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Abstract

Efficient transportation management is an important aspect of urban sustainability, impacting eco-

nomic growth, environmental sustainability, and quality of life. This research explores the potential

of Quantum Computing (QC) to address spatial optimization problems in transportation systems.

By leveraging the principles of quantum mechanics, this research aims to enhance the efficiency

and effectiveness of transportation networks through QC-based solutions to challenges such as

reducing the spread of viruses on road networks, dynamic rebalancing of Bike Sharing Systems

(BSS), clustering of BSS stations, and Feature Selection (FS) for predictive models. The study

begins by examining the potential of QC in solving combinatorial optimization problems, specif-

ically focusing on minimizing exposure to COVID-19 during city journeys. A novel QC-based

approach is developed for the dynamic rebalancing of BSS, which is a critical component of BSS

management. The research further explores the clustering of BSS stations using Quantum Machine

Learning (QML) techniques to enhance system management and improve user satisfaction. Ad-

ditionally, this research introduces a QC-based FS method to improve the accuracy of predictive

models, utilizing spatial data to optimize station placement and service availability. The proposed

methodologies are validated through different experiments and real-world data, demonstrating sig-

nificant improvements in computational efficiency and solution quality compared to traditional

methods. Overall, this research advances the application of QC in transportation systems, provid-

ing a QC-based framework for future studies and practical implementations in urban transportation

management. It highlights the transformative potential of QC in addressing pressing urban mobility

challenges, paving the way for more sustainable and efficient transportation networks.
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Chapter 1

Introduction

1.1 Background and Motivation

Efficient transportation management is crucial for the sustainability and functionality of urban ar-

eas, impacting economic growth, environmental sustainability, and quality of life [2]. The com-

plexity and dynamic nature of transportation systems necessitate advanced management strategies

to optimize operations and address various challenges [3]. Efficient transportation management di-

rectly influences the economic vitality of a region [4]. Congestion and delays can lead to significant

economic losses due to increased travel times, higher fuel consumption, and reduced productiv-

ity. Effective transportation management can mitigate these environmental impacts by promoting

multi-modal transportation modes leading to the use of public transportation, carpooling, and non-

motorized transport modes such as cycling and walking [5]. Implementing strategies to improve

the quality of transportation and encourage increased use of multi-modal transportation can also

lead to lower emissions.

Spatial data plays a critical role in transportation management by providing spatial context to var-

ious elements of the transportation network [6]. This data includes information about the loca-

tion of entities such as trajectories, enabling detailed analysis and optimization of transportation

services[7]. For instance, understanding the spatial distribution of transportation demand can help
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in optimizing the placement of charging stations for electrical vehicles and improving service avail-

ability [8]. Spatial analysis also facilitates real-time monitoring and management of transportation

systems, allowing for timely interventions in response to changing conditions [9].

Making decisions in transportation requires the consideration of both individual and public per-

spectives, each influencing the other[10]. On the individual level, travelers decide when and how to

move from one location to another, choosing their routes based on personal schedules, preferences,

and convenience. These decisions are influenced by factors such as traffic conditions, availabil-

ity of different modes of transport, weather conditions, and the time of day. On the public level,

transportation planning and policy-making play a crucial role. Authorities establish guidelines,

regulations, and infrastructure development plans that directly impact individual choices [11]. This

includes the design and maintenance of roads, the scheduling and routing of public transit, the im-

plementation of traffic management systems, and the promotion of sustainable transport options

like cycling and walking [12],[13]. The interplay between these individual and public decisions

creates a complex environment where various aspects must be considered. For example, optimiz-

ing public transportation services can encourage individuals to use them more frequently, reducing

congestion [14] and environmental impact [15]. Conversely, understanding individual travel behav-

iors and preferences can help public planners design more effective and user-friendly transportation

systems [16]. Effective transportation management requires a holistic approach that integrates in-

dividual decisions with public policies and infrastructure planning by considering the needs and

behaviors of individuals alongside broader public objectives. Traditionally, most transportation

problems are effectively converted into graph models [17]. Graph optimization is a crucial ap-

proach to solving complex transportation problems. It involves modeling transportation networks

as graphs, where nodes represent locations (e.g., bus stops, intersections) and edges represent con-

nections (e.g., routes, roads) [18]. By leveraging the mathematical properties of graphs, complex

transportation networks can be analyzed and optimized, leading to improved efficiency, reduced

costs, and enhanced service quality [19]. For instance finding the shortest or most efficient path be-

tween points, considering constraints like traffic and capacity [20]. Another well-known problem is
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about assigning vehicles to routes or schedules to maximize efficiency and minimize waiting times

[21]. The multi-modal aspect of transportation has also another layer of complexity, as it involves

coordinating different modes of transport, such as buses, trains, and bikes, to provide proper and ef-

ficient travel options. Each mode has its own set of variables and constraints. BSS, as a component

of multi-modal transportation networks, present unique optimization challenges. These include

the placement and redistribution of bikes, balancing supply and demand across various stations,

analyzing the status of the stations, and predicting ridership. Addressing these challenges effec-

tively requires advanced computational techniques capable of handling the intricate and dynamic

nature of BSS within the broader transportation framework. Traditional computational methods

can become infeasible in solving those challenges as the scale and complexity of the problem grow.

Optimization problems in transportation are known for their significant computational complexity

[22] which often fall into the category of Non-deterministic Polynomial-time hard (NP-hard) prob-

lems [23]. NP-hard problems are a class of problems in computational complexity theory that are

at least as difficult as the hardest problems in Non-deterministic Polynomial-time (NP). NP-hard

problems cannot be solved using deterministic approaches due to their inherent computational com-

plexity [24]. This means that as the size of the input grows, the time required to solve the problem

increases exponentially. This exponential growth makes it impractical for deterministic algorithms

to find exact solutions within a feasible time frame for large instances. Hence, deterministic ap-

proaches are often replaced by heuristic [25] and meta-heuristic [26] methods, which can provide

approximate solutions more efficiently to transportation systems management. Today, the rise of

Quantum Computing (QC) to solve NP-hard problems as a meta-heuristic approach makes them

a promising avenue to explore for such problems in transportation applications. Given the com-

plexities and computational cost of NP-hard problems, exploring the potential of QC as another

meta-heuristic solution is highly promising.

The term QC was first coined by Paul Benioff in 1979 when he constructed a microscopic quantum

mechanical model to perform computation [27]. In the early 70’s, Stephen Wiesner proposed his

idea of “Conjugate Coding,” which is a cryptographic tool, and submitted an article to the IEEE
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Transactions on Information Theory. His paper was rejected because it seemed incomprehensible

to the referees [28]. In October 1979, Benioff and Wiesner found a way to use Wiesner’s coding

scheme with the concept of public-key cryptography [29]. Finally, the result of their collabora-

tion led to the generation of new topics in the field, such as teleporting an unknown quantum state

by using dual classical and Einstein-Podolsky-Rosen channels [30], entanglement distillation [31],

strengths and weaknesses of QC [32], and quantum cryptography [33]. Richard Feynman’s descrip-

tion of how to accurately calculate quantum physical systems on a quantum computer architecture

can be seen as the first description of a quantum computer architecture. He submitted the descrip-

tion on the 7th of May 1981 to the International Journal of Theoretical Physics. The article was then

published in volume 21, June 1982 [34]. David Deutsch described in 1985 his idea of a universal

quantum computer. He mentioned that a computing machine with quantum theory characteristics

can be built and that it can have many remarkable properties that cannot be found in Turing ma-

chines [35]. QC has been studied for decades and ranges from information theory to details of

hardware technologies, computational models implemented on specific hardware, and problem for-

mulations that can be solved on a certain hardware type. It has applications in nearly every field

that contains or utilizes computations with high complexity. Quantum computers have the potential

to impact many aspects of current domains of science, including transportation applications.

One of the main goals of QC is called “quantum supremacy” or ”quantum advantage.” John Preskill

published a paper in November 2012 about quantum supremacy and the consequences it will have

for several critical applications in society, such as cryptography and optimization [36]. In October

2019, Google claimed to have achieved quantum supremacy using a programmable superconduct-

ing processor [37]. Google scientists used a quantum processor called “Sycamore” to sample the

output of a pseudo-random quantum circuit. They used 53 qubits representing a state space of

253 dimensions. The process took about 200 seconds to solve a complex computation, while that

process would have taken about 10,000 years with a classical computer [37]. However, IBM stated

that the computation of the Google experiment could be performed on a classical computer in 2.5

days rather than 10,000 years [38]. Having established the context and significance of the research,
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the following section now turn the attention to the specific problems we aim to address.

1.2 Problem Definition

Transportation systems face a multitude of challenges that impact their efficiency and effectiveness

[39]. Congestion is a significant issue, leading to delays, increased travel times, and higher fuel

consumption[40]. The environmental impact of transportation, particularly in terms of air pollu-

tion and greenhouse gas emissions, is another major concern [41],[42]. Transportation systems

are inherently complex due to the variety of interrelated components and stakeholders involved

[43]. These systems must work in different environments each with unique features and behaviors.

Additionally, transportation systems operate within an environment influenced by fluctuating de-

mand patterns [44], evolving infrastructure, and external factors such as spatial features[45],[46],

[47], and weather conditions [48]. The interplay between these elements creates a web of depen-

dencies that complicate the planning, management, and optimization of transportation networks.

Additionally, the dynamic nature of transportation systems causes uncertainty in the system [49].

The term ”dynamic nature” refers to their constant state of flux, influenced by real-time changes in

demand, traffic conditions, and environmental factors. This dynamism requires adaptive manage-

ment strategies that can respond swiftly to unexpected events, such as accidents, road closures, or

sudden surges in demand. Real-time data collection and analysis are crucial for understanding and

predicting these changes, enabling transportation managers to implement timely interventions and

maintain system efficiency and reliability [50]. Spatial data plays a critical role in transportation

systems by providing spatial context to various transportation elements. This data includes infor-

mation about the location of hubs, safe routes, BSS stations, and traffic patterns. Spatial datasets

enable the analysis of spatial relationships and interactions within the transportation network, facil-

itating better planning, optimization, and decision-making. For instance, understanding the spatial

distribution of BSS stations and their usage patterns helps in optimizing station placement and

improving service availability. In transportation problems, constructing graphs is a fundamental
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approach to model and solve various issues related to routing, scheduling, and network optimiza-

tion [51], [52], [19]. Graphs consist of vertices (nodes) and edges (links) representing locations

and paths or routes between these locations, respectively. This structure allows for the efficient

application of algorithms to find optimal paths, minimize costs, and maximize the utilization of

resources. In vehicle routing problems (VRP), for instance, graphs help in determining the most

efficient routes for a fleet of vehicles, considering constraints like capacity, demand, and time win-

dows [53]. Graphs facilitate the analysis of connectivity and the planning of services to reduce

travel time and improve accessibility.

Optimization problems in transportation are known for their significant computational complexity

due to the vast number of variables and constraints involved [22]. These problems often fall into

the category of NP-hard problems, meaning that the time required to solve them increases super-

polynomially (often exponentially) with the size of the input data [23]. Examples include vehicle

routing, scheduling, and network design, each requiring sophisticated algorithms to find optimal

or near-optimal solutions. The dynamic and stochastic nature of transportation systems further

complicates these problems, as they must account for real-time data, changing conditions, and un-

certainty. Traditional computational methods can become infeasible as the scale and complexity of

the problem grow. NP-hard problems cannot be solved using deterministic approaches due to their

inherent computational complexity [24]. Deterministic algorithms require a well-defined proce-

dure to arrive at a solution, usually within polynomial time. This means that as the size of the input

grows, the time required to solve the problem increases superpolynomially (often exponentially).

That makes it impractical for deterministic algorithms to find exact solutions within a feasible time

frame for large instances. Hence, deterministic approaches are often replaced by heuristic [25] and

meta-heuristic [26] methods, which can provide good enough solutions more efficiently. Solving

NP-hard problems using heuristic and meta-heuristic approaches involves employing strategies de-

signed to find good enough solutions within a reasonable time frame, rather than exact solutions

which may be computationally infeasible. Heuristics provide quick, practical methods to generate

satisfactory solutions based on problem-specific knowledge. Examples include greedy algorithms
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[54] and local search techniques [55]. Meta-heuristics, on the other hand, are higher-level proce-

dures designed to guide underlying heuristics to explore the solution space more effectively. They

include techniques such as genetic algorithms [56], simulated annealing [57], and tabu search [58].

These methods are particularly useful for large-scale and complex optimization problems because

they balance exploration and exploitation of the search space, often yielding near-optimal solutions

efficiently. While they do not guarantee an optimal solution, their ability to provide acceptable

solutions in a practical amount of time makes them invaluable in real-world applications.

Given the complexities and computational cost of NP-hard problems, exploring the potential of QC

as another meta-heuristic solution is highly promising. As near-term meta-heuristic approaches,

quantum algorithms, particularly QA, show potential for efficiently finding approximate solutions

to optimization problems [59]. This makes QC an attractive avenue for addressing NP-hard prob-

lems in transportation systems, where traditional methods may fall short due to scalability and

performance limitations. Numerous researchers have been exploring the potential of QC to solve

discrete optimization problems [60], [61], [62], [63]. Few researchers have focused on solving

transportation problems using QC. Based on a query of titles, abstracts, and keywords in the Web

of Science (WOS) database, only 15 out of 39 papers were found to be related to both transportation

and QC at the time of writing this dissertation. Before going to identify further gaps, we will dive

into details to highlight different computation models in QC in which each has strength and limits

applying in transportation applications.

There are four computation models in quantum computers:

1. Gate model (circuit)

2. Adiabatic

3. Measurement-based

4. Topological

In the following sections, these models are described.
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Gate-based Quantum Computing

Superposition and entanglement are features of quantum physics that QC makes use them as the

foundation of computation. In classical computers, a bit can only be in one of two states, usually

represented as 1 and 0. However, a qubit, the basic building block of QC, can be in a superposition

state of 1 and 0. Another difference between a bit and a qubit is that measuring a bit does not

affect its state. However, the measurement of a qubit changes its state, except if already being in

the computational basis state of 0 and 1. Moreover, a classical system, given the same inputs, will

always yield the same results. However, QCs with the same system and inputs will give different

results with a certain probability due to their inherent probabilistic nature that comes from the

principles of quantum mechanics. [64].

There exist different theoretical approaches to depict the state of a qubit, many times related to the

technological implementation of a qubit. One of the well-known ways to depict a qubit state is

by utilizing the Bloch sphere diagram. As Figure 1.1 shows, every qubit state can be described in

polar coordinates by two angle parameters, θ and φ, which give us a point on the sphere; the zero

state |0⟩ is located on the north pole of the Bloch sphere and the one state |1⟩ is located on the south

pole.

Figure 1.1: The state |ψ⟩ of a qubit on the surface of the Bloch sphere using two polar coordinates θ and φ.
The poles correspond to the states |0⟩ and |1⟩ by definition.

This allows visualizing 2-dimensional states in the 3-dimensional space. In other words, instead of
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considering a qubit as a 2-dimensional complex vector space on the unit sphere, we can equivalently

consider the state of the qubit as sitting on the surface of a 3-dimensional unit sphere by introducing

the two parameters α and β:

|Ψ⟩= α|0⟩+β|1⟩ (1.1)

where |Ψ⟩ represents the state of the qubit and α and β are complex numbers and |α|2 + |β|2 = 1.

Based on the definition of complex vectors in polar coordinate systems, the qubit state can be

expressed as:

|Ψ⟩= r0eiφ0|0⟩+ r1eiφ1|1⟩, r2
0 + r2

1 = 1 (1.2)

which leads to:

|Ψ⟩= eiφ0[r0|0⟩+ r1ei(φ1−φ0)|1⟩] (1.3)

The term eiφ0 does not change the result after each measurement of the system and can therefore be

neglected. Moreover, r0 and r1 can be replaced by cos θ

2 and sin θ

2 . Thus, the equation 1.4 describes

the general state of the qubit on the Bloch sphere using two parameters in 3-dimensions:

|Ψ⟩= cos
θ

2
|0⟩+ eiφ sin

θ

2
|1⟩ (1.4)

The variables θ and φ parametrize the entire Bloch sphere, and every possible quantum state of a

single qubit can be expressed by formula 1.4. A selection of quantum states is illustrated in Figure

1.2.

To change the state of a qubit, quantum gates are applied. There are many kinds of quantum gates

as well as many different physical implementations of them. Some of them are basic gates and can

transform one or two qubits at a moment. Others are constructed from specific arrangements of

several basic quantum gates, called compound gates.
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Figure 1.2: Visualization of 3 different qubit states. Figure (a) is described with θ = 30◦ and φ = 60◦. In
Figure (b), the state |ψ⟩ is described by φ = θ = 90◦ and is in an equal superposition of |0⟩ and |1⟩. In Figure
(c), the state |ψ⟩= |1⟩ has no defined value of φ, because the first term in equation (4) is zero for θ = 180◦,
making φ part of the global phase variable φ0, which was neglected after equation 1.3.

Any movement on the Bloch sphere is spanned by the 3-dimensional rotation group SO(3), which

is isomorphic to the special unitary group SU(2). All elements of this group can be represented as

2-dimensional unitary matrices with unit determinant. In this representation, the qubit basis states

are represented as vectors 1.5.

|0⟩=

1

0

 , |1⟩=

0

1

 (1.5)

A selection of commonly used single qubit gates is represented in Table 1.1.

A quantum circuit can consist of several gates to construct a sequence of operations on the available

multi-qubit system. To perform a quantum computation with multiple qubits, the qubits must

interact with each other in some manner. In the gate-based model of QC, this is achieved by

introducing gates that act on multiple qubits. When a single qubit gate is represented as a 2-

dimensional unitary matrix, then an n qubit gate is represented as a 2n-dimensional unitary matrix.

The simplest and most commonly occurring example is a two-qubit gate called the CNOT gate,

given by the matrix 1.6.
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Gate Matrix Input Output

Pauli-X
(

0 1
1 0

)
|0⟩ |1⟩

Pauli-Y
(

0 −i
i 0

)
|0⟩ i|1⟩

Pauli-Z
(

1 0
0 −1

)
|0⟩ |0⟩

Hadamard 1√
2

(
1 1
1 −1

)
|0⟩ 1√

2
(|0⟩+ |1⟩)

Rφ

(
1 0
0 eiφ

)
|0⟩ |0⟩

I-gate
(

1 0
0 1

)
|0⟩ |0⟩

S-gate
(

1 0
0 i

)
|0⟩ |0⟩

T-gate
(

1 0
0 ei π

4

)
|0⟩ |0⟩

Table 1.1: Single qubit gates with their matrices, their effect on the |0⟩ state, and a general description.

CNOT =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


(1.6)

This characteristic is useful for creating entanglement between two qubits, meaning that it can

create a two-qubit state that cannot be expressed as a direct product of two single-qubit states. An

example is the two-qubit Bell state 1.7.

|Ψ⟩= 1√
2
|00⟩+ 1√

2
|11⟩ (1.7)

which can be prepared from the |00⟩ state by applying a Hadamard gate on the first qubit, followed

by a CNOT gate controlled by the first qubit and targeted on the second qubit. Both of the qubits

are in an equal superposition of |0⟩ and |1⟩, but they are correlated with each other, no matter the

measurement outcome, we know that the two qubits will be in the same state.

The physical implementation of quantum gates is specific to each qubit technology. However, there
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is a universal trade-off that has to be considered by all of them. Namely, to apply gates to qubits,

they must be susceptible to interactions, or else we cannot address them. Unfortunately, this also

produces susceptibility to noise. This is especially problematic for entangled states, where each

additional degree of entanglement will increase the amount of interference from noise.

Adiabatic Model

Another quantum computation model is called the adiabatic model. In this model, there is an

operator called Hamiltonian that determines the total energy of a system and consists of kinetic

and potential energy. Let N be the number of qubits available on the quantum hardware system.

N qubits are set up in the ground state of H0. H0 is gradually transformed into a new Hamiltonian

(H f ). In other words, H0 is the initial Hamiltonian, and H f is the final Hamiltonian. A gradual

transformation can be described with equation 1.8.

H(t) = (1− t)H0 + tH f (1.8)

where t is a given time that gradually increases from 0 to 1 until H f is reached. The ground state of

H f is |Ψ f ⟩, which is unknown. Finding |Ψ f ⟩ is the problem that adiabatic QC is trying to solve. The

quantum adiabatic theorem states that if one starts from the ground state of the initial Hamiltonian

and the transformation is done slowly enough, then the final state of the system is the ground state

of the final Hamiltonian [65]. One limitation is that the minimal required time needed to perform

the transformation scales is as follows 1.9:

T =
1

min(g(t))2 (1.9)

where g(t) is the difference between the two smallest eigenvalues of H(t) (the difference between

the ground energy and the first excited energy). Adiabatic QC is capable of achieving a speedup

over classical algorithms [66], where similar to Grover’s algorithm [67], finding any given element

in an unstructured list could be done in O(
√

N) steps (as opposed to the requisite O(N) for classical
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computers).

Quantum Annealing

Quantum Annealing QA belongs to the category of adiabatic QC and is a meta-heuristic algorithm,

which can find the minimum of a discrete cost (energy) function. Not all optimization problems

can be solved with this approach, but there exist physical implementations that can find the ground

state of a specific spin-lattice model called the transverse Ising model [68], where each of the

spins on the lattice is represented by a qubit. QA is performed by preparing the ground state of

a certain configuration of the spin-lattice model, described by some parameters, and subsequently

changing those parameters to adiabatically transform the model such that it has a Hamiltonian

that corresponds to the energy function of interest. Classically, finding the minimum of a discrete

energy function can be considered as a combinatorial optimization problem.

The Hamiltonian of a transverse Ising model can be defined as 1.10.

H = ∑hiσ
z
i −∑

i j
Ji jσ

z
i σ

z
j (1.10)

where i and j enumerate the different qubits, σz are Pauli Z operators, hi are called qubit biases,

and Ji j are called coupling strengths. By configuring a network of radio frequency superconducting

quantum interference devices (RF-SQUIDs), the values of h and J can be configured and smoothly

adjusted during operation [69]. To solve a problem with a discrete energy function E(s), where s ∈

{−1,1}, a corresponding Hamiltonian H(σ) with the same functional form needs to be prepared on

the quantum computer. This is done by defining a time-dependent Hamiltonian, which adiabatically

transforms an easily preparable Hamiltonian HX(σ) into the problem Hamiltonian H(σ) 1.11.

H(t,σ) = A(t)HX(σ)+B(t)H(σ) (1.11)

where A(t) and B(t) are functions that make up the so-called annealing schedule and A(t)≫ B(t)

at the start of annealing t = tstart whereas A(t)≪ B(t) at the end of annealing t = tend . In the
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RF-SQUID based approach, the starting Hamiltonian has a summation form 1.12.

HX(σ) = ∑σ
x
i (1.12)

If the system is prepared in a ground state of HX(σ) at t = tstart , then it will be in a ground state of

H(σ) at t = tend if t changes sufficiently slowly following the adiabatic theorem provided before.

Therefore, measuring the states of the qubits will yield the ground state of the problem Hamilto-

nian, which represents the lowest-energy configuration of the original energy function, with high

probability.

Quadratic Unconstrained Binary Optimization (QUBO)

Several companies provide cloud-based QC services, making quantum resources accessible to re-

searchers.For instance, D-Wave, IBM Quantum, Google Quantum AI, Microsoft Azure Quantum,

Atos, Amazon Braket, etc.

To make use of current QA hardware (e.g., from D-Wave or Atos), one has to formulate the problem

at hand as either an Ising problem:

EIsing = ∑hisi−∑
i j

Ji jsis j (1.13)

or a Quadratic Unconstrained Binary Optimization (QUBO) problem 1.14.

EQUBO = xT Qx = ∑
i j

Qi jxix j (1.14)

where x is a binary vector and Q is a matrix. The energy function of a QUBO resembles the Ising

formulation except that the binary variables are either 0 and 1 in comparison to the spin values of

the Ising model which are -1 and 1. The two models are easily convertible to each other, and the

QUBO form is often simpler to handle mathematically. Although this format of problem input may

seem restrictive, many important NP complexity class problems can be expressed in this manner

[70].

14



Measurement-based Model

Measurement-Based Quantum Computing (MBQC) is an approach to QC, where the computation

is implemented by performing a sequence of measurements on a quantum computer. This is pos-

sible because measurements change the state of the quantum computer and can thus be used to

emulate the action of quantum gates, enabling the processing of quantum information. Universal

quantum computation is possible within this framework, first shown by Raussendorf and Briegel

in 2001, where they devised a so-called one-way quantum computer, which could implement the

universal gate set using single-qubit measurements [71].

Although measurements can be used to create entanglement [72], it is more often the case that

measurements destroy entanglement instead. For example, when performing any single-qubit mea-

surement, the state of the measured qubit must necessarily collapse to a pure state, thus removing

any entanglement it had in relation to other qubits. Because of this feature, MBQC most often

relies on preparing a highly entangled state, called a resource state, on the quantum computer be-

forehand, where entanglement can be thought of as a resource, which is successively used up by the

measurements needed to perform the computation. The specific design of a resource state has to be

carefully considered because it was discovered by Gross et al. that if the resource state is chosen

randomly (from the Haar measure), then MBQC offers no speedup for computation [73]. Unfor-

tunately, finding a suitable resource state for a given computation is in general more difficult than

the computation itself [74]. Moreover, physical hardware and design constraints limit the possible

resource states that can be efficiently prepared, as it is very challenging to develop the capability to

prepare arbitrarily entangled states. Perhaps one of the simplest examples of a resource state is a

cluster state, which consists of a regular lattice of entangled qubits, such as the square lattice used

in the original one-way quantum computer [71].

Another crucial aspect to keep in mind with the MBQC scheme is that the results of measurements

are inherently random. As a consequence, the unitary transformations induced by those measure-

ments are concatenated with a random Pauli operator called a byproduct operator [75]. To avoid an

indeterministic calculation, this randomness can be mitigated by selecting the basis of each mea-
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surement based on the results of the measurements preceding it. This extra classical processing

of information can be harmful insofar as it may cause a time-delay, which can lead to increased

decoherence in the quantum computer.

MBQC is particularly appealing for QC with photons, where creating highly entangled cluster

states is possible and performing single-qubit measurements is immensely simpler than performing

multi-qubit operations required for the gate-based model [76]. Additionally, Broadbent, Fitzsi-

mons, and Kashefi discovered that MBQC can be used for blind quantum computation, where a

client can outsource their computations to a server in a way where the server cannot decipher what

computation is being performed [77], which is especially useful for future applications that have a

high demand for security and privacy [78]. For a more in-depth review of MBQC, see [79], [80],

[81].

Topological Model

A common feature of all the previously described computational models is that information is

encoded into qubits locally. Through decoherence, information is lost when qubits interact with

their local environment. The time that this process takes is called the decoherence time and it limits

the accuracy and length of calculations that can be performed on quantum computers.

The topological model of quantum computation proposes to circumvent decoherence by encoding

information non-locally, into global characteristics known as topological invariants. A classical

example of this, shown in Figure 1.3, is encoding information by braiding ropes into knots that

differ by their knot invariant. The two knots shown in the figure are topologically inequivalent,

which means that one cannot be deformed into the other without cutting the rope. This is a global

property since no particular part of either rope carries this information.

Certain quantum states could also be braided along space and time dimensions, visualized in Fig-

ure 1.4. Superpositions of the occupation number of those states enable the storage of quantum

information. Many interactions with the environment occur over small length scales and are ex-

ponentially suppressed as the braiding is performed over larger distances. Only specific kinds of
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Figure 1.3: The trivial knot (left) and the left-handed trefoil knot (right). These knots are topologically
inequivalent. If this difference is used as a basis for encoding information, then the information is protected
from all rope deformations besides cutting.

processes may still destroy the information. One such example is quasiparticle poisoning, where

the environment introduces additional particles into the system. These particles might braid and

fuse with the existing particles in the system, but the rate of this process is still estimated to allow

for decoherence times on the order of seconds [82].

Figure 1.4: Real-space trajectories of three particles (a), and the braiding of their worldlines (b). If the
particles are non-Abelian anyons, then the final many-body quantum state is different than the initial one
and information can be encoded as states that are related by different, topologically inequivalent braids.
Deformation of the trajectories by noise or inaccurate control does not alter the stored information, as long
as the particles do not come into contact. This robustness provides resilience to errors.

The quantum states that possess the necessary properties describe particles called non-Abelian

anyons [83]. Elementary particles of this type have not been discovered in nature, but it could

be possible to create quasiparticle excitations within low-dimensional solid-state systems, which

fit into this specific class of particles [84]. Recent experimental research shows evidence for the

existence of anyons [85], [86], but so far there has been no conclusive observation of any non-

Abelian anyons. Consequently, no topological computers or qubits have been built to date.
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Current topological models involve fabricating semiconductor-superconductor hybrid nanostruc-

tures to engineer topological superconductors, which are theoretically predicted to host non-Abelian

quasiparticles at their boundaries [87], [88]. This approach has the potential to offer a path towards

a scalable, fault-tolerant topological quantum computer. Similarly to superconducting qubits, ex-

tremely low temperatures are required for operation [89], [90].

QA has shown promising results in solving complex optimization problems, and its development is

rapidly progressing, making it a viable option for real-world applications. Moreover, QA can be ef-

fectively utilized in hybrid models, combining classical and QC approaches. This hybrid approach

allows for leveraging the strengths of both classical and quantum systems, enabling the efficient

solving of problems that are intractable for classical computers alone. The integration of QA with

classical methods provides a powerful toolset for tackling a wide range of optimization problems.

Another important factor driving this research is the increasing accessibility to a high number of

qubits. The number of qubits available in QA has been rising, allowing for more complex and

larger-scale problems to be addressed. This increase in qubit numbers enhances the computa-

tional capabilities of this model, making them more robust and effective for various applications.

Furthermore, the availability of cloud-based QC computers makes them invaluable computational

resources to explore. Researchers can now access QA computers remotely, without the need for

substantial investments in physical hardware.

The complete list of published QC papers in transportation can be accessed here1. They have

proposed solutions for a small set of datasets, moreover, these studies have overlooked the critical

aspect of spatial features within transportation networks. Spatial data, which encompasses the

spatial relationships and geographical context of transportation systems, is crucial for accurately

modeling and solving transportation problems. Additionally, they have not considered the inherent

uncertainty present in real-world datasets. This oversight can significantly impact the robustness

and applicability of proposed solutions. Real-world transportation data is often subject to variability

and unpredictability due to the abovementioned factors. Traditional deterministic models fail to

1https://www.webofscience.com/wos/woscc/summary/0dc64c37-807d-4ba5-a5ce-ee704e696e13-
eaf7c791/relevance/1
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account for this uncertainty, leading to solutions that may perform well in theoretical settings but

fall short in practical applications. Addressing this gap by incorporating real-world spatial features

into models is crucial for developing more reliable and resilient transportation systems. Ignoring

these features can lead to less effective solutions, highlighting a significant gap in current research

that needs to be addressed.

For instance, a significant challenge in BSS is the Bike Routing Problem (BRP), a well-known NP-

hard combinatorial optimization problem. BRP focuses on the efficient rebalancing of bikes across

a network, ensuring bikes and docking stations are adequately distributed to meet demand. This

problem is critical as it directly impacts the availability and convenience of the service, influencing

user satisfaction and system efficiency. Further complicating the management of BSS is the need for

a comprehensive understanding of the network’s overall state to identify and group similar stations.

Clustering methods such as K−means [91], hierarchicalclustering [92], and DBSCAN [93] serve

as effective tools in this regard. These techniques help planners gain insights into usage patterns,

allowing for the strategic placement of resources in high-demand areas. However, the implemen-

tation of these algorithms presents its own set of challenges. They are computationally intensive,

particularly when applied to large, dynamic datasets, and the K−means algorithm, for instance, is

an NP-hard problem. The difficulty mainly lies in determining the optimal partition of data into k

clusters to minimize the sum of squared distances between data points and their respective cluster

centroids, a task that becomes increasingly complex with the scale of data. Another critical aspect

of enhancing BSS management is the development of predictive models to forecast ridership, which

necessitates the use of rich spatial features. While these features can significantly improve the accu-

racy of predictions, they also introduce complexities in the Feature Selection (FS) process. The FS

process is crucial as it determines which features should be included in the model to optimize per-

formance without overfitting or underfitting. However, solving FS through brute force approaches

or evaluating all possible combinations of features is computationally prohibitive, especially with

high-dimensional data. Checking multiple combinations leads to a combinatorial explosion, mak-

ing it impractical to find the optimal set without advanced heuristic or algorithmic solutions. Many
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researchers have explored FS using QC. The concept of using QA for FS was first introduced in

2017 [94]. They formulated the FS problem using QUBO and applied it to credit scoring and

classification. Their method aimed to identify independent and influential features, resulting in a

smaller feature subset without compromising accuracy compared to Recursive Feature Elimination

(RFE). This demonstrated QA’s potential in high-dimensional data mining tasks. Nembrini et al.

[95] developed a hybrid FS algorithm for recommender systems using QA, solving the optimiza-

tion problem with D-Wave’s quantum computer. Their results showed effectiveness in identifying

critical features, highlighting QC’s growing practical applications. Hellstern et al. [96] applied

FS in QC for supervised learning, formulating QUBO and solving it with both classical and quan-

tum methods, including QA and Quantum Approximate Optimization Algorithm (QAOA). They

compared QUBO-based FS with standard methods like RFE and LASSO. Mücke et al. [97] pro-

posed a novel FS algorithm based on QUBO, optimizing feature importance and redundancy. They

solved this QUBO problem using classical computers, Variational Quantum Eigensolver (VQE),

and QA. Their experiments on benchmark datasets showed competitive performance with standard

FS methods. Vlasic et al. [98] introduced a Quantum Feature Selection (QFS) algorithm using QA

and information-theoretic metrics, demonstrating superior model stability and predictive perfor-

mance compared to classical FS methods. Sabbar et al. [99] proposed a Quantum-Inspired Genetic

Algorithm (QIGA) to enhance Automatic Modulation Classification (AMC), leveraging QC prin-

ciples to improve FS and classification accuracy. This approach showed superior performance by

optimizing the search process and extracting enhanced cumulants from modulation signals, demon-

strating the potential of quantum-inspired optimization in improving AMC accuracy and efficiency.

Additional related works can be found in [100, 101, 102, 103, 104, 105]. While previous works

have made significant strides in applying QC and QA to FS, they have often focused on specific

applications or problem formulations. However, these approaches have not adequately addressed

the need for a versatile, model-agnostic FS algorithm that can be broadly applied across differ-

ent regression models. In this research, we filled that gap by introducing a novel model-agnostic

algorithm for FS in regression models, which, in most cases, outperforms current state-of-the-art
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approaches in QA.

1.3 Research Questions

• How can QC be employed to develop efficient algorithms for minimizing optimization prob-

lems in transportation?

• How to formulate a QC model for dynamic rebalancing optimization problems such as BSS

with spatial data?

• How to understand effectively BSS network as whole and identify the critical parameters to

enhance system management and optimize demands?

• How to predict BSS ridership considering spatial features?

• How can QC be used to address the high dimensionality of features in predictive models in

BSS ridership demand?

1.4 Objectives

Considering the needs and gaps identified, the main objective of this research is to propose a spatial

QC framework to enhance various aspects of transportation systems. The following specific objec-

tives are designed to build upon each other to comprehensively explore and apply QC techniques

to various transportation challenges, particularly within BSS.

1.4.1 Explore the potential of QC in transportation applications

This objective investigates the potential of QC in transportation applications through a case study

of urban pandemic management. An optimization problem aimed at decreasing the spread of the

virus in a road network is formulated into a QUBO problem. A COVID-19 dataset is utilized as a

proof of concept to test and validate the proposed method.
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1.4.2 Develop a QC-based approach for dynamic rebalancing bike sharing

system dynamic: a critical part of multi-modal transportation systems

By analyzing the results of the previous objective and after checking the potential of QC in trans-

portation problems, a new objective is defined to develop an optimization model for dynamically

rebalancing BSS a critical part of multi modal tranpostion systems using QC. We first formulate

the problem as a QUBO model and solve it using different solvers on the D-Wave QA computer.

As proof of concept, Toronto BSS dataset is used.

1.4.3 Enhance BSS management by clustering stations using QC

This objective applies QML techniques to cluster BSS stations in Toronto. It involves developing

a hybrid model to address the clustering problem as a Constraint Satisfaction Problem (CSP) using

QA. The performance of various dissimilarity functions and methods for determining the optimal

number of clusters is assessed. The impact of the proposed clustering method on BSS is evaluated,

focusing on improving system efficiency to response to demand and user satisfaction.

1.4.4 Predict BSS ridership to enhance system management

This objective focuses on exploring various machine-learning models to predict BSS ridership.

By incorporating temporal, environmental, and spatial factors, the goal is to enhance prediction

accuracy. Different models, including Linear Regression (LR), Poisson regression, Random For-

est (RF), Extreme Gradient Boosting (XGBoost), and XGBoost with exposure, are compared to

identify the most effective method for accurately predicting ridership and improving system man-

agement.
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1.4.5 Improve the accuracy of the predictive models by proposing a new

method for feature selection using QC

This objective aims to develop a model-agnostic FS method leveraging QC. The FS method is

implemented on a QC platform and its effectiveness is evaluated. The proposed method is compared

with traditional FS techniques to demonstrate its advantages and potential applications, highlighting

improvements in the accuracy of predictive models. Toronto BSS dataset is used as case study.

1.5 Proposed Methodology

In this section, the methodology used to conduct the research, detailing our approach to addressing

the research questions and achieving the objectives is described. This exposition of the method-

ology aims to outline the development of a spatial QC framework designed to enhance various

aspects of transportation systems. To meet the research objectives discussed in the previous section

(Section 1.4), the methodology is divided into five parts.

1.5.1 Explore the potential of QC in transportation applications

To explore the potential of QC in transportation a novel approach to minimize COVID-19 exposure

during city journeys by transforming the problem into a QUBO problem and solving it using QA

computers is proposed. The methodology consists of several steps, including the construction of

a road network, trajectory data reconstruction, and the formulation of the QUBO problem. The

road network is constructed using a geo-data frame generated from GeoJSON data. The NetworkX

library is then used to create a graph from the geo-data frame, with intersections as nodes and road

connections as edges. Trajectory data for road users is reconstructed from origin and destination

information. A geodatabase is created from a file containing this data and imported into ArcGIS

to generate a feature class for trajectory data. This feature class is then converted to GeoJSON

format and subsequently to a geo-data-frame, enabling the mapping of trajectory data onto the road

network. To map the trajectory data onto the road network, the nearest node in the road network
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to each trajectory point is identified. This helps in accurately mapping the trajectory points to the

road network nodes. Moreover, the COVID-19 data is mapped as weights to the nodes and edges.

Once the graph is ready, the Q matrix in QUBO is constructed. The Q matrix, an upper triangular

matrix, is defined based on the linear and quadratic coefficients of the QUBO problem. Linear

coefficients are added to the diagonal entries, and quadratic coefficients to the off-diagonal entries,

transforming the real-world problem into a format solvable by quantum computers.

1.5.2 Develop a QC-based approach for dynamic rebalancing of BSS

To design and develop a QC-based approach, a spatio-temporal method is formulated as QUBO to

solve a dynamic rebalancing issue in BSS. The methodology to transfer the rebalancing problem

into QUBO involves different steps. The road network construction and trajectory data reconstruc-

tion are formulated from the previous section. The Point-in-Polygon (PIP) algorithm is used to

store the trajectory data, ensuring that the end station is considered as the destination if the buffer

for rebalancing for one bike is empty. Once the QUBO is defined, the Ising model is then mapped

to the architecture of the quantum computer, such as the chimera or pegasus graph in D-Wave quan-

tum computers. The energy function, or Hamiltonian, is used to describe the system’s energy state.

Four different solvers are investigated of which three are purely quantum solvers (Advantage sys-

tem 4.1, 5.2, and 6.1), and one is a hybrid solver (Hybrid binary quadratic model version 2). These

solvers are evaluated based on various parameters, including energy, sampling time, readout time,

and QPU access time. The model’s effectiveness is evaluated using the occupancy index, which

measures the distribution of bikes across the network. A comparison map is created to visualize

the distribution of bikes for actual trips and QC-suggested routes.
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1.5.3 Develop a method to clustering BSS stations using QC to Enhance BSS

management

Rebalancing bikes in BSS is necessary but insufficient on its own. To further enhance the efficiency

and management of BSS, it is crucial to obtain a comprehensive overview of the station states and

identify patterns of similar behavior among them. The goal is to optimize the clustering of stations

in BSS by considering real-time characteristics and spatial features. Spatial data of BSS stations are

collected and processed to form feature vectors representing each station’s characteristics. A hybrid

model is developed to solve the clustering problem using QA. The clustering problem is formulated

as a Constraint Satisfaction Problem (CSP). Different methods for determining the optimal number

of clusters are assessed. Various dissimilarity functions are tested to determine the optimal way to

measure differences between clusters.

1.5.4 Develop BSS ridership predictive models to enhance demand and user

satisfaction

To advance transportation system management, predictive models are explored to identify the most

effective methods for predicting ridership in BSS. For FS, linear correlation-based method and

Mutual Information (MI) are used. The following predictive models are tested; Linear Regression,

Linear Poisson Regression, RF, XGBoost Regression, XGBoost Poisson, XGBoost Poisson with

Exposure.

1.5.5 Develop QC-based feature selection method to improve the accuracy

of the predictive models e.g. BSS ridership prediction Models

An essential aspect of the methodology involves the proposed FS model. Given the numerous

factors influencing the dynamics of transportation systems, incorporating all these factors into pre-

dictive models is inefficient. Therefore, a model-agnostic FS method leveraging QC is introduced

to address this challenge. The objective is to select features that maximize correlation with the
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target variable while minimizing redundancy among features. To construct the Q matrix in QUBO,

the linear coefficient in the cost function encapsulates both linear and non-linear associations be-

tween features and the target variable. This includes a weighting factor designed to enhance the

significance of each feature. The quadratic coefficient is defined to minimize redundancy and noise

among features. The correlation functions for linear and quadratic terms are specified. The quan-

tum sampling is designed to balance classical and quantum computations, iterating to select the

optimal number of features. The proposed method is evaluated against traditional MI and other

state-of-the-art FS techniques on three datasets: Wine Quality, Insurance, and BSS usage. Per-

formance metrics include R-squared (R2) and Root Mean Squared Error (RMSE) for the selected

features using the three target models.

1.6 Research Contribution

To address the identified gaps and problem statements and to achieve the targeted objectives, this

dissertation defines four contributions as follows:

1. Formulated an Optimization Problem for Virus Spread Reduction: Developed an innovative

approach to reduce virus spread in urban road networks by converting the problem into a

QUBO problem. Utilized a COVID-19 dataset as a proof of concept to validate the effective-

ness of QC in addressing complex transportation applications.

2. Developed a Spatial Optimization Model for BSS Rebalancing: Created a dynamic rebalanc-

ing model for BSS using QC, formulated as a QUBO problem. Demonstrated its effectiveness

with real-world data from Toronto’s BSS and tested it using different solvers on the D-Wave

QA computer. This contribution highlights the novelty of applying QC to optimize urban

mobility and resource allocation.

3. Applied Quantum Machine Learning for BSS Station Clustering: Employed Quantum Ma-

chine Learning (QML) techniques to cluster BSS stations based on spatial features. Ad-

dressed the clustering problem as a CSP using QA, and evaluated the impact on system
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efficiency in Toronto. This work introduces a novel application of QML for enhancing the

operational efficiency of BSS through advanced clustering methodologies.

4. Proposed a Novel Feature Selection Method Using QC: Improved the accuracy of predictive

models by developing a new method for FS using QC. The model-agnostic FS method, im-

plemented on a QC platform, demonstrated its effectiveness in enhancing predictive model

accuracy compared to traditional FS techniques. This contribution showcases the innovative

use of QC to advance machine learning methodologies and improve predictive capabilities in

transportation systems.

1.7 Dissertation Outline

This is a paper-based dissertation. Thus, each chapter contains its introduction, literature review,

specific objectives, methods, results, and discussion.

Chapter 2 explores the potential of QC in solving combinatorial optimization problems, specifi-

cally focusing on minimizing exposure to COVID-19 during city journeys. The chapter includes a

preface to set the stage for the research problem and its significance, an abstract summarizing the

study’s aim, a summary of the research providing an overview of the problem definition, contri-

butions, and methodology used, a background review of relevant literature and theoretical founda-

tions, a detailed description of the proposed methodology and its implementation, and a discussion

of the results and their implications. The chapter concludes with a summary of its contributions

and future research directions.

Similarly, chapters 3, 4, 5, 6 each contain their preface, authors contributions and licences, abstract,

introduction, literature review, specific objectives, methods, results, discussion, and conclusion.

Chapter 3 unpacks one of main contributor of multi-modal transportation system: the dynamic

rebalancing of BSS using QC. It begins with a preface that introduces the importance of dynamic

rebalancing in BSS, followed by an abstract summarizing the chapter’s aim and findings.

Chapter 4 describes the potential of QC in ML, specifically for clustering real-world data within
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BSS. The preface introduces the significance of station clustering for BSS.

Chapter 5 focuses on the ML approaches for sustainable transportation management, particularly

predicting BSS ridership with spatial features.

Chapter 6 introduces a novel approach using QC to enhance FS processes in ML. The proposed

method leverages QA to navigate the complex search space of FS more effectively than traditional

methods. The development of this QC-based FS method involved experimentation and validation

on various datasets.

Chapter 7 includes the summary of the research, final remarks, and contributions. It discusses

the limitations and offers recommendations for future research. The dissertation concludes with a

bibliography and appendices.
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Chapter 2

Exploring Quantum Computing Potentials

in Solving a Combinatorial Optimization

Problem; Minimizing Exposure to Covid-19

During a City Journey

2.1 Preface

This section describes the first sub-objective, which is an approach to formulate the risk of expo-

sure to a virus (case study; COVID-19) during city journeys through an optimized Vehicle Routing

Problem (VRP). One of the most critical aspects of managing the pandemic is minimizing expo-

sure to the virus in various public and private spaces. As an airborne virus, COVID-19 spreads

directly through close contact and indirectly through contaminated surfaces, making its transmis-

sion a complex spatio-temporal event. This complexity is further compounded by factors such as

traffic congestion, which can increase the spread due to increased proximity and environmental

conditions like temperature and humidity. By transforming the problem into a QUBO problem and

solving it using QA computers, this research aims to minimize the risk of exposure for road users
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traveling between various origins and destinations. Utilizing Microsoft Taxi data from Beijing,

the proposed model has been tested on different solvers, including classical and hybrid quantum

solvers. The work presented here is not just a technical exercise but a response to a global crisis,

offering innovative solutions to public health challenges. It builds on the promising advancements

in QC, leveraging its capabilities to address real-world problems. The main contribution of this

chapter is to formulate an optimization model to reduce COVID-19 exposure risk by solving it as

a QUBO problem on a QA computer. Indeed, the objective of the COVID-19 prevention optimiza-

tion problem is to minimize the risk of exposure for a given set of road users between origins and

destinations. This has been done by minimizing the proposed cost function with respect to origin

and destination, called segment. The cost function on an individual segment is defined based on a

quadratic function with two parameters. The first parameter is the number of COVID-19 cases for

two nodes of a segment, and the second is the number of road users in each segment at a specific

time interval. The main challenge in this study is to investigate transforming a real-world dis-

crete geospatial routing problem into a quantum computer. To illustrate the proof of the concept,

Microsoft Taxi data from the city of Beijing have been used to simulate road user movement.

The content of this chapter is published in the International Archives of Photogrammetry, Remote

Sensing and Spatial Information Sciences, 2022 as follows:

A. Nourbakhsh, M. Jadidi, and K. Shahriari. ”Exploring Quantum Computing Potentials in

Solving a Combinatorial Optimization Problem to Minimize Exposure to COVID-19 During a

City Journey.” The International Archives of the Photogrammetry, Remote Sensing and Spatial

Information Sciences 43 (2022): 419-425 [1].

2.1.1 Copyright and Licensing

This paper is published under the terms of the Creative Commons Attribution 4.0 International

License. This license allows anyone to share (copy, distribute, and transmit) and remix (adapt) the

work, provided the original author and source are credited. To view a copy of this license, visit 1.

1https://creativecommons.org/licenses/by/4.0/
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2.1.2 Contributions

The roles of the authors in this chapter are outlined as follows: Amirhossein Nourbakhshrezaei was

responsible for the literature review, data collection and organization, methodological develop-

ment, implementation for analysis and modeling, result validation and visualization, and the initial

manuscript writing. Mojgan Jadidi oversaw the research, provided the funding, and contributed

to the methodology development, as well as the writing and editing of the manuscript. Kyarash

Shahriari supervised the research and assisted in the manuscript editing.
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2.2 Abstract

COVID-19 is an airborne virus that can be spread directly or indirectly from one person to another.

Spreading the virus strongly depends on the location and time and hence, a Spatio-temporal event.

Moreover, traffic congestion will increase the spread of the virus not only because of the vicinity

but also because of increased temperature and humidity in these spaces for a short or long time.

This paper introduces a vehicle routing optimization model to reduce COVID-19 exposure risk

during a city journey by solving it as a QUBO problem on a QA computer. Indeed, the objective

of the COVID-19 prevention optimization problem is to minimize the risk of exposure for a given

set of road users between origins and destinations. Microsoft Taxi data from the city of Beijing

have been used to simulate road users’ movement. The problem has been run onto three different

solvers. One of the solvers is executed on classical computers, and two other solvers are executed

on hybrid quantum solvers. Hybrid solvers return the solution within less than 0.03 seconds on

quantum processing unit time. However, the results will be returned at least 5 seconds after the

execution in the classical solver. It is worth mentioning that, as there is no direct access to the

quantum computers, it is hard to compare the results on the same scale as the queries will go on a

queue in D-wave quantum computers. Applying the proposed model on the trajectory data shows

a better distribution of the vehicles on the road network.

2.3 Summary of the Research

2.3.1 Introduction

According to the World Health Organization (WHO), approximately 198.9 million people were

infected by COVID-19 in 2021 worldwide, among which 3.5 million lost their lives [106]. This

infection had adverse mental health effects on society and largely impacted the economy. Control-

ling the spread of the virus by reducing the exposure to it, is a way to diminish the noxious health

and wealth impacts of it. Therefore, this is one of the major tasks that should be taken care of by
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both individuals in their everyday decision-making; and longer-term, larger-scale guidelines, and

regulations by public and authorities decision-makers. To our knowledge, COVID-19 is an airborne

virus which can be spread directly or indirectly from one person to another. The direct transmission

is by breathing the exhale air of infected nearby persons with distant of less than 1.5 meter apart

[107]. In the indirect way, an infected persons contaminates objects by touching and the virus last

on the surfaces for a while depending the type of material and environmental conditions. Therefore,

spreading the virus strongly depends on the location and time and hence, a spatio-temporal event.

Moreover, traffic congestion will increase the spread of the virus not only because of the vicinity

[108] but also because of increased temperature and humidity in these spaces for a short or long

time [109, 110, 111].

Solving a routing problem involves both individual and public decision makers; one decides the

time and the trajectory for their journey in the city from an origin to a destination. In the public

level, the transportation availability, guidelines and regulations impacts directly the decisions in

individual level. In a pandemic, additional cost functions and constraints should be added to penal-

ize and restrain the exposure to hot zones to attenuate the spread of the disease. The solutions to

this NP-hard problem based on classical computers are well-known and already exist [112, 113].

However, they are not fast enough while complexity increases to provide real-time or close to real-

time response to neither individual nor public level problems. Based on the current technological

developments in Quantum Computers and the very promising results in solving complex problems,

they can be the answer to solving large scale routing problems in real-time [114, 115].

2.3.2 Problem Definition

The core of this study is the Vehicle Routing Problem (VRP), which is one of the well-known

NP-hard combinatorial optimization problems in the classical computers. Many heuristic and

meta-heuristic algorithms have been proposed to solve the VRP problem in classical computers.

However, these algorithms still have trouble solving such problems in real-world applications. On

the other hand, quantum computation and, more specifically, adiabatic quantum computation are
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promising near-term meta-heuristic approaches to solve combinatorial optimization problems.

To be able to solve the problem on current quantum computer hardware, the problem should be

transformed to a QUBO. Finding the minimum value of QUBO is a known NP-hard problem as the

Ising model [116]. Therefore, this research proposes a Spatio-temporal model that can be converted

to the QUBO, and as a result, it can be run on a quantum computer.

2.3.3 Contribution

The main contribution of this research is to introduce an optimization model to reduce COVID-19

exposure risk by solving it as a QUBO problem on a QA computer. Indeed, the objective of the

COVID-19 prevention optimization problem is to minimize the risk of exposure for a given set

of road users between origins and destinations. Cost function on an individual segment is defined

based on a quadratic function with two parameters. The first parameter is the number of COVID-19

cases for two nodes of a segment, and the second is the number of road users on each segment at a

specific time interval. The main challenge in this study is to investigate transforming a real-world

discrete geospatial routing problem into a quantum computer. To illustrate the proof of the concept,

Microsoft Taxi data from city of Beijing have been used to simulate road users movement.

2.4 Background

There are four main computational models in QC; 1) Gate-based/circuit-based models[117], 2)

Adiabatic models[118], 3) Measurement based models[80], and 4) Topological models[119]. In

this research, QA is being used. Since QA is a sub-category of adiabatic quantum models, this

section first describes adiabatic models and then provides details of the QA. Generally, adiabatic

quantum models rely on the adiabatic theorem in quantum mechanics[65]. The main characteristic

of the adiabatic models that makes them appropriate for solving optimization models is the energy

of the system. The energy of the system consists of kinetic and potential energy. In order to define

the energy of the adiabatic models in a system, the Hamiltonian method[120] has been used (Eq
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Figure 2.1: The overview of the scope of the paper. The QUBO is used.

2.1). Assuming that the quantum computer system has N qubits and are set up to the ground state

of H0. H0 should be transferred to a new Hamiltonian that is called final Hamiltonian (H f ).

H(t) = (1− t)H0 + tH f (2.1)

where t is time and it is gradually increasing from 0 to 1. H0 is an initial Hamiltonian, and H f is

the final Hamiltonian.

QA is a meta-heuristic approach that uses the nature of adiabatic quantum models to find the low-

energy of the system. QA does not apply to all problems. The functional problems can be divided

into two parts. In some applications, the main goal is to find minimum energy; on the other hand,

in other applications, the purpose is to find all low-energy samples. The first problems are called

optimization problems, and the second one is called probabilistic sampling problems.

The concepts of energy in physics can bring the optimization models into an energy optimization

problem by using the fact that everything tries to reach a minimum energy level. For example, Each

object around us slides downhill ( local optimal). QA uses a similar concept in quantum physics

to determine the low-energy of a problem and finds the optimal or near-optimal combination of
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all possibilities. However, in probabilistic sampling problems, the system tries to find samples

from many low-energy states and creates a landscape of the energies. This approach is suitable for

Machine Learning (ML) problems since it helps build a probabilistic model of the real world. In

order to better understand the scope of this research, an overview of the above-mentioned details is

shown on the Fig2.1.

In general, to formulate an optimization problem to be able to run on a QA computer, based on the

nature of the problem one of the following classes should be used:

• Binary Quadratic Models (BQM)[121]

• Constrained Quadratic Models (CQM)[122]

• Discrete Quadratic Models (DQM) [123]

In this paper, BQM is used. Two main formulas are mostly used to define the objective function of

the problem: The Ising model and QUBO. Conversion between these two formulas is trivial. The

following section describes the proposed method by using QUBO method.

2.5 Proposed Methodology

This research proposes a Spatio-temporal model that helps decreasing exposure to the Covid-19

virus by reducing traffic congestion and number of Covid-19 cases in each area. The case study of

the proposed model is Beijing city. Data layers that are being used in this research contain COVID-

19 cases and vehicle’s trajectory. The final results of the proposed model is compared to the current

state of the city. The evaluation will be done by comparing two different states, with and without

using the proposed model.

Quantum computers can be classified based on different technologies and different computational

models. In this research, a D-Wave quantum computer is being used. D-Wave quantum computers

are built based on a QA model, a subcategory of the adiabatic models. Adiabatic quantum compu-

tation models and specifically QA hardware are promising near-term meta-heuristic approaches to
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solve combinatorial optimization problems. QA is a meta-heuristic algorithm that finds the mini-

mum of a discrete cost function. The problem should be formulated as either an Ising problem or

a QUBO problem to take advantage of current QA computers such as D-Wave. These two models

are convertible to each other, and the QUBO is often simpler to handle mathematically (Eq 2.2).

Cost f unction = xT .Q.x (2.2)

where x = an N x 1 vector of binary variables

Q = an N x N upper-triangular matrix of

real weights

Eq 2.2 can be expressed more precisely as Eq 2.3.

CostFunction = ∑
i

Qi,ixi +∑
i< j

Qi, jxix j (2.3)

where Qi,i = are the linear coefficients

Qi, j = are the quadratic coefficients

For each car, there are multiple alternative routes from which only few of them are considered as

shortest paths. We selected three shortest alternative routes in order to identify the safest route.

Each route contains multiple segments (edges) of the graph. To formulate the cost function for

COVID-19 prevention, we define a summation of the number of COVID-19 cases assigned to the

nodes of each edge (segment) and the shared segments between assigned routes for each car. By

doing this, both historical data (COVID-19 statistics) and dynamic data (current traffic flow) play a

significant role in distributing cars within the road network. We define a new function to minimize

the risk of exposure (ROE) to the virus as follows (Eq 2.4).

ROE = ∑
s∈S

(∑
v

∑
r

∑
s∈Sr

qvr.(n1 +n2))
2 (2.4)
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Figure 2.2: Mapping trajectory data to road network. Red icons represent trajectory data and grey nodes are
the intersections in the road network.

where s = segment

S = all the segments in road network

v = number of vehicles

r = number of alternative routes

n1,n2 = are normalized value of COVID-19

cases of start and end of a segment

qvr = binary variable

The fact that QUBO problems are unconstrained does not mean that it is impossible to add con-

straints into the model; indeed, there are no constraints on the variables other than those defined in

Q. The constraint of the model is defined based on the fact that each car cannot take more than one

route at the time. To be more specific, given two cars and two alternative routes for each, all the

possible states for qubits are shown in Table 1. In Table 1, the states are acceptable that the row’s

total values are equal one. In this regard, the final cost function have been revised as Eq 2.5.

Cost f unction = ROE +∑
v
(∑

r
qvr−1)2 (2.5)
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q1 q2 Status
Car 1 0 0 No
Car 1 0 1 Yes
Car 1 1 0 Yes
Car 1 1 1 No
Car 2 0 0 No
Car 2 0 1 Yes
Car 2 1 0 Yes
Car 2 1 1 No

Table 2.1: Possible states for two cars and two routes. Only records are acceptable with ”Yes” value for
Status column that means each car can only take one route at each time.

2.5.1 Pseudo Code

The pseudo code of the proposed method is provided in algorithm 1: Q construction Pseudo Code

Table.

Algorithm 1 Q construction Pseudo Code
G← NetworkXGraph
Q← [emptyMatrix]
dataset← csv f ile
for i in cars:
- for j in routes:
- for k in segment:
- node1← k.getNode(0)
- node2← k.getNode(1)
- riskCovid19← mapCovid19ToEdges(node1,node2)
- weight← weight + riskCovid19
- G.addEdge(k,weight)
- weight(j).update
- Q(i,j).update
- i f (Q(i, j)> Q(i, j−1))& j > 0 :
- maxValue.update(Q(i,j)
- Q(i,j).update← maxValue

2.5.2 Dataset

Microsoft Taxi data, called T-drive trajectory data, are used in this study to present the proof of

concept. This dataset contains one-week trajectory data of 10,357 taxis in Beijing. This dataset
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contains about 15 millions records 2. Due to the lack of a real trajectory dataset, the T-Drive dataset

is used to simulate road users’ movement. The COVID-19 dataset is acquired from the official

website of the Beijing government 3.

2.6 Implementation

2.6.1 Road Network Construction

The first part of implementation is to construct the road network of the specific area. The road

network is needed because it should be converted to a graph, and all other information should be

mapped to the nodes and edges of the graph. In this paper, the road network is exported from

Open Street Map (OSM). In order to get access to the data structure of the network, OSMnx4 is

used, which is an open-source python package. OSMnx helps to programmatically get access to

the geospatial data structure of the OSM.

The next part is data cleansing as not all the imported information from OSM are required in this

study. The derived road network has different attribute types for a single line (edge). For example,

it can be drivable, walkable, etc. In this study, only walkable roads are used 5.

Once the data is converted as a shapefile format, it should be converted to GeoJSON format. All

attributes and geospatial information such as spatial reference and geometry of features must be

kept unchanged during the conversion. In this paper, one of the geoprocessing tools, feature to

JSON conversion, is used to convert shapefile to GeoJSON 6. The output of this step is the input of

the next step. As in the next step, a geo-data-frame will be generated, GeoJSON format is needed.

The next step is to construct the geo-data-frame by using Pandas and GeoPandas. The GeoJSON

format should be converted to the geo-data-frame because a road network graph can be generated

from a geo-data-frame. Pandas is one of the robust data analysis and management frameworks

2https://www.microsoft.com/en-us/research/publication/t-drive-trajectory-data-sample/
3http://wjw.beijing.gov.cn/wjwh/ztzl/xxgzbd/gzbdyqtb/index.html
4https://osmnx.readthedocs.io/en/stable/
5https://github.com/gboeing/osmnx
6https://pro.arcgis.com/en/pro-app/latest/tool-reference/conversion/features-to-json.htm
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in Python. Pandas stores data as a Data-Frame that is similar to tables with fields and records.

GeoPandas, however, has more functionalities for geospatial analysis. GeoPandas has all the func-

tionalities of Pandas as it is built on top of Pandas. GeoPandas contains many powerful spatial

analysis functions, such as spatial aggregation methods and spatial joins that are useful to map

trajectory data and COVID-19 data on the dataset.

Finally, the road graph has been constructed from the geo-data-frame by using NetworkX. The

generated graph contains intersections of the road network as nodes and connections between in-

tersections as edges. This graph is ready to get trajectory data and COVID-19 data mapped onto

it.

2.6.2 Trajectory Data Reconstruction

After constructing the road network, next step is to reconstruct trajectory of of road users us-

ing origin and destination information. To do so, first, a geodatabase should be created from the

Comma-Separated Values (CSV) file format origin-destination information. The CSV file is im-

ported into ArcGIS, and a feature class is created for trajectory data. The generated feature class is

then converted to the GoeJSON. Finally, the GeoJSON, for the same reason in the previous section,

is converted to a geo-data-frame. Now, two geo-data-frame are created; one for road networks and

the other one for trajectory data. The next step is to map the trajectory data on the geo-data-frame

of the road network. The following section describes the process of mapping data.

2.6.3 Find Nearest Node To Each Trajectory Point

To map trajectory data on the road network data, we need to find the nearest node in the road

network to one point of the trajectory data as presented in Fig 2.2. To do so, the Dijkstra algorithm

has been used for shortest path project identifying alternative paths.
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2.6.4 Construct Q matrix of QUBO problem

This is the essential part of the implementation, where the Q matrix should be defined based on the

linear and quadratic coefficients of the QUBO problem. The Q matrix is upper triangular. Assume

that the matrix is an empty matrix on the first step. The linear coefficients will be added to the

diagonal of the matrix, and the quadratic coefficients will be added to the off-diagonal entries.

2.7 Results and Discussion

The results of the paper show that Quantum Processing Unit (QPU) is faster than every other solver.

QPU is only applicable for small problems, and this limitation is caused by QPU architectures.

Mapping the logical layer (QUBO) into the physical layer (QPU) requires embedding on chimera

or pegasus architecture. Before sending the problem to the QPU, the availability of such mapping

should be checked. This process can be done by a minorminer7. It is essential to mention that

if the mapping does not exist, it does not mean that the problem cannot be solved. The obstacle

to mapping might be a couple of inactive qubits on the physical layer. It is possible to divide the

problem into small batches, map them individually, and put them back together using classical

computing. This approach is also known as hybrid QC.

In terms of scalability, hybrid QC is the fastest solution. Different hybrid solvers are available in

D-wave quantum computers once the problem is formulated as a QUBO. Three quantum solvers

have been investigated in this paper; QBSolv, D-wave hybrid, and Leap Hybrid solvers.

QBSolv is one of the decomposing solvers that find the minimum energy of a QUBO problem by

breaking the problem into sub-problems. The sub-problems are solved on a classical computer by

running a tabu algorithm. We first run the problem on a QBSolv because it helps us define the

QUBO problem on a classical computer and debug it, and once everything works well, it will be

passed to the quantum solvers. Figure 2.3 represents the results of the QBSolv solver for the lowest

energies in 10 iterations. The horizontal axis shows the 20 lowest energies, and the vertical axis

7https://github.com/dwavesystems/minorminer
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Figure 2.3: Results of the QBSolv solver for the lowest energies in 10 iterations. The horizontal axis shows
the 20 lowest energies, and the vertical axis shows the level of energy (J).

shows the level of energy—the lower the energy, the better answer. As it is shown in Figure 2.3,

iteration 5 found the best answer, and iteration seven found the worst answer.

Figure 2.4 depicts the result of running the proposed method on the Advantage-system-4.1 quantum

computer for four convergence values in 10 iterations. Convergence in this solver means the number

of iterations with no improvement that terminates sampling. The vertical axis shows the energy

level of the results, and the horizontal axis shows the iteration number. The results show that

convergence equals to 3 found the best answers on iterations one and two. Advantage-system-4.1

solver has 5760 qubits, from which 5619 qubits were active at the time of our run.

Figure 2.5 shows the result of running the problem on the Leap Hybrid quantum solver for ten

iterations. The left vertical axis represents qpu-time, which is the time it takes to run the problem

on QPU, and the right vertical axis shows run-time, which is the time it takes to break the problem

into sub-problems the classical computer. As it is shown, qpu-time is always less than run-time.

the key lesson learned from the results are as follows. Since the hybrid solvers give the sub-

optimal solution, the final solution is not the same in each iteration. However, the comparison

between different solvers helps to better understand the results. The other important note is that
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Figure 2.4: Results of running the proposed method on Hybrid-Advantage4.1 quantum solver. The solution
is based on energy (J).

Figure 2.5: Run time, and QPU access time for ten iterations on Leap hybrid solver. The left vertical axis
shows the run time values and the right vertical axis shows the QPU access time.
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(a) Current state of trajectory data. Heatmap without using
the proposed model.

(b) Heatmap of the cars trajectory by using the proposed
model on a hybrid solver.

Figure 2.6: A comparison between two states. The expected results for whole datasets will be a heatmap
with fewer hotspots for each time unit of the network. Figure 2.6a is used as ground truth to evaluate results.

the number of reads should be different for each problem, and it can be defined by try and error.

This parameter forces QPU to run a problem based on its value. As the time scale for each read is

microseconds, it is possible to increase the number of reads. Moreover, as the results of the QPU are

probabilistic, more reads lead to more diverse solutions. The comparison between different solvers

reveals that the solvers with Pegasus architecture are better than Chimera because of the topology

and connections of the qubits. It is expected that once QPU can map more complex graphs, they

will perform incredibly better than GPUs in these types of combinatorial problems.

In this research, two primary states were defined to evaluate results. The first state represents

ROE by integrating the actual data layers; the second state, however, calculates ROE based on

the proposed model. A comparison between two states is shown in Figure 2.6 for a subset of the

datasets. A visualization of the datasets is available in Github 8.

2.8 Conclusion

In this study, we sought to bring QC into the geospatial problems to take advantage of this meta-

heuristic approach and open the door for future works. To do so, we briefly introduce QC’s funda-

mentals, followed by adiabatic QC and QA. The COVID-19 prevention problem has been converted

to the QUBO. The results of the paper show that Quantum Processing Unit (QPU) is faster than

8https://amirhossein-nourbakhsh.github.io/Quantum-geo-AI/index.html
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every other solver. However, the QPU is only applicable for small problems, and this limitation

is caused by QPU architectures. Therefor, hybrid quantum solvers have been investigated such as

D-wave hybrid and Leap Hybrid solvers. The heat maps indicate the better distribution of the vehi-

cles on road networks after applying the proposed model. The result shows a promising avenue for

such complex problem solving using a quantum computer. Further research will expand on broader

transportation systems leading to more complex optimization with additional constraints.
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Chapter 3

Dynamic Rebalancing Bike Sharing Systems

Using Quantum Computing

3.1 Preface

This chapter explains the second sub-objective by presenting an optimized rebalancing algorithm

for BSS, implemented on a QC platform.

The main contribution of this research is to introduce an optimization model to rebalance bikes

in a BSS by solving it as a QUBO problem with different solvers on a QA computer. This novel

approach formulates the problem as a QUBO problem. The primary objective of our optimization

model is to minimize the risk of bike unavailability at each station, ensuring a balanced distribution

that meets user demand. The proposed model avoids expensive redistributing/rebalancing processes

and leads to high user satisfaction. Using real-world data from Toronto’s BSS, our experiments

demonstrate a significant decrease in the occupancy index by 25.18 percent, indicating improved

bike availability. Note that this research is not proof of quantum speedup, however, it demonstrates

the usage of QC and its performance to solve such problems as hybrid systems. Among the tested

solvers, the Advantage system 4.1 on the Quantum Processing Unit (QPU) emerged as the most

effective for our model, underscoring the potential of hybrid quantum solvers in this context.

47



The content of this chapter is submitted to The Journal of IEEE Transactions on Intelligent Trans-

portation Systems, 2023 as follows:
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3.2 Abstract

Bike Sharing System (BSS) is an integral part of the Intelligent Transportation Systems (ITS). BSS

fills the gaps in public transportation, avoids expensive costs for personal vehicles and also reduces

carbon emissions and traffic congestion. The finite capacity for drop-off and the unavailability of

bikes for pick-up are the main challenges in BSS leading to exceeding unsupported demands from

users and dissatisfaction. To overcome this, an optimized rebalancing BSS algorithm is emerged

where the computation using classical computer is costly and timely. In this paper, we introduce

an optimization model to rebalance bikes in a BSS by solving it using QC platform as a QUBO

problem with different solvers on D-Wave QA computer. Hence, the objective of the BSS rebalance

optimization problem is to minimize the risk of the unavailability of bikes in each station for a

given set of network users. Toronto bike-sharing data has been used as a proof of concept. Four

different solvers have been investigated in this paper. The results showed occupancy-index has been

decreased by 25.18 percent, which means more available bikes at each station. The results are also

showing that hybrid quantum solvers are more promising. However, the best solver for running our

model on a Quantum Processing Unit (QPU) is Advantage system 4.1.

3.3 Introduction

In 1999, the world leader in street furniture advertising company invented a self-service BSS called

Cyclocity. The first generation of the system was launched in 2003 in Austria. Now, after more

than two decades, the BSS is growing widely in metropolitan cities and is one of the crucial mode

of transportation systems. BSS enables users to get a bike from their origin point of interest (called

the origin station) and return it to another/same point of interest (called the destination station).

BSS considers as foundation of sustainable transportation systems. The primary goal of such sys-

tems may differ at the early stage of the release, such as leisure and/or workout oriented; however,

from the top-level point of view, it can affect the micromobility and multi-modal transit systems.

BSS covers and fills the missing links and gaps in public transportation (i.e. transit) networks. In

49



addition, the expensive costs for owning personal vehicles can be avoided. Using BSS contributes

also to reducing carbon emissions and traffic congestion. It is fast, affordable and easily accessible

leading to a more inclusive transit mode. Notwithstanding the benefits of the BSS, it is hard to op-

erate and efficiently manage such systems [124]. The problems in these systems can be categorized

with different aspects. The first category is related to the problems that are caused by users, such as

keeping the bikes longer than the specified period, or theft and vandalism. Most of these problems

have been solved by using credit cards, geofencing, and tracking technologies. The second category

is related to the problems caused by weather conditions and the geography of the area specially for

places with harsh climate during winter season. however, Having all these problems in the BSS

is inevitable, and the environmental conditions might not be appropriate in some areas or during

some seasons. The third category contains problems caused by infrastructures in the system, such

as the finite capacity for drop-off and storage.

The scope of this paper is limited to a potential solution for the third category that is related to

infrastructure supporting BSS. To be more specific, finite capacity for drop-off and unavailability

of bikes for pick-up is the main challenges in BSS. Each station cannot accept bikes more than

its capacity. In each station, the availability of bikes is either congested (more than required) or

starved (fewer than required), in which leads to increasing unsupported demands from users and

dissatisfaction. The well-known solution for this issue is moving bikes by truck-fleet services to

redistribute them on the stations which are dealing with an on-demand-capacitated constrained ve-

hicle routing problem. Using truck-fleet distributors in the network is not an efficient approach

because of traffic congestion, energy consumption, and air pollution caused by trucks fleet. More-

over, the truck fleet needs more human interaction and management, as a result, more cost for the

BSS services. The demand for bikes is a complex context as it depends on different parameters such

as location (density and topography), weather conditions, time of the day, etc. All these parameters

lead to unbalance stations in terms of available bikes. Moreover, the availability of different modes

of transportation makes the system more random and hard to simulate as a deterministic model.

Many optimization methods have been proposed to solve the unbalanced bike distribution problem.
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Most of the solutions are static approaches that involve a third party to pick up bikes by trucks and

moving them to the empty stations[125], [126]. There are also dynamic optimization approaches

that work while the users are riding the bikes [127], [128]. Another solution for such a problem

exists that is executed by asking users to balance the system. There is a reward for the users to pick

up or drop-off at another station close to the user’s preferred station. Rebalancing bikes in BSS is a

complex and large-scale type of Vehicle Routing Problem (VRP) with a high degree of uncertainty.

Moreover, considering the hundreds of bikes and stations, it is hard to be solved by traditional route

optimization methods [124].

The classical computer-based solutions to this problem are well-known and already exist. How-

ever, as complexity has increased, they are not fast enough to provide real-time or near-real-time

responses to problems at the individual or public level. On the basis of the current technologi-

cal advancements in quantum computers and their extremely promising results in solving complex

problems such as the rebalancing of BSS.

In QC, there are four primary computational models: 1) Gate-based/Circuit-based models, 2) Adi-

abatic models, 3) Models-based or Measurement-based, and 4) Topological models. QC has the

potential to significantly impact transportation by enabling the optimization of complex problems

more efficiently.

This paper provides an automated and optimized dynamic approach to rebalance the availability of

bikes on stations by using a combinatorial optimization problem using QC and more specifically

Qauntum Annealing (QA) which is a sub-category of Adiabatic models. The optimization model

that is used to rebalance the bikes is formulated to a QUBO. QUBO is a type of optimization prob-

lem involving the minimization of a quadratic objective function subject to binary constraints. In

other words, QUBO seeks the optimal configuration of binary variables that minimizes a specified

cost function.

The rest of the paper is organized as follows. Section II provides the related works of various

publications related to the rebalancing of BSS and QC in ITS. Section 3.5 describes the problem

definition. Section 3.6 provides the contribution of the proposed method. Section 3.7 describes QC
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Figure 3.1: The bibliometrics from 1995 to 2022 shows the QC trend in Transportation. The data is derived
from the web of science dataset (WOS). Term for query: (Quantum computing AND Transportation) search
through the title, abstract, and keywords of the papers.

and, more specifically, QA and all available solvers. Section 3.8 discusses the proposed method-

ology adopted for rebalancing bikes using QUBO. Section 3.9 describes the implementation and

results. Finally, Section 3.10 concludes with remarks highlights, lessons learned, and the perspec-

tive for future works.

3.4 Related works

Many researchers have been working on rebalancing, redistributing, and reallocating bikes in BSS.

These methods usually use static and/or dynamic approaches to solve the BSS problems[124, 129].

The static approaches have been solved by using the integer programming methods[130]. Federico

et. al[131] proposed a dynamic approach for rebalancing the bikes by predicting network condi-

tions based on historical data. Another heuristic approach has been investigated in a research paper

written by [132]. They trained a model to learn the traffic pattern and considered other factors

such as weather conditions. Rebalancing and redistributing the bikes in BSS can be categorized

into three groups depending on whether the bikes have been moved by trucks, trailers, or users

(riders)[133]. Another classification can be done base on the location of the stations and the in-
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ventory level[128]. Supposedly the bikes are meant to be moved by trucks, in that case, another

problem should be solved that is related to the optimal vehicle route for trucks to redistribute the

bikes by considering the travel time, station capacity, truck capacity, and any other constraints in

Travel Salesman Problem (TSP)[134]. Bike Routing Problem (BRP) is similar to Vehicle Routing

Problem, and both are NP-hard[135]. Moreover, considering the computational complexity of the

dynamic rebalancing, the solution should be a heuristic or meta-heuristic approach[131, 127].Adish

et al.[136] designed and proposed an architecture for BSS and tried to rebalance the bikes by using

an incentive system. They engaged users (riders) to rebalance the bikes using regret minimization.

They also deployed the proposed system on a large-scale BSS[136].

On the other hand, to augment the computation capacity for such optimization problems, QC has

emerged to be used as an integral component of Intelligent Transportation Systems (ITS). Figure

3.1 shows the trend of QC research and publications in transportation. One of the most practical

problems is the routing problem. Eneko [137] has published a paper describing a systematic lit-

erature review to analyze the publications related to the QC for routing problems. They analyzed

different aspects of the literature by considering practical and theoretical approaches, single or

hybrid usage of quantum computers, and computing devices[137]. Nourbakhsh et al. [1] have in-

troduced a combinatorial optimization problem to reduce COVID19 risk and solved it on a D-Wave

quantum annealer. Their goal was to minimize exposure to the virus in a road network. They used

the Microsoft taxi dataset to simulate trajectory data [1]. Another research related to the QC in ITS

was conducted by Singh et al. They used a QA method to control events of a real-world intersec-

tion, including vehicles and scooters[138]. Crispin [139] has investigated the potential applications

of QC in Transportation. He described the possibilities for different applications for simulation

and planning in transportation. The paper covered related publications on shortest paths, network

analysis, and multi-objective routing optimization problems. Suen et al. [140] have explored a

digital annealer for Fujitsu’s quantum-inspired computer to solve a constrained routing problem.

They worked on the vehicle sharing problem, and the results showed that the QUBO solver is more

scalable than the Cplex solver. A novel application of the QC has been conducted by Xiaoming et
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al.[141] by using quantum mechanics that is applied to Ant Colony Optimization (ACO) for TSP.

Xinping proposed a programming model to minimize travel time in road networks and improve

the network capacity. In order to do that, they employed a quantum-inspired model, and the results

showed that the proposed algorithm reduces the total travel time [142]. Wang et al. [143] conducted

another research related to the potential applications of QC in ITS. They reviewed path planning,

transportation operation management, and transportation facility[143].

Ramkumar et al. [144, 145] have investigated the potential applications of Quantum Bayesian ap-

proaches for BSS demand prediction. They combined multiple time series models and Bayesian

models to predict bike demand in BSS. The model they proposed was a probabilistic model that

considers the uncertainties in the time series models[144, 145]. Ramkumar and Saideep have con-

ducted another research to use the potential of quantum approximate optimization in BSS. They

used a variational hybrid (quantum and classical devices) approach for solving rebalancing bikes

in BSS. The IBM-Qiskit simulator was used in their research[146].

3.5 Problem Definition

Considering all relevant literature, there is an emergent research path on the Bike Routing Problem

(BRP), that is a well-known NP-hard combinatorial optimization problem in traditional approaches

using QC platforms. Multiple heuristic and meta-heuristic methods have been investigated to solve

the BRP problem in classical models. However, the previous approaches still have trouble finding

reliable solutions in real-world applications. Moreover, QC, and more specifically, QA computation

are promising near-term meta-heuristic approaches to solve combinatorial optimization problems.

In this research, we are rebalancing the BSS by solving BRP as a combinatorial optimization prob-

lem with different solvers on D-Wave quantum computers.
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Figure 3.2: The overview of the scope of the paper. The QUBO is used [1].

3.6 Contribution

The main contribution of this research is to introduce an optimization model to rebalance bikes in

a BSS by solving it as a QUBO problem with different solvers on a QA computer. Indeed, the

objective of the BSS rebalance optimization problem is to minimize the risk of the unavailability

of bikes in each station for a given set of network users. The proposed model avoids expensive

redistributing/rebalancing processes and leads to high user satisfaction. Note that this research is

not proof of quantum speedup, however, it demonstrates the usage of QC and its performance to

solve such problems as hybrid systems.

3.7 Quantum Annealing

While the technology of the quantum hardware is scaling up, there is a strong motivation to analyze

and discuss current NP-hard small problems that are computationally challenging even in the most

powerful classical computers. There are four leading computational models available in QC. The

first model is called the Gate-based model, also known as the circuit-based model[117]. The second

model is the Adiabatic model[118]. The third type is called the Measurement-based model[80]. The

fourth model is the Topological model[119]. QA is a sub-category of adiabatic quantum models3.2,

and QA has shown a more practical approach to solving NP-hard problems among the current

QC models. This section first explains difference between QC and classical computers and then

55



describes adiabatic models and provides more details of the QA. The main difference between

quantum computers and classical computers is related to the smallest component of each. That is

a qubit in quantum computers and a bit in a classical computer. This difference affects the process

of solving a problem and has been investigated by many researchers[147].

There is no specific answer to comparing quantum computers and classical computers, and it is

still under investigation [148]. The reason is the limited number of qubits or the noises that appear

caused by a high number of entangled qubits of the current available quantum processing units

(QPUs). A comparison with the MS algorithm [149] shows promising potential as approximately

half of the instances have been solved in quantum computers faster than classical computers. An-

other research has proved quantum speedups for a specific graph optimization problem [114], as

well as evidence of a scaling advantage of QA over classical simulated annealing for specific classes

of more general problems.

Additionally, many works have been conducted to evaluate the performance of QA compared to

heuristics algorithms in classical computers. Davide Venturelli [148] had an experimental com-

parison between classical computers and QA for job shop scheduling solvers. The results showed

that in some cases, D-Wave quantum computers are outperformed by a classical algorithm, and the

reason is that the problem sizes that they have worked on are too small for the asymptotic behavior

of the traditional algorithms and, as a result, hard to compare.

3.8 Proposed Methodology

This paper proposes a Spatio-temporal approach that works with combinatorial optimization prob-

lems to solve QUBO models on an adiabatic quantum computer. It helps to decrease the risk of the

unavailability of bikes in each station for a given set of network users. The proposed model avoids

expensive redistributing/rebalancing processes and leads to high user satisfaction. The case study

of the proposed model is BSS in the city of Toronto. Data layers that have been used in this research

contain BSS trajectory, station information, and road network for bikes. The model is solved with
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Figure 3.3: The chimera QPU architecture. This architecture has been used in D-Wave 2000Q QPUs. It
shows a block of the system that has 8 qubits. Each line on the left side represents the superposition of the
corresponding qubit and the circles at the intersection of the lines are showing the entanglement between two
qubits.

different solvers in D-Wave quantum computers. To evaluate the model, the run-time parameter

of each query on a cloud-based quantum computer is used. The current D-Wave quantum cloud

computers are built based on adiabatic quantum models, specifically QA. This hardware is promis-

ing near-term meta-heuristic approaches to solve QUBO problems. In QUBO, the minimum of a

discrete cost function should be found.

The problem can be formulated as an Ising (Equation 3.3) or QUBO (Equation 3.2) problem to take

advantage of current D-Wave computers. The solvers that have been used in this research belong

to D-Wave cloud quantum computers and are working with the Ising model. To be more specific,

the input of the quantum hardware is an Ising model. However, due to the nature of QUBO, it is

easier to formulate problems on QUBO than Ising (the parameters of the Ising model are -1 and

+1; however, the parameters in QUBO are 1 and 0). On the other hand, these two models are

convertible to each other. Therefore, we formulate our model to QUBO and Quantum Processing

Unit (QPU) in D-Wave and map it to either the chimera graph (Figure 3.3) or the pegasus graph

(Figure 3.4). As QA works with the energy of the system, an energy function is required. This

energy function is named the Hamiltonian function (Equation 3.4).

The process of running a combinatorial optimization problem on QA can be defined in four main

categories; 1) Writing the objective function and constraints of the problem. 2) Converting objec-

tive functions and constraints to an appropriate mathematical statement with binary variables. 3)

Making the objective function and constraints QUBO appropriate (Making Q matrix). 4) Combin-
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Figure 3.4: The pegasus QPU architecture. This architecture has been used in D-Wave Advantage QPUs. It
is similar to chimera but the aligned lines (qubits) are shifted vertically or horizontally. Each line represents
the superposition of the corresponding qubit and the intersection of the lines are showing the entanglement
between two qubits.

ing objectives and constraints.

Cost f unction = xT .Q.x (3.1)

where x = an N x 1 vector of binary variables

Q = an N x N upper-triangular matrix of

real weights

Eq 3.1 can be defined more precisely as Eq 3.2.

f (x) = ∑
i

Qi,ixi +∑
i< j

Qi, jxix j (3.2)

where Qi,i = are the linear coefficients

Qi, j = are the quadratic coefficients or

non-zero off-diagonal terms

EIsing(s) = ∑
i=1

hisi +∑
i=1

∑
j=i+1

Ji, jsis j (3.3)
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where hi = are the linear coefficients

Ji, j = are the quadratic coefficients or

non-zero off-diagonal terms

Energy = Initial Hamiltonian + Final Hamiltonian

Hs(S) = [−1
2 ∑

i
∆(S)σx

i ]+ [ε(S)(−∑
i

hiσ
z
i +∑

i< j
Ji jσ

z
i σ

z
j)] (3.4)

For each bike, there are multiple alternative stations from which only a few of them are considered

feasible destinations. We selected the five nearest alternative stations to the user’s destination.

Then, the shortest path from one origin to five destinations is found. To formulate the cost function

for BSS rebalancing, we defined a cost function based on the number of available bikes and the

real-time capacity of the stations. We define a new function to minimize the Risk Of Shortage

(ROS) as Equation 3.5.

ROS =
k

∑
b=1

n
2

∑
i=1


∑

j=i+ n
2

xix j, for i < n
2

∑
j=i+1

xix j, for i = n
2

(3.5)

where k = is the number of bikes

n = is the number of alternatives

We defined the constraint of the model to minimize the capacity of each station to keep them less

than Average Capacity (AC) of the all stations.

Constraint = ∑
b
(∑

s
xi−AC)2 (3.6)

Cost f unction = ROS+Constraint (3.7)
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3.8.1 Pseudo Code

Algorithm 2 Shows the Pseudo code of the proposed model.

Algorithm 2 Q construction Pseudo Code
G← NetworkXGraph
dataset← csv f ile
S← Size−o f − the− input−based−on−number−o f −users
Q← [GenerateanemptyQMatrixbasedonS]
for i in array-bikes:
- for j in routes:
- for k in stations:
- node1← k.getNode(0)
- node2← k.getNode(1)
- node3← k.getNode(2)
- node4← k.getNode(3)
- node5← k.getNode(4)
- risk← mapStationIn f o(node1,node2,node3,
- node4,node5)
- weight← weight + risk
- G.addEdge(k,weight)
- weight(j).update
- Q(i,j).update
- i f (Q(i, j)> Q(i, j−1))& j > 0 :
- maxValue.update(Q(i,j)
- Q(i,j).update← maxValue

3.8.2 Datasets

Three datasets have been used in this research. The first dataset is a trajectory dataset. The second

one is the real-time information of the bike stations in Toronto. The third one is the dataset that

has been used to create a network of bike roads in Toronto. We used Toronto bike-sharing data

as a proof of concept to rebalance and redistribute loads by considering five alternative paths for

each trajectory. The dataset contains 157398 trips. Each trip has trip duration, start statino id,

start time, start station name, end station id, end time, end statin name, and bike id. The data is

acquired in 2021. Real-time bike station data has been used in this research. Once the query is sent

to the server, the results will be returned as a JSON object. The dataset includes the ”last updated”
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Table 3.1: Dataset format

Stations Station id Name Configuration Latitude Longitude Address Capacity Is charging Rental methods
7000 Fort York REGULAR 43.639 -79.395 Fort York 35 False Key

Trajectory Trip Id Trip Duration Start Id Start Time Start Station Name End Id End Time End Name Bike Id
10824239 506 7000 8:27 Fort York 7005 8:36 King St W 4022

parameter that shows the time in a Long-Integer format. The JSON object contains another JSON

object called ”stations”. It includes information about each station. Each station has station id,

name, physical configuration, latitude, longitude, address, capacity, is charging station, and rental

methods (Table 3.1). At the time of writing this paper, the information about 628 stations were

available and has been used. Open Street Map has been used to construct a road network graph for

bikes. The nodes of the graph represent the road intersections, and the edges of the graph are the

bike roads.

3.8.3 Evaluation

To evaluate the final results of the model, an index is defined based on the occupancy of the station

to assess the distribution of the bikes through the network. This index is called occupancy-index

(3.8). Moreover, a comparison map is created to check the distribution of the bikes at the end of

the trips for the actual trips and for the QC-suggested routes.

Occupancy index = ∑
s
(availablebikes(s)/emptyracks(s)) (3.8)

where s = is the number of stations
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3.9 Implementation and Results

3.9.1 Road Network Reconstruction

The first step of the implementation is to reconstruct a road network for bikes in a area of case

study. The road network works as a base map for the discrete optimization problem, and it must be

converted to a graph, while all meta-data and attributes should be mapped to the nodes and edges

of the graph.

In this research, the bike’s road network is derived from Open Street Map (OSM). OSMnx is

used to get access to the OSM dataset. It is an open-source Python library that helps to import,

customize, manipulate, and visualize geospatial data from OSM1. The next step is data sanitization

which allows for cleaning the dataset to avoid redundancy and cut-off. This part has been done by

importing the shapefile of the data to ArcGIS Pro 2, and the output is converted to the GeoJSON

format.

All features and geospatial details, such as spatial connection and geometry of features, should be

kept intact during the conversion. In this research, one of the geoprocessing tools, feature to JSON

conversion, is employed to convert shapefile to GeoJSON 3.

Bear in mind that not all the extracted attributes and geometries are required in this research. As an

example, in OSM, different edges are available with different attributes based on transport mode

(walk, bike, drive, all); thus, we only used edges that are suitable for biking4. The outcome of this

step is the input of the next stage. In the next stage, a Geo Data Frame (GDF) should be generated.

The following step is to create the GDF by using Pandas and GeoPandas. The GeoJSON structure

should be converted to the GDF because the bike road network can be generated from a GDF. Pan-

das is one of Python’s most powerful data analysis and management libraries. Pandas transforms

the data structure into a Data-Frame equivalent to tables with fields and records. GeoPandas, how-

ever, has more pre-defined functions for geospatial and Spatio-temporal analysis such as spatial

1https://osmnx.readthedocs.io/en/stable/
2https://pro.arcgis.com
3https://pro.arcgis.com/en/pro-app/latest/tool-reference/conversion/features-to-json.htm
4https://github.com/gboeing/osmnx
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(a) (b)

(c)

Figure 3.5: Geocoding result for five keywords (Toronto, Markham, Richmond Hill, Vaughan, and City of
Toronto.) a) shows the case study area. b) shows a constructed graph with 20000 nodes. c) the graph with
5000 nodes.

aggregation techniques and spatial joins. Moreover, GeoPandas has most of the functions of Pan-

das as it is created on top of Pandas. Eventually, NetworkX is employed to construct the graph from

GDF. The constructed graph includes intersections of the road network (Nodes) and accessibility

between intersections (Edges).

For covering all the area of bike sharing in Toronto, the geocoding process is done with five key-

words; 1) Toronto 2) Markham 3) Richmond Hill 4) Vaughan 5) City of Toronto. Figure 3.5a

shows the case study area. The generated graph has 2000 nodes (Figure 3.5b). To better visualize

the graph, a generalized graph of the area with 5000 nodes is represented in Figure 3.5c. This graph

is prepared to get stations information and bike trajectory data mapped onto it.

63



Figure 3.6: Finding the nearest node to each trajectory point on the road network. As the latitude and
longitude of the trajectory data do not align with the nodes of the road network, the nearest node to each
trajectory record should be calculated.

3.9.2 Trajectory Data Reconstruction

The original dataset contains trip ID, trip duration, trip station ID, start time, start station name,

end station id, end time, end station name, bike ID, and user type. On the other hand, a graph is

constructed by using the road network in OSMnx, in which the intersections of the networks are

the nodes of the graph, and if there is a path between intersections, an edge is added to the nodes.

The locations of the start point and end point of the trip are appended to the dataset. For each bike,

alternative destinations should be added which are the closed stations to the end station of original

trip. Thus, the trajectory data is stored using the point-in-polygon (PIP) algorithm for the main trip

and alternative trips. In the PIP algorithm, the center of the polygon is the end station, and if the

buffer (polygon) is empty, the end station will be considered as the destination for the alternative

path. Then the shortest path function (Dijkstra) in the OSMnx is used to find the path between the

origin and alternative destinations.

3.9.3 Find Nearest Node To Each Trajectory Point

Each node of the trajectory data has a latitude and longitude, which are not aligned with the original

road network. Figure 3.6 shows the road network graph in gray color and the trajectory data in blue.

The blue pins are then matched to the nearest node of the road network graph. If the pin is a start

point or end point, the mapping should be done on the exact node of the graph where the station is

mapped.
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Figure 3.7: Results of trajectory data in two different states. The top image shows the heatmap of the final
destination of the actual trips, and the bottom image depicts the heatmap of the suggested destination by QC.

3.9.4 Quantum Computer Solvers, Results, and Discussion

Figure 3.7 indicates the distribution of trajectory data, highlighting areas of high concentration for

two scenarios. The one on the top shows the heatmap based on real-world data, in contrast, the

bottom image represents the optimized distribution of destinations suggested by QC, showcasing a

more even spread of destinations across the area. This suggests that the QC optimization has effec-

tively redistributed the destinations to achieve better balance and potentially reduce congestion.

Four different solvers have been investigated in this research. One of these solvers is a hybrid

solver that is called ”Hybrid binary quadratic model version2”. The other three solvers are built and

work under QPU architecture, which means these are not hybrid solvers; ”Advantage system4.1”,

”Advantage system5.2”, and ”Advantage system6.1”.

The Advantage system4.1 solver works with QPU and is located in North America. The total

number of qubits is 5760. At the time of writing this paper, 5627 qubits were active, and the qubit

temperature was 15.4 MK. It supports both the Ising and QUBO models. The topology type is a

pegasus graph. The results for 10 iterations and 100 reads showed that the best solution (minimum

energy) that was found in this solver is -114.06 J (Figure 3.8).

The Advantage system5.2 solver works with QPU and is located in Europe. The total number of
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Figure 3.8: Results of running the model on Advantage system4.1. The vertical axis shows the energy in
Joule and the horizontal axis represents iteration. Each energy is calculated by taking average of 100 reads.

Figure 3.9: Results of running the model on Advantage system5.2. The vertical axis shows the energy in
Joule and the horizontal axis represents iteration. Each energy is calculated by taking the average of 100
reads.

qubits is 5760. At the time of writing this paper, 5617 qubits were active, and the qubit temperature

was 16.4 MK. It supports both the Ising and QUBO models. The topology type is a pegasus graph.

The output of running the model on this solver indicates that the best solution that has been found

in 10 iterations and 100 reads is -84 J (Figure 3.9).

The Advantage system6.1 solver works with QPU and is located in North America. The total

number of qubits is 5760. At the time of writing this paper, 5616 qubits were active, and the qubit
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Figure 3.10: Results of running the model on Advantage system6.1. The vertical axis shows the energy in
Joule and the horizontal axis represents iteration. Each energy is calculated by taking average of 100 reads.

Figure 3.11: Comparison between three QPU solvers in terms of Energy. The lowest the energy, the better
answer. As it is shown, Advantage system4.1 worked better than two other solvers.

temperature was 16.0 MK. It supports both the Ising and QUBO models. The topology type is a

pegasus graph. The results depict that the best solution that this solver has found is -67.68 J (Figure

3.10).

Comparing the energy of three QPU solvers shows that Advantage system4.1 is by far the best QPU

solver for our application as it returned lower energy for all iterations (Figure 3.11).
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Figure 3.12: Comparison between three QPU solvers in terms of sampling time. As it is depicted, Advantage
system5.2 is the fastest one in sampling.

Figure 3.13: Comparison between three QPU solvers in terms of Readout time. As it is shown, Advantage
system5.2 is the faster than two other solvers in readout.

Comparing the QPU sampling time of three QPU solvers shows that Advantage system5.2 has the

lowest sampling time for all iterations compared to the other QPU solvers (Figure 3.12).

Figure 3.13 shows a comparison between QPU solvers in terms of readout time. It is depicted that

Advantage system5.2 has the lowest readout time. However, the values are very close together, and

it is negligible.
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Figure 3.14: Comparison between three QPU solvers in terms of QPU access time. It takes less amount of
time in Advantage system5.2 to run the model on QPU.

Another important parameter in analyzing the potential of solvers is the QPU Access Time (QAT).

It indicates the time that model has access to the actual quantum computer. Once a query is sent to

the D-Wave cloud computers, it goes to a queue, and the queries will be passed to the QPU in an

order. As it is shown in Figure 3.14, Advantage system5.2 is faster than two other solvers. In terms

of post-processing time, the results show that Advantage system4.1, with an average of 1.1022 ms,

is the fastest one (Figure 3.15).

Hybrid binary quadratic model version2 only supports BQM models, and it has the ability to get

1000000 variables and 200000000 biases.The results show that these solvers return more than one

solution, but the total energies of all iterations are the same (-243 J). The final answer of the hybrid

solvers are not the same in each iteration because these type of solvers give the sub-optimal solu-

tion. However, the comparison between various solvers helps to understand the results reasonably.

The results showed occupancy-index has been decreased by 25.18 percent compared to the actual

trajectory data, which means more available bike at each station.
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Figure 3.15: Comparison between three QPU solvers for total post processing time. The time is fluctuating
in different iterations, however in overall, the Advantage system4.1, with an average of 1.1022 ms is the
fastest one.

3.10 Conclusion

In this study the application of QC systems to deal with NP-hard problem such as rebalancing BSS

has been investigated. An optimization model to rebalance bikes in a BSS has been proposed by

solving such problem as a QUBO problem with different solvers on a QA computer. By doing so,

the objective of the BSS rebalance optimization problem to minimize the risk of unavailability of

bikes in each station for a given set of network users has been studied in four different solvers. As

summary, the results of this study show that QC can be applied to rebalance BSS as it was inves-

tigated in a real-world application. The best solver for running our model on a QPU is Advantage

system4.1. However, comparing the QPU with a hybrid approach shows that the hybrid solvers

are more reliable, and they could find a better solution (lower energy) for the problem. The other

significant note is that the number of reads should be defined for each problem and can be defined

by try and error. Since the time unit for each read is microseconds, it is feasible to increase the

number of reads. It is expected that once QPU can map more complex graphs, they will perform

incredibly better than GPUs in these types of combinatorial problems. The proposed model provide

avoiding expensive redistributing/rebalancing process and leads to high user satisfaction.
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In this research, we aimed to bridge the gap between QC and geospatial problems to take advan-

tage of this meta-heuristic approach and open the door for future research. Further research will

extend to more comprehensive transportation systems leading to more complex optimization with

additional constraints.
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Chapter 4

Clustering Bike Sharing Stations Using

Quantum Machine Learning: A Case Study

of Toronto, Canada

4.1 Preface

This chapter describes the third sub-objective, exploring the potential of QC in ML particularly in

clustering real-world data within BSS. As QC technologies rapidly evolve, identifying applications

that can fully leverage their capabilities becomes increasingly critical.

To cluster stations in BSS considering their real-time characteristics and geospatial components

identifies as a combinatorial optimization problem. The k-means algorithm is a well-known clus-

tering approach for such systems. However, K-means is an NP-hard clustering algorithm that

cannot be solved as a deterministic approach. In other words, in practical applications, the earlier

methods are still unable to find deterministic solutions. This issue has been investigated using a

variety of heuristic and meta-heuristic techniques in classical models. QC and, more specifically,

QA computation offer promising short-term meta-heuristic solutions to combinatorial optimization

issues. The main contribution of this research is to introduce a hybrid model to cluster stations in
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a BSS by solving it as a CSP problem with different methods on a QA computer using real-time

dataset. In addition to the practical contribution, this research also offers theoretical advancements

in the field of computational optimization by defining a new topology for the input data that is

compatible with QC topology (Chimera topology). The workflow of converting classical feature

vectors of stations into a new graph is also described.

Utilizing real-time data from Toronto’s BSS, we employ various clustering methods and dissimi-

larity functions to evaluate the model’s performance. The results demonstrate the feasibility and

efficiency of QC in solving complex clustering problems, achieving a notable reduction in the oc-

cupancy index and ensuring better bike availability across stations.

The content of this chapter is accepted for The Journal of Transportation Research Interdisciplinary

Perspectives, 2024 as follows:

Amirhossein Nourbakhsh, Mojgan Jadidi, Kyarash Shahriari. ”Clustering Bike Sharing Sta-

tions Using Quantum Machine Learning: A Case Study of Toronto, Canada” Journal of Trans-

portation Research Interdisciplinary Perspectives, 2024.

4.1.1 Copyright and Licensing

This paper will be published under the terms of the Creative Commons Attribution, Creative Com-

mons Attribution-Non-Commercial-NoDerivs, or Creative Commons Attribution Non-Commercial.

To view a copy of this license, visit 1.

4.1.2 Contributions

The roles of the authors in this chapter are outlined as follows: Amirhossein Nourbakhshrezaei was

responsible for the literature review, data collection and organization, methodological develop-

ment, implementation for analysis and modeling, result validation and visualization, and the initial

manuscript writing. Mojgan Jadidi oversaw the research, provided the funding, and contributed

1https://www.sciencedirect.com/journal/transportation-research-interdisciplinary-perspectives/publish/open-
access-options
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to the methodology development, as well as the writing and editing of the manuscript. Kyarash

Shahriari supervised the research and assisted in the manuscript editing.
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4.2 Abstract

Quantum Machine Learning (QML) is a field that combines the principles of QC and Machine

Learning (ML). QC works by taking advantage of the properties of quantum physics. Since QC

technologies and devices continue to develop quickly, it is important to identify the use cases and

applications that benefit the most. This paper investigates the potentials of QC, and more specif-

ically, QA, for clustering real-world data in transportation systems. The BSS is used as a case

study applying a clustering model on QA computers. The main contribution of this research is

to introduce a hybrid model to cluster stations in a BSS by solving it as a Constraint Satisfaction

Problem (CSP) problem with different methods on a QA computer using a real-time dataset. In

addition to the practical contribution, this research also offers theoretical advancements in the field

of computational optimization by defining a new topology for the input data that is compatible with

QC topology (e.g., Chimera topology). Three different methods have been used to determine the

number of clusters, and Euclidean, Manhattan, Pearson, and Spearman dissimilarity functions have

been applied to cluster the stations. The evaluation is done using the magnitude vs. cardinality

approach. The distribution of the stations, magnitude, and cardinality of the results indicate the

potential to use QC for clustering for a real-world application, e.g., BSS.

4.3 Introduction

In 1965, the first generation of BSS was introduced in Amsterdam. The BSS offered ordinary bicy-

cles painted white for public utilization, allowing individuals to locate a bike, ride it to their desired

destination, and then leave it for the next user [150]. Since then, BSS has witnessed remarkable

expansion, becoming an integral component of transportation networks in major metropolitan ar-

eas. BSS empowers users to access bicycles from stations located at points of interest (referred to

as origin stations) and subsequently return them to the same or different points of interest (termed

destination stations). BSS is regarded as the cornerstone of sustainable transportation systems.

While the specific objectives of these systems may have varied during their early adoption, initially
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catering to leisure and exercise needs, their overarching impact extends to influencing micromobil-

ity and multi-modal transit systems at a broader level. In order to enhance the experience of users

within BSS, tracking the state of the entire BSS network is crucial. Identifying stations with similar

behavior and status concerning location and bike availability provides decision-makers with valu-

able insights to enhance service quality. Employing clustering algorithms offers a solution to this

challenge by grouping stations exhibiting comparable characteristics into the same cluster. This

approach enables decision-makers to gain a comprehensive understanding of station dynamics and

facilitates targeted improvements to optimize user experience.

The clustering of BSS stations is important for several reasons such as Optimizing User Accessi-

bility, Efficient Resource Management, Enhanced User Experience, Data-Driven Decision Making,

Sustainability, and Urban Planning.

The computational complexity of clustering in real-time for BSS presents a multifaceted challenge

due to the dynamic nature of system data and the need for timely decision-making. BSS stations

generate vast streams of data regarding user demand, station availability, and environmental factors,

requiring continuous analysis to optimize system performance. Traditional clustering algorithms

often struggle to cope with the high-dimensional and evolving nature of BSS data, leading to inef-

ficiencies in resource allocation and user experience [151]. Moreover, the real-time nature of BSS

operations imposes computational constraints, necessitating algorithms capable of rapid process-

ing and adaptation to changing conditions. Addressing the computational complexity of real-time

clustering in BSS demands the development of innovative algorithms tailored to the specific re-

quirements of urban mobility systems, leveraging advancements in computational techniques, such

as QC, to unlock new areas for efficient and scalable clustering solutions for BSS.

Although the primary objective of BSS may change early on, depending on whether it is leisure or

exercise-oriented, from a high-level perspective, it can have an impact on micro-mobility and trans-

portation management [152]. It can bridge gaps and connect missing links in public transportation

networks [124]. Additionally, it avoids high costs for personal vehicles, as well as lowering car-

bon emissions and reducing traffic congestion [153]. Despite the BSS’s advantages, managing and
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running the system effectively can be challenging [154]. To manage these systems efficiently, it is

necessary to use clustering to find similar stations that have similar characteristics that are changing

dynamically in real-time [155].

This paper investigates the potentials of QC, and more specifically QA, for clustering real-world

data. The BSS is used as a proof of concept for executing a clustering model on QA computers. The

goal of the relatively new practical branch of computer science known as QC is to create computer

technologies and algorithms by applying the concepts of quantum physics. Two physicists, Richard

Feynman [156] and Yuri Manin [157], devised the first theoretical concepts regarding QC in the

1980s, but it was not until the 1990s that the first actual QC demonstrations were carried out [158,

159]. Quantum computers with a few quantum bits (qubits) were created in the early 2000s, and in

the 2010s, work on quantum computers with over 100 qubits started [160, 161]. Although quantum

computers are still in their infancy, they already show enormous potential for overcoming a variety

of issues that are now insurmountable for classical computers [139].

QML is a field that combines the principles of QC and ML [162]. QCs are able to perform certain

types of calculations much faster than classical computers by taking advantage of the properties of

quantum physics, such as superposition and entanglement [163]. Computers can be taught to learn

from data without being explicitly programmed using ML by analyzing datasets using algorithms

to define a decision-making system based on patterns in the data. By using QC for ML tasks, it may

be possible to process and analyze large amounts of data more efficiently and quickly, leading to

new and improved ML techniques. To fully realize the potential of this technology, more research

is necessary, as the field of QML is still in its early stages. Since QC technologies and devices

continue to develop quickly, it is important to know what kinds of uses can take advantage of their

power. On the other hand, ML on conventional computers has made great strides, displaying excel-

lent results in real-world transportation applications, with increased computational power resulting

in consistently better performance.

To cluster stations in BSS considering their real-time characteristics and geospatial components

identifies as a combinatorial optimization problem. The k-means algorithm is a well-known clus-
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tering approach for such systems. However, K-means is an NP-hard clustering algorithm that

cannot be solved as a deterministic approach. In other words, in practical applications, the earlier

methods are still unable to find deterministic solutions. This issue has been investigated using a

variety of heuristic and meta-heuristic techniques in classical models. QC and, more specifically,

QA computation offer promising short-term meta-heuristic solutions to combinatorial optimization

issues.

The main contribution of this research is to introduce a hybrid model to cluster stations in a BSS by

solving it as a CSP problem with different methods on a QA computer using real-time dataset. In

addition to the practical contribution, this research also offers theoretical advancements in the field

of computational optimization by defining a new topology for the input data that is compatible with

QC topology (Chimera topology). The workflow of converting classical feature vectors of stations

into a new graph is also described.

This research tries to answer three main questions; 1) What are the potential usages of QC, specif-

ically QA, for real-time clustering in BSS? 2) How can we formulate algorithms suitable for ex-

ecution on quantum computers to solve clustering algorithms with geospatial features? 3) What

are the differences in solving the real-time clustering problem on quantum computers compared to

classical computers?

The rest of the paper is structured as follows. The related works of various publications regard-

ing the QML and transportation are presented in Section 4.4. Section 4.5 discusses the proposed

methodology adopted for clustering stations in the BSS by using a hybrid QC approach. Section

4.6 describes the results and discussion, and section 4.7 concludes the paper and provides future

works.

4.4 Related works

Figure 4.1 illustrates the trend in the number of publications related to BSS from 1996 to 2023,

derived from the Web of Science dataset (WOS). The query term used for data extraction was
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Figure 4.1: The number of publications from 1996 to 2023 shows the BSS trend. The data is derived from
the web of Science dataset (WOS). Term for query: (Bike Sharing System OR Bike Sharing) search through
the title, abstract, and keywords of the papers.

Figure 4.2: The number of publications from 2000 to 2022 shows the QC trend in ML. The data is derived
from the Web of Science dataset (WOS). Term for query: (Quantum Machine Learning) search through the
title, abstract, and keywords of the papers.

“(Bike Sharing System OR Bike Sharing)”, searching through the titles, abstracts, and keywords of

papers. As shown in Figure 4.1, the number of publications on BSS has been increasing in recent

years. Many researchers have been working on different aspects of BSS.

Jingjing Yang et al. [164] proposed a method to enhance prediction accuracy in BSS. They utilized

network representation learning and hierarchical prediction techniques to address the challenge of

uneven station usage. Their method involved clustering of stations in BSS based on migration

trends and geographic data, followed by hierarchical prediction of system activity. Through evalu-
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ation against baseline methods, they demonstrated significant improvements in prediction accuracy,

indicating the effectiveness of their approach in addressing the challenges of BSS.

Wang et al. [165] proposed a method to enhance the accuracy of predicting bike usage in BSS. They

employed a two-level fuzzy c-means clustering algorithm, integrating geographic location data and

bike migration trends between stations. This approach aimed to cluster shared bike stations more

effectively and improve clustering accuracy.

Zhao Tong et al. [166] proposed a method to analyze the spatio-temporal patterns of dockless

shared bikes in Wuhan and identify factors influencing these patterns. They utilized a dynamic

time-warping distance-based two-dimensional clustering method to quantify these patterns and ap-

plied a multiclass explainable boosting machine to explore their main related factors. The study

concluded that spatio-temporal patterns could help identify associated problems such as imbalance

or lack of users and guide planners in prioritizing strategies to enhance the usage and efficiency of

BSS.

Shangaranarayanee et al. [167] presented a review of BSS publications that use different methods

for analyzing time series datasets. They developed a model to address traffic congestion in urban

areas by leveraging shared transportation modes. They highlighted algorithms such as the K-Means

and Fuzzy C-means as effective tools for visualizing resulting clusters and enhancing forecasting

accuracy in BSS.

Marta Galvani et al. [168] proposed a novel clustering method for BSS, focusing specifically on

the Vélo’v BSS in Lyon, France. They analyzed a dataset comprising loading profiles of 345 bike

stations over one week, treating the data as continuous functional observations throughout the day.

Their primary objective was to uncover spatio-temporal usage patterns of BSS, thereby identifying

groups of stations and days exhibiting similar behavior. To achieve this goal, a novel bi-clustering

algorithm is proposed for functional data analysis, extending existing non-parametric algorithms

designed for multivariate datasets.

Feng et al. [91] addressed the issue of imbalanced bicycle usage patterns in BSS. Recognizing the

importance of bike demand prediction for effective bike pre-allocation, they proposed a hierarchi-
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cal traffic prediction model aimed at forecasting the check-out/in numbers of each station cluster.

The approach begins with station clustering using an iterative spectral clustering algorithm, capi-

talizing on the regularity of bike usage patterns among closely located stations. Additionally, they

introduced an inter-cluster transition proportion model to characterize bike rent-return relationships

between pairs of clusters and predict check-in numbers for these clusters.

Many researchers have been working on different aspects of QML. The number of publications

from 2000 to 2022 shows the QC trend in ML is presented in figure 4.2. The data is derived from

the WOS. The keywords for query in WOS are considered as ”Quantum Machine Learning” search

through the title, abstract, and keywords of the papers.

Indeed, QC models can be broken down into four main groups, each of which has its own way

of using quantum physics to do calculations: A) circuit-based or gate-based models [117, 160],

which are based on the idea of quantum circuits. In this model, quantum computers are composed

of quantum gates, which are special types of operations that can be performed on qubits. Quantum

gates can manipulate the states of qubits, allowing quantum computers to perform calculations. B)

measurement-based or one-way, are models in which superpositions and entanglements are based

on the idea of measurements [80]. In this model, quantum computers are made up of a special

type of quantum state called a cluster state. A cluster state is a type of quantum state that can

be created by performing measurements on a group of qubits. Once the cluster state has been

created, it can perform various QC tasks by making additional measurements on the qubits. C)

Topological models, use non-Abelian forms of matter to store quantum information and implement

a more durable qubit [169]. In such a scheme, the quasi-particles themselves do not contain the

information; rather, it is contained in the interactions and braiding of the quasi-particles. Qubits

are initialized as non-abelian anyons in topological QC, which have their own antiparticles. D)

adiabatic models, which are based on adiabatic evolution theory. According to this theory, quantum

computers are made to find the state of qubits gradually over time while traveling down a specific

path that solves a specific problem. Adiabatic quantum computers can find the ground state of a

system by slowly cooling it down [118]. In other words, QA is a subcategory of adiabatic QC which
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is a promising near-term meta-heuristic approach to solving combinatorial optimization problems

[170].

Quantum algorithms in QML are defined in a different way to deal with typical problems in classical

ML by using the efficient characteristics of QC. Running an algorithm can be an extended version

of a classical algorithm or a completely reformulated version of the algorithm. Based on the current

available QC devices, in most cases, hybrid QC is used when it comes to real-world applications

[171]. In other words, working on solely QC devices would result in wrong results due to the noisy

nature of the current devices [172]. Therefore, it is crucial to explore and analyze the potential of

hybrid approaches to correctly take advantage of QC devices. The algorithms that are formulated to

be run on a hybrid QC model, are called Quantum-Classical variational algorithms (QCVA) [173].

The recent development of QCVA was caused by the implementation of the VQE [174], which led

to an enormous amount of research related to the near-term algorithms.

Theoretically speaking, QML can be defined as models of quantum information that can be trained

on a set of inputs and recognize the patterns in the training data [175]. Mohammad H. Amin

et al.[176] proposed a novel ML method based on the Quantum Boltzmann Distribution (QBD).

Training in Quantum Boltzmann Machines (QBM) may become challenging due to quantum me-

chanics’ non-commutative nature. They tackled this issue by using bounds on the quantum prob-

abilities. Therefore, they effectively trained the model through sampling. They used exact diag-

onalization, to demonstrate trials of QBM training with and without the bound and contrast the

outcomes with those of traditional Boltzmann training. They also covered the use of QA proces-

sors for QBM training. Nathan Wiebe and M’aria Kieferov’a [177] proposed a cutting-edge method

for training QBM, a type of Recurrent Quantum Neural Network (RQNN). They generalized the

previous approaches, defined new methods to train RQNN, and compared the results with the state

of the art. Furthermore, their findings demonstrated that QBMs generate a type of quantum state

tomography that not only estimates a state but also provides instructions for producing copies of

the reconstructed state, which previous machines are not able to complete. Patrick Rebentrost et

al. [178] have shown that a Support Vector Machine (SVM), which is an optimized binary classi-
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fier, can be used on QC devices. The complexity of SVM depends on the size of the vectors and

training examples in a logarithmic way. Whereas polynomial time is needed for classical sampling

algorithms, they achieved exponential speedup.

Seth Lloyd et al.[179] explored the potential and usage of Quantum Principal Component Analy-

sis (QPCA) in QC. They demonstrated how a quantum system with a density matrix (ρ) can be

duplicated to build the unitary transformation e−iρt . In their illustrations, they showed how QPCA

can be crucial to a range of quantum algorithms and measurement applications. They gave a quan-

tum cluster assignment example that demonstrates how QPCA could help accelerate ML issues

like clustering and pattern recognition. A novel approach for ML from the perspective of QC was

proposed by Vedran Dunjko et al.[180]. The three main branches of ML, supervised, unsupervised,

and reinforcement learning are all covered in their research. However, since many researchers have

reported quantum improvements in supervised and unsupervised learning, they have mainly con-

centrated on Quantum Reinforcement Learning (QRL). They demonstrated that for a large class

of learning issues, quadratic improvements in learning efficiency and exponential improvements in

performance over short periods can be obtained.

While existing literature on QML has made significant strides in addressing various ML tasks, a no-

table gap exists regarding the applicability of these approaches to real-time scenarios, particularly

in the context of dynamic systems in BSS. The majority of published works in QML have primarily

focused on solving problems using static data, employing post-processing approaches that may not

apply to real-time applications. However, the dynamic nature of BSS demands adaptive solutions

capable of managing stations in real-time to ensure efficient resource allocation and user satisfac-

tion. Recognizing this gap, the proposed approach aims to solve this issue by introducing a novel

methodology tailored specifically to address the real-time clustering requirements of BSS.
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4.5 Methodology

This section describes how clustering stations in BSS is formulated as a QUBO. The various meth-

ods for calculating the dissimilarity between the items in each cluster and the clusters themselves

are then explained. The evaluation method is then defined.

4.5.1 Quantum Annealing (QA)

In order to formulate the model, we need to first target one of the QC models. There is a strong

incentive to analyze and discuss current NP-hard problems that are computationally difficult even

in the most powerful classical computers while the technology of the quantum hardware is scaling

up [181].

Different QC models are based on entirely different technology. As a result, each model has a

different limited number of qubits as well as noises that seem to be brought on by a large number

of entangled qubits. Among the current QC models, QA has demonstrated a more useful method

for resolving NP-hard problems. That is why QA has been used in this research.

The Hamiltonian function for a QC device is a function that links particular states, referred to as

eigenstates, to energies [182]. The energy of the system is only well defined and referred to as the

eigenenergy when it is in an eigenstate of the Hamiltonian. All the other states of the system make

their energies uncertain. The eigenspectrum is the set of eigenstates with known eigenenergies [Eq

.4.1].

HIsing(s) =−
A(s)

2 ∑
i

σ̂x
(i)+

B(s)
2

(∑
i

hiσ̂x
(i)+∑

i> j
Ji, jσ̂z

(i)
σ̂z

( j))

(4.1)

where Ji, j is coupling strengths between qubits i and j, and, hi is biased for qubit i, and ˆ
σ(i) is Pauli

matrices. There are two terms in the formula 1. The initial Hamiltonian is the first term, and the

final Hamiltonian is the second. The first term, which occurs when all qubits are in a superposition

state, is the lowest-energy state of the states (0, 1). The tunnelling Hamiltonian is another name
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for this term. The second term is the lowest-energy state of the final states and is the answer to the

problem that needs to be solved. The σ (qubit biases) and the couplings between qubits are present

in this classical state. The term is also known as problem Hamiltonian.

f (x) = ∑
i

Qi,ixi +∑
i< j

Qi, jxix j (4.2)

where Qi,i = the linear coefficients

Qi, j = the quadratic coefficients or

non-zero off-diagonal terms

EIsing(s) = ∑
i=1

hisi +∑
i=1

∑
j=i+1

Ji, jsis j (4.3)

where hi = the linear coefficients

Ji, j = the quadratic coefficients or

non-zero off-diagonal terms

To run the model on D-Wave QA computers, the model needs to be reformulated as either the Con-

strained Quadratic Model (CQM), Binary Quadratic Model (BQM), or Discrete Quadratic Model

(DQM). In this research, we proposed a hybrid approach that works with BQM as the variables are

binary, and a constraint that defines each qubit can only be part of one cluster. The model can be

executed as a QUBO (Eq. 4.2) or Ising (Eq. 4.3). An Ising model, to be more precise, serves as the

quantum hardware’s input. However, because of the way QUBO works (its parameters are 1 and 0

as opposed to the Ising model’s -1 and +1), it is simpler to formulate problems using QUBO than

Ising. However, these two models can be converted into one another. To map to either the chimera

graph or the pegasus graph, the model should be first formulated to QUBO and the Ising model will

be passed to the Quantum Processing Unit (QPU) in D-Wave.
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To define biases and couplers in Equation 4.2, we need to define our problem properly. First,

each station in our dataset can only be part of one cluster. If C clusters are available, for each

station, C qubits should be initialized. If station i belongs to cluster m then qm = 1, and for n =

1, ...,C−mqn = 0. In other words, the sum of all possibilities for one station equals to 1 (Eq. 4.4).

C

∑
i=1

xi = 1 (4.4)

where C = number of clusters,

xi = qubit.

The line in Eq 4.4 needs to be formulated as a quadratic model to be able to use it in QUBO (Eq.

4.5).

∑
s∈S

(
C

∑
i=1

xi−1)2 (4.5)

where S = Number of stations.

Another crucial point is that similar stations ought to be in the same cluster. Thus, according to Eq

4.6 (for two stations), g(x) is a similarity function between two points. In this research, we have

investigated four different functions.

∑
i
(∑

j
g(x)xix j) (4.6)

where g(x) = a similarity distance between two points.

Finally, we can define the objective function as Eq 4.7.

min(
C

∑
i=1

(∑
j

g(x)xix j)+ γ ∑
s∈S

(
C

∑
i=1

xi−1)2) (4.7)
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Figure 4.3: The overview of Constraint Satisfaction Problem for S stations and C clusters. For each station
C qubits are needed.

4.5.2 Constraint Satisfaction Problem (CSP)

The g(x) function can be considered as weights for the edge of a graph in which the nodes are the

stations. The BQM can be constructed from a CSP by using the D-wave Binary CSP library [183].

It uses a model called the penalty model, in which each constraint in the CSP is mapped to an Ising

model or QUBO. Therefore, for. For each pair of nodes (stations) in the graph, g(x) is defined

based on the similarity of the nodes (Eq 4.8, Figure 4.3).

g(Xi,X j) =


−cos(dπ) if i = j

−tanh(d)∗0.5 otherwise
(4.8)

The BQM that is represented in Figure 4.3, needs to be mapped into a real QC device (in our

case, into a Quantum Processing Unit (QPU)). Minor embedding is the conversion of problem

formulation variables to qubits on the QPU. Objective functions can be represented graphically in

minor embedding, allowing you to map the objective function to the QPU. In this case, physical

qubits will be initialized based on the nodes that are variables in the model with a linear coefficient.

Moreover, the edges are the quadratic coefficient of the model that will be mapped to couplers

between qubits (Figure 4.4).
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Figure 4.4: The overview of mapping from theory into real physical QC devices. Two different topologies
that are being used by D-wave devices is visualized. On the top-right, the Chimera topology is depicted. On
the bottom right, the Pegasus topology is depicted.

4.5.3 Geospatial Analysis

BSS in Toronto is used to run our model as a proof of concept. To create a feature class for each

station, five features have been selected; 1) latitude, 2) longitude, 3) capacity, and 4) available bikes

5) population. A real-time application programming interface (API) is used to obtain the status of

capacity and available bikes, which is a dynamic dataset. In order to find the population around

each station, first the population of Toronto is classified based on different neighbourhoods and

they are geocoded by address, and a geodatabase is populated that contains a polygon for each

area. Then a 500 meter buffer is generated around each station. Finally, the intersection of the

buffers and polygons is created. The results are stored as attributes for each station (point dataset).

The map is available through this link.

4.5.4 Defining Number of Clusters

There are different approaches to determining the number of clusters. In this paper, the three most

popular methods have been used to find the best number for clustering bike stations. In this section,

89



these three methods are described.

Elbow method

The elbow method determines the optimal number of clusters for a given dataset. It operates by

plotting the variation explained as a function of the number of clusters and selecting the elbow of

the curve as the number of clusters to use [184].

min
k

∑
k=1

W (ck) (4.9)

where k = is the number of clusters,

ck = is the kth cluster, and

W (ck) = is the variation of cluster number k.

The total WSS should be minimized. Different values should be tested for k. For each k, the WSS

should be calculated. Then the results for all k values will be visualized, and the knee (bend) of the

plot will be an appropriate number of clusters.

Silhouette

The silhouette is another well-known technique for determining the optimal number of clusters

and their interpretation, as well as for assessing the consistency of data clusters. The silhouette

approach calculates silhouette coefficients for each point, which measure how similar a point is to

other points in its own cluster relative to points in other clusters [185]. In other words, it relies

on cohesion and separation for each station of clusters. The range of the score is [1, -1], where a

higher value means that the station is well classified within its own cluster and poorly matched to

other clusters around it.

s(i) =
b(i)−a(i)

max(b(i),a(i))
(4.10)
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where a(i) = is the average distance of point ith with

other points in the same clusters,

b(i) = is the average distance of the point with

other points in the closest cluster, and

s(i) = is silhouette score.

Silhouette Analysis

Similar to the previous method, silhouette analysis uses the score for each station as a visual mea-

sure of how a clustering algorithm has performed. Once the silhouette score is calculated for each

station in the dataset, it plots the results to get a visual representation of how accurately the stations

are clustered into k clusters. It creates a way to visually evaluate parameters like the number of

clusters.

4.5.5 Dissimilarity Measurement

The dissimilarity function indicates how dissimilar the dataset objects are. In addition, these terms

are frequently employed in clustering, where similar data samples are grouped into a cluster. All

other data samples are categorized separately. There are numerous types of dissimilarity functions

for clustering. In this paper, four well-known functions are investigated.

Euclidean Distance

The Euclidean distance, or Norm L2 (Equation 4.11) is one of the main dissimilarity functions

that can be used for numeric features. The result of the Euclidean function is the smallest distance

between items in the dataset [186]. This is also can be considered the shortest path between two

items. This function works well in 2-dimensional Cartesian coordinate systems. However, if the

items are far from each other, the Euclidean function is not useful because it does not consider the

curvature of the earth.
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d(P,Q) = ∥P−Q∥=

√
n

∑
i=1

(pi−qi)2 (4.11)

where P = (p1, p2, ..., pn) and

Q = (q1,q2, ...,qn)

Manhattan Distance

The Manhattan function is also called Norm L1 and City Block. This function finds the distance

between two pairs of items when there is an obstacle between the items [187]. In a road network,

for instance, the distance from intersection A to intersection B cannot be calculated directly by a

straight line because there are many obstacles between A and B, such as buildings. The equation

4.12 defines the Manhattan formula for n-dimensional space.

d(P,Q) = ∥P−Q∥=
n

∑
i=1

(pi−qi)
2 (4.12)

where P = (p1, p2, ..., pn) and

Q = (q1,q2, ...,qn)

Pearson Correlation

Pearson correlation is a correlation-based distance that calculates the strength of the linear corre-

lation between two items in the feature vector [188]. In addition, the covariance value is used as

the initial step in the computation. However, covariance is difficult to interpret and does not indi-

cate how close or far the data are from the line representing the trend between measurements. The

equation 4.13 shows the correlation distance formula.

CorrelationDistance = 1− Correlation(P,Q)√
Variance(P)

√
Variance(Q)

(4.13)
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Spearman Correlation

Similar to Pearson correlation, Spearman correlation is used whenever we are dealing with bivariate

analysis. It is applicable to categorical and numeric attributes. It is applicable to categorical and

numeric attributes. The Spearman correlation formula is defined by the expression 4.14.

ρ = 1− 6∑
n
i=1(r(pi)− r(qi))

2

n(n2−1)
(4.14)

where r(pi) = rank of pi

r(qi) = rank of qi

n = number of pairs

4.5.6 Dataset

Table 4.1 provides an overview of the total number of regions, stations, and trips within the BSS

network in Toronto, Canada. Additionally, Table 4.2 presents metadata related to BSS stations,

while Table 4.3 contains metadata concerning individual trips. The population density of each

region is calculated using data from the 2016 census. Figure 4.5 visualizes the distribution of

BSS’s stations in Toronto for 2021. The latitude and longitude of the stations are available as a static

dataset as a shapefile in the City of Toronto dataset portal. An application programming interface

(API) in the public bike system provides real-time information about capacity and available bikes

for each station. The data format is a JSON array. Toronto’s population is available in the Census

dataset. The format of the data is Shapefile. ArcGIS Pro is utilized to aggregate these datasets,

resulting in the creation of a feature vector for each station, comprising latitude, longitude, capacity,

available bikes, and population.

Table 4.1: Total number of records in regions, stations, and trips

Category Value
Total number of regions in Toronto 141
Total number of stations 625
Total number of trips 950969
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Table 4.2: Fields in the meta data of the station information

Field Name Description
station id ID of the station
name Name of the station
physical configuration Regular—Electrical
lat Latitude
lon Longitude
altitude Altitude
address Address of the station
capacity Capacity of the station
is charging station Indicator if it’s a charging station
rental methods/0 Key
rental methods/1 Transit Card
rental methods/2 Credit Card
rental methods/3 Phone
obcn On-board Communication Number
nearby distance Distance to nearby locations
ride code support True or False

post code Postal code

Table 4.3: Fields in the meta data of the trips

Field Name Description
Trip Id Unique identifier for the trip
Trip Duration Duration of the trip
Start Station Id ID of the starting station
Start Time Time when the trip started
Start Station Name Name of the starting station
End Station Id ID of the ending station
End Time Time when the trip ended
End Station Name Name of the ending station
Bike Id ID of the bike used for the trip
User Type Type of user (Annual, Casual)
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(a)

(b)

Figure 4.5: (a) Distribution of the BSS’s stations in Toronto based on an aggregated index for each region.
(b) Heatmap of the BSS’s stations in Toronto.
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(a) Elbow method results for clustering, which
indicates that the best number of clusters for the
given data is 3 (elbow point).

(b) The result of the silhouette method. The
maximum score in the silhouette shows the best
number of clusters, which is 3.

Figure 4.6: (a) Elbow method results for clustering, which indicates that the best number of clusters for the
given data is 3 (elbow point). (b) The result of the silhouette method. The maximum score in the silhouette
shows the best number of clusters, which is 3.

4.6 Results and Discussion

4.6.1 Defining Number of Clusters

The results of the elbow method for clustering provide valuable information about the structure

of the data and can be used to make informed decisions about the number of clusters. Figure

4.6a shows the results of the elbow method for clustering, which indicates that the best number of

clusters for the given data is 3. This means that when the data is divided into 3 clusters, the variance

within each cluster is minimized, and the clustering solution is optimal. The elbow method was

applied to the data, and the range for the distortion score was found to be between 1050 and 2000.

The range for the number of clusters, k, was between 2 and 6. The fit time for the clustering

algorithm was between 0.04 and 0.09 seconds.

However, while the elbow method gives us a useful overview to make a decision about the number

of clusters, it does not take into account the presence of outliers or the shape of the clusters. Thus,

it is better to analyze other approaches as well to make the best decision for the number of clusters.

Figure 4.6b depicts the result of the silhouette method. The vertical axis shows the silhouette score,

and the horizontal axis represents the number of clusters, for which in this case we checked the

results for 2 to 6 clusters. The maximum score in the silhouette shows the best number of clusters,
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Figure 4.7: The results of the silhouette analysis method for six different numbers of clusters.

which is 3, the same as the elbow method.

Figure 4.7 shows the results of the silhouette analysis method for six different numbers of clusters.

The vertical axis is the cluster label, and the horizontal axis is the coefficient values. These sub-

figures in Figure 4.7 depict an index of how close each station in one cluster is to stations in the

other close clusters. This index is the average of the silhouette scores. The index has a range of [-1,

1], and the best number of clusters is the one with the maximum index, which in this case is the

top-middle sub-figure where the index equals 0.35.

4.6.2 Distribution Of Stations In Clusters

Figure 4.8 includes five sub-figures, each of which is related to one feature of the feature vector that

has been used for clustering. Each sub-figure represents a box plot of the three clusters, represented

by a bar. Each bar represents the distribution of feature values for a particular cluster. The box of

the bar represents the Inter Quartile Range (IQR), which is the range between the lower quartile and

the upper quartile. The lower and upper hinges of the box correspond to the first and third quartiles,
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Figure 4.8: Results of box bar for Euclidean method that includes five sub-figures, each of which is related
to one feature of the feature vector that has been used for clustering.

respectively. The line inside the box represents the median of the distribution. The whiskers of the

bar extend from the hinges to the minimum and maximum values of the distribution. Any points

outside the whiskers are considered outliers.

The horizontal axis in all sub-figures is the same and represents the labels of each bar or cluster.

The vertical axis, however, is different and shows the values of a feature. For instance, the vertical

axis in the top-left sub-figure represents latitude, with values ranging from 43.646 to 43.673. For

the first cluster in the top-left sub-figure, the latitude values range from 43.646 to 43.673, with a

median value of 43.660. The lower quartile is 43.651, and the upper quartile is 43.667. The IQR is

0.016. For the second cluster, the latitude values range from 43.639 to 43.668, with a median value

of 43.654. The lower quartile is 43.649, and the upper quartile is 43.659. The IQR is 0.010. For

the third cluster, the latitude values range from 43.641 to 43.669, with a median value of 43.6525.

The lower quartile is 43.6452, and the upper quartile is 43.6625. The IQR is 0.018. The results

show that the latitude values for all three clusters are relatively close, with a range of only 0.028.

There is a small difference between the median values of each cluster, but overall the distributions
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Figure 4.9: Results of box bar for Manhattan method that includes five sub-figures, each of which is related
to one feature of the feature vector that has been used for clustering.

are similar. No outliers were detected in any of the clusters, indicating that the latitude values are

relatively similar across the clusters.

By interpreting all box bar figures for Euclidean, Manhattan, Pearson, and Spearman, it is visu-

alized that there are a couple of outliers in Figures 4.8-4.11 for longitude, capacity, number of

available bikes, and population. A box bar with outliers in two of the bars suggests that the dis-

tributions of the data for those two clusters have values that are significantly different from the

majority of the data. Outliers are defined as values that fall outside the range defined by the lower

and upper hinges of the box plot. They are plotted as individual points and are often indicative of

unusual or extreme observations in the data.

The results of the box chart show that the best approach for clustering the stations is Spearman,

which has the best distribution of the data in the clusters and the lowest outliers.

It is worth mentioning that in some cases, outliers can be considered important and deserving of

further investigation. In other cases, they may be considered errors or anomalies that should be

excluded from further analysis, which is outside the scope of this research.
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Figure 4.10: Results of box bar for Pearson method that includes five sub-figures, each of which is related to
one feature of the feature vector that has been used for clustering.

Figure 4.11: Results of box bar for Spearman method that includes five sub-figures, each of which is related
to one feature of the feature vector that has been used for clustering.
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4.6.3 Relative Difference

Another method to check the result of the clustering is a method that shows the types of character-

istics that represent each cluster and has the ability to show which features distinguish the clusters.

This method is called the relative difference. It calculates the mean value for each feature in each

cluster. Then it calculates the difference between each feature per cluster with over average in the

cluster in percent. Figures 4.12, 4.13,4.14,4.15 visualize the result of relative difference for four

methods with five features.Each feature is depicted in its respective chart, providing insights into

the clustering patterns based on these attributes. If the mean per cluster to overall mean in percent

for a cluster for a feature is positive, it indicates that the average value of that particular feature

within the cluster is higher than the overall average value of the same feature across all clusters. In

other words, the cluster exhibits a higher-than-average value for that specific feature compared to

the entire dataset. This could imply that the cluster has a relatively higher concentration or abun-

dance of the feature being analyzed compared to the average distribution across all clusters. If the

mean per cluster to overall mean in percent for a cluster for a feature is close to zero, it suggests

that the average value of that feature within the cluster is approximately equal to the overall average

value of the same feature across all clusters. In other words, the cluster does not exhibit a signifi-

cantly higher or lower value for that specific feature compared to the dataset’s overall average. This

could indicate that the feature’s distribution within the cluster is similar to the average distribution

across all clusters, or that the feature may not play a significant role in distinguishing that particular

cluster from others in the dataset. If the mean per cluster to overall mean in percent for a cluster

for a feature is negative, it means that the average value of that feature within the cluster is lower

than the overall average value of the same feature across all clusters. For instance, in figure 4.12

regarding latitude, the first cluster has a notably high value, while the second and third clusters

display negative values.
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Figure 4.12: Comparison of the mean per cluster to overall mean in percent for the Euclidean method.

Figure 4.13: Comparison of the mean per cluster to overall mean in percent for the Manhattan method.

4.6.4 Dimension Reduction Method

As the size of the feature vector is greater than three, in order to visualize the stations in an n-

dimensional space, we need to use an approach to reduce the dimensionality. One of the well-
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Figure 4.14: Comparison of the mean per cluster to overall mean in percent for the Pearson method.

Figure 4.15: Comparison of the mean per cluster to overall mean in percent for the Spearman method.

known methods is called Principal Component Analysis (PCA). When employing these dimension

reduction techniques, there is a trade-off between preserving local and global structure. While

PCA preserves global structures, it does not preserve local structures. However, there is a tech-
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Figure 4.16: Results of Principal Component Analysis (PCA) and Pairwise Controlled Manifold Approxi-
mation (PaCMAP) of the Euclidean method.

Figure 4.17: Results of Principal Component Analysis (PCA) and Pairwise Controlled Manifold Approxi-
mation (PaCMAP) of the Pearson method.

nique called Pairwise Controlled Manifold Approximation (PaCMAP) that claims to preserve both

local and global structures. Figures 4.16, 4.17, 4.18 show the results of PCA and PaCMAP for

Euclidean, Pearson, and Spearman methods. The vertical and horizontal axes are the principal

data components. Principal components are the directions of greatest data variability, and they are

used to represent the original variables in a lower-dimensional space. The first principal component

is the direction in which the data varies the most. Each data point’s position on the graph shows

its coordinates in the new coordinate system defined by the principal components. By plotting the

data in this manner, structures, and relationships that are not immediately apparent in the original

variables can be identified. In the PCA Figures (4.16, 4.17, 4.18), the units of the vertical and hori-

zontal axes differ from the units of the original variables. They represent the principal components,

which are linear combinations of the initial variables. The principal components are orthogonal,

or uncorrelated, with one another. The unit of measurement for the first principal component is
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Figure 4.18: Results of Principal Component Analysis (PCA) and Pairwise Controlled Manifold Approxi-
mation (PaCMAP) of the Spearman method.

a combination of the original variables, while the unit of measurement for the second principal

component is orthogonal to the first principal component.

4.6.5 Magnitude and Cardinality

Figures 4.19,4.20,4.21, and 4.22 represent the cardinality, magnitude, and cardinality per magni-

tude of the clusters. By looking at cardinality, the cluster sizes or the number of stations in each

cluster can be determined. It helps us find clusters with significantly fewer or more stations than the

other clusters. For instance, in Figure 4.20 the cardinality of cluster 1 is more than clusters 0, and

2. However, in Figures 4.22 the cardinality of the clusters are close, which means the distribution

of the stations in the clusters is good. By comparing all the cardinalities, it is visualized that the

order of suitability of the approaches is as follows: Manhattan, Pearson, Euclidean, and Spearman.
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Figure 4.19: Cardinality, Magnitude, and Magnitude-Cardinality charts for the Euclidean method.

Figure 4.20: Cardinality, Magnitude, and Magnitude-Cardinality charts for the Manhattan method.

The magnitude charts in Figures 4.19,4.20,4.21, and 4.22 represent the total distance from the

station to the centroid of the clusters. This would help to determine the level of spread of the

stations in the clusters. By comparing all the magnitudes, it is visualized that the order of suitability

of the approaches is as follows: Manhattan, Euclidean, Spearman, and Pearson.

However, cardinality and magnitude are two useful characteristics to compare and analyze the

results, so it is better to check the cardinality vs. magnitude plot. The vertical axis is the magnitude,

and the horizontal axis is the cardinality. In an ideal cluster, the output lies on or will be very close

to the y=x line. Any anomalies in the clusters will deviate from the y=x. For instance, in Figure

4.20, clusters 0, and 1 lie on the y=x line, however, cluster 2 is far from the line. By comparing the

results of these charts, the order of suitability of the approaches is as follows: Euclidean, Pearson,

Manhattan, and Spearman.

Our results demonstrate the effectiveness of this approach in grouping stations based on multiple

features, offering valuable insights into the distribution and characteristics of these clusters. We em-

ployed various dissimilarity functions, including Euclidean, Manhattan, Pearson, and Spearman, to
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Figure 4.21: Cardinality, Magnitude, and Magnitude-Cardinality charts for the Pearson method.

Figure 4.22: Cardinality, Magnitude, and Magnitude-Cardinality charts for the Spearman method.

assess their impact on clustering quality. Among these, Spearman emerged as the most promising

method, showcasing its suitability for real-world applications like bike-sharing systems. Further-

more, we analyzed the relative difference to identify the distinguishing features of each cluster,

providing a deeper understanding of the station groupings. Moreover, dimensionality reduction

techniques such as Principal Component Analysis (PCA) and Pairwise Controlled Manifold Ap-

proximation (PaCMAP) were also explored to visualize the clusters in lower-dimensional spaces.

Our analysis of cardinality and magnitude offered valuable insights into the distribution and spread

of stations within the clusters.

4.6.6 Performance of QC Solvers

This paper examined three QC solvers operating within the QPU architecture: ”Advantage sys-

tem4.1,” ”Advantage system5.2,” and ”Advantage system6.1.” These solvers are implemented and

function within the QPU framework. ”Advantage system4.1” is situated in North America and
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consists of 5760 qubits, with 5627 active qubits at the time of writing this paper, supporting both

Ising and QUBO models, utilizing a pegasus graph topology. Similarly, ”Advantage system5.2” is

located in Europe, featuring 5760 qubits, with 5625 active at the time of writing, also supporting

both Ising and QUBO models with a pegasus graph topology. ”Advantage system6.1,” also located

in North America, comprises 5760 qubits, with 5612 active at the time of writing, supporting both

Ising and QUBO models with a pegasus graph topology. One crucial metric in evaluating solver

performance is the QPU Access Time (QAT), indicating the duration during which the model can

access the quantum computer. Once a query is dispatched to the D-Wave cloud computers, it

enters a queue and is sequentially processed by the QPU. As illustrated in Figure 4.23, ”Advan-

tage system5.2” demonstrates faster processing compared to the other two solvers. Regarding

post-processing time, the findings reveal that ”Advantage system4.1” exhibits the shortest average

duration at 1.372 ms, as depicted in Figure 4.24.

To compare the results of QC with classical computers, it is essential to acknowledge the chal-

lenge of finding a reliable method for comparing performance in terms of runtime. This challenge

arises from the need to run the algorithms multiple times, as QC results require instance embed-

ding, unlike classical algorithms. The runtime in QC includes internet latency, worker queue,

pre-processing, QPU access time, and post-processing time (Figure 4.25). Figure 4.26 displays the

runtime results for clustering on QC and k-means clustering on classical computers. The results are

collected for 12 iterations. The QC runtime does not include the time that is required for embed-

ding the data before sending it to the actual quantum computers. At the time of writing this paper,

adding embedding time to the QC runtime concludes that classical computers outperform QC be-

cause the query to run the algorithm on D-Wave quantum cloud computers is queued. However,

if we disregard the embedding time and the time that the query waits to be processed on quantum

computers, the results of QC outperform the classical computers.
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Figure 4.23: Quantum Processor Unit (QPU) Access Time for three different solvers in 10 iterations.

Figure 4.24: Post processing time for three different solvers in 10 iterations.

4.7 Conclusion

In this paper, a hybrid QC model to cluster stations in a BSS by solving it as a CSP problem with

different methods on a QA computer is proposed. Formulating the problem into a QUBO model is

explained step by step. Three different methods have been used to determine the number of clusters

and Euclidean, Manhattan, Pearson, and Spearman dissimilarity functions have been used to cluster

the stations. The evaluation is done using the magnitude vs. cardinality approach. The distribution

of the stations, magnitude, and cardinality of the results indicate that it is possible to use QC for
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Figure 4.25: QC runtime overview. In this research total time is considered as runtime.

Figure 4.26: Comparison between runtime of QC and classical computing without considering the time that
is needed for embedding in QC.

clustering for a real-world application, which is in this case BSS. Moreover, the Spearman dissim-

ilarity function showed better performance compared to the other functions for this purpose. Thus,

the proposed model has the potential to be applied to real-world applications for clustering items

with multiple features. Despite the advantages of QC, several challenges and limitations exist that

require attention. Hybrid QC requires transferring data between classical and quantum units which

affects the overall computational speed. Moreover, QA is very sensitive to noises and environmen-

tal factors which may lead to inaccurate solutions, which is why different iterations are required to

validate the solution. While this study presents promising results in utilizing QC for clustering BSS

110



stations, several avenues for future research remain open. These include optimizing data transfer

between classical and quantum units to enhance computational efficiency. Additionally, mitigating

the impact of noise and environmental factors on QA outcomes by refining error correction tech-

niques and exploring novel approaches for solution validation through multiple iterations presents

an intriguing research direction.
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Chapter 5

Machine Learning for Sustainable

Transportation Management: Predicting

Bike Sharing System Ridership with

Geospatial Features

5.1 Preface

This chapter is important as a requirement for the next chapter, where a new Feature Selection

(FS) method is proposed. The insights and results from this chapter form a critical foundation for

developing and validating the proposed FS method, ensuring it is robust and tailored to the spe-

cific needs of BSS ridership prediction. Moreover, the methodologies and findings presented in

this chapter highlight the complexities of BSS ridership prediction, such as the interplay between

weather conditions, geographical features, and historical usage patterns. This detailed understand-

ing is crucial for developing an FS method that can effectively capture these dynamics and improve

model performance. Ultimately, the work in this chapter lays the groundwork for advancing pre-

dictive modeling in BSS, contributing to more effective system management and enhanced user
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satisfaction.

The main focus of this chapter is to investigate various modeling approaches to predict BSS user

numbers, focusing on Toronto’s BSS as a case study. Accurate ridership prediction is essential for

managing these systems effectively, optimizing resource allocation, and enhancing user experience.

To find the best approach for this case, different techniques, including LR, RF, and XGBoost are

investigated by analyzing historical usage patterns, weather conditions, and geographical features.

Our findings reveal that XGBoost Poisson regression with exposure is the most effective method

for predicting BSS ridership, providing valuable insights into managing these systems efficiently.

The content of this chapter is published in the Canadian Society for Civil Engineering (CSCE) 2024

Annual Conference as follows:

A. Nourbakhsh, M. Jadidi, and K. Shahriari. ”Machine Learning for Sustainable Transporta-

tion Management: Predicting Bike-Sharing System Ridership with Geospatial Features.” Canadian

Society for Civil Engineering (CSCE) 2024 Annual Conference, 2024.

5.1.1 Copyright and Licensing

This will be added once the paper is published.

5.1.2 Contributions

The roles of the authors in this chapter are outlined as follows: Amirhossein Nourbakhshrezaei was

responsible for the literature review, data collection and organization, methodological develop-

ment, implementation for analysis and modeling, result validation and visualization, and the initial

manuscript writing. Mojgan Jadidi oversaw the research, provided the funding, and contributed

to the methodology development, as well as the writing and editing of the manuscript. Kyarash

Shahriari supervised the research and assisted in the manuscript editing.
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5.2 Abstract

Bike Sharing Systems (BSS) have become one of the main components of urban transportation

networks, providing convenient and sustainable alternatives for commuters. Accurate prediction

of ridership is crucial for efficiently managing these systems, ensuring optimal resource allocation,

and enhancing user experience. This paper explores various modeling approaches to predict the

number of users in BSS, focusing on the Toronto BSS as a proof of concept. These foundational

steps are essential for extracting meaningful insights from the raw data generated by BSS. Under-

standing the intricate relationships between temporal, environmental, and spatial factors enables

the development of robust predictive models. Our study applies a diverse set of ML techniques, in-

cluding LR, linear Poisson regression, RF, XGBoost regression, XGBoost Poisson regression, and

XGBoost Poisson regression with exposure. Each model brings a unique perspective to the task,

leveraging its strengths in capturing complex patterns within the data. The analysis encompasses

historical usage patterns, weather conditions, and geographical features to enhance the predictive

capabilities of our models. By comparing and contrasting different approaches, we provide valu-

able insights into the strengths and limitations of each method. Results indicate varying degrees

of predictive performance among the models, with XGBoost Poisson regression with exposure

emerging as the most effective method for anticipating the number of users in the BSS.

5.3 Introduction

In contemporary urban landscapes, where sustainability and efficiency intertwine, BSS have emerged

as integral components of transportation networks, offering a viable and eco-friendly alternative for

daily commuters [189]. As metropolitan areas deal with the challenges of congestion, pollution,

and the ever-growing demand for accessible transportation, the need for effective management of

BSS becomes paramount [190]. Accurate prediction of ridership is a must in achieving this man-

agement efficacy, facilitating optimal resource allocation, and ultimately enhancing the overall user

experience [191].
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Since the new methodologies in time series problems are evolving, this paper describes the realm

of predictive modeling for BSS ridership, with a particular focus on the vibrant and dynamic city of

Toronto as a compelling case study. The intricate interplay between temporal, environmental, and

spatial factors in the context of bike-sharing necessitates a nuanced and comprehensive approach

to modeling.

Our exploration extends beyond conventional predictive methodologies [192], incorporating a di-

verse set of ML techniques to unravel the underlying patterns within the data. Fundamental to our

investigation is the recognition that BSS ridership is shaped by multifaceted influences, including

historical usage patterns, meteorological conditions, and the geographical context in which these

systems operate [193]. To this end, we explore a spectrum of ML models, ranging from traditional

LR to more sophisticated ensemble methods like RF and XGBoost [194]. Each model, charac-

terized by its unique strengths and adaptability, contributes to our holistic understanding of the

complex relationships embedded in BSS ridership dynamics.

Throughout our exploration, this paper aims to not only showcase the efficacy of diverse ML tech-

niques but also to provide a comparative analysis of their strengths and limitations in predicting

BSS ridership [195]. The culmination of our efforts reveals valuable insights, with XGBoost Pois-

son regression with exposure emerging as the most effective method for anticipating the number

of users in the BSS. As we navigate through the intricacies of modeling sustainable transportation

management, our study contributes to the broader discourse on leveraging data-driven approaches

for a more resilient and responsive urban mobility landscape.

The identified superior performance of XGBoost Poisson regression with exposure highlights its

potential as a robust tool for stakeholders in the transportation sector seeking accurate ridership

predictions to optimize system efficiency and user satisfaction.

116



5.4 Literature Review

Many researchers have been working on predicting ridership in BSS and transportation mobility. In

this section, the most relevant research is summarized, and at the end of the section, the difference

between this paper and other papers is described.

The study by Soheil Sohrabi et al. (2020) focused on the development of generalized extreme value

(GEV) count models to predict hourly bike arrivals and departures in BSS. These models consider

various factors such as time-of-day, weather, built environment, infrastructure, temporal, and spatial

dependencies. By analyzing demand patterns in the BSS, the study demonstrates the models’ ability

to predict demand at both aggregate and disaggregate levels with reasonable accuracy [196].

A study on forecasting usage and bike distribution in Dockless Bike-Sharing (DBS) systems, which

lack fixed stations or docks, is written by Mingzhuang Hua et al. The study, based on Mobike jour-

ney data from Nanjing, China, employs K-means clustering to divide virtual stations and processes

usage and bike count data from 4000 such stations. Utilizing RF, the study predicts real-time

passenger departure, passenger arrival, and bike count in these virtual stations. Results indicate

a positive correlation between bike count and usage, with RF demonstrating superior predictive

accuracy compared to benchmark methods [197].

Another research extracts novel time-lagged variables from real-world bike usage datasets, includ-

ing graph structures and flow interactions, and utilizes them as inputs to various ML algorithms

to predict short-term bike demand. The experiments reveal that graph-based attributes are more

influential in demand prediction than commonly used meteorological information [198].

Another study examines the factors influencing the ridership of BSS and free-floating bike sharing

(FFBS) at rail transit stations, aiming to address the ”first/last mile” problem. Based on user trans-

action records from two BSSs in Nanjing, China, the study first classifies rail transit stations into

five types using the k-means cluster method based on temporal bike sharing usage profiles [199].

A team of researchers presented a study aimed at predicting station-level demand for pickup and

drop-off of bicycles in BSSs, crucial for enhancing system efficiency and reducing operational

costs. Leveraging station activity information, including time and weather data, alongside the
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number of pickups and drop-offs 1–3 hours before prediction, a RF ML technique is employed for

demand prediction [200].

[201] discussed the spatio-temporal patterns of dockless bike sharing demand and factors influenc-

ing these patterns to enhance operational efficiency. Utilizing bicycle trip data from Mobike, Point

of Interest (POI) data, and smart card data in Beijing, the study constructs a spatially embedded

network and applies the Infomap algorithm for community detection to uncover usage patterns.

5.5 Methodology

5.5.1 Data Exploration

In this section, data exploration is described, which is the first step to analyzing data to get a better

understanding and complete insight into the dataset. Figures [5.1, 5.2] show the histogram of

ridership at start and end stations. The histograms show that the number of users per station at the

beginning of a trip is approximately the same as at the end of the trip in a station. That is why this

paper considers start stations as the number of ridership.

Figure [5.3, 5.4] are time series plot showing the duration of trips available in BSS over a period of

one year. Figure 5.3, categorized dataset based on user type; annual and casual members. Figure

5.4, classified the dataset based on time of a day; AM, and PM. The x-axis represents time, labeled

with months from January to December. Before doing any analysis, visually it is obvious that there

is a seasonal trend in the data, with rid-ership increasing during the summer months (June, July,

August) and decreasing dur-ing the winter months (December, January, February). This suggests

that more people use the BSS when the weather is good. Additionally, the ridership is consistently

high-er in the fall (September, October, November) than it is in the spring (March, April, May).

This could be due to a number of factors, such as more people commuting to work by bike during

the fall months, or students returning to school. There are some short-term fluctuations in ridership

throughout the year. These fluctuations could be due to a variety of factors, such as weather events,

special events, or holidays.
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Figure 5.1: Histogram of ridership in start stations.It shows frequency based on start station id
.

Figures [5.5, 5.6] represent a visual exploration of the temporal dynamic of ridership over a year

within the Toronto BSS. Divided into two panels, the Figure 5.5 shows the monthly ridership trends

over the course of a year for five randomly selected stations. This granular representation allows

for an in-depth analysis of the ridership patterns at individual stations, unveiling potential nuances

and localized variations. Moreover, Figure 5.6 synthesizes the collective ridership across all sta-

tions, presenting a simple view of the system’s overall usage throughout the year. A compelling

observation arises from the comparative analysis between these two perspectives: the apparent

correlation between ridership and months. The dynamic trajectories exhibited by the five random

stations collectively mirror the trend observed in the total monthly ridership, underscoring a strong

and cohesive association between ridership patterns and the passage of time. This insight not only

illuminates the systemic behavior of the BSS network but also underscores the potential impact of

temporal factors on ridership fluctuations across diverse stations within the system.
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Figure 5.2: Histogram of ridership in end stations. It shows frequency based on end station id
.

5.5.2 Machine Learning Algorithms

After checking preliminary exploration of our dataset in the preceding section, where visual inspec-

tions and statistical summaries provided valuable insights, we now tran-sition into more numerical

and analytical approaches. The focus of the paper shifts towards robust numerical checks and anal-

yses to extract correlations within the data. At the forefront of this methodological progression lies

the critical step of feature engineering. Unlike the visual explorations employed earlier, feature

engineering in-volves a deeper examination of numerical attributes that can enhance the under-

standing of the underlying patterns. This process is fundamental for refining the data and preparing

it for subsequent modeling stages. Feature engineering is described in the following sub-section.

5.5.3 Feature Engineering

In this paper, feature engineering takes center stage as the goal is to refining the da-taset for a more

effective analysis. This process involves not just tweaking existing features but also choosing new
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Figure 5.3: Distribution of trip duration over a year classified based on annual, and casual members.

Figure 5.4: Distribution of trip duration over a year classified based on AM, and PM in a day.

ones to uncover meaningful patterns. A crucial part of feature engineering is “feature selection”,

where the most relevant attributes for the predictive models should be selected. By assessing each

feature’s importance, we avoid unnecessary complexity in the models and make them easier to

understand. In this paper, linear correlation-based method, and MI are used to check the features,

keeping only the ones that really matter. This not only makes our models more accurate but also

helps manage the amount of information that need to be considered.
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Figure 5.5: Monthly ridership over a year for five random stations.

5.5.4 Linear Correlation-based Method

TheCorrelation-based Feature Selection (CFS) method is an approach for selecting sets of features

that exhibit strong correlations with the target variable while maintaining low correlations among

themselves. The primary aim of CFS is to pinpoint a subset of features that maximizes information

about the target variable while minimizing redundancy within the chosen features.

The algorithm for CFS initiates by computing the correlation between each feature and the target

variable. Subsequently, it evaluates the correlation among all pairs of features. The algorithm then

proceeds to identify the subset of features that displays the highest correlation with the target vari-

able and, simultaneously, the least correlation among themselves. In this paper, Pearson correlation

coefficient is used since the goal is to use a regression model to predict the ridership (Equation 5.1).

rzc =
kr̄zi√

k+ k(k−1)r̄ii
(5.1)

where rzc is the correlation between the components and the outside variable,
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Figure 5.6: The total monthly ridership over a year.

• k is the number of components,

• r̄zi is the average of the correlations between the components and the outside variable, and

• r̄ii is the average inter-correlation between components.

5.5.5 Mutual Information (MI)

Since the correlation matrix can detect linear correlation, we need to apply another approach that

identifies the non-linear correlation between features. In this paper, MI is used. MI is a statistical

measure that quantifies the degree of dependence between two variables by assessing the amount of

information gained about one variable when the other is known. In essence, it captures the extent to

which knowledge of one variable reduces uncertainty about the other. The formula for MI, denoted

as I(X ;Y ) for two variables X and Y , involves calculating the sum over all possible outcomes of

the joint probability distribution of X and Y , multiplied by the logarithm of the ratio of the joint

probability to the product of the individual probabilities (Equation 5.2).
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I(X ;Y ) = ∑
X

∑
Y

p(x,y) log
(

p(x,y)
p(x)p(y)

)
(5.2)

• p(x,y) is the probability of the two variables,

• p(x), p(y) are the marginal probabilities.

5.5.6 Linear Regression

LR is a fundamental statistical method used for modeling the relationship between a dependent

variable and one or more independent variables. The model assumes a linear connection between

the variables, aiming to find the best-fitting line that minimizes the sum of squared differences

between predicted and observed values. This approach is widely employed for its simplicity and

interpretability, making it a valuable tool for predicting numeric outcomes (Equation 5.3).

y = β0 +β1X + ε (5.3)

where y is the predicted value, X is the independent variable, β0 is the intercept, β1 is the regression

coefficient, and ε is the variation of the estimated coefficient.

5.5.7 Linear Poisson

Linear Poisson regression is an extension of the LR model designed specifically for count data,

where the dependent variable represents the number of occurrences of an event. This method

accommodates the inherent characteristics of count data, such as non-negativity and discrete values,

by modeling the response variable with a Poisson distribution. It is particularly useful when the

outcome variable involves counting events over time or space. Equation 5.4 shows the formula of

Linear Poisson regression.

P(Yi = yi | Xi,β) =
e−exp{Xiβ}(exp{Xiβ})yi

yi!
(5.4)
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where Y is the dependent variable, Xi are the predictors, exp{Xiβ} is the rate of Poisson distribution,

and β is the regression coefficient.

5.5.8 Random Forest

RF is an ensemble learning method that leverages the power of multiple decision trees to improve

predictive accuracy and robustness. Each tree is constructed independently, and the final prediction

is determined by aggregating the individual tree predictions. RF is known for its ability to han-

dle complex relationships in data, mitigate overfitting, and provide feature importance rankings,

making it a versatile choice for various regression and classification tasks (Equation 5.5).

RF f ii =
∑ j∈all trees normfii j

T
(5.5)

where RF f ii is the importance of feature i in the RF model, normfii j is the normalized value for

feature importance of feature i in tree j, and T is the number of trees.

5.5.9 XGBoost Regression

XGBoost is a popular and powerful gradient boosting framework that excels in predictive modeling

tasks. In the context of regression, XGBoost builds an ensemble of weak learners (typically de-

cision trees) and sequentially refines them to optimize the predictive performance. It incorporates

regularization techniques to prevent overfitting, handles missing data, and allows for customized

loss functions, making it a robust and flexible regression tool (Equation 5.6).

yi = φ(xi) =
K

∑
k=1

fk(xi) (5.6)

where y is the predicted value for each instance, xi is the feature vector, K is the number of trees,

and fk(xi) is the output of the k-th tree for the i-th instance.
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5.5.10 XGBoost Poisson

XGBoost Poisson regression is a variant of XGBoost specifically tailored for count data, following

a Poisson distribution. Similar to its regression counterpart, it optimizes the model through boosting

weak learners, but it adjusts its framework to accommodate the characteristics of count variables.

This makes XGBoost Poisson well-suited for predicting counts or frequencies, commonly encoun-

tered in scenarios like traffic flow or user interactions. The formula for XGBoost Poisson is similar

to Equation 5.6, with an exponential function added to it to ensure the predicted values are non-

negative. This approach should be used whenever the target variable follows a Poisson distribution

(Equation 5.7).

y =
λke−λ

k!
(5.7)

where k is the number of events in a given interval, λ is the mean number of occurrences during the

interval, and e is the base of the natural logarithm.

5.5.11 XGBoost Poisson and Exposure

XGBoost Poisson regression with exposure extends the traditional Poisson regression by incorpo-

rating an exposure term. The exposure term represents the time or space that each observation is

exposed to the risk of the event, addressing situations where the data is not collected uniformly

across all instances. This variant is particularly useful in scenarios where the exposure duration

varies among observations, ensuring a more accurate modeling of the underlying process and im-

proving the reliability of predictions.

5.6 Results and Discussion

The results of this paper reveal two main aspects: the selection of features and the performance of

different methods. First, when choosing features, tools like scatter charts and correlation matrices
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are used to understand how certain factors, like month number and trip duration, relate to bike

ridership. The scatter chart worked well for numerical features. To include both numerical and

categorical features, a correlation matrix is being used (Figures 5.7, 5.8). However, because the

correlation matrix only considers linear relationships, the MI approach is employed for a more

thorough analysis, as seen in Figure 5.9. MI highlighted key features for training the models, such

as Bike ID, Trip Duration, Trip ID, Start and End Stations, Day-y, Day-x, Day, and Month Number

and Name.

Figure 5.7: Correlation matrix for the features before one-hot encoding.

Another important point is the way time-related features are represented. To make sure there is

a smooth transition between the end of one month and the start of the next, the ”day” feature is

transformed into a 2D space. This shift ensures that the first day of each month is close to the

30th and 31st of the previous month. A similar trans-formation is explored for weeks, but it did
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Figure 5.8: Correlation matrix for the features after one-hot encoding.

not significantly impact feature im-portance. The exploration of FS methods not only helped to

under-stand how different factors relate to ridership but also identified the most important features

for building accurate predictive models.

The results showed that one-hot encoding [202] works well on AM-PM features and types of users

(Annual, and Casual). The adoption of one-hot encoding is pivotal for several reasons. It allows

us to incorporate categorical information into our predictive models, which often rely on numerical

input. By transforming categorical features into a binary format, we ensure that the model can

effectively learn and respond to the unique characteristics associated with each category. This

method prevents the model from assigning unintended ordinal relationships to categorical values

and enhances its ability to capture nuanced patterns within the data.

After fine-tuning the parameters of the above-mentioned models to optimize predictive perfor-

mance, the cross-validation techniques are employed, then model efficacy are iteratively assessed
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Figure 5.9: Results of MI approach for FS. The left image shows the importance of features before encoding
categorical features, and the right image shows the importance of features after encoding categorical features.

and hyper parameters are refined to strike an optimal balance between predictive accuracy and

generalizability.

The fine-tuning process involved iterative adjustments to model parameters, with a focus on opti-

mizing the learning rate, tree depth, and feature subsampling to achieve the best predictive perfor-

mance. Cross-validation techniques ensured robust evaluation across multiple subsets of the data,

guarding against overfitting and providing a reliable estimate of each model’s performance. The

final results, based on RMSE, highlight the superior predictive capabilities of the XGBoost Pois-

son+ Exposure model, followed by XGBoost Poisson, XGBoost Regression, RF, Linear Poisson,

and LR (Table 5.1).

Table 5.1: Comparison between different methods.

Model Mean RMSE

Linear Regression 598.873
Linear Poisson 437.88
Random Forest 54.567
XGBoost Regression 24.633
XGBoost Poisson 15.734
XGBoost Poisson+Exposure 11.687
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(a) The results of LR with (RMSE=598.87334).
(b) The right one shows the results of XGBoost Pois-
son + Exposure with (RMSE = 11.687).

Figure 5.10: Comparison of results between LR and XGBoost Poisson + Exposure.

5.7 Conclusion

In conclusion, this paper investigated ridership prediction for optimal resource allocation and en-

hanced user experience in BSS urban transportation networks. Transitioning from visual inspec-

tions to numerical analyses, this paper emphasizes the significance of feature engineering in refin-

ing data for subsequent modeling stages. The fine-tuning of model parameters, guided by iterative

adjustments and cross-validation, ensures an optimal balance between predictive accuracy and gen-

eralizability. The results, based on RMSE, rank models in order of effectiveness, with XGBoost

Poisson+ Exposure leading the way, followed by XGBoost Poisson, XGBoost Regression, RF, Lin-

ear Poisson, and LR. These findings underscore the potential of predictive models offering valuable

insights for sustainable transportation management. In the future work we will publish the results

of our model by comparing different granularity influenced by factors such as weather conditions,

weekdays, and special events.
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Chapter 6

A Model Agnostic Method for Feature

Selection on Quantum Computing

6.1 Preface

This chapter describes the fifth sub-objective, which is to introduce a novel approach leveraging

QA to enhance FS processes. FS is a pivotal task in ML, aimed at identifying the most relevant

variables for building predictive models. By reducing the dimensionality of data, we can improve

model performance and reduce computational costs. The method proposed in this research uses the

power of QA to navigate the complex search space of FS more effectively than traditional methods.

The development of this QC-based FS method involved experimentation and validation across var-

ious datasets, including wine quality, insurance, and BSS data. The main contribution of this paper

is to introduce a novel model agnostic algorithm for FS in regression models that, in most cases,

outperforms current state-of-the-art approaches in QA. To validate the FS results, we compare R-

squared and RMSE across three target models: 1) LR, 2) RF, and 3) XGBoost. The effectiveness

of the proposed method is evaluated using various datasets, demonstrating its versatility and ro-

bustness. The results demonstrate the method’s superiority in achieving higher predictive accuracy

with fewer features, thus simplifying models and enhancing computational efficiency. The content
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of this chapter is submitted for publication in Quantum Machine Intelligence Journal as follows:

A. Nourbakhsh, S. Sheikh Gargar, M. Jadidi. ”A Model Agnostic Method for Feature Selection

on Quantum Computing.” Quantum Machine Intelligence Journal, Submitted May 2024.

6.1.1 Copyright and Licensing

This will be added once the paper is published.

6.1.2 Contributions

The roles of the authors in this chapter are outlined as follows: Amirhossein Nourbakhshrezaei was

responsible for the literature review, data collection and organization, methodological develop-

ment, implementation for analysis and modeling, result validation and visualization, and the initial

manuscript writing. Soroush Sheikh Gargar was responsible for the methodological development,

result validation, and visualization. Mojgan Jadidi oversaw the research, provided the funding, and

contributed to the methodology development, as well as the writing and editing of the manuscript.
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6.2 Abstract

This study introduces a novel model-agnostic FS method leveraging Quantum Computing (QC)

principles, specifically QA. FS is a crucial data pre-processing step in ML that aims to identify

the most relevant features for predictive models, enhancing their performance and efficiency. The

proposed method demonstrates its effectiveness by outperforming traditional MI methods and cur-

rent state-of-the-art techniques in QC for FS. Using three datasets; Wine Quality, Insurance, and

BSS, we evaluated the proposed method against three different target models: LR, RF, and XG-

Boost. Our results show that the proposed method consistently achieves higher (R2) values and

lower RMSE scores in most cases compared to traditional methods. The study highlights the po-

tential of integrating QA for FS in enhancing predictive accuracy and computational efficiency.

The proposed method’s ability to achieve higher predictive accuracy with fewer features simplifies

models and reduces computational costs, making it valuable for large-scale data mining and ML

tasks. Future work will focus on refining the proposed method and exploring its applicability to

real-time data processing scenarios.

6.3 Introduction

Feature selection is a critical data preprocessing strategy that tries to identify the most relevant

features for predictive models. In many real-world scenarios, datasets contain a large number of

features, only a few of which may be directly related to the target variable. The process of selecting

relevant features can lead to significant improvements in data mining and ML [203]. Moreover, FS

simplifies models by removing irrelevant or redundant features, leading to faster training and less

memory usage.

In supervised learning, FS methods can be divided into three main categories: wrappers [204],

filter-based methods [205], and embedded methods [206]. Wrapper methods, such as forward and

backward selection, iteratively evaluate feature subsets by training and testing a predictive model

[207]. Although they provide accurate results, they can be computationally expensive. Filter-based
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methods select features based on their statistical relationship with the target variable without involv-

ing a predictive model. Examples include MI [208], Pearson similarity, and Spearman similarity,

which assess the dependence or correlation between features and the target [209]. These methods

are computationally efficient but may lack precision compared to wrappers. Embedded methods

integrate FS within the training process of a predictive model. Least Absolute Shrinkage and Selec-

tion Operator (LASSO) [210], for example, uses L1 regularization to shrink less important feature

coefficients to zero, effectively selecting relevant features.

In practice, solving FS through brute force approaches is computationally expensive, especially

when handling high-dimensional data. Evaluating all possible feature combinations quickly be-

comes impractical due to the combinatorial explosion. As a result, solving them by heuristic ap-

proaches are more efficient.

One promising heuristic approach is QA [170], a well-known hybrid method in QC. QA leverages

principles of quantum mechanics to approximate global optimization problems efficiently. This

makes it particularly suitable for FS, as it can navigate the search space more effectively, balancing

computational efficiency and solution quality.

The main contribution of this paper is to introduce a novel model agnostic algorithm for FS in

regression models that, in most cases, outperforms current state-of-the-art approaches in QA. To

validate the FS results, we compare R-squared and RMSE across three target models: 1) LR, 2)

RF, and 3) XGBoost. The effectiveness of the proposed method is evaluated using various datasets,

demonstrating its versatility and robustness.

The implementation of our algorithms and all associated code are available for public access at

Google Colab Link.

The rest of this paper is structured as follows: Section 6.4 reviews the relevant literature and exist-

ing approaches to FS in QC. Section 6.5 presents the methodology behind our proposed algorithm.

Section 6.6 outlines the experiments conducted to evaluate the algorithm, while Section 6.7 dis-

cusses the results obtained and compares them to the state-of-the-art methods. Finally, Section 6.8

concludes the paper and offers insights into potential future work.
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6.4 Literature Review

Recent years have seen significant progress in research activity around FS and more specifically FS

using QC, as evidenced by the growing number of publications. Figure 6.1 illustrates the increasing

trend of papers focusing on FS both with and without using QC.

Figure 6.1: Results of the query in Web Of Science (WOS) that shows the percentage of publications per
year for different keywords.

Many researchers have been working on FS using QC. However, the idea of using QA for FS first

emerged in 2017 when Milne et al. [94] introduced a method based on Quadratic Unconstrained

Binary Optimization (QUBO) to formulate the FS problem. They applied this method to credit

scoring and classification. The QUBO model aimed to identify features that were both indepen-

dent and influential, achieving a smaller feature subset without compromising accuracy compared

to RFE. This highlights the potential of QA in high-dimensional data mining tasks. Nembrini et

al.[95] investigated and designed a hybrid FS algorithm for recommender systems using QA. They

represent FS as an optimization problem and solve it using D-Wave’s quantum computer. Their

results demonstrate that this approach is effective in identifying a limited set of critical features,

showcasing the growing potential of QC in practical scientific applications. Hellstern et al. [96]

explored the application of FS in QC for supervised learning. They formulated QUBO and solved

it using both classical and quantum methods, including QA and QAOA. The authors compared

QUBO-based FS to standard methods like RFE and LASSO. Mücke et al. [97] proposed a novel
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FS algorithm based on QUBO. This algorithm identifies a specified number of features by opti-

mizing both feature importance and redundancy. The authors solved this QUBO problem using

classical computers, VQE, and QA. Experimental results on benchmark datasets show that their

method is competitive with standard FS methods. Vlasic et al. [98] introduced a QFS algorithm

leveraging QA. They used information-theoretic metrics; MI and Spearman correlation coefficients.

When compared to classical FS methods such as the ANOVA F-test and Chi-squared statistics, QFS

consistently delivered superior model stability and predictive performance across three datasets.

Sabbar et al.[99] propose a QIGA to enhance AMC. The QIGA model leverages QC principles to

improve FS and classification accuracy. By extracting enhanced cumulants from modulation signals

and optimizing the search process, the QIGA algorithm achieves superior performance. This inno-

vative approach demonstrates the potential of quantum-inspired optimization in improving AMC

accuracy and efficiency. Other related works can be found here [100, 101, 102, 103, 104, 105].

6.5 Methodology

In this section, the model agnostic method and the way that it can be formulated to solve as a

QUBO problem on a quantum computer are described. In FS, for each feature f belonging to the

set of features F , and a target t, it is important to select features that have the strongest correlation

with t. To evaluate the proposed method, six functions are investigated, and the evaluation method

is applied using three target methods.

6.5.1 Quantum Annealing

To formulate the model, first QC model should be selected. Given the rapidly advancing quantum

hardware technology, there is a strong incentive to analyze and tackle current NP-hard problems,

which remain computationally challenging even for the most powerful classical computers [181].

Different QC models utilize distinct technologies, resulting in each model having a variety number

of qubits and levels of noise due to the entanglement of many qubits. Among the existing QC mod-
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els, QA has shown promising results in solving NP-hard problems, making it the chosen method in

this research.

The Hamiltonian function of a QC device links specific states, known as eigenstates, to their re-

spective energies [182]. When the system is in an eigenstate of the Hamiltonian, the energy is

well-defined and referred to as the eigenenergy. All other states have uncertain energies. The

eigenspectrum is the set of eigenstates with known eigenenergies, as shown in Eq. 6.1:

HIsing(s) =−
A(s)

2 ∑
i

σ̂x
(i)+

B(s)
2

(∑
i

hiσ̂x
(i)+∑

i> j
Ji, jσ̂z

(i)
σ̂z

( j))

(6.1)

where Ji, j represents the coupling strength between qubits i and j, hi is the bias for qubit i, and ˆ
σ(i)

are the Pauli matrices. The equation comprises two terms; the initial Hamiltonian (first term) and

the final Hamiltonian (second term). The first term represents the lowest-energy state of the super-

position of qubits (0, 1) and is known as the tunneling Hamiltonian. The second term represents

the lowest-energy state of the final states and is the solution to the problem at hand. It incorporates

the biases (σ) and coupling between qubits in the classical state and is known as the Hamiltonian

problem.

f (x) = ∑
i

Qi,ixi +∑
i< j

Qi, jxix j (6.2)

where Qi,i: Linear coefficients

Qi, j: Quadratic coefficients, or non-zero off-diagonal terms

EIsing(s) = ∑
i=1

hisi +∑
i=1

∑
j=i+1

Ji, jsis j (6.3)

where hi: Linear coefficients
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Ji, j: Quadratic coefficients, or non-zero off-diagonal terms

To execute the model on D-Wave QA computers, it needs to be reformulated as either a Constrained

Quadratic Model (CQM), Binary Quadratic Model (BQM), or Discrete Quadratic Model (DQM).

In this research, as a proof of concept and to implement our method, we formulated the problem

using a hybrid approach that works with BQM, given that the variables are binary and ensures

that each qubit is either selected or not selected to predict the target, with a constraint to set total

number of features to a specific number. The model can be executed as a QUBO (Eq. 6.2) or an

Ising model (Eq. 6.3). More specifically, the Ising model serves as input for the quantum hardware.

However, due to the nature of QUBO (with parameters 0 and 1 instead of -1 and +1 like in the Ising

model), formulating problems using QUBO is generally simpler. Nevertheless, both models can

be converted into each other. To map the problem to either the Chimera graph or Pegasus graph,

the model should first be formulated as a QUBO, and then the Ising model will be passed to the

Quantum Processing Unit (QPU) in D-Wave.

6.5.2 Proposed Method

To define biases and couplers in Equation 6.2, we need to define our problem properly. If F features

are available, for each target, F qubits should be initialized. If feature i is selected then qi = 1, and

i = 1, ...,F . In other words, the sum of all possibilities for features equals tok (Eq. 6.4).

F

∑
i=1

xi = k (6.4)

where F = number of features,

xi = qubit,

k = number of selected features.

To effectively select a subset of features, it is crucial to maximize the correlation between fi and

the t, while minimizing the correlation between the fi and f j to reduce redundancy and noise. Let
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C represent a function that computes the correlations between variables. Specifically, Equation 6.5

illustrates the first term in the cost function that is related to the correlation between fi and the

t, whereas Equation 6.6 details the correlations among the features themselves. In our proposed

method, we specify two different functions for C, one for C fi,t , and one for C( fi, f j),t . The functions

are defined in the next subsections.

F

∑
i=1

xi.Ci,t (6.5)

where Ci,t = correlation between fi and t

F

∑
i=1

F

∑
j=1, j ̸=i

xix j.C(i, j),t (6.6)

where C(i, j),t = correlation between fi, f j and t

Defining Linear Coefficient

In the proposed method, the linear coefficient Ci,t within the cost function encapsulates both lin-

ear and non-linear associations between fi and t. Additionally, it incorporates a weighting factor

for each fi, which may assume both negative and positive values. This weighting is designed to

amplify the significance of each feature in the model, thereby enhancing the model’s sensitivity to

particularly influential features (Equation 6.7).

C fi,t =−
MI fi,t

R2
fi,t

(6.7)

where MI fi,t = Mutual Information between fi and t,

R2
fi,t = R2 for predicted t using feature i.

Defining MI fi,t as Equation 6.8, and R2
i,t as Equation 6.9 the C fi,t will be defined as Equation 6.10.
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MI fi,t =− ∑
fi∈X

p( fi) log p( fi)− ∑
t∈Y

p(t) log p(t)− ∑
fi∈X

∑
t∈Y

p( fi, t) log p( fi, t) (6.8)

where p( fi) = probability that fi equals a specific value from X ,

p(t) = probability that the target variable t equals a specific value from Y .

p( fi, t) =joint probability of fi and t.

R2( fi, t) = 1− ∑
S
s=1(ts− t̂s)2

∑
S
s=1(ts− t̄)2

(6.9)

where S = Total number of samples,

ts = the actual values of the target for sample s,

t̂s = the predicted values of the target using the feature fi,

t̄ = the mean of the actual values of the target

C fi,t =
[∑ fi∈X p( fi) log p( fi)+∑t∈Y p(t) log p(t)−∑ fi∈X ∑t∈Y p( fi,t) log p( fi,t)][∑S

s=1(ts−t̄)2]

∑
S
s=1(ts−t̄)2−∑

S
s=1(ts−t̂s)2 (6.10)

R2 ranges from -1 to +1. In the context of the formula specified in Equation 6.7, a negative R2

value indicates that the feature fi provides poor predictive capability for the target variable. This is

because a negative R2 suggests that the model’s predictions are worse than a simple baseline model

that predicts the mean of the target. Consequently, within the framework where the objective is to

minimize C fi,t , a negative R2 value contributes positively to the computation of C fi,t , resulting in a

higher positive value. This higher value of C fi,t leads to the non-selection of the feature due to its

detrimental impact on the model’s performance. Conversely, a positive R2 value, indicating better

predictive performance, results in a lower value of C fi,t in our minimization objective, leads to the

selection of the feature.

Defining Quadratic Coefficient

For the second part of the cost function which is a quadratic term, we proposed another model-

agnostic method that is defined based R2 and RMSE in two different scenarios (Equation 6.11).
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C( fi, f j),t =



R2
(i j),t−R2

i,t
RMSE(i j),t

if (R2
(i j),t−R2

i,t)≤ 0,

(R2
(i j),t−R2

i,t).RMSE(i j),t otherwise.

(6.11)

where R2
(i j),t = R2 of features i, j predicting t ,

R2
i,t = R2 of feature i predicting t,

RMSE(i j),t RMSE of features i, j predicting t.

For calculating R2 and RMSE, LR, RF, and XGBoost are used. Once the linear coefficients (C fi,t)

and quadratic coefficients (C( fi, j),t) are defined, we can construct the Q matrix in Equation 6.2.

6.6 Experiments

To rigorously evaluate the proposed method against established state-of-the-art techniques, the

identical problem was addressed using both traditional MI on classical computers and QC mod-

els. The metrics R2 and RMSE were computed utilizing three distinct predictive models: LR, RF,

and XGBoost. These models were also employed to assess the efficacy of the selected features

in predicting the target variable. Comprehensive investigations of all possible combinations of C

function and target models were conducted and presented in Figure 6.2.

6.6.1 Datasets

The proposed model has been tested on three different datasets.

Wine Quality Dataset

The wine quality dataset [211] is a popular resource derived from the UCI ML Repository, specif-

ically curated to facilitate the predictive modeling of wine quality based on physicochemical tests.

It consists of 1599 observations and 11 features.

141



Figure 6.2: Left side: list of correlation/similarity methods. Right side: list of target models to evaluate the
results.

Insurance Dataset

The insurance dataset [212] encompasses various attributes of insurance beneficiaries and is par-

ticularly designed for projects that involve predictive modeling of medical costs. The primary

objective when analyzing this dataset is to develop predictive models that can accurately estimate

individual medical costs billed by health insurance. This involves exploring regression tasks, as-

sessing the influence of demographic and behavioral factors on health costs, and potentially guiding

insurance cost strategies.

Bike Sharing System Dataset

This dataset [213] pertains to the BSS in Toronto and captures comprehensive ridership data over

a two-month period. Initially containing 352,911 records and 10 features, the dataset provides

detailed insights into the usage patterns of the city’s BSS. To augment the dataset’s utility and

depth, it has been enriched with additional socio-demographic data extracted from the Toronto

Census dataset [214]. This enrichment involved integrating geospatial characteristics of the bike

stations based on their locations within specific regions of Toronto. The census data, sourced from

the Toronto ward profiles, provides extensive demographic and statistical information for each ward

where bike stations are located. After the process of feature engineering and the inclusion of census

142



data, the enriched dataset now comprises 283,919 records and 2,689 features. This significant

increase in features reflects the integration of detailed socio-demographic variables, which offer a

richer, multidimensional view of the dataset. These enhancements allow for more granular analyses

and the ability to explore complex interactions between BSS usage patterns and socio-economic

factors.

6.6.2 Configuration of QUBO

The quantum solver function is central to implementing the QUBO. In this research, D-Wave’s QA

solver is used to solve the proposed method. The function takes three parameters; Binary Quadratic

Model (BQM); binary variables, the list of features from the dataset; and the number of features

to be selected. Initially, the function interacts with D-Wave’s Quantum Processing Unit (QPU)

through the DWaveSampler to access the quantum device. It converts the QPU’s architecture into a

graph representation using networkx functions. This graph assists in finding an appropriate clique

embedding for the variables of BQM. The embedding maps the high-dimensional problem into the

physical layout of the quantum processor. Once the embedding is determined, a fixed embedding

composite is created, which facilitates the direct use of the QPU by integrating the embedding

within the sampling process. The function then prints the maximum chain length used in the em-

bedding, providing an insight into the complexity and depth of the minor embedding required for

the problem. The quantum sampling is designed to optimize hybrid solutions that balance both

classical and quantum computations. The function enters a loop, iterating over the desired number

of features to select, adjusting and updating the BQM with combination constraints. This ensures

that the exact number of features is selected. The QPU read is set to 100, and the maximum iteration

is set to 3.
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6.7 Results and Discussion

Figure 6.3 shows the R2 values by selected features for the wine dataset using the traditional MI

method. The x-axis represents the number of selected features, and the y-axis represents the R2

values that is calculated using different target methods; LR, XGBoost, and RF. In the traditional

method, the best R2 was achieved using 9 features, and it equals 0.501251 (RMSE = 0.5709).

Figure 6.4 depicts the R2 values by selected features for the wine dataset using the MI in QC in the

current state of the art. The best R2 for MI in QC was achieved using 9 features where R2 = 0.5137

and RMSE = 0.563691.

Figure 6.3: Results of FS, using traditional MI for
wine dataset. R2 is calculated using different target
methods.

Figure 6.4: Results of FS, using existing MI in QC
for wine dataset. R2 is calculated using different tar-
get methods.

Figure 6.5 shows the results of the proposed method where both R2 and RMSE are calculated using

LR. In this scenario, R2 = 0.50201 and RMSE = 0.570469 for 9 selected features was the best

solution. In another scenario where to calculate R2 and RMSE for the proposed method, RF has

been used, the results are shown in Figure 6.6. In this case, R2 = 0.51377 and RMSE = 0.56369

for 7 selected features.

Figure 6.7 shows the results of the proposed method where both R2 and RMSE are calculated using

XGBoost. The best values obtained are R2 = 0.50889 and RMSE = 0.56651 for 7 selected features.

Figure 6.8 represents a comparison between different similarity methods for FS. Using 7 features,

the proposed method outperformed both traditional MI and MI in QC. With 9 features, the proposed

method outperformed traditional MI and showed a slight difference under MI in QC.

It is important to note that the goal of FS is to choose a subset of features that can achieve acceptable

accuracy with fewer features. Models that maintain high accuracy with a smaller number of features
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Figure 6.5: Results of FS, using the proposed
method. R2 and RMSE are calculated using LR for
the wine dataset. The final R2 is calculated using
different target methods.

Figure 6.6: Results of FS, using the proposed
method. R2 and RMSE are calculated using RF for
the wine dataset. The final R2 is calculated using
different target methods.

Figure 6.7: Results of FS, using the proposed
method. R2 and RMSE are calculated using XG-
Boost for the wine dataset. The final R2 is calculated
using different target methods.

Figure 6.8: Comparing the results of FS with differ-
ent methods. The R2 is grouped by similarity func-
tion for each number of features.

are preferred. The trend lines in the figures indicate that the proposed method achieves a higher

R2 value with fewer selected features. This demonstrates the efficiency of the proposed method in

identifying the most relevant features, thus reducing the complexity and potentially improving the

model’s performance.

The table 6.1 presents the R2 values for FS using traditional and proposed methods. It compares

the performance of different methods across varying numbers of selected features. The traditional

MI method, and MI in QC, show a gradual improvement in R2 as the number of features increases,

with MI classic starting at 0.4119 for 3 features and reaching 0.5013 for 9 features, while MI QC

starts at 0.4467 for 4 features and reaches 0.5138 for 9 features. The proposed methods, generally

exhibit higher R2 values. Notably, the proposed method achieves the highest R2 of 0.5089 for 7

features. Moreover, in most cases it demonstrates competitive performance, particularly with 5 and

7 features, indicating the effectiveness of the proposed methods in enhancing model performance

through FS. The results highlight that the proposed methods, especially, are capable of achieving
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better model accuracy compared to traditional methods.

Table 6.1: R2 of the FS for traditional and proposed methods. Empty values indicate that the QC was unable
to find an embedding for the problem.

Proposed Method
Features MI classic MI QC Linear QC RF QC XGBoost QC

3 0.4119 - 0.2062 0.4251 0.4177
4 0.4560 0.4467 0.4794 0.4372 0.4555
5 0.4768 0.4582 0.3922 0.4871 0.4978
6 0.4706 0.4808 0.4731 0.4881 0.4505
7 0.4873 0.4958 0.4916 0.5021 0.5089
8 0.5012 0.5001 0.5000 0.5157 -
9 0.5013 0.5138 0.5020 0.5138 0.5020

Table 6.2 displays the RMSE values for FS across various methods and different numbers of se-

lected features. Consistent with the R2 results, the traditional MI method (MI classic) and MI in QC

(MI QC) show a reduction in RMSE as the number of features increases. Specifically, MI classic

starts at 0.6199 for 3 features and decreases to 0.5709 for 9 features, while MI QC begins at 0.6013

for 4 features and drops to 0.5637 for 9 features. The proposed methods demonstrate generally

lower RMSE values, with the lowest RMSE of 0.5665 achieved for 7 features.

Table 6.2: RMSE of the FS for traditional and proposed methods. Empty values indicate that the QC was
unable to find an embedding for the problem.

Proposed Method
Features MI classic MI QC Linear QC RF QC XGBoost QC

3 0.6199 - 0.7202 0.6130 0.6169
4 0.5962 0.6013 0.5833 0.6065 0.5965
5 0.5847 0.5951 0.6302 0.5790 0.5729
6 0.5882 0.5825 0.5868 0.5784 0.5993
7 0.5788 0.5740 0.5764 0.5704 0.5665
8 0.5709 0.5715 0.5716 0.5626 -
9 0.5709 0.5637 0.5705 0.5637 0.5705

Figure 6.9 illustrates the R2 values for the insurance dataset using the traditional MI method with

different FS scenarios. The x-axis shows the number of selected features (ranging from 3 to 6),

while the y-axis represents the R2 values. The highest R2 value is 0.8836416 and the best RMSE
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is 4250.233107 for 6 selected features. Moreover, Figure 6.10 represents the results of FS using

MI in QC. The best overall score based on the target models are as follows; R2 = 0.8836416 and

RMSE = 4250.233107 for 6 selected features, which are the same as traditional MI method.

Figure 6.9: Results of FS, using traditional MI for
the insurance dataset. R2 is calculated using differ-
ent target methods.

Figure 6.10: Results of FS, using existing MI in QC
for the insurance dataset. R2 is calculated using dif-
ferent target methods.

Figure 6.11 however, shows the results of proposed method for the insurance dataset using LR

to calculate R2 and RMSE that are used in the proposed method. The results of this scenario

show an early convergence similar to MI in QC with only 4 selected features. The R2 equals

0.88286 and RMSE is 4264.417877. Figure 6.12 displays another scenario for the proposed method

where R2 and RMSE are calculated using RF. As shown, the trend converges earlier compared to

the traditional MI method, achieving similar performance with only 4 selected features. In this

scenario, R2 = 0.88321 and RMSE = 4258.088.

Figure 6.11: Results of FS, using the proposed
method. R2 and RMSE are calculated using LR for
the insurance dataset. The final R2 is calculated us-
ing different target methods.

Figure 6.12: Results of FS, using the proposed
method. R2 and RMSE are calculated using RF for
the insurance dataset. The final R2 is calculated us-
ing different target methods.

Analysing the results of the proposed method where the variables are calculated using XGBoost,

shows the same performance. As Figure 6.13 shows, the R2 are converged after 3 selected features.

There is a displacement in the chart for 3 features which shows the impact of alpha. The charts for
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showing the impact of alpha are given in the Appendix section. Figure 6.14 visualizes a comparison

between different methods used for FS with both proposed method, traditional MI, and MI in QC.

Figure 6.13: Results of FS, using the proposed
method. R2 and RMSE are calculated using XG-
Boost for the insurance dataset. The final R2 is cal-
culated using different target methods.

Figure 6.14: Comparing the results of FS with dif-
ferent methods on the insurance dataset. The R2 is
grouped by similarity function for each number of
features.

Figures [6.15,6.16,6.17,6.18,6.19,6.20,] illustrate the performance of different similarity methods

in terms of R2 values. The traditional MI method struggles to achieve satisfactory results, with

the best solution obtained yielding an R2 value of only 0.22942. This indicates that the traditional

MI method is less effective in capturing the relationship between the features and the target vari-

able. On the other hand, QC approaches demonstrate promising results, achieving an R2 value of

0.55686. In the proposed methods and also in MI in QC, results outperform traditional methods.

This indicates that both linear and non-linear correlation between the features and the target variable

are identified. Moreover, using non-linear models in the proposed method like RF and XGBoost

can capture more effectively than LR. However, it is noteworthy that using LR to determine the

required parameters in the proposed method still outperforms the traditional MI method.

Figure 6.15: Results of FS, using traditional MI for
the bike dataset. R2 is calculated using different tar-
get methods.

Figure 6.16: Results of FS, using existing MI in QC
for the bike dataset. R2 is calculated using different
target methods.
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Figure 6.17: Results of FS, using the proposed
method. R2 and RMSE are calculated using LR for
the bike dataset. The final R2 is calculated using dif-
ferent target methods.

Figure 6.18: Results of FS, using the proposed
method. R2 and RMSE are calculated using RF for
the bike dataset. The final R2 is calculated using dif-
ferent target methods.

Figure 6.19: Results of FS, using the proposed
method. R2 and RMSE are calculated using XG-
Boost for the bike dataset. The final R2 is calculated
using different target methods.

Figure 6.20: Comparing the results of FS with dif-
ferent methods on the bike dataset. The R2 is
grouped by similarity function for each number of
features.

6.8 Conclusion

In this study, we presented a novel model-agnostic FS method leveraging QC principles, specifi-

cally QA, to enhance the predictive performance of regression models. Our approach was tested

against three datasets; Wine Quality, Insurance, and BSS using three different target models: LR,

RF, and XGBoost. The results demonstrate the efficacy of our proposed method. Compared to tra-

ditional MI methods, our approach consistently achieved higher R2 values and lower RMSE scores.

For instance, in the BSS, while the traditional MI method struggled with few number of features,

our proposed method achieved promising results, indicating a significant improvement. This sug-

gests that QC approaches, especially those incorporating non-linear models like RF and XGBoost,

can better capture the intricate relationships between features and the target variable. Moreover,

the results show competitive performance compared to the MI in QC methods in the state of the

art. The ability of our proposed method to achieve higher predictive accuracy with fewer features
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is particularly noteworthy. This not only simplifies the models but also enhances computational

efficiency, making it a valuable method for large-scale data mining and ML tasks. In conclusion,

the integration of QA for FS proves to be a robust and effective approach, outperforming traditional

methods. This research opens avenues for further exploration of QC applications in ML, with po-

tential expansions into other types of predictive models and more complex models. As future work,

the focus will be on refining the proposed method and exploring its applicability to real-time data

processing scenarios, thereby advancing the frontier of QML.
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Chapter 7

Conclusion

7.1 Summary of Research

This research tackles several key challenges in transportation management using QC. Most trans-

portation issues can be formulated as discrete models that are complex, involving various interre-

lated components and stakeholders. These models must function in dynamic environments with

fluctuating demand, evolving infrastructure, and external factors like weather and geography. This

study explores and investigates solutions to these problems by examining different aspects of trans-

portation management using QC. The following sections detail the problem, proposed solutions,

and results for each objective 1.4 of this research.

7.2 Final Remarks and Contributions

7.2.1 Explore The Potential Of QC In Transportation Applications

The first objective1.4.1 involves formulating the risk of exposure to viruses, such as COVID-19,

during city journeys by optimizing the VRP. By transforming this into QUBO problem and solving

it with QA, the research aims to minimize virus exposure for road users, leveraging data from Bei-

jing’s taxi services. The results demonstrate that the QPU is significantly faster for small problems,
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although it has limitations due to its architecture. Hybrid QC emerges as a reliable and scalable

solution, capable of finding better solutions (lower energy) and handling more complex problems

by dividing them into smaller batches.

7.2.2 Develop a QC-based Approach For Dynamic Rebalancing BSS

The second objective1.4.2 focuses on optimizing the rebalancing of BSS to ensure bike availability

and meet user demand. By framing the problem as a QUBO problem and utilizing QC, specifically

the Advantage system 4.1 on the QPU, the research demonstrates a significant reduction in the

occupancy index, indicating improved bike distribution efficiency in Toronto’s BSS.

7.2.3 Enhance BSS Management By Clustering Stations Using QC

To achieve the third objective1.4.3, the potential of QC in ML is explored, particularly in clustering

BSS stations. The hybrid model developed addresses clustering as a CSP on a QA computer. Using

real-time data from Toronto’s BSS, the research evaluates various clustering methods, demonstrat-

ing the efficiency of QC in solving complex clustering problems and enhancing the management of

BSS.

7.2.4 Predict BSS Ridership To Enhance System Management

To achieve the fourth objective1.4.4, different modeling approaches to predict BSS ridership are in-

vestigated with geospatial features, focusing on Toronto BSS as a case study. Accurate predictions

are essential for effective management, resource optimization, and user satisfaction. Techniques

such as LR, RF, and XGBoost are analyzed, with findings indicating that XGBoost Poisson regres-

sion with exposure provides the most accurate predictions.
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7.2.5 Improve The Accuracy Of The Predictive Models

Finally, a model-agnostic FS method leveraging QC principles is proposed1.4.5. This method im-

proves predictive model performance by identifying relevant features, outperforming traditional

and state-of-the-art methods in terms of predictive accuracy and computational efficiency. Evalua-

tions using datasets like Wine Quality, Insurance, and BSS show the proposed method’s superiority,

highlighting its potential for large-scale data mining and ML tasks.

7.3 Limitations

Although we have demonstrated the impact and promising potential of QC in various transportation

problems, several limitations remain.

1. The quantum adiabatic theorem states that if one starts from the ground state of the initial

Hamiltonian and the transformation is done slowly enough, then the final state of the system

is the ground state of the final Hamiltonian. One limitation is that the minimal required time

needed to perform the transformation scales is as 1.9.

2. It is concluded that QPU is faster than every other solver. However, QPU is only applicable

for small problems, and this limitation is caused by QPU architectures.

3. Hybrid QC requires transferring data between classical and quantum units which affects the

overall computational speed.

4. QA is very sensitive to noises and environmental factors which may lead to inaccurate solu-

tions, which is why different iterations are required to validate the solution.

5. The effectiveness of quantum models is dependent on the architecture of the quantum device

and its alignment with the problem’s topology. If the problem’s structure does not match the

device’s architecture, the required circuit depth increases, leading to performance degradation

even with low noise rates.
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6. Embedding fully connected graphs, commonly encountered in transportation applications,

results in a substantial space overhead. This quadratic space overhead increases the time

to solution because it necessitates managing a larger number of variables in the embedded

problem.

7. The constraints in this research are defined as squared terms. These terms create fully con-

nected interactions among the qubits, posing difficulties due to the sparse connectivity of the

chimera graph. This challenge needs alternative methods to solve these problems efficiently.

8. The restricted dynamic range of coupling strengths and pre-factors in quantum annealers

makes it difficult to apply large penalty terms required for certain constraint satisfaction

problems, resulting in higher error rates and distorted ground state distributions.

7.4 Future Works

The field of QC is rapidly evolving, with significant advancements continually pushing the bound-

aries of what is possible. Based on the experience we have gained from this research, we have

identified several critical areas for future work that are essential to improving the field of QC in

transportation and broader spatial graph-based applications. These include improving error correc-

tion methods in QA, optimizing chain strength in minor embedding, developing compilers tailored

for QC architectures, exploring gate-based QC models, and creating user-friendly interfaces for

interaction with proposed models. Each of these areas addresses fundamental challenges and op-

portunities that will shape the future of QC, enhancing its reliability, efficiency, and accessibility.

7.4.1 Error Correction in QA

Error correction is a paramount concern in QC, particularly in QA where decoherence and opera-

tional errors can significantly affect performance. Future work is required to focus on developing

robust error correction techniques specifically tailored for QA processes. This involves design-
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ing algorithms that can detect and correct errors in real-time, ensuring the integrity of information

throughout the annealing process. By mitigating errors, we can enhance the accuracy and reliability

of QA, making them more practical for solving complex optimization problems.

7.4.2 Chain Strength in Minor Embedding

We have used minor embedding in QA to map a problem onto the hardware’s physical qubits. The

chain strength, which determines the coupling between qubits in a chain, plays a crucial role in the

effectiveness of this mapping. In this research, a constant value is used as chain strength. Future

research is needed that should aim to optimize the selection of chain strengths to minimize errors

and improve solution quality.

7.4.3 Developing a Compiler for QC Architecture

In this research, the Pegasus graph and the Chimera graph are used that have their specific topology.

Not all hardware accepts this topology. Migrating from one topology to another topology requires

more pre-processing. Designing and implementing compilers that can efficiently map quantum

models onto a variety of quantum hardware platforms is required. These compilers will need to

account for the unique constraints and capabilities of different quantum devices, enabling more

efficient and effective utilization of quantum resources.

7.4.4 Exploring The Gate-based QC Models

In this research, the potential of QC and mostly QA are investigated for transportation applica-

tions. However, it is important to explore the potential of other QC models, such as gate-based

models. Gate-based models provide precise control over individual qubits and quantum gates, fa-

cilitating the implementation of complex quantum operations and error correction protocols. This

capability makes them comparable to QA, warranting further investigation to fully understand their

advantages and applications.
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7.4.5 An Interface For User Interaction

Another important aspect of this research is the accessibility of the proposed methods. Ideally,

users should be able to test and run their datasets on these methods and evaluate the results. There-

fore, developing an intuitive and user-friendly interface is important. Future work can focus on

developing an interface that facilitates interaction with the models, making it easier for users to

design, run, and analyze quantum algorithms not only in transportation applications but any other

spatial graphs-based applications. This will simplify the complexities of QC, thereby broadening

its accessibility to researchers, developers, and industry professionals.

156



Bibliography

[1] A. Nourbakhsh, M. Jadidi, and K. Shahriari, “Exploring quantum computing potentials in

solving a combinatorial optimization problem to minimize exposure to covid-19 during a

city journey,” The International Archives of Photogrammetry, Remote Sensing and Spatial

Information Sciences, vol. 43, pp. 419–425, 2022.

[2] T. Litman and D. Burwell, “Issues in sustainable transportation,” International Journal of

Global Environmental Issues, vol. 6, no. 4, pp. 331–347, 2006.

[3] M. Zou, X. M. Chen, H. Yu, Y. Tong, Z. Huang, M. Li, and H. Zou, “dynamic transportation

planning and operations: concept, framework and applications in china,” Procedia-Social

and Behavioral Sciences, vol. 96, pp. 2332–2343, 2013.

[4] Y. Zhou, G. Ma, and H. Zhang, “Analysis on the relationship between transportation and

economic development,” in Proceedings of the 4th International Conference on Economic

Management and Model Engineering, ICEMME 2022, November 18-20, 2022, Nanjing,

China, 2023.

[5] K. T. Geurs, L. La Paix, and S. Van Weperen, “A multi-modal network approach to model

public transport accessibility impacts of bicycle-train integration policies,” European trans-

port research review, vol. 8, pp. 1–15, 2016.

[6] F.-E. MOHTICH, S. BENSIALI, A. IDRI, and M. EL-AYACHI, “Geospatial data integration

for intelligent transportation systems: How to leverage geospatial data to improve travel effi-

157



ciency and convenience through more accurate traffic forecasting in intelligent transportation

systems.,” African Journal on Land Policy & Geospatial Sciences, vol. 6, no. 4, 2023.

[7] J.-G. Lee and M. Kang, “Geospatial big data: challenges and opportunities,” Big Data Re-

search, vol. 2, no. 2, pp. 74–81, 2015.

[8] S. Y. He, Y.-H. Kuo, and K. K. Sun, “The spatial planning of public electric vehicle charg-

ing infrastructure in a high-density city using a contextualised location-allocation model,”

Transportation Research Part A: Policy and Practice, vol. 160, pp. 21–44, 2022.

[9] H. J. Miller and S.-L. Shaw, “Geographic information systems for transportation in the 21st

century,” Geography Compass, vol. 9, no. 4, pp. 180–189, 2015.

[10] C. McAndrews and J. Marcus, “The politics of collective public participation in trans-

portation decision-making,” Transportation Research Part A: Policy and Practice, vol. 78,

pp. 537–550, 2015.

[11] P. Jones and K. Lucas, “The social consequences of transport decision-making: clarifying

concepts, synthesising knowledge and assessing implications,” Journal of transport geogra-

phy, vol. 21, pp. 4–16, 2012.

[12] A. M. De Souza, C. A. Brennand, R. S. Yokoyama, E. A. Donato, E. R. Madeira, and

L. A. Villas, “Traffic management systems: A classification, review, challenges, and fu-

ture perspectives,” International Journal of Distributed Sensor Networks, vol. 13, no. 4,

p. 1550147716683612, 2017.
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Physical review letters, vol. 109, no. 5, p. 050501, 2012.

[115] E. Gibney, “Hello quantum world google publishes landmark quantum supremacy claim,”

Nature, vol. 574, no. 7779, pp. 461–463, 2019.

[116] F. Neukart, G. Compostella, C. Seidel, D. Von Dollen, S. Yarkoni, and B. Parney, “Traffic

flow optimization using a quantum annealer,” Frontiers in ICT, vol. 4, p. 29, 2017.

[117] K. Michielsen, M. Nocon, D. Willsch, F. Jin, T. Lippert, and H. De Raedt, “Benchmarking

gate-based quantum computers,” Computer Physics Communications, vol. 220, pp. 44–55,

2017.

[118] T. Albash and D. A. Lidar, “Adiabatic quantum computation,” Reviews of Modern Physics,

vol. 90, no. 1, p. 015002, 2018.

[119] A. Roy and D. P. DiVincenzo, “Topological quantum computing,” arXiv preprint

arXiv:1701.05052, 2017.

169



[120] D. Nagaj, “Universal two-body-hamiltonian quantum computing,” Physical Review A,

vol. 85, no. 3, p. 032330, 2012.

[121] G. Kochenberger, J.-K. Hao, F. Glover, M. Lewis, Z. Lü, H. Wang, and Y. Wang, “The
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Chapter 8

Appendices

A Source Codes

1. Source Code for Chapter 2: Code, Readme

2. Source Code for Chapter 3: Code, Readme

3. Source Code for Chapter 4: Code, Readme

4. Source Code for Chapter 5: Code, Readme

5. Source Code for Chapter 6: Code, Readme
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B Results

1. Results of the section 3 can be found at the end of each section in the notebook: Notebook

2. Results of the section 4 can be found at the end of each section in the notebook: Notebook

3. Results of the section 5 can be found at the end of each section in the notebook: Notebook

4. Results of the section 6 can be found at the end of each section in the notebook: Notebook

B.1 Additional Results for Chapter 6

Figure 8.1: RMSE by Selected Features for wine
Dataset, Proposed Method with Linear QC.

Figure 8.2: R2 by Alpha for wine Dataset, Current
Method with MI QC.

Figure 8.3: R2 by Alpha for wine Dataset, Proposed
Method with Linear QC.

Figure 8.4: R2 by Alpha for wine Dataset, Proposed
Method with RF QC.

Figure 8.5: R2 by Alpha for wine Dataset, Proposed
Method with XGBoost QC.

Figure 8.6: RMSE by Alpha for wine Dataset, Cur-
rent Method with MI QC.
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Figure 8.7: RMSE by Alpha for wine Dataset, Pro-
posed Method with Linear QC.

Figure 8.8: RMSE by Alpha for wine Dataset, Pro-
posed Method with RF QC.

Figure 8.9: RMSE by Alpha for wine Dataset, Pro-
posed Method with XGBoost QC.

Figure 8.10: RMSE by Selected Features for wine
Dataset, Current Method with MI QC.

Figure 8.11: RMSE by Selected Features for wine
Dataset, Proposed Method with RF QC

Figure 8.12: RMSE by Selected Features for wine
Dataset, Proposed Method with XGBoost QC

Figure 8.13: RMSE by Selected Features for wine
Dataset, Traditional Method with MI classic
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Figure 8.14: R2 by Alpha for insurance Dataset,
Current Method with MI QC. Best overall R2 (Cur-
rent Method with XGBoost): 0.88

Figure 8.15: R2 by Alpha for insurance Dataset,
Proposed Method with Linear QC. Best overall R2

(Proposed Method with XGBoost): 0.88

Figure 8.16: R2 by Alpha for insurance Dataset,
Proposed Method with RF QC. Best overall R2

(Proposed Method with XGBoost): 0.88

Figure 8.17: R2 by Alpha for insurance Dataset,
Proposed Method with XGBoost QC. Best overall
R2 (Proposed Method with XGBoost): 0.88

Figure 8.18: RMSE by Alpha for insurance Dataset,
Current Method with MI QC. Best overall RMSE
(Current Method with XGBoost): 4250.23

Figure 8.19: RMSE by Alpha for insurance Dataset,
Proposed Method with Linear QC. Best overall
RMSE (Proposed Method with XGBoost): 4264.42
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Figure 8.20: RMSE by Alpha for insurance Dataset,
Proposed Method with RF QC. Best overall RMSE
(Proposed Method with XGBoost): 4258.09

Figure 8.21: RMSE by Alpha for insurance Dataset,
Proposed Method with XGBoost QC. Best overall
RMSE (Proposed Method with XGBoost): 4388.87

Figure 8.22: RMSE by Selected Features for insur-
ance Dataset, Current Method with MI QC. Best
overall RMSE (Current Method with XGBoost):
4250.23

Figure 8.23: RMSE by Selected Features for in-
surance Dataset, Proposed Method with Linear QC.
Best overall RMSE (Proposed Method with XG-
Boost): 4264.42

Figure 8.24: RMSE by Selected Features for insur-
ance Dataset, Proposed Method with RF QC. Best
overall RMSE (Proposed Method with XGBoost):
4258.09

Figure 8.25: RMSE by Selected Features for insur-
ance Dataset, Proposed Method with XGBoost QC.
Best overall RMSE (Proposed Method with XG-
Boost): 4388.87

Figure 8.26: RMSE by Selected Features for insur-
ance Dataset, TraditionalMethod with MI classic.
Best overall RMSE (TraditionalMethod with XG-
Boost): 4250.23
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Figure 8.27: R2 by Alpha for bike Dataset, Proposed
Method with RF QC

Figure 8.28: R2 by Alpha for bike Dataset, Proposed
Method with XGBoost QC

Figure 8.29: RMSE by Alpha for bike Dataset, Cur-
rent Method with MI QC

Figure 8.30: RMSE by Alpha for bike Dataset, Pro-
posed Method with Linear QC

Figure 8.31: RMSE by Alpha for bike Dataset, Pro-
posed Method with RF QC

Figure 8.32: RMSE by Alpha for bike Dataset, Pro-
posed Method with XGBoost QC
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Figure 8.33: RMSE by Selected Features for bike
Dataset, Current Method with MI QC

Figure 8.34: R2 by Alpha for bike Dataset, Current
Method with MI QC

Figure 8.35: R2 by Alpha for bike Dataset, Proposed
Method with Linear QC

Figure 8.36: RMSE by Selected Features for bike
Dataset, Proposed Method with Linear QC

Figure 8.37: RMSE by Selected Features for bike
Dataset, Proposed Method with RF QC

Figure 8.38: RMSE by Selected Features for bike
Dataset, Proposed Method with XGBoost QC

Figure 8.39: RMSE by Selected Features for bike
Dataset, TraditionalMethod with MI classic
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