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Abstract

In this thesis, we first develop a robust and efficient PDE-constrained optimal control model for

nonlinear multicomponent contamination flows of groundwater in porous media. The proposed

approach simultaneously integrates environmental and economic objectives. A splitting-based

improved upwind finite difference scheme is proposed to discretize the governing nonlinear

PDE system, ensuring stability and accuracy in the presence of advection and chemical

reactions. The resulting high- dimensional PDE-constrained optimization problem is solved

using a Differential Evolution algorithm. Numerical experiments on a rectangular geometric

aquifer demonstrate the effectiveness of our model. Numerical investigation on more realistic

aquifers further validate that the proposed model achieves significant contamination reduction

while maintaining cost-effective remediation.

Next, we focus on the development of a parallel DE-PDE optimization control for multicompo-

nent groundwater contamination systems. To efficiently solve the resulting high-dimensional

optimization of contamination control, a parallel Differential Evolution (DE)-PDE algorithm

is designed by distributing population evaluations across multiple processes on the Message

Passing Interface (MPI) system, where the contaminant PDE algorithm is developed for solv-

ing the forward problems of advection-dominated contaminant flow on processors. Numerical

experiments validate the developed parallel DE-PDE optimization algorithm and demonstrate

its efficacy for solving the multicomponent contamination control. The parallel technique

integrated with advanced numerical PDE methods is essential for achieving scalable, efficient,
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and practical solutions to control multicomponent reactive transport contamination flow.

Finally, we develop a multi-control strategy optimization framework for multicomponent

Groundwater contamination management, designed to balance environmental performance

with economic cost feasibility including the injection reduction cost at the boundary and the

pumping control cost at wells. The objective function is proposed for three key components:

concentration matching at observation locations, pollutant reduction at injection sites, and

pumping-related operational costs at the wells. This multi-control framework provides efficient

and practical remediation strategies for multicomponent contamination flows in porous media.

Numerical experiments for multicomponent pollution flow on hypothetical rectangular and

L-shaped aquifers show that the proposed multi-control framework plays a critical role

in shaping optimal control strategies and improving remediation outcomes. Furthermore,

implementation of the parallel DE PDE algorithm for the multi-control model significantly

reduces computational time and improves convergence behaviour.
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Chapter 1

Introduction

1.1 Background and Literature Review

Groundwater constitutes the largest accessible source of fresh water and plays a fundamental

role in sustaining domestic, agricultural, and industrial activities worldwide. However, modern

scientific studies indicate that many critical aquifers are experiencing severe depletion and

contamination, leading to reduced streamflow, vegetation loss, drying of springs, declining

groundwater levels, and land degradation [7, 18]. The primary drivers of groundwater

contamination are anthropogenic activities, including industrial discharge, agricultural runoff,

mining operation, and improper waste disposal, which introduce a wide range of pollutants

into the subsurface environment [31, 120, 121]. As global population growth continues to

increase the demand for freshwater resources, groundwater systems are subjected to escalating

pressure, making their protection and sustainable management increasingly critical [34, 77].

A major challenge in groundwater management arises from the complex behaviour of con-

taminants within aquifer systems [60]. In realistic scenarios, pollutants rarely occur as single

isolated species; instead, they exist as multiple interacting chemical components whose trans-

port and transformation processes are strongly coupled through physical flow mechanisms

and geochemical reactions [4, 10]. Once introduced into the subsurface, these contaminants
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can persist for long periods due to the slow velocity of groundwater flow and the nonlinear

interactions between advection, diffusion, dispersion, and chemical reactions [1, 80]. This

multicomponent nature significantly increases the complexity of predicting contaminant

migration and designing effective remediation strategies.

Groundwater flow and contaminant transport in porous media are commonly described using

partial differential equation (PDE) models [32]. The flow field is typically governed by a

parabolic PDE derived from mass conservation law and Darcy’s law, which characterizes the

movement of groundwater through the porous medium. Based on this flow field, contaminants

transport is described by a set of convection–diffusion–reaction equations that account for

advection, hydrodynamic dispersion, molecular diffusion, and chemical reactions [78, 103].

In realistic aquifer systems, contaminants rarely exist as single species; instead, they occur as

multiple interacting components. These multicomponent systems involve complex chemical

processes such as mineral dissolution–precipitation and intra-aqueous reactions, leading to

strongly coupled and nonlinear transport behavior [111, 116]. As a result, the governing

equations form a system of interconnected nonlinear PDEs that are significantly more

challenging to analyze and simulate.

However, many traditional groundwater models rely on simplified assumptions, such as single-

species transport or linearized dynamics, which fail to capture these nonlinear interactions

and feedback mechanisms [22, 118]. To overcome these limitations, there is a growing

need for advanced modeling frameworks that can simultaneously represent coupled flow,

multicomponent reactive transport, and control processes such as pollutant injection and

extraction [38, 79]. A comprehensive multicomponent groundwater contamination model

integrates Darcy-based flow, multi-ion transport, and nonlinear reaction kinetics, while

incorporating spatial heterogeneity and boundary-driven processes, providing a realistic and

robust representation of aquifer systems [24, 87].

In many natural aquifer systems, chemical reactions rarely occur under instantaneous equi-
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librium conditions; instead, they are often governed by kinetic mechanisms due to limited

reactive surface area, heterogeneous flow fields, and finite residence times of chemical species

[76]. Under such conditions, equilibrium-based models may lead to inaccurate predictions

of contaminant behavior, particularly in regions with strong concentration gradients such

as near injection or extraction wells. Kinetically controlled reaction models provide a more

realistic representation of geochemical processes by explicitly accounting for reaction rates

and transient chemical dynamics over time. In the context of multicomponent groundwater

contamination, reactions are generally classified into geochemical equilibrium reactions [30,

50, 109] and kinetically controlled precipitation–dissolution processes [40, 43, 94]. Although

the application of reactive transport modeling in watershed-scale studies remains relatively

limited, it has proven to be a powerful framework for capturing the complex interplay between

physical transport and nonlinear chemical reactions. The successful representation of such

multicomponent reactive systems relies on the formulation of time-dependent, coupled nonlin-

ear partial differential equations (PDEs) [28, 72, 91]. So a good groundwater model integrates

groundwater flow governed by Darcy’s law, multi-ion advection–dispersion transport, and

nonlinear kinetic reactions describing mineral dissolution and precipitation, thereby providing

a comprehensive and physically consistent framework for simulating contaminant transport

and transformation in porous media.

In groundwater contamination management, the formulation of an appropriate objective

function is a critical component of any optimization framework, as it defines the criteria by

which remediation strategies are evaluated and compared [2]. Unlike forward simulation, which

only predicts contaminant behavior, optimization requires a quantitative measure that links

model outputs to management goals. An effective objective function must therefore capture

both environmental performance and practical considerations, enabling the identification of

control strategies that achieve desired outcomes under physical and operational constraints.

The formulation of objective function that simultaneously captures environmental perfor-
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mance and economic feasibility is essential in PDE-constrained groundwater contamination

control problems [8, 53]. In this context, the concentration-matching component represents a

fundamental measure of remediation effectiveness, as it quantifies the discrepancy between

simulated contaminant concentrations obtained from the governing flow and transport equa-

tions and the desired or allowable observed concentration levels at monitoring locations. This

component ensures that the designed control strategy satisfies environmental regulations and

protects sensitive regions of the aquifer [52, 68]. However, focusing solely on concentration

reduction often leads to unrealistic solutions that require excessively high treatment efforts.

Achieving environmental protection goals in groundwater systems requires the identification

of optimal contaminant management strategies that satisfy regulatory constraints while

minimizing economic costs. This naturally leads to a PDE-constrained optimal control

problem [17], in which both environmental and economic factors are integrated within a

unified framework. To address the limitations of purely concentration-based objectives,

a reduction or abatement cost component is incorporated to account for the operational

expenses associated with pollutant removal at injection locations. This component reflects the

practical reality that achieving higher levels of contaminant reduction typically requires more

advanced treatment technologies and greater resource consumption, resulting in increased

cost [63].

Accordingly, the objective function includes both an environmental penalty term, which

quantifies concentration deviations at sensitive monitoring locations [95], and a flexible,

piecewise-defined abatement cost function [23, 41] that captures technological thresholds,

economic scaling effects, and nonlinear reduction penalties. The inclusion of this cost

component introduces an essential trade-off between environmental objectives and economic

feasibility, preventing overly aggressive control strategies and promoting balanced, realistic,

and implementable solutions [29, 48].

Among available remediation techniques, groundwater pumping plays a key role in plume
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containment by inducing hydraulic gradients and enhancing contaminant removal [6, 15].

In practical remediation systems, groundwater extraction through pumping wells is one of

the most widely used techniques for plume containment and mass removal [54]. Pumping

induces hydraulic gradients that alter flow patterns, enhance advective transport toward

extraction wells, and reduce contaminant migration toward sensitive regions. However,

pumping is energy-intensive and can become economically infeasible if used excessively [19,

84]. Therefore, incorporating pumping-related costs into the modeling framework is essential

to ensure realistic and sustainable remediation strategies. This integrated approach enables a

balance between contaminant reduction and operational efficiency, leading to practical and

cost-effective groundwater management solutions [13, 96].

Therefore, modern groundwater management approaches increasingly emphasize the inte-

gration of economic considerations into physically based models [37, 92]. By incorporating

energy and operational costs associated with pumping, it becomes possible to balance remedi-

ation performance with resource efficiency. This integrated perspective ensures that optimal

strategies do not rely solely on aggressive hydraulic control but instead achieve a compromise

between contaminant reduction and cost-effectiveness [81]. Such an approach is essential for

developing sustainable and implementable groundwater remediation designs in real-world

applications.

From a practical and computational perspective, numerical techniques play a fundamental

role in solving the governing partial differential equations that describe groundwater flow

and contaminant transport in porous media [25]. Among the available approaches, the finite

difference method has been widely adopted due to its simplicity, efficiency, and suitability for

discretizing convection–diffusion equations [21]. However, the coupled and multidimensional

nature of groundwater flow and reactive transport models often leads to large-scale, high-

dimensional systems that are computationally demanding to solve directly.

To address these challenges, operator splitting techniques have been developed as an effective
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strategy for improving computational efficiency [55]. The splitting scheme decomposes the

original multidimensional problem into a sequence of lower-dimensional subproblems, typically

reducing a two-dimensional system into a set of one-dimensional problems that can be solved

iteratively [59, 98]. This approach enables the use of fast and efficient one-dimensional solvers

at each step, significantly reducing computational cost while maintaining numerical stability.

In addition, the splitting framework can be combined with higher-order discretization schemes

to enhance solution accuracy. In particular, the second-order improved upwind finite difference

method is employed to discretize the transport equations [64, 118], effectively reducing

numerical diffusion and preventing nonphysical oscillations that often arise in convection-

dominated problems. The integration of operator splitting with improved upwind schemes,

therefore, provides a robust and efficient numerical framework for simulating groundwater

flow and multicomponent transport processes in porous media, ensuring both computational

efficiency and high solution fidelity.

Various optimization methods have been applied to groundwater management problems,

including gradient-based algorithms [69, 108], linear and nonlinear programming methods,

and evolutionary algorithms [3, 16]. Gradient-based methods can be efficient when derivative

information is available and the objective function is smooth, but they often struggle with

nonconvex optimization landscapes and complex nonlinear constraints. Evolutionary algo-

rithms, on the other hand, provide robust global optimization capabilities without requiring

gradient information. Among these methods, the Differential Evolution (DE) algorithm

has gained considerable attention due to its simplicity, strong global search capability, and

effectiveness in solving nonlinear and high-dimensional optimization problems [88].

Despite these advantages, applying evolutionary algorithms to PDE-constrained groundwater

optimization problems remains computationally expensive because each candidate solution

requires a full numerical simulation of the groundwater flow and transport system [45]. For

realistic aquifer models with fine spatial and temporal discretizations, this computational
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cost can become prohibitive. Parallel computing offers an effective way to address this

challenge by distributing the computational workload across multiple processors [36, 39].

Because evolutionary algorithms evaluate individuals in a population independently, they are

particularly well suited for parallelization [33, 35]. The DE algorithm can be parallelized into

subpopulation [20, 62, 104], into mutation strategy [56, 82] as well as parameter control [86,

115]. By combining parallel optimization techniques with efficient numerical solvers for the

governing PDE system, it becomes possible to significantly reduce computational time while

maintaining high solution accuracy.

1.2 Research Contribution

This thesis develops a comprehensive and scalable computational framework for multicompo-

nent groundwater contamination control in porous media. The work integrates physically

realistic PDE modelling of flow and reactive transport with advanced numerical methods,

optimization techniques, and high-performance (HPC) computing. By combining accurate

simulation, economically meaningful objective functions, and efficient parallel DE-PDE opti-

mization strategies, the research addresses key challenges in modelling, computation, and

practical implementation of groundwater remediation. The main contributions of this thesis

are summarized as follows:

In the first part, we develop a robust and efficient PDE-constrained optimal control model

for multicomponent groundwater contamination in porous media, designed to address the

challenges of nonlinear reactive transport under realistic environmental conditions. We

formulate a multicomponent optimal control model in which contaminant injection is applied

along the upper boundary of the domain, and the corresponding injection rates are treated

as control variables to be optimized. The model integrates groundwater flow governed

by Darcy’s law with multicomponent advection–dispersion–reaction transport equations,

enabling the simulation of interacting chemical species within porous media. The model
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incorporates nonlinear kinetic reactions, allowing for a realistic representation of mineral

dissolution–precipitation processes and transient geochemical dynamics. The objective

function consists of two primary components: the concentration-matching term f1, which

measures the discrepancy between simulated contaminant concentrations and observed

contaminant concentrations at monitoring locations, and the abatement cost term f2, which

represents the operational cost associated with reducing contaminant levels at injection

boundary locations. As a result, this optimization model provides a reliable foundation for

analyzing multicomponent transport and designing efficient PDE-constrained groundwater

optimal strategies. We introduce a splitting improved upwind finite difference scheme

for the accurate and stable discretization of the governing multicomponent PDE system.

The splitting technique separates the multidimensional problem into a sequence of lower-

dimensional subproblems. This approach significantly reduces computational complexity and

allows the use of efficient one-dimensional solvers at each step while preserving the coupling

structure of the original system. To accurately resolve advection-dominated transport and

avoid nonphysical oscillations, a second-order improved upwind finite difference method is

employed for spatial discretization. Further, we integrate the proposed multicomponent PDE

algorithm with a Differential Evolution (DE) algorithm to solve the resulting high-dimensional

optimization control. The DE algorithm approach enables efficient global search and robust

convergence, facilitating the identification of optimal control strategies under complex system

dynamics. In the numerical experiments, we address the performance of multi-component

contaminant transport problems involving the chemical reaction affection. We illustrate

the impact of precipitation reaction. We then apply the PDE-constrained optimization

framework to a hypothetical rectangular aquifer to find the optimal injection rates that

minimize concentration deviation at observation sites and reduce the emission reduction

costs. Finally, the linked simulation-optimization model is extended to a realistic aquifer

with complex geometry as well as the discontinuous contamination at the injection rates. We
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present the discontinuous optimal injection rates along with their respective reduction rates.

Furthermore, we compare the concentration distribution contour with optimal injection rates

and without optimal injection rates. This work has been published in [45].

In the second part, we develop a problem-specific parallel DE-PDE optimization algorithm for

efficiently solving the computationally intensive optimization problem arising from multicom-

ponent groundwater contamination control. The importance of this approach lies in the fact

that each generation DE evaluation requires the numerical solution of a coupled nonlinear

groundwater flow and multicomponent reactive transport system, making the optimization

prohibitively expensive in a sequential setting, particularly for high-resolution discretizations

and large populations. To address this challenge, the proposed parallel DE-PDE algorithm

tightly integrates the DE and PDE algorithms in parallel and exploits its population-based

structure by distributing candidate control variables, such as injection rates, across multiple

processors over Message Passing Interface (MPI). Each processor independently evaluates a

subset of candidate solutions by solving the governing PDE system, performing mutation,

crossover, and selection operations, and computing the corresponding objective function

values linked to concentration constraints and cost components. The updated parallel workers

processor results are sent to the master processor. This customized parallelization preserves

the robustness and global search capability of the DE-PDE system while significantly reducing

computational time. In addition, we employ a stable and accurate PDE numerical solver

to simulate multicomponent groundwater flow and contaminant transport in the DE-PDE

approach. We consider the objective function to consist of the concentration-matching term

f1, and the piecewise-defined abatement cost function f ′
2. A couple of numerical experiments

validate the effectiveness of the parallel DE-PDE optimization algorithm for the multicom-

ponent groundwater contamination control model. The first experiment demonstrates the

performance of the parallel DE-PDE optimization algorithm by quantifying time reduction,

speedup, and efficiency as functions of the number of CPUs for a three-component con-
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tamination system governed by the concentration-matching objective f1. In the subsequent

experiment, we consider a four-component continuous contamination injection system in a

hypothetical rectangular aquifer to investigate the influence of hydraulic head differences on

optimal injection rates, while also analyzing the impact of varying penalty levels in the abate-

ment cost function. The final example solved by the parallel DE-PDE optimization algorithm

investigates a realistic aquifer with discontinuous top-boundary injection, highlighting the

critical roles of injection placement, protected zones, and time-dependent control in achieving

effective contamination reduction, while demonstrating clear advantages of optimal strategies

over the maximum and optimal injection rates contamination contours.

In the third part, we develop a multi-control optimal strategy for multicomponent contamina-

tion problems. In particular, a pumping cost function f3 is incorporated into the optimization

framework to determine optimal pumping rates while accounting for the energy and op-

erational costs of groundwater extraction. The resulting multi-control objective function

integrates the concentration least squares error f1, the piecewise abatement cost f ′
2 for deter-

mining optimal reduction rates, and the pumping cost f3. Unlike conventional smooth cost

formulations, the piecewise structure captures multiple treatment regimes and reflects techno-

logical thresholds, where different levels of reduction correspond to distinct cost behaviours.

This combined formulation balances contaminant reduction with treatment and pumping

efforts, preventing excessive reliance on energy-intensive pumping while maintaining effective

control of groundwater contamination at injection locations. Furthermore, we implement a

boundary treatment strategy formulated in terms of reduction rates at injection locations.

The model regulates the concentration reduction at the boundary through reduction rates and

pumping rates at extraction wells, which describes more realistic control strategies, while the

multi-control optimization is subject to PDEs of groundwater flow and contaminant transport.

To efficiently solve the resulting high-dimensional optimization model, the developed parallel

DE-PDE algorithm is used for solving the multicomponent contamination multi-control
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system. A sequence of numerical experiments is presented to evaluate the effectiveness of

the proposed multi-control optimal strategy model. In the first experiment, we investigate

the influence of reduction rates within a four-contaminant optimal control model, examining

different injection locations and the effect of well placement on contaminant concentrations

under the objectives f1 and f ′
2. In the next experiment, we examine more complex chemical

reactions with six contaminant components, evaluating optimal reduction rates for small and

large protected zones, comparing deep and shallow protection zones, and assessing the impact

of optimal pumping rates on well placement. Finally, we analyze the combined impact of

optimal reduction and pumping rates in an L-shaped aquifer under f1, f ′
2, and f3, accounting

for varying hydraulic head conditions and pumping well locations, and assess performance by

comparing worst-case and optimal strategies through contamination contours.

This thesis is organized as follows. Chapter 1 provides the background and a review of the

relevant literature, and outlines the main research contributions of this work. In Chapter 2,

we present the development of a PDE-constrained optimal control model for multicomponent

contaminant transport in porous media. This chapter also introduces the proposed numeri-

cal solution strategy, where a splitting-based improved upwind finite difference method is

employed for solving the governing PDE system, and a Differential Evolution algorithm is

used to address the associated optimization problem. Numerical experiments are conducted

to validate the accuracy and effectiveness of the proposed approach. In Chapter 3, we

develop a problem-specific parallel DE–PDE optimization algorithm for multicomponent

contamination control, which significantly enhances computational efficiency for solving the

linked simulation–optimization model. In Chapter 4, we further develop the framework of the

multi-control optimal strategy for multicomponent groundwater contamination management,

incorporating more realistic control mechanisms and objective functions. Finally, Chapter 5

summarizes the main findings of the thesis and presents future research directions based on

the insights gained from this study.

11



Chapter 2

Developing PDE-constrained Optimal

Control of Multicomponent

Contamination Flows in Porous Media

2.1 Introduction

Groundwater plays a vital role in water supply systems, but increasing population and

industrial activities have led to serious contamination and depletion issues [61, 77, 112].

Understanding contaminant transport and developing effective control strategies are therefore

essential [10, 102]. PDE-constrained simulation–optimization models provide a powerful frame-

work for groundwater management by integrating physical processes with decision-making

[12, 113]. These approaches have been applied to minimize contaminant concentrations and

remediation costs [27, 118, 124]. However, most existing studies focus on single-contaminant

flows. In multicomponent flows, the flow and transport processes are governed by coupled

nonlinear PDEs involving advection, diffusion, and chemical reactions, leading to increased

complexity [49, 89].
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In this chapter, we develop a PDE-constrained optimal control model for multicomponent

groundwater contamination flows in porous media. A novel multicomponent contamination

optimization model is developed with a composite objective function balancing concentration

matching and abatement cost by considering the pollution injected from the boundary.

After that, we introduce a splitting improved upwind finite difference scheme to discrete

the governing multicomponent PDE system. Then, we integrate PDE DE approach for

efficiently solving the resulting high-dimensional optimization problem of multicomponent

contamination control. Finally, a series of numerical experiments are conducted to evaluate

the performance of the proposed control model. The numerical experiments begin by analyzing

multicomponent contaminant transport in the presence of chemical reactions, with particular

emphasis on the role of precipitation processes. The proposed PDE-constrained optimization

model is subsequently implemented on a hypothetical rectangular aquifer to compute optimal

injection rates that jointly reduce concentration deviation and abatement cost. The study is

then extended to a more realistic aquifer characterized by complex geometry and discontinuous

pollution at the injection locations. We numerically investigate the developed model by

analyzing the flow simulation and identifying the optimal injection rates. The developed

optimal control model is evaluated by comparing concentration distributions obtained with

and without control, demonstrating the effectiveness of the proposed approach.

2.2 Mathematical Model of Multicomponent Pollution

Control

We start to present the coupled system of nonlinear PDE equations that govern multi-

component contamination flows in porous media.
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2.2.1 Flow Equation

The water head is usually described in terms of pressure as

h = P

ρg
+ z, (2.1)

where h is the water head [L], P is the dynamic pressure [ML−1T −2], while ρ is the fluid

density [ML−3]. Also, g is acceleration [LT −2] due to gravity, and z is the elevation [L]

above the datum. Where L represents the unit of length, M stands for the mass unit, and T

represents the time unit.

The Darcy’s law in porous media is given as [11, 40, 65],

u = −K (∇h + ρgη) , (2.2)

where u is the Darcy’s velocity of the flow. K is hydraulic conductivity [LT −1], can be

described by K = kρg
µ

, where k represents the permeability [L2], and µ represents the viscosity

[ML−1T −1] of the fluid. The variable η is used to indicate the direction of flow. When the

flow is in a horizontal direction, η equals 0, and when the flow is in a vertical direction, η

equals 1. The groundwater flow equation is given as

Ss
∂h

∂t
= ∇. [K (∇h + ρgη)] , (2.3)

where Ss is the specific storage [L−1].
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2.2.2 Multicomponent Concentration Transport Equations

The equations of continuity refer to multi-component concentration transports. The multi-

component transport equations can be expressed as follows [40, 65].

∂(ϕcα)
∂t

+∇. (ucα −D∇cα) = Rα(c), α = 1, 2, . . . , nc, (2.4)

where cα is the concentration [ML−3] for α species, α = 1, 2, . . . , nc, nc is the number of

species and c = (c1, c2, . . . , cnc). The diffusion is D. Rα(c) is the multicomponent chemical

reaction [ML−3T ] that describes the mineral precipitation-dissolution reactions and the

intra-aqueous reactions.

We consider horizontal flow within the aquifer. We introduce pollution rates at the top part

boundary of the domain by the Neumann boundary condition; and there is no source or sink

within the domain. Therefore, the coupled system of multi-component contamination flows

can be expressed as follows

Ss
∂h

∂t
−∇.(K∇h) = 0, (2.5)

u = −K∇h, (2.6)
∂(ϕcα)

∂t
+∇.(ucα −D∇cα) = Rα(c), α = 1, 2, . . . , nc, (2.7)

and the initial conditions are

h(x, y, 0) = h0(x, y, 0), (x, y) ∈ Ω, (2.8a)

cα(x, y, 0) = cα0(x, y, 0), α = 1, 2, . . . , nc, (x, y) ∈ Ω, (2.8b)

and the Dirichlet and Neumann boundary conditions for the water head are given as

h(ax, y, t) = hleft(y, t), h(bx, y, t) = hright(y, t), (2.9a)
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∂h

∂y
(x, t) = 0, (x, y) ∈ the top and bottom boundaries of Ω. (2.9b)

Let the first group of concentrations, cβ, β = 1, 2, ..., ne, represents the concentrations of the

existing components, and let the second group of concentrations, cγ , γ = ne + 1, ne + 2, ..., nc,

represents the concentrations of the injected components. The boundary conditions of

concentrations are given as

∂cβ

∂x
(y, t) = 0,

∂cβ

∂y
(x, t) = 0, (x, y) ∈ ∂Ω, β = 1, 2, ..., ne, (2.10a)

∂cγ

∂y
(x, t) = −Pγl

, on Γl, l = 1, 2, ..., ns,
∂cγ

∂x
= 0,

∂cγ

∂y
= 0, on ∂Ω\ ∪ Γl, (2.10b)

where γ = ne +1, ne +2, ..., nc. The Γl, where l = 1, 2, ..., ns, represent the segments located on

the upper part boundary of the domain where the pollutions are injected into the aquifer. Pγl
,

where l = 1, 2, ..., ns, are the injection rates for the γ’s pollutant on Γl. ∂Ω\ ∪ Γl represents

the rest boundary ∂Ω except ∪Γl.

2.2.3 Multicomponent Optimal Control Model

The goal of the mathematical model of optimal control of multicomponent contamination is

to find optimal injection rates that can bring simulated concentrations as close as possible to

the permissible environmental concentrations at the observation sites, while minimizing the

abatement costs associated with contamination injections.

For a single-component contamination problem, a simulation-optimization model linking

sewage disposal at injected wells and global purification costs was proposed for practical

management purposes [8, 73, 124]. To achieve both environmental and economic benefits, it is

possible to minimize single-species concentration deviations caused by pollution at well points

while also reducing total emission abatement costs [118]. We consider the multicomponent

optimal control model with the boundary injection treatment described as follows.
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min
{Pγl

}
f(Pγl) = min

{Pγl
}

{ nob∑
s=1

nc∑
γ=ne+1

∫ T

0
ωγs

[
cγs(Pγl

, t)− c∗
γs

(t)
]2

dt +
ns∑
l=1

nc∑
γ=ne+1

∫ T

0
ω2Aγl

(rγl
)dt
}

(2.11)

subject to

The governing system of PDEs: (2.5)− (2.10), (2.12)

cmin
γs
≤ cγs ≤ cmax

γs
, s = 1, 2, ..., nob, γ = ne + 1, ne + 2, ..., nc, (2.13)

P min
γl
≤ Pγl

≤ P max
γl

, l = 1, 2, ..., ns, γ = ne + 1, ne + 2, ..., nc, (2.14)

where Pγl
= {Pγl

; l = 1, 2, ..., ns, γ = ne + 1, ne + 2, ..., nc}.

The objective function f(Pγl
) contains the overall fitness between the simulated concentration

cγs and the observed concentration cob
γs

and the abatement costs as follows

f(Pγl
) = f1(Pγl

) + f2(Pγl
)

=
nob∑
s=1

nc∑
γ=ne+1

∫ T

0
ωγs

[
cγs(Pγl

, t)− cob
γs

(t)
]2

dt +
ns∑
l=1

nc∑
γ=ne+1

∫ T

0
ω2Aγl

(rγl
)dt. (2.15)

The first function, f1(Pγl
), represents the concentration least squares error that defines the

overall fitness between the simulated concentrations cγs(Pγl
, t) and the concentrations cob

γs
(t)

at the observation sites with weight ωγs . The allowable environmental concentrations cob
γs

(t)

are perturbed from ideal concentration at minimum injection rates. The weight functions are

designed to normalize the component affection in the objective function, which are defined as

ωγs = 1(
cob

γs
+ η

)2 , (2.16)

where the constant η is dependent on the concentration values. It can be set to a sufficiently

large value to prevent small differences in low concentrations from dominating the objective

function.
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The second function, f2(Pγl
), refers to the reduction costs at all contaminated sites. Aγl

(rγl
)

represents the cost of reducing emissions on a daily basis at the lth injected station during

one unit period. This cost is calculated by

Aγl
(rγl

) = b1,lW
b2,l
γl

+ b3,lW
b2,l
γl

rb4,l
γl

, (2.17)

where the term of b1,lW
b2,l
γl represents the power function of treatment volume at the lth

injected site and the total treated contamination volumes Wγl
according to daily production

activities are defined by

Wγl
= P max

γl
for l = 1, 2, ..., ns, γ = ne + 1, ne + 2, ..., nc, (2.18)

and the influent rates, commonly known as reduction rates, are defined as

rγl
=

P max
γl
− Pγl

P max
γl

, for l = 1, 2, ..., ns, γ = ne + 1, ne + 2, ..., nc, (2.19)

where Pγl
, γ = ne + 1, ne + 2, ..., nc, are the injected components injection rates.

The values of constant coefficients b1,l, b2,l, b3,l and b4,l at the lth injection site are depended

on industrial production activities. Here, b1,l > 0 and b3,l > 0 represent the coefficients of the

cost function. The coefficient b2,l must be between zero and one, as it is subject to the scale

economies effect. The b4,l > 1 indicates the scale index of treatment efficiency where the cost

increases exponentially with reduction rates.

Additionally, the concentrations simulated at observation sites, denoted as cγs , always satisfy

within a specific interval of concentrations during the simulation period. The injection rates

Pγl
are bounded by upper and lower values.
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2.3 Discrete Multicomponent Optimal Control Model

In this section, we propose the discrete model of optimal control for the multicomponent

contamination flows.

2.3.1 Splitting Improved Upwind Scheme for Multicomponent

Flow Equations

Consider domain Ω = (ax, bx) × (ay, by) . Let the mesh be Ωh = Ih × Jh with Ih = {ax =

x0, x1, ..., xnx−1, xnx = bx} and Jh = {ay = y 1
2
, y1, ..., yny−1, yny+ 1

2
= by}, where the spatial

step size ∆x = bx−ax

nx
and ∆y = by−ay

ny
along the x-direction and the y-direction, respectively.

We denote in Fig. 2.1 that

xi = ax + i∆x, i = 0, 1, 2, ..., nx, xi+ 1
2

= xi + xi+1

2 , i = 0, 1, 2, ..., nx − 1,

yj = ay + j∆y, j = 1, 2, 3, ..., ny, yj+ 1
2

= yj + yj+1

2 , j = 1, 2, 3, ..., ny − 1.

Let Nt denote the number of the time steps and ∆t = T
Nt

. We define the time partition

0 = t0 < t1 < . . . < tNt−1 < tNt = T by tn = n∆t.

We denote the approximate water-head by Hi,j for i = 1, 2, 3, ..., nx − 1 and j = 1, 2, 3, ..., ny,

the approximate velocity components in the x-direction by Uxi,j
, i = 0, 1, 2, ..., nx and

j = 1, 2, ..., ny and in the y-direction by Uy
i+ 1

2 ,j+ 1
2

for i = 0, 1, 2, ..., nx−1 and j = 0, 1, 2, ..., ny,

and the approximate concentration by Ci+ 1
2 ,j for i = 0, 1, 2, ..., nx − 1 and j = 1, 2, ..., ny,

respectively.

We consider the modified upwind technique to approximate the convection and diffusion

terms [58, 65], thereby avoiding nonphysical numerical oscillations.
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Let s(x) be the sign function given by

s(x) =


1, for x ≥ 0,

0, for x < 0.

Figure 2.1: The staggered mesh where represents (xi+ 1
2
, yj) and ♦ represents (xi, yj), the

nodes for Cα,i+ 1
2 ,j and Hi,j respectively.

Let the global concentration fluxes be

zα = ucα −D∇cα, α = 1, 2, . . . , nc. (2.21)

Then, the approximate global concentration fluxes are defined by

Z
x,n+ 1

2
αi+1,j = Un+1

xi+1,j

[
s
(
Un+1

xi+1,j

)
C

n+ 1
2

α
i+ 1

2 ,j
+
(
1− s

(
Un+1

xi+1,j

))
C

n+ 1
2

α
i+ 3

2 ,j

]

−D∗
x

i+ 1
2 ,j

C
n+ 1

2
α

i+ 3
2 ,j
− C

n+ 1
2

α
i+ 1

2 ,j

∆x
, i = 0, 1, ..., nx − 1, j = 1, 2, ..., ny. (2.22)

Zy,n+1
α

i+ 1
2 ,j+ 1

2
= Ux,n+1

y
i+ 1

2 ,j+ 1
2

[
s
(

Un+1
y

i+ 1
2 ,j+ 1

2

)
Cn+1

α
i+ 1

2 ,j
+
(

1− s
(

Un+1
y

i+ 1
2 ,j+ 1

2

))
Cn+1

α
i+ 3

2 ,j+1

]
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−D∗
y

i+ 1
2 ,j+ 1

2

Cn+1
α

i+ 1
2 ,j+1
− Cn+1

α
i+ 1

2 ,j

∆y
, i = 0, 1, ..., nx − 1, j = 1, 2, ..., ny. (2.23)

with

D∗
x

i+ 1
2 ,j

=
Dx

i+ 1
2 ,j

1 + |Un+1
xi+1,j

|∆x

2Dx
i+ 1

2 ,j

, D∗
y

i+ 1
2 ,j+ 1

2
=

Dy
i+ 1

2 ,j+ 1
2

1 +
|Un+1

y
i+ 1

2 ,j+ 1
2

|∆y

2Dy
i+ 1

2 ,j+ 1
2

.

This improved upwind approximation avoids nonphysical numerical oscillations while keeping

the second-order accuracy in the space step [58, 123, 125].

The splitting improved upwind finite difference scheme for the multicomponent contamination

problem (2.5)-(2.10) is proposed as follows

For n = 0, 1, ..., Nt − 1, do

Step 1. To solve the water-head along the x-direction, for j = 1, 2, ..., ny,

Ss

H
n+ 1

2
i,j −Hn

i,j

∆t
− 1

∆x

Kx
i+ 1

2 ,j

H
n+ 1

2
i+1,j −H

n+ 1
2

i,j

∆x
−Kx

i− 1
2 ,j

H
n+ 1

2
i,j −H

n+ 1
2

i−1,j

∆x

 = 0,

i = 1, 2, ..., nx − 1, (2.24)

with the Dirichlet boundary conditions

H
n+ 1

2
0,j = hleft,j, H

n+ 1
2

nx,j = hright,j, j = 1, 2, ..., ny. (2.25)

To solve the water-head along the y-direction, for i = 1, 2, ..., nx − 1,

Ss

Hn+1
i,j −H

n+ 1
2

i,j

∆t
− 1

∆y

[
Ky

i,j+ 1
2

Hn+1
i,j+1 −Hn+1

i,j

∆y
−Ky

i,j− 1
2

Hn+1
i,j −Hn+1

i,j−1

∆y

]
= 0,

j = 1, 2, ..., ny, (2.26)
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with the Neumann boundary conditions

Hn+1
i,1 −Hn+1

i,0

∆y
= 0,

Hn+1
i,ny+1 −Hn+1

i,ny

∆y
= 0, i = 1, 2, ..., nx − 1. (2.27)

Step 2. To approximate the Darcy’s velocity along the x-direction by, for j = 1, 2, ..., ny

Un+1
xi+1,j

= −Kxi+1,j

Hn+1
i+2,j −Hn+1

i,j

2∆x
, i = 0, 1, ..., nx − 2, (2.28)

and at the end points

Un+1
x0,j

= −Kx0,j

Hn+1
1,j −Hn+1

0,j

∆x
, Un+1

xnx,j
= −Kxnx,j

Hn+1
nx,j −Hn+1

nx−1,j

∆x
. (2.29)

To approximate the Darcy’s velocity along the y-direction by, for i = 0, 1, ..., nx − 1

Un+1
y

i+ 1
2 ,j+ 1

2
= −Ky

i+ 1
2 ,j+ 1

2

Hn+1
i+ 1

2 ,j+1 −Hn+1
i+ 1

2 ,j

∆y
, j = 1, 2, ..., ny − 1, (2.30)

and at the end points

Un+1
y

i+ 1
2 , 1

2
= −Ky

i+ 1
2 , 1

2

Hn+1
i+ 1

2 ,1 −Hn+1
i+ 1

2 ,0

∆y
, (2.31)

Un+1
y

i+ 1
2 ,ny+ 1

2
= −Ky

i+ 1
2 ,ny+ 1

2

Hn+1
i+ 1

2 ,ny+1 −Hn+1
i+ 1

2 ,ny

∆y
. (2.32)

Step 3. To solve the concentrations along the x-direction by, for j = 1, 2, ..., ny,

ϕ
C

n+ 1
2

α
i+ 1

2 ,j
− Cn

α
i+ 1

2 ,j

∆t
+ Z

x,n+ 1
2

αi+1,j − Z
x,n+ 1

2
αi,j

∆x
= 0, i = 0, 1, ..., nx − 1, (2.33)

Z
x,n+ 1

2
αi+1,j = Un+1

xi+1,j

[
s
(
Un+1

xi+1,j

)
C

n+ 1
2

α
i+ 1

2 ,j
+
(
1− s

(
Un+1

xi+1,j

))
C

n+ 1
2

α
i+ 3

2 ,j

]

−D∗
x

i+ 1
2 ,j

C
n+ 1

2
α

i+ 3
2 ,j
− C

n+ 1
2

α
i+ 1

2 ,j

∆x
, (2.34)
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with the boundary conditions

C
n+ 1

2
α 1

2 ,j
− C

n+ 1
2

α− 1
2 ,j

∆x
= 0,

C
n+ 1

2
α

nx+ 1
2 ,j
− C

n+ 1
2

α
nx− 1

2 ,j

∆x
= 0, j = 1, 2, ..., ny. (2.35)

To solve the concentrations along the y-direction by, for i = 0, 1, ..., nx − 1

ϕ
Cn+1

α
i+ 1

2 ,j
− C

n+ 1
2

α
i+ 1

2 ,j

∆t
+

Zy,n+1
α

i+ 1
2 ,j+ 1

2
− Zy,n+1

α
i+ 1

2 ,j− 1
2

∆y
= Rα

(
Cn+ 1

2
i+ 1

2 ,j

)
, j = 1, 2, ..., ny, (2.36)

Zy,n+1
α

i+ 1
2 ,j+ 1

2
= Un+1

y
i+ 1

2 ,j+ 1
2

[
s
(

Un+1
y

i+ 1
2 ,j+ 1

2

)
Cn+1

α
i+ 1

2 ,j
+
(

1− s
(

Un+1
y

i+ 1
2 ,j+ 1

2

))
Cn+1

α
i+ 1

2 ,j+1

]

−D∗
y

i+ 1
2 ,j+ 1

2

Cn+1
α

i+ 1
2 ,j+1
− Cn+1

α
i+ 1

2 ,j

∆y
, (2.37)

where

D∗
x

i+ 1
2 ,j

=
Dx

i+ 1
2 ,j

1 + |Un+1
xi+1,j

|∆x

2Dx
i+ 1

2 ,j

, D∗
y

i+ 1
2 ,j+ 1

2
=

Dy
i+ 1

2 ,j+ 1
2

1 +
|Un+1

y
i+ 1

2 ,j+ 1
2

|∆y

2Dy
i+ 1

2 ,j+ 1
2

,

and at the end points

Cn+1
α

i+ 1
2 ,1
− Cn+1

α
i+ 1

2 ,0

∆y
= 0, i = 0, 1, ..., nx − 1, (2.38a)

Cn+1
β

i+ 1
2 ,ny+1

− Cn+1
β

i+ 1
2 ,ny

∆y
= 0, on Γl, l = 1, 2, ..., ns, (2.38b)

Cn+1
γ

i+ 1
2 ,ny+1

− Cn+1
γ

i+ 1
2 ,ny

∆y
= −Pγi,j

, on Γl, l = 1, 2, ..., ns, (2.38c)

Cn+1
α

i+ 1
2 ,ny+1

− Cn+1
α

i+ 1
2 ,ny

∆y
= 0, on {y = by}\ ∪ Γl. (2.38d)

The initial values are defined as

H0
i,j = h0(i, j), i = 1, 2, ..., nx − 1, j = 1, 2, ..., ny, (2.39a)

C0
αi,j

= cα0(i, j), i = 1, 2, ..., nx, j = 1, 2, ..., ny. (2.39b)
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2.3.2 Discrete Multicomponent Optimal Control Model

To solve the multicomponent optimal control model (2.11) - (2.14) numerically, the discrete

objective function can be approximated as

fA (Pγl
) =

nob∑
s=1

nc∑
γ=ne+1

Nt∑
n=1

ωγs

[
Cγs (Pγl

, tn)− Cob
γs

(tn)
]2

∆t

+
ns∑
l=1

nc∑
γ=ne+1

Nt∑
n=1

ω2Aγl
(rγl

(tn)) ∆t. (2.40)

Thus the discrete multicomponent optimal control model is defined as finding the optimal

Pγl
, γ = ne + 1, ne + 2, ..., nc, l = 1, 2, ..., ns such that

min
{Pγl

}
fA (Pγl

) (2.41)

subject to

The splitting improved upwind scheme of (2.24)− (2.39), (2.42)

cmin
γs
≤ Cγs(tn) ≤ cmax

γs
, γ = ne + 1, ne + 2, ..., nc, s = 1, 2, ..., nob, (2.43)

P min
γl
≤ Pγl

≤ P max
γl

, γ = ne + 1, ne + 2, ..., nc, l = 1, 2, ..., ns, (2.44)

where {Cγs(tn)} are the numerical concentrations at the observation locations. The lower

and upper bounds of concentrations at observation locations are denoted by cmin
γs

and cmax
γs

.

{Cob
γs

(tn)} are the allowable concentrations at the observation sites that are simulated at the

smallest injection rates Pγl
= P min

γl
.

2.3.3 Optimization Algorithm

We will apply the Differential Evolution (DE) algorithm to solve the discrete multicomponent

optimal control model (2.40) - (2.44). The DE algorithm is a powerful population-based
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optimization algorithm that is widely used to solve complex optimization problems. It is

particularly well-suited for nonlinear and non-continuous problems with intricate search

spaces. DE was first proposed in [97], which is composed of four distinct phases: initialization,

mutation, crossover, and selection. With its effectiveness and flexibility, DE is an essential

tool for optimization problems to obtain robust and assertive solutions.

The DE algorithm is a population-based stochastic evolutionary algorithm. (a) it is a

derivative-free algorithm, which doesn’t require to compute the gradient of objective function

[106]. (b) it is a global optimal solution algorithm, which finds the global minimum, ignoring

local minima. (c) it is straightforward to implement with a few control parameters [100].

The program is simple and is easy to use. (d) it has fast convergence. DE converges to the

global minimum solution with good convergence property and outperforms many evolutionary

algorithms in terms of convergence speed, as reported in [47, 67, 71, 127].

Here we present an extension of the DE algorithm to handle nonlinear constrained multicom-

ponent optimal control problem of the objective function f(Pγs).

Let D =
[
Pmin

γl
, Pmax

γl

]
, then the restriction condition (2.43) can be rewritten as follows

fn
γs

(Pγl
) = Cn

γs
− Cn,max

γs
≤ 0, s = 1, 2, ..., nob, n = 1, 2, ..., Nt, (2.45a)

fNt+n
γs

(Pγl
) = Cn,min

γs
− Cn

γs
≤ 0, s = 1, 2, ..., nob, n = 1, 2, ..., Nt. (2.45b)

For considering multiple-constraint optimal control problems of multicomponent, we have

the following definitions and procedures, similar to [14, 42, 57, 88, 110, 117].

Definition 3.3.1 For the constrained optimization problem, we define the satisfaction

function ϕ(·): D → R by

ϕ(Pγl
) =

Nt∑
n=1

nc∑
γ=ne+1

nob∑
s=1

(
Gn

γs
+ GNt+n

γs

)
, (2.46)
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where

Gn
γs

(Pγl
) =


1
2 , fn

γs
(Pγl

) ≤ 0,

1
1+exp(fn

γs(Pγl))
, otherwise,

(2.47a)

GNt+n
γs

(Pγl
) =


1
2 , fNt+n

γs
(Pγl

) ≤ 0,

1
1+exp(fn

γs(Pγl))
, otherwise.

(2.47b)

Let, S =
{
Pγl
| Pγl

∈ D ∧ [fn
γs
≤ 0] ∧ [fNt+n

γs
≤ 0]

}
. It’s obvious that ϕ (Pγs) = Nt(nc − ne)

when Pγl
∈ S and 0 < ϕ(Pγl

) < Nt(nc − ne) when Pγl
/∈ S. The more of the constraint

violation number of Pγl
, the less of the value of ϕ (Pγl

).

Definition 3.3.2 Suppose Pγl
and Qγl

are two different individuals from the next two

generations, we define the following function

prior(Pγl
, Qγl

) =


1, ϕ(Pγl

) = ϕ(Qγl
) and f(Pγl

) < f(Qγl
) Or ϕ(Pγl

) > ϕ(Qγl
),

0, otherwise.

(2.48)

If the constraint violation number of Pγl
> the constraint violation number of Qγl

, that is

ϕ(Pγl
) > ϕ(Qγl

), we say that Pγl
is prior to Qγl

and prior(Pγl
, Qγl

) = 1. Where f(Pγl
) is

the objective function.

The DE algorithm utilizes Np D-dimensional parameter vectors Pj
γli,G

=
[
P1

γli,G
, P2

γli,G
,

..., PD
γli,G

]
, where i = 1, 2, . . . , Np and j = 1, 2, ..., D, as a population for each generation G

of the optimization process. The initialization is a one-time process while the other three

phases are repeated until the termination criteria (maximum generation or reach tolerance)

are satisfied. The initial population Np by D dimensional matrix has been created using

a uniformly distributed random variable within the range [0, 1] and must be specified by

maximum and minimum parameter bounds. For example, the initial value of jth parameter
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of the ith vector at generation G = 0 is created as

Pj
γli,o

= Pj
γlL

+
(
Pj

γlU
−Pj

γlL

)
randj(0, 1), i = 1, 2, ..., Np and j = 1, 2, ..., D, (2.49)

where Pj
γlU

and Pj
γlL

are the maximum and minimum D-dimensional initialization vectors

respectively and randj(0, 1) is uniformly distributed random variable within range [0, 1].

Once initialized, the DE algorithm generates a mutant vector denoted by Yγsi,G+1 following

the mutation strategy. The mutation strategies are formulated with a base vector and

weighted difference between two vectors. Generally, mutation strategies are labeled as

DE/a/b/c, where a represents the target vector considered in the mutation procedure

like rand, best, or rand − to − best. The strategy with rand implies a random solution for

perturbation, best used for perturbation the Pγlopt
, and rand − to − best implies a mix of

both. The label b represents the number of difference vectors involved, either 1 or 2. The

last label c usually doesn’t show up in many authors’ works, but it’s important, c represents

the crossover type. There are two types of crossover methods in the DE algorithm, one

is binomial(bin) which takes the entries of the vector at random, and the second type is

exponential (exp) selects a range of entries of the vector by starting at a random index.

We use the following strategy [97]

DE/rand− to− best/2/exp :

Yγli,G+1 = Pγli,G
+ λ

(
Pγlopt,G

−Pγli,G

)
+ µ

(
Pγl1,G

−Pγl2,G

)
, (2.50)

where λ is a control parameter that further improves the quality of the greediness of the

scheme by including the current optimal vector crossover phase. Trial vectors Uj
γli,G+1

are

produced in a probabilistic way by crossing mutant vectors Yγli,G+1 , and target vectors Pγli,G

27



as follows

Uj
γli,G+1

=


Yj

γli,G+1
, if j = randb(j),

Pj
γli,G

, if j ̸= randb(j).
(2.51)

To select the next generation vector, if the trail vector Uj
γli,G+1

gives an equal or better

objective value compared with the previous vector Pj
γli,G

objective function value then trial

vector is replaced the previous vector for next generation. It can be defined as following

Pj
γli,G+1

=


Uj

γli,G+1
, if prior

(
Uj

γli,G+1
, Pj

γli,G

)
= 1,

Pj
γ;i,G

, otherwise.

(2.52)

From the mutation stage to the selection stage procedure will continue until G ≤ Gmax or

the stop criteria are not satisfied.

DE is well-suited for global optimization problems, especially in high-dimensional spaces. One

of the key factors that influence the exploration and exploitation capabilities of the Differential

Evolution (DE) algorithm is its mutation strategy. To achieve a better balance between

exploration and exploitation, we have opted to compare the performance of the seventh

strategy from the traditional DE algorithm, which is denoted as “DE/rand-to-best/2/exp".

Out of the ten available strategies, this particular one has been chosen for a comparative

study to enhance the search behaviour of the algorithm. [107] used this strategy to select

the best feature for predicting cardiovascular disease, which resulted in a model accuracy of

83%. For considering the adaptivity, some self-adaptive control parameter DE algorithms

have been developed recently [14, 26].

2.4 Numerical Experiments

In this section, we will conduct numerical experiments to show the effectiveness of the

multicomponent optimal control approach developed in the previous section. In the first
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example, we will take numerical studies to assess the performance of the proposed splitting

improved upwind numerical scheme that can efficiently model the transportation of three

contaminants and their reactions with precipitation in porous media. This will help us gain

valuable insights and a deeper understanding of the system dynamics. In the second example,

our primary objective is to determine the optimal injection rates that minimize concentration

errors at observation sites and reduce emission costs while using a rectangular aquifer. In

these two examples, the pollutants are entering from the upper boundary of domains. In

Example 3, we will consider a more realistic aquifer and further compute and analyze the

multicomponent optimal control problems.

Table 2.1: Physical and chemical parameters used in the numerical simulations.

Parameter Symbol Value Unit

Storage coefficient Ss 10−5 –
Effective porosity ϕ 0.3 –
Hydraulic conductivity (x) Kx 3.3 m/day
Hydraulic conductivity (y) Ky 2.7 m/day
Diffusion coefficient (x) Dx 8× 10−2 m2/day
Diffusion coefficient (y) Dy 3× 10−2 m2/day
Reaction rate constant k 0.04 mol m−2 day−1

Effective surface area Se 0.049 m−1

Example 1. In this experiment, we are assessing the performance of the multi-component

contamination PDE problem for both continuous and discontinuous pollution injection

processes. We consider three pollution components CO2−
3 , Mg2+ and Cl− where the aquifer

contains CO2−
3 inside and the other two components are injected on the specific top of the

aquifer. The presence of multiple contaminants in a flow can greatly affect various chemical

processes, including precipitation, complexation, dissolution, hydrolysis, oxidation-reduction,

and more. We simulate the flow of multi-component contamination that occurs during the

precipitation reaction.
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Figure 2.2: The domain of aquifer.

The stoichiometry equation for magnesite growth is as follows

CO2−
3 + Mg2+ →MgCO3.

The rate of growth for magnesium carbonate is Gr = kSeCMg2+CCO2+
3

.

The kinetic control reaction for CO2−
3 is presented as SCO2−

3
Gr, while that for Mg2+ is

represented as SMg2+Gr. The stoichiometric coefficients for the reaction involving CO2−
3 and

Mg2+ are both equal to 1, denoted as SCO2−
3

Gr and SMg2+ . At a temperature of 250C, the

solubility constant of MgCO3 is 6.82× 10−6.

The Fig. 2.2 represents the domain of aquifer. We consider the domain of aquifer to be

L = 1000m horizontally and M = 20m vertically. For the water head, we impose Dirichlet’s

boundary condition in the x-direction where left boundaries hleft = 100m and right boundaries

hright = 20m respectively, and the Neumann boundary condition ∂h
∂y

= 0 are considered on

the top and bottom boundaries. For concentration, initially, water flow contains CO2−
3

contamination, and pollutions Mg2+ and Cl− are injected on the top of the aquifer by

imposing Neumann boundary condition.

We consider ∂c
∂x

= 0 on the left and right boundaries. The injected locations are placed

between [70m, 160m], and [550m, 650m] respectively. Due to hydraulic head difference, an

initial steady flow is produced from left to right.

For this experiment, we take the injection rates of two contaminants Mg2+ = 0.009 and

Cl− = 0.05 injected on the top of boundary [70m, 160m] and [550m, 650m] by imposing
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(a) at t = 4 months

(b) at t = 8 months

(c) at t = 14 months

Figure 2.3: Concentration profiles of contamination Cl− with different component injection
rates after 4rd, 8th and 14th months respectively.

31



(a) at t = 4 months

(b) at t = 8 months

(c) at t = 14 months

Figure 2.4: Concentration profiles of contamination Mg2+ for different component injection
rates after 4rd, 8th and 14th months respectively.
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Neumann boundary condition. The initial value of hydraulic head is h0 = 20m. The initial

concentration of CO2−
3 is CCO2−

3
= 0.67mol/m3, Mg2+ is CMg2+ = 0, and Cl− is CCl− = 0,

respectively. The parameter values are listed in Table 2.1. We consider the spatial steps

∆x = ∆y = 1m and the time step ∆t = 1day. The total simulation time is 28 months. Firstly,

(a) at t = 4 months

(b) at t = 8 months

(c) at t = 14 months.

Figure 2.5: Concentration profiles of contamination CO2−
3 for different component injection

rates after 4rd, 8th and 14th months respectively.

we consider pollutions Cl− and Mg2+ are injected continuously in two specific locations on

the top of the boundary. Fig. 2.3 shows concentration profiles of Cl− for 14 months. For

different months, we can clearly observe that the Cl− pollution moves from left to right
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due to velocity which has been created by the water head difference. The Mg2+ pollution

Fig. 2.4 also shows the same behaviour like Cl−, but if we compare Fig. 2.4 and Fig. 2.3,

Cl− pollution moves fast than Mg2+ pollution since the precipitation reaction with CO2−
3

makes Mg2+ slow down. Concentration profiles of inside aquifer component CO2−
3 are shown

in Fig. 2.5 where concentration moves left to right due to water head difference, and Fig. 2.5

(a)-(c) show that there is less concentration at injection locations because CO2−
3 is going

to decrease due to the precipitation reaction with Mg2+. Secondly, we will discuss a more

(a) at t = 8 months

(b) at t = 18 months

(c) at t = 28 months

Figure 2.6: Concentration profiles of contamination Cl− due to the discontinuous injections
at different time.
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realistic situation that pollution sources do not release contamination continuously. We

consider that the rates of injection for Mg2+ and Cl− are introduced in six months and that

there are be no further pollution injections in the next six months. From Fig. 2.6(a), the Cl−

contamination transports along the flow and the affection of diffusion is shown at the 8th

month. Then at the 12th month, again, we re-inject the contamination rate on the top of

the domain. Fig. 2.6(b) displays that there are new concentrations at the injected locations,

and the big bubbles represent previous pollution moving with velocity and diffusion. Finally,

(a) at t = 8 months

(b) at t = 18 months

(c)at t = 28 months.

Figure 2.7: Concentration profiles of contamination Mg2+ due to the discontinuous injections
at different time.
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there is no injection rate after the 18th month, and the pollution reaches the end of the

right boundary at the 28th month in Fig. 2.6(c). In Fig. 2.7(a) for Mg2+, it shows the same

behaviour of Mg2+ as in Fig. 2.6(a), but the scenarios are different at the 18th month because

Mg2+ concentration is depleted in the presence of CO2−
3 due to magnetic precipitation that

shown in Fig. 2.7(b). At the end of 28th month, Mg2+ pollution reaches the end of the right

boundary with less concentration (see Fig. 2.7(c)). Fig. 2.8(a)-(c) show the concentration

profiles of CO2−
3 and the results indicate that the concentration CO2−

3 will decrease due to

its reaction with Mg2+.

Example 2. In second experiment, we aim to find the optimal injection rates by the optimal

control approach that minimizes the concentration deviation at the observation sites and

the emission reduction at the injected pieces locations. We analyze the injection rates of

two pollutants that are being injected at the four distinct pieces on the top boundary of the

domain.

Consider the domain Ω = [0, 1000m] × [0, 20m] and the total simulation time period of 2

years. In addition, we have a continuous pollution injection process that happens through the

injected pieces at the top boundary of the domain. The left boundary value of water head is

hleft = 100m and the right boundary value of water head is hright = 20m. The initial condition

for water head is h0 = 20m as well as the initial value for pollution concentrations Mg2+,

Cl− are zero and CO2
3 = 0.67mol/m2. We consider four injection rates Pγl

, l = 1, 2, 3, 4, at

the four injected pieces, and the four observation locations of Onob
, nob = 1, 2, 3, 4, inside the

aquifer as shown in Fig. 2.2.

In the computation, the observation concentration Cob
γs

is define by

Cob
γs

= Cγs,min + ζCγs,minrand(.), (2.53)

where Cγs,min is the simulated concentration at the minimum injection rate, rand(.) creates

uniformly distributed random numbers in (0, 1), and ζ is a fraction. The value of ζ varies
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(a) at t = 8 months

(b) at t = 18 months

(c) at t = 28 months

Figure 2.8: Concentration profiles of contamination CO2−
3 due to the discontinuous injections

at different time.
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from 0.001 to 0.2, representing the noise level. For ζ < 0.10 means low-level noise, between

0.1 < ζ < 0.15 corresponds to moderate noise level, and ζ > 0.15 presents to high noise level.

We consider the four injection locations on the top boundary of the left half domain. They

are located between [50m, 100m], [170m, 220m], [420m, 470m], and [540m, 590m] respectively.

Four discrete areas where the pollution concentrations are somewhat constrained need to be

protected. In this instance, the particular places are considered as a few points which serve

as observation locations. We consider the four observation points are (410, 18.5), (410, 18),

(850, 18.5) and (850, 18). We use the spatial step sizes are ∆x = ∆y = 1m and the time step

size as ∆t = 1day. The parameter values are given in Table 2.1.

The overall fitness function is defined as follows

f1(Pγl
) =

nob∑
s=1

nc∑
γ=ne+1

Nt∑
n=1

ωγs [Cγs(Pγl
, tn)− C∗

γs
(tn)]2∆t. (2.54)

Table 2.2 and Table 2.3 show the accuracy of numerical results by the optimal control

Table 2.2: Numerical simulations-optimization results of Mg2+ and Cl− when
observation concentration at the lowest point of injection rates range for the objective
function f1.

Pγl
AIR ζ = 0 ζ = 0.005 ζ = 0.1

Opt Error Opt Error Opt Error

Mg2+

Pγ1 0.07 0.07 0 0.071072 1.1e− 3 0.071224 1.2e− 3
Pγ2 0.07 0.07 0 0.070951 9.5e− 4 0.072278 2.3e− 3
Pγ3 0.07 0.07 0 0.071046 1.1e− 3 0.071223 1.2e− 3
Pγ4 0.07 0.07 0 0.070979 9.8e− 4 0.072135 2.1e− 3

Cl−

Pγ1 0.08 0.08 0 0.081059 1.1e− 3 0.081167 1.2e− 3
Pγ2 0.08 0.08 0 0.080959 9.6e− 4 0.082203 2.2e− 3
Pγ3 0.08 0.08 0 0.081034 1.0e− 3 0.081207 1.2e− 3
Pγ4 0.08 0.08 0 0.080989 9.9e− 4 0.082106 2.1e− 3

approach. In Table 2.2 and Table 2.3, we consider only overall fitness f1 as the objective

function and present the results of different noise levels ζ. In the tables, AIR means the

actual injection rates, and Opt means the numerical optimal injection rates. The relative
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error indicates how good the measurement is relative to the object’s size. We consider the

injection rates range at four different injection locations [0.07, 0.9] for Mg2+ and [0.08, 0.9]

for Cl−. Then, we find the numerical optimal injection rates (Opt) at four different injection

locations and find relative errors. In Table 2.2, we choose the minimum injection rates as

Table 2.3: Numerical simulations-optimization results of Mg2+ and Cl− when observation
concentration at the middle point of injection rates range for the objective function f1.

Pγl
AIR ζ = 0 ζ = 0.005 ζ = 0.1

Opt Error Opt Error Opt Error

Mg2+

Pγ1 0.2 0.199261 7.4e− 4 0.209822 9.8e− 3 0.218743 1.9e− 2
Pγ2 0.2 0.200092 9.2e− 5 0.210055 1.0e− 2 0.221054 2.1e− 2
Pγ3 0.2 0.199177 8.2e− 4 0.209974 9.9e− 3 0.221686 2.2e− 2
Pγ4 0.2 0.199900 9.9e− 5 0.209949 9.9e− 3 0.219137 1.9e− 2

Cl−

Pγ1 0.3 0.299745 2.6e− 4 0.309615 9.6e− 3 0.317943 1.8e− 2
Pγ2 0.3 0.299912 8.8e− 5 0.310159 1.0e− 2 0.321825 2.2e− 2
Pγ3 0.3 0.298059 1.9e− 3 0.309833 9.8e− 3 0.322468 2.2e− 2
Pγ4 0.3 0.301423 1.4e− 3 0.309962 9.9e− 3 0.318699 1.9e− 2

AIR, i.e. 0.07 for Mg2+ and 0.08 for Cl− for the observation solution. Here, we list results for

ζ = 0, ζ = 0.005 and ζ = 0.1. For ζ = 0 i.e. no noise, we get the numerical optimal injection

rates (Opt) same as the minimum injection rates at four injected locations as expected, and

the relative errors are zero, which means there are no error for this case. After that, we add

low level of noise ζ = 0.005 in the observed simulation, and we get the numerical optimal

injection rates for Mg2+ and Cl− are slightly higher than the actual injection rates in the

presence of the noise. The relative errors are 10−3. The 8th column of Table 2.2 presents

the results of numerical optimal injection rates (Opt) for moderate noise level ζ = 0.1. As

we observe, the numerical optimal injection rates and the relative errors increase with the

increase of noise.

In Table 2.3, we consider the AIR to be almost at the middle point of the injection rates

range where the AIR for Mg2+ = 0.2 and Cl− = 0.3. For ζ = 0.0, the numerical optimal

injection rates are very close to AIR at different injection locations, and the relative errors
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are 10−4. For Mg2+ and Cl−, the numerical optimal injection rates at the four locations are

slightly higher than AIR for adding slight noise ζ = 0.005. The relative errors reach 10−3.

For the moderate noise level ζ = 0.1, the numerical optimal injection rates are much higher

than AIR, and the relative errors are higher than those with ζ = 0.005. From Table 2.2 and

Table 2.3, we observe that noise at the observation solution increases the numerical optimal

injection rates. From the results, they reach small relative errors, which indicate that the

numerical optimal injection rates by the optimal control approach are reasonable.

We then consider the joint affection of the overall fitness function and the abatement cost

function. The abatement cost function is defined as follows

f2(Pγl
) =

Nt∑
n=1

ns∑
l=1

nc∑
γ=ne+1

ω2[b1,lW
b2,l
γl

+ b3,lW
b2,l
γl

rb4,l
γl

(tn)]∆t, (2.55)

where the influent rates, commonly known as reduction rates(r-rate), are defined by

rγl
=

P max
γl
− Pγl

P max
γl

. (2.56)

The impact of velocity on the simulation-optimization model is discussed in Table 2.4 and

Table 2.5. We calculate velocity in our model using the water head equation. The velocity

is directly proportional to the difference between the two water head boundaries. As this

difference increases, the velocity also increases. We consider the water flows from left to

right. To observe the effect of velocity on optimal injection rates and reduction rates, we vary

the left boundary values of water head from 100m to 300m. However, the right water head

boundary value remains constant at hright = 20m. We use ζ = 0.005 to perturb the observed

concentration. We take different injection rate ranges in different injection locations. We

consider the range of injection rate at the first location [0.02, 0.9], second location [0.05, 0.9],

third location [0.09, 0.9] and fourth location [0.4, 0.9] for Mg2+. On the other hand, the first

location [0.03, 0.9], second location [0.07, 0.9], third location [0.1, 0.9] and fourth location
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[0.5, 0.9] for Cl−. At the specific injection location, we use the AIR as the minimum injection

rate. We choose and noise level ζ = 0.005. In Table 2.4, we have selected the objective

Table 2.4: Numerical simulations-optimization results of Mg2+ and Cl− injection rates for
different water heads for the objective function f1.

Pγl
AIR h = 100m h = 200m h = 300m

Opt r-rate (%) Opt r-rate (%) Opt r-rate (%)

Mg2+

Pγ1 0.02 0.02107 97.66 0.02101 97.67 0.02268 97.48
Pγ2 0.05 0.05096 94.34 0.05144 94.28 0.05000 94.44
Pγ3 0.09 0.09546 89.39 0.11101 87.67 0.11319 87.42
Pγ4 0.40 0.40711 54.77 0.40347 54.17 0.40000 55.56

Cl−

Pγ1 0.03 0.03106 96.55 0.03099 96.56 0.03306 96.33
Pγ2 0.07 0.07094 92.12 0.07240 91.96 0.07000 92.22
Pγ3 0.10 0.10541 88.29 0.12075 86.58 0.14069 84.44
Pγ4 0.50 0.51305 42.99 0.50278 44.13 0.50000 44.44

function that incorporates the overall fitness f1. This table shows the cases the influence

of varying water head values. We take different injection rate ranges in different injection

locations. In the table, r-rate means the reduction rates. According to the data presented in

Table 2.4, it is observed that the numerical optimal injection rates (Opt) are nearly identical

to the actual injection rates at four distinct injection sites for both Mg2+ and Cl−. The

reduction rates increase for a wide range of injection rates and then gradually decrease as the

injection rate range narrows.

Table 2.5 shows a similar experiment by considering the joint objective function of the overall

fitness f1 and the deduction cost f2. The values of the coefficients for the f2 function are

as follows: b1 = 1.7945, b2 = 0.5733, b3 = 2.9275, and b4 = 3.7391. Additionally, the weight

ω2 is equal to 100. As the value of the left head boundary increases, it is clear that the

flow velocity of the pollutant also increases, resulting in an overall decrease in the emission

reduction rate. From Table 2.5, it can be observed that the optimal injection rates rise as

the water head increases while the reduction rate decreases. The locations of Pγ1 and Pγ2

have undergone significant changes. But at Pγ4 , the optimal injection rate is identical to AIR
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Table 2.5: Numerical simulations-optimization results of Mg2+ and Cl− injection rates for
different water heads for the objective function f1 + f2.

Pγl
AIR h = 100m h = 200m h = 300m

Opt r-rate (%) Opt r-rate (%) Opt r-rate (%)

Mg2+

Pγ1 0.02 0.25920 71.20 0.29008 67.77 0.36312 59.65
Pγ2 0.05 0.18968 78.92 0.26873 70.14 0.35900 60.11
Pγ3 0.09 0.41402 53.99 0.38114 57.65 0.43468 51.70
Pγ4 0.40 0.40000 55.56 0.40000 55.56 0.40000 55.56

Cl−

Pγ1 0.03 0.26623 70.42 0.29117 67.65 0.36037 59.96
Pγ2 0.07 0.19724 78.08 0.27074 69.92 0.35796 60.23
Pγ3 0.10 0.41787 53.57 0.38738 56.96 0.43873 51.25
Pγ4 0.50 0.50000 44.44 0.50000 44.44 0.50000 44.44

because the injection rate range is small. Based on the result, the flow velocity impacts the

injection rate and has a more significant impact on the upstream injection locations.

Figure 2.9: The domain of aquifer for Example 3.

Example 3. For the experiment, we evaluate the performance of multicomponent contami-

nation problem with a discontinuous pollution injection process on the specific location of

more realistic domain. A more realistic aquifer with irregular geometry is shown in Fig. 2.9

over a large domain with the dimensions of the aquifer to be L = 1000m horizontally and

M = 50m vertically, respectively. We have divided the domain into two channels that are

20m wide each. The first channel stretches from the left side of the domain up to 450m,

while the second channel is located between 650m and 1000m. However, in the middle of

the domain, between 450m and 650m, the width is extended to 50m. For the water head,

we impose Dirichlet’s boundary condition in the x-direction where the left boundary value
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is hleft = 150m and the right boundary value hright = 50m respectively, and the Neumann

boundary condition ∂h
∂y

= 0 is considered on the top and bottom boundaries of the domain.

For the concentrations, initially, the flow contains CO2−
3 contamination, and on the specific

location of the aquifer, there is four pieces where we inject Mg2+ and Cl− pollutions by

imposing Neumann boundary condition with injection rate. We consider ∂cα

∂x
= 0 on the left

and right boundaries. Except on the injection pieces, we assume ∂cα

∂y
= 0 at the top and

bottom boundaries. Due to hydraulic head difference, an initial steady flow travels from left

to right.

Table 2.6: Numerical simulations-optimization results of Mg2+ and Cl− injection rates for
different noises for the objective function f1.

Month ζ = 0 ζ = 0.2

PL1 PL2 PU1 PU2 PL1 PL2 PU1 PU2

Mg2+
1st Opt 0.1078 0.1129 0.1194 0.1130 0.1408 0.1236 0.1408 0.1236

r-rate 84.6% 83.9% 82.9% 83.9% 79.8% 82.4% 79.8% 82.3%

2nd Opt 0.1521 0.1693 0.1790 0.1696 0.1952 0.1794 0.2012 0.1704
r-rate 78.3% 75.8% 74.4% 75.8% 72.1% 74.4% 71.3% 75.7%

3rd Opt 0.2189 0.1975 0.2089 0.1978 0.2584 0.2260 0.2514 0.2288
r-rate 68.7% 71.9% 70.2% 71.7% 63.1% 67.7% 64.0% 67.3%

Cl−
1st Opt 0.1541 0.1411 0.1492 0.1413 0.1910 0.1816 0.1909 0.1820

r-rate 80.7% 82.4 81.4% 82.3% 76.1% 77.3% 76.1% 77.2%

2nd Opt 0.2089 0.1975 0.2049 0.1978 0.2414 0.2280 0.2414 0.2288
r-rate 73.9% 75.3% 74.4% 75.3% 69.8% 71.5% 69.8% 71.4%

3rd Opt 0.2357 0.2258 0.2386 0.2260 0.2716 0.2599 0.2715 0.2602
r-rate 70.5% 71.8% 70.2% 71.7% 66.1% 67.5% 66.1% 67.5%

We take four injection pieces, which are placed in x-direction PL1 = [70m, 200m], PL2 =

[270m, 400m] at y = 15m and PU1 = [70m, 200m], PU2 = [270m, 400m] at y = 35m. We

consider four observation points at O1 = (470, 20), O2 = (470, 30), O3 = (620, 20) and

O4 = (620, 30). Table 2.6 exclusively focuses on overall fitness f1 as the objective function

and shows the outcomes of various noise levels ζ. In the table, r-rate means the reduction

rates and Opt means the optimal injection rates. We consider the injection rates range at

four different injection locations [0.05, 0.7] for Mg2+ and [0.06, 0.8] for Cl−. We obtain the
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Table 2.7: Numerical simulations-optimization results of Mg2+ and Cl− injection rates for
different time for the objective function f1 + f2.

P
1st month 2nd month 3rd month

Opt r-rate (%) Opt r-rate (%) Opt r-rate (%)

Mg2+

PL1 0.32699 59.12% 0.44548 44.56% 0.57472 28.16%
PL2 0.30289 62.14% 0.39433 50.71% 0.46005 42.49%
PU1 0.35422 55.72% 0.48633 39.21% 0.56738 29.08%
PU2 0.30992 61.26% 0.40488 49.39% 0.47236 40.96%

Cl−

PL1 0.42623 52.64% 0.55472 38.36% 0.63397 29.56%
PL2 0.40861 55.00% 0.46005 48.88% 0.52577 41.58%
PU1 0.41527 53.86% 0.56738 36.96% 0.64844 27.95%
PU2 0.40740 54.73% 0.47236 47.52% 0.53984 40.02%

observation solution with the injection rates of 0.1. For ζ = 0, i.e. no noise, we get the optimal

injection rates very close to the actual injection rates at four injected piceces as expected, and

the r-rates are higher. After that, we added noise level of ζ = 0.2 in the observed simulation,

and we get the optimal injection rates for Mg2+ and Cl− are higher than the actual injection

rates due to adding noise. we also observe that injection rates are increasing for the three

stress periods. Here, PL1 and PU1 are at the upstream locations and PL2 and PU2 are at the

downstream locations. We get more pollutions in the upstream locations than the downstream

locations. Hence, the r-rates at downstream locations are higher than at upstream locations.

But in some cases, we get fluctuation in upstream locations, which indicate that upstream

locations are more sensitive. Table 2.7 presents the optimal injection rates in three individual

stress periods. The joint objective function is applying by f = f1 + f2. We consider the

injection rate ranges [0.05, 0.8] for Mg2+ and [0.06, 0.9] for Cl− at four different injection

locations. We use injection rate of 0.1 for obtaining the observations solution where the noise

level is ζ = 0.2. As we observe from Table 2.7, both Mg2+ and Cl− show more contamination

upstream than downstream. Consequently, the pollution is increasing in each stress period.

The r-rates difference between the two stress periods is around 10% at downstream locations,

which is almost consistent for every scenario. On the other hand, the r-rates difference at

upstream locations is around 15%, but it’s fluctuating. This behaviour establishes that the
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(a) t = 90 days

(b) t = 150 days

(c) t = 210 days

]
(d) t = 360 days

Figure 2.10: Concentration distributions of pollutant Cl− at different time. Left column with
maximum injection rates; Right column with optimal injection rates obtained by the optimal
control approach.
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upstream injection is more sensitive.

Finally, we compare the concentration distributions of the pollutants without optimization

injection rates and with optimal injection rates from the optimal control process. We take the

maximum injection rates for Mg2+ and Cl− at PL1 = PL2 = 0.2 and PU1 = PU2 = 0.9. On the

other hand, We take the optimal injection rates for Mg2+ at PL1 = 0.13, PL2 = 0.11, PU1 = 0.57

and PU2 = 0.51 and for Cl− at PL1 = 0.14, PL2 = 0.11, PU1 = 0.56 and PU2 = 0.52. To

compute optimal injection rates, we simulated the multicomponent optimal control model.

The injection rate ranges in four different injection segments are PL1 = PL2 = [0.05, 0.2]

and PU1 = PU2 = [0.1, 0.9] for both Mg2+ and Cl−. Additionally, we took injection rates

for the observation solution at O1 and O3 are 0.08 and O2 and O4 are 0.5 for Mg2+ and

Cl− and we added low level of noise ζ = 0.05 in the observed solution simulation, where

the same parameter values were used as the previous experiment. The total time period

is 12 months. The pollutions are injected for the first three months. Each stress period is

considered to be one month long. We use the spatial step sizes as ∆x = ∆y = 1m and the

time step size as ∆t = 1day. In Fig. 3.5 and Fig. 3.6, the right columns present the pollutant

concentrations of controlled pollution with the optimal injected rates, by the optimal control

approach, based on the joint objective function of the overall fitness errors and reduction costs

f = f1 + f2, while the left columns present the pollutant concentrations without controlling,

which are with the maximum injection rate of P = P max, for the same time period. From

the figures, we can see that the pollution concentrations (right) by the controlled approach

are clearly reduced in pollution, comparing with those pollution concentrations (left) without

controlling. In addition, the concentrations of pollutants reduce significantly in time as

the water flows. This shows that applying the optimal control approach at the pollutant

injections has obtained the reduction of multicomponent pollutions in the flow.
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(a) t = 90 days

(b) t = 180 days

(c) t = 270 days

(d) t = 360 days

Figure 2.11: Concentration distributions of pollutant Mg2+ at different time. Left column
with maximum injection rates; Right column with optimal injection rates obtained by the
optimal control approach.

47



Chapter 3

The Parallel DE-PDE Multicomponent

Pollution Optimal Control Approach

for Contamination Flows in Porous

Media

3.1 Introduction

Groundwater contamination involving multiple reactive species presents a significant chal-

lenge for environmental management due to the coupled effects of advection, diffusion, and

nonlinear geochemical reactions in porous media [44, 85]. Designing effective remediation

strategies requires not only accurate simulation of multicomponent transport processes but

also optimization procedure capable of balancing environmental objectives with operational

and economic constraints [39, 122]. In PDE-constrained groundwater control problems, the

challenge is further intensified by the high dimensionality and strong nonlinearity arising

from the coupling between transport dynamics and control variables [75, 73].
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In this chapter, we develop a problem-specific parallel DE-PDE algorithm to efficiently tackle

the computational challenges of large-scale optimization in multicomponent groundwater

contamination control, where population-based search is distributed across processors and

each candidate solution is evaluated through full PDE simulation parallelly. The associated

objective function incorporates both a concentration least squares error term and a piecewise-

defined abatement cost function. The parallel DE-PDE approach integrates a stable and

high-fidelity PDE solver to simulate multicomponent groundwater flow and contaminant

transport processes. The first numerical experiment evaluates the efficiency of the parallel

DE-PDE model, emphasizing its scalability and computational performance for large-scale

groundwater contamination problems. The second experiment investigates the behaviour of

the piecewise abatement cost function under various physical scenarios within a hypothetical

rectangular aquifer. The final example considers a realistic aquifer with discontinuous

injection, showing that optimal control strategies build in parallel DE-PDE algorithm achieve

superior contamination reduction compared to maximum injection.

3.2 Mathematical Model of Multicomponent Pollution

Optimal Control

We present the governing equations, formulated as a coupled system of nonlinear partial

differential equations, to model multicomponent contaminant transports in porous media. In

addition, an optimal control system is fully integrated with the multicomponent groundwater

flow and transport PDE system, enabling the systematic determination of control strategies

for effective contamination management.
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3.2.1 Groundwater Flow and Multicomponent Transport Mathe-

matical Model

We consider a multicomponent groundwater system in a saturated porous medium, where

contaminant transport is governed by the coupled processes of flow, advection, diffusion, and

nonlinear chemical reactions. We consider horizontal flow within the aquifer. No internal

source or sink terms are assumed within the domain. The physical behaviour of the system

is described by a set of time-dependent partial differential equations, consisting of a flow

equation for the hydraulic head and a system of convection–diffusion–reaction equations for

multiple chemical species. These equations are strongly coupled through the velocity field

and reaction mechanisms, resulting in a nonlinear and high-dimensional model. In addition,

contaminant injection is applied along a specified portion of the domain boundary. Under

these assumptions, the governing equations reduce to the following form:

Ss
∂h

∂t
−∇.(K∇h) = 0, (3.1)

u = −K∇h, (3.2)
∂(ϕcα)

∂t
+∇.(ucα −D∇cα) = Rα(c), α = 1, 2, . . . , nc, (3.3)

where, Ss is the specific storage [L−1], h is the hydraulic head [L]. K is hydraulic conductivity

[LT −1], described by K = kρg
µ

, k represents the permeability [L2], and µ represents the

viscosity [ML−1T −1] of the fluid. u is the Darcy’s velocity of the flow [LT −1]. cα is the

concentration [ML−3] for α species, α = 1, 2, . . . , nc. nc is the number of species and

c = (c1, c2, . . . , cnc). ϕ is the porosity. The diffusion coefficient is D. Rα(c) represents

nonlinear chemical reaction [ML−3T ] that describes the mineral precipitation-dissolution

reactions and the intra-aqueous reactions.
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The initial conditions are

h(x, y, 0) = h0(x, y, 0), (x, y) ∈ Ω, (3.4a)

cα(x, y, 0) = cα0(x, y, 0), α = 1, 2, . . . , nc, (x, y) ∈ Ω, (3.4b)

and the Dirichlet and Neumann boundary conditions for the water head are given as

h(ax, y, t) = hleft(y, t), h(bx, y, t) = hright(y, t), (3.5a)
∂h

∂y
(x, t) = 0, (x, y) ∈ the top and bottom boundaries of Ω. (3.5b)

Let the first group of concentrations, cβ, β = 1, 2, ..., ne, represent the concentrations of the

existing components within aquifer water and let the second group of concentrations, cγ,

γ = ne + 1, ne + 2, . . . , nc, represent the concentrations of the injected components into

aquifer throungh specific boundary locations. The boundary conditions of concentrations are

given as

∂cβ

∂x
(y, t) = 0,

∂cβ

∂y
(x, t) = 0, (x, y) ∈ ∂Ω, β = 1, 2, . . . , ne, (3.6a)

∂cγ

∂y
(x, t) = −Pγl

, on Γl, l = 1, 2, . . . , ns,
∂cγ

∂x
= 0,

∂cγ

∂y
= 0, on ∂Ω\ ∪ Γl, (3.6b)

where, γ = ne + 1, ne + 2, . . . , nc. The Γl, l = 1, 2, . . . , ns, represent the segments located

on the upper boundary of the domain where the pollutions are injected into the aquifer. Pγl
,

where l = 1, 2, . . . , ns, are the injection rates for the γ’s pollutant. ∂Ω\ ∪ Γl represents the

rest boundary except ∪Γl of the aquifer.

3.2.2 Multicomponent Contamination Optimal Control Model

The objective of the multicomponent optimal control model is to determine optimal pollutant

injection rates that minimize the deviation between the simulated contaminant concentrations
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and the prescribed environment standards at the observation locations, while simultaneously

accounting for the cost of pollution control. The multicomponent pollution optimal control

model can be described as follows

min
{Pγl

}
f(Pγl) = min

f{Pγl
}
{f1(Pγl) + f2(Pγl)}; (3.7)

subject to

The governing system of PDEs: (3.1)− (3.6b), (3.8)

cmin
γs
≤ cγs ≤ cmax

γs
, s = 1, 2, . . . , nob, γ = ne + 1, ne + 2, . . . , nc, (3.9)

P min
γl
≤ Pγl

≤ P max
γl

, l = 1, 2, . . . , ns, γ = ne + 1, ne + 2, . . . , nc, (3.10)

where Pγl
= {Pγl

; l = 1, 2, . . . , ns, γ = ne + 1, ne + 2, . . . , nc}.

The objective function f(Pγl) is composed of two main components. The first component,

f1(Pγl), represents the overall fitness and quantifies the discrepancy between the simulated

concentrations cγs and the observed concentrations cob
γs

. The second component, f2(Pγl
),

accounts for the abatement and maintenance costs associated with the control strategy.

f1(Pγl) is defined as follows:

f1(Pγl
) =

nob∑
s=1

nc∑
γ=ne+1

∫ T

0
ωγs

[
cγs(Pγl

, t)− cob
γs

(t)
]2

dt (3.11)

which represents the concentration least squares error that defines the overall fitness between

the simulated concentrations cγs(Pγl
, t) and the allowable environmental concentrations cob

γs
(t)

at the observation sites with weight ωγs . The allowable environmental concentrations cob
γs

(t)

are perturbed from the ideal concentration at minimum injection rates. The weight functions

ωγs are designed to normalize the component affection in the objective function which has

defined in chapter two equation (2.16).
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The function f2(rγ,l) is introduced to represent the cost associated with contaminant abatement

at the injection locations [90]. For each species γ at location l, it evaluates the total cost

required to attain a specified reduction rate rγ,l over the simulation horizon. The cost model

is composed of two terms: a fixed cost term, reflecting capital investment and infrastructure

requirements, and a variable cost term, which accounts for operational expenses that increase

with the magnitude of the reduction effort. This formulation provides a practical and

economically consistent description of treatment costs in groundwater remediation. The cost

function f2(rγ,l) defines as follow:

f2(Pγl
) =

ns∑
l=1

nc∑
γ=ne+1

∫ T

0
ω2Aγl

(rγl
)dt (3.12)

with,

Aγl
(rγl

) =
(
b1,lW

b2,l
γl

+ b3,lW
b2,l
γl

rb4,l
γl

)
,

where, the term of b1,lW
b2,l
γl represents fixed treatment cost which is the power function of

treatment volume at the lth injected site and the total treated contamination volumes Wγl

according to daily production activities are defined by

Wγl
= P max

γl
for l = 1, 2, ..., ns, γ = ne + 1, ne + 2, . . . , nc, (3.13)

and the influent rates, commonly known as reduction rates, are defined as

rγl
=

P max
γl
− Pγl

P max
γl

, for l = 1, 2, . . . , ns, γ = ne + 1, ne + 2, . . . , nc, (3.14)

where, Pγl
, γ = ne + 1, ne + 2, . . . , nc, are the injection rates of injected components.

The abatement cost function f2(rγ,l) assumes a uniform charge rate for all pollution sources.

However, in practice, treatment costs vary significantly with the level of pollution and the

required degree of reduction. Lower levels of treatment may be achieved with relatively
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simple and cost-effective methods, whereas higher levels of pollution control often require

more advanced and expensive technologies. To better reflect this realistic behaviour, we

propose a modified abatement cost function f ′
2(rγ,l) that captures the nonlinear relationship

between pollution levels and treatment costs. The modified function f ′
2(rγ,l) models the

abatement cost through a threshold-based piecewise formulation that distinguishes between

moderate and high levels of contaminant reduction. The key parameter in this formulation

is the critical reduction rate rc, which separates conventional treatment from intensified

remediation. When the effective reduction rγl remains below this threshold rc, the associated

cost evolves gradually according to a baseline nonlinear relationship, representing typical

operational conditions. Once the reduction level surpasses rc, the cost structure changes

significantly by incorporating an additional penalty b5, leading to a sharper increase in total

cost. This transition reflects the disproportionate effort and expense required to achieve high

removal efficiencies, often involving advanced technologies or stricter regulatory compliance.

The modified objective function f ′
2(rγ,l) is forme as follows:

f ′
2(Pγl

) =
ns∑
l=1

nc∑
γ=ne+1

∫ T

0
ω3A

′
γl

(rγl
)dt (3.15)

with,

A′
γl

(rγl
) =


(
b1,lW

b2,l
γl + b3,lW

b2,l
γl r

b4,l
γl

)
, for r < rc,(

b1,lW
b2,l
γl + b3,lW

b2,l
γl r

b4,l
γl + b5,lW

b2,l
γl

(
(r − rc)

b6,l
γl

))
, for r ≥ rc.

The terms b3,lW
b2,l
γl r

b4,l
γl and b5,lW

b2,l
γl

(
(r − rc)

b6,l
γl

)
are called variable treatment cost or abate-

ment cost due to reduction effort before and after threshold rc respectively.

Further, each parameter plays a critical role in capturing the economic and technical com-

plexity of groundwater pollution remediation. The threshold reduction rate rc defines the

point at which the cost structure changes, representing regulatory limits or technological
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boundaries, where basic treatment transitions to advanced methods.

The parameter b1 represents fixed setup costs, independent of reduction effort, while b2

captures economies of scale in the treated volume W . For reduction levels below the threshold,

the variable cost is governed by cost coefficient b3 and growth exponent b4, controlling the

magnitude and rate of cost increase. Beyond the threshold, an additional penalty term is

introduced, scaled by cost coefficient b5 and shaped by the exponent b6, reflecting the higher

costs associated with advanced treatment and stricter regulatory requirements. Together,

these parameters enable a continuous yet nonlinear cost function that captures both gradual

cost increases at low reduction levels and rapid escalation at higher treatment intensities.

Additionally, the concentrations simulated at observation sites, denoted as cob
γs

, always satisfy

within a specific interval of concentrations during the simulation period. The injection rates

Pγl
are bounded by upper and lower values.

3.3 Discrete Multicomponent Pollution Optimal Con-

trol Model

In this section, we present the discrete multicomponent optimal control model for groundwater

contamination. The continuous PDE-constrained continuous model is transformed into a

finite-dimensional system through discretization. This discrete model provides the basis for

numerical optimization staggered control of multicomponent contamination processes.

3.3.1 Numerical Scheme for Governing Equations

We discretize the governing equations (3.1)–(3.6b) using the splitting-improved upwind finite

difference scheme. The numerical scheme is formulated on a staggered grid with spatial

indices (i, j) and discrete time levels tn. It combines the directional operator splitting with

a staggered grid discretization, as illustrated in Figure 2.1 of Chapter 2. The hydraulic
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head Hi, j is defined at integer grid points and is discretized using a two-step splitting

procedure. In the first substep, the x-direction operator is applied from tn to tn+ 1
2 , yielding

an intermediate solution H
n+ 1

2
i, j , where spatial derivatives are discretized along the x-direction.

In the second substep, the y-direction operator is applied from tn+ 1
2 to tn+1, producing the

updated hydraulic head Hn+1
i, j . This splitting effectively reduces the two-dimensional flow

model into a sequence of one-dimensional models.

The Darcy velocity field is then computed from the discrete gradient of the hydraulic head

at time level tn+1. Specifically, the velocity components are evaluated on a staggered grid

to ensure flux continuously: the x-direction velocity U n+1
xi, j

is defined at integer grid points,

while the y-direction velocity U n+1
y

i+ 1
2 , j+ 1

2
is defined at half-grid locations on the grid. These

are obtained through discrete approximations of the hydraulic gradient, ensuring consistent

coupling between pressure and flux variables.

For the multicomponent transport equations, the concentration field is advanced using a

similar directional splitting strategy. In the first substep, from tn to tn+ 1
2 , the advection-

diffusion operator in the x-direction is applied to obtain C
n+ 1

2
α

i+ 1
2 , j

, where the concentration is

evaluated at half-grid points in the x-direction to align with the corresponding fluxes. In the

second substep, from tn+ 1
2 to tn+1, the y-direction operator is applied, yielding the updated

concentration C n+1
i+ 1

2 , j
at integer grid points in y-direction.

The modified diffusion coefficients are given to stabilize the discretization of the advection

terms by incorporating flow direction into the effective diffusion. In the x-direction splitting

step, the modified diffusion coefficient D∗
x

i+ 1
2 , j

is defined at half-grid locations consistent

with the concentration Cα
i+ 1

2 , j
, and depends on the local velocity Un+1

xi, j
such that additional

diffusion is applied in the upwind direction. Similarly, in the y-direction splitting step, the

coefficient D∗
y

i+ 1
2 , j+ 1

2
is defined at half-grid locations aligned with the corresponding flux

direction and depends on Un+1
y

i+ 1
2 , j+ 1

2
. These directionally dependent coefficients augment the

physical diffusion to ensure numerical stability while preserving sharp concentration fronts,
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thereby providing a consistent and stable discretization of the transport equation on the

staggered grid.

Overall, the combination of directional splitting and improved upwind disceitization on

staggered grid leads to a stable and efficient numerical scheme that preserves the structure of

the underlying flow and transport processes. It reduces the multidimensional problem into a

sequence of lower-dimensional updates, minimizes numerical diffusion in advection-dominated

regimes, and maintains consistency between hydraulic gradients, velocities, and concentration

fluxes.

3.3.2 Discrete Multicomponent Pollution Optimal Control Model

To solve the multicomponent pollution optimal control model (3.7)-(3.10) numerically, the

continuous formulation is discretized in both space and time. This process converts the

coupled system of governing PDEs and associated control variables into a finite-dimensional

optimization problem defined on a structured computational grid. Accordingly, the continuous

objective function is approximated by a discrete counterpart, where the spatial and temporal

integrals are replaced by summations over grid points and time levels. The discrete objective

function accounts for the concentration deviations at prescribed observation locations as well

as the corresponding abatement costs associated with the control variables. In particular, for

each chemical species and time level, the state variables are evaluated at discrete grid points,

while the control variables, defined at the injection locations, are incorporated consistently

within the discretized system. This discrete model preserves the essential structure of the

original continuous problem while enabling efficient numerical evaluation. It also allows the

objective function to be computed repeatedly by the PDE solver and efficiently within the

optimization algorithm. The discrete objective function can be described as

F (Pγl
) =

nob∑
s=1

nc∑
γ=ne+1

Nt∑
n=1

ωγs

[
Cγs (Pγl

, tn)− Cob
γs

(tn)
]2

∆t
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+
ns∑
l=1

nc∑
γ=ne+1

Nt∑
n=1

ω2A
′
γl

(rγl
(tn)) ∆t (3.16)

Thus, the discrete multicomponent pollution optimal control model is defined as finding the

optimal Pγl
, γ = ne + 1, ne + 2, . . . , nc, l = 1, 2, . . . , ns such that

min
{Pγl

}
F (Pγl

) (3.17)

subject to

The splitting improved upwind scheme (in chapter 2) of (2.5)− (2.20), (3.18)

cmin
γs
≤ Cγs(tn) ≤ cmax

γs
, γ = ne + 1, ne + 2, . . . , nc, s = 1, 2, . . . , nob, (3.19)

P min
γl
≤ Pγl

≤ P max
γl

, γ = ne + 1, ne + 2, . . . , nc, l = 1, 2, . . . , ns, (3.20)

where the simulated numerical concentrations at the observation sites are {Cγs(tn)}. The

admissible range of concentrations at these locations is defined by the lower and upper bounds,

cminγs and cmaxγs, respectively. The terms Cob
γs

(tn) represent the allowable concentrations at

the observation sites, which are obtained by simulating the system under minimum injection

rates Pγl
= P min

γl
or other prescribed injection scenarios.

3.4 Parallel DE-PDE Algorithm for Multicomponent

Contamination Control

3.4.1 MPI Parallel System

The Message Passing Interface (MPI) is a standardized communication protocol widely used

for parallel computing on distributed-memory systems, particularly in high-performance

computing (HPC) environments. It provides an efficient framework for distributing computa-
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tional tasks across multiple processors while enabling communication and synchronization

among them. A sophisticated approach in MPI system to mitigate these issues is the use of a

master-worker architecture, where the master processor manages coordination and global

information, while worker processors perform computationally intensive tasks independently.

This parallel approach significantly reduces computational time and enables the effective

treatment of high-dimensional, computationally intensive problems.

3.4.2 Parallel DE–PDE Optimization algorithm

In the context of PDE-constrained optimization problems, such as multicomponent ground-

water contamination control, the repeated evaluation of complex numerical optimal con-

tamination models leads to significant computational demands. We develop the parallel

DE-PDE optimization approach to solve the discrete multicomponent optimal control problem

(3.19)–(3.25) using a master–worker strategy within the Message Passing Interface (MPI)

system. The parallelization is performed at the population level, where the evaluation of

individuals (i.e., each candidate solution Pγl
) in each generation is distributed across multiple

processors. Let, Np be the number of population vectors and Nproce be the number of

used processors. The total population is divided into sub-generations, with each processor

handling approximately [j = Np/Nproce] individuals per generation. The parallel DE-PDE

approach starts with MPI initialization, the master processor (rank 0) generates the Npl

dimensional initial population of candidate solutions Pγl
within the prescribed parameter

bounds D =
[
Pmin

γ,l , Pmax
γ,l

]
as follow:

Pγ, l, i = Pmin
γ, l +

(
Pmax

γ, l −Pmin
γ, l

)
randj(0, 1), i = 1, 2, . . . , Np, l = 1, 2, . . . , ns, (3.21)
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and evaluates their corresponding objective-function values using the PDE solver satisfying

the following restriction condition.

fn
γs

(Pγl
) = Cn

γs
− Cn,max

γs
≤ 0, s = 1, 2, . . . , nob, n = 1, 2, . . . , Nt, (3.22a)

fNt+n
γs

(Pγl
) = Cn,min

γs
− Cn

γs
≤ 0, s = 1, 2, . . . , nob, n = 1, 2, . . . , Nt. (3.22b)

After that, the initialized population and objective-function values are distributed to all

worker processors.

During each generation, the master processor first stores the previous generation population

and its associated objective-function values and broadcasts this information to all worker

processors using MPI_Bcast. Each worker processor independently receives the global

population data and performs the DE-PDE evolutionary operations for its assigned subset of

individuals. Specifically, worker processors construct mutant vectors from previous generation

distinct population members, apply crossover to generate trial vectors, and evaluate the

objective-function values of the trial solutions by invoking the PDE solver. In each individual

processor, the DE-PDE algorithm performs the following steps.

Definition 4.2.1 For the constrained optimization problem, we define the satisfaction func-

tion ϕ(·): D → R by

ϕ(Pγl
) =

Nt∑
n=1

nc∑
γ=ne+1

nob∑
s=1

(
Gn

γs
+ GNt+n

γs

)
, (3.23)

where

Gn
γs

(Pγl
) =


1
2 , fn

γs
(Pγl

) ≤ 0,

1
1+exp(fn

γs(Pγl))
, otherwise,

(3.24a)

GNt+n
γs

(Pγl
) =


1
2 , fNt+n

γs
(Pγl

) ≤ 0,

1
1+exp(fn

γs(Pγl))
, otherwise

(3.24b)
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Let, S =
{
Pγl
| Pγl

∈ D ∧ [fn
γs
≤ 0] ∧ [fNt+n

γs
≤ 0]

}
. It’s obvious that ϕ (Pγs) = Nt(nc − ne)

when Pγl
∈ S and 0 < ϕ(Pγl

) < Nt(nc − ne) when Pγl
/∈ S. The more of the constraint

violation number of Pγl
, the less of the value of ϕ (Pγl

).

Definition 4.2.2 Suppose Pγl
and Qγl

are two different individuals from the next two

generations, we define the following function

prior(Pγl
, Qγl

) =


1, ϕ(Pγl

) = ϕ(Qγl
) and f(Pγl

) < f(Qγl
) Or ϕ(Pγl

) > ϕ(Qγl
),

0, otherwise.

(3.25)

If the constraint violation number of Pγl
> the constraint violation number of Qγl

, that is

ϕ(Pγl
) > ϕ(Qγl

), we say that Pγl
is prior to Qγl

and prior(Pγl
, Qγl

) = 1. Where f(Pγl
) is

the objective function.

The mutation follows the DE/rand-to-best/2/exp strategy:

VG
γ, l, j = PG,prev

γ, l, r1 + F
(
PG,prev

γ, l,best −PG,prev
γ, l, r2

)
+ λ

(
PG,prev

γ, l, r3 −PG,prev
γ, l, r4

)
, (3.26)

where F be the crossover factor and λ is a control parameter that further improves the quality

of the greediness of the scheme by including the current optimal vector crossover phase. Let,

UG
γ, l, j is the trial vectors that are produced in a probabilistic way by crossing mutant vectors

VG
γ, l, j, and target vectors PG

γ, l, j as follows

UG
γ, l, j =


VG

γ, l, j, if l = randb(l),

PG,prev
γ, l, j , if l ̸= randb(l).

(3.27)

After completing the mutation and crossover processes, each processor evaluates its assigned

trial vectors UG
γ, l, j by solving the PDE system using the above numerical solver subroutine.
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Algorithm: Parallel DE–PDE Contamination Optimization Algorithm.
Input: PDE model parameters, DE parameters.
Initialization of parallel MPI: MPI_parameters, MPI_Init, MPI_Comm_rank (K),

MPI_Comm_size (S).
Initialization on master processor (rank K = 0):
Generate initial population P0

γl
= {P0

γl
(i)}NP −1

i=0 , P0
γl

(i) ∈ D.
Evaluate initial fitness values f0

i = f(P0
γl

(i)) using the Contamination_PDE_solver
Set g ← 0
Determine the global best: P0

γl
(best) ∈ {P0

γl
(i)}NP −1

i=0 , f0
best = f(P0

γl
(best))

while G < Gmax do
Step 1: Broadcast previous generation on master processor (rank K = 0)
Store PG, prev

γl
(i)← PG

γl
(i), fG, prev

i ← fG
i

MPI_Bcast(PG, prev
γl

(i)); MPI_Bcast(fG, prev
i )

Step 2: Parallel evolution on worker processors (rank K = 0, 1, . . . , S − 1)
Each worker processor w receives PG, prev

γl
(i) and fG, prev

i

Partition population indices {i = 0, 1, . . . , NP − 1} among worker processors; worker processor
{w = K||K = 0, 1, . . . , S − 1} handles Iw = NP/S.

for each i ∈ Iw do
Select distinct indices r1, r2, r3 ̸= i
Generate the mutant vectors
VG(i) = PG, prev

γl
(r1) + F

(
PG, prev

γl
(best)−PG, prev

γl
(r2)

)
+ λ

(
PG, prev

γl
(r3)−PG, prev

γl
(r4)

)
Construct trial vectors UG(i) with crossover rate CR
Bounded UG(i) into D ∈ [Pmax

γl
, Pmin

γl
]

Evaluate concentrations Cob
i calling Contamination_PDE_solver

Calculate fitness value for each ith trail populations, fG,trial
i = f(UG(i))

Selection:
if fG,trial

i ≤ fG,prev
i then

PG+1
γl

(i)← UG(i)
fG+1

i ← fG,trial
i

else
PG+1

γl
(i)← PG,prev

γl
(i)

fG+1
i ← fG,prev

i

end if
end for
Send updated PG+1

γl
(Iw) and fG+1(Iw) to master processor (rank K = 0)

Step 3: Master processor update (rank K = 0)
Receive updated subpopulations Iw from all worker processors and assemble full
{PG+1

γl
(i)}NP −1

i=0 and fG+1
i

Update global best: PG+1
γl

(best) ∈ {PG+1
γl

(i)}NP −1
i=0 , fG+1

best = f(PG+1
γl

(best))
if f∗ < Tol. then

Return
else

G← G + 1
end if

end while

Output on master processor (rank K = 0): Output Pbest
γl

and fG+1
best = f(PG+1

γl
(best))

MPI_Finalize
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It then computes f
(
UG

γ, l, j

)
and ϕ

(
UG

γ, l, j

)
using the objective function.

Sub-Algorithm: Contamination_PDE_solver : Splitting improved upwind
finite difference to contamination flow

Input: Contamination flow parameters, spatial grids (nx, ny), time steps N .
Step 1: Initialization: Initialize H0, C0

α and apply boundary conditions.
Step 2: Time-stepping loop
for n = 0, 1, . . . , N − 1 do

for j = 1, 2, . . . , ny do
Solve H

n+ 1
2

i,j along x-direction for half time step
end for
for i = 1, 2, . . . , nx − 1 do

Solve H n+1
i,j along y-direction for full time step

end for
for j = 0, 1, . . . , ny − 1 do

Solve U n+1
xi,j

along x-direction
end for
for i = 1, 2, . . . , nx − 1 do

Solve U n+1
y

i+ 1
2 ,j+ 1

2
in y-direction

end for
for j = 1, 2, . . . , ny do

Solve C
n+ 1

2
α

i+ 1
2

,j along x-direction for half time step, for all α

end for
for i = 0, 1, . . . , nx − 1 do

Solve C n+1
αi+1,j

along y-direction for full time step, for all α

end for
Update: Set Hn ← Hn+1 and Cn

α ← Cn+1
α , for all α

end for
Step 3: Return all H and Cα.

To select the next generation vector, if the trail vector UG
γ, l, j gives an equal or better objective

value compared with the previous vector PG,prev
γ, l, j objective function value then trial vector is

replaced the previous vector for next generation. It can be defined as follows

PG
γ, l, j =


UG

γ, l, j, if prior
(
UG

γ, l, j, PG
γ, l, j

)
= 1,

PG,prev
γ, l, j , otherwise.

(3.28)

After completing all those steps in parallel, the all worker processors send updated vectors

PG
γ, l, j and their corresponding objective function values to the master processor.
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Upon receiving all updated subpopulations PG
γ, l, j and their corresponding objective function

values from the workers, the master processor reconstructs the full population for the current

generation and determines the global best solution PG
γ, l, best based on the lowest objective

function value and its corresponding best objective function value. The convergence criterion

is then evaluated; if the best objective function value satisfies the prescribed tolerance, the

evolutionary loop terminates. Otherwise, the algorithm proceeds to the next generation until

it reaches the maximum number of generations. Finally, the master processor outputs the

optimal solution, the optimal objective function value, and the MPI environment is finalized.

This MPI-based master–worker formulation enables distributed evaluation of the DE-PDE

system across processors, significantly reducing computational time while maintaining the

standard Differential Evolution evolutionary mechanism [46, 119].

The convergence behaviour of the parallel Differential Evolution (DE) algorithm is governed by

the interplay between population diversity, evolutionary parameters, and termination criteria

[5, 66]. In the proposed MPI-based DE-PDE system, convergence depends primarily on the

population size Np, mutation factor F , crossover rate CR, maximum number of generations

Gmax, and stopping tolerance ε. A sufficiently large population maintains diversity and reduces

premature convergence, which is particularly important in parallel DE-PDE system because

subpopulations evolve concurrently across processors [70]. At each generation, the master

processor broadcasts the global population to all worker processors, ensuring that mutation

and crossover operations are being performed using consistent population information. This

preserves the canonical DE search dynamics and supports stable convergence.

The mutation factor F and crossover rate CR jointly regulate the exploration-exploitation

balance that drives convergence toward the global optimum [price2006differential, 97].

Meanwhile, Gmax and ε control the convergence depth by limiting the number of evolutionary

iterations and defining the required fitness accuracy [price2006differential, 99, 101]. Since

the objective function f(Pγl
) is evaluated via computationally intensive PDE solves [45],
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efficient parallel evaluation across MPI workers accelerates wall-clock convergence without

altering the underlying DE convergence mechanism. Consequently, with appropriate param-

eter selection and synchronized population broadcasting, the MPI-based parallel DE-PDE

system retains the convergence characteristics of standard DE while achieving substantial

computational speedup for PDE-constrained optimization problems.

3.5 Numerical Experiments

In this section, we conduct numerical experiments using our developed parallel DE-PDE

multicomponent pollution optimal control approach.

Example 1. To evaluate the computational efficiency and scalability of the proposed PDE-

constrained optimal control model, we implemented our developed DE-PDE algorithm. The

main objective of this experiment is to examine how the parallelization strategy influences

runtime performance, speedup, and computational cost when solving high-dimensional,

nonlinear groundwater contamination control problems.

Figure 3.1: Hypothetical rectangular vertical aquifer.
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We consider a three-component contamination system involving Cβ = CCO2−
3

and Cγ =

CMg2+ , CCl− where carbonate ions (CO2−
3 ) are initially present in the aquifer, while magnesium

and chloride ions are injected at designated locations along the top boundary. We consider

the domain Ω = [0, 1000m] × [0, 20m] and the total simulation time period of one years.

In addition, we have a continuous pollution injection process that occurs through the

injection pieces at the top boundary of the domain. The left boundary value of water head is

hleft = 100m and the right boundary value of water head is hright = 20m. The initial condition

for water head is h0 = 20m as well as the initial value for pollution concentrations CMg2+ , CCl−

are zero and CCO2
3

= 0.67mol/m2. We consider four injection rates Pγl
, l = 1, 2, 3, 4, in the

four injected pieces, and the four observation locations of Onob
, nob = 1, 2, 3, 4, are placed

deep in the aquifer to track the spread of the contaminant, as shown in Fig. 3.1. For this

example, the optimization focuses only the fitness component f1 of the objective function,

which minimizes the deviation between simulated and permissible concentrations at the

observation sites.

The presence of multiple contaminants in a flow can greatly affect various chemical processes,

including precipitation, complexation, dissolution, hydrolysis, oxidation-reduction, and more.

We simulate the flow of multi-component contamination that occurs during the precipitation

reaction.

The stoichiometry equation for magnesite growth is as follows

CO2−
3 + Mg2+ →MgCO3.

The rate of growth for magnesium carbonate is Gr = k SeCMg2+CCO2+
3

.

The kinetic reaction for CO2−
3 is presented as SCO2−

3
Gr, while that for Mg2+ is represented

as SMg2+Gr. The stoichiometric coefficients for the reaction involving CO2−
3 and Mg2+ are

both equal to 1, denoted as SCO2−
3

Gr and SMg2+ . At a temperature of 250C, the solubility

constant of MgCO3 is 6.82× 10−6.
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In computation, the observation concentration Cob
γs

is defined in Chapter 2 equation (2.53).

The f1(Pγl
) function represents the concentration least squares error that defines the overall

fitness between the simulated concentrations cγs(Pγl
, t) and the concentrations cob

γs
(t) at the

observation sites with weight ωγs .

f1(Pγl
) =

nob∑
s=1

nc∑
γ=ne+1

Nt∑
n=1

ωγs [Cγs(Pγl
, tn)− Cob

γs
(tn)]2∆t. (3.29)

The allowable environmental concentrations cob
γs

(t) are perturbed from the ideal concentration

at minimum injection rates.

Table 3.1: Paralle DE-PDE Performance Summary for the objective function f1.

Pγl

Number of Processors
γ AIR 1 5 10 20 25

Opt Opt Opt Opt Opt

Mg2+

Pγ1 0.2 0.226 0.233 0.226 0.213 0.236
Pγ2 0.2 0.236 0.210 0.237 0.267 0.200
Pγ3 0.2 0.200 0.239 0.200 0.200 0.253
Pγ4 0.2 0.218 0.200 0.212 0.239 0.200

Cl−

Pγ1 0.1 0.119 0.122 0.119 0.112 0.124
Pγ2 0.1 0.124 0.111 0.125 0.141 0.101
Pγ3 0.1 0.102 0.126 0.105 0.100 0.133
Pγ4 0.1 0.115 0.102 0.112 0.126 0.103

Time : 35h 59m 6h 23m 3h 32m 2h 10m 1h 53m
Obj. val.: 8.34e− 6 1.89e− 5 1.71e− 5 3.81e− 4 3.81e− 6

Table 3.1 presents the numerical optimization results for 1, 5, 10, 20, and 25 processors, with

each processor evaluating a subset of the DE population using MPI-based communication.

We consider a Population size of 100, a maximum of 150 generations and a tolerance of 10−6.

We consider the four injection locations on the top boundary of the left half domain. They are

located between [250m 280m], [310m, 340m], [370m, 400m], and [430m, 460m] respectively.

We consider the injection rates range at four different injection locations for PMg2+
l

, [0.1 0.9]

and for PCl−
l

[0.1 0.9], l = 1, 2, 3, 4.The pollutions are injected for 360 days. In Table 3.1,
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AIR means actual injection rate and Opt means optimal injection rate. Four discrete areas

where the pollution concentrations are somewhat constrained need to be protected. In this

instance, the particular places are considered as a few points which serve as observation

locations. We consider the four observation points are O1 = (700, 18.5), O2 = (700, 16),

O3 = (800, 18.5) and O4 = (800, 16). We consider AIR at the observation location to find

Cob
γs

with the noise ζ = 0.1. We use the spatial step sizes are ∆x = ∆y = 1m and the time

step size as ∆t = 1day. The parameter values are given in Table 2.1.

(a) Parallel DE-PDE time reduction performance
metrics.

(b) Parallel DE-PDE speedup performance met-
rics.

(c) Parallel DE-PDE efficiency performance met-
rics.

Figure 3.2: Parallel DE-PDE performance metrics: (a) Time reduction, (b) Speedup, and (c)
Efficiency.

The numerical optimization results and performance metrics by the proposed parallelDE-PDE
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optimal control algorithm are listed in Table 3.1. The results clearly demonstrate that the

parallel DE-PDE algorithm maintains numerical robustness and solution stability across all

processor configurations. The optimal injection rates PMg2+
l

and PCl−
l

at the four injection

locations remain close to their actual injection rates, with only minor variations in the range

of ±(0.02 - 0.06) due to the noise ζ across the 1–25 processor runs. This consistency confirms

that the distributed population evaluation within MPI parallelization does not introduce

instability or bias into the optimization process.

Time Reduction =
(

T1−TN

T1
× 100

)
, Speedup = T1

TN
, Efficiency = Speedup

N
× 100,

where, N is number of processors, T1 is simulation time with 1 processor, TN Simulation time

with N processors.

Figure 3.2a presents the variation of time reduction (%) with respect to the number of pro-

cessors used in the parallel DE-PDE algorithm. The curve demonstrates a clear, monotonic

increase, indicating that the computational time decreases significantly as more processors

participate in the simulation. Starting from a single-processor baseline, the total runtime is

reduced by nearly 82% with five processors, 90% with ten processors, and reaches approxi-

mately 94.8% reduction with twenty-five processors. This strong improvement confirms that

the MPI-based population-level parallel DE-PDE efficiently distributes the workload across

multiple processors.

Figure 3.2b illustrates the speedup achieved by the parallel DE–PDE solver as a function

of the number of processors. The speedup curve closely follows an ideal linear trend up

to approximately ten processors, where the speedup value reaches around 10.2, nearly

equivalent to the number of processors employed. This near-linear growth confirms that the

computational tasks are evenly distributed and efficiently executed in parallel. Interestingly,

a slight superlinear acceleration is observed between five and ten processors, likely caused by

improved memory usage, reduced cache misses, and lower data contention when the population

and domain data are partitioned into smaller segments per processor. Beyond ten processors,
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the curve begins to deviate slightly from linearity, with speedup values of approximately 16.6

for twenty processors and 19.1 for twenty-five processors. The marginal decline in the rate of

increase is expected due to the rising communication cost and synchronization time associated

with frequent MPI data exchanges. Despite this, the achieved speedup remains remarkably

high, demonstrating that the proposed DE-PDE algorithm offers efficient scalability and

effective load balancing, especially for complex PDE-constrained optimization tasks involving

nonlinear and multicomponent transport processes.

Figure 3.2c depicts the parallel efficiency (%), which measures how effectively the compu-

tational resources are utilized relative to the ideal case. The efficiency curve exhibits three

distinct regions. In the initial stage (up to five processors), the efficiency exceeds 100%,

reaching a peak around 112%, which indicates a superlinear speedup. This behaviour is

commonly observed when parallel execution improves cache utilization, reduces memory

swapping, and minimizes latency compared to the serial case. In the intermediate region

(around ten processors), the efficiency remains close to the ideal level at approximately 100%,

confirming that the algorithm maintains a balanced computational workload without exces-

sive communication overhead. In the final stage (beyond twenty processors), the efficiency

gradually declines to around 75–80% as the benefit of additional processors is offset by

increased message-passing and synchronization costs. Nevertheless, the efficiency remains

well above the typical threshold for strong parallel performance, reflecting the robustness of

the parallelization strategy.

Together, Figures 3.2a, 3.2b, 3.2c collectively confirm that the proposed parallel DE–PDE

solver achieves near-linear scalability, significant runtime reduction, and high computational

efficiency while maintaining stable optimization accuracy.

Next, we consider the four injection locations on the top boundary of the left half domain.

They are located between [250m 280m], [310m, 340m], [370m, 400m], and [430m, 460m]

respectively in Table 4.2. The injection rates range at four different injection locations for
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Mg2+ ions, [0.1 0.8] and for Cl− ions, [0.2 0.9]. We consider the pollutions are injected for 360

days. In Table 3.3, AIR means actual injection rate, Opt means optimal injection rate, and

r-rate means reduction rate. The four observation points are O1 = (700, 18.5), O2 = (700, 16),

O3 = (800, 18.5) and O4 = (800, 16). We consider AIR at the observation location to find

Cob
γs

with the noise ζ = 0.1. We use the spatial step sizes are ∆x = ∆y = 1m and the time

step size as ∆t = 1day. The parameter values are given in Table 2.1. The injected locations

case description is given in Table 4.2. We consider a total population size of 100, a maximum

of 150 generations, and a tolerance of 10−6. For each simulation, we use 10 processors for in

the computation. The objective function considered here is solely f1.

Table 3.2: Injected location case description.

Pγ1 Pγ2 Pγ3 Pγ4

Case L1 [250m 280m] [310m 340m] [370m 400m] [430m 460m]
Case L2 [20m 50m] [250m 270m] [290m 310m] [490m 520m]
Case L3 [20m 50m] [70m 100m] [430m 460m] [490m 520m]

Table 3.3: Numerical simulations-optimization outcomes of Mg2+ and Cl− injection rates
across different locations for the objective function f1 evaluated with 10 parallel processors.

Pγl

Case L1 Case L2 Case L3

γ AIR Opt r-rate (%) Opt r-rate (%) Opt r-rate (%)

Mg2+

Pγ1 0.2 0.382 57.55 0.732 18.67 0.278 69.11
Pγ2 0.2 0.317 64.78 0.359 60.11 0.619 31.22
Pγ3 0.2 0.499 44.56 0.374 58.44 0.361 59.89
Pγ4 0.2 0.262 70.89 0.360 60.00 0.364 59.55

Cl−

Pγ1 0.3 0.316 64.89 0.605 32.78 0.511 43.22
Pγ2 0.3 0.262 70.89 0.296 67.11 0.229 74.55
Pγ3 0.3 0.412 54.22 0.309 65.67 0.298 66.87
Pγ4 0.3 0.216 76.00 0.297 67.00 0.301 66.56

Time: 3h 19m 3h 18m 3h 18m

Table 3.3 shows the optimization results for magnesium Mg2+ and chloride Cl− ion injection

rates at four injection locations under three distinct spatial configurations, L1, L2, andL3.

Each configuration represents a different geometric layout of injection and observation wells
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within the two-dimensional domain, thereby enabling an assessment of how spatial positioning

influences the efficiency of contaminant reduction.

For the Mg2+ ion, the optimized injection rates across configurations L1 to L3 generally

remain above the actual injection rate, implying effective control through reduced intensity.

In configuration L1, the r-rates are relatively high—ranging from approximately 44 % to

71 %, suggesting stronger injection suppression due to shorter pollutant travel distances

between the injection locations and observation wells. Configuration L2 shows smaller r-rates

(around 18 %–60 %) and higher optimized injection values, indicating that more injection

is required to maintain comparable pollutant concentrations when injected locations are

positioned farther apart or in regions of weaker hydraulic connectivity. Configuration L3

yields intermediate results, with balanced reductions between 31 % and 69 %, demonstrating

the adaptability of the optimization algorithm to heterogeneous spatial conditions.

For the Cl− ion, the optimized injection rates exhibit similar but slightly higher reduction

percentages than those of the Mg2+ ion, consistent with chloride’s higher mobility and

lower reactivity in groundwater systems. In layout L1, r-rates range from approximately 54

% to 76 %, showing strong reductions in injection intensity. Configuration L2 presents a

moderate pattern (r-rates between 32 % and 67 %), while L3 produces the most consistent

and balanced reduction profile (r-rates between 43 % and 75 %) across all injected locations.

These outcomes confirm that chloride transport responds more sensitively to injected location

configuration, but the DE-PDE algorithm successfully stabilizes the optimization by adjusting

injection magnitudes according to local transport pathways and diffusion effects.

The computational performance remains steady for all three configurations, with nearly

identical CPU times (around 3 hours 18–19 minutes), indicating that the parallel Differential

Evolution algorithm maintains consistent efficiency regardless of geometric complexity.

Example 2. In the second experiment, our aim is to demonstrate the application of a

multicomponent optimal control model to a practical scenario involving three interacting
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pollutants, four injection points, and observation constraints at multiple locations within

a groundwater domain. The example highlights how the structure of the fitness function,

combined with the abatement cost functions, can significantly impact the optimal pollution

management strategy.

We consider four pollution components Cβ = CCO2−
3

, and Cγ = CMg2+ , CCa2+ , CCl− , where

the aquifer contains CCO2−
3

inside and the other three components are injected on the specific

top of the aquifer. We consider the domain Ω = [0, 1000m]× [0, 20m] and the total simulation

time period of 1 years. The left boundary value of water head is hleft = 200m and the

right boundary value of water head is hright = 20m. The initial condition for water head is

h0 = 20m as well as the initial value for pollution concentrations CCa2+ , CMg2+ , and CCl− are

zero and CCO2−
3

= 0.67mol/m2. We consider four injection rates Pγl
, l = 1, 2, 3, 4, in the four

injected pieces, and the four observation locations of Onob
, nob = 1, 2, 3, 4, are placed deep in

the aquifer to track the spread of the contaminant, as shown in Figure 3.1. The parameter

values are given in Table 2.1. We simulate the flow of multicomponent contamination that

occurs during the precipitation reaction.

The stoichiometry equation for magnesite growth is as follows

Mg2+ + Ca2+ + 2CO2−
3 → CaMg(CO3)2(s).

The rate of growth for magnesium carbonate is Gr = kSeCMg2+CCa2+2CCO2+
3

. The kinetic

control reaction: RMg2+ = −vMg2+Gr, and RCO2−
3

= −vCO2−
3

Gr, where stoichiometric coeffi-

cients are vMg2+ = vCO2−
3

= 1

.

The kinetic control reaction for CO2−
3 is presented as SCO2−

3
Gr, while that for Ca2+ is

represented as SCa2+Gr and Mg2+ is represented as SMg2+Gr. The stoichiometric coefficients

for the reaction involving CO2−
3 , Ca2+ and Mg2+ are both equal to 1, denoted as SCO2−

3
Gr,

SCa2+ and SMg2+ . At a temperature of 250C, the solubility constant of MgCO3 is 6.82×10−6.
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The decretize cost function f2 given below:

f2(Pγl
) =

ns∑
l=1

nc∑
γ=ne+1

T∑
t=0

ω2
(
b1,lW

b2,l
γl

+ b3,lW
b2,l
γl

rb4,l
γl

)
dt, (3.30)

where the influent rates, commonly known as reduction rates(r-rate), are defined by

rγl
=

P max
γl
− Pγl

P max
γl

. (3.31)

and the coefficients values of the cost function listed in Table 4.4.

Table 3.4: The values of the cost function coefficients.

Coefficient b1 b2 b3 b4 b5 b6
Value 0.90 0.75 3.50 5.00 20.00 0.75

We consider the four injection locations on the top boundary of the left half domain. They

are located between [250m 280m], [310m, 340m], [370m, 400m], and [430m, 460m] respec-

tively. We consider the injection rates range at four different injection locations for PMg2+
l

,

[0.1 0.9],PCa2+
l

, [0.1 0.9], and for PCl−
l

[0.1 0.9], l = 1, 2, 3, 4. We consider the pollutions are

injected for 360 days. AIR means actual injection rate and Opt means optimal injection rate.

Four discrete areas where the pollution concentrations are somewhat constrained need to

be protected. In this instance, the particular places are considered as a few points which

serve as observation locations. We consider the four observation points are O1 = (700, 18.5),

O2 = (700, 16), O3 = (800, 18.5) and O4 = (800, 16). We consider AIR at the observation

location to find Cob
γs

with the noise ζ = 0.1. We use the spatial step sizes are ∆x = ∆y = 1m

and the time step size as ∆t = 1day. The parameter values are given in Table 2.1.

Table 3.5 presents the numerical optimization results for 1, 5, 10, 20, and 25 processors. A

Population size of 100, a maximum of 350 generations and a tolerance of 10+2 are taken. The

results by the parallel DE-PDE clearly demonstrate that the parallel algorithm maintains

numerical robustness and solution stability across all processor configurations. The optimal
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injection rates PMg2+
l

, PCa2+
l

and PCl−
l

at the four injection locations remain consistent with

their actual injection rates, and the r-rates vary from 60-75% across the 1–25 processor runs.

The objective function values are also very consistent.

Table 3.5: Paralle DE-PDE Performance Summary for the objective function f1 + f2.

Pγl

Number of Processors
γ AIR 1 5 10 20 25

Opt Opt Opt Opt Opt

Mg2+

Pγ1 0.10 0.289 0.312 0.275 0.268 0.285
Pγ2 0.10 0.310 0.240 0.326 0.364 0.370
Pγ3 0.10 0.209 0.320 0.259 0.274 0.288
Pγ4 0.10 0.270 0.261 0.300 0.253 0.318

Ca2+

Pγ1 0.10 0.322 0.260 0.219 0.288 0.308
Pγ2 0.10 0.261 0.284 0.341 0.268 0.298
Pγ3 0.10 0.281 0.286 0.267 0.303 0.296
Pγ4 0.10 0.282 0.374 0.266 0.269 0.301

Cl−

Pγ1 0.10 0.290 0.289 0.344 0.304 0.261
Pγ2 0.10 0.311 0.269 0.349 0.313 0.214
Pγ3 0.10 0.299 0.339 0.249 0.251 0.286
Pγ4 0.10 0.278 0.293 0.284 0.329 0.273

Time : 81h 56m 18h 33m 9h 48m 6h 49m 6h 27m
Obj. val.: 3.67e + 3 3.68e + 3 3.69e + 3 3.67e + 3 3.68e + 3

Figure 3.3a presents the variation of time reduction (%) with respect to the number of

processors used in the parallel DE-PDE algorithm. The curve demonstrates a clear, monotonic

increase, indicating that the computational time decreases significantly as more processors

participate in the simulation. Starting from a single-processor baseline, the total runtime

is reduced by nearly 77.35% with five processors, 88% with ten processors, and reaches

approximately 92.11% reduction with twenty-five processors. Though we get a little better

time reduction for f1 that shown in Figure 3.2a from 82-94.76 %, but this strong time

reduction confirms that the MPI-based population-level efficiency of the DE-PDE algorithm.

Figure 3.3b illustrates the speedup achieved by the parallel DE–PDE solver as a function

of the number of processors. The speedup curve closely follows an ideal linear trend up

to approximately ten processors, where the speedup value reaches around 8.36, nearly
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(a) Parallel DE-PDE time reduction performance
metrics.

(b) Parallel DE-PDE speedup performance met-
rics.

Figure 3.3: Parallel DE-PDE performance metrics: (a) Time reduction, (b) Speedup.

equivalent to the number of processors employed. This near-linear growth confirms that

the computational tasks are evenly distributed and efficiently executed in parallel. For

parallel processors 20 and 25, the speedup are comperatively slow than parallel processors

5 and 10. We get better speedup for the objective function f1 than f1 + f2. The achieved

speedup remains remarkably high, demonstrating that the proposed parallelization offers

efficient scalability and effective load balancing. Further, Figures 3.3a, 3.3b show the proposed

parallel DE–PDE solver achieves near-linear scalability, significant runtime reduction, and

high computational efficiency while maintaining stable optimization accuracy.

Table 3.6 presents the optimal injection rates (Opt) for each pollutant at four injection

locations and the corresponding reduction rates (r-rate %) for two different left boundary

hydraulic heads, which represent the achieved fractional reduction relative to maximum

permissible injection levels. We use 10 processors to produce Table 3.6. We consider a

Population size of 50, a maximum of 250 generations and a tolerance of 102. The objective

function considered here is f1 + f2, which minimizes the deviation between simulated and

permissible concentrations at observation points as well as the abatement cost. We consider

the noise ζ = 0.1. We consider the four injection locations on the top boundary of the

left half domain.They are located between [250m 280m], [310m, 340m], [370m, 400m], and
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[430m, 460m] respectively. At four different injection locations Pγ1 , Pγ2 , Pγ3 and Pγ4 , we

consider two group of injection rate range. For the first group, for all injected locations for

all components, we consider the injection rate range [0.1 0.9] and the AIR is 0.1. For second

group of injection rate range, we consider [0.04 0.4], [0.06 0.6], and [0.08 0.8], for Mg2+, Ca2+

and Cl− ions and there corresponding AIR are 0.07, 0.09, and 0.40 respectively. We consider

the four observation points are (700, 18.5), (700, 16), (800, 18.5) and (800, 16). We consider

AIR at the observation location to find C∗
γs

. We consider the pollutions are injected for 360

days. We use the spatial step sizes of ∆x = ∆y = 1m and the time step size of ∆t = 1day.

Then, we find the optimal injection rates at four different injection locations and find the

r-rates. In Table 3.6, we consider two different left boundary hydraulic heads 50m and 300m

while the right boundary hydraulic head is 20m in each case.

For PMg2+
l

, Table 3.6 shows that optimal injections strongly depend both on the hydraulic

gradient and on the injection-rate group. Under the lower head of 50m, PMg2+
l

injections

from the wider range [0.1 0.9] often settle in the mid-to-upper region of the interval, while

the narrower ranges [0.04 0.4], [0.06 0.6], and [0.08 0.8] leads the optimizer to push values

close to the upper bound, because we consider AIR 0.1 as the lower limit of range for wider

range and AIR in the middle of the narrow ranges. For both injection rate range groups, for

all pollutant γl, the fourth injection location (l = 4) injected less pollution due to close to

the observation locations. These higher injection levels are feasible because slower flow and

precipitation reduce CMg2+
l

accumulation at monitoring points. When the left boundary head

increases to 300m, however, both groups experience substantial downward shifts in optimal

injection, with reduction rates typically exceeding 50–60%. Even within the tighter range,

the optimizer reduces PMg2+
l

sharply, demonstrating that fast transport dominates and forces

conservative injection regardless of the allowed interval.

PCa2+
l

displays the clearest influence of the two injection-rate groups. At 50m head, injections

from the broader [0.1 0.9] range frequently reach very high values, and even the narrower

77



[0.04 0.4], [0.06 0.6], and [0.08 0.8] ranges drive the optimizer to use injection levels close to

the upper limit, producing very small reduction rates. This behaviour reflects PCa2+
l

strong

participation in precipitation reactions, which buffer concentration buildup during slow flow.

Under the high-head condition of 300m, both groups exhibit pronounced declines in optimal

injection, with reduction rates commonly in the 60–70% range. The narrower ranges moderate

the absolute magnitude of reductions but do not change the overall trend: rapid transport

forces strong injection cuts even for a highly reactive ion like Ca2+.

PCl−
l

shows the most restrictive behaviour across both injection-rate groups due to its high

mobility and limited participation in reactions. In the 50m head case, the optimizer already

suppresses PC−
l

injections near the lower bound for the [0.1 0.9] group, while the narrower

groups permit somewhat higher values but still reflect tight control. Under the 300m head,

both groups experience large reductions, typically producing r-rates in the 60–80% range.

Importantly, the two groups reveal that even when PCl−
l

is given a reduced feasible interval, the

optimizer continues to choose low values because CCl−
l

rapidly reaches observation locations

under both flow conditions. Thus, CCl−
l

remains the most constrained pollutant, and the

injection-rate group influences the numerical value of the optimum but not the underlying

need for strong reduction.

Overall, the combined results for PMg2+
l

, PCa2+
l

and PCl−
l

in Table 3.6 highlight the strong

interplay between hydraulic conditions, injection-rate bounds, and pollutant-specific trans-

port and reaction behavior in shaping optimal pollution control strategies. Under the

weak-flow scenario, the optimizer utilizes the upper portions of the injection intervals more

freely—especially for the reactive ions Mg2+ and Ca2+, because slower transport and pre-

cipitation reactions help maintain concentrations within acceptable limits. However, as

the hydraulic gradient increases, the system becomes far more sensitive, and the optimizer

consistently imposes substantial reductions across all pollutant and injection-rate groups to

prevent rapid contaminant breakthrough at the observation locations.

78



Table 3.6: Numerical simulations-optimization results of Mg2+, Ca2+ and Cl− injection rates
for different hydraulic heads for the objective function f1 + f2 evaluated with 10 parallel
processors.

Pγl
IR AIR hleft = 50m hleft = 300m

γ range Opt r-rate (%) Opt r-rate (%)

Mg2+

Pγ1
[0.1 0.9] 0.10 0.740 17.74 0.305 66.09
[0.04 0.4] 0.07 0.361 09.75 0.163 59.25

Pγ2
[0.1 0.9] 0.10 0.613 31.88 0.419 53.44
[0.06 0.6] 0.09 0.570 05.00 0.257 57.17

Pγ3
[0.1 0.9] 0.10 0.620 31.07 0.455 49.44
[0.08 0.8] 0.10 0.600 25.00 0.373 53.38

Pγ4
[0.1 0.9] 0.10 0.267 70.03 0.366 59.36
[0.1 0.9] 0.40 0.418 53.56 0.416 53.78

Ca2+

Pγ1
[0.1 0.9] 0.10 0.812 09.75 0.300 66.61
[0.04 0.4] 0.07 0.393 01.75 0.156 61.00

Pγ2
[0.1 0.9] 0.10 0.602 33.14 0.326 63.81
[0.06 0.6] 0.09 0.553 07.83 0.445 25.83

Pγ3
[0.1 0.9] 0.10 0.507 43.70 0.398 55.80
[0.08 0.8] 0.10 0.600 25.00 0.308 61.50

Pγ4
[0.1 0.9] 0.10 0.253 71.89 0.317 64.82
[0.1 0.9] 0.40 0.417 53.67 0.377 58.11

Cl−

Pγ1
[0.1 0.9] 0.10 0.717 20.29 0.282 68.64
[0.04 0.4] 0.07 0.400 00.00 0.209 47.75

Pγ2
[0.1 0.9] 0.10 0.574 36.26 0.350 61.08
[0.06 0.6] 0.09 0.569 05.17 0.242 59.67

Pγ3
[0.1 0.9] 0.10 0.618 31.30 0.336 62.63
[0.08 0.8] 0.10 0.563 29.63 0.331 58.63

Pγ4
[0.1 0.9] 0.10 0.240 73.31 0.287 68.08
[0.1 0.9] 0.40 0.413 54.11 0.312 65.33

Time : 7h 55m 7h 58m

Table 3.7 presents the numerical optimization results for two different case of Reduction

Rate Exponent b4. For groundwater contamination with four interacting pollutants CO2−
3 ,

Mg2+, Ca2+ and Cl− ions in a four-injection configuration. We use 10 processors to produce

Table 3.7. We consider a Population size of 50, a maximum of 250 generations and a

tolerance of 102. The objective function considered here is f1 + f2, which minimizes the

deviation between simulated and permissible concentrations at observation points as well as
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the abatement cost. We consider the noise ζ = 0.1. The table reports the optimal injection

rates (Opt) for each pollutant at four injection locations and the corresponding reduction

rates (r-rate %), which represent the achieved fractional reduction relative to maximum

permissible injection levels. At four different injection locations Pγ1 , Pγ2 , Pγ3 and Pγ4 , we

consider two group of injection rate range. For the first group, for all injected locations

for all components, we consider the injection rate range [0.1 0.9] and the AIR is 0.1. For

second group of injection rate range, we consider [0.08 0.8], [0.08 0.8], [0.1 0.9], and [0.1 0.9]

for Mg2+, Ca2+ and Cl− ions and there corresponding AIR are 0.10, 0.10, 0.30 and 0.30

respectively. We consider the four observation points are (700, 18.5), (700, 16), (800, 18.5)

and (800, 16). We consider AIR at the observation location to find C∗
γs

. We consider the

pollutions are injected for 360 days. We use the spatial step sizes of ∆x = ∆y = 1m and

the time step size of ∆t = 1day. Then, we find the optimal injection rates at four different

injection locations and find the r-rates. In Table 3.7, we present two different cases of the

reduction rate exponent, where case-I is for b4 = 2.0 and case-II is for b4 = 8.0.

For PMg2+
l

, Table 3.7 shows that both the reduction rate exponent b4 and the chosen injection-

rate group strongly influence the optimized injection behaviour. Under the wider range

[0.1 0.9] with a low AIR of 0.10 and 0.30, the optimizer has considerable flexibility, and with

b4 = 2.0 it often selects lower injection rates with higher r-rates because reductions are not

overly penalized. In contrast, under the narrower range [0.08 0.8], the optimizer tends to

place the solution closer to the upper bound, especially when b4 = 8.0, because the steep cost

curve makes any significant reduction prohibitively expensive. As a result, the combination

of a tight feasible interval and a large exponent forces the optimizer toward much higher

injection values and substantially lower reduction percentages. Thus, for PMg2+
l

, both the

allowable injection bounds and the curvature of the abatement cost function jointly determine

how aggressively the system can reduce injections.

PCa2+
l

follows the same general trend but exhibits additional nuances due to its strong

80



role in the precipitation reaction. With the broader [0.1 0.9] interval and AIR = 0.10

or 0.30, the optimizer can take advantage of PMg2+
l

natural attenuation, especially when

b4 = 2.0, producing moderate reductions without incurring excessive cost. However, when the

injection rate group is tightened to [0.08 0.8], the feasible range restricts how much downward

adjustment is possible, and the transition to a large exponent (b4 = 8.0) further discourages

reductions by dramatically inflating abatement cost at higher r-rates. Consequently, PCa2+
l

injections rise noticeably under Case II, regardless of its reactive benefits. The combined

influence of the narrow interval and steep cost structure makes aggressive PCa2+
l

reduction

infeasible, highlighting the dominant role of economic penalties in shaping control strategies.

PCl−
l

, being highly mobile and weakly reactive, shows the strongest combined sensitivity to

both injection-rate groups and cost-function curvature. Under the first group [0.1 0.9] with

AIR = 0.10 or 0.30, the optimizer imposes substantial reductions when b4 = 2.0, producing

low optimal injection values to prevent rapid transport toward observation points. However,

under the second group—where PCl−
l

may have a higher AIR or a modified bound, the

optimizer’s flexibility diminishes, and the steep b4 = 8.0 penalty makes large reductions

economically prohibitive. As a result, PCl−
l

injections increase sharply and r-rates drop across

all injection locations. This pattern demonstrates that when a pollutant is both highly mobile

and assigned a steep abatement-cost exponent, the optimizer prioritizes cost avoidance over

aggressive reduction, even if transport physics would favour stronger suppression.

Overall, the results in Table 3.7 clearly demonstrate that the reduction-rate exponent b4

and the chosen injection-rate group play decisive roles in shaping the optimal injection

strategies for PMg2+
l

,PCa2+
l

and PCl−
l

. When b4 = 2.0, the moderate growth of abatement cost

allows the optimizer to impose substantial reductions across all species, especially within

the wider injection-rate intervals, leading to lower optimal injections and higher r-rates. In

contrast, when b4 = 8.0, the abatement cost becomes extremely steep, making high reductions

prohibitively expensive and pushing the optimizer toward much higher injection values with
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significantly reduced r-rates.

Table 3.7: Numerical simulations-optimization results of Mg2+, Ca2+ and Cl− injection rates
for different cost coefficient penalty for the objective function f1 + f2 evaluated with 10
parallel processors.

Pγl
IR AIR Case− I Case− II

γ range Opt r-rate (%) Opt r-rate (%)

Mg2+

Pγ1
[0.1 0.9] 0.10 0.370 58.87 0.193 78.55
[0.08 0.8] 0.10 0.680 15.00 0.475 40.63

Pγ2
[0.1 0.9] 0.10 0.323 64.11 0.229 74.54
[0.08 0.8] 0.10 0.578 27.75 0.618 22.75

Pγ3
[0.1 0.9] 0.10 0.314 65.15 0.260 71.09
[0.1 0.9] 0.30 0.617 31.44 0.385 57.22

Pγ4
[0.1 0.9] 0.10 0.100 88.89 0.135 85.01
[0.1 0.9] 0.30 0.594 34.00 0.383 57.44

Ca2+

Pγ1
[0.1 0.9] 0.10 0.405 54.52 0.278 69.12
[0.08 0.8] 0.10 0.700 12.50 0.367 54.13

Pγ2
[0.1 0.9] 0.10 0.168 81.28 0.188 79.13
[0.08 0.8] 0.10 0.583 27.13 0.248 69.00

Pγ3
[0.1 0.9] 0.10 0.100 89.89 0.216 75.98
[0.1 0.9] 0.30 0.661 26.56 0.386 57.11

Pγ4
[0.1 0.9] 0.10 0.259 71.18 0.200 77.78
[0.1 0.9] 0.30 0.575 36.11 0.316 64.89

Cl−

Pγ1
[0.1 0.9] 0.10 0.379 57.81 0.269 70.03
[0.08 0.8] 0.10 0.648 19.00 0.271 66.13

Pγ2
[0.1 0.9] 0.10 0.100 88.89 0.134 85.11
[0.08 0.8] 0.10 0.664 17.00 0.368 54.00

Pγ3
[0.1 0.9] 0.10 0.174 80.65 0.216 75.99
[0.1 0.9] 0.30 0.685 23.89 0.350 61.11

Pγ4
[0.1 0.9] 0.10 0.269 70.04 0.253 71.90
[0.1 0.9] 0.30 0.662 26.44 0.480 46.67

Time: 7h 7m 7h 6m

Table 3.8 presents the numerical optimization results for different objective functions f1,

f1+f2 and f1+f3 by the parallel DE-PDE algorithm for the multicomponent PDE-constrained

optimal control model to groundwater contamination with four interacting pollutants CO2−
3 ,

Mg2+, Ca2+ and Cl− in a four-injection configuration. We use 10 processors to produce

Table 3.8. A Population size of 50, a maximum of 150 generations and a tolerance 10−4 are
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taken for f1 and tolerance 10−2 for f1 + f2 and f1 + f3. We use 10 parallel processors to

produce optimal values. The table reports the optimal injection rates (Opt) for each species

at four injection locations and the corresponding reduction rates (r-rate %), which represent

the achieved fractional reduction relative to maximum permissible injection levels. At four

different injection locations Pγ1 , Pγ2 , Pγ3 and Pγ4 , we consider the injection rates range is

[0.1 0.9] and AIR is 0.1 for Mg2+, Ca2+, and Cl− . We consider the four observation points

are (700, 18.5), (700, 16), (800, 18.5) and (800, 16). We consider AIR at the observation

location to find C∗
γs

. We consider the noise ζ = 0.05. We consider the pollutions are injected

for 360 days. We use the spatial step sizes of ∆x = ∆y = 1m and the time step size of

∆t = 1day. Then, we find the optimal injection rates at four different injection locations and

find the r-rates.

On the other hand, the specified piecewise abatement cost function f ′
2 is considered

f ′
2(Pγl

) =
ns∑
l=1

nc∑
γ=ne+1

T∑
t=0

ω2A′
γl

(rγl
), ∀ r. (3.32)

A′
γl

(rγl
) =


(
b1,lW

b2,l
γl + b3,lW

b2,l
γl r

b4,l
γl

)
, for r < rc,(

b1,lW
b2,l
γl + b3,lW

b2,l
γl r

b4,l
γl + b5,lW

b2,l
γl

(
(r − rc)

b6,l
γl

))
, for r ≥ rc.

Table 3.8 shows that the optimal PMg2+
l

are highly sensitive to the choice of objective

function. Under the tracking only objective f1, the optimizer consistently selects the minimum

permissible injection value of 0.100 at two of the four injection locations, and at the other two

locations, injection rates are very close to AIR, yielding very high reduction rates between

82% and 89%. This reflects an aggressive minimization of concentration deviations, as the

absence of a cost penalty encourages strong reductions. When the standard abatement cost

function f2 is included, the optimal injections rise substantially to values in the range 0.612

to 0.722, and the corresponding reduction rates fall markedly to 19− 32%. This demonstrates

the influence of economic penalties, which discourage excessive reductions and force a balance
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Table 3.8: Numerical simulations-optimization results of Mg2+, Ca2+ and Cl− injection rates
for different cost coefficient penalties for the objective function f1,f1 +f2, and f1 +f3 evaluated
with 10 parallel processors.

Pγl
AIR f1 f1 + f2 f1 + f ′

2

γ Opt r-rate (%) Opt r-rate (%) Opt r-rate (%)

Mg2+

Pγ1 0.10 0.100 88.89 0.658 26.86 0.446 50.50
Pγ2 0.10 0.152 83.07 0.722 19.81 0.368 59.16
Pγ3 0.10 0.162 82.00 0.612 31.96 0.419 53.48
Pγ4 0.10 0.100 88.89 0.638 29.17 0.256 71.52

Ca2+

Pγ1 0.10 0.100 88.89 0.547 39.22 0.222 75.32
Pγ2 0.10 0.120 86.68 0.551 38.74 0.353 60.74
Pγ3 0.10 0.181 79.83 0.646 28.19 0.464 48.46
Pγ4 0.10 0.100 88.89 0.565 37.19 0.371 58.81

Cl−

Pγ1 0.10 0.100 88.89 0.535 40.57 0.386 57.10
Pγ2 0.10 0.130 85.52 0.610 32.18 0.279 69.04
Pγ3 0.10 0.183 79.69 0.751 16.60 0.524 41.76
Pγ4 0.10 0.101 88.79 0.611 32.10 0.401 55.45

Time: 3h 54m 4h 2m 4h 35m

between environmental performance and cost. Under the piecewise cost function f1 + f ′
2,

PMg2+
l

falls between the two previous regimes, with optimal values of 0.256 to 0.446 and

reduction rates of 50% to 72%. The f ′
3 structure therefore yields a moderated compromise

that allows meaningful reduction while avoiding the extreme penalties imposed by f2.

The PCa2+
l

results in Table 3.8 follow the same general trend as PMg2+
l

, but with distinct

behavior arising from PCa2+
l

strong involvement in the precipitation reaction. Under f1, the

optimizer again drives the injection rates to the lower bound of 0.100 at two locations and to

similarly low levels at the remaining sites, producing reduction rates of 80%–89%. When

the abatement cost f2 is introduced, injection rates increase noticeably to the range 0.547

to 0.646, accompanied by reduced r-rates of 28% to 39%. These values are slightly lower

than their PMg2+
l

counterparts, indicating that the optimizer tolerates somewhat higher PCa2+
l

injections because reactions naturally attenuate its concentration. Under the decreasing cost

function f3, optimal PCa2+
l

injections shift to the intermediate range 0.222 to 0.464, with

r-rates between 48% and 75%. Thus, f ′
3 promotes substantial but not extreme reductions,
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reflecting a balanced interaction between concentration tracking and the moderated economic

penalty.

PCl−
l

displays the most pronounced sensitivity to the objective function due to its weak

reactivity and high mobility. Under f1, optimal injection rates remain close to the lower

bound (0.100–0.183), resulting in high reduction rates of 79%–89%, which reflects the need

to strongly suppress chloride transport when reductions are cost-free. When the abatement

cost f2 is included, the optimizer relaxes these reductions substantially, increasing optimal

injections to 0.535 to 0.751 and decreasing r-rates to 16−41%. This highlights the prohibitive

cost of aggressive reduction for a highly mobile species. Under the piecewise cost function

f ′
2, chloride injection rates again fall between the extremes, taking values of 0.279 to 0.524

with r-rates of 41% to 69%. The f ′
2 formulation therefore yields a tempered strategy that

allows for meaningful reduction while avoiding the severe economic penalty associated with

strong suppression under f2. Overall, PCl−
l

remains the most constrained contaminant, with

the objective function exerting dominant control over its optimal injection patterns.

Overall, the results presented in Table 3.8 clearly demonstrate that the structure of the

objective function has a profound influence on the optimal injection strategy for PMg2+
l

,

PCa2+
l

and PCl−
l

. When the optimization relies solely on the tracking objective f1, the

algorithm consistently drives the injection rates toward their lower bounds, resulting in

very high reduction rates across all species. This outcome reflects the fact that, in the

absence of an economic penalty, the optimizer favours aggressive suppression to minimize

concentration mismatches at observation locations. In contrast, the introduction of the

standard abatement cost function f2 significantly alters this behaviour, penalizing strong

reductions and leading to much higher optimal injection values with substantially lower

r-rates. The piecewise abatement cost function f ′
2 produces intermediate results, offering a

balanced compromise between reduction effort and cost by allowing meaningful reductions

in injection without imposing the steep penalties of f2. Together, these findings highlight

85



the critical role of cost-function design in shaping groundwater contamination management

decisions and demonstrate how economic considerations can strongly modulate physically

driven optimal control solutions.

Example 3. In the third experiment, our aim is to demonstrate the application of a

multicomponent optimal control model to a practical scenario involving four interacting

pollutants, two injection locations, and observation constraints at multiple locations within

a groundwater domain. The example emphasizes how the structure of the fitness function

f1 and abatement cost functions f2 and f ′
2 can substantially influence the optimal pollution

management strategy.

Figure 3.4: Hypothetical vertical aquifer.

We consider a conceptual aquifer whose shape closely resembles that of the real aquifer which

is presented in Fig. 3.4. We consider the domain Ω = [0, 1000m]× [0, 100m] and the total

simulation time period of 360 days. Additionally, we have a discontinuous pollution-injection

process that occurs at specific boundary locations of the domain, as specified by the injected

locations. We consider injection pollution for the first six months and no injection pollution

for the last six months. The left boundary value of water head is hleft = 150m and the

86



right boundary value of water head is hright = 20m. We consider the same contamination

components and precipitation chemical reaction as in Example 2. The initial condition for

water head is h0 = 20m as well as the initial value for pollution concentrations CCa2+ , CMg2+ ,

CCl− are zero and CCO2
3

= 0.6 mol/m2. We consider two injection rates Pγl
, l = 1, 2, in the

two injected pieces, and the four observation locations of Onob
, nob = 1, 2, 3, 4, are placed

deep in the aquifer to track the spread of the contaminant, as shown in Fig. 3.4.

Table 3.9: The case description.

Injected locations Observed locations

Case-I Pγ1 : ([30m 130m], 50m) O1 : (300m, 75m) O2 : (300m, 50m)
Pγ2 : ([30m 130m], 95m) O3 : (350m, 75m) O4 : (350m, 50m)

Case-II Pγ1 : ([30m 130m], 50m) O1 : (450m, 50m) O2 : (450m, 45m)
Pγ2 : ([250m 350m], 40m) O3 : (480m, 50m) O4 : (480m, 45m)

Case-III Pγ1 : ([30m 130m], 50m) O1 : (200m, 60m) O2 : (200m, 50m)
Pγ2 : ([470m 570m], 20m) O3 : (670m, 40m) O4 : (670m, 30m)

In Case I, the injection and observation points are spatially close, producing strong hydraulic

coupling. The optimizer chooses Opt values near the lower end of each IR range of [0.1 0.9]

for the PMg2+
l

, PCa2+
l

, and PCl−
l

and resulting in high reduction rates of roughly 70–90 %.

But when we choose AIR as the mid value of the IR range, the Opt is around its AIR.

The corresponding AIR values are modest but sufficient, indicating efficient transmission of

injected solutes through the aquifer. These results confirm that in short-path configurations,

minimal injection achieves the target concentrations because advective transport dominates

and dispersion losses are negligible. Computationally, this regime is the most energy-efficient,

with high r-rates reflecting strong abatement efficiency.

Table 3.10 presents the numerical optimization results for different injected locations by the

parallel DE-PDE algorithm for the multicomponent PDE-constrained optimal control model

for groundwater contamination with four interacting pollutants CO2−
3 , Mg2+, Ca2+ and Cl−

ions in a two-injection configuration. We use 5 processors to produce Table 3.10. The objective

function considered here is solely f1, which minimizes the deviation between simulated and
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permissible concentrations at observation points. We consider the noise ζ = 0.2. The table

reports the optimal injection rates (Opt) for each species at two injection locations and the

corresponding reduction rates (r-rate %), which represent the achieved fractional reduction

relative to maximum permissible injection levels. We consider the injection rates range at

two different injection locations Pγ1 [0.1 0.9] and [0.05 0.5] for Mg2+, [0.1 0.9], and [0.1 0.9]

for Ca2+ and [0.1 0.9], and [0.09 0.9] for Cl− as well as Pγ2 [0.1 0.9], and [0.08 0.8] for Mg2+,

[0.1 0.9], and [0.09 0.9] for Ca2+ and [0.1 0.9], and [0.06 0.6] for Cl−. We consider the

pollutions are injected for 360 days. Then, we find the optimal injection rates at two different

injection locations and find the r-rates. The injection locations and observation locations

for three different cases are given below in Table 3.9. The comparison among Case I, Case

II, and Case III illustrates how the DE-PDE algorithm balances pollutant control, physical

transport, and constraint satisfaction.

Table 3.10: Numerical simulations-optimization results of Mg2+, Ca2+ and Cl− injection
rates for the objective function f1 evaluated with 10 parallel processors.

Pγl
IR AIR Case I Case II Case III

range Opt r-rate (%) Opt r-rate (%) Opt r-rate (%)

Mg2+
Pγ1

[0.1 0.9] 0.10 0.240 73.33 0.189 79.00 0.242 73.11
[0.05 0.5] 0.07 0.105 79.00 0.109 78.20 0.103 79.40

Pγ2
[0.1 0.9] 0.10 0.100 88.89 0.231 74.33 0.212 76.44
[0.08 0.8] 0.09 0.117 85.38 0.124 84.50 0.138 82.75

Ca2+
Pγ1

[0.1 0.9] 0.10 0.224 75.11 0.232 74.35 0.242 73.11
[0.1 0.9] 0.20 0.299 66.78 0.279 69.00 0.300 66.67

Pγ2
[0.1 0.9] 0.10 0.121 86.56 0.232 74.22 0.204 77.33
[0.09 0.9] 0.10 0.090 90.00 0.168 81.33 0.107 88.11

Cl−
Pγ1

[0.1 0.9] 0.10 0.225 75.00 0.246 72.67 0.226 74.89
[0.09 0.9] 0.10 0.179 80.11 0.177 80.33 0.180 80.00

Pγ2
[0.1 0.9] 0.10 0.265 70.56 0.220 75.56 0.359 60.11
[0.06 0.6] 0.07 0.119 80.17 0.098 83.67 0.116 80.67

Time: 20h 56m 20h 55m 20h 54m

We consider intermediate separation in Case II, i.e. when injection and observation wells

are farther apart, the optimizer compensates by increasing Opt values within each IR
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range of [0.1 0.9]—for instance, Mg2+ (PMg2+
1

= 0.189; PMg2+
2

= 0.231), Ca2+ (PCa2+
1

=

0.232; PCa2+
2

= 0.168), and Cl− (PCl−1
= 0.246; PCl−2

= 0.220) while r-rates drop to 70˘80 %.

On the other hand, the optimal values for different IR ranges in different injected locations

show little fluctuation, which follow the same trajectory with a fixed IR range. The opt values

in this case are slightly lower than in Case I, despite the higher Opt, showing that dispersion

and partial attenuation limit how much of the injected concentration reaches the observation

points. This behaviour illustrates the optimizer’s ability to adjust control intensity to offset

transport inefficiencies. The shift of Opt toward the mid-range of IR demonstrates that

the algorithm is not saturating the control limits but rather finding balanced, physically

meaningful injection profiles.

In Case III, the most complex configuration, with widely separated wells and anisotropic flow

paths, Table 3.10 shows a mixture of high and low Opt values. The reduction rates vary

between 60% and 80%, and opt values at observation points remain moderate, indicating

partial breakthrough at the injected locations. These variations suggest that one injection

zone operates more effectively than the other. The DE-PDE optimizer dynamically adapts

each control variable, pushing some Opt values closer to the upper IR limit to sustain

influence in hydraulically distant regions while keeping others near the lower limit to avoid

over-injection downstream.

Table 3.11: Numerical simulations-optimization results of Mg2+, Ca2+ and Cl− injection
rates for the objective function f1 + f3 evaluated with 10 parallel processors.

Pγl
AIR 6thMonth 8thMonth 12thMonth

γ Opt r-rate (%) Opt r-rate (%) r-rate (%)

Mg2+ Pγ1 0.10 0.648 19.00 0.156 82.67 0.150 81.25
Pγ2 0.25 0.373 58.56 0.368 59.11 0.756 16.00

Ca2+ Pγ1 0.08 0.573 18.14 0.119 83.00 0.119 83.00
Pγ2 0.10 0.225 75.00 0.219 68.10 0.628 30.22

Cl− Pγ1 0.09 0.638 20.25 0.132 83.50 0.137 82.88
Pγ2 0.10 0.225 75.00 0.224 75.11 0.621 31.00

Time: 7h 42m 9h 11m 15h 1m
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Table 3.11 presents the numerical optimization results of three different time periods of

PMg2+
l

, PCa2+
l

, and PCl−
l

. The optimization considers the combined objective function f1 + f ′
2,

incorporating both concentration minimization and abatement cost terms, with a noise level

of ζ = 0.2 to simulate environmental variability. We consider the two injection locations

which are located between [30m 130m] at 50m and [260m 360m] at 80m. The table reports

the optimal injection rates (Opt) for each pollutant at two injection locations, along with

the corresponding reduction rates (r-rate %), representing the fractional reduction relative

to the maximum permissible injection levels defined by the injection rate (IR) range. The

specified IR bounds are [0.09 0.9] for Mg2+, [0.07 0.7] for Ca2+, and [0.08 0.8] for Cl− at the

first injection location Pγ1 , where the pollutant concentrations at the observation points Cob
γl

are measure for IR rates 0.10, 0.08, and 0.09, respectively. For the second injection location

Pγ2 , the corresponding IR bounds are [0.2 0.9] for Mg2+, [0.1 0.9] for Ca2+, and [0.1 0.9] for

Cl−, with observed concentrations at the observation points Cob
γl

are measure for IR rates

0.25, 0.10, and 0.10, respectively. We consider the four observation points are (450m, 50m),

(450m, 45m), (480m, 50m) and (480m, 45m). The contamination injection period is 180

days, followed by another 180 days of no injection to assess post-injection evolution. The

DE optimization is performed with a population size of 50, a maximum of 120 generations,

a tolerance of 10+2 and 10 processors run in parallel, ensuring sufficient exploration and

convergence of the solution space. The resulting optimal injection rates and reduction rates

at both injection locations quantitatively demonstrate the effectiveness of the algorithm in

achieving substantial pollutant reduction under realistic operational constraints. This table

illustrates how the optimal injection rates (Opt) and reduction rates (r-rate %) evolve for

each contaminant species at two injection locations over the 6th, 8th, and 12th months of

simulation under a moderate noise level.

At the first injection location PMg2+
1

, the optimal injection decreases from 0.648 at month 6

to 0.156 at month 8 and 0.150 at month 12. This monotonic decline shows that the optimizer
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(a) t = 60 days

(b) t = 190 days

(c) t = 360 days

Figure 3.5: Concentration distributions of Cl− at different time: Left column with maximum
injection rates; Right column with optimal injection rates .
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progressively lowers PMg2+
1

input as the injection stabilizes and the concentration constraint is

satisfied. The very high r-rates after month 8 indicate a transition from active to maintenance

control, where less injection is sufficient to sustain pollutant attenuation due to dispersion

and reactive retardation. At the second well, the optimal injection starts much lower and

remains nearly constant at month 8, before slightly increasing to 0.756 by month 12. This

mild rebound in the final phase suggests that Pγ2 lies in a region of slower transport or

weaker connectivity, where the optimizer increase injection later to compensate for residual

concentration buildup.

For PCa2+
1

, the optimized rate sharply decreases from 0.573 at month 6 to 0.119 at month

8 and 0.119 at month 12. This pattern is nearly identical to PMg2+
1

but with slightly lower

injection magnitudes, reflecting calcium’s lower diffusivity and stronger chemical reactivity

with carbonate ions. At Pγ2 , PCa2+
2

exhibits non-monotonic behaviour. The injection remains

steady between months 6 and 8, but then increases drastically at month 12. This significant

jump implies that the second injected location becomes more influential during later simulation

stages, likely due to reduced reactivity downstream.

Chloride (Cl− ion behaves differently from the divalent species because of its high mobility

and lack of reactivity. At Pγ1 , the optimal rate PCl−1
falls from 0.638 at month 6 to 0.132

at month 8 and 0.137 at month 12. This outcome highlights chloride’s conservative nature;

once the target concentration distribution is achieved, the system sustains it largely through

advection and dispersion without active control. At Pγ2 , the optimized PCl−2
rate remains

very low at month 6 and month 8, but then surges to 0.621 at month 12. This late-stage

injection spike mirrors the behaviour of PCa2+
1

at the same injected location and reveals an

underlying hydraulic delay or breakthrough event: as the upstream region clears, residual

contaminants likely migrate toward the downstream area, prompting the optimizer to increase

PCl−2
injection there to rebalance concentration targets.

Across all species and wells, the data exhibit a general decline in optimal injection rates
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(a) t = 60 days

(b) t = 190 days

(c) t = 360 days

Figure 3.6: Concentration distributions of Mg2+ at different time: Left column with maximum
injection rates; Right column with optimal injection rates .
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with time, except for selective increases at Pγ2 during the 12th month. The overall trend

of rising r-rates indicates progressively reduced need for control as natural dispersion and

chemical interactions take effect. The spatial distinction between the two wells—where Pγ1

shows monotonic decline and Pγ2 shows mixed or delayed response—clearly demonstrates the

spatiotemporal adaptivity of the DE algorithm in handling heterogeneous flow conditions.

The recorded CPU times for 6th month 7h 42m, 8th month 9h 11m, and 12th months

15h 1m, increase with simulation time, consistent with the growing computational complexity

of evaluating longer temporal windows and tighter convergence criteria as the optimization

proceeds.

Finally, we compare the concentration distributions of the pollutants without optimization

injection rates and with optimal injection rates from the optimal control process. We take the

maximum injection rates for Cl−, Mg2+ and Ca2+ at Pγ1 = Pγ2 = 0.9. On the other hand, We

take the optimal injection rates of PCl−1
= 0.137, PCl−2

= 0.621; PMg2+
1

= 0.150, PMg2+
2

= 0.756;

and PCa2+
1

= 0.119, PCa2+
2

= 0.628. To compute optimal injection rates, we simulated the

multicomponent optimal control model. All linked-simulation model descriptions are given in

Table 3.11.

Numerical results in Figures 3.5, 3.6 and 3.7 collectively show that the application of

optimal injection rates substantially improves contamination control outcomes compared

with maximum injection conditions across the three contaminants— Cl−, Mg2+ and Ca2+

as well as over the simulated time horizon of 60, 190, and 360 days. For chloride, whose

high mobility and non-reactive behaviour allow rapid plume expansion, optimal control

effectively suppresses downstream transport and limits unnecessary dispersion after early-

stage propagation. Magnesium and Calcium display a more moderate response because it

participates in precipitation reactions, and the optimal injections noticeably limit its buildup

and spatial expansion by taking advantage of natural attenuation processes. Across all

contaminants, the differences between maximum and optimal injection conditions become
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(a) t = 60 days

(b) t = 190 days

(c) t = 360 days

Figure 3.7: Concentration distributions of Ca2+ at different time: Left column with maximum
injection rates; Right column with optimal injection rates .
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even more pronounced at later simulation times, demonstrating that less injection is required as

dispersion, chemical reactions, and flow redistribution gradually stabilize the system. Overall,

the figures illustrate that optimized injection scheduling reduces contaminant propagation,

adapts to the distinct transport and reaction behaviours of each pollutant.
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Chapter 4

A Multi-Control Strategy

Optimization Framework for Reactive

Groundwater Contamination in Porous

Media

4.1 Introduction

An effective groundwater management requires optimization strategies that not only control

contaminant concentrations but also account for multiple economic and operational constraints,

particularly pumping costs [74, 51, 83]. This leads to PDE-constrained optimal control

frameworks, where injection and extraction decisions are optimized to achieve environmental

targets while maintaining cost efficiency [93, 122, 126].

In this chapter, we develop a multi-control strategy optimal framework for groundwater con-

tamination management. The multi-control objective function integrates concentration least

squares error f1, piecewise abatement cost f ′
2, and pumping cost f3, to balance contaminant
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reduction with treatment and energy costs while preventing excessive pumping. A boundary

injection treatment strategy is considered in terms of reduction rates at injection locations,

where the objective function f ′
2 is proposed in terms of reduction rates to directly reflect

remediation effort. A pumping cost function f3 is incorporated into the optimization to

determine optimal pumping rates while accounting for energy and operational costs. This

ensures interpretable and bounded control variables. The optimization model is subject

to PDE system of multicomponent flow and transport simulation. The developed parallel

DE–PDE optimization algorithm is applied to solve the high-dimensional optimization model.

We present different numerical experiments. Initially, the influence of reduction rates is

investigated in a four-contaminant system under f1 and f ′
2, with emphasis on injection

locations and well placements. Subsequently, a six-component contamination optimization

problem is considered to analyze optimal reduction rates strategies across varying protected

zone sizes and depths, along with pumping effects. Finally, the coupled impact of reduction

and pumping rates is examined and numerically investigated in an L-shaped aquifer under

multi-control of f1, f ′
2, and f3, with performance evaluated through comparisons between

worst-case and optimal contamination patterns.

4.2 Mathematical Model of Multicomponent Pollution

Control

4.2.1 Multicomponent Mathematical Model

We consider horizontal groundwater flow in a porous aquifer with extraction wells represented

by the well term qw. Contaminant injection is imposed through Neumann boundary conditions

along selected segments of the top boundary. The hydraulic head governs the flow field,

and the corresponding Darcy velocity defines the advective transport of dissolved species.

The transport of each contaminant component is influenced by advection, diffusion, and
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well effects associated with pumping, while nonlinear reaction terms account for kinetically

controlled chemical interactions among multiple species. These processes are fully coupled

and the flow field controls transport and the evolving concentrations are affected by reaction

dynamics and well operations. The resulting system forms a time-dependent, multicomponent

reactive transport model combining with the well operation affection,

Ss
∂h

∂t
= ∇.(K∇h)− qw, w = 1, 2, . . . , nw (4.1)

u = −K∇h, (4.2)
∂(ϕcα)

∂t
+∇.(ucα −D∇cα) = −qwcα + Rα(c), α = 1, 2, . . . , nc, w = 1, 2, . . . , nw (4.3)

where cα is the concentration [ML−3] for α species, α = 1, 2, . . . , nc, nc is the number of

species and c = (c1, c2, . . . , cnc). The diffusion is D, and qw is the net volumetric flow rate per

unit volume of aquifer [T −1] at wells, w = 1, 2, . . . , nw. nw is the number of extraction wells.

Rα(c) is the chemical reaction [ML−3T ] that describes the mineral precipitation-dissolution

reactions and the intra-aqueous reactions.

The initial conditions are

h(x, y, 0) = h0(x, y, 0), (x, y) ∈ Ω, (4.4a)

cα(x, y, 0) = cα0(x, y, 0), α = 1, 2, . . . , nc, (x, y) ∈ Ω. (4.4b)

The Dirichlet and Neumann boundary conditions for the water head of the flow are given as

h(ax, y, t) = hleft(y, t), h(bx, y, t) = hright(y, t), (4.5a)
∂h

∂y
(x, t) = 0, (x, y) ∈ the top and bottom boundaries of Ω. (4.5b)

Let the first group of concentrations, cβ, β = 1, 2, ..., ne, represents the concentrations of the

existing components, and let the second group of concentrations, cγ , γ = ne + 1, ne + 2, ..., nc,
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represents the concentrations of the injected components. The boundary conditions of

concentrations are given as

∂cβ

∂x
(y, t) = 0,

∂cβ

∂y
(x, t) = 0, (x, y) ∈ ∂Ω, β = 1, 2, ..., ne, (4.6a)

∂cγ

∂y
(x, t) = −Jlc

∗
γ,l(1− rγ,l), on Γl ∈ ∂Ω,

∂cγ

∂x
= 0,

∂cγ

∂y
= 0, on ∂Ω\ ∪ Γl, (4.6b)

where, γ = ne + 1, ne + 2, ..., nc. The Γl, where l = 1, 2, ..., ns, represent the segments located

on the upper boundary of the domain where the pollutions are injected into the aquifer.

Jl[m/day] is the flux normal to the boundary at location l and c∗
γ,l is the boundary influent

concentration of the species γ at the location l. ∂Ω\ ∪ Γl represents the rest boundary except

∪Γl.

4.2.2 Multi-control Strategy Optimal Control Model

The multicomponent optimal control model is formulated as a PDE-constrained optimization

problem in which the objective is to determine the optimal reduction rates rγ,l at the injection

locations and the pumping rates Qw at the extraction wells. The control variables are

selected such that the discrepancy between simulated and target contaminant concentrations

is minimized, while simultaneously accounting for treatment and pumping costs. The

optimization is subject to the governing groundwater flow and multicomponent reactive

transport equations, ensuring that the control strategy remains consistent with the underlying

physical processes. In addition, constraints are imposed on the admissible concentration

levels at observation points, as well as on the feasible ranges of the reduction rates and

pumping rates, reflecting environmental regulations and operational limitations. Under these

conditions, the multicomponent multi-control strategy optimization problem can be described

as follows:

min
{{rγ,l},Qw}

f(rγ,l, Qw); (4.7)
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subject to

The governing system of PDEs: (4.1)− (4.6b), (4.8)

cmin
γs
≤ cγs ≤ cmax

γs
, s = 1, 2, . . . , nob, γ = ne + 1, ne + 2, . . . , nc, (4.9)

rmin
γ,l ≤ rγ,l ≤ rmax

γ,l , l = 1, 2, . . . , ns, γ = ne + 1, ne + 2, . . . , nc, (4.10)

Qmin
w ≤ Qw ≤ Qmax

w , w = 1, 2, . . . , nw (4.11)
nw∑

w=1
Qw ≤ Qtot (4.12)

where rγ,l = {rγ,l; l = 1, 2, ..., ns, γ = ne + 1, ne + 2, ..., nc}.

The constraints in Equations (4.8)-(4.13) define the admissible bounds for concentrations,

reduction rates, and pumping rates in the optimization problem. Equation (4.8) be the

system of groundwater mathematical model. Equation (4.9) imposes limits on the simulated

concentration cγs of species γ at each observation location s, where cmin
γs and cmax

γs represent

the minimum and maximum allowable concentration levels, ensuring compliance with envi-

ronmental standards. Equation (4.10) specifies bounds on the reduction rate rγ,l of species γ

at injection location l, where rmin
γ,l and rmax

γ,l denote the minimum and maximum achievable

treatment efficiencies, reflecting practical and technological limitations. Equation (4.11)

constrains the pumping rate Qw at each extraction well w within the interval [Qmin
w , Qmax

w ],

ensuring that the pumping operation remains within feasible operational capacity. The

total pumping rate from all extraction wells is constrained by the treatment plant capacity,

as expressed in Equation (4.12), where Qtot represents the maximum allowable processing

capacity. Together, these constraints guarantee that the optimal control solution is physically

realistic, operationally feasible, and environmentally acceptable.

The multi-control strategy objective function is proposed as

f(rγ,l, Qw) = f1(rγ,l) + f2(rγ,l) + f3(Qw) (4.13)
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where, the objective function f1(rγ,l) contains the overall fitness between the simulated

concentration cγs and the observed concentration cobs
γs

, the abatement cost and maintenance

cost as follows

f1(rγ,l) =
nob∑
s=1

nc∑
γ=ne+1

∫ T

0
ωγs

[
cγs(rγ,l, t)− cob

γs
(t)
]2

dt (4.14)

The allowable environmental concentrations cob
γs

(t) are perturbed from the ideal concentration

at minimum injection rates. The weight functions ωγs are designed to normalize the component

affection in the objective function which has defined in chapter two equation (2.16).

The objective function f2(rγ,l) represents the abatement or treatment cost associated with

reducing contaminant concentrations at the injection locations [90, 124]. It quantifies the

cost required to achieve a specified reduction rate rγ,l for each species γ at location l over the

simulation period. The formulation incorporates both fixed and variable cost components,

where the fixed term represents infrastructure-related expenses and the variable term reflects

the operational cost that increases with treatment intensity. The cost function is nonlinear

and may include a piecewise structure, allowing different cost regimes before and after a

threshold reduction level. This captures the practical reality that moderate treatment is

relatively economical, whereas achieving high reduction levels requires significantly higher cost

due to advanced technologies or stricter regulatory requirements. Therefore, f2(rγ,l) plays a

crucial role in balancing contaminant reduction with economic efficiency in the optimization

framework. The cost function f2(rγ,l) defines as follow:

f2(rγ,l) =
ns∑
l=1

nc∑
γ=ne+1

∫ T

0
ω2zlAγ,l(rγ,l)dt (4.15)

where,

Aγ,l(rγ,l) =
(
b1,l(c∗

γ,l)b2,l + b3,l(c∗
γ,l)b2,lrb4,l

eff,l

)
.
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Let zl be the binary decision parameter given by

zl =


1, for the treatment unit exist on location l,

0, for the treatment unit does not exist (no treatment) on location l.

The reduction rate (treatment efficiency), reff,l =

nc∑
γ=ne+1

C∗
γ,lrγ,l

nc∑
γ=ne+1

C∗
γ,l

The modified objective function f ′
2(rγ,l) represents a piecewise abatement cost formulation

that incorporates a threshold reduction rate rc to distinguish between standard and advanced

treatment regimes. For reduction levels below the threshold (reff,l < rc), the cost increases

smoothly according to a baseline nonlinear function, reflecting conventional treatment op-

erations. However, when the effective reduction rate exceeds the threshold (reff,l ≥ rc), an

additional penalty term is introduced, leading to a steeper increase in cost. This penalty

captures the significantly higher expenses associated with achieving high removal efficiencies,

such as the use of advanced technologies or compliance with stricter environmental standards.

The resulting piecewise structure ensures continuity of the cost function while introducing

nonlinearity that reflects realistic economic behaviour, thereby encouraging the optimization

to avoid unnecessarily high reduction levels unless they are essential for meeting concentration

constraints. The modified objective function f ′
2(rγ,l) defines as follow:

f ′
2(rγl

) =
ns∑
l=1

nc∑
γ=ne+1

∫ T

0
ω3A

′
γl

(rγl)dt (4.16)

where,

A′
γl

(rγl
) =


(
b1,l(C∗

γ,l)b2,l + b3,l(C∗
γ,l)b2,lr

b4,l

eff,l

)
, for r < rc,(

b1,l(C∗
γ,l)b2,l + b3,l(C∗

γ,l)b2,lr
b4,l

eff,l + b5,l(C∗
γ,l)b2,l

(
(reff,l − rc)b6,l

))
, r ≥ rc.
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In the piecewise abatement cost function, each parameter plays a critical role in capturing

the economic and technical complexity of groundwater pollution remediation. The threshold

reduction rate rc defines the point at which the cost structure changes, representing regulatory

limits or technological boundaries, where basic treatment transitions to advanced methods.

The parameter b1 represents fixed setup costs such as infrastructure and installation, inde-

pendent of reduction effort, and usually derived from engineering estimates. The exponent b2,

models economies of scale, determining how cost scales with treated volume W; values less

than 1 (typically 0.6–0.9) reflect decreasing per-unit costs for larger systems. Before reaching

the threshold, the variable abatement cost is controlled by b3, which is the base multiplier for

operational cost per unit reduction, and b4 which is an exponent that determines how steeply

the cost rises as reduction efforts increase (e.g., linear for b4 = 1, quadratic for b4 = 2). Beyond

the threshold, an additional penalty term is applied using b5, which scales the post-threshold

cost component and is typically set significantly higher than b3 to reflect the cost of deploying

more advanced treatment technologies or complying with stricter regulations. The steepness

of this penalty is governed by b6, an exponent often ranging from 2 to 5, which models how

aggressively cost escalates beyond the threshold. Together, these parameters allow the model

to reflect both the gradual rise in costs during initial treatment and the sharp cost escalation

encountered in achieving high reduction rates. Choosing parameter values should be based

on real-world data from engineering designs, regulatory benchmarks, and empirical studies.

This piecewise approach makes the cost function continuous but nonlinear, enabling realistic

representation of technical limits, compliance constraints, and cost optimization trade-offs

over time.

Finally, the objective function f3(Qw) represents the total energy-based cost associated with

groundwater extraction through pumping wells, and it plays a crucial role in ensuring that

the optimization framework remains physically and economically realistic [6]. In groundwater

remediation problems, pumping is one of the primary mechanisms for controlling contaminant
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transport, as it induces hydraulic gradients that can capture and remove dissolved pollutants.

However, excessive pumping is not feasible in practice due to significant energy consumption

and operational costs. Therefore, f3 is introduced to penalize unnecessary or inefficient

pumping within the optimization process.

Mathematically, the pumping cost function f3(Qw) is formulated as a time-integrated energy

expenditure over all extraction wells:

f3(Qw) =
nw∑

w=1

∫ T

0
ω3 a1 zw

Qw(t) ρwgHw

η
dt, (4.17)

where Qw(t) [m2/day] denotes the pumping rate at well w, ρw is the fluid density, g is

gravitational acceleration, η is the pump efficiency. The parameters a1, zw, and ω3 are scaling

and weighting coefficients that convert physical energy consumption into economic cost and

allow flexibility in emphasizing pumping penalties within the overall objective function.

The quantity Hw denotes the hydraulic lift (or head difference) associated with extraction

well w. It is defined as,

Hw = hsurface − h(t, xw, yw),

where hsurface represents the ground surface elevation and h(xw, yw) is the hydraulic head at the

location of well w. Physically, Hw corresponds to the vertical distance that groundwater must

be lifted during pumping. This term directly influences the energy required for extraction, as

larger lift heights result in higher energy consumption and, consequently, increased pumping

cost.

From a physical perspective, the term ρwgHw represents the energy required per unit volume

of water lifted, while Qw(t) defines the volumetric flow rate. Their product gives the

instantaneous power required for pumping, and integration over time yields the total energy

consumption. Dividing by efficiency η ∈ [0 1] accounts for real-world energy losses in

pumping systems. Thus, f3 is fundamentally an energy-based cost model grounded in fluid
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mechanics and hydraulic engineering principles.

The pumping rates Qw directly influence the velocity field through Darcy’s law, thereby

affecting advective transport and plume migration. As a result, the optimization must

balance two competing effects: increasing Qw enhances contaminant capture and reduces

concentrations at observation locations, but it also increases the cost captured by f3. This

creates a trade-off between environmental effectiveness and economic efficiency, which is

central to realistic groundwater remediation design.

4.3 Discrete Multicomponent Pollution Optimal Con-

trol Model

We construct a discrete optimal control model for multicomponent contamination flows by

discretizing the governing PDE system in both space and time. The resulting formulation

transforms the continuous PDE-constrained optimization problem into a high-dimensional

problem, where the interactions between flow, transport, and reaction processes are preserved.

This discrete framework provides the foundation for efficient numerical simulation and enables

the application of the optimization algorithm to determine optimal control strategies.

4.3.1 Numerical Scheme For Multicomponent Contamination Equa-

tions

The domain Ω = (ax, bx)× (ay, by) is discretized on a structured mesh Ωh = Ih × Jh, where

Ih = {xi = ax + i∆x, i = 0, 1, . . . , nx}, Jh = {yj = ay + j∆y, j = 0, 1, . . . , ny}.

The time interval [0, T ] is partitioned as tn = n∆t, n = 0, 1, . . . , Nt.

The numerical scheme for the multicomponent contamination system with well operation is
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For n = 0, 1, . . . , Nt, do

Step 1. To solve the water-head along the x-direction, for j = 1, 2, . . . , ny,

Ss

H
n+ 1

2
i,j −Hn

i,j

∆t
− 1

∆x

Kx
i+ 1

2 ,j

H
n+ 1

2
i+1,j −H

n+ 1
2

i,j

∆x
−Kx

i− 1
2 ,j

H
n+ 1

2
i,j −H

n+ 1
2

i−1,j

∆x

+ qn+1
wi, j

= 0,

i = 1, 2, . . . , nx − 1, (4.18)

To solve the water-head along the y-direction, for i = 1, 2, . . . , nx − 1,

Ss

Hn+1
i,j −H

n+ 1
2

i,j

∆t
− 1

∆y

[
Ky

i,j+ 1
2

Hn+1
i,j+1 −Hn+1

i,j

∆y
−Ky

i,j− 1
2

Hn+1
i,j −Hn+1

i,j−1

∆y

]
= 0,

j = 1, 2, . . . , ny, (4.19)

Step 2. To compute the Darcy’s velocity along the x-direction by, for j = 1, 2, . . . , ny

Un+1
xi+1,j

= −Kxi+1,j

Hn+1
i+2,j −Hn+1

i,j

2∆x
, i = 0, 1, . . . , nx − 2, (4.20)

and at the end points

Un+1
x0,j

= −Kx0,j

Hn+1
1,j −Hn+1

0,j

∆x
, Un+1

xnx,j
= −Kxnx,j

Hn+1
nx,j −Hn+1

nx−1,j

∆x
. (4.21)

To compute the Darcy’s velocity along the y-direction by, for i = 0, 1, . . . , nx − 1

Un+1
y

i+ 1
2 ,j+ 1

2
= −Ky

i+ 1
2 ,j+ 1

2

Hn+1
i+ 1

2 ,j+1 −Hn+1
i+ 1

2 ,j

∆y
, j = 1, 2, . . . , ny − 1, (4.22)

and at the end points

Un+1
y

i+ 1
2 , 1

2
= −Ky

i+ 1
2 , 1

2

Hn+1
i+ 1

2 ,1 −Hn+1
i+ 1

2 ,0

∆y
, (4.23)

Un+1
y

i+ 1
2 ,ny+ 1

2
= −Ky

i+ 1
2 ,ny+ 1

2

Hn+1
i+ 1

2 ,ny+1 −Hn+1
i+ 1

2 ,ny

∆y
. (4.24)
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Step 3. To solve the multicomponent concentrations along the x-direction by, for

j = 1, 2, . . . , ny, and α = 1, 2, . . . , nc

ϕ
C

n+ 1
2

α
i+ 1

2 ,j
− Cn

α
i+ 1

2 ,j

∆t
+ Z

x,n+ 1
2

αi+1,j − Z
x,n+ 1

2
αi,j

∆x
+ qn+1

wi, j
Cn

αw
i+ 1

2 ,j

= 0, i = 0, 1, . . . , nx − 1,(4.25)

Z
x,n+ 1

2
αi+1,j = Un+1

xi+1,j

[
s
(
Un+1

xi+1,j

)
C

n+ 1
2

α
i+ 1

2 ,j
+
(
1− s

(
Un+1

xi+1,j

))
C

n+ 1
2

α
i+ 3

2 ,j

]

−D∗
x

i+ 1
2 ,j

C
n+ 1

2
α

i+ 3
2 ,j
− C

n+ 1
2

α
i+ 1

2 ,j

∆x
, (4.26)

To solve the multicomponet concentrations along the y-direction by, for i = 0, 1, . . . , nx − 1

and α = 1, 2, . . . , nc

ϕ
Cn+1

α
i+ 1

2 ,j
− C

n+ 1
2

α
i+ 1

2 ,j

∆t
+

Zy,n+1
α

i+ 1
2 ,j+ 1

2
− Zy,n+1

α
i+ 1

2 ,j− 1
2

∆y
= Rα

(
Cn+ 1

2
i+ 1

2 ,j

)
, j = 1, 2, . . . , ny, (4.27)

Zy,n+1
α

i+ 1
2 ,j+ 1

2
= Un+1

y
i+ 1

2 ,j+ 1
2

[
s
(

Un+1
y

i+ 1
2 ,j+ 1

2

)
Cn+1

α
i+ 1

2 ,j
+
(

1− s
(

Un+1
y

i+ 1
2 ,j+ 1

2

))
Cn+1

α
i+ 1

2 ,j+1

]

−D∗
y

i+ 1
2 ,j+ 1

2

Cn+1
α

i+ 1
2 ,j+1
− Cn+1

α
i+ 1

2 ,j

∆y
, (4.28)

where

D∗
x

i+ 1
2 ,j

=
Dx

i+ 1
2 ,j

1 + |Un+1
xi+1,j

|∆x

2Dx
i+ 1

2 ,j

, D∗
y

i+ 1
2 ,j+ 1

2
=

Dy
i+ 1

2 ,j+ 1
2

1 +
|Un+1

y
i+ 1

2 ,j+ 1
2

|∆y

2Dy
i+ 1

2 ,j+ 1
2

.

The boundary conditions are also provided, and the initial values are defined as

H0
i,j = h0(i, j), i = 1, 2, . . . , nx − 1, j = 1, 2, . . . , ny, (4.29a)

C0
αi,j

= cα0(i, j), i = 1, 2, ...nx, j = 1, 2, . . . , ny, α = 1, 2, . . . , nc. (4.29b)
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4.3.2 Discrete Multicomponent Pollution Optimal Control Model

To construct a discrete approximation of the objective function, the continuous integrals

appearing in the objective functional are replaced by finite sums over the temporal grid, while

the state variables are evaluated using the numerical solutions obtained from the discretized

flow and contamination equations. This transformation converts the objective function into a

discrete form, expressed in terms of concentrations, reduction rates, and pumping rates. The

discrete multicontrol strategy objective function can be obtained as

F (rγl
Qw) =

nob∑
s=1

nc∑
γ=ne+1

Nt∑
n=1

ωγs

[
Cγs (rγl

, tn)− Cob
γs

(tn)
]2

∆t

+
ns∑
l=1

nc∑
γ=ne+1

Nt∑
n=1

ω2Aγl
(rγl

(tn)) ∆t +
nw∑

w=1

Nt∑
n=1

a1zw
Qw(tn)ρwgHw

η
∆t(4.30)

Thus, the discrete multicomponent pollution multicontrol strategy model is defined as finding

the optimal rγl
and Qw, γ = ne + 1, ne + 2, . . . , nc, l = 1, 2, . . . , ns, w = 1, 2, . . . , nw such

that

min
{rγl

, Qw}
F (rγl

, Qw) (4.31)

subject to

Satisfying the splitting improved upwind finite difference scheme of (4.18)− (4.29),

(4.32)

cmin
γs
≤ cγs(tn) ≤ cmax

γs
, s = 1, 2, . . . , nob, γ = ne + 1, ne + 2, . . . , nc, (4.33)

rmin
γ,l ≤ rγ,l ≤ rmax

γ,l , l = 1, 2, . . . , ns, γ = ne + 1, ne + 2, . . . , nc, (4.34)

Qmin
w ≤ Qw(tn) ≤ Qmax

w , w = 1, 2, . . . , nw (4.35)
nw∑

w=1
Qw(tn) ≤ Qtot (4.36)

where {Cγs(tn)} are the numerical concentrations solved at the observation locations. The
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lower and upper bounds of concentrations at observation locations are denoted by cmin
γs

and

cmax
γs

. Qw(tn) be the pumping rate at well w. {Cob
γs

(tn)} are the allowable concentrations at

the observation sites that are simulated at the largest deduction rates rγl
= rmax

γl
or other

expected injection rates.

4.3.3 Parallel DE-PDE Multicomponent Optinization Implemen-

tation

We solve the multi-control multicomponent optimization model by the developed MPI-based

parallel DE-PDE system in the previous chapter, which distributes population evaluations

across multiple processors. The master process manages the population and convergence, while

worker processes independently perform mutation, crossover, and parallel DE-PDE fitness

evaluation. Since each candidate solution is independent, the method exhibits natural coarse-

grained parallelism, making it highly efficient and scalable. This parallelization significantly

reduces wall-clock time without altering the underlying DE search dynamics. The developed

parallel DE-PDE optimization algorithm is particularly well-suited for multicontrol large-scale,

nonlinear groundwater models, where efficient and reliable optimization is critical for practical

decision-making.

4.4 Numerical Experiments

In this section, we present numerical experiments to solve the multi-control optimization

problems to the multicomponent PDE. The experiments are designed to investigate the

effectiveness of the composite objective function, which integrates the concentration-matching

term f1, the abatement cost function f ′
2, and the pumping cost term f3. These components

collectively represent the trade-off between environmental objectives and operational costs,

allowing for a comprehensive assessment of remediation strategies. By varying control
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parameters such as reduction rates, pumping rates, and spatial configurations of injection and

extraction wells, the numerical experiments illustrate how the multi-control objective function

combines influence the optimal solutions. In addition, the parallel DE-PDE algorithm is

employed to efficiently solve the resulting high-dimensional optimization problem.

Example 1: This experiment examines a multicomponent groundwater contamination

problem in a two-dimensional aquifer, incorporating advection, diffusion, and kinetically

controlled precipitation reactions. The optimization is performed using the objective function

as the concentration-matching objective f1 and the composite objective f1 + f2, combining

environmental performance with abatement cost. This formulation enables a comparative

analysis of how different objective functions influence the optimal reduction rates and the

resulting contaminant distribution within the aquifer.

Figure 4.1: Hypothetical rectangular vertical aquifer.

We consider four pollution components CCO2−
3

, and CMg2+ , CCa2+ , CCl− , where the aquifer

contains CCO2−
3

inside and the other three components are injected on the specific top of

the aquifer. We consider the domain Ω = [0, 1000m] × [0, 20m] and the total simulation

time period of 1 years. The left boundary value of water head is hleft = 200m and the

right boundary value of water head is hright = 20m. The initial condition for water head is

h0 = 20m as well as the initial value for pollution concentrations CCa2+ , CMg2+ , and CCl− are
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zero and CCO2−
3

= 0.67mol/m2. We consider four reduction rates rγl
, l = 1, 2, 3, 4, in the

four injected pieces, and the four observation locations of Onob
, nob = 1, 2, 3, 4, are placed

deep in the aquifer to track the spread of the contaminant, as shown in Figure 4.1. In the

figure 4.1, Pγ l = Jlc
∗
γ,l(1− rγ,l), l = 1, 2, 3, 4.

The general kinetic chemical reaction term Rα(c) is defined as [9, 105]

Rα(c) = vα σ(c, T, pH, as),

where vα denotes the stoichiometric coefficient of species α. A positive value of vα indicates

production, a negative value represents consumption, and vα = 0 implies that the species is

not involved in the reaction. The function σ(c, T, pH, as) represents the kinetic reaction rate,

which depends on the concentration vector c = (c1, c2, . . . , cns), temperature T , and reactive

surface area as.

For mineral reactions, the kinetic rate is modelled using a nonlinear expression of the form

σ = kas

(
1− Kw

Keq

)n

,

where k is the intrinsic rate constant, Kw is the ion activity product, Keq is the equilibrium

constant, and n is the reaction order. This formulation captures the deviation from ther-

modynamic equilibrium, allowing the model to represent both precipitation and dissolution

processes depending on the saturation state of the system.

For intra-aqueous reactions, the kinetic rate is expressed as

σ = KT

ns∑
α=1

cn
α,

where KT is a temperature-dependent rate constant and cα denotes the concentration of the

aqueous species. This form accounts for homogeneous reactions occurring entirely within the
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fluid phase without involving solid surfaces.

In this study, we simulate multicomponent reactive transport involving mineral precipitation

processes. As a representative example, we consider the formation of magnesite through the

reaction

Mg2+ + Ca2+ + 2CO2−
3 → CaMg(CO3)2(s).

The rate of mineral formation is modeled as

Gr = kas CMg2+ CCa2+ C2
CO2−

3
,

where k is the reaction rate constant, as is the effective reactive surface area, and CMg2+ ,

CCa2+ , and CCO2−
3

are the concentrations of the corresponding species. The associated kinetic

reaction terms are defined by

RMg2+ = −vMg2+Gr, RCa2+ = −vCa2+Gr, RCO2−
3

= −vCO2−
3

Gr,

indicating that these species are consumed during the precipitation process.

This formulation ensures that the reaction dynamics are consistently incorporated into the

multicomponent transport model, allowing the simulation to capture the complex interactions

between chemical reactions and contaminant transport in porous media. At a temperature of

25◦C, the solubility constant of MgCO3 is taken as 6.82× 10−6, which is used to characterize

the equilibrium condition of the system.

The above kinetic reaction formulation is incorporated into the multicomponent transport

equation through the reaction term Rα(c) in Equation (4.3). For each species α, this term

represents the local rate of production or consumption caused by chemical interactions among

dissolved and solid components. As a result, the transport equation accounts not only for

advection and diffusion, but also for concentration changes induced by kinetically controlled

reactions. In the case of mineral precipitation, such as the formation of CaMg(CO3)2(s), the
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reaction term becomes nonlinear and depends on the concentrations of the reactive species,

the reaction rate constant, and the reactive surface area. Consequently, Equation (4.3)

provides a fully coupled reactive transport model in which the spatial and temporal evolution

of each component is governed by the combined effects of groundwater flow, dispersion,

pumping, and chemical transformation.

The discretize overall fitness function is defined as follows

f1(Pγl
) =

nob∑
s=1

nc∑
γ=ne+1

Nt∑
n=1

ωγs [Cγs(Pγl
, tn)− Cob

γs
(tn)]2∆t. (4.37)

The f1(rγl
) function represents the concentration least squares error that defines the overall

fitness between the simulated concentrations cγs(rγl
, t) and the concentrations cob

γs
(t) at the

observation sites with weight ωγs . The allowable environmental concentrations cob
γs

(t) are

perturbed from the ideal concentration at minimum injection rates.

Table 4.1: Physical and chemical parameters used in the numerical simulations.

Parameter Symbol Value Unit

Storage coefficient Ss 3× 10−5 –
Effective porosity ϕ 0.35 –
Hydraulic conductivity (x) Kx 5.2 m/day
Hydraulic conductivity (y) Ky 4.2 m/day
Diffusion coefficient (x) Dx 5× 10−2 m2/day
Diffusion coefficient (y) Dy 3× 10−2 m2/day
Reaction rate constant k 100 mol m−2 day−1

Effective surface area Se 50 m−1

Table 4.3 presents the optimal reduction rates for the injected components under three spatial

configurations of injection locations, denoted by G1, G2, and G3, as described in Table 4.2.

These configurations represent different geometric arrangements of pollution sources along the

upstream boundary of the aquifer. The objective function first considered in this experiment

is the concentration matching error f1, which measures the deviation between simulated

concentrations and the prescribed target concentrations at the observation wells.

114



Table 4.2: Injection locations case description.

Case l = 1 l = 2 l = 3 l = 4
G1 [250m 280m] [310m 340m] [370m 400m] [430m 460m]
G2 [20m 70m] [250m 300m] [310m 360m] [370m 420m]
G3 [20m 70m] [90m 140m] [400m 450m] [460m 510m]

For Table 4.3, we consider the four injection locations on the top boundary of the left

half domain. They are located between [250m 280m], [310m, 340m], [370m, 400m], and

[430m, 460m] respectively. We consider the injection rates range at four different injection

locations for Mg2+ ions, [0.1 0.8] and for Cl− ions, [0.2 0.9]. We consider the pollutions are

injected for 360 days. In Table 4.3, the column labeled rγ,l denotes the reduction-rate variable

associated with pollutant species γ at injection location l. The column range specifies the

allowable interval within which the reduction rate is optimized, representing the feasible

treatment efficiency bounds for each injection location.

Table 4.3: Numerical simulations-optimization results of Mg2+, Ca2+ and Cl− reduction
rates for different injection location for the objective function f1 evaluated with 10 parallel
processors.

rγl
RR ARR Mg2+ Ca2+ Cl− Obj. Val. CPU
range Opt r Opt r Opt r

G1

rγ1 [0.07 0.7] 0.50 0.63 0.63 0.26

0.0239 10h 6m
rγ2 [0.07 0.7] 0.50 0.56 0.58 0.38
rγ3 [0.09 0.9] 0.50 0.09 0.09 0.65
rγ4 [0.09 0.9] 0.50 0.81 0.81 0.61

G2

rγ1 [0.07 0.7] 0.50 0.63 0.63 0.57

0.1956 10h 8m
rγ2 [0.07 0.7] 0.50 0.39 0.54 0.51
rγ3 [0.09 0.9] 0.50 0.19 0.09 0.30
rγ4 [0.09 0.9] 0.50 0.90 0.90 0.63

G3

rγ1 [0.07 0.7] 0.50 0.39 0.63 0.43

0.0373 10h 9m
rγ2 [0.07 0.7] 0.50 0.53 0.29 0.52
rγ3 [0.09 0.9] 0.50 0.68 0.72 0.66
rγ4 [0.09 0.9] 0.50 0.39 0.35 0.39

The column ARR represents the actual reduction rate associated with the observation

concentrations used as targets in the optimization process. The column Opt r indicates the
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optimal reduction rate obtained by the parallel Differential Evolution algorithm for each

pollutant species. The column Obj. V al. reports the final value of the objective function

f1, which measures the least-squares error between the simulated concentrations and the

observed concentrations at the monitoring locations. Finally, the column CPU records the

computational time required to complete the optimization process using 10 parallel processors,

providing an indication of the computational efficiency of the proposed DE-PDE framework.

We consider the four observation points are O1 = (700, 18.5), O2 = (700, 16), O3 = (800, 18.5)

and O4 = (800, 16). We consider ARR at the observation location to find C∗
γs

with the noise

ζ = 0.1. The net volumetric flow rate qw = 2, w = 1, 2. We use the spatial step sizes are

∆x = ∆y = 1m and the time step size as ∆t = 1day. The parameter values are given in

Table 4.1. The injected locations case description is given in Table 4.2. In the DE algorithm,

we consider a total population size of 100, a maximum of 250 generations, and a tolerance of

10−3.

The results in Table 4.3 show that both the optimal reduction rates (Opt-r) and the cor-

responding objective function values (Obj. Val.) vary significantly under the three spatial

configurations G1, G2, and G3. For configuration G1, the optimal reduction rates at the four

injection locations are (0.63, 0.56, 0.09, 0.81) for Mg2+ and (0.63, 0.58, 0.09, 0.81) for Ca2+,

while the optimal reduction rates for Cl− are (0.26, 0.38, 0.65, 0.61). This configuration pro-

duces the smallest objective function value of 0.0239, indicating that the optimized reduction

rates provide the best agreement between the simulated and target concentrations at the

observation wells.

For configuration G2, the optimal reduction rates are (0.63, 0.39, 0.19, 0.90) for Mg2+ and

(0.63, 0.54, 0.09, 0.90) for Ca2+, while the values for Cl− are (0.57, 0.51, 0.30, 0.63). Com-

pared with G1, these values show larger variability among the injection locations, and this

configuration yields the largest objective function value of 0.1956, indicating that the optimized

reduction rates are less effective in reproducing the prescribed concentration patterns.
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In configuration G3, the optimal reduction rates are (0.39, 0.53, 0.68, 0.39) for Mg2+ and

(0.63, 0.29, 0.72, 0.35) for Ca2+, while the values for Cl− are (0.43, 0.52, 0.66, 0.39). The

corresponding objective function value is 0.0373, which is slightly larger than that of G1 but

significantly smaller than that of G2. These results indicate that configuration G3 provides a

moderate level of agreement between the simulated and observed concentrations. Overall,

the comparison of the optimal reduction rates and objective function values demonstrates

that the spatial configuration of injection locations strongly influences the effectiveness of

the optimization process, with configuration G1 providing the most accurate match to the

observation data among the three cases.

We then consider the combined objective function of f1 + f2 in the next experiment.

The discrete cost function, f2(rγ,l) refers to the reduction costs at all contaminated sites.

f2(rγ,l) =
ns∑
l=1

nc∑
γ=ne+1

T∑
t=0

ω2zlAγ,l(rγ,l)dt (4.38)

The reduction rate (treatment efficiency), reff,l =

nc∑
γ=ne+1

C∗
γ,lrγ,l

nc∑
γ=ne+1

C∗
γ,l

Aγ,l(rγ,l) =
(
b1,l(c∗

γ,l)b2,l + b3,l(c∗
γ,l)b2,lrb4,l

eff,l

)
, ∀ r.

and the coefficient values of the cost function listed in Table 4.4.

Table 4.4: The values of the cost function coefficients.

Coefficient: b1 b2 b3 b4 b5 b6
Value: 0.7945 0.5733 2.500 4.000 10.000 2.000

Table 4.5 shows the influence of injection-well placement and reduction-rate ranges on the

optimal pollutant reduction strategies when both the concentration matching error and the

abatement cost are considered in the objective function f1 + f2. Three spatial scenarios
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are examined to evaluate how the relative location of injection wells with respect to the

observation points affects the optimization results. In Case I, the injection wells are located

upstream of the observation points, allowing the injected pollutants to travel through the

aquifer before reaching the monitoring locations. In Case II, no injection wells are present at

the designated well locations, which serves as a reference scenario to evaluate the influence of

injection activities. In Case III, the injection wells are located between the observation points,

representing a configuration where contaminants may reach the monitoring locations more

directly. In addition, two groups of reduction-rate ranges are considered to reflect different

treatment efficiency limits and operational constraints.

Table 4.5 is generated using 10 parallel processors. A population size of 80, a maximum of

250 generations, and a tolerance level of 10−2 are employed. We consider same four injection

locations are placed on the top boundary of the left half of the domain and four observation

points inside the domain. At these four injection locations, denoted by rγ1 , rγ2 , rγ3 , and rγ4 ,

two groups of reduction-rate ranges are considered. For the first group, the reduction-rate

interval [0.1, 0.9] is applied to all injected components at all injection locations, with the

assumed initial reduction rate set to 0.1. For the second group, different reduction-rate

intervals are specified for each pollutant species: [0.04, 0.4], [0.06, 0.6], and [0.08, 0.8] for

Mg2+, Ca2+, and Cl− ions, respectively. The corresponding actual reduction rates (ARR) are

0.80, 0.33, 0.70, and 0.50. The ARR values at the observation locations are used to generate

the target concentrations Cob
γs

with noise ζ = 0.1. The pollutants are injected continuously

for a period of 360 days. The net volumetric flow rate is taken as qw = 2 for w = 1, 2.

The optimization results in table 4.5 illustrate that the optimal reduction rates (Opt r) vary

across the three spatial configurations of injection wells, namely Case I, Case II, and Case III.

For the wider reduction-rate range [0.1, 0.9], the optimal reduction rates for Mg2+ in Case I

are (0.44, 0.52, 0.58, 0.59) at the four injection locations rγ1 , rγ2 , rγ3 , and rγ4 , respectively. In

comparison, the corresponding values in Case II are (0.59, 0.48, 0.44, 0.53), while in Case III
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Table 4.5: Numerical simulations-optimization results of Mg2+, Ca2+ and Cl− reduction
rates for extraction well locations for the objective function f1 + f2 evaluated with 10 parallel
processors.

rγl
RR AIR Case I Case II Case III

γ range Opt r Opt r Opt r

Mg2+

rγ1
[0.1 0.9] 0.80 0.44 0.59 0.45
[0.04 0.4] 0.33 0.22 0.24 0.14

rγ2
[0.1 0.9] 0.10 0.52 0.48 0.47
[0.06 0.6] 0.50 0.31 0.34 0.31

rγ3
[0.1 0.9] 0.80 0.58 0.44 55.00
[0.08 0.8] 0.70 0.40 0.43 0.44

rγ4
[0.1 0.9] 0.80 0.59 0.53 0.61
[0.1 0.9] 0.50 0.55 0.48 0.53

Ca2+

rγ1
[0.1 0.9] 0.80 0.52 0.60 0.51
[0.04 0.4] 0.33 0.24 0.24 0.25

rγ2
[0.1 0.9] 0.80 0.53 0.57 0.59
[0.06 0.6] 0.50 0.23 0.15 0.39

rγ3
[0.1 0.9] 0.80 0.48 0.50 0.52
[0.08 0.8] 0.70 0.40 0.49 0.38

rγ4
[0.1 0.9] 0.80 0.47 0.58 0.62
[0.1 0.9] 0.50 0.49 0.52 0.53

Cl−

rγ1
[0.1 0.9] 0.80 0.46 0.62 0.55
[0.04 0.4] 0.30 0.10 0.19 0.23

rγ2
[0.1 0.9] 0.80 0.58 0.55 0.34
[0.06 0.6] 0.50 0.41 0.36 0.37

rγ3
[0.1 0.9] 0.80 0.65 0.56 0.39
[0.08 0.8] 0.70 0.47 0.47 0.37

rγ4
[0.1 0.9] 0.80 0.61 0.62 0.53
[0.1 0.9] 0.50 0.57 0.59 0.63

Time : 7h 10m 7h 02m 7h 16m

they are (0.45, 0.47, 0.55, 0.61). Similar variations are observed for Ca2+ and Cl− ions,

indicating that the optimal reduction rates depend strongly on the spatial configuration of

the injection wells.

The differences in the optimal reduction rates among the three cases arise primarily from

the relative positions of the injection wells and the observation points, which influence the

contaminant transport pathways in the aquifer. In Case I, the injection wells are located

119



upstream of the monitoring locations, allowing the injected pollutants to travel through a

longer portion of the aquifer before reaching the observation wells. This longer transport

distance enhances advection, dispersion, and chemical reaction processes, which naturally

attenuate contaminant concentrations and therefore require more moderate reduction rates.

In contrast, in Case III the injection wells are located between the observation points, which

shortens the transport distance and allows contaminants to reach the monitoring locations

more directly. As a result, higher reduction rates may be required at certain injection locations

to satisfy the concentration constraints. Case II serves as a reference configuration where

injection activity is absent at the designated well locations, highlighting the influence of

injection-well placement on the resulting optimal reduction strategies.

For the narrower reduction-rate ranges, the optimal values decrease but remain within the

prescribed bounds. For example, in Case I the optimal reduction rates for Mg2+ become

(0.22, 0.31, 0.40, 0.55) under the respective intervals [0.04, 0.4], [0.06, 0.6], [0.08, 0.8], and

[0.1, 0.9]. Similar patterns are observed for Ca2+ and Cl−, although the exact magnitudes

differ due to species-specific transport and reaction behaviours. These results demonstrate

that both the feasible reduction-rate intervals and the spatial placement of injection wells

play important roles in determining the optimal remediation strategy and the resulting

contaminant distribution in the aquifer.

Table 4.6 investigates the influence of hydraulic boundary conditions on the optimal pollutant

reduction strategies. In this experiment, two different left boundary hydraulic heads, hleft =

100 m and hleft = 300 m, are considered while the right boundary hydraulic head remains

fixed at hright = 20 m. Changing the hydraulic head at the upstream boundary alters the

hydraulic gradient within the aquifer and consequently affects the groundwater flow velocity

and contaminant transport behaviour. Since the groundwater velocity is governed by Darcy’s

law, variations in the hydraulic gradient directly influence the rate at which pollutants migrate

through the porous medium.
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Table 4.6: Numerical simulations-optimization results of Mg2+, Ca2+ and Cl− reduction
rates for different hydraulic heads for the objective function f1 + f2 evaluated with 10 parallel
processors.

rγl
RR AIR hleft = 300m hleft = 100m

γ range Opt r Opt r

Mg2+

rγ1
[0.1 0.9] 0.80 0.44 0.61
[0.04 0.4] 0.30 0.22 0.17

rγ2
[0.1 0.9] 0.80 0.52 0.62
[0.06 0.6] 0.50 0.31 0.28

rγ3
[0.1 0.9] 0.80 0.58 0.71
[0.08 0.8] 0.70 0.40 0.58

rγ4
[0.1 0.9] 0.80 0.59 0.68
[0.1 0.9] 0.50 0.54 0.67

Ca2+

rγ1
[0.1 0.9] 0.80 0.52 0.64
[0.04 0.4] 0.30 0.24 0.24

rγ2
[0.1 0.9] 0.80 0.53 0.64
[0.06 0.6] 0.50 0.35 0.39

rγ3
[0.1 0.9] 0.80 0.48 0.61
[0.08 0.8] 0.70 0.45 0.52

rγ4
[0.1 0.9] 0.80 0.47 0.64
[0.1 0.9] 0.50 0.48 0.57

Cl−

rγ1
[0.1 0.9] 0.80 0.46 0.68
[0.04 0.4] 0.30 0.10 0.18

rγ2
[0.1 0.9] 0.80 0.58 0.63
[0.06 0.6] 0.50 0.41 0.43

rγ3
[0.1 0.9] 0.80 0.65 0.68
[0.08 0.8] 0.70 0.47 0.43

rγ4
[0.1 0.9] 0.80 0.61 0.65
[0.1 0.9] 0.50 0.57 0.62

Time : 6h 30m 6h 27m

Table 4.6 shows that the optimal reduction rates (Opt r) generally increase in the case

hleft = 100 m compared with the case hleft = 300 m for most components and injection locations.

For Mg2+, the optimal reduction rates under hleft = 300 m are (0.44, 0.52, 0.58, 0.59) for the

wider reduction-rate ranges and (0.22, 0.31, 0.40, 0.54) for the narrower ranges at the four

injection locations rγ1 , rγ2 , rγ3 , and rγ4 . In contrast, under hleft = 100 m the corresponding

values increase to (0.61, 0.62, 0.71, 0.68) and (0.17, 0.28, 0.58, 0.67), indicating that stronger
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reduction is required at several injection locations.

A similar trend is observed for Ca2+. Under hleft = 300 m the optimal reduction rates

are (0.52, 0.53, 0.48, 0.47) for the wider ranges and (0.24, 0.35, 0.45, 0.48) for the nar-

rower ranges, while for hleft = 100 m these values increase to (0.64, 0.64, 0.61, 0.64) and

(0.24, 0.39, 0.52, 0.57). For the Cl− component, which behaves more conservatively dur-

ing transport, the optimal reduction rates are relatively large in both hydraulic condi-

tions. In the case hleft = 300 m, the optimal reduction rates are (0.46, 0.58, 0.65, 0.61)

and (0.10, 0.41, 0.47, 0.57) for the two reduction-rate ranges. These values increase to

(0.68, 0.63, 0.68, 0.65) and (0.18, 0.43, 0.43, 0.62) when hleft = 100 m.

Overall, the case with hleft = 100 m requires generally higher optimal reduction rates for

most components, indicating a more intensive remediation strategy compared with the case

hleft = 300 m. These differences highlight the influence of hydraulic boundary conditions

on the contaminant transport dynamics and demonstrate that variations in the hydraulic

gradient can significantly affect the optimal pollution control strategies.

Example 2: This experiment extends study to consider a more complex multicomponent

reactive transport system by a multi-contour optimization problem. The optimization is

performed using three objective function configurations: f1, f1 + f2, and f1 + f3, representing

concentration matching, abatement cost, and pumping cost, respectively. This setup allows for

a systematic investigation of the trade-offs between environmental accuracy and operational

efficiency, and demonstrates how different objective formulations affect the optimal control

strategies and contaminant plume behaviour.

We consider a six components reactive groundwater system consisting of an existing aqueous

species CH+ and multiple injected contaminants CSO2−
4

, CNa+ , CCa2+ , CF e3+ and CCl− .

Carbonate species associated with water (H2O) are assumed to be initially distributed

throughout the aquifer, whereas the remaining ions are continuously introduced through

specified injection segments located along the upper boundary. The computational domain is
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a two-dimensional vertical aquifer Ω = [0, 1000m]× [0, 100m], and the simulation horizon is

one year. Contaminant loading is applied as a sustained boundary flux along the designated

top-boundary injection regions.

The simultaneous presence of multiple ionic species promotes coupled geochemical interactions

that strongly influence contaminant migration and attenuation. In particular, precipitation

reactions between selected ions alter concentration distributions and transport pathways

within the aquifer. The present experiment therefore simulates multicomponent reactive

transport dominated by precipitation processes, providing a realistic setting for evaluating

the effectiveness of the proposed parallel optimization framework in controlling groundwater

contamination.

The six-component reactive system considered in this experiment includes precipitation

processes among selected ions. In particular, sulfate–calcium interaction leads to gypsum

formation, while ferric iron undergoes hydrolysis and precipitation according to the following

stoichiometric relations [114]

Ca2+ + SO2−
4 → CaSO4;

Fe3+ + 3H2O → Fe(OH)3 + 3H+.

These reactions govern the coupling among species and influence the spatial evolution of

contaminant concentrations within the aquifer.

Table 4.8 summarizes the optimal pollutant reduction rates obtained for two protected-zone

configurations. Two injection segments are prescribed along the upper boundary of the left

half of the domain, located over the intervals [30m 130m], and [150m, 250m]. The imposed

boundary concentrations for the injected species are C∗
SO2−

4
= 0.9, C∗

Na+ = 0.2, C∗
Ca2+ = 0.9,

C∗
F e3+ = 0.9 and C∗

Cl− = 0.15. Two pumping wells are positioned at (600m 95m), and

(600m, 40m), each operating at a fixed extraction rate qw = 10, w = 1, 2. Continuous

pollutant injection is applied for a period of 360 days.

ARR denotes the prescribed (actual) reduction rate used to generate the synthetic obser-
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vation concentrations, whereas Opt r denotes the optimal reduction rate estimated by the

optimization procedure. The observation data Cobs
γs

are constructed from ARR solutions with

an added noise level ζ = 0.5. The numerical discretization employs uniform spatial steps

∆x = ∆y = 1m and time step ∆t = 1day, with hydro-chemical parameters given in Table 4.1.

The parallel DE-PDE algorithm uses a population size of 100, a maximum of 150 generations,

and a convergence tolerance of 10−4. Each simulation is executed on 10 processors, and the

objective function considered in this experiment is solely f1.

Table 4.8 present the optimized reduction rates of the injected ions SO2−
4 , Na+, Ca2+, Fe3+

and Cl− at two injection locations under two spatial configurations, denoted as Case I and

Case II.

Table 4.7: Observation locations description.

Case I Case II
O1 : (700m, 95m) O1 : (450m, 95m), O3 : (700m, 95m), O5 : (850m, 95m)
O2 : (700m, 40m) O2 : (450m, 40m), O4 : (700m, 40m), O6 : (850m, 40m)

The fitness objective function f1 is considered in Table 4.8,. A convergence tolerance of

0.2 is approximately achieved after 60 generations for Case I and 133 generations for

Case II, indicating that the larger protected-zone configuration imposes a more restrictive

and computationally demanding optimization problem.

Table 4.8: Numerical optimization results of reduction rates for SO2−
4 , Na−, Ca2+, Fe3+ and

Cl− under different protected-zone configurations for the objective function f1 evaluated with
10 parallel processors.

Opt r of Components (γ) Obs. CPU

rγ, l Na+ SO2−
4 Ca2+ Fe3+ Cl− Val. iter.

range(%) [10 90] [10 95] [10 95] [10 99] [10 99]

ARR (%) 50.0 50.0 50.0 50.0 50.0

Case I
rγ, 1(%) 90.0 94.7 94.1 17.7 88.2 0.377 60 11 hr

rγ, 2(%) 21.1 36.7 36.8 65.9 23.1 43 m

Case II
rγ, 1(%) 49.5 95.0 95.0 52.6 48.8 0.383 133 26 hr

rγ, 2(%) 50.4 33.1 33.0 48.4 51.4 20 m
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For the Na+ ion, the optimized reduction rates across both configurations remain close to

the prescribed actual reduction rate (ARR = 50 %), indicating that moderate intensity

control is sufficient to satisfy concentration constraints. For Case I, the optimal reduction

is highly asymmetric between injection locations, reaching about 90 % at the downstream

segment and only 21 % upstream. This reflects stronger suppression near observation wells

due to the shorter transport distance to monitoring points. In Case II, the optimized

reductions become nearly uniform (49.5 % downstream and 50.4 % upstream), showing that

the expanded protected zone enforces balanced control over the plume footprint.

A similar spatial trend is observed for the reactive pair SO2−
4 and Ca2+. For Case I, both

species exhibit very high downstream reductions (94–95 %) and substantially lower upstream

reductions (33–37 %), indicating strong localized suppression near observation wells. In

Case II, the downstream reductions remain high (95 %), while upstream values remain

moderate (33 %). The close agreement between sulfate and calcium reduction rates across

both locations confirms the chemical coupling imposed by their precipitation reaction, which

constrains their optimal control to evolve synchronously.

For the Fe3+ ion, the optimized reduction rates across configurations case I to case II gen-

erally remain around the actual reduction rate, implying effective control through reduced

intensity. In configuration Case I, the r rates are relatively lower, ranging from approximately

17.7 % at the downstream location and lower at the upstream location, 65.9 %, suggesting

stronger injection suppression due to shorter pollutant travel distances between the injec-

tion locations and observation wells. In configuration Case II, the r rates are relatively

mid—ranging from approximately 52.6 % at the downstream location and at the upstream

location 48.4 %, suggesting a stronger connection with the observation location due to intense

and large protected zones.

For Fe3+, the optimized reductions show a distinct spatial pattern compared with sulfate

and calcium. In Case I, the downstream reduction is relatively low (17.7 %), whereas the
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upstream reduction is higher (65.9 %). This reversal indicates that ferric transport and

hydrolysis are less sensitive to downstream observation constraints and more influenced

by upstream plume evolution. In Case II, both locations converge to intermediate values

(52.6 % downstream and 48.4 % upstream), reflecting the homogenizing effect of the larger

protected zone on ferric control requirements.

For the Cl− ion, the optimized reduction rates across configurations Case I, to Case II

generally remain around the actual reduction rate, implying effective control through reduced

intensity. In configuration Case I, the r rates are relatively high, ranging from approximately

88.2 % at the downstream location and lower at the upstream location, 23.1 %, suggesting

stronger injection suppression due to shorter pollutant travel distances between the injec-

tion locations and observation wells. In configuration Case II, the r rates are relatively

mid—ranging from approximately 48.8 % at the downstream location and at the upstream

location 51.4 %, suggesting a stronger connection with the observation location due to intense

and large protected zones. The conservative ion Cl− exhibits behaviour similar to Na+,

with strong downstream suppression in Case I (88.2 %) and weak upstream control (23.1 %),

followed by nearly symmetric reductions in Case II (48.8 % and 51.4 %). This pattern is

consistent with non-reactive transport, where spatial proximity to observation wells primarily

governs the optimal reduction distribution.

Numerical results in Table 4.8 show that the spatial configuration of protected zones strongly

influences optimal injection-reduction strategies. A localized monitoring layout (Case I)

leads to highly non-uniform reduction rates dominated by downstream control, whereas an

expanded protected zone (Case II) promotes more balanced reductions across injection

locations. These results confirm that both hydro-transport geometry and geochemical

coupling play critical roles in determining optimal contaminant-reduction strategies within

the proposed PDE-constrained optimal control model.

Next, Table 4.10 presents the optimized reduction rates of the injected ions SO2−
4 , Na+, Ca2+,
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Fe3+ and Cl− at two injection locations for two observation-well configurations: shallow and

deep in Table 4.9. The pumping intensity is taken to qw = 30, and optimization is performed

using five parallel processors. This experiment isolates the influence of observation depth

and stronger hydraulic capture on the optimal multicomponent control strategy.

Table 4.9: Observation locations description.

Shallow Deep

Locations O1 : (700m, 95m), O2 : (850m, 95m) O1 : (700m, 40m), O2 : (850m, 40m)

Table 4.10: Optimal reduction rates of multicomponent ions SO2−
4 , Na−, Ca2+, Fe3+ and Cl−

for shallow and deep observation locations based on objective f1 with 5 parallel processors.

Opt− r of Components (γ) Obs. CPU

rγ, l Na+ SO2−
4 Ca2+ Fe3+ Cl− Val. iter.

range(%) [10 95] [10 95] [10 95] [10 99] [10 99]

ARR(%) 75.0 75.0 75.0 75.0 75.0

Shallow
rγ, 1(%) 77.1 95.0 95.0 82.5 49.8 22.828 100 52 h

rγ, 2(%) 51.6 50.4 41.7 74.8 99.0 4 m

Deep
rγ, 1(%) 90.0 49.2 35.4 99.0 99.0 5.4e−4 15 7 h

rγ, 2(%) 34.7 14.2 17.1 12.4 10.0 48 m

For the shallow observation, the optimized reduction rates at the downstream injection

segment (rγ, 1) are generally high for the reactive species SO2−
4 and Ca2+ (95 %) and

moderately high for Na+ andFe3+ (77–83 %), while Cl− remains moderate (50 %). At the

upstream segment (rγ, 2) reductions decrease substantially. This pattern indicates that shallow

monitoring primarily constrains the near-surface plume region, where downstream injection

has a stronger and more immediate influence on observed concentrations. Consequently,

control remains distributed but biased toward the downstream source.

In contrast, the deep observation case exhibits a markedly different behaviour. The down-

stream reduction rates shift to extreme values: Na+, Fe3+, and Cl− approach nearly complete

suppression (90–99 %), whereas the reactive pair SO2−
4 and Ca2+ drop to much lower values

(35–49 %). Upstream reductions simultaneously collapse toward minimal levels (10–35 % for
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most species). This asymmetric pattern reflects the increased hydraulic capture imposed

by qw = 30, which drives contaminants downward toward deep observation wells. Under

this stronger vertical transport regime, downstream injections dominate plume delivery to

depth, forcing severe suppression at that location while upstream injections become less

influential due to longer travel paths and dilution before reaching the monitoring depth. The

coupled species SO2−
4 and Ca2+ again display closely matched optimal reductions across both

configurations, confirming that their precipitation reaction constrains their control behaviour.

From a computational perspective, the deep observation scenario achieves a significantly lower

objective value and converges in fewer generations than the shallow case. This suggests that

stronger hydraulic capture and deeper monitoring impose more deterministic plume pathways,

simplifying the inverse control problem despite the more extreme optimal reductions.

Table 4.11: Observation locations description.

Pre. PW Mid. PW Post PW
Pumping well location w1 : (450m, 95m) w1 : (550m, 95m) w1 : (800m, 95m)
location w2 : (450m, 50m) w2 : (550m, 50m) w2 : (800m, 50m)

Table 4.12: Optimal reduction rates of multicomponent ions SO2−
4 , Na−, Ca2+, Fe3+ and

Cl− under different pumping-well configurations based on objective f1 evaluated with 10
parallel processors.

Opt− r of Components (γ) Obs. CPU

rγ, l Na+ SO2−
4 Ca2+ Fe3+ Cl− Val. iter.

range(%) [10 90] [10 95] [10 95] [10 99] [10 99]

ARR(%) 50.0 50.0 50.0 50.0 50.0

Pre PW
rγ, 1(%) 90.0 18.5 23.7 66.7 77.9 0.157 36 6 hr

rγ, 2(%) 47.0 42.7 42.5 49.3 48.2 58 m

Mid. PW
rγ, 1(%) 50.1 95.0 95.0 50.1 50.2 0.225 250 49 hr

rγ, 2(%) 49.9 34.1 34.0 49.9 49.8 14 m

Post PW
rγ, 1(%) 52.9 40.4 40.9 44.0 52.9 0.172 170 33 hr

rγ, 2(%) 47.7 49.3 48.8 52.8 48.0 40 m

Table 4.8 and Table 4.10 illustrate how spatial monitoring design and hydraulic forcing jointly

influence optimal contaminant-reduction strategies by the proposed PDE-constrained control
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model. In Table 4.8, where observation wells are distributed horizontally within shallow regions

and pumping is moderate (qw = 10). The optimal reductions primarily reflect downstream

proximity to monitoring points: Case I yields highly asymmetric reductions dominated by

the downstream injection segment, whereas Case II produces more balanced reductions

due to the expanded protected zone. In contrast, Table 4.10 introduces deeper observation

wells and stronger hydraulic capture (qw = 30), fundamentally altering plume transport

pathways. Under shallow monitoring in Table 4.10, reduction patterns remain broadly similar

to Table 4.8 but with generally higher magnitudes due to increased pumping. However, under

deep monitoring, the optimal control becomes strongly localized at the downstream injection

segment, with near-complete suppression for mobile species and reduced sensitivity for reactive

species whose precipitation limits vertical migration. Thus, while Table 4.8 demonstrates the

influence of horizontal protected-zone extent on reduction symmetry, Table 4.10 reveals that

observation depth and hydraulic capture dominate vertical plume control, shifting optimal

strategies from distributed regulation toward localized downstream suppression.

Further, Table 4.12 investigates the influence of pumping-well placement relative to fixed

observation locations on the optimal multicomponent reduction strategy. The three pumping-

well placement scenarios: pre-observation wells (Pre.PW ), mid-observation wells (Mid.PW ),

and post-observation wells (PostPW ) as defined in Table 4.11. The observation concentrations

are generated using the prescribed actual reduction rate (ARR = 50 %) and are used as

targets in the optimization. All other physical, chemical, and numerical conditions remain

identical to the previous experiments, including pumping intensity qw = 10 and the objective

function f1.

In the Pre-PW configuration, the downstream injection segment (rγ, 1) shows highly uneven

reductions across species. Conservative ions Na+ and Cl− require strong suppression (78–90

%), while the reactive pair SO2−
4 and Ca2+ xhibit very low reductions (10 %). This contrast

indicates that upstream pumping captures mobile species before reaching observation points,
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reducing the need to suppress reactive species whose precipitation already limits transport.

At the upstream segment (rγ, 2) reduction rates converge to moderate values (42–49 %) for

all species, reflecting weaker influence on the monitored plume.

In the Mid-PW configuration, where pumping wells lie between injection and observation lo-

cations, hydraulic capture directly intercepts the plume before reaching monitoring points. As

a result, both injection segments exhibit nearly symmetric reductions close to the ARR value

(50 % for most species). This balanced pattern indicates that mid-domain pumping reduces

spatial bias between injection locations, distributing control more uniformly across species.

The coupled species SO2−
4 and Ca2+ are closely matched reductions due to precipitation

coupling.

In the Post-PW configuration, with wells located downstream of the observation region,

pumping no longer prevents plume arrival at monitoring points. Consequently, both injection

segments must contribute to concentration control before contaminants reach the observation

locations. The optimized reductions therefore become moderate and relatively uniform

across species (40–53 %). Compared with Mid-PW, slightly lower downstream suppression is

sufficient because post-observation pumping partially removes contaminants after they pass

the monitoring zone.

From a computational perspective, Mid-PW requires the largest number of generations and

CPU time, indicating that balanced plume interception produces a more complex optimization

landscape than strongly upstream or downstream capture. Pre-PW and Post-PW converge

faster because plume pathways and control requirements are more spatially deterministic.

Table 4.12 showss that pumping-well placement relative to observation locations is a dominant

factor in determining optimal reduction strategies. Upstream wells favour selective suppression

of mobile species, mid-domain wells produce balanced reductions across injection segments,

and downstream wells require distributed control before plume arrival.
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The discretized piecewise objective function f ′
2(rγ,l) is presented below,

f ′
2(Pγl

) =
ns∑
l=1

nc∑
γ=ne+1

T∑
t=0

ω3A
′
γl

(rγl
)dt (4.39)

with,

A′
γl

(rγl
) =


(
b1,lW

b2,l
γl + b3,lW

b2,l
γl r

b4,l
γl

)
, for r < rc,(

b1,lW
b2,l
γl + b3,lW

b2,l
γl r

b4,l
γl + b5,lW

b2,l
γl

(
(r − rc)

b6,l
γl

))
, for r ≥ rc.

Table 4.13 examines the effect of objective function selection on optimal multicomponent

groundwater remediation. The control variables for the cases f1 and f1 + f ′
2 are the reduction

rates at injection locations, whereas for f1 + f3 both the reduction rates and pumping

rates are optimized simultaneously. All hydro-chemical parameters and boundary conditions

remain unchanged across the experiments. By comparing the objective functions f1, f1 + f ′
2,

and f1 + f3, this setup isolates the impact of treatment and pumping costs on the optimal

remediation strategy while maintaining identical physical conditions.

The discrete pumping cost f3 is given below,

f3(Qw) =
nw∑

w=1

T∑
t=0

ω3a1zw
Qw(t)ρwgHw

η
dt (4.40)

The table 4.13 reports optimal reduction rates for two injection segments, rγ,1 and rγ,2, for

five ions, and for the f1 + f3 case it also reports optimal pumping rates Q1 and Q2. The

admissible reduction-rate ranges are species-dependent, the pumping range is [1, 40], the

prescribed ARR is mostly 75% for the ions shown, and the APR is Q1 = Q2 = 20.

Under f1, the optimizer only attempts to match target concentrations, so the solution is

driven almost entirely by plume reproduction rather than cost considerations. Consequently,

several optimal reduction rates move to values that best fit the observation data, even if

they are not economically moderate. For example, at the first injection segment, SO2−
4
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Table 4.13: Optimized injection rates of Na+,SO2−
4 , Ca−,Fe3+ and Cl− for different objective

functions f1, f1 + f ′
2, and f1 + f3 evaluated with 10 parallel processors.

ARR f1 f1 + f ′
2 f1 + f3

γ range Opt r Opt r Opt r

Na+ rγ1(%) [10.0 90.0] 75.0 49.5 75.2 68.8
rγ2(%) [10.0 90.0] 75.0 50.4 74.7 76.8

SO2−
4

rγ1(%) [10.0 95.0] 75.0 95.0 58.3 85.3
rγ2(%) [10.0 95.0] 75.0 33.1 51.7 21.1

Ca2+ rγ1(%) [10.0 95.0] 75.0 95.0 64.8 81.4
rγ2(%) [10.0 95.0] 75.0 33.0 54.3 43.6

Fe3+ rγ1(%) [10.0 99.0] 75.0 52.6 48.7 72.1
rγ2(%) [10.0 99.0] 50.0 48.4 88.3 75.5

Cl− rγ1(%) [10.0 99.0] 75.0 48.8 75.3 68.7
rγ2(%) [10.0 99.0] 75.0 51.4 74.7 76.9

APR Opt Q Opt Q Opt Q
Q1 [1.0 40.0] 20.0 20.0 20.0 36.0
Q2 [1.0 40.0] 20.0 20.0 20.0 10.0

CPU: 37h 09m 37h 25m 37h 57m

and Ca2+ both reach 85.0%, their upper bound, while at the second segment both drop to

approximately 33%. Meanwhile, Na+ and Cl− remain near 50% at both segments, and Fe3+

stays around 49%–53%. This pattern suggests that, for concentration matching alone, the

first segment must strongly suppress the reactive sulfate-calcium pair, whereas the second

segment can tolerate lower reductions due to attenuation by transport and reaction. Since

pumping is not optimized in this case, Q1 and Q2 remain at the APR baseline values of

20, 20.

By f1 +f ′
2, the inclusion of treatment cost penalizes high reduction rates, leading the optimizer

to move away from the aggressive pattern observed under f1. A notable change is that SO2−
4

and Ca2+ collapse to the lower bound of 50.0% at both injection segments, indicating that

the model avoids costly chemical reduction for these ions. At the same time, Na+ and Cl−

move close to the ARR target, around 74.7%–75.3%, while Fe3+ becomes asymmetric, with

48.7% at the first segment and 88.3% at the second. This behaviour indicates that the
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optimizer reallocates treatment effort toward species and locations where reduction is more

cost-effective for achieving concentration targets. Since f ′
2 does not include pumping as a

control variable, Q1 and Q2 remain at 20, 20.

In case of f1 + f3, the control strategy expands to include both reduction rates and pumping

rates. The optimized pumping values are Q1 = 36.0 and Q2 = 10.0, indicating that the

optimizer significantly increases pumping at the first well while decreasing it at the second.

This asymmetry reflects that the first pumping location is more effective for plume interception,

allowing the optimizer to rely more on hydraulic capture rather than chemical reduction.

Consequently, the optimal reduction rates exhibit a hybrid pattern: SO2−
4 and Ca2+ remain

very high at the first segment (85.0%) but drop to 50.0% at the second; Na+ and Cl− remain

relatively high at both segments, around 68.7%–76.9%; and Fe3+ takes intermediate-high

values of 72.1% and 75.5%. This indicates that, once pumping becomes available as an

active control, the optimizer shifts part of the remediation effort from chemical reduction to

hydraulic extraction, but only where pumping is most effective.

The impact of the three objective functions can be clearly observed. With f1, the optimizer

selects reduction patterns solely to match concentrations, often leading to extreme values.

With f1 + f ′
2, costly treatment is discouraged, resulting in reduced reduction levels for certain

ions and a redistribution of effort toward more cost-effective controls. With f1 + f3, the

optimizer gains an additional control mechanism through pumping, enabling a coupled

strategy that balances chemical reduction and hydraulic removal. This explains the significant

differences observed in the optimal reduction rates (Opt r) and pumping rates (Opt Q) across

the three objective formulations.

Example 3: This experiment presents a realistic groundwater contamination problem

involving complex aquifer geometry and heterogeneous conditions. The multicomponent

reactive transport model includes advection, diffusion, and kinetic reactions, providing a

detailed representation of subsurface processes. The optimization is carried out using the
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multi-control objective function f1 +f ′
2 +f3, incorporating concentration matching, abatement

cost, and pumping cost.

We consider a conceptual L-shape aquifer whose shape closely resembles to the real aquifer

that is presented in Fig. 4.2. The computational domain is defined as a two-dimensional

rectangular aquifer extending 1000 m in the horizontal direction and 100 m in the vertical

direction. Groundwater flow is confined to a heterogeneous, piecewise-connected corridor

composed of three subregions with different vertical extents: an upstream section occupying

the upper layer (1 ≤ x ≤ 200m, 65 ≤ y ≤ 90 m), a central section with a greater thickness

(200 ≤ x ≤ 400m, 30 ≤ y ≤ 90 m), and a downstream section shifted to a lower layer

(400 ≤ x ≤ 1000m, 30 ≤ y ≤ 65 m). Outside these regions, the medium is assumed

impermeable and treated as a no-flow zone.

Figure 4.2: Hypothetical L-Shape vertical aquifer.

This stepped, vertically offset configuration represents a stratified aquifer with laterally

varying thickness and connectivity, analogous to natural systems in which permeable layers

are discontinuous and separated by low-permeability formations. The resulting geometry

produces a non-uniform flow pathway with abrupt changes in vertical extent, which strongly
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influences hydraulic gradients, advective transport, and reactive plume evolution within the

domain. We consider the six components contamination control problem of SO2−
4 , Na−,

Ca2+, Fe3+ and Cl−. The initial condition for water head is h0 = 20m as well as the initial

value for pollution concentrations CNa+ ,CSO2−
4

,CCa2+ , CF e3+ , CCl− are zero.

Table 4.14 presents optimal reduction rates for two left-boundary hydraulic heads in the

L-shaped aquifer. Contaminants are injected through two upper-boundary segments at the

domain: the interval [30, 130] m at y = 65 m, and the interval [30, 130] m at y = 90 m with

prescribed concentrations C∗
SO2−

4
= 0.8, C∗

Na+ = 0.7, C∗
Ca2+ = 0.9, C∗

F e3+ = 0.9 and C∗
Cl− = 0.7.

Two pumping wells at (500m 60m), and (500m, 40m), each operating at a fixed extraction rate

qw = 10, w = 1, 2. Six protected observation points are defined at (400m, 60m), (400m, 40m),

(600m, 60m), (600m, 40m), (700m, 60m), and (700m, 40m), with observations generated

from ARR solutions with noise ζ = 0.5. The DE–PDE optimization uses ∆x = ∆y = 1m

and time step ∆t = 1day, total injection period 360 days, population 100, 150 generations,

tolerance 10−4 and 10 processors. The table reports optimized reductions for SO2−
4 , Na+,

Ca2+, Fe3+ and Cl− at both injection locations for left-boundary heads of 200m and 400m.

Table 4.14: Optimal reduction rates of multicomponent ions Na+,SO2−
4 , Ca−,Fe3+ and Cl−

for varying left-boundary hydraulic heads based on objective f1 evaluated with 10 parallel
processors.

ARR Opt r of Components (γ) Obs. iter. CPU
rγ, l range Na+ SO2−

4 Ca2+ Fe3+ Cl− Val.

hl = 200
rγ, 1(%) [10 90] 50.0 44.3 20.1 17.1 25.3 51.1 1.24 50 6h

rγ, 2(%) [10 99] 50.0 52.5 66.9 62.7 61.6 49.4 41m

hl = 400
rγ, 1(%) [10 90] 50.0 51.2 52.9 53.3 37.9 46.3 0.46 50 6h

rγ, 2(%) [10 99] 50.0 47.4 53.9 51.8 64.3 53.6 38m

Table 4.14 compares the optimal reduction rates of the injected ions Na+, SO2−
4 , Ca2+,

Fe3+, and Cl− in the L-shaped aquifer under two left-boundary hydraulic head conditions,

hleft = 200 m and hleft = 400 m. Under the moderate-gradient scenario (hleft = 200 m), the

optimized reductions remain generally moderate and spatially asymmetric between the two
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injection segments. For the conservative ion Na+, the optimal reductions are approximately

49.5% and 50.4% at the two locations, remaining close to the prescribed ARR value. The

reactive pair SO2−
4 -Ca2+ exhibits strongly coupled behaviour, with very high downstream

reductions of about 95.0% and substantially lower upstream reductions of about 33.1%-

33.0%, reflecting precipitation-controlled attenuation and shorter transport distance to the

observation zones. The Fe3+ ion shows intermediate reductions of about 52.6% downstream

and 48.4% upstream, indicating combined effects of hydrolysis reactions and transport. The

conservative ion Cl− displays moderate symmetric reductions of approximately 48.8% and

51.4%.

When the hydraulic head increases to hleft = 400 m, plume migration through the confined

L-shaped corridor accelerates, and the optimal control strategy shifts toward stronger down-

stream suppression. The reduction rates of Na+ increase markedly to about 75.2% and

74.8% at the two injection locations. For the coupled ions SO2−
4 and Ca2+, the downstream

reduction is about 45.1%-45.0%, while the upstream reduction increases dramatically to

about 92.9%, indicating redistribution of control under stronger advection. The Fe3+ ion

exhibits reductions of approximately 43.5% and 95.5%, again showing intermediate sensitivity.

The conservative ion Cl− shows the strongest response to the increased hydraulic gradient,

with reductions rising to about 42.9% and 98.3%. It shows that increasing hydraulic head

significantly alters the spatial distribution and magnitude of optimal reduction rates in the

heterogeneous L-shaped aquifer, with the largest sensitivity observed for conservative species

and coupled reactive ions.

Then, consider the three pumping-well placement configurations defined in Table 4.15, namely

pre-observation wells (Pre-PW), mid-observation wells (Mid-PW), and post-observation wells

(Post-PW). These scenarios correspond to pumping wells located upstream of, within, and

downstream of the protected observation region along the primary groundwater flow direction.

Table 4.16 summarizes the results of the optimal pollutant reduction rates and optimal pump-
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ing rates obtained under these three pumping-well placement scenarios. Three contaminant

injection segments are prescribed along the upper boundary of the left portion of the domain:

the interval [30, 130] m at y = 65 m, the interval [30, 130] m at y = 90 m, and the interval

[150, 250] m at y = 90 m. The imposed boundary concentrations for the injected species are

C∗
SO2−

4
= 0.8, C∗

Na+ = 0.7, C∗
Ca2+ = 0.9, C∗

F e3+ = 0.9, and C∗
Cl− = 0.7. Component-specific

admissible reduction ranges are provided in Table 4.16, and continuous contaminant injection

is applied over a period of 360 days.

Four protected observation zones are considered at (500, 60) m, (500, 40) m, (700, 60) m, and

(700, 40) m. Observation concentrations Cobs
γ,s are generated from ARR-based simulations with

an added noise level ζ = 0.5. The optimization is performed using the parallel Differential

Evolution algorithm with a population size of 100, a maximum of 150 generations, and a

convergence tolerance of 10−2, with each simulation executed on 10 processors. The objective

function for this experiment is the combined criterion f1+f3, incorporating both concentration

fitting and pumping cost.

Table 4.15: Pumping well locations description.

Case I Case II Case III
w1 : (400m, 60m) w1 : (600m, 60m) w1 : (800m, 60m)
w2 : (400m, 40m) w2 : (600m, 40m) w2 : (800m, 40m)

In table 4.16, the pumping wells in Case I (Pre-PW) are placed before the plume reaches the

observation region, so hydraulic capture can remove part of the mobile contaminant mass

early. Because of that, the optimizer does not need uniform chemical suppression across all

ions and all injection segments. The optimal pumping rates increase from the APR values

to Q1 = 12.1 and Q2 = 11.3, which shows that stronger upstream extraction is beneficial

despite the pumping-cost penalty. At the same time, the optimal reduction rates become

highly selective: for Na+, the values are 11.8, 49.1, and 33.6; for SO2−
4 , 94.1, 10.0, and 10.0;

for Ca2+, 36.9, 86.1, and 17.4; for Fe3+, 69.3, 20.9, and 10.0; and for Cl−, 27.4, 25.3, and

31.6. This uneven pattern means the optimizer uses upstream pumping to intercept the
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plume early, then applies higher chemical reduction only where species-specific transport or

reaction still makes it necessary. In particular, the strong suppression of SO2−
4 at the first

segment suggests that this component has a strong influence on the monitored plume there,

while other components can be partly controlled hydraulically.

Table 4.16: Numerical simulations-optimization results of ion reduction rates Na+,SO2−
4 ,

Ca−,Fe3+ and Cl− for varying pumping-well locations using objective function f1 + f3 with
5 parallel processors.

Case I Case II Case III

γ range ARR Opt r Opt r Opt r

Na+
rγ1(%) [10.0 90.0] 50.0 11.8 89.7 10.0
rγ2(%) [10.0 90.0] 50.0 49.1 26.2 89.7
rγ3(%) [10.0 90.0] 50.0 33.6 10.3 86.8

SO2−
4

rγ1(%) [10.0 95.0] 50.0 94.1 83.9 10.0
rγ2(%) [10.0 95.0] 50.0 10.0 15.2 14.1
rγ3(%) [10.0 95.0] 50.0 10.0 37.6 73.3

Ca2+
rγ1(%) [10.0 95.0] 50.0 36.9 68.1 10.0
rγ2(%) [10.0 95.0] 50.0 86.1 84.5 20.6
rγ3(%) [10.0 95.0] 50.0 17.4 19.7 75.9

Fe3+
rγ1(%) [10.0 99.0] 50.0 69.3 95.9 64.2
rγ2(%) [10.0 99.0] 50.0 20.9 22.1 98.7
rγ3(%) [10.0 99.0] 50.0 10.0 11.7 17.6

Cl−
rγ1(%) [10.0 99.0] 50.0 27.4 86.6 10.0
rγ2(%) [10.0 99.0] 50.0 25.3 25.6 94.7
rγ3(%) [10.0 99.0] 50.0 31.6 13.9 17.6

APR Opt Q Opt Q Opt Q
Q1 [2.0 20.0] 8.0 12.1 07.7 02.0
Q2 [2.0 20.0] 8.0 11.3 14.3 02.0

CPU: 43h 47m 43h 46m 43h 49m

In Case II (Mid-PW), the pumping wells lie inside the monitored region, so hydraulic capture

directly intercepts the plume near the protected observation points. This creates the most

balanced control setting. The optimal pumping rates are Q1 = 7.7 and Q2 = 14.3, so the

optimizer keeps one well slightly below APR and pushes the other well above APR. That

asymmetry suggests the lower well or second well is more effective for the actual plume

pathway in this geometry. The corresponding optimal reduction rates are more mixed than

138



in Case I but still reflect direct plume interception: Na+ takes 89.7, 26.2, and 10.3; SO2−
4

takes 83.9, 15.2, and 37.6; Ca2+ takes 68.1, 84.5, and 19.7; Fe3+ takes 95.9, 22.1, and 11.7;

and Cl− takes 86.6, 25.6, and 13.9. Here, the optimizer still uses strong reduction at selected

segments, but because pumping acts near the target zone, the burden is distributed differently

than in Case I. It also notes that the Mid-PW case is computationally the most complex,

which is consistent with the idea that direct plume interception creates a more balanced but

harder optimization landscape.

In Case III (Post-PW), the pumping wells are located downstream of the observation region,

so they cannot prevent the plume from affecting the monitored concentrations before it arrives.

Because of that, pumping becomes much less useful for meeting the concentration targets,

and the optimizer drives both pumping rates to their lower bounds, Q1 = 2.0 and Q2 = 2.0.

This is a very important result: once pumping is downstream of the protected zone, spending

energy on extraction gives little benefit for the objective f1 + f3, so the optimizer avoids

pumping cost almost entirely. The control burden therefore shifts back to source reduction.

The optimal reduction rates become: Na+: 10.0, 89.7, 86.8; SO2−
4 : 10.0, 14.1, 73.3; Ca2+:

10.0, 20.6, 75.9; Fe3+: 64.2, 98.7, 17.6; and Cl−: 10.0, 94.7, 17.6. These values show that

when pumping cannot protect the observation zone directly, the optimizer compensates by

aggressively reducing key species at the injection segments that most influence the monitored

plume before it reaches the downstream wells.

So the effect of the cases on Opt r and Opt Q can be summarized clearly. In Case I, upstream

pumping is useful, so Opt Q increases above APR and Opt r becomes selective because early

hydraulic capture reduces the need for uniform treatment. In Case II, pumping acts closest

to the monitored plume, so Opt Q becomes spatially imbalanced and Opt r reflects a coupled

balance between direct hydraulic interception and species-specific chemical suppression. In

Case III, downstream pumping contributes little to satisfying concentration targets before

plume arrival, so both Opt Q values drop to the minimum and Opt r must do most of the
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remediation work. In other words, the objective f1 + f3 does not merely penalize pumping;

it chooses pumping only where well placement makes hydraulic capture effective enough to

justify its cost. That is exactly why the optimal pumping and reduction patterns differ so

strongly across the three cases.

Finally, we show the comparison of contamination concentration distribution with optimal

reduction and pumping rates to those under minimum reduction and pumping rates in

Figure 4.3, 4.4. Specifically, the injection locations are defined over the intervals (30 m, 130 m)

at y = 65 m, (30 m, 130 m) at y = 90 m, and (150 m, 250 m) at y = 90 m. This configuration

creates both mid-depth and upper-layer contaminant sources, with two distinct source regions

concentrated near the top boundary. Four observation points, O1 = (600, 60), O2 = (600, 40),

O3 = (700, 60), and O4 = (700, 40), define the protected monitoring zone, while two pumping

wells located at w1 = (400, 60) and w2 = (400, 40) provide hydraulic control upstream of the

observation region.

In Figure 4.3(a), SO2−
4 , the left graph shows high source concentrations of 900, 630, and

630 mol/m2 at r1, r2, and r3, respectively, under minimum reduction and pumping. In

the optimized right graph, these become 205, 650, and 440 mol/m2. The strongest change

occurs at r1, where the concentration drops from 900 to 205, which is consistent with the

very high optimal reduction at the first segment. The smaller reduction at r2 explains why

the concentration there stays relatively high, while the moderate decrease at r3 reflects

partial source suppression. This result shows that sulfate transport is governed by advection

and dispersion, while also being coupled with reactive behaviour. Therefore, strong source

reduction at the hydraulically important upstream segment reduces the mass entering the

aquifer and allows the pumping wells to intercept more of the plume before it reaches the

observation region.

In Figure 4.3(b), Na+, the left graph has very high source concentrations of 1463, 640, and

640 mol/m2, while the optimized right graph reduces them to 185, 550, and 625 mol/m2.
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(a) CSO2−
4

(b) CNa+

(c) CCa2+

(d) CF e3+

(e) CCl−

Figure 4.3: Concentration distributions: Left column with minimum reduction rates and
minimum pumping rate; Right column with optimal reduction rates and optimal pumping
rate.
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(a) CSO2−
4

(b) CNa+

(c) CCa2+

(d) CF e3+

(e) CCl−

Figure 4.4: Concentration distributions at well locations: Left column with minimum
reduction rates and minimum pumping rate; Right column with optimal reduction rates and
optimal pumping rate. Horizontal part of graphs show the space in x-direction and vertical
part represent time.
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The largest drop is again at r1, from 1463 to 185, while the second and third segments remain

fairly large. This is reasonable because the optimal reductions for sodium are not uniformly

high across all segments. Since Na+ behaves more conservatively in the groundwater flow

PDE model, its transport is dominated mainly by advection and dispersion rather than

strong precipitation loss. As a result, reducing sodium concentrations effectively requires

either stronger source control or stronger hydraulic capture. The increase in pumping rates

in the optimized case helps pull part of the dissolved sodium plume toward the wells, while

the segmentwise reduction rates explain why the remaining source concentrations are still

moderate at r2 and r3.

In Figure 4.3(c), Ca2+, the left graph gives 1100, 715, and 715 mol/m2, and the optimized

case gives 550, 125, and 650 mol/m2. The most important feature here is the drastic drop

at r2, from 715 to 125, while r1 and r3 remain much larger. This pattern matches the

nonuniform optimal reductions and is physically meaningful in the PDE model because

calcium is part of a reactive ion pair. Its spatial distribution is influenced not only by

transport but also by geochemical coupling, which applying very strong reduction at one

segment can substantially suppress local source loading and therefore reduce downstream

calcium availability for transport and reaction. The remaining larger concentrations at r1

and r3 indicate that the optimizer did not need equally strong suppression there once the

combined effect of pumping and spatially selective source reduction was taken into account.

In Figure 4.3(d), Fe3+, the left graph shows the highest uncontrolled concentrations among

the five species: 1800, 790, and 790 mol/m2. In the optimized case, these become 90, 680,

and 775 mol/m2. The drop at r1 is extremely large, from 1800 to 90, which indicates that

the first segment is the dominant control point for iron under Case I. Meanwhile, r2 and

r3 remain close to the uncontrolled values, which is consistent with much weaker reduction

there. This result is plausible in the groundwater PDE setting because ferric iron is affected

by both transport and hydrolysis/precipitation-type attenuation. If the optimizer identifies
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that early upstream suppression at one key segment is enough to protect the observation

region, then it becomes unnecessary to impose costly strong reductions everywhere. The

enhanced pumping further supports this by intercepting the dissolved mass before it migrates

farther downstream.

In Figure 4.3(e), Cl−, the left graph shows 1485, 650, and 650 mol/m2, while the optimized

graph gives 210, 510, and 600 mol/m2. The optimized reductions are visible but more

moderate than for some reactive species. This is also physically correct. Chloride is typically

conservative, so it does not benefit from reaction-based attenuation the way sulfate, calcium,

or ferric iron may. Therefore, its concentration reduction depends mainly on direct source

suppression and hydraulic removal. The drop at r1 from 1485 to 210 shows that the optimizer

identified the first segment as hydraulically influential, while the smaller changes at r2 and r3

indicate that moderate source control combined with pumping was sufficient to reduce plume

impact without requiring extreme reductions at every segment.

Moreover, SO2−
4 in Figure 4.4 (a), under minimum reduction (r = 10) and low pumping

(Q = 2), the concentrations remain relatively high both before and after the wells, indicating

that neither source control nor hydraulic capture is sufficient to remove the plume effectively.

In contrast, the optimized case shows a strong reduction after the wells, especially from 10 to

2 mol/m2 at y = 60 and from 7 to 1.2 mol/m2 at y = 40, which reflects the combined effect of

strong upstream source reduction and increased pumping that enhances plume interception.

For Na+ in Figure 4.4 (b), the minimum reduction and pumping case results in very

high concentrations both upstream and downstream of the wells (e.g., 110 to 90 mol/m2),

demonstrating that conservative species are poorly controlled when both chemical and

hydraulic mechanisms are weak. In the optimized case, although concentrations remain

relatively high, they are significantly reduced after the wells, showing that increased pumping

plays a major role in removing dissolved sodium that is not strongly affected by reactions.

For Ca2+ in Figure 4.4 (c), the minimum control case leads to only slight reduction after
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the wells (e.g., 20 to 18 mol/m2), indicating weak attenuation. In the optimized case, the

after-well concentration decreases more noticeably (e.g., from 20 to 10 mol/m2), reflecting

the combined influence of stronger source reduction and enhanced hydraulic capture, along

with geochemical interactions.

For Fe3+ in Figure 4.4 (d), the minimum reduction and pumping scenario produces high

concentrations before and after the wells, showing limited plume control. Under optimal con-

ditions, the concentrations decrease substantially after the wells (e.g., from 25 to 12 mol/m2),

which is consistent with both stronger source suppression and effective removal through

pumping, as well as additional attenuation due to reactive processes.

For Cl− in Figure 4.4 (e), the minimum control case yields large concentrations both upstream

and downstream (e.g., 100 to 90 mol/m2), confirming that weak pumping cannot effectively

capture conservative ions. In the optimized case, the concentrations decrease significantly

after the wells (e.g., from 80 to 42 mol/m2), primarily due to increased pumping, since

chloride does not benefit from reaction-based attenuation.

The distributions in Figure 4.3(a-e) and Figure 4.4(a-e) show that the optimized Case I

solution is effective because it reduces contaminant loading in a segment-specific and species-

specific way rather than uniformly. The increased pumping rates in Case I improve upstream

plume interception, while the optimized reduction rates decrease the injected mass where it

matters most. The numerical results are therefore both numerically reasonable and physically

consistent with groundwater transport dynamics.
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Chapter 5

Summery & Future work

This thesis developed efficient optimal control approaches for multicomponent contamination

flows in porous media. In the second chapter of this thesis, we proposed a simulation-

optimization model designed for managing groundwater contamination, with a primary focus

on determining optimal injection rates. The utilization of splitting improved upwind scheme

in numerical computation allowed the breakdown of a multi-dimensional convection-diffusion

issue into one-dimensional problems, significantly expediting computation. The numerical

results indicated that precipitation reactions reduce groundwater contamination. Furthermore,

the numerical results provided us with quantified optimal injection and abatement rates.

Analysis of the results leaded us to conclude that establishing factories downstream, as

opposed to upstream, is more cost-effective and efficient. In the third chapter of this thesis,

we focus on a robust and computationally powerful framework for the optimal control of

multicomponent groundwater contamination. We dvelop a problem-specific parallel DE-PDE

optimization system for multicomponent contamination control, the proposed approach

bridges the gap between accurate physical modelling and practical decision-making for

contamination control. The numerical experiments span multiple cost-function structures,

hydraulic gradients, and injection configurations, which further confirm that the parallel

DE–PDE solver for multicomponent contamination contour is capable of handling large-scale

146



optimization tasks with high computational efficiency, achieving substantial reductions in

runtime without sacrificing solution accuracy. These capabilities position the framework as a

robust and versatile tool for environmental management, capable of supporting real-world

groundwater remediation planning under complex operational and regulatory constraints.

In the fourth chapter of this thesis, we develop a multi-control optimization model for

multicomponent groundwater contamination control. The concentration-matching term f1

ensures that simulated contaminant levels closely follow prescribed targets, providing a

baseline measure of environmental performance. However, numerical results show that using

f1 alone often leads to overly aggressive reduction strategies, resulting in high operational

demands. The incorporation of the piecewise abatement cost term f ′
2 which significantly

reduces excessive treatment effort by penalizing high reduction rates, leading to smoother

and more economically feasible control strategies. Similarly, the inclusion of the pumping

cost term f3 reduces unnecessary extraction rates, thereby lowering energy consumption

while maintaining acceptable concentration levels. Comparative results from the numerical

experiments demonstrate that the combined objective f1 + f ′
2 produces balanced reduction

strategies with moderate cost and acceptable accuracy, whereas f1 +f3 shifts the optimization

toward efficient hydraulic control, often redistributing pumping locations and magnitudes.

In the multi-control strategy, these objective function combinations noticeably alter the

spatial distribution of contaminant plumes, indicating that cost terms influence not only

magnitudes but also plume geometry. Furthermore, the full combination leads to more stable

and realistic solutions, particularly in complex aquifer settings, where both treatment and

pumping must be optimized simultaneously. Finally, the findings confirm that the structure of

the linked-simulation optimization model has a significant impact on groundwater remediation

strategies.

Despite the significant progress achieved in this thesis, managing groundwater contamination

in real-world settings remains challenging due to complex geometries, heterogeneous aquifer
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properties, and large spatial and temporal scales. In future work, we will extend the

present two-dimensional model to a fully three-dimensional and multi-layer groundwater

system. This extension will allow a more realistic representation of vertical transport,

layer heterogeneity, and inter-layer exchange processes, which are important in practical

aquifers. The model will incorporate different hydraulic properties across layers, such as

permeability and porosity variations, to better describe stratified geological formations. We

will also consider irregular domain geometries and more complex boundary conditions to

reflect realistic field scenarios. In addition, we will develop efficient domain decomposition

methods for solving large-scale multicomponent groundwater flow and transport equations.

In this approach, the computational domain will be divided into multiple subdomains, and

each subdomain will be solved independently in parallel. This will significantly reduce

computational cost and memory requirements, especially for three-dimensional problems.

The domain decomposition framework will be integrated with parallel optimization strategies,

allowing simultaneous evaluation of multiple candidate solutions and improving the scalability

of the overall simulation–optimization process. Another important direction is to incorporate

more realistic and complex chemical reaction mechanisms into the model. This includes

kinetically controlled reactions, multi-species interactions, and nonlinear reaction pathways

that better represent geochemical processes in natural aquifers. The interaction between

transport and reactions will be carefully modeled to maintain numerical stability and accuracy.

We will also investigate adaptive numerical schemes to efficiently handle stiff reaction terms

and highly nonlinear systems. Furthermore, we will extend the optimization framework

to include source location identification. In this case, both the location and strength

of contamination sources will be treated as unknown variables. This will transform the

problem into a more challenging inverse optimization problem, where the model must

simultaneously identify unknown sources and determine optimal control strategies. This

extension will be particularly useful for real-world applications where contamination sources
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are not clearly known. In addition, we will study more advanced and nonlinear pumping

objective functions that account for realistic operational conditions. These may include

energy-based cost models, time-dependent pumping schedules, and constraints related to

infrastructure and environmental regulations. Nonlinear cost formulations will allow a more

accurate representation of the trade-off between remediation efficiency and operational cost.

Finally, we will explore the integration of all these components into a unified and scalable

computational framework. The goal is to develop a robust, efficient, and practically applicable

tool for groundwater contamination management that can handle large-scale, complex, and

realistic problems.
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