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Abstract

Actuarial and financial risk management is one of the most important innovations of
the 20th century, and modelling dependence risks is one of its central issues. Traditional
insurance models build on the assumption of independence of risks. Criticized as one of the
main causes of the recent financial crisis, this assumption has facilitated the quantification
of risks for decades, but it has often lead to under-estimation of the risks and as a result
under-pricing. Hence importantly, one of the prime pillars of the novel concept of Enterprise
Risk Management is the requirement that insurance companies have a clear understanding
of the various interconnections that exist within risk portfolios.

Modelling dependence is not an easy call. In fact, there is only one way to formulate
independence, whereas the shapes of stochastic dependence are infinite. In this dissertation,
we aim at developing interpretable practically and tractable technically probabilistic models
of dependence that describe the adverse effects of multiple risk drivers on the risk portfolio
of a generic insurer. To this end, we introduce a new class of Multiple Risk Factor (MRF)
dependence structures. The MRF distributions are of importance to actuaries through their
connections to the popular frailty models, as well as because of the capacity to describe
dependent heavy-tailed risks. The new constructions are also linked to the factor models

that lay in the very basis of the nowadays financial default measurement practice. Moreover,
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we use doubly stochastic Poisson processes to explore the class of copula functions that
underlie the MRF models. Then, motivated by the asymmetric nature of these copulas, we
propose and study a new notion of the paths of maximal dependence, which is consequently

employed to measure tail dependence in copulas.
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Chapter 1

Introduction

1.1 Practical background

No industry is immune to failures. The stability of the insurance industry, and hence of
its major players, is a necessary factor for the macroeconomic growth of an entire country.
Although the comparative frequency of insurer insolvencies has so far been relatively low,
the US alone witnessed approximately 700 such failures between 1969 and 1998 (Massey
et al., 2003). To assure solvency of insurance companies, sets of state-dependent laws,
called insurance regulations, have been developed and constantly adjusted to the real world’s
changes. The recent financial crisis of 2008 left little doubt, that the existing regulations
were rather inadequate and a significant change was inevitable.

As a response, the International Association of Insurance Supervisors (IAIS), of which
Canada is a member, introduced the notions of Enterprise Risk Management (ERM) and
Own Risk and Solvency Assessment (ORSA) as two key components of the regulatory re-
form. Loosely speaking, the ERM identifies, measures and monitors insurer risks while the

ORSA manages them. The main differences between the new regulation and its predecessors



is perhaps the level and soundness of the quantitative methods involved as well as the extent
of their integration in top-tier decision making. Hence the first pillar in the proposed new ac-
cords (e.g. Basel III and Solvency II) is devoted to the risk measurement and the calculation
of capital requirements processes that are supposed to cushion unexpected losses. Details of
the new regulatory accords are beyond the scope of this dissertation, and we only mention
a few points that are of interest herein (e.g., BIS, 2009; Caouette et al., 2008; Christiansen

et al., 2012; TAA, 2013):
e financial institutions shall base capital needs on unexpected losses;

e financial institutions shall ensure that systemic risks and tail events are adequately

captured in institutions’ risk modelling and stress testing;

e financial institutions shall realize and understand the effects of correlation among the

risk portfolios;

e new accords offer the option of using advanced approaches in that financial institutions
can use their own internal models to quantify risks as long as the models are deemed

satisfactory by the regulators.

According to the Canadian Office of the Superintendent of Financial Institutions (OSFI),
the new regulation applies to all federally regulated life and property and casualty insurers

in Canada, and it must be implemented starting from 2014 (OSFI, 2014).

1.2 Motivation

The new realm brings many open questions, and this thesis aims to investigate two issues

imposed by the ERM and ORSA, that are extremes and dependence. Indeed, while the



assumption of light-tailed distributions and/or independence is a well-accepted allowance in
traditional actuarial mathematics, in reality, it is rarely plausible and more of an exception.
Are the two aforementioned notions at all important for an insurer? We give a brief answer

to this question next.

1.2.1 Extremes

In 1998 freezing rains fell on eastern Ontario, south-western Quebec and lasted for six days.
The event doubled the amount of precipitation in the area experienced in any prior ice storm,
and resulted in a catastrophe that produced excess of 840, 000 cases of insurance claims. This
number is 20% more than that of the claims caused by the Hurricane Andrew - one of the
largest natural disasters in the history of North America. After all, the catastrophe caused
approximately 1.44 billion Canadian dollars insurance settlements which is the highest loss
burden in the history of Canada (Lecomte et al., 1998).

In the context of insurance, a few heavy losses hitting a portfolio and then converting into
claims usually represent the greatest part of the indemnities paid by insurance companies.
The just-mentioned losses, also called ‘extremes’, are quantitatively modelled by the tails of
the associated probability distributions.

Extremes are rather difficult to tackle analytically, and distributional models, which
provide a good overall fit to actuarial data can perform rather poorly in fitting the tail.
Relying on models with improper tails is of course daunting, e.g., insurance losses may occur
with worse severity and periods of financial stress may appear with higher frequency than

actuaries expect. This may further lead to poor reserving or even insolvency.



1.2.2 Dependence

Imagine a pool of 20-year term annually-paid joint life level annuities-due issued to married
couples. The remaining lifetimes of the annuitants are per Complete Life Tables Canada
2000 — 2002, 2a and 2b, and the real interest rate is an average of .7%, as per World Bank’s
2008 — 2012 Canadian data. Simple calculations show that under the standard assumption of
independence of lifetimes (as opposed to a more realistic one of positive quadrant dependence
(PQD)), the contracts are significantly under-priced. The spreads grow with age and are,
for instance, 12% for a typical couple of a 65 old man and a woman aged 60. As the random
payments due to the annuities in the pool, are themselves (inter)dependent, the impairment
becomes rather daunting (Denuit et al., 2005).

In reality, structures similar to the aforementioned simple life annuity serve as the building
block of many a.) insurance products such as registered retirement saving plans, registered
retirement income funds and general pensions; and b.) various financial derivatives such
as catastrophe bonds as well as basket credit default swap contracts. In fact, the share of
such insurance products (premium-wise) exceeded a quarter of the entire Life and Health
Insurance business in Canada in 2014 (CLHIA, 2015), while the derivatives above have been
becoming the fastest growing sector in the financial market (IOSCO, 2012). In light of this,
the notion of dependence is vital to the solvency of a stand-alone (life) insurer as well as
to the stability of the entire financial sector and even to the overall health of the economy.
Speaking shortly, neglecting dependencies within and among portfolios of risks can and often

does lead to solvency issues and bankruptcy of institutions.



1.2.3 Thesis organization

In this dissertation, we aim at introducing practically interpretable and analytically tractable
models of dependence, which are tolerant to extreme risks. The rest of this dissertation is
organized as follows. In Chapter 2, a new multivariate distribution possessing arbitrarily
parametrized univariate Pareto margins is introduced. Unlike the probability law of Asimit
et al. (2010), the structure in this chapter is absolutely continuous with respect to the
corresponding Lebesgue measure. The distribution is of importance to actuaries through its
connections to the popular frailty models, CreditRisk™ as well as because of the capacity
to describe dependent heavy-tailed risks. The genesis of the new distribution is linked
to a number of existing probability models, and useful characteristic results are proved.
Expressions for, e.g., the decumulative distribution function, (joint) moments and regressions
are developed. The distributions of minima and maxima, as well as, some weighted risk
measures are employed to exemplify possible applications of the distribution in insurance.
In Chapter 3, we introduce the main object of study in this dissertation. Namely, we in-
troduce a new class of dependence structures, that we call the Multiple Risk Factor (MRF)
dependence structures. The construction is connected to the one proposed in Chapter 2
and also to the factor models that lay in the very basis of the nowadays financial default
measurement practice. On the one hand the new models extend the popular CreditRisk™
approach, and as such they formally describe default risk portfolios exposed to an arbitrary
number of fatal risk factors with conditionally exponential hitting times that can be indepen-
dent, positively dependent and fully comonotonic. There are numerous empirical evidences
that CreditRisk™ tends to underestimate the real life default times, and we believe that our

proposed approach can resolve this inconvenience. On the other hand, the MRF structures



can be viewed as a quite general family of multivariate probability distributions with Pareto
of the 2nd kind univariate margins, and in this capacity, they can model risk portfolios of
(insurance) losses with heavy-tailed and positively dependent risk components.

In Chapter 4, we use doubly stochastic Poisson processes to explore the class of copula
functions that underlie the MRF dependence structures discussed in Chapter 3. Copulas
have become an important element of best practice Enterprise Risk Management, displacing
in many contexts other more conservative approaches to modelling stochastic dependence. A
‘good’ copula should conform to a problem at hand, be asymmetric and exhibit some extent
of tail dependence. Herein, we introduce and study a new class of MRF copula functions,
which we show are exactly such. Namely, we demonstrate that the MRF copulas arise from
a number of default risk specifications with stochastic default barrier and are in general
non-exchangeable in their domain of definition as well as in the tail behaviour. The MRF
copulas cover the full range of non-negative dependence and are quite tractable analytically.

An important property that sets the MRF copulas apart from many other dependence
structures employed in the modern theory and practice of default risk is the capability to
allow for non-zero probabilities of simultaneous default. Speaking formally, this becomes
feasible because the MRF copulas are not absolutely continuous with respect to the cor-
responding Lebesgue measure. Appealing to the language of credit risk, this is a direct
outcome of the inclusion of the systemic risk factors having fully comonotonic hitting times.
One way or the other, this special characteristic contributes to the effectiveness of the MRF
copulas when modelling the clustering of real world defaults.

Motivated by the asymmetric dependencies studied in Chapters 2 to 4, in Chapter 5
we introduce a new notion of maximal dependence paths and then employ it to measure

tail dependence in copulas. We demonstrate both analytically and numerically that the



existing methods for measuring tail dependence in copulas may sometimes underestimate
the extent of extreme co-movements of dependent risks and, therefore, may not always
comply with the new paradigm of prudent risk management. This phenomenon holds in
the context of both symmetric and asymmetric copulas with and without singularities. As a
remedy, we introduce a notion of paths of mazimal (tail) dependence and utilize the notion to
propose several new indices of tail dependence. The suggested new indices are conservative,
conform with the basic concepts of modern quantitative risk management, and are capable
of differentiating between distinct risky positions in situations when the existing indices fail

to do so. Chapter 6 concludes the dissertation.
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Chapter 2

A form of multivariate Pareto distribution

The following paper introduces and studies a new class of absolutely continuous multivari-
ate Pareto distributions. Applications in insurance are explored. This chapter has been

submitted for publication with Edward Furman.



A FORM OF MULTIVARIATE PARETO DISTRIBUTION

Abstract. A new multivariate distribution possessing arbitrarily parame-

trized univariate Pareto margins is introduced. Unlike the probability law of
Asimit et al. (2010) [Asimit, V., Furman, E. and Vernic, R. (2010). “On a multi-
variate Pareto distribution,” Insurance: Mathematics and Economics 46(2), 308
— 316], the structure in this paper is absolutely continuous with respect to the
corresponding Lebesgue measure. The distribution is of importance to actuar-
ies through its connections to the popular frailty models, as well as because of
the capacity to describe dependent heavy-tailed risks. The genesis of the new
distribution is linked to a number of existing probability models, and useful char-
acteristic results are proved. Expressions for, e.g., the decumulative distribution
function, (joint) moments and regressions are developed. The distributions of
minima and maxima, as well as, some weighted risk measures are employed to

exemplify possible applications of the distribution in insurance.

Keywords and phrases: ~ Multivariate Pareto distributions, characterizations,

dependence, weighted Risk Measures, minima, maxima.
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2.1 Introduction

We routinely fix the probability space (€2, 2, P) and define the random vector (r.v.) X' 5 X =
(X1,...,X,) asamap from (€, ¥) to the n(€ N)-dimensional Borel space (R, B(R)). The
cumulative distribution function (c.d.f.) of X is in the sequel denoted by Fy . (z1,...,2,) =
P[X; < xy,...,X, < x,], and the corresponding probability density function (p.d.f.) — by
fi. n(z1,.. ) = 0/(0x1 -+ Oxp)Fy, p(x1, ..., xy), Where (z1,...,2,) € R C Ry , =
[0, co0)™. Finally, F;(z) and f;(z) denote, respectively, the marginal c.d.f. and p.d.f. of
X, 1=1,...,n. Clearly r.v.’s a la X € X with mutually independent margins X; «~ F; are

characterized by the product c.d.f. FJ!

:= [[, £, while dependency of these margins
readily yields an infinite Fréchet class of c.d.f.’s Fy . (Fi,..., F,). We further discuss a
special subclass of F;
the aforementioned subclass, we refer to, e.g., Vernic (1997, 2000), Boucher et al. (2008),
Tsanakas (2008), Pfeifer and Neslehova (2004) and Furman and Landsman (2010); as well
as to the references therein.) This then paves the way to introducing a new dependence
structure with univariate Pareto-distributed margins in Section 2.2.

Let Y 5 Y = (Y1,...,Y,1) be an (n + 1)-variate r.v. with mutually independent
univariate gamma-distributed margins. Namely, for j = 1,...,n 4+ 1, the p.df.’s of ¥; «»
Gj(vj(€ Ry), a;(€ Ry)) are given by

’ijla’.w
Y% ,eR. (2.1.1)

NeCTOEYD N —p Yy J
9i(y;v;,05) = e )

with the Laplace transforms being well-defined on = € Ry (the interval of interest herein)

and given by

00 . T i
Gylainps) = [T ey = (142) 212)
0

Q;
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Let A € Mat,xni1)(Ro, +) denote a deterministic n x (n + 1) matrix with non-negative

entries.

Example 2.1.1 (Mathai and Moschopoulos, 1991; see also Cherian, 1941 and Krishnamoor-

thy and Parthasarathy, 1951). Let Y; v~ G;(vj,;), j =1,...,n+1 be mutually independent

gamma random variables with arbitrary parameters, and choose the matriz A such that, for

i=1,....,n and o; > 0, it holds that (A);pn41 = nt1/ai, (A)i; = 1 and zero otherwise.
/

Then X v G (7", ), where ¥* = (Yns1 + 71, s Yot + 7)) and o = (ay,..., o) are

two n-variate vectors of parameters.

Example 2.1.2 (Mathai and Moschopoulos, 1992; see also Furman, 2008). Let Y; «~ G;(v;, o)),
7 =1,...,n be mutually independent gamma random variables with arbitrary parameters,
and choose the matriz A such that, fort=1,...,n, 7 =1,...,i and o; > 0, it holds that
(A)ij = aj/o; and zero otherwise. Then X « G (", o), where ¥* = (vf,.... ), % =

/

> i—1 7 and o = (01,...,0,)" are two n-variate vectors of parameters.

In the present paper we employ the following modification of Examples 2.1.1 and 2.1.2
in order to introduce a simple yet general multivariate distribution with univariate margins

distributed Pareto of the 2nd kind.

Example 2.1.3 (Furman, 2008). Let Y; «~ G;(7v;,¢5), j =1,...,n+1 be mutually indepen-
dent gamma random variables with arbitrary parameters, and choose the matrix A such that,
fori=1,....,n, j=1,...,i and o; > 0, it holds that (A);; = a;/0i, (A)int1 = ni1/0;
and zero otherwise. Then X «~ G{t | (v*,0), where v* = (7, ..., %), % = Y41 + Z;Zl V;

)

and o = (01, ...,0,) are two n-variate vectors of parameters.

More generally, we arrive at the following definition.

12



Definition 2.1.1 (Furman, 2008; Furman and Landsman, 2010). For i = 1,...,n, let
(), wi(-) : R — Ry be two deterministic positive functions and choose the entries
of the matriz A such that X := AY has univariate gamma margins, then we say that X
follows an n-variate gamma distribution with shape parameters v = t;(y1,...,Yn+1) and
rate parameters of = u;(v, ..., any1). Notationally, we write X « G (v, a*), where

Y =7 € RY and o = (af,...,ak) € R are vectors of parameters.

We note in passing that a real-valued r.v. is said to be distributed Pareto of the 2nd
kind, notationally X « Pa(II)(u,o,«), where p € R is a location parameter, ¢ € R, is a

scale parameter and a € R is a tail index, if its c.d.f. is given by

FX(x;u,o,a)—1—<1+x_’u> , T > (2.1.3)
o

(see, e.g., Pareto, 1897; Arnold, 1983, 2015; Kotz et al., 2002). Similarly to Asimit et al.
(2010), we often set p = 0, which conveniently makes the support of the distribution coin-
cide with the non-negative half of the real line, i.e., suppr = {x € R : f(z) # 0} = Ro 4
and does not lead to any loss of generality. The resulting distribution (Lomax distribution),
notationally Pa(I1)(o,«), enjoys a great variety of applications in all areas of applied math-
ematics in general and in actuarial science in particular, as it naturally arises in the extreme
value theory as the limiting distribution of the excess-of-loss r.v. Xy = X —d| X > d where
d(€ R, ) denotes a threshold (see, e.g., Balkema and de Haan, 1974; Pickands 111, 1975).
The rest of the paper is organized as follows: In Section 2.2 the multivariate Pareto of
interest is defined and linked to a number of existing multivariate distributions, its proba-
bilistic properties are derived and characterization results are proved. In Section 2.3 the new
multivariate Pareto is reintroduced as a minima-based multiple risk factor model, and some

applications to notions of actuarial interest are considered. In Section 2.4 the usefulness of

13



the model is elucidated with the help of a numerical example. Section 4.2 concludes the

paper.

2.2 An absolutely continuous multivariate Pareto distribution

Let Y = (Y3,...,Y,41) be a r.v. with mutually independent coordinates Y; «~ Ga(v;,1),
v; € Ry, and choose the matrix A, € Mat,x(n41) such that (A.);; = ¢;;/0i, where ¢;; €
{0, 1} are deterministic constants, o; € Ry, i = 1,...,nand j = 1,...,n+ 1. The
following definition unifies Examples 2.1.1, 2.1.2 and 2.1.3 and serves as an auxiliary tool for

constructing the multivariate Pareto distribution of interest.

Definition 2.2.1. Let X = (Xi,...,X,) = A.Y, then it follows an n-variate gamma
distribution, notationally X v« Gay,. .(v5, o), where vi = (Viq, ..., 75,) € R} with v}, =

n+1 _ ! n
> iy Cigys and o = (01,...,0,) € RYL are two vectors of parameters.

We note in passing that Definition 2.2.1 (auxiliary for the present paper) establishes an
encompassing multivariate probability law with gamma-distributed univariate margins and
an additive common-shock dependence structure (see, Gollier and Pratt, 1996; Tsanakas,
2008; Furman and Landsman, 2010 for applications of the additive common-shock structures
in economics and actuarial science). More specifically, the following simple special cases of
Gay,. n(v;, o) readily recover the models of Mathai and Moschopoulos (1991, 1992), as well

as of Furman (2008):
® ¢i;=Cint1 =1fori=1,...,n and zero otherwise - Example 1.1;
e ¢;,;=1for 1 <j<i<n and zero otherwise - Example 1.2;

® ¢ij=Cint1 =1for1 <j<i<nand zero otherwise - Example 1.3.

14



Some elementary but useful properties of X « wan follow directly by definition or from

the Laplace transform that is established next.

Theorem 2.2.1. Let X «~ Gay,. ,(v:, o) be the multivariate gamma r.v. as in Definition

2.2.1, then the corresponding Laplace transform is given by

n+1 i
CA}L_. a(t) = H (1 + Z C;Jt ) ,
j=1 =1 ¢

and it is well-defined on t = (t1,...,t,) € Rf

Proof. By construction we readily have that

n n+l
exp{ ZZ CZ’JYt }

11]11

Gi..n(t) = E[efX’t} _

which along with (2.1.2) completes the proof.

An immediate consequence of Theorem 2.2.1 is that, for k.l =1, ...

e the distribution of X « Gay,__,(v:, o) is ‘marginally closed’, i

R.), on(€ Ry));
e the expectation of the k-th coordinate is E[Xy] = v}, /o;

e the variance of the k-th coordinate is Var[X,] =7}, /o};

n+1 n o
Jj=1 ‘

i=1

7n7

e, Xp v Ga(vi,(e

e for k # [, the covariance between the coordinates X and X; is non-negative, and it is

given by

n+1
Cov[X, X = 2=t s

OO

o for k # [, the Pearson’s linear correlation between the coordinates X and X; is non-

negative, and it is given by

Zn—i—l ) .
j=1 Ck.iCL;7Vj

A

p[kaXl] -
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We are now in a position to introduce the multivariate Pareto distribution of interest. To
this end, we recall that for the decumulative distribution function (d.d.f.) of the univariate

Lomax distribution, it trivially holds that

Fx(z;0,0) =1— Fx(z;0,0) = G(m, a,0), where z € Ry 4

and c € Ry, a € R,.

Definition 2.2.2. We call the r.v. X = (X3, ..., X,,) v~ Fi__, having the d.d.f.

n+1 n i
Fi n(z1,... 2,) = H (1 + Z Cl—%g) , where (z1,...,2,) € Ry | (2.2.1)
g; ’
j=1 i=1

a multivariate Pareto of the 2nd kind. Notationally, we write X «~ Pa{ , (o, v, Ynt1),

"are two deterministic vectors of positive param-

where o = (01,...,0,), Y= (V1,---,Vn)
eters, and .41 € Ry and ¢ € Mat,«(n41) are scalar-valued and matriz-valued parameters,

respectively.

Obviously, the form of d.d.f. (2.2.1) is invariant under linear transformations, and it therefore
belongs to a (multivariate) location-scale family of distributions.

The probability law in Definition 2.2.2 is a generalization of the classic multivariate
Pareto distribution of Arnold (1983, 2015) whose d.d.f. is obtained from (2.2.1) by setting
Cij = Cej, 1 =1,...,n, 7 =1,...,n+1 and zero otherwise. That being said, such well-
known drawback of the classic multivariate Pareto distribution as 1.) common tail-index
parameter to all univariate margins and 2.) incapability to model independence do not
manifest in Paj (0, ¥, Vn11). Indeed, check Theorem 2.2.2 for the former drawback and
set ¢;; =1, 1 =1,...,n and zero otherwise for the latter drawback. Furthermore, the form
of multivariate Pareto presented in Definition 2.2.2 unifies both probability models studied

recently in Chiragiev and Landsman (2009).
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We further document several simple properties of the multivariate Pareto with d.d.f.

(2.2.1). The proofs are straightforward and thus omitted.

Theorem 2.2.2. Let X « Pa§ (0, ¥, Yuy1) as in Definition 2.2.2, then, fori=1,...,n,

. _7:,1'
Fie) = (1+2) 7

o

the marginal d.d.f. of X; is

that is X; v« Pa(II)(oi, i), where 7%, = Z;l;l cijvi- Also, fori =1,...,n and setting
Yei > 1, we have that

E[X;] = 0i/ (’V:l -1), (2.2.2)

and furthermore setting ., > 2, we obtain that

Var[X,) = o?y5/ (e = 1) (72— 2)) (22.3)

Clearly, the substitution ¢;; = ¢;,41 =1, @ = 1,...,n and zero otherwise yields Theorem 1
of Chiragiev and Landsman (2009), whereas the substitution ¢;; = 1 for 1 < j <i <n and
zero otherwise results in their Theorem 5.

The following lemma plays an important auxiliary role when deriving the expression for
the covariance in the context of the multivariate Pareto distribution of interest, and it also
establishes a useful characteristic relation; in the sequel L2 denotes equality in distribution.
As a by-product, the lemma establishes a multiplicative common-shock representation of
the multivariate probabilistic structure of main interest herein (see, Franke et al., 2006;
Meyers, 2007 for applications of the multiplicative common-shock structures in economics

and actuarial science).

Lemma 2.2.1. Let A = (Ay,...,A,) be a r.v. with independent univariate marginal dis-

—_ —_

tributions A; «~ Exp(l), i =1,...,n, and denote by BE = (Z4,...,Z,) v« Gay,. ,(7:, o) the
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n-variate gamma distribution introduced in Definition 2.2.1; here v = (i, ..., 7e,) € R
with vz, = Z;Lill i, and o = (o1,...,0,) € Rl are vectors of parameters. Let A and

E be independent r.v.’s, then X = (X1,...,X,) «~ Fi__, has d.d.f. (2.2.1) if and only if

d - .
Xi:Ai/:i7 Z:]_,...,TL.

Proof. The ‘if’ part is immediate from the following obvious relations

Fx(l’l, . ,ZEn> = P[Al > Ell’l, . ,An > Enxn]

_ / P[Ay > &1,y Ay > GuanldF(Ey, -, 60)

_ /R exp {— ng} dFg(&, ..., &) (2.2.4)
+ =1

and by Theorem 2.2.1. The ‘only if’ part follows because (2.2.4) is the n-variate Laplace

transform of Gay__,(v%, o), and it is thus unique. This completes the proof. n

It is worthwhile to make an additional observation before stating the next result of this
section. Namely, we first note in passing that for 1 <k #1 < n, ar.v. (Z, T;) distributed
the bivariate gamma as in Definition 2.2.1 and an (n + 1)-variate r.v. Y = (Y1,...,Y,41)
having mutually independent coordinates Y; «~ Ga(v;,1), 7; € R4, the following stochastic

representation holds
— d — d
orZk = Ye k) + Yer and 005 = Yo ) + Yeu, (2.2.5)

where Y, (51 = Z?;l ki Yy, Yop = Z?ill cr;j(1—¢;)Y; and Y., = Z?;l ai(l — e )Y;
are mutually independent gamma r.v.’s with the shape parameters 7, ;) = Z;L;rll Ck,jClL; V5
Ver = E?:ll k(1= e )y and ye, = 7:11 (1 — ¢x )7, respectively.

We next show that the covariance of two r.v.’s following the multivariate Pareto of interest

in this paper can be formulated using the hypergeometric function 3F5 that is defined for
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|z] < 1 as the infinite power series

> k
JWWJ@QQZEZQ_@£E3

p ()2)(k(€)k k (2.2.6)

where (-); denotes the Pochhammer symbol. For the values |z| > 1 the hypergeometric

function is defined using analytic continuation (see, Gradshteyn and Ryzhik, 2014).

Theorem 2.2.3. Let X v~ Pa§ (o, v, Yni1) as in Definition 2.2.2, then, for 1 < k #

.....

I < n, the covariance of Xy and X; 1s, if finite, given by

1

COV[Xk, Xl] = 0017 "
(’yc,k - 1)(70,[ - 1)

(3F2 ('Yc,(k,l)a L1 vi,kwé‘,z; 1) - 1) :

Proof. We start by employing Lemma 2.2.1 and observation (2.2.5), then do change of vari-
ables and evoke Expressions (3.197(5)) and (7.512(5)) in Gradshteyn and Ryzhik (2014),

that is

1
d
Wys +12)

= / / (T+0)77 (14 u) 7 (1 4+ u+ v) oEddudv
o Jo

00 . [e'e) U _'70,(k,l)
- 1 4 ) 1) (1 du | d
/0 (1+v) /0 (14 u) ( +1+v) u | dv

oo . 1 v
= 1 _(’YCJ) F c 717 . ) d
/0 (14v) oo eh (7 (k) L 1+v> v

1

* . 1 *

= / (1- U)(%’l Dt " o Fy (’Yc,(lc,l), L ve s U) du
0 Ve — 1

(@w*m&&]z(%w*EF“é}:Aum+m

SES

1

= (7*k — 1)(7*1 —_ 1)3F2 (f}/c,(k,l), 1, 1; 7:7k77:7l; 1) ’

where the hypergeometric function converges since 7y, +77; > Ve, k1) +2 (Olver et al., 2010,

see, e.g.,). This completes the proof. O

An immediate consequence of Theorem 2.2.3 is that the maximal attainable correlation
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in the context of the multivariate Pareto distribution introduced in the present paper is not

one.

Corollary 2.2.1. Let X v Pa§ (o, ¥, Vnt1) while assume that both v, and v}, are
fized and exceed two for 1 < k # 1 < n. Then, for the Pearson’s correlation, it holds that

Corr[X;, X;] €10, 1/2).

Proof. The lower bound follows setting 7. ;) = 0 and both of 7, and 77, to exceed two,
because this corresponds to the independent case. To establish the upper bound, let ., — 0
and 7.; — 0 and assume that 7. ;) exceeds two, then the related hyper-geometric function

becomes well-posed and using the Dixon’s theorem (see, Dixon, 1902), we have that

_ ek — 1

lim 3F2 (70,(k,l)7 17 ]-7 fy:,kv 7:,1; 1) = 3F2 (70,(k,l)7 17 17 Ve, (k1) r}/c,(k,l); 1) ~ k) — 27

'Yc,kv’Yc,l_>0
and the covariance of interest reduces to

010
(Yestkt) = 1)2(Ye,ey — 2)°

Cov[X;, X|| — where 1 <k #1[ <n.

This, along with Theorem 2.2.3, completes the proof. O

Another consequence of Theorem 2.2.3 pertains to two special cases of the multivariate

Pareto introduced in this paper, and it is formulated as the following Corollary.

Corollary 2.2.2. Let X, = (X11,..., X1,,) ~ Pai’) , and Xo = (Xa,1,..., Xa,) ~ Pai’")

yeees T

be respectively the multivariate flexible Pareto of type I and II of Chiragiev and Landsman

(2009). Then the corresponding covariances are readily obtained, for 1 <k #1<n, as

COV[XLk, Xl,l] (227)

00|
T et T — D F Y — 1) (5% (1, 1 Liv + Ynen, M+ Ynrai 1) = 1),
n+1 = n+1 —
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for vk + Yne1 > 2 and v + Yuy1 > 2, and as

. OOy
Covbiow Xl = GG - Do -2 (225

forag =321 >2and v =357 > 2.

Proof. To obtain (2.2.7), we set ¢;; = ¢jnp1 = 1 and zero otherwise. This implies 7, =
Vi + Ynt1, Vig = N+ Yorr and Yeky) = Yot (see, Example 2.1.1). Then the result directly
follows from Theorem 2.2.3. To establish (2.2.8), let ¢;; = 1 for 1 < j < i < n and zero
otherwise. Then v k1) = Vi = Vi Yoy = 7 (see, Example 2.1.2), and the desired statement

follows because

OO0, *
Cov[Xap, Xol (v — 115(,;* Y F2(Ve,teys 1 L Ve, 75 1) — 1)
k l
00y
= Fi(1,1;~51)—1
(,y;_l)(,yl*_l>(2 1( y L3NS ) )
00|

(i =D =Dy —2)

where the latter equality holds for 7} > 2. This completes the proof of the Corollary. m

We note in passing that expression (2.2.8) confirms the one derived in Chiragiev and Lands-
man (2009), while formula (2.2.7) complements the discussion therein. Also, the covariance
of two Pareto r.v.’s coming from the Arnold’s multivariate Pareto distribution (see, Arnold,
1983, 2015) is readily obtained from both (2.2.7) and (2.2.8). More specifically, we set

v =y =0 for all 0 < k # [ < n and verify that (2.2.7) reduces to

00y
(7n+1 - 1)(’7714-1 - 1)

OO0y
(Y1 = 1* (i1 — 2)

(2F1 (17 L5 Vg1 1) - 1) =

for 4,11 > 2. The verification is straightforward in the case of (2.2.8).
Generalized hypergeometric function (2.2.6) plays an important role when deriving the

centered regression function r(y) = E[X —E[X]| Y = y] where y € R C R is in the range of
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ther.v. Y (see, Furman and Zitikis, 2008b, 2010, for applications of the function in insurance

and finance).

Theorem 2.2.4. Let X «~ Pa§ (o, v, Ynt1) as in Definition 2.2.2, the centred regression
function of Xy, on Xj, 1 <k #1<n, is given, for v, >1, by
2 x
re(x) = m(x) Zai o1 (%,k; Lyee+2—4 ——l> —ok/(Ver — 1), (2.2.9)
i=1 o

where

2
c c c X
a; = Z’Ug’l)* , Uy = —j ! Z’(k’l) and m(x;) = Ok (1 + —l> :
Ver Ve Ter(ek = 1) Ve, (k) o

for x; € Ry, +. The centered regression function is monotonically-increasing and concave.

Proof. Note that for the pair (X, X;), 1 < k # [ < n, stochastic representation (2.2.5)
is of utmost generality. Hence the proof is completed invoking Theorem 3 of Chiragiev and

Landsman (2009) as well as Theorem 2.2.2. O

The centered regression function of the new multivariate Pareto distribution is not linear,
while it is well-known that the classic multivariate Pareto has linear regression (see, Arnold,
1983, 2015). Theorem 2.2.4 easily confirms the latter fact by setting vy = Vi = Vi) =

Y1 and Ye; = Yer = 0 in (2.2.9), which then reduces to the following linear form

(s Ve, (k) = Vee = Veg = Intls Vel = Ve = 0) = ;z <Il - it (Yo 1>> )
n-+ n+l —

for y,p1>land 1 <k#1<n.

We conclude this section with yet another characterization of the multivariate Pareto
distribution of interest and its two implications. Let X_ = A?_; X, «» FL and X, = V]| X, ~
F, denote, respectively the minima and the maxima r.v.’s, and let X; ~ F;, 1 =1,...,n be

univariate coordinates of the multivariate Pareto r.v. of interest in this paper.
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Theorem 2.2.5. Let X = (Xy,...,X,) be distributed Pa$ (o, 7, Yni1) as per Definition

,,,,,

2.2.2, then X_ admits the mizture representation as X|A = X\ «~ Exp(\) and A L2+ +

Znt1, where Z;, 7 =1,....,n+ 1 are univariate mutually independent gamma r.v.’s..

Proof. For the proof, we readily have that

n+1 n —;
F ) = o ,L(x,...,x):H(HZc;;x)

j=1 =1

oo
= / e MdFyz 4.y 7,.,(N), where x € R 1,
0

which establishes the mixture representation. O]

An important corollary of Theorem 2.2.5 is a random parameter representation (see, e.g.,

Feller, 1966) of the d.d.f.’s of X_ and X . The following lemma is crucial in this context.

Lemma 2.2.2 (Moschopoulos, 1985; Furman and Landsman, 2005). For i = 1,...,n, let
Z; ~ Ga(vi(€ Ry). ai(€ Ry)), denote independent gamma r.v.’s, and let Z = Zy + -+ -+ Z,.
Then the distribution of the convolution is gamma with a random shape parameter. More
specifically, 7 ~ Ga(v* + K, ay), where v* = 1 + -+ + v, ay = VI a; and K is an

integer-valued non-negative r.v. with the probability mass function (p.m.f.) given by
pr=PK=kl=c 0, k=0, 1,..., (2.2.10)

where

and
k n

0 =k~ 122%(1——) Gt for k > 0.

=1 =1
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.....

-1
K), where ay (o) = Vi1 (Z" ci’_j) , K is an integer-valued r.v. with p.m.f. (4.4.3) and

Y'=nt- g > 1

i=1g;

Proof. Employing Theorem 2.2.5 with Z; «~ Ga (fyj, (Z” Ci’j)_l) , g =1,....,n+1,
Lemma 4.4.1, changing the order of summation and integration and using equation (2.1.2),
we have that

e AT\ =1y ()1

— o + S z \ O
F_(z) = / e py d\ = (1 + ) Dk
0 ,CZ; (v +k) ,CZ;

ay (o)

This completes the proof. O
The next assertion is similar to Theorem 2 of Vernic (2011).

Corollary 2.2.3. Assume that X «~ Pa$ (o, v, Ynt1) as in Definition 2.2.2, then the

,,,,,

d.d.f. of the mazxima r.v. is given by

Fi(r)= > (-1)¥'Fs_(x), 2 € Ry, 4, (2.2.11)
SC{1,...,n}
where Xs_ = Asescqi,.nyXs and Xs_ ~ Fs_. Hence F, is a linear combination of the

d.d.f.’s of univariate Pareto r.v.’s of the 2nd kind with random shape parameters.

2.3 Applications to insurance

In the jargon of insurance mathematics, the multivariate Pareto distribution introduced in
the previous section is a modification of the classic frailty model (see, e.g., Bowers et al.,
1997). More specifically, let X = (X7,...,X,,) denote a risk portfolio (r.p.) with X;, i =
1,...,n representing its risk components (r.c.’s). Furthermore, let the r.c.’s be exposed

tosets R; = {r € N :r < (n+ 1)} of risk factors (r.f.’s), i« = 1,...,n. Last but not
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least, let the r.v. Y = (Y7,..., Y, 1) denote the randomness of actuarial interest associated
with the corresponding r.f.’s. The following theorem specializes the set-up and establishes
the minima-based multiple risk factor interpretation of the multivariate Pareto proposed in

the present paper, We note in passing that ‘x’ stands for the mixture operator, i.e., given

Xy~ C(+A) and A ~ H, it holds that X, * A < X,.

Theorem 2.3.1. Let W; = (W, 1,...,Wint1) be r.v.’s with independent exponential mar-
gins, Wi ; ~ Exp(\ij(e Ry)), i=1,...,n, j=1,...,n+1, and let A, be a deterministic
matriz of zero-one coefficients. Also, let A = (Ay,...,Ay11) be a r.v. having independent
gamma-distributed margins with arbitrary shape v;(€ Ry) and scale parameters equal to
1 forj=1,....n+1. Set X; = o; /\;‘;Ll1 ci,ﬁéo(Wi,j xN\;), 0, € Ry, i =1,...,n, then

X=(Xy,..., X)) ~Pa§ (0, ¥, Ynt1)-

Proof. Note that

N (3, 2 A) £ (X)) * A,

and hence
n (LA
FX(:UlJ"'?xTL) = / HeXp{_Zw—‘lj}dFA(Alw"a)\n#»l)’
RIS = 7
which, along with (2.1.2), completes the proof. ]

In view of Theorem 2.3.1, the new multivariate Pareto distribution meaningfully fills the gap
between the multivariate probability distributions with independent and Arnold-dependent

(see, Arnold, 1983, 2015) Pareto margins.
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2.3.1 Actuarial risk measurement

Regulatory accords around the world require that insurance companies carry out a careful
assessment of their risks. From now on, the r.v. X : Q — R is interpreted as an insurance

risk, and X denotes the collection of such risks.
Definition 2.3.1. A risk measure is a functional map H : X — [0, o<].

The literature on risk measures is vast and growing quickly. The following two indices

are arguably the most popular amongst practitioners.

Definition 2.3.2. Let X € X and fir ¢ € [0, 1), then the Value-at-Risk (VaR) and the

Conditional Tail Ezxpectation (CTE) risk measures are respectively given by
VaR,[X] =inf{x € R: P[X <z] > ¢} (2.3.1)

and

CTE,[X] = E[X| X > VaR,[X]). (2.3.2)

We note in passing that both VaR and CTE are distorted as well as weighted risk measures

(see, respectively, Wang, 1996; and Furman and Zitikis, 2008a).

Definition 2.3.3. Furman and Zitikis (2008a), see also Choo and de Jong (2009, 2010).
Let w : R — Ry be a non-decreasing Borel (weight) function, such that 0 < E[w(X)] < oo,

then the class of weighted risk measures is defined as

E[Xw(X)]

N )

for X € X. (2.3.3)

Let vy, wy : R® — R, be two legitimate weight functions such that all expectations in

(2.3.4) are finite, and consider a generalized variant of (2.3.3)

Efv1 (A)wi(A)]

o e g ()

for A:Q — R CR" (2.3.4)
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-----

Tw|X] admits representation (2.3.4).

Proof. Notice that

E [E[w(X)| AJm,[X]| A]]

S S IEN

for X € X,
and set wy(A) = E[w(X)| A] and v (A) = m,[X| A]. This concludes the proof. O

Corollary 2.3.1. Let X «~ Pa§ (o, v, Ynt1) as in Definition 2.2.2, then, fori=1,...,n

-----

and q € [0, 1), we have that
VaR[Xi] =i ((1— ) e~ 1)

Proof. Use Theorem 2.3.2 setting the weight function equal to the Dirac delta function, or

alternatively evoke Theorem 2.2.2. This concludes the proof. O]

.....

measure of X «~ F is, if exists and for q € [0, 1), given by

OTE,[X] = E[C(VaR,[X]; A)CTE,[X|A]] for X € ¥
! F(VaR,[X)) ’

where ¢* = C(VaR,[X]; N).
Proof. Fix w(z) = 1{x > VaR,[X]} for g € [0, 1), the result follows from Theorem 2.3.2. [

Corollary 2.3.3. Let X « Pa§ (o, v, Yns1) as in Definition 2.2.2, we have that the

CTE risk measure is, if exists and fori=1,...,n and q € [0, 1), given by

CTE,[X;] = E[Xi]FX:(‘I/Cquq[Xi])

+ VCLRq [XZ]

’YZ,i
Voi— 1

c,

= E[X,] + VaR,[X] (2.3.5)
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where X ~ Pa(II)(os, 75, —1).
Proof. As X;|A =\~ Ezp(\), A>0, i =1,...,n, we readily have that

1

and
H[VaR,[X];\] = eV aRqlXi]
and the assertion holds by Theorem 2.3.2. This completes the proof. O
The minima r.v. X_ = A" | X; plays an important role in insurance mathematics (recall,

e.g., the joint life policies in life insurance), as well as in general finance (think of, e.g., the

first-to-default baskets).

Theorem 2.3.3. In the context of the multivariate Pareto of interest, the C'TE risk measure

of the minima can be written, if finite, as
Fx- (VaR,[X_])
l—q

-1
where X* ~ Pa(ai (o), v +Q—1,) with ay (o) = VL] (Zﬂ ) SV =Nt T

7=1 i=1 o;

CTE,[X_] = B[X_] + VaR,[X_],

and Q) is an integer-valued r.v. with the p.m.f. obtained from the p.m.f. of K with the help

of the following change of measure

= k=0,1,... 2.3.
gk E[X_] ~ + L — 1pk7 OJ ) ( 3 6)
Proof. We readily have that
1 o —
CTE,JX_| = VaRJ[X_]+—— F_(z)dx
l—gq VaRg[X_]
o 00 —(v*+k)
1
D VaR,[X_ ]+ —— ( ) o | dz
1 = ¢ Jvar,x_] e
0o —(v*+k-1)—-1
(2) E[ v +Ek—1 ( x )
= VaR,|X_|+ —— + —— qr | dx,
X 1- VaRq[X ] (ZO a (o)



where L follows because of Corollary 2.2.6 and @ holds since

E[X_] = Z a+—®')p

* _ k-
=Y +k—1

This completes the proof. O

Theorem 2.3.4. In the context of the multivariate Pareto of interest, the C'TE risk measure

of the mazima can be written as the following linear combination

1 —
CTE[X.] = T > (FDETEXs | Xs- > VaRy(X,)|Fs-(VaR, (X)),
Sc{1,...,n}

where Xs_ = Ngesci1,..n}Xs and Xs_ ~ Fs_.

.....

Proof. We observe that
/ F(t)dt = E[X — 2| X > a]|F(x),

for all z in the range of the r.v. X. Then the assertion follows by Theorem 2.2.3 and

changing the order of summation and integration in

S Ssc o, (- DS Fs_(2)da
CTE,[X,] = e =2t +VaR,[X,]

This completes the proof. O

Definition 2.3.4 (Furman and Zitikis, 2008b). Let w : R — R be a non-decreasing Borel
function, such that 0 < E[w(Y)] < oo, then the functional I1 : X x X — [0, oo is referred

to as the economic risk measure. Moreover, the special form of I1, given by

EXw(Y)]

el Y= o)

for X e X andY € X, (2.3.7)

15 called a weighted economic risk measure.
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We further derive an expression for the economic CTE risk measure, which is a particular

case of (2.3.7) with w(y) = 1{y > VaR,[Y]}, ¢€ [0, 1) and y € R.

Theorem 2.3.5. In the context of the multivariate Pareto of interest, the economic CTE

risk measure is given, for v, >1,q €0, 1) and 1 <k #1<n, by

o N VaR,[Xi]
E| XX, > VaR, X|| = Fy U Yeknys Lo s ,
1% > VaR ) = =2 (v 9t o e
where the hypergeometric function converges absolutely.
Proof. Note that, for 1 <k #1[ <mn,
E[Xk‘ X; > VaRq[Xl]] = / P[Xk > I" X; > VaRq[Xl]]dw
0
[e'e) Ve, (k,l)
) _ U
2 g [Caswe (14 )
§ /0 (1+u) 1+ VaR,[X)]/o;
where ‘2’ holds because of observation (2.2.5) and techniques similar to the ones used in

Theorem 2.2.3. The assertion then follows by invoking Expression (3.197(5)) in Gradshteyn
and Ryzhik (2014). Since VaR,[X]/(o; + VaR,[Xi]) € [0, 1), the convergence of the hyper-

geometric function is absolute. This completes the proof. O

2.4 A numerical example

Consider two objects of actuarial interest (e.g., financial conglomerates in the context of
default risk), each of which is exposed to two distinct categories of fatal risk factors, e.g.,
systemic (category A) and idiosyncratic (category B). Further assume that the risk factors
from distinct risk categories are independent and that the hitting times (or occurrences) of
the risk factors are exponentially-distributed with random gamma-distributed parameters.

We are interested in modeling the joint default times of the aforementioned two objects of
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interest. The set-up matches the framework outlined in the beginning of Section 3, as well
as in Theorem 2.3.1, and the joint d.d.f. of the risk components of the portfolio of interest is
thereby a special case of d.d.f. (2.2.1). We note in this respect that the idea of randomization
can be traced back to Feller (1966), whereas times of default with the d.d.f.’s that are more
heavy-tailed then the d.d.f. of the exponential r.v. can be motivated with the help of, e.g.,
Turcotte and Greene (1993), Malamud et al. (1998), Musson et al. (2002) and Benson et al.
(2007).

We further explore four different exposures of the portfolio to the systemic and idiosyn-
cratic risk factors. Varying exposures of the risk components to the distinct categories of
risk factors are stipulated by appropriate choices of the ¢ parameters gathered by matrices
Agk), k=1,...,4 below. As hitherto, & = (01, 03) and v = (71, 72)" are vectors of positive

scale and shape parameters, respectively, and 3 > 0 is a scalar-valued parameter.

Case (1). Risk category A is empty, and risk category B contains two independent risk factors.
The risk components of the portfolio are thus uncorrelated, and the portfolio is repre-
sented schematically with the use of the following block matrix, with the vertical and

horizontal blocks denoting the risk categories and risk components, respectively,

The joint d.d.f. is given by

-2 -3
F(l)(l'l, 272) = <1 + ﬂ) (1 + ﬁ) 3
01 02

where 1 > 0, z9 > 0.

Case (2). Risk category A contains one risk factor, and risk category B is empty. The risk

components of the portfolio are positively correlated with p® = 0.33. Also, in this
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Case (3).

Case (4).

case, we have that

110 0
and the joint d.d.f. of the risk components is given by

— r1 a9\
F(2)([E17 5(72) = (1+—1+_2) y
01 09

where 1 > 0, x5 > 0.

There are two uncorrelated idiosyncratic risk factors and one systemic risk factor.
The times of default due to the systemic risk factor are positively correlated with
p“) = 0.33, whereas the Pearson’s correlation between portfolio’s risk components is
p®) = 0.07. The matrix A, for this case is

111 0

AB) — 7
110 1

and the joint d.d.f. of the risk components is given by

—(3
F( )(xla 1'2)

T T -M T -2 T -3
= (1+—1+—2) (1+—1> <1+—2) :
01 09 01 09

where 1 > 0, zo > 0.

Again there are two idiosyncratic risk factors and one systemic risk factor. The times
of default due to the systemic risk factor are positively correlated with p) = 0.33,
whereas the times of default due to the idiosyncratic risk factors are positively corre-
lated with p®) = 0.12. The risk components of the portfolio are positively correlated

with p® = 0.103. Then
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and the joint d.d.f. of the risk components becomes

—(v1+72) -3
— xr x x

01 02 02

where 1 > 0, x5 > 0.

We note in passing that the expressions for the d.d.f.’s above readily follow from Theorem
2.3.1, whereas the values of Pearson’s correlation between the risk components are obtained
in non-trivial cases with the help of Theorem 2.2.3. It is also worthwhile to note that the

marginal distributions of risk components generally vary for portfolios (1) — (4).

2.4.1 Expected times of the first default

Figure 2.1 compares the values of CTE,[X_]| for ¢ € [0, 1), X_ € X and portfolios (1) to

(4). It is not difficult to see, e.g., from the corresponding d.d.f.’s, that

(1)

Zst F_l ®)

(4)

7P >, F (2.4.1)

Zst F
where ‘>’ means ‘dominates stochastically’. Hence
2 1 3 4
CTEP[X_] > CTEW[X_] > CTEW[X_] > CTEW[X_],

for all ¢ € [0, 1) and X_ € X (Wang, 1996). The ordering is confirmed in Figure 2.1. Two

notes are worthwhile:

e when the univariate distributions of risk components are fixed, the assumption of
independence of default times is conservative when compared to the assumption of

Positive Quadrant Dependence (PQD) (compare cases (1) and (2));
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e when the distributions of risk factors are fixed, then the conditional expected time of

first default is in reciprocal relation to the number of risk factors (compare cases (3)

and (4)).

We employ Theorem 2.3.3 to compute the curves in the left-hand panel of Figure 2.1.

2.4.2 Expected times of the last default

The right-hand panel of Figure 2.1 compares the values of CTE,[X ] for ¢ € [0, 1), X, € X

and portfolios (1) to (4). For an insight, recall that

for z € R,. This, along with (2.4.1), results in, e.g., F(j) > Ff). Consequently, we have

that

CTEM[X,] > CTEP[X,]
for all g € [0, 1) and X € X. In a similar fashion, we observe that

FUS FY >, FY >, 7Y,

and hence

CTEMN[X,] > CTEP[X,] > CTEW[X.] > CTEW[X,],

for all ¢ € [0, 1) and X, € X (Wang, 1996). The ordering above agrees with the one in the

right-hand panel of Figure 2.1. Again two notes are seemingly useful

e when the univariate distributions of risk components are fixed, the assumption of
Positive Quadrant Dependence (PQD) of default times is conservative when compared

to the assumption of independence (compare cases (1) and (2));
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CTEq(X+)

Figure 2.1: Conditional expected times of earliest default (left-hand panel) and latest default

(right-hand panel) for portfolios (1) - (4).

e when the distributions of risk factors are fixed, then the conditional expected time of
last default is in reciprocal relation to the number of risk factors (compare cases (3)

and (4)).

We use Theorem 2.3.4 to compute the curves in the right-hand panel of Figure 2.1.

2.4.3 Solvency bonus function

Let CTE[X:, X5 = E[Xq] Xy > VaR,[X,]] for ¢ € [0, 1) and X3, X, € X, then the
function 5(q; X1, Xo) = CTE,[X1, X3] — E[X}] denotes the increase in the default time
of, say, business unit (X;) given that business unit (X3) has not defaulted and that X; and
X, are PQD; clearly 5(q; X1, X3) = 0 if X; and X, are independent. Figure 2.2 depicts
B(q), q € [0, 1) for portfolios (1) to (4). As expected, stronger PQD dependent default

times are associated with higher solvency bonuses. We use Theorem 2.3.5 to compute the
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curves in Figure 2.2.

451 —— Case 1 ,'
| = = Case2 !
7. - - Case 3 ]
H o Cased I’
/
30t /
T Al Vs
\>_</ ,
N 20 P
'_ 7
O 15¢ _ -7
10’ - - -
5[ g
0 e e i e
_5 ] ] ] ]
05 06 0.7 08 09 1
q

Figure 2.2: Solvency bonus function for portfolios (1) - (4).

2.5 Conclusions

We have introduced and studied a new form of an absolutely continuous with respect to
the Lebesgue measure multivariate probability law with the univariate margins distributed
Pareto of the 2nd kind. The genesis of our distribution is twofold: 1.) it originates as the
Laplace transform of a multivariate gamma distribution with the dependence structure based
on the additive form of the multivariate reduction method, and 2.) it admits the so-called
multiple risk factor representation. We have meaningfully positioned our multivariate Pareto

distribution in the general context of existing models. We have employed interesting char-
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acteristic results to derive, e.g., the (conditional/product) moments of the new multivariate
Pareto as well as the distributions of minima and maxima. Last but not least, we have
developed expressions of some risk measure functionals of actuarial interest and elucidated

our findings with the help of a numerical example.
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Chapter 3

Multiple risk factor dependence structures:

Distributional properties

The main object of study in this dissertation is introduced in the following paper. The
construction is connected to the one proposed in Chapter 2 and also to the factor models
that lay in the very basis of the nowadays financial default measurement practice. This

chapter has been submitted for publication with Edward Furman.
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MULTIPLE RISK FACTOR DEPENDENCE STRUCTURES:

DISTRIBUTIONAL PROPERTIES

Abstract.

The veins of excessive prudence has taken the practical quantitative risk manage-
ment by storm, drawing the attention of the regulators specifically towards the
rare but devastating financial risks. It is not a surprise therefore, that much of
modern research efforts has been dedicated to exploring new multivariate prob-
ability distributions augmenting strongly positively correlated and heavy tailed
univariate margins. The purpose of this paper is exactly that. Namely, we intro-
duce a new class of dependence structures, that we call the Multiple Risk Factor
(MRF) dependence structures. On the one hand the new models extend the
popular CreditRiskt approach, and as such they formally describe default risk
portfolios exposed to an arbitrary number of fatal risk factors with condition-
ally exponential hitting times that can be independent, positively dependent and
fully comonotonic. There are numerous empirical evidences that CreditRisk™
tends to underestimate the real life default times, and we believe that our pro-
posed approach can resolve this inconvenience. On the other hand, the MRF
structures can be viewed as a quite general family of multivariate probability
distributions with Pareto of the 2nd kind univariate margins, and in this capac-
ity, they can model risk portfolios of (insurance) losses with heavy-tailed and

positively dependent risk components.

Keywords and phrases: ~ Multivariate distributions, dependence, singularity,
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Pareto distributions, credit risk, factor models, weighted risk functionals.
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3.1 Introduction

Consider an n(€ N)-variate random vector X = (Xi,...,X,)" with coordinates X; :=
Ex; N Ex, .y, @ = 1,...,n, where E, are exponentially distributed and stochastically in-
dependent random variables (r.v.’s) with parameters \; € Ry, j = 1,...,n+ 1. The
decumulative distribution function (d.d.f.) of X along with its numerous properties was
studied by Professors Albert Marshall and Ingram Olkin in a seminal paper (Marshall and
Olkin, 1967). The d.d.f. was shown to be not absolutely continuous with respect to the
Lebesgue measure, and its applications initially targeted reliability analysis and life testing.

Latter, actuaries found the multivariate distribution of Marshall and Olkin (MO) useful in
the context of life insurance, where they interpreted the coordinates X1, ..., X,, as dependent
future life times of n insureds with Fy,, i = 1,...,n and F), ,, denoting, respectively, the
future life times due to the individual mortality and the ‘hitting’ time of a common shock
risk factor (r.f.). The probability for the i-th insured to not survive one additional time
unit was clearly P[X; < 1] = 1 —exp{—(\; + A\py1)} > 1 —exp{—\;}, i = 1,...,n where
the bound held intuitively because of the inclusion of the additional (common shock) r.f.
that affected the marginal mortality. The feasibility of having non-zero probabilities of
simultaneous death were naturally welcomed in family insurance coverages as a result of
common exposure to, e.g., aircraft and road accidents. We note in passing that the MO
distribution has been consistently included in professional actuarial exams and taught to
students for many years (Bowers et al., 1997), which is an indisputable evidence of its
importance in insurance mathematics.

Recently, the MO distribution along with the underlying copula (Nelsen, 2006) were

suggested as a reasonable model for describing dependent defaults (Giesecke, 2003). In this
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respect, the r.v. X, represented the default time of the i-th risk component (r.c.) i =
1,...,n within the risk portfolio (r.p.) X exposed to n idiosyncratic and one systemic r.f.’s,

having, correspondingly, exponentially distributed hitting times E), and E) Non-zero

—_—
probabilities of simultaneous default were motivated empirically by, e.g., the joint insolvency
of 24 railway firms that defaulted on June 21, 1970 (Azizpour and Giesecke, 2008), whereas
the exponentiality of the hitting times followed naturally if the occurrences of the risks were
governed by (n + 1) stochastically independent Poisson processes.

In fact, the aforementioned exponentiality assumption on Ey,, j =1,...,n+1is rooted
deeply in the modern practical default modelling. Speaking briefly, the CreditRisk™ approach
(Frey and Mcneil, 2003) to modelling dependent defaults assumes that, for i = 1,...,n, the
stochastically independent hitting times ;E; are exponentially distributed conditionally on
the r.v.’s Ay,..., A1, which are mutually independent gamma distributed and explain the
uncertainty associated with the corresponding r.f.’s j € {1,...,n 4+ 1}. In such a case, the
probability that the i-th r.c. defaults before the end of the year, say, is given by P[X; <
1] Al =1 — exp{— Z?Ll wiA;}, where A := (Ay,...,Apqq) is arv. and wy. ..., w4 are
deterministic positive weights. The distributional properties of the CreditRiskt approach
were studied by us in Furman and Su (2015).

In the present paper we introduce and study what can be viewed as an extension of the
CreditRisk™ approach. More generally, our set-up can be motivated by the ERM framework
(Sweeting, 2011). In addition, our findings herein are seemingly of interest in distribution
theory, as we end up with a new multivariate probability distribution having Pareto of
the 2nd kind univariate margins, which unifies many existing stand alone results in, e.g.,

Arnold (1983, 2015), Chiragiev and Landsman (2009), Asimit et al. (2010). Distributions

with Paretian tails have been applied in a multitude of areas. Herein we refer to: Benson
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et al. (2007) for applications in catastrophic events; Koedijk et al. (1990), Longin (1996),
Gabaix et al. (2003) for applications in general financial phenomena; Cebrian et al. (2003) for
applications in insurance pricing; and Soprano et al. (2010), Chavez-Demoulin et al. (2015)
for applications in risk management.

To prepare for the forthcoming discussion, we let (X1, ..., X,,)" denote the default times of
arbitrary financial units with labels in the set {1,...,n}, exposed to d(€ N) exogenous r.f.’s
having stochastically independent hitting times E), that are exponentially distributed con-
ditionally on A;, 7 =1,...,d. We assume that the r.v.’s Ay,..., A; are gamma distributed
and stochastically independent as in CreditRisk*. The exposure matrix ¢ € Mat,xq(1)
having entries ¢;; € 1 := {0, 1}, i = 1,...,n, j = 1,...,d is deterministic and deter-
mined by the upper management. Then we say that the j-th r.f. hits the set of r.c.’s
RC;={ie{l,...,n}:¢,; =1} forany j =1,...,d. In a similar fashion, we say that the
i-th r.c. is hit by the set of r.f’'s RF,; == {j € {1,...,d} : ¢;; = 1} forany i = 1,...,n.
The rest of the paper is organized as follows: We revisit and generalize when necessary some
existing multivariate dependence structures that are relevant to our present research in Sec-
tion 3.2, and we introduce and study the main object of interest in the present paper - the
Multiple Risk Factor (MRF') dependence models in Section 3.3. In Section 3.4 we specialize
the discussion to the bivariate case, and in Section 3.5 we exemplify the usefulness of the
MRF dependencies within the contexts of actuarial risk measurement and pricing. Section

3.6 concludes the paper.
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3.2 Relevant existing dependencies revisited

We start off with a number of simple but important notes. First, in the sequel we denote
by A ~ Ga(a, o) ar.v. that follows a gamma distribution and has the probability density
function (p.d.f.)

fa(r) = =——e "2 o 2z € Ry,

where a« € R, and o0 € R, are deterministic shape and rate parameters, respectively.

Second, we denote by E\ ~ Exp(\) an exponentially distributed r.v. with the p.d.f.
fE)\(:C) = )‘ei)ma LS R+7

where A € R, is a deterministic parameter. Third, we denote by ‘x’ the mixture operator
such that given two appropriately jointly measurable r.v.’s Xz ~ C(3) with § € B C R and
B ~ H, it holds that X3 x B has the same distribution as Xp, or notationally Xz x* B < XpB,

where we of course assume that the r.v. B has its range in B. Then we readily have that
E\ L E\x A~ Pa(Il)(o, a),

that is Fy follows the Lomax distribution. We note in this respect that a Lomax distributed

r.v. X ~ Pa(Il)(o, a) has the p.d.f. and the d.d.f., respectively,

—

—a—1 _
:g<1+§) amd Fy(x) = (1+§) , € Ro4 =0, 00),

fx(z)

o

where 0 € R, is a scale parameter and o € R is a power parameter. Last but not least,
the classical extension of the univariate Lomax (and more generally Pareto of the 2nd kind)
distributions to the multivariate context is arguably the one of Arnold (1983, 2015) with the

d.d.f.

F(zy,...,x,) = (1 +i—> , (z1,...,2,) € Ry, :=[0. 00)" (3.2.1)



and the Pearson’s correlation for, 1 <i # k <mn and a > 2,

Corr[X;, Xi] = — € (0, 1/2). (3.2.2)

SHES

Two recently introduced multivariate probability distributions are of central interest for
the derivations herein. More specifically, these are the dependence structures with univariate
Pareto margins introduced in Asimit et al. (2010) and in Furman and Su (2015). Further
we discuss the just mentioned probability distributions and generalize them slightly where

needed.

3.2.1 The model of Asimit et al. (2010)

Recall that Ey;, j = 1,...,n 4 1 denote (n + 1) stochastically independent exponentially
distributed r.v.’s with parameters A\; € R, and n € N. Further let A; ~ Ga(o;, 1) be
gamma distributed r.v.’s all independent mutually and on E,;, j =1,...,n+ 1. Then the
rv. X = (Xy,...,X,) is said to follow the multivariate probability distribution of Asimit

et al. (2010) if its coordinates admit the following stochastic representation
X; L o, (En, A Ea,.,), (3.2.3)

with the corresponding joint d.d.f. given by
n —Qntl g —ay
Flry,....x) =1 i 1+2)  (z,...,2,) €R",. 3.2.4
(@1, n0) (+\:/U) [M(1+5) ey e® (24
Speaking practically, if £y, j = 1,...,n + 1 are random and exponentially distributed
(default) times, then (3.2.3) and (3.2.4) are akin to the famous common-shock set-up (Bowers

et al., 1997) with (n + 1) exogenous risk factors, of which n are idiosyncratic and one is

the common shock. By construction, the times of occurrence of the idiosyncratic risks are
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independent, whereas the times of occurrence of the systemic risks are fully-commonotonic.
The presence of the common-shock risk factor results in a singularity, that is P[X; = -+ =
X,] = apy1 /(o + -+ + ap + apyq). Thereby, d.d.f. (3.2.4) is not absolutely continuous
with respect to the Lebesgue measure on Ry . The presence of singularity is in general
desirable as it addresses the phenomenon of simultaneous death/default, but at the same
time it reduces the tractability of (3.2.4) considerably (Asimit et al., 2015).

A possibility of having numerous systemic r.f.’s that may hit subsets of the coordinates
of the r.p. X as well as the general lines of Sweeting (2011) motivate an extension of the
set-up described above to allow for an arbitrary number, say {(€ N) of r.f.’s. To this end,
let ¢ € Mat,y;(1) be an n x [ matrix with entries in 1 and n, [ € N. For the sake of the
discussion in this section we assume that n < [. Also, let RF% := {j € {1....,1} : ¢, =1}

denote the set of all risk factors that ‘attack’ risk component i € {1,... ,n}.

Definition 3.2.1. Let E),, j = 1,...,1 be stochastically independent exponentially dis-
tributed r.v.’s with parameters \; € Ry. Also let Aj ~ Ga(ay, 1) be gamma distributed
r.v.’s all independent mutually and on Ey;, j=1,...,1. Set, for o; € Ry,

Xz‘ = 0; /\ EA].,

JERF!

then the joint distribution of Xi,...,X, is a generalized variant of the one introduced in
Asimit et al. (2010). Succinctly, we write X ~ Pay’ _, (II)(o, «), where o := (01,...,0,)
is an n- dimensional vector of scale parameters and o := (aq,...,q;) is an l- dimensional

vector of power parameters, all the parameters are positive reals.

Clearly the distribution of the i-th coordinate is Lomax, i.e., we have that X; ~ Pa(I1)(o;,
where a,.; =) jerF @, 0 =1,...,n. The joint distribution is given in the following theo-

rem. Therein we let ac k) = > ;cpz @, where R}"l(i’k) ={jef{l,....l}: ¢ d,; =1},

(i,k)
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that is the set RF l(iﬁk) contains the risk factors that attack both the ¢-th and the k-th risk

components, 1 <i # k < n.

Theorem 3.2.1. Let X ~ Paf’ ,(II)(o, ), then its d.d.f. is given by

—ay

l
Fla,...o)=[[[t+ V 2] . (....e.) €Ry,. (3.2.5)

y ) op)
j=1 1€RC;

Moreover, the index of Pearson’s correlation is given by

Qe g + Qe — O Qe i Qe

)

c,(2 ci 2 ck — 2
COI‘I‘[XZ',Xk] — o 7( »k') 2\/(0[ ) )(a 7k7 )’ (326)
7(Z7k) -

subject to ae; > 2 and o > 2.

The proof of the theorem is omitted, as it is a simple extension of Propositions 2.3 and 3.2
in Asimit et al. (2010).

A remark about the ¢-matrix is perhaps well-timed now. It is useful to realize that the
importance of the matrix is in that it shapes the set of risk factors. More specifically, a risk

i1 ¢ =1, and it is the common-shock

factor j € {1,...,1} is idiosyncratic if and only if >
otherwise. Moreover, in the latter case the risk factor (j € {1,...,[} again) affects the subset
of risk components RC; = {i € {1,...,n}: ¢ ; =1}.

We conclude this subsection by noticing that the idea of randomization, and Definition
3.2.1 is nothing but that, has been well-studied and can be traced back to Feller (1966) -
probability theory and Bunke (1969) - economics. Important recent references are Geweke
and Amisano (2011) - economics, McNeil et al. (2005) and references therein - quantitative
risk, generally and Gordy (2000) - credit risk, particularly. Also, as (3.2.6) can take on any

value in [0, 1], d.d.f. (3.2.5) covers the entire range of positive dependence when measured

by the Pearson’s index of correlation. We show in the next subsection that neither one of
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the dependence structures investigated in Arnold (1983, 2015) and Chiragiev and Landsman

(2009) enjoy the just mentioned important property. .

3.2.2 The model of Furman and Su (2015)

Let Ey,, j = 1,...,n+ 1 denote as hitherto exponentially distributed and stochastically
independent r.v.’s with parameters A\; € R, and n € N. Further let ;Ey;, i = 1,...,n be
independent copies of the r.v. E), j = 1,...,n+ 1. In addition, let A; ~ Ga(y;,1) be
gamma distributed r.v.’s independent mutually and on ;Ey,, i =1,...,n, j=1,...,n+ 1.
The r.v. X = (Xy,...,X,) follows the multivariate probability distribution of Furman and

Su (2015) if its coordinates admit the following stochastic representation
X, Lo, (iEx, NiEw,.,) (3.2.7)

where 0; € Ry and ¢ =1,...,n. The joint d.d.f. is then given by
F(x a:)zH(l%—ﬂ)_% (1—1-2”:&)_7%1 (x z,) € R (3.2.8)
1yves Ty 11 p 2.5, , (x1, ..,y 04 2.
Speaking plainly, (3.2.7) and (3.2.8) mimic the common-shock framework described in
Subsection 3.2.1, but circumvent the rise of singularity by assuming that the times of occur-
rence of the common risk factor are not fully-comonotonic but rather conditionally indepen-
dent. As in Subsection 3.2.1, we extend (3.2.7) and (3.2.8) to augment m(€ N) risk factors.

To this end, let ¢™ be an n x m deterministic matrix with entries equal to either zero or one,

and let RF" :={j €{l,....,m}: =1} fori=1,...,n.

Definition 3.2.2. Let ;E);, i = 1,...,n be independent copies of the stochastically indepen-

dent exponentially distributed r.v.’s Ex;, \; € Ry, j=1,...,m. Also let A; ~ Ga(v;, 1) be
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gamma distributed r.v.’s all independent mutually and on ;Ey,, 1 =1,...,n, 7=1,...,m.

Set, for o; € Ry,

/\ Lo,

JERF™

then the joint distribution of X1, ..., X, is a generalized variant of the one introduced in Fur-
man and Su (2015). Succinctly, we write X ~ Pa§  (II)(o, v), where o = (01,...,0,)
is an n- dimensional vector of scale parameters and v := (V1,...,%m)" s an m- dimensional

vector of power parameters, all parameters are positive reals.

The distribution of X;, ¢ =1,...,n is clearly Pa(II)(o;, 7.i), where v.; = ZjeRF;“ Vi,
that is the coordinates of the random vectors in Definition 3.2.2 are Lomax distributed, simi-
larly to the situation in Definition 3.2.1. The joint distribution of X7, ..., X, is formulated in
the following theorem. We note in passing that by analogy with the discussion in the previous
subsection, we let v, i x) = Zjeng{k) v; where RF(},y = {j € {1,...,m} : ¢, = 1},
and that the (¢ + 1) x ¢ hypergeometric function is given by (Gradshteyn and Ryzhik, 2014)

oo

Fylay,... ag;b Z (@)t -, (agra)ic 2* (3.2.9)
41 1yevo s Qgg15 01, ; 2.
a1t “ O () K

where (p), :==p(p+1)...(p+n—1)forneZy, (p)o:=1and ¢ € Z;. For ay,...,a,4 all
positive, and these are the cases of interest in the present paper, the radius of convergence of
the series is the open disk |z| < 1. On the boundary |z| = 1, the series converges absolutely

ifd=0b4+---4+b;,—a —---—ag >0, and it converges except at z =1i1f0>d > —1.

Theorem 3.2.2. Let X ~ Pa§  (II)(o, =), then its d.d.f. is given by

7

Flon..o)=[[[1+ > 2| ., (@1.....z.) €Ry,. (3.2.10)
j=1 iERC,
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Furthermore, the index of Pearson’s correlation is given, for v.; > 2 and . > 2, by

B 2)(70,]4 — 2) c [

0, 1/2), (3.2.11)
Ye,iVe,k

Corr[X;, Xi] = (sF2 (Vei) 1 15 Yeds Yeri 1) — 1) \/(%’i
where 1 < i # k <n.

We omit the proof of the theorem as it is very similar to the derivations in Theorem 2.1 in
Furman and Su (2015). We only note in passing that the hypergeometric function in (3.2.11)
converges absolutely as 7e; > Ve k) and also Yer > Ve ik), 1 <1 # k < n.

D.d.f. (3.2.10) is clearly absolutely continuous with respect to the corresponding Lebesgue
measure, and it unifies the classic multivariate Pareto distribution of Arnold (1983, 2015)
as well as the recently introduced ones of Chiragiev and Landsman (2009). Also, the fact
that (3.2.11) is in [0,1/2) is rather unfortunate, as it makes d.d.f. (3.2.10) inappropriate for
applications when the r.v.’s Xj,..., X,, have strong positive correlations. As d.d.f. (3.2.10)
serves as the basic building block of the popular in the modern practical default risk mea-
surement CreditRisk™ approach, the aforementioned limited range of attainable Pearson’s
correlations conforms well to the empirical evidence showing that CreditRiskt may under-
estimate defaults’ clustering (Das et al., 2007).

To summarize the developments hitherto, we note that

e the formulations in terms of times of occurrence with random risk factors mimic the
general set-up of default risk and as such are well suited for relevant practical applica-

tions and can be easily conveyed to upper management;

e simple stochastic representations in Definitions 3.2.1 and 3.2.2 are essential and allow

for convenient simulation analysis and stresstesting;
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e d.d.f’s (3.2.5) and (3.2.10) are analytically tractable and quite general unifying a va-

riety of existing multivariate structures.

The advantages described above lay the ground for gluing Definitions 3.2.1 and 3.2.2
into one general multivariate probability structure that would augment random times of
occurrence that are a.) stochastically independent, b.) positively dependent, c.) fully-
comonotonic as well as inherit the full range of attainable non-negative Pearson’s correlations.
This new general structure is referred to as the Multiple Risk Factor (MRF) dependence

structure, and it is the main object of study in the present paper.

3.3 Multiple risk factors dependence structure

Naturally, the gap between the stochastically independent and fully-comonotonic times of
occurrence in Definition 3.2.1 is somewhat too drastic. Next we fill the gap by unifying
Definitions 3.2.1 and 3.2.2.

Let Y .= (Y1,...,Y,) and Z := (Zy,...,Z,)" be two r.v.’s of dimension n(€ N). Next

we formulate the MRF model of interest in this paper.

Definition 3.3.1. Assume that Y ~ Pay' (o, a) asin Definition 3.2.1 and Z ~ Pa{" (o, 7)
as in Definition 3.2.2 be stochastically independent, then the rv. X = (Xq,...,X,,) with
each coordinate X; = Y; N Z;, i = 1,...,n 1s said to follow a Multiple Risk Factor de-
pendence with Pareto of the 2nd kind univariate marginal distributions; notationally X ~
Pa§  (II)(o, ). Here c = (c!, ¢™) is an n x (I +m)-dimensional block matriz, o is an
n-dimensional vector of scale parameters and & is an (I +m)- dimensional vector of power

parameters, such that §; =a;, j=1,...,[(eN) and §; =r;, j=1+1....,l+m(e N).
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In what follows, we sometimes write X ~ Pa{ ,(II)(o, a, 7), if we wish to emphasize
the presence of v and a vectors of parameters.

It is clear that Definition 3.3.1 unifies multiple risk factor dependence structures with
and without singularities into one encompassing structure. One practical motivation for
the MRF structures stems from Sweeting (2011) (also, Duffie and Singleton, 1999). More
specifically, consider a portfolio of default times of n business units. Further assume that
each component of the portfolio is exposed to a set of possibly (I + m) fatal risk fac-
tors, of which some are idiosyncratic - {j € {1,...,l+m}: > ", ¢;; = 1}, others are sys-
temic - {j € {1,...,1} : >, ¢i; > 1}, and there exists yet another group of risk factors
{se{l+1,....0+m}: > ¢ ;> 1} that attack the risk components at positively de-
pendent but not perfectly dependent times. Then, assuming that the hitting times of the
risk factors are stochastically independent group-wise and also that the risk factors are
gamma distributed as in CreditRisk™, the MRF structure as in Definition 3.3.1 is obtained.
Another motivation for the MRF dependencies stems from the recent trend of prudence that
have taken the modern financial risk measurement by storm. Indeed, multivariate probabil-
ity distributions having heavy tailed and positively dependent univariate margins are in a
significant practical demand nowadays.

The joint d.d.f. of the MRF r.v.’s is given in the next theorem. Recall that RC; has
been defined as the set that contains all the risk components that are exposed to the j-th

risk factor, j € {1,...,l+m}.

Theorem 3.3.1. Let X ~ Paf _ (II)(a, §), then the joint d.d.f. of its coordinates is given
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! =& I =&
— o .Ti ,Z‘Z' ’ n
Fay,.om) =] {1+ V = IT (t+> ] - (n...=) €eRg,,
j=1 ierRC; " =141 ierRC;

(3.3.1)
where o is an n-dimensional vector of scale parameters, and & is an (I +m)- dimensional

vector of power parameters.

The proof of Theorem 3.3.1 is simply by construction of the MRF r.v.’s, and it is thus
omitted.

On the one hand, d.d.f. (3.3.1) can be viewed as a new multivariate probability distribu-
tion with Lomax distributed univariate margins, which, for appropriately chosen ¢ matrices,
reduces to, e.g., the models in Arnold (1983, 2015), Chiragiev and Landsman (2009), Asimit
et al. (2010) and Furman and Su (2015). As such it can be used to describe dependent
(actuarial) risks with heavy tailed marginal behaviour. On the other hand, d.d.f. (3.3.1)
enjoys the interpretation of a dependent default times model that encompasses an arbitrary
number of exogenous risk factors having stochastically independent, positively orthant de-
pendent (see, Denuit et al., 2005; Joe, 1997) or fully-comonotonic occurrence times. In either

case, the following theorem is of basic importance. The proof is simple and thus omitted.

Theorem 3.3.2. Let X ~ Paj_ ,(II)(o, &), then, for i = 1,...,n, we have that each
coordinate is Lomaz distributed, i.e., X; ~ Pa(lI)(0;, &.i), where &.,; = ZJERE_ & and

therefore

e the d.d.f. of X; s
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o the mathematical expectation of X; is, for §.; > 1,

O'.
E[X;] = L.
' gc,i —1
o the variance of X; is, for §.; > 2,
2
0; fc %
Var | X;| = 7 .
RN O | ()
We note in passing that the expectation/variance of the r.v. X;, i = 1,...,n can be finite
even if the expectations/variances of occurrence times of some risk factors j € {1,...,l+m}

are infinite.

When ther.v.’s X, ..., X, denote times of default of various financial unitsi € {1,...,n},
the r.v.’s X_ := A, X; and X := V], X; denote, respectively, first and last default times.
We say that X_ and X, have distributions /" and F!;, respectively, and they play a pivotal
role in the general theory of credit risk (Fomby et al., 2008;Adalsteinsson, 2014) and in the
mathematics of life contingencies (Bowers et al., 1997). We further investigate the d.d.f.’s of

the two. In this respect, the following lemma is of central importance.

Lemma 3.3.1. Fori = 1,...,n, let A; ~ Ga(y;(€ Ry). o,(€ Ry)), denote independent
gamma distributed r.v.’s, and let A* := A+ - -+A,, be their sum. Then A* ~ Ga(v*+K, o.),
where ¥v* =y + -+, 04 = Vi 0, and K is an integer-valued non-negative r.v. with the

probability mass function given, for k € Nq, by

where



and

o =k~ ZZm(l——) Op_y, for k>0 and 6y = 1.

=1 i=1
Moreover, the distribution of Ea« is Pa(II)(oy, v* + K).
Proof. The first part of the lemma, i.e., the distribution of A* is proved in Moschopoulos
(1985) (also, Furman and Landsman, 2005). To establish the second part, we note that, for
x € Ro 4, the d.d.f. of Es- is given by

—(v+k)
—xt —o¢+tt'y+k‘ 1a7+kdt (1 ‘I’ i) ’
/R+ Z L(y + k) " Zpk a

k=0 +

where the interchange of the summation and the integration signs is justified because of the

uniform convergence of the integrand. This completes the proof. O]

We are now ready to prove that in the context of the MRF dependencies, the distribution

of the first default time is Lomax with a random power parameter.

Theorem 3.3.3. Let X ~ Pa§ _,(II)(o, &), then X_ ~ Pa(Il)(oy,&* + K), where

—1
l+m

l

1
VAalviVIZ] |
T . : O
j=11€RC; Jj=l+1 1€RC;

and &+ K =&+ -+ &am + K is a random power parameter with the integer valued r.v.

K having probability mass function (4.4.3).

Proof. We observe that, for € Ry 1, the d.d.f. of the first default r.v. is written as

PX_>z] = PAL X > 1]
l 1 & l+m &
7j=1 1€RC; j=l+1 1€RC;
l+m
= exp{ —T A 0 dGar( A, .o N
[ st YV
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where M ~ G1,__jym is an (I + m)-dimensional r.v. with stochastically independent and

-----

gamma distributed coordinates. More specifically, we have that M; ~ Ga(&;, Aiere,;0:) for

j=1,...,land M; ~ Ga (gj, (ziem 1/01.)

Clearly we also have that P[X_ > 2] = Fg,,.(z), © € Ro, where M* is an (I + m)-

)forj:l—l—l,...,l—i—m.

fold convolution of the coordinates of M = (M, ..., M;.,,)’, that is its distribution follows
from the first part of Lemma 4.4.1. The statement of the theorem then follows by evoking

the second part of Lemma 4.4.1. This completes the proof. O

The next assertion is similar to Proposition 2 of Vernic (2011) as well as to Proposition

2.4 of Furman and Su (2015).

Corollary 3.3.1. Let X ~ Pa§ ,(II)(o, ), then the d.d.f. of the last default r.v. is a

linear combination of the d.d.f.’s of univariate Pareto of the 2nd kind r.v.’s with random
shape parameters, namely

Fo(x)= Y (-)¥""Fs_(z), 2 € Rogy, (3.3.3)
SC{1,..,n}

where Xs_ = Nsesc{l,..n}Xs and Xs_ ~ Fs_.

.....

Proof. Clearly F, (z) = P[{U,(X; > z)}], z € Rg_, and then the statement of the Corol-
lary follows using the inclusion-exclusion principle and employing Theorem 3.3.3. This com-

pletes the proof. n

We conclude this section by stating yet another important property of the MRF depen-
dence structures, which arguably distinguishes the construction from the majority of the
multivariate probability distributions existing nowadays. In this respect, let £ < n and let
i1,.-.,0 € {1....,n} establish an index set, then the MRF dependence structures allow

the probability P[X;, = --- = X, ] to be non-zero. This phenomenon, which can be easily
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motivated in practice by, e.g., the presence of a parent subsidiary or similar contractual re-
lationships - in the context of default risk, and by occurrence of a catastrophe that affects a
number of lives simultaneously - in the context of life contingencies, takes place because the
MRF distributions may have singularities and thus are in general not absolutely continuous
with respect to the Lebesgue measure. In the next theorem we study the probability mass
that is assigned to the singularity.

Before stating and proving the next result, we extend some of the notations already used.

First, the set of all risk factors that attack sub-portfolio (X; X;,) is, for k > 2/in the

172

sequel denoted by

RFii.in =17 €{l,....l+m}: ¢, ; =1for at least one i), € {i1,...,u}}, (3.3.4)

which is the union of two disjoint sets, that is of

RF iy, =17 €{L,....0+m} ¢, ; = 1forall iy € {iy,...,ix}} (3.3.5)
and
R‘F(i17,,,7ik) = R‘Fil,...,ik \Rf(ll,,lk) (336)
Also, let
RF,, i = RFu \ RF (iyin)- (3.3.7)

Based on the notation above, we can have, e.g., iy i = ZjeRfil N ¢; and in a similar

,,,,,

fashion & iy,....i) = ZjeR]—'(il & §c,(z‘1,...,z‘k) = ZjeR]—'ul YYYY - §; as well as é“c,z'h,(il,...,z'k) -

..... i)

&;. Of course, by analogy, we may need to sum over the coordinates of v or

JERE,, Grin)

a, and in such cases we add superscripts ‘I’ and ‘m’, respectively, to sets (4.3.1) to (4.3.4).
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Theorem 3.3.4. Let X ~ Pa§  (II)(o, &), and let as before iy, ... .4, € {1,...,n} for
2 <k <n. Then we have that
PlX, / X, /o] E ! (3.3.8)
i/ Oiy = 0 = Xy [ 04| = Qe (i | 0.
1 1 k k S(1100g) gc,il 77777 N T K
where K is an integer-valued r.v. with the p.m.f. a ld (4.4.3).
Proof. First, since P[Y;, =--- =Y} | =0, we arrive at
P[Xh/ah == Xlk/alk]
ik
=P { m (Zi, <Y3)NZyyfoyy =+ = Zlk/azk}]
in=i1
l+m ik 7
— aci [ 11 (1 2y ) (142) ndz (3.39)
Ry =it in=1
where we have the latter equality sign since, for Z;hm = /\jeRfi P Ey;, in
1 ik and Z° i) = /\jeR}'l( : E},, the following string of expressions follows
) i yeenig
_ZZ- Z;
Pl—=...=—%t>2
O'ik

.....

.....

= P

(=
- P {Z' 20y > # for allihe{il,.--,’ik}}}
1

Ey; > Z i) > 2 forall je R]:l ,..1k)}]

-----

.....

and hence

d
_%P[Zil/o'h == sz/o'zk > Z] = Q,(iy,..., %)(1 + Z)*ac,il ,,,,, i L.

Further, as the integrand in (3.3.9) is the d.d.f. of a first to default r.v. (Theorem 3.3.1),

it is the d.d.f. of a Lomax r.v. with random shape parameter v.;, ;. + Qc;,

-----------
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where K is an integer valued r.v. with p.m.f. 4 la (4.4.3) and scale parameter equal to one.

Hence by Lemma (4.4.1), we have that

]_3[)(741 /Uil R Xlk/alk] — @C,il,...,ik / Zpk (1 + z>_("fc,i1 ,,,,, ik“rac,il ,,,,, ik-‘rk)_l dz.
Ry k=0
The proof is completed by changing the order of summation and integration signs. O]

Interestingly, if K is zero almost surely, then (3.3.8) reduces to

Qe (iy,....i
gC,Z’l,...,ik
This happens when there are no risk factors with positively dependent but not fully com-

monotonic default times present in the model. If in addition, RC; is an empty set for all

j=1+1,...,1+m, then (3.3.8) simplifies to

PlZ,)oi=-=2;]0i] = Qe (insin)

Cyl1 5yl

Y

which is a slightly more general expression than the one obtained in Asimit et al. (2010).
In summary, it is instructive to note that the probability mass that is assigned to the

singular part of d.d.f. (3.3.1) is proportional to a.,,. ;). In the language of default risk,

this means that the stronger the contribution of the risk factors having fully-comonotonic

hitting times is, the higher the probability of simultaneous default becomes.

3.4 The bivariate model of interest

In this section we study some properties of the bivariate variant of the MRF structure. More
specifically, we derive joint (conditional) moments of (X;, Xy)" ~ Pag, (II)(o, §), where
o = (05, op) and & = (&,...,&m) = (a4, 00, %41, - -+, YViem)' are two deterministic

vectors of scale and power parameters, respectively.
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It is a simple matter to see that d.d.f. (3.3.1) reduces to

F(z,y)
—Q,(i,k) Ve, (i, k) I enn) Lok R
= (1+£\/£> (1+£+£> <1+£) (1+£) ,
0; O o; Ok g; Ok

for 1 <i# k <nand (z,y) € R, . The next theorem states the Lebesgue decomposition

of the d.d.f. above.

Theorem 3.4.1. For 1 <i#k <n, let (X;, Xz)' ~ Pa(Il)i,(o,,7), then its d.d.f. can

be decomposed as

F(x,y) = aF(z,y) + (1 — a)Foe(x,y), where a € [0, 1] and (2,y)" € R} . (3.4.2)
In (3.4.2), the singular component concentrates its mass on the line {(I, y eRf,: L= Gik}
and is given by

=1 Qe (3.k
Fy(z,y) = C(L)

7(§cik+K)
1 T Y i
14+ —\/ = 3.4.3
Eei T KK ( +Ui\/0k) ] ’ ( )

whereas the absolutely continuous component is given, for (x,y)" € R(QH? by

— 1

Fac(xv y) = m (F(l’, y) - afs(l’a y)) ) (344)

where a = P[X;/0; = Xi/ok] is given in Theorem 3.5.4, &eix = ZjeRfik & and K is an

integer-valued non-negative r.v. with a p.m.f. a la (4.4.3).

Proof. Let A = {(Xi,Xk)’ € Rg,+ c X f—:} for 1 < i # k < n denote the set on which

04

the singular component of the d.d.f. concentrates. Then, for a = P[{A}] and (z,y)" € R |,

F(z,y) = aP{X;>axn X, >yl A} + (1 —a)P{X; >2n X, > y| A
= P{Xi>2nX;>ynA} +P{X; >N X, >ynAY,
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where

P[{Xi>mﬂXk>yﬂA}]:P[{&>£m&>£ﬂAH

o; ag; O O
X, X z Y
{{ gi Ok Ui\/ak }}

= e [ S

with the latter expression following employing the techniques used in the proof of Theorem

3.3.4. It then follows that

[e’e] _(gcih""h)
- Qe (i,k) 1 r oy "
Fy(z,y) = 1+ 2 v =L :
(9) a % Sk TN ( o Uk) bh

which proves (3.4.3). The form of the absolutely continuous component then follows from

the latter expression, (3.4.1) and evoking Theorem 3.3.4. This completes the proof. ]

If K is zero almost surely, then (3.4.3) simplifies to

_Ecik
— €T R
Fs($7y>: <1+_ i) )

0 Ok
but it is rather cumbersome otherwise. In fact, even the probability P[X;/o; = Xy /o] is

not particularly easy to calculate. In this respect, the following alternative route is helpful.

Note that in the bivariate case, the integral in (3.3.9) becomes

l+m
/ T (1+ 2(ciy + 1)) (14 2) ikl
R

T j=l+1
N / (1 +22) 00 (1 4 2) " Oealm enTRm T 0wn T g,
R+

1
= 3 ‘k2F1 (’Yc,(i,k)a Li&eir +1; —1)

(check (3.197(5)) in Gradshteyn and Ryzhik, 2014, for the latter equality, in which the

hypergeometric series converges absolutely for ;x> Yen), 1 <@ # k < n). Hence we
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have that

=P {&:&} o ac(zk)
é-czk

2F1(P)/c 0,k)> €czk+1 _1)
o; O

which is easy to compute numerically.

In a similar fashion, we have the following string of expressions for the singular component

of the d.d.f. of (Xj, X3)', for v= >V 2 and (z,y)’ € R{ .,

Fs(x’y> — M/ (1_|_2Z)7'Yc,(i,k)<1+Z)_('chi,m+’ycyk’m+ac,(i,k)+1)dz

a v

O{C7 (i7k)
a

= 927 Ve(ik) / ((1 + 20)/2 + Z)_'Yc,(i,k)(l + o+ Z)7(76,17W+7c’kym+ac,(i,k)+1)dZ
R+

L ae ik ; (. =Y s (k) 1
— 1 2'0 Ve, (i,k) 1 v ’yc,z,(z,k) ch,k,(z,k) e, (4,k) F e, 2 ci 1— R
18568 ) gy (140 e T+ i

where the latter expression is obtained using Equation (3.197(1)) in Gradshteyn and Ryzhik
(2014).

We further derive the Pearson’s index of correlation for a random pair with the MRF
dependence. Speaking strictly, the Pearson’s p has been criticized by many authors, yet it is
still a ubiquitous measure of correlation when it comes to financial risk management and/or

actuarial science. Let
h(z;a,b) :=3F(x —1,1,a;x,b — 1;—1). (3.4.5)

where 3F5 is a special form of the hypergeometric function in (4.4.7) and all of x, a, b are
positive reals. Then we have the following result that formulates the joint product moment

in the context of the MRF structures.

Theorem 3.4.2. Let (X;, X)' ~ Pa(II), (0, o, ), then the product moment is, if finite,

formulated as follows

(gc,k - 1)h(£c,i; Ve, (3,k) fc,i,k) + (€c,i - 1>h(£c,k; Ve, (i,k) s fc,i,k)
(gc,i,k - 2) (gc,i - 1)(€c,kz - 1) ’
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where §e; = Qi+ Yeis Eekp = Qe+ Ve and Ecik = ik +Veik- If in addition, we have that

§ei > 2, & > 2, then the Pearson’s correlation is

Corr[X;, X;] = \/(5“ — 2)(6e — 2)

éc,igc,k
(gch - l)h(gc,zv ’}/c,(i,k)a gc,i,k) + (gc,i - 1)h(€c,k) Vc,(i,k)v gc,i,k) - gc,i,k + 2
(gc,i,k - 2) ’

where 1 < i # k < n.

Proof. Assume, without loss of generality, that o; = o, = 1 for 1 <1 # k < n. Then because

of (3.4.1) the d.d.f. of (X, X})" is given by

Flr,y) = (L+aVy) "0 (Lt a+y) 700 (14 2) 5n (14 y) foren

(1424 y) 760 (14 x)*fcmW (1+ y>7(£cyk,m+ac,(i,k)) L 1<y

(L4 @+ y) 700 (14 2) Corm™oeem) (1 4 ) x| 2>y

Hence we readily have that

BIXX] = | Fle.y)dedy

R

o0

I
\\

&

1 +r4 y ~Ye,(i,k) (1 + x) §eiimy (1 + y)*@c,k,mﬂlc,(i,m) dydx

A
/!

- / (1 4z +y) 7200 (14 z) " Carmntoean) (1 4 ) Cenin dyda
R, Jo
N / / (142 +y) 700 (14 ) nli (14 y) " Contn o) dydy
Ry
~ Ve, (i.k) (& e k) IR ews)
+ (I4+z+y) (14 2)" Fet@m (L4 y) "erGh dedy
R4

= h(ﬁ) + 15(§).

We further calculate I1(€), whereas the other integral can be tackled in a similar fashion.

More specifically, by change of variables and evoking Equation (3.197(1)) in Gradshteyn and
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Ryzhik (2014), we have that

1
L(¢) = 1 /R (1 + 22) 7 7e6h (1 + l»>_(§c,i,k—7c,(i,k) DRy (% k) fck, 233) dr
C, +

1 1
— —2(5 k_l)/ (1_u/2) (éczk Ve, (i,k) — 1)(1_u)(gczk 3)2F1 ('yc ’LkJ 71)581437 >du
c7 0

Furthermore, note that as the oF) hypergeometric function has the following integral

representation for all ., > 1 and u € R,

1
gc,k: —1

1 — .
2F1 (fyC Z k gC k7 u/2) / ( /U)éc,k*Q (1 o gv> 7 ,(i,k) de
0

(Equation 9.111 in loc. cit.) we obtain the following string of integrals

1! 1
_[1(5) = 5/ (1 - U)EC,k_Q/ (]_ — U)Ecai,k_3( u/2> (€ci e L(i,k) 1)(1 _ U’U/Q) Ve, (i.k) dudv
0 0
@ 1 1 B o
B m/o (1 = o)A (1’%&%); ik = Togi) — Lo = 1,3, 5) dv
2 ! 1 Ec,k—2
= m (1 — 'U) c 2F1 (1770,(1"]9);5@,7;7]{ — 1’ v — 1) dv
cik — 0
1 1
- m/ V2B (1,56, k3 ik — 1 —0) do
cik 0
3

1
frg F c - 1, 17 c.(i 7 ks Sci _ 1’ _1 ,
(Eeik —2)(Eer — 1> (Ecre Ve,(i.k)5 Serkes ik )

7 ((2)7

where F} is the bivariate hypergeometric function, and 30 and @ hold by Equations

(3.211), (9.182(1)) and (7.512(12)), respectively, in Gradshteyn and Ryzhik (2014). The

expression for I5(£€) is then by analogy

[2(5) =

1
Fy (&ei = 1, 1,9, (k)3 Eevis Sy — 11 —1)
(gc,i,k_Z)(gcﬂ'—l)?’ 2(67 "Y:( k) 6, g,,k )

We note in passing that the hypergeometric functions in I;(£€) and I5(§) converge for &.; , —
Ve (i) > 0 and converge absolutely for &.;x — Ve, ik) > 1, 1 < i # k < n. This completes the

proof. O
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Clearly, the Pearson’s correlation coeflicients for the special cases of the MRF structures
having no risk factors with a.) fully comonotonic and b.) positively dependent but not fully

comonotonic hitting times are recoverable from the general expression in Theorem 3.4.2.

Corollary 3.4.1. Let a. i = 0 and assume that the rest of the conditions in Theorem

3.4.2 hold, then

COI'I'[XZ-, Xk] = \/<€C,i _52)£-€Zk — 2> (3F2 (’yc,(i,k% 17 17 gc,zﬁ gc,k; ]-) - ]-) ) (346)

where 1 < i # k <n.

Proof. First notice that according to Theorem 3.4.2, we have that

/OOO /uoou +u) (1 4 0) (1 + u + v)“dvdu

1
- (a+b+c—2)(a+c—1) sFh(a+c—1,1,c;a+ca+b+c—1;-1),

where a, b, ¢ are all positive and such that s; = a+b > 2 and sy = a + ¢ > 2. Then, for

s=a+b+c,

/OOO /000(1 Fu) (1 4 ) (1 + u + v)“dvdu

= /OOO/:O(1+u)—C(1+v)—b(1+u+v)‘“dudv+/ooo/uoo(1+u)—0(1+v)—b(1+u+v)‘adudu

1 1 1
= T3 <S1 3 3Fy(s1 —1,1,a;81,s —1;—=1) + pa— 3Fy(sy — 1,1, a; 80,5 — 1;_1))
1

= (31—1)(82—1) 3F2(a,1,1;$1,82;1),

—~
~

where the latter equality is by Theorem 2.1 in Furman and Su (2015), and the hypergeometric
function converges absolutely since £.; > 2 and &.;, > 2 by assumption. This, along with

setting o (i x) = 0 completes the proof. O
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Formula (3.4.6) recovers the one derived in Chiragiev and Landsman (2009) as well as the

recent one in Furman and Su (2015). In the simplest case, i.e., when ac ), ., T Yok TR

and also v, h) Vek(in are all zero, we have that §.; = §.r = Ve,i,k) > 2 and hence

I

3Fy (Veiipys 1 L &eiy Eeni 1) = 2 F1(1, 13 Yo 603 1) ;
Ve,(ik) — 2

where 1 < i # k < n. Consequently, we obtain that, for 1 < i # k < n, correlation (3.4.6)

reduces to

1
Corr[X;, Xi] = :
Ve, (i,k)

which recovers the Pearson’s correlation of the classical multivariate Pareto distribution of

Arnold (1983, 2015).

Corollary 3.4.2. Let . x) = 0 and assume that the rest of the conditions in Theorem 5.4.2

hold, then

Corr[X;, X)] = \/ (e = ;?fck*k —2) ( gaf:if’m, (3.4.7)

where 1 < i # k <n.

Proof. 1t is easy to check that, for 7., = 0, we have 3F5(a,b,0;c,d; z) = 1, for any real

a,b,c,d,zand also §.p +E&c;i —&cik = Qe i) for 1 <@ # k < n. This completes the proof. [

Formula (3.4.7) conforms to the one derived in Asimit et al. (2010).
We conclude this section with a theorem that formulates the conditional decumulative
distribution function of the MRF structures. To this end, we note that joint d.d.f. (3.4.1)

can be written as

— a("E/O-ia y/0k7501177 gc (i.k) + Qe (i,k)r Ve, (i,k )a JI/O'Z‘ < y/gk
Fla,y) = AR Sek) T Selh: 1600 . (348)

G(x/0i,y/on; &gy + Cetih)s Een iy Yeolik))s /00 > Y/ o
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where, for (z,y) € R2 . and by, by, b3 all real,
0,+
Gz, yiby, by bs) = (1 +2) " (L+y) 2 A +z+y) ™. (3.4.9)

Furthermore, the following holds

OG (, y: by.b, b _ _
— (z yéyl 2 bs) = baG(x,y; b1, b2 + 1,b3) 4 b3G(, y; by, b, bg + 1).

Theorem 3.4.3. Let (X;, Xy)' ~ Pa(II){,(o,,7), then the d.d.f. of the conditional r.v.

Xi| X =y is given, fory € Ry, by

Fixi=y(@)
( & ki T, (k) =
= G w00,y 0k i s — Ve Velid)
4+ 22UB G o,y ok il —Yelik) — LYeik) + 1), x/oi < y/ok
gc,k ’ ’( ’ )

G(x/oi,y/ow; & iim T Qelik)s —Ee(ib)s Ve (ik))

Se k(i)

éc,k
+—%5’:,’f) G(z/o;, y/Uk;fm,m + Qe (i), —Ee i) — L Veip) T 1), ©/os > y/oy

\

Proof. To start off, note that the p.d.f. of the absolutely continuous component is formulated

as

(1= 8) faclzly) = (1 - 5)8 gaf;f) f;jy)

(fe(y)oion)'g <x/0'i7y/(7k§ i imy Senim T Oéc,(i,k)ﬁc,(i,k)) . wfop <y/oy

(fe(y)oior) g (x/%y/ak; Eatim T ac,(i,k)ygc,k,mafyc,(z}k)) . xfo; > y/oy

Y

where g denotes the mixed derivative of G and 3 € [0, 1]. Therefore the probability associated
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with the singular component is given by

/00 g <$/0i, Yy/ow; 507@(@',7)7 ﬁc,k,@ + Qe (k) %,(i,k))
 Jew ook fr(y)

dx

/00 g (90/017 Y/ok &iim T Qeih)s Een im) 'Yc,(z‘,k)) ;
- .

oy o0k fre(y)

9k

Let x/o; > y/oy first, then, for y € Ry 4,

P[X; > 2| X = ¥

/00 g (t/% Y/0k € iim T Qeik)s Sep imy ’Yc,(i,k)>

_ dt
; o0k [1(Y)
8@ <.§C/0'i, y/o’k, fc,i,@ + Qe (i,k)s 607&@’ ’yc,(i,k)>
- Je(y)0y
gc k,(i,k) =~
= LRG0,y 0 € + Cetiy ~elih) Velih)

'76, ik) =~
+ 5( K "G00/ 0w &+ Ot ~Eetin) = L Ve 1),

where 1 <i # k < n.
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The case where x/0; < y/oy is slightly more involved. More specifically, we have that

FXAXIC:y(x)

93y .
X, X o 9 (t/% y/Ukyﬁc,i,(i,kyé’c,k,(i,k) + Qe (i k) '7c,(i,k)>
- P =T [0

o0k fe(y) o

0; Ok

/00 g (75/% Y/ & iim T Qeik)s Senimy: '7c,(i,k:)> Y

oiy o0k fr(y)

9k

dt

/00 g (t/% Y/ 0k € imy Cenlim T Celinh)s ’Yc,(i,k)>
A 00k [ (y)

oG (:c/ Tis Y/ Ok € i iy S imy T Qeslisk)s 76’(2"’“))
fk(y)ay
Sehim) T Qelik)
_ .k, (4, )é - G($/0i7y/ak;§c,i,w’ _’}/c,(i,k)/)/C,(’i,k))

Ye(i) G /03,y ) ok; Eealimy —Velik) — Liveiin + 1),

Ye,(i,k)
gc,k

where 1 < i # k < n. This completes the proof. n

_|_

While the importance of the derivations in this section is clear from the distribution
theory point of view, some connections to applications in (actuarial) risk management are

perhaps desired. In summary:

e The Lebesgue decomposition derived in Theorem 3.4.1 becomes useful when develop-
ing formulas for, e.g., the joint moments of the MRF distributed random pairs. These
moments are of central importance in (actuarial) risk management, as well as in ac-
tuarial and economic pricing, when the risk measure and pricing functionals belong
to the classes of weighted (Furman and Zitikis, 2008a,b) or distorted (Wang, 1996)

expectations.

e Theorem 3.4.2 provides an easy to compute expression for the Pearson’s index of lin-

ear correlation for a random pair coming from the MRF structures. Noticeably, the
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Pearson’s correlation can attain any value in [0, 1] and as such Theorem 3.4.2 empha-
sizes that the MRF models cover the entire range of positive dependence when it is
measured by Pearson’s p. It is well-known that defaults tend to cluster in reality, thus
suggesting that they are positively dependent. Factor models a la the ones discussed in
Subsection 3.2.2 have been employed extensively to describe the just-mentioned clus-
tering in practice. The reason stems from a common belief that simultaneous defaults
are rare and can be dismissed. The finding of Das et al. (2007) along with Theorem
3.4.2 suggest that the general MRF dependence structures may provide a better way

to model real life default times.

e Last but not least, while the regression function of X; on X is linear in the context
of the classic model of Arnold (1983, 2015), Theorem 3.4.3 urges that the conditional
expectation E[X;| X} = y] is not in general linear in y(€ Ry ), thereby the Pearson’s

index of correlation may not be appropriate in the context of the MRF dependencies.

3.5 Applications in actuarial mathematics

In the sequel we consider two possible venues to utilize the results derived hitherto. To this
end, we note in passing that the functional H : X — [0, 00| is called a risk measure for
any risk r.v. X € X. Moreover, the aforementioned functional is an actuarial premium
calculation principle (p.c.p.) if the bound H[X] > E[X] holds for all X € X with finite

expectations.
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3.5.1 Risk measurement

Regulatory accords around the world require that insurance companies carry out extensive
and quantitatively sound assessments of their risks, and default risks are not an exception.
In this subsection we report expressions for arguably the most popular risk measure func-
tionals used nowadays in insurance industry when the risk portfolio is described by the MRF
structures.

The literature on risk measures is vast and growing quickly. The following two indices
have however earned an unprecedented amount of interest among both practitioners and

theoreticians.

Definition 3.5.1. Let X € X and fir ¢ € [0, 1), then the Value-at-Risk (VaR) and the

Conditional Tail Ezpectation (CTE) risk measures are respectively given by
VaR,[X] :=inf{z e R: P[X <z] > ¢} (3.5.1)

and

CTE,X] :=E[X| X > VaR,[X]]. (3.5.2)

In the context of the MRF risk portfolios, the VaR and the CTE risk measures are readily
obtained using Theorem 3.3.2. The proofs are omitted, as they are similar to the proofs of

Corollary 3.1 and Corollary 3.3 in Furman and Su (2015).

Proposition 3.5.1. Let X ~ Pa§ . (II)(o, &) as in Definition 3.3.1, then, fori=1,...,n,

77777

the Value-at-Risk risk measure is given by

VaR,[X;]| = 0; (1 —q) ™4 = 1), (3.5.3)
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and the Conditional Tail Expectation risk measure is, for {.; > 1, given by

CTE,X,] = E[Xi]ﬁxf(‘l/quq[Xi])

— E[X,] + VaR,[X]

+ VCLRq [XZ]

£c,i

&i—_l, (3-5.4)

where X} ~ Pa(II)(0;,&.; — 1).

If the r.v. X = (X1,...,X,,) represents a credit risk portfolio, then expressions (3.5.3) and
(3.5.4) are interpreted as the g-th quantile time of default and the average excess-of-the ¢-th
quantile time of default of the ¢-th risk component, i =1,... n.

As we have already mentioned, the minima and the maxima r.v.’s, X_ and X, respec-
tively, play an important role in the theory of credit risk and in insurance mathematics -
think, e.g., of the first and last default times - for the former subject, and of the joint and
last-survivor life statuses - for the latter subject. Next two propositions provide expressions
for the average excess-of-the g-th quantile time of first and last default. The proofs are again

similar to these in Furman and Su (2015) and are thus omitted.

Proposition 3.5.2. In the context of the MRF risk portfolios, the CTE risk measure of the

minima r.v. can be written, if finite and for g € [0, 1), as

Fx-(VaR,[X_])

CTE,X_|=E[X_] - + VaR,[X_],
where X* ~ Pa(ay (o), &0+ Q — 1), with
-1
l l+m 1
ar(o) = \/ /\ o |V \/ Z - :
j=1ieRC, j=l4+1 \ierc; °

and @ is an integer-valued and non-negative r.v. with the p.m.f. obtained from the p.m.f. of

K (Lemma 4.4.1) with the help of the following change of measure

. 1 U+
T T EX &yt k1

P, k=0,1,... (3.5.5)
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Proposition 3.5.3. In the context of the MRF risk portfolios, the CTE risk measure of the

mazxima r.v. can be written, if finite and for q € [0, 1), as the following linear combination

1 —
CTE[X.] = T > (FDETEXs [ Xs- > VaRy(X,)|Fs-(VaR, (X)),
SC{Ln}

where Xs_ = Nsesci1,..n}Xs and Xs_ ~ Fs_.

77777

We conclude this subsection by studying one more important index that aims at shedding
light on the effect of the interdependence between two random default times. The index was

referred to as the ‘solvency bonus’ in Furman and Su (2015).

Definition 3.5.2. Let X; and X} denote two possibly correlated random default times of two

business units i and k, where 1 <1 # k <n. Also, let y € R, be fized, then
Bly; Xi, Xi) = E[Xi| X, > y] — E[X]]

yields the change in the expected default time of i given that k has not defaulted and that 1
and k are parts of a risk portfolio rather than in the case when i is a stand alone business

unit.

A simple observation about the solvency bonus index is perhaps appropriate. Namely, if the
default times are independent(positively quadrant dependent), then (y; X;, X) = 0(>0),
respectively, for all y € R,. The former part of the assertion is straightforward, whereas the

latter part follows because

E[Xi1{X; > y}]

> E[Xi],

for any y € Ry (Lehmann, 1966).
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Proposition 3.5.4. Let i and k, 1 < i # k < n be two risk components with respective
default times X; and Xy. In the context of the MRF risk portfolios, the solvency bonus

function for the risk component i given that the risk component k has not defaulted is, for

gc,i > 1;

By; Xi, Xi)

o

y/Uk
241 c, Z7k 1>¢,(2 c, sz ?
gc,i,i(i,k) + Ye,(ik) — 1 ( (4,k) 14, (1,k) (4,k) 1+ y/Uk
=i my ek Ve, (G,
o; (1 + %) BRI (1 + 2%) o

y/ok
— Fu\ Yeikys i im T Velik)s T 57—
éc,i,@ + Ve, (i,k) — 1 241 <7 (1,k) gc,z,(z,k) e, (ik) 1+ 2y/0k>

=&, Ty Ve, (k)T ~Ye,(i,k)
o y TR ( y ) ( y/ox )
+ 1+ 2 1+27 Fu (Yer(onys 15 €y b
fc,¢—1< Uk) o 2F1 Ve, 13 6e 1+ 2y/oy,

0;

gc,i - 17

where y € Ry.

Proof. Employing (3.4.1), we obtain that, for y € R4,

E[X;| X, > y| = / P[X; > x| Xy > yldz

R+
= / G (1'/% Y/0k; &ty —Velik)s %,(z,k)) dx (3.5.6)
R
- /T_y G ($/0i7y/0k; Eeilimy _'70,(1',19)7'707(1',1:)) dx (3.5.7)
i
+ [,-y G (5’3/% Y/ow; &im T etk —Eeik)s %,(i,k)) dz. (3.5.8)

9k

In order to compute (3.5.6), we use Expression (3.197(5)) in Gradshteyn and Ryzhik (2014)

and obtain that

—bo
_ x
G(x,y; by, —by, by)dx :/ 1—|—x_b1(1—|— ) dx
JRRCCES [0+ o

1 Y
= | Do, 1501 + bo; ,
b by — 17 1(2 1 21—|—y)
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whereas to compute the other two integrals, i.e., (3.5.7) and (3.5.8), we use Expression

(3.197(1)) in Gradshteyn and Ryzhik (2014) and have the following string of expressions

/ G(x,y; by, —by, by)dz = (1+y)b2/ (14+2) " (14+z+y) Pde

- (1—|—y)b2/ I+a4+2)"Q4+z+y+2) "de
0

1 -
= o A T Ay )
Y
Fy{ ba, 1561 + by —————
X 2 1(2, 01+ 271+y—|—2)7

where z € R, and y € R,. This, along with the formula for E[X] that has been derived in

Theorem 3.3.2, completes the proof. n

3.5.2 Pricing

Actuarial p.c.p.’s traditionally hinge only on the c.d.f. of X € X. This property has been
well-known in the literature as ‘objectiveness’ (Denuit et al., 2005) or ‘conditional state inde-
pendence’ (Biihlmann, 1980, 1984). Such approach, which frequently allows for quantitative
tractability, is somewhat unrealistic as it neglects the dependence of the premium on, e.g.,
insurer’s financial position and attitude, general conditions of the economy, other risks. As a
result some authors Bithlmann (1980, 1984); Deprez and Gerber (1985); Furman and Zitikis
(2009) have suggested to use the so-called economic p.c.p. functional IT : X x X — [0, o0},
where the first coordinate X € X in the functional TI[X, Y] is the risk to be priced, and
the second coordinate Y € X is the leverage risk, an overall risk or, speaking generally, any

random variable of interest to the insurer that affects the price of X.

Definition 3.5.3. Let X;, X}, be two risks in X, then the Economic CTE p.c.p. is formulated
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as

CTE,[X;, Xk :=E[X;| Xk > VaR,[X}]]
where g € 0, 1) and Xy has finite expectation.

For the following proposition, the MRF r.v. X = (Xj,...,X,) is interpreted as a
risk portfolio with heavy tailed risk components measured in money units. All the rest is

essentially the same as in Proposition 3.5.4.

Proposition 3.5.5. Let (X;, X3)" ~ Pa§ (0, a,7), then the economic CTE p.c.p. of X;

with the r.v. Xy serving as the leverage or background risk is, for ., > 1 and q € [0, 1),

CTE,[X;, Xk

0;

VaR, [Y]/O’k
= Fi (Ve in)- L€ T Veuik)s 1
Eeilimy T+ Verid) — 12 1< (R Sed(ik) TO@R TV R TV] o,

o (1 + _V“Rq[Y]>(ﬁc,i,(i,mvc,(ivk))ﬂ (1 n 2vaRq[y]>*%,(i,k)

Ok Ok

Ceiimy T Velik) — 1
VaR,[Y]/ow
X F c, (i 717 i (i k) c,(1,k)5 .
o (”y (60 T3 Sy Ve 1+ 2VaR,[Y]/o
; VaR. Y =& sy Ve (ik) HL VaR.[Y1\ etk

fc,i - Tk "
VaR,[Y]/ok
F c.(i ,1, c,is : '
X ol (7 (k) 15 &e, 1+ 2VaR,[Y]/ok

3.6 Conclusions

The latest Solvency II directives require the insurers to recognize the interdependences within
and among different liability classes. This new paradigm arguably brings to an end the indis-
putable role of the assumption of independence that has shaped both research and applica-

tions in actuarial science and general quantitative risk management in the 20th century. The
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choice of an appropriate probability dependence model is however not an easy call. Indeed,
while there exists only one way to describe stochastic independence, the forms of stochastic
dependence are infinite.

In this paper we have introduced a new class of Multiple Risk Factor dependence struc-
tures. On the one hand, these structures emerge as an extension of the popular CreditRisk™
approach, and as such they formally describe default risk portfolios exposed to an arbitrary
number of fatal risk factors with conditionally exponential hitting times that can be indepen-
dent, positively dependent and fully comonotonic. On the other hand, the MRF structures
can be viewed as a quite general family of multivariate probability distributions with Pareto
of the 2nd kind univariate margins, and in this capacity, they can model risk portfolios of
(insurance) losses with heavy-tailed and positively dependent risk components.

It often happens in mathematical sciences that generalizing an object highlights the
essence of the matter and helps to understand it better. By generalizing the classical mul-
tivariate Pareto distribution of Arnold (1983, 2015) as well as the recently introduced ones
of Chiragiev and Landsman (2009), in this paper we have extended the range of attainable
Pearson’s correlations to the entire [0, 1] interval and complemented some formal dependence
analysis. As factor models have been known to produce under-correlated default times, the
MRF structures introduced and studied herein may provide a possible route to ‘inject the
required amounts of extra correlation’, and they may thereby become of interest to banks,
credit unions and insurance companies. In addition, as the new realms of excessively prudent
risk management make particular effort to model non-hedgeable and heavy tailed risks, the
family of MRF multivariate distributions may be of interest well beyond the context of credit

risk.
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Chapter 4

Multiple risk factor dependence structures:
Related copulas and applications in de-

fault risk

In this chapter, we use doubly stochastic Poisson processes to explore the class of copula
functions that underlie the multiple risk factor dependence structures discussed in Chapter

3. This chapter has been submitted for publication with Edward Furman.
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MULTIPLE RISK FACTOR DEPENDENCE STRUCTURES: RELATED

COPULAS AND APPLICATIONS IN DEFAULT RISK

Abstract.

Copulas have become an important element of best practice Enterprise Risk
Management, displacing in many contexts other more conservative approaches
to modelling stochastic dependence. Choosing the ‘right’ copula is however not
an easy task, and the temptation to make a decision in favour of a tractable
rather than a meaningful copula is high. The use of the Gaussian copula to price

the collateralized debt obligations is arguably the most illuminating example.

A ‘good’ copula should conform to a problem at hand, be asymmetric and exhibit
some extent of tail dependence. In this paper we introduce and study a new class
of Multiple Risk Factor (MRF) copula functions, which we show are exactly
such. Namely, we demonstrate that the MRF copulas arise from a number of
default risk specifications with stochastic default barrier and are in general non-
exchangeable in their domain of definition as well as in the tail behaviour. The
MRF copulas cover the full range of non-negative dependence and are quite

tractable analytically.

An important property that sets the MRF copulas apart from many other depen-
dence structures employed in the modern theory and practice of default risk is
the capability to allow for non-zero probabilities of simultaneous default. Speak-
ing formally, this becomes feasible because the MRF copulas are not absolutely

continuous with respect to the corresponding Lebesgue measure. Appealing to
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the language of credit risk, this is a direct outcome of the inclusion of systemic
risk factors having fully comonotonic hitting times. One way or the other, this
special characteristic contributes to the effectiveness of the MRF copulas when
modelling the clustering of real world defaults. As the CreditRisk™ approach has
been criticized for underestimating the just-mentioned clustering, we hope that

the MRF copulas may serve as a reasonable substitution.

Keywords and phrases: Multivariate distributions, (tail) dependence, singular-
ity, generalized Archimedean copula, Marshall-Olkin copula, credit risk, factor

models.
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4.1 Introduction

There is only one way to formulate stochastic independence, whereas the shapes of stochastic
dependence are infinite. Nowadays, dependence is often modelled using copulas, which have
become a well established mathematical tool in actuarial and financial research and practice
(Frees et al., 1996; McNeil et al., 2005; Frees and Wang, 2006; Embrechts, 2009; Frees,
2009; Jaworski et al., 2013, 2010; and references therein), as well as in many other areas
such as economics (Patton, 2012), medicine (Nikoloulopoulos and Karlis, 2008), reliability
engineering and life sciences (Balakrishnan and Lai, 2009), and so on. Briefly, an n(e N)-
variate function C' : [0,1]" — [0,1] is a copula if it is grounded, n-increasing, and have
uniform margins (Nelsen, 2006).

Copulas are beautiful mathematical constructions, however with the tractability comes a
price. While we must choose a copula depending on the problem at hand, this choice is rather
vague. As a result, practitioners often choose copulas based on mathematical convenience,
rather than meaningful connections to the phenomena they model. This is because these
connections are often very difficult to find. Luckily there are exceptions.

Consider spouses that purchase a life insurance. The joint future lifetimes of the couple
may be modelled by the bivariate random variable (r.v.) (71, 72)’, such that 7 = 1E), A
Ey\, and 1o = oE)\, A\ E),, where 1E),, oF), and £, are all exponentially distributed and
stochastically independent r.v.’s. The set-up is known as ‘common-shock’, and it is quite
popular in life insurance mathematics. The formal structure is well connected to reality,
as the spouses may die either at independent future times ;F), and oF), - as a result
of individual mortality, or simultaneously (fully comonotonically) - as a result of, e g., a

natural disaster, car accident or another common shock risk factor. The joint survivorship
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probability, that is the decumulative distribution function (d.d.f.) is then Marshall and Olkin
(1967)

Plr > s, 7 > t] = exp{—A15 — Aot — A\o(s V 1)}, where s,t € Ry 1,

and, a routine application of Sklar’s theorem (Sklar, 1959), shows that the corresponding

bivariate copula function (Cherubini et al., 2013) is given by
C(u,v) = w0/ Gty A yl=20/Catroly, - where u, v € [0, 1].

In summary, the bivariate Marshall-Olkin copula above and more generally its multivari-
ate counterpart, can be mapped to a meaningful stochastic representation, which, in turn,
describes a real world phenomenon of interest to actuaries.

Alternatively, let (11, 72) represent a risk portfolio of two conditionally independent
and exponentially distributed default times. That is, assume that 7y = (F) and 7 =
o F\ conditionally on a r.v. A, which is independent on both exponentials and distributed
gamma with shape parameter v € R, and unit scale parameter. The unconditional times
of occurrence, in the sequel - hitting times, are thus positively quadrant dependent (PQD)
(Lehmann, 1966). The set-up thereby shapes to a simplification of the CreditRisk* approach
to modelling the risk of default (Bielecki and Rutkowski, 2004). The corresponding joint

d.d.f. is then (Arnold, 1983, 2015)
Plr >s, 7>t]=(1+s+t)", where s,t € Rg 4,

whereas a direct use of Sklar’s theorem yields the following Clayton copula (Joe, 1997)
Clu,v) = (u"+v7 = 1)_1M, where u,v € [0, 1].

The ideas can be easily extended to higher dimensions. Hence, similarly to the Marshall-

Olkin copulas, the Clayton copulas admit a stochastic representation that is meaningful to
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(credit) risk professionals.

The goal of this paper is to introduce and study yet another class of copula functions
that arise from the realms of Enterprise Risk Management (ERM). More specifically, we
generalize the somewhat ‘distributional’ ideas in Furman and Su (2015b) and translate them
into the language of copulas. Speaking shortly, the resulting Multiple Risk Factor (MRF)
dependencies emerge as an extension of the CreditRiskt approach already mentioned above.
As elucidated by their stochastic representation, the MRF dependencies describe default
risk portfolios exposed to an arbitrary number of fatal risk factors having conditionally
exponential hitting times that can be independent, fully comonotonic or positively orthant
dependent (POD) (Lehmann, 1966). Besides the meaningful stochastic representations, the
class of MRF copulas is quite encompassing, and it is able to unify the unrelated at the
first glance classes of Marshall-Olkin and Archimedean copulas. Also, the MRF copulas are
flexible in that they are in general non-exchangeable, cover the entire range of non-negative
dependence and allow for a great variety of tail dependences. Importantly, in spite of the
impressive generality, the MRF copulas are often sufficiently tractable analytically.

The rest of the paper is organized as follows. In Section 4.2 we generalize the ideas in
Furman and Su (2015b) and introduce the MRF copulas in their most general form along
with the various links to default specifications having stochastic default barriers. One of the
interesting facets of the MRF copulas, is the fact that they are not absolutely continuous,
thus allowing for a non-zero probability of simultaneous default. Using the language of
credit risk, this is achieved by the inclusion of the risk factors with fully comonotonic hitting
times. We study the phenomenon of simultaneous default generally in Section 4.3, and we
specialize the discussion to the context of the Clayton subclass of the MRF copulas in Section

4.4, where we also study the dependence properties of these copulas thoroughly. Last but
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not least, we explore the extremal (tail) dependence behaviour of the Clayton MRF copulas
in Section 4.5, where we make use of both the classic indices of tail dependence and the new
notion of maximal tail dependence introduced recently in Furman et al. (2015b). Section 4.6

concludes the paper.

4.2 Construction of the multiple risk factor copula functions and

some basic properties

Imagine a risk portfolio (r.p.) that consists of n(€ N) risk components (r.c.’s) with the
labels in the set {1,...,n}. Let X := (Xy,...,X,,) denote a r.v. with the i-th coordinate
interpreted as the default time of the ¢-th r.c. with ¢ = 1,...,n, and assume that each r.c.
is exposed to some of (or all of) (I +m) fatal risk factors (r.f.’s) of which I(€ N) r.f.’s have
fully-comonotonic hitting times and m(€ N) r.f.’s have POD hitting times.

In Furman and Su (2015b) we introduced the block matrix ¢ := (¢!, ¢™) € Mat,,x(11m)(1)
with entries in 1 := {0, 1}, which described the exposure of the r.p. {1,...,n} to the distinct
r.f’s {1,...,l4+m} (c was deterministic and in practice set by the senior risk management).
In addition, we introduced the sets RF := {j € {1,...,1} : ¢, =1}, RF} == {j €
{U+1,...;l+m}: ¢ =1} and RF; = RFLURFT that contained the r.f.’s that ‘hit’ the
i-th r.c., ¢ = 1,...,n. Similarly, we denoted by RC; := {i € {1,...,n} : ¢ ; = 1} the set
that contained all the r.c.’s that were hit by the j-th r.f., j =1,..., [+ m.

To make the distributional structure underlying the aforementioned set-up tractable,
in Furman and Su (2015b) we assumed that the hitting times of the r.f’s in {1,...,l}
and the hitting times of the r.f’s in {l + 1,...,] + m} were, respectively, conditionally

fully-comonotonic and conditionally independent exponentially distributed r.v.’s, succinctly
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Ex,...,Ex and ;B ,...,:E\,,, where i =1,...,n. The desired dependent hitting times
were then obtained with the help of the so called mixture operator ‘x’ , which was such that
given two appropriately jointly measurable r.v.’s Xz ~ C(f) with f € BC R and B ~ H,
the r.v. Xgx* B had the same distribution as Xp, or notationally Xz B 4 Xp, where we of
course assumed that the r.v. B had its range in B.

Keeping the set-up above in mind and driven by the general interest to explore encom-
passing yet tractable multivariate dependence structures, in Furman and Su (2015b) we

introduced and studied the class of MRF models that admitted the following stochastic

representation, for Y; := /\jeRfm iy, and Z; := /\jeR]-‘l. Ey,,

where A; ~ Ga(&;,1) were stochastically independent and gamma distributed r.v.’s with
shape parameters ;(€ R.;) and unit scale parameters, 0; € Ry and ¢ = 1,...,n, j =
L,...,l+m. Among other findings, we showed that the joint d.d.f. of X = (Xy,...,X,)

was given by

=& —&;
l l+m
— T; Z;
F(:vl,...,xn):H 1+ \/ —l H 1—1—2—2_ , (w1, 2,) € RE
j=1 i€RC; i j=l+1 i€RC; i

(4.2.2)
which unified, e.g., the classical multivariate Pareto of Arnold (1983, 2015) as well as the
structures with univariate Pareto margins introduced in Chiragiev and Landsman (2009) and
Asimit et al. (2010). Also, as stochastic representation (4.2.1) revealed the common-shock
facet of d.d.f. (4.2.2), we made links to notions of interest in actuarial risk management
(ARM) and, more generally, ERM.

An alternative way to arrive at (4.2.2) is via doubly stochastic Poisson processes (King-

man, 1964), and this is exactly the way that we explore in the present work. More specif-
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ically, for © = 1,...,n, let Ny, 7 = 1,...,0 and ;Nyy, j = [+ 1,...,1 + m denote

stochastically independent homogeneous Poisson processes with intensities \;t such that

P[Ny,s = 0] = P[E), > t] and P[;Ny,, = 0] = P[;E,, > t] for any time ¢ € Ro . Then set
=infqtE€Rey: Y iNayp+ Y Nag>0 (4.2.3)

JERF! JERFT

to represent the default time of the i-th r.c., where A;, j € RF; are positive r.v.’s and

i =1,...,n. Given that the coordinates of the vector A := (Ay,..., Aj1,,) are stochastically

independent, it is easy to show that, for ¢ € Ry 1, the marginal survival probability of 7; is

Si(t)=P[r,>t] = E [P Z Nyt + Z iNAjt_O‘A

JERF! JERFT

= [ PIEs, >4 [] PLEs, >1
JERF! JERFT

= I va® TI a0 =5, (), (4.2.4)

JERF! JERF
where ¥, (t) = E[e™'] denotes the Laplace-Stieltjes transform of Aj, j=1,...,l+m. In
a similar fashion and with a bit of an effort, we show that, fort;, € Ry, i =1,...,nand A

as before, the joint survival probability is

S(tl,...,tn) = P[Tl >t,..., Ty >tn]

= E|P|D Y Nuut+> > Z-NA].tizo‘A
| i:1 jE'R]:l- =1 jJERF
[ [ l+m
- E|P ZZNM*Z > iNay, =0 ‘
| ] 14i€RC; Jj=l+1i€RC;
Il+m
:HP Ey,> \ ti| I P|[) iEs >t
i€RC, j=l+1 ieRC;
l l+m
= IIvn | V ) I] ¥n | D &) (4.2.5)
j=1 i€RC; j=l+1 i€RC;
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As a result, since for A; ~ Ga(&;, 1), the Laplace transform is ¢, (t) = (1 +¢)7%, t € Ro 4,
we readily have that the r.v.’s (Xi/oy,...,X,/0,) and (7,...,7,)" belong to the same
multivariate family of distributions.

In practice, the mixed (doubly stochastic) Poisson processes that generate defaults must
not be necessarily homogeneous. Namely, we may be interested in A;(¢), t € Ry, j =
1,...,l4+ m being right continuous and increasing stochastic processes such that A;(0) = 0.

In this section, we are interested in the following generalization of (4.2.3)

ro=infeteRo Y Naw+ Y. iNaw>0p, (4.2.6)
JERF! JERF"
where i = 1,...,n. The d.d.f. of 7; as well as the joint d.d.f. of (7y,...,7,)" are formulated in

the next theorem. The proofs are omitted, as they mimic the derivations that led to (4.2.4)
and (4.2.5). Here and throughout ¢x(x) denotes the Laplace-Stieltjes transform of the r.v.

Xatzxe X CR.

Theorem 4.2.1. For default specification (4.2.6) and assuming that A;(t), t € Ry are
right continuous and increasing stochastic processes with A;(0) =0, j =1,...,1+m, the

marginal survival probability of the i-th r.c. is given by

Silt) = U5,y A0 (1), (4.2.7)

fori=1,...,n. Also, the joint survivorship probability of the portfolio {1,...,n} is formu-

lated as
l +m
Sltr-tn) = [T 00, 0icne, 0TI 95 cne, s (D), (4.2.8)
j=1 j=l+1

wheret; € Ry 4, i1 =1,...,n.
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We next show that the general form of the MRF dependencies, and hence (4.2.6), admit
the so called default specification with stochastic default barrier. To this end, let, for i =

1,...,nand t € Ry,

CHOEY I, 50) T > A1), (4.2.9)

JERFL JERFT

where (Jacod and Shiryaev, 1987)

0, Nyw=0
1% =
{NA; (>0} -

oQ, NAj(t) >0

Theorem 4.2.2. Let ;E, and U;, ©+ = 1,...,n denote stochastically independent r.v.’s that
are, respectively, exponentially distributed with unit scale parameters and uniformly dis-

tributed on [0, 1]. Then the following stochastic default specifications are equivalent mutually

as well as to (4.2.6)

D1.) exponential default barrier representation

T; = inf {t < RO,-l— : @1(75) Z 1E1}, (4210)

D2.) uniform default barrier representation

T, = mf{t € RO,JF . exp{—@l(t)} < UZ} (4211)

Proof. As the equivalence of D2 and D1 is trivial, we only prove that D1 is equivalent to
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(4.2.6). By conditioning, we have that, for t; € Ry +,i=1,...,n,

5 (et

= P |:1E1 > @1(t1>, . 7nE1 > @n(tn)

- HeXp - Z {NA >0 T Z Ay
i=1

Aj(ti),NAj(ti),i: 1,...,n,j: 1,,l+m)

Aj@i)’NAj(ti),i: L,...,ng=1,....,l+m

JERF! JERFT
l l+m
- Hexp o Z I??VA]-(ti)>0} H €Xpq — Z Aj(t’)
7=1 iGRCj Jj=l+1 ’iERCj
Consequently, the unconditional joint survival function is given, for ¢; € Ro 4,2 =1,...,n,
by
S(tl,...,tn) - E |:Sl ..... n (tl,...,tn A]<tl)7NAJ(tZ)7Z - 1,...,?7,7j - 1,,l—i—m)}
l I+m
j=1 i€RC, j=l+1 I€RC;
since
E lexp 4 — Z I?])VAj(ti)>0} =P ﬂ { ?ONAj(ti)>0} - O}
| iGRCj ’iGRCj
= PdNy |\ ] =00 =E |exp{—A; | \/ &
| iERCj iERCj

Finally, by rewriting (4.2.12) in terms of the Laplace-Stieltjes transforms of A;(t), we obtain

joint survival function (4.2.8). This completes the proof. O]

We note in passing that default specifications with stochastic barriers a la D1 have
been discussed in, e.g., Lando (2004), Escobar et al. (2012), Skoglund and Chen (2015)
and references therein. Interestingly, D1 reduces to an extent the complexity involved in

simulating the r.v.’s 7,...,7,. Indeed, note that according to (4.2.9) and concentrating on
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the r.f.’s with POD hitting times, we have that in order to simulate 7;, i = 1,...,n it is only
necessary to simulate at most m sample paths of the stochastic processes A;(t), j € RF T
as well as one exponential r.v. with unit scale, whereas the stochastic representations in
Furman and Su (2015b) required an n x m array of such exponentials.

On a different note, default specification D2 is of special interest in the present paper as

the next theorem hints. Let S; : [0, 1] — R := [0, oo be a function, such that

S (u) :=inf{x € Ry y : S(v) < u},

7

where u € [0, 1] and inf{()} = oo by convention. The function S; is called the generalized
inverse of S;, and as such it is equal to the usual inverse S; '(u) if the survival function is

continuous (Embrechts and Hofert, 2013).

Theorem 4.2.3. The copula function C : [0, 1™ — [0, 1] that corresponds to the general

MRF dependence structures is given, for u; € [0, 1], i =1,...,n, by

+m

l
Clur, -y un) = [ T¥n,vne, st @) T 95, s an@): (42.13)
j=1 j=l+1

where S;”(u) is a (generalized) inverse of Si(t) = Vs>, ., a;4)(1) and t € Ro 4.

The proof of the theorem is omitted, as it is a direct consequence of Sklar’s theorem (Sklar,
1959) and Theorem 4.2.1.

General forms of MRF copulas can be used in practice to model dependent default times
or, more generally, dependent risks in the context of the ERM. Indeed, copulas (4.2.13)
admit default time specifications (4.2.6), (4.2.10) and (4.2.11) and cover the full range of
non-negative dependence (Section 4.4). More specifically, they reduce to the product copula
and the Fréchet upper bound copula, if there are only idiosyncratic r.f’s j € {1,...,l+m:

> ierc; = 1} and only systemic r.f’s j € {1,...,1: Zz‘encg = n}, respectively, included.
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In addition, copulas (4.2.13) are non-exchangeable unless the exposure matrix c is such that
cj=-=¢cp forallj=1,....1+m.

Notwithstanding, the MRF copulas in their most general form are somewhat too abstract
to be tackled analytically. As it often happens, some simplifying assumptions are necessary.
For instance, it is possible to consider a class of linear stochastic processes Ajt, j =1,... [+

m, only. In such a case, (4.2.13) yields the following class of copula functions

l l+m
—1 —1
CV(“l? s 7un) = H ¢Aj \/ 1/}Zj€72_7-‘~ Aj (ul) H @DAJ- Z @ZJZERF A (ul) )
j=1 i€RC; ‘ j=l+1 i€RC; ’

(4.2.14)

where u; € [0,1] and i = 1,...,n. A simplification of (4.2.13), the subclass of MRF copulas
in (4.2.14) is rich enough to unify the well-known Archimedean and Marshall-Olkin classes
of copula functions. In fact, we have that (4.2.14) introduces a class of non-exchangeable
Archimedean copulas and coincides with the class of the Marshall-Olkin copulas, if the sets
RC; contain at least two elements for some j € {I + 1,...,l 4+ m} and j € {1,...,},
respectively. Moreover, we have that (4.2.14) simplifies to the product copula if the sets RC;
have at most one element for all j € {1....,l+ m}, and it reaches the Fréchet upper bound
copula if the cardinalities of the sets RC;, j € {1,...,l} coincide with the dimension of the
copula whereas these sets are empty for all other risk factors.

The following theorem establishes a characteristic representation of MRF copulas (4.2.14)

a la the popular common-shock (Asimit et al., 2010; Furman and Su, 2015a,b).

Theorem 4.2.4. For i = 1,...,n, let V;, 7 = 1,...;0l and ;V;, j =1+ 1,....;1+m

denote a sequence of independent Uniform|0,1] r.v.’s. Then the r.v. U = (Uy,...,U,) has
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cumulative distribution function (c.d.f.) (4.2.14) if and only if

v=| zﬁ(—%) VIV w(-%) . (4.2.15)

JERFL JERF

Proof. To prove the ‘if” part, note that, for u; € [0, 1], i =1,...,n, the c.d.f. of U is

P[UlSUl,-.-,UnSUn]

- P ﬂ M < —@/J-_I(Ui) and ﬂ In;V;) < —@Z)Z_l(uz) forallt=1,...,n

| jerF! A JERFM A;
N N T A | B (- N T S B
= m A] >~ = ¢z (uz> ﬂ ﬂ A] —_wz (ul) )
Jj=1 1€RC; Jj=I+1i€RC;

| /=1 AJ i€ERC; ] j=1 i€ERC;
[ !
= E H \/ AjpyH(ws) :HwAj \/ i (ui)
7j=1 i€RC; 7j=1 1€ERC;
and similarly
[ 1+m I+m
1 In(;V;
PN NS b =elp{ N N H(A]?) <~y ) b |A
Jj=I+13i€RC; Jj=I+13i€RC;
[ 1+m I+m
= E H exp —Aj Z 1/11_1(%) = H @DAJ- Z %_1(“1)
| j=l+1 IERC, j=l+1 iERC;

Hence the joint c.d.f. of U coincides with (4.2.14). The ‘only if’ part follows by the uniqueness

of the Laplace-Stieltjes transform. This completes the proof. m

We conclude this section with some references. Namely, we note that the class of
Archimedean copulas has been extensively used in the context of credit risk in, e.g., Hull and

White (2006), Choudhry (2010), Puzanova (2011), Rosch and Scheule (2013) and references
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therein, as well as in general ERM in, e.g., Kole et al. (2007), Staudt (2010), Sandstrom
(2010). Also, the class of Marshall-Olkin copulas has been recently suggested for applica-
tions in credit risk in Cherubini et al. (2013), and its applications to insurance mathematics

were presented in Bowers et al. (1997).

4.3 Probability of simultaneous default

D.d.f. (4.2.2) is not absolutely continuous with respect to the Lebesgue measure on Ry |,
and as a result, default specifications (4.2.3), (4.2.6), (4.2.10) and (4.2.11) as well as copula
functions (4.2.13) and (4.2.14) allow for non-zero probabilities of simultaneous default. One
empirical justification for accommodating this phenomenon is the famous example of 24 rail-
way firms defaulting on June 21, 1970 (Azizpour and Giesecke, 2008), another justification,
that is somewhat more theoretical, is the conclusion of Das et al. (2007) that the mixed
Poisson processes approach tends to underestimate the clustering of real world defaults.
We next formulate the probability of simultaneous default for the general MRF depen-
dencies discussed in the previous section. To this end, we need to introduce some more
notations (Furman and Su, 2015b). First, we find useful to break the vector parameter & =
(&1, -+, &am) as following & := (&, ') where a := (aq,...,q) and v := (Vig1, - -+, YViem) -

Then, for 2 < k < n, we denote the set of all risk factors that ‘attack’ the sub-portfolio
{ila- .. ,Zk} by

RFis,ir =17 €{l,....,l+m}: ¢, ; =1 for at least one i), € {i1,...,ix}}, (4.3.1)
and we note that it is a union of two disjoint sets, that is of

R-F(zl 77777 i) {j S {1, cee ,l+m} PGy = 1 for all 7;, € {il, . ,Zk}} (432)
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and

R.F(Zl 77777 in) - R./T'-Zl ,,,,, ik \RF(“ ..... ik): (433)
Also, let, for 1 <h <k and 2 <k <n,
R‘Fih,i(il ..... %) = R,th \Rf(n 77777 i) (434)

Based on the notations above, we can have general sums of the form [, = ZjeRF. 0,

where ‘[’ can be a parameter, e.g., a, v, £ or ar.v., e.g., A, and ‘@’ is any one of iy,..., i,
(11, -, 1k), (i1,...,9) and ip, (i1,...,7). We note in passing that if the sum of interest is
over the coordinates of & = (avy, ..., qq) or v = (Y41, - -+, Yiem)', we add superscripts ‘I’ or

‘m’, respectively to sets (4.3.1) - (4.3.4).

Let, for t € Ry 4.

A(t) = > Nyp>0and Y Ny =0p. (4.3.5)

je’R]—'l(il ..... i) jER]:l(il ,,,,, i)
Theorem 4.3.1. Consider default specification (4.2.6) with A;(t) such that, for all j =
1,...,l4+m, it holds that P[A;(t) < oo, t € Ry 4] =1, and let {4y, ..., i} establish an index

set with 2 < k < n, then the probability of simultaneous default is given by

Plr — 1] = /R PAD] I wnw® I tae(RE
0,+ ) a
G T ik

(4.3.6)
where | - | denotes set’s cardinality.

Proof. Since the non-zero probability of simultaneous default can only come from the risk

factors in RF%, i = 1,...,n, we obtain, for any + € Rg, and by conditioning on A(t) :=
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~ |l N > Mot X =004 | {]aw)

JERF™

- I plve-dhe] TIPS N -oan|plamae)

IR e JERFY, iRy |
Consequently, for any t € Ry 4,
Plr, = =7, =1 =PlAQ] [[ ¢so® ][] vao(RC).
jeR]-‘l( k) JERF oo
The proof is then completed by integration over all ¢ € Ry ;. O

Under an additional assumption of linearity of the stochastic intensity processes, the

probability of simultaneous default can be simplified as follows.

Corollary 4.3.1. Let Aj(t) = Ajt forallj =1,....,l4+m and t € Ry and leave the rest
of the set-up of Theorem 4.5.1 unchanged, then the probability of simultaneous default of the

sub-portfolio {iy, ..., i} is given by

!
o (i1,-y0K)

P[Tll - - = Tzk] - E A’lLl .... ik + ]\;717' 7777 Zk] 9 (4 3 7)
where Al(il ,,,,, i) ZjER]:lz‘l ,,,,, ) 0’ Ail 77777 i ZJER]:ln ,,,,, i% A]’ AZL """ ke ZJER]:m AAAAA i AJIRC]|
and | - | stands for set’s cardinality.

Proof. Under the assumption of linearity, we obviously have that, for j = 1,...,l +m and
te RO,+7

Va;0)(1) = Pa, (t) = P[Ey, > 1],
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as well as that

P{A@)}] = E

. 1 . 1 . [
]ER}-(il ~~~~~ ig) JGRF(’i1¢~~-,ik) JER}-(il ----- ig)

Consequently, denoting by L; the c.d.f. of the r.v. A;, the integrand in (4.3.6) reduces to

/R /Rnﬂ-l ,,,,, i Z Ajexp q — Z Aj+ Z NIRC;| |t o d H
0,+ )

0+ jER}—l(il ..... i%) jeR}—él ,,,,, ig

/ ZjER.Flil ,,,,, i) )\j d H - ()\ )
Ry, k] ZjGRfél o -

.....

This completes the proof. O

Unless very special cases are of interest, e.g., when the set of the r.f.’s having fully-

l

comonotonic hitting times is empty (RF(;, ;) = 0) or when the set of the r.f.’s having

POD hitting times is empty (RF(,

015yl

) = () and in addition the r.v.’s A;, 7 € RFi, i,
follow favourable probability distributions (Section 4.4), even expression (4.3.7) is somewhat
involved to be handled analytically. It is however possible to use Corollary 4.3.1 to compute
the probability of simultaneous default employing Monte-Carlo simulations.

We have hitherto derived a number of important results in the context of the general
form of the MRF dependencies as well as in the special case when the stochastic intensity
processes are linear. However, in order to obtain insights into such higher level characteristics
of the new dependence structures, as, e.g., measures of rank correlation and indices of tail
dependence, further simplifications are required. In the sequel, we assume that the r.v.’s A;
are stochastically independent and distributed gamma with shape parameters §; and unit

scales, 7 = 1,...,l + m. The above choice of the distribution of A; may seem ad hoc at

the first glance, but it is well motivated by the CreditRisk™ approach, which serves as one
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of the most popular ways to model default risk in the modern practice of credit risk. This
assumption gives birth to the Clayton subclass of the MRF dependencies.
4.4 Clayton Multiple Risk Factor copula functions

Let A; ~ Ga(&, 1), j = 1,...,1 + m denote (I + m) stochastically independent r.v.’s

distributed gamma. Then the probability density function of A; is

A&t
fa,(8,1) =e? . AeR,, 4.4.1
and the corresponding Laplace transform is
U, (x) = (1+2)", v € Ry, (4.4.2)

This immediately establishes that gamma distributions are infinitely divisible and so closed
under convolutions, i.e., in our case, we have that A := Ay +--- 4+ A, is distributed Ga(¢, 1),
where £ = & + --- + &,. Importantly, even if the scale parameters are not equal, the
convolution will still be a gamma but with a random shape parameter. This is formulated
in the following lemma.

Let K be an integer valued non-negative r.v. with the probability mass function (p.m.f.)

pr := P[K = k], which is given by

pr=cy0, K=0,1,..., (4.4.3)
where
n &i
0;
=11(7)
and

l
L TG (1= )t k=12,
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Lemma 4.4.1 (Moschopoulos, 1985, also, Furman and Landsman, 2005). Let A; ~ Ga(&;(€
R,), oi(€ Ry)), i =1,...,n denote gamma distributed and independent stochastically r.v.’s
with arbitrary shape and scale parameters, and let A = Ay + --- + A,, be their convolution.
Then A ~ Ga(§ + K, 01), where § =& + -+ &,, 04 = VI 0; and K is an integer valued

non-negative r.v. with p.m.f. (4.4.3).

We note in passing that if oy = --- = 0, then K = 0 almost surely, and the findings of the
lemma reduce to the simple convolution of gamma distributed r.v.’s with a common scale
parameter.

We further introduce the Clayton subclass of MRF dependencies. The definition below
follows from (4.2.14) and (4.4.2). We remind that the doubly stochastic Poisson approach
with gamma distributed intensity processes has been adapted in CreditRisk™t, and, as such, it
is arguably one of the most popular ways to model dependent defaults in nowadays credit risk
practice. The method has been often criticized for underestimating the clustering of defaults’
occurrences (Das et al., 2007). We note that the Clayton MRF dependencies augment the
POD hitting times of the r.f.’s in CreditRisk™ with the fully comonotonic hitting times of
the so called systemic r.f.’s. This allows for a mechanism to model the clustering of defaults

more accurately and may thus resolve to an extent the aforementioned drawback.

Definition 4.4.1. Copula functions C¢ : [0,1]" — [0, 1], parametrized by the deterministic
vector & = (&1, ..., &um) withE; € Ry, j=1,...,14+m, are called the Clayton MRF copulas
of

¢,

& l+m 1
Ce(ur,...oun) = [T N\ w I |1+ D <u o —1) , (4.4.4)

j=1 1€ Cj j=l+1 ’iERCj

where u; € [0,1] and §e; =3 ;cpr, & fori=1,...,n.
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It is easy to see that, for a fixed dimension and (uq,...,u,) € [0, 1],
e if the sets RC; contain at most one element for all j € {1,...,1+ m}, then
Ce(uq, ... ,u,) = ﬁ w; := (uq, ..., u,) - the product copula;
i=1
o if [RC;| =n for some j € {1,...,l} and are zero otherwise, then

n
Ce(u, ... ,uy) = /\ w; := M(uq, ..., u,) - the Fréchet upper bound copula;
=1

o if [RC;| =n for some j € {{+1,...,m+ [} and are zero otherwise, then

n 1 751:,(1 ..... n)
Se,(Lyein
1+ E (uZ () —1)] = Cy(ug, ..., uy)
i=1

- the Clayton Archimedean copula;

Ce(u, ... ,uy) =

o if the sets RC; have at least one element for j € {1,...,[} and are empty sets otherwise,
then
l aj
Ce(ug, ..., up) = H /\ u; " = Cq(uq, ..., u,) - the Marshall-Olkin copula.
7j=1 iERCj

The closure under convolutions property of the r.v.’s distributed gamma, and more gen-
erally Lemma 4.4.1, facilitate yet additional simplification of (4.3.6). Recall that we set
§=a;and & =v;forj=1,...,land j =1+1,...,l+m, respectively. A very special case
of Theorem 4.3.1 and Corollary 4.3.1, the following proposition establishes at a stroke two
stand alone results obtained independently in Marshall and Olkin (1967) and Asimit et al.

(2010).

Proposition 4.4.1. Within the Clayton subclass of the MRF copulas and with {i, ... i}, k <

n establishing an index set, the probability of simultaneous default is given by

1/66,1’ 1/£c,i 1
P Ui1 L — .. = Uik k] = Q4y,..., ik)E |:§—+[(:| , (4.4.5)
Cyilyeensik
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&, and K is an integer-valued
K

AAAAA

where Qe iy,...i) = ZjeR}'iil i) & Ceinmin = Z]‘GREI

r.v. having p.m.f. ala (4.4.3).

Proof. First note that A .~ Galoeg,,..

Cyll,eeel

Lir» 1) and A:?zk ~ Ga(Ve,y....i, + K, 1) appealing

to Lemma 4.4.1. Then, conditionally on K = h(€ Z), the distribution of AL, . + /N\fflk
is Ga(&.,,..i, + h,1), and the conditional probability of simultaneous default is equal to

the expectation of a beta distributed r.v. with parameters a.;, ., and .4 . i + h. The

assertion of the proposition follows evoking the law of iterated expectation. O]

In the rest of this section we derive the Spearman’s rho measure of rank correlation in the
context of the Clayton subclass of MRF dependencies. It is well-known that the Pearson’s
measure of correlation can produce somewhat counter-intuitive results when the dependence
is not linear, i.e., beyond the class of multivariate elliptical distributions (Fang et al., 1990;
Branco and Dey, 2001; Genton, 2004). The Spearman’s rho, succinctly pg, provides a natural

extension for arbitrary dependencies.

Definition 4.4.2 (Nelsen, 2006). Let the r.v.’s U and V' have a copula C. Then the Spear-

man’s tho measure of rank correlation is given by

ps(C) = 12// wvdC(u,v) — 3.
[0, 1]

A number of notes are instrumental before formulating the expression for pg for the
Clayton MRF dependencies. First, we are interested in the bivariate copula functions only

and thus (4.4.4) reduces to

Si@h)  Sek k) e, (i.k) e, (i.k) . 1 Ve, (i,k)
Ec,i gc,k sc,i Ec,k 5(:,7.' gc,k
Ce(us,up) = u,, u; /\u/,C (u2 +u, " — 1) (4.4.6)
where u; and uy, are in [0, 1] for 1 <i # k < n.
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Second, we recall that the (¢ + 1) x ¢ hypergeometric function (Gradshteyn and Ryzhik,

2014) is formulated as

= (@), - - - (agy1)p 2"
q+1Fq(al, ceey Qg bla .. Z b ( ) ]{;‘ R (447)
k—0 1 ky«-+> k

where (p), :==p(p+1)---(p+n—1)forneZy, (p)o:=1and ¢ € Z;. For ay,...,a,4 all
positive, and these are the cases of interest in the present paper, the radius of convergence of
the series is the open disk |z| < 1. On the boundary |z| = 1, the series converges absolutely
ifd=by+---+b;,—a; —---—ag41 >0, and it converges except at z =1if 0 > d > —1. The
hypergeometric function above is essential when computing the Spearman’s rank correlation
for the Clayton subclass of MRF copulas.

Let

h(l‘) = 3F2<2$, 1a ’YC,(i,k); 2 + ]-7 250,2‘ + 2£c,k - gc,(i,k) + 1a _1)7

where x € R, and such that h(z) is well-defined.

Theorem 4.4.1. Consider the Clayton subclass of the MRF copulas, then the Spearman’s

measure of rank correlation is given, for 1 <i # k <mn,

6
256 i T 2§c k— fc,(i,k:)

(Cﬁ) (gc,kh(gc,i) + gc,ih(gc,k)) - 3 (448>
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Proof. By definition, we have that, for 1 <17 # k < n,

// wupdCe (u;, ug,) // Ce (wi, wg,)du;duy,
[0,1]2 [0,1]2

gc 2/£c k

S i GR T (k) Sk, Ry 2 Ve, (ik)
50 7 5(‘ k 5(’ [3
= / / Uy, (uZ + uk — 1) du;duy,
CiGh)  Cek @GR TR, q 1 —Ve,(ik)
+ gc,i £c,k Ec,i _|_ Ee,k 1 d d
O C 3 c,

SC il€e k L iR TR Ser R 1 1 ~Ye,(i,k)
§c i gc,lc Ec,i 5c,k
= / / U, (ul + uy, — 1) du;duy,
gc ek CpGRTYGR)  Coi TR _ 1 1 Ve, (4,k)
+ Ec k €c,i Ec,k _|_ Ec,i 1 d d .
0 0
— (&) + Le). (4.4.9)

We further compute I; (&) whereas the other integral can be tackled in a similar fashion. By
change of variables and evoking Equation (3.197(1)) in Gradshteyn and Ryzhik (2014), we

obtain that

I, (§)
_ . 1 o€ ! 142 Ve, (1 “ei SR Y@ T gy
= Leiben | (142) (1+27+y) (1+z+y) ydz
R+ R+
éck/ —Ye (i —(b+1=v. 5
— D25F 1 2 Ve, (i,k) 1 (+1 ’Yc,(z,k)) F i 2 ci 1 d
5 [, (12T (L) 2Fi (e 1526+ 1 g ) o
1
_ %k/ (1= )P (1= 0/2) O 60) B (o000, 15 260 + 150/2) do
0

where b = 2&.; + 28 — & i,k). Furthermore, note that as the o/} hypergeometric function

has the following integral representation for all v € R,

1
2§C,i

1
_’Yc, 1,
o ('7c,(i,k), 1,280 + 1;@/2) — / (1— t)2£c,l-—1 (1 B gt) (i,k) "
0
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(Equation 9.111 in loc. cit.), we obtain the following string of integrals

c,iSc ! ! —(0+1—=7¢,(i,k)) t Ve, (i,k)
ne = ¢ 5 2 / (1— t)%“"l/ (1—o" (1= g) o (1 - 51}) dvdt
0 0

4 1
S gc’;%’k / (1= t)% 7 P (1Y (i b+ L = Yein), b+ 151/2,8/2) dt
0
. 1
@) gc’fc’k / (1-— t)zscﬂ'_l oI (1,%7(2-7;6); b+ 1;t— 1) dt
0
. 1
= %/ Y T B (L, e 63 b+ 15 —y) dy
0
(_) éc,k . .
— 2 3F2 (26072'71770,(1',/{),256,7;+1ab+17_1) 3
where F} is the bivariate hypergeometric function, and ‘(é)’, (@) and @ hold by Equations

(3.211), (9.182(1)) and (7.512(12)), respectively, in Gradshteyn and Ryzhik (2014). The

expression for I5(£€) is then by analogy

B(€) = S5 4y (%ek L Yooy 2k + 1,04 15 -1).

We note in passing that the hypergeometric functions in 7;(€) and I5(&) converge absolutely

since b+ 1 — 7 k) > 1 for 1 <i# k <n. This completes the proof. O

Two immediate consequences are formulated next. We note in passing that while Corol-

lary 4.4.1 confirms the findings in Embrechts et al. (2003), Corollary 4.4.2 is seemingly new.

Corollary 4.4.1. Let 7.k = 0 and leave the rest of the conditions in Theorem 4.4.1
unchanged. In this case, the Clayton MRF copula reduces to the Marshall-Olkin copula,

succinctly Cy, with the measure of Spearman’s rank correlation given by

3ave (i k)
C,) = 1 . 4.4.10
pS( ) 250,1' + 2£c,k — O (i,k) ( )
Proof. The assertion follows since 3F5(a,b,0;¢,d; z) = 1, for any real a,b, ¢, d, z. O]
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Corollary 4.4.2. Let o,k = 0 and leave the rest of the conditions in Theorem 4.4.1
unchanged. In this case, the Clayton MRF copula reduces to the class of non-exchangeable

Archimedean copulas, succinctly C.,, with the measure of Spearman’s rank correlation given

by
ps(Cy) =3[ 3F2 (1,1, veimy 26c; + 1,26 + 1;1) — 1] (4.4.11)

Proof. First notice that according to Theorem 3.4.1. in Furman and Su (2015b), we have

that

1

S —

= 3Fy(a,1,1;s1,89;1), (4.4.12)

((82 - 1) 3F2<81 - 17 ].,CL; 51,5 — 17 _1) + (81 - 1) 3F2(32 - ]-a ]_,CL; 52,8 — 1; _1))

where a, b, c are all positive and such that sy = a+b> 2 and s, = a+c> 2. Put a.r =0,
a =28 (ik) = 2V (ik), D= 2§ciW +1and ¢c= 2£ckW + 1, then we have that s; =&, +1

and s = &, + 1, and the assertion follows using (4.4.1). O

We next study the dependence of extreme default times, i.e., the tail dependence of the
Clayton subclass of MRF copulas. It is well known that jointly dependent r.v.’s can become
independent when the extreme outcomes are of interest (Donnelly and Embrechts, 2010;
Furman et al., 2015a), yet losses due to risk portfolios are as a rule driven by extremes therein.
Interestingly, this was the class of MRF dependencies, that motivated us to revisit the classic
approaches (for example, Coles et al., 1999; Joe, 1997; Ledford and Tawn, 1996) to measuring
the extent of tail dependence in copulas and to propose an alternative method (Furman
et al., 2015b). As the majority of the existing methods for quantifying tail dependence aim
at random pairs, we specialize the discussion in the next section to the bivariate case, only.

Some of our results in the sequel can be extended to the multivariate case with just a bit
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of an effort, others are rather involved when explored in higher dimensions and can serve as

great future research topics for a technically adept mathematician.

4.5 Tail dependence of the generalized Clayton copula

“The devil is in the tails” was the title of a paper by Donnelly and Embrechts (2010) who
refuted the harsh criticism of mathematics (Salmon, 2012) in general, and of the Gaussian
copula-based credit risk model of (Li, 2000) in particular. As a member of the unholy
trinity (Kousky and Cooke, 2009), the notion of tail dependence is in the very center of this
controversy. Speaking plainly, tail dependence is about the clustering of extreme events. In

the context of default risk, such clustering is written formally as
Plr, <t <t]=1—-P[r, > t]| = Plrp, > t| + Plr; > t, 7, > t],

for 1 <1 # k <nandt1t" where t* is the maximal survivorship time of the risk portfolio
{i, k}. In view of the above and keeping in mind that the Clayton MRF copulas are in fact
survival copulas, i.e., they couple d.d.f.’s, in what follows we restrict our attention to the
copula C¢(u, v) := P[(U,V) € R(u,v)], where the rectangle R(u,v(:= [0, u] x [0, v] ‘shrinks’
along the diagonal {(u,v) € [0, 1] : u = v} or along a more intricate path (¢(u), ¥ (u))o<u.v<1,
where u | 0 and ¢ and 1 are eligible functions.

Speaking generally, there exist a variety of ways to quantify the extent of tail depen-
dence in bivariate random vectors with dependence structures given by copula functions
C : 10, 1]* = [0, 1] (Durante and Sempi, 2015; Nelsen, 2006). Arguably the most popular

measure of lower tail dependence is nowadays attributed to Joe (1993) (also Sibuya, 1959)
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and given by

A= Ap(C) = lim S0
ul0 U

(4.5.1)
Non-zero (more precisely (0, 1]) values of (4.5.1) suggest lower tail dependence in C. Just
like other synthetic measures, A\;, is not always reliable as it sometimes underestimates the
extent of lower tail dependence in copulas as the next example demonstrates.

Example 4.5.1. Consider the following copula (Nelsen, 2006, Example 3.3)

(
U 0,<u<bv<0,

Co(u, v) =< o, 0<bv<u<l—(1-0)u,

u+v—1 0<1—-—(1-0)v<u<l,

\

parametrized by 6 € [0,1]. This copula has two singularities, and it is fully commonotonic

(fully counter-commonotonic) for § =1 (6 = 0). It is easy to see that

6
AL(Cy) = lim — = 6.
ul0 U
Let A5 (Cy) be the measure as in (4.5.1) but now along the path <u 0, u/\@) rather
0<u<l1
than the diagonal (u,u). Clearly in this case
C(uve 0
)\2(0@) = llﬂ]l (U ;u/\/_) = \/5 >0 = /\L(Og>,

for non-trivial 6 € (0, 1).

On a different note, when limit (4.5.1) is zero, it is often useful to turn to the somewhat
more delicate index of weak tail dependence xr € [—1, 1] (Coles et al., 1999; Fischer and

Klein, 2007) that is given by

. 2logu
Xz = x(C) = lim g -1

ul0 log C'(u, u) (45.2)

Y
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and/or to the index of intermediate tail dependence r; = kr(C) € [1, 2] (Ledford and

Tawn, 1996) that solves the equation
C(u,u) = l(u)u™ when w0, (4.5.3)

assuming that we can find a slowly varying at 0 function ¢(u). Unfortunately, as shown in
Furman et al. (2015b) and Example 4.5.2 below, x;, can be misleading in a manner that is
entirely similar to that of Example 4.5.1.

Speaking generally, indices (4.5.1), (4.5.2) and (4.5.3) may underestimate the amount of
tail dependence in copulas that are symmetric or asymmetric, with or without singularities
(Furman et al., 2015b). The reason is that all the aforementioned indices of lower tail
dependence rely entirely on the behavior of copulas along their main diagonal (u, u)o<u<i-
However, the tail dependence of copulas can be substantially stronger along the paths other
than the main diagonal. This can be a serious disadvantage, as reported by, e.g., Schmid
and Schmidt (2007), Zhang (2008), Li et al. (2014), and Furman et al. (2015b).

We next compute indices (4.5.1), (4.5.2) and (4.5.3) in the context of the Clayton subclass
of MRF copulas. We recollect to this end, that similarly to the general MRF copulas,
Clayton MRF copula functions admit default specifications with the exogenous r.f.’s having
stochastically independent hitting times (idiosincratic r.f.’s), fully comonotonic hitting times
(systemic r.f.’s) and positively orthant dependent hitting times (general r.f.’s that are not in

the aforementioned two groups).
Proposition 4.5.1. In the context of the Clayton subclass of MRF dependencies, we have,
for1 <i#k <n, that

0, Sc,i,w 7& 0 or fc,k,(i,T) 7é 0

2R, Lo = Setim = V-

Ar(Ce) =
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Hence, the random default times (7;, 7)" are lower tail dependent in the sense of (4.5.1) if
the underlying default specification does not include idiosyncratic r.f.’s. Furthermore, the
higher the contribution of the systemic r.f.’s is (higher values of o ;) and thus, for fixed
margins, lower values of v, ;x)), the more lower tail dependent the default times (7, 74)’

are.

Proof. By (4.4.6), we have the limit

Sei iR | Seh R | “eik) B
u 5c,i gc,k 5c,7.'/\5c,lc (u

1 1 e, (i,k)
ei + u ek — 1)

AL(Ce) = lim

ul0 Uu

(4.5.4)

First consider the case when fci@ # 0 and/or éckW # 0, and set without loss of

generality &.; < &.,. Then the limit becomes

gc,i,(i,k)Jran(i:k)+£c,k,(i,k) 1 e Ve (i)
u gc,i §c,k <u fc,i +u Ee,k — 1)
A(Ce) = 11%1 "
7M gc,k,(i,k) _ 1 _ 1 _’YC,(i,k)
= limu e fek <u €ei 4 qp ek — 1)
u0
. ferGR -1 41 1\ e, (4,k)
= limu Sk <1 4+ fek i — ufc,i) -0
ul0

In the other case, i.e., when both feim and §CkW are zero, we have that that &.; =

Eee = Ve (ik) T Qe ik), Where 1 <@ # k < n, hence limit (4.5.4) becomes

“e,(i,k) _ 1 __1 —Ye, (i,k)
u cyi (u cyi + u Sek — 1)
(Ce) im "
. _'Yc,(i,k:) _ 1 7’Yc,(i,k)
= limu Ses (2u Sei — 1)
ul0

_1 N e, (i,k)
= lim (2 — ugcn‘) = Q7 Ve(ik) |
u0

This completes the proof. O
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Proposition 4.5.2. Within the Clayton subclass of MRF dependencies, we have, for 1 <

1 # k <n, that the index of weak lower tail dependence is given by

&e,(ik) Ee,(ik)
Ce) = - ~ , 4.5.5
xe(Ce) Sei + & m | ek TSk im (4:5:5)
whereas the index of intermediate lower tail dependence is given by
fc, i, €C, 1,
ki (Ce) =2 — 5( 9N g( N (4.5.6)
c,i c,k

Proof. We only need to prove (4.5.6), as the other formula follows from the relationship
xL(C) =2/k(C) — 1. Then, for & ; < &, and 1 < i # k < n, we have, by (4.4.6) and for
u € (0, 1), that

Cci Ry T % (ik) +§c,k,(i,k) 1 1

1 -1 —Ve,(i,k)
Cﬁ(U/’u) = u §c,i 'fc,k (u 5c7i +u 5c,k: _ 1>

fc,iy(i’k)+"/c,(i,k)+ac,(i,k) Ec,k,(i,k) 1 +L 1 _,Yc,(i,k)
= U i &e,k (]_ _|_ u ek e — ufc,i>

& LTy
14 Gk (0.k) S SIS | 1N\ e, (ik)
— 3 3 Eeyi [
= U c,k ]_ + U c,k i — 8¢t ,

which yields k1, (Ce¢) = 1—|—@. For &.; > &, 1, we have by analogy that k., (C¢) = 1+5C’2’C@,

which establishes (4.5.6). This completes the proof. O

We have already hinted that classic indices (4.5.1), (4.5.2) and (4.5.3) may underestimate
the extent of tail dependence in copulas. In the next example, we elucidate this phenomenon

in the context of the Clayton subclass of MRF dependencies.

Example 4.5.2. Consider the bwariate Clayton MRF copula with . x) = 0 and fcz@ #0

and gc,k,@ # 0. Then, by (4.4.6),

K3 (3

5c,¢,@T) Ec,g,m e (i.h) D‘cg,(i,k)
Ca(u“uk> —_— €c,i uk ¢,k U Ec,i /\uk ¢,k 7 (ui,uk)/ c [0’ 1]2 (457)
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Appealing to Proposition 4.5.1 and 4.5.2, we readily have, for 1 <1 # k < n, that

M (Cq) =0 and k(Cq) =2 — O‘z(iyk) A O‘g(i,k)‘
c,i ¢,k

Then, denote by X (Cq) and k3 (Cy,) two indices a la (4.5.1) and (4.5.3), respectively, but
along an alternative than diagonal path, and let such path be the singularity path (uzgcﬂi/ (Ee.itlen)
u2§c,k/(£c,i+£c,k))

0<u<t’ In this case, we readily obtain that

20 (i k)
00T < K(Ch),
Sc,i + gc,k o L( a>

A (Co) =0=X(Cy) and k7 (Cy) =2 —
where the equality holds only if {c; = k-
To summarize, the example shows that in the context of the Clayton MRF copulas, all

classic indices of tail dependence may yield inappropriate (not maximal) measures of extreme

default times’ co-movements

If there existed a one word paradigm that could characterize the modern regulatory
accords in financial risk management, then it would be ‘prudence’. Indeed, regulators around
the globe have been making tremendous efforts to convey the necessity of modelling the
effects of ‘low probability high severity risks’ on the risk portfolios of insurance companies
and banks. This was the vein of prudence, that motivated us to introduce the paths and

indices of maximal tail dependence in copulas (Furman et al., 2015b).

Definition 4.5.1. A function ¢ : [0,1] — [0, 1] is called admissible if it satisfies the following

conditions:
(C1) p(u) € [u?,1] for every u € [0,1]; and

(C2) o(u) and u®/p(u) converge to 0 when u | 0.
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Then the path (o(u),u?/@(u))o<u<1 is admissible whenever the function ¢ is admissible.

Also, we denote by A the set of all admissible functions .

A number of observations are instrumental to clarify the definition. First, condition (C1)
makes sure that both ¢(u) € [0, 1] and u?/p(u) € [0, 1], whereas condition (C2) is motivated
by the fact that we are interested in the behavior of the copula C' near the lower-left vertex
of its domain of definition. Second, it is clear that the function ¢o(u) = u, u € [0, 1] is
admissible and yields the main diagonal (u, u)p<u<1. Last but not least, for the independence
copula, it holds that C*(p(u),u*/¢(u)) = w?, u € [0, 1]?, which is path-independent as
expected, thus warranting the choice ¥(u) = u*/¢(u), u € [0, 1].

In order to determine the strongest extreme co-movements of risks for any copula C'; we

search for functions ¢ € A that maximize the probability

My (u) = C(o(u), u*/o(w)), e (0,1)

or, equivalently, the function

dy(C,CT)(u) = C(p(u),u?/p(u)) — C=(p(u),u?/p(u), € (0,1),

which is non-negative for Positively Quadrant Dependent (PQD) (Lehmann, 1966) copulas

C. Then an admissible function ¢* € A is called a function of mazximal dependence if

I, (u) = max T, (w) (4.5.8)

for all u € (0,1). The corresponding admissible path (¢*(u), u?/¢*(u))o<u<1 is called a path
of maximal dependence. Generally speaking, the path ¢* is not unique, but for each such
path the value of I« is the same. In what follows, we use the notation IT*(u) instead of
e ().
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Prudent variants of measures (4.5.1), (4.5.2) and (4.5.3) are then introduced as

I (u)

C(u,u)

AL = AL(C0) = 115101 — instead of A\, (C) = 11%1 ” (4.5.9)
and
) 2logu ) , 2logu
L =x(C)=lm——— —1 tead of x, = lim ————— — 1 4.5.10
Xp =X (C) = lim gl (u) 1 mstead of =l ey~ b ( )
subject to the existence of the limits, and also
IT*(u) = £*(u)u"t, u | 0, as opposed to II(u) = £(u)u", w0, (4.5.11)

assuming that there exist slowly varying at zero functions ¢*(u) and ¢(u) (Ledford and Tawn,
1996).
A useful technique for deriving function(s) of maximal dependence, and thus in turn of

the corresponding indices, consists of three steps:

(S1) search for critical points of the function z + C(z,u?/x) over the interval [u?, 1] and

for each u € [0, 1];
(S2) check which of the solution(s) is/are global maximum/maxima; and

(S3) verify that the function u — ¢*(u) is admissible.

We next formulate and prove the main result of this section. Figure 4.1 visualize some

of the notions in it.

Theorem 4.5.1. Consider the Clayton subclass of MRF' copulas, thwn we have, for 1 <1 #

k <mn, that
o the index of maximal strong lower tail dependence is given by
AL(Ce) = AL(Ce);
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Figure 4.1: Scatterplots of the Clayton MRF copula for fcﬂ.’(i’k) =3, §C’k,(i7k) = 0.3, Ve (ik) =

0.5, ae k) = 0.6 (left panel) and 507i7(i’k) =10, & mm = 03, Ye(ik) = 0.5, acr = 0.6
(right panel) with the paths of maximal dependence superimposed on both panels.
e the index of marimal weak lower tail dependence is given by

Ee.(ik) .
Ciim T &) T &nim

X1 (Ce) =

e the index of maximal intermediate lower tail dependence is given by

éc,(i,k)
Eeiim T 2eik) T & im

rp(Ce) =2(1-

Proof. Assume without loss of generality that &.; > &k, 1 <4 # k < n, which is the case
when the singularity curve of the Clayton MRF copula lies in the upper left section of its

domain of definition. Also, let, for 1 <17 # k < mn,

Ceiim T Qeik)  Senim Seitim Serim t Qelik
5 (i) (BK)  Sc.k,(i.k) and &, — (k) Sek,(ik) (4,k)

52' = ,
gc,i gc,k fc,i fc,k
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then, by (4.4.6), we have that

Ce (z,u*/x) (4.5.12)

1 _'Yc,(z,k)
xéiUZ(lfgc,(i,k)/gc,k) (x_gal + <u?2> éc,k — ]_) , x S quc,i/(Ec,i+§c,k)

1

—Ve,(i,k)
: k — 1) s € > u2€c,i/(£c,i+€c’k)

)

ol

200,21 e i) /e ) (x—sl i (u)
and we are interested in the behaviour of (4.5.12) on the interval [u?, 1], which is to this end
split into two intervals [u?, u2ei/(Eeitéer)) and [u2éei/Eeitéer) 1] with u € (0, 1).

For z € [u?, uei/(Eeit€er)) e first note that

0
%lncg(x,uz/x) =0

if and only if

¢, (% k) Ve (3,k) u2 ek Ye (3,k)
e g (o) ()7 )
gC,i gc,k X gc,k

or, equivalently, if and only if
_1
ni(z) == (i(x)x ek =0. (4.5.13)

Equation (4.5.13) does not have solutions for z € (u?, u*ei/(eitéer)) since n,;(x) is non-

increasing therein

—e— -1 Ve, e, (i,k) 1 1 61 e
’; T = Eeyi §c,k (_ (52 _|_ ) ( + _|_ xéc’l
! ( ) g gc A fc,k gc,k

and such that

__1 ]
nz(u2) = q ok ((5 + Ve, ( zk)) u72/§cyi . ’70,(z,k)) S O;

fcz &,k
25(;,1’ .
m(u2£a,i/(5c,i+§c,k)) = q SekCeitécr) <(25 + Ve, (i,k) 'Yc,(z,k)> u_ﬁ — 51)
fc % gc k
2§c,i 2
= u SR ((1+5 Telih) ) " 5, ) > 0.
gc k !
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Hence, we conclude that z — C¢(z,u?/) is strictly increasing on (u?, u2ei/(Eeitéer)) and
cannot attain its maximum or maxima there.

Let us now turn to € [u%e/(eitéer) 1], We note that

%log(C’E(x,UQ/x)) =0

if and only if

. . 2 _1/56,19 i
Cr(x) = (5k + —%é(l’k)> (3571/5” - 1) + (5k — —Vz(l’k)> (%) + —%g’(z’k) =0
(X c,k (X

if and only if

() := (p(x)xsei = 0. (4.5.14)
Equation (4.5.14) may have at most one solution for z € (u?é#/(eitéer) 1) and u € (0, 1),

as

c,(1 +ac 7 _ c.(i
m(l) = — (7,( ,lc)g ' ( ,k)) w2k 4 76,( ,.k) <0

/ —-1 Ve, (i,k) 1 1 > <u2>€lk Ok
T) = xlei O — ———= — 4+ - —
T’k( ) (( ’ gc,k ) (gc,i gc,k X gc,k
Loy gc,@,m) < 11 ) <u2>_€cl,k o
= pfes ———— =+ — - < 0;
( ( €ei i Sck x ek

and the sign of

i (w2l Ceiteen)) = ( 5o — Qo)) |5 et

gc,i
— fcvivm - Oéc?(i7k) _ 66,]&'7@ + acv(ivk) o 6 m

3 £ K

C,i C,k‘
_ 60,@',(*57)66,]6 - th@gc,i — Qe (4,k) (fc,i + fc,k) 5 m
Eeif Kl
c,iSek

is unknown. Consequently, we have that the function z — Cg(x,u?/x) may or may not
achieve its maximum on the interval (u?é:/(€.i+&.x) 1) and there may be one such maximum,

only.
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To summarize, there are two possibilities:

(A.) (Figure 4.2, left panel) - the function z + Cg¢(z,u?/x) is strictly increasing on
(u?, u?ei/leitéer)) and strictly decreasing on (u?ées/(¢eitéer) 1), Therefore its maximum is
achieved at x = y?¢e/(Eeitéer) the function of maximum dependence is ¢* (u) = u?éei/(Eeitéer)
and the path of maximal dependence is (u?ée:i/(Geitéer) g2/ Eeitéer)) where u € [0, 1].
Also, the indices A5, k] and x; follow, respectively, from (4.5.9), (4.5.10) and (4.5.11).

(B.) (Figure 4.2, right panel) - the function z + Cg(z,u?/x) has its maximum in
(u%ei/Eeitéer) 1), In this case, we cannot formulate the function of maximal tail dependence
explicitly, and so the path of maximal tail dependence is unknown. Nevertheless, the indices
of maximal tail dependence can be written in a closed form. The only non-trivial index is
the index of maximal intermediate lower tail dependence. In this respect, we know that the
function of maximal dependence exists, is unique and satisfies the equation (x(x) = 0, or
equivalently

T = u2£c,z’/(§c,i+€c,k)r(x)

(4.5.15)

?

where
gc,isc,k

i L ; T itk
- () ()

Then the substitution of (4.5.15) into (4.5.12) yields

Ce (% (u), 02/ (u)) = u' M CeamtEenmm)/ Ceitber) 5y

where the function s(u) is such that lim, o s(u) = const(€ R ). The index of maximal weak
lower tail dependence is obtained from the relationship & = 2/k5 — 1. Finally, the index

of maximal strong lower tail dependence is non-zero if and only if x} (C¢) = 1, which in the

context of the Clayton MRF copulas implies exchangeability as in this case &, i =0 and

Eeriim =0 This completes the proof. O
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Figure 4.2: The function C(z,0.01%/x) for Eilim =3 Sentim = 03, Yeiky = 0.5, acpy =

0.6 (left panel) and 5%@ = 10, fc,k,(i7k) = 0.3, Ye,ik) = 0.5, ac (i) = 0.6 (right panel).

4.6 Conclusions

Copulas have become an important element of best practice ERM, displacing in many con-
texts other more conservative approaches to modelling stochastic dependence. Choosing the
‘right’ copula is however not an easy call, and the temptation to make the decision in favour
of a tractable rather than a meaningful copula is high. The use of the Gaussian copula to
price the collateralized debt obligations (Li, 2000) is an illuminating example.

A ‘good’ copula should conform to a problem at hand, be asymmetric and exhibit some
extent of tail dependence (Staudt, 2010). The MRF copulas that we have introduced and
studied in this paper are exactly such. Namely, they admit meaningful in the context of
the ERM stochastic representations, arise from a number of default risk specifications with

stochastic default barrier and are in general not symmetric in their domain of definition
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as well as in the corresponding tail behaviour. The MRF copulas cover the full range of
non-negative dependence and are yet quite tractable analytically.

Among immediate applications, the MRF copulas generalize the CreditRiskt framework
by augmenting systemic risk factors having fully comonotonic hitting times, thus making the
overall default times more positively orthant dependent. As the CreditRIsk* method has
been criticized for underestimating the clustering of real world defaults, we believe that the
MRF copulas may serve as a reasonable substitution. Last but not least, as the notion of
systemic risk is of fundamental importance in the new era of prudent risk management, we
think that the MRF copulas may be of interest for modelling general dependent (insurance)

risks, well beyond the context of credit risk.
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Chapter 5

Paths and indices of maximal tail depen-

dence

Motivated by the asymmetric dependencies studied in Chapters 2 to 4 , the following paper
introduces a new notion of Maximal Dependence Paths and then employs it to measure tail
dependence in copulas. This chapter has been published in ASTIN Bulletin with Edward

Furman and Ricardas Zitikis.
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PATHS AND INDICES OF MAXIMAL TAIL DEPENDENCE

Abstract. We demonstrate both analytically and numerically that the existing
methods for measuring tail dependence in copulas may sometimes underestimate
the extent of extreme co-movements of dependent risks and, therefore, may not
always comply with the new paradigm of prudent risk management. This phe-
nomenon holds in the context of both symmetric and asymmetric copulas with
and without singularities. As a remedy, we introduce a notion of paths of maxi-
mal (tail) dependence and utilize the notion to propose several new indices of tail
dependence. The suggested new indices are conservative, conform with the basic
concepts of modern quantitative risk management, and are capable of differenti-
ating between distinct risky positions in situations when the existing indices fail

to do so.

Keywords and phrases: multivariate distribution; copula; tail dependence; max-

imal dependence; fatal shock; multivariate Pareto; enterprise risk management.
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5.1 Introduction

Current regulatory frameworks require enhanced techniques for measuring and managing

extremal risks of financial enterprises. In particular, this may involve

1) analyses of marginal risks and dependence structures between them (cf., e.g., McNeil
et al., 2005; Jaworski et al., 2010; Jaworski et al., 2013; Durante et al., 2015; and

references therein); and

2) behaviour of aggregated risks, such as sums (cf., e.g., Asimit and Badescu, 2010; Asimit
et al., 2011; Embrechts et al., 2013; Embrechts et al., 2014; Puccetti and Riischendorf,

2014; and references therein).

In many cases, both routes are feasible and complementary to each other. However, there
are situations when only one of them is desirable and thus being pursued. We refer to, for
example, Churchill and Matul (2012), Biener and Eling (2012), and references therein, for
situations in micro-insurance where aggregation is not feasible.

Dependence is quite often modelled using copulas, which have become a well established
mathematical tool in actuarial and financial research and practice (cf., e.g., Frees et al., 1996;
Frees and Wang, 2006; McNeil et al., 2005; Embrechts, 2009; Frees, 2009; Jaworski et al.,
2010; Jaworski et al., 2013; and references therein), as well as in many other areas such as
economics (cf., Patton, 2012), medicine (cf., Nikoloulopoulos and Karlis, 2008), reliability
engineering and life sciences (cf., e.g., Balakrishnan and Lai, 2009), and so on. Briefly, a
bivariate function C' : [0, 1] x [0, 1] — [0, 1] is a copula if it is grounded, two-increasing, and

have uniform marginals (cf., Nelsen, 2006).
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When quantifying co-movements of extreme risks, the behaviour of C' around the upper-
right and lower-left vertices of the domain of definition [0,1] x [0, 1] gives rise to indices
of upper and lower tail dependence. While these indices are concerned with phenomena in
opposing risk-tails, they can be formally unified by shifting attention from the underlying
copula to the corresponding survival copula. For example, given the index of lower-tail

dependence Ar, := A(C'), which is

. Clu,u)

Ap = lim ————= 5.1.1

p=lim ———, (5.1.1)
the corresponding index of upper-tail dependence Ay := \y(C) is

1-2(1— 1—u1— O
ul0 U ul0 U

where C is the survival copula of C; hence, Ay (C) = AL (C). (Throughout the paper we use
=’ instead of the customary equality sign ‘=" when we want to emphasize that equality is
‘by definition.’)

Similar arguments hold for other indices of tail dependence, such as the index of weak
lower-tail dependence xr, := x(C) given by

21
xr = lim R |

ulo log C(u,u) (5.1.2)

~

and its upper variant xy := xy(C) = xr(C) (cf., Coles et al., 1999; Heffernan, 2000; Fischer
and Klein, 2007; and references therein). In view of these notes, we restrict our following
considerations to the behaviour of copulas near the lower-left vertex of their domain of
definition.

Instead of comparing C'(u,u) and u € (0, 1) as in limits (5.1.1) and (5.1.2), we can more

generally explore the asymptotic behaviour of C'(u,u) in the form

C(u,u) = l(u)u™ when wu 0, (5.1.3)
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which defines the index k1 := k1 (C) € [1,00) of lower-tail dependence, assuming of course
that equation (5.1.3) holds for a slowly varying at 0 function ¢(u) (cf., Ledford and Tawn,
1996). We note that smaller values of kj correspond to stronger interdependences, thus
motivating the search for the smallest possible analogues of x;,, and this is our main goal in
the present paper.

The rest of the paper is organized as follows. In Section 5.2 we describe the main
framework for our ideas, including the class of admissible dependence paths and its subclass
of maximal dependence paths. In Section 5.3 we present a numerical example that shows
that the existing indices of tail dependence may underestimate the extent of extreme co-
movements of dependent risks. In Section 5.4 we explore several families of copulas for
which paths of maximal dependence can be derived in closed form, whereas somewhat more
intricate examples are given in Section 5.6. In Section 5.5, we further extend our general

framework by introducing new tail orderings of distinct copulas. Section 5.7 concludes the

paper.

5.2 Paths of maximal dependence and related indices

In what follows we work with bivariate copulas C' : [0,1] x [0,1] — [0,1] only, because
they convey the main idea of the present paper in a simple and illuminating way. With the
notation R(u,v) = [0,u] x [0, v], the copula-value C(u, v) is the probability that the bivariate
random vector (U, V) with uniform marginals U and V falls into the rectangle R(u,v), that
is,

Clu,v) =P[(U,V) € R(u,v)]. (5.2.1)
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The class of all rectangles R(u,v) contains the subclass of all squares R(u,u), and these
are the ones that have traditionally been used for measuring the strength of tail depen-
dence. Namely, the classical indices of lower-tail dependence are based on the behaviour of

probability (5.2.1) when the rectangle R(u,v) shrinks along the diagonal
{(u,v) €10,1)* : u = v} (5.2.2)

when u | 0. (Throughout the paper, we work only with diagonal (5.2.2) and thus call it the
diagonal.) In the context of the present paper, the diagonal is a path of (tail) dependence,
but there are of course many other possible paths and we shall next describe them.

In order to make the problem well posed, some restrictions on the class of possible paths
must be imposed. First, we observe that for the independence copula, it is natural to require
that every path would reflect the same degree of tail dependence, that is, would have the
same probability (5.2.1). For two functions ¢, : [0,1] — [0, 1], this implies that every path
(o(u),¥(u))o<u<i has to be necessarily of the form (¢(u),u?/p(u))o<u<t, that is, we must
have ¥ (u) = u?/¢(u). Certainly, both ¢(u) and u?/¢(u) must be in the interval [0, 1], and
thus ¢(u) must be in the interval [u?, 1], which justifies the first property of the following

definition.

Definition 5.2.1. We call a function ¢ : [0, 1] — [0, 1] admissible if it satisfies the following

two properties:
(1) o(u) € [u?, 1] for every u € [0,1]; and
(2) both ¢(u) and u?/¢(u) converge to 0 when u | 0.

We call the path (p(u),u?/p(u))o<u<1 admissible whenever the function ¢ is admissible.

Finally, we use A to denote the set of all admissible functions .
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The second property of Definition 5.2.1 is related to the fact that we are interested in
the behaviour of copulas near the lower-left vertex of their domain of definition.
Motivated by the idea of determining the strongest extreme co-movements of risks, among

all admissible functions ¢ € A, we search for those that maximize the probability

I, (u) = C’(gp(u),uQ/(p(u)) (5.2.3)

or, equivalently, the distance function

dy (C,C7) (u) = C(p(u),u?/p(u)) — CH(p(u), u?/p(u)), (5.2.4)

where C is the independence copula, i.e., C*(u,v) = uv for all 0 < u,v < 1. Obviously,
the function ¢g(u) = u is admissible and yields the representation of the diagonal path that
serves as a building block for the classical indices of lower-tail dependence. However, this
path may not maximize probability (5.2.3), as we illustrate in following Example 5.2.1. In
fact, in view of (5.2.4), the classical index rj may serve as neither a maximal nor minimal

measure of tail dependence of the copula C.
Example 5.2.1. Consider the Marshall-Olkin copula
Cop(u,v) = min(u'""v,uv'™?) for 0<u,v <1, (5.2.5)
where a,b € [0,1] are parameters. We check that C, ,(u,u) = min(u**,4?~?) and thus
I, (u) =u™ with s =2 — min{a, b}.
Next we choose the admissible function ¢; (u) = u?/(@*). See Figure 5.1 for the correspond-

ing path, which we later show to be the (only) path of maximal dependence. We check that

2ab
a+b

I, (u) = u"t with K} =2—

(5.2.6)

135



ost \

0.61 \
041

0.2f

Figure 5.1: Simulated Marshall-Olkin copula (left) and its contours (right) when a = 0.3529
and b = 0.75, with the path of maximal dependence (¢1(u),u?/p1(u))o<u<1 Superimposed

on the right-hand panel.

Clearly, k7 < kp with the equality holding only when a = b, that is, when the Marshall-Olkin

copula is symmetric.
This example motivates the following definition of a subclass of admissible functions.

Definition 5.2.2. Given a copula C, an admissible function ¢* € A is called a function of

maximal dependence if

Iy (u) = max I, (u) for all w € [0,1].

peA
We conveniently use the simpler notation IT*(u) instead of L «(u), but may enhance it to
IT*(u | C') when a need arises to emphasize the dependence of IT*(u) on C. Also, we refer to

(¢*(u), u?/¢*(u))o<u<i as a path of maximal dependence.

A useful technique for deriving function(s) and thus path(s) of maximal dependence —
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and we have frequently used it in our explorations — is based on:

e searching for critical points of the function z — C(z,u?/z) over the interval [u?, 1],

and for each u € [0,1], and then
e checking which of the solutions is/are global maximum/maxima.

Accomplishing these tasks may sometimes be relatively easy (Section 5.4), sometimes chal-
lenging (Furman et al., 2015), and in some cases obtaining closed-form solutions may not
even be possible (Section 5.6). Sometimes, especially when formulas for conditional copulas
are readily available, it is useful to recall that partial derivatives of copulas are conditional
copulas, and thus the task of determining the set of critical points becomes equivalent to

finding all the solutions in x € [u?, 1] to the equation

2 2 2
T X T

For example, equation (5.2.7) has played a pivotal role when handling the Gaussian copula
by Furman et al. (2015).

Functions of maximal dependence may or may not be continuous, and this is related to
uniqueness of the path of maximal dependence. To demonstrate this fact, we start with the

following theorem.

Theorem 5.2.1. If a copula has only one function of mazimal dependence, then the function

1S continuous.

Proof. We prove by contradiction. Hence, assume that there is a point ug of discontinuity
of the function ¢* of maximal dependence. This implies that there is a sequence wu,, — uq

such that ¢*(u,) = o # ¢*(up). By the continuity of the function (v,w) — C(v,w) (cf.,
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e.g., Embrechts et al., 2003; Nelsen, 2006), we have

C(" (un), un/@* (n)) = Czo, up /o). (5.2.8)

By the uniqueness of the function of maximal dependence, xy cannot maximize the function

x — C(z,u3/r) because otherwise zy would be equal to p*(ug). On the other hand, we have

C(p*(un), u2/o*(un)) = max C(z,u’/r) — max C(z,ui/z), (5.2.9)

z€[u 1] z€[u,1]
where the limit holds due to the following reasons. When u,, < ug, then
max CO(z,u?/z) = maX{ max  C(x,u?/z), max C(a:,ui/x)}
z€u2,1] z€u? ud) z€u?,1]

—>max{ug, max C’(z,ug/x)}
zelu?,1]

= max C(z,u’/z),
e (z, up/z)

where the right-most equation holds due to u2 = C(x,u2/x) for x = 1. When u,, > ug, then

. 2 - 2 2
Jlim | max C(x, up,/x) — max { hax, C(z,uy/x), nax C(x,up/) } ’
= lim | max C(z,u?/x) — ma {u2, max C(z,ul/z H

n—00 we[ugi(l] ( n/ ) = 0 xe[“%):il] ( O/ )
= lim | max C(z,u?/x) — max C’x,u2x‘
Jim | max (z,u, /) hax (=, up/x)

< lim max |C(z,up/z) — C(z,u3/z)| =0

n—00 zeu3, 1]

because of the uniform continuity of the function (v,w) — C(v,w) (cf., e.g., Embrechts
et al., 2003; Nelsen, 2006). This completes the proof of limit (5.2.9). Combining statements

(5.2.8) and (5.2.9), we get the equation

max C(z,ui/z) = C(xo,ud/x0), (5.2.10)

z€ug,1]
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which implies that xo must be equal to ¢*(ug) because of the uniqueness of the maximum.
We have arrived at a contradiction, which establishes the continuity of ¢* and completes the

proof of Theorem 5.2.1. O]

For copulas with at least two paths of maximal dependence, there are automatically
infinitely many paths of maximal dependence, as has been very rightly noted by one of the
referees of the current paper: given two functions ¢} and ¢j of maximal dependence, their
combination ¢*(u) := ¢i(u)la(u) + @5(u)le(u) is a function of maximal dependence for
any A C [0,1], where 14 and 1 4c are the indicator functions of the set A and its complement
A¢, respectively. Of course, functions such as ¢ are perfectly legitimate and the probability
of maximal dependence will be the same irrespective of the chosen path: Iy = gy = Il,.
Consequently, the new indices of tail dependence that we introduce next do not depend on
the chosen path of maximal dependence.

We now use Definition 5.2.2 to introduce three conservative variants of the classical

indices Az, xr and kz. Namely, assuming that the limits below exist, we set

1T (w)
A7 = A (C) = lim ———= 5.2.11
L 1(C) ;ﬁ)l u ( )
_ 2logu
£ (O) = lim ——8
XL XL(O) &ﬁ)l log II* (U) 3
and let k5 := k7 (C) be such that

IT*(u) = £*(u)u>  when u )0 (5.2.12)

for a slowly varying at 0 function ¢*(u), assuming that such a function exists. In our illus-
trative examples below, we concentrate on calculating 7 only.
We conclude this section by noting that this paper is not the first attempt to abandon the

diagonal section of copulas when measuring tail dependence. For example, in their research of
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large claims reinsurance, Asimit and Jones (2008) rely on the asymptotic behaviour of copulas
along non-diagonal paths. Asimit and Badescu (2010) rely on the extreme behaviour of
copulas along a variety of paths when exploring a time dependent risk model with dependent
inter-claim times and claim amounts. Joe et al. (2010) introduce the tail dependence function
b(wy, wy; C) = limy o C(uwy, uwsy)/u for wy > 0 and wy > 0. We refer to Asimit et al. (2011),
Weng and Zhang (2012), and Li and Wu (2013) for further developments on the topic. Hua
and Joe (2014) use the excess-of-loss economic pricing functional to propose and study a
measure of tail dependence that does not rely on the diagonal dependence path. There are
also several other related works but none of them — due to different research goals — aim at

maximal-dependence paths and, in turn, at indices of maximal dependence.

5.3 Numerical illustration

Here we present a numerical example that questions the decisive role of the diagonal path
in measuring tail dependence in copulas. We nevertheless stress at the outset that our
discussion is not a criticism of the role of the diagonal when investigating copulas — it does
play a pivotal role in the analysis of a variety of other aspects as elucidated by, e.g., Durante
et al. (2015) and references therein.

Let X and Y be two random variables, which we assume to follow the same Pareto-11
(also known as Lomax) distribution. Its decumulative distribution and probability density

functions are given by, respectively,

F(z) = (x By 1) U and fla) = g (x - £y 1) e (5.3.1)

g

for all x > p € (—o00,00). Throughout this section, we set u = 0 and o = 1 for simplicity,

and set a = 4 to ensure the finiteness of all quantities that we consider.
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Let the dependence structure between X and Y be given by the Marshall-Olkin copula;
see equation (5.2.5). Hence, the joint cumulative distribution function of X and Y is equal
to Cop(F(2), F(y)),0 < x,y < oo (for applications of this model to insurance, we refer to,
e.g., Asimit et al., 2010). Following Embrechts et al. (2003), we set a = 0.3529. For several

values of b € [0, 1], we calculate

(i) Kendall’s 7 = 7(C, ;) index of dependence

(ii) classical index ki = k1 (Cyp) of lower-tail dependence given by equation (5.1.3)
(iii) newly suggested index k} = K} (Cyyp) defined by equations (5.2.6) and (5.2.12)
(iv) value-at-risk VaR,[Z] = inf{z € R: Fy(z) > q} for Z=X+Y

(v) conditional tail expectation CTE,[Z] = E[Z] Z > VaR,[Z]]

(vi) modified tail variance

MTVar,[Z] = CTE,[Z] Var[Z| Z > VaR,[Z]]

1
T OTE,[Z]

where ¢ € (0,1). When conducting our numerical calculations, we set g to 0.990 and 0.995
in all of the aforementioned weighted risk measures (cf., e.g., Furman and Zitikis, 2010; and
references therein). We have summarized the results in Table 5.1.

Noting that smaller values of x] mean stronger tail dependence, it is illuminating to
observe from Table 5.1 that the smaller the values of ] are, the larger the values of VaR,

CTE and MTVar are, whereas the classical index x; does not change.
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Table 5.1: Quantities (i)—(vi) for the Marshall-Olkin copula with Pareto-II marginals.

Parameters Indices of dependence Risk measures
q b T KL wy | VaR,[Z] | CTE,[Z] | MTVar,[Z]
0.9900 | 0.7500 | 0.3158 | 1.6471 | 1.5200 | 3.4621 4.8599 5.5808
0.5000 | 0.2609 | 1.6471 | 1.5862 | 3.4095 4.7606 5.4691
0.3529 | 0.2143 | 1.6471 | 1.6471 | 3.3612 4.6926 5.3951
0.9950 | 0.7500 | 0.3158 | 1.6471 | 1.5200 | 4.2925 5.8976 6.7004
0.5000 | 0.2609 | 1.6471 | 1.5862 | 4.2114 5.7782 6.5552
0.3529 | 0.2143 | 1.6471 | 1.6471 | 4.1460 5.6801 6.4268

5.4 Examples

We start with several families of copulas for which paths of maximal dependence are derivable

in closed form and with moderate amount of effort.

5.4.1 Marshall-Olkin copula

Recall that the Marshall-Olkin copula is defined by formula (5.2.5). Next, for every u € [0, 1],
the function z +— Cy(x,u?/z) defined on the interval [u?, 1] is equal to u?=)a® for all
r < 29 = u?/(@) and u?/2¢ for all x > xy. Hence, the unique maximum of the function is

achieved at the point x = z(, and thus the function of maximal dependence of the Marshall-

Olkin copula is unique and given by

©*(u)

_ 2/ atb)
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Consequently, the maximal probability is
H*<U,) — u?—Qab/(a-f—b)’ (542)

and thus the lower-tail index of maximal dependence is

2ab
a+b

Ky =2 (5.4.3)

5.4.2 Mixture of Marshall-Olkin copulas

We see from formula (5.4.1) that the path of maximal dependence is diagonal if and only
if a = b, and thus if and only if the Marshall-Olkin copula is symmetric. We next show
that this fact cannot be generalized to arbitrary symmetric copulas. Namely, there are
symmetric copulas whose paths of maximal dependence are not diagonal. To show this, we
use the 0.5/0.5 mixture of two mirrored (around the diagonal) Marshall-Olkin copulas, that
is,

C(u,v) = —(Ca,b(u, v) + Cha(u, ’U)) for 0<wu,v<1, (5.4.4)
with some a # b. The copula C(u,v) is symmetric. Tedious calculations which will be given
later on show that there are two paths of maximal dependence (Figure 5.2) given by the

functions

©f(u) = u®/ @Y and  @i(u) = w2/, (5.4.5)

Hence, none of the paths of maximal dependence coincides with the diagonal because a # b,

and for any of the two paths, the maximal probability is
H*(U) _ 1u272ab/(a+b) <1 + u2(ab7min{a,b}2)/(a+b)>
2

1
= §u2_2ab/(a+b) (1+0(1)) when wulO0. (5.4.6)
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Figure 5.2: Simulated mixture of two Marshall-Olkin copulas (left) and its contours

(right) when a = 0.3529 and b = 0.75, with the two paths of maximal dependence

*

(o5 (u), u? /ot (u))o<u<t, k = 1,2, superimposed on the right-hand panel.

Hence, the lower-tail index of maximal dependence is

2ab

(5.4.7)
which is the same as in equation (5.4.3) for the ordinary Marshall-Olkin copula.

Proof. Without loss of generality, let @ < b. Then z,;, = u?b/(@tb) ig smaller than Tpo =
u?*/(@+Y " and so the two functions x +— Cyy(x,u?/z) and z + Cy,(z,u?/x) are increasing
on the interval (u? z,;) and decreasing on (z3,,1). Hence, the maximum of the function

x +— C(z,u?/x) can only be achieved on the interval [z, 2} ], where we have the formula

C(z,u*/z) = l<u2<1_“)m“ + u2/a7“>.

2
We split the interval [x,4,2p,] into two subintervals: [z,p,u] where the function z +—

C(z,u?/x) is decreasing, and [u, x;,] where the function is increasing. From this we conclude
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that the function x — C(z,u?/x) can achieve its maximum only at x,, and/or z;,, and it
attains the same value at both end-points. Consequently, the two end-points are maxima
and thus define two functions of maximal dependence, which are ¢} and ¢} given by formulas

(5.4.5). For any of these two functions, ¢}, we have
C(@Z(“)? UQ/QDZ(U)) _ %<U2—2(a/\b)2/(a+b) + u2—2ab/(a+b)> )

With k = 2 — 2ab/(a + b) we check that

I*(u) _ Clei(u)w?/ep(w) 1
ur ur 2

when u | 0. Consequently, the lower-tail index of maximal dependence xj is equal to s.

This concludes the proof of equations (5.4.5) and (5.4.7). O

5.4.3 Farlie-Gumbel-Morgenstern copula

We saw in the previous subsection that the symmetry of a copula does not necessarily imply
that the diagonal is a path of maximal dependence. Of course, some symmetric copulas do
have diagonal paths of maximal dependence. One of such examples is the already discussed
Marshall-Olkin copula when a = b. Another example is the Farlie-Gumbel-Morgenstern

(FGM) copula
Clu,v) =uwv(l1+a(l —u)(l—v)) for 0<u,v<1,

with parameter o« € [—1,1]. Our choice to include the FGM copula among illustrative
examples has been motivated by the fact that within the context of the present paper,
it sometimes matters whether a copula is or is not positively quadrant dependent (PQD)

(Nelsen, 2006). Specifically for the FGM copula, when a < 0, then the copula is negatively
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quadrant dependent (NQD) (Nelsen, 2006); when « > 0, then it is PQD; and when o = 0,
then it is the independence copula. We shall see the role of the sign of « in our following
considerations.

To find the path of maximal dependence for the FGM copula, for every u € [0, 1], we

first search for those = € [u?, 1] that solve the equation (9/0x)C(z,u?/x) = 0. Since

oC(x,u/x) 0 , )
e 5 (1+a(l —u?/z)(1— 1))

= v?a(—1+u?/2?),

we have (0/0z)C(z,u*/z) = 0 if and only if x = u. Therefore, when a > 0, then the
diagonal is the unique path of maximal dependence, that is, ¢*(u) = u. In this case, the
maximal probability is IT*(u) = u*(1 + (1 — u)?), and thus the lower-tail index of maximal
dependence is

*_
Ky = 2.

As to the case a < 0, we first note that when o = 0, then every admissible path is a path
of maximal dependence. When « < 0, then C(x,u?/x) reaches its maximal value at either
u? or 1 or both, but neither of the functions ¢(u) = u? and ¢(u) = 1 is admissible because

they fail to satisfy property (2) of Definition 5.2.1.

5.5 Lower-tail dependence comparisons

We now look at the index A} (cf. equation (5.2.11)) from a different angle. To this end we
first note that for the Fréchet upper bound copula CT (u,v) = min{u,v}, 0 < u,v < 1, the

path of maximal dependence is diagonal. Consequently, IT*(u | CT) = u and so, given any
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copula C, the index A} := A} (C) can be rewritten as

oy [ C)
M =R T 07)

This suggests that, given two copulas C; and 5, we can compare their lower-tail dependen-

cies using the index

. II*(u | Cl)
py = lim ———~.
L(OI’CQ) iw II*(u | CQ)

Obviously, \;(C) = X5 (C,CT).

Definition 5.5.1. The copula C is said to be more lower-tail maximally-dependent (LTMD)

than the copula Cy if X;(Cy,Cy) > 1; and less LTMD if X5 (Cy,Cy) < 1.

An analogous interpretation can be made about the index x} := x7}(C), but now using
the independence copula C*(u,v) = uv,0 < u,v < 1, for which every admissible path is a

path of maximal dependence. Hence,

1 IT* 1
(C) = tim 2EL L

- 1.
w0 logIT*(u | C)

We generalize this index to the case of two arbitrary copulas C; and Cs by introducing the
index

log IT*
XE(C&,CQ) = lim 08 (U ’ 02) — 1.

ul0 log IT*(u | CY)
Obviously, x3(C) = x%(C,CH).

Definition 5.5.2. The copula C is said to be more weakly lower-tail mazimally-dependent

(WLTMD) than the copula Cy if X} (C1,Ca) > 0; and less WLTMD if x; (Cy,C2) < 0.

We can now compare all the specific copulas considered in this paper, as well as other

ones. Without getting too specific at the moment, assume that C; and Cy are such that,
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for some constants ¢*(Cy) and xj(Ck), k = 1,2, the asymptotic formulas II*(u | Cy) =
H(CHuFL @) (1 +o(w)) and IT* (u | Cy) = ¢*(Co)ur1(“2) (1 +o(u)) hold when u | 0. Two cases

follow:

e When «j (C}) = K} (Cy), then

c*(Cy)
c*(Ca)

AL(C, Cy) =

To illustrate, we note that the classical Marshall-Olkin copula, which we denote here

by Cio, and mixture (5.4.4) of two Marshall-Olkin copulas, which we denote here by

Clixvo, have the same k7 -indices. Equations (5.4.2) and (5.4.6) imply that Aj (Cyo, Crixmo) =

2, which we interpret as saying that C\, is more LTMD than C\;xyo whenever a # b.
When a = b, then we of course have A} (Cyo, Chixno) = 1 because Cyxno = Cho in this

case.

e When s} (Cy) # k}(Cy), then only the index x7 (C1,C2) is of interest, which can be

expressed by the formula
£1,(C2)

— 1.
K1 (C1)

X1(C1, Cy) =

In particular, we have x;(C) = x5 (C,C+) = 2/k%(C) — 1.

5.6 Further examples

For all the copulas hitherto, we have derived closed-form expressions for their paths of
maximal dependence. This may not always be the case as we illustrate with following

examples; yet, we shall be able to derive closed-form expressions for the index &7 .
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Figure 5.3: Simulated generalized Clayton copula (left) and its contours (right) when
7 = 0.04 and v; = 0.02, with the path of maximal dependence (p*(u),u?/¢*(u))o<u<1

superimposed on the right-hand panel.

5.6.1 Generalized Clayton copula
The generalized Clayton copula is given by the formula
Clu,v) = /M (™Y p =t/ —1)7° for 0<u,v <1, (5.6.1)

where vy > 0 and v; > 0 are parameters, and 7; = 79+ 7;. Tedious computations, which we
will give later on, show that the function of maximal dependence ¢* (Figure 5.3) is unique

and satisfies the equation
C(p*(u) =0 (5.6.2)
for every 0 < u < 1, where

C(l') — o (:c’l/% _ (’Yl/:h)) _ (1 i (71/:71» w2/
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for all x € [u? 1]. Further tedious calculations show that the lower-tail index of maximal

dependence is

* 71
kp =14+ ———m. 5.6.3
g 7+ 27 ( )
Proof. We start with the equation
Clx,u?/x) = /T (x= VN =20t )=, (5.6.4)

Finding the maximum of C(x,u?/z) with respect to z € [u?, 1] is the same as finding the

maximum of its logarithm log C'(x, u?/x), which is easier in this particular case. We have

L los(Cla, w2 2)) =

Y (/) = D02/ = (/)
(x= V0 + (u?/x)~Y — 1) '

The denominator z(z~/% + (u?/z)~*/7 — 1) is positive for all 2 € [u?, 1], and thus we need

to find those x € [u?,1] that make the numerator equal to 0. This is equivalent to solving

the equation ((x) = 0. The solution to this equation is unique because
<(U2) — U—Q/’YO(U—Q/’% _ 1) >0,

(1) =1—=Mm/M)— A= (n/m)u>" <0,

and, for all x € [u?, 1],

C/(x) — _31,—1/’71—1/70—1 . Nl x—l/%—l/’m—l . x—1/70_1) <0.
M 1Y%

We cannot derive a closed form solution to the equation ((x) = 0, but we already know
that the solution z = ¢*(u) € [u?, 1] exists and is unique. Furthermore, the solution satisfies

the equation

27T (L — (/) ) = (L= (n/3n) w0, (5.6.5)
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We also have that 1 — (v1/1)zY" € [1 — (v1/%),1]. From these facts we conclude that
x = ¢*(u) } 0 when u | 0.

Due to the lack of closed-form expression for the function of maximal dependence, we
cannot obtain a closed-form expression for the maximal probability IT*(u) either. Neverthe-
less, we can obtain a closed-form expression for k% . Starting with equation (5.6.5), we arrive
at the following one:

170/ (1 +0)
) (5.6.6)

o= (2 (L= (i) [ (0= Gui)

Denote 7(z) = (1 — (v1/%1)z"7) /(1 — (71/%)). Replacing all the z’s on the right-hand

side of equation (5.6.4) by the right-hand side of equation (5.6.6), we obtain

C(z, Uz/x) = {u2/707a<x) }i170/(%+70)

271 Y071 __ 70 __ 2 /v 2 o
:u’Yl+’YOT([[‘)“71+’YO r(x) Tty Y1t+70 —|-7“(J;)’Yl+’vou 1+t — 1 i

Consequently, with kK = 1 + v, /(51 + 7) we have

ul{

C(x,u2/x) YoM ( 70 31/70

—70
= r(x)nto [ r(x) 1+0 4 r(x)to — uﬁliWO) — ¢ € (0,00)

when u | 0. This proves that the lower-tail index of maximal dependence x7} is equal to &.

The proof of equations (5.6.2) and (5.6.3) is finished. O

5.6.2 Archimedean copula

Another example illustrating the difficulty of deriving closed-form expressions for paths of

maximal dependence is provided by the Archimedean copula

C(u,v) = (W(u) +(v)) for 0<u,v<1, (5.6.7)
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where ¢ : [0,1] — [0, 00] is such that ¥(1) = 0, ¢'(u) < 0, and " (u) > 0 for all 0 < u < 1.
Assume that the Archimedean generator v is strict, that is, ¢)(u) — oo when u | 0, as only
in this case can we have a path of maximal dependence. For every u € [0, 1], to determine
those z € [u?,1] for which the equation (9/0z)C(z,u?/x) = 0 holds, we notice that when

the function x1)’(x) is increasing on [u?, 1], which we assume from now on, then

<0 when z<u?/z,
o (x) — (u®f2)' (u?/x) =

>0 when z>u?/r.

Thus, ¥(x) + ¢ (u?/z) > 2¢(u) for all z € [u?, 1] or, equivalently,

V(@) + o /x) < U7 H(20(u).

Therefore, when the function z1/(z) is increasing on [u?, 1], then the diagonal is a path of
maximal dependence. In this case, the Archimedean copula is PQD. We observe that all

PQD Archimedean copulas documented by Nelsen (2006) have increasing functions z'(z).

5.7 Conclusions

We have demonstrated that the classical indices of tail dependence, which are based on the
behaviour of copulas along the diagonal path, do not generally capture the maximal degree
of tail dependence. For this reason, we have proposed conservative indices of tail dependence
that hinge on the new notion of paths of maximal dependence that we have introduced herein.
We have used a number of specific copulas, as well as a numerical example, to elucidate
relevant main ideas both analytically and numerically. Our approach to assessing the tail
dependence in copulas conforms with the new paradigm of prudence in modern quantitative

risk management (cf. OSFI, 2014).
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A number of challenging problems remain in this area. For example, statistical inference
for the indices would be of interest, and we believe that tools developed in the area of
M-estimators and related weak convergence theorems would be helpful (cf., e.g., van der
Vaart and Wellner, 1996; van de Geer, 2000; and references therein). Another interesting
problem would be to explore uniqueness and other properties of the path(s) of maximal
dependence, and we think that results discussed by Dharmadhikari and Joag-dev (1988)

would be particularly helpful.

153



Reference

Asimit, A. V. and Badescu, A. L. (2010). Extremes on the discounted aggregate claims in a
time dependent risk model. Scandinavian Actuarial Journal, 2010(2):93-104.

Asimit, A. V., Furman, E., Tang, Q., and Vernic, R. (2011). Asymptotics for risk capital al-
locations based on Conditional Tail Expectation. Insurance: Mathematics and Economics,
49(3):310-324.

Asimit, A. V., Furman, E., and Vernic, R. (2010). On a multivariate Pareto distribution.
Insurance: Mathematics and Economics, 46(2):308-316.

Asimit, A. V. and Jones, B. L. (2008). Dependence and the asymptotic behavior of large
claims reinsurance. Insurance: Mathematics and Economics, 43(3):407-411.

Balakrishnan, N. and Lai, C. D. (2009). Continuous Bivariate Distributions. Springer, New
York.

Biener, C. and Eling, M. (2012). Insurability in microinsurance markets: An analysis of
problems and potential solutions. The Geneva Papers on Risk and Insurance Issues and

Practice, 37(1):77-107.

Churchill, C. and Matul, M. (2012). Protecting the Poor: A Microinsurance Compendium.
International Labour Office, Geneva.

Coles, S., Heffernan, J., and Tawn, J. (1999). Dependence measures for extreme value
analyses. Ezxtremes, 2(4):339-365.

Dharmadhikari, S. W. and Joag-dev, K. (1988). Unimodality, Convexity, and Applications.
Academic Press, New York.

Durante, F., Ferndndez-Sénchez, J., and Pappada, R. (2015). Copulas, diagonals, and tail
dependence. Fuzzy Sets and Systems, 264:22-41.

Embrechts, P. (2009). Copulas: A personal view. Journal of Risk and Insurance, 76(3):639—
650.

154



Embrechts, P., Lindskog, F., and McNeil, A. (2003). Modelling dependence with copulas and
applications to risk management. In Handbook of Heavy Tailed Distributions in Finance,
chapter 8, pages 329-384. Elsevier, Amsterdam.

Embrechts, P., Puccetti, G., and Riischendorf, L. (2013). Model uncertainty and VaR ag-
gregation. Journal of Banking and Finance, 37(8):2750-2764.

Embrechts, P., Puccetti, G., Riischendorf, L., Wang, R., and Beleraj, A. (2014). An academic
response to Basel 3.5. Risks, 2(1):25-48.

Fischer, M. and Klein, I. (2007). Some results on weak and strong tail dependence coeffi-
cients for means of copulas. Technical Report 78/2007, Friedrich-Alexander-Universitat
Erlangen-Nurnberg, Lehrstuhl fur Statistik und Okonometrie.

Frees, E. W. (2009). Regression Modeling with Actuarial and Financial Applications. Cam-
bridge University Press, Cambridge.

Frees, E. W., Carriere, J., and Valdez, E. (1996). Annuity valuation with dependent mor-
tality. Journal of Risk and Insurance, 63(2):229-261.

Frees, E. W. and Wang, P. (2006). Copula credibility for aggregate loss models. Insurance:
Mathematics and Economics, 38(2):360-373.

Furman, E., Kuznetsov, A., Su, J., and Zitikis, R. (2015). Tail dependence of the Gaussian
copula revisited. Technical report, available at SSRN: http://ssrn.com/abstract=2558675.
Accessed on November 1, 2015.

Furman, E. and Zitikis, R. (2010). General Stein-type covariance decompositions with ap-
plications to insurance and finance. ASTIN Bulletin, 40(1):369-375.

Heffernan, J. E. (2000). A directory of coefficients of tail dependence. FEztremes, 3(3):279-
290.

Hua, L. and Joe, H. (2014). Strength of tail dependence based on conditional tail expectation.
Journal of Multivariate Analysis, 123:143—-159.

Jaworski, P., Durante, F., and Hardle, W. K. (2013). Copulae in Mathematical and Quanti-
tative Finance. Springer, Berlin.

Jaworski, P., Durante, F., Hardle, W. K., and Rychlik, T. (2010). Copula Theory and Its
Applications. Springer, Berlin.

Joe, H., Li, H., and Nikoloulopoulos, A. K. (2010). Tail dependence functions and vine
copulas. Journal of Multivariate Analysis, 101(1):252-270.

Ledford, A. W. and Tawn, J. A. (1996). Statistics for near independence in multivariate
extreme values. Biometrika, 83(1):169-187.

155



Li, H. and Wu, P. (2013). Extremal dependence of copulas: A tail density approach. Journal
of Multivariate Analysis, 114:99-111.

McNeil, A. J., Frey, R., and Embrechts, P. (2005). Quantitative Risk Management: Concepts,
Techniques, and Tools. Princeton University Press, Princeton.

Nelsen, R. B. (2006). An Introduction to Copulas (2nd ed.). Springer, New York.

Nikoloulopoulos, A. K. and Karlis, D. (2008). Multivariate logit copula model with an
application to dental data. Statistics in medicine, 27(30):6393-406.

OSFI (2014). Own risk and solvency assessment. Technical report, Office of the Superinten-
dent of Financial Institutions, Ottawa.

Patton, A. J. (2012). A review of copula models for economic time series. Journal of
Multivariate Analysis, 110:4-18.

Puccetti, G. and Riischendorf, L. (2014). Asymptotic equivalence of conservative value-at-
risk-and expected shortfall-based capital charges. Journal of Risk, 16(3):3-22.

van de Geer, S. A. (2000). Empirical Processes in M-FEstimation. Cambridge University
Press, Cambridge.

van der Vaart, A. W. and Wellner, J. A. (1996). Weak Convergence and Empirical Processes.
With Applications to Statistics. Springer, New York.

Weng, C. and Zhang, Y. (2012). Characterization of multivariate heavy-tailed distribution
families via copula. Journal of Multivariate Analysis, 106:178-186.

156



Chapter 6

Conclusions

The latest Solvency II directives require that insurers recognize the interdependences within
and among different liability classes. This new paradigm arguably brings to an end the
indisputable role of the assumption of independence that has shaped both research and ap-
plications in actuarial science and general quantitative risk management in the 20th century.
The choice of an appropriate probability dependence model is however not an easy call.
Indeed, while there exists only one way to describe stochastic independence, the forms of
stochastic dependence are infinite.

In this dissertation we have introduced a new class of Multiple Risk Factor depen-
dence structures. On the one hand, these structures emerge as an extension of the popular
CreditRisk™ approach, and as such they formally describe default risk portfolios exposed to
an arbitrary number of fatal risk factors with conditionally exponential hitting times that can
be independent, positively dependent and fully comonotonic. On the other hand, the MRF
structures can be viewed as a quite general family of multivariate probability distributions
with Pareto of the 2nd kind univariate margins, and in this capacity, they can model risk

portfolios of (insurance) losses with heavy-tailed and positively dependent risk components.
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Departing to an extent from the classical distributional approach, we have used the
doubly stochastic Poisson processes to explore the class of copula functions that underlie the
MRF structures. It has been noted that a ‘good’ copula should conform to a problem at
hand, be asymmetric and exhibit some extent of tail dependence (Staudt, 2010). The MRF
copulas that we have introduced and studied in this dissertation are exactly such. Namely,
they admit meaningful in the context of the ERM stochastic representations, arise from a
number of default risk specifications with stochastic default barrier and are in general not
symmetric in their domain of definition as well as in the corresponding tail behaviour. The
MRF copulas cover the full range of non-negative dependence and are yet quite tractable
analytically.

Last but not least, motivated by the asymmetric structure of the MRF dependencies,
we have demonstrated in this dissertation that the classical indices of tail dependence which
are based on the behaviour of copulas along the main diagonal, do not generally capture
the maximal degree of tail dependence. For this reason, we have proposed conservative
indices of tail dependence that hinge on the new notion of paths of maximal dependence
that we have introduced herein. We have used a number of specific copulas, as well as a
numerical example, to elucidate relevant main ideas both analytically and numerically. The
proposed approach to assessing the tail dependence in copulas conforms to the new paradigm
of prudence in modern quantitative risk management (OSFI, 2014).

Future research topics are numerous and include but are not limited to: statistical in-
ference for the indices of maximal tail dependence as well as the application of the paths of
maximal dependence to formulating new measures of global dependence, constructing new

families of copulas and developing new classes of bivariate risk measures.
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