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Abstract

A
A barrier function w = Z[(y — f(z))*]? is compared to the solution u near a

free boundary point. The properties div(a(z)Vu) = —(h)zx([u > 0]) and Vw = 0
on [y = f(z)] avoided the comparison of the gradients of u and v as in the case
he > 0. A regularity of the free boundary is established.
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1 Introduction

In the domain © = (0,1) x (0, 1), we consider the free boundary problem:



Find (u,v) € H'(Q) x L>(Q) such that :
(1) w=0, 0<vy<1l, wuly—1)=0 ae. in®

(1) u=¢p on IN

(iid) /Q (a(z)Vu+ yh(z)e,).Védady = 0 Ve € HY(Q)

where e, = (1,0), ¢ € C%1(Q),

0 on T'g=1(0,1) x {0}, 0o(y) on {0} x [0,1]
oz, y) = and
Ug on Ty =(0,1) x {1}, 01(y) on {1} x[0,1]

with 60; being regular and nondecreasing functions satisfying 0 < 6;(y) < uq, i = 1,2,
and u, is a positive constant. B
The function h is C1([0,1]) and satisfies for some positive constants h and h*:

0 < h(z) < h, h(z) < —h* <0 for x€[0,1]. (1.1)

The matrix a depends only on the xz-variable and satisfies:
a € Wh*(0,1) nC%0,1] (1.2)
mlé)? < ai&& < MIEP VEER?,  m>0, M>0. (1.3)

This problem has been studied by the author in [3] under higher regularity assumptions
on the functions h(z) and a(z). The method used involved C? regularity of the solution
u far from the free boundary.

In this paper, we will establish the regularity using comparison methods in the weak
formulation of the problem. The motivation of this approach came from its application
to similar problem with h, > 0 in [6], [7] and for the study in a heterogeneous coastal
aquifer in [8]. Another motivation (see [4], [10]), is the fact that the solution behaves like
the solution of an obstacle problem because of the property

div(a(z)Vu) = —(h)x([u > 0]) in D'(Q), (1.4)

where x = 1 if € [u > 0] and x = 0 if not. The property (1.4) is established by taking
+(H(u)€), £ €D(Q), £ >0 as a test function in (P), with

0 if t<0
H.(t) = t/e if 0<t<e
1 if t>e€



This function involves in the penalization problem:

Find u. € H'(Q) such that :

(P.) (¢) ue =  on Of)

(1) /Q (a(2)Vue + h(z)He(uc)e, ) Védady =0 VE € Hy(Q)

where, for € € (0, min(1,u,)), we establish, as in [5], that there exists a unique solution
for (P.) satisfying:

ue —u in HY(Q), H(uc) =~ in L*(Q)
and that (u,7) is a solution of (P).

Taking u_ (resp. (ue —u,)T) as a test function in (P.), shows that u. > 0 (resp. ue < ug).
Then, comparing u} = u.(z,y + n) with u. as in [8], we obtain (u¢), > 0 and finally get

Ou >0 a.e in (. (1.5)

0 <u< ug, (97y/

This work brings answers to the situation where the function h is not increasing. Appli-
cations of such a model appear, for example, in the Lubrication problem [2] and the dam
problem [1].

In all what follows, we consider only monotone solutions of (P).
As a consequence, we deduce that [5]:

o  Y(xo,y0) € [u>0] = [u(z,y) >0]NQ, 36> 0 such that
u(z,y) >0 for (x,y) € Bs(xo,y0) U (zo — 6,20 + 6) X [yo, 1]
e &:(0,1) — [0,1) is well defined by
O(z) =inf{y € (0,1)/ wu(z,y) >0}
and is upper semi-continuous (u.s.c) on (0,1).

o [u>0]=[y>(2)

We recall also some properties:

o div(a(x)Vu) = —(h7y), in D'(Q).



o ucC)M(QUTHUTY) ( [9] Theorem 8.24 p 202).
e [u>0]is an open set.

o div(a(x)Vu) >0 and (hy)s <0 in D'(2).

2 A Barrier Function and Comparison

Let zg € (0,1) and ey = min(xg, 1 — x¢)/6. Then
u € C¥([zg — €0, 0 + €0] x [0,1]) for some « € (0,1). (2.1)
Assume that there exists €; > 0 such that
Ve € (0,¢€1), y—3e>0,

where y € (0,1) and y may depend on e.
Let 27 € (0, 1) satisfying

1 <xy and |z —xo| <€/ with ee (0, min(eg, €1)).

Set
Z:(‘r17x0)x(y_6ay)7 D:(x17$0)x(07y)7

w(e,y) = Sl — 1) T

fla) =y~ 6+/$ [L(S) 0] g,

o boa11(s)

where Cy and A are constants. We choose Cy = 2M so that

_ —M +2M < alg(aﬁ)—‘rCo é%

1= < v — e, .
i o @) x € [zg — €0, X0 + €]

Then f satisfies



arz2(x) + Co

fe) = Can(r) Z1=0 and — a11(2) f'(2) + a12(z) = —Co,
f(z1) =y—c¢€
xo M
3M .
SQ—G+W63/a<g if ee(Q(%) )

Note that [y > f(z)] N Z # 0 since we have for € € (O, <6£M) m) = (0, €2)

3M
3 <e€e— Fe?’/o‘ Sy—flwo) <y—flx)<y—f(z1) =€ Vo € [z1,x0].

Next, we have w € H'(D) and

Vute) =M~ )| ) x> s

"(z)a11 + a1z
(x)ag1 + az

div(a(z)Vw) = ra(@) | @) ] . [ —f(@) } infy> f(2)]

Am[L+ (f'(2))%] < div(a(z)Vw) SAM[L+ (f'(2))*]  in [y > f(2)].

Lemma 2.1. Lete € (O, min(eg, €1, 62)) and 6 > 0. Then, there exists A\g > 0 independent
of € such that: YA € (0, \), we have

/ [a(z)Vw.V( + 0x([w > 0))¢]dedy >0 V¢ € Hy(D), (¢>0.
D

Proof. Let ¢ € H}(D), ¢ > 0. We have

/D [a(:z:)Vw.VC + Ox([w > O])C] dxzdy

= / [ — div(a(z)Vw) + 0] Cdzdy + / [a(z)Vw.v]¢
ly>f(@)] ly=F ()]



1
where v = (v, 1)) = ——=(f"(2), —1) is the unit normal to the curve [y = f(x)]

V1+ %)
pointing towards the set [y < f(z)].
Since Vw =0 on [y = f(x)], we have

/D [a(z)Vw.V¢ + 0x([w > 0])¢]dzdy = / [ — div(a(z)Vw) + 0] ¢dzdy

[y>f(2)]
3M\ 2
2/ —AM(1+ (—) ) +6|¢dzdy
[y>f ()] | ( m ) ]

0
We conclude the lemma by choosing Ay € (0, —2> (]
M(1+ (M) )

m

The following lemma compares u and w near a free boundary point, along the = direction.
First, from (2.1), there exists a positive constant K* such that for (z,y), (¢/,y') € [xo —
€0, o + €0 x [0,1],

(e, y) — u(a' )| < K*(le =o' +ly - y/P) . (2.2)
Lemma 2.2. Assume that u(xo,y) = 0. Then for e € (O,min(s%,eo,el,q)), we have

U(%ZJ) < w(l',y) Vo € [1'1,1:0].

Proof. Since u(zo,y) = 0, we have by (2.2) in particular

u(z,y) < K*z — 20|* < K*(3/) for all = € [zg — €/, o + €3/9].

On another hand, we have for x € [z, xo],

wie,y) = Sl F@)P > Sl feP > 5(5)
Hence,
62 A
u(z,y) < K* (/)" <>‘§ < w(z,y) = €< SK*D



3 Non Oscillation Lemma

The following Lemma shows that we cannot have a vertical segment where u = 0 without
having v = 0 at some point to the left of the segment. When, we have a point to the
right of the segment, where u = 0, we have necessarily another point to the left. This
property is needed when proving the continuity of the free boundary.

Lemma 3.1. Let u be a solution of (P). Let (zo,y0) € Q and r > 0 such that B, =
B, (z0,y0) CC Q. Then we cannot have the following situations:

i) u >0 in  B.\S, and u=0 in S,
i1) u>0 in B_ and u=0 in BfUS,

with Sy = {xo} X (yo — 90 +7), B =B.N[zx<zo] and B = B,.N[z > xg).

Proof. Case i). Since v > 0in B, \ S and |S| =0, then v =1 a.e in B,. We have

/Q (a(z)Vu + h(z)e, ). Védady = 0 Ve € HE(Q)

Let n € (0,7/4) and u,(x,y) = u(z,y — n). Then, u,, satisfies

/B a(z)Vu,.V&(z,y)dzdy = / a(z"\Vu(z',y").VE(' v + n)dx'dy
/4

B,.ja—ney

- / W@ )ew (@' y + n)da'dy = — / h(2)eo (2, y)dady
Br/4*77€y

B7‘/4

:/ a(x)Vu.VE(z,y)dzdy V¢ € D(B,4).
Br/4
We deduce that

div(a(z)V(u —uy)) =0 in B,
U— Uy =0 in B,y
U—uy; =0 on S,y

By the strong maximum principle, we deduce that u —u, = 0 in B, 4.

Consequently, Ou =0 in D'(B,/4) which leads to u(z,y) = 7(z) in B, 4.

Jy



Now, we have
div(a(z)Vu) = div(a(z)VT) = —h'(x) in B,y

Using the monotony of u, we have, in particular

div(a(z)V(u—17)) =0 in D,y = (20—, 20+ %) X (0,1)
u—T120 in Dy
U—TZO in BT/4ﬂDT/4.

Applying the strong maximum principle, we deduce that: u — 7 =01in D, 4.
The continuity of u up to I'y implies that 7 = 1 for x € (zo — §, 20 + ). This contradicts
div(a(z)VT) = —=h'(z) > 0.

Case ii). Because u =0 in B, N[z > xo], we will have

(h(z)Y) = —div(a(z)Vu) =0 = h(z)y=L(y) ae. in B/.
Therefore, for £ € D(B,),

Yo+r

h(2)es(z,y) + / L(y)€ (o, y)dy.

Yo—T

/ a(x)Vu.VE(z,y)dedy = —
B

By

For u,, as defined in case i), we have for §{ € D(B,4) and § > 0,

Yo+r
| a@vu e iy = - [ @+ [ Ly - g oy
B4 _n Yyo—Tr
Then, we obtain
Yyo+r
| @V w) e dody = [ (20) - Ly = )€ )y,
B4 Yyo—r
Thus
div(a(z)V(u —uy,)) <0 in B,
u—uy, =0 in By
U— Uy, =0 n B:r/4

since we have L, > 0. Indeed, we have (u.), > 0, (H.)'(t) > 0,

L, = (h(@)), = hix)y, inD/(BY), and

T

(He(ue))y = Hé(“ﬁ))(“ﬁ)y — 7y in D/(Q)-



As in case i), we conclude that u = 7(z) and get a contradiction. O

Arguing as in the previous proof, we establish the following property of the free
boundary:

Lemma 3.2. The set [y = ®(x)] N Q has no horizontal segment.

Proof. Assume that there exist x1, 25 € (0,1) such that

1 < T2 and O(z) = yo Vo € [z1,x2].

Using the monotony of u, we have

u>0 on (z1,22) X (Yo, 1] and u=0 on (x1,z2) x (0,yo]

from which we deduce that h(z)y = L(y) a.e in (x1,22) X (0,y0)-
Let g € (x1,22) and let » > 0 such that A, = (xg —r,20 +7) X (Yo — 1,90 + 1) C
(w1,22) % (0,1). For n € (0,7/4), define u,(x,y) = u(z,y —n). Then, for £ € D(A, 2),

we have

/ a(2)V (u — ) VE(, y)dzdy = / (Ly — ) — L(y))Eadady
Ao

A, 2N[y<yol

= [" W= - ) [t +r/2.0) ~ €0 — /2.0 dy =0

0—7'/2

Thus
div(a(z)V(u —uy,)) =0 in A
u—1uy =0 in A
u—uy, =0 in ANy <ol

and we get a contradiction as in the proof of the previous lemma.[]

4 Regularity of the free boundary

The main result of this section is the following theorem on the regularity of the free
boundary.

Theorem 4.1. ® is either continuous or left continuous on a point in (0,1)N[®(x) > 0].



Proof. We will adopt the notations in section 2.
Let (zg, ®(x0)) = (z0,y0) € Q with ®(z() > 0. Set ¢g = min(zg, 1 — x)/6.
Using (2.2), for € € (0, €), there exists d; € (0, €3/®) such that:

u((t, y) = ‘u(ma y) - U(l’o, yO)‘ < K*GS V(SL’7 y) € B51 (:L'Oa yO)
1%t situation. In applying the oscillation Lemma 3.1 i), assume that

Axq, o ) € Bs, (z0,y0)s u(zy,yy ) =0, g < o, |xg — zo| < 1 < e,

Set

T =z, Y= min(®(xo), vy )

Z = (xz1,70) X (y — €,9), D = (z1,20) x (0,y),

wle) = 3l = F@) P g =y—er [ [Py

o bo1(s)
We deduce from Lemma 2.2 that u(x,y) < w(z,y) and that (u —w)* € Hg(D). We can

write then

/ a(z)Vu.V(u —w)Tdedy < / B (z)x([u > 0])(u — w) T dxdy
D D

/ a(z)Vw.V(u — w)tdzdy > / —0x([w > 0])(u — w)tdzdy
D D

Subtracting the two inequalities, we obtain

/ a(z)V(u —w)*".V(u — w) " dady
D

"(@)x([u u—w)dx "(x u—w)Tdx
s /Dﬂ[w—O]h( Pelle= 0Dt )ty /Dﬁ[w>0](h( )+ )" dedy

< / (=h* 4+ 0)(u — w)tdzdy
DN[w>0]

since h/(xz) < —=h* <0 on (0,1).
First, we choose 6 < h*. Then, we use the ellipticity of the matrix a(xz) and apply
Poincaré’s inequality to conclude that (v —w)™ = 0 in D. In particular, we have u(:my—

10



€) = 0; that is the free boundary remains above the horizontal line segment (z,,zg) X
{y — €} which we can express by writing that:

d(x) 2g—e><1>(:c0)763/0‘76 Vo € (zq,x0). (4.1)
We conclude from (4.1) that @ is lower semi continuous at g at the left. Therefore ® is
continuous to the left at this point since it is u.s.c at xg.

274 situation. Using oscillation Lemma 3.1 i), we assume this time

El(xg,yg) € Bs,(x0,Y0), u(xaL,yJ) =0, xg > T, |x§ —xo| <61 < e/,

Set

I1 = o, z

O\
|
8

Z = (xlvxé)) X (y* evg)’ D= ($1,:C6) X (Oag)»

W) = 3l SR s =y [ [0,

1 (111(8)

Arguing as in the first situation, we deduce that u(x,y — €) = 0 and

D(x) >y —e>P(xg) — /€ V€ (x1,2}) = (v0, 7). (4.2)

We conclude from (4.2) that & is lower semi continuous at xy to the right. So ® is
continuous at x( to the right.

Now, by Lemma 3.1 ii), we cannot have u > 0 to the left of the vertical line {x¢} x (0, y—¢).
Therefore,

3z ,¥p ) € Bs, (wo, y—e)N[y <y—e], u(zg,yy) =0, x5 <z, |T5—20| <1< 3/,

Set

Z = (3717550) X (yl - 6791)7 D = (1'1,1'()) X (07yl)7

wle.s) = 3l = F@) P )=y - er [ [P0 ED g

11



We then have u(z,y’ —€) = 0 and @ is lower continuous to the left of . Indeed, we have

D) >y —e>y—e—e¥*—e> O(wg) — 26" ~2¢ Vo € (v1,30) = (x5 ,20). (4.3)

Finally we conclude from (4.3) that & is lower semi continuous at g to the left. Therefore
® is continuous at this point.[]

Remark 4.1. We weren’t able to establish the continuity of ® completely at any point
in (0,1) N [®(z) > 0]. Indeed, if the situation

141) u>0 in B} and u=0 in B US,

couldn’t occur, this would complete the proof in situation 1 and show that ® is continuous
at xg. Our attempt to establish iii) by similar arguments as in the proof of i) and ii) in
Lemma 3.1 led to

div(a(z)V(u —uy,)) =0 in By
U—u, 20 in By
U — Uy =0 m B,

which prevented us to apply the maximum principle.
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