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Abstract

In this paper, we extend some second order regularity results to the p(x)-Laplace
operator, known when the function p(.) is equal to some constant p > 1.
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tives.

Introduction

Let © be a bounded domain of R™, n > 2. For k € [0,1] we consider the family of
problems :

u € Whrl)(Q)
(Py) diU((K + |Vu|2)p(mz)_2 Vu) =f in
U= on 01,

where f € L>®(Q) and ¢ € WP()(Q).
p is a measurable real valued function defined on 2 and satisfying for some positive
numbers p_ and py

l<p_= igfp(m) < p(x) < p1 = supp(x) a.e. ¢ € Q. (0.1)
Q

We recall some definitions of Lebesgue and Sobolev spaces with variable exponents (see
for example [2],[3]) :

Lp(‘)(Q) = {U : Q@ — R measurable / p(u) :/ |u(x)|p(r) < 400 }
Q

equipped with the Luxembourg norm



ull() = inf {)\ > 0/p (‘“(;)D <1 }

(LP(-)(Q)’ [ - Hp(,)) is a separable and reflexive Banach space. Moreover we have
o i) [lull,) <1 < p(u) < 1.
o i) min (lulli), llullp)) < p(w) < mas (Jluley, lullycy)-

L)l’ we have the Holder inequality

p(x)

Yu € LPY(Q), Yo e L1O(Q) ’/Qu(x)v(m)dx

e iii) If g(x) =

< 2ullpylIvllge)-

We consider now the variable exponent Sobolev space

whrh)(Q) = {u e LP)(Q) / Vu e (Lp(')(Q))n}

equipped with the following norm

n
ou
lullipe) = lelloe) + VUl IVullyoy =D 5| -
i=1 O; ©)
(WEPO(Q), || - [l1,p()) is a separable and reflexive Banach space.

The space Wol’p(')(Q) is defined as the closure of Cg°(Q) in W1HP()(Q).

Assume that p satisfies for some L > 0
—Ip(x) = p(y)lloglz —y| < L Va,yeq.
Then we have (see [2])
e iv) C(Q) is dense in WP (Q).
o v) Wy (Q) = WO Q) nwy'(Q).

e vi) Yu€ Wol’p(')(ﬂ) ullpy < Cl|Vullpy (Poincaré’s inequality).

By a solution of (P,) we shall mean any function u € W2()(Q) satisfying

u—pe W, (Q),

p(

/(H+|Vu|2) ’”Q”Vu.vgdxz/fcdx V¢ e WP ().
Q Q




In this paper we first prove leof regularity for the solution of (P,) when x > 0. We do
this using Cllo’? estimate and the difference quotients Ay, as in [4], Theorem 8.1 p267. To
consider the singular or the degenerate operator corresponding to x = 0, we establish
suitable estimates independently on . Then we pass to the limit as x goes to zero and

show that D(|Vu| "7 Vu) € L2, ().

loc

1 L*® and C1 estimates

First we show that u is uniformly bounded independently of k in €.

Lemma 1.1. Let u be the solution of the problem (Py). Assume that |¢| g < M,
(M > 0). There exists a positive constant C' depending only on |f|eo, M, p—, p+ and
diam(S2) such that |u|p~q) < C.

Proof. Without loss of generality, one can assume that Q C (0,d) x R, (d > 0). We

consider, for a > 0, the function w(x) = M + (e®? — e*™1). We have w,, = —ae®™,

Wz, = —2e*™1 = aw,, and

p(z)—2

Low= div((n + [Vw|?) "2 Vw)

2

ww
[0 (1 (0(0) = 22 ) + w4 w2, )12

p(z)—2

= (k+w})

(z)—2
<m+w;fﬁ*[

— amin(L,p-) + Lltn(s + w?,) "]l |

Note that a < |wy, | = ae®®t < ae®? for all 7, € [0,d]. Hence choosing a > 1, we obtain

Pyl ady241/2 amin(1,p_)
2 ln(1—|—(ae ) ) / L— l’l’L(l“r (aead)Z)

Low < (14 (ae®®)?) 1/2] =¢Y(a)

with liI_{_l (a) = —o0. So there exists ag = ag(p—, p+, diam(Q), | f|oo) such that ¢ (ag) <
a— 100

—|f]oo- We deduce that for @ = g, the corresponding function w satisfies Lyw < —|f]oo
in Q. It follows that L.(+u) = £f > —|flec = L,w in . Since we have moreover
w > M > +u = +p on I, we obtain by the weak maximum principle that +u < w in
Q. Hence we have |u| <w < M + e®d in Q. O

Next we show C1® estimates for u, independently of &.

Lemma 1.2. Let u be the solution of the problem (P). Assume that |ap|m,§ < M,
(M >0), peC%(Q), B €(0,1) and there is a positive constant L such that

Ip(z1) — p(a2)| < Llzy — zof? for xq, x5 € Q.



Then there exists a positive constant a(n,p—,py, L, B8, M, |f|so) € (0,1) such that for each
Q' CC Q, we have |u|1 o0 < C where C(n,p_,p+, L, B, M,|f|e,d(,Q)) is a positive
constant independent of k.

Proof. We introduce the auxiliary variable ¢, the set @ = (—1,1) x  and the function
U(t,x) = v/kt + u(x). Then we have

VU(t,z) = (v, Vu(z)) and IVU(t, )| = (k + |Vul?)'/2.

For any ¢ € D(Q), the function ((t,.) is a test function for (P,) for each t. It follows that

1 2
/ VUP® 29UV ¢dide = / ( / (s [Vuf?) "5 VR G )
Q Q -1

+/11 (/Q(n+|vu|2)’°<m§‘2vu.vgdx)dt/11 (/Qfgdx)dt/Qfgdxdt.

We deduce that U satisfies
UeWwW' (@), AU=f inQ.
Moreover we have |U|r=@0) < 1+ |u|p () Which, by the previous lemma, leads to U

bounded in @ by a constant independent of k. Then, the lemma holds as a consequence
of Theorem 1.1 in [1]. O

In the rest of this paper we assume 3 =1 i.e, p Lipschitz.
2,2 .
2 W, regularity when x > 0

In this section we assume that £ > 0. Our main result is the following theorem.

Theorem 2.1. Let u be a solution of the problem (Py). Then we have u € VV;E(Q)

First let us define for each h # 0 and each vector es (s = 1,..,n) of the canonical basis
of R? the difference quotient of a function g defined on Q by

(x + hes) — g(2)
A .

As,hg(x) = g

The function A, g is well defined on the set Ay, = {z € Q/ = + he, € Q} which
contains the set Q) = {z € Q/ d(z,0) > |h[}.



Since W1P()(Q) «— WhP-(Q) — WH1(Q), some properties in [4] (p263) on difference
quotient are still valid. In particular we have

CIf g € WHH(Q), then Ag g € WH(Q) and we have V(A ng) = A 1(Vg).

A p(9192)(x) = g1(x + hes)Ag pga () + g2(x)Ag pg1 () for functions g; and go defined
in Q.

. If at least one of the functions g; or g2 has support contained in €5, then

/glAs,hQQ = —/ G2As h91.
Q Q

dfw e WHP(Byg) (p = 1) and (A, w € WH(Bsg), we have (see Lemma 8.1 [4]) for
|h| < R and some constant ¢(n),

| A s qWlp,Bor < €(n)|Dswlp,Bsg
|A57*h(C2AS7hw)|1,BzR < C(n)|DS(C2AS,hw)|LBSR'

Proof of Theorem 2.1. Let R > 0 such that the open ball Byg satisfies Bop C Q2. We
consider a function ¢ € D(Bzp) such that

0<<<1 intR, Czl inBR
[
|v<|2+\D2g\<ﬁ in Byg.

Then As _p(¢2As pu) is a test function for the problem (P,). For simplicity, we drop the
symbol s. We have
—2

/Q(fi—i-\Vu|2)%VU.V(A,;L(@Ahu))dx:/QfA,h({QAhu)dm.

This leads to

/ An((k+ \VU\z)%VU).(CQV(Ahu) +2¢ARuV¢)dx
Q

= / fA,h(CQAhU)dl'. (21)
Q
Set , = x + hes. Then we have
p(z)—2
Ap((k+|Vul?) * Vu)
1 9 p(r;é)fZ 5 p(12)72

= (e V(@) ?)* Vulan) = (x+ [Vu@)) "7 V()
=U+V (2.2)



where

U = (54 [Vul@)l?) " (e — (s + [Tu@@) ) u(en)
V= %((H + |[Vu(za)l?) p(m;dvu(ﬂﬁh) — (k4 |Vu(2)[?) mngu(x)).

It follows then from (2.1) and (2.2) that
/ CV.V(Apu) = / CUNV(Apu) — / 20(Apu) UV dx
— /Q 20V.Vdx + /Q fA_L(CARu)de. (2.3)
Note that Vu(zp) = (Vu + hA,(Vu))(z) and then we have
V= % /01 % [(n (Ve thAL (V) (@)P) 5 (Vu+ thAh(vu))(x)} dt.
Denoting (Vu + thAp(Vu))(z) by 0, we deduce easily that
V= / w4 10,2) 5T A (V)
M)‘QXA(H+WA)C?7<0hAMVM>0ﬂt
It follows that
V(Anu) = VAL (V) = /01 (k4 16:2) 7 |V (M) Pdt
Ho) -2 [ (410 <0000 >

Then we have

/QCQV.V(AW):/Q<2|V(A;Lu)|2</0 (k4 10,2) 5T dt)da:

+/Q(p(ac)—2)42</0 (k+16:%) e < 0y, Ap(Vu) > dt)d
=1+ L. (2.4)

Remark that

1 p(z)—4
122/ (p(z) —2)¢? / (K +10:%) 7 <0, Ap(Vu) >%dt |de  (2.5)
QN[p(z)<2] 0
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—4 p(z)—2

and
! pla)-a 1 pa)—2
‘/ (k4 1002) 57 < 00, A (V) >2 dit <\V(Ahu)|2/ (k4 102) 57 dr. (2.6)
0 0

p(z)—2

1
Setting W(z) = / (k+10:%) > dt, we deduce from (2.5)-(2.6) that
0

L> / (p(x) — 2)C2|V(Apw) 2W () da. (2.7)
QN[p(x)<2]

Then we get from (2.4) and (2.7)

| v > [ eR@mPwe + [ (p(x) — 2)C|V (D) PW ()
Q Q QN[p(z)<2]
> [ CIV@mPW) + [ (p(x) — DV (M) PV (2)
Qnfp(x)>2] Qnp(x)<2]
> min(L,p_ —1) / IV (Apw) 2W (2)dx. (2.8)
Q
Now we have
U= % [(H + Vuen)?) T Valen) — (5 + [Vu(en)?) T Vu(xh)}
1 p(zt+thes)—2
= %/0 %((n+|VU(z+hes)|2) B Vu(:c+hes))dt
1 p(z+theg)—2
= %( 385 (z + thes) In (k + [Vu(zp)[*) (k + [Vu(zn)[?) B dt)Vu(xh).
0 s

Using the fact that u € C2*(€) (see [1]) and that p is uniformly Lipschitz continuous in

loc
Q, we easily deduce from the above equality that for some positive constant C, one has

Ul < C.

Hence we get for any v > 0

‘ g?U.V(Ahu)dx‘g C|U|IV (Apu)|da
Q Q
1
<v [ eN@uPds+ 5 [ ¢lPds
Q v Jo
02
< y/ CIV(ApulPda + S5 Bog|. (2.9)
Q 4v

We can estimate the second term of the right side of (2.3) as follows



1/2 2.1/2
’/ Qg(Ahu)U.vcdx( < Xe / Apulde < 2656 / Vuldz.  (2.10)
Q R Bar R Bar

In order to estimate the third term of the right hand side of (2.3), we need to estimate
V', for which we have

1 p(2)-2
VI< [ Gt 102) 5 180T
0
Ho) 21 [ (o4 10) " 0 v
1

< (1+ |p() — 2) / (5 102) % | AR (V) dt
= (14 p(x) — 2)W(@)|An(Tu)]

It is easy to check that there exists two positive constants [,, and L., depending on k,
such that [, < W(z) < L.
Since |Apu| < [Vt|oo,Bsp, it follows by Young’s inequality that

’/ 2V VCAudz] <2(p++3)L,{/ CIALVY||VC| | Apuldz
Q
y/ §2|AhVu|2d$+((p+L/ V¢ Apulde. (2.11)
Q

For the last term of (2.3), we have, since f € L>°(Q)

/ PO Aru)de < |l / AW ()l < ()] floe / V(P Apu)|de
Q Q Q

e | CIV (sl + 20196 Spulds

‘B2R| 1 2

2 w)?+¢ 2 )| floo u|dx .
<n [ Ev@mP i+ X [ Tulds 212

Hence, choosing v = g = n = min(1l,p; — 1)l,,/3, we obtain from (2.8), (2.9), (2.10),
(2.11) and (2.12)

/ |ALVu|?de < C(k,p_,ps, L, R).
Br

Letting h — 0 in the last inequality, we obtain the desired result (see Lemma 8.2
[4]). O



3 Second order regularity when x =0

In this section, we assume that x = 0 and consider the problem

(P) div(|Vu|p(x)72Vu) =f in Q,
u € VVl’p(’)(Q)7 [t|oo < M in Q.

loc

Our main result here is the following regularity for a solution u of (P).

Theorem 3.1. Let u be a solution of the problem (P). If f € I/Vll’q(')(Q) N L>(Q) then

oc
we have
p(z

D(\vm ﬁ‘zw) e 12 (Q).

In particular, we have D*u € L2 ([p(.) < 2]).

loc

Proof. We introduce for € € (0,1) the following approximated problem

Ue € Wl’p(')(B4R)
(P){ div((e+|Vul) ™ Vu ) = in Bun

Ue = U on OBsRr

where R > 0 and Bysg CC Q.
Note that from Lemma 1.1, u. is bounded uniformly and independently of € in Bygr. To
prove Theorem 3.1, we need the following uniform estimate :

Theorem 3.2. Let u be a solution of the problem (P.). Assume f € Wllo’f(')(Q) NL>(Q).
Then there exists a constant C' independent of € such that

p(z

/ [(e+ [Vuel) ™5 |D2(u) 2 < C.
Br

Proof. Let £ € D(Q). Since for each i = 1,2,..,n, &, is a test function for (P.), we have

p(

/(e+|Vu6|2) mﬁ’zqu.V(gmi)dx:—/ fés.da.
Q Q

Since V(&) = (V€)s, and D?u. € L (Q), we get

loc

/Q((e+|w€|2)”(“3’2vue)w .Vfdm:/ﬂf@idm. (3.1)

Now, let ¢ € D(Ba2r), 0 < ¢ < 1, ¢ = 1 in Bg and |V(¢|? + |D*¢| < C/R?. Taking
¢ = u,,(? as a test function in (3.1), we obtain



Vs, - Ve

€+ |V’U, |2 Vi, +pwivu6ln(6 + |Vu€|2)1/2

7 | Vitea, + (p() — 2)

/(e—|—|Vu€|2)p(
Q
.[CQVUE% +2¢V Uy, = / f(uexiga)xidm
Q

which can be written as

p(

|Vu€xi.Vu6|2}d

/C €‘|‘|V €|) €+|V’LLE|2

/<e+WuH

- [+ I9uf

p(x)—2
—/(e+|Vu6\2) 3 [pxiln(e—k|Vu€|2)1/2Vue].(2CVC.u€xi)dx—|—/ f(usxiCQ)xid:v
Q Q

= [Vt P + (0(2) - 2)

p(

[Vum Nuepy,in(e + [Vue| )1/2} T

Ve, - Ve

[Vuexi + (p(z) — Q)W

Vue} {20V ey, )d

Summing up with respect to ¢ and using (0.1), we get

p(z)—2

min(1,p- ~1) [ et [Vul)*+ Do

gZ/Qﬁ(w|vu5|2)"“”3’2|vum Ve |L.|In(e + |Vue|2) /2|

01/2 P(
+2(py +3) Z/ (€ + |Vt |)) = | Vitew, || Vue| Cda

1/2
+2L (e + |Vu2) ™3 lin(e + [Vu ) /2 da
R Baor
+ / fdiv(CPVu)dr = I) + I + I3 + 4. (3.2)
Q

Now, by applying Young’s inequality, we get

=n ) L2
n<d :/ CHe+ |Vue) 57 (11| Ve, [ + | Ve Pin(e + | Vue|*)/? 2da
; Q 1

p()

(€ + [Vue2)V22da.

nl? p(z
|D2u6| de + — (€ 4+ [Vuc|?) e
V1 JBag

<m/@&+WWU
Q

Moreover, since |Vul 5— < K, we have (e + |Vu|?)'/?2 < 1+ K. The continuous

function t — tP(*)|Int|? is bounded on [0, 1 4+ K. We deduce that the second term in the
right hand side of the above inequality is uniformly bounded.

10



By similar arguments as above we get the following estimates for Iy and I3

C
1% R2

|Vue|?)dx

i p(x)—
I < Z/ e+ | Vue2) 7 (1o] Vitew, 2 + 4(py + 3)2
i=17/%

(=)

p(
2 dx,

@)— C
<o [ et [Vul) F (D fdn + anpy + 37 [ (4 [9up)
Q 1/2R Bar

01/2
R

I < 2L / (€ + [Vaue|2) 252 [infe + [Vue|2)/2d.
Bar

For the last term, we have
1= - /Q SIATE /B VAV teldz < 20 FL 0t By | Vil 10 (B
2R

Finally by choosing 11 = v = min(1,p_ — 1)/3 we get the desired result since the
following estimate holds for a constant C, = C.(n,p_,p+, L, R)

p(z)—2

/(e+|VuE\2) > |D?uldx
Br

<C.([ et VU L lin(e+ [Vu) P Pda+ [ (e 90l S da
2R

2R

p(x)
+/ (€4 [Vue*) = |in(e + |Vu6‘2)1/2d3; + |Vf|Lq<-)(BgR)~|VU6|LP(->(32R))-

Bar

Proof of Theorem 3.1. First, note that we have

p(z p(x

(€ + | Vue®) T Va2 = (¢ + [Vue) 7 [Vue > < (e + [Vu[2)P@)/2,

Since |Vue|po(pyp) < K, then (e + |Vu|?)P®/2 < (1 + K2)P"/2 and

p(z)—2

/ (e + V) "2V 2 < €.
Br

Next, since u. has weak second derivatives, a simple calculation shows that
(2)—2 p(e)—2
Di((e+ |Vu6\2)p i Vue) = (e+ |Vu€|2)p el

p(z) — 2 Vg, . Vu, D,
k2 v g 7
2 e+ |Vu? vty

[Vuemi + Vucln(e + |Vu|?)|.

11



It follows that

4 ple)=

PEES (e [VueP) 57 | Ve,
L 2y B2)-2 241/2 2

—|—Z(e+\Vu5| ) A e+ [Vue|*)=|in(e + [Vue|?)).

p(x)—2

|D; (€ + |Vue|?) "5 V)| <

p(x)—2

From Theorem 3.2, we know that (e + |Vuc|[?)” 1 |Viuey,| is bounded in L?(Bg) in-
logt
dependently of €. On the other hand, for given § > 0, we have tligrn z—? =0 and

lim t°logt = 0. We deduce that there is a positive constant ¢(6) depending only on ¢

t—0t

such that

(e + [€%)] < e(8) + (e + E7)°2 + (e + [€*)™2  Ve>0, VEER™

Using this inequality with 6 = 1/2, we get

(e + [Vue) in(e + [Vue?)] < e(1/2)(e + [Vue?)/* + (e + [ Vue?) '/ + 1.

Thus we have

p(z p(x)

_9 2 1 2
(e Vuel?) 57 Ve (e Vue )| < (4] Vue2) 5 | (e4Tue2) /4 in(e+Tuc?)

p(z)—2

and deduce that D((e + |Vu|?)”™ % Vu.) is bounded in L?(Bg) independently of e.
Hence, up to a subsequence, still denoted by e, there exists v € H(Bg) such that

p(z)—2

(e+|Vul®>) 7 Vu. — v in HY(Bg)

p(z

(e + | Vuel?) 272V1ﬁ6 — v in L*(BR)

Since |ue, o S O, we get by Ascoli-Arzela’s theorem that ue — w uniformly in
p(z)—2

C1(Bg). Hence we obtain v = |Vu| 1 Vu on [Vu # 0]. Now since

(z)— (x) (x)
(e + |vu€|2)p 4 2VU’€‘ < (e+ |Vu€|2)pT — \Vu|pT a.e. in Bg.
we deduce that |U| < |Vu|@ and then v = 0 a.e. on [vu _ 0]. Hence v — |vu|p(wi—2 Vu e

p(x)=2

H*(Bg) and Dv = D(|Vu| ™ % Vu) € L*(Bg).
When Br C Int([p(.) < 2]), we obtain from Theorem 3.2

2-p— p(z

/ |D?u|de < (14 K?) = / (€ + |Vue|?) ﬁ’zweﬁgc
Br Br

12



from which we deduce that D?u, — D2u in L2(Bg). Hence u € W22(Int([p(.) < 2])). O

loc
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