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Abstract

Mechanical properties of 3d printed polymers have witnessed remarkable improvements
as a result of optimization in topology and raster orientation. This study proposes and
evaluates a strategy to deal with stiffness maximization of structures in elastic region
subjected to global volume and compliance constraints. This work also presents a unique
approach to dealing with local constraints, specifically stresses along and perpendicular
to the fibers of the printed structures (principal material axes). A modified SIMP
(modified solid isotropic material with penalization) method is used with the method
of moving asymptotes (MMA) as the optimizer. Each element has fictitious density
and angle as the main design variables. To reduce the number of stress constraints and
thus the computational cost, a new clustering strategy is employed in which the highest
stresses in principal material coordinates are grouped separately into two clusters using
an adjusted P-norm. A detailed description of the formulation and sensitivity analysis
are discussed. 2D structures are then analyzed in the numerical examples section. The
method can also be used for 3D structures, as the formulation derivation is general.
Results show that this method is effective for producing manufacturable 3D printed

structures that avoid stress concentrations.
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Chapter 1

INTRODUCTION

Summary: In this chapter, we define the research question, identify the research
objectives, and justify the approach used to reach the intended objectives. Finally, we

provide a summary of the layout of the thesis.

1.1 Background

Topology optimization (TO) is a computational optimization tool that is used to deter-
mine the optimum material distribution in a predefined design domain. This method has
led to the production of numerous high-performing and innovative designs, attracting
the attention of applied mathematicians and designers. In 1960, Schmidt [1] announced
that there was the potential to use finite element analysis together with TO methods in
structural design. Later, in 1988, Bendsoe [2] published the first work on TO. According
to Google Scholar, researchers have since published more than 34,000 articles in this
field, demonstrating just how effective TO has been in structural optimization in the
automotive, aerospace, machinery, bioengineering, and additive manufacturing (AM)

sectors.



AM is the process of manufacturing a broad array of three-dimensional (3D) model
data structures and complex geometries. The process involves the printing of successive
layers of materials on top of one another. Charles Hull developed this technology in 1986
through a stereolithography (SLA) process, which was followed by further developments,
such as the fusion of powder beds, fused filament fabrication (FFF), inkjet printing, and
the production of contours (CC). 3D printers have evolved significantly over the last few
years. They are now capable of transforming manufacturing and logistical procedures

with a variety of techniques, materials, and equipment.

AM is widely used in various industries, including machining, prototyping, and biome-
chanical engineering. The use of 3D printing has been particularly slow and limited in
the construction industry, despite its many advantages, such as reduced waste, freedom
of design, and automation [3]. New applications are developing continuously as new
materials and AM methods are being developed. The expiry of earlier patents is one
of the main factors driving the increased accessibility of this technology, which is now
enabling manufacturers the opportunity to develop new 3D printers. In recent years,
3D printers have been cutting costs and extending their applications in colleges, homes,
libraries, and laboratories. At first, in view of their fast and cost-efficient prototyping
capability, 3D printing was extensively used by designers to create efficient and appealing
prototypes. 3D printing has allowed business owners to design user-customized products
in small quantities, as printing depends only on the CAD model and does not require a
specific mold each time a product is altered. A notable example of 3D printed products
is the Winsun house built in China. These completely 3D printed houses cost only
$4,800 USD per unit [4]. In addition, in the medical field, 3D printing has been used in

the production of implants based on CT-imaged tissue replicas [5].



1.2 Justification of the study

FFF uses a continuous filament of a thermoplastic polymer to 3D print layers of a
material. The filament is heated to a semi-liquid state at the nozzle before being
extruded on the platform or on top of previously printed layers. The thermoplasticity
of the polymer filament is critical for this method because it allows the filaments to
fuse together during printing and then solidify at room temperature after printing. The
main processing parameters that affect the mechanical properties of printed parts are
layer thickness, filament width and orientation, and air gap. One of the major industrial
problems currently facing manufacturers [6, 7| is raster angle, as it is the main reason
why anisotropy is introduced into a material. Figure 1.1 [8] shows how a major difference

in tensile and compressive strength can result from FFF printing.
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Figure 1.1: Comparison of anisotropy introduced in 3D printed parts by different AM
techniques [8].



In addition to FFF, other 3d printing processes such as stereo-lithography, or composites
with fibres such as fibre glass can also generate anisotropic components that need raster
angle determination. Furthermore, TO is an important step that must be completed
prior to 3D printing the parts in order to maximise the material savings associated
with mass manufacturing |9, 10]. However, each raster angle configuration will have a
distinctive topology. Each TO design will yield a unique fibre orientation [9, 10, 11, 12].
Moreover, none of the currently available commercial tools can solve these challenges.
Hence, my research question can now be defined as follows: How can the structural
topology and raster angle optimization problems be coupled into a single problem that

is subject to local and global constraints?

1.3 Research objectives

This research aims to code the topology and raster angle optimization problems for
different objective functions that are subject to different local and global constraints.

The specific objectives of this work are to:

1. Derive the isoparametric Q4 element constitutive matrix, with the raster angle

theta defined as a design variable.

2. Develop a robust and generic in-house code that solves the compliance minimization
problem, subject to volume constraints, where the produced topologies are a good

start in the conceptual design process for AM.
3. Solve mass minimization problems, subject to compliance constraints.

4. Derive of stress constraints for AM polymers, both along the fibers and perpendic-

ular to the fibers (bonding strength).



5. Solve compliance minimization problems, subject to stress constraints, to reduce

the formation of stress concentration regions in the final topology.

1.4 Research approach

The aforementioned objectives are achieved by developing an in-house code from scratch.
The first step in the numerical procedure is devoted to geometry importing. The software
is able to process any 2D design domain drawn on any CAD tool. The geometry will be
drawn then imported to Gmsh, an external open-source meshing software, via Matlab
to calculate the MSH file. This file contains the coordinates of each node and the
connectivity matrix. The second step is defining the problem constants as the material
model, loads, boundary conditions, objective function, design variables, and constraints.
The third step is to solve for the displacements of each node in the continuum using
the method found in [13]| for isoparametric elements; this step entails a sensitivity
analysis in which the optimization gradients are calculated using the direct method
found in [14]. The fourth step is the optimization step, whereby the method of moving
asymptotes [15] is used, as it has proven to be effective in handling structural problems
[16]. The optimization process is an iterative process where convergence criteria are set
on the change on the design variables between two consecutive iterations so that the
change does not exceed a certain predefined limit. Each iteration has its own design
variables and a constitutive matrix, which is a factor of the initial one depending on the
penalization value. The main challenge is to add the stress constraint to the problem,
which will be done by using the maximum stress failure criteria [17]. Then, the stress
clustering method found in [18] will be used to calculate the stresses in the continuum

for each iteration.



1.5 Thesis outline

The rest of this thesis is structured as follows: Chapter 2 discusses the relevant
literature on topology optimization, additive manufacturing, and optimization methods,
as well as stress-constrained problems and methods. The methods and numerical
procedure structure are presented in Chapter 3, including the finite element model, the
optimization method, the filtering method, and the Ansys model. Chapter 4 discusses
the compliance and mass minimization problem, starting with the problem formulation,
finite element equations, and gradients and closing with a discussion of verification
and case studies. Stress-constrained problems are discussed in Chapter 5, it begins
with problem formulation, then defines the finite element equations and gradients, and
concludes with results and applications. Finally, Chapter 6 presents the conclusions,

identifies the original contributions, and suggests future work.



Chapter 2

LITERATURE REVIEW

Summary: This chapter is devoted to discussing relevant literature. It is divided into
5 sections: (i) "Additive manufacturing”, presents the new updates in the field of
AM and its usefulness to the manufacturing industry. (ii) "Topology optimization",
demonstrates TO optimization techniques used in literature. (iii) "Topology and
orientation optimization", discusses the work done to modify the TO methods to be used
in optimizing both the topology and fiber angles. (iv)"Optimization methods", provides
brief summary of optimization methods that can be used in structural optimization and
the usefulness of each method. (v)"Stress-constrained problems", provides summary of

what has been done in the field of stress constrained TO.

2.1 Additive manufacturing

AM creates structures by adding a material layer by layer on the 3D printer bed to
form a component with the desired geometry In contrast to traditional (subtractive)
manufacturing methods, such as machining or CNC, AM requires less raw material and
minimizes building time and tooling costs. Furthermore, AM can be used to create

parts with highly complex geometry that would be difficult to create using traditional



manufacturing techniques. The added sophistication and versatility of AM technology
has piqued the interest of many industries. In 1987, the first industrial AM machine was
produced. It was a stereolithography machine that used a laser to solidify liquid polymer
and shape the part [19]. Consequently, several other methods were commercialized
after that. Over the last two decades, the demand for AM technologies has expanded
considerably. According to the 2016 Wohlers Report [20], the AM market surpassed
5.1$ billion USD in 2015, a 1$ billion USD rise for the second year in a row. According
to this report, more and more businesses are embracing AM technology: in 2015, 62
vendors sold industrial-grade AM systems, up from 49 in 2014, which was more than
double the number in 2011. The value of 3D printed parts is expected to increase at a 15
percent compound annual growth rate (CAGR), from $12 billion in 2020 to $51 billion
in 2030 [21] . Government institutions such as the National Science Foundation and the
U.S. Department of Defense have contributed greatly to AM research; aerospace and
automobile companies have also invested extensively in AM to boost the efficiency of the
components produced. The latest trend demonstrates that the AM technology of the
future will continue to expand. The present research employs fused filament fabrication
(FFF), a popular AM technique. It is expected that the carbon fiber filled (CFF)
polymer feedstock will drive FFF technology forward in the industrial sector |9, 22]. As
FFF produces structures in the form of melted fibers, the orientation of these fibers
plays a major role in the mechanical characteristics of the final product. Optimizing the
print orientation provides a rare ability to increase the rigidity of the drawn geometry,
and can also aid TO to conserve mass. In this work, raster angle is added as a design

variable in the TO problems of mass, compliance, and stress constraints.



2.2 Topology optimization

Structural optimization is accomplished using three conventional techniques: size opti-
mization, shape optimization, and topology optimization (TO) [23|. Size optimization
focuses on optimizing the dimensions of the structure, that is, thickness and the cross-
sectional area of the elements. Shape optimization focuses on optimizing the shape
contours according to the partial differential equation defining the domain without
changing the "connectivity" of the shape. Finally, TO finds the optimal distribution of

material in a predefined design domain.

2) =

) Size optimization

Mm

b) Shape optimization

(c) Topology optimization

Figure 2.1: Structural optimization categories |14]

TO was first introduced in 1988 by Bendsoe [2] using the homogenization method. TO
is privileged in having the broadest applicability of the three optimization techniques,
as the user chooses the optimal distribution of material that fits in a certain design
domain, subject to certain boundary conditions. It was initially developed to be an
efficient substitute for the conventional iterative approaches used in industry to help

produce preliminary designs. Numerous studies (|24, 25, 26, 27]) have shown that TO



produces novel and efficient designs.

2.2.1 Topology optimization methods

This section addresses the main TO methods used to solve the discretized TO formulation.
These are homogenization, solid isotropic material with penalization (SIMP; the method
used here), level sets, and evolutionary structural optimization (ESO). The development

and drawbacks of each method are discussed in turn.

Homogenization

Briefly, the homogenization approach helps to calculate the efficacious properties of a
substance with an endless number of small gaps, so that the optimal distribution is
calculated within a given domain. For example, if a composite material with a unit
square cell is to be distributed in a domain ) that belongs to R?, then the homogenization

equation will be written in the following form:

Eijkl = Eijk}l(ay 0) (21)

where o is the pointwise unit cell hole size, and 0 is the pointwise varying angle of
rotation of the cell. Material density is defined as p = (1 — o) For the compliance
minimization problem subject to a volume constraint, the homogenization optimization
problem is written as

minimize L(u)
w0

so that a(u,v) = L(v) for allv € U (22)

N

/udwé\/ol, 0< <l
Q
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where a is the bilinear energy function; L is the linear load function; w and v are the
displacements in the x and y directions, respectively; and U is the space of displacement

fields [2].

In observing the mathematical equations of the homogenization method, there appears
to be a sizing problem; however, it is actually more of a shape optimization method,
and that is what gave rise to TO. This method was famous for 1 year before the density
approaches were developed and used as a substitute, as they were easier to implement
and produced more valid results [28|. Later on, in 2010, the homogenization method
showed its ability to handle composite structure problems by using the concurrent

approach, which couples micro- and macro-structural optimization [10].

Solid isotropic material with penalization (SIMP)

Soon after the homogenization approach was introduced, Bendsoe [29] and others |30,
31| suggested the SIMP, or power law, approach. It was first designed to reduce the
complexity of the homogenization approach and improve the convergence approach; this
was a simple but artificial approach. In 1999, [32] introduced a physical rationale for the
method. The relationship between the density design vector and the material property

is determined by the power law as follows:

E(pi) = g(pi) Eo = piEo,  g(pi) = pf (2.3)

where p is the penalization parameter and Ej is Young’s modulus of the solid material.
These equations show that the main role of penalization is to help generate discrete

answers for the density values of each element. For the SIMP method, the compliance

11



minimization problem subject to volume constraints is written as

min,y C(p) =U(p)'F

s.t. %ﬁ) =f (2.4)
K(p)U(p) =F

Pmin S Pe S Pmax

where x € R" is a vector representing the density of each element, n is the number of
elements, v; is the volume of material in an element, U is the displacement vector, F' is
the load vector, and f is the volume fraction of the whole design domain determined by

the user.

A new penalization formulation was introduced in 2001 by [33]. Referred to as the

rational approximation of material properties (RAMP), it has the form

_ Pi - Pi
E(pi) = mﬂb g(pi) = m, (2.5)

where ¢ is the penalization parameter. RAMP led to a nonconcavity alleviation in the
original SIMP system of interpolation [33] and thereby to a convergence to 0-1 solutions.
However, realistically, this aspect does not appear to play a major role [28]. The key
distinction between SIMP and RAMP is that SIMP is nonzero for p; = 0, which can
affect the convergence characteristics and reduce problems with false low-density modes

in time-variant problems [34].

The correct choice of penalization factors p or ¢ is uniquely determined and relies heavily
on the physical problem solved. The SIMP and RAMP criteria must be selected to

ensure appropriate deterrence for the minimization of compliance. The compliance

12



minimization problem is convex for p = 1. Thus, [28] recommended using p = 1 and
gradually increasing it until better designs are produced. However, the efficacy of this

ongoing strategy cannot generally be assured.

Finally, Allaire et al. [35, 35] introduced an explicit penalization approach instead of the
implicit one mentioned earlier. The method involved multiplying the objective function
by

a/ﬁp(l — p)dV (2.6)

or adding it as a constraint, where « is a weighting factor. However, the method was
not widely used because it turned out to be difficult to determine a weighting factor or

a constraint that makes the solution converge.

Evolutionary structural optimization (ESO)

Introduced by Xie et al. [36], the ESO technique is straightforward. The model domain
is first broken down into elements. Second, finite element analysis (FEA) is used to
measure the von Mises stress distribution in the architectural domain, as von Mises
stress is most often used to estimate the stress distribution of isotropic domains. A stress
threshold is determined by multiplying a user-defined rejection ratio (RR) by the design
domain’s maximal stress, and any variable with stress less than the threshold value is
removed from the design domain. Using the same RR, the FEA and element removal
are repeated until the steady state is reached. After that, an evolutionary ratio (ER) is
applied to the RR, which is used to maximize the value of the RR, and the previous
analysis and element exclusion procedure is replicated before the final optimal criterion
is achieved. A common convergence criterion is that all stress values within the design
domain are within 25% of the maximum value. Despite its simplicity, the technique has

been proved to be reliable and has been used to solve a variety of structural issues.

13



One disadvantage of the ESO approach is that it only removes elements during iteration.
It is conceivable that after certain elements are removed, their adjacent elements are

subjected to high pressure, requiring the previously discarded elements to reappear,

which the ESO forbids.

The bidirectional evolutionary structural optimization (BESO) approach, suggested by
Querin et al. [37], is an evolution of the ESO method. The BESO algorithm searches in
both directions, allowing not only for the removal of low-stress material but also for the
addition of additional material to the high-stress field. This approach conducts a more
rigorous search in the architectural environment, making it more possible to prevent the
use of a local minimum solution. The ESO and BESO approaches are straightforward
to execute, but stress-based schemes ignore the content property’s directionality. As a
result, these methods should not be used for the latest optimization of AM orthotropic

materials [9].

Level set

The level set approach was first introduced by Osher et al. [38]. In this method, the
design boundary is determined through the level set function ¢(z), and the domain is

defined as follows:

0:VxeQ:¢0<0
p= (2.7)
1:VxeQ:¢>0

14



Level set solution update methods are numerous, with the most prominent solution

being the Hamilton—Jacobi equation [28|. The update scheme was

% = —Vn-V¢
or with n = (V¢)/(|V9]) : (2.8)
%+ VIV =0

where t is a pseudo-time for the design evolution and V' is a speed function. The speed
function V (x) at x : ¢(x) = 0 represents the sensitivity of moving the interface in the
normal direction n with respect to a merit function, scaled by the spatial gradient of

the level set function.

Updating the level set function via the Hamilton—Jacobi equation does not allow for
the formation of new holes since the level set function evolves only along interfaces that
exist in the initial design. In addition, to avoid rapidly oscillatory level set field and
interface geometries, additional regularization techniques must be implemented. Since
the Hamilton—Jacobi equation (2.8) has a strictly convective basic form, stabilization

schemes must be used to solve it numerically [28].

2.3 Topology optimization of orthotropic materials

Apart from the aforementioned TO methods used in 2.2.1, the optimization of problems
involving the fiber angles as a design resulted in the evolution of modified versions of
these methods and even completely new approaches. These included concurrent TO
using homogenization [10], the lamination parameters method [39], and the modified
SIMP approach [9]. It is noteworthy that no work used the level sets or ESO approach

to solve these kind of problems for the reasons mentioned in 2.2.1. This section briefly
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discusses the methodology of each of the proposed methods, and explains which of the

methods will be used in this work and why.

The homogenization process was recently reused since it shows its strength in the analysis
of isotropic material properties, as it is capable of handling problems with multi-scale
optimization. This ability is shown in [40], where optimization of micro-structures is
analyzed and coded in Matlab. Furthermore, Gao et al. [10] were able to create a
simultaneous approach that combines problems related to macro- and micro-structure
optimization. However, it is not reasonable to use this approach when evaluating fiber
angle orientation, since micro-structures have the same topology at the end of the
solution and have no sign of fiber angle orientation. Densities of the micro- and macro-
structures represent the design variables of this process, and the solution algorithm is so
complicated that it is very difficult to add the fiber angle as a new design variable. The
lamination parameters approach has been used to tackle multi-layered composites by
Peeters et al. [39]; however, it did not include adding the fiber angle as a new design
variable. In addition, Peeters et al. mentioned that the solution process is suspected of
major simplifications and assumptions, leading to the results being nonmanufacturable.
Finally, the modified SIMP approach was introduced by Hai et al. [11]. Their contribu-
tion was mainly in adding the © of each element as a design variable representing the

fiber angle in this area to the formulation 2.4. It therefore becomes

Minimize: ¢(p,0) = U(p,0)TF
(

u(p) _
@ g

K(p, Q)U(p, 9) =F (29>

Subject to :
Pmin S Pe S 1

=21 <0, <27
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This approach will be used here, as its efficiency has been demonstrated in the works
of [9, 12, 41], especially when using the method of moving asymptotes (MMA) [42] as
the optimizer. The work here will not only focus on mass- and compliance-constrained
problems but will also cover the stress-constrained problems, which is considered a

state-of-the-art contribution in the field of optimization of orthotropic material.

2.4 Optimization methods

Choosing the optimization method is a crucial step in solving structural optimization
problems, as the method chosen determines whether or not feasible solutions will be
reached and the time required to find these solutions. Optimization methods are cat-
egorized into non-gradient-based (NGB) and gradient-based (GB) methods. In [43],
Sigmund argued that NGB methods are inefficient in solving problems involving as large
a number of design variables as that used in TO. His main arguments were as follows:
(1) Although NGB uses global search algorithms, it rarely converges to globally optimal
solutions except for some exceedingly coarse discretizations that do not show clear
representation of the geometry physics.

(2) NGB needs to make 10*? function evaluations to solve a problem involving 1000
elements, which will obviously take a long time to solve. This research involves two de-

sign variables per element, so it will take 10?%° function evaluations for only 500 elements.

Hence, those techniques may be useful if supercomputers are used to solve TO problems.
On the other hand, GB methods are more efficient for solving structural optimization
problems and have been used extensively in the literature [2, 9, 11, 23, 44]. Well-
known GB methods include sequential linear programming (SLP), sequential quadratic

programming (SQP), optimality criteria, and MMA. SLP [45, 46| solves optimization
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problems with nonlinear objective functions and constraints, by linearizing both of them
around an initial guess point using a Taylor series expansion. After that, the problem
can be solved using linear methods such as the simplex method. The obtained solution
is then used as the linearization point of the next iteration and the process repeats.
The central idea of SQP is that it models the problem at the current iteration by a
quadratic subproblem and uses the solution of this subproblem to calculate the next
iteration solution. It can be considered the application of Newton’s method to the
Karush-Kuhn-Tucker conditions [47]. The main issue with this method is finding the
Hessian approximation of the Lagrangian function, as numerous approximations exist
and their effectiveness differs depending on the problem. SLP and SQP work well overall
for nonlinear problems, but MMA works very well especially for structural optimization

and converges faster than SLP and SQP algorithms [48].

The optimality criteria method [29] is used in problems involving one constraint and has
proved to be effective in [49], where only the volume fraction constraint was imposed.
However, in this work, stress constraints will be imposed in addition to constraints
on the volume fraction. Another problem for the optimality criteria method is made

apparent by looking at its formulation:

max (Zmin, Le — M)

if  x.B! < max (Tmin, Te — M),

z.B] (2.10)
if max (Tmin, e —m) < z.B! < min (1,2, +m),

min (1, z. +m)

\ if min (1,2, +m) < z.BY,
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_ Oc

B, = 2z (2.11)

dze

where m (move) is a positive move-limit, 7 is a numerical damping coefficient, and A is
a Lagrangian multiplier. The term B, will always be undefined if fiber angles are the
design variables of the problem because the derivative of the fiber angles @ with respect

to the volume fraction is always zero.

Eventually, MMA became one of the most widely used TO algorithms [12, 50, 51, 52].
MMA generates subproblems that approximate the original problem. The subproblems
are chosen to be distinct and convex, ensuring that they are always optimal and simple
to solve [42]. The work here mainly depends on using MMA as its efficiency in solving
TO problems has been demonstrated [53]. The method will be discussed in detail in the

methods section.

2.5 Stress-constrained problems

Stress-constrained problems are a famous type of problem in the literature [18, 54, 55,
56, 57]. However, the researchers who have investigated stress-constrained problems
have discussed them from the point of view of isotropic materials. In this work, light

will be shed on a stress-constrained material with anisotropic properties.

Material failure theories predict when material failure will occur. The von Mises yield
criterion, for example, is often used to estimate metal yielding in isotropic material. It is
also critical to consider these failure conditions during optimization in order to achieve
configured designs that do not fail under the applied loads. Composite failure methods
vary at the fiber/matrix level. Fiber fracture, fiber buckling, fiber fracturing, matrix

cracking, and radial cracks are all failure modes at the fiber level. Laminate defects
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include transverse cracks in planes parallel to or perpendicular to the threads, as well as
delamination between the laminate layers. Delamination can happen due to failure of
bonding between the fibers. Hence, stress limits perpendicular to the fibers can be set as
the bonding strength between fibers. Failure theories for composites include maximum

stress, maximum strain, Tsai-Hill, and tensor polynomial failure criterion |17, 58|.

Stress-constrained TO problems confront two main problems: computational efficiency
and the singularity problem. To begin with, using GB optimization, TO with several
local (stress) constraints becomes computationally very costly. TO has traditionally
been used to solve problems with a few constraints compared to the large number of
design variables, for instance, compliance minimization subject to a volume constraint,
a problem easily solved using an adjoint method [29]. In the case of stress constraints,
however, one does not know a priori in which region the stress is critical, and stress
constraints are extended at any point in the architectural domain. As a result, the
number of constraints is of the same order as the number of implementation variables.
Singularity occurs when the globally optimal solution is a degenerate subspace of dimen-
sion less than the original feasible space of the problem. For example, when solving a
truss problem, some members’ areas become zeros, despite the fact that these members
are essential and cannot be removed. Similarly, when dealing with a continuum, an
element with a low density can still have a strain, resulting in a high stress value in this

area when it should be zero [59, 60, 61, 62, 63].

These challenges are related to FEA. Hence, it will occur whether the material is isotropic
or anisotropic. Several of the methods introduced to address these challenges will be

discussed in more detail.
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Chapter 3

NUMERICAL IMPLEMENTATION

Summary: This chapter discusses the main pillars of the code that will be used to solve

the optimization problems in the following chapters.

3.1 Geometry definition

Geometry importing is the first step in the analysis. Hence, it should be imported in a
smooth and correct manner for the rest of the analysis to be correct. For the sake of

robustness, the code can accept any STEP file imported from an external CAD tool.

After that, the geometry is imported into an external meshing software called Gmsh
via Matlab. The MSH file that is extracted from Matlab contains the node coordinates
and connectivity matrix. Gmsh was chosen after searching for meshing methods on
Matlab because it is more convenient to use an external mesher rather than writing a
specific code for meshing the objects, which would be an extremely hard task to code.
Matlab has a PDE toolbox that can be used for meshing objects. Nonetheless, that
toolbox restricts the mesh to tetrahedrons as it reads STL files (“Standard Triangular

Language”). Meanwhile, I am using Q4 elements. According to [64], Gmsh is a 3D finite
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element grid generator with a build-in CAD engine and post-processor. Its design goal
is to provide a fast, light, and user-friendly meshing tool with parametric input and
advanced visualization capabilities. It is built around four modules: geometry, mesh,
solver, and post-processing. Each module can be controlled either interactively using
the GUI or the scripting language. Thus, Gmsh is the most appropriate software for

this work because it is:

1. Fast: On a standard computer, Gmsh can run instantaneously. Its mesh time is
also lower than the average mesh time compared to the standards of the finite
element community. For instance, in 2008, Gmsh was able to generate about 1
million tetrahedrons in less than a minute and could visualize such a mesh together

with associated post-processing datasets at interactive speeds.

2. Memory-efficient: The memory footprint of the application is minimal, and the

source code is small enough that a single developer can handle it. Installing or
running the software does not depend on any non-widely available third-party

software package.

3. User-friendly: The GUI is designed in such a way that a new user can learn how
to create simple meshes in a matter of minutes. In addition, as an open-source

code it is robust, portable, scriptable, extensible, and thoroughly documented.

3.2 Finite element model

TO is a finite element based method. Hence, before starting optimization, the process
displacements of each node in the mesh should be calculated from the global state
equation:

KU=F (3.1)
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Figure 3.1: Anti-clockwise numbering of the quad element.

The force vector F is predefined; however, the stiffness matrix K needs to be derived for
the isoparametric (Q4) element. The first step in the derivation is to define the local
element coordinates (s—t) and its relation with the global coordinates (z—y). Figure 3.1
shows the local coordinates and the anti-clockwise node numbering of a general quad
element. Global coordinates can be related to the natural coordinates by the following

equations [13]:

T = a1+ ass + agt + ayst
(3.2)
Y = a5 + ags + a7t + agst

Solving for a;, we get:

Uy
U1
Uz
U N, 0 Ny, O Ngs 0O Ny O U2
v 0 N 0O N, 0O Ny 0 N us
U3

Uy

V4
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where N;, are linear shape functions that describe how the element will move when it
is subjected to an external force. u & v are the displacements parallel to the z and y

coordinates, respectively.

N, = (=900 049)0-0)

: ? ! (3.4)
N, = (1+s)4(1+t) N, = (175)4(1+t)

Strains can be related to displacements through the B matrix, which is defined as

follows:
1
[B(s,t)] = T [(Bi] [Bo] [Bs] [Bi]] (3.5)
a(Nis) —b(Nig) 0
[Bi] = 0 ¢(Niy) — d(Nyy) (3.6)

c¢(Nit) —d(Nis) a(N;s) —b(Niy)

where ¢ = 1,2, 3,4 and other constants are defined as follows:

@ =3 (s = 1)+ 9a(=1 = 5) 431 +5) + (1 = 3]

b= 1Myt =1) +ya(1 =) +ys(1+8) +ya(=1 1)) (3.7)
e =Lt — 1) + 2o(1 — £) + 25(1 +£) + 24(—1 — 8)]

d =1 frals — 1)+ 2a(—1 — ) +aa(1+5) + 24(1 - 5)]

]l = g (%" ) (39

{X.}' = [ml vy T3 u] (3.9)
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n

{Ye} = - (3.10)

Y3

Ya

\ 7

Finally, the stiffness matrix can be defined as

(k] = / /A [B)”|D)[B]hdxdy (3.11)

where h is a constant thickness usually set to unity. The integrations can be solved using
the Gaussian points method, where dzdy is the elemental area [13, 65]. After integration,

the stiffness matrix of a 2D finite element with unity thickness can be written as follows

[65]:

k =B'DB (3.12)

where B is the strain-displacement matrix, and D is the constitutive matrix in the

elastic region defined as follows for an orthotropic material:

£y Eo v12 0
D= | E2vi2 Ey 0 (3.13)

0 0 G2

o =D'e, (3.14)
D/(ee) = Tl(ee)_lDT2(96)a (315)
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c s 2cs

Ti=1| s & —2s|, (3~16)

c s cs
Ty =] g2 c? —cs (3.17)

—2¢s 2cs *—s?

where ¢ and s represent cos() and sin(f), respectively. According to the classical

laminate theory:

Ogx €xx
O-yy - Tl_lDTz Eyy ; (318)
Oy €xy

k.(6.) = B'D'(6.)B (3.19)

After calculating the stiffness matrix, the global state equation written in (3.1) can be

redefined as

K(p,0)U(p,0) =F (3.20)

Where K(p, 6) is the global penalized stiffness matrix consisting of contributions from

the stiffness matrix of each element:

N

K(p.0) = > (po) ke (6) (3.21)

e=1

The new state equation is used to calculate the state variables of each element U(p, 0)
which will be used in the objective functions of each problem from the problems defined

in the following chapters.

26



3.2.1 Material model and penalization

For the SIMP approach, the material model is defined as

1 if € Qa
Eijir(p) = Lomu Ejrrs 1omar = { (3.22)
0 if € Q/Unar

/ lg,.,dQ = Vol(Qm) < V (3.23)

where Ejjy; is the elastic stiffness tensor, Q™% is the material domain, €2 is the reference
domain, and V' is the limit volume (volume fraction). This problem has integer variables.
The common way to solve it in the literature is to convert the integer variables to
continuous variables and then penalize the solution to ensure the discreteness of the
solution domain [14]. These continuous variables are represented in the form of a
function that is interpreted as the fictitious density of the material, which is used to
scale Young’s modulus tensor to the stiffness required. So the final shape of the equation

becomes

Eijn(p) = p(x) By, p > 1 (3.24)

/p(x)dQ <V,0<plr)<lzen (3.25)

where the introduced function p is the density function over the entire domain, which

interpolates the stiffness tensor to:
Eiju(p=0)=0,Eju(p=1)=1 (3.26)

The figures below show the effect of the penalization factor on the discreteness of the

solution:
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Figure 3.2: Effect of penalization value on the discreteness of the solution.

These figures demonstrate that increasing the penalization parameter makes the solution
more discrete; however, increasing it too much may cause the solution to diverge from

the local minimum [39].

3.2.2 Sensitivity analysis

After the material model is complete, a sensitivity analysis must be carried out to track
the behaviour of the variables of interest. For example, if compliance is minimized,
subject to volume constraint. The sensitivity of the compliance and the volume with
respect to the design variable, which is the fictitious density, must be calculated [49].
Two famous approaches for static response analysis are the direct and adjoint methods.

Consider finding the sensitivities/derivatives of the following function:
g(u,z) <0 (3.27)

where u is the displacement vector obtained by solving Ku = f, and the z € R is the
design variable. One design variable is used for simplicity of the derivation. Then it can

be generalized. When we do the differentiation, we get

dg 99 v 099 du
&9 _ G99
dx  Ox + 2im ou; dx

(3.28)
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where NN is the number of degrees of freedom. This equation can be written using vector

notation as

@_@ ZTd_u

de Oz dx (3.29)

where z € R™ and its ¢th component is Z; = %. The explicit part g—g is usually easy to

T du

7 can be computed by differentiating Ku = f

compute or equals zero. z

duv df dK
K—=—"+- - — )
dr dx dx Y (3.30)

Multiplying both sides byz? K~ from the left, we get

— =ZTK (=% — —u) (3.31)
Solving this equation is the difference between the the direct and the adjoint methods.

Direct analytical sensitivity method

Equation 3.30 is first solved for 3—5, then dotted with z. TO problems are famous for

having a large number of design variables. For example, if the problem had n variables,
equation 3.30 will be solved n times, which is not the most efficient way to solve this

problem.

Adjoint method

The following characteristic equation is solved for the A values:

K"\ =2 (3.32)

A=Kz (3.33)
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Thus, if it is dotted with (% — 484) (3.31) will be solved. Considering the large number
of design variables, this method is much more efficient. Instead of solving (3.30) n times,
(3.33) will be solved only once. The right-hand side of z is the partial derivative of the

constraints. So, if the problem has m constraints, then (3.33) will be solved m times.

3.3 Optimization

As discussed in the literature, TO problems can be solved using SLP, SQP, optimality
criteria, and MMA. However, MMA was chosen for this work because of its proven high
performance when dealing with problems that have a large number of design variables
[15]. MMA involves converting non-convex problems, as in (3.30), to small convex
subproblems ﬁ(x) that can be easily optimized. The subproblem is calculated based on
the values of the lower and upper asymptotes, L; and U;, respectively, and the gradient

information.

Minimum compliance problem optimization using MMA can be written as follows [15]:

:EifLEk) O;

(i)
Minimize : — Y, |~ 22 (x™)
Subject to : ,
‘e X0, (3.34)

x (k) — {x €X| O.9L§k) + 0.1:U§k) <z < O'9Ui(k)
Where :

10.12® i =1,. .. n} .

where z* is the current design, and the lower and upper asymptotes Lz(-k) and Ui(k) are
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updated as follows for k =1 and k = 2:

For k£ < 3,
U® + L = 24"
k k
o0 £ = off
where
0.7 (x D) g2

k) x(k—l)) (
k) x(k—l)) (

7,
z,

k—1) x(k—2)> -0

1 (ng) B $£k-1)> (xgk_n _ xgk_2)> —0

(3.35)

(3.36)

(3.37)

This means that if the signs of three consecutive iterations are different, x; is oscillating,

and thus the two asymptotes move toward z¥. Also, if the signs are the same, then the

asymptotes move away from ¥ for faster convergence. The algorithm can be summarized

in the following pseudo-code:
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Algorithm 1: MMA algorithm.

Choose an initial feasible design x(0); set k < 0;
while convergence criteria are not met do

if k=1ork =2 then

Update L¥, and UF using (3.35) ;

else

Update L, and UF using (3.36) and (3.37);
end

Calculate sensitivity;

Solve the MMA subproblem (3.34) to obtain z(*+1;

Set (k=2 — gk pb=1) gk gk pk+1),

Set k « k+1;

end

3.4 Filtering

Design filtration is an indispensable step during the TO process [14]. It helps to ensure
mesh independence and removes the checker-boarding effect. Mesh independence means
that results do not depend on the mesh element size. The checker-boarding effect is a
phenomenon that occurs in most TO solutions, where the final design has alternating zero
and one elements in certain regions that are not manufacturable. The checker-boarding
effect can be seen in 3.3; it occurs mainly owing to numerical instabilities. Filters
are applied by modifying the design sensitivities or design variable of a single element
(density) based on a weighted average of the sensitivities of the elements in a fixed
neighbourhood. Such filters are solely heuristic, but filtering yields results that are very
close to those produced by a local gradient constraint, takes little extra CPU power, and

is very easy to apply since it does not add to the complexity of the optimization problem.
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In the literature, two types of filters are used: a density filter and a sensitivity filter. A
density filter is used in Chapter 4, and a sensitivity filter is used in Chapter 5 with
the stress-constrained problems. Both types of filters work well; however, the sensitivity
filter is used with the stress problem, as it simplifies the equations. The density filter

[66] modifies the density of each element according to the following equation:

Te = ————— H.x; (3.38)
ZieNa H.; g\;e

H.; = max (0, "min — A(e, 7)) (3.39)

where 7, is the filtered density, and N, is the set of elements ¢ that exist within the

filter radius ry;,. Sensitivities are updated according to

O O 07, 1 A

Y _ _ H.
~ jeq~
Oz, -, 0z, Ox; boere) > ien, Hei 0T,

(3.40)

e
where 1 represents the objective function or the constraint function. To apply the
sensitivity filter [66], sensitivities are modified using the following equation:

de 1 oc

— Heixi_ (341)
Or, max (7, ) Zz‘eNe Hei iGZN:e Oz

where v = 1073 is a small positive number that is added to avoid division by zero, and

H.; is a weight factor defined as

H.; = max (0, rmim — Ale, 1)) (3.42)
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(a) No filter (b) Filtered

Figure 3.3: Effect of filtering results of L-bracket structure using a sensitivity filter.
3.5 Ansys verification model

The fact that not much work is done to optimize both the orientation and the topology
of the structure makes it hard to compare the present work to previous work. Moreover,
commercial software still did not develop a module that performs topology and raster
angle optimization. However, the Ansys TO module can be used to run different studies.
Each study has its own raster angle defined for the whole mesh, such that the orientation
that results in the minimum objective function will be the best orientation coupled with
the resulting topology. Also, the Matlab code developed in this thesis can be adjusted

to add only one angle for the whole mesh.

A 2D anisotropic material is defined in the Ansys TO module with a different raster angle
in each study using 10° increments. Geometry, mesh, objective function, constraints
boundary, and loading conditions are defined depending on the problem. Problem details

and results are shown in Chapter 4.
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3.6 Conclusions

This chapter discussed the main building blocks of the code that is used in the following
chapters. When dealing with structures that must be placed in a specific orientation,
transformation matrices are extremely useful. They allow the finite element to represent
any object that can rotate, be it a fiber, truss, or beam element. The SIMP method
is a TO method that is accurate as well as easy to implement and modify. Hence, it
was used as the material model. The MMA method is a famous method in the field
of structural optimization, as it can be easily handled and modified. Thus, it is the
method on which all results will be built. Density filtering will be used in the problems
of Chapter 4, as it is the most recently developed method, and sensitivity filtering will

be used in Chapter 5 to simplify the sensitivity analysis process.
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Chapter 4

COMPLIANCE AND MASS
MINIMIZATION

Summary: This chapter presents compliance and mass minimization problems subjected
to global constraints. It is divided into three main sections: problem formulation,

sensitivity analysis, and numerical examples.

4.1 Problem formulation

The basic compliance minimization problem presented here uses a linear volume fraction

constraint and bound constraints on the density variables and the angles, which are the
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main design variables. The problem statement is as follows:

min  C(p,0) = U'K(p,0)U

p,0

(4.1)
K(p,0)U =F,
0<p<l1,
—-17<0< 7
while the mass minimization problem is stated as follows:
N
min M(p, ) = ;pe
s. t. C(p,0) < Craa,
K(p,0)U =F, (42)
0<p<l1,
—nm<0<m

where p is a vector representing the density of each finite element, © is a vector
representing the angle of the print direction in each finite element, C' is the compliance
of the structure, U is the global displacement vector, K is the global stiffness matrix,
N is the number of finite elements, V; is the volume of an element i, Vj is the volume of
the original design domain, V} is the prescribed volume fraction, F is the global force
vector, M is the mass of the structure, p. is the density of element e, and C,,,, is an

upper bound on the compliance obtained from the compliance minimization problem.
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4.2 Gradient calculation

Gradients are the core of the solution. They will be calculated using the adjoint variable
method mentioned in section 3.2.2 [9]. First, the adjoint compliance objective function
can be defined in terms of the main compliance function augmented with the global

state equation multiplied by the Lagrange multiplier as

Taking the derivative of the augmented function:

DC _9C  9CoU _ DA
Dpe N dpe  OUdp.  Dpe

U+K

DK D DF
* (KU—-F) — \x v (4.4)
Dpe Dp.  Dpe

Since equilibrium is satisfied and KU = F, the derivative equation can be reduced to

DC 9C 9U [/oC DK DF
— = —K)) = - 4.
Dpe  Ope * Ope (aU ) ’ (DpeU Dpe) (45)

Since A can have any arbitrary value, it will be set to a value that makes

—— _K\= 4.
90 A=0 (4.6)

Since C' = UTF, equation (4.6) can be written as

OUF
S ~KA=0 (4.7)
F =K\ (4.8)
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Hence, A can be set to U. Moreover, as <gTC = 0) and (% = 0), the expression can

be reduced to

DC _ _rPK
Dpe Dpe

U (4.9)

By applying the previous formulation to the finite element mesh, I determined that the
derivative of compliance of each element with respect to densities of other elements is
zero except for its own density. Hence, by using equation 4.9, the derivative of ¢ w.r.t.

pe equals

0C — _ p—1_.T
o P (pe)’ u.ke(0)ue (4.10)

Similarly, by using equation (3.11), the derivative w.r.t. . can be defined as

0

896; - UeT{ //A BT(%D(QG)TQ(@) + Tl(ee)_lD(Qe) JT5(6.)

0.

)dedy}ue (4.11)

Since the mass function was defined as M(p, ) = S22 | p., it depends only on element

density and not on element orientation. Its derivative w.r.t. p. and theta,. is

OM

-1 4.12
dpe (4.12)
OM

_ 4.1
2. 0 (4.13)

The sensitivities of the volume constraint can be defined as

ov
3~ ! (4.14)
ov
0 0 (4.15)
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4.3 Numerical examples

In this section, I apply the theories mentioned in the earlier sections regarding real-life
applications and analyze the results. Two materials will be used in the examples. The
first material is acrylonitrile butadiene styrene (ABS). It has a thickness of 0.317 mm
and is a widely used 3D printing material used in FFF. Its mechanical characterization
was done by [22]; the extracted properties are shown in Table 4.1. The second material
is epoxy glass [17]|, which I chose because of its high anisotropy, as shown in Table 4.1.

In the final topologies, ABS is coloured in cyan, and epoxy glass is coloured in magenta.

Material E1 (Pa) E2 (pa) G12 (pa) V12 V21
ABS 2.6e6 7.8e6 1.3e6 0.25 ] 0.75
EG 38.6e9 8.27e9 4.14e9 | 0.27 | 0.0578

Table 4.1: Mechanical properties of ABS and EG

4.3.1 Verification of results

Given that not much work was required to optimize both the orientation and the
topology of the structure, it is difficult to verify the new methods. The code was divided
into three versions to be able to determine whether the results are valid and whether the
optimization is working properly. The validation process was performed on a problem
that is defined as follows: A cantilever beam fixed from the left side with a length of 64
mm and a height of 40 mm is subjected to a point load of 80 N at its lower-right corner
(Fig. 4.1). The problem is minimization compliance of the structure. The constraint
function is the volume fraction, which is set to 25% of the original design space. The

mesh is composed of 2400 elements, with 60 elements along the z axis and 40 elements
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along the y axis. This problem is then solved as a plane stress problem, and the material

was defined as ABS.

40mm

64 mm P=80N
A 4

Figure 4.1: Cantilever beam fully fixed from the left and showing the design space
dimensions and load.

The results were validated in the following sequence, with different TO simulations being
run on the Ansys TO module for different orientations of fibers. These data were used
to determine the optimal fiber angle, if the whole geometry is oriented in one direction.
The code was run to optimize topology only. This topology was then extracted, and
only one angle optimization was done for the extracted geometry. This resulted in an
optimum angle equal to the optimum angle of the commercial software. After that,
the code of coupling topology and orientation optimization was run to solve the same

problem, and a similar topology and optimal angle were found.

After that, a couple of examples were run for optimization of both topology and the
angles of the whole mesh. But this time, each element had its own angle as a unique
design variable. The results were intuitively right, as a lower compliance was achieved
than for the one-angle problem, and compression- and tension-only members were
detected in the fields that must have tension or compression members only. The topol-

ogy was the same as the fixed-angle problem; however, the stiffness increased because
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this problem was optimizing compliance, only adding the volume fraction as a constraint.

Ansys was used to solve this problem for fibers having different orientations, with the
angle varying from 0°-360° with 10° increments. The mesh independence study was

completed first. It was found that 60 x 40 elements is sufficient to obtain stable results.

Each analysis had a predetermined raster angle, which is defined in the software material
library. The SIMP solver was used, and the minimum compliance results are shown in
Fig. 4.2. The minimum was obtained when the fibers are oriented at 90° or 270°. This
was expected because that is the direction that has a higher Young’s modulus. The

minimum compliance value was 0.114 Nm. The final topology is shown in Fig. 4.2.
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Code
——Ansys

0'1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400

Theta (degrees)

Figure 4.2: Compliance comparison from a study done on Ansys with 20 degrees
increment and on our algorithm

The topology-only optimization problem was run on the same problem with the fibers
oriented along the y axis (# = 90°). A similar topology was achieved as shown in 4.3a
with a compliance of 0.1153 Nm. The error between the Ansys results and the TO-only
code was found to be 1.13%. The topology matrix was imported from the topology-only
code to orientation-only optimization code: the optimized angle was found to be 0 =
84°) with a compliance result of 0.113 Nm. The orientation-only optimization result is

shown in 4.3b with a compliance value of 0.113 Nm. Finally, a similar study to the one
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made in Ansys was done in the code by varying the angles with a smaller increment of
0.1 rad for a fixed topology obtained from the topology-only code. Because of the high
computational efficiency of the code, a small-increment study could be completed in 45
seconds. The results are shown in 4.2, which is the same as the curve obtained from
the Ansys study. Finally, the code was run in the case of coupling both topology and
orientation in one angle optimization problem: a compliance of 0.1135 Nm was achieved
at an angle of 80°. The results of the topology and orientation angle problem are shown
in 4.3c. From these separate small studies, it can be concluded that the compliance
calculation, angle calculation, and optimization parts of the code are working well to
produce the right answer. The next part of the results section uses the code to solve
the same problem but defines a separate angle for each element in the mesh and new

materials as the code is validated to be working properly.
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(a) Topology-only result when ori- (b) Orientation-only optimization
ented at 90°. for the extracted topology.

AN Innn

I (d) Final topology of the structure af-
(c) Coupling topology and one an- ter optimization at the optimal angle
gle result. on Ansys

Figure 4.3: Structures generated from our code and from Ansys at the optimal angle

4.3.2 Case studies

L-bracket compliance minimization

The first example is a compliance minimization or stiffness maximization problem, as
presented in equation (4.1), with the maximum volume of the final structure set to be
0.25% of the original structure. The design domain is the L-bracket (Fig. 4.4a) made of
epoxy glass, fixed from the upper-left edge with a force of 60 kN applied to the node
the right corner. This L-bracket is used in the medical, food, and beverage industries
as well as in specialty equipment [67]. The initial density was set to be 0.25, and the
initial angle was -0.1 rad. Compliance decreased from 234.068 Nm until it reached 0.652

Nm on the optimal design. Compliance decreased significantly as each element was
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oriented in the direction that leads to minimum compliance. A decrease of 358.8 % was
achieved after 89 iterations, as shown in Fig. 4.5c. The minimum compliance value
was reached after 30 iterations; however, minimal decreases kept occurring and were
adjusted for 70 more iterations until the maximum changes in density and angle were
minimal (Figs. 4.5a, 4.5b). The final topology with the angle orientation is shown in Fig.
4.4b. Note that near the support and the force application node, the density increased.
In addition, the fibers are usually oriented along the element because all elements carry

either tension or compression.

o LLLLLLLLLLLLL L

Force = 60 kN

200 m
80m
——80m + 120 m i

(a) L-bracket structure subjected (b) Final topology and fiber ori-
to 60 kN loading and fixed from entation after solving the compli-
the upper-left corner. ance minimization problem.

Figure 4.4: Case study 1, compliance minimization of L-bracket structure with volume
fraction = 0.25
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Messerschmitt—Bolkow—Blohm mass minimization

The second example is a mass minimization problem as presented in equation (4.2), with
the maximum compliance limit for the final structure set to be 0.1082 Nm of the original
structure. The design domain is the famous Messerschmitt-Bolkow-Blohm (MBB)
problem shown in Fig. (4.6a). The structure is made of ABS material and is fixed from
the lower-right corner node, with a roller on the lower-left corner node. A force of 1 kN
is applied to the middle of the structure. This MBB problem is a famous problem in the
field of TO that produces a truss-like structure [68]. The initial density was set to be
0.25, with an initial angle of 0.4 rad. The mass decreased from 3.75 kg until it reached
1.37 kg in the optimal design. The mass decreased significantly, as each element was
oriented in a direction that leads to minimum mass. The mass savings were calculated
to be 63.8 % after 1200 iterations, as shown in Fig. 4.7c. Mass minimization problems
usually take significantly more iterations than mass minimization. That is not specific
to the MBB problem; however, it comes from the mass minimization using the MMA
method. This will be clarified in the next study, as it will be a comparison between the
compliance and mass minimization problems for the same design domain. By observing
the convergence graphs shown in Fig. 4.7, the mass value kept decreasing for 1200
iterations, until the density changes reached their minimum. Note that changes in p and
0 continued fluctuating between high and low values. Hence, the convergence criteria set
to be a change in p should be less than 0.003. Eventually, the fibers are usually oriented
along the element because all elements carry either tension or compression, as was the

case in the previous example.
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(a) MBB beam design space with boundary and loading conditions

(b) Optimized topology and fibers orientation of MBB beam

Figure 4.6: Case study 2. Mass minimization of MBB beam with compliance limit =

0.1082 Nm
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Comparison between mass and compliance minimization for a rectangular

domain

This section will show the differences between solving a problem from the compliance
minimization or mass minimization perspective. The application design space is shown
in Fig. 4.8. A force of 1000 N was applied in both the mass and compliance minimization
problems. A compliance minimization problem with a volume fraction of 0.3 is solved
first; the minimum compliance calculated was used as the compliance threshold of the

subsequent mass minimization problem.

For the compliance problem, because of the low volume fraction, the structural members
are considered to be carrying only tensile or compressive loads (i.e., a truss-like structure).
As a result, all the fibers are oriented in a direction aligned with the load carried by

each element. The compliance of the optimized structure is 0.1082 Nm.

Figure 4.9b shows that the compliance nearly reached the minimum after 50 iterations;
however, the code had to continue in the optimization process because there were fine
changes occurring in the densities and angles of each element; these changes can further
enhance the compliance value. The changes continued decreasing until a predefined
tolerance was reached. The changes in density and angle can be seen in Figs. 4.9c and
4.9d.

As for the mass minimization problem, the compliance limit was set to 0.1082, which
is the minimum reached in the first problem. At the end of the optimization process,
the mass reached was 31% of the original mass. The final topology and raster angle are
shown in Fig. 4.10a. As shown in Fig. 4.10b, the objective function zigzags and reaches
the optimum after close to 1200 iterations. This convergence scheme is similar to the

steepest descent method convergence, which is linear and incredibly time consuming.
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40mm

64 mm P=80N
A 4

Figure 4.8: Cantilever beam half fixed from the left and showing the design space
dimensions and load.

Unlike with compliance minimization, changes in angles and densities reached low values,
as shown in Figs. 4.10c and 4.10d, while the mass continued decreasing until it reached

31 % at convergence.

As shown, both problems reached nearly the same final topology with only minor
differences. The advantage of the compliance minimization problem was that the
minimum was reached much faster than it was in the mass minimization problem, with
no intermediate elements. However, looking at the final topology of both methods,
the elements in the compliance minimization problem resulted in a structure with
sharper corners, meaning that the corners were not as smooth as those produced in the
mass minimization problem. This result favours the mass minimization method over
the compliance minimization method, as sharp corners lead to the initiation of stress

concentrations in the structure.
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4.4 Conclusions

After optimization, the finite elements align themselves along the contours of the
structural element, especially if the element is carrying pure tension or pure compression.
This demonstrates how effective it is to use element transformation angles to represent
physical fiber angles. If the compliance minimization problem is solved, the mass
minimization problem of polymers is usually straightforward to deduce. Adding the fiber
angles to the optimization problem results in a greater decrease in mass by orienting the
fibers in the correct way while constraining compliance in order not to increase above a

certain threshold. This method has great potential for future use in the AM industry.
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Chapter 5

DIRECTION-DEPENDANT STRESS
CONSTRAINTS

Summary: This chapter discusses compliance minimization problems subjected to local
constraints. It is divided into five main sections: problem formulation, stress measure,

objective function and sensitivity analysis, modelling limitations and numerical examples.

5.1 Problem formulation

The advanced form of TO problems involve local constraints as the stress constraints.
In this chapter, a compliance minimization problem subjected to stress and volume
constraints will be solved, taking into account that each element has density p. and
angle 6. as the main design variables. Stress constraints are applied along the fibers "oy "

and perpendicular to the fibers "o,". This can be defined mathematically as follows:
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Minimize C(p, 8) = U(p8)TF
(

Zﬁ\;l VZ/VO < Vf

K(p,0)U(p,0) =F

—(0F)ur < oM (@) < (0] )ute (5.1)
Subject to

—(05)ue < 03N (2) < (03 )un

where design variables of the whole domain are collected in a vector @, C' is the
compliance of the structure, U is the global displacement vector, written here as a
function of the density and material angle design variable vectors p and 6, respectively.
K is the global stiffness matrix, N is the number of finite elements, V; is the volume
of an element 4, 1} is the volume of the original design domain, V} is the prescribed
volume fraction, F is the global force vector, and p. is the density of element e. The
vectors p = [p1, pa, .., pn] and 6 = [01,0,, .., 0x] are defined, respectively, by element
density design variables p.,e = 1,..., N and element material angle design variables
O.,e = 1,...,N, where N is the number of elements in the finite element model. oy,
and oy are the principal stresses along the print fibers and perpendicular to the fibers,
respectively. o™ (z) is the modified P-norm stress measure for the cluster of stresses
along the fibers, and o™ (x) is the modified P-norm stress measure for the cluster of

stresses perpendicular to the fibers, which will be discussed in detail in subsection 5.2.2;

0% and o7 are the ultimate compressive and tension stresses, respectively.
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5.2 Stress measure

5.2.1 Failure criteria

Failure expectancy can be calculated using many theories, including maximum stress,
maximum pressure, Tsai-Hill, and the tensor polynomial failure criterion [17]. In this
work, the focus is on the maximum stress failure criterion owing to its effectiveness in
predicting failure and its ease of implementation. The maximum stress failure theory
states that failure can be determined from stress values in the X and Y directions

directly without any further calculations. Shear values are ignored in this study.

According to maximum stress loss theory, all individual stress components must be less
than the ultimate stress value in the assumed direction. As a result, the failure criterion

may be written as follows:

Xe<or < Xp
Yo <oy <Yrp (5.2)
|To3] < Q

where Xr and X are the maximum allowed tension and compression stresses in the
first principal direction, respectively. Similarly, Y7, and Y are the maximum allowed
tension and compression stresses in the second principal direction, respectively. oy is
the stress along the fibers, and o5 is the stress perpendicular to the fibers. 73 and @
are the shear stress and the maximum allowed shear, respectively, but these constraints

are out of scope for this study.

To reduce the number of stress limits, the absolute values of the stresses will be used,
with only one ultimate stress assumed for tension and compression. As a result, the

stress constraints for the following analysis would be:
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o] < X (5.3)
|O'2| <Y

Shear stresses are not taken into account in this study, but they can easily be added

using the same technique of X and Y stresses.

5.2.2 Stress measure
Stress penalization

As mentioned in the literature review, singularity problems arise because of strain
generation in elements with low density. Such elements can still experience strain,
resulting in a high stress value in this area when it should be zero. This can be solved

by stress penalization.

A stress tensor of a 2D finite element is defined as follows [65]:

&a({I}) = (&axa &aya 7A-aacy)T = DBau<5U> (54)

Stresses are penalized as well to obtain intermediate stress values depending on the
fictitious density of each element. Stress penalization functions in the literature are
diverse; the method chosen here is the one suggested by Le et al. [18], as it proved its
efficiency when coupled with the P-norm stress measure in [57|. Penalization is done as

follows:

0a(7) = ns (pe(T)) Galz) (5.5)

N

where g (pe(2)) = (pe(2))2. This method will help to prevent high stress values in
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areas that do not have material [69], since:

lim o,(z) =0 (5.6)

pe—0

Maximum stress cluster technique

As mentioned in the literature review, because of the local nature of stresses, a global
measure stress technique is used here in conjunction with stress agglomeration techniques
[57] to constrain stresses with a low number of constraints while still obtaining accurate
results. Stress constraints can be applied using one of three techniques: local, global, or
clusters. Local stress measures imply that each element is accompanied by two stress
restrictions, which is inefficient in terms of computation. The term "global constraining"
refers to the addition of only one constraint to the entire mesh using a global measure

such as P-norm [55]. The P-norm measure is expressed as follows:

| X 7

PN P

o (z) = (N > (of(@)) ) (5.7)
a=1

where o'V is the global stress measure, N is the number of elements, P is the P-norm

coefficient, and o{ is the stress value in the first principal direction of the stress evaluation

point a. The global stress measure forces the o to approach the maximum stress

value in the entire mesh, but it only does so when P = oo [55]:

p—0o0

: 1 a a D % _ a
lim (N Z (of(x)) ) = max o (z) (5.8)

a=1

As a result, we can conclude that the global stress measure will be effective when used
with a small number of stress evaluation points, but will be inaccurate when used with
the entire mesh. This means that the global stress technique works well when the

stresses are divided into groups known as clusters. Each cluster will have its own P-norm
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measure, which provides a better approximation of the highest stress in the cluster.
However, it would still underestimate the stress values in the cluster depending on the
amount of stress evaluation point values that dominate the cluster. The first method
for arranging stress evaluation points in clusters is to use the stress level technique.
This technique involves arranging stresses in descending order and then adding them
to clusters. The number of stress evaluation points in each cluster will be equal to the
number of elements n, divided by the number of constraints n.. It can be expressed

mathematically as follows [57]:

ne 2%ne (ne—1)ne

0%20%205132“”_201%2 ...... >0, > >0, " >--->00 (5.9)
~ N~ ~ ' - ~ ' H/_/
Clusterl Cluster2 Cluster(n.—1) Ne
Cluster 1 | Cluster 2 | ... | Cluster n,
1 (Fe+1) (ne—(72))
o o, .| oy
2 (e +2)
01 01
oy
(79) (Zne) ne
0 01 01

Table 5.1: Stress clustering using stress level technique.

The second technique is the distributed stress method [18|, where elements are arranged
in descending order as in (5.9) and then each cluster receives an element. That is, the
first element is inserted into the first cluster, the second element is inserted into the
second, and so on until each cluster has one stress evaluation point, at which point the
loop begins again until all of the evaluation points are placed in their corresponding

clusters. This method aids in the averaging of the global stress measure in each cluster.
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Cluster 1 | Cluster 2 | Cluster 3 | ... | Cluster n,.
o! 02 R
(2e41) (2e42) (22me)

0-1 0-1 e e 0-1
) o

Table 5.2: Stress clustering using stress averaging technique.

In this work, the stress leveling technique is used together with the minmax method.
Only the first cluster will be used as a stress constraint in each of the two principal
directions. This method is more efficient because it decreases the number of constraints
while keeping the stresses within the constraint as each iteration’s stresses are rearranged
and the maximum stresses go in the first cluster. It is hereinafter referred to as the

"maximum stress level technique."

5.3 Objective function and gradients calculation

Since MMA is a gradient-based method, gradients of the objective function and con-
straints must be calculated before proceeding with the optimization process. Many of
the gradients calculated in this section are for the stresses along the fiber direction. For
the perpendicular direction, stress constraints and its derivatives can be calculated using
the same formula used for the first principal direction. Compliance can be defined as

follows:

= (pe)” ulke (0c) e (5.10)

e=1

Its derivative with respect to density and theta is:
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o = P (pe)’” " ulkeu, (5.11)

ge‘i = plu) {/// BT (—aTég?_ DT (6.)"" + T (6.) " D%) BdQ} u.
(5.12)

Using the max stress level technique mentioned in section 5.2.2, the maximum stress

cluster can be defined as:

B =

o () = <% > <a%<x>>p) (513

aEQmaz

where of(z) is the stress value along the fibers, (4, is the cluster domain that holds the

PN

maximum stress values, and o,

(z) is the global stress measure of maximum stresses.
To decrease the number of constraints, only one stress limit will be added for stresses
in both compression and tension. Hence, the absolute value of the stress value in each

stress evaluation point will be calculated. To simplify the derivatives, the square root of

the stress squared in each direction will be taken instead of the absolute value.

ot(a) = /ot (5.14)

The chain rule shall be used to measure the derivative of the clustered P-norm stresses

described in equation (5.13) w.r.t. the design variables vector x:

max max

OolN () _ Z 0PN () dol(x)

ox Oo{ ox
e (5.15)
Ly Oohle) (903(@)) doule)
_aGQ dof 00, ox

The equation (5.15) is made up of three terms, the first of which is the derivative of the
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equation (5.13) w.r.t. the stress evaluation point:

(3-)
doll(x) 1[1 wr o)
—8031 —]—9 (NE (01(33))>

a€Qmax

x (ot (@)

1 (-1
:<N ) <al<w>>)

a€Qmax

(5.16)

1 a p—1
x = (ot(@))

The second term is the derivative of the stress vector at the measurement point w.r.t.

the stress components:

dot(x) = (010/1/02,.,0,0) (5.17)
do,
003 (x) = (0,090 /1/02.,0) (5.18)
do,

The third term is the derivative of the penalized stress vector (5.5) w.r.t. the design
variables. To measure it, the design variables vector & will be divided into two vectors,
with one consisting of the element densities p and the other consisting of the element

angles 6.

0oa(x) _ s (pe(z))

9. o DB,u(x) + ns (p.(x)) DB, 9. (5.19)
3(310(:2) = 115 (pe()) g—ngaU(w) + s (pe(x)) DB, agéf) (5.20)

The derivative of the stress vector exists only at the stress evaluation point taking the

derivative w.r.t its design variables, i.e., g (pe(x)) /Op. # 0 and OE/00r # 0 only for
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r = e. The global state equation is used to determine the derivative of displacements:

i OK(0.0) 2) + K (p,0) 2% _ g (5.21)

8u(a:) 0K (p,0
9. [2 5pr ] (5.22)

Similarly,

0K (p,0) ou(x)
; —o0. u(x) + K(p,0) 20,

=0 (5.23)

Qu(z) \~ 9K (p.0) H)u(m)] (5.24)

— _K .0
20, (+.0) L1 00,
The derivative in equation (5.15) w.r.t. p and 6 can now be written by back substitution

as:

i) _ 5 Oele) a%a,O,O)Tx (P42 e

0pe oleas 0pe
0Omaa 1 (5.25)
B " 9K (p, 0
— s (po() DB.K " 1(p,0) x [Z %u@)] )
r=1 r
dolN (z) doPN () 5 r oD
o0, EQZ o0t (%/ Ula,O,O) X (ns (pe(a:))a—eeBaU(w)
= mas (5.26)

15 (pu(@) DBLK(0,0) [Z %ﬁu(w)} )

r=1

The adjoint method is used in this step in order to avoid calculating the inverse of the
stiffness matrix n times. Instead, it will be calculated only once, as mentioned in section

3.2.2. The adjoint function is mathematically defined as follows:
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dolN ()

K(p, o)=Y —mu

a
0o

B'D” <01a /7030, 0) (5.27)

a€EQmax

The adjoint variable is the same whether the derivative is taken w.r.t. p or 6 and can

be computed as:

PN T
)\T = Z aamax(w) Ula/ 0_%6“070 DBaKfl(p, 6) (528)
a€Qmax 80'%

Eventually, equation (5.15) will be:

00 (T) 3 00 a0 () (Ula / gga,o,())T w5 2e@) 1y p 2y

Ipe - Oof Ipe
acs (5.29)
" 9K (p, 0
s (pela)) AT x [E o >]
r=1 r
dolN (x) doPN () 5 r oD
—oh GQZ T‘f(ala/ Ula’070> X s (pe(w))a—eeBau(«’L‘)
4= mas (5.30)

s (@) AT ¢ [Z %u(@]

5.4 Modelling limitations

This section covers two algorithm limitations. The first is how initial discretization
affects the results, and the second is how to deal with stress sparks in certain elements.
Because of the locality of stresses, a mesh dependency test is required before the results
can be relied upon. Mesh dependency testing entails decreasing the element size until the
results are no longer dependent on the mesh size. If the elements are large, a significant

number of intermediate elements will result with stress values less than the stress limit.
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Using small elements, on the other hand, will result in solid structure elements.

Another issue rises when modelling these types of problems is that some elements in
the vicinity of load application can have a stress spark, which is not always the case in
real applications because load is not always concentrated at a single point. This can be
resolved by distributing the load across multiple nodes. Another recommendation is to
avoid adding elements close to the load application point to the clusters when calculating
the P-norm value. This has no effect on the outcome because the elements in the loading

region represent a very small proportion of the total mesh elements as shown in Figure 5.1.

Finally, it is usually preferable to normalize the stresses before assigning them to the
MMA to avoid numerical errors during the optimization process, which also occurs when

assigning all the P-norm values as constraints to the MMA.

BN

Figure 5.1: Difference between adding a load at one point and distributing the load.
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5.5 Numerical examples

5.5.1 Case study 1: Verification of the method

The first case study demonstrates the effectiveness of the stress constraints and how
they can affect the final topology. A compliance minimization problem subjected to
volume constraint is solved twice, once without adding the stress constraints and then
with adding the stress constraints. The second time, the stress constraints are set to a
value lower than the maximum stresses calculated in the first case. Mathematically, the
first case can be written as equation (4.1) while setting Vy = 0.25. The second case can
be represented as equation (5.1) while setting V; = 0.25, (07 )uit = (0 )i = 60 kPa and
(01t = (0§)we = 25 kPa. Both problems start from the same initial conditions p = 1
and # = 1. The material is set to epoxy glass, and the geometry is the same as the one
shown in Figure 4.1; however, dimensions are in (m.) and the load value is changed to
60 kN distributed along six consecutive nodes, with 10 kN per node, as shown in Figure

5.2.

il

10 kN/node

Figure 5.2: Cantilever beam fully fixed from the left and a distributed load on six
consecutive nodes in the bottom-right corner.
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Both problems showed that fibers should be aligned with the structure contours to
obtain minimum compliance, as shown in Figure 5.3. The results show a compliance of
8.59 Nm for the volume only constrained problem, with a maximum stress value along
the fibers of 71 kPa in tension and 68 kPa in compression. For stresses perpendicular to
the fibers (bonding strength), the stress values reached 28 kPa in tension and 11.7 kPa in
compression. However, after adding the stress constraint, a new topology was designed
by the software, which yielded a compliance value of 8.226 Nm and stresses that fell
within the constraints. In reviewing the new topology, it is clear that the position of
the supporting member in the middle of the domain changed from the bottom right to
the top-left corner to support the members that had the highest stress values on the
left. Hence, the stresses were lowered to 50.5 and 37 kPa in tension and compression,
respectively, along the fibers. For the stress values perpendicular to the fibers, they were
reduced to 28 and 13 kPa in tension and compression, respectively. Figures 5.4 and 5.5
illustrate the stress distribution of both topologies. For this problem, the design domain
was discretized to 60 elements in x and 40 elements in y, a total of 2400 elements. The
stress cluster used had 240 stress evaluation points. One cluster was used for o, and
one was used for o2V, Tt is noted that stresses perpendicular to fibers did not fall within
the constrain limit for only one element and this errors result from using large number of

stress evaluation points within the cluster. A study on the number of stress evaluation

points and number of clusters is discussed in the subsequent case studies.
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) Without stress constraints. ) With stress constraints.

Figure 5.3: Optimized topology and raster angle.
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Figure 5.4: Stresses along the fibers
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(a) Without stress constraints (b) With stress constraints

Figure 5.5: Stresses perpendicular to the fibers
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5.5.2 Case study 2: Effect of number of stress evaluation points

on final topology

This Case study evaluates the effect of the number of stress evaluation points included
in the cluster used as a constraint for each of the material local axes on the accuracy
of the result and convergence scheme. Two studies are run: one consists of adding
80 stress evaluation points in each cluster, and the other one involves adding only 40
stress evaluation points in each cluster. The L-bracket design domain shown in Figure
4.4a is used with the same boundary and loading conditions, and the material is epoxy
glass. Both problems can be represented as equation (5.1) while setting V; = 0.25,
(0D e = (65) e = 5 kPa and (01); = (0§)u; = 4kPa. They start from the same

initial conditions, where p =1 and 6 = —0.1.

The results show that adding too many stress evaluation points to the cluster may
decrease the efficiency of the code, as the P-norm value — and hence the constraint value
— will not be a good indicator of the stress values throughout the domain, as indicated
in Table 5.3. This scenario was clear in the case with 80 points, as stresses did not fall
within the constraint range and some outliers existed. On the other side, when using 40
evaluation points, all the stresses fell within the constraint range as shown in Figures 5.7
and 5.8. Moreover, compliance values were 1.0583 and 1.5923 Nm for the 40 evaluation
points and the 80 evaluation points, respectively. This finding confirms that the lower
number of evaluation points is more efficient. The case with a higher number of evaluation
points was better in one respect, which is the convergence speed, as it converged in only
3905 iterations, whereas in the former case, 6176 iterations were required, as shown in

Fig. 5.9. However, accurate results, not faster convergence, is the main aim of this study.
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(a) 40 stress evaluation points in the stress
cluster

(b) 80 stress evaluation points in the stress
cluster

Figure 5.6: Final topology and raster angle.
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(a) 40 stress evaluation points in the stress (b) 80 stress evaluation points in the stress
cluster cluster

Figure 5.7: Stresses along the fibers

71



o, [Pa]

7000
6000
5000
4000
3000
2000
1000

-1000
-2000
-3000

(a) 40 stress evaluation points in the stress (b) 80 stress evaluation points in the stress
cluster cluster

Figure 5.8: Stresses perpendicular to the fibers
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Figure 5.9: Convergence scheme of objective function

72



5.5.3 Case study 3: Adding one more stress cluster in each

direction

The previous case study demonstrated that decreasing the number of stress evaluation
points in the maximum stress cluster leads to more accurate results but also a longer
convergence time, on the order of 6000 iterations. One solution to this problem is to
constrain the first two clusters in each evaluation direction, instead of taking only one
cluster. By doing so, the solver is constraining 80 stress evaluation points at the same
time but dividing them into two clusters. That proved to be the most efficient way
of dealing with a problem like the L-bracket, which is famous for producing different
topologies depending on the constraints. In this case, we are going to resolve the
L-bracket example from case study 2, while constraining two clusters in each direction

instead of one.

The results in figure 5.10a show that this method is the most efficient, as it produced
a topology with more solid elements under the loading point. Moreover, all stress
values fell within the constraint limit and converged in 2515 iterations, which is a faster
convergence compared with the two cases shown in case study 2. The compliance value
was 1.49 Nm, and the constraints were satisfied as shown by the P-norm values in Table

5.3.
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(a) Topology and raster angle.
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(b) Convergence scheme.
Figure 5.10: Results of L-bracket stress-constrained topology optimization when using

two stress clusters in each of the material coordinate directions (final topology, fibers
orientation, and convergence scheme)

No. of clusters in each direction 1 1 2
No. of stress evaluation points per cluster 40 80 40
Max. stress along the fibers (kPa) 4.5 7.4 5.2
Max. stress perpendicular to the fibers (kPa) | 4.01 5.1 4.2
Compliance (Nm) 1.05 1.592 1.49
ot N (kPa) 5.04 6.23 4.62
oy N (kPa) 4.2 4.5 3.84
o1 V% (kPa) N/A N/A 3.86
oPN2 (kPa) N/A N/A 3.58
No. of iterations 6176 3905 2515

Table 5.3: Comparing different stress clustering techniques.
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(a) Stresses along the fibers (b) Stresses perpendicular to the fibers.

Figure 5.11: Results of L-bracket stress-constrained topology optimization when using
two stress clusters in each of the material coordinate directions (stress values)

5.5.4 Case study 4: Effect of P-values on the stress results

The P-norm method is so called because the arithmetic series of equation (5.13) is
raised to the power of p [57]. This number is chosen based on trial and error. From the
literature, it is usually set to p = 8 [57]. However, that value is for an isotropic material
and constrains all the stress clusters. Moreover, none of the previous studies showed
the basis of choosing p = 8. Case study 4 tests the effect of the P-value on stresses
generated in the principal material coordinates of an anisotropic material, namely epoxy
glass. This study was performed on the same geometry, constraints, boundary, and

loading conditions as those used in case study 1.

P-value 4 6 8 10
Max. stress along the fibers (kPa) 73 61.8 59.6 80.2
Max. stress perpendicular to the fibers (kPa) | 34.3  27.3 23 22.2
Compliance (Nm) 793 7.823 7.62 7.749
No. of iterations 156 103 109 143
No. of stress evaluation points per cluster 120 120 120 120

Table 5.4: Effect of P-value on the efficiency of the results of stress-constrained problem
with X = 60 kPa and Y = 25 kPa.
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In observing the results shown in Table 5.4, it is clear that p = 8 is also the best value
for the method used in this study when applied on an anisotropic material. This method
resulted in the lowest compliance and stress values that fell within the stress constraints
with no outliers. The same topology and raster angle were formed in all cases; however,
the intermediate elements are not the same. In observing stresses in both directions, for
P-values other than 8, one can find that stress concentrations exist in the generated
topologies. However, when there are elements that have stress concentrations with
values more than the stress constraint, the number of elements does not exceed 10 in

each case.

(d) p=10

Figure 5.12: Effect of P-value on topology and raster angle.
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Figure 5.13: Effect of P-value on stresses along the fibers
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Figure 5.14: Effect of P-value on stresses perpendicular to the fibers
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5.6 Conclusions

This chapter investigated the method of adding stress constraints to the topology and
raster angle optimization problem. Constraining all the stress clusters is no longer
necessary, since it causes numerical errors, inflates the compliance values. Constraining
only one or two clusters of stresses in each of the principal material coordinates is
sufficient to keep the stresses within the stress limit when using the stress level technique.
This method resulted in structures that were not seen in the field of TO, since this is
the first time that stress limitations were applied to a composite material. Using two
clusters in each direction with a low number of stress evaluation points is better than
using one cluster with a high number of stress evaluation points. The P-norm exponent

value of 8 was the optimal value to use for this type of problem.
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Chapter 6

CONCLUSIONS AND FUTURE
WORK

This chapter summarizes the problem, objectives, contributions of this work to the field,

and potential future work.

6.1 Statement of the problem

Despite the numerous advantages of AM, anisotropy in the material characteristics of
3D printed components remains a major concern among manufacturers, as this property
controls the mechanical properties of the final part. The main processing parameters that
affect the mechanical properties of 3D printed parts are layer thickness, filament width
and orientation, and air gap. In addition to anistropy, manufacturers are also greatly
concerned with raster angle while printing, as it affects the stiffness of the final product.
Furthermore, TO is an important step that must be completed before 3D printing the
parts in order to maximize the material savings associated with mass manufacturing.

However, each fibre orientation configuration will have a distinctive topology result from
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TO, and each TO design will yield a unique fibre orientation. There is no commercial
tools that are capable of addressing these challenges. Therefore, it is important to
develop a tool that would develop the printing strategies. The research question that
motivated this work is therefore as follows: How can the structural topology and raster
orientation optimization problems for AM process be coupled into a single problem that

is subject to local and global constraints?

6.2 Objectives

The objective of this work was to improve the design process of 3D printed polymers by
combining the topology and raster orientation optimization process in one step. Special

consideration was given to the following:

1. Derive the isoparametric Q4 element constitutive matrix, with the fiber angle

theta defined as a design variable.

2. Develop a robust and generic in-house code that solves the compliance minimization
problem, subject to volume constraints, where the produced topologies are a good

start in the conceptual design process for AM.
3. Solve mass minimization problems, subject to compliance constraints.

4. Derive of stress constraints for AM polymers, both along the fibers and perpendic-

ular to the fibers.

5. Solve compliance minimization problems, subject to stress constraints, to reduce

the formation of stress concentration regions in the final topology.
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6.3 General conclusions

6.3.1 Adding the fiber angle as a design variable to the TO

problem

Transformation matrices are very useful when dealing with structures that need to be
placed in a specific orientation. They give the finite element the freedom to mimic any
object that can rotate, be it a fiber, truss, or beam element. After optimization, the
finite elements align themselves along the contours of the structural element, especially
if the element is carrying pure tension or pure compression. This shows how effective
this procedure is to use the element transformation angles in representing physical fiber

angles.

6.3.2 Mass savings and stiffness increase improvements

Derivation of the mass minimization problem of polymers is usually straightforward
if the compliance minimization problem is solved. By incorporating fiber angles into
the optimization problem, more mass is reduced by correctly orienting the fibers, while
compliance is limited to a certain value. This demonstrates the great future potential of

using this method in the AM industry.

6.3.3 Direction-dependant stress constraints

Adding stress constraints to TO problems is challenging because of the local nature of
the stresses. In addition, fiber stresses should be controlled in two directions, not just
one. Stress aggregation approach was adopted here. However, instead of aggregating
stresses or "clustering stresses" in two directions and using all the clusters as constraints,

the minmax approach was used, meaning that only the clusters that had the highest
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stress values in both directions were used. This method resulted in novel structures in
the field of TO, as this is the first time that stress constraints have been added to a
composite material. It is preferable to use two clusters in each direction with a modest
number of stress evaluation points rather than one cluster with a high number of stress
evaluation points. A P-norm exponent value of 8 is best to use in this scenario because

it produced the best outcomes.

6.3.4 General comments on code performance

Algorithm convergence for non-stress-constrained problems was stable, with most of
the compliance minimization problems converging in 100-250 iterations, and mass
minimization problems converging in 1000-1500 iterations. However, for the stress-
constrained problems, convergence was highly dependant on the stress constraint value.
If the constraint is a value that is not easily achieved at the defined loading condition,
the code requires more iterations to converge, that may reach 6000 iterations if only one
cluster with a high number of stress evaluation points was used. If stress constraints are
easily achieved, then the code typically converges in 100-300 iterations depending on

the problem geometry.

6.4 Thesis main contributions
The main research contributions of this work are:
1. Developed mass minimization algorithms for AM orthotropic structures.

2. Derived and implemented directed stress constraints approach which aids in limiting
maximum stress values to prevent composite failure during the optimization

process.
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3. Employed maximum clustering technique in principal material directions, to

improve convergence.

4. Applied those developed algorithms to several numerical examples.

6.5 Future work

The following areas are worthy of further research:

1. Extend the code to incorporate other constraints for example shear stress.
2. Explore the stress calculations at the nodes and perform sensitivity study.
3. Develop layer independent algorithm for multilayered structures.

4. Incorporate other failure criteria for example Tsai—Hill and tensor polynomial

failure criteria.
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Appendix A

MATLAB Code for Stress Constrained

TO of Orthotropic Material

b
h
b
h
h
b
h
b
h
b

That is the main file of the code, it includes all the functions used
Except MMA method because of confidentielity

New variables in the field

Sigmax --> stress constraint value along the fibers

Sigmay --> Stress constraint value perpendicular to the fibers

64mm_40mm --> Is the solid works file

clts ---> Number of clusters used in the optimization method
dkdrho ---> derivative of stiffness w.r.t density
dkdtheta ---> derivative of stiffness w.r.t theta

A1l other variables are famous literature variables

clear;clc;close all;

global penal p E1 E2 G12 v12 Force Emin clts volfrac H Hs nelx nely sigmax

sigmay nc maxloop nodes conn nele

clts=2; sigmax = 60e3;sigmay = 25e3; nelx=60; nely=40; nc=20; maxloop=80;
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E1l = 38.6e9;E2 = 8.27e9;G12 = 4.14e9; v12 = 0.37; Force = -10000;volfrac =

0.25; Emin = 1le-9; p = 4;penal = 3;rmin = 2;

nele=nelx*nely; [connec,nodes,elements]=Unstruct (’64mm_40mm’ ,nelx+1,nely+1
) ; [nodes, conn] =arrange_nodes (nodes,nelx,nely) ;nodes=nodes*10"3;

[H,Hs] = fil(nelx, nely, rmin);

% Initial conditions

x = repmat(0.25,nele,1) ;theta=repmat(-0.1,nele,1) ;xPhys=(x(:));

% MMA initialization
m=1+(2#*clts) ;n=2*nele;xmin=[zeros(n/2,1) ;-pi/2*ones(n/2,1)];
xmax=[ones(n/2,1) ;pi/2*ones(n/2,1)];x0ld1=x(:) ;x01d2=x(:);

low=xmin;upp=xmax;a0=1;a=zeros(m,1) ;c_MMA=10000*ones(m, 1) ;d=zeros(m,1);

% Loop Initialization
change=100; loop=0;
while change > 0.001
warning(’off’);
loop = loop + 1;
[U,edofMat ,KEE,Kg,dkdrho,dkdthetaa,B] = displacements(theta,x);
[fOval,df0dx] = 0bj(U,edofMat,KEE,dkdrho,dkdthetaa,x);
[fval,dfdx,pl,p2,sigX,sigY] =
constraints(theta,x,U,edofMat,Kg,dkdrho,dkdthetaa,B);
(xmma, ~, ~, 7, 7, 7, 7, 7, 7, low,upp] = ...
mmasub(m, n, loop, [xPhys;theta(:)] , xmin, xmax, xoldl, xo0ld2,
fOval,df0dx,fval,dfdx,low,upp,al,a,c_MMA,d);

xnew = reshape(xmma(l:nele) ,nely,nelx);
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thetanew = reshape (xmma(nele+1:end) ,nely,nelx);

x01d2

xold1(:);

x0ld1l [x(:);theta(:)];
change = max(abs(xnew(:)-x(:)));
X=Xnew;
compp (loop)=f0val;
theta=thetanew(:);
xPhys= (x(:));
fs(loop,:)=fval;
pls(loop)=max(pl);
p2s (Loop)=max (p2) ;
fprintf(’ It.:%51i Obj.:%11.4f Vol.:%7.3f max_P1.:%7.3f max_P2.:%7.3f
change. :%7.3f\n’,loop,fOval,
mean(x(:)), max(pl)/(1076) ,max(p2)/(10~6), change);
colormap(gray); imagesc(-x); axis equal; axis tight; axis off;pause(le-6);
end
plotstresses(nodes(:,2:3),conn(:,2:5),sigX,20, ’stresses along fibers (pa)’)

plottopology(x,theta,0.5)

function [connectivity,nodess,elements] = Unstruct(filename,nl,n2 )

% This function extracts the nodes and

%hconnectivity matrix by using Gmsh

%%kt Inputs: 1- Filename of your geometry file

hhhhlh 2- spanwise sections

Thlhl 3- lengthwise sections

geoflat( n1,n2 );

[a,b] = system([’gmsh.exe -watch pattern ’, filename,’.step geometry.geo

-2°1);
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file= [filename ,’.msh’];
% no of nodes is mentioned in 5th row and first column
N_n = dlmread(file,’’,[5-1 1-1 5-1 1-1]);
nodes = dlmread(file,’’,[56 1 4+N_n 3]);
N_e = dlmread(file,’’,[7+N_n O 7+N_n 0]);
node_id = dlmread(file,’’,[5 0 4+N_n 0]);
elements = dlmread(file,’’,[8+N_n O 7+N_n+N_e 8]);
if min(nodes(:,1))<0

nodes(:,1)=nodes(:,1)-min(nodes(:,1));
end
if min(nodes(:,2))<0

nodes (:,2)=nodes(:,2)-min(nodes(:,2));
end
nodes(:,1)=nodes(:,1)/10°3;
nodes(:,2)=nodes(:,2)/10"3;
x=0;
for i=1:length(elements(:,1))

if elements(i,2)~=3

x=x+1;

end
end
u=1;
count=1;
for i=1:length(elements(:,1))

conn(u, [2:5] )=elements (i, [6:9]);

conn(u,1)=u;

u=u+1;

if elements(i,2)==3
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connectivity(count,1)=count;
connectivity(count,2:5)=elements(i, [6:9]);
count=count+1;
end
end
for i=1:x
Panel_coor (i, [1:3])=[nodes(conn(i,2),1),
nodes(conn(i,?2),2) ,nodes(conn(i,2),3)];
Panel_coor(i, [4:6])=[nodes(conn(i,3),1),
nodes (conn(i,3),2) ,nodes(conn(i,3),3)];
Panel_coor(i, [7:91)=[0 0 0];
Panel_coor(i, [10:12]1)=[0 0 0];
if elements(i,4)==6
Panel_coor(i,13)=3;
elseif elements(i,4)==7
Panel_coor(i,13)=4;
end
end
for i=x+1:length(conn(:,1))
Panel_coor(i,[1:3])=[nodes(conn(i,2),1),
nodes(conn(i,2),2),nodes(conn(i,2),3)];
Panel_coor(i, [4:6])=[nodes(conn(i,3),1),
nodes(conn(i,3),2),nodes(conn(i,3),3)];
Panel_coor (i, [7:9])=[nodes(conn(i,4),1),
nodes(conn(i,4),2) ,nodes(conn(i,4),3)];
Panel_coor(i, [10:12])=[nodes(conn(i,5),1),
nodes(conn(i,5),2) ,nodes(conn(i,5),3)];

if elements(i,4)==5
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Panel_coor(i,13)=6;
elseif elements(i,4)==4
Panel_coor(i,13)=2;
end
end
for u=1:length(nodes)
nodess(u,1)=u;
nodess(u,2:3)=nodes(u,1:2);
end

end

function [] = geoflat( nl,n2 )
%hhhkh Creating the geo file for 2D structures
fid=fopen(’geometry.geo’,’wt’); Ycreates a text file
if £id<0 %makes sure file open succesful

fprintf (’error opening file \n’); %if not send an error message
end
fprintf (fid, ’Physical Surface(5) = {1,2};\n’);
fprintf (fid, ’Physical Line(6) = {6,2}; \n’);

{8,4}; \n’);

fprintf(fid, ’Physical Line(7)

fprintf(fid, ’Transfinite Surface {1,2}; \n’);

fprintf(fid,’Transfinite Line {5, 3, 1} = %d Using Progression 1; \n’,nl1);
%hl spanwise

fprintf(fid,’Transfinite Line {8,6,4, 2} = Jd Using Progression 1; \n’,n2);
%h% chordwise

fprintf(fid, ’Recombine Surface {1,2};’);
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end

function [k, dk, dkthetal= complete_stiff (theta,x,nl,n2,n3,n4)
% This function calculates stiffness matrix and

% its derivatives w.r.t rho and theta

global penal E1 E2 G12 v12 Emin

%penalizing

Elp = (Emin+x. penal*(E1-Emin));

E2p = (Emin+x. penal*(E2-Emin));

G12p= (Emin+x. penal*G12) ;

dE1p (-penal*x~(penal-1))*E1;

dE2p

(-penalx*x~(penal-1))*E2;

dG12p= (-penal#*x~(penal-1))*G12;

[D, dD_dtheta, D_zero] = Rotation(theta, Elp, E2p, G12p, v12);

[dD, dddD_dtheta, ddD_zero] = Rotation(theta, dElp, dE2p, dGi2p, v12);

%syms theta

w=[1 11 1];

%thickness

h=1;

s1=-0.5773; s2=-0.5773; s3=0.5773; s4=0.5773; t1=-0.5773; t2= 0.5773;...
t3=0.5773; t4=-0.5773;

s=[s1 s2 s3 s4];t=[t1 t2 t3 t4];

% element nodes

Xc=[n1(1);n2(1);n3(1);n4(1)];Yc=[n1(2);n2(2);n3(2);n4(2)]1;

%initiating stiffness matrix

k=zeros(8,8);

dk=zeros(8,8);

dktheta=zeros(8,8);
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% kl=zeros(8,8);
for i=1:4

J=1;

%%l Jacobian

J=(1/8)*Xc’*[0 1-t(j) t(j)-s(i) s(i)-1; t(j)-1 ...

0 s(i)+1 -s(i)-t(§); sE)-t(§) -s(i)-1 0 t()+1 ...

; 1-s(1) s(D)+t(j) -t(j)-1 0I*Yc;

b % Shape functions

h N1=(1-s(1))*(1-t(j))/4;

% N2=(1+s(1))*(1-t(§))/4;

% N3=(1+s (1)) *(1+t(j))/4;

% N4=(1-s(1))*(1+t(j))/4;
% Derivatives of shape function
Nis=(1/4)*(t(j)-1);
Nit=(1/4)*(s(i)-1);
N2s=(1/4)*(-t(j)+1);
N2t=(1/4)*(-s(1)-1);
N3s=(1/4)*(t (j)+1);
N3t=(1/4)*(s(i)+1);
Nds=(1/4)*(-t(j)-1);
Ndt=(1/4)*(-s(i)+1);
Ns=[N1s N2s N3s N4s];
Nt=[N1t N2t N3t N4t];

% B matrix coefficients

(1/4)x((Yc (D *(s (1) -1))+(Yc () *(-s(1)-1)) ...

a

+(Yc(3)*(s(1)+1))+(Yc(4)*(-s(1)+1)));

o’
[l

1/ * (Y (D *(t () -1D)+(Yc(2)*(-t(jD+1)) ...

+(Yc(B)*(t()+1))+(Yc (D *(-t(§)-1)));
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c= (1/8)*(Xc(D)*(t (D -1))+Xc(2)*x (-t (j)+1))
+(Xc(B)*(t(j)+1))+(Xc(D*(-t(j)-1)));
d= (1/4)*(Xc(1)*(s(1)-1))+(Xc(2)*(-s(i)-1))
+(Xc(3)*(s () +1))+(Xc(4) *(-s(1)+1))) ;
for z=1:4
Bz(:,:,z)=[axNs(z)-b*Nt(z) O ...
;0 cxNt(z)-d*Ns(z); cxNt(z)-d*Ns(z) a*Ns(z)-b*Nt(z)];
end

B=(1/det(J))*[Bz(:,:,1) Bz(:,:,2) Bz(:,:,3) Bz(:,:,4];
k=k+B’ *D*B*J*h*W (1) *W (i) ;
dk=dk+B’*dD*B* J*xh*W (i) *W (1) ;
dktheta=dktheta+B’*dD_dthetaxB*Jxh*W (i) *W (i) ;

end

end

function [f,dfdx,pl,p2,sigX,sig¥] =
constraints(theta,x,U,edofMat,Kg,dkdrho,dkdthetaa,B)
% This function calculates the constraints values and its derivatives
global nele p E1 E2 G12 v12 volfrac nc sigmax sigmay clts
Ni=2*nele/nc; Jnumber of stress evaluation points
for i=1:nele
[C(:,:,1) dCdth(:,:,i)] = Rotation(theta(i), E1, E2, G12, v12);
stress(i,:) = C(:,:,i)*B*U(edofMat(i,:));
stress_val(i,:) = x(i)~0.5*stress(i,:);
sigX(i)=stress_val(i,1);

sigY¥(i)=stress_val(i,2);

pl(i) = sqrt(stress_val(i,1)"2);

p2(i) = sqrt(stress_val(i,2)"2);
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von_mises(i,1) = sqrt((stress_val(i,1)"2)+...

(stress_val(i,2)~2)+(3*stress_val(i,3)"2)...
-stress_val(i,1)*stress_val(i,2));

end

[vl i1]=max(pl);

p1(i1)=0;

[v2 i2]=max(pl);

p1(i2)=0;

[v3 i3]=max(p2);

p2(i3)=0;

[v4d i4]=max(p2);

p2(i4)=0;

% constraints calculation

[pl_desc,sort_index] = sort(pl,’descend’);

cluster = zeros(nc/2,Ni);

cluster = reshape(pl_desc,Ni, (nc/2));
cluster_p = (cluster). p;

cluster_sum = sum(cluster_p,1);

sigmapn = (cluster_sum./Ni).~(1/p);
[p2_desc,sort_indexx] = sort(p2,’descend’);

clusterr = zeros(nc/2,Ni);

clusterr = reshape(p2_desc,Ni, (nc/2));

clusterr_p = (clusterr)."p;

clusterr_sum = sum(clusterr_p,1);

sigmapnn= (clusterr_sum./Ni).~(1/p);

f=[(sum(x(:))/(volfrac*nele))-1; ((sigmapn(l:clts)’./sigmax)
-(ones(clts,1))); ((sigmapnn(l:clts)’./sigmay)-(ones(clts,1)))];

dv = ones(nele,1);
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dv_dtheta= zeros(nele,1);
dv(:) = dv(:);
dpndxl=zeros(1,nele);
dpndthetal=zeros(1,nele);
dppndxl=zeros(1,nele);
dppndthetal=zeros(1l,nele);
count=1;
Kinv = inv(XKg);
for i=1:clts

for j=1:(2#*nele/nc)

dpndx1(i,sort_index(count))= ((cluster_sum(i)/Ni)~((1/p)-1))*(1/Ni)*

((pl(sort_index(count))) ~(p-1))*...
(0.5*x(sort_index(count))~-0.5)*[stress_val(sort_index(count),1)...
/sqrt(stress_val(sort_index(count),1)"2) 0
0]*C(:,:,sort_index(count))* ...
B*U(edofMat (sort_index(count),:));
dpndthetal (i,sort_index(count))=
((cluster_sum(i)/Ni)~((1/p)-1))*(1/Ni)
*((pl(sort_index(count)))~(p-1))*...
(x(sort_index(count))~0.5)*[stress_val(sort_index(count),1)/ ...
sqrt(stress_val(sort_index(count),1)~2) 0
0]*dCdth(:,:,sort_index(count))...
*B*U (edofMat (sort_index(count),:));
prelambda(j, :)=((cluster_sum(i)/Ni)~((1/p)-1))*(1/Ni)* ...
((p1(sort_index(count))) ~(p-1))*...
[stress_val(sort_index(count),1)/ ...

sqrt (stress_val (sort_index(count),1)~2)
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0 0]*C(:,:,sort_index(count))*Bx. ..
Kinv(edofMat (sort_index(count),:),

edofMat (sort_index(count),:));

dppndx1(i,sort_index(count))= ((clusterr_sum(i)/Ni)~((1/p)-1))*(1/Ni)*

((p2(sort_indexx(count)))~(p-1))*...
(0.5*x(sort_indexx(count))~-0.5)*[0
stress_val (sort_index(count),2)...
/sqrt(stress_val(sort_index(count),2)"2)...
01*C(:,:,sort_indexx(count))*B*U(edofMat (sort_indexx(count),:));
dppndthetal (i,sort_indexx(count))=

((clusterr_sum(i)/Ni)~((1/p)-1))*(1/Ni)...
*((p2(sort_indexx(count)))~(p-1))*...
(x(sort_indexx(count))~0.5)*[0 stress_val(sort_index(count),2)/...
sqrt(stress_val(sort_index(count),2)"2)

0]*dCdth(:, :,sort_indexx(count))*Bx*. ..

U(edofMat (sort_indexx(count),:));

prelambdaa(j,:)=((clusterr_sum(i)/Ni)~((1/p)-1))*(1/Ni)*...

((p2(sort_indexx(count)))~(p-1))*...

[0 stress_val(sort_index(count),2)/...

sqrt (stress_val(sort_index(count),2)"2)...
0]*C(:,:,sort_indexx(count))*B*Kinv. ..

(edofMat (sort_indexx(count),:),...

edofMat (sort_indexx(count),:));

count=count+1;
end
Lambda (i, :)=sum(prelambda,l);

Lambdaa(i, :)=sum(prelambdaa,1);
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end
count=1;
dpndx2=zeros(1,nele);
dpndtheta2=zeros(1,nele);
dppndx2=zeros(1,nele) ;
dppndtheta2=zeros(1,nele);
for i=1:clts
for j=1:(2#*nele/nc)
dpndx2(i,sort_index(count))=(x(sort_index(count))~0.5)*Lambda(i,:)
*dkdrho(:, :,sort_index(count))*U(edofMat (sort_index(count),:));

dpndtheta2(i,sort_index(count))=(x(sort_index(count))~0.5)*Lambda(i,:)

*dkdthetaa(:,:,sort_index(count))*U(edofMat (sort_index(count),:));

dppndx2(i,sort_indexx(count))=(x(sort_indexx(count))~0.5)*Lambdaa(i,:)

*dkdrho(:,:,sort_indexx(count))*U(edofMat (sort_indexx(count),:));
dppndtheta2(i,sort_indexx(count))=(x(sort_indexx(count))~0.5)...
*Lambdaa (i, :)*dkdthetaa(:,:,sort_indexx(count))...
*U(edofMat (sort_indexx(count),:));
count=count+1;
end
end
dpndx=dpndx1-dpndx2;
dpndth=dpndthetal-dpndtheta?2;
dppndx=dppndx1-dppndx2;
dppndth=dppndthetal-dppndtheta?l;
for i=1:clts

dpndx (i, :)=dpndx(i,:)’;
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dppndx (i, :)=dppndx(i,:)’;
dpndth(i,:)=dpndth(i,:)’;
dppndth (i, :)=dppndth(i,:)’;
end
dfdx=[(dv(:)’/(volfrac*nele)) dv_dtheta(:)’ ;dpndx./sigmax dpndth./sigmax ...
;dppndx. /sigmay dppndth./sigmay];

end

function [D, dD_dtheta, D_zero] = Rotation(theta, E1, E2, G12, v12)

% Rotation function

% Takes mechanical properties gives S and D of rotation

% 2 methods can be used and both gives the same result

% Output D rotated and derivative of D rotated and D zero angle

m=cos (theta) ;

n=sin(theta);

% method 1

% sbll= (1/E1)*(m~4+(m~2+n"2+* (-2%v12+(E1/G12)))+(n"4*E1/E2)) ;

% sb12= (1/E1)*((n~2*m~2* (1+(E1/E2)-(E1/G12)))-((n~4+m~4)*v12));

% sb16= (n*m/E1)*((m~2*(2+2*xv12-E1/G12))+(n~2*(-2*xv12-(2*E1/E2)+(E1/G12))));
% sb22= (n~4 + (m~2#n~2%(-2*v12+E1/G12))+(m~4*E1/E2))*(1/E1);

% sb26= (n*m/E1)*((n~2%(2+2*v12-E1/G12))+(m~2x (-2*v12-(2xE1/E2)+(E1/G12))));
% sb66= (1/E1)*((4*n~2*m~2x(1+2*v12+E1/E2)) + ((n~2-m~2)"2*E1/G12));

% S=[sbll sbl2 sbl6; sbl2 sb22 sb26; sbl6 sb26 sb66];

% D=inv(S);

% % method 2

v21=v12*E2/E1;

s11=1/E1;

s12=-v21/E2;

106



s22=1/E2;

s66=1/G12;

s16=0;

5826=0;

S=[s11 s12 s16;s12 s22 s26; s16 526 sS66];

D_zero=inv(S);

Ti=[m~2 n~2 2*n*m; n~2 m~2 -2*n*m; -n*m n*m m~2-n"2];

T2= [m"2 n~2 m*n; n~2 m~2 -m*n; -2%m*n 2*m*n m~2-n"2];

D=inv(T1)*D_zero*T2;

S=inv(D);

% This will be used to determine the derivative of constitutive matrix

dT1_inv=[-(2xcos(theta)*sin(theta))/(cos(theta)~4 ...

+sin(theta) ~4+2*cos(theta) “2*sin(theta) ~2)
(2*cos(theta)*sin(theta))/(cos(theta)~4 ...
+ sin(theta)~4 + 2*cos(theta) ~2xsin(theta)"~2)
(2*¢sin(theta)~2)/(cos(theta)~4 + sin(theta)~4 ...
+ 2%cos(theta) "2*sin(theta)~2) - (2*cos(theta)~2)/(cos(theta)~4 ...
+ sin(theta)~4 + 2*cos(theta) 2*sin(theta)~2)...

(2*cos(theta)*sin(theta))/(cos(theta)~4 + sin(theta)~4 ...

2*%cos (theta) “2*sin(theta) ~2)

+

-(2xcos(theta)*sin(theta))/(cos(theta)~4 + sin(theta)~4 ...

+ 2xcos(theta) “2*sin(theta) ~2)

(2xcos(theta) ~2)/(cos(theta)~4 + sin(theta)~4 + ...

2*cos (theta) “2*sin(theta)~2) - (2xsin(theta)~2)/(cos(theta)~4 ...
+ sin(theta)~4 + 2*cos(theta) ~2*sin(theta)~2)

; cos(theta)~2/(cos(theta)~4 + sin(theta)~4 + ...

2xcos (theta) “2*sin(theta)~2) - sin(theta)~2/(cos(theta)~4 ...

+ sin(theta)~4 + 2*cos(theta) 2*sin(theta)~2)
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sin(theta)~2/(cos(theta) 4 + sin(theta)~4 + ...
2xcos (theta) "2*sin(theta) ~2) - cos(theta)~2/(cos(theta)~4 ...
+ sin(theta)~4 + 2*cos(theta) 2*sin(theta)"2)
-(4xcos(theta)*sin(theta))/(cos(theta)~4 + ...
sin(theta)~4 + 2xcos(theta) 2*sin(theta)~2)];
dT2= [ -2xcos(theta)*sin(theta) 2*cos(theta)*sin(theta)
cos(theta) "2-sin(theta)~2 ...
; 2%cos(theta)*sin(theta) -2%cos(theta)*sin(theta)
sin(theta) ~2-cos(theta)~2 ...
;2*sin(theta) ~2-2*cos(theta) "2 2*cos(theta) ~2-2*sin(theta) "2
-4xcos(theta)*sin(theta)];
dD_dtheta= (dT1_inv*D_zero*T2) + (inv(T1)*D_zero*dT2);

end

function [U,edofMat,KEE,Kg,dkdrho,dkdthetaa,B]=displacements(theta,x)
% This function calculates the displacements of each node

global nelx nely nele Force nodes conn

col_x=x(:);

col_theta=theta(:);

nodenrs = reshape(l:(1+nelx)*(1+nely),l+nely,1l+nelx);

edofVec = reshape(2#nodenrs(1l:end-1,1:end-1)+1,nelx*nely,1);

edofMat

repmat (edofVec,1,8)+repmat ([0 1 2#nely+[2 3 0 1] -2

-1] ,nelx*nely,1);

iK = reshape(kron(edofMat,ones(8,1))’,64*nelx*nely,1);

jK

reshape (kron(edofMat,ones(1,8))’,64*nelx*nely,1);
F = sparse([2*(nelx+1)*(nely+1)...
, 2% (nelx) * (nely+1) ...

,2%(nelx-1)*(nely+1) ...
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,2%(nelx-2)*(nely+1) ...
,2*(nelx-3)*(nely+1) ...
,2%(nelx-4)*(nely+1) ...
J,[1 1111 1], [Force Force Force Force Force Force]
,2x(nely+1)*(nelx+1),1);

U = zeros(2*(nely+1)*(nelx+1),1);

%fixeddofs = [1:nely+1];

fixeddofs = [1:2x(nely+1)];

alldofs = [1:2x(nely+1)*(nelx+1)];

freedofs = setdiff (alldofs,fixeddofs);

for i=l:nele
n4=[nodes(conn(i,2),2) nodes(conn(i,2),3)];
nl=[nodes(conn(i,3),2) nodes(conn(i,3),3)];
n3=[nodes(conn(i,4),2) nodes(conn(i,4),3)];
n2=[nodes(conn(i,5),2) nodes(conn(i,5),3)];
% Penalization is done inside the function
[KE, dk, dktheta]l = complete_stiff(col_theta(i),col_x(i),n1,n2,n3,n4);

B = B_mat(nl1,n2,n3,n4);

KEE(:,:,1i)=KE;
dkdrho(:, :,i)=dk;
dkdthetaa(:,:,i)=dktheta;
sK((((1-1)*64)+1:(i)*64),1) = reshape(KE,64,1);
end
K = sparse(iK, jK,sK);
Kg = (K+K’)/2;
U(freedofs) = Kg(freedofs,freedofs)\F(freedofs);

end

109



function [H,Hs] = fil(nelx, nely, rmin)

% PREPARE FILTER

iH = ones(nelx*nely*(2*(ceil(rmin)-1)+1)"2,1);
jH = ones(size(iH));

sH = zeros(size(iH));

k =0;

for i1 = 1:nelx
for j1 = 1:nely
el = (i1-1)*nely+ji;
for i2 = max(il-(ceil(rmin)-1),1) :min(il+(ceil(rmin)-1) ,nelx)
for j2 = max(j1-(ceil(rmin)-1),1) :min(ji+(ceil(rmin)-1),nely)

e2 = (i2-1)*nely+j2;

k = k+1;

iH(k) = el;

JH(K) = e2;

sH(k) = max(0,rmin-sqrt((i1-i2)~2+(j1-j2)"2));

end
end
end
end

H = sparse(iH, jH,sH);
Hs = sum(H,2);

end

function plotstresses(n,connec,obj,n_pts,name)
% n--> nodes coordinates matrix

% conn ---> connectivity matrix
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% n_pts ---> number of points in color bar
% name ---> name of the calculated value
% Initialization of the required matrices
n_nodes=length(connec(1,:));
n_elem=length(connec(:,1));
X = zeros(n_nodes,n_elem) ;
Y = zeros(n_nodes,n_elem);
main = zeros(n_nodes,n_elem);
conn=zeros (length(connec(:,1)),2);
conn(:,1)=connec(:,3);
conn(:,2)=connec(:,4);
conn(:,3)=connec(:,2);
conn(:,4)=connec(:,1);
% calculating x and y and corresponding objective
for i=1l:n_elem
for j=1:n_nodes
node(j)=conn(i,j); % extract connected node of element i
X(j,i)=n(node(j),1); % extract x value of the node
Y(j,i)=n(node(j),2); % extract y value of the node
end
main(:,i) = obj(i) ; ' extract component value of the node
end
figure
plot(X,Y,’r”)
£fi1l1(X,Y,main)
axis off ;
c_bar=colorbar;

set(get(c_bar,’title’),’string’ ,name);
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% get the color limits
lim = caxis;
ylim(c_bar, [1im(1) 1im(2)]);
ticks = linspace(lim(1),1im(2),n_pts);
set(c_bar,’YtickMode’,’manual’,’YTick’,ticks); % Set the tickmode to manual
for i = 1:n_pts
imep = num2str(ticks(i),’%+3.3E’);
values(i) = {imep} ;
end
set(c_bar,’YTickLabel’,values(1l:n_pts),’fontsize’,9);

end

function plottopology(x,theta,threshold)

global conn nodes

obj1=1-x(:);

obj2=theta(:);

figure

grid off

uu=1;

for i=1:length(conn(:,1))

if obj1(i)<threshold

x0=nodes (conn(i,3),2);
yO=nodes(conn(i,3),3);
x1=nodes(conn(i,5),2);
yl=nodes(conn(i,2),3);
dx=abs (x1-x0) ;
dy=abs (y1-y0) ;

rectangle(’Position’, [x0 yO dx dy],...
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’FaceColor’,obj1(i)*[1 1 1],’EdgeColor’,’k’);
hold on;
r(i)=cos(obj2(i));
s(i)=sin(obj2(i));
anglee(uu)= obj2(i);
uu=uu+i;
xvec(i)=x0;
yvec(i)=y0;

end
end
quiver (xvec,yvec,r,s,’m’)

end

113



