thermal conductivity of shellular materials, normalized
by thermal conductivity of the solid matrix

shellular materials with f = 0, are found to have equal
homogenized thermal conductivity. The methodology presented
in this paper sheds light on the thermal application of lightweight
and mechanically robust advanced cellular materials
manufacturable by additive manufacturing technology.
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