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Key differences between combinatorial
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attraction basin. Exploration that does not lead to an update is not considered to have achieved an escape from a
local optimum. The search solutions (blue circles) are unable to update the previously found local optimum (red
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definitions of what it means to escape from a local optimum in continuous domain search spaces. A practical
and precise definition for an escape from a local optimum is developed. It is then shown how elitist fitness-based
selection can lead to the rejection of exploratory search solutions, and this can cause many popular metaheuristics
to degrade into (localized) Random Search in their attempts to escape from local optima. The explosion of new
metaheuristics has often been just a repeated re-invention of localized Random Search for the key task of escaping
from local optima.

1. Introduction concepts of exploration and exploitation can be slightly different for
each of these problem classes.

Another key term and concept is that of a local optimum. In combina-
torial search spaces, local optima are operator dependent. For example, a
solution which is a local optimum with respect to the 2-opt operator may
not be a local optimum with respect to the 3-opt operator [1]. Since the
concept of a local optimum can be dependent on specific components
of a metaheuristic, concepts related to local optima such as attraction
basin, exploration, exploitation, etc, can also display a necessary degree
of variance. This variance should force us to be vigilant in using precise

There are many terms used within the field of metaheuristics that are
often vague and/or generic. The generic nature of these terms is some-
what justified by the broad range of problem classes in which the same
metaheuristic framework can be used. For example, evolutionary algo-
rithms (EAs) can be applied to combinatorial optimization problems,
numerical optimization in the continuous domain, multi-objective op-
timization problems, dynamic optimization problems, etc. It would be
fair to say that all EAs perform exploration and exploitation, but the
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definitions, as opposed to being complacent with the use and acceptance
of vague and generic terms.

The intermingling of generic and specific usages of various terms
can lead to miscommunication and misunderstandings in the field
of metaheuristics. Here is a generic statement that should be gener-
ally acceptable to all members of the community. “Metaheuristics are
stochastic methods which differ from simple random search through
their use of selection to focus their search efforts towards more promis-
ing regions of the search space.” It should thus be obvious that selection
is a necessary and critical component of any metaheuristic.

Contrasting statements on the existence and importance of selection
occur for Particle Swarm Optimization (PSO) [2]. The following state-
ment by Shi and Krohling [3] is accurate for current positions: “Since
in the PSO algorithm, all the particles (or individuals) survive into the
next generation, there is no selection mechanism involved.” A common
confusion is to apply this statement to PSO in its entirety. For example,
Wang et al. [4] make the broader statement that “no selection, recom-
bination, and mutation occur in the PSO frame.” It is noted, however,
that particle movements are influenced by personal best (pbest) positions
which are updated by using elitist, fitness-based selection: “Each agent
‘remembered’ the best value and the XY position which had resulted in
that value.” [2]

The use and acceptance of vague and generic terms in the field of
metaheuristics have helped to obscure the usage of elitist fitness-based
selection in Particle Swarm Optimization. By using a series of precise
definitions for local optima, attraction basin, exploration, and escape
from local optima, we will show how metaheuristics such as PSO that use
elitist fitness-based selection can often become trapped in local optima.
This situation will be contrasted with the explicit claims made by the
developers of a metaheuristic that it has been specifically developed to
be able to escape from local optima.

The concept of escape from local optima has been poorly defined,
especially for continuous domain search spaces. A simple and practi-
cal definition is introduced. Its application to popular metaheuristics
such as Particle Swarm Optimization [2], Grey Wolf Optimizer [5], and
Differential Evolution [6] shows a general omission in addressing this
critical task. The explosion of new metaphors [7] tends to focus on new
descriptions for the creation of search solutions which is effectively a
reinvention of localized Random Search for the key task of escaping
from local optima.

Our understanding of how localized Random Search achieves es-
capes from local optima depends on precise definitions for key terms
such as local optimum, exploration, exploitation, and selection which
are provided in Section 2. We will then present a new, formal definition
of what it means to escape from local optima in Section 3. A study
on the ability of Random Search to escape from local optima is
reviewed in Section 4. The effect of elitist fitness-based selection
on the ability of Swarm Intelligence (Section 5) and Evolutionary
Algorithms (Section 6) to escape from local optima is then presented.
The previous claims that these methods can escape from local op-
tima are further discussed in Section 7 before a brief summary is
provided.

2. Important definitions

The precise concept of “escaping from a local optimum” depends
on precise concepts for exploration, exploitation, selection, and local
optimum. The concept of a local optimum is relatively clear, but the ex-
act definition differs in combinatorial and continuous domains, and this
can lead to confusion and/or imprecision. The concepts of exploration
and exploitation have historically been quite vague, so a set of precise
definitions is provided for the continuous domain. The concept of selec-
tion can also cause confusion because the same term is applied to both
the selection of the mating population and the selection of surviving
offspring.
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2.1. Local optimum

The global optimum is the best solution in the entire search space. A
local optimum is the best solution in a given subset or “neighbourhood”
of the search space. A neighbourhood is defined by a search operator as
all of the solutions it can reach in a series of steps with monotonically im-
proving fitness. For example, in the Traveling Salesman Problem (TSP),
a 2-opt swap picks two distinct cut points in a (permutation) solution
and inverts the order of the cities between these two points.

A TSP with n cities will have a total search space of size O(n!) while a
2-opt swap can create O(n*) solutions. A TSP solution is a local optimum
with respect to the 2-opt operator if all of the solutions that can be cre-
ated from this solution by a single 2-opt swap have a worse fitness (i.e.,
longer length). It is noted that different operators (e.g., insertion, 3-opt,
etc) create different neighbourhoods, so a solution that is a 2-opt local
optimum may not be a 3-opt local optimum. For example, a single 4-opt
move can be used in iterated Lin-Kernighan to escape from its previous
local optimum [1].

The above formal definition of a local optimum is often replaced by
a functional definition based on Hill Climbing and/or Greedy Search.
In Greedy Search, operators are applied to a current solution which is
only replaced when the operator leads to a solution of better fitness.
The termination point of Greedy Search is a local optimum that can-
not be improved upon by any of the operators in use. Hill Climbing is
often used as an interchangeable term for Greedy Search, but its use
should be restricted to a single operator which leads to a well-defined
neighbourhood with well-defined “hill tops”.

This distinction between Greedy Search and Hill Climbing becomes
important in continuous domains. Specifically, Hill Climbing implies a
single hill whereas Greedy Search could encompass a region of multi-
ple hills. Greedy Search encompassing multiple hills is not intuitive, but
the precise mathematical definition for a local optimum in continuous
domains is based on e: any point in R” that has a better fitness value
than all other points within a distance of ¢ is defined to be a local opti-
mum. However, Hill Climbing based on ¢ is almost never implemented
in practice, so what is referred to as Hill Climbing is actually Greedy
Search which uses a non-infinitesimal step size of o.

The above functional definition of a local optimum as the solution
that is reached by Greedy Search leads to great confusion in the de-
velopment of Simulated Annealing for continuous domains. Simulated
Annealing was first developed for combinatorial domains, and it in-
corporates the Metropolis procedure into Hill Climbing/Greedy Search
to enable escapes from local optima [8]. Since Hill Climbing/Greedy
Search cannot escape from local optima, the ability of Simulated
Annealing to escape from local optima and thereby achieve better per-
formance than Hill Climbing/Greedy Search must be attributed to the
Metropolis procedure.

This assumption has been poorly transferred to an implementation
of Simulated Annealing for continuous domains developed by Corana
et al. [9]. For example, a typical explanation for the operation of

Fig. 1. Simulated annealing uses the metropolis procedure to escape from lo-
cal optima through the acceptance of a non-improving step. However, practical

implementations in the continuous domain show no significant difference from
localized Random Search.
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Simulated Annealing in continuous domains is shown in Fig. 1. However,
the shown step is based on o — a step size so large that it traverses
multiple hill tops would never be accepted as an example of Hill
Climbing. Thus, typical implementations of Simulated Annealing for
the continuous domain are actually Greedy Search plus the Metropolis
procedure.

This distinction between Hill Climbing and Greedy Search is im-
portant because Greedy Search based on a step size of ¢ can reach
multiple hill tops/local optima as defined by e. Therefore, the ability
of these implementations of Simulated Annealing to escape from local
optima may not be based on the addition of the Metropolis procedure.
Specifically, Simulated Annealing is conceptualized as Hill Climbing plus
the Metropolis procedure, so Simulated Annealing minus the Metropolis
procedure should revert back to Hill Climbing. Comparisons of standard
implementations of Simulated Annealing for the continuous domain
(e.g., [10]) with its derived version of Hill Climbing (which is ac-
tually a localized Random Search created by deleting the Metropolis
procedure) show insignificant differences in overall performance and
negligible differences in the observed movements through the search
space [11,12].

The poor testing of Simulated Annealing in its development [9] is
an example of the importance of using precise definitions. Since Hill
Climbing cannot escape from local optima, it has been widely assumed
that Simulated Annealing for continuous domains has been able to
escape from local optima because of the addition of the Metropolis pro-
cedure. However, the actual implementation of Simulated Annealing
adds the Metropolis procedure to Greedy Search, and the different oper-
ators of Hill Climbing (i.e., e sized steps) and Greedy Search (i.e., ¢ sized
steps) lead to different local optima. The Greedy Search typically used
in Simulated Annealing can already escape from local optima defined
by e, so the Metropolis procedure is actually a superfluous addition.

This poor definition of local optima for continuous domain search
spaces is pervasive in the research community. Fitness landscapes for
(benchmark) functions are often shown in two or three dimensions
(e.g., [13]), and the local optima observed from these figures are (im-
plicitly) based on a step size of e. However, there are no known attempts
to visualize the local optima for a continuous domain search space based
on a step size of ¢. The difference between local optima based on step
sizes of € and ¢ is an important distinction for our forthcoming analysis
on escapes from local optima.

2.2. Exploration and exploitation

Exploration and exploitation are critical concepts for the design and
analysis of metaheuristics in multi-modal search spaces. However, a
broad survey of over 100 papers led Crepinsek et al. [14] to the un-
expected conclusion that “exploration and exploitation have only been
implicitly defined in EAs.” Many of these definitions are described in
relation to the metaheuristic. A specific example from Particle Swarm
Optimization is provided by Bosman and Engelbrecht [15]: “Diversity is
related to the notions of exploration and exploitation: the more diverse
a swarm is, the more its particles are dispersed over the search space,
and the more the swarm is exploring.”

There is no need for metaheuristic-dependent definitions of explo-
ration and exploitation in R”. The following definitions of exploration
and exploitation are based on search space properties, so they can apply
to any metaheuristic performing optimization in the continuous domain.
First, for a minimization problem, any point in R” that has a better/lower
fitness value than all other points within a distance of ¢ is defined to
be a local optimum. Then, the search space is divided into attraction
basins where each attraction basin has exactly one local optimum. An
attraction basin around an optimum includes all of the points in the
search space that can reach (only) that optimum by following a path on
which every successive point has a monotonically decreasing fitness (for
minimization problems).

These definitions for local optima and attraction basins then lead
to operator-independent definitions for exploration and exploitation.
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A search solution is defined to be exploratory if it is in a “new” attrac-
tion basin, and it is exploitative if it is in a “known” attraction basin.
For example, in Particle Swarm Optimization with a ring topology [16],
a current position would be deemed to be performing exploitation if it
is in the same attraction basin as either its personal best (pbest) or local
best (Ibest) positions, and it would be performing exploration if it is in
any other attraction basin.

The above definitions for exploration and exploitation have fewer
logical contradictions than many common definitions of these terms. For
example, with diversity in PSO, it is noted that a popular recommenda-
tion for initial velocities is zero [17]. The initial population of the swarm,
which can be its most diverse, will have for its best particle the same
personal best and global best positions (i.e., pbest = gbest). Since pbest —
gbest = 0 and v, = 0, an exact copy of this solution is created during the
first iteration in these implementations of PSO. The previous diversity-
based description of exploration is so imprecise that it can include an ex-
act copy of the best-known solution as being considered as exploratory.

A metaheuristic must perform both exploration and exploitation, re-
gardless of whether vague or precise definitions are being used. Without
exploration, a method with only exploitation becomes Local Search or
Greedy Search. Without exploitation, a method with only exploration be-
comes a coarse Random Search with no ability to refine its final solution
to a local optimum. The need to “balance” exploration and exploitation
has thus been a key topic in the field of metaheuristics [18].

The vague usage of “exploitation” to refer to the leveraging of any
known information is what leads to this confusion. For example, “The
dilemma within an optimization procedure is whether to search around
the best-so-far solutions... or explore some totally different regions of
the search space” from [19] equates a targeted, but still exploratory,
search with exploitation. The precise definitions of exploration and ex-
ploitation instead present these two concepts as distinct activities which
each play an important role, but which do not necessarily need to be
“balanced”.

2.3. Selection

Evolutionary computation is based on Darwinian evolution, which
is also known as evolution by natural selection. This selective pressure,
which favours certain (random) variations over others, leads to increas-
ing fitness of the population over time. It was first modeled in genetic
algorithms by using roulette wheel selection of parents [20,21].

Roulette wheel selection means that a solution’s proportion in the
mating pool is related to the proportion of its fitness to the total fitness
of all solutions in the population. In addition to the extreme cases of
when a single parent dominates the entire mating pool or when there
is negligible selection pressure to differentiate from random selection,
the calculation of fitness proportion can represent unnecessary compu-
tational overhead. A popular alternative is tournament selection [22].
For example, in 2-tournament, two solutions are picked at random from
the population, and the fitter solution becomes a parent.

The original development of genetic algorithms used generational
replacement where every offspring solution is added to the next mating
pool. Selection pressure must then be applied during the selection of par-
ents from this mating pool. An alternative to generational replacement is
steady-state replacement where solutions are added and removed from
the population one at a time [23]. This type of system allows selection
pressure to be applied to both how population members are selected for
mating and how they are selected for removal.

The default for removal has since become elitist fitness-based selec-
tion - the fittest solutions always survive and/or the least fit solutions
are always removed from the population [24]. Elitist fitness-based selec-
tion is now often used in a generational format in which all population
members can produce offspring solutions (i.e., no selection applied to
parents), but these offspring solutions do not replace their parents in
the population if they are less fit (i.e., elitist fitness-based selection
for survival). This population control strategy is specifically used by
Differential Evolution [6].
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Swarm intelligence methods do not apply selective pressure as part of
a population control strategy. However, some type of direction must be
provided to the swarm members to guide them towards better solutions.
Ant Colony Optimization (which was first developed for combinatorial,
path-based problems) uses pheromone trails with fitness-based updates
to guide the ants (swarm members) [25]. Particle Swarm Optimization
(which was first developed for optimization in the continuous domain)
adds attraction to best-known positions [2]. A new position that is less
fit does not lead to an update of a personal best position, and this is
functionally equivalent to the use of elitist fitness-based selection in
Differential Evolution to restrict updates to parent/stored solutions.

3. Escape from local optima

The preceding definitions for local optimum, attraction basin, and
exploration allow us to develop a formal definition for an escape from
a local optimum. First, a locally optimal solution must be found. To
be trapped in a local optimum implies being unable to escape from
its attraction basin. To escape from a local optimum then means that
the previous local optimum is replaced by a search solution (i.e., that
survives selection) which is in a different attraction basin (i.e., it is an
exploratory search solution with respect to the local optimum).

We note that Random Search (across the full search space) has the
ability to escape from a local optimum as has been defined for R”".
Specifically, any search operator that can cover the entire search space
has no local optima. For the e-based definition of local optima in R”,
Fig. 2 shows a multi-modal search space in which a local optimum has
been found (red star). Random Search can update this best-known solu-
tion if it finds a better solution, and these better solutions are highlighted
in yellow.

The idealized concept of Hill Climbing is that it examines solutions
from only a single attraction basin or hill. However, typical implementa-
tions of Hill Climbing in the continuous domain are based on a maximum
step size that defines a potentially larger search neighbourhood (e.g.,
Smax [26]). When this maximum step size is larger than the value of
e used to define local optima and attraction basins in R”, then these
Smax-Dased implementations of Hill Climbing are actually a form of lo-
calized Random Search. Most practical implementations of Hill Climbing
in the continuous domain are actually implementations of localized
Random Search which have the ability to escape from e-sized local op-
tima. Specifically, in reference to Fig. 2, it is possible that an s,,,,-based
implementations of Hill Climbing can reach the yellow regions of the
search space and thus escape from the ¢-based local optimum shown by
the red star.

We now make the key claim of this paper. Many metaheuristics have
no mechanism that is meaningfully different from the above mechanism
used by localized Random Search to escape from a local optimum in R".
Specifically, these metaheuristics depend on a stochastically generated
(i.e., random) exploratory search solution to be fitter than the current
local optimum to allow an escape. If the exploratory search solution is
less fit than the local optimum, and the metaheuristic uses elitist fitness-
based selection, then the search solution will be discarded.

WV

Fig. 2. A local optimum has been reached - red star. Random Search can escape
from this local optimum if a fitter solution is found — shaded areas in yellow.
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Most metaheuristics are of course designed with search mechanisms
(e.g., particle trajectories in PSO [27]) that are more interesting than
simple Random Search. However, these mechanisms often require large
parameter values to create exploratory search solutions in new attraction
basins, and the opportunity to refine these exploratory search solutions
with exploitation is not available if these solutions are immediately
eliminated by elitist fitness-based selection. Thus, a successful escape
from a local optimum requires that the (stochastically generated) search
solution is both located in a new attraction basin with a fitter local op-
timum and that it is a near local optimum in this attraction basin (see
Fig. 2). The probability of this occurrence is similar to that of (localized)
Random Search, so the summary of our claim is that metaheuristics in
the continuous domain that use elitist fitness-based selection can become
no more effective than (localized) Random Search in their attempts to
escape from local optima.

4., Random search

The ability of Random Search to escape from local optima in the
continuous domain has been studied by Chen et al. [28]. The Rastrigin
function is based on a sinusoid super-imposed over a sphere base func-
tion. To simplify the effects of the sphere base function, the study on
Random Search used sinusoids and a linear step function. To escape
from a local optimum, Random Search has to find a solution in the ad-
jacent attraction basin that is closer to the local optimum than the step
difference in the fitness between two adjacent local optima.

The ability of (localized) Random Search to escape from a local op-
timum is based entirely on the proportion of the attraction basins in
the search space that are sufficiently close (in fitness) to the local op-
timum. For example, if the shape of the attraction basin is linear, then
10 % of the attraction basin’s area has a fitness within 10 % of an at-
traction basin’s local optimum. An attraction basin with a sinusoidal
shape (which is flat at the top and bottom) will have more than 10 %
of its area with this level of fitness. However, this proportion decreases
exponentially with increasing dimensionality.

Let us assume that a sufficient fitness to escape from a local optimum
requires a search point to be within 10 % of the width of the attraction
basin in each dimension d. This entirely acceptable 1 in 10 chance in one
dimension degrades exponentially to be 1 in 10¢ in d dimensions. The
study on Random Search showed successful escapes from local optima
stopping after d = 10 dimensions [28]. A subsequent study [29] showed
that the exploratory search solutions created by PSO and DE have similar
fitness profiles to Random Search solutions. This study also showed that
successful escapes from local optima for PSO and DE also stopped around
d = 10 dimensions on the Rastrigin function [29] meaning that PSO and
DE did not show any meaningful additional capability at escaping from
local optima compared to Random Search.

It is a false assumption that Random Search and/or Greedy Search
cannot escape from a local optimum in R”. This false assumption prop-
agates into the belief that a metaheuristic which is more capable than
Random Search must be able to escape from local optima better than
Random Search. Adding the equivalence that Random Search is Hill
Climbing and that Hill Climbing cannot escape from local optima, it
is generally assumed that any escape from a local optimum is due to
the specific mechanisms employed by a given metaheuristic. There is no
consideration that escapes from local optima could instead be achieved
strictly through sheer luck and (localized) Random Search.

5. Swarm intelligence

The basic format of a swarm intelligence-based metaheuristic is that a
set of entities (e.g., birds, ants, bees, wolves, etc) move around the search
space under various influences. In many natural swarm situations, e.g.,
people walking in a crowd, there is no global objective, and each en-
tity can move based on local information only, e.g., move towards the
exit while avoiding collisions. The use of swarms for global optimiza-
tion involves the gathering and communication of global information
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(e.g., the best-known position). The storage of a best-known position in
a swarm intelligence-based metaheuristic is equivalent to stating that
elitist fitness-based selection is used to update the best-known position
through comparisons with the current position of every entity in the
swarm.

Two swarm intelligence-based metaheuristics for the continuous do-
main are studied in depth. Original Particle Swarm Optimization (PSO),
which was developed for a unimodal search space (the cornfield vector),
does not address escaping from local optima [2]. Grey Wolf Optimizer
(GWO) [5], which is described as a derivative of basic swarm mecha-
nisms by Camacho Villalén et al. [30], makes claims of being able to
avoid and/or escape from local optima, but a precise definition of what
this means and how it occurs is not provided.

5.1. Particle swarm optimization

An analysis of the effects of selection in PSO benefits from thinking
of PSO as a metaheuristic with two populations: a population of cur-
rent positions and a population of personal best (pbest) positions. In this
model, a current position represents a search solution which is com-
pared to a paired personal best position, and this pbest position acts as
a reference solution that guides and influences the search performed by
current positions. Selection occurs here in that potential updates of the
pbest positions can be accepted or rejected, and this selection mechanism
is specifically elitist fitness-based selection.

The attention of the broader PSO research community as summarized
by Bonyadi and Michalewicz [31] is often focused on the motions and
behaviours of the current positions, e.g., their elliptical trajectories [27].
All of the current positions of a swarm are usually only viewed as be-
ing trapped within a local optimum at convergence — all of the current
positions and personal best positions are in the same attraction basin or
even at the same optimum. A swarm that has current positions which can
visit multiple attraction basins is not normally considered to be trapped
in local optima.

The novel Randomized Particle Swarm Optimizer (RPSO) developed
by Liu et al. [32] represents a typical example of this line of research. The
statement that “the RPSO algorithm not only maintains the population
diversity but also enhances the possibility of escaping the local optima
trap” [32] is consistent with the general focus on current positions and
the assumption that their continued motion is sufficient to prevent the
overall system from becoming entrapped by local optima. Specifically,
RPSO maintains the standard update procedures for pbest and gbest posi-
tions with the belief that “the dynamical behavior of the RPSO algorithm
becomes more complicated than the basic PSO algorithm and the par-
ticles are therefore allowed to expand their search space, which leads
to a more thorough exploration of the problem space with less trapping
possibility in the local optima” [32].

The convergence of the current positions is not required for the per-
sonal best positions of PSO to be trapped in local optima. This situation
is described by the stall condition recently introduced by Yadollahpour
and Chen [33]. In stall, “clusters of exploiting particles are separated
by an exploring particle that has its pbest position in one cluster/attrac-
tion basin and its lbest position in the other” [33]. Further, “there is
no movement in pbest positions that could cause previously (near) sta-
tionary particles to begin moving” [33]. The stall condition matches the
current definition of not being able to escape from a local optima in that
the pbest positions have reached (near) local optima, and the swarm
is “unable to find better solutions because all of its exploratory search
solutions are rejected” [33].

Fig. 3 shows how a pbest position in (a variant of) PSO can become
trapped in a local optimum, independent of the communication topol-
ogy [34]. The personal best position (red star) is a local optimum. The
creation of current positions (blue circles) is based on adding a move-
ment term to the previous position. Typical implementations of PSO use
random weights to generate the movement term — e.g., ¢ in Standard
PSO [16].
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Fig. 3. The current positions (blue circles) are unable to update the personal
best position (red star) that is a local optimum.

The movements between current positions in Fig. 3 do not perform a
local search since the pbest position which influences these movements
is in a different attraction basin. The resulting attraction vector is likely
several times larger than the size of an attraction basin. The attraction
basins visited by the current positions thus have a solution generated in
them that is effectively random (e.g., due to the random weights in ¢).

Original PSO [2] was designed for a unimodal search space (the corn-
field vector), so it did not consider the need to escape from local optima.
All variations of PSO that use the same update rules for pbest positions
often do not include a new mechanism for these pbest positions to es-
cape from local optima. It should thus be no surprise that the ability of
(these variations of) PSO to escape from local optima is similar to that
of (localized) Random Search.

5.2. Grey Wolf Optimizer

Grey Wolf Optimizer (GWO) is a popular swarm intelligence-based
metaheuristic developed by Mirjalili et al. [5]. Following the advice of
Sorensen [7] to ignore the underlying metaphor, the most interesting
algorithmic component of GWO in comparison to PSO is that it doesn’t
store personal best positions. The three best solutions in the population
(i.e., the alpha, beta, and delta wolves) are calculated after each itera-
tion. These three best solutions guide the search trajectories of all the
wolves through their use in the update equations.

During their development of GWO, Mirjalili et al. [5] describe es-
capes from local optima in a manner that is not consistent with the
specific definition provided in Section 3. They instead state that “meta-
heuristics have superior abilities to avoid local optima compared to
conventional optimization techniques. This is due to the stochastic na-
ture of meta-heuristics which allows them to avoid stagnation in local
solutions and search the entire search space extensively.” Specifically,
it is sufficient for their definition of avoiding/escaping from local op-
tima that exploratory search solutions (e.g., omega wolves) can visit new
attraction basins.

It is true that GWO includes a specific mechanism to encourage ex-
ploration. In GWO, “half of the iterations are devoted to exploration
(JA| > 1) and the rest to exploitation (|A| < 1). This mechanism assists
GWO to provide very good exploration, local minima avoidance, and
exploitation simultaneously.” [5] This exploration can indeed allow es-
capes from local optima. However, Mirjalili et al. [5] state themselves
that “It can be observed that the final position would be in a random
place within a circle which is defined by the positions of alpha, beta,
and delta in the search space.” The superposition of this circle over an
attraction basin of unknown location means that its chances of success-
fully finding a solution that allows for an escape from a local optimum
(similar to that shown in Fig. 2) are not meaningfully different from that
for (localized) Random Search.

6. Evolutionary algorithms

Hill Climbing can be implemented as a (1 +lambda)-ES [35]. This
is not to claim that all evolutionary algorithms are just elaborate forms
of hill climbing, but it is a useful frame of reference for analyzing how
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Fig. 4. The shown offspring (blue circles) that are generated from a parent that is
alocal optimum (red star) would all be rejected by elitist fitness-based selection.

these methods attempt to escape from local optima. Fig. 4 shows a se-
ries of search/offspring solutions generated by localized Random Search
as part of its attempt to escape from a local optimum. If all these solu-
tions were created during a single generation for a population-based
evolutionary algorithm, then this figure (which is essentially the same
as Fig. 3 for swarm intelligence-based metaheuristics) shows how EAs
can become functionally similar to localized Random Search in their
attempts to escape from local optima.

Differential Evolution (DE) developed by Storn and Price [6] is one of
the most popular evolutionary algorithms for multi-modal optimization
problems in the continuous domain [36]. Its use of elitist fitness-based
selection is quite explicit — “If the trial vector yields a lower cost function
value than the target vector, the trial vector replaces the target vector in
the following generation. This last operation is called selection” [6]. If
the “target vector” is a local optimum (red star), then Fig. 4 shows how
“trial vectors” (the search solutions shown as blue circles) can attempt
to escape from this local optimum.

The search motions implied by the blue arrows in Fig. 4 are more
representative of Evolution Strategies (ES) [35] in which offspring so-
lutions are created by adding a mutation vector to a parent solution.
The trial vector in DE is created from three distinct random solutions.
The DE method for producing offspring solutions can make it easier to
explore attraction basins far from the current local optimum. However,
for a new attraction basin with an unknown location, there can be no
expectation that this offspring solution will be more likely than one gen-
erated by localized Random Search to be an improvement on an existing
local optimum.

Many variations of DE [36] and many variations of evolutionary al-
gorithms [7,37] often retain elitist fitness-based selection (and other
population control strategies) unchanged and only modify the equations
by which offspring solutions are generated. Without specific information
on where the fittest solutions will reside in a new unexplored attraction
basin, the new offspring solutions will essentially be random samples of
these attraction basins. The fundamental problem of many metaheuris-
tics in the continuous domain is that their ability to escape from local
optima is not meaningfully different from localized Random Search.

7. Discussion

A random solution from an attraction basin with a fitter local op-
timum can be better than a current locally optimal reference solution.
Each random search solution has a non-zero chance of facilitating an
escape from a local optimum. Metaheuristics that increase their ex-
ploration of new attraction basins can thus increase their chances of
escaping from local optima. However, using methods similar to (lo-
calized) Random Search to escape from local optima is extremely
limiting.

The ability of (localized) Random Search to escape from a local
optimum is related to the proportion of an attraction basin that has
the required fitness. A detailed study by Chen et al. [28] on attrac-
tion basins with sinusoidal shapes (e.g., the Rastrigin function) shows
that this proportion can decrease exponentially with increasing di-
mensionality. Metaheuristics with mechanisms similar to (localized)
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Random Search can indeed show an (improved) ability to escape from
local optima in lower dimensional search spaces. However, their de-
creasing performance with increasing dimensionality (i.e., the Curse of
Dimensionality [38]) may be due more to their decreasing ability to es-
cape from local optima than to the effects of an exponentially increasing
search space volume [39].

Metaheuristics need more than just an ability to perform exploration
to discover new attraction basins. They also need the ability to per-
form local search (i.e., exploitation) in these attraction basins. This local
search, which has a better chance than (localized) Random Search to
find the fittest solutions in a new attraction basin, can then meaningfully
improve the ability of metaheuristics to escape from local optima.

The following is a specific example of how to add local search of
new attraction basins to Grey Wolf Optimizer. The omega wolves use
|A] > 1 to expel themselves away from the attraction basin(s) of the
alpha, beta, and delta wolves. This search motion does not promote local
search in any new attraction basins found by the omega wolves. The
periodic exploitation phase using |A| < 1 is more useful for local search
in the attraction basin(s) of the alpha, beta, and delta wolves than that of
the omega wolves. A (new) periodic exploitation phase should instead
use (only) personal best information of the omega wolves to improve
local search within their new attraction basins.

Itis noted that the proposed mechanism for GWO to escape from local
optima in the continuous domain is more complex than many methods
that are used in combinatorial optimization problems. Simple kick op-
erators like those used by Lin and Kernighan [40] to escape from local
optima on the Traveling Salesman Problem are often sufficient in com-
binatorial domains. It is thus important to be aware of the differences in
search operators and attraction basins for combinatorial and continuous
domain search spaces.

A key insight into these differences can be obtained by comparing the
search trajectories of Tabu Search [41] and Grey Wolf Optimizer. Tabu
Search can go through phases of intensification and diversification. The
alternating cycles of exploration and exploitation with |A| > 1 and |A| <
1 in GWO appear to support a similar concept. However, intensification
in Tabu Search is guided by the current search state and not by the global
best positions (e.g., the alpha, beta, and delta wolves). Tabu Search can
perform local search in any new attraction basin that is discovered while
this is not ensured in GWO.

Local search is a critical component in allowing metaheuristics in the
continuous domain to escape from local optima. The limit of more local
search is to reach the local optimum in every attraction basin, which
becomes similar to a memetic algorithm [42]. Alternatively, a meta-
heuristic could perform a search for points from which to start a local
optimization method (e.g., the EZopt optimization framework proposed
by Hendtlass [43]). Both of these research directions move towards spe-
cific and separate methods for exploration and exploitation as opposed
to attempting to find some form of balance between them.

8. Summary

The concept of escaping from local optima needs a formal definition.
The proposed definition requires that the population member which is
a local optimum is updated to become a solution in a new attraction
basin. Typical definitions for escaping from local optima appear to be
satisfied with the creation of search solutions in new attraction basins,
even if all of these search solutions are rejected by elitist fitness-based
selection.

The generation of search solutions in new attraction basins can lead
to escapes from local optima. The stochastic nature of how these search
solutions are generated by many metaheuristics can make this process
functionally similar to (localized) Random Search. A key goal of meta-
heuristic design is to develop a process that is meaningfully better than
Random Search. Metaheuristic design needs to consider the effects of eli-
tist fitness-based selection and potentially add a local search procedure
to achieve better than random chances of escaping from local optima.
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