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Abstract

Abstract

Infectious diseases such as HIV, measles, and influenza continue to pose major challenges

to global health, particularly in the presence of waning immunity, evolving pathogens, and

heterogeneous contact patterns. Understanding the mechanisms driving infection persistence,

disease resurgence, and the effectiveness of interventions requires the integration of mathe-

matical modeling. However, an increased level of understanding that modelling can provide

here depends on the robustness of the model in (1) it’s representation of the biology and (2)

the analyzes and simulation studies that can be conducted to produce quality results.

This thesis explores the effects of incorporating biological mechanisms into models of

infectious diseases that are often ignored. In the first project we incorporate the virus loss

term into a model of pathogen dynamics in-host in order to determine if such a term affects

the model dynamics and bifurcation. In the second project we analyze the effects of waning

immunity on the probability and severity of measles infections in populations with varying

degrees of vaccine-induced immunity. We then extend this waning immunity framework to

a study of seasonal influenza. Finally, we explore the effects of environmental reservoirs

on the transmissibility of COVID-19, influenza, measles and norovirus in a defined spatial

location – a theme park. In all projects we consider deterministic and/or stochastic modelling

outcomes, and sensitivity analyses to study the model population dynamics and bifurcations

and determine model parameters that most affect population and infection outcomes.
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By integrating theoretical analysis, numerical simulation, and sensitivity-based methods,

this research provides a unified understanding of infection dynamics from within-host to

population scales. The findings offer valuable information for designing effective medical and

public health intervention strategies.
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Chapter 1

Introduction

Pathogenic microorganisms such as bacteria, viruses, parasites, and fungi, are responsible

for causing infectious diseases. Individuals that contract these microorganisms can become

very sick [1, 2, 3]. These microorganisms can also cause large outbreaks within communities

[4, 5, 6]. Mathematical models of Disease can be used to study infections in individuals

(immunology) and populations (epidemiology), including the dynamics and persistence of

infectious diseases, and possible control strategies that can reduce morbidity and mortality [7,

8, 9, 10, 11]. Sometimes, however, simplifying assumptions can be made in the mathematical

model that can omit certain parts of the system that may be important to the overall outcome

of infection, affecting effective control strategy determination [12, 13, 14].

In this thesis, our aim is to study the effects of including biological mechanisms into a

model that are typically omitted, specifically: the addition of a virus loss term in in-host

modelling, including waning immunity in population-level models of infectious diseases,

including stochastic effects on pathogen infection and persistence in a population, including

an environmental reservoir in a population-level model where environmental transmission

can occur. By introducing a virus loss term, we can more accurately capture the decline

in viral load over time within a host. Adding a level of waning immunity will allow us to

model the gradual loss of immunity post-infection or vaccination, reflecting more accurately
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real-world scenarios. Incorporating stochasticity introduces randomness to better simulate

the unpredictable nature of disease transmission and progression. Finally, the inclusion of an

environmental reservoir accounts for the presence and impact of pathogens in the environment,

which can play a crucial role in the spread of disease.

Through these modifications, we seek to investigate how these factors influence disease

outcomes at both the individual host level and the population level. Our goal is to provide

deeper insight into disease mechanisms and contribute to the development of more effective

control and prevention strategies.

1.1 Introduction to Mathematical Modelling of Infec-

tious Disease

Mathematical modelling can provide an understanding of the underlying mechanisms of

disease transmission and spread, help to pinpoint key factors in the disease transmission

process, suggest effective control and preventive measures, and provide an estimate for the

severity and potential scale of the epidemic.

1.1.1 The Basics in Mathematical Epidemiology

Kermack-Mckendrick [15] introduced the mathematical theory of epidemics. Dividing the

population into three states (susceptible S, infected I, recovered R), they proposed the

following basic model in Mathematical Epidemiology [15]:

dS
dt

= λ − βSI − µS

dI
dt

= βSI − γI − δI

dR
dt

= γI − dR .

(1.1)
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This model is called the SIR model. Here, β is the transmission rate, γ is the recovery rate,

µ is the natural death rate, δ is the disease-induced death rate, and λ is the incoming rate

of susceptibles, or birth rate. We also note that it is assumed that susceptibles are fully

susceptible and recovered individuals are fully immune. Infectious individuals transmit the

disease and can recover.

Basic Reproduction Number: The basic reproduction number, R0, is defined as the expected

number of secondary cases produced by a single infection when introduced into a completely

susceptible population. For the SIR,

R0 = βS0

γ + d

where S0 is the proportion of susceptibles at the disease free equilibrium. The initial number

of susceptibles could be S0 = λ/d. We refer the reader to reference [16] for a review on R0

and different methods of derivation.

Control Reproduction Number: The control reproduction number Rc extends the concept of

the basic reproduction number to populations where control mechanisms such as vaccination

are employed. Here, Assuming vaccine-induced immunity is life-long,

Rc = (1 − p)R0

where p is the rate of vaccination.

Herd Immunity: Herd immunity refers to the indirect protection against a contagious infectious

disease that happens when a significant fraction pc of the population is immune either through

vaccination or immunity developed through previous infection. The basic definition for the

significant fraction is

pc = 1 − 1
R0

.
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1.1.2 The Basics in Mathematical Immunology / Pathogen Dy-

namics

The basic model of pathogen dynamics, the TIV model, was introduced by Perelson and

colleagues in the 1990’s [17, 18]. It includes cells that the pathogen infects (target cells),

the pathogen, and different components of the life-cycle of the pathogen including the steps

needed by which the pathogen can produce progeny.

The basic model describing the interaction between uninfected target cells T , infected cells I,

and the virus V , is governed by the following system of differential equations:

dT
dt

= s − dT − βTV

dI
dt

= βTV − δI

dV
dt

= pI − cV

(1.2)

where s and d are the birth and death rates of the target cells, β is the infection rate, δ is

the death rate of infected cells, p is the pathogen production rate by the infected cells, and c

is the clearance rate of the pathogen. This model has the following reproduction number

R0 = pβT0

δc

where T0 = s
d

is an equilibrium value of target cells.

1.1.3 Extensions to the Basic Models

The SIR and TIV models omit some characteristics of the biology. We will now provide an

overview of characteristics that we will incorporate into modelling studies in this thesis.
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1.1.3.1 The Virus Loss Term

When a virus particle infects a cell, it is enters the cells and is lost to the population. The

basic TIV model (1.2) does not include this component of the biology. The new TIV model

with the virus loss term is:
dT
dt

= s − dT − βTV

dI
dt

= βTV − δI

dV
dt

= pI − cV − βvTV

(1.3)

where the magnitude of βv = β and βv is the virus loss term. The basic reproduction number

for Model (1.3) is

R0 = p

δ

βT0

(c + βvT0)

where p/δ gives the number of new virus particles that an infected cell makes and βT0/(c+βvT0)

gives the probability that a virus will infect a cell.

We note that the vast majority of in-host modelling studies ignore the effects of the virus

loss term as it is generally assumed that βvT << c. However, inclusion of this term provides

a more realistic basic reproduction number in that it includes the probability of infecting a

cell (βT0/(c + βvT0)) rather than allowing a virus particle to infect many cells (βT0/c) which

is biologically implausible. The inclusion of this term can also provide much richer dynamics

of a model [19, 20, 21, 22]. We thus will include this term in our study in this thesis. We

direct the reader to [22] for more discussion of the virus loss term.

1.1.3.2 The Immune Response

The immune response to pathogens is a coordinated, multi-layered defense system that

detects, contains, and eliminates invading organisms while limiting damage to the host. It

begins with innate immunity, which provides rapid, non-specific protection through physical

barriers, antimicrobial molecules, and immune cells such as macrophages and neutrophils that

recognize pathogens. Signals from the innate response activate adaptive immunity, in which
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specialized cells mount highly specific responses: B-cells produce antibodies that neutralize

or mark pathogens for destruction, while T-cells kill infected cells (cytotoxic T-cells) or

coordinate immune activity (helper T-cells). Together, these processes lead to pathogen

clearance and the formation of immunological memory, enabling faster and more effective

responses upon future exposure to the same pathogen.

The basic TIV Model (1.2) does not explicitly model the effects of the immune response.

Instead, it is assumed that the immune response will (1) increase parameters like c and δ

that reflect antibody neutralization and infected cell killing, respectively, or (2) decrease

parameters like β to reflect blocking of infection from specific cytokines [22]. There are many

extensions of the basic model to explicity include modelling of the immune response. We

refer the reader to [22, 23] for particular examples.

We are interested in modelling the effects of T-helper cells explicitly, including their

proliferation and their effects on infected cell killing. An example of such a model is:

T ′ = s − βTV − dT

T ′
H = sH − βHTHV − dHTH + pHTH

I ′ = βHTHV + βTV − µII − σTHI

V ′ = pI − V

(1.4)

where sH is the incoming rate to T-helper cells into the system, dH is the natural death rate

of T-helper cells, and pH is the proliferation rate of these cells. This model also includes

an infected cell killing term σTHI that assumes that infected cell killing is proportional to

the T-helper cells in the system. It also includes possible infection of T-helper cells by the

pathogen, which can occur in HIV infection. We note that this model ignores pathogen loss

due to infection of target cells T and T-helper cell TH populations, but this is also a term

that we will consider in this thesis (discussed above section (1.1.3.1)).
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1.1.3.3 The Exposed Class

The basic SIR Model (1.1) assumes that once someone has come into contact with an infected

individual, they can immediately be infected and infect others. This is not true as there

exists a time between infection and becoming infectious. This is called the latent period of

infection, or the exposed period of infection and is generally represented by E in an SEIR

model
dS
dt

= λ − βSI − dS

dE
dt

= βSI − dE − σE

dI
dt

= σE − γI − dI

dR
dt

= γI − dR .

(1.5)

where σ is the rate at which exposed individuals move to the infectious class I. Here, R0

becomes

R0 = βS0

γ + d

σ

σ + d
.

Examples of studies that employ the SEIR model, and various extensions, include [24, 25].

1.1.3.4 Waning Immunity

The basic SIR Model (1.1) assumes that once someone is infected they cannot become infected

again – that is, they remain in the recovered class forever. However, some infectious diseases

do not have this characteristic. For example, people can experience influenza infection

many times in their lives [26, 27, 28]. This is also true for the common cold, pertussis, and

COVID-19 [29, 30].

A simple extension for including waning immunity in a model of infectious diseases in a

population is called the SIRS model, and is given by

S ′ = λ − βSI − dS + ωR

I ′ = βSI − γI − dI
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R′ = γI − dR − ωR

where ω is the waning rate of immunity from the recovered class. We may also, however,

choose to explicitly model an intermediate (partially immune) stage representing waning

immunity W such that

S ′ = λ − βSI − dS + ϕW

I ′ = βSI − γI − dI

R′ = γI − dR − ωR

W ′ = ωR − ϕW − dW

where ω is the waning rate of effective immunity from the R to the waning immunity class

W , and ϕ is the waning rate from W to S. This model, called the SIRWS model, has been

previously studied by [31, 32, 33].

A different extension is to include vaccination and waning, which can be captured by the

following model:
S ′ = λ(1 − p) − βSI − dS + ϕS

I ′ = βSI − γI − dI

R′ = γI − dR

V ′ = λp − ωV − dV

W ′ = ωV − dW − ϕW

(1.6)

where p is the fraction of incoming susceptibles that are vaccinated and move to the recovered

class.

1.1.3.5 An Environmental Reservoir

Infected individuals can shed pathogen into their surrounding environment. While in the

environment (and before it has decayed), susceptibles can be exposed to this pathogen
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reservoir and become infected. Infectious diseases where environmental contamination and

transmission have been documented include: measles [34, 35], COVID-[36, 37], and norovirus

[38, 39, 40].

An extension of the basic SIR Model (1.1) to include the effects of an environmental

reservoir is
S ′ = λ − βSI − βGSG − dS

I ′ = βSI + βGSG − γI − dI

R′ = γI − dR

G′ = kI − δG

(1.7)

where G is the pathogen load in the environment, δ is the pathogen decay rate, and βG is the

infection rate of susceptibles from the environment. Mathematical models in the literature

that includes the effects of environmental reservoirs include [41, 42, 43, 44, 45].

1.1.3.6 Heterogeneous Populations

Susceptibility, infectivity, and immunity can differ between individuals, and different subgroups

of a population. Behaviour can also differ between hosts and subgroups, and affect the

possibility of infectious disease transmission. The SIR and SEIR models can be extended to

explicitly include the effects of host or subpopulation heterogeneities. For example,

dSi

dt
= λi − ΣjβijSiIj − diSi

dIi

dt
= ΣjβijSiIj − diIi − δiI − γiIi

Ri

dt
= γiIi − diRi

(1.8)

where i,j denote the subpopulations with differences in birth or immigration rate λ, natural

death or emigration rate d, disease-induced death rate δ, recovery rate γi, or transmissibility

βij between susceptibles of type i and infecteds of type j.

Models with heterogeneous host types have been used to study superspreaders, the effects
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of age structure of infectious disease spread and burden, and differences in sex, among others

[46, 47, 48, 49, 50].

1.2 Diseases of application

In this thesis we study models that are applicable to specific diseases of interest. For the

in-host model, we focus on HIV. The population-level models are applied to Measles, influenza,

norovirus, and COVID-19.

1.2.1 Human Immunodeficiency Virus (HIV)

Human Immunodeficiency Virus (HIV) infection, which emerged prominently in the early

1980s, continues to represent one of the most pressing global public health challenges [51,

52]. HIV is a retrovirus that progressively weakens the immune system by targeting and

destroying CD4+ T lymphocytes—cells that play a central role in coordinating immune

defense [53]. The virus is primarily transmitted through unprotected sexual contact, from

mother to child during pregnancy, childbirth, or breastfeeding, and through exposure to

contaminated blood or shared needles [54]. According to recent estimates, approximately

39 million people are living with HIV worldwide, with 1.3–2 million new infections and

770,000–1,000,000 HIV-related deaths reported annually [52].

Monitoring HIV infection typically involves two key blood tests: the HIV viral load test,

which quantifies the concentration of virus in the bloodstream, and the CD4+ T lymphocyte

count, which assesses immune competence and tracks disease progression [55]. Although no

definitive cure currently exists, HIV can be effectively controlled through antiretroviral therapy

(ART), which suppresses viral replication, promotes immune restoration, and significantly

reduces the risk of transmission [56, 57].

Understanding the intricate interplay between viral replication, immune response, and
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therapeutic intervention is crucial for characterizing HIV pathogenesis and evaluating treat-

ment efficacy. Within-host mathematical models offer a powerful framework for describing

these interactions quantitatively. By formulating systems of differential equations that capture

the dynamics of uninfected and infected CD4+ T cells, free virus particles, and immune

response factors, such models enable researchers to analyze viral persistence, estimate key

biological parameters, and assess the impact of ART on infection control. These models

form the foundation for linking cellular-level processes to clinical outcomes and for informing

strategies to achieve long-term viral suppression or potential functional cure.

In this thesis, we study an in-host model of HIV infection. Using bifurcation analysis, we

look for outcomes that affect HIV clearance.

1.2.2 Measles

Measles is a highly contagious viral disease that predominantly affects children and remains

a significant cause of morbidity and mortality in regions with low vaccination coverage. The

causative agent, a member of the Paramyxoviridae family, is transmitted through respiratory

droplets and aerosols produced by coughing or sneezing and can remain infectious in the air

or on contaminated surfaces for up to two hours [58, 59]. Infection occurs when susceptible

individuals inhale contaminated air or touch infected surfaces and subsequently contact their

eyes, nose, or mouth.

Vaccination is the most effective preventive measure against measles and is typically

administered in two doses—first at 12–18 months of age and again at 4–6 years—to ensure

long-term immunity [60]. Measles is among the most infectious human diseases, with an

estimated basic reproduction number (R0) ranging between 12 and 18 [61].

Given its high transmissibility and well-characterized transmission pathways, measles

provides an important framework for studying infectious disease dynamics. Mathematical

models—particularly compartmental models such as the susceptible–infectious–recovered
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(SIR) framework—are widely used to quantify disease spread, evaluate vaccination strategies,

and assess the threshold immunity required to achieve herd protection.

In this thesis, we quantify outcomes of measles infection in populations considering waning

immunity and environmental transmission.

1.2.3 Influenza

Influenza, commonly known as the flu, is an acute respiratory infection caused by negative-

sense single-stranded RNA viruses belonging to the family Orthomyxoviridae [62, 63]. The

disease spreads primarily through respiratory droplets and aerosols produced when infected

individuals cough, sneeze, or speak, as well as through contact with contaminated surfaces or

secretions [64]. There are three main types of influenza viruses—A, B, and C—classified based

on differences in their matrix and nucleoprotein antigens [65]. Most seasonal epidemics and

occasional pandemics are caused by influenza A viruses, while influenza B viruses typically

produce milder outbreaks and influenza C viruses are associated with moderate respiratory

illness [66].

Due to frequent antigenic drift and occasional antigenic shift, influenza viruses continually

evade host immunity, meaning that protection conferred by prior infection or vaccination

is often incomplete or short-lived [67]. As a result, annual vaccination is recommended as

the primary preventive strategy to reduce infection risk, disease severity, and community

transmission [68]. The basic reproduction number (R0) of influenza varies across strains and

seasons but is generally estimated between 1.2 and 3 [69].

Given its rapid antigenic evolution and incomplete or partial immunity from prior in-

fection or vaccination, influenza can induce public health burden in all populations every

year. Mathematical models that capture effective immunity in populations, and direct and

environmental transmission are thus of interest.

In this thesis, we quantify outcomes of influenza infection in populations considering
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changing effective immunity and environmental transmission.

1.2.4 Norovirus

Norovirus is a very contagious virus that causes stomach and intestinal illness. It is a non-

enveloped, positive-sense single-stranded RNA virus that belongs to the family Caliciviridae

[70, 71]. Norovirus is one of the main causes of acute gastroenteritis around the world. It can

cause single cases or large outbreaks in places such as schools, cruise ships, hospitals, and

nursing homes [72].

The virus spreads mostly through the fecal–oral route. People can get infected by direct

contact with someone who is sick, by eating or drinking contaminated food or water, or by

touching contaminated surfaces [73]. Norovirus is very stable in the environment and can

stay infectious on surfaces for several days or even weeks [74, 75, 76]. Because only a very

small number of viral particles (as few as 18) are needed to cause infection, outbreaks can

spread quickly [77].

Typical symptoms include nausea, vomiting, watery diarrhea, and stomach cramps. The

illness usually lasts 1–3 days and often goes away on its own [70]. However, people can

become infected again because immunity after infection does not last long and the virus has

many different types [78]. The basic reproduction number (R0) for norovirus is estimated to

be between 2 and 7, depending on where and how the virus spreads [79].

Because of its high transmission rate, strong environmental stability, and short-term

immunity, norovirus is an important example for studying how epidemics start and spread.

Mathematical models that include both person-to-person and environmental transmission

help researchers understand outbreak patterns, test control strategies, and predict how long

the virus can persist in a community.

In this thesis, we quantify the outcomes of norovirus infection considering environmental

transmission.
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1.2.5 COVID-19

Coronavirus disease 2019 (COVID-19) is an infectious disease caused by Severe Acute

Respiratory Syndrome Coronavirus 2 (SARS-CoV-2), an enveloped, positive-sense single-

stranded RNA virus belonging to the genus Betacoronavirus [80, 81]. The virus was first

identified in Wuhan, China, in December 2019, and was officially named by the World

Health Organization (WHO) on 11 February 2020 [82]. COVID-19 spreads primarily through

respiratory droplets and aerosols generated when infected individuals cough, sneeze, or speak,

and can also be transmitted via contact with contaminated surfaces [83, 84].

Clinical manifestations vary widely: infected individuals may remain asymptomatic

or experience symptoms ranging from mild respiratory illness to severe pneumonia, acute

respiratory distress syndrome (ARDS), multi-organ failure, and death [85, 86]. Older adults

and individuals with underlying medical conditions, such as diabetes or cardiovascular disease,

face a significantly higher risk of severe illness and mortality [87].

Vaccination and non-pharmaceutical interventions (e.g., masking, physical distancing,

and improved ventilation) have greatly reduced global morbidity and mortality, though the

emergence of new variants continues to pose challenges to disease control and public health

responses [88, 89, 90].

The heterogeneous transmission dynamics and diverse clinical outcomes of COVID-19 make

it a key system for mathematical modelling of infectious diseases. Models of compartmental

epidemic frameworks including bifurcation and stability analyses have been used to describe

disease spread, assess intervention strategies, and explore critical thresholds that govern

epidemic persistence or elimination [91, 92, 93, 94, 95, 96, 97].

In this thesis, we quantify the outcomes of COVID-19 infection considering environmental

transmission.
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1.3 Model Frameworks

In this thesis, we utilize deterministic and stochastic models. We also apply models with

spatial considerations.

1.3.1 Deterministic Models

Deterministic epidemic models provide a mathematical framework for analyzing the trans-

mission dynamics of infectious diseases through systems of differential or difference equations

[98, 99]. In these models, the sizes of the susceptible, infected, and recovered (or otherwise

classified) subpopulations are represented as continuous, deterministic functions of time [98].

The interactions among these compartments are governed by rate parameters that describe

processes such as infection, recovery, and immunity loss [99]. Classical examples of this

approach include the SIR and SEIR models, which have been extensively used to study the

temporal evolution of epidemics and to assess the potential impact of intervention strategies

[98, 100] .

Deterministic models offer several advantages. The underlying mathematical theory is

well established, allowing for rigorous analytical treatment of system behaviour, equilibrium

points, and stability conditions. Furthermore, the derivation of these models relies less on

empirical data than purely statistical approaches, enabling researchers to perform theoretical

explorations and scenario-based predictions with relative ease. However, deterministic models

also have notable limitations. When population sizes are small, stochastic fluctuations and

random events become increasingly influential, leading to deviations from the deterministic

trajectories. Under such circumstances, the assumptions of continuity and large population

size inherent in deterministic formulations are violated, and stochastic modelling approaches

may provide more accurate representations of disease dynamics [25, 101].
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1.3.2 Stochastic Models

Stochastic epidemic models incorporate random variation into the representation of dis-

ease transmission and progression, acknowledging that real-world epidemics are inherently

influenced by chance events. Unlike deterministic models, which assume that population

compartments change continuously and predictably over time, stochastic models describe

transitions between states (such as susceptible, infected, and recovered) as probabilistic events.

These models are typically formulated using stochastic differential equations, the Gillespie

Algorithm (or Monte Carlo Markov Chain, MCMC), or agent-based simulations, allowing

them to capture the variability and uncertainty inherent in epidemic processes [101, 102, 25,

103].

The primary advantage of stochastic models lies in their ability to represent random

fluctuations that become significant in small populations or during the early stages of an

outbreak, when the number of infectious individuals is low. This enables the estimation

of outbreak probabilities, extinction times, and the likelihood of epidemic fade-out, all

phenomena that deterministic models cannot adequately capture. Moreover, stochastic

approaches can provide confidence intervals and distributions of possible outcomes rather

than a single deterministic trajectory. However, stochastic models are often mathematically

and computationally more complex, requiring extensive simulation or numerical methods

[101, 25]. They also tend to depend on more detailed parameterization and larger datasets,

which may limit their analytical tractability and generalizability compared to deterministic

formulations [25, 104, 105].

In this thesis, we use the Gillespie algorithm and agent-based models.

1.3.2.1 Gillespie Simulation

The Gillespie simulation algorithm [102] is well described by Linda J. S. Allen in An

Introduction to Stochastic Processes with Applications to Biology [106]. It is a computational
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method that tracks discrete events such as infection, birth, death, and recovery using

probabilities determined by the current state of the system. The algorithm calculates both

the time until the next event and which event will occur, proceeding step by step to construct

a possible trajectory of the epidemic over time. By running the Gillespie algorithm multiple

times, one can generate different possible realizations of an epidemic that a population might

experience. Some simulation runs may not result in an outbreak, which allows estimation

of the probability of epidemic extinction or no outbreak. Furthermore, when the number of

infected individuals is small, the infection may die out entirely, and such outcomes can be

used to estimate the expected duration or end time of the epidemic.

1.3.2.2 Agent-Based Modelling

In agent-based modelling (ABM), a system is represented as a collection of independent

agents that make decisions autonomously. Each agent evaluates its own circumstances and

acts according to a predefined set of behavioural rules. Agents can engage in various activities

relevant to the system being modeled—such as going to work, attending school, or interacting

with other agents—which facilitates potential disease transmission. During the COVID-19

pandemic, ABMs were used extensively to investigate the dynamics of disease spread, hospital

demand, and the effectiveness of vaccination and other public health interventions. Notable

applications include the work of Vicky Ng and collaborators at the Public Health Agency

of Canada (PHAC), who developed ABMs to support national pandemic response planning

[107, 108], and Seyed M. Moghadas, who employed agent-based simulations to assess the

impact of vaccination and mitigation strategies in the United States [109].

In this thesis, we employ AnyLogic [110], a software program that allows for different types

of modelling, including system dynamics, spatial models on maps, discrete-event simulation,

and agent-based actions and decision-making. In combination, this allows for the study of

infectious diseases in space and time. The software has a visual interface and uses Java
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programming, so models can be simple or very detailed.

ABMs have three key advantages over other modelling approaches: (i) ABM is adaptable;

(ii) ABM offers a natural description of a system; and (iii) ABM captures emergent events.

However, to fulfill its function, the model must be constructed with the proper level of

description and with precisely the right amount of information. Additionally, when modelling

large systems, ABM’s high computing requirements continue to be an issue. Finally, some

ABMs have limitations in the number of agents that can be used. For example, using

AnyLogic, Vicky Ng and colleagues used 100,000 agents to model all of Canada [108], which

is not very realistic.

1.4 Model Tools

To investigate the transmission dynamics of infectious diseases, mathematical modelling serves

as a central tool. In this thesis, we develop and analyze compartmental models tailored to

specific diseases and settings, namely: (i) a within-host HIV model incorporating a virus loss

term, (ii) epidemic models for Measles and Influenza that account for waning immunity, and

(iii) a theme park infection risk model (of COVID-19, influenza, norovirus, and measles) to

capture transmission considering heterogenous populations, spatial aspects, and environmetal

transmission.

The modelling frameworks we employ here primarily rely on systems of nonlinear ordinary

differential equations (ODEs). These systems allow for the representation of transitions

between health states (e.g., susceptible, infected, recovered, waning), as well as additional

biological processes such as viral clearance, vaccination, and reinfection. Symbolic manipula-

tion software (e.g., Maple [111], Mathematica [112]) and numerical computation platforms

(e.g., MATLAB [113], Anylogic [110]) are used in parallel: the former for deriving analytic

threshold conditions (e.g., reproduction numbers, bifurcation thresholds), and the latter for

simulating trajectories, visualizing outcomes, and performing sensitivity analysis.
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1.5 Analysis of Model

The analysis of infectious disease models involves both qualitative and quantitative approaches.

Qualitative analysis aims to understand the overall behaviour of the system and how the

model dynamics change in response to variations in parameters or structural assumptions.

Quantitative analysis, on the other hand, focuses on identifying equilibrium points, threshold

parameters, and possible bifurcations. It also includes numerical simulations that illustrate

the time evolution and magnitude of disease prevalence or viral load under different parameter

regimes.

Together, these approaches provide valuable insights into the mechanisms driving disease

persistence, eradication, and complex dynamical behaviours such as backward bifurcation and

multistability. For HIV, such analysis helps clarify the difficulties of achieving viral clearance

in-host. For measles and influenza, the focus lies on the effects of waning immunity and

repeated exposures on long-term population dynamics. In the context of measles, influenza,

norovirus and COVID-19, the analysis emphasizes the interactions between individuals and

their environment, the heterogeneity of contact patterns, and how these factors contribute to

infection risk.

1.5.1 Bifurcation Analysis

Bifurcation analysis plays a central role in identifying critical thresholds at which the existence

and stability of different model equilibria change. The most common example in epidemiology

is the basic reproduction number R0, which typically separates the stability of the disease-free

state to the existence and stability of an endemic state of the disease. However, in nonlinear

systems such as those studied here, additional thresholds can emerge.

For the HIV model, we perform a bifurcation analysis on our model to look for bifurcations

that can aid us in understanding HIV persistence in individuals with low viral load. Here, a

backward bifurcation is of particular interest, as it allows the coexistence of a stable endemic
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equilibria even when R0 < 1. Consequently, reducing R0 below unity may not guarantee

viral clearance. In the measles and influenza models, our analysis emphasizes how waning

immunity introduces reinfection loops that can alter the stability of equilibria and shift the

effective threshold conditions of the reproduction number. In the environmental transmission

project, bifurcation techniques help determine whether contact structure, affecting the basic

reproduction number, can induce outbreaks once key parameters (e.g., effective contact rate)

cross critical values.

In this thesis, to study bifurcations, we employ analytical methods (e.g., deriving polyno-

mial equilibrium conditions and discriminant thresholds) and numerical continuation methods

(using software such as MATCONT [114]).

1.5.2 Stability Analysis

Stability analysis is fundamental to bifurcation analysis, as bifurcations occur when the

stability of equilibria changes. Linearization techniques, based on the Jacobian matrix of

the system, are used to compute eigenvalues that determine whether small perturbations

around equilibria decay (stability) or grow (instability). This provides insight into whether

disease-free or endemic states are biologically feasible and sustainable under given parameter

regimes [99].

In this thesis, for the HIV model, stability analysis highlights the role of viral clearance and

infection parameters in determining persistence of infection. For the measles and influenza

models, stability results clarify how waning immunity destabilizes equilibria and can lead

to oscillatory dynamics or recurrent outbreaks [25, 104]. In the environmental transmission

project, stability analysis reveals whether infection can remain controlled when public health

interventions are implemented, or whether small perturbations lead to rapid epidemic spread.

Global stability is also examined where possible, often using Lyapunov functions or

comparison theorems [115, 116]. Together, local and global stability results provide a rigorous
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foundation for interpreting the biological significance of the models and identifying effective

control strategies. In this thesis, global stability analysis is not employed so we do not provide

further discussion here.

1.5.3 Sensitivity Analysis

Sensitivity analysis is used as a core computational tool to systematically identify the

parameters that exert the greatest influence on disease dynamics and equilibrium outcomes. In

this dissertation, we utilize sensitivity analysis to identify which parameters have the greatest

impact on infection outcomes in HIV, measles, influenza, and environmental transmission

models related to theme parks. We implement Latin Hypercube Sampling (LHS) to achieve

an efficient global exploration of parameter uncertainties, and we use Partial Rank Correlation

Coefficients (PRCC) to evaluate the strength and direction of the influence of each parameter

[117, 118, 119, 120]. This approach allows us to identify the dominant drivers of viral load

and equilibrium behavior in the HIV system, quantify how waning immunity and vaccination

parameters affect the dynamics of measles and influenza, and determine which environmental

and behavioral factors most influence the number of reproduction in the theme-park model.

Together, LHS–PRCC provides a consistent and comparative framework to classify ranking

intervention relevant parameters in all disease settings studied in this thesis.

Sensitivity analysis was conducted using a variance free global framework based on Latin

Hypercube Sampling (LHS) combined with Partial Rank Correlation Coefficients (PRCC).

LHS is a stratified Monte Carlo sampling technique that efficiently generates representative

samples from multidimensional parameter spaces by ensuring that the full range of each

parameter is explored with minimal sample size [120, 119]. This approach allows simultaneous

variation of all model parameters over their biologically feasible ranges and provides a robust

characterization of parameter uncertainty.

PRCC is a rank-based statistical measure that quantifies the strength and direction of the
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monotonic (possibly nonlinear) relationships between individual parameters and the model

output, while taking into account the influence of other parameters [117, 118]. Unlike local

sensitivity measures, PRCC captures nonlinear dependencies and interaction effects among

parameters, making it well suited for complex epidemic and within-host models. Together,

the LHS–PRCC framework provides a reliable and computationally efficient global sensitivity

methodology for identifying dominant parameters governing viral load, outbreak persistence,

and intervention thresholds across all disease systems considered in this thesis.

1.6 Thesis outline

This thesis is structured as follows:

Chapter 2 develops and analyzes a within-host HIV model, taking into account virus loss

dynamics. Chapter 3 investigates a measles model with waning immunity and derives

vaccination thresholds. Chapter 4 extends the analysis to seasonal influenza, incorporating

inter-seasonal immune effects. Chapter 5 investigates the infectious disease transmission in

a theme park setting. We first consider a deterministic ODE based model to examine the

spread of multiple infectious diseases, including COVID-19, influenza, measles, and norovirus.

These diseases are chosen to represent a variety of epidemiological characteristics, such as

differences in transmissibility, infectious duration, and parameter structures. Also, we develop

an agent-based model to capture individual level interactions and more detailed transmission

dynamics in the theme park environment. Chapter 6 concludes the thesis and outlines future

research options.
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Chapter 2

In-host modelling with immunity and

virus loss term

This chapter is submitted for publication.

2.1 Introduction

Mathematical models have aided in the understanding of HIV infection and the development

of drug treatments. They have also been used to study the inability of drug therapies to

eliminate the virus from infected individuals. Examples of such modelling studies can be

found in [18, 21, 121, 122, 123, 124, 125, 126, 127, 128, 129]. Recently, Xie et al. [130]

studied a model of HIV infection with bi-stability and backward bifurcation whereby there is

coexistence and stability of disease-free and infected equilibria when the basic reproduction

number of the virus is below unity -- which can render viral clearance impossible. They

showed that backward bifurcation may be caused by the activation and proliferation of

healthy naive CD4 T cells to become helper T cells, as this process creates new target cells

in the presence of the virus.

The model of Xie et al.[130] (and the vast majority of models of HIV infection) ignore
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the virus loss term, a term that represents the loss of virus particles due to the infection of

a target cell. A common assumption is that virus loss is dominated by the clearance rate

of the virus (i.e., virus clearance much greater than virus loss into target cells due to cell

infection), and therefore, this term can be ignored. Additionally, ignoring this term allows

for an uncoupling of the virus dynamics equation in a mathematical model from the rest of

the system, allowing for a simpler model to analyse mathematically.

In previous work, it was found that ignoring the virus loss can reduce the richness in

bifurcations of an in-host model of virus infection and therefore miss components of the

biology of infection that can inform intervention and treatment [131, 132, 133]. Here, we

expand the model of Xie et al. [130] by adding a virus loss term to the virus equation to

account for additional viral clearance mechanisms and investigate how this modification

influences the systems dynamics. Our model is thus more biologically faithful and provides

more reliable thresholds and therapy predictions, while keeping the elegant bifurcation logic

of Xie et al. [130].

In this Chapter, we introduce our model, present analytical and numerical results related

to the model equilibria, basic reproduction number, bifurcations, and sensitivity analysis.

We conclude with a discussion relevant to the virus loss term, richness of bifurcations, and

relation to HIV infection outcomes.

2.2 Model Formulation

The model considers target cells and virus. The target cells reside in three classes: uninfected

naive T-cells (T̄ ), uninfected helper T-cells (T̄H), and productively infected T-cells (Ī). There
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Figure 2.1: Model flow diagram

is one class of virus (V̄ ). The model is given by the four dimensional system:

dT̄
dτ

= ST − r̄T̄ V̄ − β̄T T̄ V̄ − µ̄T T̄

dT̄H

dτ
= r̄T̄ V̄ − β̄H T̄H V̄ − µ̄H T̄H + p̄H T̄H

dĪ
dτ

= β̄H T̄H V̄ + β̄T T̄ V̄ − µ̄I Ī − k̄IσT̄HI

dV̄
dτ

= Nµ̄I Ī − µ̄V V̄ − β̄T T T̄ V̄ − β̄HH T̄H V̄

(2.1)

Briefly, uninfected T-cells have a production rate ST and death rate µ̄T . Helper T-cells

are produced through activation of uninfected T-cells by the viral particles (r̄T̄ V̄ ) and can

proliferate at rate (p̄H T̄H). β̄T and β̄H are the infection rates of T̄ and T̄H cells, respectively,

which result in the loss of virus into the target cells with rates β̄T T and β̄HH , respectively.

Infected cells can be removed from the system through natural death (µ̄I) or by immune

system killing (k̄IσT̄H). It is assumed that N free virus particles are released when an infected

cell dies. Free virus are cleared at constant rate µ̄V . Figure 2.1 shows the model flow diagram.

The initial conditions are given by T̄ > 0, T̄H > 0, Ī > 0, V̄ > 0. All parameters are positive

and µ̄H > p̄H for boundedness.
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Parameter Interpretation Values
ST Production rate of healthy naive CD4 T cells (cells/day) 5.425 × 108

µT Natural death rate of naive CD4 T cells 3.875
µH Natural death rate of helper TH cells 3.875
βT Infection rate of naive CD4 T cells by virus 525
βH Infection rate of helper TH cells by virus 525
βT T Virus loss rate through infection of CD4 T cells 0.001
βHH Virus loss rate through infection of helper TH cells 0.001

r Stimulation rate of naive CD4 T cells by the presence of virus 525
pH Proliferation rate of helper TH cells 1.5
kI Killing rate of infected cells by the immune system 1750
µI Death rate of infected cells 3.875
µV Natural Death rate of Virus 3.875
N Average virus produced by an infected cell at death 300
σ σT̄H represents the immune response that can effectively kill

infected cells
1.1525 − 1.1625

Table 2.1: Parameter values for the non-dimensional system (Model 2.2). Parameter values
except βT T and βHH come from Hogue et al. model [125] and Xie et al. model [130]

A non-dimensional model corresponding to Model (2.1) can be determined by setting:

T̄ = ST T/µ̄T , T̄H = ST TH/µ̄T , Ī = ST I/µ̄T , V̄ = NST V/µ̄T , τ = t/µ̄V , k̄I = kI µ̄T µ̄V /(ST ),

r̄ = rµ̄T µ̄V /(NST ), β̄H = βH µ̄T µ̄V /(NST ), β̄T = βT µ̄T µ̄V /(NST ), β̄HH = βHH µ̄T µ̄V /(ST ),

β̄T T = βT T µ̄T µ̄V /(ST ), µ̄I = µI µ̄V , µ̄T = µT µ̄V , µ̄H = µH µ̄V and p̄H = pH µ̄V . The non-

dimensional model is given by:

dT
dt

= µT − rTV − βT TV − µT T

dTH

dt
= rTV − βHTHV − µHTH + pHTH

dI
dt

= βHTHV + βT TV − µII − kIσTHI

dV
dt

= µII − V − βT T TV − βHHTHV

(2.2)

Model parameter values are listed in Table 2.1.
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2.3 Results

2.3.1 Disease Free equilibrium

Model (2.2) has a disease free equilibrium (DFE) E0 = (T 0, T 0
H , I, V ) = (1, 0, 0, 0).

The Jacobian matrix of Model (2.2) evaluated at E0 is

J0 =



−µT 0 0 −(r + βT )

0 −dH 0 r

0 0 −µI βT

0 0 µI −βT T − 1



where, dH = µH − pH > 0. The eigenvalues of J0 are −µT , −dH and the solutions of the

quadratic equation λ2 + (µI + 1 + βT T )λ + µI(1 − (βT − βT T )) = 0. Eigenvalues −µT and

−dH are both less than zero. Therefore, if the roots of the quadratic equation are negative,

the condition of stability is satisfied; otherwise, E0 is not stable. Note that the solutions of

the quadratic are negative if and only if βT − βT T < 1.

2.3.2 Basic Reproduction Number

The basic reproduction number is

R0 = βT − βT T

= (Nβ̄T − β̄T T )ST

µ̄V µ̄T

(2.3)

We note that when R0 < 1 or βT

1 + βT T

< 1, the DFE is stable. Otherwise, it is unstable.
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2.3.3 Infected Equilibrium

The infected equilibria are defined by (T ∗, T ∗
H , I∗, V ∗) where,

T ∗ = µT

µT + rV ∗ + βT V ∗

T ∗
H = rV ∗

βHV ∗ + dH

µT

µT + rV ∗ + βT V ∗

I∗ = V ∗

µI

(
(βT − R0)

µT

µT + rV ∗ + βT V ∗ + βHH
rV ∗

βHV ∗ + dH

µT

µT + rV ∗ + βT V ∗ + 1
)

and V satisfies

AV ∗4 + BV ∗3 + CV ∗2 + FV ∗ + G = 0 (2.4)

with

A = −µIβ2
H(r + βT )2

B = (r + βT )βH((((βH − βHH)r + βH(R0 − 2))µT + 2(pH − µH)(r + βT ))µI − kY µT rσ)

C = ((−βH((βHH − βH)r − βH(R0 − 1))µ2
T + (r + βT )((βHH − βH)r

−2βH(R0 − 2))(pH − µH)µT − (pH − µH)2(r + βT )2)µI

+kIr((−βHHr − βH(βT − R0 + 1))µT + (−µH + pH)(r + βT ))σµT )

F = ((((βHH − βH)r − 2βH(R0 − 1))µT + (pH − µH)(R0 − 2)(r + βT ))µI

+σrkIµT (βT − R0 + 1))(pH − µH)µT

G = µ2
T µI(pH − µH)2(R0 − 1)

We note that there can be multiple positive roots of the equation for V ∗. Due to the

complexity of solving for V ∗, we leave this for numerical calculation.

The Jacobian matrix of Model (2.2) evaluated at the endemic equilibrium

E∗ = (T ∗, T ∗
H , I∗, V ∗)
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is:

J∗ =



a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44


where,

a11 = −V ∗(βT + r) − µT , a12 = 0, a13 = 0, a14 = −T ∗(βT + r)

a21 = V ∗r, a22 = −V ∗βH − dH , a23 = 0, a24 = T ∗r − T ∗
HβH ,

a31 = V ∗βT = V ∗(R0 + βT T ), a32 = −I∗σkI + V ∗βH , a33 = −T ∗
HσkI − µI , a34 = T ∗βT + T ∗

HβH ,

a41 = −V ∗(βT − R0), a42 = −V ∗βHH , a43 = µI , a44 = −T ∗(βT − R0) − T ∗
HβHH − 1

The characteristic equation of J∗ is

λ4 + p1λ
3 + p2λ

2 + p3λ + p4 = 0

where,

p1 = −a44 − a33 − a22 − a11,

p2 = (a33 + a44 + a22)a11 + (a33 + a44)a22 − a23a32+

a33a44 − a34a43 − a14a41 − a24a42 − a12a21 − a13a31,

p3 = ((−a33 − a44)a22 + a23a32 − a33a44 + a34a43 + a24a42)a11 + (a13a31 + a14a41

−a33a44 + a34a43)a22 + (a12a21 + a14a41 + a24a42)a33 + (a12a21 + a13a31 + a23a32)a44

+(−a23a31 − a24a41)a12 + (−a21a32 − a34a41)a13 + (−a21a42 − a31a43)a14

−a24a32a43 − a23a34a42,
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p4 = ((a33a44 − a34a43)a22 + (−a32a44 + a34a42)a23 + a24(a32a43 − a33a42))a11

+((−a33a44 + a34a43)a21 + (a31a44 − a34a41)a23 + a24(−a31a43 + a33a41))a12

+((a32a44 − a34a42)a21 + (−a31a44 + a34a41)a22 − a24(−a31a42 + a32a41))a13

+a14((−a32a43 + a33a42)a21 + (a31a43 − a33a41)a22 + a23(−a31a42 + a32a41)).

The Routh-Hurwitz stability criterion [134] is p1 > 0, p3 > 0, p4 > 0 and p1p2p3 −

p2
3 − p2

1p4 > 0. We leave the determination of the eigenvalues for the infected equilibria to

numerical calculation.

2.3.4 Bifurcation Analysis

Solutions of Eq. (2.4) depend on the value of R0. Similar to [135, 136, 130], we utilize R0 as

a bifurcation parameter.

We now consider the existence of a backward bifurcation. Our model consists of four

compartments defined as x = (x1, x2, x3, x4)T = (T, TH , I, V )T and fi = dxi

dt
for the non-

dimensional system. The disease free equilibrium is E0 = (T 0, T 0
H , I0, V 0) = (1, 0, 0, 0). The

linearization of System (2.2) at the bifurcation point R0 = 1 or βT = 1 + βT T yields

J0 =



−µT 0 0 −(r + βT T + 1)

0 −(µH − pH) 0 r

0 0 −µI βT T + 1

0 0 µI −(βT T + 1)



The eigenvalues of the matrix are: −µT , −(µH − pH), −(µI + βT T + 1) and 0 and the
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corresponding left eigenvector vT and right eigenvector w at eigenvalue zero are:

v =



0

0
µI

µI+βT T +1

µI

µI+βT T +1


, and w =



−(r+βT T +1)
µT

r
dH

βT T +1
µI

1


.

The theorems of backward bifurcation found in [135, 136] ensure that, if

b =
4∑

i,j=1
viwj

δ2fi

δxjδR0
(E0, 1) > 0

and

a = 1
2

4∑
i,j,k=1

viwjwk
δ2fi

δxjδxk

(E0, 1) > 0

there is a backward bifurcation at R0 = 1. Alternatively, there will not be a backward

bifurcation if b > 0 and a < 0.

The nonzero second derivatives in b are

δ2f1

δx4δR0
(E0, 1) = −1 and δ2f3

δx4δR0
(E0, 1) = 1.

Thus,

b = v1w4
δ2f1

δx4δR0
(E0, 1) + v3w4

δ2f3

δx4δR0
(E0, 1) = µI

µI + βT T + 1 > 0.

The nonzero second derivatives in a are

δ2f1

δx1δx4
(E0, 1) = −βT T − 1 − r,

δ2f1

δx4δx1
(E0, 1) = −βT T − 1 − r,

δ2f2

δx1δx4
(E0, 1) = r,

δ2f2

δx4δx1
(E0, 1) = r,
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δ2f2

δx2δx4
(E0, 1) = −βH ,

δ2f2

δx4δx2
(E0, 1) = −βH ,

δ2f3

δx2δx3
(E0, 1) = −σkI ,

δ2f3

δx3δx2
(E0, 1) = −σkI ,

δ2f3

δx4δx1
(E0, 1) = βT T + 1,

δ2f3

δx1δx4
(E0, 1) = 0,

δ2f3

δx4δx2
(E0, 1) = βH ,

δ2f3

δx2δx4
(E0, 1) = βH ,

δ2f4

δx1δx4
(E0, 1) = −βT T ,

δ2f4

δx4δx1
(E0, 1) = −βT T ,

δ2f4

δx2δx4
(E0, 1) = −βHH ,

δ2f4

δx4δx2
(E0, 1) = −βHH .

Thus,

a = 1
2

[
v3w2w3

δ2f3
δx2δx3

+ v3w2w4
δ2f3

δx2δx4
+ v3w3w2

δ2f3
δx3δx2

+ v3w4w1
δ2f3

δx4δx1

+v3w4w2
δ2f3

δx4δx2
+ v4w1w4

δ2f4
δx1δx4

+ v4w2w4
δ2f4

δx2δx4
+ v4w4w1

δ2f4
δx4δx1

+ v4w4w2
δ2f4

δx4δx2

]
= µI

(µI+βT T +1)

[
rβH

dH
− r(1+βT T )σkI

µIdH
+ (βT T +1+r)(βT T −1)

2µT
− rβHH

dH

]

The following theorem applies.

Theorem 1. There is a forward bifurcation at R0 = 1 if a < 0 and there is a backward

bifurcation at R0 = 1 if a > 0 [135, 136, 130].

We leave a study of the existence of other bifurcations to our numerical analysis.

2.3.5 Numerical Analysis

2.3.5.1 Model Equilibria

The existence of model equilibria is examined using 2000 parameter sets using eleven pa-

rameters (µT , βH , µH , βT T , βHH , βT , r, kI , µI , pH , σ) chosen in a Latin Hypercube. The mean

value for each parameter is given in Table 2.1. Ranges for each parameter were chosen over
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uniform distributions with minimum (min) and maximum (max) values given by 50% and

150% of the mean, respectively. 124 of the parameter sets give a disease free equilibrium

only. 1807 parameter sets have a disease free equilibrium and one infected equilibrium. The

remaining 69 parameter sets have a disease free equilibrium and two infected equilibria. These

69 parameter sets satisfy the condition for backward bifurcation.

2.3.5.2 Basin of Attraction Analysis

To assess how the initial viral inoculum influences long–term outcomes, we computed basin-

of-attraction curves by simulating Model (2.2) on a grid of initial virus loads V (0) and several

values of the basic reproduction number R0 = βT − βT T . For each run, the system was

integrated with a stiff solver until the vector field norm fell below a small tolerance, and

the final virus load V (tend) was recorded. We varied the virus-loss parameters βT T and βHH

together to examine how clearance strength shapes the basins.

Weak viral loss (βT T = βHH = 0.001). Figure 2.2(top) shows a clear threshold near

V (0) ≈ 8 × 10−3: for V (0) below this value trajectories converge to the DFE (V → 0),

whereas above it they approach a positive endemic level V ∗. This dose dependence indicates

bistability: for R0 ∈ (Rc, 1) both DFE and EE are locally stable. In Section 2.3.4 we confirm

this with a backward bifurcation and a fold at Rc ≈ 0.713; the separatrix in the basin

corresponds to the unstable branch there.

Moderate viral loss (βT T = βHH = 0.5). Figure 2.2(middle) exhibits a (numerically)

narrow separatrix at larger V (0), implying a smaller endemic basin and higher inoculum

needed for persistence. This reflects a weakened backward regime that moves toward forward

behaviour as clearance strengthens.
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Figure 2.2: Basins of attraction: final virus load V (tend) versus initial inoculum V (0) for several
R0 values and three virus-loss strengths βT T = βHH ∈ {0.001, 0.5, 125}. Vertical dashed lines
(when present) mark the inoculum threshold separating the disease-free equilibrium (DFE)
from the endemic equilibrium (EE). Unless otherwise indicated, parameters are µT = 3.875,
µH = 3.875, µI = 3.875, r = 525, βH = 525, kI = 1750, pH = 1.5, and σ = 1.1575; βT is set
so that R0 = βT − βT T . Baseline values follow Hogue et al. [125] and Xie et al. [130].
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Strong viral loss (βT T = βHH = 125). In Figure 2.2(bottom) all trajectories with R0 < 1

converge to the DFE regardless of inoculum, indicating disappearance of bistability and a

forward pattern: endemic states arise only when R0 > 1.

Together, these basins demonstrate that inoculum size and viral clearance act jointly to

determine within-host persistence. Moderate clearance generates a bistable window where

early reductions in V (0) (e.g., post-exposure prophylaxis) can push trajectories into the DFE

basin even when R0 > Rc. Very strong clearance removes the window altogether and ensures

elimination unless R0 is driven well above 1. This qualitative picture is consistent with the

bifurcation structure presented next.

2.3.5.3 Bifurcation Analysis

Our bifurcation analysis shows that the HIV within-host model with the virus loss term

admits both forward and backward bifurcations at the threshold R0 = 1. Numerical results

confirm the theoretical predictions of Theorem 1 and highlight how immune parameters

determine the bifurcation type.

Figure 2.3 illustrates that the immune response strength σ governs the transition between

different dynamics. For relatively low values (σ = 1.1525), the system exhibits bistability: the

disease-free equilibrium (DFE) coexists with a stable endemic equilibrium even when R0 < 1.

At an intermediate value (σ = 1.1575), a backward bifurcation occurs, whereby both the DFE

and an endemic state remain stable below the threshold. Increasing σ further (σ = 1.1625)

produces the classical forward bifurcation, where infection persists only if R0 > 1.

A similar pattern is observed when varying the immune killing rate kI (Figure 2.4). Lower

values (e.g. kI = 1734) yield bistability, intermediate values (e.g. kI = 1742) lead to backward

bifurcation, and higher values (e.g. kI = 1747) restore the forward bifurcation. Thus, the

effectiveness of immune killing (kI) and the responsiveness of helper T cells (σ) each play a

critical role in shaping the infection outcome.
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From a biological perspective, the presence of backward bifurcation has important impli-

cations: reducing R0 below unity may not guarantee viral clearance, since a stable endemic

equilibrium can still persist. This reflects the difficulty of eradicating HIV, as latent reservoirs

and continuous supply of target cells allow infection to be maintained despite unfavorable

replication conditions. In contrast, when the system undergoes forward bifurcation, classical

threshold behavior applies—viral clearance is ensured once R0 < 1.

Figure 2.5 further shows that increasing the stimulation rate of naïve CD4+ T cells

(r) promotes backward bifurcation by providing a continuous supply of new target cells,

which supports viral persistence and bistability. Conversely, smaller values of r lead to a

forward bifurcation, eliminating the bistable region and resulting in a single stable equilibrium

corresponding to infection clearance. These results illustrate how immune activation and

target-cell regeneration critically influence whether the infection outcomes exhibit bistability

or a simple threshold behavior.

Overall, incorporating the virus loss term modifies the bifurcation structure of the model,

allowing us to capture biologically realistic scenarios of HIV persistence under sub-threshold

conditions. This aligns with clinical observations that HIV eradication is rarely achieved,

and highlights that therapeutic strategies must target both viral replication and host cell

dynamics to ensure durable clearance.

2.3.5.4 Sensitivity Analysis

Our investigation into parameter sets exhibiting multiple infected equilibria and a disease-free

equilibrium provides valuable insights into the complex dynamics of the immunological model.

Our analysis focuses on the correlations between key parameters and the equilibrium values of

target cells (T ), helper cells (TH), infected cells (I), and virus particles (V ). Understanding

these relationships is crucial for elucidating the underlying mechanisms governing disease

spread and control.
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(a) Bistability when σ = 1.1525 (b) Backward bifurcation when σ = 1.1575

(c) Forward bifurcation when σ = 1.1625

Figure 2.3: Bifurcation diagram with R0 as the bifurcation parameter. Here µH = 3.3875,
µT = 3.875, µI = 3.875, r = 525, βH = 525, βT T = 0.001, βHH = 0.001. Parameter values
except βT T and βHH come from Hogue et al. model [125] and Xie et al. model [130].
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(a) Bistability when kI = 1734 (b) Backward bifurcation when kI = 1742

(c) Forward bifurcation when kI = 1747

Figure 2.4: Bifurcation diagram with R0 as the bifurcation parameter. Here µH = 3.3875,
µT = 3.875, µI = 3.875, r = 525, βH = 525, βT T = 0.001, βHH = 0.001. Parameter values
except kI , βT T and βHH come from Hogue et al. model [125] and Xie et al. model [130].
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(a) r = 105, ST = 5425 × 105 (b) r = 1.05, ST = 5425 × 105

Figure 2.5: Bifurcation diagrams of System (2.2) with R0 as the bifurcation parameter. A
large value of r induces a backward bifurcation, whereas a smaller r results in a forward
bifurcation by eliminating bistability. In the Hogue et al. model [125] , ST = 5425 × 105. The
other parameter values are the same as in Fig.2.4.

(a) (b) (c)

(d) (e)

Figure 2.6: Sensitivities of (a) infection duration (tend), (b) final viral load (Vend), (c) infection
peak (max I), (d) time to infection peak (tpeak), and (e) basic reproduction number (R0).
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Our global sensitivity analysis was performed using Partial Rank Correlation Coeffi-

cients (PRCCs) derived from 2000 Latin Hypercube Sampling (LHS) simulations, derived

using uniform distributions with mean shown in Table 2.1 and minimum and maximum

values corresponding to 50% and 150% of the mean. LHS-PRCC quantifies how uncertainty

in model parameters influences critical infection outcomes while accounting for nonlinear and

monotonic dependencies. PRCC values range between −1 and +1: positive values indicate

that an increase in a parameter leads to an increase in the corresponding outcome, while

negative values indicate an inverse relationship. Parameters with PRCC magnitudes close to

zero have negligible influence on the respective output.

Figure 2.6 illustrates the PRCCs computed for several biologically relevant infection

measures: infection duration (tend) (defined as the time to infection clearance), final viral

load (Vend), infection peak (max I), time to infection peak (tpeak), and the basic reproduction

number (R0).

For the infection duration (tend), the most influential parameter is the infected-cell

death rate (µI), which shows a strong negative correlation. This indicates that an increase in

µI , representing faster clearance of infected cells, shortens the infection period. Similarly, the

helper-cell death rate (µH) and the infection rate between helper cells and virus (βH) also show

negative correlations, implying that greater cellular turnover reduces infection persistence.

Conversely, the infection progression rate (σ) and helper-cell proliferation parameter (pH)

exhibit weak positive PRCCs, suggesting that higher viral replication efficiency or helper-cell

activation slightly prolongs infection.

The final viral load (Vend) is primarily governed by the infection rate of target cells

(βT ), which exhibits the strongest positive PRCC, confirming that increased viral infectivity

leads to a higher equilibrium virus level. In contrast, the virus clearance rate (kI) and

infection progression rate (σ) are negatively correlated with Vend, suggesting that more

efficient clearance or faster infection turnover reduces viral persistence. These results indicate
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that Vend is most sensitive to parameters controlling viral infectivity and clearance efficiency.

The infection peak (max I) depends on both infection and clearance dynamics. Positive

PRCC values for βH and βT demonstrate that greater infection pressure on helper and

target cells increases the maximum number of infected cells, while negative PRCCs for kI

and σ confirm that rapid virus clearance and infection progression suppress the peak. The

infected-cell death rate (µI) again shows a dominant negative influence, indicating that

infected-cell lifespan is a key determinant of how high infection can rise.

The time to infection peak (tpeak) shows a significant negative correlation with both

kI and σ. This means that faster clearance and infection progression accelerate the infection

cycle, causing infection to peak earlier. Other parameters such as r and µT have negligible

effects, indicating that infection kinetics rather than target availability dictate the timing of

the peak.

Finally, the basic reproduction number (R0), defined as R0 = βT − βT T , displays

the expected strong positive and negative correlations with βT and βT T , respectively. This

reflects the analytical formulation of R0 and highlights that infection establishment and

persistence depend primarily on the balance between viral transmission and loss rates.

Overall, the PRCC results demonstrate that the parameters most strongly influencing

infection outcomes are the infected-cell death rate (µI), virus clearance rate (kI), and

infection rate of target cells (βT ). These findings align with biological intuition, confirming

that the lifespan of infected cells and the efficiency of viral transmission and clearance are

the dominant drivers of infection persistence and control within the host [137, 138, 139, 140,

141]. Consequently, therapeutic strategies that increase infected-cell death or enhance viral

clearance could effectively reduce both infection duration and viral load.

In summary, the PRCC-based sensitivity analysis identifies the parameters governing

infection dynamics at multiple timepoints from early infection kinetics to steady-state viral

persistence offering quantitative guidance for intervention strategies and for prioritizing
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parameters in further bifurcation and uncertainty analyses.

2.4 Conclusion

The combined bifurcation, basin of attraction, and sensitivity analyses of the proposed

within-host HIV model provide a comprehensive understanding of the mechanisms governing

viral persistence and clearance. The bifurcation analysis, supported by numerical simulations,

reveals the existence of both forward and backward bifurcation structures, indicating that

infection outcomes are not solely determined by the basic reproduction number R0. Specifi-

cally, the model admits multiple stable equilibria when R0 < 1, implying that infection can

persist even when classical threshold conditions predict eradication. This bistable behavior

highlights the importance of nonlinear infection dynamics, such as saturation in viral infection

rates and the interplay between target-cell depletion and immune activation.

The basin of attraction analysis further supports these findings by illustrating that initial

viral loads and immune cell levels critically determine which equilibrium state the system

approaches. When the system operates near the bistable region, small perturbations in

the initial conditions can shift trajectories from the disease-free equilibrium to a chronic

infection state, emphasizing the difficulty of achieving complete viral clearance once infection

is established. These results suggest that effective control strategies must not only reduce R0

below unity but also shift the system’s state into the basin of the disease-free equilibrium

through aggressive early treatment or immune stimulation.

The global sensitivity analysis based on Partial Rank Correlation Coefficients (PRCCs)

identifies the key parameters driving the infection dynamics. The infected-cell death rate

(µI), virus clearance rate (kI), and target-cell infection rate (βT ) are the most influential

parameters affecting infection duration, viral load, and infection persistence. In particular,

an increase in µI or kI substantially reduces infection severity, while higher βT strongly

enhances viral proliferation. These findings confirm that the lifespan of infected cells and
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viral clearance efficiency are fundamental determinants of within-host HIV behavior.

Taken together, the model demonstrates that the interplay between bifurcation structure,

parameter sensitivity, and initial condition dependence governs the transition between viral

clearance and persistence. From a biological perspective, these results underscore that early

therapeutic interventions targeting infected-cell clearance and viral replication can shift the

system into the basin of the disease-free equilibrium, thereby preventing chronic infection.

Mathematically, the coexistence of multiple equilibria and the strong parameter dependencies

reinforce the nonlinear and threshold-sensitive nature of HIV infection dynamics within the

host.

The model developed in this project advances the framework of Xie et al. [130] by explicitly

incorporating the loss of virus adsorption driven by the terms −βT T TV and −βHHTHV in the

viral equation. In Xie’s system, free virions are removed only by natural clearance µV V , which

means that new infections do not consume virus particles. This creates a mass imbalance at the

moment of infection, whereas the modified system enforces strict conservation: each successful

infection event removes one virion from circulation. This structural change generates clear

mathematical consequences. First, although the leading coefficient A = −µIβ2
H(r + βT )2

is not affected by adsorption, the parameters βT T and βHH contribute to the lower order

coefficients B, C and F (both directly and through R0 = βT − βT T ), altering the sign

balance of the quartic equilibrium equation. This reduces the parameter region in which two

positive endemic equilibria, and hence backward bifurcation—can exist. Second, the basic

reproduction number in the modified model is R0 = βT − βT T , which implies that virion

adsorption through βT T lowers the value of R0. As βT T increases, a higher value of βT is

required to push R0 above 1, which means that infection requires stronger transmission to

persist. The parameter βHH does not enter R0 explicitly, but contributes to the coefficients

of the quartic endemic equilibrium polynomial and therefore influences Rc, the size of the

bistable region and the possibility of backward bifurcation. Third, although the classification
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of bifurcation remains identical backward if a > 0 and forward if a < 0, the modified

model produces a more restrictive expression for a, containing additional negative terms

from adsorption, and thus backward bifurcation arises only under more constrained and

biologically plausible conditions.

Both models can display backward bifurcation, but the bifurcated region in the modified

system is smaller and more mechanistically justified. No Hopf bifurcation was detected for

biologically realistic parameter values, indicating that the dynamical class remains consistent

with Xie et al.[130], but with more conservative threshold geometry. From a therapeutic

point of view, reducing βT T or βHH by inhibiting entry directly decreases the probability

of viral establishment, linking intervention strategies with model outcomes in a transparent

way. Overall, the contribution of this thesis is not to replace the Xie model but to refine

it: to maintain its mathematical structure while correcting the viral mass balance and

strengthening the biological interpretation of threshold behavior. This refinement provides a

clearer theoretical basis for analyzing treatment strategies and understanding the conditions

under which HIV persistence or clearance occurs.
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Chapter 3

Measles and Waning Immunity

This chapter is submitted with a larger publication on measles.

3.1 Introduction

Measles, caused by the measles virus (MeV), is a very contagious childhood disease [25].

Despite the existence of a highly effective vaccine [142], measles cases continue to persist

worldwide, causing significant morbidity and mortality [142]. The World Health Organization

(WHO) [143] recommends that every child receive two doses of the measles vaccine. Serocon-

version following a single dose of vaccine is estimated to be 95% [144]. Vaccine effectiveness

has been approximated to be 93-96.7%, and 97-99.7%, after one and two doses [145, 146].

In 2024-2025, measles cases have been reported across Canada [147], a country with

relatively high vaccination coverage [148]. While measles infections have been mainly reported

in the unvaccinated, individuals with one or two doses have also contracted the disease [147].

Measles cases in vaccinated individuals have been reported previously [149, 150, 151]. A

recent study by Bolotin et al. [152] showed that antibody immunity can decay over time in

vaccinated individuals, whereby some susceptibility could be reached approximately 51 years

after full immunization.
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Assuming lifelong immunity from vaccination, mathematical models have shown that

herd immunity can be achieved in populations that maintain vaccine uptake greater than

pc = 1 − 1/R0, where R0 is the basic reproduction number and quantifies the infection

transmission potential of a disease [153, 16]. Historically, the basic reproduction number for

measles has been reported to fall between 12 to 18 [25], though a recent study has identified

a much larger range, with median values for different geographic regions lying between 11-16

[154]. Given these values, it is has been widely accepted that a critical vaccination threshold

of at least 95% should be the goal to achieve herd immunity across the globe [143].

If measles immunity gained from vaccination wanes, calculations of the critical vaccination

threshold pc must be revisited. Herewithin, we develop and utilize a mathematical model

to determine this critical threshold and investigate its dependence on the waning rate

of immunity. Further, we investigate the effects of the waning rate on other important

calculations related to measles: the probability of an outbreak, and the final size of such an

outbreak. Finally, we apply our mathematical model to a measles outbreak in Southwestern

Ontario, Canada. The mathematical models employed here are extensions of the well-known

Susceptible-Infected-Recovered (SIR) model to include vaccination and the waning and

boosting of vaccine-conferred immunity.

3.2 Model Formulation

In this model, the total population N is divided into seven classes: susceptible individuals (S)

(those at risk of infection), primary infectives (I) (individuals fully susceptible at the time of

exposure), secondary infectives (Iw) (individuals infected while their immunity is waning),

vaccinated individuals (V ), individuals with waning immunity (W ), primary recovered (R)

(individuals who gain lifelong immunity after infection), and secondary recovered (Rw) (who

also receive permanent immunity after infection). The model is defined by the following
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Figure 3.1: Model flow diagram

system of ordinary differential equations:

S ′ =λ(1 − p) − βS(I + GIw) + k2W − p1S − dS

I ′ =βS(I + GIw) − γI − dI

I ′
w =ν(1 − q)β(I + GIw)W − γwIw − dIw

R′ =γI − dR (3.1)

R′
w =γwIw − dRw

V ′ =λp − k1V + qνβ(I + GIw)W + p1S + p2W − dV

W ′ =k1V − νβ(I + GIw)W − k2W − p2W − dW

Figure 3.1 illustrates the flow diagram of these interactions and dynamics. Table 3.1 lists the

model parameters and their corresponding values.

We consider a closed population of size N , where individuals enter the system at twelve

months of age - the usual time for receiving the first measles vaccination. At entry, a fraction
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Parameter Definition Values
d Natural death rate (year−1) 1/82 [155]
p Fraction of newborns effective vaccination (ob-

tained vaccine and gained a level of neutralizing
Immunity)

[0.75, 1]

λ Birth Rate (people x year−1) dN
R0 Basic Reproduction Number [5, 22]
β Infection rate (year−1) [130, 572]

obtained using R0
γ Recovery rate (year−1) 26
γw Recovery rate from Iw (year−1) (1, 2, 3, 4, 5) ∗ γ
ν Boosting proportionality constant [0, 1]
G Infectiousness that Iw can have compared to I [0, 1]
q Fraction of those boosted that move to V [0, 1]
k1 Waning rate from V to W (year−1) [0, 1]
k2 Waning rate from W to S (year−1) [0, 1]
p1 Vaccination rate between S and V [0, 1/10]
p2 Vaccination rate between W and V [0, 1/10]

Table 3.1: Table of Parameters

p of new individuals is vaccinated at rate λ and moves into the V class, while the remaining

proportion (1−p) joins the susceptible class S. Unvaccinated individuals in S receive a second

vaccine dose at rate p1, transferring them to the V compartment. Susceptible individuals

who remain unvaccinated can become infected after contact with infectious persons at rate β

after which they move to compartment I where they are fully infectious.

We assume that vaccinated individuals can experience waning immunity, moving them

from V to W with rate k1, and then from W to S with rate k2. We also assume that

individuals in W can experience infection (with probability 1 − q) or a boost in immunity

(with probability q) upon contact with an infectious person. However, we assume that W

individuals are less susceptible than their S counterparts and thus the transmission rate β is

reduced by 0 ≤ ν ≤ 1 for W individuals compared to their susceptible S counterparts. If

a W becomes infected, they move to compartment Iw where they stay for 1/γw time, on

average. We also assume that Iw individuals can be infectious, with a reduced infectiousness
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0 ≤ G ≤ 1 compared to their I counterparts. When G = 1, secondary infections Iw are as

infectious as primary ones I, whereas G = 0 indicates that Iw individuals are non-infectious.

The population is assumed to mix homogeneously, and transmission follows frequency-

dependent contact, expressed as β (I+Iw)
N

. Individuals in the I compartment remain infectious

for an average of 1/γ time units before recovering and moving to R; similarly, individuals in

Iw recover to Rw. Both recovered groups acquire lifelong immunity.

At the time of a measles outbreak, S and W individuals may elect to be vaccinated.

These occur with rates p1 and p2, respectively. For simplicity, we assume that these values

are very close to zero; however, we include these in the model for analysis.

Finally, as we follow the population over time outside and inside measles outbreak, we

include demographics in our model – birth λ and natural mortality dS, dI, dIw, dR, dRw,

dW and dV . However, when we are studying a short time-span i.e., a measles outbreak, we

ignore these parameters.

3.3 Results

3.3.1 Disease free Equilibrium:

The disease free equilibrium (DFE) is E0 = (S0, I0, Iw0, R0, Rw0, V0, W0)

= (S0, 0, 0, 0, 0, V0, W0) where

S0 =N
(1 − p)(d2 + (k1 + k2 + p2)d + k1k2) + pk1k2

d2 + (k1 + k2 + p1 + p2)d + (k1 + k2 + p2)p1 + k1k2

V0 =N
(dp + p1)(d + k2 + p2)

d2 + (k1 + k2 + p1 + p2)d + (k1 + k2 + p2)p1 + k1k2
(3.2)

W0 =N
k1(dp + p1)

d2 + (k1 + k2 + p1 + p2)d + (k1 + k2 + p2)p1 + k1k2
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3.3.2 The Basic and Control Reproduction Numbers

The basic reproduction number and the control reproduction number of the system are

derived from the Next Generation Matrix approach [24, 104].

The basic reproduction number is given by:

R0 = βN

(γ + d)

Thus, R0 measures the expected number of secondary infections generated by a single infected

individual in a fully susceptible population.

In contrast, the number of control reproduction Rc accounts for the presence of vaccination

and the waning immunity. So, the control reproduction number is

Rc = R0

N

[
S0 + W0Gν(1 − q) d + γ

d + γw

]
(3.3)

where S0 and W0 are given by the eqn 3.2. We note that when p1, p2 = 0, which is typically

the case when measles infections are not occurring in the population, Rc becomes

Rc = R0

[
(1 − p) + p

k1k2

(d + k1)(d + k2)
+ Gp

(1 − q)νk1d(d + γ)
(d + k1)(d + k2)(d + γw)

]
. (3.4)

Here, the first two terms represent infections originating from individuals in the susceptible

class, while the third term accounts for infections arising from individuals in the waning

immunity class (W ). This is particularly relevant for different values of G, since 0 ≤ G ≤ 1, if

G = 0, secondary infections (Iw) do not appear; if G = 1, secondary infections (Iw) transmit

at the same rate as primary infections (I); when 0 < G < 1, secondary infections (Iw) occur

and transmit, but at a lower rate than I.

Note that when p1, p2 = 0 and when the waning rates k1, k2 approach zero, meaning

that immunity is almost permanent, the control reproduction number is approximately

Rc ≈ (1−p)R0. In contrast, if immunity is short-lived and wanes rapidly, the system behaves
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as if there is no lasting immunity, leading to Rc ≈ R0.

3.3.3 The Critical Vaccination Threshold

To determine the minimum vaccination coverage required to achieve herd immunity, we use the

expression for Rc. Setting Rc = 1 and substituting p = pc, we solve for pc, which represents

the critical vaccination threshold necessary to suppress sustained disease transmission. We

obtain

pc =
(

1 − 1
R0

) (d(d + k1 + k2 + p2) + k1k2)(d + γw)
d((d + k1 + k2 + p2)(d + γw) − Gk1ν(1 − q)(d + γ)) (3.5)

− p1
((d + k1 + k2 + p2)(d + γw) − Gk1ν(1 − q)(d + γ)R0)
R0d((d + k1 + k2 + p2)(d + γw) − Gk1ν(1 − q)(d + γ))

and when p1, p2 = 0 we have,

pc =
(

1 − 1
R0

) (d + k1)(d + k2)(d + γw)
d((d + k1 + k2)(d + γw) − Gk1ν(1 − q)(d + γ)) . (3.6)

Note that Eq. (3.6) is lowest when Gk1ν(1 − q) is zero, which occurs when individuals with

waning immunity are not susceptible (ν = 0), when Iw are not infectious (G = 0), when W

individuals only experience boosts to V upon encounters with infectious individuals (q = 1)

and when vaccine-induced immunity is lifelong (k1 = 0).

For herd immunity to be achievable (pc < 1), a specific mathematical condition must

hold. This ensures that vaccination alone can reduce measles transmission below the level

required for sustained outbreaks. If this condition is not met, it would indicate that even

with full vaccination efforts, measles could still circulate in the population. So, the following

conditions should be satisfied for pc < 1, as derived from (3.5).

R0 <
(d2 + (k1 + k2 + p1 + p2)d + (k2 + p1)k1 + (p2 + k2)p1) (d + γw)

k1k2(d + γw) + Gk1ν(1 − q)(p1 + d)(d + γ) . (3.7)
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Also, the denominator should not be zero and always positive to satisfy the condition. So,

k1k2(d + γw) + Gk1ν(1 − q)(p1 + d)(d + γ) > 0 .

Figure 3.2 illustrates the contour plots of the vaccination threshold (pc) in (R0, k1, k2)

parameter space (see Table 3.1 for parameter values). The color bar represents the critical

vaccination coverage required to maintain herd immunity under different combinations of

waning rates. As expected, pc increases monotonically with R0: higher transmission potential

demands higher vaccine coverage to prevent outbreaks. The effect of the waning parameters

k1 (loss of vaccine-induced immunity) and k2 (loss of partial immunity) is also evident. When

both k1 and k2 are small, immunity is long-lasting and the required vaccination threshold

remains low. However, as either waning rate increases, more individuals return to the

susceptible class, thereby elevating pc. This effect is most pronounced for large R0 values,

where even moderate waning can significantly raise the critical coverage needed for disease

control. At extremely high k1 or k2 values, the surfaces begin to plateau, indicating that

beyond a certain level of immunity loss, further increases in waning have little additional

impact because herd immunity is already unsustainable. Overall, the figure emphasizes that

the interplay between transmission intensity and immunity waning strongly determines the

vaccination effort required to achieve and sustain measles elimination.

3.3.4 Type Reproduction Numbers

Infected individuals in I and Iw can transmit infection to susceptibles in S and individuals

with waning immunity in W . We are interested in quantifying the type reproduction numbers

R0,A→B, B ∈ I, Iw, defined as the expected number of new infections of type B ∈ I, Iw caused

by a single infectious individual of type A ∈ I, Iw in an otherwise susceptible population.

These expressions are derived under the assumption that the epidemic is in its initial phase, so

that S0 and W0 are constant (at the DFE) and the system dynamics can be approximated by
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Figure 3.2: Critical vaccination threshold pc (colourbar) for different values of R0, k1, and k2,
when γw = [γ, 3γ, 5γ] (top to bottom row), d = 1/82 years−1, Gν(1 − q) = (0.1, 0.5, 0.8)
(left to right panels). k1 and k2 are shown in log scale.
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Type Re-
production
Number

Duration of
Infection

Infectiousness Susceptible
Population
Magnitude

Susceptibility Probability
of Becom-
ing and
Infected

R0,I→I 1/γ β S0 1 1
R0,I→Iw 1/γ β W0 ν 1 − q
R0,Iw→I 1/γw βG S0 1 1
R0,Iw→Iw 1/γw βG W0 ν 1 − q

Table 3.2: Type Reproduction Numbers: Derivation

a branching process. The terms incorporate heterogeneity in susceptibility and infectiousness:

waned individuals W are less susceptible (scaled by ν(1 − q), and infected individuals with

waned immunity Iw may transmit at a reduced rate (scaled by G). The reproduction numbers

are given by:

R0,I→I = βS0

γ

R0,I→Iw = βν(1 − q)W0

γ

R0,Iw→I = βGS0

γw

R0,Iw→Iw = βGν(1 − q)W0

γw

We note that each type reproduction number is given by the product of (1) the duration

of infection of the infected individual (1/γ, 1/γw), (2) the infectiousness of the infected

individual (β, Gβ), (3) the magnitude of the susceptible populations at the DFE (S0, W0), (4)

the susceptibility of the susceptibles (1, ν), (5) and the probability that the newly exposed

contact becomes and infected (1, (1 − q)). The components of all type reproduction numbers

are given in Table 3.2.
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3.3.5 Final Size Relation

We are interested in knowing how many infections we should expect in a given measles

outbreak. This can be calculated using the final size relation. We now derive the final size

relation using the Arino method in [156].

Consider the following submodel of Model (3.2) without demographics (λ, d = 0)

dS

dt
= −βS(I + GIw) + k2W − p1S

dW

dt
= −νβW (I + GIw) + k1V − k2W − p2W

dI

dt
= βS(I + GIw) − (γ + d)I

dIw

dt
= ν(1 − q)βW (I + GIw) − (γw + d)Iw

The infected classes are I and Iw, originating from S and W respectively. Let I0 = I(0) and

Iw,0 = Iw(0) be the initial number of infecteds.

Let the vector of infectious classes be:

y(t) =

 I(t)

Iw(t)



and the vector of susceptible classes be:

x(t) =

 S(t)

W (t)



We have the initial conditions

S(0) = S0, W (0) = W0, I(0) = I0, Iw(0) = Iw0.

Let S∞ = limt→∞ S(t) and W∞ = limt→∞ W (t) be the size of the S and W populations
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at the end of the measles outbreak. Also, at the end of the outbreak, we define I∞ =

limt→∞ I(t) = 0 and Iw,∞ = limt→∞ Iw(t) = 0.

In the Arino framework [156], the model is cast as:

x′ = ΠDy · β · bx − V x (3.8)

y′ = −Dy · β · bx (3.9)

where x is a vector of susceptible populations and y is a vector of infected populations. Here,

x = [S, W ]′ and y = [I, Iw]′. Following the Arino framework, we also have

D =

1 0

0 ν

 (3.10)

b =
[
1 G

]
(3.11)

Π =

1 0

0 1 − q

 (3.12)

V =

γ + d 0

0 γw + d

 (3.13)

where D is a matrix of susceptibility weights, b is an infectivity vector of I and Iw, Π is a

matrix of the contributions to the infected classes upon infection of each susceptible class,

and V is a matrix of the rates at which infecteds leave the infected classes. We compute the

average length of time that an individual is infected in each class as

V −1 =

 1
γ+d

0

0 1
γw+d

 (3.14)

Let

Γ = βbV −1ΠD = β
[

1
γ+d

, Gν(1−q)
γw+d

]
=
[
Γ1, Γ2

]
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then, as per the Arino framework, the final size equations for our model are

ln
(

S0

S∞

)
= Γ1(S0 − S∞) + Γ2(W0 − W∞) + Γ1I0 + Γ2Iw0 (3.15)

ln
(

W0

W∞

)
= ν [Γ1(S0 − S∞) + Γ2(W0 − W∞)] + Γ1I0 + Γ2Iw0 (3.16)

where Eq. (3.15) corresponds to the unvaccinated class, Eq. (3.16) includes the vaccine-

modified susceptibility via (1 − q), and Γ1 = β

γ + d
, Γ2 = βGν(1 − q)

γw + d
.

Subtracting both equations gives:

ln
(

So

S∞

)
− 1

ν
ln
(

W0

W∞

)
= 0 ⇒ S0

S∞
=
(

W0

W∞

) 1
ν

This yields
W∞

W0
=
(

S∞

S0

)ν

Therefore, the final size of an epidemic is determined by solving the nonlinear system

ln
(

S0

S∞

)
= Γ1(S0 − S∞) + Γ2 (W0 − W∞) + Γ1I0 + Γ2Iw0

W∞ = W0

(
S∞

S0

)ν

.

Finally, we have,

ln
(

S0

S∞

)
= β

γ + d
(S0 − S∞) + βGν(1 − q)

γw + d
(W0 − W∞) + β

γ + d
I0 + βGν(1 − q)

γw + d
Iw0

W∞ = W0

(
S∞

S0

)ν

,

and thus, given parameters β, G, γ, γw, d, p, q, and initial total population N0 (which is defined

by the DFE, including S0 and W0), these equations can be solved numerically to find S∞

and W∞.
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3.3.6 Probability of No Outbreak

Model (3.2) is deterministic. However, the world is stochastic in that there is always a

probability of no disease transmission from an infected to the susceptible S or waning

immunity W populations. Thus, at the beginning of an outbreak there is a probability that

an index infected does not transmit the infection. We now determine the probability of no

outbreak under this assumption.

To derive the expression for the probability of no new infections upon the introduction of

a single infected individual into the vaccinated population, we use a branching process

approximation. This approximation is valid when the number of infected individuals is

small, and the rest of the population (especially susceptible and vaccinated individuals)

remains approximately constant during the early phase of the outbreak. Here, we will assume

that there is only one initial infected and that this initial infected is introduced into a

population at the DFE. To derive the probability of no outbreak, we follow the steps outlined

below.

Step 1: Identify the Initial Infection Pathways

There are two possible initial conditions:

• A single standard infected individual is introduced: Pr(I0 = 1)

• A single waned-immunity infected individual is introduced: Pr(Iw,0 = 1)

Step 2: Use the Branching Process Approximation

In the early stage of the outbreak, the initial infected individual either recovers before causing

any secondary infections or transmits to others. We compute the probability of no secondary

transmission for each case.

Case 1: Initial Infected is Standard (I0 = 1)

58



Consider the equation
dI

dt
= βS(I + GIw) − γI .

We thus have a total infection rate of:

βS0 + βν(1 − q)W0

where βS0 is the infections caused in susceptibles and βν(1 − q)W0 is the infections caused

in waned individuals.

The probabilility that an infected individual I recovers before it can infect anyone is

γ

γ + βS0 + βν(1 − q)W0
= 1

1 + βS0/γ + βν(1 − q)W0/γ

Given the type reproduction numbers

R0,I→I = βS0

γ
, R0,I→Iw = βν(1 − q)W0

γ

we have

Pr(I(t) = 0, Iw(t) = 0 | I0 = 1) = 1
1 + R0,I→I + R0,I→Iw

which is the probability that there are no new infections produced by an initial infected in

the I class when it is introduced into a population at the DFE.

Case 2: Initial Infected is Waned (Iw,0 = 1)

Consider the equation

dIw

dt
= ν(1 − q)β(I + GIw)W − γwIw .
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Thus, for a single Iw individual, the infection rate is

βGS0 + βGν(1 − q)W0 .

Given the recovery rate γw, the probability of no new infections is

γw

γw + βGS0 + βGν(1 − q)W0
= 1

1 + βGS0/γw + βGν(1 − q)W0/γw

.

Again, given the type reproduction numbers

R0,Iw→I = βGS0

γw

, R0,Iw→Iw = βGν(1 − q)W0

γw

we have

Pr(I(t) = 0, Iw(t) = 0 | Iw,0 = 1) = 1
1 + R0,Iw→I + R0,Iw→Iw

which is the probability that there are no new infected made by an initial Iw infected when it

is introduced into a population at the DFE.

Step 3: Combine the Two Probabilities

Assuming mutually exclusive initial conditions we have the probability that there are no

new infecteds given the introduction of an I or Iw infected with probabilities Pr(I0 = 1) and

Pr(Iw,0 = 1). This is given by

Pr(I(t) = 0, Iw(t) = 0) = Pr(I0 = 1) · 1
1 + R0,I→I + R0,I→Iw

+ Pr(Iw,0 = 1) · 1
1 + R0,Iw→I + R0,Iw→Iw

The above analysis provides the probability of no outbreak given the probability that

an initial infected does not transmit infection. We are interested in understanding the
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probability of different sized outbreaks from our model. In the following, we employ our

model to look at the probability of no outbreak (no new infections) and outbreaks that consist

of 50 or more new infection. Stochastic simulations of Model 3.2 are conducted using a

Monte Carlo Markov Chain approach (or Gillespie simulation) [157]. To assess the impact of

importation, a single infectious individual—either I or Iw with equal probability is introduced

into a large population of 100,000 individuals initially at the disease-free equilibrium, defined

by p, p1, p2, d, k1, and k2. The numbers of I and Iw individuals are then tracked over a

90-day period. A total of 1000 independent simulations are performed for each parameter

combination of R0, k1, k2, p, p1, p2, ν, (1 − q), and G.

In summary, in this section, we investigate the probability of a measles outbreak under

different parameter settings of R0, k1, and k2, considering various levels of vaccine uptake

(p), rates of transition from the W class to the Iw class upon exposure (ν(1 − q)), and the

relative infectivity of Iw individuals (G). We also consider p1 and p2, representing vaccination

of S and W individuals during an outbreak.

Figures 3.3-3.13 plot the probability that no new infections are produced by an initially

imported infected individual (dots) when R0 = 8, 12, or 16, p = 0.8, 0.9, 0.93, or 0.95, p1, p2 =

0 or 1/10, G = [0, 1], γw = [γ, 3γ, 5γ] [year−1]. Other parameter values are ν = 1, (1 − q) =

[0, 0.2, 0.5, 0.8, 1], and k1 and k2 = [1/300(denoted by L), 1/100, 1/50, 1/25, 1/10]year−1. The

probabilities of outbreaks resulting in more than 50 new infections (combined I + Iw cases)

are also shown (stars). Figures 3.3-3.13 show that the probability of no new infections (dots)

can range from 4% to 85%, depending on the values of G, R0, p, p1, p2, γw, (1 − q), k1, and k2.

We note that these probabilities are in close agreement with our analytical calculation above.

The probability of more than 50 new infections also varies with these parameters, ranging

from 5% to 96%. Higher vaccination coverage (p) and greater vaccination participation

(p1, p2) increase the probability of no new infections, whereas larger R0, faster waning (k1, k2),

and higher infectivity (G = 1) increase the likelihood of outbreaks.
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Figure 3.3: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16, p = 0.80, 0.90, 0.93, or 0.95, γw = γ years−1, G = 0, ν = 1, (1 − q) =
[0, 0.2, 0.5, 0.8, 1] and p1 = p2 = 0. The symbols within each colour correspond to the
probabilities as k2 increases. The colour change as k1 increases. (1 − q) increases for each
subplot within each panel.
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Figure 3.4: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16, p = 0.80, 0.90, 0.93, or 0.95, γw = 5γ years−1, G = 1, ν = 1, (1 − q) =
[0, 0.2, 0.5, 0.8, 1] and p1 = p2 = 0. The symbols within each colour correspond to the
probabilities as k2 increases. The colour changes as k1 increases. (1 − q) increases for each
subplot within each panel.
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Figure 3.5: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16, p = 0.80, 0.90, 0.93, or 0.95, γw = 4γ years−1, G = 1, ν = 1, (1 − q) =
[0, 0.2, 0.5, 0.8, 1] and p1 = p2 = 0. The symbols within each colour correspond to the
probabilities as k2 increases. The colour changes as k1 increases. (1 − q) increases for each
subplot within each panel.
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Figure 3.6: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16, p = 0.80, 0.90, 0.93, or 0.95, γw = 3γ years−1, G = 1, ν = 1, (1 − q) =
[0, 0.2, 0.5, 0.8, 1], and p1 = p2 = 0. The symbols within each colour correspond to the
probabilities as k2 increases. The colour changes as k1 increases. (1 − q) increases for each
subplot within each panel.
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Figure 3.7: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16, p = 0.80, 0.90, 0.93, or 0.95, γw = 2γ years−1, G = 1, ν = 1, (1 − q) =
(0, 0.2, 0.5, 0.8, 1), and p1 = p2 = 0. The symbols within each colour correspond to the
probabilities as k2 increases. The colour changes as k1 increases. (1 − q) increases for each
subplot within each panel.
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Figure 3.8: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16, p = 0.80, 0.90, 0.93, or 0.95, γw = γ years−1, G = 1, ν = 1, (1 − q) =
(0, 0.2, 0.5, 0.8, 1), and p1 = p2 = 0. The symbols within each colour correspond to the
probabilities as k2 increases. The colour changes as k1 increases. (1 − q) increases for each
subplot within each panel.
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Figure 3.9: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16), p = 0.80, 0.90, 0.93, or 0.95, γw = (γ, 5γ) years−1 (top, bottom), G = 1,
ν = 1, (1 − q) = (0, 0.2, 0.5, 0.8, 1), and p1 = p2 = 1/1000. The symbols within each colour
correspond to the probabilities as k2 increases. The colour changes as k1 increases. (1 − q)
increases for each subplot within each panel.
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Figure 3.10: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16, p = 0.80, 0.90, 0.93, or 0.95, γw = (γ, 5γ) years−1 (top, bottom), G = 1,
ν = 1, (1 − q) = (0, 0.2, 0.5, 0.8, 1), and p1 = p2 = 1/100. The symbols within each colour
correspond to the probabilities as k2 increases. The colour changes as k1 increases. (1 − q)
increases for each subplot within each panel.
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Figure 3.11: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16, p = (0.80, 0.90, 0.93, or 0.95, γw = (γ, 5γ) years−1 (top, bottom), G = 1, ν = 1,
(1−q) = (0, 0.2, 0.5, 0.8, 1), and p1 = p2 = 1/50. The symbols within each colour correspond
to the probabilities as k2 increases. The colour changes as k1 increases. (1 − q) increases for
each subplot within each panel.
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Figure 3.12: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16, p = 0.80, 0.90, 0.93, or 0.95, γw = (γ, 5γ) years−1 (top, bottom), G = 1, ν = 1,
(1−q) = (0, 0.2, 0.5, 0.8, 1), and p1 = p2 = 1/25. The symbols within each colour correspond
to the probabilities as k2 increases. The colour changes as k1 increases. (1 − q) increases for
each subplot within each panel.
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Figure 3.13: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
8, 12, or 16, p = 0.80, 0.90, 0.93, or 0.95, γw = (γ, 5γ) years−1 (top, bottom), G = 1, ν = 1,
(1−q) = (0, 0.2, 0.5, 0.8, 1), and p1 = p2 = 1/10. The symbols within each colour correspond
to the probabilities as k2 increases. The colour changes as k1 increases. (1 − q) increases for
each subplot within each panel.
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3.3.7 Sensitivity Analysis

The sensitivity analysis of the model is performed using Latin Hypercube Sampling (LHS)

with 2000 runs to investigate the influence of various parameters p1, p2, β, k1, k2 and G on

specific public health measures of interest. Here, we consider the peak magnitude of Iw

infections as this gives us a measure of the peak load of infections from the vaccinated

individuals, the peak magnitude of the vaccinated population (V ), or the initial condition V0,

as this allows us to compare waning immunity and vaccination rates in order of importance,

and the total infections (I + Iw) over an outbreak as this gives us a measure of the total

burden on the healthcare system. Partial Rank Correlation Coefficients (PRCC) are used to

quantify the impact and direction of these parameters.

Figure 3.14(a), clearly indicates that the transmission rate (β) is the most critical factor,

showing a strong positive correlation with the peak magnitude of Iw. This highlights its

significant role in the prevention of Iw infections. Vaccination rate p2 demonstrates a strong

negative correlation, indicating that effective vaccination program of people with waning

immunity are essential to reduce infections in this population. The waning rates k1 and k2

also significantly affect peak Iw where an increase in k2 and a decrease in k1 are needed to

lessen the peak number of infections, emphasizing the need to address waning immunity to

limit the resurgence of infections. In addition, parameters G and p1 exhibit negligible effects

on peak Iw.

From Figure 3.14(b), we can see that the total number of infections (I+Iw) is most strongly

influenced by the waning immunity rates k1, k2, as well as the transmission rate (β), all

showing a strong positive correlation with total infections.This underscores the combined role

of transmission intensity and waning immunity in driving outbreak magnitude. Vaccination

rates p1 and p2 exhibited significant negative correlations, with p1 (vaccination from susceptible

class) being more impactful, highlighting the importance of targeted vaccination campaigns.

Parameter G has negligible effects on total infections.
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Figure 3.14(c) plots the incidence of the peak magnitude of the vaccinated population

(V ), which is a measure of the initial number of individuals in the V class at the DFE.

Intuitively, the vaccination rate of the susceptible class (p1) has the strongest positive

influence, highlighting its importance in increasing the vaccinated population. The waning

rate from the vaccinated to the waning class (k1) has a significant negative effect, indicating

that reducing waning immunity can sustain vaccination levels. The booster vaccination rate

(p2), positively impacted V and the waning rate (k2) from the waning to the susceptible class

have a negative effect, but both with weaker effects compared to p1 and k1. Parameters β

and G have minimal influence on the equilibrium vaccinated population.

(a) (b) (c)

Figure 3.14: Sensitivity Analysis of (a) Peak magnitude of Iw, (b) Total infections (I + Iw),
and (c) Peak magnitude of vaccinated individuals V

3.4 Discussion

Measles vaccine-induced immunity may wane [152]. In turn, individuals with waning vaccine-

induced immunity may contract measles infection and contribute to the spread of measles.

Considering this, to provide best-informed public health decision-making, new mathematical

definitions of the control reproduction number, critical vaccination threshold, outbreak

probability, and the final size of an outbreak of measles must be determined.

We have determined that the current and very popular approximations of the control

reproduction number, Rc = R0(1 − p) and the critical vaccination threshold, pc = 1 − 1/R0,
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increase if vaccine-induced immunity wanes and allows for infection in individuals with waning

immunity. The new definitions of Rc and pc are shown in Eq.’s (3.3) and (3.5). Figure 3.2

shows that the increase in pc may make vaccine-induced herd immunity impossible to achieve.

Measles outbreaks are not often observed in highly vaccinated populations. Eq. (3.16)

confirms this. When the type reproductions numbers R0,I→Iw , R0,Iw→I and R0,Iw→Iw decrease,

for example, when W0, ν, (1 − q), and G decrease, the probability of no measles outbreak

increases.

At the beginning of an outbreak it is possible to estimate the expected number of infecteds.

This can be done using the final size equations shown in Eq. (3.15),(3.16). During or upon

conclusion of an outbreak, these equations can also be used to estimate model parameters

including the effective population that was involved in the outbreak (N), the rates of waning

immunity that the vaccinated population is experiencing (k1, k2), and how susceptible and

infectious individuals with waning vaccine-induced immunity are (G, ν, q). This is a course

for future work for an analysis of the current Measles outbreak in Canada.

We have provided important updates to calculations that are commonly used to assess

the risk and potential of a measles epidemic. The results of our study, however, can be

improved in several aspects. First, the model assumes that the population is well-mixed.

Rather, there should be a contact network whereby individuals have many contacts with their

friends, family and co-workers, but less with others in the population. Second, measles is

mostly a childhood infection, and the measles vaccine is provided in the childhood vaccination

program. Therefore, including age structure in the model will make the model results more

applicable to current observations. Finally, apart from our study of the probability of no new

infections, the current model framework ignores stochastic effects throughout the outbreak.

This renders any study of the variability in important public health measures such as the

epidemic peak size, peak time, end time and final size infeasible. Stochastic contact- and

age-structured models represent courses for future work.
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Chapter 4

Influenza and Waning Immunity

4.1 Introduction

Influenza is an infectious disease that occurs frequently throughout the world and, unlike

many childhood diseases such as measles, it does not provide lifelong immunity [158]. Instead,

individuals who have previously been infected or vaccinated can become susceptible again

due to the waning immune protection and constant evolution of the virus [159, 160]. Seasonal

influenza viruses undergo ongoing antigenic drift, modifying surface proteins sufficiently to

evade existing immunity in hosts [161, 162]. As a result, immunity decreases over time, not

only because of the natural decline of immune memory but also because of viral changes

— even populations that have been previously exposed can become susceptible to infection

again. This ongoing loss of protection drives annual vaccination initiatives and supports the

seasonal pattern of influenza outbreaks [163, 164]. These characteristics of viral evolution and

immune response would be less concerning if influenza were a mild or self-limiting disease

[165]. However, historical data reveal otherwise, emphasizing the importance of understanding

how immunity is lost and restored over time [159, 166, 160, 167].

Influenza causes significant seasonal epidemics and leads to considerable illness and death

worldwide. Historical records indicate its severity: the twentieth century experienced three
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major pandemics — in 1918, 1957, and 1968 — each significantly influencing public health

priorities [165]. The 1918 Spanish flu infected almost a third of the world’s population,

resulting in an estimated 250,000 deaths in Britain, more than 400,000 in France, more than

50,000 in Canada and between 500,000 and 675,000 in the United States [166]. Smaller

populations faced proportionally greater losses, including nearly 12,000 deaths in Western

Samoa, while Japan recorded 23 million cases and 390,000 deaths [166]. Although advances in

modern medicine have reduced mortality rates, seasonal influenza still accounts for hundreds

of thousands of deaths each year, with large outbreaks continuing to arise unexpectedly [167].

Despite medical advances, influenza persists because immunity does not last long [159].

Immunity decreases between seasons, allowing individuals to be reinfected and allowing the

virus to resume transmission year after year [160]. Therefore, a key factor in the seasonal

recurrence is not just the virus’s ability to spread, but also the speed at which immunity

declines and individuals return to the susceptible population [159]. The evolving nature

of immunity is therefore crucial to understand the epidemiology of influenza. Individuals

may experience multiple infections throughout their lives, approaching the next season with

varying levels of remaining immunity based on past infections, vaccination coverage, and

the rate of loss of immunity. The interaction between susceptible individuals (S) and those

with reduced but not non-existent immunity (W) significantly influences transmission. Slight

increases in the number of individuals with waning immunity can enhance the potential for

outbreaks, alter the timing of epidemics, and determine whether seasonal infections remain

mild or escalate into large-scale events [160, 158, 159].

The progression of infection also reflects biological timelines. Influenza has latent, incuba-

tion, and infectious phases [168], with an average latent period of approximately 1.9 days

and an infectious time frame ranging from 2 to 10 days [169, 170, 171]. However, unlike

diseases that have stable antigenic characteristics, these timelines alone do not determine

long-term epidemic risk — the rate at which immunity is lost, and consequently how quickly
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individuals return to the susceptible group, plays a crucial role [159, 172, 173].

To thoroughly analyze these dynamics, a mathematical framework is essential — one

that differentiates between individuals who have full immunity, partial immunity, or renewed

susceptibility following loss of immunity. This need prompts the creation of transmission

models that can accurately reflect the redistribution of immunity from season to season

and the pathways of reinfection. Mathematical transmission models offer a means to clarify

these processes. Recent research has integrated factors such as household interactions, travel

patterns, vaccination, and viral evolution [174, 175], yet fewer studies have specifically

quantified how the redistribution of immunity from one season to the next impacts the

likelihood of outbreaks and the final scale of epidemics [176, 177].

In this study, we develop and evaluate a compartmental model for seasonal influenza

that accounts for both primary infections (I) and reinfections in individuals whose immunity

has decreased (Iw). Our goal is to assess how factors such as vaccination rates, waning

immunity, and residual immunity R0, Rw,0, and V0 impact effective susceptible populations S0

and W0 at the beginning of the season, the probability that a new influx leads to a prolonged

outbreak, and the ultimate size of an epidemic wave. By clearly indicating the effects of

waning immunity, we are able to measure the conditions necessary for influenza to re-establish

transmission every season and identify parameter ranges in which vaccination alone may not

be adequate to prevent recurring epidemics.

4.2 Model

This influenza model is an extension of the standard SEIRS framework [99, 178, 25, 179,

180, 181] and is similar to the model that we analyzed in chapter 3. However, we now allow

for immunity waning from the recovered classes.

The population is segmented into seven subgroups: susceptible (S): individuals at risk

of contracting the disease, vaccinated (V ): individuals who have received a vaccination for
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influenza, waning (W ): individuals in the waning stage of immunity after vaccination or

recovery, primary infective (I): individuals who are fully susceptible at the time of exposure

to the influenza virus, secondary infective (Iw): individuals who are exposed to the virus while

in the waning stage of immunity, primary recovered (R): individuals who have recovered from

primary infection and are resistant to future exposure to the influenza virus and secondary

recovered (Rw): individuals who have recovered from secondary infections and are resistant

to further infections.

We consider a closed population of size N , where individuals enter the system at birth or

at the age of influenza vaccination. Vaccination occurs at a rate λ, which reflects the timing of

seasonal influenza vaccination campaigns. A fraction p of newly recruited individuals receives

the influenza vaccine and transitions to the vaccinated compartment (V ), while the remaining

fraction (1 − p) enters the susceptible compartment (S). The unvaccinated individuals in

S then receive vaccination at a rate p1, transferring to V . Susceptible individuals (S) also

become infected upon contact with infectious individuals.

The infection process accounts for different levels of infectiousness between primary

infecteds I and secondary infecteds Iw. We consider cases when both primary infections (I)

and secondary infections (Iw) have the same level of infectiousness, when secondary infecteds

Iw cannot transmit, and when Iw have a reduced level of infectiousness. The parameter

G differentiates these scenarios, with G = 1 indicating full infectiousness for Iw, G = 0

indicating no infectiousness, and 0 < G < 1 representing partial infectiousness.

The population is assumed to mix homogeneously, and the rate of infection depends on

the frequency: β (I+GIw)
N

. Individuals in the I and Iw compartments remain infectious for 1
γ

and 1
γw

time units on average, respectively. Upon recovery, both I and Iw individuals acquire

temporary immunity and transition to R or Rw, respectively. Recovered individuals R and

Rw can lose immunity over time. It is assumed that immunity decays with rates k3 and k4

from these compartments, respectively, to the waning immunity class W .
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In our model we assume that vaccinated individuals receive full protection from infection.

However, we also assume that vaccination only provides temporary immunity, and individuals

transition from V to W after a period of 1
k1

on average. Individuals in W may lose immunity

over time (rate k2) and return to S. Alternatively, contact with infected individuals may

lead to either immunity boosting after which an individual will transition back to V , or

secondary infection through which they transition to Iw. The transition rate from W to V

or Iw is governed by νβ(I + GIw), with a proportion q moving to V and 1 − q moving to

Iw. Parameter 0 ≤ ν ≤ 1 denotes reduced susceptibility of W compared to S. The waning

individuals in the compartment W can receive vaccination at a rate p2 and move to the

Vaccinated class V .

Natural mortality for all model compartments i.e., dS, dI, dIw, dW , dV , dR, and dRw, is

included in our model. We assume that birth and natural death are balanced so that we are

working with a constant population size.

The following set of ordinary differential equations describes the model

S ′ = λ(1 − p) − βS(I + GIw) + k2W − p1S − dS

I ′ = βS(I + GIw) − γI − dI

I ′
w = ν(1 − q)β(I + GIw)W − γwIw − dIw

R′ = γI − k3R − dR

R′
w = γwIw − k4Rw − dRw

V ′ = λp − k1V + qνβ(I + GIw)W + p1S + p2W − dV

W ′ = k1V − νβ(I + GIw)W − k2W − p2W + k3R + k4Rw − dW

(4.1)

Figure 4.1 illustrates the flow diagram of these dynamics. Table 4.1 lists the model parameters.
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Parameter Definition Values
λ Birth Rate (people x year−1) 1/82
p Fraction of newborns effective vaccination (ob-

tained vaccine and gained a level of neutral-
izing Immunity)

[0.7, 1]

d Natural death rate (year−1) 1/82
R0 Basic reproduction number [1.5, 3]
β Infection rate (year−1) [39.018, 78.036]

Calculated from
R0

γ Recovery rate (year−1) 365/5
γw Recovery rate from Iw (year−1) (1, 2, 3, 4, 5) ∗ γ
ν Boosting proportionality constant [0, 1]
G Infectiousness that Iw can have comparing I [0, 1]
q Fraction of those boosted that move to V. (1-

q) experience mild infection and are boosted
to R (via Iw)

[0, 1]

k1 Waning rate from V to W (year−1) [1/300, 1/10]
k2 Waning rate from W to S (year−1) [1/300, 1/10]
k3 Waning rate from R to W (year−1) [0, 4/10]
k4 Waning rate from Rw to W (year−1) [0, 4/10]
p1 Vaccination rate between S and V [0, 1/10]
p2 Vaccination rate between W and V [0, 1/10]

Table 4.1: Table of parameters for Model (4.1)
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Figure 4.1: Flow diagram of Model (4.1)

4.3 Results

4.3.1 Disease free equilibrium

Model (4.1) has a disease free equilibrium E0 = (S0, I0, Iw0, R0, Rw0, V0, W0)

= (S0, 0, 0, 0, 0, V0, W0) where

S0 = d(1−p)(d+k1+k2+p2)+k1k2
d2+(k1+k2+p1+p2)d+(k1+k2+p2)p1+k1k2

V0 = (dp+p1)(d+k2+p2)
d2+(k1+k2+p1+p2)d+(k1+k2+p2)p1+k1k2

W0 = k1(dp+p1)
d2+(k1+k2+p1+p2)d+(k1+k2+p2)p1+k1k2

(4.2)
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4.3.2 Basic Reproduction Number

Using the Next Generation Method [24, 104], the basic reproduction number of Model (4.1) is

R0 = βN

(γ + d) .

4.3.3 Control Reproduction Number

The control reproduction number of Model (4.1) can be determined for a particular outbreak

and is related to the distribution of S and W at the time of outbreak start. If the outbreak

starts at the DFE, Using the Next Generation Method [24, 104] the control reproduction

number corresponds to

Rc = R0
[

d(1−p)(d+k1+k2+p2)+k1k2
d2+(k1+k2+p1+p2)d+(k1+k2+p2)p1+k1k2

]
+R0

[
Gk1ν(1 − q) (d+γ)(dp+p1)

(d2+(k1+k2+p1+p2)d+(k1+k2+p2)p1+k1k2)(d+γw)

]
.

However, for any initial conditions of S and W , which is relevant to this case since influenza

initial conditions for a flu season are unlikely to reside at the DFE, we have the following

Rc = R0
N

[
S0 + W0Gν(1 − q) (d+γ)

d+γw

]
.

4.3.4 Critical Vaccination Threshold

Setting Rc = 1 we have the following inequality that we need to satisfy in order for a

population to have protection against infection

Gν(1 − q)
(

d + γ

d + γw

)
<
(

N − R0S0

R0W0

)
(4.3)

Gν(1 − q)
(

d + γ

d + γw

)
>
(

N − R0S0

R0W0

)
(4.4)
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which relates the reduced infectiousness of Iw (G), the susceptibility of W (ν), the probability

that a newly exposed W becomes an Iw(1 − q), and the ratio of the average time that one

spends in the I and Iw classes, to the total population size N and the initial population sizes

of S0 and W0. Noting that N = S0 + W0 + V0 + R0 at the beginning of an influenza outbreak,

if we have some measure of these initial conditions and the model parameters involved in the

calculation of Rc, we can determine how many S and W individuals need to be vaccinated

so that the population is protected from infection.

If the system resides at the DFE, the critical vaccination threshold corresponds to that

found for the measles system in the previous chapter, Eq.(3.5). However, unlike measles,

seasonal influenza is characterized by waning post-infection and post-vaccination immunity,

as well as a partial susceptibility in the W class. Consequently, vaccination must account not

only for the removal of susceptible individuals (S), but also for boosting waned individuals

(W ), both of whom can contribute to early transmission. To reflect this biological reality, we

consider vaccination applied uniformly to both classes by setting:

p1 = p2 = pc,

and substitute this into Eq. (3.5). This represents a realistic public-health decision question

for influenza: what proportion of the population (both susceptible and waned) must receive

vaccination before the season begins in order to prevent epidemic growth?

Carrying out this substitution in Eq. (3.5) and introducing the shorthand

H0 = d + k1 + k2, F = Gk1ν(1 − q),

we obtain

pc =
(

1 − 1
R0

) (
d(H0 + pc) + k1k2

)
(d + γw)

d
(
(H0 + pc)(d + γw) − F (d + γ)

)
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− pc
(H0 + pc)(d + γw) − F (d + γ)R0

R0d
(
(H0 + pc)(d + γw) − F (d + γ)

) . (4.5)

Define:

D(pc) = (H0 + pc)(d + γw) − F (d + γ), (4.6)

N1(pc) =
(
d(H0 + pc) + k1k2

)
(d + γw), (4.7)

N2(pc) = (H0 + pc)(d + γw) − F (d + γ)R0. (4.8)

Then Eq. (4.5) can be written as:

pc =
(

1 − 1
R0

)
N1(pc)
d D(pc)

− pc
N2(pc)

R0d D(pc)
. (4.9)

Multiplying Eq. (4.9) by the common denominator R0d D(pc) and rearranging gives

(R0 − 1) N1(pc) − pc N2(pc) − pc R0d D(pc) = 0. (4.10)

Expanding N1(pc), N2(pc), and D(pc) in powers of pc and collecting like terms yields a

quadratic equation in pc of the form:

Ap2
c + Bpc + C = 0, (4.11)

where

A = (d + γw)
(
R0d + 1

)
, (4.12)

B = (d + γw)
(

R0d
2 + R0d(k1 + k2 − 1) + 2d + k1 + k2

)
− R0(d + 1)(d + γ) Gk1ν(1 − q),

(4.13)

C = −(R0 − 1)(d + γw)(d + k1)(d + k2). (4.14)
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Thus, the explicit critical vaccination threshold needed to block seasonal influenza trans-

mission is

pc = −B +
√

B2 − 4AC

2A
0 ≤ pc ≤ 1. (4.15)

This formula quantifies the minimum proportion of the population that must be vaccinated

(between both S and W groups) at the start of a season to ensure Rc < 1, and therefore

prevent the establishment of a seasonal influenza outbreak.

4.3.5 Final Size Relation

We consider Model (4.1) without demographics in order to quantify the outcome of an

influenza outbreak. Let set I0 = I(0), Iw,0 = Iw(0).

Pre-wave reallocation (seasonal closure): explicit S0 = f(·) and W0 = g(·)

To model the start of a yearly influenza wave, we posit a short pre-wave window [0−, 0]

of length ∆ > 0 during which infections are negligible (I ≈ Iw ≈ 0), but the linear

vaccination/waning/return flows act. Over this window

S ′ ≈ k2W − (p1 + d)S, (4.16)

W ′ ≈ k1V − (k2 + p2 + d)W + k3R + k4Rw, (4.17)

V ′ ≈ −(k1 + d)V + p1S + p2W, (4.18)

R′ ≈ −(k3 + d)R, R′
w ≈ −(k4 + d)Rw. (4.19)

(Over a few days, the birth input λ contributes only O(λ∆) and is neglected in this closure.)

Quasi-steady ratios for (S, W, V ) at 0− (no R, Rw inflow yet). At the start of the

window (t = 0−), we balance the homogeneous linear (S, W, V ) subsystem by setting the
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drifts (without k3R + k4Rw) to zero:

0 = k2W
− − (p1 + d)S−, 0 = k1V

− − (k2 + p2 + d)W −. (4.20)

This gives the ratios

W − = k1

k2 + p2 + d
V −, S− = k2

p1 + d
W − = k1k2

(p1 + d)(k2 + p2 + d) V −. (4.21)

First-order update over [0−, 0]. Integrating Eq.’s (4.16)–(4.19) to first order in ∆ we

have

S0 ≡ S(0) ≈ S− +
[
k2W

− − (p1 + d)S−
]
∆, (4.22)

W0 ≡ W (0) ≈ W − +
[
k1V

− + k3R0 + k4Rw,0 − (k2 + p2 + d)W −
]
∆, (4.23)

V0 ≡ V (0) ≈ V − +
[

− (k1 + d)V − + p1S
− + p2W

−
]
∆. (4.24)

Using Eq. (4.20), the brackets in Eq. (4.22) cancel and the first/last terms in Eq. (4.23)

cancel, so

S0 = S−, W0 = W − +
(
k3R0 + k4Rw,0

)
∆, V0 = V − + O(∆2). (4.25)

To first order, we may therefore set V − ≈ V0 in Eq. (4.21). Substituting V − 7→ V0 into

Eq. (4.21) and then using Eq. (4.25) yields the explicit pre-wave maps

S0 = k1k2

(p1 + d) (k2 + p2 + d) V0,

W0 = k1

k2 + p2 + d
V0 +

(
k3R0 + k4Rw,0

)
∆,

(4.26)

i.e., S0 = f(R0, Rw,0, V0) and W0 = g(R0, Rw,0, V0).
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Observation 2 (Seasonal interpretation). The state (R0, Rw,0, V0) at the start of a season

reflects immunity from the previous influenza season (and off-season vaccination). The short

pre-wave reallocation Eq. (4.26) produces the effective susceptible stocks (S0, W0) that face

the coming wave.

Susceptible integrals (Step 1)

During the influenza season (a wave of infection), we adopt the standard short-wave approxi-

mation (demography/vaccination/waning are slow versus the wave), so

dS

dt
≈ −βS(I + GIw), dW

dt
≈ −νβW (I + GIw).

Integrating from 0 to ∞ gives the following:

ln
(

S0

S∞

)
= β

∫ ∞

0
(I + GIw) dt, ln

(
W0

W∞

)
= νβ

∫ ∞

0
(I + GIw) dt. (4.27)

Total infectious time (Step 2)

Consider a matrix of removals from the infected classes V = diag(γ + d, γw + d) and the

following

I ′ = FI(t) − (γ + d)I, I ′
w = Fw(t) − (γw + d)Iw,

with inflows FI = βS(I + GIw), Fw = ν(1 − q)βW (I + GIw). Integrating and using

I(∞) = Iw(∞) = 0,

∫ ∞

0
I dt = 1

γ + d

( ∫ ∞

0
FI dt + I0

)
,

∫ ∞

0
Iw dt = 1

γw + d

( ∫ ∞

0
Fw dt + Iw,0

)
. (4.28)

But cumulative inflows are equal to losses from S, W :

∫ ∞

0
FI dt = S0 − S∞,

∫ ∞

0
Fw dt = W0 − W∞. (4.29)
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Therefore, ∫ ∞

0
I dt = S0 − S∞ + I0

γ + d
,

∫ ∞

0
Iw dt = W0 − W∞ + Iw,0

γw + d
. (4.30)

Final size equations (Step 3)

We now substitute Eq.(4.30) into Eq. (4.27) and define

Γ1 := β

γ + d
, Γ2 := βGν(1 − q)

γw + d
.

and we obtain the following final size relation:

ln
(

S0

S∞

)
= Γ1(S0 − S∞) + Γ2(W0 − W∞) + Γ1I0 + Γ2Iw,0, (4.31)

ln
(

W0

W∞

)
= ν

[
Γ1(S0 − S∞) + Γ2(W0 − W∞) + Γ1I0 + Γ2Iw,0

]
. (4.32)

Eliminating W∞ via

W∞ = W0

(
S∞

S0

)ν

, (4.33)

and substituting Eq. (4.33) into Eq. (4.31) to get a scalar nonlinear equation in S∞:

ln
(

S0

S∞

)
= Γ1(S0 − S∞) + Γ2

[
W0 − W0

(
S∞

S0

)ν
]

+ Γ1I0 + Γ2Iw,0. (4.34)

Here S0 and W0 are the explicit pre-wave functions Eq. (4.26) of (R0, Rw,0, V0) and parameters

(including the short window ∆). And

W∞ = W0

(
S∞

S0

)ν

.
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4.3.6 Sensitivity Analysis

The sensitivity analysis of the influenza model was performed using Latin Hypercube Sampling

(LHS) with 2000 runs to investigate the influence of various parameters p1, p2, β, k1, k2, k3, k4, G

on the peak magnitude of secondary infections (Iw), the peak magnitude of the vaccinated

population (V ), and the total infections (I + Iw). Partial Rank Correlation Coefficients

(PRCC) were used to quantify the impact and direction of these parameters.

Figure 4.2(a) clearly indicates that the transmission rate (β) is the most critical factor,

showing a strong positive correlation with the peak magnitude of Iw. This highlights its

significant role in the prevention of secondary infections. All other parmeters are not deemed

significant, but the correlation coefficient for p1 is close to a magnitude of 0.5. This shows

that vaccination to reduce the S class will help to decrease peak Iw.

From Figure 4.2(b) we can see that the transmission rate (β) is the dominant parameter

affect the total number of I + Iw produced over the flu season. This underscores the critical

need to implement measures that reduce disease spread. Vaccination rates p1 and p2, while

having non-significant PRCC values, exhibit negative correlations, so targeted vaccination

could be important.

Figure 4.2(b) plots the incidence of the Peak Magnitude of the vaccinated population

(V ). The vaccination rate of the susceptible class (p1) has the strongest positive influence,

highlighting its importance in increasing the vaccinated population. The waning rate from

the vaccinated to the waning class (k1) has a significant negative effect, indicating that

reducing waning immunity can sustain vaccination levels. Other parameters, such as the

booster vaccination rate (p2) and the transmission rate (β), also positively impacted V but

to a lesser extent.
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(a) (b) (c)

Figure 4.2: Sensitivity Analysis of (a) Peak magnitude of secondary infection Iw, (b) Sum of
primary and secondary infection (I + Iw), and (c) Peak magnitude of vaccinated individuals
V

4.3.7 Influenza Outbreaks

In the early phase of the wave, when S ≈ S0 and W ≈ W0 are effectively constant and I, Iw

are rare, the infection dynamics can be approximated by an approximation of the branching

process with infectious types I (primary infections) and Iw (infections in previously waned

individuals). Linearizing the infection subsystem around (I, Iw) = (0, 0) yields

I ′ = βS0(I + GIw) − γI, I ′
w = ν(1 − q)βW0(I + GIw) − γwIw.

As in the final size derivation, we define

Γ1 := β

γ
, Γ2 := βGν(1 − q)

γw

,

so that the type reproduction numbers R0,A→B (expected number of new infections of type

B ∈ {I, Iw} caused by a single infectious individual of type A ∈ {I, Iw}) are

R0,I→I = βS0

γ
= Γ1S0,

R0,I→Iw = βν(1 − q)W0

γ
,
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R0,Iw→I = βGS0

γw

,

R0,Iw→Iw = βGν(1 − q)W0

γw

= Γ2W0.

The total expected number of secondary infections (of either type) produced by a single

infectious individual of type A is then

Rtot
0,I := R0,I→I + R0,I→Iw = β

γ

(
S0 + ν(1 − q)W0

)
,

Rtot
0,Iw

:= R0,Iw→I + R0,Iw→Iw = βG

γw

(
S0 + ν(1 − q)W0

)
.

Following the same approximation used in the measles case (Chapter:3.3.6), we assume

that the total number of secondary infections generated by a single infectious individual

of type A is distributed with mean Rtot
0,A. Under this assumption, the probability that a

branching process starting from one individual of type A eventually goes extinct (i.e., there

is no macroscopic outbreak) is approximated by

Pr(no outbreak | A0 = 1) ≈ 1
1 + Rtot

0,A

, A ∈ {I, Iw}.

Explicitly, for the influenza model,

Pr(no outbreak | I0 = 1) ≈ 1
1 + Rtot

0,I

= 1

1 + β

γ

(
S0 + ν(1 − q)W0

) , (4.35)

Pr(no outbreak | Iw,0 = 1) ≈ 1
1 + Rtot

0,Iw

= 1

1 + βG

γw

(
S0 + ν(1 − q)W0

) . (4.36)

If the epidemic is seeded by a single infectious individual of type I with probability Pr(I0 = 1)

and by a single infectious individual of type Iw with probability Pr(Iw,0 = 1) (with Pr(I0 = 1)+
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Pr(Iw,0 = 1) = 1), the overall probability of no outbreak is:

Pr(no outbreak) ≈ Pr(I0 = 1) · 1
1 + Rtot

0,I

+ Pr(Iw,0 = 1) · 1
1 + Rtot

0,Iw

= Pr(I0 = 1) · 1
1 + β

γ+d

(
S0 + ν(1 − q)W0

)
+ Pr(Iw,0 = 1) · 1

1 + βG
γw+d

(
S0 + ν(1 − q)W0

)

Here S0 and W0 are the effective pre-wave susceptible stocks given explicitly by Eq. (4.26) as

functions of (R0, Rw,0, V0) and the parameters (including the short pre-wave window length ∆).

Thus, the branching-process approximation links the outbreak probability in the upcoming

influenza season directly to the immunity carried over from the previous season.

We perform stochastic simulations for the influenza model using the same methodology

as we applied in Chapter 3 for measles, now incorporating the waning of natural immunity

through parameters k3 and k4, allowing individuals in R and Rw to gradually return to

susceptibility. We explore a range of biological uncertainties by varying k3, k4 ∈ [0, 0.4]

yrs−1, and we simulate different values of R0 = 1.5, 2, or 3) and vaccination coverage p =

0.45, 0.55, 0.65, or 0.80. Since seasonal influenza vaccination campaigns generally occur before

the epidemic season rather than during active transmission, we assume p1 = p2 = 0, meaning

no additional vaccine is administered once an outbreak begins, and outbreak dynamics are

driven primarily by pre existing immunity.

93



L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

p=
45

%

R0=1.5

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1
R0=2

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1
R0=3

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

p=
55

%

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

p=
65

%

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

p=
80

%

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

p=
45

%

R0=1.5

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1
R0=2

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1
R0=3

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

p=
55

%

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

p=
65

%

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

p=
80

%

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

L-10 L-10 L-10 L-10 L-10
0       0.2      0.5      0.8       1

0

0.5

1

Figure 4.3: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when
R0 = 1.5, 2, or 3, p = 0.35, 0.55, 0.65, or 0.75), γw = (γ, 5γ) yrs−1 (top, bottom),
γ = 52

0.5 , G = 1, ν = 1, (1 − q) = (0, 0.2, 0.5, 0.8, 1), p1 = p2 = 0, k1 = k2 =
[1/300 (defined by L), 1/100, 1/50, 1/25, 1/10], and k3 = k4 = 0. The symbols within
each colour correspond to the probabilities as k2 increases. The colour changes as k1 increases.
(1 − q) increases for each subplot within each panel.
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Figures 4.3 to 4.6 show the probability that an infectious individual initially does not

produce infection afterward (dots) and the probability that more than 50 secondary cases

occur (stars) for R0 = 1.5, 2, or 3, vaccination coverage p = 0.45, 0.55, 0.65, or 0.80, immunity-

waning rates k3, k4 ∈ [0, 0.4], and influenza-specific infectious period values γw = γ ∗ (1, 3, 5).

Our results indicate that the probability of no outbreak ranges from very low (< 5%) to as

high as 80%, depending strongly on the level of pre-existing immunity and the speed at which

recovered immune protection is lost. Higher vaccination coverage substantially increases

the chance of outbreak extinction, whereas higher waning rates (k3, k4) reduce it, producing

more frequent outbreaks and greater epidemic growth. Increasing R0 from 1.5 to 3 similarly

reduces the probability of extinction, highlighting that the intensity of influenza transmission

critically shapes the risk of outbreak. Loss of natural immunity plays a major role, allowing

influenza outbreaks to re-emerge even when initial vaccination levels are moderate.
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Figure 4.4: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
1.5, 2, or 3), p = 0.35, 0.55, 0.65, or 0.75), γw = 3γ yrs−1, γ = 52

0.5 , G = 1, ν = 1, (1 − q) =
(0, 0.2, 0.5, 0.8, 1), p1 = p2 = 0, k1 = k2 = [1/300 (defined by L), 1/100, 1/50, 1/25, 1/10], and
k3 = k4 = 0. The symbols within each colour correspond to the probabilities as k2 increases.
The colour changes as k1 increases. (1 − q) increases for each subplot within each panel.
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Figure 4.5: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when R0 =
1.5, 2, or 3, p = 0.35, 0.55, 0.65, or 0.75, γw = (γ, 5γ) yrs−1, G = 1, ν = 1, (1 − q) =
(0, 0.2, 0.5, 0.8, 1), p1 = p2 = 0, k1 = k2 = [1/300 (defined by L), 1/100, 1/50, 1/25, 1/10],
and k3 = k4 = 0.4. The symbols within each colour correspond to the probabilities as k2
increases. The colour changes as k1 increases. (1 − q) increases for each subplot within each
panel.
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Figure 4.6: Probability of zero (dots) or > 50 (stars) new infections (I + Iw) when
R0 = 1.5, 2, or 3, p = 0.35, 0.55, 0.65, or 0.75, γw = 3γ yrs−1, G = 1, ν = 1, (1 − q) =
(0, 0.2, 0.5, 0.8, 1), p1 = p2 = 0, k1 = k2 = [1/300 (defined by L), 1/100, 1/50, 1/25, 1/10],
and k3 = k4 = 0.4. The symbols within each colour correspond to the probabilities as k2
increases. The colour changes as k1 increases. (1 − q) increases for each subplot within each
panel.

4.4 Discussion

In this chapter, we develop and analyze a compartmental model of seasonal influenza that

explicitly incorporates waning immunity following both vaccination and natural infection.

Unlike classical SEIR or SEIRS models that assume a single recovered class, our framework

distinguishes between fully susceptible individuals (S), vaccinated individuals (V ), individuals

with waning immunity (W ), primary infections (I), secondary infections (Iw), and two

recovered classes (R and Rw). This structure allows the model to capture the biological

reality that influenza immunity is temporary and that individuals may experience repeated

infections over successive seasons.
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A key contribution of this chapter is the derivation of analytical expressions that link

the seasonal immunity structure to the outbreak risk. We obtained explicit expressions for

the disease-free equilibrium and the control reproduction number Rc, demonstrating that Rc

depends not only on the classical transmission parameter β but also on the distribution of

individuals between the susceptible (S0) and the waning (W0) classes at the beginning of the

influenza season. This result reflects an important biological insight: influenza outbreaks are

shaped by memory of the immune system carried over from previous seasons.

We further derived an explicit quadratic expression for the critical vaccination threshold pc

required to ensure Rc < 1. Unlike diseases with lifelong immunity, the influenza vaccination

threshold must account for fully susceptible and partially immune individuals. This finding

highlights that vaccination policies targeting only the susceptible class may be insufficient

when immunity decays rapidly.

To quantify the magnitude of the epidemic, we derived a final size relation that incorporates

both primary and secondary infections. By introducing a short pre-wave reallocation window,

we linked effective susceptible stocks (S0, W0) at the start of a season to immunity levels from

the previous season. This seasonal mapping provides a mechanistic explanation for influenza

recurrence: even moderate waning of natural or vaccine-induced immunity can replenish the

susceptible pool sufficiently to permit epidemic growth.

Our sensitivity analysis identified the transmission rate β as the dominant parameter

influencing both the peak levels of infection and the total size of the epidemic. Although

vaccination rates (p1, p2) reduce the magnitude of the outbreak, their effect is weakened when

immunity wanes rapidly (large k1, k2, k3, k4). In particular, loss of natural immunity (k3, k4)

significantly increases the probability of persistence of outbreaks, strengthening the biological

understanding that influenza differs fundamentally from infections such as measles, where

post-infection immunity is long-lasting.

Stochastic simulations using a branching-process approximation further demonstrated
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that the probability of an outbreak varies widely depending on the structure of preseason

immunity. Higher vaccination coverage and slower waning rates increased the probability

that a single imported case would die out, whereas larger R0 values and faster immunity

decay substantially increased the probability of the outbreak. These results emphasize that

sustained immunity, in addition to vaccination coverage, is central to influenza control.

Several limitations of the model suggest directions for future research. First, the current

framework assumes that vaccinated individuals (V ) are fully protected from infection. Bio-

logically, the effectiveness of the influenza vaccine is imperfect and time-dependent. A more

realistic formulation would allow breakthrough infections among vaccinated individuals and

incorporate time-varying vaccine efficacy. Second, the age structure could be incorporated

to capture heterogeneous contact patterns and age-specific immune responses. Third, the

assumption of homogeneous mixing could be replaced by structured contact networks or

household transmission models. Finally, coupling this framework with antigenic evolution

models would provide more insight into how viral drift interacts with waning immunity to

shape long-term epidemic patterns.

In general, this chapter demonstrates that the seasonal influenza dynamics is governed not

only by transmission intensity but also by the redistribution of immunity between seasons.

Waning immunity plays a central role in replenishing the susceptible pool and enabling

recurrent outbreaks. These findings provide a quantitative basis for understanding why

influenza persists annually and underscore the importance of strategies that improve both

the coverage of vaccination and the durability of immune protection.
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Chapter 5

Disease Dynamics in Theme Park

Part A has been submitted for publication

Part A: Deterministic model of COVID-19, influenza,

measles and norovirus transmission in a theme-park

5.1 Introduction

COVID-19, influenza, measles, and norovirus can be transmitted directly from human

to human and have the potential to be indirectly transmitted through a contaminated

environment [182, 183, 184, 185] (virus particles can survive on surfaces for several hours to

days with varied time duration [186]).

Amusement parks attract large numbers of visitors from all over the world. Approximately

21 and 19 million people visited Walt Disney World’s Magic Kingdom and Disneyland,

respectively, in 2019 [187]. Even during the COVID-19 pandemic, these parks attracted

over 6 and 3 million visitors in 2020 [187]. Given the expected large number of visitors to

amusement parks, it is necessary to implement safety measures to mitigate the spread of
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infectious diseases. Such mitigation strategies can involve: limiting the number of guests each

day, increasing cleaning and sanitization services, recommending or mandating mask wearing

for visitors and/or staff, recommending or mandating the use of other personal protective

equipment (PPE), temperature checks for visitors and workers upon gate entry, and regular

hand sanitization routines [186, 188, 189, 190, 191, 192, 193].

Mathematical models of pathogen spread have highlighted the importance of adopting

social distancing measures to reduce human-to-human contact. For examples, see [194, 195,

196, 197, 198, 199]. Models of environmental contamination control have also been studied.

Considering an indirect mode of transmission only, Xie et al., examined the importance of

adopting frequent sanitization routines to reduce transmission via contaminated surfaces [200].

Using a hybrid multi-scale model including direct and indirect transmission, Bounchinta et al.

showed that infected surfaces can play a crucial role in disease transmission [201]. We extend

the study of direct and indirect transmission to a theme park setting where both transmission

routes will affect virus spread. In the following, we quantify the effects of environmental

sanitization in reducing indirect transmission. We also quantify the effects of social distancing

and PPE adherence rates in reducing direct transmission of the virus. A multi-patch model

is employed to capture transmission outcomes in two different areas of the park. Both areas

include a queue and a ride environment.

5.2 Methods

5.2.1 Model formulation and assumptions

A model flow diagram is presented in Figure 5.1 (see Figure 6.1 in this Chapter’s Appendix

for a more detailed diagram and model description). Briefly, we consider a multi-patch

infectious disease modelling framework with n patches. Within each patch i, there are worker

and visitor populations that are further delineated by disease status: susceptible Sk
i , exposed
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Figure 5.1: Flow diagram

Ek
i , pre-symptomatic infectious Ak

i , asymptomatic infectious Ik
a,i, symptomatic infectious Ik

s,i

and immune Rk
i (from infection, or vaccinated), where k = V, W denotes the worker W and

visitor V populations. The visitor population is further split into PPE compliant (V P ) and

non-compliant (V NP ) groups. We assume that all workers are PPE compliant as this would

be part of their job duties. Within each patch, the model includes environmental reservoirs

Hm to consider ride (m = r) and queuing (m = q) locations where direct (human-human)

and indirect (environment-human) transmission can occur.

When individuals present at the park gate, they are first assigned to worker (W ), visitor

PPE compliant (V P ), and visitor PPE non-compliant (V NP ) populations. Individuals are

then assigned a disease status, which depends on the disease prevalence in the surrounding

community, including that of the visiting tourist population. If an individual can enter the

park, that is, they are not showing symptoms (and perhaps during an outbreak, pass any

diagnostic test at the park gate like a temperature check), the individual is assigned to a

home patch i within the park, with a certain probability. Depending on the home patch and

whether they are a worker or a visitor, the individual is assigned a proportion of time spent

in each of the n patches.
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The mathematical model tracks human-human and environment-human pathogen trans-

mission, and pathogen shedding into the environment from infected individuals. It thus tracks

the changing infection/disease landscape of all visitors, workers, and environmental reservoirs

in the park. We note that some individuals may enter the park while asymptomatically

infectious. If these individuals progress to symptomatic disease we assume they quickly exit

the park, minimizing transmission capability.

The model incorporates periodic cleaning of the rides and queues throughout the day.

When cleaning occurs, we assume that the pathogen load in these environmental reservoirs is

set to zero. Additionally, we assume that the park closes at the end of the day and is cleaned

so that there is no pathogen load the next morning at opening time.

For ease of mathematical analysis, we consider a variant of the full model with two

patches.

5.2.2 Model Parameters

We consider a total daily visitor population of 20, 000 and a total daily worker population of 200,

similar to that experienced when theme parks were re-opened during the COVID-19 pandemic

[187]. We assume that 5% of the visitors/workers entering the park are asymptomatically

infected, but this proportion can vary and can be informed by the prevalence of a particular

infectious disease in the community.

We assume that the theme park is open for 12 hours per day. It is assumed that workers

work in one area of the park and spend all of their time in that area of the park only. We do

not consider transit time to their work location via other areas to be of any significance for

disease exposure. Visitors are assigned a home patch where they spend most of their day,

but they are assigned a fraction of their day within which they spend in other parts of the

park. In general, more popular areas of a theme park will attract more visitors. Additionally,

visitors may be more likely to spend longer periods in the more popular locations. These
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times, and the attraction wait and ride times are informed by [202].

The mathematical model is parameterized for COVID-19, measles, influenza, and norovirus.

Disease-specific parameter values are discussed and listed in the Appendix. For all infections,

we assume that new symptomatic infections (when A transitions to I) quickly exit the park.

The exit rate is given by γ2 = 1/2 hour−1.

When entering the park, visitors are assigned a PPE compliance status. This is given by

vpsize and varies between zero and unity.

Infection can be transmitted via human-human transmission. The infection rate is

determined by disease specific parameters (see Table 6.2, the contract rates between visitors

and workers, and the efficacy of PPE in reducing the probability of transmission (related to

parameters sh, πNP , πP and πP NP ). Here, we assume average contact rates between visitors

(cV ) to be 5 or 10, between workers (cW ) to be 2, and between workers and visitors (cW V ) to

be 4 [203].

Infection can also be transmitted to humans through contaminated environments in

the ride or queue areas of the park. These infection rates are determined by the infection

transmission rates from rides and queues to humans with and without PPE protection (related

to parameters f , βHNP
r , βHNP

q , βHP
r , and βNP

q ).

5.2.3 Basic reproduction number

The transmission of an infection is related to the basic reproduction number, R0; the

number of secondary cases that an infected individual generates when introduced into a

totally susceptible population, without any public health controls. Reported estimates of the

reproduction number for COVID-19 range from 2-6 [204, 205] for the wild-type strain, but

as high as 5.5 − 24 for the Omicron variant [206]. The reproduction numbers for measles,

seasonal influenza, and norovirus are reported to be 12 − 18 [154, 182], 1 − 2 [207], and

1.2 − 7.2 [40], respectively. We explored values of model parameters πNP (the probability of
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generating a new infection given a contact between unprotected individuals, i.e., no PPE)

and κ (pathogen shedding rate) that produce similar and realistic R0 estimates of COVID-19,

measles, influenza and norovirus given different contact rates between workers, visitors, and

workers and visitors, cW , cV , and cW V , respectively (5 or 10 contacts are used from [203], on

average). We note that base values πNP and κ are chosen so that the ranges of R0 for each

pathogen align with the literature on that disease. These values are also free parameters that

can be used to inform public health policies within the park.

The Next Generation Matrix method [208, 24, 209, 136] is employed to derive the basic

reproduction number. Given the complexity of the model, an analytical expression of R0 is

not feasible, hence it is evaluated numerically.

5.2.4 Sensitivity Analysis

A sensitivity analysis using Latin Hypercube Sampling/ Partial Rank Correlation Coefficient

(LHS/PRCC) method [119, 120] is used to study the effects of parameter variability on the

total number of newly made asymptomatic infections in one day of park operations (12 hours).

We vary the: effectiveness of PPE in halting human-human transmission (sh); effectiveness of

PPE in halting transmission from the environment (f); proportion of visitors wearing PPE

correctly (vpsize); number of infected individuals entering the park (iap); shedding rate of the

pathogen into the environment (κ); contact rates between workers and visitors (cv, cw, cwv);

probability of generating new infections in the park between unprotected individuals (πNP )

under different cleaning policies: cleaning once a day before opening, and cleaning multiple

times throughout the day. For each scenario, we generate 3000 samples, and the monotonic

relationship between model parameters and outputs is verified. Model parameters are varied

using uniform distributions. The upper and lower bound values are shown in Table S1.

PRCC values are reported from the LHS/PRCC analysis. These values lie within the

range of -1 to 1. The sign of the PRCC value provides a measure of the nature of the linear
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association (correlation) between the parameter and the model outcome being measured.

The magnitude of the PRCC value then provides a measure of the strength of this linear

association. A relation between model output and a given parameter value is considered

significant if the magnitude of the PRCC value is greater than 0.5 [210, 119, 120].

5.3 Results

5.3.1 Basic reproduction number (R0)

Fig. 5.2 displays the contour plots of R0 over parameter space πNP − κ, given the average

contacts between visitors to be 5 or 10, between workers to be 2, and between workers and

visitors to be 4 [203]. We note that f = sh = 0 here, as the basic reproduction number is

estimated when public health control mechanisms are not in place. Intuitively, as κ and

πNP increase, R0 increases. R0 values that lie in realistic ranges, between 2-6 [204, 205] for

COVID-19, 1-2 [207] for influenza, 12-18 [154, 182] for measles, 1.2-7.2 [40] for norovirus, are

indicated with dot markers on the relevant contours. Herewithin, we take values of κ and

πNP in these ranges.

5.3.2 Numerical Simulations

Theme park disease spread intervention strategies should be implemented so that the trans-

mission probability is decreased. Thus, reducing the number of secondary infections (A)

produced over one day is of interest. Here, we compare the number of secondary infections

(A) generated during the open hours of the park while varying the proportion of infected

visitors or workers entering the park (iap), the proportion of visitors correctly wearing PPE

(vpsize), and the effectiveness of the PPE (f , sh). We also compare model dynamics when

cleaning occurs every 2, 3, 4, and 6 hours versus only overnight (once a day).

Figures 5.3 - 5.6 plot the incidence of new A infections over the course of the opening
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Figure 5.2: Contour-plots of the basic reproduction number R0 in πNP − κ parameter space
given contacts of (left) 5 or (right) 10 between visitors, 2 between workers, and 4 between
workers and visitors for COVID-19 (top row), influenza (2nd row), measles (3rd row) and
norovirus (bottom row). Here, f = sh = 0. 107



hours of the theme park for COVID-19, influenza, measles, and norovirus, respectively, when

f = 0.1, sh = 0.1, iap = 0.05, vpsize = 0.1, 0.5, 0.9 (left, middle, right panels) and the

theme-park is cleaned every 2 (black lines), 3 (red lines), 4 (cyan lines) or 6 (magenta lines)

hours or once a day (green lines). We note that the top, middle and bottom rows of Figures

5.3 - 5.6 show outcomes when infected individuals are seeded into the visitor population that

is not wearing PPE (top), the visitor population that is wearing PPE (middle), and when

infected individuals are distributed between the two visitor populations these two classes and

the worker population (bottom). In all cases, 5% of the total population is seeded as infected.

Figures 5.3 - 5.6 show that reductions in A are experienced as PPE compliance increases

(comparing left, middle and right columns). However, we observe that increased cleaning

rates (from green to black lines) have the greatest effect in reducing the number of secondary

infections for each disease. The costs of cleaning versus the provision and enforcement of

PPE compliance must therefore be considered by all theme parks.

Figure 5.7 plots the percent efficacy of cleaning every 2, 3, 4, and 6 hours compared to a

once-a-day cleaning scenario as baseline, considering different visitor population proportions

that are wearing PPE correctly (vpsize = 0.1, 0.5, and 0.9, left to right columns) for all

four diseases (top to bottom rows). Figure 5.7 supports our observation that heightened

cleaning frequency can effectively reduce the incidence of secondary infections across all four

diseases in the theme park. It also shows that increased cleaning frequency results in greater

reductions in secondary infection incidence than increases in vpsize.

5.3.3 Sensitivity Analysis

Figure 5.8 shows the results of a sensitivity analysis on the basic and control reproduction

numbers, R0 and Rc, for COVID-19, influenza, measles, and norovirus (top to bottom).

Evidently, R0 and Rc are significantly affected by the shedding rate (κ). Additionally, changes

in the effectiveness of PPE against human-environment transmission (f) significantly affect
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Rc. These results highlight the importance of reducing the viral load in the environment (i.e.,

cleaning).

We also studied the impact of cleaning on the cumulative number of new asymptomatic

infections over the course of the park day for all viruses. This is considered under low,

medium, and high levels of infected individuals entering the park (iap = (0.001 − 0.05),

(0.05 − 0.1), and (0.1 − 0.5)). Figures 5.9 - 5.12 show that when cleaning occurs once a day

(left column), reductions in the virus shedding rate (κ), and the increase in the effectiveness of

the PPE in human-environment transmission (f) as well as the proportion of visitors wearing

PPE properly (vpsize) are needed to significantly reduce the number of new A infections in

the park. When the park is cleaned multiple times a day (right column), to significantly

affect the number of new A infections produced in the park, reductions in κ and iap are still

important, as well as an increase in f . However, variations in vpsize do not significantly affect

the outcome anymore. Instead, the frequency of cleaning cltime becomes important. Here, we

see that reductions in the number of hours between cleanings are needed to greatly reduce

the number of A infections produced over the course of one park-day.
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Figure 5.3: Dynamic of A (asymptomatic) classes of Covid-19 for f = 0.1, sh = 0.1,
vpsize = 0.1, 0.5, 0.9 and iap = 0.05 when infected individuals are seeded in the (a) visitors
with no PPEs (b) visitors with PPEs and (c) visitors in both PPE classes and a small fraction
of workers (10 out of 200 workers). The theme park is cleaned every 2, 3, 4, or 6 hours, or
once a day (black, red, cyan, magenta, green, respectively).
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Figure 5.4: Dynamic of A (asymptomatic) classes of Influenza for f = 0.1, sh = 0.1,
vpsize = 0.1, 0.5, 0.9 and iap = 0.05 when infected individuals are seeded in the (a) visitors
with no PPEs (b) visitors with PPEs and (c) visitors in both PPE classes and a small fraction
of workers (10 out of 200 workers). The theme park is cleaned every 2, 3, 4, or 6 hours, or
once a day (black, red, cyan, magenta, green, respectively).
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Figure 5.5: Dynamic of A (asymptomatic) classes of Measles for f = 0.1, sh = 0.1,
vpsize = 0.1, 0.5, 0.9 and iap = 0.05 when infected individuals are seeded in the (a) visitors
with no PPEs (b) visitors with PPEs and (c) visitors in both PPE classes and a small fraction
of workers (10 out of 200 workers). The theme park is cleaned every 2, 3, 4, or 6 hours, or
once a day (black, red, cyan, magenta, green, respectively).
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Figure 5.6: Dynamic of A (asymptomatic) classes of Norovirus for f = 0.1, sh = 0.1,
vpsize = 0.1, 0.5, 0.9 and iap = 0.05 when infected individuals are seeded in the (a) visitors
with no PPEs (b) visitors with PPEs and (c) visitors in both PPE classes and a small fraction
of workers (10 out of 200 workers). The theme park is cleaned every 2, 3, 4, or 6 hours, or
once a day (black, red, cyan, magenta, green, respectively).
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Figure 5.7: Percent change in the number of secondary infections A (asymptomatic) produced
for COVID-19, influenza, measles and norovirus compared to no cleaning when f = 0.1,
sh = 0.1, iap = 0.05, and vpsize = 0.1, 0.5, 0.9 (solid, dotted, solid with circles). Infected
individuals are seeded in the (a) visitors with no PPEs (b) visitors with PPEs and (c) visitors
with and without PPEs; also a small fraction of workers (10 out of 200 workers) are included
to these three classes. The theme park is cleaned every 2, 3, 4, or 6 hours, or once a day
(black, red, cyan, magenta, and green, respectively).
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Figure 5.8: PRCC plots of (a) basic reproduction number (left) and (b) control reproduction
number (right) for COVID-19, influenza, measles, and norovirus.
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Figure 5.9: PRCC plots on the number of cumulative asymptomatic A of Covid-19 infections
produced over the course of one park day when (left panels) cleaning is once a day, (right
panels) cleaning occurs multiple times a day, and when the proportion of infected visitors
entering the park is iap = (0.001 − 0.05) (top), (0.05 − 0.1) (middle), and (0.1 − 0.5) (bottom).
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Figure 5.10: PRCC plots on the number of cumulative asymptomatic A of Influenza
infections produced over the course of one park day when (left panels) cleaning is once a
day, (right panels) cleaning occurs multiple times a day, and when the proportion of infected
visitors entering the park is iap = (0.001 − 0.05) (top), (0.05 − 0.1) (middle), and (0.1 − 0.5)
(bottom).
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Figure 5.11: PRCC plots on the number of cumulative asymptomatic A of Measles infections
produced over the course of one park day when (left panels) cleaning is once a day, (right
panels) cleaning occurs multiple times a day, and when the proportion of infected visitors
entering the park is iap = (0.001 − 0.05) (top), 0.05 − 0.1 (middle), and (0.1 − 0.5) (bottom).
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Figure 5.12: PRCC plots on the number of cumulative asymptomatic A of Norovirus
infections produced over the course of one park day when (left panels) cleaning is once a
day, (right panels) cleaning occurs multiple times a day, and when the proportion of infected
visitors entering the park is iap = (0.001 − 0.05) (top), (0.05 − 0.1) (middle), and (0.1 − 0.5)
(bottom).
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5.4 Conclusion

Theme parks can take action to reduce the spread of infectious diseases within their grounds.

We have applied a mathematical model to study the spread of infectious disease (in making

secondary infections) given public health measures that theme parks can easily enact i.e.,

symptom checking at the gate, PPE wearing and hand washing within the park, ride and

queue cleaning. We have applied the model to COVID-19, measles, influenza and norovirus,

all diseases that have recently affected theme park operations [202, 211, 212].

Our results show that reducing virus shedding to the environment κ, increasing the efficacy

of PPE in protecting workers and humans from contracting the virus from the environment f ,

increasing testing efficacy at the gate to decrease the proportion of infected visitors entering

the park iap, and increasing the proportion of visitors properly wearing PPE (vpsize) in the

park can greatly reduce transmission of COVID-19, influenza, measles, and norovirus in a

theme park. We, however, also find that increases in park cleaning rates greatly affect this

outcome, and that, as the proportion of infected visitors entering the park iap increases, the

cleaning rate can grow in importance for disease control. We note, however, that when iap

is low, theme parks can adopt the strategy of cleaning once a day if they ensure adequate

use of PPE (face covering and hand sanitization). We remark that as knowledge of vaccine

uptake and waning immunity from vaccination and infections is not known by theme parks

for all staff and visitors, the wearing of PPE or a sufficient frequence of cleaning rides and

queues in the park should be top priorities for a first line of disease transmission defense.

An interesting outcome of our modeling study is that reductions in the number of contacts

between workers and visitors were not found to be significant in reducing the number of new

infections A in the park. This outcome, however, can be explained when considering specific

characteristics of direct human-human and indirect environment-human transmission in the

park. During a visit to the park, individuals directly contact individuals over a very short

period. Given that the basic reproduction number R0 of COVID-19 lies in the interval 2 − 6
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[204, 205], influenza lies in the interval 1 − 2 [207], measles lies in the interval 12 − 18 [154,

182], norovirus lies in the interval 1.2−7.2[40], over the lengthy infectious period of respective

viruses, the probability of transmitting the virus between humans is small. The shedding rate

of the virus to the environment thus lengthens the ‘effective infectious period’ of an infected

individual, increasing the probability of infection of susceptibles. Thus, cleaning rates and

mitigation of human-environment contact increase in importance.

The outcomes of this study can guide theme parks in developing public health mitigation

strategies in the park. In the current study we have not considered the costs of implementing

COVID-19, influenza, measles, and norovirus symptom checking, park cleaning, and any

provision of PPE to park workers and visitors, so we cannot comment on optimal policies

that minimize transmission while minimizing cost to the park. This is a course for future

work.

The current study employs a system of ordinary differential equations. This type of

model structure includes broad-sweeping assumptions on the mixing of individuals in the

park that ignore spatial aspects of movement, and therefore, may not accurately reflect

actual worker and visitor behaviour in the park. Additionally, the existing model ignores

different transmission probabilities between indoor and outdoor venues. Next part, we are

implementing agent-based models using specific park structures with pathways, queues, and

rides that better represent theme-park spatial structure, indoor and outdoor spaces, and

movement of the workers and visitors.
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Part B: Agent Based Model of Disease

Dynamics

5.5 Introduction for ABM

In Part A of this chapter, we examined a model for disease transmission in a theme park

that utilized a system of ordinary differential equations (ODEs). Although these systems can

be helpful in the analysis of infectious diseases, they have some limitations, including the

complexity that arises when introducing more spatial dimensions or multiple areas within the

park. Additionally, ODEs do not account for the inherent randomness present in biological

systems. We will now investigate the transmission of infectious diseases in a theme park

using an agent-based model (ABM). The goals of this section mirror those in Part A, aiming

to evaluate the impact of non-pharmaceutical interventions on disease spread within a theme

park.

The agent-based model discussed here, developed in Java and executed within Anylogic,

is used to represent disease phenomena and simulate the dynamics of infectious disease

transmission in a theme park similar to “Canada’s Wonderland,” located in Ontario, Canada’s

Greater Toronto Area. We analyze the dynamics of the disease under certain conditions,

whether with personal protective equipment (PPE) or without it, along with social distancing,

under the baseline assumption of routine surface cleaning. Surface cleaning is treated as
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a constant operational assumption and is not varied in the different simulation scenarios;

therefore, its independent impact on disease transmission is not evaluated in this research.

This study helps to explore potential strategies to safely reopen amusement parks that have

been closed due to pandemic outbreaks, similar to the situations experienced during COVID-

19. Consequently, we assess how the use of PPE and reduced interactions among visitors

can lower viral transmission rates in a theme park environment. Although cleaning and

sanitization measures are included to represent realistic park operations, the main emphasis

of this research is on behavioural interventions such as the use of PPE and decreased contact

among visitors.

Our results support the claims made by references [213, 214] that taking appropriate

health precautions, such as wearing PPE, can help reduce the spread of viruses. Furthermore,

the use of PPE will decrease the exposure of aerosols to individuals and the surrounding

environment.

5.6 Material and Method

5.6.1 Mathematical Model

Similar to our study in Part A, we use the SEIR structure as a conceptual disease-progression

framework for the agent-based model (ABM). Transitions between disease states are imple-

mented at the individual level using a state chart (5.15) with probabilistic transmission rules.

Control measures including social distancing, personal protective equipment (PPE) usage,

and surface cleaning are incorporated into the transmission process.

For reference, the corresponding deterministic SEIR model, which motivates the disease

state structure of the ABM, is given by:

dS

dt
= −βIS (5.1)
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dE

dt
= βIS − γE (5.2)

dI

dt
= γE − αI (5.3)

dR

dt
= αI (5.4)

The model represents the dynamic interaction of individuals across four distinct states: S,

the number of susceptible individuals; E, the number of exposed individuals; I, the number

of actively infected individuals and R, the number of recovered individuals from infection.

The population is assumed to be constant with the total size N . Parameters β, γ and α

denote, respectively, the baseline disease transmission rate between susceptible and infectious

individuals, the incubation rate, and the recovery rate.

In the agent-based model (ABM), the behaviours and interactions of all agents are

simulated concurrently. To biologically capture indirect transmission arising from envi-

ronmental contamination, the baseline infection transmission parameter β is modified to

β (1 − effi · PPE). Here, β is defined as the product of the contact rate and the probability of

effective contact between an infected and a susceptible visitor. The parameter PPE ∈ {0, 1}

represents whether personal protective equipment is used (0 = no PPE, 1 = PPE assumed

for all agents in the intervention scenarios), while effi ∈ [0, 1] denotes the efficacy of PPE

in reducing transmissibility. Personal protective equipment includes face masks and hand

sanitization, but could also include face shields, gloves, gowns, and eye protection. The

disease incubation period γ is assumed to be γ = 1
3 day−1 [207]. In addition, social distancing

is implemented through a distance-based contact rule, in which a transmission event can

occur only when two agents are within 2 m of each other [215, 216]. This effectively reduces

close-contact interactions and is represented by the social distancing factor Sd.
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Parameter Description Values
γ latent rate 1/(3 ∗ 24 ∗ 60) (min−1) [207]
α recovery rate 0
Sd social distancing factor 2m [215, 216]
effi efficacy of PPE 0.2, 0.6 [217, 214]
ITpi itineraries with entry probabilities

(i = 1, .., 5)
(0.1, 0.1, 0.1, 0.3, 0.4)[Assumed]

κ environmental contamination input
rate (min−1)

0.1 (baseline scenario, assumed)

δ environmental contamination re-
moval rate (min−1)

0.1 (baseline cleaning, assumed)

ξ pathogen shedding input rate by
infected visitors (min−1)

0.01 (baseline scenario, assumed)

τc surface cleaning period 60 min (baseline operation)

Table 5.1: Parameters for ABM

5.6.2 AnyLogic: An Agent Based Simulation Environment

AnyLogic is a simulation software platform built on object-oriented Java programming. It

supports the integration of three major simulation paradigms: system dynamics, discrete-

event simulation, and agent-based modeling. The fundamental building block of an AnyLogic

model is an active entity, referred to as an agent. Each agent operates independently while

being simulated concurrently and is capable of interacting with other agents, as well as with

its surrounding environment.

Agents encapsulate attributes, behaviours, and methods, and their dynamic behaviour and

state transitions are typically represented using statecharts within the AnyLogic framework.

AnyLogic also provides advanced tools, such as the simulation-based OptQuest optimization

package, which enables automated parameter optimization.

The AnyLogic simulation environment has been widely applied in diverse domains,

including epidemic spread modeling [218], industrial and manufacturing system analysis

[219], complex system design and performance evaluation [220], computer and communication

system performance analysis [221], military and defense system modeling [222], transportation
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and pedestrian dynamics [223], supply chain management [224], and business process and

organizational modeling [225].

A key advantage of AnyLogic is the flexibility to incorporate Java code at any point within

the model, allowing for extensive customization and adaptation to meet specific modeling

requirements. Additionally, AnyLogic supports the creation of Java applets from operational

models, enabling deployment and distribution via web platforms. In this study, AnyLogic

version 8.0 was used for model development and simulation.

5.6.3 Model Formulation

An agent is the fundamental unit of an agent-based model (ABM). In AnyLogic, a class of

active agents is defined by specifying spatial location and visual representation. The position

of each agent within the computational domain is described using Cartesian coordinates

(x, y), and its appearance is assigned using predefined graphical shapes available in AnyLogic.

In this study, agents representing park visitors are visualized as small filled circles.

The computational domain represents Canada’s Wonderland and is generated using a

map from Google Maps, which is a tool within the AnyLogic framework (Figure 5.13). The

park contains a designated entrance through which visitors enter the system and subsequently

move along predefined pathways to access various rides according to assigned itineraries.

Five different visitor routes are constructed using the pedestrian library in AnyLogic. These

visitor routes or itineraries are described below. Visitors spend a prescribed amount of time

on each ride, as specified by park regulations. These dwell times are explicitly incorporated

into the model to capture the effects of prolonged contact and potential environmental

contamination effects on disease transmission. A representative pedestrian flow diagram is

shown in Figure 5.14.

Canada’s Wonderland features 18 roller coasters and more than 60 thrill rides, which

motivated the construction of multiple visitor itineraries (Table 5.2, also shown in Figure 5.14).
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Three itineraries (IT1 − IT3) focus on different combinations of thrill rides and coasters.

KidZville and Planet Snoopy together offer more than 25 family-friendly attractions; therefore,

dedicated family-oriented itineraries (IT1, IT4, IT5) are included to represent visitors with

young children. In addition, Splash Works is a 20-acre water park with 17 attractions, which

motivates the itinerary IT5, which represents visitors who spend a substantial portion of their

visit engaging in water-based activities. Visitors are generated from a pedestrian source and

progress through these itineraries while interacting with other agents and the environment

during movement and ride usage.

We note that the itineraries used here are assumed by the modeller and are not actual

itineraries determined from visitor data sets. We do not have such data, so move forward

with reasonable itineraries that we have decided on. If the theme park provides data, the

itineraries can be easily modified.

Itinerary Description
IT1 Combination of family rides and selected thrill rides
IT2 Combination of coaster and thrill rides
IT3 Alternative combination of coaster and thrill rides
IT4 Family rides and KidZville attractions
IT5 KidZville and water park (Splash Works)

Table 5.2: Visitor itineraries used in the ABM

The process of disease transmission and the health conditions of agents are regulated by a

state chart that outlines the discrete states of the disease and the rules of transition between

them (Figure 5.15). This state chart illustrates the progression through various stages of

infection and dictates agent behaviour according to their current health status.

Disease transmission is simulated on the basis of proximity from contact. When two

agents find themselves within a radius of 2 m (following public health social distancing

recommendations [215, 216]), a contact event may take place. Transitions between health

states are initiated by conditions defined within the state chart. Susceptible visitors enter the

computational area at a specified arrival rate, accompanied by a minor proportion of infectious
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Figure 5.13: Theme park map (top) and Anylogic platform map(bottom) for ABM.
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visitors. Should a susceptible agent come within 2m of an infectious agent, a signal marked

infect is produced, indicating successful contact. Infection occurs probabilistically according

to the disease transmission rate, leading the agent to shift to the exposed state. After a

latent period of 3 days (3 × 24 × 60 mins) [207], exposed agents advance to the infectious

state. Infectious agents are capable of spreading infection to surrounding susceptible agents

by sending the infect signal during internal state transitions.

Recovery is often modeled as occurring at a rate that is the reciprocal of the infectious

period. However, since the simulation’s time frame is brief compared to the recovery time

required, recovery is not factored into this study, and the recovery rate is assigned a value of

α = 0.

The main objective of the model is to assess how the use of personal protective equipment

(PPE) by visitors and staff affects the transmission of disease within the park. PPE is

represented by adjusting the baseline transmission rate β. In particular, transmission occurs

when

Uniform(0, 1) < β (1 − effi × PPE) ,

where β signifies the baseline disease transmission rate, PPE ∈ {0, 1} denotes the presence or

absence of personal protective equipment, and effi ∈ (0, 1) reflects the effectiveness of PPE in

reducing the probability of transmission. The stochastic variable Uniform(0, 1) represents a

random selection from a uniform distribution in the range (0, 1), implemented in AnyLogic

to represent probabilistic transmission events. Surface cleaning was incorporated into the

model as a standard baseline process (e.g., a cleaning interval of 60 minutes) and was not

altered between simulation scenarios; thus, the separate influence of cleaning on transmission

reduction is not assessed in this research.

We examine the dynamics of disease transmission within the theme park in two classes

of intervention scenarios: uncontrolled transmission in the absence of personal protective

equipment (PPE = 0) and mitigated transmission in full compliance with PPE (PPE = 1).
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Figure 5.14: The flow diagram is used to represent visitor trajectories within the park, from
entry points to ride locations, as implemented in the agent-based model.
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Figure 5.15: Infection State Chart for ABM

When PPE is implemented, its effectiveness is quantified using an efficacy parameter, denoted

by effi, with values effi = 0.2 and effi = 0.6 [217, 214] considered to represent moderate

and higher levels of protection. All other parameter values are fixed and are listed in

Table 5.1. The agent-based visitor model is simulated over a 12-hour operating period

(8:00 AM−9:00 PM), representing a single day of park operations. Simulations are performed

using the AnyLogic Cloud platform, with system dynamics components numerically integrated

using the Euler–Newton scheme. Visitors continuously enter and exit the park according to a

time-varying arrival schedule, reflecting empirical observations that attendance in theme park

environments is not uniformly distributed throughout the day, but varies with time of day

and visitor demand [226, 227]. This produces a dynamic visitor population with substantial

turnover during the operating period.

Upon entry, each visitor is assigned an individual walking speed drawn from a uniform

distribution, Uniform(0, 1), ms−1, representing heterogeneity in pedestrian movement. This

range is consistent with empirical measurements of pedestrian walking speeds reported in

the transportation and pedestrian dynamics literature and is commonly used in agent-based

models of crowd movement in recreational and public environments [228, 229]. Each visitor

131



then follows one of five predefined itineraries, selected according to the entry probabilities

(0.1, 0.1, 0.1, 0.3, 0.4). These itinerary probabilities are scenario-based inputs chosen to repre-

sent heterogeneous visitor preferences and to generate unequal demand between attractions.

Specific values are not intended to reproduce proprietary attendance data for a particular

venue but rather to support an exploratory analysis of how spatial heterogeneity and visitor

routing influence exposure patterns. The agent-based modeling framework is fully flexible,

and empirically informed itinerary probabilities provided by park operators could be directly

incorporated in future applications without altering the underlying model structure.

The dwell time at each attraction is specified using ride duration information published

on the official Canada’s Wonderland website [230]. These values are used to parameterize

the time visitors spend at individual rides and to ensure that attraction level occupancy

durations reflect realistic operational characteristics rather than hypothetical assumptions.

A small fraction of visitors are assumed to be infectious upon entry into the park. The

infection status is probabilistically assigned such that a visitor is infected if Uniform(0, 1) <

infectedEnterProb, where infectedEnterProb = 0.01. This value represents a low-prevalence

baseline scenario rather than a calibrated estimate of local infection prevalence and reflects

evidence that a non-negligible proportion of infections may be asymptomatic or undetected

in the community [231, 232].

5.7 Results

We analyze disease transmission dynamics in the theme park under three intervention scenarios:

no personal protective equipment (PPE = 0), moderate PPE efficacy (effi = 0.2), and higher

PPE efficacy (effi = 0.6). All results are reported primarily as population-normalized rates,

expressed as new events per 100 visitors per minute. This normalization accounts for the

continuously changing park population and allows meaningful comparison across time periods

and intervention scenarios.
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Unless otherwise stated, all time-series plots correspond to a single representative stochastic

realization selected to illustrate qualitative differences between scenarios.

Figure 5.16(a) shows the rate of new exposures per 100 visitors per minute under the

three PPE scenarios. Throughout the operating period, the exposure rates remain below one

new exposure per 100 visitors per minute, indicating that although exposure events occur

frequently at the population level, the instantaneous risk to any individual visitor is low.

Pronounced temporal fluctuations are observed that arise from stochastic contact processes,

heterogeneous visitor movement, and time-varying crowd density driven by scheduled arrivals

and departures. Comparing intervention scenarios, the no-PPE case consistently exhibits the

highest exposure rates. Introducing PPE reduces exposure rates, with the greatest reduction

observed when effi = 0.6. The relative ordering of scenarios (No PPE > 0.2 PPE > 0.6

PPE) remains consistent throughout the operating period. Exposure rates increase during

peak attendance periods and decrease toward the end of the day as the density of visitors

decreases.

Figure 5.16(b) presents the infection rate per 100 visitors per minute, decomposed into

contributions from direct interpersonal contact and environmental contamination. Across the

operating period, direct contact represents the primary source of new infections, while

environmental contamination contributes a smaller but non-negligible background risk,

consistent with transient surface-mediated exposure in settings with continuous visitor

turnover. This reflects the transient nature of surface-mediated exposure in a setting with

continuous visitor turnover and limited dwell time at shared locations. Importantly, total

infection rates remain well below one new infection per 100 visitors per minute throughout

the day across all scenarios. Thus, although infections occur at the population level, the

instantaneous risk to any single visitor during a given minute remains low. The implementation

of PPE reduces infection rates across both transmission pathways, with higher efficacy

producing larger reductions.

133



Figure 5.16(c) shows the itinerary specific infection rates per 100 visitors per minute arising

from environmental contamination. Because itinerary-specific population sizes are not tracked

explicitly within the agent-based model, rates are normalized using the expected number of

visitors following each itinerary, calculated as the product of the itinerary entry probability

and the instantaneous total park population. Temporary peaks are observed in itinerary-

specific infection rates, particularly early in the operating period, when visitor numbers are

small and stochastic effects are amplified. These peaks reflect the combined effects of small

early-day populations and stochastic infection events, rather than sustained differences in

transmission risk across itineraries. As visitor numbers increase and stabilize, infection rates

across itineraries become more comparable. Across all itineraries and intervention scenarios,

infection rates remain below one new infection per 100 visitors per minute, indicating that the

risk of individual-level infection is low in absolute terms. Differences in cumulative infection

counts across itineraries are primarily driven by differences in visitor throughput rather than

differences in per-capita infection risk.

Figure 5.17(a) presents the window-averaged per-capita infection rates associated with

KidzVille in three PPE scenarios (no PPE, PPE efficacy 0.2, and PPE efficacy 0.6). Each

bar represents the average number of new infections per minute computed over progressively

increasing time windows from the start of the operating day. Rates are normalized by the

instantaneous total population of the park to account for continuous visitor turnover. Across

all time windows, the no-PPE scenario exhibits the highest average infection rate, while

increasing the efficacy of PPE produces progressively lower infection rates. As the averaging

window increases, infection rates decline in all scenarios due to inclusion of lower-risk periods

later in the day, while the relative ordering of scenarios remains consistent.

134



(a)

(b)

(c)

Figure 5.16: Time evolution of Per capita exposure and infection rates (per 100 visitors per
minute) over the 12 hour operating period under no-PPE and PPE scenarios (effi = 0.2, 0.6)
(left to right), obtained from a single representative stochastic simulation. (a) Time evolution
of exposure risk. (b) Infection rate due to direct interpersonal contact and contamination.
(c) Comparison of infection rate across visitor itineraries.
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(a)

(b)

(c)

Figure 5.17: Comparison of infection and exposure metrics under different PPE scenarios. (a)
Window-averaged per-capita infection rate associated with KidzVille exposure. (b) Window-
averaged park-level per-capita infection rates under no PPE, PPE efficacy 0.2, and PPE
efficacy 0.6. (c) Normalized cumulative exposure burden across attractions over the operating
period. 136



Figure 5.17(b) summarizes the window averaged rate of new infections per minute,

calculated over twenty progressively increasing time windows spanning the 800- minute

operating period, for scenarios without PPE and with PPE implemented at different levels

of efficacy. All Results are reported on a per-capita basis, enabling direct comparison

across scenarios despite continuous population turnover. The no-PPE scenario consistently

exhibits the highest average infection rate in all time windows. Introducing PPE leads to a

clear reduction in infection rates, with a higher efficacy (effi = 0.6) producing the greatest

reduction. Even moderate efficacy of PPE substantially reduces per-minute infection rates,

demonstrating that partial protection is effective in limiting transmission. As the averaging

window increases, the average infection rate decreases in all scenarios because longer windows

incorporate later periods of lower transmission intensity. Importantly, the relative ordering

of the scenarios remains unchanged across all windows, demonstrating consistent protective

effects of PPE over time.

Figure 5.17(c) summarizes the distribution of the cumulative exposure burden between

attractions during the operating period. Substantial heterogeneity is observed, with a small

number of attractions contributing disproportionately to cumulative exposure events, while

many attractions contribute relatively little. In particular, KidzVille exhibits the highest

cumulative exposure burden in this representative simulation. These differences do not imply

that individual visitors experience a higher instantaneous risk at specific attractions. Rather,

they arise from the accumulation of exposure events over time, as large numbers of visitors

sequentially pass through the same locations. This interpretation is consistent with the

population-normalized results presented earlier, which show that individual-level infection

rates remain low across attractions when expressed per-capita.

When infection outcomes are reported in population-normalized terms, instantaneous

per-capita infection and exposure rates remain low throughout the operating day. Direct

interpersonal contact represents the primary transmission pathway in the simulated environ-
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ment, while environmental contamination contributes a smaller background component to

the overall risk. The implementation of personal protective equipment (PPE) consistently

reduces infection rates, with higher efficacy producing greater reductions across all time

windows and attractions.

Although cumulative infection counts at the attraction level may appear substantial,

these totals are driven primarily by sustained visitor throughput and time accumulation,

rather than elevated per-capita risk at any specific location. Overall, the results indicate that

infections can accumulate during the operating period due to continuous visitor flow, yet the

individual-level risk during a single visit remains low and can be further mitigated through

protective interventions such as PPE.

5.8 Conclusion

This chapter presented an agent-based modeling framework to evaluate COVID-19 transmis-

sion dynamics within a theme park characterized by continuous visitor turnover, heterogeneous

movement patterns, and multiple transmission pathways. By explicitly representing visitor

itineraries, contact interactions, and environmental exposure processes, the model captures

essential features of disease spread in large-scale recreational mass-gathering environments.

A central methodological contribution of this study is the use of population-normalized,

per-capita exposure, and infection rates to quantify instantaneous individual-level transmission

risk. In a setting where visitors continually enter and exit the park, cumulative infection counts

increase with total attendance and duration of operation. Explicitly expressing the outcomes

as per-capita rates therefore provides a biologically meaningful and comparable measure

of transmission intensity between time periods, attractions, itineraries, and intervention

scenarios.

The results indicate that the instantaneous per-capita infection and exposure rates remain

low throughout the operating day. Direct interpersonal contact emerges as the dominant
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transmission pathway, while environmental contamination contributes a smaller background

component. Although cumulative infections accumulate over time, this accumulation reflects

sustained visitor throughput and repeated exposure opportunities in many individuals rather

than elevated risk for any single visitor during a given minute of activity.

The implementation of personal protective equipment (PPE) consistently reduces the risk

of infection in all analyzes. Higher efficacy produces greater reductions in transmission and

even moderate efficacy significantly lowers per-minute infection rates. These findings demon-

strate that protective interventions can substantially mitigate disease spread in high-contact

recreational environments without imposing structural constraints on visitor movement.

In general, this modeling framework provides a quantitative basis for evaluating interven-

tion strategies in mass-gathering settings with dynamic populations. The study underscores

the importance of interpreting cumulative infection counts alongside population-normalized

risk metrics and highlights the value of per-capita measures to assess transmission dynamics

in complex public venues.
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Chapter 6

Conclusion and Future Work

In this thesis we have used infectious disease models to study the dynamics of infectious

diseases, namely in measles, influenza, COVID-19, and influenza spread in populations with

different population structures, new model terms or functions, and/or waning immunity. We

have also studied an in-host model of HIV infection. The models and analyses presented in

this thesis offer valuable information on the mechanisms that drive and control infectious

disease transmission on multiple scales. Each study also reveals specific areas that could be

refined or extended in future work. The purpose of these improvements is to make the models

more biologically realistic, increase their predictive strength, and improve their usefulness for

public health policy.

The first study focused on the dynamics of HIV infection within the host in a model with

the addition of the virus loss term. Here, we examined how target cells, infected cells, and

viral particles interact through bifurcation, basin-of-attraction, and sensitivity analyses. The

model captured important behaviours such as bistability and backward bifurcation. Previous

works have shown that the addition of the virus loss term can induce a Hopf bifurcation

or oscillatory behaviour that can be used to induce periodic increases in HIV viral load

(or viral blips). We did not find this in our model. Several extensions of our model are

possible that we can consider that may induce oscillatory dynamics. For example, adding
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time-dependent immune responses, treatment delays, or stochastic effects could capture this.

Taking into account immune exhaustion, drug resistance, and viral mutation would also

improve understanding of long-term persistence.

The second study investigated measles transmission while accounting for waning immunity

and vaccination. Future work might include age-structured contact patterns, uneven vaccine

uptake, or spatial heterogeneity to better reflect real-world transmission. Considering different

types of vaccine, imperfect protection, and timing of booster campaigns could strengthen

outbreak predictions. Including demographic turnover and migration would further increase

the value of the model for long-term eradication planning and surveillance.

The third study explored influenza transmission in the presence of waning immunity and

periodic vaccination. Although the model captured seasonal patterns and emphasized the

need for booster programs, additional extensions are possible. Adaptive vaccination schedules,

strain replacement, and cross-protection between influenza subtypes could be investigated.

Incorporating environmental drivers such as temperature and humidity, stochastic seasonality,

and global travel patterns would help forecast resurgence and guide the design of long-lasting

or ’universal’ vaccines.

The fourth study, described in Chapter 5A, examined infection spread in theme parks

using a deterministic model focusing on environmental and behavioral control measures.

It evaluated the influence of testing, PPE use, and cleaning practices on transmission.

Future versions of the model could include economic optimization to weigh intervention costs

against benefits. Adding behavioral variability, differing compliance levels, and real-time data

integration would make the model more practical for managing disease risk in mass-gathering

environments.

The fifth study (Chapter 5B) introduced an agent-based model of COVID-19 transmission

at Canada’s Wonderland Park. This model provided a detailed representation of spatial

movement, contact networks, and surface contamination within a large recreational environ-
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ment. The framework could be extended to simulate interactions between multiple pathogens,

incorporate visitor demographics, or evaluate additional mitigation strategies such as virtual

queueing systems and automated crowd monitoring. Linking the simulation with real-world

surveillance data could enable future model calibration and near real-time risk assessment.

Further extensions may include modeling staff vaccination, behavioral heterogeneity, and

varying levels of compliance in order to improve predictive capability.

Together, these directions point toward a more integrated understanding of infectious

disease dynamics. Combining biological mechanisms, behavioral patterns, and environmental

processes within hybrid modeling frameworks—such as linking within-host and population-

level models, or integrating deterministic and agent-based approaches—would allow for deeper

insight into infection persistence and control. As data availability improves, the incorporation

of parameter inference and data assimilation methods may help transform these models

into practical tools to support public health decision-making and outbreak management in

complex, high-traffic settings.
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Appendix

A. Model Description

A comprehensive flowchart illustrating the model is depicted in Figure 6.1. Model

parameters are listed in Tables 6.1 and 6.2.

The theme park population is divided into visitor (V ) and worker (W ) sub-populations.

These are further subdivided into disease classes: susceptible (S), exposed (E), pre-symptomic

infectious (A), asymptomatic infectious (Ia), symptomatic infectious (IS) and immune (R).

Upon arrival at the park gate, visitors and workers undergo symptom monitoring. Those

found symptom-free are permitted entry into the park. Consequently, only individuals

categorized as susceptible, pre-symptomatic, asymptomatic infectious, or immune are granted

access.

Upon entering the park, visitors are assigned to PPE compliant (V P ) and non-compliant

(V NP ) subgroups with probabilities vp and 1 − vp, respectively. It is assumed that workers

adhere to PPE guidelines mandated by their employers.

The theme park is divided into n patches. Each patch is further divided into ride (r) and

queue (q) environments.

Upon entering the park, each worker or visitor is allocated to a specific home patch

i. The allocation of the home patch determines the proportion of time that an individual

spends in each of the n patches while in the park. This is denoted by yk
ij , where y = w, v, vIs,

i, j = 1, · · · , n, k = W, V P, V NP , and ∑
j yk

ij = 1 for any given combination of i = 1, ..., n

and k = W, V P, V NP . The distribution of home patch assignments can be provided by
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the theme park. Currently, we assume a distribution, denoted as λk
S,i, λk

E,i, λk
A,i, λk

Ia,i, λk
R,I ,

i = 1, · · · , n, k = W, V , where V represents the total visitor population (V P + V NP ).

Susceptible individuals, S, are susceptible to infection by pre-symptomatic, asymptomatic,

and symptomatic infectious individuals - both workers and visitors - from any patch (Ak
i , Ik

ai, Ik
si,

where i = 1, · · · , n and k = W, V P, V NP ) within the park. Alternatively, transmission can

occur indirectly through contact with contaminated environments such as queues or rides

(Hq, Hr). Upon infection, an individual transitions to the exposed class E and remains

there for 1/α days, on average. Subsequently, they move to the pre-symptomatic infectious

class (Ak
i ) and remain there for 1/δ days, on average. As the disease progresses, an infected

individual may either develop symptomatic infection (Ik
si) with probability q or remain

asymptomatic (Ik
ai) with probability of 1 − q. Upon the onset of symptoms, it is assumed that

symptomatic visitors and workers will leave the park within 30 minutes (1/γ2) (on average).

The model represents pathogen transmission among humans through contact rates between

workers cW , visitors cV , and between workers and visitors cW V , along with transmission

probabilities among PPE-compliant individuals πP , PPE non-compliant individuals πNP ,

and between individuals from both groups πP NP . It is assumed that πP and πP NP are

correlated with πNP and the efficacy of PPE in preventing human-to-human transmission

sh. Transmission from the environment to humans is simulated using transmission rates

in queues βHP
q , βHNP

q and on rides βHP
r , βHNP

r , considering individuals as PPE-compliant

(HP ) or non-compliant (HNP ). Furthermore, infectious individuals are assumed to release

pathogens into queue and ride environments at a rate κ, with PPE having effectiveness f in

reducing this shedding.

B. Model Equations

For a given population k = W, V P, V NP and a given patch i = 1, ..., n, we have:

S
′k
i = λk

S,i − Bk
i Sk

i
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E
′k
i = λk

E,i + Bk
i Sk

i − αEk
i

A′k
i = λk

A,i + αEk
i − δAk

i

I
′k
a,i = λk

Ia,i + (1 − q)δAk
i − γIk

a,i

I
′k
s,i = qδAk

i − γ2I
k
s,i

R
′k
i = λk

R,i + γIk
a,i

H
′q
i = Bq

i Hq
i − ϵHq

i

H
′r
i = Br

i Hr
i − ϵHr

i

where,

BW
i = ωq

ii

πP cW W q
(inf,i) + πP cW V V P q

(inf,i) + πNP cW V V NP q
(inf,i)

Ni


+ωq

ij

πP cW W q
(inf,j) + πP cW V V P q

(inf,j) + πNP cW V V NP q
(inf,j)

Nj


+ωr

ii

(
πP cW W r

(inf,i) + πP cW V V P r
(inf,i) + πNP cW V V NP r

(inf,i)

Ni

)

+ωr
ij

(
πP cW W r

(inf,j) + πP cW V V P r
(inf,j) + πNP cW V V NP r

(inf,j)

Nj

)

+ωq
ii

(
βHP

r Hr
i

Ni

+
βHP

q Hq
i

Ni

)
+ ωq

ij

(
βHP

r Hr
j

Nj

+
βHP

q Hq
j

Nj

)
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BV P
i = vq

ii

πP cW V W q
(inf,i) + πP cV V P q

(inf,i) + πNP cV V NP q
(inf,i)

Ni


+vq

ij

πP cW V W q
(inf,j) + πP cV V P q

(inf,j) + πNP cV V NP q
(inf,j)

Nj


+vr

ii

(
πP cW V W r

(inf,i) + πP cV V P r
(inf,i) + πNP cV V NP r

(inf,i)

Ni

)

+vr
ij

(
πP cW V W r

(inf,j) + πP cV V P r
(inf,j) + πNP cV V NP r

(inf,j)

Nj

)

+vq
ii

(
βHP

r Hr
i

Ni

+
βHP

q Hq
i

Ni

)
+ vq

ij

(
βHP

r Hr
j

Nj

+
βHP

q Hq
j

Nj

)

BV NP
i = vq

ii

πP cW V W q
(inf,i) + πNP cV V P q

(inf,i) + πP NP cV V NP q
(inf,i)

Ni


+vq

ij

πP cW V W q
(inf,j) + πNP cV V P q

(inf,j) + πP NP cV V NP q
(inf,j)

Nj


+vr

ii

(
πNP cW V W r

(inf,i) + πNP cV V P r
(inf,i) + πP NP cV V NP r

(inf,i)

Ni

)

+vr
ij

(
πNP cW V W r

(inf,j) + πNP cV V P r
(inf,j) + πP NP cV V NP r

(inf,j)

Nj

)

+vq
ii

(
βHNP

r Hr
i

Ni

+
βHNP

q Hq
i

Ni

)
+ vq

ij

(
βHNP

r Hr
j

Nj

+
βHNP

q Hq
j

Nj

)

Bq
i =

κ
(
(1 − f)(W q

(inf,i) + V P q
(inf,i)) + V NP q

(inf,i)

)
Ni

Br
i =

κ
(
(1 − f)(W r

(inf,i) + V P r
(inf,i)) + V NP r

(inf,i)

)
Ni
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and

W q
(inf,i) = ωq

ii

(
EW

i + AW
i + IW

a,i

)
+ ωq

ji

(
EW

j + AW
j + IW

a,j
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+ ωqIs
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List of parameters
Parameter Value Ref Description
γ2 2 hours−1 Assumed Exit rate for symptomatic cases
sh 0 − 1 Assumed PPE effectiveness (human-human). We as-

sume sh = 0, 0.1, 0.9.
πNP see Table 6.2 see Table

6.2
probability of generating an infected between
unprotected individuals.

πP (1 − sh)πNP Assumed probability of generating an infected between
protected individuals

πP NP (1 − sh/2)πNP Assumed probability of generating an infected between
protected and not protected individuals.

cW , cV , cW V 2 − 10 [203] contacts between workers, visitors, and work-
ers with visitors, respectively. We assume
cV = 5, 10, cW = 2, and cW V = 4.

βHNP
r ,

βHNP
q

1/20000 Assumed Infection transmission rate from rides (r)
and queues (q) to humans without protec-
tion.

βHP
r , βHP

q (1 − f)βHNP
(r,q) Assumed Infection transmission rate from rides (r)

and queues (q) to humans with protection.
f 0 − 1 Assumed PPE effectiveness (environment-human).

We assume f = 0, 0.1, 0.9.
vpsize 0 − 1 Assumed Proportion of visitors wearing PPE correctly.
iap 0 − 1 Assumed Proportion of infectious visitors entering the

park.
yx

i,j 0 − 1 [202] Proportion of time spent by S, E, A, Ia, R
workers (y = w) and visitors (y = v) from
patch i in patch j; i, j = 1, ...n, in queues
(x = q) or on the rides (x = r).

yxIs
i,j 0 Assumed Proportion of time spent by Is workers (y =

w) and visitors (y = v) from patch i in patch
j; i, j = 1, ...n, in queues (x = q) or on the
rides (x = r).

λk
S,i 0.95 (of total

population)
Assumed Susceptible Individual

λk
E,i 0 Assumed Exposed Individual

λk
A,i 0.05 (of total

population)
Assumed presymptomic infectious

λk
Ia,i 0.001 − 0.5 (of

total A popula-
tion)

Assumed asymptomatic infectious

λk
R,i 0 Assumed Recovered Individual within the park

Table 6.1: Model parameter values associated with visitors, workers, and the environment
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Parameter Definition COVID-19 Influenza Measles Norovirus

R0 Basic Reproduc-
tion Number

2 − 6 [204,
205]

1 − 2 [207] 12−18 [154,
182]

1.2 − 7.2
[40]

ϵ(t) pathogen clear-
ance rate
(hrs−1)

26
(57)(24) [207] 1

72 [183] 1
(3)(24) [182] 1

(7)(24) [233]

α latent rate
(hrs−1)

1
(3)(24) [207] 1

(3)(24) [207] 1
(6)(24) [234] 1

24 [235]

δ Average period
to enter the sec-
ond stage of in-
fection (hrs−1)

2
(7)(24) [207] 1

(2)(24) [207] 1
(7)(24) [234] 1

24 [236]

q Probability of
showing symp-
toms in the
second stage of
infection

0.2 [237] 0.2 [As-
sumed]

0.045 [238] 0.036 [235]

γ Recovery rate
(hrs−1)

5
(11)(24) [207] 1

(5)(24) [207] 1
(21)(24)
[239]

1
24 [236]

πNP probability of
generating an
infected between
unprotected
individuals.

(2×10−5 −8×
10−5) [Fig:5.2]

2 × 10−5

[Fig: 5.2 ]
0.7 × 10−4

[Fig:5.2 ]
3 × 10−4

[Fig:5.2]

κ Shedding rate
(hrs−1)

3 − 19 [Fig:5.2
]

3 [Fig:5.2 ] 35 [Fig:5.2 ] 6 [Fig:5.2 ]

Table 6.2: Disease specific parameters for COVID-19, influenza, measles and norovirus.
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Figure 6.1: Flow diagram of Systems S1, in patch i.
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Figure 6.2: Scatter plots of (a) basic reproduction number (left) and (b) control reproduction
number (right) for COVID-19, influenza, measles and norovirus.
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