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Abstract

In the thesis we consider the problem of optimizing lifetime consumption un-
der a habit formation model. Our work differs from previous results, because
of incorporating mortality and pension income, using a fixed rather than a
variable asset allocation, and adopting habit into the utility multiplicatively
rather than additively, Lifetime utility of consumption makes the problem
time inhomogeneous, because of the effect of ageing. Considering habit for-
mation means increasing the dimension of the stochastic control problem,
because one must track smoothed-consumption using an additional variable,
habit ¢. Including exogenous pension income 7 means that we cannot rely
on a kind of scaling transformation to reduce the dimension of the problem
as in earlier work, therefore we solve it numerically, using a finite difference
scheme and then using a static programming approach. We also explore how
consumption changes over time based on habit if the retiree follows the opti-
mal strategy in the first part and a greedy strategy in the second part of the
thesis. Also we explore how the optimal consumption and asset allocation
change when pension varies. Finally, we answer the question of whether it
is reasonable to annuitize wealth at the time of retirement or not by varying

parameters, such as asset allocation # and the smoothing factor 7.
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Introduction

Overview

Nowadays, we observe a growing interest in investment plans that give a
potential client the confidence of a stable income over the course of retire-
ment. The main goal of any such plan is to find the strategy that minimizes
the risk of ruin and, at the same time, maximizes the level of consumption.
Our current research deals with a retirement spending problem (RSP) under
dynamics that include the individual’s living standard. In other words, we
take into consideration how much a retiree usually spends, i.e. we solve the
problem under a habit formation model (HFM). This postulate makes the
model much more difficult to solve.

In this thesis, our goal is to explore how the presence of exogenous income
in a model that includes the client’s habit will affect the optimal consump-
tion and compare these results with different models, such as HFM without
pension for two cases, with and without asset allocation. We also answer the
question of how much an agent can spend during retirement, based on his
initial wealth w and initial living standard ¢. In addition, for an optimiza-

tion problem (OP) with exogeneous income we can not reduce dimension by



scaling, so solving the PDE numerically is slow, and our goal is to explore
alternatives. At the same time, for the zero exogeneous income case, we have
a PDE solution where asset allocation is the control variable and we want
to see if there are assumptions under which we can get the similar results
for alternative methods. Our choice is the martingale method. Based on
our assumptions, we would rather call this approach a greedy heuristic than
an optimal one. Finally, we explore how the retirement spending strategy
changes as retirement income changes.

There is one more interesting option for a retiree that we also discuss
in this thesis. The individual can convert some or all of his initial wealth
into annuities. We briefly discuss this possibility, and if it is reasonble to
do so at age of 65 depending on the client’s habit. We assume that once he
converts his wealth into annuities he can’t reverse the transaction. We obtain
numerical results for different parameters, such as habit ¢, asset allocation 6,

and smoothing factor 7.

Literature review

Many articles have been written on this topic that consider various scenar-
ios. Lately more researchers are paying more attention to the HFM when
they deal with financial questions. There are several articles and books that
solve similar problems, somehow related to the habit formation model, for
example [Bodie, 2004], [Carrol, 2000], [Chetty, 2016], [Naryshkin & Davison,
2008|, [Polkovnichenko, 2007|, [Pliska, 2001], [Bodie etc., 2004], [Veron etc.,
2017] and [Naryshkin, 2009]. All of them use different approaches and tech-



niques. In this review we would like to mention papers that used two main
approaches for solving optimization problem, the value function approach
and martingale approach. First, we should mention one of the earliest pa-
pers |Constantinides, 1992]. In that article the author tried to solve the
equity premium puzzle (EPP) which was first formalized in a study by Ra-
jnish Mehra and Edward C. Prescott [Mehra & Prescott, 1985]. This is about
an anomaly when historical real returns of stocks were higher than goven-
ment bonds. Under the assumption of rational expectations this problem
was resolved. One of the issues with that formulation is that the consump-
tion should be always greater or equal to the exponentially weighted average
(EWA) of consumption which is hard to implement in real situations. As a
consequence, there are modifications of this work which are discussed, for in-
stance in the book [Rogers, 2013] which introduces a novel form for the HFM
utility. Another attempt to resolve the EPP was made by the authors [Xin-
feng etc., 2013]. They considered optimal portfolio and consumption selec-
tion problems with habit formation in a jump diffusion incomplete market
in continuous-time. One more pioneering work [Pollack, 1970] describes a
model of consumer behaviour based on a specific class of utility functions,
the so-called “modified Bergson family”. There are many variations where
also was implemented HFM for the cases with stochastic wages or incomplete
financial markets, e.g. [Bodie etc., 2004] authors examine consumption and
investment decisions in a life-cycle model with habit formation , stochastic
wages and labor supply flexibility. As an example with incomplete markets
we can refer on [Yu, 2015, [Yu, 2017, [Muraviev, 2011] or [Naryshkin &
Davison, 2008|. In the book [Naryshkin, 2009 the author provides detailed



discussion of HFM with transaction costs. In the paper [Yu, 2015] the author
studies the continuous time utility maximization problem on consumption
with addictive habit hormation in incomplete semimartingale markets.

Another example of using HFM was covered in the article [Polkovnichenko|
2007] which explores the implications of additive and endogenous habit for-
mation preferences in the context of a life-cycle model of consumption and
portfolio choice for an investor who has stochastic uninsurable labor income.
In order to get a solution he derives analytically constraints for habit and
wealth and explains the relationship between the worst possible path of fu-
ture labor income and the habit strength parameter. He concludes that even
a small possibility of a very low income implies more conservative portfolios
and higher savings rates. The main implications of the model are robust
to income smoothing through borrowing or flexible labor supply. In addi-
tion, we would like to mention one more paper [Detemple & Zapatero, 1992]
where the authors proved existence of optimal consumption-portfolio poli-
cies for utility functions for which the marginal cost of consumption (MCC)
interacted with the habit formation process and satisfied a recursive inte-
gral equation with a forward functional Lipschitz integrand and for utilities
for which the MCC is independent of the standard of living and satisfied a
recursive integral equation with locally Lipschitz integrand.

The martingale approach remains one of the most complicated approaches
for solving optimization probelms. Combining this method with the habit
formation model results in even more complicated problem. In order to
understand better what the martingale approach is, we would refer on papers

where authors solve various portfolio optimization problems, among them



are [Egglezos & Karatzas, 2009, [Haugh etc., 2006], [Karatzas etc., 1986],
[Karatzas etc., 1987], [Karatzas etc., 1991], [Detemple & Karatzas, 2003|,
[Munk, 2008] or [Yu, 2015]. One of the pioneer’s work belongs to [Detemple

& Zapatero, 1992]. In that paper the authors proved the existence of optimal

consumption-portfolio policies for specific utility functions involving a general
dependence on past consumption. Also they extended existing results to
habit formation models with stochastic coefficients. In another paper [Liu
the authors solve portfolio management problem for an individual
with a non-exponential discount function and habit formation in finite time.
The authors considered case where investor receives a deterministic income,
invests in risky assets, buys insurance and consumes continuously. They

obtained analytical solution for two different strategies. For instance, in

the paper [Karatzas etc., 1991] authors solve a problem of maximizing the

expected utility from terminal wealth in an incomplete market containing
bond and a finite number of stocks. There are some more papers, for example,
[Liu etc., 2021] where the authors analytically solve the utility maximization
problem for a consumption set with multiple habit formation of interaction
where consumption is composed of habitual and nonhabitual components
and habitual consumption represents the effect of past consumption. They
further assume that the individual seeks to maximize his/her expected utility
from nonhabitual consumption.

There are a lot of financial strategies which can help to plan how to spend
money under different preferences but one of the most important targets is to

arrange consumption during retirement. There are many works devoted to

retirement spending plans, such as |Bodie, 2004], [Habib etc., 2017], [Huang




etc., 2017], [Milevsky & Huang, 2011 or [Jeon & Park, 2020]. For example,
in the paper |Bodie, 2004] the authors discuss consumption and investment

decisions in a life-cycle model under a habit formation model incorporating

stochastic wages and labor supply flexibility. One of the results shown was
that utilities that exhibit habit formation and consumption-leisure compli-
mentarities induce an impact of past wages on the consumption of retirees.
Hence the authors showed that it is important to take into consideration

habit and consumption-leisure complimentarities when formulating life-cycle

investment plans. In the next article [Habib etc., 2017] the authors consider

a model based on results from the article [Milevsky & Huang, 2011] where

a similar problem was solved under assumption of deterministic investment

returns. In [Habib etc., 2017] the authors accept stochastic returns and then

compare optimal spending rates with the analytic approach from the arti-

cle [Milevsky & Huang, 2011]. When a potential client starts to think about

a retirement spending plan there is one more question that arises, namely
under which conditions he can consider investment into annuities for part
or all of his wealth. To be precise, when we say “annuities” we mean life
annuities, insurance products that pay out a periodic amount for as long as
the annuitant is alive, in exchange for a premium (see [Brown, 2001]). This
question has been widely discussed in the literature, for example
2020], [Milevsky & Huang, 2019, [Reichling & Smetters, 2015] or [Blake etc. |

2001)

In the recent article [Habib etc., 2017] RSP was solved for fixed risky

asset allocation 6 = const. Here we solve a similar problem following HFM,

using the novel utility of [Rogers, 2013] [Kirusheva etc., under review].




In one of the most recent papers |[Angoshtari etc., under review| the au-
thors solve an infinite-horizon optimal consumption problem for an individual
who forms a consumption habit based on an exponentially-weighted average
of her past rate of consumption. The novelty of they approach is in introduc-
ing habit formation through a constraint, rather than through the objective
function. In another paper that is also under review [Herdegen etc., under re-
view| authors consider the infinite-horizon Merton investment-consumption
problem in a constant-parameter Black—Scholes—Merton market for an agent
with constant relative risk aversion. Along with some proofs they described
the dual approach to the Merton problem.

In the end, we would like to mention some papers and books that provide
the theoretical background necessary to solve an optimization problem like
the one described in this thesis, and which has been widely used by the
author, for example, articles [Strikwerda, 2004] where the author discussed
the finite difference schemes, or [Mirica & Mirica, 2005 where the authors

discuss different formulations of verification theorems, and books |[Durret,

2013], |@ksendal, 2003], [Milevsky, 2006] or [Rogers, 2013].

Agenda

The thesis is organized as follows. In Chapter [I| we solve the reetirement
spending OP using the value function approach which implementation re-
quires to use a finite difference scheme. First, we explain what the habit

formation model is and formulate our problem for two different cases, with-

out (see Section [1.1.2)) and with (see Section [I.1.3) pension. As with most



of these models, this one doesn’t have an analytical solution and has to be
approximated numerically. Many algorithms have been developed through
the years. Every algorithm has its own advantages and disadvantages, which
differ in accuracy and efficiency. In Chapter [I| we chose a finite difference
scheme for its simplicity and accuracy. The detailed description of the ap-
proximation scheme, some error analysis [1.2.3| as well as some theoretical
background are provided in Section (see [L.2). In Section we discuss the
numerical results obtained for different cases, e.g. how the smoothing fac-
tor n affects the numerical solution and provide a comparison between two
different cases, without pension (Section and when the client has con-
stant pension income (Section[1.3.2)). Also in Section[1.3.3] we describe some
numerical results for different sets of asset allocations 6 and volatility o for
fixed smoothing factor n = 1.0, as the most interesting case for solving prob-
lem under HFM. Next Section |1.4]is devoted to discussing how the client can
spend money during his retirement based on a given initial amount of wealth
w and a certain habit ¢. In the last Section [1.5]of the first chapter we analyze
the possibility of annuitizing wealth, entire or partially, at the age of 65.

In Chapter2] we described a completely different approach for solving our
problem. In the beginning Section [2.1] we provided some overview about
martingale approach and some basic stochastic calculus that was used widely
in this chapter. Then in Section [2.2| we discussed the classic Merton problem
in order to use it as a "toy model”. Finally, in Section [2.3| we solved our
problem using greedy policy algorithm. Since the formulation of our problem
in Chapter [2| was slightly different we provided some comparison between two

approaches, PDE and martingale approaches in the paragraph[2.3.5] Finally,



as in the previous chapter, by fixing the initial wealth and habit we provided
some analyzis of how wealth and consumption change over time [2.3.6]
In the last chapter we made some concluding remarks and gave some

insights about possible future reserach directions.



Chapter 1

Solving retirement spending
problem under a habit
formaton model using the value

function approach

1.1 Model formulation

1.1.1 Theoretical Background

When we think about the model we should think about a client, more pre-
cisely about a retiree, who has a certain amount of wealth w and who wants
to know what to do next with his endowment. In order to decide how much

he can spend we should understand how wealth is changing over the time

10



counting all possible income and expenses, as in the following:

dw, = [0(p — r) + rjwdt + ow, dW, + wdt — ¢, dt (1.1)
dey = n(e — ¢)dt.

We can provide the following explanation of the equations . There is
a part of wealth w which grows at the riskless rate r, there is a stochastic
component represented by the parameter 6, which is the fraction of wealth
invested into risky assets (in our case, we take it as a fixed parameter 6), drift
i, volatility o and W, a Brownian Motion (BM). Also assume that there is
an exogenous fixed income, pension 7. We solve our problem using a habit
formation model. This means that the agent’s utility depends on the con-
sumption rate ¢; and on an EWA ¢; of consumption rates over previous time
periods. We will consider the finite-horizon problem therefore the client’s

objective function is taken to be

T
sup £/ {/ e " pu (%) dslw, = w,e; =¢ (1.2)
¢

Cs S

where p is the personal time preference or subjective discount rate, ,p, is
the probability of survival from the retirement age x to x + s. We set up the
probability of survival based on the Gompertz Law of Mortality ( [Milevsky,
2000]), i.e.

Dy = € d0 Aerada, (1.3)

Here A is the biological hazard rate A\;44 = %e(”q*m)/b where m is the modal

value of life (see p47, [Milevsky, 2006]), b is the dispersion coefficient of the

11



future lifetime random variable, u is the CRRA utility function

ule) = ——, A1 (14)

where v > 0 is the risk aversion parameter. Note that the formulation of
utility in is due to [Rogers, 2013]. It differs from much of the HFM
literature where authors mostly use an additive utility finction whereas in
our case we consider a multiplicative form. This changes the nature of the
solutions. One major difference is that the consumption ¢; may now fall
below the EWA of past consumption ¢;.

In order to solve this problem, we will use the value function approach
that implies we should derive an Hamilton-Jacobi-Bellman (HJB) equation
for our model. Let us consider two different cases. The problem that we are
going to solve first, reflects an agent’s expectations who does not have any
pension income which means that his wealth’s growth results partly from
investing in a bank account growing at the risk free rate and partly from
investing another portion of the wealth into risky assets. The second problem
involves the presence of pension income. In addition, the asset allocation will
be fixed.

But first, we need to understand if there exist a function which satisfies
our constraints. In other words, there are some questions which should be

answered before solving the problem:

1. Prove that a smooth solution of an HJB is a either supermartingale or

martingale.
2. Prove that supermartingale or martingale solution solves the OP.

12



Let us start from proving first statement. Suppose we have a smooth function

V that solves the HJB equation. Define a stochastic process Y; by

t
Y = V(t,we,cp) +/ e (?) dt’. (1.5)
0 ¢

+/

The goal is to prove that the stochastic process Y; is a supermartingale for any
admissible choice of consumption ¢; and martingale for the optimal value of
consumption ¢*. There are at least two approaches how this statement can be
proved, for example, we can prove it by taking expectation E[Y;|F;] and then
using Fatou’s lemma [Durret, 2013]. Here, we will provide another approach.
Take the differential of this expression (|1.5) and compute in the drift and
volatility terms. Then, plug the expression for wealth and consumption rate

dynamics ([1.1)). After performing some calculations we get the following

dY; = {f/t + f/w(é’(u —r)+r)w + f/w(w — )+ V(—:n(ct — &)+
) (1.6)
WwbPo?w? + e pu (?

Cy

) }dt + V00w, dW,.

Then integrate (1.6 over the interval [0,¢] assuming that function that repre-

sents drift term can be written as f(¢,w;,¢;) and volatility term as g(t,wy,¢).

t

t
/ dy, = / F(t wy &)t + / g(t' wy ey )dWy (1.7)
0

0 0

t

Using the additivity property and taking expectation E|...|Fs] Vs <t after

13



that, we obtain the following expression

t
EY|T] = ElY.5] + E| / F(¥ o 2)¢ |5 +

t
E| / g{t wp ) AW |7, . (1.8)
Now, recall that the drift term f(¢,w,¢) is zero in the case of a martingale
or negative if we have a supermartingale, then if we assume that integrand

g(t,w,c) is square integrable then

t

E[/g(t’,wt/,ét/)th/bfs] —0. (1.9)

s

Then E[Y;|F;] < Y. The statement is proved. Now, let us reformulate the

third statement.

Theorem 1.1.1. (verification theorem): Suppose 3V : [t,T] x R x Rt — R
which is CY*1. The objective has the form . Suppose that Ve, € of (w)

where o/ (w) = {c: ¢ is admissible with regards to w} the stochastic process

Y, = V(tw,&) + /e_psspmu (E) ds is a supermartingale  (1.10)
c

S

and V(Tw,E) = 0, also 3¢* € o/ (w) such that the process Y, is a martingale.

Then c* is optimal, and solution of the problem is

T
V(tw,c) =sup B [/ e " pu (?) dslw, = w,e = ¢| . (1.11)
¢

Cs S
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The consumption (c¢;)i=o is admissible for wealth w, if ¢; is adapted and if the

wealth process w; remains positive at all time.

Proof. The supermartingale property states that E[X;|F,] < X, 0 < s <,
E[X,] < 0o (see, for example [Durret, 2013]). The goal is to prove that the

following inequality holds
E[Yr|F] <Y, (1.12)

By plugging values “T” and “t” consequently into equation (1.10) and per-

forming simple calculations we can get

T

V(twe) > E[ / e p u (z—t> dt’|3z] (1.13)
tl

t

The equality comes from the definition of optimal value. The theorem is

proved. O

1.1.2 Model without pension.

In this paragraph we consider wealth and habit dynamics without pen-
sion and with asset allocation as a parameter § = const with the client’s
objective function described as follows (see Section [L.1.1]). Since we use the
value function approach, we need to derive an HJB equation using a verifi-
cation theorem but, first, let us change variables. This will allow us

to reduce the dimension of our problem by analogy with one introduced in

15



the book [Rogers, 2013]

Wy Ct
Ty = Z ar = Z
wt tw (1.14)
V(tw,c) =V (t,j,1> =v <t,j> =v(t,x)
c c

where V(t,w,¢) is the unknown value function defined by equation (|1.2)).

Then the dynamics of the new scaled wealth x will be the following

dz,=d <%):m‘tdt+9((,u—T)xtdt—kaactth)—(nxt + 1)qdt + nz,dt.(1.15)

Cy

New objective function can be expressed by equation

T
v(t,x) =sup £ {/ e " peulqs)ds|r, = x| . (1.16)
¢

qs

If formulas (1.14]) and ((1.15)) will be applied to the differential of the stochastic
process ((1.5)) we can get the following HJB equation

sup [t = (p + A4 vaf (Bl = 1) + 7+ 1)z = (e +1)a} + S0+ u(a)| = 0.

q

Next, let us find the optimal value of consumption ¢

—(nr+ v+ (¢")77 =0

¢ = [(nx + 1)1/36]_%. (1.17)
The final HJB equation using the new variables

ve— (p+ N+ avy + frg, +u(q*) = 0. (1.18)
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and the coefficients o = a(z) and = §(z) in the formula have the following
form
a=Op—r)+r+nz—(nz+1)g, B=36%"z%

Boundary conditions for this problem are taken to be following: At the
boundary x = 0 assume that optimal consumption is g; = 0 since there is not
any other income. Then at the other boundary where x = x,,, assume that
the value function gradually approaches zero which implies that the value

function derivative is zero, i.e. v, = 0.

1.1.3 Model with pension.

In this paragraph we expand on the previous problem and now, assume that
the client not only invests part of his wealth into a bank account and makes
profits from stocks, but also has pension income.

Now, suppose that the wealth dynamics and objective function can be
described by equations — . The goal is to maximize the value func-
tion by controlling the consumption ¢; such that the wealth w; remains non-
negative with fixed asset allocation. In previous Section we formulated

and proved a verification theorem for the following HJB equation

sup [f/t + Vw(e(u — 1)+ r)w + Vw(ﬂ —)+ fén(ct — Gt)+

1~
§wa0202wf +e " pu (ﬁ)} =0. (1.19)

Ct

where the consumption rate ¢; is the only our control variable. Now, we

17



introduce new notation for our convenience
f/(t,wt,@) = e_pttpr(t,wt,Et). (120)
By performing standard calculations we can obtain the HJB equation

Vi—(p+ M)V A+ V(O —7) + 7w + 7 — ) +

1
Van(c* —¢) + Qwa92a2w2 +u (C—> = 0. (1.21)
¢

where the optimal consumption has the form

_1

=g (Vy— Vi) 7. (1.22)

Since we deal with a nonlinear second order PDE ([1.21)) we should set
up boundary conditions. At the terminal time T the integral in the formula
that represents the value function V(t,w,¢) is zero. At the boundary with
zero wealth, w = 0, we impose the constraint ¢* < w. Then we will get a

simple first-order PDE

*

Vim o+ AV 4 Valr =) + Vi — ) +u (S) =0 (129)

If we assume that the value function is asymptotically proportional to
wealth
V(tw,e) ~ f(t,e)w'™" then V, ~ f(t,c)w™ (1.24)

where f(t,¢) is some arbitrary function of time and the EWA of consumption.

When the wealth is big enough, i.e. w — oo the derivative of the value

18



function goes to zero asymptotically
Vi =0. (1.25)

This means that changes in wealth w are not that important and do not
affect the utility function as much as in the case when w — 0.

The detailed discussion of the approximation scheme and discretization

error is provided in the next two paragraphs (see and [1.2.3]).

1.2 Numerical Scheme

1.2.1 Finite Difference Scheme for the scaled problem

In this paragraph we explain what kind of numerical method we use and
derive corresponding formulas. In order to solve PDE we will choose the
implicit upwind method [Strikwerda, 2004]. The idea of this method is to
use a forward difference for the time derivative and forward or backward
diffference for other variables depending on the sign of the coefficient in
front of every first order derivative. For this scheme we will implement a
generalized upwind method where we add and subtruct the absolute value of
the coefficient that changes sign. Let us set up the grid as follows v(t,z) =
v(tn,x;) and indices change j = 1...M, n = 1...N. We introduce a new

time variable as follow: ¢, = T — n/At where T is the terminal time. The
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approximation scheme for the equation will be the following

) 1 1
i _yy+( A )yn+1+0‘?+|a?|V?+ — v
AL p tn+1+age )V 9 N
+1 +1 +1 +1 +1
af — || v =) . vih -2 it w (™) =0 (1.26)
2 Ax J Ax? ’ '

where

of = —{(6;" (=) + 7+ )y — (1+na;)q"}

1 *n
B =—5 (4 ox;)’

where the optimal consumption ¢;" and optimal asset allocation ;" can be

computed as follows

n n -1 V;L*V;l,l
PR [CORSIG i M Y L S~ S S L
J ! Ax o o Vi T2 o
Ax?
(1.27)

The rest of the parameters are constants and we will take the following values

for them p = 0.02, n = [1072 107! 1], 0 = 0.16, u = 0.08, r = 0.02 and v = 3.

e Boundary condition at z = 27 = 0.

We can simplify equation (1.26) by plugging z; = 0, so o} = ¢;" =0

and 7 = 0 hence the equation will take the form

+ (p + )‘tn+1+age)y?+1 —u (Qim) =0 (128)

e Boundary condition at x = Xy = 2.
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n+1l __
vy =0.

1.2.2 Finite Difference Scheme for the original prob-

lem

In this part we explain what kind of numerical method we use and derive the
corresponding formulas. In order to solve PDEs we will choose the implicit
upwind method. The idea of this method is to use a forward difference for
the time derivative and forward or backward diffference for other variables
depending on the sign of the coefficient in front of every first order derivative.
For this scheme we will implement a generalized upwind method where we
add and subtruct the absolute value of the coefficient that changes sign.
Let us set up the grid as follows V (t,w,¢) = V(¢,,w;,¢;) and indices change
j=1...M,n=1...N and k£ =1... K. We introduce a new time variable
as follow: ¢, =T — nAt where T is the terminal time.

The approximation scheme for the equation will be the following

Vi -
= = + (p + )‘tn+1+:v)vfk+l +

At
ajy gl Vi = Vit | og — lagl Vi, = Vil n
2 Aw 2 Aw
n n n n n n n n
e 1Bl Ve = iy B = VB3l Vian = Vi
2 Ac 2 Ac
+1 n+1 n+1 n
1 Via =2V + VI ik
—920'211}]2- J+1, Js : J—LkE U i_y =0 (129)
Aw Cr:
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where

afy = {0 —7)+r)w; +m— ()

mn

ik —n(c" — &) = _U(C;fk — 1)

) 1 (ank Vi nv}tlkJrl - ank) N (1.30)

=6 Aw A
The rest of the parameters are constants and we will take the following
values for them 7 = 1, p = 0.02, n = [1072 107! 10%], § = [0.2 0.6 0.9],
o = [0.16 0.50 0.75], u = 0.08, r = 0.02 and v = 3 . For every case study

and test we specify which values we used.

e Boundary condition at w = w; = 0.

The equation (|1.23)) can be approximated as follows

Vit =y il Vot vt
B2 (b M ViE o+ ey T
Bl + 1816l VI — Vi . Bt — 18Tk Vi — Vi o < _ 0
2 Ac 2 Ac

Ck

where af, = —m + (7 and 87, = —n((Ty — C), ('p = min(m,écy).

e Boundary condition at w = Wy = Wy

n—+1 n+1
VM,k - VM—l,k

Aw =0.

1.2.3 Error analysis

In this paragraph we are going to provide some intuition about the numerical

error, the so-called discretization error. Since, in order to solve our optimiza-
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tion problem, we use the approximation scheme which is described in detail in
Chapter|[1.2], it is reasonable to check how big the errrors are and how changes
in parameters can affect on them. So, we calculate an Ly— norm (see Tables

and |1.2)). In our case, we have three variables and, as a consequence, the

disretization error can be estimated by the following inequality:
e(At,Aw, A¢) < c1(A)P + co(Aw)P? + c3(Ac)P? (1.31)

where At, Aw, Ac are step sizes over variables time ¢, wealth w and habit ¢
respectively, ¢1, co and c3 are finite constants. The time step can be calculated

as follows
B b—a

At
N -1

(1.32)

where time belongs to the interval ¢t € [a...b] and N is the number of nodes.
The other steps Aw (number of nodes M) and Ac¢ (number of nodes K)
can be computed analogously. Parameters p;, po and p3 represent order of
accuracy (OA). In the general case OA quantifies the rate of convergence of
a numerical approximation of a differential equation to the exact solution. In
our case we will compare two numerical solutions, with single and doubled
step size. It can be said that numerical scheme is accurate of order (py,p2,p3),
which means that a scheme is accurate of order p; in time, order p, in wealth
and order ps in habit (see [Strikwerda, 2004]). Let us estimate the error
ratio (ER), that is simply ratio of two consequtive norms, for our scheme.
First, in the formula (1.32)) we omit 1 in denominator because for N big
enough it’s not important. Then we choose parameters p; =ps =ps=p=1

since we use corresponding approximations for a numerical scheme. Another
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simplification that we can accept is the following, we omit one term from the
inequality (|1.31)) if we choose a fine enough grid, for example over the time
t, namely

At — 0 then At < cAw+ czAc (1.33)

Then, if we assume the step, for example over the habit, is propotional to
the wealth step A¢ = hAw where h is a constant then, by perfoming simple
calculations we can derive the ER of our scheme. Create system of 2 equations
and divide one by another, this operation will allow to get rid of the constant
which will be the combination of another constants, namely ¢, + hcj and the

following equation for ER can be obtained:

o= () = () =) =m0

Since we do not have the exact solution for this problem we calculated

the Ly matrix norm increasing the number of nodes in a particular direction.

The error ratio (ER) can be computed based on the following formulas:

Ly(n) = norm(c*(tg,25T™ k) — c*(t0,257" k), n=12.34

Ly(n) (1.35)

ER = —— >/

where tj is a fixed time moment and k is the number of nodes over EWA of
consumption. In other words we fix number of nodes over one variable, for
example ¢, and increase the number of nodes over another one. In our case
it is wealth w, so fix the number of nodes over the wealth for which we got

the best results and change the number of nodes over the habit ¢. Results
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Table 1.1: Ly norm.

Error analysis for fixed # of nodes over c.

n = 0.01 n=0.1 n=1.0
# of nodes L, ER L, ER | L, ER
64/128 15 - 3.04 s [13-107 | -

128/256 | 8.1-107"' | 1.84 1.63 1.86 7.6 1.76
256 /512 | 4.3-107' | 1.89 [ 8.58 107! | 1.91 4.2 1.82
512/1024 [2.2-1071 [ 1.93 | 4.43-1071 | 1.94 2.2 1.86

are provided for three parameters n = 1072, 10~! and 10°.

1. Results for the first case are summarized in the Table (L.1)). The
number of nodes over the habit ¢ was chosen to be K = 80. Every
table shows results for all three values of the smoothing factor n, L,
represents values of Lo-norm, E R is the error ratio which was computed
using formula . Numbers, for example 256/512, represent the
number of nodes over the wealth w for norm calculation. As follows
from the explanation 27 = 2 and since OA for our scheme equals 1 then
we should expect that the ER approaches 2. As we can see from the
tables values E'R for Ly norm vary from 1.76 for n = 1 (see Table ,
column 7) up to 1.94 for n = 107! (see Table ([1.1)), column 5). As we
can see from the tables, the results show stability and the value of ER
approaches 2.0. In order to achieve better results we need to do the
same procedure in the other direction, over the habit ¢ keeping the fine

grid over time.

2. So, we will fix the number of nodes over the wealth for which results
were the best, i.e. M = 1024 and increase the number of nodes in

another direction. Results are summarized in Table for three pa-

25



Table 1.2: Ly norm.

Error analysis for fixed # of nodes over wealth w.

n=0.01 n=01 | n=10
# ofnodes 7 ER| L, | ER | L, | ER
64/128 1.58 ~ (502 - | - | -

128/256 | 8.4-107' | 1.88 [ 2.56 | 1.96 | 4.29 | -
256 /512 | 4.4-107' | 1.92 | 1.29 | 1.98 | 2.21 | 1.95

rameters n = 1072, 107! and 10°. As in the previous case, we calculate
an Ly-norm (see Table [I.2). As we can see from the table, the value
of ER for this case is very similar to the previous one for parameter
n = 0.01 despite the fact that in this case we chose a different time
grid, more sparse then for other n values, namely for n = 0.01 the
number of time nodes was approximately 1 - 103, for other n values
~ 4 -10%* As the number of nodes goes up the time that is needed
to do computations increases dramatically therefore it becomes more
time consuming to perform calculations for very fine grids. For the last
case when n = 1.0 some parameters were changed because of stability
issues. So, the number of time nodes were increased 8-10%, the number
of wealth nodes was decreased to M = 256 but the final value of the

error is good enough.

Overall, based on the E'R results for all three values of the smoothing
factor n we can see that the error gradually approaches to 2! as expected

and we can conclude that our numerical scheme is stable.
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1.3 Numerical Implementation

1.3.1 HFM w)\o pension.

We start our discussion by presenting results where the retiree does not
have any pension income. Since the problem does not have an analytical
solution we have to solve it numerically. For that we choose an implicit
upwind method described in detail in Section [I.2] Below we provide some
numerical results for two cases. In the first picture (see Figure (.1a])) we see
the numerical results for fixed asset allocation # = 0.6, whereas in the second
picture (see Figure [1.1b)) we solved the optimization problem (OP) where
asset allocation is a control variable 6, (this is close to what is done in [Rogers,
2013]). In order to solve this problem we also set some parameters, namely:
risk-free rate r = 0.02, drift © = 0.08, risk aversion parameter v = 3 and
volatility o = 0.16. Figure shows the solution with these parameters,
at age 65.

In Figure the upper picture shows the relationship between the
logarithm of the negative value function (log(—v(t,z))) and the logarithm of
the ratio of wealth to habit (log(w/¢)) for different values of the smoothing
factor n = 0, 0.01, 0.1, 1.0. The solid line represents n = 1.0, the dashed line -
17 = 0.1 and the dash-dot line represents n = 0.01. The last case corresponds
to the Merton problem 1 = 0 (dotted line). The star line represents another
numerical solution for the later case with the assumption that value function

has the form v(t,x) = h(t)u(x) where the function h(t) satisfies the following
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Figure 1.1: Solution for OP w\o pension for asset allocation 6 in as a
fixed parameter § = 0.6 and as a control variable in where the solid line
represents 7 = 1.0, the dashed line - n = 0.1, the dash-dot line - n = 0.01
and the dotted line - n = 0 and *— line represents an alternative numerical
solution for the last case at the present time.

Then the solution will have the following form and also can be solved

numerically

z—m+T

fi==p+ (=) (B =147 =2(00)7), fo=eHT,

h(t) = (e}y(fl(Tt)f2+e(zm+t)/b) (1

T 1 Y z—m+t/ !
+/eﬂ/(f1(Tt)f2+6( * )/b>dt’)),(1.37)

t
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If we look at the upper pictures (see Figure or they show that
in the beginning the value function decreases dramatically and then grad-
ually slows down and settles into asymptotic behaviour. This reflects the
intuition about what the value function is. When wealth is small then its
changes have a great impact on the value function. As soon as changes in
wealth become significantly smaller than an absolute value of the wealth the
value function slows down. The bottom picture in Figure represents
the relationship between the optimal ratios of consumption-habit (¢/¢) and
wealth-habit (w/¢) for the same four values of the parameter 7. As we can
see in the case with n = 1.0 (solid line), the possibility for consumption ¢ to
exceed habit exists only in case of very big wealth, for other values the rule
is following: the less responsive the consumption is to changes in habit, the
higher the optimal consumption will be.

Figure [1.1b] represents two graphs where 6; is a control variable. All
calculations can be done analogously with the only difference being that
now, we need find an optimal value for asset allocation as well. It can be
computed as follows
Kk vV w—r

o ="

o'y’ o

(1.38)

We can also see the analogous behaviour for both functions, the value
function (upper picture) and the optimal consumption (lower picture). Re-
sults also were obtained for the same values of the smoothing factor as before.
Alternative solution for the case n = 0 also can be computed by analogy with
previous case. Similar results for the smoothing parameter n = 1.0 were ob-

tained in the book [Rogers, 2013].
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1.3.2 HFM with pension.

Value function Here we provide some numerical results for the different
parameters obtained by using MATLAB software. Parameters of the model
are the following: v =3, 0 =0.16, § = 0.6, u = 0.08, p = r = 0.02.

-100

-150

Value Function, V

=200 |

-250 |

100
60

Figure 1.2: Value function V for parameter n = 10~!, EWA of consumption
c~9.

Let us choose pension m = 1 and remaining variables adopt proportion-
ately relative to the selected pension. In the Figures is represented
the value function V (t,w,c) for two different axes, first one shows the
value function V(t,w,é) vs. wealth w and time ¢ with fixed value of habit
¢ = 9. The second one shows the value function vs. wealth and EWA

of consumption at the present time ¢. Because the value function shows how

30



important changes in wealth w are, it was was expected to have this function
concave in second argument, wealth w, and this is exactly what we can see
from the picture . The intuition is the same as in the previous case,
client who experience, for example $100 constant change in wealth with $100
as an initial wealth as well, as his wealth grows, will realize that when cer-
tain level achieved, for example $10,000, the changes in wealth are not that
important as it was in the begining therefore the value function slows down
as wealth grows.

For the next picture we can provide the following interpretation. In
case if client has habit to consume a lot (¢) but does not have enough wealth
w then the value function behaviour also should show very fast growth, in
other words if client does not have money but usually spend a lot he should

change his habit and it should be decreased.

Optimal consumption The next two pictures represent relationship be-
tween optimal consumption ¢*, wealth w and habit ¢. In the Figure
We can see the optimal consumption ¢* vs. wealth w for the different EWA
of consumption ¢ values (¢ values increase in ascend direction) whereas on
the Figure shown relation between ¢* and ¢ for the different wealth w
levels (w values increase in ascend direction). As we can see from the graph
, consumption shows steady growth, a little faster for small values of
wealth then, for large wealth, we can see almost linear curve.

At the same time, for the small values of habit ¢, optimal consumption
remains low regardless on wealth w. It happens because if agent does not have

habit to spend a lot it is not important how big his wealth is. For example,
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living on pension income, if somebody is satisfied with this level of wellbeing
he may not use the possibility to spend more even despite that fact that
he can afford more. On the second picture we can see almost linear
increase of optimal consumption for the small values of EWA of consumption
¢ and it significantly slows down for the large values of consumption’s habit
¢. In other words, it means that does not matter what your habit ¢ is if
your wealth w is small enough your optimal consumption will be also low.
It explains why curve (Figure ) shows very slow growth when habit ¢
increases. This numerical solution was obtained for the similar intervals for
both, the wealth w and EWA of consumption ¢. For visual representation

the value of smoothing parameter was chosen n = 0.1.

0z,
-1000 |
-2000
-3000

-4000

Value lMunction, V

-5000

-6000
60

100

Figure 1.3: Value function V for parameter n = 10~! at the present time
t=0.
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Optimal consumption, c*
Optimal consumption, c*

|

0 10 20 30 10 50 60 70 0 5 10 15 20 25
Wealth, w EWAC,

30 35 40 45 50

(a) ¢* vs. w, habit interval (b) ¢* vs. ¢, the wealth in-
isce|0...Cmnax)- terval w € [0. .. Wpax]-

Figure 1.4: There are two sets of graphs: optimal consumption ¢* vs. wealth

w (|1.4a) and wealth w vs. habit & (1.4b)). Smoothing factor is = 107"

In this part we are going to discuss numerical results obtained by solving
PDE (1.21). The parameter set is taken to be the following. Based on
papers where authors discuss what is the reasonable value of the risk aversion
parameter (e.g. see [Blake etc., 2001]) v = 3, risk-free rate r = 0.02, volatility
o = 0.16, and drift x = 0.08. Moreover, in this paragraph asset allocation
is taken to be fixed, # = 0.6. Then choose pension m = 1. In the next
few paragraphs we will discuss different variations of the solution of the
existing problem. The goal is to see how optimal consumption changes for

the different values of the smoothing parameter 7.

Optimal consumption ¢* vs. wealth w. First, we choose three different
values of the smoothing factor n that characterizes how fast the habit changes,
for example n = 1072,107! and 1.

Figure [I.5] plots the relationship between optimal consumption ¢* and

wealth w for different values of habit ¢, namely ¢ = 1, 5, 20.
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(a) e~ 1.0. (b) e~ 5. (c) e~ 20.

Figure 1.5: Optimal consumption ¢* vs. wealth w for the fixed value of habit
c at age 65.

When ¢ = 1, consumption stays modest with n = 1, and with n = 0.1 or
0.01, consumption is even smaller. With a higher habit (¢ = 5), the n =1
curve stays similar, but the » = 0.1 and n = 0.01 curves cross over, to
display higher consumption. With the highest habit (¢ = 20), the n = 0.1

and 1 = 0.01 consumption rises even faster with w.

Optimal consumption, c*

0 10 20 30 10 50 60 70 0 10 20 30
Wealth, u Wealth, w

(a) n =102 (b) n=10"" (©)n=1

Figure 1.6: Optimal consumption ¢* vs. wealth w for given ¢. Every picture
represents a different value of 7.

Figure [1.6| shows how optimal consumption ¢* changes with the wealth

w for particular values of the parameter 7. The variation in consumption
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with respect to ¢ is the smallest when 7 is small, n = 0.01. Increasing 7n
to 0.1 widens the spread, with lower consumption with ¢ = 1 and higher
consumption with ¢ = 20. Increasing 7 to 1.0 widens the spread even further.

Now, let us show our numerical results from different perspectives.

Optimal consumption ¢* vs. habit ¢. Figure shows the relationship
between the optimal consumption ¢* and habit ¢ € [0. .. 30] for three different
values of the smoothing factor n = 0.01,0.1, 1. Every picture corresponds to
a fixed value of wealth w = 1,30, 60. For low wealth (w = 1), consumption
levels off as ¢ rises, although at different levels. For higher wealth (w = 30),
consumption still levels off quickly when 1 = 1, but it keeps rising for longer

when 17 = 0.1 or 0.01. With even higher wealth, this happens even more so.

Figure 1.7: Optimal consumption ¢* vs. habit ¢ where every picture repre-
sents a fixed value of wealth.

The last set of pictures (see Figures ((1.8a))-(1.8c)) shows numerical results
similar to the previous set. Each picture corresponds to a fixed value of the
smoothing factor n. When 1 = 0.01, the three curves again level off at modest

values of ¢. For n = 0.1 the w = 1 curve levels off, while the others continue
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to rise for longer. And when n = 1, only the low wealth curve levels off, at

least for moderate values of é.
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Figure 1.8: Optimal consumption ¢* vs. habit ¢ where every picture repre-
sents a fixed value of the smoothing factor 7.

1.3.3 Numerical results for different asset allocation

values and volatility.

In this paragraph we explore the impact of varying asset allocation 6 or

volatility o.

Optimal consumption, c*
Optimal consum

Figure 1.9: Numerical results for OP with pension, for n =1, , ¢ =1, 5 and
20 for fixed value of § = 0.9 for three parameters o = 0.16 (solid line), 0.50
(dashed line), 0.75 (dash-dot line).
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In Figure [1.9] each graph has a fixed value of § and shows nine curves,
corresponding to three choices of habit ¢ and three choices of volatility . In
Figure the roles of # and o are reversed: each graph has a fixed o, but
three choices of ¢ and three choices of §. With low 6 (Figure [1.9a)), varying
o has little impact on consumption. But for higher 6 (1.9b] and [1.9¢), the

sensitivity to o rises. Though it is still quite small in the case ¢ = 1.

14

12

Optimal consumption, ¢*

0
10 20 30 10 50 60 0 10

30 30 10 2 30
Wealth, u Wealth, w Wealth, u

(a) o = 0.16 (b) o =0.5 (c) o =0.75

Figure 1.10: Numerical results for optimization problem with pension, for
n=1,¢=1,5, 20 and for three parameters § = 0.2 (solid line), 0.6 (dashed
line), 0.9 (dash-dot line) .

In the same way, with low o (Figure[l1.10a]) there is little sensitivity to 6,

but that sensitivity increases when o is large Figures [1.10b| and [1.10¢] .

For the next set of graphs we consider parameter n = 1.0. As we can
see from the pictures (see Figures (1.11)-(1.16])), for all values of volatility
o and the asset allocation 6 optimal consumption ¢* shows stable growth,
almost for all values of wealth w or habit ¢. For some cases, as we discussed
in previous paragraphs, for example for small values of wealth w, optimal
consumption c* is almost constant, regardless on habit ¢ and opposite, it is
almost constant for small values of habit ¢ regardless on wealth w. At the

same time, if we have small 6 value, for example § = 0.2 (Figure (1.11}),
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we can see that there is no big difference between numerical solutions for

different volatility o. It happens because 6 represents part of wealth invested

into risky assets and if this part is small the volatility changes can not affect

solution a lot.

Optimal consumption, ¢*

0 10 20

(a) ¢=1,5 and 20.

30 10 50 60
Wealth, w

30

Optimal consumption, c*
N

10

20 20 10 50 60
EWA of consumption,

(b) w =1, 30 and 60.

Figure 1.11: Numerical results for OP with pension, for n = 1, for fixed value
of 6 = 0.2 for three parameters o = 0.16 (solid line), 0.50 (dashed line), 0.75

(dash-dot line).

Optimal consumption, ¢*

0 10 20

(a) ¢=1,5 and 20.

30 10 50 60
Wealth, w

Optimal consumption, ¢*
o

30

10

20 30 40 50 60
EWA of consumption, ¢

(b) w =1, 30 and 60.

Figure 1.12: Numerical results for OP with pension, for n = 1, for fixed value
of # = 0.6 for three parameters o = 0.16 (solid line), 0.50 (dashed line), 0.75

(dash-dot line).

38



o o " B -
E’ 10 E 20 5
: : i
é :Dnl //’ e /_/_‘,-~4;’
2 210 /
o (=) s

0 0

0 10 20 30 10 50 60 0 10 20 30 40 50 60
Wealth, EWA of consumption, ¢
(a) ¢=1,5 and 20. (b) w =1, 30 and 60.

Figure 1.13: Numerical results for OP with pension, for n = 1, for fixed value
of # = 0.9 for three parameters o = 0.16 (solid line), 0.50 (dashed line), 0.75
(dash-dot line) .

When part of wealth which is invested into risky assets increases, for
example up to € = 0.9 (Figure ([1.13))), we can see, higher volatility ¢ value

is, smaller the optimal consumption ¢* will be.

Optimal consumption, c*
Optimal consumption, c*
i

0 10 20 30 10 50 60 0 10 20 30 40 50 60
Wealth, u EWA of consumption, ¢

(a) ¢=1,5 and 20. (b) w =1, 30 and 60.

Figure 1.14: Numerical results for OP with pension, for n = 1, for fixed value
of 0 = 0.16 for three parameters § = 0.2 (solid line), 0.6 (dashed line), 0.9
(dash-dot line) .
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The next three graphs (see Figures (1.14)-(1.16)) show the behaviour

of the optimal consumption ¢* for different values of 6 for fixed values of

volatility parameter o.

30

% o ,/:_v’_’ ’
g o420 P
g E S
E) ) ! ——
at B el
E £
) )

0 v 1 0 £ L

0 10 20 30 10 50 60 0 10 20 30 10 50 60

Wealth, w EWA of consumption, &
(a) ¢=1,5 and 20. (b) w =1, 30 and 60.

Figure 1.15: Numerical results for OP with pension, for n = 1, for fixed value
of o = 0.50 for three parameters # = 0.2 (solid line), 0.6 (dashed line), 0.9
(dash-dot line) .
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(a) ¢=1,5 and 20. (b) w =1, 30 and 60.

Figure 1.16: Numerical results for OP with pension, for n = 1, for fixed value
of 0 = 0.75 for three parameters § = 0.2 (solid line), 0.6 (dashed line), 0.9
(dash-dot line) .
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Here we can see that higher o values are, smaller optimal consumption
c¢* will be, e.g. for ¢ = 0.16 there is no big difference between numerical
solutoins for all three parameters 0 (Figure (1.14)) but for ¢ = 0.75 these
changes can be seen clearly (Figure ) For better illustrarion, on every
picture we chose three values of variables, for relationship ¢* — w values of
habit are ¢ = 1, 5, 20 and for relationship ¢* — ¢, values of wealth w =

1, 30, 60.

Optimal consumption, ¢*
Optimal consumption, ¢*

0 10 20 30 10 50 60 0 10 20 30 10 50 60
Wealth, w EWA of consumption, &

(a) €= 1,5 and 20. (b) w =1, 30 and 60.

Figure 1.17: Numerical results for OP with pension, for n = 107!, for fixed
value of § = 0.2 for three parameters o = 0.16 (solid line), 0.50 (dashed line),
0.75 (dash-dot line).

The same results we obtained for other parameter values, = 107! (see

Figures (1.17) - (1.22)) and 102 (see Figures (1.23) - (1.28))). For example,

numerical solution for parameter n = 107! (Figure [1.18] [1.19| or [1.20)), for

every fixed value of the parameter 6, behaves similar to previous case with
some minor differencies in amplitude. If we look at these results we can
conclude that, as o grows optimal consumption declines. In Figure (1.18)),

where the asset allocation parameter is § = 0.6, we can see that the greatest

41



optimal consumption value client will have with greater habit ¢ = 20 and low

volatility o = 0.16.

Onptimal consumption, c*
Optimal consumption, ¢*

0 10 20 30 40 50 60
EWA of consumption, ¢

(b) w =1, 30 and 60.

Figure 1.18: Numerical results for OP with pension, for n = 107!, for fixed
value of = 0.6 for three parameters o = 0.16 (solid line), 0.50 (dashed line),
0.75 (dash-dot line).

Moreover, for the small value of §# = 0.2 Figure (1.17) the difference in

optimal consumption for different habit ¢ or wealth w values is not that big.

Onptimal consumption, c*
Optimal consumption, ¢*

0 10 20 30 10 50 60 0 10 20 30 40 50 60
Wealth, w EWA of consumption, ¢

(a) ¢=1,5 and 20. (b) w =1, 30 and 60.

Figure 1.19: Numerical results for OP with pension, for n = 107!, for fixed
value of @ = 0.9 for three parameters o = 0.16 (solid line), 0.50 (dashed line),
0.75 (dash-dot line) .

42



If we look at the next set where we fix o and change 6 (see Figures ((1.20)) -

(1.22))), the picture is different from the previous cases since now the biggest

values of optimal consumption ¢* belong to solution with high asset allocation

Figure (T.20)).

0 (see

Optimal consumption, ¢*

0 10 20 20 10 50 60
EWA of consumption,

(b) w =1, 30 and 60.

Figure 1.20: Numerical results for OP with pension, for n = 107!, for fixed
value of 0 = 0.16 for three parameters § = 0.2 (solid line), 0.6 (dashed line),

0.9 (d

Optimal consumption, ¢*

ash-dot line) .

0 10 20 30 10 50 60
Wealth, w

(a) ¢=1,5 and 20.

Optimal consumption, ¢*

0 10 20 30 40 50 60
EWA of consumption, ¢

(b) w =1, 30 and 60.

Figure 1.21: Numerical results for OP with pension, for n = 107!, for fixed
value of o = 0.50 for three parameters § = 0.2 (solid line), 0.6 (dashed line),

0.9 (dash-dot line) .



As volatility goes up, o = 0.5, 0.75 numerical solutions also become as in

previous case.

Optimal consumption, c*
Optimal consumption, c*

0 10 20 30 40 50 60
EWA of consumption, ¢

(b) w =1, 30 and 60.

Figure 1.22: Numerical results for OP with pension, for n = 107!, for fixed
value of o = 0.75 for three parameters § = 0.2 (solid line), 0.6 (dashed line),
0.9 (dash-dot line) .
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Figure 1.23: Numerical results for OP with pension, for n = 1072, for fixed
value of = 0.2 for three parameters o = 0.16 (solid line), 0.50 (dashed line),
0.75 (dash-dot line).

The explanation can be given in terms of PDE. If we recall that second

44



derivative is responsible for the curvature then we can think about less impact
or less contribution, of the second derivative in this particular case. This
behaviour optimal consumption ¢* shows on both graphs, ¢* —w (e.g. Figure

(1.20a])-(1.22a)) ) and ¢* — ¢ (e.g. Figure (1.20b))-(1.22h))).

The last set of pictures represents numerical results for the parameter
n = 1072 (Figures (1.23)-(1.28)). Similar to all other cases, we represent
two types of graphs, relationship between optimal consumption and wealth
(¢* —w) and optimal consumption and habit (¢*—¢). As we can see from the
first set where we as usual fix parameter 6 and change o (see Figures —
(1.25)) the solution behaves similar to previous case with n = 107!, For
example, if we compare 6 = 0.6 (Figure we can see that overall optimal
consumption is smaller than for other n values (Figures or [L.18).

Optimal consumption, e*

\
Optimal consumption, e*
™ w

0 10 20 30 10 50 60 0 10 20 30 10 50 60
Wealth, w EWA of consumption, ¢

(a) @=1, 5 and 20. (b) w =1, 30 and 60.

Figure 1.24: Numerical results for OP with pension, for n = 1072, for fixed
value of = 0.6 for three parameters o = 0.16 (solid line), 0.50 (dashed line),
0.75 (dash-dot line).
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Optimal consumption, c*
Optimal consumption, c*

0 10 20 30 40 50 60
EWA of consumption, ¢

(b) w =1, 30 and 60.

Figure 1.25: Numerical results for OP with pension, for n = 1072, for fixed
value of § = 0.9 for three parameters o = 0.16 (solid line), 0.50 (dashed line),
0.75 (dash-dot line) .

Optimal consumption, ¢*
Optimal consumption, ¢*

0 10 20 30 10 50 60 0 10 20 30 10 50 60
Wealth, w EWA of consumption, &

(a) €= 1,5 and 20. (b) w =1, 30 and 60.

Figure 1.26: Numerical results for OP with pension, for n = 1072, for fixed
value of 0 = 0.16 for three parameters § = 0.2 (solid line), 0.6 (dashed line),
0.9 (dash-dot line) .

Second set of graphs (see Figures (1.26))-(1.28]) also shows values where

the optimal consumption ¢* for big values of § = 0.6, 0.9 has bigger values.

The explanation is also related to the parameter n = 1072,
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Optimal consumption, ¢*

o

0 10 20 30 10 50 60 0 10 20 30 40 50 60
Wealth, u EWA of consumption, ¢

(a) ¢=1,5 and 20. (b) w =1, 30 and 60.

Figure 1.27: Numerical results for OP with pension, for n = 1072, for fixed
value of o = 0.50 for three parameters § = 0.2 (solid line), 0.6 (dashed line),
0.9 (dash-dot line) .

Optimal consumption, ¢*
Optimal consumption, ¢*

0 10 20 30 10 50 60 0 10 20 30 10 50 60
Wealth, w EWA of consumption, &

(a) €= 1,5 and 20. (b) w =1, 30 and 60.

Figure 1.28: Numerical results for OP with pension, for n = 1072, for fixed
value of 0 = 0.75 for three parameters § = 0.2 (solid line), 0.6 (dashed line),
0.9 (dash-dot line) .

For this case averaging has great impact on our numerical solution since
parameter is small, as a consequence, optimal consumption ¢* has the least

values, therefore among all three cases, 7 = 1.0, 10!, and 1072 this one is
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the least interesting in terms of solving problem under HFM.

When giving advice to a client, we must take into account all parameters,
such as habit, asset allocation and volatility, for example, regardless on his
habit, optimal consumption is higher for greater value of # and lower value
of volatility o or if ¢ is big then part of wealth inversted into risky assets
should be smaller in case if we want to get higher consumption level. In
terms of the smoothing parameter 7, again, if you want to have higher level

of consumption, it is preferable to pick higher value of 7.

1.3.4 Comparison two models, with and w\o pension.

In this section we illustrate how changes in the smoothing factor n will affect
our numerical solution. Furthermore, in order to better illustrate how the

solutions differ, we compare results with and without pension (see [1.3.1)).

Comparison based on the coordinate transformation (¢,w,¢) — (¢,x).

In this case we scale our results with pension and compare them with those
from the previous paragraph (Section [I.3.1)). We provide results below (see
Figure (1.29)) for our optimization problem where the solid lines represent
how results with pension converge to those without one. Different solid lines
represent particular habit values c.

There are three sets of graphs for three values of the smoothing factor
1. Every set consists of two pictures where the upper one represents the
relationship between the logarithm of the scaled value function log(—V') and
scaled wealth x. The arrow shows the direction of increasing habit and the

second graph represents scaled optimal consumption ¢*/¢ and scaled wealth
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log(~V)

x. In the cases with pension, we show V and ¢*/¢ in place of v(t,x) and
q*, for various values of habit ¢. The dashed line represents a problem where
asset allocation is a control variable which proves empirically that an optimal
strategy is better then any arbitrary strategy. In our case the dash-dot line
represents a fixed parameter 6 (see the bottom pictures on Figure )

These curves are very close, for reasons we will explain shortly. Parameters

are as in Figure ((1.1)).

(a) n =0.01 (¢)np=1.0

Figure 1.29: Scaled value function V' (upper picture) and scaled optimal
consumption ¢*/¢ (bottom picture) vs. scaled weath z for two cases w\o
pension, with (dashed line) and w\o (dash-dot line) asset allocation. In the
latter, 8 = 0.6. The solid lines represent the value function V' and scaled
optimal consumption ¢*/¢ for varioius values of habit ¢.

Results were obtained for three values of the smoothing factor n = 1072
(see Figure (1.29a))), n = 107! (see Figure (1.29b)) and 1.0 (see Figure
(1.29¢))). The first picture represents the case where n = 0.01 (Figure [1.29al).
In this case we can see that curves that represent consumption approach
to each other very slow because of great impact of averaging. For the next
value of the smoothing factor, n = 0.1, consumption ¢*/¢ adapts to the habit

¢ faster (Figure|1.29b]). Here we see a smaller gap between the solutions with
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(solid line) and without pension (dashed and dash-dot lines). This happens
because the smoothing factor is significantly bigger which implies less impact
from averaging and, as a consequence, faster response to changes in habit. In
the last case when n = 1.0 (Figure we clearly see that changes happen
very fast. For relatively big values of scaled wealth x solutions are very close.
In order to see indistinguishable results, we would have to consider a bigger
scale which is computationally expensive.

We can think about the case when our habit is the same order as pen-
sion, ¢ &~ 7 or equivalently x ~ w/m. If this ratio is small we would expect
to see that our numerical results differ from those that represent the case
w\o pension. At the same time, as = increases, curves that represent the
optimal consumption for all three cases approach to each other (see Figure
. If we consider an increasing habit ¢ then the difference between our
numerical results with and without pension will increase. On the graph habit
increases in the downward direction. The next picture shows slightly differ-
ent behaviour of our numerical solution (see Figure (1.29a])). Overall, we can
say that consumption with pension income is definitely greater than without
pension and it depends on habit and how fast the model reacts to changes,

in other words how big the smoothing factor 7 is.

Comparison based on coordinate transformation (¢,x) — (t,w,c).

In the previous paragraph we discussed results for scaled values of
optimal consumption ¢* and wealth z. Here we will consider the opposite

transformation, (t,x) — (t,w,c).

50



0 5 0 50
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(a) n =0.01 (by n=0.1 (c)n=1.0

Figure 1.30: Optimal consumption ¢*(¢,w,¢) vs. weath w for multiple values
of habit ¢. Comparison between results with pension 7 for a fixed parameter
6 (solid line), w\o pension and w\o asset allocation (dash-dot line) and w\o
pension and with 6, as a control variable (dashed line). The habit is fixed at
¢ =1 (blue lines), 5 (black lines) and 20 (red lines).

In Figure1.30| we provide results about optimal consumption c* vs. wealth
w for the following set of parameters: m = 1, v = 3, u = 0.08, r = 0.02,
p = 0.02, 0 = 0.16 for the problem where the part of the wealth invested
into risky assets is fixed, # = 0.6. As a result, we expect to see convergence
results with pension 7 to results without pension for big enough wealth w.
Also we see that the line which represents the solution with asset allocation
(dashed line) is higher then line which characterizes the solution with fixed
0 (dash-dot line). Though in fact these curves are so close it is hard to
distinguish them. This confirms that the optimal strategy is better then

any other strategy. At the same time, if we consider smaller values of the

parameter 7 (|1.30al or [1.30bf), we should expect slower convergence of the

results with pension to those without pension. This can be understood via
PDE (1.21). When the parameter 7 is close to 1 the term that includes

it dominates over the term with pension m. As a consequence, we see that
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results with pension converge to those without pension for big wealth and as
the parameter n becomes smaller the term with pension 7 has more weight
in the equation. In order to see convergence we would need to consider a
significantly bigger scale. In terms of optimal consumption we can explain
this the following way. When the parameter 7 is close to 1 (see Figure ,
it means that the current value of consumption dominates. As the smoothing
factor becomes smaller (n << 1) averaging has more weight and, as a result,
the final answer will be smoother and will react less to current changes in
values. Significantly slower convergence is anticipated for small value of the
smoothing factor, for example n = 0.01 (see Figure . This makes these
results less interesting to explore.

Above, and in we remarked on how close the curves were, corre-
sponding to 8 = 0.6 and to variable 6. Figure shows that for o = 0.16
and n = 1, consumption is insensitive to asset allocation. For n = 0.1 or 0.01

it is more sensitive to 6, but only when 6 varies a lot.

1.3.5 Numerical Tests

This section is devoted to testing the numerical method. Since we deal with
free a boundary problem, which means that we do not know precise boundary
conditions and have to choose them based on certain assumptions, then we
need to create tests that will allow us to check how accurate results are, in
other words we should answer the question how stable the numerical scheme

is based on imposed boundary conditions.
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1 Figure 1.31: The relationship between
2 ] the optimal consumption ¢* and the
o ] wealth w. Comparison between dif-
ferent intervals w. Parameters of the
‘ 1 model are the following: n = 1072,
. v = 3. The values of EWA of con-
2 ] sumption are ¢ = 1, ¢; = 5, ¢ = 20.

Optimal consumption, c*

0 50 100 150 200 250

Figure 1.32: The relationship between
) the optimal consumption ¢* and the
wealth w. Comparison between dif-
ferent intervals w. Parameters of the
. e model are the following: n = 0.1,
; i 7 1 v = 3. The values of EWA of con-
: sumption are ¢; = 1, ¢, = 5, ¢, = 20.

) 50 100 150 200 250
Wealth, w

Optimal consumption, c*

Changing intervals over wealth w. Let us change interval over the
wealth w first, the interval over the habit ¢ € [0...30] will be fixed. We
start from the initial interval w € [0...70] (solid line on the graph), then
double it w € [0...140] (dashed line) and then, double it again w € [0. .. 280]
(dash-dot line). The results are shown on the Figure (1.31))-(L.33). We pro-
vide tests for all three values of parameter n and three fixed values of habit
c¢=1,¢=>5and ¢ = 20. It can be seen that for all values of 1 there is a good

agreement between solutions.

Changing intervals over EWA of consumption ¢. As a next step, we
will change the EWA of consumption ¢ range. The wealth w € [0...70]
interval this time will be fixed. The initial interval ¢ € [0...30], then double
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Figure 1.33: The relationship between
the optimal consumption ¢* and the
wealth w. Parameters of the model
are the following: n = 1, v = 3.
The values of EWA of consumption
are ¢ = 1, C1 = 5, C1 = 20.

o0 = Y]

Optimal consumption, c*

0 50 100 150 200 250
Wealth, w

it ¢ € [0...60], and then double it again ¢ € [0...120]. The results are shown
on the Figure ((1.34)-(1.36)) for three values of the parameter n = 1072, 107!
and 1.0. Three different types of lines (solid, dashed and dash dot) represent
different intervals between the EWA of consumption ¢. On every picture
there are three fixed wealth values, w; = 1, w; = 10 and w; = 60. As in the

previous case, we can see that there is a good agreement between results.

‘ Figure 1.34: The relationship be-
tween the optimal consumption c*
and the wealth w. Comparison be-
tween different intervals ¢ for the

Optimal consumption, ¢*
-

15 h parameter 7 = 1072. The values
4 of wealth are w; = 1, wy = 10,
0.5
. W3 = 60.
0 10 20 30 40 50 60

EWA of consumption, ¢

Changing number of nodes over the wealth w. Next two paragraphs
will be devoted to the tests where we will change number of nodes over the
wealth Aw in the first case and over the EWA of consumption Ac¢ in the
second case. For the first experiment we will increase the number of nodes

by power of two 26, 27, 28 29 210 The rest parameters will be the same as in
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- Figure 1.35: The relationship be-
tween the optimal consumption ¢*
and the wealth w. Comparison be-
tween different intervals ¢ for the
ST parameter 7 = 107!, The values
of wealth are wy; = 1, wy = 10,
W3 = 60.

Optimal consumption, ¢*

20 30 10 50 60

1 2
EWA of consumption, ¢

2 _ Figure 1.36: The relationship be-

tween the optimal consumption c*
o and the wealth w. Comparison be-
: W ] tween different intervals ¢ for the pa-

o rameter 17 = 1. The values of wealth
are wy; = 1, wy = 10, w3 = 60.

Optimal consumption, e*

0 10 20 30 10 50 60
EWA of consumption,

previous cases. The interval over the wealth w € [0...70], interval over the
habit ¢ € [0...60] and they will be fixed. As we can see solutions converge

as number on nodes over the wealth w increases. Results are shown on the

Figures ([1.37))-(1.39). Another step size A¢ is fixed.

Figure 1.37: The relationship between
o the optimal consumption ¢* and the
i ._.:jii'" ] wealth w. Comparison between differ-
ent step sizes w for parameter n =
1072, number of nodes for wealth 26
(point line), 27 (dotted line), 2% (dash-
dot line), 2° (dashed line), 2'° (solid

line).

Optimal consumption, ¢*
e

0 10 20 30 40 50 60 70
Wealth, w
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Figure 1.38: The relationship between
the optimal consumption ¢* and the
wealth w. Comparison between differ-
ent step sizes w for parameter n =
107!, number of nodes for wealth 26
(point line), 27 (dotted line), 28 (dash-
dot line), 2° (dashed line), 2% (solid
line).

Optimal consumption, c*

0 10 20 30 40 50 60 70

" ] Figure 1.39: The relationship between
the optimal consumption ¢* and the
wealth w. Comparison between differ-
ent step sizes w for parameter n = 1,
number of nodes for wealth 2° (point
line), 27 (dotted line), 2% (dash-dot
line), 2% (dashed line), 2'° (solid line).

Optimal consumption, c*

: T T
) 10 20 30 40 50 60 70
Wealth, w

Changing number of nodes over the EWA of consumption ¢. In
this test, we will change the step size A¢ over the habit ¢ interval, another
one, Aw, will be fixed. Similar to previous case, we choose number of nodes
over the habit by power two, namely 2° 26 27, 28 29 The rest parameters
also will be the same as in previous case. The results are presented on the
Figures —. As we can see from the graph as wealth goes
to infinity ,w — oo, values are indistinguishable. The same behaviour shows

the next graph (1.41) with respect to habit c.
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Optimal consimption, o*
. -

-

Optimal consumption, e*

Optimal consumption, c*

Figure 1.40: The relationship between
the optimal consumption ¢* and habit
¢ for three fixed values of wealth w =
1,10,60 and parameter n = 1072
The number of nodes for habit K =
25,26 27 928 29

Figure 1.41: The relationship between
the optimal consumption ¢* and habit
¢ for three fixed values of wealth w =
1,10,60 and parameter n = 1071
The number of nodes for habit K =

25,26 7 28 99,

Figure 1.42: The relationship between
the optimal consumption ¢* and habit
¢ for three fixed values of wealth
w = 1,10,30 and parameter n = 1.
The number of nodes for habit K =
2627 28,
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1.4 Retirement spending plan

1.4.1 Wealth depletion

In order to answer the question of how much a client can consume based on
his habit during retirement, we need to simulate some representive scenarios.
We assume that the agent follows the optimal strategy, and then we will
use the results obtained in previous sections. Let us start by recalling the

dynamics of wealth and habit

dw; = [0(p — r) + rlwdt + Qow dW, + wdt — ¢, dt
(1.39)
dét = T](Ct — Et)dt

Then discretize them using Euler—-Maruyama method for stochastic equation

and simple Euler method for the second equation

Wy = Wy, + [0 — ) + r|w, At + ow, AW,, + mAt — ¢ At
(1.40)

Cnt1 = Cn +(cy, — Cn) At

where 0, u,r, 0, 7,1 are constants and AW,, are the increments of the BM,
AW, = /AtZ, where Z ~ N(0,1).

Below we provide some illustration of our numerical results for three
different values of the smoothing factor n = 107210~ and 1.0 (see Figures
(1.43)-(L.17)). For all cases, numerical results were obtained for the following
set of parameters, m =1, vy =3, 0 = 0.16, 8 = 0.6, u = 0.08, »r = 0.02. By
changing initial wealth wy = 10, 30 and initial habit ¢y, = 2, 10, 20 we look

at how the wealth and optimal consumption change over retirement.

58



Wealth, w
Optimal consumption, ¢*

L
110 120

Figure 1.43: Wealth and optimal consumption for initial value of wealth
wo = 10 and initial EWA of consumption ¢y = 5 for three parameters n = 0.01
(black line), n = 0.1 (blue line) n = 1.0 (red line).

In the picture on the left (see Figure (1.43a)) we can see how wealth
changes over retirement between 65 and 120yrs whereas on the right we can
see the optimal consumption ¢* (solid lines) and habit ¢ (dashed lines). For
the small value of n = 0.01 habit changes very slowly. It explains why the
two black lines in the picture (see Figure (1.43D))) are a significant distance
from each other. This set of pictures (Figure (1.43))) shows the wealth w
and optimal consumption ¢* dynamics for initial wealth wy = 10 and initial
habit ¢ = 5. As we can see the wealth’s slope is relatively steep for all n
values and, for example for n = 0.01 and 0.1, by the age 100 the wealth
becomes zero. For 1 << 1 consumption remains low during the whole time
period and asymptotically approaches to the level of the pension by age 100.
In other words, it means that the agent who follows the optimal strategy
in this particular case, i.e. has relatively low initial wealth and a low habit

level, can not afford to spend more than twice the pension and has to remain

59



approximately at this level during all the time period untill wealth ends
around age 100. As the parameter n increases the wealth slope becomes
steeper (Figure (1.43a)) because current values of consumption dominate
over the averaging. This means the retiree consumes more early on. At
the same time, the curve which represents optimal consumption (see Figure
(1.43b))), is closer to the EWA of the consumption line. This means that
agent’s optimal consumption better reflects habit behaviour.

In addition, we can see that volatility is the highest when 7 is the smallest.
It means that, for example the black lines which represent n = 0.01 have

significantly bigger fluctuations then the red lines, which represent n = 1.0,

on both pictures, Figure [1.43al and [1.43b]

35

Wealth, w
Optimal consumption, ¢*

110 120

Figure 1.44: Wealth and optimal consumption for initial value of wealth
wo = 30 and initial EWA of consumption ¢y = 5 for three parameters n = 0.01
(black line), n = 0.1 (blue line) n = 1.0 (red line).

Now, if we increase initial wealth up to wy = 30 and leave habit at the
same level we can see that the wealth slope shows a more moderate decline

over time. In this case we see that the optimal consumption can fluctuate at
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the constant level approximately ~ 20yrs with the smoothing factor n = 1.0.

The explanation of this behaviour is simple. It happens because we ac-
cepted a low level of habit ¢ = 5 which means that the person did not
consume a lot over previous time periods but has large enough wealth w, for
his optimal consumption c* to show positive dynamics over the next time
period.

Based on results for different parameters 7 (Figureor we can see
that changes in the agent’s optimal consumption happen very fast for n = 1.0
which means that at every time the agent can consume approximately the
same as his habit. Moreover, we see that the level of consumption in this

case is also higher than for smaller 7 (solid red line). If we compare Figure

[1.43a] and [1.44al we conclude that the value of habit is very important. In

cases where client does not consume a lot (¢y = 5) we see that higher initial

wealth creates less difference between different models or parameters 7.

11 : : 20

Wealth, w
Optimal consumption, c*

65 70 80 90 100 110 120 65 70 80 90 100 110 120

(a) (b)

Figure 1.45: Wealth and optimal consumption for an initial value of wealth
wo = 10, smoothing factor n = 1.0 and three values of initial habit ¢y = 2
(black line), ¢ = 10 (blue line) ¢ = 20 (red line).
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We can consider another case where we vary the habit level ¢y for a
smoothing factor n = 1.0 (see Figure [1.45). The overall observation is that
with a higher initial habit ¢, = 20, less time is needed for wealth to reach

zero and for consumption go down to the pension level.

1.4.2 Wealth depletion time (WDT)

In the last section, we obtained simulation results using an Euler-Maruyama
(EM) method. In this paragraph we will obtain WDT T, using a PDE
approach and will compare results with Euler’s method. Following the same
logic as in the article [Habib etc., 2017] let us define T} as expected wealth
depletion time T%(t,w,c) = E[r|w; = w,& = ¢,¢; = ¢*] with an additional
variable ¢ that represents habit. Here 7 is the first time that w, = 0. We
obtain a PDE

ort  oT? Looord
W-F%((H(,u—r)—l-r)w%—ﬁ—c)+%77(c —C)
182Td2 9 9
+§W0 cw*+1=0. (1.41)

Boundary conditions for this equation are similar to the previous case except
at the boundary with zero wealth, w = 0. WDT here is zero, T%(¢,0,¢) = 0.
As in the previous case, in order to solve this equation, we use an implicit
upwind method which is described in detail in Chapter [1.2

As a next step, we run more simulations for the different sets of initial
wealth and habit and compute their mean and variance in order to see how
the time depletion changes if we fix the wealth value and take the average

over all habit values. We summarize our results in the Table [I.3] where
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Table 1.3: Comparison between Monte Carlo and PDE results for ¢ = 10.

Wo EM PDE
values | 1 =0.01 n=0.1 n=1.0 n=001|n=01|n=1.0

1 81.8£2.1" | 70.6 4.6 | 68.3L£7.6 81.5 70.2 68.7
5 91.5£26 | 788+5.1 | 76.5+13.1 91.0 80.8 84.9
10 95.5+2.7 | 84.0+£5.5 | 86.1+144 95.3 87.8 93.8
20 99.4£26 | 90.3x£55 | 99.3+4.0 99.7 95.5 100.0
35 102.6 £24 | 95.5+£5.3 | 100.9£2.6 102.8 100.7 103.4
50 1045£23 | 99.0+£4.5 |1024£27| 104.6 103.4 104.9
75 105.8 £2.1 | 102.1£3.9 | 103.7£2.7 | 106.1 105.1 105.7

x* WDT range mean +std

every entry is the average age at which wealth depletes. By “age” we mean
age = age of retirement + time. As before, Table reflects an initial age
of 65. As soon as wealth reaches level zero we record our depletion time. In
other words, this means that the retiree has spent all his savings and does
not have income except his pension.

To compare the EM and PDE methods, we choose three values of the
smoothing factor n = [0.01 0.1 1.0]. This parameter reflects how fast habit
reacts to changes in consumption. Based on the results from the Table[I.3|we
can see that the wealth depletion time function shows nonlinear behaviour,
which could be subject for the additional analysis in later research. When
we set this parameter equal to 1 we see that averaging does not dominate.
When this parameter decreases the averaging plays a greater role. In this
paper we consider two more values of this parameter, namely n = 0.1 and
0.01. The first column in the table represents the initial wealth wg values.
In our case we examined seven different values [1 5 10 20 35 50 75]. For

instance, if we look at the third row and second column, the corresponding
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Table 1.4: Numerical PDE results for n = 0.

Wy 1 5 10 20 35 50 75
PDE | 85.7 | 93.0 | 96.8 | 100.6 | 103.4 | 105.1 | 106.4
WDT range mean + std= 100.5 £ 9.6.

values (wp, age) are (5, 91.5 &+ 2.6) which means that if the initial wealth
equals 5 then the average time when the wealth depletes is 91.49 yrs. with
a standard deviation 2.6. The trend for every fixed smoothing factor 7 is,
as initial wealth wq increases, depletion time also increases. Moreover, for
small values of wealth for different values of the parameter 7 the difference
in WDT is very big. For wy = 1 it is ~ 67yrs for n = 1.0 and ~ 82yrs for
n = 0.01.

At the same time, as initial wealth grows, the difference in depletion time
becomes less significant. For example, there is no significant difference be-
tween depletion age for big wealth 75 as n varies with average values varying
within the range (102, 106) for EM and (105,106) for PDE. If we compare
the EM and PDE results we see that PDE solution is included in our EM
intervals.

There is one more case of smoothing parameter n = 0 which means that
we do not take habit into consideration. Table [L4] shows these results for
the same set of initial wealth as in the previous case. The trend is the same
as before, i.e. as soon as wealth increases WDT also increases. Comparing
WDT for small values of wealth, with and without habit, it is greater in the
second case because we do not count on habit and just follow the optimal
strategy.

We can explain this as follows. Assume that we have two clients and one
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of them follows the optimal strategy ignoring habit. According to the table
[L.4] if he has initial wealth 5 at the moment of his retirement then he will
spend all his money by age 93. Assume that another client follows the optimal
strategy under habit formation model. In this case if he has the same initial
amount of wealth 5 he will spend all his money by age 91 if the parameter
value is n = 0.01 or by age of 85 for n = 1.0. As we know the greater the
value of the smoothing parameter we have, the faster consumption will react
to habit changes which means that the person with a higher value of the
parameter 7 can consume more. Therefore for big values of initial wealth the
difference in WDT between 7 is not that big.

Now, we provide some graphs (see Figures that illustrate how the

results change for different smoothing factor values.

WDT
WDT

0 10 20 30 40 50 60 0 10 20 0 40 50 60 0 10 20 30 40 50 60

3
Wealth Wealth Wealth

a) n=0.01 (b) for n = 0.1 (¢)n=1.0

Figure 1.46: WD'T vs. initial wealth for fixed habit ¢ = 10.

For all three pictures, the solid line represents the EM solution, the dashed
line the PDE solution and the shadowed area represents the standard devia-
tion of the stochastic solution over all values of initial habit ¢y. For compar-
ison we fixed habit at the level ¢ = 10. As we can see the case with n = 0.01

(Figure [1.46a)) has the smallest shadow area and the two lines are almost
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indistinguishable which means both solutions, EM and PDE, are in the good
agreement. As the smoothing factor increases to n = 0.1, the shadowed area
becomes bigger as well (Figure and the lines are not as close as in
the previous case. But still the PDE solution lies within the stochastic so-
lution boundaries. The shadowed area reflects the stability of the particular

solution, which is why for n = 1.0 (Figure [1.46¢]) we see an irregular shadow.

1.5 Liquid wealth vs. annuity

Suppose that there is a client who at the time of retirement, for example
at age 65, has a certain amount of wealth w (non annuitized) and pension
7, such as Social Security benefits. There are several papers where authors
showed that under certain conditions it is better to convert their wealth into
annuities (see for example [Reichling & Smetters, 2015]). In this paper we
answer the question, should the endowment be annuitized at the moment
of retirement or not, under HFM. First, let us define the annuity equivalent
wealth (AEW). Based on the definition provided in the article [Milevsky
& Huang, 2019], the AEW is the quantity w that satisfies the following
equation:

V(0,0,¢,7) =V (0,0,6,m +w/ay) (1.42)

where V' is the maximized discounted lifetime utility function, w represents
initial liquid wealth, a, is the annuity factor and z is the client’s current age.
The idea is that a client with initial wealth w and a certain utility should
retain the same utility level if he decides to annuitize the entire wealth. In

this paper instead we explore whether it is reasonable to annuitize part of the
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retiree’s wealth into an annuity under HFM. We compare two value functions,
namely V(0,w,¢,m) and V(0,w — Aw,é,m + Aw/a,). Before we move forward
let us say a couple words about the annuity factor a,. We can define a, as

follows

b

bl (—rb, exp(E2)
exp(r(m — x) — exp(*5*))

a(r,z,m,b) = (1.43)

where all values reflect the Gompertz formulation (see for example [Milevsky,
2006]) and all parameters are as described in §1.3.2l We can think about the
following financial definition of the annuity factor a,. In case the retiree
converts some or all of his wealth into annuities, the annuity factor is their
unit price a,.

Now, let us introduce new notation. We define the difference AV on the

graphs as follows
AV =V (0,w,e,m) — V(0,w — Aw,é,m + Aw/ay). (1.44)

Below we provide some numerical results for our model where we take into
consideration the client’s habit ¢. For the case with smoothing parameter
1n = 0, which means that we do not include habit, calculations were done in
the paper |Milevsky & Huang, 2019] but for the case where the client does
not invest anything into risky assets, i.e. 6§ = 0. In this paper we will check

if the inequality, that those authors derived in their article, holds for HFM
V(0,w,e,m) < V(0,w — Aw,é,m + Aw/ay,). (1.45)

In other words, this inequality means that for the client at age 65 it is better
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to annuitize part of the wealth Aw when n = 0. At the same time, as the
parameter 7 increases the picture changes. As soon as the retiree invests
more into risky assets, for example 20% or 60% (see Figure of his
portfolio, the difference becomes positive for wealth below a certain level.
On the graphs we see the relationship between the difference AV and
wealth w. Results were obtained for fixed asset allocation and habit value
¢ ~ 10 and for four values of the parameter n = [0 0.01 0.1 1.0] (see Figure
1.47)).

As we can see, for example from the Figure where only 20% of
portfolio is invested into risky assets, and 6 = 0.2, when the effect of current
consumption is strong (eg. 1 ~ 1) little benefit accrues from the converting
wealth into annuities at a retirement age of 65yrs. For n = 0.01 the impact

of annuitization is significant at large wealth.

0

55 60 0 10 20 30 10 50 60

5 10 15 20 25 30 35 140 45 5
Wealth, w Wealth, w

(a) 0 = 0.2 (b) 6 = 0.6

Figure 1.47: Difference AV vs. wealth w for fixed habit ¢ &~ 10, smoothing
parameter 7 = 0 (the blue solid line), 0.01 (the blue dashed line), 0.1 (the
blue dash-dot line) and 1.0 (the blue dotted line). The black horizontal line
represents zero level in AV.

Similar behaviour can be seen for the parameter value § = 0.6 (see Figure
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Table 1.5: Wealth values that show when to annuitize.

0 values c=1 c=25 c=10
n=001|n=10|7n=001|7n=10|n=001|n=10
0 * * * 707 * 14.47
0.2 * * * 8.47 * 15.53
0.6 3.18 2.82 4.94 12.35 5.29 21.17

* means that the difference AV is negative for all w

. The observation that we can make after taking into consideration all
numerical results is the following: as soon as the retiree decides to invest
more into risky assets, for example § = 0.6, the behaviour of the function
that represents the difference AV changes and becomes positive below a
certain level, which means that client should not convert his endowment into
annuities unless he has at least a minimum wealth level.

To summarize the results, Table [I.5] shows when it is better to annuitize
wealth for two values of the smoothing factor n = 0.01 and 1.0, some values
of asset allocation 6 = 0, 0.2, 0.6 and three values of habit ¢ ~ 1, 5, 10 (see
Table . For instance, if we consider a small value of habit ¢ = 1.0 it is
definitely better to annuitize wealth for almost all values of asset allocation
whereas for ¢ = 10 this is not true.

For example, value 15 in the fifth row and fifth column means that for
the smoothing factor n = 1, with habit ¢ ~ 5 and 60% of wealth invested
into risky assets, the minimum value of the wealth when it is reasonable to
annuitize at age 65 is approximately 15, which is significantly greater than
pension income. The last column in the table shows that if the habit ¢ is
relatively high, in our case ¢ = 10, then it does not matter how much you

invest into risky assets, the response is very fast, i.e. we have less impact
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from averaging (n =~ 1), and for all cases the value of wealth when it is
reasonable to convert part of the wealth into annuities is greater than 15.
In other words, the wealth should be 15 times greater than pension income,
such as 17 for # = 0.2 or w ~ 20 for 6 = 0.6.

The last set of pictures (see Figure represents the scaled version of
our numerical results, where scaling was described in one of the previous sec-
tions. We use two values of the smoothing parameter n = 0.01 and 1.0. The
y-axis represents the difference AV and the x-axis is a logarithm of the
ratio between wealth w and habit ¢, log(w/c). We see two areas which show
that the question about wealth annuitization does not have an unambiguous

answer.

0.9 H

AV
A

L .
-4 -3 -2 -1 0 1 A =
log(w/e) log{w/c)

(a) n=10.01 (b) n=1.

Figure 1.48: Difference AV vs. scaled wealth w for fixed asset allocation
6 = 0.6. The arrow shows the direction of increasing habit c.

Every line represents a different value of habit ¢ that increases in the
direction pointed to by the arrow. In the left Figure (1.48al) we see results

for n = 0.01 which means that averaging dominates and habit adapts slowly.
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Here there are regions where annuitization is favourable. Whereas in the
right picture averaging has the least impact on our solution and, as a
consequence, habit adapts rapidly. Here the answer is that for small wealth
it is not optimal to annuitize part of the wealth.

Finally, we can say that all results show that the presence of habit makes
annuitization less reasonable for small values of wealth w while it becomes
a good choice for large wealth. At the same time, the more a retiree invests
into risky assets the less favourable it will be to annuitize part of the wealth

immediately at the age of 65.
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Chapter 2

Solving retirement spending
problem under a habit
formation model using the

static programming approach

2.1 Introduction

2.1.1 Overview

As in the previous chapter, we consider a retiree who wants to spend his
wealth wisely by maximizing consumption. The goal of this chapter is to
understand how to apply the martingale approach for solving a consump-
tion optimization problem counting on retiree’s living standard. This is a

completely different method based on idea that instead on focusing on the
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solution at every time moment up to a terminal time 7" the method focuses
on the solution at the terminal time only. Then by applying the Martingale
representation theorem we can obtain information for the whole time inter-
val. As a consequence, the formulation of the problem will differ and, in
fact, we solve the retiree spending problem using a greedy algorithm which
is feasible to compute but not necessarily optimal. The difference is that we
find a locally optimal solution at every step. In some problems this approach
can lead to the global maximum. Based on our formulation we claim that
for the retiree spending problem we find only a locally optimal solution. As
in the previous chapter we choose multiplicative CRRA utility function and
consider constant pension income. The wealth X; and habit C; dynamics also
will remain the same . For this chapter we change notation for some
variables in order to emphasize the difference in our approach. In the pre-
vious chapter we solved a PDE and all variables were deterministic whereas
in this chapter we deal with stochastic ones. At the same time, unlike the
previous Chapter [1| we assume that the asset allocation 6; will be a control
variable except in some numerical tests whereas for the value function ap-
proach we assumed it to be constant all the time. In addition, we consider
full consumption C} as a sum of consumption over wealth C}” and pension
m = const, i.e. CF = C"* + . We optimize the part of consumption re-
lated to wealth and constrain the retiree to spend all pension at every time

moment.
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2.1.2 Stochastic Calculus

At the beginning we give an introduction to the general stochastic calculus,

which has been used extensively in this chapter.

Brownian Motion

We start from the definition of the Brownian motion (or Wiener process).

Definition 2.1.1. A Brownian motion or Wiener process is a stochastic

process By, or W, t > 0, which satisfies the following properties
e The process starts at the origin Wy = 0;
o W, has stationary independent increments;
e The process W, is continous in t;

o The increments Wy s— Wy are normally distributed with mean zero and

variance t, where 0 < s < t,

Wiys — Wy ~ N(0,t). (2.1)

dt dW;

Simulate the Wiener process

dt (dt)2 =0 AtdW, = 0 as follows Wy, — W, = 1&,
where & ~ N(0,1). AW, =

VAL

Figure 2.1
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“Box Algebra”

Throughout this chapter, we will use various rules of stochastic calculus, and
one of the most useful is the so-called “Box Algebra” (see [Calin, 2022]).
This diagram shows the basic relationships between time and Brow-

nian motion increments. Let’s explain all these relations.

o (dt)>=0
In this case we deal with a regular Riemann integral with respect to

(dt)2. Assume that we have equidistant time nodes
k
t =ty + E(t — to) (2.2)

Accept ty = 0 then we can write the following chain of equalities

t n—1 n—1 2
[ = Jim St o = i 35 (-

nly2 2 2
= ) = iy = Jm S =0 (29)

[ ] dtth - thdt - O

n—1

t
/ dtdW; = lim > (bt — te) Wiy, — Wa,)
0 n > =0

n—1 n—1
= Him ;(tkﬂ = k) Ve — ti&p = lim ;(tkﬂ — )32,
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n—1 n—1
, + 1)t kt , 13/2
=i > (5 n) = lim 3~ 56
k=0 k=0

t3/2 n—1

= nlgn ka = 0. (2.4)

The mean and variance of independent random variables & are addi-
tive, so the sum of the & gives a Gaussian variable with mean 0 and

variance n since ¢ is a Gaussian (0,1).

(dW;)? = dt.

This is a one of the most important relations of Stochastic Calculus.

n—o0

t n
/ dW? = lim ZAW lim Y (W, — Wi, ) (2.5)
0 n—oo k;:]_

Definition 2.1.2. Let {X,} be a sequence of square integrable ran-
dom wvariables defined on a sample space Q). We say that {X,} is a
mean-square convergent iff there exists a square integrable random vari-

able X such that sequence {X,} converges to X, according to metric

d(X,,X) = E[(X, — X)?] that is

lim E[(X, — X)) =0. (2.6)

n—oo

In our case let us denote X,, = ZZ:1 AW,, and require X = t. Let’s
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prove our statement under these assumptions.

n 2 n 2 n
lim E (}; AW —t) = lim £ (2 AWi) — 2ty AW +#2

n k-1
= lim E ZAW“ +2) S CAWZAW — ZtZAWka (2.7)
n—oo
k=1 k=1 j=1 k=1

We know that the following equalities hold
E[AW?] = At,  E[AW}] = 3A¢% (2.8)

Continuing with formula (2.7

n k—1
= lim Z BAL +2) ) AbAt; — 2 Z Aty + 12 (2.9)
k=1 j=1

Now, we can recall that ) | At, =t and At = At; = L. Recall the

sum of an arithmetic progression (AP)

ZZ(> Z 1>(%>:°(%)++<n—1>(%)
a + an n(n —1)

AP: 0,1,2,....n—1= S, = 5= 5 (2.10)
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2 2
= lim [zm(t) LoD (3) —t2]
n—o0 2 n
0 0
= lim 3%+ (1- %)ﬁ —t*| =0. (2.11)
n—o0 n

Hence, we can conclude that(dW;)? = dt.

3 |

Finally, we proved all four relationships from the diagram and in the
next paragraphs we will use them in order to derive the solution for our

optimization problem.

2.2 Consumption optimization under the Mer-

ton model using martingale approach.

2.2.1 Merton problem without mortality

In this paragraph we adopt a model which consists of risk-free investments
(bonds) as well as risky assets and solve the maximiaztion problem for the
well-known Merton problem (see |Karatzas etc., 1987]). We use it as “toy
model” before we formulate the main problem under a habit formation model.
The wealth process dX; should satisfy the following stochastic differential

equation

dXt — {AtXt — Ct}dt + O'etXtth, )\t =T + et(ﬂ - T) (212)
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where the volatility o, risk-free rate r and drift p are all constants, W; is
a Brownian motion on a probablity space (£2,.%#,P). Here 0, is the propor-
tion of wealth invested into stocks. It and the consumption stream C,; are
control variables. Define a consumption process C' = {C, ¢t € [0,T]} as a
non-negative adapted stochastic process where Cy : [0,7] x Q@ — R, U {0}

represents the rate of consumption at time ¢.

Definition 2.2.1. A consumption and asset allocation process pair (6,C) is
said to be admissible for the initial wealth v > 0 if Xo = v and the wealth

process remains nonnegative over entire time interval, i.e. X; >0V 0 <t <

T, ie. (6,C) € o (v).

Define the objective function as follows

sup  E { /0 ' e‘”u(C’t)dt} (2.13)

(0,C)ed (v)

Our goal is to find the optimal admissible strategy for consumption C; and
asset allocation #; but in the beginning we will introduce the state-price
density function based on Radon-Nykodim derivatives |[Pliska, 2001]. We

can write the following equality

Eq { /O ' e’"tCtdt} =F { /0 ' (tC’tdt} (2.14)

where (; : [0,7] x 2 — R represents the state-price density and can be defined

as product of the exponential stochastic process & : [0,7] x Q — R and the
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discount process

. i !
G=eT6 G =TT dg = —kgdWs, m=Et g =1,

(2.15)

Formula [2.14] represents budget constraint for our optimization problem.

We can rewrite our OP formulation as follows

T T
sup F {/ e_”u(C’t)dt] subject to FE {/ e_rsfsCsds} =wv. (2.16)
dCZtOd 0 0

adapte

Discussion: Let M;(v) be the supremum in formula (2.13) and let Ms(v)
be the supremum in 1} Let WtQ be the Q-Brownian motion.
Suppose (0, C') € &7 (v) for some 6. Then

t t
e "X, + / e "Cids=wv +/ UQSXSe_rdeSQ (2.17)
0 0

is a local martingale under risk-neutral probability (). Since this process is
nonnegative, it will be a supermartingale under probability measure ) as

well, so
T T
Eq {/ e”C’sds} < Eg {erTXT +/ ersCst] < Xy =vw. (2.18)
0 0
Therefore, E UOT e*”u(C’t)dt} < My (v') < My(v), where
T
v = Eq {/ e_TSC'sds] : (2.19)
0

So, we have proved that M;(v) < My (v).
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Conversely, let C' > 0 be adapted and Eg| fOT e "(Cyds] = v. Define X; by
T
e "X, = Eg [/ e”C’Sd5|9’t} > 0. (2.20)
t
Then exists a stochastic process

t
Y, =e "X, +/ e "*Cyds >0 (2.21)
0

that is a ()— martingale, since it equals to Eg [ fOT e "*Cysds|F; | . Therefore,
the stochastic process

t
Y, =wv +/ H,dWE (2.22)
0

for some adapted H, and we may define 6, by Hy = 00, X,e7"° since X > 0.

It follows from Ito’s formula that
dX, = rX,dt — Cydt 4+ 06, X,dW2 (2.23)

and, therefore, that (0,C) € </(v). Finally, F [fOT e‘”u(Ct)dt] < M(v)
and, so, Ms(v) < M (v).

To solve this problem,we can now proceed as follows

1. Optimal consumption Cj.
By using Lagrange multiplier &« > 0 we can write the problem as an

unconstrained problem, and we can immediately find the optimal con-

81



sumption

T T
sup E[L(C)] =sup E {/ e " (Cydt — a [/ e " Chdt — v” ,
=0 =0 0 0 (2.24)

Find the optimal value of consumption Cj.
_1
e " (CF) = e = (CF) Y =aé = CF = (a&) 7. (2.25)
We claim that 3 a > 0 such that

T
E {/0 e "0y dt] = . (2.26)

In order to find the Lagrange multiplier o that gives the optimal con-
sumption C}, plug expression ([2.25) into the equation for the con-

straint.
T 1
E [/ e‘”ft(aft)Wdt} =v
0

o= GE [ /0 ' e—”gfv_ldtDW. (2.27)

Plug expression into equation ([2.27)

1 T n2 =1 7
a= <—E [/ e”(e“Wtﬂ)Wdt}) :
v 0

For this particular case, we can try to get the analytical solution. Let us

w2 =1 w2 y—1 y—1
_T‘t+(—I{Wt—7t)T T-"-TT)t—HTWt‘

define a stochastic process Y; = e = ¢
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Use Ito’s formula

201 1 —1\? 1
dy, — —r—iL+—%2(L> At — sl —2aw, b v;,
2 v 2 g Y

2 -1 1 -1 2 2 2
2 v 2 ~y 2y 272

Integrating will give us the following expression

201 1 —1\%\ ¢ —1
Y, = Yo+ —r—iL+—m2(L> /Yt,che'—/{y /Yt/th/.
2 v 2 v 0 v Jo

Then take expectation and differentiate % the final expression

/{/2 K:2 ! !/ /
BlY) =Bl - (r+5- - 55 ) | B, EN]=1,
d K2 K2 (422
q == (”%‘z—fyz)E[YtJ’ Bl = (Em)
Finally,
1 T (2 i
a=— (/ o (53wt (2.28)
VY 0

NQ N2 Y
_ ! ! )7 (1—6‘(”27‘%2)7’) . (2.29)

(280 K2 K2
<r + 2y T 242

As the terminal time goes to infinity, i.e. T" — oo, the exponential term

in the previous equation [2.29| will vanish

1 T (ppr?_ 2 LS| 1
a__(/ o (5 272>tdt> - . (2.30)
0 T

83



The final expression for the Lagrange multiplier o can be obtained more

easily by using the following Note:

Note 2.2.1.
X = etto” (2.31)

This r.v. has the log-normal distribution with parameters p and o.

Moments of the log-normal distribution will be

E[X"] = et 2, (2.32)

. Portfolio process and asset allocation

The next step is to maximize utility and find the optimal asset alloca-
tion. According to our formulation, the wealth process X corresponding
to an admissible pair (0, C') and the initial wealth v is a solution to the
linear stochastic differential equation [2.12| under the initial condition

v > 0.

Assume M = e "¢ Xp + fOT e "¢,Cyds is a integrable random vari-

able. Construct a stochastic process
MP = EY [M|F,]. (2.33)
Then for s < t using the tower property, we will get
E[M|F,] = E[EIM|F]|F] = E[M|F] = M. (2.34)
So, M; is a martingale w.r.t. J;.
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Now, find the differential of wealth process dX; using the following

formulas

rt

w—=r e ¢
dé, = —k&dW,, Kk = . X, = o (Mt —/ e’"sfsCSds> (2.35)
g t 0

t
Mt =v+ / Q/Jdes, th = wtth, ¢t = eirtthtQﬁt. (236)
0
Compute the portfolio process using two approaches.

(a) Using the differential of e™" X,&;.

d(e_rtXt&) = —re_rtXt&dt + e_rtXtdgt + G_Ttgtht
+e " AXdE = —re "X & dE + e ((r 4 0y (p — 1)) X dt
—eiTtgtCtdt + Gtaefrtthtth - /ieirtthtth

—kboe T X6, = —e T, CLdl + <9t0 _ Rz T) e, X, AW,
ag

Using formula (2.35) we can compute the same differential as fol-

lows

t
eiTttht = M, —/ e*rségscsds
0
d(e X&) = dM, — e "6Cdt = e " E Xy AW, — e Cudt

-7
(QtU - MT) G_Tttht = e_rtftXtﬁbt
th + KR = 0,50'.

(b) Using d X,
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Recall the original wealth process (2.12)) and, now, compute it

based on formula ([2.35)). Define a new stochastic process
[y e ¢,Cyds. Then let f(t,M,;,&, H,) be a differentiable

function, then

df(t Mt7£t7 Ht) =
ofe ., Of ofe Ofi 19°f, LO%fi o
o g At g dMut SordHit 5 5 g+ Sonp M
LI qeant, = " (g — m)ar— S (0, - 1) de
3§taMt t t — gt t t th t t t
Tt rt ert 5 ert
Hy)(d&)” — ?thdft
t

e e
+ —dM; — —dH; + —(M; —
t— 3 ¢ & 5 (M,

&
Tert t ert t
= (M —/ e”fsCsds) dt+£—2 (M —/ ersfsCSds) k&AW,
0 ¢ 0

&

eg—fer £,X, b dW, —g—rte”gtctdwzt( / e ds) 2624y

g k&e "X ppdt ={( + K+ Kgy) X — Cp bt + (k+d) X dW.
(2.37)

Compare (2.12) and (| -

e Compare dt coefficients

(1 —m)X = %

(F + K>+ ko) X — O = (F + 0, (u
K+ ¢t = 9t0. (238)

T
H2+/€¢t:6t(u— ) K:MT =

e Compare dW; terms

K+ ¢y = 0,0 (2.39)
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We can find explicit expression for process ¢, and portfolio process 6;.

T
Mt:Et s SC:d
[ erecial
t T
=5, | [ e g (ag) s + B | [ g (ag)
U@e £.(08.) s]+ [/e £,(a8,) s]
t 1 2=t T y-1 1
:/ e (a) 7Y ds+ By {/ e " (a)_wds}.
0 t
(2.40)

Here and further in the chapter, F; represents conditional expectation
with respect to the probability measure P, given the o-algebra JF;, i.e.
Ei[-] = E[-|F]. Now, let us find the differential of the martingale dM,.
In the beginning we will find the stochastic term then, in the second

part we will show that drift terms will cancel out.

e First part or intuitive approach.

Recall the formula for the wealth process
t
e_rtXt& = Mt — / 6_7‘85805(:18. (241)
0

We know that M; is a martingale. As a consequence, the dt terms

will cancel out. So, we need to figure out what the dWW; term looks

87



like. Assume that &, = ftg—‘z < 00.

M, —d [ / ) e ds} 1 [E [ / e <a>-idsH
0 t

[ (&) ortal|

. /

~
= from e Tt Xy=

=1
= (- )dt+d|eE, B

Since the Brownian motion has independent increments, we can

rewrite the second term expression using new notation g(t)

/tT e (%) B (a)ids] (2.42)

then the expression for the differential becomes

g(t)=¢"E

—rt 7771 ’7_1 —rt 7% ’7_1 —rt %
dMy=dle "¢ " g(1) :Te & 9<t)d§t:_/176 &7 g(t)dW;
(2.43)
and by definition (2.41]) of the wealth process X; we can define it

as follows: X; = g(t)¢, 7. Finally, the expression (2.43)) will be

v—1

th = —K €_Tt§tXtth. (244)

Second part or drift terms dt calculations.
Here we need to show how the dt¢ terms cancel out. We will use

the same representation &, = §t§—: < 0.

t 41 T )
M, = /0 e () & ds + B M e (ak,) T ds | . (2.45)
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Using the intuitive approach we derived the (-)dW; term. Now

let’s show that d¢ terms cancel out.

11 )t
dM, = e7"'&Crdt +d {6”9(’5)& i 1 =e "(a)7g, " dt

—re g0 At e (05T dt+ e (0T
: (_%> & 7 (A6) + ()WL (2.46)

First, compute explicitly g(¢) and it’s derivative ¢'(t).

T £ —%1
/ et (—s) ds] . (2.47)
t &

First, let us define a stochastic process

1

g(t) = () " E

2

K -1
Y., = oD (AW W) =5 (s—0) ) 15 (2.48)

Find the differential of this process

2

—1 1 —1\?
Y, = <—r - iL) eOds + =2 (L> eOds + (- )dW,
2 v 2 0%

Then we integrate, take expectations. As a consequence, the
stochastic integral will disappear and we differentiate again. Fi-

nally, we will get



and the solution will be the following

_ (7 {e(—"—ﬁi”wl)”—t) - 1} _ (2.50)

w2yl
2y v

The derivative will be the following ¢'(t)
2 y—1
§(t) = —eTTE )01 (2.51)

Continuing with and replacing ¢(t) and ¢'(t) with (2.50) and
@.51)

2y v —r—gxt

_e(—r—%%l)(T—t)_’fV —1 1 {e(—T—SfT)(T‘“—l}] dt

e )W, =e () g[ R (s

(- )dWo=e " (a)” wgt 0 - dt4 (- )dW = (- )dW,.

The rest of the calculations are the same as in the previous case. So,

using formula (2.36)) we can write

th = G_thtXt¢tdm, (252)

v—1
~

Oy = —K

= g = (2.53)
o7
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3. Maximizing CRRA utility function

Now, compute the maximum of the utility function. We chose a CRRA

utility function u(z) = £— . In this case we can get an explicit formula
1—y

for maximal utility

E { /O ' e‘”u(C’*)dt} —E { /0 ' e—”u((a@)—i)dt} (2.54)

_ ﬁE [ /0 ' e—”(o@)%ldt} o (259)

Our constraint is the following
T T

—E “rte,C*dt| = E “rte (&) v dt| (2.56
v [/5] [/Oeaas)]()

T =1 1 T =1

_ —rt -1 = - —rt -
_E[ /0 e (a) " (ag) dt] QE{ /0 e (ad,) dt] (2.57)

T -

E &) dt| = av. (2.58
[/0 e (k) t} av. ( )

So, based on the last two equations (2.55) and (2.58) we can get the

expression for the maximal utility

E [ /0 ' e‘”u(C*)dt} - 101”7 (2.59)

Special case =7

In case the drift equals to risk-free rate, i.e. u = r, then the solution can be

simplified significantly. The objective function will be

E [ /0 ' e”u(Ct*)dt} (2.60)
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where Cf = (a{t)fi. Then plug expression for optimal consumption into

[2.60)

_ E UOT e”u((agt)—i_)dt} - ﬁE UOT e”(o@)”vldt}

N e T (@7 1 (1= 520

11—~ -y r+ g2t

K2 y-1
As time T — oo the exponential term goes to 0, i.e. lim e<7rfﬁy7 )T = 0.

Equation (2.61)) can be simplified

—1 —1
0 ol 2

Bl [ e cryar| = (@7 1 () 2
[ erucnal

L=y r+ 522 1=y 22+ (y—1)
(2.62)

a,ryy are constants. If 4 — 7 it means that x = #-* decreases and therefore
the ratio in equation (2.62)) will increase. So, the value function will increase
as p approaches to risk-free rate. In this case, the portfolio process will be
very simple dX; = {rX, — C;}dt + 00, X,dW,. The wealth process under risk-
neutral probability and real world probability will be the same. In our case

=1 = const, as a consequence, our objective function is

T T
sup/ e "'u(Cy)dt  subject to / e "Cids = (2.63)
¢20J0 0

where v is an initial wealth. We do not have expectations here because

everything is deterministic. Construct a Lagrangian with multiplier o > 0

T T
sup {/ e "u(Cydt — a {/ e "Cydt — U:| } . (2.64)
c>0 0 0
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Consumption can be computed using the general formula C} = (aft)*%. As
@ — r we can see that ;1}—%(0@)_% = (a)_% and we can find the optimal
value of consumption explicitly ¢ = (a)_%. Now, let’s see what happens
with the asset allocation 6; when the drift p approaches to risk-free rate r
while holding ¢ constant. Using formula , we can conclude that, as
soon as u — r asset allocation will go to zero, i.e. BE}“ % = 0. Then we can
find that 6* = 0 which coincides with other results [Rogers, 2013|. Also the
relationship between optimal consumption and the portfolio process can be

found using formulas for optimal consumption, and (2.50)). Let’s rewrite

them explicitly once again

gty = — S (r-seeTy L (2.65)

_ r2a=l
2y v

And as 1 — 7 the coefficient kK — 0 and we can write the previous expression

(2.65) as follows

2|~

_ _1
lim g(t) = lim (@) = (@) = (2.66)
u—r pu—=r e _|_ g_’y’yT r

Using the same chain of reasoning as in the previous paragraph X; = g(t)lft_ g
and the optimal consumption will be limy_, ¢* = rX;. This coincides with
the result in the book |[Rogers, 2013]. In order to find the Lagrange multiplier
a that corresponds to the optimal consumption ¢}, plug the equation for

optimal consumption into the equation for constraint (2.63)).
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As the terminal time goes to infinity, i.e. T"— oo the exponential term will

vanish and we will get

a= (% /OT e”dt)w = (%)7 (2.68)

If we plug the formula for CRRA utility function into the objective function,

we can get the maximal utility

/oT e "u(c*)ds = /OT e~ u((c)7)ds = 2)1—77(1 —e ) (2.69)

(1 =)

Y

As T' — oo utility will be (1”_1# which coincides with results obtained by
other researchers (see [Rogers, 2013]).
A different limit would be to hold K constant, so ¢ — 0 when g — r. In

that case the optimal consumption C} does not change, but ;7 — oo.

2.2.2 Merton problem with mortality

We consider the same wealth dynamics as in the previous case (2.12) but
in the objective function we incorporate a probability of survival based on

Gompertz law of mortality.

T
sup E U e pu(Co)ds| Xog =v|, p, =e Jorerads, (2.70)
0+,Ct 0

Here A is the biological hazard rate A, , = %e(”q_m)/ b where m is the modal
value of life, since the parameter Ay = 0 (see p47, [Milevsky, 20006]), b is the

dispersion coefficient of the future lifetime random variable. Since m, b and
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x are constants we can compute the probability of survival explicitly, using

s 8 1 x+g—m 1 r—m s q r—m s
/ Aptqdq = / —e™% dg=-e @ / ebdg=e3 (ei — 1) . (2.11)
0 o b b 0

Then, the objective function becomes

T z—m s
sup F [/ e e’ (1_eb)u(Cs)ds] . (2.72)
(0,0)e (v) 0

Let us denote f(s) = —ps+e“ 5 (1—e?). Finally, the objective function will

be rewritten as follows

T
sup FE [/ ef(s)u(C’s)ds} . (2.73)
(0,C)ed (v) 0

The budget constraint remains the same as in the previous case, namely

T 2 —
b {/ Cscsds} =v, G=e"%, &= einwt77ta K= & T- (2.74)
0

g

The unconstrained optimization problem will be

T T
sup E {/ e’ Du(Cy)ds — o [/ (sCsds — UH : (2.75)
gtztod 0 0

adapte

Optimal consumption for this problem will have the following form

1

Cr = (age W)™, (2.76)
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We compute the Lagrange multilplier o using formulas (2.74]) and (2.76))

T
E U gs(agse—f@)ids} — . (2.77)
0

PO =1y, — B
Construct a stochastic process Y, = e ~ 57 (kW= - Then find the

differential dY;

L1 1 om s 1 K2y —1
Y;=Y0+/ {—(—p—— b*b)—rL—iL}nds. (2.78)
o L7 b g 2 v

Take expectations and simplify the previous expression

(1 | -1 2~h—1
E[Yt]=E[YO]+/ {5 (—p—g ; +b)—ﬂ b7 }E[Yt,]dt’.
0

Then differentiate %

d 1 1 aom ¢ y—1 kK2y-—1
—ElY,]=<=—-p—= | — - — ElYy]. (2
G = {2 (cp -3t ) St e @

2.2.3 Numerical Results

Since this case is relatively simple and implies the existence of an analytical
solution we can compare the analytical solution with the numerical results
obtained using the PDE and martingale approaches of Section [2.2.1] Two sets

of parameters were tested:1) risk-free rate r = 0.02, drift 1 = 0.02, subjective
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Consumption, C}

Table 2.1: Numerical results for the first case study pu = 0.02, r = 0.02.

# of time nodes | Mean Value | Theoretical value | Absolute Error
200 8.9 8.89699 0.00364
1000 8.89269 8.89197 0.00072
10000 8.89527 8.89520 0.00007

discount rate p = 0.02 and 2) g = 0.08 and r = 0.02. Volatility o = 0.16
and risk aversion parameters v = 3 were fixed. We also define the time
interval as follows: ¢, = (n—1)At,t € [0,7], the Brownian motion increments
AW, = ZV/At, Z~N (0,1). The numerical results are represented in the
Table 2.1] for the first case and in the Table 2.2] for the second case.

Portfolio, X,

(a) Finite-time horizon (b) Infinite-time horizon

Figure 2.2: Numerical solution of Merton problem. Comparison between the
PDE solution (the black solid line), the probabilistic numerical solution (the
blue dots) and the analytical solution (the red circles). Parameters for this
model are n = 0.0, 4 = 0.08,r = p = 0.02,yv = 3,0 = 0.16.
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Table 2.2: Numerical results for the second case study p = 0.08, r» = 0.02.

# of MC samples | Portfolio Value | Theoretical value | Absolute Error
1000 9.9208 10.1127 0.1919
5000 9.7202 9.6457 0.07453
10000 10.1725 10.1936 0.0211

As we can see from the table, the numerical results have an excellent
agreement with the analytical solution for both cases. In addition, in Fig-
ure we represent the Merton problem solution for two cases, finite time
horizon and infinite time horizon. The black solid line represents the PDE
solution, the blue dots the Monte Carlo solution and the red circles repre-
sent the analytical solution. For both cases all three solutions show good

agreement.

2.3 Consumption optimization problem un-
der a habit formation model.

As we described at the beginning, we are going to solve an optimization
problem under the habit formation model. The main idea of this approach
is to take into account the client’s living standard or habit C;. We consider
two cases: the first one without pension income and the other one with the
pension income m, which remains constant. We choose a CRRA multiplica-
tive utility function u that depends on the habit C' and our goal is to explore

the martingale approach to a consumption strategy for retirement.
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2.3.1 Optimal solution vs. greedy heuristic solution

As we will see in the next paragraph the approximation we obtain by using
the martingale approach gives different results in comparison with the PDE
solution from the previous chapter. In this section we will discuss what
the difference between finding the optimal solution and our approach in this
chapter will be. We will show that the numerical solution that we found is a

greedy optimal. Let us start by formulating the global optimization problem.

e General formulation.
First, we formulate our optimization problem for the case that implies

a global optimal solution. Define the utility function U(C,H) as follows

UW(C,H) =E UOOO e pou (%) ds] (2.81)

where (6,C) is a pair asset allocation - consumption stream from the
admissible set o7 (v) (see Definition [2.2.1)) and H = (C,¢) is the
habit, 77 (C,¢) associated to the consumption stream C and initial
habit c.

As in Section this is equivalent to maximizing U(C, H ) over adapted

C, satisfying the budget constraint

E { /O h gscgds} =, (2.82)

KQ
together with H = 5(C,¢). Here ¢, = e e "™ 2! k = =L i the
state price density, C; > 0, H;, > 0 adapted consumption and habit

streams respectively. In other words, we can write the global optimum
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problem for a given pair of initial values (v,¢) as follows

V = sup{U(C,H) : E [ /0 h (SCSds] — v, H=2C02}. (283)

Greedy formulation.

As we mentioned before, in this chapter we apply a greedy heuristic
algorithm which leads to a locally optimal solution. This is one of
the simplest algorithms to implement. The main idea of the greedy
algorithm is that it always chooses which element of a set seems to be
the best at the moment. In general, a greedy algorithm may or may
not lead to a globally optimal solution. There are cases where you can
always get a globally optimal solution, for example, this is the case
when we deal with so-called matroids. In our case, we were able to get
locally optimal solution. So, we find an admissible consumption stream

C} that satisfies the budget constraint (2.82)), such that

W(C H) = sup{W(C,H) : E [ / N QSCsds} — o H = #(C",5)}.
’ (2.84)
We say that such a consumption stream C; is locally optimal, or a
greedy optimum. In case the consumption C* is locally optimal then
the following inequality holds U(C*,H) < V. The following theorem
will show why we are able to get only locally optimal solution for our

problem.

Theorem 2.3.1. Suppose there exists an adapted consumption stream

C; > 0 and Lagrange multiplier o« > 0 such that the following equality
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holds

—1 1 —m

C; = H;T (ae_f(t)@y; where f(t):—pH—exT(l—e%), (2.85)

H = 22(C*,¢) habit associated with this consumption stream C*, and,
also C} satisfies the budget constraint . Then this consumption

stream C} is a greedy optimum.

Proof. Let C' be any adapted consumption stream which satisfies the
budget constraint (2.82) with Cy > 0 Vs. First, let’s consider a simpli-

fied problem. Suppose that we want to maximize the following function

/ e " pu <%) ds s.t. / (Cids = v. (2.86)
0 Hs 0

We use the Lagrange multiplier method, the idea of which is that in
order to find the maximum of our function, we construct an auxillary
function, the Lagrangian, which transforms our constrained problem
into an unconstrained one. Since we are fixing the habit H;, our prob-
lem will be greedy rather than optimal. To be more precise, let us write

the Lagrangian for this problem explicitly

L(CH) = /OOO e pou (%) ds —a (/000 (sCsds — v) . (2.87)

Then, in order to find the global maximum we should find a stationary
point for the Lagrange function, which means that all partial derivatives

of Lagrangian are equal to zero. To solve this problem the following
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condition for gradient should be applied:
VL(C,H) =0. (2.88)

For the existence of a global maximum, this is a necessary but not
sufficient condition. Since we maximize the utility function for fixed
habit H we did not find conditions when the partial derivative over

habit equlas to zero.

Simple calculus shows that

/0 e pu (%‘:) ds — « (/0 (sCsds — v)
0 B Cf;k 9] .
< / e " pyu ( ) ds —«a (/ (sCids — ’U) : (2.89)
0 H, 0

for C¥ and habit H, as in the statement of the Theorem [2.3.1} Taking

expectations, we see that

WC.H) - a (E [ /0 h (SCsdsl - v)
<UC* H) —a (E [ /O h gsogds] - U>

~U(C*,H) (2.90)

because C* satisfies formula [2.82] Therefore, if C also satisfies the

budget constraint 2.82 we can conclude that U(C\H) < UW(C*,H). O

The greedy optimum therefore has the feature that we may compute it, using

the formula of theorem for any given value of the Lagrange multiplier
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a, and then iterating the choice of a to satisfy the budget constraint. But
there is no reason why the consumption C, that maximizes the utility func-
tion U(C,H) for a fixed choice of habit H, should also maximize the utility
u(C,z2(C,c)).

Therefore these methods are not expected to produce the globally optimal
solution for consumption C. But we can expect them to be close to optimal,
at least in some cases. Exploring when that is true is the purpose of this

chapter.

2.3.2 Retirement spending problem without exogenous

income

As in the Merton problem, we adopt a model that consists of risk-free in-
vestments (bonds) as well as risky assets, with the difference that now we
have to take into account the living standard of a retiree. Suppose that the
wealth process X, corresponding to the admissible pair (0, C') and the initial

wealth v, follows the dynamics

dX; = [0, (1 — r) + 1] X, dt + 6,0 X, AW, — Cdt (2.91)
dCr = n(Cr = CHdt, Ci=¢e (2.92)

and satisfies the constraint Xy = v > 0. This is a linear stochastic differential
equation , where g is the drift, r is the risk-free rate, o is the volatility.
The second equation represents habit dynamics, where 7 is a parameter that
represents how fast the client’s living standard reacts to changes in consump-

tion and ¢ is the given initial value of habit. W, is a geometric Brownian
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motion on a probability space (2, F,P), where ) is a sample space, F a
o—field of subsets of 2 and P defines the probability for each event. Next

we define the client’s objective function as follows

T C B
sup F {/ e Pu (_—5) ds|Cy = E} (2.93)
(0,C)e (v) 0 Cs

where p is the subjective discount rate, (; is the state-price density defined in
the previous paragraph and T is the terminal time. We also have two
control variables: 6;, the portion of wealth invested in risky assets, and C},
consumption obtained by using the greedy policy algorithm. In the greedy
formulation habit C; is viewed as fixed while taking the above supremum,
i.e. without imposing condition [2.92 Whereas in the global optimization
problem we impose This means that at every time moment a retiree
can decide how much to invest in risky assets and how much to consume.
As remarked ealier, we may requiring C' > 0 to be adapted and to satisfy
the budget constraint . In order to solve this optimization problem, we
use a Lagrangian multiplier @ > 0 and, therefore, we can rewrite our greedy

optimization problem as an unconstrained problem
T C T
sup F [/ e Pu (—s) ds — « [/ (Csds — UH )
C1>0 0 C 0
adapted

Consumption C} can be found from formula [2.3.2

— y—1

Cr =(C)) (acte”t)*%. (2.94)
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In this case C* represents the consumption obtained by using the greedy pol-
icy and for a given a, we will see how to choose C; to satisfy both conditions,
2.94] and [2.92] In order to compute the Lagrange multiplier o we then plug
the expression for the optimal consumption into constraint .

o= U% (E VOT e_pWS(CsC;‘)Wv_ldst. (2.95)

In this case there is no closed form solution for o and we will use Monte
Carlo and iteration methods.

The next step is to get an explicit expression for the living standard C}
. In order to do this we will plug the expression for the consumption
into and solve it. The differential equation we want to solve is
the following

(C:), + 776: - Uf(s)(é;)k =0, where f(s)= (ag’seps)*% . k= PVT_l
(2.96)

This is the Bernoulli’s equation which can be solved with a standard substi-

tution
— ’I’] s N4t — 1 nt v
Cr=em™ (;/ f(thertdt’ + (C’:)Wev) (2.97)
t

Let us rewrite this formula in a more convenient form

~

oeromn= (15 )™ () s i

where C*(s —t) = C* > s > t. Once we have found the consumption Cf

105



and the living standard C}, we can find the last two parameters we need to
see how greedy consumption and asset allocation change with wealth if the

client follows the greedy strategy.

Theorem 2.3.2. Consider the greedy optimization problem in the form .
Then for the consumption process Cf = (C’g“)%l (oz(tept)_% the continuous

positive wealth process X; : [0,T] x R — R, X; > 0 has the form
X, = (R (t,Z)  where Z, = C; (2.99)

and

v—1
ps

~L71 ~ / -1 s—t
F(t,2) =a 7E fe ¢, (gf:(agt,_tewems—t)) At 4 e N )) ds](Q.lOO)

satisfy the initial condition Xog = v and Cf = ¢ Moreover, there exists a

portfolio process 0 such that (0,C*) € of (v) and the following equality holds

0, = g (1 - %) . (2.101)

Proof. By the martingale representation theorem we can write the following

statement

t
Mt = CtXt —|—/ CSC:dS (2102)
0

On the other hand, we can construct the following stochastic process, which

is a local martingale

y—1

M=E[[}¢.Cras|=[aer) > (C:¢) T ds+ B[ [(C:¢) T (ae) 7 ds]. (2.103)
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Comparing the equations (2.102) and (2.103) we can get the portfolio

process X; as follows

1 T pPs ~B — y=1
CtXt = CE_;Et |:/ 6_7C81t (C:Ct) v dS (2104)
t
where fs_t = g—t and (; is the state-price density at a fixed time ¢. Since
(s—¢ has indepedent increments of F, we can write F, = E[...|F] = E[...].

Introduce a new stochastic variable 2, = CtC_’t*. The final expression for the

portfolio process will be as follows
X, = F(t,Z,) (2.105)

The last step is to find the asset allocation #;. On the one hand the wealth
process formula can be written as we assumed before (2.92).On the other
hand, the formula that represents the wealth process is (2.105)). Using Ito’s

lemma, we can write the wealth process as follows

dX; = (---)dt + (P F (4, Z)kGdAW, + ¢ F(8,Z) C (—R)GdW, - (2.106)
dX; = (- )dt + & (G UF(t,2,) — F.(t,2,)Cy) dW,  (2.107)

By equating stochastic terms dWW; we can get an expression for asset alloca-

tion

k£ (GHF(4Zy) — Fu(t,2,)CF) = 06,X, (2.108)
_ Kk Ct*Cth(t,Zt)
b=~ (1 - W) (2.109)
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where F,(t,Z;) is a derivative over variable Z; that we can compute using

standard calculus rules. O]
If we check the last formula for the case n = 0 we will get 0; = U—";, which

coincides with the previous result.

A special case of small volatility o.

To understand what happens in the case of zero volatility, we should recall
what “volatility” means. When we say “volatility”, we imply the amount
of uncertainty or risk associated with changes in the value of risky assets.
This immediately means that, for example o = 0 implies a steady security

value or that prices will be constant. As a consequence, the wealth dynamics

(2.92)) can be simplified as follows
dX; = (rX; — CF)dt, dC; = n(C; — Cy)dt. (2.110)
The client’s objective function and the budget constraint also will be simpli-

fied
T C T
sup / e u (—S) ds s.t. / e "Csds = v. (2.111)
¢i>0 Jo Cs 0

adapted

Finally, the unconstrained optimization problem becomes

T C T
sup / e Pu (_—8) ds —a [/ e "Csds — v] (2.112)
C:>0 Jo Cs 0

adapted
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Consumption C; can be found easily from formula [2.3.2)

— ~y—1

Cr=(Cr) 7 (ael )t (2.113)

In order to compute Lagrange multiplier o we plug the expression for the

consumption (2.113]) into constraint (2.111)).

1 L P S
a=— e e (CH) v ds ) . (2.114)
7 \Jo

The portfolio process is calculated as follows
T 1 _ps, = a1
Xt:/ a e 7 (Cr) v ds. (2.115)
t

There is another way to think about this case, if we assume that the volatility

does not equal zero, but takes on a small value, i.e. ¢ — 0. In this case we

can consider different cases that depend on k = #-*. For example, if we fix

p>rand t > e, then Kk — co and

e

o

: kW L2 .
lim ¢, = lim e ™"t 725°f — lim ¢
o—0 oc—0 o—0

, (2.116)

Limits for the portfolio process X; and the asset allocation 6; are not easy to
find because of uncertainy that requires additional analysis based on specific
conditions and we will omit this discussion here. One more case arises if
we simply fix k. As a consequence, if volatility ¢ — 0 the expression for
the state-price density won’t contain ¢ and the limit will be different for

every choice of k. Moreover, X; and C} won’t vary with o either, but asset
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allocation will, ; — oo. As can be seen from the Figure 2.3 there is no
unique limit when o goes to 0, e.g. when time is close to zero t — 0 and
volatility ¢ — 0 the limit for (; goes to 1. When time ¢ is big enough but
volatility o — 0 the limit goes to 0. There are other cases, e.g. the case when

1 <rorpu— r also give different answers for different time moments .

Figure 2.3: Test for 0 — 0 and different time moments ¢ = [0, 25].

2.3.3 Retirement spending problem with exogenous in-
come

In this section, we generalize the previous case, namely, we assume the exis-

tence of a fixed income 7. The wealth dynamics will be as follows

dX; = [0:(n — r) + 7] X, dt + 0,0 X;dW, + mdt — Cfdt (2.117)
dCy = n(C; — C7)dt (2.118)

Here Cf = C}"" + m where C** is a consumption that comes from wealth

only. Also the following initial conditions hold Xy = v, Ci = ¢. The use
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of martingale methods forces us to impose a constraint C;* > 0. As in the
previous case, at every time moment we allow the retiree to decide what
proportion of wealth 6, to invest in risky assets. We want to solve a lifetime
maximization problem with a CRRA utility function using a habit formation

model

T
sup E {/ e " pu (%) ds|Cy = c] : (2.119)
(0,C%)e (v) 0 Cs

where p is the subjective discount rate, jp, is the probability of survival
from the retirement age x to x + s. As before, for solving optimal problem
using martingale methods we need to do additional analysis, therefore we

adopt a greedy formulation in which the supremum is taken without imposing

condition 2.118]

Remark. We set up the probability of survival based on the Gompertz Law
of Mortality, i.e.
D, =€ Jo As+adq (2.120)

Here A is the biological hazard rate A\, , = %e(”q_m)/ b where m is the modal
value of life since parameter \g = 0 (see p47, |Milevsky, 2006]), b is the
dispersion coefficient of the future lifetime random variable. Since m, b and

x are constants we can compute the probability of survival explicitly

fOS Aotqdg = fos %emﬂT—mdq = %6137” fs erdg =e 7 (e% — 1) . (2.121)

Now, replace the probability of survival in formula (2.119) with the explicit
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expression

T z—m s
sup FE {/ e et (l_eb>u (&) ds|Cy = c] . (2.122)
(v) 0

0,0 et Cr

S

z—m

Let us denote the power in the exponent as f(s) = —ps + e o (1 — e%) .

Then the objective function will be

T
sup FE [/ el Gy (&> ds|Cy = E} : (2.123)
(0,C%) e (v) 0 C:

To solve our optimization problem, we need to set the so-called budget

constraint.

Assumption 2.3.1. The expected discounted consumption process C' : [0,T]x
) — R owver the entire time interval should not exceed the initial wealth v.

In other words
T
E [/ CSC;"dsl = . (2.124)
0

Discussion: Recall the Radon-Nykodim derivative

_ 4@

& =15 (2.125)

Fy

where & : [0,7] x © — R is the stochastic process from the formula for
the state-price density ¢ = e & (2.15). We will write the differential of
this exponential stochastic process as we are going to use it throughout this

chapter

d¢; =(—rdt — kdW,)&e™™ = (—rdt — kdW,) (. (2.126)
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Then the following equalities hold
XtdQ = thth and CtdQ = ftC'th (2127)

In other words, in order to change probability measure from risk-neutral )
to real-world probability P we can simply multiply our stochastic process by

density process (;. Construct a stochastic process as follows
t
Mt == CtXt + / CSC;UdS (2128)
0

where C¥ is a consumption that comes from wealth only. Let’s check if
this process is a local P—martingale or not. In order to do that find the

differential and check if the drift term dt equals to zero using formulas [2.125

and 2. 118

dM; =¢,d X, + X,d¢, + dXyd( + G(Cy — m)dt
=G ([0:(p — 1) + r] Xodt + 0,0 Xy, dW, + wdt — Cidt) + X (—rdt — kdWy)
+(—rdt — kdW) ([0 (e — ) + 7] Xy dt + 0,0 Xy dW, 4+ wdt — Cydt) + ((Cy — m)dt
= — rGXedt + rGXdt + 0y (=) dE — GUC—)dE
0,06,X,dW; — E e x W, — %ﬁm + G C YT

o

-
= (etUCtXt _ A CtXt) dW;.

g

Hence, the sum of discounted current wealth and discounted consumption
over the time period, is a local martingale.

The budget constraint under the real world probablity measure can be
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formulated as follows

T
0

If we have consumption we can claim that our terminal wealth should be

Xr = 0 as. Finally, we can rewrite our budget constraint in the form

(E129).

Conversely, if (6,C}") € o/ (v) and we define the martingale

T
0

we see that X, can be defined as

T
(X, =F [/ gscgdsm] . (2.131)

Then the above steps can be reversed, using the martingale representation
theorem, to obtain 6, such that holds. Provided we know that
X; > 0 Vt. For that reason we will require that consumption should remain
nonnegative for any time moment, i..e C{* > 0 Vt. Therefore, formula
implies the desired inequality X; > 0. In other words, we will require that
consumption should greater than pension at any time moment, i.e. Cy > 7 V¢
so that pension is always consumed. The optimization problem together with

the budget constraint (Assumption [2.3.1)) becomes

T C B T
sup E [/ ey (_—S> ds|Cy = c} st. B {/ QSC;”ds] =v (2.132)
Cp>0 0 C 0

adapted
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where consumption C¥ > 0 is a nonnegative stochastic process. By introduc-
ing a Lagrangian with o > 0 we can rewrite our greedy optimization problem

as an unconstrained problem

L(Cy) = /OT el @y (CC+7T> ds —a {/ (CYds — v] , (2.133)

sup E [L(C)|Co=¢]. (2.134)

cr>0

adapted
A greedy optimum is now an adapted consumption stream C; such that
C}* = Cf — 7 is nonegative, satisfies the budget constraint ([2.124)), and for
habit H = 2(C*,¢), C* maximizes utility U(C" + 7, H) over all adapted

stochastic processes C}” > 0 satisfying condition ([2.124)).

The same argument as in Theorem [2.3.1] now implies the following. Note

that the Lagrange condition is only binding when the consumption stream is

strictly positive C}" > 0.

Theorem 2.3.3. Suppose there is an adapted consumption stream Cf and a

Lagrange multiplier o > 0 such that

—1

C} = 7+ max {0,(@*)% (ae’f(t)g)_% — 71'} : (2.135)

H = 22(C*,¢) and also the consumption stream that comes from wealth only
equals to the difference between full consumption and the fived part (pension)
7, i.e. C* = Cf —m and satisfies the budget constraint (2.124)). Then the

consumption stream C} is a greedy optimum.

Disscusion: In this method we optimize the consumption at every time

moment. This is a so-called greedy policy rather than optimal one. There-
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fore, we expect our solution to converge to the local maximum. In order to

compute consumption C; we will use formula ([2.134)).

1 C¥* 4+ 1 1 Cv 4+ 7\

oL (ST e o S (ST e

‘ O:“( C; > o C:( C; ) e
y—1

= O = (CH) (oze_f(t)gt)_% — 7 (2.136)
when the Lagrange condition is binding, i.e. C}"" > 0. In the case when opti-
mal consumption reaches zero level, we assume that it remains nonnegative,
which implies that we do spend all pension. Here C; represents the standard
of living that can be found from it’s dynamics (the second equation in .
As we have already mentioned C; represents the total consumption. When
pension equals zero, i.e. ™ = 0, we solved our problem explicitly for habit C.
Now instead we will use the Euler-Maruyama method to do this numerically,
and so compute the living standard and consumption at every time moment.
Also in the formula a represents the Lagrange multiplier, which can

be found from the budget constraint (2.124)) using a combination of bisection
and Monte Carlo methods.

Theorem 2.3.4. For the greedy optimal consumption processes C; of The-
orem the continuous positive wealth process X; has the form
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where

F(t(y) = {/ CSCE”?EdSIQ ¢,Cf —y}

—E U <stmax{ (% (aef%t)‘“l'c-i—w}ds\é::y].

(2.138)

and satisfies the initial condition Xo = v and Ci = ¢. Moreover, the portfolio

process 6 has the form

. /iCt 8F
%= ac (2.139)

Proof. In order to derive the portfolio process we should define a stochastic

process as follows

t
Mt = CtXt —|—/ CSC;U’*dS (2140)
0

Then construct a stochastic process over time interval [0,77].

M} = EP [M|F,]. (2.141)

T t T
M, = E, [ / CSO;”’*ds] — E, [ / CSC;"’*ds] +E, { / gsc;vv*ds] (2.142)
0 0 t

t T
_ / ¢.C¥*ds + B, { / CSC’;”’*ds]. (2.143)
0 t

Let ¢ = (. By equating (2.140) and (2.143) we will get the following

portfolio process formula
T T
CtXt = Et |:/ CSC;U7*dS:| = CtEt |:/ Cs_tC;U’*dS:| . (2144)
t t
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T _1
X, = E, V {,_, max {o, ka (ae*f“)és_t) T — w} ds} . (2.145)

From the habit dynamics

dCs = n(m + O — C7)ds
C¥* = max {O,(C‘;‘)W;l (Oée_f(s)Ctés—t>7; - W} (2.146)

for s > t, and independence of és,t from F;, we see that the conditional law
of the process (C**, C’*)s>t given F; depends only on (; and C’*.
For fixed values ¢ and y, define

F(tCy) = [/ (s max{0, (C )T <oze_f(s)§5—t>i (% — 7T}d8:|

(2.147)

where C* and C'“* evolve as above, from ¢ and y. This can be evaluated by

Monte Carlo simulation of C;_t. Then we have
X; = F(t,¢,C7). (2.148)
In order to compute habit C* we will use the Euler-Maruyama method.

Cr=Ci+ nér + max {oxém”f (ae e e ) T w} - c) As
(2.149)
As the last step, we calculate the asset allocation 6. On the one hand,

recall the formula for the wealth process (2.118]). On the other hand, use
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Ito’s formula for X; = F(t,¢;,C7).

OF  OF OF _ 10°F
AX, = Gt + 5rdG+ 5 dC + 390 (e

Recall the expression d(; = (;(—rdt — kdW}).

AX, = (- )dt — ¢, Cdgth (2.150)

Finally, the asset allocation 6; will be written as follows

O'etXt /ﬁICt 8< (2151)
. /fgt oF
The last step is to compute the derivative 2 B_C In order to do that we will use

the following approximation

F(t(y) =F [/T Comt ((C_';)vvl <a€_f(s)§8—t>i ¢ — 7T> ds] (2.153)
¢ +

a_F 7F(t7<’7y) — F<t7g - hay)
oc h '

(2.154)

where we introduced new notation for state-price density ¢ € R and habit
y € R at fixed time moment ¢. We will compute the derivative directly using

Monte Carlo method applied to the formula (2.154]). n
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2.3.4 Numerical results

Numerical results for this problem will be presented in a three parts. First,
we will discuss the results obtained for the problem under HFM without
additional income [2.3.4] then we will present the solution for the problem
under HFM with fixed pension income 7. The problem formulation for the
martingale approach differs from what we solved in the previous chapter in
part because here we fix the habit at time moment ¢ and solve optimization
problem for this specific case whereas for PDE approach we solve the op-
timization problem for all values of habit and time simultaneously. Unless
mention is made to the contrary we will use the following parameter values:
risk-free rate r = 0.02, volatility ¢ = 0.16, drift 4 = 0.08, subjective
discount rate p = 0.02 and risk aversion parameter v = 3. We will vary
the parameter that reflects how fast the habit formation model reacts to the
client’s consumption choices, i.e. the smoothing factor 7, in order to see how
the solution changes. In our calculations, we will take n = 0.01, 0.1 and 1.
We define a time grid as follows ¢, = (n —1)At, ¢t € [0,7]. Also we define the
Brownian motion increments AW, = Zv/At, Z ~ N(0,1). In order to find
the Lagrange multiplier a using formula we use a bisection method
and the Euler-Maruyama formula to find the living standard C, at every time

step

Cp=Cpa+n(Ci_y —Cpy) At (2.155)

where C} is the consumption obtained by using the greedy policy (2.94)), i.e.

locally optimum.
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HFM without pension income

In this paragraph we will show numerical results for the greedy policy under
HFM without pension income. In comparison with PDE solution, in this
case we optimize our consumption at the fixed time moment and for fixed
habit C;, so, as a result, our approach more likely should be called a “greedy
policy algorithm” rather than the “optimal policy”. The resulting solution

for the greedy algorithm will not converge to the global maximum.

First case study with smoothing factor n = 0.01. We start from the
smallest value of the smoothing factor n = 0.01. The client’s habit does not
adapt to consumption rapidly, therefore this numerical solution will be closer
to the Merton problem (see Figure . The numerical results presented in
Figure show the relationship between the greedy policy C* and portfolio
X, in the left pictures and asset allocation 6] vs. portfolio X; in the right
pictures. The results were divided into three sets of images that show differ-
ent cases, namely: Figure represents the case with a finite time horizon
and no mortality, Figure [2.4b[shows the case for an infinite time horizon also
without mortality, the last picture [2.4c| represents the case with mortality
and for a finite time horizon. We provide results for five time moments:
t = O(green), 10(blue), 20(red), 30(black) and 40(magenta) if we consider
a finite time-horizon, and for an infinie time horizon the time moments are
t = 0(green), 30(blue), 150(red), 170(black) and 180(magenta) and the initial

living standard ¢ = 1.
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(a) Finite time horizon.

The results on both sides, left and right pictures, show almost linear
growth. The highest level of consumption a retiree will have, comes if we
solve the lifetime problem (i.e. finite time horizon). At the same time,
assuming an infinite lifespan, the retiree will get the lowest consumption
level (see Figure[2.4D)). If we look at the asset allocation, we can say that the
asset allocation is not that sensitive to the model and shows approximately

the same behaviour for all cases. Now, let’s look at the second case.
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Figure 2.4: Numerical solution of the greedy policy under HFM for n = 0.01
for different time moments.

Second case study with smoothing factor n = 0.1. In this case we
assume that the impact of habit should affect results more. We increase the
smoothing factor to n = 0.1. In this case the client’s habit will react quicker
to changes in consumption. As a result, the numerical solution will depend
on the client’s living standard more and we will see a difference between this

and the previous case where 1 = 0.01.

In Figure [2.5| we have the same set of pictures as in the previous case.
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As we can see, the numerical solution depends more on the retiree’s habit.
Consumption and asset allocation grow faster when wealth is small and then
gradually slow down as wealth goes to infinity. Similar to the previous case
the highest level of consumption we can see is for the lifetime greedy policy
(see Figure [2.5¢). Also, as time grows (shown by different dots colours,
where the magenta line represents the greatest time value ¢t = 40), the asset

allocation declines which means that the portion of stocks in the portfolio

will decrease.
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Figure 2.5: Numerical solution of the greedyipolicy under HFM for n = 0.1
for different time moments and initial habit C' = 1.

Third case study with smoothing factor n = 1. The last case that we
are going to describe is 7 = 1. It means a model in which habit responds very
quicly to changes in consumption. As a consequence, we will get consumption

(left pictures) and asset allocation (right pictures) that grow very fast for

small values of wealth and then slow down quickly.
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intial habit C' = 1 and for different time moments.

HFM with pension income 7

In the previous paragraph we summarized numerical results for the greedy
policy without pension. Here we will be discussing the greedy policy with
fixed pension income. In order to understand how the solution behaves we
represent results for three values of the smoothing factor n = [0.01 0.1 1] and

four values of pension 7 = [0.5 1 1.5 2] for a finite time horizon, an infinite
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time horizon and a lifetime problem.

First case study with smoothing factor n = 0.01. Again, as in the
previous paragraph, we begin our discussion by summarizing the numerical
results for the smallest value of the smoothing factor n = 0.01. In Figure

we see four sets of pictures, where every set represents a specific value of

pension 7, namely m = 0.5 (see Figure and 2.8a)), m = 1 (see Figure

and , m = 1.5 (see Figure and 2.8d) and m = 2 (see Figure 2.7d]
and [2.8d]). Also, each case contains two graphs: the relationship between

the consumption C* obtained by using the greedy policy and the portfolio
X (left picture) and the asset allocation vs. portfolio (right picture) for five
time moments ¢t = 0(the green dots), ¢ = 10(the blue dots), ¢ = 20(the red
dots), t = 30(the black dots) and ¢ = 40(the magenta dots). We provide
results for two cases: a solution for the problem without mortality with a
finite time horizon (see Figure and a lifetime problem (see Figure [2.8).
From the graphs on the left side (consumption vs. portfolio) it can be seen
that the consumption level grows as the level of pension rises. At the same
time, if we look at the case without mortality (see Figure we can see
some “lag”’ in consumption for small wealth values. The delay is greater
for the larger pension values. This means that the optimal solution is to
consume at the pension level, but the part of consumption related to wealth
is close to zero. Recall that we constrained consumption from wealth to be

nonnegative X; > 0.
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Figure 2.7: Numerical solution for an infinite time horizon using the greedy
policy with n = 0.01 and intial habit C' = 1.

128



If we look at the asset allocation (Figure right pictures), we see that
the behaviour of asset allocation over time is more complicated. Recall that
the asset allocation is the percentage of the portfolio invested into risky
assets, and not the actual amount of stocks. There are five curves where
each one represents the fixed time moment. The green line represents time
t = 0 and the magenta curve represents the largest time moment ¢t = 40. It
can be seen that asset allocation decreases over time for small wealth. As
wealth goes to infinity the behaviour changes and as the time is smaller, the
asset allocation is larger. When wealth is small, the relatively large income
from pension means a highly leveraged portfolio is sustainable. But for larger
wealth, pension income is less significant, and a smaller asset allocation is
called for. For the lifetime problem, the results are somewhat different (see
Figure . If we look at the left pictures, which represent consumption, we
can see that there is almost no delay in consumption. This happens because
mortality gives heavier discounting than for the case without mortality where
discounting will be at risk-free rate only. As a result, the overall level of

consumption is higher.

Second case study with smoothing factor n = 0.1. For the next set of
results we increased the smoothing factor to n = 0.1. As we discussed before,
this means the model will react faster to changes in consumption, so habit
will track consumption closer. As in the previous case, in Figure we see
four sets of pictures, where every set represents a specific value of pension
m, namely m = 0.5 (Figure [2.9a] and [2.10al), 7 = 1 ( Figure [2.9b| and [2.10b)),
m = 1.5 (Figure and and 7 = 2 (Figure [2.9d| and [2.10d)).
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Each case contains two graphs: the relationship between the consumption
C* and the portfolio X; (left picture) and the asset allocation vs. portfolio
(right picture) for five time moments ¢ = 0(the green dots), ¢ = 10(the blue
dots), t = 20(the red dots), ¢t = 30(the black dots) and ¢ = 40(the magenta
dots). We provide results for two cases: a solution for the problem without
mortality and with a finite time horizon (see Figure , and a lifetime
problem (see Figure . In general, the numerical results are similar to

" in consumption

the previous case. For example, we also have some “lag”
for small wealth values (left pictures). Comparing the asset allocation at
different time moments (right pictures), it is larger for small values of wealth
since in this case the impact of pension on the portfolio is larger and there
is a possibility for leverage. The main difference between these and the
results in the previous paragraph is that the growth in consumption and
asset allocation is faster for the small values of wealth and slows down as

wealth goes to infinitity, while in the previous case the growth was almost

linear.

Third case study with smoothing factor n» = 1. The last set of nu-
merical results was obtained for the smoothing factor n = 1. As we already
know, this means the client’s living standard reacts immediately to changes
in consumption, and, therefore consumption and habit will be close for any
portfolio or time values. As in all previous cases, in Figures and we
see four sets of pictures, where every set represents a specific value of pension
m, namely 7 = 0.5 ( Figure[2.11ajand [2.12a)), 7 = 1 (Figure[2.11bjand [2.12b)),
m = 1.5 (Figure 2.11c¢/and 2.12¢]) and 7 = 2 (Figure [2.11d| and [2.12d)).
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Each case contains two graphs: the relationship between the consumption
C* and the portfolio X; (left picture) and the asset allocation vs. portfolio
(right picture) for five time moments ¢ = O(the green dots), ¢ = 10(the
blue dots), ¢ = 20(the red dots), ¢ = 30(the black dots) and t = 40(the
magenta dots). We provide results for two cases: a solution for a problem
without mortality with a finite time horizon (see Figure , and a lifetime
problem (see Figure . Qualitatively, the numerical results are similar to
all previous cases, but since we have a greater smoothing factor value, the
consumtion and the asset allocatioon will grow even faster for small wealth
values and will slow down faster as wealth goes to infinity.

In the next two paragraphs, we are going to provide a comparison between
the PDE (optimal) and probabilistic (greedy) solutions and analyze how
wealth depletes over time for certain values of initial living standard Cj,;

and wealth v.

2.3.5 Comparison of PDE solution with probabilistic

solution.

In this paragraph we compare the numerical results obtained from the previ-
ous Chapter [1] and the results of this chapter obtained using the martingale
approach. Due to the difference in formulation for each case we do not expect
our results to be exactly the same, but we will try to understand under what
settings we can get close solutions. We will analyze results for three values
of the smoothing factor n = [0.01 0.1 1] and for fixed initial wealth v and

living standard Cj,;.

134



:
< 2
g
g
Eis

£
2
Cl

20

Portfolio, X,

0 2 30

Portfolio, X,

s 1
25 9
26
s
” ¥
5 22 =
=22 g
E q°
B2 2
a " 3
a8 . "
16
14
1 .
. 1
v W 15 20 % a0 8 40 45 50 5 o 0 15w % w0 w0 5w 5
Portfolio, X, Portfolio, X,
s 1
)
s
G >
4 g
g 2
S 2
g ]
& 7
¥ a
15 Se2, !
05 10 15 20 % a0 85 0 4 o 0 15w % w0 w0 5w 5
Portfolio, X, Portfolio, X,
s 1
29 9
28 i
Y &
% 26 g
g 2
B2 2
g ]
Z
g
IS4
23 .
: SETI—
22
g .
; 1
"o 5 10 15 20 25 30 35 40 45 50 55 o 10 15 20 25 300 35 40 45 50 55

Figure 2.11: Numerical solution of the greedy policy for n

habit C = 1.

Portfolio, X,

(d)m=2

135

Portfolio, X,

= 1 and the intial



Asset. allocation, 0}

0 5 10 15 20 2 30

0 5 10 15 20 2 30 3
Portfolio, X,

Portfolio, X,

%

g
£
3

0 5 10 15 20 2 30

0 5 10 15 20 25 30 3 40 45
Portfolio, X,

Portfolio, X,

g

B

- 2
T o 5 1 15 2 2%

Portfolio, X, Portfolio, X,

allocation, 9

0 5 10 15 20 2 30 35 40 45
Portfolio, X,

5 10 15 20 2 30

Portfolio, X,

(d)m=2

Figure 2.12: Numerical solution for a lifetime greedy policy for n = 1 and
the intial habit C' = 1.

136



0
0 5 10 15 20 25 30 35 40 45 50 55 0 5 10 15 20 25
Portfolio, X; Portfol

First case study with smoothing factor n = 0.01. We start with the
model where habit does not significantly affect the results, which means that
the smoothing factor is small, n = 0.01. We consider three cases: a finite
time horizon, an infinite time horizon and a lifetime problem where the mor-
tality rate follows a Gompertz law. In this case, we can see from Figure [2.13
that the numerical results obtained by the value function approach (the solid
lines) (see [Kirusheva etc., under review|) and the probabilistic approach (the
dots) are very close for all three cases. Every line, solid or dotted, represents a
specific time moment, namely for a finite time horizon problem t = 0(green),
10(blue), 20(red), 30(black) and 40(magenta) and for an infinite time hori-
zon problem t = 0(green), 30(blue), 150(red), 170(black) and 180(magenta).

Let’s increase the smoothing factor and see if the results are still close or not.
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e

s

lio, X;

(a) FTH. (b) ITH. (c) FTHM.

Figure 2.13: Numerical solution of HFM for n = 0.01. Comparison between
the PDE solution (the solid lines) and the probabilistic numerical solution
(the dots).

Second case study with smoothing factor n = 0.1. In the value func-
tion approach we have optimized our solution over the entire grid, wealth

wy, habit ¢, and time ¢, simultaneously. Using a probabilistic approach, we

137

30 35 40 45 50 55 0 5 10 15 20 25 30 35 40 45 50 55
io, X, Wealth, X;



changed the problem. We compute the solution for fixed time moments ¢
and fixed habit C,. Since our assumptions for this problem are different, as
a result, the numerical solution obtained using the martingale approach is
also different. Below we provide an analysis of how this solution differs from
the PDE approach for the chosen smoothing factor. The first set of graphs
(see Figure represents a finite time horizon problem. The difference
between the left and right pictures is only in scale. In Figure we see
that for modest values of wealth, the solution still gives results that are re-
latevely close to the PDE numerical solution. In orther words, the greedy
solution is close to optimal. While in right Figure we show the entire
wealth interval that we mostly used in the previous chapter, and the results
for large wealth values show differences. So the greedy policy gives us sig-
nificantly higher consumption than the PDE solution, when wealth is large,

except when time ¢ is small (when the two solutions remain close).
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i T § 9 10 0 5 0 15 20 30035 40 45 50

25
Portfolio, X,

(a) (b)

Figure 2.14: Numerical solution of HFM for n = 0.1. Comparison between
the PDE solution (the solid line) and the probabilistic numerical solution
(the dots) for finite time horizon without mortality.
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We can make similar observation when we consider an infinite time hori-

zon problem (see Figure [2.15)). If wealth is relatively small the numerical

results are close to the PDE solution. For larger wealth the agreement is not

so close. Now at small times, greedy consumption lies below the optimallevel,

and rises above it for large time moments.
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Figure 2.15: Numerical solution of HFM for n = 0.1. Comparison between
the PDE solution and the probabilistic numerical solution (the dots) for
infinite time horizon and for differne time moments.
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Figure 2.16: Numerical solution of HFM for n = 0.1. Comparison between
the PDE solution (the solid line) and the probabilistic numerical solution
(the dots) for finite time horizon with mortality for different time moments.
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The final set of pictures represents the numerical results for the lifetime
problem and we see that for modest values of wealth both solutions are in
close agreement. But for large wealth (eg. 50 times habit) they differ. So,
based on our numerical results, we can conclude that for the smoothing factor
n = 0.1 and for modest values of wealth relative to habit, eg. 0 < w/¢ < 10,
we have good agreement between the PDE and martingale approaches. But

when

w
c

is more (which then raises habit), while the optimal solution raises

consumption more conservatively.

Third case study with smoothing factor n = 1. The last case, when we
increase the smoothing factor to 1, show that the numerical results obtained
using the martingale approach are very different from the value function

approach.

25 80 8 5 20 25 30 35 50020 25 30
Portfolio, X, Portfolio, X, Portfolio, X,

(a) FTH. (b) ITH. (¢) FTHM.

Figure 2.17: Numerical solution of HFM for n = 1. Comparison between the
PDE solution (the solid lines) and the probabilistic numerical solution (the

dots).

We conclude that a greedy policy does not perform optimally when changes

very rapidly with consumption (eg. within one year). But when habit adapts
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more gradually (over several years), the greedy policy can be a good match,
provided the discrepancy between habit and wealth is not too large. So as
increasingly realistic problems get considered, and PDE methods slow down
due to the rise in complexity, martingale (Monte Carlo) methods should be-
have well under these circumstances. In Figure there are three cases: a
finite time horizon, an infinite time horizon and a lifetime problem for five
time moments ¢t = 0(green), 10(blue), 20(red), 30(black) and 40(magenta)
for Figures [2.17aj and [2.17c| and t = 0(green), 30(blue), 150(red), 170(black)

and 180(magenta) for Figure [2.17b|

2.3.6 Wealth depletion

In this paragraph we discuss how much a client can afford to spend during

retirement based on our model.

Brownian Motion
£
i

0 10 20 30 40 50 (]

Figure 2.18: Brownian motion (upper picture) and state price density (lower
picture).

We give results based on the greedy policy for two values of the living stan-

dard C' =1 and 5, for three values of the smoothing factor n = [0.01 0.1 1],
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and three values of the initial wealth v = [10 30 60]. We will show that the
numerical results depend significantly on the value of the smoothing factor 7.
The higher the smoothing factor 7 is, the closer habit and consumption will
be over time. But first, in Figure [2.18 we show what Brownian motion was
used in order to compute state-price density for fixed time moment (; only.

This explains the shape of the curves that represent our numerical results.

First case study with smoothing factor n = 0.01. We start our discus-
sion from the smallest value of the smoothing factor n = 0.01. As we know,
in this case the habit C; has a small effect on the client’s consumption strat-
egy. Below there are some numerical results for the initial wealth v = 10 and
the initial habit C' = 1 (see Figure and 5 (see Figure . In Figure
we show the relationship between consumption and age starting from

the retirement, 65yrs in a simulations study.

Portolio, X,
Asset allocation, 6,

0
6 T T

Figure 2.19: Numerical solution for the lifetime problem with smoothing
factor n = 0.01 and the initial habit C' = 1 and initial wealth v = 10.
Relationship between consumption vs. age (a), wealth vs. age (b) and asset
allocation vs. age (c).
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In Figure we show the relationship between Portfolio and age and
in Figure we show asset allocation vs. age. Every curve represents
specific pension value, namely 7 = 0 (the black line), 7 = 0.5 (the red line),
1 (the blue line), 1.5 (the green line) and 2 (the magenta line). Recall that
we assume that the client spends all pension at every time moment. We use
the same driving Brownian motion for each curve. As we can see the level
of consumption grows with pension. The consumption “peak” is typically
when age is lowest. When 7 > 0, wealth eventually gets very small, and
consumption plateaus at the level of pension. Similar behaviour occurs for
the higher living standard C' = 5. In Figure for higher values of habit,
consumption reaches the pension level faster. Asset allocation rises with
pension, and rises as wealth declines. The reason behind that - as wealth
declines the propotion of pension in portfolio grows and, since we have risk-

free income, this allows us to leverage the portfolio.

Portlolio, X,

Asset: allocation, 1,

Figure 2.20: Numerical solution for the lifetime problem with smoothing
factor n = 0.01 and the initial habit C' = 5 and initial wealth v = 10.
Relationship between consumption vs. age (a), wealth vs. age (b) and asset
allocation vs. age (c).
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Asset allocation, 6,

Figure 2.21: Numerical solution for the lifetime problem with smoothing
factor n = 0.01 and the initial habit C' = 5 and initial wealth v = 30.
Relationship between consumption vs. age (a), wealth vs. age (b) and asset
allocation vs. age (c).

For the last set of numerical results we increased the initial wealth up
to v = 30. In Figure we can see that the optimal consumption level
is higher then in the previous picture Figure [2.20al Despite that, it takes

longer to deplete wealth, particularly for lower values of the pension.

Second case study with smoothing factor n = 0.1. In the second
case with the smoothing factor n = 0.1 the impact of habit formation is
significantly greater. Figure shows three plots, as before. The level of
consumption is slightly higher than in the previous case as a reflection of
the smoothing factor 7. Since we are only optimizing portion of consumption
related to wealth, client will consume at least at the pension level (see Figure
for habit C' = 1 or Figure for initial habit C' = 5). As in previous
case, the specific colour of lines corresponds to the different pension values
7m = 0 (the black line), 7 = 0.5 (the red line), 1 (the blue line), 1.5 (the green

line) and 2 (the magenta line).
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Portlolio, X,
Asset allocation, 6,

Age Age Age

Figure 2.22: Numerical solution for lifetime problem under HFM with
smoothing factor n = 0.1, the initial habit C' = 1 and initial wealth v = 10.
Relationship between consumption vs. age (a), wealth vs. age (b) and asset
allocation vs. age (c).

If we compare the consumption pictures for habit 1 and 5 there is a

significant difference in results for pension = = 2.

Portlolio, X,
Asset allocation, 6,

o o
Age

Figure 2.23: Numerical solution for the lifetime problem under HFM with
smoothing factor n = 0.1, the initial habit C' = 5 and initial wealth v = 10.
Relationship between consumption vs. age (a), wealth vs. age (b) and asset
allocation vs. age (c).

The reason is that the level of consumption is initially significantly lower
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in Figure than in Figure In other words, if client has lower initial
living standard his consumption at the beginning, under our assumptions,
also will be lower. But that also means that consumption can be higher

later. In Figure we see market recoveries bumping consumption above
the level of pension, even for m = 2, which we don’t see in Figure [2.23c|

Portlolio, X,
Asset allocation, 6,

Figure 2.24: Numerical solution for the lifetime problem under HFM with
smoothing factor n = 0.1, the initial habit C' = 5 and initial wealth v = 30.
Relationship between consumption vs. age (a), wealth vs. age (b) and asset
allocation vs. age (c).

As in the previous paragraph, the last set of numerical results represent
the case with initial wealth value v = 30 and initial habit C' = 5 but for a
larger smoothing factor. As we have increased the initial wealth, the con-
sumption level also has increased significantly (Figure . Second picture
in all our sets in this paragraph shows the relationship between Portfolio and
age.

We should remark about why wealth depletion has such behaviour. If we

look at the Figures [2.220] [2.23H] or [2.24b], we can see that after consumption

depletion, the wealth still fluctuate and it is not equal to zero. The reason
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is the stochasticity of our approach, in other words, portfolio from [2.145] can
be not equal to zero with positive probability. Therefore, asset allocations
are still meaningful at all times. Note also that while 6 is quite smooth
when 7 = 0, it is not actually constant. In general, wealth shows very fast
depletion (Figure with some fluctuations in the end. Another pattern

we can find by analyzing the relationship between asset allocation and age,

Figures [2.22d [2.23c] or [2.24d, Asset allocation rises allowing high leverage in
our portfolio (Figure [2.24¢|). According to the theory [2.152]if wealth goes to

zero, we should expect asset allocation go to infinity.

Third case study with smoothing factor n» = 1. The last case shows
numerical results for the model with the highest value of the smoothing
factor 7 = 1. This means that our model responds to changes in the client’s
consumption very quickly, as a result, the graphs that represent habit and
consumption should be close to each other and we will see this behaviour in
the next paragraph. Here we provide the numerical results for two values
of an initial habit C; = 1 (see Figure and 5 (see Figure 2.26). The
specific colour of lines represents the fixed pension value w, namely 7 = 0
(the black line), 7 = 0.5 (the red line), 1 (the blue line), 1.5 (the green line)
and 2 (the magenta line). The first set of pictures in Figure shows the
case where the client has a very low living standard C,, and, as a result, we
can see a very low consumption level in Figure As pension grows the
consumption level goes down for small values of wealth which means that
the greedy consumption lies below the pension level. At the same time, in

the beginning, we assumed that a client will consume at least the pension
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income therefore all pictures eventually have a flat line. Figure and
Figure show slightly different behaviours of consumption. The reason
is that in this case we have higher living standard C; = 5 and, therefore,

consumption will be higher. For both cases the asset allocation shows similar

behaviour (see Figure [2.25¢| or [2.26¢]).

Portfolio, X,
Asset allocation, 0,

11111

Figure 2.25: Numerical solution for the lifetime problem with n = 1, the
initial habit C' = 1 and initial wealth v = 10. Relationship between con-
sumption vs. age (a), wealth vs. age (b) and asset allocation vs. age (c).

Note in Figure that consumption from wealth for high values of
pension 7 is very small. We might have seen a rise in consumption once
habit had moved up towards the pension level. But in this simulation, we
can see market dropped significantly by age 75 which is why consumption did
not recover. Because of pension income, the client can afford to use a more
leveraged portfolio when wealth is small, which is why the asset allocation in
both figures gets large over time. When pension is zero (black line) the asset
allocation will decline over time. Consumption and asset allocation behaviour
coincides with portfolio behaviour in Figure[2.26b How the portfolio declines

depends on the initial habit and the smoothing factor n. For example, if we
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look at the Figure [2.26d or 2.27¢ we can see that when pension is small,
7 = 0.5 or 1 the asset allocation over time declines and the reason is that

the amount of pension is not big enough in order to allow high leverage.

Portolio, X,

Asset allocation, ),

0 o
Age

(a) (b) (c)

Figure 2.26: Numerical solution for the lifetime problem with = 1 and
the initial habit C' = 5 and initial wealth v = 10. Relationship between
consumption vs. age (a), wealth vs. age (b) and asset allocation vs. age (c).

Portolio, X,

Asset allocation, 0,

Figure 2.27: Numerical solution for the lifetime problem under HFM with
smoothing factor n = 1 and the initial habit C' = 5 and initial wealth v = 30.

Relationship between consumption vs. age (a), wealth vs. age (b) and asset
allocation vs. age (c).

At the same time, if we look at the black line in relationship asset alloca-
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tion versus age (for example Figure [2.25¢, [2.26¢| or [2.27¢]), which represents

the case without a pension, we can see that asset allocation decreases over
time. The reason is that without additional income, all consumption depends

only on wealth and there is no possibility to apply high leverage.

Portolio, X,
Asset allocation, 6,

Figure 2.28: Numerical solution for the lifetime problem under HFM with
smoothing factor 7 = 1 and the initial habit C' = 5 and initial wealth v = 60.
Relationship between consumption vs. age (a), wealth vs. age (b) and asset
allocation vs. age (c).

Another comparison between Figure [2.26] Figure and Figure
shows that increase in initial wealth from 10 to 60 does not change the
numerical results qualitatively. The difference is in increasing consumption
level only. The main drawback for this solution is that it is computationally

expensive.

Comparison portfolio and wealth depletion calculations. In the last
paragraph we will implement numerical tests that can give us understanding

how accurate our results are. In order to implement this we recall the wealth
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dynamics
dXy = [0:(pn — r) + 7] X dt + 0,0 X, AW, + mdt — Cidt. (2.156)

We will use the same approach as in Chapter [I] Unlike the previous chapter,
here we will assume that the client follows the greedy strategy. Also we will
use the numerical results obtained in the previous paragraphs. We discretize
and plug in the values of asset allocation ¢ and consumption C} obtained

by using the greedy algorithm.
Xny1 =X + 05— 1) + 7] X, At + 07,0 X, ZV AL + 1AL — C At (2.157)

where Z ~ N(0,1). For habit we did discretization in the previous paragraph
. As we mentioned before, the main drawback of the probabilistic
approach is that it is time consuming to compute portfolio values. As a
result, in order to verify results, we will provide just a few numerical tests. For
example, in Figure [2.29| we compare numerical results for a very small value
of the smoothing factor n = 0.01, initial habit C' = 5 and the initial wealth
v = 10. On the left we compare portfolio (the black solid line) computed
based on the main formula and time (“Age=time+65”) and wealth
((the blue dashed line)) computed based on formula (2.157). Calculations
were done with time nodes N = 900 and Monte Carlo samples M C' = 10000.

As we can see, both solutions are in good agreement.
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Figure 2.29: Comparison of the numerical solutions for fixed pension 7 = 0.5,
1n = 0.01, the initial habit C' = 5, the initial wealth v = 10.

On the right we show consumption (the black solid line) and age and

the average living standard (the blue dashed line). Since the smoothing

factor 7 is very small the model does not react fast to changes in the client’s

consumption and therefore we can see a gap between the consumption and

habit lines. There is a pattern: the smaller the smoothing factor, the greater

the gap between these lines. This behaviour is also in agreement with the

optimal PDE solution. Similar behaviour is seen in the next Figure ([2.30)

that represents comparison for a slightly bigger smoothing factor n = 0.1.

Portfolio

0 96
Age

Figure 2.30: Comparison of the numerical solutions for fixed pension 7 = 1,
1n = 0.1, the initial habit C' = 5, the initial wealth v = 10.

The next set of numerical tests (2.31) shows four pairs of graphs which
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correspond to the different values of pension, namely 7 = 0.5 (a), 1 (b), 1.5
(c) and 2 (d), the initial habit C' = 1 and the initial wealth v = 10. On the
left we compare, as in the previous case, the relationship between portfolio
(the black solid curve) and wealth (the blue dashed curve) vs. age and it
clearly can be seen that these curves stay close to each other. Because the
smoothing factor is big 7 = 1 we see that on the right side the curve that rep-
resents consumption (the black solid curve) and habit (the blue dashed curve)
are very close. This means that the model responds quickly to changing con-
sumption and also coincides with our expectations. For these calculations the
number of time nodes were taken to be N = 200 and Monte Carlo samples

MC = 700.

Portfolio

Portlolio
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Figure 2.31: Comparison of the numerical solutions for four pension values:
7=05(a),t=1(b),7=1.5(c) and 7 =2 (d) with n = 1.

Portlolio

Consimption

95 100 105 110 115 120 6 70 95 100 105 110 115 120

Figure 2.32: Comparison of the numerical solutions for fixed pension 7 = 2,
n = 1, the initial habit C' = 1, the initial wealth v = 10.

If we analyze all aforementioned graphs, we can see certain errors. The

accuracy will increase with the number of nodes in both, time nodes and
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Monte Carlo samples. For example, if we consider the last graph with pension
7 = 2 and increase N = 700 and MC = 1000 we will immediately see an
improvement in our solution (Figure .

The last set of pictures for comparison represents the numerical results
when we increased the initial wealth v = 60 and habit C = 5 and fixed
pension m = 1. As we can see the results show good agreement, consumption
with habit in the left picture Figure[2.33]and portfolio vs. wealth in the right

one.

Portlolio

Age Age

Figure 2.33: Comparison of the numerical solutions for fixed pension 7 = 1,
n = 1, the initial habit C' = 5, the initial wealth v = 60.
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Conclusion and future work

Conclusion

In this thesis, we considered two different approaches for solving a retirement
spending optimization problem under the presence of a habit in a complete
financial market. One of the main goals of our work was to find an opti-
mal consumption strategy in order to show how a potential client can spend
money during retirement, taking into account his living standard and explore
different numerical techniques that would allow us to solve this problem nu-
merically. In Chapter [I] we discussed the value function approach where
we were able to find the optimal consumption strategy by solving a nonlin-
ear Hamilton-Jacobi-Bellman partial differential equation. We also provided
some analyses to validate the chosen numerical method. In addition, by fixing
initial wealth v and living standard ¢ we analyzed how both, wealth and con-
sumption, change over time, under the assumption that the asset allocation
6 is fixed. There is another possibility for the client to invest money, namely
to buy so-called annuities. In Chapter [} we also explored this possibility
within our model and discussed whether it is reasonable to buy annuities or

not.
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The results of the thesis indicate that considering HFM as an underlying
model can qualitatively change the optimal solution and provide a better
consumption strategy for retirement than Merton’s problem. Also, these
results show that the presense of a pension in a long-term inverstment can
significantly increase consumption in the case of a high living standard and
suggests a modest level of consumption if we are dealing with a low habit.

In the second chapter, we presented a probabilistic approach for approxi-
mating our optimization problem. Here we have solved the retirement spend-
ing problem under slightly different assumptions. The client was able to
change the asset allocation during retirement, but also received a pension
that must be spent. More precisely, in Chapter 2| we obtained a greedy pol-
icy algorithm. This explaines why the numerical solutions obtained by both
methods did not coincide for all habit values. As in the previous chapter, by
fixing the initial wealth and habit, we found a strategy for spending money
during retirement for the client, but unlike the previous results, we provided
a solution for different pension levels and some fixed time moments. In addi-
tion, we were able to compare both numerical approaches and analyze when
the greedy policy is close to optimal.

In the end, we can conclude, the results on how the asset allocation sen-
sitive to changes in, for example, wealth suggest that the presence of pension
income enables a potential client to invest in riskier assets and, as a conse-
quence, may anticipate higher expected returns. Also, as an implicit result,
it may be a trigger to think about employer-sponsored pension plans in order
to increase reskless income during the retirement, as a result, expectations

to increase consumption level in the future.
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Future work

To better understand the implications of our results, future studies could in-
clude, for example, the analysis of different pension levels for optimal prob-
lem or introducing asset allocation as another control variable. There are
many other variations of this problem that have been left for the future. We
can choose a different utility function or different wealth dynamics. As an
example, one of the possible modifications in the wealth dynamics can be
the presence of jumps. Another variation can be considering an incomplete
financial market, i.e. the presence of transaction costs.

Nowadays, there is a growing interest to solve optimization problems
using reinforcement learning techniques. Reinforcement learning is learning
what to do or how to map our settings to actions so as to get optimal solution.
The learner is not told which actions to take, but instead must discover which
actions yield the most reward by trying them [Sutton & Barto, 2020]. Under
this approach we can try to solve the original optimization problem and see
if we can get any advantages by using this technique.

Finally, both numerical approaches have proven to be very time consum-
ing, so it would be interesting to think about improving the efficiency of these

methods by reducing the computational time.
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