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Abstract

Software bugs cost trillions annually, requiring better bug detection tools. Testing is widely
used but has limitations, especially in non-deterministic software, where code produces differ-
ent outputs even with fixed inputs due to randomness and concurrency. Labelled Markov chains
model randomness but suffer from state space explosion problem, where the number of states
grows exponentially with system complexity. One solution is to identify behaviorally equiva-
lent states using probabilistic bisimilarity. However, this method is not robust, small changes
in probabilities can affect equivalences. To address this, probabilistic bisimilarity distances
were introduced, a quantitative generalization of probabilistic bisimilarity. These distances
have game-theoretic characterizations. This thesis illustrates how optimal policies, known as
player’s strategies, can explain distances. We formulate 1-maximal and O-minimal policies,
argue that they lead to better explanations. We present algorithms for these policies, prove
an exponential lower bound for the 1-maximal algorithm, and show that symmetries simplify
policies and, hence, explanations.
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1 Introduction

The cost of software bugs is trillions of dollars every year [59]], [42]. Hence, there is a pressing need for tools
to detect bugs in software. The traditional way to find code bugs is performed by testing such as writing JU-
niﬂ test cases. However, testing has its limitations, especially in non-deterministic software, that is, code that
may give rise to different executions even if all the input is fixed. Both randomness and concurrency give rise
to non-determinism. We often see randomness in, for example, artificial intelligence, embedded systems, and
cryptographic protocols. Consider the following Java code.

import java.util.Random;
public class Example
{
public static void main (String[] args)
{
Random random = new Random() ;
int n = random.nextInt (10);
System.out.print (1 / n);

The above application may result in ten executions as it randomly chooses an integer in the interval [0, 10).
The application will crash with an uncaught exception if the random number is zero. When we run the application
once for testing, with a probability of 0.9 it prints zero or one, and with a probability of 0.1, it crashes. When we
run the application twice for testing, with a probability of 0.81 it prints zero or one, and with a probability of 0.19,
it crashes. When we run the application ten times for testing, with a probability of 0.35 it prints zero or one, and
with a probability of 0.65, it crashes. Therefore, we can conclude that traditional testing may not be guaranteed to
capture all software bugs.

Model checking is often used as an alternative to testing non-deterministic software. First, a model of the
system is built. For example, if the software behaves non-deterministically due to concurrency or randomness
then labelled transition systems (LTSs) are often used to model the code. This model was introduced by Keller
[32]].

An LTS consists of a set of states, a set of transitions, a set of labels, and a labelling function. A state of an
LTS describes information about a system at a given time. For example, a state of a model of the above Java code
may include the current values of all program variables together with the current value of the program counter, that
is, it represents a state of the Java virtual machine (JVM). Transitions specify how the system can advance from
one state to another. In the case of the above Java program, a transition typically corresponds to the execution of
a sequence of byte-code instructions by the JVM and may involve the change of the value of a variable and the
program counter. A state of an LTS is labelled with a label chosen from a set. Labels represent different aspects
of the states. For the above Java application, a label may represent an exception thrown in the state but never
caught. The same label may appear in more than one state. The labelling function assigns a label to each state in
an LTS. For example, the labelling function of the model for the above Java code may assign the above mentioned
exception label to the state where a division by zero occurs (more precisely, the state reached immediately after
the bytecode instruction that throws the exception has been executed). The LTS modeling the above Java code can
be graphically represented as follows.

Zjunit.org/junit5,
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Figure 1.1: LTS modeling the above Java code

State 0 is the initial state. State 1 represents the state of the JVM when the execution has reached line 7 of the
above code. State 3 represents the state of JVM when the execution of the code terminates successfully. State 2
represents the state of the JVM when the execution of the code fails to terminate due to an uncaught exception.
State 0 is assigned the initial state label, state 1 is assigned the random number generation label, state 3 is assigned
the successful execution label, and state 2 is assigned the division by zero exception label.

In model checking, a property to be verified is specified in addition to the model. Such a property is usually
described in a logic. For example, computation tree logic (CTL) can be used to describe a property. This logic was
introduced by Clarke and Emerson [8]. Many properties can be expressed in CTL. For example, we can express
the property that no state in which an uncaught exception is thrown can be reached from the initial state.

Model checking helps find bugs in non-deterministic systems by exploring all possible behaviours and ensuring
that the system satisfies its properties across all potential execution paths, thereby catching errors that could arise
from non-deterministic choices.

LTSs focus on non-deterministic choices. However, in practice, many systems are subject to various phenom-
ena of a stochastic nature such as uncertainty or randomness. To model random phenomena, probabilities are
added to the LTS’s transitions and these probabilistic systems are called labelled Markov chains (LMCs). LMCs
are labelled transition systems with probability distributions for the successors of each state, that is, instead of a
non-deterministic choice, the next state is chosen probabilistically. Formal definitions of notions such as LMCs
will be provided in later chapters. The LMC modeling the above Java code can be graphically represented as
follows. Notice that probabilities are added to the transitions of states 0 and 1, and a self-loop with a probability
of one is added to states 2 and 3 to satisfy LMC properties.

Figure 1.2: LMC modeling the above Java code

Similarly, for probabilistic models, probabilistic computational tree logic (PCTL) can be used to describe a
probabilistic property. This logic was introduced by Hansson and Jonsson [28]. Numerous probabilistic properties
of code with randomness can be expressed in PCTL. For example, we can express the property that a state in which
an uncaught exception is thrown can be reached with a probability less than 0.1 from the initial state.

The number of states in an LTS or LMC often grows exponentially as the number of threads and random



choices increases (as in line 6 of the above Java code). This phenomenon is called the state space explosion
problem. One way to deal with this is to reduce the number of states by identifying states that behave the same.
A behavioural equivalence is an equivalence relation on the states of a model that captures whether state pairs
behave the same.

1.1 Bisimilarity

© (1) (2)
(3) OB O
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Figure 1.3: An LTS

Milner [47] and Park [48]] proposed a behavioural equivalence for the states of an LTS, called bisimilarity. States
are bisimilar if they have the same label and their transitions can be matched such that matching transitions have
bisimilar target states.

As an example, consider the LTS depicted in Figureand the following partition of its states: Ty = {3,4,5},
T, = {8,10,12}, T3 = {9,11,13,7}, Ty = {6}, Ts = {2}, and T = {0, 1}. As we will argue next, the states 0
and 1 are bisimilar. First, observe that states 8, 10, and 12 share the same label (purple) and only transition to 75.
Since their transitions can be matched, they are bisimilar. A similar argument can be used to show that states 7,
9, 11, and 13 are bisimilar. Next, states 3, 4, and 5 all share the same label (green) and transition to both 75 and
T3. As their transitions can be matched, we can conclude that states 3, 4, and 5 are bisimilar. Finally, states 0 and
1 both share the green label and transition to only 73. Since their transitions can be matched, we conclude that
states 0 and 1 are bisimilar.

Figure 1.4: An LTS

Now consider the LTS depicted in Figure and the following partition of its states: 77 = {5,6,8}, Tp =
{2,3},T5 = {4,7}, and T, = {0, 1}. States 5, 6, and 8 all share the same label (purple) and each transition only
to Ty. Since their transitions can be matched, they are bisimilar. Similarly, states 2 and 3 both share the label
(purple) and transition to both 7T and T3, making them bisimilar as well. States 4 and 7 share the green label and
transition only to T35, thus making them bisimilar. Finally, states O and 1 have the same label (purple), with both
transitioning only to T5. Given that their transitions match, they too are bisimilar.



1.2 Probabilistic Bisimilarity
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Figure 1.5: An LMC

Larsen and Skou [43]] introduced the fundamental concept of probabilistic bisimilarity, which captures which
states of an LMC are considered behaviorally equivalent. States are probabilistic bisimilar if they have the same
label and transition to probabilistic bisimilarity equivalence classes with the same probabilities, that is, the sum of
the probabilities of their transitions to each equivalence class of probabilistic bisimilar states is the same.

For example, consider the following partition of the states of the LMC depicted in Figure Ty ={1,2,5,6},
Ty = {3,7,11}, T3 = {9,10}, Ty = {8}, and T5 = {0,4}. We observe that states 0 and 4 have the same label
(green), and the sum of the probabilities of transitions from state O to each of 11, T5, T3, Ty, or T is equal to the
sum of the probabilities of transitions from state 4. Similar conditions can be checked for the other state pairs.
Hence, states 0 and 4 are probabilistic bisimilar.

Algorithms have been developed to decide probabilistic bisimilarity in LMCs by, for example, Buchholz [4]],
Derisavi, Hermanns, and Sanders [13]], Valmari and Franceschinis [56]. It has been shown by Katoen, Kemna,
Zapreev, and Jansen in [31]] that first reducing the number of states of an LMC by identifying probabilistic bisimilar
states and then checking a property of the reduced system is often more efficient than checking the property for
the original system. Fisler and Vardi [23] observed that bisimulation minimization appears impractical for LTSs,
as the resources required for minimization may be equal to or greater than those needed for model checking the
unminimized LTSs.

As first observed by Giacalone, Jou, and Smolka [25]], probabilistic bisimilarity is not robust. Miniscule
changes to the probabilities in the model may result in different states being identified as behaviourally equivalent
and, hence, may lead to different reduced models. These models may even satisfy different properties. Consider
the following example.

1

Figure 1.6: An LMC, where € € [0, 1]

When € = 0, states 0 and 1 behave exactly the same way and can be collapsed, resulting in a reduced model.
However, if we change e to something very close to 0 like 0.001, the states 0 and 1 will behave almost the same.
This behaviour can be observed, for example, through a PCTL property, which indicates that a purple (square)



state can be reached with a probability less than or equal to 0.5 from the initial state. The reduced model satisfies
this property. On the other hand, when € > 0, the original model does not satisfy this property.

1.3 Probabilistic Bisimilarity Distances

U
1

Figure 1.7: An LMC

Giacalone, Jou, and Smolka [25] suggested distances as a robust alternative to equivalences. Desharnais, Gupta,
Jagadeesan, and Panangaden in [[L7]] proposed a quantitative generalization of probabilistic bisimilarity: proba-
bilistic bisimilarity distances (or distances for short). To each pair of states, a real number in the unit interval [0, 1]
is assigned that captures the behavioural similarity of the states. The smaller this number, the more alike the states
behave. As shown by Desharnais et al. states are probabilistic bisimilar if and only if their distance is zero. For
example, the distance between states 1 and 2 in Figureis % ~ 0.06.

Over the last two decades, efficient algorithms have been developed to approximate and compute probabilistic
bisimilarity distances. For instance, Chen, Van Breugel, and Worrell [6] presented a polynomial-time algorithm to
compute these distances. They showed that if the transition probabilities are rational then the distances are rational
and can be calculated using Khachiyan’s ellipsoid method [33]]. In particular, they demonstrated that the distance
function can be expressed as the solution to a linear program. Tang [52] created and implemented algorithms
capable of computing probabilistic bisimilarity distances for LMCs with thousands of states in just a few seconds.

Given that we can calculate the distance between two states as 0.06, it raises the question of why the distance
is 0.06. In this thesis, we address the question of how to explain probabilistic bisimilarity distances.

Behavioural equivalences such as bisimilarity and probabilistic bisimilarity can be characterized in terms of
logic, where states are behaviorally equivalent if and only if they satisfy the same formulas of the logic. We will
explore this approach in the following section.

1.4 Logical Explanation
1.4.1 Bisimilarity

Hennessy and Milner [29] provided a logical characterization of bisimilarity by introducing Hennessy-Milner
logic and proving that two states are bisimilar if and only if they satisfy the same formulas within the logic. In
the case of an LTS with finitely many states, if two states are not bisimilar, there exists a formula, known as a
distinguishing formula, such that one state satisfies the formula while the other does not. This formula explains
the reason the two states are not bisimilar. Cleaveland [9]] introduced a polynomial-time algorithm that computes
a distinguishing formula for states that are not bisimilar.

For example, consider the formula that expresses that a state can transition to another state that can, in turn,
transition to both a purple (square) state and a green (circle) state. Since state 0 in Figure[T.3]satisfies this formula,
while state 2 does not, we can conclude that states O and 2 are not bisimilar.

1.4.2 Probabilistic Bisimilarity

As we mentioned earlier Larsen and Skou [43]] introduced probabilistic bisimilarity to capture which states of an
LMC behave the same. They also introduced a logic that characterizes probabilistic bisimilarity. Building on their



work, Desharnais, Edalat, and Panangaden [[14] simplified this logic and proposed a polynomial-time algorithm to
generate a formula that differentiates two states that are not probabilistically bisimilar.

For example, state 0 in Figure [I.5] transitions to a purple state in one transition with a probability of at most
0.5, whereas state 8 does not. This property can be captured in the logic, resulting in a formula that distinguishes
states 0 and 8. Therefore, this formula explains that states 0 and 8 are not probabilistic bisimilar.

1.4.3 Probabilistic Bisimilarity Distances

To define probabilistic bisimilarity distances, Desharnais, Gupta, Jagadeesan, and Panangaden [17] adapted the
logic of Desharnais, Edalat, and Panangaden [[14] to a quantitative context. In essence, the distance between two
states is defined by the formula from the logic that distinguishes them the most. Such a formula explains their
probabilistic bisimilarity distance. More recently, Rady and van Breugel [50] employed a modified version of
their logic to characterize probabilistic bisimilarity distances. Both Desharnais et al. and Rady et al. provided a
real-valued interpretation for their respective logic where the value of a formula ¢ in a state, say s, denoted as
[¢](s) is a real number in the interval [0, 1].

Consider, for example, the states 1 and 2 in the LMC shown in Figure[I.7] Their distance is 0.06, which can be
explained by the formula that captures the probability of reaching a purple state in one transition. The real value
of this formula in state 1 is 0.5, and in state 2 it is 0.56. The difference between these values, 0.06, represents the
distance between states 1 and 2.

Furthermore, Rady and van Breugel [50] explained the probabilistic bisimilarity distance for each pair of states
by constructing a sequence of formulas (¢, ),,. For a given pair of states, say s and ¢, they constructed a sequence
of formulas g, ©1, @2, ..., such that the sequence [¢o](s) — [wo](t), [€1](s) — [e1](t), [v2](s) — [w=2](t), ...
converges to the probabilistic bisimilarity distance between s and ¢. This sequence (¢, ), serves to explain the
distance between the states s and ¢. This result is their explanation framework [50, Corollary 23]. The main
limitation of their approach is that the explanation is generally not finitely representable.

Another way to characterize behavioural equivalences is through the use of a game, which we will explore in
more detail in the following section.

1.5 Game-Based Explanation
1.5.1 Bisimilarity

As was shown by Stirling [51], bisimilarity for LTSs can be characterized by means of a two-player game. In the
literature, we find different names for these players including Spoiler, Adversary, and Attacker for the first one
and Duplicator, Prover, and Defender for the other player. Here, we use Spoiler and Duplicator. The game starts
in a state pair (s, t). Spoiler tries to show that s and ¢ are not bisimilar, whereas Duplicator tries to prove that they
are. We assume that each state has an outgoing transition to simplify the game slightly. The game is played in
rounds. If a round starts in state pair (s, ), Spoiler chooses a state u; € {s,¢} and an outgoing transition of u4
with a target, say, s’. Duplicator uses the other state us € {s,t}\ {u1} and chooses one of the outgoing transitions
of up with a target, say, ¢’ (preferably with the same label as s’ — otherwise Duplicator loses). The next round of
the game continues in the state pair (s’,¢'). The objective of Spoiler is to reach a state pair with different labels
whereas Duplicator tries to avoid ever reaching such a state pair. As has been shown by Stirling [51) Proposition
3], states s and ¢ are bisimilar if and only if Duplicator can avoid ever reaching a state pair with different labels
when the game is started in state pair (s,t) no matter how Spoiler plays. As pointed out by Fijalkow, Klin,
and Panangaden [22], “this classical bisimulation game is elegant because it allows one to characterize a global
property of behaviours (bisimilarity) in terms of a game whose rules only depend on local considerations.”

Consider the LTS of Figure [1.3] If we start the game in state pair (0, 1), then we are in (3,4) or (3, 5) after
one round. Assume we move to (3,4). No matter which transition Spoiler chooses, Duplicator can always pick
a transition so that the game ends up in either (8,10) or (9,11). The same applies to (3,5). Since states 8 and
10 have a single outgoing transition, the game stays in (8, 10) once it reaches that state pair. The same applies
to (9, 11). Hence, Duplicator can always avoid reaching a pair with different labels when the game is started in
(0,1). The strategy of Duplicator, showing that Duplicator can always avoid state pairs with different labels, can
be seen as an explanation that the states 0 and 1 are bisimilar.

Let us next consider the state pair (0, 2). After one round we end up in either (3, 6) or (3, 7). Assume we are in
(3,6). Assume that Spoiler chooses the transition from state 3 to state 9. Duplicator has the transition from state 6



to state 12 as its single choice. States 9 and 12 have different labels. Using a similar argument we can show that
Duplicator cannot avoid reaching a state pair with different labels from (3, 7). The strategy of Spoiler, showing
that it is impossible for Duplicator to avoid a state pair with different labels, can be viewed as an explanation that
the states 0 and 2 are not bisimilar.

1.5.2 Probabilistic Bisimilarity

Several characterizations of probabilistic bisimilarity for LMCs in terms of a game can be found in the literature.
We will briefly review two of those next. The games are also played in rounds by two players. As in the game for
bisimilarity the objective of Spoiler is to reach a state pair with different labels whereas Duplicator tries to avoid
ever reaching such a state pair.

Let us first consider the game introduced by Desharnais, Laviolette, and Tracol in [[16} Definition 10 with
e = 0]. If the game is in state pair (s, ), Spoiler chooses a state u; € {s,t} and a set of states U;. Duplicator
uses the other state ug € {s,¢} \ {u;1} and chooses a set of states U, such that the probability of reaching a state
in U; from state ug, that is, the sum of probabilities of the transitions from u; to a state in Uy, is less than or
equal to the probability of reaching a state in Us from ug. Such a U, always exists as Duplicator can pick the set
of all states. Subsequently, Spoiler chooses ¢ € {1,2} and a state s’ € U,. Finally, Duplicator chooses a state
t' € Us_; (preferably with the same label as s’ — otherwise Duplicator loses). The next round of the game starts
in the state pair (s’,¢). As in the bisimulation game, the objective of Spoiler is to reach a state pair with different
labels whereas Duplicator tries to avoid ever reaching such a state pair. Desharnais, Laviolette, and Tracol [16}
Theorem 5] proved that states s and ¢ are probabilistic bisimilar if and only if Duplicator can avoid ever reaching
a state pair with different labels when the game is started in state pair (s, ) no matter how Spoiler plays.

Consider the LMC in Figure Let us start the game in the state pair (4, 8). The Spoiler plays on state 4,
and their first move is Uy = {5,6}. With this move, the Duplicator has to choose any subset that contains the
state 11 for the set Us. Assume that the Duplicator chooses Uy = {11, 9, 10}, which is valid since the probability
of reaching from state 4 to any state in U; is less than or equal to the probability of reaching a state in Uy from 8.
The Spoiler then chooses state s’ = 11, but the Duplicator cannot make a valid response and loses. This occurs
because there is no state ' € Uj that has the same label as the states in Us. Hence, the Spoiler successfully
demonstrates to the Duplicator that states 4 and 8 are not bisimilar.

If the game starts in the state pair (0, 4). There are many choices that both the Spoiler and the Duplicator can
make, but none lead to the Spoiler winning the game. For instance, if the Spoiler plays on state 0 and chooses
Uy = {1,2, 3}, the Duplicator will respond by playing on state 4 and choosing Us = {5, 6, 7}, which is valid
because the probability of reaching from state 0 to any state in U] is less than or equal to the probability of reaching
a state in U, from 4. Assume the Spoiler continues by playing on state 7, and the Duplicator plays on state 3. The
Spoiler then selects, for example, U; = {3}, and the Duplicator wins immediately by playing Us = {3}, which
is valid since the probability of reaching from state 7 to any state in U; is less than or equal to the probability of
reaching a state in Us from 3. The game stays forever in state (3, 3), and the Spoiler loses. Hence, the Duplicator
successfully demonstrates to the Spoiler that states 0 and 4 are bisimilar.

Clerc, Fijalkow, Klin, and Panangaden [22] propose a slightly simpler game that characterizes probabilistic
bisimilarity. If the game is in state-pair (s, t) then Spoiler chooses a set of states U such that the probability of
transitioning from state s to a state in U is different from the probability of transitioning from state ¢ to a state in
U. If no such choice exists then Spoiler loses the game. Subsequently, Duplicator picks a state  thatis in U and a
state v that is not in U (preferably with the same label as v — otherwise Duplicator loses), and the game continues
in the state pair (u,v). Clerc, Fijalkow, Klin, and Panangaden [22] showed that states s and ¢ are probabilistic
bisimilar if and only if a pair of states with different labels is never reached when the game is started in state pair
(s, t) no matter how Spoiler plays.

Again, we first consider the state pair (4, 8). Spoiler’s first move is U = {3,7,11} which is valid because
the probability of reaching from state 4 to any state in U is different from that of state 8. With this move, the
Duplicator cannot make a valid response and loses. This is because there is no state ¢’ & U that has the same label
as the states in U. Hence, the Spoiler successfully shows to Duplicator that states 4 and 8 are not bisimilar.

Next, we consider the state pair (0,4). A possible Spoiler’s first move is U = {1,2, 5} since the probability
of reaching from state O to any state in U is different from that of state 4, but this move allows Duplicator to play
(1,6). The Spoiler may survive longer by choosing U = {0}, which is a valid choice because the probability of
reaching from state 1 to any state in U is different from that of state 6, but this also allows Duplicator to play (0, 4),
returning to the original position. For instance, if the Spoiler chooses U = {3}, which is valid since the probability



of reaching from state 0 to any state in U is different from that of state 4, Duplicator wins immediately by playing
(3,7). At this point, Spoiler cannot make a move and loses the game. Hence, the Duplicator successfully shows
Spoiler that the states 0 and 4 are bisimilar.
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Figure 1.8: pLTS from LMC of Figure

Forejt, Jancar, Kiefer, and Worrell [24] described a game based on more general probabilistic models, such as
probabilistic LTSs (pLTS). To play their game on the LMC in Figure[I.3] we first need to map it into a pLTS. This
is done by duplicating all the states in the LMC and adding a transition labelled "a’ from the duplicate states to the
original state, as shown in a partial view in Figure[I.8] Similarly, their game consists of two players: the Spoiler
and the Duplicator. The result of the game played on the pLTS will still apply to the original LMC. Moreover, the
game played on the pLTS is exactly the same as the one described by Desharnais, Laviolette, and Tracol. Ford,
Beohar, Konig, Milius, and Schrdder [40] consider an even more general setting.

1.5.3 Probabilistic Bisimilarity Distances

Konig and Mika-Michalski [39] generalize the game of Desharnais, Laviolette, and Tracol in two dimensions.
Firstly, they consider distances which provide a generalization of equivalences [’} Secondly, they present a general
framework based on the category of sets and functions, an endofunctor on that category, and coalgebras of that
endofunctor. Below, we describe the game resulting from an instantiation of their framework so that it is applicable
to probabilistic bisimilarity distances for LMCs. The game starts in a triple (s, ¢, €), where s and ¢ are states and
e € [0,1). Spoiler tries to show that the distance between (s,t) is greater than e, whereas Duplicator tries to
demonstrate that the distance between (s, t) is less than or equal to e. Like all the games we discussed before,
the game is played in rounds. Each round consists of the following steps. Spoiler chooses a state u; € {s,t}
and a fuzzy set of states U;. Duplicator uses the other state us € {s,¢} \ {uz2} and chooses a fuzzy set of states
U, such that the expectation of transitioning from u; to U; minus expectation of transitioning from us to Us is
at most e. Such a Us always exists. Spoiler chooses i € {1,2} and a state s’. Duplicator chooses a state ¢/
with U;(s’) < Us_;(t'). The duplicator can always choose a Us in the second step so that it can pick a ¢’ in
the fourth step with U;(s’) < Us_;(t’). The next round starts in (s, ', Us_;(t') — U;(s’)). As shown by Konig
and Mika-Michalski [39 Theorem 35 and 38], the distance between (s, t) is less than or equal to € if and only if
Duplicator can avoid ever reaching a state pair with different labels when the game is started in (s, ¢, €), no matter
how Spoiler plays.

Consider the LMC of Figure The states 1 and 2 have distance %8. Let us start the game in (1,2, Tls)
Assume that Spoiler chooses, for example, state 2 and the fuzzy set U; that maps state 4 to one and all other
states to zero. The duplicator uses state 1 and chooses the same fuzzy set. No matter which state Spoiler chooses,
Duplicator can pick the same state, and the next round starts in (s, s,0) for some state s. By considering all
possible choices of Spoiler we can define a strategy of Duplicator that avoids ever reaching a state pair with
different labels. This strategy explains why the distance of states 1 and 2 is at most Tls'

Next, we start the game in (1,2, 1—19) Spoiler chooses state 1 and the fuzzy set U; maps state 4 to one and
all other states to zero. Duplicator uses state 2. To ensure that the fuzzy set Us satisfies the condition mentioned

3Desharnais et al. consider equivalence relations indexed by € € [0, 1]. Above, we presented their approach for e = 0.



in the second step, the Duplicator has to choose a Us such that Us(5) > 0. Spoiler chooses ¢ = 2 and state 5.
To satisfy the condition mentioned in the fourth step, the Duplicator has to choose state 4. Hence, the Duplicator
cannot avoid reaching a state pair with different labels. This strategy of Spoiler explains why the distance of states
1 and 2 is greater than %.

Ko6nig, Mika-Michalski, and Schroder [40] present generic algorithms for computing strategies of both Spoiler
and Duplicator.

Komorida, Katsumata, Hu, Klin, Humeau, Eberhart, and Hasuo [38| Table 2] generalize the game of Fijalkow,
Klin, and Panangaden to a quantitative setting using fibrations and coalgebras. Instantiating their framework to
our setting amounts to the following game.

The game starts in (s, ¢, €). Spoiler chooses a fuzzy subset of states U such that the expectation of transitioning
from s to U and the expectation of transitioning from ¢ to U differ by more than e. Such a U may not always exist.
If U does not exist, Spoiler loses. Duplicator chooses states s’ and ¢’ with the same label as well as € € [0, 1)
such that U(s") and U (t') differ by more than €. As shown in [38, Theorem 5.11], the distance of states s and ¢ is
at most ¢ if and only if Duplicator can avoid ever reaching a state pair with different labels or Spoiler gets stuck
when the game is started in (s, ¢, €), no matter how Spoiler plays.

To illustrate this game we also consider the LMC of Figure Let us start the game in (1,2, Tls) Since
(3UM4) +1U(5)) — (3U(4) + 2U(5)) = = (U(5) —U(4)), we can conclude that Spoiler cannot find a U
satisfies the above mentioned condition. Hence, Spoiler gets stuck. This explains why the distance of 1 and 2 is at
most %.

Next, we start the game in (1, 2, 11—9) Spoiler chooses the fuzzy subset U that maps state 5 to one and all other
states to zero. This choice satisfies the above condition. The duplicator cannot avoid a state pair with different
labels since for any other choice of s and ¢/, U(s’) = U(t'). This strategy of Spoiler explains that the distance of

. 1
1 and 2 is greater than 75.

1.6 Our Game

The foundation of the game studied in this thesis is an alternative characterization of the distances provided by
Chen, Van Breugel, and Worrell [6, Theorem 8]. This characterization forms the basis of the algorithm developed
by Bacci, Bacci, Larsen, and Mardare [[1]] to compute these distances. Tang and Van Breugel [53]] demonstrated that
their algorithm is a specific instance of Howard’s policy iteration [30]. Howard’s general algorithm is applicable to
Markov decision processes, and Tang [52] defined the specific Markov decision processes required for Howard’s
policy iteration algorithm to compute the distances. A Markov decision process is a 1%—player game: one regular
player and randomness, which accounts for the remaining half. In our game, the player’s role is somewhat similar
to that of Duplicator. For example, assume that two states have distance zero, that is, they are probabilistic
bisimilar. Then the player matches the transitions such that 1-pairs are never reached.

Similar to Stirling’s bisimilarity game described in Section our game involves matching transitions.
However, in our setting, we match parts of transitions. For example, consider the transitions between states 1 and
2in Figure The transition from state 2 to state 4 can be matched by a part (with probability %) of the transition
from state 1 to state 4. Likewise, the transition from state 1 to state 5 can be matched by a part (with probability
%) of the transition from state 2 to state 5. The remaining parts — a portion of the transition from state 1 to state
4 and a portion of the transition from state 2 to state 5, each with probability Tls — can also be matched. This
matching is illustrated in Figure[T.9]

Figure 1.9: A coupling of the transitions of states 1 and 2 of the LMC of Figure

These matchings are also known as couplings, a concept introduced by Doebling [18]. The collection of
couplings is referred to as the transportation polytope. While there are infinitely many ways to match parts of



transitions, as we will demonstrate, there exists a finite set of couplings from which all other couplings can be
derived as convex combinations of those in the finite set (the vertices of the transportation polytope).

Let us start our game in (s, t). The player chooses a coupling of the transitions of s and ¢. Randomly, respecting
the probabilities associated with the coupling, a matching of parts of transitions is chosen. This matching takes the
game to (s',t'). If the states s’ and ¢’ are probabilistic bisimilar, in which case we call (s’,¢') a 0-pair (depicted in
blue) as they have distance zero, or have different labels, in which case we call (s’,¢’) a 1-pair (depicted in red),
the game stops. Otherwise, the game continues in (s’,t') (depicted in green). The objective of the player is to
minimize the probability of reaching a 1-pair. Also, in this case, the player tries to avoid reaching 1-pairs.

Like all the other games presented above, this game is elegant, as in the quote of Fijalkow et al. in that it
characterizes a global property of behaviours (the distances) through a game whose rules depend solely on local
considerations (the couplings).

A strategy for the player, also known as a policy in this context, involves choosing a coupling based on local
transitions of each pair of states that is neither a 0- nor a 1-pair. The policies are deterministic and memoryless. A
policy is optimal if it minimizes the probability of reaching a 1-pair. The value of such a policy equals the distance
between states. Thus, optimal policies capture a global property of the system. The coupling shown in Figure [I.9]
is part of an optimal policy for the LMC in Figure Notice that the probability of reaching a 1-pair is Tls , the
distance of 1 and 2. As we will see through many examples, optimal policies are not unique. This thesis aims to
identify the key differences between them and determine which type of optimal policy explains the distance better.

1.7 Vertex Policies

In Figure[T.10] we present an LMC and two policies. States 0 and 1 have distance one. Both policies in Figure[I.10]
reach 1-pairs with probability one and, therefore, are optimal. The policy on the left is not a vertex policy, whereas
the one on the right is. A policy is a vertex if and only if it matches the transitions of two states in a way that
does not create a cycle in the matched target state pairs. In this example, the left policy matches state O with state
1, state 1 with state 2, state 2 with state 3, and state 3 with state 0, thus forming a cycle. On the other hand, the
right policy does not contain a cycle; hence, it is a vertex policy. Generally, vertex policies are simpler and help
us understand the distance between states more easily. In Chapter [} Section[d.2] we will explore vertex policies
further and study their properties.

IS
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12,1] [2,3] [0,3] 2,3

Figure 1.10: An LMC and two optimal policies
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1.8 1-Maximal Policies

In Figure[[.TT] we present an LMC and two policies. States 0 and 1 have distance one. Both policies in Figure[I.TT
reach 1-pairs with probability one and, therefore, are optimal. The policy on the left matches the transitions of
states 0 and 1 so that all target pairs are 1-pairs whereas one on the right matches the transitions so that none of
the target pairs are 1-pairs.

Since policies describe the similarity between states, the left policy indicates that states 0 and 1 behave in
completely different ways, while the right policy suggests that states 0 and 1 behave somewhat similarly. However,
by analyzing states 0 and 1 in this LMC, we observe that they actually behave in a similar way, that is, we can
match the transitions so that we cannot observe a difference after one transition. Therefore, we prefer the right
policy.

An alternative justification is that the player’s objective is to avoid reaching 1-pairs. Since the right policy
takes longer to reach 1-pairs, we prefer it. For the policy on the right the expected length to 1-pairs is greater than
for the one on the left. Hence, among the optimal policies we look for ones that maximize the expected length to
1-pairs. We call these optimal policies 1-maximal. 1-Maximal policies also determine how long the player can
play the game before reaching 1-pairs.

In Chapter[6] we present an algorithm that, starting from an optimal policy computed using the algorithm by
Tang and Van Breugel [53]], constructs a 1-maximal optimal policy. In Section [6.T]of the same chapter, we prove
an exponential lower bound for this algorithm by constructing an LMC of size O(n), for which the algorithm
requires §2(2") iterations.

6,5 7.4

Figure 1.11: An LMC and two optimal policies
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1.9 0-Minimal Policies

In Figure we present an LMC along with two policies. The distance of states 0 and 1 is % Since both
policies reach a 1-pair with a probability %, they are optimal. The expecteﬂ length to a 1-pair is two for both
policies, which is the maximum among all optimal policies. Therefore, both are 1-maximal. Recall that the
player’s objective is to avoid reaching 1-pairs. Once a policy reaches a O-pair, it can no longer reach 1-pairs;
hence, 1-pairs can be entirely avoided. As a result, in addition to avoiding 1-pairs, a secondary objective is to
reach O-pairs as soon as possible. The right policy reaches a O-pair sooner than the left policy, as its expected
length to reach O-pairs is smaller among the 1-maximal optimal policies. We refer to such optimal policies as
0-minimal. 0-Minimal policies also determine how long the player can play the game before reaching O-pairs. In
Chapter[7] we present an algorithm that, starting from a 1-maximal optimal policy, computes a 1-maximal optimal

policy that is also 0-minimal.

\5,6\ \6,6\ 5,6

Figure 1.12: An LMC and two optimal policies

1.10 Conflict-Free Policies
Vlasman introduced the concept of conflict-free policies in [58]], distinguishing between two types: label conflict-

free and probabilistic bisimilar conflict-free. Furthermore, she showed that these conflicts can be removed by
modifying the policy. In the following sections, we will discuss each one of them.

1.10.1 1-Conflict

In Figure [I.T3] we present an LMC along with two policies. The distance of states 0 and 1 is one. Since both
policies reach a 1-pair with a probability one, they are optimal. The policy on the left has a 1-conflict because

4More precisely, this is a conditional expectation, as we only consider paths that reach 1-pairs.
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it matches two transitions whose target states have different labels (states 3 and 4), even though an alternative
matching exists of two transitions with target states with the same label (as shown in the right policy). Vlasman
studied this phenomenon in [38]] and referred to it as label conflict. As there is a connection between label conflict
free policies and 1-maximal policies, we refer to label conflict as 1-conflict. In Chapter[6} Section [6.2] we will
show that a 1-maximal optimal policy has no 1-conflicts.

2,4

Figure 1.13: An LMC and two optimal policies

1.10.2 0-Conflict

2
policies reach a 1-pair with a probability %, they are optimal. The policy on the left has 0-conflict because it

matches two transitions whose target states are not probabilistically bisimilar (states 3 and 4), even though an
alternative matching exists of two transitions with target states that are probabilistically bisimilar (as shown in the
right policy). Vlasman also studied this phenomenon in [58] and referred to it as probabilistic bisimilar conflict,
which we call O-conflict. It remains an open problem whether a 0-minimal 1-maximal optimal policy is O-conflict
free.

In Figure , we present an LMC along with two policies. The distance of states 0 and 1 is 1. Since both

13



Figure 1.14: An LMC and two optimal policies

1.11 Symmetric Policies

In Figure [I.15] we present an LMC along with three policies. The distance between states 0 and 1 is one. Since
all the policies reach a 1-pair with probability one, they are optimal. All the policies are vertex policies, as they
match the transitions of two states in a way that does not create a cycle in the matched state pairs. Moreover, all
the policies are 1-maximal and 0-minimal, as the expected lengths to 1-pairs and O-pairs are the maximum and
minimum, respectively, among all optimal policies. In the first one, the distance of 3 and 4 is explained differently
from the distance of 4 and 3. Distances are symmetric. In the second policy, the explanation of the distance of 3
and 4 and that of 4 and 3 are mirror images. As a result, we consider the second policy simpler. To reflect that the
one is a mirror image of the other, we introduce twisted arrows. A twisted arrow from (0, 1) to (3, 4) represents
an arrow from (0, 1) to (4, 3) in the third policy. In Chapterwe will define symmetric policies and explore their
properties.
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Figure 1.15: An LMC and three optimal policies
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Figure 1.16: An LMC

1.12 All Policy Types

Consider the five policies for states 0 and 1, as presented in Figure[T.17] of the LMC depicted in Figure[T.16] All
five policies are optimal, as each reaches a 1-pair with probability % which represents the distance between states
0 and 1. Policy A is not a vertex policy, whereas policy B is. As mentioned earlier, non-vertex policies match
the transitions of two states in a way that creates a cycle in the matched state pairs. In this example, policy A
matches state 2 with state 3, state 3 with state 4, and state 4 with state 2, thus forming a cycle. In contrast, policy
B does not contain a cycle and is therefore simpler. Recall that the player’s objective is to avoid reaching 1-pairs.
Policy C performs better than policy B in this regard, as the expected length to 1-pairs is greater for policy C than
for policy B. Thus, policy C is preferable. The player’s second objective is to reach 0-pairs as early as possible.
Policy D achieves this better than policy C, as the expected length to O-pairs is smaller for policy D than for policy
C. Therefore, policy D is more desirable. In policy D, the explanation of the distance between states 10 and 9
differs from that between states 9 and 10. Recall that distances are symmetric. In policy E, the explanations for the
distances between 10 and 9 and between 9 and 10 are mirror images, hence, symmetric. As a result, we consider
policy E the most preferable.
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A B C D E

Figure 1.17: Five optimal policies of states 0 and 1 of LMC depicted in Figure non-vertex, vertex, vertex
1-maximal, vertex 1-maximal O-minimal, and vertex 1-maximal O-minimal symmetric

1.13 Contributions

The main contributions of this thesis are the following.

1.

7.

We provide a unified overview of games related to probabilistic bisimilarity and probabilistic bisimilarity
distances.

We argue that 0-minimal 1-maximal vertex optimal policies explain these distances.
We prove that 1-maximal vertex optimal policies are free of 1-conflicts.

We develop algorithms to compute O-minimal 1-maximal vertex optimal policies and prove their correct-
ness.

. We prove an exponential lower bound for the algorithm that computes a 1-maximal vertex optimal policy

from an optimal policy.

. We define the notion of a policy being symmetric and check that there exist symmetric policies that are

0-minimal 1-maximal vertex optimal.

We implemented all algorithms in Java.

Of the above contributions, 1, 2, and 6 are joint work with van Breugel, and 3 is joint work with Vlasman, van
Breugel, and Worrell.
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2 Fixed Point Theorems

In this chapter, we will review the concept of fixed points and highlight several important fixed point theorems
from the literature, like the Knaster-Tarski and Banach fixed point theorems. As we will see in the following
chapter, we define probabilistic bisimilarity distances in terms of the fixed point of a function, and these theorems
play a crucial role in explaining them. We will begin by briefly covering some important concepts from order
theory and topology, as they apply to these theorems. For instance, the Knaster-Tarski fixed-point theorem relies
on complete lattices, while the Banach fixed-point theorem relies on complete metric spaces. We will present each
of these theorems in turn and examine their applications throughout the thesis.

2.1 Knaster-Tarski Fixed Point Theorem

In this thesis, we study distances on a finite set S of states. These distances are bounded by one and can be
represented by the functions d : S x S — [0, 1] E} These functions carry a natural order. For distance functions
d,e € §x 8 — [0,1], we order them by defining d C e if for all s, ¢ € S, d(s,t) < e(s,t). This defines a
partial order. For the definition of a partial order, we refer the reader to, for example, [[11, Definition 1.2]. The real
numbers R, ordered by the standard less-than-or-equal relation <, provide another example of a partially ordered
set, which is used in many of the examples throughout this chapter. As we will see in the following chapter, we
define the probabilistic bisimilarity distances as a fixed point of a function.

Definition 2.1. Let f : X — X be a function. Then x € X is a fixed point of f if f(x) = x.

For example, if f : R — R is defined by f(z) = 2> — 3x + 4, then 2 is a fixed point of f because f(2) = 2.
Similarly, if f : R — R is defined by f(x) = 2 — 2, then both 2 and —1 are fixed points of f, since f(2) = 2
and f(—1) = —1. In contrast, the function f : R — R defined by f(z) = 2 + 1 has no fixed points at all, since
x + 1 is always greater than x.

In our case, the space X is the set S x S — [0, 1]. The corresponding function willbe ® : (S x .S — [0,1]) —
(S xS — [0,1]), that is, given a distance function d, we have that ®(d) is a distance function as well. Since we
have an ordering on the distance functions, we can order the fixed points of these functions ®.

Definition 2.2. Ler (X, C) be a partially ordered set and f : X — X. Then x € X is a pre-fixed point of f if
f(x) C x and a post-fixed point of f if x C f(x).

For example, if the function f : R — R defined by f(x) = 7, then 2 is a pre-fixed point of f because
f(2) < 2. If the function f : R — R is defined by f(x) = 2z, then 1 is a post-fixed point of f because 1 < f(1).
We are also interested in the least and greatest fixed points of these functions, if they exist.

Definition 2.3. Let (X, C) be a partially ordered set, f : X — X, and x € X. Then x is a least fixed point of f
if

f(x) =z and
forally € X, if f(y) =ythenz Cy

and x is a greatest fixed point of f if

f(x) =2 and
forally € X, if f(y) =y theny C z.

3In this thesis, we also consider functions in S x S — [0, co]. Results similar to the ones presented in this chapter hold for these functions
as well.
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For example, the function f : R — R defined by f(z) = 22 has 0 as its least fixed point and 1 as its greatest
fixed point, since 0 and 1 are the only fixed points of f, and 0 < 1. On the other hand, the function f : R — R
defined by f(x) = x has infinitely many fixed points, but it does not have a least and a greatest fixed point.

As the above example shows, not every function has a least or a greatest fixed point. As we will show in
Theorem [2.7] if function f is monotone then a least and a greatest fixed point exist.

Definition 2.4. A function f : X — X is monotone if for all x,y € X, we have

rCy = f(z)C fly)

3

For example, the function f : R — R defined by f(z) = 2” is a monotone function, whereas the function

f: R — R defined by f(x) = sin (z) is not a monotone function.

Definition 2.5. Let (X, C) be a partially ordered set, A C X, and x € X. Then x is the least upper bound of A,
denoted by UA, if

foralla € A,a C x and
forally € X, ifa Cyforalla € Athenx C y,

and x is the greatest lower bound of A, denoted by MA, if

foralla € A,x C a and
forally e X, ify Caforalla € Atheny C x.

For example, if the subset A C R is defined by A = [0, 1), then UA = 1. On the other hand, if the subset
A =R, then A does not have a least upper bound or a greatest lower bound. Additionally, if the subset A C R is
defined by A = (0, 1], then MA = 0.

Given a set of distance functions D C S x S — [0, 1], Deﬁnitiondeﬁnes its least upper bound LID and its
greatest lower bound MD. This least upper bound UD and the greatest lower bound MD are distance functions.
For all (s,t) € S x S, we have that (UD)(s,t) = supgcp d(s,t) and (MD)(s,t) = infgep d(s, t).

These distance functions, with C, form a complete lattice (S x S — [0, 1], C), according, for example, to
[15) Lemma 3.2]. Briefly, a complete lattice is a partially ordered set in which every set of elements has both a
least upper bound and a greatest lower bound. For the definition of a complete lattice, we refer the reader to, for
example, [L1 Definition 2.1]. The functions L, T : S x S — [0, 1], defined by L(s,t) = 0 and T (s,¢) = 1 for
all s, t € S, are the least and greatest element of this complete lattice. ([0, 1], <) is another example of a complete
lattice.

Definition 2.6. Let f : X — X. Forn € N, the function f" : X — X is defined by

R ifn=20
fi(@) = { f(f"Yz)) otherwise.

For example, consider the function f : R — R defined by f(x) = x + 2. To compute f3(1), we apply f
repeatedly starting from 1:

=1

fly=fa)=1+2=3

PO =ff0)=fB)=3+2=5
PO =) =f6)=5+2=17

Thus, f3(1) = 7.

Let N be the set of natural numbers. Part (a) and (b) of the following theorem are due to Tarski [54] who
generalized a result of Knaster [35)]. This result is known as the Knaster-Tarski fixed point theorem. In the next
theorem, we use Ll,enf™ (L) as a shorthand for LI{ (L) | n € N}. The same applies to Mpenf™(T).

Theorem 2.7. Let (X, C) be a complete lattice with least element | and greatest element T. If f : X — X is
monotone then

(a) f has a least fixed point, which is the least pre-fixed point of f, and
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(b) [ has a greatest fixed point, which is the greatest post-fixed point of f.
Furthermore,
(¢) if Unenf™(L) is a fixed point of f then it is the least fixed point of f, and
(d) if Mnenf™(T) is a fixed point of f then it is the greatest fixed point of f.
Proof.
(a) and (b) This is the Knaster-Tarski fixed point theorem (see, for example, [11, Theorem 2.35]).

(c) We know that U,y f™(L) exists because (X, ) is a complete lattice. Assume that L, enf™(L) and =
are fixed points of f. To conclude that U,y f™ (L) is the least fixed point of f, it suffices to show that
Unenf™(L) C . Hence, it suffices to show that (L) C z for all n. We prove this by induction on n.
The base case, when n = 0, is immediate as 1. C x. In the inductive case, n > 0. Then

L) = FUrH L)
C f(z) [f is monotone and induction hypothesis]

==z [« is a fixed point of f]

(d) Similar to (c).
O

Here is an example that illustrates part (c) of Theorem Let f : [0,5] — [0,5] be a function defined by
f(z) = min(z + 1,3). It is easy to verify that [0, 5] is a complete lattice and the least element of this lattice is
1 = 0. We apply f iteratively starting from the least element | = 0. Then we have f°(L) = 0, f1(L) = 1,
(L) =2, f3(L) = 3, f4L) = 3, f5(L) = 3. Thus, the least upper bound of this sequence is 3. From
Theorem [2.7(c) we can conclude that 3 is the least fixed point of f.

In the following chapters, we will see that several key functions, including the probabilistic bisimilarity dis-
tances, are defined as the least fixed points. Some others are defined as the greatest fixed points. Pre-fixed and
post-fixed points are used in numerous proofs, as are parts (a), (b), (c) and (d) of Theorem[2.7]

2.2 Generalization of Banach’s Fixed Point Theorem

Let S be a finite set. Recall that the infinity norm of a function f € S x S — R, denoted by || f

, is defined by
= max t)].
I £1] S’t25|f(57 )

This infinity norm defines a distance on these distance functions. For distance functions d, e € S x S — [0, 1],
the function mapping (d, e) to ||d — el defines a complete metric. For the definition of a complete metric space,
we refer the reader to [[19, Definition B7.13]. These distance functions serve as an example of a complete metric
space. Similarly, the set of real numbers R with the Euclidean distance function provides another example of a
complete metric space.

Theorem [2.10] below, guarantees the existence and uniqueness of a fixed point for a function that is con-
tractive on a nonempty complete metric space. Moreover, this result extends to so called power-contractive and
nonexpansive functions as well. Let us first define these types of functions formally.

Definition 2.8. Let f : X — X. Then f is nonexpansive if for all x,y € X,

d(f(x), f(y)) < d(z,y)

and f is contractive if there exists ¢ < 1 such that for all x,y € X,

and f is power-contractive if f™ is contractive for some n € N.
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The following examples of functions are nonexpansive. The function f : R — R defined by f(z) = § is
contractive, whereas the function f : R — R defined by f(z) = z is not contractive. Meanwhile, the function
f : R — R defined by f(x) = 2x is expansive.

Definition 2.9. Let (x,)nen be a sequence in X and x € X. Then (x,,)nen converges to x, denoted lim, ey x,, =

Ye>0:dN eN:Vn> N :d(z,,z) <e

1

For example, consider the sequence (E)n N’ Using the above definition, it is easy to verify that this sequence

converges to 0, i.e., lim, ey % =0.

Next, we present a generalization of Banach’s fixed point theorem. This result dates back at least as far as the
sixties. Part (a) and (b) are Banach’s original fixed point theorem [3]. Part (c) can already be found in [37] and
[12] contains part (d). For completeness, we provide proof of parts (c) and (d).

Theorem 2.10. Let (X, d) be a nonempty complete metric space. Let f : X — X andn € N. If f™ is contractive
then

(a) f™ has a unique fixed point v and

(b) forally € X, x = limp,en f™(y).
If f is also nonexpansive then

(c) x is the unique fixed point of f and

(d) forally € X, x = limpen f™(y).

Proof. Let (X, d) be a nonempty complete metric space. Let f : X — X and n € N. Assume that f" is
contractive.

(a) and (b) This is Banach’s fixed point theorem (see, for example, [[19, Theorem 2.1.5]) restated for the function f™.

(c) First, we show that x is a fixed point of f, that is, f(x) = x. Since x is the unique fixed point of f™, it
suffices to show that f(x) is a fixed point of f™, thatis, f"(f(z)) = f(z). Since

d(f"(f(2)), f(x)) = d(f"* (x)

(f(f" (@) )

(f"(z),2 f is nonexpansive]
[f*(2) = 4]

we have that d(f(f(x)), f(x)) = 0 and, therefore, f"(f(x)) = ().

Next, we show that x is a unique fixed point of f. Assume f(y) = y. Since « is the unique fixed point of
f™, it suffices to show that y is a fixed point of f7, thatis, f"(y) = y.

); f ()
)

IA
O oA

We show that for all m, f™(y) = y by induction on m. In the base case, m = 0, this obviously holds. In
the inductive case, m > 0, we have that

™ y) = (™)
= f(y) [induction hypothesis]

=y [fly) =1

Hence, [™(y) = y.

(d) Lety € X. It suffices to show that the sequence (/™ (y))men converges to x, that is,
Ve>0:IM e N:Vm > M : d(f™(y),x) < e. 2.1)
Let € > 0. Since the sequence (™" (y))men converges to x by part (b),

AN eN:Vm >N :d(f™(y),z) <e. (2.2)
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We take M = Nn. It suffices to show that d( fM+*(y), z) < e forall k € N. We prove this by induction on
k. The base case, k = 0, follows immediately from (2.2). In the inductive case, when k > 0, we have that

d(f"(y), ) = d(FM ), f@)  [part (@)
d(fMHE=1(y), z) [f is nonexpansive]

€ [induction hypothesis]

INIA

O

Theorem [2.10]is used in numerous proofs throughout this thesis to show that functions, including the function
that defines probabilistic bisimilarity distances, have unique fixed points.

2.3 Fixed Point Characterization Theorem

The following result, which is based on the order and metric of the set S x S — [0, 1], is a variation on [57,
Theorem 1]. This theorem is used in several proofs throughout this thesis to characterize the least and the greatest
fixed point of a function.

Theorem 2.11. If® : (S x S — [0,1]) — (S x S — [0, 1]) is monotone and nonexpansive then
(a) limpen ®™(L) is the least fixed point of ®, and
(b) lim,en ©™(T) is the greatest fixed point of .

Proof. Assume that @ : (S x S — [0,1]) = (S x S — [0, 1]) is monotone and nonexpansive.

(a) We show that lim,eny @™ (L) = U,en®™(L) and lim, ey ®™(L) is a fixed point of ®. The desired result
follows from Theorem [2.7]c).

First, we observe that the sequence (9" (L)), en is non-decreasing by showing that for alln € N, &™(L) C
<I>”+1(J_) by induction on n. The base case, n = 0, follows from the fact that | is the least element.
In the induction case, n > 0, we have that ®"~*(L) C ®"(L) by the induction hypothesis and, hence,
®"(L) C ®" (L) since ® is monotone. For s, t € S, the non-decreasing and bounded above sequence
(®™(L)(s,t))nen converges to its supremum, that is, lim, ey @ (L)(s,t) = sup,,cy 2™ (L)(s,t). Hence,

<lim qﬂﬂ)) (s,t) = lim ®"(L)(s,?)

neN neN

= sup ®"(L)(s,1)
neN

= unEN(bn(L)(S? t)
= (Unen®" (1)) (s,1).

It remains to show that lim,,cy @™ (L) is a fixed point of ®:

o (liHl?\lI @”’(L)) = 1111% o(P"(L)) [® is nonexpansive and, hence, continuous]
ne ne

= lim ®"(_L
lim, &"(L)

(b) Similar to (a).
O

In this chapter, we briefly covered fixed points and studied three key theorems about fixed points. In the next
chapter, we will define probabilistic bisimilarity distances as a fixed point of a function and study their properties.
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3 Probabilistic Bisimilarity and Probabilistic Bisimilarity Distances

In this chapter, we will review the model of interest, labelled Markov chains (LMCs), and the notion of couplings,
a concept from probability theory. Roughly speaking, couplings are the matching of transitions of an LMC.
As mentioned in the introduction of this thesis, these couplings play a key role in our game, as they represent
the player’s strategy. We will begin by defining the set of couplings, known as the transportation polytope, and
demonstrating how they can be interpreted as transportation plans. Next, we will define probabilistic bisimilarity
in terms of these couplings and illustrate the definition with an example. Although there are, in general, infinitely
many ways to match parts of transitions, as we will show through an example, only a finite subset of these match-
ings are critical for our game. We will conclude the chapter by formalizing probabilistic bisimilarity distances
using couplings and studying their properties.

Figure 3.1: An LMC

Given a finite set X, a function p : X — [0,1] is a probability distribution on X if 3 __ p(x) = 1. We
denote the set of probability distributions on X by D(X). For p € D(X) and A C X, we often write p(A) for
> wea i(x). Similarly, forw € D(X x X), z € X, and A C X, we usually write w(z, A) for ) ., w(z,a).
For ;1 € D(X), we define the support of p by support(p) = {x € X | u(x) > 0 }. We formally define LMCs as
follows.

Definition 3.1. A labelled Markov chain is a tuple (S, L, T, ¢) consisting of
* a finite set S of states,
* a finite set L of labels,
* a transition probability function 7 : S — D(S), and
* alabelling function ¢ : S — L.

We restrict our attention to LMCs with finitely many states. See Figure [3.1]for an example. In this example,
S =1{0,1,2,3,4,5,6} and L = {circle, square, diamond}. The transition probability function for state 0 is
defined as follows:
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It is easy to verify that ) _o7(0)(u) = 1. The labelling function for state 0 is £(0) = circle. Similarly, the
transition probabilities and labelling functions can be defined for the remaining states.

For the remainder, we fix an LMC (S, L, 7, £). Next, we introduce the notion of a coupling of two probability
distributions and define probabilistic bisimilarity based on these couplings.

3.1 Couplings and Probabilistic Bisimilarity

We define probabilistic bisimilarity by means of the set (s, /), which is the set of all couplings of the probability
distributions p and v, known as the transportation polytope (see, for example, [34]).

Definition 3.2. Let pi, v € D(S). The set Q(u, v) is defined by
Qp,v) ={weD(S x8)|VseS:w(sS)=pu(s) Aw(S,s)=rv(s)}.

Next, we argue that these couplings can be viewed as transportation plans. Given probability distributions g,
v € D(S), think of the elements of S as locations. More precisely, for each s € S there is an origin location,
denoted s,, and a destination location, s4. At origin s, we have a supply of (s) goods that we need to transport to
the destinations. At the destination s4 we have a demand of v(s) goods. Note that, since ¢(S) = 1 and v(S) = 1,
the total supply equals the total demand. A transportation plan w specifies how much to transport from each origin
to each destination, that is, it can be viewed as a function mapping each origin-destination pair to a real number
in the interval [0, 1]. The condition w(s, S) = u(s) captures that the supply at s, needs to be transported to the
destinations. Similarly, w(S, s) = v(s) captures that the demand at s, needs to be received from all the sources.

Example 3.3. Let S = {0, 1}. The probability distributions p and v are given by
1(0) = 0.5, (1) = 0.5,v(0) = 0.6, and v(1) = 0.4
The function w : S x S — [0, 1] is defined by
w(0,0) = 0.5,w(0,1) = 0,w(1,0) = 0.1, and w(1,1) = 0.4

We leave it to the reader to verify that the function w is a coupling. Such a coupling can be depicted as follows.

The function 7 : S x S — [0, 1] is defined by
7(0,0) =0.3,7(0,1) =0.2,7(1,0) = 0.3, and w(1,1) = 0.2

It is easy to verify that the function 7 is also a coupling. Such a coupling can be depicted as follows.

For each pu, v € D(S), Q(u,v) is a closed convex polytope (see, for example [43, Definition 1.1], for a
definition of this notion). This set Q(x, v) is infinite.

As we saw in Example [3.3] when we ignore the probabilities of a coupling, we obtain an undirected graph,
which we refer to as support graph, defined as follows.
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Definition 3.4. Let w € D(S x S). The support graph of w is (V, E) where
e V=5x%x{0,1} and
« E={{(s,0), (1)} |w(s,t) >0}

The next proposition shows that for each u, v € D(S) and w € Q(u,v), w is a vertex in the closed convex
polytope (see, for example [45, Definition 1.3], for a definition of this notion) if the support graph of w is acyclic.

Proposition 3.5 ([34, Theorem 4]). For all u, v € D(S) and w € Q(u,v), w is a vertex if and only if the support
graph of w is a forest.

For instance, the coupling w in Example [3.3]is a vertex because its support graph does not contain cycles. In
contrast, the coupling 7 in the same example is not a vertex, as the support graph of 7 contains a cycle.

We denote the vertices of the transportation polytope by V (Q(u, v)). Since a convex polytope is defined by
a finite number of linear inequalities, and each vertex arises from a combinations of these inequalities becoming
equalities, it follows that the polytope has only finitely many vertices. Therefore, this set V (2(u, v)) is finite.

Probabilistic bisimilarity, in terms of couplings, is defined as follows.

Definition 3.6. A relation R C S x S is a probabilistic bisimulation if for all (s,t) € R, {(s) = £(t) and there
exists w € Q(7(s),7(t)) with support(w) C R. States s and t are probabilistic bisimilar, denoted s ~ 1, if
(s,t) € R for some probabilistic bisimulation R.

1 1 3
1
1
7 12

Figure 3.2: An LMC

Consider the LMC depicted in Figure To show that the states 0 and 4 are probabilistic bisimilar in this
LMC, we need to find a probabilistic bisimulation relation R such that (0,4) € R. Consider the equivalence
relation R with equivalent classes

{1,2,5,6},{3,7,11},{9,10}, {8}, {0,4}

It can easily be verified that R indeed satisfies all the requirements of Definition 3.6}
Next, we define the probabilistic bisimilarity distances. Before doing so, we partition the set of state pairs into
the following subsets.

Definition 3.7. The sets Sg, S2 and S?2 are defined by
ng{(s,t)GSxS|s~t}
S2={(s,t) €S x S| €(s) £ ((t)}
83 =(SxS)\ (Sgust)

The set Sg contains those state pairs that behave the same and, hence, have distance zero (see Theorem|3.11).
We call these 0-pairs. The set Sf contains those state pairs that have a different label and, therefore, are funda-
mentally different and, hence, have distance one (see Definition . We call these I-pairs. The set 5’72 contains
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the remaining state pairs. Note that some of these state pairs may have distance one, but cannot have distance zero
(see Theorem below). For example, the state pairs of the LMC depicted in Figure can be partitioned as
follows:

St =1{(0,0),(1,1),(2,2),(3,3),(4,4),(5,5), (6,6) }

St =1{(0,5),(1,5),(2,5).(3,5).(4,5), (6,5), (0,6), (1,6),(2,6), (3,6), (4,6),
(5,0),(5,1),(5,2), (5,3), (5,4), (5,6), (6,0), (6, 1), (6,2), (6,3), (6, 4) }

S =1{(0,1),(0,2),(0,3),(0,4),(1,2),(1,3), (1,4), (2,3),(2,4), (3,4),
(1,0),(2,0),(3,0),(4,0), (2, 1), (3,1), (4, 1), (3,2), (4,2), (4,3) }

3.2 Probabilistic Bisimilarity Distances

Letd € S x S —[0,1] andw € D(S x S). Instead of >, 5 w(u,v) d(u,v) we write w - d in the remainder to
avoid clutter. The probabilistic bisimilarity distances are defined in terms of the following function. This function
measures how to reach an i-pair from state pairs in S3.

Definition 3.8. Fori € {0, 1}, the function A; : (S x S — [0,1]) — (S x S — [0, 1)) is defined by

0 if (s,t) € S7_,
1 if (s,t) € S?
A;(d)(s,t) = sup w-d if(s,t)€ 52 andi =0
we(7(s),7(t))
inf w-d if(s,t)€S?andi=1.

weQ(7(s),7(1))

To conclude that A; has both a least and a greatest fixed point, we apply the Knaster-Tarski fixed point theorem
(Theorem a) and (b)). However, before using this theorem, we first need to prove that A; is a monotone
function, as shown in the following proposition.

Proposition 3.9. Fori € {0,1}, A; is monotone.

Proof. Leti € {0,1}andd, e € S x S — [0, 1] with d C e. To conclude that A; is monotone, it suffices to show
that A;(d) T A;(e), thatis, A;(d)(s,t) < A;(e)(s,¢) forall s,t € S. Let s, t € S. We distinguish the following
three cases.

o If (s,t) € SZ | then A;(d)(s,t) = 0 = Ay(e)(s, t).
o If (s,t) € S? then A;(d)(s,t) = 1 = A;(e)(s, 1)
o If (s,t) € S? then

Ag(d)(s,t) = sup w-d
weQ(7(s),7(t))

< sup w-e [dC¢
weQ(7(s),7(t))

= Ag(e)(s,t)
and

Aq(d t) = inf -d
1(d)(s,?) wGQ(iI(ls),'r(t))w

< inf w-e [dC €]
we(7(s),7(t))
= Aq(e)(s, ).
O

In the next proposition, we establish that A; is a nonexpansive function, which we later use to prove some
properties of the distances.
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Proposition 3.10. Fori € {0,1}, A, is nonexpansive.

Proof. Leti € {0,1} and d, e € S x S — [0, 1]. To conclude that A; is nonexpansive, it suffices to show that
1A (d) — As(e)|| < ||d — el that is |A;(d)(s,t) — Ai(e)(s,t)] < ||d —e| forall s,t € S. Lets, t € S. We
distinguish the following three cases.

o If (s,t) € SZ | then |A;(d)(s,t) — As(e)(s,t)| =0 —0] =0 < ||d — e]|.
o If (s,t) € S? then |A;(d)(s,t) — As(e)(s,t)| =1 =1 =0 < ||d —e]|.

e Let (s,t) € S7. Without loss of generality assume that

sup w-d> sup w - e.
weQ(7(s),7(t)) we(7(s),7(t))
Then
|Ao(d)(s,t) — Ag(e)(s, )=  sup w-d— sup w-e
weQ(7(s),7(t)) weQ(7(s),7(t))
< sup w-d—w-e

weQ(7(s),7(t))

= sup w-(d—e)
weQ(7(s),7(t))

<|ld—el.
Without loss of generality assume that
inf w-d> inf w
we(7(s),7(t)) we(7(s),7(t))
Then
A1(d)(s,t) — Ai(e)(s,t)] = inf w-d-— inf w-e
| 1( )( ) 1( )( )| weQ(7(s),7(t)) weQ(7(s),7(t))
< inf w-d—w-e

we(7(s),7(t))

= inf w-(d—e)
weQ(1(s),7(t))

ld —ef-

IN

O

Since A; is a monotone function (Proposition [3.9) from a complete lattice to itself, we can conclude from the
Knaster-Tarski fixed point theorem (Theorem Ma) and (b)) that A; has a least fixed point and a greatest fixed
point. We denote the least fixed point of A; by d; and the greatest fixed point of Ag by dy. The least fixed point d;
maps each pair of states to a real number in the interval [0, 1]: the probabilistic bisimilarity distance of the states.
As we already mentioned, distance zero captures the probabilistic bisimilarity.

Theorem 3.11 ([17, Theorem 4.10]). Forall s, t € S, §1(s,t) = 0 if and only if s ~ t.

Example 3.12. We calculate the distances of the states of the LMC depicted in Figure|[3.]]

(a) 61(3,3) = 0as (3,3) € S?
(b) 61(5,5) = 0as (5,5) € S?
(c) 61(5,6) =1as (5,6) € S.
(d) §,(6,6) = 0as (6,6) € S3.
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(e) The function w € Q(7(3),7(4)) is defined by

if (z,y) = (6,6)
lf(x7y) = (5’6)

otherwise.

w(:v,y) =

O N N=

The probability distributions 7(3) and 7(4) and the w can be depicted as follows.

D=

ST

We can calculate the distance between states 3 and 4 as follows.

01 (37 4) = A1(61)(37 4)

Z 7(u,v) 01 (u,v)
u,vES

= w(6,6)01(6,6) +w(5,6)01(5,6)  [Q7(3),7(4)) = {w}]
1

inf
TeQ(7(3),7(4))

1
01(6,6) + 551 (5,6)

N~ N

[by (c) and (d)]

(f) The function m € Q(7(2),7(3)) is defined by

lf(l‘,y) = (5’5)

otherwise.

W(xay) =

O - =

The probability distributions 7(2) and 7(3) and the  can be depicted as follows.

(NI

BRI

We can calculate the distance between states 2 and 3 as follows.
61(2,3) = A1(01)(2,3)
= inf Z p(u,v) §1(u,v)

peQ(r(2)7(3) S

= 7(5,5)01(5,5) + m(5,6)d1(5, 6) [Q(7(2),7(3)) = {r}]

1 1
761(5a 5) + 561(57 6)

2
1
=3 [by (b) and (c)]
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(g) The function m € Q(7(2),7(4)) is defined by

m(z,y) = {

The probability distribution 7(2) and T(4) and the w can be depicted as follows.

We can calculate the distance between states 2 and 4 as follows.

1 if(z,y) = (5,6)
0 otherwise.

1

01(2,4) = A1(61)(2,4)

= inf
PEQ(T(2),7(4))

- Z P(u, 'U) 51 (uv U)
u,vES
= 7(5,6)8,(5, 6)

= 15,(5,6)

=1 [by(c)

[Q(7(2),7(4)) = {r}]

(h) Forq € [0, %], the function w, € Q(7(0),7(1)) is defined by

q if (z,y) = (2,4)
3—a if(z,y)=(2,3)

we(z,y) =5 —a if(z,9)=(3,4)
q if (z,y) = (3,3)
0 otherwise.

The probability distributions T(0) and (1) and the wy can be depicted as follows.

Wl

0 ! ":x::A' c
5

=
ol

We can calculate the distance between states O and 1 as follows.

01(0,1)

Aq1(61)(0,1)

inf
pe(7(0),7(1))

inf g (2,4)01(2,4) +wy(2,3)61(2,3) +wq(3,4)81(3,4) + wy (3, 3)51(3,3)

q6[07§]

[€(7(0), 7(1
inf  ¢61(2,4) + (3 — ¢)61(2,3) + (1 — ¢)61(3,4) + ¢01(3,3)

qE[Oé]
: 1
1nf1 q+ (5
q€[0,3]

Z p(u, U) 51 (u, ’U)

u,vES

) ={wq lq €051}

)5+ (3~ )3
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The state pairs in S? are probabilistic bisimilar. This can be explained by means of the games mentioned in
Section of the introduction to this thesis. The state pairs in S7 have different labels, which explains their
difference in behaviour. Therefore, the distances of the state pairs in S7 remain to be explained.

Proposition 3.13. If S7 # () then S? # (.

Proof. We prove the contrapositive. Assume that S7 = (). As a consequence, all states have the same label. We
leave it to the reader to verify that S x S is a probabilistic bisimulation in this case. Hence, S3 = S x S and,
therefore, Sr? = 0. O

Therefore, for the remainder of this thesis, we assume that S? # (and S f # (). We conclude this section with
three properties of the distances that we use later in this thesis. First, we link ¢ and ;.

Proposition 3.14. For all (s,t) € S, do(s,t) + d1(s,t) = 1.

Proof. Since A,; is monotone (Proposition[3.9) and nonexpansive (Proposition[3.10), we can conclude from Theo-
rem[2.11|that 8y = lim,eny Af (L) and 6, = lim,en AJ(T). Lets, ¢ € S. To conclude that 8o (s, t)+01 (s, t) = 1,
it suffices to show that for all n € N, Al(T)(s,t) + AP (L)(s,t) = 1 by induction on n. In the base case, when
n = 0, we have that T (s,¢) + L(s,¢) = 1. In the inductive case, n > 0, we distinquish the following cases:

o If (s,t) € S3 then
AP(T)(s,t) + AT (L)(s,t) = 1+0 = 1.

o If (s,t) € S? then
AG(T)(s,t) + AT (L)(s,t) =041 =1.

* If (s,t) € S? then

AG(T)(5,1) = Ao(AFTH(T))(s,1)
AGTHT)

= inf
we(7(s),7(t))

w-(1—ATHL)) [induction hypothesis]

inf
weQ(7(s),7(t))

inf 1—w- A1)
weQ(7(s),7(t))

=1- sup w- AT
weQ(7(s),7(t))

=1-— A} L)(s, ).
Hence, AL (T)(s,t) + AT(L)(s,t) = 1.
O
Since §; is a fixed point of Aj, we have that for each (s,t) € 53, §; = peﬂ(ig§7T(t)) p - 01. In the next
proposition, we show that we can restrict to vertices, that is, we can restrict ourselves to V (Q(7(s), 7(¢))). Since

this set of vertices is finite, the infimum becomes a minimum and, hence, we can find w € V(2(7(s), 7(¢))) such
that (51(87 t) =Ww:- 61.

Proposition 3.15. For each (s, t) € S3, there exists w € V (Q(7(s),7(t))) such that 61(s,t) = w - 6.
Proof. Let (s,t) € S3. Let X = Q(7(s), 7(t)). Let the function f : X — [0, 1] be defined by

flw) =w-dr.
First, we show that f is linear. Let w, 7 € X and ¢ € (0, 1). We have that

flaw+(1-g)m)=(qw+(1—-q)7) &
=q(w-01)+(1—q) (1)
=q f(w)+ (1 —q) f(m).
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Because a linear function on a convex polytope attains its minimum at a vertex (see, for example, [55, Theorem 2
of Chapter 1]), we can conclude that

51(8,1?):A1(51)(8,t): inf 7T'(51 = min 7T'51:CU'(51
meQ(r(s),7(t)) meV(Q(7(s),7(1)))

for some w € V(Q(7(s),7(t))). O

Lastly, the following proposition is particularly useful in demonstrating that the distance between states s and
t, where (s, t) € S%, is one if both s and ¢ only transition to state pairs that have distance one.

Proposition 3.16. For all (s,t) € S3, if 61(u,v) = 1 for all u € support(7(s)) and v € support(7(t)), then
51 (S, t) =1.

Proof. Let (s,t) € SZ andw € Q(7(s), 7(t)). First, we show that support(w) C support(7(s)) xsupport(r(t)).
For all u,v € S,

(u,v) € support(w) < w(u,v) >0
= w(u,S) >0and w(S,v) >
< 7(s)(u) > 0and 7(t)(v) >
< u € support(7(s)) and v € support( (t))
< (u,v) € support(7(s)) x support((t)).

Assume that §; (u,v) = 1 for all (u,v) € support(7(s)) x support(7(t)). Hence, 01 (u,v) = 1 for all (u,v) €
support(w). Next, we show that w - 6; = 1.

w-o; = Z w(u, v)d1 (u,v)

u,vES

= Z w(u, v)d1 (u,v)

(u,v)€Esupport(w)

= Z w(u,v) [01(u,v) =1 forall (u,v) € support(w)]

(u,v)Esupport(w)
= > wluw)
(u,v)€S

=1 [weQ(r(s),7(t))]

Finally, we have that

61 (8, t) = A1(51)(8, t)

inf w
weQ(7(s),7(t))
=1.

O

In this chapter, we introduced the concept of couplings and how they are used to define probabilistic bisim-
ilarity and probabilistic bisimilarity distances. In the following chapter, we will explore policies. Recall that, in
our game, a policy represents the strategy chosen by the player. We will define policies formally, examine their
properties, and explore their close relationship with couplings.

31



4 Policies

The foundation of the game studied in this thesis is based on matching parts of transitions. These matchings are
also known as couplings, a concept we studied in the previous chapter. Recall that our game starts in a state
pair (s,t). The player chooses a coupling of the transitions of s and ¢. Randomly, respecting the probabilities
associated with the coupling, a matching of parts of transitions is chosen. This matching takes the game to (s’,t').
If the states s’ and ¢’ are probabilistic bisimilar, we call (s’,¢') a 0-pair (depicted in blue) because they have
distance zero. If the states have different labels, we call (s’,¢’) a 1-pair (depicted in red). In either case, the
game stops. If neither of these conditions holds the game continues in state pair (s’,¢') (depicted in green). The
objective of the player is to minimize the probability of reaching a 1-pair. Also, in this case, the player tries to
avoid reaching 1-pairs.

Figure 4.1: An LMC and a matching of the transitions of states 2 and 3

For instance, consider the transitions of states 2 and 3 in Figure[d.I} A portion of the transition from state 2 to
state 5 (with probability %) can be matched with the transition from state 3 to state 5. The remaining portion of
the transition from state 2 to state 5 is matched with the transition from state 3 to state 6, also with probability %
This matching is illustrated in Figure Notice that the state pair (5,5) is depicted in blue as (5,5) € S3 and
the state pair (5, 6) is depicted in red as (5,6) € S7.

As we mentioned in the introduction of this thesis, our game is elegant, as it captures a global property of
behaviors (the distances) through rules that depend solely on local considerations (the couplings). A strategy for
the player, also known as a policy in this context, involves choosing a coupling for each pair of states that is neither
a 0- nor a 1-pair. These policies are memoryless, meaning that the choice of coupling is made independently of
prior history. Moreover, they are deterministic, meaning that for any pair of states, exactly one coupling is chosen
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from the set of couplings.

In this chapter, we will define policies and examine some properties. We will start by introducing policies and
explaining their role in characterizing probabilistic bisimilarity distances. The chapter will conclude by exploring
various types of policies, including optimal and vertex policies.

4.1 Policies and Distances

As mentioned earlier, a player’s strategy, referred to as a policy, involves selecting a coupling for each pair of
states that is neither a O-pair nor a 1-pair. We formally define them as follows.

Definition 4.1. The set P of policies is defined by
P={PcS?—=D(Sx8)|V(st)ecS?:P(s,t) € Qr(s),7(t)) }.
In the next example, we present a visual representation of these policies.

Example 4.2. In this example, we graphically represent (parts of) three policies Q, R, and Z for the LMC depicted
in Figure[.1] The transitions of the states 0 and 1 can be represented as follows.

1 1
2 3
1

© O—=0
1 1
2 3

We begin with the policy Q. The matching of (the target states) of these transitions in policy Q) is shown next.

As seen above, + of the transitions from state 0 to state 2 is matched with % of the transition from state 1 to
state 4. In this representation, state pairs (s,t) € S3 are depicted in blue, (s,t) € S? in red, and (s,t) € S7 in
green. The following graph illustrates the coupling Q(0,1).

2,2] ]2,4\ ]3,4\ 3,3]

The following graph presents the coupling Q(2,3).

The following graph presents the coupling Q(3,2).
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The following graph presents the coupling (Q(3,4).

2,4\ 3,4\ 3,3]

1/§

By following similar steps as outlined above, we can obtain the policy, which we will call R, shown below,

1 /1 \i\ 1
6, C 3

2,2| 2,4\ 3,2\\3,3\
1 ;\1\4
\5,6\ \6,5”5,5\

and the policy Z depicted as follows.

34



12,2] [3,4] [2,4] [2,3] [3,2] |3,3]

1|1 1 /1
221/

\6,6\ \5,6\ \5,5\ \6,5\

1/1
2/2

Given a policy, we can define the probability of reaching a 0- or 1-pair from any state pair as follows. This def-
inition serves as a foundation for establishing a fixed-point characterization of probabilistic bisimilarity distances.

Definition 4.3. Let P € P and i € {0,1}. The function A;p : (S xS — [0,1]) = (S xS — [0,1]) is defined by

1 if (s,t) € S7
Aip(d)(s, ) =4 0 if (s,t) € S7_;

P(s,t)-d if(s,t) € S2

To conclude that A, p has a least fixed point, we apply the Knaster-Tarski fixed point theorem (Theorem[2.7(a)).
However, before using this theorem, we first need to prove that A;p is a monotone function, as shown in the
following proposition. This result is a generalization of results that can be found in the literature (see, for example,
[52, Proposition 6.1.3]).

Proposition 4.4. Forall P € P andi € {0,1}, A;p is monotone.

Proof. Let P € P,i € {0,1},andd, e € S x S — [0,1]. Assume that d C e. Let s, t € S. We distinguish the
following cases.

o If (s,t) € S? then
Aip<d)(8,t) =1= Aip(e)(&t).

o If (s,t) € S?_, then
Aip(d)(s,t) =0= Aip(e)(&t).

* Otherwise, (s,t) € S7. Then

Hence, A;p(d) C A;p(e). O

Since A,; p is a monotone function (Proposition4.4) from a complete lattice to itself, we can conclude from the
Knaster-Tarski fixed point theorem (Theorem [2.7(a)) that A;p has a least fixed point. We denote the least fixed
point of Aip by d;p.

Example 4.5. We calculate 61 p and Sgp of the state pairs of the policies (Q and R depicted in Example as
follows.

(a) 610(3,3) = 617(3,3) = 0 as (3,3) € S&
(b) 610(5,5) = 617(5,5) = 0 as (5,5) € S&
(c) 610(5,6) = 1as (5,6) € S2.
(d) 610(6,6) = 0as (6,6) € S2.
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(e) 61¢(6,5) = 61r(6,5) = 1as (6,5) € S7.
(f) 010(2,2) = 61r(2,2) =0as (2,2) € SZ.
() doq(5,6) = 0.as (5,6) € 5.
(h) S0g(5,5) = dor(5,5) = 1as (5,5) € SZ.
(i) 30g(6,5) = dor(6,5) = 0as (5,6) € Si.
(i)
010(2,4) = A10(610)(2,4)
= Z Q(2,4)(u,v)d1g(u,v)
(u,v)eSXS
=Q(2,4)(5,6)010(5,6)
=1019(5,6)  [by(c)]
=1-1
=1
(k)
00(2,4) = Aog(doe)(2,4)
= Q(2,4) - dog
= Z Q(2,4)(u,v)dog (u, v)
(u,v)eSXS
= Q(2,4)(5,6)doq (5, 6)
=100 (5,6)  [by (8)]
=1-0
=0
()
010(3,4) = B1g(010)(3,4)
= Z Q(3,4)(u,v)dg(u,v)
(u,v)eSXS

=Q(3,4)(6,6)010(6,6) + Q(3,4)(5,6)d10(5,6)

1 1
= 551(9(6,6) + 551(9(5,6)

~0+%-1 [by (c) and (d)]

DN = N =
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(m)

019(0,1) = A14(019)(0,1)
=Q(0,1) - 1
= > Q)W) digu,v)
(u,w)ESXS
=Q(0,1)(2,2)610(2,2) + Q(0,1)(2,4)10(2,4) + Q(0,1)(3,3)510(3, 3)
+ Q(07 1)(3ﬂ4)51Q(374>

1 1 1 1

1
1450
+300+

by (). (). (a), and (1)}

N |

1 1
04+ = Z.
+6 6

1
~3
_3

12
(n)
61r(3,2) = A1r(618)(3,2)
=R(3,2) - 61r
- Z R(3,2)(u,v)81r(u,v)
(u,v)ESXS
= R(3,2)(5,5)01r(5,5) + R(3,2)(6,5)012(6,5)

1 1
= 5513(57 5) + 55112(67 5)

— .0-5-%-1 [by (b) and (e))]

(o)

50R(37 2) = AOR((SOR)(Z)’? 2)
= R(3,2) - dor
= Z R(3,2)(u,v)dor(u,v)
(u,v)eSXS
= R(3,2)(5,5)d0r(5,5) + R(3,2)(6,5)50r(6,5)

1 1
= -0or(5,5) + 5503(6, 5)

s % 0 [by (h) and ()]

N =N~

(p)

61r(2,4) = A1r(61r)(2,4)
= R(2,4)-01r
- Z R(2,4)(u,v)01r(u,v)
(u,)ESXS
= R(2,4)(5,6)0,r(5,6)
=16,5(5,6) [by (c)]
=1-1
=1
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(q)

617(0,1) = A1R(615)(0,1)
= R(0,1)-01r
= Z R(0,1)(u,v) - 015 (u,v)
(u,v)ESXS
= R(0,1)(2,2)01r(2,2) + R(0,1)(2,4)6,r(2,4) + R(0,1)(3,3)1r(3,3)
+ R(0,1)(3,2)815(3,2)

1 1 1 1
= 661R(2’ 2) + -01r(2,4) + 5511%(3’ 3) + 661R(3’ 2)

3
1 1
Ot g 1ty 0 [by (f), (p), (a), and (n)]

N | =

_ 1 1
6 6
5

12

The probabilistic bisimilarity distances can be characterized in terms of a policy that minimizes the probability
of reaching a 1-pair.

Theorem 4.6 ([6, Theorem 8]). d; = min d1p.
PeP

To conclude that A, p has a unique fixed point, we apply the Banach’s fixed point theorem (Theorem [2.10]c)).
However, before using this theorem, we first need to prove that A;p is a nonexpansive and power-contractive
function, as shown in the following propositions. We denote P restricted to S by P, thatis, P> € 5% — (S7 —
[0,1]).

Proposition 4.7. Forall P € P,i € {0,1},d, e€ S x S — [0,1], s,t € S, andn € N,
(a) if (s,t) € S3 U S? then ATF(d)(s,t) = AS(e)(s,t), and
(b) if (s.) € 52 then | A% (d)(5,) — AL (€)(5,8)] < PP(s,1)(52) ld = e].
Proof. Let P € P,i € {0,1},andd,e € S x S — [0,1] and s,t € S.
(a) We distinguish two cases.

— If (s,t) € S? then
AT (d)(5,8) = 1 = AT (€)(,1)

- If (s,t) € S7_, then
AFHd)(s,t) = 0= A3 (e)(s,t).

(b) Let (s, t) € SZ. Without loss of generality, assume that A7 (d)(s, t) > A4 (e)(s, ). We prove this case
by induction on n. In the base case, when n = 0, we have that

A;p(d)(s,t) — Aip(e)(s,t) = P(s,t) -d— P(s,t) - e

= P(s,t)- (d—e)

- Z P(s,t)(u,v) (d(u,v) — e(u,v))
u,VES

< 3 Pl t)(w o) d—e]
u,vES

< |ld—e

— PY(s.1)(S3) d — e].
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In the inductive case, when n > 0, we have that

AR (d)(s. 1) — AT (e)(s. )
= P(s,1) - Afp(d) — P(s,1) - Ajp(e)

(s,1) - (A?p d) — Ajp(e))
Z S7t u,v ( ;LP(d)(u7v)_A?P(e)(u7U))

u,wES
= Y Prls.t)(u,0) (Afp(d)(u,0) = Afp(e)(u,0)  [part ()]
(u,v)€82
Z (s,8)(u, v) Py (u,v)(S2) ||d — e [induction hypothesis]
(u v)es?

7 (5:4)(S7) lld — ell.

Proposition 4.8. Forall P € P, i € {0,1}, A;p is nonexpansive.

Proof. Let P € P,i € {0,1},d,e € S xS — [0,1], and s, t € S. It suffices to show that |A;p(d)(s,t) —
A;p(e)(s,t)] < ||d — e|. Without loss of generality, assume that A;p(d)(s,t) > A;p(e)(s,t). We distinguish
two cases.

o If (s,t) € SZ U S? then from Proposition a) we can conclude that
Aip(d)(s,t) — Aip(e)(s,t) =0 < [|d — e]|.
o If (s,t) € S? then

A;p(d)(s,t) — A;p(e)(s,t) = P(s,t) -d— P(s,t)-e

Z P(s,t)(u,v)d(u,v) | — Z P(s,t)(u,v)e(u,v)

u,vES u,veS

= Y P(s,t)(u,v) (d(u,v) - e(u,v))

u,vES

< Y Pls,)(u,v)|d—e]

u,vES

ld —e]|.

IN

O

The next proposition shows that, given an initial state pair (s, t), the total probability of either remaining in S?
for n steps, or reaching to a O-pair or a 1-pair after n 4 1 steps, is at most one.

Proposition 4.9. Forall P € P, n € Nand (s,t) € S3,
P (s, 0)(S7) + AGE (L) (s, 8) + ATE(L)(s,8) < 1.

Proof. Let P € P and (s,t) € S2. We prove this proposition by induction on n. In the base case, n = 0, we have
that

P (s5,1)(S2) + Aop(L)(s,t) + A1p(L)(s,t) =14+ P(s,t) - L+ P(s,t)- L=1+0+0=1.
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In the inductive case, n > 0, we have that

Py (s,)(S7) + Agp " (L)(s, 1) + ATEH(L)(s,1)

= Z P?(S,t)(w’l)) P‘;Lil(uﬂ U)(S'%) + Z P(87t)(u7v) ASLP(L)(UMJ)

(u,v)€S? (u,v)€52

+ Z P(s,t)(u,v) ATp(L)(u,v)

(u,v)€S?
= > Plst)(w,0) (PP (u,0)(57) + Afp (L) (u, 0) + Afp(L)(u, )
(u,v)€82
+ Y Plst)(u0) (Afp(L)(u,0) + Afp(L)(u,v))
(u,v)€S52US2
< Z P(s,t)(u,v) + Z P(s,t)(u,v) [induction hypothesis]
(u,v)€82 (u,v)€S2US?

=1.

Proposition 4.10. For all P € P and i € {0,1}, there exists n € N such that A}y is contractive.

Proof. Let P € P and i € {0,1}. Since A;p is monotone (Proposition and nonexpansive (Proposition 4.8},
we can conclude from Theorem 2.11|a) that

= lim A" (). 4.1
dip L, 1p(L) 4.1)

Let (s,t) € S2. By Theorem 01(s,t)>0. According to Theorem d1p(s,t)>0. Hence, from we can
conclude that there exists ns; € N such that for all n > n,; we have that A?;l (L)(s,t) > 0. By Proposition
Py(s,1)(S2) < 1.

Let n = (max(, yes2 Nst) + 1 and ¢ = max, g2 P7(s,1)(53). Note that ¢ < 1. We conclude this
proof by showing that AZD is c-contractive. Let d, e € S x S — [0,1] and s, t € S. It suffices to show that
|ATL(d)(s,t) — ATp(e)(s,t)] < c¢||d — el|. We distinguish the following cases.

o If (s,t) € S2 U S? then
|AT(d) (s, t) — Al (e) (s, )| =0 [Proposition . 7(a)]
<c|d-e|.
e Let(s,t) € S%. Thenn > ng + 1 and

AT (d)(s,t) — Afp(e)(s,t)] < PP (s,1)(S3) [d— el [PropositionE7\b)]
<cl|ld—e [n—12>ngl

The following corollary shows that A;p has a unique fixed point.
Corollary 4.11. Forall P € P andi € {0,1}, d;p is the unique fixed point of A;p.

Proof. Let P € P and ¢ € {0,1}. Since A}, is contractive for some n € N (Proposition 4.10) and A;p
is nonexpansive (Proposition [4.8), we can conclude from Theorem 2.10fc) that A;p has a unique fixed point.
Because 6, p is a fixed point of A;p by definition, we can conclude the desired result. O

We conclude this section by linking §op and d1p. This result is similar to the Proposition from the
previous chapter. This result will be used later in the thesis.
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Proposition 4.12. Forall P € Pand s, t € S, dop(s,t) + d1p(s,t) = 1.
Proof. Let P € P and s,t € S. We first prove for all n € N,
op(T)(s,1) + Afp(L)(s,t) =1,
by induction on n. In the base case, n = 0, we have that
Adp(T)(s,t) + AVp(L)(s,t) = T(s,t) + L(s,t) =14+0=1.
In the inductive case, we have that n > 0. We distinguish the following cases.

o If (s,t) € S? then
AGp(T)(s,t) + ATp(L)(s,t) =14+0=1.

o If (s,t) € S? then
Alp(T)(s,t) + ATp(L)(s,t) =0+ 1=1.
* Otherwise, (s,t) € S7. Then
AGp(T)(s,8) + ATp(L)(s,1) = P(s,1) - Ajp ' (T) + P(s,1) - ATp' (L)
P(s,1) - (A5 (T) + AT (L)
P(s,t) -1 [induction hypothesis]

I
=

Since Agp is monotone (Proposition [4.4) and nonexpansive (Proposition f.8), we can conclude from Theo-
rem that 6op = lim,en Afp(T) and 61 p = lim, ey ATp(L). Therefore, for all s, t € S we have that

dop(s,t) + d1p(s,t) = <71Lié111\] Agp('l')(s,t)> + Q%% A?P(J_)(s,t)>
= lim (Agp(T)(s,t) + Arp(L)(s,1))
=lim1
neN
=1.

4.2 Vertex Policies

For states s and ¢, the transportation polytope Q(7(s), 7(t)) is generally infinite. As a result, our game, if formu-
lated in terms of all couplings, is infinite in general. However, as we will see below, we can restrict our attention
to the vertices of the transportation polytope 2(7(s), 7(t)), making our game as well as the set of policies finite.

Definition 4.13. The set V of vertex policies is defined by
V={PcS?>D(SxS)|V(st)€S3:P(s,t) € V(Qr(s),7(t)) }.
Proposition 4.14. The set V is nonempty and finite.

Proof. 1t suffices to show that for all (s,t) € S2, the set V(Q(7(s),7(t))) is nonempty and finite. Let (s,t) €
S2. Since a convex polytope is defined by a finite number of linear inequalities, and each vertex arises from a
combinations of these inequalities becoming equalities, it follows that the polytope has only finitely many vertices.
Therefore, the set V(€2(7(s),7(t))) is finite. By means of the North-West corner method [10, Chapter 23], one
can construct an element of V (Q(7(s), 7(t))). O

Even if we restrict ourselves to vertex policies, we can still characterize the distances in terms of reachability
probabilities.
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Theorem 4.15 ([52| Proposition 6.1.6]). There exists P € V such that 61p C 6.
Theorem 4.16 ([52, Theorem 6.1.7]). §; = genﬁ 01p.
Example 4.17. Ler us focus on the state pair (0,1) and recall the policies Q, R, and Z at this state pair, as

shown in Example[d.2} It is easy to verify that Q(0,1), R(0,1), and Z(0, 1) belong to the set Q(7(0),7(1)). The
graphical representation of Z(0,1) is shown as follows.

0,1

1 1 1
6, 6 6

=

12,2] [2,3] [2,4] [3,4] [3,2] |3,3]

Notice that Z(0, 1) matches state 2 with state 4, state 4 with state 3, and state 3 with state 2, thus forming
a cycle. Hence, by Proposition Z(0,1) is not a vertex. The graphical representation of Q(0, 1) is shown as
follows.

2,2] ]2,4\ ]3,4\ 3,3]

The graphical representation of R(0,1) is shown as follows.

\2,2\ ]2,4\ ]3,2\ \3,3\

From the above representations, we can conclude that Q(0,1) and R(0, 1) belong to the set V (Q(7(0),7(1))).

The next proposition shows that if P is an optimal but not a vertex policy, then a vertex optimal policy V' can
always be constructed from P by replacing all state pairs that have non-vertex couplings with their corresponding
vertex couplings.

Proposition 4.18. For all P € Py \ V1 there exists V' € Ve such that for all (s,t) € S3, support(V (s, t)) C
support(P(s,t)) and support(V (u,v)) C support(P(u,v)) for some (u,v) € Sz.

Proof. Assume that P € P,,;\V,,:. Then there exists at least one (s, ) € S2 such that P(s,t) & V(Q(7(s), 7(1))).
Since P € Popy, 01(s,t) = P(s,t)- 61 by Proposition[4.21]and, hence, P(s,t) € Qopt(7(s), 7(t)). From Proposi-
tion.24{(b) we can conclude that P(s,t) & V(Qopt(7(s), 7(t))). Therefore, P(s,t) is the convex cobmination of
a set Vs, of couplings in V' (Qopy: (7(s), 7(1))), thatis, P(s,t) = > cy. quw, where g, >0and Y i ¢, = 1.
Therefore,

support(P(s,t)) = support ( Z Qo w) = U support(w).
wE Vit we Vst
As aresult, support(w) C support(P(s,t)) for all w € V. Because P(s,t) is not a vertex of Q(7(s), 7(t)), its
support graph has a cycle by Proposition[3.5] Since all w € Vi, are vertices of Q(7(s), 7(t)), their support graphs
are acyclic. Hence, support(w) C support(P(s,t)) for all w € Vi; . We choose an arbitrary w; from V. We
construct V' as follows:

P(s,t) ifIIID(s,.t) e V(Qr(s),7(t)))
Wst otherwise

V(s t) = {

It remains to show that V' € V,,;. By Proposition 4.21| it suffices to show that for all (s,¢) € S7 , we have
that d1 (s, t) = V(s,t) - ;. We distinguish the following two cases.
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o If P(s,t) € V(U7 (s),7(t))) then d1(s,t) = P(s,t) - 61 = V(s,t) - 67 since P € Popt.
* Otherwise,d1(s,t) = ws - 01 = V (s, 1) - §1 since wgy € V(Qops (7(5), 7(1)).

4.3 Optimal Policies

A policy is called optimal if it captures the distances, that is, the distance between s and ¢ equals the probability
of reaching 1-pairs from a state pair (s, ¢) using policy P.

Definition 4.19. A policy P € P is optimal if 61p = 07.

Example 4.20. Let us focus on the state pair (0,1) and recall the policies Q) and R at this state pair, as shown
in Example It is easy to check that §1(0,1) = % in the LMC depicted in Figure and from Example
we know that 019(0,1) = 1—32 We leave it to the reader to verify that remainging state pairs (u,v) under policy
Q satisfies 61p(u,v) = §1(u,v). Hence, by Definition we can conclude that Q) is an optimal policy. In
contrast, from Example we know that 615 (0,1) = 3. Since 61r(0,1) # 61(0,1), by Deﬁnition we can
conclude that R is not an optimal policy.

The following proposition is an alternative characterization of optimal policies which turns out to be very
useful in several of our proofs.

Proposition 4.21. For all P € P, P is optimal if and only if §1(s,t) = P(s,t) - 01 for all (s,t) € S%.
Proof. Let P € P. We prove two implications. Assume that P is optimal. Let (s, t) € S7. Then

01(s,t) = d1p(s,t) [P is optimal]
= A1p(d1p)(s,t)
= P(s,t)-01p
= P(s,t) -0 [P is optimal]

To prove the other implication, assume that 61 (s, t) = P(s,t)-61 forall (s, t) € S2. According to Theorem4.6|
01 C 61 p. Therefore, it remains to show that §;p T §;. Since ;1 p is the least fixed point of Ajp, it suffices to
show that ¢; is a fixed point of A; p. We distinguish the following cases.

o If (s,t) € S? then

Alp(51)(8, t) = O
= d1(s,1) [Theorem 3.17]

o If (s,t) € S? then

o If (s,t) € S? then

= 01(s,t) [by assumption]

O

According to Theorem [4.6|and f.16] optimal and optimal vertex policies exist. We denote the set of optimal
policies by P, and the set of optimal vertex policies by V.

Proposition 4.22. The set V,, is nonempty and finite.
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Proof. According to Proposition [d.14] the set V' is nonempty and finite. It remains to show that there exists a
P €V that is optimal. By Proposition [4.21] it suffices to prove that for all (s,t) € S7 there exists P(s,t) €
V(Q(7(s),7(t))) such that §; (s,t) = P(s,t) - 61, which immediately follows from Proposition O

The next proposition states that for a closed convex polytope X C R", the set of points where a linear function
f takes its minimum or maximum value is itself a closed convex polytope. Moreover, the vertices of this set are
exactly those vertices of X at which f attains its minimum or maximum.

Proposition 4.23. Let X C R"™ be a closed convex polytope and [ : X — R a linear function.

(a) Ifm =infyex f(x) and M = {x € X | f(x) = m} then M is a closed convex polytope and V (M) =
V(X)Nn M.

(b) If m =sup,ex f(z) and M = {xz € X | f(x) = m } then M is a closed convex polytope and V(M) =
V(X)N M.

Proof. Let X C R"™ be a closed convex polytope and f : X — R a linear function. We only prove (a) as (b)
can be proved similarly. Assume that m = inf,cx f(«). Since a linear function on a convex polytope attains its
minimum (at a vertex), we can conclude that m = mingecx f(z). Let M = {x € X | f(x) =m }.

Next, we show that the set M is a closed convex polytope. Since X is a closed convex polytope, it is the
intersection of finitely many closed half spaces. Hence, M is the intersection of those closed half spaces and the
closed half spaces defined by the linear inequalities f(z) < m and f(z) > m and, therefore, a closed convex
polytope.

To conclude that V(M) = V(X) N M, we prove two inclusions. Assume that x € V(X) N M. Obviously,
x € M. It remains to show that x is a vertex of M. Since x € V(X), we have that z is the intersection of finitely
many half spaces defining the convex polytope X. Each such half space can be defined by a linear inequality.
Furthermore, € M if and only if f(z) < m and f(x) > m. Hence, x is the intersection of the half spaces
defining X as well as the two defined by the inequalities f(z) < m and f(x) > m. Therefore, z € V (M).

Assume that z € V(M). Then z € M. It remains to show that x is a vertex of X. Towards a contradiction,
assume that x is not a vertex of X. Then x = qy + (1 — ¢q) z for some y, z € V(X)) and ¢ € (0, 1). Since

m=f(z) [ve€M]
=flqy+ (1 —q)2)
=qfly)+ 1 —9q) f(2) [f is linear]
>gm+(1—-g)m  [m=minex f(z)]

we can conclude that f(y) = m and f(z) = m and, therefore, y, z € V(X) N M. From the first inclusion, that
we proved above, we can deduce that y, z € V' (M). But that contradicts z € V (M). O

We conclude this section by proving that the set of optimal policies forms a closed convex polytope. This
result will be used later in the thesis.

To avoid clutter, we use Qo (7(s), 7(¢)) to denote the set {w € Q(7(s),7(t)) | d1(s,t) = w -1 } and
V(Qopt(7(s), 7(t))) to denote the set { w € V(Q(7(s),7(t))) | 61(s,t) =w -1 }.

Proposition 4.24. For all (s,t) € S2,
(a) the set Qopy(7(5), 7(t)) is a closed convex polytope, and
(b) forallw € Q(7(s),7(t)), w € V(Q(7(s), 7(t))) and §1(s, t) = w-d1 ifand only ifw € V (Qopt (T(s), 7(1))).

Proof. Let (s,t) € S2. As we have already shown in the proof of Proposition [3.15] the function mapping w €
Q(7(s),7(t)) tow - 47 is linear. We have that

inf 20 = A (6 t)=246 t).
weﬂ('zl'r(ls),f(t))w 1 1(01)(s,1) 1(s,1)

Let M = {w € Q(7(s),7(t)) | w-61 = 01(s,t) }. Since Qope(7(s),7(t)) = Q(7(s),7(t)) N M, we can
conclude from Proposition that Qopt(7(s), 7(t)) is a closed convex polytope and V(Qopi(7(s), 7(1))) =
V(Qr(s),7(t)) N M. O
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In this chapter, we introduced the concept of policies and their role in defining probabilistic bisimilarity dis-
tances. Tang and Van Breugel [53]] present an algorithm for computing an optimal vertex policy for a given LMC.
As mentioned in the introduction, while such a policy can be seen as an explanation of the distances, we argued
that O-minimal and 1-maximal optimal vertex policies are desirable. Both 0-minimal and 1-maximal policies are
defined in terms of the expected lengths of paths to O-pairs and 1-pairs. In the next chapter, we will define these
expected lengths and explore their properties.
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5 Expected Length

The foundation of the game studied in this thesis relies on selecting a coupling for each pair of states that is neither
a O-pair nor a 1-pair. To achieve this, a player follows a strategy, also known as a policy, a concept discussed in
the previous chapter. Recall that if the states s and ¢ are probabilistic bisimilar, we call (s, ) a O-pair (depicted
in blue) because they have distance zero. If the states have different labels, we call (s,t) a 1-pair (depicted in
red). If neither condition holds, the state pair (s, t) is depicted in green. Given an optimal policy P and a pair of
states (s, t), we are interested in the expected length of paths from (s, ) to i-pairs when using P. We restrict to
only those paths that reach an ¢-pair, that is, it is a conditional expectation, as we will show through an example.
In this chapter, we will formulate the expected length to an ¢-pair, and in the next two chapters, we will develop
algorithms to maximize or minimize these expected lengths.

Figure 5.1: An LMC
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5.5 [5:5] [6.0]

Figure 5.2: Optimal vertex policy of states 0 and 1 of LMC depicted in Figure

Let i € {0,1}. Given an optimal policy P and a pair of states (s, t), we are interested in the expected length

of paths from (s,¢) to i-pairs when using P. We restrict ourselves to paths that reach an i-pair, so this is a
conditional expectation. For example, consider the policy depicted in Figure [5.2] Let us focus on the 1-pairs:
(7,10) and (9, 8). To reach the state pair (7, 10) starting from the state pair (0, 1), there are 2 paths, each with a
probability of é, and each path has a length of 3. Similarly, to reach the state pair (9, 8) from the state pair (0, 1),
there are also 2 paths, each with a probability of 1, and each path has a length of 3. The probability of reaching a
1

1 1 1
3+3-3+g3+33
1

1-pair from state pairs (0, 1) is % Hence, the conditional expectation is & =3.

As we have already seen, d;p(s,t) captures the probability of all paths that rQeach an i-pair from (s, t). How-
ever, because we restrict ourselves to optimal policies (even though we state many properties more generally) we
have that 0;p(s,t) = 0;(s,t). This represents the denominator of the conditional expectation. Since P is opti-
mal, the denominator is independent of P. Therefore, we omit it. Hence, in the following we only compute the
numerator.

With abuse of language, we call the numerator the expected length. In this chapter, we will learn how to
calculate these values.

Definition 5.1. For i € {0, 1}, the set D; is defined by
D, ={(s,t) € SxS|d(s,t)#0}.
Note that S? C D; C S? U S2. The expected lengths are defined in terms of the following function.
Definition 5.2. Let P € P and i € {0,1}. The function A;p : (D; — [0,00]) — (D; — [0, 00]) is defined by
) 0 if (s,t) € S?

Aip(l)(s,t) = Z P(s,t)(u,v) (6;(u,v) +l(u,v)) otherwise.
(u,v)ED;

To conclude that A; p has a least fixed point, we apply the Knaster-Tarski fixed point theorem (Theorema)).
However, before using this theorem, we first need to prove that A;p is a monotone function, as shown in the
following proposition.

Proposition 5.3. Forall P € P and i € {0,1}, A;p is monotone.

Proof. Let P € P,i € {0,1}, and k, [ € D; — [0,00]. Assume k C [. Let (s,?) € D;. It suffices to show that
Aip(K)(s,t) < Ajp(1)(s,t). We distinguish the following cases.

o If (s,t) € S? then

Aip(ki)(s,t) =0= Alp(l)<8,t)
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¢ Otherwise,

Hence, A;p(k) C A;p(1). O
We denote the least fixed point of A;p by \;p.

Proposition 5.4. Forall P € P andi € {0,1}, ifl € D; — [0,00) then A;p(l) € D; — [0,00).

Proof. Follows immediately from the definition of A;p. O

We denote the restriction of A;p to D; — [0,00) by A;p. By Proposition we have that A;p is a function
from D; — [0, 00) to itself. Below, we will often implicitly use that A;p(I) = A;p(1) if | € D; — [0, 00). For
example, we may use Proposition[5.3]to conclude that A;p(k) C A;p(l) for k, 1 € D; — [0,00) with k C [, and
mention that A;p is monotone.

To conclude that A;p has a unique fixed point, we apply the Banach’s fixed point theorem (Theorem [2.10]c)).
However, before using this theorem, we first need to prove that A;p is a nonexpansive and power-contractive
function, as shown in the following propositions.

Proposition 5.5. Forall P € P,i € {0,1}, k, l € D; — [0,00), (s,t) € D;, andn € N,
(a) if (s,t) € S? then Al (k) (s,t) = ATF*(1)(s, 1),
(b) if (5,1) € Dy \ S then |ALE (6)(5,£) — A1) (5, )] < PP (s, )(S3) [ — ],

Proof. Let P € Pandi € {0,1}. Assume thatk, [ € D; — [0,00) and (s,t) € D,. We distinguish the following
cases.

(a) If (s,t) € S? then foralln € N,

A?;l(k)(s,t) =0= A?;’rl(l)(&t)'

(b) Let (s,t) € D; \ S? C SZ. Without loss of generality, assume that A4 (k)(s,t) > A4 (1)(s,t). We
prove this case by induction on n. In the base case, when n = 0, we have that

Nip(k)(s,t) — Aip(1)(s,t)

= Z P(s,t)(u,v) (6;(u,v) + k(u,v)) | — Z P(s,t)(u,v) (§;(u,v) + l(u,v))
(u,v)ED; (u,w)ED;
= > P(s,0)(w,0) (k(u,v) = U(u,v))
(u,v)€D;
< Y Ps,0)(uv) k-1
(u,v)ED;
< Ik =1l

= PP(s,1)(S?) Ik —1]].
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In the inductive case, when n > 0, we have that

A?Ij_l(k)(sv t) - AZLI;‘Fl(l)(Sr t)

= D= Pls.t)u,0) (Gi(u,v) + Afp(k)(u, )

(u,v)€D;

[ Pl 0) (5, v) + Al (D), 0)

(u,v)€D;

= > Pls,0)(w,0) (Ap(k)(u,0) = Afp (D) (u, 0))

(u,v)€D;

= D Pls,0)(u) (Ap(k)(u,v) = Afp(D(w,0))  [part (2)

(u,v)€D;\S2

< D P t)(u0) (Afp(k)(u,0) = Afp()(u,0)  [Di\ 87 C 53]
(u,v)€S?

< Z Py(s,t) (u,v) Py~ (u, v)(S3) ||k — 1] [induction hypothesis]
(u,v)€S2

—PP(s,1)(S3) I — 1],

Proposition 5.6. For all P € P,y and i € {0,1}, there exists n € N such that Al is contractive.

Proof. Let P € Pop and @ € {0,1}. Since A, p is monotone (see Proposition and nonexpansive (Proposi-
tion[4.8), we can conclude from Theorem [2.11fa) that

oip = ngI%IAiP(J-)' (5.1

Let (s,t) € D;. Hence, 0;(s,t) # 0. Since P is optimal, for (s,t) € D, we have that §;p(s,t) # 0. Since P is
optimal, for (s,t) € Dy we have that §;p(s, t) # 1. From Proposition[4.12] we can conclude that for (s, t) € Dy
we have that dop(s,t) # 0. Therefore, §;p (s, t) # 0. Hence, from (5.1) we can conclude that exists ns; € N such
that for all n > n; we have that A7 (_L)(s,¢) > 0. By Proposition 4.9} P2*(s,)(S2) < 1.

Let n = (max(, yep, nst) + 1 and ¢ = max s 4)ep, P7'(s,t)(S7). Note that ¢ < 1. We conclude this proof
by showing that A’ is c-contractive. Let k, I € S x S — [0,00) and (s,t) € D;. It suffices to show that
[ATS (B) (s, t) — Al (D) (s, t)| < c||k —1]|. We distinguish the following cases.

o If (s,t) € S? then

|A7S (k) (s, t) — Ao (D) (s, 8)] = 0 [Proposition [5.5{a)]

<cllk-=1.
e Let(s,t) € D; \ S?. Thenn > ngy + 1 and
[ATp (k) (s,t) = Afp(1)(s,8)| < PP~ 1 (s, 1)(S3) |k = 1| [Proposition[5.5(b)]
<c|k-=1 [n—1> ng

O

From the above propositions, we can conclude that A;p is a power-contraction. Next, we show that A;p is
nonexpansive.

Proposition 5.7. Forall P € P and i € {0,1}, A;p is nonexpansive.

Proof. Let P € P,i € {0,1}, k,1 € S xS — [0,00), and s, t € S. It suffices to show that |A;p(k)(s,t) —
Aip(l)(s,t)] < |lk —I||. Without loss of generality, assume that A;p(k)(s,t) > A;p(1)(s, t). We distinguish two
cases.

49



* If (s,t) € S? then from Proposition a) we can conclude that
Aip(k)(s,t) = Nip(1)(s, 1) = 0 < [[k = I]].
o If (s,t) € D; \ S? then

Aip(k)(s,8) — Aip(1)(s,1)
= P(s,t) - (8; + k) — P(s,) - (6; + 1)

= Y. Pls,t)(u,0) Gi(u,v) + k(u,0) | = [ D Pls,)(u,0) (3i(u, v) + I(u, v))
(u,v)ED; (u,v)€ED;
= > P(s,t)(u,v) (k(u,v) — (u,v))
(u,v)ED;
< Y. Pls,t)(u) k-1
(u,v)€D;
< k-1

Since A;p is a nonexpansive and a power-contraction, we can conclude the following proposition.
Proposition 5.8. For all P € P,y and i € {0,1}, \;p is the unique fixed point of A;p.

Proof. Let P € Py and i € {0,1}. Since the set S is finite and, therefore, the set D; is finite, each function
l € D; — [0,00) is bounded. The set of bounded functions D; — [0, c0) endowed with the infinity norm forms a
complete metric space. Hence, A;p is a function from the nonempty complete metric space D; — [0, 00) to itself.

Because A} is contractive for some n € N by Proposition and A;p is nonexpansive by Proposition
we can conclude from Theorem c) that A; p has a unique fixed point, say /. Hence, [ is a fixed point of A;p.
Since \;p is the least fixed point of A;p, we have that \;p C I. Since [ is bounded, \;p is bounded as well.
Therefore, \;p is a fixed point of A;p, its unique fixed point. O

Corollary 5.9. Forall P € Py and i € {0,1}, \ip € D; — [0, 00).
Proof. Immediate consequence of Proposition [5.8] O

In the next example, we will apply Definition[5.2]to calculate the expected length to 1-pairs and O-pairs for the
state pair (0, 1) of the policy depicted in Figure[5.2}

Example 5.10. Consider the state pairs depicted in the LMC in Figure 0.1] The reader can easily verify the
following.

5,(7,10) = 1 50(6,6) = 1
51(9,8) = 1 50(5,5) = 1
5.(5,6) = 1 50(5,6) = 0

1 1
51(253) = 5 60(273) = 5
1 1
51(3,4) = 5 50(374) = 9

Consider the policy depicted in Figure The expected length to a 1-pair for the state pair (0, 1) is calculated
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as follows.

Aip(7,10) = 0as (7,10) € S?
Aip(9,8) =0as (9,8) € S7
Mp(5,6) = A p(Aip)(5,6)
= > P(5,6)(uv) (01(w,0) + A p(u,0))
(u,v)EDy
= P(5,6)(7,10) (61(7,10) + A1p(7,10)) + P(5,6)(9,8) (6:(9,8) + A1 p(9,8))

:%(1+0)+%(1+0)

= P(2,3)(5,6) (61(5,6) + A\1p(5,6))
1

:5(1+1)

=1
Alp(3, 4) = AlP(AlP)(ga 4)
— Z P(3,4)(u,v) (01(u,v) + A1p(u,v))
(u,v)€Dy
= P(3,4)(5,6) (61(5,6) + A1p(5,6))
1
2
=1
Ap(0,1) = Aip(A1p)(0,1)
= > P0,1)(u,v) (61(,v) + Aip(u,0))
(u,v)€Dy
= P(0,1)(2,3)
_ 1.1

f(§+1)+

(1+1)

01
(

—
—~

2,3)+Mp(2,3)) + P(0,1)(3,4) (61(3,4) + A1p(3,4))

+1)

N |
NN

N W N
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The expected length to a O-pair for the state pair (0, 1) is calculated as follows.

= > P(2,3)(u,v) (So(u,v) + Aop(u,0))
(u,v)EDg
P(27 3)(57 5) (50(55 5) + )\OP(57 5))

Layo

Aop(3,4) =

I
e}
—~
w
N
—~
s
&
—
[«
(=)
s
<
~
_|_
>
(=)
|
=
<
=
~~

= P(37 4)(67 6) (50(63 6) + >\0P(67 6))

(140)

Il
e I I

Aop(0,1) or(Xop)(0,1)

= > P(0,1)(u,v) (So(u,v) + Aop(u,0))
(u,v)E€Dg

= PtO, 1)(2,3) (00(2,3) + Mop(2,3)) + P(0,1)(3,4) (60(3,4) + Xopr(3,4))
1.1 1 1,1 1

2(2 2 +§(§+§)

I
—

In this chapter, we defined the expected length to an i-pair starting from a state pair (s,t)(s,t) under a given
policy. One might think that computing these expected lengths is straightforward. However, some policies—such
as those depicted in Figure [I.T0}—may contain loops, which makes their computation slightly more intricate.
Recall that the player’s objective in the game studied in this thesis is to avoid reaching 1-pairs, meaning that,
among all the optimal policies, the expected length to reach a 1-pair should be maximized. In the following
chapter, we will develop an algorithm that, starting from an optimal policy, computes a 1-maximal optimal policy.
Furthermore, we will prove an exponential lower bound for this algorithm by constructing an LMC of size O(n),
for which the algorithm requires €2(2") iterations.
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6 1-Maximal Policies

The objective of the player in the game studied in this thesis is to avoid reaching 1-pairs. This means that, among
all optimal policies, the expected length to reach a 1-pair should be maximized. We refer to an optimal policy
that maximizes the expected length to a 1-pair as a 1-maximal policy. In this chapter, we will formulate the 1-
maximal policies and illustrate with an example that these policies are not unique. Moreover, we will present
an algorithm that, starting from an optimal policy computed using the Tang and Van Breugel [53] algorithm,
computes a 1-maximal optimal policy. We will also prove its correctness and termination. Furthermore, we will
prove an exponential lower bound for this algorithm by constructing an LMC of size O(n), for which the algorithm
requires 2(2™) iterations. Finally, recalling the concept of 1-conflict from the introduction, we will conclude this
chapter by proving that a I-maximal optimal policy does not have any 1-conflicts.

Figure 6.1: An LMC
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55 [5.3] [6.]

]10,9”11,7”12,9\ ]10,9”1177”1279\

1
2
12][5.1]

1
2
9,11
Figure 6.2: Three optimal policies for states 0 and 1 in the LMC depicted in Figure one vertex policy, and
two vertex 1-maximal policies

N[ =
N

For example, consider the policies depicted in Figure All of the policies are optimal, as each reaches a
1-pair with a probability of 1, which represents the distance between states 0 and 1. The expected length to a
1-pair in the left policy is 1.5, while it is 2.5 in both the middle and right policies. As illustrated in Figure [6.2]
optimal vertex policies that maximize the expected length to 1-pairs are not unique. This maximal expected length
is defined as follows.

Definition 6.1. The function A : D1 — [0, 00 is defined by

Al(svt): sSup AlP(Sat)‘
Pepopt

An optimal policy that realizes that the maximal expected length is called 1-maximal.
Definition 6.2. A policy P € Pgp is 1-maximal if A\ip = ;.

We denote the set of optimal 1-maximal policies by Pgi* and the set of optimal 1-maximal vertex policies
by Vept*. To avoid clutter, instead of 3, ,)cp, w(u, v) (61 (u,v) + l(u,v)) we write w - (J1 + ). Notice that
the summation is over elements in D;. In the next proposition, we provide an alternative characterization of
1-maximal that we use in several of our proofs.

Proposition 6.3. For all P € Pyp, P is I-maximal if and only if M\1(s,t) = P(s,t) - (61 + A1) for all (s,t) €
Dy \ S%.

Proof. Let P € Py We prove two implications. Assume that P is 1-maximal. Let (s, ¢) € Dq \ S%. Then

A1(s,t) = Aip(s,t) [P is 1-maximal]
= Aip(Aip)(s,1)
= P(s,t)- (61 + M\p)
= P(s,t)- (61 + A1) [P is 1-maximal]
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To prove the other implication, assume that A (s, ) = P(s,t)- (01 + A1) forall (s,t) € Dy \ S3. Since i p is
the unique fixed point of A1 p (Proposition[5.8)), it suffices to show that \; is a fixed point of A;p. We distinguish
the following cases.

* If (s,t) € S7 then

Alp()\l)(&t) =0

= sup Aig(Aig)(s:)
QEPopt

= sup Mig(s,t)
eropt

= /\1(8, t).

o If (s,t) € Dy \ S% then

Alp()\l)(s, t) = 1:)(87 t) . ((51 + )\1)
= A (s,t) [by assumption]

The next proposition proves that A; p attains its maximum at a vertex.

Proposition 6.4. Foralll € Dy — [0,00) and (s,t) € Dy,

sup w- (0 +1) = w- (0 +1).

max
wEQops (7(5),7(2)) weV (Qops(7(5),7(2)))

Proof. There are two differences between the left hand side and the right hand side: sup versus max and
Qopt (7(8), 7(¢)) versus V(Qopi (7(5), 7(¢))).

Let! € D; — [0,00) and (s,t) € D;. Let X be the closed convex polytope and f : X — [0, 1] the linear
function of the proof of Proposition Let m = inf,cx f(z). Then

w- 0 = A(01)(s,t) = d1(s,t).

m = inf
weQ(r(s),7(t))

Let M = {z € X | f(z) = m }. By Proposition[4.23(a), M is a closed convex polytope and V (M) = V(X )NM.
Let! € D1 — [0,00). Let the function g : M — [0, 00) be defined by
g(w) =w- (61 +1).
Next, we show that g is linear. Let w, m € M and ¢ € (0, 1). We have that
glgw+ (1 -qm) = (qw+ (1 —g)m)- (61 +1)
=(qw- (61 +0))+ (1 =g)m- (61 +1))
=q9(w) + (1 =q)g(m).

Because a linear function on a convex polytope attains its maximum at a vertex, we can conclude that the linear
function g attains its maximum at V(M) = V(X) N M, which is the desired result. O

If A1 p is a strict post-fixed point of A;¢ for some policies P and (), then the following proposition shows that
A1p is less than the fixed point of A;q.

Proposition 6.5. Forall P, Q € P, if \ip C A1Q()\1p) then \1p C >\1Q.

Proof. Let P, () € P. We split the proof in two parts. First, we show that if \1p T A1g(A1p) then \ip T Aig.
Assume that A\ p C A1 (A1p). We first show that foralln € N, Ajp C A?Q()\lp) by induction on n. The base
case, n = 0, is trivial. In the inductive case, n > 0, we have that

Ap C Aig(hip) [assumption]
C AlQ(ATé 1 (Ap)) [induction hypothesis and A;¢ is monotone (Proposition ]
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From the above and Theorem [2.10[(d) we can conclude that
)\113 E rltlgll\l A?Q()\lp) = >\1Q.

It remains to show that A1 p # A1 (A1 p) implies A1 p # A1g. We prove the contrapositive, that is, \1p = A1
implies A1 p = A1g(A1p). That is, A\ is a fixed point of A;¢, which holds by definition. O

The following proposition proves that for every optimal policy P, there exists an optimal vertex policy () such
that A1 p is less than equal to A1q.

Proposition 6.6. For all P € Py there exists QQ € Vopt such that \ip & \ig.
Proof. Let P € Popy. Let (s,t) € S7 and, by Proposition[6.4} define

Q(s,t) € arg max w- (61 + M\ip).
WEV (Qopt (T(5),7(1)))

By Proposition 4.21} @ € Vopy. Since Aff is contractive for some m € N (Proposition and A;q is non-
expansive (Proposition and Aq is the unique fixed point of A;g, we can conclude from Theorem d)
that Aig = limpen A’fQ (A1p). Hence, to conclude that \1p T A, it suffice to show that for all n € N,
AMp C A?Q (A1p). We prove this by induction on n. The base case, n = 0, is trivial. Let n > 0 and (s, t) € D;.
We distinguish the following cases.
* If (s,t) € S? then
Aip(s,t) = AMip(Aip)(s,t) =0 < AT (Mp)(s,t).

e If (s,t) € Dy \ S? then

Aip(s,t) = Aip(Aip)(s,t)
= P(s,t) (61 + A1p)
< Q(s,1) - (01 + Aip)
= Mig(Mip)(s,t)
< Aig(Ag Y\p)) (s, 1) [A1¢ is monotone (Proposition[5.3) and induction hypothesis]

— ATo(Mip)(s, b).

[
Corollary 6.7. Forall (s,t) € D1, Ai(s,t) = maxpey,,, AMip(s,t).
Proof. Immediate consequence of Proposition 4.22]and [6.6] O
Corollary 6.8. \; € D; — [0,00).
Proof. Immediate consequence of Corollary[5.9]and O

Below we present a policy iteration algorithm that computes a 1-maximal optimal vertex policy from an
optimal vertex policy. The following function serves as the foundation for the algorithm.

Definition 6.9. The function Ay : (D1 — [0,00)) — (D1 — [0,00)) is defined by
0 if (s,t) € S%
Ar(D)(s,t) = sup w- (61 +1) otherwise.

WEQopi (7(s),7(2))

In the next proposition, we establish that A; is a monotone function, which is one of the key ingredients to
prove that it has a unique fixed point.

Proposition 6.10. Forall k, | € Dy — [0,00], if k C [l then A1 (k) C Ay (1).

Proof. Letk,l € D; — [0,00]. Assume k C [. Let (s,t) € D;. It suffices to show that A1 (k)(s,t) < A1(1)(s, ).
We distinguish the following cases.
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o If (s,t) € S? then
A1 (k)(s,t) = 0= A1 (1)(s, 7).

¢ Otherwise,

Al(k) (57 t) = sup Z w(uv ’U) (51 (ua U) + k(uv ’U))
WEQopt (7(s5),7(t))

(u,v)€D1
< sup Y wlw,w) (Gi(u,0) +l(u,0)  [RED
W€t (1(5)7(0) (, STeD,
= A1(1)(s,%).
Hence, A1 (k) C Aq(D). O

In the next proposition, we establish that A; is a nonexpansive function, which we later use to prove some
properties of symmetric policies.

Corollary 6.11. A; is nonexpansive.

Proof. Letk,l € Sx S — [0,00), and (s, t) € D;. It suffices to show that |A1 (k)(s,t) — A1 (D) (s, t)| < ||k =]
Without loss of generality assume Aq (k)(s,t) > A1(1)(s,t). We distinguish two cases.

e If (s,t) € S? then we can conclude that

Ay (R)(s,t) = Ma(D)(s,8) = 0 < [k —I]].

e If (s,t) € Dy \ S} then we have that

A (k) (s, t) — A1 (D) (s, 1)

= sup w- (61 +k)— sup - (01 +1)
WEQopt (7(8),7(t)) TE€Qopt (7(5),7(t))

= max w- (01 +k)— max (61 +1 Proposition
WEQopt (T(8),7(t)) ( ! ) TEQopt (T(s),7(t)) ( ! ) [ P @

w-(51+k)—7r-(61+l)

= max min
WEQopt (7(8),7(t)) TEQopt (T(5),7(t))

< max we Gtk —we (G +1)
UJEQopt(T(s)7T(t))
WEQopt (T(8),7(t))

_ max > wlu,v) (k(u,v) — U(u,v))
WEQopt (T(8),7(1)) (u,0)€D;

< max w(u,v) ||k =1

- wEQol>t(7—(s)7T(t)) Z ( ) || ||

(u,v)EDy
)

The next proposition shows the relation between A;p and A;.
Proposition 6.12. Foralll € D1 — [0, 00),
(a) forall P € Popi, Aip(l) T Aqi(1) and
(b) there exists P € Vopy, such that A1 (1) = Aq1p(1).

Proof. Letl € D1 — [0,00).
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(a) Let P € Pyt and (s,t) € Dy \ S7. We first show that P(s,t) € Qopi(7(5),7(t)). Since P € Pypy it
follows from Proposition that 1 (s, t) = P(s,t) - 8. Therefore, can conclude that

P(s,t) € Qopt (7(5), 7(t)) 6.1)

Let (s,t) € D;. We distinguish two cases.

— If (s,t) € S then
Alp(l)(s,t) =0= Al(l>(8,t).

— If (s,t) € Dy \ S? then

Arp(D)(s,8) = P(s,1) - (61 +1)

< sup w- (01 +1) [(6.1)]
WEQopt (7(s),7())

= A (1)(s,t).
(b) Let (s,t) € S? and, by Proposition 6.4} define

P(s,t) € argmax  w- (01 +1).
WEV (Qopt (T(5),7(1)))

By Proposition[}.21} P € V. Let (s, t) € Dy. We distinguish two cases.

— If (s,t) € S7 then
A () (s,8) = 0 = Arp(D)(s,8).

- If (s,t) € Dy \ S7 then

M@)(s )= sup w1 +])
UJEQopt (7(5)7T(t))

max w- (01 +1 Proposition
wev @ rn @ G+ [Prop 64

= P(s,t) - (8, +1)
= Arp(D)(s,1).

The next proposition shows that A; is a post-fixed point of A;.
Proposition 6.13. \; T A1()\q).
Proof. Since for all P € Py,
Aip =Aip(Aip)

C Ai(A1p) [Proposition [6.12]a))]
CAi(A) [A1p C A and A, is monotone (Proposition [6.10))]

we can conclude that A\ C Aq(Aq). O
The next proposition shows the link between A; and A;.
Proposition 6.14. For alll € D1 — [0, 00),
(a) if Ay(1) C lthen \y C l and
(b) ifl T Ay(1) thenl C M.
Proof. Letl € D1 — [0,00).
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(a) Assume that A;(l) C I. Let P € Pop. We show that for all n € N, A7p(L) C I by induction on n. The
base case, n = 0, follows from _L T [. In the inductive case, when n > 0, we have that

Tp(L) = Mip(ATR1 (1))

C Ap(D) [induction hypothesis and A; p is monotone (Proposition [5.3))]
CA(D) [Proposition [6.12]a)]
Cl [by assumption]

From Theorem d) we can conclude that A\;p C [. Hence, A\ C [.

(b) Assume that [ C A;(l). According to Proposition b), A1 (l) = Ai1p(l) for some P € Vopi. Next, we
will show that [ C A'{LP(Z) for all n € N by induction on n. The base case, n = 0, is trivial. In the inductive
case, when n > 0, we have that

IC A () [by assumption]

=MAp(l) [Proposition [6.12{b)]

C A1 p(ATS(1) [induction hypothesis and A; p is monotone (Proposition [5.3))]
1p(

).

Since A p is nonexpansive (Proposition and A3, is contractive for some m € N (Proposition[5.3)), we
can conclude from Theorem d) that

Cl n = C M.
l_}Llé%Alp(l) /\113_/\1

The key ingredient of the correctness proof of our algorithm is the following result.
Theorem 6.15. )\, is the unique fixed point of A;.

Proof. First, we show that \; is a fixed point of A;. According to Proposition we have that A\; T A;(\q).
Since A; is monotone (Proposition[6.10), we can conclude that A1 (A1) C A1 (Aq(A1)). From Proposition[6.14(b)
we can deduce that A1 (A1) C A;. Combined with Proposition we get that A; (A1) = Aq, thatis, A is a fixed
point of Aj.

Next, we show \; is the unique fixed point of A;. Assume that [ is a fixed point of A4, that is, A;(l) = .
Then A1 (1) C land I T Ay(l). By Proposition[6.14(a) and (b), we have that Ay C [ and [ C A;. Hence, I = A;.
Therefore, A; is the unique fixed point of A;. O

Our algorithm starts from an optimal vertex policy P, which can be obtained by the policy iteration algorithm
of [53]]. It computes A; p for that policy P (line 1), which can be done by means of standard algorithms (see, for
example, [2, Section 10.1.1]). As long as there is a state pair in Dy \ S? that is not locally 1-maximal with respect
to the current policy (line 2), the policy at (s, t) is improved to a locally 1-maximal choice (lines 3 and 4). After
this change to the policy P, the algorithm recomputes A1 p (line 5). The loop maintains the invariant that P is an
optimal vertex policy as 7 in line 3 is a vertex coupling and satisfies 01 (s, t) = 7 - J; (see Proposition . At
termination, we have that A\, p is a fixed point of A; and, by Theorem equals A\ and, therefore, is 1-maximal.

Algorithm 1 1-maximal optimal vertex policy

Input: optimal vertex policy P
1: compute A\ p
2: while E(S,t) € D, \ S% : Al(/\lp)(s,t) > )\1P(S,t) do
3: I arg max w- (01 + A1p)
weV (Q(7(s),7(t)))Ad1(s,t)=w 51
4: P(s,t) 7
5: compute \ip
6: end while

The following proposition proves that the above algorithm terminates.
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Proposition 6.16. The algorithm terminates.

Proof. Towards a contradiction, assume that the algorithm does not terminate. Let us denote the value of the
variable P in the i-th iteration by P;. Then P;4; is defined by

| B if (x,y) = (s,1)
P1+1(CE,?J){ Pi(z,y) otherwise,

where

TEe arg max w- (01 + Aip,).
WEV (Qopt (7(5),7(t)))

By Proposition Pi1 € Vopt. Next, we prove that A p, C A1p,,, (A1p,). Let (z,y) € Dq. We distinguish
three cases.

o If (x,y) € S then
)\1Pi(.13, y) = AlPi(Alpi)(x? y) =0= AlPi+1(>\1Pi)(x7y)'

o If (x,y) = (s,t) then

Aip,(8,t) < Ai(Aip,)(s,t) [condition of the loop]

= sup w- (01 4+ Aip)
WEQopt (7(s),7())

max w- (01 +Ap Proposition
wev @8 @ (O1 T Aue)  [Prop =

=m-(61+ Mp,)
= Pi1(s,t) - (01 + Aip,)
= A1P1‘+1 ()‘11’1‘)(8’ t)'

¢ Otherwise,

Ap (2, y) = Aip (Mp) (2, )
= Pi(x,y) - (01 + \1ip,)
= Piti(z,y) - (01 + Mip)
= MNip,, (Mip)(2,Y).

From Proposition we can conclude that A1 p, C A1p, ;.
Since the set Vopy is finite and the algorithm does not terminate, P; = P; for some ¢ < j. This contradicts that
)\1pi C /\1p].. O

From the above corollary, we know that our algorithm terminates. The following proposition shows that, upon
termination, it computes the 1-maximal vertex optimal policy.

Proposition 6.17. At termination, A\1p = Aq.

Proof. At termination, we have that A1 (\1p)(s,t) < A\1p(s,t) forall (s,t) € D;. Since for all (s,t) € S?,
Ai(Aip)(s,t) =0=A1p(Aip)(s,t) = Aip(s,t),

we have that A1 (A1 p) C A;p. By Proposition [6.12(a), \1p = A1p(A1p) C A1(A1p). Hence, A1(A1p) = A\1p,

that is, A1 p is a fixed point of A;. Since ); is the unique fixed point of A; (Theorem [6.13), we can deduce that

AMp = A1 O

In the next section, we prove an exponential lower bound for the above algorithm.
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6.1 Exponential Lower Bound

In this section, we will prove an exponential lower bound for Algorithm|[T]described in the previous section, which
computes a 1-maximal (optimal vertex) policy. In particular, for each n € N, we construct an LMC of size O(n).
We will consider policies for which the matching of the target states is fixed for most state pairs in the constructed
LMC, except for the pairs (s;,t;) where 1 < j < n. These state pairs have two possible matchings for the target
states, from which the algorithm can choose. The algorithm follows a sequence of bit strings to determine which
matchings of the j-th index state pair to switch. This sequence is similar to the Gray code sequence found in the
literature, as we will see later. One of its key properties is that consecutive strings differ by a single bit. This bit,
say k, indicates that the algorithm switches the policy at (sg,tx). Since there are two possible matching options
for these types of state pairs, the algorithm selects the other matching. Each choice of matching for the target
states of the pairs (s;, ;) results in a distinct policy. Therefore, for an LMC of size n, there are 2™ possible bit
strings and 2™ distinct policies. As we will show below, the algorithm must explore all these policies to find a
1-maximal policy, implying that the algorithm requires 2(2") iterations to identify a 1-maximal policy.
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Definition 6.18. The LMC C, is defined as

H
-

v

1

If n > 0 then the LMC C,, is defined as

The dashed square represents the LMC C,, 1.

Note that C,, has 3n + 8 states and 6n + 11 transitions and, hence, is of size O(n).

62



Example 6.19. The LMC Cj is depicted as follows.

1
7
1
The next proposition calculates the distances of the state pairs in C,,.

Proposition 6.20.

(a) d1(to,v) =1

(b) Foralln €N, 61(sp,w) =1

(¢) Foralln € N, 61 (up,w) =1

(d) Foralln €N, 61(sn,tn) = 1 and 61 (un,t,) =1
Proof.

(@) 1(tg,v) = A(01)(to,v) = 1as (tg,v) € SE.

(b) Foreachn € N, 61 (s, w) = A(61)(sn,w) = 1 as (s,,w) € Si.

(c) Foreachn € N, §1(un, w) = A(61)(un, w) = 1 as (up,w) € S7.

(d) We prove this case by induction on n. In the base case, when n = 0, we can conclude from (a) and
Proposition that 1 (so, t0) = 1.

—— ()——®
From the above and Proposition we can conclude that &3 (ug, tp) = 1.
()—— (——®)

Next, we consider the case n = 1. Again using Proposition [3.16] we can conclude from the above that
61(81,t1) =1.
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® ©

and (51(U1,t1) =1.

ol

oo / \ = =/ \ Nl

& ®

In the inductive case, n > 1.

N
SIS

K\J»—‘; \'Nh—k
[N
[T

|
N

Since 41 (sp—1,w) = 1 and d1 (u,—1,w) = 1, by (b) and (c), and 01 (Sp,—1,tpn—1) = 1 and 61 (up—1,tn—1) =
1 by the induction hypothesis, we can conclude that 01 (s,,, t,,) = 1 and 61 (un, t,) = 1 by Proposition

O
The following definition defines the coupling between the state pairs in C,.
Definition 6.21. The function pg : S x S — [0, 1] is defined by
1 lf z,y) = (to, ’U)
po(z,y) = { (#,9) = (

0 otherwise.

The function mo : S x S — [0, 1] is defined by

mo(z,y) = {1 if (z,y) = (s0,t0)

0 otherwise.
For all n > 1, the function 7y, : S x S — [0, 1] is defined by

if (z,y) = (sn—1,tn—1)
if (z,y) = (un—1,tn—1)
if (z,y) = (Un—1,w)
otherwise.

mn(2,y) =

O NI = =
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For all n > 1, the function wo,, : S X S — [0, 1] is defined by

% lf(l',y) = (Snflatnfl)
wOn(l'vy) = % lf(-ray) = (unflfw)
0 otherwise.

For all n > 1, the function wy,, : S X S — [0, 1] is defined by

lf(l',y) = (S’I’L—la ’IU)
if (x,y) = (Un—1,tn-1)
otherwise.

Win (l‘, y) =

O N= =

The next proposition shows that for every state pair (s, ) € S7 there exist a vertex optimal coupling.
To conclude the existence of vertex coupling, we apply Proposition [3.15] However, before using this proposi-
tion, we must first establish that the functions introduced above are indeed vertices of transportation polytopes.

Proposition 6.22.
(@) po € V(Q(7(s0),7(t0)))
(b) Foralln >0, m, € V(Q7(upn),7(tn)))
(c) Foralln > 1, won € V(Q(7(sn),7(tn)))
(d) Foralln > 1, wi, € V(Q7(sp),7(tn)))
Proof.

(a) To conclude that py € Q(7(sp), 7(to)) it suffices to show that for all z,y € S,

po(z,5) = 7(s0)(x) and po (S, y) = 7(to)(y)-
We distinguish the following cases.

- If £ = v then pg(v, S) = 1 = 7(s0)(v).
— Otherwise, po(x,S) =0 = 7(s0)(x).

Hence, po(x, S) = 7(s0)(x).

- Ify = to then po(S, to) =1= T(to)(to).
— Otherwise, po(S,y) = 0= 7(to)(y).

Hence, po(S,y) = 7(to)(y). Therefore, pg € Q(7(s0),7(t0)). The coupling py can be presented by the
following graph between states sg and %.

Since the support graph of py is acyclic, by Proposition [3.5] we have that py € V (Q(7(s0),7(to))).
(b) To conclude that o € Q(7(ug), 7(to)) it suffices to show that for all z,y € S,
mo(x, S) = 7(up)(x) and mo (S, y) = 7(to)(y)-
We distinguish the following cases.

- If £ = sg then m (50, S) =1 = 7(ug)(s0)-
— Otherwise, mo(xz, S) = 0 = 7(up)(x).

Hence, 7o (2, S) = 7(ug)(z).
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- If y = t( then 7T()(S, to) =1= T(to)(to)-
— Otherwise, mo(S,y) = 0 = 7(t0)(y).

Hence, mo(S,y) = 7(to)(y). Therefore, mg € Q(7(ug)
following graph between states ug and .

(to)). The coupling o can be presented by the

Since the support graph of g is acyclic, by Proposition 3.5} we have that m € V (Q(7(uo), 7(t0))).
Let n > 1. To conclude that 7, € Q(7(uy,), 7(t,)) it suffices to show that forall z,y € S,

(7, 8) = 7(uy) () and 7, (S, y) = 7(tn) (y)
We distinguish the following cases.
- If £ = s, then ,(8p—1,5) =

=1 =7(un)(sp-1).

= i = 7(up)(Up_1).

- Otherwise, m,(x,S5) =0 = 7(uy)
Hence, 7, (z, S) = 7(up)(z).

- If x = u,—q then 7, (Up—1,5)

— Ify = tn—l then Wn(S’ tn—l) =
- If y = w then 7, (S, w) =

— Otherwise, m,(S,y) =0 = 7(t,)(y)

Hence, 7, (S, y) = 7(t,)(y). Therefore, 7, € Q(7(uy), 7(t,)). The coupling 7, can be presented by the
following graph between states w,, and ¢,,.

3
4
T (Un—1, W) @

1
2

Since the support graph of m,, is acyclic, by Proposition 3.5 we have that 7, € V/(Q(7(u,,), 7(t,)))
(c) Letn > 1, To conclude that wo, € Q(7(sy), 7(t5)) it suffices to show that for all x,y € S,
won (2, 5) = 7(sn) () and won (S, y) = 7(tn)(y)
We distinguish the following cases.

- Ifx = 5,1 then wo,($p—1,95) = % =7(sn)(Sn-1)-

- If £ = uy,—1 then wo, (up—1,5) = % =7(8pn)(Un—1)-

— Otherwise, wo, (2, S) = 0 = 7(s,) ().
Hence, woy, (x, S) = 7(sn)(x).

- Ify = t,_1 then wo, (S, t,_1) =

— If y = w then wp, (S, w) = 3

% = T(tn)(tn—l)‘
5 = T(tn)(w).
— Otherwise, won, (S, y) = 0 = 7(t,)(y)

Hence, wo,, (S, y) = 7(t,)(y). Therefore, wo,, € (7(sn), 7(¢,)). The coupling wo,, can be presented by
the following graph between states s,, and ¢,,.
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Won (-“u 1y bn—1 )
1
2

a 1
2
Won (Un—1,w)

Since the support graph of wy,, is acyclic, by Proposition 3.5} we have that wo, € V(7 (s,),7(tn))).

(d) Letn > 1. To conclude that wy,, € Q(7(sy), 7(ty)) it suffices to show that for all z,y € S,

=

=

win(z,8) = 7(sp)(z) and w1, (S,y) = 7(tn)(y).

We distinguish the following cases.

- Ifx = s,_1 then wi,(sp—1,95) = % =7(sn)(Sn-1)-

- If z = uyp—1 then wyy (up—1,5) = % =7(8pn)(Un—-1)-

Hence, wi,(x, S) = 7(sn)(x).
- Ify = t,, 1 then wln(Sv tn—l) = % = T(tn)(tn—l)'
- If y = w then wi, (S, w) = 3 = 7(t,) (w).
— Otherwise, w1, (S,y) = 0= 7(t,)(y).

Hence, w1, (S,y) = 7(t,)(y). Therefore, w1, € Q(7(sn), 7(tn)). The coupling wy,, can be presented by
the following graph between states s,, and %,,.

1
Win(Sn—1,w) 2

wWin(Un—1,tn-1) 1
2

Since the support graph of w,, is acyclic, by Proposition [3.5] we have that w1, € V(7 (s,), T(tn))).

D=

N

O

Since the above proposition shows that the functions defined in Definition [6.1] are vertex couplings, it follows
that for each (s,t) € S%, there exists w € V(2(7(s),7(t))). The next proposition shows that these functions

satisfy the following d1(s,t) = w - 1.
Proposition 6.23.
(a) po 61 = d1(s0,t0)
(b) Foralln >0, 7, - 61 = 01(un,t,)
(c) Foralln > 1, wo, - 61 = 61(Sp, tn)
(d) Foralln > 1, wiy, - 01 = 01(Sn, tn)

Proof.
(a) The coupling pg can be presented by the following graph between sg and ¢.
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po - 61 = 61(to, v)
=1 [Proposition [6.20(a)]
= 61(s0, o) [Proposition[6.20(d)]

(b) The coupling 7 can be presented by the following graph between states ug and ¢.
()—— O a0

mo - 61 = 01(80, t0)
=1 [Proposition [6.20(d)]
= 1 (ug, to) [Proposition [6.20(d)]

Let n > 1. The coupling 7,, can be presented by the following graph between states w,, and ¢,,.

1
4
1 1
1 2
4
3 1
4 @ 2
1
2

1 1 1
T - 01 = 151(371—1,%—1) + 151(un—1,tn—1) + §5l(un—17w)

1 1

1
=1+t31+3 [Proposition [6.20(c) and (j)]

We have that

We have that

‘We have that

=1
= 81 (tn, tn) [Proposition [6.20](d)]

(c) The coupling wp; can be presented by the following graph between states s; and ;.

(=) ()
() (%)
() @

=
=

N[=
[

SIS

We have that

1 1
wor - 01 = 551(80,750) + 551(%,“})
1

1
=- 4

313 [Proposition[6.20(c) and (d)]

=1
= 01(s1,11) [Proposition [6.20(d)]

Let n > 1. The coupling wy,, can be presented by the following graph between states s,, and t,,.
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We have that
1 1
Won * 51 = 561(3n—1atn—1) + 5(51(’&"_1,71))
1 1
=5+5 [Proposition[6.20(c) and (j)]
=1

= 81(Sn,tn) [Proposition [6.20(d)]

(d) The coupling wq; can be presented by the following graph between states s; and ¢1.
PO, (@)
2

=

1 1 1
RO O
We have that
1 1
wiy -0 = 551(50,10) + 551(1107750)
1 1
=3 + 3 [Proposition [6.20(b) and (e)]
=1

= 61(s1,t1) [Proposition [6.20(d)]

Let n > 1. The coupling wy,, can be presented by the following graph between states s,, and ¢,,.

1
2

N

l @ i) 1
o @
We have that
1 1
Wi - 01 = 551(571—1,10) + 551(Un—1,fn—1)
1 1
=5+5 [Proposition[6.20(b) and (j)]
=1
= 61(8n, tn) [Proposition [6.20(d)]



The next proposition shows that wy; and w,; are the only vertex couplings of 7(s;) and 7(¢;).
Proposition 6.24. Forall1 < j <n, V(U(7(s;),7(t;)) = {wo;, w1, }-

Proof. Let1 < j < n. Bach coupling w € V(€(7(s;), 7(t;))) is of the following form for some ¢ € [0, 1].

3 4a
q

q
@ 34 a

According to Proposition[3.5} w € V ((7(s;), 7(t;))) if and only if the support graph of w is acyclic, that is, ¢ is
1

either 0 or £. If ¢ = 0 then w = wy; and if ¢ = 1 then w = wy;. O

=
N[

ol
ol

For each n > 1, we introduce a sequence (0"); of length 2" where each element 67 is a bit string of length
n. The I-maximal algorithm does not start from an arbitrary policy; instead, it begins with a specific initial
policy determined by the first bit string, which indicates the choice of target states for the state pairs (s;, ;) for
1 < j < n. In subsequent iterations, rather than selecting an arbitrary state pair that is not locally optimal, the
algorithm switches the matchings of the target states for a specific pair. As we will see later, only one bit differs
between any two consecutive bit strings. Suppose the current and next strings differ at index j; in this case, the
algorithm selects the pair (s;,t;) to switch its matching. Recall that there are two possible matchings for each
state pair (s;,t;); the algorithm then finds the other matching for (s;, ;) and updates it accordingly. These bit
strings tell the algorithm which target state matchings of the (s;, ;) state pairs to switch.

Definition 6.25. The sequence (0}); is defined by
ol — 0 ifi=0
L)1 ifi=1
Let n > 1. The sequence (07); is defined by
00"~ ifimod 4 =0
2
107 ifimod4 =1
2
160771 ifimod 4 =2
2
007" ifimod4 =3
2

n __

We refer to the above sequence as the reverse ordered Gray code, as it rearranges the standard Gray code
sequence in reverse order (see, for example, [27]] for a definition of Gray code). One of the key properties of Gray
code is its single-bit change property, which guarantees that only one bit differs between any two consecutive
strings. Another key property is that the code cycles through all 2" bit strings of length n. The next example
shows the above sequence when n = 3.

Example 6.26. The sequence (0} ); is defined as follows.

000
100
110
010
011
111
101
001
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These sequences have specific properties. The following propositions prove some of these properties of (67");,
which are used later in this section. First, we show that every bit string in this sequence is unique.

Proposition 6.27. Foralln > 1and 0 <4,5 <2", if1 # j then 0" # 07.
Proof. We prove this proposition by induction on n.
¢ In the base case, when n = 1, we consider two cases

— Ifi =0and 7 =1 then
1 1
0; —0751—0j

— If: =1and j = 0 then
0 =1#£0=0;
Hence, 6} # 6;.
* In the inductive case, n > 1. By Definition[6.23] we have that

007" ifimod4 =0
197?; if i mod 4 =1
’ 10’;2—1 if i mod 4 = 2
09:?;1 if i mod 4 = 3

2

and
007" ifjmod4=0

2
107! if jmod 4 = 1
2
J 1671 if jmod 4 =2
2
007! if jmod4 =3
2

S
3
I

We consider three cases.
— If 07[n] = 07[n] = 0 then we distinguish four cases.
% Assume that 0 = 09’,2;‘*1 and ¢ mod 4 = 0 and 07 = 09271 and j mod 4 = 0. Since i # j, we
have % #+ % By the induction hypothesis, 02_1 =+ 92_1 and hence we have 0;" # 07.

+ Assume that #7 = 067" and i mod 4 = 0 and 67 = 06~} and j mod 4 = 3. Since i # j,

we show that % # I ;1. Towards a contradiction, assume that £ = % Then j = i + 1. Since
1 mod 4 = 0, we can conclude that 7 mod 4 = 1 which contradicts j mod 4 = 3. Therefore,

% #* % By the induction hypothesis, 9’;_1 =+ 9’},_11 and therefore we have 0;" # 07.
2 2
+ Assume that 7 = 007" and i mod 4 = 3 and 07 = 007" and j mod 4 = 0. This case is
2 2
similar to the second case..
* Assume that ' = 007! and i mod 4 = 3 and 6}’ = 09?‘__11 and j mod 4 = 3. This case is
2

2
similar to the first case.

— The case where 0}'[n] = 07 [n] = 1 is similar to the first case.
- If 07 [n] # 07 [n] then 67 # 67.

Hence, 0 # 9;1.

Next, we show that two consecutive bit strings differ by a single bit.
Proposition 6.28. Foralln > 1and 0 < i <2" — 1, 03 and 0}, differ by a single bit.

Proof. We prove this proposition by induction on n.
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¢ In the base case, when n = 1, we have that
05 =0
61 =1
Hence, 6} and 67 differ by a single bit.
¢ In the inductive case, n > 1, we consider four cases.

If 7 mod 4 = 0 then

o7 =007
2
07y = 10000, 0 =107
5 2
Hence, 07 and 67, | differ by a single bit.

— If i mod 4 = 1 then

0r =167
2

n _ n—1
9i+1 - 19#

By the induction hypothesis, 9” ! and 9?+11 differ by a single bit. Hence, 0 and 0}, differ by a

single bit.
— If ¢ mod 4 = 2 then

op =107
2
07y = 007, = 007
5 2
Hence, 07 and 67, | differ by a single bit.
— If i mod 4 = 3 then
0r = 0077}
2
07, =007
2

By the induction hypothesis, 9” and 9" ! differ by a single bit. Hence, 07 and 67, differ by a
single bit.

O
The next proposition proves when the parity of a bit string is even.
Proposition 6.29. Foralln > 1and 0 < i < 2", the parity of 0" is even iff i mod 2 = 0.
Proof. We prove this proposition by induction on n.
¢ In the base case, when n = 1, we have that
05 =0
6 =1
Hence, the parity of 6} is even iff i mod 2 = 0.
¢ In the inductive case, n > 1, we consider four cases.

- Ifi mod 4 = O then 0} = 00” ! By the induction hypothesis, 0” ! has even parity as £ mod 2 = 0.
Hence, the parity of 0" is even in this case.
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- If i mod 4 = 1 then 6 = 19’} . By the induction hypothesis, 9
0. Hence, the parity of 7 is odd in this case.

— If i mod 4 = 2 then 6 = 107~ *. By the induction hypothesis, #"" ' has odd parity as i mod2=1.
Hence, the parity of 07" is eve; in this case. ’

- If i mod 4 = 3 then 0} = 09’} . By the induction hypothesis, 0” has odd parity as 5t mod 2 =
1. Hence, the parity of 6" is odd in this case.

O

For the remainder, 67'[j] refers to the j-th bit from right in the string 7, and 67[5...1] refers to the bits from
index j down to index 1 in the bit string 07"

~

[j...1]

The following proposition highlights a structural pattern in consecutive bit strings. Suppose two consecutive
bit strings differ at index j. Then, consider the substring consisting of bits from position j down to position 1 in
each of the two strings. In the previous bit string, this substring is identical to the k-th bit string in the sequence
of all bit strings of length j, for some 0 < k < 27 — 1. In the next bit string, the same substring corresponds to the
(k 4 1)-th bit string in that sequence. This relationship is illustrated below, where b € {0, 1}.

n J 1

0

0341 1—b

~

J
9k+1

Proposition 6.30. Foralln > 1and 0 <i<2"—1and1 < j < n, if 7[j] # 07, [j] then 02[j..1] = Gi and
071 J.- ]ka_HforsomeOg <2/ —1.

Proof. Letn >1and 0 <7< 2" —1land1 < j < n. We prove this proposition by induction on n — j.

¢ In the base case, when j = n, we have that

0 n..1] =67
Oiy1[n.1] = 67,
In this case k = 1.

* In the inductive case, 1 < j <n. By Deﬁnition@ we have that
007! ifimod4 =0
19;—3 if i mod 4 = 1
10" ' ifimod 4 =2
09? 5! ifimod4=3

n __
ei —
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and
1077 ifimod4=0
2

1675 ifimod4 =1
2

007! ifimod 4 =2
2

00"' ifimod4=3
2

n —
9i+1 -

Since 07 [j] # 07, 1[j] and 1 < j < n, we are left with the following cases.

10" ifimod4=1
2
00" ifimod 4 =3

2

n o__
o =

and
107, ifimod4 =1

or, . = 2
L) 0675 ifimod 4 =3
2

We consider the case that i mod 4 = 3. Since 07" [j] # 07", ,[j] we have that 67,'[j] # 7' [j]. Therefore,
2 2

for some 0 < [ < 29 — 1. Hence,

by the induction hypothesis, 87~ [j...1] = Olj and 07'[j...1] = Hljﬂ
2 2

07'[j...1] = (09?‘;)[1..1]
= 97};;1[]'...1} [j <n]
= sz
and
Oiiilg1] = (09:@1)[]'...1}
= 9:%1[]'...1} [j < n

.
- 91+1

The other case, where i mod 4 = 1 and 62[j...1] = (167,")[j...1] and 62, [j...1] = (1673")[j...1], can be
2 2

proved similarly.
O

The following proposition proves that if two consecutive bit strings differ at index j, then the prior one has
even parity from index 1 to j, while the next one has odd parity from index 1 to j.

Proposition 6.31. Foralln > 1and 0 <i<2" —1land 1 < j < n, if 0}[j] # 07, ,[j] then 0} [j..1] has even
parity and 07, | [j..1] has odd parity.

Proof. Letn > 1and 0 <i<2" —1land 1 < j < n. Assume that 6'[j] # 07, ,[j]. By Proposition [6.30} for
some 0 < k < 27 — 1 we have that

orlj..1] =6

0751 = 0],

By Definition[6.25] we have that ‘
00271 ifkmod4 =0

1°° ifkmod4=1
if k mod4 =2
002~1 ifkmod4 =3
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and )
165" ifkmod4 =0

2
; 10, ifkmod4 =1
ML) 0097 ifkmod 4 = 2
2
00%,; ifkmod4=3
2
We distinguish two cases.

* Assume that 07 [j] = Qi [j] = 0and 07, ,[j] = Oi_ﬂ[ﬂ = 1. Then we can conclude that 9{; = 09{,571, 9£+1 =

19’;1, and k£ mod 4 = 0. Because £ mod 4 = 0, we have that g mod 2 = 0 and, by Proposition [6.29] we
2

know that 9];1 has even parity. Therefore, 9% has even parity and 9{; 41 has odd parity. Hence, 67 [j..1] has

2
even parity and 67, , [4..1] has odd parity as shown below.

n J 1
or 0 even parity
6)2?1+ 1 1 odd parity

+ Assume that §[j] = 67[j] = 1 and 07 1 [j] = Oiﬂ[j] = 0. Then we can conclude that 6, = 16}, 9£+1 =
. 2

09];1, and k£ mod 4 = 2. Because £ mod 4 = 2, we have that % mod 2 = 1 and, by Proposition , we

know that HJ;I has odd parity. Therefore, Gi has even parity and 9% 41 has odd parity. Hence, 67 [j..1] has

2
even parity and 67", [j..1] has odd parity as shown below.

n J 1
or 1 even parity
07, 0 odd parity

O

Finally, the next proposition proves that the rightmost bit of a bit string is equal to 0 if and only if the index of
the bit string lies within the first half of the entire sequence.

Proposition 6.32. Foralln > 1and 0 <i < 2", 07[1] = 0 ifand only if i < 2"~ L.
Proof. We prove this proposition by induction on n.

¢ In the base case, when n = 1, we have that

Hence, 0}[1] = 0iff i < 1.
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* In the inductive case, n > 1, by Definition[6.25] we have that

007" ifimod4 =0
2
107! ifimod4=1
o = 7
’ 1077 ifimod 4 = 2
007" ifimod4 =3
2

, which implies that

07" 1[1] ifimod4 =0

. 9{51[1] ifi mod 4 =1
=) it mod 4 = 2
9’?:1[1] if i mod 4 = 3

We consider two cases.
— Assume that 7 is even. Then 67[1] = 67 '[1] = 0iff £ < 2"~2 by induction. That s, i < 2" 1.
2
— Assume that i is odd. Then 67'[1] = 67 7'[1] = 0iff ‘51 < 2"~2 by induction. That s, i — 1 < 2",
2
Since i is odd, this is equivalent to 5 < 2"~

O

Forn > 1and 0 < ¢ < 2", each bit string §;' defines a policy P;". According to Proposition [3.15} for each
(z,y) € S% there exists wy, € V(Q(7(x),7(y))) such that §1 (z,y) = ws, - 61. For the remainder of this section,
we fix such a w,,, for each (x,y) € S%.

Definition 6.33. The vertex policy P is defined by
° Pi"(uo,to) =T
* Pl*(s0.t0) = po
e For1 < j <n,
n woj fO7[j] =0
_Pi(sjvtj): ! el
wij ifO7[j] =1
= Pl (uj, ty) = m;
e Forall other (z,y) € S3, P/"(x,y) = Wy

The diagram below shows the policies defined above, where if a state pair has two matchings for the transitions
of their target states, one is depicted with red arrows and the other with green arrows. If there is only one matching,
it is depicted with black arrows. The dashed square in the diagram represents the remaining matching for the states
(sj,t5) where 1 < j < 2n~1,
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1 Uj—1W

N[

ijltjfl

The next diagram shows all the matchings of the policy when n = 3. The edges of matchings are colored as
mentioned earlier. In this diagram, the actual probabilities are denoted only if the probabilities of the outgoing
transitions of a state pair are not all the same, as is the case for the state pair (u1,t1).

} >|| Uto

The next example shows the diagram of a policy P;.

Example 6.34. As we saw in the Example 03 = 011. Its corresponding policy is Pj, which is depicted
below.
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The probabilities and edge colorings follow the conventions introduced earlier.
The next proposition proves that the policies defined above are optimal.
Proposition 6.35. Foralln > 1and 0 <1i < 2", P is optimal.
Proof. Letn > 1and 0 < i < 2" and (x,y) € S2. We distinguish the following cases.
o If (z,y) = (ug, to) then
Pl (ug,to) - 01 =m0 - 61
= 81 (ug, to)- [Proposition[6.23]b)]
o If (z,y) = (s0, o) then
P (s0,t0) - 61 = po - 61
= §1(s0, to)- [Proposition [6.23]a)]
o If (z,y) = (uj,t;) for some 1 < j < n then
Bt (uj,t;) - 61 = mj - 61
=61 (uy, t;). [Proposition [6.23]b)]
* Assume (x,y) = (s;,t;) for some 1 < j < n. We distinguish two cases.
- If 07'[j] = O then
Pl(sj,tj) - 01 = wg; - 01
= 61(s4,t5) [Proposition [6.23]¢)]
- If 07'[j] = 1 then
Pl(sj,tj) - 61 =wij - 01
= 01(sj,t5). [Proposition [6.23]d)]
« For all other (z,y) € S2,

Pl (z,y) - 61 = way - 01
= (51(37,:[/)
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Hence, by Proposition[#.21] P;* is an optimal policy. O

The next proposition links the policies and the bit strings.

Proposition 6.36.

Proof. Letn > 1

Definition P

3

Foralln > 1and 0 <i<2" —land1 < j <n, if0}[j] = 0and 0} ,[j] = 1 then

Pl (s, 8) = {wlj if (s,t) = (s, ;)

Pl*(s,t) otherwise

and 0 < i< 2" —1land 1 < j < n. We assume that 67'[j] = 0 and 60}, ,[j] = 1. By
" 1(85,15) = wyj. It remains to show that for all (z,y) # (s;,t;), P (z,y) = P (x,y). Let

(x,y) # (s;,t;). We distinguish the following cases.

o If (x,y) = (uo, to) then

P (ug, to) = mo = P;"(ug, to).

o If (x,y) = (s0,t0) then

Pl 1(s0,t0) = po = P (50, to)-

o If (z,y) = (g, tx) forsome 1 < k < n and k # j then we consider two cases.

- 1607,

[k] = 0 then 07 [k] = 0 because 0}, [j] # 07[j] and k # j and 0}, ; and 0} differ at a single

bit (Proposition [6.28). Therefore,

PPy (8K, tr) = wor = P (g, ).

— The case, where 07, | [k] = 1, can be proved similarly.

o If (z,y) = (ug, ty) for some 1 < k < n then

¢ Otherwise

Pl (ug, te) = mp = P (ug, tr).

2’7}%1(5{;’ y) = Wy = Pi"(l‘,y).

The next proposition defines the expected lengths to reach a 1-pair based on the policies P;*.

Proposition 6.37.

and for all j > 0,

and

Foralln > 1and 0 <3< 27,

A1pr(so,to) =1
Arpr (uo, to) = 2

1+ %)\1P{L(5j—17tj—1) if 071j]
1+ %Alpﬁ(uj'_l,tj—l) l,f‘gf[]] =1

Aipp (), t;) = {

1 1
Arpr(uj, t;) =1+ Zkngl(Sj—l,tj—l) + ey (uj—1,t5-1)

Proof. Letn > 1and 0 < ¢ < 2™. We have that

Arpr (o, to) = Aipp (Arpr)(so,to)
= P/"(s0,t0) - (01 + A\1pr)
=po- (01 + Aipp)
= 01(to,v) + A1pn (to, v)
=1+ Aipr(to,v) [Proposition [6.20(a)]
=1 [Alpin (to,v) = Arpr(Mipp) = 0as (to.v) € S?]
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and

Arpy (uo, to) = A1pr (A1pr)(uo, to)
= P["(ug,to) - (61 + Mipy)
=mo - (61 + Aipn)
= 61(s0, t0) + AP (50, t0)
=1+ Aipr(s0,10) [Proposition [6.20(d)]

=2 [A1pr(S0,t0) = 1 as shown above]
Let 5 > 0. We consider two cases.
o If 67[j] = 0 then
Aipp(8j,t5)
= Aipr(Aipp)(s),t5)
= P"(sj,tj) - (61 + A1pr)
=woj * (61 + A1pp)

1 1
b (61 (ujm1, w) 4+ A (uj—1, w)) + 3 (61(sj—1,tj-1) + Mpn(sj—1,tj-1))
1 1 -
=3 (T4 Xipr(uj—1,w)) + 3 (L4 Xipn(sj—1,t5-1)) [Proposition [6.20(c) and (d)]

11
=5+ 35 L+ e (si-1,15-1))

Apr (uj—1,w) = Arpr(Aipn ) (uj—1, w) = 0 as (u;—1, w) € S7]

1
=14 Shipp(sj-1.tj-1)

o If 67[j] = 1 then

Arpr(s),t5)

= Aipr(Mipn)(s),t5)

= B (sj,t;) - (61 4+ Aipp)
=wyj - (61 + Arpr)

1 1
=3 (61(sj—1,w) + Aipr(sj—1,w)) + B (61(uj—1,t5-1) + Mpn(uj1,tj-1))
1 1 ..
_ (1 + Xipn(sj-1, w)) + 3 (1 + Aipr ()1, tj,l)) [Proposition [6.20(c) and (d)]

T2
11
=5+ 5 (L dp(w1,t51))

iy (sj-1,w) = Arpp (Mpp)(sj-1,w) = 0as (sj-1,w) € S7]

1
=1 + 5)\113;1 (Ujfl,tjfl)
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and

Arpp(ug, ;)
= Aipr(Mpp)(uy,t))
= P/"(uj,t;) - (01 + /\lP")
=7 - (01 + Aipn)
1

25 (61('“] 1, 65— 1)+>\1pn(uj 1,tj— 1))+

1
(61 (uj—1, w) + Aipe (uj—1,w)) + 1
)

1
4(51(SJ Litj—1) +Aipn(sj—1,tj-1

1 1 1
3 (14 Mpr(uj—1,w)) + 1 (L4 Xpr(uj—1,ti-1)) + 1 (L4 Xipr(sj—1,tj-1))

[Proposition[6.20(c) and (d)]

1 1

1
571 (T4 Xpr(ujo1,t5-1)) + 1 (T4 Xpr(sj-1,t5-1))

[)\lPi" ('LLj,h’lU) = Alpin()\lpin)(uj',l,’LU) =0as (’Lbjfl, w) S 512]

1 1
=1+ Ty (i1, ti1) + Jhapp (sj-1,8-1)
O

Example 6.38. Since each choice of matching of the target states of state pairs (s;,t;) gives rise to a new policy,
there are 2" policies, { Pl", ..., P}, }, where P} is defined based on the bit string 0, for 1 <i <n.

Consider the state pairs (s3,t3), (S2,t2), and (s1,t1) depicted in the Example For each policy of
that LMC, the table below shows the expected length to reach a I-pair, along with the corresponding bit string.
As observed in the table, when the bit value at index j in the bit string changes, the corresponding value of
Ay ps(sj,t;) also changes.

i | 07 | Aips(ssits) | Aips(sa,ta) [ Ayps(si )
0 | 000 1.78 1.75 1.5
1| 100 1.9 1.75 1.5
2110 1.9 1.875 1.5
3| 010 1.93 1.875 1.5
4011 1.93 1.875 2
51111 1.96 1.875 2
6 | 101 1.96 2 2
7 | 001 2 2 2

The expected lengths for the state pairs (ss3,t3), (S2,t2), and (s1,t1), as shown in the table above, can be
easily verified by the reader. Furthermore, the table shows that it takes 8 iterations to find a I1-maximal optimal
vertex policy.

Consider a bit string 0" with corresponding policy P*. The next proposition proves that the difference in the
expected lengths to a 1-pair for this policy, starting from (s;, ¢;) and (u;,t;), is 2.
Proposition 6.39. Foralln > 1and 0 <i<2"and1 < j <n, if 07[j...1] has odd parity then

1

Aipn(sj,ty) — Aipn(uy,tj) = yr

otherwise,

1
Mpp(ug,t5) = Aupp (83, t5) = 5
Proof. Letn > 1,0 <i<2"and 1 < j < n. We distinguish two cases.

* Assumen = 1. Then j = 1 and ¢ € {0, 1}. We consider two cases.
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— If i = 0 then 6} [1] = 0 has even parity and since

Aipp(s1,t1) = 1+ s Aipp (S0, to) [Proposition [6.37]

+ [Proposition

N~ DN —

=1
_3
2
and

1 1 .
)\1p61 (Ul, tl) =1+ *)\113(? (S(), to) + 1)\1]3(? ('LL(), to) [Proposmonm

4
1 1

=1+ 1 + Z)\lPé‘ (1o, to) [Proposition[6.37]
1 1

=1++5 [Proposition[6.37]

we can conclude that

Aipp (w1, t1) — Aipp(s1,t1) =

| W

e Bl SN BN |

— If i = 1 then 01 [1] = 1 has odd parity and since

1 ..
Aipp(s1,t1) =1+ 5)\113; (uo,to) [Proposition[6.37]

=1+1 [Proposition[6.37]
=2

and
1 1 ..
Aipp(up,ty) =1+ i)qu"(SoatO) + ZAlPl" (uo, o) [Proposition[6.37]
1 1
=1+ 1 + 1)\1}951 (uo; to) [Proposition [6.37]
1 1
=147+ [Proposition [6.37]
_7
4

we can conclude that

=

Arpp(s1,t1) — App (U, t1) =

e~ = N

e Assume n > 1. We prove this case by induction on j. The base case, j = 1, is similar to the n = 1 case. In
the inductive case, j > 1. We consider four cases.
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— If 07[j] = 0 and 02 [j...1] has even parity then 6'[(j — 1)...1] has also even parity. Furthermore,
Arpr(ug,t) — Apr (s, t5)
1 1 1
=(1+ 1/\1P;1(8j71,tj71) + Z)\lPi" (wj—1,tj—1) | — 1+ §>\1P;L (sj-1,tj-1)

[Proposition

1 1
= —Aipr(uj_1,tj—1) — ~Aipn(sj—1,tj-1)
4 i 4 i
1
=1 (>\1P7;" (uj—1,tj—1) — /\lP%’L(ijlatjfl))
1 1 . . .
=i \o= [induction hypothesis]
1
T

— If 07[j] = 0 and 67'[4...1] has odd parity then 67*[(j — 1)...1] has also odd parity. Furthermore,
Arpy(s5,t5) = Aupp(ug, t5)
1 1 1
= |+ g (simnt-1) ) = (14 g Aupe (s5-1, 8-1) + phapp (W51, 8-1)
[Proposition[6.37]]

1
ZApn(sj-1,tj-1) — ZMP[» (uj—1,tj-1)

N N N

(Apn(sj—1,tj-1) — Mpn(uj_1,tj-1))

7 N\
—

4]_1> [induction hypothesis]

B ol

— If 07[j] = 1 and 67[j...1] has odd parity then 7*[(j — 1)...1] has even parity. Furthermore,
)\1}9171 (Uj, tj) - )\1}9171 (Sj7 tj)
1 1 1
=\ 1+ ghee (i ti-1) + e (ujmn ti-1) | = [ 1+ S Auee (wy-1,t5-1)

[Proposition[6.37]

1
= —Aipp(sj-1,tj-1) — Tt (uj—1,t5-1)

N

(Arpr(sj—1,tj—1) = Mipn(uj—1,t5-1))

p&_‘,_. I B N

7N

1
yEEs! ) [induction hypothesis]
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— If 07[j] = 1 and 0[j...1] has even parity then 6}'[(j — 1)...1] has odd parity. Furthermore,
Aipr(sjt) = Aupp(u;,t5)
1 1 1
=\ 1+ g (- tj-1) ) = (14 pAapp(si-1t-1) + pAupe (w5-1,t5-1)

[ Proposition [6.37)

1 1

= i (- tj-1) = phapp (sj-1,t5-1)
1

=1 (Mipp (uj—1,tj-1) = Aipp(sj-1,t5-1))
1 1 . . .

=1 \lo= [induction hypothesis]

1

T

O

The next proposition shows that if two consecutive bit strings are equal from index 1 to j, the prior bit string’s
policy has the same expected length to reach a 1-pair as the next bit string’s policy, both starting from (s;,¢;) or

(uj,tj).
Proposition 6.40. Foralln > 1and 0 <i<2"—1and1 <j <n,if07[j..1] = 07, ,[j...1] then A1 pn(sj,t;) =
)\p{}'_l(Sj,tj) and )\1pin (Uj,tj) = )\Pﬁ'_l(uj‘,tj).

Proof. We prove this proposition by induction on j.

* In the base case, 7 = 0, we have that

Arps(s0,t0) = 1= Aipy, (s0, to) [Proposition [6.37]
Apy (uo, to) = 2 = Aipp, (uo, to) [Proposition [6.37]

¢ In the inductive case, j > 0. We consider two cases.

= 1£ 67 [j] = 6} 1 [j] = O then

1 . .
Aipr(s),t5) =1+ §>\1Pi"($j—1,tj_1) [Proposition [6.37]
1
=1+ §>\1Pin+1 (sj—1,tj—1) [induction hypothesis]
= Aipp, (85.15) [Proposition[6.37)

- I£67[j] = 07, [j] = 1 then

Arpn(sj,t5) = 1+ %/\113171 (uj—1,tj—1) [Proposition [6.37]
=1+ %x\lpin+1 (wj—1,tj-1) [induction hypothesis]
= Aipp, (85.15) [Proposition [6.37]
and

1 1 ..

Aipn(uj,ty) =14 1)\1]31," (sj—1,tj—1) + Z)\lpin (uj—1,tj—1) [Proposition [6.37]
1 1 . . .

=1+ Z)\lpﬁrl (sj—1,tj—1) + 1)\113&1 (uj—1,tj-1) [induction hypothesis]

= Mipr, (U, t5) [Proposition[6.37]
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The next proposition shows that if two consecutive bit strings differ at index 7, the prior bit string’s policy has
a shorter expected length to reach a 1-pair than the next bit string’s policy, with both starting from (s;,¢;). In
essence, it shows that (s;,¢;) is locally non-optimal.

Proposition 6.41. Foralln > 1and 0 < i <2" —1land 1 < j < n, if 07 [j] # 07 1[j] then A\ipr(sj,t5) <
Apz, (85,t5)-
i+1

Proof. Letn >1and0 <4 <2"and 1 < j < n. Assume that 07 [j] # 0}, [j]. We consider two cases.
* If j = 1 then, by Proposition|6.32] we have that 6}'[1] = 0 and 6}, ,[1] = 1. Hence,
>\1le (Sl,tl) =14+ *)\lPi" (So,to) [Proposition@

[Proposition

N~ N~

_3
2
<2
=1+1 [Proposition[6.37]

1 ..
=1+ §>\1Pi11 (uo,to) [Proposition [6.37]
= Aipy, (s1,61)

Therefore, A1 pn (s1,t1) < )\11!:';+1 (s1,t1).

s Let1<j < n. Since 0} and 07", , differ atindex j, by Proposition|6.28} we can conclude that 7 [(j—1)...1] =
07" 1[(j — 1)...1]. We consider two cases.

— Assume that 6}'[j] = 0 and 6}, [j] = 1. By Proposition(6.31(b), #;'[;..1] has even parity and 67", , [j..1]
has odd parity. Hence, 6;*[(j — 1)...1] and 67, [(j — 1)...1] have even parity.

n j 1
or 0 even parity
07, 1 even parity

Furthermore,
Aipn(sj,t5) = 1+ %x\lpin(sj_l,tj_l) [Proposition [6.37]
=1+ %Alpﬁrl(Sj_l, ti—1) [Proposition [6.40]
<1+ %AlPi’}H(uj—latj—l) [Proposition[6.39)
= Aipn, (85:15) [Proposition [6.37]

— Assume that 67 [j] = 1 and 6}, ,[j] = 0. By Proposition[6.31a), §;*[j..1] has even parity and 67", [4..1]
has odd parity. Hence, 6;*[(j — 1)...1] and 67, ;[(j — 1)...1] have odd parity.

85



oy 1 odd parity

03 0 odd parity

Furthermore,
1
/\1Pin (Sj, tj) =1+ 5/\11317L (Uj_l, tj_1) [Proposition ‘
1
<1l+ 5)\113171 (Sj_l, tj_l) [Proposition ‘

1 ..
=1+ §>\1P;7/+1(Sj_1, ti—1) [Proposition [6.40]
= Aipp, (85, 5) [Proposition[6.37]

Algorithm 1 1-maximal optimal vertex policy

1: 140

2: P < an optimal vertex policy

3: compute \; p

4: while 3(s,t) € S2 : Ai7(A\1p)(s,t) > A1p(s,t) do

5: T4 arg max w- (01 + Aip)
weV (Q(7(s),7(¢t)))Ad1(s,t)=w-01

6: P(s,t) <7

7: compute \; p

8: 14—1+1

9: end while

Next, we show that there exists an execution of the above policy iteration algorithm which takes 2(2") itera-
tions to find a 1-maximal optimal vertex policy.

Theorem 6.42. For each n > 0, there exists an execution of the algorithm for C., such that for all 0 < i < 2" at
the start of the (i + 1)-th iteration of the loop, P = P!

Proof. Consider the LMC C, defined in Definition We prove this theorem by induction on 3.

* In the base case, 7 = 0. In line 2, we can choose P§* and, by Proposition[6.35] we have that the vertex policy
F§ is optimal. Hence, there exists an execution of the algorithm for C), such that at the start of the first
iteration of the loop, P = F.

* In the inductive case, ¢ > 0, by the induction hypothesis, there exists an execution of the algorithm for
C), such that at the start of the i-th iteration of the loop, P = P ;. We extend the execution by first
choosing (s;,t;) such that 6", [j] # 67'[j] for (s,t) in line 4. By Proposition we know that there
always exists such a j. To show that this choice causes the execution to enter the loop, we need to prove
that Ay (A1pr )(s5,t5) > Aipn (s5,15). We distinguish two cases.

— Assume that 67" ;[j] = 0. Then 67 [j] = 1 and, hence, P]* ;(s;,t;) = wo; and P*(s;,t;) = wi;.
Since 02 ,[j] # 07[j], we can conclude from Proposition that

TG -1 1] =07 (G - 1)...1]. (6.2)
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Furthermore,

woj - (61 + Arpp )

= P1(sj,t5) - (01 + Mipp ) 6.3)
= Aipp  (M1pr (85, t5)

= Aipp (85,5)

<Mipp(sjty)  [0;[5] # 67[4] and Proposition [6.41]

= A1pr (Aipp) (85, t5)

= Pl (sj,t;) - (61 + Aipr)

=wy; - (01 + )\1pin)

— Z wlj(u,v)(él(u,v) —+ >\1Pin (u7v))

(u,v)€D;
= w1 (8j-1,w)(1(sj-1,w) + A1pr(sj—1,w))+ (6.4)
wij(uj—1,t-1)(01(uj—1,tj-1) + Mpp (uj-1,t5-1))
= wi;(s5-1, w)(1 + Aipp(sj-1,w)) + wij(wj—1,t5-1)(1 + Aipr (wj-1,t5-1))
[Proposition [6.20(b) and (d)]
=1+ %MP;L (uj—1,t5-1)
[Apn(sj—1,w) = Arpr (Apn)(sj—1,w) = 0as (s;_1,w) € Sf]
=1+ %)\1}9{11 (wj—1,tj-1) [Proposition[6.40] and (6.2))]
= wij(sj—1,w) (L + Mpp, (sj-1,w)) +wij(wj—1, t-1) (1 + Aapp (w1, t5-1))
[/\1P1.’11(5j—1,w) = Alegl()\lPL.";l)(Sj—lvw) =0as (sj_1,w) € S7]
= wi;(sj—1,w)(d1(sj-1,w) + Aipp, (sj-1,w))+
w1 (wj—1,t5-1)(01(uj—1,tj-1) + Aipp  (uj—1,tj-1))
[Proposition[6.20(b) and (d)] (6.5)
= > wiwv)(G 4+ A, (u,0))

(u,v)€Dy
= wiy - ((51 + )\1pin_1).

In addition,

Ay(Aipr )(s5,t5)

max w - ((51 + /\1an;1) (6.6)
weV(Q(7(s5),7(t5)))A61(s5,t;)=w-01 ’

= max w-(614+N\ipn ) [Proposition[6.23]c) and (d) and [6.24] (6.7)

we{woy,wij}

= max {wo; - (01 + A1pr ), wij - (01 + Aipr )}
=wij - (01 + Arpr ) [(6-4)]

Since

Ar(Mipr )(sj t5) = wij - (014 Miprn ) ()
> woj - (61 + Aipr ) (6
= P (sj,t5) - (01 + Aapp )
= Aipr  (M1pr )(8),))

= Aipr, (55,t5)
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the condition in line 4 is satisfied. Because, by Proposition[6.23(c) and (d) and [6.24]

arg max w- (01 + /\11:;;1) = argmax w- (0 + /\1Pi";1)
weV (Q(7(s),7(t)))Ad1(s,t)=w-01 w€{woj,wij}

and, by (6-49),
argmax w- (61 + Aipr ) = {wij},
we{woj,wij}

we assign wy; to 7 in line 5. Line 6 amounts to P | (s;,t;) < w1;. Hence, by Proposition 6.36] we
obtain P;*. Therefore, at the end of the loop we have P = P;*.

— The other case, where 0] ; [/] = 1, can be proved similarly.

O

Corollary 6.43. For eachn € N, there exists an LMC of size O(n) such that Algorithm/[I|takes Q(2™) iterations.

6.2 1-Conflict free

As we mentioned earlier, Vlasman introduced the concept of label conflict free policies in [58]. We refer to them
as 1-conflict free policies. Roughly speaking, a policy has a 1-conflict if it matches two transitions whose target
states have different labels, even though an alternative matching exists where the target states have the same label.
Vlasman also showed that these conflicts can be removed by modifying the policy. Next, we will show that a
1-maximal optimal policy has no 1-conflicts.

In 58, Definition 4.1.1], Vlasman introduces the following notion.

Definition 6.44.
e Let (w,x), (y,2) € S?. Then (w, ) and (y, z) are in 1-conflict if (w, 2) & S? or (x,y) & S3.

e Letw € D(S x S). Then w is 1-conflict free if for all (w, ), (y, z) € support(w) N S%, (w, ) and (y, 2)
are not in 1-conflict.

e Let P € P. Then P is 1-conflict free if for all (s,t) € S2, P(s,t) is 1-conflict free.

As shown by Vlasman [58, Theorem 4.1.1], these conflicts can be removed by modifying the policy, as illus-
trated next. Consider the left coupling P(s,t) with e = P(s,t)(w, z), where (w, ) and (y, z) are in 1-conflict.
The right coupling, on the other hand, represents the modification of P(s, t) that eliminates the 1-conflict.

s, t

The next proposition explains how to modify the matchings of the target states for a state pair (s, ¢) that has a
1-conflict, in order to make the state pair 1-conflict free. It also establishes properties related to the distances of
these target states for the state pair (s, t).

Proposition 6.45. Let P € Popy, (s,t) € S2, and w = P(s,t). Assume that w, 7, y, z € S with w # y and
T # 2.




(a) If w(y, z) > w(w,x) then for 7 defined by

0 if (u,v) = (w, )
w(w, z) + w(w,z) if (u,v) = (w, 2)
7(u,0) = wly,w) +wlw,2) if (u,0) = (y,7)
w(y,z) —w(w,z) if(v,v) = (y,2)
w(u,v) otherwise

we have that T € Q(7(s), 7(¢)).

(b) If furthermore 01(w, z) + 01 (y, ) < 01(w, x) + 61(y, 2) then for Q defined by

Q) {7, e =0
we have that () € Popy and
(c) ifw(w,x) > 0then 61(w, z) + 91 (y,x) = 01(w, z) + 61 (y, 2).
Proof. Let P € Py, (s,t) € S2, and w = P(s,t). Assume that w, z, y, z € S withw # y and z # 2.

(a) Assume that w(y, z) > w(w,x). To conclude that 7 € Q(7(s),7(t)), we first prove that for all u € S,
m(u, S) = 7(s)(u). Let u € S. We distinguish three cases.

— If u = w then
m(w,8) = w(w,x) + (w,2) + Y 7w(w,v)
veS\{z,z}

=0+ (w(w, z) + w(w,x)) + Z w(w,v)
veS\{z,z}

— If u = y then

m(y,S) =7y, x) +7(y,2)+ Y, 7(y,v)
veS\{z,z}

= ((y,7) + w(w,2)) + (W(y,2) —w(w,2) + D wy,v)
veS\{z,z}

=w(y,2) +wly, )+ Y. wy)

veS\{z,z}
= w(y,v)



— If u # w and u # y then

=7(s)(u)  [weQ(r(s),7(t))]
Second,we prove that for all v € S, 7(S,v) = 7(t)(v). Let v € S. We distinguish three cases.

— If v = z then
(S, z) = w(w,x) + 7y, z) + Z m(u,x)
ueS\{w,y}

=0+ (w(y,z) + w(w,z)) + Z w(u, x)

uweS\{w,y}
= Z w(u,x)

u€S
= w(S,x)
=7(t)(z)  |weQr(s),7(t))]

— If v = 2z then
m(S,z) =7m(w,z) +7(y, z) + Z 7(u, 2)
ueS\{w,y}

= (W(w, 2) +w(w,2)) + Wy, 2) —ww,z) + Y wlu,z)
ueS\{w,y}

=w(w,z) +w(y,z) + Z w(u, z)

uweS\{w,y}

=7()(z)  [weQr(s),7(t))]
— If v #  and v # z then

w(S,v) = Z 7(u,v)

ues

= Zw(u,v)

uesS
= w(S,v)
=r(t)(v)  [weQr(s),7(t))]

(b) From (a) we can conclude that Q € P. Assume that

01(w, z) + 91 (y,x) < 01(w,z) + 61 (y, 2) (6.8)

Since P is optimal, we have that §;p = J;. To prove that () is an optimal policy, by Theorem @ it
suffices to show that ;19 T d1p. Since 61¢ is the least fixed point of A, and by Theorem ma), we
can conclude that d1¢ is also the least pre-fixed point of A;g. Therefore, to prove 19 T 01 p, it suffices
to show that d;p is a pre-fixed point of Aq, that is, A1g(d1p) T d1p. To prove that for all u,v € S,
A1g(01p)(u,v) < d1p(u,v), we consider the following cases.
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— If (u,v) € S? then
AlQ(élp)(u,’U) =0= Alp(élp)(u,v) = §1p(u,v).
— If (u,v) € S% then
A1g(d1p)(u,v) =1 = A1p(d1p)(u,v) = d1p(u, v).
— Let (u,v) € S7. We distinguish two cases.
# If (u,v) # (s,t) then
A1g(d1p)(u,v) = Q(u,v) - d1p
= P(u, 7]) . (Slp
= A1p(01p)(u,v)
= 51P(u7 1)).

* Assume (u,v) = (s,¢). We observe that 7 behaves differently from w for (w, z), (w, 2), (y, x),
and (y, z). Since

+ Wy, z) — (wly, =

+ (w(y, 2) — (W(y, 2) — w(w, x))) d1p(y, 2)
=w(w,z)dp(w,z) —w(w,z)dp(w, z) —ww,x)d1p(y, x)
+w(w,z)01p(y, 2)

=w(w,z) 01p(w,x) — d1p(w,2) = d1p(y,2) + 01pP(y, 2))
= w(w, z) (01(w, z) — 61 (w, 2) — 01(y, =) + d1(y, 2))

[P is optimal and, hence, §; p = ¢
>0 [@E3)]

we have that

A1g(d1p)(s,t) = Q(s,t) - d1p
=7-01p
<w-d1p
= P(s,t)-01p
= A1p(d1p)(s,1)
=d1p(s,t).

Hence, @ is an optimal policy.

(c) Assume that w(w, ) > 0. Because

w(w7 :L‘) (61 (w’ .’L’) — 01 (w7 z) — 01 (y> -73) + 01 (y7 Z))
=(w-—m)-0 [see above]

=w-01p—7-019Q [P and @ are optimal]

= P(s,t) - d1p — Q(s,1) - 610

= A1p(01p)(s,t) — A1(010) (s, t)

= 01p(s,t) — dig(s, t)

= d1(s,t) — 01(s, 1) [P and @ are optimal]
=0

we can conclude that 61 (w, z) + 01 (y, ) = 1 (w, z) + 61 (y, 2).

91



The following proposition shows that a 1-maximal optimal policy has no 1-conflicts.
Proposition 6.46. For all P € Pqpy, if P is 1-maximal then it is 1-conflict free.

Proof. Let P € P,p. We prove the contrapositive, that is, if P has a 1-conflict then it is not 1-maximal. This is
shown by constructing ) € Pops with A1 p T A1 and, hence, P is not 1-maximal.

Assume that P has a 1-conflict. Hence, there exists (s, t) € S7 such that P(s, t) has a 1-conflict. This implies
that there exists (w, z), (y, z) € support(P(s,t)) N S? such that (w, ) and (y, z) are in 1-conflict. Therefore,
either (w,z) ¢ S? or (x,y) ¢ S?. Without loss of generality, assume (w,z) ¢ S?. Since £(w) # ¢(z) and
L(y) # ¢(z) and £(w) = ¢(z), we can conclude that ¢(w) # ¢(y) and £(z) # £(z) and, hence, w # y and x # z.
We will need this later in the proof to apply Proposition Letw = P(s,t).

w(w, x)

@ ) P ) z

Jv(!/- z

Without loss of generality, assume w(y, z) > w(w, x). Since (w, z) € support(w), we have that w(w,x) > 0
and, therefore, we can conclude from Proposition [6.45|c) that &; (w, z) + 01(y, 2) = 61 (w, ) + 61 (y, ). Let Q
be the optimal policy defined as in Proposition It remains to show that A\;p T A1q. Therefore, we prove
that \;p C Ajg and A\p # Aig. Since A;p is the least pre-fixed point of A;p, it suffices to show that A\;g
is a pre-fixed point of A p, that is, A1p(A1g) T A1g. Therefore, it suffices to show that for all (u,v) € Dy,
A1p(Mig)(u,v) < Ag(u,v). We distinguish two cases.

o If (u,v) € S then
A1p(Mi@)(u,v) = 0= Aig(Mg)(u,v) = Aig(u,v).

e Otherwise, we have that (u,v) € D; \ S7. We distinguish two cases.

- If (u,v) # (s,t) then
u, 'U) . (51 + )\1Q)
wv) - (61 + M)
1Q()‘1Q)(u7 ’U)

— Assume that (u,v) = (s,t). Since, by Proposition c), 01(w, z) + 61 (y, ) = 01 (w, x) + 01 (y, 2)
and (w,x), (y,2z) € S? and, therefore, §;(w,z) = 1 and 61(y,z) = 1, we can conclude that
01(w,z) = 1land 6 (y,z) = 1.
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Note that 7 behaves differently from w for X = {(w, 2), (y, z), (y, 2), (w, x) }. We have that

m(w, 2) (d1(w, 2) + Ag(w, 2)) + 7(y, ) (01(y, ) + My, x))

+ (Y, 2) (61(y, 2) + Mg(y, 2)) + m(w, z) (61 (w, 2) + Aig(w, x))
=m(w, 2) (01(w, z) + Ag(w, 2)) + 7(y, @) (61(y, x) + My, ) + 7(y, 2) + 7(w, x)

[(w,2), (y,2) € SF]
=m(w,z) (1 + Mq(w,2)) + 7(y,2) (1 + Moy, ®) + 7(y, 2) + m(w, z)
[01(w,z) = 1 and 01 (y, z) = 1]

(w(w, 2) + w(w, z)) (1 + Ag(w, 2)) + (W(y, 2) + w(w,2)) (1 + Mig(y, z))+
(w(y,z) —w(w,z)) +0

w(w,z) (1+ Aig(w,2)) + w(y, =) (1 + Ay, v)) + wly, z)+
w(w,z) (1+ Mg(w,z) + 1+ Mgy, z) — 1)
>w(w, 2) (14 Mg(w, 2)) + w(y, ) (1 + Aoy, #)) + w(y, 2) + w(w, z)
Mg (w,2) > 0 since (w, 2) & S7]
=w(w, 2) (01(w, 2) + Aig(w, 2)) + w(y, ) (01(y, ) + M@y, ) + w(y, 2) + w(w,z)
[01(w,z) = 1 and 01 (y, z) = 1]
=w(w, z) (61(w, 2) + Mg(w, 2)) + w(y, x) (61(y, z) + My, )
Fw(y, 2) (01(y, 2) + M@y, 2)) + w(w, z) (61(w, z) + Aig(w, x))

[(y, 2), (w,z) € SF]

z

From the above we can deduce that

Z w(u, v) (81 (u,v) + Mgy, v)) < Z 7(u,v) (01 (u, v) + A1g(u,v)) (6.9)

(u,v)€X (u,v)eX
Moreover, we have that
Arp(Mg)(s;1)
= P(s,t) - (61 + A1g)
= Z P(Sr t)(u’ U) (51 (uv ’U) + AlQ(u’ U))

(u,w)eX

+ Z P(s,t)(u,v) (61(u,v) + Mg(u,v))

(u,v)eD1\X

= D www) Gi(w) M)+ Y wlu,w) (81(u,v) + Mg(u,v))

(u,w)eX (u,w)ED\X
< Z ) (01 (u, v) + Ag(u,v)) + Z 7(u,v) (01 (u, v) + A1g(u,v))
(u,v)eX (u,v)ED1\ X
[(6.8)]
= Z Q(s,t)(u,v) (61(u,v) + Aig(u,v))
(u,w)eX
+ Z Q(s,t)(u, U) (61(u7v) + )‘1Q(uv U))
(u,v)eD1\X

=Q(s,t) - (01 + \ig)
= Nig(AiQ)(s, 1)
= \io(s,1). (6.10)
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Since

A1p(s,t) = Aip(Aip)(s,1)
< Ai1p(Mg)(s,t) [A1p € A1 and Ay p is monotone (Proposition [5.3)]
< Aig(s,t) [(6.9)]
we can conclude that A\ p # Aiq. O

As we have shown in the proof of Proposition [6.43] we can remove 1-conflicts. As we will illustrate in the
next example, this specific way of removing 1-conflicts may not maintain that a policy is a vertex policy.

Example 6.47. Consider the following LMC.

|—

1

Figure 6.3: An LMC

We leave it to the reader to verify that all states are at a distance one of each other. Consider a vertex policy
P with P(s,t) depicted as follows.

1
3

Note that (v,y) and (w, z) are in 1-conflict. Then Q(s,t) as constructed in the proof of Proposition is
represented as follows.
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Since the support graph of Q (s, t) contains a cycle, by Proposition[3.3we can conclude that Q(s,t) & V (Q(7(s), 7(t)))
and, hence, Q) is not a vertex policy.

In this chapter, we developed an algorithm (Algorithm|[T)) that, starting from an optimal vertex policy, computes
a 1-maximal optimal vertex policy. Additionally, we proved an exponential lower bound for this algorithm. Fi-
nally, we proved that a 1-maximal optimal policy avoids any 1-conflicts. In the following chapter, we will develop
an algorithm that, starting from a 1-maximal optimal vertex policy, computes a O-minimal 1-maximal optimal
vertex policy.
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7 0-Minimal Policies

As we mentioned earlier, among all the optimal 1-maximal policies, we are also interested in expected lengths
that reach O-pairs. We refer to an optimal 1-maximal policy that minimizes the expected length to a O-pair as
a O-minimal policy. In this chapter, we will demonstrate that a policy that minimizes the expected length to
0-pairs is simpler and more desirable. We will begin by formulating the 0-minimal policies and presenting an
algorithm that, starting from a 1-maximal optimal vertex policy computed using the algorithm from the previous
chapter, computes a 0-minimal 1-maximal optimal vertex policy. Additionally, we will prove the correctness and
termination of this algorithm.

Figure 7.1: An LMC
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Figure 7.2: Three optimal policies for states 0 and 1 in the LMC depicted in Figure one vertex 1-maximal
policy, and two vertex 1-maximal O-minimal policies

For example, consider the policies depicted in Figure All of the policies are optimal, as each reaches
1-pairs with a probability of %, which represents the distance between states 0 and 1. They are also 1-maximal as
the expected length to 1-pairs is 2.5. However, The expected length to O-pairs in the left policy is 1 and 0.5 in the
right policy. As illustrated in Figure an optimal 1-maximal policy that minimizes the expected length of paths
to O-pairs is simpler and, hence, more desirable. It also shows that optimal 1-maximal 0-minimal policies are not
unique. This minimal expected length is defined as follows.

Definition 7.1. The function Ao : Dy — [0, 00) is defined by

Ao(s,t) = Peigglax Aop(s;1).
opt

A 1-maximal optimal policy that matches that minimal expected length is called O-minimal.

Definition 7.2. A policy P € C‘)‘I])%X is O-minimal if A\gp = Ao.

To avoid clutter, we denote the set of optimal 1-maximal couplings {w € Q(7(s),7(¢)) | d1(s,t) = w -
01 AAi(s,t) = w- (61 + A1) } by Q5% (7(s), 7(¢)) and the set of optimal 1-maximal vertex couplings {w €
V(Q(7(s),7(t))) | 01(s,t) = w01 AAi(s,t) = w - (01 + A1)} by V(Qe(7(s), 7(1)))-

In the next proposition, we provide an alternative characterization of 0-minimal that we use in several of our
proofs.
Propos;tion 7.3. Forall P € Py, P is O-minimal if and only if Ao(s,t) = P(s,t) - (0o + Ao) for all (s,t) €
Do\ S§.

Proof. Let P € PIE*. We prove two implications. Assume that P is O-minimal. Let (s, ) € Dg \ S2. Then

Xo(s,t) = Aop(s, 1) [P is 0O-minimal]
= Aor(Nopr)(s,1)
= P(s,t) - (60 + Xop)
= P(s,t) - (6o + o) [P is 0-minimal]
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To prove the other implication, assume that Ao (s, t) = P(s,t)- (dg+ Ao) forall (s,t) € Do\ S3. Since \op is
the unique fixed point of Agp (Proposition @, it suffices to show that )¢ is a fixed point of Ayp. We distinguish
the following cases.

o If (s,t) € S? then

Aop()\o)(s, t) =0

= inf Ago(A s,t
Qepmax OQ( 0Q)( ) )

= inf Apo(s,t
QePm a(:1)

= )\0(8, t)

e If (s,t) € Do \ S then

Aop(Ao)(s,t) = P(s,t) - (do + Ao)
= Xo(s, t) [by assumption]

The next proposition proves that Ay p, as defined in Chapter[3] attains its minimum at a vertex.

Proposition 7.4. Foralll € Dy — [0,00) and (s,t) € Dy,

inf w((SQ—f—l): OJ((S()-FZ)

min
weNmaAx(1(s),7(t)) weV (Qmax(r(s),7(t)))

opt opt

Proof. Consider the closed convex polytope M and the linear function g : M — [0, c0) introduced in the proof
of Proposition[6.4} Let n = sup,,c»; g(w). Then

n = sup w- (61 + A1) = A (A1) (5,1) = M (s, ). (7.1)
wEQopt(7(s),7(1))

Let N = {w € M | g(w) = n}. By Proposition[4.23|b), N is a closed convex polytope and
V(N)=V(M)NnN [Proposition [f.23]b)]
=V(X)NMNN [Proposition [6.4]
Let! € Dy — [0,00). Let the function h : N — [0, 00) be defined by
h(w) =w - (dp +1).
Next, we show that h is linear. Let w, 7 € N and ¢ € (0, 1). We have that
hlgw+ (1 —g)m) = (qw+ (L—q)m)- (6o +1)

=(qw-(6o+1)+ (1 —=¢q)m-(do+1))
= qh(w) + (1 —q) h(m).
Because a linear function on a convex polytope attains its minimum at a vertex, we can conclude that the linear

function A attains its minimum at some w € V(N) = V(X)N M N N. Since w € V(N) if and only if

w € V(Qopt(7(s),7(t))), the desired result follows. O

If A\op is a strict pre-fixed point of Agg for some policies P and (), then the next proposition shows that Aog
is less than \gp.

Pl‘OpOSitiOll 7.5. Forall P, Q e P, lfA()Q()\OP) C Aop then )\(]Q C Aop-
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Proof. Let P, QQ € P. We split the proof in two parts. First, we show that if Agg(Aop) T Aop then Moo T Agp.
Assume that Agg(Aop) T Aop. We first show that for all n € N, A{)LQ()\O p) C Aop by induction on n. The base
case, n = 0, is trivial. In the inductive case, n > 0, we have that

Afo(Mop) = Mo(Ajg ' (Mor))
C Aog(Xop) [induction hypothesis and Ayg is monotone (Proposition @]
C Aop- [by assumption]

Because A’ is contractive (Proposition [5.6) and Agp is nonexpansive (Proposition [5.7), we can conclude
from the above and Theorem [2.10(d) that

Aog = }Ligl\ll Apo(Mop) E Xop-

It remains to show that Agg (Aop) # Aop implies A\gg # Aop. We prove the contrapositive, that is, A\og = Aop
implies Aop = Agg(Aop). That is, Agg is a fixed point of Agg, which holds by definition. O

The following proposition proves that for every 1-maximal optimal policy P, there exists a 1-maximal optimal
vertex policy @ such that A\gq is less than or equal to Agp.

Proposition 7.6. For all P € P33 there exists () € V3™ such that Aog T Aop.

opt opt
Proof. Let P € P>, Let (s,t) € S7 and, by Proposition define
Q(s,t) € arg min w - (0o + Aop)-

weV(QZ5 (T(8),7(1)))

opt

Since P is optimal, by Corollary we have that A\op € Dy — [0, 00). By Proposition[4.21| Q € V,pi. By the
definition of Q(s,t) we have that \; (s,t) = Q(s,t)- (61 + A1) and, hence, by Proposition Ee can conclude that
Q € VX, Next, we will show that Agg(Aop) E Aop, that is, Aop is a pre-fixed point of Agq. Let (s,t) € Do.
We distinguish the following cases.

o If (s,t) € SZ then
Aog(Mop)(s,t) = 0= Aop(Aop)(s,t) = Xop(s,t).

e If (s,t) € Do \ SZ then

AOQ()‘OP)(Svt) Q(Svt) : (60 + )\OP)
P(s,t) - (00 + Aop)
Aop(Aop)(s,t)
Aop

(s,t).

A

Since Ao is monotone (Proposition @, Aoq has a least fixed point, which is the least pre-fixed point, according
to Theoremma). By definition, Ao is the least fixed point and, therefore, the least pre-fixed point of Agg. Since
we have shown that Agp is a pre-fixed point of Agg, we can conclude that Adgg T Agp. O]

Corollary 7.7. Forall (S, t) € Dy, /\Q(S, t) = minpev(l)r;aéx Aop (S, t).

Proof. Let (s,t) € Dy. By Deﬁnitionwe have that Ao(s, t) = inf pepmax Aop(s,t). We prove the following
two inequalities.

* Since Vgii* C Popi™, we can conclude that inf pepmax Adop (s, 1) < mingeymax Adop(s,t).

* Towards a contradiction, assume that inf pepmax Ao p(s,t) < mingeymax Aog(s,t). Then, there exists a

P € Poyi* such that Aop (s, t) <mingeymax Aog(s, t). Therefore, Aop(s,t) < Aoq(s,t) forall Q € V™.

This contradicts Proposition [7.6]
Hence, /\Q(S7 t) = infpep(l)gat»x /\QP(S7 t) = Hlinpev:)r;)%x /\OP(S, t). [

Below we present a policy iteration algorithm that computes a 0-minimal 1-maximal optimal vertex policy
from a 1-maximal optimal vertex policy. The following function serves as the foundation for this algorithm.
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Definition 7.8. The function Ay : (Dg — [0,00)) — (Dg — [0,00)) is defined by

0 if (s,t) € Sg

Ao(D)(s,t) = { inf w- (6o +1) otherwise.
weQmax(1(s),7(t))

opt

In the next proposition, we establish that Ay is a monotone function, which allows us to prove that it has a
unique fixed point.

Proposition 7.9. Forall k, 1 € Dy — [0,00], if k T I then Ag(k) T Ao (1).

Proof. Letk,l € Dy — [0,00]. Assume k C [. Let (s,t) € Dy. It suffices to show that Ag(k)(s,t) < Ag(I)(s,?).
We distinguish the following cases.

e If (s,t) € S? then
Ao(k)(s,t) = 0= Ao(l)(s,1).

¢ Otherwise,

M) )= dnf (G k)

opt

< inf w-@o+1) kT

T wemaX(7(s),7 (1))

= Ao(1)(s,1).
Hence, Ag(k) T Ag(D). O

The following proposition proves that if you have two couplings w and 7 that are 1-maximal and optimal, then
minimizing over w first and maximizing over 7 gives the same result as maximizing over 7 and then minimizing
over w. In other words, the order of minimizing and maximizing does not matter when optimizing the expression

w- (6o +k)—m-(60+1) forall k,I € Dy — [0,00). This result is based on the minimax theorem from the
literature [20, Theorem 1(ii)].

Proposition 7.10. Forall k, | € Dy — [0,00) and (s,t) € S3,

min max w-(6g+k)—m- (6 +1
vt o) meamt o © (TR T Gt )

opt opt

max min w- (0o +k)—m-(do +1).
rEQMAX(7(s),7 (1)) wEQMX (7 (s),7 (1)) (% + k) (80 +1)

opt opt

Proof. Let k, Il € Dy — [0,00) and (s,t) € S%. To prove the equality, we apply a version of the minimax
theorem. To be able to apply that theorem, we need to show that

1. the set Qpi*(7(s), 7(t)) is convex,

2. the set Q51*(7(s), 7(t)) is compact, and

3. the function mapping w, ™ € Q53 (7(s), 7(t)) tow - (6o 4 k) — 7 - (do + 1) is bilinear.
It remains to prove the above three properties.

1. This can already be found in the proof of Proposition

2. As shown in the proof of Proposition the set Q5% (7(s), 7(t)) is closed. Since S is a finite set, we can
conclude that S x S — [0, 1] is compact. Because a closed subset of a compact set is compact, we can

conclude that Q55 (7(s), 7(t)) is compact.
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3. Letw, m, p € Q24%(7(s),7(¢)) and ¢ € (0,1). Because

opt

(qw+(1—q)p)- (6o +k)—m- (0o +1)
=qw - (6o +k)+(L—q)p-(do+k)—m- (0 +1)
=q (w-(bo+Fk)—m- (6o +1))+(1—q) (p- (00 +k)—7- (60 +1))

and

w- (6 +k)—(gm+ (1 —q)p)-(do+1)
=w- (0o +k)—(gm- (0o +1)+(1—q)p-(do+1))
=q(w-(0o+k)—7-Bo+1))+(1—q) (w-(do+k)—p-(dp+1))

we can conclude that the function is bilinear.
O

In the next proposition, we establish that Ay is a nonexpansive function, which we later use to prove some
properties of symmetric policies.

Proposition 7.11. A is nonexpansive.

Proof. Letk,l € Dy — [0,00), and (s, t) € Dy. It suffices to show that |Ag(k)(s,t) — Ag(1)(s,t)] < ||k =1
Without loss of generality, assume Ag(k)(s,t) > Ag(1)(s,t). We distinguish two cases.

e If (s,t) € S? then we can conclude that

Ao(k)(s,8) = Ao(l)(s,8) = 0 < [k — 1].

e If (s,t) € Dp \ SZ then we have that

Ao(k)(s,t) — Ao(l)(s, 1)

= inf w-(0g+ k) — inf (09 +1
weQmE(r(),7()) (% +#) QS (r(s),7 (1)) (% +1)

= min w-(0g+k)— min (09 +1 Proposition|7.4
weQmaE (7 (s),7(t)) (% +F) reQm(r(s),7 (1)) (%o+10)  [Prop 4

min max w-(0g+k)—m-(8g+1
wEQRE (7(s5),7 (1)) TEQLT(1(s),7(1)) (%o ) (do+1)

opt opt

= max min w-(0g+k)—m(6g+1 Proposition
rea ) r (o) weamp i ey 0 TH) (%o +1)  [Prop (AU

opt opt

7T-((50+/€)—7T-((50+l)
m-(k—1
weﬂg;;-‘g‘(fr(s),—r(t)) ( )

= max Z 7(u,v) (k(u,v) — l(u,v))

meQER(7(s),7(1)) ()€ Do

max Z m(u, o) Ik = 1]
TEQMAX (1 (s),7(t)) (u,v)€Do

= Ik~ 1]l

max
meQE (7 (s),7 (1))

= max

IN

The next proposition shows the relation between Agp and Ag.
Proposition 7.12. Foralll € Dy — [0, 00),
(a) forall P € PR¥, Ao(l) T Aop (1) and

opt

(b) there exists P € V224 such that Ao(1) = Agp(1).

opt
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Proof. Letl € Dy — [0, 0).

(a) Let P € P2¥* and (s,t) € Do \ Sg. We first show that P(s, t) € QU2*(7(s), 7(t)). Since P € PRa* it

follows from Proposition that 61 (s,t) = P(s,t) - ;. Furthermore, by Proposition we have that
A1(s,t) = P(s,t) - (01 + A1). Therefore, can conclude that

P(s,t) € Qui*(r(s), 7(t)) (7.2)

opt
Let (s,t) € Dg. We distinguish two cases.
— If (s,t) € SZ then
Ao(D)(s,t) = 0= Aop(l)(s,t).
— If (s,t) € Dg \ SZ then

No)(s,t) = o dnf - w

< P(s,t)- (6o +1)  [(7.2)]
= Aop(1)(s,1).

(60 +1)

(b) Let (s,t) € S? and, by Proposition|7.4} define

P(s,t) € arg min w- (060 +1).
weV(Q5 (7 (s),7(1)))

opt

opt

By Proposition t.21]and[6.3} P € V. Let (s,t) € Do. We distinguish two cases.

- If (s,t) € S then
Ao(l)(s,t) = 0= Agp(l)(s,1).

— If (s,t) € Dy \ SZ then

Ao(l)(s,t) = wev(ﬂmglég(sw(t))) w- (0o +1) [Proposition [7.4]

= P(s,t) - (5o + 1)
= Aop(l)(s,1).

The next proposition shows that \q is a pre-fixed point of Ag.
Proposition 7.13. Ay(X\g) C Ao.

Proof. Since for all P € P,

Ao(Mo) E Ao(Nop) [Ao C Aop and A is monotone (Proposition[7.9))

C Aop(Mop) [Proposition [6.12]a)]
= \op-

we can conclude that Ag(Ag) C Ao. O
The next proposition shows the link between Ag and A.
Proposition 7.14. Foralll € Dy — [0, c0),
(a) ifl C Ag(1) thenl C N\ and
(b) if Ao(l) T lthen \o C L.

Proof. Letl € Dy — [0, 00).
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(a) Assume that [ T Ay(l). Let P € P2*. We show that for all n € N, I T Ajp(Ag(l)) by induction on n.

opt

The base case, n = 0, follows from the assumption I C Ag(1). In the mductlve case, when n > 0, we have
that

1T Ap(D) [by assumption]

C Aop(1) [Proposition [6.12(a)]

C Aop (A5 (Ao(1))) [induction hypothesis and A p is monotone (Proposition [5.3)]

= Agp(Ao(l))

Because A'5 is contractive (Proposition@ and Agp is nonexpansive (Proposition , we can conclude
from the above and Theorem d) that [ C A\gp. Hence, [ C \g.

(b) Assume that Ay(!) C I. According to Proposition b), Ag(l) = Agp(l) for some P € Viit*. Next, we
will show that Agp(l) C [ for all n € N by induction on n. The base case, n = 0, is trivial. In the inductive
case, when n > (0, we have that

Agp(1) = Aop(Agp' (1))

C Aop(l) [induction hypothesis and A p is monotone (Proposition [5.3))]
=Ao(l) [Proposition[6.12(b)]
Cl [by assumption]

From Proposition 5.7 and Proposition [5.5]and Theorem 2.10{d) we can conclude that

c =1 o C [
)\0 |- /\OP }zléII%IAOP(l) L l

The key ingredient of the correctness proof of our algorithm is the following result.
Theorem 7.15. )\ is the unique fixed point of Ay.

Proof. First, we show that )\ is a fixed point of Ag. According to Proposition we have that Ag(Ag) C Ap.
Since Ag is monotone (Proposition , we can conclude that Ag(Ag(Ag)) T Ag(Ag). From Proposition b)
we can deduce that \y = Ag(\g). Combined with Propositionwe get that Ag(N\g) = Ao, that is, \g is a fixed
point of Ag.

Next, we show )\ is the unique fixed point of Ag. Assume that [ is a fixed point of Ay, that is, Ag(l) = .
Then [ C Ag(l) and Ag(l) C I. By Proposition[7.14(a) and (b), we have that { T Ao and Ao C . Hence, | = A,.
Therefore, \q is the unique fixed point of Ag. O

Our algorithm that computes a 0-minimal 1-maximal vertex policy from a 1-maximal vertex policy (Algo-
rithm [2) is very similar in structure to Algorithm [I] Instead of focusing on 1-pairs, we concentrate on 0-pairs.
Furthermore, we maintain as a loop invariant that P is not only an optimal vertex policy but also that it is 1-
maximal.

Algorithm 2 0-minimal 1-maximal optimal vertex policy

Input: 1-maximal optimal vertex policy P

1: compute Agp

2: while H(S,t) € Dy \ Sg : A()()\()P)(S,t) < )\()p(S,t) do

3: T arg min w - (0o + Aop)
WEV (QUT(8),7(£)))Ad1 (5,8)=w-81 A1 (8,t)=w-(814+X1)

4: P(s,t) <

5: compute \op

6: end while

The following proposition proves that the above algorithm terminates.

Proposition 7.16. The algorithm terminates.
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Proof. Towards a contradiction, assume that the algorithm does not terminate. Let us denote the value of the
variable P in the i-th iteration by P;. Then P, is defined by

| BE if (z,y) = (s,1)
P1+1(I,y){ Pi(z,y) otherwise,

where

T e arg min w - (60 + Aop,)-
weV (Qmax(r(s),r(t)))

opt

By Proposition and Pii1 € Vopt*. Next, we prove that Aop, ,, (Aop,) C Aop,- Let (x,y) € Do. We
distinguish three cases.

o If (z,y) € SZ then
Aop,.y (Mop,)(2,y) =0 = Aop,(Xop, ) (2, y) = Aop, (2, y).

o If (z,y) = (s,t) then

A0P11+1 (AOPi)(‘S? t) = 131',_;,_1(5, t) ! (60 + )‘OPm)

=7 (6o + Aop,)
= min w - (60 + )\OPi)
weV (Y (7(s),7(1)))
= inf w - (60 + Aop,) [Proposition [7.4]

weQmax(r(s),r(t))

opt

= AO ()\OP'[, ) (Sa t)
< Aop; (8, 1). [condition of the loop]

¢ Otherwise,

Aop,y (Aop,)(2,y) = Piva(2,y) - (b0 + Aop)
= Pi(z,y) - (do + Aop,)
= Aop,(Mor,) (2, y)
= )\opi (33, y)

From Proposition (6.5|we can conclude that Aop, , T Aop,. Since the set VoIt is finite and the algorithm does not
terminate, P; = P; for some ¢ < j. This contradicts that Ag p C Aop; - O

From the above corollary, we know that our algorithm terminates. The following proposition shows that, upon
termination, it computes a 0-minimal 1-maximal vertex optimal policy.

Proposition 7.17. At termination, Agp = .

Proof. At termination, we have that Ag(A\op)(s,t) > Aop(s,t) forall (s,t) € Do \ S2. Since for all (s,t) € SZ,
f. 0 0
Ao(Mop)(s,t) =0 = Aop(Xop)(s,t) = Aop(s,1),

we have that A()()\()p) 3 Xop- By PI’OpOSitiOH a), A()()\OP) [ AOP()\OP) = Aop. Hence, A()()\()p) = Aop,
that is, A\gp is a fixed point of Agy. Since )\ is the unique fixed point of Ay (Theorem [6.15]), we can deduce that
)\op = )\0. O

In this chapter, we developed an algorithm (Algorithm[2) that, starting from a 1-maximal optimal vertex policy,
computes a 0-minimal 1-maximal optimal vertex policy. Recall the notion of a symmetric policy introduced in the
introduction of this thesis. In the following chapter, we will explore symmetric policies and study their properties.
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8 Symmetric Policies

Since probabilistic bisimilarity distances are symmetric—that is, the distance between s and ¢ is equal to the
distance between ¢ and s for all states s and t—this raises the question of whether the distance between s and ¢
can be explained in the same way as the distance between ¢ and s. In this chapter, we will address this question by
defining symmetric policies and exploring their properties. We call a policy symmetric if the policy at state pair s
and ¢ is the mirror image of the policy at state pair ¢ and s. To define symmetric policies, we fix a total order <
on the set of states in an LMC, which enables us to transform any policy into a symmetric one. To reflect that one
policy is the mirror image of another, we introduce twisted arrows in the graphical representations of policies. As
we will see in the graphical representation of a symmetric policy, we only need to represent the state pairs (s, t)
with s < ¢, where an arrow from (s, t) to (u,v) with u > v is depicted as a twisted arrow from (s, t) to (v, u).
Consequently, once we have computed a 0-maximal 1-minimal optimal vertex policy, we can convert it into a
symmetric 0-maximal 1-minimal optimal vertex policy. Symmetric policies, in general, are simpler and, hence,
preferable.

Figure 8.1: An LMC
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Figure 8.2: Two optimal vertex 1-maximal 0-minimal policies for states 0 and 1 in the LMC depicted in Figure
non-symmetric and symmetric

For example, consider the policies depicted in Figure All of the policies are optimal, as each reaches
1-pairs with a probability of %, which represents the distance between states 0 and 1. They are also 1-maximal, as
the expected length to 1-pairs is 2.5, and 0-minimal, since the expected length to O-pairs is 0.5. The policy in the
middle is the symmetric version of the one on the right. The explanation of the distance of 10 and 9 and that of 9
and 10 are mirror images in the middle policy. To reflect that the one is a mirror image of the other, we introduce
twisted arrows. A twisted arrow from (7, 8) to (9, 10) represents an arrow from (7, 8) to (10, 9) in the left policy.

We call a policy P symmetric if P(s,t) and P(t, s) are mirror images.

Definition 8.1. Ler P € P. P is symmetric if for all (s,t), (u,v) € S%,
P(s,t)(u,v) = P(t,s)(v,u).

For the remainder of this section, we fix a total order < on S. This allows us to turn a policy into a symmetric
one as follows.

Definition 8.2. Let P € P. We define P~ by

P(s,t)(u,v) ifs<t

P2 (s,t)(u,0) = {P(t75)(v,u) if s~ 1

This construction preserves all the properties of policies in which we are interested. The next proposition
shows that the symmetric version of a policy is also a policy.
Proposition 8.3. Forall P € P, P; € P.
Proof. Let P € P and (s,t) € SZ. It remains to show that P~ (s,t) € Q(7(s), 7(t)). We consider two cases.

o If s < t, then P<(s,t) = P(s,t) € Q(7(s),7(¢)).
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o If s >~ ¢, then we should show that P~ (s,t) € Q(7(s), 7(¢)). Since, for all u € S,

P.(s,t)(u,S) = Z P (s,t)(u,v)

veS

= Z P(t,s)(v,u)

vES
= P(t, 3)(Sa 'LL)
=7(s)(w)  [P(s,t) € Q7(s), 7(t))]

and

P_(s,6)(S.u) = 3 P<(s,1)(0, )

veES

= P(t,s)(u,v)

veS
= P(t,s)(u, S)
=7(t)(u)  [P(s,t) € Qr(s),7(t))]

we can conclude that P~ (s, t) € Q(7(s), 7(t)).

O

The following proposition proves that using the above definition, we can turn a policy into a symmetric one.

Proposition 8.4. Forall P € P, P, is symmetric.

Proof. Let P € P and (s,t), (u,v) € S7. We distinguish two cases.
o If s < ¢, then P<(s,t)(u,v) = P(s,t)(u,v) = P<(t,s)(v,u).
o If s = ¢, then P<(s,t)(u,v) = P(t, s)(v,u) = P<(t,s)(v,u).

The next proposition demonstrates that if a policy is optimal, its symmetric version is also optimal.

Proposition 8.5. For all P € Pypt, P< € Popt.
Proof. Let P € Pyt and (s,t) € SZ. We distinguish two cases.
» If s < ¢ then
P.(s,t) -6 = P(s,t) - &1
= 01(s,t) [P is optimal and Proposition [.21]

e If s > t then

P.(s,t) -6, = Z P (s,t)(u,v) 01 (u,v)

u,vES

= Z P(t7 S)(U7 U) 01 (’LL, U)
u,vES

= Z P (t,8)(v,u) 01 (v, u) [07 is symmetric]
u,vES

= ]D(t7 8) . (51

= 01(t, s) [P is optimal and Proposition [£.2T]

= d1(s,t) [01 is symmetric]

Hence, by Proposition #.21] P~ is optimal.
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The next proposition shows that the symmetric version of a vertex policy is a vertex policy.
Proposition 8.6. Forall P €V, P; € V.

Proof. Let P € V and (s,t) € S2. We need to show that P.(s,t) is a vertex. We distinguish the following two
cases.

» If s < t then P<(s,t) = P(t,s), which, by assumption, is a vertex.

* Assume that s > t. There is an edge between (v, 0) and (u, 1) in the support graph of P(t, s) if and only
if there is an edge between (u,0) and (v, 1) in the support graph of P-(s,t). Hence, the support graphs
are isomorphic. Since P(s,t) is a vertex, its support graph is a forest by Proposition Since the support
graphs are isomorphic, the support graph of P~ (s, t) is a forest as well. Therefore, from Proposition 3.5|we
can conclude that P (s, t) is a vertex.

O
Corollary 8.7. For all P € Vopt, P4 € Vopt.
Proof. Immediate consequence of Proposition [8.5]and 8.6 O

The following proposition proves that if there are two couplings, m and w € Qe (7(2), 7(s)), where 7 is the
symmetric version of w, then for all symmetric [ € D; — [0, 00), the set of values w - (61 + 1) is equal to the set
of values 7 - (81 + [). This result is used in the next proposition.

Proposition 8.8. Foralll € Dy — [0,00), if | is symmetric then
{w- (01 +1) [weQope(7(s),7(1) } = {m- (01 +1) [ m € Qope(7(2), 7(s)) }

Proof. Letl € D1 — [0,00). Assume that [ is symmetric. Let w € Qqpt(7(s), 7(t)). Then §1(s,t) = w - 6. We
define 7(u, v) = w(v, u) for all (u,v) € S7. To conclude that 7 € Q(7(t), 7(s)) it suffices to show that for all z,
y €S,

7(x,S) = 7(t)(x) and 7(S,y) = 7(s)(y).

Forallz € S,

m(x,S) = Z 7(x,v)

veES

= Zw(v,x)

veES
= w(S, 7)
=1t (z)  [weQr(s),7(t))]

and forall y € S,

[
g
I
s
=

108



Hence, m € Q(7(t), 7(s)). Next, we show that for all (s, t) € S? we have 01 (¢, s) = 7 - ;.

-0 = Z 7(u, v)01 (u, v)

(u,v)€S32

= Z w(v,u)d1 (u,v)

(u,w)€S2

= Z w(v,u)d (v, u) [01 is symmetric]
(u,v)€S32

=w-0;

= 01(s,1) [01(s,t) = w - 61, by assumption]

=61(t, ) [07 is symmetric]

Hence, m € Qo (7(t), 7(s)). Finally, we show that 7 - (61 + 1) = w - (61 +{).

(G D)= Y w(u,v)(01(uv) + U(u,v))

(u,v)eD1

= Z w(v, w)(01(u, v) + (u,v))

(u7v)ED1

= Z w(v,u) (91 (v,u) + l(u,v)) [01 is symmetric]
(u,v)€D1

= Z w(v,u) (91 (v,u) + 1(v,u)) [l is symmetric, by assumption]
(u,w)€D1

=w- (51 + l)

Therefore, {w - (01 + 1) | w € Qopt(7(8),7(t))} C {m- (61 +1) | m € Qopt(7(t),7(s))}. Similarly, it can be
shown that {7 - (61 +1) | 7 € Qope (7(), 7(8))} CH{w - (61 +1) | w € Qope(7(8), 7(2)) }- O

The next proposition proves that the 1-maximal expected length function is symmetric.
Proposition 8.9. )\, is symmetric.

Proof. First, we show that for all n € N, AT(L) is symmetric by induction on n. In the base case, n = 0, we
need to show that L is symmetric which is obviously true. In the inductive case, assume that n > 0. By induction,
A"71(L) is symmetric. We have that

AT(L)(s,8) = A (ATTH(L)(s,1)

= sup w- (61 +ATTHL))
WEQopt(7(s),7(1))

= sup 7 (01 + ATTH(L)) [induction hypothesis and Proposition [8.§]
TEQopt (7(t),7(s))

A AT L) 5)
— AF(L)(, 5)

As a consequence of the above, lim,, ey AT(L) is symmetric. Hence, we can conclude from the fact that A; is
monotone (Proposition [6.10) and nonexpansive (Corollary [6.11)) and Theorem [2.11|(a) that A; is symmetric. [

The next proposition shows that we can turn a 1-maximal optimal policy into a 1-maximal optimal symmetric
policy.
Proposition 8.10. For all P € Py, P< is I-maximal.
Proof. Let P € Pgi*. According to Proposition it is suffices to show that for all (s,t) € Dy

Al(s’t) = P—<(Sat) . (51 + /\1)-

We distinguish two cases.
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e If s < t then

P(s,t) - (61 + A1) = P(s,1) - (61 + A1)
= A\ (s,t) [P is 1-maximal and Proposition [6.3]

e If s > t then
P.(s,t) - (01 + A1)
= Z P.(s,t)(u,v) (61(u,v) + A1 (u,v))

u,v€Dy

= > P(t,s)(v,u) (01(u,v) + A1 (u, v))

u, €Dy

= Z P(t,s)(v,u) (61 (v,u) + A1 (u,v)) [01 is symmetric]
u,v€EDq

= Z P(t,s)(v,u) (61 (v, u) + A1 (v, w)) [A1 is symmetric (Proposition [8:9)]
w,ve€D,
= P(t,s)- (61 + A1)
=M (t9) [P is 1-maximal and Proposition [6.3]
= Ai(s,t)
[A1 is symmetric (Proposition [8.9)]

O

The following proposition proves that if there are two couplings, w and 7 € Qg% (7(t), 7(s)), where 7 is the

symmetric version of w, then for all symmetric [ € Dy — [0, 00), the set of values w - (dp + [) is equal to the set
of values 7 - (do + {). This result is used in the next proposition.

Proposition 8.11. Foralll € Dy — [0, 00), if | is symmetric then
{w- (00 +1) | we Qi (r(s), 7(t)) } = {7 (bo +1) | 7 € QIF*(7(¢), 7(s)) }-

Proof. Letl € Dy — [0,00). Assume that [ is symmetric. Let w € Q22%(7(s),7(t)). Then A\{(s,t) =
y opt

w - (801 + A1). We define 7(u,v) as in the proof of Proposition To conclude that m € Q5% (7(t), 7(s)), it
remains to show that for all (s,¢) € Dy we have A1 (t,s) = 7 - (01 + A1).

(01 + M) = Z 7 (u, v) (01 (u, v) + A1 (u, v))

(u,v)eD1

= > w@u) (1 (uv) + A (u,0))

(u,v)€D1

= Z w(v,w)(d1 (v, u) + A1(u,v)) [01 is symmetric]
(u,v)EDq

= Z w(v,uw)(d1 (v, u) + A1 (v, u)) [A1 is symmetric (Proposition [8.9)]
(u,v)€Ds

=w- (51 + )\1)

= A (s,1) [by assumption]

= A1(t, 8) [A1 is symmetric (Proposition [8.9)]
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Finally, we show that 7 - (§p +1) = w - (§p + 1).
(0o +1) = Z 7 (u, v) (00 (u, v) + I(u, v))
’U)EDU

Z w(v,u)(do(u,v) + I(u,v))

(u,v)€Dg

u

Z w(v,uw)(do(v, u) + l(u,v)) [0o is symmetric]
(u,v)€Dg

= Z w(v,uw)(do(v, u) + (v, u)) [l is symmetric, by assumption]

(u,v)EDg
=w- ((50 + l)
Therefore, {w - (do +1) | w € QT (7(5),7(t)) } S {7 (do +1) | m € Qopt*(7(t), 7(s)) }. Similarly, it can be
shown that { - (6o 4 1) | m € QEE¥(7(2),7(s)) } S {w - (do +1) | w € Qpi*(7(s),7(t)) }. 0O

The next proposition proves that the O-minimal expected length function is symmetric.
Proposition 8.12. \q is symmetric.

Proof. First, we show that for all n € N, A§(L) is symmetric by induction on n. In the base case, n = 0, we
need to show that T is symmetric which is obviously true. In the inductive case, assume that n > 0. By induction,
AJ~1(L) is symmetric. We have that

AG(L)(s,) = Ao(AGT (L)) (s, 1)

= inf w- (0o + AL
wEQmaX (1 (s),7(t)) (% + 457 (L))
= inf 7 (0o +AJTH(L)) [induction hypothesis and Proposition [8.11]

TEQ (7(t),7(s))
= Ao(AGTH(L))(E, 5)
=Ag(L)(t,s)
As a consequence of the above, lim, ey Af (L) is symmetric. Hence, we can conclude from the fact that Ag is
monotone (Proposition[6.10) and nonexpansive (Proposition[7.11)) and Theorem [2.11[a) that A is symmetric. [

The next proposition shows that we can turn a O-minimal 1-maximal optimal policy into a O-minimal 1-
maximal optimal symmetric policy.
Proposition 8.13. For all P € Pgi*, if P is O-minimal then P is O-minimal.

Proof. Let P € Pii. According to Proposition[7.3} it is suffices to show that for all (s, t) € Dy
)\0(8,t) = P<(S,t) . (50 + /\0)

We distinguish two cases.

e If s <t then

P(s,1) - (00 + Xo) = P(s,t) - (50 + o)
= Ao(s,t) [P is 0-maximal Proposition[7.3]
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e If s = t then

P.(s,t) - (60 + Xo) = Z P<(s,t)(u,v) (do(u, v) + Ao(u,v))

u,v€ Dy

= > P(t,s)(v,u) (So(u,v) + Ao (u, v))

u,v€ Do

= Z P(t,s)(v,u) (dp(v,u) + Ao(u,v)) [0 is symmetric]

u,v€Dy
> P(t,s)(v,u) (Bo(v,u) + Ao (v, u)
u,v€ Dy
[Ao is symmetric (Proposition [8:12))]
= P(t,s) - (do + Ao)
= Xo(t, s) [P is 0-maximal Proposition[7.3]
= Ao(s,t) [Ao is symmetric (Proposition [8.12))]

O

In this chapter, we explored symmetric policies and showed that we can convert O-minimal 1-maximal optimal
vertex policies into 0-minimal 1-maximal optimal vertex symmetric policies. As we have seen, symmetric policies
are simpler and help us explain the probabilistic bisimilarity distance more easily, making them preferable. In the
next chapter, we will see the Java implementation of the 1-maximal Algorithm [T]and the 0-minimal Algorithm [2]
that we discussed in the earlier chapters.
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9 Java Implementation

In this chapter, we will provide an overview of the Java implementatiotﬂ of the Algorithms and described in
this thesis. First, we start by discussing how we represent an LMC in our implementation.

9.1 LMC Implementation

In our implementation, the class LabelledMarkovChain represents an LMC. It takes two input files: a label file
(.Iab) and a transition file (.tra). For example, consider the following label file, where each state is assigned a label
from the set of labels {a, b, c},

0: "a
1: "a"
2: "a"
3: "a"
4: "a"
5: "b"
6: "c"

and the transition file which follows this format: the first row contains two numbers: the first indicates the
number of states, and the second indicates the number of transitions. Starting from the second row, each line has
three numbers: the source state, the target state, and the transition probability between them. Notice that the sum
of the transition probabilities for each state is always equal to one, as required in LMCs.

7 11

0 2 0.5

0 3 0.5

1 3 0.3333333
1 4 0.3333333
1 2 0.3333333
251

35 0.5

36 0.5

6 61

551

4 61

In our code, we added a method that generates a graphical representation of the input LMC. For example, the
graphical representation of the input LMC above is shown as follows.

The code is available at github.com/antoNanahJi/Explainability,
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Next, we will provide an overview of the Java implementation of the 1-maximal algorithm.

9.2 1-Maximal Algorithm

Recall the 1-maximal Algorithm [I] presented in Chapter 6.

Algorithm 1 1-maximal optimal vertex policy

Input: optimal vertex policy P
1: compute A\ p
2: while E(S,t) € Dy \ S% : Al()\lp)(s,t) > )\1p(8,t) do
3: T4 arg max w- (01 + Aip)
weV (Q(7(s),7(t)))Ad1(s,t)=w-01
4: P(s,t) <
5: compute A\ p
6: end while

The above algorithm begins with an optimal vertex policy P. To compute an optimal vertex policy, we used
a Java implementatiorﬂ of the algorithm presented in [52, Section 6.2]. Then it computes A p for this policy
(line 1). In our implementation, A1 p is computed using the power method discussed in [2, Theorem 10.15].

As long as there exists a state pair in Dy \ S7 that is not locally 1-maximal with respect to the current policy
(line 2), the policy at (s, t) is updated to a locally 1-maximal choice (lines 3 and 4). This step is implemented
using Java’s linear programming SimplexSolverﬁ class. The objective function for this solver is w - (61 + A1 p),
subject to the linear constraints w € Q(7(s), 7(t)) and 1 (s,t) = w - d;. The solver returns a new coupling for the
state pair (s, ¢). This new coupling is a vertex of the transportation polytope.

After updating the policy P, the algorithm recomputes \; p (line 5) using the same power method. The loop
maintains the invariant that P is an optimal vertex policy as 7 in line 3 is a vertex and satisfies d1(s,t) = 7 - §;
(see Proposition [4.21).

At termination, we have that A\;p is a fixed point of A; and, by Theorem equals \; and, therefore, is
1-maximal.

For example, let us focus on state pairs (0,4) of the LMC depicted in Figure For this state pair, if the
algorithm starts with the optimal vertex policy shown in Figure [9.2] which is obtained using the policy iteration
algorithm from [S3], it then produces the 1-maximal optimal vertex policy illustrated in Figure 9.3

"The code is available at bitbucket.org/discoveri/probabilistic-bisimilarity-distances|

8commons.apache.org/proper/commons-math/javadocs/api-3.6.1/org/apache/commons/math3/optim/linear/SimplexSolver.html,
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Figure 9.1: An LMC
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3,5

Figure 9.2: A vertex optimal policy for LMC in Figure
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1.000

3.5

Figure 9.3: A 1-maximal vertex optimal policy for LMC in Figure

Next, we will provide an overview of the Java implementation of the 0-minimal algorithm.

9.3 0-Minimal Algorithm

Recall the 0-minimal Algorithm [2] presented in Chapter 7.

Algorithm 2 0-minimal 1-maximal optimal vertex policy

Input: [-maximal optimal vertex policy P

1: compute \gp

2. while 3(s,t) € Dy \ 52 : Ag(Aop)(s,t) < Aop(s,t) do

3: I arg min w - (60 + Aop)
weV (Q(7(s),7(t)))AN01(s,t)=w-01 AX1(8,t)=w-(61+ A1)

4: P(s,t) 7

5: compute \op

6: end while

Our algorithm that computes a 0-minimal 1-maximal vertex policy from a 1-maximal vertex policy (Algo-
rithm [2) is very similar in structure to Algorithm |1} Instead of focusing on 1-pairs, we concentrate on O-pairs.
Furthermore, we maintain as a loop invariant that P is not only an optimal vertex policy but also that it is 1-
maximal.

The above algorithm begins with a 1-maximal optimal vertex policy P, which can be obtained using the 1-
maximal Algorithm Then it computes A\gp for this policy (line 1). In our implementation, A\ p is also computed
using the power method discussed in [2, Theorem 10.15].

As long as there exists a state pair in Dy \ S2 that is not locally O-minimal with respect to the current policy
(line 2), the policy at (s, t) is updated to a locally 0-minimal choice (lines 3 and 4). This step is also implemented
using Java’s linear programming SimplexSolver class. The objective function for this solver is w - (dp + Aop),
subject to the linear constraints w € Q(7(s), 7(t)) and §1(s,t) = w - §1 and A1 (s,t) = w - (61 + A1). The solver
returns a new coupling, which is a vertex of the transportation polytope, for the state pair (s, t).

After updating the policy P, the algorithm recomputes Agp (line 5) using the same power method. The loop
maintains the invariant that P is not only an optimal vertex policy but also that it is 1-maximal.
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At termination, we have that A\gp is a fixed point of Ay and, by Theorem equals \g and, therefore, is
0-minimal.

For example, let us focus on state pairs (0, 1) of the LMC depicted in Figure For this state pair, if the
algorithm starts with the 1-maximal optimal vertex policy shown in Figure [0.35] which is obtained using the 1-
maximal Algorithm [I] it then produces the 0-minimal 1-maximal optimal vertex policy illustrated in Figure [0.6]

Figure 9.4: An LMC

0.500 10.500 /0.500 \0.500

¢ 56

Figure 9.5: A 1-maximal vertex optimal policy for LMC in Figure
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Figure 9.6: A 0-minimal 1-maximal vertex optimal policy for LMC in Figure

Next, we present the experimental results for the algorithms described in this thesis.

9.4 Experimental Results

In our experimental evaluation we used the two examples of [52] Section 9.3], namely an example of two dies due
to Knuth and Yao [36] and randomized quick sort, as well as the Miller-Rabin primality test [46, 49].

The experiments were run on an Intel machine with an 17-8700T CPU and 15 GB of RAM. For each of the
three examples, we first computed an optimal vertex policy, then a 1-maximal optimal vertex policy, and finally
a 0-minimal 1-maximal optimal vertex policy. We timed 55 trails for each of the three stages of the computation
and report the average (and standard deviation) in milliseconds in Table 0.1] Since a Java virtual machine needs
to perform just-in-time compilation and optimization, we discarded the first eight trails. Garbage collection was
triggered in between trials to minimize its impact on our measurements. As can be seen, finding 0-minimal and
1-maximal policies can be done significantly faster than finding optimal policies.

optimal ‘ 1-maximal ‘ 0-minimal
Miller-Rabin 32,149 (149) 479 (2) 1,069 (5)
Two dies 3,142 (1) 2,271 (1) 1,569 (9)

Quicksort 218,232 (8,971) | 38,528 (1,139) | 46,416 (1,165)

Table 9.1: Average (and standard deviation) in milliseconds of time to compute optimal, 1-maximal, and O-
minimal policies

118



10 Conclusion

We have shown that explainability is a game in the context of probabilistic bisimilarity distances of LMCs. More
precisely, symmetric O-minimal 1-maximal vertex optimal policies for the 1 %—player games presented in this thesis
explain the probabilistic bisimilarity distances.

The literature review in the introduction of this thesis provides a comprehensive and well-organized overview
of game-theoretic and logical characterizations of probabilistic bisimilarity distances. In the introduction, we
presented our game, which is based on matching parts of transitions. These matchings, also known as couplings,
were introduced in Chapter 3, and in Chapter 4, we defined the player’s strategy, also referred to as a policy, which
involves selecting a coupling. The player’s objective is to avoid reaching 1-pairs, meaning that the expected length
of the game before reaching a 1-pair should be maximized. Additionally, we are interested in the expected length
to reach a O-pair.

In Chapter 5, we formulated the expected length to an i-pair, and in Chapter 6, we presented Algorithm [I]
which maximizes the expected length to reach a 1-pair. We also proved an exponential lower bound for this
algorithm by constructing an LMC of size O(n), for which the algorithm requires 2(2") iterations. In this chapter,
we further demonstrated that a 1-maximal optimal policy does not have any 1-conflicts, a concept introduced by
Vlasman in [38]].

In Chapter 7, we presented Algorithm [2] which minimizes the expected length to reach a 0-pair. Proving an
exponential lower bound for this algorithm remains a topic for future research. Moreover, Vlasman [58]] introduced
the notion of probabilistic bisimilar conflict, which we refer to as O-conflict. Let us now recall the definition.

Definition 10.1.
o Let (w, ), (y,2) € S3. Then (w, x) and (y, z) are in O-conflict if w ~ z or x ~ y.

o Letw € D(S x S). Then w is 0-conflict free if for all (w, x), (y, z) € support(w) N Dy, (w,x) and (y, z)
are not in 0-conflict.

e Let P € P. Then P is O-conflict free if for all (s,t) € S2, P(s,t) is 0-conflict free.

Another avenue for further research could involve exploring whether a O-minimal 1-maximal vertex optimal
policy is O-conflict free.

In Chapter 8, we explored symmetric policies and showed that 0-minimal 1-maximal vertex optimal policies
can be converted into symmetric O-minimal 1-maximal vertex optimal policies. Modifying the policy iteration
algorithm from [53]], along with Algorithms [I]and [2] to maintain that the policy is symmetric as a loop invariant
is a potential direction for future research. This could allow us to focus on only half of the state pairs currently
considered in the algorithms, thereby reducing computation time.

In Chapter 9, we gave an overview of the Java implementation of the Algorithms || and [2| described in this
thesis. However, due to the nature of floating-point arithmetic, some rounding errors occurred during computation.
A deeper investigation into these errors and their mitigation is left for future research.

Apart from the area of probabilistic model checking, probabilistic bisimilarity distances also play a role in
other fields including control theory [26]], fault-tolerance [5]], privacy [7]], quantum computing [21]], reinforcement
learning [44], and systems-biology [41]. As a consequence, we anticipate that our results are widely applicable.
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