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Abstract—Anisotropic elastic/plastic plate bifurcation is investigated.
The pre-bifurcation loading consists of biaxial stresses along v
axes parallel to the sides of a simply supported rectangular plate:

0, =00; ,~1<a<l.The Jv axes are at an angle /3 with

the Xy principal axes of anisotropy. Analytical variational method is

used together with Hill’s theory of anisotropic strain-hardening
plasticity. Bifurcation stresses are determined for the anisotropic, and
the classical isotropic incremental and deformation theories of

plasticity, for equibiaxial compression (@ =1) , equal compression
and tension (¢ =—1), and uniaxial (o = 0) cases. The plastic plate
buckling paradox is examined for each of the cases.

Keywords-anisotropic plastic bifurcation, isotropic plastic
bifurcation (incremental, deformation), buckling paradox

1. INTRODUCTION

The plate plastic buckling paradox originated from the work of
Handelman and Prager [1]. They found that the bifurcation
stresses predicted by the isotropic Mises incremental theory,
the “correct” theory of strain hardening plasticity, were
absurdly higher than those from the “incorrect” deformation
theory of plasticity. Experiments generally favour the
predictions of the deformation theory. Hence, the plastic plate
buckling paradox: a correct theory yields the wrong results,
while an incorrect one gives the right results. Onat and
Drucker [2] explained the paradox by showing that by taking
“unavoidable” out-of-plane geometric imperfection into
account in a nonlinear growth analysis of a plate, the
incremental theory gives maximum loads matching the
deformation theory bifurcation loads. The growth analysis is
quite complicated, and can only be done numerically; efforts
have been made to lower the buckling loads of the incremental
theory by various means, but without success.

Here, a bifurcation analysis for plate buckling is performed by
considering the anisotropic behaviour of the plate material.
For this purpose Hill’s incremental theory [3] for anisotropic
strain hardening of sheet metals is used. The x principal axis
of anisotropy is taken as the rolling direction; y is the
transverse principal axis. These anisotropy axes are assumed
to remain fixed, uninfluenced by the loading of the plate for
bifurcation. Plane stress conditions are assumed to prevail.
The loading is biaxial o, =0, , -1<a <1, with v
axes parallel to the sides of the rectangular plate, simply
supported at £ =0,aand at v =0,b. The £v axes are at an
angle £ (which may or may not be zero) with respect to the
Xy principal axes of anisotropy. Three cases are considered:
(1) equibiaxial, (2) equal compression tension, and (3) uniaxial
compression.  The anisotropic bifurcation stresses are
compared with those from the isotropic incremental and
deformation theories of plasticity.

2. ANISOTROPIC CONSTITUTIVE RELATIONS

The stresses along the anisotropy axes are

Oy =0, C08° f+0,, 8in° B
o, =0.5in’ f+0o, cos’ B
o, =(0. —0,,)cos Bsin

oy =(0. —0,,)cos Bsin B

(1)

The anisotropic yield criterion of Hill [3] is

2f(0;)=(G+ H)o? +(F +H)O'§y -2Ho,0,, +2N0X2y =1
@)
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where

1 1 1 1 1 1
G+H :W,F-FH :Y—2,2H :F‘FY—Z—?,ZN :T—z.
X,Y,Z and T are the current direct and shear yield stresses.

For isotropy Z =Y = \/§T = X.

Normality rule gives the plastic strain increments:
def = d2-2 whered A = dWP = O'ijdé:i:-D . Explicitly:
Uij
P P
de, =dW{(Go, +H (o, -0, )},
P _ P
de, =dW {(Fo, —H(o, —0,)} -

dgzpZ Z—dWP(GO'XX-i-Fny)
dgxpy =2dW°No dgypz =0,ngPX =0

xy !

The elastic increments, assumed isotropic, are

1+v v 1-2v

dgi;_f :?do-ij _Edo-kké‘ij’ dcc,'iliE :?dakk (48)

E v
do, =—{de; +———ds&. 0, 4b

1) 1+V{ ij (1—2V) kk |J} ( )

The total strain increments, elastic plus plastic, are
1+v 1% of
dgij :?do-ij_Edo-kkaij-’_dWPg (5)

i
Now, as defined by Hill, the equivalent stress and the
equivalent plastic strain increments are:

2
o= PP el PEICH) e o
2(FR+G,+H,) 3 h

where F,G,,H, and N, are related to the initial yield
stresses in direct and shear stresses, and

h=J(F, + Hy)o? + (G, + Hy)o? —2H,0,,0

WOy +2Nyo?, 21

Xy —

()
is the non-dimensional hardening function, assumed common
for all yield stresses:

X =hX,,Y =hY,,Z =hzZ,,T =hT,or,
F, =h’F,G, =h?G,H, =h’H, N, = h°N. (®)

Also

deb  d(al) (1-

dW P = Umnd gnF:n = O-eqd O-eq eq — (O-eq) (ﬂ/ 1) (9)
dc)'eq 2 E

where A = E/ E,, E and E, are the elastic and tangent moduli

from a uniaxial stress-strain curve of the material. Hence

_ (L+v)do; —vdo, 3(1—-1)dh? oh?

de; 2
E 8Eh*(F, + G, + H,) da;
(10)
of 1 oh’ _
where =T has been substituted.
do;  2h” oy
For plane stress behaviour do,=0 , one has:

de, = —é(daxx +do,) - (dsh +ds7). @y

The above relations can be inverted to express daij in terms

of dgij . The results can be expressed as:

do, C, Cp, Cy Cyl|do,
do-yy _ Chn Cp Cypy Cy dJyy c —C
do Xy Cy Cp Gy Gy d Oy : :
d Oy Ca C, C4z C, d Oy

(12)

The incremental moduli Cij depend on the stresses at

bifurcation, A =E/E, , and the anisotropic parameters
Fy, Gy, Hy, N, . Referred to the £v axes:

do,. do,,
do,, do, . .
do,, =[R] do, IRI=[R(B)LIRT =[RT =[R(-A)],
do,. do,
(13)
cos’ j3 sin’ cosBsin B cosgsin S
[R]= sin B cos’ B —cosfsinf  —cos Bsin g
—cos #sin 8 cosgsin g cos’ sin®
—cosfsin B cos gsin S sin cos® j3
(14)

where, as defined before, S is the angle between the £ axis
of loading and the X principal axis of anisotropy. Thus

do,, B, B, Bs B,||des

do B, B, B, B de

d vv — 12 12 12 12 d 144 ,[B]:[R]T [C][R]
O, B, B, B, B, e

do Ve B, B, B, B,]ld 2

(15)
B, = B;are too complicated to express explicitly.
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3. CLASSICAL ISOTROPIC THEORIES

The incremental stress strain relations based upon
the J, (Mises) yield criterion are given by [4]:

o,=B'¢,.+C'¢, 0,=C'¢,+D’g, (16a)
., =2F'c,,0,=2F's, (16b)
where
B'— E{(1+3+3e+4la(a-1)}
A ;
D= E{(¢’(1+3+3e)-4A(a -1}
A ;
cro E{20+a®)(A-1+2v) + a(5+3e —51 - 4v)}
A :
L E
C(2+2v+3e)’

A=QL+a’ -a){A(5+3e—4v)—(1-2v)"}+

17)
3a(l-A+e)1-2v).

The  parameters A=E/E,e=E/E,-1 Wwhere
E =do/ds and E =o/¢are the tangent and secant
moduli at the equivalent stress level o', which for
the biaxial state of stress o', =ac’,,,is

o'y :Jﬁz\/(a"f‘f)2 —o"(:(_fO"WwL(O"W)2
=Vl-a+a? X0y

Above are the current moduli of the J,deformation
theory. The current moduli of the J, incremental
theory follow by substituting e=o0 in the above
equations. Moduli for the elastic theory are obtained
by substituting e=0and 2 =1.Thus, the constitutive
relations incorporate the two isotropic strain-
hardening plasticity theories, and also the purely
elastic behaviour. We write:

(18)

daﬁ B, B, B B, dg;g
do,, _ B :21 B :22 B :23 B :24 de,, (19)
d Oy B 32 B 32 B 33 B 34 d ggv
d O\ B B, B B][d Ee

where B'; = B";are the isotropic moduli in (19) in
lieu of the anisotropic moduli in (15).

4. STRESS STRAIN CURVE

The material is taken to be 2024S-T3 Aluminum alloy, used in
aerospace, with a stress strain curve:

e=—2 40.002(-2) (20)
76,500 300

where & is in MPa units [5] and E = 76,500 MPa. This is
taken as the required relation between o, =0 and

gezzjdgez. Yielding begins around 170 MPa. The

representation is experimentally valid up to o =310 MPa.
Poisson’s ratio is taken as 0.33.

For accounting anisotropic plasticity X, =170 MPa is
taken. Other vyield stresses Yy, Z,, T, are given appropriate
values in terms of X0 . The angle S between the loading and

anisotropy axes is taken here to be just 0°and 22.5°.

4. FORMULATION FOR BIFURCAION

Let w(&,v) be the bifurcation transverse Z displacement.
Invoking the Kirchhoff kinematic hypothesis for thin plates,
the incremental strains (symbol d omitted hereon) due to
bifurcation are

Epr = —IW,;, €, = —IW,,, &, = —IW,,, £, = —IW,,
(1)

The stress increments are therefore

Oy = _Z(Bng;g +B,¢,, + 8135.»;‘/ + Bl4gv§)

o, = _Z(leggg +Bye,, + Bzaggv + 5245}5)

(22)
O = _2(831‘955 +Bye,, + B33‘9§v + B345w;)

O = _Z(B41€§§ +Be,, + B43‘9§v + B445v§)

Plastic bifurcation under increasing load (Shanley’s concept)
requires B, to be constants over the thickness. Hence

t3
M;; = E(angg + BlZva + Bl3W§v + Bl4Wv§)’

t3

M, = _(lewgg +By,w,, + BZSW§V + Bz4Wv¢)'
12 (23)
t3

M.fv = E(Bmwgg + Bszww + BS3W§V + B34Wv§)'

3
Mv§ = E(Bmwgg + B42va + B43W§v + B44Wv.§)'
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Now, the principle of virtual work requires

a cb
IO IO (M .0, + M, 6w, + M, oW, +M 0w, —

Pw.ow, —aRw,éw,)d&dv =0 (24)

where virtual work of axial loads P, and P, =aP, per unit
length has been accounted. Substitution of M& etc. renders
the virtual work equation as

£
12
B23W§v + BZ4WV§ )5va + (831W§§ + BSZWW + B33chv +

apb
JO J.O {(811W§§ + BlZva + Bl3W§v)5W§§ + (821W§§ + B22WVV +

B34WV§)5W5V + (B41w§§ +B,w,, + B43W§V + B44WV5)5WV§
~B(w.6w; +aw,ow,)}dSdv =0

(25)
4. DEERMINING THE BIFURCATION STRESS

Galerikin procedure is used. The displacement W and its

variation OW are taken of the same form, satisfying the
simple support conditions around the edges. The functions

w = XA sin Mo sin 27
a b 6)
ow=X5Asin Mo sin ni;rv
a

are such functions, where M, N, are the number of half waves

in &,v directions. The terms are such that M, +N; is equal

to 2,3,4,5,6,7,8, giving 28 terms, a number assumed to
provide sufficiently accurate values of the bifurcation stresses.

When substituted in the above virtual work equation and
integrated, the arbitrary character of O A1 yields a system of

linear homogeneous equations of a generalized eigenvalue
problem

t3
E[Kll{A}— RIK {A}={0} (27)
For a chosen o , the problem can be cast as
n b
[IK]= = (K IH{AR={0} (28)

2
where[K[] = E[Kl] depends on &, moduli By or BY;
<
a 2
and I = B . Thus, the eigenvalue ist—2 .

Mathematica programs were constructed to obtain the critical

t .
values of E Versus O, for the present incremental

anisotropic theory of plasticity of Hill, and for the two
classical isotropic theories.

5. EQUIBIAXIAL COMPRESSION CASE

The results are given for rectangular plates with a/b=5.
The equibiaxial compressive stresses result in zero shear stress
everywhere. The graphs below show gradual divergence
between the incremental and deformation theory. At
t/b~0.0927 the critical stress is 310 MPa for the
incremental theory, whereas for the deformation theory it is
around 286 MPa which is lower by 7.7%. This is not large
difference and can be made still smaller by taking the
transverse shear effects in the incremental theory. For circular
SS plate [6] this difference is about 1%. This means that for
this equibiaxial loading the paradox is practically non-existent.
For a slight anisotropy X, =Y, =170 MPaZ, = 0.9X the
critical stress is around 290 MPa, somewhat higher than that
from the deformation theory and lower than the incremental
theory. No experimental data are available for this loading.

CompComp
MPa
320 : -
o e
300 (isotropic) g / e ot
o) )/AA Deformation
280 v

(isotropic)

260 //
20 /,
20 /
200 A/ SS Regtajjgular Plate (_a/b:S)

Equibiaxial Compressive Stress
180/ / \versus Thi‘ckness/\l\ﬁ‘dth | Thickness

006 007 008 009 010 011 Width
Fig 1: Critical Stress O in Equibiaxial Loading

ngremental
| afiisotropic|

6. EQUAL COMPRESSION AND TENSION LOADING

Figure 2 below shows, for a/b =1square plates, the extreme
divergence between the bifurcation stresses predicted by the
isotropic incremental and and deformation theories,
confirming the plastic plate buckling paradox for this case of
equal compression and tension loading. The results of the
incremental theory exhibit increasing stiffness with increasing
t/b ratio, while those of the deformation theory show
markedly softening behaviour. It seems that the result of the
incremental theory are too high and those of the deformation
theory too low. In the absence of any experimental results for
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such loading, it is conjectured that the true values are midway
between the results of the two theories.

Graphs obtained by choosing
X, =170,Y, =1.3x X,,Z, =1.35x X,, T, = X, /<3 MPa

are shown for =0 and f=225" . These graphs lie
between the results of the two other theories.

Complen
MPa

180 s / aee®’

Incremental

(isotropic)

160

i
%'. Ingremental
ahisotropic, [T
140 '
isotropic, [1122.5 |

120 / ‘

of

100 SS Square Plate
Equal Comp Tension
versus Thickpess/\Mdth Thickness
0014 0016 0018 0020 0022 Width

Fig. 2: Critical Stress o in Equal Comp-Tension

The above anisotropic values are not unique. They were
chosen by trial and error to obtain graphs midway between the
graphs of the two isotropic theories, keeping in mind that the
yield stresses should not be very dissimilar.

7. UNIAXIAL COMPRESSION LOADING

This case, for long plates, is the one most discussed, and has
many experimental studies generally favoring the results of the
deformation theory. It was also the case dealt by Handleman
and Prager [1], and the paradox was discovered.

Figure 3, drawn for a/b =5, shows the wide divergence
between the results of the incremental and the deformation
theories for the uniaxial loading. The anisotropic graphs are
for

X, =170,Y, =1.6x170,Z, =1x170,T, =1.35x170 MPa,
and f=0°,=225".

The graphs for these anisotropic values are quite close to the
critical stresses predicted by the deformation theory, especially

for f=0".

This holds true for the entire range of stress in plastic strain-
hardening behaviour. For S =225 a slightly stiffer
behaviour is predicted than for 5 =0.

Axial Stress
MPa

320 /‘n' rer% _—
300 mental isotropic, .
280 E;Ist)ltrg;;silc) / Irre2s E::‘g::f;on
260 / ’//‘n'r I
240 /A/ \r;EimT‘nnin I’W‘h°|
220 ////

7 SS Rectangular Plate (a/b=5)

200 Uniaxial Compressive Stress -
180+ _versus "I'hickness/\Mc‘im - Thickness
0.030 0.035 0.040 0045  Width

Fig. 3: Critical Stress o in Uniaxial Compression

8. CONCLUSION

It is clear that the incremental theory, by considering the
anisotropic plastic behaviour of the plate material, predicts
bifurcation stresses which are close to the isotropic
deformation theory results, which in turn are close to the
available experimental values.
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