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Abstract

Although measles vaccine is considered safe and highly effective, cases continue to be
reported globally, even in countries, such as Canada, where herd immunity (a form of indirect
protection provided by immunized individuals) threshold is reached. Biological processes
and social behaviours are fundamental factors in understanding the re-emergence of this
childhood disease in highly vaccinated populations. In the past decades, the assumption that
vaccine-induced immunity is life long has started to vacillate and many studies show how
measles antibodies wane over time. However, the time needed to wane immunity partially,
or fully, is still unknown. During this waning stage, immunity can experience a boosting
process, if an encounter with the pathogen occurs. However, in absence of virus, immunity
can wane until individuals return fully susceptible. In a society where mobility, travel and
immigration are a daily routine, infection’s stages and levels of immunity are important factors
to potentially increase or reduce the spread of a virus. In particular, with the assumption
that measles-induced immunity is lifelong, immigrants’ immunity provides an increase of
protection in the host country. On the other hand, immunity heterogeneity in a community
creates pockets of individuals vulnerable to the infection, and movement of infectious cases
might lead to relatively big outbreaks.

In this thesis, we investigate how waning immunity, boosting and vaccination processes,
immigration and migration affect the achievement of herd immunity and the spread of the
infection. We propose different compartmental models described by systems of ordinary and
partial differential equations, following, and extending, the Susceptible-Exposed-Infectious-
Recovered framework. We employ both deterministic and stochastic models in order to
capture those factors which mostly affect the infection dynamics and immunity of individuals
as well as to investigate the probability of extinction or outbreak. Since measles vaccine
is given at different ages, from 12 months up to 6 years, we also employ age structured
models, discrete and continuous, to capture the age groups which mostly experience waning
immunity and infection. Meta-population models are also used to investigate the effect of
mobility on the spread of measles infection. We derive expressions for the basic and control
reproduction numbers as well as performing sensitivity analysis on the model parameters and
1ts outcomes.
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Chapter 1

Introduction

1.1 Measles

Measles is a highly infectious childhood respiratory disease. It is caused by the measles
morbillivirus (MeV) belonging to the Paramyxoviridae family. The first symptoms of the
infection are fever, cough, coryza, conjunctivitis and some white spots inside the cheeks
(Koplik spots). These signs appear about 10 to 12 days since the exposure to the pathogen
has occurred. The subsequent symptom, which is the most typical, is a red rash which starts
on the face and neck reaching the limbs successively. This rash starts diminishing after 5
days from onset.
What makes measles a serious infection is the complications it leads to, above all, in young
children (less than 5 years old) or adults aged more than 30 years. This infection can cause
dehydration, otitis, pneumonia, as well as, more severe consequences such as blindness and
death.

Although there is not a specific antiviral for MeV, measles is a vaccine preventable infection.
In 1963, the first measles vaccine was licensed in the USA [1, 2, 3] and it was given to children
aged 9 months. In the following years the trend of reported cases of measles experienced a
sharp drop, with the presence of smaller peaks in the 1970s. However, in the 1980s measles
cases were reported in both unvaccinated infants and among children with a single dose
of vaccine, probably due to primary vaccine failure (that is, the immunity system did not
respond to the inoculation)[3]. Hence, in 1989 a new immunization policy was implemented
with the recommendation of giving a second dose to school-aged children [3]. This new policy
led to a further reduction in measles cases. Nowadays, almost globally, the first dose is given
at 12-15 months, and the second one at any time before school age [4, 5.
Worldwide vaccination campaigns have been promoted over the past decades [6, 7, 8]. The
World Health Organization [6] states that in the first 18 years of the new millennium, measles
vaccine prevented more than 23 million deaths globally [6] . Moreover, in 2018, 86 % of
children got immunized, at least with the first dose, in the world [6].

Although the infection incidence decreased due to the implementation of vaccine policies,
in the past years a visible re-emergence of measles has been registered internationally [9, 10,



11], even in countries where the percentage of vaccinated individuals is high enough to ensure
herd immunity (with a vaccination coverage in the range 93% — 95% [12, 13, 14, 15, 16]) in
the community (see Figure (1.1)). Herd immunity indicates an “ indirect” protection that
vaccinated individuals provide to vulnerables.

The cases reported in highly vaccinated societies have been calling into question what is
causing this re-emergence. In these communities, including Canada, the index case has always
been imported from endemic countries [17] (Figure 1.2). Hence immigration is considered as
one of the factors promoting measles resurgence. However, the reason for these outbreaks can
be linked to biological and social causes. For example, the possibility that vaccine-induced
immunity is not lifelong can also be considered as a factor. Small groups or clusters of
non-vaccinated individuals, because of vaccine denial, delay or hesitancy may also be culprit.

Indeed, different opinions are shared on measles immunity. It is widely accepted that the
infection-acquired immunity is lifelong [18, 19, 20, 21|, but regarding the vaccine-induced
immunity not all scientists agree on this a permanent protection [21, 22, 23, 24, 25]. In the
past years, different studies show that vaccine-induced immunity wanes over time, at least,
within the first 20 years after the immunization [21, 22, 23, 24]. This immunity reduction is
crucial from an outbreak prevention point of view. In fact, a decreased level of protection
will make vaccinated individuals, again, susceptible to the pathogen and hence generate an
outbreak bigger than expected. Moreover, vaccinated individuals who become infected, might
transmit the infection with a force of infection different from primary cases. However, this
transmission rate is still unknown.

Measles in Canada

Before the MeV immunization program started in Canada, measles outbreaks occurred every
2 to b years, reporting a large number of cases and deaths[17, 26]. Similar to the USA,
Canada licensed the first measles vaccine in 1963, making the first dose publicly funded at the
beginning of the 1970s [17, 26, 27] and reducing the cases by 99% in the following years [27]
(see Figure (1.2a). Although this important drop in the total cases was observed, relatively
large measles outbreaks were reported annually between 1990 and 1997 [26]. Hence, a second
dose vaccine program was implemented in 1996-1997 [17, 26]. In the following year, measles
was declared not endemic in Canada [17].

Despite the high vaccination coverage [28], in the past years, small outbreaks have been
recorded in Canada annually [17, 29, 30]. Measles infections have mainly been reported in
unvaccinated individuals or people who were not properly vaccinated and travel to endemic
regions bringing the infection when returning to Canada. Between 1998 and 2013, 134 cases
were imported into Canada [17] (see Figure (1.2b)), and others were registered in the following
years [29, 30].
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of measles vaccine (1 dose) coverage worldwide in 2018. Taken from [31]
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1.2 Disease Modelling

The field of Disease Modelling encompasses all mathematical models of disease, including
infections and non-infection diseases, and acute and chronic infections, caused by a myriad of
pathogens (both micro and macroparasites). Many different mathematical methods can be
used to study the change of disease prevalence over time. Herewith, we limit our discussion
of mathematical models/tool that are directly related to the works of this thesis.

Susceptible Infectious Recovered (SIR)

The idea of using mathematical tools to describe epidemiological phenomena dates back to
1766, when Bernoulli [34] published the first study on smallpox mortality and the advantages
that vaccination against this infection will have on the population life expectancy.

Starting in 1927 mathematical compartmental models were introduced by O. Kermack and
A.G. McKendrick [35, 36, 37] in order to study the transmission of infection diseases.

One of the simplest cases of compartmental models is the Susceptible-Infectious-Recovered
(SIR) [38, 39, 40, 41, 42] framework without demographics. This model divides the population
into three different classes: individuals who are vulnerable to the infection, or susceptible
(S), individuals who, after encountering the pathogen, become infectious (7), and individuals
who recover from the infection and are fully immune/resistant to the pathogen (R). The
transmission of the infection from an infected individual to a healthy one occurs with a given
force of infection (I, 51/N ), where this term is the probability of contact between S and
I individuals, and includes the rate of transmission of the disease. After a period 1/7, sick
individuals recover. The transition among all these steps is defined by a system of Ordinary
Differential Equations (ODEs).

S' = —8SI (1.1a)
I'=BSI —~1 (1.1b)
R ' =~I (1.1c)

Latent period

Not all diseases share the same stages leading to the infection. Some viruses, such as MeV [1,
17, 43], after entering the host, stays latent for a certain period of time (called incubation
period, 1/a) before being able to be transmitted to other hosts. Within this period, the host
does not manifest any infection symptoms and, although infected, is not infectious. This
stage of the infection is fundamental to predict the outcome of an outbreak and allow public
health to make a quick response to control it. The incubation period is introduced in a
mathematical model by adding the following equation

E = —pSI —aF



between S’ and I’, which will become I’ = aE — ~I [40, 41, 44]. In this model, it is assumed
that individuals in £ do not show symptoms and are not infectious, whereas [/ individuals
are infectious and with visible infection symptoms.

Severity of symptoms

In the models shown so far, the individuals carrying the disease show symptoms while
infectious. However, for some diseases, individuals might not show any sign of the symptoms
or might present a very mild level of severity. For example, a previous immunization, which
wanes over time, can allow individuals to be infected again after encountering a specific
pathogen, but they might be sub-clinical (or asymptomatic) cases. They can also transmit
and recover from the virus differently from primary infected cases. Given the difficulty in
detecting the asymptomatic infectious cases, different studies have been done in trying to
understand the effect that they have on the dynamics of the infection [45, 46, 47, 48, 49]. In
oder to capture this phenomenon, in a disease model, the infectious compartment is divided
into two sub groups: symptomatic and asymptomatic:

R =y A+ 1

S’ = —BSI — BSA (1.3a)
E' = BSI+ BSA— oFE (1.3b)
A'=(1—-q)aE —vy4A (1.3¢)
I' = qaFE — ;1 (1.3d)
)
)

where ¢ is the probability of showing symptoms, B is the transmission from asymptomatic
cases and 4 and v, are the different recovery rates for asymptomatic and symptomatic cases,
respectively.

Immunity: vaccination and waning process

It has been already discussed that some childhood diseases, such as measles, are vaccine
preventable. Vaccination reduces the size of the susceptible class and, consequently, the spread
of the infection. It is then possible to add a further compartment (V') to mathematical models
to distinguish vaccinated individuals from the susceptibles [40, 41, 50, 51]. In particular, if
we define A and d as the population birth and death rates, respectively, the ODEs related to
the susceptible and vaccinated compartments become:

S' = (1—p)A—BSI —dS (1.4a)
V' =pA —dV (1.4b)

where p is the proportion of population with vaccine-induced immunity.



It is globally recognized that vaccination is an extraordinary practice to reduce the spread
of the infection. However, if its efficacy wanes over time, individuals might become partially
or fully susceptible if there is no exposure to the pathogen or any booster vaccines that help
to boost immunity that has waned.

Different mathematical models incorporate waning immunity and boosting processes in a
typical STR model framework or in-host framework [49, 51, 52, 53, 54, 55, 56, 57, 58]. The
simplest form is the STRWS model:

S = —BSI + kW (
I'=BSI —~I (1.5b
R =~I — ksR+wW (
W:k’gR—WW—/{?lW (

where ki represents the waning rate at which individual in the waning stage return fully
susceptible, ko is the waning rate from R to W and w represents the immunity boosting
process.

Meta-population models

Since the most ancient ages, humans have always been travelers. We can now reach des-
tinations that a few years ago seemed too distant. We need to consider the movement of
individuals and how movements of susceptible, exposed, infected, vaccinated, recovered,
immune, etc affect disease spread. Models of population movement are called meta-population
models [40, 41]. The idea of this spatial model is to divide the entire geographical area
into n patches. Each patch will then have its own population which can move from one
region to the others for various lengths of time. For example, immigration can be defined
as a long-term spatial movement between countries or, in a smaller case, commuting from
one area to another of the same city is a short term spatial movement. There exist two
different approaches used in multi-patch models capturing the migration and the commuting
behaviours: Eulerian and Lagrangian. In the first approach, the residency of the travellers is
not considered and the infection depends on the patch where individuals are. The Lagrangian
approach allows to keep track of the residency of individuals and the infection rate depends
on the mean time spent in a specific location and its risk of transmission.

In mathematical models, the mobility among patches can be captured by introducing
new rates at which individuals leave or return to their residency patch [59, 60, 61, 62, 63,
64]. Multiple studies have been done in this direction by Arino et al.[61, 62, 63, 64]. In
this framework, the population of each subregion is divided into two groups: individuals
who don’t leave their home patch and individuals who commute. The typical notation is
the following: X;;, where & indicates any of the compartments described in the previous
paragraphs. AXj; has to be read as: individuals in X compartment currently in patch ¢ that
lives in patch j [41]. The dynamics of the total population can be defined as



N = vii — Z lji Ny + eriNji — pii Nii (1.6a)
J J
Nij = vij + LijNj; — i Nij — 1 Nig (1.6b)

where [;; is the rate at which individuals living in j commute to 4, r;; is their returning rate,
v;; individuals born in j currently in 7. The force of infection in these models is defined by
the standard incidence, i.e. the transmission in patch ¢ is given by:

S
= J 1.7a
5 =N (1.7a)

Z‘Iz
.S, =) Y 1.7b

Although this approach is able to capture the movements of individuals and keep track of
their residency, the estimation of the mobility rates is not always feasible. A more recent
meta-population method models the migration among n regions by using residency times
[65, 66, 67, 68]. The transmission of the infection in each patch is determined by the time
individuals from different regions spend in a specific patch and the effective population which
at a given time is in each region. In particular, Bichara [66, 68] and Stolerman [65] assume
that individuals from patch i spend in patch j a certain proportion of time p;; € [0, 1],
satisfying the condition 37, p;; = 1, Vi =1,2,...,n. The transmission in patch i is then
modelled as

> k=1 LkDr;
BiSmisen
Dkt N, EPkj
where 3; is the patch specific transmission, S;p;; indicates the susceptible individuals from
M

Zzzl Ngprj
infected individuals in patch j from the other regions over the total population currently in

patch j).

(1.8)

patch ¢ currently in j, is the proportion of infected individuals in patch j (i.e. the

Age structured model

In a simple STR model, and its extensions, the population is divided into groups depending
on their infection status. However, a population can be classified based on the age of the
individuals, who tend to have various contacts with other individuals in different age groups.
Mossong et al. [69] have presented contact matrices over different age groups for a subset of
European countries (see Figure (1.3)). Prem et al. [70] have presented contact matrices for
all other countries of the world by extrapolating the data from [69] and projecting contact
patterns for 144 countries . From the contact matrices, it is clear that individuals have
most of their contacts with others belonging to the same age group. It is also visible that



children have contacts with adults, which is reasonable considering the contacts among family
members.

As mentioned, the transmission of an infection depends also on the contacts that infectious
individuals have with others. Hence, in a disease model with an age-structure, the contacts
among people should depend on the their age group.

The easiest approach to capture the age factor in a model is to divide the population in
age-dependent subgroups (e.g., children and adults) which follow similar infection dynamics
[41, 71, 72]. For example, the model in Eq.(1.1) will present two susceptible, two infectious
and two recovered classes, defined as S¢, Io, Ro, Sa, L4, R4, where C' denotes children and
A adults. The transmission terms will depend on the contacts among these new classes
and they are defined as fBca, Boc, Baa, representing the contact between Children-Adults,
Children-Children and Adults-Adults, respectively.

It may be preferable to represent age in a continuous fashion, rather than using discrete age
groups. Here, we would use a system of Partial Differential Equations (PDE) [40, 57, 58,
69, 73, 74, 75, 42, 76]. In these models, the variables (e.g., S, I, R) are defined as functions
depending on both the time () and age (a):

(’)Sécz,t) n 85;2, t) — _S(t,a) /0+oo B(a, T)I(t,7)dT (1.9a)
81(@? t) + 8122’ t) — S(t’ a) /0+oo ﬂ(a, T)I(t, T)dT — ’}/[(a, t) (1-9b)
aR(gott,t) N aRgz, t) _ V(0. 1) (1.9¢)

where [(a, T) represents the transmission rate between an infected individual of age 7 and
a susceptible of age a. Hethcote provides a wide literature on this topic by using both
theoretical and numerical approaches [57, 58, 74].

Stochastic models

The models described in the previous sections use a deterministic approach. They do not take
into consideration the stochasticity that we experience in real life. To capture this process,
we need to refer to another type of model: stochastic models [40, 41, 77, 78]. Allen carried
out extensive studies on this topic with application to biology and epidemiology [40, 77, 79,
80, 78].

Stochastic models allow for the determination of variation in model outcomes, rather
than looking at the mean behaviour that is capture by deterministic models. Stochastic
models also allow for the calculation of the probability of a disease outbreak, or the extinction
probability of a disease in a population given public health mitigation strategies.

In a stochastic modelling, the compartments used in the deterministic ODEs are defined as
disease states. Individuals move from one state to another, where movements are determined
by probabilities at the current time. In some models the states (e.g. S,I, R, etc..) are defined



as discrete random variables:
D(t) €0,1,2,...,N

where D represent any of the infection dynamic states. However, the processes can be defined
over a discrete (i.e. t € 0,1,2,...) or continuous time (i.e., t € [0,4+00)). In the first case we
define the process as Discrete Time Markov Chain (DTMC), while the latter case is defined
as Continuous Time Markov Chain (CTMC). In this work we will employ Continuous Time
Markov Chain.

When we define an epidemiological stochastic model, the infection dynamic is captured
by events which change the population size in each state. For example, if we consider the
dynamic outlined in Eq. (1.1) the events we need to define are the transmission and the
recovery. The transitions among the states are defined, respectively, as follows:

I—-I14+1,8S—=5-1; (1.10a)
I-1-1;,R—-R+1; (1.10Db)
(1.10c)

In the scope of this thesis, we carry out numerical analyses and simulations using the
Gillespie’s Direct Method [81].

Mathematical Models of Measles Infection and/or Waning Immunity

There have been many mathematical modelling studies of measles spread in populations.
There have also been some modelling studies of waning immunity, as pertaining to measles
and other pathogens. Here, we provide a simple review of the literature, outlining studies
that are pertinent to the current work.

Lavine et al. [56] developed an age-structured Susceptible-Infectious-Recovered-Waning-
Susceptible (SIRWS) model to describe the dynamic of pertussis and investigate its re-
emergence. They assumed that the absence of the pathogen does not allow immunity to
be boosted, and, consequently, it wanes. On the other hand, while staying in the waning
stage, if individuals are exposed to the pathogen, they boost their immunity. This work
is able to capture some of the phenomena occurring in highly vaccinated communities. In
particular, the age groups experiencing the infection are shifted (from younger to older) and
re-emergence over time. These results are possible assuming that a low exposure to the
pathogen triggers immunity boosting.

Others employed the same model framework with different applications [82, 54].

Leung et al. [54] extended the model proposed by Lavine et al. [56] by including a vaccinated
compartment and different waning periods for infection-acquired or vaccine-induced immunity.
Two infectious compartments are considered: one for primary infected and one for secondary
cases. The level of infectiousness of both primary and secondary cases is assumed to be
equal. Also, the authors assumed that, to trigger the boosting process, individuals need a
lower exposure to the virus than the one needed to become primary infected. However, age
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Figure 1.3: Contact matrices for different European countries (A) all reported contacts (B)
physical contacts weighted by sampling weights [69]

11



structure is not considered. They found that different waning periods can lead to different
infection dynamics, and hence it is necessary to understand them comprehensively.

Next, we introduce some of mathematical models of measles infection. The framework

used to describe this childhood infection is, typically, the SEIR model, and its extensions.
Several models have been used to study the effect of waning immunity at a population level.
In 1999, Mosson, J. et al. [49] employed an epidemiological compartmental model considering
waning processes of passive maternal immunity and vaccine-induced immunity. The population
was divided between immunized and non-immunized, assuming their infectiousness is the
same. Their findings suggest that, if individuals do not encounter the pathogen for a long
period, their level of protection decays over time, creating a large pocket of susceptibles
in the community. They also derived the expression for the control reproduction number
highlighting how transmission from vaccinated cases needs more understanding.
In 2003, Mossong and Muller [75] expanded the model used in [49] including age structure.
Their results show how waning periods and transmission from a vaccinated case are extremely
important to define the time to the first reemergence of measles. The longer the waning
periods are and the less strong the force of infection of vaccinated cases is, the more time is
needed to experience the reemergence of the infection.

It has already been mentioned that we live in an era where travelling among cities or
countries is extremely easy. Measles infection has been studied also considering the movement
of individuals.

Mpande, L.C. et al. [83] modelled the movement of a vaccinated population by using a
meta-population model on two patches. After deriving both the disease free and endemic
equilibria and reproduction numbers, the results on the bifurcation analysis and incidence
showed how the number of cases decreases in both patches if the vaccination coverage is
increased in both regions. However, this model does not keep into consideration the residency
patch of travelers.

Alexander et al. [84] formulated an SEIR multi-patch model to investigate the impact
that vaccination heterogeneity has on the transmission of measles in France. Theoretical
and numerical approaches were used to evaluate the reproduction number and the infection
dynamics. Their results show how a wide diversity in the vaccination coverage increases the
transmissibility of measles leading to outbreaks.

When we investigate a disease, we cannot exclude the biological aspect of the virus.
Heffernan and Keeling [45, 52] have intensely investigated, focusing on boosting and waning
processes. In their first paper [45], the authors proposed in-host models describing the
immune system and the cellular dynamics of MeV. They explored the relation between the
basic reproduction number (which determined the transmission of infection at the population
level) and the level of memory cells in the plasma after being exposed to the virus. Their
findings suggest that as the memory cells in the immune system increase, the transmissibility
of the infection decreases.

In their second study, Heffernan and Keeling [52] used the results obtained in their cellular-
level study [45] to investigate the consequences they have on a population level. This analysis
was focused on the impact that vaccination and waning immunity processes have on the
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prevalence of infectious individuals. After a period of absence of endemic measles virus in
a vaccinated population, the introduction of infectious individuals triggers relatively large
outbreaks. The infectious cases show higher peaks as the period of waning immunity increases.
For high immunization coverage, the authors were able to capture the periodical outbreaks
which are visible in highly vaccinated countries. Although the authors model measles infection,
their models include waning immunity from infection and don’t include age structure. Also,
the models have no theoretical results, and has no stochastic simulations.

Basic and Control reproduction numbers: R, and R.

The diffusion of a disease outbreak is an event strictly related to a fundamental epidemiological
factor: the basic reproduction number, Ry. This quantity is defined as the average of secondary
cases generated by a primary infectious individual in a totally susceptible population within
its infectious period|[38, 85, 86, 87, 42]|. If Ry > 1, infectious individuals will generate more
than one secondary case, which, in turn, will generate successive generations of the outbreak.
On the other hand, if Ry < 1, the infection will die out. Anderson and May [12, 38] estimated
the basic reproduction number for different childhood diseases as rubella (6 — 7), whooping
cough and measles (12 — 18).

Mathematically, the reproduction number can be expressed in terms of transmission rates,
population and average infection periods. For example, for Model in Eq. (1.1), Rg is defined

as
_ BN

~
Given the importance of this concept, different methods have been provided by scientists to
derive a mathematical expression for this quantity [85, 88, 86, 89, 90, 91, 92].
Following the definition and the conditions according to which an outbreak can occur or not
(Ro < 1), the basic reproduction number is a concept directly correlated to the stability of
the disease free equilibrium (DFE). Hence, a way to derive a formula for the Ry is to analyze
the Jacobian matrix of the disease model, evaluated at the DFE. The reproduction number is
obtained by the parameters which allow all the eigenvalues of the Jacobian to have negative
real part [86].

Although this method is easily applicable, for complex system it does not provide a clear
expression of the Ry that can be biologically interpreted.
Diekmann et al. [88] introduced an innovative technique, the Next Generation Matriz method,
successively elaborated by van Den Driessche and Watmough [90]. The authors give a detailed
description on how to apply this approach to compute the Ry in compartmental models. The
central concept of the next generation matriz method is to capture, through matrices, the
rates at which new infection appear in the infected compartment (collected in the matrix F)
and the rates of any other transition through the infected compartments (collected in the
matrix V). The reproduction number is then defined as Ry = p(FV '), where p indicates the
spectral radius of FV~!. The authors also proved that the reproduction number, evaluated
through this method, corresponds to the critical value for the stability of the disease free
equilibrium.

Ro (1.11)
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For models describing different infected classes and infection stages, the evaluation of
the eigenvalues of FV~! might be complicated. In 2010, Diekmann et al. [89] introduced a
new method based on the concept used for the next generation matriz. When the matrix F
presents one or more rows equal to zero, indicating that individuals are not in that stage
after the infection, it is possible to reduce the next generation matriz (FV~1). To implement
the reduction, it is necessary to introduce an auziliary matriz (£) that is able to capture only
rows and column in FV~! relevant to determine the reproduction number. £ is built by unit
vectors e;, where i are all the rows in F not zero. Once this matrix is generated, the reduced
next generation matriz is evaluated as ET FV~'E. The reproduction number is the spectral
radius of the reduced matrix.

As already mentioned, vaccination plays a fundamental role in the dynamics of infectious
diseases, by reducing the size of the susceptible population. When control measures, as
immunization, are taken into account, then the population is not fully vulnerable to the
pathogen, hence it is necessary to define a new type of reproduction number: the control
reproduction number, R.. If we consider a vaccine to be 100% effective and provides lifelong
immunity, the expression for the R. can be defined as

R. = (1-p)Rq (1.12)

where p is the fraction of vaccinated individuals in a population. It is evident that if there is
no vaccination policy (i.e. p = 0), the control reproduction number corresponds to Ry.

Herd immunity

Herd immunity is defined as an indirect protection that vaccinated people provide to suscep-
tible individuals and it is strictly correlated to the control reproduction number. There exists
a threshold of vaccinated individuals needed to prevent the spread of the infection. If that
threshold is satisfied, the control reproduction number is less than 1 and hence the infection
is not sustained.
Keeping in mind that the reproduction numbers are thresholds for the occurrence of an
outbreak, from Eq. (1.12) it is possible to derive the critical vaccination coverage providing
R. < 1. By setting Rc = 1, we can express p as
=1 ! 1.13

pe=1-7 (1.13)
Eq. (1.13) gives the minimum vaccination coverage needed to achieve herd immunity in a
population. For example, according to Anderson and May [12] the basic reproduction number
of measles lies in the interval 12 — 18, hence, by using Eq.(1.13), roughly 92% — 94% of the
population needs to be immunized in order to maintain the reproduction number less than
1. This calculation, however, requires that immunity be lifelong, and therefore, ignores the
effects of waning immunity.
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Sensitivity Analysis

In disease models, the parameters used are not always known and sometimes need to be be
estimated. The uncertainty of these values affect the outcomes of the model, leading to their
variability. Sensitivity analysis is a great approach to provide insights on which parameters
are more significant to the results variability.

A tool commonly used to conduct sensitivity analysis is the Latin hypercube sampling/Partial
Rank Correlation Coefficient (LHS/PRCC) [93, 94]. LHS is a sampling technique introduced
in 1979 by McKay et al.[94]. In this method each parameter is chosen only once for the
analysis and independently from each other. The parameters are sampled within a specific
range and their distribution is divided into sub intervals with equal probability. This method
generates a matrix whose columns are the parameters sampled and the rows correspond to
the number of samples. Then, the simulations are run for each parameter set.

Following the LHS step, the PRCC analysis is performed. The PRCC provides a measure
of correlation between inputs (parameters) and outputs (the model outcomes) which have
a monotonic relationship. In this method, the significance of the inputs over the outputs
is classified as negative if PRCC < —0.5 or as positive if PRCC' > 0.5. Any PRCC value
smaller, in magnitude, than 0.5 is defined as non significant. The closer these values are
to —1, or 1, the higher is the variability. Once the correlation is established, it is ranked
depending on the magnitude of the significance.

1.3 Modelling Tools

The population dynamics in our compartmental models are defined with Ordinary or Partial
Differential Equations. The tool used in this work to simulate the differential equations
solutions and plot them is the programming language MATLAB, developed by MathWorks
[95]. This language was also used to investigate the parameters sensitivity analysis. Different
versions were used: 2014b and 2016a.

To perform heavy analytical computations, we used a different programming language:
Maple, developed by Maplesoft [96]. This tool is able to execute complex symbolic calculations.
It was used to evaluate the systems equilibria and their stability analysis as well as derive
the expressions of reproduction numbers. The version used was Maplel7.

1.4 Scope of Thesis

Although many studies have been conducted over the past years on understanding the
dynamics of measles and the cause of its re-emergence, some key questions are still unresolved.

In a highly vaccinated country, such as Canada, the index case of the latest outbreaks
were imported from endemic countries [17, 29, 30]. These events are leading Public Health to
consider immigration as a possible source of infection. On the other hand, since it is widely
accepted that MeV provides life-long immunity, individuals who immigrate to a country with

15



a high immunization level, increase the level of protection in the local population. It is then
fundamental to investigate the immunity distribution of Canadians and immigrants and
determine which factors, in each sub-population, are more relevant to prevent the spread of
the infection in the country.

In the past years different phenomena (as anti-vaccine movements or general mistrust in
vaccination [97]) increased the vaccine hesitancy in Canada. This phenomenon leads to a
reduction of immunized citizens which, consequently, creates vaccine heterogeneity across the
country. In a society where home place and work place do not often coincide and individuals
need to travel daily, the infection can easily be "moved” from one region to another. Indeed,
infectious cases, above all if asymptomatic, can represent a real threat in areas where the
vaccine coverage is low. It is crucial to investigate the potential impact that infectious
individuals have on a community with low immunity in order to suggest vaccination strategies
to Public Health decision makers.

Waning immunity plays an important role in the spread of the infection, and Public
Health has been making different efforts in trying to understand how this process, along with
vaccinated cases force of infection, impacts the re-emergence of measles [23, 24]. However,
these are still open questions which need immediate answers. Public Health Ontario (PHO)
has conducted different systematic reviews on measles waning immunity, published by Bolotin
[23] and Hughes [24], and potential transmission from vaccinated cases, which is still under
study. In collaboration with PHO we will extend these findings to a mathematical framework.

In this thesis, we use mathematical models to provide Public Health detailed answers
and suggest policies to control the transmission of measles. Moreover it highlights factors,
both biological and social, which need more attention and investigation from Public Health
officials.

In Chapter 2, we propose an SEIRV age structure model. The population is divided
into subgroups according to age (Newborns-Children-Adults) and place of birth (Canadians-
Foreign borns). The age groups used are based on the vaccination age recommendation. We
propose a first model with two age groups: 6 months-5 years (Children) and older than 5
years (Adults). A second model considers three age groups: 6 months-1 year (Newborns),
1-5 years (Children) and older than 5 years (Adults). We derive both the basic and control
reproduction number and carry out sensitivity analysis (LHS/PRCC). We find that the
vaccination coverage of Canadian newborns and children is extremely significant in controlling
the spread of the infection and increasing herd immunity. Similar results are visible for foreign
adults. We can conclude that Public Health should focus on increasing the immunization of
Canadian children.

In Chapter 3, we develop a multi-patch model considering 5 regions in the Greater Toronto
Area (GTA): Toronto, Peel, York, Halton and Durham. We allow individuals to move among
these patches. We describe the infection dynamic with a SEAIRV framework, where the
infectious stage is divided into asymptomatic and symptomatic. In terms of movement, all the
classes are allowed to leave their own patch, except for the symptomatic one. We investigate
how the movement of individuals who do not show the sign of the infection and different level
of immunity in the patches affect the total transmissibility of measles. We found that the
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highly vaccinated patches residents are able to decrease the overall transmission in their own
and other regions. The asymptomatic cases are a real threat for the infection transmission,
since it is very hard to control them. However, this risk can be reduced by increasing the
vaccine coverage uniformly.

In Chapter 4, we develop a SIIL,RVW S model with and without age structure. We
assume that children receive one single dose of vaccine and they wane their immunity over
time. If individuals in the waning stage encounter the pathogen, they can either boost their
immunity level back to the vaccination level or become infected. However, the infectivity of
vaccinated cases is still unknown. Hence, we consider two situations: in one, the secondary
cases are not infectious, in the second one the vaccinated cases are as infectious as primary
cases. We investigate the conditions on reproduction number, vaccine coverage, waning
periods and boosting rate which can provide the achievement of herd immunity. We found
that this is possible only if the vaccine-induced immunity is lifelong and for small reproduction
numbers. For a shorter period of coverage, the indirect protection is never achievable. We
also derive a stochastic model and investigate the probability of extinction. Similar to the
herd immunity, the probability of an outbreak occurrence increases if the immunity is life
long.

In Chapter 5, we explore a short term measles dynamics by using the age structure model
delineated in Chapter 4. We investigate how the waning periods affect the duration, peak,
time of peak occurrence and final size of a potential outbreak. We find that for a waning
period shorter than life span, the outbreak lasts within 5 and 12 months. For a life long
immunity, the outbreak may either stay sustained for over one year or not occur. As expected
the peak increases as the reproduction number increases, in both short and long immunity
period. The final size results show that if immunity wanes faster, most of the cases are visible
in the age groups between 5 and 29 years. These results suggest that if the time needed
to become susceptible again from a vaccinated status decreases a large vulnerable group of
individuals is generated.

In Chapter 6, we extend the age-structured model described in Chapter 4 by adding
a second dose of vaccine at the age group 5-9 years. Similar to the analysis in Chapter
4, we investigate how the control reproduction number changes depending on the waning
periods, basic reproduction numbers and vaccine coverage. We immediately observe that the
control reproduction number is, in magnitude, smaller than the one obtained with one single
dose of vaccine. Also, we observe that herd immunity can be achieved only for a life-long
vaccine-induced immunity.

In Chapter 7, we propose a final conclusion of our work and outline of future works.
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Chapter 2

Distribution of Immunity: An
Immigration Model

2.1 Introduction

This work has been conducted in collaboration with Dr. Heffernan and Dr. Teslya. I worked
on developing the model, searching data, conducting theoretical and numerical analyses.
Immunity against measles virus can be gained either through the infection itself or
inoculation. It is accepted that the immunity acquired by the infection is life-long [18, 19,
20, 21]. Regarding the immunization, two doses of vaccine are recommended: the first one
given at 12-15 months of age and the second one given around school entry age. [4, 11]. In
highly vaccinated countries, such as Canada, measles outbreaks occur every year ([33, 9]).
Generally, the sources of these episodes are travel-related cases from countries where measles
is endemic and the spread of the infection can be associated to different factors as waning
immunity, vaccine failure or vaccine hesitancy. Although the index case of these outbreaks is
imported from endemic countries, it is important to observe that individuals immigrating
from these regions can be fundamental to strengthen the immunity distribution in the host
countries since their immunity to the pathogen can be infection-acquired and hence life-long.
The 2016 Canadian census, provided by Statistics Canada[98, 99], shows that the rate of
immigration has been having an increasing trend over the years with approximately the 50%
of newcomers landing in Ontario. It is important to mention that landed immigrants refers to
all individuals arriving in Canada as permanent resident, that is, they share some of the most
fundamental duties and rights with Canadian citizens, including complete access to the health
system. The same census reports that landed immigrants are from over 200 different countries
(see Figure (2.1)), hence the health background of newcomers is extremely diversified. If we
compare the countries of origin of immigrants with the map showing countries with endemic
measles (Figure 1.1a) and the one showing the global vaccination coverage (Figure 1.1b), we
observe that many immigrants are from regions that are highly vaccinated or with a high
incidence of measles cases and low immunization coverage. Hence, a proportion of newcomers
have encountered the pathogen and have become fully immune to the virus for life. However, a
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fraction of the Canadian immigrant population have immigrated from non-endemic countries
where the immunity against measles is provided by vaccination.

Over the years, several mathematical models have been employed to study the effect that
immigration has on the spread of a specific infection in the local population. Many of them
consider immigration as a constant incoming flow of susceptible and/or infectives [100, 36,
101, 102, 103, 73, 104]. Brauer and Van den Driessche [100] developed models following
SIS and SIR frameworks in which the infected compartment is continuously replenished by
immigrants. Their results suggest that an endemic equilibrium always exists and it can be
reduced by reducing the continuous flow of infectives. Some studies focus on the effect of
immigration and vaccination on the infection dynamics [105, 102]. In their study, Piccolo and
Billings [105] developed an STR model, and followed immigrants and local citizens through
these classes. In their assumptions, immigrants present a lower level of vaccination and the
transmission rates are different when contacts are within the same sub-population or between
the two subgroups. The authors derived a vaccination threshold that can lead the infection
to extinction or persistence. Moreover, the contact rates determine a lag time between the
outbreak in the immigrant and local populations.

Despite the important results from these studies on the disease dynamics, some factors
are not considered, such as age structure and different immigration rates depending on
the immunological background of individuals. Our work is focused on understanding how
immigrants’ immunity can affect the distribution of the Canadian population immunity and
protect the unvaccinated individuals from potential outbreaks.

We propose mathematical models following a Susceptible-Exposed-Infectious-Recovered
(SEIR) framework including vaccination with discrete age structure. Moreover, since Ontario
is hosting the highest number of newcomers, our model considers it as the main province
of our study. The provincial population is divided into two subgroups depending on the
country of origin (Canadian or Foreign-borns), to capture the various health backgrounds.
However, since the vaccination policy is mainly applied to children, we divide further each
sub-population into age-dependent subgroups. We propose two models: in the first one there
are two age groups (0-5 years and older than 5 years), while the second one present three age
groups (0-1 years, 2-5 years and older than 5 years). As we are interested in the immunity
distribution within the communities, both vaccination, demographics and immigration rates
are fundamental for this purpose and, hence, they need to be studied carefully. However, all
these rates present are not clearly known, hence we employ the Latin Hypercube Sampling
and Partial Rank Correlation Coefficient (LHS/PRCC) sensitivity analysis on the mentioned
parameters to determine their uncertainty.

2.2 Model and Methods

2.2.1 Model

In this work, we consider a family of models taking into account that the Ontario population
is divided into Canadian-born and immigrants sub-populations and each sub-group is divided

19



Immigrant population in Canada

According to the 2016 Census, 7.5 million foreign-born people came to Canada through
the immigration process. They represented more than 1in 5 persons in Canada.
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Figure 2.1: Map of countries whose citizens immigrated to Canada in the period 2011-2016.
Taken from [98, 99]
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based on age. All models are based on the following demographics dynamics, infection
dynamics and assumptions.

Demographic

e Canadian-born: Susceptible children enter the population at rate A¢ (birth rate). At
12 months and 6 years of age, a v, portion of them receives a first and second dose of
vaccine, while the remaining part is still susceptible to the infection;

e Immigrants: Children enter the Canadian community at recruitment rate A;y and
Ay, depending on the age (newborn or juvenile). A proportion of them is considered
susceptible, a fraction underwent the infection in their country of origin and then
is treated as recovered with full immunity and a fraction shows vaccine-induced full
immunity. Once in Ontario, vaccinated immigrant children follow the Canadian Up-To-
Date (UTD) procedure and get the two-vaccine doses as recommended, at rate v;, as
applied to Canadian juveniles. At rate A;4 immigrant adults enter Ontario. Again, a
fraction did not encounter the infection during the time spent in their country of origin
and so it presents susceptibility to the virus, while a proportion has obtained life-long
immunity through infection or vaccination.

e Each subpopulation is divided in the following age groups: 0-1, 1-5 years and 5 + years.
This division is due to the vaccination policy according to which the first dose is given
at 12 through 15 months of age and the second dose 4 through 6 years of age

e We will indicate the subpopulation with the following subscripts: C'N, Canadian
newborns, C'J, Canadian juveniles, C A, Canadian adults, /N, immigrant newborns,
IJ immigrant juveniles, I A, immigrant adults

Infection dynamics

e when susceptible individuals encounter the virus, with transition rate (_;, where
k,l = CN,CJ,CA,IN,I1J,IA indicating the transmission among subgroups, they
become infected. Given the complexity in determining the values for the contact rates,
we assume that all individuals can have contacts with homogeneous mixing and spread
the infection at the same rate .

e The latent non infectious-period lasts for 8 days (1/a = 8 days), after which individuals
become infectious and so able to transmit the infection. Their recovery period is about
7 days (1/y = 7 days) and successively people are fully immunized and permanently
moved to the R compartment.

Immunity

e Acquired from the pathogen is considered to be life long as well as the one induced by
the vaccine
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Figures (2.2-2.3) represent the flow diagram of the dynamics described above when two
or three ages are considered, respectively.

Variables and Parameters

Table (2.1) and Table (2.2) summarize the population variables and parameters used in the
mathematical models.

Parameters Evaluation

In our models, d represents the average outgoing rate. Ay, A;y, Ara, Ac and d are balanced
so that the population is constant to keep the population constant. It has been calculated by
using data available in Statistics Canada[106, 107]. In 2015/2016, the Ontario population
was 13,448,494 and the daily birth rate (A¢) was about 383.35 people x days~!. In the
same period, 120, 346 newcomers landed in the province with a daily rate of 329.71 people x
days~!. Since we are exploring models that include age groups, we divide the immigration
rate into newborns, juveniles and adult immigration rate (A;y, A;y and A4y, respectively).
In order to define the percentage of children and adults landing in Ontario, we use the data
reported by Statistics Canada [107].

We assume that children in the age group 5-9 are evenly distributed and we add 1/5 of
this group to the youngest group. We calculate that about 11,904 children aged between 0
and 5 years immigrated in Ontario and this is roughly the 10% of the total immigrants. Since
this age group can be divided into 5 subgroups, we assume that 2% of this 10% represents
newborns (0, 1] and 8% children aged 1 — 5 years. The remaining 90% are all the immigrants
aged 5 years and above. In absence of infection, the demographic dynamics is described by
the equation N = Ac + Ay + Ajy+ Aja — dN. Since we are assuming that the population
is at the equilibrium N* = 13,448,494, we solve the the previous equation in terms of d and
we obtain d ~ 0.00005302 people x days™.

2.2.2 Mathematical Model: Two Age Groups

We present here the first model describing the measles infection dynamics. As already
mentioned, the Ontario population is divided into two subgroups depending on the country
of origin. Each subpopulation is then divided by age: individuals whose age ranges between
0 and 5 years are considered juveniles, while the ones aged more than 5 years are defined as
adults. Since the vaccine dose is given at the age of 4-6 years, all juveniles younger than that
age are assumed to be completely susceptible.

We present the system of ordinary equations describing the epidemic dynamics illustrated
in the main section:

S¢y=MNc—dScy — pnyScs — (Bes—ciles + Boa—ciloa + Bro—cilrs + Bracslia)Sc
(2.1a)
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Population

Definition

Sk
Ej,

Iy,

Fraction of Canadian (k = CN,CJ,CA) or immigrant (k = IN,IJ IA)
newborns, juveniles or adults susceptible to the virus

Fraction of Canadian (k = CN,CJ,CA) or immigrant (k= IN,IJ,IA)
newborns, juveniles or adults exposed to the virus

Fraction of Canadian (k = CN,CJ,CA) or immigrant (k = IN,IJ,IA)
newborns, juveniles or adults infectious

Fraction of Canadian (k = CN,CJ,CA) or immigrant (k = IN,IJ IA)
newborns, juveniles or adults recovered and fully immune to the virus
Fraction of Canadian (k = CJ,C'A) or immigrant (k = I.J, I A) juveniles
or adults presenting life-long vaccine-induced immunity

Table 2.1: Table of variables
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Parameter | Value Definition Ref
Ao 383.35  people  x | Canadian birth rate [106]
days™*
Ay 2% of Ary people x | Newborn immigration rate [106]
days™*
Ary 32.97 people x days~' | Children immigration rate [106]
Ara 296.73  people  x | Adults immigration rate [106]
days™*
Go 1/2 fraction of recovered immigrant new- | assumed
borns
7l 1-G» fraction of susceptible immigrant | assumed
newborns
42 1/2 fraction of recovered immigrant juve- | assumed
niles
q3 1/2 fraction of vaccinated immigrant ju- | assumed
veniles
Q1 1-g9 — g3 fraction of susceptible immigrant ju- | assumed
veniles
G2 1/2 fraction of recovered immigrant | assumed
adults
43 1/2 fraction of vaccinated immigrant | assumed
adults
q1 1—3s—q3 fraction of susceptible immigrant | assumed
adults
d 1/(52 x 365) people x | average outcoming rate to keep the | evaluated
days™* population constant from [106]
UNB 1/(1 x 365)days™! rate of leaving the compartment | [4]
where first vaccination takes place
iy 1/(5 x 365)days™* rate of leaving the compartment | [4]
where second vaccination takes place
Ve 0.85 Canadian vaccination rate [31]
z 0.9 immigrant vaccination rate [31],[108]
€1 0.95 first dose vaccine efficacy [11, 109]
€2 0.99 second dose vaccine efficacy [11, 109]
a 1/8days™" average incubation period 1]
0 1/7days™! average recovery period 1]
15} 2.0744e — 07 days™* infection rate = [(,_;, k,I = | evaluated

CN,CJ,CA,IN,IJ,TA

Table 2.2: Table of parameters
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E¢y = Bes—ciles + Boa—cilea + Bro—cslry + Bra—calia)Sc
—dEcy — psEcy — aEey
It =aFEcy —dlcy — pyjley —vlcy

/

cy = Ylcs—dRcy — piRey

Sea = 11 = veea)Scs — (Bes—calos + Bea—caloa + Bro—caliy + Bra—calia)Sca

—dSca

Ety = (Bes-calcs + Boa—caloa + Bri—calrs + Bra—calia)Sca—
—dEca+ psEcy —aEca

Ity = aEca — dloa + pyloy —vloa

ca=7lca —dRcy + pyRey

Via = 1ive€aScy — dVea

Sty =alNi— Bes—riles + Boa—riloa + Bro—rilry + Bra—1sIra)Sis—
—dSry — pusSty

Ery = (Bes—1slcg + Boa—rilea + Bro—riliy + Bra—1slra)Si—
—dEr; — pyEry —akypy

[}J =abp —dly—plry— 1

R}y = @Ay +vIy —dRi; — pyRpy

(2.1b)

2.1¢)
(2.1d)

(2.1e)

(2.1f)

(2.1g)
(2.1h)

(2.19)

(2.1))

(2.1k)

(2.11)
(2.1m)

Sia =G Aar + ps(1 —vie0)Sry — (Beg—1ales + Bea—ralea + Bro—1aliy + Bra—ralia)Sia

—dSta

Ery= Bes—1alcs + Boa—1alea + Bro—1aliy + Bra—ralra)Sia—
—dEa+ piEry — aFca

Ity =aEc; —dlja+ pylrg —vIia

Ry = GoAar +vIra — dRra + pyRyy

Vg = G3Aar + psvieaSry — dVia

(2.1n)

(2.10)

(2.1p)
(2.1q)
(2.1r)

Observe that since the total population is divided into subgroups, we define different infection
rates depending on the age and country of origin. In particular, §;_; indicates the infection
rate between individuals in the subgroup k and the ones in [, where k.l = CJ CA,IJ TA.
Also, given the high effectiveness of measles vaccine, the vaccination rates and efficacy are

combined into one single parameter.
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2.2.3 Results
Disease Free Equilibrium (DFE)

Now, we derive the DFE, &, in absence of vaccination for Model (2.1). Here:

50 = (SCJm 07 07 O? SCAm 07 07 OJ SIJm 07 07 RIJm S]Am O? 07 RIAO) (22)
where
Sey = A Seu, = 828
CJo dtpy CAp d P CJo
_ qalAgr _ q@2Ayr _ @1lAar wr _ G@2Aar %4
Str = o Ry = G5 Sta, = AL+ BESt s, Ria, = B2 + HL Ry,

When control is introduced in the population, we define the disease free equilibrium as
50 = (SCJ(N O, 07 O: SCA@) 07 Oa 07 VCAoa g[]o? 07 07 RIJO? S’IAoa Oa 07 RIAoa ‘7IA0) (23)

where

3 _ _Ac S _ po(l—vee2) ¥ _ BV S _ @l
Sch = Fre Sca, = %8¢, Vea, = #1572 S5c, St = G-

D, _ g2 & _ q1lAa pny(l—viea D, _ GoAa ¥ _ qsAa JU €2
R, = 352 Sia, = #54+ ( 7 181, Ria, = 2241 LA Ry, Via, = BALHEE2 ST,

Observe that & has been re-written in terms of &.

Basic and Control Reproduction Numbers (R, and R.)

An important factor to understand the dynamics of the outbreak is the reproduction number.
Since in our model vaccination control is included, we find both the basic (Rg) and control
reproduction number (R.). In order to derive them, we use the well known Nezt-Generation
Matriz method [88, 86, 92, 90]. We determined the matrices F and V, using the E and [
compartments of each sub-population, as follows:

000 0 BScs BScs BScrn BScr]
0 00 0 BSr, BSts, BSrn BSix
00 0 0 BSca, BSca, BSca, BSca,
r_ 00 0 0 BSra, BSra, BSra, BSra, (2.4)
00 0O 0 0 0 0
00 0O 0 0 0 0
0 0 0O 0 0 0 0
0000 0 0 0 0 |
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[d+ 1y + 0 0 0 0 0 0
0 d+p;+a 0 0 0 0 0
— [y 0 d+a 0 0 0 0 0
Y 0 — I 0 d+a 0 0 0 0
—Q 0 0 0 d+ps+vy 0 0 0
—« 0 0 0 d+p;+v 0 0
—a 0 — 11y 0 d+~ 0
i 0 0 0 —« 0 —py 0 d+7]

(2.5

The reproduction number is then defined by the spectral radius of FV™!, ie. Ry =

p(FV~1). All the computations related to the reproduction numbers for Model (2.1) are
shown in Appendix A. The basic reproduction number for Model (2.1) is defined as:

aB(Scy, + Sca, + Srp, + Sia,)

Ro = (d+ a)(d+7)

(2.6)

By following the same steps, we are able to express the control reproduction number as

af

Re= (d+ a)(d+7)

(SCJO + Sca, + Sty + Sra, — 62&

d (VCSCJ() + ViSIJ0)> (27)

Observe that the second term in Eq.(2.7) is composed of the total susceptible population
minus the proportion of individuals who is successfully immunized. Moreover, it is possible
to rewrite Eq. (2.7) in terms of Ry, i.e.

EL (.S, S
R, — (1 6l (veSeuy + ViSti,) )Ro (2.8)
Scyy + Scay + Sty + Sia,

Observe that both Ry and R. and the disease free equilibria expressions show a linear
correlation on the proportion of susceptible immigrant juveniles (¢;) and susceptible immigrant
adults (¢1). Although the basic reproduction number of measles is considered to range between
12 and 18 [12], a recent systematic review [15] provides a wider range (6- ~ 200). In order
to understand how the control reproduction number depends on the Ry and the susceptible
immigration rates, we fix Ry = 6, 8,10, 14, 18,20 and vary ¢, ¢ € [0, 1] and we investigate
how R, varies (Figure (2.4)). Observe that for the given set of Ry, R. assumes values in the
interval (3.4, 12.3).

Infected Equilibrium

The infected equilibrium cannot be found analytically. We provide some plots on the dynamics
of S, E, I, R compartments in Figure (2.5a). V' is not included since it is always constant. We
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Figure 2.4: R, surface plots for ¢;,§, € [0,1] and Ry = 6,8, 10, 14, 18,20
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set v, = 85% and §; = 1/2. We compare the dynamics by increasing the Canadian vaccination
coverage and reducing the proportion of susceptible adult immigrants by 0%, 10%, 50%, 90%.
We observe that under these conditions the peak of the infection is smaller and sustained for
longer time.

Sensitivity Analysis

Given the uncertainty of the parameters used, we carry out the Latin Hypercube Sampling
and Partial Rank Correlation Coefficient (LHS/PRCC) sensitivity analysis in order to
explore the effect that these values have on the model. First, we investigate the influence
that the parameters related to demographics (i.e. birth, death, immigration, aging and
vaccination rates) have on the population at the disease free equilibrium. Then, we focus
on a single outbreak dynamics, which coincides with roughly 350 days, and we look at the
impact that disease-related parameters (i.e. infection, incubation and recovery rate) and the
subpopulations at the disease free equilibrium have on the magnitude of peak of infection,
time at which the peak of infection occurs, time at which the epidemic end and outbreak
final size.

We start with investigating the DFE. By using LHS, we generate a set of {2 = 20000
samples for each parameter. Since the proportion of susceptible, recovered and vaccinated
juvenile and adult immigrants depend on q1, g2, ¢1, G2, 3, we need to sample these values so
that ¢; + g2 = 1, ¢1 + ¢> + g3 = 1. In particular, for immigrant juveniles we sample g2 € [0, 1]
and define ¢; = 1 — ¢, for immigrant adults ¢, is chosen between 0 and 1, ¢35 is randomly
picked in the interval [0,1 — §o] and §; = 1 — §2 — ¢3. Additionally, since we assume the
population to be constant, we filter the population at the disease free equilibrium to be ranged
in the interval (1.1€07,1.5e07). Out of the initial 2 sampled set, the number of samples that
satisfy all the mentioned conditions is roughly the 52%. Monotonicity has been analysed for
all the parameters sampled.

The sensitivity analysis on the disease free equilibrium &; is shown in Figure (2.6). Observe
that the population at the equilibrium is affected mostly by outgoing and birth/incoming
rates. As expected, d presents a significant negative correlation, hence if individuals leave
the population at a faster rate, then the population size decreases. On the other hand, the
Ontario birth rate and immigrant adults incoming rate increases the population size increases
as well. Note that the incoming rate of immigrant juveniles does not show any impact on the
community magnitude.

Knowing the distribution of immunity in a population is fundamental in order to predict
and prevent the infection spread. Since our model assumes that life long immunity is
provided by both the virus and vaccination, it is important to understand if and under
which conditions herd immunity is achievable and sustained. Hence, our investigation is
focused on the ratio of the R and V' compartments over the susceptible class. Figure (2.7)
shows the PRCC of demographics-related parameters on (Rra + Rry)/S, (Voa + Via)/S,
(Ria+Rrj+Vea+Via)/S where S indicates the total number of susceptible in the population
(i.e. S = Scy+ Sca+ Sry+ Sra). Figure (2.7a) shows the ratio of recovered-susceptible
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classes. Observe that the proportion of Canadians vaccinated (v.) and the proportion of
recovered immigrant adults (§) present a significant positive correlation on this ratio (i.e.
the PRCC is greater than 0.5). On the other hand, a significant negative correlation (i.e.
PRCC is less than —0.5) is shown for the proportion of susceptible immigrant adults (g;).
These correlations imply that when the vaccination rate of Canadians and the recruitment
rate of recovered immigrant adults increase and less susceptible adults immigrate, recovered
individuals exceeds the population in the total susceptible class, making the most vulnerable
groups less exposed to a possible infection. Similar PRCC is visible in Figure (2.7b) where
the ratio of vaccinated and susceptible individuals is shown. The Canadian vaccination rate
and the proportion of vaccinated immigrant adults present a significant positive correlation,
while the fraction of susceptible adults shows a significant negative correlation. Hence, when
more children in Ontario are vaccinated and more vaccinated adults are immigrating, the
proportion of V' becomes larger than S, suggesting that in case of outbreak, susceptible
individuals will be indirectly protected by vaccinees. Figure (2.7c) describes the PRCC on the
total recovered and vaccinated individuals over the total susceptible classes. Contrary to the
previous cases where recovered and vaccinated immigrant adult present significant positive
correlation, here the only parameter affecting the ratio positively is the Ontario vaccination
rate. The more children in Ontario are protected by vaccine-induced immunity, the more the
number of individuals with long life immunity exceeds the number of susceptible people. On
the other hand, a significant negative correlation is visible for the proportion of susceptible
immigrant adults. This suggests that as ¢; decreases, less susceptibility is present in the
population.

From the results of our sensitivity analysis, we show the change in the fractions R/S,
(R+V)/S and V/S when we vary v, between 50% and 95% and ¢; = 1/2,1/5,1/10,1/20
(Figure2.8). We observe that the change in the ratios agrees with what is shown in the
sensitivity analysis. As the vaccination coverage of Canadian children increases and the
proportion of susceptible decreases, the individuals in R and V increase.

Given the health background of immigrants, we can believe that most of the adults are
immune to the pathogen through either infection or inoculation. It is then more essential
to increase the Ontario vaccination coverage in order to increase the number of individuals
presenting life long immunity. However, the possibility to offer a measles vaccine shot to
newcomers, decreasing the size of possible susceptible immigrants, should be considered by
Public Health officials.

Now, since we know the demographic and immigration parameters of our population, we
keep them as constant and investigate the infection dynamics with a secondary sensitivity
analysis. In particular, we focus on peak magnitude, peak time, end of epidemic, epidemic
final size.

In this investigation, we sample S¢j,,5c a0, Voags St1ios RiyyS1ays R4y, Via, by ranging them
between their minimum and maximum values provided by the previous LHS. Then, we consider
only the parameters giving total population size that lies in the interval (1.1e07,1.5¢07). A
further condition is then applied on the controlled reproduction number. We only accept
samples satisfying R. € [3,18]. The initial samples are {25 = 20000 and the ones satisfying
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the conditions on the total population and R, are roughly the 48%.

We look at the PRCC for the initial population sizes and infection-related parameters on

the total population and, successively, on the single sub-populations (country of origin and
age dependent).
Figure (2.9) shows that susceptible immigrant adults, susceptible Canadian children and
adults and the transmission rate § present a significant positive correlation on the controlled
reproduction number R.. This indicates that the number of secondary cases increases as
these values increase. Given the health background of adult immigrants, S;4, should be small,
hence the main goal is to reduce the transmission rate and the size of vulnerable Canadian
children and adult through vaccination.

Observe that the population of susceptible immigrant and Canadians (both adults and
juveniles) (S7ay, S1J, Scaqs Scuy, respectively) and 3 present a significant positive correlation
on the peak of the infection (Figure (2.10a)). This indicates that increasing the size of these
subpopulations and the infection transmission, the outbreak will grow. Hence, to reduce
the magnitude of the outbreak, it is important minimize the size of susceptible Canadians
and newcomers. On the other hand, the time needed to reach the peak of the infection
increases as the infection rate and susceptible immigrant decreases (Figure (2.10b)). It
appears that the susceptible immigrant adults carry the burden of delaying the time at which
the infection reaches its maximum. Figure (2.11a) shows the correlation on the time at which
the epidemic ends and similarly on the time of the infection peak, Sya, shows significant
negative correlation. This suggests the outbreak will develop more slowly if the immigrant
adults subclass grows. After the infection completes its natural course, it is fundamental
to analyze the number of people who experienced the disease in order to understand which
age groups were more affected. For this purpose, we study the proportion of susceptible
that did experience the infection (Figure (2.11b)). Similar to the previous analyses, the
susceptible classes of immigrant and Canadian, both juveniles and adults, are the most
significant. As the pool of the mentioned subclasses increases, the number of individuals
experiencing the infection will increase. Observe that the parameters related to the infection
show the correlation as expected.

The results on the single subpopulations are intuitive and so are shown in Appendix C.

Similar to our first results, as expected, the outbreak dynamics appears to be affected
mostly by the susceptible individuals, in particular immigrants and young Canadians. How-
ever, the proportion of Sy, is relatively small, since immigrants might have acquired the
immunity via vaccine or infection. Hence, Public Health should focus mainly on increasing
the immunization of the youngest groups and decreasing the transmission, by implementing
contact tracing and social distancing policies.

2.2.4 Mathematical Model: Three Age Groups

The model we propose now takes into consideration the recommended age for two measles
vaccine doses provided by the Government of Canada [11]: first dose given at 12-15 months of
age and second dose around school age. Moreover, CDC [1] asserts that two doses of vaccine
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effectiveness is about 97%, while one single dose’s is around 93%. Since the two doses are
given at different ages, we formulate a mathematical model that gathers this immunization
schedule considering the population clustered into three groups. We modify Model (2.1) by
dividing the juvenile age group into two subgroups: 0-1 year, 1-5 years. The third group
corresponds to the population which is 6 years and older. These clusters are identified with
subscript N (Newborn), J (Juveniles), A (Adults), respectively. We assume that newborn
immigrants might have acquired the infection while in their country of origin. Hence, at the
time of immigration, they might be either susceptible or recovered. For juveniles and adults
coming from abroad, we assume that they might be susceptible, recovered if encountered the
infection while living outside Canada, or vaccinated. Moreover, we assume that Canadian
newborns aged less than 1 year are fully susceptible ignoring immunity gained from maternal
antibodies. This assumption is to describe a worst-case scenario in order to get results that
will best protect this vulnerable population.

The system of differential equations describing the infection dynamics is the following:

Sen = Ao —dSen — pneSon — Sen(Bon-onIon + Bon-cilos + Bon-caloa)— (2.98)

— Sen(Ben=inIin + Ben-r1711) + Ben—r1al1a)
Eqy = —dEcn — pnpEen — aBen + Sen(Ben—cenIen + Bon—ciles + Bon—calca)+

+ Sen(Ben—inIin + Bon—1s1r; + Bon—14lr4)

(2.9b)

Ion = aEon — dlony — pnvplon — Vo (2.9¢)
on =Vlon —dRon — pnpRen (2.9d)
Sos = pne(l —eave)Son — Sci(Bon-onIon + Bon-ciles + Bon-calca)— (2.9¢)

— Scs(Ben—inIin + Bon—r171rs + Bon—1alia) — dScy — pyScs
Et; = Scs(Bes—cnlon + Bes—ciley + Bos-caloa)+
Scs(Bes—inIin + Bes—1115 + Bos—1alia) —dEcy — pyEcy — aEcy + unpEon

(2.9f)
Iy = abey —dloy — piles — vles + pnplen (2.9¢)
Rey=vlcs —dRcy — pyRey + pnpRon (2.9h)
Véy = inpeveSon — dVos — piVos (2.91)
Sta = ps(1 — €ave)Scs — dSca — Sca(Bea-enlon + Boa-cilos + Boa—caloa)— (2.99)
— Sca(Bea—inIin + Bea—1s11y + Boa—1alra)
Ega = piEcs — aEoa —dEca + Sca(Bea-onlon + Boa-ciles + Boa—caloa)+ (2.9%)
+ Sca(Bea—inlin + Bea-15117 + Boa-1alra) .
Ioa = aEca —dlca+ psles —vloa (2.9])
Roy =vlca — dRoa+ pyRey (2.9m)
Vea = teaveScy — dVoa + Ve (2.9n)
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Sin = @iy — dSiy — pneSin — Sin(Bin—cnIon + Bin—cilcs + Bin—calca)—

(2.90)
— SINBin—inIin + Bin—17115 + Bin—1alra)
Eiy = Sin(Bin—enIon + Bin—cilos + Bin—calca)+ (2.9p)
+ Sin(Brn—inIin + Bin—rlrs + Bin—1alia) — dEN — pnpErn — aEry
Iiy = abiy —dliy — pvplin — vIiN (2.9q)
I~ = @Aiv + Iy — dRiy — pnpRin (2.9r)
Sty =My + pns(1 — evi)Sin — S1s(Bro—enIen + Bri—ciles + Bro—caloa)— (2.95)

— S1y(Bro—inIin + Bro—1s11y + Bro—ralia) — dSry — pyS1s
Er; = Sti(Bri—enlen + Bro—ciles + Bri—calca)+
+ S1s(Bro—inIin + Bro—1s1rs + Bry—ralia) — dEr; — psEr; — aEry + pnpEry

(2.9t)
1y =aBry —dlry — pyliy — vl + pveliv (2.9u)
Ry = @Ay +I1; —dRyy — pryRiy + pnpRin (2.9v)
Viy = asAry + pvpeaviSivy — dVig — Vi (2.9w)
Sta=qAra+ ps(1—ew;)Sry — Sia(Bra—enIlon + Bra—csley + Bra—calca)— (2.0%)
— StaA(Bra—inIin + Bra—rsdry + Bra—1adra) — dSia
Eia = SiaBra—enIen + Bra—ciles + Bra—calca)+ (2.99)
+ Sta(Bra—inIin + Bra—1511s + Bra—ralia) + psEry — abiy — dEra
I1p=abra—dlia+ pyly —vlia (2.92)
R = GoAra + I — dRpa+ pyRiy (2.9aa)
Via = G3Mia+ pyeaviSry — dVia + pugVig (2.9ab)
(2.9ac)

The description of variables and parameters used in Model (2.9) are shown in Tables

2.1 and 2.2. Observe, similar to Model (2.1), for numerical simulations, we assume that

individuals in different age groups mix uniformly. Moreover, the vaccination rate (v.,v;)
and vaccine efficacy (e 2) are considered as one parameter. This is because measles vaccine

is considered extremely effective, hence this efficacy will not affect much the vaccination
coverage.

Disease Free Equilibrium (DFE)

Similar to Model (2.1), we investigate the DFE of Model (2.9) with or in absence of vaccination

control. The disease free equilibrium with no control is defined as

50 = (§CN07 07 07 07 §CJ07 07 07 07 §CA07 07 07 07 §IN07 07 07 F:iINoy §IJ07 07 07 é[]oa §1A07 07 07 EIA())
(2.10)

where
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When control is introduced in the population, the disease free equilibrium is defined as

50 = (‘S_’CNou O) 07 07 gCJoa 07 07 07 ‘_/CJoa 5'C'Aou O) 07 0 VCAO,

e @or P Aor (2.11)
SIN070707RIN07SIJ070707RIJ07%JQ?SIA0707O7RIA07‘/IA0>
where

Q _ G Q _ O unB(e1ve) _ €1V
Scng = Song  Scuy = Scao — FE Sove  Vos = v Sone

_ = ove =
Sca, = Scao — 7‘”(; L Se,

— VC =
Voa, = #2537 Scs, + 5 Ve

— = — = — = P =
Sing = Sin Rin, = Rin, Sty = Stjo — ”gfub LSTNO

> D _ @Apg INBELV
Rrjy = Ry, Vi = a5 ZS]NO

Stae = S1a0 — BF7S150 Riay = Ria, Rra, = 234 + B222S1 5, + 5 Viao

Basic and Control Reproduction Numbers (R, and R.)

We derive the expressions for both Ry and R, for Model (2.9). Again, the next generation

matrix method is used and related computations are given in Appendix B. The basic
reproductive number is defined as:

B a5(§CNO + §C’Jg + §CA0 + §]N0 + §IJ0 + §1A0)
Roz = (At o)(d+) (2.12)

Next, we can use the disease free equilibrium with vaccination to define the controlled
reproduction number R, expressed as:

aﬁ = = = = = =
Reo = Seny + Scu, + Sca, + Sing + S, + Sra,—
2 (d+&)<d+7)[0N+ CJo T 0CcA) + OINy + 015y + 914

€11UNB (VC§C’NO + Vi§1N0>

€ally (VCSCJO + VigIJO) (2.13)
_l’_
d+

d

Similar to Eq. (2.8), we can rewrite the controlled reproduction number in terms of Ry
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€1LNB (VC§CNO+VZ'§INO) + 62MJ(VC§CJ0+V¢§1J0)

Rez =Roz [1 = = Lt = R (2.14)
SCNo + SCJO + SCAO + SINO + S]JO + SIAO

Note that the expression in the brackets indicates the proportion of population who get
successfully vaccinated at 1 and 5 years. If there is no vaccine control in the population, then
Eq. (2.14) reduces to the basic reproduction number R,.

Figure (2.12) represents a surface plot showing the linear relation between R and the
susceptible immigration incoming proportions (i.e. §G1,q1, ¢1) and the basic reproduction
number. The fractions related to newborns and juveniles are ranged between 0 and 1, while
the adults one is set as 0,0.1,0.3,0.5,0.8,1 and Rgs = 6, 14,20. We observe that as the
proportion of adult immigrants, which is vulnerable to the infection, increases, the controlled
reproduction increases, but smaller than the Ryy sampled. Moreover, for ¢g; = 0 and Ry = 6,
the controlled reproduction number varies in the interval [0.9912,1.001] indicating that herd
immunity in the population is achievable and the infection will not establish itself. This result
accentuates how the proportion of susceptible immigrant adults can affect the immunity of
the community and the spread of the infection.

Infected Equilibrium

Given the complexity of Model (2.9), the endemic equilibrium cannot be evaluated analytically.
However, we provide some plots describing the infection dynamics (see Figure (2.13)). We
observe that increasing the Canadian vaccination coverage and reducing the incoming rate of
susceptible adult immigrants, the outbreak diminishes its size and is sustained for a longer
period.

Sensitivity Analysis

Similar to the previous two-age model, we employed LHS/PRCC methodology to investigate
which parameter in this new scenario affect the distribution of immunity at the DFE and the
behavior of a potential outbreak. Before investigating the PRCC we confirm the monotonicity
for all the parameters sampled.

The first analysis is related to the demographic dynamics including birth, death, immi-
gration and vaccination. First, we generate 20000 values for each parameter by following the
Latin Hypercube Sampling. To derive the the immigration rates for juveniles (q1, ¢, ¢3) and
adults (g1, G2, 3), we sample ¢go and gy in the range [0, 1], then we randomly pick g3 and g3 in
(0,1 — go] and [0, 1 — §s|, respectively. Hence, we define ¢y =1 — gy — g3 and ¢ = 1 — §o — §s.
Next, we determine the total population for each set of values generated by LHS and we filter
it in order to bound the total population between 1.1e07 and 1.5e07. After applying this
condition, the samples used for the PRCC analysis are around 52% of the original samples.

Similar to the model with two ages, the PRCC on the DFE of System (2.9) (Figure (2.14))
presents significant positive correlation of the parameters related to Canadian birth rate and
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Figure 2.12: Surface plot of R for ¢1, ¢1 € [0,.1], ¢ = 0, 0.1, 0.3, 0.5, 0.8, 1 and (a)Rg2 = 6

1]
(b)Ro2 = 14 (c)Ro2 = 20 45



6 Total S 5 Total E
10 x 10
g : ‘ ‘ 10 ‘ ‘
—0%
—10%
1 3 50%
—90%
%100 200 300 400 200 300 400
«10° Total | Total R
6 ;
4
2

(=]

0 100 200 300 400 200 300 400

(a)
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immigrant adults incoming rate.

We investigated the ratio between the total recovered, vaccinated, and the sum of these two
classes over the total susceptible population. Figure (2.15a) describes the ratio of newborn,
juvenile and adult recovered immigrants over the sum of all susceptible subclasses. We
observe that in order to ensure a larger indirect protection to susceptibles by individuals with
life-long infection-acquired immunity, the proportion of susceptible adults immigrating should
be reduced and the Canadian vaccination rate should be increased. This can be deduced
by the negative and positive correlation that ¢; and v. show, respectively. Similarly, when
we examine the ratio of vaccinated individuals over susceptibles, we observe that the most
significant parameters providing high level of protection in the population are, as before, the
Canadian vaccination rate, showing positive correlation, and proportion of susceptible adult
immigrants, showing significant negative correlation. In particular, the protection provided
by vaccine-induced immunity increases as v, increases and §; decreases (Figure (2.15b)).
Identical results are shown in Figure (2.15¢) where the ratio of recovered and vaccinated
over the susceptible class is analyzed. Again, the parameters most significant to reduce the
number of individuals who are more vulnerable to the infection are v,, significantly positive
correlated, and ¢y, significantly negative correlated.

Figure (2.16) shows how the ratios R/S, (R+V')/S, V/S increases as the Canadian vaccination
coverage increases and the proportion of susceptible immigrant adult decreases. This confirms
the results provided by LHS/PRCC analysis.

We deduce that to increase the protection of population against the measles virus, it is
fundamental to focus in increasing vaccination rate among Canadians and limit the number
of susceptible adult immigrants which can be done by offering newcomers the opportunity to
get a measles vaccine shot.

Next, we apply the LHS/PRCC methods to investigate the behavior of a single outbreak.
Similar to Model (2.1), we generate 20000 sampled values of population size at the disease
free equilibrium (&) and infection-related parameters(a, ,7) by using the LHS and then
we filter the samples in order to obtain the parameters providing the population size at the
disease free equilibrium to be in the range (1.1€07,1.5¢07) and the reproduction number
ranged in [3, 11] according to the intervals provided in Figure (2.12). After this, the sampled
set is narrowed to roughly 50% of the original values and we evaluate the PRCC on R, the
magnitude of infectious individuals, time at which the peak of the infection occurs, when the
outbreak ends and the total final size.

As expected, the PRCC plot on the controlled reproduction number (Figure (2.17)) shows
that increasing the proportion of susceptible adults and infection rate, the reproduction
number increases as well.

Figure (2.18a), representing the PRCC plots for the parameters on the magnitude of infectious
individual at the peak of the infection, shows significant positive correlation of S7a,, Sca,
and Scy, and . Hence, the number of individuals experiencing the infection increases as
susceptible immigrant and Canadian adults and Canadian newborns increase as well as the
infection rate. Observe that the correlation of S74, is much stronger than the one reported
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by Sca, and Scpn,. On the other hand, the susceptible immigrant adults and the infection
rate show a negative correlation on the time at which the infection reaches its peak and its
end (Figures (2.18b) and (2.19a)). In other words, the infection will spread more slowly by
reducing susceptible adult immigrants and this is possible if the susceptible classes receive
vaccination. Similar to Model (2.1), we define final size as the number of individual that
encounter the infection through all the outbreak and this is shown in Figure (2.19b). We
observe that the parameters affecting the size of the infection are Sya,, Sca, and Scn,,
present a significant positive correlation. Hence, as the number of susceptible adults and
Canadian newborns increase, bigger the size of the outbreak will be.

It is evident how the susceptible adults class, in both subpopulations and Canadian
newborns, is fundamental to determine the outbreak direction and this last analysis confirms
the results in Figure (2.15) which suggest to reduce the size of susceptible adults and Canadian
newborns.

2.3 Conclusion

In a highly vaccinated country, such as Canada, measles outbreaks are associated to imported
cases through immigration and travel. Here, we investigate the immigration of immunity in
order to determine the actual immunity distribution in the Canadian population.

We develop a model keeping into account the Ontario population divided into two groups:
Canada-borns and foreign-borns. Moreover, we include a further division vaccination age-
dependent in order to understand better which age groups are the ones most affected by a
potential oubreak and which ones have the highest impact on the distribution of immunity in
the population. We formulate two models: in the first one the age groups are 0 — 5 years
and 6 years and older; in the second one the age groups are 0 — 12 months, 1 — 5 years,
6 years and older. This division is based on the recommended doses of measles vaccine.
Sensitivity analysis is conducted to comprehend the effect that birth, death, vaccination
and immigration rates have on the population immunity and what is the effect of the single
subgroup population on a potential outbreak.

In the model with two age groups, the PRCC plots show that in order to guarantee an
indirect protection to susceptible individuals provided by the immunized compartments R
and V| it is decisive to keep a high level of vaccination coverage among Canadian children
and reduce the number of susceptible immigrant adults. In case of a measles outbreak, all
the susceptible groups have impact on the size of the epidemic and final size of it. However,
the adult immigrants, who are vulnerable to the infection, are the ones who, mostly, affect
the length of the outbreak.

When an extra age group is considered to best represent the vaccination routine, the
results are similar to the first model. Herd immunity is achievable as the size of individuals
with life-long immunity is bigger than the susceptible one. This is possible if the vaccination
coverage of Canadian children increases and the proportion of susceptible immigrant adults
decreases. The size of a potential outbreak is mostly affected by susceptible adults (both
Canadian-born and foreign-born) and Canadians aged 0-12 months. Similar to the model with
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two age groups, the duration of the outbreak is mainly influenced by the size of susceptible
immigrant adults.

Our results suggest that in order to increase the level of immunity in Ontario, it is necessary
to increase the local vaccination uptake and decrease the susceptible adult newcomers. To
achieve the latter case, public health can offer a vaccine boost shot to all the newcomers who
do not provide a proof of immunity.

Even if our models keep into account different ages at which the vaccine shots are given,
it is assumed that the vaccine-induced immunity is life-long. According to new studies [23,
24, 25], measles immunity provided by vaccination may wane over time and this will lead
to an increase of susceptibility in the population. The process of waning immunity can be
included in this study in order to understand how the dynamics of immunity and infection
will be affected by it. Moreover, our model assumes that the mixing is uniform among all the
age groups. Hence, in order to capture the different contacts that individuals in the society
have, it will be necessary to include a contact matrix.
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Figure 2.17: LHS/PRCC plots for the population at the disease free equilibrium and parame-
ters v, a, B on Rec
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Figure 2.18: LHS/PRCC plots for the population at the disease free equilibrium and parame-
ters 7, a, 0 on total population (a) peak magnitude (b) time of maximum peak
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Figure 2.19: LHS/PRCC plots for the population at the disease free equilibrium and parame-
ters 7, a, § on total population (a) time of end of epidemic (b) final size (number of total
infected individuals)
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Chapter 3

Impact of Vaccination Heterogeneity
on the Greater Toronto Area

3.1 Introduction

With the rapid growth of big cities nowadays, many workers need to commute from their
house to the workplace daily. In 2016, Canada implemented a population census [110] where
details on location of residence and workplace were asked. The Canadian commuting flow
had been recorded in data tables [111], where it is possible to select a census region as place
of residence or work and get data on commuters from/to that region to/from other areas. For
example, more than 400000 people commute to Toronto for work from neighboring regions
(as York, Peel, Halton and Durham).

It is important to highlight that if commuters are sick, the pathogen travels with them.
Hence, if one or more regions present a specific disease outbreak, the movement among them
and the time spent in the workplace areas can increase the total risk of infection in the entire
city [112, 113, 114, 115]. It also important to distinguish the difference between long term
and short term travels. Long travels indicate a permanent movement towards a different
area. Short term travels can be for a relatively long period of time (migration) or daily
(commuting/residency). When a group of individuals migrate towards a new place, they
remain there for a relatively long time, becoming, in that time-frame, part of the hosting
population. On the other hand, when traveling or commuting, the period of time spent in a
region different from the residency area is very short, hence the proportion of individuals
leaving and returning home is the same.

Meta-population models are the most common spatial models. Sattenspiel and Dietz
[59] proposed a multi-patch STR model in which the population was divided into residents
and commuters. Individuals were assumed to move among patches by following mobility
rates (leaving-returning rates). The number of contacts and probability of transmission
generating new infected were rescaled by dividing them by the total population actually
present in the patch. The same approach has been used by Arino et al. [64, 61, 62, 63]
who have made an extensive use of multi-patch models in oder to simulate and understand
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the transmission of the infection among different communities. In particular, the authors
used general frameworks, as SEIR or SI, where travel rates among different patches were
included. The authors were able to derive mathematical expressions of the basic reproduction
number both patch specific and total, identify the patch more responsible in sustaining the
infection among all the regions and the effect that the mobility rates have on the transmission.
Alexander et al. [84] include vaccination heterogeneity in a multi-patch SETR model. They
found that the transmission of measles, in French regions, will decrease by increasing the
vaccination coverage.

Although these models give important results on the infection transmission and spread,
the mobility rates need to be available or estimated by traveling data. Unfortunately, the
availability of these data is not always feasible. However, we can model the mobility process
in absence of data. Many methods capture the migration rates by using the proportion of
population commuting or time spent in different patches by commuters [68, 66, 67, 116, 65].
Stolerman et al [65] use a SIR-network model to describe Dengue fever dynamics among
regions in Brazil. The mobility is described by a matrix defining the proportion of commuters
from one region to another. The authors assumed that each patch presents its specific
infection rate. The equations are all normalized by the total effective population, which
include residents and commuters from other patches. Similar approach has been used by
Bichara et al [68, 66]. In these papers the authors capture the mobility among patches with
a residence time matrix whose entries are the proportions of time that commuters spend in
each patch. The frameworks used are SIS, SIR and SEIRS. Similar to Stolerman, the risk
of infection depends on the patch, but the transmission depends on the time that commuters
and residents spend in a specific patch. This approach has also been used by Chang et al.
[116] in a more recent paper. With game theory modelling, the authors include vaccination
in an SIR framework. In this paper the mobility is analysed to understand its effects on the
vaccination strategies.

All these works findings outline how transmission, spread and vaccine intervention de-
pend on the mobility among individuals. However, asymptomatic infectious cases were
not considered nor the effect that, combined with vaccination heterogeneity, they have
on measles transmission. Since we are focusing on measles, we employ a Susceptible —
Exposed — Asymptomatic — Infectious — Recovered — Vaccinated (SEAIRV') model, using
the Lagrangian approach and dividing the infectious compartment into symptomatic and
asymptomatic. Our investigation is over a short period of time, hence demographics are not
included and the population is assumed to be at a disease free equilibrium with vaccination.
In our models we consider residency patches and individuals move towards a different patch
within 24 hours. Following Bichara et al. [68, 66], we capture the mobility by using the time
spent by individuals in each patch. We consider n patches for a general formulation of the
model, but we will investigate two cases: n = 2,3. The patches considered belong to the
Greater Toronto Area (Toronto, Peel, York, Halton and Durham regions) and have been
chosen after examining the commuting data tables provided by Statistics Canada [111]. These
regions are the closest geographically and with the highest number of commuters. We derive
the expression for the patch specific reproduction number and the total reproduction number
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(R.). We investigate the effect that the residence times, probability of showing symptoms
and immunity levels have on the R, and sensitivity analysis on a potential outbreak is then
studied. These analyses are carried out considering each patch either highly susceptible (S is
the 90% of the total population) or highly vaccinated (V' is the 90% of the total population).

3.2 Model and Methods

3.2.1 Model

In this project, we describe measles infection by using a multi-patch approach and a Susceptible-
Ezposed-Asymptomatic-Infected- Recovered- Vaccinated (SEAIRV) model framework to de-
scribe the infection dynamic. We adopt the residency patch time model, as used by Stolerman
[65] and Bichara [66]. The movement between patches is indirectly captured by identifying
the proportion of time that individuals in each compartment spend in different patches (i.e.
Sij, €ijs Qij, Dijs Tij,Vi; are the proportion of times that susceptible, exposed, asymptomatic,
symptomatic, recovered and vaccinated individuals from patch i spend in patch 7). This
hypothesis introduces the definition of current population in a patch at a specific time ¢.
In fact, if we define the total population of patch ¢ as N; = S; + E; + A; + I, + R; + Vi,
then s;;S; + ei; E; + a;jA; + pijl; + rijR; + v;;V; is the population from patch ¢ that spends
time in patch j. From here, we can define the total current population of patch j as
N;j =370 8458 + eij By + aij Ai + Pijli + i Ry + vy V.
The transmission of infection is modeled by the following term:

S B Sisi) 2y (Akmiears +Iiby)
J=17771 ”ZZZI(Skskj-f-Ek€kj+Akakj+[kﬁkj+Rkaj+Vkvkj)

It is assumed that transmission of infection in patch ¢ is possible through the transmission
risk f3;, which we assume to be specific for each patch. We also assume that the infection
depends on the size of the patch given all movement probabilities. Moreover, we assume
two infectious classes (A and I), where the asymptomatic class is less infectious than the
symptomatic. This reduction in infectiousness is given by 0 < n, < 1. After infection, we
assume that exposed individuals can show symptoms with probability b and move to I, and
with probability 1 — b move to A. We also assume recovery rates are -y, v, for I and A,
respectively.

Hence, we summarize how the infection occurs: the susceptible individuals from patch
1 encounter the asymptomatic or symptomatic cases from any patch and become exposed;
after a latent period «, the individuals can become asymptomatic or symptomatic with
probability 1 — b or b, respectively; the infectious period is then followed by a recovery stage
and individuals remain there, assuming that the immunity provided by the infection is life
long. Since we are not including the demographics, the effect of vaccination is counted in
the initial conditions of the compartments S and V. The infection dynamics in patch i is
represented in the flow diagram in Figure 3.1.

58



S \ Yi=1(Siskj + Exeyj+ A ayj + Iy Prj+ Ry + Vivy)

2i=1BjSisij x
Yie=1MicAp Ay + I Pij )

Figure 3.1: Flow diagram for Model (3.1) in patch i
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The following system of ODEs describe the infection dynamics explained above:

= Sor 1 (Axmkar; + 1iprj)
S/ = — SzSz J = J 3.1a
! FX:IBJ J ZZ:l (Skskj + Ek €Ly + Akakj + ]kpkj + Rk’f’kj + Vkvkj) ( )
g Sohe1 (Arniar; + Iipr;j)
Ez{: B Si8ij / = 3.1b
jzl T S (Sksky + Erer; + Avar; + Iprj + Rerig + Vivkj) (3.1b)
—ak; (3.1c

(
V=0 (3.1g

where i,k,j = 1,...,n are the patches. Model (3.1) initial conditions, at the disease free
equilibrium, are &g = (.Sj,0,0,0,0, Vjg).

The description of the variables and parameters present in Model (3.1) are shown in Table
3.1 and Table 3.2, respectively.

List of variables

Variables Definition

Si, i, =1,2,3 Susceptible population currently in patch j from patch ¢

Ei,1=1,2,3 Exposed population currently in patch j from patch ¢

A;,1=1,2,3 | Asymptomatic population currently in patch j from patch i

I;,1=1,2,3 Symptomatic population currently in patch j from patch ¢

Ri;,1=1,2,3 Recovered population currently in patch j from patch ¢

Vi,i=1,2,3 Vaccinated population currently in patch j from patch ¢

Table 3.1: List of variables used in Model (3.1)
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List of parameters

Parameters Value Interval of | Definition
sampling
Roi, 1 =1,2,3 1.8, 16 1.2 —-18 reproduction number in
patch ¢
b 0.05, 0.1, 0.3, ] 0.001 — 1 probability of showing symp-
0.7, 0.9 toms
n 0.5 0.001 —1 reduced infectivity of asymp-

tomatic cases

siy1=1,2,3 0—1 0.001 —1 proportion of susceptible in
patch @

Sij, €ij, Qij, Tij, Vij, || 0—1 0.001 -1 proportion of time spent by

,7=1,2,3 patch « S, E, A, R, and

V' residents in patch j (as-
sumed to be equal p; ;)

Dij, 47 =1,2,3 Dii = Lipij = | - proportion of time spent by
0 patch ¢ I residents in patch
J
a 1/8 days™! — latent rate
¥ 1/7 days™! - recovery rate from infected
cases
" 1/7 days™! — recovery rate from asymp-

tomatic cases

Bj,j=1,2,3 estimated — transmission risk in patch j

Table 3.2: List of parameters used in Model (3.1). The third column indicates the interval
chosen to sample values for the LHS/PRCC sensitivity analysis

Observe that in absence of infection, the population in each patch is constant and the
total population N; = S; + V.
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Control Reproduction Number R.

In order to investigate the infection dynamics in each patch 7, we determine the control
reproduction number R, using the Nezt Generation Matriz method [88, 86, 90, 92], where
R., is given by the spectral radius of F(—V~!) where F and —V are matrices defined by:

0 BiSiosigs it BidiSigs 2o
F=10 0 0 (3.2)
0 0 0
o 0 0
—V=|-1-ba 1 0 (3.3)
—ba 0 ~

The reproduction number is expressed as:

_ BiSiosii bpi; 4 (1 - b)niaii
 Sisii+ Vivi \ 7 gt

(3.4)

Observe that Eq.(3.4) is given by the sum of two terms: the first one is related to the new
infected cases generated by individuals whose symptoms are visible, the second one represents
the new infected cases generated by asymptomatic individuals. Moreover, we observe that
the control reproduction number Eq. (3.4) depends on the proportion of time spent in patch
1 by its own population, s;;, v, Pii, Gii-

Model Parameterization

In the next sections, we analyze two different scenarios, considering 2 or 3 patches. In both
cases, we derive the total reproduction number and carry out numerical investigations and
sensitivity analysis. In the first analysis, we show the relationship between the proportion of
residence times and the total control reproduction number when the patches present different
levels of immunity in S and V' at the time the pathogen is introduced into the population.
That is, different proportions of vaccinated and susceptible individuals in each patch are
considered as initial conditions. In particular, we compare how the control reproduction
number changes if patches are highly susceptible (90% of the population is vulnerable to the
pathogen) or highly vaccinated (90% of individuals present immunity against the infection).
Moreover, for our analysis we compare different probabilities of symptom manifestation (i.e.
b=0.05,0.1,0.3,0.7,0.9) in order to understand the impact that asymptomatic cases might
have on the spread of the infection. Since commuters can live close or far from the workplace,
we examine two scenarios: in the first one the patches are relatively geographically close,
but patch 1 is considered as the main patch whose resident are not moving, spending all
their time in it, while residents in patch 2 or 3 spend some of their time in patch 1; in the
second scenario the patches are geographically close and the residents in both areas commute
between them.
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Given the difference in the immunity background in each patch, we consider that they can
be either high risk (i.e. 90% of population is susceptible) or low risk (i.e. 90% of population
is highly vaccinated). The force of the infection in the high risk patch is given when R., ~ 16,
while if the population is highly vaccinated then R., ~ 1.8. These two values have been
evaluated by using the herd immunity relation R, = (1 — p)Ry, where p is the proportion
of vaccinated individuals in a population. Recall that the basic reproduction number for
measles is considered to be 18. Hence, when p = 0.9, then R. = 0.1 X Ry. On the other hand,
when p = 0.1, then R. = 0.9 x Ry. These values are reasonable since a higher vaccination
coverage reduces the infection transmission. We end the numerical analysis with a sensitivity
analysis of all the model parameters.

In order to investigate a realistic scenario, we use information on Ontario commuters
provided by Statistics Canada [111] from the 2016 Canadian census data tables to determine
which zones in Ontario would reflect our assumptions on the patches. According to the
census, most Toronto residents work in Toronto and a small portion of them work in adjacent
regions as York or Peel or more distant regions as Halton or Durham. On the other hand,
the residents of all the other mentioned regions commute to Toronto to work. It is essential
to highlight that these regions present different population sizes, reported in Table 3.3. Since
Toronto is the main destination of many commuters, we define Toronto as patch 1, while the
other patches are defined depending on the scenario studied.

For the numerical simulations, we assume that susceptible, exposed, asymptomatic,
recovered and vaccinated individuals have the same proportion of residence times (i.e, s;; =
eij = a;ij = r;; = V;j = p;j), while symptomatic cases are not allowed to leave their own
residence patch (i.e.p; = 1, p;; = 0 for i # j).

Population size in 2016 [110]
Region size
Toronto 2,731,571

Peel 1,381,739

York 1,109,909
Durham 645, 862
Halton 548,435

Table 3.3: Population size of Toronto, Peel, York, Durham and Halton regions in 2016
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Sensitivity Analysis

After investigating the total reproduction number dependency on the residency times, we
perform sensitivity analysis on the other model parameters. We focus on the amount of
infected asymptomatic and symptomatic cases within an outbreak as well as the time needed
to reach the peak of the infection and the time at which at least 100 individuals were in the
I compartment. This information allows us to understand which factors affect mostly the
beginning of an outbreak and its development. In order to perform this analysis, we use
the known method Latin Hypercube Sampling (LHS) / Partial Rank Correlation Coefficient
(PRCC)[94, 93]. We assume that the population at the beginning of the outbreak is divided
into susceptible or vaccinated at different proportions: s; and v;, where v; = 1 — s;. Similar to
the study on the total reproduction number, we investigate the sensitivity analysis by setting
two scenarios: in the first one, patch 1 residents do not move, while the others do; in the
second one residents of all the patches are moving. We analyze the model output after seeding
one infected in either I; or I and compare if the sensitivity analysis shows any difference. By
using LHS, we generate 50000 samples for each parameter varying them in a specific interval
(see Table 3.2 ). After generating the samples, we verified that the parameters and the model
outputs of interest showed a monotonic relationship and, consequently, evaluated the PRCC .

3.2.2 Two-patch Model
Control Reproduction Number R.

In this section, we carry out some analytical computations to derive a clear expression of the
total reproduction number when two patches are considered. By using the Next Generation
Matriz Method [88, 86, 90, 92], we can derive the control reproduction number for the general
system (3.1) when n=2. The matrix describing the infection transmission, F, evaluated at
the disease free equilibrium, is defined as:

2 Bis1ja15m 2 Bisyby 2 Bjsayme 2 Bisiybay
0 Sl“ Zj:l Zi:1(5k5k1+V'3cvk7) Slo J=1 Zizl(SkSkﬁrVkUkj) 0 Sl” Zj:l Zizl(SkSkﬂrVwa) Slﬂ J=1 Zzzl(SkSk]+Vkvk7)
0 0 0 0 0 0
F_ |0 0 0 0 0 0
- 2 Bisajarim 2 Bisyby 2 PBysajazime 2 BisyPy
0 S20 Zj:l Zi:l(skskg+vkvk7) SZO ZJ:l Zi:l(SkSk]+Vkvk7) 0 SZn Zj:l Zi:l(skskfrvkvk.l) SQO Z]:l Zi:l(SkSkJJrVkv’c.l)
0 0 0 0
0 0 0 0 0 0 |
(3.5)
The matrix V is defined as:
[ —« 0 0 0 0 0]
a(l—=>b) —y 0 0 0 0
p_| ab 0 —v 0 0 0 (3.6)
0 0 0 -« 0 0 '
0 0 0 al=0 —m O
. 0 0 0 ab (.
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The reproduction number is given by the spectral radius of the matrix © = F(=V)~ 1
defined as:

V+E 5 2 A4T & L
0 0 O 0 0 0
0 0 O 0 0 0
@ - —_ / =/ A/ / (37)
v+ = 1\Iib T A+ 5 %
0 0 O 0 0 0
0 0 O 0 0 0]
where:
2
Bs1;a1; 1-0
=79 3.8a
o Jz:; 22:1 (Sksk; + Vivkj) m ( )
2 ~
_ Bjs1P1; b
==9 — 3.8b
o ]E:l Sie1 (Sesky + Vivws) v ( )
2
Bj515a2;12 1-0
A=S5 3.8¢
0 ; Sht (Sksij + Vivg) m (3.8¢)
2 ~
5;‘811‘]92]' b
r==9 - 3.8d
o ]z_:l i1 (Sksky + Vivws) v (3:84)
2
Bjs2;a1;m 1-0
U =9 J 5 3.8¢e
20 ]z:l Ei:l (SkSkj + Vkvkj) §a! ( )
2 ~
- B;52;D1; b
= =_8. J7EIT - 3.8f
» J; k=1 (Sksws + Viveg) (8.86)
2
Bjs2ja2iM2 1-0b
A'=S J 22 3.8
20 ; Zi:l (Skskj + Vk?)kj) 71 (3.8¢)
S Ojsaib2; b (3.8h)

j=1 St (Sksig + Viowy) v

Observe that the entries of the Next Generation Matrix (3.7) defined in Eq.(3.8) represent
the type reproduction numbers as follows:

U ="TReaa 1+ Reaa 2 (3.92)
Z=Renni1+ Rennp (3.9b)
A =TReaa 1+ Reasa 2 (3.9¢)
I'=Renni1+ Renn 2 (3.9d)
U = Reayann + Reayaz (3.9¢)
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E =Renna + Rent2 (3.9f)
A'=Reaya,1 + Reasan2 (3.9g)
F/ = RCIQIQ,]_ _|_ Rc[21272 (39h)

The meaning of the type reproduction numbers is given below:

® U ="TRea a1+ Rea a2 patch 1 asymptomatic resident generated by patch 1 asymp-
tomatic in patch 1 and patch 2

o = =Renni+Renn 2 patch 1 symptomatic resident generated by patch 1 symptomatic
in patch 1 and patch 2

¢ A="TReca,a,1+ Reaya, 20 patch 1 asymptomatic resident generated by patch 2 asymp-
tomatic in patch 1 and patch 2

o I' = Reaya,1 + Reaya, 2t patch 1 symptomatic resident generated by patch 2 symp-
tomatic in patch 1 and patch 2

o V' =TR.a,4,1+ Rea,a,2 Patch 2 asymptomatic resident generated by patch 1 symp-
tomatic in patch 1 and patch 2

=/

o = =Ren11+Ren 1,20 patch 2 symptomatic resident generated by patch 1 symptomatic
in patch 1 and patch 2

o AN =TReaya,1 + Reaa, o Patch 2 asymptomatic resident generated by patch 2 asymp-
tomatic in patch 1 and patch 2

o I"=TRein1+Renn2 patch 2 symptomatic resident generated by patch 2 symptomatic
in patch 1 and patch 2

Hence, we can rewrite © as

M Reay Aqd RelyIy1 ReayAq,l Reryry1 | ]
Reaiag + Reaja o+ Tt G+ Reayarn + Reazar ot Tt S
+Rch]1,1 + Rc[111,2 +RCA11)A1.2 +Rc[[1)[1.2 +R01211,1 + R61211,2 +Rc?z}«;l.2 +Rczi11,2
0 0 0 0 0 0
0 0 0 0 0 0
0= ReAqag1 Reryiyn R Reagag 1 Relylyn (310)
Rearasn + Reayas ot ot 7ot Reagann + Reagan ot 5t 22 -
+R01112,1 + 7?’CI112,2 +Rmfi22"2 -‘erll)lz’Q +R(:1212,1 + R[:Izle,Z +Rcf32272 "FRC[;Z]]%Q
0 0 0 0 0 0
0 0 0 0 0 0

As mentioned, the reproduction number of System (3.1) for n=2 is defined by the dominant
eigenvalue of the matrix ©. The eigenvalues (\) of System (3.1) are:
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o O O

0
1 (Reayasn +Reayar 2+ Renng + Renn ot
R(:AZAZ,I + R(;AQAQ,Z + Rc[g[g,l + R(JIZIZ,Q

2
2
A= 41 Reazton + Reagane + Renion + Reryr2— ! Reaian1 + Reayan 2t [Reasain + Reasa, 2+
2\ | —Reara — Rearar2 — Rennna — Renn 2 +Rentn + Rennn 2 +Rerng + Rerr 2

1 RCA] Al + RCA]A],2 + Rcflh,l + R611[1,2+ _
2 RCAQAQJ + RCA2A2,2 + Rclgfg,l + RCIQIQ,Q

J {RCAQAQJ + Reasan2 + Retprn1 + R01212,2:| ? 4 (RcAlAg,l + RCA1A2,2+) <RCA2A1,1 + RcA2A172+>

—Reara1 — Rearar2 — Renng — Renn 2 +Renis1 + Rentn2 +Renna+ Renn2 ) |

(3.11)

Observe that the terms under the square root are always positive, hence the dominant
eigenvalue is the fifth element of vector A, i.e.

1
2

1 RCA]A],I +RCA1A1,2 +R611[1,1 +RCI111,2+ +
RCAQAQ,I + RCAQAQ,Q + Rcfgfg,l + RC121272

2
Re= _,_I\J |:RCA2A2,1 +Reasns2 + Reryhot + Rdﬂﬂr 4 <R0A1A2,1 + RCA1A2,2+> (RcAgAl,l + RCA2A1,2+>
2N | =Reararg — Reayar2 — Rennng — Renn 2 +Renis1 + Ren 2 +Ren + Reror 2
(3.12)
It is possible to derive the reproduction number by reducing the matrix (3.10) to a new
one with a smaller dimension (2 x 2). Diekmann et al [89] provide a detailed description on
how to construct the next generation matrix and reduce it by eliminating the unnecessary
terms in the transmission matrix F. By following the steps in Diekmann [89], we use an
auxiliary matrix F,,, defined as:

Eue = (3.13)

o O o o
o= O O O

0 0

The reduced next generation matrix is then given by: EL  F(—V™1)E,,,. After evaluating
this multiplication, the matrix (3.10) is reduced to a new next generation matrix (M) with

dimension 2x2:

M _ 7-\)’01‘11‘41,1 + 7?/0141A1,2 + Rcfﬂl,l + R011[1,2 RCAzAl,l + RcAgAl,Q + Rchlhl + Rc121172 (3 14)
Reajan1 +Reayane + Reryipn + Renylz Redgast + Rednan2 + Retotn1 + Retohy 2

Since the reduced matrix M has dimensions 222 its spectral radius, and hence the
reproduction number, can be expressed in terms of its trace and determinant, as follows:

R. = ;TT(M) + ;ﬂrwv — 4Det(M) (3.15)
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where:

Tr(M) =Reajan + Reayar2 + Rearant + Reasanz + Renng + Renn 2 + Retoiog + Retoln 2

(3.16)
Det(M) :{[(RCAlAL]- + RCA1A1,2) + (Rcllh,l + Rchh,Q)] X
[(RCAQAQ,I + RCAQAQ,Q) + (RCIQIQ,I + RC[QIQ,Q)]}_ (3 17)
{[(RcAzAl,l + RCA2A1,2) + (Rclgll,l + RCI21172):| X .
[

(Reasn + Reayan2) + Rennion + Reniy 2]

Observe that the expression provided in Eq. (3.12) and in Eq. (3.15) are equivalent.

Using R, given in Eq. (3.15), we now derive conditions that provide a reproduction number
R. < 1. For simplicity of notation, we define the entries of the matrix M = (A B;C D).
Since the reproduction number is defined as the spectral radius of the matrix M, the square
root present in the Eq.(3.15) must be positive. This is possible if the determinant of M is
negative or Det(M) < %W — AD - BC < %. After algebraic computations, the
condition providing the total reproduction number to be less than 1 can be rewritten as:

VJ(A+D)? — 4(AD — BC) < 2 — (A+D) (3.18)

Observe that the terms on the right hand side of the inequality might assume either positive
or negative sign. Both cases are analysed.

e Case 1: (AD—-BC)<0and 0< A+D <2
Under these conditions both terms in the inequality (3.18) are positive and after raising
them to the power of two, we obtain the inequality

AD - BC>A+D -1 (3.19)

Observe that the term (AD — BC) is always negative, hence for the inequality to hold
it is necessary that the term A + D — 1 is negative as well. This provides the following
further condition: 0 < A+ D < 1.

e Case 2: (AD—-BC)<0and A+D > 2
The term on the right hand side of the inequality (3.18) is negative, hence before raising
its both terms to the power of two, it is necessary to reverse the inequality sign. After
rearranging the elements in (3.18), we obtain the following condition:

AD -BC < A+D -1 (3.20)

e Case 3: (AD — BC) > 0, AD — BC < 2 and 0 < A+ D < 2
Similar to Case 1, the inequality (3.18) can be rewritten as

AD—-BC>A+D -1 (3.21)
Under the given assumptions, the inequality (3.21) is verified if A+D—1 < AD—BC <
(A+D)?
1
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e Case 4: (AD —-BC) >0, AD — BC < % and A+ D > 2
In order to analyze Case 4, we follow the same steps done in Case 2. After algebraic
computations, the inequality (3.18) expression becomes

AD - BC < A+D—1 (3.22)
This inequality holds if AD — BC < %

Table 3.4 summarizes the previous investigation.

R.=2(A+7D)+1/(A+D)? —4(AD - BC) < 1

AD — BC <0 AD — BC >0

A+D<2 | AD-BC>A+D—-1land | A+D—-1< AD — BC <

0<A+D<1 %

A+D>2 AD -BC < A+D-1 AD — BC < AB1

Table 3.4: Conditions on trace and determinant of the next generation matrix M (3.14)

Numerical Results
Control Reproduction Number (R.)

In this section we show the numerical investigation on the relationship between residency
times and total reproduction number R.. Based on the data reported in the 2016 Canadian
Census [110], a large size of Halton residents commute to Toronto to work, but not the
opposite. However, Toronto residents do commute towards York region daily, and vice versa.
Hence, we assume that Halton is the patch whose residents move to Toronto, while York is
the second patch in the scenario where Toronto residents move as well. Since our interest is
to investigate the sustainability of the infection when the patches present different immunity
background, we consider that extreme proportions of vaccinated individuals to be 10% or
90% of the population. The infectiousness of the virus is defined depending on the immunity
background of the patch. If highly susceptible, the specific patch R. = 16, otherwise R, = 1.8.
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Vi, = 10%, Vo, = 10%

Here, we report the results when both patches present only the 10% of the total population
vaccinated.

When Toronto is the region whose residents are not moving (Figure 3.2), we observe
that the total control reproduction number slightly decreases as the probability of showing
symptoms increases. This is easily interpretable since less asymptomatic cases from Halton
will move, and hence, reducing the spread of the infection in Toronto. Moreover, it is visible
how the total R, shows a decreasing trend as patch 2 residents spend more time in Toronto,
with a lower infectivity. Also, it is important to look at the extreme cases: when pay = 0 (i.e.
Halton residents spend all their time in Toronto), the total reproduction number corresponds
to the one present in patch 1; when pgs = 1 (i.e. isolation) the total reproduction number
correspond to the maximum of the two specific R., which is the one in Halton.

Now we consider the scenario in which the residents of both patches commute (Figure

3.3). As mentioned, we consider the two census region Toronto and York, as patch 1 and
patch 2, respectively. Since patch 1 residents can spend time in patch 2 and vice versa, we
investigate the relationship between the total control reproduction number and the residency
times p1; and poo.
Similar to the previous scenario, we observe that there are increased reductions of the
total control reproduction number when the probability of showing symptoms increases
and the combination of p;; and pyy values becomes larger. When the patches are isolated
p11 = p22 = 1, the total reproduction number is the maximum of the two specific R, ,. If
Toronto residents do not leave their patch, we observe the same trend visible in Figure (3.2):
the total reproduction number decreases as Halton residents spend most of their time in
Toronto. Moreover, note that as p;; = 1 and pes = 0 R, gradually increases and its maximum
value will be close, but smaller, to R.,. While, as p1; = 0 and pys = 0 the total reproduction
number is smaller that the highest specific R., ,, but close to that value.

In this section we provide results in the scenario where both patches are highly susceptible.
We observe that the control policy of not allowing symptomatic cases to travel, decreases the
overall transmission of the infection. Moreover, we observe that in case of isolation, the total
reproduction number takes the maximum of the two specific R.;, © = 1,2. However, when
both patches residents are moving, there is a reduction in the total infectivity. In particular,
the maximum reduction is obtained when all individuals spend all their time in the patch
with a smaller reproduction number.

Our results show that the total transmission does not change significantly, hence, to reduce it
globally, Public Health should focus in decreasing the susceptibility in the patches.

Vi, = 10%, Va, = 90%

In this section, we investigate the total reproduction number when the population of the
biggest patch (Toronto) is highly susceptible (with R., ~ 16), while the vaccinated individuals
in the second patch are the 90% of the total population (with R., ~ 1.8). In particular, we
are interested in understanding if the patch greatly immunized can reduce the infection in
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Figure 3.3: Toronto-York (all moving): relationship between the total reproduction number
and residency time pi1, pes when both patches residents are moving, Vi, = 10%, V5, =
10%,R., , = 16 and (a) b=0.05 (b) b =10.1 (c) b= 0.3 (d) b =10.7 (e) b= 0.9.
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both patches. Similar to the analysis conducted in Section 3.2.2, we compare two scenarios:
the first one, when only patch 2 residents commute to patch 1 (Figure 3.4); the second one
when the residents of both patches commute (Figure 3.5).

When only the low risk patch residents are moving (Figure 3.4), we note that in case of
isolation (paa = 1) the total reproduction number is equal to the one present in the high risk
patch (i.e. R. ~ 16). As Halton residents spend most of their time in Toronto (p < 1),
we can observe that the presence of highly vaccinated individuals in an almost completely
vulnerable population decreases the total transmission by roughly 15%. We also observe that
the probability of showing symptoms does not have a significant impact on the total R,
especially when pos > 0.5. This is expected since not many infected will move from a highly
vaccinated patch to spread the infection.

A different scenario is visible when the high risk patch residents travel to another patch
(Figure 3.5). We observe that for all the sampled b, when p;; = 1 the trend of the total
reproduction number corresponds to the one seen in Figure 3.4. However, contrary to the
previous case, here we observe that the probability of manifesting symptoms is an important
factor on the change in the total R.. In particular, we observe that as b increases (hence, less
infectious people are traveling), the reduction of the total reproduction number is extremely
significant (from =~ 16 to ~ 5). The maximum reduction is provided when b > 0.3 and
Toronto residents spend more than 80% of their time in the highly vaccinated patch. On the
other hand, we observe that for b < 0.3, the reduction in the total reproduction number is
minimal.

This analysis results suggest that if the biggest of the two patches is highly vaccinated, no
policy on both communities’” isolation should be implemented in case of outbreak. However,
decreasing the vaccine heterogeneity will provide a total reduction on the transmission.

Vi, = 90%, Vs, = 10%

We are now considering the scenario in which the patch with the largest population (Toronto,
patch 1) is the region highly vaccinated (90%), while patch 2 (Halton or York region)
population is mostly vulnerable to the infection.

Similar to all the previous cases, we start our analysis setting Toronto as the non-
commuting patch (Figure 3.6). Immediately we observe that if the probability of showing
symptoms increases, reducing then the mobility of asymptomatic cases, the total reproduction
number increases reaching the infectivity level present in the high risk patch. Moreover, if the
patches are not interacting, the total reproduction number assumes the value of the highest
specific R, , (i.e., R, =~ 16 for psy = 1). However, if the high risk patch residents spend more
time in the highly vaccinated region, then the total R. decreases. This reduction can be up
to 70% (for extreme case b = 0.05 and pas = 0). These findings suggest that the movement of
asymptomatic cases towards a highly vaccinated patch results in a decreasing trend of the
total infectivity.

Figure 3.7 shows the R. surface when both patches residents commute. We observe that
under this condition, the maximum reduction of the total reproduction number is provided
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when b > 0.3. This reduction is also given if the vaccinated Toronto residents spend most of
their time in the vulnerable patch. This suggests that even if asymptomatic cases are not
many, the immunized individuals from Toronto reduce the overall R.. Moreover, if we look
at the case when pi1, pea &~ 0 (indicating that Toronto residents are mostly in York, and vice
versa), we observe that for small b, the total reproduction number assumes values close to
R.,. This indicates that when more asymptomatic cases travel towards a susceptible region,
the infection will keep spreading. However, as b increases, reducing the proportion of infected
individuals travelling, the movement of vaccinated individual results in a reduction of the
infectivity.

Vi, = 90%, Vs, = 90%

In this last section, we report the scenario in which both patches have a highly vaccinated
population.

In Figure 3.8 (Toronto residents are not leaving their patch) we observe that the total
reproduction number increases as Halton residents spend most of their time in their own
region. At the extreme case pyy = 1, R, assumes the value of the highest specific reproduction
number (which is R.,). Moreover, as the probability of showing the signs of the infection
increases, the reproduction number reduction becomes smaller. Since both patches are highly
vaccinated and low risk, the change in the total reproduction number is minimal.

When both patches residents commute (Figure 3.9), we observe that, similar to the
previous scenario, the reduction in the total reproduction number is not significant. The
highest values of the total R. are given in case of isolation and when Toronto residents spend
all their time in York region.

The results provided in this section indicate that if both patches are highly vaccinated,
the movement of infected cases do not increase the overall infectivity visibly. On the other
hand, the immunity brought in the workplace region does not decrease the spread of the
infection.

Infection Dynamics

We show some examples of infection dynamics when the probability of showing symptoms b,
reproduction numbers are varied: 1.8,9,16 (Figures (3.10)-( 3.11)). We see how increasing b
the size of asymptomatic cases decreases, while the symptomatic increases. Moreover, as the
transmission decreases we observe how the dynamic of the infection is delayed and the peak
becomes smaller. These results are visible when only Halton residents are moving (3.10) or
both patches (Toronto and York) are moving (Figure 3.11).

Sensitivity Analysis

In this section we will present the results on the uncertainty of the parameters of the model
on its outputs. After seeding the infection in the two different patches, we observe that the
PRCC plots on the sum of all the asymptomatic and symptomatic cases is similar in both
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cases, hence we are presenting only one case. On the other hand, the time at which the first
100 symptomatic cases and the peak of A and I occur present different PRCC plots and
they are all discussed. Observe that we consider only the first cases of I because this is the
compartment where the infection is seeded.

Toronto-Halton

We start with showing the case considering the patches Toronto-Halton. Figure 3.12 shows
the correlation between the parameters and the total asymptomatic (Figures (3.12a), (3.12b),
(3.12¢)) and symptomatic (Figures (3.12d), (3.12e) cases, (3.12f)) in each individual patch
and globally. The significant positive correlation between the transmission in the single patch
and the total number of asymptomatic cases indicates that as the transmission increases, the
asymptomatic cases increase as well. Moreover, in both patches the probability of showing
symptoms present a significant negative correlation, indicating a reduction of the asymptotic
cases as b increases. The significant positive correlation of Ry, on the total cases indicates
that patch 1 is responsible for majority of the cases. In relation to symptomatic cases,
we can see that for patch 1, Ry, b and sy are all significantly positively correlated to the
increase of I (Figure (3.12d)). Similar results are visible for I5. In the global case, we observe
that both s; and s, and Ry; are significantly positively correlated to the symptomatic cases,
indicating that mainly patch 1 is responsible for the infection spread. This can be explained
since the size of Toronto is much bigger than Halton’s, hence the spread of the infection is
higher.

The next results shown correspond to the scenario when Toronto is the patch seeded with
the infection. When Halton is the first infected patch, the correlations are intuitive and very
similar to the scenario described for Toronto. They are shown in Appendix E.

We start looking at the time at which A and I reach their peak. When Toronto is the first
patch to be infected, then the time at which A; or I; reaches its maximum decreases as the
infectivity of the patch increases. Indeed, the less infectious the patch is, the more time is
needed to reach the peak of the infection. When we look at the time needed to reach the peak
of the infection in patch 2, if we start the infection in Toronto, the achievement of the peak
of A and I is delayed if both reproduction numbers Ry and Ry, increase (Figures (3.13b),
(3.14b)). However, we also observe that the peak is reached faster if s; increases (Figure
(3.13b) and (3.14b)). When we investigate the PRCC on the time to reach the maximum
A and [ globally, if Toronto presents the first symptomatic case, we find again that the
parameters related to patch 1 are the ones more significant and their correlation reflects the
scenario for the individual A; and I; (Figures (3.13c) and 3.14c)).  The last analysis on the
uncertainty of the parameters is on the time at which the first 100 symptomatic cases occurs
(Figure 3.15).

We observe that Ry and b are the only parameters which show a significant negative
correlation on the first 100 cases in patch 1 (Figure 3.15a)). This indicates the at the
beginning of the outbreak, if the level of infectivity in patch 1 and the probability of showing
symptoms increase then it takes a longer time to reach 100 symptomatic cases. When we
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Figure 3.12: Toronto-Halton (Halton moving): PRCC plots on the sum of all the asymptomatic

and symptomatic cases over the outbreak
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look at the first cases in patch 2 and Toronto primary infected (Figure 3.15b)), then we
observe that the time needed to reach the first cases in I, is delayed if the number of patch
1 susceptible increase. A significant negative correlation is shown for Rgi, Roe, b and ss.
This indicates that if the infectivity of both patches , the probability of showing symptoms
and proportion of susceptibles in patch 2 increases, then there is a delay in reaching 100
symptomatic cases in patch 2. Finally, to have at least 100 symptomatic globally, we observe
that the more susceptible are present in patch 1 and less infectious patch 1 is, the longer will
take to reach 100 cases (Figure 3.15¢)).

Toronto-York

Now, we investigate the regions Toronto and York, assuming that the residents of both areas
commute.

Similar to Toronto-Halton, we observe that the region where we start the infection does not
affect much the total asymptomatic and symptomatic cases (Figure (3.16)). However, for the
analysis on the peak time of the infectious compartments and time for the first 100 infectious
cases, we only show the scenario with Toronto as first infected. The results for York are
similar and intuitive and are shown in Appendix E.

As expected, the probability of showing symptoms shows a significant positive and negative
correlation on the total symptomatic and asymptomatic cases, respectively Figure (3.16).
Moreover, the transmission in Toronto, as well as the fraction of susceptible individuals,
increases the number of cases (R, shows a significant positive correlation). This indicates
that, during the entire outbreak, the transmission in Toronto is responsible for the spread.
The time needed to reach the maximum number of asymptomatic (Figure (3.17)) and
symptomatic (Figure (3.18)) cases is negatively significantly affected by the reproduction
number in Toronto. While, Ry is slightly negatively significant. This indicates that the
transmission in patch 1 and 2, if high, accelerate the achievement of the peak of cases. This
result is different from the case Toronto-Halton, since Toronto and York have a similar
population size and hence both transmission affect the dynamic of the infection. Similar
correlations are visible when we investigate the time needed to reach at least 100 cases (Figure

(3.19)).

3.2.3 Three-patch Model

Since Toronto is surrounded by many different regions, we are now extending our model by
including three patches, by using n = 3 in system 3.1. Similar to the two patches case, we
investigate the change of the total reproduction number by comparing the following scenarios:
in the first one, Toronto (patch 1) residents are not moving, while Halton (patch 2) and
Durham (patch 3) residents commute to Toronto, but not between them since they are
geographically far; in the second one, Toronto, York (path 2) and Peel (patch 3) residents
travel among all the patches. We start our analysis by finding the total reproduction number
of the system. Again, we will use the next generation matrix method as before. The matrix
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Figure 3.15: Toronto-Halton (Halton moving): PRCC plots on the time at which the first
100 symptomatic cases occur when the infection is seeded in patch 1
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Figure 3.16: Toronto-York (all moving): PRCC plots on the sum of all the asymptomatic
and symptomatic cases over the outbreak when all residents are moving
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Figure 3.17: Toronto-York (all moving): PRCC plots on the time at which the asymptomatic
cases reach the peak when the infection is seeded in patch 1 and when all residents are moving
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Figure 3.18: Toronto-York (all moving): PRCC plots on the time at which the symptomatic
cases reach the peak when the infection is seeded in patch 1 and when all residents are moving
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Figure 3.19: Toronto-York (all moving): PRCC plots on the time at which the first 100
symptomatic cases occur when the infection is seeded in patch 1 and when all residents are
moving 92



describing the infection transmission, F, evaluated at the disease free equilibrium, is defined

as:
I 3 Bisijaim 3 Bjs1ja2;m2 3 Bjs1;P1j 3 Bjs1iD2j
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The matrix —Vj3 is defined as:
i « 0 0 0 0 0 0 0 O]
0 « 0 0 0 0 0O0O
0 0 a 0 0 0 00O
—a(l—b) 0 v 0 00000
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0 —ab 0O 0 0 v 0O O
L 0 —ab 0O 0 0 0 0 0 ~

Similar to the two-patch case, it is not easy to analyze the total control reproduction
number by the product F3(—V5'). Hence, we employ the same technique used for the simpler
case introduced by Diekmann [89]. We need to define a new auxiliary matrix F,,,, defined

as:
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After multiplying E,, F5(—Vs ") Equz,, we obtain a matrix with 3 x 3 dimension defined as:
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Although the new matrix is smaller than the original one, it is still hard to compute
the spectral radius and derive an analytic expression for R.. Hence, for this case, the total
control reproduction number is evaluated only numerically.

Numerical Results

When three patches are all commuting (Toronto-York-Peel), R, is investigated for fixed values
of p11, when py; = 0,0.3,0.5,0.8. Recall that the extreme case p1; = 1 corresponds to the
scenario in which Toronto residents are not moving. Moreover, we assume that p;o is never 0,
while p;3 can be either 0 or another constant.

Vi, = 10%, Va, = 10%, V3, = 10%

Similar to the case involving only two patches, we start our investigation by analyzing the
case in which all the patches are highly susceptible. Figure 3.20 describes the results when
the census regions Toronto-Halton-Durham (where Toronto residents are not moving) are
considered. Figures 3.21-3.22-3.23-3.24 show the results for the patches Toronto-York-Peel.

When Toronto residents are not moving (Figure 3.20), we observe that the total repro-
duction number is slightly changing varying from approximately 16 to roughly 16.2. The
reduction becomes almost insignificant for high values of b. However, we note that when
Durham region (patch 3) residents are staying in their own patch (ps33 = 1), independently
of the time that Halton region residents spend in Toronto, the total reproduction number
assumes the value of the highest specific R.,. This suggests that when two patches are
isolated, and one of the two is the region with highest risk of transmission, then this patch
will lead the sustainability of the infection. Hence, the reduction in the reproduction number
occurs if patch 3 residents commute to other patches.

Figure 3.21 to Figure 3.24 show the total reproduction number for p;; # 1, with movements
between Toronto, York, and Peel regions. The top panel shows the scenario in which
p12,p13 7 0, while the bottom plots represent the case p;o = 1 — p1; and pi3 = 0. We
immediately observe that when Toronto residents are not commuting to Peel region (i.e.
p13 = 0), the trend of the total reproduction number reflects the one shown in Figure 3.20.
These results indicate that in order to reduce the total transmission, Toronto residents should
not commute to the patch with highest transmissibility and patch 3 residents should spend
more time in the patches with lower reproduction number.

A different result is visible when Toronto residents move to Peel region (top panels) as
well as to York. Under this scenario, the change in the trend of the reproduction number
is more significant (roughly 15 to 16.3). However, as the probability of showing symptoms
increases, this gap in the reduction becomes almost imperceptible. Moreover, in this scenario,
contrary to the previous ones, we observe that the maximum magnitude of the reproduction
number is provided when Durham residents spend most of their time in the other patches.

From the results of this section, we conclude that if two of the three patches are not
commuting, independently of the time that the third patch residents spend in the two, the
total transmission is governed by the highest patch specific reproduction number. This may
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Figure 3.20: Toronto-Halton-Durham (Halton-Durham moving): relationship between the
total reproduction number and residency times pss and p33 when only patch 2 and 3 residents
are moving Vi, = 10%, V3, = 10%,V3, = 10%, R, ,, ~ 16 and (a) b = 0.05 (b) b = 0.1 (c)
b=0.3(d)b=0.7(e) b=10.9
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Figure 3.21: Toronto-York-Peel (all moving): relationship between the total reproduction
number and residency times py; and ps3. Vi, = 10%, Va, = 10%,V5, = 10%, R, ,, =~ 16,
b= 0.05, 0.1, 0.3, 0.7, 0.9 when (a) p11 =0, p1o = 0.5, p13 =0.5 (b) p11=0,p2=1p13=0
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lead Public Health to consider, in case of outbreak, a reduction in the transmission and
increasing the vaccination coverage in these pockets with more susceptible individuals.

Vi, = 10%, Va, = 90%, V3, = 90%

Next, we investigate the scenario in which Toronto’s population is highly susceptible, while
the other 2 patches residents are almost completely immune to the infection.

We start our analysis with the assumption that p;; = 1 (Figure 3.25). It is clearly visible
that the reduction of the total transmission is not affected by the decrease of asymptomatic
cases. In fact, the range in which R, lies is roughly 11.47 — 16.04 for all b. We also observe
that in case of isolation (i.e. pyy = p33 = 1) the total R, assumes the value of R.,, which
is the highest among the three. On the other hand, the highest reduction is visible when
both Halton and Durham residents spend most of their time outside their own region (i.e.
pa2 = p33 = 0). This result is expected since patch 2 and 3 are highly vaccinated, hence their
movement prevent the spread of the infection. When we look at the patches Toronto-York-
Peel (Figures 3.26, 3.27, 3.28, 3.29), we observe that the total R. presents a trend similar to
Figure 3.25 for py; > 0.5, while for p;; < 0.3, the results obtained are different. In particular,
when p;; = 0 and Toronto population spends half time in patch 2 and half time in patch
3 (top panel in Figure 3.26), for b = 0.05,0.1, the total reproduction number reaches its
maximum reduction when the other two patches are isolated. Under the same conditions,
the maximum magnitude of the reproduction number is obtained when York and Peel region
residents do not spend time in their own region. This result can be explained by the fact that
a highly susceptible population stays in the low risk patches, increasing the transmission. On
the other hand, if b > 0.3, the total reproduction number is roughly 5, showing a reduction
of approximately 70% from the highest R.,. The bottom panel in Figure 3.26 shows the
scenario in which Toronto residents spend all their time in patch 2. In this situation, we
observe that for b < 0.1, the magnitude of R. is slightly reduced, varying its values between
14 and 12. The highest values are assumed when York residents spend all their time outside
their patch, independently of the time spent in patch 3 by its own residents. For b > 0.3, the
total reproduction number decreases from roughly 9 to 2. The smallest values are visible if
York residents do not leave their patch and Peel residents spend time there as well. This is
due to the fact that more vaccinated individuals reduce the transmission of the infection.
If two of the three patches are highly vaccinated, our findings show that the movement of
susceptible individuals towards the less vulnerable patches decreases the transmission. In case
the susceptible patch is not moving, then the reduction is achievable if the highly vaccinated
populations spend their time in this patch.

Vi, = 90%, Va, = 10%, V3, = 10%

We are here showing the results obtained by setting Toronto population to be highly vaccinated,
while Halton - Durham or York - Peel to be mostly susceptible.

Contrary to the scenario with Vi, = 10%, V5, = 90%, Vi, = 90% shown in Figure 3.25,
when Toronto is the patch less vulnerable and its residents are not commuters, the reduction
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Figure 3.22: Toronto-York-Peel (all moving): relationship between the total reproduction
number and residency times pyy and ps3. Vi, = 10%, Va, = 10%,V3, = 10%, R.,,, ~ 16,
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Figure 3.25: Toronto-Halton-Durham (Halton-Durham moving): relationship between the
total reproduction number and residency times pss and p33 when only patch 2 and 3 residents
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Figure 3.27: Toronto-York-Peel (all moving): relationship between the total reproduction
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Figure 3.28: Toronto-York-Peel (all moving): relationship between the total reproduction
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in the total reproduction number is more visible. In particular, if the probability of showing
symptoms is less than 0.7, the total R, has a maximum magnitude of roughly 16, which
corresponds to the highest value of the specific R, ,, but it drops to a minimum of roughly
5. The highest value is assumed when either both patch 2 and 3 are isolated or just one of
them. The maximum reduction is possible when both Halton and Durham residents spend
most of their time in Toronto. This is reasonable due to the fact that in this scenario Halton
and Durham are not considered connecting patches, hence they only move to Toronto which
is highly vaccinated, and so at a lower risk of transmission. When the possibility of showing
signs of the infection becomes larger (above 70%), then reduction in the total R. is minimal.
This is to be related to the minimal movement of symptomatic cases. In fact, the lowest
value of the reproduction number is obtained when pgs = p33 ~ 0.

When all the patches are geographically close and the commuters are moving among them
(Figures 3.31, 3.32, 3.33, 3.34), we observe a different trend depending on the values assumed
by b and p;3. Figure 3.31 shows the change in the total reproduction number when Toronto
residents spend either half of their time in patch 2 or 3 (top panel) or they are only in York
(bottom panel). In the first case, the transmission decreases as the probability of showing
symptoms increases. For small b, R, =~ 14.5 either both York and Peel residents spend most
of their time outside their patch or either of the two is isolated. This is due to the fact that
many asymptomatic case travel and sustain the transmission in the other regions. On the
other hand, the maximum reduction is visible when both patches are isolated. This is because
the highly vaccinated individuals from Toronto provide a decrease in the transmission. As b
increases, the total R, reduces further. When Toronto commuters move only towards York
region, the trend is very similar to the case in which Toronto residents are not moving and,
in magnitude, it is higher than the case with p;3 = 0.5.

When p;; = 0.3, we assume that p1o = 0.4 and py3 or p1o = 0.7 and p13 = 0, top and
bottom panel, respectively, in Figure 3.32. In the first scenario, we immediately observe that
the reproduction number values lie in the interval (4.5, 7). If compared with the case p;; = 0,
these values are definitely smaller. In fact, Toronto commuters decrease the transmission in
patch 2 and 3, but at the same time they keep a lower transmission in their own patch. The
transmission increases if York and Peel residents spend most of their time outside their patch,
and their susceptibility and asymptomatic cases are significant to spread the infection. As b
increases the pattern looks like the one shown in Figure 3.25. For p11 > 0.5 and py3 # 0, we
observe the same trend seen in Figure 3.25 and the total R, varies from approximately 3.5 to
8. Hence, under this condition the transmission is highly reduced if compared to the specific
R, , Differently, if p1» = 0.5,0.2 and p;3 = 0, we observe that the total reproduction number
drops from 15.5 to roughly 3.5. We also note that the highest transmission is possible when
patch 3 is isolated. This is reasonable since they do not move towards a highly vaccinated
patch and immune individuals do not commute there reducing their transmission. On the
other hand, the minimum transmission is obtained when patch 3 commuters spend most
of their time in the other patches. As the probability of showing symptoms increases, the
reduction in the total transmission decreases. This is due to the fact that more symptomatic
cases remain in highly vulnerable patches sustaining the high transmission.
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Our findings show that if only one of the three patches is highly vaccinated, its commuters
can provide a reduction in the total transmission. In case they are not leaving their patch,
the total reproduction number is decreased if the commuters from high susceptible regions
spend most of their time in Toronto.

Vi, = 90%, Va, = 90%, Vi, = 90%

In this last section, we are showing the results when all the patches are almost completely
vaccinated. The shape of the surfaces describing R, is very similar to the ones seen for
Vi2s, = 10% in 3.2.3. The total reproduction number varies in the interval (1.8 — 1.85),
hence the commuters do not affect the transmission drastically (Figures (3.35)-(3.36)-(3.37)-
(3.38)-(3.39)).

Infection Dynamic

Here, we present some plots describing the infection dynamics for the patches Toronto-Halton-
Durham (Figure (3.40)) and for Toronto-York-Peel (Figure (3.41)). We observe that in both
cases the probability of showing symptoms affect mostly the cases is A, if small, and in I, if
large. Moreover, the smaller the transmission is, the smaller the peak of the infection is and
longer the outbreak is.

Sensitivity Analysis

We end our numerical analysis section by showing sensitivity analysis of the model parameters
on the model outputs. The first results are on the patches Toronto-Halton-Durham and then
we focus on the regions Toronto-York-Peel. The infection is seeded either in patch 1 or patch
2. Given the similar and intuitive results, the case of patch 2 primarily infected is shown in
Appendix F.

Similar to the previous PRCC plots, the output we focus on are the sum of all the infectious
cases, the time needed to reach the peak of A and I and the time needed to reach the first
100 symptomatic cases.

Toronto-Halton-Durham

Figure 3.43 and Figure 3.42 show the PRCC on the sum of A and of I, respectively. We
observe that the number of asymptomatic cases in each patch are extremely affected by the
probability of showing symptoms (negative correlation) and the proportion of susceptibles
in each patch (positive correlation). Indeed, a growth of susceptible will increase the
infected cases. Moreover, the infectivity of patch 1 is positively affecting the total number of
asymptomatic cases in all patches, even if with less effect in patch 2 and 3 (Figures (3.42a),
(3.42b) and (3.42c¢)). When we look at the global cases of A, then the individuals vulnerable
to the infection from patch 1 are responsible for the increase of the cases as well as Rq;
(Figures (3.42d)). This indicates how patch 1, which is the one with the biggest size, is
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responsible for the increase of the cases. Similar results are visible for the cases in the I
compartment. However, in this scenario b shows a positive correlation on the symptomatic
cases growth (Figures (3.43a), (3.43b), (3.43c) and (3.43d)).

Next, we investigate the uncertainty of the parameters on the time at which A and [
reach their maximum value. We observe that when Toronto is infected at the beginning
of the outbreak for all the patches, it takes longer for the asymptomatic cases to reach
their peak if the infectivity of patch 1 increases (significant negative correlation) and s;
increases (significant positive correlation). Hence, the proportion of susceptible people in
patch 1 affects the delay of the spread in all the other patches. However, the correlation of
R., is predominant. Moreover, for patch 2 and 3, even their specific reproduction number
shows a negative correlation (Figures (3.44a), (3.44a) and (3.44a). The global peak time
of asymptomatic cases is mainly affected by the infectivity in patch 1 (negatively) and s;
(positively) (Figures (3.44d)). This confirms that globally patch 1 is responsible for the delay
of the infection.

Figure 3.45 shows the PRCC plots on the peak time of the symptomatic compartment. It
is visible that, when Toronto is seeded first with the infection, as the proportion of susceptible
individuals from patch 1 increases and the infectivity in patch 1 decreases, the time needed
to reach the peak of I in all the patches is longer (Figures (3.45a), (3.45b), (3.45¢)). Similar
results are visible for the global case (Figure 3.45d). However, the achievment of the maximum
symptomatic cases is delayed in patch 1 as Rgs increases and in patch 2 as Rz increases.

The last analysis for the case Toronto-Halton-Durham is shown in Figures (3.46a), (3.46b),
(3.46¢), (3.46d) and it describes the PRCC plots on the time needed to reach the first 100
symptomatic cases.

We observe that in all patches and globally, the infectivity in patch 1 shows a negative
correlation, while s is positively correlated. However, the probability of showing symptoms
has a negative effect in patch 1, 2 and globally and positive in patch 3. This indicates that if
less infectious people are allowed to leave their own patch (i.e. b is high), patch 1 and 2 reach
the first cases quickly, but not in patch 3, where it takes longer. Moreover, an increment of
susceptible in patch 2 and patch 3 results in delaying the growth of the infection in patch 1
and 2, respectively .

Toronto-York-Peel

Next, we consider the patches Toronto-York-Peel, where all the residents commute from one
patch to another.

Again, we start with the investigation on the sum of all the infected cases (Figure (3.47)-(3.48).
It is visible how in all the patches, and for both the total A and I, the number of cases
increases as the susceptible proportion of each single patch increases, while globally the
susceptibles from patch 1 are the ones more significant to raise the infected individuals.
Moreover, as expected, b is positively correlated to the cases in I and negatively correlated to
the cases in A. In all the situations, the infectivity of patch 1 is slightly positively significant
to develop the growth of the infection.
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Figure 3.42: Toronto-Halton-Durham (Halton-Durham moving): PRCC plots on the sum of
all the asymptomatic cases over the outbreak
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Figure 3.43: Toronto-Halton-Durham (Halton-Durham moving): PRCC plots on the sum of
all the symptomatic cases over the outbreak
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Figure 3.44: Toronto-Halton-Durham (Halton-Durham moving): PRCC plots on the time at
which the asymptomatic cases reach the peak when the infection is seeded in patch 1
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Figure 3.45: Toronto-Halton-Durham (Halton-Durham moving): PRCC plots on the time at
which the asymptomatic cases reach the peak when the infection is seeded in patch 1
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Figure 3.46: Toronto-Halton-Durham (Halton-Durham moving): PRCC plots on the time at
which the first 100 symptomatic cases occur when the infection is seeded in patch 1
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In Figure 3.49, we can see the PRCC plots on the time at which the asymptomatic cases
reach their peak. We observe that in all patches and globally the only parameter showing
a strong correlation is Rg;. In particular, the reproduction number of patch 1 delays the
spread of the infection as it decreases. Nevertheless, only in patch 3, Rg3 shows a slightly
negative correlation. Next, we investigate the time needed to reach the peak of I (Figure
3.50). Similar to A, as the infectivity in patch 1 decreases, it takes longer to achieve the
maximum value of [ in each patch and globally. Moreover, in patch 2, a slight correlation
between the peak time and Ry3 is noticeable. This result is visible when either Toronto or
York is firstly infected.

Lastly, we look at the PRCC on when the first 100 symptomatic cases occur (Figure
3.51). The top two rows indicate the case when the infection starts in Toronto. We observe
that in all patches and globally, the infectivity of patch 1 is the parameter showing a strong
significant negative correlation, indicating that the infection spreads slower as Ry, decreases.

3.3 Conclusion

In our study we employ a multi patch model with n patches to investigate the effect that
residence times as well as asymptomatic cases have on the transmission and sustainability of
the infection in specific patches which can be highly susceptible or immunized to the pathogen.
We chose five census regions in Ontario which are geographically relatively close: Toronto,
York, Peel, Halton and Durham. Our investigation is mainly focused on two cases for n = 2, 3.
In each case, we compare two scenarios: when Toronto residents are not commuting to other
regions and when they do.

When two patches are considered, we are able to derive a mathematical expression for the total
reproduction number R.. We observe that when both patches present the same immunity
background (both are either highly vaccinated or susceptible), the total transmission is not
significantly affected by the asymptomatic cases nor the residence times. On the other hand,
when the immunization coverage is different, then we observe that the overall reproduction
number is reduced if either the highly susceptible commuters spend most of their time in the
patch with low risk of transmission or the residents of almost fully immunized patched spend
their time in the vulnerable patch. In case of isolation, then the total transmission is driven
by the highest patch specific reproduction number.

Similar results are found in the case with n = 3. In this scenario the reproduction number
cannot be derived analytically, but numerically. When more than two patches are involved,
again we observe that the reduction in the total reproduction number is achieved when
susceptible commuters leave the high risk patches towards the low risk ones, or the vaccinated
residents spend most of their time in the vulnerable patch to decrease the transmission.

We conclude our investigation with sensitivity analysis of the model parameters on the
total cases of asymptomatic and symptomatic cases as well as the time at which these
compartments reach the first 100 cases and the peak. We observe that the patch specific
reproduction numbers R, ,, present a significant positive correlation with the number of
infected cases, but as the transmission decrease, they delay the time needed to reach the
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Figure 3.47: Toronto-York-Peel (all moving): PRCC plots on the sum of all the asymptomatic
cases over the outbreak
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Figure 3.48: Toronto-York-Peel (all moving): PRCC plots on the sum of all the symptomatic
cases over the outbreak
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Figure 3.49: Toronto-York-Peel (all moving): PRCC plots on the time at which the asymp-
tomatic cases reach the peak when the infection is seeded in patch 1
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Figure 3.50: Toronto-York-Peel (all moving): PRCC plots on the time at which the asymp-
tomatic cases reach the peak when the infection is seeded in patch 1
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Figure 3.51: Toronto-York-Peel (all moving): PRCC plots on the time at which the first 100
symptomatic cases occur when the infection is seeded in patch 1
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peak and the first 100 cases. Moreover, as the proportion of susceptible residents increases,
the number of cases increases as well.

Our findings show how reducing the heterogeneity of vaccination is important to reduce
the transmission of the infection. The main goal for Public Health is to reduce the susceptible
pockets present in the country and cities by improving and increasing the vaccination coverage.

Our model is only looking at the residence times that all residents spend in their own or
other patches. A further extension can be assumed that not all the residents are commuters
and introduce age structure in order to investigate the age class that is responsible to change
the total transmission among all the patches. Moreover, if children age class is included, it

might be useful to consider seasonality to catch the reduced commuting towards schools in
the summer and winter breaks.
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Chapter 4

Waning Immunity: Herd Immunity
and Infection Dynamics

4.1 Introduction

This work has been conducted in collaboration with Dr. Heffernan, Dr. Teslya, Dr. Crowcroft
and Dr. Bolotin. I have collaborated in defining the models, theoretical and numerical
analyses. Parameters estimation, Figure 4.3a and Figure 4.6 were made by Dr. Teslya.

In this work, we consider that immunity developed against the MeV through vaccination
might not be life-long, and wanes over time. We assume that individuals with waning
immunity can show a mild infection (defined as secondary infection), but it is still unsure
what the level of their infectiousness is. The phenomenon of waning immunity and the force
of infection of vaccinated cases is currently a subject of study in Public Health. In particular,
departments in Public Health Ontario have been conducting systematic review to investigate
reported waning immunity and transmission from vaccinated cases [23, 24]. We investigate
different scenarios comparing different level of force of infection of vaccinated cases. This
topic is particularly important for Public Health, since it can help in managing any future
outbreak.

Different mathematical models have studied the waning process of measles vaccine.
Heffernan and Keeling [45] proposed an in-host model taking into consideration the immunity
system and cellular dynamics trying to understand how different levels of immune memorycells
can affect the trend of the infection when the body is exposed to the virus. A fundamental
result is on the basic reproduction number and how it is correlated to the level of memory
cells in the plasma. They found that, as the memory cells increase, the transmission from
any individual previously immunized is less than the one from a fully susceptible individual
experiencing the infection for the first time.

In a second paper, Heffernan and Keeling [52] formulated a population-level model applying
to it the immunological findings showed in [45]. Again, they investigated the interactions
among vaccination, waning immunity process and infection dynamic. Their results show that
when immunity wanes over a long period, as an outbreak occurs, this can generate a higher
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number of cases than the scenario provided by a shorter waning period. Also, in a highly
vaccinated population if the waning period is fairly short, the infection outbreaks are visible
and are mainly characterized by asymptomatic cases and showing a biannual period as the
outbreaks occurring in highly vaccinated countries.

In 1999, Mossong, et al. [49] explored the infectiousness of sub clinical cases when
individuals wane their vaccine-induced immunity. They found that if the infection is absent
from the population for a relatively long period, the level of protection decreases and hence
measles elimination is not achievable.

The transmission from vaccinated cases has been studied as well. Rota, et al. [117]
reported in 2011 cases of measles in two fully vaccinated physicians. Their symptoms did
not indicate a measles primary infection, hence, neglecting the possibility of transmission
they continued working and visiting patients. Nevertheless, no cases were reported among
the contacts. However, Rosen, et al. [118] reported measles transmission from a vaccinated
case. The individuals gained measles immunity through two doses of vaccine. He showed
symptoms compatible with the infection. Several contacts have been confirmed and some of
them developed the infection as secondary cases. Tertiary cases were not reported.

Since in the past years measles cases have been present in different age groups, it is
important to investigate the relation between vaccination, waning immunity and age structures.
Hethcote, et al [74],[57], [58] developed different studies on age-structure epidemiological
models on pertussis transmission in which both vaccination-induced and infection-induced
immunity wane over time. They employed STRV model framework including waning immunity
and different infection levels (from high to low). The population is divided into groups age-
dependent, from newborns to 85 and over years of age. The findings in [57], show that if a
booster vaccination shot is given to the population every 10 years, the age groups counting
more infected are the ones related to adulthood. In [58], Hethcote, et al shows that shifting
the second booster shot from 18 months of age to 15-27 years the infection incidence is
reduced over all the age groups. Mossong [75] proposed an extension of his model in [49]
including age structure. They studied the impact that waning periods and transmission from
a vaccinated case have on the time to the first re-emergence of measles. Their results suggest
that if the force of infection of vaccinated individuals is low and vaccine-induced immunity
wane over a long period, more time is required to experience measles re-emergence.

Susceptible-Infected-Recovered-Waning- Susceptible (SIRWS) framework models have
been developed to study the re-emergence of pertussis [56, 82, 54]. Lavine et al. [56] applied
an age-structured SIRWS model to investigate the pertussis re-emergence and the effect of
boosting process. The immunity is assumed to wane over time and, after exposure to the
pathogen, the boosting process is triggered. Their model was able to capture the infection
re-emergence occurring in highly vaccinated countries as well as the shift in the age group of
the cases. Moreover, these results were achieved under the assumption that a low exposure
to the pathogen triggers immunity boosting. Others studies on pertussis have been done
employing this framework [82, 54]. Leung et al. [54] extended the model in [56] by including a
vaccinated compartment and assuming that vaccine-acquired and infection-induced immunity
wane at different rates. Moreover, the authors consider one infection compartment for primary
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infected and one for secondary cases with the same level of infectiousness. Similar to Lavine
et al [56], the boosting process is triggered with a lower exposure to the virus than the one
needed to become primary infected. Age structure is not considered. They found that the
different waning periods can lead to different infection dynamics, and hence it is necessary to
understand them deeply. Although the STRW S describes waning immunity process, it is not
applicable here, since we only consider waning immunity from vaccination.

We present a mathematical model following the SI1Iyy RVW S framework, taking into
account both waning of vaccine-induced immunity, vaccination routine and boosting process,
which occurs after being exposed to the virus. After encountering the pathogen, individuals
are assumed to either increase their immunity level or become infected/infectious. We
differentiate the classes I (defined as primary cases) and Iy, (defined as secondary cases) to
investigate the best and worst case scenarios of transmission from infecteds that had some
immunity at the time of infection. In particular, since the force of infection of vaccinated
cases is still unknown, we consider the following cases: one, the secondary infection (Iy,) will
make individuals as infectious as the primary infection (I) (defined as worst case scenario),
the other one assumes that secondary infectious individuals will not be able to transmit
the virus (defined as best case scenario). Since measles cases are reported in different age
groups and vaccine doses are given at different ages, we extend the model by including age
structure as well. We investigate how waning and boosting processes affect the achievement
of herd immunity, by evaluating both the basic and control reproduction number (R, and
R, respectively). Moreover, we detect the age groups that mostly experience the infection
in case of outbreak. The distribution obtained by the age structure gives an insight on which
age groups are more susceptible to any new infection and which are fully immunized. Also,
we developed Continous Time Markov Chain (CTMC) stocahstic model with and without age
structure to investigate the probability of outbreak. These results can benefit public health
decisions in case of outbreaks as well as highlight how measles immunity waning periods and
vaccinated cases’ infectiousness need a deeper understanding.

4.2 Model and Methods

4.2.1 Model

The model that we present follows the Susceptible-Infectious- Recovered- Vaccinated- Waning
framework with some extensions. Given the different levels of immunity in the population,
we assume that the infectious individuals are divided into primary and secondary cases. The
first category refers to the people who are totally susceptible to the pathogen and become
infectious for the first time, while the second one indicates the individuals who are vaccinated
but undergo the waning immunity process, which makes them vulnerable to the infection.
It is important to recall that the infection force of vaccinated cases is not established yet.
Recent systematic reviews has been conducted by a Public Health Ontario team to investigate
any documented transmission from vaccinees cases ad waning immunity [23, 24]. Hence, we
investigate two different scenarios: when the secondary cases are as infectious as the primary
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cases and when the secondary cases are not infectious. To differentiate these possibilities, in
our model, we introduce a parameter GG, which can assume value 1 or 0, depending on the
infection force of the vaccinated cases (fully infectious or not, respectively).

We assume that individuals enter the susceptible class at 12 months of age, when the first
dose of measles vaccine is given [119, 17]. Moreover, the population is assumed to be at the
equilibrium N = \/d, where A is the birth rate and d the death rate, so the model has been
scaled in order to have each compartment as a fraction of the total population N.

The dynamics is described as follows. Susceptible individuals are introduced into the
population and a fraction p of it is vaccinated. When susceptible individuals encounter an
infectious individual, with transition rate 5S(I + Gl ), the former will become infectious as
well. After the recovery period (1/7, if primary case, 1/7,, if secondary case), individuals
move to the recovered class R where they acquire life-long immunity. On the other hand,
vaccine-induced immunity can wane over time and with rate k; individuals will move from
class V' to the waning compartment . People in W will boost their immunity or become
infectious once they encounter the virus, with rate v3(I + GIyy)W. Once the boosting
process happens, a portion 1 — ¢ of individuals will be moved to the V compartment, while a
proportion ¢ will either move to the compartment I, becoming mildly infectious, or move to
the compartment Iy, where individuals are not able to transmit the infection and move to
R after a recovery period. Figure 4.1 represents the flow diagram of the above mentioned
dynamics. The following Table 4.1 and Table4.2 give a description of the parameters and
variables used in the model, respectively. Observe that, hereafter, the immunity is considered
to be life-long if the waning periods are 100 years or longer.

We begin our investigations by analysing a general S1Iy RVW model framework, which
we will extend by including age structure.

4.2.2 Model with No Age Atructure: Deterministic

The ordinary differential equations (ODE) describing the infection dynamics are given by the
following system :

S' —d(1 —p) — BS(I + Gly) + kyW — dS
I' =BS(I + Gly) — A1 —dI
Ly =v(1 = )B(I + GIw)W — ywlw — dlw
R =1 + v Iy — dR
V' =dp —dV — ki\V + quB(I + GIyy)W
W' =k V = (1 — q)B(I + GIyw )W — ks W — dW
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Parameter | Definition Value [Ref]
A Birth rate people x year™!
D Fraction of newborns effective vaccination (obtained | [0.91,0.93,0.96]
vaccine and gained a level of neutralizing immunity)
d Natural death rate 0.012 year—!
[120]
g Infection rate [34.691-312.22]
(people xyear)™!
15
v Recovery rate. 52/2 year~! [6]
Yoo Recovery rate, from Iy to R. 52/2 year™! [6]
v Boosting proportionality constant 1
q Fraction of those boosted that move to V. (1 —q) | [0,1]
experience mild infection and are boosted to R (via
[W)
k1 Waning rate from V' to W [1/300,1] year™*
ks Waning rate from W to S [1/300,1/25]
year !
G quantity defining the infection force of secondary cases | 0,1
e | Age groupi=1,..,199 | ]
a; =[0.5,1), ag = [1,5) , a3 = [5,10), ... , ajgs = | assumed
[80,85) , ajg = [85,00)
ci & ai_im Aging rate at which individuals leave the age com- | evaluated ¢y = 1
partment ¢ and ¢, =0
Bi; Infection rate at which a person in j age interval | evaluated [69]
infects an individual in ¢ age interval
L Death rate of age group 1 [121]

Table 4.1: Parameters for Model (4.1) (above dashed line) and for Models (4.8 and 4.10)(below

dashed line)
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Variable | Definition

Density of fully susceptible population
Density of primary infected population
Density of secondary infected population
Density of recovered population that is
characterized by the life-long immunity
V Density of individuals characterized by
immunity comparable to that obtained
immediately after vaccination.

D 5~

|44 Density of the population in the immunity waning stage.
S| Density of fully susceptible population in age group i |

I; Density of primary infected population in age group

Iy, Density of secondary infected population ¢

R; Density of recovered population that is

characterized by the life-long immunity

in age group ¢

Vi Density of individuals characterized by

immunity comparable to that obtained

immediately after vaccination. in age group ¢

W; Density of the population in the immunity waning stage.

Table 4.2: Variables for Model (4.1) (above dashed line) and for Models (4.8 and 4.10) (below
dashed line)
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Figure 4.1: Flow diagram showing the structure of dynamics described by system (4.1).
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Basic and Control Reproduction Number (R, and R.)

We can derive the disease-free equilibrium with vaccination and it is defined as Ey =
(50,0,0, Vo, Wy), where

pkle
Sy =1—p+
0 PTads i) d+ k)
dp
p— 4.2
s (42)
dpkl

T @+ k) + k)

Results

In order to understand the infectivity of the disease, by using the Nexzt-Generation Matriz
method [88, 86, 90, 92] we derive both the basic and control reproduction numbers for Model
4.1, defining them as Ry and R, respectively. When the secondary cases are as infectious as
the primary ones (G = 1), the expression for the reproduction number will be:

Ro= i 7 (4.3)

while, when G = 0, R is obtained by replacing v with ~,, in 4.3.
The expressions for the control reproduction numbers are the following:

klkg G (]_ — q)l/kld
d+k)(d+ky) " T(d+ k) (d+ ko)

R.=TRo (1—p)+p( (4.4)

Observe that Eq.4.4 presents different terms in the square brackets: the first two indicate
the new infections derived from susceptible individuals, while individuals waning immunity
regulate the third component. Moreover, note that the factor (1 —q)v can affect 4.4 differently
depending on its value. If a large number of individuals gets boosted to V, the third term
in the expression will go to zero. However, if (1 — q)v >> ks, then the term dominating
the reproduction number will be the third term of the expression. Note that when G = 0,
waning individuals cannot transmit the infection, hence the term related to these infections
in 4.4 will not be present. Moreover, if the waning rates k; and ks are close to zero, hence the
immunity is life-long, then 4.4 can be expressed as R. ~ (1 — p)Ry, which is the expression
of the control reproduction number in absence of waning immunity.

When an infection control protocol, as vaccination, is introduced in a population it is
important to take into account what is the sufficient proportion of vaccinated individual
needed to obtain herd immunity. The reproduction number expression can determine this
critical threshold. By setting R. = 1, it is possible to solve the equation in terms of the
proportion p..
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We will use expression for R, to obtain vaccination uptake threshold necessary to obtain
herd immunity. To achieve that we set R, = 1 and let p = p., and solve for p,:

B 1 (d+ ky)(d+ k2)
Pe = (1 B Ro) d(d+ ki + ke — Gk1v(1 — q)) (4.5)

Note that when k; = ks = 0, Eq. 4.5 simplifies to p. = 1 — 1/Ry, which is the the critical
vaccination threshold, given lifelong immunity.

Since the vaccination coverage assumes values between 0 and 1, we rearrange Eq. 4.5 in
order to obtain a condition on the basic reproduction number providing a p. € [0, 1].

Ry < _dH )+ R)
klkz + Gdkly(l — q)

We use expressions obtained for R. and p. to investigate the region in the parametric space
Ro — k1 — ko where herd immunity due to vaccination is possible (Figure 4.2), by considering
the scenarios in which 0%, 1%, 20%, 80% and 100% of individuals experiencing a mild infection
are infectious, and so able to transmit the infection, and life expectancy is chosen to be 82
years.

Figure (4.2a) shows the relationship between p. and R € (1, 18], waning rates sampled over
the intervals [1/100, 1] (top-row plots) and [1/300, 1] (bottom-row plots), and v(1 — q) =
0,0.01,0.2,0.8,1. We start considering kq,ko € [1/100,1]. We observe that, when all
individuals at the waning stage are boosted to V', the vaccination coverage needed to reach
herd immunity above 95%, if Ry ~ 5 and both k; and ky are extremely small. However,
if the basic reproduction number is slightly above 1, herd immunity can be achieved with
a lower vaccination coverage (= 40%), but long waning periods. We also observe that, as
v(1 — q) increases, we are able to determine the vaccination threshold coverage only for
Ry < 4 and small waning rates. Moreover, as the proportion of vaccinated infectious cases
increases, k; is the waning rates that affect p.. When the waning periods are considered
to be 300 years each (bottom-row plots in Figure (4.2a)), we observe the same pattern as
the previous case. However, it is possible to indicated the vaccination threshold needed to
achieve herd immunity for larger Ry and for v(1 — ¢) = 0. This is visible only when k; and
ko are very small. If v(1 — q) increases, reaching herd immunity will be possible only for
higher vaccination coverages, smaller reproduction number and small waning rates. We also
observe that, for v(1 —¢) < 0.2, p. has a symmetric relationship with k; and ke. However, as
the number of secondary cases increases, this relationship is not visible and k; becomes more
significant to herd immunity achievement, than ky. Figure (4.2b) captures the combinations
of k1 and ks on the threshold condition for the basic reproductive number, given by the
right-hand side of Eq.(4.6), providing a p. € [0,1]. We observe that the condition p. < 1
holds only when the immunity wanes completely within 200 years or longer (top-row plots)
and the reproductive number is below 5. On the other hand, when the waning periods are
300 years each, then Ry can assume values up to 15. In both scenarios, the critical value of
the reproductive number decreases as the proportion of infectious secondary cases increases,
1—gq.

(4.6)
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Figure 4.2: Threshold conditions necessary to obtain herd immunity. Upper rows: ki, ky €
[1/100, 1] and bottom rows: ki, ke € [1/300,1] and Ry given v(1 — ¢) = (0,0.01,0.2,0.8,1)
and d = 1/82 years™! on (a) threshold condition for vaccination rate p, given different sets of
waning periods, ratio of secondary infections and basic reproductive number (b) threshold
condition on Ry necessary to obtain herd immunity as specified by Eq. (4.6). k; and ks are
shown in log-scale.
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Waning periods and vaccination threshold
for herd immunity feasibility

v(1 —gq) =0.01

l/(]_ — q) = 0.25 and kl # kz

kl = ’{32 =k 1/k2 =33.3 years
R():Z R():]_E) R0:2 R0:15
p 1/k years | 1/kyears || 1/k; years 1/k, years
0.9 41.7 - 62.5 -
0.92 40 - 58.8 -
0.94 38.5 1000 55.5 9090
0.96 37 416.7 52.6 2222
0.98 35.7 303 50 1265
1 34.5 238 47.6 909

Table 4.3: Vaccination rate p € [0.9, 1] and waning periods are shown for different v(1—¢) and
basic reproduction number values. When the proportion of "waning” individuals becoming
infectious is small, k; and ko have a symmetric relationship, hence they can be combined and
set as k1 = ko = k. On the other hand, when that proportion gets bigger, the waning rates
do not satisfy the symmetric relationship and 1/k, is fixed as 33.3 years and 1/k; is found

and shown on the table.
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Our next analysis will keep into account that p € [0.9, 1] and we investigate the waning
periods needed to reach herd immunity. Since the waning rates show different relationships
depending on the values of (1 — ¢q)v, we study the cases when v(1 — ¢) = 0.01 with ky = ko
and when v(1 — ¢) = 0.25 with k; # ko. We focus our analysis on the waning rate ky to
investigate which waning period allows herd immunity to be achievable when vaccination
coverage is above 90%. Figure (4.3b) shows that, for v(1 — ¢) = 0.25 and relatively long
waning period to become susceptible again, herd immunity can be achieved by a wide range
of k1 and Ry. On the other hand, when v(1 — g) is fairly small, the interval of of k; and R
values making the indirect protection possible is smaller (Figure 4.3a). Table 4.3 summarizes
the results presented in Figure 4.3 by showing the waning periods necessary to obtain herd
immunity when Ry = 2, 15.

4.2.3 Model with No Age Structure: Stochastic

The deterministic approach of Model 4.1 gives fundamental information on the necessary
conditions to obtain full protection against the pathogen in the population. However, it
does not provide any details on the probability that, under these conditions, an outbreak
can occur. To answer this question, we develop a stochastic model and we investigate the
probability of extinction, defined as 0 new cases, and the probability of an outbreak with at
least 10 or 150 cumulative cases. We simulate only the transitions related to the infection, by
seeding one infectious individual in a population at the DFE with vaccination. We compare
the results for different vaccination coverage p = 0.91,0.93,0.96, ¢ = 0.2,0.8 and, for the
waning rates, we consider the following cases:

(kv k») = {(1/300,1/300), (1/30,1/30), (1/50,1/5), (1/5,1/50), (1, 1/25)} (4.7)

The cases for k1 and ks were chosen in consultation with Public Health Ontario. Here, we
report the results for the life long immunity assumption and k; = ks. The other cases, similar
to the scenario with 30 years as waning rates, are shown in Appendix H.

Case k; = ko = 1/300

Here, we consider immunity to be life long. We immediately observe that for small reproduction
numbers and G = 0, the probability of having an outbreak with 10 cases (Figure (4.4a))is
extremely small if compared to the probability of extinction. On the other hand, if secondary
cases are infectious, we observe how the probability of having 0 cases is still higher than
the chance of getting an outbreak, but the difference between the two is not as evident as
G = 0. Opposite scenario for large reproduction numbers, where the probability of extinction
is extremely low and an outbreak will occur with high probability.

Similar results are visible in Figure (4.4b), where the cumulative cases of the outbreak
are 150. We observe that for Ry = 6, G = 0 and ¢ = 0.2, 0.8 the probability of having a big
outbreak is 0. For G = 1, this probability can reach 0.34 for ¢ = 0.2, but it becomes 0 as ¢
increases. Again, for large reproduction numbers, the probablity of extinction is smaller than
the outbreak probability.
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Figure 4.3: Waning rate k; required to obtain herd immunity given p = [0.9, 1], and specific
values of ky, R, and v(1 — ¢). Level curves (black lines) give the waning rate k; that allows
herd immunity to be achieved. (a) v(1—¢q) = 0.01, ky = ks =k (b) v(1—¢q) = 0.25, ky = 0.03.
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R0O=6 R0O=18
q=0.2 q=0.8 g=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96
0 041 0.41 0.44 0.50 0.54 0.59 0.18 0.17 0.20 0.27 0.30 0.31
1 0.18 0.18 0.20 0.15 0.17 0.17 0.09 0.09 0.11 0.07 0.09 0.11
2 0.09 0.09 0.11 0.08 0.07 0.08 0.05 0.05 0.08 0.04 0.04 0.06
3 0.05 0.06 0.06 0.04 0.05 0.04 0.03 0.03 0.05 0.02 0.02 0.04
4 0.03 0.04 0.04 0.03 0.02 0.03 0.02 0.03 0.03 0.01 0.02 0.03
5 0.02 0.03 0.03 0.03 0.03 0.01 0.01 0.02 0.02 0.01 0.01 0.01
6 0.02 0.02 0.02 0.02 0.02 0.02 0.01 0.01 0.02 0.01 0.00 0.01
7 0.02 0.02 0.02 0.01 0.01 0.01 0.01 0.01 0.01 0.00 0.01 0.01
8 0.01 0.01 0.01 0.01 0.01 0.01 0.00 0.01 0.01 0.00 0.00 0.01
9 0.02 0.01 0.01 0.01 0.01 0.01 0.00 0.01 0.01 0.00 0.00 0.00
10 0.15 0.13 0.07 0.12 0.07 0.03 0.59 0.57 0.46 0.58 0.50 0.40
G=1
R0O=6 R0O=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96
0 041 0.39 0.43 0.49 0.53 0.57 0.18 0.20 0.19 0.26 0.29 0.31
1 0.08 0.10 0.11 0.13 0.14 0.15 0.03 0.03 0.04 0.05 0.06 0.07
2 0.05 0.04 0.05 0.07 0.06 0.07 0.01 0.01 0.01 0.02 0.02 0.03
3 0.02 0.03 0.03 0.04 0.04 0.05 0.00 0.00 0.00 0.01 0.01 0.02
4 0.02 0.02 0.03 0.03 0.03 0.02 0.00 0.00 0.00 0.01 0.01 0.01
5 0.01 0.01 0.02 0.02 0.02 0.02 0.00 0.00 0.00 0.00 0.00 0.01
6 0.01 0.01 0.01 0.02 0.02 0.02 0.00 0.00 0.00 0.00 0.00 0.00
7 0.00 0.01 0.01 0.01 0.02 0.01 0.00 0.00 0.00 0.00 0.00 0.00
8 0.01 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00
9 0.00 0.00 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00
10 0.39 0.37 0.29 0.17 0.13 0.06 0.78 0.75 0.75 0.66 0.61 0.54
(a)
G=0
RO=6 R0=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=096 p=0.91 p=0.93 p=096 p=0.91 p=0.93 p=096
0 0.40 0.42 0.44 0.50 0.54 0.58 0.19 0.18 0.22 0.25 0.27 0.34
1-5 0.37 0.39 0.28 0.33 0.34 0.17 0.20 0.22 0.29 0.15 0.18 0.23
5-10 0.08 0.07 0.11 0.07 0.06 0.13 0.03 0.04 0.07 0.02 0.02 0.04
10-30 0.09 0.09 0.13 0.06 0.05 0.10 0.02 0.03 0.06 0.00 0.01 0.03
30-50 0.03 0.02 0.03 0.02 0.01 0.02 0.00 0.01 0.02 0.00 0.00 0.01
50-70 0.01 0.01 0.01 0.01 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00
70-90 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
90-110 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
110-130 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
130-150 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
150 0.00 0.00 0.00 0.00 0.00 0.00 0.57 0.52 0.34 0.57 0.51 0.34
G=1
RO=6 R0=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96
0 0.41 0.40 0.44 0.51 0.54 0.58 0.19 0.19 0.21 0.26 0.28 0.31
1-5 0.20 0.21 0.23 0.28 0.29 0.28 0.03 0.04 0.05 0.08 0.11 0.14
5-10 0.03 0.04 0.04 0.06 0.06 0.05 0.00 0.00 0.00 0.00 0.01 0.02
10-30 0.02 0.03 0.05 0.06 0.06 0.06 0.00 0.00 0.00 0.00 0.00 0.00
30-50 0.00 0.00 0.01 0.03 0.02 0.01 0.00 0.00 0.00 0.00 0.00 0.00
50-70 0.00 0.00 0.01 0.02 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00
70-90 0.00 0.00 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
90-110 0.00 0.00 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00
110-130 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
130-150 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
150 0.34 0.31 0.20 0.02 0.00 0.00 0.78 0.76 0.73 0.66 0.61 0.53

(b)

Figure 4.4: Probability of having extinction, 10 (a) or 150 (b) cases when G = 0,1 for
p=0.91,0.93,0.96, ¢ = 0.2,0.8 Ry = 6,18 and k; = ko = 1/300
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Over all, the probability of extinction increase as the vaccination rate and the proportion
of waning individuals boosted to V increases.

Case ky = ko =1/30

Here, the immunity is shorter than life span and the period needed to become fully susceptible
is 60 years. A different scenario from the life long immunity is visible. The probability of
having an outbreak, with 10 or 150 cumulative cases can occur with very high probability for
both small and large reproduction number (Figures (4.5a)- (4.5b). Also, we observe that the
probability of extinction increases as the vaccination coverage increases, if we consider the
secondary cases not infectious and if ¢ = 0.8.

4.2.4 Model with Age Structure: Deterministic

Although Model 4.1 provides meaningful results and insights about the conditions needed to
achieve herd immunity and probability of an outbreak, it does not consider any population nor
contact structure. The model that we present now incorporates both population and contact
structures including age structure as well as vaccination, boosting and waning immunity
processes and it follows the same framework used in Model 4.1. The new model will then be
based on age structure and the contact rate § will be dependent on the age of both infectious
(a) and susceptible (u) individuals, i.e. B(a,u). In order to include the mentioned structures
and the infection dynamics, we develop a partial-differential equations (PDEs) system. The
PDEs system analogous to Model 4.1 is given by:

0S(t,a) N 0S(t,a)

=—p(a)S(t,a) — S(t,a) /Oooﬁ(a, w) [I(t,u) + Glw (t,u)] du+

ot da
+ kQW(t, CL)
(4.8a)
afgt, a) afgé a) _ S(t. a) /0 " Bla,w) [I(t,u) + Gl (t,w)] du— p(a)I(t,a) — It a)

(4.8b)
alwa(;f,a) N afwa(;,a) —v(1 — q)W(t,a) /Oooﬁ(a,u) (I(t,u) + Gy (t,u)) du— (4.80)

- M(a)lw(ta a) - 72](ta CL)
O ) | OR) oy 1t,0) + L (t.a) — p(@)R(t, 0 (480)
avg; @) . avgi, D _ W (t.a) /0 " B(a,u) (I(t,u) + GLy (t,u)) du (4.580)

— p(a)V(t,a) — k1 V(t, a)

147



G=0

R0=6 R0O=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=091 p=0.93 p=0.96 p=091 p=0.93 p=0.96 p=091 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96
0 0.20 0.19 0.20 0.20 0.22 0.22 0.06 0.08 0.07 0.08 0.08 0.10
1 0.05 0.05 0.06 0.04 0.05 0.05 0.02 0.01 0.02 0.01 0.02 0.01
2 0.02 0.02 0.02 0.02 0.02 0.01 0.00 0.01 0.01 0.00 0.00 0.00
3 0.01 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00
4 0.00 0.00 0.01 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00
5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
6 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
7 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
8 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
9 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10 0.72 0.71 0.70 0.71 0.71 0.69 0.92 0.90 0.90 0.91 0.90 0.89
G=1
RO=6 R0O=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96
0 0.19 0.19 0.19 0.21 0.21 0.23 0.07 0.07 0.08 0.08 0.08 0.09
1 0.03 0.03 0.03 0.03 0.04 0.04 0.00 0.01 0.01 0.01 0.01 0.01
2 0.01 0.02 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00
3 0.00 0.01 0.00 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00
4 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
6 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
7 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
8 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
9 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10 0.77 0.76 0.76 0.73 0.73 0.70 0.93 0.93 0.92 0.91 0.91 0.90
(a)
G=0
R0O=6 R0O=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=091 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96
0 0.18 0.18 0.19 0.22 0.21 0.23 0.07 0.06 0.07 0.08 0.08 0.09
1-5 0.09 0.11 0.10 0.07 0.08 0.08 0.02 0.03 0.03 0.01 0.02 0.01
5-10 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10-30 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30-50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50-70 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
70-90 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
90-110 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
110-130 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
130-150 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
150 0.73 0.70 0.71 0.71 0.70 0.69 0.90 0.91 0.91 0.91 0.91 0.90
G=1
RO=6 RO=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96
0 0.18 0.19 0.19 0.21 0.22 0.22 0.07 0.07 0.08 0.08 0.08 0.09
1-5 0.05 0.05 0.05 0.06 0.05 0.06 0.01 0.01 0.01 0.01 0.01 0.01
5-10 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10-30 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30-50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50-70 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
70-90 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
90-110 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
110-130 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
130-150 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
150 0.77 0.77 0.76 0.73 0.73 0.72 0.92 0.92 0.91 0.91 0.91 0.91

(b)

Figure 4.5: Probability of having extinction, 10 (a) or 150 (b) cases when G = 0,1 for
p=10.91,0.93,0.96, ¢ = 0.2,0.8 Ry = 6,18 and and k; = ky = 1/30
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oW (t,a) N oW (t,a)

=k V(t,a) — u(a)W(t,a) — koW (t,a)—
ot da . (4.8f)
— @W(t,a) /0 B(a,u) (I(t, u) + GIw (t,u)) du
with:

I(t,0) = Iy(t,0) = R(t,0) = W(t,0) =0

and some age distribution of the population at the initial time ¢ = 0. Similar to the model with
no age structure, we assume that the population is set at steady equilibrium age distribution
and the total population, defined as N =S+ 1+ R+ V + W, is determined by the following
equation: ON  oN

o + rri —u(a)N(t,a)
with N(¢,0) =d and [;°N(t,a)da =1, for all ¢.

In order to obtain a system of ODEs, we discretize the system 4.8 by following Hethcote
et al. [74]. We first divide the age interval [0, 00) into n small subintervals: [a;_1,a;], for
1 = 1...n with a, = co. The population is then divided into groups depending on the
subintervals, and each compartment is defined as

Xi:/iXtada

where X can be defined as S, I, Iy, R, V and W or N. Observe that the infection rate
previously defined as f(u,a), will be now referred as f3; ;, indicating the rate at which a
person in j age interval infects an individual in ¢ age interval. Moreover, the death rate is
now age-dependent and it will be represented by p;. Since our model keeps account of the
vaccination process, we assume that only one shot is given to children when they turn 12
months old.

The system of ODEs is given by:

ds
ditl =d—(u+ca)S — 5 251] i+ Glw,) (4.10a)
dSs,
P (1 =p)erSt — (p2 + c2) S — 52252] i+ Glw,) + ko Ws (4.10Db)
ds;
o - cim1Si—1 — (i +¢)Si — S Zﬁ” A+ Glw,) + kW, , i=3...n—1 (4.10¢)

7j=1
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dsS,

dl,

= Cnflsnfl - ;u/nsn - Sn Z Bn,j([j + G[WJ) + kQWn
j=1

— (1 + )1 + 51 Zﬁl,j([j + G]W]-) — 1l

J=1

= ly — (po+ co)lo + 55 252,]'(1]‘ + Glw,) — 11l

= Ci—lIi—l — ([Ll + Cl)[Z + 5125l7]([] + lej) — ")/11z y ’L = 3 on = 1

— Cn—llnfl — Nn[n + Sn Z ﬁnjj(Ij + G[W]) — ’Ylfn

=0

= cioilw,_, — (¢ + pi) Iw, +v(1 — )W, Zﬁi,j([j + GIWj) —Yolw, , 1=3...

j=1

= cn1lw,_, — pndw, +v(1 — @)W, Zﬁn,j(lj + G]Wj) — 21w,

j=1

j=1

j=1

— (o4 po)lwy, +v(1 = )Wa > Ba;(I; + Glw,) — 121w,

Jj=1

— (1 + )R+l

J=1

= 1Ry — (po + c2)Ra + 111y + Yo lw,

=ciRio1 — (i +c)Ri + nli + Ly, , i =3..

= Cn—an—l - ,uan + ’71[71 + ’YQIWTL

=0

k3

.n—1

= pc1S1 — (p2 + co + k1) Vo + qus Zﬁz,j([j + Glw,)

= Ci—l‘/:i—l — (/J,, +c + kl)‘/z + QI/VVZ'ZﬁiJ(]j + GI[/VJ) s 1=3...n—1

Jj=1

=1

- Cn—lvn—l - (Nn + kl)Vn + qVWn Z ﬁn,j(jj + G]WJ)

=0

J=

1
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dW- “
dt2 = ]{31‘/2 — (,LLQ + k'g —+ CQ)WQ — VW2 Zﬁ2vj([j -+ G[W]) (410V)
j=1
dW; - .
dt == C,;_lwi_l + kl‘/z - (Hz + kg + COVVZ — VWZ' ZBi,j(Ij -+ GIWj), 1=3...n—1
j=1
(4.10w)
dw, "
dt = Cn,1VVZ;1 + lﬁvn - (/Ln + kz)Wn — I/Wn Z ﬁn,j (I] + waj) (410)()
j=1

Here, the value ¢; represents the rate at which individuals leave the age compartment 7 (i.e.
aging rate). Assuming that the total population is at the steady state, we define ¢; as follows:
Hi

c; = ,t=1...n. 4.11
exp [pi(a; — aip1)] — 1 (4.11)

where ¢g = 1 and ¢, = 0. Since the death rates for some of the age groups are 0, we
approximate c¢;, using Taylor expansion, as follows:

1

A; — Qi1

(]

The demographics dynamic of each group is given by:

N1 =d-— (,Uq + Cl)Nl (412&)
N2 = C1N1 — (ILLQ —+ CQ)NQ (412b)

: (4.12¢)
Nn = Cn—an—l — ,U/nNn (412d)

The total population dynamic is obtained by adding up the equations in (4.12) and it is
given by:
dN > i iV
dt N

Given the ODEs in System 4.10, we derive the disease-free equilibrium in absence of
vaccination as [; = Iy, = R; = V; = W, =0 and

(4.13)

H§:1Cj—1

Si =d—"—"—
j=mi + ¢

,fori=1...n. (4.14)

Parameters

For Model 4.10, we consider 19 age groups defined in the following intervals:

ay = [05, ]_) , Qg = [1,5) , a3 = [5, 10), ., Q18 = [80,85) , Q19 = [85, OO) .
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These age groups are used to estimate parameters as aging rates c;, death rates u; and
contact rates 3; ;. In order to evaluate the mentioned parameters, we consult data provided by
WHO [121] and Mossong et al. [69], given in Appendix G. The death rates are approximated
by using data given by [121] related to males, shown in Figure G.1. Observe that our youngest
age group is a; = [0.5,1), while in the WHO [121] table, the first age group includes all
children aged less than 1 year old, we, hence, assume that the death rate for the age group
a; = [0.5,1) is 0.0025. We estimated the average death rate (d) of the population to be 0.0128.
This approximation was obtained by adding all the groups of the disease-free equilibrium (in
Eq. (4.14)), substituting the estimate of the aging rate ¢;, setting the sum equal to 1 and
solved the equation for d.

Since an age-structured model is employed, it is necessary to identify the age-specific
contact rates. In order to approximate the values of 3;;, we used the contact matrices
provided by Mossong et al. [69]. Specifically, we used the matrix for The Netherlands (G.1),
since their demographics structure is similar to the Canadian one. However, the data reported
in this matrix does not provide any contact structure for age group [0.5,1) and age groups
older than 70 years. Hence, it was necessary to make some assumptions. By dividing the age
interval 0-4 years into smaller interval of 6 months each, children in the age group 6 — 12
months produce 1/10 of the total contacts occurring in the original interval. Children in
the age group [1,4) are responsible for 8/10 of the contacts. For the elderly groups, since
individuals aged more than 70 years are divided into four sub-groups, the interval [70, +00)
is divided into 4, and their contact rates are given according to the male population size of
each sub-group.

The average infection period of measles is considered to be two weeks, then, we set the
recovery rates v = v, = 75 = 52/2 years~'. The proportion of vaccinated individuals, p, is
assumed to be sampled in the interval [0, 1]. The waning rates, k; and ko, are taken in the
interval (0, 1]. We assume that all individuals are encountering the pathogen and that the
fraction of boosted people, ¢, (to V or R) is taken in the interval [0, 1].

Results
Disease Free Equilibrium (DFE)

Similar to Model 4.1, we derive the control reproduction numbers for the age-structured
models. The disease-free equilibrium with vaccination for Model 4.8 is given by:

d
Sy = (4.15a)
p1+c
Vi=0 (4.15Db)
y4si
Vo=—"—"--5 4.15
? Ua + Co + k1 ! ( C)
Ci—1 .
= ———mV, 1 ,1=3,...,n—1 4.15d
pi + ¢+ ki ! ( )
Cn—1
n — n— 4.15
Hon, + kl ! ( e)
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Wy =0 (4.15¢)

ki
Wo=——"—V 4.15
? Lo + co + ko ? ( &)
i k
MQ:#m,l—l—il%,?):l,...,n—l (4.15h)
pi + ¢i + ko pi + ¢i + ko
Cn—1 .
W, = Wao1+ Vv 4.15
Mn+k2 ' Nn+k2 " ( 1)
1— k
= Lopag Ry, (4.153)
Mo + Co U2 + Co
i k .
Si=-—L g+ 2 W, i=3.. . n—1 (4.15k)
Wi + ¢ i + €
o k
Sp= LS, + 2, (4.151)
Mn, Mn,

Basic and Control Reproduction Numbers (R, and R.)

The expression for the control reproduction number is found by using the next-generation
matriz method [88]. We define the matrix F' as follows:

leg = Bi; [Si +v(1 — q)Wi]

FzQJ = Bi,jsi

for system (4.10), for G = 1 and G = 0, respectively. Observe that S; and W; represent the
terms of susceptible and individuals in the waning stage at the disease free equilibrium. The
matrix V' is defined as follows:

and

Viig= m+c+7y
Vlg,ls = —C18
Vig19 = Mg + 7y

for 1 <4 < 19. In both F? and V all the remaining entries are zero. Similar to Eq. (4.4),
R. is given by the spectral radius of F'V~1 and F?V~1.

We investigate the achievement of herd immunity (i.e. R. < 1) in relation to waning
rates, boosting, vaccination coverage and Ry. For our analyses, we fix the waning rates
as defined in Eq. 4.7. Observe that the blue and red surfaces, in Figure (4.6) and Figure
(4.7), represent the threshold R. = 1 when G = 1 and G = 0, respectively. For G = 1, we
explore only the case for the smallest basic reproduction number,Ry = 6 (Figure (4.6)). This
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Figure 4.6: Surface plots of control reproductive number for G = 1, Rg = 6 in the single-dose
framework for Model (4.10). The blue surface indicates the threshold R, = 1.
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is because numerical investigations show that higher values do not provide any condition
making herd immunity achievable, and they are not reported. We sample ¢,p € [0, 1] and
we explore when herd immunity is achievable. Figure 4.6 shows that when immunity is life
long (k1 = ko = 1/300) herd immunity is achievable for a wide interval of p and ¢. However,
as the waning rates increase, R. appears to always obtain values greater than 1 and, hence,
the indirect protection is no longer achievable. Moreover, note that R. presents a significant
sensitivity to the waning rate k; (from V to W). In fact, the slope of the surface increases
visibly as k; increases. The number of new infected generated when G = 0 (Figure (4.7))
does not depend on the individuals who become infectious after the exposure to the virus.
Hence, we study R. in relation to different basic reproduction numbers (R, € [6,20]) and
p by fixing the waning rates as before. Figure 4.7 shows that herd immunity is achievable
only when the immunity is life-long (Fig 4.7a). In particular, R, is always less than 1 for
fairly small Ry (6-8), while for Ry > 14 herd immunity is achievable when the vaccination
coverage exceed 94%. Similar to the previous case, the indirect protection is not obtainable
when the waning periods become shorter. Moreover, the figure shows the sensitivity of k; on
the control reproduction number.

Numerical Results

The next investigation will be on the immunity distribution of the population. We first show
the age distribution related to system (4.10) (Figure 4.8). Observe that the distribution
presents a decreasing trend, starting at age group 5-9 years, which stops at the last age
group which corresponds to all the individuals aged 854. Next, we study the immunity
distribution at the disease free equilibrium with vaccination, which is the same for both cases
G = 0,1, when the waning periods are set as Eq.(4.7) and the probability rate p is set as
0.91,0.93 and 0.96 (Figure 4.9). Observe that the distribution is presented as a fraction of
the respective age interval.

It is visible how the distribution of susceptible individuals shows an increasing trend
over the years and its ratio becomes more evident as the waning period to return to S
compartment (ky) increases. This result shows that the elderly are more at risk of infection
in case of an outbreak than the youngest age groups. Moreover, as expected the susceptible
tendency decreases as the vaccination coverage increases. Observe that individuals in W show
a different pattern:1. when immunity is life long (top-row plot of Figure 4.9) the youngest age
groups do not show any proportion in the waning compartment, while elderly groups show a
small percentage of individual waning their immunity; 2. when the waning period is shorter
than the life span (last three rows plots of Figure 4.9), we observe that the distribution of
W is even for k; = 1/50, ke = 1/5 case, even if it is slightly more evident among young age
groups. In all the other cases the individuals in the waning stage are clustered in the youngest
age groups (1-4 to 30-34 years).
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Figure 4.7: Surface plots of control reproductive number for G = 0 in the single-dose
framework for Model (4.10). The red surface indicates the threshold R, = 1.
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Endemic Equilibrium

Now, we examine the immunity distribution at the endemic equilibrium for different p and Ry.
We assume all individuals encounter the pathogen and then their immunity is boosted. The
fraction q is set as 0.2,0.8 and p = 0.91,0.93,0.96. The waning rates will be chosen according
to Eq.(4.7). We study the distribution of the population by looking at the individuals in
S, R, V,W and, separately, at the infected individuals that can encounter primary infection
(I) and secondary infection (I ).

We consider the following cases:

Case ky = ko = 1/300

This section describes the life-long immunity scenario (i.e. the total waning period to become
fully susceptible is 600 years). Figures (4.6) and (4.7) show that herd immunity is achievable
for small Ry. When the basic reproduction number assumes values > 12, the case describing
non-infectious secondary cases (G = 0) appears to be more likely to present herd immunity
(bottom-row plots in Figures 4.10a-4.10b and 4.12a-4.12b). When secondary cases are as
infectious as primary ones, herd immunity is no more feasible for Ry > 18 (top-row plots in
Figures 4.10a-4.10b and 4.12a-4.12b). Note that individuals in the waning stage are mostly
distributed among the elderly age groups and their ratio is drastically smaller if compared to
the vaccinated one. Furthermore, we observe that when infection persists, the distribution
of infected individuals is bi-modal showing the highest peak at age group 5-9 years and a
second peak, at age group 34-39 years. These peaks become less visible as the vaccination
coverage increases (Figures 4.11a and 4.13a). As expected, as ¢ increases, this distribution is
more affected by individuals encountering the primary infection.

Case ky = ko =1/30

In this section we assume that the total waning period is 60 years, which is shorter that
the average lifespan (82 years). Contrary to the life-long immunity case, in this scenario
herd immunity is never achievable (even when R, assumes small values). Observe that
even if the ratio of susceptible becomes less visible as Ry increases (Figures 4.14a-4.14b
and 4.16a-4.16b), it appears to be more prevalent when secondary cases are not infectious
(bottom-row plots). Moreover, observe that the ratios of W and S present a sharp drop at
the age group 25-29 years due to the waning immunity process. After this age group, we also
observe that vaccination ratios are slowly increasing and this is due to the contribution of
individuals with waning immunity. Similar to the previously observed pattern, the infected
curve shows a bimodal trend with peaks visible at age group 5-9 years and 30-35 years. This
second peak reflects the sudden decrease observed in S and W compartments. Note that for
Ro = 12 as the proportion of vaccinated individuals increases and secondary cases decreases,
the magnitude of the first peak decreases becoming smaller than the one at age group 30-35
years (Figures 4.15a-4.15b). For larger Ry > 18, when secondary cases are able to transmit
the infection, the first peak at age group 5-9 years is sustained for different vaccination rates
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Figure 4.9: Distribution of susceptible, vaccinated and waning compartments at the disease-
free equilibrium with vaccination.
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Figure 4.10: Distribution of (a-b) susceptible, recovered, vaccinated and waning compartments
for Ry = 12 and ¢ = 0.2, 0.8, respectively. The top-row plots describe the scenario when
G =1, while bottom-row plots describe the scenario when G = 0
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Figure 4.11: Distribution of (a-b) infected compartments for Ry = 12 and ¢ = 0.2,0.8,
respectively. The top-row plots describe the scenario when GG = 1, while bottom-row plots
describe the scenario when G' = 0
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Figure 4.12: Distribution of susceptible, recovered, vaccinated and waning compartments for
Ry = 18 and ¢ = 0.2,0.8,(a)-(b) respectively. The top-row plots describe the scenario when
G =1, while bottom-row plots describe the scenario when G = 0
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Figure 4.13: Distribution of infected compartments for Ry = 18 and ¢ = 0.2,0.8, (a)-(b)
respectively. The top-row plots describe the scenario when G = 1, while bottom-row plots
describe the scenario when G' = 0
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and ¢. On the other hand, when transmission is not possible from “waning” individuals, the
first peak decreases and becomes smaller than the peak at age group 39-34 years for p > 96
(Figures 4.17a-4.17b).

Case k; =1/50 and ky = 1/5

In this scenario the total waning period is 55 years, which is similar to the case presented in
section with ky = ko = 1/30. However, here, the waning period to return to fully susceptible is
smaller than the one to go to W compartment. We observe that the distribution of recovered
individuals is much lower than the one observed in the previous case (see, for example,
Figures 4.22a and 4.18a). Note that contrary to all the previous analyses, the distribution of
individuals in the waning immunity stage is extremely low, showing a slight predominance
among the youngest groups. This pattern is present when secondary cases are as infectious
as primary infected and when they are not infectious at all (top and bottom-row plots in
Figures 4.18a-4.18b and 4.20a-4.20b, respectively). We observe again the sharp drop in S
and W at the same loci (25-29 years) present in all the previous cases. The distribution of
susceptible individuals shows an increasing trend with respect to the age and it becomes more
visible when the only people who can transmit the infection are the ones who experience the
infection for the first time as well as when relatively small Ry are considered. The bimodal
curve already shown in all the previous cases is still visible here. For Ry < 12, we observe that
the first peak is located among the age groups 5 through 19 years, when the vaccination rate
increases then the peak is shifted at age group 15-19 years. For larger Rg, the bimodal curve
is still visible with peaks at 5-9 years and 30-34 years age groups, but as p and ¢ increase,
the magnitude of the first peak becomes smaller and is slightly shifted to the right 1 or 2 age
groups (Figures 4.19a-4.19b). For Ry > 18, the age groups presenting the highest peaks of
infected are still the ones corresponding to 5-9 years and 30-34 years. Contrary to smaller
values of Rg, as the vaccination rate and ¢ increase, the first peak becomes smaller but not
shifted (Figures 4.21a-4.21b). This pattern is similar for both cases G = 0, 1. This scenario
shows that the population present a high number of individuals in V' compartment above all
among the youngest age groups. Since k; = 1/50, all these children will wane their immunity
and become susceptible when they will be adults and this might lead to big outbreak in case
an infectious case enter the population.

Case ky =1/5 and ky = 1/50

In this scenario, the total waning period corresponds to the one considered in the previous
case 4.2.4, but the waning period needed to transit from V to W is shorter than the one
needed to become fully susceptible. We observe that the ratio of recovered individuals is
largely wide, indicating that a substantial portion of the population experienced the infection.
A reduction in the number of recovered individuals is visible as the number of infectious
secondary cases decreases (Figures 4.22b and 4.24b). Observe that, when the infection can
be transmitted also by individuals in the waning stage and small ¢, almost all individuals
belonging to age group 40-44 and older underwent the infection and hence fully immunized
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Figure 4.14: Distribution of susceptible, recovered, vaccinated and waning compartments for
Ry =12 and ¢ = 0.2,0.8, (a)-(b) respectively. The top-row plots describe the scenario when
G = 1, while bottom-row plots describe the scenario when G = 0
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Figure 4.15: Distribution of infected compartments for Ry = 12 and ¢ = 0.2,0.8, (a)-(b)
respectively. The top-row plots describe the scenario when G = 1, while bottom-row plots
describe the scenario when G = 0
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Figure 4.16: Distribution of susceptible, recovered, vaccinated and waning compartments for
Ry =18 and ¢ = 0.2,0.8, (a)-(b) respectively. The top-row plots describe the scenario when
G = 1, while bottom-row plots describe the scenario when G = 0
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Figure 4.17: Distribution of infected compartments for Ry = 18 and ¢ = 0.2,0.8, (a)-(b)
respectively. The top-row plots describe the scenario when G = 1, while bottom-row plots
describe the scenario when G = 0
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Figure 4.18: Distribution of susceptible, recovered, vaccinated and waning for Ry = 12 and
q =0.2,0.8, (a)-(b) respectively. The top-row plots describe the scenario when G' = 1, while
bottom-row plots describe the scenario when G =0
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Figure 4.19: Distribution of infected compartments for Ry = 12 and ¢ = 0.2,0.8, (a)-(b)
respectively. The top-row plots describe the scenario when G = 1, while bottom-row plots
describe the scenario when G = 0
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Figure 4.20: Distribution of susceptible, recovered, vaccinated and waning for Ry = 18 and
q =0.2,0.8, (a)-(b) respectively. The top-row plots describe the scenario when G' = 1, while
bottom-row plots describe the scenario when G =0
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Figure 4.21: Distribution of infected compartments for Ry = 18 and ¢ = 0.2,0.8, (a)-(b)
respectively. The top-row plots describe the scenario when G = 1, while bottom-row plots
describe the scenario when G = 0
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for life (top-row plots in Figures (4.22a and 4.24a)). The distribution of V' and W appears to
be more prevalent over the youngest age groups. However, the distribution of individuals
in W is significantly more dominant than the one in V. As observed in 4.2.4, a sharp drop
in the ratios of susceptible and waning individuals is visible at age group 25-29 years and
it becomes more prevalent when secondary cases are not infectious (bottom-row plots in
Figures (4.22b and 4.24b)). The distribution of infected individuals presents a bimodal curve
as already observed in the previous cases. The highest peak is the most visible and occurs at
age group 5-9 years, while the second one, drastically smaller, at age group 30-35, reflecting
the drop in S and W compartments (Figures 4.23a-4.23b and 4.25a-4.25b).

Case k; =1 and ky = 1/25

We conclude our numerical results by studying the scenario with short waning period to W
and longer period to return to S. Similar to all the cases where immunity is not life-long,
herd immunity is not achievable.

We observe that for both small and large Ry, most of the population experience the
infection and the recovered compartments present distribution similar to k& = 1/5 and
ke = 1/50 (for example Figures 4.22a and 4.26a ). For ¢ = 0.2, when individuals in the
waning stage transmit the infection, it appears that all people aged 40-44 years and older
experience the infection and became recovered (top-row plots in Figures (4.26a) and (4.28a )).
On the other hand, for ¢ = 0.2, when only primary infectious cases are able to transmit the
infection, the threshold age group after which the totality of individuals undergo the outbreak
is the one corresponding to 60-64 years (bottom-row plots in Figures (4.26a) and (4.28a)).
Observe that, as ¢ increases, and so less individuals in W become secondary cases, the ratio
of recovered individuals decreases (see Figures (4.26b) and (4.28b )). The distribution of
vaccinated people is almost non-existent and this behaviour becomes more evident for all age
groups 55-59 and above which, however, show a large proportion of recovered. As the basic
reproduction number increases, susceptible distribution becomes less visible. However, these
ratios show a peak at age group 25-29 years, similar to all the previous scenarios. This gap
becomes more prevalent when G = 0 (bottom rows in Figures 4.26band 4.28b). The waning
distribution is concentrated among the youngest age groups and this makes these individuals
susceptible to a possible outbreak. Again, the infected distribution show a bimodal curve.
Observe that, when G =1 and ¢ = 0.2, the highest and most dominant peaks are located
at 1-4 and 5-9 years age group, while the second is shown at 30-34 years age group and it
is significantly smaller than the previous two (top-row plots of Figure (4.27a) and (4.29a)).
Observe that for Ry = 12, the peaks at the youngest ages have same magnitude, while for R
the age group showing more infected is the one corresponding to 1-4 years. As ¢ increases,
the peak at the youngest age group reduces and the dominant peak belong to age group 5-9
years. Moreover, as Ry and p increase the second peak becomes less visible (top-row plots
of Figure (4.27b) and (4.29b)). On the other hand, when individuals in W do not become
infectious after encountering the pathogen, the 5-9 years age group is the most affected by
the infection independently of proportion of individuals boosting immunity and reproduction
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Figure 4.23: Distribution of infected compartments for Ry = 12 and ¢ = 0.2,0.8, (a)-(b)
respectively. The top-row plots describe the scenario when GG = 1, while bottom-row plots
describe the scenario when G = 0
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Figure 4.24: Distribution of susceptible, recovered, vaccinated and waning for Ry = 18 and
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number (bottom-row plots of Figure (4.27b) and (4.29b)). If immunity wanes at rates ky = 1
and ko = 1/25, we conclude that pockets of individuals in the youngest age groups are waning
their immunity suggesting a future susceptibility in these classes. Moreover, under these
conditions if all the “waning” cases are infectious it is important to control the children aged
between 1 and 9 years, while if these cases are not infectious, only children belonging to age
group 5-9 need to be monitored to control the infection spread.

4.2.5 Model with Age Structure: Stochastic

Similar to the model without age structure, we investigate the probability of extinction and
outbreak with 10 or 150 cumulative cases for Model 4.10. The infection was seeded the age
group 5-9 years in a population at the DFE with vaccination. The age group was decided by
the distribution of I and I,, shown in the previous section. We compare different vaccination
coverages p = 0.91,0.93,0.96, ¢ = 0.2,0.8, reproduction numbers (Ry = 6, 18) and waning
periods (as in 4.7). We present the results for ky = ko = 1/300 and k; = ks = 1/30 on the
probability of extinction, having at least 10 or 150 cumulative cases. The plots regarding the
other waning periods are provided in Appendix I.

Case k; = ko = 1/300

Our investigation of the stochastic model starts with the lifelong immunity scenario. Figure
(4.30a) shows that the probability of having 0 new cases is higher for small reproduction
number, while for Ry = 18 an outbreak with at least 10 cases can occur with up to 67%
of possibility (G = 1, ¢ = 0.3 and p = 0.91). Overall, we observe that the probability
of extinction increases if the secondary cases are not infectious, the vaccination coverage
increases and if most of the “waning” individuals is boosted to V.

Similar results are visible when we consider an outbreak with at least 150 cases (Figure
(4.30b)). However, for small reproduction numbers, we observe how this large outbreak never
occurs for G = 0, and for G =1 it is possible only for ¢ = 0.2. For larger R, 150 cases can
occur with a slightly lower probability than 10 cases. We also observe that the probability of
having between 70 and 150 (non included) cases is extremely low.

Case k; = ko = 1/30

We now consider a case with short waning periods (ky = k2 = 1/30). We immediately
observe that the probability of having an outbreak with 10 (Figure (4.31a) ) or 150 (Figure
(4.31b)) cases is higher than the probability of extinction. This is visible for both small
and large reproduction numbers. As expected, as the vaccination coverage increases and
more individuals are boosted to V, the probability of extinction increases. Moreover this
probability also increases when the secondary cases are not infectious. Similar to the lifelong
immunity case, we observe that the probability of having cases in the range 70 — 149 is low.
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Figure 4.26: Distribution of susceptible, recovered, vaccinated and waning for Ry = 12 and
q =0.2,0.8, (a)-(b) respectively. The top-row plots describe the scenario when G' = 1, while
bottom-row plots describe the scenario when G =0
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Figure 4.27: Distribution of infected compartments for Ry = 12 and ¢ = 0.2,0.8, (a)-(b)
respectively. The top-row plots describe the scenario when GG = 1, while bottom-row plots
describe the scenario when G = 0
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Figure 4.28: Distribution of susceptible, recovered, vaccinated and waning for Ry = 18 and
q =0.2,0.8, (a)-(b) respectively. The top-row plots describe the scenario when G = 1, while
bottom-row plots describe the scenario when G = 0
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Figure 4.29: Distribution of infected compartments for Ry = 18 and ¢ = 0.2,0.8, (a)-(b)
respectively. The top-row plots describe the scenario when GG = 1, while bottom-row plots
describe the scenario when G = 0

182



R0=6 R0=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91  p=0.93 p=0.96 p=0.91 p=0.93 p=0.96
0 0.45 0.48 0.55 0.51 0.54 0.68 0.24 0.28 0.34 0.29 0.32 0.43
1 0.15 0.17 0.19 0.16 0.16 0.17 0.09 0.10 0.15 0.09 0.10 0.14
2 0.08 0.09 0.10 0.08 0.09 0.08 0.04 0.07 0.08 0.04 0.05 0.07
3 0.06 0.06 0.04 0.04 0.05 0.03 0.03 0.03 0.06 0.03 0.04 0.05
4 0.04 0.05 0.04 0.04 0.04 0.02 0.02 0.03 0.04 0.02 0.03 0.04
5 0.03 0.03 0.02 0.03 0.03 0.01 0.01 0.02 0.03 0.01 0.02 0.03
6 0.02 0.02 0.02 0.02 0.02 0.00 0.01 0.01 0.03 0.01 0.01 0.03
7 0.02 0.02 0.01 0.02 0.02 0.00 0.01 0.02 0.02 0.01 0.01 0.02
8 0.02 0.01 0.01 0.02 0.01 0.00 0.01 0.01 0.02 0.01 0.01 0.02
9 0.02 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
10 0.11 0.07 0.02 0.10 0.04 0.01 0.53 0.43 0.22 0.50 0.41 0.18
G=1
RO=6 RO=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96
0 0.47 0.49 0.56 0.51 0.55 0.66 0.25 0.27 0.34 0.28 0.36 0.42
1 0.11 0.12 0.14 0.15 0.15 0.17 0.05 0.05 0.07 0.06 0.07 0.13
2 0.06 0.05 0.07 0.08 0.08 0.06 0.01 0.02 0.04 0.03 0.04 0.06
3 0.03 0.04 0.05 0.04 0.05 0.03 0.01 0.01 0.02 0.02 0.03 0.04
a 0.03 0.04 0.03 0.04 0.04 0.02 0.01 0.01 0.02 0.01 0.02 0.03
5 0.02 0.02 0.02 0.02 0.02 0.02 0.01 0.01 0.01 0.01 0.02 0.03
6 0.01 0.02 0.02 0.01 0.02 0.01 0.00 0.00 0.01 0.01 0.01 0.01
7 0.01 0.02 0.02 0.02 0.02 0.01 0.00 0.00 0.00 0.00 0.00 0.01
8 0.01 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.01 0.00 0.01 0.02
9 0.01 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.01 0.01
10 0.24 0.19 0.09 0.12 0.06 0.01 0.67 0.63 0.50 0.59 0.45 0.25
(a)
G=0
RO=6 RO=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96
0 0.45 0.48 0.55 0.52 0.57 0.66 0.22 0.26 0.31 0.27 0.33 0.44
1-5 0.29 0.27 0.00 0.30 0.24 0.00 0.20 0.24 0.36 0.17 0.22 0.31
5-10 0.08 0.06 0.19 0.06 0.11 0.18 0.03 0.06 0.10 0.02 0.05 0.08
10-30 0.13 0.13 0.18 0.09 0.06 0.10 0.04 0.08 0.12 0.02 0.05 0.09
30-50 0.04 0.03 0.05 0.02 0.01 0.04 0.01 0.02 0.04 0.01 0.02 0.03
50-70 0.01 0.01 0.01 0.01 0.00 0.01 0.00 0.01 0.02 0.00 0.01 0.02
70-90 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.01
90-110 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.01 0.00 0.01 0.01
110-130 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00
130-150 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00
150 0.00 0.00 0.00 0.00 0.00 0.00 0.49 0.32 0.01 0.51 0.31 0.00
G=1
RO=6 RO=18
q=0.2 q=0.8 q=0.2 q=0.8
cases p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 p=0.96 p=0.91 p=0.93 | p=0.96 p=0.91 p=0.93 p=0.96
0 0.44 0.48 0.57 0.52 0.57 0.66 0.26 0.26 031 0.30 0.31 0.44
1-5 0.28 0.28 0.30 0.28 0.16 0.00 0.09 0.11 0.17 0.14 0.19 0.25
5-10 0.05 0.05 0.05 0.07 0.06 0.16 0.01 0.01 0.02 0.02 0.03 0.07
10-30 0.07 0.08 0.06 0.09 0.14 0.10 0.00 0.00 0.01 0.01 0.02 0.08
30-50 0.03 0.04 0.02 0.02 0.03 0.05 0.00 0.00 0.00 0.00 0.00 0.02
50-70 0.02 0.02 0.00 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.02
70-90 0.01 0.01 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.01
90-110 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01
110-130 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01
130-150 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01

150 0.06 0.01 0.00 0.00 0.00 0.00 0.65 0.62 0.49 0.54 0.44 0.07
(b)

Figure 4.30: Probability of having extinction, (a) 10 or (b) 150 cases when G' = 0 (top-row
table) and G = 1 (bottom-row table) for p = 0.91, 0.93, 0.96, ¢ = 0.2,0.8, Ry = 6,18 and
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Figure 4.31: Probability of having extinction, (a) 10 or (b) 150 cases when G = 0 (top-row
table) and G = 1 (bottom-row table) for p = 0.91, 0.93, 0.96, ¢ = 0.2,0.8, Ry = 6, 18 and
k= ks = 1/30
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4.3 Conclusion

For the model with no age structure, we were able to give a complete and analytical expression
for the basic and control reproduction numbers as well as the vaccination threshold needed
to achieve herd immunity. All the results obtained from the study of Model (4.1) provide
fundamental conditions on waning rates, basic reproduction numbers and fraction of individual
with boosted immunity needed to achieve herd immunity. In fact, the exposure of individuals
waning their immunity to the infection, will boost their immunity either to the level obtained
after the first shot of vaccine, or to a life-long immunity and this increasing of immunity level
can benefit the entire population by protecting the unvaccinated individuals from catching the
virus. However, part of this boosting process can lead to new infectious individuals affecting
the susceptible class and increasing the outbreak cases. It is then more significant increasing
the period that a vaccine needs to wane so that the protection will last longer. Moreover,
the stochastic model provides information on the probability of extinction. Our results show
how if the vaccine-included immunity is life long, the probability of getting an outbreak is
possible only for large reproduction numbers. On the other hand, for an immunity which is
shorter than the life span, an outbreak is always possible.

Although these results give important information on herd immunity, the age structured
model gives more detailed insights into immunity distribution and indirect protection. We
find that when a single dose of vaccine is given at 12 months of age, herd immunity is
achievable only for life long immunity and only for small Ry. Moreover, we note that the
infected compartments always show a bimodal curve with a first peak at age group 5 to 19
years, depending on the waning rates, and a second peak at age group 30-34. Depending
on the fraction ¢ of individuals boosting their immunity to V' or I (for the case G = 1)
or Iy (for case G = 0) and the vaccination rate p, we observe that the peaks change in
magnitude and the peaks located among the youngest age groups shift by 1 or 2 age groups.
Moreover, we note that as ¢ increases, the symptomatic cases become more prevalent than the
asymptomatic cases in the distribution of the infected compartments. Even for this model,
we investigated the probability of extinction. We found that when the immunity is lifelong
the probability of having an outbreak is very small. On the other hand, with waning periods
shorter than the life span, we can observe the presence of an outbreak. Moreover, comparing
these results with the ones in the section describing the model without age structure, we
observe how the introduction of an age structure reduces the probability of outbreak. This
suggests that age dependent contacts and population structure are fundamental factors to
control the infection spread.

In this chapter we investigated the infection dynamic at the endemic equilibrium. How-
ever, vaccination, waning and boosting processes might affect, differently, a single outbreak.
Moreover, the age structure model assumes only one vaccine dose is given, but the recommen-
dations consider a second dose. The next two chapter are focused on the analysis of single
outbreak of Model (4.10), and the herd immunity investigation when a double dose of vaccine
is provided.
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Chapter 5

Waning Immunity: Single Outbreak

5.1 Introduction

This work has been conducted in collaboration with Dr. Heffernan, Dr. Teslya, Dr. Crowcroft
and Dr. Bolotin. I have collaborated in conducting numerical analyses.

In the previous chapter, we investigated the distribution of population at the endemic
equilibrium. The stochastic simulations, shown in the previous section, provided information
on the conditions under which it is possible to experience an outbreak. Now, we investigate
the impact that waning and boosting processes and vaccination coverage have on the infection
dynamics within a short term and how this can provide some insights into the response that
public health should have in case of a potential outbreak. Here, we focus our study on a single
outbreak period corresponding to roughly 1 year. We analyse final size, peak of infection, the
time at which the peak occurs and the time at which the epidemic ends. We present here the
analysis for Model (4.10) for G = 0, 1.

5.2 Results

G=1

We immediately observe that when immunity is not life-long (see Figure (5.1)), the outbreaks
occur over 5-12 months. On the other hand, when the period of immunity is longer than life
span, different scenarios are presented: the outbreak can occur with a high peak of infected
individuals and ending within one year, can be sustained for a period longer than one year or
can be extremely small (Figure 5.2). When the outbreak does not end within 12 months,
then it will be defined as unrealistic and not considered in the analysis.

Figure (5.3-5.4-5.5) and (5.6,5.7,5.8) refer to cases when vaccine-induced immunity is
shorter than the life span and when immunity is life long, respectively. Figure (5.3a) represents
the final size of S, defined as the total loss of individuals in the susceptible compartment
within the outbreak. We observe that for individuals belonging to age groups 0.5 to 64 years,
both large and small R present the same pattern and level of loss. However, for older age
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Figure 5.1: Proportion of infected individuals for k; = ks = 1/30, p = 0.96, G =1 (a) Ry =T,
g =08 (b) Ry=14, g =0.2
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Figure 5.2: Proportion of infected individuals for Rg = 14, k; = ks = 1/300, p = 0.96, G = 1
(a) g=0.2(b) g=04 (c) ¢ =0.8
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groups, it is visible that for large reproductive numbers the loss in the susceptible individuals
is higher than the one obtained for small Ry. This suggests that for small reproductive
numbers a more significant number of elderly will remain susceptible and this might lead to a
bigger outbreak in case the infection is introduced in the population. A similar pattern, even
if less evident, is shown in Figure (5.3b), representing the loss of individuals in the waning
stage. In Figure (5.4a) we observe that as ¢ increases, the maximum number of infected
individuals decreases. Moreover, in the case k; = 1/5 and ky = 1/50 and the case k; = 1
and ky = 1/25, the age groups presenting highest peaks are the ones ranged between 5-9
and 20-24 years and in age groups 30-34 to 60-64 years. We observe that as the vaccination
coverage and the number of secondary cases able to transmit the infection increase, the
time needed to reach the peak of infection increases. Also, this peak is reached faster when
the reproductive number assumes larger values (Figure (5.4b)). Same pattern is shown
in Figure (5.5a) representing the time at which the epidemic ends. We observe that the
age groups sustaining the infection for a longer period are 25-29 and 65-69 years. Figure
(5.6), corresponding to k; = ko = 1/300, presents different outcomes. Importantly, due to
unrealistic scenarios, cases with Rg = 8,¢ =0.2,p = 0.91 and Ry = 18,¢ = 0.8, p = 0.96 are
not reported. The figures related to the final size of S and W (Figures (5.6a) and (5.6b) )
show that all the age groups do not present any loss for small Ry. On the other hand, for
large Ry the age groups presenting the highest loss of susceptible are 5-9 to 15-19 years and
30-34 to 60-64 years. Moreover, a higher vaccination coverage and number of asymptomatic
cases provide a reduction in the spread of the infection and consequently a minor loss in S
and W. Since for small R the infection does not result in big outbreak, the peak of infection
is close to 0 and it occurs within the first month. For large reproductive numbers, a lower
vaccination coverage produces bigger outbreaks and more time is needed to reach its peak
(Figure 5.7a). Observe that the time needed to reach the peak of infection increases as the
reproduction number and number of transmitters increase (Figure 5.7b). If the number of
vaccinated individuals increases, then the spread of the infection becomes slower. In Figure
(5.8a) we observe that as the number of secondary cases decreases, the time needed for the
epidemic to end increases. Moreover, for small Ry and low vaccine coverage the outbreak
needs more time to reach its end.

G=0

Here, we investigate the scenario in which secondary cases are not able to transmit the
infection. Similar to the previous analysis, we observe that for waning periods shorter
than life span, the outbreak starts and ends within 12 months (Figure (5.9)). When the
immunity lasts for life, we observe that for large reproduction numbers, as the vaccination
coverage increases the outbreak can either end within the year, or being sustained for a longer
time-frame or being almost insignificant (Figure (5.10)).

We immediately observe the scenario of single outbreak shown in this section is similar
to the one presented in the case when secondary cases are as infectious as primary cases
(G =1). The distribution of the susceptible final size (Figure (5.11a)) suggests that for small

189



k1=1/30, k2=1/30 k1=1/50, k2=1/5

o
o
g

o
o
N

Final size (S)
Final size (S)

o

Q) Q)
. < 0.04
N g N
7 e 7]
= . 5002
[ o * [ o
T LA | | | B | | | |
5-9 25-29 45-49 65-69 85-89 5-9 25-2945-4965-69 85-89
Age group, years Age group, years
(a)
k1=1/30, k2=1/30
go.os—
© 0.02
N
[/2]
©
c
k=

0.06, .
s s
o 0.04; o 0.047
4 N
W 7]
w 0.02¢ ©
C g C »
ic 0 ‘ ‘ ‘ By ic 0 ‘ ‘ e O
5-9 25-2945-4965-69 85-89 5-9 25-2945-49 65-69 85-89
Age group, years Age group, years

(b)

- R0=8,9=0.2,p=0.91

R0=8,q=0.8,p=0.91
- R0=8,g=0.2,p=0.96
- R0=8,g=0.8,p=0.96
~R0=18,4=0.2,p=0.91

R0=18,9=0.8,p=0.91
~R0=18,4=0.2,p=0.96
- R0=18,4=0.8,p=0.96

()

Figure 5.3: Distribution of (a) susceptible final size (b) waning final size for Rg = 8, 18,
qg=0.2,0.8 and p =0.91, 0.96 and G = 1; (c) Legend
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Ro, less individuals in the elderly age groups experience the infection when compared to
the the same age groups for larger reproduction numbers. This indicates that in case of a
second outbreak this proportion of population is at higher risk of infection. Similar to the
model for G = 1, the magnitude of the peak of the infection decreases as the reproduction
number value decreases and the vaccination rate increases (Figure 5.12a). Moreover, contrary
to the previous analysis, the time needed to reach the maximum spread of the infection
increases as the reproduction number decreases and the vaccination rate increases. (Figure
5.12b). Observe that when the proportion of secondary cases whose immunity is boosted to
V increases (i.e., ¢ increases), the infection is sustained for a shorter period. Moreover, the
bigger the reproduction number is, the shorter the outbreak will be (Figure 5.13a).

Next, we investigate the life-long immunity scenario. Figure (5.14a) shows that for small
Ry and Ry = 18 with p = 0.96 the susceptible subpopulation does not present any loss,
suggesting a very small outbreak occurring. Same pattern is shown among the individuals
in the waning stage. As a result of it, Figure (5.15a) shows that the outbreak is sustained
affecting the population only for Ry = 18 and p = 0.91. Under the same conditions, the
infection needs a longer period to achieve its maximum peak (Figure 5.15a). Moreover, the
bigger the Ry is and the larger the proportion of vaccinated individuals is, the longer the
outbreak will be (Figure 5.16a).

5.3 Conclusions

The analysis on a single outbreak reveals that if the immunity is shorter than the life span, the
outbreak elapses within 5-12 months from its beginning. On the other hand, if the immunity
is life-long, the outbreak can never occur, occur without ending within 12 months, or occur
and ending within one year. The final size of both S and W present the same pattern. For
large reproduction number, the elderly age classes (aged more than 65 years) ”loss” in the
susceptible and waning compartments is higher. This suggests that for small reproduction
numbers, a significant proportion of elderly remain vulnerable to a possible second wave of the
infection. These results indicates that Public Health should focus on protecting individuals
in these age categories. We also found that the infectious cases decrease as the proportion of
individuals in the waning stage getting boosted to V increases. When the waning period to
become fully susceptible is long (e.g. 25 — 50 years), we observed that the age groups with
highest infected reported are within 5 — 24 years and 60 — 64. Moreover, the time at which
the peak occurs is longer for small reproduction numbers and higher vaccination coverage.
The results for the life-long immunity show that the S and W final size is not significant for
small Ry. While, for large reproduction numbers, the age groups 5 — 19 years and 30 — 64
years show the highest loss of S and W. For small Ry, the outbreak is extremely small and it
occurs within the first month of outbreak. When the reproduction number is bigger, a higher
vaccination coverage reduces the spread and the time needed to reach the peak. We conclude
our analysis stating that, according to our results, children, young adults and elderly need
to be the main concern to Public Health in order to protect these individuals and prevent
outbreaks. Moreover, the transmission from vaccinated case, as well as waning periods, needs
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a deeper understanding, since it can affect the dynamic of the infection.
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Figure 5.12: Distribution of (a) infected peak magnitude (b) time of infection peak for Ry = 8,
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Figure 5.13: Distribution of end of epidemic time for Ry = 8, 18, ¢ = 0.2, 0.8 and p = 0.91,
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Figure 5.14: Distribution of (a) susceptible final size (b) waning final size for Ry = 8, 18,
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Figure 5.16: Distribution of end of epidemic time for Ry = 8, 18, ¢ = 0.2, 0.8 and p = 0.91,
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Chapter 6

Waning Immunity: Two Vaccine
Doses

6.1 Introduction

This work has been conducted in collaboration with Dr. Heffernan, Dr. Teslya, Dr. Crowcroft
and Dr. Bolotin. I have collaborated in conducting theoretical and numerical analyses. Figure
6.2 was generated by Dr. Teslya.

According to the vaccination routine recommended [119, 11], a second dose of measles
vaccine should be given to children aged between 18 months and school age. This program
has been introduced to provide immunization coverage to these children who experience
primary vaccine failure (i.e., their immune system does not produce antibodies after the first
dose of vaccine). We extend Model (4.10) by including a second vaccine shot to children
before turning 5. We investigate the control reproduction number in relation to waning
periods, Ry and vaccination coverage as well as the distribution of immunity among the age
groups defined in System (4.10) at the DFE.

6.2 Model and Methods

6.2.1 Model

To introduce a second vaccination dose at 5 years, we modify the equations regarding
susceptible and vaccinated compartments of this age group (S3 and V3) as follows:

S5 =(1 — p)caSa — (p3 + ¢3)Ss — S5 Y P ;1; + koW (6.1a)
j=1
Vi =pcaSy + Vo — (s + c3 + k) Vs + quiVs Y Bs 515 (6.1Db)
j=1
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Disease Free Equilibrium (DFE)

We start looking at the DFE for this model varying the waning rates according to Eq(4.7)
and p = 0.91,0.93,0.96 (Figure(6.1)).

Observe that, as expected, as the vaccination rate increases, the susceptible distribution
decreases. Although the vaccinated distribution increases as p increases, in some scenarios
this distribution is drastically low (case k; = 1, ks = 1/25 in Figure 6.1). Moreover, when
immunity is life-long (top panel in Figure 6.1) the distribution of W shows an increasing
trend by age. On the other hand, when the immunity period is shorter than the life span,
the distribution of W is more prevalent among the youngest age groups, even when this
distribution is very small (case k1 = 1/50,ky = 1/5 in Figure 6.1). These results indicate
that in case of an outbreak, the youngest age groups are the ones who will experience either
an immunity boosting or a mild infection.

Control Reproduction Number R,

Similar to system (4.10), we derive the R, for system 6.1. We start by finding the DFE
with vaccination. The expression is the same as the one-single dose, except for the following
components:

bc2 C2
Vs = So + \Z 6.2
’ p3 +c3+ kg 2 3+ c3 + kg ? (6.22)
Co 1{71
W5 = Wy + 6.2b
5 c3 + ps + ko ? 3 + c3 + ko ’ ( )
1-— k
S3 = L=pley Sy + ——— W (6.2¢)
M3+ C3 M3+ 3

We use the next-generation matriz method again where matrices F and V used for the
calculation of R, remain the same as the single dose. We investigate the control reproduction
number numerically. Similar to the single dose scenario, the blue and red surfaces in Figure
(6.2) and Figure (6.3) represent the threshold R. =1 when G = 1 and G = 0, respectively.
Figure (6.2) shows the control reproduction number for Model (6.1) when G = 1. Similar
to the single dose scenario, these results are for Ry = 6. We observe that the herd immunity
is possible for a wide interval of ¢ and p only in the case that vaccine-induced immunity is
lifelong. This indicates that regardless of the fraction of infectious secondary cases and the
low level of vaccination coverage, if immunity is longer than the life span, herd immunity is
always achievable. On the other hand, a short immunity never makes the indirect protection
possible. However, we observe that the control reproduction number in the scenario with
double shot is lower than the one seen in the single dose case. For G = 0, we note that,
contrary to the single dose, in the scenario of life-long immunity, herd immunity is always
achievable, independently on the Ry and p (Figure 6.3a). Similar to the single dose, Figure
(6.3) shows that the control reproduction number is sensitive to k;. Similar to the case with
G =1, although herd immunity cannot be achieved for waning period shorter than life span,
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we observe that the values of the R, obtained in the double-shot scenario are lower than the
ones shown in Figure 4.7.
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Figure 6.1: Distribution of susceptible, vaccinated and waning compartments for system (6.1)
at the disease-free equilibrium.
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Figure 6.2: Surface plots of control reproductive number for G = 1, Ry = 6 in the two-dose
framework for Model (6.1). The blue surfaces indicates the threshold R. = 1.
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Figure 6.3: Surface plots of control reproductive number for G = 0 in the two-dose framework
for Model (6.1). The red surfaces indicates the threshold R. = 1.
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6.3 Conclusions

A further analysis on the age structure model has been carried out by including a second
vaccination shot at age 5 years in Model (4.8). We observe that with a lifelong immunity, in
both cases G = 0 and G = 1 herd immunity is always achievable for both small and large
Ry, independently, from the fraction of individuals obtaining the vaccine and the infectious
secondary cases. However, as the waning period is less than the life span, achieving herd
immunity will be impossible. We also note that the control reproduction number in the
double-dose scenario shows a lower magnitude than the one in the single dose case.
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Chapter 7

Conclusions

In this thesis we developed a series of compartmental models, both deterministic and stochastic,
highlighting factors that might cause the re-emergence of measles in a highly vaccinated
country as Canada. We investigated the control reproduction number, the dynamics of
measles outbreak and the age groups mostly affected by the infection. Since the cause of
these reoccurring episodes of measles might be attributed to immigration from an endemic
country, the increasing vaccine hesitancy, waning immunity over time or all of them combined,
we started our investigation from a large scale (population divided into Canadians and
immigrants) to a smaller scale (distribution of immunity in a single population).

The SEIR model with vaccination, employed to investigate if immigration is indeed

affecting the spread of MeV or, instead, increasing the level of immunity in Canada, show how
the recovery classes of immigrants (both children and adults) increases the level of indirect
protection in the country. This suggests that individuals coming from endemic countries are
bringing with them a life long immunity, acquired by the infection, which can help the local
community to reduce the spread of the virus. Similarly, if vaccinated, immigrants boost the
level of immunity in Canada.
However, some immigrants are from countries where vaccination is not available and they
are still susceptible when landing in Canada. Our results suggest that the proportion of
vulnerable immigrant adults and the vaccination coverage among Canadians are the main
factors in achieving herd immunity in the country. Hence, it is crucial to reduce the susceptible
class of adult immigrants and Canadian children. A reduction in the vulnerable class of
immigrant adults can be obtained by offering newcomers a free measles vaccine shot upon
arrival. However, the main goal of Public Health should increase, and maintain high, the
vaccination coverage among local children.

After the previous general analysis, we focused on the effect that mobility and vaccine
heterogeneity have on the transmission and spread of the infection in the Greater Toronto
Area (GTA) (Toronto-York-Peel-Halton-Durham regions). We employ an SEAIR model
with vaccination where the mobility among all the patches is captured by the time that
individuals spend in their home or work place patch. Given the importance of asymptomatic
cases in spreading the infection, above all when they are allowed to travel, we divided the
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infectious compartment into asymptomatic (A) and symptomatic (I). We investigated the
total reproduction number by changing the vaccination coverage in each patch (from highly
susceptible to highly vaccinated) and the proportion of asymptomatic cases. Our results
suggest how if the patches share the same immunity distribution, there is no change in the total
reproduction number. On the other hand, when a big disparity in the vaccination coverage is
visible, the movement of vaccinated individuals towards a vulnerable patch or the movement of
susceptibles towards a highly immunized region, decreases the overall reproduction number as
well as diminishing the proportion of asymptomatic travellers. Our sensitivity analysis shows
that the transmission of the infection in each patch and the proportion of asymptomatic cases,
which both need to be reduced, are extremely significant in the dynamics of the outbreak.
Our results suggest how a difference in the vaccination coverage among regions which are
highly connected might still lead to the diffusion of the outbreak. Hence, it is evident how
Public Health needs to increase the immunity distribution uniformly across the country.

In all the previous analyses, it was assumed that vaccination provides a life long immunity.
However, different studies show this might not happen. Hence, we concluded our study by
investigating the impact that basic reproduction number, waning periods and vaccination
(1 dose) have on herd immunity achievement and infection dynamics. We developed an
SII,RVW model capturing both boosting and waning immunity processes. Given the
unknown level of transmissibility from a vaccinated case, we considered two scenarios: in
the first one, vaccinated cases are not infectious; in the second one, they are as infectious as
primary cases. We also extended this model with an age structure investigating the immunity
of different age groups and the ones more affected by a possible outbreak. The model without
age structure suggests that herd immunity is achievable if the immunity is lifelong and the
vaccination coverage is extremely high. For large Ry, a much higher vaccine coverage is
necessary to obtain herd immunity. When age is introduced, we observed that the indirect
protection is possible only for small reproduction number and high vaccination coverage. If
immunity is not life-long herd immunity is never achievable. Moreover, the age structured
model shows that infection has two peaks: one among young children and one among age
groups 20 — 24 years and 60 — 64 years. This suggests that these individuals are the ones
more affected in case of an outbreak. It is then important to focus on reducing the susceptible
individuals in these age groups. The analysis on a single outbreak underlines the same results.
Although the deterministic models provide useful information, the stochastic analyses suggest
that in case vaccine-induced immunity is not life long, there is still a high probability that
an outbreak will occur. On the other hand, the results with the assumption that immunity
given by vaccination never wanes, show that the probability of extinction is much higher
than having an outbreak. Since the immunization recommendation requires a second dose of
vaccine, we extended further our age structure model including an additional dose at age of
5 years. The results on the R, show that the control reproduction number is less than the
one evaluated for the single dose case, but if vaccine-induced immunity is shorter than life
span, herd immunity is never achievable. This suggests that we might need, depending on
the waning periods, which need to be investigated, extra vaccine shots to be given to the
population.
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This thesis highlights the importance of vaccination coverage in Canada and that the
waning process need further investigation in order to detect the real waning periods. This
information is extremely crucial to understand and target the age groups that mostly need
supplementary measles vaccine dose.

The presented work can be extended modifying some assumptions done.

Since we defined the distribution of immigrants and Canadians by age groups, it is necessary
to distinguish the contact rates that individuals have based on country of origin and age. A
further extension, strictly related to contacts, might be seasonality. This work assumed a life
long immunity provided by vaccination, but waning immunity can also be considered, above
all for immigrants coming from highly vaccinated countries. Moreover, global stability of the
DFE can be investigate when Ry < 1.

Our multi-patch model does not consider the population structure of the regions investigated.
It might be interesting varying the proportion of each patch’s residents leaving their region.
Also, age structure can be implemented, considering that only teenagers and adults might be
the only commuters. Seasonality can also be implemented.

The work on waning immunity with two doses of vaccine can be extended with a further
analysis of the endemic equilibrium as well as considering a stochastic model.
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Appendix A

Next Generation Matrix, Jacobian

Matrix and Eigenvalues for Model
(2.1)

In this section we report the mathematical computations needed to derive the expression for
both the basic and controlled reproduction numbers Ry and R.. We start with the definition
of the matrix F representing the rates at which individuals in each subpopulation become
infected:

000 0 BScs BScs BScr BScu]

000 0 BSr, BSr, BSrw BSty

0 0 0 0 BSca, BSca, BSca, BSca,

F_ 0 0 0 0 BSra, BSra, BSra, BSra, (A1)

00 0O 0 0 0 0

00 0O 0 0 0 0

0 00O 0 0 0 0

00 0 O 0 0 0 0

Next, we define V, representing the matrix of all rates at which infected leaves the
infected compartments.
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[d+ 11y + 0 0 0 0 0 0 0
0 d+p;+a 0 0 0 0 0 0
— i 0 d+a 0 0 0 0 0
0 oy 0 dta 0 0 0 0
=1 ., 0 0 0 d+puy+7 0 0 0
—« 0 0 d+p;y+~v 0 0
—« —Ly 0 d+~v 0
i 0 0 0 —« 0 —py 0 d+7vy

(A.2)
After finding V=1 and multiplying it by F, we evaluate the eigenvalues, A, of the resulting
matrix (FV1):

o O O o o O

0

aB(Sciy+Scag+S159+514y)
(d+a)(d+7)

The Ry is given by the spectral radius of FV !, hence we define: Ry = (Scsq jfo‘j)o(;f;; 0 +5140)

Observe that the control reproduction number is defined as Rg, but the susceptibles at the
disease free equilibrium are considered to be the ones obtained when control is introduced in
the population.

The basic reproduction number can give some insights into the stability analysis of the
disease free equilibrium. In order to determine the conditions under which & is stable, we
derive the Jacobian matrix of Model (2.1) and evaluate it at the disease free equilibrium.
The Jacobian matrix is defined as Jp:
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The stability analysis of the disease free equilibrium is determined by the eigenvalues of Jj:
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if all the eigenvalues present negative real part, then & is stable. We evaluate the eigenvalues
set of Jy obtaining:

—d—«
—d—~
—sa—d—3y+ %\/ZMBSCJO +4aBSca, + 4afS1y, + 4afBSra, + o — 200y + 2
—%a —d— %’y — %\/404656% +4apSca, + 4aBScr, +4aBSra, + a? — 2oy + 2
—d—a—puy
—d =y =y
—d—a— g
—d — py
—d—py
—d— iy
—d —
—d— iy

(A.4)
Observe that, since all the parameters are positive, the eigenvalues present negative real
part. However, the third and fourth eigenvalues require further investigations. Note that the
term under the square root is always positive and hence these eigenvalues will only be real.
Hence, we can establish that the fourth eigenvalue is always negative, while the third one
might present positive real part. In order to have this eigenvalue with negative real part, it is
necessary to satisfy the following condition:

1

11
gotd+ o> 5\/4aﬁscjo +4aBSca, + 4aBScrs, + 4aBSra, + 02 — 207 + 42 (A.5)

After rearranging Eq.(A.5), the condition needed to obtain negative real part of the eigenvalue
becomes:

(d+a)(d+7) > aB(Sci + Scae + St + Siag)
By dividing both sides by (d + «)(d + =), the condition providing &, stability is:
aB(Scy, + Sca, + S1s, + Sra,)
(d+a)(d+7)

Note, as defined in Eq. (2.6), the term on the left hand side is the expression of the basic
reproduction number Ry.

<1 (A.6)
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Appendix B

Jacobian Matrix and Eigenvalues for

Model (2.9)

In this appendix we provide the computations from which we derive the basic and controlled
reproduction numbers R, and R.o. Similar to the previous appendix, in order to apply the
Next Generation Matrix method, we define the matrix F representing the rates at which
individuals in each subpopulation become infected and evaluate it at the DFE:

o O O O o o o o o o

o O O O o o o o o o

SO O O O o o o o o o

S O O o o o o o o o

S O O O o o o o o o

0 5§CN0 5§CN0 5§CN0 5§CNO 5§CNO
0 5§CJO 5§CJ0 5§CJ0 5§CJO 5§CJ0
0 5§CA0 5§CA0 5§CAO 5§CA0 5§CAO
0 BSix, BSin, BSmvy BSmv BSmv
0 BS, BSrs BSue BSuy  BSi
0 5§1A0 5§1A0 5§1A0 5§1A0 5§1A0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

BSon,
B5¢.,
B8S0ay
BS1s,
BS1.1,

B3S140
0
0
0

Next, we define the matrix of all rates at which infected individuals leave the infected

compartments:
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[d+ ung + « 0 0 0 0 0 0 0 0 0 0 0
UNB d+p;+a 0 0 0 0 0 0 0 0 0 0
0 — by d+ 0 0 0 0 0 0 0 0 0
0 0 0 0 d+ unp + o 0 0 0 0 0 0 0
0 0 0 —pung  d+pr+a 0 0 0 0 0 0 0
Vo 0 0 0 0 — [ d+« 0 0 0 0 0 0
—a 0 0 0 0 0 dtung+y O 0 0 0 0
0 —a 0 0 0 0 —HUNB d+ puyy 0 0 0 0
0 0 —a 0 0 0 0 —; d+- 0 0 0
0 0 0 —« 0 0 0 0 d+ punpg +7y 0 0
0 0 0 0 —a 0 0 0 —uxs  d+ps+y 0
0 0 0 0 0 —a 0 0 0 0 —py d+7]
(B.2)

The next steps are the evaluation of V~! and the multiplication of the two matrices F and
V~!. The reproduction number is given by the spectral radius of FV~!, hence we evaluate
the eigenvalues, called \s:

Ay = (B.3)

S O O O O o o o o o

0

Oéﬁ(éczvo +§CJO +§CA0 +§INO +§1.10 +§IA0 )
(d+a)(d+7)

Hence, we define Rs:

Ry — a3(§CNO+§CJO+§CAO+§1NO+§1JO+§1A0)
0z = (d+a)(d+7)

By following the same steps and the disease free equilibrium with control, we are able to
derive the expression for the R, given by Eq. (2.13).

Next, we will investigate the conditions under which 5:0 is stable, we derive the Jacobian
matrix of Model (2.9) and evaluate it at the disease free equilibrium. The Jacobian matrix is
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The stability analysis of the disease free equilibrium is determined by the eigenvalues of
Jo: if all the eigenvalues presents negative real part, then & is stable. We evaluate the
eigenvalues set of Jy obtaining:

—d—«
—d—~

—%Ox —d— %’y + %\/40[ﬁ§01\70 + 40[[3)§1N0 + 40zﬁ§cjo + 40[5§]J0 + 40[[3)§IA0 + 4a[ﬁ§’CA0 +a? — 2ary + 72

—%a —d-— %'y - %\/4@/55’0]\;[] + 4a3Sin, + 4aBScy, + 4afSry, + 4aBSa, + 4aBSca, + a2 — 200y + 2

—d—Oz—,UNB

—d— o — uNp
—d—a—py
—d—a—py
—d—7v—pns
—d—7v—pnNB
—d—7—p
—d—7y—py
—d — pinB
—d — jing
—d—py
—d—py
—d—py
—d—py
—d—py
—d =y

Aog, =

(B.4)
Observe that all the eigenvalues present negative real part. However, similar to the eigenvalues
shown in Appendix A, the third and fourth eigenvalues need to be analyzed. Since the terms
under the square root are always positive, we can state that the eigenvalues will only be
real, but the positivity and negativity must be investigated. We can easily observe that the
fourth eigenvalue is always negative, while the third one might present positive real part if
the root is bigger than the preceding terms. In order to have a negative eigenvalue, we need
to examine the conditions satisfying the condition:

éa +d+ %7 > %\/4(1[)’50% + 4(1[7’§IN0 + 4(1/)’§CJO + 4@/8»§IJO + 4(1[7’§1A0 + 4uﬁ§c,4“ +a? —2ay + 72 (B.5)
By rearranging Eq.(B.5), we obtain the following condition to satisfy:

(d+a)(d+) > Oéﬁ(écwo + §CJ0 + §CA0 + §IN0 + §IJ0 + §1A0)
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By dividing both sides by (d + a)(d + ), the condition providing £, to be asymptotically
stable is: _ _ _ _ _ _
aB(Sen, + Scu, + Sca, + Sing + Sty + Sra,)
(d+a)(d+7)
Observe that as defined in Eq. (2.12), the term on the left hand side is the expression of the
basic reproduction number Ry. Again, the same procedure will provide the expression for R..

<1 (B.6)
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Appendix C

LHS/PRCC for Model (2.1): Single
Outbreak

Here we present the PRCC plots on the single subpopulation when a possible outbreak will
occur. Figures (C.1-C.2) represents the PRCC plots for the subpopulation of Canadian
juveniles. We observe that the maximum peak of infectious children (Figure (C.1a)) increases
as the number susceptible Canadian juveniles and the susceptible immigrant adult increase.
This is due to the fact that they might spread the infection more than others. As expected, a
significant positive correlation is given even by the infection rate . Similar to the case in
which we consider the total population, we observe that susceptible immigrant adults delay
the end of the epidemic even in this subgroup (Figure C.2a). However, we observe that the
number of susceptible experiencing the infection within the total infection increases as the
number of susceptible Canadian children increases (Figure (C.2b)).

We observe that the same significant correlations seen for the Canadian children subgroup
are visible when we investigate the subpopulation of Canadian adults (Figures (C.3)-(C.4))
and immigrant juveniles (Figures (C.5)-(C.6)). However, in these cases the susceptible class
of Canadian adults and immigrant juveniles are more significant in the infection dynamic of
their own subgroup. We can still observe how the immigrant adults play an important role
in the spread of the infection (Figure (C.2a)).

In Figures (C.7)-(C.8) we observe that the number of infected in the immigrant adults
subgroup increases as Sy, increases. As observed in the previous analyses, the susceptible
immigrant adults are responsible for delaying the end of the outbreak (Figure (C.2a)).
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Figure C.1: LHS/PRCC plots for the population at the disease free equilibrium and parameters
7, «, B on Canadian juveniles population (a) peak magnitude (b) time of maximum peak
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Figure C.3: LHS/PRCC plots for the population at the disease free equilibrium and parameters
7, a, § on Canadian adults (a) time of end of epidemic (b) final size (number of total infected
individuals)
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Figure C.4: LHS/PRCC plots for the population at the disease free equilibrium and parameters
7, a, B on Canadian adults (a) time of end of epidemic (b) final size (number of total infected
individuals)
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Figure C.7: LHS/PRCC plots for the population at the disease free equilibrium and parameters
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Figure C.8: LHS/PRCC plots for the population at the disease free equilibrium and parameters
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Appendix D

LHS/PRCC for Model (2.9): Single
Outbreak

We present here the PRCC plots on the single outbreak outputs for each subpopulation when
three age groups are considered. Figures (D.1-D.2) show the PRCC plots on the Canadian
newborns subgroup. We observe, similar to the case with only two age classes, that the
peak of the infectious individuals in this group and the total cases increase as the number of
susceptible children aged between 0 and 12 months and susceptible immigrant adults and
infection rate increase (Figures (D.1a) and (D.2b)). Also, the end of the epidemic is delayed
as Sta, increases (Figure (D.2a)).

When we look at the Canadian children aged between 1 and 5 years, we observe again that
the susceptible immigrant adults increase the maximum number of the infectious cases and
the final size of this subclass (Figures (D.3a) and (D.4b)). Moreover, the same susceptible
individuals contribute to extend the final stages of the infection, making the outbreak
sustained for a longer period (Figure (D.4a)).

Similar significant correlations are visible in the subgroup of the Canadian adults in
Figures (D.5)-(D.6). However, we observe that the peak magnitude and the final size of the
infectious compartment increase as the proportion of susceptible Canadian adults increases.

The immigrant subclasses (Figures (D.7)-(D.8), (D.9)-(D.10) and (D.11)-(D.12)) present
the same correlation: the maximum peak of the outbreak and the total number of infected
cases(Figures (D.7a)(D.9a)(D.11a) and Figures (D.8b)(D.10b)(D.12b), respectively) increase
as the number of susceptible immigrants of the analyzed subgroup increase and immigrant
adults increase. In each subclass, the susceptible immigrant adults present a negative
correlation with the time at which that subpopulation reaches the end of the epidemic. This
result indicates that susceptible adults not born in Canada are the ones delaying the end of
the epidemic.
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Figure D.1: LHS/PRCC plots for the population at the disease free equilibrium and parameters
7, @, 8 on Canadian newborns (a) peak magnitude (b) time of maximum peak
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Figure D.2: LHS/PRCC plots for the population at the disease free equilibrium and parameters
v, «, B on Canadian newborns (a) time of end of epidemic (b) final size (number of total
infected individuals)
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Figure D.3: LHS/PRCC plots for the population at the disease free equilibrium and parameters
7, a, 3 on Canadian juveniles (a) peak magnitude (b) time of maximum peak
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Figure D.4: LHS/PRCC plots for the population at the disease free equilibrium and parameters
v, «,  on Canadian juveniles (a) time of end of epidemic (b) final size (number of total
infected individuals)

246



Peak magnitude Canadian Adults

Vias F 1

UJo |
R’]o i

Lo |

ﬁ C I 1 I
-1 -08 —-06 -04 -—0.2 0 0.2 0.4 0.6 0.8 1

Peak time Canadian Adults

T T T T T

KINO"

Lo [

-1 -08 —-06 —-04 -0.2 0.2 0.4 0.6 0.8 1

Figure D.5: LHS/PRCC plots for the population at the disease free equilibrium and parameters
v, a, 8 on Canadian adults (a) peak magnitude (b) time of maximum peak
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Figure D.6: LHS/PRCC plots for the population at the disease free equilibrium and parameters
7, a, § on Canadian adults (a) time of end of epidemic (b) final size (number of total infected
individuals)
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Figure D.7: LHS/PRCC plots for the population at the disease free equilibrium and parameters
7, @,  on immigrant newborns (a) peak magnitude (b) time of maximum peak
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Figure D.8: LHS/PRCC plots for the population at the disease free equilibrium and parameters
7, a, B on immigrant newborns (a) time of end of epidemic (b) final size (number of total
infected individuals)
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Figure D.9: LHS/PRCC plots for the population at the disease free equilibrium and parameters
7, @, [ on immigrants juveniles (a) peak magnitude (b) time of maximum peak
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Figure D.11: LHS/PRCC plots for the population at the disease free equilibrium and
parameters 7, «, [ on immigrant adults (a) peak magnitude (b) time of maximum peak
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Figure D.12: LHS/PRCC plots for the population at the disease free equilibrium and
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total infected individuals)
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Appendix E

LHS/PRCC for System (3.1) when
n =2

We present here the LHS/PRCC analysis when the second patch is seeded with infection.
When Halton is the first infected patch, to reach the peak of A; and I;, we observe that
besides Ro; and s; (already explained in the main text), more time is needed if the probability
of showing symptoms increases, while it is less as the infectivity in patch 2 increases (Figure
(E.1a) and (E.1c)). The significant positive correlation of b is due to the fact that patch 1 is
infected by commuters from patch 2, hence if more people in Halton are symptomatic, they
remain in their patch, and the infection will spread slowly in Toronto. When we investigate
the peak of the infectious cases in patch 2 (As, I3), patch 1 parameters are significant.
However, in this case a significant negative correlation is also presented on Rs.

For the total peak time, the correlations of Ry, , and s; are similar to the ones shown in the
single patch 1 (Figures (E.1c) and (E.1c)). This result confirms that patch 1 is the one that
globally is more responsible for the spread.

At the beginning of the outbreak (first 100 days), when Halton is the first infected patch,
both R and Ry, show a significant negative correlation (Figure E.3a)) when we look at
the single patches or both of them together. However, the time needed to reach the first 100
cases in patch 1 is delayed as s, increases.

When both pacthes are moving, and York is the first infected patch, the infectivity in
both patches shows a significant negative correlation on the time needed to reach the peak of
both A and I in both patches or globally. Contrary to the case when Toronto residents are
not moving, here the probability of showing symptoms is not significant (Figures (E.4-E.5)).
The time needed to reach the first 100 I cases in patch 1, 2 and globally, is delayed by
the infectivity in each patch ( significant negative correlation). An increase of susceptible
individuals in patch 2 will delay this time in patch 1 and globally (Figure (E.6c¢)).
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Figure E.1: Toronto-Halton (Halton infected);BRCC plots on the time at which the asymp-
tomatic cases reach the peak when the infection is seeded in patch 2
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Figure E.2: Toronto-Halton (Halton infecpgd): PRCC plots on the time at which the
symptomatic cases reach the peak when the infection is seeded in patch 2
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Figure E.3: Toronto-Halton (Halton infected):PRCC plots on the time at which the first 100
symptomatic cases occur when the infection is seeded in patch 2
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Figure E.4: Toronto-York (York infected): PRCC plots on the time at which the asymptomatic
cases reach the peak when the infection is seeded in patch 2 and when all residents are moving
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Figure E.5: Toronto-York (York infected): PRCC plots on the time at which the symptomatic
cases reach the peak when the infection is seeded in patch 2 and when all residents are moving
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Figure E.6: Toronto-York (York infected): PRCC plots on the time at which the first 100
symptomatic cases occur when the infection is seeded in patch 2 and when all residents are
moving
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Appendix F

LHS/PRCC for System (3.1) when
n =23

Here, we show the PRCC plots on the infection dynamics when three patches are investigated.
We start with the scenario where only Halton and Durham residents can move. The infection
is seeded in patch 2 (Halton) . We can see that the infectivity in patch 2 increases the time
to reach the peak of A in all the patches (Figure (F.1)). However, Ro; and s; are significant,
negatively and positively, respectively, in patch 1 and 3 (Figures (F.1a), (F.1b), (F.1c) ).
Hence, patch 2 infectivity affects the time of peak A, but simultaneously infectivity and
susceptible class in patch 1 are still playing an important role. The crucial effect that Rq,
Ro1 and s; have on the peak of A is visible in the global analysis as well (Figures (F.1d)).
When we investigate the beginning of the outbreak, when patch 2 is the first region to be
infected, then the results for patch 1,2 and 3 on the achievement of the first cases in I are
similar to the case with Toronto as first infected patch, but the time to reach at least 100
cases is also delayed as the infectivity in patch 2 increases(Figures (F.3a), (F.3b), (F.3c)). In
the global case, the first cases occur faster if Ro2, Ro1 and b decrease (Figure (F.3d)).

Next, we analyze the scenario in which all the patches are moving (Toronto-York- Peel)
and York is firstly infected. Similar results are visible in the plots in the bottom two rows
of Figure F.1, representing the scenario in which patch 2 has the first infected individual.
However, in this scenario the infectivity of patch 2 shows a strong negative correlation and
a bit more significant than Ry;. Similar to A, as the infectivity in patch 1 decreases, it
takes longer to achieve the maximum value of I in each patch and globally (Figure (F.2)).
Moreover, in patch 2, a slight correlation between the peak time and Rg3 is noticeable. This
result is visible when either Toronto or York is firstly infected. However, the initial infected
in patch 2, makes the correlation between the output and Rgs stronger. In fact, patch 2
infectivity delays the moment at which the peak of the infection occurs. Next, we investigate
the beginning of the outbreak. Figure F.6 shows that an increase of Ry, results in a delay in
reaching the first 100 cases in I. Moreover, in patch 2 and globally, Rgo and the proportion
of so show a significant negative and positive correlation, respectively. Hence, globally the
susceptible in the second patch can increase the spread of infection.
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Figure F.1: Toronto-Halton-Durham (Halton infected):PRCC plots on the time at which the
asymptomatic cases reach the peak when the infection is seeded in patch 2
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Figure F.2: Toronto-Halton-Durham (Halton infected):PRCC plots on the time at which the
asymptomatic cases reach the peak when the infection is seeded in patch 2

264



Time at least 100 infected in I, Time at least 100 infected in I,

R03 R03
Roz Rz
Ry, 01
b b
n n
S3 S3
52 52
Sl g Sl
P33 k P33
P31 1 P31
P22 . P22
P21 1 ‘ E P21 , ‘ 1
-1 —-0.5 0 0.5 1 -1 —-0.5 0 0.5 1
PRCC PRCC
(a) (b)
Time at least 100 infectedin I Time at least 100 infected in [
R03 1 R03
Ros Ry
Ry, 01
b b
n n
S3 53
Sy Sy
Sy ] Sy
P33 1 P33
P31 E P31
P22 1 P22
P21 . ‘ 1 P21 ‘
-1 —0.5 0 0.5 1 -1 —0.5 0 0.5 1
PRCC PRCC
(c) (d)

Figure F.3: Toronto-Halton-Durham (Halton infected): PRCC plots on the time at which
the first 100 symptomatic cases occur when the infection is seeded in patch 2
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Figure F.4: Toronto-York-Peel (York infected): PRCC plots on the time at which the
asymptomatic cases reach the peak when the infection is seeded in patch 2
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Figure F.5: Toronto-York-Peel (York infected): PRCC plots on the time at which the
asymptomatic cases reach the peak when the infection is seeded in patch 2
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Figure F.6: Toronto-York-Peel (York infected): PRCC plots on the time at which the first
100 symptomatic cases occur when the infection is seeded in patch 2

268



Appendix G

Tables of Parameters for Model (4.8)

Figure G.1 shows the death rate in Canada ([121]) in 2016 by age groups as well as the
population size of each group.

Female Age Group Male Female
<1 year 0.005 0.004 <1year 100000 100000
1-4 years 0 0/ 1-4years 99540.41 99603.57
5-9 years 0 0 5-9years 99454.38 99533.69
10-14 years 0 0 10-14 years 99407.88 99495.4
15-19 years 0 0 15-19 years 99348.32 99440.2
20-24 years 0.001 0 20-24 years 99157.51 99319.2
25-29 years 0.001 0 25-29 years 98828.25 99167.42
30-34 years 0.001 0 30-34 years 98475.7 99005.24
35-39 years 0.001 0.001 35-39 years 98085.45 98795.23
40-44 years 0.001 0.001 40-44 years 97641.73 98536.42
45-49 years 0.002 0.001 45-49 years 96954.59 98111.1
50-54 years 0.003 0.002 50-54 years 95927.06 97425.9
55-59 years 0.006 0.004 55-59 years 94391.97 96342.83
60-64 years 0.009 0.005 60-64 years 91768.42 94559
65-69 years 0.013 0.008 65-69 years 87932.8 92126.93
70-74 years 0.021 0.014 70-74 years 82546.89 88331.55
75-79 years 0.034 0.023 | 75-79 years 74256 82425.45
80-84 years 0.055 0.04 80-84 years 62670.48 73482.63
85+ years 0.145 0.125 85+ years 47550.56 60184.48
(a) (b)

Figure G.1: Data used to estimate parameters (a) age specific death rate for Canada in 2016
(nMx) as given by WHO [121] (b) People left in the age group at the beginning of the time
interval (Ix)

Table G.1 represents the daily contacts among 15 different age groups in The Netherlands.
This table is the results of a study conducted by Mossong et al. [69] in 2008 to study the
infection dynamics among age groups.
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age group of participant
age of contact | 00-04 05-09 10-14 15-19 20-24 25-29 30-34 35-39 40-44 45-49 50-54 55-59 60-64 65-69 70+
00-04 350 171 025 019 033 057 1.00 092 3.00 0.00 0.00 023 039 012 0.22
05-09 247 1188 156 0.19 0.00 050 125 162 114 0.71 031 008 028 0.24 0.29
10-14 0.32 1.06 1097 250 0.08 0.00 150 100 071 093 008 031 022 0.06 0.2
15-19 0.15 024 144 919 083 029 125 008 057 079 046 046 0.39 0.00 0.24
20-24 024 018 016 125 242 057 075 085 229 071 223 0.85 0.5 0.29 0.29
25-29 021 088 013 044 158 186 225 062 08 121 1.8 038 0.56 041 0.32
30-34 126 071 025 044 267 1.00 375 100 1.71 086 085 092 094 0.18 0.49
35-39 1.15 153 078 075 158 0.86 3.00 392 129 179 123 0.69 117 059 0.71
40-44 053 176 156 069 0.67 1.0 213 3.08 18 250 038 154 078 0.65 0.71
45-49 024 047 094 138 092 050 163 169 129 221 123 1.00 061 035 124
50-54 0.47 047 056 069 083 121 088 162 1.14 1.5 1.31 134 117 024 0.51
55-59 038 024 019 031 025 057 025 046 0.00 093 069 238 167 0.71 0.51
60-64 035 041 003 0.06 0.08 0.29 0.5 092 0.14 043 038 115 1.61 1.12 046
65-69 029 029 013 013 0.00 014 013 069 014 0.00 031 069 0.72 082 0.46
70+ 024 024 056 056 033 021 063 046 000 0.79 062 023 1.11 1.00 1.95

Table G.1: Contact rates per day between age groups as surveyed by Mossong et al. [69] in
Netherlands

Table G.1 and Figure G.1 have been reproduced by Dr. Teslya.
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Appendix H

Probability of Extinction and
Outbreak for Model (4.1)

In this appendix we show the probability of extinction, 10 or 150 cases for the Model in
system (4.1).

Case k; = ko = 1/300

In this section we consider the scenario with k; = ks = 1/300. We observe that when
immunity is lifelong, for small reproduction numbers (Figures (H.1a)-(H.2a)), the probability
of having an outbreak with 10 cumulative cases is very small. This probability decreases as
the vaccination coverage and the proportion of individuals with boosted immunity increase.
Moreover, when G = 0 (top-row panels) the chances to have 10 cases is smaller than the ones
for G = 1. If we look at an outbreak with 150 cumulative cases, then we observe that the
probability of reaching this high number of infected individuals is almost 0. On the other
hand, for Ry = 18, the results are different (Figures (H.1b)-(H.2b)). In fact, although the
probability of getting 10 or 150 cases decreases as the p increases, the chance of an outbreak
is very high. Moreover, this probability is higher if the secondary cases are as infectious as
the primary ones (i.e. G =1).

Case k; = ko = 1/30

Here, the total immunity waning period is considered to be 60 years. Contrary to the life long
immunity, we observe that an outbreak with 10 or 150 cumulative cases can occur with very
high probability for both small (Figures (H.3a)-(H.4a)) and large (Figures (H.3b)-(H.4b))
reproduction number. As expected, when the secondary cases are able to transmit the
infection with the same infection force of I, then the probability of having an outbreak
increases

This pattern is visible for all the other cases with waning periods shorter than life
span: k; = 1/50,ky = 1/5 (Figures (H.4-H.5b)), k; = 1/5,ky = 1/50 (Figures (H.7-H.8)),
k1 =1,ky = 1/25 (Figures (H.9-H.10)).
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Figure H.3: Probability of having extinction, 10 cases G = 0, 1 for p = 0.91, 0.93, 0.96,
q=0.2,0.8, ky = ko =1/30 and (a) Rp =6 (b) Ry = 18
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Figure H.4: Probability of having extinction, 150 cases when G = 0, 1 for p = 0.91, 0.93,
0.96, ¢ = 0.2, 0.8, k1 = ko = 1/300 and (a) Ro =6 (b) Rg = 18
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Figure H.5: Probability of having extinction, 10 cases when G = 0, 1 for p = 0.91, 0.93, 0.96,
q=02,038, kg =1/50, ks = 1/5 and (a) Ry =6 (b) Rg =18

276



Probability of cases k1=1/50, k2=1/5, R, = 6, q=0.2 Probability of cases k1=1/50, k2=1/5, Ry = 6, q=0.8

p=0.91 p=0.93 p=0.96 G=0 p=0.91 p=0.93 p=0.96
1 1 1 1 1
0.9 0.9 0.9 0.9 0.9 0.9
0.8 0.8 0.8 0.8 0.8 0.8
0.7 0.7 0.7 0.7 0.7 0.7
0.6 0.6 0.6 0.6 0.6 0.6
0.5 0.5 0.5 0.5 05} 0.5
0.4 0.4 0.4 0.4 0.4} 0.4
0.3 03 0.3 0.3 0.3} 03
0.2 0.2 0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1 0.1 0.1
05010 0 ’6 S0 oo Ts0 Co S0 100 Tso %50 10 10 % 50 100 150 0 50 100 150
Cumulative cases Cumulative cases
Probability of cases k1=1/50, k2=1/5, R, = 6, 9=0.2 Probability of cases k1=1/50, k2=1/5, R, = 6, q=0.8
p=0.91 p=0.93 =0.96 G=1 0=0.91 p=0.93 p=0.96
1 1 1 1 1
0.9 0.9 0.9 0.9 0.9 0.9
0.8 0.8 0.8 0.8 0.8 0.8
0.7 0.7 0.7 0.7 0.7 0.7
0.6 0.6 0.6 0.6 0.6 0.6
0.5 0.5 0.5 0.5 0.5 0.5
0.4 0.4 0.4 0.4 0.4 0.4
0.3 0.3 0.3 0.3 0.3 0.3
0.2 0.2 0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1 0.1 0.1
OU 50 100 150 O\J 50 100 150 OLJ 50 100 150 00 50 100 150 o\) 50 100 150 00 50 100 150
Cumulative cases Cumulative cases
(a)
Probability of cases k1=1/50, k2=1/5, R, = 18, q=0.2 Probability of cases k1=1/50, k2=1/5, R, = 18, g=0.2
p=0.91 p=0.93 p=0.96 =0 p=0.91 p=0.93 p=0.96
B : i - 5 - 4§ \ 1 ) 5 :
0.9 09| 0.9 0.9 0.9 0.9
0.8 0.8 0.8 0.8 0.8} 0.8
0.7 0.7 0.7 0.7 0.7} 0.7
0.6 0.6 0.6 0.6 0.6} 0.6
0.5 0.5 0.5 0.5 05} 0.5
0.4 0.4 0.4 0.4 0.4| 0.4
0.3 03 0.3 0.3 0.3} 0.3
0.2 0.2 0.2 0.2 02} 0.2
0.1 0.1 0.1 0.1 0.1 0.1
0 0 0 0 0 0
0 50 100 150 O 50 100 150 0 50 100 150 0 50 100 15u "0 50 100 150 O 50 100 150
Cumulative cases Cumulative cases
Probability of cases k1=1/50, k2=1/5, Ry = 18, 9=0.2 Probability of cases k1=1/50, k2=1/5, R, = 18, q=0.8
p=0.91 p=0.93 p=0.96 G=1 p=0.91 p=0.93 p=0.96
. 1 . 1 . 1 1 a2
0.9, 0.9 0.9 0.9 0.9 0.9
0.8/ 0.8 0.8 0.8 0.8 0.8
0.7} 0.7 0.7/ 0.7 0.7 0.7
0.6/ 0.6 0.6, 0.6 0.6 0.6
0.5} 0.5 05| 0.5 0.5 0.5
0.4 0.4 0.4 0.4 0.4 0.4
0.3} 0.3 0.3} 0.3 0.3 0.3
0.2f 0.2 0.2} 0.2 0.2 0.2
0.1 0.1 0.1 0.1 0.1 0.1
od 50 100 150 ou 50 100 150 00 50 100 150 00 50 100 150 o0 50 100 150 0O 50 100 150
Cumulative cases Cumulative cases

(b)

Figure H.6: Probability of having extinction, 150 cases when G = 0, 1 for p = 0.91, 0.93,
0.96, ¢ = 0.2, 0.8, k; = 1/50, ks = 1/5 and (a) Ro =6 (b) Rp = 18
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Figure H.7: Probability of having extinction, 10 cases when G = 0, 1 for p = 0.91, 0.93, 0.96,
¢=02,08, k =1/5 ky=1/50 and (a) Ry =6 (b) Ro = 18
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Figure H.8: Probability of having extinction, 150 cases when G = 0, 1 for p = 0.91, 0.93,
0.96, ¢ = 0.2, 0.8, ky = 1/5, ks = 1/50 and (a) Ro =6 (b) Rp = 18
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Figure H.10: Probability of having extinction, 150 cases when G = 0, 1 for p = 0.91, 0.93,
0.96, ¢ = 0.2, 0.8, k; =1, ks = 1/25 and (a) Ro =6 (b) Rp = 18
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Appendix 1

Probability of Extinction and
Outbreak for Model (4.8)

In this appendix we provide the plots for all the waning periods investigated.

Case k; = ko = 1/300

We start with the case assuming life long immunity (i.e., k1 = k2 = 1/300). We immediately
observe that as the vaccination coverage increases, the probability of extinction increases for
both G = 0, 1. However, for small reproduction numbers (Figures (I.1a)-(I.2a)), we observe
that the probability of having an outbreak of at least 10 or 150 cumulative cases is extremely
small or even 0. This probability slightly increases when the secondary cases are infectious
(bottom-rows panels each figure) and less individuals are boosted to the V' compartment after
encountering the pathogen (left panels each figure). For large Ry (Figures (I.1b)-(1.2b)) the
probability of an outbreak is high for ¢ = 0.2 and p < 0.93. Our results also suggest that the
probability to have an outbreak with at least 150 cases is lower than the one with 10.

Cases kl = ]{72 = 1/30, k’l = 1/50,]€2 = 1/5, ]{71 = 1/5,k’2 = 1/50 and k’l = 1,]€2 = 1/25

In this section, and the following, we consider immunity waning periods to be shorter than the
life span. In all these scenarios (Figures (1.3-1.4)-(1.5-1.6)-(1.7-1.8)-(1.9-1.10)), the probability
of having an outbreak with at least 10 or 150 cases is always possible and it is higher than
the probability of extinction. These results are visible for both small and large reproduction
numbers. The possibility of an outbreak increases if the number of secondary cases increases
and they are considered to be infectious.
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Figure I.1: Probability of having extinction, 10 cases when G = 0 (top-row plots describe the
scenario) and G = 1 (bottom-row plots) for p = 0.91, 0.93, 0.96, ¢ = 0.2, 0.8, Ry = 6, 18
(a-b) and (c-d), respectively, and k; = ko = 1/300
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Figure 1.2: Probability of having extinction, 150 cases when G = 0 (top-row plots describe
the scenario) and G = 1 (bottom-row plots) for p = 0.91, 0.93, 0.96, ¢ = 0.2, 0.8, Ro = 6, 18
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Figure 1.3: Probability of having extinction, 10cases when G = 0 (top-row plots describe
the scenario) and G = 1 (bottom-row plots) for p = 0.91, 0.93, 0.96, ¢ = 0.2, 0.8 and
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Figure 1.4: Probability of having extinction, 150 cases when G = 0 (top-row plots describe
the scenario) and G = 1 (bottom-row plots) for p = 0.91, 0.93, 0.96, ¢ = 0.2, 0.8 and
ki =ky =1/30
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Figure 1.5: Probability of having extinction, 10 cases when G = 0 (top-row plots describe the
scenario) and G = 1 (bottom-row plots) for p = 0.91, 0.93, 0.96, ¢ = 0.2, 0.8 and k; = 1/50,
ke =1/5
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Figure 1.6: Probability of having extinction, 150 cases when G = 0 (top-row plots describe the
scenario) and G = 1 (bottom-row plots) for p = 0.91, 0.93, 0.96, ¢ = 0.2, 0.8 and k; = 1/50,
ke =1/5
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Figure 1.7: Probability of having extinction, 10cases when G = 0 (top-row plots describe the
scenario) and G = 1 (bottom-row plots) for p = 0.91, 0.93, 0.96, ¢ = 0.2, 0.8 and k; = 1/5,
ke = 1/50
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Figure 1.8: Probability of having extinction, 150 cases when G = 0 (top-row plots describe the
scenario) and G = 1 (bottom-row plots) for p = 0.91, 0.93, 0.96, ¢ = 0.2, 0.8 and k; = 1/5,
ke = 1/50
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Figure 1.9: Probability of having extinction, 10 cases when G' = 0 (top-row plots describe
the scenario) and G = 1 (bottom-row plots) for p = 0.91, 0.93, 0.96, ¢ = 0.2, 0.8 and k; = 1,
ko =1/25
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Figure 1.10: Probability of having extinction, 150 cases when G = 0 (top-row plots describe
the scenario) and G = 1 (bottom-row plots) for p = 0.91, 0.93, 0.96, ¢ = 0.2, 0.8 and k; = 1,

ky =1/25
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