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Abstract

In this paper, we extend some second order regularity results to the p(x)-Laplace
operator, known when the function p(.) is equal to some constant p > 1.
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Introduction

Let Ω be a bounded domain of Rn, n > 2. For κ ∈ [0, 1] we consider the family of
problems :

(Pκ)





u ∈ W 1,p(.)(Ω)

div
(
(κ + |∇u|2) p(x)−2

2 ∇u
)

= f in Ω

u = ϕ on ∂Ω,

where f ∈ L∞(Ω) and ϕ ∈ W 1,p(.)(Ω).
p is a measurable real valued function defined on Ω and satisfying for some positive
numbers p− and p+

1 < p− = inf
Ω

p(x) 6 p(x) 6 p+ = sup
Ω

p(x) a.e. x ∈ Ω. (0.1)

We recall some definitions of Lebesgue and Sobolev spaces with variable exponents (see
for example [2], [3]) :

Lp(.)(Ω) =
{

u : Ω → R measurable / ρ(u) =
∫

Ω

|u(x)|p(x) < +∞
}

equipped with the Luxembourg norm
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‖u‖p(.) = inf
{

λ > 0/ρ

(∣∣∣∣
u(x)

λ

∣∣∣∣
)

6 1
}

.

(
Lp(.)(Ω), ‖ · ‖p(.)

)
is a separable and reflexive Banach space. Moreover we have

• i) ‖u‖p(.) 6 1 ⇐⇒ ρ(u) 6 1.

• ii) min
(‖u‖p−

p(.), ‖u‖
p+

p(.)

)
6 ρ(u) 6 max

(‖u‖p−
p(.), ‖u‖

p+

p(.)

)
.

• iii) If q(x) =
p(x)

p(x)− 1
, we have the Hölder inequality

∀u ∈ Lp(.)(Ω), ∀v ∈ Lq(.)(Ω)
∣∣∣∣
∫

Ω

u(x)v(x)dx

∣∣∣∣ 6 2‖u‖p(.)‖v‖q(.).

We consider now the variable exponent Sobolev space

W 1,p(.)(Ω) =
{

u ∈ Lp(.)(Ω) / ∇u ∈ (
Lp(.)(Ω)

)n
}

equipped with the following norm

‖u‖1,p(.) = ‖u‖p(.) + ‖∇u‖p(.), ‖∇u‖p(.) =
n∑

i=1

∥∥∥∥
∂u

∂xi

∥∥∥∥
p(.)

.

(
W 1,p(.)(Ω), ‖ · ‖1,p(.)

)
is a separable and reflexive Banach space.

The space W
1,p(.)
0 (Ω) is defined as the closure of C∞0 (Ω) in W 1,p(.)(Ω).

Assume that p satisfies for some L > 0

−|p(x)− p(y)| log |x− y| 6 L ∀x, y ∈ Ω. (0.2)

Then we have (see [2])

• iv) C∞(Ω) is dense in W 1,p(.)(Ω).

• v) W
1,p(.)
0 (Ω) = W 1,p(.)(Ω) ∩W 1,1

0 (Ω).

• vi) ∀u ∈ W
1,p(.)
0 (Ω) ‖u‖p(.) 6 C‖∇u‖p(.) (Poincaré’s inequality).

By a solution of (Pκ) we shall mean any function u ∈ W 1,p(.)(Ω) satisfying




u− ϕ ∈ W
1,p(.)
0 (Ω),∫

Ω

(κ + |∇u|2) p(x)−2
2 ∇u.∇ζdx =

∫

Ω

fζdx ∀ζ ∈ W
1,p(.)
0 (Ω).
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In this paper we first prove W 2,2
loc regularity for the solution of (Pκ) when κ > 0. We do

this using C1,α
loc estimate and the difference quotients ∆h as in [4], Theorem 8.1 p267. To

consider the singular or the degenerate operator corresponding to κ = 0, we establish
suitable estimates independently on κ. Then we pass to the limit as κ goes to zero and
show that D(|∇u| p(.)−2

2 ∇u) ∈ L2
loc(Ω).

1 L∞ and C1,α estimates

First we show that u is uniformly bounded independently of κ in Ω.

Lemma 1.1. Let u be the solution of the problem (Pκ). Assume that |ϕ|∞,Ω 6 M ,
(M > 0). There exists a positive constant C depending only on |f |∞, M , p−, p+ and
diam(Ω) such that |u|L∞(Ω) 6 C.

Proof. Without loss of generality, one can assume that Ω ⊂ (0, d) × Rn−1, (d > 0). We
consider, for α > 0, the function w(x) = M + (eαd − eαx1). We have wx1 = −αeαx1 ,
wx1x1 = −α2eαx1 = αwx1 and

Lκw = div
(
(κ + |∇w|2) p(x)−2

2 ∇w
)

= (κ + w2
x1

)
p(x)−2

2

[
wx1x1

(
1 + (p(x)− 2)

w2
x1

κ + w2
x1

)
+ px1 .wx1 ln(κ + w2

x1
)1/2

]

6 (κ + w2
x1

)
p(x)−2

2

[
− α min(1, p−) + L|ln(κ + w2

x1
)1/2|

]
|wx1 |.

Note that α 6 |wx1 | = αeαx1 6 αeαd for all x1 ∈ [0, d]. Hence choosing α > 1, we obtain

Lκw 6 (1 + (αeαd)2)
p+−1

2 ln(1 + (αeαd)2)1/2
[
L− α min(1, p−)

ln(1 + (αeαd)2)1/2

]
= ψ(α)

with lim
α→+∞

ψ(α) = −∞. So there exists α0 = α0(p−, p+, diam(Ω), |f |∞) such that ψ(α0) 6
−|f |∞. We deduce that for α = α0, the corresponding function w satisfies Lκw 6 −|f |∞
in Ω. It follows that Lκ(±u) = ±f > −|f |∞ > Lκw in Ω. Since we have moreover
w > M > ±u = ±ϕ on ∂Ω, we obtain by the weak maximum principle that ±u 6 w in
Ω. Hence we have |u| 6 w 6 M + eα0d in Ω.

Next we show C1,α estimates for uκ independently of κ.

Lemma 1.2. Let u be the solution of the problem (Pκ). Assume that |ϕ|∞,Ω 6 M ,
(M > 0), p ∈ C0,β(Ω), β ∈ (0, 1) and there is a positive constant L such that

|p(x1)− p(x2)| 6 L|x1 − x2|β for x1, x2 ∈ Ω.
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Then there exists a positive constant α(n, p−, p+, L, β, M, |f |∞) ∈ (0, 1) such that for each
Ω′ ⊂⊂ Ω, we have |u|1,α,Ω′ 6 C where C(n, p−, p+, L, β, M, |f |∞, d(Ω′,Ω)) is a positive
constant independent of κ.

Proof. We introduce the auxiliary variable t, the set Q = (−1, 1) × Ω and the function
U(t, x) =

√
κt + u(x). Then we have

∇U(t, x) = (
√

κ,∇u(x)) and |∇U(t, x)| = (κ + |∇u|2)1/2.

For any ζ ∈ D(Q), the function ζ(t, .) is a test function for (Pκ) for each t. It follows that

∫

Q

|∇U |p(x)−2∇U∇ζdtdx =
∫

Ω

( ∫ 1

−1

(κ + |∇u|2) p(x)−2
2

√
κ.ζtdx

)
dt

+
∫ 1

−1

( ∫

Ω

(κ + |∇u|2) p(x)−2
2 ∇u.∇ζdx

)
dt =

∫ 1

−1

( ∫

Ω

fζdx
)
dt =

∫

Q

fζdxdt.

We deduce that U satisfies

U ∈ W 1,p(.)(Q), ∆p(.)U = f in Q.

Moreover we have |U |L∞(∂Q) 6 1 + |u|L∞(Ω) which, by the previous lemma, leads to U
bounded in Q by a constant independent of κ. Then, the lemma holds as a consequence
of Theorem 1.1 in [1].

In the rest of this paper we assume β = 1 i.e, p Lipschitz.

2 W 2,2
loc regularity when κ > 0

In this section we assume that κ > 0. Our main result is the following theorem.

Theorem 2.1. Let u be a solution of the problem (Pκ). Then we have u ∈ W 2,2
loc (Ω).

First let us define for each h 6= 0 and each vector es (s = 1, .., n) of the canonical basis
of R2 the difference quotient of a function g defined on Ω by

∆s,hg(x) =
g(x + hes)− g(x)

h
.

The function ∆s,hg is well defined on the set 4s,hΩ = {x ∈ Ω / x + hes ∈ Ω} which
contains the set Ω|h| = {x ∈ Ω / d(x, ∂Ω) > |h|}.
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Since W 1,p(.)(Ω) ↪→ W 1,p−(Ω) ↪→ W 1,1(Ω), some properties in [4] (p263) on difference
quotient are still valid. In particular we have

. If g ∈ W 1,1(Ω), then ∆s,hg ∈ W 1,1(Ω) and we have ∇(∆s,hg) = ∆s,h(∇g).

. ∆s,h(g1g2)(x) = g1(x + hes)∆s,hg2(x) + g2(x)∆s,hg1(x) for functions g1 and g2 defined
in Ω.

. If at least one of the functions g1 or g2 has support contained in Ω|h|, then
∫

Ω

g1∆s,hg2 = −
∫

Ω

g2∆s,hg1.

. If w ∈ W 1,p(B4R) (p > 1) and ζ24s,hw ∈ W 1,1(B3R), we have (see Lemma 8.1 [4]) for
|h| < R and some constant c(n),

|4s,hw|p,B2R
6 c(n)|Dsw|p,B3R

|4s,−h(ζ24s,hw)|1,B2R
6 c(n)|Ds(ζ24s,hw)|1,B3R

.

Proof of Theorem 2.1. Let R > 0 such that the open ball B2R satisfies B2R ⊂ Ω. We
consider a function ζ ∈ D(B2R) such that

{
0 6 ζ 6 1 in B2R, ζ = 1 in BR

|∇ζ|2 + |D2ζ| 6 c

R2
in B2R.

Then ∆s,−h(ζ2∆s,hu) is a test function for the problem (Pκ). For simplicity, we drop the
symbol s. We have

∫

Ω

(
κ + |∇u|2)

p(x)−2
2 ∇u.∇(

∆−h(ζ2∆hu)
)
dx =

∫

Ω

f4−h(ζ24hu)dx.

This leads to

∫

Ω

∆h

((
κ + |∇u|2)

p(x)−2
2 ∇u

)
.
(
ζ2∇(∆hu) + 2ζ∆hu∇ζ

)
dx

=
∫

Ω

f4−h(ζ24hu)dx. (2.1)

Set xh = x + hes. Then we have

∆h

((
κ + |∇u|2)

p(x)−2
2 ∇u

)

=
1
h

((
κ + |∇u(xh)|2)

p(xh)−2
2 ∇u(xh)− (

κ + |∇u(x)|2)
p(x)−2

2 ∇u(x)
)

= U + V (2.2)
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where

U =
1
h

((
κ + |∇u(xh)|2)

p(xh)−2
2 ∇u(xh)− (

κ + |∇u(xh)|2)
p(x)−2

2 ∇u(xh)
)

V =
1
h

((
κ + |∇u(xh)|2)

p(x)−2
2 ∇u(xh)− (

κ + |∇u(x)|2)
p(x)−2

2 ∇u(x)
)
.

It follows then from (2.1) and (2.2) that
∫

Ω

ζ2V.∇(∆hu) = −
∫

Ω

ζ2U.∇(∆hu)−
∫

Ω

2ζ(∆hu)U.∇ζdx

−
∫

Ω

2ζV.∇ζdx +
∫

Ω

f4−h(ζ24hu)dx. (2.3)

Note that ∇u(xh) = (∇u + h∆h(∇u))(x) and then we have

V =
1
h

∫ 1

0

d

dt

[(
κ + |(∇u + th∆h(∇u))(x)|2)

p(x)−2
2 (∇u + th∆h(∇u))(x)

]
dt.

Denoting (∇u + th∆h(∇u))(x) by θt, we deduce easily that

V =
∫ 1

0

(
κ + |θt|2

) p(x)−2
2 ∆h(∇u)dt

+(p(x)− 2)
∫ 1

0

(
κ + |θt|2

) p(x)−4
2 < θt,∆h(∇u) > θtdt.

It follows that

V.∇(∆hu) = V.∆h(∇u) =
∫ 1

0

(
κ + |θt|2

) p(x)−2
2 |∇(∆hu)|2dt

+(p(x)− 2)
∫ 1

0

(
κ + |θt|2

) p(x)−4
2 < θt, ∆h(∇u) >2 dt.

Then we have

∫

Ω

ζ2V.∇(∆hu) =
∫

Ω

ζ2|∇(∆hu)|2
( ∫ 1

0

(
κ + |θt|2

) p(x)−2
2 dt

)
dx

+
∫

Ω

(p(x)− 2)ζ2

( ∫ 1

0

(
κ + |θt|2

) p(x)−4
2 < θt,∆h(∇u) >2 dt

)
dx

= I1 + I2. (2.4)

Remark that

I2 >
∫

Ω∩[p(x)<2]

(p(x)− 2)ζ2

(∫ 1

0

(
κ + |θt|2

) p(x)−4
2 < θt, ∆h(∇u) >2 dt

)
dx (2.5)
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and
∣∣∣
∫ 1

0

(
κ + |θt|2

) p(x)−4
2 < θt, ∆h(∇u) >2 dt

∣∣∣ 6 |∇(∆hu)|2
∫ 1

0

(
κ + |θt|2

) p(x)−2
2 dt. (2.6)

Setting W (x) =
∫ 1

0

(
κ + |θt|2

) p(x)−2
2 dt, we deduce from (2.5)-(2.6) that

I2 >
∫

Ω∩[p(x)<2]

(p(x)− 2)ζ2|∇(∆hu)|2W (x)dx. (2.7)

Then we get from (2.4) and (2.7)

∫

Ω

ζ2V.∇(∆hu) >
∫

Ω

ζ2|∇(∆hu)|2W (x) +
∫

Ω∩[p(x)<2]

(p(x)− 2)ζ2|∇(∆hu)|2W (x)

>
∫

Ω∩[p(x)>2]

ζ2|∇(∆hu)|2W (x) +
∫

Ω∩[p(x)<2]

(p(x)− 1)ζ2|∇(∆hu)|2W (x)

> min(1, p− − 1)
∫

Ω

ζ2|∇(∆hu)|2W (x)dx. (2.8)

Now we have

U =
1
h

[(
κ + |∇u(xh)|2)

p(xh)−2
2 ∇u(xh)− (

κ + |∇u(xh)|2)
p(x)−2

2 ∇u(xh)
]

=
1
h

∫ 1

0

d

dt

((
κ + |∇u(x + hes)|2

) p(x+thes)−2
2 ∇u(x + hes)

)
dt

=
1
2
( ∫ 1

0

∂p

∂xs
(x + thes) ln

(
κ + |∇u(xh)|2)(κ + |∇u(xh)|2)

p(x+thes)−2
2 dt

)
∇u(xh).

Using the fact that u ∈ C1,α
loc (Ω) (see [1]) and that p is uniformly Lipschitz continuous in

Ω, we easily deduce from the above equality that for some positive constant Cκ, one has

|U | 6 Cκ.

Hence we get for any ν > 0

∣∣∣
∫

Ω

ζ2U.∇(∆hu)dx
∣∣∣ 6

∫

Ω

ζ2|U ||∇(∆hu)|dx

6 ν

∫

Ω

ζ2|∇(∆hu)|2dx +
1
4ν

∫

Ω

ζ2||U |2dx

6 ν

∫

Ω

ζ2|∇(∆hu|2dx +
C2

κ

4ν
|B2R|. (2.9)

We can estimate the second term of the right side of (2.3) as follows
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∣∣∣
∫

Ω

2ζ(∆hu)U.∇ζdx
∣∣∣ 6 2Cκc1/2

R

∫

B2R

|∆hu|dx 6 2C2
κc1/2

R

∫

B2R

|∇u|dx. (2.10)

In order to estimate the third term of the right hand side of (2.3), we need to estimate
V , for which we have

|V | 6
∫ 1

0

(
κ + |θt|2

) p(x)−2
2 |∆h(∇u)|dt

+|p(x)− 2|
∫ 1

0

(
κ + |θt|2

) p(x)−4
2 |θt|2|∆h(∇u))|dt

6 (1 + |p(x)− 2|)
∫ 1

0

(
κ + |θt|2

) p(x)−2
2 |∆h(∇u)|dt

= (1 + |p(x)− 2|)W (x)|∆h(∇u)|.

It is easy to check that there exists two positive constants lκ and Lκ, depending on κ,
such that lκ 6 W (x) 6 Lκ.
Since |∆hu| 6 |∇u|∞,B3R

, it follows by Young’s inequality that

∣∣∣
∫

Ω

2ζV∇ζ∆hudx| 6 2(p+ + 3)Lκ

∫

Ω

ζ|∆h∇u||∇ζ||∆hu|dx

6 µ

∫

Ω

ζ2|∆h∇u|2dx +
((p+ + 3)Lκ)2

µ

∫

Ω

|∇ζ|2|∆hu|2dx. (2.11)

For the last term of (2.3), we have, since f ∈ L∞(Ω)

∫

Ω

f4−h(ζ24hu)dx 6 |f |∞
∫

Ω

|4−h(ζ24hu)|dx 6 c(n)|f |∞
∫

Ω

|∇(ζ24hu)|dx

6 c(n)|f |∞
∫

Ω

ζ2|∇(4hu|+ 2ζ|∇ζ||4hu|dx

6 η

∫

Ω

ζ2|∇(4hu)|2 + c2(n)|f |2∞
|B2R|

4η
+

2c1/2

R
c2(n)|f |∞

∫

B2R

|∇u|dx (2.12)

Hence, choosing ν = µ = η = min(1, p1 − 1)lκ/3, we obtain from (2.8), (2.9), (2.10),
(2.11) and (2.12)

∫

BR

|∆h∇u|2dx 6 C(κ, p−, p+, L, R).

Letting h −→ 0 in the last inequality, we obtain the desired result (see Lemma 8.2
[4]).
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3 Second order regularity when κ = 0

In this section, we assume that κ = 0 and consider the problem

(P )

{
div

(
|∇u|p(x)−2∇u

)
= f in Ω,

u ∈ W
1,p(.)
loc (Ω), |u|∞ 6 M in Ω.

Our main result here is the following regularity for a solution u of (P ).

Theorem 3.1. Let u be a solution of the problem (P ). If f ∈ W
1,q(.)
loc (Ω) ∩ L∞(Ω) then

we have
D

(
|∇u| p(x)−2

2 ∇u
)
∈ L2

loc(Ω).

In particular, we have D2u ∈ L2
loc([p(.) 6 2]).

Proof. We introduce for ε ∈ (0, 1) the following approximated problem

(Pε)





uε ∈ W 1,p(.)(B4R)

div
(
(ε + |∇uε|2)

p(x)−2
2 ∇uε

)
= f in B4R

uε = u on ∂B4R

where R > 0 and B4R ⊂⊂ Ω.
Note that from Lemma 1.1, uε is bounded uniformly and independently of ε in B4R. To
prove Theorem 3.1, we need the following uniform estimate :

Theorem 3.2. Let u be a solution of the problem (Pε). Assume f ∈ W
1,q(.)
loc (Ω)∩L∞(Ω).

Then there exists a constant C independent of ε such that
∫

BR

[(ε + |∇uε|2)
p(x)−2

4 |D2(uε)|]2 6 C.

Proof. Let ξ ∈ D(Ω). Since for each i = 1, 2, .., n, ξxi is a test function for (Pε), we have
∫

Ω

(ε + |∇uε|2)
p(x)−2

2 ∇uε.∇(ξxi)dx = −
∫

Ω

fξxidx.

Since ∇(ξxi) = (∇ξ)xi and D2uε ∈ L2
loc(Ω), we get

∫

Ω

(
(ε + |∇uε|2)

p(x)−2
2 ∇uε

)
xi

.∇ξdx =
∫

Ω

fξxidx. (3.1)

Now, let ζ ∈ D(B2R), 0 6 ζ 6 1, ζ = 1 in BR and |∇ζ|2 + |D2ζ| 6 C/R2. Taking
ξ = uxiζ

2 as a test function in (3.1), we obtain
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∫

Ω

(ε + |∇uε|2)
p(x)−2

2

[
∇uεxi

+ (p(x)− 2)
∇uεxi

.∇uε

ε + |∇uε|2 ∇uε + pxi
∇uεln(ε + |∇uε|2)1/2

]

.[ζ2∇uεxi
+ 2ζ∇ζ.uεxi

] =
∫

Ω

f(uεxi
ζ2)xi

dx

which can be written as

∫

Ω

ζ2(ε + |∇uε|2)
p(x)−2

2

[
|∇uεxi |2 + (p(x)− 2)

|∇uεxi
.∇uε|2

ε + |∇uε|2
]
dx

= −
∫

Ω

ζ2(ε + |∇uε|2)
p(x)−2

2

[
∇uεxi .∇uεpxi ln(ε + |∇uε|2)1/2

]
dx

−
∫

Ω

(ε + |∇uε|2)
p(x)−2

2

[
∇uεxi

+ (p(x)− 2)
∇uεxi

.∇uε

ε + |∇uε|2 ∇uε

]
.(2ζ∇ζ.uεxi

)dx

−
∫

Ω

(ε + |∇uε|2)
p(x)−2

2

[
pxi ln(ε + |∇uε|2)1/2∇uε

]
.(2ζ∇ζ.uεxi)dx +

∫

Ω

f(uεxiζ
2)xidx

Summing up with respect to i and using (0.1), we get

min(1, p− − 1)
∫

Ω

ζ2(ε + |∇uε|2)
p(x)−2

2 |D2u|2dx

6
i=n∑

i=1

∫

Ω

ζ2(ε + |∇uε|2)
p(x)−2

2 |∇uεxi |.|∇uε|L.|ln(ε + |∇uε|2)1/2|

+2(p+ + 3)
C1/2

R

i=n∑

i=1

∫

Ω

(ε + |∇uε|2)
p(x)−2

2 |∇uεxi ||∇uε|.ζdx

+2L
C1/2

R

∫

B2R

(ε + |∇uε|2)
p(x)−1

2 |∇uε||ln(ε + |∇uε|2)1/2dx

+
∫

Ω

fdiv(ζ2∇u)dx = I1 + I2 + I3 + I4. (3.2)

Now, by applying Young’s inequality, we get

I1 6
i=n∑

i=1

∫

Ω

ζ2(ε + |∇uε|2)
p(x)−2

2 (ν1|∇uεxi |2 +
L2

ν1
|∇uε|2|ln(ε + |∇uε|2)1/2|2dx

6 ν1

∫

Ω

ζ2(ε + |∇uε|2)
p(x)−2

2 |D2uε|2dx +
nL2

ν1

∫

B2R

(ε + |∇uε|2)
p(x)

2 |ln(ε + |∇uε|2)1/2|2dx.

Moreover, since |∇u|∞,B3R
6 K, we have (ε + |∇uε|2)1/2 6 1 + K. The continuous

function t 7→ tp(x)|lnt|2 is bounded on [0, 1 + K]. We deduce that the second term in the
right hand side of the above inequality is uniformly bounded.
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By similar arguments as above we get the following estimates for I2 and I3

I2 6
i=n∑

i=1

∫

Ω

ζ2(ε + |∇uε|2)
p(x)−2

2 (ν2|∇uεxi
|2 + 4(p+ + 3)2

C

ν2R2
|∇uε|2)dx

6 ν2

∫

Ω

ζ2(ε + |∇uε|2)
p(x)−2

2 |D2uε|2dx + 4n(p+ + 3)2
C

ν2R2

∫

B2R

(ε + |∇uε|2)
p(x)

2 dx,

I3 6 2L
C1/2

R

∫

B2R

(ε + |∇uε|2)
p(x)

2 |ln(ε + |∇uε|2)1/2dx.

For the last term, we have

|I4| =
∣∣∣−

∫

Ω

ζ2∇f.∇uεdx
∣∣∣ 6

∫

B2R

|∇f |.|∇uε|dx 6 2|∇f |Lq(.)(B2R).|∇uε|Lp(.)(B2R).

Finally by choosing ν1 = ν2 = min(1, p− − 1)/3 we get the desired result since the
following estimate holds for a constant C∗ = C∗(n, p−, p+, L, R)

∫

BR

(ε + |∇uε|2)
p(x)−2

2 |D2u|2dx

6 C∗
( ∫

B2R

(ε + |∇uε|2)
p(x)

2 |ln(ε + |∇uε|2)1/2|2dx +
∫

B2R

(ε + |∇uε|2)
p(x)

2 dx

+
∫

B2R

(ε + |∇uε|2)
p(x)

2 |ln(ε + |∇uε|2)1/2dx + |∇f |Lq(.)(B2R).|∇uε|Lp(.)(B2R)

)
.

Proof of Theorem 3.1. First, note that we have

|(ε + |∇uε|2)
p(x)−2

4 ∇uε|2 = (ε + |∇uε|2)
p(x)−2

2 |∇uε|2 6 (ε + |∇uε|2)p(x)/2.

Since |∇uε|L∞(B3R) 6 K, then (ε + |∇uε|2)p(x)/2 6 (1 + K2)p+/2 and
∫

BR

|(ε + |∇uε|2)
p(x)−2

4 ∇uε|2 6 C.

Next, since uε has weak second derivatives, a simple calculation shows that

Di

(
(ε + |∇uε|2)

p(x)−2
4 ∇uε

)
= (ε + |∇uε|2)

p(x)−2
4 .

[
∇uεxi +

p(x)− 2
2

∇uεxi .∇uε

ε + |∇uε|2 ∇uε +
pxi

4
∇uεln(ε + |∇uε|2)

]
.
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It follows that

|Di

(
(ε + |∇uε|2)

p(x)−2
4 ∇uε

)| 6 p+ + 4
2

(ε + |∇uε|2)
p(x)−2

4 .|∇uεxi |

+
L

4
(ε + |∇uε|2)

p(x)−2
4 .(ε + |∇uε|2)1/2|ln(ε + |∇uε|2)|.

From Theorem 3.2, we know that (ε + |∇uε|2)
p(x)−2

4 |∇uεxi | is bounded in L2(BR) in-

dependently of ε. On the other hand, for given δ > 0, we have lim
t→+∞

logt

tδ
= 0 and

lim
t→0+

tδlogt = 0. We deduce that there is a positive constant c(δ) depending only on δ

such that

|ln(ε + |ξ|2)| 6 c(δ) + (ε + |ξ|2)δ/2 + (ε + |ξ|2)−δ/2 ∀ε > 0, ∀ξ ∈ Rn.

Using this inequality with δ = 1/2, we get

(ε + |∇uε|2)1/4|ln(ε + |∇uε|2)| 6 c(1/2)(ε + |∇uε|2)1/4 + (ε + |∇uε|2)1/2 + 1.

Thus we have
∣∣∣(ε+|∇uε|2)

p(x)−2
4 |∇uε||ln(ε+|∇uε|2)|

∣∣∣
2

6 (ε+|∇uε|2)
p(x)−1

2 .
∣∣∣(ε+|∇uε|2)1/4|ln(ε+|∇uε|2)|

∣∣∣
2

and deduce that D((ε + |∇uε|2)
p(x)−2

4 ∇uε) is bounded in L2(BR) independently of ε.
Hence, up to a subsequence, still denoted by ε, there exists v ∈ H1(BR) such that

(ε + |∇uε|2)
p(x)−2

4 ∇uε ⇀ v in H1(BR)

(ε + |∇uε|2)
p(x)−2

4 ∇uε −→ v in L2(BR)

Since |uε|1,α,BR
6 C, we get by Ascoli-Arzela’s theorem that uε −→ u uniformly in

C1(BR). Hence we obtain v = |∇u| p(x)−2
4 ∇u on [∇u 6= 0]. Now since

|(ε + |∇uε|2)
p(x)−2

4 ∇uε| 6 (ε + |∇uε|2)
p(x)

4 −→ |∇u| p(x)
2 a.e. in BR.

we deduce that |v| 6 |∇u| p(x)
2 and then v = 0 a.e. on [∇u = 0]. Hence v = |∇u| p(x)−2

4 ∇u ∈
H1(BR) and Dv = D(|∇u| p(x)−2

4 ∇u) ∈ L2(BR).
When BR ⊂ Int([p(.) 6 2]), we obtain from Theorem 3.2

∫

BR

|D2uε|2dx 6 (1 + K2)
2−p−

2

∫

BR

|(ε + |∇uε|2)
p(x)−2

2 ∇uε|2 6 C

12



from which we deduce that D2uε ⇀ D2u in L2(BR). Hence u ∈ W 2,2
loc (Int([p(.) 6 2])).
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