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ABSTRACT
Researchers in psychology are often interested in evaluating whether a sample

distribution is consistent with a normal (i.e., Gaussian) population distribution, most commonly
to evaluate it as an assumption of a statistical model being adopted. In Study 1, a novel
negligible effect (equivalence) test (NET) for normality is proposed that evaluates whether a
sample distribution is similar enough to a normal distribution to be deemed equivalent (i.e., the
difference between the sample and normal distributions is negligible). This NET establishes a
negligible effect interval that quantifies coefficients for distribution shape that can be considered
approximately normal. Any test statistic which has a 100(1-2a)% confidence interval (Cl) that
falls between the upper and lower limits of the negligible effect interval leads to the conclusion
that the distribution is approximately normal. A series of simulations comparing Type | error and
power rates of common traditional (difference-based) approaches (Kolmogorov-Smirnoff and
Shapiro-Wilk tests) with the proposed NET-based approach was conducted. Results indicate that
in small sample sizes the NET method has low power to detect normality, whereas the traditional
methods have low power to detect nonnormality. However, the NET method almost never falsely
concludes normality with nonnormal distributions and small samples. With large samples,
traditional methods also often indicate that distributions are nonnormal even if the level of
nonnormality is very minor (such that it would be unlikely to affect the validity of statistical tests
or precision of parameter estimates). This limitation of traditional methods is not a concern for
NET tests in large samples, since they rarely falsely conclude that a distribution is nonnormal
when it shows minor deviations from normality.

One limitation of the NET-based approach is reduced power to detect normality when
distributions are close to normal. Study 2 aimed to improve the calculation of Cls for the NET-

based approach and examined alternative methods for computing bootstrap-based confidence



intervals for the NET-SW, including the stochastic bootstrap, parametric bootstrap, and Fisher’s
r to z transformation. The stochastic bootstrap approach had the best balance of Type I error to

power rates and is the recommended approach to accompany the NET-based normality test.
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CHAPTER ONE
GENERAL INTRODUCTION

Variables within the social sciences often deviate from normality (Bauer & Sterba, 2011,
Blanca et al., 2013; Micceri, 1989), with potentially substantial impacts on the validity of
statistical test results. Usual methods to evaluate distributional normality include inspecting
descriptive statistics (e.g., skewness and kurtosis) and graphs (e.g., histograms), or using a
traditional null hypothesis test (e.g., Shapiro-Wilk test) to check for statistically significant
deviations between the sample distribution and a theoretical normal distribution. When
researchers are attempting to demonstrate that a distribution is normal, the objective of such tests
is to fail to identify any significant differences between the sample distribution and a theoretical
normal distribution. However, in such a scenario, the goal in checking normality should be to
decide whether any deviation from normality is so small that it can be ignored.

Negligible effect testing (NET) offers a framework that aligns with this objective,
necessitating that observed effects fall within a predetermined interval, called a negligible effect
interval (NEI), in order to conclude that the effect can be discounted. For example, if one were
trying to conclude that the difference in two sample means is negligible, a NET could be used to
determine whether the difference fell within NEI = {-1, 1}; in this example, any mean difference
less than one point in magnitude would be considered negligible.

This research adapted the NET framework to the problem of distributional normality,
offering a contrasting approach to traditional normality tests. Specifically, the proposed NETs
are used to seek evidence that a sample distribution is similar enough to a theoretical normal

distribution, such that any differences can be deemed substantively trivial.



Study 1 presents two NET methods for testing normality, the first based on the
Kolmogorov-Smirnov test (NET-KS) and the second based on the Shapiro-Wilk (NET-SW).
Both adaptations are effective for minimizing false conclusions of normality, but the NET-SW
was superior for detecting true instances of normality, especially in small to moderate sample
sizes. However, the NET-SW is limited by conservative confidence intervals (Cls) when data are
approximately normal (i.e., their estimates are systematically lower than expected, though the
width is unaffected). These Cls are generated using percentile bootstrap methods and tend to be
biased downward (often not including the observed sample statistic). This downward bias
reduced the ability of the NET-SW to detect negligible differences between the sample
distribution and a theoretical normal population distribution, particularly when sample
distributions were in fact close to normal. In other words, when the sample distribution shape is
near a theoretical normal distribution, we expect the NET-SW to conclude that differences are
negligible. However, the downward bias in the Cls results in under-sensitivity, impairing the
ability of the NET-SW to confirm negligible differences when they truly exist. The focus of
Study 2 was refining the CI used in the NET-SW, exploring alternative Cls that better resolve
biases in the original sampling distribution. The performance of alternative Cls was compared to
the original percentile method, with an interest in how approaches such as stochastic
bootstrapping for calculating Cls may improve the detection of negligible differences from
normality.

A practical example is included to demonstrate how the improved NET-SW method can
be used to confirm negligible differences in shape between a target distribution and a theoretical

normal distribution, even when sample distributions are very close to normal.



CHAPTER TWO
NEGLIGIBLE EFFECT (EQUIVALENCE) TESTING BASED PROCEDURES
FOR ASSESSING DISTRIBUTIONAL NORMALITY (STUDY 1)

Variables in the social sciences, education, and health are often nonnormally distributed
(Bauer & Sterba, 2011; Blanca et al., 2013; Micceri, 1989). Many statistical models (Cribbie et
al., 2012; Darlington & Hayes, 2017; Hau & Marsh, 2010; Mills et al., 2009; Stevens, 2009;
Westfall & Henning, 2013; Wilcox, 1997; 2005; 2012a, b; Wilcox & Keselman, 2003; Yuan &
Bentler, 1998) and effect size indices (e.g., Cohen’s d; Li, 2016) in the social sciences are
influenced by deviations from normality. Researchers often check the assumption of normality
using graphs or by conducting null hypothesis significance tests (NHST) of observed data or
model residuals. For these NHST approaches, the effect of interest is the difference between a
normal (i.e., Gaussian) population distribution and the sample distribution of interest.

However, in most situations, the appropriate goal when investigating normality is to
obtain evidence that a sample distribution is negligibly different from a normal distribution, such
that any detected differences are trivial, a goal that can be met within the framework of
negligible effect (equivalence) testing (NET). Study 1 is organized in the following manner.
First, the impact of nonnormality on statistical inferences, effect size estimates, and so on is
outlined. Second, existing tests for normality that are popular or have been found to have good
statistical properties are reviewed. Next, important limitations with conventional approaches to
evaluating normality are discussed. Fourth, novel NET-based procedures for assessing normality
are proposed. Fifth, a simulation study to compare the performance of the proposed NET-based
normality tests to traditional tests for normality is conducted. Last, an example demonstrating the

application of the novel NET tests is presented.



A normal, or Gaussian distribution, is a probability distribution characterized by
symmetry around the mean, forming a bell-shaped curve. Most observations cluster near the
mean, and probabilities decrease as the distance from the mean increases in either direction. The
mean, median, and mode are equal in a normal distribution, and two parameters, the mean ()
and standard deviation (o) describe the central tendency and variability around the mean,
respectively. In a perfectly normal distribution, skewness is absent. Kurtosis describes the shape
of a distribution’s peak and tails; a normal distribution has a moderate peak and tails (i.e.,
mesokurtic). When a distribution deviates from normality, higher kurtosis (leptokurtic) is
associated with a sharper peak and thicker tails, while lower kurtosis (platykurtic) corresponds to
a flatter peak and thinner tails. The formula for the probability density function (PDF) for a

normal distribution is:
1/x—p\2

flx) = ﬁﬁe_f(T) ,
where x represents the random variable, p is the mean, and o is the standard deviation.
The normal distribution has several favourable properties: 1) symmetry around the mean results
in equal probabilities of observations below and above the mean; 2) the mean and standard
deviation (SD) have straightforward interpretations. As the normal distribution is symmetric
around the mean, about 68% of data falls within one SD of the mean, about 95% within two SDs
from the mean, and about 99% within three SDs. For other continuous distributions, the mean
still represents the arithmetic average or center of the distribution, but the interpretation can be
less intuitive if skewness or outliers are present. Similarly, SD may not convey spread as
effectively in skewed distributions if the data is concentrated more heavily in a single tail; and 3)
many phenomena tend to follow a normal form (e.g., heights among men or women within a

specific region or ethnicity, 1Q scores, standardized test scores), making it a valuable distribution



for many fields, including psychology. The central limit theorem posits that the sampling
distribution of the sample mean approaches normality as the sample size increases, regardless of
the shape of the population distribution, and this property facilitates statistical inference about
population parameters based on sample statistics using the normal distribution. However, as
described in the next section, most phenomena in psychology do not follow a normal form, and
research has quantified this prevalence.
Prevalence of Nonnormality

Micceri (1989) examined 440 samples of psychometric and achievement measures and
found that most were moderately to severely nonnormal; this review led him to memorably
compare a normal distribution to a unicorn. Similarly, Blanca et al. (2013) concluded that
variables in only 5% of 693 psychology studies were approximately normal and most (74%)
mildly to moderately deviated from a normal distribution. Another systematic review of the
social sciences, health, and educational fields between 2010 and 2015 found that, across 262
empirical articles, distributions commonly resembled gamma (n = 57), negative binomial (n =
51), multinomial (n = 36), binomial (n = 33), lognormal (n = 29), and exponential (n = 20)
population distributions (Bono et al., 2017). These results are not surprising, since it is well
known that many variables in psychology are inherently nonnormal (e.g., level of stress,
depression, or other psychopathologies in the general population). Due to the prevalence of
nonnormality, model or test assumptions may not be satisfied (e.g., errors from statistical models
may be nonnormally distributed if the outcome variable or predictor variables are nonnormal).
While minor deviations from normality may not have serious implications for inferences, more
extreme violations could be problematic. Violations of normality may also impact effect sizes

and other statistics that are influenced by the shape of variable distributions (Keselman et al.,



2008), such as pooled estimates from meta-analyses (Sun & Cheung, 2020). Thus, researchers
should often consider the extent of deviation from normality and the effect it has on relevant
statistical tests. Specifically, the standard error of a statistic is intrinsically linked to the
probability model that describes the sampling distribution of the statistic. Standard error
measures the variability of a statistic across hypothetical samples. For example, the standard
error of the sample mean is o/+/n, where o is the population standard deviation and n is the
sample size when the hypothetical sampling distribution is a normal probability distribution. But

the standard error for a proportion assumes a binomial distribution and is calculated with

Jp(1 = p)/n, where p is the sample proportion.

Nonnormality can distort descriptive statistics (e.g., mean, standard deviation),
complicating meaningful interpretation. The mean is particularly sensitive to skewness and
outliers, making it less reflective of central tendency. Similarly, SD, which measures the average
distance of each data point from the mean, works well for symmetric distributions where data are
evenly spread. However, in skewed distributions or distributions with outliers, the SD may be
magnified, overrepresenting extreme cases. As Curran-Everett et al. (1998) explain, “When the
tails of a distribution are elongated.... the sample standard deviation will be an inflated measure
of variability in the population.” (p. 778, citing Mosteller & Tukey, 1997; Snedecor & Cochran,
1980). In such cases, data might cluster on one side of the distributions, while distant outliers
stretch out the distribution, leading to an SD that may not accurately represent the spread of the
bulk of the data. Consequently, the SD may not be the best measure of variability in a sample

distribution that is asymmetric or has outliers.



Robustness of General Linear Models to Nonnormality

When model errors in general linear models (GLMs; for instance, models underlying the t
test for independent means, analysis of variance [ANOVA], and linear regression) are
nonnormal, standard errors of the parameter estimates are inaccurate. Thus, any procedure that is
a function of the standard errors will also be inaccurate, namely, Cls and significance tests.
When nonnormality is combined with heterogenous variance or unbalanced sample sizes, this
inaccuracy of standard errors is exacerbated. Although normality is not a necessary requisite if
the only research goal is to estimate GLM parameters, it is important for inferences to the
population of interest (using traditional parametric inference) via Cl estimation or significance
testing. Nonnormality can create inflated Type | and Type Il error rates (Cribbie et al., 2012;
Wilcox, 2012a). Inference with general linear models has several assumptions, including
normality (e.g., conditional/marginal normality of population-level errors in linear models),
which means that observed sample-level distributions of residuals should be consistent with a t-
distribution (Fox, 2015). In practical terms, this means that the sample data within each group in
a t test or cell in an ANOVA should be consistent with a normal population distribution.
Formally, this reflects the assumption that the conditional distribution of the outcome variable Y
given predictors X is normal. If the data within any group or cell is nonnormal, then model errors
are nonnormal, thereby violating the assumption of normality.

While some simulations have shown that these tests are robust to mild to moderate
deviations from normality (Glass et al., 1972; Harwell et al., 1992; Lix et al., 1996),
nonnormality can lead to incorrect inference (Cribbie et al., 2012; Wilcox, 1997; 2005; 2012a, b;
Wilcox & Keselman, 2003). When nonnormality is paired with variance heterogeneity, the

problems are exacerbated. For example, Mills et al. (2009) showed that when distributions are



moderately skewed and variances are unequal, the ANOVA F statistic has inflated Type I error
rates when within-cell sample sizes and variances are negatively paired (i.e., larger samples are
paired with smaller variances and smaller samples are paired with larger variances), and deflated
Type | error rates when sample sizes and variances are positively paired (i.e., larger sample sizes
are paired with larger variances and smaller samples are paired with smaller variances), for both
main effects and interactions. Empirical Type | error rates may be as low as 1.8% or as high as
14% when variances are unequal and are coupled with non-normal distributions (assuming a
nominal Type I error rate of o = .05). Similarly, Cribbie et al. (2007) found that when
distributions are skewed and variances are negatively paired in a one-way ANOVA setting, even
the generally robust Welch test could not always maintain acceptable Type | error rates. The
Welch test had Type I error rates that approached 17% with nonnormal distributions and unequal
variances.

Violation of normality has the most adverse impact on inferences drawn from traditional
statistical tests (e.g., t test) when samples are relatively small (Lumley et al., 2002). For instance,
Boneau (1960) found that when sampling from identically shaped exponential distributions with
equal variances, small samples led to a Type | error rate below the nominal rate. When sampling
from two different distributions (one normal and one exponential) of n = 15 and with unequal
variances (o1 = 1, o5 = 4), Type | error rates were around 12%. Algina et al. (1994) found Type |
error rates upwards of 20% in lognormal distributions in small samples. Delaney (2000) found
that when two distributions are oppositely skewed, the Type | error rate of the t test with
homogeneous variances can be higher than 8% with a two-tailed test, and higher than 11% with a
one-tailed test. Furthermore, with two distributions of opposite skewness, the Q test of study

heterogeneity in meta-analysis has inflated Type | error rates, upwards of 50% (Sun & Cheung,



2020). Wilcox (1997) found that with equal variances, means, and group sample sizes of n = 21,
simulations indicate Type | error rates of around 13% with different distribution shapes (e.g., two
lognormal distributions and two normal distributions in a one-way ANOVA setting, or stated
differently, the conditional distributions of the outcome for the groups on the factor variable).

Violation of the normality of model errors assumption impacts standard errors, producing
Cls of coefficients that do not properly cover the population effect of interest (e.g., are either too
wide or too narrow; Adkins, 2017). Cls for Pearson correlations using the Fisher z method may
also be inaccurate with nonnormal data (Bishara & Hittner, 2017), leading to inflated or deflated
coverage when kurtosis is large, even if skewness is zero (Puth et al., 2014). Although many
methodologists have deemed the assumption of normality of model errors irrelevant in large
enough samples because of the central limit theorem (CLT; Fox, 1991; Knief & Forstmeier,
2021), including many statistics textbook authors (e.g., Field et al., 2016), what constitutes a
‘large enough’ sample depends on many factors (Pek et al., 2018). For example, Pek et al. (2018)
indicate that nonnormality is impactful in larger samples when the degree of skewness in errors
is extreme. For example, when skewness is about 7, even a sample size of 100 is insufficient
(Pek et al., 2017). The required sample size increases more when extreme skewness is combined
with multiple predictors.

More complex models (e.g., multivariate models, structural equation modeling [SEM],
and multilevel modeling [MLM)]) are also affected by nonnormality (Hau & Marsh, 2010;
Stevens, 2009; Westfall & Henning, 2013; Yuan & Bentler, 1998). For example, multilevel
models are sensitive to compounded nonnormality in model residuals, that is, violations of
normality that occur at both individual and cluster levels. Man et al. (2022) conducted a

simulation study that manipulated normality of data in a multilevel setting, finding that



parameter estimates can be biased, with random effect estimates being more distorted as a result
of nonnormal residuals at both levels, compared to fixed effect estimates. This distortion is
exacerbated if cluster size is small or when the cluster sizes are large, but the total number of
clusters is small. In this case, parameter estimates become more variable, with standard errors
increasing, affecting accuracy of inferences. In short, nonnormality increases the likelihood that
inferences pertaining to population effects are inaccurate (Darlington & Hayes, 2017).
Standardized Effect Sizes

Nonnormality, especially in heavily skewed distributions, can impact the interpretation of
Cohen’s d. When sample data for both groups are approximately normal, d provides a
meaningful comparison of the distance between means relative to group variability, since the SD
captures approximate symmetry in variability. However, if one distribution is nonnormal, even if
the pooled SD is the same, d becomes less meaningful. The mean is often influenced by extreme
cases, which can cause d to overestimate the practical difference between groups. Similarly, the
SD may be inflated by outliers, further distorting the measure. While Cohen’s d does not require
normality, it assumes that means and SDs are accurate representations of most observations in
the sample. Thus, the interpretability and consistency of Cohen’s d as a meaningful measure of
effect size can be impacted by changes in the underlying distributions. Other standardized effect
size measures that rely on means and SDs and which may have interpretations distorted by
nonnormality include Hedges’ g and Glass’ A.

Nonnormality can also lead to problems when aggregating data for meta-analyses of
standardized mean differences with nonnormal data. For example, Sun and Cheung (2020)
simulated primary studies and found that when distributions are skewed in opposite directions in

independent groups designs, the point estimates of the pooled effect sizes as well as their Cls
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were biased relative to when distributions were not oppositely skewed or roughly normal.
Moreover, these issues persist when the number of studies meta-analyzed was large and the
included studies have a large sample size, meaning that meta-analysis was not robust to the
effects of nonnormality. Marfo and Okyere (2019) conducted a simulation study to examine the
accuracy of different effect size estimates in meta-analysis, generating random data from normal
and contaminated normal distributions to mimic primary studies. They found that under
contaminated normal distributions with equal variances, the Probability of Superiority (a non-
parametric method) was the most accurate effect-size estimate, with Cohen’s d, Hedges’ g, or
Glass” A less accurate when normality was violated in primary studies. Cls around d may also be
biased by nonnormality (Kelley, 2005), especially when combined with unequal variances (Chen
& Peng, 2015). Although there are alternatives which are robust to violations of these
assumptions (e.g., scaled robust d and nonparametric estimators for the common language effect
size; Li, 2016; Keselman, 2008), Cohen’s d is most commonly used (Farmus et al., 2022; Sun et
al., 2010).

Generally, meeting normality is important for constructing Cls or conducting significance
tests on model parameter estimates, including effect size indices. Thus, appropriate and well-
behaving procedures for detecting normality are much needed.

Traditional Methods to Detect Nonnormality

Normality is commonly assessed by inspecting graphs of sample data. Examples of
graphs include histograms, normal guantile-quantile (QQ) plots, kernel density plots, and violin
plots. Researchers also often utilize formal statistical tests, such as the Kolmogorov-Smirnov or
Shapiro-Wilk tests (Oztuna et al., 2006). The subjective judgment of graphs by behavioural

researchers is often erroneous (Altman & Bland, 1995; Peebles & Ali, 2015; Woller-Carter et al.,
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2012; Xiong et al., 2020) and mechanical decisions often outperform human judgment (Meehl,
1954; Swets et al., 2000). Formal tests assess for statistically significant differences between the
distribution of interest and a normal distribution.

There are many traditional null-hypothesis based tests for evaluating nonnormality,
including the Kolmogorov-Smirnoff (KS; Kolmogorov, 1933; Smirnov, 1948), Anderson-
Darling (AD; Anderson & Darling, 1952, Anderson, 1962), Shapiro-Wilk (SW; Shapiro & Wilk,
1965), Jarque-Bera (Jarque & Bera, 1980), D’ Agostino (D’Agostino, (1970), Lilliefors corrected
KS (Lilliefors, 1967), Anscombe-Glynne (Anscombe & Glynn, 1983), Cramer-von Mises
(Cramer, 1928; von Mises, 1931), and the D’ Agostino-Pearson (D’ Agostino & Pearson, 1973)
omnibus tests. Many studies have compared the performance of these tests, with the KS,
Anderson-Darling, and SW tests often recommended as powerful and robust (Ghasemi &
Zahedias, 2012; Thadewald & Biining, 2007; Yazici & Yolacan, 2006), and widely adopted in
research, in part because they are readily available in most statistical software packages (e.g.,
SW and KS are commonly included in the base R packages and SPSS, SAS, etc.).

Yap and Sim (2011) used simulation to compare power and Type | error rates between
the KS (and its modifications, the AD test and Lilliefors test), SW, Cramer-von Mises test,
D’Agostino Pearson, chi-squared test, and Jarque-Bera tests. For symmetric, short-tailed
distributions, the D’ Agostino and SW tests had the best power rates, while the KS and chi-square
tests had suboptimal power rates, which supports similar findings of D’ Agostino et al. (1990).
For symmetric long-tailed distributions, power rates of the Jarque—Bera and D’ Agostino tests
were comparable to those of the SW test. In asymmetric distributions, the SW test was the most
powerful, followed by the AD test, which supports similar findings of Oztuna et al. (2006).

Razali and Yap (2011) similarly found that the SW has the best power, followed by the AD,
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Lilliefors, and KS test, but all tests perform poorly in small sample sizes. For instance, for an
asymmetric gamma distribution with skewness = 1.00 and kurtosis = 4.5, the SW detects
nonnormality at a rate of at least 95% at around N = 100, the AD at N = 200, the Lillieforsat N =
300, and the KS at N =1000. However, for more severe deviations from normality (skewness =
2.00, kurtosis = 9.00), the differences in performance narrow, with the SW and AD reaching
power = 100% at N = 50 while the KS and Lilliefors reaching full power at N = 100. However, in
samples under N = 50, all tests perform poorly. Although the AD and Lilliefors tests are based on
the KS test, only the original one-sample KS test is included here given the novelty of the tests to
be proposed. To summarize, given their popularity and ease of access (i.e., statistical software),
this paper focuses on the KS and SW normality tests.
One-sample Kolmogorov-Smirnoff

The KS test is a nonparametric test for continuous data that produces a D statistic
reflecting the maximum absolute vertical difference in cumulative probability between an
empirical cumulative distribution function (CDF) and a specified theoretical CDF. The one-
sample KS test compares a sample distribution to a given theoretical distribution and is sensitive
to differences in central tendency, variance, and shape. The one-sample KS test may be used to
determine whether a sample distribution is drawn from a normal, log-normal, Weibull,
exponential, or logistic family; however, it is most often used to evaluate normality (which is the
form of the test studied below).

With the single-sample KS test, the null hypothesis (Ho) states that the population
distribution from which the observations were sampled is normal (more generally, Ho and Ha
refer to any reference distribution, but as stated above, the aim here is assessing normality).

Observations in the sample distribution are ordered from smallest to largest, Y1, Yo, ... Yn. The
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sample CDF is Fe(x) = n(i)/N, where n(i) is the number of points that are less than the ordered
Y value. This piecewise step function increases by 1/N at each value of the ordered observations.
In contrast, the reference (i.e., theoretical) CDF does not increase in a stepwise function, but
monotonically increases based on the shape of the theoretical distribution.

The D statistic reflects the maximum absolute difference in cumulative probability
between the CDF of the empirical data [Fe(x)] and the CDF of the theoretical distribution
[F(x)], and thus smaller values suggest greater similarity between the distributions. The KS test
statistic can be expressed as:

D = max A= max [Fe(x) — F(x)] .
D is compared to a critical D value that is a function of sample size and the nominal « level, and
if D is greater than the critical D value, the null hypothesis is rejected.

One limitation of the KS test when exploring normality is its greater sensitivity at the
center of the distribution compared to its tails (Goldman & Kaplan, 2017) and as explained later,
the values of D are related to the sample size, such that larger sample sizes result in smaller D
values.

Shapiro-Wilk

The SW test assesses whether a sample distribution is consistent with a normal
population distribution using an adjusted correlation between the observed scores from an
empirical distribution and ordered theoretical scores from a normal distribution. The null
hypothesis for the SW procedure is that the sample is drawn from a normal population
distribution, whereas the alternate is that the population distribution is not normal. Proposed by
Shapiro and Wilk (1965), the SW test calculates a W ratio (a pseudo correlation) that reflects a

weighted sum of squares of the differences between the sample datapoints and their expected
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values under normality, or the association between the ordered data in the sample and the same
length vector of values from a theoretical normal distribution. Lower values suggest a deviation
from normality, whereas values near 1 suggest distributions close to normal. In other words, if
the distribution is normal, the association would be linear and hence W would be close to 1;
however, as the distribution becomes more nonnormal, the correlation is reduced and the W
statistic decreases. The W is not a true correlation because it does not fall within the standard
range of -1 and 1 and is not symmetric (i.e., a correlation is symmetric in the sense that the
correlation between X and Y is the same as the correlation between Y and X).

The SW test determines whether a random sample, x;, i=1, 2, ..., n, is sampled from a
normal distribution where X ~ N (p, 62). The W statistic can be expressed in the following
manner for data organized in ascending order (i.e., X, i =1, ... N, X¢) < X(+1)):

(Sr, aix(i))z
2?:1(xi_f)2 '

W =

a; are constants derived by:

mTy~1
(all a, .. fan) = (mTv—lm)l/Z

where m = (m1,m2, mn)Tare expected values of the ordered statistics that are independent
and identically distributed normal random variables, while V is the covariance matrix of the
order statistic. The numerator is a sum that is like a covariance and the denominator is a measure
of total variability.

Critical values are used to determine whether the sample W is statistically significant,
which are a function of both the sample size and the nominal significance level (e.g., o= .05).

Shapiro and Wilk (1965) did not derive critical values from a standard probability distribution
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(normal or t distribution), but empirically through simulation to understand how W behaves
under normal data and to develop a reference distribution that could be used to assess normality
of sample data in practice. For each N, many independent random samples (with replacement)
were drawn from a theoretical normal distribution. W was calculated on each sample to build an
empirical distribution of W values, from which critical values were derived. For a given N and
significance level a, the critical value demarcates the value below which the proportion a of the
simulated W statistics fall. For instance, if the a = .05, the critical value of W corresponds to the
value for W at the 5™ percentile of the empirical distribution of W for the particular N.

Shapiro and Wilk (1965) developed critical values for samples ranging from N=3to N =
50, with subsequent work tabulating critical values for larger sample sizes (Shapiro & Francia,
1972; Royston, 1982; Royston, 1989). However, critical values for every N up to 5000 have not
been tabulated. Instead, statistical software often interpolates approximations of critical values in
larger sample sizes. If the observed W is less than the critical value for the given N and chosen
significance level, then the null hypothesis that the distribution is normal will be rejected.
Visualizing D and W

To give readers a sense of the magnitude of D and W values, continuous distributions
with standardized values (M = 0, SD = 1) can be plotted against a theoretical standard normal
distribution. In Figure 1a, the probability density functions (PDFs) of Student’s t-distributions
with different degrees of freedom are compared to the PDF of a standard normal distribution.
While all distributions are symmetric, the peak of the distribution is highest for the normal and
lowest for the t distribution with df =1, while the tails are thinnest for the normal and thickest for
t distribution with df = 1 (i.e., with decreasing df, kurtosis of the t distribution increases, leading

to heavier tails).
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For a normal distribution, W = 1 and D = 0, whereas for a t distribution with df =1, W =
.08 and D =.13. Figure 1b shows these same t distributions but compares the differences
between the CDFs of each t distribution to the CDF of a standard normal distribution (i.e.,
subtracting the quantiles’ probabilities from each distribution from the quantiles’ probabilities of
the standard normal CDF). This difference is shown on the y-axis, while the vertical distance
between the quantiles of the sample data and the quantiles of the standard normal distribution are
shown at each point along the x-axis. In other words, this difference illustrates how the
cumulative probabilities of the sample data deviate from those of the standard normal
distribution across different quantiles, with positive values on the y-axis indicating that the
sample data’s CDF is larger than the CDF of the standard normal distribution at that quantile,
whereas negative values indicate the opposite. For the roughly normal sample compared with the
standard normal distribution, this is a flat line since there are no differences between the CDF of
the sample and that of the standard normal distribution. Figure 2a plots the PDFs of y?
distributions with different degrees of freedom and compares them to the PDF of a standard
normal distribution. The peak of the distributions is lowest for the normal and highest for the
distribution with df = 3, which also has the greatest skewness. For the ¥ (df = 3) distribution, W
= .87 and D = .11. Figure 2b shows these same %2 distributions, comparing the differences
between the CDF of each y? distribution and the CDF of a standard normal distribution (on the y-
axis). Similar to the t distributions, positive values on the y-axis indicate that the data from the ¥?
distributions CDF is larger than the CDF of the standard normal distribution at a particular
quantile. For more skewed ¥? distributions (smaller degrees of freedom), larger differences are
observed between the CDFs of the %2 distribution and the CDF of a standard normal distribution,

but these differences become smaller with increasing degrees of freedom.
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Issues with Traditional Tests of Normality

With traditional tests of normality (e.g., KS, SW), the null hypothesis states that the
sample distribution is drawn from a normally distributed population. For example, Ho: Ap ~ N(u,
o), where Ap represents the population distribution from which the sample is drawn. The

alternative hypothesis states that the population distribution deviates from a normal distribution;

e.g., Hi: kp 2 N(p, o), where < indicates “not distributed as”. Hence, a significant p value is

interpreted as evidence that the distribution is not normally distributed (i.e., the data do not
follow a theoretical normal distribution). This orientation of null versus alternative hypotheses is
problematic for concluding that a distribution is normal because it seeks evidence that a sample
distribution is significantly different from normal, when the researcher’s goal is (usually) in
seeking evidence that a distribution is only negligibly different from normal. Further, it can be
challenging to relate quantitative indications of nonnormality (e.g., p values) to the implications
of those violations on statistical inference, particularly when the statistics measuring normality
(e.g., p values) are largely a function of sample size.

While these tests seek evidence for significant differences, the conceptual goal of meeting
normality is usually to find evidence that a sample distribution is similar enough to a normal
distribution to conclude that the sample plausibly could have been drawn from a normal
population. Another way to say this is that the sample distribution might be so similar to a
normal distribution that it would likely not have any impact on subsequent statistical inference.
Therefore, as outlined above, researchers using traditional tests with small sample sizes may
erroneously conclude that a failure to find evidence that the distributions are nonnormal implies
that they are normal, whereas, in larger samples, a conclusion of nonnormality would be more

likely since the test would be sensitive to even minor deviations from normal.
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Negligible Effect Testing (NET)

Given these arguments, an appropriate framework to assess the assumption of normality
might be to use a NET, which could test whether differences between a theoretical normal
distribution and the distribution of interest are so small (or meaningless) that the sample
distribution of interest can be considered approximately normal. In other words, NETs are
designed to assess whether a difference or association is negligible; the interest in this study is in
whether a population distribution from which the observed sample is drawn is negligibly
different from a theoretical normal distribution. Within clinical research, NETs are often used to
demonstrate the equivalence of different treatments. For instance, NETs have been used to
demonstrate that a less costly treatment leads to outcomes that are negligibly different from those
of a more costly treatment (Bower & Gilbody, 2005; Hill et al., 2014), that generic formulations
of medications for depression or anxiety are equivalent to branded formulations (Ferguson &
Clapshaw, 2020; Kharasch et al., 2019; Zhai et al., 2020) or ADHD (Sikes et al., 2017), and to
establish that a negligible difference exists between psychological therapy and pharmacotherapy
for depression (Dimidjian et al., 2006; Steinert et al., 2017). One source of confusion is the
difference between NETs and noninferiority tests, where the latter seeks to establish that, for
example, new therapies are equivalent or superior to a current therapy (i.e., that they are not
inferior; Walker & Nowacki, 2011) and are thus a one-sided variation of the traditional NET.

Briefly, the roles of the null and alternative hypotheses are reversed in NET compared to
traditional NHST. Using the basic example of comparing the means of a continuous outcome
across two groups, traditional hypothesis testing examines the null hypothesis of no difference
between population means (e.g., Ho: p; = ). Failure to reject the null hypothesis implies that

there is not enough evidence to conclude that the population means differ. Within an NET
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framework, the null hypothesis would state that there is a meaningful difference between the
population means, whereas the alternative hypothesis would state that any difference is not
meaningful.

The first step with NETSs is to choose the smallest degree of association that is of practical
significance, herein referred to as the minimally meaningful effect size (MMES; Beribisky et al.,
2019; also referred to as the smallest effect size of interest, SESOI). The MMES can be
represented by negligible effect bounds (NEBs), denoted using {-8, 6}; these boundaries
represent the largest effects (in the units of the measure), in either direction, from the desired
effect (e.g., mean difference = 0) that would still be deemed negligible. The boundaries are
usually symmetric but need not be. Any observed effect that falls within the range of the NEBs
would be considered negligible.

A common NET strategy is the two-one-sided tests (TOST) approach (Schuirmann,
1987). When adopting the TOST approach for evaluating equivalence, the equivalence null
hypothesis is expressed via two inequalities. One states that the observed effect of interest (¢) is
equal to or less than the lower equivalence bound:

Hoi: ¢ < -5,
or that the effect is equal to or larger than the stated upper bound:
Hoz: ¢ 2 6.
The alternative hypothesis states that the effect is larger in magnitude than the lower bound:
Hiiio > -0
and the effect is smaller than the stated upper bound:

Hi: ¢ <.
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There are two ways to conclude equivalence or a negligible association. The first method
uses hypothesis testing and requires rejecting both null hypotheses, indicating that the effect is
significantly greater than -6 (the lower bound) and less than 6 (upper bound). Alternatively, a
negligible association can be concluded if the [(1-2a) x 100]% CI for the effect falls within the
specified bounds {-6, 8}. In this case, the alternative hypothesis(es) are retained at the given o
level. In difference-based NHST, a Type | error relates to incorrectly rejecting the null
hypothesis and concluding that a non-zero effect (i.e., difference/association) exists, while
statistical power relates to correctly rejecting the null hypothesis. With NETSs, a Type | error is
incorrectly rejecting the null hypothesis and concluding that the effect is negligible, whereas
power is the probability of correctly detecting an effect small enough to be deemed negligible.

Although equivalence tests have been developed for many research contexts, including
model fit in regression (Alter & Counsell, 2023), structural equation modeling (Beribisky &
Cribbie, 2023; Marcoulides & Yuan, 2017); measurement invariance (Counsell et al., 2020;
Yuan & Chan, 2016), comparing correlation/regression coefficients (Counsell & Cribbie, 2015),
correlation (Goertzen & Cribbie, 2010), variance homogeneity (Mara & Cribbie, 2018),
mediation (Beribisky et al., 2020), negligible interaction (Counsell et al., 2016; Wellek, 2010),
and categorical data (Shishkina et al., 2018; Wellek, 2010), I am not aware of any tests for the
assumption of normality within an NET framework. Procedures have been developed to evaluate
equivalence of two empirical distributions, but these have not focused on testing whether an
empirical sample is equivalent to a theoretical normal distribution. Specifically, Ostrovski (2022)
developed an equivalence test for the Cramér-von Mises distance to compare two empirical

distributions and as well as a modification based on the Anderson-Darling test (Ostrovski, 2023).

21



Proposed Negligible Effect Based Tests of Normality

The primary goal of this study was to develop a novel NET for assessing normality,
which would evaluate whether the population distribution from which an observed sample is
drawn can be considered equivalent to a normal distribution. The basic premise is that if a [(1—
20) x 100]% CI for an effect (i.e., some measure of the extent to which a sample distribution
deviates from a normal distribution) falls within the NEBs (where the bounds specify how much
a distribution can deviate from normal and still be considered ‘practically normal’), then the
distribution is concluded to be equivalent to normal. The null hypothesis of the NET states that
the distribution deviates meaningfully from a normal distribution, while the alternative
hypothesis specifies that the distribution does not deviate meaningfully from a normal
distribution. Thus, the NEB is based on an MMES that represents the smallest deviation from
normality that would still be meaningful. For example, if a researcher was using this test to
determine whether they should move to a robust or non-parametric model in the event that the
assumption of normality is untenable, then {-8, 6} should be set such that any deviation from
normality within the bounds would have minimal effect on traditional (non-robust) test statistics
(e.g., Type I error, power). The NETs developed here are based on the traditional KS and SW
tests because they have been found to have a superior balance of Type | error and power rates
within simulation research compared with other tests of normality (Mendes & Pala, 2003; Mohd
Razali & Bee Wah, 2011; Oztuna et al., 2006; Thadewald & Biining, 2007; Yap & Sim, 2011).
The accuracy (as represented by power and Type | error control) of the proposed NET will be
compared to the corresponding conventional difference-based tests for normality, since
researchers often use traditional difference-based tests to provide evidence that a distribution is

normal (i.e., wanting to not reject the null hypothesis).
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Shapiro-Wilk Negligible Effect Test (NET-SW)

Recall that the W test provides a ratio, or pseudo correlation, to reflect the association
between the ordered scores from the sample distribution and the ordered scores from a
theoretical normal distribution. Values closer to 1 are indicative of a linear association, and
hence a normal distribution. Given the nature of the W statistic (always positive), the boundaries
of the NET-SW are one-tailed; the research hypothesis (i.e., normality) states that the effect falls
above the lower bound of the NEB (¢). The MMES for the NET-SW is chosen to reflect the
largest W value for which the observed distribution deviates meaningfully from a normal
distribution. Thus, the negligible effect interval for the NET-SW is represented by a pair of
bounds {¢, 1}, in which the upper bound of 1 represents optimal normality (i.e., no deviation
from normality) and the lower bound, T, represents the largest value of the SW statistic that
deviates meaningfully from normality. Any effect that is within the range of the lower and upper
bounds is deemed approximately normal. Since only the lower end of the NEB and the lower end
of the CI for the point estimate of the effect would be pertinent, the lower end of the NEB retains
a Type | error rate of a. Since the critical comparison is whether the lower end of the CI for the
W is greater than , there is no need to guard against the possibility that the upper bound of the
Clis too close to 1 since the deviation can only go in one direction, and therefore it is impossible
to commit a Type | error in the upper tail. The Type | error rate is controlled at only the lower
bound, meaning that the probability of falsely concluding that the distribution is normal (when it
is not) is kept at o and the rejection region is only in the lower tail.

Therefore, the null hypothesis for the NET-SW test states that the population W
parameter, Wpop, is equal to or less than the MMES, C (i.e., the degree of nonnormality is non-

negligible). The alternative hypothesis for the NET-SW test states that the population W
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parameter is larger than the MMES (i.e, the degree of nonnormality is negligible). To
summarize:

Ho: Wyop < €

Hi: Wyop > C
If the lower bound of the [(1—2a) x 100]% CI for the observed W statistic is greater than the
MMES (), then the null hypothesis of meaningful nonnormality is rejected in favour of the
alternative hypothesis that there is a negligible difference between the population distribution
and a theoretical normal distribution (Figure 3a). The CI for the W test statistic is computed
using bootstrapping. Specifically, many (e.g., 5000) bootstrap samples are drawn from the
sample distribution with replacement and the W statistic is computed on each bootstrap sample.
The a quantile of the distribution of W statistics across all bootstrap samples defines the lower
bound of the bootstrapped CI for the test statistic (i.e., the percentile bootstrap method).
Kolmogorov-Smirnov Negligible Effect Test (NET-KS)

Recall that the KS test produces a D statistic to reflect the maximum difference between a
theoretical normal distribution and the distribution of interest. A D statistic close to 0 indicates
very minimal difference in shape between the two distributions and hence leads to the conclusion
that the sample distribution is approximately normal. The MMES for the NET-KS test represents
the smallest D statistic that reflects a meaningful deviation from a normal distribution. The
thresholds for the NET-KS test of normality are represented by a pair of bounds {0, 8}, in which
the lower bound of 0 represents optimal normality (i.e., no deviation from normality) and the
upper bound, 60, represents the smallest value of D that deviates meaningfully from normality.
Any effect that falls within the range of the lower and upper bound is deemed equivalent to

normal. Thus, like the NET-SW test interval, the NET-KS normality test is a one-tailed test (i.e.,
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since only the upper end of the NEB and the upper end of the CI for the point estimate of the
effect would be pertinent, one end of the NEB retains a Type I error rate of a).

The null and alternative hypotheses for the NET-KS are:

Ho: The population distribution is non-negligibly different from a theoretical normal
distribution.

H1: The population distribution is negligibly different from a theoretical normal
distribution.

To test these hypotheses, the sample D statistic is compared to 6. If the upper bound of
the [(12a) x 100]% CI for D is less than the MMES (i.e., 6; NEB), then the null hypothesis that
the distribution deviates meaningfully from a normal distribution is rejected in favour of the
alternative hypothesis that the D statistic is small enough for the distribution to be declared
negligibly different from a theoretical normal distribution (Figure 3b). To generate the Cl via the
percentile bootstrap method, samples are drawn with replacement from the sample distribution
and the 1-a quantile of the distribution of D statistics across all bootstrap samples is used to
define the upper bound of CI for the test statistic.

The KS test, as a goodness-of-fit test on continuous data, compares the overall shape of
distributions. Since it makes no assumptions about the specific distribution of data, it does not
involve estimating population parameters, and hence there is no population D parameter
estimated. However, the KS test needs to approximate the empirical or sample cumulative
distribution function, resulting in the D statistic being a function of the size of the sample
distribution. Specifically, the D statistic decreases with increasing N (holding distribution shape
constant). Thus, relying on the D statistic to set a NEB for the NET-KS test for normality is

problematic as the D statistic is not agnostic to sample size.
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To address this challenge, we adjusted the D statistic to minimize the effect of sample

size. The adjusted D statistic, Dagj, is calculated as:

_ D1-Dy
Daaj = :

n

tog(35)

where the numerator is the difference between the D statistic for the distribution of interest, D,
and the population D when the distribution is normal (D2). We have found that this adjustment
resulted in a trivial variance of the average D,; across sample sizes ranging between 30 and
10,000 (SD = 0.002 over 50,000 replications). The adjustment retains the same interpretation and
scale of the D statistic, such that if the sample is normally distributed, the expected value is Dagj
=0, and among nonnormal sample distributions, Dagj> O.

Monte Carlo Study (Study 1)

A simulation study was conducted to assess the Type | error and power rates of the
proposed NET-SW and NET-KS tests. Further, the proposed tests were compared with their
traditional, difference-based counterparts for assessing normality. Because a new method is
proposed to assess for distributional normality, the original KS is utilized in the simulation for
the sake of evaluating the NET testing approach, although as noted above, there are recent
adaptations of the KS (Ostrovski, 2023).

The Tukey g-and-h (TGH) distributions are a family of parametric distributions that may
take on non-normal features. The parameter g controls skewness, with positive values indicating
positive skewness and negative values indicating negative skewness. The parameter h controls
the extent of kurtosis of the distribution. Positive h values indicate heavier tails and a sharper
central peak compared to a normal distribution (i.e., leptokurtic), while negative h values

indicate lighter tails and a flatter central peak (i.e., platykurtic). When g = h = 0, the distribution
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is normal (Tukey, 1977). The flexibility of the TGH distributions allows simulation of data with
varying levels of skewness and kurtosis.

The simulation study manipulated the population distribution shape (normal distribution
and several non-normal distributions) and sample size (N) to reflect common distributions found
within social and behavioral science research (see Figure 4). The population variance of the
distributions was not manipulated as the W statistic is not affected by distribution variance and
the Dagj Statistic requires standardization of the sample distribution to compare it to a reference
normal distribution.

Five thousand replications were conducted for each condition, with each replication
drawing 5000 random samples with replacement from the simulated g-and-h distribution. During
each replication, a unique g-and-h distribution is created from which 5000 bootstrap samples are
drawn with replacement. Sample sizes were N = 30, 50, 75, 100, 150, 250, 500, 1000, and 5000
and a nominal Type I error rate of a = .05 was used. To generate the appropriate CI bound for
each of the proposed NET-SW and NET-KS tests, each test statistic was computed on each of
5000 bootstrap samples (Dagj for KS or W for SW).

For the NET-SW and NET-KS tests, normality was concluded if the appropriate bound of
the CI for the test statistic (lower bound W, upper bound D) fell within the NEB (i.e., rejecting
the null hypothesis that the distribution deviates meaningfully from normality). For the
difference-based tests, normality was concluded if the null hypothesis was not rejected (i.e., the
approach often used by researchers is to conclude the distribution is normal if p > o). With the
NET-based normality tests, a Type | error occurs when the test falsely concludes normality while
power is the probability of correctly concluding normality. For the difference-based test, a Type |

error occurs when the test falsely concludes nonnormality and power is the probability of
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correctly concluding nonnormality. To more easily compare the performance of the NETSs for
normality to the traditional tests, the rates at which each test concluded that a distribution was
normal as defined above were tracked.

Simulation to Choose an Appropriate MMES

We used the approach of Chaffin and Rhiel (1993) to select the MMES for the NET-SW
and NET-KS. The simulation considers how skewness and kurtosis influence the one-sample t
test, specifically, how skewness and kurtosis affect the difference between the nominal
probability of a Type I error (o)) and the observed probability of committing a Type I error across
several nonnormal distributions.

The simulations computed the proportion of one-sample t statistics falling beyond the
critical values for the two-tailed 1% significance level when the parent population mean is set at
0 and the observed sample means and SDs are compared to a reference t distribution with p =0,
o = 1. A sample size of N = 25 was chosen because violations of the assumption of normality are
most problematic at smaller sample sizes (i.e., the goal was to identify a condition that would
quantify the maximum error that a researcher might experience). Several nonnormal 2 and g-
and-h distributions were tested, with 2,000,000 simulations for each distribution. For the
simulations using the ? distributions, the distribution (M = 0, SD = 1) was standardized using the

formula:

XZ - dfxz
1/ch]c)(z

Since a nominal probability of a=.01 was used across both tails of the reference t distribution,
the nominal probability that the test statistic would mistakenly fall in either tail rejection region

was .005.
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The empirical Type | error rate for the lower tail effects (o ;) was computed as the sum
of the negative t values that were less than or equal to the lower tail critical t statistic divided by

the number of simulations (nsim):

Yt <toosar

(0 = -
EL nsim

Similarly, the empirical Type | error rate for the upper tail effects (ag ;) was computed as the
sum of the positive t values that were greater than or equal to the upper tail critical t statistic
divided by the number of simulations:

Xt =togsar

x = ;
EU nsim

The combined empirical Type I error rate (across both tails, o ) was computed as the sum of all
Type I errors across both lower tail and upper tail effects divided by the total number of
simulations:

Yt <toosar + Xt =toosar
nsim

Ag,c =
For each of the lower, upper, or combined tails, the percentage error (PE) was computed as:

a—a
PE = E

x

where a represents the appropriate nominal Type I error rate (e.g., .005 for one-tailed tests, .01
for two-tailed tests) and oe represents the appropriate empirical Type | error rate (e.g., ag ¢).

For distributions that produced W statistics between .950 and .975, the PE rates across
combined tails were generally below 50%. These same distributions produced D,q; statistics
between .025 and .015. Hence, W = .950 and D,4; = .025 were selected as liberal cut-offs,
whereas W = .975 and D,,; = .015 were selected as conservative cut-offs. Table 1 shows
skewed, platykurtic, and leptokurtic distributions that correspond to these criteria (produced
using N = 5000 for better depiction of true population shapes). The distributions in the top row of
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the table produced a W statistic of approximately .975 and a D,4; value of approximately .015,
which was set as the conservative criteria for the MMES in the NET-SW and NET-KS,
respectively (i.e., NET-SW g75; NET-KS o15). The distributions in the bottom row of the table

produced a W value of approximately .950 and a D value of approximately .025; those values

were set as the liberal criterion for the MMES for the NET-SW and NET-KS, respectively (NET-
SW gs, NET-KS 025). The distributions, being at the MMES, reflect minimally meaningful
deviations from normality. Anything less extreme would be considered negligibly different from
normal and anything more extreme would be considered a meaningful deviation from normality.
Two positively skewed distributions are examples of distributions that are precisely at the
chosen liberal and conservative bounds. A distribution with parameters g =.2929 and h =0
produces W and D, statistics that are within three decimal places of the conservative criterion
(SW =.975 & D,,4;=.015). Similarly, a distribution with parameters g = .4410 and h = 0 produce
W and D, statistics that are at the liberal criterion with W = .950 and D,4;=.025. These
distributions are examples of distributions that have the smallest deviation from a normal
distribution that is considered meaningful (Figure 5a and 5b). Any distribution with less extreme
deviation would be considered negligibly different from normal. Two conditions were added to
the Monte Carlo simulation that reflect these two distributions at the liberal and conservative
bounds. The purpose of these conditions was to evaluate the proportion of conclusions of
normality of the NETs at the border of the NET interval. Specifically, the proportion of
conclusions of normality were evaluated for the NET-SW gs0; NET-KS 025 for a distribution with
parameters g = .4410 and h = 0 (since it is at the liberal bound) and the proportion of conclusions

of normality of the NET-SW g75; NET-KS 015 for a distribution with parameters g =.2929 and h =
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0 (at the conservative bound). If the tests perform well, the empirical Type | error rates when
these distributions are simulated and compared to their matching bound should equal a.
Results (Study 1)

Figures 6a, 6b, and 6¢ provide the rates at which each pair of difference-based (KS, SW)
and NET-based (NET-KS, NET-SW) tests make the conclusion that the distribution is normal.
For the NETSs, the rates are displayed for both the liberal and conservative bounds. Figure 6a
depicts the rates for distributions with normal or negligibly different from normal shapes, Figure
6b depicts the rates for two distributions with nonnegligible deviations from normality, and
Figure 6¢ depicts the rates for two distributions that deviate non-negligibly from normal, with the
deviations being equal to the minimally meaningful deviation from normality (i.e., SW = .975 &
Dgqj= 015 and SW = 950 & Dy4; = .025).

Normal/Negligibly Different from Normal

In these conditions, the population distribution is normal or negligibly different from
normal. For the SW and KS difference-based tests, not rejecting the null hypothesis (p > a) is
used to imply that the sample distribution does not deviate from a theoretical normal distribution
(which is a correct decision when the population from which the sample was drawn is perfectly
normal or an incorrect decision if the distribution deviates from normal). Rejecting the null
hypothesis (p < a) suggests that the sample distribution is significantly different from a
theoretical normal distribution (which is a false conclusion, or Type I error, when the sample
distribution is drawn from a normal distribution or a correct decision when the sample
distribution deviates from normal).

For the NET-SW and NET-KS, not rejecting the null hypothesis implies that the sample

distribution is not negligibly different from a theoretical normal distribution, which is a false
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conclusion (i.e., a Type Il error) when the population distribution from which the sample was
drawn is perfectly normal or negligibly different from normal. Rejecting the null hypothesis
suggests that the distribution is negligibly different from a theoretical normal distribution, which
is a correct conclusion in these conditions.

g =0, h=0. The SW test performs well across all sample sizes, with rates approximately
equal to the expected value (.95). On other hand, the KS test has near perfect detection of
normality (~ 100%) across most sample sizes, which is unexpectedly high and contrasts with the
expected error rate. Given that the data were drawn from a normal distribution, a small
proportion of false rejections (about 5%) are expected due to random chance. In other words,
within the context of NHST, the KS test should incorrectly reject the null hypothesis of
normality and conclude that the distribution is nonnormal about 5% of the time, as seen with the
SW.

The best performing NET test is the NET-SW gso. It reaches 100% power to detect
normality at about N = 150, consistently detecting normality for all samples from that size
onward, with no Type Il errors (in the NET context, falsely retaining the null hypothesis and
concluding nonnormality). The other procedures (NET-SW g75, NET-KS 015, NET-KS 025) do not
reach 100% power until at least N = 500. The NET-SW o75 performed better than both the liberal
and conservative NET-KS tests.

g = 0.2, h =0. This distribution has negligible positive skewness. Since the distribution is
not normal, the traditional tests (KS, SW) should not conclude normality. The KS test often
mistakenly concludes normality until about an N = 500, when rates of incorrectly concluding
normality finally approach 0. For the SW test, rates are near 100% at small N, and then steadily

decrease as N increases (reaching 0 at around N = 500). Again, among the four NETSs, the NET-
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SW g50 has near-zero power at about N = 50 and reaches 100% power between N = 250 and N =
500. The NET-SW g50 performs slightly better than the NET-SW 75, which performs poorly with
small sample sizes. The NET-KS 015 exhibits limited power, reaching its highest rate of normality
detection of only .75 even at the largest sample size (N = 5000), indicating suboptimal
performance for correctly identifying the true distribution as negligibly different from normal.
The NET-KS o25 performs only slightly better, reaching its maximum power level at N = 1000
with rates around .90. Thus, both KS tests perform poorly relative to the NET-SW tests.

g =0, h =-0.1. Here, the distribution is slightly platykurtic. Since the distribution is not
normal, the traditional tests (KS, SW) should not conclude normality. The KS test mistakenly
concludes normality at rates near 100% until about an N = 500, when rates of incorrectly
concluding normality approach O (i.e., between N = 30 and N = 500, rates are near 100%, at N =
1000, rates are at 87.5%, and at N = 5000, the rates plummet to 0).

For the SW test, rates at which the test concludes normality are near 1 at small N, and
then steadily decrease as N increases (reaching 0 at around N = 500). Again, among the four
NETSs, the NET-SW gs50 has near-zero power at about N = 50 and reaches 100% power at around
N = 150, performing better than NET-SW g75. Both the NET-KS 015 and NET-KS 025 perform
poorly relative to the NET-SW tests.

Nonnormal/Non-negligibly Different from Normal

In these conditions, the sample distributions deviate meaningfully from a theoretical
normal distribution, and thus the test should conclude that the distribution is not normal. Any
conclusion that the distribution is normal or negligibly different from normal is incorrect. Within
the hypothesis testing framework of the SW and KS difference-based tests, not rejecting the null

hypothesis (p > a) implies that there is insufficient evidence to reject the null hypothesis that the

33



sample distribution was drawn from a normal population distribution, an incorrect conclusion
(Type 11 error). Rejecting the null hypothesis (p < o)) suggests that the sample distribution is
significantly different from a normal distribution, which is a correct conclusion. Conversely, for
the NET-SW and NET-KS, failing to reject the null hypothesis that the sample is drawn from a
(non-negligibly) nonnormal distribution implies that there is insufficient evidence to conclude
that the sample was drawn from a distribution that negligibly deviates from normality, which is a
correct conclusion. Rejecting the null hypothesis suggests that the sample distribution is
negligibly different from a normal distribution, which is an incorrect conclusion (a Type | error).

g = 0.5, h =0.1. This distribution is positively skewed and leptokurtic. The KS test has a
high rate of falsely concluding normality until about N = 100 (90%), while the SW test performs
much better, with rates of falsely concluding normality reduced to 3% around N = 100. All four
NETs maintain Type | error rates near 0 across all sample sizes, indicating that they are
conservative, rejecting the null hypothesis of non-normality virtually always.

g=0.6, h=0. This is a positively skewed distribution. The KS test has high Type Il
error rates until about N = 100, while the SW test performs much better than the KS test and has
much lower Type Il rates in smaller samples, reaching a Type Il error rate of 0 at N = 75. All
four NETS tests maintain Type | error rates near 0 across all sample sizes.
Nonnormal/Non-negligibly Different from Normal but at the Negligible Effect Bound

As discussed above, distributions where the degree of nonnormality was precisely at the
bound for deeming a distribution non-negligibly different from normal were also included. In
these conditions, the NETs are expected to conclude normality with an empirical Type | error

rate equal to o.
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g = 0.4419, h = 0. This distribution is at the liberal NEB (SW = .950; Dagj = .025) and
thus Type | error rates for liberal NETs (NET-SW gs0; NET-KS 025) are expected to be a = .05.
The NET-KS 025 had Type | error rates near 0 across all sample sizes (i.e., is overly
conservative), while the NET-SW g50 had Type | error rates near O at lower N but reached the
nominal significance level of .05 for N > 500.

g =0.2929, h = 0. This distribution is at the conservative NEB (SW = .975; Dagj = .015)
and so Type | error rates for conservative NETs (NET-SW g75; NET-KS o15) are expected to be a
=.05. Like the liberal-bound conditions, the NET-KS 015 has Type | error rates near 0 across all
sample sizes (i.e., is overly conservative), while the NET-SW 975 reached the nominal
significance level of .05 for N > 250.

Discussion (Study 1)

Given the ubiquity of nonnormally distributed variables across the social sciences, and
the impact of this nonnormality on parametric model inferences, it is important to have tests of
normality that are both valid and accessible. Graphical methods for evaluating normality can be
unreliable, whereas traditional test statistics for assessing normality are limited by both
unreliability (e.g., sensitivity to outliers and small deviations in large samples, lack of power in
small samples, reliance on distributional assumptions that are often not met in practice, and
failing to distinguish statistical significance from practical significance) and an inappropriate
orientation of the hypotheses (i.e., the null stipulates that the distribution is normal, rather than
nonnormal). Specifically, these tests inappropriately evaluate significant differences from a
normal distribution rather than a negligible difference from a normal distribution.

We proposed NETSs for normality that test for evidence that a sample distribution is

negligibly different from a normal distribution and conducted simulations to compare the Type I

35



error and power rates of the NET-based normality tests to comparable rates for traditional tests
of normality. Based on current literature, no tests to date have been developed for assessing
normality using a NET framework.

The use of NETSs for normality means that the test only concludes normality if the
evidence favourably shows that a sample distribution is similar to a normal distribution. The
probability that a test concludes that a sample distribution was drawn from a normal distribution
was compared across the traditional one-sample KS test, the traditional SW test, and two
variations of NET-based tests (i.e., NET-KS and NET-SW). In the simulation study, the first
distributions for data generation were either normal or negligibly different from normal. For the
normal distribution condition, the SW test performs optimally, correctly concluding that the
distribution is normal across all samples sizes at a rate of approximately .95 (i.e., these tests
falsely detect significant differences between the sample distribution and a theoretical normal
distribution around 5% of the time). However, the KS test has rates of concluding normality near
1.00 across all sample sizes, which is a limitation of the tests’ requirement that a researcher
specify the sample, rather than the population, means and standard deviations, which biases the
KS test towards accepting the null hypothesis. Specifically, because a researcher never knows
the population parameters, only the sample statistics are available to them. However, when the
distribution was slightly nonnormal, the rate at which the test falsely concludes normality was
excessively high. For example, the KS falsely concluded normality close to 100% of the time
until around N = 500 for both conditions of slightly nonnormal distributions.

When the population distribution was normal, the liberal NET-SW (NEB of .95) reached
80% power to detect a negligible deviation from normality at the smallest sample size of any of

the four NET tests (N = 75). The remaining NET procedures required much larger sample sizes
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to reach power of at least 80% (e.g., N = 250 to 1000). Generally, the NETs performed poorly
(i.e., high Type Il error rates) in small samples for detecting normal distributions but performed
well with moderate to large sample sizes. Similar results were obtained for distributions that
were negligibly different from normal; however, as expected, larger sample sizes were required
for achieving acceptable power. For example, the liberal NET-SW procedure reached
approximately 80% power with N = 250 for the mildly skewed distribution and N = 150 for the
mildly platykurtic distribution. These results (NETs are conservative at low N) are not
unexpected; concluding that a distribution is ‘negligibly different from normal’ is a very strong
statement that naturally should not be concluded with very small sample sizes.

When data was simulated from distributions that were non-negligibly different from
normal, the results for the traditional KS and SW tests were like those for the distributions that
were negligibly different from normal. With small sample sizes, the Type Il error rates were very
large (e.g., for N = 50 the Type Il error rate was .25 for SW and .99 for KS), but for large sample
sizes (at around N = 100 for SW and N = 500 for KS) the Type Il error rates were near 0. In
contrast, the NETs almost never conclude incorrectly that the distribution is normal, with rates
close to 0 across all sample sizes and distributions. Overall, in non-negligibly nonnormal
distributions, the NET normality tests perform better than the traditional tests, typically
concluding nonnormality across all sample sizes and distributions, whereas the difference-based
tests tend to flagrantly conclude normality from smaller samples (especially the KS test).

The last set of distributions that data was simulated from had SW and KS values exactly
at the bounds of the negligible effect interval. In these non-negligible conditions, the NET-SW
and performs very well for moderate to large samples (N > 100 for NET-SW) with Type | error

rates near a. However, when sample sizes were very small, the Type I error rates were near 0.
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This result naturally follows from the discussion above regarding the difficulty with concluding
that a distribution negligibly differs from normal with a small N.

To summarize, the proposed NETSs performed very well in moderate to large sample
sizes; the liberal NET-SW performed the best of all proposed NET procedures. Although it
might be easy to recommend the liberal NET-SW without reservation, there might be situations
in which only very small deviations from normality can be tolerated; in those situations, the
conservative NET-SW would be recommended (or the NEB can be adjusted to impose a stricter
threshold for concluding equivalence, requiring narrower and more precise Cls around the
estimate of W).

Although all NET tests were conservative with small sample sizes (i.e., lower power with
small N), it could be argued that, at a minimum, a moderate sample size with at least 80% power
(N =100 for the NET-SW g5 and N = 250 for NET-SW g75) is required to be able to reject the null
that a distribution is non-negligibly nonnormal (i.e., the conservativeness makes sense). Further,
the traditional KS and SW tests also had very low power at small sample sizes, but the
consequences are reversed; these traditional tests have a high rate of Type Il errors (failing to
reject the null hypothesis that the data is sampled from a normal distribution) even when the
distribution is quite nonnormal.

There are a few limitations to this study. First, regarding the proposed NETS, and like
traditional normality tests, they do not highlight the nature or the direction in which the
distribution deviates from normality when the null is not rejected (e.g., is the nonnormality based
on skewness, kurtosis, presence of outliers?). In other words, these tests act as ‘omnibus’ tests,
providing a general indication that data are nonnormally distributed. Additional analyses are

required to understand the characteristics of the deviation (graphs and descriptive statistics), and
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these analysis may inform the choice of subsequent analyses (e.g., nonparametric or robust
statistical methods) or data transformations.

Second, for distributions that are normal or negligibly different from normal, the
bootstrap CI for the NET-SW often produces a conservative lower bound, meaning that the
lower bound of the bootstrap CI tends to be less than the NEB (i.e., .95 or .975), leading to a
failure to reject the null hypothesis that the sample is drawn from a distribution that is
meaningfully different from a normal one. The conservative nature of the bootstrap Cls is
obvious with normal (or near normal) distributions because the CI often does not even contain
the sample test statistic (e.g., SW = .999; bootstrap CI = {.965, .988}). Due to the
conservativeness in these conditions, the NET-SW has reduced power to detect normality.
Solutions to this problem were explored in the second study of this dissertation. Finally, the
findings in this study cannot be generalized to conditions that go beyond the conditions
investigated here. For example, although it is likely that the results will extend to different
negligibly or non-negligibly nonnormal distributions, this prediction cannot be verified without
further study.

To summarize, the results of this study suggest that, in small samples, the NETs have low
power to conclude normality when the degree of nonnormality is negligible (i.e., falls within the
negligible effect interval) while the traditional difference-based tests have low power to conclude
nonnormality when the distributions are nonnormal. With at least moderate sample sizes (N =
150 for NET-SW.gs and N = 250 for NET-SW.g75), the NETs have upwards of 80% power to
detect distributions that are normal or negligibly different from normal. In non-negligibly
nonnormal distributions, the NET-SW performs very well even with small sample sizes (N = 30

to N = 75), and in this situation (small N, nonnormal distribution) it is better to err towards
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concluding nonnormality than normality (when the research hypothesis relates to testing for
normality). Given the superior performance of the liberal NET-SW over the conservative NET-
SW and both NET-KS tests, we recommend that researchers utilize the liberal NET-SW as a
default. However, when only very minor deviations from normality can be tolerated, the
conservative NET-SW could be adopted (or the NEB can be made even more stringent). Given
the promising results around the liberal NET-based SW statistic over the conservative NET-
based SW and both NET-KS tests, we recommend the liberal NET-SW. However, the
conservative NET-SW (or an even stricter bound) may be utilized if only slight deviations from
normality are tolerable. Future research ought to explore in greater depth the properties of the
NET-SW and the potential for other NET-based tests for normality to be developed.

Applied Example (Study 1)

To demonstrate how the NET-SW procedures can be adopted in a research setting, an
example using real data is provided. The performance of the KS test and NET-KS is not reported
based on their inferior performance at detecting meaningful deviations from normality. The goal
is to encourage researchers to adopt the most rigorous and accurate method, so the focus is on the
NET-SW using the liberal NEB of .95.

The dataset comes from an RCT-based study on the effectiveness of an online cognitive-
behavioural therapy (CBT) for maladaptive perfectionism among a sample of undergraduate
students with high levels of perfectionism (Arpin-Cribbie et al., 2012). The dataset is available
within the negligible package in R (Cribbie et al., 2023).

For this example, a linear regression model was fit using self-oriented perfectionism
scores from the Hewitt and Flett Multidimensional Perfectionism Scale (Hewitt & Flett, 1991) as

the outcome, predicted from both Perfectionistic Cognitions Inventory scores (Flett et al., 1998)
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and Automatic Thoughts Questionnaire (Hollon & Kendall, 1980) scores, with all variables
measured at pretest. The model residuals were extracted (N = 83) and tested for normality using
the neg.normal function from the negligible package (Cribbie et al., 2023) with a liberal NEB
of W =.950. The residuals are characterized by negative skewness (-0.44) but little kurtosis
(0.01; Figure 7). The 20% trimmed mean of the residuals is 0.41 (i.e., 20% of the smallest values
and 20% of the largest values are removed before calculating the mean). If the NET-SW
concludes that the sample distribution deviates from a normal distribution meaningfully, these
descriptive statistics may help a researcher choose between a transformation, address outliers, or
apply a nonparametric or robust approach.

The traditional SW test is nonsignificant, W = .979, p = .19. The traditional null
hypothesis that the distribution from which the data were drawn is normal cannot be rejected at
the a = .05 level. However, the NET-SW test had a lower bound of the 95% CI for the bootstrap
samples from the distribution of residuals of .944, which is below the lower bound of the
negligible effect (equivalence) interval of .950 (liberal criterion). Thus, the NET-SW test
concludes that the null hypothesis that the degree of nonnormality is extreme cannot be rejected
(i.e., the distribution is not concluded to be negligibly different from normal). Therefore, these
tests provide conflicting results. On the one hand, the SW test suggests that there is not enough
evidence to reject the null hypothesis that the sample comes from a normal distribution, so it
cannot confidently be concluded that the data are nonnormal. However, the NET-SW shows that
we cannot confidently conclude the data are ‘close enough’ to normal, leaving the possibility of
non-negligible deviations (i.e., it may still differ from a normal distribution in a non-negligible
way). Given the small skewness and near-zero kurtosis, it is reasonable to expect these

ambiguous results. The data exhibit only mild deviations from normality, so while the SW test
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may not detect evidence of nonnormality, the NET-SW may still flag small deviations as non-
negligible. These differences underscore the sensitivity of the tests to the differing hypotheses.
The NET-SW test is conservative, meaning that it requires stronger evidence to conclude
that the sample distribution is non-negligibly different from a normal distribution, providing a
strong rationale for choosing a more robust measure in subsequent analyses that mitigate the
influence of outliers and nonnormality in parametric methods. So even when the SW test is
nonsignificant, the researcher is encouraged to be cautious and assume that normality is violated,

ensuring that the subsequent results remain valid as far as violations of normality are concerned.
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CHAPTER THREE
NEGLIGIBLE EFFECT TESTS FOR DISTRIBUTIONAL NORMALITY:
IMPROVING CONFIDENCE INTERVALS FOR THE SHAPIRO-WILK APPROACH
(STUDY 2)

Negligible effect tests (NET) are used to determine whether an effect is small enough to
be deemed of little consequence for substantive purposes. The effect may be the difference
between two means, the correlation between a pair of variables, a regression coefficient, and so
on. NETSs assess evidence that an effect falls within a predefined range of values that are close to
a specific (e.g., nil) effect, known as the negligible effect interval (NEI). NETs for normality
were developed in Study 1 as an alternative to traditional statistical tests for normality (e.g.,
Shapiro-Wilk and Kolmogorov-Smirnov tests). These NETs evaluate whether a sample
distribution is negligibly different from a theoretical normal distribution. Specifically, these tests
address whether the null hypothesis that a target population distribution is non-negligibly
different from a theoretical normal distribution can be rejected.

In Study 1, two NETS for normality were developed: a NET based on the one-sample
Kolmogorov-Smirnov test (NET-KS) and a NET based on the Shapiro-Wilk test (NET-SW).
Although both tests virtually never falsely concluded normality, the NET-SW was shown to have
greater power to conclude normality when distributions were normal or negligibly different from
nonnormal, especially in small to moderate sample sizes. Thus, the NET-SW had the best
balance of Type I error control and power and was chosen as the focus of this study.

A finding from Study 1 regarding the NET-SW procedure was that power to detect a
negligible difference from normality was hindered by the fact that the percentile bootstrap ClI

was biased downwards (i.e., away from W = 1) when population distributions were normal or
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close to normal. In other words, the conservative nature of the percentile Cl approach when
distributions are normal or close to normal reduces the likelihood of detecting that a distribution
is negligibly different from normal even when the distribution is normally distributed or almost
normally distributed. This issue is the focus of this study.

The layout of Study 2 is as follows. First, the original NET-SW procedure is described.
Second, the limitation of the NET-SW (i.e., the reduced power for distributions normally
distributed or close to normally distributed) is explained. Third, alternative methods for creating
the Cls for the NET-SW are described. Lastly, a Monte Carlo study is used to evaluate the
statistical properties of the modified NET-SW procedure. An applied example is also provided,
using an R function that applies the recommended alternative for computing Cls for the NET-
SW (i.e., the method that optimally corrects the CI for distributions that are normal or close to
normal in form).

Original NET-SW Procedure

The NET-SW was derived from the traditional SW test, which uses traditional null
hypothesis testing to assess whether a population distribution from which sample data are drawn
deviates from normal. By incorporating NET-based procedures into the SW test, the NET-SW
uses a null hypothesis that the distribution meaningfully deviates from normality, while the
alternative hypothesis suggests that any deviation from normality is minimal. The null
hypothesis for the NET-SW states that population W is less than or equal to the minimally
meaningful effect size (MMES; Beribisky et al., 2019), which, in this context, specifies how
much a distribution can deviate from normal without it being meaningful. Generally, a NEI is
based on the MMES and is often denoted using {-9, 6}; these symmetric boundaries represent

the smallest effects, in either direction, from the desired effect (e.g., mean difference = 0) that
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would be deemed nonnegligible. Each bound of the NEI is referred to as a negligible effect
bound (NEB). As the traditional SW is on a positive-only correlation-based metric, W ranges
from 0 to 1, with values closer to 1 indicative of normality. Therefore, the NEI for the NET-SW
is defined as {C, 1}. Deviations from normality are unidirectional, and so the W statistic that
demarcates the smallest deviation from normality that is consequential is defined by the lower
NEB, ¢. The null hypothesis for NET-SW is stated as Ho: W,,,,, < ¢, while the alternative
hypothesis states that population W is larger than the lower NEB: Hi: W,,,,, > ¢. Only the lower
NEB of the NEI () is relevant for the NET-SW, since the values of W have an upper bound of 1.

In Study 1, the procedure for the NET-SW utilized a basic percentile bootstrap (or
empirical percentile bootstrap) method, which constructs Cls using the bootstrap distribution of
the statistic of interest. Briefly, bootstrap sampling draws B random samples with replacement of
size N from a distribution of size N. This process mimics the process of random sampling from
the population, but rather than directly sampling from the population, the sample is drawn with
replacement from the observed data, with each observation having an equal chance of being
selected at each draw. For each bootstrap sample, the statistic of interest is computed using the
resampled data (e.g., W), and the distribution of the statistic can then be used to compute Cls. For
example, after drawing X bootstrap samples, the lower and upper bounds of the CI are
determined by selecting the appropriate percentiles from the bootstrap distribution of the statistic
calculated in each bootstrap sample (Rousselet et al., 2021). In Study 1, the percentile bootstrap
approach was adopted to estimate the sampling distribution of the W statistic. If a represents the
nominal Type | error rate, then in an NET framework we calculate a 100(1 — 2a)% CI, where the
a percentile represents the lower bound of the CI and the (1- o) percentile represents the upper

bound of the CI. For instance, for a 90% Cl, the 5" percentile of the distribution would represent
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the lower bound of the CI and the 95" percentile would represent the upper bound of the CI.
Although the percentile method does not require any assumptions about the distribution of the
bootstrap distribution, it does not perform optimally with very small samples and when the
sample distribution is not an accurate representation of the population distribution (Rousselet et
al., 2021).

For the NET-SW, bootstrap samples are drawn from the empirical sample with
replacement, and the W statistic is estimated for each sample. Since a Type | error is only
possible at the lower NEB, the test retains an a level of 5% by placing the entire rejection region
in the lower tail. In other words, there is a 5% risk of a Type | error in the lower tail (i.e., a 5%
risk of indicating that the distribution is negligibly different from normal when in fact it is non-
negligibly different from normal). Specifically, a 100(1 — 2a:)% CI was calculated, where the a
(5"") percentile of the bootstrap distribution represents the lower bound of the CI (and the upper
bound is not relevant for the statistic). In Study 1, the lower NEB = .950 was used as the liberal
bound and the lower NEB =.975 was used as the conservative bound. The W statistics from the
B bootstrap samples are then combined into a distribution, with the o quantile of the distribution
defining the lower bound of the bootstrapped CI for W. If the lower bound of the 100(1 — 2a))%
percentile CI for the bootstrap distribution is greater than the lower NEB, then the test concludes
that the distribution is equivalent to normal. Recall that with the NET-SW, there is only one
rejection region (i.e., one-tailed), and hence only one bound of the NEI is meaningful {C, 1}, the
upper bound of 1 represents optimal normality and the lower bound, T, represents the largest

value of the W statistic that deviates meaningfully from normality.
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Issue with the NET-SW with Distributions Close to Normal in Shape

In Study 1, the NET-SW procedure provided the best balance of Type I error control and
power, compared with the NET-KS test and was recommended. This research also found that
bootstrap sampling leads to an approximately normal bootstrap sampling distribution when the
sample is not normally distributed; however, if the target distribution is close to normally
distributed (i.e., W approaches 1), then the bootstrap sampling distribution is negatively skewed
and biased downwards. As a result, when the sample is drawn from a distribution that is very
close to normal, the bootstrap percentile Cls are not centered over the sample W statistic; in fact,
the bootstrap percentile Cls often do not contain the sample W. Rather, the sample W is typically
above the upper bound of the percentile CI (Figure 8-A). However, when the sample is not
drawn from a normal distribution, the percentile CI is approximately centered over the observed
sample W (Figure 8-B). Specifically, because the percentile interval is created from quantiles of
the bootstrap distribution, rather than being directly formed from the estimate of the statistic in
the sample data, there is no guarantee that the CI will contain the sample value of the statistic.
Further, as a nonparametric method, the bootstrap percentile ClI method does not have a
mechanism to adjust for skewness in the distribution of the bootstrap sample. Because of the
percentile Cl being biased downwards, power to detect negligible differences from normality
with the NETSs is deflated. Specifically, when the lower bound of the bootstrap Cl is deflated
(i.e., biased downwards), it is possible that the lower bound of the CI is below the NEB, leading
to a conclusion that the distribution is non-negligibly different from normal (a Type Il error if the

population W value falls above the NEB; see Figure 9).
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Solutions

Below, several alternative solutions for the conservative nature of the CI based on the
percentile bootstrap are described, namely the stochastic bootstrap, parametric bootstrap,
Fisher’s r to z transformation, and the bias-corrected and accelerated approach.

Stochastic bootstrap. Unlike the traditional bootstrap that samples directly from the
data, the stochastic bootstrap is a variation of the traditional bootstrap method that adds a random
noise component to each resampled observation (Ripley, 1987). With stochastic bootstrap
sampling, each of the i =1, ..., N observations from each of the j =1, ..., B bootstrap samples
has a random noise component added:

BS;i = BSji + gji,
where BS;;- represents the recorded observation for case i in bootstrap sample j, BS;ji represents
the original ith observation from bootstrap sample j, and &;ji represents the random noise
component [e.g., &i~ N(0, 6%)] for the ith observation from bootstrap sample j.

For example, if variable X contains the sample observations {2,5,4,7,3}, a bootstrap
sample may select as the first observation, 7 (i.e., BS11 = 7). BSj; is next added to &ji, where gjiis a
value selected from a normal distribution with an appropriate population standard deviation [e.g.,
&i~ N(0, 1)]. Perhaps the &;ji value selected (rounded to two decimal places) is 11 = -0.43. Thus,
the first recorded observation in bootstrap sample 1 BS11° =7 - 0.43 = 6.57). This process
continues for all N observations from all B bootstrap samples. The idea is to simulate natural
variability in the resampling method, which is lost with direct bootstrapping, to capture
potentially important variability.

Parametric bootstrap. A parametric bootstrap works under the presumption that the

underlying distribution of the data is known. Bootstrap samples are generated by simulating data
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from a specified model fitted to the observed data. However, misspecification of the underlying
distribution form (e.qg., specifying a normal distribution when the distribution is nonnormal) can
lead to biased and unreliable results (Cornea-Madeira & Davidson, 2015; Lu & Young, 2012;
Milan & Whittaker, 1995; Spokoiny & Zhilova, 2015).

There are three steps to implement a parametric bootstrap that assumes a normal
distribution (also called a Gaussian interval, or normal-approximation CI):

1. The bootstrap samples are drawn with a W statistic calculated on each bootstrap

sample (B).

2. The M and SD are calculated for the bootstrap distribution of the W statistic, called Mg

and SDg, respectively.

3. Mg and SDg are used to construct the CI using the quantiles of the standard normal

distribution:

Cl=Ms *zSDs,
where z is the critical value that corresponds to the desired confidence level (e.g., for a 95% Cl, z
=1.96). For example, if Mg = 0.7 and SDg = 0.1, assuming a = .05, we first find the z-value
corresponding to the upper tail of the standard normal distribution: 1 - /2 =.975 = 1.96. The
margin of error is thus 1 - a/2 x SDg = 1.96 % 0.1 = 0.196. Finally, we create the Cl by adding
and subtracting the margin of error from the mean of the bootstrap distribution:
Cliower = Mg —z SDg = 0.7 - 0.196 = 0.504
Clupper =Mg +2zSDg =0.7 + 0.196 = 0.896

The 95% Cl is (0.504, 0.896). As discussed above, for the NET-SW the interest is in the lower

bound of the 100(1 — 2a)% CI.
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Fisher’s r to z transformation. This is a classic technique used to deal with the fact that
the sampling distribution of correlation coefficients is skewed when the population correlation
coefficient is near one of the boundaries (e.g., -1 and +1). The transformation converts the
correlation (r) to a variable (z) whose sampling distribution is more normally distributed
(especially when N is small). The transformation may help when performing hypothesis tests or
constructing Cls for the population correlation coefficient, especially when r approaches +/- 1
(Fisher, 1915; Fisher, 1921).

Recall that this situation occurs when W approaches 1 with the NET-SW. Fisher's r to z
transformation converts r to an unbounded scale where the sampling distribution of z is
approximately normal, particularly as sample size increases. Once transformed, Cls can be
computed using the percentile bootstrap method or hypothesis tests can be run within the z
(standardized normal) scale (Welz et al., 2022). Inverse transformations allow conversion of
confidence intervals or results from hypothesis tests from the z scale back to the r scale for
interpretation.

Given a correlation coefficient r, Fisher's r to z transformation is calculated using the

following equation:

z=51In (ﬂ)

1-r
where z is the transformed value in the standard normal scale and r is the correlation coefficient.
For this context, W is substituted for r in the above equation since, as discussed in Study 1, W is
a pseudo-correlation statistic.
Bias Corrected and Accelerated (BCa) Bootstrap. The bias-corrected and accelerated
(BCa) method (Chernick & LaBudde, 2011; Davison & Hinkley, 1997; DiCiccio & Efron, 1996;

Efron & Tibshirani, 1994) corrects bias and skewness in a bootstrap distribution and constructs
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confidence intervals for the adjusted statistics. Here, the BCa CI is computed on the distribution
of bootstrap W statistics from each bootstrap sample. To construct a BCa Cl, a bias-correction
and acceleration factor is calculated from the bootstrap distribution of the W statistic. The
percentiles of the bootstrap distribution are adjusted, and then a BCa ClI is constructed using the
adjusted percentiles, providing a more normalized interval than the standard bootstrap percentile
method. Specifically:
1. The observed W is calculated for the original sample.
2. Bootstrap samples (B) are drawn from the data and the W statistic is calculated for each
bootstrap sample, Wy, W,, ... W, forming a distribution of the W statistic.
3. The acceleration parameter is calculated, @, which captures any skewness in the bootstrap
distribution:

i, (Wi -W)3
6(21'3:1(Wi _W)Z)

o= 372

where W is the mean of the bootstrap sample statistics W;, W, ... Wp.

4. The bias-correction parameter, Z,, is calculated, which adjusts for the difference between
the observed statistic (W) and the mean of the bootstrap distribution. I(W; < W) is an
indicator function that equals 1 if the bootstrap sample statistic W; is less than the sample

W and 0 otherwise. Then

B <
20 = q)—l (Zz=11(]:VL—W))’

where @1 is the inverse of the standard normal cumulative distribution function and the
term in parentheses is the proportion of bootstrap samples that are equal to or less than

observed sample W.
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5. Next, the BCa Cl is computed for the sample using the acceleration parameter (@) and the
bias-correction parameter (Z,):

20+@ () )’

Lower adjusted percentile: ¢ (zo + aGer o)

20+d>_1(1—a) )
1-a(Zo+®~1(1-a)/’

Upper adjusted percentile: ® (20 +
where a is the confidence level of the Cl. Because we work with 5% in each tail of the
distribution for the NET-SW, a. = .10 (a 90% CI is calculated). The resulting BCa interval
reflects a 90% CI that adjusts the original percentiles for bias and skewness using the correction
parameters, Z,, and Q.

Monte Carlo Study (Study 2)

An initial simulation study was conducted to track the rates at which the percentile
bootstrap confidence interval contains the observed W. Rates (proportion of replications) in
which the ClI includes the sample W value for five sampling methods are compared: percentile
bootstrap (usual), stochastic bootstrap, parametric bootstrap (imposing a normal distribution),
Fisher’s r to z transformation, and BCa.

The main simulation study assesses the Type | error and power rates of each of the
approaches for computing the CI for the NET-SW test. Two NEBs were adopted for the W
statistic: .975 for a conservative criterion and .95 for a liberal criterion, with the general idea to
see how often the lower bound of the ClI is greater than the NEB across multiple replications
(i.e., how often the procedure declares the population distribution negligibly different from
normal). As in Study 1, Tukey g-and-h distributions were adopted to produce distributions with a
range of skewness and kurtosis: normal (g = 0, h = 0), negligibly different from normal (g = 0.2,

h=0and g =0, h =-0.1), non-negligibly different from normal (g =0.5,h=0.1and g=0.6, h =
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0), at the NEB of .975 (g = 0.2929, h = 0), and at the NEB of .95 (g = 0.4419, h = 0). Sample
sizes are the same as in Study 1 (n = 30, 50, 75, 100, 150, 250, 500, 1000, 5000).

In total, there were 630 conditions (5 methods x 2 bounds x 7 distributions x 9 sample
sizes). For each condition, 5000 replications were conducted, with 1000 bootstrap samples for
each. A nominal confidence level of a = .05 was adopted. In each replication, the test statistic
(W) was computed in each of the 1000 bootstrap samples. For the percentile method, the o
percentile (5™ percentile) of the bootstrap distribution of W statistics is computed and compared
to the lower NEB. The stochastic approach follows the same steps, but with each random
bootstrap sample drawn with replacement, normally distributed stochastic noise is added with M
=0 and SD = 5% of the SD of the sample distribution.

In the parametric normal approach, the CI for the mean of the W bootstrap statistics is
calculated using the normal approximation method described above (i.e., the Cl is computed as
the mean +/- the product of the critical value and the SD). The lower bound of this Cl is then
compared to the lower NEB. For the Fisher’s r to z approach, each bootstrap sample is drawn
and a Fisher’s z is computed on each W statistic. Once the z is computed on each bootstrap
sample, the Cl is calculated and then converted back to the W scale, with the average lower
bound compared to the specified NEB to determine the rate at which the test concludes the
distribution is negligible to normal. Finally, for the BCa method, the BCa CI is computed from
the bootstrap distribution itself using the percentile CI as a starting point, adjusting the
distribution for any bias and skewness, and refining the original percentile bootstrap CI.

For the NET-SW, normality was concluded if the lower bound of the CI for the W
generated by each CI approach fell within the NEI (i.e., at or above the lower NEB of .975 or

.95), leading to a rejection of the null hypothesis that the distribution deviates non-negligibly
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from normal. The rates at which the NET-SW test concluded that a distribution was normal was
tracked for each of the five methods for computing the CI. In conditions where the population
distribution is non-negligibly different from normal, a Type I error occurs when the test falsely
concludes the distribution is normal, and in conditions where the population distribution is
negligibly different from normal, power is the probability of correctly concluding normality.
Results (Study 2)

Computed Percentile Cl Containing the Sample W Statistic

Table 2 includes the proportion of Cls from the percentile bootstrap method that contain
the observed sample W statistic. When the population distribution is perfectly normal, the
percentage of Cls that contain the sample W statistic is 66% with N = 30 and 42% when N =
5000 and. Conversely, for the perfect normal condition, the sample W is not contained in the
percentile Cl in 34 to 58% of replications. For conditions where the distribution is negligibly
nonnormal, 76.8% (N = 30) to 100% (N = 250) of Cls contain the sample W statistic. For
conditions that are at the NEB, the sample W is contained within the percentile CI between 85%
and 100% of replications. For the conditions with nonnegligible nonnormality, the sample W is
nearly always contained within the percentile CI.
Rates at which Sample W is Contained within Alternative CI Approaches

Figure 10 shows the proportion of replications in which the sample W is contained in the
ClI for each of the alternative procedures discussed above across sample sizes. The usual
percentile method is included for reference and starts at around .67 at N = 30 and decreases to .42
at N = 5000. The parametric normal method shows high rates of coverage in samples up to N =
150 and decreases slightly to about 90% in the largest sample size. Fisher’s r to z maintains a

perfect coverage rate of 1 across all sample sizes. The stochastic method has slightly improved
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coverage compared to the percentile bootstrap approach—an expected pattern given that the
stochastic method is a refined variation of the percentile method. Finally, the BCa method starts
with very high coverage rates of 84% at N = 30 and reaches perfect rates at N = 75. Fisher’s r to
z, stochastic, and BCa methods show consistent coverage rates across sample sizes, making them
promising methods for the NET-SW test.
Type | error Rates
Non-negligibly nonnormal distributions at the NEB. When the NEB is .975 and the
distribution is g = 0.2929, h = 0, falling right on the bound for a meaningful deviation from
normality when adopting the conservative criterion, Type | error rates are expected to equal o.
All methods start with very low rates, never falsely concluding normality from samples N = 30 to
N =100, and start to incorrectly conclude normality at N = 150 (Figure 11a). The percentile
method starts with a low rate of .0022 at N = 150 and reaches a maximum rate of .0502 at N =
5000. The parametric normal interval has slightly higher rates than the percentile method at
larger samples, peaking at .0578 for N = 5000. The stochastic method starts with a low rate of
.0034 at N = 150 and peaks at .0594 at N = 5000. The BCa is the most conservative method,
starting to falsely detect normality at N = 150 (.0016) and peaking at N = 5000 at a rate of .0344.
Fisher’s method is very conservative, never concluding normality falsely at any sample size.
When the NEB is .95 and the distribution is g = 0.4419, h = 0, falling on the bound for a
meaningful deviation from normality when adopting the liberal criterion, Type | error rates again
should be approximately a. The percentile method has rates that start at 0 for N = 30 and N = 50,
and gradually increase with larger sample sizes, reaching a peak of .0526 for N = 5000. This
method shows a relatively slow increase in false positive rates. The parametric normal interval

increases slightly faster than the percentile method, peaking at .0502 for N = 5000, slightly lower
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than the percentile method. The stochastic method begins at slightly higher rates compared to the
percentile and parametric methods, starting at a rate of .001 at N = 50 and increasing more
rapidly with larger sample sizes. It reaches its peak of .0644 at N = 5000. The BCa is again
overly conservative, starting to detect normality at N = 75 (.0036) and peaking at a rate of .0404
at N = 5000. Fisher’s method is most conservative, never falsely detecting normality for any
sample size.

Non-negligibly nonnormal distributions beyond the NEB. When the distribution is g = 0.5, h
= 0.1 and the conservative NEB of .975 is adopted, for all sample sizes and all methods, the
proportion of conclusions of normality is 0 (Figure 11b). Thus, in this condition, the test never
falsely concludes that the distribution is normal.

When the distribution is g = 0.5, h = 0.1 and the liberal NEB of .95 is adopted, all
methods maintain very low rates of concluding normality across sample sizes. Specifically, the
percentile method maintains very low rates, concluding normality at N = 75 (.0088) and peaking
at N = 150 with a rate of .0096 and then decreasing to 0 at larger sample sizes. The parametric
normal interval follows a similar trend as the percentile method but shows slightly higher rates at
N =100 (.0136) which then declines as sample size increases. The stochastic method shows
slightly higher rates than both the percentile and parametric methods, starting at 0 for N = 30,
peaking with a false positive rate at N = 100 (.0128), declining to 0 thereafter. The BCa is more
conservative, initially detecting normality at N = 75 (.0046) and peaking at N = 100 (.0086)
before decreasing back down to a rate of zero. Fisher’s method never falsely concludes normality
for any sample size.

When the distribution is g = 0.6, h = 0 and either the conservative NEB of .975 or the

liberal NEB of .95 is adopted the rate of false conclusions of normality is O for every method and
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all sample sizes (Figure 11c). Thus, in this condition, none of the methods ever incorrectly state
that the distribution is negligibly different from normal.

Power

Normal distribution. When g = 0, h = 0, and the NEB is conservative at .975, none of the
methods detect normality when samples are between N = 30 and N = 100 (Figure 11d). At N =
150, all methods have a sharp increase in the detection rate and converge to near perfect
detection of normality at N = 500. The percentile method reaches high power (.88) at N = 250
and near perfect detection (.998) at N = 500 and perfect detection from N = 1000 onwards.
Besides the BCa approach, the performance of the percentile Cl is the slowest to ramp up in
comparison to other methods.

The parametric normal interval method has similar power rates as the percentile, although
at N = 150, the detection rate is slightly better (.333) and reaches perfect detection at N = 500 and
beyond. Fisher’s r to z begins to detect normality at a high rate at N = 150 (.8354), reaching
perfect detection at N = 250. This method outperforms all other methods at small and moderate
sample sizes. The stochastic method begins to detect normality at N = 150 (.3496), increasing its
detection sharply at N = 250 (.9024). It performs similarly to the percentile and parametric
methods in larger sample sizes, reaching perfect detection at N = 1000. The BCa method has the
poorest detection rates of all methods, only beginning to detect normality at N = 150 at a low rate
(.1712), but at N = 250, it has a slightly better rate than the percentile method at .8538, and
improving to near-perfect detection at N = 500 (.998) and perfect detection at N = 1000.

For g =0, h =0, but using a liberal criterion of the NEB, .95, all methods have improved
detection of normality and converge to near perfect detection of normality at N = 250. The

percentile method weakly detects normality at N = 50 (.0056) and improves from N = 75 (.447)
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onwards, reaching high power at N = 100 (.8048). The parametric normal interval begins to
detect normality at N = 50 (.0166) and consistently improves as sample size increases, reaching a
detection rate of .8476 at N = 100, near-perfect detection at N = 150 (.9778), and perfect
detection at N = 500. The parametric normal interval improves slightly faster than the percentile
method as N increases. The stochastic method begins to detect normality at N = 50 (.0236) and
reaches high detection at N = 100 (.8316), reaching perfect detection at N = 250. The BCa has
the poorest performance of all methods in small to moderate samples, initially detecting
normality at N = 75 (.352) and increasing to .7528 at N = 100 and converging with other methods
to near perfect detection at N = 1000. Fisher’s r to z begins to detect normality at a rate of .3484
at N = 75, reaching perfect detection at N = 100. This method outperforms all other methods at
moderate sample sizes.

Negligibly nonnormal distributions. For g = 0.2, h = 0, with a conservative criterion of
.975, the rates represent how well each method detects negligible differences from normality
(Figure 11e). For sample sizes N = 30 to N = 100, none of the methods detect normality. The
percentile method begins to detect normality at N = 150 (.0312) and steadily improves with
increasing sample size, reaching a high detection rate at N = 1000 (.7054) and near-perfect
detection at N = 5000 (.999). The parametric normal interval slightly outperforms the percentile
method, initially detecting normality at N = 150 (.0478) and showing higher rates of detection at
N = 150 (.0478) and showing stronger performance at N = 1000 (.7352), with near perfect
detection at N = 5000 (.9998). The stochastic method performs only slightly better than the
parametric method, initially detecting normality at N = 150 (.0464). It reaches moderately high
detection at N = 1000 (.7108) and reaches near-perfect detection at N = 5000 (.9998). The BCa

performs most poorly of all methods, first detecting normality at N = 150 (.0188), reaching only
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moderate detection at N = 1000 (.6538), and near-perfect detection at N = 5000 (.9998). Fisher’s
method does not detect normality at all from N = 30 to N = 250 but detects normality perfectly in
samples of N = 500 and higher.

For g = 0.2, h =0, with a liberal criterion of .95, all methods converge to near-perfect
detection of normality at N = 1000. The BCa method has the lowest power to correctly conclude
normality of all methods, initially detecting it at N = 75 (.142) and increasing to .8028 at N = 250
and peaking at perfect detection at N = 5000. The percentile bootstrap method shows the next
weakest performance of all methods, with detection starting at N = 50 (.0034) and progressively
improving from N = 75 (.193) and N = 150 (.5994) and high detection at N = 250 (.8354). The
parametric normal interval performs slightly better than the percentile method at smaller sample
sizes, with a detection rate of .0096 at N = 50 and .2516 at N = 75. The parametric method
reaches a moderate detection rate of .6566 at N = 150 and strong detection of .9812 at N = 500.
The stochastic method outperforms the percentile and for most smaller sample sizes, the
parametric methods, showing a higher detection rate at N = 50 of .013, and .2444 at N = 75.
Detection rates improve rapidly, with .625 at N = 150 and high rates by N = 500 of .9774. Like
other methods, it reaches near-perfect detection at N = 1000. Fisher’s method does not detect
normality at all until N = 150, where it detects it perfectly onwards.

For g =0, h =-0.1 when the NEB is conservative .975, all methods begin to detect
normality at N = 150 and converge on near-perfect detection at N = 1000 and perfect detection at
N = 5000 (Figure 11f). The percentile method starts at a rate of .022 (at N = 150) and improves
to a rate of .2616 at N = 250, reaching strong performance at N = 500 (.8386). The parametric
normal interval performs slightly better than the percentile method, with detection starting at N =

150 (.0368), improving at N = 250 (.3148), and reaching strong detection at N = 500 (.8496). The
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stochastic method performs better than the percentile method, detecting normality at N = 150
(.0362), improving to a rate of .32 at N = 250, and reaching strong detection at N = 500 (.871).
The BCa method starts to detect normality at N = 150 (.014) and increases to .7886 at N = 500,
thus performing the poorest of all methods. Fisher’s method begins to detect normality only at N
= 500, with perfect detection.

For g =0, h =-0.1 when the NEB is liberal at .95, all methods initially detect normality at
N =50 and converge on near-perfect detection at N = 250. The percentile method starts with very
low detection at N = 30 (.0024) and improves at N = 75 (.303), reaching .9516 at N =150. The
parametric normal interval performs slightly better than the percentile method, starting at a rate
of .0088 at N = 30, improving to .3748 at N = 75, and strong detection of .9614 at N = 150. The
stochastic method performs the best of the three methods, detecting at a higher rate at N = 50
(.0134) increasing to .3742 at N = 75 and .7194 at N = 100. By N = 150, the stochastic method
achieves .9654 detection. The BCa similarly performs the poorest, starting to detect normality at
N =75 (.222) and increasing to .9256 at N = 150. Fisher’s method detects normality starting at N
= 100, with perfect rates therein.

Given that the Fisher’s r to Z results display a rapid increase in power for normal and
negligibly different from normal conditions, a supplemental table is included in Appendix A
(Tables A1 — A6) with more sample sizes to show granular increases in the proportion of
replications in which Fisher’s r to z transformation correctly identifies the distribution as
negligibly different from normal. The tables identify the range of sample sizes at which the rates
steeply increase in power. Such rapid escalations in power with increased sample sizes relative to
the other CI approaches is unexpected and undesirable for negligible effect testing, as more

tempered increases are typically expected under normal conditions, suggesting Fisher’s r to z is

60



over-sensitive and gains power too quickly. For the other methods of calculating the CI, the
proportion of correct conclusions rises gradually across increasing larger sample sizes, and this
pattern is better aligned with the expectations of negligible effect testing.

These Fisher’s z approach results are as follows: for a normal distribution (g =0, h = 0)
and NEB = .975, starting from a sample size of N = 145, rates begin to rise (.182) and reach .835
at N = 150. For a NEB = .95, rates start to increase steeply around N = 75, from .348to 1 by N =
80. In both cases, the steep incline with only 5 to 10 added observations reflects instability and is
contrary to expected gradual growth.
When g =0.2, h =0 (NEB = .975), rates start at .007 at N = 310 and increase to 1 at N = 400.
When NEB = .95, this increase begins at N = 101 and reaches 1 at N = 120. Power increases here
are slightly less rapid compared to a normal distribution. When g =0, h =-0.1, NEB = .975, a
similar pattern is observed as the normal distribution, with a steep incline beginning at N = 250
(.001) and reaching 1 by N = 300. When NEB = .95, proportions are minimal at N = 86, with a
rapid climb starting at N = 88, reaching 1 at N = 95.

Applied Example (Study 2)

To follow up from the applied example in Study 1, the stochastic bootstrap for the NET-
SW using the liberal criterion was used in place of the percentile bootstrap approach to illustrate
improved power of the stochastic approach. As in Study 1, data are from an RCT-based study on
the effectiveness of an online cognitive-behavioral therapy (CBT) for maladaptive perfectionism
among a sample of undergraduate students with high levels of perfectionism (Arpin-Cribbie et
al., 2012). The dataset is available within the negligible package in R (Cribbie et al., 2023).
Although the stochastic bootstrap method was adopted in Study 2 to address limitations of the

percentile method in Study 1, reapplying the stochastic method to the NET-SW adopted in the
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Applied Example from Study 1 did not yield different conclusions—both the percentile and the
stochastic bootstrap methods failed to reject the null hypothesis (of non-normality), concluding
insufficient evidence that the sample distribution was negligibly different from normal. As such,
a new applied example was used in Study 2 to better demonstrate the improved sensitivity of the
stochastic approach.

In this example, a multiple linear regression model was fit using scores on Center for
Epidemiological Studies Depression (CESD) scale (Radloff, 1977) as the outcome variable.
There were two predictors; 1) socially prescribed perfectionism subscale scores from the
Multidimensional Perfectionism Scale (Hewitt & Flett, 1991) and 2) anxiety scores on the Beck
Anxiety Inventory (Beck et al., 1998).

All variables were measured at pretest. The model residuals were extracted (N = 83) and
tested for normality using the neg.normal function from the negligible package (Cribbie
et al., 2023) with a NEB of W = .950.

The residuals are characterized by minimal skewness (0.29) and kurtosis (-0.23; Figure
12). The 20% trimmed mean is -0.43. If the NET-SW concludes that the distribution is not
negligibly different from a normal distribution, these descriptive statistics may help a researcher
choose between a transformation, outlier treatment, or a robust approach. The traditional SW test
is nonsignificant, W = .984, p = .38. In other words, the traditional null hypothesis that the
distribution from which the data were drawn is normal cannot be rejected at the a = .05 level.
However, the NET-SW test using the percentile bootstrap method had a lower bound of the 95%
Cl is .949, which is below the lower bound of the negligible effect (equivalence) interval of .950
(liberal criterion). Thus, the NET-SW test using a percentile bootstrap concludes that the null

hypothesis that the degree of nonnormality is extreme cannot be rejected (i.e., the distribution is

62



not concluded to be negligibly different from normal). However, when the stochastic approach to
calculating the CI is adopted, the lower bound of the 95% CI is .953, leading to a rejection of the
null hypothesis that the degree of nonnormality is extreme, concluding that the distribution is
negligibly different from normal.

Thus, the results of the traditional SW and the NET-SW using a percentile bootstrap CI
provided conflicting results. Specifically, the traditional SW failed to find evidence that the
distribution deviated significantly from normal, while the NET-SW failed to find evidence of
negligible differences from normality. However, the results with the stochastic bootstrap CI for
the NET-SW align more closely with that of the traditional SW test because the stochastic
approach concludes that the distribution is negligibly different from normal. It is important to
reiterate that these tests need not give consistent conclusions, as they assess differing hypotheses;
the traditional SW tests the null hypothesis that the distribution is not significantly different from
a theoretical normal distribution, whereas the NET-SW assesses a null hypothesis that the
distribution is meaningfully different from a normal distribution. If the traditional SW fails to
reject the null, this result does not suggest that evidence favours a normal distribution. Similarly,
if the NET-SW fails to the reject the null, this result does not indicate the evidence favours a

distribution that is meaningfully different from normal.
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Discussion (Study 2)

This study expanded on the exploration of procedures for detecting normality using
NETSs, focusing on the NET-SW, a modification of the traditional Shapiro-Wilk test, and
methods to calculate Cls for the NET-SW. The NET-SW developed in Study 1 assesses whether
the deviation of a sample distribution from a normal distribution is negligible, contrasting it with
traditional tests for normality (e.g., SW and KS tests), which assess whether deviations are
significantly different from normal. In this context, the NEI defines a range within which
deviations from normality are considered negligible. For example, the NEI from the NET-SW
may be set between .95 as a lower bound and an upper bound of W =1 representing perfect
normality.

Study 1 found that the NET-SW performed well compared to the NET-KS with respect to
balancing Type | errors and power. However, a key limitation was uncovered: the bootstrap
percentile Cl approach used to estimate the CI for the NET-SW was too conservative when the
sample distribution was normal or close to normal. This method led to reductions in power for
detecting negligible deviations from normality and it was common for the bootstrap CI to not
include the sample W, especially as sample size increased (W was greater than the upper bound
of the CI). Specifically, with normal or near-normal distributions, the distribution of bootstrap W
statistics is negatively skewed, shifting the lower bound of the CI below the sample W. In other
words, with normal distributions, the NET-SW may fail to detect negligible deviations from
normality, leading to an underpowered test.

The primary issue explored in Study 2 was alternative methods of ClI estimation for the
NET-SW. Four alternative bootstrapping methods were examined to improve the Cl estimation

in the NET-SW procedure (i.e., stochastic bootstrap, parametric bootstrap, Fisher’s r to z
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transformation, and bias-corrected and accelerated bootstrap). Monte Carlo simulations
evaluated the performance of these methods (power or true detection of negligible deviations
from normality, and Type | errors or incorrect conclusions of normality when deviations were
meaningful) under varying sample sizes and distribution shapes (normal, near-normal, and non-
normal). As in Study 1, dual NEBs were adopted (conservative = .975 and liberal = .95) to
evaluate sensitivity to detections of negligible deviations from normality and Tukey g-and-h
distributions allowed for control over skew and kurtosis. The rates that each method concluded
negligible differences from normality were tracked, which meant a Type | error condition if the
population distribution had W less than or equal to the lower bound of the NEI or a power
condition if the distribution had W greater than the lower bound of the NEI.

For normal distributions, Fisher’s r to z performed the best in samples greater than 75,
while the parametric and stochastic methods had similar performance, having the best rates in
samples of N = 75 (for an NEB = .95). Both methods performed better than the percentile
method. In distributions that were negligibly different from normal, again the stochastic and
parametric methods had the best power rates in samples up to N = 100 (NEB = .95), while
Fisher’s r to z had the best rates above N = 100. For distributions in which deviations were
substantive (W < NElIjower), rates of false conclusions of normality were maintained below o
across all methods and sample sizes. For conditions where the population W parameter was at the
lower NEB, all methods maintained error rates very close to a.

The stochastic percentile bootstrap, parametric normal, and Fisher’s r to z were the most
reliable across various conditions. Both had strong power rates and conservative Type | error
rates and consistent power in mid to large sample sizes. As expected from Study 1, the percentile

bootstrap method showed greater variability, especially with smaller sample sizes, and showed a
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slow increase in power rates. The parametric method works well up to moderate sample sizes but
does not perform optimally in larger sample sizes. The BCa performed worse to the percentile
bootstrap method and so both methods should be avoided.

As mentioned above, the BCa method performed worse than the percentile bootstrap
method. This finding could be explained by that fact that if the original sampling distribution is
negatively skewed (i.e., like for the W statistic of bootstrap samples when the population being
sampled is approximately normally distributed), the adjusted BCa CI will be shifted to the left
(i.e., downwards) (DiCiccio & Efron, 1996). Due to negative skewness, the estimate of average
W may be closer to the lower tail. The bias correction parameter of the BCa adjusts for
asymmetry in the bootstrap distribution while the acceleration constant accounts for the rate of
change in the standard error for the estimated W parameter. It measures the sensitivity of the
standard error to changes in the true parameter value. The standard error may be small near the
bulk of the sampling distribution, but larger near the tails based on a few cases, and so the
acceleration constant accounts for this fluctuation in the standard error. The width of the BCa Cl
is adjusted depending on the asymmetry of the distribution. If the distribution is negatively
skewed, the acceleration parameter will shift the lower bound of the CI in the negative direction,
resulting in a lower bound that is moved downwards to better estimate the true W, lest the longer
tail underestimates the range of possible lower values. This correction is meant to compensate
for lack of coverage of the lower tail when using traditional percentile bootstrap intervals. In the
present research context, to improve the rates at which the NET-SW detects negligible deviations
from normality, the lower CI bound must shift to the right so that the lower bound is higher
relative to what it is in the percentile Cl. Thus, the BCa method is ineffective for dealing with the

conservative nature of the percentile Cl. The bias-correction term that adjusts for asymmetry in
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the W distribution will likely shift the CI interval leftwards when the distribution is negatively
skewed due to a higher density in the upper range of the bootstrap distribution. The BCa method
corrects the CI by shifting the lower bound downwards in consideration of the longer left tail.
The purpose of this study was to explore alternative options to calculating confidence
intervals for a negligible effect test for normality based on the SW test. Specifically, the NET-
SW with Cls calculated using a percentile confidence interval approach has reduced rates to
conclude negligible differences from normality when the sample is approximately normally
distributed. The stochastic bootstrap method should be adopted when calculating NET-SW Cls

given its power and reliable performance across conditions.
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CHAPTER FOUR
GENERAL DISCUSSION

This research introduced negligible effect testing (NET) for distributional normality. The
proposed tests were designed to conclude normality when a target distribution is negligibly
different from normal. In contrast to traditional null-hypothesis methods, such as the Shapiro-
Wilk or Kolmogorov-Smirnov tests, which assess whether a sample distribution significantly
differs from a theoretical normal distribution, NETs for normality evaluate whether differences
between a target distribution and theoretical normal distribution are so small that they may be
discounted.

Simulations compared the proposed NET-based normality procedures (NET-SW and
NET-KS) to the traditional tests, using both liberal (.95) and conservative (.975) NEBs. Results
showed that the traditional normality tests lack statistical power to detect meaningful deviations
from normality when sample sizes are small and tend to conclude significant deviations from
normality in large samples even when the differences are negligible. On the other hand, NET-
based normality tests maintain low errors rates for both negligible and meaningful deviations,
rarely falsely concluding normality when deviations were substantive. In normal and negligibly
different from normal conditions, the NET-based normality tests require moderate to large
sample sizes (e.g., N > 100) to have sufficient power to detect normality. Specifically, the NET-
SW with a liberal criterion outperformed other NETs in terms of the best balance of Type I error
and power rates. The primary limitation of this test in Study 1 was the conservative percentile
bootstrap Cls when the target distribution is normal or near-normal, leading to a reduction in

power to detect negligible differences from normality.
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In Study 2, several alternative methods were examined for calculating the CI for the
NET-SW procedure. Monte Carlo simulations assessed the performance of each CI method
across varying sample sizes and distribution conditions using stochastic, parametric, Fisher’s r to
z, and bias-corrected and accelerated (BCa) methods. The BCa and percentile methods
performed similarly and were poorest due to their inability to adjust for skewness in the sampling
distribution in near-normal conditions. Fisher’s r to z transformation was too sensitive in
moderate sample sizes, with large leaps in statistical power within small sample size ranges. The
stochastic bootstrap approach performed the most consistently and reliably across conditions,
improving detection of negligible deviations from normality while still minimizing false
conclusions of normality when deviations from normality were meaningful, especially in
moderate to large samples. Together, the two studies underscore the utility of NETSs for detecting
negligible differences between a target distribution and a theoretical normal distribution.
Specifically, the NET-SW based on the stochastic bootstrap method and liberal NEI is a fitting
alternative to traditional tests for detecting when a target distribution differs negligibly from

normal.
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Table 1

TABLES

Percentage Error Rates for Skewed, Platykurtic, and Leptokurtic Distributions using

Conservative and Liberal Criterions for the Minimally Meaningful Effect Size when Testing a

One-Sample t Test.

Conservativ. PEjower
e criterion

for MMES
I:>Eupper
SW ~ .975
KS~0015  PEcomtin
ed
Liberal PE ower
criterion for
MME
S PE ypper
SW ~ .950

KS~0.025  PEcombin
ed

1 g & h (Skewed) g&h g&h
(Platykurtic) (Leptokurtic)

Xis g=3h=0 g=0,h=-15 g=0h=.12
-113 42 -13 16

58 =77 -12 16

-27 -17 -13 16

Xz g=45h= g=0h=-25 g=0h=.18
-202 55 -18 26

73 -135 -18 27

-65 -40 -18 26

Note. MMES = Minimally meaningful effect size; PEower = percentage error in the lower tail. PEpper =

percentage error in the upper tail; PEcomsines = percentage error across both tails combined.
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Table 2
Rates of Percentile Bootstrap Confidence Intervals Containing Observed W Using 5000 Simulations, 5000 Bootstrap Samples Per
Simulation

Conditions 30 50 75 100 150 250 500 1000 5000
Negligible

g=0,h=0 .659 .640 .620 592 579 542 504 .486 418
g=02,h=0 .7168 .809 .855 .898 943 .986 1 1 1
g=0,h=-0.1 .780 .860 921 .956 .986 1 1 1 1
Nonnegligible

g=05h=0.1 931 975 992 .999 1 1 1 1 1
g=06,h=0 991 1 1 1 1 1 1 1 1
At bounds

g=0.4419,h=0 .950 .990 999 1 1 1 1 1 1
g=0.2929,h=0 .850 910 953 979 995 1 1 1 1
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FIGURES
Figure la

Probability Density Functions for Student's t-Distributions vs. Standard Normal Distribution
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Figure 1b

Differences in Cumulative Distribution Functions: Student's t-Distributions vs Standard Normal

Distribution

0.2

01
Té Distribution
] — Normal
£ — t(df=10)
,n‘? 0.0 — f{df=5)
0 — H{(df=3)
% — t(df=2)
g — t(df=1)

2 0 2
Quantiles

90



Figure 2a

Probability Density Functions for 2 Distributions vs. Standard Normal Distribution
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Figure 2b

Differences in Cumulative Distribution Functions: 2 Distributions vs Standard Normal

Distribution
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Figure 3a

Hypothesis Decisions for a Negligible Effect Test for Shapiro Wilk (NET-SW)

— - A
: = -B
i Equivalence interval
| |

MMES W statistic 1

Note. MMES = minimally meaningful effect size. A = example of observed W and CI when the
lower bound of the 100(1-2a)% CI for NET-SW is not greater than the MMES, leading to a
failure to reject the null hypothesis for the NET-SW. B = observed W and CI when the lower
bound of the 100(1-2a:)% CI for NET-SW is greater than the MMES, leading to rejection of the
null hypothesis of the NET-SW.

Figure 3b

Hypothesis Decisions for a Negligible Effect Test for Kolmogorov-Smirnov (NET-KS)

A l

B i

Equivalence interval

1
0 MMES

Note. MMES = minimally meaningful effect size. A = example of observed W and CI when the
upper bound of the 100(1-2a)% CI for NET-KS is greater than the MMES, leading to a failure to
reject the null hypothesis for the NET-KS. B = observed W and CI when the lower bound of the
100(1-2a)% CI for NET-KS is less than the MMES, leading to rejection of the null hypothesis of
the NET-KS.
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Figure 4

Monte Carlo Simulation Distribution Conditions

g-and-h distributions Histogram

g=0,h=0!

g=0.2,h=0

g=0,h=-0.1!

g=0.5,h=0.12

g=0.6,h =02

g =0.4419, h=03

g = .29286, h = 0*

Note. The blue overlay represents a standard normal curve. 1 = negligibly different from
normal; 2 = non-negligibly different from normal; 3 = at the liberal negligible effect
bound (SW = .950, KS =.025); 4 = at the conservative negligible effect bound (SW =

975, KS = .015).
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Figure 5a

Histogram of a g-and-h Distribution with Skewness Parameter g = 0.2929 and Kurtosis
Parameter h = 0 Overlaid with a Normal Distribution Curve, Representing the Conservative
Criterion

03

Density
02
|

0.1

Figure 5b

Histogram of a g-and-h Distribution with Skewness Parameter g = 0.4419 and Kurtosis
Parameter h = 0 Overlaid with a Normal Distribution Curve, Representing the Liberal Criterion
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Figure 6a

Proportion of Conclusions of Normality Among Normal and Negligibly Different from Normal
Conditions
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Sample Size
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Test _ ks — NET-KS0.025 — NET-SW 975

Note. SW = Shapiro-Wilk; KS = Kolmogorov-Smirnov; NET-KS = negligible effect test —
Kolmogorov-Smirnov; NET-SW = negligible effect test — Shapiro-Wilk.
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Figure 6b

Proportion of Conclusions of Normality Among Non-negligibly Different from Normal
Conditions
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Note. SW = Shapiro-Wilk; KS = Kolmogorov-Smirnov; NET-KS = negligible effect test —
Kolmogorov-Smirnov; NET-SW = negligible effect test — Shapiro-Wilk.
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Figure 6¢

Proportion of Conclusions of Normality Among Nonnegligible Conditions at the Negligible
Effect Boundary
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Note. NET-KS = negligible effect test — Kolmogorov-Smirnov; NET-SW = negligible effect test
— Shapiro-Wilk.
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Figure 7

Model Residuals from Multiple Regression of Self-Oriented Perfectionism Predicted from
Perfection Cognition and Automatic Thoughts

0 _
1

N

(]

5 o |

jr

[=p

@

i

L
u—j_
D_

-30 -20 -10 0 10 20

Residuals

99



Figure 8
Sampling Distributions of W Statistics when Parent Samples are Normal (A) and Nonnormal (B)
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A. Sampling Distribution of W Statistic when W = .999, 95% Bootstrap CI: .969, .994.
Note. Green dashed line is observed W, and red dashed lines are percentile CI bounds.
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B. Sampling Distribution of W Statistic when W = .875, 95% Bootstrap Cl: .777, .936.
Note. Green dashed line is observed W, and red dashed lines are percentile CI bounds.
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Figure 9
Correct and Incorrect Decisions for a Negligible Effect Test for Normality

- TA
: m B
; m C
i Equivalence interval

MMES W statistic 1

Note. MMES = minimally meaningful effect size. A = observed W and CI when distribution is
not normal (correct decision). B = observed W and CI when distribution is normal (correct
decision, but Cl does not contain observed W). C = observed W and CI when distribution is
normal (incorrect decision and CI does not contain observed W).
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Figure 10
Comparison of Methods for Coverage of Sample Shapiro-Wilk W Statistics within Confidence

Intervals Across Sample Sizes for a Normal Distribution (g = 0, h = 0)
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Figure 11a

Proportion of Conclusions of Normality Across Confidence Interval Estimation Methods for On-

Bound Conditions with Conservative Negligible Effect Bound (NEB) of .975 (g = 0.2929, h = 0)

and Liberal NEB of .95 (g = 0.4419, h =0)

g=0.2929, h = 0; Conservative NEB = .975
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Figure 11b
Proportion of Conclusions of Normality Across Confidence Interval Estimation Methods for
Non-Negligibly Different from Normal Condition (g = 0.5, h = 0.1) with Conservative Negligible

Effect Bound (NEB) of .975 and Liberal NEB of .95
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Figure 11c

Proportion of Conclusions of Normality Across Confidence Interval Estimation Methods for

Non-Negligibly Different from Normal Condition (g = 0.6, h = 0) with Conservative Negligible

Effect Bound (NEB) of .975 and Liberal NEB of .95
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Figure 11d

Proportion of Conclusions of Normality Across Confidence Interval Estimation Methods for a
Normal Distribution (g = 0, h = 0) with Conservative Negligible Effect Bound (NEB) of .975 and
Liberal NEB of .95
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Figure 11e

Proportion of Conclusions of Normality Across Confidence Interval Estimation Methods for a
Normal Distribution (g = 0.2, h = 0) with Conservative Negligible Effect Bound (NEB) of .975
and Liberal NEB of .95
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Figure 11f

Proportion of Conclusions of Normality Across Confidence Interval Estimation Methods for a
Normal Distribution (g = 0, h = -0.1) with Conservative Negligible Effect Bound (NEB) of .975
and Liberal NEB of .95
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Figure 12

Model Residuals from Multiple Regression of CESD Depression Predicted from Socially-

Prescribed Perfection and Beck Anxiety Inventory Scores
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Appendix A
Table Al
Proportion of Conclusions of Normality using Fisher’s r to z when NEB = .975,g =0, h =0.

Sample size 140 141 142 143 144 145 146 147 148 149 150

0 0 .003 .006 .026 .069 .182 .329 .517 .699 .8354

Note. 5000 simulations, 1000 bootstrap samples.
Table A2
Proportion of Conclusions of Normality using Fisher’s r to z when NEB = .95,g =0, h = 0.

Sample size 72 73 74 75 76 77 78 79

0 009 .084 .348 .716 .938 .993 1

Note. 5000 simulations, 1000 bootstrap samples.

Table A3
Proportion of Conclusions of Normality using Fisher’s r to z when NEB = .975,¢g=0.2, h=

0.

Sample size 310 320 330 340 350 400

.007 052 .213 513 .806 1

Note. 5000 simulations, 1000 bootstrap samples.

Table A4
Proportion of Conclusions of Normality using Fisher’s r to zwhen NEB =.95,g=0.2, h=0.

Sample size 101 102 103 104 105 106 107 108 109 110 120

110



.0386 .0998 .1844 .302 .4652 .6314 .7554 .8654 .9274 .965 1

Note. 5000 simulations, 1000 bootstrap samples.
Table A5

Proportion of Conclusions of Normality using Fisher’s r to zwhen NEB = .975,9g=0, h =

0.1.

Sample size 253 254 255 256 257 258 259 260 261 262 263
.001 .003 .005 .008 .017 .027 .033 .051 .076 .117 .158

Sample size 264 265 266 267 268 269 270 271 272 273 274
196 260 .317 .395 469 542 .614 .679 .746 .799 .847

Sample size 275 276 277 278 279 280 281 282 283 284 285
888 923 .938 .957 970 .982 .991 .992 .997 .997 .998

Sample size 286 287 288

999 999 1

Note. 5000 simulations, 1000 bootstrap samples.
Table A6. Proportion of Conclusions of Normality using Fisher’s r to z when NEB = .95, g =
0,h=-0.1.

Sample size 86 87 88 89 90 91 92 93 94 95

0018 .0194 .0994 .3092 .5922 .8364 .959 .9932 .9992 1

Note. 5000 simulations, 1000 bootstrap samples.
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