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Abstract

Software bugs cost trillions annually, requiring better bug detection tools. Testing is widely
used but has limitations, especially in non-deterministic software, where code produces differ-
ent outputs even with fixed inputs due to randomness and concurrency. Labelled Markov chains
model randomness but suffer from state space explosion problem, where the number of states
grows exponentially with system complexity. One solution is to identify behaviorally equiva-
lent states using probabilistic bisimilarity. However, this method is not robust, small changes
in probabilities can affect equivalences. To address this, probabilistic bisimilarity distances
were introduced, a quantitative generalization of probabilistic bisimilarity. These distances
have game-theoretic characterizations. This thesis illustrates how optimal policies, known as
player’s strategies, can explain distances. We formulate 1-maximal and 0-minimal policies,
argue that they lead to better explanations. We present algorithms for these policies, prove
an exponential lower bound for the 1-maximal algorithm, and show that symmetries simplify
policies and, hence, explanations.
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1 Introduction

The cost of software bugs is trillions of dollars every year [59], [42]. Hence, there is a pressing need for tools
to detect bugs in software. The traditional way to find code bugs is performed by testing such as writing JU-
nit2 test cases. However, testing has its limitations, especially in non-deterministic software, that is, code that
may give rise to different executions even if all the input is fixed. Both randomness and concurrency give rise
to non-determinism. We often see randomness in, for example, artificial intelligence, embedded systems, and
cryptographic protocols. Consider the following Java code.

1 import java.util.Random;
2 public class Example
3 {
4 public static void main(String[] args)
5 {
6 Random random = new Random();
7 int n = random.nextInt(10);
8 System.out.print(1 / n);
9 }

10 }

The above application may result in ten executions as it randomly chooses an integer in the interval [0, 10).
The application will crash with an uncaught exception if the random number is zero. When we run the application
once for testing, with a probability of 0.9 it prints zero or one, and with a probability of 0.1, it crashes. When we
run the application twice for testing, with a probability of 0.81 it prints zero or one, and with a probability of 0.19,
it crashes. When we run the application ten times for testing, with a probability of 0.35 it prints zero or one, and
with a probability of 0.65, it crashes. Therefore, we can conclude that traditional testing may not be guaranteed to
capture all software bugs.

Model checking is often used as an alternative to testing non-deterministic software. First, a model of the
system is built. For example, if the software behaves non-deterministically due to concurrency or randomness
then labelled transition systems (LTSs) are often used to model the code. This model was introduced by Keller
[32].

An LTS consists of a set of states, a set of transitions, a set of labels, and a labelling function. A state of an
LTS describes information about a system at a given time. For example, a state of a model of the above Java code
may include the current values of all program variables together with the current value of the program counter, that
is, it represents a state of the Java virtual machine (JVM). Transitions specify how the system can advance from
one state to another. In the case of the above Java program, a transition typically corresponds to the execution of
a sequence of byte-code instructions by the JVM and may involve the change of the value of a variable and the
program counter. A state of an LTS is labelled with a label chosen from a set. Labels represent different aspects
of the states. For the above Java application, a label may represent an exception thrown in the state but never
caught. The same label may appear in more than one state. The labelling function assigns a label to each state in
an LTS. For example, the labelling function of the model for the above Java code may assign the above mentioned
exception label to the state where a division by zero occurs (more precisely, the state reached immediately after
the bytecode instruction that throws the exception has been executed). The LTS modeling the above Java code can
be graphically represented as follows.

2junit.org/junit5.
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1

0

32

Figure 1.1: LTS modeling the above Java code

State 0 is the initial state. State 1 represents the state of the JVM when the execution has reached line 7 of the
above code. State 3 represents the state of JVM when the execution of the code terminates successfully. State 2
represents the state of the JVM when the execution of the code fails to terminate due to an uncaught exception.
State 0 is assigned the initial state label, state 1 is assigned the random number generation label, state 3 is assigned
the successful execution label, and state 2 is assigned the division by zero exception label.

In model checking, a property to be verified is specified in addition to the model. Such a property is usually
described in a logic. For example, computation tree logic (CTL) can be used to describe a property. This logic was
introduced by Clarke and Emerson [8]. Many properties can be expressed in CTL. For example, we can express
the property that no state in which an uncaught exception is thrown can be reached from the initial state.

Model checking helps find bugs in non-deterministic systems by exploring all possible behaviours and ensuring
that the system satisfies its properties across all potential execution paths, thereby catching errors that could arise
from non-deterministic choices.

LTSs focus on non-deterministic choices. However, in practice, many systems are subject to various phenom-
ena of a stochastic nature such as uncertainty or randomness. To model random phenomena, probabilities are
added to the LTS’s transitions and these probabilistic systems are called labelled Markov chains (LMCs). LMCs
are labelled transition systems with probability distributions for the successors of each state, that is, instead of a
non-deterministic choice, the next state is chosen probabilistically. Formal definitions of notions such as LMCs
will be provided in later chapters. The LMC modeling the above Java code can be graphically represented as
follows. Notice that probabilities are added to the transitions of states 0 and 1, and a self-loop with a probability
of one is added to states 2 and 3 to satisfy LMC properties.

1

0

32

0.1 0.9

1

1 1

Figure 1.2: LMC modeling the above Java code

Similarly, for probabilistic models, probabilistic computational tree logic (PCTL) can be used to describe a
probabilistic property. This logic was introduced by Hansson and Jonsson [28]. Numerous probabilistic properties
of code with randomness can be expressed in PCTL. For example, we can express the property that a state in which
an uncaught exception is thrown can be reached with a probability less than 0.1 from the initial state.

The number of states in an LTS or LMC often grows exponentially as the number of threads and random
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choices increases (as in line 6 of the above Java code). This phenomenon is called the state space explosion
problem. One way to deal with this is to reduce the number of states by identifying states that behave the same.
A behavioural equivalence is an equivalence relation on the states of a model that captures whether state pairs
behave the same.

1.1 Bisimilarity

0

3

8 9

2

6 7

12 13

1

4 5

10 11

Figure 1.3: An LTS

Milner [47] and Park [48] proposed a behavioural equivalence for the states of an LTS, called bisimilarity. States
are bisimilar if they have the same label and their transitions can be matched such that matching transitions have
bisimilar target states.

As an example, consider the LTS depicted in Figure 1.3 and the following partition of its states: T1 = {3, 4, 5},
T2 = {8, 10, 12}, T3 = {9, 11, 13, 7}, T4 = {6}, T5 = {2}, and T6 = {0, 1}. As we will argue next, the states 0
and 1 are bisimilar. First, observe that states 8, 10, and 12 share the same label (purple) and only transition to T2.
Since their transitions can be matched, they are bisimilar. A similar argument can be used to show that states 7,
9, 11, and 13 are bisimilar. Next, states 3, 4, and 5 all share the same label (green) and transition to both T2 and
T3. As their transitions can be matched, we can conclude that states 3, 4, and 5 are bisimilar. Finally, states 0 and
1 both share the green label and transition to only T1. Since their transitions can be matched, we conclude that
states 0 and 1 are bisimilar.

2

4 5

0

3

86 7

1

Figure 1.4: An LTS

Now consider the LTS depicted in Figure 1.4 and the following partition of its states: T1 = {5, 6, 8}, T2 =
{2, 3}, T3 = {4, 7}, and T4 = {0, 1}. States 5, 6, and 8 all share the same label (purple) and each transition only
to T4. Since their transitions can be matched, they are bisimilar. Similarly, states 2 and 3 both share the label
(purple) and transition to both T1 and T3, making them bisimilar as well. States 4 and 7 share the green label and
transition only to T3, thus making them bisimilar. Finally, states 0 and 1 have the same label (purple), with both
transitioning only to T2. Given that their transitions match, they too are bisimilar.

3



1.2 Probabilistic Bisimilarity
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Figure 1.5: An LMC

Larsen and Skou [43] introduced the fundamental concept of probabilistic bisimilarity, which captures which
states of an LMC are considered behaviorally equivalent. States are probabilistic bisimilar if they have the same
label and transition to probabilistic bisimilarity equivalence classes with the same probabilities, that is, the sum of
the probabilities of their transitions to each equivalence class of probabilistic bisimilar states is the same.

For example, consider the following partition of the states of the LMC depicted in Figure 1.5: T1 = {1, 2, 5, 6},
T2 = {3, 7, 11}, T3 = {9, 10}, T4 = {8}, and T5 = {0, 4}. We observe that states 0 and 4 have the same label
(green), and the sum of the probabilities of transitions from state 0 to each of T1, T2, T3, T4, or T5 is equal to the
sum of the probabilities of transitions from state 4. Similar conditions can be checked for the other state pairs.
Hence, states 0 and 4 are probabilistic bisimilar.

Algorithms have been developed to decide probabilistic bisimilarity in LMCs by, for example, Buchholz [4],
Derisavi, Hermanns, and Sanders [13], Valmari and Franceschinis [56]. It has been shown by Katoen, Kemna,
Zapreev, and Jansen in [31] that first reducing the number of states of an LMC by identifying probabilistic bisimilar
states and then checking a property of the reduced system is often more efficient than checking the property for
the original system. Fisler and Vardi [23] observed that bisimulation minimization appears impractical for LTSs,
as the resources required for minimization may be equal to or greater than those needed for model checking the
unminimized LTSs.

As first observed by Giacalone, Jou, and Smolka [25], probabilistic bisimilarity is not robust. Miniscule
changes to the probabilities in the model may result in different states being identified as behaviourally equivalent
and, hence, may lead to different reduced models. These models may even satisfy different properties. Consider
the following example.
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Figure 1.6: An LMC, where ϵ ∈ [0, 1
2 ]

When ϵ = 0, states 0 and 1 behave exactly the same way and can be collapsed, resulting in a reduced model.
However, if we change ϵ to something very close to 0 like 0.001, the states 0 and 1 will behave almost the same.
This behaviour can be observed, for example, through a PCTL property, which indicates that a purple (square)
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state can be reached with a probability less than or equal to 0.5 from the initial state. The reduced model satisfies
this property. On the other hand, when ϵ > 0, the original model does not satisfy this property.

1.3 Probabilistic Bisimilarity Distances
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Figure 1.7: An LMC

Giacalone, Jou, and Smolka [25] suggested distances as a robust alternative to equivalences. Desharnais, Gupta,
Jagadeesan, and Panangaden in [17] proposed a quantitative generalization of probabilistic bisimilarity: proba-
bilistic bisimilarity distances (or distances for short). To each pair of states, a real number in the unit interval [0, 1]
is assigned that captures the behavioural similarity of the states. The smaller this number, the more alike the states
behave. As shown by Desharnais et al. states are probabilistic bisimilar if and only if their distance is zero. For
example, the distance between states 1 and 2 in Figure 1.7 is 1

18 ≈ 0.06.
Over the last two decades, efficient algorithms have been developed to approximate and compute probabilistic

bisimilarity distances. For instance, Chen, Van Breugel, and Worrell [6] presented a polynomial-time algorithm to
compute these distances. They showed that if the transition probabilities are rational then the distances are rational
and can be calculated using Khachiyan’s ellipsoid method [33]. In particular, they demonstrated that the distance
function can be expressed as the solution to a linear program. Tang [52] created and implemented algorithms
capable of computing probabilistic bisimilarity distances for LMCs with thousands of states in just a few seconds.

Given that we can calculate the distance between two states as 0.06, it raises the question of why the distance
is 0.06. In this thesis, we address the question of how to explain probabilistic bisimilarity distances.

Behavioural equivalences such as bisimilarity and probabilistic bisimilarity can be characterized in terms of
logic, where states are behaviorally equivalent if and only if they satisfy the same formulas of the logic. We will
explore this approach in the following section.

1.4 Logical Explanation

1.4.1 Bisimilarity

Hennessy and Milner [29] provided a logical characterization of bisimilarity by introducing Hennessy-Milner
logic and proving that two states are bisimilar if and only if they satisfy the same formulas within the logic. In
the case of an LTS with finitely many states, if two states are not bisimilar, there exists a formula, known as a
distinguishing formula, such that one state satisfies the formula while the other does not. This formula explains
the reason the two states are not bisimilar. Cleaveland [9] introduced a polynomial-time algorithm that computes
a distinguishing formula for states that are not bisimilar.

For example, consider the formula that expresses that a state can transition to another state that can, in turn,
transition to both a purple (square) state and a green (circle) state. Since state 0 in Figure 1.3 satisfies this formula,
while state 2 does not, we can conclude that states 0 and 2 are not bisimilar.

1.4.2 Probabilistic Bisimilarity

As we mentioned earlier Larsen and Skou [43] introduced probabilistic bisimilarity to capture which states of an
LMC behave the same. They also introduced a logic that characterizes probabilistic bisimilarity. Building on their
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work, Desharnais, Edalat, and Panangaden [14] simplified this logic and proposed a polynomial-time algorithm to
generate a formula that differentiates two states that are not probabilistically bisimilar.

For example, state 0 in Figure 1.5 transitions to a purple state in one transition with a probability of at most
0.5, whereas state 8 does not. This property can be captured in the logic, resulting in a formula that distinguishes
states 0 and 8. Therefore, this formula explains that states 0 and 8 are not probabilistic bisimilar.

1.4.3 Probabilistic Bisimilarity Distances

To define probabilistic bisimilarity distances, Desharnais, Gupta, Jagadeesan, and Panangaden [17] adapted the
logic of Desharnais, Edalat, and Panangaden [14] to a quantitative context. In essence, the distance between two
states is defined by the formula from the logic that distinguishes them the most. Such a formula explains their
probabilistic bisimilarity distance. More recently, Rady and van Breugel [50] employed a modified version of
their logic to characterize probabilistic bisimilarity distances. Both Desharnais et al. and Rady et al. provided a
real-valued interpretation for their respective logic where the value of a formula φ in a state, say s, denoted as
[[φ]](s) is a real number in the interval [0, 1].

Consider, for example, the states 1 and 2 in the LMC shown in Figure 1.7. Their distance is 0.06, which can be
explained by the formula that captures the probability of reaching a purple state in one transition. The real value
of this formula in state 1 is 0.5, and in state 2 it is 0.56. The difference between these values, 0.06, represents the
distance between states 1 and 2.

Furthermore, Rady and van Breugel [50] explained the probabilistic bisimilarity distance for each pair of states
by constructing a sequence of formulas (φn)n. For a given pair of states, say s and t, they constructed a sequence
of formulas φ0, φ1, φ2, ..., such that the sequence [[φ0]](s) − [[φ0]](t), [[φ1]](s) − [[φ1]](t), [[φ2]](s) − [[φ2]](t), ...
converges to the probabilistic bisimilarity distance between s and t. This sequence (φn)n serves to explain the
distance between the states s and t. This result is their explanation framework [50, Corollary 23]. The main
limitation of their approach is that the explanation is generally not finitely representable.

Another way to characterize behavioural equivalences is through the use of a game, which we will explore in
more detail in the following section.

1.5 Game-Based Explanation

1.5.1 Bisimilarity

As was shown by Stirling [51], bisimilarity for LTSs can be characterized by means of a two-player game. In the
literature, we find different names for these players including Spoiler, Adversary, and Attacker for the first one
and Duplicator, Prover, and Defender for the other player. Here, we use Spoiler and Duplicator. The game starts
in a state pair (s, t). Spoiler tries to show that s and t are not bisimilar, whereas Duplicator tries to prove that they
are. We assume that each state has an outgoing transition to simplify the game slightly. The game is played in
rounds. If a round starts in state pair (s, t), Spoiler chooses a state u1 ∈ {s, t} and an outgoing transition of u1

with a target, say, s′. Duplicator uses the other state u2 ∈ {s, t}\{u1} and chooses one of the outgoing transitions
of u2 with a target, say, t′ (preferably with the same label as s′ – otherwise Duplicator loses). The next round of
the game continues in the state pair (s′, t′). The objective of Spoiler is to reach a state pair with different labels
whereas Duplicator tries to avoid ever reaching such a state pair. As has been shown by Stirling [51, Proposition
3], states s and t are bisimilar if and only if Duplicator can avoid ever reaching a state pair with different labels
when the game is started in state pair (s, t) no matter how Spoiler plays. As pointed out by Fijalkow, Klin,
and Panangaden [22], “this classical bisimulation game is elegant because it allows one to characterize a global
property of behaviours (bisimilarity) in terms of a game whose rules only depend on local considerations.”

Consider the LTS of Figure 1.3. If we start the game in state pair (0, 1), then we are in (3, 4) or (3, 5) after
one round. Assume we move to (3, 4). No matter which transition Spoiler chooses, Duplicator can always pick
a transition so that the game ends up in either (8, 10) or (9, 11). The same applies to (3, 5). Since states 8 and
10 have a single outgoing transition, the game stays in (8, 10) once it reaches that state pair. The same applies
to (9, 11). Hence, Duplicator can always avoid reaching a pair with different labels when the game is started in
(0, 1). The strategy of Duplicator, showing that Duplicator can always avoid state pairs with different labels, can
be seen as an explanation that the states 0 and 1 are bisimilar.

Let us next consider the state pair (0, 2). After one round we end up in either (3, 6) or (3, 7). Assume we are in
(3, 6). Assume that Spoiler chooses the transition from state 3 to state 9. Duplicator has the transition from state 6
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to state 12 as its single choice. States 9 and 12 have different labels. Using a similar argument we can show that
Duplicator cannot avoid reaching a state pair with different labels from (3, 7). The strategy of Spoiler, showing
that it is impossible for Duplicator to avoid a state pair with different labels, can be viewed as an explanation that
the states 0 and 2 are not bisimilar.

1.5.2 Probabilistic Bisimilarity

Several characterizations of probabilistic bisimilarity for LMCs in terms of a game can be found in the literature.
We will briefly review two of those next. The games are also played in rounds by two players. As in the game for
bisimilarity the objective of Spoiler is to reach a state pair with different labels whereas Duplicator tries to avoid
ever reaching such a state pair.

Let us first consider the game introduced by Desharnais, Laviolette, and Tracol in [16, Definition 10 with
ϵ = 0]. If the game is in state pair (s, t), Spoiler chooses a state u1 ∈ {s, t} and a set of states U1. Duplicator
uses the other state u2 ∈ {s, t} \ {u1} and chooses a set of states U2 such that the probability of reaching a state
in U1 from state u1, that is, the sum of probabilities of the transitions from u1 to a state in U1, is less than or
equal to the probability of reaching a state in U2 from u2. Such a U2 always exists as Duplicator can pick the set
of all states. Subsequently, Spoiler chooses i ∈ {1, 2} and a state s′ ∈ Ui. Finally, Duplicator chooses a state
t′ ∈ U3−i (preferably with the same label as s′ – otherwise Duplicator loses). The next round of the game starts
in the state pair (s′, t′). As in the bisimulation game, the objective of Spoiler is to reach a state pair with different
labels whereas Duplicator tries to avoid ever reaching such a state pair. Desharnais, Laviolette, and Tracol [16,
Theorem 5] proved that states s and t are probabilistic bisimilar if and only if Duplicator can avoid ever reaching
a state pair with different labels when the game is started in state pair (s, t) no matter how Spoiler plays.

Consider the LMC in Figure 1.5. Let us start the game in the state pair (4, 8). The Spoiler plays on state 4,
and their first move is U1 = {5, 6}. With this move, the Duplicator has to choose any subset that contains the
state 11 for the set U2. Assume that the Duplicator chooses U2 = {11, 9, 10}, which is valid since the probability
of reaching from state 4 to any state in U1 is less than or equal to the probability of reaching a state in U2 from 8.
The Spoiler then chooses state s′ = 11, but the Duplicator cannot make a valid response and loses. This occurs
because there is no state t′ ∈ U1 that has the same label as the states in U2. Hence, the Spoiler successfully
demonstrates to the Duplicator that states 4 and 8 are not bisimilar.

If the game starts in the state pair (0, 4). There are many choices that both the Spoiler and the Duplicator can
make, but none lead to the Spoiler winning the game. For instance, if the Spoiler plays on state 0 and chooses
U1 = {1, 2, 3}, the Duplicator will respond by playing on state 4 and choosing U2 = {5, 6, 7}, which is valid
because the probability of reaching from state 0 to any state in U1 is less than or equal to the probability of reaching
a state in U2 from 4. Assume the Spoiler continues by playing on state 7, and the Duplicator plays on state 3. The
Spoiler then selects, for example, U1 = {3}, and the Duplicator wins immediately by playing U2 = {3}, which
is valid since the probability of reaching from state 7 to any state in U1 is less than or equal to the probability of
reaching a state in U2 from 3. The game stays forever in state (3, 3), and the Spoiler loses. Hence, the Duplicator
successfully demonstrates to the Spoiler that states 0 and 4 are bisimilar.

Clerc, Fijalkow, Klin, and Panangaden [22] propose a slightly simpler game that characterizes probabilistic
bisimilarity. If the game is in state-pair (s, t) then Spoiler chooses a set of states U such that the probability of
transitioning from state s to a state in U is different from the probability of transitioning from state t to a state in
U . If no such choice exists then Spoiler loses the game. Subsequently, Duplicator picks a state u that is in U and a
state v that is not in U (preferably with the same label as u – otherwise Duplicator loses), and the game continues
in the state pair (u, v). Clerc, Fijalkow, Klin, and Panangaden [22] showed that states s and t are probabilistic
bisimilar if and only if a pair of states with different labels is never reached when the game is started in state pair
(s, t) no matter how Spoiler plays.

Again, we first consider the state pair (4, 8). Spoiler’s first move is U = {3, 7, 11} which is valid because
the probability of reaching from state 4 to any state in U is different from that of state 8. With this move, the
Duplicator cannot make a valid response and loses. This is because there is no state t′ ̸∈ U that has the same label
as the states in U . Hence, the Spoiler successfully shows to Duplicator that states 4 and 8 are not bisimilar.

Next, we consider the state pair (0, 4). A possible Spoiler’s first move is U = {1, 2, 5} since the probability
of reaching from state 0 to any state in U is different from that of state 4, but this move allows Duplicator to play
(1, 6). The Spoiler may survive longer by choosing U = {0}, which is a valid choice because the probability of
reaching from state 1 to any state in U is different from that of state 6, but this also allows Duplicator to play (0, 4),
returning to the original position. For instance, if the Spoiler chooses U = {3}, which is valid since the probability
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of reaching from state 0 to any state in U is different from that of state 4, Duplicator wins immediately by playing
(3, 7). At this point, Spoiler cannot make a move and loses the game. Hence, the Duplicator successfully shows
Spoiler that the states 0 and 4 are bisimilar.
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Figure 1.8: pLTS from LMC of Figure 1.5

Forejt, Jancar, Kiefer, and Worrell [24] described a game based on more general probabilistic models, such as
probabilistic LTSs (pLTS). To play their game on the LMC in Figure 1.5, we first need to map it into a pLTS. This
is done by duplicating all the states in the LMC and adding a transition labelled ’a’ from the duplicate states to the
original state, as shown in a partial view in Figure 1.8. Similarly, their game consists of two players: the Spoiler
and the Duplicator. The result of the game played on the pLTS will still apply to the original LMC. Moreover, the
game played on the pLTS is exactly the same as the one described by Desharnais, Laviolette, and Tracol. Ford,
Beohar, König, Milius, and Schröder [40] consider an even more general setting.

1.5.3 Probabilistic Bisimilarity Distances

König and Mika-Michalski [39] generalize the game of Desharnais, Laviolette, and Tracol in two dimensions.
Firstly, they consider distances which provide a generalization of equivalences 3. Secondly, they present a general
framework based on the category of sets and functions, an endofunctor on that category, and coalgebras of that
endofunctor. Below, we describe the game resulting from an instantiation of their framework so that it is applicable
to probabilistic bisimilarity distances for LMCs. The game starts in a triple (s, t, ϵ), where s and t are states and
ϵ ∈ [0, 1). Spoiler tries to show that the distance between (s, t) is greater than ϵ, whereas Duplicator tries to
demonstrate that the distance between (s, t) is less than or equal to ϵ. Like all the games we discussed before,
the game is played in rounds. Each round consists of the following steps. Spoiler chooses a state u1 ∈ {s, t}
and a fuzzy set of states U1. Duplicator uses the other state u2 ∈ {s, t} \ {u2} and chooses a fuzzy set of states
U2 such that the expectation of transitioning from u1 to U1 minus expectation of transitioning from u2 to U2 is
at most ϵ. Such a U2 always exists. Spoiler chooses i ∈ {1, 2} and a state s′. Duplicator chooses a state t′

with Ui(s
′) ≤ U3−i(t

′). The duplicator can always choose a U2 in the second step so that it can pick a t′ in
the fourth step with Ui(s

′) ≤ U3−i(t
′). The next round starts in (s′, t′, U3−i(t

′) − Ui(s
′)). As shown by König

and Mika-Michalski [39, Theorem 35 and 38], the distance between (s, t) is less than or equal to ϵ if and only if
Duplicator can avoid ever reaching a state pair with different labels when the game is started in (s, t, ϵ), no matter
how Spoiler plays.

Consider the LMC of Figure 1.7. The states 1 and 2 have distance 1
18 . Let us start the game in (1, 2, 1

18 ).
Assume that Spoiler chooses, for example, state 2 and the fuzzy set U1 that maps state 4 to one and all other
states to zero. The duplicator uses state 1 and chooses the same fuzzy set. No matter which state Spoiler chooses,
Duplicator can pick the same state, and the next round starts in (s, s, 0) for some state s. By considering all
possible choices of Spoiler we can define a strategy of Duplicator that avoids ever reaching a state pair with
different labels. This strategy explains why the distance of states 1 and 2 is at most 1

18 .
Next, we start the game in (1, 2, 1

19 ). Spoiler chooses state 1 and the fuzzy set U1 maps state 4 to one and
all other states to zero. Duplicator uses state 2. To ensure that the fuzzy set U2 satisfies the condition mentioned

3Desharnais et al. consider equivalence relations indexed by ϵ ∈ [0, 1]. Above, we presented their approach for ϵ = 0.
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in the second step, the Duplicator has to choose a U2 such that U2(5) > 0. Spoiler chooses i = 2 and state 5.
To satisfy the condition mentioned in the fourth step, the Duplicator has to choose state 4. Hence, the Duplicator
cannot avoid reaching a state pair with different labels. This strategy of Spoiler explains why the distance of states
1 and 2 is greater than 1

19 .
König, Mika-Michalski, and Schröder [40] present generic algorithms for computing strategies of both Spoiler

and Duplicator.
Komorida, Katsumata, Hu, Klin, Humeau, Eberhart, and Hasuo [38, Table 2] generalize the game of Fijalkow,

Klin, and Panangaden to a quantitative setting using fibrations and coalgebras. Instantiating their framework to
our setting amounts to the following game.

The game starts in (s, t, ϵ). Spoiler chooses a fuzzy subset of states U such that the expectation of transitioning
from s to U and the expectation of transitioning from t to U differ by more than ϵ. Such a U may not always exist.
If U does not exist, Spoiler loses. Duplicator chooses states s′ and t′ with the same label as well as ϵ′ ∈ [0, 1)
such that U(s′) and U(t′) differ by more than ϵ′. As shown in [38, Theorem 5.11], the distance of states s and t is
at most ϵ if and only if Duplicator can avoid ever reaching a state pair with different labels or Spoiler gets stuck
when the game is started in (s, t, ϵ), no matter how Spoiler plays.

To illustrate this game we also consider the LMC of Figure 1.7. Let us start the game in (1, 2, 1
18 ). Since(

1
2U(4) + 1

2U(5)
)
−
(
4
9U(4) + 5

9U(5)
)
= 1

18 (U(5)− U(4)), we can conclude that Spoiler cannot find a U
satisfies the above mentioned condition. Hence, Spoiler gets stuck. This explains why the distance of 1 and 2 is at
most 1

18 .
Next, we start the game in (1, 2, 1

19 ). Spoiler chooses the fuzzy subset U that maps state 5 to one and all other
states to zero. This choice satisfies the above condition. The duplicator cannot avoid a state pair with different
labels since for any other choice of s′ and t′, U(s′) = U(t′). This strategy of Spoiler explains that the distance of
1 and 2 is greater than 1

19 .

1.6 Our Game

The foundation of the game studied in this thesis is an alternative characterization of the distances provided by
Chen, Van Breugel, and Worrell [6, Theorem 8]. This characterization forms the basis of the algorithm developed
by Bacci, Bacci, Larsen, and Mardare [1] to compute these distances. Tang and Van Breugel [53] demonstrated that
their algorithm is a specific instance of Howard’s policy iteration [30]. Howard’s general algorithm is applicable to
Markov decision processes, and Tang [52] defined the specific Markov decision processes required for Howard’s
policy iteration algorithm to compute the distances. A Markov decision process is a 1 1

2 -player game: one regular
player and randomness, which accounts for the remaining half. In our game, the player’s role is somewhat similar
to that of Duplicator. For example, assume that two states have distance zero, that is, they are probabilistic
bisimilar. Then the player matches the transitions such that 1-pairs are never reached.

Similar to Stirling’s bisimilarity game described in Section 1.5.1, our game involves matching transitions.
However, in our setting, we match parts of transitions. For example, consider the transitions between states 1 and
2 in Figure 1.7. The transition from state 2 to state 4 can be matched by a part (with probability 4

9 ) of the transition
from state 1 to state 4. Likewise, the transition from state 1 to state 5 can be matched by a part (with probability
1
2 ) of the transition from state 2 to state 5. The remaining parts — a portion of the transition from state 1 to state
4 and a portion of the transition from state 2 to state 5, each with probability 1

18 — can also be matched. This
matching is illustrated in Figure 1.9.
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Figure 1.9: A coupling of the transitions of states 1 and 2 of the LMC of Figure 1.7

These matchings are also known as couplings, a concept introduced by Doebling [18]. The collection of
couplings is referred to as the transportation polytope. While there are infinitely many ways to match parts of
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transitions, as we will demonstrate, there exists a finite set of couplings from which all other couplings can be
derived as convex combinations of those in the finite set (the vertices of the transportation polytope).

Let us start our game in (s, t). The player chooses a coupling of the transitions of s and t. Randomly, respecting
the probabilities associated with the coupling, a matching of parts of transitions is chosen. This matching takes the
game to (s′, t′). If the states s′ and t′ are probabilistic bisimilar, in which case we call (s′, t′) a 0-pair (depicted in
blue) as they have distance zero, or have different labels, in which case we call (s′, t′) a 1-pair (depicted in red),
the game stops. Otherwise, the game continues in (s′, t′) (depicted in green). The objective of the player is to
minimize the probability of reaching a 1-pair. Also, in this case, the player tries to avoid reaching 1-pairs.

Like all the other games presented above, this game is elegant, as in the quote of Fijalkow et al. in that it
characterizes a global property of behaviours (the distances) through a game whose rules depend solely on local
considerations (the couplings).

A strategy for the player, also known as a policy in this context, involves choosing a coupling based on local
transitions of each pair of states that is neither a 0- nor a 1-pair. The policies are deterministic and memoryless. A
policy is optimal if it minimizes the probability of reaching a 1-pair. The value of such a policy equals the distance
between states. Thus, optimal policies capture a global property of the system. The coupling shown in Figure 1.9
is part of an optimal policy for the LMC in Figure 1.7. Notice that the probability of reaching a 1-pair is 1

18 , the
distance of 1 and 2. As we will see through many examples, optimal policies are not unique. This thesis aims to
identify the key differences between them and determine which type of optimal policy explains the distance better.

1.7 Vertex Policies

In Figure 1.10, we present an LMC and two policies. States 0 and 1 have distance one. Both policies in Figure 1.10
reach 1-pairs with probability one and, therefore, are optimal. The policy on the left is not a vertex policy, whereas
the one on the right is. A policy is a vertex if and only if it matches the transitions of two states in a way that
does not create a cycle in the matched target state pairs. In this example, the left policy matches state 0 with state
1, state 1 with state 2, state 2 with state 3, and state 3 with state 0, thus forming a cycle. On the other hand, the
right policy does not contain a cycle; hence, it is a vertex policy. Generally, vertex policies are simpler and help
us understand the distance between states more easily. In Chapter 4, Section 4.2, we will explore vertex policies
further and study their properties.
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Figure 1.10: An LMC and two optimal policies

10



1.8 1-Maximal Policies

In Figure 1.11, we present an LMC and two policies. States 0 and 1 have distance one. Both policies in Figure 1.11
reach 1-pairs with probability one and, therefore, are optimal. The policy on the left matches the transitions of
states 0 and 1 so that all target pairs are 1-pairs whereas one on the right matches the transitions so that none of
the target pairs are 1-pairs.

Since policies describe the similarity between states, the left policy indicates that states 0 and 1 behave in
completely different ways, while the right policy suggests that states 0 and 1 behave somewhat similarly. However,
by analyzing states 0 and 1 in this LMC, we observe that they actually behave in a similar way, that is, we can
match the transitions so that we cannot observe a difference after one transition. Therefore, we prefer the right
policy.

An alternative justification is that the player’s objective is to avoid reaching 1-pairs. Since the right policy
takes longer to reach 1-pairs, we prefer it. For the policy on the right the expected length to 1-pairs is greater than
for the one on the left. Hence, among the optimal policies we look for ones that maximize the expected length to
1-pairs. We call these optimal policies 1-maximal. 1-Maximal policies also determine how long the player can
play the game before reaching 1-pairs.

In Chapter 6, we present an algorithm that, starting from an optimal policy computed using the algorithm by
Tang and Van Breugel [53], constructs a 1-maximal optimal policy. In Section 6.1 of the same chapter, we prove
an exponential lower bound for this algorithm by constructing an LMC of size O(n), for which the algorithm
requires Ω(2n) iterations.
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Figure 1.11: An LMC and two optimal policies
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1.9 0-Minimal Policies

In Figure 1.12, we present an LMC along with two policies. The distance of states 0 and 1 is 1
2 . Since both

policies reach a 1-pair with a probability 1
2 , they are optimal. The expected4 length to a 1-pair is two for both

policies, which is the maximum among all optimal policies. Therefore, both are 1-maximal. Recall that the
player’s objective is to avoid reaching 1-pairs. Once a policy reaches a 0-pair, it can no longer reach 1-pairs;
hence, 1-pairs can be entirely avoided. As a result, in addition to avoiding 1-pairs, a secondary objective is to
reach 0-pairs as soon as possible. The right policy reaches a 0-pair sooner than the left policy, as its expected
length to reach 0-pairs is smaller among the 1-maximal optimal policies. We refer to such optimal policies as
0-minimal. 0-Minimal policies also determine how long the player can play the game before reaching 0-pairs. In
Chapter 7, we present an algorithm that, starting from a 1-maximal optimal policy, computes a 1-maximal optimal
policy that is also 0-minimal.
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Figure 1.12: An LMC and two optimal policies

1.10 Conflict-Free Policies

Vlasman introduced the concept of conflict-free policies in [58], distinguishing between two types: label conflict-
free and probabilistic bisimilar conflict-free. Furthermore, she showed that these conflicts can be removed by
modifying the policy. In the following sections, we will discuss each one of them.

1.10.1 1-Conflict

In Figure 1.13, we present an LMC along with two policies. The distance of states 0 and 1 is one. Since both
policies reach a 1-pair with a probability one, they are optimal. The policy on the left has a 1-conflict because

4More precisely, this is a conditional expectation, as we only consider paths that reach 1-pairs.
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it matches two transitions whose target states have different labels (states 3 and 4), even though an alternative
matching exists of two transitions with target states with the same label (as shown in the right policy). Vlasman
studied this phenomenon in [58] and referred to it as label conflict. As there is a connection between label conflict
free policies and 1-maximal policies, we refer to label conflict as 1-conflict. In Chapter 6, Section 6.2, we will
show that a 1-maximal optimal policy has no 1-conflicts.
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Figure 1.13: An LMC and two optimal policies

1.10.2 0-Conflict

In Figure 1.14, we present an LMC along with two policies. The distance of states 0 and 1 is 1
2 . Since both

policies reach a 1-pair with a probability 1
2 , they are optimal. The policy on the left has 0-conflict because it

matches two transitions whose target states are not probabilistically bisimilar (states 3 and 4), even though an
alternative matching exists of two transitions with target states that are probabilistically bisimilar (as shown in the
right policy). Vlasman also studied this phenomenon in [58] and referred to it as probabilistic bisimilar conflict,
which we call 0-conflict. It remains an open problem whether a 0-minimal 1-maximal optimal policy is 0-conflict
free.
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Figure 1.14: An LMC and two optimal policies

1.11 Symmetric Policies

In Figure 1.15, we present an LMC along with three policies. The distance between states 0 and 1 is one. Since
all the policies reach a 1-pair with probability one, they are optimal. All the policies are vertex policies, as they
match the transitions of two states in a way that does not create a cycle in the matched state pairs. Moreover, all
the policies are 1-maximal and 0-minimal, as the expected lengths to 1-pairs and 0-pairs are the maximum and
minimum, respectively, among all optimal policies. In the first one, the distance of 3 and 4 is explained differently
from the distance of 4 and 3. Distances are symmetric. In the second policy, the explanation of the distance of 3
and 4 and that of 4 and 3 are mirror images. As a result, we consider the second policy simpler. To reflect that the
one is a mirror image of the other, we introduce twisted arrows. A twisted arrow from (0, 1) to (3, 4) represents
an arrow from (0, 1) to (4, 3) in the third policy. In Chapter 8 we will define symmetric policies and explore their
properties.
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Figure 1.15: An LMC and three optimal policies

15



0 1

2 3 4

5 6

7 8910

11 12

1
2

1
2

1 1

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1

1

1
2

1
2

1
2

1
2

1 1

Figure 1.16: An LMC

1.12 All Policy Types

Consider the five policies for states 0 and 1, as presented in Figure 1.17, of the LMC depicted in Figure 1.16. All
five policies are optimal, as each reaches a 1-pair with probability 1

2 , which represents the distance between states
0 and 1. Policy A is not a vertex policy, whereas policy B is. As mentioned earlier, non-vertex policies match
the transitions of two states in a way that creates a cycle in the matched state pairs. In this example, policy A
matches state 2 with state 3, state 3 with state 4, and state 4 with state 2, thus forming a cycle. In contrast, policy
B does not contain a cycle and is therefore simpler. Recall that the player’s objective is to avoid reaching 1-pairs.
Policy C performs better than policy B in this regard, as the expected length to 1-pairs is greater for policy C than
for policy B. Thus, policy C is preferable. The player’s second objective is to reach 0-pairs as early as possible.
Policy D achieves this better than policy C, as the expected length to 0-pairs is smaller for policy D than for policy
C. Therefore, policy D is more desirable. In policy D, the explanation of the distance between states 10 and 9
differs from that between states 9 and 10. Recall that distances are symmetric. In policy E, the explanations for the
distances between 10 and 9 and between 9 and 10 are mirror images, hence, symmetric. As a result, we consider
policy E the most preferable.
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Figure 1.17: Five optimal policies of states 0 and 1 of LMC depicted in Figure 1.16: non-vertex, vertex, vertex
1-maximal, vertex 1-maximal 0-minimal, and vertex 1-maximal 0-minimal symmetric

1.13 Contributions

The main contributions of this thesis are the following.

1. We provide a unified overview of games related to probabilistic bisimilarity and probabilistic bisimilarity
distances.

2. We argue that 0-minimal 1-maximal vertex optimal policies explain these distances.

3. We prove that 1-maximal vertex optimal policies are free of 1-conflicts.

4. We develop algorithms to compute 0-minimal 1-maximal vertex optimal policies and prove their correct-
ness.

5. We prove an exponential lower bound for the algorithm that computes a 1-maximal vertex optimal policy
from an optimal policy.

6. We define the notion of a policy being symmetric and check that there exist symmetric policies that are
0-minimal 1-maximal vertex optimal.

7. We implemented all algorithms in Java.

Of the above contributions, 1, 2, and 6 are joint work with van Breugel, and 3 is joint work with Vlasman, van
Breugel, and Worrell.
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2 Fixed Point Theorems

In this chapter, we will review the concept of fixed points and highlight several important fixed point theorems
from the literature, like the Knaster-Tarski and Banach fixed point theorems. As we will see in the following
chapter, we define probabilistic bisimilarity distances in terms of the fixed point of a function, and these theorems
play a crucial role in explaining them. We will begin by briefly covering some important concepts from order
theory and topology, as they apply to these theorems. For instance, the Knaster-Tarski fixed-point theorem relies
on complete lattices, while the Banach fixed-point theorem relies on complete metric spaces. We will present each
of these theorems in turn and examine their applications throughout the thesis.

2.1 Knaster-Tarski Fixed Point Theorem

In this thesis, we study distances on a finite set S of states. These distances are bounded by one and can be
represented by the functions d : S × S → [0, 1] 5. These functions carry a natural order. For distance functions
d, e ∈ S × S → [0, 1], we order them by defining d ⊑ e if for all s, t ∈ S, d(s, t) ≤ e(s, t). This defines a
partial order. For the definition of a partial order, we refer the reader to, for example, [11, Definition 1.2]. The real
numbers R, ordered by the standard less-than-or-equal relation ≤, provide another example of a partially ordered
set, which is used in many of the examples throughout this chapter. As we will see in the following chapter, we
define the probabilistic bisimilarity distances as a fixed point of a function.

Definition 2.1. Let f : X → X be a function. Then x ∈ X is a fixed point of f if f(x) = x.

For example, if f : R → R is defined by f(x) = x2 − 3x+ 4, then 2 is a fixed point of f because f(2) = 2.
Similarly, if f : R → R is defined by f(x) = x2 − 2, then both 2 and −1 are fixed points of f , since f(2) = 2
and f(−1) = −1. In contrast, the function f : R → R defined by f(x) = x + 1 has no fixed points at all, since
x+ 1 is always greater than x.

In our case, the space X is the set S×S → [0, 1]. The corresponding function will be Φ : (S×S → [0, 1])→
(S × S → [0, 1]), that is, given a distance function d, we have that Φ(d) is a distance function as well. Since we
have an ordering on the distance functions, we can order the fixed points of these functions Φ.

Definition 2.2. Let (X,⊑) be a partially ordered set and f : X → X . Then x ∈ X is a pre-fixed point of f if
f(x) ⊑ x and a post-fixed point of f if x ⊑ f(x).

For example, if the function f : R → R defined by f(x) = x
2 , then 2 is a pre-fixed point of f because

f(2) ≤ 2. If the function f : R→ R is defined by f(x) = 2x, then 1 is a post-fixed point of f because 1 ≤ f(1).
We are also interested in the least and greatest fixed points of these functions, if they exist.

Definition 2.3. Let (X,⊑) be a partially ordered set, f : X → X , and x ∈ X . Then x is a least fixed point of f
if

f(x) = x and

for all y ∈ X , if f(y) = y then x ⊑ y

and x is a greatest fixed point of f if

f(x) = x and

for all y ∈ X , if f(y) = y then y ⊑ x.

5In this thesis, we also consider functions in S×S → [0,∞]. Results similar to the ones presented in this chapter hold for these functions
as well.
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For example, the function f : R → R defined by f(x) = x2 has 0 as its least fixed point and 1 as its greatest
fixed point, since 0 and 1 are the only fixed points of f , and 0 ≤ 1. On the other hand, the function f : R → R
defined by f(x) = x has infinitely many fixed points, but it does not have a least and a greatest fixed point.

As the above example shows, not every function has a least or a greatest fixed point. As we will show in
Theorem 2.7, if function f is monotone then a least and a greatest fixed point exist.

Definition 2.4. A function f : X → X is monotone if for all x, y ∈ X , we have

x ⊑ y =⇒ f(x) ⊑ f(y).

For example, the function f : R → R defined by f(x) = x3 is a monotone function, whereas the function
f : R→ R defined by f(x) = sin (x) is not a monotone function.

Definition 2.5. Let (X,⊑) be a partially ordered set, A ⊆ X , and x ∈ X . Then x is the least upper bound of A,
denoted by ⊔A, if

for all a ∈ A, a ⊑ x and

for all y ∈ X, if a ⊑ y for all a ∈ A then x ⊑ y,

and x is the greatest lower bound of A, denoted by ⊓A, if

for all a ∈ A, x ⊑ a and

for all y ∈ X, if y ⊑ a for all a ∈ A then y ⊑ x.

For example, if the subset A ⊆ R is defined by A = [0, 1), then ⊔A = 1. On the other hand, if the subset
A = R, then A does not have a least upper bound or a greatest lower bound. Additionally, if the subset A ⊆ R is
defined by A = (0, 1], then ⊓A = 0.

Given a set of distance functions D ⊆ S × S → [0, 1], Definition 2.5 defines its least upper bound ⊔D and its
greatest lower bound ⊓D. This least upper bound ⊔D and the greatest lower bound ⊓D are distance functions.
For all (s, t) ∈ S × S, we have that (⊔D)(s, t) = supd∈D d(s, t) and (⊓D)(s, t) = infd∈D d(s, t).

These distance functions, with ⊑, form a complete lattice ⟨S × S → [0, 1],⊑⟩, according, for example, to
[15, Lemma 3.2]. Briefly, a complete lattice is a partially ordered set in which every set of elements has both a
least upper bound and a greatest lower bound. For the definition of a complete lattice, we refer the reader to, for
example, [11, Definition 2.1]. The functions ⊥, ⊤ : S × S → [0, 1], defined by ⊥(s, t) = 0 and ⊤(s, t) = 1 for
all s, t ∈ S, are the least and greatest element of this complete lattice. ⟨[0, 1],≤⟩ is another example of a complete
lattice.

Definition 2.6. Let f : X → X . For n ∈ N, the function fn : X → X is defined by

fn(x) =

{
x if n = 0
f(fn−1(x)) otherwise.

For example, consider the function f : R → R defined by f(x) = x + 2. To compute f3(1), we apply f
repeatedly starting from 1:

f0(1) = 1

f1(1) = f(1) = 1 + 2 = 3

f2(1) = f(f(1)) = f(3) = 3 + 2 = 5

f3(1) = f(f(f(1))) = f(5) = 5 + 2 = 7

Thus, f3(1) = 7.
Let N be the set of natural numbers. Part (a) and (b) of the following theorem are due to Tarski [54] who

generalized a result of Knaster [35]. This result is known as the Knaster-Tarski fixed point theorem. In the next
theorem, we use ⊔n∈Nf

n(⊥) as a shorthand for ⊔{fn(⊥) | n ∈ N}. The same applies to ⊓n∈Nf
n(⊤).

Theorem 2.7. Let (X,⊑) be a complete lattice with least element ⊥ and greatest element ⊤. If f : X → X is
monotone then

(a) f has a least fixed point, which is the least pre-fixed point of f , and
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(b) f has a greatest fixed point, which is the greatest post-fixed point of f .

Furthermore,

(c) if ⊔n∈Nf
n(⊥) is a fixed point of f then it is the least fixed point of f , and

(d) if ⊓n∈Nf
n(⊤) is a fixed point of f then it is the greatest fixed point of f .

Proof.

(a) and (b) This is the Knaster-Tarski fixed point theorem (see, for example, [11, Theorem 2.35]).

(c) We know that ⊔n∈Nf
n(⊥) exists because (X,⊑) is a complete lattice. Assume that ⊔n∈Nf

n(⊥) and x
are fixed points of f . To conclude that ⊔n∈Nf

n(⊥) is the least fixed point of f , it suffices to show that
⊔n∈Nf

n(⊥) ⊑ x. Hence, it suffices to show that fn(⊥) ⊑ x for all n. We prove this by induction on n.
The base case, when n = 0, is immediate as ⊥ ⊑ x. In the inductive case, n > 0. Then

fn(⊥) = f(fn−1(⊥))
⊑ f(x) [f is monotone and induction hypothesis]
= x [x is a fixed point of f ]

(d) Similar to (c).

Here is an example that illustrates part (c) of Theorem 2.7. Let f : [0, 5] → [0, 5] be a function defined by
f(x) = min(x + 1, 3). It is easy to verify that [0, 5] is a complete lattice and the least element of this lattice is
⊥ = 0. We apply f iteratively starting from the least element ⊥ = 0. Then we have f0(⊥) = 0, f1(⊥) = 1,
f2(⊥) = 2, f3(⊥) = 3, f4(⊥) = 3, f5(⊥) = 3. Thus, the least upper bound of this sequence is 3. From
Theorem 2.7(c) we can conclude that 3 is the least fixed point of f .

In the following chapters, we will see that several key functions, including the probabilistic bisimilarity dis-
tances, are defined as the least fixed points. Some others are defined as the greatest fixed points. Pre-fixed and
post-fixed points are used in numerous proofs, as are parts (a), (b), (c) and (d) of Theorem 2.7.

2.2 Generalization of Banach’s Fixed Point Theorem

Let S be a finite set. Recall that the infinity norm of a function f ∈ S × S → R, denoted by ∥f∥, is defined by

∥f∥ = max
s,t∈S

|f(s, t)|.

This infinity norm defines a distance on these distance functions. For distance functions d, e ∈ S × S → [0, 1],
the function mapping (d, e) to ∥d − e∥ defines a complete metric. For the definition of a complete metric space,
we refer the reader to [19, Definition B7.13]. These distance functions serve as an example of a complete metric
space. Similarly, the set of real numbers R with the Euclidean distance function provides another example of a
complete metric space.

Theorem 2.10, below, guarantees the existence and uniqueness of a fixed point for a function that is con-
tractive on a nonempty complete metric space. Moreover, this result extends to so called power-contractive and
nonexpansive functions as well. Let us first define these types of functions formally.

Definition 2.8. Let f : X → X . Then f is nonexpansive if for all x, y ∈ X ,

d(f(x), f(y)) ≤ d(x, y)

and f is contractive if there exists c < 1 such that for all x, y ∈ X ,

d(f(x), f(y)) ≤ c d(x, y).

and f is power-contractive if fn is contractive for some n ∈ N.

20



The following examples of functions are nonexpansive. The function f : R → R defined by f(x) = x
2 is

contractive, whereas the function f : R → R defined by f(x) = x is not contractive. Meanwhile, the function
f : R→ R defined by f(x) = 2x is expansive.

Definition 2.9. Let (xn)n∈N be a sequence in X and x ∈ X . Then (xn)n∈N converges to x, denoted limn∈N xn =
x, if

∀ϵ > 0 : ∃N ∈ N : ∀n ≥ N : d(xn, x) ≤ ϵ.

For example, consider the sequence
(
1
n

)
n∈N. Using the above definition, it is easy to verify that this sequence

converges to 0, i.e., limn∈N
1
n = 0.

Next, we present a generalization of Banach’s fixed point theorem. This result dates back at least as far as the
sixties. Part (a) and (b) are Banach’s original fixed point theorem [3]. Part (c) can already be found in [37] and
[12] contains part (d). For completeness, we provide proof of parts (c) and (d).

Theorem 2.10. Let (X, d) be a nonempty complete metric space. Let f : X → X and n ∈ N. If fn is contractive
then

(a) fn has a unique fixed point x and

(b) for all y ∈ X , x = limm∈N fmn(y).

If f is also nonexpansive then

(c) x is the unique fixed point of f and

(d) for all y ∈ X , x = limm∈N fm(y).

Proof. Let (X, d) be a nonempty complete metric space. Let f : X → X and n ∈ N. Assume that fn is
contractive.

(a) and (b) This is Banach’s fixed point theorem (see, for example, [19, Theorem 2.1.5]) restated for the function fn.

(c) First, we show that x is a fixed point of f , that is, f(x) = x. Since x is the unique fixed point of fn, it
suffices to show that f(x) is a fixed point of fn, that is, fn(f(x)) = f(x). Since

d(fn(f(x)), f(x)) = d(fn+1(x), f(x))

= d(f(fn(x)), f(x))

≤ d(fn(x), x) [f is nonexpansive]
= 0 [fn(x) = x]

we have that d(fn(f(x)), f(x)) = 0 and, therefore, fn(f(x)) = f(x).

Next, we show that x is a unique fixed point of f . Assume f(y) = y. Since x is the unique fixed point of
fn, it suffices to show that y is a fixed point of fn, that is, fn(y) = y.

We show that for all m, fm(y) = y by induction on m. In the base case, m = 0, this obviously holds. In
the inductive case, m> 0, we have that

fm(y) = f(fm−1(y))

= f(y) [induction hypothesis]
= y [f(y) = y]

Hence, fn(y) = y.

(d) Let y ∈ X . It suffices to show that the sequence (fm(y))m∈N converges to x, that is,

∀ϵ > 0 : ∃M ∈ N : ∀m ≥M : d(fm(y), x) ≤ ϵ. (2.1)

Let ϵ > 0. Since the sequence (fmn(y))m∈N converges to x by part (b),

∃N ∈ N : ∀m ≥ N : d(fmn(y), x) ≤ ϵ. (2.2)
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We take M = Nn. It suffices to show that d(fM+k(y), x) ≤ ϵ for all k ∈ N. We prove this by induction on
k. The base case, k = 0, follows immediately from (2.2). In the inductive case, when k > 0, we have that

d(fM+k(y), x) = d(fM+k(y), f(x)) [part (c)]

≤ d(fM+k−1(y), x) [f is nonexpansive]
≤ ϵ [induction hypothesis]

Theorem 2.10 is used in numerous proofs throughout this thesis to show that functions, including the function
that defines probabilistic bisimilarity distances, have unique fixed points.

2.3 Fixed Point Characterization Theorem

The following result, which is based on the order and metric of the set S × S → [0, 1], is a variation on [57,
Theorem 1]. This theorem is used in several proofs throughout this thesis to characterize the least and the greatest
fixed point of a function.

Theorem 2.11. If Φ : (S × S → [0, 1])→ (S × S → [0, 1]) is monotone and nonexpansive then

(a) limn∈N Φn(⊥) is the least fixed point of Φ, and

(b) limn∈N Φn(⊤) is the greatest fixed point of Φ.

Proof. Assume that Φ : (S × S → [0, 1])→ (S × S → [0, 1]) is monotone and nonexpansive.

(a) We show that limn∈N Φn(⊥) = ⊔n∈NΦ
n(⊥) and limn∈N Φn(⊥) is a fixed point of Φ. The desired result

follows from Theorem 2.7(c).

First, we observe that the sequence (Φn(⊥))n∈N is non-decreasing by showing that for all n ∈ N, Φn(⊥) ⊑
Φn+1(⊥) by induction on n. The base case, n = 0, follows from the fact that ⊥ is the least element.
In the induction case, n > 0, we have that Φn−1(⊥) ⊑ Φn(⊥) by the induction hypothesis and, hence,
Φn(⊥) ⊑ Φn+1(⊥) since Φ is monotone. For s, t ∈ S, the non-decreasing and bounded above sequence
(Φn(⊥)(s, t))n∈N converges to its supremum, that is, limn∈N Φn(⊥)(s, t) = supn∈N Φn(⊥)(s, t). Hence,(

lim
n∈N

Φn(⊥)
)
(s, t) = lim

n∈N
Φn(⊥)(s, t)

= sup
n∈N

Φn(⊥)(s, t)

= ⊔n∈NΦ
n(⊥)(s, t)

= (⊔n∈NΦ
n(⊥)) (s, t).

It remains to show that limn∈N Φn(⊥) is a fixed point of Φ:

Φ

(
lim
n∈N

Φn(⊥)
)

= lim
n∈N

Φ(Φn(⊥)) [Φ is nonexpansive and, hence, continuous]

= lim
n∈N

Φn(⊥)

(b) Similar to (a).

In this chapter, we briefly covered fixed points and studied three key theorems about fixed points. In the next
chapter, we will define probabilistic bisimilarity distances as a fixed point of a function and study their properties.
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3 Probabilistic Bisimilarity and Probabilistic Bisimilarity Distances

In this chapter, we will review the model of interest, labelled Markov chains (LMCs), and the notion of couplings,
a concept from probability theory. Roughly speaking, couplings are the matching of transitions of an LMC.
As mentioned in the introduction of this thesis, these couplings play a key role in our game, as they represent
the player’s strategy. We will begin by defining the set of couplings, known as the transportation polytope, and
demonstrating how they can be interpreted as transportation plans. Next, we will define probabilistic bisimilarity
in terms of these couplings and illustrate the definition with an example. Although there are, in general, infinitely
many ways to match parts of transitions, as we will show through an example, only a finite subset of these match-
ings are critical for our game. We will conclude the chapter by formalizing probabilistic bisimilarity distances
using couplings and studying their properties.
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Figure 3.1: An LMC

Given a finite set X , a function µ : X → [0, 1] is a probability distribution on X if
∑

x∈X µ(x) = 1. We
denote the set of probability distributions on X by D(X). For µ ∈ D(X) and A ⊆ X , we often write µ(A) for∑

x∈A µ(x). Similarly, for ω ∈ D(X × X), x ∈ X , and A ⊆ X , we usually write ω(x,A) for
∑

a∈A ω(x, a).
For µ ∈ D(X), we define the support of µ by support(µ) = {x ∈ X | µ(x)> 0 }. We formally define LMCs as
follows.

Definition 3.1. A labelled Markov chain is a tuple ⟨S,L, τ, ℓ⟩ consisting of

• a finite set S of states,

• a finite set L of labels,

• a transition probability function τ : S → D(S), and

• a labelling function ℓ : S → L.

We restrict our attention to LMCs with finitely many states. See Figure 3.1 for an example. In this example,
S = {0, 1, 2, 3, 4, 5, 6} and L = {circle, square, diamond}. The transition probability function for state 0 is
defined as follows:

τ(0)(0) = 0, τ(0)(1) = 0, τ(0)(2) = 1
2 , τ(0)(3) =

1
2 , τ(0)(4) = 0, τ(0)(5) = 0, τ(0)(6) = 0
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It is easy to verify that
∑

u∈S τ(0)(u) = 1. The labelling function for state 0 is ℓ(0) = circle. Similarly, the
transition probabilities and labelling functions can be defined for the remaining states.

For the remainder, we fix an LMC ⟨S,L, τ, ℓ⟩. Next, we introduce the notion of a coupling of two probability
distributions and define probabilistic bisimilarity based on these couplings.

3.1 Couplings and Probabilistic Bisimilarity

We define probabilistic bisimilarity by means of the set Ω(µ, ν), which is the set of all couplings of the probability
distributions µ and ν, known as the transportation polytope (see, for example, [34]).

Definition 3.2. Let µ, ν ∈ D(S). The set Ω(µ, ν) is defined by

Ω(µ, ν) = {ω ∈ D(S × S) | ∀s ∈ S : ω(s, S) = µ(s) ∧ ω(S, s) = ν(s) }.

Next, we argue that these couplings can be viewed as transportation plans. Given probability distributions µ,
ν ∈ D(S), think of the elements of S as locations. More precisely, for each s ∈ S there is an origin location,
denoted so, and a destination location, sd. At origin so we have a supply of µ(s) goods that we need to transport to
the destinations. At the destination sd we have a demand of ν(s) goods. Note that, since µ(S) = 1 and ν(S) = 1,
the total supply equals the total demand. A transportation plan ω specifies how much to transport from each origin
to each destination, that is, it can be viewed as a function mapping each origin-destination pair to a real number
in the interval [0, 1]. The condition ω(s, S) = µ(s) captures that the supply at so needs to be transported to the
destinations. Similarly, ω(S, s) = ν(s) captures that the demand at sd needs to be received from all the sources.

Example 3.3. Let S = {0, 1}. The probability distributions µ and ν are given by

µ(0) = 0.5, µ(1) = 0.5, ν(0) = 0.6, and ν(1) = 0.4

The function ω : S × S → [0, 1] is defined by

ω(0, 0) = 0.5, ω(0, 1) = 0, ω(1, 0) = 0.1, and ω(1, 1) = 0.4

We leave it to the reader to verify that the function ω is a coupling. Such a coupling can be depicted as follows.

1o 1d

0o 0d
0.5

0.1

0.4

The function π : S × S → [0, 1] is defined by

π(0, 0) = 0.3, π(0, 1) = 0.2, π(1, 0) = 0.3, and π(1, 1) = 0.2

It is easy to verify that the function π is also a coupling. Such a coupling can be depicted as follows.

1o 1d

0o 0d
0.3

0.2

0.3

0.2

For each µ, ν ∈ D(S), Ω(µ, ν) is a closed convex polytope (see, for example [45, Definition 1.1], for a
definition of this notion). This set Ω(µ, ν) is infinite.

As we saw in Example 3.3, when we ignore the probabilities of a coupling, we obtain an undirected graph,
which we refer to as support graph, defined as follows.
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Definition 3.4. Let ω ∈ D(S × S). The support graph of ω is (V,E) where

• V = S × {0, 1} and

• E = { {(s, 0), (t, 1)} | ω(s, t)> 0 }.

The next proposition shows that for each µ, ν ∈ D(S) and ω ∈ Ω(µ, ν), ω is a vertex in the closed convex
polytope (see, for example [45, Definition 1.3], for a definition of this notion) if the support graph of ω is acyclic.

Proposition 3.5 ([34, Theorem 4]). For all µ, ν ∈ D(S) and ω ∈ Ω(µ, ν), ω is a vertex if and only if the support
graph of ω is a forest.

For instance, the coupling ω in Example 3.3 is a vertex because its support graph does not contain cycles. In
contrast, the coupling π in the same example is not a vertex, as the support graph of π contains a cycle.

We denote the vertices of the transportation polytope by V (Ω(µ, ν)). Since a convex polytope is defined by
a finite number of linear inequalities, and each vertex arises from a combinations of these inequalities becoming
equalities, it follows that the polytope has only finitely many vertices. Therefore, this set V (Ω(µ, ν)) is finite.

Probabilistic bisimilarity, in terms of couplings, is defined as follows.

Definition 3.6. A relation R ⊆ S × S is a probabilistic bisimulation if for all (s, t) ∈ R, ℓ(s) = ℓ(t) and there
exists ω ∈ Ω(τ(s), τ(t)) with support(ω) ⊆ R. States s and t are probabilistic bisimilar, denoted s ∼ t, if
(s, t) ∈ R for some probabilistic bisimulation R.
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Figure 3.2: An LMC

Consider the LMC depicted in Figure 3.2. To show that the states 0 and 4 are probabilistic bisimilar in this
LMC, we need to find a probabilistic bisimulation relation R such that (0, 4) ∈ R. Consider the equivalence
relationR with equivalent classes

{1, 2, 5, 6}, {3, 7, 11}, {9, 10}, {8}, {0, 4}

It can easily be verified thatR indeed satisfies all the requirements of Definition 3.6.
Next, we define the probabilistic bisimilarity distances. Before doing so, we partition the set of state pairs into

the following subsets.

Definition 3.7. The sets S2
0 , S2

1 , and S2
? are defined by

S2
0 = { (s, t) ∈ S × S | s ∼ t }

S2
1 = { (s, t) ∈ S × S | ℓ(s) ̸= ℓ(t) }

S2
? = (S × S) \ (S2

0 ∪ S2
1)

The set S2
0 contains those state pairs that behave the same and, hence, have distance zero (see Theorem 3.11).

We call these 0-pairs. The set S2
1 contains those state pairs that have a different label and, therefore, are funda-

mentally different and, hence, have distance one (see Definition 3.8). We call these 1-pairs. The set S2
? contains
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the remaining state pairs. Note that some of these state pairs may have distance one, but cannot have distance zero
(see Theorem 3.11 below). For example, the state pairs of the LMC depicted in Figure 3.1 can be partitioned as
follows:

S2
0 = { (0, 0), (1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6) }

S2
1 = { (0, 5), (1, 5), (2, 5), (3, 5), (4, 5), (6, 5), (0, 6), (1, 6), (2, 6), (3, 6), (4, 6),
(5, 0), (5, 1), (5, 2), (5, 3), (5, 4), (5, 6), (6, 0), (6, 1), (6, 2), (6, 3), (6, 4) }

S2
? = { (0, 1), (0, 2), (0, 3), (0, 4), (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4),
(1, 0), (2, 0), (3, 0), (4, 0), (2, 1), (3, 1), (4, 1), (3, 2), (4, 2), (4, 3) }

3.2 Probabilistic Bisimilarity Distances

Let d ∈ S × S → [0, 1] and ω ∈ D(S × S). Instead of
∑

u,v∈S ω(u, v) d(u, v) we write ω · d in the remainder to
avoid clutter. The probabilistic bisimilarity distances are defined in terms of the following function. This function
measures how to reach an i-pair from state pairs in S2

? .

Definition 3.8. For i ∈ {0, 1}, the function ∆i : (S × S → [0, 1])→ (S × S → [0, 1]) is defined by

∆i(d)(s, t) =


0 if (s, t) ∈ S2

1−i

1 if (s, t) ∈ S2
i

sup
ω∈Ω(τ(s),τ(t))

ω · d if (s, t) ∈ S2
? and i = 0

inf
ω∈Ω(τ(s),τ(t))

ω · d if (s, t) ∈ S2
? and i = 1.

To conclude that ∆i has both a least and a greatest fixed point, we apply the Knaster-Tarski fixed point theorem
(Theorem 2.7(a) and (b)). However, before using this theorem, we first need to prove that ∆i is a monotone
function, as shown in the following proposition.

Proposition 3.9. For i ∈ {0, 1}, ∆i is monotone.

Proof. Let i ∈ {0, 1} and d, e ∈ S × S → [0, 1] with d ⊑ e. To conclude that ∆i is monotone, it suffices to show
that ∆i(d) ⊑ ∆i(e), that is, ∆i(d)(s, t) ≤ ∆i(e)(s, t) for all s, t ∈ S. Let s, t ∈ S. We distinguish the following
three cases.

• If (s, t) ∈ S2
i−1 then ∆i(d)(s, t) = 0 = ∆i(e)(s, t).

• If (s, t) ∈ S2
i then ∆i(d)(s, t) = 1 = ∆i(e)(s, t).

• If (s, t) ∈ S2
? then

∆0(d)(s, t) = sup
ω∈Ω(τ(s),τ(t))

ω · d

≤ sup
ω∈Ω(τ(s),τ(t))

ω · e [d ⊑ e]

= ∆0(e)(s, t)

and

∆1(d)(s, t) = inf
ω∈Ω(τ(s),τ(t))

ω · d

≤ inf
ω∈Ω(τ(s),τ(t))

ω · e [d ⊑ e]

= ∆1(e)(s, t).

In the next proposition, we establish that ∆i is a nonexpansive function, which we later use to prove some
properties of the distances.
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Proposition 3.10. For i ∈ {0, 1}, ∆i is nonexpansive.

Proof. Let i ∈ {0, 1} and d, e ∈ S × S → [0, 1]. To conclude that ∆i is nonexpansive, it suffices to show that
∥∆i(d) − ∆i(e)∥ ≤ ∥d − e∥, that is |∆i(d)(s, t) − ∆i(e)(s, t)| ≤ ∥d − e∥ for all s, t ∈ S. Let s, t ∈ S. We
distinguish the following three cases.

• If (s, t) ∈ S2
i−1 then |∆i(d)(s, t)−∆i(e)(s, t)| = |0− 0| = 0 ≤ ∥d− e∥.

• If (s, t) ∈ S2
i then |∆i(d)(s, t)−∆i(e)(s, t)| = |1− 1| = 0 ≤ ∥d− e∥.

• Let (s, t) ∈ S2
? . Without loss of generality assume that

sup
ω∈Ω(τ(s),τ(t))

ω · d ≥ sup
ω∈Ω(τ(s),τ(t))

ω · e.

Then

|∆0(d)(s, t)−∆0(e)(s, t)| = sup
ω∈Ω(τ(s),τ(t))

ω · d− sup
ω∈Ω(τ(s),τ(t))

ω · e

≤ sup
ω∈Ω(τ(s),τ(t))

ω · d− ω · e

= sup
ω∈Ω(τ(s),τ(t))

ω · (d− e)

≤ ∥d− e∥.

Without loss of generality assume that

inf
ω∈Ω(τ(s),τ(t))

ω · d ≥ inf
ω∈Ω(τ(s),τ(t))

ω · e.

Then

|∆1(d)(s, t)−∆1(e)(s, t)| = inf
ω∈Ω(τ(s),τ(t))

ω · d− inf
ω∈Ω(τ(s),τ(t))

ω · e

≤ inf
ω∈Ω(τ(s),τ(t))

ω · d− ω · e

= inf
ω∈Ω(τ(s),τ(t))

ω · (d− e)

≤ ∥d− e∥.

Since ∆i is a monotone function (Proposition 3.9) from a complete lattice to itself, we can conclude from the
Knaster-Tarski fixed point theorem (Theorem 2.7(a) and (b)) that ∆i has a least fixed point and a greatest fixed
point. We denote the least fixed point of ∆1 by δ1 and the greatest fixed point of ∆0 by δ0. The least fixed point δ1
maps each pair of states to a real number in the interval [0, 1]: the probabilistic bisimilarity distance of the states.
As we already mentioned, distance zero captures the probabilistic bisimilarity.

Theorem 3.11 ([17, Theorem 4.10]). For all s, t ∈ S, δ1(s, t) = 0 if and only if s ∼ t.

Example 3.12. We calculate the distances of the states of the LMC depicted in Figure 3.1.

(a) δ1(3, 3) = 0 as (3, 3) ∈ S2
0 .

(b) δ1(5, 5) = 0 as (5, 5) ∈ S2
0 .

(c) δ1(5, 6) = 1 as (5, 6) ∈ S2
1 .

(d) δ1(6, 6) = 0 as (6, 6) ∈ S2
0 .
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(e) The function ω ∈ Ω(τ(3), τ(4)) is defined by

ω(x, y) =


1
2 if (x, y) = (6, 6)
1
2 if (x, y) = (5, 6)

0 otherwise.

The probability distributions τ(3) and τ(4) and the ω can be depicted as follows.

6

3

5

6 4

1
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1
2

1

1
2

1
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We can calculate the distance between states 3 and 4 as follows.

δ1(3, 4) = ∆1(δ1)(3, 4)

= inf
π∈Ω(τ(3),τ(4))

∑
u,v∈S

π(u, v) δ1(u, v)

= ω(6, 6)δ1(6, 6) + ω(5, 6)δ1(5, 6) [Ω(τ(3), τ(4)) = {ω}]

=
1

2
δ1(6, 6) +

1

2
δ1(5, 6)

=
1

2
[by (c) and (d)]

(f) The function π ∈ Ω(τ(2), τ(3)) is defined by

π(x, y) =


1
2 if (x, y) = (5, 5)
1
2 if (x, y) = (5, 6)

0 otherwise.

The probability distributions τ(2) and τ(3) and the π can be depicted as follows.
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We can calculate the distance between states 2 and 3 as follows.

δ1(2, 3) = ∆1(δ1)(2, 3)

= inf
ρ∈Ω(τ(2),τ(3))

∑
u,v∈S

ρ(u, v) δ1(u, v)

= π(5, 5)δ1(5, 5) + π(5, 6)δ1(5, 6) [Ω(τ(2), τ(3)) = {π}]

=
1

2
δ1(5, 5) +

1

2
δ1(5, 6)

=
1

2
[by (b) and (c)]
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(g) The function π ∈ Ω(τ(2), τ(4)) is defined by

π(x, y) =

{
1 if (x, y) = (5, 6)

0 otherwise.

The probability distribution τ(2) and τ(4) and the π can be depicted as follows.

2 5 6 4
1 11

We can calculate the distance between states 2 and 4 as follows.

δ1(2, 4) = ∆1(δ1)(2, 4)

= inf
ρ∈Ω(τ(2),τ(4))

∑
u,v∈S

ρ(u, v) δ1(u, v)

= π(5, 6)δ1(5, 6) [Ω(τ(2), τ(4)) = {π}]
= 1δ1(5, 6)

= 1 [by (c)]

(h) For q ∈ [0, 1
2 ], the function ωq ∈ Ω(τ(0), τ(1)) is defined by

ωq(x, y) =



q if (x, y) = (2, 4)
1
2 − q if (x, y) = (2, 3)
1
2 − q if (x, y) = (3, 4)

q if (x, y) = (3, 3)

0 otherwise.

The probability distributions τ(0) and τ(1) and the ωq can be depicted as follows.
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2 4
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− q

q

q

1
2
− q

We can calculate the distance between states 0 and 1 as follows.

δ1(0, 1) = ∆1(δ1)(0, 1)

= inf
ρ∈Ω(τ(0),τ(1))

∑
u,v∈S

ρ(u, v) δ1(u, v)

= inf
q∈[0,

1
2 ]

ωq(2, 4)δ1(2, 4) + ωq(2, 3)δ1(2, 3) + ωq(3, 4)δ1(3, 4) + ωq(3, 3)δ1(3, 3)

[Ω(τ(0), τ(1)) = {ωq | q ∈ [0, 1
2 ]}]

= inf
q∈[0,

1
2 ]

qδ1(2, 4) + ( 12 − q)δ1(2, 3) + ( 12 − q)δ1(3, 4) + qδ1(3, 3)

= inf
q∈[0,

1
2 ]

q + ( 12 − q) 12 + ( 12 − q) 12 [by (a), (e), (f) and (g)]

=
1

2
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The state pairs in S2
0 are probabilistic bisimilar. This can be explained by means of the games mentioned in

Section 1.5.2 of the introduction to this thesis. The state pairs in S2
1 have different labels, which explains their

difference in behaviour. Therefore, the distances of the state pairs in S2
? remain to be explained.

Proposition 3.13. If S2
? ̸= ∅ then S2

1 ̸= ∅.

Proof. We prove the contrapositive. Assume that S2
1 = ∅. As a consequence, all states have the same label. We

leave it to the reader to verify that S × S is a probabilistic bisimulation in this case. Hence, S2
0 = S × S and,

therefore, S2
? = ∅.

Therefore, for the remainder of this thesis, we assume that S2
? ̸= ∅ and S2

1 ̸= ∅. We conclude this section with
three properties of the distances that we use later in this thesis. First, we link δ0 and δ1.

Proposition 3.14. For all (s, t) ∈ S, δ0(s, t) + δ1(s, t) = 1.

Proof. Since ∆i is monotone (Proposition 3.9) and nonexpansive (Proposition 3.10), we can conclude from Theo-
rem 2.11 that δ0 = limn∈N ∆n

0 (⊥) and δ1 = limn∈N ∆n
0 (⊤). Let s, t ∈ S. To conclude that δ0(s, t)+δ1(s, t) = 1,

it suffices to show that for all n ∈ N, ∆n
0 (⊤)(s, t) + ∆n

1 (⊥)(s, t) = 1 by induction on n. In the base case, when
n = 0, we have that ⊤(s, t) +⊥(s, t) = 1. In the inductive case, n > 0, we distinquish the following cases:

• If (s, t) ∈ S2
0 then

∆n
0 (⊤)(s, t) + ∆n

1 (⊥)(s, t) = 1 + 0 = 1.

• If (s, t) ∈ S2
1 then

∆n
0 (⊤)(s, t) + ∆n

1 (⊥)(s, t) = 0 + 1 = 1.

• If (s, t) ∈ S2
? then

∆n
0 (⊤)(s, t) = ∆0(∆

n−1
0 (⊤))(s, t)

= inf
ω∈Ω(τ(s),τ(t))

ω ·∆n−1
0 (⊤)

= inf
ω∈Ω(τ(s),τ(t))

ω · (1−∆n−1
1 (⊥)) [induction hypothesis]

= inf
ω∈Ω(τ(s),τ(t))

1− ω ·∆n−1
1 (⊥)

= 1− sup
ω∈Ω(τ(s),τ(t))

ω ·∆n−1
1 (⊥)

= 1−∆n
1 (⊥)(s, t).

Hence, ∆n
0 (⊤)(s, t) + ∆n

1 (⊥)(s, t) = 1.

Since δ1 is a fixed point of ∆1, we have that for each (s, t) ∈ S2
? , δ1 = inf

ρ∈Ω(τ(s),τ(t))
ρ · δ1. In the next

proposition, we show that we can restrict to vertices, that is, we can restrict ourselves to V (Ω(τ(s), τ(t))). Since
this set of vertices is finite, the infimum becomes a minimum and, hence, we can find ω ∈ V (Ω(τ(s), τ(t))) such
that δ1(s, t) = ω · δ1.

Proposition 3.15. For each (s, t) ∈ S2
? , there exists ω ∈ V (Ω(τ(s), τ(t))) such that δ1(s, t) = ω · δ1.

Proof. Let (s, t) ∈ S2
? . Let X = Ω(τ(s), τ(t)). Let the function f : X → [0, 1] be defined by

f(ω) = ω · δ1.

First, we show that f is linear. Let ω, π ∈ X and q ∈ (0, 1). We have that

f(q ω + (1− q)π) = (q ω + (1− q)π) · δ1
= q (ω · δ1) + (1− q) (π · δ1)
= q f(ω) + (1− q) f(π).
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Because a linear function on a convex polytope attains its minimum at a vertex (see, for example, [55, Theorem 2
of Chapter 1]), we can conclude that

δ1(s, t) = ∆1(δ1)(s, t) = inf
π∈Ω(τ(s),τ(t))

π · δ1 = min
π∈V (Ω(τ(s),τ(t)))

π · δ1 = ω · δ1

for some ω ∈ V (Ω(τ(s), τ(t))).

Lastly, the following proposition is particularly useful in demonstrating that the distance between states s and
t, where (s, t) ∈ S2

? , is one if both s and t only transition to state pairs that have distance one.

Proposition 3.16. For all (s, t) ∈ S2
? , if δ1(u, v) = 1 for all u ∈ support(τ(s)) and v ∈ support(τ(t)), then

δ1(s, t) = 1.

Proof. Let (s, t) ∈ S2
? and ω ∈ Ω(τ(s), τ(t)). First, we show that support(ω) ⊆ support(τ(s))×support(τ(t)).

For all u, v ∈ S,

(u, v) ∈ support(ω)⇔ ω(u, v)> 0

⇒ ω(u, S)> 0 and ω(S, v)> 0

⇔ τ(s)(u)> 0 and τ(t)(v)> 0

⇔ u ∈ support(τ(s)) and v ∈ support(τ(t))

⇔ (u, v) ∈ support(τ(s))× support(τ(t)).

Assume that δ1(u, v) = 1 for all (u, v) ∈ support(τ(s)) × support(τ(t)). Hence, δ1(u, v) = 1 for all (u, v) ∈
support(ω). Next, we show that ω · δ1 = 1.

ω · δ1 =
∑

u,v∈S

ω(u, v)δ1(u, v)

=
∑

(u,v)∈support(ω)

ω(u, v)δ1(u, v)

=
∑

(u,v)∈support(ω)

ω(u, v) [δ1(u, v) = 1 for all (u, v) ∈ support(ω)]

=
∑

(u,v)∈S

ω(u, v)

= 1 [ω ∈ Ω(τ(s), τ(t))]

Finally, we have that

δ1(s, t) = ∆1(δ1)(s, t)

= inf
ω∈Ω(τ(s),τ(t))

ω · δ1

= 1.

In this chapter, we introduced the concept of couplings and how they are used to define probabilistic bisim-
ilarity and probabilistic bisimilarity distances. In the following chapter, we will explore policies. Recall that, in
our game, a policy represents the strategy chosen by the player. We will define policies formally, examine their
properties, and explore their close relationship with couplings.
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4 Policies

The foundation of the game studied in this thesis is based on matching parts of transitions. These matchings are
also known as couplings, a concept we studied in the previous chapter. Recall that our game starts in a state
pair (s, t). The player chooses a coupling of the transitions of s and t. Randomly, respecting the probabilities
associated with the coupling, a matching of parts of transitions is chosen. This matching takes the game to (s′, t′).
If the states s′ and t′ are probabilistic bisimilar, we call (s′, t′) a 0-pair (depicted in blue) because they have
distance zero. If the states have different labels, we call (s′, t′) a 1-pair (depicted in red). In either case, the
game stops. If neither of these conditions holds the game continues in state pair (s′, t′) (depicted in green). The
objective of the player is to minimize the probability of reaching a 1-pair. Also, in this case, the player tries to
avoid reaching 1-pairs.
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Figure 4.1: An LMC and a matching of the transitions of states 2 and 3

For instance, consider the transitions of states 2 and 3 in Figure 4.1. A portion of the transition from state 2 to
state 5 (with probability 1

2 ) can be matched with the transition from state 3 to state 5. The remaining portion of
the transition from state 2 to state 5 is matched with the transition from state 3 to state 6, also with probability 1

2 .
This matching is illustrated in Figure 4.1. Notice that the state pair (5, 5) is depicted in blue as (5, 5) ∈ S2

0 and
the state pair (5, 6) is depicted in red as (5, 6) ∈ S2

1 .
As we mentioned in the introduction of this thesis, our game is elegant, as it captures a global property of

behaviors (the distances) through rules that depend solely on local considerations (the couplings). A strategy for
the player, also known as a policy in this context, involves choosing a coupling for each pair of states that is neither
a 0- nor a 1-pair. These policies are memoryless, meaning that the choice of coupling is made independently of
prior history. Moreover, they are deterministic, meaning that for any pair of states, exactly one coupling is chosen
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from the set of couplings.
In this chapter, we will define policies and examine some properties. We will start by introducing policies and

explaining their role in characterizing probabilistic bisimilarity distances. The chapter will conclude by exploring
various types of policies, including optimal and vertex policies.

4.1 Policies and Distances

As mentioned earlier, a player’s strategy, referred to as a policy, involves selecting a coupling for each pair of
states that is neither a 0-pair nor a 1-pair. We formally define them as follows.

Definition 4.1. The set P of policies is defined by

P = {P ∈ S2
? → D(S × S) | ∀(s, t) ∈ S2

? : P (s, t) ∈ Ω(τ(s), τ(t)) }.

In the next example, we present a visual representation of these policies.

Example 4.2. In this example, we graphically represent (parts of) three policies Q, R, and Z for the LMC depicted
in Figure 4.1. The transitions of the states 0 and 1 can be represented as follows.
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We begin with the policy Q. The matching of (the target states) of these transitions in policy Q is shown next.
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As seen above, 1
3 of the transitions from state 0 to state 2 is matched with 1

2 of the transition from state 1 to
state 4. In this representation, state pairs (s, t) ∈ S2

0 are depicted in blue, (s, t) ∈ S2
1 in red, and (s, t) ∈ S2

? in
green. The following graph illustrates the coupling Q(0, 1).
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The following graph presents the coupling Q(2, 3).
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The following graph presents the coupling Q(3, 2).
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The following graph presents the coupling Q(3, 4).
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The following graph presents the coupling Q(2, 4).
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Putting it all together, the policy Q is depicted as follows.
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By following similar steps as outlined above, we can obtain the policy, which we will call R, shown below,
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and the policy Z depicted as follows.
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Given a policy, we can define the probability of reaching a 0- or 1-pair from any state pair as follows. This def-
inition serves as a foundation for establishing a fixed-point characterization of probabilistic bisimilarity distances.

Definition 4.3. Let P ∈ P and i ∈ {0, 1}. The function ∆iP : (S×S → [0, 1])→ (S×S → [0, 1]) is defined by

∆iP (d)(s, t) =

 1 if (s, t) ∈ S2
i

0 if (s, t) ∈ S2
1−i

P (s, t) · d if (s, t) ∈ S2
? .

To conclude that ∆iP has a least fixed point, we apply the Knaster-Tarski fixed point theorem (Theorem 2.7(a)).
However, before using this theorem, we first need to prove that ∆iP is a monotone function, as shown in the
following proposition. This result is a generalization of results that can be found in the literature (see, for example,
[52, Proposition 6.1.3]).

Proposition 4.4. For all P ∈ P and i ∈ {0, 1}, ∆iP is monotone.

Proof. Let P ∈ P , i ∈ {0, 1}, and d, e ∈ S × S → [0, 1]. Assume that d ⊑ e. Let s, t ∈ S. We distinguish the
following cases.

• If (s, t) ∈ S2
i then

∆iP (d)(s, t) = 1 = ∆iP (e)(s, t).

• If (s, t) ∈ S2
1−i then

∆iP (d)(s, t) = 0 = ∆iP (e)(s, t).

• Otherwise, (s, t) ∈ S2
? . Then

∆iP (d)(s, t) = P (s, t) · d
≤ P (s, t) · e [d ⊑ e]

= ∆iP (e)(s, t).

Hence, ∆iP (d) ⊑ ∆iP (e).

Since ∆iP is a monotone function (Proposition 4.4) from a complete lattice to itself, we can conclude from the
Knaster-Tarski fixed point theorem (Theorem 2.7(a)) that ∆iP has a least fixed point. We denote the least fixed
point of ∆iP by δiP .

Example 4.5. We calculate δ1P and δ0P of the state pairs of the policies Q and R depicted in Example 4.2 as
follows.

(a) δ1Q(3, 3) = δ1R(3, 3) = 0 as (3, 3) ∈ S2
0 .

(b) δ1Q(5, 5) = δ1R(5, 5) = 0 as (5, 5) ∈ S2
0 .

(c) δ1Q(5, 6) = 1 as (5, 6) ∈ S2
1 .

(d) δ1Q(6, 6) = 0 as (6, 6) ∈ S2
0 .
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(e) δ1Q(6, 5) = δ1R(6, 5) = 1 as (6, 5) ∈ S2
1 .

(f) δ1Q(2, 2) = δ1R(2, 2) = 0 as (2, 2) ∈ S2
0 .

(g) δ0Q(5, 6) = 0 as (5, 6) ∈ S2
1 .

(h) δ0Q(5, 5) = δ0R(5, 5) = 1 as (5, 5) ∈ S2
0 .

(i) δ0Q(6, 5) = δ0R(6, 5) = 0 as (5, 6) ∈ S2
1 .

(j)

δ1Q(2, 4) = ∆1Q(δ1Q)(2, 4)

= Q(2, 4) · δ1Q
=

∑
(u,v)∈S×S

Q(2, 4)(u, v)δ1Q(u, v)

= Q(2, 4)(5, 6)δ1Q(5, 6)

= 1δ1Q(5, 6) [by (c)]

= 1 · 1
= 1

(k)

δ0Q(2, 4) = ∆0Q(δ0Q)(2, 4)

= Q(2, 4) · δ0Q
=

∑
(u,v)∈S×S

Q(2, 4)(u, v)δ0Q(u, v)

= Q(2, 4)(5, 6)δ0Q(5, 6)

= 1δ0Q(5, 6) [by (g)]

= 1 · 0
= 0

(l)

δ1Q(3, 4) = ∆1Q(δ1Q)(3, 4)

= Q(3, 4) · δ1Q
=

∑
(u,v)∈S×S

Q(3, 4)(u, v)δ1Q(u, v)

= Q(3, 4)(6, 6)δ1Q(6, 6) +Q(3, 4)(5, 6)δ1Q(5, 6)

=
1

2
δ1Q(6, 6) +

1

2
δ1Q(5, 6)

=
1

2
· 0 + 1

2
· 1 [by (c) and (d)]

=
1

2
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(m)

δ1Q(0, 1) = ∆1Q(δ1Q)(0, 1)

= Q(0, 1) · δ1Q
=

∑
(u,v)∈S×S

Q(0, 1)(u, v) · δ1Q(u, v)

= Q(0, 1)(2, 2)δ1Q(2, 2) +Q(0, 1)(2, 4)δ1Q(2, 4) +Q(0, 1)(3, 3)δ1Q(3, 3)

+Q(0, 1)(3, 4)δ1Q(3, 4)

=
1

3
δ1Q(2, 2) +

1

6
δ1Q(2, 4) +

1

3
δ1Q(3, 3) +

1

6
δ1Q(3, 4)

=
1

3
· 0 + 1

6
· 1 + 1

3
· 0 + 1

6
· 1
2

[by (f), (j), (a), and (l)]

=
3

12

(n)

δ1R(3, 2) = ∆1R(δ1R)(3, 2)

= R(3, 2) · δ1R
=

∑
(u,v)∈S×S

R(3, 2)(u, v)δ1R(u, v)

= R(3, 2)(5, 5)δ1R(5, 5) +R(3, 2)(6, 5)δ1R(6, 5)

=
1

2
δ1R(5, 5) +

1

2
δ1R(6, 5)

=
1

2
· 0 + 1

2
· 1 [by (b) and (e)]

=
1

2

(o)

δ0R(3, 2) = ∆0R(δ0R)(3, 2)

= R(3, 2) · δ0R
=

∑
(u,v)∈S×S

R(3, 2)(u, v)δ0R(u, v)

= R(3, 2)(5, 5)δ0R(5, 5) +R(3, 2)(6, 5)δ0R(6, 5)

=
1

2
δ0R(5, 5) +

1

2
δ0R(6, 5)

=
1

2
· 1 + 1

2
· 0 [by (h) and (i)]

=
1

2

(p)

δ1R(2, 4) = ∆1R(δ1R)(2, 4)

= R(2, 4) · δ1R
=

∑
(u,v)∈S×S

R(2, 4)(u, v)δ1R(u, v)

= R(2, 4)(5, 6)δ1R(5, 6)

= 1δ1R(5, 6) [by (c)]

= 1 · 1
= 1
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(q)

δ1R(0, 1) = ∆1R(δ1R)(0, 1)

= R(0, 1) · δ1R
=

∑
(u,v)∈S×S

R(0, 1)(u, v) · δ1R(u, v)

= R(0, 1)(2, 2)δ1R(2, 2) +R(0, 1)(2, 4)δ1R(2, 4) +R(0, 1)(3, 3)δ1R(3, 3)

+R(0, 1)(3, 2)δ1R(3, 2)

=
1

6
δ1R(2, 2) +

1

3
δ1R(2, 4) +

1

3
δ1R(3, 3) +

1

6
δ1R(3, 2)

=
1

6
· 0 + 1

3
· 1 + 1

3
· 0 + 1

6
· 1
2

[by (f), (p), (a), and (n)]

=
5

12

The probabilistic bisimilarity distances can be characterized in terms of a policy that minimizes the probability
of reaching a 1-pair.

Theorem 4.6 ([6, Theorem 8]). δ1 = min
P∈P

δ1P .

To conclude that ∆iP has a unique fixed point, we apply the Banach’s fixed point theorem (Theorem 2.10(c)).
However, before using this theorem, we first need to prove that ∆iP is a nonexpansive and power-contractive
function, as shown in the following propositions. We denote P restricted to S2

? by P?, that is, P? ∈ S2
? → (S2

? →
[0, 1]).

Proposition 4.7. For all P ∈ P , i ∈ {0, 1}, d, e ∈ S × S → [0, 1], s, t ∈ S, and n ∈ N,

(a) if (s, t) ∈ S2
0 ∪ S2

1 then ∆n+1
iP (d)(s, t) = ∆n+1

iP (e)(s, t), and

(b) if (s, t) ∈ S2
? then |∆n+1

iP (d)(s, t)−∆n+1
iP (e)(s, t)| ≤ Pn

? (s, t)(S
2
? ) ∥d− e∥.

Proof. Let P ∈ P , i ∈ {0, 1}, and d, e ∈ S × S → [0, 1] and s, t ∈ S.

(a) We distinguish two cases.

– If (s, t) ∈ S2
i then

∆n+1
iP (d)(s, t) = 1 = ∆n+1

iP (e)(s, t).

– If (s, t) ∈ S2
1−i then

∆n+1
iP (d)(s, t) = 0 = ∆n+1

iP (e)(s, t).

(b) Let (s, t) ∈ S2
? . Without loss of generality, assume that ∆n+1

iP (d)(s, t) ≥ ∆n+1
iP (e)(s, t). We prove this case

by induction on n. In the base case, when n = 0, we have that

∆iP (d)(s, t)−∆iP (e)(s, t) = P (s, t) · d− P (s, t) · e
= P (s, t) · (d− e)

=
∑

u,v∈S

P (s, t)(u, v) (d(u, v)− e(u, v))

≤
∑

u,v∈S

P (s, t)(u, v) ∥d− e∥

≤ ∥d− e∥
= P 0

? (s, t)(S
2
? ) ∥d− e∥.
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In the inductive case, when n > 0, we have that

∆n+1
iP (d)(s, t)−∆n+1

iP (e)(s, t)

= P (s, t) ·∆n
iP (d)− P (s, t) ·∆n

iP (e)

= P (s, t) · (∆n
iP (d)−∆n

iP (e))

=
∑

u,v∈S

P (s, t)(u, v) (∆n
iP (d)(u, v)−∆n

iP (e)(u, v))

=
∑

(u,v)∈S2
?

P?(s, t)(u, v) (∆
n
iP (d)(u, v)−∆n

iP (e)(u, v)) [part (a)]

≤
∑

(u,v)∈S2
?

P?(s, t)(u, v)P
n−1
? (u, v)(S2

? ) ∥d− e∥ [induction hypothesis]

= Pn
? (s, t)(S

2
? ) ∥d− e∥.

Proposition 4.8. For all P ∈ P , i ∈ {0, 1}, ∆iP is nonexpansive.

Proof. Let P ∈ P , i ∈ {0, 1}, d, e ∈ S × S → [0, 1], and s, t ∈ S. It suffices to show that |∆iP (d)(s, t) −
∆iP (e)(s, t)| ≤ ∥d − e∥. Without loss of generality, assume that ∆iP (d)(s, t) ≥ ∆iP (e)(s, t). We distinguish
two cases.

• If (s, t) ∈ S2
0 ∪ S2

1 then from Proposition 4.7(a) we can conclude that

∆iP (d)(s, t)−∆iP (e)(s, t) = 0 ≤ ∥d− e∥.

• If (s, t) ∈ S2
? then

∆iP (d)(s, t)−∆iP (e)(s, t) = P (s, t) · d− P (s, t) · e

=

 ∑
u,v∈S

P (s, t)(u, v) d(u, v)

−
 ∑

u,v∈S

P (s, t)(u, v) e(u, v)


=
∑

u,v∈S

P (s, t)(u, v) (d(u, v)− e(u, v))

≤
∑

u,v∈S

P (s, t)(u, v) ∥d− e∥

≤ ∥d− e∥.

The next proposition shows that, given an initial state pair (s, t), the total probability of either remaining in S2
?

for n steps, or reaching to a 0-pair or a 1-pair after n+ 1 steps, is at most one.

Proposition 4.9. For all P ∈ P , n ∈ N and (s, t) ∈ S2
? ,

Pn
? (s, t)(S

2
? ) + ∆n+1

0P (⊥)(s, t) + ∆n+1
1P (⊥)(s, t) ≤ 1.

Proof. Let P ∈ P and (s, t) ∈ S2
? . We prove this proposition by induction on n. In the base case, n = 0, we have

that

P 0
? (s, t)(S

2
? ) + ∆0P (⊥)(s, t) + ∆1P (⊥)(s, t) = 1 + P (s, t) · ⊥+ P (s, t) · ⊥ = 1 + 0 + 0 = 1.
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In the inductive case, n > 0, we have that

Pn
? (s, t)(S

2
? ) + ∆n+1

0P (⊥)(s, t) + ∆n+1
1P (⊥)(s, t)

=

 ∑
(u,v)∈S2

?

P?(s, t)(u, v)P
n−1
? (u, v)(S2

? )

+

 ∑
(u,v)∈S2

P (s, t)(u, v)∆n
0P (⊥)(u, v)


+

 ∑
(u,v)∈S2

P (s, t)(u, v)∆n
1P (⊥)(u, v)


=

∑
(u,v)∈S2

?

P (s, t)(u, v) (Pn−1
? (u, v)(S2

? ) + ∆n
0P (⊥)(u, v) + ∆n

1P (⊥)(u, v))

+
∑

(u,v)∈S2
0∪S2

1

P (s, t)(u, v) (∆n
0P (⊥)(u, v) + ∆n

1P (⊥)(u, v))

≤
∑

(u,v)∈S2
?

P (s, t)(u, v) +
∑

(u,v)∈S2
0∪S2

1

P (s, t)(u, v) [induction hypothesis]

=1.

Proposition 4.10. For all P ∈ P and i ∈ {0, 1}, there exists n ∈ N such that ∆n
iP is contractive.

Proof. Let P ∈ P and i ∈ {0, 1}. Since ∆1P is monotone (Proposition 4.4) and nonexpansive (Proposition 4.8),
we can conclude from Theorem 2.11(a) that

δ1P = lim
n∈N

∆n
1P (⊥). (4.1)

Let (s, t) ∈ S2
? . By Theorem 3.11, δ1(s, t)>0. According to Theorem 4.6, δ1P (s, t)>0. Hence, from (4.1) we can

conclude that there exists nst ∈ N such that for all n ≥ nst we have that ∆n+1
1P (⊥)(s, t)> 0. By Proposition 4.9,

Pn
? (s, t)(S

2
? )< 1.

Let n = (max(s,t)∈S2
?
nst) + 1 and c = max(s,t)∈S2

?
Pn
? (s, t)(S

2
? ). Note that c < 1. We conclude this

proof by showing that ∆n
iP is c-contractive. Let d, e ∈ S × S → [0, 1] and s, t ∈ S. It suffices to show that

|∆n
iP (d)(s, t)−∆n

iP (e)(s, t)| ≤ c ∥d− e∥. We distinguish the following cases.

• If (s, t) ∈ S2
0 ∪ S2

1 then

|∆n
iP (d)(s, t)−∆n

iP (e)(s, t)| = 0 [Proposition 4.7(a)]
≤ c ∥d− e∥.

• Let (s, t) ∈ S2
? . Then n ≥ nst + 1 and

|∆n
iP (d)(s, t)−∆n

iP (e)(s, t)| ≤ Pn−1
? (s, t)(S2

? ) ∥d− e∥ [Proposition 4.7(b)]
≤ c ∥d− e∥ [n− 1 ≥ nst]

The following corollary shows that ∆iP has a unique fixed point.

Corollary 4.11. For all P ∈ P and i ∈ {0, 1}, δiP is the unique fixed point of ∆iP .

Proof. Let P ∈ P and i ∈ {0, 1}. Since ∆n
iP is contractive for some n ∈ N (Proposition 4.10) and ∆iP

is nonexpansive (Proposition 4.8), we can conclude from Theorem 2.10(c) that ∆iP has a unique fixed point.
Because δiP is a fixed point of ∆iP by definition, we can conclude the desired result.

We conclude this section by linking δ0P and δ1P . This result is similar to the Proposition 3.14 from the
previous chapter. This result will be used later in the thesis.
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Proposition 4.12. For all P ∈ P and s, t ∈ S, δ0P (s, t) + δ1P (s, t) = 1.

Proof. Let P ∈ P and s, t ∈ S. We first prove for all n ∈ N,

∆n
0P (⊤)(s, t) + ∆n

1P (⊥)(s, t) = 1,

by induction on n. In the base case, n = 0, we have that

∆0
0P (⊤)(s, t) + ∆0

1P (⊥)(s, t) = ⊤(s, t) +⊥(s, t) = 1 + 0 = 1.

In the inductive case, we have that n > 0. We distinguish the following cases.

• If (s, t) ∈ S2
0 then

∆n
0P (⊤)(s, t) + ∆n

1P (⊥)(s, t) = 1 + 0 = 1.

• If (s, t) ∈ S2
1 then

∆n
0P (⊤)(s, t) + ∆n

1P (⊥)(s, t) = 0 + 1 = 1.

• Otherwise, (s, t) ∈ S2
? . Then

∆n
0P (⊤)(s, t) + ∆n

1P (⊥)(s, t) = P (s, t) ·∆n−1
0P (⊤) + P (s, t) ·∆n−1

1P (⊥)
= P (s, t) · (∆n−1

0P (⊤) + ∆n−1
1P (⊥))

= P (s, t) · 1 [induction hypothesis]
= 1.

Since ∆0P is monotone (Proposition 4.4) and nonexpansive (Proposition 4.8), we can conclude from Theo-
rem 2.11 that δ0P = limn∈N ∆n

0P (⊤) and δ1P = limn∈N ∆n
1P (⊥). Therefore, for all s, t ∈ S we have that

δ0P (s, t) + δ1P (s, t) =

(
lim
n∈N

∆n
0P (⊤)(s, t)

)
+

(
lim
n∈N

∆n
1P (⊥)(s, t)

)
= lim

n∈N
(∆n

0P (⊤)(s, t) + ∆n
1P (⊥)(s, t))

= lim
n∈N

1

= 1.

4.2 Vertex Policies

For states s and t, the transportation polytope Ω(τ(s), τ(t)) is generally infinite. As a result, our game, if formu-
lated in terms of all couplings, is infinite in general. However, as we will see below, we can restrict our attention
to the vertices of the transportation polytope Ω(τ(s), τ(t)), making our game as well as the set of policies finite.

Definition 4.13. The set V of vertex policies is defined by

V = {P ∈ S2
? → D(S × S) | ∀(s, t) ∈ S2

? : P (s, t) ∈ V (Ω(τ(s), τ(t))) }.

Proposition 4.14. The set V is nonempty and finite.

Proof. It suffices to show that for all (s, t) ∈ S2
? , the set V (Ω(τ(s), τ(t))) is nonempty and finite. Let (s, t) ∈

S2
? . Since a convex polytope is defined by a finite number of linear inequalities, and each vertex arises from a

combinations of these inequalities becoming equalities, it follows that the polytope has only finitely many vertices.
Therefore, the set V (Ω(τ(s), τ(t))) is finite. By means of the North-West corner method [10, Chapter 23], one
can construct an element of V (Ω(τ(s), τ(t))).

Even if we restrict ourselves to vertex policies, we can still characterize the distances in terms of reachability
probabilities.
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Theorem 4.15 ([52, Proposition 6.1.6]). There exists P ∈ V such that δ1P ⊑ δ1.

Theorem 4.16 ([52, Theorem 6.1.7]). δ1 = min
P∈V

δ1P .

Example 4.17. Let us focus on the state pair (0, 1) and recall the policies Q, R, and Z at this state pair, as
shown in Example 4.2. It is easy to verify that Q(0, 1), R(0, 1), and Z(0, 1) belong to the set Ω(τ(0), τ(1)). The
graphical representation of Z(0, 1) is shown as follows.
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Notice that Z(0, 1) matches state 2 with state 4, state 4 with state 3, and state 3 with state 2, thus forming
a cycle. Hence, by Proposition 3.5, Z(0, 1) is not a vertex. The graphical representation of Q(0, 1) is shown as
follows.
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The graphical representation of R(0, 1) is shown as follows.
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From the above representations, we can conclude that Q(0, 1) and R(0, 1) belong to the set V (Ω(τ(0), τ(1))).

The next proposition shows that if P is an optimal but not a vertex policy, then a vertex optimal policy V can
always be constructed from P by replacing all state pairs that have non-vertex couplings with their corresponding
vertex couplings.

Proposition 4.18. For all P ∈ Popt \Vopt there exists V ∈ Vopt such that for all (s, t) ∈ S2
? , support(V (s, t)) ⊆

support(P (s, t)) and support(V (u, v)) ⊂ support(P (u, v)) for some (u, v) ∈ S2
? .

Proof. Assume that P ∈ Popt\Vopt. Then there exists at least one (s, t) ∈ S2
? such that P (s, t) ̸∈ V (Ω(τ(s), τ(t))).

Since P ∈ Popt, δ1(s, t) = P (s, t) · δ1 by Proposition 4.21 and, hence, P (s, t) ∈ Ωopt(τ(s), τ(t)). From Proposi-
tion 4.24(b) we can conclude that P (s, t) ̸∈ V (Ωopt(τ(s), τ(t))). Therefore, P (s, t) is the convex cobmination of
a set Vst of couplings in V (Ωopyt(τ(s), τ(t))), that is, P (s, t) =

∑
ω∈Vst

qω ω, where qω>0 and
∑

ω∈Vst
qω = 1.

Therefore,

support(P (s, t)) = support

( ∑
ω∈Vst

qω ω

)
=

⋃
ω∈Vst

support(ω).

As a result, support(ω) ⊆ support(P (s, t)) for all ω ∈ Vst. Because P (s, t) is not a vertex of Ω(τ(s), τ(t)), its
support graph has a cycle by Proposition 3.5. Since all ω ∈ Vst are vertices of Ω(τ(s), τ(t)), their support graphs
are acyclic. Hence, support(ω) ⊂ support(P (s, t)) for all ω ∈ Vst . We choose an arbitrary ωst from Vst. We
construct V as follows:

V (s, t) =

{
P (s, t) if P (s, t) ∈ V (Ω(τ(s), τ(t)))
ωst otherwise

It remains to show that V ∈ Vopt. By Proposition 4.21, it suffices to show that for all (s, t) ∈ S2
? , we have

that δ1(s, t) = V (s, t) · δ1. We distinguish the following two cases.
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• If P (s, t) ∈ V (Ω(τ(s), τ(t))) then δ1(s, t) = P (s, t) · δ1 = V (s, t) · δ1 since P ∈ Popt.

• Otherwise,δ1(s, t) = ωst · δ1 = V (s, t) · δ1 since ωst ∈ V (Ωopt(τ(s), τ(t)).

4.3 Optimal Policies

A policy is called optimal if it captures the distances, that is, the distance between s and t equals the probability
of reaching 1-pairs from a state pair (s, t) using policy P .

Definition 4.19. A policy P ∈ P is optimal if δ1P = δ1.

Example 4.20. Let us focus on the state pair (0, 1) and recall the policies Q and R at this state pair, as shown
in Example 4.2. It is easy to check that δ1(0, 1) = 3

12 in the LMC depicted in Figure 4.1, and from Example 4.5,
we know that δ1Q(0, 1) = 3

12 . We leave it to the reader to verify that remainging state pairs (u, v) under policy
Q satisfies δ1P (u, v) = δ1(u, v). Hence, by Definition 4.19, we can conclude that Q is an optimal policy. In
contrast, from Example 4.5, we know that δ1R(0, 1) = 5

12 . Since δ1R(0, 1) ̸= δ1(0, 1), by Definition 4.19, we can
conclude that R is not an optimal policy.

The following proposition is an alternative characterization of optimal policies which turns out to be very
useful in several of our proofs.

Proposition 4.21. For all P ∈ P , P is optimal if and only if δ1(s, t) = P (s, t) · δ1 for all (s, t) ∈ S2
? .

Proof. Let P ∈ P . We prove two implications. Assume that P is optimal. Let (s, t) ∈ S2
? . Then

δ1(s, t) = δ1P (s, t) [P is optimal]
= ∆1P (δ1P )(s, t)

= P (s, t) · δ1P
= P (s, t) · δ1 [P is optimal]

To prove the other implication, assume that δ1(s, t) = P (s, t)·δ1 for all (s, t) ∈ S2
? . According to Theorem 4.6,

δ1 ⊑ δ1P . Therefore, it remains to show that δ1P ⊑ δ1. Since δ1P is the least fixed point of ∆1P , it suffices to
show that δ1 is a fixed point of ∆1P . We distinguish the following cases.

• If (s, t) ∈ S2
0 then

∆1P (δ1)(s, t) = 0

= δ1(s, t) [Theorem 3.11]

• If (s, t) ∈ S2
1 then

∆1P (δ1)(s, t) = 1

= ∆(δ1)(s, t)

= δ1(s, t).

• If (s, t) ∈ S2
? then

∆1P (δ1)(s, t) = P (s, t) · δ1
= δ1(s, t) [by assumption]

According to Theorem 4.6 and 4.16, optimal and optimal vertex policies exist. We denote the set of optimal
policies by Popt and the set of optimal vertex policies by Vopt.

Proposition 4.22. The set Vopt is nonempty and finite.
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Proof. According to Proposition 4.14, the set V is nonempty and finite. It remains to show that there exists a
P ∈ V that is optimal. By Proposition 4.21, it suffices to prove that for all (s, t) ∈ S2

? there exists P (s, t) ∈
V (Ω(τ(s), τ(t))) such that δ1(s, t) = P (s, t) · δ1, which immediately follows from Proposition 3.15.

The next proposition states that for a closed convex polytope X ⊆ Rn, the set of points where a linear function
f takes its minimum or maximum value is itself a closed convex polytope. Moreover, the vertices of this set are
exactly those vertices of X at which f attains its minimum or maximum.

Proposition 4.23. Let X ⊆ Rn be a closed convex polytope and f : X → R a linear function.

(a) If m = infx∈X f(x) and M = {x ∈ X | f(x) = m } then M is a closed convex polytope and V (M) =
V (X) ∩M .

(b) If m = supx∈X f(x) and M = {x ∈ X | f(x) = m } then M is a closed convex polytope and V (M) =
V (X) ∩M .

Proof. Let X ⊆ Rn be a closed convex polytope and f : X → R a linear function. We only prove (a) as (b)
can be proved similarly. Assume that m = infx∈X f(x). Since a linear function on a convex polytope attains its
minimum (at a vertex), we can conclude that m = minx∈X f(x). Let M = {x ∈ X | f(x) = m }.

Next, we show that the set M is a closed convex polytope. Since X is a closed convex polytope, it is the
intersection of finitely many closed half spaces. Hence, M is the intersection of those closed half spaces and the
closed half spaces defined by the linear inequalities f(x) ≤ m and f(x) ≥ m and, therefore, a closed convex
polytope.

To conclude that V (M) = V (X) ∩M , we prove two inclusions. Assume that x ∈ V (X) ∩M . Obviously,
x ∈M . It remains to show that x is a vertex of M . Since x ∈ V (X), we have that x is the intersection of finitely
many half spaces defining the convex polytope X . Each such half space can be defined by a linear inequality.
Furthermore, x ∈ M if and only if f(x) ≤ m and f(x) ≥ m. Hence, x is the intersection of the half spaces
defining X as well as the two defined by the inequalities f(x) ≤ m and f(x) ≥ m. Therefore, x ∈ V (M).

Assume that x ∈ V (M). Then x ∈ M . It remains to show that x is a vertex of X . Towards a contradiction,
assume that x is not a vertex of X . Then x = q y + (1− q) z for some y, z ∈ V (X) and q ∈ (0, 1). Since

m = f(x) [x ∈M ]

= f(q y + (1− q) z)

= q f(y) + (1− q) f(z) [f is linear]
≥ q m+ (1− q)m [m = minx∈X f(x)]

= m

we can conclude that f(y) = m and f(z) = m and, therefore, y, z ∈ V (X) ∩M . From the first inclusion, that
we proved above, we can deduce that y, z ∈ V (M). But that contradicts x ∈ V (M).

We conclude this section by proving that the set of optimal policies forms a closed convex polytope. This
result will be used later in the thesis.

To avoid clutter, we use Ωopt(τ(s), τ(t)) to denote the set {ω ∈ Ω(τ(s), τ(t)) | δ1(s, t) = ω · δ1 } and
V (Ωopt(τ(s), τ(t))) to denote the set {ω ∈ V (Ω(τ(s), τ(t))) | δ1(s, t) = ω · δ1 }.

Proposition 4.24. For all (s, t) ∈ S2
? ,

(a) the set Ωopt(τ(s), τ(t)) is a closed convex polytope, and

(b) for all ω ∈ Ω(τ(s), τ(t)), ω ∈ V (Ω(τ(s), τ(t))) and δ1(s, t) = ω·δ1 if and only if ω ∈ V (Ωopt(τ(s), τ(t))).

Proof. Let (s, t) ∈ S2
? . As we have already shown in the proof of Proposition 3.15, the function mapping ω ∈

Ω(τ(s), τ(t)) to ω · δ1 is linear. We have that

inf
ω∈Ω(τ(s),τ(t))

ω · δ1 = ∆1(δ1)(s, t) = δ1(s, t).

Let M = {ω ∈ Ω(τ(s), τ(t)) | ω · δ1 = δ1(s, t) }. Since Ωopt(τ(s), τ(t)) = Ω(τ(s), τ(t)) ∩ M , we can
conclude from Proposition 4.23 that Ωopt(τ(s), τ(t)) is a closed convex polytope and V (Ωopt(τ(s), τ(t))) =
V (Ω(τ(s), τ(t))) ∩M .
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In this chapter, we introduced the concept of policies and their role in defining probabilistic bisimilarity dis-
tances. Tang and Van Breugel [53] present an algorithm for computing an optimal vertex policy for a given LMC.
As mentioned in the introduction, while such a policy can be seen as an explanation of the distances, we argued
that 0-minimal and 1-maximal optimal vertex policies are desirable. Both 0-minimal and 1-maximal policies are
defined in terms of the expected lengths of paths to 0-pairs and 1-pairs. In the next chapter, we will define these
expected lengths and explore their properties.
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5 Expected Length

The foundation of the game studied in this thesis relies on selecting a coupling for each pair of states that is neither
a 0-pair nor a 1-pair. To achieve this, a player follows a strategy, also known as a policy, a concept discussed in
the previous chapter. Recall that if the states s and t are probabilistic bisimilar, we call (s, t) a 0-pair (depicted
in blue) because they have distance zero. If the states have different labels, we call (s, t) a 1-pair (depicted in
red). If neither condition holds, the state pair (s, t) is depicted in green. Given an optimal policy P and a pair of
states (s, t), we are interested in the expected length of paths from (s, t) to i-pairs when using P . We restrict to
only those paths that reach an i-pair, that is, it is a conditional expectation, as we will show through an example.
In this chapter, we will formulate the expected length to an i-pair, and in the next two chapters, we will develop
algorithms to maximize or minimize these expected lengths.
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Figure 5.1: An LMC
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Figure 5.2: Optimal vertex policy of states 0 and 1 of LMC depicted in Figure 5.1

Let i ∈ {0, 1}. Given an optimal policy P and a pair of states (s, t), we are interested in the expected length
of paths from (s, t) to i-pairs when using P . We restrict ourselves to paths that reach an i-pair, so this is a
conditional expectation. For example, consider the policy depicted in Figure 5.2. Let us focus on the 1-pairs:
(7, 10) and (9, 8). To reach the state pair (7, 10) starting from the state pair (0, 1), there are 2 paths, each with a
probability of 1

8 , and each path has a length of 3. Similarly, to reach the state pair (9, 8) from the state pair (0, 1),
there are also 2 paths, each with a probability of 1

8 , and each path has a length of 3. The probability of reaching a

1-pair from state pairs (0, 1) is 1
2 . Hence, the conditional expectation is

1
8 ·3+

1
8 ·3+

1
8 ·3+

1
8 ·3

1
2

= 3.

As we have already seen, δiP (s, t) captures the probability of all paths that reach an i-pair from (s, t). How-
ever, because we restrict ourselves to optimal policies (even though we state many properties more generally) we
have that δiP (s, t) = δi(s, t). This represents the denominator of the conditional expectation. Since P is opti-
mal, the denominator is independent of P . Therefore, we omit it. Hence, in the following we only compute the
numerator.

With abuse of language, we call the numerator the expected length. In this chapter, we will learn how to
calculate these values.

Definition 5.1. For i ∈ {0, 1}, the set Di is defined by

Di = { (s, t) ∈ S × S | δi(s, t) ̸= 0 }.

Note that S2
i ⊆ Di ⊆ S2

i ∪ S2
? . The expected lengths are defined in terms of the following function.

Definition 5.2. Let P ∈ P and i ∈ {0, 1}. The function Λ̄iP : (Di → [0,∞])→ (Di → [0,∞]) is defined by

Λ̄iP (l)(s, t) =


0 if (s, t) ∈ S2

i∑
(u,v)∈Di

P (s, t)(u, v) (δi(u, v) + l(u, v)) otherwise.

To conclude that Λ̄iP has a least fixed point, we apply the Knaster-Tarski fixed point theorem (Theorem 2.7(a)).
However, before using this theorem, we first need to prove that Λ̄iP is a monotone function, as shown in the
following proposition.

Proposition 5.3. For all P ∈ P and i ∈ {0, 1}, Λ̄iP is monotone.

Proof. Let P ∈ P , i ∈ {0, 1}, and k, l ∈ Di → [0,∞]. Assume k ⊑ l. Let (s, t) ∈ Di. It suffices to show that
Λ̄iP (k)(s, t) ≤ Λ̄iP (l)(s, t). We distinguish the following cases.

• If (s, t) ∈ S2
i then

Λ̄iP (k)(s, t) = 0 = Λ̄iP (l)(s, t).
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• Otherwise,

Λ̄iP (k)(s, t) =
∑

(u,v)∈Di

P (s, t)(u, v) (δi(u, v) + k(u, v))

≤
∑

(u,v)∈Di

P (s, t)(u, v) (δi(u, v) + l(u, v)) [k ⊑ l]

= Λ̄iP (l)(s, t).

Hence, Λ̄iP (k) ⊑ Λ̄iP (l).

We denote the least fixed point of Λ̄iP by λiP .

Proposition 5.4. For all P ∈ P and i ∈ {0, 1}, if l ∈ Di → [0,∞) then Λ̄iP (l) ∈ Di → [0,∞).

Proof. Follows immediately from the definition of Λ̄iP .

We denote the restriction of Λ̄iP to Di → [0,∞) by ΛiP . By Proposition 5.4, we have that ΛiP is a function
from Di → [0,∞) to itself. Below, we will often implicitly use that Λ̄iP (l) = ΛiP (l) if l ∈ Di → [0,∞). For
example, we may use Proposition 5.3 to conclude that ΛiP (k) ⊑ ΛiP (l) for k, l ∈ Di → [0,∞) with k ⊑ l, and
mention that ΛiP is monotone.

To conclude that ΛiP has a unique fixed point, we apply the Banach’s fixed point theorem (Theorem 2.10(c)).
However, before using this theorem, we first need to prove that ΛiP is a nonexpansive and power-contractive
function, as shown in the following propositions.

Proposition 5.5. For all P ∈ P , i ∈ {0, 1}, k, l ∈ Di → [0,∞), (s, t) ∈ Di, and n ∈ N,

(a) if (s, t) ∈ S2
i then Λn+1

iP (k)(s, t) = Λn+1
iP (l)(s, t),

(b) if (s, t) ∈ Di \ S2
i then |Λn+1

iP (k)(s, t)− Λn+1
iP (l)(s, t)| ≤ Pn

? (s, t)(S
2
? ) ∥k − l∥.

Proof. Let P ∈ P and i ∈ {0, 1}. Assume that k, l ∈ Di → [0,∞) and (s, t) ∈ Di. We distinguish the following
cases.

(a) If (s, t) ∈ S2
i then for all n ∈ N,

Λn+1
iP (k)(s, t) = 0 = Λn+1

iP (l)(s, t).

(b) Let (s, t) ∈ Di \ S2
i ⊆ S2

? . Without loss of generality, assume that Λn+1
iP (k)(s, t) ≥ Λn+1

iP (l)(s, t). We
prove this case by induction on n. In the base case, when n = 0, we have that

ΛiP (k)(s, t)− ΛiP (l)(s, t)

=

 ∑
(u,v)∈Di

P (s, t)(u, v) (δi(u, v) + k(u, v))

−
 ∑

(u,v)∈Di

P (s, t)(u, v) (δi(u, v) + l(u, v))


=

∑
(u,v)∈Di

P (s, t)(u, v) (k(u, v)− l(u, v))

≤
∑

(u,v)∈Di

P (s, t)(u, v) ∥k − l∥

≤ ∥k − l∥
= P 0

? (s, t)(S
2
? ) ∥k − l∥.
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In the inductive case, when n > 0, we have that

Λn+1
iP (k)(s, t)− Λn+1

iP (l)(s, t)

=

 ∑
(u,v)∈Di

P (s, t)(u, v) (δi(u, v) + Λn
iP (k)(u, v))


−

 ∑
(u,v)∈Di

P (s, t)(u, v) (δi(u, v) + Λn
iP (l)(u, v))


=

∑
(u,v)∈Di

P (s, t)(u, v) (Λn
iP (k)(u, v)− Λn

iP (l)(u, v))

=
∑

(u,v)∈Di\S2
i

P?(s, t)(u, v) (Λ
n
iP (k)(u, v)− Λn

iP (l)(u, v)) [part (a)]

≤
∑

(u,v)∈S2
?

P?(s, t)(u, v) (Λ
n
iP (k)(u, v)− Λn

iP (l)(u, v)) [Di \ S2
i ⊆ S2

? ]

≤
∑

(u,v)∈S2
?

P?(s, t)(u, v)P
n−1
? (u, v)(S2

? ) ∥k − l∥ [induction hypothesis]

=Pn
? (s, t)(S

2
? ) ∥k − l∥.

Proposition 5.6. For all P ∈ Popt and i ∈ {0, 1}, there exists n ∈ N such that Λn
iP is contractive.

Proof. Let P ∈ Popt and i ∈ {0, 1}. Since ∆iP is monotone (see Proposition 4.4) and nonexpansive (Proposi-
tion 4.8), we can conclude from Theorem 2.11(a) that

δiP = lim
n∈N

∆n
iP (⊥). (5.1)

Let (s, t) ∈ Di. Hence, δi(s, t) ̸= 0. Since P is optimal, for (s, t) ∈ D1 we have that δ1P (s, t) ̸= 0. Since P is
optimal, for (s, t) ∈ D0 we have that δ1P (s, t) ̸= 1. From Proposition 4.12, we can conclude that for (s, t) ∈ D0

we have that δ0P (s, t) ̸= 0. Therefore, δiP (s, t) ̸= 0. Hence, from (5.1) we can conclude that exists nst ∈ N such
that for all n ≥ nst we have that ∆n+1

iP (⊥)(s, t)> 0. By Proposition 4.9, Pn
? (s, t)(S

2
? )< 1.

Let n = (max(s,t)∈Di
nst) + 1 and c = max(s,t)∈Di

Pn
? (s, t)(S

2
? ). Note that c < 1. We conclude this proof

by showing that Λn
iP is c-contractive. Let k, l ∈ S × S → [0,∞) and (s, t) ∈ Di. It suffices to show that

|Λn
iP (k)(s, t)− Λn

iP (l)(s, t)| ≤ c ∥k − l∥. We distinguish the following cases.

• If (s, t) ∈ S2
i then

|Λn
iP (k)(s, t)− Λn

iP (l)(s, t)| = 0 [Proposition 5.5(a)]
≤ c ∥k − l∥.

• Let (s, t) ∈ Di \ S2
i . Then n ≥ nst + 1 and

|Λn
iP (k)(s, t)− Λn

iP (l)(s, t)| ≤ Pn−1
? (s, t)(S2

? ) ∥k − l∥ [Proposition 5.5(b)]
≤ c ∥k − l∥ [n− 1 ≥ nst]

From the above propositions, we can conclude that ΛiP is a power-contraction. Next, we show that ΛiP is
nonexpansive.

Proposition 5.7. For all P ∈ P and i ∈ {0, 1}, ΛiP is nonexpansive.

Proof. Let P ∈ P , i ∈ {0, 1}, k, l ∈ S × S → [0,∞), and s, t ∈ S. It suffices to show that |ΛiP (k)(s, t) −
ΛiP (l)(s, t)| ≤ ∥k − l∥. Without loss of generality, assume that ΛiP (k)(s, t) ≥ ΛiP (l)(s, t). We distinguish two
cases.
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• If (s, t) ∈ S2
i then from Proposition 5.5(a) we can conclude that

ΛiP (k)(s, t)− ΛiP (l)(s, t) = 0 ≤ ∥k − l∥.

• If (s, t) ∈ Di \ S2
i then

ΛiP (k)(s, t)− ΛiP (l)(s, t)

= P (s, t) · (δi + k)− P (s, t) · (δi + l)

=

 ∑
(u,v)∈Di

P (s, t)(u, v) (δi(u, v) + k(u, v))

−
 ∑

(u,v)∈Di

P (s, t)(u, v) (δi(u, v) + l(u, v))


=

∑
(u,v)∈Di

P (s, t)(u, v) (k(u, v)− l(u, v))

≤
∑

(u,v)∈Di

P (s, t)(u, v) ∥k − l∥

≤ ∥k − l∥.

Since ΛiP is a nonexpansive and a power-contraction, we can conclude the following proposition.

Proposition 5.8. For all P ∈ Popt and i ∈ {0, 1}, λiP is the unique fixed point of ΛiP .

Proof. Let P ∈ Popt and i ∈ {0, 1}. Since the set S is finite and, therefore, the set Di is finite, each function
l ∈ Di → [0,∞) is bounded. The set of bounded functions Di → [0,∞) endowed with the infinity norm forms a
complete metric space. Hence, ΛiP is a function from the nonempty complete metric space Di → [0,∞) to itself.

Because Λn
iP is contractive for some n ∈ N by Proposition 5.6 and ΛiP is nonexpansive by Proposition 5.7,

we can conclude from Theorem 2.10(c) that ΛiP has a unique fixed point, say l. Hence, l is a fixed point of Λ̄iP .
Since λiP is the least fixed point of Λ̄iP , we have that λiP ⊑ l. Since l is bounded, λiP is bounded as well.
Therefore, λiP is a fixed point of ΛiP , its unique fixed point.

Corollary 5.9. For all P ∈ Popt and i ∈ {0, 1}, λiP ∈ Di → [0,∞).

Proof. Immediate consequence of Proposition 5.8.

In the next example, we will apply Definition 5.2 to calculate the expected length to 1-pairs and 0-pairs for the
state pair (0, 1) of the policy depicted in Figure 5.2.

Example 5.10. Consider the state pairs depicted in the LMC in Figure 5.1. The reader can easily verify the
following.

δ1(7, 10) = 1 δ0(6, 6) = 1

δ1(9, 8) = 1 δ0(5, 5) = 1

δ1(5, 6) = 1 δ0(5, 6) = 0

δ1(2, 3) =
1

2
δ0(2, 3) =

1

2

δ1(3, 4) =
1

2
δ0(3, 4) =

1

2

Consider the policy depicted in Figure 5.2. The expected length to a 1-pair for the state pair (0, 1) is calculated
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as follows.

λ1P (7, 10) = 0 as (7, 10) ∈ S2
1

λ1P (9, 8) = 0 as (9, 8) ∈ S2
1

λ1P (5, 6) = Λ1P (λ1P )(5, 6)

=
∑

(u,v)∈D1

P (5, 6)(u, v) (δ1(u, v) + λ1P (u, v))

= P (5, 6)(7, 10) (δ1(7, 10) + λ1P (7, 10)) + P (5, 6)(9, 8) (δ1(9, 8) + λ1P (9, 8))

=
1

2
(1 + 0) +

1

2
(1 + 0)

= 1

λ1P (2, 3) = Λ1P (λ1P )(2, 3)

=
∑

(u,v)∈D1

P (2, 3)(u, v) (δ1(u, v) + λ1P (u, v))

= P (2, 3)(5, 6) (δ1(5, 6) + λ1P (5, 6))

=
1

2
(1 + 1)

= 1

λ1P (3, 4) = Λ1P (λ1P )(3, 4)

=
∑

(u,v)∈D1

P (3, 4)(u, v) (δ1(u, v) + λ1P (u, v))

= P (3, 4)(5, 6) (δ1(5, 6) + λ1P (5, 6))

=
1

2
(1 + 1)

= 1

λ1P (0, 1) = Λ1P (λ1P )(0, 1)

=
∑

(u,v)∈D1

P (0, 1)(u, v) (δ1(u, v) + λ1P (u, v))

= P (0, 1)(2, 3) (δ1(2, 3) + λ1P (2, 3)) + P (0, 1)(3, 4) (δ1(3, 4) + λ1P (3, 4))

=
1

2
(
1

2
+ 1) +

1

2
(
1

2
+ 1)

=
3

2
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The expected length to a 0-pair for the state pair (0, 1) is calculated as follows.

λ0P (5, 5) = 0 as (5, 5) ∈ S2
0

λ0P (6, 6) = 0 as (6, 6) ∈ S2
0

λ0P (2, 3) = Λ0P (λ0P )(2, 3)

=
∑

(u,v)∈D0

P (2, 3)(u, v) (δ0(u, v) + λ0P (u, v))

= P (2, 3)(5, 5) (δ0(5, 5) + λ0P (5, 5))

=
1

2
(1 + 0)

=
1

2
λ0P (3, 4) = Λ0P (λ0P )(3, 4)

=
∑

(u,v)∈D0

P (3, 4)(u, v) (δ0(u, v) + λ0P (u, v))

= P (3, 4)(6, 6) (δ0(6, 6) + λ0P (6, 6))

=
1

2
(1 + 0)

=
1

2
λ0P (0, 1) = Λ0P (λ0P )(0, 1)

=
∑

(u,v)∈D0

P (0, 1)(u, v) (δ0(u, v) + λ0P (u, v))

= P (0, 1)(2, 3) (δ0(2, 3) + λ0P (2, 3)) + P (0, 1)(3, 4) (δ0(3, 4) + λ0P (3, 4))

=
1

2
(
1

2
+

1

2
) +

1

2
(
1

2
+

1

2
)

= 1

In this chapter, we defined the expected length to an i-pair starting from a state pair (s,t)(s,t) under a given
policy. One might think that computing these expected lengths is straightforward. However, some policies—such
as those depicted in Figure 1.10—may contain loops, which makes their computation slightly more intricate.
Recall that the player’s objective in the game studied in this thesis is to avoid reaching 1-pairs, meaning that,
among all the optimal policies, the expected length to reach a 1-pair should be maximized. In the following
chapter, we will develop an algorithm that, starting from an optimal policy, computes a 1-maximal optimal policy.
Furthermore, we will prove an exponential lower bound for this algorithm by constructing an LMC of size O(n),
for which the algorithm requires Ω(2n) iterations.
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6 1-Maximal Policies

The objective of the player in the game studied in this thesis is to avoid reaching 1-pairs. This means that, among
all optimal policies, the expected length to reach a 1-pair should be maximized. We refer to an optimal policy
that maximizes the expected length to a 1-pair as a 1-maximal policy. In this chapter, we will formulate the 1-
maximal policies and illustrate with an example that these policies are not unique. Moreover, we will present
an algorithm that, starting from an optimal policy computed using the Tang and Van Breugel [53] algorithm,
computes a 1-maximal optimal policy. We will also prove its correctness and termination. Furthermore, we will
prove an exponential lower bound for this algorithm by constructing an LMC of size O(n), for which the algorithm
requires Ω(2n) iterations. Finally, recalling the concept of 1-conflict from the introduction, we will conclude this
chapter by proving that a 1-maximal optimal policy does not have any 1-conflicts.
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Figure 6.1: An LMC
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Figure 6.2: Three optimal policies for states 0 and 1 in the LMC depicted in Figure 6.1: one vertex policy, and
two vertex 1-maximal policies

For example, consider the policies depicted in Figure 6.2. All of the policies are optimal, as each reaches a
1-pair with a probability of 1

2 , which represents the distance between states 0 and 1. The expected length to a
1-pair in the left policy is 1.5, while it is 2.5 in both the middle and right policies. As illustrated in Figure 6.2,
optimal vertex policies that maximize the expected length to 1-pairs are not unique. This maximal expected length
is defined as follows.

Definition 6.1. The function λ1 : D1 → [0,∞] is defined by

λ1(s, t) = sup
P∈Popt

λ1P (s, t).

An optimal policy that realizes that the maximal expected length is called 1-maximal.

Definition 6.2. A policy P ∈ Popt is 1-maximal if λ1P = λ1.

We denote the set of optimal 1-maximal policies by Pmax
opt and the set of optimal 1-maximal vertex policies

by Vmax
opt . To avoid clutter, instead of

∑
(u,v)∈D1

ω(u, v) (δ1(u, v) + l(u, v)) we write ω · (δ1 + l). Notice that
the summation is over elements in D1. In the next proposition, we provide an alternative characterization of
1-maximal that we use in several of our proofs.

Proposition 6.3. For all P ∈ Popt, P is 1-maximal if and only if λ1(s, t) = P (s, t) · (δ1 + λ1) for all (s, t) ∈
D1 \ S2

1 .

Proof. Let P ∈ Popt. We prove two implications. Assume that P is 1-maximal. Let (s, t) ∈ D1 \ S2
1 . Then

λ1(s, t) = λ1P (s, t) [P is 1-maximal]
= Λ1P (λ1P )(s, t)

= P (s, t) · (δ1 + λ1P )

= P (s, t) · (δ1 + λ1) [P is 1-maximal]

54



To prove the other implication, assume that λ1(s, t) = P (s, t) · (δ1+λ1) for all (s, t) ∈ D1 \S2
1 . Since λ1P is

the unique fixed point of Λ1P (Proposition 5.8), it suffices to show that λ1 is a fixed point of Λ1P . We distinguish
the following cases.

• If (s, t) ∈ S2
1 then

Λ1P (λ1)(s, t) = 0

= sup
Q∈Popt

Λ1Q(λ1Q)(s, t)

= sup
Q∈Popt

λ1Q(s, t)

= λ1(s, t).

• If (s, t) ∈ D1 \ S2
1 then

Λ1P (λ1)(s, t) = P (s, t) · (δ1 + λ1)

= λ1(s, t) [by assumption]

The next proposition proves that Λ1P attains its maximum at a vertex.

Proposition 6.4. For all l ∈ D1 → [0,∞) and (s, t) ∈ D1,

sup
ω∈Ωopt(τ(s),τ(t))

ω · (δ1 + l) = max
ω∈V (Ωopt(τ(s),τ(t)))

ω · (δ1 + l).

Proof. There are two differences between the left hand side and the right hand side: sup versus max and
Ωopt(τ(s), τ(t)) versus V (Ωopt(τ(s), τ(t))).

Let l ∈ D1 → [0,∞) and (s, t) ∈ D1. Let X be the closed convex polytope and f : X → [0, 1] the linear
function of the proof of Proposition 3.15. Let m = infx∈X f(x). Then

m = inf
ω∈Ω(τ(s),τ(t))

ω · δ1 = ∆(δ1)(s, t) = δ1(s, t).

Let M = {x ∈ X | f(x) = m }. By Proposition 4.23(a), M is a closed convex polytope and V (M) = V (X)∩M .
Let l ∈ D1 → [0,∞). Let the function g : M → [0,∞) be defined by

g(ω) = ω · (δ1 + l).

Next, we show that g is linear. Let ω, π ∈M and q ∈ (0, 1). We have that

g(q ω + (1− q)π) = (q ω + (1− q)π) · (δ1 + l)

= (q ω · (δ1 + l)) + ((1− q)π · (δ1 + l))

= q g(ω) + (1− q) g(π).

Because a linear function on a convex polytope attains its maximum at a vertex, we can conclude that the linear
function g attains its maximum at V (M) = V (X) ∩M , which is the desired result.

If λ1P is a strict post-fixed point of Λ1Q for some policies P and Q, then the following proposition shows that
λ1P is less than the fixed point of Λ1Q.

Proposition 6.5. For all P , Q ∈ P , if λ1P ⊏ Λ1Q(λ1P ) then λ1P ⊏ λ1Q.

Proof. Let P , Q ∈ P . We split the proof in two parts. First, we show that if λ1P ⊑ Λ1Q(λ1P ) then λ1P ⊑ λ1Q.
Assume that λ1P ⊑ Λ1Q(λ1P ). We first show that for all n ∈ N, λ1P ⊑ Λn

1Q(λ1P ) by induction on n. The base
case, n = 0, is trivial. In the inductive case, n > 0, we have that

λ1P ⊑ Λ1Q(λ1P ) [assumption]

⊑ Λ1Q(Λ
n−1
1Q (λ1P )) [induction hypothesis and Λ1Q is monotone (Proposition 5.3)]

= Λn
1Q(λ1P ).
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From the above and Theorem 2.10(d) we can conclude that

λ1P ⊑ lim
n∈N

Λn
1Q(λ1P ) = λ1Q.

It remains to show that λ1P ̸= Λ1Q(λ1P ) implies λ1P ̸= λ1Q. We prove the contrapositive, that is, λ1P = λ1Q

implies λ1P = Λ1Q(λ1P ). That is, λ1Q is a fixed point of Λ1Q, which holds by definition.

The following proposition proves that for every optimal policy P , there exists an optimal vertex policy Q such
that λ1P is less than equal to λ1Q.

Proposition 6.6. For all P ∈ Popt there exists Q ∈ Vopt such that λ1P ⊑ λ1Q.

Proof. Let P ∈ Popt. Let (s, t) ∈ S2
? and, by Proposition 6.4, define

Q(s, t) ∈ argmax
ω∈V (Ωopt(τ(s),τ(t)))

ω · (δ1 + λ1P ).

By Proposition 4.21, Q ∈ Vopt. Since Λm
1Q is contractive for some m ∈ N (Proposition 5.5) and Λ1Q is non-

expansive (Proposition 5.7) and λ1Q is the unique fixed point of Λ1Q, we can conclude from Theorem 2.10(d)
that λ1Q = limn∈N Λn

1Q(λ1P ). Hence, to conclude that λ1P ⊑ λ1Q, it suffice to show that for all n ∈ N,
λ1P ⊑ Λn

1Q(λ1P ). We prove this by induction on n. The base case, n = 0, is trivial. Let n > 0 and (s, t) ∈ D1.
We distinguish the following cases.

• If (s, t) ∈ S2
1 then

λ1P (s, t) = Λ1P (λ1P )(s, t) = 0 ≤ Λn
1Q(λ1P )(s, t).

• If (s, t) ∈ D1 \ S2
1 then

λ1P (s, t) = Λ1P (λ1P )(s, t)

= P (s, t) · (δ1 + λ1P )

≤ Q(s, t) · (δ1 + λ1P )

= Λ1Q(λ1P )(s, t)

≤ Λ1Q(Λ
n−1
1Q (λ1P ))(s, t) [Λ1Q is monotone (Proposition 5.3) and induction hypothesis]

= Λn
1Q(λ1P )(s, t).

Corollary 6.7. For all (s, t) ∈ D1, λ1(s, t) = maxP∈Vopt
λ1P (s, t).

Proof. Immediate consequence of Proposition 4.22 and 6.6.

Corollary 6.8. λ1 ∈ D1 → [0,∞).

Proof. Immediate consequence of Corollary 5.9 and 6.7.

Below we present a policy iteration algorithm that computes a 1-maximal optimal vertex policy from an
optimal vertex policy. The following function serves as the foundation for the algorithm.

Definition 6.9. The function Λ1 : (D1 → [0,∞))→ (D1 → [0,∞)) is defined by

Λ1(l)(s, t) =

{
0 if (s, t) ∈ S2

1

sup
ω∈Ωopt(τ(s),τ(t))

ω · (δ1 + l) otherwise.

In the next proposition, we establish that Λ1 is a monotone function, which is one of the key ingredients to
prove that it has a unique fixed point.

Proposition 6.10. For all k, l ∈ D1 → [0,∞], if k ⊑ l then Λ1(k) ⊑ Λ1(l).

Proof. Let k, l ∈ D1 → [0,∞]. Assume k ⊑ l. Let (s, t) ∈ D1. It suffices to show that Λ1(k)(s, t) ≤ Λ1(l)(s, t).
We distinguish the following cases.
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• If (s, t) ∈ S2
1 then

Λ1(k)(s, t) = 0 = Λ1(l)(s, t).

• Otherwise,

Λ1(k)(s, t) = sup
ω∈Ωopt(τ(s),τ(t))

∑
(u,v)∈D1

ω(u, v) (δ1(u, v) + k(u, v))

≤ sup
ω∈Ωopt(τ(s),τ(t))

∑
(u,v)∈D1

ω(u, v) (δ1(u, v) + l(u, v)) [k ⊑ l]

= Λ1(l)(s, t).

Hence, Λ1(k) ⊑ Λ1(l).

In the next proposition, we establish that Λ1 is a nonexpansive function, which we later use to prove some
properties of symmetric policies.

Corollary 6.11. Λ1 is nonexpansive.

Proof. Let k, l ∈ S×S → [0,∞), and (s, t) ∈ D1. It suffices to show that |Λ1(k)(s, t)−Λ1(l)(s, t)| ≤ ∥k− l∥.
Without loss of generality assume Λ1(k)(s, t) ≥ Λ1(l)(s, t). We distinguish two cases.

• If (s, t) ∈ S2
1 then we can conclude that

Λ1(k)(s, t)− Λ1(l)(s, t) = 0 ≤ ∥k − l∥.

• If (s, t) ∈ D1 \ S2
1 then we have that

Λ1(k)(s, t)− Λ1(l)(s, t)

= sup
ω∈Ωopt(τ(s),τ(t))

ω · (δ1 + k)− sup
π∈Ωopt(τ(s),τ(t))

π · (δ1 + l)

= max
ω∈Ωopt(τ(s),τ(t))

ω · (δ1 + k)− max
π∈Ωopt(τ(s),τ(t))

π · (δ1 + l) [Proposition 6.4]

= max
ω∈Ωopt(τ(s),τ(t))

min
π∈Ωopt(τ(s),τ(t))

ω · (δ1 + k)− π · (δ1 + l)

≤ max
ω∈Ωopt(τ(s),τ(t))

ω · (δ1 + k)− ω · (δ1 + l)

= max
ω∈Ωopt(τ(s),τ(t))

ω · (k − l)

= max
ω∈Ωopt(τ(s),τ(t))

∑
(u,v)∈D1

ω(u, v) (k(u, v)− l(u, v))

≤ max
ω∈Ωopt(τ(s),τ(t))

∑
(u,v)∈D1

ω(u, v) ∥k − l∥

= ∥k − l∥.

The next proposition shows the relation between Λ1P and Λ1.

Proposition 6.12. For all l ∈ D1 → [0,∞),

(a) for all P ∈ Popt, Λ1P (l) ⊑ Λ1(l) and

(b) there exists P ∈ Vopt such that Λ1(l) = Λ1P (l).

Proof. Let l ∈ D1 → [0,∞).

57



(a) Let P ∈ Popt and (s, t) ∈ D1 \ S2
1 . We first show that P (s, t) ∈ Ωopt(τ(s), τ(t)). Since P ∈ Popt it

follows from Proposition 4.21 that δ1(s, t) = P (s, t) · δ1. Therefore, can conclude that

P (s, t) ∈ Ωopt(τ(s), τ(t)) (6.1)

Let (s, t) ∈ D1. We distinguish two cases.

– If (s, t) ∈ S2
1 then

Λ1P (l)(s, t) = 0 = Λ1(l)(s, t).

– If (s, t) ∈ D1 \ S2
1 then

Λ1P (l)(s, t) = P (s, t) · (δ1 + l)

≤ sup
ω∈Ωopt(τ(s),τ(t))

ω · (δ1 + l) [(6.1)]

= Λ1(l)(s, t).

(b) Let (s, t) ∈ S2
? and, by Proposition 6.4, define

P (s, t) ∈ argmax
ω∈V (Ωopt(τ(s),τ(t)))

ω · (δ1 + l).

By Proposition 4.21, P ∈ Vopt. Let (s, t) ∈ D1. We distinguish two cases.

– If (s, t) ∈ S2
1 then

Λ1(l)(s, t) = 0 = Λ1P (l)(s, t).

– If (s, t) ∈ D1 \ S2
1 then

Λ1(l)(s, t) = sup
ω∈Ωopt(τ(s),τ(t))

ω · (δ1 + l)

= max
ω∈V (Ωopt(τ(s),τ(t)))

ω · (δ1 + l) [Proposition 6.4]

= P (s, t) · (δ1 + l)

= Λ1P (l)(s, t).

The next proposition shows that λ1 is a post-fixed point of Λ1.

Proposition 6.13. λ1 ⊑ Λ1(λ1).

Proof. Since for all P ∈ Popt,

λ1P = Λ1P (λ1P )

⊑ Λ1(λ1P ) [Proposition 6.12(a)]
⊑ Λ1(λ1) [λ1P ⊑ λ1 and Λ1 is monotone (Proposition 6.10)]

we can conclude that λ1 ⊑ Λ1(λ1).

The next proposition shows the link between Λ1 and λ1.

Proposition 6.14. For all l ∈ D1 → [0,∞),

(a) if Λ1(l) ⊑ l then λ1 ⊑ l and

(b) if l ⊑ Λ1(l) then l ⊑ λ1.

Proof. Let l ∈ D1 → [0,∞).
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(a) Assume that Λ1(l) ⊑ l. Let P ∈ Popt. We show that for all n ∈ N, Λn
1P (⊥) ⊑ l by induction on n. The

base case, n = 0, follows from ⊥ ⊑ l. In the inductive case, when n > 0, we have that

Λn
1P (⊥) = Λ1P (Λ

n−1
1P (⊥))

⊑ Λ1P (l) [induction hypothesis and Λ1P is monotone (Proposition 5.3)]
⊑ Λ1(l) [Proposition 6.12(a)]
⊑ l [by assumption]

From Theorem 2.10(d) we can conclude that λ1P ⊑ l. Hence, λ1 ⊑ l.

(b) Assume that l ⊑ Λ1(l). According to Proposition 6.12(b), Λ1(l) = Λ1P (l) for some P ∈ Vopt. Next, we
will show that l ⊑ Λn

1P (l) for all n ∈ N by induction on n. The base case, n = 0, is trivial. In the inductive
case, when n > 0, we have that

l ⊑ Λ1(l) [by assumption]
= Λ1P (l) [Proposition 6.12(b)]

⊑ Λ1P (Λ
n−1
1P (l)) [induction hypothesis and Λ1P is monotone (Proposition 5.3)]

= Λn
1P (l).

Since Λ1P is nonexpansive (Proposition 5.7) and Λm
P1 is contractive for some m ∈ N (Proposition 5.5), we

can conclude from Theorem 2.10(d) that

l ⊑ lim
n∈N

Λn
1P (l) = λ1P ⊑ λ1.

The key ingredient of the correctness proof of our algorithm is the following result.

Theorem 6.15. λ1 is the unique fixed point of Λ1.

Proof. First, we show that λ1 is a fixed point of Λ1. According to Proposition 6.13, we have that λ1 ⊑ Λ1(λ1).
Since Λ1 is monotone (Proposition 6.10), we can conclude that Λ1(λ1) ⊑ Λ1(Λ1(λ1)). From Proposition 6.14(b)
we can deduce that Λ1(λ1) ⊑ λ1. Combined with Proposition 6.13 we get that Λ1(λ1) = λ1, that is, λ1 is a fixed
point of Λ1.

Next, we show λ1 is the unique fixed point of Λ1. Assume that l is a fixed point of Λ1, that is, Λ1(l) = l.
Then Λ1(l) ⊑ l and l ⊑ Λ1(l). By Proposition 6.14(a) and (b), we have that λ1 ⊑ l and l ⊑ λ1. Hence, l = λ1.
Therefore, λ1 is the unique fixed point of Λ1.

Our algorithm starts from an optimal vertex policy P , which can be obtained by the policy iteration algorithm
of [53]. It computes λ1P for that policy P (line 1), which can be done by means of standard algorithms (see, for
example, [2, Section 10.1.1]). As long as there is a state pair in D1 \S2

1 that is not locally 1-maximal with respect
to the current policy (line 2), the policy at (s, t) is improved to a locally 1-maximal choice (lines 3 and 4). After
this change to the policy P , the algorithm recomputes λ1P (line 5). The loop maintains the invariant that P is an
optimal vertex policy as π in line 3 is a vertex coupling and satisfies δ1(s, t) = π · δ1 (see Proposition 4.21). At
termination, we have that λ1P is a fixed point of Λ1 and, by Theorem 6.15, equals λ1 and, therefore, is 1-maximal.

Algorithm 1 1-maximal optimal vertex policy

Input: optimal vertex policy P
1: compute λ1P

2: while ∃(s, t) ∈ D1 \ S2
1 : Λ1(λ1P )(s, t)> λ1P (s, t) do

3: π ← argmax
ω∈V (Ω(τ(s),τ(t)))∧δ1(s,t)=ω·δ1

ω · (δ1 + λ1P )

4: P (s, t)← π
5: compute λ1P

6: end while

The following proposition proves that the above algorithm terminates.
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Proposition 6.16. The algorithm terminates.

Proof. Towards a contradiction, assume that the algorithm does not terminate. Let us denote the value of the
variable P in the i-th iteration by Pi. Then Pi+1 is defined by

Pi+1(x, y) =

{
π if (x, y) = (s, t)
Pi(x, y) otherwise,

where
π ∈ argmax

ω∈V (Ωopt(τ(s),τ(t)))

ω · (δ1 + λ1Pi
).

By Proposition 4.21, Pi+1 ∈ Vopt. Next, we prove that λ1Pi
⊏ Λ1Pi+1

(λ1Pi
). Let (x, y) ∈ D1. We distinguish

three cases.

• If (x, y) ∈ S2
1 then

λ1Pi(x, y) = Λ1Pi(λ1Pi)(x, y) = 0 = Λ1Pi+1(λ1Pi)(x, y).

• If (x, y) = (s, t) then

λ1Pi
(s, t)< Λ1(λ1Pi

)(s, t) [condition of the loop]
= sup

ω∈Ωopt(τ(s),τ(t))

ω · (δ1 + λ1Pi
)

= max
ω∈V (Ωopt(τ(s),τ(t)))

ω · (δ1 + λ1Pi
) [Proposition 6.4]

= π · (δ1 + λ1Pi)

= Pi+1(s, t) · (δ1 + λ1Pi)

= Λ1Pi+1(λ1Pi)(s, t).

• Otherwise,

λ1Pi
(x, y) = Λ1Pi

(λ1Pi
)(x, y)

= Pi(x, y) · (δ1 + λ1Pi
)

= Pi+1(x, y) · (δ1 + λ1Pi
)

= Λ1Pi+1
(λ1Pi

)(x, y).

From Proposition 6.5 we can conclude that λ1Pi
⊏ λ1Pi+1

.
Since the set Vopt is finite and the algorithm does not terminate, Pi = Pj for some i < j. This contradicts that

λ1Pi
⊏ λ1Pj

.

From the above corollary, we know that our algorithm terminates. The following proposition shows that, upon
termination, it computes the 1-maximal vertex optimal policy.

Proposition 6.17. At termination, λ1P = λ1.

Proof. At termination, we have that Λ1(λ1P )(s, t) ≤ λ1P (s, t) for all (s, t) ∈ D1. Since for all (s, t) ∈ S2
1 ,

Λ1(λ1P )(s, t) = 0 = Λ1P (λ1P )(s, t) = λ1P (s, t),

we have that Λ1(λ1P ) ⊑ λ1P . By Proposition 6.12(a), λ1P = Λ1P (λ1P ) ⊑ Λ1(λ1P ). Hence, Λ1(λ1P ) = λ1P ,
that is, λ1P is a fixed point of Λ1. Since λ1 is the unique fixed point of Λ1 (Theorem 6.15), we can deduce that
λ1P = λ1.

In the next section, we prove an exponential lower bound for the above algorithm.
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6.1 Exponential Lower Bound

In this section, we will prove an exponential lower bound for Algorithm 1 described in the previous section, which
computes a 1-maximal (optimal vertex) policy. In particular, for each n ∈ N, we construct an LMC of size O(n).
We will consider policies for which the matching of the target states is fixed for most state pairs in the constructed
LMC, except for the pairs (sj , tj) where 1 ≤ j ≤ n. These state pairs have two possible matchings for the target
states, from which the algorithm can choose. The algorithm follows a sequence of bit strings to determine which
matchings of the j-th index state pair to switch. This sequence is similar to the Gray code sequence found in the
literature, as we will see later. One of its key properties is that consecutive strings differ by a single bit. This bit,
say k, indicates that the algorithm switches the policy at (sk, tk). Since there are two possible matching options
for these types of state pairs, the algorithm selects the other matching. Each choice of matching for the target
states of the pairs (sj , tj) results in a distinct policy. Therefore, for an LMC of size n, there are 2n possible bit
strings and 2n distinct policies. As we will show below, the algorithm must explore all these policies to find a
1-maximal policy, implying that the algorithm requires Ω(2n) iterations to identify a 1-maximal policy.
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Definition 6.18. The LMC C0 is defined as

s0 u0

s1 u1

v

1
2

1
2

1
4

3
4

1

1

1

t1

t0

w
1
2

1
2

1

1

If n > 0 then the LMC Cn is defined as

sn−1 un−1

sn un
1
2

1
2

1
4

3
4

tn

tn−1

w

1
2

1
2

1

The dashed square represents the LMC Cn−1.

Note that Cn has 3n+ 8 states and 6n+ 11 transitions and, hence, is of size O(n).
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Example 6.19. The LMC C3 is depicted as follows.

s0 u0

s1 u1

v

s2 u2

s3 u3

1
2

1
2

1
4

3
4

1

1

1

1
2

1
2

1
4

3
4

1
2

1
2

1
4

3
4

t1

t0

w

t2

t3

1
2

1
2

1
21

2

1
2

1
2

1

1

The next proposition calculates the distances of the state pairs in Cn.

Proposition 6.20.

(a) δ1(t0, v) = 1

(b) For all n ∈ N, δ1(sn, w) = 1

(c) For all n ∈ N, δ1(un, w) = 1

(d) For all n ∈ N, δ1(sn, tn) = 1 and δ1(un, tn) = 1

Proof.

(a) δ1(t0, v) = ∆(δ1)(t0, v) = 1 as (t0, v) ∈ S2
1 .

(b) For each n ∈ N, δ1(sn, w) = ∆(δ1)(sn, w) = 1 as (sn, w) ∈ S2
1 .

(c) For each n ∈ N, δ1(un, w) = ∆(δ1)(un, w) = 1 as (un, w) ∈ S2
1 .

(d) We prove this case by induction on n. In the base case, when n = 0, we can conclude from (a) and
Proposition 3.16 that δ1(s0, t0) = 1.

vs0 t0 t0
1 1

From the above and Proposition 3.16 we can conclude that δ1(u0, t0) = 1.

s0u0 t0 t0
1 1

Next, we consider the case n = 1. Again using Proposition 3.16 we can conclude from the above that
δ1(s1, t1) = 1.
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s0

s1

u0

t0

t1

w

1
2

1
2

1
2

1
2

and δ1(u1, t1) = 1.

s0

u1

u0

t0

t1

w

1
4

3
4

1
2

1
2

In the inductive case, n > 1.

sn−1

sn

un−1

tn−1

tn

w

1
2

1
2

1
2

1
2

sn−1

un

un−1

tn−1

tn

w

1
4

3
4

1
2

1
2

Since δ1(sn−1, w) = 1 and δ1(un−1, w) = 1, by (b) and (c), and δ1(sn−1, tn−1) = 1 and δ1(un−1, tn−1) =
1 by the induction hypothesis, we can conclude that δ1(sn, tn) = 1 and δ1(un, tn) = 1 by Proposition 3.16.

The following definition defines the coupling between the state pairs in Cn.

Definition 6.21. The function ρ0 : S × S → [0, 1] is defined by

ρ0(x, y) =

{
1 if (x, y) = (t0, v)

0 otherwise.

The function π0 : S × S → [0, 1] is defined by

π0(x, y) =

{
1 if (x, y) = (s0, t0)

0 otherwise.

For all n ≥ 1, the function πn : S × S → [0, 1] is defined by

πn(x, y) =


1
4 if (x, y) = (sn−1, tn−1)
1
4 if (x, y) = (un−1, tn−1)
1
2 if (x, y) = (un−1, w)

0 otherwise.
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For all n ≥ 1, the function ω0n : S × S → [0, 1] is defined by

ω0n(x, y) =


1
2 if (x, y) = (sn−1, tn−1)
1
2 if (x, y) = (un−1, w)

0 otherwise.

For all n ≥ 1, the function ω1n : S × S → [0, 1] is defined by

ω1n(x, y) =


1
2 if (x, y) = (sn−1, w)
1
2 if (x, y) = (un−1, tn−1)

0 otherwise.

The next proposition shows that for every state pair (s, t) ∈ S2
? there exist a vertex optimal coupling.

To conclude the existence of vertex coupling, we apply Proposition 3.15. However, before using this proposi-
tion, we must first establish that the functions introduced above are indeed vertices of transportation polytopes.

Proposition 6.22.

(a) ρ0 ∈ V (Ω(τ(s0), τ(t0)))

(b) For all n ≥ 0, πn ∈ V (Ω(τ(un), τ(tn)))

(c) For all n ≥ 1, ω0n ∈ V (Ω(τ(sn), τ(tn)))

(d) For all n ≥ 1, ω1n ∈ V (Ω(τ(sn), τ(tn)))

Proof.

(a) To conclude that ρ0 ∈ Ω(τ(s0), τ(t0)) it suffices to show that for all x, y ∈ S,

ρ0(x, S) = τ(s0)(x) and ρ0(S, y) = τ(t0)(y).

We distinguish the following cases.

– If x = v then ρ0(v, S) = 1 = τ(s0)(v).

– Otherwise, ρ0(x, S) = 0 = τ(s0)(x).

Hence, ρ0(x, S) = τ(s0)(x).

– If y = t0 then ρ0(S, t0) = 1 = τ(t0)(t0).

– Otherwise, ρ0(S, y) = 0 = τ(t0)(y).

Hence, ρ0(S, y) = τ(t0)(y). Therefore, ρ0 ∈ Ω(τ(s0), τ(t0)). The coupling ρ0 can be presented by the
following graph between states s0 and t0.

vs0 t0 t0
1 1ρ0(v, t0)

Since the support graph of ρ0 is acyclic, by Proposition 3.5, we have that ρ0 ∈ V (Ω(τ(s0), τ(t0))).

(b) To conclude that π0 ∈ Ω(τ(u0), τ(t0)) it suffices to show that for all x, y ∈ S,

π0(x, S) = τ(u0)(x) and π0(S, y) = τ(t0)(y).

We distinguish the following cases.

– If x = s0 then π0(s0, S) = 1 = τ(u0)(s0).

– Otherwise, π0(x, S) = 0 = τ(u0)(x).

Hence, π0(x, S) = τ(u0)(x).
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– If y = t0 then π0(S, t0) = 1 = τ(t0)(t0).

– Otherwise, π0(S, y) = 0 = τ(t0)(y).

Hence, π0(S, y) = τ(t0)(y). Therefore, π0 ∈ Ω(τ(u0), τ(t0)). The coupling π0 can be presented by the
following graph between states u0 and t0.

s0u0 t0 t0
1 1π0(s0, t0)

Since the support graph of π0 is acyclic, by Proposition 3.5, we have that π0 ∈ V (Ω(τ(u0), τ(t0))).

Let n ≥ 1. To conclude that πn ∈ Ω(τ(un), τ(tn)) it suffices to show that for all x, y ∈ S,

πn(x, S) = τ(un)(x) and πn(S, y) = τ(tn)(y).

We distinguish the following cases.

– If x = sn−1 then πn(sn−1, S) =
1
4 = τ(un)(sn−1).

– If x = un−1 then πn(un−1, S) =
3
4 = τ(un)(un−1).

– Otherwise, πn(x, S) = 0 = τ(un)(x).

Hence, πn(x, S) = τ(un)(x).

– If y = tn−1 then πn(S, tn−1) =
1
2 = τ(tn)(tn−1).

– If y = w then πn(S,w) =
1
2 = τ(tn)(w).

– Otherwise, πn(S, y) = 0 = τ(tn)(y).

Hence, πn(S, y) = τ(tn)(y). Therefore, πn ∈ Ω(τ(un), τ(tn)). The coupling πn can be presented by the
following graph between states un and tn.

sn−1

un

un−1

tn−1

tn

w

1
4

3
4

1
2

1
2

πn(sn−1, tn−1)

πn(un−1, w)

πn(un−1, tn−1)

Since the support graph of πn is acyclic, by Proposition 3.5, we have that πn ∈ V (Ω(τ(un), τ(tn))).

(c) Let n ≥ 1, To conclude that ω0n ∈ Ω(τ(sn), τ(tn)) it suffices to show that for all x, y ∈ S,

ω0n(x, S) = τ(sn)(x) and ω0n(S, y) = τ(tn)(y).

We distinguish the following cases.

– If x = sn−1 then ω0n(sn−1, S) =
1
2 = τ(sn)(sn−1).

– If x = un−1 then ω0n(un−1, S) =
1
2 = τ(sn)(un−1).

– Otherwise, ω0n(x, S) = 0 = τ(sn)(x).

Hence, ω0n(x, S) = τ(sn)(x).

– If y = tn−1 then ω0n(S, tn−1) =
1
2 = τ(tn)(tn−1).

– If y = w then ω0n(S,w) =
1
2 = τ(tn)(w).

– Otherwise, ω0n(S, y) = 0 = τ(tn)(y).

Hence, ω0n(S, y) = τ(tn)(y). Therefore, ω0n ∈ Ω(τ(sn), τ(tn)). The coupling ω0n can be presented by
the following graph between states sn and tn.
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sn−1

sn

un−1

tn−1

tn

w

1
2

1
2

1
2

1
2

ω0n(sn−1, tn−1)

ω0n(un−1, w)

Since the support graph of ω0n is acyclic, by Proposition 3.5, we have that ω0n ∈ V (Ω(τ(sn), τ(tn))).

(d) Let n ≥ 1. To conclude that ω1n ∈ Ω(τ(sn), τ(tn)) it suffices to show that for all x, y ∈ S,

ω1n(x, S) = τ(sn)(x) and ω1n(S, y) = τ(tn)(y).

We distinguish the following cases.

– If x = sn−1 then ω1n(sn−1, S) =
1
2 = τ(sn)(sn−1).

– If x = un−1 then ω1n(un−1, S) =
1
2 = τ(sn)(un−1).

– Otherwise, ω1n(x, S) = 0 = τ(sn)(x).

Hence, ω1n(x, S) = τ(sn)(x).

– If y = tn−1 then ω1n(S, tn−1) =
1
2 = τ(tn)(tn−1).

– If y = w then ω1n(S,w) =
1
2 = τ(tn)(w).

– Otherwise, ω1n(S, y) = 0 = τ(tn)(y).

Hence, ω1n(S, y) = τ(tn)(y). Therefore, ω1n ∈ Ω(τ(sn), τ(tn)). The coupling ω1n can be presented by
the following graph between states sn and tn.

sn−1

sn

un−1

tn−1

tn

w

1
2

1
2

1
2

1
2

ω1n(sn−1, w)

ω1n(un−1, tn−1)

Since the support graph of ω1n is acyclic, by Proposition 3.5, we have that ω1n ∈ V (Ω(τ(sn), τ(tn))).

Since the above proposition shows that the functions defined in Definition 6.1 are vertex couplings, it follows
that for each (s, t) ∈ S2

? , there exists ω ∈ V (Ω(τ(s), τ(t))). The next proposition shows that these functions
satisfy the following δ1(s, t) = ω · δ1.

Proposition 6.23.

(a) ρ0 · δ1 = δ1(s0, t0)

(b) For all n ≥ 0, πn · δ1 = δ1(un, tn)

(c) For all n ≥ 1, ω0n · δ1 = δ1(sn, tn)

(d) For all n ≥ 1, ω1n · δ1 = δ1(sn, tn)

Proof.

(a) The coupling ρ0 can be presented by the following graph between s0 and t0.
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vs0 t0 t0
1 11

We have that

ρ0 · δ1 = δ1(t0, v)

= 1 [Proposition 6.20(a)]
= δ1(s0, t0) [Proposition 6.20(d)]

(b) The coupling π0 can be presented by the following graph between states u0 and t0.

s0u0 t0 t0
1 11

We have that

π0 · δ1 = δ1(s0, t0)

= 1 [Proposition 6.20(d)]
= δ1(u0, t0) [Proposition 6.20(d)]

Let n ≥ 1. The coupling πn can be presented by the following graph between states un and tn.

sn−1

un

un−1

tn−1

tn

w

1
4

3
4

1
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1
2

1
4

1
2

1
4

We have that

πn · δ1 =
1

4
δ1(sn−1, tn−1) +

1

4
δ1(un−1, tn−1) +

1

2
δ1(un−1, w)

=
1

4
+

1

4
+

1

2
[Proposition 6.20(c) and (j)]

= 1

= δ1(un, tn) [Proposition 6.20((d)]

(c) The coupling ω01 can be presented by the following graph between states s1 and t1.

s0

s1

u0

t0

t1

w
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2

1
2

1
2

1
2
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2

1
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We have that

ω01 · δ1 =
1

2
δ1(s0, t0) +

1

2
δ1(u0, w)

=
1

2
+

1

2
[Proposition 6.20(c) and (d)]

= 1

= δ1(s1, t1) [Proposition 6.20(d)]

Let n > 1. The coupling ω0n can be presented by the following graph between states sn and tn.
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We have that

ω0n · δ1 =
1

2
δ1(sn−1, tn−1) +

1

2
δ1(un−1, w)

=
1

2
+

1

2
[Proposition 6.20(c) and (j)]

= 1

= δ1(sn, tn) [Proposition 6.20(d)]

(d) The coupling ω11 can be presented by the following graph between states s1 and t1.
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We have that

ω11 · δ1 =
1

2
δ1(s0, w) +

1

2
δ1(u0, t0)

=
1

2
+

1

2
[Proposition 6.20(b) and (e)]

= 1

= δ1(s1, t1) [Proposition 6.20(d)]

Let n > 1. The coupling ω1n can be presented by the following graph between states sn and tn.

sn−1

sn

un−1

tn−1
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We have that

ω1n · δ1 =
1

2
δ1(sn−1, w) +

1

2
δ1(un−1, tn−1)

=
1

2
+

1

2
[Proposition 6.20(b) and (j)]

= 1

= δ1(sn, tn) [Proposition 6.20(d)]
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The next proposition shows that ω0j and ω1j are the only vertex couplings of τ(sj) and τ(tj).

Proposition 6.24. For all 1 ≤ j ≤ n, V (Ω(τ(sj), τ(tj)) = {ω0j , ω1j}.

Proof. Let 1 ≤ j ≤ n. Each coupling ω ∈ V (Ω(τ(sj), τ(tj))) is of the following form for some q ∈ [0, 1
2 ].

sj−1

sj

uj−1

tj−1

tj

w

1
2

1
2

1
2

1
2

q

q

1
2
− q

1
2
− q

According to Proposition 3.5, ω ∈ V (Ω(τ(sj), τ(tj))) if and only if the support graph of ω is acyclic, that is, q is
either 0 or 1

2 . If q = 0 then ω = ω0j and if q = 1
2 then ω = ω1j .

For each n ≥ 1, we introduce a sequence (θni )i of length 2n where each element θni is a bit string of length
n. The 1-maximal algorithm does not start from an arbitrary policy; instead, it begins with a specific initial
policy determined by the first bit string, which indicates the choice of target states for the state pairs (sj , tj) for
1 ≤ j ≤ n. In subsequent iterations, rather than selecting an arbitrary state pair that is not locally optimal, the
algorithm switches the matchings of the target states for a specific pair. As we will see later, only one bit differs
between any two consecutive bit strings. Suppose the current and next strings differ at index j; in this case, the
algorithm selects the pair (sj , tj) to switch its matching. Recall that there are two possible matchings for each
state pair (sj , tj); the algorithm then finds the other matching for (sj , tj) and updates it accordingly. These bit
strings tell the algorithm which target state matchings of the (sj , tj) state pairs to switch.

Definition 6.25. The sequence (θ1i )i is defined by

θ1i =

{
0 if i = 0

1 if i = 1

Let n > 1. The sequence (θni )i is defined by

θni =



0θn−1
i
2

if i mod 4 = 0

1θn−1
i−1
2

if i mod 4 = 1

1θn−1
i
2

if i mod 4 = 2

0θn−1
i−1
2

if i mod 4 = 3

We refer to the above sequence as the reverse ordered Gray code, as it rearranges the standard Gray code
sequence in reverse order (see, for example, [27] for a definition of Gray code). One of the key properties of Gray
code is its single-bit change property, which guarantees that only one bit differs between any two consecutive
strings. Another key property is that the code cycles through all 2n bit strings of length n. The next example
shows the above sequence when n = 3.

Example 6.26. The sequence (θ3i )i is defined as follows.

(θ3i )i =



000

100

110

010

011

111

101

001
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These sequences have specific properties. The following propositions prove some of these properties of (θni )i,
which are used later in this section. First, we show that every bit string in this sequence is unique.

Proposition 6.27. For all n ≥ 1 and 0 ≤ i, j < 2n, if i ̸= j then θni ̸= θnj .

Proof. We prove this proposition by induction on n.

• In the base case, when n = 1, we consider two cases

– If i = 0 and j = 1 then
θ1i = 0 ̸= 1 = θ1j

– If i = 1 and j = 0 then
θ1i = 1 ̸= 0 = θ1j

Hence, θ1i ̸= θ1j .

• In the inductive case, n > 1. By Definition 6.25, we have that

θni =



0θn−1
i
2

if i mod 4 = 0

1θn−1
i−1
2

if i mod 4 = 1

1θn−1
i
2

if i mod 4 = 2

0θn−1
i−1
2

if i mod 4 = 3

and

θnj =



0θn−1
j
2

if j mod 4 = 0

1θn−1
j−1
2

if j mod 4 = 1

1θn−1
j
2

if j mod 4 = 2

0θn−1
j−1
2

if j mod 4 = 3

We consider three cases.

– If θni [n] = θnj [n] = 0 then we distinguish four cases.

* Assume that θni = 0θn−1
i
2

and i mod 4 = 0 and θnj = 0θn−1
j
2

and j mod 4 = 0. Since i ̸= j, we

have i
2 ̸=

j
2 . By the induction hypothesis, θn−1

i
2

̸= θn−1
j
2

and hence we have θni ̸= θnj .

* Assume that θni = 0θn−1
i
2

and i mod 4 = 0 and θnj = 0θn−1
j−1
2

and j mod 4 = 3. Since i ̸= j,

we show that i
2 ̸=

j−1
2 . Towards a contradiction, assume that i

2 = j−1
2 . Then j = i + 1. Since

i mod 4 = 0, we can conclude that j mod 4 = 1 which contradicts j mod 4 = 3. Therefore,
i
2 ̸=

j−1
2 . By the induction hypothesis, θn−1

i
2

̸= θn−1
j−1
2

and therefore we have θni ̸= θnj .

* Assume that θni = 0θn−1
i−1
2

and i mod 4 = 3 and θnj = 0θn−1
j
2

and j mod 4 = 0. This case is
similar to the second case..

* Assume that θni = 0θn−1
i−1
2

and i mod 4 = 3 and θnj = 0θn−1
j−1
2

and j mod 4 = 3. This case is
similar to the first case.

– The case where θni [n] = θnj [n] = 1 is similar to the first case.

– If θni [n] ̸= θnj [n] then θni ̸= θnj .

Hence, θni ̸= θnj .

Next, we show that two consecutive bit strings differ by a single bit.

Proposition 6.28. For all n ≥ 1 and 0 ≤ i < 2n − 1, θni and θni+1 differ by a single bit.

Proof. We prove this proposition by induction on n.
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• In the base case, when n = 1, we have that

θ10 = 0

θ11 = 1

Hence, θ10 and θ11 differ by a single bit.

• In the inductive case, n > 1, we consider four cases.

– If i mod 4 = 0 then

θni = 0θn−1
i
2

θni+1 = 1θn−1
(i+1)−1

2

= 1θn−1
i
2

Hence, θni and θni+1 differ by a single bit.

– If i mod 4 = 1 then

θni = 1θn−1
i−1
2

θni+1 = 1θn−1
i+1
2

By the induction hypothesis, θn−1
i−1
2

and θn−1
i+1
2

differ by a single bit. Hence, θni and θni+1 differ by a
single bit.

– If i mod 4 = 2 then

θni = 1θn−1
i
2

θni+1 = 0θn−1
(i+1)−1

2

= 0θn−1
i
2

Hence, θni and θni+1 differ by a single bit.

– If i mod 4 = 3 then

θni = 0θn−1
i−1
2

θni+1 = 0θn−1
i
2

By the induction hypothesis, θn−1
i−1
2

and θn−1
i
2

differ by a single bit. Hence, θni and θni+1 differ by a
single bit.

The next proposition proves when the parity of a bit string is even.

Proposition 6.29. For all n ≥ 1 and 0 ≤ i < 2n, the parity of θni is even iff i mod 2 = 0.

Proof. We prove this proposition by induction on n.

• In the base case, when n = 1, we have that

θ10 = 0

θ11 = 1

Hence, the parity of θ1i is even iff i mod 2 = 0.

• In the inductive case, n > 1, we consider four cases.

– If i mod 4 = 0 then θni = 0θn−1
i
2

. By the induction hypothesis, θn−1
i
2

has even parity as i
2 mod 2 = 0.

Hence, the parity of θni is even in this case.
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– If i mod 4 = 1 then θni = 1θn−1
i−1
2

. By the induction hypothesis, θn−1
i−1
2

has even parity as i−1
2 mod 2 =

0. Hence, the parity of θni is odd in this case.
– If i mod 4 = 2 then θni = 1θn−1

i
2

. By the induction hypothesis, θn−1
i
2

has odd parity as i
2 mod 2 = 1.

Hence, the parity of θni is even in this case.
– If i mod 4 = 3 then θni = 0θn−1

i−1
2

. By the induction hypothesis, θn−1
i−1
2

has odd parity as i−1
2 mod 2 =

1. Hence, the parity of θni is odd in this case.

For the remainder, θni [j] refers to the j-th bit from right in the string θni , and θni [j...1] refers to the bits from
index j down to index 1 in the bit string θni .

j 1n

[j...1]

θni

The following proposition highlights a structural pattern in consecutive bit strings. Suppose two consecutive
bit strings differ at index j. Then, consider the substring consisting of bits from position j down to position 1 in
each of the two strings. In the previous bit string, this substring is identical to the k-th bit string in the sequence
of all bit strings of length j, for some 0 ≤ k < 2j − 1. In the next bit string, the same substring corresponds to the
(k + 1)-th bit string in that sequence. This relationship is illustrated below, where b ∈ {0, 1}.

j 1n

θjk

bθni

θjk+1

1− bθni+1

Proposition 6.30. For all n ≥ 1 and 0 ≤ i < 2n − 1 and 1 ≤ j ≤ n , if θni [j] ̸= θni+1[j] then θni [j..1] = θjk and
θni+1[j..1] = θjk+1 for some 0 ≤ k < 2j − 1.

Proof. Let n ≥ 1 and 0 ≤ i < 2n − 1 and 1 ≤ j ≤ n . We prove this proposition by induction on n− j.

• In the base case, when j = n, we have that

θni [n..1] = θni

θni+1[n..1] = θni+1

In this case k = i.

• In the inductive case, 1 ≤ j < n. By Definition 6.25, we have that

θni =



0θn−1
i
2

if i mod 4 = 0

1θn−1
i−1
2

if i mod 4 = 1

1θn−1
i
2

if i mod 4 = 2

0θn−1
i−1
2

if i mod 4 = 3
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and

θni+1 =



1θn−1
i
2

if i mod 4 = 0

1θn−1
i+1
2

if i mod 4 = 1

0θn−1
i
2

if i mod 4 = 2

0θn−1
i+1
2

if i mod 4 = 3

Since θni [j] ̸= θni+1[j] and 1 ≤ j < n, we are left with the following cases.

θni =

1θn−1
i−1
2

if i mod 4 = 1

0θn−1
i−1
2

if i mod 4 = 3

and

θni+1 =

1θn−1
i+1
2

if i mod 4 = 1

0θn−1
i+1
2

if i mod 4 = 3

We consider the case that i mod 4 = 3. Since θni [j] ̸= θni+1[j] we have that θn−1
i−1
2

[j] ̸= θn−1
i+1
2

[j]. Therefore,

by the induction hypothesis, θn−1
i−1
2

[j...1] = θjl and θn−1
i+1
2

[j...1] = θjl+1 for some 0 ≤ l < 2j − 1. Hence,

θni [j...1] = (0θn−1
i−1
2

)[j...1]

= θn−1
i−1
2

[j...1] [j < n]

= θjl

and

θni+1[j...1] = (0θn−1
i+1
2

)[j...1]

= θn−1
i+1
2

[j...1] [j < n]

= θjl+1

The other case, where i mod 4 = 1 and θni [j...1] = (1θn−1
i−1
2

)[j...1] and θni+1[j...1] = (1θn−1
i+1
2

)[j...1], can be
proved similarly.

The following proposition proves that if two consecutive bit strings differ at index j, then the prior one has
even parity from index 1 to j, while the next one has odd parity from index 1 to j.

Proposition 6.31. For all n ≥ 1 and 0 ≤ i < 2n − 1 and 1 ≤ j ≤ n , if θni [j] ̸= θni+1[j] then θni [j..1] has even
parity and θni+1[j..1] has odd parity.

Proof. Let n ≥ 1 and 0 ≤ i < 2n − 1 and 1 ≤ j ≤ n . Assume that θni [j] ̸= θni+1[j]. By Proposition 6.30, for
some 0 ≤ k < 2j − 1 we have that

θni [j...1] = θjk

θni+1[j...1] = θjk+1

By Definition 6.25, we have that

θjk =



0θj−1
k
2

if k mod 4 = 0

1θj−1
k−1
2

if k mod 4 = 1

1θj−1
k
2

if k mod 4 = 2

0θj−1
k−1
2

if k mod 4 = 3
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and

θjk+1 =



1θj−1
k
2

if k mod 4 = 0

1θj−1
k+1
2

if k mod 4 = 1

0θj−1
k
2

if k mod 4 = 2

0θj−1
k+1
2

if k mod 4 = 3

We distinguish two cases.

• Assume that θni [j] = θjk[j] = 0 and θni+1[j] = θjk+1[j] = 1. Then we can conclude that θjk = 0θj−1
k
2

, θjk+1 =

1θj−1
k
2

, and k mod 4 = 0. Because k mod 4 = 0, we have that k
2 mod 2 = 0 and, by Proposition 6.29, we

know that θj−1
k
2

has even parity. Therefore, θjk has even parity and θjk+1 has odd parity. Hence, θni [j..1] has

even parity and θni+1[j..1] has odd parity as shown below.

j 1n

even parity0θni

odd parity1θni+1

• Assume that θni [j] = θjk[j] = 1 and θni+1[j] = θjk+1[j] = 0. Then we can conclude that θjk = 1θj−1
k
2

, θjk+1 =

0θj−1
k
2

, and k mod 4 = 2. Because k mod 4 = 2, we have that k
2 mod 2 = 1 and, by Proposition 6.29, we

know that θj−1
k
2

has odd parity. Therefore, θjk has even parity and θjk+1 has odd parity. Hence, θni [j..1] has

even parity and θni+1[j..1] has odd parity as shown below.

j 1n

even parity1θni

odd parity0θni+1

Finally, the next proposition proves that the rightmost bit of a bit string is equal to 0 if and only if the index of
the bit string lies within the first half of the entire sequence.

Proposition 6.32. For all n ≥ 1 and 0 ≤ i < 2n, θni [1] = 0 if and only if i < 2n−1.

Proof. We prove this proposition by induction on n.

• In the base case, when n = 1, we have that

θ10[1] = 0

θ11[1] = 1

Hence, θ1i [1] = 0 iff i < 1.
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• In the inductive case, n > 1, by Definition 6.25, we have that

θni =



0θn−1
i
2

if i mod 4 = 0

1θn−1
i−1
2

if i mod 4 = 1

1θn−1
i
2

if i mod 4 = 2

0θn−1
i−1
2

if i mod 4 = 3

, which implies that

θni [1] =



θn−1
i
2

[1] if i mod 4 = 0

θn−1
i−1
2

[1] if i mod 4 = 1

θn−1
i
2

[1] if i mod 4 = 2

θn−1
i−1
2

[1] if i mod 4 = 3

We consider two cases.

– Assume that i is even. Then θni [1] = θn−1
i
2

[1] = 0 iff i
2 < 2n−2 by induction. That is, i < 2n−1.

– Assume that i is odd. Then θni [1] = θn−1
i−1
2

[1] = 0 iff i−1
2 < 2n−2 by induction. That is, i− 1< 2n−1.

Since i is odd, this is equivalent to i < 2n−1.

For n ≥ 1 and 0 ≤ i < 2n, each bit string θni defines a policy Pn
i . According to Proposition 3.15, for each

(x, y) ∈ S2
? there exists ωxy ∈ V (Ω(τ(x), τ(y))) such that δ1(x, y) = ωxy · δ1. For the remainder of this section,

we fix such a ωxy for each (x, y) ∈ S2
? .

Definition 6.33. The vertex policy Pn
i is defined by

• Pn
i (u0, t0) = π0

• Pn
i (s0, t0) = ρ0

• For 1 ≤ j ≤ n,

– Pn
i (sj , tj) =

{
ω0j if θni [j] = 0

ω1j if θni [j] = 1

– Pn
i (uj , tj) = πj

• For all other (x, y) ∈ S2
? , Pn

i (x, y) = ωxy .

The diagram below shows the policies defined above, where if a state pair has two matchings for the transitions
of their target states, one is depicted with red arrows and the other with green arrows. If there is only one matching,
it is depicted with black arrows. The dashed square in the diagram represents the remaining matching for the states
(sj , tj) where 1< j < 2n−1.
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s0t0

s1t1

u0t0s0w

u0w

vt0

11

1
2

1
2

1
2

1
2

sjtj

sj−1tj−1

uj−1tj−1

uj−1w

sj−1w

sj−2tn−2

uj−2tn−2

uj−2w

1
2

1
2

1
2

1
2

1
2

1
4

1
4

The next diagram shows all the matchings of the policy when n = 3. The edges of matchings are colored as
mentioned earlier. In this diagram, the actual probabilities are denoted only if the probabilities of the outgoing
transitions of a state pair are not all the same, as is the case for the state pair (u1, t1).

vt0s0t0s1t1s2t2s3t3

u0t0u1t1u2t2 s0ws2w s1w

u0wu1wu2w

1
2

1
4

1
4

1
2

1
4

1
4

The next example shows the diagram of a policy P 3
4 .

Example 6.34. As we saw in the Example 6.26, θ34 = 011. Its corresponding policy is P 3
4 , which is depicted

below.
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vt0s0t0s1t1s2t2s3t3

u0t0u1t1 s0ws1w

u0wu2w

1
2

1
4

1
4

The probabilities and edge colorings follow the conventions introduced earlier.

The next proposition proves that the policies defined above are optimal.

Proposition 6.35. For all n ≥ 1 and 0 ≤ i < 2n, Pn
i is optimal.

Proof. Let n ≥ 1 and 0 ≤ i < 2n and (x, y) ∈ S2
? . We distinguish the following cases.

• If (x, y) = (u0, t0) then

Pn
i (u0, t0) · δ1 = π0 · δ1

= δ1(u0, t0). [Proposition 6.23(b)]

• If (x, y) = (s0, t0) then

Pn
i (s0, t0) · δ1 = ρ0 · δ1

= δ1(s0, t0). [Proposition 6.23(a)]

• If (x, y) = (uj , tj) for some 1 ≤ j ≤ n then

Pn
i (uj , tj) · δ1 = πj · δ1

= δ1(uj , tj). [Proposition 6.23(b)]

• Assume (x, y) = (sj , tj) for some 1 ≤ j ≤ n. We distinguish two cases.

– If θni [j] = 0 then

Pn
i (sj , tj) · δ1 = ω0j · δ1

= δ1(sj , tj) [Proposition 6.23(c)]

– If θni [j] = 1 then

Pn
i (sj , tj) · δ1 = ω1j · δ1

= δ1(sj , tj). [Proposition 6.23(d)]

• For all other (x, y) ∈ S2
? ,

Pn
i (x, y) · δ1 = ωxy · δ1

= δ1(x, y)
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Hence, by Proposition 4.21, Pn
i is an optimal policy.

The next proposition links the policies and the bit strings.

Proposition 6.36. For all n ≥ 1 and 0 ≤ i < 2n − 1 and 1 ≤ j ≤ n, if θni [j] = 0 and θni+1[j] = 1 then

Pn
i+1(s, t) =

{
ω1j if (s, t) = (sj , tj)

Pn
i (s, t) otherwise

Proof. Let n ≥ 1 and 0 ≤ i < 2n − 1 and 1 ≤ j ≤ n. We assume that θni [j] = 0 and θni+1[j] = 1. By
Definition 6.33, Pn

i+1(sj , tj) = ω1j . It remains to show that for all (x, y) ̸= (sj , tj), Pn
i+1(x, y) = Pn

i (x, y). Let
(x, y) ̸= (sj , tj). We distinguish the following cases.

• If (x, y) = (u0, t0) then
Pn
i+1(u0, t0) = π0 = Pn

i (u0, t0).

• If (x, y) = (s0, t0) then
Pn
i+1(s0, t0) = ρ0 = Pn

i (s0, t0).

• If (x, y) = (sk, tk) for some 1 ≤ k ≤ n and k ̸= j then we consider two cases.

– If θni+1[k] = 0 then θni [k] = 0 because θni+1[j] ̸= θni [j] and k ̸= j and θni+1 and θni differ at a single
bit (Proposition 6.28). Therefore,

Pn
i+1(sk, tk) = ω0k = Pn

i (sk, tk).

– The case, where θni+1[k] = 1, can be proved similarly.

• If (x, y) = (uk, tk) for some 1 ≤ k ≤ n then

Pn
i+1(uk, tk) = πk = Pn

i (uk, tk).

• Otherwise
Pn
i+1(x, y) = ωxy = Pn

i (x, y).

The next proposition defines the expected lengths to reach a 1-pair based on the policies Pn
i .

Proposition 6.37. For all n ≥ 1 and 0 ≤ i < 2n,

λ1Pn
i
(s0, t0) = 1

λ1Pn
i
(u0, t0) = 2

and for all j > 0,

λ1Pn
i
(sj , tj) =

{
1 + 1

2λ1Pn
i
(sj−1, tj−1) if θni [j] = 0

1 + 1
2λ1Pn

i
(uj−1, tj−1) if θni [j] = 1

and

λ1Pn
i
(uj , tj) = 1 +

1

4
λ1Pn

i
(sj−1, tj−1) +

1

4
λ1Pn

i
(uj−1, tj−1)

Proof. Let n ≥ 1 and 0 ≤ i < 2n. We have that

λ1Pn
i
(s0, t0) = Λ1Pn

i
(λ1Pn

i
)(s0, t0)

= Pn
i (s0, t0) · (δ1 + λ1Pn

i
)

= ρ0 · (δ1 + λ1Pn
i
)

= δ1(t0, v) + λ1Pn
i
(t0, v)

= 1 + λ1Pn
i
(t0, v) [Proposition 6.20(a)]

= 1 [λ1Pn
i
(t0, v) = Λ1Pn

i
(λ1Pn

i
) = 0 as (t0.v) ∈ S2

1 ]

79



and

λ1Pn
i
(u0, t0) = Λ1Pn

i
(λ1Pn

i
)(u0, t0)

= Pn
i (u0, t0) · (δ1 + λ1Pn

i
)

= π0 · (δ1 + λ1Pn
i
)

= δ1(s0, t0) + λ1Pn
i
(s0, t0)

= 1 + λ1Pn
i
(s0, t0) [Proposition 6.20(d)]

= 2 [λ1Pn
i
(s0, t0) = 1 as shown above]

Let j > 0. We consider two cases.

• If θni [j] = 0 then

λ1Pn
i
(sj , tj)

= Λ1Pn
i
(λ1Pn

i
)(sj , tj)

= Pn
i (sj , tj) · (δ1 + λ1Pn

i
)

= ω0j · (δ1 + λ1Pn
i
)

=
1

2

(
δ1(uj−1, w) + λ1Pn

i
(uj−1, w)

)
+

1

2

(
δ1(sj−1, tj−1) + λ1Pn

i
(sj−1, tj−1)

)
=

1

2

(
1 + λ1Pn

i
(uj−1, w)

)
+

1

2

(
1 + λ1Pn

i
(sj−1, tj−1)

)
[Proposition 6.20(c) and (d)]

=
1

2
+

1

2

(
1 + λ1Pn

i
(sj−1, tj−1)

)
[λ1Pn

i
(uj−1, w) = Λ1Pn

i
(λ1Pn

i
)(uj−1, w) = 0 as (uj−1, w) ∈ S2

1 ]

= 1 +
1

2
λ1Pn

i
(sj−1, tj−1)

• If θni [j] = 1 then

λ1Pn
i
(sj , tj)

= Λ1Pn
i
(λ1Pn

i
)(sj , tj)

= Pn
i (sj , tj) · (δ1 + λ1Pn

i
)

= ω1j · (δ1 + λ1Pn
i
)

=
1

2

(
δ1(sj−1, w) + λ1Pn

i
(sj−1, w)

)
+

1

2

(
δ1(uj−1, tj−1) + λ1Pn

i
(uj−1, tj−1)

)
=

1

2

(
1 + λ1Pn

i
(sj−1, w)

)
+

1

2

(
1 + λ1Pn

i
(uj−1, tj−1)

)
[Proposition 6.20(c) and (d)]

=
1

2
+

1

2

(
1 + λ1Pn

i
(uj−1, tj−1)

)
[λ1Pn

i
(sj−1, w) = Λ1Pn

i
(λ1Pn

i
)(sj−1, w) = 0 as (sj−1, w) ∈ S2

1 ]

= 1 +
1

2
λ1Pn

i
(uj−1, tj−1)
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and

λ1Pn
i
(uj , tj)

= Λ1Pn
i
(λ1Pn

i
)(uj , tj)

= Pn
i (uj , tj) · (δ1 + λ1Pn

i
)

= πj · (δ1 + λ1Pn
i
)

=
1

2

(
δ1(uj−1, w) + λ1Pn

i
(uj−1, w)

)
+

1

4

(
δ1(uj−1, tj−1) + λ1Pn

i
(uj−1, tj−1)

)
+

1

4

(
δ1(sj−1, tj−1) + λ1Pn

i
(sj−1, tj−1)

)
=

1

2

(
1 + λ1Pn

i
(uj−1, w)

)
+

1

4

(
1 + λ1Pn

i
(uj−1, tj−1)

)
+

1

4

(
1 + λ1Pn

i
(sj−1, tj−1)

)
[Proposition 6.20(c) and (d)]

=
1

2
+

1

4

(
1 + λ1Pn

i
(uj−1, tj−1)

)
+

1

4

(
1 + λ1Pn

i
(sj−1, tj−1)

)
[λ1Pn

i
(uj−1, w) = Λ1Pn

i
(λ1Pn

i
)(uj−1, w) = 0 as (uj−1, w) ∈ S2

1 ]

= 1 +
1

4
λ1Pn

i
(uj−1, tj−1) +

1

4
λ1Pn

i
(sj−1, tj−1)

Example 6.38. Since each choice of matching of the target states of state pairs (sj , tj) gives rise to a new policy,
there are 2n policies, {Pn

1 , ..., P
n
2n}, where Pn

i is defined based on the bit string θni , for 1 ≤ i ≤ n.
Consider the state pairs (s3, t3), (s2, t2), and (s1, t1) depicted in the Example 6.19. For each policy of

that LMC, the table below shows the expected length to reach a 1-pair, along with the corresponding bit string.
As observed in the table, when the bit value at index j in the bit string changes, the corresponding value of
Λ1P 3

i
(sj , tj) also changes.

i θ3i Λ1P 3
i
(s3, t3) Λ1P 3

i
(s2, t2) Λ1P 3

i
(s1, t1)

0 000 1.78 1.75 1.5
1 100 1.9 1.75 1.5
2 110 1.9 1.875 1.5
3 010 1.93 1.875 1.5
4 011 1.93 1.875 2
5 111 1.96 1.875 2
6 101 1.96 2 2
7 001 2 2 2

The expected lengths for the state pairs (s3, t3), (s2, t2), and (s1, t1), as shown in the table above, can be
easily verified by the reader. Furthermore, the table shows that it takes 8 iterations to find a 1-maximal optimal
vertex policy.

Consider a bit string θni with corresponding policy Pn
i . The next proposition proves that the difference in the

expected lengths to a 1-pair for this policy, starting from (sj , tj) and (uj , tj), is 1
4i .

Proposition 6.39. For all n ≥ 1 and 0 ≤ i < 2n and 1 ≤ j ≤ n, if θni [j...1] has odd parity then

λ1Pn
i
(sj , tj)− λ1Pn

i
(uj , tj) =

1

4j

otherwise,

λ1Pn
i
(uj , tj)− λ1Pn

i
(sj , tj) =

1

4j

Proof. Let n ≥ 1, 0 ≤ i < 2n and 1 ≤ j ≤ n. We distinguish two cases.

• Assume n = 1. Then j = 1 and i ∈ {0, 1}. We consider two cases.
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– If i = 0 then θ10[1] = 0 has even parity and since

λ1Pn
0
(s1, t1) = 1 +

1

2
λ1Pn

0
(s0, t0) [Proposition 6.37]

= 1 +
1

2
[Proposition 6.37]

=
3

2

and

λ1Pn
0
(u1, t1) = 1 +

1

4
λ1Pn

0
(s0, t0) +

1

4
λ1Pn

0
(u0, t0) [Proposition 6.37]

= 1 +
1

4
+

1

4
λ1Pn

0
(u0, t0) [Proposition 6.37]

= 1 +
1

4
+

1

2
[Proposition 6.37]

=
7

4

we can conclude that

λ1Pn
0
(u1, t1)− λ1Pn

0
(s1, t1) =

7

4
− 3

2

=
1

4

– If i = 1 then θ11[1] = 1 has odd parity and since

λ1Pn
1
(s1, t1) = 1 +

1

2
λ1Pn

1
(u0, t0) [Proposition 6.37]

= 1 + 1 [Proposition 6.37]
= 2

and

λ1Pn
1
(u1, t1) = 1 +

1

4
λ1Pn

1
(s0, t0) +

1

4
λ1Pn

1
(u0, t0) [Proposition 6.37]

= 1 +
1

4
+

1

4
λ1Pn

0
(u0, t0) [Proposition 6.37]

= 1 +
1

4
+

1

2
[Proposition 6.37]

=
7

4

we can conclude that

λ1Pn
1
(s1, t1)− λ1Pn

1
(u1, t1) = 2− 7

4

=
1

4

• Assume n > 1. We prove this case by induction on j. The base case, j = 1, is similar to the n = 1 case. In
the inductive case, j > 1. We consider four cases.
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– If θni [j] = 0 and θni [j...1] has even parity then θni [(j − 1)...1] has also even parity. Furthermore,

λ1Pn
i
(uj , tj)− λ1Pn

i
(sj , tj)

=

(
1 +

1

4
λ1Pn

i
(sj−1, tj−1) +

1

4
λ1Pn

i
(uj−1, tj−1)

)
−
(
1 +

1

2
λ1Pn

i
(sj−1, tj−1)

)
[Proposition 6.37]

=
1

4
λ1Pn

i
(uj−1, tj−1)−

1

4
λ1Pn

i
(sj−1, tj−1)

=
1

4

(
λ1Pn

i
(uj−1, tj−1)− λ1Pn

i
(sj−1, tj−1)

)
=

1

4

(
1

4j−1

)
[induction hypothesis]

=
1

4j

– If θni [j] = 0 and θni [j...1] has odd parity then θni [(j − 1)...1] has also odd parity. Furthermore,

λ1Pn
i
(sj , tj)− λ1Pn

i
(uj , tj)

=

(
1 +

1

2
λ1Pn

i
(sj−1, tj−1)

)
−
(
1 +

1

4
λ1Pn

i
(sj−1, tj−1) +

1

4
λ1Pn

i
(uj−1, tj−1)

)
[Proposition 6.37 ]

=
1

4
λ1Pn

i
(sj−1, tj−1)−

1

4
λ1Pn

i
(uj−1, tj−1)

=
1

4

(
λ1Pn

i
(sj−1, tj−1)− λ1Pn

i
(uj−1, tj−1)

)
=

1

4

(
1

4j−1

)
[induction hypothesis]

=
1

4j

– If θni [j] = 1 and θni [j...1] has odd parity then θni [(j − 1)...1] has even parity. Furthermore,

λ1Pn
i
(uj , tj)− λ1Pn

i
(sj , tj)

=

(
1 +

1

4
λ1Pn

i
(sj−1, tj−1) +

1

4
λ1Pn

i
(uj−1, tj−1)

)
−
(
1 +

1

2
λ1Pn

i
(uj−1, tj−1)

)
[Proposition 6.37]

=
1

4
λ1Pn

i
(sj−1, tj−1)−

1

4
λ1Pn

i
(uj−1, tj−1)

=
1

4

(
λ1Pn

i
(sj−1, tj−1)− λ1Pn

i
(uj−1, tj−1)

)
=

1

4

(
1

4j−1

)
[induction hypothesis]

=
1

4j
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– If θni [j] = 1 and θni [j...1] has even parity then θni [(j − 1)...1] has odd parity. Furthermore,

λ1Pn
i
(sj , tj)− λ1Pn

i
(uj , tj)

=

(
1 +

1

2
λ1Pn

i
(uj−1, tj−1)

)
−
(
1 +

1

4
λ1Pn

i
(sj−1, tj−1) +

1

4
λ1Pn

i
(uj−1, tj−1)

)
[ Proposition 6.37]

=
1

4
λ1Pn

i
(uj−1, tj−1)−

1

4
λ1Pn

i
(sj−1, tj−1)

=
1

4

(
λ1Pn

i
(uj−1, tj−1)− λ1Pn

i
(sj−1, tj−1)

)
=

1

4

(
1

4j−1

)
[induction hypothesis]

=
1

4j

The next proposition shows that if two consecutive bit strings are equal from index 1 to j, the prior bit string’s
policy has the same expected length to reach a 1-pair as the next bit string’s policy, both starting from (sj , tj) or
(uj , tj).

Proposition 6.40. For all n ≥ 1 and 0 ≤ i<2n−1 and 1 ≤ j ≤ n , if θni [j...1] = θni+1[j...1] then λ1Pn
i
(sj , tj) =

λPn
i+1

(sj , tj) and λ1Pn
i
(uj , tj) = λPn

i+1
(uj , tj).

Proof. We prove this proposition by induction on j.

• In the base case, j = 0, we have that

λ1Pn
i
(s0, t0) = 1 = λ1Pn

i+1
(s0, t0) [Proposition 6.37]

λ1Pn
i
(u0, t0) = 2 = λ1Pn

i+1
(u0, t0) [Proposition 6.37]

• In the inductive case, j > 0. We consider two cases.

– If θni [j] = θni+1[j] = 0 then

λ1Pn
i
(sj , tj) = 1 +

1

2
λ1Pn

i
(sj−1, tj−1) [Proposition 6.37]

= 1 +
1

2
λ1Pn

i+1
(sj−1, tj−1) [induction hypothesis]

= λ1Pn
i+1

(sj , tj) [Proposition 6.37]

– If θni [j] = θni+1[j] = 1 then

λ1Pn
i
(sj , tj) = 1 +

1

2
λ1Pn

i
(uj−1, tj−1) [Proposition 6.37]

= 1 +
1

2
λ1Pn

i+1
(uj−1, tj−1) [induction hypothesis]

= λ1Pn
i+1

(sj , tj) [Proposition 6.37]

and

λ1Pn
i
(uj , tj) = 1 +

1

4
λ1Pn

i
(sj−1, tj−1) +

1

4
λ1Pn

i
(uj−1, tj−1) [Proposition 6.37]

= 1 +
1

4
λ1Pn

i+1
(sj−1, tj−1) +

1

4
λ1Pn

i+1
(uj−1, tj−1) [induction hypothesis]

= λ1Pn
i+1

(uj , tj) [Proposition 6.37]
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The next proposition shows that if two consecutive bit strings differ at index j, the prior bit string’s policy has
a shorter expected length to reach a 1-pair than the next bit string’s policy, with both starting from (sj , tj). In
essence, it shows that (sj , tj) is locally non-optimal.

Proposition 6.41. For all n ≥ 1 and 0 ≤ i < 2n − 1 and 1 ≤ j ≤ n , if θni [j] ̸= θni+1[j] then λ1Pn
i
(sj , tj) <

λPn
i+1

(sj , tj).

Proof. Let n ≥ 1 and 0 ≤ i < 2n and 1 ≤ j ≤ n . Assume that θni [j] ̸= θni+1[j]. We consider two cases.

• If j = 1 then, by Proposition 6.32, we have that θni [1] = 0 and θni+1[1] = 1. Hence,

λ1Pn
i
(s1, t1) = 1 +

1

2
λ1Pn

i
(s0, t0) [Proposition 6.37]

= 1 +
1

2
[Proposition 6.37]

=
3

2
< 2

= 1 + 1 [Proposition 6.37]

= 1 +
1

2
λ1Pn

i+1
(u0, t0) [Proposition 6.37]

= λ1Pn
i+1

(s1, t1)

Therefore, λ1Pn
i
(s1, t1)< λ1Pn

i+1
(s1, t1).

• Let 1<j ≤ n. Since θni and θni+1 differ at index j, by Proposition 6.28, we can conclude that θni [(j−1)...1] =
θni+1[(j − 1)...1]. We consider two cases.

– Assume that θni [j] = 0 and θni+1[j] = 1. By Proposition 6.31(b), θni [j..1] has even parity and θni+1[j..1]
has odd parity. Hence, θni [(j − 1)...1] and θni+1[(j − 1)...1] have even parity.

j 1n

even parity0θni

even parity1θni+1

Furthermore,

λ1Pn
i
(sj , tj) = 1 +

1

2
λ1Pn

i
(sj−1, tj−1) [Proposition 6.37]

= 1 +
1

2
λ1Pn

i+1
(sj−1, tj−1) [Proposition 6.40]

< 1 +
1

2
λ1Pn

i+1
(uj−1, tj−1) [Proposition 6.39]

= λ1Pn
i+1

(sj , tj) [Proposition 6.37]

– Assume that θni [j] = 1 and θni+1[j] = 0. By Proposition 6.31(a), θni [j..1] has even parity and θni+1[j..1]
has odd parity. Hence, θni [(j − 1)...1] and θni+1[(j − 1)...1] have odd parity.
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j 1n

odd parity1θni

odd parity0θni+1

Furthermore,

λ1Pn
i
(sj , tj) = 1 +

1

2
λ1Pn

i
(uj−1, tj−1) [Proposition 6.37]

< 1 +
1

2
λ1Pn

i
(sj−1, tj−1) [Proposition 6.39]

= 1 +
1

2
λ1Pn

i+1
(sj−1, tj−1) [Proposition 6.40]

= λ1Pn
i+1

(sj , tj) [Proposition 6.37]

Algorithm 1 1-maximal optimal vertex policy

1: i← 0
2: P ← an optimal vertex policy
3: compute λ1P

4: while ∃(s, t) ∈ S2
? : Λ1(λ1P )(s, t)> λ1P (s, t) do

5: π ← argmax
ω∈V (Ω(τ(s),τ(t)))∧δ1(s,t)=ω·δ1

ω · (δ1 + λ1P )

6: P (s, t)← π
7: compute λ1P

8: i← i+ 1
9: end while

Next, we show that there exists an execution of the above policy iteration algorithm which takes Ω(2n) itera-
tions to find a 1-maximal optimal vertex policy.

Theorem 6.42. For each n ≥ 0, there exists an execution of the algorithm for Cn such that for all 0 ≤ i < 2n at
the start of the (i+ 1)-th iteration of the loop, P = Pn

i .

Proof. Consider the LMC Cn defined in Definition 6.18. We prove this theorem by induction on i.

• In the base case, i = 0. In line 2, we can choose Pn
0 and, by Proposition 6.35, we have that the vertex policy

Pn
0 is optimal. Hence, there exists an execution of the algorithm for Cn such that at the start of the first

iteration of the loop, P = Pn
0 .

• In the inductive case, i > 0, by the induction hypothesis, there exists an execution of the algorithm for
Cn such that at the start of the i-th iteration of the loop, P = Pn

i−1. We extend the execution by first
choosing (sj , tj) such that θni−1[j] ̸= θni [j] for (s, t) in line 4. By Proposition 6.28, we know that there
always exists such a j. To show that this choice causes the execution to enter the loop, we need to prove
that Λ1(λ1Pn

i−1
)(sj , tj)> λ1Pn

i−1
(sj , tj). We distinguish two cases.

– Assume that θni−1[j] = 0. Then θni [j] = 1 and, hence, Pn
i−1(sj , tj) = ω0j and Pn

i (sj , tj) = ω1j .
Since θni−1[j] ̸= θni [j], we can conclude from Proposition 6.28 that

θni−1[(j − 1)...1] = θni [(j − 1)...1]. (6.2)
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Furthermore,

ω0j · (δ1 + λ1Pn
i−1

)

= Pn
i−1(sj , tj) · (δ1 + λ1Pn

i−1
) (6.3)

= Λ1Pn
i−1

(λ1Pn
i−1

)(sj , tj)

= λ1Pn
i−1

(sj , tj)

< λ1Pn
i
(sj , tj) [θni−1[j] ̸= θni [j] and Proposition 6.41]

= Λ1Pn
i
(λ1Pn

i
)(sj , tj)

= Pn
i (sj , tj) · (δ1 + λ1Pn

i
)

= ω1j · (δ1 + λ1Pn
i
)

=
∑

(u,v)∈D1

ω1j(u, v)(δ1(u, v) + λ1Pn
i
(u, v))

= ω1j(sj−1, w)(δ1(sj−1, w) + λ1Pn
i
(sj−1, w))+ (6.4)

ω1j(uj−1, tj−1)(δ1(uj−1, tj−1) + λ1Pn
i
(uj−1, tj−1))

= ω1j(sj−1, w)(1 + λ1Pn
i
(sj−1, w)) + ω1j(uj−1, tj−1)(1 + λ1Pn

i
(uj−1, tj−1))

[Proposition 6.20(b) and (d)]

= 1 +
1

2
λ1Pn

i
(uj−1, tj−1)

[λ1Pn
i
(sj−1, w) = Λ1Pn

i
(λ1Pn

i
)(sj−1, w) = 0 as (sj−1, w) ∈ S2

1 ]

= 1 +
1

2
λ1Pn

i−1
(uj−1, tj−1) [Proposition 6.40 and (6.2)]

= ω1j(sj−1, w)(1 + λ1Pn
i−1

(sj−1, w)) + ω1j(uj−1, tj−1)(1 + λ1Pn
i−1

(uj−1, tj−1))

[λ1Pn
i−1

(sj−1, w) = Λ1Pn
i−1

(λ1Pn
i−1

)(sj−1, w) = 0 as (sj−1, w) ∈ S2
1 ]

= ω1j(sj−1, w)(δ1(sj−1, w) + λ1Pn
i−1

(sj−1, w))+

ω1j(uj−1, tj−1)(δ1(uj−1, tj−1) + λ1Pn
i−1

(uj−1, tj−1))

[Proposition 6.20(b) and (d)] (6.5)

=
∑

(u,v)∈D1

ω1j(u, v)(δ1 + λ1Pn
i−1

(u, v))

= ω1j · (δ1 + λ1Pn
i−1

).

In addition,

Λ1(λ1Pn
i−1

)(sj , tj)

= max
ω∈V (Ω(τ(sj),τ(tj)))∧δ1(sj ,tj)=ω·δ1

ω · (δ1 + λ1Pn
i−1

) (6.6)

= max
ω∈{ω0j ,ω1j}

ω · (δ1 + λ1Pn
i−1

) [Proposition 6.23(c) and (d) and 6.24] (6.7)

= max {ω0j · (δ1 + λ1Pn
i−1

), ω1j · (δ1 + λ1Pn
i−1

)}
= ω1j · (δ1 + λ1Pn

i−1
) [(6.4)]

Since

Λ1(λ1Pn
i−1

)(sj , tj) = ω1j · (δ1 + λ1Pn
i−1

) [(6.7)]

> ω0j · (δ1 + λ1Pn
i−1

) [(6.4)]

= Pn
i−1(sj , tj) · (δ1 + λ1Pn

i−1
)

= Λ1Pn
i−1

(λ1Pn
i−1

)(sj , tj)

= λ1Pn
i−1

(sj , tj)
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the condition in line 4 is satisfied. Because, by Proposition 6.23(c) and (d) and 6.24,

argmax
ω∈V (Ω(τ(s),τ(t)))∧δ1(s,t)=ω·δ1

ω · (δ1 + λ1Pn
i−1

) = argmax
ω∈{ω0j ,ω1j}

ω · (δ1 + λ1Pn
i−1

)

and, by (6.4),
argmax

ω∈{ω0j ,ω1j}
ω · (δ1 + λ1Pn

i−1
) = {ω1j},

we assign ω1j to π in line 5. Line 6 amounts to Pn
i−1(sj , tj) ← ω1j . Hence, by Proposition 6.36, we

obtain Pn
i . Therefore, at the end of the loop we have P = Pn

i .

– The other case, where θni−1[j] = 1, can be proved similarly.

Corollary 6.43. For each n ∈ N, there exists an LMC of size O(n) such that Algorithm 1 takes Ω(2n) iterations.

6.2 1-Conflict free

As we mentioned earlier, Vlasman introduced the concept of label conflict free policies in [58]. We refer to them
as 1-conflict free policies. Roughly speaking, a policy has a 1-conflict if it matches two transitions whose target
states have different labels, even though an alternative matching exists where the target states have the same label.
Vlasman also showed that these conflicts can be removed by modifying the policy. Next, we will show that a
1-maximal optimal policy has no 1-conflicts.

In [58, Definition 4.1.1], Vlasman introduces the following notion.

Definition 6.44.

• Let (w, x), (y, z) ∈ S2
1 . Then (w, x) and (y, z) are in 1-conflict if (w, z) ̸∈ S2

1 or (x, y) ̸∈ S2
1 .

• Let ω ∈ D(S × S). Then ω is 1-conflict free if for all (w, x), (y, z) ∈ support(ω) ∩ S2
1 , (w, x) and (y, z)

are not in 1-conflict.

• Let P ∈ P . Then P is 1-conflict free if for all (s, t) ∈ S2
? , P (s, t) is 1-conflict free.

As shown by Vlasman [58, Theorem 4.1.1], these conflicts can be removed by modifying the policy, as illus-
trated next. Consider the left coupling P (s, t) with ϵ = P (s, t)(w, x), where (w, x) and (y, z) are in 1-conflict.
The right coupling, on the other hand, represents the modification of P (s, t) that eliminates the 1-conflict.

y, xw, z

s, t

w, x y, z

ϵ

y, xw, z

s, t

w, x y, z

+ϵ+ϵ −ϵ

The next proposition explains how to modify the matchings of the target states for a state pair (s, t) that has a
1-conflict, in order to make the state pair 1-conflict free. It also establishes properties related to the distances of
these target states for the state pair (s, t).

Proposition 6.45. Let P ∈ Popt, (s, t) ∈ S2
? , and ω = P (s, t). Assume that w, x, y, z ∈ S with w ̸= y and

x ̸= z.

w

s

y

x

t

z

ω(w, x)

ω(y, z)

ω(y, x)

ω(w, z)
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(a) If ω(y, z) ≥ ω(w, x) then for π defined by

π(u, v) =



0 if (u, v) = (w, x)

ω(w, z) + ω(w, x) if (u, v) = (w, z)

ω(y, x) + ω(w, x) if (u, v) = (y, x)

ω(y, z)− ω(w, x) if (v, v) = (y, z)

ω(u, v) otherwise

we have that π ∈ Ω(τ(s), τ(t)).

w

s

y

x

t

z
π(y, z)

π(y, x)

π(w, z)

(b) If furthermore δ1(w, z) + δ1(y, x) ≤ δ1(w, x) + δ1(y, z) then for Q defined by

Q(u, v) =

{
π if (u, v) = (s, t)

P (u, v) otherwise

we have that Q ∈ Popt and

(c) if ω(w, x)> 0 then δ1(w, z) + δ1(y, x) = δ1(w, x) + δ1(y, z).

Proof. Let P ∈ Popt, (s, t) ∈ S2
? , and ω = P (s, t). Assume that w, x, y, z ∈ S with w ̸= y and x ̸= z.

(a) Assume that ω(y, z) ≥ ω(w, x). To conclude that π ∈ Ω(τ(s), τ(t)), we first prove that for all u ∈ S,
π(u, S) = τ(s)(u). Let u ∈ S. We distinguish three cases.

– If u = w then

π(w,S) = π(w, x) + π(w, z) +
∑

v∈S\{x,z}

π(w, v)

= 0 + (ω(w, z) + ω(w, x)) +
∑

v∈S\{x,z}

ω(w, v)

=
∑
v∈S

ω(w, v)

= ω(w,S)

= τ(s)(w) [ω ∈ Ω(τ(s), τ(t))]

– If u = y then

π(y, S) = π(y, x) + π(y, z) +
∑

v∈S\{x,z}

π(y, v)

= (ω(y, x) + ω(w, x)) + (ω(y, z)− ω(w, x)) +
∑

v∈S\{x,z}

ω(y, v)

= ω(y, x) + ω(y, z) +
∑

v∈S\{x,z}

ω(y, v)

=
∑
v∈S

ω(y, v)

= ω(y, S)

= τ(s)(y) [ω ∈ Ω(τ(s), τ(t))]
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– If u ̸= w and u ̸= y then

π(u, S) =
∑
v∈S

π(u, v)

=
∑
v∈S

ω(u, v)

= ω(u, S)

= τ(s)(u) [ω ∈ Ω(τ(s), τ(t))]

Second,we prove that for all v ∈ S, π(S, v) = τ(t)(v). Let v ∈ S. We distinguish three cases.

– If v = x then

π(S, x) = π(w, x) + π(y, x) +
∑

u∈S\{w,y}

π(u, x)

= 0 + (ω(y, x) + ω(w, x)) +
∑

u∈S\{w,y}

ω(u, x)

=
∑
u∈S

ω(u, x)

= ω(S, x)

= τ(t)(x) [ω ∈ Ω(τ(s), τ(t))]

– If v = z then

π(S, z) = π(w, z) + π(y, z) +
∑

u∈S\{w,y}

π(u, z)

= (ω(w, z) + ω(w, x)) + (ω(y, z)− ω(w, x)) +
∑

u∈S\{w,y}

ω(u, z)

= ω(w, z) + ω(y, z) +
∑

u∈S\{w,y}

ω(u, z)

=
∑
u∈S

ω(u, z)

= ω(S, z)

= τ(t)(z) [ω ∈ Ω(τ(s), τ(t))]

– If v ̸= x and v ̸= z then

π(S, v) =
∑
u∈S

π(u, v)

=
∑
u∈S

ω(u, v)

= ω(S, v)

= τ(t)(v) [ω ∈ Ω(τ(s), τ(t))]

(b) From (a) we can conclude that Q ∈ P . Assume that

δ1(w, z) + δ1(y, x) ≤ δ1(w, x) + δ1(y, z) (6.8)

Since P is optimal, we have that δ1P = δ1. To prove that Q is an optimal policy, by Theorem 4.6 it
suffices to show that δ1Q ⊑ δ1P . Since δ1Q is the least fixed point of ∆1Q, and by Theorem 2.7(a), we
can conclude that δ1Q is also the least pre-fixed point of ∆1Q. Therefore, to prove δ1Q ⊑ δ1P , it suffices
to show that δ1P is a pre-fixed point of ∆1Q, that is, ∆1Q(δ1P ) ⊑ δ1P . To prove that for all u, v ∈ S,
∆1Q(δ1P )(u, v) ≤ δ1P (u, v), we consider the following cases.
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– If (u, v) ∈ S2
0 then

∆1Q(δ1P )(u, v) = 0 = ∆1P (δ1P )(u, v) = δ1P (u, v).

– If (u, v) ∈ S2
1 then

∆1Q(δ1P )(u, v) = 1 = ∆1P (δ1P )(u, v) = δ1P (u, v).

– Let (u, v) ∈ S2
? . We distinguish two cases.

* If (u, v) ̸= (s, t) then

∆1Q(δ1P )(u, v) = Q(u, v) · δ1P
= P (u, v) · δ1P
= ∆1P (δ1P )(u, v)

= δ1P (u, v).

* Assume (u, v) = (s, t). We observe that π behaves differently from ω for (w, x), (w, z), (y, x),
and (y, z). Since

(ω − π) · δ1P
= (ω(w, x)− π(w, x)) δ1P (w, x) + (ω(w, z)− π(w, z)) δ1P (w, z)

+ (ω(y, x)− π(y, x)) δ1P (y, x) + (ω(y, z)− π(y, z)) δ1P (y, z)

= (ω(w, x)− 0) δ1P (w, x) + (ω(w, z)− (ω(w, z) + ω(w, x))) δ1P (w, z)

+ (ω(y, x)− (ω(y, x) + ω(w, x))) δ1P (y, x)

+ (ω(y, z)− (ω(y, z)− ω(w, x))) δ1P (y, z)

= ω(w, x) δ1P (w, x)− ω(w, x) δ1P (w, z)− ω(w, x) δ1P (y, x)

+ ω(w, x) δ1P (y, z)

= ω(w, x) (δ1P (w, x)− δ1P (w, z)− δ1P (y, x) + δ1P (y, z))

= ω(w, x) (δ1(w, x)− δ1(w, z)− δ1(y, x) + δ1(y, z))

[P is optimal and, hence, δ1P = δ1]

≥ 0 [(6.8)]

we have that

∆1Q(δ1P )(s, t) = Q(s, t) · δ1P
= π · δ1P
≤ ω · δ1P
= P (s, t) · δ1P
= ∆1P (δ1P )(s, t)

= δ1P (s, t).

Hence, Q is an optimal policy.

(c) Assume that ω(w, x)> 0. Because

ω(w, x) (δ1(w, x)− δ1(w, z)− δ1(y, x) + δ1(y, z))

= (ω − π) · δ1 [see above]
= ω · δ1P − π · δ1Q [P and Q are optimal]
= P (s, t) · δ1P −Q(s, t) · δ1Q
= ∆1P (δ1P )(s, t)−∆1Q(δ1Q)(s, t)

= δ1P (s, t)− δ1Q(s, t)

= δ1(s, t)− δ1(s, t) [P and Q are optimal]
= 0

we can conclude that δ1(w, z) + δ1(y, x) = δ1(w, x) + δ1(y, z).
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The following proposition shows that a 1-maximal optimal policy has no 1-conflicts.

Proposition 6.46. For all P ∈ Popt, if P is 1-maximal then it is 1-conflict free.

Proof. Let P ∈ Popt. We prove the contrapositive, that is, if P has a 1-conflict then it is not 1-maximal. This is
shown by constructing Q ∈ Popt with λ1P ⊏ λ1Q and, hence, P is not 1-maximal.

Assume that P has a 1-conflict. Hence, there exists (s, t) ∈ S2
? such that P (s, t) has a 1-conflict. This implies

that there exists (w, x), (y, z) ∈ support(P (s, t)) ∩ S2
1 such that (w, x) and (y, z) are in 1-conflict. Therefore,

either (w, z) ̸∈ S2
1 or (x, y) ̸∈ S2

1 . Without loss of generality, assume (w, z) ̸∈ S2
1 . Since ℓ(w) ̸= ℓ(x) and

ℓ(y) ̸= ℓ(z) and ℓ(w) = ℓ(z), we can conclude that ℓ(w) ̸= ℓ(y) and ℓ(x) ̸= ℓ(z) and, hence, w ̸= y and x ̸= z.
We will need this later in the proof to apply Proposition 6.45. Let ω = P (s, t).

w

s

y

x

t

z

ω(w, x)

ω(y, z)

Without loss of generality, assume ω(y, z) ≥ ω(w, x). Since (w, x) ∈ support(ω), we have that ω(w, x)> 0
and, therefore, we can conclude from Proposition 6.45(c) that δ1(w, z) + δ1(y, x) = δ1(w, x) + δ1(y, z). Let Q
be the optimal policy defined as in Proposition 6.45. It remains to show that λ1P ⊏ λ1Q. Therefore, we prove
that λ1P ⊑ λ1Q and λ1P ̸= λ1Q. Since λ1P is the least pre-fixed point of Λ1P , it suffices to show that λ1Q

is a pre-fixed point of Λ1P , that is, Λ1P (λ1Q) ⊑ λ1Q. Therefore, it suffices to show that for all (u, v) ∈ D1,
Λ1P (λ1Q)(u, v) ≤ λ1Q(u, v). We distinguish two cases.

• If (u, v) ∈ S2
1 then

Λ1P (λ1Q)(u, v) = 0 = Λ1Q(λ1Q)(u, v) = λ1Q(u, v).

• Otherwise, we have that (u, v) ∈ D1 \ S2
1 . We distinguish two cases.

– If (u, v) ̸= (s, t) then

Λ1P (λ1Q)(u, v) = P (u, v) · (δ1 + λ1Q)

= Q(u, v) · (δ1 + λ1Q)

= Λ1Q(λ1Q)(u, v)

= λ1Q(u, v).

– Assume that (u, v) = (s, t). Since, by Proposition 6.45(c), δ1(w, z) + δ1(y, x) = δ1(w, x) + δ1(y, z)
and (w, x), (y, z) ∈ S2

1 and, therefore, δ1(w, x) = 1 and δ1(y, z) = 1, we can conclude that
δ1(w, z) = 1 and δ1(y, x) = 1.
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Note that π behaves differently from ω for X = {(w, z), (y, x), (y, z), (w, x)}. We have that

π(w, z) (δ1(w, z) + λ1Q(w, z)) + π(y, x) (δ1(y, x) + λ1Q(y, x))

+ π(y, z) (δ1(y, z) + λ1Q(y, z)) + π(w, x) (δ1(w, x) + λ1Q(w, x))

=π(w, z) (δ1(w, z) + λ1Q(w, z)) + π(y, x) (δ1(y, x) + λ1Q(y, x)) + π(y, z) + π(w, x)

[(w, x), (y, z) ∈ S2
1 ]

=π(w, z) (1 + λ1Q(w, z)) + π(y, x) (1 + λ1Q(y, x)) + π(y, z) + π(w, x)

[δ1(w, z) = 1 and δ1(y, x) = 1]

=(ω(w, z) + ω(w, x)) (1 + λ1Q(w, z)) + (ω(y, x) + ω(w, x)) (1 + λ1Q(y, x))+

(ω(y, z)− ω(w, x)) + 0

=ω(w, z) (1 + λ1Q(w, z)) + ω(y, x) (1 + λ1Q(y, x)) + ω(y, z)+

ω(w, x) (1 + λ1Q(w, z) + 1 + λ1Q(y, x)− 1)

>ω(w, z) (1 + λ1Q(w, z)) + ω(y, x) (1 + λ1Q(y, x)) + ω(y, z) + ω(w, x)

[λ1Q(w, z)> 0 since (w, z) ̸∈ S2
1 ]

=ω(w, z) (δ1(w, z) + λ1Q(w, z)) + ω(y, x) (δ1(y, x) + λ1Q(y, x)) + ω(y, z) + ω(w, x)

[δ1(w, z) = 1 and δ1(y, x) = 1]

=ω(w, z) (δ1(w, z) + λ1Q(w, z)) + ω(y, x) (δ1(y, x) + λ1Q(y, x))

+ω(y, z) (δ1(y, z) + λ1Q(y, z)) + ω(w, x) (δ1(w, x) + λ1Q(w, x))

[(y, z), (w, x) ∈ S2
1 ]

From the above we can deduce that∑
(u,v)∈X

ω(u, v) (δ1(u, v) + λ1Q(u, v))<
∑

(u,v)∈X

π(u, v) (δ1(u, v) + λ1Q(u, v)) (6.9)

Moreover, we have that

Λ1P (λ1Q)(s, t)

= P (s, t) · (δ1 + λ1Q)

=
∑

(u,v)∈X

P (s, t)(u, v) (δ1(u, v) + λ1Q(u, v))

+
∑

(u,v)∈D1\X

P (s, t)(u, v) (δ1(u, v) + λ1Q(u, v))

=
∑

(u,v)∈X

ω(u, v) (δ1(u, v) + λ1Q(u, v)) +
∑

(u,v)∈D1\X

ω(u, v) (δ1(u, v) + λ1Q(u, v))

<
∑

(u,v)∈X

π(u, v) (δ1(u, v) + λ1Q(u, v)) +
∑

(u,v)∈D1\X

π(u, v) (δ1(u, v) + λ1Q(u, v))

[(6.8)]

=
∑

(u,v)∈X

Q(s, t)(u, v) (δ1(u, v) + λ1Q(u, v))

+
∑

(u,v)∈D1\X

Q(s, t)(u, v) (δ1(u, v) + λ1Q(u, v))

= Q(s, t) · (δ1 + λ1Q)

= Λ1Q(λ1Q)(s, t)

= λ1Q(s, t). (6.10)
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Since

λ1P (s, t) = Λ1P (λ1P )(s, t)

≤ Λ1P (λ1Q)(s, t) [λ1P ⊑ λ1Q and Λ1P is monotone (Proposition 5.3)]
< λ1Q(s, t) [(6.9)]

we can conclude that λ1P ̸= λ1Q.

As we have shown in the proof of Proposition 6.45, we can remove 1-conflicts. As we will illustrate in the
next example, this specific way of removing 1-conflicts may not maintain that a policy is a vertex policy.

Example 6.47. Consider the following LMC.
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Figure 6.3: An LMC

We leave it to the reader to verify that all states are at a distance one of each other. Consider a vertex policy
P with P (s, t) depicted as follows.
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Note that (v, y) and (w, z) are in 1-conflict. Then Q(s, t) as constructed in the proof of Proposition 6.46 is
represented as follows.
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Since the support graph of Q(s, t) contains a cycle, by Proposition 3.5 we can conclude that Q(s, t) ̸∈ V (Ω(τ(s), τ(t)))
and, hence, Q is not a vertex policy.

In this chapter, we developed an algorithm (Algorithm 1) that, starting from an optimal vertex policy, computes
a 1-maximal optimal vertex policy. Additionally, we proved an exponential lower bound for this algorithm. Fi-
nally, we proved that a 1-maximal optimal policy avoids any 1-conflicts. In the following chapter, we will develop
an algorithm that, starting from a 1-maximal optimal vertex policy, computes a 0-minimal 1-maximal optimal
vertex policy.
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7 0-Minimal Policies

As we mentioned earlier, among all the optimal 1-maximal policies, we are also interested in expected lengths
that reach 0-pairs. We refer to an optimal 1-maximal policy that minimizes the expected length to a 0-pair as
a 0-minimal policy. In this chapter, we will demonstrate that a policy that minimizes the expected length to
0-pairs is simpler and more desirable. We will begin by formulating the 0-minimal policies and presenting an
algorithm that, starting from a 1-maximal optimal vertex policy computed using the algorithm from the previous
chapter, computes a 0-minimal 1-maximal optimal vertex policy. Additionally, we will prove the correctness and
termination of this algorithm.
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Figure 7.1: An LMC
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Figure 7.2: Three optimal policies for states 0 and 1 in the LMC depicted in Figure 7.1: one vertex 1-maximal
policy, and two vertex 1-maximal 0-minimal policies

For example, consider the policies depicted in Figure 7.2. All of the policies are optimal, as each reaches
1-pairs with a probability of 1

2 , which represents the distance between states 0 and 1. They are also 1-maximal as
the expected length to 1-pairs is 2.5. However, The expected length to 0-pairs in the left policy is 1 and 0.5 in the
right policy. As illustrated in Figure 7.2, an optimal 1-maximal policy that minimizes the expected length of paths
to 0-pairs is simpler and, hence, more desirable. It also shows that optimal 1-maximal 0-minimal policies are not
unique. This minimal expected length is defined as follows.

Definition 7.1. The function λ0 : D0 → [0,∞) is defined by

λ0(s, t) = inf
P∈Pmax

opt

λ0P (s, t).

A 1-maximal optimal policy that matches that minimal expected length is called 0-minimal.

Definition 7.2. A policy P ∈ Pmax
opt is 0-minimal if λ0P = λ0.

To avoid clutter, we denote the set of optimal 1-maximal couplings {ω ∈ Ω(τ(s), τ(t)) | δ1(s, t) = ω ·
δ1 ∧ λ1(s, t) = ω · (δ1 + λ1) } by Ωmax

opt (τ(s), τ(t)) and the set of optimal 1-maximal vertex couplings {ω ∈
V (Ω(τ(s), τ(t))) | δ1(s, t) = ω · δ1 ∧ λ1(s, t) = ω · (δ1 + λ1)} by V (Ωmax

opt (τ(s), τ(t))).
In the next proposition, we provide an alternative characterization of 0-minimal that we use in several of our

proofs.

Proposition 7.3. For all P ∈ Pmax
opt , P is 0-minimal if and only if λ0(s, t) = P (s, t) · (δ0 + λ0) for all (s, t) ∈

D0 \ S2
0 .

Proof. Let P ∈ Pmax
opt . We prove two implications. Assume that P is 0-minimal. Let (s, t) ∈ D0 \ S2

0 . Then

λ0(s, t) = λ0P (s, t) [P is 0-minimal]
= Λ0P (λ0P )(s, t)

= P (s, t) · (δ0 + λ0P )

= P (s, t) · (δ0 + λ0) [P is 0-minimal]
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To prove the other implication, assume that λ0(s, t) = P (s, t) · (δ0+λ0) for all (s, t) ∈ D0 \S2
0 . Since λ0P is

the unique fixed point of Λ0P (Proposition 5.8), it suffices to show that λ0 is a fixed point of Λ0P . We distinguish
the following cases.

• If (s, t) ∈ S2
0 then

Λ0P (λ0)(s, t) = 0

= inf
Q∈Pmax

opt

Λ0Q(λ0Q)(s, t)

= inf
Q∈Pmax

opt

λ0Q(s, t)

= λ0(s, t)

• If (s, t) ∈ D0 \ S2
0 then

Λ0P (λ0)(s, t) = P (s, t) · (δ0 + λ0)

= λ0(s, t) [by assumption]

The next proposition proves that Λ0P , as defined in Chapter 5, attains its minimum at a vertex.

Proposition 7.4. For all l ∈ D0 → [0,∞) and (s, t) ∈ D0,

inf
ω∈Ωmax

opt (τ(s),τ(t))
ω · (δ0 + l) = min

ω∈V (Ωmax
opt (τ(s),τ(t)))

ω · (δ0 + l).

Proof. Consider the closed convex polytope M and the linear function g : M → [0,∞) introduced in the proof
of Proposition 6.4. Let n = supω∈M g(ω). Then

n = sup
ω∈Ωopt(τ(s),τ(t))

ω · (δ1 + λ1) = Λ̄1(λ1)(s, t) = λ1(s, t). (7.1)

Let N = {ω ∈M | g(ω) = n }. By Proposition 4.23(b), N is a closed convex polytope and

V (N) = V (M) ∩N [Proposition 4.23(b)]
= V (X) ∩M ∩N [Proposition 6.4]

Let l ∈ D0 → [0,∞). Let the function h : N → [0,∞) be defined by

h(ω) = ω · (δ0 + l).

Next, we show that h is linear. Let ω, π ∈ N and q ∈ (0, 1). We have that

h(q ω + (1− q)π) = (q ω + (1− q)π) · (δ0 + l)

= (q ω · (δ0 + l)) + ((1− q)π · (δ0 + l))

= q h(ω) + (1− q)h(π).

Because a linear function on a convex polytope attains its minimum at a vertex, we can conclude that the linear
function h attains its minimum at some ω ∈ V (N) = V (X) ∩ M ∩ N . Since ω ∈ V (N) if and only if
ω ∈ V (Ωmax

opt (τ(s), τ(t))), the desired result follows.

If λ0P is a strict pre-fixed point of Λ0Q for some policies P and Q, then the next proposition shows that λ0Q

is less than λ0P .

Proposition 7.5. For all P , Q ∈ P , if Λ0Q(λ0P ) ⊏ λ0P then λ0Q ⊏ λ0P .
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Proof. Let P , Q ∈ P . We split the proof in two parts. First, we show that if Λ0Q(λ0P ) ⊑ λ0P then λ0Q ⊑ λ0P .
Assume that Λ0Q(λ0P ) ⊑ λ0P . We first show that for all n ∈ N, Λn

0Q(λ0P ) ⊑ λ0P by induction on n. The base
case, n = 0, is trivial. In the inductive case, n > 0, we have that

Λn
0Q(λ0P ) = Λ0Q(Λ

n−1
0Q (λ0P ))

⊑ Λ0Q(λ0P ) [induction hypothesis and Λ0Q is monotone (Proposition 5.3)]
⊑ λ0P . [by assumption]

Because Λn
P0 is contractive (Proposition 5.6) and Λ0P is nonexpansive (Proposition 5.7), we can conclude

from the above and Theorem 2.10(d) that

λ0Q = lim
n∈N

Λn
0Q(λ0P ) ⊑ λ0P .

It remains to show that Λ0Q(λ0P ) ̸= λ0P implies λ0Q ̸= λ0P . We prove the contrapositive, that is, λ0Q = λ0P

implies λ0P = Λ0Q(λ0P ). That is, λ0Q is a fixed point of Λ0Q, which holds by definition.

The following proposition proves that for every 1-maximal optimal policy P , there exists a 1-maximal optimal
vertex policy Q such that λ0Q is less than or equal to λ0P .

Proposition 7.6. For all P ∈ Pmax
opt there exists Q ∈ Vmax

opt such that λ0Q ⊑ λ0P .

Proof. Let P ∈ Pmax
opt . Let (s, t) ∈ S2

? and, by Proposition 7.4, define

Q(s, t) ∈ argmin
ω∈V (Ωmax

opt (τ(s),τ(t)))

ω · (δ0 + λ0P ).

Since P is optimal, by Corollary 5.9, we have that λ0P ∈ D0 → [0,∞). By Proposition 4.21, Q ∈ Vopt. By the
definition of Q(s, t) we have that λ1(s, t) = Q(s, t)·(δ1+λ1) and, hence, by Proposition 6.3 we can conclude that
Q ∈ Vmax

opt . Next, we will show that Λ0Q(λ0P ) ⊑ λ0P , that is, λ0P is a pre-fixed point of Λ0Q. Let (s, t) ∈ D0.
We distinguish the following cases.

• If (s, t) ∈ S2
0 then

Λ0Q(λ0P )(s, t) = 0 = Λ0P (λ0P )(s, t) = λ0P (s, t).

• If (s, t) ∈ D0 \ S2
0 then

Λ0Q(λ0P )(s, t) = Q(s, t) · (δ0 + λ0P )

≤ P (s, t) · (δ0 + λ0P )

= Λ0P (λ0P )(s, t)

= λ0P (s, t).

Since Λ0Q is monotone (Proposition 5.3), Λ0Q has a least fixed point, which is the least pre-fixed point, according
to Theorem 2.7(a). By definition, λ0Q is the least fixed point and, therefore, the least pre-fixed point of Λ0Q. Since
we have shown that λ0P is a pre-fixed point of Λ0Q, we can conclude that λ0Q ⊑ λ0P .

Corollary 7.7. For all (s, t) ∈ D0, λ0(s, t) = minP∈Vmax
opt

λ0P (s, t).

Proof. Let (s, t) ∈ D0. By Definition 7.1 we have that λ0(s, t) = infP∈Pmax
opt

λ0P (s, t). We prove the following
two inequalities.

• Since Vmax
opt ⊆ Pmax

opt , we can conclude that infP∈Pmax
opt

λ0P (s, t) ≤ minQ∈Vmax
opt

λ0P (s, t).

• Towards a contradiction, assume that infP∈Pmax
opt

λ0P (s, t) < minQ∈Vmax
opt

λ0Q(s, t). Then, there exists a
P ∈ Pmax

opt such that λ0P (s, t)<minQ∈Vmax
opt

λ0Q(s, t). Therefore, λ0P (s, t)<λ0Q(s, t) for all Q ∈ Vmax
opt .

This contradicts Proposition 7.6.

Hence, λ0(s, t) = infP∈Pmax
opt

λ0P (s, t) = minP∈Vmax
opt

λ0P (s, t).

Below we present a policy iteration algorithm that computes a 0-minimal 1-maximal optimal vertex policy
from a 1-maximal optimal vertex policy. The following function serves as the foundation for this algorithm.
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Definition 7.8. The function Λ0 : (D0 → [0,∞))→ (D0 → [0,∞)) is defined by

Λ0(l)(s, t) =

{
0 if (s, t) ∈ S2

0

inf
ω∈Ωmax

opt (τ(s),τ(t))
ω · (δ0 + l) otherwise.

In the next proposition, we establish that Λ0 is a monotone function, which allows us to prove that it has a
unique fixed point.

Proposition 7.9. For all k, l ∈ D0 → [0,∞], if k ⊑ l then Λ0(k) ⊑ Λ0(l).

Proof. Let k, l ∈ D0 → [0,∞]. Assume k ⊑ l. Let (s, t) ∈ D0. It suffices to show that Λ0(k)(s, t) ≤ Λ0(l)(s, t).
We distinguish the following cases.

• If (s, t) ∈ S2
0 then

Λ0(k)(s, t) = 0 = Λ0(l)(s, t).

• Otherwise,

Λ0(k)(s, t) = inf
ω∈Ωmax

opt (τ(s),τ(t))
ω · (δ0 + k)

≤ inf
ω∈Ωmax

opt (τ(s),τ(t))
ω · (δ0 + l) [k ⊑ l]

= Λ0(l)(s, t).

Hence, Λ0(k) ⊑ Λ0(l).

The following proposition proves that if you have two couplings ω and π that are 1-maximal and optimal, then
minimizing over ω first and maximizing over π gives the same result as maximizing over π and then minimizing
over ω. In other words, the order of minimizing and maximizing does not matter when optimizing the expression
ω · (δ0 + k) − π · (δ0 + l) for all k, l ∈ D0 → [0,∞). This result is based on the minimax theorem from the
literature [20, Theorem 1(ii)].

Proposition 7.10. For all k, l ∈ D0 → [0,∞) and (s, t) ∈ S2
? ,

min
ω∈Ωmax

opt (τ(s),τ(t))
max

π∈Ωmax
opt (τ(s),τ(t))

ω · (δ0 + k)− π · (δ0 + l)

=

max
π∈Ωmax

opt (τ(s),τ(t))
min

ω∈Ωmax
opt (τ(s),τ(t))

ω · (δ0 + k)− π · (δ0 + l).

Proof. Let k, l ∈ D0 → [0,∞) and (s, t) ∈ S2
? . To prove the equality, we apply a version of the minimax

theorem. To be able to apply that theorem, we need to show that

1. the set Ωmax
opt (τ(s), τ(t)) is convex,

2. the set Ωmax
opt (τ(s), τ(t)) is compact, and

3. the function mapping ω, π ∈ Ωmax
opt (τ(s), τ(t)) to ω · (δ0 + k)− π · (δ0 + l) is bilinear.

It remains to prove the above three properties.

1. This can already be found in the proof of Proposition 7.4.

2. As shown in the proof of Proposition 7.4, the set Ωmax
opt (τ(s), τ(t)) is closed. Since S is a finite set, we can

conclude that S × S → [0, 1] is compact. Because a closed subset of a compact set is compact, we can
conclude that Ωmax

opt (τ(s), τ(t)) is compact.
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3. Let ω, π, ρ ∈ Ωmax
opt (τ(s), τ(t)) and q ∈ (0, 1). Because

(q ω + (1− q) ρ) · (δ0 + k)− π · (δ0 + l)

=q ω · (δ0 + k) + (1− q) ρ · (δ0 + k)− π · (δ0 + l)

=q (ω · (δ0 + k)− π · (δ0 + l)) + (1− q) (ρ · (δ0 + k)− π · (δ0 + l))

and

ω · (δ0 + k)− (q π + (1− q) ρ) · (δ0 + l)

=ω · (δ0 + k)− (q π · (δ0 + l) + (1− q) ρ · (δ0 + l))

=q (ω · (δ0 + k)− π · (δ0 + l)) + (1− q) (ω · (δ0 + k)− ρ · (δ0 + l))

we can conclude that the function is bilinear.

In the next proposition, we establish that Λ0 is a nonexpansive function, which we later use to prove some
properties of symmetric policies.

Proposition 7.11. Λ0 is nonexpansive.

Proof. Let k, l ∈ D0 → [0,∞), and (s, t) ∈ D0. It suffices to show that |Λ0(k)(s, t) − Λ0(l)(s, t)| ≤ ∥k − l∥.
Without loss of generality, assume Λ0(k)(s, t) ≥ Λ0(l)(s, t). We distinguish two cases.

• If (s, t) ∈ S2
0 then we can conclude that

Λ0(k)(s, t)− Λ0(l)(s, t) = 0 ≤ ∥k − l∥.

• If (s, t) ∈ D0 \ S2
0 then we have that

Λ0(k)(s, t)− Λ0(l)(s, t)

= inf
ω∈Ωmax

opt (τ(s),τ(t))
ω · (δ0 + k)− inf

π∈Ωmax
opt (τ(s),τ(t))

π · (δ0 + l)

= min
ω∈Ωmax

opt (τ(s),τ(t))
ω · (δ0 + k)− min

π∈Ωmax
opt (τ(s),τ(t))

π · (δ0 + l) [Proposition 7.4]

= min
ω∈Ωmax

opt (τ(s),τ(t))
max

π∈Ωmax
opt (τ(s),τ(t))

ω · (δ0 + k)− π · (δ0 + l)

= max
π∈Ωmax

opt (τ(s),τ(t))
min

ω∈Ωmax
opt (τ(s),τ(t))

ω · (δ0 + k)− π · (δ0 + l) [Proposition 7.10]

≤ max
π∈Ωmax

opt (τ(s),τ(t))
π · (δ0 + k)− π · (δ0 + l)

= max
π∈Ωmax

opt (τ(s),τ(t))
π · (k − l)

= max
π∈Ωmax

opt (τ(s),τ(t))

∑
(u,v)∈D0

π(u, v) (k(u, v)− l(u, v))

≤ max
π∈Ωmax

opt (τ(s),τ(t))

∑
(u,v)∈D0

π(u, v) ∥k − l∥

= ∥k − l∥.

The next proposition shows the relation between Λ0P and Λ0.

Proposition 7.12. For all l ∈ D0 → [0,∞),

(a) for all P ∈ Pmax
opt , Λ0(l) ⊑ Λ0P (l) and

(b) there exists P ∈ Vmax
opt such that Λ0(l) = Λ0P (l).
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Proof. Let l ∈ D0 → [0,∞).

(a) Let P ∈ Pmax
opt and (s, t) ∈ D0 \ S2

0 . We first show that P (s, t) ∈ Ωmax
opt (τ(s), τ(t)). Since P ∈ Pmax

opt it
follows from Proposition 4.21 that δ1(s, t) = P (s, t) · δ1. Furthermore, by Proposition 6.3, we have that
λ1(s, t) = P (s, t) · (δ1 + λ1). Therefore, can conclude that

P (s, t) ∈ Ωmax
opt (τ(s), τ(t)) (7.2)

Let (s, t) ∈ D0. We distinguish two cases.

– If (s, t) ∈ S2
0 then

Λ0(l)(s, t) = 0 = Λ0P (l)(s, t).

– If (s, t) ∈ D0 \ S2
0 then

Λ0(l)(s, t) = inf
ω∈Ωmax

opt (τ(s),τ(t))
ω · (δ0 + l)

≤ P (s, t) · (δ0 + l) [(7.2)]
= Λ0P (l)(s, t).

(b) Let (s, t) ∈ S2
? and, by Proposition 7.4, define

P (s, t) ∈ argmin
ω∈V (Ωmax

opt (τ(s),τ(t)))

ω · (δ0 + l).

By Proposition 4.21 and 6.3, P ∈ Vmax
opt . Let (s, t) ∈ D0. We distinguish two cases.

– If (s, t) ∈ S2
0 then

Λ0(l)(s, t) = 0 = Λ0P (l)(s, t).

– If (s, t) ∈ D0 \ S2
0 then

Λ0(l)(s, t) = min
ω∈V (Ωmax

opt (τ(s),τ(t)))
ω · (δ0 + l) [Proposition 7.4]

= P (s, t) · (δ0 + l)

= Λ0P (l)(s, t).

The next proposition shows that λ0 is a pre-fixed point of Λ0.

Proposition 7.13. Λ0(λ0) ⊑ λ0.

Proof. Since for all P ∈ Pmax
opt ,

Λ0(λ0) ⊑ Λ0(λ0P ) [λ0 ⊑ λ0P and Λ0 is monotone (Proposition 7.9)]
⊑ Λ0P (λ0P ) [Proposition 6.12(a)]
= λ0P .

we can conclude that Λ0(λ0) ⊑ λ0.

The next proposition shows the link between Λ0 and λ0.

Proposition 7.14. For all l ∈ D0 → [0,∞),

(a) if l ⊑ Λ0(l) then l ⊑ λ0 and

(b) if Λ0(l) ⊑ l then λ0 ⊑ l.

Proof. Let l ∈ D0 → [0,∞).
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(a) Assume that l ⊑ Λ0(l). Let P ∈ Pmax
opt . We show that for all n ∈ N, l ⊑ Λn

0P (Λ0(l)) by induction on n.
The base case, n = 0, follows from the assumption l ⊑ Λ0(l). In the inductive case, when n > 0, we have
that

l ⊑ Λ0(l) [by assumption]
⊑ Λ0P (l) [Proposition 6.12(a)]

⊑ Λ0P (Λ
n−1
0P (Λ0(l))) [induction hypothesis and Λ0P is monotone (Proposition 5.3)]

= Λn
0P (Λ0(l))

Because Λn
P0 is contractive (Proposition 5.6) and Λ0P is nonexpansive (Proposition 5.7), we can conclude

from the above and Theorem 2.10(d) that l ⊑ λ0P . Hence, l ⊑ λ0.

(b) Assume that Λ0(l) ⊑ l. According to Proposition 6.12(b), Λ0(l) = Λ0P (l) for some P ∈ Vmax
opt . Next, we

will show that Λn
0P (l) ⊑ l for all n ∈ N by induction on n. The base case, n = 0, is trivial. In the inductive

case, when n > 0, we have that

Λn
0P (l) = Λ0P (Λ

n−1
0P (l))

⊑ Λ0P (l) [induction hypothesis and Λ0P is monotone (Proposition 5.3)]
= Λ0(l) [Proposition 6.12(b)]
⊑ l [by assumption]

From Proposition 5.7 and Proposition 5.5 and Theorem 2.10(d) we can conclude that

λ0 ⊑ λ0P = lim
n∈N

Λn
0P (l) ⊑ l.

The key ingredient of the correctness proof of our algorithm is the following result.

Theorem 7.15. λ0 is the unique fixed point of Λ0.

Proof. First, we show that λ0 is a fixed point of Λ0. According to Proposition 7.13, we have that Λ0(λ0) ⊑ λ0.
Since Λ0 is monotone (Proposition 7.9), we can conclude that Λ0(Λ0(λ0)) ⊑ Λ0(λ0). From Proposition 7.14(b)
we can deduce that λ0 ⊑ Λ0(λ0). Combined with Proposition 7.13 we get that Λ0(λ0) = λ0, that is, λ0 is a fixed
point of Λ0.

Next, we show λ0 is the unique fixed point of Λ0. Assume that l is a fixed point of Λ0, that is, Λ0(l) = l.
Then l ⊑ Λ0(l) and Λ0(l) ⊑ l. By Proposition 7.14(a) and (b), we have that l ⊑ λ0 and λ0 ⊑ l. Hence, l = λ0.
Therefore, λ0 is the unique fixed point of Λ0.

Our algorithm that computes a 0-minimal 1-maximal vertex policy from a 1-maximal vertex policy (Algo-
rithm 2) is very similar in structure to Algorithm 1. Instead of focusing on 1-pairs, we concentrate on 0-pairs.
Furthermore, we maintain as a loop invariant that P is not only an optimal vertex policy but also that it is 1-
maximal.

Algorithm 2 0-minimal 1-maximal optimal vertex policy

Input: 1-maximal optimal vertex policy P
1: compute λ0P

2: while ∃(s, t) ∈ D0 \ S2
0 : Λ0(λ0P )(s, t)< λ0P (s, t) do

3: π ← argmin
ω∈V (Ω(τ(s),τ(t)))∧δ1(s,t)=ω·δ1∧λ1(s,t)=ω·(δ1+λ1)

ω · (δ0 + λ0P )

4: P (s, t)← π
5: compute λ0P

6: end while

The following proposition proves that the above algorithm terminates.

Proposition 7.16. The algorithm terminates.
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Proof. Towards a contradiction, assume that the algorithm does not terminate. Let us denote the value of the
variable P in the i-th iteration by Pi. Then Pi+1 is defined by

Pi+1(x, y) =

{
π if (x, y) = (s, t)
Pi(x, y) otherwise,

where
π ∈ argmin

ω∈V (Ωmax
opt (τ(s),τ(t)))

ω · (δ0 + λ0Pi).

By Proposition 4.21 and 6.3, Pi+1 ∈ Vmax
opt . Next, we prove that Λ0Pi+1

(λ0Pi
) ⊏ λ0Pi

. Let (x, y) ∈ D0. We
distinguish three cases.

• If (x, y) ∈ S2
0 then

Λ0Pi+1(λ0Pi)(x, y) = 0 = Λ0Pi(λ0Pi)(x, y) = λ0Pi(x, y).

• If (x, y) = (s, t) then

Λ0Pi+1
(λ0Pi

)(s, t) = Pi+1(s, t) · (δ0 + λ0Pi
)

= π · (δ0 + λ0Pi
)

= min
ω∈V (Ωmax

opt (τ(s),τ(t)))
ω · (δ0 + λ0Pi

)

= inf
ω∈Ωmax

opt (τ(s),τ(t))
ω · (δ0 + λ0Pi

) [Proposition 7.4]

= Λ0(λ0Pi
)(s, t)

< λ0Pi
(s, t). [condition of the loop]

• Otherwise,

Λ0Pi+1(λ0Pi)(x, y) = Pi+1(x, y) · (δ0 + λ0Pi)

= Pi(x, y) · (δ0 + λ0Pi)

= Λ0Pi(λ0Pi)(x, y)

= λ0Pi(x, y).

From Proposition 6.5 we can conclude that λ0Pi+1 ⊏ λ0Pi . Since the set Vmax
opt is finite and the algorithm does not

terminate, Pi = Pj for some i < j. This contradicts that λ0Pj ⊏ λ0Pi .

From the above corollary, we know that our algorithm terminates. The following proposition shows that, upon
termination, it computes a 0-minimal 1-maximal vertex optimal policy.

Proposition 7.17. At termination, λ0P = λ0.

Proof. At termination, we have that Λ0(λ0P )(s, t) ≥ λ0P (s, t) for all (s, t) ∈ D0 \ S2
0 . Since for all (s, t) ∈ S2

0 ,

Λ0(λ0P )(s, t) = 0 = Λ0P (λ0P )(s, t) = λ0P (s, t),

we have that Λ0(λ0P ) ⊒ λ0P . By Proposition 6.12(a), Λ0(λ0P ) ⊑ Λ0P (λ0P ) = λ0P . Hence, Λ0(λ0P ) = λ0P ,
that is, λ0P is a fixed point of Λ0. Since λ0 is the unique fixed point of Λ0 (Theorem 6.15), we can deduce that
λ0P = λ0.

In this chapter, we developed an algorithm (Algorithm 2) that, starting from a 1-maximal optimal vertex policy,
computes a 0-minimal 1-maximal optimal vertex policy. Recall the notion of a symmetric policy introduced in the
introduction of this thesis. In the following chapter, we will explore symmetric policies and study their properties.
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8 Symmetric Policies

Since probabilistic bisimilarity distances are symmetric—that is, the distance between s and t is equal to the
distance between t and s for all states s and t—this raises the question of whether the distance between s and t
can be explained in the same way as the distance between t and s. In this chapter, we will address this question by
defining symmetric policies and exploring their properties. We call a policy symmetric if the policy at state pair s
and t is the mirror image of the policy at state pair t and s. To define symmetric policies, we fix a total order ≺
on the set of states in an LMC, which enables us to transform any policy into a symmetric one. To reflect that one
policy is the mirror image of another, we introduce twisted arrows in the graphical representations of policies. As
we will see in the graphical representation of a symmetric policy, we only need to represent the state pairs (s, t)
with s ⪯ t, where an arrow from (s, t) to (u, v) with u ≻ v is depicted as a twisted arrow from (s, t) to (v, u).
Consequently, once we have computed a 0-maximal 1-minimal optimal vertex policy, we can convert it into a
symmetric 0-maximal 1-minimal optimal vertex policy. Symmetric policies, in general, are simpler and, hence,
preferable.
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Figure 8.1: An LMC
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Figure 8.2: Two optimal vertex 1-maximal 0-minimal policies for states 0 and 1 in the LMC depicted in Figure 8.1:
non-symmetric and symmetric

For example, consider the policies depicted in Figure 8.2. All of the policies are optimal, as each reaches
1-pairs with a probability of 1

2 , which represents the distance between states 0 and 1. They are also 1-maximal, as
the expected length to 1-pairs is 2.5, and 0-minimal, since the expected length to 0-pairs is 0.5. The policy in the
middle is the symmetric version of the one on the right. The explanation of the distance of 10 and 9 and that of 9
and 10 are mirror images in the middle policy. To reflect that the one is a mirror image of the other, we introduce
twisted arrows. A twisted arrow from (7, 8) to (9, 10) represents an arrow from (7, 8) to (10, 9) in the left policy.

We call a policy P symmetric if P (s, t) and P (t, s) are mirror images.

Definition 8.1. Let P ∈ P . P is symmetric if for all (s, t), (u, v) ∈ S2
? ,

P (s, t)(u, v) = P (t, s)(v, u).

For the remainder of this section, we fix a total order ≺ on S. This allows us to turn a policy into a symmetric
one as follows.

Definition 8.2. Let P ∈ P . We define P≺ by

P≺(s, t)(u, v) =

{
P (s, t)(u, v) if s ≺ t

P (t, s)(v, u) if s ≻ t

This construction preserves all the properties of policies in which we are interested. The next proposition
shows that the symmetric version of a policy is also a policy.

Proposition 8.3. For all P ∈ P , P≺ ∈ P .

Proof. Let P ∈ P and (s, t) ∈ S2
? . It remains to show that P≺(s, t) ∈ Ω(τ(s), τ(t)). We consider two cases.

• If s ≺ t, then P≺(s, t) = P (s, t) ∈ Ω(τ(s), τ(t)).
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• If s ≻ t, then we should show that P≺(s, t) ∈ Ω(τ(s), τ(t)). Since, for all u ∈ S,

P≺(s, t)(u, S) =
∑
v∈S

P≺(s, t)(u, v)

=
∑
v∈S

P (t, s)(v, u)

= P (t, s)(S, u)

= τ(s)(u) [P (s, t) ∈ Ω(τ(s), τ(t))]

and

P≺(s, t)(S, u) =
∑
v∈S

P≺(s, t)(v, u)

=
∑
v∈S

P (t, s)(u, v)

= P (t, s)(u, S)

= τ(t)(u) [P (s, t) ∈ Ω(τ(s), τ(t))]

we can conclude that P≺(s, t) ∈ Ω(τ(s), τ(t)).

The following proposition proves that using the above definition, we can turn a policy into a symmetric one.

Proposition 8.4. For all P ∈ P , P≺ is symmetric.

Proof. Let P ∈ P and (s, t), (u, v) ∈ S2
? . We distinguish two cases.

• If s ≺ t, then P≺(s, t)(u, v) = P (s, t)(u, v) = P≺(t, s)(v, u).

• If s ≻ t, then P≺(s, t)(u, v) = P (t, s)(v, u) = P≺(t, s)(v, u).

The next proposition demonstrates that if a policy is optimal, its symmetric version is also optimal.

Proposition 8.5. For all P ∈ Popt, P≺ ∈ Popt.

Proof. Let P ∈ Popt and (s, t) ∈ S2
? . We distinguish two cases.

• If s ≺ t then

P≺(s, t) · δ1 = P (s, t) · δ1
= δ1(s, t) [P is optimal and Proposition 4.21]

• If s ≻ t then

P≺(s, t) · δ1 =
∑

u,v∈S

P≺(s, t)(u, v) δ1(u, v)

=
∑

u,v∈S

P (t, s)(v, u) δ1(u, v)

=
∑

u,v∈S

P≺(t, s)(v, u) δ1(v, u) [δ1 is symmetric]

= P (t, s) · δ1
= δ1(t, s) [P is optimal and Proposition 4.21]
= δ1(s, t) [δ1 is symmetric]

Hence, by Proposition 4.21, P≺ is optimal.
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The next proposition shows that the symmetric version of a vertex policy is a vertex policy.

Proposition 8.6. For all P ∈ V , P≺ ∈ V .

Proof. Let P ∈ V and (s, t) ∈ S2
? . We need to show that P≺(s, t) is a vertex. We distinguish the following two

cases.

• If s ≺ t then P≺(s, t) = P (t, s), which, by assumption, is a vertex.

• Assume that s ≻ t. There is an edge between (v, 0) and (u, 1) in the support graph of P (t, s) if and only
if there is an edge between (u, 0) and (v, 1) in the support graph of P≺(s, t). Hence, the support graphs
are isomorphic. Since P (s, t) is a vertex, its support graph is a forest by Proposition 3.5. Since the support
graphs are isomorphic, the support graph of P≺(s, t) is a forest as well. Therefore, from Proposition 3.5 we
can conclude that P≺(s, t) is a vertex.

Corollary 8.7. For all P ∈ Vopt, P≺ ∈ Vopt.

Proof. Immediate consequence of Proposition 8.5 and 8.6.

The following proposition proves that if there are two couplings, π and ω ∈ Ωopt(τ(t), τ(s)), where π is the
symmetric version of ω, then for all symmetric l ∈ D1 → [0,∞), the set of values ω · (δ1 + l) is equal to the set
of values π · (δ1 + l). This result is used in the next proposition.

Proposition 8.8. For all l ∈ D1 → [0,∞), if l is symmetric then

{ω · (δ1 + l) | ω ∈ Ωopt(τ(s), τ(t)) } = {π · (δ1 + l) | π ∈ Ωopt(τ(t), τ(s)) }

Proof. Let l ∈ D1 → [0,∞). Assume that l is symmetric. Let ω ∈ Ωopt(τ(s), τ(t)). Then δ1(s, t) = ω · δ1. We
define π(u, v) = ω(v, u) for all (u, v) ∈ S2

? . To conclude that π ∈ Ω(τ(t), τ(s)) it suffices to show that for all x,
y ∈ S,

π(x, S) = τ(t)(x) and π(S, y) = τ(s)(y).

For all x ∈ S,

π(x, S) =
∑
v∈S

π(x, v)

=
∑
v∈S

ω(v, x)

= ω(S, x)

= τ(t)(x) [ω ∈ Ω(τ(s), τ(t))]

and for all y ∈ S,

π(S, y) =
∑
v∈S

π(v, y)

=
∑
v∈S

ω(y, v)

= ω(y, S)

= τ(s)(y) [ω ∈ Ω(τ(s), τ(t))]

108



Hence, π ∈ Ω(τ(t), τ(s)). Next, we show that for all (s, t) ∈ S2
? we have δ1(t, s) = π · δ1.

π · δ1 =
∑

(u,v)∈S2
?

π(u, v)δ1(u, v)

=
∑

(u,v)∈S2
?

ω(v, u)δ1(u, v)

=
∑

(u,v)∈S2
?

ω(v, u)δ1(v, u) [δ1 is symmetric]

= ω · δ1
= δ1(s, t) [δ1(s, t) = ω · δ1, by assumption]
= δ1(t, s) [δ1 is symmetric]

Hence, π ∈ Ωopt(τ(t), τ(s)). Finally, we show that π · (δ1 + l) = ω · (δ1 + l).

π · (δ1 + l) =
∑

(u,v)∈D1

π(u, v)(δ1(u, v) + l(u, v))

=
∑

(u,v)∈D1

ω(v, u)(δ1(u, v) + l(u, v))

=
∑

(u,v)∈D1

ω(v, u)(δ1(v, u) + l(u, v)) [δ1 is symmetric]

=
∑

(u,v)∈D1

ω(v, u)(δ1(v, u) + l(v, u)) [l is symmetric, by assumption]

= ω · (δ1 + l)

Therefore, {ω · (δ1 + l) | ω ∈ Ωopt(τ(s), τ(t))} ⊆ {π · (δ1 + l) | π ∈ Ωopt(τ(t), τ(s))}. Similarly, it can be
shown that {π · (δ1 + l) | π ∈ Ωopt(τ(t), τ(s))} ⊆ {ω · (δ1 + l) | ω ∈ Ωopt(τ(s), τ(t))}.

The next proposition proves that the 1-maximal expected length function is symmetric.

Proposition 8.9. λ1 is symmetric.

Proof. First, we show that for all n ∈ N, Λn
1 (⊥) is symmetric by induction on n. In the base case, n = 0, we

need to show that ⊥ is symmetric which is obviously true. In the inductive case, assume that n> 0. By induction,
Λn−1
1 (⊥) is symmetric. We have that

Λn
1 (⊥)(s, t) = Λ1(Λ

n−1
1 (⊥))(s, t)

= sup
ω∈Ωopt(τ(s),τ(t))

ω · (δ1 + Λn−1
1 (⊥))

= sup
π∈Ωopt(τ(t),τ(s))

π · (δ1 + Λn−1
1 (⊥)) [induction hypothesis and Proposition 8.8]

= Λ1(Λ
n−1
1 (⊥))(t, s)

= Λn
1 (⊥)(t, s)

As a consequence of the above, limn∈N Λn
1 (⊥) is symmetric. Hence, we can conclude from the fact that Λ1 is

monotone (Proposition 6.10) and nonexpansive (Corollary 6.11) and Theorem 2.11(a) that λ1 is symmetric.

The next proposition shows that we can turn a 1-maximal optimal policy into a 1-maximal optimal symmetric
policy.

Proposition 8.10. For all P ∈ Pmax
opt , P≺ is 1-maximal.

Proof. Let P ∈ Pmax
opt . According to Proposition 6.3, it is suffices to show that for all (s, t) ∈ D1

λ1(s, t) = P≺(s, t) · (δ1 + λ1).

We distinguish two cases.
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• If s ≺ t then

P≺(s, t) · (δ1 + λ1) = P (s, t) · (δ1 + λ1)

= λ1(s, t) [P is 1-maximal and Proposition 6.3]

• If s ≻ t then

P≺(s, t) · (δ1 + λ1)

=
∑

u,v∈D1

P≺(s, t)(u, v) (δ1(u, v) + λ1(u, v))

=
∑

u,v∈D1

P (t, s)(v, u) (δ1(u, v) + λ1(u, v))

=
∑

u,v∈D1

P (t, s)(v, u) (δ1(v, u) + λ1(u, v)) [δ1 is symmetric]

=
∑

u,v∈D1

P (t, s)(v, u) (δ1(v, u) + λ1(v, u)) [λ1 is symmetric (Proposition 8.9)]

= P (t, s) · (δ1 + λ1)

= λ1(t, s) [P is 1-maximal and Proposition 6.3]
= λ1(s, t)

[λ1 is symmetric (Proposition 8.9)]

The following proposition proves that if there are two couplings, ω and π ∈ Ωmax
opt (τ(t), τ(s)), where π is the

symmetric version of ω, then for all symmetric l ∈ D0 → [0,∞), the set of values ω · (δ0 + l) is equal to the set
of values π · (δ0 + l). This result is used in the next proposition.

Proposition 8.11. For all l ∈ D0 → [0,∞), if l is symmetric then

{ω · (δ0 + l) | ω ∈ Ωmax
opt (τ(s), τ(t)) } = {π · (δ0 + l) | π ∈ Ωmax

opt (τ(t), τ(s)) }.

Proof. Let l ∈ D0 → [0,∞). Assume that l is symmetric. Let ω ∈ Ωmax
opt (τ(s), τ(t)). Then λ1(s, t) =

ω · (δ1 + λ1). We define π(u, v) as in the proof of Proposition 8.8. To conclude that π ∈ Ωmax
opt (τ(t), τ(s)), it

remains to show that for all (s, t) ∈ D1 we have λ1(t, s) = π · (δ1 + λ1).

π · (δ1 + λ1) =
∑

(u,v)∈D1

π(u, v)(δ1(u, v) + λ1(u, v))

=
∑

(u,v)∈D1

ω(v, u)(δ1(u, v) + λ1(u, v))

=
∑

(u,v)∈D1

ω(v, u)(δ1(v, u) + λ1(u, v)) [δ1 is symmetric]

=
∑

(u,v)∈D1

ω(v, u)(δ1(v, u) + λ1(v, u)) [λ1 is symmetric (Proposition 8.9)]

= ω · (δ1 + λ1)

= λ1(s, t) [by assumption]
= λ1(t, s) [λ1 is symmetric (Proposition 8.9)]

110



Finally, we show that π · (δ0 + l) = ω · (δ0 + l).

π · (δ0 + l) =
∑

(u,v)∈D0

π(u, v)(δ0(u, v) + l(u, v))

=
∑

(u,v)∈D0

ω(v, u)(δ0(u, v) + l(u, v))

=
∑

(u,v)∈D0

ω(v, u)(δ0(v, u) + l(u, v)) [δ0 is symmetric]

=
∑

(u,v)∈D0

ω(v, u)(δ0(v, u) + l(v, u)) [l is symmetric, by assumption]

= ω · (δ0 + l)

Therefore, {ω · (δ0 + l) | ω ∈ Ωmax
opt (τ(s), τ(t)) } ⊆ {π · (δ0 + l) | π ∈ Ωmax

opt (τ(t), τ(s)) }. Similarly, it can be
shown that {π · (δ0 + l) | π ∈ Ωmax

opt (τ(t), τ(s)) } ⊆ {ω · (δ0 + l) | ω ∈ Ωmax
opt (τ(s), τ(t)) }.

The next proposition proves that the 0-minimal expected length function is symmetric.

Proposition 8.12. λ0 is symmetric.

Proof. First, we show that for all n ∈ N, Λn
0 (⊥) is symmetric by induction on n. In the base case, n = 0, we

need to show that ⊤ is symmetric which is obviously true. In the inductive case, assume that n> 0. By induction,
Λn−1
0 (⊥) is symmetric. We have that

Λn
0 (⊥)(s, t) = Λ0(Λ

n−1
0 (⊥))(s, t)

= inf
ω∈Ωmax

opt (τ(s),τ(t))
ω · (δ0 + Λn−1

0 (⊥))

= inf
π∈Ωmax

opt (τ(t),τ(s))
π · (δ0 + Λn−1

0 (⊥)) [induction hypothesis and Proposition 8.11]

= Λ0(Λ
n−1
0 (⊥))(t, s)

= Λn
0 (⊥)(t, s)

As a consequence of the above, limn∈N Λn
0 (⊥) is symmetric. Hence, we can conclude from the fact that Λ0 is

monotone (Proposition 6.10) and nonexpansive (Proposition 7.11) and Theorem 2.11(a) that λ0 is symmetric.

The next proposition shows that we can turn a 0-minimal 1-maximal optimal policy into a 0-minimal 1-
maximal optimal symmetric policy.

Proposition 8.13. For all P ∈ Pmax
opt , if P is 0-minimal then P≺ is 0-minimal.

Proof. Let P ∈ Pmax
opt . According to Proposition 7.3, it is suffices to show that for all (s, t) ∈ D0

λ0(s, t) = P≺(s, t) · (δ0 + λ0).

We distinguish two cases.

• If s ≺ t then

P≺(s, t) · (δ0 + λ0) = P (s, t) · (δ0 + λ0)

= λ0(s, t) [P is 0-maximal Proposition 7.3]
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• If s ≻ t then

P≺(s, t) · (δ0 + λ0) =
∑

u,v∈D0

P≺(s, t)(u, v) (δ0(u, v) + λ0(u, v))

=
∑

u,v∈D0

P (t, s)(v, u) (δ0(u, v) + λ0(u, v))

=
∑

u,v∈D0

P (t, s)(v, u) (δ0(v, u) + λ0(u, v)) [δ0 is symmetric]

=
∑

u,v∈D0

P (t, s)(v, u) (δ0(v, u) + λ0(v, u))

[λ0 is symmetric (Proposition 8.12)]
= P (t, s) · (δ0 + λ0)

= λ0(t, s) [P is 0-maximal Proposition 7.3]
= λ0(s, t) [λ0 is symmetric (Proposition 8.12)]

In this chapter, we explored symmetric policies and showed that we can convert 0-minimal 1-maximal optimal
vertex policies into 0-minimal 1-maximal optimal vertex symmetric policies. As we have seen, symmetric policies
are simpler and help us explain the probabilistic bisimilarity distance more easily, making them preferable. In the
next chapter, we will see the Java implementation of the 1-maximal Algorithm 1 and the 0-minimal Algorithm 2
that we discussed in the earlier chapters.
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9 Java Implementation

In this chapter, we will provide an overview of the Java implementation6 of the Algorithms 1 and 2 described in
this thesis. First, we start by discussing how we represent an LMC in our implementation.

9.1 LMC Implementation

In our implementation, the class LabelledMarkovChain represents an LMC. It takes two input files: a label file
(.lab) and a transition file (.tra). For example, consider the following label file, where each state is assigned a label
from the set of labels {a, b, c},

0: "a"
1: "a"
2: "a"
3: "a"
4: "a"
5: "b"
6: "c"

and the transition file which follows this format: the first row contains two numbers: the first indicates the
number of states, and the second indicates the number of transitions. Starting from the second row, each line has
three numbers: the source state, the target state, and the transition probability between them. Notice that the sum
of the transition probabilities for each state is always equal to one, as required in LMCs.

7 11
0 2 0.5
0 3 0.5
1 3 0.3333333
1 4 0.3333333
1 2 0.3333333
2 5 1
3 5 0.5
3 6 0.5
6 6 1
5 5 1
4 6 1

In our code, we added a method that generates a graphical representation of the input LMC. For example, the
graphical representation of the input LMC above is shown as follows.

6The code is available at github.com/antoNanahJi/Explainability.
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Next, we will provide an overview of the Java implementation of the 1-maximal algorithm.

9.2 1-Maximal Algorithm

Recall the 1-maximal Algorithm 1 presented in Chapter 6.

Algorithm 1 1-maximal optimal vertex policy

Input: optimal vertex policy P
1: compute λ1P

2: while ∃(s, t) ∈ D1 \ S2
1 : Λ1(λ1P )(s, t)> λ1P (s, t) do

3: π ← argmax
ω∈V (Ω(τ(s),τ(t)))∧δ1(s,t)=ω·δ1

ω · (δ1 + λ1P )

4: P (s, t)← π
5: compute λ1P

6: end while

The above algorithm begins with an optimal vertex policy P . To compute an optimal vertex policy, we used
a Java implementation7 of the algorithm presented in [52, Section 6.2]. Then it computes λ1P for this policy
(line 1). In our implementation, λ1P is computed using the power method discussed in [2, Theorem 10.15].

As long as there exists a state pair in D1 \ S2
1 that is not locally 1-maximal with respect to the current policy

(line 2), the policy at (s, t) is updated to a locally 1-maximal choice (lines 3 and 4). This step is implemented
using Java’s linear programming SimplexSolver8 class. The objective function for this solver is ω · (δ1 + λ1P ),
subject to the linear constraints ω ∈ Ω(τ(s), τ(t)) and δ1(s, t) = ω · δ1. The solver returns a new coupling for the
state pair (s, t). This new coupling is a vertex of the transportation polytope.

After updating the policy P , the algorithm recomputes λ1P (line 5) using the same power method. The loop
maintains the invariant that P is an optimal vertex policy as π in line 3 is a vertex and satisfies δ1(s, t) = π · δ1
(see Proposition 4.21).

At termination, we have that λ1P is a fixed point of Λ1 and, by Theorem 6.15, equals λ1 and, therefore, is
1-maximal.

For example, let us focus on state pairs (0, 4) of the LMC depicted in Figure 9.1. For this state pair, if the
algorithm starts with the optimal vertex policy shown in Figure 9.2, which is obtained using the policy iteration
algorithm from [53], it then produces the 1-maximal optimal vertex policy illustrated in Figure 9.3.

7The code is available at bitbucket.org/discoveri/probabilistic-bisimilarity-distances.

8commons.apache.org/proper/commons-math/javadocs/api-3.6.1/org/apache/commons/math3/optim/linear/SimplexSolver.html.
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Figure 9.1: An LMC

Figure 9.2: A vertex optimal policy for LMC in Figure 9.1
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Figure 9.3: A 1-maximal vertex optimal policy for LMC in Figure 9.1

Next, we will provide an overview of the Java implementation of the 0-minimal algorithm.

9.3 0-Minimal Algorithm

Recall the 0-minimal Algorithm 2 presented in Chapter 7.

Algorithm 2 0-minimal 1-maximal optimal vertex policy

Input: 1-maximal optimal vertex policy P
1: compute λ0P

2: while ∃(s, t) ∈ D0 \ S2
0 : Λ0(λ0P )(s, t)< λ0P (s, t) do

3: π ← argmin
ω∈V (Ω(τ(s),τ(t)))∧δ1(s,t)=ω·δ1∧λ1(s,t)=ω·(δ1+λ1)

ω · (δ0 + λ0P )

4: P (s, t)← π
5: compute λ0P

6: end while

Our algorithm that computes a 0-minimal 1-maximal vertex policy from a 1-maximal vertex policy (Algo-
rithm 2) is very similar in structure to Algorithm 1. Instead of focusing on 1-pairs, we concentrate on 0-pairs.
Furthermore, we maintain as a loop invariant that P is not only an optimal vertex policy but also that it is 1-
maximal.

The above algorithm begins with a 1-maximal optimal vertex policy P , which can be obtained using the 1-
maximal Algorithm 1. Then it computes λ0P for this policy (line 1). In our implementation, λ0P is also computed
using the power method discussed in [2, Theorem 10.15].

As long as there exists a state pair in D0 \ S2
0 that is not locally 0-minimal with respect to the current policy

(line 2), the policy at (s, t) is updated to a locally 0-minimal choice (lines 3 and 4). This step is also implemented
using Java’s linear programming SimplexSolver class. The objective function for this solver is ω · (δ0 + λ0P ),
subject to the linear constraints ω ∈ Ω(τ(s), τ(t)) and δ1(s, t) = ω · δ1 and λ1(s, t) = ω · (δ1 + λ1). The solver
returns a new coupling, which is a vertex of the transportation polytope, for the state pair (s, t).

After updating the policy P , the algorithm recomputes λ0P (line 5) using the same power method. The loop
maintains the invariant that P is not only an optimal vertex policy but also that it is 1-maximal.

116



At termination, we have that λ0P is a fixed point of Λ0 and, by Theorem 7.15, equals λ0 and, therefore, is
0-minimal.

For example, let us focus on state pairs (0, 1) of the LMC depicted in Figure 9.4. For this state pair, if the
algorithm starts with the 1-maximal optimal vertex policy shown in Figure 9.5, which is obtained using the 1-
maximal Algorithm 1, it then produces the 0-minimal 1-maximal optimal vertex policy illustrated in Figure 9.6.

Figure 9.4: An LMC

Figure 9.5: A 1-maximal vertex optimal policy for LMC in Figure 9.4
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Figure 9.6: A 0-minimal 1-maximal vertex optimal policy for LMC in Figure 9.4

Next, we present the experimental results for the algorithms described in this thesis.

9.4 Experimental Results

In our experimental evaluation we used the two examples of [52, Section 9.3], namely an example of two dies due
to Knuth and Yao [36] and randomized quick sort, as well as the Miller-Rabin primality test [46, 49].

The experiments were run on an Intel machine with an i7-8700T CPU and 15 GB of RAM. For each of the
three examples, we first computed an optimal vertex policy, then a 1-maximal optimal vertex policy, and finally
a 0-minimal 1-maximal optimal vertex policy. We timed 55 trails for each of the three stages of the computation
and report the average (and standard deviation) in milliseconds in Table 9.1. Since a Java virtual machine needs
to perform just-in-time compilation and optimization, we discarded the first eight trails. Garbage collection was
triggered in between trials to minimize its impact on our measurements. As can be seen, finding 0-minimal and
1-maximal policies can be done significantly faster than finding optimal policies.

optimal 1-maximal 0-minimal
Miller-Rabin 32,149 (149) 479 (2) 1,069 (5)
Two dies 3,142 (1) 2,271 (1) 1,569 (9)
Quicksort 218,232 (8,971) 38,528 (1,139) 46,416 (1,165)

Table 9.1: Average (and standard deviation) in milliseconds of time to compute optimal, 1-maximal, and 0-
minimal policies

118



10 Conclusion

We have shown that explainability is a game in the context of probabilistic bisimilarity distances of LMCs. More
precisely, symmetric 0-minimal 1-maximal vertex optimal policies for the 1 1

2 -player games presented in this thesis
explain the probabilistic bisimilarity distances.

The literature review in the introduction of this thesis provides a comprehensive and well-organized overview
of game-theoretic and logical characterizations of probabilistic bisimilarity distances. In the introduction, we
presented our game, which is based on matching parts of transitions. These matchings, also known as couplings,
were introduced in Chapter 3, and in Chapter 4, we defined the player’s strategy, also referred to as a policy, which
involves selecting a coupling. The player’s objective is to avoid reaching 1-pairs, meaning that the expected length
of the game before reaching a 1-pair should be maximized. Additionally, we are interested in the expected length
to reach a 0-pair.

In Chapter 5, we formulated the expected length to an i-pair, and in Chapter 6, we presented Algorithm 1,
which maximizes the expected length to reach a 1-pair. We also proved an exponential lower bound for this
algorithm by constructing an LMC of size O(n), for which the algorithm requires Ω(2n) iterations. In this chapter,
we further demonstrated that a 1-maximal optimal policy does not have any 1-conflicts, a concept introduced by
Vlasman in [58].

In Chapter 7, we presented Algorithm 2, which minimizes the expected length to reach a 0-pair. Proving an
exponential lower bound for this algorithm remains a topic for future research. Moreover, Vlasman [58] introduced
the notion of probabilistic bisimilar conflict, which we refer to as 0-conflict. Let us now recall the definition.

Definition 10.1.

• Let (w, x), (y, z) ∈ S2
? . Then (w, x) and (y, z) are in 0-conflict if w ∼ z or x ∼ y.

• Let ω ∈ D(S × S). Then ω is 0-conflict free if for all (w, x), (y, z) ∈ support(ω) ∩D0, (w, x) and (y, z)
are not in 0-conflict.

• Let P ∈ P . Then P is 0-conflict free if for all (s, t) ∈ S2
? , P (s, t) is 0-conflict free.

Another avenue for further research could involve exploring whether a 0-minimal 1-maximal vertex optimal
policy is 0-conflict free.

In Chapter 8, we explored symmetric policies and showed that 0-minimal 1-maximal vertex optimal policies
can be converted into symmetric 0-minimal 1-maximal vertex optimal policies. Modifying the policy iteration
algorithm from [53], along with Algorithms 1 and 2, to maintain that the policy is symmetric as a loop invariant
is a potential direction for future research. This could allow us to focus on only half of the state pairs currently
considered in the algorithms, thereby reducing computation time.

In Chapter 9, we gave an overview of the Java implementation of the Algorithms 1 and 2 described in this
thesis. However, due to the nature of floating-point arithmetic, some rounding errors occurred during computation.
A deeper investigation into these errors and their mitigation is left for future research.

Apart from the area of probabilistic model checking, probabilistic bisimilarity distances also play a role in
other fields including control theory [26], fault-tolerance [5], privacy [7], quantum computing [21], reinforcement
learning [44], and systems-biology [41]. As a consequence, we anticipate that our results are widely applicable.
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[18] Wolfgang Doeblin. Exposé de la théorie des chaınes simples constantes de Markova un nombre fini d’états.
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