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Abstract

Generative modelling has seen enormous practical advances over the past few

years from LLMs like ChatGPT to image generation. However, evaluating the qual-

ity of a generative system is often still based on subjective human inspection. To

overcome this, very recently, the research community has turned to exploring for-

mal evaluation metrics and methods. In this work, we propose a novel evaluation

method based on a two-way nearest neighbor test. We define a new measure of

mutual coverage for two probability distributions. From this, we derive an empiri-

cal analogue and show analytically that it exhibits favorable theoretical properties

while it is also straightforward to compute. We show that, while algorithmically

simple, our derived method is also statistically sound. We complement our anal-

ysis with a systematic experimental evaluation and comparison to other recently

proposed measures. Using a wide array of experiments, we demonstrate our al-

gorithm’s strengths over other existing methods and confirm our results from the

theoretical analysis.
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1 Introduction and Motivation

Generative modelling is a field of machine learning that has garnered significant at-

tention since the introduction of generative adversarial networks, diffusion models,

and Large Language Models (LLMS) such as ChatGPT [4, 5, 9, 12, 13, 21, 26, 30].

Despite the considerable progress that has been achieved, the assessment of a gen-

erative system’s quality frequently relies on subjective and time-consuming human

evaluation, as opposed to utilizing formal quantitative metrics. In order to better

aid in the development of better generative models, recent work has been done in

quantitatively grading models’ performance with the creation of novel evaluation

metrics [2, 8, 19, 20, 23]. A noteworthy and innovative approach to addressing this

issue involves the concept of gauging the coverage of one distribution in comparison

to another. This comparison draws parallels to the statistical concepts of precision

and recall [23]. The main idea is to evaluate the degree to which a generative model

produces instances that are of high quality. This is akin to ensuring if the genera-

tive distribution is covered by the true distribution. Also, the degree to which the
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generative model manages to reflect the full diversity of the true distribution that

it is aiming to mimic. This can be seen as gauging if the true distribution is covered

by the generative distribution.

These methods have a very appealing property: they use general algorithmic

tools that do not take any specific parametric form. Due to this property, they

are not restricted to specific generative distributions, nor do they require direct

access to the probability distribution. Generative models such as kernel density

estimators (KDEs) [22] or normalizing flows [17, 27] construct explicit probability

distributions where we can readily employ a divergence measure or some other

notion of statistical distance [8, 28]. However, other types of generative models, such

as generative adversarial networks (GANs) [9] and variational auto encoders (VAEs)

[16] do not construct explicit generative probability distributions but implicitly

construct a probability distribution via generative samples (see fig 1.1). Not having

a parametric definition of the distribution proves to make scoring such models in an

objective manner more challenging. The recent line of research on precision-recall

type of metrics has thus aimed at developing methods to grade generative models

based solely on the samples created [19, 20, 23].

The problem is then to find a way to assess two probability distributions in a

quantitative way using the samples only. While the originally proposed notion of

precision and recall for generative models [23] was based on an intriguing formal
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Figure 1.1: In this illustration we see that a generative model creates an implicit

generated distribution. The user does not have access to this distribution but rather

samples from this implicit distribution. Samples such as the image of this small

dog are generally the output of such generative models such as GANs.

foundation, it lacks clear theoretical analysis as well as a lack of a formal algo-

rithm to determine the arbitrary choices affecting the outcome [8, 23]. Follow up

studies have proposed capturing the idea of measuring precision and recall through

nearest neighbor type tests [19, 20]. However, these methods also lacked a con-

cise theoretical framework to provide theoretical guarantees and properties of their

measures.

In our work we introduce a nearest neighbor based method to evaluate preci-

sion and recall measures (in its empirical version), which we term precision recall

cover. We also introduce a natural population level notion that captures the de-

gree to which relevant areas of one distribution receive sufficient coverage by the
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other distribution. “Relevant” and “sufficient” are quantified by two parameters

β and α that allow for fine-tuning the coverage requirements. This population

level notion leads way to an empirical version which is a k, k′-nearest neighbor test,

where sufficient coverage is defined by a k′-nearest neighbor ball from a distribution

containing at least k sample points from the other distribution. We provide some

theoretical analysis of both the population level and empirical version of the preci-

sion recall cover measure and hence argue for its statistical soundness. Additionally

we provide some simple and interpretable experiments, comparing our measure’s

performance as well as failure and success cases with the previous precision recall

type measures. Finally, we provide a proof of concept of how our measure would

assess the behavior of a generative adversarial network (GAN).

The thesis has been organized in a manner reflective of the chronology of the

work done. In Chapter 2 we start with a literature review of existing work done in

assessing generative models. We focus mainly on the most relevant precision-recall

line of work, where we extensively delve into each method thoroughly examining

their merits and limitations. Naturally, this leads us into the next chapter which

showcases our work. In Chapter 3 we present preliminary elements, including as-

sumptions that guide our theoretical analysis. We also outline our method and

theoretical analysis behind our work. In Chapter 4 we construct a set of experi-

ments to see different measures’ performances on simple sets of distributions. We
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also present experiments that check how fast uniform distributions for both gener-

ative and real distributions convergence to the common ‘true’ values of precision

and recall for comparable measures. Finally, in this chapter we quickly show a

litmus test by demonstrating our measure’s score on actual state of the art (SOTA)

GANs. We also construct several experiments that showcase desired behaviours of

an ideal measure in real life data and compare several measures. This work has

been published and presented at AISTATS 2023.
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2 Literature Review

Due to the accelerating developments in generative modelling in recent years, the

task of developing a way to quantitatively assess generative models has received im-

mense attention. As such, there is now a significant amount of work dedicated to

quantitatively assessing generative models [2, 19, 20, 23]. For the sake of brevity, we

will focus our discussion here on evaluation measures most relevant to ours. Some

of the initial methods to assess GANs were the Frechet Inception Distance (FID)

[11] and the Inception Score (IS) [24]. FID still continues to be one of the most

popular metrics for generative models. FID models both samples from the true and

generated distributions as having been generated by multivariate normal distribu-

tions. FID then fits the samples to respective normal distributions and measures

the distance of these Gaussians based on their predicted parameters. In practice,

the FID score is computed on embeddings usually obtained from an Inception V3

network run on high-dimensional data (such as images), then the score is computed

on the two sets of real and generated embeddings. The quality of the metric’s score
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is then dependent on how appropriate the assumption of the distributions as Gaus-

sians was. For generative models aimed at producing a variety of outputs from

a set of diverse and exotic distributions not constrained to multi-variate normal

distributions, such modelling might be sub-optimal.

The IS score also takes the Inception network to embed into an embedding space

and then computes the KL-Divergence between the conditional probability distri-

butions of labels and the marginal distributions of the labels over the generated

samples. The authors of [2] note a lot of work still needs to be done as IS does not

capture intra-class diversity well, and requires many samples to be reliable. Both

these methods are still widely used, but the community acknowledges the need for

improvement [2, 19, 20, 23].

As discussed prior, an emerging research direction has aimed at assessing gen-

erative models through methods analogous to the classical notions of precision and

recall. We will now delve into the first three of this type of work [23, 19, 20].
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2.1 Assessing Generative Models via Precision and Recall

[23]

The initial step in this research direction introduced a metric aimed at measuring

how much each sample covered the support of the other [23]. The paper establishes

an elegant framework of measuring mutual coverage by representing the generated

and real distributions as mixtures of joint and exclusive components. The mixture

coefficients (the portion of each distribution that is in the joint and exclusive re-

gions) then yields what the authors call a “precision recall curve”. Although the

fundamental idea behind the paper is elegant, there is no explicit algorithm tied to

the framework. We will refer to the Precision Recall measure as PR for short.

In this thesis the major idea is to develop a framework for quantitatively assess-

ing how accurate generative models are in comparison to a ‘true’ distribution. In

this setup there is a true underlying data generating distribution called P, and a

generative distribution Q. The authors start off by introducing a new notion of

precision and recall extended to distributions. The authors intuitively describe the

new framework of PR as precision being the ‘part of P’ that can generate Q and

recall as being the ‘part of Q’ that can generate P. These are the mixture compo-

nents referenced prior. Intuitively precision is the fidelity of the generated samples
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as the better Q is the bigger part of P can be used to make Q. On the other hand

recall is the diversity of Q since the better recall is, the bigger part of Q can be used

to encompass P. The authors then introduce a formula that reflects this intuitive

definition:

P = β̄PS + (1− β̄)PS̄ and Q = ᾱQS + (1− ᾱ)QS̄ (2.1)

where S is the common support of both P and Q. That is supp(P ) = {ω|P (ω) >

0} and S is S = supp(P )∩ supp(Q) where P (ω) is the probability mass of event ω.

Precision is typically denoted as α and recall as β. Here PS is the distribution that

has both joint support of distributions S and P , and PS̄ is the part of distribution

P that cannot be generated by distribution Q. They then adjust the distributions

PS and QS by parameterizing them with a common distribution µ:

PS = β′µ+ (1− β′)Pµ and QS = α′µ+ (1− α′)Qµ (2.2)

The distribution µ is a distribution on the common part of both P and Q. Whereas

the distribution Pµ is the part of µ missed by Q so it is a loss of recall. Whereas

the distribution Qµ is the part of µ missed by P so it is a loss of precision.

The authors combine the 2 equations by plugging (2.2) into (2.1) and get:

P = βµ+ (1− β)νP and Q = αµ+ (1− α)νQ (2.3)
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note that νP contains both PS̄ and Pµ that is the part of P that misses Q and also

the noise. Then they define a definition of PRD(Q,P) which is all sets of α and β

that suffice equation (2.3) for some choice of µ, νP and νQ also including the pair

(0,0).

Now on to the major result of the paper; the algorithm. Now it is trivial if we

can always find the pairs α and β that suffice equation (2.3). However, this may

not be possible as we will need information on the distributions νP , νQ, and µ first

in order to actually obtain the α and β pairs. Therefore the authors prove the

following theorem and show that for our choice of several parameters we can get

the PRD curves without requiring information on the distributions as stated before:

Theorem 2.[23] Let P and Q be two probability distributions defined on a finite

state space Ω. For λ > 0 define the functions

α(λ) =
∑
ω∈Ω

min(λP (ω), Q(ω)) and β(λ) =
∑
ω∈Ω

min(P (ω),
Q(ω)

λ
) (2.4)

Then it holds that

PRD(Q,P ) = {(θα(λ)), θβ(λ))|λ ∈ (0,∞), θ ∈ [0, 1]}.

So this theorem leads to their algorithm, it can be seen in figure 2.1 and in their

paper as well [23]. Essentially, they start at the origin and map out lines of the
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Figure 2.1: An illustration of the PR algorithm, with a construction of PR curves.

Image is figure 4 from [23].

form y = λx where we start at the origin and end at the maximum achievable point

(α, β). To find the maximum achievable points we simply use the functions defined

in (2.4) via Theorem 2 of [23]. So the only question left is what choice of λ? This

is picked out as the author as states as an ‘angular resolution’ of m ∈ N [23]. This

can be seen as tan( i
m+1

π
2
) where i = 1, 2...m. The idea behind this is to trace out

the PR curves by using trigonometry. We use tan to determine the steepness of

the slope as it is the ratio of height over width, and they quantify it by choosing to

iterate i over a given specification m to take the tan function from 0 all the way to

1 (counterclockwise). Therefore the algorithm is simply computing α(λ) and β(λ)

in (2.4) over our defined λ:

P̂RD(Q,P ) = {(α(λ), β(λ))|λ ∈ Λ}where Λ = {tan( i

m+ 1

π

2
)|i = 1, 2, ...,m}.
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Finally the authors also note that for choice of λ = 1 they obtain the total vari-

ation distance. This is simply the supremum of the difference between any point in

P and Q. Simply put the largest possible difference between the probabilities that

the two probability distributions can assign to the same event.

The paper finally discusses algorithmic implementation of their paper. In the al-

gorithm the state space Ω discussed in Theorem 2 of [23] is approximated using

k-means clustering [10]. The authors state they use a choice of k = 20 for their

implementation. The clusters are obtained by applying the k-means algorithm over

the union of both samples from P̂ and Q̂. Note that for high dimensional data such

as images, it is standard to reduce the data to a lower dimensional feature space.

This is done via an inception-v3 network run over image data to extract features

[23]. After obtaining the features and obtaining the k-means cluster they then com-

pute the PR (α, β) pairs via equation (2.4) over the clusters that approximate the

state space Ω. Note that an issue the authors discuss is using the k-means cluster-

ing algorithm to define the state space. This algorithm is sensitive to initialization,

and can construct a different set of clusters depending on initial conditions. The

authors then recommend running the algorithm multiple times in order to avoid

issues due to the initialization [23].
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This paper has a nice high level approach to the problem of assessing genera-

tive models. However, algorithmically the implementation faces some challenges.

Running k-means multiple times to avoid randomization may not be the most effi-

cient method to obtain the state space Ω. Future methods attempt to remedy this

by using other algorithms to construct the state space Ω. Also, although the PR

curves are quite informative and non-parametric (only relying on the data) they do

suffer from not providing a concrete score on the model’s performance. Addition-

ally, there is no analysis of consistency for the k-means based heuristic with respect

to the originally introduced measure.

2.2 Improved Precision & Recall [19]

Precision-Recall garnered a lot of attention towards metrics for generative mod-

elling. Follow up studies have aimed at providing a remedy by basing the precision

recall evaluation on nearest-neighbor based computations. A metric called Im-

proved Precision and Recall (IPR) [19] aimed to maintain the initial motivations of

the PR Curves paper by seeking out regions where one distribution covered another

and vice versa. A nearest neighbor based measure is naturally based on samples

from both the true distribution P , and the generated distribution Q. However, this

measure does not come with a population level analogue, and thereby not allowing

for any analysis of statistical consistency.
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The authors take the original paper on Precision-Recall [23], and note several is-

sues with it and attempt to remedy them. The first most notable issue is that

the authors point out, via experiments in a controlled setting with GANs, the PR

curves incorrectly identify samples with very high precision as the ones with the

worst precision, and similar issue for recall. The authors point out the key thesis

and motivation for developing the Precision and Recall metric in the prior work:

“...two separate goals emerge: individual samples drawn from the model should

be faithful to the examples (they should be of “high quality”), and their variation

should match that observed in the training set.”[19] The authors show the following

image figure 2.2 (which is figure 4 in [19]) demonstrates that the original PR curve

framework does not match up with visual expectations. This is an issue because if a

metric cannot detect such a blatant case of lack of quality/diversity in images then

it has some serious issues. The authors take the direction of using two different met-

rics, one for precision (precision) and one for recall (diversity) however rectify some

of the issues of the original. They note first that the usage of k-means clustering is

problematic as it is prone to sensitivity with randomized initialization. To fix this

they suggest using k-nearest neighbors to construct the ‘divisions’ and then assess

precision and recall, as the fraction of generated samples within the real manifolds

and the fraction of the real samples in the generated manifolds respectively.

14



Figure 2.2: The lower the FID the higher quality a generated sample should be. As

we can see the authors compare the original PR method’s scores (red triangles) to

their method (black dots). They synthetically control for the quality and diversity

of the generated samples of a GAN using the ’truncation trick,’ by truncating the

normal vector in the generator. They show that their method does a better job in

this setting aligning with expected behaviour. We can see as the quality increases

and diversity decreases (furthest left) their score exhibits high precision but low

recall. Also as diversity increases and quality decreases (furthest right) their score

exhibits high recall but low precision. They also show FID scores do not always

line up with what we subjectively expect as seen in the images on the right (the

worst quality images) have the best FID scores. Note that the rightmost images

have clear artifacts, clearly in contrast to the leftmost images. Image is figure 4

from [19].
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2.2.1 Algorithm in practice

The first step as with all evaluative measures for generative models if dealing with

high dimensional data is to bring them to a lower dimensional feature space. Then

after we have them in this space we now start construction of the manifolds. This is

done in the form of hyperspheres centered around the samples (real and generated),

and with radius equal to the k-nearest neighbor in this paper they state they use a

choice of k=3. They say that k=3 is a robust choice that avoids saturating the values

most of the time, and FID usually quotes 50,000 samples so they choose to use |Φ| =

50, 000 [19]. So after they construct the hyperspheres that represent the manifold,

this is analogous to a probability density functions (except does not necessarily sum

to 1), they can now compute values of precision and recall. Precision is defined as

the number of generated samples within what they call the real manifolds (how

much of generated distribution can be made by a part of the real dist):

precision(Φr,Φg) =
1

|Φg|
∑

ϕg∈Φg

f(ϕg,Φr)

and then recall is defined as the portion of samples from the true distribution within

the generated manifolds (how much of the real distribution used to construct the

generated distribution):

recall(Φr,Φg) =
1

|Φr|
∑
ϕr∈Φr

f(ϕr,Φg)
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where f is defined as follows:

f(ϕ,Φ) =


1, if ||ϕ− ϕ′||2 ≤ ||ϕ′ − NNk(ϕ

′,Φ)||2 for least one ϕ′ ∈ Φ

0, otherwise,

Another way to restate the above binary function, is that if there exists a sample

from the set Φ and our ϕ sample of choice is within the hypersphere (defined by

the NN) we assign a value of 1 and 0 otherwise.

Recall that GANs are composed of a generator and discriminator network. The

generator comes up with inputs from a randomized seeded predefined latent space

(usually a multivariate normal distribution) [9]. Now the authors [19] use a rel-

atively recent trick called the “truncation trick.” This method uses a Gaussian

distribution during training and a truncated Gaussian during inference, this is the

truncation trick. In the words of the authors that created the ‘trick’: “We call this

the Truncation Trick: truncating a z vector by resampling the values with magni-

tude above a chosen threshold leads to improvement in individual sample quality at

the cost of reduction in overall sample variety.”[4] This method provides a trade-off

between quality and diversity of the generated samples; the more truncation the

better image quality and less variety. Again another quote from the paper cement-

ing this: “This technique allows fine-grained, post-hoc selection of the trade-off

between sample quality and variety for a given G.”[4] This provides a natural and
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contained way to see if metrics used for assessing GANs’ behavior will line up with

what we expect to see.

Adjusting the truncation, we expect that as truncation ψ increases (varies from

1 to 0.3 where ψ = 1 has the least truncation) we have more recall (greater di-

versity) and less precision (lower quality) [19]. Their results show the decline in

precision and increase in recall as truncation is increased (or going to a lower value

of ψ such as the lowest which is 0.3). Also they map out Pareto frontiers for the

multi-objective frontiers of improved precision and recall, and using these frontiers

identify the best trained models of StyleGAN [19].

2.2.2 Summary

The authors highlight serious issues with prior work and make improvements to said

issues of PR; mainly rectifying the issue of k-means random initialization. They

also manage to artificially create GANs that are more or less inclined to create

samples of higher precision or recall and therefore see if their metric is aligned with

the GANs’ samples. Although, the metric does do well with issues that faced prior

work, it still faces some challenges. Most notably is using the k-nn in the way they
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did to construct the manifold representing real and generated distributions. This

type of setup is prone to over-covering regions of support for both distributions (see

our later analysis) and some of the choices (such as the choice of k) seem arbitrarily

based [20].

2.3 Reliable Fidelity and Diversity Metrics for Generative

Models [20]

We now move on to one of the more recent works in metrics for assessing gener-

ative models [20]. The authors first start off by indicating severe issues that face

several popular metrics that evaluate GANs and other generative models. Then

they recognize the steps made by the recent paper [19], and note issues it faces

and how to remedy them. Most notably the authors point out that when two

distributions match, IPR fails to identify that the two distributions are the same.

This case would be a very basic and serious flaw in the methodology. The work

also seeks to remedy the issues the other methods face in regards to outliers. The

authors showcase their improved methodology that builds off the intuition of IPR

via experiments and some analytical results that show the metrics exhibit some

nice behaviours.
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2.3.1 High-level overview of metrics

The authors discuss what many papers on metrics in generative modelling are

currently doing. Most papers seek to develop a way to judge the quality of a sample

generated. For generative modelling many domains employ high dimensional data

that cannot be meaningfully compared in the original space they reside within

[20]. To address this, almost all the major papers that seek to come up with

ways to evaluate GANs (and other generative models, but GANs in particular)

use some method to reduce the dimensionality, usually via a pretrained network

trained on ImageNet [20]. The authors break down the pipeline that has emerged

in this niche of research and explain the importance of each component. We start

off with the first component, the embeddings: this is usually in the form of an

inception network or some model trained to bring the high dimensional data into

some lower dimensional latent space. Then, next we have the comparison step

between samples from the generated and real distributions. That is, we have to

essentially conduct statistical analysis to compare if samples from the generated

and real distributions are the same, and if not, how far apart they are (usually in

the form of a distance measure between distributions). This involves first building

these surrogate distributions in the latent space and then comparing them with

a meaningful distance metric [20]. Some of these metrics have involved singular
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quantities to summarize the difference between two distributions, while another

increasingly promising trend is to have a dual-quantity metric that assesses both

the quality of the samples (how good are the samples) and the diversity of the

samples (how much variety is showcased within the samples) [19, 20].

2.3.2 Density & Coverage

The authors note a need to improve the improved precision and recall (IPR)

method. IPR is explained in detail in a prior section however, to reiterate, it

essentially constructs two manifolds (akin to pdfs) from the samples that are made

from hyperspheres that vary based off of the k-NN of each sample. The precision

is the portion of generated samples lying within the real manifolds, and vice versa

for recall. The major issue of IPR is the constructed manifold assumes a uniform

distribution within the hyperspheres and is prone to overestimating precision for

regions around outliers (see figure from [20] for a visual example). To remedy

this Density and Coverage seeks to reward high density regions, and punish sparse

outliers. They do this by essentially adjusting the original definitions of IPR:

density :=
1

kM

M∑
j=1

N∑
i=1

1Yj∈B(Xi,NNDk(Xi))

and for coverage:

coverage :=
1

N

N∑
i=1

1∃j s.t. Yj∈B(Xi,NNDk(Xi))
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Figure 2.3: A visual aid: figure 1 from [20] showing cases where density and coverage

don’t make the trivial mistakes improved precision and recall. The authors refer to

the generated distribution as the ’fake’ distribution.

So precision (in IPR) measures how many generated samples are within any real

point’s k-nn ball’s boundaries (real manifold). Density corrects this by counting

how many generated samples are within how many real samples k-nn ball’s bound-

aries. This puts weight on points that lie within the boundaries of multiple real

samples k-nn balls, thus mitigating the issue prevalent in IPR. The authors point

out that this is similar to a kernel density estimator to construct the pdf with a

uniform kernel, and kNN being the window width, which is why there is a k-term

in the denominator [20].

The coverage is also different than the recall term. Now instead of counting the

number of real samples that lie within the boundaries of a generated sample k-nn
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ball. The coverage counts the number of real k-nn balls that contain a generated

sample, as opposed to the number of real samples within a generated sample’s k-nn

ball. The authors also note that although k-NN maybe a computationally diffi-

cult task. The computation only needs to be done once per dataset as opposed

to repeatedly per model. This is because practitioners do not need to construct

manifolds for the generated samples, only the real ones [20]. This greatly alleviates

computational complexity for these tasks.

Now the authors state that for the IPR framework there does not exist closed

form analytical solutions for the expected value of precision and recall [20]. In

contrast, the authors state that for identical generated and real distributions the

expected value of density and coverage approaches a value of 1, which is desired

behaviour. The proof comes from the expectation of the density; this translates to

a probability of the event where the generated sample is the kth smallest among

the real values. The proof idea is simple, each ranking (of distances between the

N real points and the generated sample) has probability 1
N !

(which they state are

equally likely) and there are (N − 1)! possible rankings with the generated sample

in the kth position, multiplied by k for k possible rankings of distances in the k-nn

computation. Therefore the authors state that the probability of a generated point

(sampled from the same distribution as the real points) that is in the knn ball of a

23



real point is:

Pr(y ∈ Bk
N) = k · (N − 1)!

N !
=

k

N

Therefore the expectation of the density when the real and generated distribution

is the same is:

E[density] =

=
1

k

N∑
i=1

Pr(y ∈ Bk
N)

=
1

k

N∑
i=1

k

N
= 1

They apply a similar argument for expectation of coverage.

2.3.3 Experiments

Finally, we move to the experiments of this paper. The paper shows that for a toy

model of gaussians in 64-dimensional space for a generated Gaussian that matches

the real distribution whereas IPR does not perform well (precision = 0.68 and

recall = 0.67) [20], whereas the new metric does pretty well with density=1.06 and

coverage =0.97. Also for the varying truncation (see truncation trick in the prior

section of IPR) ψ density and coverage exhibit ‘better’ behaviour than IPR, that

is as ψ increases more diversity so coverage increases linearly and density decreases
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linearly. Similar behaviour is exhibited in the VAE setup by truncating the latent

variable, and better diagnosis of fidelity-diversity trade-off is seen. The authors

finally make a point to talk about future work. In particular, they make a point

that the future for work in making metrics to evaluate generative models requires

getting better embeddings of high dimensional data. As we discussed, almost all

generative metrics first take high dimensional data and embed them into a lower

dimensional latent space. Then, in this embedding we run the metrics themselves.

Thus if we have accurate embeddings, we can get a better idea of the fidelity and

diversity of the samples.

2.3.4 Summary/Critique

Although the paper addresses concerns from prior work, and seemingly does do a

good job of correcting issues from previous work. There are several issues with the

methodology. Firstly, the metric has values not restricted between 0 and 1. In the

case where density is above 1, the authors do not indicate what this behavior entails.

A key property of any measure for generative models should be how interpretable

it is, otherwise diagnosing issues becomes a lot more difficult. Also, it is key to

note that both the density and coverage score are not symmetric. That is, density

provides a summary of the fidelity of the samples, and coverage provides a summary

of the diversity. But if we were to swap the two distributions; call the generated
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distribution the real distribution and vice versa, now the density does not become

coverage nor vice versa. A more serious issue is in the proofs of the analytic results

in the paper. The authors state that they show the expectation of the density

is 1 when the two distributions are identical. There is a serious issue with this

proof. The authors construct a set of random variables; the set of absolute values

of differences between the i.i.d. random variables of two points sampled from the

real distribution:

S = {|X1 −X2|, |X1 −X3|, ..., |X1 −XN |}

Then they create a new random variable; the absolute value of the difference be-

tween a point from the generated distribution and a fixed point from the real

distribution (they use X1); |Y −X1|. They claim that the set of random variables

S ∪ |Y −X1| is i.i.d., however this is clearly false as all these values are dependent

on the choice of X1, and therefore they are not independent of each other. This

assumption is thus invalid, and the rest of the proof depends on this fact. Although

the method does seem to have a few issues, it seems to be a step in the right di-

rection with regards to prior work. From the experiments, DC seems to be less

accepting of outliers than IPR.
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3 PR Cover Algorithm

3.1 Precision Recall Cover

In this section of this chapter we introduce some preliminaries and notation. Then

we discuss motivation and consequently defined our precision recall cover measure

for two distributions on the population level. In the next subsection, we then

present an empirical analogue to our measure.

3.1.1 Preliminaries

We start by listing some technical lemmas and tools that we use in our analysis.

The following lemma is taken from [18].

Lemma 1. Let B denote the class of balls on X , with VC-dimension VB. Let 0 <

δ < 1, and define αn = (VB ln 2n + ln(8
δ
))/n. The following holds with probability

at least 1− δ for all balls in B. Pick any a ≥ αn. Then µ(B) ≥ 3a =⇒ µn(B) ≥ a

and µn(B) ≥ 3a =⇒ µ(B) ≥ a.
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Note that, for d-dimensional euclidian spaces the VC-dimension of the class of

balls is d+ 1.

The following are commonly used inequalities. They can be found in the ap-

pendix of [25].

Lemma 2 (Lemmas A.1. and A.2. in [25]).

• Let a ≥ 0. Then x ≥ 2a ln(a) implies x ≥ a ln(x).

• Let a ≥ 1 and b > 0. Then x ≥ 4a ln(2a) + 2b implies x ≥ a ln(x) + b.

We use the above to show the following inequality:

Lemma 3. Let a ≥ 0 and for x > 8. Then x ≥ 4a ln(a) implies x ≥ a ln(2x).

Proof. Using Lemma 2, the ineqality x ≥ 4a ln(a) implies x/2 ≥ a ln(x/2), which

implies

x ≥ a ln(x2/4).

Now note that x > 8, implies x2 > 8x, and thus x2/4 > 2x. Combining this with

the above inequality, we get

x ≥ a ln(2x)

as claimed.
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3.1.2 Setup and definitions

We consider a space X ⊆ Rd and two distributions P and Q over X. We will think

of these as the true underlying data generating distribution P , and the generative

distribution Q that is induced by some learned generative model. We use the

notation x ∼ P to mean a point x sampled from distribution P . We use the notation

P̂ = (x1, x2, . . . , xn) and Q̂ = (y1, y2, . . . , ym) for samples from P andQ respectively.

The empirical distributions induced by the samples (uniform distributions over the

sample points) are then denoted by Pn and Qm. For simplicity of presentation, we

will assume that both P and Q admit continuous density functions dP : X → R

and dQ : X → R respectively. We will use the notation supp(P ) and supp(Q) to

denote the supports of the distributions P and Q respectively (regions with nonzero

probability mass w.r.t. the distributions).

We will also use notation such as Q(A) to denote the probability of event A

occurring with respect to probability distribution Q. For our proposed evaluation

measure, the events of importance will be balls in Rd. We will let BP (x, β) de-

note the smallest ball of probability mass at least β with respect to probability

distribution P centered at point x. Since we assume that our distributions have a

continuous density function, there always exists balls BP (x, β) of mass exactly β.

For the empirical distributions, BP̂ (x,
k
n
) will denote a k-nearest neighbor ball with
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respect to sample set P̂ around domain point x.

Several recent studies, as discussed in Chapter 2 attempt to highlight the fidelity

and diversity of generated samples [19, 20, 23]. This typically entails measuring how

much each distribution covers the support of the other. Usually, precision is defined

as the portion of the support of Q that is in the support of P as well. Conversely,

recall is defined as the portion of the support of P that is in the support of Q as

well. Our notions of precision cover and recall cover aim to capture the intuition

that we should only care about a region being covered (by the other distribution)

if it has at least certain probability mass. In the context of a learned generative

model, if an area has a negligible probability in terms of the true distribution, then

we may not care about the generative model not being able to generate instances

in that area. Conversely, if the generative model has a negligible probability of

generating a certain type of instances, then we may not be too concerned about

how likely such instances are generated by the true process.

These considerations are accounted for by the two parameters α and β in the

definition (below) of our precision-recall cover measure. The parameters α and

β provide “knobs” on the cut-off for an area to be considered “negligible” and

correspondingly for coverage to be considered “sufficient”.

Definition 1. Let P and Q be two probability distributions over some space X, and

let α, β ∈ [0, 1] with α ≤ β be given. Then we define the (α, β)-precision coverage
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of P by Q by

PCα,β(P,Q) = P
y∼Q

[P (BQ(y, β))) ≥ α] (3.1)

Conversely, we define the (α, β)-recall coverage of P by Q by

RCα,β(P,Q) = P
x∼P

[Q(BP (x, β))) ≥ α] (3.2)

The precision version of this measure takes two distributions, and for each point

y from Q considers a ball of probability mass β. The measure reflects what portion

of these balls have probability mass at least α with respect to P . The choice of

α and β allow for generality and for the user to fine tune the sensitivity of the

evaluation measure. For instance, perhaps our distribution P is completely disjoint

from Q however the points from each distribution are very close in Rd, we may not

want to punish this behaviour as badly as for points that are completely disjoint

and very far from each other. Recall is the analogous measure with the role of the

distributions swapped.

3.1.3 Population level properties of precision recall cover

To further motivate our proposed measures, we start by stating some simple prop-

erties of our proposed measure.

Observation 4. Let X ⊆ Rd be some domain and P and Q be two distributions

over X. Then:
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1. PCα,β(P, P ) = RCα,β(P, P ) = 1 for all 0 < α ≤ β ≤ 1

2. PCα,β(P,Q) = RCα,β(Q,P )

3. 0 ≤ PCα,β(P,Q) ≤ 1 and 0 ≤ RCα,β(P,Q) ≤ 1 for all 0 < α ≤ β ≤ 1

4. If supp(P )∩ supp(Q) = ∅, then there exist α ≤ β sufficiently small such that

PCα,β(P,Q) = 0 and RCα,β(P,Q) = 0

The last statement shows that, as the parameters α and β get smaller (the

measure thus more refined) the precision recall cover will correctly identify that

distributions have disjoint support. Moreover, as we will show next, it will correctly

identify how much massQ assigns to the support of P and vice versa. The first three

statements follow from the definition 1. We now give proofs of the last statement

below:

Proof of Observation 4. The first three claims follow directly from the definitions.

For the last item, we will argue why it is true for the recall cover version. The claims

for the precision cover then follow analogously. Let (βi)i∈N be a monotonically

decreasing sequence of values for β in (0, 1) converging to 0. Note that for any

point x ∈ supp(P ) we have
∞⋂
i=1

BP (x, βi) = {x}
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and thus we get
∞⋂
i=1

⋃
x∈supp(P )

BP (x, βi) = supp(P ),

where supp(P ) denotes the (topological) closure of supp(P ). Since the Lebesgue

measure of supp(P ) \ supp(P ) is 0 and we are assuming our distributions to admit

density functions, we get that for any α0 > 0, since the support of P and of Q are

disjoint, there exists an index i ∈ N such that

Q

( ⋃
x∈supp(P )

BP (x, βi)

)
< α0.

This implies that, for any β < βi and α < min{α0, β}, we have

RCα,β(P,Q) = P
x∼P

[Q(BP (x, β))) ≥ α] = 0

and the statements follow.

Theorem 5. Let P and Q be distributions over a space X. For any ϵ > 0 there

exist (sufficiently small) values 0 ≤ α < β ≤ 1, such that

|PCα,β(P,Q)−Q(supp(P ))| ≤ ϵ

and

|RCα,β(P,Q)− P (supp(Q))| ≤ ϵ.
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Proof of Theorem 5. As in the proof of Observation 4, one can choose α0 and β0

sufficiently small so that

Q(
⋃

x∈(supp(P )\supp(Q))

BP (x, β0)) < α0

and thus, for any β ≤ β0 and α ≤ α0 only balls around points in the support of

Q will be α-covered by Q. However note, that not all of these will necessarily be

α-covered by Q. It remains to show that we can choose α sufficiently small so that

the P -mass of balls that are not α-covered by Q is at most ϵ.

Let some ϵ > 0 be given and let’s fix some β1 < β0. For every x ∈ supp(Q) we

have Q(BP (x, β0))) > 0. We consider a sequence of values (αi)i∈N that converges

to 0. Then we get that the sets

Ai := {x ∈ supp(Q) | Q(BP (x, β1)) > αi}

are ordered by inclusion, namely Ai ⊆ Aj for j ≥ i and

∞⋃
i=1

{x ∈ supp(Q) | Q(BP (x, β1)) > αi} = supp(Q).

Thus, there exists a j ∈ N such that for any i ≥ j, we get

P (Ai) = P ({x ∈ supp(Q) | Q(BP (x, β1)) > αi}) ≥ P (supp(Q))− ϵ.

This completes the proof.
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3.1.4 PR Cover algorithm

In practice, we generally do not have access to the actual distributions P and Q,

but rather have sets of samples P̂ ∼ P n and Q̂ ∼ Qm from them. We now define

an empirical analogue of the PR-cover measure.

Given n samples P̂ = (x1, . . . xn) and m samples Q̂ = (y1, . . . , ym), we can apply

our measure over the discrete distributions that are induced by sample sets. We

will use α = k
m

and β = k′

n
where k′ = Ck for some C ∈ N. That is, the measure

will be based on k′-nearest neighbor balls over the sample sets.

Definition 2. Let P̂ = (x1, . . . xn) and Q̂ = (y1, . . . , ym) be two sample sets, and

let k, k′ ∈ N with k ≤ k′ be given. Then we define the (k, k′)-precision coverage of

P̂ by Q̂ by

PCk,k′(P̂ , Q̂) =
1

m

m∑
j=1

1

[
Pn(BQ̂(yj,

k′

m
)) ≥ k

n

]
(3.3)

Conversely, we define the (α, β)-recall coverage of P̂ by Q̂ by

RCk,k′(P̂ , Q̂) =
1

n

n∑
i=1

1

[
Qm(BP̂ (xi,

k′

n
)) ≥ k

m

]
(3.4)

In the next section, we will show analysis for our algorithm.

Algorithm 1 outlines how to compute (k, k′)-cover measures over two samples.

The algorithm takes two parameters k and k′ and samples P̂ and Q̂. It constructs

k′-nearest neighbor balls over the sample set Q̂ and then computes the total number

of k′-nearest neighbor balls that contain at least k points from P̂ , and divides this
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number by the total number of sample points in Q̂, this gives us our precision

cover metric. The recall metric is symmetric so it is simply the same procedure

with the distributions swapped. In the following pages we outline our procedure:

the main Precision-Recall Cover algorithm and its subroutine. We only show the

algorithm for the precision style measure as the recall algorithm is identical with

the distributions swapped.

Algorithm 1 Precision-Recall Cover

Input Sample Sets P̂ , Q̂ as well as choice of k, and C

Q̂β ← ∅

k′ ← C ∗ k

r̂Q̂ ← k’-NearestNeighborDistances(Q̂, k′)

for y ∈ Q̂ do

val← PR-Cover-Indicator(y, r̂y, P̂ )

if val = 1 then

Q̂β ← Q̂β ∪ y

end

end

PC← |Q̂β |
|Q̂|

return PC
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Algorithm 2 Precision-Recall Cover Indicator subroutine

Input Sample Set P̂ , sample point y ∈ Q̂, (k’)-nearest neighbor distance r̂y, and k

val← 0

i← 0

for x ∈ P̂ do

if ||y − x|| ≤ r̂y then

i← i+ 1

end

end

if i ≥ k then

val← 1

end

return val

3.2 Analysis

Now we outline some of the key formal performance guarantees that our algorithm

and PRC measure enjoy. We will phrase all our results in terms of the precision

cover measure. By symmetry, they will hold for recall cover when the arguments

are switched. The results are obtained by applying techniques of VC-analysis to
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k-nearest neighbour balls [1, 6, 18, 29].

3.2.1 Identical distributions

We start by presenting a type of sanity check analysis for the cases where the two

distributions are identical. In that case, we have PCα,β(P,Q) = PCα,β(P, P ) = 1

for all α, β, see Observation 4. We show that, given sufficiently large samples, the

empirical k, k′-cover measure will also attain value 1 with high probability.

Theorem 6. Let δ > 0, X ⊆ Rd a domain and P̂ and Q̂ denote samples from

distributions P and Q over X of sizes n and m respectively. Then there exist

finite sample sizes N and M , depending only on the dimension of the space and the

confidence parameter δ, and appropriate choices of k and k′ such that the following

holds: if P = Q, with probability at least 1 − 2δ, over the sampling of P̂ of size

n ≥ N and Q̂ of size m ≥M , we have

PCk,k′(P̂ , Q̂) = 1

The proof is given below, it uses a lemma from [18] which is adapted from [3].

Proof of Theorem 6. We let VB denote the VC-dimension of balls in the space X.

Note that if X is a d-dimensional euclidean space, then VB = d + 1. Let some

δ > 0 be given. We here assume that the two distributions P = Q are identical,
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and consider two samples P̂ and Q̂, both of size

n ≥ 36VB ln(36VB) + 18 ln(8/δ)

from this distribution. The above implies 2n ≥ 72VB ln(36VB) + 36 ln(8/δ), and

applying the second item of Lemma 2 to this inequality yields 2n ≥ 18VB ln(2n) +

18 ln(8/δ) and thus

n ≥ 9VB ln(2n) + 9 ln(8/δ) (3.5)

We will assume that these samples are so that the implications in Lemma 1 are valid,

and note that this holds with probability at least 1− 2δ over drawing P̂ ∼ P n and

Q̂ ∼ Qn. We set k = VB ln(2n) + ln(8/δ) and let k′ = 9k = 9(VB ln(2n) + ln(8/δ)),

so that with Equation 3.5 we get n ≥ k′, and thus k′-nearest neighbor balls are well

defined for samples P̂ and Q̂ and k′/n ≤ 1.

Now consider any point y ∈ Q̂ and the k′-nearest neighbor ball BQ̂(y,
k′

n
) with

respect to Q̂ around this point. By definition of k′ and this ball, we have

Qn(BQ̂(y,
k′

n
)) =

k′

n
=

9(VB ln(2n) + ln(8/δ)

n

Invoking Lemma 1, this yields

Q(BQ̂(y,
k′

n
)) = P (BQ̂(y,

k′

n
)) ≥ k′

3n
=

3(VB ln(2n) + ln(8/δ)

n

Invoking the other implication of the same lemma, this yields

Pn(BQ̂(y,
k′

n
)) ≥ k′

9n
=

(VB ln(2n) + ln(8/δ)

n
=
k

n
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Thus, with probability at least 1− 2δ, every k′ nearest neighbor ball in Q̂ contains

at least k points from P̂ for the stated values of k and k′ and identical sample sizes

n = m ≥ 36VB ln(36VB) + 18 ln(8/δ). This immediately implies RCk,k′(P̂ , Q̂) = 1.

The corresponding statement for PCk,k′(P̂ , Q̂) follows analogously.

3.2.2 Local consistency

Of course, in general, we don’t expect the two input distributions to be exactly

identical. We now show that our k, k′ mechanism will correctly identify local regions

that are sufficiently covered by the other distribution: For a given local density

ratio P (B(x,k′))
Q(B(x,k′))

> ω there is a true distribution sample size such that all regions

with sufficient density ratio will be recognized by our measure.

Theorem 7. Let δ > 0,C > 1, X ⊆ Rd a domain and P̂ and Q̂ be samples

from distributions P and Q over X of sizes n and m respectively. Let VB be the VC

dimension of hyperspheres in Rd. Let ω > 0, k′ = Ck and k = 9(VB ln(2n)+ln(8
δ
)),

m ≥ max{36CVB ln(36VB) + 18C ln(
8

δ
),
8Ckω

18VB
}

and

n ≥ 72 ln(8/δ)

Cω
ln(

18m

Cω
).

Then with probability 1− 2δ the precision cover (algorithm 1) will give a score of 1

to all points x ∈ Q̂ with (
P (BQ̂(x, k

′
m
))

Q(BQ̂(x, k
′

m
))
) > ω.
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This theorem is key in our analysis. It shows that for all balls that satisfy the

density requirement we will have our measure recognize those points. So for a given

minimum density all k-nn balls that are above the density threshold our measure’s

indicator function will assign a value of 1. This result goes hand in hand with our

continuous measure (Definition 1). For a ball of mass β w.r.t. distribution Q, if

this ball has mass at least α w.r.t. distribution P we can use the above theorem

to show that there exists a number of samples from the true distribution such that

our measure will recognize this ball as a sufficiently covered ball in the precision

cover measure. The proof is given below:

Proof. This proof has been adapted from [1].

We assume a condition on m:

m ≥ max{36CVB ln(36VB) + 18C ln(
8

δ
),
8Ckω

18VB
}

which implies that m ≥ k′ via lemma 3. The condition on k also gives VB

k
< 1.

Given all of these along with the condition on n implies

n ≥ max

{
72mVB
Ckω

ln

(
18mVB
Ckω

)
,
18m ln(8

δ
)

Ckω
,
9m

Cω

}
. (3.6)

It is trivial to see that Equation 3.6 gives

⇒ n ≥ 9m

Cω
(3.7)

⇒ n ≥
18m ln(8

δ
)

Ckω
(3.8)
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⇒ n ≥ 72mVB
Ckω

ln(
18mVB
Ckω

) (3.9)

The first condition in the max in Equation 3.6 combined with Lemma 3 (this is

valid as the second term in Equation 3.6 satisfies the conditions for Lemma 3) yields

n ≥ 2
(
4×

(9mVB
Ckω

ln(
9mVB
Ckω

)
))

⇒ n ≥ 2
(9mVB
Ckω

ln(2n)
)

(3.10)

adding inequalities (3.8) and (3.10) we get:

2n ≥ 18mVB
Ckω

ln(2n) +
18m ln(8

δ
)

Ckω

⇒ n ≥ 9mVB
Ckω

ln(2n) +
9m ln 8

δ

Ckω

⇒ n
Ckω

3m
≥ 3(VB ln(2n) + ln(

8

δ
))

⇒ Ckω

3m
≥

3(VB ln(2n) + ln(8
δ
))

n
(3.11)

Now note that by the definition of the k’ nearest neighbor balls over the generated

samples we have (and recall that k′ = Ck):

Q̂m(BQ̂(y,
k′

m
)) =

Ck

m
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Note that we choose k such that:

k ≥ 9(VB ln(2n) + ln(
8

δ
))

plugging this choice of k into the definition of k’-nn ball over the generated samples:

Q̂m(BQ̂(y,
k′

m
)) =

Ck

m
≥

9C(VB ln(2n) + ln(8
δ
))

m

by Lemma 1 we have:

⇒ Q(BQ̂(y,
k′

m
)) ≥ Ck

3m

using the density ratio we obtain:

⇒ P (BQ̂(y,
k′

m
)) ≥ Ckω

3m

plugging inequality 3.11 into the above, we get:

⇒ P (BQ̂(y,
k′

m
)) ≥ Ckω

3m
≥

3(VB ln(2n) + ln(8
δ
))

n

using Lemma 1 again, we get:

⇒ P̂n(BQ̂(y,
k′

m
)) ≥ Ckω

9m

plugging inequality (3.7) into the above, we readily obtain:

P̂n(BQ̂(y,
k′

m
)) ≥ k

n

so with probability 1 − 2δ we have that there are k or more points in the k’-nn

ball centered around a generated sample y ∈ Q. This then ensures w.h.p. that the

precision measure will recognize this k’-nn ball and thus give it a perfect score; ie.

the indicator function in the definition of the precision measure is 1.
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3.2.3 Support consistency

Next we show that there is a number of samples n from distribution P that will

fully cover the samples of a certain size from Q that fall into the joint support. The

following theorem states this more precisely:

Theorem 8. For δ > 0, and let m, k, and k′ satisfy the conditions of Theorem 7.

Then there exists a value N for the number of samples such that for all n > N ,

with probability 1 − 3δ over the generated samples, P̂ will cover all points from Q̂

that fall into supp(P ) ∩ supp(Q).

As for the other results in this section, it should be noted that due to symme-

try the theorem above holds true for when the true distribution is swapped with

the generated distribution. For that case the above statement provides an attrac-

tive guarantee: For a given dataset size from the true distribution, if we generate

sufficiently many points from the generative model’s indued distribution, then all

points in the intersection of the two supports will be covered that is, our measure

will eventually correctly identify all those points from the true distribution that

can also be produced with the learned model. The proof is given below:

Proof. We let XQ(ϵ, ω) ⊆ supp(Q) denote the subset of points x in the support

of Q whose ϵ-ball has weight ratio smaller than w, that is w e define the set

XQ(ϵ, ω) = {y ∈ XQ|P (BQ(y,ϵ)

Q(BQ(y,ϵ)
< ω} (where Q(BQ(y, ϵ)) = ϵ). Recall that in our

44



setup we assumed that both P and Q have continuous density functions dP and dQ

respectively. This implies that for any sample from either distribution we can pick

a ball of mass exactly ϵ, for ϵ ∈ (0, 1].

We now introduce a Lemma useful to our analysis, the proof is shown later.

Lemma 9.

lim
ω→0

Q(XQ(ϵ, ω) ∩ XP ) = 0

Using Lemma 9 there exists a choice of ω small enough such that there is a

generated sample size m, so no generated samples y will be in XQ(ϵ, ω) ∩ XP , in

similar fashion to Theorem 7. Pick ϵ = Ck
3m

. also note that:

Q(BQ(y, ϵ)) =
Ck

3m

There exists a sample size, N, from P we can pick such that this sample set will

have perfect precision on XP\XQ(ϵ, ω). Recall our choice of k from prior: k ≥

9(VB ln(2m) + ln(8
δ
)). This then implies:

Ck

m
≥

9C(VB ln(2m) + ln(8
δ
))

m

By employing the contrapositive of Lemma 1 and the above, we have:

Q̂m(BQ(y, ϵ)) ≤
Ck

m

This implies that there are at most Ck points in the ball BQ(y, ϵ) from Q.
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Using Theorem 7 (assuming we satisfy the conditions to use), for our choice of

ω,C, δ, and m we have a value of N such that:

n ≥ N =
72m ln(8

δ
)

Cω
ln(

9m

Cω
)

by Theorem 7, this sample size implies that the ball BQ(y, ϵ) will have at least

k points from P : that is: P̂n(BQ(y, ϵ)) ≥ k
n
. This thus implies (with probability

1− 3δ) that P̂ will cover all points from Q̂ that have joint support. Our precision

measure will give these generated points a perfect score. Thus concluding the proof.

Now we prove Lemma 9:

Proof. First call the set of samples from the generated distribution that have density

less than ω: XQ(ϵ, ω) = {y ∈ XQ|P (BQ(y,ϵ)

QQ(B(y,ϵ)
< ω}, where BQ(y, ϵ) is a ball centered

at point y ∈ Q with mass ϵ w.r.t. distribution Q ie: (Q(BQ(y, ϵ)) = ϵ) . Now

consider an ordered sequence of densities in decreasing order called [ωi]i∈N, let this

monotonically decreasing sequence converge to 0. We clearly get:

lim
n→∞

ωn = 0

Now putting this sequence into the set we defined earlier we have:

lim
n→∞

XQ(ϵ, ωn) =
∞⋂
n=1

XQ(ϵ, ωn)

∞⋂
n=1

XQ(ϵ, ωn) = XQ\XP
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That is, the intersection of the set of all points from Q that have no neighboring

points within radius ϵ of them for progressively smaller values of ω converges to the

points in support Q that are not in support P .

Taking the probability of the limit sequence w.r.t. probability distribution Q:

lim
n→∞

Q(XQ(ϵ, ωn)) = Q(
∞⋂
n=1

XQ(ϵ, ωn))

Q(
∞⋂
n=1

XQ(ϵ, ωn)) ≤ Q(XQ\XP )

Note that if we take the intersection with XP we obtain the limit we are trying to

prove:

lim
n→∞

Q(XQ(ϵ, ωn) ∩ XP ) ≤ Q((XQ\XP ) ∩ XP ) = 0
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4 Experiments

In this section we present and discuss a variety of experiments that showcase our

measure’s behaviour alongside other metrics. This experimental section aims to

supplement our theoretical analysis. We present two types of experimental se-

tups: First, through carefully designed tests on synthetic data, we compare our

algorithm’s (ie. empirical measure’s) behavior to previously established measures

(Subsection 4.1). In particular, we highlight some failure cases of the earlier mea-

sures where our metric succeeds as well as compare the approximation quality in

terms of convergence to ground truth. Second, we establish that our measure pro-

vides correct assessments in real world settings (Subsection 4.2). Through a variety

of experimental setups where we systematically vary the diversity or quality of one

of the distributions, we show that our measure adequately follows our design. We

do this by tracing the training stages of a VAE, dropping digits from MNIST [7],

truncating a GAN or blurring images. In addition, we also verify that our (k, k′)-

measure is robust to varying the choice of k as long as the ratio between k and
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k′ remains constant 1/3. This is in contrast to earlier k-nn based measures whose

values we show to be highly sensitive to the choice of k.

4.1 Experiments on synthetic data

4.1.1 Sanity checks

We devised several simple toy experiments as sanity checks to see the results of our

and earlier measures in a simple and interpretable setting. For a variety of pairs of

(true and generative) distributions we assessed their similarity through PR, IPR,

DC, as well as our measure PRC.

For this, we used a combination of normal and uniform distributions with vary-

ing the degree of overlap and dimensions ranging from 1 to 3. In the most benign

settings, we see mostly consistent behaviour among all measures in terms of the

degree of overlap, ie matching distributions get perfect scores and as the degree

of overlap decreases scores get progressively worse reflecting this. However, the

metrics exhibit drastically different behavior in select experiments. For some dis-

tributions with disjoint supports, IPR is particularly prone to being overly accepting

of samples outside the distribution’s support. We also provide an example where

the disjoint supports are not recognized by any metric other than PRC. Details

and illustration of these experiments have been moved to the appendix for space
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reasons.

4.1.2 Convergence quality

We now present comparisons of the three nearest neighbor based measures, namely

the improved precision/recall (IPR), density/coverage (DC), and precision/recall

cover (PRC) in terms of the convergence behavior and quality of approximation

to ground truth. By varying the degree of overlap of two uniform distributions,

we establish settings of clear ground truth for precision and recall (namely the

probability masses of the joint support [20][19][23][8]).

We use the same value of k for each measure (and the same k-nn computation),

and we set the number of samples from the “true distribution” and “generative

distribution” to be equal throughout these experiments. For PRC we use a value of

k such that k′ = 3k, as suggested by our analysis. Also, as guided by the analysis,

we let the value of k (or k′ in the case of PRC) change and grow logarithmically

with the sample size; order (log(n)) see appendix for more technical details.

The results for the recall version are shown in Figure 4.1. All measures shown

converge to an approximation of the ground truth (orange line). However, as dimen-

sion increases our measure converges faster and clearly to a better approximation

of the ground truth.
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Figure 4.1: Recall convergence experiments for well defined uniform distributions.

The orange dashed line is the true recall, the green line is our metric RC (from

PRC), the blue line is Coverage (from DC), and the red line is improved recall (IR

from IPR). The plots show the results of recall-type metrics from dimensions 2 to

4 (left to right). These plots show the recall-type scores with changing number

of samples. All measures seem to converge to an approximation of the true recall

(orange-dashed line), but as dimension increases our measure converges faster and

to a better approximation.

51



4.2 Experiments in real world settings

4.2.1 Application to VAEs

In this section we present experiments on a popular generative model that, unlike

GANs, gives rise to an explicit generative probability distribution. VAEs are trained

by minimizing KL divergence and, if training succeeds, the quality of generated

samples gets better as the KL divergence decreases. This suggests an intuitive set

of experiments for the precision type measures: training on MNIST image data [7],

we track the precision-based scores per training epoch as image quality gets better.

Figure 4.2 shows that, among the k-nn based measures, our measure PC is the only

one effectively reflecting the increase in image quality.

4.2.1.1 Application to image data directly

We first discuss another set of experiments over the MNIST data: to track the

change in recall-type scores with respect to a loss in diversity of generated samples,

we successively dropped a digit from the image collection.

We simply start off with original MNIST data as the “real set” and the “gen-

erated set”. Then, a certain label (a specific digit) is dropped from the “generated

set”, while randomly taking out samples from the “real set” to ensure the over-

all sample sizes remain balanced. Figure 4.3 shows that, as we progressively drop
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Figure 4.2: Training a VAE, we track the precision type scores per epoch. The

plot on the left shows our measure PC (green, ours) and IP (red). The plot on the

right shows Density (blue) (from DC). The image collection (bottom image) shows

one generated sample image from epoch 1 to epoch 9 (top left to bottom right).

These image samples confirm that quality improves as training progresses. Only

our measure PC accurately reflects this. Density gives scores of 125 (the measure

is not normalized) and decreases non-monotonically and IP stays constant 1 due to

its tendency for over-acceptance.
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digits, our recall cover measure (RC) correctly reflects the loss in diversity of the

“generated set”. The RC score drops approximately a 10% for each dropped digit

(one out of ten digits dropped at each step).

For a second set of experiments we used the FFHQ dataset, a high resolution

1024x1024 image dataset of human faces [14]. Here we progressively added noise

to an image in a fashion similar to that of the forward process of diffusion models

[26]. This allows us to control the gradual degradation of quality of the images

from a high quality image of a person to pure noise. We expect to see the scores of

precision type measures decrease as we add noise and the image quality decreases.

The first plot in Figure 4.4 shows results of this setup. As the noise increases,

the scores of all measures decreases. We again see the IP has a tendency to be

overaccepting and that Density is not normalized (the score starts off with a value

larger than 1).

As a second means to induce degradation of image quality and its effect on

precision scores, we downsample the images (“generated set”) and compare to the

original images (“real set”).

A downsampling factor of 2 takes an image of resolution 1024x1024 and averages

the pixel values of every 2x2 square over the image and replaces the pixel values of

each pixel in that square with the average pixel value. The bottom plot of Figure

4.4 shows the scores of PC, IP and Density as we repeatedly downsample. Again we
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Figure 4.3: Tracking RC (green), IR (red) and Coverage (blue), as we successively

drop a digit from MNIST data (comparing to an equal size sample from all digits

in MNIST). RC and IR correctly reflect the loss in diversity in the “generated set”,

while Coverage remains almost constant for quite a while (until more than two

thirds of the digits are dropped).
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observe that Density is not normalized and IP has a tendency to be overaccepting

(while all measures indicate the decrease in quality eventually).

4.2.1.2 Application to GANs

Finally, we explore our measure’s performance on evaluating generative adversarial

networks (GANs).

Prior work [19, 4, 20] discusses an artificial way of controlling diversity and fi-

delity via truncation. It is accepted in the literature [4, 19] that the more truncation

that is applied the higher the quality of the generated images; however this comes

at the cost of less diversity in generated samples. Conversely, with less truncation,

it is expected to see more diversity in samples, but worse quality. We design exper-

iments to show that our measure will accurately reflect this diversity-quality trade

off with StyleGAN [14] (see Figure 4.5).

4.2.1.3 Robustness w.r.t choice of k

Finally we compare the k-nn based measures on popular datasets while varying k,

to test their sensitivity to the choice of k. We again use FFHQ for our real dataset

and samples from StyleGAN2 [15]. Figure 4.6 shows the results. While varying the

choice of k, (the same bottleneck computation of k nearest distances is used for all

measures) our PC and RC measure results in consistent scores. DC and IPR, on
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Figure 4.4: We track PC (green), IP (red), and Density (blue) as we decrease image

quality of the “generated set” by increasing noise levels (top left graph) or repeated

downsampling (bottom left graph). All measures indicate the degradation in image

quality, but Density is not normalized and IP has a tendency to be overaccepting.

Note that when downsampling, IP gives perfect scores Density remains above 1

until a downsampling factor of 16. The image samples on the right illustrate the

gradual degradation in quality by adding noise (top row) or downsampling (bottom

row).
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Figure 4.5: Some samples generated by StyleGAN [14] with varying degrees of

truncation. We plot our measures RC and PC as a function of the amount of trun-

cation. As desired, we observe that as truncation decreases (maximum truncation

at ψ = 0, minimal at ψ = 1) PC (green) decreases and RC (blue) increases. We

also conduct this experiment while tracking IPR (top left), this also gives expected

behavior.
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the other hand are shown to be sensitive to the choice of k. Our measure enjoys

better statistical consistency through the interplay between k and k′ (whose ratio

remains constant 1/3, as suggested by our analysis). We believe that a measure

not showing brittleness with respect to hyper-parameter choices (such as k in k-nn

based measures) provides an important reassurance for practitioners.
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Figure 4.6: The plot on the left shows precision-type measures’ results on the FFHQ

dataset and StyleGAN2 samples with varying k. The plot on the right shows recall-

type measures’ results with a varying k on the same dataset and GAN. While DC

(blue) and IPR (red) are sensitive to the choice of k, the scores of PRC (green)

remain constant when varying k. Our measure enjoys better statistical consistency

through the interplay between k and k′ (their ratio remains 1/3, as suggested by

our analysis).
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5 Conclusion

In this section, we will summarize the work and conclude the thesis. As with all

works there are some limitations to keep in mind, we will address these in this

section. We will also discuss some potential new research directions that can follow

from our work.

5.1 Limitations

Our measure along with the IPR, and DC uses the k-nn computations as a core

element. It is well known that the k-nn computation suffers from the curse of

dimensionality and thus with higher dimensions it becomes a bottleneck in the

computation of each method. Both FID and IS do not use a k-nn algorithm and as

seen in other works can be faster than other metrics in computing scores to grade

generative models [15]. However, also keep in mind there are other drawbacks of

using these methods even though they are faster to compute, as many prior works

note [19, 20, 23].
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Several researchers have suggested to use projections to lower dimension la-

tent spaces for high dimensional data such as image data. These image embed-

dings are used in almost all previous works for generative modelling metrics, and

we stay consistent with the embedding method used by other papers (VGG16)

[11, 19, 20, 23, 24]. A drawback for all methods that use embeddings is how accu-

rate those embeddings can be. Whether it is text data, image data, sound synthesis

etc. meaningful embeddings are needed for any of these evaluation methods that

implement embeddings in their evaluation pipeline. Hence, this is another bottle-

neck in our method and all comparable methods’ reliability.

5.2 Future Work

There are some relevant avenues to explore after our work. One interesting re-

search question would be to conduct a large survey of all evaluation metrics for

generative models. Currently, there are many novel methods with very few works

to understand what each of these methods is measuring and how well. This work

can be used to guide the development on generative models and clear up what are

the pertinent methods that should be used when evaluating generative models.

Another interesting research question is diving deeper into the theoretical anal-

ysis of our population level measure and algorithm. Although we provide theory

throughout this project, a fully extensive analysis of both the algorithm and mea-
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sure would be informative. For instance, seeing how the population measure be-

haves with respect to more well established measures like f-divergences and the

KL-divergence.

5.3 Concluding remarks

We have introduced a new evaluation measure for computing and diagnosing differ-

ences and similarities between two distributions with access to samples only. Our

population level (α, β)-PRC measure and its empirical (k, k′)-PRC counterpart are

statistically sound while the empirical measure is also algorithmically simple to

evaluate. We believe that this combination, namely a sound framework that di-

rectly corresponds to the algorithmic implementation, is crucial and prior measures

have lacked in offering both of these aspects simultaneously. Our population level

measure has some ideal properties that readily pertain to the high level definition

of Precision and Recall for evaluating generative models, namely identifying joint

support of two distributions. We then give an algorithm that follows from our

population level measure. We show some theoretical properties of our algorithm

that act as safeties; ensuring our algorithm is well behaved in a variety of settings.

These settings include identifying if two distributions are equal eventually (giving

a score of 1), identifying local regions of support given enough samples, and finally

identifying support consistency between the two distributions. On top, our mea-
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sure is based on a natural local test of coverage that can naturally be used as a

diagnostic tool, eg to improve a generative model’s performance.

In addition to the development, theoretical motivation, and analysis, we have

here presented a variety of promising empirical results from applying and comparing

our measure in synthetic and real world settings. Starting from simple, easy to

explain, experiments we can see glaring issues in other comparable methods. Issues

such as overcoverage of IPR and DC, or incorrectly identifying disjoint distributions

as similar. We see that in these simple scenarios our method does not face these

same issues and is reflective of the expected phenomenon. We then move into more

complex experiments where we can see if our algorithm is able to judge the quality

and diversity of generated samples. We start with basic real world settings where

we train a VAE on MNIST (handwritten digits) that should increase in quality

throughout its training process. We see how all relevant quality-type scores fare

throughout the training process. Notably, only our method accurately reflects the

expected increase in quality, where the other methods give uninformative values

(giving a perfect score, or values above 1). We then have a similar experiment to

see how comparable diversity-type methods do in a controlled real world setting

to gauge diversity. In this experiment, we have the MNIST dataset and randomly

pick a digit and drop it. We progressively drop digits and keep repeating until 9 of

the 10 digits are dropped. Each time we drop a digit the remaining data is called
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the generated samples, we then compute diversity-type scores. We note that all

methods show a loss of diversity, however our method shows the most accurate loss

of diversity each time a digit is dropped. Again, IPR and DC seem to give generous

scores each time a digit is dropped. Finally, in the last set of experiments we move

into one of the most relevant settings; high quality images. Again we would like

to see if our quality type score is accurate in a real world scenario. We artificially

destroy the quality of images via downsampling and adding noise. We see that

all comparable quality type scores do show a loss of quality but again the other

methods are overly accepting and sometimes even increase in score before going

down, counter to the expected deterioration of the images. We also verify another

expected behaviour in generative models; the quality-diversity trade-off in GANs

with truncation. We note that, as with IPR, our method also reflects this expected

behaviour. This is promising as it shows in a setting for high level generative

models where we expect to see a quality-diversity trade-off our quality/diversity

scores accurately reflect this and catch this phenomenon. Finally, we have an

experiment that shows our method is not sensitive to a specific choice of k in the

k-nn computation. We compute all comparable scores after changing the k values,

to see how this will affect the scores. We see that other methods inflate their scores

as k increases whereas our scores remain robust to the changing of k. This shows

another promising trait of our method where practitioners need not worry about
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the choice of k and how sensitive their results will be dependent on that choice.

In conclusion, we introduce a theoretically founded population level measure

evaluated on two distributions. We then derive an algorithm from this measure and

prove some theoretical properties of our algorithm. Finally, we show experiments

where can verify if our method is measuring the quality or diversity of generated

samples alongside comparable methods. We see that our algorithm shows very

promising behavior in many applicable settings where other state-of-the-art meth-

ods do not. We hope to see this method be implemented and used by practitioners

in the field of generative AI.
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6 Appendix

6.1 Experiments

For all experiments we intend to make the code publicly available on GitHub. In

the vein of reproducibility we choose to provide a detailed summary of experiments

here in addition to extra images and results.

6.1.1 Toy Models

As stated in the main work, we devised several toy experiments as a sanity check

for our measure. In these settings, we start off with two synthetic distributions

as stand-ins for the “real distribution” and the “generated distribution”. The real

distribution and generated distributions are either both uniform distributions or

Gaussian distributions in most of our setups. We use numpy to randomly sample

points from their respective distributions. We create the distributions in 1 to 3

dimensions for visualization purposes and use the same random seed throughout

the experiments. We have conducted a wide set of experiments where we vary
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many factors in a controlled setting; we vary the amount of overlap between the

two distributions, the number of samples for each distribution, the dimension, and

the shape of the distributions. We will show several figures to illustrate the setup

of the experiment and some of the results. In most of these toy models we show a

visualization of the data (on the left) and on the right the Precision-Recall Curve

from [23] with the scores from the other measures on the top right of the figure.

For the toy models shown here we have opted to use a choice of k = 9 for DC and

IPR, and for PRC we use a choice of k′ = 9 and k = 3. See Figure 6.1 for a 1 di-

mensional case of matching distributions. See Figure 6.2 for a case of 2-dimensional

distributions that are partially overlapping, in this example we also have the true

distribution have 3 times as many samples as the generated distribution has. In fig

6.3 we have 3 dimensional uniform distributions that are essentially disjoint.
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Figure 6.1: The true distribution (blue) and the generated distribution (salmon)

are both matching (uniform from 0 to 10). See visualization of the 1-dimensional

data (in form of a histogram of the samples) on the left. Both sample sets have the

same size (1,000 samples). We use k = 9 for DC and IPR and k′ = 9 and k = 3

for PRC. The PR curve (right) is filled in implying perfect precision and recall. All

other measures also reflect the matching distributions (see top right for scores). We

observe that density and coverage (DC) is not normalized, while density takes on

a value larger than 1 (even if only slightly), coverage is significantly below 1. This

shows that the scores of this measure are difficult to interpret, and thus might be

misleading.
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Figure 6.2: In this example we sample from two distributions; a 2 dimensional

uniform square from 0 to 10 for both x and y axis (gen distribution in red), and a

uniform square from 4 to 14 on both x and y axis (real distribution in blue). The

scores mostly all reflect the partial overlap (see the PR curve right). Notice that

in this example we have far more samples from the true distribution than the real

(3000 samples from real dist. vs 1000 samples from gen dist.). This is reflected

in the precision type scores of all measures (see top right). Note that the two

distributions have equal area and have an overlapping area of 36%, as supported

in the theory, since there are more true samples than gen samples we see that

the precision scores are closer to the overlapping area amount than the recall-type

scores. 74



Figure 6.3: In this example we have two 3-dimensional cubes (see data on the left);

a true uniform distribution from 0 to 10 on the three axes (in blue) and a generated

uniform distribution from 10 to 20 on the three axes (in red). In this case the 2

distributions are essentially disjoint (one shared boundary points exists), and all

measures reflect this. The PR curve (right) is empty implying no precision or recall,

and the other measures almost all give scores of 0 (top right).
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Figure 6.4: In this example we have a 2D Gaussian with mean 0 and std of 1

for both x and y axes as the true dist. (blue) and a Gaussian with mean 2 and

std of 1 for both axes as the gen dist. (red). As we can see in the figure (left),

although the data is overlapping most points from both distributions do not overlap

and there is a clear distinction between the two distributions. On the right the PR

curve shows that there is a discrepancy between the two distributions (seen in the

lack of the PR curve being filled in), our measure PRC keeps a lower score (about

0.15) reflecting the lack of overlap between the distributions. In contrast, DC has

a high density score yet retains a lower coverage score (top right). IPR has scores

above 65% which is not appropriate for these two distributions. An example of the

over-accepting nature of this method. 76



Figure 6.5: In this example we have a 3-D Gaussian with mean 0 and std of 1 all

three axes as the true distribution (blue) and a Gaussian with mean 2 and std of

1 for all three axes as the gen distribution (red). Although there is overlap in the

data from these two distributions, most points are located in distinct areas, clearly

belonging one of the two distributions. On the right the PR curve shows there is a

discrepancy between the two distributions (seen in the lack of the PR curve being

filled in), our measure PRC keeps a lower score (about 0.20) reflecting the lack of

overlap between the distributions. In contrast, DC has a high density score yet

retains a lower coverage score (top right). IPR has the highest scores above 50%

which is not the nature of the two distributions. This is another example of the

over-accepting nature of this measure. 77



Figure 6.6: The PR Curve (right) gives a very high scores on both precision and re-

call (indicating similar distributions with large overlap) while the two distributions

are in fact disjoint (data on left). The PR curve is almost fully filled in implying

both high precision and recall. The doughnut (red; generated samples) does not

overlap with the sphere (blue: real samples). Other metrics have the same issue:

Density = 0.20, Coverage = 0.06, Improved Precision = 0.45, Improved Recall =

0.80. Only PRC correctly scores these sets as disjoint with PC = 0.02, and RC =

0.00

We observe many interesting behaviors that support our theory and highlight

issues of other measures. Some interesting observations we observe is that if we

sample from the true distribution more than the gen distribution or vice versa

we can see scores be skewed (this supports some of the theory we have developed
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see theorem 7), this behaviour of our measure is empirically reflected in fig 6.2.

Another behaviour we have noted in this simplistic setting is that DC and IPR are

prone to be more over-accepting than our measure. This is also true in settings

where the distributions have significant discrepancy between them, but DC and IPR

incorrectly say they are similar distributions (see fig 6.4, 6.5, 6.6). In fig 6.6 we can

see a case of where two distributions are completely disjoint yet all other measures

identify these distributions as similar. This again adds to the point of PR, IPR

and DC being prone to over-accepting. Only our measure accurately reflects the

disjoint nature of the two distributions. This experiment highlights this worrying

behavior that will be seen again in later experiments in real world data.

6.1.2 Convergence Experiments

In these sets of experiments we use simple uniform distributions in increasing di-

mensions to define true values of precision and recall. We construct 2 uniform

hypercube distributions for the real and generated distributions and vary the de-

gree of overlap. In this case true precision becomes the overlapping volume over

the generated distribution’s volume, and conversely true recall is the overlapping

volume over the true distribution’s volume. The setup of this experiment is as

follows: we fix a configuration for a true distribution and generated distribution

with a certain amount of overlap. We set the number of samples from the true and
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gen distribution to be the equal n = m. We start at 15 samples for both distri-

butions, obtain n = m samples randomly for both distributions given a particular

configuration of true and generated distributions (we use a random seed for repro-

ducibility). Then, we compute all k-nn based measures (IPR, DC, and PRC) for

the current sample size. We compute k-nn based measures only because they are

directly comparable as the same bottleneck computation is done for all 3 measures

(the distances between sets and within sets). Then we increment the sample size

and sample from both distributions again for the given configuration of real and

gen distribution and compute measures. We repeat this process until the terminal

number of samples from both distributions (we choose to stop the experiment when

n = m = 1000). as n = m increases we adjust our value of k. We use a value of k

inspired from the theory of order log(n). This value of k is the same for DC and

IPR and PRC uses this same value for k’ while keeping the ratio fixed of C = 3

for our (k, k′)-based measure. More specifically, k ranges from 9 to 13 in our set

of experiments. Figure 4.1 in the main part of the paper shows that our measure

converges faster to the true values of precision and recall, it can also be seen that

some of the other measures do not seem to converge to the true values at all (see

higher dimensional setting of experiment). We also have included the experiments

for the precision type experiments from increasing dimensions below.
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Figure 6.7: We compute improved precision, precision cover, and density for a

fixed configuration of 1-dimensional uniform distributions. The true distribution

is a uniform distribution over the interval from 0 to 10. The gen distribution is a

uniform distribution from 8 to 18. This corresponds to a true precision of 0.2 for

this configuration of distributions. We set n = m start at 15 samples and go to

1000 samples. We can see IP (red), Density (blue), and PC (green) all converge to

the true value of precision (dashed orange line).
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Figure 6.8: We compute improved precision, precision cover, and density for a

fixed configuration of 2-dimensional uniform distributions. The true distribution is

a uniform distribution over the interval from 0 to 10 in both x and y axes. The

gen distribution is a uniform distribution from 6 to 16 for both x and y axes. This

corresponds to a true precision of 0.16 for this configuration of distributions. We

set n = m start at 15 samples and go to 1000 samples. We can see IP (red), Density

(blue), and PC (green) all converge to the true value of precision (dashed orange

line).
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Figure 6.9: We compute improved precision, precision cover, and density for a

fixed configuration of 3-dimensional uniform distributions. The true distribution

is a uniform distribution over the interval from 0 to 10 in x, y and z axes. The

gen distribution is a uniform distribution from 4 to 14 for x, y and z axes. This

corresponds to a true precision of 0.216 for this configuration of distributions. We

set n = m start at 15 samples and go to 1000 samples. We can see IP (red), Density

(blue), and PC (green) all converge to the true value of precision (dashed orange

line).
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Figure 6.10: We compute improved precision, precision cover, and density for a

fixed configuration of 4-dimensional uniform distributions. The true distribution

is a uniform distribution over the interval from 0 to 10 in all 4 axes. The gen

distribution is a uniform distribution from 4 to 14 for all axes. This corresponds

to a true precision of 0.1296 for this configuration of distributions. We set n = m

start at 15 samples and go to 1000 samples. We can see IP (red), Density (blue),

and PC (green) all converge to the true value of precision (dashed orange line).

6.1.3 VAE experiments

For the VAE training experiments we use the MNIST data set [7]. We use a simple

VAE that uses the MNIST dataset for training (60,000 samples) and testing (10,000
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samples). We use the adam optimizer and train the VAE for 10 epochs. The test set

is used as the real distribution and we generate 10,000 samples from the model (to

match the testing set size) as the generated distribution. We convert these images

to gray-scale, so they are of dimension 28x28x1. In these sets of experiments we

expect the measures to reflect the increase of quality as epochs increase. From fig

4.2 it is clear only our measure shows the desired behavior of increasing precision

(quality) scores.

6.1.4 Digit Dropping

Since we have a nice set of controlled experiments to see an increase in quality in

a real world setting with the VAE training experiment, we wish to do the same

for our diversity based measures (recall-type scores). In this setting we design

an experiment to artificially control for diversity of a dataset. We first start off

with the complete MNIST dataset (70,000 samples). Then we choose a number of

samples for the real and generated dataset (n = m), in this case 5,000 samples,

for both real and gen distributions. From the complete dataset we randomly select

5,000 samples and call this the real sample set. We then randomly pick 1 digit to

drop, and use a function to eliminate all samples with that digit’s label from the

potential generated dataset pool. From the MNIST dataset (now excluding the

dropped digit) we sample 5,000 samples and call this the generated sample set. We
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compute improved recall, coverage, and recall cover over the real and generated

sample sets. We then drop another digit and repeat the process until 9 digits (out

of 10) are dropped. For this experiment every time prior to random sampling we

use and record the value of the random seed used.

6.1.5 Experiments with GANs

For experiments with GANs we used the well developed pipeline of methods for

assessing high resolution image data for quality metrics. Many other prior works

have used this pipeline to test out measures for grading generative models [23, 19,

20]. The pipeline consists of a network or method to project the high dimensional

(usually image) data into a lower dimensional latent space. In this latent space we

then have our measure compare the data and obtain a final score for PRC. We use

the pipeline available from [15], which uses VGG16 to obtain image embeddings.

Our approach here follows consistent methodology in the literature [20, 23, 19].

We use the pretrained GAN and compute several other popular measures on the

generated and real data. In our experiments we use StyleGAN and StyleGAN2.

For the noise experiments we add noise iteratively as done in diffusion model

[26, 21]. We use a linear noise schedule starting from 0.000001 ending at 0.0000075

with a 300 steps. We use small amounts due to the sensitive nature of the pipeline;

ie enough noise to degrade image quality to human perception but not enough such
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that the feature extractors can no longer properly operate on the image. We notice

that by adding a relatively significant amount of noise all measures give scores of

0.

Another set of experiments to control for quality or lack thereof is the down-

sampling set of experiments. In this set of experiments we use a value for the

stride to downsample called s. We move an sxs square over the image (usually a

high resolution 1024x1024 image) and average the pixel value over the square and

assign each pixel in that square the value of the average. For instance, if we have

a stride of 2, each 2x2 square is averaged and that average pixel value is given to

each pixel in that square. This is akin to losing information by resizing an image

of size 1024x1024 to size 512x512 and then resizing back to 1024x1024. This loss of

pixel information can be seen to have a blurring effect on the quality of an image,

see 4.4.
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