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Abstract

The contents of this dissertation lie in the branch of pure mathematics known as functional
analysis and are focused on the theory of bi-free probability and on the interplay between set
theory and the field of operator algebras. The material is comprised of two main parts.

The first part of this dissertation investigates applications of set theory to operator
algebras and is further divided into two chapters. The first chapter is focused on the Calkin
algebra Q(H ) and explores the class of C*-algebras which embed into it. We prove that under
Martin’s axiom every C*-algebra of density character less than 2% embeds into the Calkin
algebra and, moreover, we show that the assertion “every C*-algebra of density character less
than 2% embeds into Q(H)” is independent from ZFC. In the second chapter we investigate
separably representable AF operator algebras from a descriptive set-theoretic viewpoint.
Contrary to the case of separable AF C*-algebras which are classified up to isomorphism
by the ordered K, groups, we show that the canonical isomorphism relations for separable,
non-self-adjoint AF operator algebras are not classifiable by countable structures.

The second part of this dissertation focuses on the theory of bi-free probability. This part
is further divided into four chapters, the first of which concerns the development of the theory
of R-diagonal operators in the setting of bi-free probability theory. We define bi-R-diagonal
pairs based on certain alternating cumulant conditions and give a complete description of their
joint distributions in terms of their invariance under multiplication by bi-Haar unitary pairs.
The final three chapters of this manuscript concern the development of non-microstate bi-free
Fisher information and entropy with respect to completely positive maps. By extending the
operator-valued bi-free structures and allowing the implementation of completely positive
maps into bi-free conjugate variable expressions, we define notions of Fisher information and
entropy which generalize the corresponding notions of entropy in the bi-free setting. As an
application we show that minimal values of the bi-free Fisher information and maximal values

of the non-microstates bi-free entropy are attained at bi-R-diagonal pairs of operators.
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Introduction

The study of operator algebras was initiated by Murray and von Neumann in the 1930’s,
who were aiming to provide the rigorous mathematical foundations to the developing theory
of quantum mechanics. A key idea in their considerations renders algebras of operators as
the canonical analogues of well-studied mathematical structures in the non-commutative
world, such as topological and measure spaces. Since the pioneering work of Murray and
von Neumann, the theory of operator algebras has evolved into a rich, independent research
area in pure mathematics, with significant connections with multiple other mathematical
areas, such as algebraic topology, group theory, probability theory and set theory. The key
structures in this mathematical field consist of C*-algebras and von Neumann algebras. On
the one hand, C*-algebras are given by algebras of bounded, linear operators on Hilbert
spaces, closed in the norm topology and under the adjoint operation. In the abelian case,
C*-algebras are classified by their spectra. Notably, the Gelfand-Naimark duality provides an
equivalence between the category of unital, abelian C*-algebras and the category of compact,
Hausdorff topological spaces and, under this lens, the theory of C*-algebras constitutes the
non-commutative analogue of the theory of topological spaces. On the other hand, von
Neumann algebras are defined similarly to C*-algebras as self-adjoint algebras of operators
on Hilbert spaces and are required to be closed in the topology of pointwise convergence.
Abelian von Neumann algebras acting on separable Hilbert spaces arise in the form L., (X, i)
where X is a second countable, compact Hausdorff space and p is a positive Borel measure on
X, and, as a result, one views the theory of von Neumann algebras as the non-commutative
analogue of measure theory.

Free probability theory was developed by Voiculescu in [77] as an extension of classical
probability theory to the non-commutative setting, in order to tackle the (still open) problem
of whether the free group factors L(F,) (which are the von Neumann algebras generated
via the left regular representations of free groups on Hilbert spaces) are isomorphic. In

this context, random variables consist of operators in C*-algebras or von Neumann algebras



and their distribution is computed via the expectation given by states (i.e. positive linear
functionals) on these algebras, parallel to the notion of expectation given by integration in
classical probability. The advancement of free probability theory, particularly in conjunction
with the developments of Fisher information and entropy in this non-commutative context,
has offered a plethora of applications to the field of operator algebras. The key notion of
independence here is that of free independence, which is modelled by the free product of
algebras, replacing the model of tensor product corresponding to the commutative, classical
setting. Operators whose distribution carry significant importance in free probability include
the Haar unitary operators, which are unitary operators distributed according to the Haar
measure on the circle and correspond to the canonical generators of the free group factors,
and the semicircular operators, which are self-adjoint operators viewed as the analogue of the
Gaussian random variables in the context of free probability. Significant depth was added to
the theory of free probability with the development of the free cumulants by Speicher in |70],
which consist of functionals defined with the aid of the combinatorial structure of the lattice
of non-crossing partitions. The free cumulants express the distributions of non-commutative
random variables and characterize the notion of free independence.

The recently developed theory of bi-free probability theory originated by Voiculescu in
[82] as an extension of the free setting and involves the simultaneous study of left and right
actions of algebras on reduced free product spaces. Here, the main objects of study are pairs
of operators or algebras and their joint distributions. Bi-free probability is a rapidly evolving
research area that provides the ground for extending techniques from free probability in
order to solve problems pertaining to pairs of von Neumann algebras, such as von Neumann
algebras and their commutants, or tensor products of von Neumann algebras. While free
independence can be viewed as the distributional condition that follows via the left actions
of algebras on reduced free product spaces, the corresponding notion of bi-free independence
is regarded as the condition imposed on the joint distribution of pairs of algebras via their
left and right actions on reduced free product spaces. Therefore, this concept generalizes
free independence, but also facilitates an environment that captures classical independence.
Bi-free independence found its combinatorial characterization via the bi-free cumulants in
[11] in the scalar setting and in [10] in the context of bi-free probability with amalgamation.

Set theory was originated by Cantor in 1874 and deals with the investigation of cardinalities
of subsets of the real line. The development of set theory had significant mathematical and
metamathematical implications, especially in conjuction with Godel’s incompleteness theorems.

One of the most important results in this setting concerns the proof of the independence of



the continuum hypothesis CH from the standard axiomatization of set theory ZFC, which
was achieved via the method of forcing initiated by Cohen in 1963. Over the last 20 years, the
application of set-theoretic methods to operator algebras has proved to be extremely fruitful,
with many longstanding open problems in operator algebras being settled via the set-theoretic
approach. The interplay between these two mathematical fields includes the investigation
of the rich structure theory of coronas and ultraproducts of separable C*-algebras, the
application of descriptive set-theoretic methods in operator-algebraic classification problems
and the development of pathological examples of non-separable C*-algebras. Notably, with
the set-theoretic approach, major breakthroughs were achieved in important open problems
in the theory of operator algebras, such as Naimark’s problem (which asks whether the
C*-algebra KC(H) of compact operators on a separable Hilbert space is the unique, up to
isomorphism, C*-algebra with a unique irreducible representation up to unitary equivalence;
[1]), Anderson’s conjecture (which states that every pure state on the C*-algebra B(H) of
all bounded, linear operators on a separable Hilbert space is diagonalizable; [46]) and also
completely settling the question of whether the Calkin algebra Q(H), obtained as the quotient
of B(H) by the compact operators IC(H ), has outer automorphisms ([64], [23]). We refer the
reader to |25] for an exposition of the applications of logic, set theory and model theory to
operator algebras.

This dissertation is divided into two main parts. The two chapters of Part I along with the
first chapter of Part II are autonomous, while the last three chapters of this dissertation can
be thought of as consisting of a single body of work. The first part focuses on set-theoretic
applications in the field of operator algebras and concerns the embedding of non-separable
Cr-algebras into the Calkin algebra and the Borel classification of separable, non-self-adjoint
AF operator algebras. In the second part we shift our attention to the theory of bi-free
probability and investigate the analogue of R-diagonal operators and study notions of Fisher
information and entropy within the bi-free context.

Chapter [1| revolves around the Calkin algebra Q(H) which has been the object of intensive
investigations by researchers in operator algebras (with its importance being signified after
the seminal work in [7] and the subsequent development of the theory of extensions of
Cr*-algebras). The Calkin algebra constitutes an object that is especially amenable to the
study from a set-theoretic perspective, due to its structural similarities with the Boolean
algebra P(N)/ Fin, of which it is considered the non-commutative analogue. Notably, the
question asked in |7] of whether Q(H) has outer automorphisms remained open for 30 years,

until it was settled using set-theoretic methods in [64] and [23], where it was shown that the



existence of outer automorphisms of Q(H) is independent of the standard axiomatization of
set theory ZFC.

Recently, significant attention was turned to the study of the class of C*-algebras which
embed in the Calkin algebra and the investigation of the level of influence various set-theoretic
axioms have on it (see [28|, [74]). While a standard amplification argument shows that every
separable C*-algebra embeds into Q(H), the situation beyond this is non-trivial. In [2§],
the authors showed that every C*-algebra of density character X; (the least uncountable
cardinal) embeds into the Calkin algebra and this shows that under the continuum hypothesis
CH (which asserts that X; equals the cardinality of the continuum 2% := |R]), the Calkin
algebra is (injectively) 2%-universal, in the sense that all C*-algebras with density character
2% embed into the Calkin algebra. Thus, in this instance the description of the class of
C*-algebras that embed into Q(H) is the simplest possible: a C*-algebra embeds into Q(H) if
and only if its density character is at most equal to 2%°. However, in the absence of CH such
a satisfactory characterization does not hold, since if one assumes the proper forcing axiom
PFA (which implies the negation of CH), there exist even abelian C*-algebras of density
character 2% that do not embed into Q(H) (|28]).

In the first chapter we continue the aforementioned line of research (parts of the content
of this chapter can be found in the joint work [29]). We prove that under Martin’s axiom (a
set-theoretic axiom independent from ZFC and consistent with the negation of CH) every
C*-algebra of density character strictly less that 2% embeds into the Calkin algebra. This
is obtained using the method of forcing, by constructing for each C*-algebra A, regardless
of its density character, a forcing partial order that satisfies the countable chain condition
and that forces the embedding of A into Q(H). Moreover, we show that the assertion “every
C*-algebra of density character less than 280 embeds into the Calkin algebra” is independent
from ZFC.

In chapter 2| we investigate the Borel complexity of separable, non-self-adjoint AF operator
algebras. In the setting of Borel complexity theory, one of the most notable benchmarks
in the complexity hierarchy is given by the notion of classifiability by countable structures.
Precisely, a classification problem (X, £) is said to be classifiable by countable structures if
there is a category of countable structures C such that E is Borel reducible to the isomorphism
relation = within the class of objects of C. The interplay between descriptive set theory
and functional analysis has been fruitful over the past years, however classification problems
in the context of operator theory tend not to be classifiable by countable structures. For

instance, the natural isomorphism relations for von Neumann factors other than type I (|65])



and for unital, simple, separable, nuclear C*-algebras (|33|) are not classifiable by countable
structures. On the opposite side of the spectrum, Elliot’s classical K-theoretic classification of
separable AF C*-algebras (|20]), which are inductive limits of finite-dimensional C*-algebras,
implies that the isomorphism relation for separable AF C*-algebras is classifiable by countable
structures.

In connection to the classification of AF C*-algebras, the question of whether the class of
non-self-adjoint AF operator algebras can be similarly classified by the ordered K, groups,
or by any other class of countable structures, remained open since the early stages of the
development of operator-algebraic classification. In chapter [2| we provide a negative answer
to this question and show that the relations of isomorphism, isometry, complete isomorphism
and complete isometric isomorphism for separable, non-self-adjoint AF operator algebras are
not classifiable by countable structures (these results are part of a joint work in preparation
with N. C. Phillips). This is obtained by constructing a functor from the category of operator
spaces to the category of non-self ajoint AF operator algebras and making use of the fact that
the canonical isomorphism relations for operators spaces are not classifiable by countable
structures.

In the setting of free probability theory, in [60] the authors introduced the class of R-
diagonal operators as a generalization of the Haar unitary operators and the circular operators
(the non-normal version of the semicirculars). Specifically, an operator is called R-diagonal if
it is of the form wu - p, where u is a Haar unitary which is freely independent from p. This
class consists of in general non-normal operators that are particularly well behaved and are
combinatorialy characterized by certain vanishing conditions on their free cumulants.

In particular, in [60] R-diagonal operators were found to satisfy a “free absorption” property,
in the sense that if X is an R-diagonal operator which is freely independent from an operator
Y, then the product X - Y remains R-diagonal. In [51], powers of R-diagonal operators were
shown to be R-diagonal, while in [69] the authors showed that R-diagonal operators admit
continuous families of invariant subspaces relative to the von Neumann algebras they generate.
Moreover, in [59], a number of equivalent characterizations of R-diagonality were formulated,
including conditions on moments, free cumulants and the freeness of certain self-adjoint
matrices from the scalar matrices, while in [58] distributions of R-diagonal operators found
applications in the non-microstate approach to free entropy, answering questions regarding
the minimization of the free Fisher information in the tracial framework.

In chapter [3| the theory of R-diagonal operators in the context of bi-free probability
is developed (this chapter can also be partly found in [42]). Adopting the combinatorial



approach, the notion of a bi-R-diagonal pair of operators is defined by means of certain
vanishing conditions on their joint bi-free cumulants. Canonical examples of bi-R-diagonal
pairs include the bi-Haar unitary pairs of operators, which constitute the analogue of the Haar
unitaries in bi-free probability, with their joint distribution modelled by the left and right
regular representations of groups on Hilbert spaces. In this generalized setting, an analogous
“bi-free absorption” property is shown to hold. More precisely, if (X, Y') is a bi-R-diagonal pair
that is bi-freely independent from a pair (Z, W), then the pair obtained by the coordinate-wise
product (XZ, WY') (with the opposite multiplication considered on the right operators) is
also bi-R-diagonal. Moreover, bi-R-diagonal pairs are shown to be closed under the taking
of arbitrary powers and a characterization of the condition of bi-R-diagonality in terms
of bi-freeness with amalgamation is developed. Lastly, a complete description of the joint
distributions of bi-R-diagonal pairs of operators is given, in the sense that they always arise
in the form (X, Ywu,), where the pairs (u;,u,) and (X,Y") are bi-freely independent and
(ug, u,) is a bi-Haar unitary pair.

In a series of groundbreaking papers originating with [78], Voiculescu developed analogues
of the notions of entropy and Fisher information to the free probability setting, introducing
the concepts of microstates and non-microstates free entropy. One the one hand, microstates
free entropy measures the volumes of tuples of self-adjoint scalar matrices that approximate
the distribution of tuples of self-adjoint operators in tracial von Neumann algebras, motivated
by the connection between free probability and random matrix theory. The development of
this notion led to several important results, giving answers to longstanding open problems
regarding the structure of the free group factors, such as the absence of Cartan subalgebras
(I79]) and the primeness of the free group factors (|35]).

On the other hand, the non-microstates approach to free entropy is motivated by the
concept of Fisher information in classical probability and is based on conjugate variable systems
defined with respect to non-commutative partial derivatives. The techniques developed
throughout the advancement of this theory led to important applications in von Neumann
algebras, as they were used to show that specific type II; factors do not have property I' (|15]),
as well as to show the absence of atoms and zero divisors from free product distributions (see
[12] and [53]). Non-microstates free entropy was generalized in [66] in the operator-valued
setting by allowing the implementation of completely positive maps into the conjugate variable
expressions. This concept of free entropy with respect to completely positive maps was key
in [58], where its was proved that, under distributional constraints, minimal values of the

free Fisher information and maximal values of the non-microstates free entropy existed and



were reached by R-diagonal operators.

Recently, in [13| and [14] the notions of microstate and non-microstate entropy were
extended to the setting of bi-free probability. In the last three chapters of this dissertation
we continue the study of entropy within the bi-free environment and extend the concept of
non-microstate bi-free entropy to the operator-valued setting so as to involve the existence of
completely positive maps in the conjugate variable formulae, and we examine its applications
(parts of the content of these chapters can be found in the joint work [43]). In chapter
in order to accommodate for the typical absence of positivity in the expectations occurring
in operator-valued bi-free probability, we extend the operator-valued structures in order
to facilitate an environment amenable to analytical computations. These structures are
modeled based on the canonical left and right actions of a tracial von Neumann algebra
on its Lo- Hilbert space and with the addition of a compatible tracial state on the algebra
of amalgamation, we develop notions of bi-free moment and cumulant maps with values
in the Lo-Hilbert spaces of algebras. Based on this machinery, in chapter [5 the systems
of conjugate variables and Fisher information are defined via these Lo-valued moment and
cumulant relations by incorporating completely positive maps in a manner analogous to
[66] appropriated to the bi-free context, and the corresponding notion of bi-free entropy is
given as an integral of the bi-free Fisher information with respect to completely positive
maps of perturbations of left and right operators by bi-freely independent operator-valued
bi-semicircular pairs. Most of the salient features of conjugate variables, Fisher information
and entropy are shown to hold in this generalized context. As an application, in chapter [f]
we extend the results from [58] by showing that, modulo distributional conditions imposed
in order to accommodate for the potential lack of traciality, minimal values of the bi-free
Fisher information and maximal values of the non-microstates bi-free entropy are attained at
bi-R-diagonal pairs of operators.

Throughout this dissertation we will assume familiarity with the basic theory of C*-
algebras, von Neumann algebras and free probability and will refer to the excellent standard
texts [57], [8], [5], [61] and [56] whenever necessary. Although we will be explicitly stating
the required set-theoretic definitions and related notions, the reader will be assumed to be
familiar with cardinal arithmetic, forcing and the basics of descriptive set theory. Standard

references for these topics are [50] and [44].
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Chapter 1

Embedding C*-algebras into the Calkin
algebra

The Calkin algebra Q(H) is the quotient of B(H), the algebra of bounded linear operators on
a complex, separable, infinite-dimensional Hilbert space H, modulo the ideal of the compact
operators KC(H). It is considered to be the noncommutative analogue of the Boolean algebra
P(N)/Fin, where Fin denotes the ideal of all finite subsets of N (see e.g., [24] and [84])
and, as a consequence, results about P(N)/ Fin often translate into questions (frequently
nontrivial) about Q(H). In this chapter we study the analogue of the question “Which linear
orderings embed into P(N)/Fin?”. In order to put our study into the proper context, we
start by reviewing some known results about the latter problem.

Note that P(N) embeds into P(N)/Fin. To define an embedding, send A C N to the
equivalence class of the set {(2n 4+ 1)2™ : n € N, m € A}. Every countable linear ordering L
embeds into P(N), and therefore into P(N)/Fin. One way to see this is to enumerate the
elements of L as a,, for n € N, and define : L — P(N) by ®(a,,) ={n: a, < an}.

There is a simple characterization of linear orderings IL that embed into P(N). A linear
ordering I embeds into P(N) if and only if it has a countable subset {a, : n € N} which
is separating in the sense that for all x < y in L there exists n such that x < a, < y or
x < a, <y. To prove the direct implication, given {a, : n € N}, one can define ¢ as above.
The converse implication is straightforward. No such characterization exists for the class of
linear orderings that embed into P(N)/ Fin.

Since P(N)/ Fin is a countably saturated atomless Boolean algebra, all linear orderings
of cardinality ¥; embed into P(N)/Fin. Thus the Continuum Hypothesis, CH, implies that
a linear order embeds into P(N)/ Fin if and only if its cardinality is at most 2%. By [52],



if ZFC is consistent then the assertion that all linear orderings of cardinality at most 2%
embed into P(N)/ Fin is relatively consistent with ZFC plus the negation of CH. Laver’s
model is however an exception, and in some models of ZFC (if there are any!) the class of
linear orderings which embed into P(N)/ Fin can be downright bizarre. This class is also very
important. For example, Woodin’s condition for the automatic continuity of Banach algebra
homomorphisms from C([0, 1]) asserts that if there exists a discontinuous homomorphism
from C([0,1]) into a Banach algebra then a nontrivial initial segment of an ultrapower NV /i
embeds into P(N)/ Fin ([16])[] Every *-homomorphism between C*-algebras is automatically
continuous, and all homomorphisms between C*-algebras are continuous in Woodin’s model.
It is not known whether it is provable in ZFC that every homomorphism between C*-algebras
with dense range is continuous (see the introduction to [62]).

The question of what linear orderings embed into the poset of projections of the Calkin
algebra or into the poset of self-adjoint elements of the Calkin algebra may be of an independent
interest. However, the question that we consider here is strictly operator-algebraic: Which
C*-algebras embed into the Calkin algebra? This is also a non-commutative analogue of the
question of which abelian C*-algebras embed into (., /co. By the Gelfand—Naimark duality,
this corresponds to asking which compact Hausdorff spaces are continuous images of SN\ N,
the Cech-Stone remainder of N. By Parovicenko’s Theorem, having weight not greater than
N; is a sufficient condition (alternatively, this can be proved by elementary model theory; see
the discussion in [19, p. 1820]). However, the situation in ZFC is quite nontrivial (|18], [17]).

The analogue of the cardinality of a C*-algebra (or a topological space) A is the density
character. It is defined as the least cardinality of a dense subset of A. Thus the C*-algebras
of density character N, are exactly the separable C*-algebras. The density character of a
nonseparable C*-algebra is equal to the minimal cardinality of a generating subset and also to
the minimal cardinality of a dense (Q + iQ)-subalgebra. Every separable C*-algebra embeds
into B(H) and therefore into Q(H) by a standard amplification argument, analogous to the
argument for embedding P(N) into P(N)/ Fin that was presented in the second paragraph
of this chapter. In addition, all C*-algebras of density character X; embed into Q(H), but
the proof is surprisingly nontrivial (|28]) due to the failure of countable saturation in the
Calkin algebra (|26, §4]). Since the density character of Q(H) is 2%, C*-algebras of larger
density character do not embed into Q(H) and once again CH gives the simplest possible

characterization of the class of C*-algebras that embed into Q(H). In this chapter we

!This is usually stated in terms of embedding into the directed set (N, <*), but a linear order embeds
into (NN, <*) if and only if it embeds into P(N)/ Fin; see e.g., |22, Proposition 0.1] or |87, Lemma 3.2].
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investigate what happens when CH fails, focusing on C*-algebras of density character strictly

less than 280,

Theorem 1.0.1. The assertion ‘Every C*-algebra of density character strictly less than 2%
embeds into the Calkin algebra’ is independent from ZFC. It is moreover independent from

ZFC+2% = N3, and N3 is the minimal cardinal with this property.

The most involved part in the proof of Theorem is showing that the statement ‘All
C*-algebras of density character strictly less than 2% embed into Q(H)’ is consistent with
ZFC+2% > R,. This will be achieved via Theorem (which is proved in using
forcing.

The method of forcing was introduced by Cohen to prove the independence of CH from
ZFC, and later developed to deal with more general independence phenomena (see .
The countable chain condition (or ccc) is a property of forcing notions that ensures no
cardinals or cofinalities are collapsed, and all stationary sets are preserved, in the forcing
extension (see Definition [1.1.5).

Theorem 1.0.2. For every C*-algebra A there exists a ccc forcing notion E, which forces
that A embeds into Q(H).

Rephrasing the statement of Theorem [1.0.2] every C*-algebra, regardless of its density
character, can be embedded into the Calkin algebra in a forcing extension of the universe
obtained without collapsing any cardinals or cofinalities.

The following Corollary (proved as Corollary is the consistency result needed to
prove Theorem and follows from the proof of Theorem [1.0.2

Corollary 1.0.3. Assume Martin’s Axiom, MA. Then, every C*-algebra with density character
strictly less than 2% embeds into the Calkin algebra.

In the case when the continuum is not greater than Ny, the conclusion of Corollary
follows from [28|. A combination of this corollary with results from [73] yields the proof of

Theorem [L.0.1].

Proof of Theorem [1.0.1. As pointed out above, if the cardinality of the continuum is not
greater than N, then all C*-algebras of density character strictly less than 2% embed into the
Calkin algebra.
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Martin’s Axiom is relatively consistent with the continuum being equal to Y3 (|50, Theorem
V.4.1]), hence by Corollary in this model all C*-algebras of density character not greater
than Ny embed into the Calkin algebra.

On the other hand, in a model obtained by adding N3 Cohen reals to a model of CH we
get 2% = N3 and the Calkin algebra has no chains of projections of order type N,. This was
proved in |73 Section 2.5] by adapting a well-known argument from Kunen’s PhD thesis
(|48, Section 12]). Therefore in this model the abelian C*-algebra C'(Ry + 1) (where the
ordinal Wy + 1 is endowed with the order topology) does not embed into Q(H). O

We remark that Theorem was inspired by an analogous fact holding for partial
orders and P(N)/ Fin: For every partial order PP there is a ccc forcing notion which forces
the existence of an embedding of P into P(N)/Fin. While the proof of this latter fact is an
elementary exercise, the proof of Theorem is fairly sophisticated, and will take most

of this chapter. At a critical place it makes use of some variations of Voiculescu’s theorem

(I8, Corollary 1.7.5]; see Theorem and Corollary [1.1.3]).

1.1 Preliminary Results

1.1.1 C*-algebras

In this chapter, H will always denote the complex, separable, infinite-dimensional Hilbert
space (5(N) and B(H) will denote the space of linear, bounded operators on H. The space
of all finite-rank operators on H is denoted B¢(H). Its norm-closure, denoted IC(H), is the
ideal of compact operators. The notation U (H) is reserved for the group of unitary operators
on H. The Calkin algebra Q(H) is the quotient of B(H) by the compact operators and for
what follows 7 : B(H) — Q(H) will always denote the quotient map. For h € B¢(H), h*
denotes the orthogonal projection onto its range and A~ is the projection onto the space of
1-eigenvectors of h (i.e. the space of all vectors £ such that h = £). We write Be(H )j<r1 for the
collection of all finite-rank positive contractions on H. An operator T' € B(H) is way above S,
T > S in symbols, if T'S = S. For two projections P, Q) we have P < Q) iff P < ). We write
Tr~icm)S and say that T and S agree modulo the compacts to indicate that T'— S € K(H).
Similarly, given a C*-algebra A, two maps ¢; : A — B(H) and ¢, : A — B(H) are said to
agree modulo the compacts if 1 (a)~km)p2(a) for every a € A. A net of operators {T;}ics
strongly converges to an operator T if for each £ € H the net {T;{};c; converges to TE. We
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remark that to verify the strong convergence of a net it suffices to check it on a dense subset
of H.

Given two vectors £ and 7 of a normed vector space and € > 0, the notation £ ~, ) stands
for [|€ —n|| < e. We abbreviate ‘F is a finite subset of A’ as F' € A. If F is a subset of a
C*-algebra then C*(F') denotes the C*-algebra generated by F. If A is unital and u € A
is a unitary element, then Adu denotes the automorphism of A which sends a to uau*. A
representation ® : A — B(H) is called essential if ®(a) € K(H) implies ®(a) = 0 for all
a € A. Note that all (non-zero) representations of unital, simple, infinite-dimensional C*-
algebras on H are faithful (i.e. injective) and essential. A unital, injective *-homomorphism
©: A — Q(H) is trivial if there exists a unital (and necessarily essential) representation
®: A — B(H) such that o ® = © and, in this case, the map ® is called a lift of ©. Moreover,
O is called locally trivial if its restriction to any unital separable C*-subalgebra of A is trivial.

Mainly for convenience, in the proof of Theorem in section we shall exclusively
be concerned with embeddings of unital and simple C*-algebras into the Calkin algebra, as
any unital *-homomorphism from a unital and simple C*-algebra into Q(H) is automatically

injective. This causes no loss of generality, as a result of the next proposition.

Proposition 1.1.1 (|28, Lemma 2.1|). Every C*-algebra A embeds into a unital and simple
C*-algebra B of the same density character as A. O

The following standard consequence of Voiculescu’s theorem will be invoked frequently

throughout the rest of this manuscript.

Theorem 1.1.2 (|8, Corollary 1.7.5]). Let A be a unital, separable C*-algebra and let
O:A— B(H) and V : A — B(H) be two faithful, essential, unital representations. Then,
for every F' @ A and € > 0 there exists a unitary w € U(H) such that:

1. The maps Adu o ® and ¥ agree modulo the compacts.
2. |[Aduo ®(a) — ¥(a)|| <€ foralla € F. O

See also [3] and |38, Section 3| for a detailed proof of the theorem above. We will also be
using the next variant, which allows to find a unitary as in item [I] of the previous theorem

which in addition is equal to the identity on a given finite-dimensional space:

Corollary 1.1.3. Let A be a unital, separable C*-algebra and consider two faithful, essential,
unital representations ® : A — B(H) and ¥ : A — B(H). Then, for every F' € A and every
finite-dimensional subspace K C H there exists a unitary w € U(H) such that:
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1. The maps Adw o ® and ¥ agree modulo the compacts.
2. Adw o ®(a)(&) = P(a)(&) for everya € F and £ € K.

In particular, the set
Z={Adwo®:weld(H), Adwo ®(a) ~km) Y(a) for alla € A}

has ® in its closure with respect to strong convergence.

Proof. Let FF € A, K C H be a finite-dimensional subspace and we let P € B(H) be the
orthogonal projection onto K. By Theorem , we can find a unitary v € U(H) such
that Adv o ® and ¥ agree modulo the compacts. Let () be the finite-rank projection onto
the subspace spanned by the set K U{®(a)K : a € F} and let w € U(H) be a finite-rank
modification of v such that w@ = Qw = (. Then Adw o & and Adv o ® agree modulo the
compacts and (Adw o ®)(a)P = ®(a)P for all a € F. O

The following lemma will be invoked for proving a density result (Proposition |1.3.4)).

Lemma 1.1.4. Let T € B(H) be a finite-rank projection. For every e > 0 there exists § > 0
such that if S € B(H) and ||T — S|| < 0, then there is a unitary w € U(H) satisfying the

following:
1. uT[H] C S[H], namely the image space of uT is contained in the image space of S,
2. ||(uw —1dy)T|| <,
3. u—1Idy € By(H),

4. for every orthogonal projection P onto a subspace of T[H] such that SP = P, we have
that uP = P holds.

Proof. Let {&,...,&} be an orthonormal basis of the space of all eigenvectors of S whose
eigenvalue is 1 and which are moreover contained in T[H]|. Fix {&,...,&,} an orthonormal
basis of T[H] extending {&i,...,&}. If |T— S| < § < 1, the set {SE&,...,5¢,} (which
linearly spans ST[H]) is linearly independent. In fact, if £ € T[H| has norm one and is such
that S¢ = 0, then ||T¢]| = ||€]| < J, which is a contradiction. Applying the Gram-Schmidt
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process to {S¢1, ..., S¢,} we obtain an orthonormal basis {n,...,n,} for ST[H], which for
sufficiently small choice of 4 (which depends on the dimension of T'[H]) is such that

€ .
& —mill < —, i=1,...,n.
n

Denote by V' the finite-dimensional space spanned by T'[H] and ST[H]. Let {&1,...,&,} be an
orthonormal basis of V' that extends {&1,...,&,} and, similarly, {n1,...,7,} an orthonormal
basis of V' extending {1, ...,n,}. This naturally defines a unitary w : V' — V by sending the
vector &; to n; for every i = 1,...,m. Finally, define u € U(H) to be equal to w on V and
equal to the identity on the orthogonal complement of V. The unitary u satisfies the desired
properties, in particular item |4] of the statement holds since 7; = &; for ¢ < k by our initial

choice of {&1, ..., &}, orthonormal basis of the space of all eigenvectors of S of eigenvalue 1
in T[H]. ]

1.1.2 Set Theory and Forcing

As stated in the introduction, Theorem is an application of the method of forcing. For
a standard introduction to this topic see [50]; see also [16] and [85].

We start with some technical definitions. Two elements p, ¢ of a partial order (or poset)
(P, <) are compatible if there exists s € P such that s < p and s < ¢. Otherwise, p and ¢ are
incompatible. A subset A C P is an antichain if its elements are pairwise incompatible. A
subset D C P is dense if for every p € P there is ¢ € D such that ¢ < p. A subset D of P is
open if it is closed downwards, i.e. p € D and ¢ < p implies ¢ € D. A non-empty subset G of
P is a filter if ¢ € G and ¢ < p implies p € G, and if for any p, ¢ € G there exists r € G such
that » < p, r < g. Given a family D of dense open subsets of P, a filter G is D-generic if it
has non-empty intersection with each element of D.

A forcing notion (or forcing) is a partially ordered set (poset), whose elements are called
conditions. Naively, the forcing method produces, starting from a poset P, an extension of
von Neumann’s universe V. The extension is obtained by adding to V' a filter G of P which
intersects all dense open subsets of P. This generic extension, usually denoted by V[G], is a
model of ZFC, and its theory depends on combinatorial properties of P and (to some extent)
on the choice of G. A condition p € P forces a sentence ¢ in the language of ZFC if ¢ is true
in V[G] whenever G is a generic filter containing p. If ¢ is true in every generic extension
V[G], we say that P forces .

Unless P is trivial, no filter intersects every dense open subset of P. For this reason, the
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forcing method is combined with a Lowenheim—Skolem reflection argument and applied to
countable models of ZFC. If M is a countable model of ZFC and P € M, then the existence of
an M-generic filter G (i.e. intersecting every open dense subset of P in M) of P is guaranteed
by the Baire Category Theorem (|50, Lemma I11.3.14] P}

An obvious method for embedding a given C*-algebra A into the Calkin algebra is to
generically add a bijection between a dense subset of A and ¥, (i.e. to ‘collapse’ the density
character of A to Rg). The completion of A in the forcing extension (routinely identified with
A) is then separable and therefore embeds into the Calkin algebra of the extension. However,
if the density character of A is collapsed, then this results in a C*-algebra that has little to
do with the original algebra A. We shall give two examples.

Fix an uncountable cardinal . If A is C} 4 (F}), the reduced group C*-algebra of the free
group with x generators, then collapsing s to Ny makes F, isomorphic to Fy, and hence A
becomes isomorphic to C# 4 (F,). If the cardinal  is not collapsed, then the completion of
Cr 4(F,) in the extension is isomorphic to C 4(F)) as computed in the extension. This is not
automatic as, for example, the completion of the ground model Calkin algebra in a forcing
extension will be isomorphic to the Calkin algebra in the extension if and only if no new reals
are added.

A more drastic example is provided by the 2" nonisomorphic C*-algebras each of which is
an inductive limit of full matrix algebras of the form M. (C) for n € N constructed in [30].
After collapsing k to Ng, all of these C*-algebras become isomorphic to the CAR algebra Mss.
This is because it can be proved that the K-groups of A are invariant under forcing and, by
Glimm’s classification result, unital and separable inductive limits of full matrix algebras are
isomorphic (e.g. [5]). An analogous result holds for any UHF C*-algebra of infinite type by
[31].

Instead of ‘collapsing’ the cardinality of A, our approach is to ‘inflate’ the Calkin algebra.
More precisely, we prove that Martin’s Axiom implies that the Calkin algebra has already
been ‘inflated’.

Forcing axioms are far-reaching extensions of the Baire Category Theorem that enable
one to apply forcing without worrying about metamathematical issues. Corollary will

be proved by applying Martin’s axiom, the simplest (and most popular) forcing axiom.

Definition 1.1.5. A poset (P, <) satisfies the countable chain condition (or ccc) if every

2For metamathematical reasons related to Godel’s Incompleteness Theorem, one usually considers models
of a large enough finite fragment of ZFC. By other metamathematical considerations, for all practical purposes
this issue can be safely ignored; see |50, Section IV.5.1].
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antichain in P is at most countable.
Martin’s Axiom, MA, asserts that for every ccc poset P and every family D of fewer than

2% dense open subsets of IP, there exists a D-generic filter in P.

It is relatively consistent with ZFC that Martin’s axiom holds and the continuum is larger
than any prescribed cardinal & (|50, Theorem V.4.1]). The countable chain condition is the
single most flexible property of forcing notions that enables one to iterate forcing and obtain
forcing extensions with various prescribed properties (see e.g. [50, Theorem IV.3.4]). Our
posets will have the following strong form of ccc. A poset (P, <) has property K if every
uncountable subset of P contains a further uncountable subset in which any two elements are
compatible.

The proof strategy in section is as follows. Given a C*-algebra A, we start by defining
a forcing notion E, (Definition whose sufficiently generic filters allow to build an
embedding of A into Q(H) (Proposition [1.3.5). We then proceed to show that E, is ccc
(Proposition , and that the existence of sufficiently generic filters inducing the existence
of an embedding of A into Q(H) is guaranteed in models of ZFC + MA (Corollary [L.3.8).

The following lemma will be used when proving that a given forcing notion is ccc. A
family C of sets forms a A-system with root R if X NY = R for any two distinct sets X and

Y in C. When the sets in C are pairwise disjoint, one obtains the special case with R = ().

Lemma 1.1.6 (A-System Lemma, [50, Lemma II1.2.6]). Every uncountable family of finite

sets contains an uncountable A-system. O

1.2 The Cases of Abelian and Quasidiagonal C*-algebras

In this section, we discuss two special cases of Theorem [1.0.2], those corresponding to the
classes of abelian and quasidiagonal C*-algebras. Their proofs (the first of which is standard)
are intended to provide intuition and demonstrate the increase in complexity regarding the
corresponding forcing notions that are implemented. It also displays the natural progression
behind Theorem [1.0.2l We will omit most of the technical details in this section, as the
results discussed here can be easily inferred by the proofs of the subsequent parts of the
chapter. The reader eager to transition right away to the proof of Theorem [1.0.2] can safely
skip ahead to section [I.3]
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1.2.1 Embedding Abelian C*-algebras into /., /cg
The main focus in this part will be on obtaining the abelian version of Theorem [I.0.2}

Proposition 1.2.1. For every abelian C*-algebra A there exists a ccc forcing notion which
forces that A embeds into l,/co.

Exploiting the fact that the categories of Boolean algebras, Stone spaces (i.e. zero-
dimensional, compact, Hausdorff spaces) and C*-algebras of continuous functions on Stone
spaces are all equivalent (by a combination of the Stone duality |40} section II.4| and the
Gelfand-Naimark duality |40} section IV.4]), one can translate the statement of the proposition
above to a statement regarding Boolean algebras. In particular, it is enough to show that
for any Boolean algebra B there exists a ccc forcing notion which forces that B embeds into
P(N)/Fin. If B is a Boolean algebra, we denote by St(B) its Stone space, the space of all
ultrafilters on B equipped with the Stone topology.

To see the aforementioned translation, first of all note that it suffices to prove the assertion
of Proposition for C*-algebras of the form C(Y') with Y being a Stone space, as every
abelian C*-algebra embeds into such an algebra. Indeed, any abelian C*-algebra C(X)
naturally embeds into the von Neumann algebra L>°(X) which, being a real rank zero
unital C*-algebra, is of the form C(Y) with Y zero-dimensional, compact and Hausdorff.
We provide an alternative proof for the reader who is not familiar with the theory of von
Neumann algebras. Every non-unital, abelian C*-algebra embeds into its unitization, which
is a C*-algebra of continuous functions on a compact, Hausdorff space X. For any compact,
Hausdorff space X, let X; consist of the underlying set of X equipped with the discrete
topology. Then, the identity map from X, to X uniquely extends to a continuous map from
BX4 onto X and this, in turn, implies the existence of an embedding of C(X) into C(8Xy).
The Cech-Stone compactification of a discrete space is always zero-dimensional and this
establishes the previous claim.

Now, if X is a Stone space, consider the Boolean algebra B of all clopen subsets of X.
Due to the Stone duality, the existence of a ccc forcing notion that forces the embedding of B
into P(N)/Fin yields (in any generic extension of the universe) a continuous surjection from
St(P(N)/Fin) = N \ N onto St(B) = X. By contravariance due to the Gelfand—Naimark
duality, one obtains an injective *-homomorphism from C(X) into C(SN\ N), with the latter
being isomorphic to £, /co.

Thus, we turn our attention to providing the forcing notion guaranteed by the following

folklore proposition:
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Proposition 1.2.2. For every Boolean algebra B there exists a ccc forcing notion Pg which
forces that B embeds into P(N)/Fin.

We identify the subsets of N with their characteristic functions, and we think them as
elements of 2. With this in mind, we view the Boolean algebra P(N)/Fin as the space of all

binary sequences 2 modulo the equivalence relation
x ~y if and only if |{n € N:z(n) # y(n)}| <Ry

for all z,y € 2.

Definition 1.2.3. Fix a Boolean algebra B and let P be the set of all triples

p = (Bp, i, ¥p)
where:
1. B, is a finite Boolean subalgebra of B,
2. n, €N,
3. ¥, 1 B, — 2" is an arbitrary map.
For p,q € Pg, we say that p extends q and write p < ¢ if the following hold:
4. B, C By,
9. ng < ny,
6. ¥, C 1, (ie. Yp(a)(i) = 1Y,(a)(i) for all a € B, and i < n,),

7. the map from B, into 2"»~"¢ given by

a— wp(a’) [[ng,np)

is an injective homomorphism of Boolean algebras.

This defines a strict partial order on Pg. Conditions in Pg represent partial maps from a
finite subset of B to an initial segment of a characteristic function corresponding to a subset

of N. Any finite Boolean subalgebra of B is isomorphic to the Boolean algebra given by
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the powerset of a finite set and hence can be embedded into 2™ for m € N large enough.
Therefore one can always extend a given condition p € P to a ¢ < p such that B, contains
any arbitrary finite subset of B and n, > n,, while making sure that in the added segment
the map is actually an injective homomorphism. For this reason, a generic filter G in Pp
provides a pool of maps which can be ‘glued’ together in a coherent way, inducing thus a

function ¥4 which, by genericity, is defined everywhere on B:

\I/G B — P(N)
b | ).

{peG:bEB,}

Here we identify 1,(b) € 2" with the corresponding subset of n,. Moreover, by definition
of the order relation on Pg, the map Vs is, modulo the ideal of finite sets, injective and
preserves all Boolean operations.

By using a standard uniformization argument and an application of the A-System Lemma
(Lemma , when given an uncountable set of conditions U C Pg, it is possible to find an
uncountable W C U, n € Nand Z € B such that n, =n, B,N B, = Z and ¢,,(b) = v,(b) for
all p,g € W and b € Z. Thus the problem of whether Py is ccc is reduced to the following:

Lemma 1.2.4. Let p,q € Pp be two conditions such that n, = ny and the maps ,, 1, agree
on B, N B,. Then, p and q are compatible.

To see that this holds, define B to be the (finite) Boolean subalgebra of B that is
generated by B, U B, and choose a Boolean algebra isomorphism f : By — 2™ for some
m € N. Set ny = n, +m and define the map v, to be equal to 1, concatenated with f on B,,
equal to 1), concatenated with f on B, \ B, and equal to zero elsewhere. Then, the condition
s = (Bs,ng, 1) extends both p and g.

1.2.2 Embedding Quasidiagonal C*-algebras into Q(H)

Quasidiagonal C*-algebras possess strong local properties and can be thought (at least in the
separable case) as consisting of compact pertubations of simultaneously block-diagonalisable
operators. A map ¢ : A — B between unital C*-algebras is called unital completely positive
(abbreviated as w.c.p.) if it is unital, linear and the tensor product map ¢ ®1Id,, : A® M, (C) —
B ® M, (C) defined on matrix algebras over A and B is positive for all n € N ([5], section
I1.6.9). U.c.p. maps are always contractive and #-preserving. For a C*-algebra A, we will

denote its unitization by A.

20



Definition 1.2.5. A C*-algebra A is quasidiagonal if for every finite set F € A and € > 0,
there exist n € N and a u.c.p. map ¢ : A — M, (C) such that

llp(ab) — p(a)p(b)|| < € for all a,b € F

and

llp(a)|| > ||a|| — € for all a € F.
This section is devoted to the following:

Proposition 1.2.6. For every quasidiagonal C*-algebra A there exists a ccc poset QD 4 which
forces an embedding of A into Q(H).

As opposed to the proof of Theorem in section where we can apply Proposition
[1.1.1} we will not assume that A is simple in the proof of Proposition [I.2.6] Such assumption
would have made Definition [I.2.7 slightly simpler, but, to our knowledge, it is not known
whether it is possible to embed a given quasidiagonal C*-algebra into a simple quasidiagonal
one (an application of the Downward Léwenheim—Skolem Theorem (|27, Theorem 2.6.2])
would then provide a quasidiagonal simple C*-algebra with the same density character as the
one we started with). We may assume though that A is unital. Fix {e,}, .y an orthonormal
basis of H and for every n € N let R, be the orthogonal projection onto the linear span
of the set {e : k < n}. Since for every n € N the space R,B(H)R, is finite-dimensional,
choose D,, a countable dense subset that contains R,. For n < m € N, we also require that
D, CR,D,R,.

Similar to the case of Boolean algebras, we define a forcing notion for a quasidiagonal
C*-algebra whose conditions represent partial maps from a finite subset of A to an “initial
segment” in B(H), which in this case is a corner R,B(H)R,, for some n € N. Extensions of
conditions are defined as to yield better approximations, maps are defined on a bigger domain
and take values on a larger corner in B(H). It is only on a sufficient part of the larger corner
that we shall request that the new maps preserve the norm of elements and all algebraic

operations, modulo a small error (which disappears once one passes to the Calkin algebra).

Definition 1.2.7. Let A be a unital, quasidiagonal C*-algebra and define QD4 to be the set
of all tuples

p = (Fp,np, €py 1)

such that:
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1. F, € Aissuch that 1 € F},,
2. n, €N,
3. ¢ € QT,

4. 1, : F, = Dy, is a unital map such that ||¢,(a)|| < [|a|| for all @ € F},. This map is not

required to be linear or self-adjoint.
For p,q € QD 4, we write p < ¢ if the following hold:
5. F, C F,,
6. ng < ny,
7. € < €,
8. Yp(a)Ry,, = Rn,¥p(a) = v4(a) for all a € F,
9. [[4(a) (R, — Ru)|| > llal] — ¢, for all a € F,
10. for a,b € A and \, u € C define
Al = Up(Aa+ ub) = Ay(a) — iy (b),
AL = 1hp(a”) = Yy(a)”,
Agy = Pp(ab) = ¢p(a)ip(b).
Then we require

(a) ||A§j;;/\7u(Rnp — Ry, )| < € — € if a,b,Ma+ pub € F,

(b) [[AE*(R,, — Ry,)|| < € — € if a,a* € F,
(c) JAY (R, — Ryl < € — ¢ if a,b,ab € F.
Item [§ above displays the block-diagonal fashion of the extension of conditions and plays a

crucial role in ascertaining that the relation < is transitive. To demonstrate it, by considering

multiplication as an example, for conditions p < ¢ < s in QD4 we have that

< || AL (R, = R, )| + 1A (R, — Ro,)
< € — € + HAZ:b(an - RnS)

|AG, (B, — Rn,)
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Item [§ implies that

d’p(c)(an —R,,) = %(C)(an —R,,) = (an - Rns)wq(c)(an — Ry,),

for all ¢ € F,. Thus

@Z)p(a)@bp(b) (an —R,,) = ?Z’p(a)(an - Rns)wq(b)(an - Ry,)

which in turn yields

< €5 — €4.

||AZ:b(an - Rns )

Note that for any finite set F* € A and n € N there are only countably many maps
¢ : F — D, as in condition [d This, along with a standard uniformization argument and an
application of the A-System Lemma (Lemma , reduces (similarly to the case of Boolean
algebras) the problem of whether the poset QD4 is ccc to the following:

Lemma 1.2.8. Let p,qg € QD be two conditions such that n, = ng, €, = €, and the maps

Uy, Vg agree on F, N F,. Then, p and q are compatible.

To see this, for €, = ¢,/8 and F;, = F, U F,, let m € N and ¢ : F;, — M,,(C) be
given as in Definition [1.2.5| By setting n, = n, + m, identifying M,,(C) with the corner
(Rn, — Ry, )B(H)(R,, — Ry,) and approximating ¢ via the dense sets up to ¢,, define a map v,
which block-diagonally extends both ), and 1, via this approximation of ¢. In this manner,
the resulting condition s = (Fj, ng, €5, 1) € QD4 extends both p and q.

The previously described argument also gives the basic idea of how to extend a given
condition (allowing also to enlarge the domain) by diagonally adjoining a finite-dimensional
block in which, modulo a small error, all algebraic operations and the norm of all elements
are preserved. This hints that a generic filter induces (analogously to the case of Boolean
algebras in the previous subsection; see also Proposition a map from A into Q(H)

which is an isometric (and thus injective) *-homomorphism.

1.3 The General Case

In this section we proceed to define the forcing notion E 4 and give the proof of Theorem [1.0.2]
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1.3.1 The Definition of the Poset

For what follows let A be a simple, unital C*-algebra. We begin by fixing an increasing
countable family of projections P C B(H) converging strongly to the identity and a countable
dense subset C' of By(H)'. For R € P and h € C let Sk, be the orthogonal projection
onto the span of h™[H] U R[H]|, where ht and h~ are as defined in the first paragraph of the

section on preliminary results of this chapter. Fix a countable dense subset
DR,h - {SRJLTh-i_ T e B(H)}

that contains h™. We need the dense sets Dgj, and C' to satisfy certain closure properties
in order to carry out the arguments below. We explicit these properties in detail here, but
the reader can safely ignore them for now and come back to them when reading the proof of
Proposition [I.3.4]

Definition 1.3.1. The countable sets C' and Dp ), previously defined are required to have

the following closure properties.

1. For all ¢q,...,¢, € C' and R € P, the intersection of C' with the set (recall that h > ¢

stands for hc = ¢)
{heBy(H)Y :h>ecy,...,h>cp,h > R}

is dense in the latter.

2. Given R € P and h, k € C, the intersection of Dpj with the set
{T € SgpB(H)h' : Tk™[H] C h™ [H],Th™ [H] C h'[H]|}

is dense in the latter.

3. Given R, R' € P, hy,ho,k € C, and T" € Dps p,, the intersection of Dpj, with the set

{T € Spp, B(H)h{ :Thi =T h; T = h; T,
Tk™[H] C hy[H],Th{ [H] C hi [H]}

is dense in the latter.
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It is straightforward to build countable dense sets with such properties by countable
iteration.ﬂ This idea appears in [86], where ccc forcing was used to study the poset of
projections in the Calkin algebra.

Before proceeding to the definition of the poset, we pause to give some insight and
justify the considerably higher complexity it possesses when compared with the abelian or
quasidiagonal case. The rough idea is, again, to define a poset where each condition represents
a partial map from a finite subset of A into some finite-dimensional corner of B(H) and where
the ordering guarantees that stronger conditions behave like x-homomorphisms on larger
and larger subspaces of H up to an error which tends to zero. The countable, dense sets
Dpj, considered in the beginning of this section serve as the codomains of these partial maps
and, as a result, for any finite subset of A there are only countably many possible maps into
any given corner. The main difference with the quasidiagonal case is that we cannot expect
conditions to look like block-diagonal matrices anymore. This has troublesome consequences,
mostly caused by the multiplication (and to a minor extent by the adjoint operation). The

main issue is that, given p < ¢, one cannot expect that a property similar to condition [§ of

Definition that is
By p(a)(1 = Rp,) = (1 = R, )ibp(a) By, = 0,

can hold in general. As a first consequence (and with the comments succeeding Definition
1.2.7|in mind), even defining a partial order that is transitive proves to be non-trivial. An
even bigger issue that comes up is the extension of a condition to a stronger one with larger
domain. While in the quasidiagonal case it is sufficient to add a finite-dimensional block with
some prescribed properties, completely ignoring how 1), is defined, in the general case one
has to explicitly require for ¢, to allow at least one extension in order to avoid E,4 having

atomic condition&ﬂ To this end, the poset E, is defined as follows:

Definition 1.3.2. Let E4 be the set of the tuples

b= (Fpa €ps Iy R, ¢p)

where

1. F, e A, 1€ F, and if a € F,, then a* € F,,

3 A logician can use a large enough countable elementary submodel of a sufficiently large hereditary set
containing all the relevant objects as a parameter to outright define these sets.
4Given a poset (P, <), p € P is atomic if ¢ < p implies ¢ = p.
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2. ¢, € QT,
3. hy,eC,
4. R, € P,

5. 1y : F, = Dg, 5, and there exist a faithful, essential, unital *-homomorphism @, :
C*(F,) — B(H) and a projection k, < h_ such that for all a € F,

(a) k, =k~ for some k € C,
(b) ¥p(1) = hy,
(©) l(ep(a) = pla))(hy — Kp)ll < 537, where
L(F,) =max{|A\|: A€ C and 3p € C, Ja,b € F,
st.a# 0 and Aa+ pb € F,}

and
M, = max{3||al], 3||¢y(a) ||, L(F}) : a € F}},

(d) [lvp(a) + @p(a)(1 = hD) < llall,
[H] and ¢, (a)h, [H] C hy[H],
[H] and ®,(a)h; [H] C hi[H].

Such pair (k,, ®,) will henceforth be referred to as a promise for the condition p.

Given p,q € E4, we say that p is stronger than q and write p < ¢ if and only if
6. F, D F,,
7. € < €
8. hy, > hy,
9. R, > R,,
10. ¥p(a)hf = y(a) for all a € I,
11. h y(a) = hyy(a) for all a € Fy,
12. (a) ||A51I/\,M(h; —h,)|l <eg— ¢ for a,b,Aa+ pb € F,
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(b) [|AE*(h, —h )| < €q — €, for a € F,
(c) 1AL, (h, —h )|l < € — € for a,b,ab € Fy,

where the quantities AP, AP* and A7y are defined as in Definition .

a,b,\, 1

Item [5e] above is an example of how the problem of transitivity is addressed and this
becomes clear in Claim [1.3.3.3] of the next proposition. The promise in item 5| is witnessing

that there is at least one way to extend p (via ®,) to conditions with arbitrarily large

(finite-dimensional) domain. We will see later (see Propositions|1.3.4} |1.3.6| and [1.3.7]) how
Theorem [I.1.2]and Corollary [I.1.3]imply that the choice of a specific ®,, is not a real constraint

on what extensions of p are going to look like.

Proposition 1.3.3. The relation < defined on E 4 is transitive.

Proof. Let p,q,s € E4 be such that p < g < s. It is straightforward to check that conditions
hold between p and s. Items (10| and |11 follow since h, > h, implies h; > h. We recall
that for two projections p, ¢ the relation p < ¢ is equivalent to pg = qp = p. We divide the

proof of condition [12]in three claims, one for each item.
Claim 1.3.3.1. If a,b,Aa+ pub € F, then [|AY] (hy —h7)| < e — €

Proof. We have

1Ay = BN < 1ATG s (hy = BN+ 1AL (hy = B

s

Sincep < q < s, we know that ¢, (c)h) = ¥g(c) for all ¢ € Fy (item[10) and thus ”Aab)\,u(h;_

h)|| = ]\Aab/\#(h; — h;)||. Hence we can conclude
”Aab)\u(h]: )H + ||Aab)\,u(ht; - hs_)H < €q - 617 + €s — Eq = €5 — Epy

as required. N
Claim 1.3.3.2. If a € F then [[AL*(h, — h])| < € — €.

Proof. We have

[AG* (hy, = RO < 1AG" (R, = )+ 187 (hg = R)]-

S
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Since p < ¢ < s, for all ¢ € F; we have that 1,(c)h} = 1,(c) and that h v, (c) = h;,(c)
(items (10| and . The latter relation entails that v,(c)*h,; = v4(c)*h, . Thus, we conclude

1AG"(hy = h Il + 1867 (hg = h Il = 1887 (hy, = h )l + AT (hy = )]

< €5 — €p,

as required. N
Claim 1.3.3.3. Ifa,b,ab € F; then [|A} (b, — h)|| < €5 — €.

Proof. We have

AL (hy = )| < | AV (R, — b))l + |AL L (hy — B
<eg— &+ AV (hy — Rl

Since 1,(c)hT = 1q(c) for all ¢ € F, (item [T0) we get
(¥p(ab) — p(a)y (b)) (hy — hy) = (e(ab) — hp(a)e (b)) (hy — h)
and therefore (1,(ab) — 1, (a)ty(b))(hs — h7) is equal to
Ap(hg = hy) + (Ug(a) = ¥p(a)) vy (b)(hy — hy).

The rightmost term is zero since ¢,(b)§ € bt [H] for all § € b [H] (item [5¢) and ,(a)hg =
thy(a)hy (this follows from item. This ultimately leads to the thesis since [|AL, (hy —h7)[| <

€5 — €q- ]

This completes the proof. n

1.3.2 Density and the Countable Chain Condition

As in Definition [1.3.2] for F' € A, let

L(F) =max{|A\| : A€ C and Ip € C,Fa,b € F
s.t. a # 0 and Aa + ub € F}
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and
J(F) = max{||a] : a € F}.

For p € Ey, let
My, = max{3[al|, 3||¢p(a) ||, L(F}) : a € F}.

For F € Aand p € Ey4 let
M(p, F) = 3max{3M, + 1, L(F),2J(F) + 1}.

Finally, for p € E4 and a fixed promise (k,, ®,) for the condition p, define the constants

N(p, @) = max{[|(¢Vp(a) — ©p(a))(hy — k)|l - a € Fp}

and
D(p, ®,) = min{3||al|/2 — [[¢,(a) + Py(a)(L = A))|| : a € F,}.

The main density result reads as follows:

Proposition 1.3.4. Given F € A, e € Q", h € C and R € P, the set
Dpenr={p€Ea:F, 2 Fe, <€ h,>h,R,> R}

15 open dense in E .

Proof. Clearly Dp, 5 r is open. Fix a condition ¢ = (Fy, €, hy, Ry, 1,) and let (k,, ®,) be a
promise for the condition ¢. By item [5c| of Definition there is a ¢ such that

€
N(qg, D d
(q,9,) <6< 3L,

Fix moreover a small enough 7, more precisely
v < min{e, e, — 3M,9, D(q, ®,)}.

Let F, = F, U FFU F*. Applying Theorem let & be a faithful, essential, unital
representation of C*(F}) such that

o
Sp — < —
“ qu qFFq“ 36M
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with M = M(q, F,,). Consider, by condition [1] of Definition [1.3.1] an operator k € C such
that k> h,k > hy, k> R, and denote k= by k,. Let T" be the finite-rank projection onto
the space spanned by the set {®(a)k[H] : a € F,}. By item [I] of Definition | since T' > k,
we can choose [ € C' such that [ > k and [ ~_»_ T Moreover, by Lemma 4] picking [
closer to T if needed, there is a unitary u € U ( ) such that

1. u is a compact perturbation of the identity,
2. uT[H] C I[H],

3. w is the identity on k,[H] (since | > k,),

4. [[(Adu(®(a)) — ®(a))k,| < 3557 for all a € F,.

This entails that ® = Adu o ® is such that ®'(a)k,[H] C [[H] and

/ g
[(@'(@) = @)y | <

for all a € Fj,. Let @) be the finite-rank projection onto the space spanned by the set
{®'(a)l[H] : a € F,} and let K be the finite-rank operator equal to the identity on {[H], equal
to 2 Id on Q(H) N l[H]L (remember that Q > [* since 1 € F,) and equal to zero on Q[H]".
By item [I] of Definition [I.3.1] there is h, € C such that h, >l and h, ~_» K. Moreover, by
picking h, closer to K if necessary, we may assume that dim(h,Q[H]) = dlm(Q[H |) and that
h, = [*. The first equality can be obtained with the argument exposed at the beginning of
the proof of Lemma , while the second is as follows: Suppose £ € I[H ]l is a norm one
vector, then & = & + &, where & and & are orthogonal vectors of norm smaller than 1 such
that K& = 3£ and K& = 0. Hence, if h,, is close enough to K it follows that ||h,¢|| < 1.
The equality dim(h,Q[H]) = dim(Q[H]) allows us to find a unitary v such that

5. v is a compact perturbation of the identity,
6. v sends Q[H] in h,[H],
7. v is the identity on [[H].

The representation ®, = (Adwv) o @’ is such that
8. ®,(a)k,[H] C h,[H] for all a € F,

9. ®,(a)h,

p[

H] C hf[H] for all a € F,
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10. [[(®p(a) — P4a))k,|| < 1557 for all a € F,.
Let R, € P be such that R, > R, R, > R, and

v

(1= By ()l <

for all a € F,. Consider now, given a € Fj, the operator

pla) = vg(a) + (1 = hy)p(a)(h, = hy) + (1 = hy ) Rp®p(a)(hy = hy)
and for a € F, \ F, the operator

p(a) = q)p(a)h; + qu)p(“) (h+ —h,).

p p

For all a € F, we have ¢(a)k,[H]| C h, [H] and @(a)h, [H] C h}[H]. Moreover, for a € F,
we also have p(a)h) = 1,(a) and h;p(a) = h;v(a). Let ¢, : F, = Dg, 5, be a function
such that:

11, ¢, (1) = b,

12. for all a € F), ¥,(a) = 2 ¢(a) and we also require that

(a) ¥p(a)k,[H] C h,[H] and 9, (a)h, [H] € ht[H] for all a € F,
(b) Yp(a)hy = y(a) and hvy(a) = hyv(a) for all a € F,.

Such a function v, exists because of the requirements on D, j, we asked in items [2| and [3| of
Definition [[.3.1]

Claim 1.3.4.1. For all a € I}, we have ||(¢p(a) — @,(a))(hy — k)|l < 537

Proof. The inequality is trivially true for @ = 1. For a € F), \ F, we have

¢p(a)(h+ —ky) ~ o (bp(a)(h; —kyp) + qu)p(a)(h+ —h,)~ o (I)p(a)(h+ — k)

18M p p

since ht (h; —k,) =0, (hf —kp) > (hy, — h), (hy —kp) > (b — h,;) and where the last

P
approximation is a consequence of how we defined R,, in particular of

10— Ry (a)hy ]| < g
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Now let a € F, \ {1}. Similarly to the previous case we get

Upla)(hy — k) ~ oz (1= hy)@p(a)(hy — ky).

By the definition of the promise (itemof Definition [1.3.2), we have that (A} —h})®4(a)h; =
0. Remember that by definition of ®, we have

f)/

(@) — @y(a)yl| <

Use this inequality and k, > h; to infer that (h) — hl)®,(a)h; ~_» 0. Since Iy is

18 M
self-adjoint, we also obtain that

hy ®p(a)(hy — hy) =

q
This allows us to conclude that ¢, (a)(hy — kp) =2 @p(a)(hy — k). O
Claim 1.3.4.2. For all a € F, we have |iy(a) + ®,(a)(1 — B[ < 2|al.

Proof. Let a € F, \ F,. Then we have

Pp(a) + Op(a)(l — h;) ~ ®,(a)h, + Ry® (a)(hp h,)

+®,(a)(1—h}) ~ . ®y(a).

0
18M

hence the thesis follows since ||®,(a)|| < |la|| and we can assume v < ||a||. Consider now
a € F,. Since in the previous claim we showed that
hg ©p(a)(hy — hy) =

q 181\1

we have

Up(a) + @y(a)(1 = hy) o p(a) + Dp(a)(1 = b)) =

o
8M IM

tq(a) + @p(a)(1 — hy).

Recall that ®, = (Adw) o ®, where w is a unitary which behaves like the identity on k,
(hence on b and R, as well), thus w(1 — h}) = (1 — b )w and 1,(a) = Adw(tpe(a)) for all
a € F,. Moreover ® was defined so that

0

) < —
|17, — Pyir, |l TR
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Therefore the following holds

1thq(a) + @p(a)(L = b))l = l[¥g(a) + B(a)(1 = k)

3
R i 19a(@) + @g(@)(1 = k)| < S lall,

which implies the thesis since v < |al|. O

This finally entails that, letting €, = £,

p= (Fp> €ps Iy Ry, wp)

is an element of Dp.p r. It is in fact straightforward to check that if 7 is small enough,
then M, < M = M(q, F,). We are left with checking that p < ¢. The conditions [6{{10] in
Definition follow from the definition of p.

Claim 1.3.4.3. For all a,b, \a+ pb € F, we have that H(NZ:ZA’M)(@; —h )| <€ — 6

Proof. Given ¢ € F, we have, by definition of ¢ (see the beginning of the proof), ||(¢,(c) —
Dy(c))(hf — kg)|| < 0, and the same is true if we replace (h] — k,) with (h, — h;), since

(hg —kq) > (h, —h;). Moreover, by definition of ®,, ||(®,(c) — ®,(c))kp|| < g5 holds. This,

along with the fact that Fy is self-adjoint, ®4(c)h; [H] C h;[H] (item [5f of Definition [1.3.2)

and k, > h, entails that ||h; ®,(c)(h) — k)| < 1g57- Therefore

(A (hy = hy) =z (o(Aa+ ub) — Ap(a) — pp(b))(hy, — hy) Raarsez 0

as required. O
Claim 1.3.4.4. For all a € Fy we have ||[(AR*)(h, —h.)|| < € — €.

Proof. Using approximations analogous to previous claim, we have that

(AL (hy = hy) =y (p(a”) = pla))(hy, = hy)
oy (Bp(a”) = dhg(a)” = (b, = hy)®p(a”)(1 = hy)
= (hy = 1 )@p(a) By(1 = hg ) (b, = hy)-

p p

Since Fj, is self-adjoint and by definition of R,

g
1 @p(e)(1 = Ry < -
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1—hy) = o (ht —h,)®,(a*)(1 = h;). Hence we

for all ¢ € Fy, thus (h) — h)®,(a*)Ry(
obtain

(AT By, = hy) Rsisa (p(a”) = thg(a)” = (hy — hy)Pp(a®)(1 = hy))(h, — hy).

Furthermore we have
— hy )g(a)hy )
= ((h, = h)Wqla)(hy — Kq¢))",

p q

I
~—~
—~

=
s

ba(a)(hy, = hy) = (b, = hy)e(a))®

where the last equality is a consequence of ¢, (c)k,H C h,H for all ¢ € F, (item of
8

Definition . Since
1(@q(e) = 4(0))(hg = k)l < &, [(@p(c) = Dy(Dhll < 7557

we get that

(A2*)(hy — hy) Rasiz Ppla®) (b, — hy) = (b} — k) ®y(a”)(hy, — hy).

Moreover, by how we defined ®, we have

©p(a”)(hy, = hy) = hy®p(a®)(h, —hy)

and
(1 =Ry )Pp(c)ky ~ (1= hy)®q(c)kqg =0

q

for all ¢ € F,. This last approximation entails, since F} is self-adjoint, that

- g
Koy (e) (1 = Bl < 2

for all c € F.
Claim 1.3.4.5. For all a,b,ab € F; we have ||[(A)(h, —hy)|| < e — €.
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Proof. Similarly to the previous claims, we have the following approximations

(Agp)(hy, = hy) =y (plab) — (a)p(b))(h, —hy)
Rongorz [[(Pplab) — @(a)®y(0))(h, — hy)ll

As noted in the previous claim, for all ¢ € F;, we have

- gl
I @y()(1 = )l < 1o

hence the same is true with (h, — ;) in place of (1 — h;). Thus

p(a)®p(b)(hy, = hy) = (a)(1 = kg) @y (0)(hy, — hy)
Ruyory Ppla)(1 = kg)®y(b) (R, — hy)
2 Po(a)®p(0)(hy, = hy),

18M

Q

as required. O
This completes the proof. n

Let B be the (Q + iQ)-x-algebra generated by a dense subset of A with cardinality equal
to the density character of A. We define the family D as follows (C' and P were defined at

the beginning of §1.3):
D={Dpenr:F €B,ecQ",heC,R e P}

Proposition 1.3.5. Suppose there exists a D-generic filter G for E4. Then there exists a
unital embedding of A into the Calkin algebra.

Proof. Let G be a D-generic filter and fix a € B. The net {9,(a)}{pecuacr,) (indexed
according to (G, >), which is directed since G is a filter) is strongly convergent in B(H).
Indeed, by Proposition let

P=Do>p1>-"">pPp> ...

be an infinite decreasing sequence of elements of G satisfying that a € F,, €, < 1/n and such
that the sequence {h,, }nen is an approximate unit for JO(H) (which is possible by density of

C' and by genericity of G). The sequence {1, (a)},en is strongly convergent to an operator
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in B(H) (since ||¢,,(a)]| < 3||al|/2) which we denote by ¥(a). In order to show that the
whole net {¢,(a)}pec.acr,} strongly converges to ¥(a), let &,...,&; be norm one vectors

belonging to h,, [H] for some n € N. Then, for all ¢ € G such that ¢ < p,, we have

¢q(a)€j = wq<a)h;n£j = ¥p, (a)fj

for all 7 < k. Since €, — 0 as n — oo, and {h,,[H] : n € N} is dense in H (by genericity,
(hp, Jnen is an approximate unit of K(H)), it follows that the net strongly converges to ¥(a)
on H. Let &g =mo V.

Claim 1.3.5.1. The map ®g : B — Q(H) defined above is a unital, bounded x-homomorphism
of (Q+iQ)-algebras.

Proof. For a,b € B, we will prove that ¥(ab) — V(a)¥(b) is compact. Let € > 0 and pick
p € G such that a,b,ab € I, and ¢, < e. We claim that

[(W(ab) — W(a)¥(b))(1 —h, )|l <e

Suppose this fails, and let £ € (1 — h,)H be a norm one vector such that

[(W(ab) — W(a)¥ (b))l > e
By genericity of G we can find ¢ € GG such that ¢ < p and

[(W(ab) — W(a)¥(b))n]| > e
where n = h,&. Now let s < ¢ in G such that W(b)n is close enough to hs¥(b)n to obtain

1(¥s(ab) — vs(a)s(b))nl] > €.
But this is a contradiction since s < p implies

[(¥s(ab) — ¥s(a)s(b))(hy = hy)l < € <e.

Similarly it can be checked that @4 is (Q + iQ)-linear and self-adjoint. Moreover, @5 is
bounded since V¥ is. The claim follows since ¥ maps the unit of A to the identity on H. [

By extending ®4 to the complex linear span of B, we obtain a unital and bounded
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s-homomorphism into the Calkin algebra. This is a dense (complex) x-subalgebra of A, hence
we can uniquely extend to obtain a unital *-homomorphism from A into Q(H), which is

injective, since A is simple. O

Note that the fact that ®4 above is bounded is crucial in allowing one to extend it and
obtain a %-homomorphism defined on all of the algebra A. To see how this can fail, the
identity map on the (algebraic) group algebra of any non-amenable discrete group cannot be
extended to a *-homomorphism from the reduced group C*-algebra to the universal one (see
[8, Theorem 2.6.8]).

With the only part of Theorem [1.0.2] remaining unproven being the fact that the poset is
cce, we begin with the following lemma yielding sufficient conditions for the compatibility of

elements of E4.

Lemma 1.3.6. Suppose that p,q € E 4 satisfy the following conditions.
1. hy =hg and R, = R,.
2. Yp(a) = Yy(a) for all a € F,N Fy.

3. There exist two unital x-homomorphisms ®, : C*(F,) — B(H) and ®,: C*(F,) — B(H)

which are faithful and essential, and a projection k satisfying the following:

(a) The pairs (k,®,) and (k,®,) are promises for p and q, respectively.

(b) There are constants 6, and 0, such that N(p, ®,) < 6, < == and N(q,P,) < 0, <

3M,
3;}(1, and if
Y S min{eﬁ - BMP5P7 D(p7 (I)p)a € — 3Mq6q7 D(Qu CI)q)}
and

M = max{M (p, F, U F,), M(q, F, U F,)},
then every a € F, N I, satisfies ||®y(a) — y(a)|| < g4
(c) There is a trivial embedding © : C*(F, U F;) — Q(H) such that m o ®, = Oc+(p,)

and o ®; = Ocx(r,).

Then p and q are compatible.
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Proof. Write h for h, and R for R,. Let ® be a faithful, essential, unital representation
that lifts © to B(H). Since ®, and ®;, agree modulo the compacts, and ®, and &5, agree
modulo the compacts, there exists (by condition (1| of Definition k € C such that k> h,
k> R, and in addition the following holds: For all a € F}, we have

|(@y(a) = B(@)(1 — k)| < 5o

and for all @ € F, we have

B
[(@yfa) = Bla))(1 = k)] < 5

We shall denote £~ by k,. Arguing as in the first part of the proof of Proposition we
can find hs > ks (i.e. h; > k) in C and a unitary w such that

1. w is a compact perturbation of the identity,
2. wky = kow = ks,
and by letting ® = (Adw) o ®,, @ = (Adw) o &, and &' = (Adw) o @, we also have that
3. [[(®,(a) — ®p(a))ks|| < 355 for all a € F,
4. (@) (a) — Py(a))ks| < 3557 for all a € F,
5. [[(®'(a) — P(a))ks|| < 5547 for all a € F, U F,
6. @ (a)ks[H] C h[H] and @ (a)h; [H] C hi[H] for all a € F),
7. @ (a)k[H] C h[H] and & (a)h[H] C hf[H] for all a € I,
8. ®'(a)ks[H] C h;[H] and ®'(a)h; [H] C hF[H] for all a € F, U F,.

Let Ry € P be such that R, > R and for all a € F}, and all b € F}, we have

10— R (@)ht]| < 5oz

N ¥
(1= )@, ) < L

Given a € F,, consider the operator
p(a) = Pp(a) + (L= h7)®y(a)(hy —hT) + (1 = A7) Ry (a) (hy — hy)
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and for a € F,\ F,
p(a) = g(a) + (1 = )P (a)(hy —h") + (1 = h7)R®y(a)(h) — hy).

Define now the function v, : F}, U F, = Dpg_ ;. as an approximation of ¢ in the same way it
was done in the proof of Proposition [.3.4] Suitably adapting the arguments in such proof to

the present situation it is possible to show that
§ = (Fp U FQ77/67h87R87w8)

is an element of E4 with promise (ks, ®'). We follow the proof of Claim [1.3.4.1|in order to
check that the quantity ||(¢s(a) — ®'(a))(hf — k)| is small enough for a € F, U F,, using in
addition that for all a € F)

[(®p(a) = S(@)(1 = k)] < 325
and that for all a € F|
1(@4(a) = @(@)(1 — k)| < 35

This entails the same inequality between ®/ and ®' (and between @, and ®’) since the unitary

w fixes ks;. The proofs of s < p and s < g go along the lines of those in Claim [1.3.4.3] [1.3.4.4]
and [1.3.4.5] keeping the following caveat in mind: It might happen, for instance, that p and ¢
are such that a € F, N F, and b,ab € [\ F,. In this case AL} (hy — h; ) can be approximated
(following the proof of Claim as (®4(ab) — @,(a)®,(b))(h; — h;). This is where the
condition ®,(a) = _» @,(a), required in item [3b|of the statement of the present lemma, plays

18M

a key role, showing that the latter term is close to zero. The same argument applies for the
analogous situations where ®, and ®, appear in the same formulas for the addition and the

adjoint operation. O]
Property K is a strengthening of the countable chain condition (see section §1.1.2)).

Proposition 1.3.7. The poset E4 has property K and hence satisfies the countable chain

condition.

Proof. Let {p, : @ < N;} be a set of conditiond’|in E4 and for each a < ¥, fix a promise

(ko, ®o) for the condition p,. By passing to an uncountable subset if necessary, we may

>We suppress the notation and denote F, by F,, €p., DY €a, etc.
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assume €, = €, hy, = h, R, = R, k, = k for all @ < N;. An application of the A-System
Lemma (Lemma yields a finite set Z € A such that [, N Fz = Z for all a, 8 < N;.
Since Z is finite and Dpgy, is countable, we can furthermore assume that for all o, 5 < N if
a € F, N Fp then ¢,(a) = ¢g(a). Consider

By [28| there is a locally trivial embedding © : C*(F) — Q(H). For each o < N fix a lift
Oq : C*(F,) — B(H) of ©,¢+(p,). Corollary applied to @, and O, provides a faithful,
essential, unital &/ : C*(F,) — B(H) such that

1. @/ (a) — O4(a) € K(H) for all a € F,,, hence mo @, = Oc+(r,),
2. @ (a)hl = @, (a)h? for all a € F,.

This entails that the pair (k,, ®.,) is still a promise for p,. Hence, with no loss of generality,

we can assume 7 o @, = Oc«(p,) for every a < N;. This in particular implies that
Po(a) ~ry Psla), foralla € Z.
Fix an arbitrary v > 0. We can assume that for all a, 3 € Ry and all @ € F,, N Fj
[Pa(a) — Psla)] <.
Indeed, start by fixing § < N;. Then for each o < ¥y there is P, € P such that
[(®a — Ps)iz(1 = Pu)ll < /5

and R, € P such that
(1 = Ra)®arz Fall < /5.

We can assume R, = R and P, = P for all @ < X; and since RB(H )P is finite-dimensional
we can also require that
[R(®a = Pp)12Pl| < /5
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for all o, 8 < Ny. Thus, for a € Z, we have that:

[Pa(a) — Ps(a)]] < [[(Po — Pg) 2P| + [|(Pa — Ps)12(1 — P)]|
+ (@5 — s)12(1 = P)|| <.

Since the choice of v was arbitrary, Lemma implies that we can pass to an uncountable

subset in which any two conditions p, and pg are compatible. O]

We quickly recall that Martin’s Axiom, MA, asserts that for every ccc poset P and every
family D of fewer than 2% dense open subsets there exists a filter in P intersecting all sets in

D.

Corollary 1.3.8. Assume MA. Then every C*-algebra with density character strictly less
than 280 embeds into the Calkin algebra.

Proof. By Proposition it suffices to prove the statement for unital and simple C*-algebras.
For any unital and simple C*-algebra A, the collection D of open, dense subsets of E4 (as
defined prior to Proposition has cardinality equal to the density character of A. Since
the poset E,4 is ccc, this implies that if the density character of A is strictly less than 2%,
then Martin’s Axiom ensures the existence of a D-generic filter for [E4 and the corollary
follows by Proposition [1.3.5] O

1.4 Concluding remarks on Theorem [1.0.2]

The Calkin algebra is a fascinating object and the previous result is the first step in what we
believe is a very promising direction of its study. A further step would be to have a simpler
forcing notion in place of E4 defined in the course of the proof of Theorem [1.0.2] This would
allow for an analysis of the names for C*-subalgebras of Q(H) and better control of the
structure of Q(H) in the extension. In particular, it would be a step towards proving that a
given C*-algebra can be ‘gently placed’ into Q(H) (cf. |87, p. 17-18]). In this regard, we

conjecture the following.

Conjecture 1.4.1. Let A be an abelian and nonseparable C*-algebra. If the density character
of A is greater than 2%, then E 4 forces that A does not embed into /. /cp.

We now propose related directions of study, taking inspiration from the commutative

setting.
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1.4.1 Complete embeddings

From the very beginnings of forcing, it has been known that a given partial ordering F can be
embedded into P(N)/ Fin by a ccc forcing. The simplest such forcing notion was denoted Hg
and studied in |22| where it was proved that H g embeds E into P(N)/ Fin in a minimal way:
if a cardinal k > 2% is such that E does not have a chain of order type s or x*, then in the
forcing extension P(N)/ Fin does not have chains of order type x or £* (this is a consequence
of [22, Theorem 9.1]).

Given a forcing notion P, its subordering Py is a complete subordering of P if for every
generic filter G C Py one can define a forcing notion P/G such that P is forcing equivalent
to the two-step iteration Py x P/G (for an intrinsic characterization of this relation see
[50, Definition 111.3.65|). A salient property of the forcing notion Hpg is that the map
E — Hpg is a covariant functor from the category of partial orderings and order-isomorphic
embeddings as maps into the category of forcing notions with complete embeddings as
morphisms. This is a consequence of |22, Proposition 4.2|, where the compatibility relation
in Hg has been shown to be ‘local’ in the sense that the conditions p and ¢ are compatible in
Hsupp(p)usupp(q) if and only if they are compatible in Hpg.

Analogous arguments show that the mapping B +— Pp defined on Section is a
covariant functor from the category of Boolean algebras and injective homomorphisms into
the category of ccc forcing notions with complete embeddings as morphisms. As a result,
if D is a Boolean subalgebra of B and G is Pp-generic, then forcing with the poset Pp is
equivalent to first forcing with Pp and then with Pg/G.

It is not difficult to prove that the association A — QD4 as in Proposition does
not have this property, as QD¢, naturally considered as a subordering of QD,, (), is not a
complete subordering. More generally, if m is a proper divisor of n then the poset QD (c)
is not a complete subordering of QD) ). We do not know whether there is an alternative
definition of a functor A — QD , that satisfies the conclusion of Proposition The latter
remark also applies to the poset E4 given in Theorem [I.0.2]

1.4.2 2%-universality

One line of research building on Theorem would be to understand which C*-algebras
of density character 2% embed into the Calkin algebra. Before discussing this matter,
we introduce a definition. Given a cardinal A, a C*-algebra A is (injectively) A-universal

if it has density character A and all C*-algebras of density character A embed into A. By
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[41, Theorem 2.3 and Remark 2.10], there is no k-universal C*-algebra in any density character
Kk < 2% The results in [28] entail that the 2%-universality of the Calkin algebra is independent
from ZFC. On the one hand CH implies that Q(H) is 2¥-universal. Conversely, the Proper
Forcing Axiom implies that Q(H) is not 2%0-universal because some abelian C*-algebras of
density 2% do not embed into it (see |75, Corollary 5.3.14 and Theorem 5.3.15]), and this is
part of a larger family of results on the rigidity of nonseparable quotient structures (see |54,
[76] ). Can the Calkin algebra be 2%°-universal even when the Continuum Hypothesis fails?
The analogous fact for P(N)/Fin and linear orders, namely that there is a model of ZFC
where CH fails and all linear orders of size 2% embed into P(N)/Fin, has been proved in
[52] (see also [4] for the generalization to Boolean algebras). We do not know whether these
techniques can be generalized to provide a model in which CH fails and the Calkin algebra
is a 2%-universal C*-algebra, but the fact that E4 has property K is a step towards such a
model. A poset with property K is productively ccc, in the sense that its product with any
cce poset is still cce. A salient feature of the forcing iterations used in both [52] and [4] is
that they are not ‘“freezing’ any gaps in N/ Fin and P(N)/ Firl]

Lemma 1.4.2. For any C*-algebra A, the poset E4 cannot freeze any gaps in P(N)/ Fin.

Proof. Every gap in P(N)/Fin or N¥/Fin that can be split without collapsing R; can be
split by a ccc forcing. This is well-known result of Kunen ([49]) not so easy to find in the
literature[] Therefore if a gap can be split by a ccc forcing P, then a poset which freezes it

destroys the ccc-ness of P. But E4 has property K, and is therefore productively ccc. O]

While the gap spectra of P(N)/Fin and N/ Fin are closely related, the gap spectrum of
the poset of projections in the Calkin algebra is more complicated. The following proposition

was proved, but not stated, in [88], and we include a proof for reader’s convenience.

Theorem 1.4.3. Martin’s Axiom implies that the poset of projections in the Calkin algebra

contains a (2%, 2%)-gap which cannot be frozen.

Proof. By |88, Theorem 4|, there exists (in ZFC) a gap in this poset whose sides are analytic
and o-directed. This gap cannot be frozen, and Martin’s Axiom is used only to ‘linearize’ it.
By the discussion following |88, Corollary 2|, each of the sides of this gap is Tukey equivalent

to the ideal of Lebesgue measure zero sets ordered by the inclusion. Since the additivity

SA gap is frozen if it cannot be split in a further forcing extension without collapsing R;.
"See e.g., |72, Fact on p. 76]. It is not difficult to see that a ‘Suslin gap’ as in |72, Definition 9.4] can be
split by a natural ccc forcing whose conditions are finite Ky-homogeneous sets.
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of the Lebesgue measure can be increased by a ccc poset ([50, Lemma I111.3.28]), Martin’s
Axiom implies that this gap contains an (2%, 2%0)-gap and that any further ccc forcing that

increases the additivity of the Lebesgue measure will split the gap. O
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Chapter 2

Borel Complexity of Non-Self-Adjoint AF
Operator Algebras

In the setting of Borel complexity theory, one studies the relative complexity of various
classification problems with the aid of tools and methods from descriptive set theory. When
the objects of a category that is to be classified consist of countable or separable structures,
in most cases there is a natural standard Borel space that parametrizes (up to a given
notion of isomorphism) the class of objects of the category. From this point of view, a
classification problem concretely consists of a pair (X, E'), where X is a standard Borel space
that corresponds to parameters for objects to be classified and £ is the (usually analytic)
equivalence relation on X, given by the isomorphism relation among the objects that X
parametrizes. The key notion of comparison for such classification problems is that of Borel
reducibility, which is used to assign appropriate degrees of complexity. If (X, E) and (Y, F')
are classification problems in the above sense, then a Borel reduction of ¥ to F' is a Borel
function f: X — Y that satisfies

vBr = [f(x)Ff(2),

for all z, 2’ € X. In this case we say that the equivalence relation E is Borel reducible to F
and we view E as being "less complicated" than F.

There are various standard degrees in the complexity hierarchy that serve as benchmarks
for classification problems. Notably, a classification problem (X, E) is said to be classifiable
by countable structures if there is a category of countable structures C such that E is Borel

reducible to the isomorphism relation =, within the class of objects of C. The interplay
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between descriptive set theory and functional analysis has been fruitful over the past years,
however classification problems in the context of operator theory tend not to be classifiable
by countable structures. For instance, using Hjorth’s theory of turbulence developed in [39],
it was shown in that the natural isomorphism relations for von Neumann factors of any
type ([65]) and for unital, simple, separable, nuclear C*-algebras (|33|) are not classifiable
by countable structures (see also the discussion in [24] Section 3]). On the opposite side of
the spectrum, Elliot’s classical K-theoretic classification of separable AF C*-algebras (|20]),
along with the Borel computability of K-theory (|32]) imply that the isomorphism relation
for separable AF C*-algebras is classifiable by countable structures.

In connection to the classification of AF C*-algebras, the question of whether the class of
non-self-adjoint AF operator algebras can be similarly classified by the ordered K, groups,
or by any other class of countable structures, remained open since the early stages of the
development of operator-algebraic classification. In this chapter, we answer this question
in the negative by showing that the canonical isomorphism relations for separable, non-self-
adjoint AF operator algebras are not classifiable by countable structures. More concretely, to
each separable operator space we associate a separable, non-self-adjoint AF operator algebra
in a functorial way and show that this class of AF algebras acts as an isomorphism invariant
for the class of separable operator spaces. Interestingly, the family of AF algebras under
study arises in a particularly simple form, as inductive limits of 2-dimensional triangular
algebras. The aforementioned identification between operator spaces and AF algebras, along
with a combination of results from [55], [34], [21] and [2]| regarding the Borel complexity of
separable operator spaces allows us to prove the following theorem, which is the main result
of the chapter (see Theorem [2.3.7 at the end of the chapter).

Theorem 2.0.1. The equivalence relations of isomorphism, isometry, complete isomoprhism
and complete isometric isomorphism for separable, non-self-adjoint AF operator algebras are

not classifiable by countable structures.

2.1 Preliminary Notions

By H we will always denote the complex, separable, infinite dimensional Hilbert space f5(N)
and by B(H) the C*-algebra of bounded, linear operators on H. An operator algebra will be
a (not necessarily self-adjoint) norm closed subalgebra of B(H). An operator algebra A is
called AF if it contains a sequence (A,), of finite-dimensional operator subalgebras whose

union is dense in A. This is equivalent to stating that for every ¢ > 0 and for every finite
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subset F' of A, there exists a finite-dimensional subalgebra B C A such that for all a € F
there is b € B with ||a — b|| < . An operator a € A is called an idempotent if a*> = a. If
X C B(H), we denote by alg(X) the operator algebra generated by the set X.

If n € N, we naturally identify the space M,,(B(H)) of n by n matrices over B(H) with
B(H™). If T is an n by n matrix with entries in B(H ), we will denote its (i, j)-th entry by 7 ;.
For 1 <i,j < n, we denote by e; ; the matriz units of M,,(B(H)), i.e. the n by n matrices
whose (i, j)-th entry is equal to the identity operator idy and whose remaining entries are
zero. If T' = [T; ;] € M, (B(H)), then we have the following canonical estimates for the norm
of T

max {||T,ll} <ITI< D (1Tl

1<i,j
’ 1<i,j<n

An operator system is a norm closed, unital, linear and self-adjoint subspace of B(H ), while
an operator space is a norm closed, linear subspace of B(H). The key fact that differentiates
an operator space I/ from a Banach space is that F is equipped with a sequence of norms
(11-1],,),, defined on M, (E) for all n € N, each inherited by the canonical inclusions of M, (E)
into M,,(B(H)). If E; and F, are operator spaces and ¢ : Ey — Es is a linear map, then ¢
is unital if both E; and F, are unital and ¢ maps the identity operator to itself. We will

write ¢, for the associated map

On : Mu(Ey) = M, (E2)
(T3 5] = [p(Ti5)]-

This map is called the (n-th) amplification of ¢ and may be thought as the map id, ®¢
via the identification of M,,(E;) with M, (C) ® E; (i = 1,2). We say that the map ¢ is
completely bounded if

|||l = supl|pn|| < oo,
neN

it is completely contractive if |||, < 1 and completely isometric if each of the maps ¢,
is isometric (n € N). The operator spaces E; and FE, are called completely isomoprhic if
there exists a completely bounded bijection ¢ : E; — E, such that its inverse ¢! is also
completely bounded. Moreover, if this map ¢ is a linear, surjective, complete isometry, then
E, and FE5 are called completely isometrically isomorphic. In the case when both E; and
E5 are operator systems, the map ¢ : 4 — FEs will be called unital completely positive
(abbreviated as u.c.p.) if it is unital and the associated maps ¢, are positive for each n € N.

If ¢ is a map between operator algebras A and B, the notions of complete isomorphism and
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complete isometric isomorphism are defined similarly by requiring that ¢ is in addition a
bijective algebra homomorphism. We denote by OSp,;,, OSp.. and OSp,; the categories of
operator spaces with completely bounded, completely contractive and completely isometric
maps respectively. Similarly, we will use OA.p, OAcc and OSpg; to denote the categories of

(not necessarily self-adjoint) Banach subalgebras of B(H) with the analogous maps.

2.2 Standard Borel Parametrizations

In this section, we provide standard Borel parametrizations for the classes of separable
operator algebras and separable operator spaces. Following [45] and|[33], since the open ball
of B(H) of radius n is compact and metrizable with respect to the weak operator topology
for each n € N, the space B(H) becomes a standard Borel space when equipped with the
Borel o-algebra generated by the weakly open sets. We define

which is a standard Borel space with the product Borel structure. If v = (7), .y € I'(H), then
we let alg() to be the (separable) operator algebra generated by the sequence of operators
. It is clear that this parametrizes all separable operator algebras in B(H), since any such

algebra must be countably generated. Now we let
I'(H) p={y€T(H):alg(y) is AF},

which is a Borel set that parametrizes all separable AF operator algebras, in view of the
finitary characterization of the AF algebras. Note that if = represents the equivalence relation
of either isomorphism, isometry, complete isomorphism or complete isometric isomorphism
for separable AF operator algebras, then one defines an equivalence relation =47 on I'(H) AF

as follows:

~AF

v =My = alg(y) = alg(y),

and therefore the pair (F(H ) AFs A ) is a standard Borel parametrization of the category of

separable AF operator algebras.
For the class of separable operator spaces, as in |2, Section 2| let I'(H) be once again
the standard Borel space of sequences in B(H). For each v = (vn),,cny € T'(H), let £, be the
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operator subspace of B(H) that is generated by the sequence 7, i.e.
E., =span{y, : n € N}.

Clearly this parametrizes all separable operator spaces, since any such space must be countably
generated. As before, if = represents the relation of either isomorphism, isometry, complete
isomorphism or complete isometric isomorphism for separable operator spaces, then one

defines an equivalence relation =% on I'(H) as follows:

y 205y = E ~FE,,

and this means that the pair (F(H ), 208 ) is a standard Borel parametrization of the category
of separable operator spaces.

We only mention at this point that in [33] and [2] a number of equivalent standard
Borel parametrizations of various classes of C*-algebras and operator spaces were developed,

however for our purposes we will not need more than the parametrizations presented above.

2.3 The Classification of Non-Self-Adjoint AF Algebras

In this section we associate to each operator space an AF operator algebra and discuss
the functorial properties related to this association. Let us fix a separable operator space
E C B(H). We define

uE) - {

where we write A in place A - idg for any A € C, and where we naturally identify the space of

AT
0

:)\,MEC,TEE} C My (B(H)),

2 by 2 matrices over B(H) with the space of bounded, linear operators on the direct sum
H @ H. It is immediate that U (F) is a norm closed subset of My (B(H)) that contains the
unit and is closed under addition and multiplication (therefore it is a unital operator algebra),
however it is not closed with respect to the adjoint operators, unless E = {0}. Note that the

algebra U(F) contains F as an operator subspace, via the canonical completely isometric
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linear injection j : E — U(FE) given by

0T

J(T) = 0 , (T eEk).

If (x,), is a countable dense subset of £, then let E,, be the finite-dimensional subspace of E
spanned by the set {x} : £ < n}. It then follows that E' is equal to the norm closure of the

countable union of its subspaces E,, (n € N) and this immediately implies that

UE) = | JUu(E,).

neN

Since each U(F,,) is finite-dimensional, we see that U (F) is a unital, separable, non-self-adjoint
AF operator algebra.

To the operator space F, we also associate the following operator system:

AT
q*

:)\,/LE(C,T,SEE} C My (B(H)).

It is clear that S(£) is norm closed, unital and self-adjoint. Observe that S(E) contains
U(F) as a unital, closed operator subspace.

Suppose that E; and E, are operator spaces and let ¢ : £y — FE5 be a linear map. We
define U(p) : U(E,) — U(E,) by setting
_ A e(T)
0

U(p) (

for each A\, u € C and T' € E. The map U(yp) is a unital algebra homomorphism and it is

AT
0 pn

Y

injective (resp. surjective) precisely when ¢ is injective (resp. surjective). Using the canonical

matrix norm estimates, it is clear that if ¢ is either bounded or contractive, then so is U(¢p).

Proposition 2.3.1. If the map ¢ : E1 — FE5 is either completely bounded, or completely

contractive or completely isometric, then the same holds for U(yp).

Proof. Let us first assume that ¢ is completely contractive. Consider the natural map
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S(p) : S(Ey) — S(E,) given by

A (D)
S(w)< )_L(S)* [

which is clearly unital and linear. Viewing the map ¢ as taking values in B(H) and the map
S(y) as taking values in Mo(B(H)), by [63, Lemma 8.1] we see that S(y) is u.c.p. and, by
|63, Proposition 3.6], it is completely contractive. Therefore, its restriction to U (F;), which

AT
S*

b

is equal to U(p), will also be completely contractive.

If ¢ is completely isometric, then by applying the previous result to the maps ¢ and
¢ ' . p[E)] = Ei, we see that both maps U(p) and U(e™") = U(p)”" are completely
contractive and hence U(y) is completely isometric.

Lastly, let us assume that ¢ is completely bounded and let z = ||¢||,. Then, the map

o = %gp is completely contractive and thus U(¢') is also completely contractive. Note that

uw( >=U(90’) ([g o )

for all \,p € C,T € E. Also, observe that the function ¢ : U(F) — U(E) given by

S\

is completely bounded, and therefore U (¢) must be completely bounded, as the composition

AT
0w

AT
0 p

of the completely bounded maps ¢ and U(y’). O
The following Corollary is an immediate consequence of Proposition [2.3.1]

Corollary 2.3.2. The mapping E — U(E) defines a (covariant) functor between the cate-

gories:

(i) OSp., and OAcp,
(11)) OSp.. and OA.,
(i1i)) OSp.; and OAg;.

We will now proceed to discuss the properties of the mapping £ — U(E) as an invariant

and, to this end, we begin by first discussing the structure of the idempotent operators in the
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algebra U(F).

Remark 2.3.3. Note that if E is an operator space and A\, u € C and T' € E, then the matrix

AT

0 u cU(E)

is an idempotent precisely when A\ = X\, y?> = p and (A + p — 1) - T = 0. This implies that

the proper, non-trivial idempotents in U (E) are matrices of the form

o

for T, S € E. Observe that in the case when T" and S are non-zero, then both the matrices

1 T
0

above have operator norm strictly greater that 1. In particular, the only proper, non-trivial

idempotents in U(F) of norm at most 1 are the diagonal matrix units e;; and ey .

Lemma 2.3.4. Let Ey, Ey be operator spaces and suppose that F : U(Ey) — U(FEy) is an
isomorphism. Also, consider the canonical injections jy : Ey — U(E1) and jo : By — U(FEy).
Then, for each A\,un € C and T € Ey, the following are equivalent:

AT ,
0 Ejl(El)v

(i) F( ’ ﬂ) € jr(E).

Proof. We may suppose that Fy, Es # {0}. Note that the matrix unit ey ; in U(F;) satisfies

the relation

(i)

AT
€11 = A €1,1,
0 n
and this shows that
0 S
F(e ,
(e11) # [O 1]

for all S € Es. Indeed, if otherwise, let 0 £ 5" € Ey and, since F is surjective, let A, u € C

and T € E; be such that
!
F = 05 )
0 0

02

AT
0




Then, we obtain that

(R 3 O B e e R

which contradicts our assumption on S’ being non-zero. Similarly, using the matrix unit

AT
0 n

relation, we find that F'(ei1) ¢ {e22,idam, By} Since F(ei) is an idempotent, by the
discussion in Remark there must exist an operator Sy € Fs such that

Fe1y) = lé ?] .

Now, if T'€ E; and A\, u € C, S € E5 are such that

los))=b 2l

then A = p = 0. Indeed, note that

A S 15 0 A A-Sy
. e = . <> = ,
F 1,1 0 0 0 M2 (B(H)) 0 0

which shows that A = 0. Moreover, we see that
0 S|
0w

(ol al) =l 3B

from which it follows that 4 = 0 and this proves the forward implication of the Lemma. By

0T
0 0

0T
0 0

0T
0 0

applying the same argument to the inverse map F~!: U(Fy) — U(F;), one shows that the

converse must hold as well. O

Corollary 2.3.5. If F: U(E}) — U(E>) is an isomorphism, then there exists a unique linear
bijection F : By — B, that makes the diagram
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El—F>E2

i |

U(E) —— U(E,)

Figure 2.1: Commutative diagram 1

commute. If F' is in addition assumed to be bounded or isometric, then the same holds

for the mapF .

Proof. The map F : E; — E, given by

F(T):F( )

is well-defined and linear. Lemma [2.3.4] implies that it is also bijective and that the afore-

0T
0 0

mentioned diagram will commute, while the uniqueness of F' is ensured by the same Lemma

and the commutativity of the diagram. Finally, since for any 7' € E; we have that

D)

for some S € Fj5, the canonical matrix norm estimates yield that if F'is either bounded or

0T
0 0

isometric, then the same must hold for F'. n

Combining our results so far, we obtain the following theorem.

Theorem 2.3.6. The spacesU(Ey) andU(Ey) are (completely) isomorphic (resp. (completely)
isometrically isomorphic) as operator algebras if and only if Ey and Ey are (completely)

isomorphic (reps. (completely) isometrically isomorphic) as operator spaces.

Proof. The converse implication of the theorem is given by Proposition [2.3.1 Suppose
that F' : U(E,) — U(Es) is a linear, bijective homomorphism and, by Corollary [2.3.5] let
F : Ey — E, be the unique linear bijection that makes the diagram
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El—F>E2

i |

U(E) —— U(E,)

Figure 2.2: Commutative diagram 2

commute. This implies that for all n € N, the diagram

Figure 2.3: Commutative diagram 3

will also commute (where F, F,, J1, g% denote the n-th amplifications of the corresponding

maps) and therefore if F' is either completely bounded or completely isometric, then the

. Nl —
same holds for F. If F' is assumed to be a complete isomorphism, then since (Fn> =F-1

—1 -
for each n € N, we have that <F > is completely bounded and hence the map F' induces a

complete isomoprhism between E; and Es. O
We now restate and prove main result of this chapter.

Theorem 2.3.7. For separable, non-self-adjoint AF operator algebras, neither one of the

following equivalence relations
(1) isomorphism,
(i1) isometry,
(i1i) complete isomorphism,
(iv) complete isometric isomorphism,

is classifiable by countable structures.
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Proof. By [34, Theorem 5] and [55, Theorem 3.2] the relations of isomorphism and isometry
for separable operator spaces are not classifiable by countable structures (note that all
separable Banach spaces can be isometrically identified with separable operator subspaces
of B(H)). Moreover, by |2, Theorem 3.1] and [21, Theorem 1.1| the relations of complete
isomorphism and complete isometric isomorphism for separable operator spaces are also not
classifiable by countable structures. Therefore, in view of Theorem [2.3.6] in order to complete
the proof it is enough to find a Borel reduction from the parametrization of the category of
separable operator spaces to the parametrization of the category of separable non-self-adjoint
AF operator algebras (each equipped with the appropriate equivalence relations). To this end,
let v = (Vn),en € I'(H) and define the operator space E, to be equal to the norm closure
of the linear span of «v. Note that the countable set of bounded, linear operators on H & H
given by

X, = { [qg ”"] e Mo(B(H)) : q1,q0 € Q +iQ,n € N}
q2

satisfies that alg(X,) = U(E,) and, therefore, X, € I'(H @ H) ;5. As a result, since

,y gOS fY/ (,:> )(’y gAF X—y/

for all v, € T'(H), the assignment
v Xy

from I'(H) to I'(H & H) , is the required Borel reduction. O
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Part 11 : Bi-Free Probability Theory
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Chapter 3
Bi-R-Diagonal Pairs of Operators

In the theory of free probability, an R-diagonal operator is an element of a non-commutative
x-probability space (A, ¢) whose *-distribution coincides with the *-distribution of a product
of the form u - p, where the sets {u,u*} and {p, p*} are freely independent and w is a Haar
unitary, i.e. u is a unitary and p(u") = 0, for all n € Z\ {0}. It is due to this free factorization
property that the class of R-diagonal operators constitutes a particularly well-behaved class
of non-normal operators. From a combinatorial point of view, R-diagonal elements are
characterized by having all of their free x-cumulants that are either of odd order, or have
entries that are not alternating in *-terms and non-x-terms equal to zero. This combinatorial
approach has proved to be extremely fruitful in the development of the theory of R-diagonal
operators (see [61] for an exposition of the combinatorics of free probability).

In [60], R-diagonal operators were found to satisfy a “free absorption” property, namely that
for any elements a, b in some non-commutative s-probability space such that a is R-diagonal
and a is *-free from b, the element ab is also R-diagonal. In [37], Brown’s spectral distribution
measure was computed for R-diagonal operators in finite von Neumann algebras, while in
[51], powers of R-diagonal operators were shown to be R-diagonal and their determining
sequences were computed (see also [61, Theorem 15.22] for a proof making use of combinatorial
arguments).

In [59], a number of equivalent characterizations of R-diagonality were formulated, includ-
ing conditions on x-moments, free cumulants and the freeness of certain self-adjoint matrices
from the scalar matrices, with amalgamation over the diagonal scalar matrices, while in |6]
similar results were obtained on B-valued R-diagonal elements in the operator-valued setting.
Distributions of R-diagonal operators have found applications in the non-microstate approach

to free entropy, answering questions regarding the minimization of the free Fisher information
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in the tracial framework (see [58]).

Bi-free probability theory originated in [82] as an extension of the free setting and involves
the simultaneous study of left and right actions of algebras on reduced free product spaces.
The corresponding notion of bi-free independence found its combinatorial characterization
in [11] (see also |10] for the development of the combinatorics of bi-free probability in the
operator-valued setting). This chapter is devoted to the study of the analogue of R-diagonal
operators in the bi-free setting, namely bi-R-diagonal pairs of operators and, to this end, the
combinatorial approach originally proposed in |68, Section 4] shall be adopted, which makes
use of the bi-free cumulant functions. For the study of products and powers of bi-R-diagonal
pairs, similar arguments are used as to those corresponding to the results in the free case, but
more care is required due to the dealing with the lattice of bi-non-crossing partitions and the
x-order. Since products of pairs of operators are considered pointwise (i.e. left operators are
multiplied by left operators and right operators are multiplied by right operators), caution
ought to be exercised when it comes to the order in which the multiplication takes place
and, for the most general cases, it is necessary that the order of the multiplication of right
operators is reversed (see Theorem . However, this is found not to play a role in the
case when both pairs in question are bi-R-diagonal and *-bi-free (Proposition . These
results imply that bi-R-diagonal pairs of operators satisfy a corresponding “bi-free absorption”
property and indicate that such pairs of operators exist in abundance.

The absence of characterizations of bi-free phenomena with conditions on moments is an
unfortunate theme in the theory of bi-free probability (see, however, [9] for an equivalent
formulation of bi-free independence in terms of alternating moments). In particular, a
characterization of the condition of bi-R-diagonality in terms of x-moments was unable
to be obtained. In the setting of free probability, one of the most salient features of the
x-distribution of an R-diagonal operator is that it remains invariant after the multiplication
by a freely independent Haar unitary, a result obtained with the use of freeness in terms
of its characterization via moments (see [59, Theorem 1.2| and |61, Theorem 15.10]). Bi-
Haar unitary pairs of operators constitute the bi-free analogue of Haar unitaries and their
joint x-distribution is modelled by the left and right regular representations of groups on
Hilbert spaces. Theorem is the generalization of the aforementioned fact to the bi-free
setting and displays the invariance of the joint *-distribution of any bi-R-diagonal pair of
operators under the multiplication of a x-bi-free bi-Haar unitary pair. The proof follows the
combinatorial approach instead, using the bi-free cumulant functions and hence a new proof

follows for the free case as well. In the spirit of [59, Theorem 1.2], |6, Theorem 3.1] and by
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combining results from [68], we obtain Theorem displaying equivalent formulations of
the condition of bi-R-diagonality.

3.1 Preliminary Results

In this section we will develop the common preliminaries, fix the appropriate notation and
state a number of lemmas to be used later in this chapter.

Our main framework will be that of a non-commutative x-probability space, i.e. a pair
(A, p) where A is a complex, unital *-algebra and ¢ : A — C is a state, which is a unital,

linear map such that

for all a € A.
For any S C A, we will denote by alg(S) the subalgebra of A generated by the set S. If

ai,...,a, are elements of (A, ), then:

(a) their joint distribution is given by the linear functional

p:C(Xy,...,X,) = C

defined as

w(P) =@(P(a,...,a,)), (PeC(Xy,...,Xp))
where C(Xj,...,X,) denotes the unital algebra of polynomials in n-non-commuting
indeterminates Xq,..., X,

(b) their joint x-distribution is given by the joint distribution of the family
{a/lﬂ A 7an) a1*7 AR 7an*}7

(c) the family of their joint x-moments is given by the action of their joint distribution p on

the monomials in C(X4,...,X,,) and is therefore determined by the collection

{olcr--ex) bk >1,¢,€{ar,...,an,a1", ... a,"} for all 1 <i < k}.

It is clear that for aq,...,a,, b1,...,b, € A, in order to verify equality of joint x-distributions of

the families {ay,...,a,} and {by,...,b,}, it suffices to prove that all of their joint *-moments
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coincide.
For aj,...,a, € Aand 0 #V = {j1 < jo < ... <js} C{1,...,n}, the restriction of the

sequence (ay,...,a,) to the set V is given by

(ala"'7an)|v = (aj17aj27”"ajs)'

In this case, we define
e((a1, ... an)lv) = plaj, - aj, -~ ay,).

Also, if 7 is a partition of the set {1,...,n}, then we use the following notation:

orlar,...,an) =[] ellar,. .. an)lv).

Ver

3.1.1 The Lattice of Bi-Non-Crossing Partitions

Familiarity with the collection of non-crossing partitions NC(n), multiplicative functions on
NC(n) and free cumulants is assumed (see [61] for an exposition of the combinatorics of free
probability).

For n € N, we will be using maps x € {l,r}" to distinguish between left and right
operators in a sequence of n-operators. Any such map gives rise to a permutation s, on
{1,...,n} as follows:

Ex'({I})={i1<...<ipy}and x '({r}) = {1 < ... < jn_p}, then define:

sy(k) = ‘ )
Jnt1—k; itk >p

From a combinatorial standpoint, the only differences between free and bi-free probability
arise from dealing with s, .
The permutation s, naturally induces a total order on {1,...,n} (which we will henceforth
be referring to as the x-order) as follows:
i<y J = s (i) < s, ()
Instead of reading {1,...,n} in the traditional order, this corresponds to first reading the

elements of {1,...,n} labelled “I” in increasing order, followed by reading the elements

labelled “r” in decreasing order. Note that if V' is any non-empty subset of {1,...,n}, the
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map x|y naturally gives rise to a map s, , which should be thought of as a permutation on
{1,...,|V]}.

Before we discuss the lattice of bi-non-crossing partitions, we fix some notation regarding
general partitions. For n € N, the collection of all partitions on {1,...,n} is denoted by
P(n), while the collection of non-crossing partitions on {1,...,n} is denoted by NC(n). The
elements of any m € P(n) are called the blocks of m and for 1 < i,j < n, we write i~,j to
mean that ¢ and j belong to the same block of 7, whereas ¢ ~, j indicates that ¢ and j belong
to different blocks of w. For 7,0 € P(n), we write m < ¢ if every block of 7 is contained in
a block of o. This defines the partial order of refinement on P(n). The maximal element of
P(n) with respect to this partial order is the partition consisting of one block (denoted by
1,,), while the minimal element is the partition consisting of n-blocks (denoted by 0,,). This
partial order induces a lattice structure on P(n), hence for 7,0 € P(n), the join 7V o (i.e.

the minimum element of the non-empty set {p € P(n) : p > m,0}) of 7 and o is well defined.

Definition 3.1.1. Let n € N and x € {l,7}". A partition 7 € P(n) is called bi-non-crossing
with respect to x if the partition s 1.7 (i.e. the partition obtained by applying the permutation
Sy 1 to each entry of every block of 7) is non-crossing. Equivalently, 7 is bi-non-crossing with

respect to y if whenever V, W are blocks of 7 and vy, vy € V, wy, wy € W are such that
V1 <y W1 <y U2 <y Wa,

then we necessarily have that V' = W. The collection of bi-non-crossing partitions with respect
to x is denoted by BNC(x). It is clear that

BNC(x) = {r € P(n) : s;,' -7 € NC(n)} = {s, -7 : 7 € NC(n)}.

We will be referring to a partition 7 simply as bi-non-crossing whenever it is clear from
the context which map x is used. Note that in the special case when the map x is constant,

one ends up with the collection of all non-crossing partitions on {1,...,n}.

Example 3.1.2. If x € {I,7}° is such that x"'({I}) = {1,2,3,6} and x"'({r}) = {4,5},
then (s, (1),...,5,(6)) =(1,2,3,6,5,4) and the partition given by

7 ={{1,4},{2,5},{3.6}}

is bi-non-crossing with respect to x, even though 7 ¢ NC(6). This may also be seen via the

62



following diagrams:
Lé—
24— l

3+

i i
61— —T5 — _&-- --J.j-- —-— .-

Figure 3.1: Relation between non-crossing and bi-non-crossing diagrams

The set of bi-non-crossing partitions with respect to a map x € {l,r}" inherits a lattice
structure from P(n) via the partial order of refinement (although the join operation in BNC(y)
need not coincide with the restriction of the join operation in P(n)). The minimal and maximal
elements of BNC(x) will be denoted by 0, and 1, respectively (with 0, = s,(0,,) = 0,, and
L, =s5,(1,) =1,). For 0 #V C {1,...,n}, we denote by min.V" and min V" the minimum
element of V' with respect to the natural order and the x-order of {1,...,n} respectively.

Similar notation will be used for such maximum elements.

Definition 3.1.3. The bi-non-crossing Mdbius function is the map

MBNC : U U BNC(x) x BNC(x) = C

neN ye{l,r}"

defined recursively by

1, ifr=2M\
Z pene(T, p) = Z peNe(p, A) =

pEBNC(y) pEBNC(y) 0, ifr<A
T<p<A T<p<A

whenever 7 < A, while taking the zero value otherwise.

The connection between the bi-non-crossing Mébius function and the Mobius function on

the lattice of non-crossing partitions unc is given by the formula

pBNC(T, A) = MNC(3;1 T, 3;1 - A)

for all 7 < A € BNC(x) and hence pupnc inherits many of the multiplicative properties of
unc (see |11, Section 3]).
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The Catalan numbers {C,,}

field of combinatorics; it is well known that the n-th Catalan number C), equals the number

nen form a sequence of positive integers frequently used in the

of non-crossing partitions on a set of n-elements and, as a result, also equals the number
of bi-non-crossing partitions with respect to any map x € {l,7}" (see [61, Proposition 9.4]).
This sequence will come up when we make reference to the joint x-distribution of bi-Haar
unitary pairs of operators (Corollary . We state the following lemma tying the values

of the bi-non-crossing Mdébius function with the Catalan numbers.

Lemma 3.1.4. Let n € N and x € {l,r}". Then, for all T € BNC(x) we have that

pene(0y,7) = [T (DY

Ver

In particular,
,UBNC(Oxv 1x) = (_1)n_1 - Ch,

where C,, denotes the n-th Catalan number.

Due to the connection between ugnc and unc, the proof of the aforementioned lemma is
based on facts regarding the behaviour of multiplicative functions on NC(n). More specifically,
it relies on the canonical factorization of intervals in the lattice of non-crossing partitions
and on the multiplicative properties of the Mobius function unc (see [61, Theorem 9.29,
Proposition 10.14 and 10.15]).

The Kreweras complementation map Kxc : NC(n) — NC(n) defined in [47] is an important
example of a lattice anti-isomorphism. For its descripition, we introduce new symbols

1,2,...,n and consider them interlaced with 1,2,...,n in the following manner:
1122...n7m.

For 7 € NC(n), its Kreweras complement Kxc(m) € NC({1,2,...,n}) =& NC(n) is defined to

be the largest non-crossing partition having the property
U Kxe(m) € NC({1,1,2,2...n,7}).

The complementation map found its generalization for the lattice of bi-non-crossing partitions

in |11, Section 5]. Specifically, for any n € N, x € {l,7}" and 7 € BNC(x), the Kreweras
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complement of 7 in BNC(y), denoted by Kpnc(7), is defined as

KBNC(T) =Sy KNC(S;I : 7'),

i.e. is given by applying the permutation s, to the Kreweras complement of s L7 in NC(n).
Note that in the special case when x € {l,7}" gives the constant value “I”, one obtains Kyc.

In the following lemma, we list properties of Kgn¢ that we will be making use of.
Lemma 3.1.5. Let n € N and x € {l,r}". Then:

(a) Kgnc : BNC(x) — BNC(x) is a bijection,

(b) Kpne(0y) =1, and Kpne(ly) = 0y,

(¢) For all 7, € BNC(x) we have that

T<)\ <= KBNC(A> < KBNC(T) <= Kglijc()\) < Kg&C(T)

All of these properties are easily verified by the definition of Kgnc and by the corresponding
properties which hold for Kyc.

We shall now state a combinatorial lemma, which may be of independent interest and
involves the following cancellation property for the lattice of bi-non-crossing partitions. A

special case of this lemma will play a key role in the proof of Lemma |3.3.3

Lemma 3.1.6. Letn € N, x € {l,7}" and consider a family {d-},cpxey) of indeterminates
indexed by the bi-non-crossing partitions BNC(x). Then, the following holds:

Z (NBNC(OX?T) : Z d/\> = dy,

T€BNC(x) AEBNC(x)
A<Kgnc(T)

Proof. Re-arragning the left hand-side of the above expression yields:

Z (MBNC(OX77—>‘ Z d>\>: Z (dx' Z MBNC(0x>7)>
)

T€BNC(n) AEBNC(x) AeBNC(x) TEBNC(x
A<Kpnc(T) A<KBnc(T)

With this remark in hand, it is immediate that to prove the conclusion of the lemma, it
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suffices to show that for all A € BNC(x), we have that

1, ifA=1,

Z PJBNC(Oxv T) = )
TEBNC(x) 0, if A <1,
A<KBnc(T)

We simply state that this condition must also be necessary, because the indeterminates {d. }
satisfy no relations. Fix A € BNC(y) and let A’ € BNC(y) be such that A\ = Kgnc(N).

Observe that since
A < KBNC<T> < KBNC<)\) < KBNC(T) <— 7< )\/,

we have that
{r € BNC(x) : A < Kpne(7)} = {7 € BNC(x) : 7 < \'}.
Elementary properties of the Mobius function on the lattice of bi-non-crossing partitions

imply that

1, if0, =N

> mene(0T) = ) MBNC Oy, 7) =

: /
TEBNC(x) T€BNC(x 0, it 0, <A
A<Kpnc(T) OX<T<>\'

Then, an application of Lema yields:
Oy =X <= Kpnolly) = Kpne(V) <= A=1,

and
0, < N <= Kpio(ly) < Kpne(\) <= A< 1.

This completes the proof. ]

Of course, when the map y € {l,r}" gives the constant value “I”, one obtains the analogous

result for the lattice of non-crossing partitions.

3.1.2 Bi-Free Independence and Bi-Free Cumulants

We begin by recalling the notion of bi-free independence for pairs of faces in some non-

commutative *-probability space, originally developed in [82].
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Definition 3.1.7. Let (A, ¢) be a non-commutative *-probability space.
(i) A pair of faces in (A, ) consists of a pair (C, D) of unital subalgebras of A.
(ii) A family {(Cy, Di)},cx of pairs of faces in (4, ) is said to be bi-freely independent

(or simply bi-free) if there exists a family of vector spaces with specified vector states

{(X, Xi, &) }re e and unital homomorphisms
lk : Ck — E(Xk) and TE - Dk — ﬁ(Xk),

(where £(X};) denotes the space of all linear maps on &%) such that the joint distribution
of the family {(Ck, Di)},cx With respect to ¢ coincides with the joint distribution with

respect to the vacuum state on the representation on e ( Xk, Xk, &k )-

(iii) If Sy and Vj, are subsets of A for all k € K, then the family {(Sk, Vi)},cx Will be said

to be bi-free if the family of pairs of faces

{(alg(14 U Sk), alg(1a U Vi) }rek

is bi-free.

(iv) If Si and V;, are subsets of A for all k € K, then the family {(Sk, Vi)},cx Will be said
to be x-bi-free if the family

{(Sk U SZ? Vi U Vk*)}keK

is bi-free.

The bi-free cumulant function is the main combinatorial tool used in bi-free probability

theory and its definition is given below.

Definition 3.1.8. Let (A, ¢) be a non-commutative *-probability space. The bi-free cumulant

function is the map

HZU U BNC(x) x A" — C

neN ye{l,r}"

defined by

Kyr(ar, ... an) = kK(T,a1,...,0,) = Z ox(ay, ..., a,)usnc(A, T)
)

AeBNC(x
A<t
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for each n € N,y € {I,r}",7 € BNC(x) and ay,...,a, € A.

The previous formula is called the moment-cumulant formula and an application of M&bius

inversion yields that we must also have that

olay---ap) = Z Ky (@1, ap).

TEBNC(x)

It is clear that for n € N, x € {l,7}" and 7 € BNC(x), the bi-free cumulant map
Kyr: A" = C

is multilinear. In the special case when 7 = 1,, we will denote £, 1, simply by x,. Multi-

plicative properties of the bi-free cumulant function yield that

Kyr (a1, .., an) = H Kyly (@1, - an)|v),

Ver

for all n € N, x € {l,7}",7 € BNC(x) and a4, ...,a, € A. See [11] for proofs and discus-
sions on all the aforementioned properties. Note that the result of reading the sequence
(a1,...,a,)|y with the indices in the induced x|y -order coincides with first reading the
sequence (ay,...,a,) with the indices in the x-order and then restricting the resulting se-
quence to s;l(V). For a concrete example, let a1, as, a3, a4,a5 € A, let V= {2,3,4} and let
x € {I,7}® be such that x~1({I}) = {1,4}. Then (ay,...,as)|v = (as,as,as) and the result
of reading this sequence in the induced x|y-order is (a4, as, as) (since we are first listing the
left entries in increasing order, followed by the right entries in decreasing order). Also, since
(Gsy(1)s - Usy(5)) = (a1, a4, a5, a3,a2) and s (V) = {2,4,5} (which corresponds to the fact
that we will only be keeping the second, fourth and fifth terms of the aforementioned induced
sequence), the coincidence of the two sequences follows.

For aq,...,a, € A, we will often make reference to the bi-free cumulants of the tuple

(ay,...,ay,), by which simply signify the collection

{ky(er, . o) keN x e {l,r}F e, .. en €{ay, ... a,}}

of all bi-free cumulants with entries in the tuple (as, ..., a,). We will also make reference to
the bi-free x-cumulants of the tuple (aq,...,a,) when talking about the bi-free cumulants of
the tuple (ay,a3, ..., a,,ak).
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Observe that the moment-cumulant formula implies that for elements X,Y, Z W € A
the joint *-distribution of the pair (X,Y’) coincides with the joint x-distribution of (Z, W) if
and only if all bi-free x-cumulants of the pair (X, Y’) coincide with the corresponding bi-free
x-cumulants of the pair (Z, ).

The following theorem displays the equivalent combinatorial characterization of bi-free

independence.

Theorem 3.1.9 (|11], Theorem 4.3.1). Let (A, ¢) be a non-commutative x-probability space
and let {(Cr, Di)}rex be family of pairs of faces in A. The following are equivalent:

(i) the family {(Ck, Dy)}cx is bi-free,

(ii) forallm € N,x € {l,r}",a1,...,a, € A and non-constant map € : {1,...,n} — K such
that
Ce(i)s if x(1) =1
a; € (t=1,...,n)
D, if x(1) =7
we have that

Ky(ay,...,a,) =0.

Given that the majority of the results of this chapter involve computations of bi-free
cumulants having products of operators as entries, we will recall from |10, Section 9| the

necessary combinatorial notions.

Definition 3.1.10. Let m,n € N, y € {l,r}"™ and fix natural numbers
E(0)=0<k(1) <...<k(m)=n.

We define x € {l,7}" via
X(q) = x(pq),

where p, is the unique element of {1,...,m} such that k(p, — 1) < ¢ < k(p,). With this

notation, we define an embedding

BNC(y) — BNC(Y)

T T
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that is obtained by replacing p € {1,...,m} by the block {k(p—1)+1,...,k(p)}. Note that
X is constant on each block {k(p — 1)+ 1,...,k(p)} and its value is equal to x(p).

It is easy to see that the mapping m — 7 is an injective order embedding, 15 = 1AX and
that OAX is the partition with blocks

{{kp—=1)+1,....k(p)} : 1 <p<m}.

Moreover, the image of BNC(x) under this map is

—

BNC(x) = [6;,1;] = [6;,12} C BNC(Y),

and, since this map preserves the order, we obtain that ugnc(o, ) = upnc(d, 7).
The main idea behind introducing the notions in Definition [3.1.10| becomes clear when

considering the following theorem, which we will be using frequently throughout this chapter.

Theorem 3.1.11 (Scalar case of |10], Theorem 9.1.5). Let (A, ¢) be a non-commutative
x-probability space, m < n € N,x € {l,r}" and integers

k(0) =0 < k(1) < ... < k(m) = n.

Also, let ay,...,a, € A. Then with X € {l,r}" as in Definition|3.1.10) we have that

%X(Ch T A1), Ak(1)4+1 7 Ak(2)y - -+ Ak(m—1)+1 """ ak(m)) = E %g,r(ah e 7an)-

TEBNC(X)
TVO, =13

Note that in the case when there exists ¢ € N such that k(i) = k(i — 1) + ¢ for all
1 =1,...,m, then OAX = s;(@() We find it convenient to state and prove the following
proposition, concerning bi-non-crossing partitions whose blocks have to connect consecutive
indices in the x-order. In sections [3.2] and [3.3] when discussing the behaviour of products
of pairs of operators, the forward direction of this proposition will be used frequently in
combination with Theorem [B.1.11]

Proposition 3.1.12. Let n € N and x € {l,r}*" such that x(2i — 1) = x(2i) for every
1=1,...,n. Also, let @( ={{2i—1,2i} :i=1,...,n}. Then, for a bi-non-crossing partition
T € BNC(x), the following are equivalent:
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(i) TV OAX = 1, and every block of T contains an even number of elements,
(11) sy (1)~r5,(2n) and s,(2i)~;s5,(2i + 1) for everyi=1,...,n — 1.

Proof. Since (i( = sx((j;), it is clear that clause (i7) above implies clause (i). Now, let
7 € BNC(x) be such that 7V 0, = 1, and every block of 7 contains an even number of
elements and let V' € 7 such that s,(1) € V (equivalently 1 = min. s, (V). Also, let
g € {1,...,2n} such that s,(¢) = max_ V(equivalently ¢ = max.s,~*(V')). We claim that ¢
must be an even number.

Indeed, by way of contradiction, suppose that ¢ = 2m — 1 for some m € {2,...,n}. We
remark that V' cannot be equal to {s,(i) : 1 <1i < 2m — 1} since V must contain an even
number of elements. Notice that if 2 < p < 2m — 2 is such that s, (p) ¢ V and V' € 7 is such
that s, (p) € V', then we necessarily must have that V' C {s, (i) : 2 < i < 2m — 2}; for if
there exists ¢ > 2m with s, (i) € V' then we obtain that

1 =mincs, (V) , 2m — 1 = max.s, (V)
and
p,i € s, (V') with 2 < p <2m — 2 and 2m < i,

which contradicts the fact that s, ' -7 € NC(2n). This shows that the set
{s,(i) : 1 <i<2m —1},

whose cardinality is obviously odd must be written as a union of blocks of 7, thus 7 must
contain at least one block with an odd number of elements, contradicting our initial assumption.

Hence ¢ = 2m for some m € {1,...,n}. If m < n, then let
V= {s.(i): 1 <i<2m}

and define A = {V, (V)C} Since s, 1A ={1,2,...,2m} U{2m +1,...,2n}, we have that
A € BNC(x),V C V and that 7',6; < X < 1, thus the condition 7 V @ = 1, cannot be
satisfied. Hence, we must have that ¢ = 2n and this implies that s, (1)~,s,(2n).

Now let s € {1,...,n — 1} and V € 7 such that s,(2i) € V. Assume that s, (2 + 1) ¢ V
and we will distinguish between two possibilities:

First, let us suppose that s,(2i) = max; V and let ¢ € {1,...,2n} be such that

sy(q) = min< (V). Then, arguing as before, we deduce that we must have ¢ = 2p — 1
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for some 1 < p < i (otherwise, if ¢ = 2p with 1 < p < i, then the cardinality of the set

{sx(j) : 2p < j < 2d}

is odd and thus 7 contains at least one block with an odd number of elements which of course
cannot happen). But then, by setting V= {5y(j) :2p—1<j<2i}and A\ = {‘N/, (\N/)C},
since

s A=Al 2(p—- DY u{2p—1,...,2i} U{2i +1,...,2n},

we obtain that A € BNC(x),V C V and 7,0, < A < 1,, a contradiction. This shows that it
cannot be the case that s,(2i) = max, V and hence, there must exist ¢ € {1,...,2n} such
that s, (q) € V and s,(27)<,s,(q). Without loss of generality, we may assume that for every
v e V\{s(2i),s,(q)}, we either have that v <, s,(2i) or s,(¢) <, v (i.e. we may assume
that s,(¢) is the xy-minimum element of V' with this property). If ¢ = 2m for some ¢ > i + 1,
then the set {s,(j) : 20 +1 < j < 2m — 1} is non-empty and contains an odd number of
elements. Thus, arguing as before, it must be written as a union of blocks of 7, which implies
that at least one block of 7 contains an odd number of elements, a contradiction.

If g =2m — 1 for some m > (i + 1), then the set
V={s(j):2i+1<j<2(m—1)}

is non-empty and contains an even number of elements. Let A = VU (V)C Then, since
V C (‘7)C, it follows that A € BNC(x) and 7, OAX < X < 1,, a contradiction. This shows that
we must have s, (2i)~;s,(2¢ + 1) and this completes the proof. O

3.1.3 Bi-R-Diagonal Pairs of Operators

In the context of free probability, R-diagonal operators are characterized by having all of
their free *-cumulants that are either of odd order, or have entries that are not alternating
in *-terms and non-x-terms equal to zero. With the aforementioned preliminaries on bi-free
cumulants in hand and by adopting the combinatorial approach in the bi-free setting, we will
now give the definition of bi-R-diagonal pairs of operators, which will be the central focus
of this chapter. This definition was first proposed as the correct bi-free generalization of

R-diagonal elements in |68, Section 4], but was only used to yield examples of R-cyclic pairs

of matrices (see Proposition [3.1.23]).
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Definition 3.1.13. Let (A, ¢) be a non-commutative #-probability space and X,Y € A. We
say that the pair (X,Y) is bi-R-diagonal if for every n € N, x € {l,r}" and a4,...,a, € A
such that

{X, X7} i x(i) =1 ,
a; € (t=1,...,n)
{Y. Y}, if x(i) =7

we have that:
(i) ry(ay,...,a,) =0, ifnis odd

(ii) my(ai,...,a,) =0, if n is even and the sequence (as, (1), - ., s, (n)) is 70t in one of the

following forms:

Z,2%,...,2,Z"), with Z € {X, X*,Y,Y*},
X, X5 L X XY, YL Y Y,

) (

) (

) (X5 X, .. X5 XYY, ..., YY),

) (X, XL X X XYY, YR YY),
) (

XX, XX XR Y, YL Y, YY),

i.e. whenever the sequence (ay,...,a,) is not alternating in *-terms and non *-terms
when read with the indices in the y-order, with any number of X-terms followed by

any number of Y-terms.

It is clear from the definition that if the map y is constant, then bi-free cumulants reduce
to free cumulants and all free cumulants with entries in either {X, X*} (if the map x yields
the constant value “I”) or {Y,Y*} (if the map y yields the constant value “r”) that are of
odd order or are not alternating in *-terms and non-*-terms are equal to zero. In particular,
if (X,Y) is a bi-R-~diagonal pair, then both X and Y are R-diagonal operators. Also, it is
immediate from the moment-cumulant formula that all joint x-moments of odd order of a
bi-R-diagonal pair are equal to zero, i.e. if the pair (X,Y’) is bi-R-diagonal, then for all k € N
and aq, ..., a1 € {X, X* Y, Y*} it follows that

90(611 e 'a2k+1) =0.

Towards providing canonical examples of bi-R-diagonal pairs of operators, in analogy to

the case of free probability and free Haar unitaries, we will define the notion of a bi-Haar
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unitary pair of operators and compute its bi-free x-cumulants. Bi-Haar unitary pairs will act
as both the prototypical examples and building blocks of bi-R-diagonal pairs (see Theorem
3.3.4)). First, we recall the definition of a free Haar unitary.

Definition 3.1.14. Let (B, ) be a non-commutative x-probability space. A unitary v € B

is called a Haar unitary if for all n € Z we have that:

. 1, if n=0,
(") =

0, otherwise.

The free *-cumulants of a Haar unitary are computed as follows:

Proposition 3.1.15 (|61], Proposition 15.1). If v € (B, ) is a Haar unitary, then for every

n € N, the non-vanishing free x-cumulants of v are given by:

Kon (0, 0%, ..., 0,0%) = Ko (V¥ v, ... 0% 0) = (=1)" 1 O,y

where C,, denotes the n-th Catalan number. All other free cumulants with entries in the set

{v,v*} vanish.

The bi-free generalization of the notion of a Haar unitary was first proposed in |10}

Definition 10.1.2| in the operator-valued setting.

Definition 3.1.16. Let (A, ) be a non-commutative *-probability space and wu;, u, be

unitaries in A. The pair (u;, u,) is called a bi-Haar unitary pair if the following hold:
(i) the algebras alg({u;, w;*}) and alg({u,, u,*}) commute,

(ii) for all n,m € Z we have that

1

m)_ )

if n+m =0,

0, otherwise.

In particular, if the pair (u;, u,) is a bi-Haar unitary, then both u; and u, are free Haar

unitaries.

Example 3.1.17. Let G be a group with identity e that contains an element of infinite order
(i.e. there exists gy € G such that gf # e for all n € Z\ {0}). If A : G — B({2(G)) and
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p: G — B(ly(G)) denote the left and right regular representations of G respectively, then
it is straightforward to verify that the pair (A(go), p(g5 ")) is a bi-Haar unitary pair, with
respect to the vector state corresponding to the identity element of GG. In particular, if u

denotes the bilateral shift on ¢5(Z), then the pair (u,u) is a bi-Haar unitary. O

The joint distributions of bi-Haar unitary pairs found applications in [10] where, in analogy
to the setting of free probability, it was shown that conjugation by bi-Haar unitary pairs
results in moving bi-free pairs of algebras into bi-free position, while maintaing their joint

distributions. Concretely, in the scalar setting the authors obtained the following result:

Theorem 3.1.18 (Scalar case of [10], Theorem 10.1.3). Let (A, ) be a non-commutative
x-probability space and let (u;,u,) be a bi-Haar unitary pair in A. If (C, D) is a pair of
subalgebras of A that is bi-free from the pair (alg({w;,u;}),alg({u,,ur})), then the pairs
of algebras (u;Cuy,u:Du,) and (C, D) are bi-freely independent and, moreover, the joint
distibution of the pair (u;fCuy, u:Du,) coincides with the joint distribution of (C, D).

The commutation assumption on the left and right operators of a bi-Haar unitary pair
allows one to reduce the computation of its bi-free cumulants to computing free cumulants of

a free Haar unitary. In particular, we have the following:

Proposition 3.1.19. Let (A, p),(B,v) be non-commutative x-probability spaces and let
(ug, u,) be a bi-Haar unitary pair in A and v € B a Haar unitary. Forn € N and x € {l,r}",
let aq,...,a, € A such that for alli=1,...,n

{w, w*}, if x(1) =1
{ur,w,*},  if x(@) =7

and define by,...,b, € B by

forallt=1,...,n. Then, we have that

Ky (@1, ... an) = Kp(by, ..., by),

with the quantity on the left-hand side of the equation being a bi-free cumulant and the one

on the right-hand side being a free cumulant.
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Proof. For n,m € 7Z, the following relation between the joint *-moments of (u;, u,) and the

x-moments of v is immediate by Definitions [3.1.14] and [3.1.16|

p(u” - u,™) = ™).

and, since the algebras alg({w;,u}}) and alg({u,,u}}) commute, every joint *-moment of
the pair (u;, u,) factorizes in a moment that has a form similar to the left hand-side of the

previous expression. The moment-cumulant formulas yield that

Kx(ala cee 7an) - Z SOT(GIJ cee 7an)MBNC<T7 1)()7
TEBNC(x)

and

K/n(bla"'ybn) = Z quw(bla"'?bn)uNC(W? 1n>

TENC(n)

The main observation needed to lead us to the conclusion of the proof is that for all 7 € BNC(x)
and for all V' € 7, we have that

o((ar, ... a,)lv) =¥((by,. .. ,bn)|5;1(v)).
Indeed, let 7 € BNC(x) and V' € 7. Define the sets
[1:{?:€V3ai:ul}, IQI{Z'EVICLi:UEk},

and
IgZ{iEVZ(IiZUT}, I4Z{Z€V(IZZU:}

Also, let n; € N to be equal to the cardinality of the set I;, for all © = 1,2, 3,4. Then, by the

definition of b1, ...,b,, we have that

p((ars. .- an)lv) = (u"Pup™) = (™72 = ((br, - ba)|o1r)-
Hence, this implies that for any bi-non-crossing partition 7 € BNC(y) we obtain
()0’7'(0’17 s 7an),uBNC(7-a ]-x) - (;07(0117 cee aan)MNC(S;I T, ]-n) = ¢S;147(b1> cee abn)MNC(S;I T, ]-n)

This completes the proof. O
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A combination of Propositions [3.1.15] and [3.1.19| gives a complete computation of the

bi-free cumulants involving a bi-Haar unitary pair.

Corollary 3.1.20. Let (A, p) be a non-commutative x-probability space and (u;, u,) a bi-Haar
unitary pair in A. Also, let n € N,y € {Z,T}Zn and ay, . ..,as, € A such that

(a) for alli=1,...,2n we have

{uy, u;*}, if x(i)=1
{ur,w,},af x() =7

aiE

(b) the sequence (as (1), .- -, s (2n)) 95 alternating in x-terms and non-*-terms.

Then,

/iX<Cl1, Ce ,agn) = (-1)”71 . Cnfl,

where C,, denotes the n-th Catalan number. All other bi-free x-cumulants of the pair (u;, u,.)

vanish. In particular, the pair (u;,u,) is bi-R-diagonal.

3.1.4 Operator-Valued Bi-Free Independence and R-cyclic Pairs of

Matrices

In the spirit of [10] and [68|, we will present the basic definitions regarding operator-valued
bi-free independence and a number of results concerning R-cyclic pairs of matrices. The
results that are cited will be used in Section to discuss an equivalent characterization
of the condition of bi-R-diagonality, which will be formulated in terms of the bi-freeness

of certain matrix pairs from scalar matrices with amalgamation over the diagonal scalar
matrices (see Theorem [3.3.6]).

Definition 3.1.21. Let B be a unital algebra.

o

(i) A B-B-bimodule with specified B-vector state is a triple (X, X, p) where X is a direct
sum of B-B-bimodules
X=BoX

and p: X — B is the linear map given by
p(b®n) =0,
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(iii)

forall b € B and n € )O( On L(X), the space of linear maps on X, we define the
expectation of L(X) onto B which is the linear map given by

Era)(T) =p(T' (15 ®0)),
for all T € L(X).

A B-B-non commutative probability space is a triple (A, E4,¢), where A is a unital
algebra, € : B ® B°® — A is a unital homomorphism such that both maps ¢|pg1, and

el1p@per are injective and F4 : A — B is a linear map such that
EA(é(bl X bg)Z) = blEA<Z)b2

and
EA(ZE(b® 13)) = EA<Z€(1B & b)),

for all b,b1,b, € B and Z € A. The unital subalgebras of A defined as
A={Z€A:Ze(1p®b) =c(1p®@b)Z for allb e B}

and
A, ={ZecA:Ze(b®1p) =c(b®1p)Z for allb € B},

are called the left and right algebras of A respectively.

A pair of B-faces in a B-B-non commutative probability space (A, E4,€) consists of a
pair (C, D) of unital subalgebras of A such that

e(Be1lg) CC C A and (13 ® B?) C D C A,.

A family {(Cy, Dy)},c of pairs of B-faces in a B-B-non commutative probability
space (A, Ey,¢) is said to be bi-free with amalgamation over B if there exist B-B-

bimodules with specified B-vector states {(Xj, Xk, pr)} e and unital homomorphisms
lk : Ck — ACZ(Xk) and D — Lr(-Xk) such that the jOiIlt distribution of {(Ck, Dk)}keK

with respect to Ey is equal to the joint distribution of the images of

{((Ak 0 L) (C), (o 0 71) (D)) bre i
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inside L(*pecx X)) with respect to E where A\, and p, denote the left and right

*pe K Xk))
regular representations onto X C sy Xy, respectively.
If Sy € Ay and V, C A, for all k € K, we will say that the family {(Sk, Vi)},cp is

bi-free with amalgamation over B if the family
{(alg(e(B ® 15) U Sk), alg(e(1p @ B®) UVi)) ek

of pairs of B-faces is bi-free with amalgamation over B.

See |10, Section 3| for a discussion on why B-B-non-commutative probability spaces
are the correct framework to formulate the notions of operator-valued bi-free probability.
There, a combinatorial approach was adopted and the bi-multiplicative operator-valued bi-free
cumulant maps were defined and used to characterize operator-valued bi-free independence.

Let (A, ) be a non-commutative #-probability space and let d € N. In the algebra M (A)
of all d x d matrices over A, consider the unital subalgebras M,(C) and D, consisting of
all scalar matrices and all diagonal scalar matrices respectively and let Fy : M4(C) — Dy
denote the conditional expectation onto the diagonal. We will recall from [68] Section 4| the
process on how to turn £(My(A)), the space of all linear maps on M,4(A), into a M,(C)-
M (C)-non-commutative probability space. We will denote by [a; ;] a matrix whose (i,5)™"
entry equals a; ;.

Define the unital, linear map ¢4 : M4(A) — My(C) by

va([Tij]) = [p(Ti,5)]

for all [T} ;] € My(A). Also, for [a;;] € M4(C), let

Lia, ) ((T34]) = [i @ik Th
for all [T3;] € My(A). Then, if € : My(C) ® Mg(C)® — L(Ma(A)) is defined as
e((as) @ [a,]) = Loy Riar ([a,). [a] € Mal©))
and Ey : L(My(A)) = My(C) is defined as
E(Z) = pa(Z(14)), (Z € LIMa(A)))
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where I; denotes the d x d identity matrix, we have that the triple (£L(M4(A)), Eq,€) is a
M ;(C)-M 4(C)-non-commutative probability space. We will also need the unital homomor-
phisms L : My4(A) = L(M4(A)), and R : M4(A®P)® — L(M4(A)), given by

L([Z:,,D)[Ti5]

ZZZ kaj

k=1

and R([Z; ;]

ZZk] ik

Y

for all [Z; ;], [T;,,] € Ma(A).

In the setting of free probability, there is a connection between R-diagonal operators and
R-cyclic matrices (see [61, Example 20.5]). In the bi-free setting, R-cyclic pairs of matrices
were first defined and studied in [68].

Definition 3.1.22. |68, Definition 4.4] Let (A, ¢) be a non-commutative *-probability space,
d € N, I,J be disjoint index sets and let {[Zp;]},c; U {[Zkijl}ie; © Ma(A). The pair
({[Zki il kers {[Zkiijl }kes) is called R-cyclic if for all n € Nyw : {1,...,n} — I U J and
1<i1,..uyin, J1,- -5 Jn < d, by defining x € {l,7}" as

I, ifwl)el
(i) = (i=1...n)
T, ifw(i) e J

we have that

'Lix(Zw(l);ilJl’ Zw@)ﬂ’zdz? ) Zw(n);in,jn) =0

whenever at least one of the relations

T (1) = sy (2), Jsy (2) = sy (3) - - - 2 Jsx(n—1) = Lsy(n)s Jsx(n) = sy (1)
is not satisfied.

The following result was mentioned (but not proved) in |68, Section 4] and we include the

proof for the convenience of the reader.

Proposition 3.1.23. Let (A, ) be a non-commutative x-probability space and let X,Y € A.

The following are equivalent:

(i) the pair (X,Y) is bi-R-diagonal,
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(it) in Ma(A), the pair ([Z;j],<; j<or Wijli<i j<o) defined as

0 X
X* 0

0 Y
Y* 0

1<ij<2 —

] and [W@j]

[Ziih<ij = [

s R-cyclic.

Proof. The main observation that will make the equivalence of the proposition apparent is

that the condition that at least one of the relations

Jox(1) = sy (2)5 Ty (2) = Lsy(3)s - - - 5 Jsy (n—1) = Lsy(n)s> Jsy(n) = sy (1)

is not satisfied is equivalent to the statement that the sequence

(aisx(1)7jsx(1)7 e 7aisx(n)7jsx(n))

is either not alternating in x-terms and non-*-terms, or is of odd length.
Indeed, first suppose that js m) 7# is, (m+1) for some m € {1,...,n — 1} and notice that

this implies that we must have

Z'sx(m) = Z.sX(m—&—l) and jsx(m) = jsx(m+1)-

But this is equivalent to stating that the elements a; and a; both

X(m)vjsx(m) sx(m+1)7jsx(m+1)

correspond to either x-terms or non-*-terms and hence the sequence

(a/isx(l)vjsx(l)7 T ’a/isx(n):jsx(n))

is not alternating in *-terms and non-*-terms.

Next, assume that jg (n) # @s,(1). As before, we must have that
Use(1) = sy (n) A0 Js (1) = Js(n)-
This is equivalent to stating that the first and last terms of the sequence
(aisx(1)7jsx(1)7 T 7aisx(n)7jsx(n))
both correspond to either %-terms or non-x-terms, which means that this sequence either is
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not alternating in *-terms and non-*-terms, or is of odd length. O]

The main result we will need for Theorem [3.3.6] concerns the following equivalent charac-

terization of R-cyclic pairs.

Theorem 3.1.24 (68|, Theorem 4.9). Let (A, @) be a non-commutative x-probability space,
deN, I,J be disjoint index sets and let {[Zr;i ;] }ie; YA Zrigl}pes © Ma(A). The following

are equivalent:
(i) the pair (‘{[Zk;i,j]}kep {[Zk;i,j]}kej) is R-cyclic,

(ii) the family ({L([Zri]) e AR Z1ii)) bies) is bifree from (L(Ma(C)), R(Mq(C)™))

with amalgamation over Dy with respect to Fyo Ey.

3.2 Operations Involving Bi-R-Diagonal Pairs

In this section, we will study the behaviour of bi-R-diagonal pairs of operators under the
taking of sums, products and arbitrary powers, where, in most cases, a *-bi-free independence
condition will be assumed. The proofs obtained will indicate that most of the results that hold
for free R-diagonal elements (see [60] and [61, Lecture 15|) have corresponding generalizations
in the bi-free setting. We begin with the following proposition regarding sums of *-bi-free

bi-R-diagonal pairs.

Proposition 3.2.1. Let (A, ) be a non-commutative x-probability space and X,Y, Z, W € A
such that:

(a) the pairs (X,Y) and (Z,W) are both bi-R-diagonal,
(b) the pairs (X,Y) and (Z,W) are x-bi-free.
Then, the pair (X + Z,Y + W) is also bi-R-diagonal.

Proof. Let n € N, x € {l,r}" and ay,...,a, € A such that

{X+ 72, X"+ 7%}, if x(i) =1
a; € (i=1,...,n)
{Y+ W, Y*+ W}, if x(i)=r
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Define by,...,b,,c1,...,¢c, € A by

( (
X, ifa; = X*+ 2* Z*, ifa; = X*+ Z*
bz‘ = and C; —
Y, ifa, =Y +W W, ifa,=Y +W
\Y*, ifa; =Y*+ W~ \W*, ifa; =Y*+ W~
for each ¢ = 1,...,n. Then, the multi-linearity of the bi-free cumulants maps combined with

the *-bi-free independence condition yield that

By (@1, ..o an) = Ky (b, ..., by) + Ky(ca, ..o, cn).

The conclusion of the proposition follows from the observation that the sequence

(Asy(1)y -+ s sy (n))

is alternating in x-terms and non-*-terms if and only if both the sequences

(bsx(l)a ceey bsx(n)) and (Csx(l)a e 7Csx(n))

are also alternating in *-terms and non-*-terms. [

With the previous proof in mind, it is easy to see that if exactly one of the x-bi-free pairs
(X,Y) and (Z, W) is bi-R-diagonal, then the pair (X + Z,Y + W) cannot be bi-R-diagonal.

We now proceed to study various cases on products involving bi-R-diagonal pairs. The
products of pairs will be considered pointwise, with the condition that the order of the right
operators is reversed being necessary for the results concerning the more general cases (see
Theorem below and also Proposition . The proofs of these results will require
more delicate arguments when compared to the cases of sums involving bi-R-diagonal pairs
and, for this, the formula for bi-free cumulants with products of operators as arguments will
play a key role. The next theorem states that the product of a bi-R-diagonal pair of operators
by any x-bi-free pair is also bi-R-diagonal and exhibits the fact that bi-R-diagonal pairs exist

in abundance.

Theorem 3.2.2. Let (A, ) be a non-commutative x-probability space and let X, Y, Z, W € A
such that:
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(a) the pair (X,Y) is bi-R-diagonal,
(b) the pairs (X,Y) and (Z,W) are x-bi-free.
Then, the pair (XZ,WY) is also bi-R-diagonal.

Proof. Let n € N, x € {l,r}" and a4, ...,a, € A be such that

(XZ, X7, if (i) =1
a; € (Z:L,Tl)
{WY, Y*W*}, if x(i)=r

Define X € {I,7}*" by X(2i — 1) = X(2i) = x(i) foreach i = 1,...,n and c,...,co, € A as

follows:

/ 4
X, ifa; = XZ Z, ifa; = XZ
z*,  ifa;=2*X* X ifa;, = Z*X*
Coi—1 = and cy; =
W, ifa; = WY Y, ifa; = WY
v ifa =YW (W ifa =YW

for each ¢ = 1,...,n. Then, an application of Theorem [3.1.11| yields:

Ky(ay, ... a,) = Z Ky (Cly. .., Cop) (1)

7EBNC(R)
TVO0,=1g

= Z H/@ﬂv (e, em)lv)  (2)

FEBNC(R) Ve
T\/OX:1;

where 0, = {{2i —1,2i} :i=1,...,n} € BNC(Y).
To start, we make some remarks. First of all, if x'({l}) = {i1 < ... < i,} and
x '{r}) ={j1 < ... <Jjnp}, the definition of Y implies that

X)) =120 —1<2ip <. <20, — 1 <26}

and
M) =2 -1 <21 <o < 2p— 1< 20, )
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Thus, if i € {1,...,n} with a, ) = XZ, then ¢, 2,1) = X and ¢, 2y = Z (a similar
situation occurs when ag, ;) = Z*X*, since this corresponds to a left operator). Now if
as i) = WY, then Cso(2i-1) = Y and Cso(20) = W (and a similar situation occurs when
as, iy = Y *W* since this corresponds to a right operator). Note that in the latter case, the
right operators must appear reversed in the x-order.

Secondly, in order for a bi-non-crossing partition 7 to contribute to the sum appearing
in (2), we must have that for every V' € 7, either {¢; : 1 € V} C {X, X*Y,Y*} or
{c: - i e V} C {Z Z*,W,W*}, for if there exists V € 7 and i # j € V such that
¢ € {X, X*Y,)Y*} and ¢; € {Z, 2", W,W*}, then kg, ((cl,...,CQn)]V) = 0 due to the
s-bi-free independence condition and thus kg (c1, ..., c2,) vanishes. Note that this implies
that if n is odd, then xy(a; ..., a,) =0, as then the cardinality of the set

Ge{l,....2n}:¢; € {X, X", Y, Y*}}

is odd and hence for any 7 € BNC(Y) there exists V' € 7 with odd cardinality that con-
tains indices corresponding to elements in {X, X*,Y,Y*}. Since the pair (X,Y) is bi-R-
diagonal, all bi-free cumulants of odd order with entries in {X, X*,Y,Y*} vanish, thus
kzl, (1, en)ly) = 0.

We may now assume that n is even and that every block of a bi-non-crossing partition
contains indices corresponding to elements either from {X, X* Y, Y*} or {Z, Z* W, W*}. We
must show that the cumulant x (a1, ..., a,) vanishes if the sequence (a,, (1), - .., s, (n)) is DOt
alternating in *-terms and non-x-terms. When this occurs, by analysing individual cases, we
will show that a given bi-non-crossing partition 7 € BNC(Y) either yields zero contribution
to the sum appearing in (1), or that the relation 7V (X = 13 cannot be satisfied.

Suppose the following situation occurs:
(asx(l), c ,asx(n)) = ( .. ,XZ, XZ, .. .),

with ag, (m) = s, (m+1) = X Z for some m € {1,...,n—1}. This implies the following situation
for the Y-order:
(652(1), PN ,Csi(gn)) = ( .. ,X, Z, X, Z, .. .),

with cs om-1) = Cso@mr1) = X and ¢, (2m) = Co2myz) = Z. For 7 € BNC(Y), let V € 7
be such that sg(2m + 1) € V. To start, consider the case when sg(2m + 1) = min, V
(equivalently, 2m + 1 = min<s§1(V)). Let ¢ € {1,...,2n} such that sg(q) = max. V
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(equivalently, ¢ = max. 3§I(V)) and notice that we must have that c,_(,) € {X*,Y*}. Indeed,
if ¢ (q) € {X, Y}, then the sequence (ci, ..., c2,)|v When read in the induced X|y-order would

have either one of the forms

and would thus not be alternating in *-terms and non-*-terms. Since the pair (X,Y) is

bi-R-diagonal, this would imply that g, ((c1,...,cn)|v) = 0 and hence

Kyr(cr, ... con) =0.

We assume that ¢, ) = Y~ (with the case when Cso(q) = X ™ handled similarly). The following

situation follows:
(Csi(l)a--wcs)z@n)) = (...,X, Z,X, Z,...,W*,Y*,...)

and, as such, ¢ = 2p for some p € {m+2,...,n}. We will show that the relation 7V 6; =1y
cannot be satisfied. Indeed, define V = {sg(?) : 2m +1 <4 < 2p} and let X\ = {V, (‘7)C}
Since

sehoA={{2m+1,..,2p},{1,....2m} U{2p+ 1,...,2n}} € NC(2n),

it follows that A € BNC(X). It is easily seen that @( < X and, moreover, 7 < A holds. To see
this, first note that V' C V. For V' € 7 with V #£ V' we must have that either V' C V or
V' C (V)C; for otherwise there would exist i # j € s;(V’ ) such that

ied{l,....2m}U{2p+1,...,2n} and j € {2m+2,...,2p — 1}.

But this cannot happen, since {2m + 1,2p} C s)%l(V) and the partition 5)%1 - 7 IS non-
crossing. Hence, we have that 7,0, < A < 15 and it follows that we cannot have that
sz(2m +1) = min, V.

So, suppose that there exists ¢ € {1,...,2n} with sz(¢) € V and

sz(q)=5 sg(2m + 1).

We may moreover assume that for all v € V' \ {s5x(2m + 1), s3(q)}, we either have that
v=<g sz(q) or sx(2m + 1)< v (i.e. that sg(g) is the Y-maximum element of V' with this
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property). Notice that it must necessarily be that Cso(q) = X" Indeed, if not, we would have
that ¢, () = X and then the sequence (ci, ..., cz,)|v when read in the induced X]y-order

would be of the form
with this implying that sy, ((c1,. .., c2n)|v) = 0, since the pair (X,Y") is bi-R-diagonal.
Thus, ¢, () = X and this yields the following situation
(052(1), PN ,Csi(gn)) = ( .. ,Z*,X*, PN ,X, Z,X, Z, .. )

From this, one sees that ¢ = 2p, for some p € {1,...,m — 1}. We will show that once again
the relation 7V 0, = 15 cannot be satisfied. By defining V = {s5(i) : 2p+ 1 < i < 2m} (and
noting that this set is non-empty), let A = {\N/, (\N/)C} Observe that V' C (XN/)C and, as before,
it follows that A € BNC(X) and T, (i( < A < 1. Hence, when

(asx(l)’ e 7a5x(")) = ( .. ,XZ,XZ, .. .),

we obtain that the bi-free cumulant x, (a4, ..., a,) vanishes and the use of similar arguments
shows that this is also the case when the sequence (a; (1), ..., s, (n)) has one of the following
forms

(.., XZWY,..)or (... WY, WY,...).
Now, suppose that the following situation occurs:

(asx(l), PN ,asx(n)) = ( . ,Y*W*, Y*W*, . .),

With as (m) = s (me1) = YW for some m € {1,...,n — 1}. This implies the following

situation for the y-order:
(Csi(l); ce 705;(271)) = ( cey W*, Y*, W*, Y*, .. .),

with ¢s_(om-1) = Csc@2my1) = W* and ¢ om) = Cs 2mr2) = Y. For 7 € BNC(Y), let V € 7 be
such that s¢(2m) € V and suppose that sg(2m) = max._V (equivalently, 2m = max<s§l(V)).
Let ¢ € {1,...,2n} such that sg(q) = min, V' (equivalently, ¢ = min<s§1(V)) and notice
that we must have that ¢, ) € {X,Y}. Assume that ¢, = Y (with the case when
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Csc(q) = X handled similarly). Hence, we have that
(Cocttys- - Cocom) = (oo, Yy W, W5 Y5 W5 Y,
and it follows that ¢ = 2p — 1 for some p € {1,...,m — 1}. By defining
V= {s¢(i): 2p— 1 <i < 2m}

and letting \ = {‘7, (V)C}, one sees that V C V, \ € BNC(X) and T, (5; < X < 13. Thus, the
relation 7V OAX = 14 cannot be satisfied.

This implies that there must exist ¢ € {1,...,2n} with sg(¢) € V and
sz (2m)=<x sz(q)

and we may assume that sg(¢) is the Y-minimum element of V' with this property. Notice

that it must necessarily be that ¢ ;) =Y and this yields the following situation
(Co1)s - vsCagian)) = (., WH YT WE Y™ LYWL,
from which one sees that ¢ = 2p — 1, for some p € {m +2,...,n}. As before, by defining
V= {se(i) : 2m+1<i<2p—2}

and letting A = {‘7, (17)°}, one sees that V' C (‘7)C, A € BNC(X) and T, OAX < A < 1. Thus,

the relation 7V 6; = 15 cannot be satisfied. Hence, when

(asx(l)a e 7a/sx(n)) = (.., YW Y*W* ..,

we obtain that the bi-free cumulant s, (a4, ...,a,) vanishes and the use of similar arguments
shows that this is also the case when the sequence (as, (1, - - -, @s, (n)) has one of the following
forms

(.., 2" X", 727 X", . ) or (..,Z2" X" ) Y*W* ).
This completes the proof. n

The main technical difficulty that results in the length of the previous proof is that we

cannot only deal with bi-non-crossing partitions whose blocks contain an even number of
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elements, thus Proposition does not apply. This is because the pair (Z, W) need not
be bi-R-diagonal and hence bi-free cumulants of odd order with entries in {Z, Z*, W, W*}
need not necessarily vanish.

We remark that for two *-bi-free pairs (X,Y) and (Z,W) with the first being bi-R-
diagonal, it is not in general true that the pair (XZ,YW) will also be bi-R-diagonal, as
the following example indicates. We will denote by “tr” the normalized trace on any matrix

algebra.

Example 3.2.3. Let (A, ) be a non-commutative x-probability space and (u;,u,) be a
bi-Haar unitary pair in A. Also, consider the pair (Z, W) in (Msy(C), tr) given as follows:

10 0 0
and W =
0 0 10
In the free product space (A * My(C), ¢ * tr) the pairs (u;,u,) and (Z,W) are *-bi-free,

but for x € {I,r}* with x(1) = x(2) = [ and x(3) = x(4) = r, the bi-free cumulant

Ky (ZFw*, w Z, Wu, ™, u, W) does not vanish, even though it is not alternating in *-terms and

7 —

non-x-terms in the y-order. Indeed, the moment-cumulant formula yields

k(27w w Z, W, u, W) = Z (pxtr) (2w, wZ, W*u,”, u, W) ppne (T, 1y ).
TE€BNC(x)

Using the characterization of free independence in terms of moments, it is seen that all

operators that appear in the cumulant above are centred, i.e. the following holds
(pxtr)(Z7u)) = (pxtr)(W*uw)) = (@ * tr)(wZ) = (¢ * tr)(u, W) = 0.

Hence, to find bi-non-crossing partitions that are to yield a non-zero contribution to the
sum above, we may only consider partitions on {1,2,3,4} that are bi-non-crossing and all of

whose blocks are not singletons. These are the following three bi-non-crossing partitions:

= {{1,2},{3,4}}, = ={{1,2,3,4}} and 75 = {{1,3},{2,4}}.
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For 71, we have that

(pxtr), (Z°u), wZ, W*ur, u, W) = (p x tr)(Z*ujw Z) - (¢ * tr) (W uiu, W)

1
=tr(Z2°7) - tr(W*W) = 7

while for 7 we obtain

(o *tr)n (Z ), w Z, W*uy, u, W) = (¢ x tr)(Z ujwy ZW*wru, W)

1
= (2" ZW'W) = 3.

For the case of 73, it follows that
(@ t1) (27w, w Z, WHur, u, W) = (@ x tr) (Z uWruy) - (¢ tr) (w Zu, W),

and it is straightforward to show using the moment-cumulant formula that both terms

appearing in the product above are equal to zero. Since
pene(T1, 1) = pene(s, 1) = —1 and ppne(me, 1) = 1,
the bi-free cumulant is evaluated as follows
ko (27w, w Z, W, u, W) = 51 0=-+#0. O

However, when the pairs (X, Y) and (Z, W) are both bi-R-diagonal and *-bi-free, then it is
the case that the resulting pair (X Z, Y W) is also bi-R-diagonal, as the following proposition

shows.

Proposition 3.2.4. Let (A, ) be a non-commutative x-probability space and X,Y, Z,W € A
such that:

(a) the pairs (X,Y) and (Z, W) are both bi-R-diagonal,
(b) the pairs (X,Y) and (Z,W) are x-bi-free.

Then, the pair (XZ,YW) is also bi-R-diagonal.
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Proof. Let n € N, y € {l,r}" and a4, ...,a, € A such that

(XZ,2°X*), it y(i) =1
a; € (Z:L,n)
{YW, W*Y*}, if x(i) =r

Define Y € {l,7}?" by X(2i — 1) = X(2i) = x(i) for each i = 1,...,n and ¢i,...,c, € A as
follows:

( (

X, ifa; = XZ Z, ifa; = XZ

zZ*, ifa; = Z*X* X*  ifa; = Z2*X*
Coi—1 = and cy; =

Y, ifa; =YW W, ifa, =YW

(W ifa = WY (Y. ife =Wy

for each ¢ = 1,...,n. Then, an application of Theorem [3.1.11| yields:

Kylar, ... a,) = Z K(C1y ..., Cop) (1)

7€BNC(R)
TVO0, =15

_ Z [T (@nvely) @

TEBNC(Y) VET
TVO,=15

where 0, = {{2i —1,2i} : i = 1,...,n} € BNC(X). As in the proof of Theorem , we
make the following remarks:

First of all, if x " '({i}) = {i1 < ... <ip}and x *({r}) = {j1 < ... < jn_p}, the definition
of X implies that Y™'({I}) = {2, —1 < 2i; < ... <2i,—1 <2, and X '({r}) = {2j1 —1 <
2j1 < ... < 2jnp —1 < 25} Thus, if i € {1,...,n} is such that a, ) = XZ, then
Cso(2i-1) = X and Cso(20) = 2 (a similar situation occurs when as ) = £*X*, since this
corresponds to a left operator). Now if as, (i) = YW, then Csg(2i-1) = W and Csg(2i) = Y (and
a similar situation occurs when a, ;y = W*Y™ since this corresponds to a right operator).
Note that in the latter case, the right operators must appear reversed in the y-order.

Secondly, due to the x-bi-free independence condition, in order for a bi-non-crossing
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partition 7 to contribute to the above sum, we must have that for every V € 7, either
{c; i€V} C{X, X" Y, Y},

or

{c;:1€eV}yCAZ Z*, W, W*}.

Observe that this implies that if n is odd, then x,(a; ..., a,) = 0, as then the cardinality of
the set
(Ge{l,....2n}:c; € {X, X"V, V"' }}

is odd and hence for any 7 € BNC(Y) there exists V' € 7 with odd cardinality that con-
tains indices corresponding to elements in {X, X*, Y, Y*}. Since the pair (X,Y) is bi-R-
diagonal, all bi-free cumulants of odd order with entries in {X, X*,Y,Y*} vanish, thus
kgl ((c1, - eam)ly) = 0.

In addition, in order for a bi-non-crossing partition 7 € BNC(x) to contribute to the
sum appearing in (1), every block of 7 must contain an even number of elements. Indeed,
if V' € 7 contains an odd number of elements, then we deduce that (additionally assuming
that all indices in V' correspond to elements either from {X, X* Y Y*} or {Z, Z*, W, W*})
Kgly (€15 ..., con)|v) is a bi-free cumulant of odd order involving a bi-R-diagonal pair and
thus vanishes.

Henceforth, when referring to a bi-non-crossing partition 7 contributing to the sum
appearing in (1), we will always assume that every block of 7 contains indices all corresponding
to elements either from {X, X*, Y, Y*} or {Z, Z*, W, W*} and, by Proposition , that
sx(1)~rs3(2n) and sg(2i)~rs5(2i + 1) for every i = 1,...,n — 1.

We will now show that if the sequence (as, (1), - -, @s (n)) is Dot alternating in *-terms and
non-*-terms, then the cumulant x,(ay,...,a,) must vanish. Suppose the following situation
occurs:

(asx(l), cee ,asx(n)) = ( .. ,YW, YVV, .. .),

with a, (m) = s (m+1) = YW for some m € {1,...,n — 1}. This implies the following

situation for the Y-order:



If 7 is a bi-non-crossing partition contributing to the sum appearing in (1), then the block

of 7 containing sg(2m) must also contain sg(2m + 1). But, since
Cs;((Qm) =Y and Cs;g(2m+1) = VV,
this is impossible, due to the *-bi-free independence condition. Hence, when
(asx(l), ce ,asx(n)) = ( .. ,YW, YVV, .. .),

we obtain that the bi-free cumulant s, (a4, ...,a,) vanishes and the use of similar arguments
shows that this is also the case when the sequence (asx(l), . ,asx(n)) has either one of the

following forms:
(.., XZ,XZ,..), (..., 2" X", Z"X*,...) or (...,W*Y*" W*Y* ...
Next, suppose the following situation occurs:
(Gsy(1)s -5 Csy(m)) = (ovnns JXZYW, oo ),

with ag, () = XZ and ag, (n41) = YW for some m € {1,...,n—1}. This implies the following

situation for the y-order:

with Cso(2m—1) = X7 Cse(2m) = Z, Cso(2m+1) = W and Cse(2m+2) = Y.
If 7 is a bi-non-crossing partition contributing to the sum appearing in (1), then the

block V' € 7 containing s5(2m) must also contain s¢(2m + 1). As discussed in the beginning

of the proof, in order for the cumulant s (cq,...,cs,) N0t to vanish we must have that
VC{je{l,....2n}:s; € {Z Z W, W*}}. But then the entries of the cumulant
gy (€1, ..., c2n)|v) in the induced X|v-order would be of the form:

(oo LW )
and this implies that the bi-free cumulant g, ((c1, ..., c2,)|v) vanishes, as it is a cumulant

involving the bi-R-diagonal pair (Z, W) that is not alternating in *-terms and non-*-terms in

the induced Y|y-order. Since this is the case for every possible 7 € BNC(Y), we deduce that
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ky(ai,...,a,) = 0. Hence, when
(asx(l), c. ,asx(n)) = ( .. ,XZ, YI/V, .. .),

we obtain that the bi-free cumulant s, (a4, ...,a,) vanishes and the use of similar arguments

shows that this is also the case when the sequence (as, (1, - -, Gs, (n)) has the form:
(.., 27X, WY o).

This completes the proof. O

We now proceed to prove that the condition of bi-R-diagonality is preserved under the

taking of arbitrary powers.

Theorem 3.2.5. Let (A, ) be a non-commutative x-probability space and let (X,Y) be a
bi-R-diagonal pair in A. Then, for every p > 1 the pair (XP?,YP?) is also bi-R-diagonal.

Proof. Let n € Nyp > 1, x € {[,r}" and ay,...,a, € {XP,(X*)?,YP (Y*)P} such that

{x7, (X*)p}v if x(i) =1 .
a; € (t=1,...,n)
{vr, (Y*)p}’ if x(i)=r

Define ¥ € {l,7}" and ¢y, ..., ¢y, € A as follows:
X((i = Dp +7) = x(2)

and

X, ifa; = XP
X, if a; = (X*)?
Y, ifa; =Y?
Y™ ifa; = (Y*)?

Cli—1)p+j =

\

for each i € {1,...,n} and 5 € {1,...,p}. Then, an application of Theorem [3.1.11] yields:

94



Ky(ay, ... a,) = Z Ky (Cly. .y Cap) (1)

where 0, = {{(i—1)p+1,...,ip} :i=1,...,n} € BNC(R).

To start, we remark that since the pair (X,Y’) is bi-R-diagonal, in order for a bi-non-
crossing partition 7 € BNC(X) to have non-zero contribution to the sum appearing in (1),
every block of 7 must contain indices corresponding to an equal number of *terms and
non-x-terms; for otherwise there would exist a block V' € 7 with indices corresponding to an
unequal number of *-terms and non-*-terms. This implies that the sequence (cy, ..., ¢p)|v

when read in the induced Y|y-order will not be alternating in *-terms and non-*-terms and

hence k5 ,(c1, ..., ¢np) = 0.
We will first show that if the sequence (asx(l), . ,asx(n)) is not alternating in *-terms and
non-#-terms, then s, (ai,...,a,) = 0. Suppose the following situation occurs:

(asx(l), P ,asx(n)) = ( .. ,Xp,Yp, . .),

where ag, () = X? and ag, (m41) = Y7 for some m € {1,...,n}. This implies the following

situation for the Y-order:
(052(1)7"'a65;((np)) = (...,X,X...,X,KK...,Y,...),

where s ((m-1)psr) = X and co (mpiry =Y, forall k =1,...,p. Let 7 € BNC(Y) and V € 7
such that sg(mp + 1) € V. Observe that sg(mp+ k) ¢ V for all k =2,...,p ; for otherwise,

the sequence (cq, ..., ¢p)|y when read in the induced X|y-order would be of the form

and this would imply that g, (c1,.. ., cnp)|y = 0, since the pair (X,Y") is bi-R-diagonal.

Consider the case when sg(mp + 1) = min, V' (equivalently, mp + 1 = min<3§1(V)) and
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let ¢ € {1,...,np} be such that sz(q) = max. V' (equivalently, ¢ = max<s§1(V)). It is
easy to see that ¢, ;) = Y". We claim that we must necessarily have that ¢ = ¢p, for some
te{m+2,...,n}.
To see this, suppose that ¢ =tp+ k witht € {m+2,...,n—1} and k € {1,...,p — 1}.
Define
A={s3(i) :mp+1<i<tp+k}

and notice that A has to be written as a union of blocks of 7, which means that if V' €
7,V # V' is such that V' N A # (), then V' C A. Indeed, for such a block V", if there existed
i#je{l,...,np} with sg(i) € V'N A and s3(j) € V' \ A, then this would imply that

mp+2<i<tp+k—1, je{l,.... mp+1}U{tp+k,...,np}

and
{mp+1,tp+k} C 51 (V),

which contradicts the fact that the partition s%l -7 is non-crossing. Thus, A has to be written
as a union of blocks of 7 and since A contains indices corresponding to an unequal number
of *-terms and non-#*-terms, there must exist a block V' € 7 with this same property. This
yields that rg,,,(c1,. .., cpp)lvs = 0 and, as a result, the cumulant xg,(cy, ..., ¢,p) vanishes.

We may now assume that ¢ = tp, for some t € {m +2,...,n}. By defining
V= {s3(i) :mp+1<i<tp}

and letting A = {‘7, (V)c}, one sees that V. C V, \ € BNC(X) and 7,6;( < A< 1s
Thus, the relation 7 V (j; = 13 cannot be satisfied. Hence, it cannot be the case that
sg(mp +1) = min, V.

So, suppose that there exists ¢ € {1,...,np} with s3(q) € V and

Sg(q)<§< Sg(mp + 1).

We may moreover assume that for all v € V' \ {sg¢(mp + 1),s3(q)}, we either have that
V=<5 Sg(q) or sx(2m + 1)< v (i.e. that sg(q) is the y-maximum element of V' with this

property). Notice that it must necessarily be that Cso(q) = X and, arguing as before, it must

96



be the case that ¢ = tp for some t € {1,...,m — 1}. Then, by defining

V={sz(i) : tp+1<i<mp}

and letting \ = {‘7, (V)c}, one sees that V C (‘7)c, A € BNC(X) and T, 6; < A < 1;. Thus,
the relation 7V OAX = 14 once again cannot be satisfied.
This shows that when

(CLSX(I), e ,asx(n)) = ( .. ,Xp,Yp, .. .),

we obtain that the bi-free cumulant &, (a4, ..., a,) vanishes and the use of similar arguments
shows that this is also the case when the sequence (as (1), ..., s, (n)) has one of the following
forms:

(a) (..., XP, XP ..,
(b) (..., YP YP .. ),
() (v., (XH)P(XH)P, .00,
(d) (oo, (XH)P (Y*)P,..)),
() (v..,(Y*)P(Y*)P,...).
Hence, if the sequence (as, (1. -, s, (n)) is DOt alternating in *-terms and non-*-terms, we
have that k,(as,...,a,) = 0. It remains to show that if the cumulant s, (a1, ...,a,) is of
odd order, then it must vanish.
Assume that n is an odd number. By the aforementioned considerations, we may

assume that the sequence (asx(l), o ,asx(n)) does not contain consecutive elements that both

correspond to either *-terms or non-*-terms. Suppose the following situation occurs:

(asx(l); s aasx(n)) = ((X*)pv '''''' ) (Y*)p)v
where a, 1) = (X*)” and a, () = (Y*)". This implies the following situation for the -order:

(652(1),...,65 (np)) = (X*,X*,...,X*, ...... ,Y*7Y*,...,Y*),

X

where ¢,y = X* and co (n-1)prry) = Y, forall k =1,...,p. Let 7 € BNC(Y) and V € 7
such that s3(1) € V. Also, let ¢ € {1,...,np} be such that s3(q) = max. V. First of all,
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observe that it must be that ¢ > p + 1; for otherwise, since cs ) = X™ for all k =1,...,p,

the sequence (cq, ..., ¢yp)|v when read in the induced X|y-order would be of the form

and hence has either odd length or is not alternating in *-terms and non-*-terms. This
implies that gy, ((c1,. .., cnp)|v) = 0, since the pair (X,Y") is bi-R-diagonal.

Secondly, note that it must necessarily be that ¢ = tp for some ¢t € {2,...,n}. Indeed, if
qg=1tp+kforsomet € {2,...,n—1} and k € {1,...,p— 1}, then the set

{sg(i) : 1 <i<tp+k}

(which contains indices corresponding to an unequal number of *-terms and non-*-terms)
must be written as a union of blocks of 7. Thus, there exists a block V' of 7 containing indices
that correspond to an unequal number of *-terms and non-x-terms and it follows that if that
is the case, then kg, ((c1,. .., cnp)lvr) = 0.
We will now show that ¢ = np. If we assumed that ¢ = tp, for some t € {2,...,n — 1},
then by defining
\N/:{s;(i):lgigtp}

and letting A = {‘N/, (\N/)C}, one sees that V. C V, A € BNC(X) and T, (5; < X < 1. Thus, the
relation 7V @ = 14 cannot be satisfied.
This shows that when

(asx(l)a s aasx(n)) = ((X*)p7 """ > (Y*)p)v
we obtain that the bi-free cumulant s, (as,...,a,) vanishes and the use of similar arguments
shows that this is also the case when the sequence (as, (1), - - -, @s, (n)) has one of the following
forms:
(a) (XP,...... , XP),
(b) (X*)",...... (X)),
(c) (Y*P,...... , (Y*)P),
(d) (XP,...... ,Y'P),
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This completes the proof. O

We now proceed to show that bi-R-diagonal pairs of operators yield examples of bi-free

pairs that consist of self-adjoint operators.

Proposition 3.2.6. Let (A, ) be a non-commutative x-probability space and (X,Y") be a
bi- R-diagonal pair in A. Then, the pairs

(XX" YY) and (X" X, YY™)
are bi-free.

Proof. Let n €e Nyn > 2, x € {l,r}" and a4, ..., a, € A such that

(XX X*XY, if x(i) =1
a; € (i=1,...,n)
vy, yys,  if x(i)=r

Moreover, suppose that there exist i # j € {1,...,n} such that a; € {XX*,Y*Y} and
a; € {X*X,YY"*}. We will show that x,(ai,...,a,) = 0, which will imply that the pairs
(XX*, Y*Y) and (X*X,YY™*) are indeed bi-free. Define ¥ € {I,7}*" by

X(2i = 1) = X(2i) = x(2),

foreach i =1,...,n and ¢y, ..., ¢, € A as follows:
( (
X, ifa; = XX* X*, ifa; = XX*
Y, ifa; =Y"Y Y, ifa, =Y"Y
C2i—1 = and co; =
X, ifa; = X*X X, ifa; = X*X
Y, ifa; =YY" Y ifa;, =YY"

\

for each 7 = 1,...,n. Then, an application of Theorem [3.1.11] yields:
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/fx(al,...,an) = HQ,T(C1,---,C2n) (1)

where 0, = {{2i —1,2i} :i=1,...,n} € BNC(R).

Since the pair (X, Y") is bi-R-diagonal, for a bi-non-crossing partition 7 € BNC(Y) to have
a non-zero contribution to the sum appearing in (1), every block of 7 must contain an even
number of elements, as every bi-free cumulant of odd order with entries in {X, X* Y, Y*}

vanishes. Our initial assumptions imply that there exists i € {1,...,n} such that either
as, i) € {XX*,Y*V} and a, 41) € {X*X, YY"},

or
as (i) E{X"X, YY"} and ag (i41) € {X X", Y'Y}

Assume that a, ;) = XX* and a, i11) =YY" (with the remaining cases handled similarly).

Then, the following situation occurs for the Y-order:
(Csi(l); c. ,052(271)) = ( .. ,X, X*, Y*,K .. .),

where Csg(2i-1) = X, Csg(2i) = X*,CSQ(Qi_i_l) =Y* and Csg(2i42) = Y. Note that, due to the

definition of the permutation sg, the right operators must appear reversed in the X-order.
By Proposition [3.1.12, for 7 € BNC(Y) such that 7V @( = 13 there exists V' € 7 with

{s%(2i),s3(2¢ + 1)} C V. But then, the sequence (cy,...,c2,)|y when read in the induced

X|v-order would be of the form

with this implying that rg), ((c1,...,cm)|v) = 0, since, as the pair (X,Y’) is bi-R-diagonal,
bi-free cumulants with entries in {X, X* Y, Y*} that are non-x-alternating in each of the

corresponding x-orders must vanish. Hence, kg, (c1,...,¢2,) = 0 and this finishes the
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proof. O]

We remark that if (X,Y) is a bi-R-diagonal pair in some non-commutative *-probability
space, then it is not necessarily true that the pairs (X X* YY™*) and (X*X,Y*Y) are bi-free,

as the following example indicates.

Example 3.2.7. Let (u;,u,) be a bi-Haar unitary pair in a non-commutative x-probability
space (A, ¢) and consider the pair (Z, W) in the space (Mz(C), tr) defined as follows:

10 0 0
and W =
0 0 10
In the free product space (A x My(C), ¢ * tr), the pairs (u;, u,) and (Z, W) are *-bi-free and
hence, by Theorem [3.2.2] the pair (v;Z, Wu,) is bi-R-diagonal. But, the pairs

(Z*ujw Z, u W Wu,) = (Z*Z,uyW*Wu,),
and
(W ZZ*u, Wu, s W) = (wZZ uy, WIW™)

are not bi-free, since the moment-cumulant formula yields

1
k(2 ZWW?™) =te(Z"ZWW?™) —t0(Z7°Z) - tr(WW™) = ~21 # 0. O

3.3 Joint x-Distributions of Bi-R-Diagonal Pairs

In this section, we will be concerned with proving that the joint x-distribution of a bi-R-
diagonal pair of operators remains invariant under the multiplication with a *-bi-free bi-Haar
unitary pair.

We begin by giving the definition of bi-even and *-bi-even pairs of operators, as well as

display how this class of pairs of operators can yield examples of bi-R-diagonal pairs.
Definition 3.3.1. Let (A, ¢) be a non-commutative *-probability space and Z, W € A.

(i) The pair (Z, W) is called bi-even if for every k € N and ay, ..., a1 € {Z, W} we have
that

olay - ... ags1) =0,

that is, all of its joint moments of odd order vanish.
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(ii) The pair (Z, W) is called *-bi-even if for every k € N and ay, ..., a1 € {Z, 25, W, W*}
we have that

olay ... aggs1) =0,

that is, all of its joint *-moments of odd order vanish.

The moment-cumulant formula yields that the pair (X,Y) is #-bi-even if and only if all
bi-free cumulants of odd order with entries in {X, X* Y, Y*} vanish. It clearly follows that
every bi-R-diagonal pair is *-bi-even.

In the setting of free probability, it is observed that products of free, self-adjoint, even
elements (i.e. self-adjoint elements of non-commutative x-probability spaces all whose moments
of odd order vanish) result in R-diagonal elements (|61, Theorem 15.17]). Generalizing this
to the bi-free setting, we will show that products of *-bi-even pairs (where the order of the
right operators is reversed in the product) yield bi-R-diagonal pairs. For this, we have the
following proposition, the proof of which will be similar to the proofs of Theorem [3.2.2] and
Proposition [3.2.4]

Proposition 3.3.2. Let (A, ¢) be a non-commutative probability space and X,Y,Z W € A
such that:

(a) the pairs (X,Y) and (Z,W) are both *-bi-even,
(b) the pairs (X,Y) and (Z, W) are x-bi-free.
Then, the pair (XZ,WY) is bi-R-diagonal.

Proof. Let n € N, x € {l,r}" and a4, ...,a, € A be such that

(XZ,2°X*), it y(i) =1
a; € (z:l,,n)
{WY, Y*W*}, if x(i) =r

Define Y € {l,7}*" by X(2i — 1) = X(2i) = x(i) for each i = 1,...,n and ¢i,...,c, € A as

follows:
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X, ifa; = XZ Z, ifa; = XZ
z*,  ifa;=2*X* X ifa;, = Z*X*
Coi—1 = and cy; =
1474 ifa; = WY Y, ifa; = WY
v ifa =YW W ifa =YW

for each i = 1,...,n. Then, an application of Theorem [3.1.11| yields:

Ky(ag, ... a,) = Z Kgr(Cls ey Con) (1)

7EBNC(Y)
TVO, =15

- > el an) ©

TEBNC(YX) ver
TVO, =15

where 0, = {{2i — 1,2i} : i =1,...,n} € BNC(X). As in the proof of Theorem , we
make the following remarks:

First of all, if for some i € {1,...,n} we have that a, ;) = XZ , then it follows that
Csp(2i-1) = X and ¢5 ) = Z (with a similar situation occurring when a, ;y = Z*X*, since
this corresponds to a left operator). Now, if as, iy = WY , then Csg(2i-1) = Y and Csg(2i) = %74
(and a similar situation occurs when a, ;) = Y *W*, since this corresponds to a right operator).
Note that in the latter case, the right operators must appear reversed in the y-order.

Since the pairs (X, Y) and (Z, W) are *-bi-free, in order for a bi-non-crossing partition
7 € BNC(Y) to contribute to the sum appearing in (1), we must have that for all V' € 7,
either

{c;:ieV}C{X, X" YY"},

or

{c;:ieV}YC{Z 7 W,W*}.

Observe that this also implies that if n is odd, then s, (a; ..., a,) = 0, as then the cardinality
of the set
{je{l,....2n}: ¢; e {X, X", Y,Y"}}
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is odd and hence for any 7 € BNC(Y) there exists V' € 7 with odd cardinality that contains
indices corresponding to elements in {X, X*, Y, Y*}. Since the pair (X,Y") is x-bi-even, all bi-
free cumulants of odd order with entries in { X, X*,Y, Y™} vanish, thus rg,, ((01, ey Cop) |V) =
0.

In addition, in order for 7 to contribute to the above sum, every block of 7 must contain
an even number of elements. Indeed, if V' € 7 contains an odd number of elements, then we
deduce that (additionally assuming that all indices in V' correspond to elements either from
{X, X" Y, Y*} or {Z, 2%, W, W*}) kg, ((c1, ..., ¢on)|v) is a bi-free cumulant of odd order
involving a *-bi-even pair and thus vanishes.

Henceforth, when referring to a bi-non-crossing partition 7 contributing to the sum
appearing in (1), we will assume that every block of 7 contains indices all corresponding
to elements either from {X, X*,Y,Y*} or {Z, Z*,W,W*} and, by Proposition [3.1.12] that
sz(1)~rs5(2n) and sg¢(2i)~rs5(2i + 1) for every i =1,...,n — 1.

We will now show that if the sequence (as, (1), .., as, () is not alternating in *-terms and
non-*-terms, then the cumulant x, (a1, ..., a,) must vanish. Suppose the following situation
occurs:

(Asy(1)s - s Oy (m)) = (o - - A0, G G A ),

with as (my = Z*X* and ag, (my1) = Y*W?* for some m € {1,...,n — 1}. This implies the

following situation for the Y-order:

with

CS?(Qm—l) - Z*) Csi(Qm) - X*a Csi(Qm—H) =" and Cs§(2m+2) =YY"

Now, if 7 is a bi-non-crossing partition contributing to the sum appearing in (1), then the

block of 7 containing s¢(2m) must also contain sg(2m + 1). But, since
Cop(2m) = X" and Cop(2mt1) = w=,
this is impossible, due to the x-bi-free independence condition. Hence, when
(as 1y, s (my) = (-, 27X YWE L),

we obtain that the bi-free cumulant &, (a4, ..., a,) vanishes and the use of similar arguments
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shows that this is also the case when the sequence (as (1), ..., s, (n)) has either one of the

following forms:

(a) (..., XZ,XZ,...),

(b) (..., WY,WY,...),

() (.., 2" X*, Z*X*,...),

(d) (..., XZ,WY,...),

(e) (...,Y* W= Y*W* .. ).

This completes the proof. O

For a non-commutative x-probability space (A, ¢) and X, X, Y],Ys € A, consider the
pair (Z, W) in the tensor product space (Ms(A), p ® tr) defined by

X
Z = 0 " oand W=
Xy 0

0 Y
Y, 0

Since any product with entries in {Z, Z*, W, W*} containing an odd number of elements
results in a matrix with zeroes across the diagonal, it follows that (Z, W) is a *-bi-even pair.

Such pair is not necessarily bi-R-diagonal, since for instance
1
(2, 2) = (p@0)(Z - Z) = 5 (p(X1X2) + p(X2X1))

which need not be equal to zero. However, the previous proposition implies that the product
of two such pairs that are x-bi-free will always be bi-R-diagonal. Actually, matrix pairs arising
in this manner can be used to characterize the condition of bi-R-diagonality (see Theorem
3.3.6)).

We proceed with a lemma that contains the central combinatorial argument required for
proving one of the main results of this section (see Theorem . At a key point, it makes
use of the cancellation property observed in Lemma [3.1.6]

Lemma 3.3.3. Let (A, ) be a non-commutative x-probability space and w;,u., Z,W € A
such that:

(a) the pair (u;,u,) is a bi-Haar unitary,
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(b) the pair (Z, W) is x-bi-even,
(c) the pairs (u;,u,) and (Z, W) are x-bi-free.

Letm e N, x € {l,r}™ and ay, ..., a3, € A with

{wZ, Z*w*}, if x(i) =1
0 (i=1,...,2m)

W, u, W*}, ifx(i) =r

such that the sequence (asx(l), . ,asx(zm)) 18 alternating in *-terms and non-x-terms. Define

bi,...,bam € A as follows:

(
Z, ifa; = w2

zZ%, if a; = 2% w*

by = / : (i=1,...,2m)
W, ifa; = Wu,

W, if a; = u, W*

Then, we have that:

Ky (@1, ..o Qom) = Ky (b1, .. D).

Proof. Let m € N,y € {Z,T}Zm and aq,...,a2,,b1,...,bs, be given as in the statement of
the lemma. Define X € {l,7}*™ by X(2i — 1) = X(2i) = x(4) for each i = 1,...,2m and

Cly...,Cam € A as follows:

4 (
uy, ifa;, = w2 Z, ifa; = w2
zZ*, if a; = Z*w* u™, if a; = Z*w*
Coi—1 = and cy; =
W, if a; = Wu, Uy, if a; = Wu,
\ur*, if a; = u,*W* \W*, if a; = u,*W*

for each @ = 1,...,2m. Then, an application of Theorem [3.1.11] yields:

106



K}X(al,...,azm) = E R?,T(Cl7"'7c4m) (1)

where OAX ={{2i —1,2i} :i=1,...,2m} € BNC(X). As in the proof of Proposition we
make the following observations:

First of all, if for some i € {1,...,2m} we have that a, ;) = w;Z , then it follows that
Csg(2i-1) = U and Cso(2i) = 2 (with a similar situation occurring when as, (i) = 4 X", since
this corresponds to a left operator). Now, if as, (i) = Wu, , then Csg(2i-1) = U and Cso(20) = W
(and a similar situation occurs when a,, ;) = Y *W*, since this corresponds to a right operator).
Note that in the latter case, the right operators must appear reversed in the Y-order. This

implies that since the sequence
(@s, (1)s- - - Gsy (2m))

was assumed to be alternating in x-terms and non-x-terms, then both the sequences

(Cs;(l)a 032(4)7 Cs;(S)a ceey CSQ(4m—4)7 CSQ(4m—3)7 Cs;g(4m))
and
(032(2)7 Cs¢(3)1 Csz(6)s Csg(7)y - -+ 5 Csg(dm—2)5 Cs;(4m71))
are also alternating in *-terms and non-*-terms (observe that for any i € {1,...,2m}, the

element ay, ;) corresponds to a *-term if and only if both the elements Csg(2i-1) and Csq(2i)
correspond to *-terms).
Since the pairs (u, u,) and (Z, W) are #-bi-free, in order for a bi-non-crossing partition
7 € BNC(Y) to contribute to the sum appearing in (1), we must have that for all V' € 7,
either
{c; 1€V} CHA{u,w, up,u,”},

or

{c;:1€eV}yCAZ Z*, W, W*}.

107



In addition, in order for 7 to contribute to the above sum, every block of 7 must contain
an even number of elements. Indeed, if V' € 7 contains an odd number of elements, then we
deduce that (additionally assuming that all indices in V' correspond to elements either from
{w, w* up, u*} or {2, 2%, W, W*}) kg ((c1, .- -5 ¢an)|v) is a bi-free cumulant of odd order
involving a *-bi-even pair and thus vanishes.

Henceforth, when referring to a bi-non-crossing partition 7 contributing to the sum

appearing in (1), we will assume that 7 satisfies the following requirements:

(A) every block of 7 contains indices all corresponding to elements either from {u;, u}, u,, u’}
or {Z,Z*, W, W*},

(B) sg(1)~rsg(4m) and sg(2i)~,s5(2i 4+ 1) for every i =1,...,2m — 1 (this follows from an

application of Proposition |3.1.12)).

Define the sets
Ey ={s3(1),s3(4m)} and E;1; = {s¢(2i),s¢(2i + 1)}, forall i =1,...,2m — 1.
We introduce new symbols 1,2,...,m and let
F,=FEy_, and G; = Ey;, forall t=1,... ,m.

The notation GG; may seem unnatural, but it is being adopted for clarity for when we make
use of Kreweras complementation map later in the proof. We claim that it must be the case
that either

{7 e{1,....4m} : ¢; € {w, w", up,u,"}} = UF“

i=1
or .
{7e{1,....,4m} : ¢; € {w, ", up,u," }} = UG;.
i=1
Indeed, begin by assuming that as, 1) = 1 Z. Since the sequence (as, (1, .- -, s, (n)) is alter-

nating in *-terms and non-*-terms, we must have that a, (o) € {Z*u;, uyW*}. If a, o) = w2,

then for the Y-order it is implied that

I
g

Cop(1) = ULy Cso(2) = 2y Coo(3) = 475 Cop(4)

108



while if ay (2) = u;W*, then for the Y-order it is implied that

Coo(1) = Ui, Cop(2) = 2, Cse3) = W7, Csa) = uy,

hence in both cases we see that {c. (2),cs.3} € {Z, 2", W,W*}. A straightforward in-
duction argument then shows that for all ¢ = 1,...,m and j € Gj;, one must have that
c; € {Z,2*,W,W*}. Of course, this also implies that the union of {F; : i = 1,...,m}
must be equal to the set of all indices that correspond to elements in {uw;, u}, u,, u}}.
It clearly follows that similar arguments yield an analogous outcome in the case when

as, (1) € {Z*uy, Wu,,u;W*}. Hence, we may assume that
{7e{l,....4m} : ¢; € {w, w", up,u,"}} = LmJFl-,
i=1
with the remaining case handled similarly. From this, it follows that
{7e{1,....4m} : ¢; € {Z, 2", W, W*}} = LmJGi.
i=1
This assumption, along with requirement (A) above imply that for every V' € 7, we have that
either V C OF“ or V C CJG,
i=1 i=1

Due to requirement (B) above and the definitions of the sets F; and Gy, it is easy to see that

for any block V' € 7 and any ¢ € {1,...,m}, we have that
VNFE#0) < F,CVand VNG; 40 < G; CV.
For all V € 7 with V C U™, F;, define
Lr={ie{l,....m}:VNEF #0}

and let .
WT:{IV:VET,VQHE}.

It is easy to see that 7. € P(m) and we claim that 7. € NC(m). Indeed, if not, there exist

109



blocks V' # V' € 7 with V| V' C U | F;, and integers i1, is, j1,J2 € {1, ..., m} such that
11,19 € Iy, Ji,J2 € Iy and 17 < J1 < 19 < Jo.

Since 41,1y € Iy, it follows that F; , F;, C V and similarly Fj,

that i; = 1. By the definition of the sets {F; : i =1,...,m}, it is implied that

F;, € V'. Initially, assume

{s5(1), sx(4ia — 3)} CV and {s3(4ji — 3), sx(4j2 — 3)} C V',
or, equivalently,
{1,4iy — 3} C s (V) and {41 — 3,472 — 3} C s (V).
But, since 1 = i1 < j; < iy < Jjg, it follows that
1 <45y —3<4dis —3<4js—3,

which contradicts the fact that s; -7 € NC(4m). Now, if we consider the case when i; > 2,

then similarly we obtain
{41 — 3,41y — 3} C s (V) and {45; — 3,442 — 3} C s (V7),
with the relations i; < j; < ip < jo implying that
4i; — 3 <4j1 — 3 < 4ipg —3 <4js — 3,

which once again contradicts the fact that s%l -7 € NC(4m).
Hence, we must have that =, € NC(m) and the use of similar arguments yields that if for
all Ve 7 with V C U, G; we define

Jo={ic{l...m:VnG:#0}

then, by letting
o, = {Jv Vervc UG}
i=1

it follows that o, € NC({1,2,...,m}). We claim that we must necessarily have that 7, Uc, €
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NC({(1,1,2,2,...,m,m)}). Indeed, if not, there exist blocks V # V' € 7 such that

VQOFZ- and V’QOGZ-

i=1 i=1

and integers i1, i, j1, jo € {1,...,m} with
in,is € Iy, Ji,J2 € Jyr and 4y < gy < g < jo.

By the definitions of the sets Iy and Jy-, it follows that F; , F;, C V and G]-T, GTQ c V.
Consider the case when i; > 2 (with the case when i; = 1 treated analogously). This yields
that

{41y — 3,4iy — 3} C s (V) and {4jy — 1,4jo — 1} C s (V).

But then, the relations 1; < j; < 79 < jo imply that
421—3<4j1—1<4Z2—3<4j2—1,

which contradicts the fact that s%l -7 € NC(4m).
Hence, m, Uo, € NC({1,1,2,2,...,m,m}) and by the definition of Kreweras complemen-

=Y =

tation map and via the canonical identification
NC(m) = NC({1,2,...,m}),

this is equivalent to o, < Knc¢(7,).

The previously described process implies that any 7 € BNC(Y) that satisfies the require-
ments (A) and (B) uniquely determines two non-crossing partitions 7, o, € NC(m) such that
0, < Kno(m;). Conversely, any two non-crossing partitions 7,0 € NC(m) with o < Kyc(m)
uniquely determine a bi-non-crossing partition 7.,y € BNC(Y) that satisfies the requirements
(A) and (B) by defining

T(Tr,o):{UFMVGW}U{UG;:VGU}.

1% eV

This yields a bijection between all bi-non-crossing partitions that satisfy the requirements (A)
and (B) with the set of all bi-non-crossing partitions 7. ) obtained in the aforementioned

manner. Thus, the sum appearing in (2) becomes:

111



Z H/ﬁgv((cl,...,@m)lv) = Z hy-d,

TE€BNC(Y) V€7 T(r,0) EBNC(Y)
VO, =15 m,0eNC(m)
oc<Knc (ﬂ')

where we have used the notation

hﬂ. = H K,;(\'Uiev F, ((Cl, Ce ’C4m>’UieV Fi)

Ver

and

do - H Iiﬂuiev G;((Cb cee 7C4m)

Veo

UiEV G{) ’

for any 7,0 € NC(m).

For a fixed m € NC(m), we will compute the value of h,. Since we assumed that

{je{l,....dm} : ¢; € {w, v, u,,ur }} = UFi’

=1

and

{Ge{l,....am}:c; e{2, 2, W, W}y =G,

=1

this implies that for all V' € m, the bi-free cumulant

KﬂUievFi (<Cl’ T ’C4m) Usev Fz)

has entries in the set {u;, u}, u,,u}} and the sequence

(Cl, e 7C4m) Uiev F;

is alternating in *-terms and non-*-terms when read in the induced Y |UZ_€V p-order. Moreover,

notice that the cardinality of the union U;cy F; is equal to two times the cardinality of V.
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Thus, by a combination of Corollary [3.1.20] and Lemma [3.1.4] we obtain

hy = H (—1)“/‘71 - Clyj-1 = pne(0p, ).

Venr

Hence, equation (3) yields that

Ky (1, ..., Qo) = Z /LNc(On,W)'< Z d(,),

meNC(m) U<611\§C(T(n))
OSANC\T

with the right-hand side of the previous equation being equal to d,,, by Lemma [3.1.6 But
then

Hx<a1a cee 7a2m) = dlm = H)’Z\Uzrll G{(<Cl7 cee 7C4m)|UZ';1 G;.) = K’x(bla ce 7b2m)7

where the elements by, ..., by, are as in the statement of the lemma. This concludes the

proof. O]

We are now in a position to state the following theorem (which is the generalization of
|61, Theorem 15.10] to the bi-free setting), regarding the invariance of the joint *-distribution

of a bi-R-diagonal pair under the multiplication by a *-bi-free bi-Haar unitary pair.

Theorem 3.3.4. Let (A, ) be a non-commutative x-probability space and u;,u,., X, Y € A
such that:

(a) the pair (u;,u,) is a bi-Haar unitary,
(b) the pairs (u;,u,.) and (X,Y) are x-bi-free.
Then, the following are equivalent:

(i) the pair (X,Y) is bi-R-diagonal,

(i1) the joint x-distribution of the pair (X,Y) coincides with the joint x-distribution of
(X, Yu,).

Proof. By Theorem the pair (4, X, Yu,) is bi-R-diagonal and, since equality of joint
x-distributions is equivalent to the equality of bi-free x-cumulants, it follows that the pair
(X,Y) is also bi-R-diagonal. This yields the implication (ii) = ().
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For the converse, we will show the equality of all x-bi-free cumulants involving the pairs
(X,Y) and (wX,Yw,). Since (X,Y) is bi-R-diagonal, all bi-free cumulants with entries in
{X, X*)Y,Y*} that are either of odd order or that are not alternating in *-terms and non-x-
terms in the y-order must vanish. The same applies to the pair (4, X, Yu,) since it is also
bi-R-diagonal. Therefore, it is enough to show that for all even numbers n € N, x € {l,r}"
and aq,...,a, € A with

{w X, X*u*}, if x(i) =1
a; € (i=1,...,n)
{Yu,,u.*Y*}, if x(i)=r

such that the sequence (a, (1), ..., s, (n)) is alternating in *-terms and non-*-terms, by setting

;

X, if a; = X
X, if a; = X w*
Y, ifa; = Yu,
Y™, if a; = u,*Y”™*

\

we have that

By (@1, ... an) = Ky(br, ..., by),
which is exactly what an application of Lemma yields. O

We remark that the conclusion of the previous theorem no longer holds if the order of the

multiplication of the right operators is not reversed, as the following example indicates.

Example 3.3.5. Let (A, ¢),(B,v) be two non-commutative #-probability spaces and let
u, u. € A, v, v, € B such that both pairs (u;, u,) and (v;,v,) are bi-Haar unitaries. In the
free product space (A * B, ¢ *1) these pairs are *-bi-free and clearly both bi-R-diagonal. But,
the joint *-distribution of the pair (v;, v,) does not coincide with the joint *-distribution of

(wvy, upvy), since
’{X<U17U:) - ¢(Ul ) U:) =1,

while, by an application of Theorem [3.1.17] it is easily verified that

Ky (wu, viuy) = 0. O
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Gathering the results of this chapter, one can obtain a theorem similar to |59, Theorem

1.2| (and |6, Theorem 3.1| for the operator-valued setting).

Theorem 3.3.6. Let (A, ) be a non-commutative x-probability space and X,Y € A. The

following are equivalent:
(i) the pair (X,Y) is bi-R-diagonal,
(ii) there exists an enlargement (A, @) of (A, ) and w,u, € A such that

(a) the pair (u;,u,) is a bi-Haar unitary,
(b) the pairs (u;,u,) and (X,Y) are x-bi-free,

(c) the joint x-distribution of the pair (w,X,Yu,) coincides with the joint x-distribution
of (X,Y),

(iii) for any enlargement (A, p) of (A, ) and any u;, u, € A such that

(d) the pair (u;,u,) is a bi-Haar unitary,
(e) the pairs (u;,u,) and (X,Y) are x-bi-free,

one has that the the joint x-distribution of the pair (v, X, Yu,) coincides with the joint
x-distribution of (X,Y),

(iv) consider the unital subalgebras My(C) and Dy of Mo(A) consisting of scalar matrices

and diagonal scalar matrices respectively and let the maps
e:DRD?P — LMy(A)), L,R: Ms(A) = LIM3(A)), Ey: LM3(A)) = Ms(C)

and

FMQ(C) — D

be as in section|3.1.4 Also, in Ms(A) consider the pair (Z, W) defined as

0 X 0 Y
Z:[ 0] and W =

Y* 0

X*

Then, the pair (L(Z), R(W)) is bi-free from (L(Msy(C)), R(Mo(C)?)) with amalgama-

tion over Dy with respect to Fy o Fs.

8An enlargement of a non-commutative x-probability space (A, ) is a non-commutative *-probability
space (A, @) such that A C A and @4 = .
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Proof. The equivalence of (i) and (ii7), as well as the implication (i7) = (i) both follow from
Theorem [3.3.4] Also, the equivalence of (i) and (iv) is a result of Proposition [3.1.23| and
Theorem B.1.24

To see that (i) implies (4i), simply consider a non-commutative x-probability space (B, 1))
containing a bi-Haar unitary pair (u;,u,) and define (A, ) to be the free product space
(AxB,*1). In (A, ) the pairs (X,Y) and (u;, u,) are *-bi-free and thus, again by Theorem
the joint x-distribution of the pair (u; X, Yu,) must coincide with the joint *-distribution
of (X, V). O
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Chapter 4

Analytical Operator-Valued Bi-Free

Structures

Notions of free entropy were introduced in a series of papers by Voiculescu including [80}81]
that cemented the foundations of free probability and its applications to operator algebras.
One the one hand, microstates free entropy measures the volumes of tuples of self-adjoint
scalar matrices that approximate the distribution of tuples of self-adjoint operators in tracial
von Neumann algebras, motivated by the connection between free probability and random
matrix theory. The development of this notion led to several important results, giving answers
to longstanding open problems regarding the structure of the free group factors, such as the
absence of Cartan subalgebras (|79]) and the primeness of the free group factors (|35]).

On the other hand, the non-microstates approach to free entropy is motivated by the
concept of Fisher information in classical probability and is based on conjugate variable systems
defined with respect to non-commutative partial derivatives. The techniques developed
throughout the advancement of this theory led to important applications in von Neumann
algebras, as they were used to show that specific type II; factors do not have property I' (|15]),
as well as to show the absence of atoms and zero divisors from free product distributions
(see [12] and [53]). These ideas were further extended to the operator-valued setting by
Shlyakhtenko in [71] by modifying the conjugate variable formulae to involve a completely
positive map on the algebra of amalgamation. One immediate application was |71, Proposition
7.14] that obtained a formula for the Jones index of a subfactor. Furthermore, free entropy
with respect to a completely positive map was essential to the work in [58] which demonstrated
that minimal values for the free Fisher information and maximal values for the non-microstate

free entropy existed and were obtained at R-diagonal elements.
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The notions of microstate and non-microstate entropy were recently generalized to the
setting of bi-free probability (see [13,[14]). In chapters [4] [f] and [6] we will aim to extend
the notion of non-microstate bi-free entropy to incorporate the existence of a completely

positive map and examine applications of said theory. In particular, the main applications are

Theorems 6.1.6/ and [6.2.3| which examine the minimal value of the bi-free Fisher information
and maximal value of the non-microstates bi-free entropy for collections of pairs of operators
with similarities in their distributions and show that, modulo distributional conditions, these
minimal and maximal values are attained at bi-R-diagonal pairs of operators. Presently, we
will only be concerned with developing the technology that is required throughout the rest of

this manuscript.

4.1 B-B-Non-Commutative Probability Spaces and Bi-

Freeness

In this section we will recall the basic structures of bi-freeness with amalgamation. Even
though these structures were briefly mentioned in chapter [3| they were defined under a purely
algebraic lens (as in [10]), making reference only to complex, unital algebras. However, in
this chapter we will aim to extend our core structures from an analytic perspective. This
is necessary as in general expectations in operator-valued bi-free probability need not be
positive and thus to perform analytical computations additional structures are required. We
will see that our analytical structures will be modeled based on the left and right actions of a
I1; factor on its Lo-space (see Example . By adding a tracial state on the algebra of
amalgamation that satisfies certain compatibility conditions, the appropriate Lo-spaces can
be constructed and used to study operator-valued bi-free probability. Moreover, these will be
used in order to extend the central combinatorial tools of operator-valued bi-free probability,
namely the operator-valued bi-free moment and cumulant functions.

In order for us to build towards this goal and to keep this chapter as autonomous as
possible for the convenience of the reader, we state a slightly altered definition of the core
operator-valued bi-free structures so as to involve unital x-algebras in our considerations and

give relevant examples.

Definition 4.1.1. Let B be a unital x-algebra. A B-B-non-commutative probability space
consists of a triple (A, F,¢) where A is a unital x-algebra, ¢ : B ® B°® — A is a unital

*-homomorphism such that the restrictions ¢|pg, =~ and €|, ;o are both injective, and
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E : A — B is a unital linear map that such that
E(S(bl X bg)a) = blE(a)bg and E(CLE(b X 13)) = E(ae(lB X b)),

for all b,b;,b € B and a € A. In addition, consider the unital x-subalgebras A, and A, of A
given by
Ay={a €A | ac(lp®b) =e(lp®b)a for all b € B}

and
A, ={acA| ac(b®1p) =¢c(b® 1p)a for all b € B}.

We call A, and A, the left and right algebras of A respectively.

Note one can always assume that a B-B-non-commutative probability space is generated

as a *-algebra by A, and A,.

Example 4.1.2. Let A and B be unital *x-algebras and let ¢ : A — C be a unital, linear
map. f A= A® B® B?,if¢: B® B°® — A is defined by (b ® by) = 14 ® by ® by for all
bi,b € B, and E : A — B is defined by

E((I X bl X bg) = gO(CL)blbg

for all « € A and by,by € B, then (A, F,¢) is a B-B-non-commutative probability space.
Indeed, clearly ¢ is a unital injective *-homomorphism. Furthermore, note for all Z € A and
b, bl, bQ, bg, b4 € B that

E((].A (24 b1 & b2)<Z X b3 & b4)) = @(Z)b1b3b4b2 = blE(Z X bg X b4)b2
and
E(Z@b ®@b)(la®@b®1p)) =@(Z)bibby = E((Z @by @ be)(14 @ 15 ®D)).

Hence F satisfies the required properties.

For future use, notice that
ARB®1g C A, and AR 1p® BP C A,.

Moreover, in the case B = C, (A, E, ¢) efficiently reduces down to (A, ¢); the usual notion of
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a non-commutative x-probability space.

Example 4.1.3. Let 91 be a finite von Neumann algebra with a tracial state 7 : 9t — C
and let Lo(9, 7) be the GNS Hilbert space generated by (9, 7). For T' € 9, let Ly denote
the left action of T on Lo(9, 7), and let Ry denote the right action of 7" on Lo(9M, 7).
Furthermore, let A be the algebra generated by {Ly, Ry | T € IM}.

Let B be a unital von Neumann subalgebra of 9t and let Ep : 91 — B be the conditional
expectation of 9t onto B. Recall that if P : Lyo(9, 7) — Lo(B, 7) is the orthogonal projection
of Lo(9M, 7) onto Lo(B, ), then Ep(Z) = P(Z1lgy) for all Z € M.

Define ¢ : B® B°® — A by €(b; ® by) = Ly, Ry, and define £ : A — B by

E(Z) = P(Z1y)

for all Z € A. Elementary von Neumann algebra theory implies that the range of E is indeed
contained in B. To see that (A, E,¢) is a B-B-non-commutative probability space, first note
that ¢ is clearly a unital x-homomorphism that is injective when restricted to B ® 1g and
when restricted to 13 ® B°P. Moreover, note for all Z € A and b, by, by € B that

E(Ly, Ry, Z) = P(b1(Z1gn)bsy) = by P(Z19p)by = b1 E(Z)bs

and
E(TLy) = P(TLylgy) = P(Tb) = P(TRylon) = E(TRy).

Hence E satisfies the required properties.

The map ¢ : B® B° — A encodes the left and right elements of B in A. For notational
purposes, for each b € B we will denote ¢(b® 15) and (15 ® b) by L, and R, respectively

and we denote
BEIE(B®1B):{L1, ‘ bEB} and Br:é’i(lB@BOp):{Rb ‘ bEB}

To examine bi-free independence with amalgamation over B, it is necessary that left operators
are contained in A, (i.e. commute with the right copy of B) and right operators are contained

in A, (i.e. commute with the left copy of B).

Definition 4.1.4 ([10]). Let (A, E,¢) be a B-B-non-commutative probability space.

120



(i) A pair of B-algebras is a pair (C, D) consisting of unital subalgebras of A such that

ngCgAg and BrngAr

(ii) A family {(Ck, Dy)},cx of pairs of B-algebras in A is called bi-free with amalgamation
over B if there exist B-B-bimodules with specified B-vector states {(X}, ?O(k,pk)}keK

and unital homomorphisms
lk : Ck — £g<Xk) and i Dy — £T<Xk)7

such that the joint distribution of the family {(Cl, D)}, With respect to £ coincides

with the joint distribution of the images

(A% 0 le)(Cr), (o1 0 T2) (D)) e e

in the space L(*rex X)), with respect to Er (e x> Where *pc &) is the reduced free

product of {(Xy, X, pi) }cpe With amalgamation over B.

Remark 4.1.5. Let A and B be unital *-algebras and let ¢ : A — C be a unital linear
map. Let (A, E,¢) be as in Example 4.1.2] By [13}/67], if {(Ck, Dy)} are s-subalgebras of
A that are bi-free with respect to ¢, then {(Cy, ® B® 1, Dy ® 15 @ B) }ex are bi-free
with amalgamation over B with respect to E. Thus Example [4.1.2]is the correct notion of
“inflating (A, ¢) by B” in the bi-free setting.

Example 4.1.6. Let 91, and 2Ny be finite von Neumann algebras with a common von
Neumann subalgebra B and tracial states 7 and 7 respectively such that 71|p = m|p. Let
M = My *x5M, be the reduced free product von Neumann algebra with amalgamation over B,
let Ep : 9 — B be the conditional expectation of 9t onto B, and let 7 = 7 x 75 = 74|g o Ep
be the tracial state on 9. If E and ¢ are as in Example for (9, 7), then

{({Lx [ X e} {Ry | Y eM})}  and  {({Lx [ X € M}, {Ry [V € My})}

are bi-free with amalgamation over B.

In order to study bi-free independence with amalgamation, the operator-valued bi-free
moment and cumulant functions are key. These functions have specific properties that are

described via the following concept.
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Definition 4.1.7 (|10, Definition 4.2.1]). Let (A, E, €) be a B-B-non-commutative probability

space. A map

o: ) [J BNC() x Ayay x Ayz) X .. X Ay = B

neN xye{l,rjn

is called bi-multiplicative if it is C-linear in each of the A, entries and for all n € N,

x € {{,r}", m € BNC(x), b € B, and Z;, € A, the following four conditions hold:

(i) Let
g =max{k € {1,...,n} | x(k) # x(n)}.

If x(n) = ¢, then

Zisoos Dot ZoRy, Zgsrs s Z)  if g # —00,
CI)1X<Zla-~7Zn—17Zan): X( 1 q—1; Lqlty, Lg+1 ) qF
(I)1X<Zl, ceey anh Zn)b if q = —0OQ.

If x(n) =r, then

(I)IX(Zla---7Zq71;Zqu7Zq+17---7Zn) lfq# —0Q,
bq)l)((Zl,...,Zn_l,Zn) lfq = —0OQ.

(plX(Zla SR 7Zn—1a Zan) -
(ii) Let p € {1,...,n} and let
g =max{k e {l,....n} | x(k) = x(p), k <p}.

If x(p) = ¢, then

CI)IX(Zla--qu—thLby---uzn) 1fq7é —0Q,

(I)lx(Zla .. .,prl,Lpr, .. 7Zn) -
b(plx(Zla---,Zn—lazn) lfq: —OQ.

If x(p) = r, then

q)lx(Zla---qu—thRba---aZn) 1fq7é —0Q0,

O, (21, Zprs RyZ .., Z) =
®1X(Zl7'-->anlazn)b lfq: —0OQ.
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(iii) Suppose Vi,...,V,, are unions of blocks of 7 that partition {1,...,n} with each being
a x-interval (i.e. an interval in the y-ordering) and the sets V3, ..., V,, are ordered by
=y (i.e. (min< Vi) <, (min< Vi) for all k). Then

Or(Zy,- . Zn) = Py (Z1, - Za)ly) -+ Py, (21, Za)ly)-

(iv) Suppose that V' and W are unions of blocks of 7 that partition {1,...,n}, V is a
x-interval, and s,(1), s,(n) € W. Let

p:rriax{kEW‘k<XIginV} and q_m1n{k€W’maxV<Xk}

Then, we have that

O (20,23 Zpts ZyLa,, (arsZ)l)s- - s Zn) ) it (p) = ¢,
Oy (Z1seo Z) =4 " ( p=1 “pldn, (( ) w
mlw ( iy, Zp717 R‘I’W\V((Z1 ,,,,, Zn)lv)Zp7 ceey Zn)’W) if X(p) —
B Qo ( iy Lge 17L<I>W‘V((Z1 ..... Zn)\v)qu”aZn”W) if x(¢q) = ¢,
@W‘W ((Zla ceey Zq—]_7 ZqRq>7"|V((Z1 ,,,,, Z”)IV)’ ey Zn)‘W) lf X(q) —

See |10, Section 4] for a discussion on the previous definition. Note that bi-multiplicative
functions naturally expend the properties of the moment function in operator-valued free
probability. Given a B-B-non-commutative probability space (A, E,¢), the moment and

cumulant functions are well-defined bi-multiplicative functions.
Definition 4.1.8. Let (A, F,¢) be a B-B-non-commutative probability space.

(i) The operator-valued bi-free moment function

E:U U BNC(X)XAX(UX...XAX(”)%B

neN ye{l,r}n

is the bi-multiplicative function (see |10, Theorem 5.1.4]) that satisfies
Elx(Zla ZQ, ey Zn) — E(leg ce Zn),

foralln € N, x € {¢,r}", and Z}, € A,
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(ii) The operator-valued bi-free cumulant function

I{B : U U BNC(X) X Ax(l) X ... X Ax(n) — B

neN xe{t,r}n

is the bi-multiplicative function (see |10, Corollary 6.2.2]) defined by

KE(Zh, . Zn) = Y Eo(Zy,..., Zn)uexc(o, ),

c€BNC(x)
o<m
for each n € N, x € {¢,r}", m € BNC(x), and Z, € Ayu). In the special case when
m =1, the map /ffx is simply denoted by lif. An instance of Mobius inversion yields

that the equality
Eo(Zy,....Z0) = Y w2(Z1,...,Zy)

T€BNC(x)
<o

holds for all n € N, x € {{,7}", 0 € BNC(x), and Z;, € A, ).

The condition of bi-freeness with amalgamation over B for a family of pairs of B-faces is
equivalent to the vanishing of their mixed operator-valued bi-free cumulants, as the following

result indicates.

Theorem 4.1.9 (|10, Theorem 8.1.1]). Let (A, E,¢) be a B-B-non-commutative probability
space and let {(Cy, D)} be a family of pairs of B-algebras in A. The following are

equivalent:
(i) the family {(Cy, Dy)}ycx is bi-free with amalgamation over B,

(i1) for alln e N, x € {{,r}", Z1,...,Z, € A, and non-constant maps v : {1,...,n} - K
such that

Cowy if x(k) = ¢
Doy if x(k)=r

Z €

we have that
KO (Zy, ..., Zy) = 0.
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4.2 Analytical B-B-Non-Commutative Probability Spaces

In order perform the more analytical computations necessary in this chapter, we will now
discuss the additional conditions we will need to impose on the operator-valued bi-free
structures. These structures are analogous to those observed in Example and will be
seen to be the correct enhancement of a B-B-non-commutative probability space to perform
functional analysis.

Let (A, 7) be a non-commutative *-probability space. If N, = {a € A : 7(a*a) = 0}, then
Lo(A, 7) will denote the Hilbert space completion of the quotient space A/N, with respect to
the inner product induced by 7 given by

(a1 + N;,as + N;) = 1(asaq),

for all a1,a2 € A and || - ||, will denote the Hilbert space norm on Ly(A, 7).

Definition 4.2.1. Given a unital x-algebra B, an analytical B-B-non-commutative probability

space consists of a tuple (A, E, e, ) such that
(i) (A, E,¢) is a B-B-non-commutative probability space,

(ii) 7: A — C is a state that is compatible with E; that is,

7(a) =7 (Lew) =7 (Re@)

for all a € A,
(iii) the canonical state 75 : B — C defined by 75(b) = 7(L;) for all b € B is tracial,

(iv) left multiplication of A on A/N, are bounded linear operators and thus extend to

bounded linear operators on Ly(A, 7), and

(v) E is completely positive when restricted to A, and when restricted to A,.

Remark 4.2.2. Given an analytical B-B-non-commutative probability space (A, E, e, T), note

the following.

(i) The that fact that 75 is a state immediately follows from the fact that 7 is a state and

€ is a x-homomorphism. Specifically, for positivity, notice for all b € B that
TB(b*b) = T(Lb*b) = T((Lb>*Lb> Z 0
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(ii) Note for all b € B that

b+ N,

I7
BllTp

= TB(b*b) = T(-Lb*b) = ||Lb + N7'||’2r
Hence the map from B/N,, to Ly(A, T) defined by
b+ N,, > Ly + N,

for all b € B is a well-defined, linear isometry. Therefore, a standard density argument
yields that

I
il

LQ(B,TB)g{Lb—f‘NT | bGB} gLQ(A,T).

Henceforth, we shall only be making reference to the space Lo(B, 7g) via this identifica-

tion.

(iii) The state 7 naturally extends to a linear functional on Ly(A, 7) by defining

T(f) = <£7 Ia+ NT>L2(A,T)

for all £ € Lo(A, 7). Similarly, the scalar 75(¢) = 7(¢) is well-defined for any ¢ €
LQ(B, TB).

(iv) As left multiplication by A on A/N, is bounded, we immediately extend the left
multiplication map to obtain a unital *-homomorphism from A into B(Ls(A)). Thus a¢
is a well-defined element of Ly(A,7) for all @ € A and € € Ly(A, 7).

(v) The requirement of the left multiplication inducing bounded operators is immediate
in the case when A is a C*-algebra, however it also holds in more general situations.
For instance, when A is a unital x-algebra generated its partial isometries, the left

multiplication map is automatically bounded (see [61, Exercise 7.22]).

(vi) Since the state 75 is assumed to be tracial, right multiplication of B on B/N,, is
also bounded. Thus, for any by,by € B and ( € Lo(B,75), we have that b;(b, is a
well-defined element of Ly(B,7g) and, in Lo(A, 7), Ly, Ry, = b1(bs. Furthermore, note

that left and right multiplication of B on Ly(B, 75) are commuting *-homomorphisms.

(vii) For all a € A and b € B, we automatically have 7(aly) = 7(aR}), as 7 is compatible

126



with E£. Indeed
T(aLy) = T(LpaL,)) = T(Le@r,)) = 7(aRs),

as desired. Hence Ly, + N, = R, + N, for all b € B.
In some cases, property (v) of Definition is redundant.

Lemma 4.2.3. Let (A, E, e, 7) satisfy assumptions (i), (i), (i1), and (iv) of Definition |4.2.1]
If B is a C*-algebra and Tp is faithful, then property (v) of Definition holds.

Proof. To see that E is completely positive on Ay, let d € N and A = [a;;] € Mq(Ay). To
verify that E4(A*A) > 0 in B, as B is a C*-algebra and 75 is faithful, it suffices to show for
all h = (by,...,by) € B that

<Ed<A*A>h,, h'>L2(B,7'B)€9d Z 0.

Note that

(Ba(A"A)h )y ryea = 75 (b B(aj j0x.5)b5)
B (E(ij Lb;azviaw))

7 (E(Ly:ajy jar; Ry,))

(E(Ly,af jan,;Ls,))

S

= T (inazﬂ-ak’ijj)

o~
Il
—

J

d

= > 7(cck)
k=1

where ¢, = > i1 ay,;Ly,. Hence, as 7 is positive and the computation for A, is similar, the

result follows. O
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At this point, let us revisit Examples 4.1.2] and [4.1.3| to provide the canonical examples of

analytical B-B-non-commutative probability spaces.

Example 4.2.4. Let A and B be unital C*-algebras and let ¢ : A — C be a state.
Recall from Example that (A, F,¢) is a B-B-non-commutative probability space where
A=A®R B® B?®, ¢: B® B® — A is the natural embedding, and F : A — B is defined by

E(Z ®b; ®by) = p(Z)biby,

for all Z € A and by,by € B.
Let 75 : B — C be any tracial state. Extend 75 to a linear map 7 : A — C by defining

T(Z X bl & bg) = TB(E(Z (029 b1 & bg)) = QO(Z)TB(ble),

for all Z ® by ® by € A. We claim that (A, E,e,7) is an analytical B-B-non-commutative
probability space. To see this, it suffices to prove that 7 is a state that is compatible with E,
since A and B being unital C*-algebras automatically implies that left multiplication will be
bounded on Ly(A, 7), and Lemma implies that E is completely positive when restricted
to Ay or A, (or one may simply use the fact that states are completely positive).

Clearly 7 is a unital, linear map that is compatible with E. To see that 7 is positive, let
(Zi)iey © A, (br)j—y, (k) € B, and

QIZZk®bk®Ck€A.

To see that 7(a*a) > 0, note that

= 7(ZZ; @ bb; ® c5c})

ij—l

—Z Z;)t(bibjcicl)

zgl

—Z (Z7Z;)Tp(c;bibjc;)

zgl

= Z 5((bici)" (bjc))),

1,j=1
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with the third equality being due to the fact that 7 is tracial. Observe that the matrices
Z7Z;]  and  [(bic;)"(bjc;)]

are positive in M, (A) and M, (B) respectively. Therefore, as states on C*-algebras are

completely positive, this implies that the matrices
(p(Z7Z;)]  and  [rp((bici)"(bjcy))]
are positive in M,,(C). Consequently

[p(Z; Z;)T5((bici)" (bjc)))]

is also positive being the Schur product of positive matrices (see, for instance, |61, Lemma
6.11]). Therefore, as the sum of all entries of a positive matrix equals a positive scalar, we
obtain that 7(a*a) > 0. Hence (A, E, e, 7) is an analytical B-B-non-commutative probability

space.

Remark 4.2.5. Note Example demonstrates F need not be a positive map on A since the
product of two positive matrices need not be positive. Thus, even if 75 : B — C is defined to

be a state, 7g o E may not be for an arbitrary A.

Example 4.2.6. For a finite von Neumann algebra 991 with a unital von Neumann subalgebra
B and tracial state 7, let (A, F,¢) be the B-B-non-commutative probability space as in
Example [1.1.3] Note that 7 extends to a unital linear map 74 : A — C defined by

TA(T> = <T15ma 1937>L2(5m77)

for all T € A. Clearly 74 is a state as A C B(Lo(9, 7)) and 74 is a vector state. Furthermore,

notice that
Ta(T) = (P(T1on), lon) Loomr) = (L) lons lon) Loy = Ta(Ler))
for all T'€ A and 74(T") = 7a(Rg(r)) by a similar computation. Finally as

Ta(Ly) = (b, 1) Loy = 7(D)
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for all b € B, we see that 75 = 74 0 F is tracial on B as 7 is tracial. Again, we automatically
have that left multiplication will be bounded on Ly(A, 7) and that E is completely positive
when restricted (as they are the conditional expectation of a copy of 9t onto B). Hence

(A, E e, 74) is an analytical B-B-non-commutative probability space.

As motivated by Example [4.2.6] it is natural in an analytical B-B-non-commutative
probability space to extend the expectation £ : A — B to a map from Ly(A, 7) to Ly(B, )
via orthogonal projection. From this point onwards, for a € A we will often denote the coset
a + N; simply by a and, for b € B we will often denote the coset b + N, by b. Note that if
7p is faithful, then the map b — bis a bijection.

Proposition 4.2.7. Let (A, E,e,T) be an analytical B-B-non-commutative probability space.
If E - Ly(A, 1) — Ly(B,75) denotes the orthogonal projection, then

for all a € A. In particular, when 1 is faithful, E extends E.

Proof. Notice for all a € A and b € B that

<CL — E/<;), Lb>L2(B ) = <Lb* (CL - LE(a))lAv 1A>L2(A:T)
=T (Lb* (a — LE(Q)))
= 7(Ly-a) = 7 (Lo L (o))
=7 (Leya) — T (Lorg@) = 0.

—

Since b was arbitrary, the element a — E(a) is orthogonal to Ly(B, 75) and hence E(a) =

—

E(a). O

Remark 4.2.8. Notice in Proposition that if B is finite-dimensional and the trace
7p : B — C is faithful, then Ly(B,75) = B, so E': A — B extends to a map from Ls(A, )
into B.

Of course E inherits many properties that E' is required to have.

Proposition 4.2.9. Let (A, E,e,7) be an analytical B-B-non-commutative probability space
and let E Ly(A,7) — Lo(B, ) denote the orthogonal projection. For a € A, b,by,by € B,
£,61,& € Ly(A, 1), and ¢ € Lo(B, 1), the following hold:
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(i) 7€) =75 (E(©)),
(ii) E(aLy,) = E(aR,),
(iii) E(Ly, Ry,€) = b1 E(€)bs,
(iv) if a € Ay, then E(al) = E(a)C,
(v) if a € A,, then E(al) = CE(a), and
(vi) if T(Lp&1) = 7(Lo&a) for all b € B, then E(&,) = E(&).
(vii) if T(Ro&1) = T(RyEa) for all b € B, then E(&) = E(&).

Proof. For (i), since Ly, = 14 as ¢ is unital, note that

s (B©) = (B 1m), | =(6EUs)), = (6L =70,

2(A,T)
as desired.
For (ii), note for all by € B that

<E’(aLb),bA0> = <CLLb, Lb0>L2(A,7—) =T (ngaLb) =T (ngaRb) = <E(aRb),l;)>

L2(B7TB) L2(B77—B)

Hence E(aLy) = E(aRy).

For (iii), let (a,),>1 be a sequence of elements of A that converge to £ in Lo(A, 7). Since
left multiplication in Ly(A, 7) by elements of A are bounded and thus continuous, and since
left and right multiplication in Ly(B, 7g) by elements of B are bounded and thus continuous,

we obtain that

E(Lb1Rb2§) = nhanczo E(Lb1Rb2an) + NTB = lim blE(an)bQ + NTB = blE(ﬁ)bQ

n—oo

as desired.
For (iv) and (v), let (¢,)n>1 be a sequence of elements of B that converge to ¢ in Lo(B, 7).

Thus, by the inclusion of Lo(B,7g) into Ly(A, 7), we have that (L., )n,>1 is a sequence of
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elements of Ly(A, 7) that converge to ¢ in Lo(A, 7). Thus, if a € Ay, then

= lim E(aR.,)+ N
n—o0
= lim F(R.,a)+ N.
n—o0
= lim E(a)c, + Ny, = E(a)C

n—o0

thereby proving (iv). Note (v) is similar using (R,,),>1 in place of (L, )n>1-
As (vi) and (vii) are similar, we prove (vii). Note by (iii) and the fact that 75 is tracial
that

(B(&) - B(e).B) = (B(ew, B 1A)> —<E(52)b*,E(1A)>L2(B7TB)

<E Rb*él >L2 (B,7B) < Rb*£2 )>L2(B,TB)
= (Ro+&1, 1a) 1y (ar <Rb &2, 1a) 1,
=7(Rp&1) — T(Rb*§2) =

LQ(B TB LQ(BTB)

As the above holds for all b € B, (vii) follows. O

4.3 Analytical Bi-Multiplicative Functions

In this section, we extend the notion of bi-multiplicative functions on analytical B-B-non-
commutative probability spaces in order to permit the last entry to be an element of Ly(A, 7).
This is possible as the last entry can be treated as a left or right operator as [68] shows,
or can be treated as a mixture of left and right operators as [14] shows. Extending the
operator-valued bi-free cumulant function to permit the last entry to be an element of Lo(A, 7)
is necessary in order to permit the simple development of conjugate variable systems in the
next section.

We advise the reader that familiarity with specifics of bi-multiplicative functions, the
construction of the operator-valued bi-free moment function, and the construction of the
operator-valued bi-free cumulant function from [10] would be of great aid in comprehension
of this section. As the proofs are nearly identical, to avoid clutter we will focus on that which

is different and why the results of [10] extend.
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Definition 4.3.1. Let (A, E,e,7) be an analytical B-B-non-commutative probability space

and let ® be a bi-multiplicative function on (A, E,¢). A function

P : U U BNC(x) x Ayay X - .. X Ayn-1) X Lo(A,7) — Lo B, 75)

neN xe{l,r}n

is said to be analytical extension of ® if @, is C-multilinear function that does not change
values if the last entry of y is changed from an ¢ to an r and satisfies the following three
properties: For all n € N, x € {¢,7}", m € BNC(x), £ € Ly(A, 1), ( € Lo(B,75), b € B, and
Zy € Ay

(i) If x(k) = ¢ for all k € {1,2,...,n} then
Oy (Z1,. s Znr, ZnC) = By (24, .., Z0)C,
and if x(k) =r for all k € {1,2,...,n}, then
Oy (21, Znry Zn) = Oy (20, .., Z).
In particular, by setting ( = 15 = 14, we see ® does extend ®.
(ii) Let p e {1,...,n} and let
¢ =max{k € {1,...,n} [ x(k) = x(p),k <p}.

If x(p) = ¢, then

®1X(Zl7-"7Zq—1anLb7"'aZn—17€) lfQ#_Ooa

Oy (Z,. o Zyry Lo Zyy o E) =4
b(I)lx(Zla"wanlvg) lfq: — 00,

and if x(p) = r, then

Oy (Z1,. . Zyr, ZgRyy . Zn1,€) if q # —00,

a)lx(Zl)'"7Zp—17Rpr7"'7§>: ~
q)IX(le--yanhé)b lfq: —0Q.

(iii) Suppose Vi,...,V,, are unions of blocks of = that partition {1,...,n}, with each

being a y-interval. Moreover, assume that the sets V;,...,V,, are ordered by =<, (i.e.
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(min< Vi) <y (min< Viiq)). Let ¢ € {1,...,m} be such that n € V; and for each

k # q let
b= B (oo Zars )

Then b, € B for k # ¢ and

®7T(Z17 ceey anhg) = b1b2 e bqfl(iﬂvi((zla sy Zn717£)‘Vq)bq+1 e bm

(iv) Suppose that V' and W are unions of blocks of 7 that partition {1,...,n} such that V'
is a y-interval and s,(1), s, (n) € W. Let

p:nlax{kEW‘ijIginV} and q:niin{kEW’IgaXijk}.
Then one of the following cases holds:

a) If n € V and k = max< W, then

Bo(Z1,...,E) = By, ((Zl, o T Zuon (Z1, - e ), - .,Zn_1,§)|W> .

b) If n € W then

~ 571' ((217 7Z —1 Z L(I)ﬂ, VAT Zn ) 5 Zn)| > 1f X(p) = g?
Bo(Zry.. Z) =4 " p1 Zpban (21 Z)ly) .

(I)TF|W <(Z17 3 Zp*la R(D,T\V((Zl ..... Zn)‘V)Zp, , Zn)‘W) if X(p) =7,

- q)Tl'|W <(Zl7 ,qul, L@ﬂlv((zl ,,,,, Zn)'v)ZQ7 ’Zn)’W> 1f X(q> — g’

Qo <(Z1, s Zg—1, ZqRa | (21, 20))y)s ’Z")|W> if x(¢) =r

(Recall we can set x(n) = £ or x(n) =r.)

Remark 4.3.2. Note that the pair of a bi-multiplicative function and its extension are very
reminiscent of the two expectation extensions of bi-multiplicative functions used for operator-
valued conditional bi-free independence from [36]. The main difference is that the notion in
[36] looks at interior versus exterior blocks of the partition whereas Definition looks
at the blocks containing the last entry. This is due to the fact that the Ly(A, 7) element is
always the last entry and must be treated differently being a generalization of a mixture of

left and right operators.
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It is worth pointing out that treating the last entry as an element of Ly(A, ) is no issue.
In particular, the properties in Definition are well-defined. Indeed, properties (i) and
(ii) of Definition are clearly well-defined and properties (iii) and (iv) in Definition [4.3.1]
are well-defined as all terms where ® is used over ® never involve an element of Ly(A, 7) and

as elements from B have left and right actions on Ls(B, 7p).

Remark 4.3.3. Note that property (i) of Definition is clearly the correct generalization of
property (i) from Definition as an element of Ly(B, 7g) is playing the role of L, and Ry,
in this generalization and thus should be able to escape these expressions if only left operators
or right operators are present. The absence of the full property (i) from Definition m
causes no issues when attempting to reduce or rearrange the value of &),, to an expression
involving only 51X’s, as the last entry of any sequence input into ® is always in Ly(A,T)
which is then reduced to an element of Ly(B,7) and an element of A, or A, then acts on it
via the left action of A on Ls(A, 7). Thus there is never any need to move the Ly(A, 7) entry
to another position.

If property (i) is ever used, we note that if ¢ € Lo(B,7p) is viewed as an element of
Ly(A,7), then LyC is simply the element b( € Lo(B,75) and R, is simply the element
(b € Ly(B,7p). Thus, using (i) does not pose problems when trying to “move around L; and
Ry, elements” in proofs when trying to show the equivalence of any reductions as the following

example demonstrates.

Example 4.3.4. Let x € {{,r}® be such that x7'({¢}) = {5,6}, let £ € Ly(A, 1), let
Zr € Ay, and let m € BNC(x) be the partition

= {{17 2}’ {3’ 5}7 {47 7}7 {67 8}}

Note the bi-non-crossing diagram of 7 can be represented as the following (with the convention

now that the last entry is at the bottom instead of on its respective side):
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: b2
L
: 4
sb—1 |
6— |
: 47

8

Figure 4.1: Bi-non-crossing diagram

When reducing CT)W(ZI, Zo, ..., Z7,€), we can clearly use property (iii) of Definition m
first to obtain with U = {3,4,...,8} that

O (21, 2oy .o Z2,8) = Pry (L3, Za, . .., Z7, f)@l(m)(Zl, Zy).

To reduce the expression fully, we have to simply reduce d (Z3,Zy, ..., Z7,€) using property

mlu

(iv) of Definition of which there are three ways to do so.
The first way to reduce is to use V' = {4,6,7,8} and W = {3,5}. By applying property
(iv) of Definition we obtain that

(I)W|U(Z3> Z47 R Z?a 6) = EI\/)71'|W <Z3> Z5EIV>W\V(Z47 ZGv Z77 6)) .
Finally, by applying property (iii) of Definition to &>W|V(Z4, Zg, Z7, &) we obtain that

57r|U(ZS7 Z47 RS Z77 5) = &)1“‘4) <Z3a Z5 <€)1(Z,g)(267 g)q)l(hﬂ(zéb Z7)>>

= b1, (% ZRa, (2070 P100(Z:€) )

The second way to reduce is to use V' = {6,8} and W = {3,4,5,7}. By applying property
(iv) of Definition we obtain that

uiy (Zo, 2, 22,6) = By, (2o, 2 Zs, 22 (25,) )

By applying property (iv) of Definition again as {4, 7} is now a y/|w-interval), we obtain

136



that
a)ﬂ|U(Z3a Z47 s Z77 5) = Eﬁlr,g <Z37 Z5 ((51(7",7«) (Z4a Z7$1<g,g) (267 5))) :

However, as Z,, Z; € A,, we obtain by property (i) that

EI;MU(ZS) Z47 RS Z77 5) = &I)l(hg) <Z3a Z5 <$1(£,2) (267 €)¢1(T‘T> (Z47 Z7)>>
= 1 (%, Z5Ran (2B (26 €) )
thereby agreeing with the above expression.

The third way to reduce is to use V' = {4,7} and W = {3,5,6,8}. By applying property
(iv) of Definition we obtain that

Briy (Zs, Zas o Z2,6) = By (%, 25, Zo, R, 20706
= &l)ﬂw <Z3R<IJW|V(Z4,Z7)7 Z57 Zﬁv 5) )

by using the two expressions in property (iv). Using either expression, we will now again
property (iv) of Definition as {6,8} is now x|w-interval. For the first, we obtain that

Oy (Z3, Zas ..o 20, €) = &’1”,4) <Z3, Z5‘AI;W,£> (ZG>R<I>1(T’T)(Z4,Z7)£>>
~ &y, (Zg, Zs (51%(26, O, (Zs, Z7)>)
=1, (%0 ZsRa,, | (01, (Z6:6) )
where the second equality follows from applying property (ii) of Definition , as Zg € Ay.
For the second expression, we obtain that
Oy (Zs, Zay .. 27,6) = Oy, (Z?’R‘I’l(m) (Z4,Z7)> 2551(5,@(%,5))
=1, (%o Ra 2020 2o, (Z6,6) )
=1, (%6 2R 2020 ®100(Z6:6))
where the second equality follows from applying property (ii) of Definition as the last

entry is now the Ly(A, 7) entry, and the third equality holds as Z5 € A, and thus commutes
with Rb.
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Hence Definition is consistent in this example (and will be in all examples due to

similar computations).
Using similar reductions for arbitrary expressions, one can prove the following.

Lemma 4.3.5. Let (A, E,e,7) be an analytical B-B-non-commutative probability space, let
® be a bi-multiplicative function on (A, E,€), and let ® be an analytic extension of ®. Then,
properties (i) and (i) of Definition hold when 1, is replaced with any m € BNC(x).

Proof. The proof is essentially the same as the proof that properties (i) and (ii) of Definition
hold for ® when 1, is replaced with any 7 € BNC(x) as in |10, Proposition 4.2.5]. To
see that property (i) of Definition extends, note when using (iii) and (iv) to reduce
the expression for EISW(Zl, Zoy .y Zn_1, ZnC) that one is effectively using the bi-multiplicative
properties of ® and including ¢ in the appropriate spot. To see that property (ii) of Definition
extends, indices that are always adjacent in the y-ordering will remain in the correct
ordering so that when L, or R, operators are considered, we can always move them outside
the ®- and &)—expressions on the correct side to move them to the next operator (that is,

things will always move around as they do in the free multiplicative functions from [71] after
reordering by the y-order). For example, in Example |4.3.4] we showed that

57{'(217 227 ey Z77 g) = &)I(T,Z) <Z37 Z5R<I>1(T7r) (Z4,Z7)€)1(g,g) (Z67 5)) q)l(nr) (Zh ZQ)

If Z3 were replaced with Ry Z3, we would have

E)W(Zlu ZQ; RbZ37 Z4 R Z77 g) = (’51(7‘7@) <RbZ37 Z5R<I>1(T7T (Z47Z7)51(g’£) (Z67 g)) (I)l(r,r) (Z17 ZZ)
= 5’1“2) <Z37 ZSR<I>1(T7T)(Z47Z7)(T)1(Z’Z)(267£)> b, (Z1, Z2)
= Ef)lw) <Z37 Z5R<I>1(r7r)(Z4,Z7)Ef)l(e,g>(Z(ia5)) Py, (21, ZoRy)

= ©n(Z1, ZoRo, 23, Zy ..., 71, €).

)

If £ were replaced with L&, then clearly the L, can be moved to give ZgLy, via (ii) with a 1,
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as the expression D, ) (Z6, &) is present. If & were replaced with Ry, then

(21, 2o, o 2 BiE) = B, (2, Zo R, B,y (2o, i) O, (21, 20)
= b1, (% ZsRar, 2oz (P10 (26, 00) ) B, (21, 20)
= EI31@,,5) (Z:a, Z5R<I>1(m)(Z4,Z7)Rb€)1(u)(2675)) D1, (21, Z5)
<Z3, Zslha, | | (Z4,Z7)&)1<M) (Ze, f)) Py, (21, 22)
( i1 (26,6)) 1, (21, 2)

= Eiﬂ(Zh ceey Zﬁ, Z?-Rbaf)?

)

7T

as desired. Thus the result follows. O

4.3.1 The Analytical Operator-Valued Bi-Moment Function

We will now construct the analytical extension of the operator-valued bi-moment function
via recursion and the map E : Ly(A,7) — Ls(B,7p5) from Section Note that the
recursive process in the following definition is different than that from [10, Definition 5.1]
and |36, Definition 4.4], in order to facilitate the introduction of the Ly(A, 7) element. The
same recursive process could have been used in |10, Definition 5.1| and [36, Definition 4.4],
as these processes are equivalent in those settings. Note we use W in the following to avoid
confusion with F in Section , although W is a multi-entry extension of E.

Definition 4.3.6. Let (A, E, e, 7) be an analytical B-B-non-commutative probability space.

The analytical bi-moment function

U:| ) | BNC() x Ay X ... X Ayet) X La(A, 7) = Lo(B, )

neN ye{l,r}n

is defined recursively as follows: Let n € N, y € {{,r}", m € BNC(x), £ € La2(A,7), and
Zy, € Ax(k)-

o If 7 =1,, then

Uy (21,22, ... Zn1, &) = E(Z1Zy - - Zna§).

o If m #1,,let V be the block in 7 such that n € V. We divide discussion into two cases:
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— Suppose that min< V' = s, (1) and max<_V = s,(n) and let
p:rgin{ie{l,...,n} | i ¢V}, q:ILlin{jGV | p =<y J}

and m = rriax{i eV | i<, p}
x

Set

W={ie{l,....n} | p=,i=<yq}.
Note by construction and the fact that 7 € BNC(x) that W is equal to a union of
blocks of 7 and x(p) = x(j) for all j € W. Thus, if x(p) = ¢ we define

V(2. T €) = Uy ((Zl, o121, Ly, (Gl - .,Zn_1,§)|wc>

and in the case when y(p) = r we define

Since n ¢ W, the quantity Fr,, ((Z1,...,Zn-1,§)|y) is always a well-defined
element of B in this case. Note that if x(p) = ¢, then m <, p <, n and thus
I #E&,80 V. (Z1,...,Z,1,€) is well-defined. Also, in the case when x(p) = r
observe that n <, ¢ and thus Z, # &, so V. (Zy,..., Z,_1,§) is well-defined.

— Otherwise, set
V= {ie{l,...7n} ‘mianXinmaXV}.
=x =x

Note V is a proper subset of {1,...,n} that is a union of blocks of 7 and is such
that n € V C V. For ¢ = max< Ve and define

Ve(Zy, €)= W <(Z1, o Za1s 20 (Z1, 6l .,Z,H,g)y%) .

Note that the quantity Wr_((Z1,...,Z,-1,§)ly) is a well-defined element of
Ls(B,7p) due to the recursive nature of our definition. Moreover,the last el-

ement of the sequence

(Zly e 'an—th\IJﬂf/((Zly e 'aZn—17€)|\7)7 s 'aZn—laf)

e
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is equal to Z, Wy ((Z1,. .., Zn-1,§)|), which is an element of Ly(A, 7) and there-
fore W (Z1, ..., Z,_1,§) is well-defined.

To aid in the comprehension of Definition [4.3.6], we provide an example using of bi-non-
crossing diagrams to show the recursive construction. We note that £ will always appear last
in a sequence of operators and is an element of Ly(A,7) and thus neither a left nor right
operator. As such, we treat it as neither. This is reminiscent of [68, Lemma 2.17] where it
was demonstrated that it does not matter whether we treat the last operator in a list as a
left or as a right operator, and of |14, Lemma 2.29 and Proposition 2.30] where the last entry

can be a mixture of left and right operators.

Example 4.3.7. Let y € {{,7}'? be such that x ' ({¢}) = {1,5,8,9,11,12}, let £ € Ly(A4, 1),
let Zi € Ayuy, and let 71 € BNC(x) be the partition with blocks

Vi=A{1,3}, Vo={2}, Vi={4,511,12}, V,={6,10}, V5={7}, and V5= {8,9}.

To compute U, (Z1,...,Z11,&), we note the second part of the second step of the recursive

definition from Definition [4.3.6| applies first. In particular

k=3
Thus, if
X = le7r|\7(Z47257ZG)Z77ZS7ZQ72107ZII7§)7
then
\IJTF<Zlv s 7Z117€) = \Ilﬂ’|‘~/C (Zla ZQa Z3X)

Diagrammatically, this first reduction is seen as follows:
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Zy ¢ ! Zy b :
i + 7 i i
E + L3 E +Z2
: $ 7, : :
Zs b | — | |
: Y : 47X
1 , Z6 1 1
E +Z7 """""""
Zs :
A :
E —t 210
an :

Figure 4.2: Bi-non-crossing reduction 1
Note

Vo (%1, 7, Z5X) = Wy, (W, (71, Z5X)) = E (ZQE(leg)()) :

ﬂl‘VQ 7T‘V1

where the first equality holds by the same recursive idea, whereas the second equality holds
by the first step of Definition [4.3.6]

When computing the value of X, the minimal and maximal elements of {4,5,...,11,12}
in the y|g-order are 5 and 4 respectively and the block that contains the index corresponding
to & contains both 5 and 4. Thus the first part of the second step of Definition [£.3.6] should be
used. The algorithm in Definition then calculates the value of X by “stripping out" the
x-intervals Vi and V; U V5 successively and this is seen via the following two diagrammatic

reductions:
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;

Zs : Z5L‘I’7r|v (Zs,29) $——— :
E : Zg E , Zg
: $ 27 ! $ 7
Zg s | | :
: t Z10 : t Z10
le +— E Z11 +— E
3 §
Figure 4.3: Bi-non-crossing reduction 2
and
: —f Z4 : —? 4R@”|V4UV6 (Zg,Z7,Z10)
Z5L‘I’w\v6 (Z8,Z9) $——— | Z5L‘I’w\v6 (Z8,Z9) $———f E
¢ Zg !
I $ Z7 I I
: | — : :
: : Z1o : i
e Zub— |
§ §

Figure 4.4: Bi-non-crossing reduction 3
It is readily verified using the fact that the operator-valued bi-free moment function is

bi—multiplicative that E7l'|V6 (Zg, Zg) = E(Zng) and E7r|V4UV6 (Zﬁ, Z7, ZlO) = E(ZGRE(Z7)ZIO)'
Thus, using the fact that 7|y, = 1y, the first step in Definition W yields

X=FK <Z4RE(ZGRE(Z7)Z10)Z5LE(ZBZ9)Z11£> :

143



Hence

Vo (Zy,..., 21,8 = E <22E <Z1Z3E <Z4RE(Z6RE(Z7)ZM)Z5LE(ZBZQ)ZM§>))

=k <ZlZ$E (Z4RE(ZGRE(Z7)210)Z5LE(ZSZQ)ZH£)> E(Z2>’

with the last equality following from Proposition [£.2.9]

Before investigating the bi-multiplicative properties inherited by the analytical bi-moment

function, we note it is truly an extension of the operator-valued bi-moment function.

Theorem 4.3.8. Let (A, E, e, 7) be an analytical B-B-non-commutative probability space.
For anyn € N, x € {{,r}", m € BNC(x), and Z € A\,

\Ijﬂ'(Z17 SRR anlu Zn + NT) = Eﬂ(Zla SRR anlu Zn) + N.

B *

Proof. Note that each step in the recursive definition of Definition is a step that can
be performed to the operator-valued bi-free moment function as the operator-valued bi-free
moment function is bi-multiplicative (see Definition . Therefore, as Proposition m
implies that

E(a) = B(a) + Ny,
for all a € A, by applying the same recusive properties to F.(Zy,...,Z,_1,Z,) as used to
compute V. (Zy, ..., Z,_1,Z, + N,), the result follows. O

Like with the construction of the operator-valued bi-free moment function in [10], although
the construction of the analytical bi-moment function is done using specific rules from the
operator-valued bi-free moment function in a specific order, we desire more flexibility in the
reductions that can be done and the order they can be done in. In particular, we desire to
show that the analytical bi-moment function is an analytic extension of the operator-valued
bi-free moment function.

The main ideas used to prove this are similar to those utilized in the proof of [10, Theorem
5.1.4] and hence we shall be concerned with demonstrating that the inclusion of the Ly(A, 7)
term and the slightly modified recursive definition are not issue and pose next to no changes.
In particular, it may appear that WU behaves differently than the operator-valued bi-free
moment function as entries in Ly(A, 7) can also act as mixtures of left and right operators,

which was not dealt with in [10]. However, using the properties of E as developed in
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Proposition one familiar with |10] can easily see that the desired results will hold with

simple adaptations. We note that similar adaptations were done in [36] without issue.
When examining the proof of the following, Example serves as a good example

to keep in mind, just as Example [£.3.4 aided in comprehending why analytic extensions of

bi-multiplicative functions work.

Theorem 4.3.9. Let (A, E e, 7) be an analytical B-B-non-commutative probability space
and let

e | BNC(y) x Ay X ... X Ayguot) X La(A,7) = Lo(B, 75)

neN ye{t,rin

be the analytical bi-moment function. Then ¥ is an analytically extension of the operator-

valued bi-free moment function.

Clearly the map ¥, _is C-multilinear and it does not matter whether y(n) = ¢ or x(n) = r.
A straightforward induction argument using the definition of ¥ shows that the map ¥, will

be C-multilinear. Thus we focus on the remaining four properties.

Proof of Theorem[4.3.9 property (i). This immediately follows from parts (ii) and (iii) of
Proposition [£.2.9 O

Proof of Theorem[{.3.9 property (ii). To see (i), fix n € N, x € {{,r}", 7 € BNC(y),
£ € Ly(A,1),be B, and Z; € Ay, and let p and ¢ be as in the statement of (ii). In the
case that x(p) = ¢, note that

Uy (21, Zp1, Lo Zp D D1, €) = E(Zy -+ Zpr L2y Zir -+ D §).
If g # oo, then Z,.4,...,Z,_1 € A, and thus commute with L,. Hence

Uy (21, Zp1, Lo Zpy Zy -y Znr ) = E(Z1 -+ Zyr ZyLn g -+ Zni§)
= ‘IJIX(Zla ceey qula Zqu7 Zq+17 R anbg)

(and note Z,L, € Ay).
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If g =00, then Z;,...,Z,_1 € A, and thus commute with L;. Hence

\Iflx(Zl, sty Ly 2y, Zpia, . Zn-1,€) = E(LpZy -+ Zp_1§)
— bE(Zl o T 1§)
= bqjlx(Zb SRR anbé-)

by Proposition [£.2.9] The case x(p) = r is similar. ]

Proof of Theorem property (iii). To highlight how the proof works, we begin with the
case that 7 consists of exactly three blocks that are y-intervals and n is contained in the
middle block under the y-ordering. Suppose that = = {V1, V5, V3} and thus there exists
i€{2,...,n—1}and j € {0,...,n — 2} such that

Vi={sy(1),5,(2),...,8,(i — 1)},
Vo ={s,(1),s0(t+1),...,5,(i+j)}, and
Va={s(t+j+1),s,(i+7+2),...,5/(n)}.

Thus n = s, (k) for some ¢ < k < i+ j. This implies that x(p) = ¢ for all p € V; and x(p) =r
for all p € V5. If W = V; U V3, observe that the definition of the permutation s, yields that

q= mSaXW = mgax{sx(i —1),s,(i+7+1)}.
Consider the case ¢ = s, (i — 1) so that ¢ € Vi, and let m = s, (¢ + j + 1). Notice that if
X =Va,, (21, Zn1,9)y),
then by Definition [4.3.6| we obtain that
V(21 T €) = Vg, (Z1, s Zgrs Za Xy T, )y

Thus, if
Y == ‘Ijﬂ"vl((217 vevy Z(I*b Zun veey Zn*17£)‘VI)7

146



then again Definition [£.3.6] implies that

Uo(Z1, . T, €) = Uy (Zrsos Zont, ZonY s 21, €
= E(Zoy ) Zsxin1) -+ Zsgtingn)Y)

Therefore, since Z, (n)Zs, (n-1) - - - Zs, (i+j+1) € Ay, Proposition implies that
UelZy, oo Zn1,€) = YE (Zy () Zsyin-1) - - - Loy (i4j41)) = Y Er,, (Z1; -, Zn-1,)vs)-
Since Zs (1), Zs,(2)» - - - » Lsy(i-1) € Ar, Proposition implies that
Y = E(Zs (1) Zs\(2) - - - Zsy(i-1))X = Enpy, (21, s Zn1, §) )X,

so the result follows. Note the case ¢ = s,(i + j + 1) is handled similarly by interchanging
the orders of the x- intervals V; and V3 . This argument can be extended via induction to
any bi-non-crossing partition m all of whose blocks are y-interval.

By the same argument as |10, Lemma 5.2.1], one need only consider the case in property
(iii) that for each y-interval, the y-maximal and y-minimal elements belong to the same
block. When using the recursive procedure in Definition to reduce W, one of the
x-intervals (which will either be entirely on the left or entirely on the right) will have the
Lo(A, 1) term added to the last entry as above. This Ly(A, 7) entry can be pulled out on the
appropriate side leaving only the bi-moment function expression for the y-interval, which
can be undone as usual. By repetition, eventually all that remains is the expression for the

Xx-interval containing n as desired. O]

Proof of Theorem property (iv). The proof that property (iv) holds for the operator-
valued bi-free moment function is one of the longest of [10] consisting of |10, Lemma 5.3.1],
[10, Lemma 5.3.2], |10, Lemma 5.3.3], and |10, Lemma 5.3.4]. As such, we will only sketch
the details here.

First one proceeds to show that properties (i) and (ii) of Definition hold for ¥
when 1, is replaced with an arbitrary bi-non-crossing partition. This effectively makes use of
the same arguments as in Lemma [£.3.5} that is, one uses the recursive algorithm to reduce
down and then note the proofs of properties (i) and (ii) above still apply and lets one move

elements around as needed. In particular, the same arguments used in |10, Lemma 5.3.2] and
[10, Lemma 5.3.3] transfer with the use of Proposition
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Next, using property (iii), we need only prove property (iv) under the assumption that
sy (1) and s, (n) are in the same block W, of W. One then follows many of the same ideas as
[10, Lemma 5.3.1] and [10, Lemma 5.3.4] by applying the recursive definition from Definition
[4.3.6] moving around the appropriate B-elements using the more general (i) and (ii), and

combining the appropriate elements using (iii) as needed. O]

4.3.2 The Analytical Operator-Valued Bi-Free Cumulant Function

By convolving the analytical bi-moment function with the bi-non-crossing Mobius function,
we obtain the following which is essential to our study of conjugate variables in the subsequent

section.

Definition 4.3.10. Let (A, E, e, 7) be an analytical B-B-non-commutative probability space

and denote by ¥ the analytical bi-moment function. The analytical bi-cumulant function

K U U BNC(x) x Ay X oo X Aynor) X Ly(A, 1) = Lyo(B,7B)

neN xe{t,r}n

is defined by

A/{ﬂ(Zl;-'-aanlvf) = Z \IJO'(le"7Zn717€>/LBNC<Ua7T)7
c€BNC(x)

o<
for alln € N, x € {{,7}", m € BNC(x), £ € Ly(A,7), and Z; € Ayu).

Remark 4.3.11. (i) In the case when 7 = 1,, we will denote the map %, simply by k. By

Mobius inversion, we obtain that

Uo(Z1,. 0 Za) = Y. FnlZi,.. Zn1,€)

T€BNC(x)
<o

foralln € N, x € {¢,r}", 0 € BNC(x), and Z, € A, ().

(ii) In the case that B = C, the analytical bi-cumulant function are precisely the Lo(A, 7)-

valued bi-free cumulants that were used in [14].

Unsurprisingly, the analytic extension of the operator-valued bi-free cumulant function

lives upto its name.
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Theorem 4.3.12. Let (A, E,e,7) be an analytical B-B-non-commutative probability space.
Then the analytical bi-cumulant function is the analytic extension of the operator-valued

bi-free cumulant function.

Proof. Recall by |10, Theorem 6.2.1] that the convolution of a bi-multiplicative function with
a scalar-valued multiplicative function on the lattice of non-crossing partitions (e.g. the bi-free
Mobius function) produces a bi-multiplicative function. As the properties of an analytic
extension of a bi-multiplicative function are analogous to those of a bi-multiplicative function,
we obtain that the convolution of an analytic extension of a bi-multiplicative function with a
scalar-valued multiplicative function on the lattice of non-crossing partitions (e.g. the bi-free
Mobius function) produces the analytic extension of the corresponding bi-multiplicative

function obtained via the same convolution. Hence the result follows. ]

Theorem 4.3.13. Let (A, E,e,7) be an analytical B-B-non-commutative probability space.
For allm e N, x € {{,r}", m € BNC(x), and Z;, € A1), we have that

%W(Zlv R anla Zn + N‘r) = ﬁf(zb ) anh Zn) + N.

TB*

Proof. By Theorem [4.3.8, we know that

\Ijrr<Zl’ ) anlu Zn + NT) = Ew<Zlv BRI anla Zn) + N.

B

for all m € BNC(x). Therefore as & and % are the convolution of U and E against the bi-free

Mobius function respectively, the result follows. n

Of course, as |10, Theorem 8.1.1] demonstrated that bi-freeness with amalagmation over
B is equivalent to the mixed operator-valued bi-free cumulants vanishing, Theorem [4.3.13

immediately implies the following.

Corollary 4.3.14. Let (A, E e, T) be an analytical B-B-non-commutative probability space
containing a family of pairs of B-algebras {(Ck, Dy)}rerc. Consider the following two condi-

tions:

1. The family {(Ck, Di) }rex is bi-free with amalgamation over B with respect to E.

2. Forallm e N, x e {l,r}", Z1,...,Z, € A, and non-constant maps v : {1,...,n} = K
such that

C ; k)=1/¢
7 Sy if x(K) |

Dygwy if x(k) =7
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it follows that
ki (21, Zp-1,Zy + N;) = 0.

Then (1) implies (2). In the case that Tp : B — C is faithful, (2) implies (1).

Proof. Note (1) implies (2) follows from |10, Theorem 8.1.1] and Theorem [4.3.13] In the case
that 7p is faithful, (2) immediately implies k2(Z1, ..., Z, 1, Z,) = 0 where {Z;}7_, are as
in (2) via Theorem |4.3.13 Hence |10, Theorem 8.1.1] completes the argument. O

4.3.3 Vanishing Analytical Cumulants

However, something stronger than Corollary [4.3.14] holds. Indeed, note that the analytic
operator-valued bi-free cumulant function has the added benefit that the last entry can be an
element of Ly(A, 7) and thus the Lo-image of a product of left and right operators. As such,
it is possible to verify that additional analytic bi-cumulants vanish.

The desired result is analogous to the scalar-valued result demonstrated in |14, Proposition
2.30] and proved in a similar manner. Thus we begin with a generalization of [10, Theorem
9.1.5] where we can expand out a cumulant involving products of operators. In [10, Theorem
9.1.5] only products of left and right operators were considered in the operator-valued setting
whereas |14, Lemma 2.29| expanded out scalar-valued cumulants involving a product of left
and right operator in the last entry.

To begin, fix m <n € N, xy € {{,r}", integers
E(0)=0< k(1) <...<k(m)=n,

and any function ¥ € {¢,r}" such that for all ¢ € {1,...,n} for which there exists a
(necessarily unique) p, € {1,...,m — 1} with k(p, — 1) < ¢ < k(p,), we have

X(q) = x(pq)-

Thus X is constant from k(p — 1) + 1 to k(p) whereas Y does not need to be constant from
k(m —1) 4+ 1 to k(m). This is also the main difference with the setting of Definition [3.1.10}
since the last entry of the analytical bi-free cumulants will be an Lo-operator, we will need to
make no assumptions on whether this last entry is treated as a left or right operator.

We may embed BNC(y) into BNC(Y) via m — 7 where the blocks of 7 are formed by
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taking each block V' of m and forming a block

V=|J{k(p-1)+1,... . kp)}
peV
of w. It is not difficult to see that 7 € BNC(Y) since X is constant on {k(p—1)+1,...,k(p)}
for all p € V'\ {m} and although the block containing {k(n — 1) +1,...,k(n)} has both left
and right entries, it occurs at the bottom of the bi-non-crossing diagram and thus poses no
problem. Alternatively, this map can be viewed as an analogue of the map on non-crossing
partitions from [61, Notation 11.9] after applying 3;1.

It is easy to see that 1/; =1y,

and that the map 7 — 7 is injective and order-preserving. Furthermore, the image of BNC()

under this map is
BNC() = [0 1| = [0, 1¢] < BNO(R).

Remark 4.3.15. Recall that since ugnc is the bi-non-crossing Moébius function, we have for
each o,m € BNC(x) with ¢ < 7 that

1 ifo=mn
Z peNe (v, T) =
)

veBNC(x 0 otherwise
o<v<m
Since the lattice structure is preserved under the map defined above, we see that ppnc(o, 7) =
peNc (T, 7).
It is also easy to see that the partial Mébius inversion from [61, Proposition 10.11]| holds
in the bi-free setting; that is, if f, g : BNC(x) — C are such that
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for all # € BNC(x), then for all 7,0 € BNC(x) with ¢ < 7, we have the relation

S f@mncl,m) = Y gw)

vEBNC(x) weBNC(x)
o<v<m wVo=m

where 7V o denotes the smallest element of BNC(x) greater than 7w and o.

Thus, by following the proofs of either |61, Theorem 11.12|, |10, Theorem 9.1.5], or

[14, Lemma 2.29|, we arrive at the following.

Proposition 4.3.16. Let (A, E, e, 7) be an analytical B-B-non-commutative probability space.
Under the above notation, if 1 € BNC(x) and Z;, € Az, then

%W(Zl"'Zk(l),...,Zk(m_1)+1"'Zk(m)+N7—): Z %G<Zl7"'7Zn—172’n+N’F)‘
oc€BNC(X)

a\/@:%

In particular, when o = 1,,, we have

%x(ZI"'Zk(l)y"'aZk(mfl)+1"'Zk(m)+NT) = Z A"{/O'(Zla"'vZn—laZn_‘_NT)?
c€BNC(X)
O'V6;=1>A<

Proof. First, it is not difficult to verify using the recursive definition of the analytic operator-

valued bi-moment function that
Uo(Zy - Ziys - - s Ziim=2)+1 " Li(m=1)s Lk(m-1)+1 " - Zim) + Ny) = ¥o(Z1, ..., Z, + N;)

for all v € BNC(x). Therefore, we have that
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Kn( 21 Zi(1ys - s Zi(m—2)+1" " * Li(m=1)> Lk(m=1)+1" " * Li(m) + Nr)

= Z Uo(Zy - Zi)s - - s Diim—2)4+1 " Li(m—1)s Lk(m—1)+1 " Zi(m) + Ny)psne (v, )

vEBNC(x)
v<m

= Z \Ijﬁ(Zla ceey Zn—17 Zn + NT)MBNC(@? /7-‘\—)

vEBNC(x)
v<m

= Z \I]U(Zla"'7Zn7172n+NT),uBNC(O-7§T\>

c€BNC(X)
0, <o<w

= Z %O'(Z].?"'?Zn—l7Zn+NT)
c€BNC(X)
oV0 =7

where the last line following from Remark [4.3.15] O]

Theorem 4.3.17. Let (A, E,e,7) be an analytical B-B-non-commutative probability space
containing a family of pairs of B-algebras {(Cy, Di) ek that are bi-free with amalgamation
over B with respect to E. For each k € K, let Ly(Ay,T) be the closed subspace of Ly(A,T)
generated by

alg(Cy, Di) + N;.

Then for alln € N, x € {{,r}", non-constant maps v : {1,...,n} = K, £ € Ly(Aym), 7),
and Zy,...,Z,_1 € A such that

Cywy ifx(k)=1¢

Doy if x(k) =7

Zy, €

it follows that
R (21, Zp—1,§) = 0.

Proof. Fix an m € N, xy € {{,r}"™, non-constant map v : {1,...,m} — K, and let
Ziy...sZmor € A Forany n > m, if Z,,,..., Z, € Cy4n) U Dy and X is defined by

x(k) if k <m
X(k)=9¢  ifk>mand Z, € Cym »

r if k> m and Zj € D)
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then by Proposition [£.3.16 and Theorem [£.3.§ implies that

R 21, T Do Za A No) = Y FlZt,. o D, Zn + N;)

EBNC(R)
O'VOXZIQ

= > KZi.. Zu. Zn) + Noy.
c€BNC(R)
O'V6;:15<\

As the conditions ¢ € BNC(X) and o V (5;< = 13 automatically imply that each block of
o containing one of {1,2,...,m — 1} must also contain an element of {m, ..., n}, the bi-
multiplicative properties of the operator-valued bi-free cumulant function imply that each
cumulant k2(Zy,...,Z, 1, 7,) appearing in the sum above can be reduced down to an

expression involving a mixed x” term which must be 0 by |10, Theorem 8.1.1|. Hence
F‘:/X(Zl) .. ‘7Zm7172m . Zn + NT) — O

Since E is a continuous function and left multiplication of A on Ly(A, 7) yields bounded
operators, due to the recursive nature of ¥ we see that W is continuous in the Ly(A, 7) entry.
Therefore, by Mébius inversion, k is continuous in the Lo(A,7) entry. Hence the result
follows. [l

We end this chapter with the following Corollary, which demonstrates the vanishing of

the analytical bi-free cumulants whenever at least one of the entries comes from B.

Corollary 4.3.18. Let (A, E,e,7) be an analytical B-B-non-commutative probability space
and let n > 2, x € {{,r}", £ € Lo(A,7), b€ B, and Z € Ayxy. Suppose that either there
exists p € {1,...,n — 1} such that

Ly if x(p) =14

Ry if x(p)

7 —

p

r

or that & € Lo(B,7p). Then
Fx(Z1y .oy Zn—1, &) = 0.

Proof. It Z,, = Ly or Z, = Ry, for some p, then we may proceed as in the proof of Theorem
4.3.17 by assuming that £ is an element of A, expanding out the analytic operator-valued bi-
free cumulant function with the aid of Proposition [.3.16] and using the fact that non-singleton
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operator-valued bi-free cumulants involving L, or Ry, terms are zero by |10, Proposition 6.4.1]
and then taking a limit at the end.
In the case where £ € Ly(B, 7p), € is a limit of terms of the form L, + N,. As
%X(Zb ey anl, Lb + NT) = /ﬁ}X(Zl, ceey anl, Lb) + N"'B =0+ N,

TB)

by Theorem |4.3.13| and |10, Proposition 6.4.1] the result follows by taking a limit. O
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Chapter 5

Bi-Free Fisher Information and Entropy
with Respect to Completely Positive
Maps

With the technology of chapter [d] in hand, in this chapter we will develop the appropriate
notions of bi-free conjugate variables, Fisher information and entropy with respect to com-
pletely positive maps. The conjugate variable systems we will present can be viewed as both
an extension of the bi-free conjugate variables developed in [14] and of the free conjugate
variables with respect to a completely positive map developed in [66]. Since our notion of
bi-free entropy will be defined in terms of an integral of the bi-free Fisher information with
respect to completely positive maps of perturbations of left and right operators by bi-freely
independent operator-valued bi-semicircular pairs, in section we will develop the theory
of bi-semicircular pairs with completely positive covariance, which will be modeled by left

and right creation and annihilation operators on full Fock spaces.

5.1 Bi-Free Conjugate Variables with respect to Com-
pletely Positive Maps

For the bi-free conjugate variables with respect to completely positive maps, we will focus
on both their moment and cumulant characterizations, whereas [66] focused on the moment
and derivation characterizations of free conjugate variables. Although in [14] the moment,

cumulant, and bi-free difference quotient characterizations of bi-free conjugate variables were
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analyzed, we will not attempt to generalize the bi-free difference quotient characterization
in this setting as it was the cumulant characterization that was found most effective and
as the bi-module structures of [66] that were necessary for the derivation characterization
using adjoints are less clear in this context. We refer the reader to [58, Definition 2.7 for
an equivalent description to [66] of the free conjugate variables with respect to a completely

positive map, which we follow closely below.

Definition 5.1.1. Let (A, E,e,7) be an analytical B-B-non-commutative probability space,
let (Cy, C,) be a pair of B-algebras in A, let X € Ay, let Y € A, and let n: B — B be a
completely positive map.

An element § € Ly(A, 1) is said to satisfy the left bi-free conjugate variable relations for
X with respect to n and T in the presence of (Cy, C,) if for all n € NU {0}, Z1,..., 7, €
{X}UCyUC, we have

(7 2= Y 7 Il 2] Ly, 2 |

1<k<n peVE\{k,n+1
<k \lkat1}

where Vy, ={k <m <n+1 | Z, € {X}UC;} and where all products are taken in numeric
order (with the empty product being equal to 1). If, in addition,

§ € a’lg(X7 OE: OT)H . HT:

we call & the left bi-free conjugate variable for X with respect to n and T in the presence of
(Cy, C,) and denote & by Jy(X : (Cy, Cy),m).

Similarly, an element v € Ly(A, 7) is said to satisfy the right bi-free conjugate variable
relations for Y with respect to n and T in the presence of (Cy,C,) if for all n € N U {0},
Zyy...,Zy, € {Y}UCyUC, we have

T(Zy -+ Zov) = Z T H Zp R’I(E(Hpevk Z)) |

1<k<n peVE\{kn+1}
Zi=X k

where Vy, ={k <m <n+1| Z, € {Y}UC,}. If, in addition,
v ealg(y,Cr, 0 ",
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we call v the right bi-free conjugate variable for X with respect to n and T in the presence of
(Cy, C,) and denote v by J.(Y : (Cp, Cy), 7).

Example 5.1.2. For an example of Definition [5.1.1] consider X € Ay, Y € A,, Z, Z3 € Cy,
and 71,7y € C,.. If £ = Jo(X : (Cy,alg(C,,Y)),n), then

T(leZgYXYZ:sXZ45) =T (Z1YYZ4L7](E(ZQXZ3X)))
+7 (XZlZQYYZ4L’I7(E(Z3X)))
4T (XZIZQYXY2324L7](E(1)))

This can be observed diagrammatically by drawing X, 71, Z5, Y, XY, Z3, X, Z, as one would
in a bi-non-crossing diagram (i.e. drawing two vertical lines and placing the variables on
these lines starting at the top and going down with left variables on the left line and right
variables on the right line), drawing all pictures connecting the centre of the bottom of the
diagram to any X, taking the product of the elements starting from the top and going down
in each of the two isolated components of the diagram, taking the expectation of the bounded
region and applying 7 to the result to obtain a b € B, appending L; to the end of the product

of operators from the unbounded region, and applying 7 to the result.

Xoe—p X : X :

: +Z1 : +Zl : +Z1
Zoye : Zoe | Zoe :

| 'Y E 'Y E 'Y
Xt E X | Xt E

| bY | Y | bY
Zs4 | Z34 | Z3 4 |
X : X ! X 1 !

i ' Zs i +Zy i + 7

Figure 5.1: Left bi-free conjugate variable

This is analogous to applying the left bi-free difference quotient 0y x defined in [14] on a
suitable algebraic free product to X Z,2,Y XY Z3X Z, to obtain

0YYZy Q ZoXZsZ + XZ1ZsYY Zy @ Zs X + XZ1Z2Y XY ZsZy @1,
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applying Id ® (n o E), collapsing the tensor, and applying 7 to the result.
Similarly, if v = J,.(Y : (alg(Cy, X), C,),n), then

T(XleQYXYZ3XZ4l/) =T (X21Z2XZ3XR,7(E(YZ4))> + T (XleQYXZg,XRn(E(Z4))) .

This can be observed diagrammatically in a similar fashion by drawing all pictures connecting

the centre of the bottom of the diagram to any Y on the right.

X I X

: +Z1 : A
Z2+ : Zz':'

! —Y ! Y
X+ ! X+

5 VY i Y
ng E ZS+
Xe : X

i V2 i Zy

Figure 5.2: Right bi-free conjugate variable

This is analogous to applying the right bi-free difference quotient 0,y defined in [14] on a
suitable algebraic free product to X 721 Z,Y XY Z3X Z, to obtain

X1 LaXZs X QY Zy + XZ12Y XZ3 X ® Zy,

applying Id ® (n o E), collapsing the tensor, and applying 7 to the result.

Remark 5.1.3. (i) As 7(aly) = 7(aRy) for all @ € A and b € B, one may use either
Lyop or Ry.p in either part of Definition 5.1.1} In fact, one may simply use 1o £
if one views the resulting element of B as an element of Ly(B,75) C Lo(A, 7), since
T(aLly) = 7(a(b+ N,)) for all a € A and b € B by construction.

(i) The element J,(X : (Cy, C,),n) is unique in the sense that if & € mll%lf

satisfies the left bi-free conjugate variable relations for X with respect to (Cy, C,),
then & = Jo(X : (Cy, C,),n) as the left bi-free conjugate variable relations causes the
inner products in Ly(A, 7) of both & and Jy(X : (Cy, C,),n) against any element of
alg(X, Cy, C}) to be equal.
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(iii) In the case where B = C, E reduces down to a unital, linear map ¢ : A — C and,
as 7 is compatible with E, one obtains that 7 = ¢. As ¢ is linear, Definition [5.1.1
immediately reduces down to the left and right conjugate variables with respect to ¢ in

the presence of (Cy, C,) as in [14], provided 7 is unital.

(iv) In the setting of Example we note that J,(X : (By, B,),n) exists if and only if the
free conjugate variable of X with respect to (B,n) from [66] exists. This immediately
follows as B, commutes with X and B, and 7 is tracial, so the expressions for either

conjugate variable can be modified into the expressions of the other conjugate variable.

As with the bi-free conjugate variables in |14], any moment expression should be equivalent
to certain cumulant expressions via Mobius inversion. Thus we obtain the following equivalent
characterization of conjugate variables. Note in that which follows, it does not matter whether
the last entry in the analytical operator-valued bi-free cumulant function is treated as a left
or as a right operator by Definition [4.3.1]

Theorem 5.1.4. Let (A, E, e, 7) be an analytical B-B-non-commutative probability space,
let (Cy, C,) be a pair of B-algebras in A, let X € Ay, let Y € A, and letn: B — B be a
completely positive map. For & € Ly(A,T), the following are equivalent:

(i) & satisfies the left bi-free conjugate variables relations for X (respectively & satisfies the

right bi-free conjugate variables relations for'Y ) with respect to n and T in the presence

Of (Og, Cr);
(ii) the following four cumulant conditions hold:
(a) %1(@(5) =0+ Nrp,
(b) i (X Ly, &) = n(b) + Ny (respectively ki, (Y Ry, §) = n(b) + Ny, ) for all b € B,

(¢) Figy(c1,8) =R, (c2,§) = 04 Ny for all ey € Cp and ¢z € C,,
(d) for allm >3, x € {{,r}", and all Zy,Zs, ..., Z, 1 € A such that

XYuC, ifxlk)=1¢ C of x(k 14
7 € X3 e (k) respectively Zy € ‘ S x(®)

C, if x(k)=r {YIucC, ifxk)=r

we have that
%X<Zla ce 7Zn717§) = 0 + NTB'
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Proof. We will prove the result for the left bi-free conjugate variable as the proof for the
right bi-free conjugate variable is analogous.

Suppose that ¢ satisfies (ii). To see that ¢ satisfies the left bi-free conjugate variables
relations, let n € NU {0} and let Zy,..., 7, € {X} UC, UC,. Fix x € {¢,7}""! such that

14 ikaE{X}UCg
r 1ka€Cr

(note the value of x(n + 1) does not matter in that which follows). By the relation between

the analytic extensions of the bi-moment and bi-cumulant functions, we obtain that

E(ZiZ,8) = > FulZis.. Zn,§).

mT€BNC(x)

Due to the cumulant conditions in (ii), the only way k.(Z1, ..., Z,, &) is non-zero is if the
block of 7 containing n 4 1 contains a single other index k with Z;, = X. Moreover, there is

a bijection between such partitions and partitions of the form
m={k,n+1}Um Um

where 7 is a bi-non-crossing partition on Vy, = {k <m <n+1 | Z, € {X} UC,} with
respect to x|y, and where 7y is a bi-non-crossing partition on Wy = Vi \ {k, n+1} with respect
to x|w,. Using this decomposition, the properties of bi-analytic extensions of bi-multiplicative

functions and the moment-cumulant formulas yield that
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E(Zy-+ Znf)

= Z Z Z E{k7n+1}U7T1U7T2<Zl7 EIR) Zn? §>

1<k<n mpeBNC(x|w, ) 71 €BNC(x|v;)
Zi=X

= Z Z %{k,n—i—l}U'm <(Zl7"'7Zk—17ZkLE I z Zk:+1a"'7Zn7§> )
15h<n mEBNG(xlw, ) ( PEVE p) Wi U{k,n+1}
Ti=X

- %71’1 (Zla sy ZmaXS(Wk)fla ZmaXS(Wk)n (E (H Zp) ))
S

“x ([ 1 oa)i(e(1a))
1<k<n peVA\{k,n+1} PEV]
Zi=X

Hence, by applying 75 to both sides of this equation, the left bi-free conjugate variables
relations from Definition are obtained via part (i) of Proposition [4.2.9]

For the converse direction, suppose & satisfies the left bi-free conjugate variables relations
for X. Thus for all b € B, 7(Ly€) = 0 by the conjugate variable relations. Hence £y, (§) =
E(€) = 0 by part (vi) of Proposition and therefore (a) holds.

To see that (b) holds, note for all by, b € B that

bOf’\{l(lya (XLb7 5) = 7{1([‘@) (LboXva 5) = \Ijl(e,@ (LboXLb7 6) - \IJO(&@) (LbOXLb7 é)
= B(Ly X Ly€) — E(Lyy X Ly) E(€) = E(Lyy X Lyf).

Therefore, by applying 75 to both sides, we obtain that

- (bof-{l(w (XLb,§)> . <E(LbOXLb§)> = 7Ly X Lif).

By the left bi-free conjugate variable relations we obtain that

B <boff51(4’e) (X Ly, 5)) =T (Loy Lo(e(Ly))) = T(Lig L)) = T(Logy)) = T(bon(b)).

As this holds for all by € B, we obtain that ki, , (XL, &) = n(b) + Nr, as desired.
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To see that (c) holds, note for all b € B and ¢; € Cy that

B (bgl(w(cl,f)> = 7(Lpycr§) =0

by similar computations as above. Since this holds for all b € B, we see that 7{1( . Z)(cl, ) =
0 4+ N,,. Similarly, for all ¢; € C,. we see that

%1“,2)(027 &b = %1(“)(31)02, §) = ‘I’l(m(Rme §) — \IJO(TJ)(Rme §)
= E(Rycs€) — E(€)E(Rycs) = E(Rycs€).

Therefore, by applying 75 to both sides, we obtain that

B (751(,,,2)(02,5)@ =7TB <E(Rb02§)> = T(Rpc28).

By the left bi-free conjugate variable relations we obtain that

B <E1<T’[)(Cg,£)b> =0.

Therefore, as 7p is tracial and the above holds for all b € B, we obtain that ki, (c2,§) =
0+ N;, as desired.

For (d), we proceed by induction on n. To do so, we will prove the base case n = 3 and
the inductive step simultaneously. Fix n > 3 and suppose when n > 3 that (d) holds for all
m < n. Let x € {{,r}" and let Z1,Z,,...,Z,_1 € A be as in the assumptions of (d). We will
assume that x(1) = r as the case x(1) = ¢ will be handled similarly. Thus for all b € B we
know that

%X(Z17"'7Z7’L717£)b:R/X(szl7Z27"'7Z’nfl7€)
= E(RZ1Zo - Znr&) = Y FalRoZ1, 2, Do €)

T€BNC(x)
T#ly

= E(RyZ1 2o+ Zna&) — > FnlZ1,Z0, ... D1 ).

TEBNC(x)
T#ly

Using the fact that (a), (b), (c) hold and that (d) holds for all m < n, we obtain using the
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same arguments used in the other direction of the proof that

> RZi, Zua b= > E(R| ] % n(E(HZp)> :

T€BNC(x) 1<k<n peVE\{k,n} pEVE
T#ly Zp=X

where Vi, ={k <m <n | Z, € {X}UC,}. Therefore, by applying 75 to both sides of our

initial equation, we obtain that

B (%X(Zh ey Zn—l; g)b)

=15 | E(RyZ1Zs - Zy1€) — Z E| R, H % 77<E<H ZP))

1<k<n peVE\{k,n} PEV
Zn=X

=T(RyZ1Zo -+ Zna) = > 7[Ry I 2 n<E<H2p>) =0,

1<k<n pEV{k,n} PeV
Zn=X k

by the left bi-free conjugate variable relations. Therefore, as the above holds for all b € B

and 7p is tracial, the result follows. n

The cumulant approach to conjugate variables has merits as it is very simple to check that
most cumulants vanish and the values of others. For instance, an observant reader might have
noticed that the operators X and Y in Definition were not required to be self-adjoint.

This is for later use and can be converted to studying self-adjoint operators as follows.

Lemma 5.1.5. Let (A, E,e,7) be an analytical B-B-non-commutative probability space, let
(Cy, C) be a pair of B-algebras in A, let X € Ay, and let n: B — B be a completely positive

map. The left bi-free conjugate variables
Jo(X : (alg(Cy, X7), Cr),m) and Jo(X™ 2 (alg(Cy, X), Cr),m)

exist if and only if

%

JZ<§R(X> : (alg(C&%(X))aCr)vn) and JE( (X> : <a1g<C€7§R(X))7Cr)77]>
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exist where R(X) = (X + X*) and I(X) = (X — X*). Furthermore,

JZ(%(X) : (alg(Cg, C\xs()())v Cr‘)a 77) :JE(X:<a1g<C€a X*)a Cr)v 77) + JK(X* : (a‘lg(C€7 X)v C?“)7 77)
Jf(%(X) : (a’lg(cfa §R(‘Xv))7 C'r)a 77) :ng(X(alg(Cg, X*)7 Cr>7 U)_ZJZ(X* : (alg(Cg, X)7 CT)7 7])
A similar result holds for right bi-free conjugate variables.

Proof. Suppose
51 = JZ(X : (alg(CZ?X*>7Cr)an) and 52 = JZ(X* : <a1g<C€aX)a Cr)an)

exist. Hence & and & satisfy the appropriate analytic cumulant equations from Theorem

6.1.4 Let
hy =& + & and hy =i —i&y.

As

& €alg(Xalg(C, X, 0 T and & € alg(X7,alg(Cr X), G

we easily see that

-1
-1

hi € alg(R(X), alg(Cr, S(X)), C;) and & € alg(S(X), alg(Cp R(X)), C)

Thus, by Theorem [5.1.4] it suffices to show that h; and hs satisfy the appropriate conjugate
variable formulae. Indeed, property (a) of Theorem holds as

%1(2)<h1> = %1(2)<h2) =0+ N,.
Next, notice for all b € B that

%1(2,1) (éR(X)Lb? hl)

_ 1 _ 1., _ 1 N 1.,
- K/l(g’e) (éXLbJé.l) + Rl([ﬁg) (§X Lb?é’l) + Kl(@,l) (éXLlH §2) + K/l(g’g) (§X Lb?fQ)

= %n(b) +0+0+ %n(b) =1(b),
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and
%1@,2) (%(X)Lba h2)
- 1 . ~ I ~ 1 .
= Hl(l,é’) (ZXLb’Zgl) + 51(2,4) <_ZX Lb,Zgl) +l€1(€,l) (ZXLI” —ng)

- - :
+ "fl(wg) <_ZX Lb, —Zég)

= ZeinB) ~ 040 — _(~i)n(b) = n(b).

Hence property (b) of Theorem holds.
To see properties (c) and (d) of Theorem hold, note for all b € B that

%1(12,4)(%()()1;57 hQ)
_ 1 ‘ _ 1, N 1 , N 1., ,
= /{1(@)2) §XLI)7 /I/fl —I— I{l(e’[) §X Lb? 7/51 —I— I{’l(e’[) §XLb7 _Zgg + I{I(A[) §X Lb) _7/52
1 1
= §in(b) +0+0+ 5(—i)n(b) =0,

and similarly i, , (S(X) Ly, h1) = 0. Therefore, Proposition {4.3.16| along with the linearity
of the cumulants in each entry yield properties (c) and (d).

The converse direction is proved analogously. O]

Of course, many other results follow immediately from the cumulant definition of the

conjugate variables.

Lemma 5.1.6. Let (A, E,e,7) be an analytical B-B-non-commutative probability space, let
(Cy, C) be a pair of B-algebras in A, let X € Ay, and let n: B — B be a completely positive
map. If

§=Ju(X : (Cr, Cy),m)

ezists, then for all A € C\ {0} the conjugate variable Jo(AX : (Cy,C,),n) ezists and is equal
to %f .
A similar result holds for right bi-free conjugate variables.

Proposition 5.1.7. Let (A, E,e,T) be an analytical B-B-non-commutative probability space,
let (Cy, C,) be a pair of B-algebras in A, let X € Ay, and let n1,m2 : B — B be completely
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positive maps. If
& = Jo(X : (Cp, Cr)ym) and & = Jo(X : (Cp, Cr)ym2)

exist, then & = Jo(X : (Cy, Cy),m + m2) exists and § = & + &s.

A similar result holds for right bi-free conjugate variables.

Proposition 5.1.8. Let (A, E,e,7) be an analytical B-B-non-commutative probability space,
let (Cy,C,) be a pair of B-algebras in A, let X € Ay, and let n : B — B be a completely
positive map. For fized by,by € B, define ngp, , : B — B by

1e,b1,b2 (b) = 77(bb2>bl

for allb € B. If & = Jo(X : (Cy,C,),n) exists and nep, p, 15 completely positive, then
Jo(X : (Cr, Cr), Neopy b,) exists and

Jo(X 2 (Cr, Cr)s My by) = Rioy Liny €
Similarly, if Y € A, and nyp,p, : B — B is defined by
Mrb1ba = b2n<blb)

for all b € B is completely positive, and J.(Y : (Cy, Cy),n) exists, then J.(Y : (Co, Cr), Mrby o)
exists and
Jr(Y : (Ce, OT): nr,bhbz) - RblLb2JT(Y : (Cé? CT)7n)'

Proof. By Theorem [5.1.4} it suffices to show that R, L, satisfies the appropriate analytical

operator-valued bi-free cumulant formula. Indeed, clearly
K1y (Rb, Ly §) = baky, (§)b1 =0
and for all b € B
K. (X Ly By L, §) = R o) (X Ly Ly, §)b1 = K,y (X Liphy, §)b1 = 1(bb2)b1 = 11, 1, (D).

To show that the other analytical operator-valued bi-free cumulants from Theorem

vanish, one simply needs to use the analytical extension properties of bi-multiplicative
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functions together with Proposition [£.3.16] The result for right bi-free conjugate variables is

analogous. O]

Similarly, many results pertaining to conjugate variables from [14}/66,[80] immediately
generalize to the conjugate variables in Definition m However, one result from [66] requires
additional set-up. In the context of Example [1.1.3] one can always consider a further von
Neumann subalgebra D of B and ask how the conjugate variables react. To analyze the

comparable situation in our setting, we need the following example.

Example 5.1.9. Let (A, E,e,7) be an analytical B-B-non-commutative probability space
and let D be a unital x-subalgebra of B (with 1p = 1p). If F': B — D is a conditional
expectation in the sense that F'(d) = d for all d € D and F(dibdy) = diF(b)ds for all
dy,dy € D and b € B, then (A, F o E,¢|pgper) is a D-D-non-commutative probability space
by [68, Section 3].

Note 7p = 7g|p : D — C is a tracial state being the restriction of a tracial state. Moreover,
if 7 is compatible with F in the sense that 75(F'(b)) = 75(b) for all b € B, we easily see that
T is compatible with F o F, as for all a € A we have that

7(a) =7 (Lpw@) = 75(E(a)) = 75(F(E(a))) = 7 (Lr(E@))

and similarly 7(a) = 7 (Rp(r(a)). Hence (A, F o E,e|pgper, ) is an analytical D-D-non-

commutative probability space.

Proposition 5.1.10. Let (A, E e, T) be an analytical B-B-non-commutative probability space
and X € Ay. In addition, let D and F be as in Example and let (Cy, C..) be a pair of
B-algebras (and thus automatically a pair of D-algebras) and n: D — D be a completely
positive map. Moreover, suppose that F' is completely positive (and hence noF': B— D C B
is also completely positive). Then, the conjugate variable Jo(X : (Cy,C,),no F) exists in
the analytical B-B-non-commutative probability space (A, E,e,T) if and only if the conjugate
variable Jo(X : (Cy, Cy),m) exists in the analytical D-D-non-commutative probability space
(A, F o E,e|pgpor, T), in which case they are the same element of La(A,T).

A similar result holds for right bi-free conjugate variables.

Proof. As (no F)o E =no (F o E), the bi-free conjugate variable relations from Definition
are precisely the same and thus there is nothing to prove. O

With Proposition 5.1.10[ out of the way, we turn our attention to proving that the expected

generalizations of conjugate variable properties from [14},66,80| hold.
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Lemma 5.1.11. Let (A, E,e,7) be an analytical B-B-non-commutative probability space,
let (Cy,C,) be a pair of B-algebras in A, let X € Ay, and let n : B — B be a completely
positive map. Suppose further that D, C Cy and D, C C, are such that (Dy, D,) is a pair of
B-algebras in A. If

§=Ju(X :(Cp, Cr),m)

exists then
¢ = Ju(X : (Dy,Dy),1m)

exists. In particular, if P is the orthogonal projection of La(A,T) onto

-1
| T

alg(X, Dy, D) 7,

then £ = P(&).

A similar result holds for right bi-free conjugate variables.

Proof. Notice if £ satisfies the left bi-free conjugate variable relations for X with respect to

E and 7 in the presence of (Cy, C,), & satisfies the left bi-free conjugate variable relations for
X with respect to E and 7 in the presence of (Dy, D,.). Therefore, since 7(ZP(§)) = 7(Z§)
for all Z € alg(X, Dy, D,), it follows that P(§) = Jy(X : (Dy, D,),n) as desired. O

The following generalizes [80, Proposition 3.6], |66, Proposition 3.8], and [14, Proposition
4.3].

Proposition 5.1.12. Let (A, E, e, T) be an analytical B-B-non-commutative probability space,
let (Cy, C}) be a pair of B-algebras in A, let X € Ay, and let n : B — B be a completely
positive map. If (Dy, D,.) is another pair of B-algebras such that

(alg(X, Og), CT) and (Dg, DT)
are bi-free with amalgamation over B with respect to E, then
5 = JZ<X : (CZ7C7’)777)

exists if and only if
¢ = Jo(X : (alg(Cy, Dy), alg(Cy, D,)), 1)

exists, 1n which case they are equal.
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A similar result holds for right bi-free conjugate variables.

Proof. Note by Lemma [5.1.11] that if £’ exists then £ exists.
Conversely suppose that ¢ exists. Hence € is an || - ||_-limit of elements from alg(X, Cy, C;).
Since the analytical operator-valued bi-free cumulants are || - ||, -continuous in the last entry,

it follows that any analytical operator-valued bi-free cumulant involving £ at the end and at
least one element of D, or D, must be zero by Theorem as

(alg(X, Cy), C,) and (Dy, D,.)

are bi-free with amalgamation over B with respect to . Therefore, as

¢ € alg(X,Cn, ) 1" € Ala(X, alg(Cyr, Do), alg(Cr, D)) 7,

it follows that £ exists and & = &'. ]

The following generalizes |80, Proposition 3.7], |66, Proposition 3.11|, and |14} Proposition
4.4]. In that which follows, we will use Z to denote a tuple of operators (Z1,...,Z).
Furthermore, given another tuple Z’' = (Z1, ..., Z;), we will use Z + Z’ to denote the tuple
(Z1+ Z%,...,Zx+ Z}) and we will use 2; to denote the tuple (Z1,...,Z,-1, Zpt1,- .., Zx)

obtained by removing Z, from the list.

Y

Proposition 5.1.13. Let (A, E,e,7) be an analytical B-B-non-commutative probability space
and let n : B — B be a completely positive map. Suppose X and X' are n-tuples of operators
from Ay, Y and Y' are m-tuples of operators from A,, and (Cy, C.) and (Dy, D,.) are pairs
of B-algebras such that

(alg(X, Cy), alg(Y, C,)) and  (alg(X', Dy),alg(Y', D,))
are bi-free with amalgamation over B with respect to E. If

£=J, <X1 : <alg (f{j Cg) Lalg(Y, CT)> ,n,T)

exists then

¢ =g (X1 + X1+ (alg (X X001, G, D) alg(Y + Y, D) ) )
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exists. Moreover, if P is the orthogonal projection of La(A, @) onto

a1g<X + X/a Y + Y/a CE7 07”’ Dﬁa DT)” . ”Ty

then

A similar result holds for right bi-free conjugate variables.

Proof. Suppose ¢ exists. For notation purposes, let A = alg(X + X', Y +Y',Cy,C,., Dy, D,.).

Since 7(LyZP(§)) = 1(LpZE) for all Z € A and b € B (as By C (), we obtain by
Proposition m that E(ZP(€)) = E(Z¢) for all Z € A. Thus, as By, B, C A, we obtain for
all x € {¢,r}? with x(p) = ¢, for all 7 € BNC(x), and for all Z; € A with

14

alg(X + X/, Cg, Dg) if X(k)
alg(Y +Y',C,, D) if (k)

r

that U,.(Z1,...,2,1P(§)) = V. (Z1,...,Zy-1,&) and thus
%X(Zl7 ey Zp—17 P(g)) - %X(Zl7 ce ey Zp—l)S).

To show that P(&) is the appropriate left bi-free conjugate variable, it suffices to consider
expressions of the form &, (Z,...,Z,_1, P(§)) and show they obtain the correct values as
dictated in Theorem By the above, said cumulant is equal to an analytic operator-
valued bi-free cumulant involving elements from Cy, Dy, C,, D,, X + X', and Y + Y’ (in the
appropriate positions) and a £ at the end. By expanding using linearity, said cumulant can
be modified to a sum of cumulants involving only elements from Cy, Dy, C,, D,, X, X', 'Y,
and Y’ with a £ at the end. By a similar argument to that in Lemma [5.1.5] these cumulants
then obtain the necessary values for P(£) to be the appropriate left bi-free conjugate variable
due to Theorem [5.1.4] applied to £ and the fact that

(alg(X, Cy), alg(Y,C,)) and (alg(X', Dy),alg(Y', D,))

are bi-free with amalgamation over B with respect to F, so mixed cumulants vanish by
Theorem 4.3.171 ]
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5.2 Bi-Semicircular Operators with Completely Positive

Covariance

One essential example of conjugate variables in [14}71,80] comes from central limit distribu-
tions. Thus this section is devoted to defining the operator-valued bi-semicircular operators
with covariance coming from a completely positive map, showing that one may add in
certain bi-semicircular operators into analytical B-B-non-commutative probability spaces,
and showing the bi-free conjugate variables behave in the appropriate manner.

To begin, let B be a unital *-algebra and let K be a finite index set. For each k € K let
Zy. be a symbol. Recall the full Fock space F(B, K) is the algebraic free product of B and
{Z} ke that is

F(B,K)=B&oH &Hy®---

where

Hm:{bOZklbl---kabm ‘ bo,bl,...,meB,/{fl,...,km EK}

Note F(B, K) is a B-B-bimodule with the obvious left and right actions of B on B and H,,.
Moreover, as F(B, K) is a direct sum of B and another B-B-bimodule, F(B, K) is a B-B-
bimodule with the specified vector state p : F(B, K) — B (as in the sense of |10, Definition
3.1.1]) defined by taking the B-term in the above direct product. Therefore, the set A of
linear maps on F(B, K) is a B-B-non-commutative probability space with respect to the
expectation £ : A — B defined by E(T) = p(T'1g) (see |10, Remark 3.2.2]).

Let {n;j}ijex be linear maps on B. For each k € K, the left creation and annihilation

operators lj, and [} are the linear maps defined such that

lkb =120
lk(bOZklbl e kabm) == 13ZkbOZk1b1 e kabm
Iib=0

i (boZy, by -+ Zy, b)) = My (b0)b1 - =+ Ze,, b

and the right creation and annihilation operators ry, and r; are the linear maps defined such
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that

ka = bZle
k(b0 Zg,b1 -+ Zg, b)) = boZy, b1 -+ - Zk, b Zi1p
rb=0

17(b0Ziy b1 - -+ Z,, b)) = boZy, b1 - - by 1Mk, 1 (bi)

It is elementary to see that Iy, € A, and rg,r; € A,. With these operators in hand, we

make the following definition.

Definition 5.2.1. Using the above notation, write K as the disjoint union of two sets I and
J. For each 7€ I and j € J, let

Si=L+1 and Dj=r;+rj.

The pair ({S;}ier, {D;}jes) are called the operator-valued bi-semicircular operators with

covariance {n; ; }i ek -
In the case that n, x, = 0 for all ki, ke € K with ky # ko, we say that ({S;}ier, {D;}jer)

is a collection of ({n;;}ier, {n;;}jes) bi-semicircular operators.

Remark 5.2.2. Tt is natural to ask what are the necessary conditions for operator-valued
bi-semicircular operators with covariance {7;;}ijex to sit inside an analytical B-B-non-
commutative probability space. One may hope that a condition similar to |71, Theorem 4.3.1]

would work; that is, the answer is yes if 75 is tracial and 7 : M|g|(B) — Mk|(B) defined by
0([bisliger) = [0i5(big)ligex
is completely positive. However, if i € I, 7 € J, and by, by € B, it is not difficult to verify that
75 (E((SiD; Ly, Ry,)" (SiDj Ly, R, )) = 75 (b57:,i(1)b1ban; 5 (15)07 + b3mi ;(ni;(b1b2))b7)

and it is not clear if this is positive (even if the outer 7; ; was a 7).
Only certain operator-valued bi-semicircular operators are required in this manuscript.

Indeed, we will need only the case where ({S;}icr. {D;};es) are ({nii}iers{nj;}jes) bi-
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semicircular operators, as in this setting the pairs of algebras

{(alg(va S’L)v BT)}iEI U {(va a1g<BT7 Dj))}jEJ
are bi-free with amalgamation over B with respect to E, as the following result shows.

Theorem 5.2.3. Using the above notation, if B is a x-algebra, T is a tracial state on
B, {nitier U {nj}tjes are completely positive maps from B to B, ({Si}tier,{D;}jes) are
({nitier, {nj}jes) bi-semicircular operators, A, = alg(Be,{Si}icr), Ay = alg(B,,{D;}jes),
A is generated as a x-algebra by Ay and A, and 7 : A — C is defined by 7 = g o E, then
(A, E,e,7) is an analytical B-B-non-commutative probability space. Moreover, all operator-
valued bi-free cumulants involving {S;}icr and {D;}jc; of order not two are zero and for all

i7i17i2 € I and j7j17j2 € J;

K140 (Si1Lba Slz) = 52’1,2'2771'1 (b) K1, (Dj1 Ry, Djz) = 5j1,j277j1 (b)

Proof. As shown above, (A, E,¢) is a B-B-non-commutative probability space. Next, note
that F is completely positive when restricted A, and A, by [71, Remark 4.3.2] as the
expectations reduce to the free case. In fact, this same idea can be used to show that 7 is
positive. Indeed, first note that S; and D; commute. Thus every element of A can be written

as sum of elements of the form

Z = Ly, Siy Ly, - -+ Si Ly, Ry, . Di Ry - Dy Ry
where bg, ... b, € B. Moreover, we can write
F(B,K) = F(B,I)®p F(B,J)
in such a way that Z acts via
LipoSiy Ly, -+ Si L,y @ Lip, S Loy = S Lty

so that if £y : L(F(B,I)) — Band E; : L(F(B,J)) — B are the corresponding expectations,
then

E(Z) = EI(LbO S'LlLbl e S'Ln Lbn)EJ<Lbn+mS]n+men+mfl e Sjn+1Lbn+1)'
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Therefore, if we have Z = 2Z:1 XY, where X}, is a product of L;’s and S;’s and Y}, is a
product of Ry’s and Dj;’s, then

7(2°2) = i s (B (X5, Xe) By (ViuY3))

k1,k2=1

where Y represents the monomial obtained by reversing the order and changing R’s to L’s
and D’s to S’s. However, as E; and E; are completely positive on the algebras generated by

L’s and S’s, we can find bx i, r,, bvk, 1, € B such that

d2 d3
* . * e N* . *
Er (XlekQ) = E bx,kl,k?,bX,kz,ks and FEj (Yk2Yk1> = E bY,k27k4bY,k1,k4>
ks=1 ky=1

thus

do d3

d
T(Z*Z) = Z Z Z TB(bi;(,kl,kngvk%kSvak27k4b>{/,k1,k4)

k1 ko=1 k=1 k=1

do ds d * d
= Z Z B ((Z bX,kl,kgby’kl,Im) (Z bX,kQ,kng7k27k4>> > 0.

k3=1ks=1 k1=1 ko=1

Hence 7 is positive.

Next, one can verify in Lo(A, 7) that S; and D; are the sum of an isometry and its adjoint
(see |71, Proposition 4.6.9]) and thus define bounded linear operators. Hence (A, E, e, 7) is
an analytical B-B-non-commutative probability space.

To see the cumulant condition, one can proceed in two ways. One can immediately realize
that

(alg(By, {S;i}ier), Br) and (By,alg(B,,{D;}jer)

are bi-free over B due to the above tensor-product relation. This implies mixed cumulants
are zero. The other cumulants then follow from the free case in [71]. Alternatively, one can
analyze the actions of L, Ry, S;, and D, as one would on the operator-valued reduced free
product space in an identical way to the LR-diagrams of [10,/11] to obtain a diagrammatic
description of the elements of F(B, K) produced, note that the ones that contribute to a
B-element are exactly the bi-non-crossing diagrams that correspond to pair bi-non-crossing

partitions, and use induction to deduce the values of the operator-valued cumulants. m
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We immediately obtain the following using Theorem [5.2.3] and Theorem [5.1.4]

Lemma 5.2.4. Let (A, E,e,7) be an analytical B-B-non-commutative probability space, let
{Neitic, and {n,;}72, be completely positive maps from B to B, and let ({Si}iy, {D;}7L)

be ({neitier, {nrj}je1) bi-semicircular operators in A. Then

Jy (51 : (alg (Bfa {Si}?:Q) ,alg (Br, {Dj}?;l)) ,77@,1) =51
A similar result holds for the other left and the right conjugate variables.

In order to obtain more examples of bi-free conjugate variables, it would be typical to
perturb by bi-semicircular operators and use Proposition [5.1.13] To do this we must have the
collection of bi-semicircular operators in the same analytical B- B-non-commutative probability
space. Thus, it is natural to ask whether given two analytical B-B-non-commutative
probability spaces there is a bi-free product which causes the pairs of left and right algebras
to be bi-freely independent over B and preserve the analytical properties.

Unfortunately we do not have an answer to this question. The proof of positivity in the
operator-valued free case requires the characterization of the vanishing of alternating centred
moments in |71, Proposition 3.3.3| to ensure positivity in the end. One may attempt to use
the bi-free analogue of ‘alternating centred moments vanish’ from [9], however the bi-free
formulae generalization of |71, Proposition 3.3.3] is far more complicated. In particular, the
proof from [71] will not immediately generalize, as Example [1.2.4 shows E will not be positive
and the traciality of 75 will need to come into play.

Luckily, if we deal only with bi-semicircular operators, which is all that is required for our
purposes, there is no issue. In fact, in the case one is working with von Neumann factors
as in Example [£.1.3] the following is trivial as it we can add the corresponding collection of

bi-semicircular operators using factors by [71].

Theorem 5.2.5. Let (A, E,e,7) be an analytical B-B-non-commutative probability space
with Ay and A, generated by isometries, let {0}y U{n.;}j=, be completely positive maps
from B to B, and let ({S;}i_,, {D;}7Ly) be ({neitizy, {nrj}je1) bi-semicircular operators.
Then, there exists an analytical B-B-non-commutative probability space (A’ E' €', 1") with
ACA  Fla=E,Ta=7, Ay C A, A C A, {Si}iL, C Ay, {D;}jL, € A, and such that
the pairs of algebras

(A, Ar)  and  (alg(Be, {Si}L), alg(Br, {D;}7Ly))
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are bi-free with amalgamation over B with respect to E'.

As for any ({n:}ier, {njj}jes) bi-semicircular operators ({S;}ier, {D;}jes) we know that

{(alg(Bg, Sl)v BT)}iEI U {(Bﬁv alg<BT7 Dj)>}j€<]

are bi-free over B, to prove Theorem [5.2.5] it suffices to use the following lemma and an
analogous result on the right iteratively, or simply adapt the proof to multiple operators

simultaneously.

Lemma 5.2.6. Let (A, E,e,7) be an analytical B-B-non-commutative probability space with
Ay and A, generated by isometries, let n: B — B be a completely positive map and let S be
an n-semicircular operator. Then, there exists an analytical B-B-non-commutative probability
space (A", E' €', 7") such that A" = alg(As, A, S), E'la = E, 7|4 = 1, A, = alg(A,,9),
A=A, and

(A, A;) and (alg(By, S), By)

are bi-free with amalgamation over B with respect to E'.

Proof. By taking the operator-valued bi-free product of B-B-non-commutative probability
spaces, we obtain a B-B-non-commutative probability space (A’, F’,&') such that A’ =
alg(Ae, A,, S), A, = alg(Ay, 5), Al = A,, E'|a = FE and

(Ag, Ay) and (alg(By, S), B,)

are bi-free with amalgamation over B with respect to E’. Note E’ restricted to A, is trivially
completely positive and E’ restricted to A) is completely positive by the free result from [71].
Thus, to verify Definition it suffices to verify that if 7/ = 75 o E/, then 7/ is positive and
elements of A) and A/ define bounded operators on Ly(A’, 77).

By analyzing the reduced free product construction, we can realize Ay, A,, and S as

operators acting on
F=BoH ®Hy D,

where

Hm = {aozal"'ZGm ’ g, A1, - - -, Am—1 € Aéaam € A}

and if p : F — B is defined by taking the B-term in F, then
E'(T) = p(T1p).
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Define a function (-,-) : F x F — A by setting B, H1, Ha, .... to be pairwise orthogonal,
<bl, b2> = Lbébw and

(apZay - Zay,, a0Zay - - - Zam) = az, Ly(ay, -+ Ly(aiLy(agag)ay) - - - ap, ) ap,
where L,(T) = Lygr). As n is completely positive and £ is completely positive when
restricted to Ay, we obtain that (-,-) is an A-valued inner product by the same arguments
as |71, Proposition 4.6.6]. To elaborate slightly, given Y ,_, axoZay1 - - - Zay,m,, the matrix
[n(a;joaj0)] is positive and thus can be written as [y, by ;bx ;] for some b; ; € B. One then
substitutes Ly (a;oa;0) = >4y L, Ly, ; and continues until one ends with a sum of products

of elements of A with their adjoints.

As 7: A — C is positive and as for all T' € A’,
T/(T*T) = T(<TlB,TlB>),

we obtain that 7’ is positive as desired. To see that elements of A}, and A/ define bounded

operators on Lyo(A’, 7') note if T' € A,, then, using the above description,
T(apZay -+ Zay) = apZay -+ ZT ap,.

As any of the terms

T Ln(a’{Ln(agag)a/l) e ‘a;nq)

in the above A-valued inner product will be able to be written as sums involving terms of

the form Lj Ly, and will then produce terms of the form
an,T*Ly Ly, Ta;, = ay, Ly T*T Ly,a;,

in the A-valued inner product when T acts on the left, the fact that A, is generated by
isometries yields that A, acts as bounded operators on Ls(A, 7). The fact that A, is generated
by isometries immediately yields that A, acts as bounded operators on Ly(A, 7), and it is not
difficult to see that S acts as the sum of an isometry and its adjoint on Lo(A, 7) and thus is
bounded. O

With Theorem [5.2.5] establishing we can always assume our B-B-non-commutative prob-

ability spaces have ({n¢i}i1, {7;}7%1) bi-semicircular operators, we can proceed with the
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following.

Theorem 5.2.7. Let (A, E,e,7) be an analytical B-B-non-commutative probability space, let
{neiticy and {n,;}7, be completely positive maps from B to B, let X € A} and Y € A" be
tuples of self-adjoint operators, let ({Si}i_i, {D;}7L1) be ({mei}izy, {nrj}7e1) bi-semicircular
operators in A and let (Cy, C,.) be pairs of B-algebras of A such that

{(alg(Cr, X), alg(Cr, Y))) } U{(alg(Be, S:), Br) Yz, U {(Be, alg(Br, D;)) 1

J=1

are bi-free. If P is the orthogonal projection of Ly(A, @) onto

alg (Cﬂv CT) X + \/ES, Y + \/ED)“ . ”Ta
then

L p(sy).

£=J (Xl + /€S (alg (Ce, (X:VES)J ,alg (G, Y + \/ED)> 777&1) -7

Thus

lell, < %WBWB)).

A similar computation holds for the other entries of the tuples and the right conjugate

variables.

Proof. By Lemma [5.2.4] and Lemma [5.1.6] we have that

1

e

The conjugate variable result then follows from Propositions [5.1.12] and [5.1.13] whereas the

Jo <\/251 : (alg (Be, \/ESI) ,alg (B, \/ED)) ,77@,1) = —951.

T-norm computation is trivial. ]

5.3 Bi-Free Fisher Information with Respect to a Com-
pletely Positive Map

With the above technology, the bi-free Fisher information with respect to completely positive

maps can be constructed and has similar properties to the bi-free Fisher information from
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[14] and the free Fisher information with respect to a completely positive map from [71]. We

highlight the main results and properties in this section.

Definition 5.3.1. Let (A, E,e,7) be an analytical B-B-non-commutative probability space,
let {ne;}iz, and {n.;}72, be completely positive maps from B to B, let X € A} and Y € A"
and let (Cy, C,) be a pair of B-algebras of A. The relative bi-free Fisher information of
(X,Y) with respect to ({nei}izy, {nrj}j=1) in the presence of (Cy, C) is

O (XUY < (Cr, Co), (et ion Ames 7)) = D NGI2+ D Ml
i=1 j=1

where for i € {1,...,n} and j € {1,...,m}

§&i=Jo <Xi 5 (alg (Oe,f(z‘) ,alg (Cer)> ,W,z’)

and
v = J, <yj : (alg (Ce,X) , alg (C?J» ’77’*]) ’

provided these variables exist, and otherwise is defined as oc.

In the case that ny; = n,; = n for all ¢ and j, we use ®*(XUY : (Cy, C,),n) to denote
the above bi-free Fisher information. In the case that C, = B, and C, = B,, we use
O (XUY : ({nei}izrs {nr5}7%1))- In the case both occur, we use ®*(X U'Y : 7).

Note the bi-free Fisher with respect to completely positive maps exists in many settings
due to Theorem [5.2.5| and Theorem [5.2.7, Furthermore, the properties of the bi-free Fisher
with respect to completely positive maps are in analogy with those from [14,71,|80] as the

following shows.

Remark 5.3.2. (i) In the case that B = C and 7 is unital, Definition immediately
reduces down to the bi-free Fisher information in |14, Definition 5.1] by Remark [5.1.3]

(ii) In the case we are in the context of Example with m =0, Cy = By, and C, = B,,
Definition immediately reduces down to the free Fisher information with respect

to a complete positive map from |71, Definition 4.1].
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(iii) Note
OXUY : (Cr, C), (e i A Yi))

= Z(ID* <X uo: (alg (Cg, ) alg (OT,Y)) 7775,7;77'>
+ Zq)* (Q) uYy;: (alg (Cy, X) , alg (C’T,?j)) ,nm,r) )
=1

(iv) F X = (X1, X7,.... X, X)) and Y = (Y1, Y], ..., Y., Y)"), then Lemma implies

KUY+ (Co G, (e (s} n)) = 5@ (KUY (Co Co), (e, nes}i)

where

X' = (R(X1), S(X1), ..., R(X,), S(X,)) and Y’ = (R(Y1), S(Y2), ..., R(Vin), S(Vi))-

(v) In the context of Proposition [5.1.10| (i.e. reducing the B-B-non-commutative probability

space to a D-D-non-commutative probability space),

OU(XUY : (Cp, Cr), ({meatiy, {mrs}iir)) = @*(XUY = (Cr, Cr), ({0 FYys {nr 0 FIL1).

(vi) By Lemma for all A € C\ {0}

O AXUANY + (C, Cr), ({mea iy A} i) = mp®@ (X UY 2 (Cr, Cr), ({meatina, {0 }ie)-

(vii) In the context of Lemmal[5.1.11] (i.e. (Dy, D,) a smaller pair of B-algebras than (Cy, C;)),
O XUY : (De, D), ({eatice, {mr3i21)) < @*(XUY 2 (Cr, Cr), (e izrs {5 3720))-

(viii) In the context of Proposition [5.1.12] (i.e. adding in a bi-free pair of B-algebras),

(X UY : (alg(Dy, Cp), alg(Dr, Cr)), ({neiticy {nri i) = (X UY 2 (Cr, G), ({neadimy, {r53550))-

(ix) If, in addition to the assumptions of Definition we have X' € A} Y' € A™
e bie " {3 ¥',) is a collection of completely posmve maps on B, and (D, D,.) is a
pair of B-algebras then, by (iii) and (vii),

CI)*<X7 X' Y7 Y': (a1g<C€7 Df)a alg(CTv DT))? ({nf,i}?:l U {772 iJi=1> {777’]}] 1Y {777“] ))
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> (X UY : (Cr, Cr), ({neidiers {neg}fer) + @5 (XU Y 2 (De, D), (g} {nf i 1720))
(x) In the context of (ix) with the additional assumption that
(alg(Cy, X), alg(C,.,Y)) and (alg(Dy, X'), alg(D,, Y"))
are bi-free with amalgamation over B with respect to F/, Proposition implies that
(X, X'UY,Y": (alg(Ce, D), alg(Cr, Dr)), ({nei }iey U {Wz i=1) {nr,j};nzl U {77;,3‘ ;n:/1)>

= (X UY : (Cp, ), ({neaticy, {nns} i) + (X WY« (D, Dy), ({n iy {0l 3750))

Unsurprisingly, more complicated properties of free Fisher information extend.

Proposition 5.3.3 (Bi-Free Stam Inequality). Let (A, E,e,7) be an analytical B-B-non-
commutative probability space, let {ne;}i—y and {n,;}7L, be completely positive maps from B
to B, let X, X" € A} and Y, Y' € A, and let (Cy, C,) and (Dy, D,.) be pairs of B-algebras
of A such that

(alg(Cy, X), alg(C,, Y)) and (alg(Dy, X', alg(D,, Y"))
are bi-free with amalgamation over B with respect to E. Then

( X+X,UY+Y/ (alg(CE,Df) alg(ChD )) ({7762' ?71’{77Tj}m71))>’1
> (D (X UY : (alg(Cy, Dy), alg(Cy, D)), (i Yors Lo V1))
+ (@ (X' UY’ : (alg(Cy, Dy), alg(Cy, D)), ({163} r s Y70)))

-1

Proof. Let

Py : Ly(A, @) — Lo(B, )

Pr: Lo(A, @) — alg(Cr G X Y)

Py : Lo(A, @) — alg(Dy, D, X, Y7 17
be the orthogonal projections onto their co-domains. Note that if
Z € alg(Cy,C,,X,Y) and alg(D,, D,, X' Y'),
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then bi-freeness implies

E(Z7Z)=E (ZE(Z’)) .
Indeed, this is easily seen as if Z and Z’' are monomials, then any cumulant of the monomial
Z 7' corresponding to a bi-non-crossing partition is non-zero if and only if it decomposes
into a bi-non-crossing partition on Z union a bi-non-crossing partition on Z’. Thus P, P, =
PP =P,
The remainder of the proof can then be read from |71}, Proposition 4.5], |14, Proposition
5.8], or even [80, Proposition 6.5]. O

Proposition 5.3.4 (Bi-Free Cramer-Rao Inequality). Let (A, E e, 7) be an analytical B-
B-non-commutative probability space, let {ne;}i—, and {n,;}L, be completely positive maps
from B to B, let X € A} and Y € A consist of self-adjoint operators and let (Cy, C,) be a
pair of B-algebras of A. Then

(X UY : (Cr, Cr), (e} {nnj};nﬂ))T (E?:l X7+ Z;nﬂ Yf) 2 (Z?:l 75(nei(1)) + 27:1 TB(nw'(l)))Q :

Moreover, equality holds if (X,Y) are ({nei}izy, {7 }je1)-bi-semicircular elements and

{(Cr, C)} U{(alg(Byr, Xi), Br) Yy UA{(Be, alg(By, Y5)) Fiy

are bi-free with amalgamation over B with respect to E. The converse holds when Cy = By

and C, = B,.

Proof. The result follow from the obvious modifications to |14, Proposition 5.10]. Also see
|71, Proposition 4.6] and [80, Proposition 6.9]. O

Similarly, limits behave as one expects based on [14,[71,80].

Proposition 5.3.5. Let (A, E,e,T) be an analytical B-B-non-commutative probability space,
let {nei}izy and {n.;}72, be completely positive maps from B to B, let X € A} and Y € A"
consist of self-adjoint operators and let (Cy, C,.) be a pair of B-algebras of A. Suppose further
for each k € N that X*) € A7 and Y¥) € A™ are tuples of self-adjoint elements in A such
that
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lim sup HXZ-(k)H < 00,

k—o0

lim sup HYJ(k)H < 00,

k—o0

s- lim XZ-(k) =X, and

k—o00
i Y =,
for all1 <i<mn and 1< j<m (where the strong limit is computed as bounded linear maps
acting on Lo(A,T)). Then
lim infy o @ (XB UY® 2 (Cr, Cr), ({netiy {nrg}en)) = (X UY 2 (Cp, Cr), ({mei} s {5 1720)-

The proof of Proposition becomes identical to [14, Proposition 5.12] once the following
lemma is established. Also see |71, Proposition 4.7] and [80, Proposition 6.10].

Lemma 5.3.6. Under the assumptions of Proposition [5.53.5 along with the additional as-

sumptions that

& = J, <X1(k) : <alg <cg, f(g‘“’) ,alg(Cr,Y(k))> ,nm>

exist and are bounded in Lo-norm by some constant K > 0, it follows that

£=J, <X1 : (alg (Cg, 5(1> ,alg(C’r,Y)> ,mJ)

exists and is equal to

w- lim P (&)
k—00

-
| T

where P is the orthogonal projection of La(A,T) onto alg(Cy, C, X,Y)
If, in addition,
lim sup [&xlly < [[€]ly

k—o0

then
lim g — €, = 0.
The same holds with X, replaced with X;, and a similar result holds for the right.

Proof. The proof of this result follows from the same sequence of steps as |14, Lemma 5.13|

using the analytical operator-valued bi-free cumulants. O]
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Corollary 5.3.7. Under the assumptions of Proposition|5.5.9, if in addition
(Be(X), B.(Y))  and  (alg (Cp, XW) ,alg (C,, YW))

are bi-free for all k and
lim HXi(k)H = lim

k—o0 k—o0

forall1 <i<nand1 < j<m, then

B —
n=o

limy oo @~ (X +XB LY +Y® (Cy, Cy), ({W,z‘}?:p {nr,j};'nzﬁ) =o"(XUY: ({nf,i}zn:h {77%]’};‘”:1))'

Furthermore, if Cy = By, C,. = B,., and

O XUY s ({meitizy, {1 }im)) < 00,

then
Jo (X0 < (B (K X)), B (Y +Y®) ) i)

tends to
Je (X (B (%) B (Y)) )
in the T-norm. A similar result holds for right bi-free conjugate variables.

Proof. The proof is identical to |14, Corollary 5.14] and thus is omitted. O]

Theorem 5.3.8. Let (A, E,e,7) be an analytical B-B-non-commutative probability space, let
{neitizy and {n,;}72, be completely positive maps from B to B, let X € A} and Y € A" be
tuples of self-adjoint operators, let ({Si}ie,, {D;}j,) be a collection of ({nei}iz1, {Mr}ie1)
bi-semicircular operators in A and let (Cy, C,.) be pairs of B-algebras of A such that

{(alg(Cy, X),alg(C, Y)))} U {(alg(By, S:), Br) Fioy UA{(By, alg(B,, Dj))}iL,
are bi-free. Then, the map
hi10,00) 5 ¢ @ (X4 VISUY + VD : (G, C), (s, (e b))

15 decreasing, right continuous, and

K3

1
2 o) < 2K
Ky + Kot — ()_t ®
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where

Ki=7 (fo +2Yf) ,
i=1 j=1
Ky =Y 78(nei(1)) + Y 78(m;(15)) and
i=1 =1

K; = ZTB(W,i(lB))2 + ZTB(ﬁr,j(lB))2

Moreover if (X,Y) is the ({0 }izy, {1 Y jer)-bi-semicircular distribution and
{(Cf’ CT)} U {(alg(B€> Xi)v BT) ?:1 U {(B€7 alg(BT7 }/J)) ;nzl

are bi-free with amalgamation over B with respect to E, then h(t) =
Zf Og = Bg, Cr = Br, and h(t) =

semicircular distribution.

K2+K > for allt. Finally,

for all't, then (X,Y) is the ({nei}iy, {0} 7e1)-bi-

K+Kt

Proof. The proof becomes identical to |14, Theorem 5.15] using the above and the fact that
2
; ((X,; +Vis) ) 7 (X2) 17 (52) = 7 (X2) + trp (mea(15))

with an analogous computation on the right for use in the lower bound computation, in
conjunction with the Bi-Free Cramer-Rao Inequality (Proposition [5.3.4)). [

5.4 Bi-Free Entropy with Respect to Completely Positive
Maps

With the construction and properties of the bi-free Fisher information with respect to
completely positive maps complete, the construction and properties of bi-free entropy with
respect to completely positive maps follows easily by extending results from |71] and [14]

with similar proofs.

Definition 5.4.1. Let (A, E,e,7) be an analytical B-B-non-commutative probability space,
let {nei}iz; and {n,;}7L, be completely positive maps from B to B, let (Cy, C;) be pairs of
B-algebras of A, and let X € A} and Y € A" be tuples of self-adjoint operators. The relative
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bi-free entropy of (X,Y) with respect to ({ne:}izy, {nrj}71) in the presence of (By, B,) is
defined to be

X'(XUY : (Cp, Cr), ({neitizg {nrg i)
1 (27T€ +3 fo (I_H_q)* (X+\/%S|_|Y+\/%D (Cb ) ({nh}z 17{77TJ}] 1))) dt,

where

K =3 ro(nei(1n) + > m5(0:4(15))

i=1
and ({Si}ie,, {D;}72,) is a collection of ({ne;}iy, {7r; ;) bi-semicircular operators such
that

{(alg(Ce, X), alg(Cr, X))} U{(Be(Si), Br) Yy U{(Be, Br (D))}

are bi-free (note such semicircular operators can be included in A by Theorem [5.2.5).

In the case that Cp = By and C, = B,, we use x* (X UY : ({nei}iy, {nr;}721)) to denote
the bi-free entropy. If in addition 7,; = n,; = n for all ¢ and j, we use x*(XUY : 1) to
denote the bi-free entropy.

We note there is a slight change in the normalization used in Definition [5.4.1] over that
used in |71, Definition 8.1]. Generally this makes no real difference other than making some

of the bounds in this section nice, such as the following one.

Proposition 5.4.2. In the context of Definition[5.].1] if

K1 =T (iXZQ—{-zm;Y}?) ’
i=1 Jj=

then
CXUY (€0 (Ui, D)) < 5 1o ()

Moreover, equality holds when (X,Y) are ({nei}i=y, {nr;}7L1)-bi-semicircular operators such
that {(Cy, Cy) } U{(alg(By, Xi), Br) Yoy U{(By, alg(B,, Y;))}iL, are bi-free and if Cy = By and
C, = B,, this is the only setting where equality holds.

Proof. The proof is identical to |14, Proposition 6.5] in conjunction with Theorem m O

Remark 5.4.3. (i) In the case that B = C and 7 is unital, Definition produces the

non-microstate bi-free entropy from |14, Definition 6.1].
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(ii) In the setting of Example 4.1.3] when C, = B, and n,; = n,; = n for all ¢ and j,
Definition produces the free entropy with respect to a completely positive map

from |71, Definition 8.1] modulo an additive constant (which is 0 in the case 7 is unital).

Of course, due to the fact that the bi-free Fisher information from Section behaves
analogously to the Fisher informations considered in [14,|71], results for the behaviour of

entropy automatically generalize.
Proposition 5.4.4. Using Remark[5.3.9, the following hold:

(v) In the context of Proposition|5.1.1( (i.e. reducing the B-B-non-commutative probability

space to a D-D-non-commutative probability space),

X*(XUY (G, G, ({nea iz, {nr 1)) = XX UY = (Cp, o), ({ne © FYoy, {1y © F141))-

(vi) For all A € R\ {0}
X AXUAY = (Cr, Cr), ({1 Yimrs {1 }ie1)

= <Z?:1 T8(nei(1B)) + X272, TB(ﬁm(lB))) I Al + X" (XUY : (Cp, Cr), ({neitizr {mrg }ier))-
(vii) In the context of Lemmal5.1.11) (i.e. (Dy, D,) a smaller pair of B-algebras than (Cy, C,.)),

X'(XUY = (Dg, Dr), (e dion {ne bien)) 2 x5 (XUY = (Cr, Cr), (i bz {1 3750)-
(viii) In the context of Proposition[5.1.19 (i.e. adding in a bi-free pair of B-algebras),

X(XUY : (alg(De, Cp), alg(Dy, Cr)), ({ne iy, Anns}ien)) = XN (XUY : (Co, Cr), ({mei ey {mrg 170)-

(ix) If in addition to the assumptions of Definition we have X' € AY, Y' € A",
: is a collection of completely positive maps on B, an 0, D) is a
paifr‘ of B-algebms, then

(X, XUY, Y (alg(Cr, Dy), alg(Cr, Dy)), ({1 iy U {772@ ?;17 {777"73'}?:1 U {771/3]' ;nzll))

< X(XUY : (Cr, Cr), ({neaioy g} ) + X5 (X UY" (Do, Dy), ({4, {0l 1))
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(x) In the context of (ix) with the additional assumption that
(alg(Cy, X),alg(Cr, X)) and  (alg(Dy, X'), alg(Dr, Y'))
are bi-free with amalgamation over B with respect to E, Proposition implies that
X (X, X' UY, Y (alg(Cy, Dy), alg(Cr, D)), ({1} UA{mi iy {neg Yy U {mn;3750))

= X"(XUY 1 (Cp, C), ({neatioy, {nns i) + x5 (X UY" : (Dy, D), ({1110 {0l 3520)-

Using Proposition [5.3.5, Theorem and the same arguments as |14, Proposition 6.7,
the following holds.

Proposition 5.4.5. Under the assumptions of Definition[5.4.1, if for each k € N there exists
self-adjoint tuples X*) ¢ A} andY (k) ¢ A™ such that

lim sup “ngk)” < 00,

k—o00

lim sup Yj(k)H < 00,
k—o00

s- lim X(k) = X;, and
k—o0

(k)
s- lim Y. =Y
koo J

foralll <i<mnand 1l <j<m (with the strong limit computed as bounded linear maps
acting on Lo(A, 7)), then

lirnsupk—wo X* (X(k) U Y( (Cfv ) ({W l} =1 {777“]}] 1)) < X*(X Uy : (Cfv Cr)a ({nf,i}zﬂzl’ {”77“,3'}?1:1))'

Using the previous proposition together with Theorem [5.3.8 and the same arguments as
[14, Proposition 6.8|, the following holds.

Proposition 5.4.6. Under the assumptions of Definition suppose ({Si}iey, {D;}7:)

is a collection of ({ne;}i-y, {nrj}j21) bi-semicircular operators such that
(alg(Cg, X)’ alg(Cr, Y))) U {(alg(Bﬁv Si)a Br) ?:1 U {(va alg(BT, D])) ;n:l
are bi-free. Fort € [0,00), let

9(t) = X" (X+VISUY + VID : (Co, ), (et D }i) )
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Then g : [0,00) — R U {—0o0} is a concave, continuous, increasing function such that
g(t) > En(2met) where

K= ZTB(UM“B)) + ZTB(nr,j(lB))
and, when g(t) # —oo,

lim ~(g(t+¢) — g(t)) = %cp* (X+VISUY + VID : (€0, G, (Ineibiy (g }m) )

e—0+ €

Finally, using the Bi-Free Stam Inequality (Proposition [5.3.3]) together with the same
proof as |14}, Proposition 6.11] yields the following.

Proposition 5.4.7. Under the assumptions of Definition [5.4.1] if

o (X Uy (Cfa CT)> ({nﬁ,i}?:lv {nr,j};'nzl)) < 00,

then

2rKe

* : 5 n —00
WXUY: (B B) 2 5 (@*(Xquce,cr)x{m,i}?1,{nr,j};ﬂl>>) > oo

where

K= ZTBw,i(lB)) + Zm(nr,juB))-
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Chapter 6

Minimization Problems for the Bi-Free

Fisher Information

This chapter culminates the machinery developed in chapters |4/ and [5{and presents applications
of its theory. Specifically, we will focus on proving Theorem which describes the minimal
values of the bi-free Fisher information of non-self-adjoint pairs of operators under certain
distributional conditions and asserts the these minimal values are achieved by bi-R-diagonal
pairs of operators. Afterwards, a standard argument will show how minimization results about
the bi-free Fisher information can be translated into corresponding maximization results
concerning bi-free entropy. The general outline of the proof will follow that of [58, Theorem

1.1], but the necessary adaptions to the bi-free context require significant care.

6.1 Minimizing Bi-Free Fisher Information

Throughout the section, we will be working under the situation from Example where A
is a unital C*-algebra, ¢ : A — C is a state, B = My(C) (the d x d matrices with complex
entries) and 75 = try (the normalized trace on My(C)). Thus Ay = A ® M;(C) @ M;(C)°P,
E;: Ay — My(C) and 75 : Ay — C are defined such that

Ed(Z ® bl ® bg) = (,D(Z)blbg and Td(Z ® b1 ® bg) = QD(Z) trd<blb2),

for all Z € A and by,by € My(C). We recall the following result that aids in computing

moments in (A4, By, €) where {E; ;} C M4(C) are the canonical matrix units.

n
1,j=1
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Lemma 6.1.1 (|67, Lemma 3.7]). Let (A, ) be a C*-non-commutative probability space, let
x € {¢,7}", and let

7 — ijzl Zhiig @ Biy @ Ig if x(k) =4 '
2?73:1 2 @Lg @ E;; if x(k) =7
Then
d
Eq(Zy Zn) = Z 90(21;2'1 J1 “njin Jn)EX((“’ -y, (J1 , Jn))
et
where

Ex((ily PN ,in), (j17 PN ,jn)) = Eisx(l)’jsx(l) ce Eisx(n)?jsx(n) S Md(@)

To discuss conjugate variables, we need to consider Ls(Ag, 7). It is not difficult to verify
that Ly(Ag, 74) can be identified with the d X d matrices with entries in Lo(A, ¢) where

(Z ® 14 @ 14)[&i5] = [Z&: 4],

14 ®b® Iy acts via left multiplication on [¢; ;] and 14 ® I ® b acts via right multiplication
on [& ;] for all [§; ;] € Ma(La( A, ¢)) and b € My(C).

Next, we consider the subalgebra D; C My(C) of the diagonal matrices. Clearly if
F;: My(C) — D, is the canonical conditional expectation onto the diagonal, then (Ay, Fj; o
Eq,¢lps D, 74) is also an analytical Dy-Dg-non-commutative probability space (see Example
5.1.9).

To begin stating our main result, let z,y € A. For d = 2, let

X=2RFE 0 +2"® Ly ® Iy and Y=y LRE +y" @[ ® Ey;,

which are then self-adjoint elements of Ay. The pair (X,Y) is intimately related to whether
or not (z,y) is bi-R-diagonal. Indeed, combining Proposition [3.1.23| and [68, Theorem 4.9],

we obtain the following.
Proposition 6.1.2. As described above, the following conditions are equivalent:
(1) the pair (z,y) is bi-R-diagonal,

(i1) the pair (X,Y) is bi-R-cyclic,

192



(111) the pair of algebras (alg(Ds, X),alg(Ds,Y)) is bi-free from (My(C)y, My(C),) with
amalgamation over Dy with respect to Fy o Ey.

In addition, the joint moments of (X, Y') with respect to 74 are not too difficult to describe.

Indeed, for any n € N, 71,75, ..., Z, € {X, Y}, x € {{,7}", and z1,...,2, € {z,y} such

that

x(k) = and 2 = ,
then
Ey(Zy - Zy) = Z Z (2P 200) (B o )Pox M) (B 5)Pox(® - o« (B 5)Poxm

k=1 pke{lr*}
Thus, if n is odd, we see that 75(Z; - -+ Z,) = 0 and if n is even, we see that

1

TaZ e ) = 5 (A2l o),
where
1 if kis odd * if k is odd
Poy(k) = and g5 (k) =
* if k is even 1 if kis even

(that is, the 1’s and #’s alternate in the y-ordering). Hence, the joint moments of (X, Y’) with
respect to 74 depend only on specific moments of (z,y). We let Axy denote the set of all
pairs (zg,yo) in a C*-non-commutative probability space (Ag, ¢o) such that if we apply the
above procedure to (g, yo) resulting in (X, Yp), then (X, Yy) has the same joint distribution
as (X,Y) (so Axy = Axyy)-

One specific case worth mentioning is when x and y are both normal operators such that
lalg(x, z*), alg(y,y*)] = 0, thus defining a probability measure y on C2. Then, X and YV
will be commuting self-adjoint operators and therefore their joint distribution gives rise to a

compactly supported probability measure o on R? with moments

0 if n 4+ m is odd
n(X"Y™) = ¢ o((z*x) (y*y)?) if n =2 and m =2j
to((z*z)i(zy* + z*y)(y*y)) ifn=2i+1and m=2j+1

For instance, when (z,y) is a bi-Haar unitary pair, the joint moments of the operators X

193



and Y are given by
0 if n+mis odd
TQ(XnYm) =
1 otherwise
and it follows in this case that pg = % (5(171) + 5(_1,_1)).
One additional property is required in this section. In particular, as we are attempting to
generalize |58, Theorem 1.1] which makes heavy use of traciality, we need a condition that

lets us bypass the issue that 7 is not tracial on A,.

Definition 6.1.3. Let (A, ¢) be a C*-non-commutative probability space and let x,y € A.
We say that (z,y) is alternating adjoint flipping with respect to ¢ if for any n € N, x € {¢,r}*",
and z1, ..., 29, € {z,y} such that

x if x(k)=1¢

2k = )

y if x(k)=r

we have that
(" - 20) = (2] - 257)

where

1 if kisodd * if k is odd
Psy(k) = and g5 (k) = :
* if k is even 1 if kis even

Remark 6.1.4. If (z,y) is alternating adjoint flipping, then the description of the joint moments

of (X,Y’) above reduce to a nicer expression. Furthermore we see that

p(e™e)™) = e((xz)™)  and  o((y"y)"™) = e((yy")™)

for all m € N, so that x*z and zx* have the same distribution and y*y and yy* have the
same distribution, which would be automatic if ¢ was tracial when restricted to alg(z, z*)

and when restricted to alg(y, y*) (a common assumption in bi-free probability).

Of course, bi-Haar unitary pairs are trivially seen to be alternating adjoint flipping, since
any joint moment with an equal number of adjoint and non-adjoint terms is 1 and any joint
moment with a differing number of adjoint and non-adjoint terms is 0. Here is another

example which is of use in this chapter.
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Example 6.1.5. Let H be any Hilbert space of dimension at least 4, let F(H) denote
the Fock space generated by H, let ¢y be the vacuum vector state on B(F(H)) and let
{e1, eq,€3,e4} be an orthonormal set. For i = 1,2 let s; = I(e;) + I*(e;) (i.e. left creation
plus annihilation by e;) and for j = 1,2 let d; = r(ej42) + 7*(e;42) (i.e. right creation and
annihilation by ejis). Thus ({si, s2},{d1,ds}) is a bi-free central limit distribution with
variance 1 and covariance 0.

Let

1
o = —=(s1 +is2) and ¢ = —=(dy + idy).

V2 V2

We call the pair (¢, ¢,.) a bi-free circular pair (with mean 0, variance 1, and covariance 0).
We claim that (¢, ¢,) is an example of a bi-R-diagonal pair that is alternating adjoint

flipping with respect to ¢g. To see that (cy, ¢, ) is bi-R-diagonal, we note that any bi-free

cumulant for ({s1, s2}, {d1,ds}) of order 1, of order greater than 3, or involving two different

elements is 0. As

1 1
/i1<u)(0z, ) = 5/@1“,4)(31, s1) + (7/)25/431(2’4)(82, s9) =0,
R, (€7, C) = §R1<z,e)(317 s1) + (—1)2§I€1W)(52, 59) = 0,

and similar computations hold on the right, we have that (¢, ¢,) is bi-R-diagonal.

To see that (cy, ¢,) is alternating adjoint flipping with respect to ¢y, first note that ¢ is
tracial when restricted to alg(sy, s2) as sy and s are freely independent with respect to ¢q.
Hence for all n € N

vol(czed)") = pol(cecy)™)-

Moreover, as any monomial of odd length involving freely independent semicircular variables
is 0, we obtain that for all n € N that

wolce(czen)”) = 0 = polcz(cecy)”).
Similarly, for all n € N we have that
po((crer)”) = wol(erep)™)  and  poler(cier)”) = 0 = po(cr(erey)").

To see the remaining moment conditions, first note that {c, ¢;} commutes with {c,, c}}.

Thus, as the y-ordering is not changed by commutation of left and right operators, it suffices
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to show that

wo((cpee) (ere)™) = pol(cecy)" (cren)™),
wo(ce(cree)" (ercp)™) = wolcp(cecy)" (crer)™),
wo((cpe)"c(erer)™) = po(cg(ecy) er(crey)™) and
wol(ee(cped)"er(erey)™) = polcg(eucy)" er(cren)™),

for all n,m € NU {0}. However, as {c, c;} is classically independent from {c,, ¢} since the
joint bi-free cumulants vanish, each of the 8 above moment expressions simplifies to the yg-
moment of the {c¢, ¢;} term times the go-moment of the {¢,, c:}. Thus, the desired moments

are equal by the above knowledge of the po-moments of the {c;, ¢;} and the pp-moment of
the {c,, c:}.

With the above definitions, notation and constructions out of the way, the main result is
at hand.

Theorem 6.1.6. Let (A, ) be a C*-non-commutative probability space and let x,y € A be
such that x*x and xx* have the same distribution with respect to ¢ and y*y and yy* have the

same distribution with respect to . With X and Y as described above
min { @ ({zo, 75} U {y0, 45} : (C,C), 9) [ (z0,50) € Ax,y} 2 207(X LY)

and equality holds and is achieved for any pair (xg,yo) that is alternating adjoint flipping and
bi- R-diagonal.

Remark 6.1.7. Note that Theorem is a generalization of [58, Theorem 1.1| to the
bi-free setting. Prior to the acknowledgements of [58] it is mentioned that the minimum in
the free result can only be reached by an R-diagonal element via the result from [81] that
O (x1,..., 2, : B) = ®*(21,...,2,) < oo implies {x1,...,z,} is free from B. As there is no

such known analogous result in the bi-free case, we leave Theorem as stated.

To begin the proof of Theorem [6.1.6] we note the following connecting the bi-free Fisher
informations of ({z,z*},{y,y*}) and (X,Y) (and thereby demonstrating the necessity of
considering bi-free Fisher information with respect to completely positive maps in this
construction). We note that the following is a generalization of |58, Proposition 3.6] with a

similar but more complicated proof due to the y-ordering and additional variables present.
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Proposition 6.1.8. Under the assumptions of Theorem [6.1.6, if n : Ma(C) — Ms(C) is
defined by
iy a2 azo 0
Ui = )
Q21 A22 0 11

O*({z, 2"} U{y, 4"} (C,C), ) = 207(X LY = (M3(C)y, My(C)s), ).

then

Proof. First suppose the bi-free Fisher information ®*({z,z*} U {y,y*}) is finite. Thus there

exist

517 62 c alg(x7 .T*, Y, y*)l‘ : HAP

such that & is the left bi-free conjugate variable for x with respect to ¢ in the presence of

(x,{y,y*}) and & is the left bi-free conjugate variable for * with respect to ¢ in the presence
of (z*,{y,y*}). Let

(1]

&
We claim that = = J, (X : (M3(C),, alg (M2(C),,Y)),n). Since a similar result holds on the

right and since

_ [0 %] € My(La(As, 7).

—12 1 2 2
1212, = 5 (Il + 1l2)

the result will follow in this case.
First we claim that = € alg (X, Y, Ms(C)y, M(C),)". Indeed, it is not difficult to verify
that

z2Q Ei17j1 ® Ei27j2 € alg (Xv Y7 MQ(C)Ev MQ(C)T)

for all z € {x,2*, y,y*} and iy, s, j1,J2 € {1,2}. Thus, since &, & € alg(:v,x*,y,y*)”.m, the
claim follows.

To complete the claim that = is the appropriate left bi-free conjugate variable, we
must show = satisfies the left bi-free conjugate variable relations; that is, for all n € N,
bo, b1, ..., b, € My(C), x € {{,r}" with x(n) =¢, and Zy,...,Z, 1 € Ayand Cy,...C,,_; €

1.4 X MQ(C) X MQ(C)OP where

X if yv(k V4 L if v(k ¢
2 — if x (k) amd = if x(k) |
Y ifx(k)=r Ry, if x(k)=r
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we have that

BB 20 7 Con2) =Y (e [ T 26 ) By, 2o |

1<k<n peVA\{k,n}

(6.1)

where Vi, = {k < m < n | x(m) = ¢}. By linearity, it suffices to consider b, = E;, j,
for all & where i, ji € {1,2}. In that which follows, the proof is near identical to that of
[58, Proposition 3.6| taking into account the y-order. For notational purposes, for k € {1,2}
let k=3 — k.

Let ¢ = s L(n) (i.e. Z appears ¢'* in the y-ordering). We begin by computing the left-hand
side of . Using Lemma (and recalling 7 = try oFjy), proceeding via x-order using

commutation, we obtain that
e the only way the product produces a non-zero trace is if ig = j,,

e the term L;, X Lbsxm can be made to appear in the product and is non-zero only if

Jo = ls, (1)

e the term Lbsx(kfl)XLbsX(k can be made to occur for all 2 < k < ¢ and is non-zero only

)

if jsx(k—l) = isx(k)v

e the term Lbsx(qq)R E can be made to occur and is non-zero only if j, (4—1) =

bsx (g+1)

Usy(g+1)>

e the term Rbsx(k+1)YRbsX(k) can be made to occur for all ¢ < £ < n and is non-zero only

if js (k) = %s, (k+1) (recall the opposite multiplication), and
e the term RbnYRbSX () CAL be made to occur and is non-zero only if jg () = .

Note the discrepancy in notation around the = term due to the labelling of the left and right
B-operators (i.e. b, (q) = by, is in the wrong spot). Thus with

(Xe=2, X)ni=2" Y)ie=y, Y)1=vy", (Ehr2=¢&, and (E)21 =&,
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and

(X)JOJO if s, (k) =1
(X)Jsxuc 1) Jay (k—1) if 1 <sy(k)<gq
Zy = (E)JSX@ 1)Jsx (a—1) if sy (k) =¢q
(Y)Jsx(kwsx(k> if ¢ <sy (k) <n
\( )Jsxmwsx(n) if s,(k)=n
we see that the left-hand side of (6.1)) is
Lo s )
2 IO e (1) e (1) ex @) Tax(a=2) sy (a=1) Jax (1-2) ax(a+1) Jax(a+1) ax (a+2) Jsx(n=1)sbsx (n) “Jsx(n)sin
X (21 20). (6.2)

where 9, is the Kronecker delta. Moreover, using the conjugate variable relations for & and

&9, we see that

o (@ Zy)=Y 0 el I % w(pr) (6.3)

1<k<n peVA\{k,n} peVy
x(k)=¢
where the 9, should be 4; when k = s 1(1).
X(k: 1)7jsX(q 1) X(k 1))]3X(q 1) X

To complete the proof that equation (6.1} . ) holds, we compute the right-hand side of
equation (6.1)) and show the & term in the sum equals the &' term obtain in equation (6.2)
using equation (6.3)). Indeed, for a fixed 1 < k < n for which x(k) = ¢, we can compute

My = By <(Jk 11 chp> ,

pEVy

in a similar fashion to the above. Thus, to obtain a non-zero value, the relations j (,—1) = s, ()

for all p € V;, must hold. Moreover, one immediately obtains when M; # 0 that

PEVE
for some T}, € M»(C).

Next, notice n (M},) is equivalent to multiplying M;, on the left by U = E o + Es; (for
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right conjugate variables, one would multiply on the right) and thus we consider U My, in place
of n (Mj). At this point, notice by Lemma that UT}, can be written as a product of b,’s

with by (q—1) being the right-most term. By commutation, Rbsx (o) Will act on the right of

UT}, thereby multiplying by b, (4+1) on the right and forcing js (4—1) = s, (q+1) for a non-zero
value to be obtained. One then proceeds as above to show that a non-zero value is obtained
only if the above relations are satisfied and that the term that is produced agrees with the
k™ term of (6.3). Hence the proof is complete in the case that ®*({z,2*} U {y,y*}) < oo.
To prove the result in the case that ®*({z,2*} U {y,y*}) = oo, it suffices to show that
if (X UY :n) < oo then &*({z,2*} U{y,y*} : (C,C),p) < oo. Thus, suppose that
(X UY :7n) < oco. Hence = = J; (X : (Ma(C)y,alg (M2(C),,Y)),n) exists and can be

written as
. 11 &2
§21 &22

62,1 = Jg(.ﬁE : (37*7 {y,y*}), 90) and 51,2 = Jé(x* : (:U, {y,y*}),go).

[1]

We claim that

As a similar result will hold on the right, we will obtain that ®*({z,2*}U{y,y*} : (C,C),p) <
oo as desired.

As = € alg (X, Y, My(C),, MQ(C)T)l2, it is not difficult to see that &, ; € alg(z, z*, v, y*)“ ' H‘”.
To see that & and & » satisfy the appropriate left bi-free conjugate variable relations, one
need only use equation , choose b, = E;
non-zero value and expand both sides of equation in an identical way to that above.

..jr satisfying the above required relations for a

The resulting equations are exactly the left bi-free conjugate variable relations required. [

Using the results from chapter [3], there is some immediate knowledge about the bi-free
Fisher information with respect to n from Proposition We note that the following is a
generalization of |58, Proposition 3.7| with a similar but more complicated proof due to the

x-ordering and additional variables present.

Proposition 6.1.9. Under the assumptions and notation of Proposition
O (XUY :n)>d(XUY :1n|p,)

and equality holds when (alg((D2)e, X), alg((Ds),,Y)) is bi-free from (Ma(C), Ma(C),.) with
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amalgamation over Dy with respect to Fy. Moreover
O (XUY :n|p,) >0 (XUY)
and equality holds if (x,y) is alternating adjoint flipping.
Proof. Since n = no F, we have that
(XUY :n)=d"(XUY : (Ma(C)y, My(C),),mo F)
by Remark part . Moreover

O (X UY : (My(C)y, M3(C),),no F) > d (X UY :1|p,)

by Remark part ([vil). Furthermore, equality holds if (alg((D2)¢, X), alg((Ds),,Y)) is
bi-free from (Ms(C)y, M(C),) over Dy with respect to Fy by Remark part ([viii).
To see that ®*(X UY : n|p,) > &*(X UY) we assume that

= Jo (X : ((D2)e,alg((D2)r,Y)) ,nlp,) € alg(X,Y, (Dy)y, (D2)T)H iy

(11

exists and show that = satisfies the left bi-free conjugate variable relations for X in the
-, then
P(Z) will also satisfy the left bi-free conjugate variable relations for X in the presence of Y.
As a similar result will hold on the right, the inequality ®*(X UY :7n|p,) > (X UY) will

be demonstrated.

presence of Y. Thus if P is the orthogonal projection of Ly(As, 75) onto alg(X,Y)

By the defining property of Z, we know for all n € N, by, by, ...,b, € Dy, x € {{,r}" with
x(n)=4{ and Zy,...,Z,1 € Ay and C},...C,—1 € 14 @ M5(C) @ My(C)°? where

X if x(k) =1 L, if x(k)=1¢
72 — if x (k) amd = o if x(k) |
Yoif x(k)=r Ry, if x(k)=r
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that

T (Lpy Ry, Z1C1 - - - Z—1Cp1 E) :Z o [ Ly R, H Z,Cyp Ln((FoEg)(Ck yev, ZoCy)) |
1%15)«; pEVA{kn}
X =

(6.4)

where Vi, = {k <m < n | x(m)=/¢}. We will use equation (6.4) where b, = I, for all k. To
begin, notice that
n ((F o Es) <Ck H ZpCp>) =7 (X|Vk|> I,
PEVE
as odd moments of X are zero and as x*x and zx* have the same distribution with respect

to ¢. Therefore
p((@"2)™) = p((za”)™) = m(X*™),

for all m € N. Hence, equation (6.4 reduces to
T2 (Zl T anlE) = Z T2 ((Zb ceey Zn71>

1<k<n
x(k)=¢

vevkny) T2 (X))

which is exactly the desired formula.
To prove ®*(X UY : 7n|p,) < ¢*(X UY) when (z,y) is alternating adjoint flipping thereby

completing the proof, we proceed in a similar (but more complicated) fashion. Suppose

== J, (X : (C,alg(Y))) € alg(X,Y) '™ Calg(X,Y, (D), (DQ)T)II-IIT2

exists. We will demonstrate that = satisfies the left bi-free conjugate variable relations for X
with respect to 7 in the presence of ((Ds)y, alg((Ds),,Y)). As an analogous result will hold
on the right, this will complete the proof.

Write

(11

_ [51,1 1,2

= ] € My(La(A, ) = La(Az, 7).
So1 o2
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First we will demonstrate that £ 1 = {22 = 0. To begin, let

He =span(Zy -+ Zy, | n € N, Z € {X,Y})”.”T2 and

7-[o = span(Zl e Zanl ’ n e N7 Zk € {X7Y}>||HT2

By the defining property of =, we know that for all n € N, xy € {¢,r}" with x(n) = ¢, and
Zi, ..., Zy_1 € Ay where
X if x(k)

Zy =
Y if x(k)

14

r

that

T2 (Zl tee anlz) = Z T2 ((Zla ceey anl> Vk‘\{k,n}) T2 (lek‘) y (65)
1<k<n

where Vi, = {k <m < n | x(m) ={}. Note as 7, evaluates any odd product involving X
and Y to 0 by Lemma [6.1.1] if n — 1 is even, then 7 (Z; - -+ Z,_1Z) = 0. Therefore, since
=€ H.+ H,, we obtain that = € H,,.

Note forn € N, x € {€,7}*" 1 Z1, ..., Zoy 1 € {X,Y} ,and z1,...,22, 1 € {w,y} where

X if x(k)=¢ x if x(k)=1¢
Zy = and 2 =

Y ifx(k)=r y if x(k)=r

that in Ms(La(A, ¢)) we have
0 P P2 Zp721n:1
c1 %2 R 0

where

1 if k is odd x if k is odd

Psy (k) = and g5, (1) = :

x if k is even 1 if k is even

Therefore, as H, is the [ - || -limit of matrices of the above form and as = € H,, we obtain

that &1 = &2 = 0 as desired.
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Let

neN,sz{m,w* 7y7y*}
the powers of the zj’s alternate between 1 and * in the y-ordering and
and the first and last element in the y-ordering have power 1

H, = span <21 C o Zon—1

the powers of the z’s alternate between 1 and * in the y-ordering
and the first and last element in the y-ordering have power *

neN,zpe{z,z* y,y*}
H, =span | 21+ 29,1

Using the above and the notation £ = & 5 and £* = &1 (note we do not claim that there is
an involution operation on Ls(A, ¢) as we do not know ¢ is tracial), we see that & € EH ' ”“’,
£ e E” ' ”“", and if we have a || - ||_-limiting sequence using {x, 2", y,y"} producing £ we can
obtain an a || - ||‘p—1imiting sequence using {x, z*,y,y*} producing £* by exchanging x <> z*
and y <> y*. This, in conjunction with the alternating adjoint flipping condition lets us show
iftneN, xe{l,r}> Zy,...,Zon 1 €{X, Y} and zy,..., 20,1 € {z,y} where

X if x(k)=14¢ z if x(k) =4
7y = and 2 =

Y ifx(k)=r y if x(k)=r

that
P27 257 - 2y €)= (' 25 - - 2y €7, (6.6)

where

1 if kis odd x if k is odd

Psy (k) = and g5, () = :

x if k is even 1 if k is even
Indeed, consider 2" - - - 252" €P2n with py, = 1 (the case py, = * is analogous). As the terms
preceding £ in the y-ordering both must have *’s on them and as { is a || - ||¢-limit of elements
of Hy, we see that 2" ---25."5'¢P is a || - || -limit of a linear combination of monomials

in {z,2*, y,y*} that alternate between % and non-*-terms in the y-ordering. As z < z*

and y <> y* produces the same p-moment by the alternating adjoint flipping condition (as

2P B2t and every element of Hy is of odd length) and produces a sequence that converges
to 211 25" - - 25, €22 with respect to || - ||, the claim is complete.

Returning to showing = satisfies the left bi-free conjugate variable relations for X with
respect to 7 in the presence of ((Ds), alg((Ds2),,Y")), it suffices to demonstrate that equation
holds for this Z. Furthermore, it suffices to verify that equation holds when
b, = E;,_;, for all k. By the same computations as done in the proof of Proposition with

kolk
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i = ix for all k, we see with ¢ = s;'(n) that

T2 (LboRan1C1 Tt Zn—1Cn—1E)

So(2r 2B 2ty it s even, (io, s, (1) - s ) = (1,2,...,1,2)
— %gp(zillzém z?f:fg%) if n is even, (io,isx(l),,,,7isx(n)) - (2717_‘_7271)
0 otherwise,

and

Z 7o | Ly Ry, H Z,Cyp Ln((FoEQ)(CkHPEVk ZpCy))

k<n ¢ n
;%k)ie peVii\{k,n}
(
D I<kn o ((A 2 vevemy) @ (G- 207 lw)
X =
[Vi| even
if n is even and (io, isx(l)a c ,isx(q,l), isx(q+1)’ N ,isx(n)) = (1, 2, ceey 1, 2)
= VS ke ¢ (G D) 2 (o )
X =
[Vi| even
if n is even and (io, Gy (1) -+ - Bsy (q—1)» Lsy (1) - - - ,isx(n)) =(2,1,...,2,1)
0, otherwise

\

where Vi, = {k <m <n | x(m) =/} (note only the terms where |V| is even survive from
the 7o F o Ey expression due to the form of X) and z, pi, and g are defined as usual in

this proof. Hence, it suffices to show when n is even that

(2P 5% . PP ) = Z e ((2, ..., 2 ch\{k,n}) e (..o 2w . (6.7)

1<k<n

x(k)=¢
|[Vi| even

plefagr -zl = Y ()
1<k<n

x(k)=¢
|Vi| even

vevkay) # (- 20 )w) - (6.8)

Note equations (6.7) and are the same equation by the alternating adjoint flipping
condition and equation . Moreover, due to the defining property of =, we know with n

205



even that

(2 Zy i E) = Z T2 H Zp L'q((FOEQ)(Hpekap))
1<k<n peVA\{k,n}
x(k)=¢t
- S ol I 2]]|»Em.
1<k<n peVA\{k,n}
x(k)=¢t

Due to the form of X and the alternating adjoint flipping condition, we immediately see that

0 if |Vi| is odd
T2 (lek‘) = | k|

@ (0,28 ) w,)  if |Vl is even

and, for n even and k such that |Vj| is even, we have

1 B -
7 II 2z ) =50 a0 hveen) + o (G 2D lvem)
peVE\{kn}
= ((Z{n? .. 7ZZZEI)|VIS\{kv"}) ,
thereby completing the proof. m

Proof of Theorem[6.1.6. The proof follows immeditaley by combining Propositions [6.1.2
6.1.8, and O

6.2 Maximizing Bi-Free Entropy

In this section, we will prove Theorem [6.2.3] obtaining an upper bound for the bi-free entropy
of a pair of operators and their adjoints based on the entropy of a pair of matrices and
demonstrate when equality is obtained. In particular, this generalizes an essential result from
[58, Section 5.

To begin, we must establish a formula for the bi-free entropy of non-self-adjoint operators.

Definition 6.2.1. Let (A, ¢) be a non-commutative C*-probability space and let { X;, X} U

(2

(X, Uiy, YL, U {Y]’}T:/l C A where X and Y] are self-adjoint for all 7 and j. The

Jj=1

206



bi-free entropy of ({X,X*, X'}, {Y,Y* Y'}) is defined to be

X*(X,X*,X'I_IY,Y*,Y/)
2n+2m+n' +m’ 1 [ /M2n+2m-+n"+m
= In(27me) + -
2 0 1+t

~alt)) .

where
g(t) = * (X +VIC, X+ VECE X +VISUY +VEC,, Y + VIC: Y + \/ZD> ,

with S and D consisting of semicircular variables of mean 0, variance 1, covariance 0 and C,

and C, consist of circular variables of mean 0, variance 1 and covariance 0 such that
{XX X AY, Y Y U{(S DS UL D) UG, Cads DYy UL AC. G DY
are bi-free.

Remark 6.2.2. Given any C*-non-commutative probability space (A, ¢), it is always possible
to find a larger C*-non-commutative probability space that contains the necessary bi-free
elements from Definition [6.2.1] Indeed, one need only consider the scalar reduced free product
of the appropriate spaces and use Definition to obtain bi-freeness. The fact that the
state is positive follows as it will be a vector state.

In the simplest case, one may ask why we do not simply define

X({z, 2"} ULy, y7}) = X" ({R(2), ()} UA{R(y), S(y)})

to trivially reduce to the self-adjoint case in a similar fashion to Remark part and

why the integrand in Definition [6.2.1]is well-defined. Both of these questions are answered

via Remark part as

o <{x+ﬂcz,x*+ﬂc}f}u{y+\/_cr,y +\/_c })

= o ({re) +m (00). 3() 4+ ViS(er) } U {R(y) +VER(e). S() + ViS(e) )
:%(1)*( R(z 31, (x)—i—%sQ}l_l{?R(y)—i-idh%() %

_|._
e ({ﬁm )+ wsl, VE(a) + Visa} U {VER) + Vid VES() + Vi )

~+~

dy

[\

2ol =
~_
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where s1, s9,dy, and ds are as in Example |6.1.5 Hence the integrand in Definition [6.2.1] is
well-defined with

({zay Uy yh) = X ({VERE),V2S(@) } U {VaR(y), V23 W)} )

X"
= x" ({R(x), (=)} U{R(y), 3()}) +41H(\/_)

We normalize Definition so that the following holds and generalizes [58, Theorem
1.4] in the case d = 1.

Theorem 6.2.3. Let (A, ) be a C*-non-commutative probability space and let x,y € A be
such that x*x and xx* have the same distribution with respect to ¢ and y*y and yy* have the
same distribution with respect to ¢. With X and Y as in Section[6.1],

X({z, 2"} U{y, g} < 27(X 1Y)
and equality holds whenever the pair (z,y) is bi-R-diagonal and alternating adjoint flipping.

To prove Theorem [6.2.3] we need two technical lemmata. For the first, note the following
does not immediately follow from Remark as being bi-free over M, (C) with respect to

E5 does not imply being bi-free with respect to 7.

Lemma 6.2.4. Let (A, p) be a C*-non-commutative probability space, let x,y € A be such
that x*x and xx* have the same distribution with respect to ¢ and y*y and yy* have the same
distribution with respect to p, and let (¢, ¢,) be a bi-free circular pair in A with mean 0,

variance 1 and covariance 0 such that

{z, 2"} {y, v U{({ee, o}, D} UL {er 23}
are bi-free with respect to . Using the notation of Section[6.3, if
Sg:C€®E1’2®IQ+CZ®E2’1®IQEAQ and ST:CT®[2®E172+C:®[2®E2,1EAQ,

then Sy and S, have semicircular distributions with respect to 79 of mean 0 and variance 1

and
{(X,Y)FU{(Se 1a,)} U{(La,, 50)}

are bi-free with respect to .
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Proof. As {({cs,¢;},1)} U {(1,{cr,c}})} are bi-free with respect to ¢ by Example [6.1.5]
Remark implies that (S¢, 1) and (1, .S,) are bi-free with respect to E». Moreover, as ¢,
and ¢, commute, s, and s, commute. Hence, by Example |6.1.5] and the alternating adjoint

flipping condition we see for all n,m € N that
Tao(sys,") = tra(Ea(sy's)")) = tra(Ea(sy) Ea(s)")),

with

0 if n or m is odd

Ta(sys)") =

¢ ((ciee)2) o ((cier)?)  if noand m are even.
Therefore, as c¢jc, and c;c, are known to have the same distributions as the square of a
semicircular element of mean 0 and variance 1 (see [83, Section 5.1]), we obtain that (s, s,)
is the bi-free central limit distribution with mean 0, variance 1 and covariance 0 with respect
to 7o. Hence {(S¢, 14,)} U {(14,,S5,)} are bi-free with respect to 7.

To complete the proof, it suffices to show that {(X,Y)} U {(S¢, S,)} are bi-free with

respect to 7o. Therefore, by [11], it suffices to show for all n € N, y € {¢,r}", non-constant
v €{1,2}", and Z; € {X,Y, Sy, S,.} where

(X if (k) = ¢ and v(k) = 1
p Y if x(k) =r and y(k) =1
=
S if x(k) = ¢ and y(k) =2
| S if x(k) =7 and y(k) = 2
that
T2y Zn) = Y k(D Z) (6.9)
T€BNC(x)
<y

where 7 is representing the partition {{k | v(k) = 1},{k | v(k) = 2}}. Note if z1,...,z, €
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{z,y, cs, ¢, } are such that
(

2k =
Cy ika:Sg
\CT 1ka:Sr

then by Lemma and the fact that ({z,2*}, {y,v*}) U{(ce, 1)} U{(1,¢,)} are bi-free with

respect to ¢, we have that

7 7 0 if n is odd
’7'2( 1° n)_ l( (pl__.pn QA qn f .
5 (¢ (2 2Pr) + o (2 - 20)) if nis even
if n is odd
B % Y oreBNC) KL (2 ) + k€ (20, 28)  if s even ’
<y
where
1 if kis odd * if kis odd
Doy (k) = - and Qsy (k) = o :

* if k is even 1 if k is even

To show this agrees with the right-hand side of equation , we divide the discussion into

several cases. To this end, let
Ixy ={k | v(k)=1} and  Is={k|[~(k) =2}

First suppose n is odd. If |Ig| is odd, then the right-hand side of equation is zero
as there must be a cumulant involving an odd number of Sy and S, and {(S, S,)} is a
bi-free central limit distribution with 0 mean. Otherwise, |Ixy| is odd. In this case, we
may rearrange the sum on the right-hand side of equation to add over all 7 € BNC(x)
with m < v that form the same partition when restricted to Ig. Since summing over such
partitions yields a product of moment terms in the X’s and Y’s where the sum of the lengths
of the moments is |Ixy| and since all odd moment terms involving only X’s and Y’s is zero
by Lemma , this portion of the sum yields zero. Hence, equation holds when n is
odd.

In the case n is even, note if |I5| is odd, then the right-hand side of equation is still
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zero. However,

1
— Z RE (Mo 2P+ k2 (20 20 =0

2
T€BNC(x)
<y

as there must be a cumulant involving an odd number of ({¢/, ¢}, {¢, ¢i}) and (¢, ¢,) is a
bi-free circular pair. Thus, we may assume that n, |Ig|, and |Ixy| are even.

Under these assumptions, we claim that

1
3 Z K2 (o 2P k(20 20 = Z KP2(Z1, ..oy ).

7€BNC(x) TEBNC(x)
<y <y
To see this, again we need only consider 7 € BNC(x) that form pair partitions when restricted
to Is and no block of 7 contains both an element of {k | x(k) = ¢} and of {k | x(k) = r},
since {(S¢, 1)} U{(1, S,)} are bi-free with respect to 7 and {({cs, ¢}, 1)} U{(1,{c,, c:})} are
bi-free with respect to ¢. For such a partition 7, if we let 7 be the largest partition on Iy y
such that 7 U |/, is an element of BNC(x), then by adding over all ¢ € BNC(x) with o <~

and o|;, = 7|, it suffices to show that

L (0m (2 22w ) W5, (22 i) m (0280 ) 5, (2 )
= ()7 (Z1, - Za) l1xy ) -
Note that
riflls (A", 2E") ) =0 or mflls (0. 20 |s) =0

if and only if 7 has a block with two *-terms or two non-*-terms, as |, is a pair partition and
(¢g, ¢ is a bi-circular pair. In this case we would have that 7 has a block of odd length and
thus the right-hand side of the equation above is also zero, as any odd T-moment involving
X and Y is zero. Otherwise, both ¢-cumulants are 1 and this forces every block of 7 to be of

even length and alternate between 1 and * in the y-ordering. Since

p((@"2)™) = p((z2")™) = (X)) and  o((y"y)™) = e((yy")") = (V")

and since (by the assumption that 7 does not contain a block containing elements of
{k | x(k) =/} and of {k | x(k) = r}) there is a single block of 7 containing elements of
{k | x(k) =¢} and {k | x(k) = r}, adding the two ¢-terms together produces exactly the

desired 75 term. ]

211



Lemma 6.2.5. Let (A, ) be a C*-non-commutative probability space, let x,y € A, and let

(cg,c) be a bi-free circular pair in A with mean 0, variance 1 and covariance 0 such that

{z, 2"} {y,v"}) U{{er, ¢} DY U{ {er, 1)}
are bi-free with respect to ¢. Then:
(i) If (z,y) is bi-R-diagonal, then (z + Vites,y + \/gcr) is bi-R-diagonal for all t € (0, 00).

(i1) If (z,y) is alternating adjoint flipping, then (x +Vte,y + \/z_fcr) is alternating adjoint
flipping for all t € (0, 00).

(i17) If x*x and xx* (respectively y*y and yy*) have the same distribution with respect to ¢,
then (x4 Vtey)*(x +V'tee) and (z+/'tey)(x +v/teo)* (respectively (y ++/te,) (v +V'te,)
and (y +V'te,)(y + Vte,)*) have the same distribution with respect to .

Proof. As (¢, ¢,) is bi-R-diagonal by Example and as sums and scalar multiples of
bi-R-diagonal pairs are bi-R-diagonal by [42, Proposition 3.1|, (i) follows.

To see that (ii) holds, first we claim for alln € N, xy € {¢,r}**, and 2y, ..., 2, € {x,9, ¢, ¢, }
such that

{z,co} if x(k) =14
2k )
{y, e} ifx(k)=r
we have that
(a1t 20") = (] - 250),
where
1 if kis odd * if kis odd
Poy(k) = and g, k) = :
* if k is even 1 if kis even

Recall that

@(zfl e 25721”) = Z Kﬂ(’zifla s "7’5721”)
T€BNC(x)

and the bi-free cumulant is zero if any block of 7 contains both an element of {z, z*, y,y*}
and an element of {cs, ¢}, ¢, ¢t} As the only cumulants involving ¢, ¢, ¢,., ¢& with non-zero

values are
’%1(@,4)@57 q)=1= Kl(z,e)(czv ce) and K1 (¢rcp)=1= /il(r,r)(c’l*"7 cr),
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for any fixed 7 € BNC(x) for which the blocks containing {c, ¢}, ¢, ¢t} do not cause the
bi-free cumulant to be zero, we may add over all elements of BNC(x) with the same blocks as
7 for those indices corresponding to elements of {c,, ¢}, ¢, ¢i} to obtain a product of moments
involving {x, z*,y,y*}, each of which is of even length and alternates between 1 and * in the
x-ordering. We may then use the alternating adjoint flipping condition on (x,y) to exchange
the powers and reverse this cumulant reduction process to obtain p(z{" ---22>")  thereby
completing the claim. Thus (ii) then follows by linearity .

To see that (iii) holds, we desire to show that
© (((ac + \/%Cg)*(x + \/EC@)TL) = (((x + \/ECZ)(ZE + \/gq)*)n>

for all n € N. To see how the left-hand side can be changed into the right-hand side,
arguments similar to the proof of Lemma [6.2.4] are used. First, we expand out the product
and expand the moment using linearity. Then, for each moment term, we expand via the free
cumulants and use the fact that mixed free cumulants vanish. Cumulants involving an odd
number of ¢, and ¢; vanish and thus we can consider only pair partitions when restricted to
entries involving ¢, and ¢;. Any cumulant involving just ¢, or just ¢; vanishes and can be
ignored. By adding over all partitions with the same blocks on ¢, and cj that do not vanish
yields a product of moment terms of the form p((z*x)™) and ¢((xx*)™). For any such terms,
viewing the (2n)™ term as the first term doesn’t change the value, as the distributions of x*x
and xx* are the same, thereby effectively moving the x or ¢, term at the end to the beginning.

One then reverses the above process and obtains the right-hand side as desired. O]

Proof of Theorem[6.2.5 As per Remark [6.2.2] we may assume without loss of generality that
there exists a bi-free circular pair (¢, ¢,) (with mean 0, variance 1 and covariance 0) in .4
such that

{({z, 2"} {y, 9" 1)} U{{er, a3, DY U{(L {er, 1)}
are bi-free. Therefore, as {(X,Y)}U{(S, S,)} are bi-free with respect to 75 by Lemma[6.2.4]

we obtain that

. B 1 [ 2 .
X (XUY)—ID(2F€)+§/O <1——|—t_q) (X—F\/%SEUY-F\/ESr)) dt.
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However, as

X +VtS, = (x + \/%Ce) QR FE1 2@ I+ (v + \/Ece)* ® Ea1 ® I,
Y+ VS, = (y+Vte,) @ L@ Eig+ (y +Vte,) @ L, ® By,

and as Lemma part (iii) shows that the assumptions of Theorem as satisfied, we
obtain that

" ({w+ Ve, (w 4+ Vie)) s Uy + Vie, (y + Vie)'}) > 207 (X + ViS,UY +ViS,)
(6.10)

for all t € (0,00). Hence the inequality
X'({z, 2" u{y,y'}) < 2" (X UY)

follows by comparing the above bi-free entropy formula with that from Definition [6.2.1]

In the case that (z,y) is bi-R-diagonal and alternating adjoint flipping, Lemma [6.2.5]
implies (x4 v/tcy, y +V/1c,) is bi-R-diagonal and alternating adjoint flipping for all ¢ € (0, 00),
thus equality holds in equation by Theorem m n
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